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Abstract

Query processing is a core task in probabilistic databases: Given a query and a
database that encodes uncertainty in data by means of probability distributions,
the problem is to compute possible query answers together with their respective
probabilities of being correct. This thesis advances the state of the art in two
aspects of query processing in probabilistic databases: complexity analysis and
query evaluation techniques. A dichotomy is established for non-repeating, con-
junctive relational algebra queries with negation that separates #P-hard queries
from those with PTIME data complexity. A framework for computing proba-
bilities of relational algebra queries is presented; the probability computation
algorithm is based on decomposition methods and provides exact answers in
the case of exhaustive decompositions, or anytime approximate answers with
absolute or relative error guarantees in the case of partial decompositions. The
framework is extended to queries with aggregation operators. An experimental
evaluation of the proposed algorithms’ implementations within the SPROUT
query engine complements the theoretical results. The SPROUT? system uses
this query engine to compute answers to queries on uncertain, tabular Web data.
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Chapter 1

Introduction and overview

Standard relational databases contain certain data: Every tuple in the database is assumed
to be correct. Probabilistic databases generalise deterministic databases by allowing data to
be uncertain: Tuples may be in the database only with a given probability, and data values
can be specified by means of probability distributions over possible values. Prime sources
of uncertain information are information extraction systems such as Google Squared [1§]; a
Square is the answer to a user-supplied keyword query and comprises two types of columns.
Firstly, a key column holding entities that match the query, and secondly a number of
attribute columns holding values that describe various properties of these entities. As a
result of the information extraction process, properties may take multiple alternative values,
and each possible value is annotated with a likelihood measure such as “Low confidence”
or “High confidence”. The confidence annotation of a value may reflect the trustworthiness
of the Web page from which is was learned, as well as the confidence of the extraction

algorithm that it is a correct value for the respective property.

GO C )8‘@ squa red comedy movies Square it || Add GO C )S‘e squa red comedy movies Square it | Add
labs labs
comedy movies comedy movies
Item Name Language Director Release Date Item Name Language Director Release Date
The Mask English Chuck Russell 29 July 1994 The Mask English Chuck Russell 29 July 1994
Scary Movie English Keenen Ivory Wayans 7 July 2000 Scary M e English 8 Chuck Russell
language for the mask directed by for The Mask
www.infibeam.com - all 9 sources » www.infibeam.com - all 9 sources »
Other possible values Other possible values
Superbad English Greg Mottola 17 August 2007 Superbal () English Language Low confidence || () John R. Dilworth Low confidence
language for Mask director for The Mask
www.freebase.com www.freebase.com
. - () english, french Low confidence () Fiorella Infascelli Low confidence
Music English Music languages for the mask directed by for The Mask
www.dvdreview.com www.freebase.com - all 2 sources »
4 possible values 4 possible values () Italian Language Low confidence (O Charles Russell Low confidence
language for The Mask directed by for The Mask
Knocked Up ENGLISH Judd Apatow 1 June 2007 Knocked www.freebase.com www.freebase.com - all 2 sources »
» »

Figure 1.1: Google Square for the query comedy movies; the right screenshot highlights the
different possible values for the properties Language and Director of the film The Mask. The
values are annotated with a confidence label that lends itself to a probabilistic interpretation
for the likelihood of each value being correct.



B SPROUT: =

File  Maintenance
enlightenment philosophers|| European Countrie

enlighterment philosophers > Retrieve Google Square ]
Key Description Date Of Birth Place Of Birth Place Of Death Died Date Of Death

http:/fecx.images-... Francois-Marie ... 21 Nowvember 1694  Paris, France Paris. France May 30. 1778 1778-05-30

( Show Database Queries for Caching of this Table ]

| & SPROUT: =

File  Maintenance

! ! European Counties] | + | compose ouery | ouery Resut|
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nlish sh d formal names Capital a
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| & SPROUT: 2 @ E
File  Maintenance
+ | Compose Query W

enlightenment. . |[Select ||Probabilistic Model | |European Countries | Select |

Key Certain English short and ... O

Image [ |Mutually exclusive

Description O [Mutually exclusive Population O

Date Of Birth [ Mutually exclusive Area | O

Place Of Birth Independent

Place Of Death Independsnt

Died [ Mutually exclusive
|Date of Death | [ [Mutually exclusive | [+

[Approx\mate Confidence [Relative Error) ‘ vJ [a = 0.001 | v] [:nmpute l}uery}

Currently configured joins

|Left |Jain |[right ]
enlightenment philosophers.Flace OF Birth [Approximate Equality Join

Equa in

enlightenment pl

[ 2] SPROUT? =

File  Maintenance

0.68606514

( Show Database Query for Confidence Computation ]

Figure 1.2: Screenshots of a SPROUT? query asking for philosophers that were born and
died in the same European capital city; the top two screenshots depict the input tables, the
third and fourth screenshots show the query and its results, respectively.
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Ezample 1. Figure shows the Square for the query comedy movies. The left screenshot
shows a list of movie titles along with their languages, directors, and release dates. By
clicking on a cell (cf. right screenshot), a user can reveal alternative values for a property,
each annotated with a label indicating its likelihood according to the employed information
extraction algorithms. For example, the most likely director of The Mask is Chuck Russell
and less likely alternatives include John R. Dilworth, Fiorella Infascelli, and Charles Russell.
Uncertainty in the data — as represented by the confidence annotations of different possible
values — can be modelled as a probabilistic database which assigns higher probabilities to
values annotated with “High confidence” than to values with “Low confidence”. Moreover,
such probability distributions can capture correlations in the data. For example, alternative
values for each property may be considered mutually exclusive, or the probability of values

may be positively correlated if they were extracted from the same Web page. g

A core task in a probabilistic database is query evaluation: Given a database and a
query, return each possible answer to the query along with the probability that it is correct.
Queries shield users from the complications of the underlying probabilistic semantics of
the data. They issue standard, deterministic queries (for example in SQL), and it is the
task of the probabilistic database management system to compute the probabilities for
query answers with respect to the uncertainty of the data as encoded in the database. A
ranking of the possible answers by their probability suggests to the users the most likely
answers to their query. Let us illustrate such probabilistic queries with a query in the
SPROUT? (“SPROUT Squared”) system [31]. SPROUT? allows a users to import uncertain
tabular Web data (such as Google Squares or NELL uncertain relations [16]) and provides
a graphical interface that assists them in authoring SQL-like queries on the imported data.
The thus composed queries are then evaluated to yield a list of possible query answers ranked
by their likelihood. SPROUT? demonstrates a core strength of probabilistic databases:
disparate data from different sources can be consolidated into one coherent database by
modelling the relationship of data items probabilistically, and queries against such data are

oblivious to the heterogeneous nature of the underlying data.

Example 2. Figure shows a SPROUT?-query on the Google Square enlightenment
philosophers and a table on European countries and their capitals (first and second screen-
shot). The query (third screenshot) asks for those philosophers who were born and died in
the same European capital city by enforcing uncertain joins between Place of Birth, Place of
Death, and Capital. The bottom screenshot shows the query results; for example, Voltaire is
a very likely answer because the Google Square suggests with high confidence that France’s

capital Paris is both his place of birth and his place of death. ]

This thesis addresses two fundamental computational aspects of relational algebra queries
on probabilistic databases. Firstly, different classes of relational algebra queries are analysed
with respect to their data complexity (i.e., queries are considered fixed); secondly, efficient

algorithms are proposed for the evaluation of such queries.
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Figure 1.3: Query and database used in Example

Complexity analysis of queries. Charting the tractability frontier of query evaluation
lies at the foundation of probabilistic databases. The investigation of the data complexity
of queries is in line with the corresponding analysis in standard deterministic databases in
which, for example, acyclic queries fall into a lower complexity class than cyclic queries.
Arguably, understanding the data complexity in the probabilistic case is even more im-
portant than in the deterministic case, because the separation between “easy” and “hard”
queries is vast: Some queries are tractable because they have polynomial-time data complex-
ity, while others are considered intractable because they are provably hard for #P. Existing
probabilistic database management systems, such as MystiQ, MayBMS and SPROUT, rely
fundamentally on query tractability results as they provide exact evaluation techniques for

tractable queries and approximate techniques for intractable queries.

Ezample 3. Let us discuss an example of an intractable query and sketch a hardness proof.
Figure depicts a relational algebra query @@ and a probabilistic database with relations
R, S, T. The query comprises a join (X) between relations R and T'; in this particular
query, the join degenerates to a Cartesian product between the relations because it does
not enforce any join condition. Then, the query expresses the set difference (—) between
the result of R x T and the relation S. Finally, the query projects on the empty list of
attributes (mp) to yield a Boolean query answer.

The database is represented in the so-called pc-table formalism, in which each tuple
is annotated with a propositional formula over a set of Boolean random variables and
constants T (Boolean true) and L (Boolean false); this annotation is depicted in ®-column
of each relation. An annotation captures the uncertainty regarding the correctness of a
tuple: Intuitively, a tuple with annotation T is in the database with certainty, and a tuple
with annotation | is not in the database with certainty; a tuple with annotation x is in
the database with a given probability, i.e., a number P, with 0 < P, < 1, and is not
in the database with probability 1 — P,. For example, in a Google Square the different
possible values for a property and their respective confidence annotations can be modelled
as a pc-table by adding a tuple for each of the values, and by annotating each tuple with a
variable symbol whose probability reflects the confidence annotation. For instance, in the
Square from Figure[I.1], we would add the tuples Chuck Russell, John R. Dilworth, Fiorella
Infascelli, and Charles Russell and annotate them with variables vo, vo, v3, v4, respectively,
and could define their probabilities by P,, = 0.8 — indicating that Chuck Russell is a



likely value — and P,, = P,, = P,, = 0.3 — indicating that Dilworth, Infascelli, and
Charles Russell are less likely values. Note that these annotations model the four values as
being independent; if we instead consider the values Chuck Russell and Dilworth mutually
exclusive, we could introduce another variable vy and annotate the two tuples with vjvg
and vo—wyg, respectively. There is no valuation of the variables that satisfies both formulas,
and hence the two tuples are mutually exclusive.

Query evaluation can be understood as a two-step process. Firstly, tuple annotations
are propagated by query operators to yield an annotation for each query answer (or just
one annotation in case of a Boolean query). This formula traces the contribution of each

input tuple to the query answer:

e The annotation of the result of a join is the conjunction of the annotations of the
participating tuples. For example, tuple (1,2) in relation R x 7" has annotation x;ys

because tuples R(1) and T'(2) have annotations x1 and y9, respectively.

e The difference operator yields the conjunction of the annotation of a “left” tuple with
the negation of the annotation of a “right” tuple. For example, the annotation of
tuple (2,1) in (R x T) — S is xoy;—L because the “left” tuple (2,1) in R x T has
annotation zoy; and the “right” tuple (2,1) in S has annotation 1. Annotations may
optionally be simplified according to the standard Boolean equivalences; this would

yield the annotation w9y, for tuple (2,1) and annotation L for tuple (2,2).

e The projection operator yields the disjunction of all annotations of tuples that are
duplicates as a result of the projection. For example, the empty projection 7y yields
the disjunction z1y; V z1y2 V z2y; of all annotations of (R x T') — S; note that the

unsatisfiable clause xoyo—T = xoys L = L is omitted.

The annotation x1y1 V z1y2 V 221 of the query result (cf. right-most table) reads as follows.
The query is true if at least one of the following combinations of tuples is in the database:
R(1) and T'(1), or R(1) and T'(2), or R(2) and T'(1). Note that S is a deterministic relation
since its annotations are constants T and L. The combination of R(2) and 7'(2) can never
contribute to satisfying the query because tuple (2,2) is annotated with T in relation S
and is thus in the database for any valuation of the variables; in other words, tuple (2,2)
in relation S always cancels tuple (2,2) in relation R x T'. Consequently, the annotation of
the query result does not contain the clause zays.

Secondly, the probability of a query result is computed by evaluating the probability of
its annotation formula ®. Intuitively, this is the probability that ® is satisfied by a randomly
chosen valuation of the annotation variables of the input tuples. More formally, there is an
intimate connection between the model counting and the probability computation problem:
The former asks for the number #® = Zz/l:fb 1 of total valuations v of the variables that
satisfy @, the latter asks for the sum Pp =}~ Pr(v) of the probabilities of the satisfying

valuations. It is easy to see that if each of the n variables is true with probability 0.5, then



all valuations are equally likely — their probability is Pr(r) = 27" — and the two quantities
are related via
#P=2"Pp (1.1)

In the light of the above insights, it is straightforward to sketch a reduction from the
#P-complete model-counting problem for the class 2DNF of positive, bipartite propositional
formulas in disjunctive normal form (DNF) to the query evaluation problem of the above
query Q. The underlying idea is to encode a given 2DNF formula ® as a probabilistic
database D such that the annotation of @) evaluated on D is exactly ®.

The figure from the beginning of this example illustrates this reduction for the depicted
query @ and for the problem instance z1y1 V x1y2 V xoy1: Indeed, the propagation of the
annotations of the database yields the annotation ® = x1y1 V z1y2 V x2y; for the Boolean
query result. Thus, any algorithm that evaluates Pypy = P also determines the number
of models, i.e., the number of satisfying valuations, of x1y; Vz1y2 V x2y; via Equation .
We show in Chapter [3| that query @ can indeed encode every 2DNF formula. O

Exact and approximate query evaluation. Since queries may be known a-priori to be
either tractable or intractable, it is sensible to study the query evaluation problem from two
different perspectives: Ezact evaluation techniques compute query probabilities efficiently
for tractable queries, while approximate evaluation techniques may be applied to intractable

queries and yield a probability interval that satisfies given error guarantees.

Example 4. The underlying idea of our algorithms is to recursively decompose a given
annotation formula ® into simpler sub-formulas in such way that the probability of ® can
be efficiently computed given the probabilities of the sub-formulas.

Assume that a query result has the annotation
Q = z1y121 V T1Y222 V T2y3z1 V Tayaza V T3Y523 V T3Y624-

The exact probability P can be computed by repeatedly applying two decomposition steps:

1. Since @ is the disjunction of the two independent sub-formulas

o, = T1Y121 V T1Y222 V T2Yy321 V ToYyazo oy = T3Ys523 V T3Ye24,
its probability is equal to 1 — (1 — Py, )(1 — Ps,).

2. @, cannot be decomposed into independent sub-formulas, but it may be further sim-
plified by applying a Shannon expansion step. For instance, the expansion for variable
x1 is

P =21 A (I)1|ml<—T Vo oz A (I)1|m1<—l_7

where ®1|;,. 1 is the formula obtained from ®; by replacing every occurrence of



variable 1 with the constant T, and ®1;,. is defined symmetrically. Since the
two sub-formulas obtained by the expansion are mutually exclusive, the probability

of their disjunction is simply the sum of their probabilities:
Py, :Pfﬂl'P‘1>1\m1<—T + (1_P901)'P<1>1|m1<—ﬂ

The recursive application of these two rules gives rise to a decomposition tree for ® that
reflects the decomposition steps taken and allows to compute Pg in one bottom-up pass.
The base case of the recursive decomposition is a trivial formula with one literal whose
probability is given.

Alternatively, one may be interested only in the approximate probability of ®. A proba-
bility interval [L, U] such that Pp € [L,U] can be obtained by noting that the two formulas

O = 219121 V T2ysz2 V 23Y523 Oy =21 Va1y2 V Toysz2 V X3

are lower and upper model-bounds for ® in the sense the ®, implies ® which in turn implies
®7; consequently, Py, < Pp < Ps,, i.e., &1, and ®y give rise to the desired probability
interval. The formulas have the special property that each variable symbol occurs only once
and for such formulas it is straightforward to evaluate their probability. Moreover, ®; and
®y; are optimal in the sense that there are no DNF formulas in which each variable symbol
occurs only once that are better bounds for ®.

We will show that the above decomposition-based technique for exact probability com-
putation and the model-bounds-based technique for approximating formulas can be merged
into a deterministic approximation algorithm that computes the probabilities of queries in

probabilistic database up to user-defined error guarantees. ]

Contributions

This thesis advances the state of the art in both of the above aspects — complexity analysis

and query evaluation — of query processing in probabilistic databases.

Complexity analysis. Thus far, complexity dichotomies are known for non-repeating
conjunctive queries and unions of conjunctive queries: When restricted to tuple-independent
databases, the data complexity of any query in each of these languages is either #P-hard
or in PTIME. Remarkably, the so-called hierarchical property provides a simple syntactic
characterisation of all tractable queries in the language of non-repeating conjunctive queries.

The central complexity result shown in this thesis is a #P-hard/PTIME dichotomy for
non-repeating conjunctive relational algebra queries with negation. The syntactic charac-
terisation of tractable queries in this language is given by the same hierarchical property.
The #P-hardness of non-hierarchical queries is shown by an elaborate reduction from the

model-counting problem for positive bipartite DNF formulas. The tractability result for



hierarchical queries is obtained by compiling annotation formulas into Ordered Binary De-
cision Diagrams of size linear in the database.

The complete tractability frontier is described for so-called quantified queries, such as
division, set-inclusion and set-equivalence queries, which are expressed using universal quan-
tification and repeating relation symbols. Finally, known classes of tractable queries with

only one level of aggregation are generalised to queries with nested aggregation.

Query evaluation. A complete framework is presented for evaluating arbitrary rela-
tional algebra queries over probabilistic databases expressed in the pc-tables formalism.
The proposed algorithms evaluate queries by decomposing the associated annotation for-
mulas and give rise to exact query probabilities when formulas are exhaustively decomposed,
or to approximate query probabilities with error guarantees when formulas are partially de-
composed. A core ingredient of the latter is a novel syntactic characterisation of optimal
model-based bounds for propositional formulas. In contrast to sampling-based approxima-
tion techniques, the proposed approximation algorithm is deterministic and anytime, i.e.,
the approximation interval provably never worsens between successive iterations.

The exact evaluation technique is extended to queries with aggregation operators to yield
the first system to provide support for queries with arbitrarily nested aggregation. To that
end, the representation system is lifted from Boolean annotation formulas that correspond
to set semantics to semiring and semimodule expressions that can express bag semantics.
The decomposition-based evaluation technique is generalised to such expressions.

Extensive experiments complement the theoretical results and demonstrate the scala-

bility of the algorithms and the trade-off between exact and approximate evaluation.

Structure of this thesis

The remainder of this document is organised as follows. Chapter 2] defines notations and
recalls the concepts in probabilistic databases relevant to this work. Chapter [3| analyses
the data complexity of queries with negation and is complemented by the description of
a complete framework for evaluating the probability of relational algebra queries in Chap-
ter[d Chapter [5]discusses the extension of the latter framework to queries with aggregation
operators. Each chapter is prefaced with a high-level introduction of the main challenges
and the approach taken to solve them; these introductions comprise informal examples in-
tended to convey an intuitive — rather than mathematically rigorous — understanding of
the technical content in the remainder of the chapters. The connection between the results
of this thesis and the context of prior and related work is discussed separately in each of
the chapters. Listings and statistics of queries used in experimental evaluations are given

in the appendix.



Chapter 2

Preliminaries

2.1 Propositional formulas

2.1.1 Syntax

Let X be a finite set of Boolean variables. A literal is a variable or its negation. A clause
is a conjunction of literals. A formula can be constructed using variables and constants T
(true) and L (false) using the logical connectives V (“or”), A (“and”), and — (“not”). We
denote by B(X) the set of thus constructed propositional formulas over variables X and by
vars(®) the set of variables of the formula ®. Two formulas ® and ¥ are independent if
their variable sets are disjoint, i.e., vars(®) N vars(¥) = (); otherwise, they are dependent.

We assume that formulas are in negation normal form (NNF'), where negation can only
appear at literals; any formula can be brought in NNF in linear time. A formula (in NNF)
is positive if all of its literals occur positively; unate formulas, i.e., formulas where each
variable occurs either only positively or only negatively, can trivially be converted into
equivalent positive formulas.

A formula is in disjunctive normal form (DNF) if it is a disjunction of clauses; it is
in one-occurrence form (10F) or read-once, if each of its variables occurs once; it is in
independent DNF (iDNF) if it is in 10F and DNF.

We alternatively see clauses as sets of literals, DNF formulas as sets of clauses, and
arbitrary (NNF) formulas as their parse trees: Inner nodes are logical connectives and
leaves are variables. Given two DNF formulas (clauses) ® and ¥, & C ¥ means that
® consists of a subset of the clauses (literals, respectively) of W. The empty set {} is
the unsatisfiable DNF formula with no clause — corresponding to the constant false, the
set {{}} is the tautological DNF formula with one empty clause — corresponding to the
constant true. By using the set perspective, we implicitly assume that a clause (a literal)
only appears once in a DNF formula (clause, respectively); indeed, for all our purposes, we
can ignore duplicate clauses and literals; if duplicates are created during processing, then

they are trivially removed.



Ezxample 5. The formula x1y; V x1y2 is in DNF, but not in iDNF, since its clauses share
variable x1. Its equivalent formula z1(y; Vy2) is in 10F. Figures and show the parse

trees of two formulas. If the marked leaves are removed, we obtain formulas in 10F. O

A DNF formula ® has arity (maz-arity) k if every clause in ® has exactly (at most,
respectively) k variables.

Given two disjoint sets of variables, X and Y, a DNF formula is bipartite over X and
Y if each clause has the form = A y with one variable x € X and one variable y € Y. The
set of positive bipartite DNF formulas is denoted by 2DNF.

A convenient way of representing a positive bipartite DNF formula is by first labelling
the variables by natural numbers — x1,x2,... and y1,y2,... — and then representing each

clause by a pair (i,7) € N x N. A set £ C N x N of such pairs then defines the formula
U= \/(i,j)GE LYy

2.1.2 Semantics

Given the set X of variables, we denote by QOx = {v : X — {T, L}} the set of possible
assignments (or valuations) v of all variables from X to constants true and false; when the
context is clear, we write () for Qx. For a formula ®, its set of assignments is denoted by
Q(®) = {v:vars(®) — {T, L}}. A modelof ® is a satisfying assignment, i.e., an assignment
v that maps ® to true, also denoted by v = ®. The set of models of ® is denoted by
M(®). Counting the number of models (i.e., determining the number #¥ = |M(V)|) is
#P-complete already for the set of bipartite positive DNF formulas [67].

Given two formulas ® and ¥ over the same variables, ® is semantically contained in
U, denoted by ® = ¥, if M(®) C M(¥). We also say that ® implies ¥. Equivalence is
two-way containment and denoted by =. Given two clauses ¢ and v, it holds that ¢ = 1 if
and only if ¢ D 1. For DNF formulas, we use the following key result (formulated in terms

of tableaux containment, Theorem 3 in [74]):
Lemma 1 ([74]). Let ®,¥ be positive DNF' formulas. Then,

ST iff VeedIeET : g (2.1)
iff YVoe @I e : ¢ D (2.2)

A positive DNF formula @ is reducible if there exist clauses ¢, ¢ € ® that satisfy ¢ = 9,

in which case ¢ is redundant and can be removed; otherwise, it is irreducible.

Corollary 2 (Lemma. Two irreducible positive DNF formulas are equivalent if and only

if they have the same clauses.

This statement follows immediately from Lemma [I] Computing the irreducible equiva-

lent of a positive DNF formula can be done in polynomial time.
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2.1.3 Probabilistic interpretation

Let X be a set of independent Boolean random variables. For each variable x € X, let
P,[T] be the probability of = being true, and P,[L] the probability of x being false.

The probability mass function Pr(v) = [],cx P:[v(z)] for each assignment v € Q and
the probability measure Pr(E) = 3 . Pr(v) for all E C Q define the probability space
(€,2, Pr) that we call the probability space induced by X.

A formula ® can be interpreted as a random variable ® : Q — {T, L} over (22,29, Pr)
by letting ® : v +— v(®) and with probability distribution defined as

P[T]= > Pr(v)

veQu(®)=T

Py[l]= Y Pr(v)

veQu(®)=1L

We also write Py or P(®) for Py[T]| and P-g or P(—~®) for Pg[Ll] =1 — Pg[T].

In the special case where P, = 0.5 for all variables, the model counting problem directly
reduces to the probability computation problem via Py = o~ Ivars(®)l L H . Tt follows that
the latter problem is # P-hard for the set of positive bipartite DNF formulas. In contrast,
formulas in 10F and iDNF admit probability computation in linear time. Recall that a
10F formula is a variable or a conjunction or disjunction of independent 10F formulas.

The probability of a 10F formula ® can be computed recursively as follows:

If & = &) A--- A Dy, then P(®) = ﬁlp(@i) (2.4)
£ = V.-V, then P(®) =1 — f[l(l — P(®)) (2.5)
If & = x for a variable z, then P(®) = P, (2.6)
If & = ~@/, then P(®) =1 — P(d') (2.7)

2.1.4 Ordered binary decision diagrams

A binary decision diagram (BDD) is a representation formalism for Boolean propositional
formulas. A BDD over a set X of variable symbols is a directed acyclic graph where inner
nodes are labelled with literals over X and terminal nodes are T or L. Each inner node has
two outgoing edges, one representing that the variable of this node is set to true, and one
representing that it is set to false. A BDD is ordered (OBDD) if there is a total order II
X such that the variables on each directed path are visited in II-order. Such an OBDD is
denoted by II-OBDD to emphasise its variable order. The Boolean formula f represented
by an OBDD is defined by the (possibly partial) valuations of X encoded in its maximal
paths: We take the path corresponding to a valuation v : X — {true, false} by taking the

corresponding edges (edge true from a node = with v(z) = true and edge false from a node

11
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Figure 2.1: OBDD for formula (r1—u; Vre—ug) A (1 V t2); solid lines denote true-edges, and
dotted lines denote false-edges.

x with v(z) = false); if we reach a terminal T then f evaluates to false under v, else f is

true under v.

Ezample 6. An OBDD for the formula (r1—uj V ro—ug) A (t1 V t2) is given by the diagram
in Figure In this OBDD, solid lines denote the true-edges, and dotted lines the false-

edges. For example, the path 7 brue, —uq false, 9 false. | encodes that any valuation

v with v(r1) = true and v(—wu;) = v(re) = false evaluates the expression ¥y = (r1—uy V
ro—ug) A (t1 V t2) to false. O

We recall a result regarding Boolean combinations of OBDDs with the same variable
order, and a result regarding the complexity of evaluating the probability of a formula over

Boolean random variables, given its OBDD:

Lemma 3 (Boolean combination of OBDDs [90]). Let ®1, ®3 be two propositional formulas
and consider a fized variable order I1 on its variables. If there exist II-OBDDs of width wq,
wy for ®1, Oo, respectively, then there exist II-OBDDs of width wy - we for &1 A ®o and for
PV Dy

Lemma 4 (Probability computation in OBDDs [60]). Given an OBDD for a formula ¥,
the probability Py can be evaluated in time linear in the size of the OBDD.

2.2 Queries

2.2.1 Relational algebra

We denote by RA the class of standard relational algebra queries under the named per-
spective [2]. In order to emphasise the schema of a database, relation symbols may carry
their attributes in queries; for example, we often write R(A) x S(A, B) instead of R x S to
indicate implicitly that the schemata of the relations R and S have attributes A and A, B,
respectively. The set of attributes of a relation R is sch(R). A query @ is non-repeating if
each relation symbol occurs at most once in Q.

Given a query () and an operator Op in @), Op has even polarity if the number of —

operators between Op (exclusive) and the root of @) (inclusive) for which Op is a right

12



Symbol Chapter Definition Description

RA 4 Section Full relational algebra

RAY 3! Definition |3 Non-repeating, union-free re-
lational algebra with equi-
joins

RA® 5) Definition Positive relational algebra
with aggregation

Figure 2.2: Fragments of relational algebra queries used in this work.

descendant is even, and has odd polarity otherwise. The pol function captures the notion

of polarity:

1 if Op has odd polarity in @
pol(Q, Op) = (2.8)
0 if Op has even polarity in @

Definition 1 (Exported variables). The variables exported by a query Q, denoted £(Q),

are defined recursively by the query structure as follows:
1 If Q = Q1 ™, Qa, then £(Q) = E(Q1) UE(Q2)
2. If Q= Q1UQ2, then £(Q) = £(Q1)
3. IfQ = Q1 —p Q2, then £(Q) = £(Q1)

4 If Q =74(Q1), then £(Q) = A
5. If Q = 0,(Q1), then £(Q) = £(Q1)
6. If Q = R, then £(Q) = sch(R)

The notation Q* denotes a query @ such that A € € (@), and Q™" is a query Q with
A ¢ £(Q). Similarly, Q4B denotes a query Q with A € £(Q) and B ¢ £(Q).

Queries are assumed to be well-formed in the canonical sense (e.g., in @1 —, @2, the
schemata of ()1 and ()2 are compatible; the attributes equated in the equi-join Q1 X, Q2
and the attributes selected in a projection 7 5()1 must be exported by @1 and Q2).

The fragments of relational algebra used in this work are shown in Figure

2.2.2 Relational calculus

Relational calculus queries without universal quantifiers, denoted RC¥™, are expressions of

the form {H | F} where F is a formula defined by the grammar
F .= R(X) | Elx(Fl) | Fy N Fy ‘ Fy VvV Fy ’ —|(F1),
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and H is a tuple of variable symbols that occur unquantified in F. The name RC?~
emphasises that formulas may syntactically contain existential quantification and negation
symbols, but not the universal quantification symbol V. When the context is clear, we
represent a query by its formula F' alone and omit the explicit reference to the head variables
H. We say that variable X is 7“001E| in a query 3x(Q) if X occurs in every relation symbol
in Q. An RC™™ query in which no disjunction operator occurs is called disjunction-free. A
query in which each distinct relation symbol appears only with the same variable identifiers

is canonicalised, viz:

Definition 2 (Canonicalised RCF query). An RCY ™ query @ is canonicalised if every oc-

currence of a relation symbol R(X) in Q has the same variable symbols X .

The semantics of evaluating a query @ = {H | F} over a database D is standard: A
tuple A is an answer to Q if F[A/H] is satisfied by D.

2.3 Probabilistic databases

The probabilistic database formalism considered in this work is that of pc-tables, where
each input tuple is annotated by a propositional formula over independent Boolean random
variables [79]. Such formulas define the probabilities of database tuples and can express
arbitrary correlations between tuples, such as conditional independence and positive and
negative correlations. Following the standard deterministic case where queries map between
relational databases, in pc-tables queries map between pc-tables: The query results are pc-
tables, whose tuples are computed as in the deterministic case and their associated formulas
are constructed from the input formulas using conjunction, disjunction, and negation, and
reflect the derivation of the result from the input [45]. The pc-tables formalism subsumes
tuple-independent probabilistic databases, such as NELL tables learned from the web [16],
and block-independent disjoint databases, such as Google Squared tables that aggregate
Google Search results [31] and probabilistic tables obtained from information extraction
models [43]. It can also capture more complex correlations that arise when conditioning

probabilistic databases using constraints [55].

2.3.1 Syntax and semantics

Probabilistic c-multitables, or pc-tables for short, are relational databases where each tuple
is annotated with a propositional formula over a set X of independent Boolean random
variables [45] [79]. Under possible worlds semantics, a pc-table D represents a finite set
of possible worlds: Each valuation v of the variables in X defines a possible world D,

representing a deterministic relational database consisting of exactly those tuples in D whose

'The term oot variable was first coined in the context of conjunctive queries [24], where the class of
hierarchical queries allows for an arrangement of the query variables in a specific tree, such that the variables
that occur in all relation symbols under the scope of its quantifier correspond to the roots of the sub-trees.
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[R] =R
[04—B(Q)] = select R.*, R.A as B, R.® from ([Q]) R
[o,(Q)] = select R.* from ([Q]) R where p
)

[ra(Q)] = select R.A, \/(R.'I>) as @ from ([Q]) R group by R.A
[Q1 ™, Q2] = select R.*, S.*, R.®AS.® as @ from ([Q1]) R, ([Q2]) S where p
[Q1 U Q2] = select R.*, \/(R.@) as @ from (select * from ([Q1]) union all select * from ([Q2])) R group by R.*
[Q1 — Q2] = select R.*, R.® A= S.® as ® from ([Q1]) R left out join ([Q2]) S on R.* = S.*

Q
Q

Algorithm 1: Query rewriting procedure for RA queries over pc-tables.

annotations are satisfied by v. The probability of each world is the product of probabilities
of the variable assignments in v, i.e., Pr(r). This construction yields a probability space
over the possible worlds of D that is isomorphic to the probability space induced by X.
The pc-tables formalism is complete in the sense that it can represent arbitrary probability
distributions over any finite set of possible worlds. It is a strong representation system since
query results can be represented as pc-tables.

A pc-tables database is called tuple-independent if the annotations of its tuples are

pairwise independent formulas.

Remark 1. The original definition of c-tables [45] allows variables both as annotations and
as the “data”. In this thesis, we will use variables only in annotations; whenever variable
symbols appear in tuples, they are treated as constants. For example, in Figure the
relation T' X S contains a tuple (1,x1) with annotation formula —x1; under the possible
world semantics, this annotated tuple represents the deterministic tuple (1, ;) — where z;

is just a constant — in worlds v with v(—z1) = true. O

2.3.2 Query evaluation

Given a query @ and a pc-table D over variables X, the query evaluation problem is to
compute the distinct tuples in the results of ) in the worlds of D together with their
probabilities. The probability P(A € Q(D)) of a tuple A is the probability that A is in the

result of () in a world randomly drawn from D:

P(A€Q(D)) = > Pr(v) (2.9)

veQx:AcQ(Dy)

We adopt the intensional approach to query evaluation [79]: For each answer tuple A, first
construct a propositional formula ® jcq(p) that annotates A such that P(A € Q(D)) =
P(@geQ(D)), and then compute P(@AGQ(D)) as per Equation . The annotation of a
Boolean query () is denoted by ®gp); when the context is clear, we often omit the explicit
reference to the database D and simply write ®.

We next discuss how annotation formulas can be computed in the case of relational
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Figure 2.3: A pc-table with relations R, S, T" annotated with variables from disjoint sets
Vi =A{x1,...,23}, Vo = {w1,..., 96}, V3 = {z1,..., 24}, respectively. Formulas ®; and P
are the annotations of the results of queries (1 and ()2 evaluated on this database.

algebra and relational calculus queries.

Annotations of relational algebra queries. The tuples together with their annotation
in the result of a relational algebra query Qra can be computed directly from the input
pe-table D. This is achieved by rewriting Qg4 into a query @’ such that standard relational
evaluation of @’ on D yields a pc-table D’ representing the results of Qg4 in the worlds
of D. Algorithm [1] specifies such a rewriting function [-] for any relational algebra query.
It assumes that the formulas annotating the tuples in the input pc-table are stored in a
distinguished column called ®; for a relation R, we consider that this column is not selected
by the selector R. *. The rewriting is expressed here in SQIE| and — besides a straightforward
encoding of the relational operators in SQL — it constructs formulas annotating result tuples
based on the formulas of input tuples as follows. In case of identity, selection, and renaming
operators, the input annotations are just copied in the result. For projection and union,
the formula of each distinct result tuple is constructed as the disjunction of all input tuples
with the same restriction to the attributes in the projection list. For the join operator, the
formula of a result tuple is the conjunction of the formulas of the contributing input tuples;
to avoid cluttering, we slightly abuse notation in stating the attributes of the select clause:
R.*, S.* means here the set-union of the attributes in R and S. A tuple A in the result
of Q1 — Q2 has annotation ®; if A is in @7 with annotation ®; and A is not in s, and has
annotation ®; A =®, if A is in Q1 with annotation ®; and A is in Q» with annotation ®,.

These two cases are implemented in [-] by a left outer join.

Ezxample 7. Figure shows pc-tables, where each tuple is annotated by a distinct Boolean
random variable stored in column ®, and the formulas ®; and ®- annotating the results of
two Boolean queries (1 and ()2, respectively. The answers to the queries in the figure are

the sets consisting of the empty tuple whose probability is P(®;) and P(®3), respectively.

2Note that the choice of SQL for expressing the rewritten query is by no means exclusive, but merely
convenient: First, the language necessarily has to support bag semantics (as per SQL’s union all and group
by), and second, the SQL rewriting is both concise and very close to the original RA query and hence easy
to understand.
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Note that the relations in this example are tuple-independent; the propagation rules for
tuple annotations are however the same for tuple-independent and general pc-tables. In this
thesis, tuple-independent databases are used in sections on complexity analysis (Chapter
and Section , while the decomposition-based query evaluation techniques presented in
Chapter [4] and Chapter [5| are defined for general, i.e., not necessarily tuple-independent,
databases. g

Annotations of relational calculus queries. Given a query Qrc = {H | F}, a tuple

A has annotation ® AcQro(D) = Prpa/m) which is inductively defined as follows:

® 1 if relation R has no tuple A in D
R(A) — _
“ ® if relation R has tuple A in D with annotation ®

s @= Vo Pouyx

A€ADom(D) (2.10)
q)Ql/\QQ = (I)Ql A (I)Qz
cI)QlVQQ = (I)Ql \ @Q2

@) = ~(®q)
2.4 Computational complexity

#P is the class of counting problems corresponding to decision problems in NP. More
specifically, it is the class of problems of the form “compute f(x)”, where f(z) is the number
of accepting paths of a standard, non-deterministic, polynomial-time Turing machine [85] [7].
A problem is #P-hard if every problem in #P can be reduced to it by a polynomial-
time Turing reduction that relates their number of solutions. The canonical #P-complete
problem is #SAT), i.e., the problem of determining the number of satisfying assignments
of a Boolean formula. #SAT remains #P-complete when restricted to bipartite, positive
2DNF formulas [67].

Encoding and resource model. We assume an encoding of probabilistic databases that
is based on the standard encoding of deterministic database instances [2], in which values
are mapped to their binary representation, and tuples and relations are encoded as the con-
catenation of their values and tuples, respectively. Tuple annotations can be incorporated
into this encoding by treating them as distinct, separate attribute ® of type string in each
relation. The probability distributions of the annotation variables are considered part of
the input database and can be encoded as a distinct relation mapping variables to their
probabilities. The complexity results in this work are with respect to the standard RAM
model of computation, and, in particular, fixed-cost arithmetic, i.e., assuming that addition

and multiplication of probability values can be performed in constant time.
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Remark 2. All complexity results in this work can be lifted from fixed-cost arithmetic to
bit-cost arithmetic with only polynomial overhead. To see this, assume that the input
probabilities of the random variables x1, ..., z, annotating the input database can be rep-
resented in by, ...,b, bits; note that the probabilities are considered part of the input, i.e.,
by + -+ + b, = O(|D|). The probability of a query result A is the sum of the probabilities
of the possible worlds in which A is a result, cf. Equation ; there are 2™ possible worlds
and the probability of each world is the product of the corresponding n probabilities and
can be represented in O(by + ...b,) = O(|D|) bits. The sum of 2" = O(2!Pl) numbers of
bit-size O(|D]) can be represented in O(|D|) bits.

The equivalence of fixed-cost and bit-cost arithmetic is a consequence of the restricted
expressiveness of the query languages considered in this work. More powerful query lan-
guages, such as recursive Markov chains, can succinctly represent doubly-exponentially
many possible worlds. In such cases, the representation of the probabilities of possible
worlds can require a number of bits exponential in the size of the input; this gives rise to an

exponential gap between the complexity in terms of fixed-cost and bit-cost arithmetic [9].

Data complexity considers a fixed query and examines the complexity of the query
evaluation problem in terms of the size of the database. Conversely, query complexity
assumes a fixed database and focuses on the complexity in terms of the size of the query.

Combined complexity measures the complexity in terms of both data and query [86] 2].

Complexity of relational algebra on deterministic databases. With respect to data
complexity and standard, deterministic databases, RA and RAY are in LOGSPACE and
RA® is in PTIME; with respect to query complexity, RA is PSPACE-complete [86, [2].

Upper bounds for the complexity of relational algebra on probabilistic databases.
For any query language, the probabilistic query evaluation problem reduces to the standard,
deterministic query evaluation problem via Equation [2.9; In terms of data complexity, the
naive algorithm that enumerates all O(Q‘D |) possible worlds, evaluates the given query in
each world, and sums up the probabilities of those worlds that satisfy the query has an EX-
PTIME overhead over deterministic query evaluation. All query languages considered in
this paper are in PTIME data complexity for the deterministic case; this yields EXPTIME
data complexity as the upper bound for probabilistic query evaluation.

By the same argument, the combined complexity of any query language that is hard
for EXPTIME (or any class containing EXPTIME) in terms of combined complexity of
deterministic evaluation carries over to the probabilistic case. For example, the combined
complexity of RA is PSPACE-complete in both the deterministic and the probabilistic case.
The combined complexity of any language that is in EXPTIME in the deterministic case is
in EXPTIME in the probabilistic case.
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Chapter 3

The dichotomy of non-repeating,
union-free relational algebra

queries

The main result proven in this chapter is a dichotomy for the language RAY of non-repeating,
union-free relational algebra queries with equi—joinsE] with respect to their data complexity:
So-called hierarchical queries on tuple-independent databases have PTIME data complexity,
and all other queries are hard for #P. The significance of this dichotomy is that it provides
a PTIME algorithm for a class of queries for which the naive evaluation is in EXPTIME
for data complexity; the data complexity of RAY is in LOGSPACE in the deterministic
case, and the combined complexity of RAY is in PSPACE for both the deterministic and
the probabilistic case, cf. Section

The notion of hierarchical queries was first coined in the context of conjunctive queries [24]:
The class of hierarchical, non-repeating conjunctive queries allows for a hierarchical ar-
rangement of the variables and relation symbols of the query that corresponds to the fac-
torisation and nesting order of the read-once annotation of the query evaluated over a
tuple-independent database [60].

Intuitively, a Boolean query is hierarchical if it does not contain three relation symbols
R(A), S(A,B), T(B) and its joins or difference operations enforce equality constraints
between the A-attributes of R and S, and between the B-attributes of S and T, but not
between any A-attributes and B-attributes. Such a constraint can be established by means
of a join condition (e.g., in the query R(A) x S(A, B) x T(B) with equi-joins between R,
S, T), or via a difference operator (e.g., in the query S(A, B) — [R(A) x T'(B)] the join
operator enforces no constraints on the attributes of R and 7', but the difference operator
encodes constraints between the A-attributes of S and R and between the B-attributes of
S and T).

!The formal definition of RAY queries is given in Definition [3| below.
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Pattern P53 ////—f’""*"""'"—\\\/M Query Q
_—_— X(4) -
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S T~ ----->R(A) TA
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B f,“? . --->T(B)” S(A,B)

Figure 3.1: Illustration of a match between a pattern (left) and a query (right).

The syntactic characterisations of hierarchical non-repeating conjunctive queries [22] 25]
on the one hand, and of RAY queries on the other hand, are equivalent when each difference
operator in a RAY query is replaced by an equi-join on all pairs of attributes exported by
its two sub-queries. Consequently, our result extends the dichotomy #P-hard vs. PTIME
of query evaluation on tuple-independent database from non-repeating conjunctive queries

to the case of non-repeating conjunctive relational algebra queries with negation:

Theorem 5. For any RAY query on tuple-independent databases, the probabilistic query
evaluation problem has #P-hard data complezity if the query is non-hierarchical, and PTIME

data complexity if it is hierarchical.
Proof. The statement follows from Lemmata [7] and O

Furthermore, we specify a LOGSPACE decision procedure that classifies queries as hier-
archical or non-hierarchical. The existence of an efficiently decidable criterion to distinguish
PTIME from #P-hard queries is crucial, since the complexity gap for the query evaluation
problem is large: We will see in Chapter 4| that the evaluation of tractable queries on prob-
abilistic data incurs virtually no overhead when compared to the deterministic case, while

#P-hard queries are substantially harder [6].

Hardness proof for non-hierarchical queries

We prove that every non-hierarchical query has #P-hard data complexity by reduction from
the #P-hard model-counting problem for positive bipartite DNF formulas. The starting
point for the analysis of non-hierarchical queries is to show that the hierarchical property
has an equivalent characterisation by means of an embedding into one of 48 basic patterns
which will help to craft a specific hardness reduction for every query, based on which
pattern is embeddable. A pattern is a concise graphical representation of an infinite class of
queries that satisfy certain structural properties as specified by the pattern. The connection
between patterns and their represented queries is formalised by the notion of a match. For
example, the query @ in the right diagram of Figure is non-hierarchical as witnessed

by the three relations R, S, T, and it matches the pattern shown in the left diagram of the
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Figure 3.2: Sketch of a hardness reduction for a non-hierarchical query @ (left-most dia-
gram) matching pattern Ps 3. Note, that to avoid clutter — and in contrast to the naming
convention employed in Section — the depicted query uses the same attribute names
across multiple relations and assumes an equi-join between 7" and .S; the difference operator
is unambiguous because its child queries export exactly one attribute A.

figure. Intuitively, the query matches the pattern, because the arrangement of the three
relation symbols R(A), S(A, B), T(B) and the operators connecting them in the query
correspond to the structure of the attributes A and B and the operators in the pattern;

this is indicated by the arrows in the illustration.

Ezample 8. Let us consider the query @ from above and exemplify our reduction from the
# P-complete model-counting problem for positive bipartite DNF formulas to probability
computation for (). The query and the relations and query results involved in the reduction
are shown in Figure [3.2] and the reduction for @ is exemplified for the problem instance
U = z1y1 V z1y2. The first insight is that the reduction used is determined solely by
the pattern that Q matches, i.e., there is a specific reduction for each pattern. The core
challenge is to specify a database for the relation symbols that establish the match (R, S,
T, in this example) such they give rise to annotation formula ¥ when @ is evaluated over
this database. The remaining relation symbols (X, in this example) are populated such
that they leave the annotations introduced by R, S, T unaltered.

The tables in Figure detail such a database D in which the relations R, S, T are
populatedﬂ such that the annotation of the query result yields exactly W. Relation X is
filled in such way that it leaves these annotations unaltered. The tables T' x S, wa (T x S)
and R — ma(T x S) in the figure illustrate how the relations and their annotations are
propagated through the sub-queries of Q.

The final projection operator 7y in @) yields as annotation of the (Boolean) query answer
the disjunction of the annotations zjy; and z1y2 of tuples (1) and (2) in the relation
R — 7o(T x S), i.e., exactly the formula W. If we choose probabilities 0.5 for all three
annotation variables x1, y1, yo, then the model-counting problem #W is reduced to the

problem of computing the probability Pgp) via #¥ = 23 Py = 23PQ(D). O

2We consider variable symbols that occur in tuples (as opposed to in annotations of tuples) as constants,
cf. Remark

21



) R T U \4 RxT RuT-UnxV

! A® B® A® B® AB & AB @
/ \ 1ry 1ty 1 up 1 vy 1 1rity 11 rltlﬂ(ulvl)
X X 2 ro 2 to 2 ug 2 va 1 2ritg 12 rltg‘\(U1V2)
R(A; }(B) U(A; ;/(B) 2 1 raoty 21 rztl—\(uzvl)
2 2 raoto 2 2 rata—(uzva)

Figure 3.3: Hierarchical query @) and a tuple-independent database D for its relations. The
tables R ) T'and R X T'— U x V show how the annotations of R,T,Y,V are propagated

by Q.

PTIME algorithm for hierarchical queries

The annotation of a hierarchicaﬁ query on tuple-independent databases is representable
by an ordered binary decision diagram (OBDD) of asymptotic size linear in the database;
it is well-known that the probability of such a diagram can be evaluated in linear time.
In contrast to conjunctive queries [60] — and similar to the case of unions of conjunctive
queries [48] — the class of PTIME queries strictly contains the class of queries that give rise

to read-once annotations, i.e., there exist PTIME queries with non-read-once annotations.

Example 9. Consider the query @ with respect to the database D depicted in Figure |3.3
The query is hierarchical because it does not contain a relation symbol with both attributes
A and B. @ evaluated on D yields the annotations depicted in the tables. After the final

projection 7y, the Boolean result of () is annotated with the formula
U =nr [tl (—\ul vV —|’01) V tz(—!ul V —\Ug)] V 79 [tl(—\UQ V ﬂ’l)l) V tg(—\’u,z V _"UQ)]

Note that ¥ is not equivalent to a read-once formula. In contrast to hierarchical non-
repeating conjunctive queries, the difference operator in RAY queries may entangle the an-
notations of the participating relations such that the resulting annotation is not a read-once
formula; this entanglement is the pivotal intricacy introduced by the difference operator.
We will show in Section that for every tuple-independent database D, the annotation of
the result of @ on D has an OBDD of size O(|D|). The underlying idea is to translate @ into
a union of disjunction-free relational calculus queries such that each of the disjuncts gives
rise to a linear-sized OBDD and all OBDDs have compatible variable orders. We denote
the language of such queries by RC¥™. For Q, this expansion yields the RC»™ query

Qrc = HA(R(A) A —|U(A)) VAN HBT(B) V HAR(A) A dp (T(B) VAN ﬁV(B)) .
Q1 Q2

When evaluated over database D from Figure the annotation formulas represented by

3The formal definition of hierarchical queries relies on the notation introduced in Section and is
therefore deferred to Definition [6] on page The intuition for the hierarchical property is given in the
beginning of this chapter.
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Figure 3.4: OBDDs for the annotations ¥; (left) and Wy (right) of queries @1 and Q2 in
Example [9

the two queries (1 and )9 are
U, = (7'1—\’11,1 V 7’2‘|U2) A (tl V tg) Uy = (7“1 V 7’2) N (tl—VUl V tg—\vg)

and clearly W1V Ws = W. We will show that the RCF™ expressions Q1 and ()2 can be written
such that (i) for each quantifier 3x (Q’) every relation symbol in @’ contains variable X, and
(ii) the nesting order of the quantifiers is the same in Q1 and (2. Property (1) entails that
the annotations Wy and Wy represented by @1 and Q2 allow for an OBDD of size O(|D|),
as exemplified in the diagrams of Figure |3.4

Property (ii) implies that the above linear-sized OBDDs for each disjunction-free part
in Qrc can be constructed under the same variable order, and it follows from classic re-
sults regarding Boolean combinations of OBDDs [90] that the disjunction ¥; V Wq of the
OBDDs has asymptotic size O(|D|). Thus, the probability of this OBDD — and hence the
probability Pg(p)y — can be computed in time O(|D|). O

Universal quantification and reasoning on sets

The second contribution of the chapter is an analysis of the data complexity of queries with
repeating relation symbols and nested negations that can express universal quantification
and complex binary relationships amongst sets of entities, such as relational division and
set inclusion, equality, or incomparability. We show that while some of these are #P-hard,
others admit polynomial-time evaluation for tuple-independent databases. Such queries are
used for instance in decision support applications, such as insurance and health-care [69]
or data mining applications [68] and it is important to understand to their computational

complexity when issued over probabilistic data.

Ezxample 10. Consider a tuple-independent TPCH-like database consisting of a supplier
relation S with two columns sid for supplier key and pid for product key, and a product
relation P with only a product key pid that contains keys of all products of a given brand
(cf. Figure . Then the relational division query S =+ P returns suppliers that supply all
products of this brand.
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Supplier S Product P Relational division S + P

sid pid ® pid @ sid ®

11 x1 1 y1 1 (x1+x2 +x3 + x4)[(x1 + X2 + X3 + X4)(y17%X1 + y2—X2 + y3-X3)]
1 2 x2o 2 y2 = (X1+X2+X3+X4)(y1 %xl)(yg 4)X2)(y3 4)X3)

1 3 x3 3 ys 2 (x5 + x6 + x7)-[(x5 + x6 + x7)(y1—%5 + y2—%x6 + ¥3)]

1 7 x4 = (x5 +x6 +x7)(y1 — x5)(y2 — x6)(—y3)

2 1 x5

2 2 X6

2 5 x7

Figure 3.5: Supplier S, Product P, Division S + P = 7m4q(S) — msia(msia(S) X P — S).

The query can be expressed as stated in Figure In a deterministic setting, the
answer would only consist of the tuple with sid 1, since this is the only one paired in S
with all pids in P. In a probabilistic setting, the third tuple from P can be absent with
probability 1 — P,,, where P, is the probability that this tuple is present. In that case,
sid 2 can be an answer to S + P although sid 2 is not paired with pid 3 in .S. The set of
instances that witness sid € {1,2} in the answer is defined by the annotation expressions
over the input random variables given in column .

We explain the annotation for sid 1. The projection 75q(S) corresponds to the formula
x1 V --- Vx4 Indeed, if at least one of the variables is true, then sid 1 is part of the
answer. The subsequent cross product with P generates the tuple (1,47) with annotation
(x1 V- Vay)y for 1 < i < 3. The difference with S keeps all tuples in the product
and their annotations are extended by the negation of the annotation of the corresponding
tuples in S: In case of tuple (1,7), its annotation becomes (z1 V ---V z4)y;—z;. The
next projection yields the disjunction of all annotations for tuples (1,1), (1,2), and (1, 3):
(1 V- Vag)|y1—x1 V yo—xe V ys—xs]. The outermost difference produces the annotation
as shown in Figure [3.5

The final annotation reads as follows: sid 1 is in the answer provided at least one of
the tuples with sid 1 is present in S, and if pid = ¢ is present in P, then the tuple (1,7)
must be present in S. We show in Section that the probability of this annotation can

be computed in time linear in the size of the input database. U

Organisation of this chapter

The remainder of this chapter is organised as follows. Section [3.1] gives the formal definition
of the hierarchical property and presents a LOGSPACE algorithm for deciding it. Section[3.2]
presents the PTIME procedure for computing probabilities of hierarchical queries. Sec-
tion [3.3] introduces the techniques used in the hardness proofs for non-hierarchical queries,
and Section details the #P-hardness reductions themselves. The chapter closes with
tractability results for quantified queries in Section [3.5|and a discussion of related work and

open research directions in Section [3.6
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3.1 The hierarchical property for relational algebra queries

This section defines the hierarchical property for RAY queries formally, and analyses the
complexity of the decision problem “Given a query Q, is Q hierarchical?” by means of an

explicit algorithm.

3.1.1 Non-repeating conjunctive relational algebra queries with equi-joins
and difference

We start by formalising the subset RAY of relational algebra queries treated in this chapter.

We assume a database schema in which attribute names are unique throughout all relations.

Definition 3 (RALA queries). RAY is the class of non-repeating, union-free relational algebra

queries composed from the following operators:
e Relation symbols

o Equi-join: Q1 X, Q2, where p is a conjunction of equality conditions p = (A1=DB1) A
-+ N (Ap=By,) such that all A; are attributes of Q1 and all B; are attributes of Qo;
note that the equality conditions are 1-to-1, i.e., each attribute of Q1 and Qo can

participate in at most one equality conditions.

e Projection: ma, . a, for attributes Ay,..., Ay, or g for a set A of attributes.

o Difference: Q1 —, Q2, where £(Q1) = {A1,..., An}, E(Q2) = {B1,...,By}, and
p is the following conjunction of correspondence conditions: p = (A1<>B1) A -+ A
(An<>By,); note that each attribute of Q1 and Qo participates in exactly one < con-

dition.

In Q1 X, Q2 or Q1 —, Q2, we write A € p to express that p contains an equality
condition on A, and (A=A") € p or (A<>A’) € p to express that p contains the equality
condition A=A’ or A<+ A’, respectively. When no confusion arises, we choose a schema with
suggestive unique attribute names like R(A;), S(As, Bs), T(B;) and then write the queries
Rxa,—a, Sand (RXT) —4,<A.ABB, S more concisely as R x S and (RxT)— S.

Transitively joined attributes. For every attribute A that appears in a RAY query Q,
we define the transitive join closure [A] of A: [A] contains all attributes that are transitively
joined on A in Q. In computing [A], we consider the difference operators as joins on
all attributes of its operands, as introduced above. The transitive closures induces an
equivalence relation on the set of attributes of a query, i.e., for any two attributes A, B we
have [A] = [B] or [A] N [B] = 0. More formally:
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Definition 4 (Transitively joined attributes). Let attr(Q) be the set of attributes of a
query Q, and joins(Q) C attr(Q) x attr(Q) the symmetric binary relation over attr(Q)
such that (A, A) € joins(Q) for all attributes A, and (A, B) € joins(Q) if and only if Q
contains an operator w, or —, with (A=B) € p, or (B=A) € p, or (A=B) € p, or
(B« A) € p. Let joins™ (Q) be the transitive closure of joins(Q). Then A’ € [A] if and only
(A, A') € joinst(Q).

The notation of exported variables (cf. Definition [1)) is generalised to variables exported

modulo their transitive closure as follows:

Definition 5 (Exported variables). A query Q) exports [A] if there exists A’ € [A] such that
A" € £(Q). Conversely, @ does not export [A] if for all A’ € [A] it holds that A" & £(Q).

The notation Q4 denoting a query @ such that A € £(Q) is extended to the case of
transitively joined attributes as follows: QX is a query that exports [A], and Q4 is a
query that does not export [A]; QB is a query that exports [A], but not [B].

We use the notation m_4, ..—4, (@) as syntactic sugar for “projecting away Ai,...,A,”,
e, moay,..-4,(Q) = Tg(Q)—{A1,..,4,}(Q). Similarly, for an attribute A, the operator w4

is a shortcut for mys for any A" € [A], and the operator 7_(4) denotes m_4, . a4, where

[A] = {A1, ..., Ay).

Remark 3 (Pushing down equality conditions). Let @ be query and a sub-query Q‘f‘/ X, Q) '
of @ such that attributes A and A’ are transitively joined in @, i.e., [A] = [A]. Then even
if (A=A") & p, the query @ is invariant under adding this condition to p. In other words,
join conditions that are inferred by means of the transitive closure can be added the query

and pushed down as far as possible without altering the query. ]

3.1.2 The hierarchical property

We are now in the position to give the formal definition of the classes of hierarchical and

non-hierarchical queries:

Definition 6 (Hierarchical RAY query). A RAY query Q is hierarchical if for every pair
A, B of attributes of Q with A, B ¢ £(Q), it holds that @ does not contain three distinct
relation symbols RIAINE] SIAIB] TAIB] - Bise, Q is called non-hierarchical.

The membership problem

Problem IsHierarchical: Input: RAY query Q
Output: “Yes” if @) is hierarchical, “No” else

is equivalent to the corresponding problem for conjunctive queries [23], with the ex-

ception that IsHierarchical requires the computation of transitively joined attributes, while
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ISHIERARCHICAL(Query Q)
foreach pair of attributes A,B occurring in Q@ do
HasA, HasB, HasAB <« false
foreach relation symbol X in @Q do
if X exports [A] and not [B] then
L HasA <« true

if X exports [A] and [B] then
L HasAB < true

if X exports [B] and not [A] then
L HasB < true

L if HasA and HasB and HasAB then return “No”

L return “Yes”

Algorithm 2: The LOGSPACE-algorithm ISHIERARCHICAL decides the membership prob-
lem for the class of hierarchical RAY queries.

they are explicitly given in the case of conjunctive queries. More specifically, the hier-
archical property for RAY queries needs to additionally account for the constraints im-
posed by difference operators. The hierarchical property for conjunctive queries can be
decided in LOGSPACE [23] and deciding whether two attributes are transitively joined is
in LOGSPACE (see below). This suggests that IsHierarchical is in LOGSPACE; we show
that this is indeed the case by giving an explicit algorithm, cf. Algorithm[2] For each pair of
variables A, B, the algorithm iterates over the relation symbols in ) and indicates by three
Boolean flags whenever one of the relations RAME] SAIB] - o TAIBI hag been found.
This amounts to checking whether two attributes are transitively joined in @), i.e. whether
A e [A].

Proposition 6. The decision problem IsHierarchical is in LOGSPACE.

Proof. Algorithm ISHIERARCHICAL decides the problem IsHierarchical and is a LOGSPACE-
algorithm: It uses a constant number of Boolean flags and a constant number of iterators
over Q; the transitive join condition A’ € [A] can be cast as the LOGSPACE-problem [73]
of checking whether A and A’ are connected in the undirected graph whose vertices are
the attributes of ) and which has an edge between X and Y if and only if ) contains an
operator M, with (X=Y') € p or an operator —, with (X<+Y') € p. O

3.2 PTIME evaluation of hierarchical queries

The main result shown in this section is:

Lemma 7. For any tuple-independent probabilistic database D, the query evaluation prob-

lem for any hierarchical RAY query has PTIME data complezity.

Proof. The lemma follows from the formal statements derived in this section as follows:
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Qra is a hierarchical RAY query
QR4 is equivalent to a special relational calculus query Qrc = [Qra]

Lemma [§
LeH?na The annotation ®¢ . (p) has an OBDD of size O(|D|)
Coroﬁrym Pg e (p) can be computed in time O(|D]) O]

The fundamental technique in our PTIME algorithm is the conversion of a given hierar-
chical relational algebra query QQra into an equivalent disjunction QQrc of disjunction-free
relational calculus queries such that Qra and Qrc give rise to the same annotation ex-
pression ® when evaluated over a database D. We show that for any tuple-independent
database D, ® can be represented by an OBDD of size O(|D| - 219r¢l) which in turn allows
to compute Py, (p in time O(|D| - 2‘QRC|); the asymptotic complexity of query evaluation
is thus linear in the size of the database and in a factor that depends on the query only.

The reason for translating the relational algebra query into a relational calculus query
is, that in contrast to the former the relational calculus expression allows for the unfolding
of negation as per =(Q1 A Q2) = Q1 V Q2. Under the premise that Qr4 is hierarchical,
we will show that the resulting RC¥™ query Qgc is hierarchical, viz:

Definition 7 (Hierarchical RCF™ query). A relational calculus query @ is hierarchical if
for every sub-query Ix(Q’) in Q it holds that X is root in Q’.

Recall that variable X is root in Q' if it appears in every relation symbol in @', cf. Sec-
tion [2.2.2] and that a query is canonicalised if each relation symbol occurs only with the
same variable symbols, cf. Definition In addition to being hierarchical, we show that

quantifiers appear in only one nesting order in Qgrc:

Definition 8 (3-consistent RC7™ query). Let Q be a canonicalised, hierarchical RC?™-
query. @ is J-consistent if there exists a total order >3 of the variable symbols in Q) such

that X >3Y implies that Q does not contain a sub-query of the form Iy Q' (Ix).

Intuitively, hierarchical and d-consistent queries have the same join order and their
annotations can be compiled into OBDDs with the same variable order. Let us first illustrate
these concepts with an example and then prove formally (1) that a hierarchical RAY query
can be translated to a hierarchical, 3-consistent RC»™ query (Section , and (2) the
annotation of such an RC¥™ query Qpc can be represented in an OBDD of size O(|D] -
21@Qrel) for any tuple-independent database D (Section .

Ezample 11. Consider the following three Boolean RC¥™ queries:
Q1 =3IxR(X)IWS(X,Y) Q:=FHT(V)IxS(X,Y) Q3=3IxU(X)IyS(X,Y)

Note that all three queries are hierarchical since in each occurrence of dx and Jdy, X and

Y, respectively, are root variables. Let us evaluate the queries over the database D, viz:

28



S11 S11 S11
512 l 821 l 512 l
T T , T
v ok s \aa
" \ t2 \ “ \
521 B 512 521
522 ‘ l 8§22 ‘ l 522 ‘ l
. ~ ~
T T T
Y ok Y ok Y ok
1 1 1
OBDD for &1 OBDD for & OBDD for ®3

Figure 3.6: Three OBDDs with compatible variable orders, cf. Example
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The annotations @1, ®o, ®3 of @1, Q2, Q3 evaluated over D are

O =ri(s11V s12) Vra(sa1 V s22)
Oy = ti(s11 V s21) V ta(s12 V S22)

O3 = uy(s11V s12) V ua(sa1 V s22)

and can be represented by the three OBDDs shown in Figure [3.6] The variable orders Iy,
I, II3 in the three OBDDs are:

ITy : r1, 811, 812,72, S21, 522
II5 : t1, 811, 821, t2, 512, 522

II3 : uq, 811, S12, U2, S21, 522

Now consider the query Q13 = Q1 V Q3; this query is canonicalised and hierarchical.
Moreover, (13 is 3-consistent because the quantifiers only occur in order 3x@Q’(3y). Note
that the variable orders II; and II3 are compatible in the sense that they can be combined

to an order IIy3 over all variables in ®; and ®3:

H13 * T, U, 811, 512, 72, U2, S21, S22

In the light of Lemma [3] the OBDDs of ®; and ®3 can be combined to yield an OBDD of
width 4 for the annotation ®; V ®3 of query Q13.

Conversely, the query Q12 = @1 V ()2 is hierarchical and canonicalised, but not 3-
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consistent. Consequently, the variable orders II; and Il are not compatible. In fact, query
Q12 is #P-hard [25] and there is in general no OBDD of asymptotic size polynomial in |D|
for the annotation of Q12 on D [4§]. O

The following two sub-sections formalise the intuition illustrated by the example.

3.2.1 Translation from relational algebra to relational calculus

At the core of the PTIME algorithm for hierarchical queries is a recursive compilation
procedure that transforms a given relational algebra query (Qr4 into an equivalent relational
calculus query Qprc; this translation function [-] is given in Algorithm

The translation is equivalent to the standard translation from relational algebra to rela-
tional calculus [2], with the addition that after each recursive translation step, we “flatten”
the resulting RC>"query by (i) pushing J-operators as deep as possible (Pusua=¥), by (ii)
pushing — operators as deep as possible (PusH "), and by (iii) expanding conjunctions of
disjunctions into disjunctions of conjunctions (EXPAND). These transformations are stan-
dard, equivalence-preserving rewritings of the original RC¥™ expression. Moreover, for
any database, the annotations of the query results of a relational algebra query QQra and
of its relational calculus translation [Qra] are equivalent propositional formulas. Due to
the eager pushing of negation and expansion of products to sums, the translation incurs
a non-elementary blow-up of the query size; Section discusses a lower bound for the

worst-case blow-up.

Ezample 12. Example[J]from the introduction to this chapter demonstrates how a relational
algebra query is translated to a relational calculus query, and that this query gives rise to

the same result annotations as the original one. O

A very useful property of queries obtained from []-translating a non-repeating RAY
query is that by construction each occurrence of any relation symbol appears with the same

variable identifiers, i.e. any such translated query is canonicalised, cf. Definition [2

Remark 4. For a RAY query Qra and its relational calculus (canonicalised) translation
Qrc = [Qra], we have the following obvious relationship between attribute names in Qg4
and variable names in Qrc; let R be a relational symbol and X a variable in Qra. Then
there exists a variable X’ € [X] such that R occurs with X’ in Qr¢ if and only if R exports
[X] in Qra. We also say that Qrc is canonicalised with respect to Qra to emphasise this
relationship. O

The RC™™ query obtained from the translation satisfies a set of properties as detailed

in the following lemma:

Lemma 8. Let Qra be a hierarchical RAY query. There exists an equivalent RCY™-query
Qro with the following properties:
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[R] = {sch(R) | R(sch(R))}
[r—x(Q)] = {Hjgy \ {z} | PusuX (Fjq)}
[Q@1 ™, (x;=v;) Q2] = {H[q,] | EXPAND(F[q, A Flq,p[Vi: Xi/Yi])}
[Q@1 —r,(xi0v,) Q2] = {H[q,] | EXPAND(Fq,1 A PUsH™ (Fyg,p[Vi : Xi/Yi]))}

Pusa?X (Query Q)
if X does not occur in @Q then

| return Q
. , PusH™ (Query Q)
if Q@ =3y (Q’) then if Q = 3x(Q') then
3 /
L return 3y (PusH”x (Q)) | return -3x(Q’)
else if Q =/, Q; then else if Q = —Q’ then
L return \/, PUsH=X (Q;) | return Q'
else if Q = —Q’ such that X is a root variable in Q' then else if Q =/, Q; then
| return 3x(-Q’) | return A, Pusu™(Q;)
else if Q = (A,; Qi) A (/\J Q;) such that X is a root variable in all else if Q@ = A\; Q; then
Q; and X does not appear in any Q; then | return \/, Pusu(Q;)
> Note that the second conjunct may be empty. else if Q@ = R(...) then
return 3x (A, Q) A (A, Q) | L return 2RE)

else
L fail

EXPAND(Query Q)
if Q=3xQ or Q@ =-Q" or Q = R(...) then return Q
else if Q = (V; Qi) A (V; Q)) then return \/, ; EXPAND(Q;) A EXPAND(Q))
else if Q = (A\; Qi V A\; Q) then return (A\; ExpAND(Q;)) V (A; EXPAND(Q))

Algorithm 3: Translation function [-] from relational algebra to relational calculus.

(a) Qrc is canonicalised with respect to Qra. Furthermore, if a variable X occurs in the

scope of a quantifier Ax, then every occurrence of X is in the scope of a quantifier Ix.

(b) Qre is a disjunction of disjunction-free RC™ ™ -queries.
(c) For every variable X in Qrc, Qrc has no sub-query of the fornﬁ dx(Q) AN Q'(3x).
(d) Qrc is hierarchical.

(e) Qrc is I-consistent.

Note that condition permits sub-queries of the form —3x(Q) A -3 x(Q’) or of the
form 3x(Q) VIx(Q') and disallows Ix (Q) AIx(Q'), Ix(Q) A —Ix(Q'), Ix(Q) A—Fy (Q" A
-Ix(Q")), ete.

Proof. We show that the translation [Qgra] returns an RCH’ﬁquery Qrc that satisfies the
properties of the lemma. The proof is direct for properties @, (]ED, , @, and inductive
on the structure of the query QQra for property @

We write Q(3x) to denote a query @ in which Ix occurs.
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Property @ According to Definition [2], attributes that are transitively joined in Qgra
must translate to the same variable name in Qrc. This is indeed achieved in [Q1 X Q2]
and [Q1 — Q2] by renaming all attributes in @2 to the corresponding variable name in Q.
When a quantifier Iy is introduced via [1_x(Q)], then clearly all variables X in @ are
in the scope of Jx; furthermore, the PUSH?X procedure never pushes Jx past a relation

symbol containing X and hence every occurrence of X is in the scope of a quantifier Jx.

Property (b). The combination of pushing down negation (PUSH") and expanding con-
junctions of disjunctions (EXPAND) is standard and yields an expression with disjunctions

only at the top level.

Property . Let us assume that Qg contains a sub-query 3x(Q) A Q'(3x). Then the

parse-tree of (Qgc contains a sub-tree of the following form:

A
VRN
EX .
| :
Q dx
|
Q//

Let us consider what sequence of transformations could have led to this sub-query. Firstly,
since QQr4 is non-repeating and since Qrc is canonicalised, it is clear that the two dx
operators originate from a single dx operator that was applied to the entire sub-query as
a result of the translation of [7_x(Q)]. The Ix operator must subsequently have been
“duplicated” as a result of distributing it through disjunctions in PUSH?X. Since PUsHX
does not distribute dx over a conjunction, the conjunction operator on top of this sub-query
must have been flipped by a negation operator into a disjunction through which Jx was
distributed; in order to get back to a conjunction operator, there must have been another
odd number of = operators following Jx. This is a contradiction to the assumption that

the query has the form 3x(Q) A Q' with Ix appearing positively.

Property @ We show this property by induction on the different cases in [-]. The base
case is a query Qra = R for a single relation symbol. Since [R] = {sch(R) | R(sch(R))}
does not contain 3 operators, [R] is vacuously hierarchical. For the inductive step, the
induction hypothesis is that the RC¥"queries obtained recursively by the algorithm are
hierarchical; we show that any step taken by the translation preserves the hierarchical
property. Clearly, under this assumption the only case in algorithm [-] that may intro-
duce a non-root Jx operator is the rule for [7_x(Qgra)]; by the induction hypothesis, let
Qrc = [Qra] be the hierarchical RCH’ﬁquery resulting from the translation of Qra; Qro
is canonicalised with respect to Qg4 and a disjunction of disjunction-free RC¥"queries, and
does not contain a sub-query of the form 3(Q)AQ’(3x). We show that if PUSHTX (Qr() fails
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then Qg4 is non-hierarchical; conversely, for any hierarchical query Qra, PUSH?X always

succeeds in pushing Jx so that X becomes a root variable in the scope of dx.

First, the rule for @ =\/; Q; will push 3x through the top-level disjunction and apply

Jdx to each of the disjunction-free queries @);. Each of the @); is a conjunction /\; ¢; where

each ¢; has the form 3y (¢), =3y (q), R, or =R. We analyse different cases separately:

1. Variable X occurs in exactly one of the ¢;:

(i)

If ¢; = 3y (¢), then we recursively apply this argument to Jy (PUSH"X (¢)). Note
that by induction hypothesis, Y is root in ¢ and this remains true after commut-

ing dx and Jdy.

If g = R or ¢; = =R, then PUSH?X terminates by returning IxR or Ix—R,

respectively; in both cases, X is root in the scope of Jx.

If ¢ = —3y(¢) and X is root in ¢, then the rule for Q@ = —Q applies and
we return dx—3y(¢), in which X is root. If X is not root in ¢, then ¢ must
contain two relations symbols such that by induction hypothesis Y occurs in
both relation symbols and X occurs in one but not the other. With loss of
generality, let us assume that these relations are T'(Y) and S(X,Y’). Since [-]
never commutes — and d, this implies that Qr4 contains a sub-query of the
form m_x(Q1 — 71—y Q2(S(X,Y),T(Y))); in order for this to be a valid query,
@1 must export [X]; furthermore, since Qgc is canonicalised, no variable in [Y]
can occur in any relation symbol in (1. This means that Qg4 containsﬂ three
relation symbols RXIFY] SXIV] 7EXIYT and is thus non-hierarchical.

2. Variable X occurs in more than one of the ¢;:

(1)

(i)

If X is root in the conjuncts in which it appears, then case Q@ = (A, Qi) A (/\] Q;)
applies in PusH* and X is root in the scope of Jx.

Otherwise, there is a conjunct ¢; in which X occurs and a conjunct g; that
contains two relation symbols .S, T" such that X occurs in one of them but not in
the other. Thus ¢; has the form Iy Q(S(X,Y),T(Y)) or -IyQ(S(X,Y),T(Y))
where by induction hypothesis Y occurs in both S and T. The latter case is
equivalent to the above case . In the former case, if g; is a single relation in
which X occurs (or the negation of a single relation in which X occurs) without
a quantifier, then this relation cannot have variable Y because all occurrences
of Y are in the scope of a quantifier, cf. Property @ Thus R, S, T render Qra
non-hierarchical. On the other hand, ¢; may have the form 37(Q) where Z is a
variable different from Y and () does not contain a quantifier dy-, cf. Property @
Then the relation in ¢; in which X occurs together with S and T render Qg4

non-hierarchical.

5Compare also Remark
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Property @ Assume @ ro contains two sub-queries Q, = IxQ(Jy)) and Qp = Iy Q(Ix)
in which the order of the quantifiers 3x and dy is inconsistent. If one of the two sub-queries
has the form Jx3y (Q’), then the order of the quantifiers may be switched to obtain 3-
consistent queries; conversely, there are two structurally different cases in which the order
of the quantifiers can not be switched: (i) IxQ(—3Jy), and (ii) Ix[Q(X) A Q'(3y)]. We

consider the four combinations of these cases for the sub-queries @), and Qy:

1. Qq, and @y are of type (i), i.e.,, Q, = IxQ1(—Ty) and Qp = Iy Q2(—Ix). Then,
since Qrc is canonicalised and since the order of 3 and — is never swapped by [-], the
structure of @, implies that Qrc has a sub-query of the form 7_x (Q' —7_y (Q")) and
the structure of @), implies that @ grc has a sub-query of the form 7_y (Q' —7_x (Q"));

this is a contradiction.

2. Qq and Qy are of type (ii), i.e., Qo = Ix[Q1(X) A Q1 (Fy)] and Qp = Ty [Q2(Y) A
Q5 (3x)]; then @, contains a relation RXITY] Q, contains a relation 70X and Q4
contains a relation SXIY]: thus Q4 is non-hierarchical and this is a contradiction to

the initial assumption.

3. g, is of type (i) and gy is of type (ii), i.e., Qo = IxQ1(—Ty) and Qp = Iy [Q2(Y) A
Q%(3x)]. Since in @y there is no negation operator between 3y and Jx, it follows that
in @ there is no difference operator between m_x and w_y. Conversely, the negation
operator between 3x and Jy in @, requires a difference operator between m_x and

m_y in QRra; this is a contradiction.

4. q, is of type (ii) and g is of type (i); this is symmetric to the previous case. O

3.2.2 Construction of polynomial-size OBDDs for relational calculus queries

The last step in the PTIME algorithm is to show that the annotation @, (p) defined by
the RC?™ query Qrc obtained from Qra as per Lemma 8] allows for an OBDD with size
linear in |D| and thus for PTIME probability computation. The proof is for Boolean queries
in order to avoid syntactic clutter; the general case is analogous.

The OBDD construction is based on a total order 1I on the tuples in D such that g, (p)
has a II-OBDD of size linear in |D|; the order II can be derived from the structure of Qprc.
Let us first exemplify the construction of this order and then define it formally in the proof

of Lemma [0

Ezample 13. Consider the query Q = 3x [R(X) A Iy S(X,Y)T(X,Y)]. Since X is a root
variable, the OBDDs for different values of X are independent and can simply be concate-
nated. For each fixed value A € ADom(X), we have to construct the OBDD of the query
R(A) NIy S(AY)T(A,Y); a good variable order for this OBDD is to first decide on the
annotation of R(A) and then on all annotations of S(A, B) and of T'(A, B) for all values
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B € ADom(Y). If we write R(1) for the annotation of tuple (1) in R, and similarly for S

and T, then the overall variable order obtained is

R(1),5(1,1),T(1,1),5(1,2),T(1,2),5(1,3),T(1,3) ..., (tuples with X = 1)
R(2),5(2,1),T(2,1),5(2,2),T(2,2),5(2,3),T(2,3) ..., (tuples with X = 2)
R(3),5(3,1),T(3,1),5(3,2),T(3,2),5(3,3),T(3,3) ... ., (tuples with X = 3)

Note that the annotations are ordered in lexicographically ascending order: We first decide
on all annotations with X = 1, then on all annotations with X = 2, etc. For all annotations
with X = 1, we first decide on those with Y = 1, then those with Y = 2, etc. This variable
order leads to a compact OBDD because the variable symbols X, Y in the relations R, S,T
are ordered compatibly to the nesting order of the quantifiers dx and Jy. ([l

The central result regarding the OBDD construction for hierarchical RAY queries is:

Lemma 9. Let Qrc be a RC¥™ query satisfying the properties of Lemma E The annotation
PQre(p) 0f Qre on a tuple-independent database D can be represented by an OBDD of size
O(|D| - 2!9rely, where |Qpre| is the number of relation symbols in Qrc:.

Proof. The proof uses the following conventions. The relation symbols in Qrc are Ry, ..., R,
and the variables are Xi,...,X,,. In the context of a query Qrc and a database D, the
active domain of variable X; is denoted by ADom(X;) and is — intuitively — the set of

values that X; takes in D; more formally,

ADom(X;) = U {c| R;j(X)[c/X;] is satisfiable by D}

R;(X) is relation symbol in Qrc

Furthermore, we assume without loss of generality that the active domain of the database
is totally ordered. The annotation of tuple A of relation R; in D is denoted by R;(A); for
example, the annotation of tuple (a, b) in relation R; is Ri(a,b). Without loss of generality,
let the query variables in Qrc be labelled X1,...,X,, such that X; >3 X; < i < j with
respect to the nesting order >3 defined by the 3-consistency of Qrc. L.e., i < j allows for the
quantifier nesting 3x,Q(Jx;), but not Ix,Q(3x;). Since by Lemma [8 Qrc is canonicalised
and F-consistent, we can assume without loss of generalityﬁ that in each relation symbol R
the query variables occur in >3 order. For example, Q rc may contain R(X7, X5, X7), but
not R(X7, X1, X5).

We define a total order IT on the annotations of the tuples in D as follows. First, asso-
ciate with every annotation R(A) the string string(R(A)) = AR; for example, annotation
Rs(A7, Ba, C7) where A7, By, and C7 are constants in D is associated with string A7 BoC7 Rs.

SMore precisely, we can always relabel the query and database schema such that the query variables occur
only in >3-order.
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The order II is then defined as
R(A) <q R'(A") < string(R(A)) <jex string(R(A")) (3.1)

where <jex is the lexicographic order on strings as defined by the total order of the active
domain of the database and the order Ry <jox R2 <jex - * <lex Rpn. Note that II is uniquely
defined by the order of the relation symbols and the order on the active domain of D.
However, different orders on the former and the latter give rise to different orders II.

We show by structural induction over the construction of ®¢ ., via Equation that
® gy has a TI-OBDD of width 2/97¢| where |Qrc| denotes the number of relation symbols

in Qre:

e The base case is a relation symbol R(A) which corresponds to a trivial [I-OBDD with

one variable R(A) and width 2.

o If Qre = Q1 AN Q2 or Qre = @1V @2, then by induction hypothesis ®g, and @,
have II-OBDDs of width 2!91! and 2/92|| respectively. Then by Lemma Dgpe has a
II-OBDD of size 2191l . 21Q2| = 2/@rcl,

e If Qrc = —Q, then by induction hypothesis @ has a II-OBDD of width 2!9l. Swapping
the T and | nodes in this OBDD yields the required II-OBDD for Qgc.

o If Qre = Ix,Q, then for every A; € ADom(X;) the formulas ®&; = ®¢4,/x, are over
disjoints sets of variables because (Qrc is hierarchical by Lemma [8| and hence X; is
root in Q. Moreover, each ®; has a II-OBDD of width 2/%! by induction hypothesis.
Without loss of generality, let ADom(X;) = {A1,..., A} such that Ay <jex 4; if and
only if k£ < [. By Equation , the annotation ®¢, is the disjunction @, =
\ A €ADom(X;) ®,;. Since the formulas ®; are over disjoints sets of variables for distinct
values of [, an OBDD for their disjunction is obtained by their concatenation in which
the L nodes of the OBDD for ®; are removed and their incoming edges are connected
to the root node of the OBDD for ®; .

It remains to be shown that this construction yields an OBDD with respect to order
IT. First, note that the OBDD for each ®; is over order II by induction hypothesis;
it remains to be shown that for any two annotations R(Ay) in ®; and R'(4;) in @
where k < [ it holds that R'(Ay) <i R'(A;); by the definition of <y, this is equivalent
to showing AiR <iex A;R'. By construction (cf. Equation (2.10), the variables X;
with j < i are set to the same constants. Thus the strings A; and A; are identical in
the first 4 — 1 places. The lexicographic order A; and A; — and hence the II-order
of R(A) in ® and of R'(4;) in ®; — is determined by the values of X; in A; and
in A;; this value is 4; in A; and A in Aj. Since we concatenate the OBDDs in the
order ®; — 9 — --- — Py, and since A; <jex - - - <lex Ap it follows that Ay <jex A
and thus R(Ay) <n R'(4)).
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Finally, the constructed OBDD has width 2!9rcl = 2IQl hecause the concatenation
leaves the width unchanged. O

Given the OBDD construction of Lemma [0} we can apply Lemma [] and find that the
probability of the thus constructed OBDD can be evaluated in time linear in the size of the

database and a factor that depends only on the query:

Corollary 10 (Lemmata @) Let Qre be a RC™™ query satisfying the properties of
Lemma @ For any tuple-independent database D, the probability Pg,.(p) can be evaluated
in time O(|D| - 2|9rel) where |Qpc| is the number of relation symbols in Qrc.

3.2.3 The complexity of the PTIME algorithm in terms of the query size

The combined complexity of RAY queries is PSPACE-complete (cf. Section, and Corol-
lary shows that the data complexity of hierarchical RAY queries is in PTIME. The
discussion in this subsection shows that the PTIME algorithm presented above is not in
PSPACE for combined complexity: We show that there is a class of queries for which the
width of the OBBD constructed in Lemma [J] is a non-elementary function of the size of
the query. The reason for this blow-up is the eager pushing of negation and expansion of
conjunctions in the translation [-] (cf. Algorithm from the input relational algebra query
to a relational calculus query.

Let us start by analysing this algorithm. As discussed before, the translation eagerly
expands the RAY query into a disjunction of disjunction-free RC¥™ queries; let ¢(Q) denote
the number of such conjuncts in @ and a(Q) the maximum arity of such conjuncts; they

can be expressed as follows:

Q=Q1xQ2: a(Q) = a(Q1) + a(Q2)
o(Q) = ¢(Q1) - c(Q2)

Q=01—Q2: a(Q) = a(Q1) + c(Q2)
c(Q) = ¢(Q1) - a(Q2)@)

The behaviour of ¢ and a is dominated by the exponentiation in the rule for Q = Q1 —Q)s.
The following recursively defined family of RAY queries over the schema Ro(A), Rh(A),
Ri(A), ..., R,(A) maximises the number of difference operators for a given number of
relation symbols and thus constitutes a worst-case query for the analysis of the asymptotic

behaviour of ¢ and a:

Ql = R1 — (Ro X Ré))
Qn = Rn - Rn—l
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Using the above recursions, we obtain for the size of the RC¥™ expansion of Q,:

This function has a lower bound

c(Qn) < 2'..

where the number of stacked exponentials is n. Recall that ¢(Q,) denotes the number of
conjuncts in the translated RC¥™ query and is a lower bound on the number of its relation
symbols. 2°(@n) is thus a lower bound on the width 2/2%¢l of the OBDD for ®g, in Lemma@

The above discussion suggests that our PTIME algorithm may not be optimal in terms
of combined complexity; the exact trade-off between data and query complexity is left open
by the results obtained in this chapter. The goal of this chapter — to separate tractable
from intractable queries with respect to data complexity — is nevertheless achieved by
Theorem [l

3.3 Data-preserving fillings

The goal of this section is to develop a uniform formalism for determining a database D
for the relations occurring in a RAY query @, such that the evaluation of Q on D preserves
the tuples and annotations of a distinguished relation of the query; Lemmata and
below formalise this intuition. The formalism is used in Section B.4] to construct hardness
reductions for non-hierarchical queries.

In order to avoid syntactic clutter in this section, it will be advantageous to blur the
distinction between a query () and the relation obtained by evaluating () on a database D;
the relation symbols in @) directly represent relations, and the query operators combine the
relations represented by their sub-queries. We say that we can fill a relation (symbol) X of
Q with a relation R to denote the fact that there exists a database D such that X (D) = R.
In this sense, the notions of a query and a relation are the same; moreover, we will introduce
classes of queries by means of properties of the relations they represent when evaluated on
the database defined implicitly by the filling of their relations.

In the following, we assume two finite sets of constants, A and B, and denote by
B a constant distinct from those in A and B. In this section, the projection operator
Wi is used to symbolise the projection on attribute A and the annotation column ®; in
contrast, w4 selects only column A, neglecting the annotations of tuples. The notation

(a1,...,a,|®(a1,...,ay,)) denotes a tuple (a1, ..., a,) annotated with formula ®(aq, ..., a,).
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Preserving the data of one attribute

We commence by analysing queries with one distinct attribute A. Let ® be a total function
on A. A relation Q is A-reducible to (A, ®), if the [A]-attributes of @ are filled with
all values from A, all non-[A]-attributes are filled with M, and the annotation of a tuple
identified by a € A is ®(a):

w0y (Q) = {(al2(a)) | a € A)
me(Q) = {(m)} for any attribute C' with C ¢ [A].

We write red4(Q) = A|® to denote that ) is A-reducible to (A, ®). Queries that do
not export [A] are called (-reducible to a nullaryﬂ function ® (denoted redy(Q) = M|P) if

To(Q) = {(Mm)} for any attribute C.

Next we define three classes of relations that are characterised by their A-reductions;
let &1 be the constant function ®r(.) = T.

QW e o4 if red4(Q) = A|® or reda(Q) = A|~® (3
QW e Qm  if  reda(Q) = A|dT (3.
QU e Qm  if  redy(Q) = M|DT (3
QeQy if Q=0 (3

Queries Q4 are relations in which the values of [A]-attributes are populated with values
from A, and values for non-[A]-attributes are set to M. There is a functional dependency
[A] — @ such that every tuple is represented by its [A]-value a and has a corresponding an-
notation ®(a) or ~®(a). Queries Qg are similar to () 4-queries, but every tuple is annotated

with T. Queries Qp are simply empty relations.

Ezample 14. Given the domain A = {z1,x9,z3}, the following relation X over the distin-
guished attribute A and two attributes B, C' with B,C ¢ [A] satisfies the properties of a
Q4 query, and relation Y is a Qg-query.

OA-relation X Qgu-relation Y
Ar By Cy P Ay By Cy P
1 | | X1 T [ ] [ | T
zo | [ | X9 X9 [ | [ | T
x3 | | X3 xs3 | | | T

"Le., a constant.
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(o] Op Q2 Q1 Op Q2

o4 X Qg1 o4
- 9y oA

(O X o4 o4
Qs Qfn

_ QA QA
oy Qs

Figure 3.7: Class membership of queries connecting classes Q4, Qsn, Qp with »x or —.

Note that in relation X we use the same symbols z; both as data values for A, and for

annotations. The functional dependency A, — ® is satisfied by ®(z;) = z;. O

Figureshows how Q4, Qgn, and Qy-queries are propagated through query operators.
Given query classes Q1 and Qs, the right-most column (Q; Op Q5) in the table shows which
class a query that combines two queries from those respective classes by operator Op belongs

to.

Example 15. Continuing with the previous Example the join X x Y (with equality joins
between the corresponding A, B, C attributes) of Q4-query X and Qgy-query Y yields the

following relation:

OA-query X Y

Ay Ay By By C: Cy L]

T x1 [ | [ | | [ | X1
To X2 | ] | ] | ] | X2
T3 x3 ] ] ] | X3

Clearly, X x Y satisfies the conditions of a Q%-query as suggested by the rule Q4
Ofn — 904 in Figure Similarly, the result of Y — X is

QA query Y — X

A, B, C, ®

1 | | X1
T2 | | X2
T3 | | —X3

This relation satisfies the conditions of a QA—query as implied by the rule Qg — oA —
04 in Figure U
Now let QM be a query that contains a Q4-relation X4, The goal is to populate the
relations of @ such that Q is a Q%-query, i.e., that Q satisfies the above properties for Q4.

More formally, we show the following:

Lemma 11 (Preserving one distinguished attribute). Given a query Q, a distinguished
attribute A of Q, and a distinguished relation X* of Q that satisfies Equation (3.2)), the
remaining relations of Q can be filled such that Q satisfies Equation (3.2)).
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Figure 3.8: A query @ (top) and the corresponding partitioning of its relations into relsy,
relsy, and relsgy relations (bottom-left), assuming that relation X and its annotations are
to be preserved by the filling. The bottom-right figure shows how the query classes of the
sub-queries of () are propagated through query operators. If we fill for the one distinct
attribute [A] whose values are to be preserved, then all sub-queries rooted in operators on
the path from X to the root of Q are Q%-queries; if the two attributes [A] and [B] are to
be preserved, then these queries are Q4B-queries. Note that since X has odd polarity in
Q, the annotations of tuples in () are the negated annotations of the corresponding tuples
in X.
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Proof. The first step is to identify the set OP_ of — operators in ) that do not have X as

a right descendant. Next we partition the relations of () into three sets:

relsy = {X}
relsy = set of relations that are right descendants of a OP_ operator

relsgn = all other relations

Finally, we populate every relsg) relation as a Qgj-query, and every relsy relation as a
Qp-query. For the former, it suffices to populate each [A] attribute of a relsgy-relation with
A, and each non-[A]-attribute with M. The following inductive argument shows that every
operator on the path in @ between X and the root of Q is a Q4-query: First, this trivially
holds at X itself. Now let Op be an operator on the path between X and the root of Q.

There are the following cases:

e Q1 X Qg where without loss of generality @, contains X and hence Qy, is a Q“-query.

Then Qg contains a relation from relsg; and by the propagation rules in Figure [3.7]

Qr is a Qay-query, and Qr, X Qr is a Q”-query.

o (1 — Qg where @1, contains X. Then the — operator is in OP_ and Qg is a Qy-query,
Q1 is a Q4-query, and hence Q;, — Qg is a Q*-query.

e Q; — Qg where Qp contains X and hence Qp is a Q4-query. Then Qr, contains a
relation from relsg; and by the propagation rules in Figure Q1 is a Qgu-query,
and Q1 — Qg is a Q*-query. O

Remark 5. Note that if X has even polarity in @), then the annotation ®g(a) of a tuple
(a) in m4)(Q) is the same as the corresponding annotation ®x (a) of a tuple (a) in 74 (X);
conversely, if X has odd polarity in @, then ®g(a) = ~Px(a). O

Example 16. Consider the query @ depicted in Figure (top figure) and assume that we
would like to preserve relation X with respect to its attribute A,; we use the [A]-domain
A = {x1,x9,23} and assume X’s values to be A and its annotations to be ®(x;) = x; as
in Example The bottom-left graph in Figure [3.8| shows the partition of Q)’s relations
into relsy = {X}, relssy = {R,W,T,V} and relsy = {U,S}. We hence set U = S = ),
and populate in relations from relsg) all [A] attributes (4,, Ay, Ay) with A and all other
attributes with M. The bottom-right graph shows how the @4, Qg and Qy sub-queries
are propagated by @Q’s operators. For example, the left and right sub-queries of the root

operator are the following relations:

Left sub-query of root(Q) Right sub-query of root(Q)
A’V‘ Bt Dt Lo Au Bz Dv P
X1 . . T X1 . . X1
T2 ] | T T2 | | X2
T3 [ | [ | T T3 [ | [ | X3

42



The relation represented by @ is hence:

Ar Bt D: P

X1 | | X7
X9 | | “Xo
x3 || [ | X3

Evidently, @ preserves the [A] attribute and the annotations of relation X. Following
Remark [5] the annotations of tuples in @) are exactly the negation of the corresponding

annotations in X because X has odd polarity in Q. O

Preserving the data of two attributes

Let us now extend the above technique to queries that contain relations over two distinct
attributes A and B whose values we would like to preserve; the first step is to generalise
the notation of A-reducible relations. Let ®4Z be a total function on A x B, and let 4
be a total function on A UA x B such that ®4(a) = \/,.p ®(a,d) for all a € A; & is the
constant function ®1(.) = T. As before, a relation Q is A-reducible to (A, ®4), if

Q) = {(al2?(a)) | a € A}
me(Q) = {(Mm)} for any attribute C' with C ¢ [A].

Similarly, Q is AB-reducible to (A x B, ®4B) if

e (Q) = (@ b (a,0) |a € A,be B
mo(Q) = {(M)} for any attribute C' with C' ¢ [A] U [B].

We write redap(Q) = A x B|®4P to denote that Q is AB-reducible to (A x B, ®45).

We next define the following classes of queries:

QUIBl € 04 if redy(Q) = A|®4 or redy(Q) = A|-®* (3.6)
QMBI € 94 if redp(Q) = A x B|®? or redsp(Q) = A x B|-d4 (3.7)
QUIBl ¢ Q4B if redp(Q) = A x B|@4P or red p(Q) = A x B|-948 (3.8)
QUIEBl ¢ Qqy if reda(Q) = Al (3.9)
QUWIBl ¢ Qg if redap(Q) = A x B|dT (3.10)
QUAIPEl € gy if redy(Q) = M|t (3.11)
QeQifQ=10 (3.12)

Queries from these classes are propagated by query operators as depicted in Figure

The extension of Lemma [I1] to the case of one or two attributes is:
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Figure 3.9: Class membership of queries connecting classes Q4, Qgn, Qp with x or —.

Lemma 12 (Preserving distinguished attributes). Given a query Q, two distinguished at-
tributes A of B of Q, and a distinguished relation XA™B of Q that satisfies Equation ,
the remaining relations of QQ can be filled such that QQ satisfies Equation if QQ exports
[A] but not [B], or Equation if Q exports [A] and [B]. Similarly, for a query Q with a
distinguished relation XAB | the remaining relations in Q can be filled such that Q satisfies
Equation if Q exports [A] and [B].

Proof. Let QIAIB] be a query that contains a Q4-relation X4 by virtue of Equation (3.6)).
The goal is to show that @ is a Q4-query according to Equation ([3.7).
As in the proof of Lemma [IT] we identify the set of — operators OP_ that do not have

X as a right descendant and then partition the relations of () into three sets:

relsy = {X}
relsy = set of relations that are right descendants of a OP_ operator

relsgn = all other relations

The relations of ) are populated similar to before: Every relsgy relation as a Qg-
query, and every relsy relation as a Qy-query. For the former, it suffices to populate each
[A] attribute of a relsgy-relation with A, every [B] attribute with B, and each non-[A]-
attribute with M. Relations in relsgy that export both [A] and [B] (i.e., queries that need to
satisfy Equation ) are populated with the cross-product of A and B for attributes [A]
and [B] and with M for all other attributes. The inductive argument along the path from X
to the root of @) is similar to before; note however, that the lowest x-operator on the path
from X to the root of Q that introduces a [B]-attribute marks the transition from a Q%
sub-query of type QMIMBl (Equation (3-6)) to QMIB! (Equation (3-7)). That is, the tuples
(a|®(a)) in X are expanded to tuples (a,b|®(a)) by means of the cross product between the
QA-relation that does not export [B] and the Qgy-relation that does export [B].

Finally, let us consider the case of a query QB! that contains a Q4B-relation XMIBI,
It follows exactly as above that Q is a Q4B-query, i.e., Q is equivalent to X with respect
to attributes [A] and [B] and the annotations of the (a,b)-tuples. O
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X QRrwU QrwuUT
Ar Bx E P Ay Dy P A, By Dy P
T Y1 | X11 T | T T Y1 | T
T Y2 | X12 T2 | T T Y2 | T
T2 Y1 [ | X21 T3 [ | T T2 Y1 [ | T
T2 Y2 | X22 Tz y2 M T
3 Y1 | x31 3 y1 M T
T3 Yo | X32 3 y2 M T

Qvxs Q

Ay, Bz Dy 3] Ar Bt D: i3]

1 Y1 u X11 z1 y1 W —X11

1 Y2 u X12 1 oy M X12

T2 u X21 r2 y1 W —X21

T2 Y2 u X22 2 y2 M “X22

x3 Y1 | X31 xs3 Y1 | —1X31

T3 Y2 u X32 z3 y2 M X32

Figure 3.10: Relations used in Example

Remark [f] regarding the polarity and the sign of the annotations in X and @ carries

over to both of the above cases.

Example 17. Referring again to the query in Figure[3.8] let us now assume that we would like
to preserve relation X with respect to [A] and [B]; we assume the domains A = {z1,x9, 3}
and B = {y1, 72} and take X to be the Q4B-relation X depicted in Figure

Note that the sets of relations relsy, relsg; and relsy are identical the case of Example
and are depicted in the bottom-left graph in Figure Also the propagation of the Q45
and Qg sub-queries through the query is as before and depicted in the bottom-right graph.
However, the relations represented by the different sub-queries are now different.

Let us first consider the sub-query Qrwy consisting of relations R, W, U. Attribute
A, is filled with A, and attributes C,, Cy,, D,, are set to M; relation U is set to (); all
annotations are T. Then Qrwy is a Qgn-query by Equation ; the represented relation
Qrwu is again show in Figure |3.10)

In relation T, attribute By is filled with B and D, is filled with B; its annotations are
T. The join between Qrwy and T enforces an equality join D,, = Dy, but enforces no
constraint between A, and By; this yields the relation depicted in Figure that is the
result of query Qrwyr that consists of relations R, W, U, T.

Qrwur is a Qan-query by virtue of Equation . On the right side of @, it follows
similarly to above that the sub-query Qy xg consisting of relations V, X, S is the Q45-
query Qv xs depicted in Figure This leads to the Q4B-query Q = Qrwur — Qvxs
as depicted in the figure. O

3.4 #P-hardness of non-hierarchical queries

The main result shown in this section is that probabilistic query evaluation for non-hierarchical
RAY queries has #P-hard data complexity:
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Lemma 13. The probabilistic query evaluation problem for any non-hierarchical RAY query
has #P-hard data complezity.

Given such a query @ and a 2DNF formula ¥, we provide a reduction from the model-
counting problem #2DNF by means of an explicit construction of a database D such that
Popy = Pp. The details of the construction of this reduction depend on structural prop-
erties of the respective query which are formalised by the notions of patterns and matches.
We first define patterns and matches, and then show that matching a pattern is equivalent
to the non-hierarchical property (Proposition . The notion of a match is then refined to
that of a lineage-preserving match in which the three distinct relations R, .S, T identified by
the pattern satisfy additional structural properties that allow us to populate these relations
such that their annotations are preserved in the query (Lemma . This puts us in the
position to give an explicit reduction from #2DNF to probabilistic query evaluation by
analysing a finite number of of classes of queries separately, segmented by the pattern with

which they have a lineage-preserving match (Lemma . More formally:

Proof. Lemma [T3] follows from the formal statements derived in this section as follows:

() is non-hierarchical

& () has a match with a pattern
Proposition [T4]
& has a lineage-preserving match with a pattern
Lemma [I6] Q 8P ving W P
= is hard f P O
D @ is hard for #

3.4.1 Patterns and matches

Definition 9 (Query pattern). A query pattern (pattern, for short) over two attributes
A, B and two relational operators Opy, Opa € {X,—} is a binary tree with three leaves
A, B, AB, root node Opy, and inner node Ops.

Figure [3.11]shows query patterns. There are 2-2-2-6 = 48 different patterns: There are
two distinct unlabeled binary trees with three leaves, the two operators can each be either
X or —, and there are 6 possible orders of the labels A, AB, and B. Figure [3.11] shows 24 of
the 48 patterns and omits for each pattern the corresponding pattern obtained by swapping
leaves A and B.

Definition 10 (Match of query and pattern). A RAY query Q matches a pattern P over A
and B if Q contains three relations RIAIFB GBI TAIBL gych that P can be embedded in
Q in the intuitive way: The operators in Q given by the least common ancestors of R, S, T
correspond to the operators in P, and the locations of R, S, T in @ with respect to these
operators correspond to the locations of A, AB, B in P.

() matches a pattern if it matches a pattern over some pair of its attributes.
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Figure 3.11: The 24 query patters Pj 1, ..., Ps4. The 10 grey patterns can by reduced to
other patterns as indicated by the arrows. For this reduction, note that firstly the labels
A and B are symmetric with respect to the definition of of match between a pattern and a

query and hence can be swapped, and secondly the x operator is commutative and hence
its left and right sub-query can be swapped without changing the query.
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We also say that @ is an (R, S,T)-match for P to emphasise which three relations
establish the match. Note that in this definition, attributes A and B are to be understood
as being placeholders for any two distinct attributes. In the following, for a match between
Q and P, we will denote the two operators of P by Op!” (root operator) and Opl’, and the
corresponding operators in () by Op; and Ops.

Ezample 18. Figure shows examples of queries and matches. ]

Matching a pattern is intimately linked with the non-hierarchical property:

Proposition 14 (Non-hierarchical queries match patterns). A RAY query is non-hierarchical

if and only if it matches a pattern.

Proof. For the = direction, let @ a non-hierarchical query. Then by Definition [6], @ has
two attributes A and B such that it contains relations RAIFB! SIAIBI TRAIB] - Clearly, Q
matches exactly the pattern P whose two operators correspond to the operators Op; and
Opz in Q. (Note that the patterns are exhaustive in the sense that there is exactly one
pattern per possible combination of the operators x, —.)

The <« direction is immediate, since every query () that matches a pattern contains
three distinct relation symbols R, S, T' that render @ non-hierarchical by Definition [§] O

Any query that matches a pattern satisfies a set of structural properties as detailed by

the following lemma.

Lemma 15 (Properties of matching queries). Let P be a pattern and query Q an (R, S,T)-
match for P. Then Q) has the following properties:

1. Any sub-query of @ rooted in an operator on the path in Q@ between R and S exports
[A]. Any sub-query of @ rooted in an operator on the path in Q between T and S in
Q exports [B].

2. Given two attributes A, B such that [A] = [B], and such that the least common ancestor
of the relations of A and B is a join X, and A, B € £(Q), then Q is invariant under
adding the join condition (A = B) to p. In other words, (transitively inferred) join
conditions can be pushed down to the least common ancestor of the joined attributes

without altering the query.

Proof. Property 1 holds since both R and S export [A] and in order for the [A]-attributes
of R and S to be in the transitive closure [A], each operator on the path between R and S
must export [A]. The symmetric argument holds for S and 7" and attributes [B]. Property 2

follows immediately from the fact that equality constraints are transitive, cf Remark[3] O
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3.4.1.1 Lineage-preserving match

The notion of a match is further specialised to that of a lineage-preserving match in the
two upcoming definitions. The name “lineage-preserving” hints at the following property
of lineage-preserving matches: The relations of () can be populated in such way that they

leave the tuples and their annotations of R, S, and T unchanged. We will expand on this

in Section [3.4.2]

Definition 11 (Left-deep operator). An operator Op is called left-deep in a RAY query
Q if for every — operator Op_ on the path between the root of @ and Op, Op is a left
descendant of Op-—.

Definition 12 (Lineage-preserving match). A RAY query Q is a lineage-preserving match
for a pattern P over A and B if Q contains three relations RAIB] SlAIBI TRAIBL gcp,

that P can be embedded in Q) in the following way:

1. The locations of R, S, T in Q with respect to operators Op1 and Opy correspond to the
locations of A, AB, B in P.

2. The two distinct operators in P and Q correspond, i.e., Opy (Op2, respectively) in Q

is the same operator as the top-most (bottom-most, respectively) operator in P.

3. For every — operator Op_ that is an ancestor of Opy in Q, it holds that if Opy is a
right descendant of Op_, then Op_ does not export [A] or [B].

4. If Opy is a left descendant of Opy in Q, then Ops is left-deep in the sub-query of Q
rooted in the left child of Op;.

As in the case of Definition we use the short notation lineage-preserving (R, S, T)-

match when no confusion arises.

Ezample 19. Figure shows examples of queries and lineage-preserving matches. ]

Connection between matches and lineage-preserving matches. Lemma [I0] estab-
lishes that any query that matches a pattern necessarily also has a lineage-preserving match
with a (possibly different) pattern; furthermore, the relation symbols that establish the
lineage-preserving match can be found by exploring the query tree in the following stan-
dard left-depth-first in-order.

Definition 13. Let T be a binary tree, and o1,...,0, its nodes, and ® a permutation of
{1,...,n}. The permutation is an in-order of the nodes if for any two nodes o(j), Ox()
the following condition holds: oy is a left descendant of orj) and i < j, or oy a right

descendant of or(;) and j < i, or og(;) occurs to left of or;y inT and j <.
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Lemma 16 (Finding a lineage-preserving match). Let @ be a RAY query and o1, . .., o0y be
the sequence of its operators in in-order, and Q1,...,Q, be the corresponding sequence of
sub-queries of Q rooted in o1, ..., 0p.

If Q; is the first sub-query in the above order that matches a pattern, then @Q; contains

three relation symbols that establish a lineage-preserving match between Q and a pattern.

Proof. We show that () satisfies properties 1-4 from Definition for a pattern P’. Let
Op1 and Ops be the two operators in @) as established by a match with a pattern P. Note
that 0o; = Op1 by construction.

Without loss of generality, assume that (); has an (R[A] (8] SlAllB] pl=A] [B])—match with
P. While properties 1 and 2 of Definition [12] are already satisfied by picking the pattern P’
suitablelﬂ for relations R, S, T, it remains to be shown that ) contains relations that satisfy
properties 3 and 4.

Property 3. Proof by contradiction. Assume that there is an operator o; = — that is an
ancestor of 0; = Op; such that Op; is a right descendent of o;. Note that j < ¢ due to the
in-order of the query operators. Assume that o; exports [A] or [B]. Then the left sub-query
of 0j contains at least one relation that exports [A] or [B]. This relation together with a
subset of R, S,T would establish a match of ); with some pattern; this is a contradiction
to the assumption that @; is the first sub-query (in the in-order sequence of sub-queries) to
establish a match. Hence o; cannot export [A] or [B].

Property 4. Assume that Ops is a left descendant of Op; that is not left-deep in the left
sub-query @, of Op;. Let Op_ be the top-most — operator in @), such that Ops is its right

descendant. There are the following cases:

e Case 1: R and T are descendants of Ops. Then S is a right descendant of Op; and
by Lemma (15| it follows that Op_ exports [A] and [B]. Thus the left sub-query of
Op_ contains relations XMAI=Bl and ZPAIB] or it contains a relation YIB! In
the former case, the three relations X, .S, Z establish a lineage-preserving match, with
Ops = Op_ and Op; as before. The latter case is a contradiction to the assumption
that @Q; is the first sub-query (in the in-order sequence of sub-queries) of @ that
matches a pattern, because the sub-query rooted at Op_ precedes @); in Q’s in-order

and matches a pattern via R,Y,T.

e Case 2: R and S are descendants of Ops. Then T is a right descendant of Op; and by
Lemma (15| it follows that Op_ exports [B]. Thus the left sub-query of Op_ contains
a relation YIB! or it contains a relation XI5l In the former case, the three
relations R,Y,T establish a lineage-preserving match, with Ops = Op_ and Op; as
before. The latter case is a contradiction to the assumption that @); is the first sub-

query (in the in-order sequence of sub-queries) of () that matches a pattern, because

8Note that the patterns are exhaustive in the sense that any arrangement of three relations
(R[A][ﬁB], S[A”B], T[ﬁA”B]) and two operators corresponds to exactly one pattern.
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Figure 3.12: Illustrations of pattern P52 and queries over the following schema: M (A,,),
N(Ay), T(B:,Cy), U(By), V(By,Cy), X(Az, By), Y(Ay, By), Z(A;,B;). Pattern P55
matches @1, for instance via M(Ay,), X(Az, Bz), T(By, Ct) (indicated by arrows). Note
that @1 also matches many other patterns (for instance via M, U, X, U, X, N, etc.). Q1 is
also a lineage-preserving match for P, o via M, X, T, because Opy (the least common ances-
tor of M and X is a left descendant of the top-most — operator. Although Q2 matches Ps o
(via the same relations as (1), the relations M, X, T do not establish a lineage-preserving
match for P59, because Ops is a right descendant of the top-most — operator. However, re-
lations M, Z,T establish a lineage-preserving match of Qo with pattern Ps o, cf. Figure(3.11
Query Qs is a lineage-preserving (M, X, T')-match for pattern Py 3.

the sub-query rooted at Op_ precedes @); in @)’s in-order and matches a pattern via
X,5,T.

e Case 3: T and S are descendants of Opy. Symmetric to case 2. O

3.4.2 Hardness reductions for queries with a lineage-preserving match

We next show that any query that has a lineage-preserving match with one of the 24 patterns
Pi1,...,Ps4 (cf. Figure|3.11)) is hard for #P. These patterns are the smallest hard patterns
for RAY.

Lemma 17. Any RAY query that has a lineage-preserving match for one of the patterns
Pi1,...,Ps4 (cf Figure has #P-hard data complezity.

The proof spans the remainder of Section [3.4.2] For each of the patterns we give a
direct reduction from the #2DNF problem: Let () be a query that is a lineage-preserving
(R, S,T)-match for a pattern P, and let ¥ = v(i,j)eE x;y; be a 2DNF formula with |E|
clauses over disjoint variable sets X and Y. We show how to construct in polynomial time
a tuple-independent database D such that the annotation of Q(D) is exactly ¥ (or =¥) and
hence Pgpy = Py = #W - 27l (or Pyp) =1 — Py).

The basic idea for constructing D is to populate the relations R, S,T with tuples and

annotations such that the annotation of Q(D) is exactly ® under the assumption that the
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remaining relations in Q@ do not alter the annotations as produced by R,S,T. How exactly
the remaining relations need to be filled to satisfy this assumption depends on the particular
structure of the matched pattern and will follow from Lemma

By Definition Q contains two distinct operators Op; and Ops and relations RAIF5
SHIBI TRAIB] - In the following, sub-queries Qr, Qg, Q7 of Q are defined to be the left
or right sub-queries of Op; or Ops that contain exactly one of R, S, or T, respectively,
cf. Figure Additionally, if Opy has sub queries Qr, Qs, then Qrg is the sub-query
of Op; that contains Qr and Q)g. Sub queries Qrr and QQgr are defined symmetrically for
matches in which R and T or S and T are descendants of Opo, respectively.

The remainder of the proof treats the case of each pattern separately and spreads over

Sections [3.4.2.1] - [3.4.2.61

Remark 6 (Symmetric matches). By exploiting symmetries in queries and patterns, it suf-
fices to give an explicit reduction for the 14 patterns shown in dark colour in Figure [3.11]
First, note that each of the 24 patterns not show in the figure can be obtained from one
the shown patterns by swapping labels A and B; since all definitions are symmetric in A
and B, it suffices to consider the 24 patterns in the figure.

The symmetry of the join operator allows us to directly obtain the following reductions
(indicated with arrows in Figure 3.11)): Py — P11, P31 — P11, Pu1 — P11, P51 — Pi1,
Ps1— Pra1, Pra = Pro, Pso = Pag, Pso — Psa, P33 — Psa, Ps3 — Ps3. U

3.4.2.1 Reduction for patterns P; ,

Pattern P; ;. Let @@ be a query that is a lineage-preserving match for P; ;. Then by Defi-
nition Q contains operators Op; =x and Opy = and relations RAIMB] SIAIB] T=AJB]
arranged as in Figure By Lemma any operator on the path R — Ops — Op; — S
exports [A], and every operator on the path T'— Opy — Op; — S exports [B]. Operator Op;
expresses a join on both [A] and [B] (cf. Remark [3).

Figure depicts such a query and marks the sub queries Qr, Qs, @1, Qrr as the four
sub-queries of Opy,Opo. Since @ is a lineage-preserving match, it satisfies the following

additional structural properties:

1. If Op; is a right descendant of a — operator, then this operator does not export [A]
or [B].

2. Operator Ops is left-deep in Qgy, i.e., it is the left descendant of any — operator on
the path between Op; and Ops.

We next show how to fill relations R, S, T as @4, @B, and Q4B-relations according to
Equations [3.6{ and [3.8| with values from domains X for [A] and Y for [B], respectively. The
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Figure 3.13: Schematic illustration of a query that is a lineage-preserving match for pattern
P11. A curly edge indicates that arbitrary other operators may occur on this path. By
Definition [I2] Ops is left-deep in the left sub-query Q gy of Opy, i.e., it is the left descendant
of any — operator on the path between Op; and Ops.

reduction uses the following annotation functions:

Pr:XUX XY = BXUY) Pr(7i) = Pr(wi,y;) = =i
T if(i,j) € E
s : X xY = B(XUY) Ps(ziyyj) =
L if(i,j)¢E
dr: YUY xX - BXUY) Dr(yj) = Pr(ys, i) = yj
@RT:XXY%B(XUY) @RT(xi,yj):xi/\yj

x; Ny; if(i,j) € E
Prsr: X xY = B(XUY) Prsr(wi, y5) = Y

Relations R, S, T are filled by populating R’s [A]-attributes with values X and anno-
tations ®p, 1’s [B]-attributes with values Y and annotations ®7, and S with the cross
product X x Y for attributes [A] and [B], and annotations ®g. All other attributes are set

to M. Using the notation introduced in Section this can be written more concisely as

red4(R) = X|-P QR
redap(S) = X x Y|Pl Qs5)p g
redp(T) = Y|-PURTD g,
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Recall that pol(Q, R) identifies the even (pol(Q, R) = 0) or odd (pol(Q, R) = 1) polarity
of relation symbol R in query @Q (cf. Equation (2.8))); we use the convention '@ = =Q and
-0Q = Q.

Figure [3.14] depicts the relations R, S, T. By applying the results of Section [3.3] and
Lemma the remaining relations in Qr, Qg, and Q7 can be filled such that Qr € Q4,
Qr € 9B, and Qg € Q45 i.e., the values and annotations of R, S, T are preserved in Qg,
Qs, and Q.

Since the filling of R, S,T accounts for their polarity in their sub-queries Qr, Qs, @1,
the latter relations take the following simple formﬂ

reda(Qr) = X|Pp redap(Qs) =X x Y|®g redp(Qr) = Y[®r
Moreover, the sub-query Qr X Q7 satisfies

redAB(QR X QT) =X X Y|(I)RT.

By applying Lemma on Qgrr, the relation represented by the sub-query Qr X Qr
can be preserved in Qgp; note that since Ops is left-deep in Q g7, Ops has even polarity in
Qrr and hence the annotations of tuples in Qg carry the same sign as in Qr X Q7. This
yields

redAB(QRT) :XXY‘(I)RT l"edAB(QS) :XXY‘(I)S

and finally
redAB(QRT X QS) =X X Y‘q)RST'

The sub-query rooted in Op; thus has exactly one tuple (z;,y;) annotated with z; A y;
for each clause z; A y; of ¥, and one tuple (x;,y;) annotated with L for each combination
of variables x;, y; that are not a clause in V.

Since by Definition [12| there does not exist a — operator above Op; that exports [A] or
[B], we can use the techniques of Lemmal[12]to fill the relations of @ that are not descendants
of Op; such that these annotations are preserved by any operator above Op;. Finally, since
by Definition [10| @ does not export [A] or [B], those attributes are eventually projected out
above Op1, yielding as result a single tuple of M values annotated with the disjunction of
the annotation of Qrr X Qg. If this projection is followed by — operators (that do not
export [A] or [B]), then each of these — operators will flip the sign of the annotation; to

9The match of Q with pattern Pi.; does not prohibit Ops from expressing a join on [B]. In that case, the
sub-queries of Ops are Q%\”B] and Q[;] (Bl and satisfy redap(Qr) = X X Y |®Pr and redap(Qr) =Y x X|Dp
in addition to the following reductions. Note that both the case of Opy carrying a join [B] and the case of

Op2 not carrying this join are covered by the definition of Q* in Equations (3.6) and (3.7).
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Figure 3.14: Relations R, S, T for the hardness reduction of a query with a lineage-preserving
match for pattern P; 1. The filling of S assumes that the formula ¥ is 191 V x1y2 and thus
tuples (z1,y1) and (z1,y2) are the only S-tuples annotated with T (assuming even polarity
of S in Qg). To avoid clutter, the full polarity function is omitted from the annotation

columns; for relation R, —P°! stands for =P°{@r:R) for T the polarity is =P°{@TT) and for
S it is —POl(@s:5),

summarise, query () satisfies
redy(Q) = .‘ﬁpol(Q,Opl)\p

and we can conclude that the probability Pgp) of query @ on the database D constructed
above is either exactly Py or 1 — Py.

Pattern P; 5. A query that is a lineage-preserving match for P 5 has the same form as
depicted in Figure [3.13] except that Ops = —. The annotation functions ®r, &g, Prr,
and ®rgr are as in the case of pattern P; 1, and the annotation function ®7 carries an
additional negation to account for the flipped polarity of T' (when compared to pattern

Py 1) due to the — operator Opa:
Pr: YUY x X%B(XUY) <I>T(yj) :<I>T(yj,xi) = Y,
We fill relations R, S, T as

redA(R) = X‘—J’OI(QR,R)(I)R
redsp(S) = X x Y]ﬁPOI(QsaS)q)S
redp(T) = Y|P QT D,

By Lemma it follows that Ops exports [A] and [B] and hence Qr and Qp export
both [A] and [B]. The sub-queries are the following relations:

redA(QR) =X XY’@R I‘edAB(Qs) :XXY"I)S redB(QT) =Y XX‘Q)T
The query Qr — Q7 thus satisfies

redap(Qr — Qr) = X x Y|®pp

95



Op; =™

Figure 3.15: Schematic illustration of a query that is a lineage-preserving match for pattern
P55, A curly edge indicates that arbitrary other operators may occur on this path. By
Definition [I2] Ops is left-deep in the left sub-query Qprg of Op, i.e., it is the left descendant
of any — operator on the path between Op; and Ops.

and the remainder of the reduction is identical to the case of pattern P 1.

Pattern P; 3. The reduction is identical to the case of P; 1 except for the definition of ®g

which carries an extra negation to account for the swapped polarity of S:

Ps: X xY = BXUY) (i, y;) =

Pattern P; 4. The reduction is identical to the case of P; 9 except for the definition of &g

which carries an extra negation to account for the swapped polarity of S:

Pg:XxY = BXUY) Ps(zi,y5) =

3.4.2.2 Reduction for patterns P,

Let @Q be a query that is lineage-preserving match for one of P»1 — P> 4. Such a query is
depicted in Figure (for the case of P» ) and @ satisfies these structural constraints:

e By Lemma any operator on the path R — Opa — S exports [A], and every operator
on the path S — Ops — Op; — T exports [B]. Operator Opy expresses an equality
constraint on [A], and operator Op; expresses an equality constraint (for patterns

P51 and P, ) or a difference constraint B <> B’ (for patterns Py 3 and P, 4) on [B].
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e If Op; is a right descendant of a — operator, then this operator does not export [A]
or [B].

e Operator Opsy is left-deep in Qgg, i.e., it is the left descendant of any — operator on
the path between Op; and Opo.

Pattern P 5. Relations R, S, T are filled using ®r, &g, and 7 exactly as in the case of

pattern P; 3. Additionally, define the following annotation functions:

z; if (4, 5)
@Rs:YUYXX—}B(XUY) @Rs(yj,xi):
L if (4,5
rs(y) =\
(i,9)EE
ziAy; if (i,§) € E
Prer: YUY x X — B(XUY) Srsryj,xi) = vi it )

L i) ¢E

PrsT(Y5) = y;i A \/ x

(i,j)EE
Then Qr — Qg and Qrg are QP-queries that satisfy
redp(Qr — Qs) = Y|Pgs redp(Qrs) = Y|®rs

and Qr is a QB-query with
redp(Qr) = Y|P
Finally, the join Qrg X Qr satisfies
redp(Qrs X Qr) = Y|Pprsr

and the reasoning about operators above Op; is as in the case of pattern P 1; the eventual

projection 7_p) yields
redy(Q) = M|-PHQOP) g
for the annotation of query Q.

Pattern P, 3. Fill the relations R, S, T as in the case of pattern P s; the remaining

analysis is then identical to Pss.
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Pattern P, 4. This case is identical to P if relation T is filled according to annotation

function

3.4.2.3 Reduction for patterns P;,

The structure of queries matching any of the pattern Ps, is equivalent to those matching
a pattern P, with relations R and S swapped. Also the structural constraint are identical

and hence the reductions are very similar.

Pattern Ps;,. This case is similar to that of P55 when the signs of & and &g are chosen

as follows:
Pr: XUX XY — BXUY) Pr(z;) = Pr(wi,yj) = 2y
T if (i,j) € E
P X XY = B(XUY) Pg(zi,y;j) =
1 if(i,j)¢FE

Then with ®rg as in the case of Psq, sub-queries Qg — Qr and Qrg are QP-queries and
satisfy

redp(Qs — Qr) = Y|Prs redp(Qrs) = Y|®rs

The remainder of this reduction is identical to the case of Ps 5.

Pattern P;4. This case is identical to the case of P, 4 when the annotation functions ®p

and ®g from Ps 9 are used.

3.4.2.4 Reduction for patterns P,

By virtue of Definition (cf. also Figure [3.16)), a query @ that has a lineage-preserving
match with one of Py3, Py4, P53, Ps.4, or Ps4 satisfies the following structural constraint:
If Op; is a right descendant of a — operator, then this operator does not export [A] or [B].
Furthermore, for patterns Py ., attributes [A] and [B] are exported by every operator on
the paths from S to R and S to T, respectively.

For queries matching a pattern P,., it is only possible to directly encode the 2DNF
formula ¥ as a database D such that the annotation of Q(D) is exactly W, if the polarity of

Ops is odd in Qrr. In the case of even polarity, we show that we can derive a database D
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Figure 3.16: Schematic illustration of a query that is a lineage-preserving match for pattern
P, 3. A curly edge indicates that arbitrary other operators may occur on this path.

and another formula T from ¥ such that FPgp) = Py and linearly many calls to an oracle
for Py suffice to determine #W.

As before, let ¥ = 11 V ..., be a 2DNF formula over variables X and Y with m
clauses. Let © be the set of assignments of variables X UY. Then the number of models of
V¥ is defined by #WV¥ = 2969:9':\1, 1. If we partition © into disjoint sets ©g U - - - U O,,, such
that 8 € ©; if and only if 8 satisfies exactly ¢ clauses of ¥, then this sum can equivalently

by written as

HU = > Lot > 1=01]+ + O]

0€O1:0=V 0EO ., :0=T

We will next show how to compute the numbers |0;| (and hence #V) using an oracle for
Pr.
Let Z = {z1,...,2m} be a set of variables disjoint from X and Y and define formula Y

as

T = \/ -z A Yy or, equivalently -1 = /\(zl V 1) (3.13)
i=1 i=1

We fix the probabilities of variables X and Y to 0.5 and of variables Z to p, € [0, 1] for
being true. The probability P-y can be expanded by conditioning on the number of satisfied
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clauses of U:

IPY:P_.T:iP<—|T

s of ¥ are satisfied of ¥ are satisfied

exactly k clauses ) P (exactly k clauses )

ok 1Y)
2

Zp’z" "0

Kl

1 X|+Y|

Intuitively, the first term simplifies to p™ %, because if exactly k clauses 1; are satisfied in
=T, then in order to satisfy the remaining m — k clauses (z; V ;) at least m — k of the z;
must be satisfied, and this occurs with probability p7*~*.

This is a polynomial in p, of degree m, with coefficients |©g|, ..., |O,|. The m+ 1 coef-
ficients can be derived from m + 1 pairs (p,, Py) using Lagrange’s polynomial interpolation
formula. We can conclude that m+1 oracle calls to Py suffice to determine #¥ = " | [0;].

It remains to be shown how T can be encoded as the annotation of a query that has
a lineage-preserving match to one of the patterns Py .; given this encoding, any algorithm
that evaluates Pg(p) constitutes the above oracle. We give encodings for the two patterns

P, 5 and P, 4 separately.

Pattern P;3. Asindicated above, we need to distinguish two cases by the polarity of Ops
in the sub-query Qgrr: If the polarity is odd, we can use a filling similar to that of pattern

Py 1; if it is even we fill to obtain formula Y as outlined above.

Case 1: Odd polarity (pol(Qgrr,Op2) =1). Wefill R, S, T like in the case of pattern

P11 according to annotation functions

Pr:XUX XY = BXUY) Pr(xi) = Pr(wi, ;) = i

T if(i,j) € E
Pg: X xY = BXUY) (i, y5) =

L oif (i) ¢ B
Pr: YUY x X = B(XUY) Dr(y;) = Pr(y;, x:i) = yj
Orr: X xY = B(XUY) Qrr(i,Y5) = i NYj

x; Ny; if(i,j) € E
Prsr: X xY = B(XUY) Ppsr(zi,y;) = Y
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Note that since Ops has odd polarity in Qprr, and since both [A] and [B] are exported by
every operator on the path between Op; and Ops, Qrr is a Q4B-query with annotations

redAB(QRT) =X x Y|—\(I)RT.

and hence Qg — Qprr is a Q48 query with

redap(Qs — Qrr) = X x Y|®psr.

The remainder of this reduction is identical to the case of pattern P 1.

Case 2: Even polarity (pol(Qgrr,Op2) =0). In this case, the goal is to encode the
formula T as introduced in Equation (3.13)). Using the annotation functions from above
modified to

-z, if 2; A yj is clause 9, in ¥

1 else

Pg: X xY =5 BXUY)  dg(zi,y;) =

-z A Yy if 2 Ayjis clause ¢y in U

1 else

Pror : X xY = B(XUY) Prer(zi,y;) =

we obtain

redAp(Qrr) = X X Y |Pgr
redap(Qs — Qrr) = X x Y|®prsr

since Op; has even polarity in Qgr. As before, the eventual projection 7_{4_|p) yields one

answer tuple whose annotation is the disjunction of the annotation of Qg — Qrr which is
exactly T, cf. Equation (3.13)).

Pattern P,4. The reduction is equivalent to the case of pattern P;3 when the sign of
the annotation functions @7 is flipped (in both the case pol(Qrr,Op2) = 1 and the case

pol(Qrr,Op2) = 0).

3.4.2.5 Reduction for patterns P; .

Pattern P53. We first distinguish two cases: [B] is exported by Opi, and [B] is not
exported by Op;:

If [B] is exported by Op;. Without loss of generality, assume that Op; is the first
operator that allows for a match by virtue of Lemma Then Qg contains a relation X
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that exports [B] and is joined with R in Qg. If this relation is X8l then Q is a lineage-
preserving (R, X, T)-match for one of the patterns P, , or Ps; if this relation is X [AIIB]
then @ is a lineage-preserving (R, S, X)-match for one of the patterns P; .. In both cases,

we proceed according to the above cases for the matched pattern.

If [B] is not exported by Op;. The sub-query Qgsr contains a projection operator
Opr = m_{p) such that every operator between Op, and Op; exports [A] but not [B], and
every operator between Op, and Opy exports [A] and [B]. Let @, be the sub-query rooted
in Opy.

The first step is to show that one may without loss of generality assume that Ops is
left-deep in Q. Assume to the contrary that there is a — operator Op_ between Op, and
Opy that has Ops as a right descendant; clearly, Op_ exports [A] and [B] and hence its
left sub-query contains relations X A8l and YIPAIB! or it contains a relation X[AIB] In
the former case, @ is a lineage-preserving (R, S, Y )-match for pattern P54 in which Ops is
left-deep in @, and the latter case, @ is a lineage-preserving (R, X, T)-match for pattern
Ps.4 in which Ops is left-deep in Q.

Next, two cases need to be analysed separately depending on the polarity of Op, in

Qst:

Case 1: Even polarity (pol(Qsr,0Opz) =0). Let V=XUY and N ={1,...,|E|}
be the set of integers that numbers consecutively ¥’s clauses: ¥ =)y V-V g We use

the following annotation functions:

) T if clause 1; contains variable v
®s:NxV = B(V) Sg(i,v) =
1 else
@T:VUVXN%B(V) @T(U):@T(U,i):—\v
) —w if clause 1; contains variable v
Ssr: N xV = B(V) Sgr(i,v) =
1 else
q)ﬂST ‘N — B(V) ¢7TST(i) = —\1/Ji
Prsr : N — B(V) Prsr(i) = s

Relations R, S, T are filled as before, accounting for their respective polarity in Qr, Qs,
Q7. Then Q7 M Qg is a Q4B relation that satisfies

I‘edAB(QT X Qs) =N x V‘(I)ST
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R T S Qr X Qs Qr = QsT QRsT

A P By ® As Bs @ As Bs @ As P A, @
1 T r1 X1 1 =1 T 1 x1 X1 1 =x1V-y1 1 x1y1
2T Y1 Ty1 1 yr T 1 y1 —y1 2 —x1V-y2 2 x1y2

Y2 Ty2 1 y2 L 1 y2 L

2 x1 T 2 x1 —X1

2 y1 L 2 y1 L

2 y2 T 2 y2 —y2

Figure 3.17: Relations R, S, T for the hardness reduction of a query with a lineage-preserving
match for pattern P53 where (1) Op; does not export [B] and (2) the projection operator
m_p] on the path between Op; and Opy has even polarity in Qsr. Only attributes [A]
and [B] are depicted, and to avoid clutter it is assumed that R, S, T have even polarity in
their respective sub-queries Qr, Qg, and Q7. The filling is for the formula ¥ = 1 V ¢y =
r1Y1 V T1Y2-

Operator Op, turns the Q 4p-relation Q7 M Qg into a Q4-relation Qg7 with
red4(Qr) = N|® g7

and since Op;, has even polarity in Qgr, this annotation can be preserved for Qg7:
reda(Qsr) = N[®rsr

Finally, the annotations of R can be preserved in Qg and the sub-query Qr — Qg7 flips the
sign of the annotations of QQgp; this yields

reda(Qr) = N|®p
red4(Qgrst) = N|®grsT

As in the previous cases, the eventual projection m_4) reconstructs ¥:
redy(Q) = .‘ﬁpol(Q,Opl)\y

Example 20. Figure indicates how R, .S, T are filled for a query matching pattern Ps 3
and formula ¥ = z1y; V z1y2 and how annotations are propagated through the query. [
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Case 2: Odd polarity (pol(Qsr,Op,) =1). Using the annotation functions

Pr:XUXXY = BXUY) Pp(;) = Pr(w,y;) =
T if(i,j)e E
Ps: X xY = BXUY) Pg(zi,y5) =
1 if(i,j)¢FE
Pr: YUY xX - B(XUY) Dr(yi) = @7(ys, 7)) = yi
i if (i,j) e E
Pgr: X xY = B(XUY) or (i, y;) = v 3t )
1 if(i,j)¢FE
P o7 : X — B(X @] Y) q)ﬂST(xi> = \/ Yj
(i,j)eE
Ppor: X = B(XUY) Dror(z;) =z A \/ Yj
(i,))eE
one obtains the following reductions
redA(QR)ZX‘(I)R I“edAB(QT X QS) ZXXY|(I>ST
I‘edAB(Qs) =X x Y|(I>S I'edA(QW) = X‘(I)mgT
redp(Qr) = Y|®r red(Qsr) = X[~ ®rsr

where the sign of the annotations of red 4(Qr) and red4(Qgsr) is flipped because Op, has
odd polarity in Qgp. This yields

reda(Qrsr) = X[Prsr
for the sub-query rooted in Op; = — and
redy(@) = W|-IQOmy
for the annotation of query Q.

Pattern Ps4. The analysis of pattern P54 is analogous to the case of pattern Ps 3 where

the sign of the annotation function ®g is flipped.

3.4.2.6 Reduction for patterns Fs

Pattern P 4. The analysis of pattern Py 4 is analogous to the case of pattern P53 where

the sign of the annotation function @7 is flipped.
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3.5 Beyond non-repeating queries: The tractability frontier

for quantified queries

This section investigates the data complexity of the probabilistic query evaluation problem
for quantified queries that express binary relationships amongst sets of entities. These
queries can be expressed in relational algebra using nested negation and repeated relation
symbols. For example, a set-inclusion query could find non-critical overseas suppliers, i.e.,
overseas suppliers for parts that also have domestic suppliers. We define such queries in
relational algebra and analyse their data complexity with respect to tuple-independent
databases: For tractable queries, we give an explicit O(|D|)-algorithm for computing the
probability of the query annotation based on Shannon expansion and the inclusion-exclusion

principle; for intractable queries, we detail a hardness reduction from #2DNF.

Tractable quantified queries

S Sc S—
sid item P s1 59 P s1 59
1 a x1 l 1 (x1Vx2Vx3) 1 1 ®(s1 Cs1)
I b x2 2 (x1Vx2Vx3)(y1Vyz)-(x1-y1 Vx2-y2 V x3) 1 2 ®(s1 Cs2) AP(s2 Cs1)
1 Cc X3 3 (Xl V x2V X3)(Zl \% zz)ﬁ(xlﬁzl V X2 VX3ﬁZ2) 13 (I’(Sl - 53) A (I’(Ss - Sl)
2 2 $(sa2 Cs
2 4 y1 2 1 (yiVy2)oa Ve Vxs)(yiox Vyzxa) (82 & 52)
2 3 P(s2 Cs3)AP(s3 Cs2)
2 b y2 2 2 (yiVya 3 3 ®(sg Cs3)
2 3 (y1Vy2)(z1Vz2)-(y1-z1 Vyz2)
3 z1 3 1 (z1Vz2)(x1Vxz2Vxsg)(z1—x1 V z2—x3) Symmetric cases omitted
3 ¢ z2 3 2 (Z1 Vz2)(y1Vy2)-(z1-y1 Vz2)
3 3 (Zl VZ2)

Sc = sy 6sidrsy (S) ¥ Tsy6sidsy (S) — Ty, 50 (6sid—sy (S) X Tsp0gid—rsy (S) — Ssid—ssy (S) ¥ sy Ssid—sy (5))
S— = Ms1,55[SC Moy =s4As5=s3 Os1 53,5234 (SC)]
S— = [Ts1 (dsid—s1 (S)) X sy (dsia—ss, (S))] — Sc
S<> = sy ,s0 [S—' N1 =s4As2=s3 631—>~937$2—>84 (Sﬂ)}
Sq= = 05, #5,5=
Sac = 05 #s55C
Sc = Sc - 5=

Figure 3.18: Definition of queries for computing set inclusion, equality, and incomparability.
The tables show an example database (S) and the result of applying the set inclusion (Sc)
and the set equality (S=) query. In the table for query S—, ®(s; C s;) is the annotation of
the tuple (7,7) in relation Sc.

Assume we are given a tuple-independent relation S with schema S(sid, item) that spec-
ifies pairs of set identifiers and items in these sets. We would like to compute the pairs of set
identifiers (s, s2) and their probabilities, such that s; is included in/strictly included in/e-
qual to/incomparable with so. The corresponding queries are denoted by Sc, Sc, S—, and
S<s respectively, and defined in Figure In addition, S4— and Sgc are the restrictions
of S— and Sc to pairs of different set identifiers.
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Ezxample 21. Relation S from Figure defines three uncertain subsets of {a,b,c}: s; =
{a,b,c}, s2 = {a,b}, and s3 = {a,c}. In the absence of uncertainty, we have that so C s;
and s3 C s1, and s9 and s3 are incomparable. Under the possible worlds semantics, however,
further relationships may hold between the sets. For instance, the set s; is included in so for
those valuations of the random variables that satisfy the annotation associated with (1, 2)
in Sc. This annotation reads as follows. If a or b are in s1, then they must also be in sg;
this is expressed by the term —(z1-y; V 22—y2). If ¢ is in sp, then (1, 2) may not be in Sc;
this is expressed by —x3. The disjunctions 1 V x2 V z3 and y; V y2 ensure that the two sets
have at least one item and are thus recorded in S. The disjunction 31 V y2 is redundant but
shown for a better understanding. The direct application of the translation [Sc] according
to Algorithm [1] yields an equivalent yet syntactically slightly different annotation than that
depicted in Figure |3.18 g

Remark 7. Since a set is always equal to itself, one would expect that (i,7) occurs in S—
with probability 1 for all sets ¢ from S. However, Figure [3.18| states that the annotation
of (1,1) € S— is x1 V x2 V z3, whose probability is not always 1. This is correct due to
the closed world assumption in relational databases: In the worlds in which the annotation
is false, there is no set with id 1 and hence the set-inclusion query cannot produce pairs

involving this set. U

The probability that a pair of set identifiers is in the answer to a quantified query from

Figure [3.18| can be computed efficiently.

Theorem 18. Let S be a tuple-independent relation over schema S(sid,item) that defines
sets and their items, and Sc, Sic, Sc, S=, Sq=, and S~ be the queries defined in Fig-
ure[3.18 Any tuple in the answer to these queries has an annotation of size O(|S|) and its
probability can be computed in time O(|S]).

Proof. The probabilities of the annotations for such queries can be computed efficiently
using the inclusion-exclusion principle. We show an alternative approach for Sc using
recurrences and Shannon expansion. The annotations associated with tuples in Sc (cf. Ex-
ample have the general form

(1 V...VZ)y1 V... Vyp)~(z1-y1 V.. . V=Y V g1 V...V Ty),

where k represents the number of items the two sets have in common, and m — k is the
number of items in the first set and not in the second. It is easy to see that this is
equivalent to (z1 V...V zr)(y1 V... Vyp)(z1—y1 V... V 2= yr)(Tgs1 V ... V Tp,), and
since the variables in the last negated disjunction occur only once, we can compute the

probability of this disjunction efficiently and separately from the rest. We are thus left with
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(x1V...Va)(yr V... Vyp)-(z1-y1 V...V xp—yg). Let

E".E’xy = (:[,'Z V...V l'k;)z;vy,

2

SEVY = (VL ) B8

7 7

We then have the following for any ¢ with 1 <17 < k:

57 = (ziyi V -2 I3,

7

T,y __ .., NTY NZ,TY

X = @iy V w1y
T,Y,xY __ ..., NTY ., .5°L,2Y NTLY,2Y
22' = l’zyzZH_l V oz, [yzEZ'_H \ _'ylzi_}-l ]

Each formula has a constant number of variables and refers to at most three formulas
where one pair of variables (x;, ;) is removed. The recursion depth is thus bounded in the
number of variables in S. Given the probabilities for the referred formulas, the probability
of each referring formula can be computed efficiently, since all terms in the sums are pairwise
mutually exclusive. We thus have O(|S]|) time complexity for probability computation of
YY" and of annotations in Sc.

Similar recurrences can be obtained for S— and S.~ under the same variable order

elimination. OJ

We next discuss the case of relational division. In the TPC-H scenario, a useful query
with division would find the most likely suppliers for all parts of a given brand, see Fig-
ure [3.5. Similar to set-relation queries, we can use recurrence formulas to obtain a linear-

time algorithm for computing the probabilities of tuples in the answer to a division query.

Theorem 19. Let T = R+ S, where R and S are any tuple-independent relations. Then,
any tuple in T has an annotation of size O(|R| + |S|) and its probability can be computed
in time O(|R| + |5]).

Proof. Let R(A, B) and S(B) be the schemas of R and S, respectively. The schema of T
is thus T(A). Let {y1,...,yn} and {x1,...,2,,} be the variables associated with tuples
in S and with tuples (a@,b) in R for a value a, respectively; the following analysis applies
separately to each value a in R.

The annotation of @ in T" has the form (z1 V...V, )= (y1—21V. . Vyg—TpVygr1V. . .Vyn),
where k < m is such that z1,..., 7, are those variables associated with tuples (@,b) in R
where b is in S. The term —(ygy1 V ... V y,) can be factored out and its probability

computed efficiently since it is a sum of independent variables that do not occur elsewhere
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in the annotation. We are left with (x1 V...V zp)-(y1—2z1 V...V yp—xg). Let

Ef:(xl\/\/mm)
Y7 = (yimwi V.V ypoay)

)

T,XY _ NTTY
DI — RPN,

(2

Using Shannon expansion (cf. page @, we can decompose them as follows:

Eff =x;V ﬁCCZ'EZ‘-TJrl
£ = [V ol S,
z,TY xy Z,xY
Ei = .CCZ‘EH_I \Y ﬂxiﬂyiEiH .

These recurrence formulas share the properties of those for set-relation queries: They can
be computed in constant time given the values of the referred formulas, and the referred

formulas have at least one variable less than the referring one. g

Remark 8. All recurrence formulas for our quantified queries use the same variable order

for Shannon expansion: x1,y1,..., %k, Yk-

Intractable quantified queries

Some of the queries discussed in Section [3.5 become # P-hard when one or more of their

attributes are projected out:

Theorem 20. For any x C {s1,s2}, the data complezity of the queries mg(R=+S), 7y (Sq=),
72 (Sac), me(Sc), and mx(S<s) is #P-hard.

Proof. As before, the proof is by direct reduction from the model counting problem for
2DNF formulas. We detail the reduction for the case of my(S + P), cf. Figure the
reductions for the remaining queries are analogous. Let S be deterministic, that is, all
tuples in S are annotated with T. We construct P such that the negation of each variable
in the given 2DNF formula ® annotates one distinct tuple in P. For each clause ¢;; = y;y;
in ®, we construct tuples in S with the same sid and with the pid values of those variables

in P that are not in ¢;;. By this construction, the query annotation becomes ®. ([l

Although Boolean relational division 7y (S+P) is hard in general, its tractability depends
on the input probability distribution in case each tuple in P is paired in S with each distinct
value in 7g;4(S). Assume without loss of generality that the tuples in S are annotated with
variables y1,...,y, and those of P are annotated with variables =1 through T

Following the annotation pattern construction given in Figure the query annotation
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becomes:

By negating ® and removing redundant terms, we obtain:

m n+k; m
-0 = /\ /\ x;] Y [/\ylmll\/...\/ynxil]
i=1 j=1 i=1

By applying the inclusion-exclusion principle, the probability of =® is then:

m n+k; m m n+k;
-® =P /\ /\CL‘; +P /\ylmzl\/...\/ynx; - P /\ /\x; - P yl\/---\/yn]
i=1 j=1 i=1 i=1 j=1

The first and the third term can be computed trivially regardless of the probability distri-

bution. The second term can be computed efficiently in case of uniform distribution:

Proposition 21. The number of models of the propositional formula

m n
/\ NPTt V..V oyt is Z (7;) (2" — 2n=iym,

i=1 j=1

The proof is immediate by analysing the combinatorial structure of the formula. The
formula of Proposition admits efficient model counting — and thus probability com-
putation in the case of a uniform probability distribution for the variables — due to its
symmetry: For any choice of k out of n variables y; set to true, the number of satisfying
assignments is the same and only depends on k, n, and m. In case of arbitrary input prob-
ability distributions, however, the formula is no longer symmetric and setting different k
variables y; to true can lead to different probabilities. In fact, arbitrary positive bipartite

2CNF formulas can be obtained by appropriately setting variables ZL'; to true or false.

3.6 Discussion

We close this chapter with an overview of related work and a discussion of the extendability
of the dichotomy result to non-repeating queries with union.
3.6.1 Queries with union

It is tempting to extend the dichotomy of Theorem [5|to queries with union in the following
straightforward way [34]: Let us say that a query @ (with union) is non-hierarchical if it

has a union-free sub-query — obtained by non-deterministically choosing the left or right
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0 if [A] £ €

ISHIERARCHICALY (Query Q) {A} if[Ale €&
foreach pair of attributes A,B CriT4,B(R) = (B} if [B] e &

if {XCXET’E}ZZ gR?;)A,B(Q) then {AB} if[A]e€
L L return “No” CrIT 4, B (7(Q)) = CRIT4,5(Q)
return “Yes” CRITA,B(Q1 X Q2) ={c1 Ucz | c1 € CRIT4,(Q1) and
c2 € CRIT4,B(Q2)}
CRITA,B(Q1 U Q2) = CRIT4, g(Q1) U CRIT4,B(Q2)

Algorithm 4: The algorithm ISHIERARCHICAL" decides whether all union-free sub-queries
of ) are hierarchical.

R) and [B] € £(R)
R) and [B] € £(R)
R) and [A] ¢ E(R)
R) and [B] € £(R)

~ A~~~

sub-query of each union operator in () — and this sub-query is non-hierarchical in the sense
of Definition [} and conjecture that the dichotomy of Theorem [5 holds for the thus defined
hierarchical and non-hierarchical classes of queries. This section demonstrates that this
conjecture is only correct for one direction of the dichotomy: AIll non-hierarchical queries
with union are #P-hard; conversely, there exists queries that are #P-hard despite all of

their union-free sub-queries being hierarchical.

3.6.1.1 The hierarchical property for queries with union

We commence by defining the syntax and semantics of the union operator in relational

algebra queries. Syntactically, a query may incorporate a union operator, viz:

e Union: Q U, Q2, where £(Q1) = {A1,...,An}, £(Q2) = {B1,..., By}, and p is the
following conjunction of correspondence conditions: p = (A1<>B1) A --- A (A< By);

note that each attribute of (1 and ()2 participates in exactly one <> condition.

The union operator is subject to the same well-formedness constraints as the difference
operator, i.e., in Q1U,Q)2 the schemata of )1 and ()2 are compatible with the correspondence
conditions in p. In the following, we denote the query language comprising the union
operator by RAY.

Next, we define formally the set Qi4(Q) of union-free sub-queries of ). Qy consists of
the union-free queries that can be obtained from ) by choosing non-deterministically the

left or the right sub-query of every union operator in Q:

Definition 14 (Union-free sub-queries, Qy). Let @ be a RA” query. The set Qu(Q) of

union-free sub-queries of Q is recursively defined by:

{Q} if Q is union-free
Qu(Q1) U Quy(d,(Q2)) if Q=Q1U,Q2
Q@) = {{q1 xp 2 | @1 € Qu(Q1) and g2 € Qu(Q2)} if Q = Q1 ™, Q2
{gn —p a2 | a1 € Qu(Q1) and g2 € Qy(Q2)}  if Q =Q1—, Q2
\{W(Q) g€ Qu(@Q)} if Q@ =7n(Q1)
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The renaming operator d, in the rule for Q = @1 U, Q2 renames the attributes exported
by ()2 to the names of the corresponding attributes in ()1 in order to yield a valid query. For
example a query R(A, B) Uaox)anBoy) S(X,Y) yields 6,5(X,Y) = 0xsay—pS(X,Y).

Example 22. Let Q@ = (RUS) x U)U (V »x W). Then Qy(Q) contains the three queries
RxU,SxU,and V x W. O

The decision problem

Problem IsHierarchical”: Input: RAY query Q
Output: “Yes” if all union-free sub-queries of Q)

are hierarchical, “No” else

is decided by the algorithm ISHIERARCHICAL", cf. Algorithm 4l The algorithm iterates
over all pairs A, B of attributes and stops when it finds attributes for which @ has a union-
free sub-query that contains three relation symbols RMIEB] GMAIBI . TRAIBI The set
constructed by CRIT4 g is a subset of 2{A.BAB}. o1 each sub-query @' of Q it contains the
set ¢ C {A, B, AB} if and only if @’ has a union-free sub-query that contains the relations
R, S, T corresponding to the values in c¢. For example, {4, AB} € CRIT4, g(Q) if and only

@ has a union-free sub-query that contains a relation RA4I™B] and a relation SMAIBI,
Proposition 22. The decision problem IsHierarchical’ is in PTIME.

Proof. The for-loop in ISHIERARCHICAL" requires O(|Q|?) invocations of CRIT. The latter
can be implemented as a DFS-traversal of the tree representation of @); at each leaf node (i.e.,
relation symbol) of @, the evaluation of the transitive closure [A] € £(R) and [B] € £(R)
can be implemented in PTIME (for instance via graph connectivity); at each inner node,
the set union is clearly in PTIME since the size of the set CRIT4 g for each sub-query of @

is at most 8. O

3.6.1.2 Queries with non-hierarchical union-free sub-queries

We show that a RAY query that has a non-hierarchical union-free sub-query is #P-hard;
let Q be such a query, and @’ a non-hierarchical union-free sub-query of ). Let D be a
database in which every relation that occurs in @ but not in @’ is empty; then clearly
Q(D) = Q'(D). Hence in order to prove # P-hardness of ), it suffices to apply the hardness
reduction from Section to Q' and populate the remaining relations to be empty. This

construction establishes:

Corollary 23 (Lemma . Let Q be a RAY query that has a non-hierarchical union-free
sub-query. Then the data complexity of the probabilistic query evaluation problem on tuple-

independent databases has #P-hard data complexity.
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3.6.1.3 Queries with hierarchical union-free sub-queries

Let us consider the query

Qra =g | S(As, Bo) =7 a0, (M Ay Bn) ¥ a,,=1, N(A)UU(Au, Bu) %p,=p, V(By))

and its RC™ -translation

Qrc =343B(S(A, B) A—M(A,B) A-U(A,B)) Vv
343B(S(A,B) A=M(A,B) A=V (B)) V
343B(S(A,B) A=N(A) A-U(A,B)) V
3435(S(A, B) A=N(A) A=V (B))

We will show that Qr4 is # P-hard although all of its union-free sub-queries are hierarchical,

viz:

Proposition 24. There exists a #P-hard query whose union-free sub-queries are hierar-

chical.

Proof. The proof is by reduction from model-counting problem #2DNF'. Let ¥ = \/(i’ fer Tilj
be a 2DNF formula with |E| clauses over disjoint variable sets X and Y.

First, define the query Qnarq to be the fourth conjunct of query Qrc:
Qhard = 3435(S(A, B) A=N(A) A=V (B)).

Let D be a database in which M and U are the cross-product of the active domains of
variables A and B, and each tuple is annotated with T. The first three disjunction-free
sub-queries of Qrc cannot be satisfied by D and hence Qrc(D) = Qnara(D). Also note
that Qnarq is equivalent to the prototypical non-hierarchical, #P-hard conjunctive query
J43N(A) A S(A, B) A V(B) if the annotations of tuples in N and V' are negated.

It remains to be shown how to populate in the above database D the relations N, S, V
such that the annotation of Qparq(D) and hence of Qrce is exactly W. For every variable
z; € X, let N in D contain a tuple x; annotated with x;; symmetrically, for every variable
y; € Y, let V in D contain a tuple y; annotated with y;. For every clause z;y; in ¥, let S in
D contain the tuple (z;,y;), annotated with T. Then the annotation of the Boolean query
result of Qparqa and of Qe on D is exactly ¥ and hence Py, (p) = Py = H .~ vars(D) 7

Intuitively, even if all union-free sub-queries are hierarchical, a union-operator with odd
polarity may yield non-hierarchical disjunction-free sub-queries in the RC¥ -translation

that have to be ruled out by the correct categorisation of tractable non-repeating relational
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algebra queries. In this light, a dichotomy for non-repeating relational algebra queries with

union seems feasible, but is left open for future work.

3.6.2 Related work

It is known that negation is a substantial source of complexity already for uncertain
databases without probabilities [3]. In the context of probabilistic databases, the Mys-
tiQ system supports a limited class of queries with nested NOT EXISTS operators [89].
A framework for the evaluation of full relational algebra queries including negation is pre-
sented in Chapter [4l The results in this chapter are to the best of our knowledge the first
complexity results for queries with negation.

Our dichotomy is in line with and contributes to a succession of complexity results for
queries on probabilistic databases: Starting from a first example of a #P-hard query [40],
PTIME/#P-hard tractability dichotomies have been established for non-repeating conjunc-
tive queries [21] and unions of conjunctive queries [25]; a complexity trichotomy has been
proven for positive queries with HAVING aggregates [72]. Complexity results for queries
with inequality constraints have been investigated in [60, [61]. The majority of the hardness
reductions in the above works are from the #P-hard model-counting problem for positive
2DNF formulas [84] or bipartite positive 2DNF formulas [67]. The complexity class #P was
first defined by in [84].

OBDDs have originally been proposed in [12] [13], and a recent overview is given in [90].
The class of inversion-free unions of conjunctive queries (UCQ) is equivalent to the class of
UCQ queries that admit polynomial-size OBDDs on any tuple-independent database [48];
the notion of inversion-freeness is similar to 3-consistency and allows for Boolean combina-
tions of OBDDs of sub-queries with only polynomial overhead. OBDD constructions have
been leveraged to show tractability of a large class of queries with inequalities on tuple-
independent databases, and of non-hierarchical conjunctive queries on restricted database
instances [60]. UCQs with inequalities have been characterised in terms of their correspond-
ing OBDDS [47].

A recent overview of various topics in probabilistic databases has been compiled in [79].

The closest in spirit to the results and proof techniques of this chapter is the PTI-
ME/#P dichotomy theorem for unions of conjunctive queries (UCQ) [25]. The algorithm
for tractable UCQ queries is an alternation of two steps: First, a given UCQ query ex-
pression is translated into an equivalent conjunctive-normal-form expression, such that the
probability of the latter can be expressed using the inclusion/exclusion principle in terms
of the probabilities of disjunctive expressions. Each of the resulting expressions has a root
variable and satisfies properties similar to what we call canonicalised, guaranteeing that
multiple occurrences of the same relation are joined by the root variable via the same at-
tribute. These properties are captured by the notion of a separator variable. Similar to

the case of root variables in our algorithm, the existence of the separator variable provides
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that the annotations of the query expression are independent for different valuations of the
separator variable. The PTIME algorithms for UCQ and for RAY queries are thus based
on the same high-level idea: The input query is rewritten into a relational calculus query
that satisfies certain structural properties which in turn allow to compute its probability
in PTIME. The main challenge in the case of UCQ queries are repeating relation symbols,
and the main challenge for RAY queries are difference operators which effectively turn a
non-repeating RAY query into a RCF ™ query with repeating relation symbols; in this light,
despite RAY queries being non-repeating, our evaluation technique solves obstacles similar
to those encountered in the case of repeating UCQ.

The hardness proof of the UCQ dichotomy is a reduction from the 2DNF model counting
problem, but bears no further resemblance to our result with respect to its proof technique.
Our proof in terms of separate reductions for each of the 24 patterns can be thought of
as a non-trivial extension of the hardness proof for non-repeating conjunctive queries [21],
which latter proof constitutes cases P, 1 in our proof. While in a purely conjunctive query
the projection operators can always be applied last and all join operations commute, the
main new challenge in the presence of difference operators is that the latter severely restrict
equivalence-preserving transformations of the query. Consequently, a specific hardness re-

duction is required for each structurally different class of queries.

3.6.3 Conclusion and extensions

This chapter discusses a fundamental aspect of query processing on probabilistic data,
viz. the classification of queries into those which are tractable with respect to data com-
plexity, and those which are considered intractable because they are provably #P-hard.
The following Chapter [ presents experimental evidence that such a classification is indeed
vital, since the performance of exact query evaluation degenerates exponentially with the
size of the database and is infeasible for any but the smallest instances. The existence of
the dichotomy in terms of the efficiently decidable hierarchical property allows a database
management system to switch between exact query evaluation (for tractable queries) and
approximate query evaluation (for intractable queries).

Possible further research directions related to the results of this chapter comprise the
extension of the dichotomy to more expressive queries. We gave evidence that a naive clas-
sification of queries with union in terms of non-hierarchical union-free sub-queries captures
some, but not all non-repeating #P-hard queries; a finer analysis would thus be required to
established the exact dichotomy. A dichotomy for full relational algebra, i.e., in particular
for queries with repeating relation symbols, seems unattainable since basic reasoning tasks
on such queries — such as equivalence, emptiness, or subsumption — are undecidable.

Both the result of this chapter and of related works analysing the complexity of queries
on probabilistic data inherently focus on data complexity and do not touch on query or
combined complexity [72]25]. As argued in Section the combined complexity of RAY is
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in PSPACE; on the other hand, Theoremshows that hierarchical RAY queries have PTIME
data complexity, but our proposed algorithm has non-elementary complexity with respect
to the query size (cf. Section . The trade-off between data and query complexity
is left open by the results of this thesis: Can hierarchical RAY queries be evaluated in

polynomial-time data complexity and (at the same time) elementary query complexity?
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Chapter 4

Exact and approximate evaluation

of relational algebra queries

Approximate query evaluation is preferred over exact query evaluation in cases where fast
approximate answers are favoured over delayed exact answers; in probabilistic databases,
this is usually the case for intractable queries for which exact evaluation is infeasible for any
but the smallest database instances. This chapter describes the approximate probability
computation algorithm used by the SPROUT query engine [31), [44] [63] 32]. The algorithm
works for arbitrary propositional formulas and thus for any relational algebra query and
pec-table, it is anytime, and admits absolute and relative error guarantees. Given a formula

® whose exact probability is p, it computes a probability p such that
(i) p—€ < p < p+ e for a given absolute error ¢, or
(ii) p(1 —€) <p <p(1+¢) for a given relative error e.

More precisely, the algorithm can compute a contiguous interval of approximations p
within the given error bounds. It starts with trivial lower and upper bounds [0, 1] and
incrementally tightens the interval until the approximation is reached. It is thus an anytime
algorithm, since it returns an approximation even if it is stopped before it ends and finds
increasingly better bounds the longer it runs.

The algorithm is an interplay of two techniques: (1) efficient computation of lower and
upper bounds on the probability of a formula, and (2) decomposition of a formula into an
equivalent disjunction or conjunction of independent or mutually exclusive simpler formulas.
Given bounds on the probability of the simpler formulas, we can then efficiently compute
bounds on the probability of the original formula.

The algorithm works as follows. Given a formula, we first compute probability bounds
via the first technique. If the bounds are tight enough to meet the error guarantee, then we
stop; otherwise, we decompose the formula into simpler formulas using the second technique,

compute probability bounds for the simpler formulas using the first technique and use them
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to derive bounds for the original formula. This decomposition step is repeated until the error
guarantee is met. By exhaustively decomposing the formula down to literals as approached
by knowledge compilation techniques [26], we can compute its exact probability.

The first technique can compute probability bounds without error guarantees in polyno-
mial time. The second technique can compute bounds with error guarantees, and although
each decomposition step takes polynomial time, it may require exponentially many steps to
reach the desired approximation. The quality of bounds computed by the first technique is
crucial since good bounds can drastically decrease the number of decomposition steps per-
formed by the second technique. Our approach is to derive such bounds via model-based
approximation as explained next.

Recall that given a formula ®, M(®) denotes the set of its models (or satisfying as-
signments). A pair of formulas ®; and ®y from a language £’ of propositional formulas
represents a model-based approximation of ® if M(®y) C M(®) C M(Py), that is, the
set of models of ® includes the set of models of &, and is included in the set of models of
®;. We call 7, and @ lower and upper bounds for @, respectively. The lower bound @,
is optimal if there is no other formula ®, in £ such that M(®r) C M(®}) C M(®); the
case of optimal upper bounds is symmetric. Our interest in model bounds stems from the
observation that model bounds imply probability bounds: P(®r) < P(®) < P(®y). The
bounds ®;, and &y are chosen such that they are optimal in a more restrictive language £’
of formulas for which probability computation can be done in polynomial time. We consider
the language of so-called read-once formulas, called 10F for short, and its subset of positive
formulas in disjunctive normal form, called iDNF for short. These languages are defined in
Chapter

There are two main observations behind the design of our algorithm. Firstly, sufficient
approximations can often be obtained within a few decomposition steps and there is thus
no need to exhaustively decompose the input formula down to literals. This motivates the
incremental nature of the algorithm as well as the use of effective termination checks. Ac-
cording to our experiments, a relatively small number of well-chosen decomposition steps
computable within a few seconds usually suffice to guarantee good precision. The formulas
obtained after these decomposition steps may still be large, yet they account for a very
small fraction of the overall probability mass. The second observation concerns tractable
query evaluation in probabilistic databases. We can effectively derive orders of decompo-
sition steps under which any approximation and in particular the exact probability can
be obtained in polynomially many steps when decomposing formulas annotating results
of tractable conjunctive query without self-joins. Most notably, this is achieved without
a-priori knowledge of the query or the input database.

In addition to the anytime algorithm, we prove in this chapter a syntactic characterisa-
tion of optimal iDNF lower and upper bounds for positive formulas in disjunctive normal

form. We give algorithms that enumerate such bounds with polynomial delay and thus
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allow to inspect several lower and upper bounds and choose among them a pair whose
probabilities are closest to the exact probability of the input formula. For formulas with
clauses of arity at most k, such as those annotating results of positive relational queries on
tuple-independent databases [79], we give a polynomial-time algorithm that can find an op-
timal iDNF lower bound whose probability is within a factor k£ from the largest probability
of optimal iDNF lower bounds; finding the latter is NP-hard. For nested positive formulas,

we show how to efficiently compute 10F lower and upper bounds.

Organisation of this chapter

This chapter is organised as follows. Sections and discuss model-based approxima-
tions and incremental decomposition of formulas. We report on experiments in Section [.3]
Related work and possible further research directions are discussed in Section [£.4] Proofs
of formal statements and details on the experiments can be found in Section and Ap-

pendices [A] and [B] respectively.

4.1 Model-based approximations

The problem investigated in this section is: Given a formula ® in a propositional language
L, find formulas in a (more restrictive) language £’ that approximate ®. We restrict our
investigation to positive (or without loss of generality, unate) and irreducible formulas; the
reason for this restriction is efficiency, since for arbitrary formulas it is NP-hard to decide
whether true (T) or false (L) are bounds. This defeats our goal of efficient model-based
approximation.

Before looking into approximating positive DNF formulas within the language of iDNF
(Sections and and of positive nested formulas within the language of 10F
(Section , we define the notion of optimal bounds.

Definition 15 (Optimal lower and upper bounds). Let £ and L be languages of proposi-
tional formulas such that L' C L. Giwen a formula ® € L, the formulas @1, ®y € L' are
lower and upper bounds for ® with respect to L' if M(®r) C M(®) and M(®) C M(Py),
respectively.

If in addition there are no formulas ), @y, € L such that M(®r) C M(P}) C M(P)
and M(®) C M(®},) C M(Py), then Py, is a greatest lower bound (GLB) and ®y is a
least upper bound (LUB) for ® with respect to L’.

The notions GLB and LUB provide an intuitive semantic characterisation of optimal
bounds. We consider languages £’ such that (i) we can efficiently find optimal bounds in
L', and (ii) £’ allows for efficient probability computation. The 10F and iDNF languages
satisfy both desiderata.

Our interest in model-based approximation stems from the observation that, for formulas

over independent random variables, model-based bounds imply probability bounds:
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Proposition 25. For any formulas ® and ¥ with ® =V and thus M(®) C M(¥) it holds
that P(®) < P(W).

The statement follows immediately by applying the definition of the probability of a
formula, cf. Equation (2.3)). Before we discuss iDNF and 10F approximations, we give
a simple syntactic characterisation of (not necessarily optimal) bounds for positive DNF

formulas:

Proposition 26. Let ® and VU be positive DNF formulas. The following statements are

equivalent:
1. & =,
2. U can be obtained from ® by adding clauses and removing literals from ®’s clauses;

3. ® can be obtained from ¥ by removing clauses and adding literals to U’s clauses.

The proof is given in Section According to Proposition all bounds for a given
positive DNF formula ® can be defined by simple syntactic manipulations of ®: Lower
bounds by removing clauses or adding literals to existing clauses, and upper bounds by
adding clauses or removing literals from existing clauses. Removing all clauses results in
the lower bound L. Removing all literals from a clause results in the upper bound T. Indeed,
by removing clauses from a formula we reduce its set of models. By adding variables to
clauses, we further constrain their satisfiability and hence reduce the set of models. In both
cases, one obtains formulas that are lower bounds. The inverse manipulations lead to upper
bounds. More importantly, Proposition [26|states that all bounds can be gained in this way.
The following sections show that it is not necessary to add literals to clauses in order to
find optimal iDNF lower bounds, while removing variables may be required in order to get

to optimal iDNF upper bounds.

Example 23. Recall the formulas

b, = T1Y121 V T1Y222 V T2y3z1 V Xoyszo V 3Ys523 V T3Ys24
Dy =x1y121 V T1Y222 V T1Y321 V T1Y422 V T1Y523 V X1Ye24V

Toyszz1 V Xayaza V X2ys523 V TaYez4 V X3Y523 V T3Ys24

from Figure neither ®; nor ®, are in iDNF. The following iDNF formulas are lower

and upper bounds for ®; (several others are possible):
O = x1y121 V T2Ys22 V 3Y523 Oy = 21 VY2 V T2ys2z2 V 23.

Indeed, @, is a lower bound since it is a subset of ®. Each clause in ® implies at least one

clause of @7, hence @y is an upper bound. A closer inspection reveals that each clause in
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®; can be obtained by dropping literals from clauses in ®. We will show in the remainder
of this section that the bounds ®; and ®y are indeed optimal for iDNF. O

The following sections characterise syntactically the optimal iDNF bounds for positive

formulas, and give algorithms to find such bounds.

4.1.1 iDNF greatest lower bounds

Our main tool used to find optimal iDNF lower bounds is the syntactic notion of maximal

lower bounds.

Definition 16 (Maximal lower bound for iDNF). Let ® be a positive DNF' formula. An
iDNF formula ®1, is a maximal lower bound (MLB) for ® if it satisfies the conditions:

1. (Lower bound) @, is a subset of ®: &y C ;

2. (Maximality ) @1 cannot be further extended: There is no clause ¢ € ® with vars(v)N
vars(®r) = 0.

The first condition ensures that ®, is indeed an iDNF lower bound. The second condi-
tion enforces that it is a maximal lower bound. An MLB for a formula ® is thus a maximal

set of pairwise independent clauses of .

Ezxample 24. The MLBs for formula ®; from Figure |2.3] are:

1:zy121 V woysza V x3y523 2:x1y121 V T2Ys22 V T3Ye24

3 x1Y222 V T2y321 V T3Y523 4 :x1Y222 V 12Yy321 V T3Y624 O

With respect to the iDNF language, maximal lower bounds correspond precisely to
greatest lower bounds. This is particularly important, since MLB is a syntactic notion
defined in terms of sets of clauses, and GLB is a semantic notion defined in terms of sets of

models.

Theorem 27. Let ® be a positive DNF formula. An iDNF formula ®, is a mazimal lower
bound for @ if and only if 1, is a greatest lower bound for ®.

The formal proof is given in Section [£.5] Intuitively, the implication GLB = MLB holds
since if any of the two MLB conditions fail, then we cannot obtain a GLB. For the other
direction, it can be shown that no strict upper bound @', for ®;, is an iDNF lower bound
for ®. The latter case has two subcases: There is a clause ¢ € ® that is in ®} and either
is or is not in ®r. In the first subcase, ¢ necessarily shares variables with one clause in

o1, € &1, and, according to Lemmall] it must be contained in ¢,. But then, ¢ must be ¢,
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GREEDYIDNFGLB(POSITIVE DNF ® WITH MAX-ARITY k)
> outputs An iDNF GLB of ®

Sort clauses of @ in descending order o1, ..., @, of their probabilities
P(p1) > P(p2) 2 -+ = P(gn).
(O R 0

fort=1...ndo
if vars(p;) Nwvars(®r) = () then
| @+ P U{pi}

oatput P

Algorithm 5: Finding an iDNF greatest lower bound with probability at most factor k
smaller than the largest probability of iDNF greatest lower bounds.

otherwise ®; can be further extended and hence is no MLB. The second subcase follows
similarly.

The syntactic definition of MLBs suggests an algorithm for enumerating all GLBs by
recursively constructing all maximal subsets of pairwise independent clauses of ®. This
algorithm needs time exponential in the number of clauses. The following proposition

shows that this is necessarily so:

Proposition 28. The positive DNF formula

D = (191 Vx192) V- V (TnYan—1 V Tnyon)

has 2n clauses and 2™ iDNF GLBs. Any disjunction of either x;yo;_1 or x;y2; for all
1<¢<nisan iDNF GLB of ®.

The proof is immediate from the statement. Since there can be exponentially many
GLBs that are by definition incomparable with respect to their model sets, it may be desir-
able to find “the best” GLB for a formula according to different criteria. Possible rankings of
GLBs are by the number of clauses or, useful in our context, by their probabilities, provided
they are defined over random variables. Additionally, one may strive to enumerate all GLBs
with polynomial delay[], which means that the time before finding the first GLB, as well as
the time between every two consecutive GLBs, is polynomial only in the input size, and not
in the number of GLBs. In the context of GLBs, a polynomial delay enumeration allows to
inspect a sequence of GLBs and pick the one with highest probability. We obtain results for
ranking and enumerating GLBs by exploiting the following correspondence between GLBs

and independent sets in the clause-dependency graphs of formulas.

Definition 17 (Clause-dependency graph). Let ® be a DNF formula. The clause-depen-
dency graph of ® is a graph G = (®, E), where nodes are clauses of ®, and two nodes ¢
and v are connected if vars(yp) N vars(y) # .

!An overview of different complexity measures — amongst them polynomial delay — for enumeration
problems was given in [49].
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FEach node p € ® in G has a weight defined by

w(p) =—In(1-P(p)) =—In(1 - [] P). (4.1)

TEY
The weight W(¥) of a node set W is W(¥) = >, g w(t).

Proposition 29. Let ® be a positive DNF formula. A formula @, C ® is an iDNF greatest
lower bound for ® if and only if the clauses of 1, represent a maximal independent set in

the clause-dependency graph of ®.

The proof is given in Section[£.5] As the following proposition shows, the correspondence
of Proposition 29 can be extended to the case of greatest lower bounds with the largest

probability. Such bounds correspond to maximal independent sets with the largest weight.

Proposition 30. Let ® be a positive DNF' formula and G = (®, E) be its clause-dependency
graph. A formula ®r, is an iDNF greatest lower bound of ® with the largest probability among

all iDNF greatest lower bounds of ® if and only if @1, is a maximum-weight independent set
in G.

The proof is given in Section By the correspondence between iDNF greatest lower
bounds and maximal independent sets, known results for the latter, such as enumeration of

maximal independent sets with polynomial delay, immediately carry over to the former.

Corollary 31 (Proposition [82, [49]). The set of all iDNF greatest lower bounds for a

positive DNF formula with n clauses can be enumerated with O(n3) delay.

Since finding a maximum independent set is NP-hard, we cannot efficiently enumerate
the maximal independent sets, or equivalently the iDNF GLBs, in decreasing order of their

sizes, and, more importantly here, of their probabilities.

Corollary 32 (Proposition [85]). Enumerating iDNF greatest lower bounds for a given
positive DNF' formula ® in decreasing order of their probabilities is NP-hard.

Although we cannot efficiently obtain an iDNF GLB with largest probability, a constant-
factor approximation can be obtained for positive DNF formulas with max-arity k. For such
a formula ®, Algorithm [5| constructs an iDNF' greatest lower bound &, by iterating over
®’s clauses in decreasing order of their probabilities and greedily selecting a maximal set of
independent clauses: @, thus contains the first clause ¢ in the order, then the next clause
independent of 1, and so on. The probability of this lower bound is at most a factor k

smaller than the largest among the probabilities of all iDNF greatest lower bounds for ®:

Theorem 33. Given a positive DNF formula ® with max-arity k and n clauses, Algorithm[5]
constructs an iDNF greatest lower bound ®y for ® in time O(n?) such that P(®}) <
k-P(®yr) for every iDNF greatest lower bound @' for ®.

The proof is given in Section [4.5
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4.1.2 iDNF least upper bounds

As for iDNF greatest lower bounds, we next give a syntactic characterisation of iDNF least

upper bounds for positive DNF formulas. We first introduce a few necessary notions.

Definition 18 (Witness and critical witness). Let ® and ¥ be formulas. A clause ¢ €
is a witness for a clause ¢ € ¥ if ¢ = 1. We also say that ¢ has the witness . If in
addition there is no clause 10" € U with ¢ # 1)’ and ¢ |= 1), then @ is a critical witness for
1, and 1 has the critical witness .

Ezxample 25. Consider the formulas

Q1 = my121 V T1Y222 V T2Y321 V T2Ysza V T3Y523 V T3Y624 (cf. Figure [2.3)
U =uxy1 Va2 V2o VI1Ys

Clause z1y; € ¥ has the critical witness z1y121 € ®1, clause x2y425 is a non-critical witness

for 9 and zo € ¥, and clause z1ys € ¥ has no witness in ®;. ]

We are now ready to present our main syntactic tool for finding iDNF optimal upper

bounds.

Definition 19 (Minimal upper bound for iDNF). Let ® be a positive DNF formula. An
iDNF formula ®y is a minimal upper bound (MUB) for ® if it satisfies the conditions:

1. (Upper bound) Every ¢ € ® is a witness for at least one clause in ®y;

2. (Maximality) There is no clause ¢, € Py that can be extended by a variable from
vars(®) while preserving condition (1) and keeping ®y in iDNF;

3. (Criticality ) Fvery clause ¢, € ®y has at least one critical witness in .

Following Lemma (1, the first condition ensures that ® = ®;. The second condition
ensures that we cannot obtain an iDNF refinement of ®;; which is still an upper bound for
® by making clauses in @y more specific (thus narrowing the set of models of ®;;). The
third condition states that all clauses in ®;; are necessary, and dropping any of them would
lead to clauses in ® violating Lemma

This syntactic characterisation of upper bounds precisely matches the semantic notion

of least upper bounds:

Theorem 34. Let ® be a positive DNF formula. An iDNF formula ®y is a minimal upper
bound for @ if and only if Py is a least upper bound for ®.

The proof is given in Section Intuitively, the implication LUB = MUB holds since,
if any of the three MUB conditions fail, we cannot obtain an LUB. For the other direction,
any difference between an MUB ®;; for ® and a potentially better upper bound ®;; requires
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PoryMus(PosiTive DNF &, IDNF &)
> outputs iDNF MUBs of ® with polynomial delay
if ® = {0} then
> @ is true and has the trivial MUB {0}

L output ¢
else if ® = () then

| output ¢y
else
> Remove redundant clauses from ¢
> Duplicates are automatically discarded since @y is a set

Pr{plpe®N AP e d: 1y Cyp}

x <+ Pick variable from ®g

foreach ¢ € & with x € ¢ do
> Add clause 9 to @y and recursively find MUBs of the formula obtained from ®g by

removing ¥ and variables in vars() from all other clauses

PoLYMUB ({¢ \ vars(v)) | ¢ € Pr A # ¢}, @y U{1})

Algorithm 6: Enumerating iDNF least upper bounds with polynomial delay. Initial call:
PoLyMuB(®, 0).

a clause ¢, € ®7; strictly containing (syntactically) a clause ¢ € ®7. A case analysis on a
variable z € ¢! and x € ¢, shows that ®; does not satisfy the syntactic characterisation
of an MUB: Either the criticality condition fails, or a clause in ®;; may be expanded by x

to obtain a smaller bound.

Ezxample 26. The iDNF formula CIJiu =21Y1 VYV Tays3z1 V yszo V x3Yys523 V Y24 is an MUB
for ®; from Figure Every clause in @iu has exactly one witness in ®; which is also
critical. No clause can be extended further, since vars(@iu) = vars(®;). The iDNF formula
<I>%7u =21V 22 V x3Y523 V Ys24 is also an MUB; each of the two clauses 1 and zo has two
critical witnesses. It can be checked that (I)%,u

vars(®q). O

cannot be extended by any variable from
As in the case of lower bounds, the number of least upper bounds for a given formula

can be exponential in its size:

Proposition 35. The positive DNF formula

O = (z1y1 Vary2) V-V (Tpyan—1 V TnYon)

has 2n clauses and 3™ iDNF LUBs. Any disjunction of either x;, or x;ys;—1 V Y2, or
Y2i—1 V xiy2; for all 1 <i <n is an iDNF LUB of .

The proof is immediate from the statement. Algorithm [6] enumerates iDNF least upper
bounds with polynomial delay using a simple strategy that relies on the compositional nature

of minimal upper bounds: An MUB of an irreducible positive DNF formula ® = 1) vV &',
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where 9 is a clause and @' is a formula, is the disjunction of the MUB of 1, which is ¢
itself, and of the MUB of ®', where we remove from ®' the variables in 1) and subsumed
clauses. Multiple MUBs can then be obtained by picking different clauses ¢ that share a
variable. This condition is necessary to guarantee distinct MUBs; indeed, these clauses are
incomparable and each of them will be in an MUB. Note how empty clauses are handled:
If the irreducible input formula is {0}, i.e., true, then POLYMUB returns its only MUB
{0}. In each recursive call, ® cannot contain the empty clause, because removing from the

irreducible formula ® the variables from one of its clauses 1 cannot yield an empty clause.

Theorem 36. Algorithm[6 enumerates iDNF least upper bounds of a positive DNF' formula
with n clauses with O(n3) delay.

The formal proof is given in Section [£.5] Intuitively, Algorithm [f] is correct, i.e., every
returned formula is an MUB and thus an LUB, since properties 1-3 in Definition [19|induc-
tively carry over from the recursively generated MUB to the formula obtained by adding
clause 1. The returned MUBs are unique and thus incomparable, since they differ in the
clause that contains variable x picked before the for-loop. The delay between consecutive
MUBES is cubic in the number n of clauses in the input formula ®, because the recursion
depth of POLYMUB is bounded by n, and each recursion step can be performed in time
quadratic in n.

Algorithm [6]is not complete: For instance, it does not find MUBs a Vb and z V y for the
formula az V bx V ay V by, because it cannot factorise it into (a V b) A (z V y). A complete

enumeration algorithm for MUBs is discussed in the following sub-section.

4.1.2.1 Exhaustive enumeration of minimal upper bounds

While Algorithm [6] enumerates MUBs with polynomial delay, it is not complete for the set
of all MUBs. As for greatest lower bounds, we can enumerate all iDNF least upper bounds
of a given positive formula ®: Algorithm [7] constructs all MUBSs for a formula ® by starting
with a pessimistic upper bound &y = UUEVMS@){{U}} and refining it recursively: In every
recursion step, the witness relationships between clauses in ® and ®y are computed and
tighter bounds are obtained by merging or removing clauses in ®; if allowed by the witness
constraints. The set mergeCandidates contains pairs of clauses of @y together with their
common witness that may be merged without violating the upper bound condition. The

algorithm is correct and complete:
Proposition 37. Given a positive DNF formula, Algorithm [ enumerates all of its iDNF

least upper bounds.

Proof. Every bound produced by the algorithm is indeed an MUB: The upper bound cri-
terion is trivially satisfied by the initial pessimistic bound and remains satisfied, because

only non-critical clauses are merged or removed. The base case of the recursion is reached
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MuB(PosITIVE FORMULA @, IDNF UPPER BOUND ®y)
> outputs all iDNF MUBs of ®

L ENUMERATE(®, UUEVARS(<I>) {{v}}))

ENUMERATE(POSITIVE FORMULA @, IDNF UPPER BOUND ;)

Dy < {p, € Py : ¢, has no critical witness in P}

mergeCandidates < {(¢y, w,¢}) | w € ®; ¢y, @), € Po;w is witness of ¢, and ¢, }

if @) # ) then

foreach ¢, € ¢y do > Remove clauses without crit. witness
| ENUMERATE(®, @y \ {¢u})

foreach (¢, w, ¢)) € mergeCandidates do > Merge clauses without critical witness
| ENUMERATE(®, (@0 \ {¢u, v, }) U {{vu U@, }})

else
V « vars(®) \ vars(®y)
foreach possible way to extend @y by variables in V' without altering the witness

relations do > Condition 2 in Definition
| output @y

Algorithm 7: Finding all MUBs of a positive formula ®.

whenever all clauses in @ have at least one critical witness (criticality), i.e., ®9 = () in the
algorithm. Every bound is then expanded to satisfy mazimality.

For completeness, let &y be an arbitrary MUB and consider the non-deterministic ver-
sion of Algorithm [7] in which the foreach-iterators are replaced with a non-deterministic
choice. Then there exists the following sequence of non-deterministic choices in the algo-
rithm that yields ®y: First, remove all variables that are not in ®;, then merge the clauses

that give rise to ¢y . O

The merging and variable removal steps have to occur intertwined in the algorithm in
order to achieve completeness: Consider formula ax V bx V ay V by. The MUB a V b cannot
be obtained if clauses are merged first, and the MUB ax VbV y cannot be obtained if clauses
are removed first.

Although the delay between consecutive MUBs returned by Algorithm [7]is polynomial,
the algorithm does not provide a polynomial delay enumeration procedure, since identical
bounds can be returned several times as they may be reached via several computation

branches.

Ezxample 27. Consider the formula ab V az V xy. Starting with the usual pessimistic bound
aVbVazVy, the MUB abV z is found in a computation branch that first merges a and b
and then removes y. A second branch might first remove a and y, and then expand clause
b by a. A third branch will delete y and then merge a and b. All these branches lead to the
same MUB abV z. O
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4.1.3 10F lower and upper bounds

We now turn to approximation of nested formulas. Such formulas naturally annotate results
of queries with negation in probabilistic databases, as per their construction using the
translation in Algorithm [Il While their size is polynomial in the size of the input database,
un-nesting them in DNF can lead to formulas of size exponential in the size of the input
database. We therefore search for approximations that are nested as well and that can be
computed without unfolding the input in DNF. We recall our restriction to positive (or
unate) formulas for efficiency reasons. This restriction corresponds here to queries where
all occurrences of each relation are either positive or negative.

The iDNF bounds are, by definition, in DNF and thus do not meet our requirements
here. However, the 10F language naturally allows for nested formulas. Consider for instance
the unate formula ® = (\/; z;) A \;(-y;). Then any two clauses in the DNF of ¢ would
share variables, which means that we can only use one of these clauses as iDNF lower bound.
The formula @ is however in 10F.

As in the iDNF case, Proposition gives us a useful tool to find 10F bounds. A
practical caveat is that it talks about clauses in the DNF representation of a formula,
whereas we deal here with nested formulas. We therefore consider an efficient heuristic
for computing (a) lower bounds by dropping clauses, in particular by setting one of their
literals to false, and (b) upper bounds by dropping literals from clauses, in particular by

setting these literals to true. The following proposition formalises this intuition.

Proposition 38. Let ® be a positive formula, x be a variable in ®, and ®; and Py be
formulas obtained from ® by replacing one occurrence of x by L and respectively T. Then

®; and Py are lower and respectively upper bounds of .

The proof is given in Section We can hence obtain lower and upper 10F bounds of
a positive (or equivalently, unate) formula by setting all but one occurrence of each distinct
variable to false and respectively to true. Depending on which occurrences are chosen, we
may obtain different 10F bounds.

Ezample 28. The formula ® = (z1y1 V —xay2)[z1(y1 V y3) V 23(ya V y5)] is not in 10F since
x1 and y1 occur twice. Setting the second occurrences of both these variables to false results
in the 10F lower bound (x1y1 V —xay2)z3(ys V y5). For an 10F upper bound, we set the
same occurrences of the two variables to true and obtain x1y; V —Z2ys.

Different bounds are obtained by setting different occurrences of the two variables to
false and true, respectively. For example, setting the first occurrences of z; and y; to
false results in the lower bound (—zay2)[z1(y1 V y3) V z3(ys V y5)] and the upper bound
r1(y1 vV ys) V x3(ys V ys). U
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4.2 Probability computation via decomposition

This section introduces our probability computation algorithm for propositional formulas.
We first give in Section an exact version and then lift it to a memory-efficient anytime
approximation algorithm in Section Considerations for efficient implementation are

given in Section [£.2.2.4]

4.2.1 Exact probability computation

The key idea behind our algorithm is that the probability of formulas ® A ¥ and ® V ¥ can
be efficiently computed from the probabilities P(®) and P(V) of the subformulas ® and V¥,

if these subformulas are independent or inconsistent:

e if ® and ¥ are independent, then

PeVvVU)=1—-(1-P(®))-(1—-P(V))

e if ® and U are inconsistent (i.e., there is no valuation of the random variables on

which both are true: the disjunction is exclusive), then

P@AY)=0
P(®V W) = P(®) + P(V).

The above equations can be derived from Equation (2.3)). We use explicit notation to denote
independence and mutual exclusiveness: & for independent-or, ® for independent-and and
U for exclusive-or. A decomposition tree is an alternative representation of formulas that

makes independent and exclusive relationships between sub-formulas explicit.

Definition 20 (Decomposition Tree). A decomposition tree (d-tree) is recursively defined

as follows:
o Fvery propositional formula ® is a d-tree T with a single node representing ®.

o [f Ty and Ty are d-trees representing independent formulas ® and W, then

S ®©
s N and s N
Ty Ty Ts Ty

are d-trees representing ® VW and ® AV, respectively.

o If Ty and Ty are d-trees representing mutually exclusive formulas ® and ¥, then
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CoMPILE (Formula @)
RemoveRedundantClauses ()

if ® is a literal or T or 1L then
L return ®

if 3 independent @1, P9 s.t. &1V o = & then
| return COMPILE(®;) & COMPILE(®D,)
if 3 independent &1, Py s.t. P13 A Do = ¢ then
| return COMPILE(®;) ©® COMPILE(®,)
> Apply Shannon expansion:
Choose variable € X occurring in ¢ according to elimination heuristics
return (x ® COMPILE(@\M_T)) L (—m ® COMPILE(Q)|M_J_))

Algorithm 8: Compilation of formulas into d-trees.

L
/N

Te Ty
s a d-tree representing the formula ® VvV V.

A d-tree in which all leaves are literals is complete.

A d-tree can also be seen as the parse tree of a formula composed of propositional

formulas (with V, A, =) and independent and mutual exclusive operators @, ®, L.

Ezample 29. Consider the formula (z Vy) A ((z Au) V (-2 Av)). It is easy to verify that
this formula satisfies the independence and mutual exclusiveness properties expressed by
the equivalent partial d-tree (z ® y) ® (zu L -zv) and the complete d-tree (z ® y) ® ((z ®
u) U (=2 ©0)). O

Definition 21 (Probability of D-tree). The probability of a d-tree T' is recursively defined

on its structure:
e IfT is a leaf node for formula ®, then P(T) = Py
o I[fT =T ®Ty, then P(T)=1—- (1 - P(T3))(1 — P(Ty))
o I[fT =T ®Ty, then P(T) = P(Ty) - P(Ty)
o IfT =Ty UTy, then P(T) = P(Tgp) + P(Ty)

Ezample 30. The probability of formula (x V y) A ((z Au) V (=2 Av)) and its d-tree (z &
YO (zouU-z0v)is (1-(1-P)-1-P)): (P.-P,+P-.-P). O

Since the operations @, ® are associative, the independent decompositions readily extend
to decompositions into more than two independent formulas; for example @1V ®9V $3 (with

®1, §y, 3 independent) can be decomposed into
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To

PR
1 Ty,

To,

The probability of a d-tree can be computed efficiently, viz:

Proposition 39. Given the probabilities of all the leaves of a d-tree, its probability can be

computed in time linear in its size (assuming unit-cost arithmetic operations).

Proof. 1t follows immediately from the definitions of LI, @, and ® that the operations
required at each node can be computed in constant time. The probability of the d-tree can
thus be computed in one bottom-up pass over the tree in time linear in the number of its
nodes. O

Any formula can be compiled into a d-tree by finding independent subformulas and
decomposing with respect to @ and ®, and otherwise by applying Shannon expansion to
yield a mutually exclusive LI-decomposition. Algorithm [8] achieves this generic compilation
approach, where the compilation is exhaustive, i.e., the leaves of the d-tree represent literals.
This is refined in Section where we describe how a partial compilation of d-trees gives
rise to approximate probability computation. The notations ®|,. v and ®|,., denote
formulas obtained by replacing every occurrence of variable x in ® by T and respectively
1.

Example 31. Figure shows a formula and its complete d-tree obtained by executing
Algorithm [§ to completion. O

Algorithm [§] is correct, i.e.:

Proposition 40. Let ® be a formula and T be the d-tree returned by COMPILE(®). Then
the formula represented by T is equivalent to ® and Py = P(T).

Proof. The statement follows directly from the recursive definition of the represented for-
mula and from the definition of the probability of a d-tree (Definitions 20| and [21)). O

Any formula can be decomposed into a complete d-tree, since Shannon expansion
(a.k.a. variable elimination in the Davis-Putnam algorithm for SAT solving [27]) can always
be applied and leads to formulas with fewer variables. We can compute the probability of
the input formula by inlining the equations from Definition [21]in Algorithm

The order of the variable choices in Shannon expansion influences the size of the d-
tree. In general, the compilation of a formula creates a d-tree of exponential size, and it
is important to find compilation strategies that lead to d-trees of small sizes [26, 55]. For
tractable queries, it is possible to efficiently identify optimal variable orders [62, [61) [63].
For non-tractable queries, we choose a variable that occurs most frequently in the formula.
This choice is a heuristic that aims at creating independent sub-formulas by eliminating

those variables early that most entangle different parts of the formula.
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Figure 4.1: D-tree for ® =z V —xy V —zz V uv V —u.

We next analyse the complexity of Algorithm [8] All three decompositions steps can be
done efficiently. Shannon expansion requires linear time for each subformula. The indepen-
dent-or and independent-and partitioning finds connected components in the dependency
graph of the input formula ®. Given ® = A, ®; or ® =/, ®;, the dependency graph of ®
has one node for each subformula ®; and there is an edge between two nodes ®; and ®; if
vars(®;) Nvars(®;) # 0. A more effective independent-and partitioning can be achieved if ®
is in DNF, since we can apply existing algebraic factorisation of DNF formulas [I1]. For a
relational encoding of DNF formulas of arity k£ and n clauses, as used in query evaluation on
probabilistic databases [6], this factorisation is unique and requires time O(k-n-logn) [64].

We close this section with some observations regarding tractable classes of conjunctive
queries without self-joins and their connection to linear-size d-trees [60, [62], 61 [63].

Firstly, the annotations of the results of any tractable conjunctive query without self-
joins on a tuple-independent database are positive DNF formulas equivalent to formulas
in 10F and can be compiled in polynomial time into complete d-trees of size linear in the
number of variables and whose inner nodes are @ and ® only [60].

Secondly, the annotations of the results of any query in a previously-defined class of
tractable conjunctive queries with inequalities on tuple-independent databases are positive
DNF formulas that can be compiled in polynomial time into complete d-trees of size linear

in the size of the formulas and whose inner nodes are LI only [61].

4.2.2 Approximate probability computation

Let us now turn to approximate probability computation. We start by discussing the cor-
respondence between d-trees and probability bounds for represented formulas, then define
our approximation algorithm (Section [4.2.2.2)) and refine it to a memory-efficient implemen-

tation (Section [4.2.2.3]).
4.2.2.1 Lower and upper probability bounds for d-trees

Algorithm [§] and Definition give us a recipe for exact probability computation for any
formula, provided we exhaustively decompose it into a d-tree where the leaves are literals

with known exact probabilities. By using partial instead of complete decompositions, and
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®,[0.1,0.11 i
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® $5(0.35,0.38
« 2 3 ]
2[0.5,0.5] ,[0.4,0.44]

Figure 4.2: Partially decomposed d-tree. Leaves: ®; and z are closed (o), ®2 is current
(=), @3 is open (o).

thus by allowing arbitrary formulas at leaves, the same approach yields lower and upper

probability bounds for partial d-trees.
We next assume that for each leaf node ®, we know probabilities Pé and Pg such that

Py € [PE, PY)].

Definition 22 (Probability Bounds of D-trees). The lower and upper probability bounds
PL(T) and PY(T) of a d-tree T are recursively defined by its structure:

o IfT is a leaf node for formula ®, then

PY(T) = PE, PY(T) = PY.

o IfT =T P Ty, then

o If T =T ® Ty, then

o If T =1TgUTy, then

PY(Ty) + PY(Ty)

e
s
3

[

Intuitively, the definition implies that the lower (upper) probability bound of a d-tree
is obtained by propagating up the lower (upper) probability bounds of the leaf formulas
according to Definition This procedure yields correct bounds:

Proposition 41. For any d-tree T, P(T) € [PX(T), PY(T)].
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APPROX(D-TREE 7', ERROR GUARANTEE ¢, ERROR TYPE TYPE)
L < PY(T)
U« PY(T)
if TYPE = absolute and U — L < 2¢ then
| return [U —¢, L + €
if TYPE = relative and (1 —¢)-U — (1+¢)-L <0 then
| return [(1—¢)-U,(1+¢€)- L]

> Approximation not reached; choose and refine a leaf in T’
Choose a leaf t of T representing a formula ®
RemoveRedundantClauses ()
if @ is a literal or T or L then
L > Do nothing
else if 3 independent @1, Py s.t. ®1V Py = @ then
| Replace t in T by ¢ & Do
else if 3 independent @1, Py s.t. 1 A Py = @ then
| Replace t in T by &1 © ®o
else
Choose variable z € X occurring in ®
Replace t in T' by (x @ ®|pe7)U (mx © Plpey)
return ApPROX (T, €, TYPE)

Algorithm 9: Approximate probability computation with relative or absolute error guar-
antee for a partial d-tree T.

Proof. The statement follows immediately from the observation that the operators in Defini-

tion [21] are monotonically increasing as a function of the probability of their child nodes. [

FEzample 32. Consider the partial d-tree T = ®1 @ ((z ® ®3) U ®3) of Figure where
the leaves are annotated with their lower and upper bounds. Then, the lower and upper
bounds [P*(T), PY(T)] of the d-tree can be computed as follows:

—(1-0.11) - (1 — (0.5-0.44 + 0.38)) = 0.644
—(1-0.1)- (1 —(0.5-0.4+ 0.35)) = 0.595 O

—_ =

An immediate question is how good the bounds of a partial d-tree are and whether
one can make guarantees about the approximation quality. We consider two types of such

guarantees, given a fixed error threshold e € [0, 1]:

Definition 23. A value p is an absolute (or additive) e-approzimation of a probability p if
p—e <p<p+e. Awvaluep is a relative (or multiplicative) e-approximation of a probability
pif(l—e)-p<p<(l4e)-p.

We will abbreviate PX(T') and PY(T) with L and U if the context is clear. Let us now

investigate under which conditions the bounds [L, U] of a given d-tree for a formula ® are
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sufficiently tight to specify an e-approximation of Pp. The connection between bounds of

d-trees and e-approximations of formulas is given by the following proposition.

Proposition 42. Let € be a fixed error threshold, and ® a formula with probability bounds
[L,U], i.e., Pp € [L,U].

o IfU — e < L+ ¢, then any value in the interval [U — €, L + €] is an absolute e-

approrimation of Pg.

o I[f(1—¢€)-U<(14¢€)-L, then any value in the interval (1 —€)-U,(1+¢€)-L] is a

relative e-approximation of Pg.

The proof is given in Section A d-tree for a formula ® is an e-approximation of ® if
its bounds satisfy one of the above sufficient conditions. Both conditions can be checked in
linear time in the size of the d-tree, because its lower and upper bounds can be computed

in one bottom-up pass, cf. Proposition

4.2.2.2 An anytime approximation algorithm

We next present two algorithms for computing e-approximations of formula probabilities
via d-trees. The algorithm detailed in this section resembles Best-first Search in that it
incrementally builds a d-tree from a formula by decomposing one of its leaves until the
desired approximation is reached. Since the d-tree can be exponential in the number of
variables in worst case, the next section presents a refined version that mimics depth-first
search and only keeps in memory one root-to-leaf path in the d-tree at any one time.

Algorithm [9] specifies our incremental refinement procedure for approximate probability
computation. Starting with the d-tree T = ® for a formula ®, it checks whether T is
already an e-approximation for ®. For this, it computes lower and upper bounds for ® and
its probability. If the desired approximation is reached, it returns the probability interval
according to Proposition Otherwise, it picks a leaf of the d-tree, e.g., a leaf with widest
probability interval among all leaves, performs one decomposition step, and recurses.

The critical ingredient to this algorithm is the availability of good bounds for formulas
at leaves. Given a positive formula ®, we employ the techniques for model-based formula
approximation (cf. Section[4.1]) to approximate ® and hence Py by (i) optimal iDNF bounds
if ® is a DNF formula, and (ii) 10F bounds if ® is a nested formula.

In case a leaf represents a non-unate formula, we do not have access to efficiently com-

putable model-based bounds, since deciding their existence is already a hard problem:

Proposition 43. Let ® be a formula. Deciding whether there exist non-trivial iDNF for-
mulas L # L and U # T such that M(L) C M(®) C M(U) is NP-hard.

This follows from hardness of satisfiability and tautology for propositional formulas. We

thus cannot even decide efficiently whether the probability of a non-unate formula is 0 or

95



1. By default, we approach this obstacle by first repeatedly applying Shannon expansion
until all leaves represent unate formulas. Once the leaves represent unate formulas, we can
compute model-based bounds efficiently as described in Section

In case of non-unate DNF formulas, such as those annotating results of positive queries
on block-independent disjoint tables, we consider a different approach. We compute iDNF
lower bounds using Algorithm [5} Such bounds are however not optimal in the iDNF lan-
guage; for instance, the non-unate DNF formula zyVz—y is equivalent to x, which represents
the iDNF optimal lower and upper bounds, yet Algorithm [5] would output one of the clauses
as iDNF lower bound. As upper bound, we compute a probability bound U instead of a
model-based bound, as the sum of probabilities of the lower bound returned by Algorithm
and of all other clauses in the input DNF formula. If U is larger than 1, we set it to the
trivial bound 1.

We close this section with two remarks. Firstly, in order to compute the new bounds
[PE(T), PY(T)] after a decomposition step, it is not necessary to recompute the probability
bounds of the entire d-tree. If we memorise the local probability bounds at each node of T',
then it suffices to propagate the new bounds of the decomposed leaf up the d-tree.

Secondly, it is not immediately clear that the overall probability bound of a d-tree
improves between two subsequent refinement steps. Consider a leaf node with memorised
probability bounds [L, U]. The decomposition of this leaf node may result in new probability
bounds [L/,U’] that are no improvement over [L,U], i.e., [L’,U’] £ [L,U]. However, since
both bounds are correct, we may memorise and propagate their intersection [L, U|N[L',U’] C
[L,U] and thereby obtain an anytime algorithm by guaranteeing that the bounds never get

worse between subsequent refinement steps.

4.2.2.3 A memory-efficient variant of the decomposition algorithm

Algorithm [9] may construct an exponentially large d-tree before reaching the desired ap-
proximation. This memory usage is not feasible for large input. We next present a variant
that only keeps in memory one root-to-leaf path of the d-tree at any one time. For exact
computation, we accumulate the probability of the d-tree while exploring it depth-first.
The explored branches can be safely discarded since their probabilities were already accu-
mulated. The same idea can be used to devise an approximation approach as follows. We
also explore the complete d-tree depth-first, but stop as soon as the desired approximation
is reached, cf. Proposition For this, we need to maintain a pair of lower and upper prob-
ability bounds for the not-yet-explored children of each node along the current root-to-leaf
path. While this approximation approach performs better than the exact algorithm since
it may avoid the complete exploration of the d-tree, it has one important practical short-
coming: It still needs to explore deep fragments of the d-tree, yet the deeper a branch goes,
the more work it requires and the less probability mass it contributes to the probability of
the d-tree.
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Similarly to Algorithm [9] we would like to traverse a shallow upper part of the d-tree. In
contrast to Algorithm [9] we would like traverse the tree depth-first and only keep one path
in memory at any one time. This requires a criterion to stop the depth-first exploration
when the probability mass represented by the sub-tree of a node is insignificant and can be
discarded under the premise that subsequent exploration of the remaining tree can still yield
the desired approximation. We next detail this approach; it represents the approximation
algorithm implemented in the SPROUT engine.

In the sequel, we call leaves that may be further refined open, and leaves that are not
further refined closed. We need to address the challenge of deriving an e-approximation
condition in the presence of closed leaves. Based on this, we can incrementally compile the
input formula into a d-tree in depth-first traversal, and decide locally whether the current
leaf under exploration can be closed or must be refined further. When a leaf gets closed,
its bounds are accumulated and it can be removed from the d-tree.

For reasons explained later, we restrict our discussion to d-trees in which at most one
child of each ® node can be closed without computing its exact probability. This constraint
does not restrict our encoding of Shannon expansion using ® nodes, since one of their two
children is always a literal for which the exact probability is known.

To understand the worst-case scenario when we want to close a leaf ¢t in a d-tree T,
we need to compute the largest bounds interval of T' for any possible exact probability
that each open leaf may take. If these worst-case bounds fail to satisfy the condition for
an e-approximation, then we might not reach the approximation by only refining the open

leaves and must thus not close ¢. Let us formalise this intuition.

Definition 24. The bounds space of a d-tree T is the set of possible bounds [L,U] of T
obtained by choosing for each open leaf any point interval between the bounds of that leaf
and for each closed leaf W its probability interval [PL, PY].

Let us denote by L(T') the element of the bounds space obtained by choosing for each
open leaf ® the point interval [P, PL], where PL is a lower bound for .

Lemma 44. For a d-tree T, L(T) is the pair of bounds [L,U] that mazximises U — L for
absolute approximation and (1—e¢)-U — (14¢€)- L for relative approximation, over the entire

bounds space of T.

The proof is given in Section Lemma [44] gives us a strategy to decide whether
closing leaves in a d-tree still allows for an e-approximation. This only holds for closing &
and U nodes; for ® nodes, L(T') does not necessarily maximise the bounds in general. This
explains our above restriction for ® nodes.

Since we can compute L(T') in just one scan of T, finding the maximal values of U — L
and (1 —€)-U — (1 +¢€) - L can be done very efficiently. Our main result concerning the

closing of leaves is:
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Theorem 45. Let T be a d-tree for a formula ®, and € be a fized error. If the bounds
L(T) satisfy the sufficient condition for an e-approximation in Proposition then there is

a refinement of T that is an e-approximation of Py.

Proof. The statement follows from Lemma [{4] and the fact that refinement eventually leads
to completion of T'. ]

Ezxample 33. Consider the d-tree T of Figure and an absolute error ¢ = 0.012. We are
at ®5 and would like to know (1) whether we can stop with an absolute e-approximation,
and in the negative case, (2) whether we can close ®,.

(1) We compute the lower and upper bounds of the d-tree as if all the leaves are closed.
We plug in the lower bounds of the leaves and obtain L = 0.1 ((0.5©0.4) & 0.35) = 0.595.
Similarly for the upper bound: U = 0.11 @ ((0.5 ® 0.44) & 0.38) = 0.644. The condition
U—L=0.049 <2-0.012 = 0.024 is not satisfied. Hence, we cannot stop now.

(2) We compute L(T) = [L,U’], where L is as before and U’ = 0.11 & ((0.5 ® 0.44) &
0.35) = 0.6173. We then have that U’ — L = 0.0223 < 0.024. This leaf may be closed. [

Our incremental algorithm follows the depth-first compilation scheme of Algorithm [§]
where instead of constructing the d-tree, node probabilities are computed and propagated
recursively. Before constructing a node, we perform two checks: (1) the sufficient condi-
tion of Proposition [42| that checks whether e-approximation is already reached, and if this
fails, then (2) the condition of Theorem 45| that decides whether the current node to be
constructed can be safely closed. This algorithm closes d-tree branches eagerly in order to
keep the d-tree height small, while still guaranteeing that the required e-approximation can
be reached.

Ezxample 34. We would like to find relative and absolute 0.1-approximations for ®; from
Figure using our incremental decomposition and iDNF model-based bounds that are
factor-k lower bounds from Theorem [33] and upper bounds according to Algorithm [6] For
this, we incrementally construct the d-tree in Fig. as discussed below.

For numerical calculations, we use the following probabilities: P,, = 0.2, P,, = 04,
P,, =04, P, =04, P,, = 0.1, P,, = 0.0, P,, =0.7, P,, = 0.5, P,, = 0.3, P,, = 0.4, P,, = 0.9,
P., =05, P, =03

1st iteration. We start with the d-tree T} = ®; and compute model-based bounds L
and U; that yield probability bounds [0.348, 0.809]. This is not a 0.1-approximation, so we
next decompose ®; using independent-or: ®; = &5 H P3.

2nd iteration. We obtain bounds [0.348, 0.809] for the probability of the d-tree T5 =
®y @ P3, where we used the model-based bounds in Figure for @5 and ®3 with proba-
bility bounds [0.276, 0.736] and [0.1, 0.277]. T3’s bounds are as in the 1st Iteration, since

independent-or partitioning does not alter iDNF bounds, and are thus not tight enough.
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= o2 ® P3 Ui = z1y121 V Y222 V 22y3 V Y4 V Y523 V T3Y624
Do = z1y121 V X1Y222 V T2Y321 V T2Ys22 Ly = z1y121 V T2yaz2

= (z1 © P4) U (—21 © $5) Uz = z1y121 V y222 V 22y3 V Y4
b3 = w3ys523 V x3Y624 = T3 © D7 b7 = ys523 V Y624

L3 = z3ys523

Us = y523 V T3Y624

Dy = y121 Vy222 V T2y321 V T2Y422 Ly =y121 V w2ys22
Uy =y121 Vy222 Va2ys Vys

D5 = zoys21 V Toyaz2 = 22 O Pg D6 = yz21 V yaz2
Ls = zay422
Us = z2y321 V Ya22

Figure 4.3: D-tree for formula ®; from Figure 2.3 used in Example 4] Some inner nodes
carry an additional label (e.g., @9 = LI) in order to better illustrate the decomposition steps
taken. In the left d-tree, coloured areas represent d-trees T} (darkest) through 75 (lightest)
discussed in Example In the right d-tree, coloured areas represent root-to-leaf paths as
discovered by the algorithm’s depth-first exploration: darker paths are discovered earlier,
lighter paths are discovered later. At each point in time, the algorithm needs to memorise
only one of these paths.

We next check whether we can close ®3 and compute the pessimistic bound L(T5) using
the above bounds for ®5 and the point interval defined by a lower bound for the open
node ®3. The pessimistic lower bound Ly @ L3 has probability 0.348 and the upper bound
Uy @ L3 has probability 0.809. These bounds fail the stopping condition for both relative
and absolute errors, hence we cannot close ®5. We further decompose ®5 using Shannon

expansion by variable x;.

3rd iteration. The bounds now become [0.348, 0.753] for d-tree T3 = ((x1 ©@ P4) U (—21 ®
®5)) P35, yet no 0.1-approximation is reached. We continue with ®4 and first check whether
we can close it. The pessimistic bounds are [0.348, 0.420] and suffice for both relative and
absolute approximation; we thus close ®4. We continue depth-first with ®5; this node

cannot be closed and we decompose it into xo ® Pg.
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Figure 4.4: Masking for Shannon expansion: Parse tree for ¢ (Figure (a)), and after masking
all occurrences of x1 to true (Figure (b)) and false (Figure (c)), respectively.

4th iteration. Since ®g is in 10F, we can directly compute its probability 0.63. The
resulting d-tree T has bounds [0.348, 0.534] that constitute an absolute 0.1-approximation
interval [0.534 — 0.1, 0.348 + 0.1] = [0.434, 0.448].

Since we have not yet reached a relative approximation, we decompose the next open

leaf in depth-first traversal without known exact probability, i.e., ®3, into z3 ©® ®7.

5th iteration. We detect that ®7 is in 10F and compute its probability 0.318. The
resulting d-tree T5 has bounds [0.368, 0.438] and is thus a relative 0.1-approximation interval
[(1—-0.1)-0.438, (1+0.1)-0.368] = [0.3942, 0.4048]. O

4.2.2.4 Considerations for an efficient implementation

We next discuss several aspects regarding the efficient implementation of our algorithm.
The following desiderata have been considered in the design of the algorithm: (1) The
input formula can be very large and copying parts of it after each decomposition step is
not feasible. (2) For each decomposition step, we should only touch necessary nodes and as
few times as possible. (3) We should use memory-conscious data structures to support our
decomposition steps.

Formulas are decomposed into subformulas such that the latter represent syntactic re-
strictions of the former. This motivates the following compact representation of formulas
in our implementation: Whenever a formula W is constructed by decomposing a formula &,
instead of explicitly storing W, we represent it by a mask applied to ®, where we specify
which clauses and literals from ® make up the new formula ¥. A mask together with the

original formula uniquely identify any subformula obtained by decomposition.
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MASK(NODE n, BOOL b, ROOT NODE r)
switch n do
case leaf node

n.SETMASKED()

if n represents positive literal x then
| MASK(n.PARENT(), b, 1)

else
> n represents negative literal —x
MASK(n.PARENT(), —b, 1)

case inner node
if (b=true and n=V) or (b=false and n=A) then
L n.MASKALLLEAVES()

if n.ALLLEAVESMASKED () and n # r then
| MASK(n.PARENT(), b, 1)

Algorithm 10: The masking procedure MASK sets a leaf node n to truth value b and then
further simplifies the formula. The function n.SETMASKED( ) masks the node n, the function
n.MASKALLLEAVES() masks all nodes that are descendants of n. These two functions are
rendered in blue box in order to highlight the connection to the masked (blue) nodes in

Figures [£.4 and

Algorithm [10] depicts the procedure MASK. When called with truth value b on a node
n in the parse tree of a formula ® in NNF, it computes the formula obtained from & by
setting the variable x in node n to b and propagating T and L in the parse tree of the
formula by means of the equivalences L AV =1 TAV=V, I VY=V, and TVVY=T.

FEzample 35. Consider Shannon expansion for variable z; in formula ® from Figure [4.4(a).
Instead of constructing data structures for the formulas ®|,,. T and ®|,,« 1, we can mask
the parts of the formula affected by setting z1 to T and 1. The result of this masking
operation is depicted in Figures (b) and (c); when the blue parts are ignored, those
parse trees represent the formulas ®, . 1 and ®,,. ;.

In order to compute ®|,,. T, we need to mask every occurrence of z1 in ® with true,
cf. Figure [4.4(a). We hence mask the leaf —x1; since it is unsatisfiable under z; <— T and
since its parent p is A, we mask all other leaves under p in order to propagate the identity
L AW = 1. We move up to the parent of p. This is a V-node with unmasked leaves and
we stop. We then mask the second leaf of ;. We stop since its parent is a A-node that has
un-masked leaves. The masked tree is shown in Figure b) and represents ®|,, 1.

To compute ®,,. |, we mask for all occurrences of x; to false: the leftmost leaf -z,

and then the second leaf of x; together with all the other leaves of its parent. O

Besides its use to encode subformulas obtained by decomposition, this masking proce-
dure can also be used to compute 10F bounds for formulas as defined in Section
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Figure 4.5: Masking for bounds: Parse tree for ® (Figure (a)), and for bounds of ® obtained
by masking the second z; and y; to false (Figure (b)) and true (Figure (c)), respectively.

Ezxample 36. 10F lower and upper bounds for unate formulas can be obtained by setting all
but one occurrence of each variable to false and true, respectively. This can be implemented
using masking: Both x1 and y; occur twice in formula ® of Figure (a); masking the second
occurrences of 21 and y; to false (true), yields a lower (upper) bound, cf. Figures [4.5(b)

and [4.5(c), respectively. O

Compared to an alternative implementation that explicitly creates and passes copies
of decomposed and simplified sub-trees to recursive calls, our approach of masking leaves
has experimentally proven very effective in capturing the first two above-mentioned effi-
ciency desiderata. To further speed up the masking procedere, and in response to the third
desideratum, we record at each inner node the start and end index of the leaf nodes under
that node in the list of all leaf nodes. The masking status of leaves is kept in a bitset, with
one bit per leaf. Checking whether all leaves under a given node are masked then requires
to check whether a range of bits in a bitset is set. Masking is compositional: subsequent
masking can be added to an existing one by a bitwise-or operation.

Efficient independent decompositions are implemented using a linear algorithm for find-
ing connected components in a graph. We keep a bitset to encode which variables occur
under each child of an and/or-operation. Checking independence can then be formulated
as bitset intersection. If two children are not independent, then the explanation is given by
means of variables with bits set in this intersection. Also, 10F formulas are not decomposed

further; instead, we can directly evaluate their probability in one pass.
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4.3 Experimental evaluation

In this section, we report on experiments with our approximate and exact techniques and
existing techniques used by probabilistic database management systems. We found that our
approximation technique is consistently more efficient than sampling-based approximation
and offers a reliable, significant performance advantage over exact methods, even for small
relative error thresholds. It can also keep pace with state-of-the-art techniques for tractable

queries.

Algorithms. We compare the following algorithms:

MC (Monte-Carlo) computes an FPTRAS approximation of result probabilities. The
MayBMS implementation that we compare against [44] uses the probabilistic adaptation
of Vazirani’s version of the Karp-Luby estimator [87] which computes fractional estimates
that have smaller variance than the zero-one estimates of the Karp-Luby estimator. It com-
bines this estimator with the Dagum-Karp-Luby-Ross optimal algorithm for Monte Carlo
estimation [19], which determines the number of invocations of the Karp-Luby estimator
needed to achieve the required bound by running the estimator a small number of times to
estimate its mean and variance.

These techniques yield an efficiently computable unbiased estimator that in expectation
returns the probability p of a DNF of n clauses such that computing the average of a
polynomial number of such Monte Carlo steps (which are calls to the Karp-Luby unbiased
estimator) is an (e, §)-approximation for the probability (i.e., a relative approximation): If
the average p is taken over at least [3-n-log(2/8)/€*] Monte Carlo steps, then P|[p —p| >
€- p] < 4.

In our experiments, the probabilistic guarantee § is fixed to 0.0001.

TRACT is the algorithm implemented in SPROUT for exact probability computation
of tractable queries [62, [61]. It leverages the query structure to compute the equivalent
read-once expression of the query annotation and evaluates the probability of the latter.
Since it relies on the existence of read-once expressions for annotations, TRACT cannot
evaluate intractable queries.

d-tree and d-tree‘ are the exact and approximate probability computation techniques

as presented in this chapter.

Experimental setup. The experiments were performed on an AMD 64 x2 Dual Core
Processor 4600+ (2.4GHz), 2GB running Linux 3.2.0-32, gcc 4.6.3, JDK1.6. Our algorithms
are implemented in C (for positive queries) and Java/C (for queries with negation). They
are integrated in the SPROUT query engine, which is an extension of PostgreSQLS8.3.3.
Queries are executed in the psql shell and materialised to disk. Each point in the reported
plots represents 25 runs. We used five different seeds to generate random input probabilities;

for each seed, we run the query five times and report average wall-clock execution times
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after dropping the largest and smallest times. For TPC-H queries, we report the average
times and standard deviation over the five seeds. For the other queries, we only report the

average wall-clock execution times.

Experiment design. We provide insight into the performance of our techniques across
a variety of queries.

Queries. We consider four classes of queries: tractable TPC-H conjunctive queries,
intractable (#P-hard) TPC-H conjunctive queries, intractable conjunctive queries that ex-
press patterns in graphs, and TPC-H queries with negation and self-joins. Queries and
statistics for formulas annotating their results are given in Appendix [A]

Probabilistic databases. We generated tuple-independent TPC-H databases up to
scale factor 1 using TPC-H 2.7.0 and annotate tuples with distinct Boolean random vari-
ables whose probabilities are drawn uniformly at random. We also used block-independent-
disjoint tables representing graphs as edge relations with two records for each edge encoding
the probability for being in and missing from the graph. The queries under consideration
also generate complex and highly correlated formulas that annotate the query results.

Easy-hard-easy pattern. An easy-hard-easy pattern similar to those in combinatorial
algorithms for propositional satisfiability and constraint satisfaction has been observed in
the context of query evaluation in probabilistic databases [55]: When the ratio of the number
of variables to formula size is large, the formula readily decomposes into independent parts.
Conversely, if there are only few variables in a large formula, then a few Shannon expansion
steps completely decompose the formula. In both cases, satisfiability, model-counting, and
probability are efficiently computable. However, in-between there is a critical region of
variable-to-formula-size ratios where probability computation is hard. There is hence a
pitfall in increasing the instance sizes in experiments: If we do not proportionally add
interesting variability (and increase the probability space), then the instances get easier
rather than harder. On the other hand, an easy-hard-easy pattern is also good news,
because it shows that hard instances are only restricted to a narrow section of the space of
possible input instances.

Absolute versus relative approximation. For probabilities close to 1, our algorithm
behaves similarly for both absolute and relative approximation. To study relative approxi-
mation, we thus have to construct instances with small result probabilities. As pointed out
in the previous paragraph, this is not entirely trivial. However, understanding the proper-
ties of relative approximation for our algorithm is important, since relative approximation
is a staple of MC.

Experiments with tractable TPC-H conjunctive queries

We consider tractable conjunctive queries without self-joins (1, 15, 1B, 6B, 16B, 17B) and
with inequality joins (IQ1B, IQ4B, IQ6) from the literature [62] [61]; queries marked with
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Figure 4.6: Experiments with tractable TPC-H queries on tuple-independent TPC-H data
with scale factor 1. The graphs compare Monte-Carlo (MC) and d-tree-based (d-tree®)
relative e-approximations with exact d-tree-based (d-tree) and TRACT performance. For
the experiments d'treefo,o.m) and d—treefoyl), the probability of each tuple being present in
the database is drawn from the intervals (0,0.01) and (0, 1), respectively. The time taken
to compute the result tuples and their annotations is depicted in column ®. The x-axis
specifies the queries used. In queries in (a), aggregations and inequality joins are dropped;

queries in (b) use inequality joins. All approximations are relative with error ¢ = 0.01.
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“B” are Boolean, i.e., they return the probability that the query is true. These are modified
versions of standard TPC-H queries without negation and aggregation but with special
aggregates for probability computation. The queries 1, 1B, 6B are selections on the large
lineitem table, all other queries are joins of two large tables (e.g., lineitem with supplier,
orders, or part). Each query IQ1B, IQ4B, and IQ6 joins two relations using an inequality
join and an equality join.

Figure [4.6| shows the running times of these queries on tuple-independent probabilistic
TPC-H databases of scale factor 1. As expected, TRACT performs best in most cases, since
it is specifically designed to tackle tractable queries. MC times out in all cases but query 15
(where the result annotation consists of three clauses), as it does not exploit the structure
of the annotations for tractable queries for efficient evaluation; it needs a number of runs
proportional to the number of clauses, even if these clauses are pairwise independent and
allow for trivial probability computation.

The following aspects influence the performance of TRACT versus d-tree:

e Main-memory versus secondary-storage. TRACT is a secondary-storage algorithm
and factorises the annotations of result tuples into their equivalent read-once form; this
process can potentially require multiple passes over the data. The number of passes
depends on the structure of the query only and increases with the number of many-
to-many joins. In the d-tree algorithm, the annotations of result tuples are computed
alongside standard, deterministic query evaluation, while the probability computation
algorithm of d-tree operates in main memory only. Consequently, queries that induce
only simple entanglement between annotations favour d-tree over TRACT, because
the former algorithm can resolve the correlations quickly in main-memory while the
latter algorithm may require multiple (secondary-storage) passes over the data to
compute the factorisation. This behaviour is observed for queries 15, 1B, 6B, 16B, 1Q
1B, and IQ 4B. Conversely, queries whose annotations can be factorised into read-once

form with only a few scans favour TRACT, for example queries 1 and IQ 6.

e Sensitivity to input probabilities. When the input probabilities are randomly drawn
from the much smaller interval (0,0.01), d-tree® needs to work harder and dig deeper
in the decomposition tree to gain probability mass and it hence makes a small progress
with each decomposition step, e.g., for queries 16B, IQ1B, and 1Q6. In particular, for
input probabilities drawn from (0,1), the probability of query 16B is very close to 1
and d-tree® converges quickly; for input probabilities drawn from (0,0.01), the query
probability is approximately 0.47 and d-tree takes longer to converge. On the other
hand, the performance of TRACT is independent of the input probabilities.

e Early termination when an approximation is reached. Depending on the input prob-
abilities and the required error threshold e, d-tree® can be better than TRACT, if it
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reaches an approximation in less than linearly many decomposition steps, as required
by TRACT. This is the case for queries 15, 6B, and 1Q6.

e Overhead due to bound computation. The approximation algorithm d-tree® computes
bounds of d-tree leaves after every decomposition step in order to decide whether it
can terminate. This explains why the exact d-tree algorithm can be faster than the
approximate algorithm for queries that give rise to particularly simple annotations:
While d-tree® “wastes time” computing bounds, d-tree decomposes the annotation

completely and terminates.

e Static versus dynamic analysis. In case of query 1 (and its Boolean version, 1B),
the annotation formula is a disjunction of independent literals; by static analysis of
the query, TRACT expects this and can efficiently compute the overall probability,

whereas d-tree first need to discover the independence of the literals.

In summary, the plots show that our d-tree-based exact and approximation algorithms
are often very competitive as they perform about the same or even better than TRACT
in some cases. The algorithms are able to detect the tractable structure in the input
without knowledge of the query; this demonstrates that the variable elimination heuristics
discussed in Section [4.2.1] are effective in decomposing the annotations of tractable queries.
Nevertheless, TRACT can be considered the more stable algorithm, because it is insensitive
to variations in the input data, and its performance can be predicted accurately by static
analysis of the query. When the d-tree algorithms need visibly much more time than
TRACT, it is due to the overhead of searches for independence partitioning of the formulas
at the leaves and, in case of approximation, also of lower and upper bounds computation.

A further observation is that most of the execution time is dedicated to constructing the
result tuples and their annotations (leftmost bar, ®). TRACT even outperforms ® in some
cases since it can effectively use PostgreSQL pipelining mechanism to access annotations as
they are produced and need not wait for the entire result to materialise.

The standard deviation is small for the exact and approximation algorithms when run
over data with five different seeds for input probabilities. This suggests that similar input

probability distributions lead to similar performance of our algorithms.

Experiments with intractable TPC-H conjunctive queries

We consider four Boolean intractable conjunctive queries: Query 20B is a join on supplier,
nation, partsupplier, and part; query 21B is a join on supplier, lineitem, orders, and nation;
query 2B is a join on part, supplier, partsupplier, nation, and region; and query 9B is a join
on part, supplier, lineitem, partsupplier, orders, and nation.

Figure depicts the time needed by d-tree® and MC to compute the approximate

probabilities of the four queries. Our algorithm d-tree® outperforms MC for such queries
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on tuple-independent TPC-H data of varying scale factors. These queries have many joins,
which leads to low marginal probabilities of clauses, while formulas annotating the results
have up to 400 clauses and 1000 variables (query 20B), up to 75,000 clauses and 150,000
variables (query 21B), up to 640 clauses and 1,600 variables (query 2B), and up to 350,000
clauses and 729,000 variables (query 9B).

Statistics collected from runtime traces show that in general, as the size of formulas
increase, so does the number of decomposition steps. However, two scenarios may change
this trend. Firstly, for bound computation, with more input clauses, both the lower and
upper bounds increase while maximal values of upper bounds are 1. If upper bounds reach
1 and lower bounds still increase, this can lead to quick convergence. This is for instance
the case for query 9B for scale factor 1. Secondly, the formulas of some TPC-H queries (that
have equality selections with constants) have the property that very few variables from one
input table occur in most of the clauses. For instance, for queries 20B and 21B, there is
only one variable coming from table nation. After eliminating this variable, the residual
formula has many independent clauses and the approximation approach captures this and
tightens the lower and upper bounds very quickly. Hence, the number of decomposition
steps constructed remains small and is not affected by the formula size.

As shown in Figure [4.7¢, most of the query execution time for d-tree® is spent in the
first phase of constructing the result tuples and their annotations; except for query 21B,
d-tree® needs less that 10% of the overall execution time.

Figure [4.7b] shows that for query 2B, the bounds computed at each decomposition step
quickly achieve a relative error of 0.01. The plateau witnessed for scale 0.1 actually repre-
sents very small improvements made to both lower and upper bounds over 60 steps. For
scales 0.01, 0.5, and 1, it converges in maximum five steps. As mentioned before, the query
evaluation problem in probabilistic databases can exhibit an easy-hard-pattern similar to
that observed for SAT [55]. The existence of such patterns explains that the number of
decomposition steps required does not necessarily increase monotonically with the size of
the input database; indeed, Figure [£.7D] shows that the query 2B requires fewer iterations

for scale factors 0.5 and 1 than for scale factors 0.05 and 0.1.

Experiments with intractable positive graph queries

We next study queries on databases that encode social networks. We consider two classes
of datasets modelled as block-independent disjoint tables. The first set consists of synthetic
random graphs where all edges have the same probability P.. An undirected random graph
with n nodes is a probabilistic database in which the possible worlds are the subgraphs
(obtained by removing zero or more edges) of the n-clique. In the case of P, = 1/2,
the probability distribution over this set of possible worlds is uniform and each world has
probability (1/2)™ (=1, The second class of graph datasets are well-known social networks

taken from the literature: One is Zachary’s classic “Karate club” [93] with 34 nodes, and
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the other represents friendship among a group of dolphins. The social networks generalise
random graphs in that some edges are missing with certainty and the remaining edges have
varying probability of being present in the graph. The idea here is that friendship between
nodes is established by observation and there may be a varying degree of confidence in that
a pair of nodes are friends (for dolphins), or varying degrees of friendship (for karatekas).
The databases used in the experiments are given in Appendix

The four queries in our experiments detect the following patterns in graphs: triangles
(Ga), paths of length 2 (Gp2), paths of length 3 (Gps), and pairs of nodes that have at
most two degrees of separation (Gg).

Our experimental results for queries on social networks and random graphs are reported
in Figures and The experiments on the Dolphin and Karate social network (Fig-
ure consider a fixed database and vary the approximation threshold e. The results
confirm that d-tree€ consistently outperforms MC and that — unsurprisingly — the general
trend is that tighter approximations require more time. Note however, that in same cases
a better approximation can be reached in less time. This can be understood as follows:
Consider two approximations thresholds € and ¢ with € > ¢; let us assume that in the case
of the (less tight) e-approximation a particular leaf of the d-tree can be closed, while the
same leaf needs to be decomposed in order to achieve the (tighter) ¢ -approximation. If the
further exploration of this leaf happens to be computationally easy — for example because
the remaining formula decomposes readily into a read-once formula — and at the same time
provides a substantial amount of probability mass, then the ¢’-approximation may in fact
be reached earlier than the e-approximation.

In the case of random graphs (cf. Figure , for large edge probabilities (above 0.5), d-
tree® converges quickly, since each clause has a non-negligible marginal probability. When
we consider smaller edge probabilities (below 0.1), d-tree needs more time to converge,
especially for queries involving more joins (such as the path queries). We witness an easy-
hard-easy pattern for edge probabilities of 0.3 in case of GA and Gpo. As expected, the
time required by the MC algorithm scales polynomially with problem size and does not
show an easy-hard-easy pattern. Consequently, there exist areas in the problem space that
favour MC — typically for small problem sizes, for example for the path query G'p, and
graphs of size 12, and for the triangle query Ga, P. = 0.3 and graphs between 10 and 25
nodes — and areas that favour d-tree® — for example for the path query Gp, and graphs
of at least 17 nodes, and for the triangle query Ga and graphs with more than 27 nodes.

It is worth pointing out that while the random graphs and social networks used here
(on the order of 50 nodes) may not seem very large, they are actually substantial; a 40-
nodes random graph has up to 780 edges. The triangle query uses a three-way self-join and
generates a formula of 780 variables and 9880 clauses; the path query G ps uses a three-way

self-join and generates 60000 clauses; the path query G p3 uses a six-way self-join.
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Figure 4.8: Experiments with graph queries on social networks.

Experiments with TPC-H queries with negation

Let us now turn to queries with negation. We investigate four such queries on tuple-
independent TPC-H databases: N1 lists all parts that were only ever sold at quantities of
at least five per order; N2 lists all parts that were only ever sold at quantities of at least five
per order and whose availability is smaller than 8500 at all suppliers; N3 lists all suppliers
that offer all parts with certain brand and size; and N4 lists all redundant suppliers, i.e.,
suppliers for parts that are also available from another supplier.

The number of tuples in the query answers is at least one order of magnitude larger
than in the deterministic case. This is because tuples that do not qualify in the answer to
a difference operation in the deterministic case, may qualify with a non-zero probability in
the probabilistic case. We note that this is specific to queries with difference, and does not
happen for positive queries.

Another aspect concerns the size of annotations in query results. For all queries but
N3, the average size stabilises when the scale factor increases. This is inherent to TPC-H
data: The number of input tuples that participate in the generation of one answer tuple
remains roughly constant in case of our queries, regardless of the database size. However,

the number of result tuples increases. The size of N3’s answer is expected to increase with
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Figure 4.9: Experiments with graph queries on random graphs. P, is the probability for
each edge to be in the graph.

the scale factor as it depends on the number of suppliers.

Regarding running time, the computation of the answer tuples and their annotations
is rather close to the deterministic case for our queries, since in both cases the queries
have to “touch” all the relevant input tuples and most of the intermediate tuples. The
overhead due to the materialisation of more tuples in the answer and to the computation
and materialisation of the annotations is below 100% for N1, N2, and N4, but becomes one
order of magnitude for N3.

Figure compares the d-tree and d-tree® algorithms for queries N1, N2, N3, N4
on the TPC-H datasets. Queries N1 and N2 are tractable [34], and both the exact and
approximate d-tree algorithms perform within 10 seconds for scale factor 1. Although the

answer sizes increase linearly with the scale factor, the average annotation size stays nearly
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Figure 4.10: Performance of probability computation in the TPC-H scenario for queries
with negation. All experiments use a relative error e = 1074,

constant (between 30 and 40 bytes), thus the performance of probability computation is of
the same order of magnitude for all scales. Query N3 exhibits a considerable performance
gap between exact and approximation computation: d-tree® performs better than d-tree,
since it can find good 10F bounds and stops.

Averaging over runs with different randomly assigned probabilities to input variables
yields runtime standard deviation of less than 10% in case of query N3. However, we found
this variation to be of the same order of magnitude as the runtime fluctuation over different
runs with the same probability assignments to the input variables.

We verified the effectiveness of our heuristic for computing 10F lower and upper bounds.
In all scenarios with hard queries (N3, N4), all computed bounds were non-trivial, except
for non-unate formulas where we first had to apply Shannon expansion on the variables
occurring with both polarities. Non-trivial means here that the lower bound is not 0, unless
the upper bound is also zero, and similarly, the upper bound is not 1, unless the lower
bound is also 1.

The lower and upper bounds are also tight. We recorded all bounds over all the exper-

iments, and computed the mean 10~ and standard deviation 1072 of their gaps.

4.4 Discussion

4.4.1 Related work

Model-based Approximations. The closest in spirit to this work on model-based bounds
is by Selman on approximating CNF theories by model-based lower and upper bound con-
junctions of Horn clauses [75]. The languages iDNF and 10F used in this chapter are
incomparable to conjunctions of Horn clauses and are natural in the context of probability
computation due to their efficiency and connection to tractability of query evaluation in

probabilistic databases.
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The 10F language has a long history and many names, such as read-once functions [3§],
fanout-free functions, or non-repeating trees [66], and also many applications including logic
synthesis and circuit design [66] and probabilistic databases [60]. Problems such as satis-
fiability, model counting, and probability computation are hard for general propositional
formulas but tractable for 1OF formulas. The equivalent 10F of any positive DNF formula,
if it exists, can be found in polynomial time [3§] and is unique up to commutativity of
the binary connectives [66]. The 10F language is particularly relevant in the context of
probabilistic databases, since the formulas annotating the results of tractable conjunctive
queries without repeating relation symbols on tuple-independent probabilistic databases ad-
mit 10F equivalents [60] [76] and their probability can be computed using relational query
plans [21] [62].

Beyond 10F, tractability of probability computation is lost quickly. It is NP-hard to
decide if a positive formula admits an read-twice equivalent formula, i.e., formula where
every variable occurs at most twice [29]; this is still open for positive DNF formulas. For
read-4 formulas, model counting, and hence probability computation, is #P-hard [83].

A different direction is to consider complete languages to express the bounds, i.e., lan-
guages that can represent any propositional formula and that still allow for efficient prob-
ability computation. A prime example of such languages is the family of Binary Decision
Diagrams, including OBDDs, FBDDs, and d-DNNFs [26]. Such languages allow for several
equivalent representations of a formula but with an exponential gap between their sizes.
Finding a minimal representation in any of these languages is NP-hard [58]. D-trees gener-
alise ws-trees [55] with independent-and decompositions, which are crucial for the treatment
of tractable queries because they capture 10F formulas [60]. We have also generalised the
formalism to partial decompositions, which are the foundation of the approximation tech-
niques in Section [£.2.2] The and/xor trees of [57] are modeled on the ws-trees but are a
weaker representation system in that they have tuples, rather than clauses, at their leaves.

An alternative approach to computing upper probability bounds for positive DNF for-
mulas has been proposed in the context of propagation scores of conjunctive queries [36].
These bounds are not model-based, and in particular not optimal. Although the formu-
las annotating query results can be used to compute upper bounds on their probabilities,
their interpretation is non-standard: Each occurrence of a variable v is considered a fresh
variable with the same probability as v. Arbitrary positive DNF formulas are thus seen
as iDNF formulas. One subtlety regarding applicability of this method to formulas anno-
tating results of queries with self-joins concerns clauses with multiple occurrences of the
same variable. Consider the formula ® = (x V y) A x, where x occurs twice. This approach
would thus consider instead the formula ® = (x1 V y) A 2, where z1 and zo are distinct
but have the probability of x. Since ® = =z, it follows that ® is not an upper bound of
®, but in fact a lower bound. Whereas in a DNF representation we could trivially remove

such redundancies, this is not always possible for nested formulas without an exponential
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blowup in the formula size. A possible approach easy to integrate in our algorithm is as
follows: We detect clauses with multiple occurrences of the same variable x by checking
whether any two leaves of x have an and-operation as a common ancestor. If this is the
case, we replace one of the occurrences by true and mask.

Ré and Suciu discuss model-based lower bounds and Taylor/Fourier approximation of
positive DNF formulas [71]. Their focus is on compressing a DNF formula by eliminating

subformulas that only account for up to a given threshold of its probability mass.

Application to provenance databases. Besides probabilistic databases, our model-
based approximations can also benefit provenance management for annotated databases.
Similarly to the probabilistic case, formulas annotating query results encode symbolically
all possible explanations for the existence of a tuple in the query answer in terms of com-
binations of the input tuples and can be interpreted as the provenance of query results.
Provenance bounds can then represent coarser, more compact, and efficiently computable
explanations of the query result. Lower bounds are correct but possibly incomplete ex-
planations, while upper bounds are complete but potentially incorrect explanations in the
following sense: Every explanation for a lower bound is necessarily an explanation for the
result; however, there may exist explanations for the result that are not explanations for

the lower bound. The situation for upper bounds is symmetric.

Application to relational databases. Existing work on approximate query answer-
ing in relational databases considers the use of synopses (histograms, join synopses, and
wavelets) to speed-up the evaluation of aggregate queries with the goal of quickly report-
ing the leading digits of the answers. A survey of these synopsis-based techniques has
been recently compiled [17]. Their focus is not on deriving optimal bounds within a given
language.

Given a query @ in a query language £, our approximation problem in the relational
setting is to compute two queries @ and Qu in a query language £’ such that Qp(D) C
Q(D) C Qu(D) for any relational database D and the computational complexity for L'
is lower than for £. Within this framework, recent work characterises lower bounds for

conjunctive queries where the bounds themselves are expressed as conjunctive queries [33, [§].

#SAT. There is a wealth of literature on approximate and exact techniques for model
counting used in #SAT solvers [39]. Some of these techniques consider formulas with vari-
ous restrictions (such as bounded treewidth), or focus on lower-bounding in extremely large
combinatorial problems, with bounds off the true count by many orders of magnitude, e.g.,
[01]. Extensions of the Davis-Putnam procedure (which is based on Shannon expansion)
have been used for counting the solutions to formulas [I0]. The decomposable Negation
Normal Form [26] (and variations thereof) is a propositional theory with efficient model

counting, which uses Shannon expansion and independence partitioning. Similar ideas have
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been used to design an exact probability computation algorithm for probabilistic databases,
although without polynomial-time guarantees for tractable queries [55]. These approaches
do not consider model-based approximation of propositional formulas. Our decomposition
approach shares ideas with these techniques, yet two of its main aspects remain novel: (1)
the combination of incremental compilation and of model-based bounds for fast approxi-
mate computation with error guarantees, and (2) polynomial-time evaluation for classes of
tractable queries on probabilistic databases.

A different line of research is on randomised approximation algorithms. It was first
shown by Karp, Luby, and Madras [51] that there is a fully polynomial-time randomised
approximation scheme (FPTRAS) for DNF counting based on Monte Carlo simulation. This
algorithm can be modified to compute the probability of a DNF over independent discrete
random variables [40, 22], [70, 53]. MystiQ [70] uses an MC variant based on the Karp-
Luby unbiased estimator for DNF counting [51] and MayBMS [44] uses the probabilistic
adaptation of a version of the Karp-Luby estimator described in [87].

In contrast to our algorithm, Monte Carlo algorithms run in polynomial time yet they
have the following limitations: (1) it can only guarantee probabilistically the computed
approximation; (2) running one more Monte Carlo step does not necessarily lead to a re-
finement of probability bounds, and hence the approximation is not truly incremental [79];
(3) it only works for DNF formulas; (4) it sees the input as a black box and does not ex-
ploit their structure for faster evaluation [55]. Limitations (1) and (2) have been shown to
be a fundamental constraint for its applicability to ranking in probabilistic databases [65].
In order to decide the relative rank of two answer tuples, it suffices to approximate their
probability intervals until they are disjoint; this requires the approximation to be both deter-
ministic and incremental. Limitation (3) prohibits the use of the Monte Carlo algorithm for
queries with negation. Limitation (4) means that it does not understand tractable queries
and cannot distinguish between structurally simple (such as, when the ratio of clauses to
variables is very small or very large) and complex formulas.

The work by Karp, Luby, and Madras has started a line of research to de-randomise
these approximation techniques, eventually leading to a polynomial time deterministic (e, 0)-
approximation algorithm [80] (for k-DNF, i.e., the size of clauses is bounded, which is not
an unrealistic assumption for probabilistic databases, where k is bounded by the number of
joins for DNFs constructed by positive relational algebra). However, the constant in this

algorithm is astronomical: this constant is above 2°0 for 3-DNF.

Probabilistic databases. Query evaluation is a core task in probabilistic databases
and restricted instances of this problem have been much investigated in recent years [79].
Common restrictions consider conjunctive queries without self-joins and tuple-independent
databases, e.g., [22, [62]. Beyond these restrictions, there is work on tractability of positive

queries [20], on queries with aggregates [72],30] and with negation [89)34]. The approximate
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probability computation algorithm described in this chapter is used by the SPROUT query
engine [31] to complement its optimised exact algorithm for tractable conjunctive queries
without self-joins [62]. It considers relational algebra queries and pc-tables that go beyond
these restrictions. Decomposition trees have previously been used in the seminal paper
on deterministic approximations for positive queries [63]. The approximation algorithms
used by the probabilistic database management systems MystiQ [70], MayBMS [44], and
MCDB [46] are variations of the Monte Carlo algorithm presented above. Though used for
probability computation and not for modelling purposes, the decomposition trees resemble
the probabilistic XML model with independence and mutex inner nodes and data values at
leaves [4].

More recent work extends the probability computation framework presented in this chap-
ter. ProApproX evaluates queries on probabilistic XML [78], where the formula annotating
the query answer is compiled into a restricted d-tree without using Shannon expansion.
Using cost-based heuristics, different approximation algorithms, including the Monte Carlo
algorithm discussed above, are run at the leaves; the bounds at the leaves are then used
to derive overall probability bounds as discussed in Section [4.2] Top-k queries can be eval-
uated by incrementally approximating the probabilities of the results using our anytime
algorithm until the lower bounds of k£ tuples are greater than the upper bounds of the
remaining tuples [65]. Our model-based bounds were also used for first-order formulas, as
recently proposed for top-k query evaluation in the presence of non-materialised views [28§].
The d-tree formalism can support sensitivity analysis and explanation for queries [50] by

efficiently computing the result probability in the face of changes to the input probabilities.

4.4.2 Conclusion and extensions

This chapter presents an approximation algorithm for computing probabilities of proposi-
tional formulas over discrete random variables. This is used by the SPROUT query engine
to compute confidences in results to relational queries on probabilistic databases. Approx-
imation is key to scalable query evaluation in probabilistic databases since already simple
queries have #P-hard data complexity.

The proposed approximation algorithm has two key ingredients: an incremental decom-
position of formulas into independent or mutually exclusive subformulas, and an approach
to compute model-based bounds on these subformulas and use them to derive lower and
upper bounds on the probability of the input formula. Together, the two components give
rise to an anytime, memory-efficient approximation algorithm with relative or absolute error
guarantees.

Extensions of the decomposition tree formalism and the model-based bounds put for-
ward in this chapter have been used in the context of probabilistic databases for the exact
evaluation of top-k queries [65, 28] and of queries with aggregates [30], for approximate

query evaluation over probabilistic XML [78], for explaining query tractability via linear-
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size d-trees [60] [61] 48], for conditioning probabilistic databases [55] and for explanation and
sensitivity analysis [50]. A promising extension of this work is to consider model-bounds
with respect to more expressive languages such as read-once formulas or ordered or free
binary decision diagrams. The following Chapter [5] generalises the proposed decomposition

methods to support queries with aggregates.

4.5 Proofs

This section contains proofs of formal statements in this chapter.

4.5.1 Proof of Proposition

Proposition 26. Let ® and ¥ be positive DNF formulas. The following statements are

equivalent:
1. =V,
2. U can be obtained from ® by adding clauses and removing literals from ®’s clauses;
3. ® can be obtained from ¥ by removing clauses and adding literals to ¥’s clauses.

Proof. We first prove (1) = (2); assume ® = W. Then by Lemma (1] for each clause ¢ € ®
there is a clause i € ¥ such that ¢ O 9. The following algorithm generates the formula ¥

from ® by removing variables and adding clauses.

1. For every clause ¢ € &, find a clause ¥ € ¥ such that ¢ DO ; remove the variables
vars(p) \ vars(¢)) from ¢ in P.

2. Add all clauses from ¥ that are not in ® (as obtained from step 1.)

Note that this algorithm may produce redundant clauses; for example abV ac = a, and the
algorithm would generate the formula a V a.

The reverse direction — (2) = (1) — follows directly from Lemma [1| since Equation
is invariant under removing variables and adding clauses.

Finally, (2) and (3) are symmetric — ¥ can be obtained from ® by adding clauses if
and only if ® can be obtained from ¥ by removing clauses, and similarly for variables —

and hence equivalent. ]

4.5.2 Proof of Theorem [27]

Theorem 27. Let ® be a positive DNF formula. An iDNF formula ®r, is a mazimal lower
bound for ® if and only if @1 is a greatest lower bound for ®.
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Proof. Let us first show the direction MLLB = GLB. Let ® be an irreducible positive DNF
formula and ®;, an MLB for ®. Assume ®;, is no GLB for ®. Then there exists an iDNF
formula @/, such that M(®1) C M(®}) C M(®) and the following properties hold:

(i) oL C P (every clause in @, is also a clause in @)

(ii) Every clause ¢ in ® and not in ®, contains a conflicting variable, i.e., a variable z € ¢

such that there exists a clause ¢, € @5, with z € ¢, (¢, is MLB for @)
(iii) Voh € @) :Fp e @: ¢} Dy (®} = ® and Lemma 1)
(iv) Vor € @ : 3¢} € @) 1o D ¢} (®r = @) and Lemma |1)
(v) No two clauses ¢, ¢ € ® satisfy ¢ = ¢ (® is irreducible)

Properties (i) and (ii) follow from ®; being an MLB for @, (iii) — (iv) from M(®y) C
M(D}) € M(®). We prove that @y, is equivalent to @ by case differentiation:

Case 1: T € ®. Then since T has no conflicting variables with any other clause it follows
that T € ®7, and thus we have M(®y) = M(®}) = M(P) which is a contradiction to the
assumption that ®;, is no GLB for .

Case 2: T ¢ ®. Let ¢} € @ be any clause in @, and ¢ € ® a clause such that ¢} D ¢
according to (iii). With respect to property (i), we have the following two cases:

Case 2(a): ¢ € ®1. Let ¢}, € @) be a clause with ¢ O ¢ according to (iv). Together
with ¢} C ¢ from above we have @, DO ¢ D ¢/, and since none of ¢, ¢, @7 can be the
empty clause (see case 1), @7 and @} must share at least one variable. Since ®/, € iDNF,
it follows that ¢ and @ are the same clause. Thus ¢ D ¢ = ¢} D @, ie, p = ¢}. It
follows that ®;, = @', which is a contradiction to the assumption M(®r) C M(D').

Case 2(b): ¢ € ®1. According to (ii), there is a variable x € ¢ such that there exists
a clause 1, € ®;, with « € ¢r; furthermore, ¢, € ® due to (i). From ¢} D ¢ it follows
xz € ¢} . From (iv) it follows that there exist a clause ¢}, € ®/ such that ¢ D ¢}. We
distinguish two cases:

Case 2(b).i: z € ¢). It follows @ = ¢, because @ € iDNF. From ¢, O @ = ¢} D¢
it follows that ¢r D ¢. Since ¢, € ®, this is a contradiction to the assumption that & is
irreducible, property (v).

Case 2(b).ii: ¢ @}. Then according to (iii) there is a ¢ € ® with @} D @ and thus
x ¢ ® which in turn implies ¢ # ¢ because x € . Transitivity of O implies ¢ O ¢ which
is a contradiction to the assumption that @ is irreducible, property (v).

Secondly, we prove the direction GLB = MLB. Assume that a GLB & for ¢ is no
MLB for ®. Then at least one of the two MLB properties in Definition is unsatisfied.
We show that in either case @, is no GLB for ®.

119



Case 1: Assume ®; € ®. Then ®;, contains a clause ¢y, that is not in &.

Case 1(a): If there is a clause ¢ € ® such that ¢, O ¢, then ¢, D . Let x be a variable
that occurs in ¢y, but not in . Then the iDNF formula obtained from ®; by removing the
variable x from ¢ has strictly more models than ®; and thus ®; is no GLB for ®.

Case 1(b): If there is no such clause, then ®; = ® following Lemma |If and thus @, is

no lower bound and in particular no greatest lower bound for ®.

Case 2: Ifthereis a clause ¢ € ® such that ®;U{p} € iDNF, then M(®r) C M(PrU{p})
because none of the variables in ¢ occur in ®;, and thus ®, is no GLB for . (]
4.5.3 Proof of Proposition

Proposition 29. Let ® be a positive DNF' formula. A formula @5 C ® is an iDNF greatest
lower bound for ® if and only if the clauses of ®; represent a maximal independent set in

the clause-dependency graph of ®.

Proof. Let @ be a positive DNF formula and G = (®, F) its clause-dependency graph. Then

we have the following equivalences:
®; C & is an iDNF GLB for ®

iff All clauses in ®;, are pairwise independent
and there is no clause in ® that is independent from ®; (By Definition

iff No two clauses in ®;, share a variable

and all clauses in ® — ®;, share a variable with some clause in &y,

iff No nodes from ®; are connected in G
and every node in ® — @, is connected to some node in ®;, (By Definition

iff &7 is a maximal independent set in G (By definition of maximal independent set).

0

4.5.4 Proof of Proposition

Proposition 30. Let  be a positive DNF' formula and G = (®, E) be its clause-dependency
graph. A formula ®r, is an iDNF greatest lower bound of ® with the largest probability among

all iDNF greatest lower bounds of ® if and only if P, is a mazimum-weight independent set
in G.

Proof. We show the statement by proving that the total orders on formula probabilities
and on weighted independent sets in G are compatible under w(-). Let ®;, and ®/ be two

iDNF GLBs of ®. We then have the following sequence of equivalences.
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P(®r) > P(®7)

if 1- JJa-J[rP)=1-[]a-]]P)

pED, xEP ped] TEP
it [[a-J[eo< [Ta-]I#)
pedy, TEY pED] TEP
iff > Wm(-J[P)< D m-][P)
pedL TEP ped’ TEP
it > —m(1-J[P)= ) -Wm(@-]]P)
pedL z€p ped] z€p
i ) we) > ) w(e)
pedL ped

it W) > W(P))
It follows that the GLB with the largest probability is the independent set in the clause-
dependency graph with maximum weight. O
4.5.5 Proof of Theorem [33

Theorem 33. Given a positive DNF formula ® with maz-arity k and n clauses, Algorithm[3]
constructs an iDNF greatest lower bound ®r for ® in time O(n?) such that P(®}) <
k-P(®y) for every iDNF greatest lower bound @' for ®.

The following fact{?] are used to show Theorem

Lemma 46. Let k,k1,...,ky, € NT such that

!
> ki<lk foralll=1,...,m.
=1

Let wy, ..., wy, € RT such that wy > wy > -+ > wy,. Then

m m
i=1 =1

2The proofs for Lemmata and are due to Graham Cormode and more elegant than our original
proofs.
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Figure 4.11: Notation used in the proof of Theorem

Proof. Let wp4+1 = 0. Then,

m m m m J
)DL 3) BITITNITSS 3) IS
=1 =1 j=1 7j=11i=1
m m m m
< Z(wj wj1)jk = k‘(ij]' - Z(] - Dw;) = kal
7=1 7=1 7=1 =1
O
Lemma 47. Let k € NT and x € [0,1). Then % <k.
Proof.
k—1 '
l—a2F=1-2)) 2' < (1 -2k,
i=0
where z < 1 is used to bound the geometric series. O

Proof of Theorem [33. Let ® = ¢1V---Vp, be a positive DNF formula with max-arity & and
assume without loss of generality that the clauses are ordered by descending probability,
ie., P(p1) > -+ > P(p,). Note that the mapping from clause probabilities to weights in
Equation is monotonic and thus the clause order 1, ..., y, is also decreasing with
respect to clause weights w(p;), i.e., w(p1) > -+ > w(py). In the light of the proof of
Proposition we can reason about the orders of weights and of probabilities equivalently.

Let @, be the formula returned by Algorithm [5| By construction, &y is an MLB and
thus an iDNF GLB. Clearly, the algorithm runs in time O(|®|log(|®|)). It remains to be
shown that for any other GLB @ the inequality P(®’) < k- P(®y) holds.

We use the notation depicted in Figure Let the lower bound ®; contain the m

clauses indexed by i1,...,iy:
oy = @iy V@i Ve V@i,

For every ¢;; € @, the set of clauses CI_SZ-J. are the clauses between ©i (included) and Dij
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(excluded) for j < m, and the clauses after ¢;; (included) for j = m:

{Spij7 e '780ij+171} lf] <m,

AL

The sets <I_5ij are a partition of ®: Each ®; contains the clause ¢;; picked by the
algorithm, and all the following clauses up to (and excluding) the next clause ¢i; 1 picked
by the algorithm. Define weights w(-) on the clauses of ® by ¢ € Cf;ij = w(p) = w(p;;), i-e.,
the weights @ of the clauses in ® are as large as possibly allowed by the decreasing order
of weights. Clearly w(p) > w(p) for all clauses ¢ € ®.

Let @7 be any GLB for ®. Then ®; C ® and

W) = Y wle)< > d(y).

peD] ped]

Define integers k; by
k:j:’{go“oe@’L andgoeiﬁij}’.

In words: @’ contains k; clauses from ®;,, ko clauses from ®;,, ..., and ky, clauses from

-

®; . Then

Jj=1 wE@Zandweiﬁ
m

= E kjw(cpzj)
Jj=1

The existence of the GLB @, imposes the following constraints on the integers k;:

Constraint 1: For every j € [1,m], every clause ¢ € (61] \ {pi,}) shares at least one
variable with one of ¢;,,...,¢;;. This is due to the greedy selection in the algorithm that

constructs ®y,.

Constraint 2: For each [ € [1,m], the set of clauses Ué’:1 (i;z']- contains at most k -

independent clauses. This can be seen as follows: The [ independent clauses ¢;, ...,
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contain at most kl different variables, since each clause has max-arity k. Let us identify
one bucket with each variable and put each clause in ® into the buckets corresponding to
its variables. It is clear that any two clauses in a given bucket share a variable, i.e., are not

independent. The maximal number of independent clauses we can find in Ué‘:1 ®,. is thus

&
kl — one clause from each bucket.
In terms of the k; this means that for every I € [1,m] it holds that Zé’:1 ki < kl.

By Lemma [6] it follows that

By chasing back the inequalities we finally conclude that W (®7) < 377, kw(pi;) =
W (®r); using the correspondence between weights and probabilities from Equation (2.2]),
and the probability P(®r) =1 —[[ (1 — P(p)) for an iDNF formula @, we can derive

W (D)) < kW (®y)
iff > wle) <k Y wlp)
ped] pedy,
iff > In(1—P(p)) >k > In(l— P(y))
ped] pedL
iff I[I a-P) = J] a-P)"
ped pedL
iff 1- [T a-Pw)) <1- [T a-P)*
ped’ pedL,
k
. p@y) 1= Teo, (1 - P)] e

P(@r)  1-Tlpea, (1= Plp)

The last inequality is due to Lemmawith 0 <z =[],ecq,(1—P(¢)) <1, which holds
since if one assumes non-zero probabilities for variables and thus clauses, i.e., P(¢) > 0.

For any fixed max-arity k, the time-complexity of Algorithm [5|is indeed quadratic in
the number of clauses of the input formula: The for-loop touches every clause exactly once,
and the intersection condition vars(yp;) N vars(®y) inside the loop can be implemented by

comparing the variables of ¢; with at most k - n variables of the clauses of ®. O

4.5.6 Proof of Theorem [34]

Theorem 34. Let ® be a positive DNF formula. An iDNF formula ®y is a minimal upper
bound for ® if and only if ®y is a least upper bound for .

Proof. We use the following graph representation of the witness relationships between

clauses: The clauses are the nodes of the graph and there is a directed edge between
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two clauses ¢ and v if and only if ¢ = 9, i.e., ¢ is a witness of ¢. Figure gives an
example of such a graph.

MUB = LUB. Assume ®; is an MUB for ¢ but not an LUB for ®. Then there exists
a better iDNF upper bound &, for ® that satisfies M(®) C M(®y;) C M(Py). Using

Lemma [1] the second inclusion unfolds to:

M(@y) C M(@y)
i M(®)) C M(®y) and not M(y) C M(P})
iff Vo € @y 3pu € Pyt oy 2 wu
and  Jpy € u : Vo € O (v 2 i)

By collecting the assumptions and unfolding the definitions:

(i) Vo e ®:3py € 00 29y (® = @y)
(ii) Vo € @ : 3oy € Py : ¢ D vy (® = Pp)
(iif) Veopr € @ 3ou € Pu 9l 2 U (P = Qu)
(iv) pu € Qu = Vop € O = (v 2 ¢yr) (Pu = @)

(v) There is no clause ¢ € & that can be extended by a variable from vars(®) and the
resulting formula is still in iDNF and implied by ®

(vi) Every ¢ € ® is a witness for at least one clause gy € ®y, i.e.,, ¢ = ¢y according to

Lemma [T]
(vii) Every clause ¢y € ®¢ has a critical witness in ®.

Sentences (i)—(iv) are due to the assumption that ®y is upper bound but no LUB for ¢
and sentences (v)—(vii) are the syntactical characterisation of the MUB property of ®;.

Let oy € ®y be as in (iv). Let ¢}, € ®; be a clause in @}, that shares a variable with
@y . If no such clause exists, then by transitivity of D and ®r, ®;, € iDNF, ®; cannot have
a witness in ® which is a contradiction to (vii).

Then, since @7, @y, € iDNF, ¢y can be the only clause in ®y; that satisfies sentence (iii)
and together with —(¢y 2 ¢y;) from (iv) we can conclude ¢}, D @y. Let = be a variable
that occurs in ¢};, but not in ¢y. We show a contradiction to the above sentences (i) —

(vii) by case differentiation:

Case 1: z ¢ ®py. According to (vii), ¢y has a critical witness w € ®. Consider Fig-
ure .12al
Case 1(a): w [= ¢y Then ¢y can be extended by x and the resulting formula is still in

iDNF and implied by ®. This is a contradiction to (v).
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P Y, by

critical @
a (a) @
(b) @
(b)

(a) Witness graph illustration of the witnesses
in M(®) C M(Py) C M(Py) for the case
x € ®y. In case 1(b), the assumption that
w is a critical witness for ¢y is disproved by
clause @y which is also implied by w due to
the transitivity of the implication relation.

critical

(b) Witness graph illustration of the witnesses
in M(®) C M(®y) C M(Py) for the case
z € ®y. In cases 2(a) and 2(b), the as-
sumption that w is a critical witness for @
is disproved by clause ¢y or ¢y, respectively,
which are also implied by w due to the tran-

sitivity of the implication relation.

Figure 4.12: Witness graphs used in the proof of Theorem [34}

Case 1(b): If w = ¢f;. Then according to (i) there is a @}, € @}, such that w = ¢;.
Since ®;; € iDNF, ¢}, and @y, share no variables; due to (iii) there must be a ¢y € @y
which is implied by ¢}, and is different from ¢y due to the iDNF property of ®;. From
the transitivity of the implication relation it follows w = @y which is a contradiction to the

assumption that w is a critical witness for ;.

Case 2: z € Oy. Let gy € Oy such that x € ¢y, and w € ® be a critical witness for @gr.
Consider Figure

Case 2(a): w = ¢};. As above, transitivity of |= implies w |= ¢y which is a contradiction
to the assumption that w is a critical witness for @y.

Case 2(b): w [~ ¢};. Then according to (i) there is a ¢}, € @}, such that w = ¢,.
Since z € ¢}; and ®7;, € iDNF, @, does not contain the variable z; due to (iii) there must
be a ¢y € ®y which is implied by ¢}, and does thus not contain the variable z and is
hence different from ¢p. Transitivity of = implies w = ¢y which is a contradiction to the
assumption that w is a critical witness for @;.

This completes the proof for the direction MUB = LUB.

LUB = MUB. Assume ®; is no MUB for ®. We need to show that whenever any of
the three conditions in Definition [19| does not hold, then ®;; is no LUB for ®.

Case 1: If there is a clause in ® which is not a witness of clauses in @, then ® £ &y

and thus @y is no upper bound for ® and in particular no least upper bound.

Case 2: Let x be a variable such that a clause ¢ € @y can be extended by x and the
resulting formula is in iDNF and implied by ®. It is clear that = does not occur in @,
because otherwise it would not be possible to extend the formula without violating the

iDNF property. Then the assignment with x + false and all other variables true is a model
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of ®; but no model of the extended formula ®§F*. Thus M(P¢) C M(Py) and Py is no
LUB for &.

Case 3: Let oy € @y be a clause without a critical witness in ®. Then removing ¢y
from ®; creates a formula ®;; with the following properties:

(i) Since @y is an iDNF formula, removing ¢y creates a formula with strictly fewer
models than .

(ii) Since all witnesses of ¢y are non-critical, they imply other clauses in &y as well.
Hence ®; is still implied by ®.

®yr is a better upper bound for ® and ®; is no LUB. g

4.5.7 Proof of Theorem [36

Theorem 36. Algorithm [0 enumerates iDNF least upper bounds of a positive DNF formula

with n clauses with O(n?) delay.

Proof. The proof of Theorem comprises three parts: (i) Every formula returned by
Algorithm |§| is an MUB, (ii) no two formulas returned by the algorithm are equivalent, and
(iii) the delay between returning consecutive MUBs is polynomial in the size of the input
formula. Properties (i) and (ii) are shown below in Lemmata 48| and Regarding (iii),
let us consider the tree corresponding to the execution trace of the algorithm, where each
iteration of the for-loop generates a new branch and each recursive call generates a child
node; the leaves of the tree represent the MUBs discovered. The algorithm explores this
tree in depth-first order. On each branch, the number of recursions and hence the height
of the tree is bounded by the number n of clauses of the input formula. The formulas
Or, {p\vars(v)) | ¢ € Pr A p # ¢}, and Py U {1} can be constructed in time at most
quadratic in n (and linear in the max-arity of ®). Hence, the time required to traverse the
tree from the root to a leaf is bounded by O(n?) and constitutes an upper bound for the

delay between consecutive MUBs. g

Lemma 48. Fach formula returned by Algorithm [0 is an iDNF minimal upper bound for
the input formula ®.

Proof. Proof by induction; base case: If POLYMUB is called with a (possibly empty) clause
®, then it returns ® as its only MUB.

For the induction step, let 1) be a clause and ® a DNF formula such that ¢ V @ is
irreducible, and let ®"(¥) be the formula obtained from ® by removing all occurrences of
variables of v, i.e., ® (%) = {©\ vars(¢) | ¢ € ®}; we prove the following property: If (1)7["](1/1)
is an MUB for ®"(¥), then pV @;]w) is an MUB for ¢ vV ®. This composition property is
exactly the induction step showing that POLYMUB constructs MUBs.

Let ¢, ®, ®"(¥) be as above, and let @7[’](1/1) be an MUB for & (¥). Then @TUW) is an

iDNF formula and satisfies the upper bound, maximality, and criticality conditions from
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Definition with respect to ®"(¥). Tt remains to be shown that 1 V @Z(w) is an iDNF
formula and satisfies those three conditions with respect to ¥ vV ®. First, for the iDNF
property: Since ®" (%) does not contain variables from 1, and since @7(}@) is an MUB for
®™(¥) it follows that ¢ and @gw) do not share variables, and thus ¢ V <I>;](¢) is an iDNF
formula.

Upper bound. We need to show that every clause in ¢V ® implies a clause in U = ¢v¢?{}(w)
(cf. Lemma . For 1, this is evident. By transitivity of |=, and the fact that &) |= CDTU(w)
by induction hypothesis, it suffices to show ® | d"(¥). Let © be a clause in ®; then
@\ vars(z) is a clause in ®" (%) and is implied by ¢ (cf. Proposition .

Mazximality. We show that every clause in U = ¢ V @gw) is maximal. By induction
hypothesis, ‘Dgw) is maximal with respect to ® () and variables vars(@r(w)); moreover,
@gw) is also maximal with respect to ®, since it cannot be extended by any of the remaining
variables vars(v), since 1) is a clause in U and this extension would violate the iDNF property
of U. 1 cannot be extended by a variable from vars(®), as it would violate the upper bound
property: Since @;}(w does not contain any variable from vars(t), ¥ only implies clause
in U. Any extension to v would invalidate this implication.

¥) has a critical witness

Criticality. It needs to be shown that every clause in U = ¢V<I>TU(
in ¢ vV ®. Since ¢ V @ is irreducible, 1) is the only witness for ¢ € U. Now let ¢ be a clause
in <I>7£](w); @ is not implied by 1) since they do not share any variables. We still need to
show that ¢ has a critical witness in ®. By induction hypothesis, ¢ has a critical witness
w e W) let we¥) € @ be the clause w extended by variables from vars(1)). we® is a
critical witness for ¢, since: (i) w*™) cannot imply a different clause ¢’ € q)z,w), since ¢’
does not contain variables from vars(¢)) and w does not imply ¢'; (i) w*®) cannot imply
1, since this would require ¢ C w¥) and hence ¢ V ® would not be irreducible which is a

contradiction to our initial assumptions. O
Lemma 49. Let ® and U be two formulas returned by Algorithm[6, Then ® # .

Proof. ® and ¥ are irreducible since they are iDNF formulas by Lemma[48] By construction,
® and ¥ contain two distinct clauses ¢ and v that share a variable x. Since ® and ¥ are
iDNF formulas, we thus have ¢ € &, ¢ & U, 1 € U, and ¢ ¢ ®; it then follows from
Corollary 2] that ® # V. O

4.5.8 Proof of Proposition

Proposition 38. Let ® be a positive formula, x be a variable in ®, and Py, and Py be
formulas obtained from ® by replacing one occurrence of x by L and respectively T. Then

®; and Py are lower and respectively upper bounds of ®.

Proof. Let ® be a positive formula, = be a variable in ®, and &y and ®; be formulas

obtained from ® by replacing one occurrence of x by L and respectively T. We show that
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O, =P = Dy
Assume that variable x occurs n times in ® and that its different occurrences are labeled
with an extra superscript, i.e., variable x appears as z!,...,z" in ®. Without loss of

Uis replaced by L (or T, respectively). Consider

generality, assume that occurrence x
the DNF formulas equivalent to ®;, ®, ;. Since ® is positive, all variables in those DNF
formulas occur positively. Setting z!' to L in ®7, corresponds to making the clauses in which
2! appears in ®;’s DNF representation unsatisfiable, or, equivalently, removing them from
the formula. Hence ®;, contains a subset of the clauses of ®. Conversely, setting 2! to T
in ®;; corresponds to removing ! from all clauses that it appears in. By Proposition [26] it

follows that @1, E @ | @y O

4.5.9 Proof of Proposition

Proposition 42. Let € be a fixed error threshold, and ® a formula with probability bounds
[L,U], i.e., Py € [L,U].

e IfU — € < L+ ¢, then any value in the interval [U — €, L + €] is an absolute e-

approrimation of Pg.

e If(1—¢€)-U<(14¢€)-L, then any value in the interval [(1 —€)-U,(1+¢€)- L] is a

relative e-approrimation of Pgp.

Proof. Let p be the probability of ®. According to Proposition L <p<U. For error ¢
it holds that 1 — e > 0.

For absolute e-approximation, choose some p € [U — €, L + €¢]. Then we have p — ¢ <
U—e <p < L+e < p+e. For relative e-approximation choose some p € [(1—¢)-U, (1+¢€)-L)].
Then we have (1 —¢€) - p<(1—¢€)- U<p<(1+e€)-L<(1+€) - p. O

4.5.10 Proof of Lemma [44]

Lemma 44. For a d-tree T, L(T) is the pair of bounds [L,U] that mazimises U — L for
absolute approximation and (1—e€)-U — (14¢€)- L for relative approximation, over the entire

bounds space of T.

Proof. Consider the point interval of each open leaf be [z, z]|, where z is a distinct variable.
The upper and lower bounds of T" can be then expressed as functions fiy and fr,, respectively,
of such variables. We show that for each such variable z, W < 0 and hence fy — fr
is maximised when z is minimised. That is, when x = L, where L is the lower bound of
that open leaf.

We denote by f; and f}' the lower and upper bound functions in variable z for a node
at depth n. These functions are linear: f7; = af; - x + bf; and f;' = a} - + b}.

Base case: Open leaf with variable x, depth n, and f; = f = . Then, % =

1-1=0.
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Assume now the property holds at a node ¢ at level j + 1, and ¢ is an ancestor of the
open leaf with = or that open leaf. We show that the property also holds at the parent of
¢ (and depth j).

Case 1: The parent of ¢ is a U node: U(ey,...,ck), where ¢ is one of ¢,...,cx. Then,

fo= T fap = a]U+1 z+ b+

fLZ ]+1+a —aL :c—i—b”l

where ay and «f represent the sum of the upper bounds, and lower bounds respectively,

J _fJ . .
of all the siblings of c. We then immediately have that W = a{fl - afl <0.
Case 2: The parent of ¢ is a ® node: ®(cq,...,c;), where ¢ is one of ¢q,...,cx. Recall

that we only consider restricted ® nodes, where at most one child is not a clause and can

have different values for lower and upper bounds. If this child is ¢, let ¢ be the product of

the (exact) probabilities of all other children. Then, a{] = {]H g and ai = a];l -q and
thus the inequality a{, — ai < 0 is preserved.
Case 3: The parent of ¢ is a @ node: ®(cy,...,cx), where ¢ is one of ¢y, ..., c,. Let
k k
ap= [] (1-L(@) ay =[] (1-U(e)
i=1,c;7c i=1,c;7#c

where L(¢;) and U(c¢;) represent the formulas for the lower and upper bounds, respectively,
of node ¢;. Given that L(¢;) < U(¢;) for each node ¢;, it holds that ay < ap. Then,

fr=1—av (1=
=ay - a%;rl x+1—aU+aU‘b{]+1

fl=1—ar- (-

=ar - a‘7L+1 x+1—aL+aL~b];r1
(f oy — 1) L) JH j+1
o =au-a; —ap-ap <0
The latter inequality holds since oy < aj (as discussed above) and aJJrl < af“l (by

hypothesis).
For relative approximation, we need to find = that maximises (1—¢)-U —(1+¢)- L. This
holds by a straightforward extension of the previous proof: The coefficient of x is shown to

be greater in L than in U for U — L. Since 1 — € < 1 + ¢, this property is preserved. O

130



Chapter 5
Queries with aggregation

The utility of database query languages that support aggregation has been argued for at
length. In particular, aggregates are crucial for OLAP and decision support systems. All
22 TPC-H queries involve aggregation. This chapter considers the evaluation problem
for queries with aggregates on probabilistic databases. The goal is to delevelop a coherent
framework for computing the exact probability distributions that arise as answers to positive
relational algebra queries with aggregation operators on probabilistic data. We follow the
customary approach that lets users pose standard, deterministic queries that are unaware of
the probabilistic nature of the data. The semantics of these queries, however, is probabilistic:
Each possible answer is annotated with a probability measure that indicates its likelihood
given the probabilities of the underlying data. While answers to queries without aggregates
are Boolean random variables — each tuple is either an answer or it is not — the answers
to queries with aggregates can be random variables over larger domains. For example, for
a simple SUM aggregation over a tuple-independent probabilistic table whose tuples are
positive integers, the sum over each subset of the tuples is a possible answer; the query
result is thus a probability distribution over each possible subset-sum.

The query evaluation technique presented in this chapter is grounded in a novel rep-
resentation system for probabilistic data called puvc-tables (probabilistic value-conditioned
tables). It is based on the algebraic structures of semiring and semimodule to support a
mixed representation of aggregated values and tuple annotations for different classes of anno-
tations and aggregations [5]. Like pc-tables, pve-tables can represent any finite probability
distribution over relational databases. In addition, the results of queries with aggregates
can be represented as pvc-tables of polynomial size. This contrasts with the pc-tables [79],
which can require an exponential-size overhead [56].

Our approach considers the problem of exact probability computation for positive re-
lational algebra queries with aggregates on pvc-tables. The core of our technique is a
procedure that compiles arbitrary semimodule and semiring expressions over random vari-
ables into decomposition trees, for which the computation of the probability distribution

can be done in polynomial time in the size of the tree and of the distributions at its nodes.
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The decomposition trees proposed in this chapter are a generalisation of those defined in
Chapter [4 While the latter operate on Boolean interpretations of the represented formula,
the d-trees used for queries with aggregates represent probability distributions over arbi-
trary countable domains. To this end, the annotations of tuples are lifted from Boolean

expressions to semiring expressions.

S PS P, P
sid shop @ sid pid price @ pid weight ® pid weight ®
1 M&S x1 1 1 10 yi11 1 4 zq 1 5 zp
2 M&S x2 1 2 50 yi2 2 8 zo
3 M&S X3 2 1 11 Y21 3 7 z3
4 Gap x4 2 2 60 yo22 4 6 z4
5 Gap xs 3 3 15 yass
3 4 40 y3a
4 1 15 ya
4 3 60 yas
5 1 10 ys1
(a) (b) (c) (d)
Ql — T'shop, price[s x PS x (Pl U PQ)] Q2 = Tshop9 P<50@Wshop;P+ MAX(price) [Ql]
shop price & Shop @
M&S 10  x1y11(z1 +zs) M&S [x1y11(z1 +25) ® 10 +max X1y1222 @ 50 +max
M&S 50  xi1yi22z2 x2y21(21 + 25) ® 11 +max X2y2222 ® 60 +max
M&S 11  x2y21(z1 + z5) X3Y33%3 @ 60 +max X3y3424 ® 15 < 50] - ¥
M&S 60  x2y222z2 Gap [xay41(z1 +25) ® 15 +max X4ya323 ® 60 +max
M&S 15  x3y33z3 x5y51(z1 +25) ® 10 < 50] - ¥o

M&S 40 x3y3424
Gap 15  x4ya1(z1 +2zs)
Gap 60 x4y43z3
Gap 10 xs5ys1(z1 + 25)

() (f)

Where: Uy = [z1y11(21 + 25) + z1y1222 + T2y21 (21 + 25) + T2Yy2222 + T3Y3323 + T3y3424 # Ok |
Uy = [z4ya1 (21 + 25) + Tayaszs + zsys1 (21 + 25) # Ok

Figure 5.1: A database containing relations (a) Supplier S, (c¢) Products P;, P, and (b)
the many-to-many relation ProductSupplied PS5, and the results of the positive query Q1
and of the aggregate query Q2 (d,e).

Example 37. Figure [5.1] shows six pvc-tables, amongst them the suppliers table S, the
products tables P; and P», and the table PS pairing suppliers and products. They all
have an annotation column ® to hold expressions in a semiring K generated by a set
of independent random variables, with operations sum (+) and product (-), and neutral
elements Ox and 1. Each valuation of the random variables into a semiring (e.g. integers
or Booleans) canonically maps semiring expressions into that semiring by interpreting +
and - as the corresponding operations of that semiring. FEach such valuation defines a
possible world of the database.

Figure [5.1¢| shows the result of query @ that asks for prices of products available in
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shops. The annotations of the result tuples are constructed as follows: The annotation of a
join of two tuples is the product of their annotations, and the annotation obtained from pro-
jection or union is the sum of the annotations of the participating tuples [41]. For instance,
the tuple (M&S, 10) has the annotation x1y11(21 + 25), whose probability distribution can
be computed as a function of probability distributions of the random variables z1,y11, 21,
and z5.

Consider the query @2 from Figure that asks for shops in which the maximal price
for the products in P; or P» is less than 50. Aggregation is expressed using the w operator,
which in this query groups by the column shop and applies the aggregation MAX on price
within each group.

The annotations of result tuples are built using semimodule expressions of the form Y®wv,
where ¥ is a semiring expression and v is a data value. Such expressions can be “summed
up” with respect to aggregation operations: For MIN, the sum « +,;, 8 is min(«, §); for
MAX, 0+ o f = max(a, 8); for SUM, a+.um 8 = a+ . The sums correspond to operations
in commutative monoids. The annotation ® of M&S in ()’s result is constructed as follows.
This tuple represents a group of six tuples in the result of @1, all with the M&S shop value.
The annotation ® then expresses the conditions (1) that the sum of the price values of
these six tuples in the MAX monoid is less than 50, and (2) that the group is not empty (as
expressed by Wp). Depending on the valuation of the variables in ®, these conditions can
be true (T) or false (L), or, more generally, the additive or multiplicative neutral element
of the semiring.

For instance, a valuation v that maps x1, %2, Y11, Y21, 21, 22, 25 to T and all other
variables to L satisfies ®, since

(P)=[TR®10 +pax L®50 4y TOLL 410y L ®60 4y L ®60 40y L ®15 <50]-T
[10 4max 11 < 50]

T. |

If the variables in such expressions are random variables, then the expressions themselves
can be interpreted as random variables. Moreover, the probability distributions of the
obtained expressions reflect the probabilities of query answers taking particular values in
a randomly drawn world of the database. For example, the expression ® in the preceding
example is a random variable over two values {T, L} that it may take under different
valuations of the variable symbols. Our technique allows to efficiently compute probabilities
defined by such expressions by structural decomposition. For example, an expression a =
ab ® 10 + zy ® 20 can be decomposed in independent sub-expressions ab ® 10 and zy ® 20

that do not share variable symbols and hence constitute independent random variables.
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Pu= x|+ | P | [aba] | [©OD)] ’ s

an= ®om {+,Pxm} | m

op ::= min ‘ max ‘ count ‘ sum } prod
bue = | £ <] |<|>

x = A variable symbol x € X

m = A value from an aggregation monoid M
s = A value from the semiring S

Figure 5.2: Grammar for semiring expressions & € K and semimodule expressions a €

(KUS)® M.

Organisation of this chapter

The contributions and the structure of this chapter are as follows:

e We present an evaluation framework for queries with aggregates (MIN, MAX, SUM,
PROD, COUNT) on pvc-tables, a representation system for probabilistic data based
on semirings and semimodules (Section [5.1).

e We devise a technique for computing the exact probability distribution of query re-
sults based on a generic compilation procedure of arbitrary semimodule and semiring
expressions into decomposition trees, for which the computation of the probability
distribution can be done in polynomial time in the size of the decomposition tree and
of the distribution (Sections and [5.3)).

e We give a syntactic characterisation of a class of aggregate queries that are tractable
on tuple-independent databases (Section . Our query tractability result follows
from the observation that the semiring and semimodule expressions in the result of
our tractable queries admit polynomial size decomposition trees and polynomial size

probability distributions at their nodes.

e A prototype of our technique is incorporated into the probabilistic database engine
SPROUT. Extensive performance experiments using our own synthetic datasets and
TPC-H data are discussed (Section [5.5]).

5.1 pvc-tables: A representation system for probabilistic data

In this section we introduce a succinct and complete representation system for probabilistic
data, which we call probabilistic value-conditioned tables or pvc-tables for short. This system
is based on work in databases with provenance information [5, 41, 14]. The reason for

using pve-tables, as opposed to main-stream representation systems such as pc-tables (and
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special cases such as tuple-independent or BID tables) [79], is that pvc-tables fit naturally
with aggregate queries: answers to aggregate queries on pvc-tables or even on pc-tables are
representable as pvc-tables of size polynomial in the size of the input tables, while they may
require an exponential overhead when modelled as pc-tables [56].

The first sub-section introduces the algebraic foundations for modelling the results of
queries with aggregates. The second sub-section formalises the pvc-tables representation

system.

5.1.1 Algebraic structures for representing aggregates

Our representation system for probabilistic data is based on the notions of monoid, semiring,

and semimodule.

Definition 25. A monoid is a set M with a binary operation + : M x M — M and a

neutral element 0 € M that satisfy the following axioms for all my, mo,ms € M:

Commutativity: (my + mga) + mg = my + (ma + m3)

Neutral element: O+mi=m1+0=my

A monoid is commutative if my + mo = mo + my.

Monoids naturally describe many aggregation operations. Aggregation over a column
of a relation fixes a domain of values, usually R or N, and a binary operation. For instance,

the MIN of a column with values vy, -+ ,v, € R is
min(vy, -+, v,) = min(vy, min(ve, - - - min(v,_1,vp) - -+ )).

The binary operation is commutative and associative, i.e., the value of the aggregation is
invariant under the order in which it is computed. Furthermore, each aggregation operation
has a neutral element, i.e., a value that does not contribute to the aggregation. For example,
0 € R is the neutral element for SUM, and oo is the neutral element for MIN. These
aggregations correspond to commutative monoids, in particular: SUM = (N, +,0), MIN
= (N*°° min, +00), MAX = (N**° max, —0c0). COUNT is a special case of SUM. More
complicated aggregations (e.g., AVG) can conceptually be composed from simpler ones (e.g.,
SUM and COUNT), but their treatment is out of the scope of this work.

Definition 26. A commutative semiring is a set S together with operations +,-: SxS — S

and neutral elements 0,1 € S such that (S,+,0) and (S,-,1) are commutative monoids and
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the following holds for all s1,s2,83 € S:

Left distributivity: s1-(s2+s3) = (s1-52) + (51 83)
Right distributivity: (s1+ 82) - s3=(s1-53) + (s2-s3)
Neutral element: 0-s1=s1-0=0.

Commutative semirings are the canonical algebraic structure for tuple annotations [41].
Annotations from the Boolean semiring yield set semantics, annotations from N correspond
to bag semantics, and annotations from the security semiring can be used to constrain
access to query results depending on access rights to database tuples that contributed to the
result [5]. The most general semirings are those generated over a set of variables. Intuitively,
the carrier of such semirings are syntactic expressions built from the variables and the
multiplication and sum symbols, where elements are identified via the semiring laws. For
example, given a set X = {1, x9, x3} of variables, the elements of the semiring PosBool(X)
are positive Boolean expressions, e.g., x1 + x2 or z1(z2 + x3). By the distributivity law in
semirings, the expressions x1(x2 + x3) and x129 + 2123 are equal. A more general freely
generated semiring is the ring of polynomials (also called free commutative algebra) over a
set X of variables. Elements of generated semirings are called semiring expressions which

we denote by K throughout this chapter.

Definition 27. Let (S,+g5,0s,s,1s) be a commutative semiring. An S-semimodule M
consists of a commutative monoid (M, +ur,0n7) and a binary operation ® : S x M — M
such that for all s1,s5 € S and m1,mg € M we have

Left distributivity: $1® (m1 +ar ma) = $1 @My 41 S1 Q ma
Right distributivity: (s1+582) @M1 = 81 @M+ S2 @My
Commutativity: (815 82) @my = 51X (82 @my)
Neutral element: s1®0py =05 ®m; =0y

Neutral element: lg ® m1 = mq.

We write S ® M to denote a S-semimodule M, and write - for -g and + for +g,+s
whenever the meaning is unambiguous. Semimodules combine monoids with semirings to
represent aggregation values conditioned on the value of a semiring expression. Analogous
to the case of semiring expressions that correspond to freely generated semirings, we denote
by semimodule expressions the elements of the K-semimodule generated by a given monoid.
The semimodules we use frequently are N®@ N and B® N for MIN, MAX, SUM, and PROD
monoids. A semimodule B®N over SUM would not have the expected semantics of additing
and multiplying integers, as illustrated by the attempt to take the sum of two tuples (1)

that exist in the database with certainty, i.e. have annotation T. We would expect the

136



result to be 1+1=2, yet the application of the semi-module axioms of Definition [27] yields:
TR14soM TR1I=(TVT)®1l=Tl=1

This example reflects the well-known incompatibility of SUM aggregation with set seman-

tics.

5.1.2 pvc-tables

The pvc-tables representation system generalises pc-tables by allowing for valuations of the
annotations of formulas beyond the Boolean true/false: Intuitively, a tuple with annotation
® in a pc-table is in the database in worlds v for which v(®) = T, and is not in the database
in worlds with v(®) = L; this corresponds to set semantics. In pve-tables, annotations can,
for example, be evaluated to positive integers, thus yielding bag semantics: a tuple with
v(®) = 0 is in the database with multiplicity O (i.e., it is not in the database when defaulting
to set semantics), and a tuple with v(®) = n is in the database with multiplicity n.

The starting point of the formalisation of the above intuition is the generalisation of
the induced probability space over Boolean random variables (cf. Section to random
variables over countable domains. Let S be a countable set and X be a finite set of S-
valued independent random variables. As before, we denote by P, the discrete probability
distribution of a variable x € X, and by P,[s] the probability that x takes value s € S;
we often specify P, by the set of pairs of unique values with their non-zero probabilities,
{(s, Py[s]) | s € S and P,[s] > 0}. The size of a probability distribution is the size of its set

representation.

Definition 28. Let Q = {v: X — S} be the set of mappings from X into S. A probability

mass function

Pr(v) = [ Polv(2)]

zeX

for every sample v € Q, and a probability measure

Pr(FE) = Z Pr(v) for all E C Q)
veE

define a probability space (Q, 2%, Pr) that we call the probability space induced by X.

Aggregation on pvec-tables is handled using a mixed representation of tuple annotations

and aggregated values using the algebraic structures of semirings and semimodules.

Definition 29. A pvc-table T over a probability space ) induced by a set X of variables
1$ a relation with an annotation column ® holding semiring expressions over X, and where
the tuple values can be constants or semimodule expressions over X. A pvc-database D =

{T1,..., T} is a set of pvc-tables over the same probability space €.
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Sp SN, 1 SN,2

sid shop @ sid shop @ sid shop @
1 M&S L 1 M&S 2 1 M&S O
2 M&S T 2 M&S 1 2 M&S 1
3 M&S L 3 M&S 1 3 M&S 3
4 Gap L 4 Gap 7 4 Gap 7
5 Gap T 5 Gap 2 5 Gap 2

(a) (b)

Figure 5.3: Three possible worlds of pve-table S in Figure [5.1 under two different semirings:
Spg is annotated with expressions from the Boolean semiring, and Sy ; and Sy 2 with integers.

The semantics of D is given by its possible worlds:

{{{V(t) [ten},... . {v(t) |t e Tn}} ) ve Q}

where the mapping v is applied to all expressions in tuples t and is identity for constants.

Each mapping v € Q defines a possible world.

Columns that hold semimodule expressions are called aggregation columns. Semimodule
expressions over different monoids can co-exist in a pvc-table. The annotation column
® hosts semiring expressions that are generated by the variable set X, and conditional
expressions representing comparisons of expressions and constants. The other columns of
a pve-table host constants and semimodule expressions. A grammar for such expressions is
given in Figure[5.2] All these types of expressions can occur in pvc-tables representing the
result of aggregate queries; we show how to compute these expressions for positive relational

algebra queries with aggregation operators in Section [5.2

Ezxample 38. Figure shows six pvc-tables. The pvc-table S has annotations from a
semiring over the set X of variables x1,...,x5. Figure [5.3| shows a few possible worlds
for this pvc-table for different semirings. First, consider valuations of the variables X
into the Boolean semiring B. Possible world Sg in Figure has probability Py, [L] -
P,,[T] - Py[L] - Py,[L] - P,[T]. Since B has only the two elements L, T, the number
of possible worlds is 2°. Secondly, consider valuations of X into N. Figure shows
two possible worlds, with respective probabilities Py, [2] - Py, [1] - Prs[1] - Py, [7] - Prs[2] and
P, [0] - Py, [1] - Pyy[3] - Pry[7] - Pus[2]. O

The pve-tables PS, Py, P, and @ in Figure [5.1] contain no semimodule expressions
and are in fact standard pc-tables as introduced in Chapter In pve-tables, however,

semimodule expressions can appear as tuple values.

Ezxample 39. Consider an aggregation AGG on the weight column of relation P; in Figure
The semimodule expression representing the aggregated value is a = 21 ® 4 +aqc
20 ®8 +acc 23 R® 7 4+aca 24 ® 6, where the +pqq operator depends on the particular
aggregation monoid AGG. g
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We next discuss the semantics of expressions under valuations of variables; this will be

extended to a probabilistic interpretation in Section

Semiring, monoid, and semimodule homomorphism. Let K be the semiring gen-
erated by X; the variables in X are themselves elements of K, i.e., X C K. Given another
semiring S, a mapping v : X — S of the variables can be uniquely extended to a semiring
homomorphism v : K — S that “evaluates” semiring expressions from K to elements in S.
A similar construction holds for semimodule: For semimodule expressions W and a monoid

M, a mapping v : X — S is extended to a monoid homomorphism v : W — M.

Ezxample 40. Consider the semimodule expression
a=2yYR®5 +min (z+2)R10

over the semiring generated by X = {z,y,2} and the monoid (N, +in,o0). The map
v : X — N evaluates variable symbols to the semiring of positive integers and induces
a monoid homomorphism that maps « to positive integers. For instance, the mapping

vize— 2,y 3,2z~ 0 yields

v(a) =v(@)v(y) ©5 +min (v(z)+v(2)) ® 10
=6®5 +min 2®10
=1®5 +min --- *min 1 ®5+min 1 ®10 +min -.. +min 1 ®10
=5 +min 10
=d.

Similarly, the value of « in Example 39 depends on the particular target semiring S and
the valuation of the variables. For instance, a — 24 for SUM aggregation and semiring N
with 21, z9 — 2 and z3, z4 — 0. Also, a — 6 for MIN aggregation and the Boolean semiring
with z; — L and 29, 23, 24 — T. If all variables are mapped to Og, the query answer is 0y,
i.e., 0 in case of SUM and +oco for MIN. O

Conditional expressions have the form [af3], where o and /3 are semimodule expres-
sions for (possibly different) aggregation monoids and semirings generated by X, and 6 is a
binary relation. Such conditional expressions can appear as tuple annotations in pvc-tables.
Given a valuation v : X — S and (semiring or semimodule) expressions ¢, ¥, the semantics
of [POV] is defined by extending v via

lg, if v(P) O v (¥
v([@0w]) = { ° ( )' ) (5.1)
Og, otherwise

Comparisons operators <,> for # only make sense for ordered carriers. In the light
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Database Semantics Probability Distributions

P[T]=1lor P[l]=1
dneN: Pyn]=1
P[T] PalL] € [0,1]
Vn e N: P.[n] €0,1]

Deterministic  Set
Deterministic Bag
Probabilistic ~ Set
Probabilistic  Bag

ZEB2ZE|»n

Figure 5.4: Database semantics for different semirings S and probability distributions.

of Equation (5.1), we can equivalently see [POW¥] as a binary operation S x S — S or
MxM—S.

Example 41. The annotations in the pvc-table ()2 in Figure [5.1] contain conditional expres-
sions representing comparisons between semimodule expressions and a constant from M

and semiring expressions and the constant Ox. O

Set semantics vs. bag semantics. The pvc-tables system is generic enough to encode
both deterministic and probabilistic databases with set and bag semantics. Figure [5.4] sum-
marises how different choices for the semiring S and probability distributions for variables
x € X give rise to those semantics.

Under the Boolean semiring, annotation expressions are evaluated to L or T, denoting
tuples in or not in the database instance, respectively. If in addition every variable x € X
has either P;[L] =1 or P;[T] = 1, then we have the case of deterministic databases with
set semantics, i.e., there is exactly one possible world with non-zero probability.

For deterministic bag semantics, tuple annotations are evaluated to N and represent
tuple multiplicities and for each variable = € X there is exactly one n € N for which P,[n] =
1. For probabilistic databases with set semantics, every answer tuple has a probability for
being true or false, while in the case of bag semantics, the pvc-table encodes a probability
distribution over the multiplicity of its tuples.

Existing representation systems for probabilistic data are over the Boolean semiring,
i.e., their semantics is set-based. While this choice is justified in the absence of aggrega-
tion (or for MIN/MAX), it is not for COUNT/SUM/PROD aggregates, which require bag
semantics. In the latter case, we need a semiring for which there is a homomorphism into
N [5]. The set-based probabilistic database model is subsumed by the probabilistic bag-
based model: Every x € X is an N-valued random variable, yet the probability distributions

P, are non-zero only for 0,1 € N.

5.2 Annotation propagation

As in the previous chapters, we take the intensional approach to query evaluation of positive
relational algebra queries with aggregates on pvc-tables; this approach has two steps: In

the first step we compute the tuples and their annotation expressions in the query result,
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and in the second step we compute their probability distributions. We discuss the first step

in this section and the second step in Section

Query language. The query language under consideration is a restriction of positive
relational algebra extended by an operator w for aggregation and grouping and is denoted

by RA®. Given a relation R over schema Y., the operator w in the query

wA;Oé1<—AGG1(B1),...7al(—AGGl(Bl) (R)7

where (AU{By, ..., B;}) C X, groups by the attributes A and takes the aggregations AGG4
to AGG; over the attributes By to B; respectively [2]. The result has schema AU{a1, ..., o},
where a1 to o are aggregation attributes. We consider SUM, PROD, COUNT, MAX, and
MIN aggregations, and restrict the queries such that projection, union and grouping are
never applied to aggregation attributes. This restriction simplifies query rewriting, but is not
requisite for our query evaluation method. It is known that queries beyond this restriction
can be treated within the same formal algebraic framework of query annotations [5]. Out

of the 22 TPC-H queries, only query Q13 violates the restriction.

Definition 30. The query language RA% considered in this chapter consists of queries that

are built using the relational operators 8,0, m, X, U, w and satisfy the following constraints:

1. Inm4(Q) and Wa.q,  AGGL(BY),....0—AGG (B) (@) the attributes in A are not aggrega-
tion attributes.

2. In Q1 U Q2, the attributes of Q1 and Q2 are not aggregation attributes.
Example 42. The TPC-H query Q1 has the structure

SELECT A,SUM(B) FROM R GROUP BY A

which is equivalent to @ 4.5 sunm(p)(R) when written as a RA® query. TPC-H query Q2

has the structure
SELECT A FROM R WHERE B = (SELECT MIN(C) FROM 8),

or, equivalently, m40p—- (R X w@;'y(—MIN(C)(S))‘ The query R U @ 4,5 sum(p)(S) is not in
RA®, since the second union term is a relation with the aggregation attribute 8 and hence
violates constraint 2 in Def. However, m4(R) U ma0p>5 (wA;ﬁ%SUM(B)(S)) is a valid
RA®-query. O

Propagation of annotations. The tuples in the result of a query () can have semimod-

ule expressions as values and semiring expressions as annotations. The construction of such
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[R] = select R.*, R.® from R
[654(Q)] = sclect R.*, R.A as B, R.® as @ from ([Q]) R
[o405(Q)] = select R.*, R.® i [A0B] as @ from ([Q]) R
[7ay....4,(Q)] = select R.A1, ..., R.A,, K(R.@) as ® from ([Q]) R

group by R.Ay, ..., R.A,
[Q1 x Q2] = select R.*, S.* R.® - S.® as ® from ([Q1]) R, ([Q=]) S

[Q1 U Q2] = select R.*, ZK (R.®) as @ from
(select * from ([Q1]) union all select * from ([[Qg]])) R group by R.*
[@Ay,... AvsarAGGL (B1),..., e -AGG(B) (Q)] = select R.A1, ..., R.A,, T as ay,..., T as oy,
[(ZK R.(I)) ] OK] as @ from ([Q]) R group by R.Ay, ..., RA,

[©0;01 AGG (B)),...,c0AGG, (B) (Q)] = select Ty as ay, ..., [} as ay, 1 as @ from ([[Q]]) R

S aca, (R @RB;)  if AGG; = MIN,MAX,SUM,PROD

where I'; =
{ZSUM RO®1) if AGG; = COUNT

Algorithm 11: Recursive algorithm [-] for rewriting a RA® query to account for compu-
tation of semiring (K') and semimodule expressions. We assume that R.*, S.* do not select
column .

expressions can be done by a query that can be statically inferred from @ [5]. Algorithm
is a translation [-] of RA® queries into SQL queries that compute the tuples in the query
results. The rewriting is similar to the rewriting for queries without aggregation (cf. Algo-
rithm (1) in Section |2|) in that it accounts for joint and alternative use of data: Joint use of
data (as in join) corresponds to multiplication in the annotation semiring and alternative
use of data (as in union or projection) corresponds to summation in the annotation semir-
ing. Semimodule expressions are constructed for the aggregation and grouping operator
w. The translation of the operators rename, selection, projection, product, and union is
equivalent to the case of pc-tables (cf. Algorithm [If). In case of w, the translation depends
on the presence of group-by attributes. The translation uses the custom SQL operators

Yoacas 2k 'k and ® to construct annotation expressions.

Ezample 43. The query @p.q AGG(weight) (1) from Example [39]is rewritten into

select Z(RJIJ ® R.weight) as «, lg as ® from (select * from Py) R
AGG

The answer to the rewritten query is one tuple with one attribute « that takes value
a =204 +ace 2208 +age 237 4+age 24 ® 6. The annotation of this tuple is
the constant 1x, stating that the tuple («) is the query answer in all possible worlds. The
evaluation of @ may however yield different outcomes in different worlds.

The query mpos<qa (W(Z);m—MIN(weight) (Pl)) is rewritten to
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select S.®-[5<S.a] as ® from

(select Z(R.@ ® R.weight) as a, lg as ® from (select * from P;) R) S
MIN

This Boolean query asks for the probability of the minimum weight of articles being larger
than 5. The result of this query is a single empty tuple with annotation ® = 1x - [21 ®
4 +min 22 @8 +min 23®7 +min Z4®6§5] U

As seen in the above example, for aggregation without grouping the resulting semimod-
ule value is annotated with 1g, i.e., it “exists” in every possible world. In case of grouping,
the resulting tuples are additionally annotated with a conditional expression to enforce that
the group is not empty and thus at least one tuple in the group has an annotation different
from Og in a possible world. This has been exemplified in the introduction to this chapter

for the query Q2. However, this conditional expression is not always necessary:

Ezxample 44. Consider the query

/
QQ = TshopO P<50Wshop; P+ MIN(price) [Ql]

which is similar to Q2 on the database in Figure [5.1] Under the Boolean semiring K, the
variables can take values | = O and T = 1g. In a possible world with =1, z9,z3 — L,
(M&S) is not an answer since there is no supplier for the shop M&S in the input instance
S. Its annotation evaluates to [oo < 50]- L = 1 -1 = 1. Here, the conditional expression
¥, from Figure [5.1] would not be necessary, since it is implied by the first conditional
expression in the expression ®. In case of other monoids, such as MAX (as discussed in the
introduction), SUM, or COUNT, W, is necessary. O

The constraints imposed on the query language RA® by Definition simplify the
rewriting [-]: Since projections and unions are only done on non-aggregate columns, the
rewriting rules for those operators can assume the input tuples to be free of semimodule

expressions.

Closure of pvc-tables under RA® queries. Since pvc-tables generalise pc-tables and
the latter are complete in the sense that any finite probability distribution over relational
databases can be represented using pc-tables [79], it follows that pvc-tables also form a
complete representation system. In particular, they are closed under RA® queries, in the
sense that for any input pvc-database, the result of any RA® query can be represented as
a pve-table. The pvc-tables representing query results are also succinct (for a fixed RA%
query), since the translation [-] only constructs SQL queries of size linear in the size of
the input RA® queries and the evaluation of such SQL queries is in polynomial time data

complexity.
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Theorem 50 (Completeness and Succinctness).

1. Any finite probability distribution over relational database instances can be represented

by pvc-databases.

2. Given a pvc-database D and a fived RA® query Q, the query result [Q](D) can be

represented as a pvc-table with size polynomial in the size of D.

Proof. The first part follows from the facts that pc-tables are a complete representation
system [79] and that pvec-tables are a generalisation of pc-tables. The second part was
shown in [5]. O

In particular, pvc-tables can be exponentially more succinct than pc-tables. The key
difference is that pvc-tables allow for values and annotations to be intertwined in semimodule
expressions, which can encode exponentially many possible outcomes of an aggregation in
polynomial space. In pc-tables, we would need to enumerate all these outcomes [56]. The
latter result together with the succinctness result from Theorem [50| explains the exponential

gap in succinctness between pc-tables and pve-tables.

5.3 Probability computation by decomposition

This section presents a novel approach to computing probability distributions for query
results on pvc-tables; this problem is equivalent to computing probability distributions of
the results’ semiring and semimodule expressions. Our approach is based on compiling
expressions into a tractable form called decomposition trees, for which distributions can
be computed efficiently. A key property of our approach is its generality, as it applies to

different semirings and semimodules.

5.3.1 Expressions and random variables

We first show how semiring and semimodule expressions — including conditional expressions
— in pvc-tables give rise to random variables. Let S be a countable semiring and M a
monoid, X a set of S-valued random variables, and €2 the probability space induced by X;
K and K ® M are the sets of semiring and semimodule expressions over X. A semiring
expression ® € K can be seen as a random variable ® : Q@ — S by letting ® : v — v(®) and
with probability distribution

Pols] =Pr({v € Q| v(®)=s}) = > Pr(v). (5.2)
vefd:
v(P)=s
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A semimodule expression o € K ® M is a random variable o : Q@ — M with o : v +— v(a)
and probability distribution P, defined similar to Equation (5.2) for all m € M. If M is
over R, then « is an R-valued random variable. However, since the random variables X and

hence the probability space €2 are countable, the set of values that o may take is countable.

Probability distributions of independent expressions. Two semiring or semimodule
expressions are (syntactically) independent if their sets of variables are disjoint; it is clear

that independent expressions are independent random variables.

Ezample 45. Let X = {z,y,a,b,c}, M =N, ® =z +yand a = a(b+¢) ® 10+ c®20. Then

® and « are independent random variables since their sets of variables are disjoint. O

The probability distribution of the sum of two independent random variables is the
convolution of their individual distributions [42]. For instance, given two random variables
x,y over positive integers, the probability that the sum of the random variables equals to
4 is the sum of the probabilities of  being 0 and y being 4, of x being 1 and y being 3,
and so on. The applicability of convolution to determine the probability distribution of a

function of independent random variables is not limited to sums of integers:

Proposition 51 ([42]). Given sets A, B,C, an A-valued random variable x with probability
distribution Py, a B-valued random variable y with probability distribution Py, x independent
of y, and an operation @ : A x B — C, the probability distribution Pre, of the C-valued

random variable z = x @ y is the convolution of P, and P, with respect to e:

Peaylcl= > Pia]Pyb]  forallceC (5.3)

(a,b)EAXB:
c=aeb

Example 46. Equation (2.5) for the probability Pgyg of the disjunction ® V ¥ of two
independent Boolean random variables is a special case of Equation ([5.3)):

Povy[T]= Y Pala] Py[t]
(a,b)EBXB:
T=aVb

= Po[T]Py[T] + Po[L]Py[T] + Po[T]Py[L]
=1- (1= Ps[T])(1 — Py[T]) O

Remark 9. The sum in Equation (5.3)) is invariant under the restriction to those a and b
for which P,[a] > 0 and Py[b] > 0. Hence, even if the cardinality of A x B is infinite, the
convolution is a finite sum whenever only finitely many elements in A and B have non-zero
probability.

Since expressions can be interpreted as random variables (cf. Equation|5.2)), we can apply

convolution as per Proposition |1 to obtain equations for the probability distribution of the
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sum or product of independent semiring or semimodule expressions. Given independent
expressions ®, ¥ € K and o, € K ® M with probability distributions P, Py, P, Pg, we
have for all s € S;m € M:

Pywls] = > Py[s1] - Py[s] (5.4)

51,82€85:81+82=5
Pp.yls] = > Pafsi]- Py[so] (5.5)

$1,82€85:81-52=s

Pasbml= 3 Palmi]- Bafma] (5.6
mi1,maEM:mi1+mao=m

Poga[m] = > Py s1] - Po[mi] (5.7)
s1ESMIEM :s1@mMm1=m

Praggls] = > Pa[ma] - Pgmo] (5.8)
m1EM,ma€M:[m10ma]=s

Ploow)[s] = Z Po[s1] - Pu[s2] (5.9)

$1€5,52€85:[s10s2]=5s

Following Remark [0} the sums in the above equations are restricted to summands of non-zero

probabilities.

Ezxample 47. Let S and M be the semiring and the monoid of natural numbers with standard
addition and multiplication. Let ® = x with P, = {(0,0.3),(1,0.3),(2,0.4)},and a =y ®5
be a semimodule expression with P, = {(1,0.4),(2,0.4),(3,0.2)}. Then « is a M-valued
random variable with P, = {(5,0.4),(10,0.4), (15,0.2)}. The probability distribution of
PRa=2®(y®>5) = (r-gy)®5 is given by Equation (5.7). For example, Ppgq[10] =
P,[1]P,[10] + P;[2]P,[5]. The convolution is finite as the probability distributions are non-
zero for finitely many elements. Further possible outcomes for ® ® o are 0, 5, 15, 20,
30. In case of the Boolean semiring, S=IB, possible outcomes are 0 and 5 with Ppga[5] =
P,[T|P,[T] and Pygal0] =1 — Poga[5)- 0

Partitioning into mutually exclusive expressions. Given an expression ® and a
variable z € X that occurs in ®, the probability distribution of ® can be expressed using
probability distributions of sub-expressions under valuations of x; this decomposition can
be understood as generalised Shannon expansion. For any s’ € S, we denote by ®|,. o the
expression obtained from ® by replacing every occurrence of x by s’. Then the probability

distribution of ® can be partitioned by the probability distributions of expressions ®|,. ¢:

Pyls] = > Py[s']- Py
s'eS

[s]. (5.10)

x5’
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Figure 5.5: A d-tree for @ = a(b+ ¢) ® 10 + ¢ ® 20 over the semimodule N ® N. The node
|| has one child for every k € N with non-zero probability for ¢ < k, i.e., two children for
c = 1,2 in the setting of EX The solid (blue) part is a d-tree for the semiring component
a(b + ¢) + ¢, where ® is replaced by ®. The dashed (orange) part shows the semimodule
component.

/O\ 1 x/ \/ .

x5 © O] 1 ® 60
7\ / 7\ 7\
Y51 () Z1 Ya3 23
/\ / A ) I' ‘\
21 z5 Y41 1 15 © 1 10
/\
zs5 Y51

Figure 5.6: D-tree for the semimodule expression x4y41(21 + 25) ® 15 +max £4y4323 @ 60 +max
z5Ys51(21+25)®10 (part of the annotation of tuple (Gap) in Figure[5.11)) over the semimodule
B®N. The solid (blue) part is a d-tree for the semiring component of the expression, where
® is replaced by @. The dashed (orange) part shows the semimodule component.

5.3.2 Decomposition trees

Decomposition trees (d-trees) are a normal form for semiring and semimodule expressions
and represent their probability distributions. We next define them and then show how to

compile arbitrary expressions into d-trees.

Definition 31. Let M be a monoid and K be a semiring generated by an S-valued set X
of variables and constants from S. A decomposition tree, or d-tree, is a tree, where each
inner node is one of &, ®, ®, ||, or [0] and each leaf node is a variable in X or a constant

in S, M, or S® M. The five types of inner nodes have the following meaning.

1. A node ® with children representing ® and ¥ represents the expression ® + ¥, where ®

and ¥ are either independent expressions in K, or independent expressions in K ® M.
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2. A node ® with children representing ® and ¥ represents the expression ® - ¥, where ®

and ¥ are independent semiring expressions in K.

3. A node ® with children representing ® and « represents the expression ® @ o, where ®

and a are independent expressions in K and K @ M, respectively.

4. A node [0] with children representing ® and ¥ represents the expression [POV], where ®
and ¥ are independent expressions in K or K @ M.

5. Given a variable x € X, an inner node | |, with children representing ®|pes,, ..., Plrs,

for all those s; € S with Py[s;] # 0 represents the expression ®.

Just like semiring or semimodule expressions, d-trees represent probability distribu-
tions. Direct implementations of Equations ({5.4]) through (5.10)) are efficient procedures to

compute the probability distribution at any inner node of a d-tree, given the probability

distributions at its children: Equations and apply to & nodes, Equation
applies to ® nodes, Equation applies to ® nodes, Equations and apply to
[0], and Equation applies to | |, nodes. For leaves, we only have the trivial cases of
a variable x with probability distribution P, of constant s € S or m € M with distribu-
tion {(s,1)} and {(m, 1)}, and of constant semimodule expressions of the form s ® m with
probability distribution {(s®m,1)}. The probability distribution of the entire d-tree is the

distribution of its root and can be computed bottom-up in one pass over the d-tree.

Ezxample 48. Consider the d-tree from Figure in which it is assumed that each variable
x € {a,b,c} has non-zero probabilities p, and p, = 1 — p, for values 1 and 2, respectively.
We first compute the probability distribution for the left branch of the d-tree under the
aggregation monoid SUM. The distributions are:

{(L,pp),(2,pp)} ford
{(1,1)}  for1
{(2,p),(3,p5)} forbe1
{(10,1)} for 1® 10
{(20,pp), (30,7)}  for (h® 1) ® 10
{(1,pa), (2,pa)} fora
{(20, paps), (30, papp), (40, Paps), (60, papp)}  for a(b+ 1) ® 10
{(20,1)} for 1® 20
{(40, papy), (50, papy), (60, Papy), (80, papy)}  for a(b+1) ® 10 + 1 ® 20

Pb)
1)
)
)
)
)
)
Pb)

and finally
{(40, pappe), (50, PaDppe), (60, Papspe), (80, Papppe)}  for the entire left branch.
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For the right branch one obtains

{(707papb]5c)7 (807pa]§bﬁc)7 (1007ﬁapbﬁc)a (12072§apb]50)}-

The probability distribution of the entire d-tree is:

{(4Oapapbp6>v (5Oapaﬁbp0)a (6O7papbpc)a (70,papbpc)7
(8Oaﬁaﬁbpc + papbpc)7 (100’papbﬁc)a (12oypaﬁbﬁ0)}

In case of MIN aggregation, the distribution for both branches as well as for the entire
d-tree is {(10,1)}. In case of the Boolean semiring and MIN aggregation, the distribution
for the left branch (¢ « L) is {(10, papsPe), (00, DaPbPe + PaPbPe + PabbPe)}, for the right
branch (¢ < T) is {(10, papc), (20,papc)}, and for the overall d-tree {(10, popyPe + PaPe)s
(20, Pape), (00, PaPbbe + DaPbPe + PaPbDe) }- 0

We now turn to analysing the complexity of computing the probability distribution for
a given d-tree; the following theorem provides an upper bound on the time required to

evaluate the probability of a d-tree:

Theorem 52. The probability distribution Py of a d-tree d whose nodes have probability
distributions p1, ..., pn can be computed in time O(]] |pil)-

Proof. Recall that the size |p| of a probability distribution is the size of its set representa-
tion, cf. page Since d-trees are binary, the distribution of a convolution node can be
computed in time linear in each of the sizes of the distributions of the children according to
Equation . The distribution of a | |-node is computed in time linear in the number of
its children and their probability distributions. The overall time required is thus bounded
by the product of the sizes of the probability distributions in the tree, O(]] |pil)- O

For the SUM monoid, the size of P; can be exponential in the number n of leaves,
since there may be exponentially many distinct sums out of n numbers. We analyse two
classes of d-trees for which we can obtain a better upper bound on the time complexity of
computing Py.

Firstly, observe that the sum of two elements in the MIN or MAX monoid is one of the
elements itself (e.g., a +min b is either a or b). This implies that the size of the probabil-
ity distribution of a semimodule expression « is bounded by the number of monoid values
occurring at the leaves of d. Moreover, if a’s variables are N-valued, a’s probability dis-
tribution is unaltered under the following reduction of its variables to B-valued variables:
P,[1l] = P,[0] and P,[T] =1 — P,[L]. Hence, one may equivalently consider a d-tree for

B-valued variables obtained from this reduction:

Proposition 53. Given a semimodule expression o over MIN or MAX, the distribution P,
can be computed in time linear in the size of a’s d-tree in which all variables are considered

by their reduction to B-valued variables.
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CoMPILE (Expression ®)

if ® has no variables then
L return &

if 4 independent @1, P9 s.t. &1+ P9 = & then
| return COMPILE(®;) & COMPILE(®7)

if 3 independent @1, Po s.t. P71 - Py = ® then
| return COMPILE(®;) ©® COMPILE(®,)

if 3 independent @1, Py s.t. P ® P9 = ¢ then
| return COMPILE(®;) @ COMPILE(®Dy)

if 3 independent @1, Py s.t. [P160P3] = ¢ then
| return COMPILE(®) [#] COMPILE(®2)

Choose variable x € X occurring in ®

return | |, (Vs € S, P;[s] # 0: COMPILE(®y))

Algorithm 12: Compilation of semimodule or semiring expressions into d-trees.

Proof. Since all variables are B-valued, the probability distribution at each node of the d-
tree is at most of size 2. The convolution at each node can therefore be computed in constant
time. This yields an overall time complexity linear in the number of nodes, i.e. linear in the
size of the d-tree. U

Secondly, we analyse SUM aggregation. Evaluating a SUM expression Y x; ® m; in
which all z; are independent variables is NP-hard [72]. Yet, instances in which the values
m; are constrained are tractable: we say that a semimodule expression ) ¢; ® m; over the
SUM monoid N is m-bounded if there is a constant m € N such that Vi : 0 < m; < m.
Aggregation over rationals from a bounded set can be regarded as bounded if the number

of decimal places is fixed, e.g., for currencies with 2 decimal places.

Proposition 54. Let a =Y " | p; ® m; be an m-bounded semimodule expression over the
SUM monoid N where each @; is a product of variables and all variables have non-zero
probability only for 0g and 1g. The probability distribution of a d-tree d of size |d| for «

can be computed in time O(n*m?|d|).

Proof. First note that every ¢; may only evaluate to Og or 1g and hence the sum is bounded
by the product of the number of terms, n, and m; the product n-m is thus an upper bound
for the size of the probability distribution at each node and the convolution at each node
can be computed in time O(n?m?). Since there are |d| nodes in the d-tree, this yields an

overall time complexity of O(n?m?|d|). O

The special case of COUNT aggregation corresponds to m; = 1 for all i. Then the
resulting probability distribution has at most size n and can be computed in time O(n?|d|).
In a d-tree that contains semimodule expressions «, 3 over different aggregation monoids,
the complexity of the sub-trees of a and § is each according to Propositions [53] and
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Compiling expressions into d-trees. Algorithm [12|constructs a d-tree for an input ex-
pression ® by repeatedly applying six decomposition rules. The obtained d-tree is equivalent
to the input expression in the sense that they represent the same probability distribution.

The first four rules check whether the input expression can be partitioned and decom-
posed into two independent expressions ®; and Ps. In the first rule, ®; and ®5 are
either both semimodule or both semiring expressions; in the second rule, they are semiring
expressions. In the third rule, ®; is a semiring, and ¥, is a semimodule expression.

In order to find independent decompositions in polynomial time, expressions are anal-
ysed at a syntactic level: We attempt the first rule only if ® is a sum and partition it by
the connected components in its clause-dependency graph. In addition to such syntactic
manipulations, the decomposition in the second and third rules uses known polynomial-time
algorithms to recognise read-once expressions, i.e., expressions where each variable occurs
once, and hence factorise expressions based on algebraic rewritings such as the associativ-
ity and commutativity laws, e.g., [37, 63]. In particular, this approach allows to factor
expressions into complex sub-expressions and not only into one variable and the residual.

The last rule decomposes ® into sub-expressions ®,, for each s € S. As explained
for Equation , each expression @, is obtained in linear time by replacing x with the
constant s in ®. Many heuristics have been proposed for choosing the variable x, since good
choices can make the difference between polynomial and exponential size decision diagrams
(such as ordered binary decision diagrams, d-DNNFs, or d-trees). In our implementation,

we choose a variable with most occurrences [63].

Remark 10. The requirement that the underlying algebraic structures be commutative and
associative is crucial for structural decomposition: without these properties, expression
decomposition would be constrained to the fixed order defined by the order of symbols and

the nesting of the expression.

Ezample 49. Figure depicts a d-tree for the semimodule expression ® = a(b+¢) ® 10 +
c® 20. ® cannot be split into independent sub-expressions since variable ¢ occurs in both
summands. We choose to eliminate variable ¢ to create mutually exclusive events. (This is
a good choice since it leads to independent sub-expressions.) We thus create a node | |, with
as many children as valuations of ¢ that have non-zero probability. Consider the case ¢ < 1
and hence ®|..1 = a(b+1)®10+1®20. This corresponds to the left branch in the d-tree,
and can be decomposed using the first rule into its independent summands a(b + 1) ® 10
and 1®20. The former expression can be decomposed using the third rule into independent
expressions a and (b+ 1) ®10. The procedure continues until we completely decompose the
expressions into variables and semimodule constants.

Figure [5.6| shows a d-tree for the semimodule expression in the first conditional expres-
sion in the annotation of the result tuple (Gap) in Figure over semimodule B ® N:

xaya1(21 + 25) ® 15 + 24ya323 ® 60 + x5y51(21 + 25) © 10
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It cannot be partitioned into independent sub-expressions. Choosing variable x4 in the last
rule, we create a node |_|$4. Its left child ®|,,« 1 = x5y51(21 + 25) ® 10 can be decomposed
using the third rule into z5ys51(21 + 25) and 1 ® 10. The former is a read-once expression,
on which the second rule can be applied twice to decompose it into x5 and the rest, then
the rest into ys1 and z; 4+ z5. The latter is decomposed using the first rule into z; and zs.
The right child

(I)’ueT = Y41 (21 + 2’5) ® 15 + Y4323 ® 60 + x5y51(21 + 25) ® 10

can be decomposed using a sequence of the first three rules that exploit the independence
of sub-expressions.
By construction of query results using [-], the semiring expression in the second condi-

tional expression in @ is precisely the semiring part of the above semimodule expression:

xaya (21 + 25) + Tayazzs + T5ys1 (21 + 25),

We can thus use the very same compilation steps as above, with the simplification that
only the first two rules, which work on semirings, need to be applied. The d-tree is the
same as for the semimodule expression, but where ® nodes are replaced by ® and without

semimodule expressions at leaves. Figure shows this d-tree with solid (blue) edges. O

Proposition 55. For any semimodule or semiring expression ®, Algorithm constructs
a d-tree d such that P = Py;. The time complexity of the compilation is bounded by

O(|®| /v (@) where |vars(®)| denotes the number of distinct variables occurring in ®.

Proof. The equivalence of Py and P, follows directly from the definition of decomposition
trees (Definition and the convolution equations that define the represented probability
distributions (Equations - (9).

The algorithm is complete since the last rule is always applicable and the number of
variables in the expression is strictly decreasing between successive recursive invocations.
Decomposing ® by the last rule only yields the upper bound for the time complexity: The
algorithm constructs a binary tree whose depth is given by the number of distinct variables

in @, and each decomposition step can be performed in time linear in the size of ®. ]

By virtue of this equivalence, we can compute the probability distribution of any ex-
pression by first compiling it into a d-tree d and then computing its probability distribution
P,;. The algorithm is complete since the last rule is always applicable until all variables are
evaluated. However, exclusive application of this rule is not desirable: compiling arbitrary
expressions by applying the last rule only can lead to d-trees of size exponential in the
number of variables. This limitation seems necessary: if we could compile any expression ®

into a d-tree in polynomial time, then hard problems such as satisfiability, tautology, and
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even probability computation can be solved in polynomial time for ®. In practice, however,
this rule can be quite effective, as we show in the experiments. In case we need only apply
the first four rules, the compilation finishes in polynomial time. This is already known for
semiring expressions occurring in the results of tractable relational algebra queries without
repeating symbols [63]. In Section we define a fragment of our query language RA®
consisting of tractable queries that only create expressions compilable using the first four
rules.

We end this section with two observations on our compilation approach.

Pruning conditional expressions. The evaluation of [af]-expressions can be consid-
erably improved by employing pruning rules that prove parts of a or § redundant. Consider
the expression ® = [aff] = [z ® 10 +nin ¥ ® 20 < 15] which can be decomposed into sub-
expressions o and . The probability Pp[lg] = 1 — P,[0g] is independent of y; indeed, when
computing P, one may safely ignore computing P, [20] since it cannot contribute to Pg[lg]
in the convolution of [f]. Equivalently, we may replace ® with a simpler yet equivalent

expression in which redundant terms are pruned. Examples of pruning rules are:

[ Z (I)Z‘®mi§m]

im;<m

MIN :

Z(I%@migm
7

SUM :

Z@i@@migmlzlg imeigm

Pruning is particularly effective when the probability distributions of o and 8 have expo-
nential size, such as in case of the SUM monoid; there, early pruning can avoid the full

materialisation of such probability distributions.

Compiling joint probability distributions. A tuple in the result of an aggregate query
in RA® may have several semimodule expressions and is annotated with a conditional
expression; in such cases we are interested in finding the joint probability distribution of
these expressions. This can be accomplished by compiling the expressions into a single d-tree
by applying mutex decomposition until some of the expressions become independent; the
joint probability distribution of two independent random variables is simply their product.
For instance, given integer variables a,b,c with non-zero probabilities for 1,2 only, the
mutex decomposition on a decomposes the joint expression (a + b,a - ¢) into two branches
(1+b,1-¢) and (24 b,2-¢). In each branch, the two expressions are independent and can
be considered separately. For example, the probability for the value (3,2) can be worked
out to be P,[2|Py[1|P.[1] + P,[1)Py[2] P.[2].
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5.4 Tractable queries

This section describes the classes RA{; and RAF], of tractable relational algebra queries
with aggregation. The characterisation uses as building blocks queries that return tuple-
independent relations and queries reminiscent of hierarchical queries [79]. Class RA;, uses
RA{ 4 as a building block, i.e., RAT; C RAF,. Our tractability result follows from the

discussion in this section:

Theorem 56 (Tractable Queries).

Every query in RAY,, has polynomial-time data complexity.

The proof is deferred to the end of this section. The characterisation of tractable
queries is based on a generalisation of the hierarchical property for non-repeating con-
junctive queries, viz. Definition [6] Definitions [32] and [33] rely on the following notions and
assumptions. Every relation that does not contain semimodule expressions and whose tu-
ples are annotated with distinct variable symbols with given probability distributions is
called tuple-independent. We allow MIN and MAX aggregation as well as bounded SUM
and COUNT aggregation, see Proposition Additionally, we assume that for every ag-
gregation monoid M occurring in a query, the constant 05 does not occur in the database.
Our tractability result depends on this assumption in the case of queries with grouping
where it ensures that the probability distributions of the aggregate value and the existence
conditions for the group are not correlated — cf. the reasoning following Definition For
MIN and MAX aggregation, this assumption is usually no significant limitation, since it dis-
allows the values 400 and —oo in the data and these values arguably appear rarely in real
data. For SUM aggregation, the value 0 may not appear in the database in any attribute
that SUM aggregation is carried out on; this can constitute a limitation for applications in
domains where 0 is a valid value, for example money, distances, times, etc.

We assume that in a selection o, p is a conjunction of (1) equality predicates of the
form A=B or A=c where A and B are non-aggregation attributes and c is a constant, and
(2) B-comparisons aff, afe, or abA where a and § are aggregation attributes and A is a
non-aggregation attribute.

We give separate recursive definitions of the classes RA{Y; of queries whose result tuples

are independent, and RAJ;, whose result tuples may be correlated.

Definition 32 (Class RAT,).

1. Every tuple-independent relation is a RAY, ;-query.

2. Let Q1,...,Qn € RAY,, and Q;, = wAm“_AGGi(Ci)(Q,-). Then the following are

RAY -queries:

(a) Q =m40,(Q1), such that v ¢ A
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(b) Q=mz0,(Q1 %+ xQy), such that Q is hierarchical and all attributes in A are

root variables in Q1,...,Qn

(¢) Q= Tpo, 6+, (Ql X Qg), such that A; = Ay = .

Lemma 57. For any tuple-independent database D and any RAZ, ;-query Q, the relation
Q(D) is tuple-independent.

Proof. Regarding the queries under Definition [32]2, first observe that the tuples in the result
of QZ are independent and that the expressions 7; have the form v; = > AGG Ti®v; where the
x; are independent random variables; the annotation of each tuple in QZ is @ = 1k in case of
A; =0 and asum ® = xj over the annotations of the tuples participating to this group,
otherwise. Consider the case [32/2(a): The selection ¢, may compare y; with a constant ¢
to yield the annotation ®; = ® - [y16c|. Under the assumption that the constant 0 is not
in the database, we have that for any valuation v € € it holds that v(®) = Og if and only if
v(vy1) = Oy, i.e., the correlation of the distributions of ® and 7, is independent of the data.
Starting from this observation, it follows that the probability distribution of ®; = & - [y16¢]
can by expressed by considering the probabilities of ® and [y160c] separately: For instance,
for MIN aggregation and 6 is <: Pg,[0s] = Pry,<q[0s] and Py, [ls] = Pj,<[ls]. For MIN
aggregation and 0 is >: Py, [0s] = Po[0s]+ P, >[0s] and Py, [1s] = Po[ls]+ P,>q[ls] — 1.
Similar results are obtained for MAX and SUM aggregation. Since the resulting tuples are
again independent, the final projection 75 creates as annotations sums of independent
expressions; furthermore, as y; € A, the only expressions in result tuples are the annotation
expressions.

For [32/2(b), first recall that non-repeating hierarchical queries are tractable on tuple-
independent relations [79]; since in addition all variables in the projection list are root
variables, the resulting relation is tuple-independent. In [32/2(c), the conditional expression
obtained for the result tuple compares two tractable and independent semimodule expres-

sions. 0
Secondly, we define RA;, as follows.

Definition 33 (Class RAT,). The following are RAj, -queries:

1. Q = TAW 1y AGE(C) [JP(Ql Koo X Q”)]
if Q1,..., Qn € RAT ;, and m50,(Q1 X - -+ X Q) is hierarchical

2. Q=m70,(Q1 X - X Q) ifQ1,...,Qn € RAY ;, and Q is hierarchical.

We are now in the position to prove Theorem

155



Proof of Theorem [56. By Lemma the RA{Y j-sub-queries Q1, . .., @, can be materialised
into tuple-independent relations. It follows that the queries in [33]2 are the well-known non-
repeating hierarchical conjunctive queries [79] and have polynomial-time data complexity.
For queries in 1, first consider the query Q' = m50,(Q1 x - - - x Q) which is by assump-
tion hierarchical. It follows that, given a tuple ¢t € @', its annotation ® is a read-once
expression [60, [79]; moreover, ® can be compiled into a d-tree whose size is bounded by the
number of its variables. By Propositions [53] and computing the probability distribution
of such a d-tree — and thus the probability distribution of ® — can be done in time polyno-
mial in the size of ®. By Theorem the size of the input annotation is polynomial in the
size of the input database, hence query evaluation is in polynomial-time.

Now consider the query @ as per Definition [33]1. Aggregation yields expressions of
the form o = ) AGG Pi @ v; where as above each ¢; is a product of variables; since the
query is non-repeating, each product has exactly n variables, one from each relation. The
aggregated data values v; are all from the same relation and can hence be associated with
the variables from that relation. The expression a can be compiled into the same d-tree as
®, except that instead of the leaves for the variables x from the aggregated relation, it has

leaves of the form z ® v. OJ

The following example illustrates the proof.

Ezxample 50. Consider the database in Figure and the query

Q= WP;+—SUM (price) (Ushop:’M&S’(S) X PS)

which is of type 1 in RA,. In this example, the query @' considered in the explanation
above is
Q' = TYOshop='Mas' (S)  PS.

The annotation of its result tuple is x1y11 + T1y12 + T2y21 + T2y22 + T3y33 + T3y34 which is
equivalent to the read-once expression x1(y11+y12) +22(y21 +y22) +23(ys3+y34). According
to the rewriting rules [-] of Algorithm[11] the annotation of the result of @ is (z1y11) ® 10+
(z1y12) @50+ (z2y21) @ 11+ (2y22) ® 60 + (23y33) ® 15+ (23y34) ® 40. Associating the price
values with the annotation variables y;; of their relation, one obtains a read-once expression
equivalent to the one above, except that the leaves with y;; variables are now semimodule
expressions y;; ®v;: 21(y11 © 10+ y12 ®50) + 22(y21 ® 11+ y22 ® 60) + 23(y33 © 15 + y34 ® 40).
O

5.5 Experimental evaluation

We have assessed our query evaluation technique in two scenarios: randomly generated
expressions and aggregate queries on TPC-H data. The results give positive evidence for

the feasibility of query evaluation using our technique.
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Figure 5.7: Experiment A: Varying the constant ¢ for different aggregation monoids and
comparison operators 6. #v=25, L=200, R=0, #cl=3, #1=3, maxv=200.

The experiments were performed on a virtual machine with Intel Xeon X5650 Quad
2.67GHz/4GB/64bit running Linux 2.6.35-25/gcc4.4.5. Our algorithms for event construc-
tion and probability computation are implemented in C. They are integrated in the SPROUT
query engine, which is an extension of PostgreSQLS&.3.3.  We run each experiment multi-
ple times and report average wall-clock execution times and estimated standard deviation

(vertical axis in all figures) while neglecting the slowest and fastest runs.

Experiments on synthetic data

We conducted an analysis of the qualitative behaviour of our technique for randomly gen-

erated semiring expressions over Boolean random variables of the two forms

L
: [ d @b c] (5.11)

AGGL

L R
S0 Y Uiouw

AGGL AGGR

with the following parameters: L (R) is the number of semimodule terms on the left (right)
of the comparison operator #, AGGL and AGGR are the aggregation monoids on each side.

The second form corresponds to R=0. Values v;, w; are from [0, mazv] and the expression
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Figure 5.8: Experiments B and C: Varying the number of terms and variables.

contains #v distinct variables. Each ®; has #cl clauses and each of them has #l[ positive
literals. In each experiment, we randomly generate #runs different expressions of form

Equation (5.11)) according to the parameters specified in the respective figures.

Experiment A explores the effect of constant ¢ on the evaluation of an expression with
L=200 terms on the left side compared with ¢ on the right side. Figure depicts the run
time for different aggregation and comparison operators. Let us analyse MIN. Values v; are
drawn from [0, 200]. For small ¢, our pruning techniques ensure that only terms with values
smaller than ¢ are considered by convolution operators in the d-tree. For the operator <,
we thus need to compute the probability that any of these terms is present (i.e., its semiring
expression evaluates to true); for the operator >, we compute the probability that none of
these terms is present; for the operator =, we compute the probability that none of these
terms is present and at least a term with monoid value c¢ is present. The computation
becomes slower when increasing ¢, and after ¢ = 200, all terms need to be considered, hence
the run time converges to a constant value. The behaviour of MAX mirrors that of MIN.
Evaluating COUNT for a constant c effectively amounts to computing the probability
that (at most, at least, or exactly) (ﬁ) terms are present. The binomial coefficient is trivial
for ¢ = 1 and ¢ = L = 200 and bell-shaped in between. Since we consider three clauses
per term (#cl = 3), this experiment evaluates COUNT DISTINCT on top of a conjunctive
query. The case of SUM is equivalent to COUNT with the horizontal axis scaled by factor
mazv/2 = 100. This is to be expected in the limit #runs — oo since the aggregation
values are drawn uniformly from [0, maxv] with expected value mazv/2. We also considered
Experiment A with I = 100 terms and the other parameters unaltered. The qualitative

behaviour remained unchanged and the run time halved.
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Figure 5.9: Experiment D: Varying the number of literals per clause (a) and of clauses per
term (b). #v=25, L=100, R=0, mazv=>5, ¢=3, #runs=20, 0 is <.

Experiment B (Figure investigates the effect of varying the number of terms while
keeping the number of variables constant. The initial increase in run time is due to the
cost of partitioning into mutex expressions, which eventually saturates to linear growth for
larger expressions once all variables have been considered for partitioning. This experiment
mimics answering increasingly complex queries on a database of constant size; this produces
increasingly larger expressions, yet with a constant number of variables. We repeated the
above experiments (not in the figure) for the remaining comparison operators 6 € {<, >}

and for parameters maxv = 5, ¢ = 3 and obtained similar results.

Experiment C mirrors Experiment B: Fix the size of the expression and vary the number
of its distinct variables. It is known from #SAT analysis that such a setup exhibits an
easy/hard/easy phase transition, see Figure m For our algorithm, the transition is
understood by its limiting cases: For few variables, expressions can quickly be decomposed
into mutex expressions. Conversely, expressions separate into independent sub-expressions
in case of many variables since it is likely that different clauses are independent. The
large standard deviation in the hard regime suggests that the run time is sensitive to the
particular distribution of variables within the expression. In case 0 is > or <, the runtime

improves but follows a similar pattern.

Experiment D visualises a phase transition similar to that of Experiment C (Figure|5.9)).
We explain for Figure[5.9p: When keeping the number of variables and terms constant while
increasing the arity of clauses, the problem becomes easy for small and large clauses, and

hard in between.

Experiment E investigates the behaviour of expressions with different aggregation op-
erators on each side (Figure [5.10). We analyse the case Y \iax < Y guy- When increasing
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Figure 5.10: Experiment E: Expressions with different left/right aggregations. #v=25,
#cl=2, #1=2, maxv=200, c=100, #runs=10, 0 is <.

the number of terms on the left/MAX side (left figure), it becomes more likely that the
maximum value on the left side is larger than the sum on the right side; hence more terms
have to be compiled. When increasing the number of terms on the right/SUM side (right
figure), already a few mutex decomposition steps satisfy enough clauses to make the sum
larger than the maximum on the left side, i.e., the compilation is faster with increasing
number of SUM terms.

Queries on TPC-H data

We consider tuple-independent TPC-H 2.14.0 databases of scales up to 1GB, and two TPC-
H queries. We generated tuple-independent TPC-H databases up to scale factor 1 using
TPC-H 2.7.0 and annotate tuples with distinct {0,1}-valued random variables whose prob-
abilities are drawn uniformly at random from the interval [0, 1]. The query @1 reports the
amount of business that was billed, shipped, and returned (only the COUNT aggregate is
selected). The query Q2 is a join of five relations and with a nested aggregate query, which
asks for suppliers with minimum cost for an order for a given part in a given region. For
each query, we compared the execution times (1) on a deterministic database (Q°) without
expression or probability computation, (2) of the computation of the expressions ([-]), and

(3) of probability computation for the result tuples (P(-)).

Experiment F  compares the runtime for Q°, [-], and P(-) (Figure . The overhead
of expression computation and probability computation is polynomial, because the TPC-H
dataset scales up the amount of tuples while keeping tuple correlations (i.e., the number
of tuples directly related via joins within a group) constant. The performance difference
between @)1 and Q2 is due to the selectivity of the queries: The size of the annotation
expressions as a measure for the number of tuples contributing to (1’s answer is 1200 times

larger than the size of (J2’s annotations.
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Figure 5.11: Experiment F: Queries on TPC-H Data.

5.6 Discussion

5.6.1 Related work

Aggregates are an additional source of computational complexity in the query evaluation

problem: For example, already deciding whether there is a possible world in which the

SUM of values of an attribute equals a given constant is NP-hard. This has motivated the

investigation of restricted instances of the evaluation problem for queries with aggregates

in probabilistic databases:

e A common restriction is to focus on aggregates over one probabilistic table of restricted

expressiveness. There has been work on OLAP queries with aggregation operators on

tables with multiple dimensions of uncertain, hierarchical attributes [15]. A frame-

work for integrating a probabilistic semantics with ranking and top-k evaluation in

deterministic databases has been presented in [77]; this work assumes the existence of

an external probabilistic inference engine that evaluates probability scores for tuples.

The TRIO system can compute lower and upper bounds as well as expected values

for queries with aggregates over a single table [59].

e Another simplification is to consider as query answers approximate expected values

rather than probability distributions over possible values. MCDB relies on Monte-

Carlo sampling to compute approximate expected values for queries with aggregates

over probabilistic data [46]. The input data is represented by parametrised or explicit

probability distributions and queries are evaluated by first sampling from these dis-

tributions and then evaluating the query in the thus generated possible worlds. The

PIP system [52] has a similar data and query model, but evaluates queries by first

propagating symbolic representations of the input probability distributions, and then

sampling from the thus generated symbolic expression that represent the probability

distribution of query answers. The problem of efficient sampling-based evaluation in
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the presence of aggregation constraints has been investigated in [92].

It is known that expected values can lead to unintuitive query answers, for instance
when data values and their probabilities follow skewed and non-aligned distribu-
tions [72]. The query semantics considered in this chapter is more general than the
expected value semantics in that it returns the full probability distribution over all
possible answers; expected values can be straightforwardly computed from this distri-

bution.

Tree queries with aggregates on probabilistic XML data with limited correlations have
been investigated in [I]. In [54], an algebra is proposed that represents annotations and
data values as rings; intuitively, this allows to represent reversible database operations and
thus enables efficient incremental view maintenance in the presence of aggregations.

The algebraic annotation framework used in this chapter has been introduced in the
context of databases with provenance information [5] which in turn is based on earlier
results on provenance annotations for positive queries without aggregates [41], 14].

The tractability results shown in Section generalise a known class of tractable queries

of the form

Ty AGG(C)Tp(B1 X -+ X Ry)

in which mgo,(R1 x --- X R,) is a non-repeating hierarchical conjunctive query [72]; these
queries are subsumed by our tractable class RAJ; . Recall that our tractability result re-
quires that the neutral element of the aggregation monoid does not occur in any aggregation
column of the database. However, as argued in the discussion after Definition [32] for queries
that only involve aggregation without grouping — such as the queries in [72] — this re-
quirement can be dropped without jeopardising query tractability, because the annotation
of the query result is always 1x and hence the correlation of the distributions of 1x and -~

is trivial.

5.6.2 Conclusion and extensions

The pve-tables framework proposed in this chapter is the first system that allows exact prob-
ability computation for queries with arbitrarily nested aggregation operations. The main
conceptual advance is the generalisation of the annotation formalism from probability dis-
tributions defined by Boolean formulas to distributions defined by semiring and semimodule
expressions. The latter allow for the concise representation of the results of queries with
aggregates. In order to evaluate the semiring and semimodule expressions that annotate tu-
ples in pve-tables, the decomposition trees introduced in Chapter [4] for Boolean formulas —
and thus Boolean probability distributions — are extended to trees representing arbitrary

countable probability distributions, and hence the result of aggregation operations.
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The computational complexity of evaluating queries with aggregates on probabilistic
databases is notoriously high due to the entanglement of two problems that are already hard
on their own: Probabilistic query evaluation is #P-hard even without aggregates, and SUM
aggregation over one tuple-independent table is already NP-hard. A very promising research
direction is thus the investigation of approximate probability computation techniques for
queries with aggregates. Tsui discusses histogram and top-k approximations for queries with
aggregates [81]; the techniques are based on pvc-tables and the decomposition techniques
developed in this chapter. Approximation techniques may additionally leverage the long
history of results in the field of statistics, for example regarding parametrised approximate

representations of probability distributions, for example S-distributions [88].
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Chapter 6

Conclusion

The query evaluation problem for probabilistic databases is to compute each possible answer
to a query on a given database together with the probability that it is correct. As usual in
database research, this problem can be studied from two perspectives: Firstly, the design of
efficient algorithms, and secondly the understanding of its computational complexity. The
two aspects are not orthogonal, but rather complementary, since a solid understanding of
the complexity is essential when it comes to devising and evaluating algorithms tailored to
specific instances of the evaluation problem.

Prior work on probabilistic databases has established complexity results for monotonic
query languages such as conjunctive queries and unions of conjunctive queries. Algorithms
and systems have been developed for the exact evaluation of restricted query languages,
for example for positive queries and for queries with very limited forms of negation or
aggregation. Sampling-based approximation techniques have been proposed for evaluating
more expressive queries.

This thesis advances the state of the art in query processing along both aspects —
complexity analysis and algorithms — by investigating the evaluation problem for query
languages beyond the above-mentioned restrictions. Firstly, we propose algorithms for
computing exact answers to full relational algebra queries and to positive queries with
arbitrarily nested aggregation operators. Secondly, for relational algebra queries a de-
terministic approximation technique with error guarantees is developed, evaluated, and
benchmarked against the prevailing non-deterministic, sampling-based approximation al-
gorithms. Thirdly, we prove that the complexity dichotomy for non-repeating conjunctive
queries extends to queries with negation: Each such query has either PTIME or #P-hard
data complexity.

Let us loop back to the SPROUT? system for evaluating queries on tabular uncertain
Web data (cf. Section . In this system, the advances in query evaluation presented in
this thesis would allow users to express more powerful queries on Web data, i.e., queries
beyond the simple select-project-join query from Example[2; Data can be aggregated across

different data sources and negation allows for queries with universal quantification.
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Despite the results of this work being self-contained, they lend themselves to possible
extensions and future work, for example along the following open questions: Is it possible
to lift the model-based approximations of propositional formulas to more expressive bound
languages without jeopardising the low complexity of finding bounds? How can queries with
aggregation operators be approximated efficiently? What is the trade-off between query and
data complexity for tractable queries with negation? How does the dichotomy extend to
queries with union?

A major open challenge in probabilistic database research is to bring together the re-
search efforts and results obtained for restricted problem settings; the latter should be
consolidated into a probabilistic database management system that is sufficiently generic
and powerful to be considered a general-purpose platform for storing and querying uncer-
tain, structured data. Such a system needs to understand the trade-offs between different
data representations and evaluation techniques, then choose and apply those most suitable
to the query and data at hand. We investigated some of these trade-offs by experimentally
comparing our algorithms to those reported in prior work. We are hopeful that the results

from this thesis will contribute to solving this puzzle.
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Appendix A

Query listings and statistics

This appendix first lists the queries used in the experimental evaluation in Section and
then gives statistics regarding the size and structure of the annotation formulas of query
answers.

Query Listings. The listings in Figures[A.THA.5|depict the queries used in the experimen-
tal evaluation. The :CONF macro is replaced with the appropriate confidence computation
operator for the Monte-Carlo (aconf (e, ) ), decomposition tree (conf (’R’, ¢) for relative,
conf (’A’, ¢) for absolute approximation, and conf (’R’, 0) for exact computation), and
TRACT (conf()) methods in order to compute probabilities for the annotations of all
answer tuples.

Statistics of Annotation Formulas. The tables in Figures[A.0] show the number
of clauses, their arity, and number of variables of the annotation formulas generated by

the TPC-H and graph queries. Figure compares the size of the query answers for the
probabilistic and the deterministic case for queries with negation.
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-- Query 2B

select :CONF

from part, supplier, partsupp, nation, region

where
p_partkey = ps_partkey and s_suppkey = ps_suppkey
and p_size = 15 and p_type like ’%BRASS’

and s_nationkey = n_nationkey and n_regionkey = r_regionkey
and r_name = ’EUROPE’;
-- Query 9B

select :CONF
from part, supplier, lineitem, partsupp, orders, nation
where
s_suppkey = 1l_suppkey and ps_suppkey = 1l_suppkey
and ps_partkey = 1l_partkey and p_partkey = 1l_partkey
and o_orderkey = 1l_orderkey and s_nationkey = n_nationkey
and p_name like ’%green’’;

-- Query 20B
select :CONF
from supplier, nation, partsupp, part

where
s_suppkey = ps_suppkey and p_partkey = ps_partkey and p_name like ’forest’
and s_nationkey = n_nationkey and n_name = ’>CANADA’;

-- Query 21B

select :CONF
from supplier, lineitem, orders, nation

where
s_suppkey = 1l_suppkey and o_orderkey = 1l_orderkey
and o_orderstatus = ’F’ and l_receiptdate > l_commitdate
and s_nationkey = n_nationkey and n_name = ’SAUDI ARABIA’;

Figure A.1: Intractable TPC-H queries used for the experimental evaluation.
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-- Query 1
select 1l_returnflag, 1l_linestatus, :CONF
from lineitem
where
l_shipdate <= date ’1998-09-01"’
group by
l_returnflag, 1l_linestatus;

-- Query 15

select s_suppkey, s_name, s_address, s_phone, :CONF
from supplier, lineitem

where

s_suppkey = 1l_suppkey and 1l_shipdate >= date ’1991-10-10’
and 1l_shipdate < date ’1992-01-10"

group by
s_suppkey, s_name, s_address, s_phone;

-- Query 1B
select :CONF
from lineitem
where
l_shipdate <= date ’1998-09-01’;

-- Query 6B
select :CONF
from lineitem
where

l_shipdate >= ’1994-01-01’ and l_shipdate < ’1995-01-01’ and 1l_discount

and 1l_discount <= 0.07 and l_quantity < 24;

-- Query 16B

select :CONF

from partsupp, part

where
part.p_partkey = partsupp.ps_partkey and p_brand <> ’Brand#45’
and p_type like ’>MEDIUM POLISHEDY’;

-- Query 17B
select :CONF
from lineitem, part

where
part.p_partkey = lineitem.l_partkey and p_brand = ’Brand#23’
and p_container = ’MED BOX’;

>=

0.05

Figure A.2: Tractable TPC-H queries used for the experimental evaluation.
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-- Query IQ 1B
select :CONF
from orders, lineitem
where
o_orderkey = 1l_orderkey and o_orderdate > 1l_shipdate - 3;

-- Query IQ 4B
select :CONF
from part, lineitem
where
p_partkey = 1l_partkey and 1_extendedprice / 1l_quantity <= p_retailprice;

-- Query IQ 6
select s_nationkey
from supplier, customer, :CONF
where
s_acctbal < c_acctbal and s_nationkey = c_nationkey and s_acctbal > 9000;

group by s_nationkey;

Figure A.3: Tractable TPC-H queries with inequalities used for the experimental evaluation.

-- Triangle query G_Delta
select :CONF
from edge el, edge e2, edge e3

where
(el.v = e2.u and e2.v = e3.u and e3.v = el.u)
or (el.v = e2.v and e2.u = e3.u and e3.v = el.u)

-- Path query G_P2
select :CONF
from edge el, edge e2, no_edge e3
where
el.u = e3.u and el.v = e2.u and e2.v = e3.v

-- Path query G_P3
select :CONF
from edge el,edge e2,edge e3, no_edge ned4 ,no_edge neb,no_edge neb
where
el.v = e2.u and e2.v = e3.u and ned4.u = el.u and ned.v = e2.v
and neb.u = el.u and neb.v = e3.v and ne6.u = e2.u and ne6.v = e3.vV

-- Separation query G_S
select :CONF
from edge el, edge e2
where
el.v = e2.u and el.u <> e2.v

Figure A.4: Graph queries Ga, Gps, Gps, Gg on random graphs.
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-- Query N1

select p.p_partkey, p.p_name, :CONF

from part p left outer join
(select 1.1_partkey from lineitem 1 where 1.1l_quantity < 5) Q1
on (p.p_partkey = Q1.1l_partkey)

where
Q1.1_partkey is null;

-- Query N2
select p.p_partkey, p.p_name, :CONF
from part p left outer join
(select 1.1 _partkey from lineitem 1 where 1.1_quantity < 5) Q1
on (p.p_partkey = Q1.1l_partkey)
left outer join
(select ps.ps_partkey from partsupp ps where ps.ps_availqty > 8500) Q2
on (p.p_partkey = Q2.ps_partkey)
where
Q1.1_partkey is null and Q2.ps_partkey is null ;

-- Query N3
select Q1.ps_suppkey, :CONF
from (select ps.ps_suppkey
from partsupp ps
group by ps.ps_suppkey ) Q1 left outer join
( select distinct Q3.ps_suppkey as ps_suppkey
from ( select Q4.ps_suppkey as ps_suppkey, p2.p_partkey
from part p2, (
select distinct psl.ps_suppkey as ps_suppkey from partsupp psi
) Q4
where
p2.p_brand=’Brand#11’ and p2.p_size<10
) Q3
left outer join partsupp ps
on (ps.ps_partkey = Q3.p_partkey and ps.ps_suppkey=Q3.ps_suppkey)
where
ps.ps_suppkey is null
) Q2
on (Q1.ps_suppkey = Q2.ps_suppkey)
where
Q2.ps_suppkey is null;

-- Query N4
select Q2.A1, Q2.A2, :CONF
from ( select s_suppkey as A
from supplier T, nation n
where T.s_nationkey=n.n_nationkey
and (n.n_name=’FRANCE’)
) Q1 left outer join ( select Q3.A1, Q3.A2
from ( select T2.ps_suppkey as Al, Q4.A as A2, T2.ps_partkey as B
from partsupp T2, (
select T1.s_suppkey as A
from supplier T1, nation nil
where
Ti.s_nationkey=nl.n_nationkey and (nl.n_name=’GERMANY’)
) Q4) Q3 left outer join partsupp T3
on (T3.ps_partkey = Q3.B and T3.ps_suppkey=Q3.A42)
where
T3.ps_partkey is null
group by Q3.A1, Q3.A2

) Q2
on (Q1.A = Q2.A1)
where

Q2.A1 is null
group by

Q2.A1, Q2.A2;
Figure A.5: TPC-H queries with negation used for the experimental evaluation.
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Query

Scale Factor

Number of clauses

Arity of clauses

Number of variables

2B 0.01 5 5 18
0.05 22 5 65
0.1 63 5 171
0.5 291 5 756
1 642 5 1656
9B 0.01 3508 6 7372
0.05 18026 6 37545
0.1 34694 6 72419
0.5 175219 6 365780
1 348760 6 728042
20B 0.01 1 4 4
0.05 12 4 33
0.1 35 4 93
0.5 173 4 455
1 412 4 1050
21B 0.01 182 4 364
0.05 3520 4 6900
0.1 8590 4 16743
0.5 35469 4 69449
1 75871 4 148393

Figure A.6: Statistics of annotation formulas of intractable TPC-H queries on a TPC-H

database with varying scale factors.

Query  Number of clauses  Arity of clauses ~ Number of variables
1 1478869* 1 1478869*

15 1* 2 2%

1B 5914746 1 5914746

6B 114160 1 114160

16B 25824 2 32280

17B 6088 2 6292

*: Typical number per result tuple.

Figure A.7: Statistics of annotation formulas of hierarchical TPC-H queries on a TPC-H
database with scale factor 1. For the non-Boolean queries 1 and 15, the table lists typical
numbers of clauses and variables for a single result tuple; query 1 has 4 result tuples and a
total of 5914747 clauses, query 15 has 676 result tuples and a total of 704 clauses.

Query  Number of clauses  Arity of clauses = Number of variables
IQ 1B 99368 2 195595

1Q 4B 6001212 2 6201212

1Q 6 10315* 2 558*

*: Typical number per result tuple.

Figure A.8: Statistics of annotation formulas of TPC-H queries with inequalities on a TPC-
H database with scale factor 1. For the non-Boolean query IQ 6, the table lists typical
numbers of clauses and variables for a single result tuple; query 1Q 6 has 25 result tuples
and a total of 256188 clauses.
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Number of nodes  Number of clauses  Arity of clauses Number of variables

Ga Gpo Gan  Gp2 Gan  Gp2

6 20 120 3 3 15 15

7 35 210 3 3 21 21

8 56 336 3 3 28 28

9 84 504 3 3 36 36

10 120 720 3 3 45 45

11 165 990 3 3 55 55

12 220 1320 3 3 66 66

13 286 1716 3 3 78 78

14 364 2184 3 3 91 91

15 455 2730 3 3 105 105
16 560 3360 3 3 120 120
17 680 4080 3 3 136 136
18 816 4896 3 3 153 153
19 969 5814 3 3 171 171
20 1140 6840 3 3 190 190
21 1330 7980 3 3 210 210
22 1540 9240 3 3 231 231
23 1771 10626 3 3 253 253
24 2024 12144 3 3 276 276
25 2300 13800 3 3 300 300
26 2600 15600 3 3 325 325
27 2925 17550 3 3 351 351
28 3276 19656 3 3 378 378
29 3654 21924 3 3 406 406
30 4060 24360 3 3 435 435
31 4495 26970 3 3 465 465
32 4960 29760 3 3 496 496
33 5456 32736 3 3 528 528
34 5984 35904 3 3 561 561
35 6545 39270 3 3 595 595
36 7140 42840 3 3 630 630
37 7770 46620 3 3 666 666
38 8436 50616 3 3 703 703
39 9139 54834 3 3 741 741
40 9880 59280 3 3 780 780

Figure A.9: Statistics of annotation formulas of the triangle query Ga and the graph query
G p2 on random graphs.

Dataset Query  Number of clauses  Arity of clauses = Number of variables
Dolphins Ga 1140 3 242

Gpo2 536 3 242

Gps3 564 6 130

Gs 1846 2 318
Karate Ga 540 3 134

Gpo 240 3 134

Gps3 240 6 50

Ggs 1056 2 156

Figure A.10: Statistics of annotation formulas of the triangle query Ga, path queries Gps,
Gp3, and separation query Gg on “Karate” and “Dolphin” social network graphs.
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TPC-H Scale Answer size and proportion to the size of the non-probabilistic query answer

N1 NI1-Ratio N2 N2-Ratio N3 N3-Ratio N4 N4-Ratio
0.005 1000 11 1000 21 50 oo 0 oo
0.01 2000 12 2000 29 100 oo 10 o
0.05 10000 11 10000 21 500 oo 513 o
0.1 20000 11 20000 21 1000 oo 1750 oo
0.5 100000 11 100000 21 5000 oo 42188 oo
1 200000 11 200000 21 10000 oo 159192 oo
(a)

TPC-H Scale  Average annotation size in bytes

N1 N2 N3 N4
0.005 24 30 431 0
0.01 24 31 446 834
0.05 27 34 876 972
0.1 28 35 1373 971
0.5 30 38 4890 1127
1 31 39 10002 1128

(b)

Figure A.11: Statistics of annotation formulas of TPC-H queries with negation for varying
scale factors.
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Appendix B

Social network databases

Karate club data

The following is a list of directed edges (from, to, p) between the nodes from and to and
probability p in the Karate club database used in the experiments in Section [4.3

(1, 32,0.941176), (1, 22, 0.941176), (1, 20, 0.941176), (1, 18, 0.941176), (1, 14, 0.941176),
(1, 13, 0.941176), (1, 12, 0.941176), (1, 11, 0.941176), (1, 9, 0.941176), (1, 8, 0.941176), (1,
7, 0.941176), (1, 6, 0.941176), (1, 5, 0.941176), (1, 4, 0.941176), (1, 3, 0.941176), (1, 2,
0.941176), (10, 34, 0.117647), (10, 3, 0.117647), (11, 6, 0.176471), (11, 5, 0.176471), (11, 1,
0.176471), (12, 1, 0.0588235), (13, 4, 0.117647), (13, 1, 0.117647), (14, 34, 0.294118), (14,
4,0.294118), (14, 3, 0.294118), (14, 2, 0.294118), (14, 1, 0.294118), (15, 34, 0.117647), (15,
33, 0.117647), (16, 34, 0.117647), (16, 33, 0.117647), (17, 7, 0.117647), (17, 6, 0.117647),
(18,2, 0.117647), (18, 1, 0.117647), (19, 34, 0.117647), (19, 33, 0.117647), (2, 31, 0.529412),
(2, 22, 0.529412), (2, 20, 0.529412), (2, 18, 0.529412), (2, 14, 0.529412), (2, 8, 0.529412), (2,
4, 0.529412), (2, 3, 0.520412), (2, 1, 0.529412), (20, 34, 0.176471), (20, 2, 0.176471), (20,
1, 0.176471), (21, 34, 0.117647), (21, 33, 0.117647), (22, 2, 0.117647), (22, 1, 0.117647),
(23, 34, 0.117647), (23, 33, 0.117647), (24, 34, 0.294118), (24, 33, 0.294118), (24, 30,
0.294118), (24, 28, 0.294118), (24, 26, 0.294118), (25, 32, 0.176471), (25, 28, 0.176471),
(25, 26, 0.176471), (26, 32, 0.176471), (26, 25, 0.176471), (26, 24, 0.176471), (27, 34,
0.117647), (27, 30, 0.117647), (28, 34, 0.235294), (28, 25, 0.235294), (28, 24, 0.235294),
(28, 3, 0.235294), (29, 34, 0.176471), (29, 32, 0.176471), (29, 3, 0.176471), (3, 33, 0.588235),
(3, 29, 0.588235), (3, 28, 0.588235), (3, 14, 0.588235), (3, 10, 0.588235), (3, 9, 0.588235), (3,
8, 0.588235), (3, 4, 0.588235), (3, 2, 0.588235), (3, 1, 0.588235), (30, 34, 0.235294), (30, 33,
0.235294), (30, 27, 0.235294), (30, 24, 0.235294), (31, 34, 0.235294), (31, 33, 0.235294), (31,
9, 0.235294), (31, 2, 0.235294), (32, 34, 0.352941), (32, 33, 0.352941), (32, 29, 0.352941), (32,
26, 0.352941), (32, 25, 0.352941), (32, 1, 0.352941), (33, 34, 0.705882), (33, 32, 0.705882),
(33, 31, 0.705882), (33, 30, 0.705882), (33, 24, 0.705882), (33, 23, 0.705882), (33, 21,
0.705882), (33, 19, 0.705882), (33, 16, 0.705882), (33, 15, 0.705882), (33, 9, 0.705882),
(33, 3, 0.705882), (34, 33, 1), (34, 32, 1), (34, 31, 1), (34, 30, 1), (34, 29, 1), (34, 28, 1),
(34, 27, 1), (34, 24, 1), (34, 23, 1), (34, 21, 1), (34, 20, 1), (34, 19, 1), (34, 16, 1), (34, 15,
1), (34, 14, 1), (34, 10, 1), (34, 9, 1), (4, 14, 0.352941), (4, 13, 0.352941), (4, 8, 0.352941),
(4, 3, 0.352941), (4, 2, 0.352941), (4, 1, 0.352941), (5, 11, 0.176471), (5, 7, 0.176471), (5,
1, 0.176471), (6, 17, 0.235294), (6, 11, 0.235294), (6, 7, 0.235294), (6, 1, 0.235294), (7,
17, 0.235294), (7, 6, 0.235294), (7, 5, 0.235294), (7, 1, 0.235294), (8, 4, 0.235294), (8, 3,
0.235294), (8, 2, 0.235294), (8, 1, 0.235294), (9, 34, 0.294118), (9, 33, 0.294118), (9, 31,
0.294118), (9, 3, 0.294118), (9, 1, 0.294118)
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Dolphins data

The following is a list of directed edges (from, to, p) between the nodes from and to and
probability p in the Karate club database used in the experiments in Section [4.3

(Fish, Beak, 0.416667), (Grin, Beak, 1), (Haecksel, Beak, 0.583333), (SN9, Beak, 0.666667),
(SN96, Beak, 0.5), (TR77, Beak, 0.5), (Jet, Beescratch, 0.75), (Knit, Beescratch, 0.333333),
(Notch, Beescratch, 0.25), (Numberl, Beescratch, 0.416667), (Oscar, Beescratch, 0.416667),
(SN100, Beescratch, 0.583333), (SN90, Beescratch, 0.416667), (Upbang, Beescratch, 0.583333),
(Fish, Bumper, 0.416667), (SN96, Bumper, 0.5), (Thumper, Bumper, 0.333333), (Zipfel,
Bumper, 0.25), (Double, CCL, 0.5), (Grin, CCL, 1), (Zap, CCL, 0.416667), (Trigger,
Cross, 0.833333), (Feather, DN16, 0.583333), (Gallatin, DN16, 0.666667), (Wave, DN16,
0.166667), (Web, DN16, 0.75), (Feather, DN21, 0.583333), (Gallatin, DN21, 0.666667),
(Jet, DN21, 0.75), (Upbang, DN21, 0.583333), (Wave, DN21, 0.166667), (Web, DN2I,
0.75), (Knit, DN63, 0.333333), (Numberl, DN63, 0.416667), (PL, DN63, 0.416667), (SN9,
DN63, 0.666667), (Upbang, DN63, 0.583333), (CCL, Double, 0.25), (Kringel, Double, 0.75),
(Oscar, Double, 0.416667), (SN4, Double, 0.916667), (Topless, Double, 0.916667), (Zap,
Double, 0.416667), (DN16, Feather, 0.333333), (DN21, Feather, 0.5), (Gallatin, Feather,
0.666667), (Jet, Feather, 0.75), (Ripplefluke, Feather, 0.25), (SN90, Feather, 0.416667),
(Web, Feather, 0.75), (Beak, Fish, 0.5), (Bumper, Fish, 0.333333), (Patchback, Fish, 0.75),
(SN96, Fish, 0.5), (TR77, Fish, 0.5), (Trigger, Five, 0.833333), (Scabs, Fork, 0.833333),
(DN16, Gallatin, 0.333333), (DN21, Gallatin, 0.5), (Feather, Gallatin, 0.583333), (Jet,
Gallatin, 0.75), (Ripplefluke, Gallatin, 0.25), (SN90, Gallatin, 0.416667), (Upbang, Gal-
latin, 0.583333), (Web, Gallatin, 0.75), (Beak, Grin, 0.5), (CCL, Grin, 0.25), (Hook,
Grin, 0.5), (MN83, Grin, 0.5), (Scabs, Grin, 0.833333), (Shmuddel, Grin, 0.416667), (SN4,
Grin, 0.916667), (SN63, Grin, 0.666667), (SN9, Grin, 0.666667), (Stripes, Grin, 0.583333),
(TR99, Grin, 0.583333), (TSN103, Grin, 0.333333), (Beak, Haecksel, 0.5), (Jonah, Haecksel,
0.583333), (MN83, Haecksel, 0.5), (SN9, Haecksel, 0.666667), (Topless, Haecksel, 0.916667),
(Vau, Haecksel, 0.166667), (Zap, Haecksel, 0.416667), (Grin, Hook, 1), (Kringel, Hook,
0.75), (Scabs, Hook, 0.833333), (SN4, Hook, 0.916667), (SN63, Hook, 0.666667), (TR99,
Hook, 0.583333), (Beescratch, Jet, 0.666667), (DN21, Jet, 0.5), (Feather, Jet, 0.583333),
(Gallatin, Jet, 0.666667), (MN23, Jet, 0.0833333), (Mus, Jet, 0.25), (Numberl, Jet, 0.416667),
(Quasi, Jet, 0.0833333), (Web, Jet, 0.75), (Haecksel, Jonah, 0.583333), (Kringel, Jonah,
0.75), (MN105, Jonah, 0.5), (MN83, Jonah, 0.5), (Patchback, Jonah, 0.75), (Topless,
Jonah, 0.916667), (Trigger, Jonah, 0.833333), (Beescratch, Knit, 0.666667), (DN63, Knit,
0.416667), (PL, Knit, 0.416667), (Upbang, Knit, 0.583333), (Double, Kringel, 0.5), (Hook,
Kringel, 0.5), (Jonah, Kringel, 0.583333), (Oscar, Kringel, 0.416667), (SN100, Kringel,
0.583333), (SN63, Kringel, 0.666667), (Thumper, Kringel, 0.333333), (TR77, Kringel, 0.5),
(TR99, Kringel, 0.583333), (Jonah, MN105, 0.583333), (Patchback, MN105, 0.75), (Scabs,
MN105, 0.833333), (SN4, MN105, 0.916667), (Topless, MN105, 0.916667), (Trigger, MN105,
0.833333), (Jet, MN23, 0.75), (SN100, MNG60, 0.583333), (Topless, MN60, 0.916667), (Trigger,
MNG60, 0.833333), (Grin, MN83, 1), (Haecksel, MN83, 0.583333), (Jonah, MN83, 0.583333),
(Patchback, MN83, 0.75), (Topless, MN83, 0.916667), (Trigger, MN83, 0.833333), (Jet,
Mus, 0.75), (Notch, Mus, 0.25), (Numberl, Mus, 0.416667), (Beescratch, Notch, 0.666667),
(Mus, Notch, 0.25), (Numberl, Notch, 0.416667), (Beescratch, Numberl, 0.666667), (DN63,
Numberl, 0.416667), (Jet, Numberl, 0.75), (Mus, Numberl, 0.25), (Notch, Numberl, 0.25),
(Beescratch, Oscar, 0.666667), (Double, Oscar, 0.5), (Kringel, Oscar, 0.75), (PL, Oscar,
0.416667), (TR77, Oscar, 0.5), (Fish, Patchback, 0.416667), (Jonah, Patchback, 0.583333),
(MN105, Patchback, 0.5), (MN83, Patchback, 0.5), (SMN5, Patchback, 0.0833333), (Stripes,
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Patchback, 0.583333), (Topless, Patchback, 0.916667), (Trigger, Patchback, 0.833333), (TSN103,
Patchback, 0.333333), (DN63, PL, 0.416667), (Knit, PL, 0.333333), (Oscar, PL, 0.416667),
(SN96, PL, 0.5), (TR77, PL, 0.5), (Jet, Quasi, 0.75), (Feather, Ripplefluke, 0.583333),
(Gallatin, Ripplefluke, 0.666667), (Zig, Ripplefluke, 0.0833333), (Fork, Scabs, 0.0833333),
(Grin, Scabs, 1), (Hook, Scabs, 0.5), (MN105, Scabs, 0.5), (Shmuddel, Scabs, 0.416667),
(SN4, Scabs, 0.916667), (SN63, Scabs, 0.666667), (SN9, Scabs, 0.666667), (Stripes, Scabs,
0.583333), (TR99, Scabs, 0.583333), (Grin, Shmuddel, 1), (Scabs, Shmuddel, 0.833333),
(SN4, Shmuddel, 0.916667), (Thumper, Shmuddel, 0.333333), (TR88, Shmuddel, 0.166667),
(Patchback, SMN5, 0.75), (Beescratch, SN100, 0.666667), (Kringel, SN100, 0.75), (MNG60,
SN100, 0.25), (SN4, SN100, 0.916667), (SN89, SN100, 0.166667), (SN9, SN100, 0.666667),
(Zap, SN100, 0.416667), (Double, SN4, 0.5), (Grin, SN4, 1), (Hook, SN4, 0.5), (MN105,
SN4, 0.5), (Scabs, SN4, 0.833333), (Shmuddel, SN4, 0.416667), (SN100, SN4, 0.583333),
(SN, SN4, 0.666667), (Stripes, SN4, 0.583333), (Topless, SN4, 0.916667), (Zipfel, SN4,
0.25), (Grin, SN63, 1), (Hook, SN63, 0.5), (Kringel, SN63, 0.75), (Scabs, SN63, 0.833333),
(Stripes, SN63, 0.583333), (Thumper, SN63, 0.333333), (TSN103, SN63, 0.333333), (Whitetip,
SN63, 0.0833333), (SN100, SN89, 0.583333), (Web, SN89, 0.75), (Beak, SN9, 0.5), (DN63,
SN9, 0.416667), (Grin, SN9, 1), (Haecksel, SN9, 0.583333), (Scabs, SN9, 0.833333), (SN100,
SN9, 0.583333), (SN4, SN9, 0.916667), (TSN103, SN9, 0.333333), (Beescratch, SN90, 0.666667),
(Feather, SN90, 0.583333), (Gallatin, SN90, 0.666667), (Upbang, SN90, 0.583333), (Web,
SN90, 0.75), (Beak, SN96, 0.5), (Bumper, SN96, 0.333333), (Fish, SN96, 0.416667), (PL,
SN96, 0.416667), (TR77, SN96, 0.5), (TR99, SN96, 0.583333), (Grin, Stripes, 1), (Patchback,
Stripes, 0.75), (Scabs, Stripes, 0.833333), (SN4, Stripes, 0.916667), (SN63, Stripes, 0.666667),
(TR120, Stripes, 0.166667), (TSN83, Stripes, 0.166667), (Bumper, Thumper, 0.333333),
(Kringel, Thumper, 0.75), (Shmuddel, Thumper, 0.416667), (SN63, Thumper, 0.666667),
(Double, Topless, 0.5), (Haecksel, Topless, 0.583333), (Jonah, Topless, 0.583333), (MN105,
Topless, 0.5), (MN60, Topless, 0.25), (MN83, Topless, 0.5), (Patchback, Topless, 0.75),
(SN4, Topless, 0.916667), (TR99, Topless, 0.583333), (Trigger, Topless, 0.833333), (Zap,
Topless, 0.416667), (Stripes, TR120, 0.583333), (TR88, TR120, 0.166667), (Beak, TRT77,
0.5), (Fish, TR77, 0.416667), (Kringel, TR77, 0.75), (Oscar, TR77, 0.416667), (PL, TR77,
0.416667), (SN96, TRT77, 0.5), (Web, TRS82, 0.75), (Shmuddel, TRSS, 0.416667), (TR120,
TRSS, 0.166667), (Grin, TR99, 1), (Hook, TR99, 0.5), (Kringel, TR99, 0.75), (Scabs,
TRY9, 0.833333), (SN96, TR99, 0.5), (Topless, TR99, 0.916667), (Trigger, TR99, 0.833333),
(Cross, Trigger, 0.0833333), (Five, Trigger, 0.0833333), (Jonah, Trigger, 0.583333), (MN105,
Trigger, 0.5), (MN60, Trigger, 0.25), (MNS83, Trigger, 0.5), (Patchback, Trigger, 0.75),
(Topless, Trigger, 0.916667), (TR99, Trigger, 0.583333), (Vau, Trigger, 0.166667), (Grin,
TSN103, 1), (Patchback, TSN103, 0.75), (SN63, TSN103, 0.666667), (SN9, TSN103, 0.666667),
(Stripes, TSN83, 0.583333), (Zipfel, TSN83, 0.25), (Beescratch, Upbang, 0.666667), (DN21,
Upbang, 0.5), (DN63, Upbang, 0.416667), (Gallatin, Upbang, 0.666667), (Knit, Upbang,
0.333333), (SN90, Upbang, 0.416667), (Web, Upbang, 0.75), (Haecksel, Vau, 0.583333),
(Trigger, Vau, 0.833333), (DN16, Wave, 0.333333), (DN21, Wave, 0.5), (DN16, Web,
0.333333), (DN21, Web, 0.5), (Feather, Web, 0.583333), (Gallatin, Web, 0.666667), (Jet,
Web, 0.75), (SN89, Web, 0.166667), (SN90, Web, 0.416667), (TRS82, Web, 0.0833333),
(Upbang, Web, 0.583333), (SN63, Whitetip, 0.666667), (CCL, Zap, 0.25), (Double, Zap,
0.5), (Haecksel, Zap, 0.583333), (SN100, Zap, 0.583333), (Topless, Zap, 0.916667), (Ripplefluke,
Zig, 0.25), (Bumper, Zipfel, 0.333333), (SN4, Zipfel, 0.916667), (TSN83, Zipfel, 0.166667)
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