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Abstract. The modelling of dense plasmas using finite-temperature density

functional theory has proven very successful in determining transport properties and

the equation of state of systems where quantum many-body effects and correlations

play a key role in their structure. Here we show how excited-state projector augmented-

wave potentials can be used to extend these calculations to explicitly model core-hole

states, allowing for the calculation of the electronic structure of a range of integer

charge configurations embedded in a dense plasma environment. Our excited-state

potentials show good agreement with all-electron calculations at finite-temperatures,

motivating their use as an efficient approach in modelling from first principles both

the structure of strongly-coupled non-equilibrium plasmas and their interaction with

intense X-rays.

1. Introduction

The computational study of dense, strongly-coupled plasmas has benefited immensely

from the application of density functional theory (DFT) [1], within both single-centre

average atom approximations [2–4] and in combination with molecular dynamics to form

true multi-centred models [5]. Plasma investigations based on DFT are ideal in these

conditions as they offer a fully quantum-mechanical, in principle exact, approach to the

many-body problem whilst requiring a minimal set of approximations. Crucially, they

yield results consistent with experiment.

Optimising the efficiency of these simulations is of great practical importance. In

principle, DFT is capable of providing the structure for all the electrons present in

the system under study. In practice, however, it is often convenient to separate the

electrons into two groups: core and valence. The core electrons of an ion are those

which do not interact with the electrons of other ions, and therefore do not play a

role in the chemistry of the system. The valence electrons are, in turn, those which do

interact with other electrons, and give rise to bonding, structure, electrical conductivity,
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Excited-state potentials for modelling dense plasmas from first principles 2

and a range of other properties. In the condensed matter ground state relatively few

electrons participate in the chemistry, and the large number of core electrons can be

conveniently excluded from the explicit DFT calculation, and modelled via an effective

pseudopotential. When possible, the use of pseudopotentials can significantly increase

the efficiency of calculations [6].

An important aspect of a plasma is that it is composed of a distribution of ion

charge states, which, in equilibrium, is determined uniquely by the temperature and

density of the system. Such an equilibrium plasma can be modelled with finite-

temperature DFT [7], albeit at considerable computational expense, and often still

only up to moderate temperatures on the order of the Fermi energy of the system,

generally around 10 eV, before additional approximations must be made [8]. Advances in

computational capabilities now allow for efficient DFT simulations of systems containing

over 10,000 atoms [9]. Whilst this does not yet approach the size of a plasma generated

experimentally (e.g., a cubic micron of solid-density Al contains about 6×1010 atoms),

when coupled with molecular dynamics (MD) such calculations are becoming large

enough to encompass a true ensemble of ions necessary for a proper thermodynamic

treatment of dense plasma properties [10]. Finite temperature DFT-MD combined

with linear response theory has been successfully applied to study a range of plasma

properties such as the equation of state [11–20], structure factors [21, 22], phases

and phase transitions [23], electrical conductivities [24–26], opacities [27, 28], optical

properties [29, 30], and entropies [31], and are important tools for a wide range of

investigations in planetary physics [13, 32] and inertial confinement fusion [24].

Thus far calculations remain limited in that whilst one can explicitly model an

ensemble of ion positions, for example corresponding to individual time steps of an

MD simulation, the resulting system remains a thermal average calculation with the

computed electron density ρ(r) corresponding to the ensemble average over electronic

microstates for each ion arrangement. Within finite temperature Kohn-Sham (K-S)

DFT [33] this is expressed in terms of the non-interacting K-S orbitals Ψ(r), populated

by the Fermi-Dirac distribution fi(εi − µ):

ρ(r) =
∑
i

fi(εi − µ)|Ψi(r)|2. (1)

Equation 1 lacks a description of thermal fluctuations in the electron density, the

resulting charge state variations from ion to ion, and the role of a locally varying

microfield [34, 35] on plasma properties. Such inhomogeneities can have profound

impacts on electronic transport properties [36–38]. By design, the Kohn-Sham system

also hides the complicated electronic correlations needed to describe interaction driven

localisation and the transition between bound and free states [39–41]. Excited-

state, frozen-core pseudopotentials offer a computationally cheap means to avoid these

limitations by modelling the interaction of specific ion charge states with the surrounding

plasma. Such an approach enables one to explicitly account for the distribution of ion
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Excited-state potentials for modelling dense plasmas from first principles 3

charge states with a plasma by populating a supercell with a variety of excited state

potentials, each corresponding to different ion charge states present within the plasma.

Importantly, while the pseudopotentials are designed to represent an excited state, the

DFT calculation remains a ground state or finite temperature calculation, constrained

to provide the minimum energy solution for the electron density distribution under the

boundary conditions of the excited-core pseudopotential.

The use of excited-state pseudopotentials to model various ion configurations

has allowed researchers to interpret results from photoemission spectroscopy [42–44],

XANES [45–47], and X-ray emission spectroscopy [48, 49]. Generally speaking, this

capability is important for all applications where the specific charge state of the

individual ion within the plasmas matters. A prime example of this is recent research

on the physics of ionization potential depression [50–52], and studies investigating the

electronic structure of dense plasmas using x-ray scattering [53–55]. However there

remains no simple and rigourous scheme for modelling the interaction of an excited ion

with a surrounding plasma in DFT, nor is there any guarantee that a DFT supercell

calculation containing a variety of such potentials should result in anything physically

meaningful. Ground state pseudopotentials on the other hand are generally tested

by comparing the produced band structures and densities of states (DOS) with the

respective all-electron calculations.

Here we present a verification procedure that extends this test to excited-state

Na pseudopotentials, by performing a consistency test with finite-temperature all-

electron calculations. Excited-state pseudopotentials would be appealing across the

periodic table, however Na in particular serves as an excellent test case by having

both sufficiently electrons that a finite temperature, all-electron calculation is feasible

whilst also possessing sufficiently inactive K and L shells that they may be frozen in

the core. Using the finite-temperature plane-wave DFT code Abinit [56], we have

calculated the DOS for a range of Na ion charge states using Projector Augmented

Wave (PAW) potentials [57] for a crystalline unit cell of solid-density Na. We compare

the calculation performed using frozen-core potentials of excited states containing core

holes with all-electron calculations at temperatures sufficient to vacate core states

thermally, as described by the Fermi-Dirac distribution. The temperatures and the

excited state configurations are specifically chosen to create systems with consistent

shell populations that can be compared directly. We observe excellent agreement in

the calculated electronic structure using the two types of pseudopotentials. While this

does not necessarily guarantee the excited state pseudopotentials produce physically

correct results, it does ensure that the introduction of the pseudopotential in the DFT

calculation, and the freezing of excited core states, has a negligible impact on the results

obtained.
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(b) 4 electrons ionised out of core K L shells

Figure 1: (Colour online) Hartree-Fock (+) vs Kohn-Sham (solid lines) orbitals for

isolated Na atoms

2. Excited State PAW potentials

Mindful as we are of the importance a proper treatment of the ion charge state

distribution may have for transport coefficients, and of the distinction between bound

and free states, we have chosen to construct our excited state potentials using the

PAW formalism. Within this formalism the computationally difficult, highly oscillatory

valence wavefunction behaviour close to the ion is smoothed with a transformation

analogous to a change of basis. Unlike other pseudopotential methods this, in principle,

does not lead to any approximation of the valence state behaviour beyond those afforded

by the frozen core approximation. No presumptions are made concerning whether the

valence states are bound or free, and close to the ion the K-S wavefunctions can be

reconstructed, complete with rapid oscillations, by inverting the transformation.

Our frozen core pseudopotentials are constructed using the Atompaw [58] code by

first performing an all-electron DFT calculation for the isolated Na atom. We take the

three lowest lying K-S states (i.e. those resembling 1s, 2s and 2p atomic orbitals) as

the core to be frozen. Excited core potentials are generated by artificially enforcing

non ground state occupation numbers on the three lowest lying K-S states with charge

neutrality maintained by placing an appropriate number of electrons into valence states,

in the 3s and 3p orbitals. The system is then allowed to relax to minimise its total energy

subject to the constraint of the excited frozen core configuration.

Which excited configurations we can test is somewhat limited by the need to have a

sensible reference result. Fortunately, whilst an explicit calculation of a generic excited

state within DFT is difficult, a finite temperature result can be obtained by minimising

the Mermin free energy functional. A finite temperature DFT calculation using all-

electron PAW yields, in principle, an exact solution for thermal ensemble average

quantities derivable from the electron density to within the accuracy of the exchange-
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Excited-state potentials for modelling dense plasmas from first principles 5

correlation functional used. For the specific case of a solid-density lattice of Na ions one

expects thermal ionisation of the core 1s, 2s and 2p states as the electron temperature of

the system is increased. An all-electron calculation at these temperatures thus provides

a suitable reference with which to compare excited state pseudopotentials intended to

represent ions with one or more vacant states in the core.

The key requirements for a good pseudopotential are computational gain and

transferability. By design the pseudopotentials reproduce the all valence electron K-

S eigenvalues for the isolated atom. PAW potential construction was subject to the

commonly used tests of matching logarithmic derivatives, atomic excitation energies

and optimisation of projector functions [58], though the latter remained high when

constructing all-electron potentials. Nonetheless, given the lack of a rigorous physical

interpretation of the resulting K-S wave-functions we consider it instructive to compare

them with single particle wave-functions as calculated within the Hartree-Fock, single

Slater determinant approximation using the Missing [59] interface to Cowan’s code [60].

The two methods produce nearly identical single particle wave functions for all excited

state pseudopotentials constructed, supporting the creation of a given ion electronic

configuration by directly imposing the same occupation numbers on the K-S orbitals.

Little visible change occurs in the atomic wave functions as electrons are taken out

of the core L shell and placed into M shell valence states (Figures 1a and 1b). The

small change that is noticeable (primarily in the 2p and 3s wave functions) involves a

contraction of the wave functions radially for both K-S and Hartree-Fock orbitals.

3. DFT calculations for warm dense Na

DFT calculations in the bulk, body-centred cubic (bcc) Na lattice were performed using

the Abinit code [56], with the PBE generalised gradient expansion for the exchange-

correlation energy [61]. Accurate sampling of the Brillouin zone is achieved using shifted

32×32×32 Monkhorst pack grids [62] for charge states up to 2 electrons ionised out of

the core K and L shells. 16×16×16 grids were used for 3 and 4 L shell electron hole

potentials due to the otherwise impractical amount of memory needed to represent the

increasing number of occupied bands.

DFT calculations of the Na bcc ground state using the all-electron potential PAW

and with fully occupied frozen cores yield lattice constants of 4.21 Å and 4.22 Å

respectively, in close agreement to the experimental value of 4.23 Å [63]. In addition,

both produce consistent valence electron DOS as seen in Figure 2. Testing of excited

state potentials begins by first performing finite temperature calculations of a fixed solid

density bcc Na lattice using all-electron PAW potentials. The electron temperature is

varied to thermally ionise integer numbers of electrons out of the three lowest lying K-S

states of this bulk system. These all-electron results then serve as a reference with which

to compare excited state potentials constructed to model ions of equivalent charge state.

The latter have been constructed such that the enforced occupation numbers of the 1s,

2s and 2p core states replicate the thermal occupation of the three lowest lying K-S
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Figure 2: (Colour online) Valence DOS for ground state bulk

bcc sodium. The
√
E dependance characteristic of an ideal

metal is clear.
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Figure 3: (Colour online) Electron temperatures thermally

ionising integer numbers of electrons out of the L shell like

Kohn-Sham orbitals, as calculated for a fixed bcc lattice of

all-electron PAW potentials.

orbitals of the bulk all-electron calculation (see Figure 3).

A comparison of the resulting DOS for excited core and all-electron PAW potentials
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Figure 4: (Colour online) Electron temperatures thermally ionising integer numbers of

electrons out of the L shell like Kohn-Sham orbitals, as calculated for a fixed bcc lattice

of all-electron PAW potentials.

is shown in Figure 4. The angular momentum decomposition for 3 and 4 L shell holes

is provided in Figures 5a and 5b, respectively. All DOS results have been converged

with respect to the number of electron bands and auxiliary state plane wave basis set.

Simulations for the 16 atom supercell of frozen core potentials produced DOS consistent

with both all-electron and frozen core potentials in the primitive unit cell containing

one atom. A continuous DOS is generated by using a Gaussian smearing function of

full width half maximum 0.1 eV for each k point, except for the angular momentum

projected DOS, for which the tetrahedron method is used. Note that in order to achieve

a convergence in total energy of 0.5 eV the all-electron potentials required a plane wave

basis cut off energy over six times higher than that for frozen core potentials (∼ 410 eV

compared with ∼ 2700 eV).

4. Discussion of results

From the DOS plots in Figure 4 it is apparent that the excited core PAW potentials do

a good job of reproducing valence electron behaviour consistent with thermal average

treatments based on finite temperature, all-electron PAW potentials. The implications
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Figure 5: Angular momentum projected density of states within the PAW sphere for

(a) 3, and (b), 4 electrons thermally ionised from the L shell respectively.

for this consistency are made clear when one considers the reasons why all-electron

and the equivalent excited core calculations might, in general, be expected to disagree.

For one, the core atomic K-S orbitals imported from the isolated atom calculation will

necessarily differ from the low lying 1s, 2s and 2p states arising in the all-electron

calculation in the bulk plasma, leading to a different ion potential experienced by the

valence electrons. Second, even if the low lying all-electron K-S states are taken to

constitute the frozen core the very act of freezing these states requires allowing the

valence states to minimise the Mermin free energy functional Ω without accounting for

the influence on core states. Expressing Ω in terms of it’s components one has:

Ω[ρ(r)] = Ts[ρ] + VH [ρ] + Vext[ρ] + Exc[ρ]− TS[ρ].

Substituting ρ = ρcore + ρvalence and minimising Ω with respect to variations in

ρvalence would be the strictly rigorous approach. Due to the linear nature of the

Coulomb interaction the sum of the Hartree term, VH [ρ], and external potential,

Vext[ρ], is unchanged by the substitution, whilst the exchange correlation functional,

Exc[ρ], is typically approximated as an explicit functional of ρ and so can be modified

accordingly. A slightly more involved treatment of the non-interacting kinetic energy

term Ts[ρcore + ρvalence] based on perturbation theory has been used to estimate errors

in ground state DFT calculations [64], however this involves relaxing the enforcement

of orthogonality between core and valence states that is intrinsic to the PAW potential

method. The results presented here extend this by explicitly demonstrating the freezing

of the core to have only a small effect on the valence electron DOS for each excited state

PAW potential under consideration, within a hot and dense plasma environment.
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FIG. 7: (Color online) Excited state PAW potentials
used to model a true ensemble of charge states within a

plasma. The isosurface corresponding to the mean
valence electron density of 5 ⇥ 1022 cm-3 is shown. Ions
representing 0, 1 and 2 electron holes in the Na L shell

are located at the green, blue and red spheres,
respectively.

S orbitals (even if the atomic valence states are to be
thermally occupied) and thus our demonstration of the
consistency of this method in particular is important for
future calculations.

V. CONCLUSIONS

An account of thermal fluctuations and local variations
in electron charge density remains an important aspect
of plasma structure, and is not fully included in finite
temperature DFT treatments based on all-electron or
ground state pseudopotentials. Excited state potentials
o↵er the possibility to account for such physics by ex-
plicitly modelling the ensemble distribution of ion charge
states within a plasma. Through comparison with fi-
nite temperature, all-electron results we have proposed
and demonstrated a consistency test for these pseudopo-
tentials. As an example, excited state PAW potentials
passing this test for a range of Na ion charge states have
been considered and deployed to model the many charge
states present in a plasma via a large supercell DFT cal-
culation. By doing so we have e↵ectively extracted the
problem of dealing with excited ion core states and refor-
matted it as an issue of boundary conditions imposed by
pseudopotentials on valence electrons. Our consistency
test helps legitimise this approach in so far as the core
excited states are reachable via finite temperature calcu-
lations, and in doing so opens up the door for these ex-

cited state potentials to be applied to general ion charge
state distributions within dense plasmas.
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Figure 6: (Colour online) Example electron density isosurface (5×1022 cm−3 ) when

excited state PAW potentials are used to model an ensemble of charge states in a plasma.

Note that the increasing ion charge states of green→ blue→ red (representing 0, 1 and

2 electron holes in the Na L shell) also exhibit increasing electron screening as indicated

by the encroaching isosurface.

Angular momentum decomposition for 3 and 4 electron holes in the Na L shell

suggests the formation of broad peaks in the DOS, consistent with the formation of

atomic-like 3s, 3p and 3d orbitals. The agreement of all-electron calculations with

excited core PAW potentials in predicting these structures (previously seen in dense

plasma calculations using frozen core, excited [49] and ground state [65] Aluminium

PAW potentials) bodes well for the latter as a tool for investigating the role a variety

of different charge states may have on the formation of bound states within a plasma.

To highlight the role excited state potentials can play in investigating in detail the

local effects of charge state distributions in dense plasmas, we present in Figure 6 a plot of

the valence electron density isosurface corresponding to the mean valence charge density,

5×1022 cm−3, for a solid-density Na system composed of a range of integer charge states.

Taking into account the distribution of charge states present has led to asymmetry in

the resulting charge density, even though the ions themselves form a perfect bcc lattice.

The tight isosurface spheres surrounding the ions in red, corresponding to ions with

2 holes in the L shell, illustrate how valence electrons are focused tightest around the

highest charge states. Meanwhile, the valence density around the ground state Na ions,

which have a full L shell and are shown in green, remains relatively low and below the

isosurface value of 5×1022 cm−3.

We note that appropriate excited potentials have been built by directly enforcing

the desired orbital occupancies during the isolated atom stage of PAW potential

construction. The isolated atom DFT calculations do not make use of finite temperature

DFT. Instead, excited occupations are directly enforced on core states only, allowing
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the remaining valence states to achieve their lowest energy occupation (subject to

overall charge neutrality). As a result the number of isolated atom K-S orbitals to be

computed remains low, and the PAW potential construction process is quick. Ultimately,

generating pseudopotentials for generic core occupations will require directly enforcing

excited configurations on core atomic K-S orbitals (even if the atomic valence states are

to be thermally occupied) and thus our demonstration of the consistency of this method

in particular is important for future calculations.

5. Conclusions

An account of thermal fluctuations and local variations in electron charge density

remains an important aspect of plasma structure, and is not fully included in finite

temperature DFT treatments based on all-electron or ground state pseudopotentials.

Excited state potentials offer the possibility to account for such physics by explicitly

modelling the ensemble distribution of ion charge states within a plasma. Through

comparison with finite temperature, all-electron results we have proposed and

demonstrated a consistency test for these pseudopotentials. As an example, excited

state PAW potentials passing this test for a range of Na ion charge states have been

considered and deployed to model the many charge states present in a plasma via a large

supercell DFT calculation. By doing so we have effectively extracted the problem of

dealing with excited ion core states and reformatted it as an issue of boundary conditions

imposed by pseudopotentials on valence electrons. No doubt an extension of this method

across the periodic table would benefit from increased abilities to to perform all-electron

calculations at finite temperatures. Our consistency tests here on warm dense Na help

legitimise this approach in so far as the core excited states are reachable via finite

temperature calculations, and in doing so opens up the door for these excited state

potentials to be further studied and ultimately applied to charge state distributions

within dense plasmas.
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[45] S. Mazevet and G. Zérah. Ab Initio Simulations of the K-Edge Shift along the Aluminum Hugoniot.

Physical Review Letters, 101(15):155001, oct 2008.

[46] A. Benuzzi-Mounaix, F. Dorchies, V. Recoules, F. Festa, O. Peyrusse, A. Levy, A. Ravasio, T. Hall,

M. Koenig, N. Amadou, E. Brambrink, and S. Mazevet. Electronic structure investigation of

highly compressed aluminum with K edge absorption spectroscopy. Physical Review Letters,

107(16):165006, oct 2011.

[47] V. Recoules and S. Mazevet. Temperature and density dependence of XANES spectra in warm

dense aluminum plasmas. Physical Review B, 80(6):064110, aug 2009.

[48] S. M. Vinko, U. Zastrau, S. Mazevet, J. Andreasson, S. Bajt, T. Burian, J. Chalupsky, H. N.
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