‘ 1is MICCAI paper is the Open Access version, providec
MICCAI :

Universal Topology Refinement for Medical Image
Segmentation with Polynomial Feature Synthesis

Liu Li'®)  Hanchun Wang'*, Matthew Baugh', Qiang Ma!, Weitong Zhang!,
Cheng Ouyang?', Daniel Rueckert!?, and Bernhard Kainz!'+

! Imperial College London, UK
1liu.1i20@imperial.ac.uk
2 University of Oxford, UK
3 Klinikum rechts der Isar, Technical University of Munich, Germany
4 Friedrich-Alexander-Universitit Erlangen-Niirnberg, Germany

Abstract. Although existing medical image segmentation methods pro-
vide impressive pixel-wise accuracy, they often neglect topological cor-
rectness, making their segmentations unusable for many downstream
tasks. One option is to retrain such models whilst including a topology-
driven loss component. However, this is computationally expensive and
often impractical. A better solution would be to have a versatile plug-
and-play topology refinement method that is compatible with any domain-
specific segmentation pipeline. Directly training a post-processing model
to mitigate topological errors often fails as such models tend to be bi-
ased towards the topological errors of a target segmentation network.
The diversity of these errors is confined to the information provided by a
labelled training set, which is especially problematic for small datasets.
Our method solves this problem by training a model-agnostic topology
refinement network with synthetic segmentations that cover a wide va-
riety of topological errors. Inspired by the Stone-Weierstrass theorem,
we synthesize topology-perturbation masks with randomly sampled co-
efficients of orthogonal polynomial bases, which ensures a complete and
unbiased representation. Practically, we verified the efficiency and effec-
tiveness of our methods as being compatible with multiple families of
polynomial bases, and show evidence that our universal plug-and-play
topology refinement network outperforms both existing topology-driven
learning-based and post-processing methods. We also show that combin-
ing our method with learning-based models provides an effortless add-on,
which can further improve the performance of existing approaches.
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1 Introduction

The emergence of foundation models [32] and SAM models [19, 20] has led to
significant progress in medical image segmentation. However, these methods are
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first and foremost designed to achieve high pixel-wise accuracy and neglect the
topological correctness of the segmentation. Topological correctness is often vital
in medical imaging because many downstream tasks, such as vessel analysis [31]
or cortical surface analysis [5], depend on a correct topology.

To address this challenge, several topology-aware loss functions have been
designed to force deep learning models to pay more attention to the topological
correctness of the segmentation [11, 3, 4, 27, 1]. Although these methods can
improve topological correctness during training by enforcing priors derived from
algebraic topology, their computational complexity increases exponentially as a
function of the input dimensionality [10], which further hinder their ability to
employ in foundation models such as SAM models. Also, as these approaches
still infer the topology information from the input image, they are susceptible
to image artifacts, such as noise, partial volume effects or low image resolution,
limiting the effectiveness of their topological priors.

An alternative approach for topology correction utilizes a post-processing
network to learn the topology priors directly from the predictions of a segmen-
tation network [18, 16, 9]. By operating on the segmentations themselves these
methods avoid the issues arising from learning from noisy images. Furthermore,
topology refinement during post-processing also provides an approach in which
already pre-trained segmentation networks can be used.

However, existing topology refinement networks fy|, are biased towards the
output probability distribution of the specific segmentation network g, it is
trained to complement [18]. This approach leads to poor generalization when
applying a refinement network to new segmentation networks. Fig. 1 illustrates
this with different g4’s, each requiring a separate fy|4 to be trained. In addition,
for small datasets, model-specific post-processing may overfit to the individual
topology errors in the training set causing it to fail even when paired with its
corresponding g4.

In this paper, we propose a universal post-processing topology refinement
network that can be plugged into any existing deep learning segmentation net-
works without gg-specific tuning. To train this network, we propose to synthe-
size training sets that cover a large range of possible topological errors, unbiased
towards any specific g4. Notably, to ensure the diversity of synthesized errors
in terms of size, location, and severity, we draw topology-perturbation masks
from random linear combinations of continuous orthogonal polynomial bases.
This provides the following advantages: 1. The location, size, and number of
topological errors can be controlled with the orders and coefficients of the poly-
nomials [7, 25]. 2. Multiplying the resulting continuous perturbation masks with
the ground truth (GT) segmentation produces plausible topological errors that
reflect those exhibited in the real world, i.e. they manifest as gradual, smooth
deviations in predictive probabilities rather than sharp discontinuities [4, 3]. Our
code is publicly available here®.

Contributions. Our post-processing network is exclusively trained using un-
biased synthetic segmentation probability maps, which are derived from high-
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Fig.1. Top row: Conventional topology-refinement post-processing networks are
trained on, and biased towards the topological errors of a specific upstream segmenta-
tion network g4, leading to errors when applied to a different g4. Re-training is required
when g4 changes. Bottom row: To train an unbiased topology-refinement network fy,
our method synthesizes training samples from an unbiased distribution, as illustrated
in the blue ellipses. This covers plausible real segmentations with different topological
errors, generated by complete and orthogonal polynomials. During inference, segmen-
tations M from g4 can be refined by a universally trained fo network.

dimensional polynomials. When applied during inference, our model is capa-
ble of refining the probability maps produced by any pre-existing segmentation
networks. Hence, in summary (1) We propose a universal topology refinement
pipeline to revise neural-network-derived segmentations. Our approach, which
serves as a plug-and-play module, can adapt to any segmentation backbone. (2)
To address a wide range of potential topological errors, we develop two types
of continuous topology-perturbation synthesis and segmentation map synthesis.
These designs guarantee the variety and completeness of the synthetic training
data. (3) By leveraging an abundance of synthetic samples our approach ex-
hibits more robust performance, especially for high-dimensional datasets with
limited GT labels. We demonstrate superior performance compared to existing
state-of-the-art methods on the 3D CoW dataset [30]. Additionally, we showcase
our method’s capacity for generalization by revealing its potential to improve
existing segmentation models without the need for fine-tuning.

Related work. Learning-based methods with explicit constraints introduce ad-
ditional loss terms derived from either shape [23, 15] or topology priors [11, 3, 4,
17,6, 2, 26, 10, 13]. Specifically, [23] and [15] compare the center lines and bound-
aries between the prediction and GT, introducing strong shape priors into the
network. For topology-aware constraints, persistent homology (PH) [11, 3, 4, 27],
Morse theory [12, 13] and homotopy warping [10] have been studied to guaran-
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Fig. 2. Workflow for generating arbitrary 2D topology error maps from orthogonal
polynomials (Chebyshev polynomials as examples).

tee topological correctness. However, these approaches require careful balancing
between pixel-wise and topology-aware loss terms.

Post-processing topology refinement refines the topology by using heuristics
or training another network on an initial segmentation prediction with a GT as
supervision [16, 9, 18]. A topology-aware post-processing network has been first
proposed in [18] to identify disrupted topology regions based on Euler charac-
teristics. However, these post-processing methods are model-specific and exhibit
bias toward their training data, limiting their ability to generalize effectively to
scenarios with different topological errors.

2 Method

To train a model-agnostic post-processing network, we synthesize unbiased topology-
aware segmentation maps that can cover a diverse range of possible cases for
topological errors. We show that complete and orthogonal polynomials are ideal
candidates for synthesizing various and unbiased topology-perturbation masks.
Preliminary on orthogonal polynomials. Consider a continuous function
f:[0,1] — [0, 1] on the interval, f can be approximated arbitrarily close by poly-
nomials under the weighted 12 norm by the StoneaASWeierstrass approximation
theorem [25]. Therefore, it is natural to choose a polynomial basis {¢,, }°°, and
use a linear combination of basis functions p(z) = 3"~ andn () to represent a
segmentation function f(z) completely.

Table 1. Summary of Legendre, Hermite-Gaussian, and Chebyshev Polynomials and
their orthogonality intervals.

Polynomial Definition Interval

Legendre P, P, (z) = (2"nh) ™! d“;"n (z? —1)" [—1,1]

Chebyshev (1st kind) T}, T, (z) = cos(narccos(z)) [-1,1]
:E2

Hermite-Gaussian vy, Yn(x) = (2"71!\/?)7% e” 3 Hy(x) (=00, 00)

Practically, to represent the topology perturbation mask, we use the sum of
the first N basis p/(z) = Zﬁ;o an®n (x) of orthogonal polynomial basis. The the-
oretical insight of choosing an orthogonal basis is proved in the GramaAS§Schmidt
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process [21]. Notably, the orthogonality of the basis ensures the location of po-
tentially induced topological errors to be spatially uniform (therefore unbiased),
when the coefficients are sampled from Gaussian distributions [8]. We experi-
ment with three commonly used orthogonal polynomial bases in Tab. 1 based
on good analytical properties discussed in the Appendix.
Topology-perturbation mask generation. A high-dimensional orthogonal
polynomial basis $3p = {e;jx} (3D for example) can be constructed from a 1D
basis ¢ = {¢,,}72, by tensor products 3p = ¢ ® P ® P such that e;;r(z,y,2) =
¢i(2)9;(y)or(2). Fig. 2 illustrates an example of a derived 2D basis esa2(z,y) =
T3(x)Ts(y), and its concurrent 2D basis generated by Chebyshev polynomials
up to 4*" orders.

To generate a 3D continuous function h(z, y, z), a polynomial basis set {¢,, }_,
is selected to create 3D basis {e;;x}. By randomly sampling the coefficients a;
from a Gaussian distribution, we can sample different perturbation masks with
normalized spatial coordinates x,y,z € [—1,1]:

N
h(z,y,2) = Y aigreir(@,y, 2), aigr ~ N(0,1), (1)
i k=1

where (4, 7, k) are indices for 1-D polynomials, and N is the number of chosen 3D
basis. In principle, a larger N allows the mask to have higher spatial frequencies
and introduce more critical points under which the topology of GT may be
distorted (Appendix).

An important advantage of such polynomial basis lies in their capacity to
control topological changes due to their analytical properties. The indicative
of topological features, e.g. Betti numbers and persistent diagram, can be de-
termined through the critical points on the Morse function, which is derived
from the probability map [13, 12]. By multiplying a topology-perturbation mask
to GT, the critical points of the Morse function undergo modifications, which
are aware of and dependent on the preceding Morse function and its following
topological features.

Synthesizing segmentations with topological errors. The obtained topol-
ogy perturbation masks are multiplied with ground truth segmentations, yielding
the training data for the proposed universal topology refinement network fy.

Specifically, the perturbation masks H (with its elements H,, ,; at coordi-
nate (m,n,l)) are discretized from the continuous representation h(z,y, z) over
a Cartesian grid at resolution [N, Ny, N.]:

Hina = Wi 2) = (5537 ) 2

Given the normalized topology-perturbation mask H, as shown in Fig. 2

in green, the segmentation probability maps M’ are generated by using the
element-wise multiplication between H and GT. Note that our topology-aware
method does not extract the GT topology explicitly, instead, by perturbing
the GT with mask H, we simulate incorrect, continuous softmax segmentation
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Table 2. Topological quality metrics for our method on the 3D TopCoW dataset
compared with two baseline methods: learning-based and post-processing.

Method Dicet Betti error] Betti 0 Betti 1]
cl-Dice loss [23] 94.4812,74 2.50i1,54 1.43;&1,05 1.07i1,44
Learning Boundary lOSS [15] 94-55i2.62 2~57i1A56 1.60i1,20 0.97i1,40
-based PH loss [11] 94.62+42.41 2.60+1.70 1.60+1.40 1.0041.46
Warp 1OSS [10] 93.9913,23 2.90i2,07 1.87;&1,45 1.03:{:1,49
Post- Hand—crafted [28, 24] 94.29i3.11 2.43i201 1.40i1,25 1-03i1.78
processing DAE [9] 94.6142.54 2.70+1.83 1.5741.08 1.134+1.71
Universal Ours 9426:‘:3.08 1.97:{:1,52 1.07:{:0,91 0-90:t1.48

predictions that lead to topology errors. The change to topology can be visualized
by thresholding and evaluated by topological features such as Betti number or
persistent diagram. In Fig. 2 we further show the binarization results of M’, as
an example to illustrate the change of topology in terms of Betti number.

In addition to the topological disruptions systematically modeled by com-
plete and orthogonal polynomials, we further simulate errors caused by over-
segmentation. Superfluous segmentation components are modeled by perturbing
M’ with multiplicative Gaussian noise. This enhances the robustness of fj.
Training and inference. The generated segmentation probability maps are
used to train fy. During inference, the trained fy is fixed and applied to seg-
mentation probability maps from existing segmentation models. Note that our
model is adaptable to any existing domain-specific segmentation network, which
is demonstrated in the Experiment section.

3 Experiments

Datasets. We conduct experiments on the TopCoW dataset which contain-
s magnetic resonance angiography (MRA) data [30]. TopCoW is the first 3D
dataset with voxel-level annotations for the vessels of the Circle of Willis (CoW).
We randomly split the 90 publicly available labeled volumes into 55 for training,
5 for validation, and 30 for testing.

Hyper-parameters. We conducted experiments on three polynomial families:
Legendre, Hermite-Gaussian, and Chebyshev, with the polynomials up N = 10.
[Nz, Ny, N.| in Eq. 2 are set to [64,64,64] to inject localized corruptions.
Implementation. All the experiments are conducted on one NVIDIA RTX
3080 GPU. Our method randomly generates synthetic data in real-time, with
a training time of 0.29 seconds per batch, 21.0 times faster than the baseline
method PH-loss [11].

Evaluation metrics. The topological performance is evaluated by Betti errors
ei =| Bfred — (8|, where i € {0,1} is the dimension. We also report the mean
Betti error as e = eg + e1. Segmentation performance is evaluated by Dice score.
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Table 3. Comparison of post-processing methods plugged into five raw learning-based
methods. Our method can universally improve the topological performance of different
methods, outperforming the performance of existing post-processing methods.

Raw

Hand-crafted [24]

Model-specific [9]

Ours

Dicet el eo el

Dicet el eol el

Dicet el eol e1l

Dicet el eol e1d

CE [22]
cl-Dice [23]
Boundary [15]
PH [11]
Warp [10]

94.45 3.00 1.93 1.07
94.48 2.50 1.43 1.07
94.55 2.57 1.60 0.97
94.62 2.60 1.60 1.00
93.99 2.90 1.87 1.03

94.29 2.43 1.40 1.03
94.49 2.20 1.13 1.07
94.56 2.23 1.27 0.97
94.62 2.27 1.27 1.00
93.99 2.27 1.30 0.97

94.61 2.70 1.57 1.13
94.52 2.10 1.17 0.93
94.54 2.27 1.37 0.90
94.55 2.63 1.67 0.97
94.37 2.27 1.33 0.93

94.26 1.97 1.07 0.90
94.16 2.00 1.17 0.83
94.06 2.07 1.20 0.87
94.31 2.00 1.03 0.97
93.44 1.83 0.97 0.87

Quantitative evaluation. We compare the topology preservation and refine-
ment abilities of our methods with four learning-based shape-/topology-driven
baselines: cl-Dice loss [23], boundary loss [15], PH loss [11], warp loss [10], and
two post-processing methods: hand-crafted noise filter [28, 24], and denoising
autoencoder (DAE) [9]. Our approach yields the best performance in terms of
topological quality. For a fair comparison, U-Net [22, 14] is employed as the
segmentation and post-processing backbone with default cross-entropy loss. For
learning-based methods, additional loss terms are incorporated during train-
ing with the provided weights from the corresponding papers. Note that post-
processing methods are tested based on the baseline predictions from the U-Net
trained with default cross-entropy loss.

As shown in Tab. 2, despite the similar pixel-wise accuracy in terms of Dice
score across all methods, our method achieves significant improvements in terms
of Betti errors. We have performed Wilcoxon signed-rank tests [29] to demon-
strate that our methods outperform other baseline approaches in terms of Betti
errors with p-values of 0.020, 0.017, 0.012, 0.002, 0.041, and 0.002, respectively
(all < 0.05). Qualitative examples are shown in Fig. 3.

We further demonstrate the generalization capability of our methods by ap-
plying our topology refinement network trained purely with synthetic data to
different segmentation models. We compare our performance with two existing
post-processing methods: model-specific DAE [9] and hand-crafted noise filter-
ing [24, 28]. Table 3 illustrates the universal efficacy of our method in improving
topological correctness, agnostic to the output distribution shifts of the pre-
trained segmentation models.

It is worth mentioning that our model, trained on synthetic data using only
the GT labelmap, is agnostic to covariate (domain) shifts, e.g., imaging devices
and scanning protocols. Such a design makes our method a robust plug-and-play
option for various upstream segmentation models. Retraining our model on new
tasks with different topological structures is straightforward and quick.
Ablation study. We explore the impact of polynomial families across orders.
In Fig. 4-left, each model is trained with segmentations modulated by different
types of perturbations. For a comprehensive evaluation, each model is tested by
the output predictions from all five segmentation models [22, 23, 15, 11, 10]. Our
method surpasses raw segmentation and conventional post-processing in mean
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Fig. 3. Qualitative results for topology preservation/refinement. Our approach success-
fully revises disconnected structures that should be connected.

Betti error. Legendre polynomial performance remains consistent across orders,
while Hermite-Gaussian and Chebyshev performance increases with decreasing
order due to unrealistic features, as seen in Fig. 4-right. As shown, lower-order
masks exhibit smoother gradients with fewer saddle points, whereas higher-order
masks incorporate more high-frequency terms, thus generating unrealistic masks.
Discussion. We first demonstrate the effectiveness of our method by applying
it to the segmentations from the default U-Net trained with cross-entropy loss.
Compared to existing methods, ours achieves the best topological performance.
In addition, we demonstrate that our method is a light plug-and-play topology
refinement method compatible with any domain-specific segmentation pipelines.
We plug our method into five learning-based methods and show our method can
universally improve the topological performance. We also conduct the ablation
study on multiple families of polynomial basis and reached the conclusion that
polynomials can consistently improve topological performance. The best setting
is the synthesis samples with a lower order of polynomials since the actual prob-
ability map is mainly constructed by low-frequency components.

4 Conclusion

Although image segmentation is often considered a solved problem, challenges
persist in achieving topological accuracy to the level required by downstream
tasks. This paper introduces a universal topology refinement model trained using
polynomial-based data synthesis. Our method can be applied as a plug-and-play
module to existing segmentation methods and achieve state-of-the-art perfor-
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Fig. 4. Ablation study for different types of polynomials. Left: Betti error across models
trained with different polynomials. Right: Perturbation masks generated from Legen-
dre, Hermite-Gaussian, and Chebyshev polynomials at order 4, 6, 8, and 10.

mance without requiring model-specific fine-tuning. Future research can explore
the trade-off between the topological errors caused by over-segmentation and
under-segmentation, and investigate the sampling of polynomial coefficients for
improved performance. One potential direction is employing adversarial learning
to investigate the best settings.
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