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Abstract

The aim of this thesis is to contribute to the regularity theory in the calculus
of variations, with a particular focus on almost minimizers. Specifically, we study
(quasi-)convex variational functionals of the form

F (u, Q) ::/Qf(Vu)dx,

where 0 C R" is a bounded open set, u is an RV -valued map defined on €2, and the integrand
f: RVX" 5 R is of p-growth with p > 1 in the following sense: there exists a constant
L > 0 such that

|f(2)| < L(1 4+ |z|P), for any z € RV*",

We establish various types of regularity properties for almost minimizers, including
quasiminimizers and w-minimizers, each result being obtained under distinct natural
assumptions. In particular, we emphasize that in the part concerning partial regularity
(Chapter 5), no additional lower bound is posed on f, and the convexity condition assumed
for f is Morrey’s quasiconvexity — the natural framework in the vectorial setting.

In Chapter 4, our focus is on the p-Dirichlet energy D, with p > 1, and we investigate
the stability of quasiminimizers with respect to p. More precisely, we examine whether
a quasiminimizer maintains its quasiminimality as the exponent p varies. We establish
stability in the case where p increases slightly, based on a global higher integrability result.
To see the behaviour of quasiminimizers as the exponent p decreases, we turn our attention
to p-harmonic maps, and prove the stability of their (quasi-)minimality as p varies within
a small range. Our main tools for the second result involve the Hodge decomposition on
bounded regular domains and a certain type of nonlinear commutator. These tools allow
us to quantify the g-Laplacian of a p-harmonic map when p and ¢ are close to each other.

The second part (Chapter 5) concerns the partial regularity of w-minimizers under
certain quasiconvexity conditions. The first result addresses the linear growth setting
(p = 1), where variational problems are typically relaxed to BV spaces. We establish
partial O™ regularity for BV w-minimizers, assuming a Dini-type condition on w. This
result is achieved through an excess decay estimate strategy, for which we utilise Ekeland’s
variational principle and conduct a direct harmonic approximation process as in [GK19a]. In
addition, we explore the regularity of w-minimizers without requiring any extra assumptions
on w. A partial C%“ regularity result is obtained in the sub-quadratic context (1 < p < 2)
by appropriately normalising the typical excess, drawing inspiration from [FMO08]. By
combining the arguments of the two aforementioned results, we establish partial C%*
regularity for BV w-minimizers of linear growth functionals.

In the final chapter (Chapter 6), the focus shifts to the Sobolev regularity of w-
minimizers, particularly in the linear growth context under the p-ellipticity condition.
This chapter is based on collaborative work with Jan Kristensen (Oxford). We examine



vi

the regularity of BV w-minimizers, and establish a fractional Sobolev regularity result
for the absolutely continuous parts of their derivatives. This result is obtained with
a Sobolev regularity result for minimizers implicitly contained in [BS13|, and the
argument encompasses two ingredients: an inequality characterisation of the extremality of
minimizers, and a comparison of w-minimizers and the corresponding minimizers.
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Chapter 1

Introduction

The calculus of variations is a field that focuses on describing the optimal configurations
of problems that arise in various areas, including differential geometry, materials science,
optimal control theory and so on. In the so-called non-parametric setting, the fundamental
problem can be specifically formulated as the following variational principle:

to minimise .7 (u, Q) := / f(z,u,Vu)dz over a class U, (1.0.1)
Q

where 2 C R™ is an open set. The integrand f captures the underlying physical or geometric
properties of the problem and plays a crucial role in determining the optimal configurations.
The class U is a set of admissible functions that satisfy certain constraints.

This area has seen significant developments throughout the 20th century, partially
spurred by the announcement of Hilbert’s 23 problems [Hil00], the last one of which is
“further development of the calculus of variations”. The introduction of new convexity
notions provides various sufficient conditions for the existence of minimizers, which
is relevant to the 20th problem. There have also been a number of regularity and
non-regularity results, which are associated to the 19th problem. In spite of these
advancements, there are still many problems in this field that remain open and require
further understanding, especially in the context of variational problems involving vector-
valued input functions.

The current thesis is focused on the regularity for almost minimizers, which encompasses
both quasiminimizers and w-minimizers. It is worth noticing that this is slightly different
from the main body of the existing literature, as almost minimizers and w-minimizers are
often regarded as the same class. These relaxed minimality notions have arisen from diverse
problems, such as variational problems with constraints and certain PDEs that may not
have a direct connection to any variational problems.

The variational principles under consideration involve integrands of p-growth with p > 1.
One of the objectives of this thesis is to explore the stability of quasiminimizers with respect
to p in the super-linear setting (p > 1), which is the focus of Chapter 4. In addition, a
significant emphasis is placed on the regularity of w-minimizers, primarily within the linear
growth context (p = 1). Chapter 5 and 6 are dedicated to the investigation of different
types of regularity properties under a number of distinct natural conditions. There is
a preliminary overview of the problem formulations and results in Section 1.3, and the
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subsequent chapters will provide comprehensive details on each topic.

In the following sections, we have a concise overview of the concepts of quasiminimizers
and w-minimizers, as well as the study of variation principles with linear growth functionals.
A discussion of regularity theory is postponed to Chapter 3, which follows precise definitions
of these minimality notions with illustrative examples.

1.1 Almost minimizers

1.1.1 Quasiminimizers

The notion of quasiminimizers was introduced in the non-parametric context by
GIAQUINTA & GIUSTI in [GG82]. A quasiminimizer of a (non-negative) functional .Z is
defined by the inequality

F(u,K) <QZ(v,K), forany v with supp(u —v) = K, (1.1.1)

where (@ > 1 is a constant. See Subsection 3.1.2 for the precise definition. The purpose of
introducing this concept was to unify the analysis of certain PDE solutions and minimizers in
variational problems. Indeed, it is well-known that the minimizers of variational problems
with regular integrands satisfy the corresponding Euler-Lagrange equations. Conversely,
the solutions to some elliptic equations of divergence form are quasiminimizers of certain
corresponding functionals, even if the equations are non-variational, i.e., cannot be obtained
by varying any functionals. Moreover, no regularity of the coefficients is needed to conclude
quasiminimality from such equations. Therefore, the study of quasiminimizers can provide
a unifying approach to some regularity results for both objects.

In addition to elliptic equations, quasiminimizers also appear in other problems. For
instance, quasi-regular maps and solutions to certain obstacle problems both fall within
the category of quasiminimizers. In Subsection 3.1.2, the aforementioned examples are
presented with more details to provide a clearer idea of this concept.

As mentioned above, minimizers of regular functionals fulfil the corresponding Euler-
Lagrange equations. Thus, it is possible to investigate the regularity for minimizers by
studying those equations, for which we refer to Chapter 8, 9, 10 in [Giu03] and the references
therein. However, the defining inequality (1.1.1) does not allow us to derive an Euler-
Lagrange equation in any obvious or canonical way as for classical minimizers, and only
variational methods can be applied in the study of quasiminimizers. On the other hand,
this also allows us to consider a wider range of problems as there is no need to assume any
smoothness of the integrands.

Quasiminimality defined in (1.1.1) implies Caccioppoli-type inequalities, and scalar
quasiminimizers are further in De Giorgi classes ([Giu03], Chapter 6 and 7). With these
two properties, some regularity results for minimizers are also approachable within the
framework of quasiminimizers. In particular, quasiminimizers of the Dirichlet energy D,
(denoted by (p, @)-minimizers, see Definition 3.1.2) exhibit certain characteristics similar
to p-harmonic maps.

The concept of quasiminimizers was briefly mentioned in [GG82], and the authors later
conducted a relatively comprehensive study of it in [GG84a]. A higher integrability result
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was obtained with a generalised version of Gehring’s lemma. For scalar quasiminimizers,
they established Holder regularity, and then a weak form of the maximum principle and
Liouville’s theorem with the techniques developed in [GG82]. Moreover, the authors also
discussed quasiminimizers defined on 1-dimensional intervals and their stability under I'-
convergence.

Subsequent developments in the regularity of quasiminimizers have been primarily
focused on the scalar case. MALY [Mal83] established the strong maximum principle,
Liouville’s theorem and Harnack’s inequality for (p, Q)-minimizers with restrictions on the
exponent p. In [DBT84], D1 BENEDETTO and TRUDINGER obtained Harnack’s inequality
for general quasiminimizers by utilising a covering lemma by KRYLOV and SAFONOV [KS80],
and their result was obtained near the boundary of any bounded domain by ZIEMER
[Zie86]. Some properties of (sub)harmonic functions were extended to quasi(sub)minimizers
in [Tol86], with which the author further explored the removability of singularities. Based
on [GG84a], MARTIO and SBORDONE thoroughly discussed (p, Q)-minimizer defined on 1-
dimensional intervals in [MS07], and there is an extract of the first half of their paper in
Section 4.3 to provide some inspiration for the study in higher dimensions.

Quasiminimizers are also studied in the set-up of metric measure spaces equipped with a
doubling measure and supporting a Poincaré inequality, with most of the regularity results
mentioned above retained; see [KS01, KM03, KMMO07, KKL10, KS12]. An analogue of this
notion was introduced in the parabolic context in [Wie87] with further developments in
[Par08, MMPP13, FHKM14, Hab15, MP15, Hab16, FH17, FHM18]. The list here is far
from complete, and more relevant results can be found in the references of the above works.

1.1.2 w-minimizers

The concept of w-minimizers involves certain non-negative functions w defined on [0, c0),
which vanish as the argument goes to 0. In literature, the category of w-minimizers is
also known as almost minimizers. Nevertheless, in the current thesis we adopt a broader
definition of almost minimizers, which encompasses quasiminimizers as well, and stick to
the term “w-minimizer” for the specific sub-class (precisely defined in Subsection 3.1.3).

ALMGREN introduced the notion of w-minimizers in the context of geometric measure
theory in [Alm76], where the term “(F,e,d)-minimal set” was used. He considered
this category as it fits the framework of a wide class of geometric variational problems
with constraints, such as obstacle problems, minimal partitions, capillarity problems and
variational problems with partially free boundaries; see [Alm76], §II1.2, [Lin85], [DS02] and
[Mag12], §21.1 for concrete examples.

This concept was generalised to the non-parametric setting by ANZELLOTTI in [Anz83].
Roughly speaking, a map u: © — RY is an w-minimizer of a p-growth functional .Z if it
satisfies

F(u, Br) < 7 (v, B) +w(R)/ (14 |VolP) de (1.1.2)

Br
for any ball Bp CC 2 satisfying a prescribed size condition and any map v with
supp(u — v) CC Bp. Precise definitions are given in Section 3.1, and see Section 2.1 for
notation. This formulation bears strong resemblance to the one in geometric measure theory,
and many regularity results for w-minimizers in the two contexts are also analogous to some
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extent.

Similar to the geometric context, w-minimizers also appear in variational problems
with constraints, and examples of such problems include obstacle problems and volume-
constrained problems. More specifically, the solutions to certain constrained problems are
w-minimizers of corresponding functionals without constraints. Moreover, the minimizer in
a non-autonomous problem can be regarded as an w-minimizer of a family of autonomous
functionals. See Section 3.1 for specific instances and illustrations, which are extracted from
[Anz83] and [DGGOO).

It is worth mentioning that any C'® map is an w-minimizer of the Dirichlet energy
Dy with w(r) ~ r2*, Indeed, given any w satisfying a Dini-type condition, it is possible
to construct an w-minimizer of Dy (as elaborated in Subsection 3.1.3 and [DGGO00]). This
observation indicates the existence of a significant number of w-minimizers, and also provides
the optimal regularity one can expect from w-minimizers with a prescribed w.

Based on the definition, an w-minimizer can be understood as a local perturbation of the
corresponding minimizer. Consequently, one may expect that the regularity for minimizers
also holds for w-minimizers to some extent. The specific extent is determined by the rate
at which w(r) decreases to 0 as 7 — 0. The reality fits such expectation well in the study
of partial regularity for (w-)minimizers of quasiconvex functionals, as evidenced by the
comparison of the results in Chapter 5 (cf. [Anz83, DGGO00]).

However, the situation becomes more intricate when we aim for (fractional) Sobolev
regularity in the context of linear growth functionals. Even with a reasonably good w
(i.e., an w that decreases to 0 at a reasonably fast rate), w-minimizers can exhibit singular
behaviour as demonstrated in Subsection 6.3.2. This suggests the challenges of achieving
certain types of regularity for w-minimizers, particularly in less regular set-ups such as
variational problems with linear growth integrands.

Analogous to quasiminimizers, no Euler-Lagrange equations are readily available for
w-minimizers based on the minimality defined as in (1.1.2). Instead, it is typically
possible to derive an Euler-Lagrange-type inequality, which allows one to utilise the
corresponding (linearised) elliptic equation to establish certain regularity results as in the
case of minimizers. This strategy is used in Chapter 5.

An alternative and perhaps more obvious approach to studying the regularity of w-
minimizers is to compare them directly with the corresponding minimizers. Since the
deviation of the former from the latter is measured by w(R) over a ball with radius R, and
can be suitably small under appropriate assumptions on w, the regularity for minimizers
can be then partially transferred to w-minimizers. Detailed proofs illustrating this approach
can be found in Section 6.5 and [Giu03], §8.5.

On the other hand, the approximation schemes, which are commonly employed for
minimizers (and for PDE solutions) with low regularity, do not readily adapt to w-
minimizers. The perturbation inherent in w-minimizers provides more flexibility, but also
makes it more difficult to construct a sequence that converges to a specific w-minimizer.
See Chapter 6 for more details.

Extensive studies have been conducted on the regularity of w-minimizers in various
contexts.
As mentioned above, the study of w-minimizers in geometric measure theory was
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initiated in [Alm76], where the author established almost everywhere regularity for m-
dimensional (F|e,d)-minimal sets with m > 2. This result was then applied to tackle the
minimal partitioning problem. TAYLOR [Tay76] showed that a 2-dimensional (M, cr®,J)-
minimal set exhibits precisely the singularities observed in soap bubble clusters. In [Mor94],
MORGAN investigated (M, cr®, §)-minimal curves, which filled the missing regularity in the
1-dimensional setting. TAMANINI explored the regularity for almost minimal boundaries in
[Tam84]. Recent developments in this field can be found in [DPM15, DPM17, MSS19] and
the references therein.

In the field of non-parametric problems, ANZELLOTTI first investigated the regularity
of w-minimizers in [Anz83], and proved first-order Holder regularity for the scalar w-

minimizers of certain quadratic functionals with w(r) ~ r2®

near the origin. Zero-order
Holder regularity was then obtained in [DEF96, EM99] under more general assumptions.
Partial regularity results were subsequently established in the vectorial case in [DGGOO,
DKO02, DGKO05], where the functionals are assumed to be quasiconvex and of p-growth
with p > 1. The authors of [KMO05] showed certain fractional Sobolev regularity of the
w-minimizers of convex p-growth functionals with p > 1, and further utilised this result
to estimate the Hausdorff dimension of the corresponding singular sets. Moreover, partial
regularity was achieved by SCHMIDT [Sch14] for the w-minimizers of convex functionals in
the linear growth setting.

There have also been studies of w-minimizers in the context of free-boundary problems in
[DT15, DET19, DESVGT21, DESVGT23|. These studies focus on more specific functionals,
which enables the authors provide clear characterisation of the regularity as well as the
singularities of the associated w-minimizers.

1.2 Linear growth functionals

Linear growth functionals comprise a class of variational functionals with integrands
that grow linearly at infinity. More precisely, consider functionals of the form

F(u, Q) ::/f(x,Vu)dx, u: Q@ — RY,
Q

where Q C R" is an open set and the integrand f: Q x RV*"? — R satisfies the growth
condition
[f(z,2)| S LA+ |z]), (2,2) € @ x RVX"

for some L > 0.

This type of functionals arises in various variational problems. One well-known example
in the scalar case (N = 1) is the study of minimal surfaces [Giu84], for which the area
integrand f(-) = (1+|- ]2)% is considered. In image restoration models [ROF92, CL97], the
corresponding integrand often takes the form f(-) = |-|. In the past years, such variational
problems have been investigated in more general settings, including both the scalar (N = 1)
and the vectorial (N > 1) case.

Variational principles with p-growth functionals for p > 1 are typically analysed on the
Sobolev space W1P(Q, RY). Similarly, one can define linear growth functionals on the space
WL, RY) and seek minimizers in (certain sub-classes of) this class. However, challenges
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arise in the application of the direct method in this context. Given a competitor class U on
which .# is bounded from below, the process of establishing the existence of a minimizer in
U of & with the direct method can be divided into four steps as follows:

(i) take a minimizing sequence {ug }ren in U such that

F(ug, Q) — igf§(~,§2) as k — 00;

(ii) the coercivity of .# implies the uniform boundedness of {uy} in U;

(iii) the compactness of ¢ and the uniform boundedness of {uy} imply the existence of a
subsequence of {uy} that converges to some us € U in an appropriate sense;

(iv) the lower semicontinuity of .%# on U implies that us, minimizers .# within U.

The space W11(Q, RN ) is non-reflexive, and thus we cannot expect bounded subsets of it
to be compact, which results in an issue in step (iii). This suggests that the space W1
is too restrictive, necessitating a broader class U for variational principles involving linear
growth functionals. Simultaneously, to maintain a connection to the original problem, it is
reasonable to impose the following requirements:

(a) the class U should include W11(Q,RY) as a dense subspace with respect to a proper
topology;

(b) the functional .# should be continuous on &/ under the chosen topology.

It turns out that BV (€2, RY) equipped with the area-strict topology is a suitable choice.
Correspondingly, given a bounded open set @ C R™, the functional % (-,Q) is relaxed to
BV maps by the formula

_ dD*%u
F(u, _/fac,Vu d:n+/f°°<x,)stu,

where

Du=VuZ"LQ+ D°u

is the Lebesgue-Radon-Nikodym decomposition of the weak derivative of u € BV (€2, RY)
and f> is the recession function of f. This relaxation .# indeed extends .# from
WLHQ,RY) to BV(Q,RY) under the area-strict topology ([Rin18], Theorem 11.2), and
thus (b) is fulfilled. For more details about .%, we refer to Subsection 3.1.4, where there
are another two relaxations .%, and fg of Z to BV maps with different restrictions.

The study of variational principles involving linear growth functionals is significantly
different from that in the superlinear case due to several obstacles. One such obstacle comes
from the low regularity of BV maps. The weak derivative of a BV map is only “integrable”
in the L'-sense, and thus no weak reverse Holder inequalities are available in this setting.
This renders the application of (generalised) Gehring’s lemma, as in Chapter 4, ineffective
for achieving higher integrability. The possible singular parts of BV maps also make the
situation more intricate, which can be seen from Chapter 6. Additional difficulties arise
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from the non-uniform ellipticity in this context. A standard ellipticity condition imposed
on a linear growth integrand f is the so-called p-ellipticity condition:

2 2
KLM S f//(z)[é-?é] S LLFJ fOI' any 5 € ]Rana
2 (1+1z[%)2

(142>

where ¢, L and p are positive constants with ¢ < L and p > 1. It is not difficult to see that
f" is non-uniformly elliptic in the following sense: the ratio

maxe—1 f"(2)[§, €]
minge =1 f”(2)[€, €]’

Af(z) =

a crucial number for studying regularity properties, may blow-up as z — oo. It turns out
that such an imbalance is inherent to linear growth integrands (see Section 6.1), and it
makes this problem degenerate. Nevertheless, when the blow-up occurs at sufficiently slow
rate, it is still possible to obtain certain regularity for the gradients of BV minimizers as
shown in [BF02, Bil02, BS13, Gme20).

Variational problems with linear growth functionals in the scalar case (N = 1), especially
the area functional defined by the integrand f(-) = (1+]- ]2)%, has been widely studied, for
which we refer to [Mir64, JS68, BDGM69, BDGG69, Ser69, Giu70, Mir71, Sim76| and the
monograph [Giu84]. In [Tau78], TAUSCH investigated linear growth functionals with the
Uhlenbeck structure, in which case the integrand f depends on an input map through the
norm of its derivative, i.e., f(Vu) = g(|Vu|?) for an appropriate function g. Based on the
global gradient estimates in [Ser69] and [Tru72], the existence of Lipschitz minimizers was
established. Another type of non-autonomous functionals were examined in [GMS79]. In
addition to the existence of minimizers, the authors also presented examples with interior
singularities and provided sufficient conditions for interior regularity.

The literature on the vectorial setting, where N > 1, is relatively limited.

An early piece of work in this direction is [AG88], where partial C1“ regularity was
proved for BV minimizers of convex functionals with linear growth integrands. More
recently, the quasiconvex setting was investigated in [GK19a], where a similar result was
obtained. The second author subsequently established a similar regularity result for BD
minimizers of symmetric gradient functionals in [Gme21].

The study of full regularity under the u-ellipticity condition was initiated by BILDHAUER
and FucHs in [BF02, Bil02], based on previous work by SEREGIN [Ser85, Ser90, Ser96].
Their results can be divided into two parts. In the case where y = 3, an Llog L-estimate
was established for the gradient of one particular BV minimizer. Under the Uhlenbeck
structure and an L*-assumption, full C"® regularity and uniqueness of minimizers upto
a constant were obtained in the case 1 < p < 3. The Ch* result was then extended
to a more general setting in [BS15]. BECK and SCHMIDT did a thorough investigation
of minimizers in the borderline setting p = 3 in [BS13]. Apart from an Llog L-estimate
for all minimizers, they also obtained uniqueness of minimizers upto a constant without
assuming the Uhlenbeck structure. Moreover, they discovered that all the minimizers of
such a variational problem with an area-type integrand form a 1l-parameter family, and
provided a characterisation of their boundary behaviour as well. Relevant studies in the
symmetric gradient setting can be found in [GK19b, Gme21].
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1.3 Outline with description of the contribution

As mentioned above, the main purpose of this thesis is to study the regularity of
quasiminimizers and w-minimizers. Regularity theory aims to determine the extent to which
(almost) minimizers exhibit better smoothness properties compared to generic competitor
maps do. In this sense, the underlying scale of spaces that is used to measure smoothness
plays a crucial role, notable examples being the Holder space scale {C"”O‘}RGN’QE(OJ] and
the (fractional) Sobolev space scale {W*P} -0 pe[1 o]

In this section, a brief description of the structure of the current thesis is provided. We
present the problems that will be in focus and highlight the main results and the approaches
employed in each chapter.

The primary focus will be the following problems:

(P1) Stability of quasiminimizers: whether a quasiminimizer of the Dirichlet energy D,
retains its quasiminimality when the exponent p varies;

(P2) Partial regularity for w-minimizers of quasiconvex functionals under different
assumptions on w;

(P3) Sobolev regularity for w-minimizers of convex functionals.

The following is an outline of this thesis, and the original work is contained in Chapter
4-6.

Chapter 2: Preliminaries. In this preliminary section, we fix general notation used
throughout this thesis, and then introduce certain concepts and auxiliary results that will
be necessary for our study. The second part covers specific function spaces, the p-capacity,
convexity notions and some other topics, as needed in the main body.

Chapter 3: Minimality notions and regularity theory. In the first half of this
chapter, the precise definitions of the minimality notions involved in this thesis are
presented, accompanied by illustrative examples. In addition, we provide a concise review
of the regularity results in the existing literature, with a particular focus on those related
to the subsequent chapters.

Chapter 4: Stability of quasiminimizers. This chapter is devoted to the investigation
of Problem (P1). The problem is motivated by a global higher integrability result for
quasiminimizers and weak solutions to elliptic PDEs, and the study of 1-dimensional
quasiminimizers, which are revisited in this chapter. As a corollary of the integrability
result, we establish that a (p, @)-minimizer retains its quasiminimality as the exponent p
increases slightly. To explore the behaviour of (p, @)-minimizers when p decreases, we first
focus on the minimizers in this setting, considering that their nature is relatively simpler
and there are additional analytic tools available. Precisely, we study p-harmonic maps
and establish the stability of their (quasi-)minimality when p varies within a small range.
The main tools used for this stability result are a specific type of nonlinear commutator
and the Hodge decomposition on bounded regular domains, which allow us to quantify the
g-Laplacian of a p-harmonic map for any ¢ close to p.
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Chapter 5: Partial regularity for w-minimizers of quasiconvex functionals.
Problem (P2) is addressed in this chapter. The main result in this chapter is partial
C1@ regularity for BV w-minimizers, which is obtained in the linear growth setting with a
Dini-type condition on w. The strategy used to attain this result involves establishing an
excess decay estimate. To achieve this we employ Ekeland’s variational principle and utilise
a direct harmonic approximation process as in [GK19a]. Without extra assumptions on
w, the above regularity cannot be expected. However, by suitably normalising the typical
excess, which is inspired by [FMO08], we are able to obtain a partial C%® result in the sub-
quadratic setting (1 < p < 2). Such a technique, unfortunately, does not seem to apply
in the borderline case (p = 1) due to the non-uniform ellipticity. Nevertheless, near those
“good” points where the average of the derivative is uniformly bounded, it is still possible
to establish C%® regularity for a BV w-minimizer, thereby to achieve a partial regularity
result in this context. This chapter is mainly based on the paper [Li22], with the additional
inclusion of partial C%® regularity for BV w-minimizers.

Chapter 6: Sobolev regularity for BV w-minimizers. In this chapter, we consider
problem (P3) and focus on (fractional) Sobolev regularity of (w-)minimizers, within the
framework of linear growth functionals under the p-ellipticity condition. Before delving
into the investigation of w-minimizers, we first present a Sobolev regularity result for BV
minimizers, which is attained with the vanishing viscosity method. This result is not
original work by the author as it is already implicitly contained in [BS13]. Based on such a
regularity result for minimizers, a fractional Sobolev regularity result for BV w-minimizers is
established, which particularly involves the absolutely continuous parts of their derivatives.
To achieve this, we employ an inequality characterisation of the extremality of minimizers
that incorporates both the singular parts and boundary values of test maps. In addition,
we conduct a comparison of a BV w-minimizer and the corresponding minimizer. The
behaviour of the singular part of a BV w-minimizer is not yet fully understood in this
context, and we cannot expect to rule it out even with a reasonably good w as shown in a
counterexample. Exploring this aspect will be the subject of our future work. This chapter
is based on an ongoing project in collaboration with Jan Kristensen.
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Chapter 2

Preliminaries

In this chapter, we prepare for the later ones by fixing necessary notations, introducing
useful concepts, and presenting some relevant results. Section 2.1 provides a complete list
of the notations that are used throughout the thesis. Each of the following sections is for a
certain topic, where we present some related concepts that will appear in later discussion,
and collect scattered results pertaining to the corresponding topic from the existing body
of literature with references indicated when necessary.

2.1 Basic notations

Constants:

e ( and c are used to denote positive constants throughout the thesis, and the values
of them may change from one line to another. The dependence of them on factors
a,b,... will be indicated in the form C(a,b,...) and c(a,b,...). When appearing
with subscripts, they represent some specific constants that are fixed.

e ~ is used for two comparable quantities. Given two functions a,b: X — R defined a
topological space X, by a(t) ~ b(t), we mean that

c1b(t) < a(t) < eb(t)

holds true with some c1,co > 0 when ¢ is in a certain subset or going to a certain
limit. The subset or limit should be clear from context.

e V is the operation of taking the maximum of two numbers, i.e., a V b = max{a, b} for
any a,b € R.

Vectors and vector spaces:

e R9 is the usual d dimensional Euclidean space, equipped with the standard norm | |
and inner product z -y, ,y € R%. The standard basis of R? is denoted by {ei}le.

e RVX7igthe space of N xn real matrices, equipped with the inner product z-w = tr ztw,
z,w € RV*" and the induced norm |- |.

11
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I or Iy is either the identity map or the corresponding matrix of a certain vector
space V', which will be clear from the context.

O?(RN*") is the space of symmetric and real bilinear forms on RN*" i.e., (O?(RN*")
consists of the maps A: RV*" x RV*" 5 R such that

Alz,w] = Alw, 2], Alaz1 + 22, w] = aA[z1, w] + Alzz, W]

for any z,w,z1,22 € RV*" and a € R. The operator norm of A € (O*(RN*") is
4] = sup{Alz,w]: [2], ] < 1}

a ® b is the tensor product of two vectors a € RY and b € R”, i.e., a® b € RVX" and

(a®b)¢j:aibj, t=1,....,.N, j=1,...,n.

~ indicates an isomorphism between two Banach spaces.

— indicates a continuous embedding of one Banach space into another.

Set notation:

e CC indicates compact embedding in topological spaces. Given two subsets A, B of
a topological space X, we say that A is compactly embedded in B (A cC B) if
A C ACintB and A is compact. 0D is the inverse of CC.

e Given a metric space (X, d) and two sets A, B C X, then

— diam(A) is the diameter of A, i.e.,
diam(A) := sup{d(z,y): z,y € A};
— dist(A, B) is the distance between A and B, i.e.,
dist(A, B) := inf{d(x,y): x € A,y € B}.

e Fix the Euclidean space R? with d € N*t, then:

— 99 is the boundary of the set Q C R

— B(x, R) or Bg(z) is the open ball in R? centred at z € R? with radius R > 0,
ie.,

B(z,R) = Br(z) == {y € R%: |y — z| < R},
and we may abbreviate it to Br when the centre is clear;

— Q(x,R) or Qg(x) is the open cube in R? centred at € R? with side-length
2R > 0 and all of the sides parallel to the axes, i.e.,

Q(z,R) = Qr(z) :={y € R?: lyi — x| < R},

and such a cube with all of the sides parallel to the axes is also called a d-cube;
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— B? or B is the unit ball B(0, 1);
— S% 1 or S is the unit sphere, i.e., the boundary of B.

e Bc(z, R) is the open ball in C centred at z € C with radius R > 0, where C is the
complex plane.

e Given an open set Q C R?, then

— Q(x, R) or Qg(x) is the intersection of Q and a ball B(z, R) C R i.e.,
Qz, R) = Qr(x) == QN B(x, R),

and we may abbreviate it to 2z when the centre is clear;

— ()¢ is the set obtained by shrinking €2 by size € > 0, i.e.,

OF :={z e Q: dist(z,00) > ¢}.

Measures and integrals:
o % is the Lebesgue measure on R%.
e wy the Lebesgue measure of the unit ball in R

e 7{* is the k-dimensional Hausdorff measure, and dimy, is the Hausdorff dimension; see
[EG15], Chapter 2.

e Given a measure space (X,.A4,u), where A is a o-algebra on the set X and p is a
measure on (X, .A), then

- [ « fdu is the integral of any A-measurable function f defined on X, and we
may use the notation [ f(z)du(z) to indicate that the integral is taken over
the variable x € X;

— fg is the average of f on S € A, i.e.,

fs = ][Sfduzz M(ls)/sfdu,

where f is an A-measurable function defined on X, and we abbreviate fp(, r)
to frr or fr when X = R4 = £ and B(z, R) C R? is a ball;

— pL A is the measure p restricted to A € A, which is defined by

(uL A)(C) :=u(CnA), foranyC e A

e Given a Borel set X C R? for some positive integer d and a normed vector space V,
then

— M (X,V) is the set of (finite) V-valued Radon measures;
— A (X) is the set of (finite) positive Radon measures on X;



14 Chapter 2. Preliminaries

— A1 (X) is the set of probability measures defined on X, i.e., positive Radon
measures on X with total mass 1.

e 15 is the average of u on S C R? with respect to %, i.e.,

R AG))
1S = gaisy

where p € .#(X,V) and X, S are both Borel sets in R? with S ¢ X. We may
abbreviate pp(,, gy to fiz g OF g, Where B(, R) C R? is a ball.

Derivatives:

e Sobolev maps: Given a Sobolev map u defined on Q C R?, the distributional gradient
of it is denoted by Vu, and the distributional derivative along the direction e; by 0%u,
1 =1,...,d. These notations also apply to classical derivatives of differentiable maps.

e BV maps: Given a BV map u defined on Q C R, the distributional gradient of it is
denoted by Du, which is a vector-valued Radon measure. The absolutely continuous
part of Du with respect to .Z%L Q is written as Vu, and the singular part as D%u,
which indicates that the Lebesgue-Radon-Nikodym decomposition of Du is

Du = Vu??LQ + D*u.
e Given an integrand f: RV*" — R with sufficient differentiability, we define

d2
flRw:=—1 flz+tw), f'(z)w,w]:=

=—| flz+tw).
=0 dt? |,

The derivative f’(z) here is considered as an N x n matrix as well as a linear map,
and f”(z) as a symmetric bilinear form in ()?(RN*™).

e Aju is the sth-difference quotient of size h of map u; see Section 2.3.

Function spaces:
e Continuous function spaces: Suppose that Q C R? is an open set, then

— C(Q,R™) (C(Q,R™)) is the space of all continuous R™-valued functions defined
on 2 (Q) equipped with the supremum norm;

— C:(Q,R™) is the space of all continuous R™-valued functions defined on Q with
compact support, where the support of a function f:  — R™ is

supp(f) :={z € Q: [f(x)[ # 0} N

— CH(Q,R™) is the space of R™-valued functions defined on € that are k-times
continuously differentiable with a-Holder continuous k*-derivatives, where k € N
and a € [0,1), and we may abbreviate it to C*(Q, R™) when o = 0;
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— C*®(2,R™) is the space of all R™-valued smooth functions defined on 2, which
is equivalent to the characterisation C*(Q,R™) = N C*(Q, R™);

— 2(Q,R™) = CX(2,R™) is the space of all R™-valued test functions, i.e., smooth
functions with compact support, defined on €2, and is also considered to be the

space of test functions. Correspondingly, the space of R™-valued distributions is
denoted by 2'(Q,R™).

e Fix a bounded open set  C R%, then we will consider the following function spaces:

— LP(2,R™) is the standard Lebesgue space with p > 1;
— L®(Q,R™) is the Orlicz space corresponding to the function ®: [0,00) — [0, 00)
defined by

L2(Q,R™) := {f € L, (Q,R™): / @(Li) dz < oo for some A > 0}
Q

equipped with the norm

£l oo mmy == inf{)\ > 0: / @(’J;‘)dx < 1},
Q

where @ is a Young function, i.e., it is convex and satisfies

o
lim ﬂ:(), lim M:oo
t—ot 1 t—oo 1
— WhP(Q,R™) (Wol’p(Q,Rm)) is the standard Sobolev space with k € N and p > 1;
— BV(Q,R™) is the space of R™-maps of bounded variation; see Subsection 2.2.2.

— WaP(Q,R™) with some u € WP(Q,R™) and p > 1 is defined by
WEP(Q,R™) := {v e WHP(Q,R™): u—v e W,P(Q,R™)},
and can be equivalently characterised as
WIP(Q,R™) := {v € WHP(Q,R™): trqu = trgv}

when () is bounded with Lipschitz boundary.

— W*P(Q,R™) with some s € (0,1) and p > 1 is the fractional Sobolev space or
Sobolev-Slobodeckij space, which consists of those maps u € LP(2, R™) with the
norm )

HUHWS’P(Q,RW) = (HuHip(Q,Rm) + [u]{j{/s,p(Q,Rm));

finite, where the semi-norm is defined by

|u(z) — uy)[”

[u]@vs,p(QRm) ::/Q o o — gl dz dy. (2.1.1)

Such spaces can also be defined on an embedded d-dimensional submanifold X
of R™ analogously, where the semi-norm [u]@vsm (X.R™) is defined with respect to
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Heon X.

- Y7(Q,R™) (BVY(Q,R™)) is the space of generalised Young measures (BV-
Young measures); see Subsection 2.5.2.

— BMO(Q,R™) is the space of R™-valued functions of bounded mean oscillation,
which consists of functions f € Li (Q,R™) with

loc
£l Baro(o,rmy = sup {]Qf — foldz: Q CC Qisa d—cube} < 0

and is a Banach space under the above norm.
— LPAQ,R™) (LPA(,R™)) is the Morrey (Camapanato) space; see Subsection
2.2.3.

e Fix a bounded open set Q C R? with Lipschitz boundary and u € BV (€, R™), and

define wy, by
u—wv, on {2,
w. =
o 0, on R4\ Q
for any v € BV (2, R™), then define

WE(Q,R™) := {v € WHHQ,R™): w,, € BV(R™,R™) and |Dw,,| (09) = 0};
(2.1.2)

BV, (Q,R™) ;= {v e BV(Q,R™): wy, € BV(R",R™) and |Dw,,| (0Q2) = 0}.
(2.1.3)

o Vioe(2,R™) is the local version of the space V' (€, R™) and consists of those functions
that satisfy the defining property of V (€2, R™) locally in 2, where V' indicates any of
the spaces defined above (when applicable).

Functions and integrals:

e Assumptions on integrands: a function f: € x R¥*" — R with  C R"™ open is said
to be

— of p-growth if there exists L > 0 such that
[f(z,2)| < L(1 + |2[7),

and we also use the expression “linear growth” when p = 1;

— Carathéodory if f(x,-) is continuous for £™-a.e. x € Q, and f(-, z) is measurable
for every z € RVx",

o Referenced integrands: Fix the Euclidean space R%, then

— for any p > 1, define

[NJ4S)

Ey(2):= ()P —1:=(1+]|2[)2 -1, zecR% (2.1.4)

and F is written as E for convenience;
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— for any p > 0 and p > 1, define

p
2

Ef(z) = (1 +p?+ 252 — (1 +pP, zeRY (2.1.5)

p

then it is obvious that Eb(z) = (1 + u)pEp(ﬁ), and we set E]‘;‘ = ELA‘ for any
A e R%

— for any p > 1, define
Wa(z) = (1+ 225", zeR? (2.1.6)

e Maximal functions: given a function f € L} (R?), then

— M f is the Hardy-Littlewood maximal function of f, which is defined by

M) =swp ff)dy (2.1.7)
R>0 BR(.Z‘)
— Mg, f(x) is the local maximal function of f, which is defined by
Maof(@)i= sw £ f(y)dy. (2.1.5)
0<R<Rg BR(:L')

e Ygs is the characteristic function of S C X, where X is a set, that is, the function
Xxs: X — R is defined by
() 1, z€S8
x) =
XS 0, =z¢S6.

e f|a is the restriction of the map f: X — V to A C X, where X is a set and V' is a
vector space. We may denote by f|aq the trace of the map f: Q — V, where Q C R?
is open, if it exists.

e Given a Carathéodory integrand f:  x RVX" — R with Q C R” is open, then

— % (u,Q) is the integral defined by
F(u, Q) := / f(z,Vu)dz
Q

for any admissible map u: Q@ — RY, and we may abbreviate it to .% (u) when
the domain € is clear from context;

- ﬂg,ﬁ' , 7, are relaxed functionals when the integrand is of linear growth (see
Subsection 3.1.4 for precise definitions).

e D, is the p-Dirichlet energy, i.e.,
Dy (u, ) :/]Vu|pdx
Q

for some open set Q C R? an d any admissible u: Q — R™.
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2.2 Function spaces

2.2.1 Negative Sobolev spaces W17

Sobolev spaces of order —1 will appear in the proofs in Chapter 4 and 6, so we briefly
review the definition and some useful results here. The discussion about W ! is based on
the relevant parts in [BS13] and [Gme20]. In this section, the domain 2 is assumed to be
open in R™ and p’ is defined as ]% for any p > 1.

Definition 2.2.1. Suppose that Q@ C R™ is an open set and p > 1. The negative
Sobolev space W~1P(Q,RY) is defined as the dual space of W' (Q,RN). For any
f e W=tp(Q,RN), the W~ norm of it is defined as the dual norm in (W? (Q, RN))*,
ie.,

HfHW*LP(Q,RN) = Hf||wl,p’(97RN)*
= Sup{(f, u> Tuc Wl’pl(Q,RN), ||UH(W1,I,/(Q7RN))/ = 1}7
where (-,-) is the duality pairing of (W5 (Q,RN))* and Wh¥' (Q,RY).

It is easy to see that any homogeneous partial differential operator of order 2 induces a
bounded linear operator from W1?(Q, RY) (and thus from Wol’p(Q, RN)) to W=1P(Q, RN).
Indeed, for any j,k € {1,...,n} and v € WHP(Q,RY), the distribution 879*v is defined by

<8j8kv,u> = —/ Fvdiu da <—/ 8jv6kudac)
Q Q

for any u € C2°(Q, RY), which can be naturally extended to u € VVO1 4 (Q,RN). This implies

j ok
205l ) < 17z < Wllrsaam -

In particular, the operator induced by A is an isomorphism between WO1 P(Q,RY) and
W=1P(Q,RY) when Q is regular.

Theorem 2.2.2 ([Sim72], Theorem 4.6). Suppose that Q@ C R™ is a bounded open set with
C! boundary and p > 1. Then the Laplace operator A induces an isomorphism between
Wol’p(Q,RN) and W=LP(Q,RY) in the following sense: For any v € Wol’p(Q,]RN), define
Av € WEP(Q,RN) by

(Av,u) = —/ Vv -Vudz, foranyu € Wol’p,(Q,RN).
Q
The operator A: Wol’p(Q,RN) — W=LP(Q,RN) is a linear bijection with

Clvllwrreyy < 1AV g -1p@ryy < [0lwrr@eryy (2.2.1)
where C' = C(n, N,p,Q) > 0.

The duality formulation above does not work for W11, and alternatively we consider
the following definition.



2.2. Function spaces 19

Definition 2.2.3. Suppose that  C R" is open. Define the space W~11(Q,RY) by

WIHQRY) :={T € Z(QRY): T =wo+ Y _ 0ws,wo,ws,...,w, € L'(Q,RV)},
s=1
(2.2.2)

where 2/(Q, RV) is the space of RV-valued distributions on Q. For any '€ W~L1(Q,RY),
the W~ norm of it is defined by

n
1T lyr-1(0mvy = I0f D lwsll 1 ey
s=0

where the infimum is taken over all possible representations T = wg + »_._; 0°w, with
ws € LYQ,RY), s =0,1,...,n.

It is clear that W~11(Q,RY) equipped with [[[lyy—1.1(,ry is @ linear normed space. It
is actually complete with this norm, and thus a Banach space.

Proposition 2.2.4. Suppose that Q C R"™ is an open set. Then the space W L1 (Q,RY) is
a Banach space with the norm ||-[|y —1.1qrv)-

Proof. Define a map P as follows:
P: (LYQ,RM) — bl RY)
(wo, w1, ..., wy) —> wo + Zasws.
s=1

It is obvious that P is linear and bounded, and thus the kernel ker P of it is a closed subspace
of (L*(©, RY))"*+1. Then the quotient space (L'(€2, RV))"*!/ker P with the quotient norm
is a Banach space ([Yos80], I.11). Considering the definition of W~1! and the corresponding
norm, we know that the quotient map

P: (LYQ,RV)" L/ ker P — WHL(Q,RY)
is an isometric isomorphism, which indicates the completeness of W~11(Q, RY). O
From the definition, it is also easy the see that the following inequalities hold for any

we LYQ,RY) and any s € {1,...,n}:

lwllw-11@rx) < W@y (2.2.3)
10°wllyy 11 qrny < llwllp1ory) - (2.2.4)
Remark 2.2.5. We can also define W~'P(Q,RY) and the corresponding norm

”'HW*LP(Q,RN) for p > 1 analogously to Definition 2.2.3, and the normed space obtained in
this way is exactly the one in Definition 2.2.1 ([AF03], Theorem 3.12).

2.2.2 Maps of bounded variation

In the study of functionals of linear growth, the appropriate function space is BV (the
space of maps of bounded variation) due to the lack of compactness in W', For BV maps
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and the relevant results, we refer to [AFP00]. Some definitions and results are stated here
to facilitate later references. See Section 2.6 for undefined convexity notions.

Consider a bounded open set Q@ C R™. A map u: Q@ — R is said to be of bounded
variation if it is in L'(©,RY) and its distributional derivative can be represented by a
bounded RY*™_valued Radon measure, i.e.,

| Du|(Q2) := sup {/ w-div(p)dz: ¢ € CHO,RY*™) |p| < 1} < 0.
Q

The space of maps of bounded variation equipped with the norm ||ul| gy (o) = [Jullz1(q) +
| Du|(€2) is a Banach space.

Convergence under the BV norm is rather strong and rarely used. Actually, the space
WHL(Q,RY) is not dense with respect to the strong norm topology as it is complete itself.
Instead, we consider two other forms of convergence: Suppose that {u;} C BV (Q,RY),
u € BV(Q,RY) and u; — u in L'(Q,R™). We say that {u;} converges to u in the BV
(area-)strict sense if {Du;} converges to Du in the (area-)strict sense as in Definition 2.5.1.

The trace operator can extended to BV maps on a Lipschitz domain in a manner similar
to the definition for W maps.

Theorem 2.2.6 ([AFP00], Theorem 3.87). Suppose that Q& C R™ is an open set with
Lipschitz boundary and u € BV (Q,RN). Then for H" '-almost every x € 0), there exists
u$(z) € RY such that

im " —ufH(x =0. 2.
lim r /QOBT(:J:) lu(y) (z)| dy =0 (2.2.5)

r—0+
The map uf is in L' (02, HM 1 L 0Q) with

vl 1100 < Cllull By, (2.2.6)

where C > 0 is a constant depending only on Q. Extend u by 0 € RY to R™\ Q and denote
the extension by . Then the map @ of bounded variation on R™ with

Dii = Du — (u®? @ vgo)H" 1L o9,

where Du is considered as a measure on R™ with mass in Q, and v is the outward unit
normal along 0f).

Thus, we have a bounded linear operator
trq: BV(Q,RY) — LY, H" 1L 0Q),

and u!? in the above lemma is called the trace of u. Moreover, the trace operator is also
continuous with respect to the strict topology ([AFPO00], Theorem 3.88). As the trace
operator from WH1(Q,RY) to L' (09, H" 1L 00) is surjective, the trace of u for any u €
BV (£, RY) is also the trace for some W1 (€, RY) map, which justifies our definition of
Wal (Q,RN) in 2.1.2.
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Corollary 2.2.7 ([AFP00], Corollary 3.89). Suppose that Q C R™ is a bounded open set
with Lipschitz boundary, u € BV (,RY) and v € BV(Q¢,RY). Then the function

w(z) = {u(w), x e

v(z), z€Q°
is in BV (R",RY) and
Dw = Du+ Dv+ (an\Q — ) @ vo)H" L IQ.

This can be obtained directly from Theorem 2.2.6 by considering 4 and ©. In particular,
if u € BV(R™,RY), we have |Du|(9€) = 0 if and only if trqu = trpn\ g U-

It is well-known that smooth maps are dense in BV (€2, RY) in the BV area-strict sense.
Furthermore, the approximation of a BV map on €2 can be done with the boundary value
preserved as stated in the following lemma. See [KR10a], Lemma 1 for a proof.

Lemma 2.2.8. Let Q@ C R" be a bounded open set without any additional reqularity
assumptions on 0. If u € BV (Q,RY), there exists a sequence {u;} C wa'ln C>(Q,RY)
such that uj — u in the BV area-strict sense. If u € WLLQ,RYN), we can further require
strong convergence in WH1(Q, RV).

The next result is a Fubini-type property for BV maps. It involves BV maps on
submanifolds of R™, which are well-defined by local charts and partitions of unity. In
the following, we only consider (n — 1)-spheres, which can be covered by two local charts
that correspond to the stereographic projections from two antipodal points. To be more
precise, consider the stereographic projection 71: S*~1\ {N} — R"~! with respect to the
north pole N = (0,...,0,1), which is a diffeomorphism. Take R > 0 such that the lower
half ball {z € S*~!: z,, < 0} is compactly contained in 7=(B(0, R)) =: U;. Assume that
the local coordinates on U; are y = (y1,...,Yn—1) With |y| < R, then the volume form of
the induced metric (considering S*~! as an embedded submanifold of R") is

dV = 1 d d
= 1+ [y[2)2 Y1... dYn—1,
which is comparable to that of the standard metric on R" . Define another chart (Us, )
with respect to the south pole S analogously. With the covering {Uy, Uz} and the partition
of unity subject to it, we can apply various results for maps defined on (open subsets of)
R?1L,

For a BV map u: 0B — R, we denote its tangential approzimate gradient by V., u,
which exists H" '-almost everywhere on 0B. Its tangential distributional derivative is
denoted by D, u. Indeed, the former is the absolutely continuous part of the latter with
respect to H" 'L OB, and the two coincide when u € W'P(9B,RY) with p > 1.

Lemma 2.2.9. Denote by By a ball B(zg, R) C R™ and let u be a map in BV (Bg,RY).
Then for £*-almost every p € (0, R), the pointwise restriction U‘BB,, coincides with the
traces of u from B, and Br \ B,, and is in BV (0B,,RY). For any two radii 1,72 with
0<ry <ry <R, we can find p € (r1,r2) such that the above holds and the total variation



22 Chapter 2. Preliminaries

of ulap, on OB, is bounded by that of u:

C(n,N
[ 1Detala ) < S [, (2.0
aBP B’I‘Q\B’I‘l

r9o — T

This lemma is Lemma 2.3 in [GK19a] and allows us to work on those balls over the
boundary of which a BV map has nice properties.

Lemma 2.2.10. Let B be a ball B(zg,R) C R" and v € BV(OB,RY). Then we have
1
ve W=wm(0B,RYN) and

1
(][ / e |2 dH"l(x)d’H”l(y)> SCRi][ | D-ol, (2.2.8)
oB JoB |$* | OB

where C' = C(n,N,r) > 0. The range of r depends on the dimension:

n
r=—— n>3
n—1

€(1,2), n=2.

The result in the case n > 3 is from [BBMO04], Lemma D.1, which gives the continuous
embedding

1 1-
BV (RY) — W*"(RY), withd>2,s€ (0,1) and = =1 — y i (2.2.9)
T

_ 1
nl’s n'

In the case n = 2 we need to combine the following continuous embeddings, for which
see [Tar07], Lemma 38.1 and [Tri83], §3.3.1, respectively:

Here we have d =n —1,r =

1
BV(R) N L®(R) — B2 (R); (2.2.10)
1 _1,
BE'(~1,1) = B, 7T (=1,1) = W (< 1,1). (2.2.11)

Notice that a BV map v on 0B can be decomposed as two BV maps v1,vo which are
compactly supported on the two aforementioned local charts respectively. Each v;,7 = 1,2,
is equivalent to a BV map v; compactly supported on (—1,1), which is in BV(R). By the

1 1
first embedding we know v; € Bgf(R) and thus in B§o’2(—1, 1) C Wlfi”"(—l, 1), which
gives the desired result.

2.2.3 Morrey and Campanato spaces

In this subsection we revisit Morrey and Campanato spaces briefly. The introduction of
Campanato spaces [Cam63] extends the notion of bounded mean oscillation (BMO), which
was first studied by JOHN and NIRENBERY [JNG61]. These spaces are useful in the study of
partial differential equations, as they offer integral characterisations of Holder continuity.

The definitions of Morrey and Campanato spaces are recalled here with some relevant
results. For a systematic discussion and more details, we refer to [Gia83], §III.1, [Giu03],
§2.3 and §2.4, and [GM12], §5.1. At the end of this subsection, we show that a Campanato-
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type estimate implies some Holder-type regularity for Radon measures, which will be used
in Chapter 5.

In the following, we denote by 2 a bounded open set in R™. The discussion is for
scalar-valued functions but can be extended to the vectorial context smoothly.

Definition 2.2.11. Let p > 1 and A > 0. The Morrey space LP*(f2) is the linear space of
functions u € LP(Q) with

p
ull Lory = sup (p)‘/ |ul? dx) < 00, (2.2.12)
’ Q(x,p)

€
0<p<diam(€)

where Q(z, p) := QN B(z, p).

The condition (2.2.12) concerns more the local behaviour of u, as when p > ¢ > 0, the
integral is controlled by

L 1
5 1
(,0_)‘/ |ulP d:v) < <s_>‘/ lul? dx)p < 00.
Q(z,p) Q

It is also easy to check that H‘||Lp,x(9) is a norm, under which LP*(Q) is a Banach space.

Proposition 2.2.12. Given p,q > 1 and \,u > 0, we have the following properties of
Campanato spaces:

(i) LPO(Q) ~ LP(Q);
(if) LP™(2) ~ L>(Q);
(iii) LPAM(Q) ~ {0} if X > n;
(iv) LO*(Q) C LPAQ) if p < g, "2 > "L

The above properties are easy to verify. Both (ii) and (iii) can be obtained with the
Lebesgue differentiation theorem, and (iv) with Holder’s inequality.

The definition of Morrey spaces involves local integrals of an LP function, while that of
Campanato spaces is related to local oscillation.

Definition 2.2.13. Let p > 1 and A > 0. The Campanato space LP*(2) is the linear space
of functions u € LP(Q)) with

P
[W]gpr := sup p_A/ lu— g, |Pda | < oo, (2.2.13)
IeQ, Q($7p)
0<p<diam(2)

where uy , 1= uq(z p)-

The quantity [u]p» in (2.2.13), also written as [u]p, x, is a seminorm, and is finite if and
only if

P
sup  inf p)‘/ |lu—cPde | < oo.
Ieﬂ, ceR Q(va)
0<p<diam(2)
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The space £P*(Q) is a Banach space under the norm

lell zory = Nl Loy + fedpoas

It is easy to see that the analogue of (iv) holds for Campanato spaces.

To further discuss the relation between Morrey spaces and Campanato spaces, we
introduce the following regularity condition on domains.

Definition 2.2.14. We say that a bounded open set 2 C R™ has no external cusps if there
is a constant A > 0 such that for any xp € Q and any 0 < p < diam(2), we have

L0, p)) > AL™(B(x0, p))- (2.2.14)

Proposition 2.2.15. Suppose that a bounded open set 2 C R™ has no external cusps and
p > 1. Then for any \ € [0,n), we have

LPAQ) ~ LPA(Q).

The inclusion £PA() C LPA(Q) is clear, and the other direction is more involved (see
Proposition 1.2 in [Gia83], §III.1 and Proposition 5.4 in [GM12]).

The above isomorphism does not hold true when A > n. For A > n, the Morrey space
LP™(Q) only contains the zero function, while the Campanato space £P*(Q) is non-trivial.
Actually, we have the following result for £P*(Q2) with A > n.

Theorem 2.2.16 ([Gia83], §III.1, Theorem 1.3). Suppose that a bounded open set @ C R"
has no external cusps and p > 1. Then for any A € (n,n + p|, we have

LPANQ) =~ CO(Q)
with o = A;%. Moreover, if u € LPNQ) with X > n + p, it is constant in Q.

Remark 2.2.17. One corollary of the above theorem is the following: if u € WP(Q) with
Vu € LPP*(Q,R™), where 1 < p < n and « € (0,1], then by Poincaré’s inequality we have

loc

that u € O} (Q).

It is not easy to see what happens when A = n. One simple example is u(x) = logz,
which is in £P1(0,1) but not in LP!(0,1) = L%°(0,1). If © is a cube, then obviously
L7(Q) = BMO(Q). The following result shows that this also applies to £P"(£2) for any
p> 1.

Proposition 2.2.18. Suppose that 2 C R™ is a cube. Then we have
LP(Q) ~ BMO(Q)
for any p > 1.

The above proposition is also true when € has no external cusps. See [Gia83], §2.4 or
[GM12], §6.3.1 for a proof and a more detailed discussion.
For a summary of the relations between Morrey and Campanato spaces, see Table 2.1
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A=0|Ae0,n) [ A=n A € (n,n+ p] A>n—+p
P | ~ P | ~ [PA ~ L[> = {0} = {0}
LPA |~ [P | o~ [PA ~ BMO D L® | ~C%(a = A;%) = {constants}

Table 2.1: Relations between Morrey spaces LP*(2) and Campanato spaces £P(€2), where
the bounded open set {2 C R™ has no external cusps.

Now we end this subsection with the following result, which is a generalisation of
Theorem 2.2.16 to Radon measures and will be used in Chapter 5. The proof is a
mollification of Theorem 5.5 in [GM12].

Lemma 2.2.19. Assume that the function h: [0,00) — [0,00) satisfies the following
(a) h is non-decreasing with h(0) = 0 = lim,_,q h(r);
(b) For any p > 0,

dr < oo;

() = [

(¢) There exists ¢ > 0 such that H(2p) < cH(p),h(2p) < ch(p).

Suppose that Q C R™ is a bounded open set, and pi is a bounded R*-valued Radon measure
on 0 with some d € N. Furthermore, given any open subset O CC 2, there exists Co > 0
such that

F o B(u—ipen) < Cohlp) (22.15)
B(zo,p)

for any zo € O, p > 0 with B(zg,p) CC Q, where E(z) = (1 + |z|2)% — 1 is as defined in
(2.1.4) and the integral fB(xO 2 E(pt — 1B (ag,p)) 8 defined as in Subsection 2.5.1. Then p is

absolutely continuous with respect to the Lebesgque measure " and diiéfn s continuous in

Q with a local modulus of continuity p — +/h(p) + H(p).

Proof. Take an open subset O CC 2, and define [u1]; o to be the smallest constant Cp with
which (2.2.15) holds. Abbreviate pip(z,,) t0 fzo,p and take R < dist(O, Q). Then for any
zo € O and 0 < r < s < R we have, by the convexity of £ and Jensen’s inequality,

S

Bliage = o) S £ Blp=puna) < (2) lihoh(s).  (2216)

B(zo,r)

Let 7; = 27'R and insert s = r;_1, = r; into the above to obtain

E(:U*l‘oﬂ‘ifl - :uﬂcoﬂ“i) < 2n[/~t]h,0h(7"i—1)-

We further require R to be so small that 2"[u], oh(R) < 1. Notice that E is strictly
increasing in the norm of the argument and quadratic near 0 (see (5.2.4)), which implies

< C22\/Tuln.oh(ri_1). With the triangle inequality we have

‘IU’J?Oyri—l — Hzg,r;

k
|Hao, R — Hao,r| < Z |Hzo,rio1 — Hao,ri]
i=1
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k
< C22 \/ ko Z VI(ri-1)

=1
< Oy/[ulhoH(2R) < Cy/[u]noH(R),

where the summability of \/h(r;—1) is from (cf. Lemma 5.3.5)

Ti—1 1 Ti—1

h(r;) < \/Wdr = \/Wdr

r; Ti—1—=Ti Jp;

/ Vh(r)dr <2 THQ

For p € [rg, rg—1) with k > 1,

|Hz0,R = Hao,pl < [Hao, R — Haori | + [Hao,r, — Haopl < Cy/1lnoH(R) + C22 [1]n,0h(p).
(2.2.17)
This estimate indicates that {y; r}r converges to some v(x) uniformly in « € O, which is
the density of p with respect to £™. By a mollified version of Lemma 1.2 and Theorem
1.30 in [EG15], we know that u is absolutely continuous with respect to £ and the density
v(z) = %(az) is Ll-integrable in O. The integrability implies the continuity of u, g in x
and thus that of v(x).
To show the that v has the claimed modulus of continuity, we consider x,y € O with
= |z — y| < 3dist(0,0Q) and 2"[u]poh(R) < 1. In (2.2.17), let p — 0 and we have

|Hzo,r — v(@0)| < C/[plnoH(R),
which holds true for x,y. Then

lv(z) —v(y)| < |v(x) — pa2r| + |pz2r — ty2r| + |py2r — V(Y)]
< Cy/[WnoH(2R) + |ptz.2r — tby2R]-

For any z € B(x,2R) N B(y,2R)(D B(z,R) U B(y, R)),
|ba2r — by 2r| < |pe2r —v(2)| + [v(2) — py2R]

Integrating in z on B(z,2R) N B(y,2R), we obtain

1
0 ,2R—u,2R|§/ |the2r — V(2 )|d2+ / — fiy2r| dz
’ Y 1B(z, R)| Jpar) " B(y, R)| y2R .

<onp! <][ E(v(2) — po2R) dz> +2npt <][ E(v(z) — py,2R) dz)
B(z,2R) B(y,2R)

< Cy/[ulnoh(2R),

where the last line is from the fact that E is quadratic near 0 (or by Lemma 5.2.3). The
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above estimates finally gives

[v(@) —o(y)] < Cy/ulno(Vh(lx —yl) + H(|z —y])).

2.3 Difference quotients

Difference quotients are widely used in the study of PDEs to show differentiability of
higher orders. In the following, the definition of difference quotients is recalled with some
relevant properties and results, based on [GT01], §7.11. In addition, we present a lemma in
[KMO05], which shows how difference quotients can help with fractional Sobolev regularity
and will be useful in Section 6.5.

Throughout this section, we denote by € an open set in R™ and by {e;}!"_; the canonical
basis of R™. For any r > 0, define the shrunk set Q" := {z € Q: dist(x,09Q) > r}.

Definition 2.3.1. Suppose that Q@ C R” is open and u: Q — RY is a vector-valued
function. For any h € R\ {0}, the s"-difference quotient of size h of u is defined by

() = UEE h“";) — u(@) (2.3.1)

for any = € Q" and any s € {1,...,n}.
Several properties follow immediately from the definition.

Property 2.3.2. Suppose that Q C R™ is open, and the two maps u and v defined on €
take values in RY. The constant h € R is non-zero and s € {1,...,n} is an index.

(i) If u € WHP(Q,RN) with p > 1, then Aju € LP(QP RY) and we have
I (Aju) = Af (') (2.3.2)
in QM for any i € {1,...,n}.

(ii) If at least one of u and v is supported in QM then we have

/uAflvdx: —/ vA®  ude (2.3.3)
Q Q

whenever the two integrals make sense.

(iii) We have
A (uv) = v(z)Aju(z) + u(x + heg) Ajv(x). (2.3.4)

With the above properties, we can treat difference quotients as the corresponding
derivatives to some extent.

For Sobolev maps in W1P(Q, RY), the difference quotients of them can be controlled by
the corresponding weak derivatives in the LP-sense.
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Lemma 2.3.3 ([GT01], Lemma 7.23). Suppose that Q@ C R™ and U CC Q are open sets,
and the constant h € R\ {0} satisfies |h| < dist(U,09Q). Given any map u € WHP(Q,RN)
with p > 1, we have Aju € LP(U,RY) and
”AZUHLP(U,RN) = ||aSuHLP(Q,RN) (2.3.5)
for any s € {1,...,n}.
The inverse of the Lemma also holds true, but only for p > 1.

Lemma 2.3.4 ([GTO01], Lemma 7.24). Suppose that  C R™ is an open set, and p > 1
and s € {1,...,n} are fired. Assume that there exists K > 0 such that, for any open set
U cC Q and any h € R\ {0} with |h| < dist(U, 8Q), we have Aju € LP(U,RY) and

HAZUHM(U,RN) < K. (2.3.6)
Then the weak derivative 0%u exists in LP(,RN) with
10°ul| o rvy < K. (2.3.7)

The following lemma can be found in [KMO5], in which the authors used it to obtain
some fractional Sobolev regularity with a certain difference quotients estimate.

Lemma 2.3.5 ([KMO05], Lemma 2.5). Suppose that Q@ C R™ is a bounded open set and
G € LP(Q,RN*™) with p > 1. For some 6 € (0,1), M > 0 and an open set U CC 2, there
holds

/ S AG(@)P da < MP|RPO-D (2.3.8)
U s=1

for any h € R\ {0} with |h| < 0 := min{1, dist(U,0Q)}. Then we have G € I/VZIZ)’(’;(U, RNVxn)
for any b € (0,0). Moreover, given any open set V.CC U, the estimate

1Gllwerryxny < C(M + |Gl Ly raxm)) (2.3.9)
( ) )

holds true with some C = C(n,p,?,0,b, £™(Q),dist(V,0U)) > 0.

2.4 p-capacity

In this section, we recall the notion of the p-capacity, i.e., the capacity associated to
the Sobolev space WP, Some relevant concepts and results are also presented for later
use. For the following contents and a thorough discussion about p-capacities, we refer to
[HKM18]. Throughout this section, the set & C R™ is open but not necessarily bounded.
The exponent p is in the range (1, 00).

For any compact set K CC €2, set

W(K,Q) ={ueC(Q): u>1on K}.
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Definition 2.4.1. Suppose that 2 C R™ is an open set, and K CC 2 is compact. Then
the p-capacity of the condenser (K, <) is defined by

cap,(K; Q) ueI/Il/I(1£<Q /]Vu|pdx (2.4.1)

When  is fixed, this quantity is also called the p-capacity of K. For any open subset U of
Q, the corresponding p-capacity is defined by

cap,(U; Q) := ;1&1?] cap,(K;Q). (2.4.2)
compact

Finally, we define the p-capacity of any F C 2 by

cap,(E; Q) == Ecmfc cap,(E; Q). (2.4.3)
U open

One easy observation is that W (K, Q) in the above definition can be replaced by
Wo(K,Q) :={ueWy?(Q)NnC(Q): u>1on K}.
Directly from the definition, we know that the quantity cap,(-;-) is monotone in both

arguments, and it is also possible to show subadditivity for the first one.

Proposition 2.4.2 ([HKM18], Theorem 2.2). The p-capacity cap,,(-;-) defined in Definition
2.4.1 satisfies the following properties:

(i) The map E > cap,(E;Q) is increasing, that is, for any By C Ey C 2 we have

cap,(E1; Q) < cap,(E2; Q); (2.4.4)

(ii) The map Q +— capp(E; Q) is decreasing, that is, for any open sets Q1,Qs with E C
O C Q9 we have
cap,(E; 1) > cap,(E;Q2); (2.4.5)

(iii) If E = U2 E; C Q, we have

cap,(E;Q) < anpp(EZ-; 0). (2.4.6)
i=1

The fact cap,(0;€2) = 0 and (iii) imply that cap,(-;) is an outer measure on 2.

Analogous to the almost everywhere and quasi-continuity concepts in measure theory,
we have the following ones for the p-capacity.

Definition 2.4.3. (a) A property is said to hold p-quasi-everywhere (also abbreviated to
p-g.e.) on €, if it holds on 2 except a subset with zero p-capacity.

(b) A function u: © — R U {oo} is said to be g-quasi-continuous on  if the following
holds: for any & > 0, there exists an open set G C {2 such that capp(G; Q) < e and
u|q\¢ is finite-valued and continuous.
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Furthermore, any W' function has a p-quasi-continuous representative, which is unique
in the p-q.e. sense.

Theorem 2.4.4 ([HKM18], Theorem 4.14). Suppose that u € W1P(Q). Then there exists
a p-quasi-continuous function v € WHP(Q) such that u = v L™ -a.e. in Q. Moreover, if
there is another p-quasi-continuous © € WHP(Q) with u = 9 £"-a.e. in ), then we have
v =7 g-a.e. in ).

Notice that the definition of p-quasi-continuity and the above theorem also applies to
vector-valued functions.

It is generally uneasy to compute capacities explicitly, but possible for some regular
condensers, such as the spherical one (B(zo,r), B(zo, R)).

Example 2.4.1 ([HKM18|, Example 2.12). Fix a point xp € R", and denote the ball
B(zo,p) by B, for any p > 0. Then for any r, R with 0 < r < R < oo, the p-capacity of
(B,, BR) is

p—1 _ 1=
n — p—n p—n P
s (B2

cap,(B,; Br) = N (2.4.7)
Wn—1 (log ) ; p=n.
r
In particular, we have
Capp(BT§ Bay) = c1(n,p)r"?, p>1; (2.4.8)
capp(Br;R") = co(n,p)r" P, 1<p<m (2.4.9)
Capp({:l:()}; BT) =G (nap)rn_pa p>n. (2410)

From the definition of the p-capacity of an open set and (2.4.7), we can see
cap,,(By; Br) = cap,(By; Br).
As mentioned above, the p-capacity capp(- ;) is an outer measure on (2, and it actually
provides a finer measurement of sets than the Lebesgue measure .£" L € does.

Theorem 2.4.5 ([HKM18], Theorem 2.26). Suppose that @ C R™ is an open set and
1 <p<n. Then it holds that

cap,(E;€) =0 implies Z"(E)=0

for any L™ -measurable set E C Q). Furthermore, for any E C Q with capp(E; Q) =0, we
have

where dimy (E) is the Hausdorff dimension of E.
Notice that if p > n, any non-empty set is of positive p-capacity by (2.4.9).

Finally, we introduce the concept of uniform p-thickness, which describes boundary
regularity of domains.
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Definition 2.4.6. A set E C R" is said to be uniformly p-thick with constants Ry and Ty
if for any z € E and 0 < r < Ry, we have

cap,(E N B(xz,r); B(x,2r)) > Ty cap,(B(z,r); B(x,2r)). (2.4.11)

Intuitively speaking, the concept of uniform p-thickness gives a control of the sharpness
of any outward cusps of a domain. Notice that if p > n, any nonempty set is uniformly
p-thick by (2.4.8) and (2.4.10). In addition, Holder’s inequality implies that any uniformly
p-thick set is actually uniformly g-thick for any ¢ > p. Combining Theorem 1 in [Lew88] and
Theorem 2.38 in [HKM18], we have the following self-improving property of the uniform
p-thickness property.

Proposition 2.4.7 ([KK94], Proposition 2.3). Suppose that p > 1, the two constants R, T
are positive and E C R"™ is a closed set. If E is uniformly p-thickness with radius Ry and
Ty, then there exist an exponent ¢ with 1 < ¢ < min{p,n} and T = T(n,p,Ty) > 0 such
that E is uniformly q-thick with radius Ry and T.

2.5 Linear growth functionals

The functionals considered in Chapter 5 and 6 are of linear growth, so we now have a
preliminary discussion about this type of functionals. Subsection 2.5.1 is about functionals
defined on measures, with which we can relax the definition of normal functionals and
extend them to BV maps. Subsection 2.5.2 is for generalised Young measures, which are
effective tools in the calculus of variations, and will be used in Chapter 6 to show the strong
convergence of a certain sequence.

In this section, the set 2 C R" is assumed to be open and bounded. To prepare for the
following contents, we first define the space E({, R") for some positive m € N. Denote by
B™ and S™ ! the unit ball and the unit sphere in R™ respectively, and consider the linear
transformation S on C(2 x B™) given by

($(w2) = (- D (=
for any f € C(Q x R™). Then set
E(Q,R™) :={f € C(QxR™): Sf € C(Q xB™)}.

Notice that for any f € C(Q x R™), by Sf € C(Q x B™) we mean that Sf is in C(Q x B™)
and can be extended continuously to  x B™, and the extension is also denoted by Sf. The
norm on E(Q,R™) is the natural choice

Hf”E(Q,]R{m) = HSch(Qx]Em) = sup  |(Sf)(z,2)],
(z,2)eQxB™
under which E(2,R™) is a Banach space and S: C(Q x R™) — C(Q x B™) is an isometric
isomorphism ([Rin18], §12.1).
If f € E(Q,R™), it is easy to see that f is of linear growth, i.e., there exists L > 0 such
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that
|f(z,2)] < L(1+]z|), for any (z,2) € Q x R™.

Moreover, the recession function

f(a' t2)

f(x,2) ;== limsup
=z, —z
t—o0

(2.5.1)

exists for any (z,z) € Q x R™. Indeed, in (2.5.1) the limit superior can be replaced by
the limit (in which case f*° is called the strong recession function), and the convergence
is locally uniformly in (z,z) by the definition of E(2, R"). The function f*° is positively
homogeneous in the second argument and coincides with Sf on Q x R™. The subclass
E(R™) is the collection of those functions in E(Q,R™) that are independent of the first
argument x € Q.

2.5.1 Functionals defined on measures

Let p be an R™-valued Radon measure on €2 C R"™. Then the total variation |u| of it is
a real-valued Radon measure on ). The measure p is said to be a bounded Radon measure
if |u](©2) < oo. By the Lebesgue-Radon-Nikodym theorem, we can decompose p as

du dpe
p=pt = o Lt |MS,IMS!'

Let f be a function in E(2,R™), and now we define the signed Radon measure f(-, 1)
as follows: for any Borel set A compactly contained in €2, set

e () o [~ ) s

For any z € R™, we write f(u — z) as a short-hand of f(u — 2.2™). If u is bounded, the
definition above can be extended to all Borel subsets of  and f(-, u) is a bounded Radon
measure on {2. We now recall the convergence of Radon measures with respect to some
particular integrands.

Definition 2.5.1. Suppose that {x;} and p are Radon measures defined on € such that
p; = pin M(Q,R™) and f(u;)(Q) — f(u)(R), where f: R™ — R is a Borel function of
linear growth. Then p; is said to converge to p f-strictly. In particular,

(a) p; is said to converge to p strictly if f(-) =1-|;
(b) pj is said to converge to p area-strictly if f = E (see (2.1.4)).

Under the above topologies, smooth functions are dense in the space of Radon measures.
The following approximation result is a modification of Theorem 2.2 in [AFP00].

Lemma 2.5.2. Any Radon measure u € # (2, R™) can be locally area-strictly approximated
by R™-valued smooth maps. If u is bounded on €2, the approximation is global.

A generalisation of the continuity theorem by Reshetnyak (see [Res68], Theorem 2.39 in
[AFP00] and Theorem 5 in [KR10b]) states that given any f € E(£2, R™), the corresponding
functional is continuous with respect to the area-strict topology.
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Theorem 2.5.3 (Reshetnyak continuity theorem). Suppose that f € E(Q,R™) and p;, 1 €
M(Q,R™) are Radon measures such that ji; converges to p in the area-strict sense. Then
we have

Q Q
In particular, convergence in the area-strict sense implies that in the strict sense.

There is an analogue of the above continuity result for BV maps. See Section 2.6 for
the concepts of rank-one convexity and quasiconvexity involved in the following statements.

Lemma 2.5.4 ([KR10b], Theorem 4). Suppose that G: RN*" — R is rank-one convexr and
of linear growth. If Q@ C R™ is a bounded Lipschitz domain, uj,u € BV (£, RN) and uj —>u
in the BV area-strict sense, then

/G(Duj) — / G(Du) asj— oo. (2.5.4)
Q Q

Such a continuity result together with Lemma 2.5.4 gives a direct corollary as follows,
which allows us to approximate a BV map with respect to a certain energy.

Lemma 2.5.5. Suppose that @ C R™ is a bounded Lipschitz domain. For any u €
BV (Q,RY), there exists a sequence {uj} C Wal N C®(Q,RY) such that uj — u in the
BV area strict sense. Furthermore, for any function G: RNX" — R that is rank-one convex
and of linear growth, we have

/G(Duj) — / G(Du) asj— oc. (2.5.5)
Q Q

Remark 2.5.6. Notice that E(-—z) for any zg € RV*" is convex by (5.2.3), and thus rank-
one convex. Obviously it is of linear growth and then Lemma 2.5.5 holds for E(- — zg). The
lemma also holds for quasiconvex functions as quasiconvexity implies rank-one convexity
(see 2.6.2).

2.5.2 Generalised Young measures

This subsection is about generalised Young measures and the subclass BV-Young
measures. See [Rinl8], Chapter 12, and [KR20] for more details.

Definition 2.5.7. Suppose that 2 C R™ is a bounded open set. An R™-valued generalised

Young measure defined on € is a triple v = (V) zeq, Av, (V°

) wen), where

(i) (Va)zeq C A1 (R™) is the oscillation measure;

(i) A\, € #+(Q) is the concentration measure;

(iil) (V2°)geq C A1 (S™71) is the concentration-direction measure;
and it satisfies

(iv) the map =z — v, is weakly* measurable with respect to £ L €, i.e., the function
x> (Vg, f(z,-)) is L -measurable for any bounded Borel function f: Q x R™ — R;
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(v) the map z — v° is weakly* measurable with respect to A, i.e., the function x —
(v°, f(x,-)) is A,-measurable for any bounded Borel function f: € x S™*~! — R;
(vi) @ (va, |-|) € LY(Q), i.e., the 1-moment [, [m|2| dvy da is finite.
The collection of all R™-valued generalised Young measures on €2 is denoted by Y7 (Q, R™).

In the definition above, the pairing (u, g(+)) of a function g and a measure on its domain
is the integral [ gdu. The collection Y~ (©,R™) actually consists of equivalence classes:
we identify two generalised Young measures u,v € Y7 (Q,R™) if

o [, =, for X"-a.e. x €
b )\u = )\V;
o 1 =X for \,-ae. x € Q.

In the following, the term “Young measures” will be used instead for convenience.
The functions in E(Q2, R™) can be considered to be “test integrands” for Young measures.
For f € E(Q,R™) and v € Y (Q,R™), the duality pairing is defined by

(v, 1) 3:/Q<V:c,f(x,-)> dx+/g(u§°,f"°(x,-)) A\ (2) (2.5.6)
:/Q - f(x’z)dyw(z)dx+/52/gm_lfoo(%z)dvgo(z)d)\,,(x),

Then space Y- (€, R™) can be then considered a part of (E(Q,R™))*.

Definition 2.5.8. A sequence {v;}jen C Y7 (Q,R™) is said to converge weakly* to v €
Y7 (Q,R™) (written as v; = v) if the following holds for any f € E(Q,R™):

(Vi /) = (v, f) asj— oo (2.5.7)
Given a Young measure v € Y7 (Q,R™), we define the barycentre of it by
v=0.2L"LQ+0>XN\, (2.5.8)

which is a measure on €. Notice that ji := [ zdu(z) is the barycentre of the measure p. It
is easy to see that

v 2 v in YY(QR™) implies 7; — 7 in . (Q,R™), (2.5.9)

which can be proved by testing with f(z,2) = @(x)z; for any ¢ € C(Q) and any i €
{1,...,m}.

Definition 2.5.9. (i) Given any finite Radon measure v € .Z(Q,R™) with the
Lebesgue-Radon-Nikodym decomposition

=LA+,
we associate to it an elementary Young measure €, € Y” (©,R™), which is given by

Ey = ((57“0(1))x697 |’Ys|7 (5P(m))xe§_2); (2510)
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where 9§, is the dirac measure supported at z € R™ and P :=

dlys[”
(i) Given a sequence {v;}jen C (€, R™) with sup,|v;|(Q2) < oo, we say that {v;}
generates v € Y7 (Q,R™) (written as -, X v) if e, S vin YZ(Q,R™), ie.,

(e F) = (v f) asj— o0

for any f € E(Q,R™).

The definition of elementary Young measures is motivated by a more complete version of
the Reschetnyak continuity theorem (Theorem 2.5.3), which says (see [Rinl8], Proposition
12.4)

vj — v area-strictly <= X, Ex. (2.5.11)

The following result, which is considered to be the fundamental theorem of generalised
Young measures, implies the compactness of Y% (©,R™) under the weak* topology.

Theorem 2.5.10 ([Rinl8], Theorem 12.5). Suppose that {v;}jen C A (Q,R™) is a
sequence of Radon measures with supj|'yj](§_2) < o0o. Then there exists a subsequence
{v;. }ren and a Young measure v € Y7 (Q,R™) such that v, Y.

As indicated in the terms, given a Young measure v € Y% (©Q,R™) generated by
{vjtjen C #(Q,R™), the oscillation measure (v;)zeq describes the oscillation of the
sequence {v;}, and the concentration measure ), with the concentration-direction measure
(V) ,eq the concentration of {v;}. If either of them vanishes, the convergence holds in a

better sense. We only consider the following special case for later use.
Suppose that {v;}jen C LY(Q,R™) and v € L' (9, R™), then we say that

(a) vj converges to v in L"-measure, if for any € > 0 we have
L"({z € Q: uj(z) —v(2)] > e});

(b) {v;} is uniformly integrable if

sup/ lvj(z)|de =0 ast — oo.
3 Hlv>t}

Theorem 2.5.11 ([KR20], Theorem 2.17). Suppose that {v;};en is a sequence in L' (2, R™)
and {v; L™ L Q} generates v € Y (Q,R™). Then v; converges to some v € L*(Q,R™) in
L™ -measure if and only if

v(x) = Uy, Uy =205, for L"-ae xec

Theorem 2.5.12 ([KR20], Theorem 2.18). Suppose that {v;};en is a sequence in L' (2, R™)
and {v; L™ L Q} generates v € Y7 (Q,R™). Then given any f € E(Q,R™), the sequence
{f(-,v5)} is uniformly integrable if and only if

(W, f(x,)) =0 for L"-a.e. v €.

In particular, the sequence {v;} is uniformly integrable if and only if A, = 0.
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Consider a sequnece {vj}jen € L'(£,R™) such that {v;Z" L Q} generates v €
Y7 (2, R™). Then from the following Vitali convergence theorem, we can see that the
only factors that may prevent {v;} from converging strongly in L' to v € L'(Q, R™) with
v(z) = 1, are exactly possible oscillation and concentration.

Theorem 2.5.13 ([KR20], Theorem 1.1). Suppose that Q C R" is a bounded open set, and
let {vj}jen C LY(Q,R™) and v € LY(Q,R™). Then v; — v in L*(Q,R™) if and only if
vj = v in L"-measure and {v;} is uniformly integrable.

The subclass of generalised Young measures, generated by gradients, is important in
the study of variational problems. Here, we consider the gradients of R¥-valued BV maps
defined on Q, and thus the corresponding Young measure space is Y% (Q, RN X,

Given any u € BV (€, RY), we associate to Du € . (9, RN*") the elementary Young
measure € p,, as above. The collection of BV - Young measures is composed of those generated
by BV-derivatives, i.e.,

BVY(Q,RV") .= {v e Y7 (Q,RV*"): there exists
{u;} € BV(Q,RY) with Duj 5 v}.

The fundamental theorem of generalised Young measures (Theorem 2.5.10) implies the
compactness of BVY (Q, RV*"):

Corollary 2.5.14. Suppose that {u;}jen C BV (SL,RYN) is bounded, then there exists a
subsequence {uj, }ren and v € BVY (Q,RN*") such that

Y
Du]‘k — V.

2.6 Convexity notions

Apart from convexity, there are a few other convexity notions introduced in the calculus
of variations for different purposes. One such important notion is quasiconvexity, which
plays a significant role in the study of some variational problems and was first introduced
by Morrey in his fundamental work [Mor52]. Quasiconvexity is a necessary and sufficient
condition for a functional being lower semi-continuous under appropriate assumptions,
which is essential in the application of the direct method to establish the existence of
minimizers. We give a brief introduction to various convexity notions and discuss some
properties of quasiconvex functions.

2.6.1 Definitions and connections

Definition 2.6.1. A Borel measurable function f: RV*" — R U {oc} is said to be
quasiconver, if for any z € RV*" and any ¢ € Wol’oo(((), 1), RY) we have

() < / F(2 + Voo(a)) da. (2.6.1)
0.1)"
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Remark 2.6.2. The unit cube (0,1)" in the definition can be replaced by any open and
bounded Lipschitz set D C R™ with the right-hand side being the average of f(z + V) on
D (see [Rinl8], Lemma 5.2).

The focus of this thesis is on functionals depending on the gradients of their input
functions. Then the above definition fits our case well as it gives Jensen’s inequality
(and thus convexity in average) along those “gradient directions”. Under standard
assumptions, an integrand f being quasiconvex is equivalent to the lower semicontinuity of
the corresponding functional (Subsection 2.6.2). On the other hand, this convexity condition
is also closely related to the coercivity of the functional (Subsection 2.6.3). Considering the
ingredients needed for the direct method (as listed in Section 1.2), quasiconvexity is indeed
the natural framework for variational problems in the vectorial setting.

For completeness, we also recall the definitions of polyconvexity and rank-one convexity.
The former was introduced by BALL [Bal77] in the study of nonlinear elasticity, where the
energy does not satisfy the p-growth assumption and thus Theorem 2.6.4 does not apply.
It can be rather difficult to verify quasiconvexity as it is not described in a pointwise way.
Alternatively, we have the concept of rank-one convexity, which is slightly weaker and
equivalent to the ellipticity of the corresponding Euler-Lagrange systems.

Definition 2.6.3. Let f: RVX" — RU {00} be a function. Then f is said to be

(a) polyconvez if there exists a convex function F': R7V:m) 5 such that, for any & €
RV*" we have f(€) = F(T(€)), where

wn-¥))

s=1

and T'(§) € R™V1) ig the vector composed of all the s x s minors of € for 1 < s <
N An :=min{N,n};

(b) rank-one convex if f(z + t€) is convex in ¢t € R for any z, £ € RV*" with rank(¢) < 1.

Note that any rank one vector £ € RV*™ can be written as a ® b with some a € RV, b €
R™. Then the rank-one convexity implies that if f is second-order differentiable, its second
derivative is elliptic in the sense that

f"(2)a®b,a®b >0 forany a € RN b e R™

The relation between these notions is given in the following diagram (see [Dac08],
Theorem 5.3 for a proof):

convexity = polyconvexity = quasiconvexity = rank-one convexity (2.6.2)

None of the implication arrows can be inversed in general, and there are still some special
cases that are not well-understood. For instance, whether the inverse implication between
rank-one convexity and quasiconvexity holds true is unclear when n > N = 2, but the
answer is otherwise negative by SVERAK’s example in [Sve92]. The following is an example
to give some sense:
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Example 2.6.1 (Alibert-Dacorogna-Marcellini, [DM88, AD92]). Let n = N = 2 and define
hy(A) == |AP(JA]? — 2ydetA), A e R*2

The precise ranges of v for h, being convex, polyconvex and rank-one convex are clear,
while that for quasiconvexity is still unknown.

h, is convex polyconvex quasiconvex rank-one convex

= <=2 M<we=1|M<wueclZ| M<w=23

Table 2.2: The Alibert-Dacorogna-Marcellini example: convexity of h..

2.6.2 Lower semicontinuity

Now we return to quasiconvexity and state the well-known lower-semicontinuity
theorem. Results of this type were first established by MORREY [Mor52|, and then
generalised to functionals with Carathéodory integrands (see [AF84] and [Rinl18], Theorem
5.16).

Theorem 2.6.4. Suppose that Q@ C R" is a bounded domain with Lipschitz boundary,
the function f: Q x RVX" — R is Carathéodory and of p-growth with p € (1,00). If we
furthermore assume that f(x,-) is quasiconvex for L"-a.e. x € ), then the functional

F(u, Q) ::/Qf(x,Vu)da;

is weakly lower-semicontinuous on W1P(Q,RY).

A parallel version of the above theorem holds for the relaxed functional in the linear
growth context (p = 1) with some extra assumptions. See the work by AMBROSIO & DAL
Maso [ADM92] and by FONSECA & MULLER [FM93]. RINDLER [Rinl2] gave a new proof
via Young measures without Alberti’s rank-one theorem.

Theorem 2.6.5. Suppose that Q C R"™ is a bounded domain with Lipschitz boundary, and
i Qx RV 5 R satisfies the following assumptions:

(i) f is a Carathéodory function;

(ii) |f(x,2)| < L(1 4 |2]) for some L > 0 and any (z,2) € Q x RV*";
(iii) the strong recession function > ewists and is in C( x RVN*");
(iv) f(z,-) is quasiconver for any x € Q.
Then the relaxed functional

dD?

9*(11,{2):/f(x,Vu)dx—i—/foo(x,su)d]DsuH—/ foo(x,u\aQ@)yﬁ)d’H"*l
Q0 Q d[Dsu| a9

is lower semicontinuous with respect to the weak® topology in BV (Q,RY), where uloq = uf?

is the trace of u and v is the inward unit normal on OS).
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See Subsection 3.1.4 for more details about relaxed functionals.

With respect to a stronger topology, the area-strict topology, the assumption on the
integrand f can be relaxed to rank-one convexity. In this case, we actually have continuity
of the relaxed functional without the boundary term as indicated in Lemma 2.5.4.

2.6.3 Lipschitz continuity and coercivity

It is well-known that convexity (of certain types) implies local Lipschitz continuity
(see [Mor66], p.112, and [Fus80, Mar85]). Lemma 2.2 in [BKKO00] gives a better estimate
constant. As a corollary of the above results, the following lemma gives the growth of the
derivative of a quasiconvex integrand.

Lemma 2.6.6. Suppose that G: RN*" — R is a real-valued function and of p-growth with
p € [1,00), i.e.,
G(2)] < L(1+ [2]")

for some L > 0 and any z € RVN*". If G is furthermore quasiconvex, then there exists a
constant C = C(n, N,p) > 0 such that

|G'(2)| < CL(1 + |2[P71). (2.6.3)

In particular, G is Lipschitz when p = 1.

Quasiconvexity is also connected to the coercivity of variational functionals. In the
following we consider a p-growth integrand f: RY*™ — R with p > 1, and the corresponding
functional % (u, ) := fQ f(Vu)dz defined on some bounded open set €2, which is well-
defined on Wy ’p(Q,RN) for some g € WIP(R™ RYV).

Definition 2.6.7. Fix g € [1,p]. We say that f is

(a) pointwise q-coercive if there exist ¢; > 0 and ¢o € R such that

f(2) > ci|z|? 4 ¢, for any z € RV*™, (2.6.4)

(b) L% coercive if for any non-empty and bounded open set 2 C R™ and any boundary

value g € WHP(R™, RY), we have that

{uj}tjen € Wl”’(Q RY) .

Y joos implies % (u;,Q?) 2% oo (2.6.5)
||Vuj||Lq QRNxn) —7 00

(¢) LT mean coercive if for any non-empty and bounded open set Q@ C R"™ and any
boundary value g € WHP(R™ RNX") there exist ¢; > 0 and ¢ € R depending on
f, €, g such that

F(u,Q) > /(01Vu|q + cg)dx, for any u € ng’p(Q,RN). (2.6.6)
Q

The last two forms of coercivity are defined in terms of €2 and g, but turn out to be
properties of f itself and thus independent of the choice of 2 and g (see [CK17], Proposition



40 Chapter 2. Preliminaries

3.1). Pointwise coercivity is relatively strong and usually corresponds to convexity. The
other two, which are defined in the sense of integral, are indeed equivalent to the convexity
in the mean-value sense — quasiconvexity.

Theorem 2.6.8 ([CK17], Theorem 1.1). Suppose that the function f: RN*" — R is
continuous and of p-growth for some p > 1. Then for any q € [1,p|, the following statements
are equivalent:

(i) f is LY coercive;
(ii) f is L1-mean coercive;

(iii) there exist ¢ > 0 and zo € RVX" such that z — f(z) — c|z|? is quasiconvex at z.

2.7 Estimates for elliptic systems

We will need some results about Legendre-Hadamard elliptic systems. A bilinear form
A € O*(RN*") is said to satisfy the strong Legendre-Hadamard condition if there exists
A > 0 such that

Aln @& n®E > Anl?|€)?, for any n € RN, € € R™. (2.7.1)
For convenience, we usually assume that A is bounded by some A > 0, i.e.,
Alz, 2] < A|z|?, for any z € RV*", (2.7.2)
We say that a map u: Q — R is A-harmonic on some open set € if it satisfies
— div(AVu) =0 (2.7.3)
in the distributional sense in 2.

Lemma 2.7.1. Suppose that A € (O*RN*") satisfies (2.7.1) and 2.7.2. If h €
WL (Br,RY) is A-harmonic on the ball Bp = B(xo, R) C R", then h is C> on Bg,
and for any z € RN*™ and some c, = cq(n, N, %) > 0 we have

sup|Vh — z| + Rsup|V2h| < ca][ [Vh — 2| dx. (2.7.4)
B Br Br

Proof. Tt will be easier to work with W12 maps when dealing with such an elliptic system.
So we take the standard mollifiers {¢.} and set h. := ¢. xh. Then h. € C*°(Bgr_.,R") and
thus in W1H2(Bg_s., RY) when ¢ < % The mollified map h. is also A-harmonic in Bg_..
Actually, take any ¢ € C3°(Bg_.,RY), and then by Fubini’s theorem and the symmetry of
¢ we have

/ AlVhe,Vo|dzx = / Algp: * (Vh), V| dz
Br_. Br

:/ A[Vh, ¢ x (V)| dz
Br
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= AlVh, V. |dz =0
Br

as . € C’SO(BR,RN). Fix 0 < e < % and let R. be R — 2¢. The discussion in §III.2 in
[Gia83] shows, for any 7 < ¢,

sup|Vh, —z| < C ][ |Vh, — z)? dz
B Br,

Re
2

[N

Apply the method of Corollary 7.1 in [Giu03] to obtain

N|=

1
sup|Vh, —z| < C ][ \Vh, —z*dz | , foranyte (0,1),
Bth (]' - t)n BRE

and Theorem 7.3 in the same book implies

1
fEnT

1
Sup]VhT—ng][ |Vh, —z|de < C
(1—1)" /g,

Bir,

][ |Vh — z| dz. (2.7.5)
Bgr

The sequence {Vh,},<. converges to Vh in L', and thus £"-a.e. in Bg_ by passing to a
subsequence. With (2.7.5) and Fatou’s lemma we know

1
sup|Vh — z| < Cn][ |Vh — z| dz, (2.7.6)
(1—1)" /By,

Bir,

which implies that |[Vh — 2| € L?(Bg,.) and then h € W12(Bg,_,RY). Hence, the map h
is in C*(Bpg,.,RY) by [Gia83], §I11.2, and is actually in C>°(Bg,RY) as e can be taken
arbitrarily small.

The estimates in [Gia83], §II1.2 also give

1
2

(2.7.6)
R. sup|V?h| < C ][ |Vh —z?dz| <Csup|Vh—2z2 < C |[Vh — z| dz.
B

5 gre Pgne Pre
Now take € — 0 to get the desired result. ]

The next result is also classical, and see Proposition 2.11 in [GK19a] and the references
therein for a proof.

Lemma 2.7.2. Suppose that A € O*(RN*") satisfies (2.7.1) with some A, > 0. Let
r € (1,00), ¢ € [2,00) and B be the unit ball in R™.

(a) For any g € Wlfi’r((‘)B,RN), the elliptic system

(2.7.7)

—div(AVh) =0, inB
hlos = 0, on OB

admits a unique solution h € W (B,RYN), and there exists C = C(n,N,r, %) > 0
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such that
Hh”Wl,r(]B’]RN) < C HgHWlf%,r(aB’RN) ’

(b) For any f € LY(B,RYN), the elliptic system

{ —div(AVw) = f, in B (2.7.8)

wlop = 0, on OB

admits a unique solution w € W29 N Wol’q(IBB,RN), and there exists C =
C(n,N,q, %) > 0 such that

lwllw2.am,ryy < Cllfll L, rY)-

Remark 2.7.3. If we only consider the gradient Vh above, it is enough to control

VAl @ ryy with [g] by considering g — (g)sp. In particular, if g €

W17 (9B, RN)
1

WL (B, RY), its trace trg g exists in W!=="(B,RY) (see [Giol7], §18.4). The estimate

of [|2[[yy1.- (g vy in (a) can be then replaced by |[g[ly 1. g ry-

2.8 Ekeland variational principle

Compared with BV maps, it is usually more convenient to work with those in Sobolev
spaces. Therefore, we may need proper approximation sequences in the study of BV
(almost-)minimizers, for which the Ekeland variational principle is helpful. See [Eke74]
and [Giu03], Theorem 5.6.

Theorem 2.8.1 (Ekeland variational principle). Suppose that (X, d) is a complete metric
space and the function F: X — RU{oo} is lower-semicontinuous with respect to the metric
topology, bounded from below and not identifically oo. If for some u € X and € > 0 we have

<
Flu) < Ulg)f(]:(v) +¢,

then there exists w € X satisfying the following:
(a) d(u,w) < 1;
(b) F(w) < F(u);
(c) F(w) < F(v) +ed(v,w) for anyv € X.

Proof. We construct a sequence by induction that converges to the desired w. Take u; = u
and suppose that uq,...,u; have been chosen. Then consider

Sy ={veX: Fv) < F(u) —ed(ug,v)},

which contains v and thus non-empty. Take ui41 € S such that

DN

Flursr) < 5(F(ug) +inf F). (2.8.1)
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The sequence {ug }reny we constructed is a Cauchy sequence. Indeed, from the choice of
Ugt+1 we know
ed(up; up+1) < Flug) — F(uk+1),

which implies implies that F(ug) decreases in k and thus has a limit A € R as F is bounded
from below in X. Besides, by the triangle inequality we have, for any positive integer m,

ed (U, Uptm) < Ezd(uk+i—17uk+i) < Flug) — F(ugsm), (2.8.2)
i=1

from which we know that {ux} is a Cauchy sequence in X.
Suppose that limy_, ur = w € X, then the lower-semicontinuity implies

F(w) < liminf F(ug) = A.

k—o0

The inequality (2.8.2) gives, as m — oo
ed(ug, w) < F(ug) — F(w). (2.8.3)
In particular, when k& = 1 it becomes
0 <ed(u,w) < F(u) — F(w) < F(u) — iﬁf]—" <eg,

and then (a) and (b) hold true.
To show (c), we proceed by contradiction and assume that

F(v) < Flw) —ed(v,w) (2.8.4)
for some v € X. This inequality together with (2.8.3) implies
F(v) < Flug) — e(d(ug, w) + d(v,w)) < F(ug) — ed(ug, v).

By definition, the set Sy contains v for any k and infg, 7 < F(v). From (2.8.1) and (2.8.4)
we have

2F (ugs1) — Flug) < F(v) < F(w) — ed(v, w). (2.8.5)

Notice that F(ug11) — F(ur) — 0 as k — oo, and then passing to the limit in (2.8.5) gives
F(w) < F(w) — ed(v,w),
which is a contradiction. O

The following version is more helpful in our discussion, and can be showed by considering

the metric d = %d.

Corollary 2.8.2. Suppose that (X, d) is a complete metric space and the function F: X —
R U {0} is lower-semicontinuous with respect to the metric topology, bounded from below
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and not identically co. If for some u € X and € > 0 we have

<
Flu) < Jél)f(}"(v) +¢,

then there exists w € X satisfying the following:
(a) d(u,w) < V/e&;
(b) Flw) < F(u);
(c¢) F(w) < F(v) + ed(v,w) for anyv e X.

2.9 Two auxiliary lemmas

In this section we show two auxiliary lemmas that will be used at different points in this
thesis.

The following one is an iteration-type result, which is a modification of Lemma 1.1
in [GG82|, and also Lemma 6.1 in [Giu03], and is widely used to prove Caccioppoli type
estimates.

Lemma 2.9.1. Suppose that there are two positive functions ®,¥: (0, R] — R, where ® is
bounded, and U is decreasing with W (at) < o= 2U(t) for any t € (0, R],o € (0,1]. If for any
g <r < s < R there holds

O(r) <OP(s)+V¥(s—7r)+ B (2.9.1)
with given B > 0 and 6 € (0,1), then we have, for some C = C(0) > 0,

® (?) < C(U(R) + B). (2.9.2)

Proof. Take A € (0,1) to be determined later, and set

R R
=5 Ti+1—7°¢:(1—)\))\15 for 7 € N.

Then we apply (2.9.1) to r;,r; + 1 iteratively and obtain

D(rg) <OP(ry) + ¥ <(1 — )\)};> + B

< 0(0D(rs) + T <(1 - /\)A];) +B)+ U ((1 - /\)];) +B

k

< OB () + )0 (@((1 — )\)/\Zg) - B> .
=0

Since 0@ ((1 — M)A L) < 4(1 — N)72A"2¢'®(R), with vV < A < 1 the above inequality
becomes

4 1— (9/)\2)k+1 v 1— 9k+1

@(TQ) < 9k+1(1>(7‘k+1) + (1 — )\)2 1_ (9//\2) ﬁ

B.
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The desired result can be obtained by taking & — co. O
<

Remark 2.9.2. It is obvious that we can replace % by any 0 < R’ < R and get ®(R')
C(Y(R — R') + B) with a similar proof.

The second one is helpful for estimating the difference between two quantities of a certain
type, and will be used for several times in the main body.

Lemma 2.9.3. Fiz the Euclidean space R® with some d € Nt , and suppose that x and y are
distinct elements in R? and s,y > 0 are constants. Then we have the following estimates
for the integral fol(l —1)*(42 + [tz 4+ (1 — t)y[2)2 dt for q in different ranges (assume that
v >0 when g < —1):

(a) —1 < g < oo: there exists c1 = c1(q,7,s) > 1 such that

1 1
SOl < [ =07 e+ (- )R
1 0
<P+ 2P+ Y72 (2.9.3)

(b) g = —1: there exists ca,c3 > 0 depending on 7y, s such that

1
QW+m%wWﬁs/u—WW+m+u4m%a
0

2 2 2
<e 1 +log(v* + |=|” + |y]”)

;7 (2.9.4)
(72 + [ + [yl*)2
(¢) g < —1: there exists cq,c5 > 0 depending on q,~, s such that
2 2 2\ 4 ! S 2 2\ 2
el + ol +lylD? < [ 062 + o (L o) (295)
0

q
{(72 +l2* +|y1*)?2,  max{|z], |y} <1
_1
(3 + 2 + |y*) 77, max{|al, y[} > 1.

Proof. By the triangle inequality and the fact fol(l —t)*dt = H% for any s > 0, we know
that the following inequalities hold:

e the left inequality in (a) when g < 0;

e the right inequality in (a) when ¢ > 0;

e the left inequalities in (b) and (c).

When ¢ > 0, we first assume |z| < |y|. Then for ¢ € [0, 3], it is easy to see

2 1, \*_ 1
et =) 2 (= Ol = el = (3= 3lel) 2 0o+ o)

The left inequality for ¢ > 0 then follows by considering the integral on [0, %] In the case
|z| > |y|, we replace the interval [0, 1] by [2,1].
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Now we show the right inequalities in (a)-(c) with ¢ < 0 together. Without loss of
generality, we assume |z| < |y|, and consider the function ¢, () := (42 + |tz + (1 — t)y|?)?

for > € R? and ¢ < 0. Let xg be the point on the line £, ,, := {y +t(z —y) : t € R} with the

least norm, and then we have ty := ‘ro y|‘ >3 1 Now set

di=tr+(1—t)y, zH=tzo+ (1 -1ty 3 :=(0-1t)y.
When to > 1, it is clear that 25| < |2!| and thus @, (t) < ¢4 (¢) for any ¢t € (0,1). When

to € [3,1), we have 2tg —t € (0, to) for any t € (to, 1), and then 2’ and 22~ are symmetric
with respect to zp. Thus, the integral of ¢ (¢) on (¢g, 1) can be estimated by

1 1 to to
/ po(t) dt = / ou(2t0 — 1) dt = / pa(t) dt < / oa(t) dt,
to to 2to—1 0

where the inequality holds as 2y — 1 > 0. Furthermore, we have

1 to 1 1
/ ou(t)dE < 2 / on(t) dt = 2t / puo (1) dt < 2 / oo (1) dt.
0 0 0 0

From the above discussion and the fact |z§| > |y|, we know that in both cases there

holds . ) . .
/mt)dtg/ sox()(t)dtg/ soo(t)dt§2/(7+t|y)th-
0 0 0 0

The last integral above can be estimated as follows:

(i) o<yl < X
/(v+t|y)th<7q<3 32 4ol + D)t
0

(ii) |y| > ~: In this case, the integral can be calculated directly.

e —1<g<O:

1 1
/0 (i) dt = oy (O D™ = 1)
1T < el@t + [* + Jyl*) 2.

1+ log(y? + [z> + Jy*)
(2 + |22 + [y[*)2

1
/0 (y+tlyh)~"dt = |;(log(v + [y]) —log7y) < c(v)

1 . -~ 1
/O<v+t|yr> &t =~

3
G+ 1 (2 4+ 2> + |yH)2

= (y+ )T

N

F}/q—"_l




2.9. Two auxiliary lemmas 47

(a) to € [5,1) (b) to > 1

Figure 2.9.1: Illustration of Lemma 2.9.3.

It is not necessary to consider the factor (1 — ¢)® in these cases as it is controlled by 1.
Combining the above estimates together, we can obtain the desired result.
O

Remark 2.9.4. The right inequalities in (b) and (c¢) are optimal to some extent. Indeed,
we can take z,y such that |z| = 1 and y = rx with r > 1. Then let v = 1, s = 0 and
t' =t+ (1 —1t)r, and we have

1 1
/sox(t)dtz/ A+ [t+ (1 —t)r[P)Ede
0 0

1 T q 1 r
= 1+ t’22dt’2/ 14 t)?dt.
) etz et [a

Again, we consider the following two cases:

(i) ¢= -1
1

r—

log(1+r) — log2
r—1 ’

/(1+t)th:
1 J1

then for large 7 the quantity is comparable to log(1 + |z|* + |y[*) (1 + |=|* + |y|2)7%
(i) ¢ < —1:
1

r —

o
(¢+1)(r—1)

and for large r this quantity is comparable to (1 + |z|* + |y|?)

(277! — (1417,

/lr(1+t)’1dt:—

1
2.

For the case where ¢ < —1 and max{|z|, |y|} < 1, we take v = 0,s = 0,y = 2z and
lz] =r < % Then the integral becomes

1 1 1 — 92¢+1
/ me(t)dt—/ @—tuedi— -1 =2
0 0

q+1

which is comparable to (72 + |z|% + [y|*)% as r — 0.
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Chapter 3

Minimality notions and regularity
theory

In this chapter, we introduce three minimality notions involved in this thesis, including
minimizers, quasiminimizers and w-minimizers. The first one, as the most natural concept
in variational problems, has been widely studied in various set-ups. The other two are
together considered to be “almost minimizers” in this thesis and minimise the corresponding
functionals in a more general sense. In addition to the definition, more background
information and some examples are also presented for the two relaxed minimality notions.

The rest part is denoted to a brief review of regularity theory, with an emphasis on
those regularity results connected to the subsequent chapters. We first consider higher
integrability results in both the scalar (N = 1) and the vectorial (N > 1) contexts in
Section 3.2. Section 3.3 contains a review of Hélder regularity results of zero-order as well
as first-order in the scalar setting. In Section 3.4, we provide a concise summary of partial
regularity results in the vectorial setting.

3.1 Definitions and examples

This thesis is focuses on variational principles involving p-growth functionals. In the
following, we specify the context and provide the relevant definitions.
Consider a bounded open set {2 C R™ and the functional defined as follows:

F (u, Q) :—/Qf(x,u,Vu)dx, (3.1.1)

where the map u defined on Q takes values in RY and the integrand f: QxRN xRN*? 5 R
satisfies the following properties:

(G1) f is a Carathéodory function;

(G2) for any (z,u,z) € Q x R* x RV*"_ we have
[ (@, u, 2)] < L(1+ [2["), (3.1.2)

where p > 1 and L > 0 is a constant.

49
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With the above assumptions, it is easy to see that .Z#(u,() is well-defined for u €
WLP(Q), which is the appropriate function class for studying the corresponding variational
problem when p > 1. For the linear growth case (p = 1), the suitable functional space is
BV and the functional in (3.1.1) needs to be relaxed, which will be discussed in Subsection
3.1.4.

The prototype of such functionals is the p-Dirichlet integral D, := [,|Vu[P dz, which
will be the focus in Chapter 4. The discussion in this chapter is for functionals of the general
form (3.1.1).

3.1.1 Minimizers

In the study of a variational problem with a functional .# as described above, the
objective is typically to minimise .# within a specific subclass of W1P(Q,RY). Here,
we restrict ourselves to the commonly studied Dirichlet problem, and consider minimizers
within certain Dirichlet classes ng P(Q,RN), where g € WRY ig the Dirichlet data.

Definition 3.1.1. Suppose that  C R” is a bounded open set, the integrand f: Q x RY x
RV*n s R satisfies (G1) and (G2) with p > 1, and .% is defined as in (3.1.1). A map
u € WHP(Q,RY) is said to be a minimizer of %, if for any ¢ € Wol’p(Q, RYN) we have

F(u,Q) < F(u+ Q). (3.1.3)

When the test map ¢ coincides with u outside of a compact subset of €2, the above
inequality (3.1.3) also holds locally. Consequently, we can also define local minimizers in

Wlif(Q, RY), which minimise the functional .% in a local sense. It is worth mentioning that

local minimality is an interior property and does not guarantee global integrability, which
can be illustrated by the following example.

Example 3.1.1 ([Giu03], §6.1). Consider the 2-Dirichlet energy
Ds(u,B) := /|Vu|2da:
B
defined on the unit ball B C R2. The function

_ Y
S T

is harmonic in B and thus a local minimizer of Dy. However, by calculation we know that
Ds(u,B) = /Vu|2daf = /((x +1)? +y*)2dedy = 0o
B B

due to the singularity at (—1,0).

The minimizers of a specific functional, which are the solutions of the corresponding
variational principle, are closely connected to (elliptic) PDEs. Assume that the integrand
f defined in Definition 3.1.1 is O, and v € W'P(Q,RY) is a minimizer of .#. Set g(t) =
F (u+tp, Q) with some ¢ € C°(Q, RY), then g achieves its minimum at ¢ = 0 and satisfies
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¢'(0) = 0, which gives

f 9" 0f Y ae -
/Q <w(x,u(x),Vu(x)) 9o+ Hua (7 u(@), Vu(@))e® | dz =0, (3.1.4)
where we used the Einstein summation convention. The integral equation (3.1.4) is the
weak formulation of the system

o (of of B
5 ((w,u(m),Vu(x)) + %(x,u(x),Vu(x)) =0, (3.1.5)

«
0

which is known as the FEuler-Lagrange equation (system) of the variational problem
associated to .#. The system (3.1.5) is often expressed in a more concise form as follows:

—div(9, f(z,u, Vu)) 4+ Oy f(z,u, Vu) =0, (3.1.6)

This system is elliptic under certain convexity assumptions on f.

The inverse statement, i.e., that a weak solution to the Euler-Lagrange system (3.1.5)
minimises %, also holds true when the functional is convex. Again, we take the p-Dirichlet
energy

Dy(u, Q) = / VP da
Q

as an example. It is well-known that, when p > 1, there is a one-to-one corresponding
between local minimizers of D, and p-harmonic functions, which has already been used in
Example 3.1.1.

3.1.2 Quasiminimizers

From the above, we know that the minimizers of a variational functional correspond
to the solutions to its Euler-Lagrange system. More generally, the solutions to a specific
system may also satisfy certain variational properties, though the system does not arise
from the variation of any specific functional. To unify the analysis of PDE solutions and
minimizers, GIAQUINTA & GIUSTI introduced the concept of quasiminimizers in [GG84a).

Before presenting the definition of quasiminimzers, we strengthen (G2) to the following
condition:

(G2') for any (z,u,z) € Q x R" x RV*" we have
Uz < [f(z,u,2)| < L(1 + |27, (3.1.7)

where L > ¢ > 0 are constants.

Definition 3.1.2. Suppose that  C R" is a bounded open set, the integrand f: QxRN x
RN*7 5 R satisfies (G1) and (G2') with p > 1, and .% is defined as in (3.1.1). A map

u € I/Vllof(Q, RY) is said to be a quasiminimizer of .F with constant Q > 1 (a Q-minimizer

of .F), if for any ¢ € WHP(Q,RY) with supp(¢) CC Q we have

F (u,supp(p)) < QF (u + @, supp(p)). (3.1.8)

In particular, a @-minimizer of the Dirichlet integral D), is called a (p, Q)-minimizer.
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Analogously, we can define cubic (or spherical) quasiminimizers: for any n-cube Qg (or
ball Br) compactly contained in © and any ¢ € Wy ?(Qr,RN) (or Wy (Bg,RN)), the
inequality (3.1.8) holds with supp(y) replaced by Qr (Bg).

It is obvious that the notion of cubic (spherical) quasiminimizers is more general than
that of quasiminimizers. In general, the class of cubic (spherical) quasiminimizers contains
that of quasiminimizers as a proper subset as shown in the following example.

Example 3.1.2 ([GG84a], Example d). Assume that n > 2, and u(x) is homogeneous
of degree 8 with 0 > 8 > 1 — % and continuously differentiable in R™ \ {0} without any
stationary points. In addition, we require u to be non-constant on the boundary of any
n-cube in R". For convenience, take u(z) = |z|°.

The function u is a cubic quasiminimizer of the 2-Dirichlet energy Do on R™ but not a
quasiminimizer. The way to show the former is to prove that, for any n-cube Q(zg, R) =
Qr C R™, there holds

R/ |Vul|? dz < C/ lu — upgy|* dH" 1,
Qr 0QR

where ugg,, is the mean value of u on QR with respect to the (n — 1)-Hausdorff measure
H" L. We refer to [GG84a] for details. If u —v € Wol’z(QR), then v = v on QR in the
sense of trace. By Theorem 3.20 in [Giu03], we have

/ lu — uggy|* dH™ ! :/ [v — vag, [P dH" 1 < CR |Vo|? da,
0QRr OQRr QRr

which establishes the first claim.

On the other hand, v = min{w, 1} is different from « on the unit ball B with u — v €
Wy ?(B). Tt is easy to see that [,|Vou[>dz = 0 while [,|Vu|?>dz # 0, which incidates that
u is not a quasiminimizer as claimed. O

The class of quasiminimizers includes a wide range of functions, particularly the solutions
to some elliptic equations and systems in divergence form. We illustrate this with the
following examples.

Example 3.1.3. Suppose that Q@ C R" is a bounded open set. Consider the following

system
div(A(x)Vu(z)) =0, (3.1.9)

where A: Q@ — (O*(RN*"). Furthermore, we require that the coefficients satisfy the
following uniform ellipticity condition

A(x)[6,€] > v|¢f?,  for any £ € RYV*" (3.1.10)
with some v > 0, and the uniform bound

sup |A(z)¢] < M (3.1.11)

with some M > 0.
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Assume that u € WEA(Q,RY) is a weak solution to (3.1.9). Now take a map v €

loc

WLQ(Q,RN) that coincides with u outside of a compact set K CC €2, and set ¢ := v — u.

loc

The by (3.1.9) we have
/ A(z)[Vu, Vu]dx = / A(z)[Vu, Vv] dz, (3.1.12)
K K

and (3.1.10) and (3.1.11) together imply

1 1
u/ IVul?dz < M/ Vu||Vo|dz < M (/ yvu\2dx>2 (/ \vuy2dx>2.
K K K K

Then it follows that u is a quasiminimizer of Dy with constant v—2M?2.

Another class of quasiminimizers is composed of quasi-regular mappings. A
differentiable map u: 2 — R" is said to be quasi-reqular if there exists A > 0 such that

[Vu(x)|" < Adet(Vu(x)), for L"-ae x€Q. (3.1.13)

This concept is a generalisation of quasi-conformal mappings, which are assumed to be
homeomorphisms.

Example 3.1.4. Suppose that Q C R” is a bounded open set and u € W1 (Q,R") is a
quasi-regular mapping satisfying (3.1.13). Then it is a quasiminimizer of the n-Dirichlet
functional D,, on €.

For any ¢ € W1 (Q,R") with K := supp(p) CC €2, we have

/ det(Vu)dz = / det(Vu + Vy)dx < C(n)/ |Vu + Vo|" dx,
K K K

where the first equality holds as the determinant is a null-Lagrangian (see [Rinl8], §5.2).
Then the conclusion follows from (3.1.13), and the quasiminimising constant is Q) = ¢(n)A.
O

Apart from solutions to elliptic systems and quasi-regular mappings, the solutions of
some variational problems with constraints are also fall in the class of quasiminimizers. As
an example, we consider the following obstacle problem:

Example 3.1.5 ([Giu03], Example 6.4). Suppose that Q@ C R" is a bounded open set,
the integrand f: Q x R x R™ — R satisfies (G1) and (G2'), and ¢ € WP(Q) is a given
function. Moreover, we assume that u € Wi)f(Q) minimises the functional

F(v,Q) = / f(z,v,Vv)dz
Q
in the class
Opa:={ve VV;)’CP(Q): v > L -ae. in Q},

i.e., among all the VVl})f functions with graphs above the obstacle function ¢ € W1P(Q).
This actually means that for any v € VVllof(Q) with v > ¢ and K = supp(u — v) CC £, we
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have
F(u,K) < .F((v,K).

Given any v € Wlif(Q) with K = supp(u —v) CC Q, set S := {z € Q: v(z) > (x)}
and the function w = v V4. Then by the minimality of u within O, o we obtain

F(u,K) < F(w,K) = F(w,KNS)+ FW, K\ )

S a
< F(v,K)+F(, K).

Then adding the extra term .# (¢, K) to both sides implies
G(u, K) < 2G(v, K),

where

G(u, ) Z/Q(f(x,%VU)Jrv(ﬂf))de" V(x) = [z, (), Vip(z)).

Then we know that a minimizer of .% above the obstacle v is a free quasiminimizer of the
functional G'. This actually also holds for quasiminimizers. O

In order to limit the textual length, the examples presented above are in relatively simple
forms. For more examples with detailed analysis, see [GG84a] and [Giu03], Chapter 6.

Remark 3.1.3. The lower bound in (3.1.7) is relatively strict and not practical in many
cases (see [BD95|, [Iwa02], [IL93] and [CK17]). In Section 3.2, we will replace it by a
strong quasi-convexity condition. An alternative option is to assume the coercivity of the
functional as in [CK17] in the autonomous setting (where the integrand f only depends
on Vu). The authors of [CK17] showed the equivalence between a strong quasi-convexity
condition and the coercivity of the corresponding functional as stated in Theorem 2.6.8.

3.1.3 w-minimizers

The concept of w-minimizers was introduced in the context of geometric measure theory
by ALMGREN in [Alm76], with the motivation that they arise from various geometric
variational problems with constraints. The study of w-minimizers in the non-parametric
setting was initiated by ANZELLOTTI in [Anz83], and for more subsequent regularity results
we refer to Subsection 1.1.2.

The function w quantifies the extent to which w-minimizers deviate from being true
minimizers, and is required to satisfy

(w) w: [0,00) — [0, 00) is non-decreasing with lim, _,o+ w = w(0) = 0.

Definition 3.1.4. Suppose that  C R” is a bounded open set, the integrand f: Q x RY x
RV*" 5 R satisfies (G1) and (G2), and the functional .% is defined as in (3.1.1). Given
a function w: [0,00) — [0, 00) satisfying (w), a map u € Wll’p(Q,]RN) with p > 1 is said

oc

!Notice that the growth control of the integrand of G is
Uz]” +~(x) < fla,u,2) +v(z) < LA+ [2[7) + (),

which contains an extra function in x compared to (G2'). We consider the latter, the simplified version for
convenience, and the former may appear in certain problems (see [Giu03], Chapter 6).
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to be an w-minimizer of % with Ry > 0, if for any ball B CC Q with R < Ry and any
@ € WyP(Bg,RN) we have

F(u, Br) < F(u+ ¢, Bp) + w(R) / (1+ |V (u+ @)P) da. (3.1.14)
Br

Notice that the boundary value g in the definition of generalised minimizers may not be

specified when we only focus on interior regularity.

Remark 3.1.5. (a) We may replace the extra term with w in the above definition by
w(R) fBR(l + |VulP + |[Vp|P) dz, or w(R).Z (u + ¢, Bg) under the condition (G2’),
which makes no significant difference.

(b) In certain contexts, n-cubes instead of balls are used to define w-minimizers, but this
distinction is not essential.

(¢) The term “almost minimizer” is also used for w-minimizers in the predominant body
of existing literature. However, our class of almost minimizers is broader and includes
quasiminimizers as well.

From the definition, we know that w-minimizers can be considered to be local
perturbation of the corresponding minimizers, and thus allow more flexibility. As a
consequence, the class of w-minimizers includes the solutions of diverse variational problems,
such as non-autonomous problems and problems with constraints. We present the following
examples for illustration.

One example arises from non-autonomous variational principles, where the integrands
also depend on x in addition to Vu.

Example 3.1.6. Suppose that the integrand g: € x R¥*" — R is of p-growth and satisfies

|9(21,2) = g(w2, 2)| < w(lr — 22[)(1 + [2]")

for any x1,z2 € Q and z € RV*" where condition (w) holds true for the function w. Then

any local minimizer u € I/Vl})f(Q, RM) of the functional

G(v,Q) ::/Qg(x,Vv)dJ:

is a (2w)-minimizer of the family of functionals G,, where G, is the frozen functional
defined by g(xg,-) for any xg € Q. Notice that we only have the analogue of (3.1.14) hold
for G, on small balls containing z.

As mentioned above, w-minimizers also arise in certain constrained problems, such as
variational problems with obstacles or volume-constraints as demonstrated below.

Example 3.1.7 (Obstacle problem, [Anz83|, §3). Suppose that @ C R"™ is a bounded
open set and the map 1 is in the space CH*(Q, RY) with some o € (0,1) with each entry
', i = 1,...,N, being non-positive on the boundary. We consider to minimise the 2-
Dirichlet functional Dy in the set

Opa =W (LR N{v: Q= RY: o' >4l i=1,...,N}.
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Any minimizer of this problem is an w-minimizer of Dy with w(R) = cR?®, where the
constant ¢ > 0 is related to the C1®-norm of 7). We prove this claim in the following.

Fix a ball Br = B(zo, R) CC § and take the minimizer h of Dy in the Dirichlet class
W ’2(B r, RY), which is harmonic in Bg. Notice that the harmonicity of h implies

Vh-Veodr =0, foranyp€ W01’2(BR,]R{N). (3.1.15)
Br

Then we have, for any ¢ as above,

/|Vu]2d$:/ \Vh|2da:+/ IV (u— h)|*dz
Br Br Br
g/ |V(u+g0)]2dx+/ |V (u — h)|? dz.
Br

Br

Given any v € Oy, set £(t) = IB |V(u + t(v — u))|>dt. Then by the minimality of u
within Oy q, we know ¢'(0) 2 O Whlch is

Vu-V(u—v)de <0. (3.1.16)
Bgr

Take a map v defined on  with v* := h* vV 4?, i = 1,..., N, then (3.1.15), (3.1.16) and
Young’s inequality together imply

/ Vu—mPdr= | Vu-h)-Va-v)de+ | Vu—-h)-Vo-hde (3.1.17)
Br Br Br
1

< / IV(u— h)|*dz + 1/ V(v — h)*da.
2 Br 2 Bgr
Notice that we have v € Oy o and again the harmonicity of h implies
[ V@ w0 de= [ () - (T, VOV ) do
BR BR
= / (VY = (VY)Bg) - V(' — k) da (3.1.18)
BRﬂ{hl<¢ﬂ}
_1 . 1 o
/ V' — (V') g, |2 de + / |V(v* — h')|* da.
=3 2 /s,

From the regularity of ¥, we know that |Vi' — (V¢)')p,| < cR®. Thus, the two estimates
(3.1.17) and (3.1.18) gives

/ V(u— )2 dz < / V(v — B)|>de < cR2 < cRQO‘/ (1+ |V(u+ )P da,
Br Br B

which indicates that u is an w-minimizer of Dy with w(R) = cR?®. There are no restrictions
on the size of the ball Bp.
If instead, we assume that the modulus of continuity of Vi is u, i.e.,

IVip(z1) — Vo(x2)| < p(lxy — x2]), for any zq,z9 € Q,
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the above argument can still be carried out with w = 2. O

Example 3.1.8 (Volume-constrained problem, [DGGO00], §2). This example is also about
minimising the 2-Dirichlet functional Dy. Suppose that 2 C R™ is a bounded open set, and
vo € WH2(Q,RY) is a fixed map. We aim to minimise Dy within the following class:

Vo0 :ZWUI(]’QQ{U: Q- RY: /vdx:/vodx}.
Q Q

Assume that u € V,, o is the minimizer in this problem, then we claim that it is an w-
minimizer of Dy with w(R) = ¢R with some constant ¢ > 0.
Take
Ry := sup{sup{r: B,(z) cC Q}},
€

and set Ry = min{%, 1}. For any zy € Q, we show the w-minimality of u on any ball
Br = Bpr(zg) cC Q with 0 < R < Ry. By the selection of R, we know that there exists
yo € Q such that B := By, j4(yo) CC Q and BN By = 0. Fix ¢ € Wy*(Bg, /4(0), RY) with
fBR1/4(0) YPidx # 0 for any i = 1,..., N, and define n(x) := ¢(x — yo).

Now for any ¢ € W01’2(BR, RM), take the numbers

b= 7‘fBR goidx
(R fBT/’Ld$ )

By Poincaré’s inequality, the numbers are controlled as follows:

i=1,...,N.

1

n . 2
|t:| < cR'Yz (/ V|2 dx> , (3.1.19)
Br
where the constant ¢ depends on n and . Define a map w on 2 by

u'(z) + ¢'(x), =€ Bpg
wi(z) = { ui(z) — tin'(z), z€B i=1,...,N,
u(z), z e\ (BrUB)

and it is obvious that w € V,, o. The minimality of u within V,, o implies
/ |Vu|* dr < / IV (u+ ¢)*dz + /|V(u +tn)|? dz — /\Vu]zdx,
BR BR B B

where tn = (tmz)f\i 1- We expand the second term on the right-hand side and estimate it
with the third one:

N . .
E / t;Vu' - Vn'dx
=1 B

N
/|V(u+tn)|2dx—[\vu|2dx32 +Zt$/|vni|2dx. (3.1.20)
B B i—1 B
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By the Cauchy-Schwarz inequality, (3.1.19) and Young’s inequality we have

1N 4 3
< (/[Vu\zdx> (Zt?/\VnZ|2d:r>
Q — /B
: :
< (/]Vv0|2dm) <CR"+2/ ]Vgo]zdm)
Q Br

<c <R”+1 + R/ ]Vgp|2dx> :
Br

where the last constant ¢ depends on n, v, vy. The estimate for last term in (3.1.20) is the
same as above and thus we have

N . .
g /~ t;Vu' - Vn'dx
=178

/ |Vu|2dx§/ V(u+@)Pde+cR [ (14 |Vep|?)d,
Br Bgr Br

which indicates the desired w-minimality of wu. O

Another interesting fact is that any map u with certain regularity is an w-minimizer of
Dy, where w is determined by the continuity of Vu.

Example 3.1.9. Suppose that u:  — R is in the space C1*(Q, R"V) with some a € (0,1),
then it is an w-minimizer of Dy with w(R) = c¢R?®, where the constant ¢ > 0 is related to
the Ch%norm of u. Fix a ball Bg = Br(zo) CC Q. By an argument similar to that in
Example 3.1.7, we have

/ IV(u—h)*de < / |Vu — (Vu) g |* dz < cR" 2%,
Br Br

where h is the harmonic map with the same boundary value as u. Then the claim can be
proved as in Example 3.1.7.

Furthermore, the assumption on the regularity of u can be generalised, and we still
have w-minimality with an appropriate prescribed w. Suppose that w satisfies (wl), (w2)
and (w3) in Section 3.4, which are basically the smallness condition (w) and a Dini-type
condition. Then it is possible to construct an w-minimizer u of Dy such that the modulus
of continuity of Vu is given by = 1 where

= (.- [ @)
Eo( ).—/O ) dp.

With the same process we can show that u is an w-minimizer of Dy. See [DGGO00], Example
3 for details. O

3.1.4 Linear-growth functionals

In the current subsection, we discuss the linear growth setting and present the
corresponding definitions analogous to those in the previous subsections.
Suppose that 2 C R™ is a bounded open set with Lipschitz boundary. Consider the
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following functional
F(u, Q) := / f(Vu)dz, u: Q@ —RY, (3.1.21)
Q

where the integrand f satisfies the following growth condition

(LG1) f: RV>*" — R is of linear growth, that is, for some L > 0 and any z € RV*X"
we have

1f(2)] < L1 + |z]). (3.1.22)
For the discussion in this subsection, we also assume quasiconvexity:

(LG2) f is quasiconvex, that is, for any z € RV*" and any ¢ € C2((0,1)",RY), we
have

/ f(z+p)dz > f(2). (3.1.23)
(0,1

As in the super-linear setting, the functional .% is well-defined in W1 (Q, RY). However,
the study of the corresponding variational principle cannot be conducted in W1 (€, RY)
due to a compactness issue as explained in the following.

A commonly used method to achieve the existence of minimizers is the direct method
in the calculus of variations. Fix g € WH(Q,RY) as the boundary value, and take a
minimising sequence {uy} C ng 1(Q,RN) such that

F(ug,Q) — inf F as k — oo.
Wy (QRN)

With a certain coercivity assumption, we can obtain the boundedness of such a sequence in
the Sobolev space W11(€,RY). In the super-linear case (p > 1), there exists a weakly
converging subsequence of {u;} by the weak compactness of W1P(€,RY). Under the
quasiconvexity assumption as (LG2),the functional .# is weakly lower semicontinuous (see
Subsection 2.6.2), which then implies the existence of a minimizer.

However, this argument fails in the linear growth context as the space W11 (Q,RY) is
not weakly compact. To proceed with the direct method, we need to consider a larger class,
the one consisting of maps of bounded variation, in which a bounded sequence is weakly*
precompact. Correspondingly, the definition of the functional .# needs to be relaxed for
BV maps in such a way that it is lower semicontinuous with respect to the weak* topology.

Following LEBESGUE [Leb02], SERRIN [Ser61] and MARCELLINI [Mar86], we define

Fg(u, Q) := inf {liminf/ f(Vug)dx: {ux} C W;’I(Q,RN),uk — u in LI(Q,RN)} .
Q

k—o0
(3.1.24)
This relaxation of .%# is sequentially lower semicontinuous with respect to the strong
convergence in L', and thus to the weakly* convergence in BV. An integral expression
of Z4(u,?) was found in [KR10b], which is based on the work by AMBROSIO & DAL MASO
[ADM92] and FONSECA & MULLER [FM93]. When f is quasiconvex, of linear growth and
L' mean coercive, we have

(1, Q) :/Qf(Vu)dx—ir/Qfoo (dd’g:) d]DsuH—/m £ ((g—u) @) AL, (3.1.25)
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where vq is the outward unit normal on 0f2. The third term is present as the trace operator
is not continuous with respect to the weak* topology in BV'.

Therefore, any minimizing sequence {uy} C ng 1(Q,RM) has a subsequence weakly*
converging to some u € BV (Q,RY), and the map u is indeed a minimizer of Fy.

Under the area-strict topology of BV, which is stronger than the weak* one, the
extension of .# to BV maps is the following

F(u, ) </ f(Du) )/f (Vu) dx—i—/ [ (dd‘lgz ‘> d|D*ul, (3.1.26)

for any v € BV(Q,RY). This relaxation is lower semicontinuous with respect to weak*
convergence in BV (see [ADM92, FM93]). More generally, we can consider the functional

[0t [ Gulon o) et
Q o0
with the boundary value of a map u in W(Q, RY) incorporated, where Vg is the inward

unit normal on 9€2. The area-strict extension of this functional to BV maps, by Proposition
12.24 in [Rin18], is

dD?
Fi(u, Q) ::/f(Vu) dx—l—/ f°°< Su) d|DSuH—/ P (ulgn®@vg ) dH™ 1, (3.1.27)
0 Q d[ D2l 0
which is also lower semicontinuous with respect to weak* convergence in BV ([Rinl8],
Theorem 12.25).
Similar to the minimality notions in the super-linear setting, we have the following:

Definition 3.1.6. Suppose that 2 C R" is a bounded domain with a Lipschitz boundary,
and f: RV*" — R satisfies (LG1) and (LG2). The functional .# and its relaxations .7
and .#, are defined as in (3.1.21), (3.1.26) and (3.1.25).

(a) A map u € BV(Q,RY) is said to be a generalised minimizer of #, (of # in the
Dirichlet class g + W(}’I(Q,RN)) for some g € BV (Q,RY), if for any w € BV (Q, RY),
we have

Fy(u, Q) < Fylw, Q); (3.1.28)

(b) A map u € BVj,.(,RY) is said to be an w-minimizer of .# with consant Rg > 0, if
for any ball Bp = B(z¢, R) CC Q with 0 < R < Ry and any w € BV, (Bg,RY), we
have

Z (u, BR) < .Z(w, Br) + w(R)/ (1+ |Dw)). (3.1.29)
Br
Remark 3.1.7. Suppose that the integrand f is assumed to be of linear-growth in the
following sense

(LG1)" f: RV>*" — R satisfies
lz| < f(z) < L1+ |z|) (3.1.30)

for any z € RV*" where the constants L and ¢ are positive with £ < L.
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Then we can use the following defining inequality
Z (u, Br) < (1 +w(R))Z (w, BR) (3.1.31)

for w-minimizers instead of (3.1.29).

3.2 Higher integrability for the first derivatives

This section provides a review of higher integrability results in the study of variational
principles (or elliptic PDEs). Such results indicate that (almost) minimizers in certain
variational problems exhibit higher integrability compared to general competitor maps.

In Subsection 3.2.1, we discuss higher LP-integrability in the super-linear setting.
Subsection 3.2.2 focuses on an Llog L regularity result for BV minimizers in the linear
growth context.

3.2.1 Higher L’-integrability

Autonomous functionals are considered in this subsection for illustration. For more
general cases, we refer to [Giu03], Chapter 6, and the references in the following.
Fix a bounded open set {2 C R™ and consider a functional defined by

F(u,) = /Qf(Vu) dr, wu: Q—RY, (3.2.1)

where the integrand f: RY*" — R is required to satisfy the following properties with p > 1:
(HI1) There exists L > 0 such that for any z € RV*" we have

[f(2)] < L(1+ |27);

(HI2) The function z — f(z) — v|z|P is quasiconvex, i.e.,
|+ V) et V) do 2 £(2) - vlal
©o,1)"

for any z € RNV*" and any ¢ € C°((0,1)",RY).

With the above assumptions, it is possible to establish the following higher integrability
result for spherical quasiminimizers. This result obviously extends to quasiminimizers, w-
minimizers and certainly minimizers.

Theorem 3.2.1 ([GG84a], Theorem 3.1). Suppose that Q@ C R™ is a bounded open set,
the integrand f: RN*" — R satisfies (HI1) and (HI2) with p > 1, and the map u €
Wl’p(Q,RN) is a spherical minimizer of F as defined in (3.2.1) with constant @ > 1. Then

loc

there ezists T = 1(n,N,p,Q, L,v) > 0 such that u € Wl’q(Q,]RN) for any q € (p,p + 7).

loc

Moreover, given any q € (p,p+ 7) and any ball B = B(xg, R) CC Q, we have

q

][ V|7 dz §0<][ (1+|Vu|p)da:>p, (3.2.2)
Bg BR
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where the constant C = C(n,N,p,q,Q, L,v) > 0.

In the proof of the above theorem, a Caccioppoli-type inequality and a generalised
version of Gehring’s lemma are employed. With the quasiminimality of w and the
quasiconvexity of the integrand f, one can achieve the following Caccioppoli-type inequality:

— p
IVulP de < C le=url’ 1Y a4z (3.2.3)
Br Br Rp ’

where Bpr is an arbitrary ball compactly contained in 2. A weak reverse Holder is
furthermore available from (3.2.3) with the Sobolev-Poincaré inequality:

P
][ VulP dz < C ((f |Vl dx) Ty 1) : (3.2.4)
B% Br

where p, = min{nn—fp, 1}. Finally, a generalised version of Gehring’s lemma (see Theorem
4.2.2) implies the higher integrability as in Theorem 3.2.1.

This type of higher integrability results has a long history. It was initiated by BOJARSKI
in [Boj57, Bojb5], where the author established higher integrability for solutions to first
order elliptic systems of Beltrami’s type in two dimensions. MEYERS [Mey63] later proved
a similar result for solutions of second order linear elliptic equations with L coefficients.
GEHRING [Geh73] obtained a higher integrability result for quasi-conformal mappings with
a different method, which was subsequently improved in [EM75, GM79, Str84] to establish
similar results for nonlinear elliptic systems.

Under appropriate boundary conditions, a global version of Theorem 3.2.1 is also
approachable (see [Giu03]|, Theorem 6.8, and [KK94]). Such a result is also contained
in the proof of Theorem 4.1.1, and is the motivation of the problem we will address in
Chapter 4. See Section 4.1 for a more detailed discussion.

3.2.2 Llog L regularity for generalised minimizers

The higher integrability result above only holds true for p > 1, and the argument does
not extend to the linear-growth setting. The main issue is that we cannot obtain a suitable
weak reverse Holder inequality from the Caccioppoli inequality (3.2.3) by using the Sobolev-
Poincaré inequality, and thus cannot further apply the generalised Gehring’s lemma to get
such a result.

However, higher integrability results are still available, at least for (generalised)
minimizers in the linear-growth context, with a different approach under a certain convexity
condition.

Consider the following functional defined for maps in W11 (Q,RN):

F (u, Q) :—/Qf(Vu) dz. (3.2.5)

The integrand f: RV*" — R is assumed to be of linear growth and convex with some
p-ellipticity condition. More precisely, we assume
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(LD1) ¢|z| < f(2) < L(1 + |2|) for any z € RV*™;

(LD2) f e C*(RN*") and for some p € (1,3] we have
‘§|2 f RNXn E
21 or any £ € . (E.)

7 y
2 (1+2%)

(1+ =)

BILDHAUER and FucHS did a systematic study in [Bil02, Bil03a, Bil03b, BF02] of the
corresponding variational problem, and their work contains various regularity results for
generalised minimizers in this context. In [Bil02], an L log L-regularity was established for
one specific generalised minimizer of .# with a vanishing viscosity argument. This result
was later extended to all minimizers in [BS13|, where the authors used a similar method
and applied Ekeland’s variational principle to construct an approximating sequence for any
generalised minimizer.

Theorem 3.2.2 ([BS13], Theorem 1.10). Suppose that Q@ C R™ is a bounded open set, and
the integrand f: RN*" — R is C? satisfies (LD1), (LD2) with u = 3, and f(0) < \. For
any generalised minimizer u € BV N L2 (Q,RN) of F defined in (3.2.5), we have

uwe WHH(QRY),  |Vu|log(1 + |Vul?) € L} (), and (3.2.6)
1
|Vu|log(1 4 |[Vul?)dz < C <>\ + - Sup|u|> / (14 |Vul|)dz (3.2.7)
Br r B2r B2’V‘

for any ball By, = B(xg,2r) cC Q with C = C(n,N,¢, L) > 0.

Certain boundedness conditions are assumed in both [Bil02] and [BS13], and are helpful
in the proof of the Llog L-regularity. Indeed, the local boundedness of a given generalised
minimizer can be obtained under an extra structure condition

a z))-(a'z) > —{llal|® for any z € and any a € .
(LD3) (a'f'(2)) - (a'z) > ~f|a|? for any z € RN*" and any a € RN
This is also proved in [BS13]:

Theorem 3.2.3 ([BS13], Theorem 1.11). Suppose that Q& C R™ is a bounded open set,
and the integrand f: RNX" — R satisfies (LD1) and (LD3), and is C' and convexr with
f(0) < \. Then any generalised minimizer u € BV (Q,RN) of F defined in (3.2.5) is locally
bounded (i.e., u € Lf;C(Q,RN), and we have, for any pair of concentric balls B(xo,r) CC
B(zo, R) CC Q,

sup [u] < (R_Cr)n/BR((R—r))\—i— ) da (3.2.8)

r

with C = C(n,N,¢,L,\) > 0.

Combining the two results above, we can remove the boundedness assumption in
Theorem 3.2.2 and get the following corollary.

Corollary 3.2.4 ([BS13], Corollary 1.13). Assume that Q C R™ is a bounded open set, and
the integrand f: RNX" — R satisfies (LD1)-(LD3) with u = 3 and f(0) < X\. Then for
any generalised minimizer u € BV (Q,RYN) of F defined in (3.2.5), we have

ue WHHQRY),  |Vu|log(1 + |Vul?) € Li.(Q). (3.2.9)
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Furthermore, there exists a constant C = C(n,N,{,L,\) > 0 such that for any ball Bs, =
B(xg, 3r) CC Q there holds

1 1 2
7“”/ |Vau|log(1 + |[Vu*)dz < C <1 + 7'”/ |Vul dx> . (3.2.10)
By Is

Bs

To obtain Theorem 3.2.2, the authors regularised the integrand f by adding a viscosity
term related to k, which is quadratic and vanishes as k& — co. Then a sequence {uy} that
approximates a given generalised minimizer u is constructed with Ekeland’s variational
principle. Each w; satisfies an Euler-Lagrange type inequality, with which the second
differentiability can be further obtained with an estimate uniform in k. The Llog L-
regularity for uj is then proved with such an estimate, and is indeed retained by the
minimizer u. We remark that the argument also applies to the case 1 < p < 3.

The proof in [BS13] actually implies a Sobolev type regularity of W, (Vu) and thus a
higher integrability of Vu when p is close to 1, where u is any given generalised minimizer
of # and W,(2) = (1+ |z\2)2% This is not stated in their paper, and we present the proof
for completeness in Section 6.4. Based on this result, we can obtain a fractional Sobolev
regularity for BV w-minimizers in Section 6.5.

It is worth mentioning that some variational problems originated from, for example,
plasticity, are posed in the space of maps of bounded deformation, where symmetric
gradients Fu := %(Du + Dut) are considered instead of gradients Du. Higher integrability
results are also obtained for generalised minimizers in the BD context under the p-ellipticity
condition (E,) in [GK19b, Gme20]. Their argument is similar to that in [BS13], but more
involved due to the presence of bounded deformation and Ornstein’s non-inequality.

3.3 Holder regularity in the scalar case (N = 1)

In this section, we give a brief review of Holder regularity results for (almost) minimizers
in the scalar case (N = 1). The review includes both zero-order and first-order Holder
regularity, and is far from being complete. More detailed discussions can be found in
[Mor66], [Gia83], [Giu03] and [Min06].

3.3.1 Zero-order Holder regularity

In the fundamental work [DG57], DE GIORGI established Holder regularity for solutions
to a certain type of linear elliptic equations. This method has since been generalised to
cover more general solutions of nonlinear equations of divergence form in, for instance,
[Stah8, Sta60, Sta65] and [LUGS|.

DE GIORGI's result was obtained by NASH [Nasb8] independently for parabolic
equations. Shortly afterwards, MOSER [Mos60] provided a different proof with Harnack’s
inequality.

DE GIorar’s method was later extended to minimizers in variational problems without
turning to Euler-Lagrange equations. FREHSE first studied a particular case with relatively
restrictive assumptions in [Fre75]. In [GG82], GIAQUINTA and GIUSTI applied DE GIORGI’s
method directly to minimizers of variational problems, and then quasiminimizers [GG84a].
Subsequently, D1 BENEDETTO and TRUDINGER [DBT84] proved Harnack’s inequality
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for functions in the so-called De Giorgi classes (see Definition 3.3.2), and thus for
quasiminimizers. The Holder regularity result was further extended to w-minimizers in
[DEF96] and [EM99].

We present those (simplified) results related to quasiminimizers and w-minimizers below
for illustration. Consider the following functional

ﬁ’(u,Q):/Qf(m,u,Vu)d:r:, (3.3.1)

where the integrand f satisfies

(HC1) f: QxR x R™ is a Carathéodory function;
(HC2) for any (z,u,z) € 2 x R x R", we have

zP < [f(@,u, 2)| < L1+ [2]"), (3.3.2)

where L and { are positive constants with 0 < ¢ < L, and p > 1.

Theorem 3.3.1 ([GG84a], Theorem 4.2). Suppose that Q@ C R" is a bounded open
set, and the integrand f: Q x R x R™ satisfies (HC1) and (HC2). If u € VVllof(Q)
is a quasiminimizer of % defined in (3.3.1) with constant @Q > 1, then there exists
a=oa(n,p !, LQ) € (0,1) such that u € C&?(Q)

The proof of this result is based on Caccioppoli-type inequalities on the level sets of w.
Take an arbitrary ball Bg = B(xg, R) CC Q and a number k € R, and define

A(k,R) = {z € Br: u(z) > k},
B(k,R) ={x € Br: u(x) < k}.

Then with the quasiminimality of w, it is possible to derive the following inequalities

raw<co| L s o
/A<k,p>|w| ! SC<(Rp)p /A(k,R)( B de+ 2 (A(k’R))>7 (3.3.3)

rar< o1 o
/B(k,mwu' ‘ SO<(R—p)p /B(k,R)(k Jdo+ 2 (B(k’R))> (3.3.4)

for any p € (0, R) and any k € R, where C' = C(p, ¥, L, Q) > 0. These inequalities actually
provide the characterisation of the so-called De Giorgi classes.

Definition 3.3.2. Suppose that 2 C R” is a bounded open set. A function u € W1P(Q)
with p > 1 is said to be in the De Giorgi class DG} (Q) (of DG, ()), if there exists a
constant ¢g > 0, a number kg € R and a radius Ry > 0 such that, for any pair of concentric
balls B(xg,r) CC B(xo, R) C Q2 with R < Ry and any k > ko (or k < ko), we have (3.3.3) (or
(3.3.4)) hold true with C replaced by ¢4. The class DG,(Q) is defined as DG} (Q)NDG,, ().

In [DG57], DE GIORGI proved boundedness and Holder regularity for the functions in
the De Giorgi class DGp(€2), where the Holder exponent « € (0, 1) for each u € DG,(R2) is
determined by n, p, c4.
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In addition to Holder continuity, another regularity result concerning the De Giorgi
classes and thus quasiminimizers is the Harnack inequality by D1 BENEDETTO &
TRUDINGER [DBT84]. They employed a covering theorem by KrRYLOV & SAFoNOV [KS80]
to establish the following result:

Theorem 3.3.3 ([DBT84], Theorem 3). Suppose that  C R™ is a bounded open set,
and u is a positive function in DGp(2) with constants cq, ko, Ro. Then there exists C =
C(n,p,cq) > 0 such that for any g € Q and p < min{%, %dist(xo,ﬁﬁ)}, we have

esssupg, u(z) < C(essinfp, u(z) + p). (3.3.5)

Moreover, it is also possible to show Holder continuity for w-minimizers with a
comparison argument, for which we refer to [EM99].

Theorem 3.3.4 ([EM99], Theorem 6). Suppose that Q@ C R™ is a bounded open set, the
integrand f: Q x R x R™ satisfies (HC1) and (HC2) with 1 < p < n, and the function
w: [0,00) — [0,00) satisfies (w). Then there ezists « = a(n,p,¢,L) € (0,1) depending
OT(L) such that any w-minimizer u € VVi)f(Q) of the functional F defined in (3.3.1) is in
C, M (Q).

loc

3.3.2 First order Holder continuity

For quasiminimizers, the best regularity we can expect is zero-order Holder continuity.
This can be illustrated by following example.

Example 3.3.1 (|Giu03], Example 8.1). Assume that n > 2, and consider u = |$—1 on the

x|
unit ball B C R™ with some « € (0,1). Then u is a weak solution to the equation

div(a" (x)0ju) = 0 (3.3.6)
on B, where we used the Einstein summation convention and the coefficients {a% 2;‘:1 are
defined by

a(n — a) i

aij(x) =09 +

(1—a)in—1-a) |z|2"

From the equation, it can be derived that « is a minimizer of the functional

/B<|Vu|2+o <$|Z“)2> dz

with o = % Notice that the integrand F'(z, z) satisfies

2 < Fl,2) < (1+ o)

which implies that w is a quasiminimizer of the 2-Dirichlet integral. However, it is easily
seen that Vu does not even have a limit when x — 0. O

Back to minimizers (and solutions to elliptic equations), first-order Holder regularity is
achievable under appropriate assumptions. Moreover, w-minimizers retain the first-order
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regularity of the corresponding minimizers to certain extent, if the function w(r) decreases
to 0 as r — 0 at a suitable rate.
Suppose that Q C R” is a bounded open set. Consider the functional .% defined by

F(u, Q) = /Qf(x,u, Vu)dz, (3.3.7)
where the integrand f: © x R x R” is is Carathéodory and C? in z € R", and satisfies the
following properties for any (x,u,z) € 2 x R x R™:

HD1) (V(2)? < f(z,u,z) < LV (2)P for some positive constants ¢, L with 0 < ¢ < L;
| fez (2, u, 2)| < LV (2)P7%

Faz (@, 2)685 >V (2)P 2%

|f(@,u,2) = f(y,0,2)| < I(|lz —y|+ Ju = v[)VP(2).

The function V(z) is defined as /1 + |z|?, and we assume that p > 1.

HD2

( )
( )
(HD3)
( )

HD4

Theorem 3.3.5 ([Giu03], Theorem 8.5 & 8.8). Suppose that Q@ C R™ is a bounded open set,
and the integrand f: Q x R x R" is Carathéodory and C? in z € R", and satisfies (HD1)-
(HD4) with p > 1. In addition, assume that the function w: [0,00) — [0,00) satisfies (w),
and 9(t) +w(t) < 0t™ for some 7 € (0,1) and 0 > 0. Ifu € VVllof(Q) is an w-minimizer of
the functional F defined in (3.3.7), then there exists &« = a(n,p, ¥, L,7,0) € (0,1) such that
Vu e C2%(Q,R™).

loc

It is worth mentioning that the integrand f is not required to be differentiable in wu,
and thus the Euler-Lagrange equation of the variational problem associated to .# does not
exist. The methods used to prove Theorem 3.3.5 involves frozen functionals. Given a ball
B(xg, R) CC Q, the corresponding frozen functional % is defined by

Fo(v,Q) ::/Qf(xo,u(xo),Vv)d:c.

The basic idea is to compare a minimizer of .# and a minimizer of %y with the same
boundary value on B(zg, R) for sufficiently small R. This strategy can be extended to
w-minimizers as well.

The methods employed in proving results similar Theorem 3.3.5 are mostly taken from
the regularity theory for quasi-linear elliptic equations of divergence form, for which there
have also been analogous first-order results. Relevant references for the latter context
include, for instance, [Ura68], [Uhl77] and [Eva82].

The extension of those methods to variational problems was first conducted by
GIAQUINTA and GIUSTI in [GG83, GG84b] in the quadratic setting (p = 2). The super-
quadratic case (p > 2) was addressed in [GM86a] under relatively strong assumptions, and
MANFREDI [Man88| established the corresponding result in a more general context with
p # 2. Notice that the degenerate case, where V(z) is replaced by |z, is also included
in [GM86a, Man88]. In addition, we refer to [Lew83, DiB83, Tol83, Man86| for first-order
Holder regularity concerning solutions of degenerate elliptic equations.
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With the first-order Holder regularity for a minimizer (or a solution to a specific elliptic
equation) as in Theorem 3.3.5, higher order regularity up to analyticity can be obtained
via a boot-strap argument, with sufficient regularity of the integrand (or the coefficients).
Such results nowadays are known as Schauder estimates, and a relevant discussion can be
found in [Giu03], Chapter 10.

3.4 Partial regularity in the vectorial case

In the vectorial setting (N > 1), full regularity is no longer expected for minimizers, not
to mention almost minimizers. Minimizers of convex functionals may exhibit singularities,
even if with sufficiently smooth integrands.

Such counterexamples were firstly given by DE GIORGI [DG68] and MAz’yA [Maz68]
independently. In each example, a minimizer with singularities was constructed for a
certain quadratic functional of the form f(z,z) = A(x)[z, 2|, where A(z) is discontinuous.
Shortly afterwards, GIusTI and MIRANDA [GM69] constructed an example with a quadratic
integrand f(u,z) = A(u)[z, z], where A(u) is analytic. Counterexamples with autonomous
integrands can be found in [Nec77, HLN96, SY00, SY02]. More recently, MOONEY and
SAVIN gave an example in low dimensions (n = 3, N = 2).

We present the example by GIrusTi and MIRANDA for illustration.

Example 3.4.1 ([GM69]). Let N = n be large enough, and consider the functional
A(u,B) = /}BAgﬁ(u)aiuaajuﬁ dz,

where the coefficients are

i 4 UU 4 U
A — 8 a8 5. eChelC 5 B )
() aﬂz]+<za+n—2 1+ Jul? L — 1+ |ul?

It is easy to see that Agﬁ (u) is bounded for any i, j, o, 5, and the matrix satisfies

AT (wesel > (¢,

When the dimension n is large enough, the map u = I%I is the unique minimizer of A in
Wa(B,R™) but has a singularity at = = 0. O

Despite of possible singularities of minimizers, regularity in a partial sense (the so-called
“partial regularity”) is still available. More precisely, under appropriate assumptions on the
variational problem defined on Q C R™, one can show that a minimizer is regular on an
open subset €y of Q with .£™(Q2\ Q) = 0.

The strategy used for most partial regularity results dates back to DE GIORGI
[DG61] and ALMGREN [Alm68], who worked on minimal surfaces and minimising varifolds,
respectively. This method was later adapted by GrusTi and MIRANDA [GMG69] to prove
the partial regularity for minimizers in certain variational problems in the non-parametric
setting, and by MORREY [Mor68| for the solutions to certain elliptic systems. It was
Evans [Eva86] who showed the first partial regularity result for quasiconvex functionals,
which involves quadratic-growth integrands. Shortly afterwards, Fusco and HUTCHINSON
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[FH85], and GIAQUINTA and MobDICA [GMS86a] extended this result to functionals with
general integrands of the form f(z,u,Vu), and ACERBI and Fusco [AF87] dealt with
integrands of p-growth with p > 2. CAR0zzA, Fusco and MINGIONE [CFMO8] first studied
the subquadratic case (1 < p < 2), and there are various results afterwards, including
[AF89, CPdAN96, DLSV12, DM04, DGG00, DK02, DGKO05]. As to the linear growth context
(p = 1), there are only limited references. ANZELLOTTI and GIAQUINTA [AGS88| showed
a partial regularity result for convex functionals, which was extended to the degenerate
setting in [Sch14]. Some recent progress in the quasiconvex case is given by GMEINEDER
and KRISTENSEN [GK19a].

The literature on regularity for quasiconvex functionals is extensive, and the list above
is far from complete. We refer to [GK19a] and the monograph by GrustI [Giu03] for a
thorough review.

The question about the size of singular sets in partial regularity results remains open,
but see [KM05, KM06, KMO07] for some estimates of the Hausdorff dimensions of singular
sets in various set-ups.

In the following, we present the results in [DGGO00, DK02, DGKO05] for w-minimizers,
which are related to Chapter 5.
Consider a bounded open set 2 C R™, and the functional .# defined by

ﬂ(u,Q):/ﬂf(Vu) dz.

The assumptions for the super-quadratic setting (p > 2) and the sub-quadratic one (1 <
p < 2) are slightly different. For the former, we require the integrand f to satisfy the
following properties:

(P1) f: R¥X" 5 R is C?%, and for some L > 0 we have

[f"(2)] < L(1L+[2[P7?), for any z € RV

(P2) f is strictly quasiconvex in the following sense: there exists ¢ > 0 such that for
any z € RV*" and any ¢ € W, *((0,1)",RN) we have

/ (f(z+ V) — f(2)) dz > E/ (Vo) + [VelP) da.
(0,1)"

0,1)n

It is worth mentioning that (P1) implies the p-growth of f

(P1) f: RV*? 5 Ris C?, and for some L > 0 we have

|f(2)] < L(1+z2|P), for any z € RNV,

Notice that if we utilise (P1) to obtain (P1’), the constant L in the latter should be different
from the one in the former.

The growth condition (P1’) is needed for the case 1 < p < 2. In addition, we assume a
quasiconvexity condition of the following form:
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(P2') there exists £ > 0 such that for any z € RN*" and any ¢ € W, ((0,1)", RY) we
have

/ (= + V) — f(=)da > £ / (1 + |2 + [Vo?) 7 [Vl da.
(0,1)n (0,1)n

For the function w, the smallness around the origin as in Subsection 3.1.3 is assumed
(wl) w: [0,00) = [0,00) is non-decreasing with w(r) < 1 and lim, _,g+ w = w(0) = 0.

Instead of giving a precise growth rate as in Subsection 3.3.2; we require the following:

(w2) there exists 5 € (0,1) such that r — ‘;2};’ is non-increasing in (0, 0o);

(w3) the Dini-type condition: for any p > 0, we have =1 (p) < oo, where
2

Ealp) = /Opwa(r)dr.

r

Under these conditions, it is possible to get partial regularity for the first derivatives of
w-minimizers:

Theorem 3.4.1 ([DGGO00, DK02, DGKO5]). Suppose that Q@ C R™ is a bounded open
sets, and the function w satisfies (wl)-(w3). Furthermore, we assume that the integrand
f: RVXn 5 R satisfies (P1) and (P2) if p > 2, and (P1') and (P2') if 1 < p < 2. If
u € Wﬁ)f(ﬂ, RN) is an w-minimizer of F, then there exists a relatively closed subset S, C §
such that £™(S,) = 0 and u € CY(Q\ S,). Moreover, in Q\ S, the gradient Vu has a local
modulus of continuity p — p® + Z1(p) for any o € (0,1). The singular set S, is contained

in X1 U Yo, where the two sets X1 and Yo are defined by

Y1 =4q20€Q: lim inf][ IVu — (V) g r|Pdz >0 ¢, (3.4.1)
r—0 B (z0)

Yo = {xo € Q: limsup|(Vu)g,r| = oo} . (3.4.2)
r—0

It is worth mentioning that zero-order partial regularity for w-minimizers can be
obtained only with (w1). The result for p = 2 is presented in [DKO02], and in Section
5.4 we establish such results for 1 < p < 2 and the linear growth context.

In Chapter 5, we focus on w-minimizers of quasiconvex functionals, primarily within the
linear growth context, and establish three partial regularity results. In particular, the one
gives first-order partial regularity for BV w-minimizers extends the result for BV minimizers
in [GK19a], and also bridges the gap at the borderline p = 1 for w-minimizers (as shown in
Theorem 3.4.1).



Chapter 4
Stability of quasiminimizers

The focus of this chapter is to study the stability of quasiminimizers. To be more
precise, we will study whether the quasi-minimality of a map with respect to the Dirichlet
integrals D,, is stable with respect to the exponent p. When the exponent p increases within
a certain range, the quasi-minimality of a map is retained (Theorem 4.1.1). However, for
exponents smaller than p, we only have a stability result for minimizers, i.e., p-harmonic
maps (Theorem 4.1.2).

The problem is contextualised first in Section 4.1, where there are also the statements
of the two results mentioned above. In Section 4.2 we have a brief look at Gehring’s lemma,
and present the proof of a generalised version, which is used in the proof of Theorem 4.1.1.
Section 4.3 is devoted to a discussion of quasiminimizers on 1-dimensional intervals, which
is based on [MS07]. Theorem 4.1.1, the result concerning quasiminimality of a higher order,
is proved in Section 4.4. The proof of the stability result Theorem 4.1.2 is then presented
in Section 4.5.

4.1 Contextualisation and main results

In this chapter, we consider some specific functionals-the Dirichlet energies D, with
p > 1, and the corresponding (p, Q)-minimizers as defined in Definition 3.1.2. The focus is
on the stability of (p, @)-minimizers with respect to p, i.e., whether the quasi-minimality of
a (p, @)-minimizer remains valid for Dy with a ¢ > 1 close to p.

This problem is inspired by a higher integrability result for quasiminimizers. Quasi-
minimizers of a wide class of functionals have locally improved integrability as presented in
Subsection 3.2.1, and a global version of this result on a domain 2 is also achievable under
regularity conditions on 92 and the boundary value of the quasiminimizer (see [Giu03],
Theorem 6.8, and [KK94]). If we consider this result for (p, Q)-minimizers, a corollary is
the following quasiminimality result of a higher order.

Theorem 4.1.1. Suppose that Q@ C R™ is a bounded open set, and u € I/Vllof(Q,RN) 18
a (p,Q)-minimizer with p > 1,Q > 1. Given two positive constants Ty and Ry, there
exists qo > p depending on n,N,p,Q, Ry, Ty, and for any q € (p,qo) a constant Qg =
Qq(n,N,p,Q, Ro,To,q) > 0, such that the following holds: For any open set O CC
such that O°¢ is uniformly p-thick with radius Ry > 0 and constant Ty > 0, the map u

quasiminimises Dy on O with constant QQq. That is, for any v € W (O,RN) and u — v €

71
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Wol’q(O,RN) we have
/]Vu\qu < Qq/]Vv|qu. (4.1.1)
O O

Notice that we only have the above conclusion for p > 1. In the linear-growth case
p = 1, there is no weak reverse Holder inequality since the Sobolev embeddings only hold
for exponents no less than one and it is impossible to obtain a decrease in the exponent as
in Proposition 4.4.4.

The above theorem is inspired by [KK94], in which the authors showed that, if the
domain satisfies some thickness assumption as above and the boundary values are also of
a higher integrability, solutions to certain elliptic PDEs are globally integrable of a higher
order. It is possible to modify this result so that it applies to the case of quasiminimizers
of polynomial-growth functionals, in particular, the Dirichlet energy D,. By choosing a
proper comparison map, we are able to further conclude quasiminimality of a higher order
as stated in Theorem 4.1.1.

The main tool used in the proof of Theorem 4.1.1 is a generalisation of Gehring’s lemma
(Theorem 4.2.3), which is actually the self-improving property of weak reverse Holder
inequalities. To obtain a global higher integrability, such inequalities are needed not only
interiorly but also near the boundary of the domain in consideration. Thus, apart from
the generalised Gehring’s lemma, the proof is mainly focused on showing a weak reverse
Holder inequality near the boundary, which includes a Caccioppoli-type inequality with
the boundary value involved (Subsection 4.4.2) and a Sobolev-Poincaré inequality with the
p-capacity involved (Subsection 4.4.1).

It is worth mentioning that (strong) reverse Holder inequalities similar to (4.2.1) are
not expected in general for PDE solutions or quasiminimizers. Indeed, in [IMO1], §14.5
the authors showed that the unique continuation principle applies to functions that satisfy
reverse Holder inequalities, while there are non-trivial solutions to certain elliptic PDEs
which fulfil weak reverse Holder inequalities but vanish on an open non-empty subset of
their domain (see [P1i63, Mar88]).

Theorem 4.1.1 indicates a certain type of stability of (p, @)-minimality. Precisely, the
(p, @)-minimality of a map remains valid when the exponent p slightly increases. Then it
is natural to ask what will happen when the exponent decreases.

In the one-dimensional case where n = 1, the answer is clear. For maps defined on
a 1-d interval, a (p, @)-minimizer satisfies a certain reverse Holder inequality (see Section
4.3), and a (p, Q)-minimizer actually quasiminimises D, for any ¢ € [1,p) (Theorem 4.3.7).
The discussion in this simple case indicates the possibility of a similar result in the higher-
dimensional case (n > 1), though the latter is more complicated and we cannot expect a
neat conclusion as in the former.

To see whether a (p, Q)-minimizer retains its minimality when the exponent decreases,
we first consider the relatively simple case of minimizers, i.e., p-harmonic maps. It turns
out that p-harmonic maps quasiminimises D, for ¢ close to p.

Theorem 4.1.2. Suppose that Q C R" is a bounded open set and u € WHP(Q,RN) is a p-
harmonic map. Then there exists T > 0 depending on p,n, N such that for any q € (p—7, p+
T), the map w is a spherical (q,Qq)-minimizer on Q with Q4 depending on p,q,n, N. More
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precisely, for any ball B CC Q and any w € WH4(Bp,RY) with u — w € Wol’q(BR,RN),
we have

/ |Vul?dz < Qq/ |Vwl|?dx. (4.1.2)
Br Bg

Furthermore, the constant Qg can be chosen such that Qq — 1 as ¢ — p.

However, the situation becomes more complicated when we consider (p, @)-minimizers
with @ > 1, and it is still unclear whether an analogue of the above theorem holds true in
this case.

The strategy we used to investigate the minimality of a p-harmonic map with respect
to Dy is to quantify the g-Laplacian of u and then compare it with a g-harmonic map
with the same boundary value. This argument was carried out with the help of the Hodge
decomposition and a certain type of nonlinear commutators as in Subsection 4.5.2, the latter
of which has seen its application to different equations and systems (see [1S94, CGI02, IM01]
and the references therein). A similar idea also appears in [IS94], where the authors made
use of nonlienar commutators in a slightly different way to deal with weak p-harmonic maps.

4.2 Gehring’s lemma and its generalisation

In this section, we have a short discussion of Gehring’s lemma and some of its variants.

][ Fidz < b <][ fdx) (4.2.1)

on some n-cube @@ C R™ with some g > 1,b > 1 is called a reverse Hélder inequality. Notice
that the inverse inequality holds with b = 1 by Hoélder’s inequality. A weak reverse Hélder
inequality is an inequality of the same form with @ on the right-hand side replaced by 2@Q (or
more generally by u@ with some 1 > 1). In certain contexts, such inequalities are presented
with respect to concentric balls instead of cubes, and may contain inhomogeneous terms on
the right-hand side.

Reverse Holder inequalities first appeared in the study of weighted maximal functions
[Muc72] and quasiconformal mappings [Geh73]. See [CUN95, IMS15, IMO01] and the
references therein for a systematic discussion about (weak) reverse Holder inequalities.

We first give a brief introduction to Gehring’s lemma and the corresponding

An inequality of the form

generalisation in Subsection 4.2.1. In Subsection 4.2.2 there are two auxiliary lemmas
related to Stieltjes integrals. The two lemmas are useful in the proof of Theorem 4.2.3 in
Subsection 4.2.3, which is a generalised version of Gehring’s lemma on the whole space.
The contents of this section are not claimed to be new, and are just presented in a form
suitable for our use.

4.2.1 A short introduction

One celebrated result related to reverse Holder inequalities is Gehring’s lemma, proved
by Gehring in his work [Geh73] on quasiconformal mappings.
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Theorem 4.2.1 ([Geh73|, Lemma 3). Suppose that Qo C R™ is an n-cube, and the function
f: Qo —[0,00) is in LY(Qq) for some q > 1. In addition, the following inequality

][ fldz <b <][ fdx) (4.2.2)

is fulfilled for any n-cube Q C Qo with some b > 1. Then there exists 7 = 7(n,q,b) > 0
such that f € LP(Qo) with

T q Tbg P
a fPdx < p— <][0fqu> < pE— <][0fd:r> (4.2.3)

for any p € [q,q+ 7).

Q3

Notice that (4.2.3) conversely implies (4.2.2) up to a constant, and thus the above result
is considered the self-improving preperty of reverse Holder inequalities.
From the inequality (4.2.2) it is easy to obtain the following

M(f9)(z) <bMI(f)(x), forany x € R" (4.2.4)

if Qg is replaced by R", and the self-improving property in Theorem 4.2.1 remains true for
reverse Holder inequalities in the form of maximal functions as (4.2.4), which is Lemma 2
in [Geh73].

Gehring’s lemma was later extended to weak reverse Holder inequalities by ELCRAT
& MEYERS [EM75], GIAQUINTA & MobpIicA [GM79], STREDULINSKY [Str84], where the
generalised versions found their use in the regularity theory of elliptic PDEs. There are
also Orlicz and non-local versions given in [IMO1] (Theorem 14.3.1) and [KMS14, KMS15],
respectively.

We present the following version for illustration. It is in the form of maximal functions,
and helpful in the regularity theory of elliptic equations or systems (see [Gia83]).

Theorem 4.2.2 ([Gia83], §V.1). Suppose that Qg is an n-cube in R™ and f € L1(Qy),g €
L™(Qo) with 1 < g < r. For any xg € Qo and R < min{% dist(xg, 0Qo), Ro}, there holds

q
][ fidz <b (7[ fdx) + ][ gidx + fldx, (4.2.5)
Qr(z0) Q2r(z0) Q2r(z0) Q2r(z0)

where Ry > 0, b > 1 and p € [0,1) are constants. Then there exists ¢ = €(n, B,b,q,7) > 0
such that f € L}, (Qo) for any p € [q,q +¢€), and we have

< on fP(x) d$>; <C << oo J(x) dx>; + <][ y ¢" () dx> Il)) (4.2.6)

for any n-cube Qo CC Q with R < Ry and C(n,3,b,q,p) > 1.

In the version given by IWANIEC & MARTIN in [IM01], the corresponding estimate is on
the whole space and can be used to show a global higher integrability on regular domains.
We state it with some modification and give the proof in Subsection 4.2.3.
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Theorem 4.2.3. Suppose that u > 1, Ry > 0, and f € LI(R") and g € L"(R™) are
non-negative functions with 1 < ¢ < r < co. Furthermore, the inequality

<]éR fqu)}] <b (]{3 Rfd:c) + bo (]é quda:>}1 (4.2.7)

holds for any ball B C R™ with R < Ry. Then there exists T = 7(n, q, b1, ba, Ry) > 0 such
that for any 6 € [0, min({7,r — q}), we have f € LIt (R™) and the following estimate

a+6

/ 94z < ¢y < / fqd:c> oy / ¢ dx (4.2.8)
n RTL n

with some C1,Cy > 0 depending on n,q, by, bs, Ry, 0.

We finish this part with a surprising result about weak reverse Holder inequalities (see
[IN85], Theorem 2 or [BKL95|, Lemma 1.4). Given a function satisfying a weak reverse
Hoélder inequality without any inhomogeneous terms, it is possible to obtain arbitrary
“improvement” in one direction in the following sense: Suppose that €2 C R" is an open set
and f € LT (Q) with p > 0 satisfies

1 1
(f 7 dx) e <][ £ dx> " forany B C 2B cC Q (4.2.9)
B 2B

with some 0 < s < p. Then for any 0 < r < s and any o > 1, we have

<][ 7 da:) " < C(r,0) <][ I dx) ", forany B C 0B cC Q. (4.2.10)
B oB

4.2.2 Auxiliary lemmas about Riemann-Stieltjes integrals

Before showing Theorem 4.2.3, we present two auxiliary lemmas related to Riemann-
Stieltjes integrals that will be used in the proof. See [Rud76], Chapter 6 for the definition of
and a discussion about the Riemann-Stieltjes integral, and in the following we will simply
refer to them as Stieltjes integrals.

The first one gives the connection between normal Lebesgue integrals and Stieltjes
integrals of a certain type, that is, an L9-Lebesgue integral can be written as some Stieltjes
integral.

Lemma 4.2.4. Suppose that f is non-negative and in L1(R™) with some q¢ > 1, and set

BE(f,t) = {z €R": f(z) > 1}, h(t) = —/E(ft)fda:.

Then the Li-integral of f on its level set E(f,t) for any t > 0 can be written as a
corresponding Stieltjes integral:

/ fldx = —/ st dh(s). (4.2.11)
E(ft) (t,00)
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Proof. We denote E(f,t)\ E(f,s) by E(f,t,s) forany 0 <t < s < oo. Fixat >0 and
take a finite 7' > ¢t. Given a partition P = {t = tg < t; < --- < t = T} of the interval
[t,T], define the upper and lower Riemann sum

k—1
S(P,h,q) th H(hltipr) — (i) = t?_l/ fdz,
i=0 E(ftitiy1)
k—1
5(P,hyg) U hlti) — (e = S e [ fda.
Z * i—0 E(ftitiv1)

It is easy to see that

S(P,h,q) < / fqu:/ fidx = / fidz < S(P, h,q),
Z ft17t1+1 E(futh Z ftutz+1 ( )

which implies

k—1
<S(Phg) - S(Pha) = S0 -7 [ fds
=0 E(f t; t1+1)
k—1
< C(tiv1 — tl)/ fdx < Cnorm(P)/ fda,
(f tzvtz+l)

E(ft,T)

I
o

%

where C' = C(q,t,T) > 0 and norm(P) := max{|t;y1 — ;| : ¢ = 0,...,k — 1}. When
norm(P) — 07, we have that both S(P, h,q) and S(P, h,q) converge to fE(ftT) f9dz, and
thus the corresponding Stieltjes integral exists with

/ fldz = —/ st dh(s). (4.2.12)
E(f,t,T) (t,T]

Since we have fE(f ) fldz — oo as T — oo, take T — 00 in (4.2.12) and then the equality
(4.2.11) follows. O

The second one is a higher-integrability result for certain Stieltjes integrals, which will
be used in Subsection 4.2.3 to obtain the claimed higher integrability.

Lemma 4.2.5. Suppose that ¢ € (1,00), a1 > 1,a2 > 0, and h,H: [1,00) — [0,00) are
non-increasing and right-continuous functions satisfying

(a) limy oo h(t) = limy oo H(t) = 0;

b) —f(t 00) s77Hdh(s) < arti 7 h(t) + az(— f(t %) s LdH(s)) for any t € [1,00), where
the integrals are finite in the Stieltjes sense.

Then for any 0 € [0, ‘leqjll), we have the following estimate

1
_ =L qp () < q —/ 191 dp(t
~/(1,oo) ( ) T qg—1- (al - 1)9 (1,00) ( )
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qg—1— (a1 —1)0

_ az(qg —1) _ q-1
qg—1—(ar—1)0 ( /(1,00) ! dH(t))

where the second integral on the right-hand side may take the value co.

az(q+6—1) (_/ pa+0-1 dH(t)) (4.2.13)
(1,00)

Proof. For any r > 1, define

_ r—1 r) = — r—1
I(r) = /(lm)t dn(t), J(r) /(Loo)t dH (1),

where the two integrals may take the value oco.
We first show this lemma for truncated h’s, and the general case can be obtained by
taking the limit.

Step 1. Assume that h(t) = 0 on [, 00) for some j > 1. Take ¢ > 1 as in the assumption,
and another exponent p > ¢. Notice that in this case

I(p) = —/ =1 dh(t) < 0o
(1,51
for any p, then we have

I(p) — I(q) = - /( @ e an() = - [ ety

(1,00)

_ #=1_1d | = s1 Y dh(s 4.2.14
/(1,00)( ) ( /(IZOO) ( )> ( )

— _ o)l s Ldh(s

_ /(1700)(19 o)t ( /(t,oo> dh( )) dt,

where the last line is obtained by integration by parts with the fact
—/ sV dh(s) =0 for any t > j.
(t,00)

Assumption (b) implies

I(p)—I(q) < /(1 )(p — gt (altq_lh(t) + as (— /(t )sq_l dH(3)>> dt (4.2.15)

= al(p—q)/ tP72h(t) dt+a2(p—q)/ tp—a-1 (—/ sq_ldH(s)> dt
(1,00) (1,00) (t,00)

_alp_q/ h(t) dtp_l—i—ag/ —/ sLdH (s) | dee.
P—1J(,00 (L] (t,00)
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Without loss of generality, we can assume that
T(p) = / PLAH (1) < oo,
(1,00)

since otherwise the inequality (4.2.13) holds trivially with § = p — q.

Step 2. Now we consider the general case. For 1 < j < 0 < o0, the following is easy to
see

e |

(J:0]

dh(s) < —/( st dh(s),

3,0]
which becomes
h(5)77 S/ s~ 1 dh(s) (4.2.16)
(4,00)

) {hm, telLd)

0, t € [j,00).

as o — 00. Set

Then the function h; is non-increasing and right-continuous. For any t € [1, j), we have
(4.2.16)

[ et = [ st et S [ g
(t,00) (t.4] (t,00)

(b)
< art?h(t) + ag (—/ sqldH(s)> (4.2.17)
(t,00)

= a1t? hi(t) + az (—/ sqldH(S)) ;
(t,00)

which is exactly the condition (b) for h; and H. For t > j, the condition holds trivially.
Notice that the first line in (4.2.17) holds for any r > 1, and thus we have

[ san s [ vt sng == [ s, @2y
(t.] (t.]

(t,00)

and — s""tdh;(s) = —/ s Hdh(s) + h(j)j" ! < —/ s"~tdh(s). (4.2.19)
(t,00) (t.j] (t,00)

Now set I;(r) := f(l,oo) t"=1dh;(t), and apply the conclusion in 4.2.2 to h; and H to obtain

(4.2.18)
— /( | sP~dh(s) < I;(p) (4.2.20)
t,j
< =g (@~ VL) — (- DI@) e~ DIE)  (1221)
(4.2.19) 1
< (¢ — 1D)1(q) —az(q — 1)J(q) + a2(p — 1)J(p))- (4.2.22)

p—1—ai(p—gq)

The desired estimate (4.2.13) then follows as j — oo with § = p — q. O
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4.2.3 The proof of a generalised version

Now we are in the place to prove the self-improving result Theorem 4.2.3, which is a
modification of Lemma 14.3.1 in [IM01]. Lemma 4.2.5 is where we actually obtain a higher
integrability, so the main purpose of the following is to get an inequality like (b) from the
assumed weak reverse Holder inequality (4.2.7).

Our proof follows the main idea of Gehring [Geh73]. The strategy is to estimate the
Li%integral of a normalised version of f on its level sets with the Calderén-Zygmund
decomposition and the assumed weak reverse Holder inequality (4.2.7). The estimate
obtained can be transferred to Stieltjes integrals by Lemma 4.2.4, and then with Lemma
4.2.5 we will have a higher integrability as claimed.

Proof of Theorem 4.2.3. Without loss of generality, we can assume f # 0, and set

f G- _ 9

F=—_J  g-_9
£l a(rmy [ f1lLa(rm)

For any given t > 1, set s = A\t with A > 1 to be determined.
By applying the Calderén-Zygmund decomposition ([Ste70], §1.3, Theorem 4), we obtain
a collection of disjoint n-cubes {Qj . such that

51 < F1dz < 2"s? for all j, (4.2.23)
Q@j
and F(z) < sa.e. onR"\ U;Q;. (4.2.24)

Define E(F,s) = {z € R": F(x) > s}, then we have E(F,s) C U;Q; up to an .Z"-null set,

and thus
(4.2.23)
/ quxSZ/ Fldz < 2"s7) |Qjl. (4.2.25)
E(F,s) J i j

Now the aim is to estimate the integral of F'¢ on the level set F(F,s), for which we need to

control 3, |Q;].
Considering (4.2.23) and the facts fQ]- Fidz <1 and t > 1, we know that

fQj Fidx L

@l < g =A%

and then d; := diam(Q;) < v/nA~%. Take A > (%), with which we have d; < Ry and
then the following holds for any = € Q;:

1
s < 7[ Fiay )| < (BEd) |][ quy (4.2.26)
j ‘Q] CC d )
1
n 1 1
< (wpn2)a | by <][ de) + bo <][ G1 dy)
B(z,pd;) B(z,ud;)
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The first integral on the right hand side is controlled by

1
Fdy < / Fdy+t. (4.2.27)
][B(ac,udj) ’B(xvlud]” B(z,ud; )NE(Ft)

To estimate the second integral in (4.2.26), notice that
1 z
z4 St—l—tq—_l for any z > 0,t > 0,

which implies

1

q
1
B(x,pd;) t B(z,udy)

1
<A+ — G7dy.
Y B(x, pdj)| J B(auanec

Thus, the previous inequalities (4.2.26)-(4.2.28) give

n 1 1
s<(wpn2)a | by | =——~ Fdy+t
( < | B(x, pudy)| B(z,ud; )NE(F,t) )

1
by 2 Gidy | ).
< 1 B(x, pudj)| J B(e,ud;)nE@G,)

which is indeed
X|B(x, pudy)| < (wqn?)s ((bl + 2by)t| B(a, pud)| (4.2.29)

b
+b1/ de+21/ Gldy | .
B(aud;)NE(Ft) t970 ) Bapud;)NE(G 1)

Choose A\ > (wnn%)%(bl + 2bg) =: ¢, then we obtain from (4.2.29)

(wnn%)% bo

Wnn2)® bl/ Fdy+ 2 Gldy | .
(A—o)t ( B(a,ud;)NE(F,t) 971 ) Bleud;)NE(G.Y)

The collection of balls {B(xz, ud;): = € Qj,7 € N} is an open cover of U;Q;. The Vitali
covering lemma ([EG15], Theorem 1.24) indicates the existence of a countable subset
{B;}2, of {B(x,ud;)} such that

|B(z, pdj)| <

B;NB,=0,i#k, and Uj Qj C U;bB;,

and thus there holds

/ Fldz <2757 |Q;| <275 5"|By| (4.2.30)
E(F,s) J i
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a1 9 by
<10™(wpnz)i—— | by Fdz+ —= Gldz
(A—o)t BE(F,t) X e )

q
A bltq_l/ de+b2/ Gidz | .
A—c E(F,t) E(G,D)

Since % is minimised by \g = q% and is increasing on (Ag,00), we take A =
max{qi—ql,(‘é—?)%}. Then the LY-integral of F' on its level set E(F,t) for any t > 1 is
estimated by

n 1
= 10" (wpn2)a

/ qu:c:/ quzv+/ Fidx
E(Fyt) E(F#)\E(F,s) E(F,s)

< sq—l/ Fdx+/ Fidx (4.2.31)
E(Fyt) E(F.s)

(4.2.30)
< altq_l/ Fdz + ag/ GYdx,
E(Ft) E(G.t)

where
pY

P\

_c.

ay = 10”(wnn%)%bl)\ + A

as = 10”(&)”71%)%62

Set h(t) := fE(Ft) Fdx and H(t) := fE(G p Gdz, and it is easy to see that h and H are
non-increasing and right-continuous. Then the inequality (4.2.31) is actually, by Lemma
4.2.4,

_ / L dh(s) < artT h(t) + as (— / g1 dH(s)) . (4.2.32)
(t,00) (t,00)
Applying Lemma 4.2.5, we obtain the following estimate for any 6 € [0, (leqjll)
-1
- 01 dqp(t) < 1 —/ =1 dn(t 4.2.33
/(1,00) Q q—1—(a1—1)0 (1,00) Q ( )

az(g+60-1) [ q+0-1
PR T/ ( /(Loo) t dH(t)>

B as(q—1) _ q-1
q—1—(a; —1)0 ( /(Loo) : dH(t)> |

Set 7 = ‘leqjll, and the above inequality implies, whenever § < min{r,r — 1},

/ Fitlde <y / Fldx + Cy / G0z — Oy / Gidz,  (4.2.34)
E(F,1) E(F,1) E(G,1) E(G,1)

where Cj,i = 1,2,3 are the three constants in the former inequality (4.2.33), respectively.
It is clear that C; > 1, and then we have, considering f{F<1} Fat0 dy < f{F<1} Fidz and
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Jgn Fldz =1,
/ F0dz < 01/ Fldz + 02/ GT da
Rn n n
a+0
q 10
=y (/ qux> —i—Cg/ G dz.
Going back to f and g, we finally obtain the desired inequality (4.2.8). O

Remark 4.2.6. If we remove the restriction R < Ry on the radii of the balls for which
(4.2.7) holds, the ¢ in the proof could be taken from the range (0,00). Then the inequalities
in Lemma 4.2.5 hold for any ¢t > 0, which will give the estimate

—/ -ty < 4200 D) —/ (0 dH (1)
(0,00) q—1— (a1 —1)0 (0,00)

with 6, € [0, a;f:f ), and the final estimate we obtain would be

/ £ de < C / ¢+ da,

where the Cy is the same as defined in the above proof. See [IM01], Theorem 14.3.1.

4.3 Quasiminimizers in the 1-dimensional case

Compared to the high-dimensional case (n > 2), the study of quasiminimizers in the
1-dimensional case is much simpler. With more tools in 1-D analysis, it is possible to obtain
a clearer description of and neat results about quasiminimizers. We revisit the discussion
about quasiminimizers in the 1-D case given in [MS07], which provides some inspiration for
the study in higher dimensions.

Let (a,b) C R be an open interval, where a,b are not necessarily finite. Suppose p > 1
and u € Wl’p((a, b),RY). By definition, the map u is said to be a (p, Q)-minimizer with

loc

some ) > 1, if it satisfies

d d
/ |u'|P dx < Q/ [P dx (4.3.1)

whenever [c,d] C (a,b) and u —v C I/VO1 P((c,d),RN). Now we show that p-harmonic maps
are exactly all affine maps on (a,b).

Proposition 4.3.1. Suppose that (a,b) C R is an open interval and p > 1. Then the map
u € WHP((a,b),RN) is p-harmonic if and only if it is affine.

loc

Proof. First assume that u € VVﬁ)f ((a,b),RYN) is affine. Fix a subinterval [c,d] C (a,b), and
take w € Wol’p((c, d),RN). Then it is easy to see that the map

v(z) = /:v w'(y) dy + u(c)
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is absolutely continuous on [c, d], and we have
v(z) =w(z), ae z€(c,d) and V(z)=w'(z), ae. z€(cd).
Extending v continuously to ¢ and d, we obtain

[P da = AP _ 100 = vl

u
|d—clp~t |d—clp?
d p d d
/ ' dz| < / |u/|P do = / lw' [P dex,
(& C C
which gives the minimality of u.
1,p

Conversely, assume that v € W, " ((a,b), R™) is p-harmonic. Take a sequence of intervals
{(ck, dk) }ken such that ¢, \, a, dp b and ¢, d are Lebesgue points of u. Then by the
above argument, we know that the affine map vg(x) = u(ck) + %(ZE — ¢g) is p-
harmonic on (cg,dy). The strong convexity of the functional D, and the fact u — v;, €
Wol’p((ck,dk),RN) imply u = v, Z'-a.e. on (c,dy). Then we know that u is affine on

(a,b). O

=|d—c|'P

Remark 4.3.2. Notice that the “if” part of the above proposition applies to the case
p = 1, while the “only if” part does not as |-| is not strongly convex. Indeed, when p = 1
the minimizer of a given Dirichlet class on some [c, d] C (a,b) is not unique. See Proposition
4.3.4, (b).

Proposition 4.3.1 together with Remark 4.3.2 gives an equivalent characterisation of
quasiminimality in 1-D:

Corollary 4.3.3. Suppose that (a,b) C R is an open interval and p > 1. The map u €
Wl’p((a, b),RY) is a (p, Q)-minimizer if and only if it satisfies

loc

d
/ '“/'pdeQW, for all [e.d] © (a.b). (43.2)

As any map in VVli’f
continuous, we will only consider locally absolutely continuous maps in the following.

Two basic observations about scalar quasiminimizers are as follows, and the first one
can also be found in [GG82].

((a,b),RY) with p > 1 has a representative that is locally absolutely

Proposition 4.3.4. In the case of scalar maps (N = 1), we have the following:

(a) When p > 1, any (p, Q)-minimizer on a certain interval (a,b) is either constant or
strictly monotone.

(b) When p =1, any (1, Q)-minimizer on (a,b) is monotone, and thus a minimizer.

Proof. First, suppose that u € Wlif(a, b) is a (p, @)-minimizer for p > 1 but not monotone.

Since u is continuous, there exist ¢, ca,c3 € (a,b) with ¢; < ¢ < ¢3 such that u(c;) =
u(es) # u(cz). Thus,
ca
/ o dz
C1

c3 c3 p
/ |u'|Pdz > (c3 — cl)lfp </ [u/| da:) > (3 — cl)lfp
c1 Cc1

p
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_ uler) —ue)|
e >0=0

|u(es) = ule) P

c3 — c1|P~1

)

which contradicts (4.3.2). So u must be monotone in both cases.

When p > 1 and w is neither strictly monotone nor constant, it is possible to find
[,d] C (a,b) and e € (a,b) \ [¢,d] such that ¢ < d and u(c) = u(d) # u(e). Without loss
of generality, we can assume e < . Set ¢ = inf{x < d: u(z) = u(d)}, and it is easy to see
that ¢ < ¢ < d. By monotonicity we have e < ¢ and

¢ d P u(c) —u(e)P
/|u/|pd$:/ /[P da 422 Q’u() u(e)| :Q‘ (c) (e)]

\d efp=1 |d — e|p~1
c _ o |p—1 pe
/ o’ da: c-¢ / |u/|P da.
€ [

As f;]u’ |Pdz # 0, the above inequality implies Q|%]7"_1 > 1, which fails when e — ¢~
Therefore, u must be either constant or strictly monotone when p > 1.

=Qld— "7 <Q|7

On the other hand, u is monotone when p = 1, and thus

d
/ |u/| do =
u(d)—u(c)

Since the affine function v(z) = u(c) + ===
know that u is a l-minimizer (i.e., minimizer) on (c¢,d), and thus on any subinterval of

(a,b). O

' dx

— Ju(d) - u(c)].

(x — ¢) is a minimizer of D; on (¢, d), we

Notice that the argument for (a) also applies to the vectorial case (N > 1) with a slight
modification, and the statement is that each (p, @)-minimizer on (a, b) is either constant or
injective.

Another result is that a (p, @)-minimizer for p > 1 cannot blow-up on any finite interval.
This can also be observed from (4.3.2), where the left-hand side would increase much faster
than the right-hand side if b is finite and u(d) — co as d — b™.

Lemma 4.3.5 ([MS07], Lemma 1). Let p > 1 and u € W, P((a,b),RY) be a
(p, Q)-minimizer on (a,b). If b < oco, the map u can be continuously extended to b and

(4.3.2) holds for any [c,d] C (a,b].
Proof. Suppose that u is non-constant. For convenience, we assume b = 1, a < 0 and

u(0) = 0.
For 0 < ¢ <t < 1, by definition there holds

/|u]dm< (t—rc) o </|updx> (t—rc) 5 </\u|pdaj>
(4.3.2) e\ |t
< Q:D ; /udx §QP 1—7 /|u]da:
0
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Take c=1— (QPQ)ﬁ, with which we have

-1
2 p—1 1

(1_%’)7<(1—C)T: -

and the above estimate of fct]u’ | dz becomes

t 1 t
/]u'\dxﬁ / lu'| d.
c 2 0
This further implies

t c t c 1 t
/wydx:/ \u'yda:+/ |u'\dx§/ \u’\dx—i—/ /| de,
0 0 e 0 2 Jo

t c
and thus / lu'| dz < 2/ |u'| de.
0 0

Since the integral fg |u/| dz is increasing in ¢, it has a limit as ¢ — 1. Then the limit

t
lim u(t) = lim u' dw
t—1- t—1= Jo
exists and we can extend u continuously to 1.
By the continuity of u, the inequality (4.3.2) remains true as d — 17. This implies that
u € WHP((c,b), RN) for any ¢ > a, and that (4.3.2) holds true for any [c,d] C (a, b]. O

A similar argument also applies to the left end point a if it is finite. This result shows
that a natural domain of a quasiminimizer in 1-D is a closed interval. In the following, by
u € WP([a,b], RY) we mean that u € WP((a,b), RY) and is defined on the closed interval
[a, b].

The discussion about the high-dimensional case obviously applies to the one of 1-D, and
from Subsection 3.2.1 and Section 4.4 we know that quasiminimizers satisfy certain weak
reverse Holder inequalities. The special characterisation of quasiminimizers (4.3.2) in 1-D
further leads us to a stronger result, a reverse Holder inequality.

Now we assume that u € WP([a,b], RY) and is absolutely continuous. If u is a
(p, Q)-minimizer on [a, b], for any [c,d] C [a,b] we have

d d p
[ as < QP < g e ([Twlas )

which is actually the following reverse Holder inequality

d d p
][ |u'Pdz < Q <][ || dx) . (4.3.3)

If w is a monotone scalar function, from (4.3.3) we can conversely get (4.3.2) and conclude
that u is a (p, Q)-minimizer on [a,b]. Therefore, a monotone scalar function u defined on
[a,b] is a (p, @)-minimizer if and only if it satisfies the reverse Holder inequality (4.3.3) for
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any [c,d] C [a,b].

The well-known Gehring’s lemma [Geh73] (also see Theorem 4.2.1) and (4.3.3) indicate
that ' has a higher integrability than p. In particular, the sharp improvement of
integrability has been obtained in the 1-dimensional case in [DS90] and [Kor92].

For p>1and t > 1, set yp:: [p,00) = R to be

P
p—z x
pi(x) =141 . <$ — 1) . (4.3.4)

See Proposition 2.1 in [DS90] for an analysis of the function ~,;, and from the discussion
there we know that 7, has exactly one zero (denoted by ¢(p,t)) on [p, o) for fixed p, t.

Theorem 4.3.6 (Theorem 2, [Kor92]). Fiz an interval [a,b] C R and suppose that f €
LP([a,b]) with p > 1 satisfies the reverse Hélder inequality

iﬁWﬂmSQ<iﬂﬂ¢ﬁp (43.5)

for any [c,d] C [a,b]. Then we have f € L*(]a,b]) for any p < s < q(p, Q) with

d d s
][ |f]Pde < Qs (][ ]f]dx) ,  for any [c,d] C [a,b], (4.3.6)

where q(p, Q) is the unique zero of v, g defined in (4.3.4) on [p,00) and Qs depends on
p7 87 Q'

Then the following result of quasiminimality of a higher order is a corollary of the above
theorem.

Theorem 4.3.7 ([MS07], Theorem 4). Suppose that u € WP([a,b]) is a (p, Q)-minimizer
with p > 1,Q > 1. Then u is also a (s,Qs)-minimizer on [a,b] for any 1 < s < q(p, @),
where q(p, Q) is the unique zero of v, o defined in (4.3.4) on [p,00), and

o {st(p, 5,Q), p<s<q(p,Q) (4.3.7)
Qr, 1<s<p.

Proof. As shown above, the function |u’| satisfies the reverse Holder inequality (4.3.5). By
Theorem 4.3.6, we know that |u'| € L*([a,b]) for p < s < q(p, Q) and

d d s
][ [u/|* dz < Qs (7[ |u'[dx>

for any [¢,d] C [a,b]. The function w is a (p,Q)-minimizer, and thus monotone by
Proposition 4.3.4, (a), with which we further have

d
][ u' dx
(4

Corollary 4.3.3 then implies that u is a (s,Qs)-minimizer on [a,b] with some Qs =

Qs(p,s,Q) > 1.

S

|u(d) — u(c)l®

:Qs ’d—C|s

d
fhnmeQs
C
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The case s € [1,p) is simpler. By Hélder’s inequality, we have

/|u|sdx< _ o5 </ |u\pdx>

(432) s = |u(d) — u(c)| s |u(d) — u(c)*
< Qid-o) ﬁ = Qv Td—dp
|d —c|
The (s, Qs)-minimality of u then follows from Corollary 4.3.3. O

Remark 4.3.8. (i) In [DS90], a precise value of the constant Qs in (4.3.6) is given for f
with |f| non-increasing:
P
Q. = (PQ> _
M.Q(5)s

Correspondingly, if the (p, @)-minimizer u in Theorem 4.3.7 is such that |u/| is non-
increasing, then it is also a (s, Qs)-minimizer with a specific Qs as above.

(ii) The upper bound ¢(p, @) in Theorem 4.3.7 is sharp. To see this, consider the function

1

u(w) = L2 w2 e (0,1], po = q(p, Q).
po—1

1
Then «/(x) = 2 ro and calculation implies that u is a (p, @Q)-minimizer on [0, 1] (see
Proposition 2.3 in [DS90]). However, it is also easy to see u’ ¢ LF°(0,1).

(iii) In the above discussion, we actually showed that p-quasiminimality for p > 1 is a self-
improving property. To be more precise, p-quasiminimality implies ¢g-quasiminimality
for 1 < g < p, and any p-quasiminimizer is also a ¢-quasiminimizer for some g > p.

4.4 Quasiminimality of a higher order

In this section, we prove Theorem 4.1.1, a higher-order quasiminimality result. The key
step is to obtain weak reverse Holder inequalities near the boundary (Subsection 4.4.2) of a
regular domain, for which the corresponding Caccioppoli-type inequality (Subsection 4.4.2)
and Sobolev-Poincaré inequality (Subsection 4.4.1) are required. With these ingredients
and the self-improving property Theorem 4.2.3, we can conclude the result in Subsection
4.4.4.

In the following, we consider a bounded open set 2 C R™, and suppose that u €
WoP(Q,RN) is a (p, Q)-minimizer.

4.4.1 A Sobolev-Poincaré inequality

We first show a Sobolev-Poincaré inequality with the p-capacity involved. Notice that
the analogue of this inequality with the Lebesgue measure (Theorem 3.16 in [Giu03]) is
more well-known and commonly used.

Lemma 4.4.1 ([KK94], Lemma 3.1). Suppose that 1 < q¢ < oo, B, = B(xg,r) C R" is
a ball and v € WH4(B,) is q-quasi-continuous. Set N(v) = {x € B,: v(z) = 0}, then we
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have

1 1
Ky 1 q
v|™ dx < C(n, Vo qdaz) , 4.4.1
< BT‘ | > () <Capq(N(v);Bzr) Br‘ | (4.41)

where the constant k is defined by

, 1<q<n,
2, q=n.

Proof. If the average vp, = 0, the inequality above follows easily from the normal Sobolev-
Poincaré inequality and the fact (see 2.4.8)

cap,(N(v); Byy) < cap,(By; Bay) = C(n, q)r" 4.

Thus, we can assume that vg. = 1 considering the homogeneity of (4.4.1).

By the extension theorem of W maps ([EG15], §5.4, Theorem 1) and Theorem 2.4.4,
there exists a g-quasi-continuous function w € W14(Bs,) such that supp(w) C Ba,, w =
v —vp, a.e. in B,, and

/ |IVw|?de < C(n,q)/ |Vol?dz. (4.4.2)
B2'r B,

As v is also g-quasi-continuous, we actually have w = v —vp, ¢-q.e. in B, (Theorem 2.4.4).
Set N(w) := {& € B,: w(z) = 0}. For any o > 0, by the definition of quasi-continuity
(Definition 2.4.3) there exists an open set O, C Ba, such that w is continuous on By, \ O,
and cap,(Oy; Bay) < 0. Thus, the null set of w+1 in B\ O,, which is N(w+1) \Oy =: E,,
is compact. Denote N(w +1)N O, by E’U, and then we have, with the fact w = —1 ¢-q.e.
on E, and an analogue of Corollary 4.13 in [HKM18§],

/ |Vw|?dx > cap,(Es; Ba)
Ba,

> capq(]\Nf(w +1); Bay) — capq(E'a; Bs,) (4.4.3)
> capq(ﬁ(w +1); Bar) — cap,(Og; Bar)
> cap,(N(w + 1); Ba) — o,

where the second and third inequalities follow from the subadditivity and monotonicity of
the p-capacity (Proposition 2.4.2). Since w = v —vp, = v — 1 ¢-q.e. in B, and o can be
arbitrarily small, the inequality (4.4.3) implies

/ |Vw|?dz > cap, (N (v); Bar). (4.4.4)
BQT

Then the desired inequality can be obtained as follows:

a1 1
(][ \v[“qu) "< (][ ]v—vBT.\”qdm> q+vBT
B, B,
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1

< <2"][ Jw]™ dx) ]
B2'r

1 1
< C(n,q)r <][ ]Vw|qd:c> gt < ! / |[Vwl|? d:c) ’
n ’ Ba, Capq(N(U);BQT') Ba,

1

< C(n, Volds )’ )
<000 (vt Ju 7 )

where the third line follows from the normal Sobolev-Poincaré inequality and (4.4.4), and
the fourth from (4.4.2) and

2.4.8 _
capy (N (v); Bay) < cap,(By; Bar) (248) C(n,q)r" 1

O]

Remark 4.4.2. The above lemma also holds for any vector-valued function v €
Wha(B,,RY) with N(v) = {z € B,: |v(z)| = 0}, to show which we apply Lemma 4.4.1 to
each component v; of v (i =1,...,N), and the fact that

cap, (N (vi); Bay) > capy (N (v); Bay).

The constant in the corresponding inequality depends on n, N and gq.

4.4.2 Caccioppoli-type inequality near the boundary

To show weak reverse Holder inequalities near the boundary of a domain, we need
another ingredient—a Caccioppoli-type inequality, which is presented in this subsection.
This is similar to Lemma 2.2 in [KK94].

Proposition 4.4.3. Suppose that u € V[/li’p(Q,]RN) is a (p, Q)-minimizer withp > 1,Q > 1,

C

and O CC Q is an open set. The map h € WH(O,RY) for some q¢ > p is such that
u—he Wol’p(O,RN). Then for any ball B = B(xo, R) C R™ with Bor N O # 0, we have

C
|VulP dz < — |lu—hPdz+C |Vh|P dz, (4.4.5)
Rp
Or O2r O2r

where O, := O N B, and C = C(p,Q) > 0.

Proof. Fix a ball B(xg, R) C R"™ with Bogr N O° # () and denote the open set O N B, by O,.
For R <t < s < 2R, take a cut-off function n between By and B, with |Vn| < %, and set

w=n(u—h)e Wol’p(Os,RN). Then u —p =u—n(u—h)=(1—n)(u—h)+ h. Since u is
a (p, Q)-minimizer, by the triangle inequality we have

[ e [ [vipar<@ [ V-
O, O Os

<CpQ </O o V(1 =n)(u—h)) dz +/O [Vh[? dl‘)
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2p
< CH)O / |u—h|pdx+/ |V(u—h)|pdx+/ VP de
(s =) Joup 0:\0; 0s

1
<CpQ / |u—h|pdx+/ |Vu|pd:c+/ |VhPdz | .
(S_t)p OsRr Os\ot O2r

Apply the hole-filling trick, that is, add C(p)Q fot|Vu\p dx to both sides and divide the
inequality by C'(p)@ + 1, to get

P
|VulP dz < Cl)d ( 2 / ]u—h|pdx+/ ]Vu\pdx—i-/ \Vh\pdx>.
C Os2r Os O2r

Oy (p)Q +1 (3 - t)p
Then the desired inequality (4.4.5) follows from Lemma 2.9.1 with
1
®(r) = / [VulPdz, 6= M, U(t) = / lu—hPdz, B= / VAP da.
Or Clp)Q+1 2 Josp O2r

O]

4.4.3 Weak reverse Holder inequalities near the boundary

With the conclusions in the above two subsections, we are able to show the following
weak reverse Holder inequality.

Proposition 4.4.4. Suppose that u € T/Vli’f(Q,RN) with p > 1 is a (p, Q)-minimizer, the
set O CC § is open, and O€ is uniformly p-thick with constants Ry > 0,1y > 0. The map
h € Wh(O,RN) with ¢ > p satisfies u — h € Wol’p(O,]RN). Then there exists py € (1,p)
depending on n,p, Ty such that for any p1 € (po,p) and any Br = B(xg, R) C R™ with
BorNO®# 0 and R < %, we have

1

ya
1 Py C
- |VulPdz < C (n/ |Vu|P d:v) gt n/ VAP dz, (4.4.6)
R Or R Our R Our

where C' = C(n, N, p,p1,Q,Tp) > 0.

Proof. Without loss of generality, we may assume that v and h are both p-quasi-continuous
(and thus g-quasi-continuous for 1 < ¢ < p by definition and Hélder’s inequality), since
every function in WP(Q, RY) has a quasi-continuous representative by Theorem 2.4.4.

From the fact that O° is uniformly p-thick, it can be shown (from [Lew88], Theorem 1
and [HKM18], 2.38) that there is a pp € (1,p) such that O¢ is uniformly p;-thick for any
po < p1 < p with constants Ro,fg, where pg and T, depends on n,p,Ty. We can take pg
such that kpg > p, where

, 1 <po<m,
K = n*pO

27 bo > n.

Fix p1 € (po, p), then OF is uniformly p;i-thick with constants Ry and Tp. Extend u — h by
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0 on O¢ and thus for any R < % we have, by Lemma 4.4.1 and Remark 4.4.2,

1 v n_n_q 2 v
— lu—h|Pdx | <4»Rr "w) |u — h|P dx
Rp
O2r Byr
1

< 43Ry lwh <][ u — B! d:v) " (4.4.7)
Byr

n_n 1 1 P1
§4pRp_1wf{C’ n, ( / V(u—h pldx) ,
(n.p1) cap,, (N (u — h); Bsg) B4R| ( )

where N(u—h) ={z € Byr: |u(x) —h(x)| = 0}. Take yp € Bagr \ O such that B(yo,2R) C
Byr and Bgr C B(yo, 10R). Notice that N(u — h) D Byg \ O, then it is possible to get a
lower bound of cap,, (N (u — h); Bsr) as follows:

cap,, (N(u — h); Bsg)) > cap,, (Bar \ O; Bsg)
> cap,, (B(yo; 2R) \ O; Bsr) (4.4.8)
> cap,, (B(yo; 2R) \ O; B(yo, 10R))
Ty

cap,, (B(yo; 2R) \ O; B(yo,4R)) > Clnpy)

> 2R)" P,
= Clnopn) 2R

where the second and third lines are obtained by the monotonicity of the p-capacity capp( 50)
in both arguments as shown in Proposition 2.4.2, and the last inequality is from the pi-
thickness of O°.

Combining (4.4.7) and (4.4.8), we obtain

1 P z (p/p1—1)n p1 %
T lu—hlPdz | <C|R |V(u—h)Ptdz , (4.4.9)
02R B4R

which further implies, with Proposition 4.4.3 and Holder’s inequality,

1 1 P1 C
— [VulPde < C / |V(u—h)Prdz + / |Vh|Pdz
R" Or R O4r R O2r

D b
C(l/ |Vt da:) " +C’(1/ V[P dx) " +C/ V[P da
R O4r R O4r R O4r

1 wo
<C (n/ |Vu|P dx) + n/ |Vh|Pdz,
R O4R R O4R

where C' = C(n, N,p,p1,Q,Tp) > 0. O

IN

4.4.4 Quasiminimality of a higher order

Now we give the proof of Theorem 4.1.1 with the weak reverse Holder inequality obtained
above and the self-improving property Theorem 4.2.3.

Proof of Theorem 4.1.1. Fix an open set O C () such that O¢ is uniformly p-thick with
radius Rg > 0 and constant Ty > 0. We have obtained weak reverse Holder inequalities
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(4.4.6) near 00. For an interior ball B = B(zg, R) with Bp C Bar C O, the corresponding
weak reverse Holder inequality

1
<][ \vuv’dx)p <C <][ IV
Br Baor

also holds true, where p, = max{l,n”—pp} and C = C(n,N,p,Q) > 0. By considering
¢ = n(u — ugr) and proceeding as in Proposition 4.4.3, we have

1
- d:v> ” (4.4.10)

C
/ [VulP do < / lu — ugp|? dx (4.4.11)
Bgr RP JByg

with C' = C(p, Q) > 0. Then (4.4.10) follows from the normal Sobolev-Poincaré inequality.

Set
|\Vu(z)|, €O |Vh(z)|, =€O
p— d =
9(@) {O, r e O° and /(@) 0, r € 0°,

where h is an arbitrary map in Wh4(O,RY) with v — h € Wol’p(O,RN) and ¢ > p to

= % with pg as in the proof of Proposition 4.4.4 and let ¢ =

be determined. Fix p;
min{1l —p./p,1—p1/p}. From (4.4.6) and (4.4.10) we know that the following weak reverse

Hoélder inequality

» (=) 1.\ 707 »
gPdz | <b gP dz + by fPdx (4.4.12)
Br Byr Byr

holds for any ball B(zg, R) with R < %, where b1, by > 0 depend on n, N, p, Q, Ty, and Ry
is the radius limit associated to the uniform p-thickness of O¢. Notice that there are no
restrictions on the location of the ball B(xp, R) and the above inequality actually holds in
the whole R™. By Theorem 4.2.3, there is a 8 > 0 depending on n, N, p, Q, Ry, Ty such that
the following holds: For any p € (p,p + 0) with p < ¢, we have g € LP(O) and

D
/\vu|de§ Cy </|Vu]pdx>p —|—Cg/]Vhpdx, (4.4.13)
O O o

where C1,Cy > 0 depend on n, N, p,Q, Ry, Ty, p.

The inequality (4.4.10) actually holds for any ball Bg with Bag CC 2, and then Theorem
4.2.2 gives a locally higher regularity of the gradient of the quasiminimizer u. Then we
know that there exists ¢; > p such that u € VVI}JE(Q, RM) for any ¢ < q;. Take ¢ such that
p < q <min{p+6, (g1 —p)} and then (4.4.13) holds with p = ¢ and any h € WhH4(O, RN)
with h —u € VVO1 P(O,RY). Notice that ¢ is independent of h and g, which allows us to
do take h with more freedom without affecting the result. To proceed, we choose h to
be the g-harmonic function on O with u — h € Wol’q(O,]RN). Then from (4.4.13) and the

quasiminimality of u, we have

q
/]Vu\quSCl (/ ]Vu|pda:>p +C'2/\Vh|qda;
O O o]
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q
<C <Q/ |Vh’pd$>p —i—Cg/ |Vh|?dx
o O
< (ClQ%|O|%_1 +02)/Vh|qu.
O

Since h is the minimizer of the D, on O, the above inequality actually indicates that u
quasiminimises D, on O with a constant ), > 1 depending on n, N, p, Q, Ry, 1o, q. O

Remark 4.4.5. (i) If we replace the subdomain O by 2 in the above proof, it is possible
to obtain a global higher integrability of Vu on € (cf. [KK94], Theorem 1.1). To
achieve this, several assumptions are required additionally:

(a) Q¢ is uniformly p-thick.
(b) The boundary value ¢ of u € WHP(Q,RY) is in W17 (Q) for some 7 > p. The
boundary value is taken in the sense that u — ¢ € Wol’p(Q,RN).

(¢) uw quasiminimizes the p-Dirichlet integral not only interiorly but also near the
boundary.

(ii) Considering the values of C and C5 obtained in Theorem 4.2.3, which are from Lemma
4.2.5, we will find that as ¢ — p* the quasiminimizing constant @), above tends to
Q+ C(n,N,p,Q, Ry, Ty) > Q. The extra constant C' comes from Theorem 4.2.3,
where we omitted the third term in (4.2.34). This is due to the fact that we started
from weak reverse Holder inequalities of integral form (4.2.7) and cannot deal with the
functions f, g on the right-hand side together. Then the consequent inequality would
be of the form (b) in Lemma 4.2.5, from which a negative term like the one in (4.2.34)
will appear. This issue can be avoided if we consider weak reverse Holder inequalities
in the form of maximal functions, where the second function g on the right-hand side
is replaced by the maximal function M %(gq) However, to get back to the original g,

we have to use the boundedness of M on L#. The bound blows up when p tends to p,
which again gives a quasiminimizing constant strictly larger than (). Therefore, the
quasiminimizing constant obtained by this method is not stable when p varies in this
small range.

4.5 Stability of minimality

This section is devoted to the stability of D,-minimality. We start with a qualitative
discussion about the stability in Subsection 4.5.1, and then present the proof of Theorem
4.1.2 in the subsequent two subsections. One type of nonlinear commutator is introduced in
Subsection 4.5.2 based on [IM01], Chapter 13, and that will be the main tool in the proof.
The stability result is given in Subsection 4.5.3 with a quantitative characterisation.

4.5.1 Qualitative stability

The stability of Dp-minimality with respect to p holds true qualitatively in the scalar
case. More precisely, given a p-harmonic function u on a regular domain, the g-harmonic
function with the same boundary value converges to u in a proper sense as ¢ — p. See
[Lin87] for a similar result on the solutions to non-homogeneous p-Laplace equations.
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Proposition 4.5.1. Suppose that Q@ C R™ is an open set and Bp = B(xg, R) CC Q is a
ball. The function u € VVllof(Q) is p-harmonic, and {Gm}men is a sequence in (1,p) and
increases to p as m — o0o. Then there exists 8 = f(n,p,a) € (0,a] such that the sequence
{hm}Ymen converges to u in CY7V(BR) for any v € (0,5), where hy, is the qn,-harmonic
function with w — hy, € Wy (Bg).

Proof. Since u is p-harmonic, it is in Cllog(Q) for some a € (0,1) ([Tol83, Uhl77, AF89,
GMS86al), and thus in C»*(Bg). By the global regularity result for p-harmonic functions
([Lie88], Theorem 1), we know that h,, € CY#(Bg) for some 8 = B(n,p, ) € (0,a], which
is independent of m. Furthermore, we have a uniform bound M = M (n,p,a,u) > 0 of
1hmllcre ()

The Arzela-Ascoli theorem ([DS58], IV.6, Theorem 7) indicates the existence of a
subsequence (still denoted by {hy,}) such that

(hms Vhm) — (h, Vh) uniformly in Bp (4.5.1)

for some h € CYP(Bg). Given any v € (0, 3), take any m,¢ € N and any x,y € Bg. The
B-Holder continuity of h,, and h, implies

’v(hm - hg)(.%‘) — v(hm - h@)(y)‘

|z —y|
_ <yV(hm - m)(yx) — T(hm - he>(y>\>73 IV (B — ) (&) = V (m — he) ()] 7
T —yl7

ol B=
< (2M)F (2sup|Vhn, — Vhy|) #
Br

Considering the uniform convergence Vh,, — Vh, we know that the last line vanishes as
m,{ — oo, and thus h,, — h in C7(Bg).
The uniform convergence (4.5.1) also implies h € Wy?(Bg). Fix k € N, and it is easy

to see the following
1 1
q q
<][ |7 R[5 dx) " = lim <][ |V Py |95 d:):) *
BR m—0o0 BR

1
lim <][ |th|q’”dx> " (4.5.2)
m—0o0 BR

1

lim (][ | V|t dx) "
m—0o0 BR
1
= <7[ yvu|de>p,
Br

where the second inequality is due to gr < ¢, as m — oo, and the third to the fact that
hy, minimises Dy,, in Wa' % (Bg). As k — oo, the above inequality (4.5.2) gives

1 1
<][ ]Vh|pdx>p < (7[ |vu|de>p,
Br Br

IN

IN
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i.e., the function h also minimises D), in W (Br). Considering the strict convexity of D,
we know that the minimizer of it in the Dirichlet class Wq (BRr) is unique, and thus u = h.

From the above discussion, we can see that for any subsequence of {h,,}, there is a
further subsequence that converges to u in C*7(Bpg). Therefore, the desired convergence
holds for {h,,} itself. O

Remark 4.5.2. (a) We have the same result when {g¢,,} decreases to p with a similar
argument. The way to show that the limit & € C1#(Bg) is actually u in this case is

as follows: ) )
(][ VAP dx) "= lim (][ |V b |P dm) ’
BR m—00 BR

1

< lim (][ |V B |9 d:v) "

< lim (][ | V|t dm) "
1
= (7[ \Vu]pda?>p :
Br

(b) The above discussion also applies to any domain O CC  with C1® boundary, where
« is the Holder exponent of Vu. See Theorem 1 in [Lie88].

(c) Notice that the proposition is only for the scalar case, and for vector-valued p-harmonic
maps we lack a global regularity result as Theorem 1 in [Lie88]. In [CD89], such a
result is proved for p > f—fl with a higher regularity assumption on the boundary
value, with which the above discussion remains true when p > n. Alternatively,
we can employ the global Lipschitz regularity result in [Bégl5], which says that,
when p > 2, any vector-valued p-harmonic map on a C'# domain with a C1?
boundary value is globally Lipschitz continuous. Then with the compact embedding
WL (Br,RY) «— C%Y(Bg,RN) for any v € (0,1) and the weak compactness
of any bounded set in W'P(Bg,RY), it is possible to show that h,, (as defined
in Proposition 4.5.1) converges to u in C%(Bg,RY) for any v € (0,1) when
p > 2. Furthermore, strong convergence in W' (Bg, RY) can be proved by showing
fBR\th\p dz — fBR |Vu|P dz and an argument similar to the one in Subsection 6.4.4.

4.5.2 Nonlinear commutators

This subsection is for a certain type of nonlinear commutators and the corresponding
estimate. The discussion is based on [IMO1], Chapter 13, where there is a thorough
discussion about a wide range of nonlinear commutators. Such commutators have been
used to deal with some p-Laplace type equations and systems (see [IS94, CGI02] and the
references therein). With the help of the tool of nonlinear commutators, we will estimate
the difference between a p-harmonic and a ¢g-harmonic map with the same boundary value
for two exponents p, q close to each other in Subsection 4.5.3.

We first consider a bounded linear operator T7': L"(X,V) — L"(X,V) for s in some
range in (1,00) (say, a non-trivial interval [p1, p2] C (1,00)), and denote the corresponding
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operator norm by ||T||, for = € [p1, p2]. Here, the domain X is a topological space equipped
with a o-finite measure p and V' is an inner-product space of finite dimension. Since the
result below depends on complex interpolation, we complexify V and T if they are originally
defined over R. After complexification, the induced inner-product of V¢ is Hermitian and 1
is linear over C. Notice that the complexified operator maintains its norm. In the following,
we stick to the notations V and T for convenience.

Take p > 0 with 2p < min{ — 1,1 — >} for some fixed s € (p1,p2). The discussion
will be focused on the commutator of T and f — |f|*f with f € L*(X,V) and z being a
complex number in B¢ (0, p). Define

T*f=T(fI°f) - ITfIPTS, (4.5.4)

which is the commutator applied to f € L*(X,V). We first give a rough control of the
difference T% f — T?g.

Proposition 4.5.3. Suppose that X is a topological space equipped with a o-finite
measure i, and V is an inner-product space over C of finite dimension. The operator
T: :L"(X,V)— L"(X,V) is linear over C and bounded for any r in a given interval [p1, ps)
with 1 < p1 < pa < 00. For an arbitrary s € (p1,p2), take p with 2p < Inin{pi1 -1,1

_ s
P2
and a complex number z = x + iy € Bc(0, p). Then we have

IT*f =T, 2. < CULF = gl = (If e + lgllze)?) (4.5.5)
hold true for any f,g € L*(X, V), where C = C(||T||p,, [|T]|p,) > 0.

Proof. Set z = = + iy, then we have
IfEfI =" and |ITfPTf =|Tf",

and both of them are in LI-%Z(X, V). The choice of p indicates 1%; € [p1,p2], and thus the
operator T7 is bounded from L*(X, V) to LT+ (X, V).
For any f,g € L*(X,V), we know that T*f — T%g € LTtz (X, V) and
1T%f =T%gll, ez = IT(S17f = l9lP9) = (TFIPTf = [Tgl"Tg)ll, 14 (4.5.6)

< Tl IF17 — 199l e, + N(TSFTS ~ ITgPT), 1. -

1+x

Define a(&) := |£]?¢ for £ € V. The derivative of this map at £ # 0 is
d'(€) = 2P E @ €+ € Iy

Then for any &,¢ € V with 0 not on the segment connecting £ and (, we have

1
a(€) — a(€)] = /0 d(CHHE— Q) (E—0)dt

1
<le—¢l /0 (Il + D¢ + 1€ — O d (4.5.7)
< Cle — ¢I(l€] + €17,
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where the last inequality follows from Lemma 2.9.3 as |z| < [2| < p < . It is possible to
take a constant C' in (4.5.7) that is independent of x and p.
With (4.5.6) and (4.5.7), the difference 7% f —T*¢ can be further estimated with Holder’s

inequality:

IT2f =Tl re5 < CUTIN = NAST+ 19D = DN, gz H AT+ TID* (TS =Tl 55)
S COUTN = 1 = gllzsAAllzs + lgllze)® + 1T = @llzs AT flzs + 1Tgllzs)*)
< C( NS = allzs(If s + lgllz)™ (4.5.8)

For any 0 € (0,1), take pg € (p1,p2) such that
1 0 1-6
_ _'_ .

pe P11 D2

Then with the Riesz-Thorin interpolation theorem ([SS11], Theorem 2.1), we can control
the norm of T: LP¢(X, V) — LP¢(X, V) by
1T pe < |71, 17113, < max{ 1T lpy, 1 lps }- (4.5.9)

Since |z| < p < 1, it is easy to see that the constant C(||T| s =t |T||I5+%) in (4.5.8) is

dominated by some C(||T'||p,, | T|lp,) > 0. It is also easy the see that the following estimate

1—
1F = gles(1Fllze + gle)® < (1f = gl (I fllzs + llgllz)?) e
holds true, which finally implies the desired result (4.5.5). O

It is possible to improve the estimate (4.5.5) by showing that 7% depends on z
analytically and vanishes at z = 0.

Theorem 4.5.4 ([IM01], Theorem 13.2.1). Suppose that X is a topological space equipped
with a o-finite measure p, and V is an inner-product space over C of finite dimension.
The operator T: L™(X,V) — L"(X,V) is linear over C and bounded for any r in a given
interval [p1,p2] with 1 < p; < pa < oo. For an arbitrary s € (p1,p2), take p with 2p <
min{> —1,1— >} and a complex number z € Bc(0, p). Then we have

77 = Tl e < CELU = g2 e + ol (4500

forany f,g € L*(X, V) with C = C(||T||p,, | T|lp,) > 0. In particular, for any f € L*(X,V)

there holds o
z 4 z < T
IT*fI, e = ITUSES) = 1 TPT N, gy < O HfH1+ : (4.5.11)

Proof. If f = g, the inequality holds trivially. Then without loss of generality we can assume
1—
1f = gll="(lf s + llgllLs)” = 1.
Then the estimate (4.5.5) becomes

IT%f — T%g|| = <C. (4.5.12)

LI+z



98 Chapter 4. Stability of quasiminimizers

Now consider the following function defined on B¢ (0, p)

F@%=[QT7—T@A¢S2%mm,

where (-, -) is the inner-product on V and ¢ is an arbitrary map in L*(X, V') with ||¢||zs = 1.
The map z — |(]*C is holomorphic for any fixed ¢ € V. Since T is linear and bounded, and
the inner-product is Hermitian, the function F' is holomorphic on B¢ (0, p). Furthermore,
we have F'(0) = 0 and, for any z € Bc(0, p),

< Clellz=" " =C.

s—1—xz —

93
[F() < IT*f = T%gll , 145 o770l

Set . P
w ::g and G(w):= (gw) = éz)
Then the function G is holomorphic on the unit disk B¢(0, 1) with G(0) =0 and |G(w)| < 1
for any w € Bg(0,1). The Schwarz lemma ([SS03], Lemma 2.1) implies |G(w)| < |w| on

B(0,1), which is actually F'(z) < C % on Bc(0, p). The desired inequality then follows from

z z _ . s—2—Z2 _
1T%f = Tgll, 125 = sup{|F(2)|: [||¢] O, s =1}
2z
—sup{|P()]s [l =1} < oLl
For general f,g € L*(X,V), divide them by the factor ||f — g[|;="(||f]lzs + [lg]lz)?, and

then the result follows from the above discussion. O

Remark 4.5.5. Notice that the original estimate obtained in Proposition 4.5.3 is

IT%f =T%gll, 55 < ClF = glles(1f1lLs + llgllzs)*.

We further control it with C(||f — g|]1L§p(||f||Ls + |lgllzs)?)1T* so that the normalisation in
Theorem 4.5.4 can be done.

4.5.3 Difference estimate and the stability result

The strengthened result Theorem 4.5.4 enables us to estimate the difference between a
p-harmonic map u and a ¢g-harmonic map v with the same boundary value. With such an
estimate, it is possible to conclude the stability result Theorem 4.1.2.

To apply the tool of nonlinear commutators as in Subsection 4.5.2, we first define the
operator T" with the help of the LP-Hodge decomposition. The decomposition is proved by
solving a Poisson’s equation in the following, and can also be done with Green’s functions
(see [IS94], §2). For such a decomposition on the whole space, one can use Riesz transforms
(see [Iwa83] and [IS94], §2).

Proposition 4.5.6 (Hodge decomposition). Suppose that Q@ C R™ is a bounded open set
with C* boundary. Any map f € L" (2, R™) with some r > 1 can be uniquely decomposed in
the following form

f=Vo+o, (4.5.13)
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where ® € WOI’T(Q) and o € L"(2,R™) with dive = 0 in the distributional sense. Moreover,
there exists a constant C = C(,r,n) > 0 such that

V0] iy + o) < ClLEllr)- (4.5.14)

Proof. It is easy to see that div f is in W~57(2), and then we only need to find a weak
solution to the equation

(4.5.15)

Ad =div f, in Q,
d =0, on 0}

in VV1 "(Q). B Theorem 2.2.2, the operator A induces an isomorphism between I/VO1 (Q)
and (VVO1 T(Q)) Lr(Q). In other words, given any G € W~17(Q), there exists a unique
u € W0 "(92) such that

(G,v) /Vu Voudx

for any v € W,"(0), where (-,-) is the duality pairing of W~17(Q) and W,"(Q). In
addition, the estimates
el ey < G100y

holds true with some C' = C(£2,7,n) > 0. Back to equation (4.5.15), since div f € W~17(Q),
there exists a unique ¢ € Wol’r(Q) satisfying (4.5.15) and we have

V@[ zr @) < 1@y () < Clldiv fllw-1r@) < Cllfllr@ (4.5.16)

with the above constant C' = C(Q,r,n). Define ¢ := f — V®, and it is obvious that
o€ L"(Q,R") with

dive =0 in the distributional sense,
and  |lof|prq) < C(Q, 70| fllLr@)-

The uniqueness follows from the maximum principle of harmonic functions ([GTO01],
Corollary 8.2). O

Remark 4.5.7. (a) In the assumptions of Proposition 4.5.6, the restriction on the
boundary of © can be relaxed. By Theorem 14.5.3 in [MS09], the above proposition

holds for ) with
I+1—h—1
M, . p(l—=h)<n,

I+1—h—1
WpJr oop(l—h) >n.

o €

The precise definitions of these boundary conditions are introduced in [MS09].

(b) The decomposition also applies to maps in L"(Q, RN*") with any N € N, for which
we apply the above proposition row-wise.

(c) Rescaling shows that the constant C(2,r,n) does not depend on the size of Q.

With the Hodge decomposition, we can define a bounded linear operator
T: L"(Q,RN*?) — L"(Q,RN*") for any exponent r > 1 as follows: For any f €
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L"(Q, RV>") define
Tf =V, (4.5.17)

where @ is the unique map in L"(Q, R") such that the decomposition
f=Vo+o

holds with some divergence-free o € L"(Q, RV*"). Tt is easy to see from Proposition 4.5.6
that T is linear and bounded on L" (2, RV*").
Now we present the proof of Theorem 4.1.2.

Proof of Theorem 4.1.2. Fix an exponent p € (1,00), a ball B = B(zg, R) CC 2 and a
p-harmonic map v € WP(Q, RY). By the regularity result of p-harmonic maps (see [Tol83],
also [Uhl77, GM86a, AF89]), we know that u € C’llo’f(Q,RN) with some § € (0,1) and is
thus in C1#(Bg,RY). Then it is possible to take the g-harmonic map v € Wh4(Bg,RY)
with u — v € WyP(Bg, RN).

In the following, we carefully determine an interval [pi,ps] and the range of ¢, with
which we can apply Theorem 4.5.4 to estimate the difference between Vu and V.

Let ¢ be in the interval (p—o1, p+02) with 01,02 > 0 to be determined. We particularly
require o1 < p — 1 so that ¢ > 1. Set s := p%l. To make sure s € [p1, p2], we need

p_o-l th a'nd p+0-2 Sp?a (4518)
p—1 p—1
which implies p’ = 1% € (p1,p2) and
0<or<(p—-1)@ —p1), 0<o2<(p—1)(p2—1). (4.5.19)
Now we take p1, po as follows:
1 p’) 2p — 1 , 2p
pp=-(1+—|=——=, and pr=2p = ——. 4.5.20
2 < p) 2b-1) p—1 ( )
Then the ranges for o1 and oy become
) 1
0<01§mm{2,p—1}7 and 0< o9 <p. (4.5.21)
To get some space for manipulation, we set
1 p—1
o1 = min {4, pz} . and o9 = g, (4.5.22)
with which the exponent ¢ should satisfy
1 p+1 3p
T — —. 4.5.2
max{p T2 }<q<2 (4.5.23)

As in Subsection 4.5.2, we need 2p < min{pi1 -1,1- p%}, where p is the radius of the
range of the exponent z in the commutator T%. The choice of p;,ps (4.5.20) and the range
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of ¢ (4.5.23) together imply

s 2q 1 2—p 1
2= 1> >
1 2 —1 maX{Q(Qp—1)’2p—1}—2(2p—1)’
LA R R
D2 2p 4 4

Then take p = min{5——~ T 2p oL 8} which is independent of the precise values of s and g as
long as they are in the requ1red ranges. For any complex number z = =+ iy € Bc(0, p) and
f € L*(Bgr,RY>") the estimate

P 2| z
1Tl 5 < Clp1, 2,7, N)—||f||1+ (4.5.24)

holds true by Theorem 4.5.4, where T is defined as in (4.5.17) and 7% as in (4.5.4).
Take f = |Vu[P=2Vu, then we have f € L*(Bgr,RV*") and Tf = 0 as u solves the
equation
div(|Vu[P~2Vu) =0

in the distributional sense. Set z = 2= then there holds

3

\FI2f = || VulP2Vu|r T |VuP-2Vu = |Vu|72Vu € LY (Bg, RV ™),

where ¢/ = q%- According to (b), the vector-valued function |f|*f can be decomposed as
follows
IfI°f = V& + o, (4.5.25)

where & € Wol’q/(BR,RN) and o € LY (Bgr,RN*") with dive = 0. When the exponent
q satisfies (4.5.23) and is close enough to p such that z € Bg¢(0, p), the estimate (4.5.24)
implies

lg — p\ lg — pl 1
V@[ = IT*fIl, 2z < Clpsn, ) HfHHx =C(p,n,N) p— |Vu|T,". (4.5.26)

We are now at the place to compare the L%integrals of Vu and Vv. Lemma 4.5.9 and
the fact that v € Wi (Bg, RV*") imply the following estimate

| vutt = vel) o
Br
= / (|Vu|? — |[Vo|? — ¢|Vu|92Vv - (Vu — Vv)) dz (4.5.27)
Br
< C(q)/ (Vul? + [Vo2) 5 [Vu — Vol? da
Br
< C(q)/ (|Vo|? — |[Vul? — ¢|Vu|!*Vu - (Vv — Vu)) dz.
Br

It is obvious that the integral [ B (IVV|?7 = [Vu|?) dz is non-positive. Considering the
decomposition (4.5.25) and the corresponding estimate (4.5.26), we can further proceed
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with (4.5.27) as follows

/ (IVul? = |Vo|?) dz < C’(q)/ (VO +o0)- (Vu—Vo)dx
Br

Br
= C(q) Vo - (Vu - Vu)dz < C(q)||Ve| ¢ [|Vu — Vol La (4.5.28)
Br
_d |q_p| J q q q
< Clp.q.n, N)e Vultdz+e [ (IVul?+ Vol da,
p—1 Br Br

where the last inequality is obtained with Young’s inequality and some ¢ > 0. If € and
|g — p| are taken so small that we have

_p\ ¥
e < and C(p,q,n,N)e_q//q (]qp[) <e, (4.5.29)

p—1

=

the inequality (4.5.28) implies

1
/ |Vu|?dz < re
Br 1—e—-C(p,q,n, N)g—q’/q (M

p—1
1
< +€/ |Vo|?de.
1—2¢ Br

We now specify the range of ¢. Since ¢ is taken under the condition (4.5.23), the constant

C(p,q,n,N) can be controlled by some ¢ = ¢(p,n, N) > 0. Considering (4.5.29), we first

take € = i, and then the second inequality gives

,/ |Voul?dz (4.5.30)
)

1
7

_ a\a
la—nl ()" _ 1 -
p—1 — \ ¢ 4

The constant ¢(p,n, N) can be taken in [1,00), and then the range (4.5.23) of ¢ implies

»Q\‘ =

c q’ Z C_e(p)

)

where e(p) = () = 222, Set

then for any ¢ € (p — 7,p + 7) the condition (4.5.29) is satisfied with e = 1, and (4.5.30)

holds true with constant % on the right-hand side. When ¢ — p, we can take the constant

€= %ce(m, and thus the constant @, := ff;g((qq)) converges to 1 as ¢ — p.
Notice that the size and location of the ball Br does not affect the argument above or
the constants involved, and (4.5.30) holds for any ball Br CC Q with the same constant.

This indicates that u is a spherical (Q, ¢)-minimizer on 2. O

Remark 4.5.8. The above proof applies to not only balls but also subdomains of ) for
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which the corresponding constants in (4.5.16) are bounded uniformly. Thus, apart from the
C'-boundary condition, we also need some restrictions on the “shape” of the subdomains
as the constant C in (4.5.16) comes from a covering argument.

At the end, we show the lemma used above to compare Vu and V.

Lemma 4.5.9. Given q € (1,00), ther exists a positive constant c¢(q) such that the following
estimate

q—2

1 _
(|2 + [y1?) 7 |z =y <[l = |yT = qly|" Py (z —y)
c(q)
—2
<c@(eP+ 1T le -y (4531
holds for any z,y € R? for some d € NT.

Notice that when y = 0, the quantity |y|?2y - (x — y) is considered as the limit

lim |y|7 2%y - (x — y).
ylg%\yl y-(r—y)

It is the same for (|z|? + |y|2)%|x —y|? when 2 =y = 0.

Proof. The inequalities hold true trivially when « = y or y = 0. Then it is sufficient to
show the case where x # y and y # 0. When 0 is on the segment connecting x and y, set

% > 0 and thus x = —ty. Then we have

|9 —|y|? —qly|T %y (x—y)  ti4qt+q—1

q—2

a2 - a2 v
(lz? + yl?) = |z =yl (2 +1)% (¢ +1)?

which is bounded from above and away from zero. Therefore, in this case the inequalities
in (4.5.31) hold.

When 0 is not on the segment connecting  and y, consider g(z) := |z|?, 2 € R?. The
first and second order derivatives of g satisfy

g'(z) = qlz|" %,
g"(2)[w,w] = q(qg — 2)|z|7 Hw - 2|* + g|z|7 % |w|?

for any =, w € R? with 2 # 0. It is easy to see
q(q = 1)[2"?w]* < ¢"(2)[w, w] < ql2|"2|w|?

when ¢ € (1,2), and that the inverse inequalities are valid when ¢ > 2. With Taylor’s
theorem we have

1
2|7 = |y|? — qlyl* Py - (x —y) = /0 (1-t)g"(y +t(z—y))r —y,z—yldt,

and then (4.5.31) follows from the fact that fol\y +t(x — y)|77%(1 — t) dt is comparable to
q—2

(|z|? + |y|*) =, which can be obtained from Lemma 2.9.3. O
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Chapter 5

Partial regularity for w-minimizers
of quasiconvex functionals

The focus of this chapter is partial regularity for w-minimizers of quasiconvex functionals.
We establish a first-order and another two zero-order results corresponding to different
assumptions on w separately, which are stated in Section 5.1 below.

In the first section, we state the assumptions and the results with a summary of the
corresponding strategies for the proofs and the difficulties in each setting. Section 5.2 is
devoted for some preliminary results for the reference integrand E, and the shifted integrand
fw, which will be useful in the proof. Theorem 5.1.1 is a first-order regularity result in
the linear growth setting under the Dini-type condition (w3), and the proof is in Section
5.3. In Section 5.4, Theorem 5.1.2, a zero-order regularity result for sub-quadratic growth
functionals, is proved with a similar strategy, and thus some details are omitted to avoid
repetition. At the end of Section 5.4, we sketch the proof of Theorem 5.1.3, an analogue of
Theorem 5.1.2 in the linear growth case, based on the proofs of the previous two results.

5.1 Assumptions and main results

We first contextualise the results. The functional considered in this chapter is of p-
growth and strongly quasiconvex. Precisely, we focus on the following functional

F (u, Q) ::/Qf(Vu)d:E,

where Q C R” is a bounded domain and the integrand f: RY*" — R satisfies:

(LP1) |f(2)] < L(1+ |2z|P) for any z € RV*" with p > 1 and L > 0;
(LP2) f is strongly quasiconvex in the sense that f —¢E, is quasiconvex for some ¢ > 0;

(LP3) fisin CZH(RN*n),

loc

We emphasize that an extra lower bound for f is not posed here. Moreover, the convexity
assumption in this chapter is Morrey’s quasiconvexity (in a strong sense), which is the
natural condition for vectorial variational problems.

105
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In this chapter and the last one, we consider w-minimizers. The w here is a non-negative
function defined on [0, c0), which measures the deviation of an w-minimizers from being a
minimizer, and is required to be small around the origin:

(wl) wis bounded by 1 and nondecreasing with w(0) = lim,_,ow(r) = 0.

The first result, partial regularity for the derivatives, requires a finer description of the
smallness of w:

(w2) There exists 5 € (0, 1) such that r — fng;) is non-increasing in (0, 0o);

(w3) The Dini-type condition: for any p > 0, we have E 1 (p) < 0o, where

Za(p) = /Op W) gy

r

Sometimes, a more specific control of w is assumed:
(w4) w(r) < Ar?? for some o € (0,1).

With such an assumption, the discussion becomes more straightforward and simpler, and
sometimes stronger results are approachable. (See [Giu03, KM05] and [DT15, DET19], for
example.) In this case, condition (w3) is satisfied, while (w2) might not hold any more.

The following is the first result of this chapter, partial regularity for the first order
derivatives of BV w-minimizers under the above Dini-type condition. Since the integrand
considered in this result and Theorem 5.1.3 below is of linear growth, we consider the relaxed
functional .#, which is defined in Subsection 3.1.4 as follows

ﬁ(u,n):/ﬂf(pu):/gf(vu) dac+/Qf°° ((ﬁg:g,) d| D%

for any u € BV (Q,RY). The corresponding definition of w-minimizers can be found in
Definition 3.1.6, and we take the definition (3.1.29) in this chapter.

Theorem 5.1.1. Suppose that the function f satisfies (LP1)-(LP3) with p = 1, and w
satisfies (w1)-(w3). Ifu € BVjoe(,RY) is an w-minimizer of Z , then it is partially reqular
in the following sense: there exists a relatively closed £ -null set S, C § such that u is C*
on Q\ Sy. Furthermore, we have that

(a) Dul (Q\S,) = VuL", and Vu has a local modulus of continuity p — p*+=
on Q\ S, for any a € (0,1);

(p)

1
2

(b) the singular set Sy is contained in X1 U Xa, where

3= {x €N liminf][ E(Du — (Du)g,p) > 0} ) (5.1.1)
By (z)

p—0t

Yo = {x € Q: limsup|(Du)g,| = oo} . (5.1.2)

p—0t



5.1. Assumptions and main results 107

In particular, if (w4) holds, we have u € Cllo’g(Q \ Sy, RY). Example 3.1.9 shows that
the modulus of continuity p — p* 4+ Z1(p) obtained here is sharp.

Partial regularity for w-minimizers under the Dini-type condition (like (w3)) has been
proved in the super-linear setting (see [DGGO00, DK02, DGKO05]). The result above gives
the counterpart in the end point setting (p = 1), where there are difficulties from the low

integrability of BV maps as stated in the discussion after Theorem 5.1.3.

In the proof of Theorem 5.1.1, the conditions (w2) and (w3) appear in the iteration of
the excess decay estimate (Subsection 5.3.5), and the deduction from such an estimate to
the final Holder regularity (Lemma 2.2.19). Then it is natural to ask what happens if we
only assume (wl), i.e., the smallness of w near the origin. In this case, the strategy used
for Theorem 5.1.1 no longer works and the regularity of Du as above is no longer expected.
Even if it is possible to obtain a similar excess decay estimate

£(p) < C (%)2“ E(R) + C/alp), (5.1.3)

only the smallness of w(p) near the origin does not give any further information of Du or
&(p), since &(p) — 0 as p — 07 near Z"-almost every point in Q. However, it is still
possible to get partial Holder continuity of w in both the subquadratic (cf. [DGKO05]) and
the linear settings, which is stated in Theorem 5.1.2 and 5.1.3.

For the second result, a more precise characterisation of the second derivatives of f is
required and we replace (LP3) by the following with L > 0:

(LP3;) fis C? with |f"(z)] < L(1 + |2])P~2 for any z € RV*";
(LP33) f” is Lipschitz and satisfies

L‘Zl —2’2‘
(14 |21] + [22])37P’

for any z1, zo € RVX™,

1" (21) = f"(22)] <

Theorem 5.1.2. Suppose that the function f satisfies (LP1), (LP2), (LP3;) and (LP33)
with 1 < p < 2, and w satisfies (wl). Ifu € VVllo’f(Q,RN) is an w-minimizer of %, then it is
partially regular in the following sense: there exists a relatively closed £™-null set S., C Q

such that u € CZOO’S‘(Q \ S/, RN) for any o € (0,1). The singular set S!, is contained in X3,

where
Y3:=<xcQ: liminf E (D“_(D“)W> >0p. (5.1.4)
p—=0t /B, (2) L+ [(Du)z,pl

Notice that the condition on w in the above theorem is much weaker than that in
Theorem 5.1.1, as there is no control on the smallness of w near the origin. In the work
by GMEINEDER & KRISTENSEN [GK19al, it is shown that BV generalised minimizers of
quasiconvex functionals are partially C1* for any a € (0,1), which also holds for p > 1
(see [Eva86, GM86b, CFM98], and the references in Section 3.4). Thus, comparing the two
results above, one can see that the behaviour of w around the origin determines how much
regularity an w-minimizer can “inherit” from the corresponding minimizer(s).

The key step in our proof is to establish an excess decay estimate, which describes the
oscillation of the first-order derivatives of an w-minimizer, or how much an w-minimizer
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locally differs from a certain affine function. With a harmonic approximation process and
a Caccioppoli’s inequality, one can transfer such an estimate to an w-minimizer from a
corresponding harmonic map, which solves a relevant linear elliptic system.

The proofs of the two results above are in similar spirit and there are several difficulties
specially in our situation. Omne appears in the harmonic approximation, where it is
impossible to work in the natural space W2 for a linear elliptic system. This is due
to the low integrability in the sub-quadratic setting (1 < p < 2). We also emphasize that
in the linear setting, a weak reverse Holder inequality is unavailable as in Subsection 3.2.1
and 4.4.4. Thus, one cannot apply Gehring’s lemma to obtain a higher integrability, which
is usually helpful in showing an excess decay estimate in some similar cases (cf. Subsection
5.3.7). The approximation process in Subsection 5.3.3 is adapted from an approach by
GMEINEDER & KRISTENSEN ([GK19al, Section 4.3), and an explicit test map is constructed
with a Fubini type property of BV maps and truncation. The difference between minimizers
and w-minimizers also leads to an issue, as for the latter there is no Euler-Lagrange equation
holding. Thanks to the almost-minimality, we are able to establish an Euler-Lagrange type
inequality with the help of Ekeland’s variational principle.

The study without control on the smallness of w is more subtle. The excess decay
estimate cannot be carried out as in the proof of Theorem 5.1.1, and the same regularity
of Du is not expected any more. Instead of estimating the typical excess, we normalise it
by 1+ |(Du)s,,r| and then try to control the oscillation of Du on that scale. This method
is inspired by [FMO08], where the authors studied elliptic systems (variational functionals)
with coefficients a(x, u, Du) (integrands F'(z,u, Du)) only continuous in (z, u) in the context
p > 2. The solutions (minimizers) in this case may be considered as almost minimisers of a
family of functionals (see [DGGO0], Section 2). Similar results for scalar minimizers can be
found in [CFP99, Man88, Man86, Min06].

Notice that Theorem 5.1.2 is only for the setting 1 < p < 2. In the linear growth setting,
the second derivative matrix of the integrand f is degenerately elliptic (see Section 1.2 and
6.1), and the normalisation does not work due to such an imbalance. Nevertheless, near a
“good” point where the average of Du is uniformly bounded, it is possible to combine the
arguments of the previous two theorems to obtain a partial zero-order regularity.

Theorem 5.1.3. Suppose that the function f satisfies (LP1)-(LP3) with p = 1, and w
satisfies (wl). If u € BVioe(Q,RY) is an w-minimizer of ., then it is partially regular
in the following sense: there exists a relatively closed L™ -null set Si, C Q such that u €
CY(Q\ 8L, RY) with any o € (0,1). The singular set is contained in Xy U Sa, where 3

loc

and Yo are defined as in Theorem 5.1.1.

We believe that the approach used to prove Theorem 5.1.1 also applies to w-minimizers
in the super-linear setting (p > 1), which are studied in [DGG00, DK02, DGKO05]. In
the sub-quadratic setting, an Euler-Lagrange type inequality is also obtained in [DGKO05]
(Lemma 5), with which the harmonic approximation is done indirectly. This method can
also be adapted into our case (see Subsection 5.3.8 and Remark 5.4.6).
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5.2 Preliminary results for integrands

To prepare for the proofs, we first give some estimates and properties for the reference
integrand E, (as defined in (2.1.4)) and the shifted version of f.

5.2.1 Reference integrand

Obviously, we have that E,(z) = (2)’ —1is C? in 2, and an elementary calculation gives

E,(w) -z = plw)P~ 2w - 2, (5.2.1)
Ep(w)[z, 2] = plw) " ((w)?[2]* + (p — 2)Jw - 2[). (5.2.2)

Considering the two cases p € (1,2) and p = 1 separately, we have

pp = D{w)’221*, pe(1,2)

5.2.3
(w) 2%, p=1 023

E)(w)[z, 2] > {

Thus, the function F), is a convex function. In the following, we only consider E, with
1 < p < 2. By the definition and convexity of E,, it is easy to get the following:

Lemma 5.2.1. Suppose that 1 < p < 2 and set a; = /2 — 1,a3 = 1. Then the following
holds

a1 min{|z|P, |z|*} < E,(2) < azmin{|z|?, |z|?}, (5.2.4)
E,(az) < max{a,d’}Ey(z) and E,(z +w) < 2(Ey(2) + Ep(w))

for any a > 0 and any z,w € R with an arbitrary d € N*.
A corollary of (5.2.4) is

1
|2[P <1+ —FE,(z), foranyzeR? pell,?2). (5.2.6)
a
Proof. The Taylor expansion of E,(z) in terms of |2|? at the point |2|? = 0 is
E,(z :1—1—2224—0 2| —12822—1—0 2[4,
i 2 2

which gives E,(z) ~ |2|? when |z| < 1. It is obvious that E,(z) ~ |z[P when |z| > 1.
To get more precise estimates, we consider the two cases |z| > 1 and |z| < 1 separately.

Case t > 1. We compare E,(t) and tP.

P
2

E,t)=(14+t)2 1< 14 -1 =17,

then we have the right inequality. Set g(t) := E@’;St), then

b)) =L (a-@a+)E Y >o.

1 p_ -
g(t) = g (P + )2 —pt (14 #7) T

Thus, the function g(t) is increasing on [1,00) and g(¢) > g(1) =27 —1 > 2 — 1.
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Case t < 1. Consider E,(t) —t? and E,(t) — (v/2 — 1)t? and differentiate them to get the
desired result.

To show the first part of (5.2.5), consider £(t) = (1 + a?t)
When a > 1, differentiating ¢ gives

p
2

—a*(1+1)% +a2—1,t> 0.

(1) =a*L((1+a®)E - 1 +9F ) <o,
and thus £(¢) < £(0) = 0 for any ¢ > 0. In particular, we have Ej(az)—a’*E,(z) = £(|z]?) <0
for a > 1. For 0 < a < 1, the convexity of E, implies E,(az) < aFEp,(2).
The second estimate in (5.2.5) is a corollary of the convexity of E, and the first one
with a = 2:

(Ep(22) + Ep(2w)) < 2(Ep(2) + Ep(w)).

N |

Ey(z4+w) =E, (;(2;: + 2w)> <

O]

Lemma 5.2.2. Let 1 < p <2, B CR" be an open ball and u € LP(B,R™). Then for any
z € R™ we have

/ Ey(u—up)dz < 4/ E,(u— z)dx. (5.2.7)
B B

When p = 1, the function u can be replaced by a bounded R -valued Radon measure, and
the inequality holds in the relazed sense as in (2.5.2).

Proof. For uw € LP(B,R™), the claimed inequality can be easily obtained with (5.2.5) and
Jensen’s inequality.

Assume p = 1 and fix a bounded R™-valued Radon measure p. We extend it to R" \ B
by 0, i.e., for any Borel set A C R" define p(A) := u(A N B). Let {¢:} be the standard
mollifiers and set pe. = ¢. * pu. Then p. € L'(B,R™). Again by (5.2.5) and Jensen’s
inequality, we have

/ Ey(pe — (o)) dw < 2 / Ep(pe — 2) dz + 2.2 (B)Ey((p) — 2) (5.2.8)
B B
< 4/ E,(pe — z) da. (5.2.9)
B

Lemma 2.5.2 implies that p. converges to u area-strictly. With Lemma 2.5.4 we can take
e — 0 to obtain (5.2.7). O

The next lemma gives the estimate of {5 |u| in terms of f5 E,(u).

Lemma 5.2.3. Let 1 < p < 2, B C R" be an open ball and f € LP(B,R™). Set & :=
{5 Ep(f) dz, then we have

][ IfP dz < /€2 + 2€. (5.2.10)
B

When € < a, it is obvious that the right-hand side can be replaced by /(2 + a)E. When
p = 1, we have the analogue holds for any bounded R™-valued Radon measure.
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Proof. Suppose that f € LP(B,R™), then Jensen’s inequality implies

B (f 7o) < f BUspao < f B

where we used the fact E(tP) < E,(t). Notice that E(t) = v/1 + t2—1, which can be written
as t = \/FE2(t) + 2E(t), and thus we have the desired result. By a mollification argument
as in the proof of Lemma 5.2.2, we can also show the result for any bounded R™-valued
Radon measure. O

By definition, we know that for E;;‘, A € RV*" the analogues of Lemma 5.2.1 and 5.2.2

hold. Moreover, there exists ¢ > 0 such that

1

\2‘2 A
< cE . 2.11
A 1A+ e = 5 ) (5.2.11)

The following is a combination of Lemma 4.5.9 and Lemma 4.1 in [GK19a], and gives
an estimate from below of the first order expansion of Ej,.

Lemma 5.2.4. There exist constants c(p),c > 0 such that the following holds for any
w, z € R with some d € Nt :

cPE,(2), pe(l2), (5.2.12)
p=1.

E,(z w—Epw—EI’,wmz_ B
(2 +w) = Ep(w) — E,(w) >{CE(Z)<w>37

Proof. When p € (1,2), by Taylor’s theorem, (5.2.3) and Lemma 4.5.9 we have

B, (z + w) — Ep(w) — Eyw) - 2 :/ B (w + t2)[z, 2] (1 — ) dt

0
1 2
z
0 (1+|w+tz]?)2
|2
zc 7
(14 Jwf? +]22) 2

and the desired result comes from (5.2.11).
For the other case p = 1, notice that (w + tz) < (w) + t|z|. Then with (5.2.3) we have

/1 E(w+t2)[z, 2] (1 — t) dt > c/1 (k)] P
0

0 (w+tz)?
(-l

> | Gur i &

el

(w)? ((w) + |2])°

The final estimate can be obtained by considering the two cases |z| > 1 and |z| < 1
separately. O
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5.2.2 Estimates for the shifted integrand

Given any C? function f: RV*" — R and any w € R¥*", we define shifted integrand
fu(z) = f(z +w) = f(w) = f'(w) -2

1
:/ (1 —t)f"(w + tz)[z, 2] dt. (5.2.13)

0
Lemma 5.2.5. Suppose that f: RV*" — R is C? and satisfies (LP2). When p € (1,2),

there holds, with some constant ¢ = ¢(p) > 0,
/ fw(Ve)dx > cf/ Ey(Ve)dz, (5.2.14)
B B

[nl?1¢]”
(w)?=?

for any ball B C R, w € RV>*" » € Wol’p(B,RN), neRY and € € R*. Forp =1, the
corresponding estimates are, with some ¢ > 0,

ffw)negne >cl

(5.2.15)

/ fw(Ve)dx > 06/ VBE(Ve)d (5.2.16)

[nl?l¢1?
(w)?

Proof. With the quasiconvexity condition and Remark 2.6.2, we have

ffwhegned >dt

(5.2.17)

[ fal¥erdz = [ (fw+ V6) - 1) ds
B B
>e/( (w0 + Vo) — Ey(w)) de
_e/ p(w+ Vo) — Ey(w) — Ey(w) - Vo) dz,

where we used [ z-Vydz =0 for any z € RNX" and any ¢ € Wol’p(B,RN). Lemma 5.2.4
then implies (5.2.14) and (5.2.16).

Since quasiconvexity implies rank-one convexity (see (2.6.2) or [Dac08], Theorem 5.4),
there holds

@& ned - B (w)hoén®d >0
Then (5.2.3) gives the claimed estimates (5.2.15) and (5.2.17). O

The next two lemmas allow us to control some f;, related quantities with certain variants
of Ep.

Lemma 5.2.6. Suppose that f: RVX" — R satisfies (LP1)-(LP3) with p € [1,2). Then
for any m > 0 and any w € RN*" satisfying |w| < m, we have

| fu(2)| < CEy(2) (5.2.18)

hold for C = C(m,n,N,L,p) > 0.



5.2. Preliminary results for integrands 113

Alternatively, if we only assume (LP31) with p € (1,2), the estimate becomes
|fuw(2)| < CE(z) (5.2.19)

for any w € RVN*™ with a fived constant C = C(L,p) > 0.

Proof. The first estimate (5.2.18) can be shown directly from the definition by considering
the two cases |z| <1 and |z| > 1 separately. For the former case, we have

! 1
| fuw(2)] = /0(1—t)f”(w+t2)[z,Z]dt <5 sup " (w)]|2* < C(m,p)Ep(2).

|w|<m+1

In the latter, each term in the expression of f,,(z) can be estimated with (LP1) and Lemma
2.6.6:

|fuw(2)] = 1f(z + w) = f(w) = f'(w)z]|
< |f(z 4 w)| + [ f(w)] + £ (w)]|2]
< L2+ |z 4wl + |wP) + CL(1 + |w|P~Y)|2|.

From the facts |w| < m and |z| > 1, it is obvious that |f,(z)| can be controlled by E,(z)
up to a constant.
For (5.2.19), by the definition of f,,, Taylor’s theorem and (LP3;), we have the estimate

|fuw(2)| = |f(z +w) = f(w) = f'(w)z]
1
/0 Fw + t2)(1 — ) dt [2, 2]

) 2
</0 ( dt|z|*.

1+ |w+tz])2P

Lemma 2.9.3 implies that the integral in the last line is controlled by C'L(1 + |w| + |z])P~2.
The estimate (5.2.11) then gives the desired result. O

Lemma 5.2.7. Suppose that f: RVX" — R satisfies (LP1)-(LP3) withp € [1,2). Then for
any m > 0 and any w € RVN*™ with |w| < m, there exists a constant C = C(m,n, N, L, p) >
0 such that

|f5(0)z = fu(2)] < CE(2). (5.2.20)

Alternatively, with (LP3;1) and (LP32) instead of (LP3), and no bound for w, we have

£ (0)2 = fu () < C(1L+ [w)PT2E¥(2) (5.2.21)

with C = C(n,N, L,p) > 0.

Proof. The estimate (5.2.20) can be easily obtained by considering the two cases |z| < 1
and |z| > 1 separately. When |z| < 1, there holds

|fi(0)z = fl,(2)] = |["(w)z = (f'(w+ z) = f'(w))]

1 1
/ (F"(w) — f"(w + t2)) zdt‘ < o/ {22 dt < CE(2),
0 0
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where the last line is obtained with (LP3) and the fact w + tz,w € B(0,m + 1). In the
other case, we estimate the three terms directly with Lemma 2.6.6:

f(0)z = fo(2)] = [f"(w)z = (f'(w + 2) — f(w))] (5.2.22)
< C(m)|z| + CL2 + |w + 2P 4 |2[P7h) |Z|§>1 C(m,L)|z| < CE(2).

The proof of (5.2.21) is in a similar manner. When |z| < 1+ |w|, the condition (LP32)
implies

F1(0)z — ()] = ' ) - w22
1

< L/ tlel”

— Jo U+ |w|+ |w+tz])3P
ER

(1+ |wl])?

< C(1+ |w|)P2EY(2).

dt

p<2
< L(1+|w])Pt

When |z| > 1+ |w|, the estimate can be obtained in a way similar to (5.2.22) with Lemma
2.6.6 and (LP3;). O

5.2.3 Mean coercivity
To close this part, we present the LP mean coercivity of f, which helps us control the

LP-integral of |Vo| for v € WP by [ f(Vv)dz. This is a variant of (ili) = (ii) in
Theorem 2.6.8.

Lemma 5.2.8. Suppose that f: RV*" — R satisfies (LP1) and (LP2) with p € [1,2). Fiz
a ball Br = B(xg, R) C R™ and a map v € W'P(Bg,RN), then there exist az = az(p,£) >
0,a4 = as(n,N, L, ¢,p, f) € R and a5 = a5(n, N, L,{,p) > 0 such that

a3][ |VolPdz 4+ aq < f(Vv)dz + a5][ |Vul? da (5.2.23)
Br

Br Br
holds true for any v € WP (Bg, RN).

Proof. First, with the triangle inequality and (5.2.6) we have

][ Vol? do < C(p)][ (Vo — Vul’ + [VulP) de (5.2.24)
Br

Br

<) 7{3 (14 a7 By (Vo — Vu) + |Val?) da.
R

Notice that v — u € Wy?(Bg,RY), then (LP2) implies

l E,(Vv —Vu)dz < f(Vv —Vu)dz — f(0). (5.2.25)
Bgr Br
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To estimate the integral on the right-hand side, we apply Lemma 2.6.6 to get

7{9 (f(Vo— Va) — f(Vo)) da

1
S][ / |f/(Vv = tVu)||Vu| dtdz (5.2.26)
Br JO
1
< CL][ / (1+|Vo — tVulP™Y) |[Vu| dt de
BR 0

< CL][ (1Vul + [Vul + [Va| [Vo]") de

Bgr

<CLf (14 (140 [VuP 4 [Vop) da,
Br
where the o is to be determined. Combining (5.2.24)-(5.2.26), we know that

][ |VolP dz < 01][ 1+ 1 +o"7P) |Vulf + o |VolP) dz
Br Br

+ ]é (F(V0) — £(0)) dz + C(p),

where ¢; = ¢1(n, N, p,L,£) > 0,¢c2 = ca(p,£) > 0. Take 0 = 51—, then (5.2.23) follows. [

2c1?

Remark 5.2.9. The convexity of |-| together with Remark 2.5.6 tells us that (5.2.23) can
be extended to maps in BV, (Bg, RY) if p = 1.

5.3 First-order partial regularity

This section is devoted to the proof of Theorem 5.1.1, the partial regularity for the first
derivatives of BV w-minimizers when w satisfies (w2) and the Dini-type condition (w3).
The process is composed of six steps, each corresponding to one subsection below. An
indirect argument is given at the end, in which the harmonic approximation is proved by

contradiction as in [DGKO05]. Throughout this section, we fix a BV w-minimizer u of .% as
defined in Definition 3.1.6.

5.3.1 Caccioppoli-type inequality

We now give a Caccioppoli-type inequality of the second kind for u. Such an inequality
allows us to control Du with u in the integral sense.

Proposition 5.3.1. Suppose that f: RN*" — R satisfies (LP1)-(LP3) with p = 1, and
u € BVioe(Q,RYN) is an w-minimizer of F with constant Ry > 0, where w satisfies (wl).
Then for any m > 0, there exists ¢ = ¢(m,n, N, L,€) > 1 such that the following holds: for
any B(zo, R) CC Q with R < Ry, and any affine map a: R™ — RY satisfying |Va| < m, we

- BRE(D(u_a))gc</BRE<

Proof. Let f = fvq as defined in (5.2.13), & = u—a. Then it is obvious that f is quasiconvex
and 4 is an w-minimizer of the functional corresponding to f. Fix r, s such that % <r<s<

u—a

) dz + w(R)R”) . (5.3.1)
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R. Take a smooth cut-off function p between B, and B, with p € C2°(By) and |Vp| < 2,
and set ¢ = pu,¢ = (1 — p)u. Let {¢:} be the standard mollifiers and p. = ¢ * ¢, then
©e € Wol’l(Bs,RN) when ¢ < dist(supp(p), 0Bs).

The strong quasiconvexity of f gives, by (5.2.16),

C(m,0) | E(Vg.)dx < f(Ve.)dz
B Bs

It is easy to see that (. converges to ¢ in the area-strict sense in BV (Bs, R"V). Take ¢ — 0,
then by the quasiconvexity of f and E (E is actually convex), and Lemma 2.5.5, there holds

C E (Dyp) < / f Dy).
We can further proceed as follows:

¢ [ mpi<c| By < / F(Dy)

B,
f(Da)+ [ f(Dy) - f(Du)
Bs By
</Bsf(D¢)+”($)/ 1+ 1Dyl /sto /f
(5.2.18)
< E(D¢)+w(s)/ (1+|D1,Z)|)+C/ (E(Dy) + B(Di)).
B, B, B:\B,

The second term can be estimated by the fact |z| < iE(z) +1

o) [ 41D <o) (27 + [ 100
<29"Byw(s)+C | E(Dv).

Bs

Inserting this into the estimate of C' [, E(Da), we obtain
/ E(Di) < C ( E(DY) + / (E(Dy) + E(Di)) —l—w(s)s”)
- B, Bs\Br

=C (/ E((1-p)Du—a® Vp) + / (E(Du) + E(pDu+ u® Vp)) + w(s)s")
s Bs\Br

<cC (/BS\BT E(Dﬂ)+/SE (Sﬂr> dx+w(R)R”> |

Now we can apply the hole-filling trick, adding C' [ B, E(Du) to both sides and dividing the
inequality by C + 1. Finally, the desired inequality can be obtained by applying Lemma
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2.9.1 with

T \If(t)_C_H/BRE<

5.3.2 Euler-Lagrange inequality

The minimizers of a functional with a regular integrand satisfy the corresponding Euler-
Lagrange equation. In the case of w-minimizers, the equation does not hold anymore,
while we are able to obtain a corresponding inequality instead with the help of Ekeland’s
variational principle.

Proposition 5.3.2. Suppose that f: RV*" — R satisfies (LP1)-(LP3) with p = 1, w
satisfies (wl) and u € BVjoe(Q,RY) is an w-minimizer of F with constant Ry > 0. Take
Br = B(xo,R) CC Q with R < Ry. Given any 6 > 0 and any ball B = B(x, R) CC

with R < Ry, there exists a map w € W,}’I(BR,RN) satisfying

][ E<u—w> dr <§+Cve+d, and (5.3.2)
Br R
' (Vw)Vedz| < Ve + 5][ IVo|dx, for any ¢ € WOI’I(BR,RN), (5.3.3)
Br Bgr

where C = C(n,N) > 0 and

L — L
E:w(R)][ (a6 +arlDul), ag=1+ " g =BTL (5.3.4)
Br as a3

with the constants as, aq, a5 in Lemma 5.2.8. Furthermore, given any affine map a: R —
RY | we have

E(Vw—Va)dz <2 E(Du—Va)+2vVe+ 6§+ C(6,Va), (5.3.5)
BR BR

where the constant C(8,Va) is positive and vanishes as § — 0F.

Proof. For a given § > 0, Remark 2.5.6 implies that there exists us € W&’l(BR,RN ) such

that
][ Ju=usl 4 < 6, E(Du) — 4 E(Vus)dz| <4, (5.3.6)
Bgr R Bgr Br
f(Vug) dx — f(Du)| <. (5.3.7)
Br Br
By the w-minimality of v we have
F (u,Br) < Z(v,Bgr) + w(R)/ (1+ |Dv|) (5.3.8)
Bg

for any v € BV, (Bg,RY).
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Again from Remark 2.5.6, we know that

inf ZF(v,BRr) = inf Z(v,Bg) =1
veW L (Bg,RN) ( R) veBVy(Br,RN) ( R)

and there exists {v;} C Wa'' (B, RY) such that F(vj, Br) — I. The mean coercivity of f
(Lemma 5.2.8) implies

1
][ (1+|Dvj])dz <1+ — <][ f(ij)dx—l—ag,][ |Du]—a4>
Bgr as Bgr Br

1
<1-M B4 pyl+ — < f(Du) + 5j> (5.3.9)
az  az Jpp as Br
S][ (ag + a7y |Du|) + —
Br as
Where 5 = Tay |( (vj,Br)—1) = 0as j— o0, and ag = 1+ La_3a4, ay = % as defined

in (5.3.4). Take v to be v; in (5.3.8), and the above estimate gives, when j — oo,

Z(u, BR) < inf Z (v, B R Dul). 5.3.10
(LBR S int  F B +eR) [ s +arlDu) (53.10)

Set ¢ = w(R) fBR(ag + a7|Dul) as in (5.3.4), and it is easy to see € > 0 from the above
estimate (5.3.9). Then by (5.3.7) we have

Z (us, Bgr) < inf Z (v, BR) + wpR" (s + 6
(us R)_vEBVul?BR,RN) (v, BR) +wn R™(e +9)

= inf F (v, BR) + wpR" (e + 0).
veWoH(Bg,RY)

Consider the complete metric space X = Wa (Bg, RY) with d(w,wy) = fBR|V wy —
way)| dz. Take F(w fB f(Vw) dx and apply Corollary 2.8.2 with € replaced by ¢ + 4,
then there exists w € VV1 1(BR, RY) such that

(a) d(us,w) < Ve+0
(b) Flw) < F(us);
(¢) F(w) < F(v) + Ve + dd(w,v), for any v € X = W' (Bgr,RM).

From the choice of us and Lemma 5.2.1, we have

u—w lu —w
FE de][ ———dz
]iR < R > By R
lu — | ][ lus — w|
< ———dz + ———dx
][]:E?R R Br R

6+C’(n,N)][ |Vus — Vw|dz
Br
<5+CVeto,

IN
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where the third line comes from (5.3.6) and Poincaré’s inequality, and the fourth from (a).
This gives (5.3.2).
For any ¢ € Wol’l(BR, RY), we take v = w + tp and insert it into (c) to obtain

f(Vw)dz < f(V(w+t<p))dx+V8+(5t]][ V| de.
Br Br Br

Move the first term of the right-hand side to the left, divide both sides by |¢| and take t — 0,
then we have the Euler-Lagrange inequality (5.3.3) as claimed.
Finally, we set @ := v — a and %5 = us — a. Lemma 5.2.1 then implies

E(Vw—Va)dzr <2 E(Vw — Vus)dz + 2 E(Vig)dz

Br Br Br
§2f]Vw—Vwa+2< E(Vag) da — 1%Dm>+2 E(Da)
Br Br Br Br
(a)
§2v5+5+2< E(Vag) da — 1ﬂDm>+2 E(Da).
Br Br Br

By Remark 2.5.6 we know that the second term in the last line can be controlled by some
constant C'(8, Va) > 0, which goes to 0 as § — 0. O]

5.3.3 Harmonic approximation

Again, we take an affine map a: R — RY with |Va| < m for some m > 0, and f = fva-
Now we compare v with a harmonic map h which coincides with u on the boundary of a
certain ball.

Proposition 5.3.3. Suppose that the function f: RNX" — R satisfies (LP1)-(LP3) with
p =1, w satisfies (wl) and u € BViyo(Q,RY) is an w-minimizer of F with constant Ry > 0.
Let m > 0 be a fized constant, a: R — RY be affine with |Va| < m and f = fya. Assume
that Br = B(wo, R) CC Q is a ball such that |Du|(0BR) = 0 and u|sp, € BV (0Bg,RY).
Then the system

—div(f"(0)Vh) =0, in B
V(7" (0)7h) ; -
hloBr = uloBg on OBR
admits a unique solution h € WY (Bgr,RY) such that
1
<][ |Vh—Va|rd:E> <C |Dr(u — a). (5.3.12)
Br OBRr

The exponent r is as in Lemma 2.2.10 and C = C(m,n,N,L,¢,r) > 0. Furthermore, for
any q € (1, 25), there exists a constant C' = C(m,n, N, L,£,q) > 0 such that

723 B (u}—%h) dz < C ( D= a,))>q +C(VE+ VAT, (5.3.13)

where € = w(R) fBR(aﬁ + ay|Dul) is as in Proposition 5.3.2.
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Proof. From (LP3) and (5.2.17) we have that |f”(0)| < C(m) and satisfies the Legendre-
Hadamard condition (2.7.1) with A\ = A(¢,m). By Lemma 2.2.10 we know that u|sp,, €
Wl_%’r(ﬁBR,RN) for a proper r > 1 and

1
<][ / T L dH" () dH”‘l(y)> éCRi][ | Dul. (5.3.14)
0BR JOBg \30 \ 9Bn

Lemma 2.7.2 implies the existence of a unique solution h € W (Bg, RV) to (5.3.11). Then
with (5.3.14) and Remark 2.7.3, we have the estimate (5.3.12).

Fix 6 > 0, and let w be as in Proposition 5.3.2. Take an arbitrary ¢ € C®(Bg,RY),
then by (5.3.11) we have

F10)[V(w—h),Veldz = £ f/(0)[Vi, V] dz
Br Br

=]i3 (f"(0)[Vw, V] — f (Vi) V) dz + - f'(Vw)Vedz (5.3.15)

<C E(V@D)|ch|dx+\/e+5][ V| da,
Bgr Bgr

where W = w—a and the last line is obtained by Lemma 5.2.7 and (5.3.3). By approximation,
@ can be taken in Wol’oO N CY(Bg,RY). To obtain the desired estimate, we need to find a

proper test map ¢, before which we scale to the unit ball B(0,1)(=: B).
Define ¢ := w — h, and set

Y(zo + Ry) _plwot+Ry) 5\ w(zo+ Ry)

U(y) := 7 7<I>(y):—T,

Consider, with A := f”(0),

—div(AV®) =T(V¥), in B
(5.3.16)
®lop =0, on 0B,
where
v, U <1
T(U):=< T 5.3.17
(¥) — ¥ > 1. ( )
¥

As T(V) € L®(Bg,RY), the solution ® exists and lies in I/VOI’S N W?25(Bg,RY) for any
s > 1. We take s > n so that by Morrey’s inequality

|V®|| Lo < C||®|lyy2s < C|T(P)||zs <C (][ E(¥) d:c> . (5.3.18)
B
Thus, we can test (5.3.16) with ¥ to get

]{BE(‘II) dz < ag]imin{|\11|, @12} dz = ag ]{B[T(\P), Ul dz
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= a2][ AV®, VU] dzx = a2][ AV, V] d
B

(5.3.15)
e, E(VW)\V<I>|dm~I—a2\/5+ ][W(I)dx

oL (fEVdeJr\/eT)(][E d:c)1

Setting ¢ = s’ = we obtain

s— 1’
]éE(\Il) dz < C <]é E(VW) dx)q +C(e+0)%. (5.3.19)

Back to Bpg, the above inequality becomes

][BR b (T) dr<0 < ,, EVw—a) dl’>q + Ol +6)3. (5.3.20)

To compare u and h, we decompose ©— h as (u—w) + (w—h), and use (5.3.2) and (5.3.20):

]{BRE<UI—%71> dz < C . (E(“;%w)+E<T>> dz (5.3.21)

<26+CVe+d+C (ﬁ E(V(w— a))dx)q +C(e+0)2.

R

The term concerning V(w—a) can be controlled in terms of D(u—a) with (5.3.5). Combining
the estimates above and taking ¢ — 0, we have (5.3.13) hold. O

5.3.4 Excess decay estimate

Suppose that u is a BV w-minimizer of F as in the last subsection. For any ball
B(zg, R) CC , define the excess of u as

&(xo, R) := . E(Du — (Du)gy). (5.3.22)

This quantity measures the oscillation of Du on Bg (or the deviation of u from being
an affine map with gradient (Du)p, as it vanishes when w is affine). We will abbreviate
& (g, R) as &(R) when the centre x is clear in the context.

Proposition 5.3.4. Suppose that f: RVN*" — R satisfies (LP1)-(LP3) with p = 1,
w: [0,00) — [0,00) satisfies (wl) and u € BViy(Q,RY) is an w-minimizer of % with
constant Ry > 0. If a ball B = B(xo, R) CC Q is such that R < Ry and

(Du)g,| < m, ][ |Du— (Du)g,| <1 (5.3.23)

Br

for some m > 0, then we have

E(oR) < c(o? + o~ "DE(R)THE(R) 4+ co~ " /w(R) (5.3.24)
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holds for any o € (0,1) and any q € (1, -2=) with some ¢ = c¢(m,n,N,L,¢,q) > 0.

n—1

Proof. When o > %, (5.3.24) is easy to show, and thus we only consider the case o € (0, %)
Set a(z) = up, + (Du)py(x — x9) and & = u — a, f = fya. Take p € (%R,R) such
that |Da|(0B,) = 0 and a|sp, € BV (0B,,RY), then by Lemma 2.2.10 and 2.2.9, we have
Ulpp, € Wl_%’r((‘)BP,RN), where r = -5 if n > 3, and r can be taken arbitrarily in (1,2)
if n = 2. In addition, the corresponding estimate is as follows:

. . C(n,N,r .
ol ypp. < Cu N [ (Diilan,) < SB[ pal. Ga)
9B, Br

Let h be the harmonic map determined by (5.3.11) with R replaced by p. We moreover
define ) . )
h=h—-a, A(z)=h(zo)+ Vh(zo)(x —x0), apo=a+ A.

Then Lemma 2.7.1, 2.7.2 and (5.3.25) imply

1

T

|meﬂ§mmtﬂkgcf]Vde§C<f]VMHh)
Bp B, By

2
C C

< = [fL|BBP]W17%,r < anl/B |Du| < C g | Da|.
R R

Then by assumption, we have

|Vao| < |Va| + |VA| < |(Du)p,|+C |Du| <m+ C =: Cp,.
Br

For any o € (0, %), we have 20R < 5. Lemma 5.2.2 gives

f 1mmk4Dm&g§4f E(D(u — ap)), (5.3.26)
Bsr Bsr

and the Caccioppoli inequality (5.3.1) implies
U — ap
][ E(D(u—ag)) <C (7[ E ( ) dz +w(20R)> (5.3.27)
Bsr Baor 20R

a—nh h—A
<2 FE FE d 2 .
<2C B20R< <20R> + < 50 R )) x4+ Cw(20R)

By Lemma 2.7.1 we have, for x € By, R,

— _ 2
() =A@ _ o gl =l

< 2p
20R Do 20R —-C“Riﬁﬂv |

< ca][ V| dz < Ca][ ID- (iilo, )|
B, G}

P
(5.3.25)
< CO’][ |Du — (Du) |
Br
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<Co ( o E(Du — (D“)BR)>é )

where the last inequality is by Lemma 5.2.3, (5.2.4) and the bound we assume in (5.3.23).
Thus, again by (5.2.4) we have

]im E <Z;}?> dz < E (CJ < o E(Du — (Du)BR)> é) (5.3.28)

< G,QCO'Q][ E(Du— (Du)gy).
Br

The term concerning @& — h can be estimated with (5.3.13):

]{B%RE (2;;) dz < U’iQ ]épE (ﬂ;h> dz (5.3.29)
< ng ((é E(D(u—a))> +VE+ \/Eq>,

where € = w(p fB ag + a7|Dul) with ag, a7 as in (5.3.10). Considering |Du| < |Du —
(Du)p,| + |(Du)BR] we obtain by assumption that ¢ < Cw(p) < C. The above estimates
(5.3.26)-(5.3.29) and the estimate for € together give

7{9 y E(Du — (Du)g,,) < % (( . E(Du — (Du)BR))q + w(R)> (5.3.30)

+Co?+ E(Du— (Du)gy) + Cw(20R),
Br

from which (5.3.24) can be easily derived. O

5.3.5 Iteration

Now it is time to do iteration with (5.3.24) and to get some regularity result of u. Before
that we present a lemma concerning the summability of w to a certain power.

Lemma 5.3.5. For any fized r >0, a € [1,1) and 7 € (0,1), we have

Zw (riry < —2%B = ), (5.3.31)

STz 1— 72087

where [ is as in (w2). In particular, with C(a, ) = 2a8 < 2 we have

w(r) < C(a, B)Ea(r). (5.3.32)

Proof. The idea is to transform the terms in the sum on the left-hand side into integrals on
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disjoint subintervals of [0, r]. Indeed, by (w2)

j—1 1

T r, .« afj—1 Ti—1p
/' w(p) dp > w(r77r) / p2a671 dp
TIr P

N (ijlr)2aﬁ Tir

afri—1 1 . .
g (778 — (st
- 2;5(1 a8y e (i),

Summing over j we obtain

o0

28 [Twt(p) 208 _
Z%wo‘(ﬂr)é 128 |, d :71_7205,3:0‘(”‘
J:

With the above lemma, we are able to iterate the process in Proposition 5.3.4.

Proposition 5.3.6. Suppose that f: RV*" — R satisfies (LP1)-(LP3) with p = 1,
w: [0,00) = [0,00) satisfies (wl)-(w3) and u € BVje(Q,RY) is an w-minimizer of F with
constant Ry > 0. For any a € (g, 1) and m > 0, there exist C = C(m,n,N,L,{,c,3) >
0,em > 0 and 0 < Ry < Ry such that the following holds: if Br = B(xg, R) CC Q is such
that

(Du)p,| <m, &(x0,R) < %’” R <Ry, (5.3.33)

then for any 0 < p < R, there holds

£(p) < C (%)20‘ E(R) + C/alp). (5.3.34)

Proof. By Lemma 5.2.3, we have

][ |Du — (Du)p,| < v/38(R)
Br

if &(R) < 1. Then set &, < % so that fBR|Du — (Du)By| < 1. Meanwhile, we take R; such
that w(Ry) < 1. The assumptions of Proposition 5.3.4 are satisfied and then, with a fixed
q € (1, ;%¢) we have

E(0R) < c(6® + o~ "DE(R)INE(R) + co™ "2 /w(R), (5.3.35)

where ¢ = ¢(m,n,N,L,{,q). Set Cpy1 = ¢(m + 1,n,N,L,¢,q)), and it is obvious that
(5.3.35) holds with C,,,11 instead of the constant ¢ above. Take o € (0, %) and then e, €
(0, %) such that

—(n+2)

2c 2c
s .

1
E?n_l<50'

In this case, with ¢; := Cp,y10~ ("*2)| the estimate (5.3.35) becomes

E(oR) < 0% E(R) + c1/w(R).

1
Cmy10? < 5 Cmy10
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To do the iteration, we consider the following

(1) |(Du)p ;| <m+1,
(1L;) 8(07R) < 0¥°E(R) + ex\Jw(07 R),
(ITL) E(0'R) < e,
where co = O_BTUQQ. The three conditions above hold for j = 0. We assume that they

hold for j =0,1,...,k — 1 with £ > 1 and argue inductively in the following. For any j €
{0,1,...,k—1}, condition (ITI;) together with &, < % implies fBUjR\Du - (Du)BU].R] < 1.
Combining this with (I;) we have, by applying Proposition 5.3.4 for k times, the choice of
0, &m and condition (w2),

k—1
E(0"R) < 0™ E(R) + 1 > o** 710 Jw (o R)
7=0

k-1
< o?**¢(R) + ¢, Z gU=RBT2(k=i=1e [ 5ok R)
7=0
2ka €1
<o éa(R)—i-m CU(O'kR),

which actually gives (II;). Take o and Ry small enough such that 0@ < I, ca/w(Ry) < &,
and we furthermore have (III;). Finally, to get (Ix) we use the triangle inequality

k-1

(Du)p | < (Dw)pg| + ) |(Du)p i1, — (Du)p ;.
j=0

For any j € {0,1,...,k — 1}, by Lemma 5.2.3, (I1I;) and (II;) we have

(DW, 1, ~ D, | <o f - 1Du=(Du)s,,, |

cJR

< o\ B80T R) < 7 (306 (R) + Beay (o )}

< o7"(V307\/E(R) + \/3cawi (0 R)).

Sum up the above from 0 to £ — 1 with the help of Lemma 5.3.5 to obtain

k—1
(Du)p_, .| <m+V30™™ Y (07\/E(R) + \/cawi (o7 R))
5=0
\/E
<m++V3c " (£) + @ﬁﬁ Ei1(R) .
L—0% 91 -062) *
We require
V3o~ 1 V3co o™ _ 1
1 _ga Vem < bR mu%(Rl) < 5
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which can be satisfied when €, < 1, Ry < 1. Then (Ij) also holds true. Notice that in the
above we have chosen o,ep,, R in order such that |[(Du)p,| < m,&(R) < & and R < Ry
imply (I,)-(IIL;) for any j € N. Given any p € (0, R), we can take 0*T1R < p < o*R and
get the desired estimate for &(p) by controlling it with & (c*R). O

5.3.6 Regularity near a “good” point

Assume that f: RV*" — R satisfies (LP1)-(LP3) with p = 1, w: [0,00) — [0,00)
satisfies (w1)-(w3) and u € BVje(Q,RY) is an w-minimizer of .# with constant Ry > 0.
From the results we obtained above, it is possible to deduce a first-step partial regularity
result. We claim that there exists a relatively closed Z"-null set S, C € such that u €
CL.(2\ Sy, RN), Dul (2 \ S,) = VuZ", and Vu has a local modulus of continuity
prp*+Zi(p) on Q\ S, with any « € (0,1).

Actuallyf for any zg € 2 such that

limsup|(Du) g r| < oo and lim inf][ E(Du — (Du)gy,r)dz = 0, (5.3.36)
B(zo,R)

R—0+ R—0t

one can show that there is a small neighbourhood A of zy such that Dul N/ = Vu.#™ and
Vu has the desired modulus of continuity in A (cf. Proposition 4.9 in [GK19a]).

Denote by R1 and Ro the two subsets of 2 where the two conditions in (5.3.36) are
satisfied, respectively. Fix an arbitrary o € (g,l), and take g € Ri N Ry. Suppose
limsupp_,g+| (D), 7| = m < 00, and select Ry < R; such that

1
‘(DU)BR2‘ < m+§, (o("(l'o,RQ) <T <1,

where the constant Rp is as in Proposition 5.3.6 for m + 1 instead of m and 7 is to be
determined. For any y € B(xo, %), it is easy to see B(y, %) C B(zo, R2) and

futh@><2f7 E(Du — (D)o 1) + 2E((Du)y. 1y 2 — (D)o 1)
B(y,R2/2)

<4f E(Du — (Dt)sy 1,)
B(y.Ra/2)

<4-2"8(x0,R2) < 4-2"7

by (5.2.5) and the convexity of E. The average of Du on B(y, %) can also be controlled as
follows with Lemma 5.2.3

‘(Du)y,R2/2| < ‘(Du)y,R2/2 - (DU)HCO,R2’ + ’(Du)ﬂﬁo,PQ’
1
<f DU Dugm] tm
Bly.Rs/2) 2
1 1
< \/35($0,R2)+m—|—§ < \/37'+m—|—§.

Then take 7 such that )
4-2"1 < gpy1, and V3T < 2
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where &, 11 is the € in Proposition 5.3.6 with m+1 instead of m. From the above discussion,
we know that for any y € B(xo, %) the conditions of Proposition 5.3.6 are satisfied with
m+ 1 on B(y, %), and thus the estimate

Ey,p) < C @’;)a E(y, Ra)2)+Cr/w(p) < 4-27C @’Z)a & (0, Ra) + C/a(p) (5.3.37)

holds for any p < %.

From Lemma 2.2.19 with h(p) = p*+ \/w(p), we can see that Du L B(x, %) = Vu?".
Moreover, the gradient Vu is continuous with a modulus of continuity p — p® + = 1 (p) in
B(.%'(), %)

It is easy to see that R N Rz is of full measure in €. Indeed, by (a modification of)
Theorem 1.31 in [EG15], we know that Z"(Q\ Ry) = 0, where

d| D%yl
dzn

Ry = {x €N (x) = 0} U{z € Q: z is a Lebesgue point of Vu} .

For any zop € Ry, we have

lim sup| (Du), k| = |Vu(zo)| < o
R—0

and that, with Br = B(xo, R)

&(xo, R) = ]i E(Du — (Du)Rr)

<2 E(VU(VU)R)d$+2E(
Br

— 0 as R— 0.

DSU(BR)> |D*u|(Bg)
Z"(Br) Z"(BRg)

Then one can see R, C R1 N Ry and Z"(Q\ (R1 N R2)) = 0. Thus, our claim at the
beginning of this subsection holds true, and there is a singular set S, of u with S, C
Q\(Rl QRQ) =31 Us.

Remark 5.3.7. The modulus of continuity of Vu obtained here is p — p® + = 1 (p), not

the claimed one p — p® + Z1(p) in Theorem 5.1.1. This modulus comes from the excess
2

decay estimate (5.3.34), where the exponent of w(p) on the right-hand side is 3, while the

ideal one to obtain the claimed modulus is 1 as in (5.3.46). There are two places where we
lost some power of w:

e In (5.3.18), the order of V® on the left-hand side is 1, while that of ¥ on the right-hand

side is 2 (if we assume ¥ to be small).

e In (5.3.21), we controlled E (%) by |*%=|, where the former is possibly of power
2 if it is small, while the latter is of 1.
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5.3.7 Improvement of regularity

With the regularity proved above, it is possible to further show that the local modulus
of continuity of Du is p — p* + E%(p) for any a € (0,1). On any open set ' CC 2\ Sy,
the C'-norm of u is finite, and then it is sufficient to perform the proof of regularity in the
quadratic case as in [Giu03], §9.4. For completeness, we sketch the process here.

Proposition 5.3.8. Suppose that f: RV*" — R satisfies (LP1)-(LP3) with p = 1,
w: [0,00) — [0,00) satisfies (w1l)-(w3) and u € BVjye(Q,RY) is an w-minimizer of F
with constant Ry > 0. Let Sy, be the relatively closed singular set as in last subsection.
Take Q' <C Q\ Sy and M = M(Q') = ||lul|c1(qry > 0. For any ball B(zg, R) CC ' with
R < Ry, if a: R™ — R is an affine map with |Va| < m for some m > 0, then there exists
C=C(m,n,N,L,¢,M) >0 such that

]gR V(u—a)f?dz < C (éR [u ;{2@'2 dz -|—w(R)> . (5.3.38)

Proof. In Proposition 5.3.1 we have already obtained a CaccioppoQIi’s inequality in the form
of E. By the basic properties of £, we have E(“%*) < ag |“]_%§L " To deal with the left-
hand side, notice that |V(u — a)| < |[Vu| + |Va| < M + m and then E(V(u — a)) >

C(M +m)|V(u—a)? O

In this case, we also have a higher integrability of Vu as in Section 3.2.

Proposition 5.3.9. Suppose that f,w,u, Sy, and M () are as in Proposition 5.3.8 and
20 € RVX" satisfies |z0| < m. There exist ¢ = g(m,n,N,L,£, M) > 1 and a constant C =
C(m,n,N,L,¢,M,q) > 1, such that |Vu — z| € LleC(Q’), and for any ball B(yo, R) cC
we have

1
q
7[ Vu — 2)*7dz | <C ][ |Vu — 20|? dz + w(R) | . (5.3.39)
B(yo, &) B(yo,R)

Proof. Pick B, = B(zo,p) C B(yo, R) with p < Rp and a(x) = up, + 20(v — z0). The
average of u — a on B, vanishes by the definition of a, and then the Sobolev-Poincaré
inequality implies

2 2
= af? 2 ) T
o de<C( 1 Vu—a)*de) =C{F [Vu—zn[™dzr]| .
B, P B, B,

where 2, = 2% < 2. Combining Proposition 5.3.8 we have the weak reverse Holder

n+2
][ |Vu—z0|2dx<0<][ [Vu — zg
B B,

P
2

inequality

b
2 dx) + Cw(p). (5.3.40)

The above estimate holds for any ball B, C B(yo, R) with p < Ry and we can replace
the w(p) on the right-hand side by w(R). By the generalised Gehring lemma (see [Gia83],
Chap.V, [Str84], §2.3 and also Theorem 4.2.3), we know that there is an gy > 1 such that
|Vu — 29| € L?%(B(yo, R)) for any q € (1, q) with (5.3.39) holding true. O
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To get the regularity of u, we compare it with a harmonic map again, which is now taken
to be a minimizer of a quadratic functional. Take a ball B(z,2R) CC €' and consider

{ —div(AVh) =0, in Bg (5.3.41)

hloBy = uloB,  on OB,

where A = f(0) with f = fya and a(z) = upy, + (V) g, (z — x0). Tt is obvious that h is
the minimizer of

9(0.Bw) = [

v+ (Va0 + % F(Va) V(v —a), V(v — a)]) da.

Lemma 5.3.10. Let f,w,u,S,,QY, M(QY) be as in Proposition 5.3.8, q be the exponent
obtained in Proposition 5.3.9 and f, a,Br be as above. Then there exists h € C° N
Wa (Br,RN) which solves (5.3.41) for any v > 1. In addition, with some C =
C(n,N,L,¢,M,q) > 0 we have the following estimate

]{BR!v(u —h)}dz < C <]é2R|V(u —a))? dm) t + Cw(2R). (5.3.42)

Proof. The existence of h is clear by Lemma 2.7.2 and the fact u € C'(Bg,RY).
Furthermore, we have |V (u — h)| € L?>(Bgr) and by (5.2.17)

/ V(u—h)Pde< ¢ [ POV (- h),V(u—h)d
Br 2 Br

=C(9(u) —9(h))
= C(Y(u) — F(u) + F(u) — F(h) + F(h) — 9 (h))
—: C(I +II + III).

The w-minimality of u, Holder’s inequality and the L2-estimate of (5.3.41) (see [Giu03],
§10.4) give

ng(R)/ (1+ |Vh]) de
Br

< w(R)(L™(BR) + CR?||Vu 12(5y))
<w(R)w,R"(1+CM).

By the C! boundedness of u, it is clear that |V(u — a)| < 2M and then we can estimate I
with (LP3;) as follows

1
-/ ) | 0= 00 (Va9 (= a)) = TV (=), V= )] da

< C’(M)/ |V(u— a)|®dz

Br

Q

<]2R]V(u — a)[™ dx);

< C(M)w, R" (é V(- al d:c)
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»Q\‘H

o (f o) (f [Ve-afs o),

where the ¢ can be taken smaller than 2 so that there holds the inequality |V (u — a)|¢ <
(2M)7 2|V (u — a)|?. The estimate of ITI is similar with the help of the LP-estimate of
(5.3.41) (see [Giu03], Section 10.4). Summing up the estimates for I, 1] and II1 gives the
desired inequality. O

With the estimate between v and the harmonic function h, we can obtain the following
excess decay estimate from the regularity of h.

Proposition 5.3.11. Suppose that f,w,u,S,, Y, M(Q) are as in Proposition 5.3.8 and q
as in Proposition 5.3.9. Take a ball B(xg, R) such that R < Ry and B(xy,2R) cC Q. For
any 0,7 € (0,1) we have
1
E((0R) < Clo™™ + o) (@@1(23)”? + w(QR)) + Co¥ & (2R) (5.3.43)

with C = C(n,N,L,¢,M,q,7) > 0, where & is the L*-excess of u
&1 (o, p) = ][ Vu — (Vu)p,|* da.
By

Proof. Suppose that h is as in Lemma 5.3.10. For any p < R and any fixed v € (0,1), the
map h satisfies, by §II1.2 in [Gia83],

][ IVh — (Vh)p,|>dz < C (}’;)7][ IVh — (VA) g, |? da. (5.3.44)
B, Br
Then the excess of Vu can be estimated by comparing Vu and Vh, which gives

][ qu—(vu)pr<6][ |vu—Vh\2dx+3][ \Vh — (Vh)p,|* dz
Bp Bp BP

n 2
<6 <R> ][ [V~ Vh*da +3C (%) 7][ Vh = (Vh) g, | da.
p Br R Br

The last term of the right-hand side can be estimated by

][ |Vh — (Vh)pg|*dz < 6][ |Vu — Vh|[?dz + 3][ \Vu — (Vu)p,|* d.
Br Br B

R

Taking Lemma 5.3.10 into consideration we have the following desired estimate

]{Bpwu— (Vu)p,|* dz
<C ((f)n + (;)QU ]éRW(u— W2de +C (g)%ﬁRwu (Vg de
ol ) (o)
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AN _ 2
+C<R) ]{92R|Vu (Vu)p,, | da.

Replace 2R by R and then the excess estimate is
Ei(0R) < Co™ +0) (G(R)FT +w(R)) + Co (). (5.3.45)

It indeed holds for o € (0,1) as the case o € (%, 1) is obvious. Given « € (0,1), we take
~v > « and do iteration as in Subsection 5.3.5. The final statement is as follows: There exist
g0 > 0 and Ry > 0 such that if B(xzg, R) CC ' satisfies

&(R) < %0 R < R,

we have

£(p) < C (%)za £1(R) + Cu(p) (5.3.46)

for any p € (0,R) with some C = C(n,N,L,¢,M,a) > 0. With an argument similar
with that in Subsection 5.3.6, it is easy to see that Vu has a local modulus of continuity
pr=p*+Z1(p) in ', and thus in 2\ S,. The proof of Theorem 5.1.1 is now complete.

2

5.3.8 Indirect argument

In [DGKO5] the authors showed partial regularity for w-minimizers in the sub-quadratic
case (1 < p < 2), where the harmonic approximation was done via an indirect argument.
That method can be adapted to the linear growth context to obtain out partial regularity
result Theorem 5.1.1. A sketch of the proof is presented in the following, and we mainly
show the part different from that in [DGKO05]. For some skipped details we refer the above
reference. Notice that with this method, only C? regularity of f is needed. In other words,
we replace (LP3) by

(LP3)" Fis C? and
|/ (z1) = f"(22)| < v (|21 — 22))

for any 21,22 € B(0, M + 1), where v/ is concave and non-decreasing on [0, o)
with vp7(0) = limy—,0 vas(t) = 0.

The Dini type condition of w can also be relaxed to Z1(p) < oo for any p > 0, as in the
excess decay estimate w(R) with the desired exponent V?fﬂl be obtained with one attempt.
For this argument, most of the steps in [DGKO05] remain the same. The difference is
twofold: the Sobolev-Poincaré inequality and the harmonic approximation.
Define two maps V, W on any Euclidean space R? with d € N*:

V(Ee) = — 0 W(e) =2

; ——— ¢eR%
(14 1€ 1+ [¢]

It is easy to see the following properties:

(i) W ()| < [V(E)| <275 [W(€)];
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(i) |[W(€)|? is convex in &;

(iii) [W(€)|* ~ |€]? near the origin and |[W (£)[? ~ |¢| near the infinity, which is similar
with E(&) (see (5.2.4)).

The following is a Sobolev-Poincaré type inequality with respect to W, which is analogous
to Theorem 2 in [DGKO05] but more involved.

Theorem 5.3.12. Let Br(xzp) C R™ be a ball with n > 2. Then for any u €

BV (Bg(wo),RY) there holds
EIEN >
dr| < ][ WOwR) . (5.347)
BR(J?())

(o (52)

where the constant cs depends on n, N. It also holds with a different constant if W is

replaced by V.

Proof. We only show for maps in W' N C>®(Bg(xg),RY). As |W|? is convex and thus
i |W|? is continuous with respect to convergence in the area-strict sense in BV, the general
case can be done by approximation. For any two distinct points z,y € Br(xp), it is easy to
see |x — y| < 2R. Then fix an = € Bg(zg), we have

_ _ lz—y|
[u(@) = uzo,rl < ][ Mdyg ][ ][ |Du(x + rw)w|dr dy,
2R BR(xo) 2R BR(xO) 0

where w = z:;‘. The function W?2(t) is non-decreasing in ¢ € [0,0c0) and convex, then we
can apply it to both sides and use Jensen’s inequality to obtain

B |z —y]
e <W>UR\> <f WD+ el drdy.
2R Br(zo) /0

Define W(\Du(z)\) = W(|Du(2)])X By (x)(#) and consider the balls centered at x. Then the
right-hand side can be estimated with Tonelli’s theorem as follows:

1

le—yl __
RHSS/ ][ W2(|Du(z + rw drdy
ZBr0) Jop Jo P E )

1 / /ZR _2/s~2
< s" W=(|Du(x + rw)|) dr ds dw
ZL"(Br(20)) Jsn-1 Jo 0 (1Du( D
o | 2 Du m/w 2dsdrd
< - u(r + rw s *dsdrdw
ZL"(Br(20)) Jsn-1 Jo s

@R / W(|Du(y)])
~ (= 1)Z7(Br(x0)) Br(zo) ly — x|t

Integrating with respect to x in Br(xg), we get

u(x) — Ugy R 2
][ %1% (0’ > ‘ dx
Br(zo)

R




5.3. First-order partial regularity 133

W2 D
S][ [ WD) o,
Br(x0) Y Br(zo) ’1'— ’

<o WD) [ eyl dedy (5.3.48)
R Br(zo) Bar(y)

<o f W2(|Du(y)]) dy.
Br(zo)

For the estimate of a higher order integral of W (|u—1ug, r|/R), we need the classical Sobolev
inequality. Consider g = (u — uy, g)/R and U = W?(|g|). Notice that W?(]-|) is Lipschitz,
and then U € WH1(Bg(xg)) with

et @), e
PO =" g P gy 90 70

The Sobolev embedding for W gives

n—1

(Jé R(xO)IU(a:)Im dx) <C (R ]i R(wO)IDU(J:N da + ]i R(@)\U(:z)\ dx) . (5.349)

To further control the integral of |DU|, property (iii) is needed in the following. When
|Du(z)| > 1, from the expression of DU we have

RIDU(x)| < 2|Du(z)] < aW*(|Du(w))).
When 0 < |Du(x)| < 1, apply Young’s inequality and then

1M
(1+1]g)*
< 2min{\g\, 1917} + cW?(| Dul)

< c(W2(|g]) + W2(|Dul)).

1
RIDU ()| < + 51Dy’

Thus, the first term on the right-hand side of (5.3.49) is controlled by

R |DU(z)|dz < C w2 (U o +W2(|Du(x)]) ) da.
Br(x0) Br(xo) R

Combining (5.3.48) we have the desired inequality. O

We have obtained the Caccioppoli inequality in Proposition 5.3.1. It is easy to see from
(i), (iii) that V2(t) ~ E(t), so we have Caccioppoli’s inequality with respect to V2.

Lemma 5.3.13. Suppose that f: RN*" — R satisfies (LP1),(LP2) and (LP3) withp = 1,
w satisfies (w1), and u € BVjoo(Q,RY) is an w-minimizer of F with constant Ry > 0. Fix
m > 0, then there exists c. = c.(m,n, N, L, {) such that for any Bg = B(zo, R) CC Q with
R < Ry and any affine map a : R" — RY with |Va| < m, there holds

ﬁR'WD(u—a))? <e. (fB V<u;)

2

do + w(R)) . (5.3.50)
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The w-minimality of w implies that it is almost an A-harmonic map with a proper A, to
present which we define the excess for u with A € RV*™:

1
2

gg(xo,R, A) = <][B ( )|V(Du) — V(A)P)

When z( (and R) and A are fixed, we abbreviate the quantity as &(R)(&2). The following
can be showed with the proof of Lemma 4 in [DGKO05] by considering Vu and D*u separately.

Lemma 5.3.14 (Approximate harmonicity). Suppose that f: RNX" — R satisfies
(LP1),(LP2) and (LP3)" with p = 1, w satisfies (wl) with constant Ry > 0, and u €
BVioe(Q,RN) is an w-minimizer of . For any m > 0, there exists ¢, = ce(m,n,N,L) >0
such that for any ball Bp = B(z, R) CC Q with R < Ry and any A € RVNX" with |A| < m,
we have

f"(A)[Du — A, Dy]| < ce(Vvar(2)E + EF + /w(R)) Sl;lp|Dg0‘ (5.3.51)

Br
for any p € C}(Bgr,RY).

The inequality (5.3.51) obtained above can be considered to be a linearised Euler-
Lagrange inequality, with which we are able to approximate u by an f”(A)-harmonic map
by the following lemma:

Lemma 5.3.15. Fiz an arbitrary v € (0,1] and a bilinear form A € O*(RN*™) that
satisfies

Aln@&n@ g > AnPIEf, for anyn € RY, & € R",
{[77 &n @& = Anl*|f*,  for any n 3 (5.3.52)

Alz, 2] < A|z]%, for any z € RN*"

for some constants A\, A with 0 < A < A. For any € > 0, there exists 6 = §(n, N, \,A\,¢) €
(0,1] such that the following holds: for any v € BV (Bgr(zo), RY) satisfying

][ [W(Dv)? <~* <1, (5.3.53)
Br
F4lDe,Dy) < 1dsuplDyl,  for any o € O} (B RY) (5.3.54)
Bgr Br
there exists an A-harmonic map h € COO(BR,RN) such that

fowene f (")

The proof of this lemma is by contradiction, for which see [DGKO05], Lemma 6. It is

2
dz < ~%. (5.3.55)

mainly a blow-up argument, in which Theorem 5.3.12 is applied. The integrals concerning
Vu and D*u need to be considered separately when necessary. Notice that the scaling
between Br(xo) and Bi(0) for BV maps does not hold straightforward but can proved by
approximation with W1 N C> maps.

Consider zg € Q such that [(Du)z, r| < m. Let A = (Du)g, r and A = f”(A), then the
bilinear form A satisfies (5.3.52) with A, A depending on £, L, m. We take ¢ = 0" *%, where
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o€ (0, %] is to be determined. Then by Lemma 5.3.15 there is a 6 = §(n, N, ¢, L,0) € (0,1]
such that the statement holds. The constants ¢, = c.(m,n, N, L), cq = cq(n, N, %) are as
in Lemma 5.3.14 and Lemma 2.7.1. Set &3(p) = &(xo, p, (Du)s,,p) and

I'(R) = \/6"22(]%) + 4w((51212)’ v=u— (Du)g, r(x —x0), 7v=cicI'(R), (5.3.56)

where ¢; is such that (see Lemma 1 (vi) in [DK02])
V() =V <alV(E—n), forany [y <m.

Then we can apply Lemma 5.3.14 to u and Lemma 5.3.15 to v to get an A-harmonic map
h € C*®(Bg,R") such that (5.3.55) holds true. By comparing v and vh, we can transfer
some regularity of h to v and then obtain an excess decay estimate (see the argument in
Subsection 5.3.4 and Lemma 7 in [DGKO05]).

Lemma 5.3.16. Suppose that f: RV*" — R satisfies (LP1),(LP2) and (LP3) withp = 1,
w satisfies (wl)-(w3) with E% replaced by E%, and u € BVioe(Q,RN) is an w-minimizer
of F with constant Ry > 0. Fiz a 0 € (0,1] and assume that for some R € (0, Ro] the
following holds:

(D)o r] <My 2V2¢ay < 1, Vvar(6(R)) + &(R) < =, cecada(R) < 1, (5.3.57)

where 7, ce,cq are taken as in (5.3.56) and § is obtained in Lemma 5.3.15 with v and
e = o™t4. Then there exist constants ¢ = é(n, N, L,¢,m) and ¢ = é¢(n,N,L,0,m,o) such
that the following holds:

E2(0R) < é0?EZ(R) + cw(R). (5.3.58)

The next step is to do iteration as in Subsection 5.3.5 (see also §5 in [DGGO00]). More
precisely, we argue inductively on B(xg,0*R),k = 0,1,..., where o (and subsequently &
and the upper bound of R) is chosen in such a way that (5.3.57) holds with m+1. Then if a
ball Br = B(xo, R) CC Q is such that |(Du)y, r| < m, and &(R) and R are small enough,
we will have

& (p) <C ((g)m &(R) + w(R)) .

The desired partial regularity hence follows with an argument similar with that in Subsection
5.3.6.

5.4 Zero-order partial regularity

The main strategy in the previous section also applies to Theorem 5.1.2 and 5.1.3, partial
regularity for w-minimizers with weaker assumptions on w. In the following, we will avoid
repetition and only present the difference. Theorem 5.1.2 is shown first with more details,
and in Subsection 5.4.5 we briefly sketch the proof of Theorem 5.1.3 based on the former
and Section 5.3.
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5.4.1 Caccioppoli-type inequality

To show Theorem 5.1.2, we need to consider a normalised excess as mentioned Section
5.1. Correspondingly, the Caccioppoli inequality in this case is also presented with a
normalising factor (1 + |A|).

Proposition 5.4.1. Suppose that f: RV*" — R satisfies (LP1), (LP2), (LP3;) and
(LP3,) with p € (1,2), and w satisfies (wl). The map u € BVjo(Q,RY) is an w-minimizer
of & with constant Ry > 0. Then for any ball Br = B(x¢, R) CC Q with R < Ry and any
affine map a: R® — RN with Va = A € RNX" there exists a constant C = C(n, N, L, {, p)
independent of map a such that

/Bf; E, <m> dz < C(/BREp (M) dx+w(R)Rn>. (5.4.1)

Proof. Set f = fa, U = u — a, and fix % <t < s < R. Take a smooth cut-off function p

between B; and B, with p € C2°(B,) and |Vp| < -2, and set ¢ = pii, 1) = (1 — p)ii. Then

s—t’

€ VVol’p(Bs,]RN)7 and the quasiconvex condition (LP2) with (5.2.14) implies

f(Ve)dz > cﬁ/ EI‘?(V@) dz.
Bs B

The rest part can be carried out as in Proposition 5.3.1 with F replaced by E}‘;‘ defined in
Section 2.1. We estimate the term with w(s) as follows

w(s)/ (1+|pr)dx:w(s)(1+|A|)p/ L+ Vol

B, B, (1+[A])P
(5.2.6) 1 Vi)
< w(s)(1+|A|)p/S <2+a1Ep (1—|—|A|>> dz

1
< 2w(R)w, R™(1 + | A])P + a/ EN (Vi) da.
1 JBg

Then proceed further with Lemma 2.9.1 to obtain

u—a

/ EA(Vu—A)<C E;;‘< ) dz + Cw(R)R™(1 + |A])?, (5.4.2)
B% Br

and then (5.4.1) follows. O

5.4.2 Harmonic approximation

The result in this subsection can be obtained by modifying the process in Subsections
5.3.2 and 5.3.3, so we will omit the repetitive part and only present the difference.

Suppose that f: RV*" — R satisfies (LP1), (LP2), (LP3;) and (LP33) with p € (1,2),
and w satisfies (w1). The map u € BVj,.(Q,RY) is an w-minimizer of .# with constant
Ry > 0. Take Br = B(zo,R) cC Q with R < Ry, and fix A € RV*", Similar with
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Subsection 5.3.2, we have

F(u,Bg) < inf F (v, BR) + wpR"e, (5.4.3)
veWaH (Bg,RY)

where ¢ = w(R) fBR(a6 + a7|VulP)dz with ag,ar as in (5.3.10). Consider the complete
metric space X = Wy (B, RY) with

dun ) = (0 1ADE (1900 P dx)é

The Ekeland variational principle (Theorem 2.8.1) then implies the existence of w €
Wa®(Bgr,RY) such that, with F(u = fp, F(Vu)dz,

(a) d(u,w) < /e
(b) F(w) < F(u);
(c) F(w) < F(v) + Ed(w,v), for any v € X = Wy?(Bg,RN).

Subsequently, we have the Euler-Lagrange inequality: for any ¢ € I/VO1 P(Br,RN) there
holds

F(Vw) - Vedz| < e(l4|A)z! (f |Vl? dx) . (5.4.4)
Br Br
Proposition 5.4.2. Suppose that f: RN*" — R satisfies (LPl) (LP2), (LP3;) and
(LP32) with p € (1,2), and w satisfies (wl). The map u € VVl P(Q,RN) is an w-minimizer
of F with constant Ry > 0. For any ball Br = B(xo, R) CC Q with R < Ry and any affine
map a: R® = RY with Va = A € RNX", the system

{_div<f”<A>w> =0, in By (545)

h|<9BR = u‘aBR, on 8BR

admits a unique solution h € Wy (Bg, RYN) such that

(f IVh — AP da:) <c <][ Vu — AP dac) " (5.4.6)
Br Br

where C' = C(n, N, %,p) > 0. Furthermore, set
€ np’
€= ag + a7 |VulP)dz, e4p = —————, r =max<{2, —— 5,
f o+ 194, 2y = 2t

!
and denote %

such that

u—nh Vu—A # 4 z
_ < _— 2 2. 4.
]éREp<R(1+|AD> dx_C’(JiREp<1+‘A|>dx> +C(ed, +ei,) (5.4.7)

Proof. Define A := f”(A)(1 + |A|)?>7P. Then from (LP3;) and Lemma 5.2.5 we know that
|A| < L and the operator satisfies the Legendre-Hadamard condition. Lemma 2.7.1 and the

= min{2 } by s, then there exists a constant C = C(n,N,L,¢,p) > 0

’np
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comment after it indicate that there exists a unique solution h € Wy®(Bg, RN ) to (5.4.5)
satisfying (5.4.6).

Set f = fa,u = u—a and W = w — a, where the map w is obtained by Ekeland’s
variational principle as above and thus satisfies (5.4.4). As in (5.3.15), we have, by Lemma
5.2.7, (5.4.4), Holer’s inequality and the fact E(2)P < ¢(p)Ep(2),

f”( IV (w —h), V] da (5.4.8)
o (1+|~A|> IVl dx+eAp][R|Vgp\dx>

1 1
¥ Vi T
pl P’ 2
< (14 A]) ( |Vl dx) (C(éREp(1+|A|>dx> +5A,p>

for any ¢ € VVOLOo N CY(Bgr,R™). To find a proper test map ¢, we again scale to the unit
ball B = B(0,1), define ®, ¥ and W as Proposition 5.3.3 and consider

< (1+|Apr

—div(AV®) = <1 +\IJA|> , inB

Do =0, on 0B,

(5.4.9)

where for any y € RY

Y, ly| <1
Tp(y) = p—2
Py, |yl > 1.

Then we have T, (1+|A|) e L (B,RY) and that (5.4.9) has a unique solution ¥ € Wol’p/ N
W2¥ (B, RN) satisfying

LG

1P|z < C(n, N,7) || Ty () , for any r € [2,p/]. (5.4.10)

L+ |Al ) |-

Take r = max{2, ;*£> "}, which is smaller than p/, then ||V®|| 1 can be controlled in the

following way with the Sobolev embedding
L4
Ve[| < Clpyn, N) 1@z < Clpin, N)| Ty | 7717 (5.4.11)
1+ Al /]I,

When |y| < 1, it is easy to see that |T,(y)|" < |y|* < a—llEp(y). If |y| > 1, we consider two
cases:

<p<2ie, "2 <2andr=2 p—1)r=2(p—1)<pasp<2;

n+2 ' n+p’
/ / 1
e 1<p< n+2,1e., n?p >2and r = nfp (p—1)r= nr(”g(_pl)ﬁp <p.

In both cases, we have |T,(y)|" = [y|"~"" < |yl < LE,(y). Thus, with (5.4.8), (5.4.11)
and the difference between u and w (see (a)), the estimate (5.4.7) can be obtained as in
Proposition 5.3.3. O
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5.4.3 Excess decay estimate

For a ball Br = B(xo, R) CC Q, we define the excess

L Vu— (VU)R T
E(zo, R) = ]iR E, (1 FaTL ) dz. (5.4.12)

When the centre z is fixed, we will abbreviate the excess as E(R).

Proposition 5.4.3. Suppose that f: RV*" — R satisfies (LP1), (LP2), (LP3;) and
(LP32) with p € (1,2), and w satisfies (wl). The map u € I/Vll’p(Q,RN) is an w-minimizer

oc

of F with Ry > 0. For any o € (0,1), there exists e1 > 0 such that if
R < Ry, E&(zo,R) <e1 (5.4.13)
for some ball Br = B(zg, R) CC 0, then we have
E(0R) < cro” "D (E(R)® + w(R)?) + c20E(R) + csw(20R), (5.4.14)
where s is as in Proposition 5.4.2 and ¢; = ¢;(n, N,L,{,p) >0, i =1,2,3.

Proof. We only consider o € (0, i) as it is obvious when o € [%, 1). As in Proposition 5.3.4,
we define a(x) = up, + (Vu)p,(x — 20), @ = v —a and f = fy,. Let h be the harmonic
map determined by (5.4.5) and set

h=h—a, a(z)="h(zxo)+ Vh(zo)(z—x0), ao=a+ai.
With Lemma 2.7.1 and 2.7.2 we have

IVh(zo) — (Vu)g| = |Vi(zo)| < C 7{9 \Vh| d (5.4.15)

1 1
<c <f \vmpdx)p < e (f Vil dx)” (5.4.16)
Br Br

The normalising factor needed in each step varies, and we now give the comparison of
them. The first one is as follows:

1+ [(Va)r| < 14 |(Va)or| + an][ IV — (Vu)g| da

Bgr
<1+ [(Va)or| + W (]{BR (W) dx>p (5.4.17)
<1+ (Vuor] + LI (5 35

1
where the last line is from Lemma 5.2.3 if we take €1 < 1. We further require 07" (3e1)% <
. 2n . .
%, ie., e < ‘E_T;J, then the above estimate gives

L+ [(Vu)r| < 2(1+[(Vu)orl). (5.4.18)
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For 1+ |Vh(zp)| and 1 + |(Vu)sr|, we have

T Vaoal =1 T Vo) = (Vu)sl + |(Vu)r = (Vu)or])

1

<1+2(cat+0")BE(R))>,

where (5.4.16), Holder’s inequality, (5.4.18) and Lemma 5.2.3 are applied. Taking 2(cq +

1
o™ (3e1)r < 1,ie, 61 < 3_%(04 + 07 ") 72", we have

—_— < 2. 5.4.19

The comparison between 1 + |(Vu)g| and 1+ |[Vh(zo)| is similar:

L+ |(Vu)pl ) [(Vu)r = Vi(ao)| 1 +[(Vu)gl
1+ [Vh(zo)| — 1+ [(Vu)g| 1+ [Vh(zo)|
1 1+ |(VU)R|
<1 3y — ' NV R
> +C4((€(R)) p1+|Vh($0)|
1 14 |(Vu)g|
<l4 - —
= T V()
which implies
1+ [(Vu)g|
—_— . <2, 5.4.20
1+ |Vh(zo)| — ( )

Now we estimate £(cR): by (5.2.5) and (5.4.19) there holds

E£(oR) = ]im E, (W) dz < 16 ]iJR E, (W) dr.  (5.4.21)

The right-hand side can be estimated by the Caccioppoli-type inequality (5.4.1)

u — ag

VU*Vh($0) T . w(2e
][BURE”<1+|Vh<xo>|> dr<C B%RE”<2aR<1+|w<xo>|>> do + Cu(2 ?'422)

The term involving u—ag can be estimated, like in Proposition 5.3.4, by decomposing u— ag
into @ — h and h — a;. Applying (5.4.20) and (5.4.7), we have

i —h u—nh
E dx<00_("+2)][ E )
7{9%3 p<203(1+!Vh<mo)!)> - 5, " \R(+|(Vu)r])

9 2 o
< Co~ ("2 <€(R)S +ei, e jvp> .
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The estimate of [V2h(x¢)| in Lemma 2.7.1 and (5.4.20) implies

h—a [Vu = (Vu)r|
f,.. 5 (o) < (0o, T o) < cosm

(5.4.23)
where we used (5.2.5) and Jensen’s inequality. Notice that the term €4, can be estimated
with the triangle inequality and Lemma 5.2.3, and we obtain

ag + ar7|VulP
€ =w(R — —  dx < Cw(R).
ap =l WiR 0+ (Vg &= B

Thus, combining (5.4.21)-(5.4.23) we have the desired estimate (5.4.14) of £(cR) under the

condition €1 < %min{ ”ZZP, 4%(04 + o)), 0

5.4.4 Final conclusion

In this subsection, we use the excess decay estimate above to further obtain a Morrey-
type estimate for Vu, which then implies the Holder regularity of w.
For any o € (0,1), we take y =p(a—1) +n € (n —p,n).

Proposition 5.4.4. Suppose that f: RN*" — R satisfies (LP1), (LP2), (LP3;) and
(LP32) with p € (1,2), and w satisfies (wl). The map u € VV&)’?(Q,RN) is an w-minimizer
of # with Ry > 0. There exist Ry € (0,Rp),e2 € (0,1) such that for any ball B =
B(zo, R) CC Q with

0<R< Ry, E&(xo,R)<en,

/ |Vul? dz < c5 <<p>7/ |Vul? do + p”) (5.4.24)
B R/ Jp
P R

for some c5 = c5(n, N, L, £, p,v) > 0, where v € (n — p,n) is defined as above.

we have

Proof. Fix the constants 0,9 and R; in order:

1 1 __p
g = min {2, @, 2 n=y } s (5425)
1
O.n+2 -1 1 02"
= mi 4.2
= m1n{£1,<401 ) ’3.16p1’3.4p1}’ (54.26)
12\ 2
T P
R; € (0, Rp) such that w(Ry) < min — ,g—Q , (5.4.27)
401 403

where s is as in Proposition 5.4.2, and €; and ¢;,7 = 1,2, 3, are as in Proposition 5.4.3.
Suppose that for the ball B = B(xg, R) CC Q with some R € (0, Ry) there holds

g(l‘o,R) < &9. (5.4.28)

We will show that

(1) E(0FR) < &y
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holds for any k£ > 0 by induction. Obviously, it holds for £ = 0, and we assume that (Ij)
holds for some k > 0. With our choice of g5, Proposition 5.4.3 implies

E(*R) < c1o” " (E(0PR)® + w(R)?) + c20E (0" R) + c3w(20° 1 R).
By (5.4.25)-(5.4.27), we know

|
1=

which thus gives (Ix41). Therefore, we have (Ix) holds for any k € N.
With (I) and Lemma 5.2.3 we have

/ VP < 201 / IVt — (V) gl 2 + wn (05 R)” (V) P
B k+1p B kt+1p

_ Vu — (Vu) kR|p _
< (14 (V)] / | otal” g 4 op-1gn / VP da
B B, W+ (V) ergl)? B

okR

< P14 (Vi) P (0 R /36 (0K R) + 27 Lom / VP de

BakR

< 2712771 /Bey + o™) / |VulP dz + 22~ Ve, (c* R)"/3e,

Bo'kR

From the choice of €9, 0, it is easy to see
220=1) /32, <1, 2071 (2P71/Bey 4 0") < 2P0 < 0.
Set Ap( fB |[VulP dz, then the above gives
Mp(0FTER) < 07N\ (0F R) + wy (0" R)" (5.4.29)

for any integer k > 0. With the following lemma we can further obtain

M) < s <<;f%)7 MR) + ﬂ) , (5.4.30)

where ¢5 = ¢5(n,v,0) = c5(n, N, L, {,p,v) = cs(n, N, L, {,p, a). O

To obtain (5.4.30), the following lemma is needed. One special case of it can also be
found in [Giu03] (Lemma 7.3).

Lemma 5.4.5. Suppose that \: Ry — R is positive, and there exists T € (0,1), positive
exponents 6,3, Ro > 0 and A, B > 0 such that

M7R) < 7°A(R) + ARP, for any R < Ry, (5.4.31)
A(t) < BA(TPR), for any t € (t"T1R, 7*R). (5.4.32)
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Then for any p < R < Ry, we have

Ap) < C ((%)a A(R) + Apa) , (5.4.33)

where
e if§# f: a=min{d, g}, C =C(r,0,5,B) > 0;
o if 6 =p:ac(0,0) is arbitrary, and C = C(1,0, B,a) > 0.

Proof. Applying (5.4.31) inductively, we obtain

k
)\(Tk‘HR) < T(k+1)5)\(R) + ARBLFP Z 7I6=B),
=0

It is obvious that the series on the right-hand side converges if § > , and thus we have
AHR) < 7EHPN(R) + CA(TPR)P.

The value of A(t) for a general ¢ can be controlled with (5.4.32). With the fact R® < Rg RS,
the proof of the case § < (8 is similar.
When § = 3, the control we obtain from (5.4.31) is

AHIR) < 7EHON(R) + ARTM (K + 1).

Since 7 < 0, the function z +— 7®~®%(z 4+ 1) — 0 as = € oo, and is thus bounded on (0, o0)
by ¢ = ¢(7,d,a) > 0. The desired inequality then follows. O

Then by a discussion similar to that at the end of Subsection 5.3.5, there exists a
relatively closed Z"-null set S, C Q such that |Vu| is in the Morrey space L)"7(2\ S).
The Sobolev embedding implies that u lies in the Campanato space £}77P(2\ S, RY),
which is actually Cﬁ)’?(Q \ S/, RY) as v = p(a — 1) + n. The proof of Theorem 5.1.2 is then

complete.

Remark 5.4.6. Theorem 5.1.2 can also be approached by an indirect argument, similar
to that in [DGKO05] or [FMO08], by choosing normalising factors carefully. For such an
argument, the Lipschitz continuity of f” can be relaxed to

(LP33)" For any z1, 22 € RVX" we have

_ 1
") — £ <y( ‘Zl 22| > ’
) = P < v T ml) G m s e

where v is a concave, non-decreasing function on [0, co) with v(0) = lim;_o v(t) =
0 and v < 1.
5.4.5 Linear growth setting

The above argument does not apply to the linear growth setting (p = 1) due to the
degenerate ellipticity of f”, which also appears in Chapter 6 in the form of convexity.
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Suppose that the integrand f: RV*" — R is of linear growth, then it is reasonable to assume
that |f”(2)] < L(1 + |z|)~! as in (LP3;). However, the Legendre-Hadamard condition of
f"(2) given by the quasiconvexity (LP2) comes with a coefficient comparable to (1+ |z|)~3
(see (5.2.17)). Thus, the normalisation of f”/(A) as in Proposition 5.4.2 does not work here.
Nevertheless, it is still possible to work near those points in 2 where the average of Du
remains bounded.

In the following, we suppose that f: RV*" — R satisfies (LP1)-(LP3) with p = 1,
and w satisfies (w1). The map u € BVj.(Q,RY) is an w-minimizer of .% with Ry > 0.
Then what we did in Subsection 5.3.1-5.3.4 remains true as (w2) and (w3) were not used
in this process. In particular, Proposition 5.3.4 holds for the w-minimizer u. The iteration
in Subsection 5.3.5 was carried on under (w2) and (w3), and thus is not expected here.
Arguing as in Subsection 5.4.4, we are still able to obtain a Morrey-type estimate for Du
near those regular points.

Proposition 5.4.7. Suppose that f: RN*" — R satisfies (LP1)-(LP3) with p =1, and w
satisfies (wl). The map u € BVjoe(Q,RY) is an w-minimizer of # with Ry > 0. For any
v € (n—1,1) and any m > 0, there exists C = C(m,n,N,L,¢,~v) > 0,e,. > 0, Ry > 0 such
that the following holds: if B = B(xg, R) CC  is such that

sup |(Du)g.r| <m, &(xo,R) < e,
0<r<R

R < Ry, (5.4.34)
then for any p € (0, R) there holds

|l <C ((1’;)7 /BRDu| + p”) . (5.4.35)

The excess & here is as defined in (5.3.22).

Proof. Fix an exponent ¢ € (1, -"7) (for example, the middle point %), and take

o = min {1, (5.4.36)

)

1
n+2\ g—1
g;n:mm{L (ZC )q } (5.4.37)
m

O.n+2€/ 2
Ry € (0, Rp) such that w(R;) < min < 1, ( m) , (5.4.38)

2¢m,

where ¢, is the constant obtained in Proposition 5.3.4 with the m and ¢ taken above.
Suppose that (5.4.34) holds for Bg = B(xg, R) CC Q. Then we show by induction that
the condition

(Ix) E("R) <&

holds for any integer k > 0.
It is obvious that (Ip) holds true. Now assume that we have (Ij) for some k£ > 0, and
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Proposition 5.3.4 implies

E(0"R) < en(0? + 0~ "D E(*R)THE (0 R) + ¢,,0" 2\ /w(o* R).
From the choice of 0,/ and R; we have

/
S )1 < 2 emo™ D Ry < 2,
and thus &(c*T1R) < ¢/, which is exactly (Ir;1).
The condition (Ij) implies an estimate for [|Du|. By the triangle inequality, the choice

of e/, and Lemma 5.2.3, we get

=

/
. CmO Em

B~ =

cm02 <

/ Dul < / Dt — (D) il + (0" R)"| (D) i
B kt+1p Bk

o®R
< wn (0" R)" /38 (0% R) + o / \Dul
BokR

< co(c®*R)"™ + U”/ | Dul

Bo'kR

for any integer k > 0, where ¢y = wp+/3¢h,. Set A(p) = fBP\Du], then the above estimate
becomes
M*IR) < 6" A(0*R) + co(c* R)™. (5.4.39)

Lemma 5.4.5 implies that the following Morrey-type estimate holds
P\
Alp) <1 ((§> A(R) + p”) ; (5.4.40)

where the coefficient ¢; depends on n,e!,, o,v, and thus on m,n, N, L, ¢,~. ]

An argument as that in Subsection 5.3.6 together with the Sobolev inequality for BV
maps shows that v € LYY AN, RY), where N is a small neighbourhood of the point zg in
Proposition 5.4.7. Notice that for any point z € 2 satisfying

Jim inf ][ B(Du— (Duy,,)) =0, limsup|(Du)s,| < oo,
Bo(a)

p—0+ p—0t

the conditions in (5.4.34) holds with some R > 0 and m > 0. Therefore, we know that
there exists a set S, C 31 U X9 with X1, defined in (5.1.1) and (5.1.2), and that u €
Lllo’ZH(Q\S{“RN) — C’ZOO’S(Q\S{“RN), where @ = y+1—n € (0,1). The proof of Theorem

5.1.2 is then complete.
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Chapter 6

Sobolev regularity for BV
(w-)minimizers

The current chapter focuses on Sobolev regularity of BV minimizers and w-minimizers,
and the functionals we study are defined by integrands of linear growth and satisfying the
so-called p-ellipticity condition (LD2). A certain Sobolev regularity for BV minimizers,
as specified in Theorem 6.1.1, is first established. Then there follows a result on the
fractional Sobolev regularity of the absolutely continuous part of w-minimizers, as presented
in Theorem 6.1.2. At the time of writing the thesis, it remains unclear whether the
singular part of a BV w-minimizer can be ruled out, and we plan to further explore this in
future work. Notice that the Sobolev regularity result for generalised minimizers is already
implicitly contained in [BS13].

The problem is contextualised in Section 6.1 together with the statement of our main
results. There are examples of integrands in Section 6.2, and counterexamples in which
the minimizers have singularities in Section 6.3. Theorem 6.1.1, which is about Sobolev
regularity for minimizers, is then proved in Section 6.4. Based on the first result, we are
able to discuss regularity for w-minimizers and show Theorem 6.1.2 in Section 6.5.

6.1 Set-up and main results

The functional we study in this chapter is also of linear growth, and assumed to be
strongly convex. Let 2 C R™ be a bounded Lipschitz domain, and consider the following
functional

F (u, Q) ::/Qf(Vu)dx. (6.1.1)

When the domain 2 is clear from the context, we may abbreviate .# (u, ) as .% (u). For the
integrand f: RV*" — R, we consider the following conditions with constants L, ¢ satisfying
0</¢<L:

(LD1) ¢|z| < f(2) < L(1 + |2|) for any z € RV*™;

(LD2) f e C*(RN*") and for some p € (1,3] we have

€7
1>

— > for any £ € RVX™, (E.)
(1+ |23 '

B e <t
1+ P =PRSS

147
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The left inequality in (E,) is the so-called p-ellipticity. This is considered to be a
non-uniform ellipticity condition since the ratio

maxe—1 f"(2)[€, €]
mingj— f”(2)[§, €]

Af(z) ==

may blow up as z — oo. This imbalance is inevitable for linear growth integrands in the
following sense: The upper bound in (LD2) is the natural controlled growth condition
associated to linear growth integrands, and attained by some examples (for instance, ey, in
Example 6.2.1). However, the p in the lower bound must be larger than 1, since the anti-
derivative of (14 t2)_% grows as log(1 + [t|?) near infinity, and thus an integrand satisfying
(LD2) with p = 1 grows super-linearly and the condition (LD1) cannot hold at the same
time.

In addition to the above two conditions, the following one is needed for the boundedness
result in [BS13]:

(LD3) (a' f'(2)) - (a'2) > —¢|a|? for any z € RV*" and any a € RY.

The following statement concerns Sobolev regularity for generalised minimizers. Notice
that we do not claim the novelty of this result, as it can be derived from the proof of Theorem
1.10 and B.2 in [BS13]. We present the statement as well as the proof for completeness as
this result is needed for Theorem 6.1.2.

Theorem 6.1.1. Suppose that f: RV*" — R satisfies (LD1)-(LD3). If u € BV (Q,RY)
is a generalised minimizer of F, then we have

we WHHQRY), and W,(Vu) € W,2(Q), (6.1.2)

loc

where W,(2) = (1 + ]z\z)%Tu is defined on RN*". For any ball B = B(zo, R) CC Q and
any r € (0, R), the following estimate

c
2 e ——— U xr 1.
/Br\vwﬂ(vu)\ do < s /BR(1+|V Nd (6.1.3)

holds with a constant C' = C(n, N, L,¢). In addition, when 1 < p <1+ %, we furthermore
have the following higher integrability of the gradient of u:

Vue LL (Q,RN*™) n >3,
. (6.1.4)
W,(Vu) € L, .(Q), n=2,
where q = % > 1 and LY is the local Orlicz space with ®(t) = e’ —1.

The condition (LD3) is useful in the proof of the boundedness of u (see Theorem 3.2.2).
Instead, we can replace this condition by the a priori assumption that v € L>®(Q,RY) to
obtain the above result. When 1 < p <1+ %, the same result actually holds true without
(LD3) (see Remark 6.4.7).

The W1 regularity was already obtained in [BS13] for 4 = 3, and their argument also
works for 1 < p < 3. With such regularity, the Euler-Lagrange equation can be written
down normally as in the super-linear case. Nevertheless, the low integrability of Vu makes
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it more difficult to work with such an equation directly (see Remark 6.4.8), and we applied
the so-called vanishing viscosity method to tackle this issue. Our argument is a modification
of that in [BS13], and a similar approach also appears in [Bil02].

To show the above regularity for a generalised minimizer u, we construct a new series of
integrands { fx} by adding to f a viscosity term related to k, which is quadratic and vanishes
as k — o0o. The regularity result in [Bil02] is only shown for one generalised minimizer.
However, an approximating sequence {uy} of any given generalised minimizer u with nice
properties can be determined by applying Ekeland’s variational principle (as in [BS13]).
Each uy, satisfies an Euler-Largrange type inequality, with which the second differentiability
of uy is further obtained with an estimate uniform in k. Instead of showing an LlogL
regularity as in [Bil02] and [BS13], we prove that u; converges to u strongly in W' with
the tool of Young measures, and thus the corresponding estimate remains to be true for u,
which gives the desired regularity.

Based on the Theorem 6.1.1, we investigated regularity for BV w-minimizers in this
context. The w considered here is as in Chapter 5 but satisfies the more specific condition
(w4). We re-state the conditions here for convenience:

(wl) w is bounded by 1 and nondecreasing with w(0) = lim, ,ow(r) = 0.
(w4) w(r) < Ar? for some o € (0,1).

With the Sobolev regularity for generalised minimizers above, we managed to show
the following fractional Sobolev regularity for w-minimizers. Here we take the definition
(3.1.31).

Theorem 6.1.2. Suppose that f: RV*" — R satisfies (LD1)-(LD3) with 1 < p < 2. If
u € BV(Q,RYN) is an w-minimizer of # with Ry > 0 and w(R) satisfying (w1), (w4), then
W, (Vu) € VV;(;?(Q) forany t € (0, 17;), where W, (2) = (1 + |z|2)2TTH and VuL"LQ is the

absolutely continuous part of Du. In addition, for any Q' CC Q, there holds
(W V) ez < C /Q (1+ f(Du)) (6.1.5)

with C = C(n,N,L,{,t,0,Ry,V,Q) > 0. In particular, when p < 1+ we have

[Vul € LL(Q) for any g € (1, LED@n),

20
n(l+o)’

This result is obtained by comparing a BV w-minimizer v with a corresponding
generalised minimizer v on any small ball. The process can be carried out smoothly in the
super-linear setting (p > 1) as in [Giu03], Chapter 8', and [KMO05], while difficulties appear
in the linear growth one. One issue is the possible singular part of Du. Another one, which
is closely related, is that the two maps v and v may not coincide on the boundary. Thus,
we cannot test the Euler-Lagrange equation with u — v as is usually done. Alternatively, it
is possible to describe the extremality of v by an inequality of the Euler-Lagrange type with
D%y and the incoincidence of the boundary values of u and v incorporated. With such an
inequality, we are able to compare Vv and Vu (the absolutely continuous parts) in terms of

!The discussion in [Giu03], Chapter 8 focuses on the scalar case, where N = 1. However, the argument
related to w-minimizers can be smoothly adapted to the vectorial setting.
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the auxiliary function W), and then conclude the fractional Sobolev regularity in Theorem
6.1.2.

Notice that the vanishing viscosity approach in [BS13] does not directly apply to w-
minimizers. The corresponding approximating sequence {uy} can only be constructed on
small balls with radius R < Ry, since the almost minimality is only defined locally. The
distance between uy and u will then be related to w(R), and we have to take R — 07 to
make the approximation work, which unfortunately does not give any regularity in the end.
More refined covering arguments may appear promising, but all seem to require additional
regularity of the BV map u on the boundary of each small tile. Such regularity is possible
to achieve on each individual tile (see, for example, Lemma 2.2.9 and 2.2.10), but the
corresponding estimate may blow up as the tile diameter goes to 0, which makes such an
argument impractical.

Theorem 6.1.2 is only for the absolutely continuous part of Du, and it is unclear at the
time of writing this thesis how the singular part D®u behaves. The example in Subsection
6.3.2 indicates that singularities may arise even with a reasonably “good” w. Therefore, to
rule out the singular part, we need to impose better assumptions on w (such as w(r) ~ r2®
with o > %) We will further investigate this aspect in our future work.

6.2 Examples of p-elliptic integrands

We give some concrete integrands that satisfy the assumptions (LD1)-(LD3) in this
section.

One example, and also a model integrand, is the following es and its generalisation. In
the scalar case N = 1, the integral [, e2(Vu)dz is the n-dimensional area of the graph of
the function u: 2 — R. In the vectorial setting, where N > 1, the area integral is different
from es.

Example 6.2.1. Consider the following maps defined on the Euclidean space R? for any
deNt:

ep(z) = (1+ |27,
exp(2) =1+ ()\2 + \2\2)

y
2

1
).
The condition (LD1) is obviously satisfied. Direct calculation implies, when 1 < p < 2 and

z # 0,

—2
()= L2
(1+]P)
—2 2 —4 2
e = 2 O =2 1) e
(412
Tl PR e
(1412 (1+12P)F

In this case u = p + 1. Notice that when 1 < p < 2, the integrand e, is not differentiable
at z = 0 and does not satisfy the right inequality of (LD2). However, there are no such
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issues for ey, with A > 0. It is easy to see that e) ) is twice differentiable everywhere, and
that with (2), = (A + |z|2)%

ey p(2) =

R+ @R P+ (=2 - ()8 (5 =€)

To obtain the upper bound of € p(z)[§ ,€], we just omit the second term in the numerator
as p — 2 — (z)§ <0, and thus it is easy to see

€[

ey (2)[€,€ < Cp, \) —————.
{68 < CN

Actually, it is possible to construct an example satisfying (LD1) and (LD2) for any
> 1 as follows (cf. [BF02], §1 and [BFMO1], §3).

Example 6.2.2. Given any u > 1, define

o(r) = /0 /03(1 +1%)7 % dtds

for any r > 0, and f(2) := ¢(|2|) on the Euclidean space R? for any d € N*. Then we have,
for z # 0,

z

||
f/(Z):/O (1—|—t2)_%dt—, and

E
P 21612 |, £[2
yleg SPlel ~ 1€

12 .
Pl = 0+ B+ [Tt e

By definition, it is easy to see that f, f’ are also differentiable at z = 0 with f/(0) = 0 € R?
and f"(z) = Iya ® Iga. Thus, we know that f (and ¢) is convex.
Notice that

()] < /0 TRy =) < oo,

which implies |f(z)| < C(u)|z|. As ¢ is convex, we have

f(z) = e(l2]) 2 (1) + ¢ (1)(|2] = 1),

123

where ¢/(1) = fol(l +12)72 > 0. Then (LD1) is satisfied by f up to an additive constant.
For (LD2), we first look at the left-hand side. Since

I3
2

||
|2[?[€[* — |2 €* > 0 and /0 (146772 dt > |2](1+]2*) "%, (6.2.1)
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we have the following lower bound

, oy |z €P oyn 2PIE? — 2 €2 JeP
FENEE 2 (14 P 5 e + (14 12P) N (PR

which is exactly the one in (LD2).
Again with the second inequality in (6.2.1), the second derivatives of f satisfies

|z] 2
el [Care i

2|

When |z| > 1, it can be seen that

B 00
/ (1432 dtg/ (1+)"2dt = C(p) < oo,
0 0

2 _ Ve

and < -
2] = (1412}

When |z| < 1, we have

V2(¢?

E
/ (1+t3)72dt <|z| and [¢]>< -
0 (1+12%)2

The right-hand side of (LD2) thus holds true for the function f.

6.3 Counterexamples

6.3.1 p-elliptic functionals with y > 3

In our study, we only consider functionals satisfying (E,) with p € (1,3]. When p > 3,
the problem seems to be more singular and the hope of obtaining regularity is small. There
are two examples given in [GMS79], II, showing that there might exist singularities when
1 > 3, and even in the borderline case p = 3. This section is devoted to the discussion of
those counterexamples, where the integrand is of the form f(z,z) and the corresponding
minimizers have interior jumps. The two examples are defined on the 1 —d interval (—1, 1),
and there is another one defined on a higher-dimensional annulus of similar spirit in [BF03].
Notice that it is not yet clear how to construct counterexamples with integrands that have
no z-dependence.

Example 6.3.1. Consider the following minimisation problem

/1 f(t, /() dt — min
-1

u(—=1) = —a, wu(l)=a,

(6.3.1)

where a > 0 and the integrand f is defined by

F(t.2) = (1+ a()]?)2.
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The function « : (—1,1) — RT is given by «a(t) = 1 + t?(log %)4. Direct calculation gives
that o € C1(—1,1) N C%((—1,1) \ {0}) with

4 9\ 3
ot =2t (g ) =4t (lou )

4 9\ 3 29\2 ;0
a(t) = <log 7 |) —12 <log |t|> + 12 <log |t|> — 0.

Moreover, the function « attains its strict minimum on (—1,1) at ¢t = 0.
Set ug(t) := at and p = 1, then the problem (6.3.1) is actually to minimise the functional

1 1
Fruo(t) = / (4o (O} +ValDlu(=) +al + Valu(D) ~

in BV(—1,1).
Take a > ag, where ag is given by

ao = /Ol(a(t) —a(0)) "% dt = /01 t(loéwdt (6.3.2)
_ 111
= —/01 <log§> 2d<log§>— <logi) 10—1022.

However, if a € C1!(—1,1) is even and has a strict minimum at ¢ = 0, we have
2

a(t) — a(0) :/0 o'(s) ds :/0 (/(s) — a'(0))dt < c%,

where c is the Lipschitz constant of o/(t). In this case, the integral fol (a(t) — a(O))fé dt is
not finite, and we will not be able to define ag as above.

We claim that the unique minimizer u € BV (—1, 1) which solves problem (6.3.1) satisfies
the following properties:

(a) up(=1)(=lim, 1+ a(t)) = —a, u—(1)(= lim; ;- a(t)) = a;
(b) w¢ WhH(~1,1);
(c) the singular part of u' is supported at ¢ = 0.

Proof. (a). Since u € BV (—1,1), it can be easily shown that the limits u4(—1) and u_(1)
exist. Suppose that the claim does not hold true. Then define another function

o(t) = u(t) —u(—1) —a, te[-1,0)
C o |u) —u) +a,  te(0,1],

on which the functional takes the value

Ful)= [ (1 a@ 0P + VD 0) — u-(1) ~ u(0) + i (-1) + 2
(=1,1)\{0}
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< / (1+ a2} + Val0)[us (0) — u_(0)]
(—=1,1)\{0}
+vVa(=Dur(=1) 4+ a| + Va(l)|u—(1) — a,

where the inequality is strict since |uy(—1) + a| + |u—(1) — a| > 0. The right-hand side in
the above inequality is exactly .%,,(u) and this gives a contradiction.
(b). Again, we show by contradiction, assuming that v € W!(—1,1). Then v’ satisfies the

Euler-Lagrange equation
a(t)u'(t)

(1 + a(t) |/ (t)]?)
in the weak sense, which implies that

a(t)u'(t)
(14 a(®)u'(t)?)

div

=0 (6.3.3)

N[

=X ae. on(—1,1)

N[

for some constant . Then we have

a.e. a(t) ' ()] ; _
A2 DI oo S Sin alt) = al0),

o (8)] = Al < L e on(-1,1).

(a(®)(a(t) = 32)2 ~ (a(t) - a(0)?
As u € Whi(—1,1), there holds

2a = (u—(1) —uy(1 /|u |dt</ Mdt:2a0<2a,

which is impossible.
(¢). Now we show that the singular part of v is exactly a jump at ¢ = 0. Decompose v’
with respect to the Lebesgue measure

r_ ! /
U = Uge T Ug,

and define another function v € BV (—1,1) with

1
Ve = Uhe, vi(—1) =uy(-1), v} :/111,’8-(50,

and we can see that v_(1) = u_(1). The definition of v implies

) = [ ralieo) e/ | [ ] < [ @ratomn? asyvam [

The from the property of a(t) and the minimality of u, we have

vaO) [ i< [ va@l < [ Vet = va@ [
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and thus the support of u/, should be in {0}, which means that u has exactly a jump at
t=0. O

The previous example is for the borderline case p = 3. The following one is of the same
type and for p > 3.

Example 6.3.2. We consider the minimisation problem (6.3.1) with some a > 0 and an
integrand f defined by

1
f(t,2) == (L+a(t)]=]")r
with some p > 2. The function a now can be taken to be a reasonable even C11(—1,1)

function, for instance, a(t) = 1 + 2.
Similar to the above example, we take

a>ap:= /01 (oz(t)ril — a(O)Pil); dt.

The claims (a)-(c) also hold in this example, which can be proven with a similar argument.
0

6.3.2 w-minimizers with w(r) ~r

1
Consider the integrand f(z) = (1 + |z|?)?, and the minimisation problem of

F(u) = / F(Vu) dz

on the 1-dimensional interval (—1,1). Set

1 ze (0,1),
u) = {0, z € (—1,0).

We will show that u € BV(—1,1) is an w-minimizer of .% on (—1,1) with w(R) = 2R.

It is obvious that w is a minimizer away from the origin x = 0, then it is sufficient
to consider small intervals containing the origin. Given any r € (0,1) and any interval
I, = (—ay, by) with a,, b, > 0 and a, + b, = 2r, one minimizer of .%,(-) is the affine function
v(z) = (2 + a). Indeed, for any w € Wa (1), by Jensen’s inequality and the convexity
of f we have

s (o (3 ) <o (o (F o )

Then the minimality in BV, ([,) can be obtained by approximation. Alternatively, the
derivative v’ of v satisfies the corresponding Euler-Lagrange equation

br

J'( (@))¢ (@) de = / "y ( ! ) () de =0 (6.3.4)

—a, —a, 2r
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for any ¢ € C2°(1,). The strict convexity of f then implies the minimality of v.
Notice that

1\"\»
yu(u, Ir) = 2r —+ 1, Lgiu(v’]'r) =9 <1 + <> )P ’

2r
which directly implies
Fu(u, 1) < (14 2r)Fy(v, I).

Therefore, we have
Fu(u, 1) < (14 2r)Fy(w, 1)

for any w € BV(—1,1), and thus u is an w-minimizer of .% on (—1,1) with w(r) ~ 7.
However, it has a singularity at x = 0.

Remark 6.3.1. As mentioned in Example 6.2.1, the integrand f (=e, = (1 + ||p)%) does
not satisfy (LD2). We can replace e, by ey, in the above example so that it provides
a counterexample that precisely aligns with the assumptions in Theorem 6.1.2. With this
substitution, the function u remains an w-minimizer with w(r) ~ r, and the above argument
still applies.

6.4 Sobolev regularity for generalised minimizers

In this section, we show the Sobolev regularity for generalised minimizers of .% as in
Theorem 6.1.1. The argument is modified from the vanishing viscosity method in [BS13],
and is simplified as we already have the W regularity for and do not need to incorporate
the boundedness of a generalised minimizer u in our proof. In this process, a sequence
{ug} is constructed with Ekeland’s variational principle. Each uj minimises a regularised
functional, and it is possible to show W, (Vuy) € VVlif(Q) The sequence converges to u in
the f-strict sense (see Definition 2.5.1 and (6.4.33)), and indeed strongly in W' as shown
in Subsection 6.4.4. Then it is possible to pass the regularity of W,(Vuy) to W,(Vu) with
the difference quotient estimate for the former and Fatou’s lemma.

Fix a bounded Lipschitz domain 2 C R™. The boundedness and Lipschitz property here
are not necessary and assumed just for convenience, since we can restrict the discussion to
a compact Lipschitz sub-domain of €. Suppose that the integrand f: RV*" — R satisfies
(LD1)-(LD3), and u € BV(Q,RY) is a generalised minimizer of the functional .# (see
Definition 3.1.6). We do not specify the boundary value, because Lemma 2.9 in [BS13] shows
that a generalised minimizer in a certain Dirichlet class also minimises the functional with
respect to its own boundary value. By Corollary 3.2.4 we know that u € WHI N L>(Q, RY).

Since € is bounded and has a Lipschitz boundary, there exists ug € W1(€Q, RN ) with
trqg ug = trq u. Define the Dirichlet class & := ug + Wol’l(Q, RM).

The proof is composed of four steps. We first regularise the functional .# in Subsection
6.4.1 and construct the sequence {u}. The existence of V?uy and a uniform estimate for
the L%-integrals of VW, (Vuy) are given in 6.4.2 and 6.4.3, respectively. The final step in
Subsection 6.4.4 is to show that ug — u in W(Q, RY), which further implies the estimate
for VW, (Vu).
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6.4.1 Regularisation and approximating sequence

In the following, we take two sequences {ugj} and {vx} in turn. The first one is a
suitable approximation of ug, while the second one of u. The final approximating sequence
{ug} will be chosen based on {vy} with Ekeland’s variational principle. In the following,
we abbreviate . (w, Q) as .# (w) for any admissible map w.

To work with a W12 regularisation, we choose a W12 minimising sequence. First,
approximate the boundary value ug by {ugx} € WH2(Q,RY) such that

1

”’U,O,k - UOle,l(Q’RN) < W’ (6.4.1)

where Ly = Ly(n,N,L) > 0 is the Lipschitz constant of f (Lemma 2.6.6). Define 7, :=
w0k + W&’Q(Q,RN), and choose {v;} C P with

1
| (v — uox) — (u— UO)le,l(Q,RN) < 6L k2’ (6.4.2)
which implies
1
vk — uHWl,l(Q’RN) < 73Lfk2. (6.4.3)
With (6.4.1) and the Lipschitz continuity of f, we have
1
inf .7 = inf F <inf F + . (6.4.4)
7 uo+ W2 (QRN) 22 6k
The inequality (6.4.3) further implies
Fog) < F(W) + o = inf F + —— < inf T + . (6.4.5)
- 3k2 g 3k2 ~ g, 2k2
Define the following regularised integrand
fi(2) = F(&) + gl (6.46)
2):= f(z z 4.
g 2V k2!

where Vj := 1+/\Vvk\2da:.
Q

Then fj, is of quadratic growth, and from (LD2) we know that its second derivatives satisfy

i 1 , L 1 )
n < fl(2)]E, € < + . 6.4.7
The regularised functional is defined with f;, on W~11(Q,RN):
fr(Vw)dx, w € P,
Fio(w) == Ak( ) ‘ (6.4.8)
00, we W HHQ,RM)\ 2,

and see Subsection 2.2.1 for a short discussion about the negative Sobolev space W11, Tt
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is easy to see with (6.4.5) that

1 2
1 1
<inf%¥+-—+4+—— 6.4.9
e TR (64.9)
1
. > 1
= Wﬂ,llr(lstRN) Tt k2

Notice that W~11(Q,RY) is a complete normed space (Proposition 2.2.4), and .%}, as
a function defined on this metric space is bounded from below and not identically oo.
The proof of its lower semi-continuity is postponed to the end of this subsection. Then
applying Ekeland’s variational principle (Theorem 2.8.1) with (6.4.9), we know there exists
up € WHL(Q, RY) satisfying

(@) lluk — vellw-11 gy < ©
(b) Fr(uk) < F(vg);
(¢) Fr(ur) < Fp(w) + 3 [lw — upllyra gy

The inequality (b) implies that uy € % since Fi(vy) < oo. Actually, the integrals
Fr.(v) and thus Z(uy) are uniformly bounded

1 (6.4.5) 5 5

9]{(11,]{) < ﬁk(vk) < cgs(?}k) + @ < H—%fﬁ + @ = ﬁ(u) + @ (6.4.10)
Considering the lower bound of f, we furthermore have
/ V] 4~ (g2 do < Falun) < F (u) + . (6.4.11)
Q 2V k2 - - 6k2

It is routine to obtain the following Euler-Lagrange inequality from (c) with the fact
that f € C?2(RV*™):

1
< 2 lellw-ragmn) - (6.4.12)

/Qfé(Vuk) -Vedx

Now we show that the functional .%, is lower semi-continuous in W~=11(€Q, RY).

Lemma 6.4.1. Suppose that the functional .y, is defined on W—E1(Q,RN) as in (6.4.8).
Then Fy, is lower semi-continuous with respect to norm convergence in W51 (Q,RN).

Proof. Suppose that the sequence {w;} € W~11(Q,RY) converges to w in W~ norm.
Without loss of generality, we can assume

liminf Z(w;) =: m < 00
l—o00

as the result is obvious when m = oco. Then there exists T' € N such that for any [ > T, we
have Zi(wy,) < m+ 1. This gives a uniform bound of [wg||y12(qgry for I > T, since the
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definition of %), implies
1
k2 /|sz|2 dz < Fi(w) <m+1, (6.4.13)
Q

and ||wy, HWLQ(QRN) is thus uniformly bounded by the fact w; € 2 and Poincaré’s inequality.
Then there exists a subsequence {wy, } of {w;} which weakly converges to some w in
Wh2(Q,RY). From (2.2.3) we know
_ _ t—00
|wi, = @l y-11qpryy < llw, = @l rryy =0,
and thus w = w is in Z since the Dirichlet class is weakly closed. The functional .7 is
lower semi-continuous in W2 since it is convex (see Theorem 8.4 in [Dac08]), and thus

there holds

Fr(w) < liminf Zy(w;,) = m = liminf Fy(wy;).
t—o0 l—00

6.4.2 Second differentiability of wuy

In this step, the second differentiability of w; is shown with a difference quotient
argument based on the Euler-Lagrange inequality (6.4.12).

Proposition 6.4.2. Suppose that the integrand f: RV*" — R satisfies (LD1), (LD2),
and fy is defined as in (6.4.6) with some constant Vi, > 0. If u, € WH2(Q,RYN) satisfies
(6.4.12), then we have uj, € W22(, RN).

loc
Proof. The estimates in this proof are not uniform in k, so the constants are allowed to
depend on k.
Suppose that {es}7_; is the standard basis in R", and for some h € R\ {0} we define
the following difference quotient

() v(z + he;) —v(x)

as in Section 2.3. Now take n € C°(Q) with 0 < n < 1 and h € R with 0 < |h| <
dist(supp(n), 982). Test (6.4.12) with the function ¢ := A%, (n®?Asuy), which implies

91

1 (2.24)
] /Q e(Vur) - Vo dz) < S llellw-rizyy < 7 [AZ0 ARl o p)

Lemma 2.3.3 l o QAS
< 2o ARl e (6.4.14)

1 S S Eat]
< A (’\2778 UAhUkHLl(Q,RN) + H"QAha “kHLl(Q,RN)) :
The left-hand side above can be expanded as follows
/ f1.(Vug) - Vopdz = —/ AS fr(Vuyg) - V(2 A uy) da (6.4.15)
Q Q

== / A fo(Vug) - (P A Vg + 2025 g ® V) da.
Q
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By the fundamental theorem of calculus, the difference quotient of f;(Vuy) can be writted
as

5 e (Vug(z / "(Vug(z) + thA; Vug(z)) dt [A; Vug(z), ],
and we denote the symmetric bilinear form by %, ., i.e.,
/ (Vg (@) + thAL Vug(x)) dt.

Then with the Cauchy-Schwarz inequality, the second term on the right-hand side on (6.4.15)
is controlled as follows

-2 /Q B o [NA}Vug, Afu,, @ V| da
< % /Q B, o [A; Vug, nA;,Vuy] dz + 2 /Q By, o[ Ajur @ Vi, Afup @ V| dz, (6.4.16)
and combining (6.4.14) we obtain
[ iV iz < 2 (2 [ nomdiulas + [ 18700 d )
+ 4/(2<%’k7z[Afluk ® Vn, Aju, @ Vil dz. (6.4.17)

The inequality (6.4.7) implies that the bilinear form %, , satisfies the following estimate

€ < Bt €] < ( ) P, (6.4.18)

Vk:2 Vik?

with which we can further rewrite (6.4.17) as

1 2
/nz\AiVuk2dx§ 2/n\asnAfluk]dx—F/772|A;§Vuk|dx
Vik? Jq k Q Q
1
4 L+ —|A; 2) dz. (6.4.19
+ /Q< —i—kaQ] huk®Vn> z. ( )

Estimating the second term on the right-hand side with Young’s inequality

1
7| A} Vug| de < /n2 ASVuk2dx—|—2Vk/ n*dz,
7 [ 8 de < s [ R8TVl i
we finally get, with Lemma 2.3.3

b
Vik?

1
8/77\8877A2uk]d$+4vk/772dx+8/ L4 ——|Afu, @ V) do (6.4.21)
kJa Q 0 Vik?

/ 7?5 V| da (6.4.20)
Q

IN

IN

C(sup|V77|/|Vuk|d:v—|—sup|V77|2/Vuk|2d1:+Z"(Q)) (6.4.22)
Q Q Q Q
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Lemma 2.3.4 implies that uy € VVi’f(Q,RN). O
6.4.3 A uniform estimate for the second derivatives
Define the following function on any finite dimensional Hilbert space
2—p
Wa(z) = (1+[]) T,
then we know that W, (Vug) € L*(Q2). Notice that W), is differentiable, and

2—u z
2 (142"

W,(2) =

is bounded. Since uy € VVicz(Q, RY), the function W, (Vuy) is actually in the space VV;?(Q)
with
2—pu Vug - 0°Vug

24u )

2 (14 |Vup2) =

W, (Vuy) = for any s € {1,...,n}. (6.4.23)
Indeed, it is possible to show a uniform estimate for the L? integrals of VW,(Vuy) on any
fixed subdomain Q' cC Q.

We first prove the following lemma, with which we can transfer one derivative on the
test map in (6.4.12) to fi.(Vug).

Lemma 6.4.3. Suppose that the integrand f: RN*" — R satisfies (LD1), (LD2), and
fx is defined as in (6.4.6) with some constant Vi. The map v, € WI2(Q,RN) satisfies
(6.4.12). Then for any s € {1,...,n} and ¢ € W&’Q(Q,RN), the following inequality holds
true:

1

Proof. From Proposition 6.4.2 we know uy € W2’2(Q,RN). By definition, the map fj is

loc

differentiable with bounded derivatives, and thus f;(Vuz) is weakly differentiable with
O f1.(Vug) = fi (Vur)0*Vug € L, (Q,RY*™).
Furthermore, we have, by Lemma 2.6.6,

1 2
| fp(Vug)| < CL + WWUH € L°(9),

which implies f(Vug) € W2 (Q, RN*"). For any ¢ € C°(€, RV), there holds

loc

/ ° fi.(Vug) - Vo dz
Q

/Qf,/c(Vuk) -V (0°¢) dz

(6.4.12) | (2.24) 1

< P 0¢lw-rieryy = 1 leln@ry) -

The inequality for a general ¢ € I/VO1 ’2(9, R™) also holds by approximation. O

Proposition 6.4.4. Suppose that the integrand f: RV*" — R satisfies (LD1), (LD2),
and fy, is defined as in (6.4.6) with some constant Vi > 0. If up € WE2(Q,RY) satisfies
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(6.4.12), then uj, € W2?

V2| 1 / 2,12
E/ ———dz + Vug|* dz
B, (14 |[Vur|?)2 Vick? Br’ +
16L 2 16 )
< —_— 4.2
< ((R—r)2+k\/ﬁ> /BR|V1Lk|d:U~I—ka2(R_r)2 /BR|VUk| dz (6.4.25)

holds for any ball Br = B(zo, R) CC Q and any r € (0, R).

(Q,RY), and the following estimate

Proof. Fix a ball B = B(zog,R) CC Q and 0 < r < R, and take a cut-off function
n € C°(Bg) between B, and Br with

0<n<1l n(z)=1inB, [Vil< 5=

Then insert the test function ¢ := n?0%uy into (6.4.24), which gives

0° fi.(Vug) - V(n285uk) dz

1 S
. <z |n*0 ukHLl(Q’RN). (6.4.26)

The integral on the left-hand side can be written as
fi (Vur)n0° Vg, n0*Vug]) dze + | fi/ (Vug) 10"V, 20%uy, @ Vi) da.
Br Br

The second term can be controlled with the Cauchy-Schwarz inequality as in (6.4.16). Then
(6.4.26) and (6.4.7) implies

‘asvuk‘Z ]. s 2
/r (6(1 + [V |?) i kaQ‘a Verl” | dr

T (Vug) [n0°Vug, nd°Vuy| dz (6.4.27)
Br

IN

IN

2
- / n?0%uy,| dz + 4 Ir (Vug) [0°ug @ Vn, 0°uy, @ Vn] da
k BR BR

2 5 16 L|0%uy|? 1 9
- n*|0%ug| dx + / + 0’ uy dz.
k /By 0% (R—7)* By ((1+ IVug|2)z ka2| |

Summing (6.4.27) over s, we have the desired estimate (6.4.25). O

IN

Now we know that the map uy selected in Subsection 6.4.1 satisfies (6.4.25), which can
be further controlled with (6.4.11):

\V2uk|2 1 / 2.2
E/ —— —dz + Veurl* dx
b, (L vupyE R SV

<C <(R_1r)2 + ;) (/Q F(Vu)da + /.:2> . (6.4.28)

where C' = C(n, L,¢) > 0. Then from (6.4.23) we have the following uniform bound with
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C=0C(n,L,¢,p)>0:

|V 2|2
B (14 |Vug|?)z

<C <(R_1T)2 + ;) (/Q F(Vu)dz + ;) . (6.4.29)

/ VW, (Vauy)|*dz < C
B

6.4.4 Strong convergence

The uniform estimate obtained in the last subsection can be passed to the generalised
minimizer u, which then gives Theorem 6.1.1. To achieve this, we first show that u; — u
strongly in W11 up to a subsequence, and then apply Fatou’s lemma in the difference
quotient estimates for wug.

We make two claims about the convergence of {uy}:

(i) ug converges to u in the weak® sense up to a subsequence;
(ii) ug converges to u in the f-strict sense up to a subsequence, i.e., there exists a

subsequence {uy, } such that

up, = u in BV(Q,RY), and llim F(ug,) = F (u).
—00

Proof of (i). Combining (6.4.3) and (a) we know that

1
||uk — ’LL||W—1,1(Q7]RN) < W + % — 0, ask — oo,
and thus uy, — u in W=H1(Q,RN).
The estimate (6.4.11) with Poincaré’s inequality implies that {u;} is bounded in
WLLHQ,RY). Therefore, there exists a subsequence {uy,} and a map w € BV(Q,RY)
such that uy, converges to w in the weak™ sense. In particular, we have

Huk‘l - wHLl(Q,RN) — 07 as | — oo.

By (2.2.3), the limit w must coincide with u, and thus uj, converges to w in the weak”
sense. O

Proof of (ii). Consider the subsequence {uy, } selected in the proof of (i). First, by definition
and the selection of u; we have

(b) (6.4.5) 5 )
ﬁ(ukl) S ‘g\kl (ukl) S ’gzk‘l (Ukl) S l%fy + 192 Laj(u) + 79" (6430)

Taking the limit superior of both sides gives

limsup # (uy,) < .Z (u). (6.4.31)

l—00

Notice that f is of linear growth and strongly convex, and thus .%# is lower semi-
continuous with respect to the weak* topology in BV (€2, RN ). This result can be found in



164 Chapter 6. Sobolev regularity for BV (w-)minimizers

[ADM92] and [FM93], where the authors showed that the lower semi-continuous relaxation
with respect to the L}OC(Q,RN ) topology of .%, which is originally defined on W1, is 7.
See also Theorem 11.7 in [Rin18]. Thus, we have

F(u) < lilm inf 7 (uy, ), (6.4.32)
— 00
which finally implies
lim 7 (ux,) = F (u).

l—o00

O]

The next step is to show that {uy, } converges to u strongly in W11(€2, RY), which is the
following lemma. The statement is similar to Theorem B.2 in [BS13], but we use a different
argument based on Young measures.

Lemma 6.4.5. Suppose that the integrand f: RN*" — R satisfies (LD1), (LD2), and
that the sequence {w;} C WH1(Q,RN) converges to w € WHH(Q,RY) in the f-strict sense,
1.€.,

w; > w in BV(Q,RY),  and /f(ij)dx%/f(Vw) dz (6.4.33)
Q Q

as j — oo. Then the convergence also holds true in the strong sense in WH1(Q,RN).

Proof. From (LD1) and the assumption (6.4.33), we know that {w;} is bounded in
WLHQ,RY). Then Corollary 2.5.14 implies that for any subsequence of it (not relabelled),
there exists a further subsequence {wj, } such that {Vw;,} generates a BV-Young measure
v € BVY (Q,RN) Cc YZ(Q,RN) with v = ((t2)zeq, Ay (V%) 4eq), Where

Vg )zen C YA RN)7 \, € !//—i-(Q)7 (V) ,eqy C //ll(SNn_l).
€

Notice that S¥?~1 is the unit sphere in RV*™.
Since Vw;, — Vw, by (2.5.9) we know that

Vw ) ZL"LQ=0=0.2"LQo+ 5N LQ in.Z(Q,RV*"M),

where ¥ is the barycentre of v. The measure on the left-hand side is absolutely continuous
with respect to £" L Q, and thus so is the one on the right, which implies

MO« 2O and V()L Q= (5 + 5> i;”n

)ZmL Q. (6.4.34)

Considering that v is generated by {Vw;, } and w; converges to w in the f-strict sense,
we have

[ wwyde = tim [ j(Vwg)de = [ o) ot [ 0 ) ane)
> [ (s () ) ars [ e @)
> [ 1wdes [0 ) ana),
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where we applied Jensen’s inequality, Lemma 6.4.6 in the following and (6.4.34). The above
estimate indicates that (15°, f*°) =0 A\ -a.e. on 9Q0. However, the assumption (LD1) and

the fact that v2° € .1 (SM"~1) implies

(e, ) = / f(z)dvee(z) > / lz|dv®(z) > € >0, for any x € Of).
SNn—1 S§Nn—1

Thus, we have A\, L 0Q2 = 0. Besides, both inequalities in (6.4.35) hold with equality. The
function f is strictly convex on R™V*" and thus so is f* on SV"~!. With Lemma 6.4.6 we
have, for £"-a.e. ¢ €  and thus A\, -a.e. x € Q,

Vo, f) = f(n) = vp = 0y, (6.4.36)
(Vo f°) = f(7°) = v = e (6.4.37)
d\, o dA, oo AN,
f(0z) + [ (17? d$n> =f <Vx + v dgn> — 7o =0, (6.4.38)

Notice that v3° = dp~ and thus 7° € SN7=L for any z € €, then it is easy to see \, = 0.
Therefore Theorem 2.5.12 implies that Vw;, is uniformly integrable on €2, and Theorem
2.5.11 with (6.4.36) implies the convergence of {Vwj, } in Z"-measure to Vw. Finally, we
apply Vitali’s convergence theorem (Theorem 2.5.13) to conclude that Vw;, = Vw strongly
in L1(Q,RV>1),

Since each subsequence of {w;} has a further subsequence converging to w strongly in
WL(Q,RYN), the strong convergence must hold for {w;} itself. O]

At the end of this part, we show an auxiliary lemma about f and f°° used in the above
proof.

Lemma 6.4.6. Suppose that the integrand f: RNX" — R satisfies (LD1), (LD2). Then

for any z1, 20 € RNX" we have

f(z1) + fF(22) > f(21 + 22) (6.4.39)

hold true, and the equality is attained if and only if zo = 0.

Proof. Consider the function

g(t) == %(f(zl +tz) — f(z1)), t>0.

Then with the assumptions (LD1) and (LD2) on f, we can do calculation as follows

1
g(t) = /0 f'(z1 + stzg) - 20 ds,

sl) z|?

7 ds.
1+ |21 + stzo]?)2

1 1
g (t) —/0 I (21 + stzg)[sz2, 20] dz 2/0 (

Notice that when zy # 0, the derivative ¢/(¢) is strictly positive for any ¢ > 0, and thus g(t)
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is strictly increasing in ¢ and

lim g(t) = %(f(zl +tzo) — f(tz2) + f(tz2) — f(21))

t—o0
Lemma 2.6.6 1
< —
t

(CL|z1| + f(tz2) — f(21)) = [ (22)-
In particular, the inequality (6.4.39) is obtained by comparing g(1) and g(oo):
F(22) = Jim g(t) > g(1) = f(z1 + ) — f(2).
It is obvious that (6.4.39) holds with equality when zo = 0. O

6.4.5 Differentiability of W,(Vu)

Finally, we are at the place to prove the regularity of the generalised minimizer v as in
Theorem 6.1.1. The sequence {ug, } selected in the proof of (i) and (ii) converges to u in the
f-strict sense, and thus strongly in WH!(Q, RY) by Lemma 6.4.5. Then there is a further
subsequence {ug, } such that Vug, — Vu Z"-a.e. in Q. Fix a ball B = B(z¢, R) CC Q,
and take r € (0, R) and h € R with 0 < |h| < r.

The estimate (6.4.29) holds for uy,, and thus for any s € {1,...,n} we have the following
difference quotient estimate by Lemma 2.3.3

/ |A§LWM(Vukt)\2dx§/ VW, (Vaug,)|* dz
By _|n B

<C <(R_1T)2 + ]D (/Q F(Vu) dz + k:lz) . (6.4.40)

Applying Fatou’s lemma to obtain

C
|AF W, (Vug,)|* do < R-r)p /Q f(Vu)dx.
(6.4.41)

/ |A; W, (Vu) > dz < lim inf/
By _in =00 By _in

Thus, Lemma 2.3.4 indicates that W,(Vu) € W,52(€) with the estimate (6.1.3).

loc

In particular, for 1 < p < 1+ %, a higher integrability for Vu as in Theorem 6.1.1
follows from

2n

o) n—2
Vul 5 < W, (Vu), W,(Vu) € WEA(Q) < {Lloc @, nz3

(6.4.42)
L.(Q), n=2,
where qu;c(Q) is the local Orlicz space with ®(t) = et — 1. The second embedding is by

Trudinger [Tru67].

Remark 6.4.7. In the case where 1 < p < 1—|—%, the condition (LD3) is indeed unnecessary.

This condition is used in [BS13] to show the local boundedness of any generalised minimizer,
which is helpful in the proof of the Llog L regularity for the gradient. When 1 < pu <
1+ %, one can follow the above argument to construct an approximating sequence {ug} of
a generalised minimizer u € BV (2, RY) and obtain the fact that W, (Vuy) € WL2(Q) with

loc



6.5. Sobolev regularity for w-minimizers 167

a local estimate uniform in k. Since the W1 regularity for u is not known a priori, it is
necessary to first approximate u with a sequence in Wj’l(Q,RN ) in the area-strict sense
(see §5 in [BS13]). Then as in (6.4.42) we have |Vug| € L] (Q) with some ¢ = g(n, ) > 1,
and the local Li-integrability of Du follows from the lower semi-continuity of the integrand

z 2|2

Remark 6.4.8. Since we already know that a generalised minimizer v is in W1(Q,RY)
under conditions (LD1)-(LD3) from Theorem 3.2.2, the corresponding Euler-Lagrange
equation holds in the weak sense

/ f'(Vu) - Vedz, for any ¢ € C°(Q,RY). (6.4.43)
Q

It is possible to do difference quotient directly with (6.4.43). However, there will be issues
due to the low integrability of Vu. Test (6.4.43) with p = A®, (n*Aju) for some cut-off
function n € C°(Q), then we will have to deal with the term

/ 2nA; f'(Vu) - Aju @ Vndz. (6.4.44)
Q

It can be controlled with the Cauchy-Schwartz inequality as in (6.4.16), and one term
obtained with AjVu can be absorbed, while the other is

1
// 1"(Vu(z) + thAj Vu(z)) dt[{A;uVn, AjuVn] dz.
QJo

We can further control it with (LD2) by the following

|Aiu|2(1 +log(1 + |Vu(z)]? + |Vu(z + hes)|?))

sup|V77|2/ 1 dz.
Q supp(n) (14 +|Vu(z)|? + |[Vu(z + hes)|?)?

The pointwise limit of the integrand is integrable by Theorem 3.2.2, but it is not clear
how to deal with the integral itself. If the integrand is bounded by an integrable function,
Fatou’s lemma will help to control this term.

Alternatively, we can control the term (6.4.44) by

2L 2L
suan\f/ |AFu|dx < sup]Vn[f/ |Vu|dz,
Q 1Al Jsupp(n) L I8l Jsupp(n)
with which we lose one |h| and can only obtain W;;f regularity of W,(Vu) with r € (0, 3).

6.5 Sobolev regularity for w-minimizers

An w-minimizer partially retains the Sobolev regularity of the corresponding generalised
minimizers, which is specified in Theorem 6.1.2 and proved in this section. To show
this result, we first consider the extremality of a generalised minimizer, and obtain an
inequality similar to the corresponding Fuler-Lagrange equation but with the singular
part and boundary value of the test map incorporated (see Subsection 6.5.1). With such
an inequality, the comparison between an w-minimizer and a corresponding generalised
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minimizer on any small ball can be carried out, which is presented in Subsection 6.5.2.
Then the Sobolev regularity proved in Theorem 6.1.1 can be transferred to the w-minimizer
(the absolutely continuous part) with such a process.

We remark that it is not clear to us how to rule out the singular part of the derivative of
a BV w-minimizer. In addition, the argument only works for 1 < u < 2, since the estimate
in Lemma 2.9.3 for p > 2 is not good enough to make the proof work.

6.5.1 Extremality of generalised minimizers

Suppose that v € BV({,RY) is a generalised minimizer of %, with some g €
BV (Q,RY). By Theorem 3.2.2 we know that v € WH1(Q,RY), then the Euler-Lagrange
equation holds in Wh!

/ f(Vv)-Veodz =0, forany pe WOI’I(Q,RN). (6.5.1)
Q

However, in BV the situation is more subtle due to the possible singular part of the test map
and possible incoincidence of the boundary values. Taking the two factors into consideration,
we are still able to obtain a description of the extremality of v.

Lemma 6.5.1. Suppose that f: RV*" — R satisfies (LD1)-(LD3), and v € BV (Q,RY) is
a generalised minimizer of F, with some g € BV (Q,RN). Then for any w € BV,(Q,RY),
the following inequality holds

/ o0 dDS S
[ 790w -vde [ 1 <d’DS >d|Dw\

e (tro(w —v) @ vg) dH" 1 > 0. (6.5.2)
o0

Proof. Take any w € BV(Q,RY) and let ¢ = w —v. For any t € [0,1], there holds
Fg(v,Q) < Fg(v+tp, ), which is

| 7o [ p2(eals - o) @ va)an!
Q o0
w [ dD*w B
S/ﬂf(Vv—i—tVnp)dx—i—t/ﬂf <d|DSw|> d|D*w]
—i—/ feralg — (1=t — tw) @ vg) dH™ L,
o0

where vq is the unit outward normal of 9€2, and we used the positive homogeneity of f°.
If w € BVy(Q,RY), the above inequality becomes

/ f(Vv) da + / = (tra(g — v) ® vo) A
Q o0

dD%w
</ + A0l D?
/ (Vo +tVe)dr t/ f°°< \D5w|) d|D*wl|

+(1—1%) fe(tro(w —v) @ vo) dH™ 1
o0
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Denote the function in ¢ on the right-hand side by h(t), then it is easy to see that h(t) > h(0)
for any ¢ > 0 and thus A’(0) > 0, which gives exactly (6.5.2). O

6.5.2 Comparison and fractional Sobolev regularity

Assume that u € BV(Q,R") is an w-minimizer of .# with some proper w. In this
subsection, we compare u with a corresponding generalised minimizer on any small ball, via
which it is possible to establish an estimate for a fractional difference quotient of W, (Vu).
Then by an argument similar to that in [KMO05], one can obtain the fractional Sobolev
regularity in Theorem 6.1.2.

Proposition 6.5.2. Suppose that f: RV*" — R satisfies (LD1)-(LD3) with 1 < p < 2,
and u € BVj,o(Q,RY) is an w-minimizer of F with some Ry > 0 and w satisfying (w1).
Then for any ball B = B(xo, R) CC Q with R < Ry, we have

h 2
/BT\W”(Vu(x)) W, (Vu(e + hey))2de < C <|R’2 —|—w(R)> /BR(l + (D), (653)

where 0 < r < % and C = C(n,N, L, ¢, ) > 0.

Proof. Take a generalised minimizer v € BV (Bgr,R") of .#, on Bg, and the existence
is guaranteed by Corollary 1.9 in [BS13]. Then by Theorem 6.1.1 we know that v €
Wh(Bg,RY), and W, (Vv) € W (Bg) with

2 _¢ v|) dz _C u
[, VWP < m s [ s vears m T [ son) 650

for any 0 < r < % where we used (LD1) and the minimality of v to get the second

inequality. Thus, for any s € {1,...,n} and any h € R with 0 < |h| < r, the following
estimate holds

/B |AS W, (Vo)]* de < /B |0°W,,(Vv)|? da (6.5.5)
< (R—CT)Q/B (14 |Vy|)de < (R—C1")2/B (14 f(Du)).

On the other hand, Lemma 6.5.1 implies

, o [ dD%u B
/Qf(Vv)‘V(u—v)dx—i—/ﬂf <d|D3u|> d|D%u|

— [ fC(tro(u—v) @ vo)dH" " > 0. (6.5.6)
o0

Then we have the following estimate
[ (%) = £90) = /(9) - T =) da
R

— F(u, Br) — Fu(v, Br) — /Q F(Vo) - V(u—v) da (6.5.7)
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o¢) dDSu s o B -

< Zu(u, Br) — Zu(v, Br).
Considering the definition of .%, in (3.1.24), we may take {wy,} C Wa''(Bgr, RY) such that
wp — v in LY(Bg,RY) and % (wy, Br) = Fu(v, Br)
as k — oo. The w-minimality gives
Z(u, B) < lim (14 w(R))F (wk, Br) = (1 + w(R))Fu(v, Br),

and thus there holds

[ (0 = 590 = £(90) T 0)) do < (B P, Ba) < wlR)F (0, Br). (65:5)

R

In addition, the left-hand side of the above estimate is controlled from below:

/ (F(Vu) — F(V0) — F(Vo) - V(u—v)) de

Br
1
= / (1—t)f" (Vv +tV(u—v))dt[Vu — Vv, Vu — Vo] dx (6.5.9)
Br /0
(LD2) 1 _
> / / 1=t = dt|Vu — Vol? dz
Br (1+|Vo+tV(u—0)?)2

0

Lemma 2.9.3 — 2

e Za C/ |Vu — V| _d
Br (1+|Vul? +|Vov|?)2

Lemma 2.9.3 also helps to compare W,,(Vu) and W, (Vwv) in the following way as 1 < p < 2:

B 2 4 ! |Vu — V| ?
/BR|WM(Vu) W, (Vo) d S/BR (/0 (1+yw+tV(u—v)|2)i>

Lemma 2.9.3 — 2
2 0/ |Vu — Vo
Br (1+[Vul? +[Vv]?)

= dz (6.5.10)
2

e [ v - 90 - P90 V) e
Br

(6.5.8)
< Cw(R)Zy(u,Bg).

To get the estimate (6.5.3), we take h € R with 0 < |h| <7 and s € {1,...,n}, and use
(6.5.5) and (6.5.10) to obtain

/B (W, (Vu(z + hes)) — W, (Vu(z)) > do

<3 < : W, (Vu) — W,(Vo)[* de + B (W, (Vu(x + hes)) — W, (Vo(x))|? dz
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+/ (W, (Vu(z + hes)) — W, (Vo(z + heg))? dx) (6.5.11)
By
6/ |WH(VU)—W#(VU)|2d33+3C 2/ (1+ f(Du))
Br Br
<o+ @) [t s
- (R—7)*" /gy '
Thus, the estimate (6.5.3) holds because of 7 < £. O

Now we are ready to prove Theorem 6.1.2. For any subdomain ' cC Q of , take
Q" cc Q with Q' cc Q”, 8 € (0,1) to be fixed and h € R such that

0<|hf < mln{ dist (", aQ) } : (6.5.12)

"B/
For any x € Q with dist(zg, Q") < r := |h|?, we have
Q\Lf C Br C B4r C Q4r CcC Qa

where the cubes and balls are all centred at zg. Then (6.5.3) implies

/ WA (Ve + hey)) — W, (Vu(e))[? da
%
|h|?

<c (r + w(4r)> /4T(1 + (D)) (6.5.13)

C(P 4 o) [ (14 f(Dw).
Qar
It is possible to select a finite family of disjoint cubes {Q(z;, \;ﬁ) : Qi } | such that
Q" c UK, Q;, where K € N depends on ', r,n. For any i € {1,..., K}, the cube 4,/nQ; =
Q(x;,4r) intersects at most (164/n)" cubes in the family {4y/nQ;}X,. Obviously, the
inequality (6.5.13) holds for each @;, and we sum over i and s to get

/NZ|Wu(Vu(x+hes))—WH(Vu(a:))Fdx < 0(|h|2—25+|h|205)/Q(Hf(pu)), (6.5.14)
=1

where C = C(n,N,L,¢) > 0. Notice that the above estimate holds for any h satisfies
(6.5.12).

Set o := min{2 — 23,203}, which takes its maximal value =% when 3 = . Then by
Lemma 2.3.5 W, (Vu) € I/Vltog(ﬂ”) for any ¢ € (0,5) = (0, 1JFU). In addltlon, the WtQ(Q’)
norm of W, (Vu) is controlled as follows:

(Wu(V) iz < C </Q(1+f(Du)) +/ WM(Vu)2d$> (6.5.15)

§C’</Q(1+fDu (/fDu>2 " iy )
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with C' > 0 depending on n, N, L, ¢, t, 0, Ry, dist(Q",09Q), dist(',09Q"), £™(Q). We can
further apply the embedding for fractional Sobolev spaces

WH2(Q) < Lz ()
when €' is Lipschitz, which implies, with W,,(z) > ]2]2%,

“ 2n

IVu| € L7272 ().

Then for p < 1+ & =1+ ﬁ, the absolutely continuous part Vu of Du is locally

(1+0)(2—p)n

=)0 ). The proof of Theorem 6.1.2 is now complete.

L%integrable with any ¢ € (1
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