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abstract

This thesis is concerned with the mechanical aspects of fluid-vegetation
interaction in coastal flows and their resultant instabilities. Specifically, we
consider the evolution of periodic waves as they propagate through vege-
tateddomains, and the emergence ofmonami – theprogressive, synchronous
oscillation of submerged vegetation under sufficiently strong flows. We di-
vide our analysis between rigid and flexible vegetative canopies. These
new predictions and physical insights will be applicable in the analysis
of a diverse range of industrial and environmental applications involving
fluid-vegetation interactions.

In the case of rigid vegetation, using the method of multiple scales, we
derive the evolution of small-amplitude waves propagating over a varying
substrate fully coveredwith vegetation. In particular, wegive time-averaged
predictions for both the amplitude and thewavelength of thewaves as func-
tions of the distance of propagation. We then extend this analysis to include
the situations of (i) combined current-wave flows and (ii) shallow-water
waves through vegetation. For the case of combined current-wave flows,
we demonstrate the manner in which the surface waves vary as a function
of the current, and also how the current remains unaffected by the evolving
wave. For shallow-water waves, we explore how cnoidal waves, nonlinear
periodic solutions of the Korteweg-de Vries equation, evolve on horizontal
substrates. For all of the flows considered above on rigid vegetation, their
evolutions are only drag-dependent and hence independent of added mass
and virtual buoyancy.

In the case of flexible vegetation, we propose a model where the plants
are described by elastic cantilever beams. Our first analysis concerns the
propagation of small-amplitude waves. Compared to the case of rigid veg-
etation, the fluid will load and deform each vegetative structure. This
deformation, in turn, must affect the flow. Although the flow and the beam
dynamics have to be determined simultaneously, we show that when the
wavelength is sufficiently small, such quantities are asymptotically decou-
pled – this allows us to first determine the local beam dynamics before
evaluating the momentum loss in the macroscopic flow. In contrast to rigid
vegetation, we find that added mass and virtual buoyancy play a role.

Finally, we focus on understanding the mechanisms and critical con-
ditions for triggering monami. We treat the current as unidirectional and
solve for the steady configurations of the flow and the deflected canopy.
Our stability analysis predicts that monami is induced by shear along the
top of the canopy. Meanwhile, monami can be suppressed if the canopy is
sufficiently sparse or if there is sufficient inertia in the system.
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1introduction

Water is the driving force in
nature.

Leonardo da Vinci

The study of fluid-structure interactionswith vegetation has awide range of
industrial andenvironmental applications, includingfloodcontrol, environ-
mental conservation, and energy production (Morris et al.Morris et al., 20182018). However,
there are many challenges in modelling such flows, particularly due to the
multi-scale nature of the problem, as well as the fact that the vegetation and
flow can be coupled. This thesis is dedicated to the development of com-
pact mathematical models that describe flows through vegetated regions
and their resultant instabilities.

1.1 motivation

Climate change is increasing the frequency and severity of hydrological
disasters (Webster et al.Webster et al., 20052005). While there is a great deal of work into
infrastructure design and its effect on flow management, there is also an
emerging interest in utilising aquatic vegetation to dampen waves and mit-
igate floods—such methods are particularly attractive as the vegetation
forms part of the natural habitat helping to sustain our ecosystems.

Aquatic vegetation is abundant in nature: to provide some context,
approximately 10% of seabeds at depths 0–40 m are covered by seagrass,
with the specie, Posidonia oceanica, alone covers 25% of the seabeds in the
Mediterranean Sea (Borum et al.Borum et al., 20042004). Furthermore, compared to artificial
measures, aquatic vegetation can be equally effective, while possessing the
promising abilities of adapting to the local environment, growing, and also
self-repairing after destructive events – a review is given by Morris et al.Morris et al.
(20182018). The same review has also mentioned about how plants are used as
coastal defence, either on their own or complimented with other artificial
infrastructures tomaximise benefits. In light of this, however, flows through
vegetation are extremely challenging to model. We begin by highlighting
the aspects involved in modelling the vegetation:

(i) Plants naturally have complex geometries, with different compo-
nents that have length scales and material properties that differ
in multiple orders of magnitude e.g. the leaves and branches of
a mangrove. To reduce complexity, many researchers model such

1



structures with simpler geometries such as cylinders and blades
(NepfNepf, 20122012).

(ii) Distinct from terrestrial flows, aquatic vegetation can have heights
that are comparable in magnitude to the water depth to photosyn-
thesise (NepfNepf, 20122012; Marion et al.Marion et al., 20142014). As a result, although the
total volume fraction of vegetation can be low compared to its sur-
rounding fluid, a significant proportion of the domain is obstructed
by the canopy—a vegetative layer or a community of vegetation.
Free-surface effects can also be important.

(iii) Above all, in contrast to mangroves, which has permanent wood,

Aseagrassmeadow. Image is
taken at The Oceanographic,
Spain.

certain families of aquatic vegetation, such as seagrass, are narrow,
flexible and streamlined – an example is given in the margin. Such
properties allow them to passively reconfigure and consequently
reducing the flow-induced load and increase survivability at ex-
posed sites (VogelVogel, 19941994). At sheltered sites, other photosynthetic
organisms such asmacroalgae (seaweed) can bewide and ruffled to
increase photosynthesis and reduce shielding (Koehl et al.Koehl et al., 20082008).

Thus far, we have only outlined the complexities involved in modelling
vegetation—we recall that the other part of the challenge is to account for
the different types of coastal flows, which contributes additional length
scales and physical effects. Together with all these factors, we quote from
Mendez and LosadaMendez and Losada (20042004) that:

The variability of wave damping is very large and trying to
define a generalized behaviour of the ‘plant-induced dissipation’
is absolutely impossible.

Consequently, the efficiency of aquatic vegetation in protecting coastal re-
gions, and the physical mechanisms involved are yet to be fully understood
(Marion et al.Marion et al., 20142014). However, substantial research has also been done in
modelling flows through vegetation. In the upcoming sections, we will
outline the different sub-problems involved and the purpose of this work.

1.2 problem description and scope

Suppose we have an incident wave that is propagating through some veg-
etation in a coastal region. In Figure 1.11.1, we provide a schematic diagram
that illustrates the types ofwaves thatmay arise, categorised bywater depth
(in relation to wavelength) shown on the horizontal, and amplitude (in re-
lation to water depth) shown on the vertical. We first discuss the regimes
which are beyond the scope of this thesis, before discussing the regimes of
interest (annotated in green) in further detail. We will separately address
the problem of current-dominated flows.

In the vicinity of the shore, deep-water waves do not exist unless the
wave frequency is high. This regime is thus more relevant to infinitesimal
capillary-gravity waves rather than surface gravity waves. Furthermore,

§1.2 · problem description and scope 2
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Figure 1.1: Schematic dia-
gram that outlines the differ-
ent regimes involved in waves
through vegetation in a coastal
region. The regimes which are
considered in this work are an-
notated in green.

submerged structures, including the substrate and any vegetation that is
present, typically contribute negligible effects to the dynamics of deep-
water waves. Therefore, deep-water waves are not considered in this work.
Meanwhile, we also ignore tsunamis in the large-amplitude shallow-water
regime (top-left of Figure 1.11.1) by focusing our analysis on periodic waves.

For waves at intermediate depth (centre column of Figure 1.11.1), unless
the wave amplitude is small, they cannot be explainedmathematically with
classic Stokes’ linear theory, which is derived fromasymptotic expansions in
the amplitude-to-depth ratio (or expansions in the amplitude-to-wavelength
ratio, assuming that the depth is comparable to thewavelength) (MeiMei, 19921992).
In such cases, we have to result to numerical simulations, laboratory exper-
iments or field observations (see e.g. Figure 1.21.2). However, they can come
at high costs and can often only explain small parts of the parameter space.

Fortunately, many coastal waves with (relatively) small amplitudes can
still be explained by Stokes’ theory and similarly, cnoidal theory for shallow-
water waves, at least in the absence of vegetation (Hamm et al.Hamm et al., 19931993). Such
theories are what researchers have been utilising as well for theoretical
work on flows through vegetation. We now discuss the individual regimes
of interest, what questions are yet to be answered, and howwewill address
some of these questions. We emphasise that will provide a more detailed
review of the various existing theories in each individual chapter.

1.2.1 Small-amplitude waves

We begin by considering the small-amplitude waves of intermediate-depth
propagating through vegetation [shown 1 in Figure 1.11.1]. Firstly, in the
absence of vegetation, the classic phenomenonof shoaling –waves increasing
in amplitude (while decreasing in wavelength) as they approach the shore

§1.2 · problem description and scope 3



Figure 1.2: An operating 12 ×
20 m wave flume with waves
generated by multiple paddles
(in red) and absorbed by the
wave absorber (in dark-blue
at the bottom-left of each im-
age). Unidirectional waves are
generated by paddles which
are moving in phase; cross
waves are generated by im-
posing constant phase shifts
between consecutive paddles.
Images are taken at theHydro-
dynamics laboratory, Imperial
College London.

– is well understood, provided that the topography is varying on a much
longer length scale than the wavelength itself (KellerKeller, 19581958). On the other
hand, predictions of amplitude decay for waves through rigid vegetation
along a simple horizontal substrate was first derived by Dalrymple et al.Dalrymple et al.
(19841984) based on an energy balance argument. This has since been the default
prediction,with different ad-hoc variations are used formore complex flows
e.g. the drag coefficient can be fitted to account for plant flexibility.

However, the more realistic combined problem has only been studied
in the shallow-water limit (Mendez and LosadaMendez and Losada, 20042004) (bottom-left of the
schematic in Figure 1.11.1). A reasonable but fundamental question has been
neglected: How do waves evolve differently for the combined problem if the wave
velocity is also depth-dependent? More importantly, can we predict the wave
evolution using a rigorous framework?

A rigorous but generalisable framework is beneficial for addressing
other types of flows that arise. A natural extension of this problem is
to understand how a combined current-wave flow evolves in the presence
of rigid vegetation. With the coupling between the current and the wave,
we may ask: How does the current affect the wave and vice versa? Under what
regimes do they decouple? Some of these questions have been answered in
the literature for the fluid-only scenarios (PeregrinePeregrine, 19761976) but not in the
context of vegetative flows.

Another natural extension of the pure-wave problem through vegeta-
tion is to consider scenarios in which the vegetation is flexible. The study
of flexible aquatic vegetation has gained a lot of interest, driven by both the
complex dynamics and also the applications in coastal management with
seagrass [see the review by NepfNepf (20122012)]. The problem of waves acting on
a single plant is relatively well understood, thanks to the research from
various researchers on modelling plants as elastic cantilever beams – we
highlight the work by Luhar and NepfLuhar and Nepf (20162016) and Leclercq and de LangreLeclercq and de Langre
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(20182018). In terms of wave evolution, however, can we extend the plant dy-
namics from a single plant to a canopy? How will the resulting predictions differ
from rigid-canopy predictions? The recent work by Luhar et al.Luhar et al. (20172017) and
Lei and NepfLei and Nepf (20192019) have approached the plant-to-canopy upscaling based
on how a flexible plant is compared in load to a rigid plant and utilised the
predictions from Dalrymple et al.Dalrymple et al. (19841984) for rigid canopies. Are there more
subtleties to account for?

1.2.2 Intermediate-amplitude waves

Thus far, we have only discussed small-amplitude waves (bottom row of
Figure 1.11.1), which can be explainedmathematicallywith Stokes’ theory. For
larger waves, they are significantly more difficult to analysemathematically
due to nonlinear effects such as advection, which can no longer be ignored.
With the additional complexity from the presence of vegetation, there is
naturally less analytical work in this subfield.

However, as we hadmentionedwhenwe first discussed shoaling, waves
have relatively larger amplitudes in the vicinity of the shore or more gener-
ally shallower domains, in relation to the wavelength. Due to the small as-
pect ratio between depth and wavelength, the number of flow variables can
be reduced in this limit. Thus, researchers have studied periodic shallow-
water waves, at least in the absence of vegetation, with cnoidal theory
[shown 2 in Figure 1.11.1] – a class of periodic solutions which satisfy the
celebrated Korteweg-de Vries equation (Korteweg and de VriesKorteweg and de Vries, 18951895). We
note that the small-amplitude limit of cnoidal waves is consistent with the
shallow-water limit of Stokes waves [shown 3 in Figure 1.11.1]. However, we
are not aware of theoretical work which applies cnoidal theory to predict
wave evolution through vegetation. Can we improve our predictions in this
shallow-water limit compared to Stokes’ theory?

1.2.3 Instabilities of flows through vegetation

Moving away fromwaves, another interesting phenomenon that has gained
attention ismonami—the progressive synchronous oscillation of submerged
vegetation under strong flows (NepfNepf, 20122012). We illustrate this with its ana-
logue for terrestrial plants, honami, in Figure 1.31.3, which is easily observable
in daily life (de Langrede Langre, 20082008). In addition to mathematical interest and vi-
sual aesthetics, an understanding of monami can give insights on transport
in such aquatic systems (NepfNepf, 20122012).

Under a sufficiently strong current (or gust of wind for terrestrial flows),
it is known that vortices roll up along the top of the canopy and monami
(or honami) is the visible mechanical response of such vortices (NepfNepf, 20122012).
The emergence of monami is first explained by Raupach et al.Raupach et al. (19961996) as a
shear-induced phenomenon analogous to a Kelvin-Helmholtz instability.
Since, many researchers have tried to understand other physical factors

§1.2 · problem description and scope 5
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Figure 1.3: Snapshots of a
honami, the synchronous wav-
ing of terrestrial plants, at two
instances. In this example,
a honami is observed travel-
ling from left to right along
all three canopies. In particu-
lar, for the reeds, the approx-
imate positions where plants
nearby experience minimum
( ä) and maximum (

ä

) deflec-
tion are marked. Grid lines
and coloured curves act as vi-
sual guides to highlight that at
each of the four annotated po-
sitions, plants near

ä

are fur-
ther suppressed in comparison
to neighbouring plants (at ä)
and also the same plants a dif-
ferent instance (at ä). Images
are taken along the Thames
Path, United Kingdom.

involved via linear stability analysis on some modelled steady flows [see
Singh et al.Singh et al. (20162016) and references therein]. However, there is a lack of un-
derstanding of the role of flexibility and other effects such as inertia and
the presence of a free surface (in contrast to terrestrial flows), which can
be crucial. Can such physical effects alter the known shearing mechanism for
triggering monami? Can such effects encourage or suppress monami?

1.3 objectives and structure of the thesis

In the previous section, we highlighted many open questions on the me-
chanical aspects and evolution of flows in the presence of vegetation. This
thesis is dedicated to address some of these issues. We shall systematically
construct continuummechanical models and develop rigorous frameworks
for analysing both wave evolution and flow instabilities. We primarily
divide our analysis between rigid (Chapters 22–44) and flexible vegetation
(Chapters 55–66).

§1.3 · objectives and structure of the thesis 6



In Chapter 22 we first explore how small-amplitude waves evolve in the Chapter 22: Small-amplitude
waves through rigid vegetationpresence of rigid vegetation. Since we are interested in the macroscopic

flow, we derive how drag and inertial contributions from individual plants
can be homogenised in space to give a bulk momentum sink in the fluid
momentum equations. By considering the limit in which the wavelength-
to-domain ratio is small, we use the method of multiple scales to formally
derive new predictions on wave evolution, which simultaneously accounts
for vegetation, substrate variations, and depth-dependence. In particular,
we predict how the amplitude and the wavelength vary with the distance
of propagation.

We thenextendourmultiple-scales analysis frompure (small-amplitude) Chapter 33: Combined current-
wave flows through rigid vege-
tation

waves to combined current-wave flows in Chapter 33. By investigating how
a steady current and a small-amplitude wave interact with each other, we
highlight how certain physical effects which have been neglected in previ-
ous work could be or should be accounted for. Such physical effects include
variations of the mean free surface and the substrate.

To cover another common regime onwaves through rigid vegetation, we Chapter 44: Shallow-water
waves through rigid vegetationbypassed the small-amplitude approximation in Chapter 44 by considering

periodic shallow-water waves. In particular, we again apply the method of
multiple scales to give new theoretical predictions on how cnoidal waves
evolve in the presence of vegetation. We highlight how such waves evolve
differently from small-amplitude waves and also in what regimes do the
two wave theories formally coincide.

After analysing flows through rigid vegetation, we turn, in Chapter 55 Chapter 55: Small-amplitude
waves through flexible vegeta-
tion

to explores how waves evolve differently through flexible vegetation. We
focus our analysis on small-amplitude waves. This involves extending our
modelling framework from the previous chapters to account for plant flex-
ibility. By modelling individual plants as elastic cantilever beams, we first
understand how a single beam deflects in the presence of a wave. We then
apply the method of multiple scales to formally derive how such beam
dynamics can be extended to the canopy scale and ultimately predict how
waves evolve. We advanced from previous predictions by accounting for
subtle but crucial aspects involved in the plant-to-canopy upscaling.

Finally, in Chapter 66, we explore temporal evolutions of a flow by un- Chapter 66: Instabilities of flows
through flexible vegetationderstanding how amonami, the synchronouswaving of submerged flexible

vegetation, emerges from instabilities. We first consider steady configura-
tions of the system under a unidirectional flow. We then consider infinitesi-
mal perturbations to the steady configurations and predictmechanisms and
critical conditions for instabilities. A significant advancement compared to
previous analyses is that our work addresses the role of flexibility by con-
cerning the coupling between flowperturbations and canopy deformations.
Furthermore, we simultaneously account for inertia and free-surface effects.

§1.3 · objectives and structure of the thesis 7



2small-amplitude waves through
rigid vegetation

Great things are done by a series
of small things brought together.

Vincent van Gogh

synopsis

In this chapter, we develop a multiple-scales methodology for
the evolution of linear waves through rigid vegetation over a
slowly varying substrate. In particular, this describes the phe-
nomena of shoaling, where the amplitude of the wave increases
as it approaches the coastline. We introduce the modelling
framework for subsequent chapters and discuss the homogeni-
sation of the vegetative canopy. Our analytical predictions agree
with previous estimates that have studied shoaling and rigid
vegetation separately. The predictions also demonstrate good
agreement with experimental data for the constant-depth prob-
lem and numerical predictions for the varying-depth problem.

2.1 introduction

In coastal flows, free-surface waves approaching the shore will typically
grow in amplitude until they eventually break. The mathematical the-
ory behind this phenomenon, known as shoaling, was first developed by
George Green in 1838 for shallow-water waves with wavelengths exceed-
ing the mean water depth by a factor of twenty (LambLamb, 19321932). Since this
seminal work, mathematical theories have been developed for shoaling
flows in a broader range of scenarios. For example, StokerStoker (19471947) extended
Green’s theory to the case of two-dimensional linear waves over plane slop-
ing beaches. See the review by MeyerMeyer (19791979) for a general summary of the
main works in shoaling flows.

Our focus in this chapter is motivated by work by KellerKeller (19581958), who
studied more general three-dimensional flows over slowly varying sub-
strate profiles using linear wave theory and ray theory. By considering
the asymptotic limit where the water depth and the wavelength are both
much smaller than the horizontal scale of the substrate contour, a WKB
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(or Liouville-Green) approximation explained how the wave amplitude,
frequency and the phase would modulate as the wave propagates.

In the case of oscillatory vegetative flows, the theory is much less de-
veloped. In general, researchers have mainly focused on experimental
and field studies [see e.g. Bradley and HouserBradley and Houser (20092009); Anderson and SmithAnderson and Smith
(20142014); Möller et al.Möller et al. (20142014); Lei and NepfLei and Nepf (20192019)] and also computational
fluid dynamics [see Zeller et al.Zeller et al. (20152015) for a detailed review and also work
by Lowe et al.Lowe et al. (20052005); Suzuki et al.Suzuki et al. (20122012); Mattis et al.Mattis et al. (20192019)]. As it pertains
to analytical approaches, the bulk of the research has been devoted to the
development of energy balance arguments.

For example, Dalrymple et al.Dalrymple et al. (19841984) and Kobayashi et al.Kobayashi et al. (19931993) both
predicted how sinusoidal waves evolve through rigid vegetation over hor-
izontal substrates using energy balance arguments. The predictions were
extended byMendez and LosadaMendez and Losada (20042004) to randomwaves and also shallow-
waterwaves over sloping beaches—such predictions have beenwidely used
in the engineering community [see e.g. Luhar et al.Luhar et al. (20172017) and the references
therein]. However, the current predictions consider drag as the only source
of momentum loss and neglects other forces that are simultaneously acting
on the vegetation.

In this chapter, we extend previous predictions bymade byKellerKeller (19581958),
Dalrymple et al.Dalrymple et al. (19841984) and Mendez and LosadaMendez and Losada (20042004) by giving a formal
derivation on wave decay through vegetation over a general slowly varying
substrate—the more realistic joint problem, where all the forces which act
on the vegetation are considered. We first present the general governing
equations of the fluid and the modelling framework of the vegetation in
3D. We then homogenise the contributions of individual plants and reduce
the problem to 2D. By exploiting the slowly varying nature of waves along
the domain, we apply a generalised multiple-scales analysis developed by
KuzmakKuzmak (19591959) to deriving an evolution equation for the wave amplitude.
We solve the equation in various simplified cases to demonstrate exten-
sions from and agreement with previous predictions. Finally, we validate
our asymptotic predictions with full two-phase numerical simulations and
experimental data from previous studies.

2.2 homogenisation for inviscid flows with vegetation

Even for simplified formulations, it is impractical to monitor the positions
and effects of individual plants in the flow. Here, we shall develop a simpler
averagedmodel inwhich the canopy is an effectivemedium that contributes
a bulk volumetric sink term. Although this has been done by others in
specific settings [see e.g. NepfNepf (20122012) and references therein], our derivation
uses more systematic arguments based on volume averaging and has the
potential to be generalised to more complicated scenarios.

We consider a three-dimensional inviscid fluid with velocity u(x) �

§2.2 · homogenisation for inviscid flows with vegetation 9
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(u , v , w) and dynamic pressure p(x) that flows over a canopy region of
finite depth. We assume that a fully-submerged vegetative canopy covers
the entire substrate. For the canopy, the individual plants are assumed to be
identical, and we model each as a rigid upright beam with diameter b and
length h. The precise geometry of the plant cross-sections will be included
in the later modelling framework. A schematic of the setup is given in
Figure 2.12.1.

From the inviscid Navier-Stokes equations, the fluid satisfies

∇ · u � 0, (2.1)

ρ

(
∂u
∂t

+ u · ∇u
)
� −∇p − F, (2.2)

where the density ρ is taken to be constant. The additional sink term, F, in
themomentum equation (2.22.2) incorporates the contribution of the N plants.
Let us assume that the collective sink term can be written as

F(x, t) ≡
N∑

k�1
Fk(x, t), (2.3)

with each term, Fk , accounting for the momentum loss due to the load on
the kth plant. Our task is to homogenise the momentum loss of individual
plants and consider a continuum (averaged) approximation of F.

In considering the force balance on a rigid and static object that is sub-
merged in a fluid, we have to account for drag Fk

D , added mass Fk
A, and

virtual buoyancy Fk
V (NewmanNewman, 19771977; BatchelorBatchelor, 20002000), and thus,

Fk
� Fk

D (drag) + Fk
A (added mass) + Fk

V (virtual buoyancy). (2.4)

Physically, the added mass, Fk
A, accounts for an additional local pressure

gradient induced to accelerate the fluid which surrounds the object in a
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time-dependent flow (GosselinGosselin, 20192019). Similarly, the virtual buoyancy, Fk
V ,

also known as the Froude-Krylov force (Luhar and NepfLuhar and Nepf, 20162016), accounts for
a pressure gradient that is proportional to the mass of the fluid the object
has displaced (Dean and DalrympleDean and Dalrymple, 19911991).

Following previous analyses on submerged beams by Luhar and NepfLuhar and Nepf
(20162016) and Leclercq and de LangreLeclercq and de Langre (20182018), the component forces at a given
(x, t) due to a beam at position x � rk are as follows:

Fk
D �

1
2ρbCD

∫ h

0
δ(x − rk)u · nk

��u · nk
��nk ds , (2.5a)

Fk
A � ρACM

∫ h

0
δ(x − rk)∂u

∂t
· nknk ds , (2.5b)

Fk
V � ρA

∫ h

0
δ(x − rk)∂u

∂t
ds . (2.5c)

For the integrals, at a given arc length s � z + H measured from the root,
δ denotes the Dirac delta function and nk is the upstream normal of the kth

beam’s centreline in the xz-plane (see Figure 2.12.1). We will generalise the
expressions above when we consider flexible vegetation in Chapter 55.

In defining the parameters CD ,A, and CM in the expressions above, we
consider a cross-section of unit length taken perpendicular to the axis of the
beam, e.g. a circular cross-section for cylindrical beams. Then we write CD

for its drag coefficient in cross-flow, A for its cross-section, and CM for its
added mass coefficient.

We now explain how the force expression (2.32.3) can be averaged for the
case of vegetative plants. Consider a fixed point x � (x , y , z). We define F̄R

as the local average of the collective sink over a disk of radius R, namely

F̄R(x, t) � 1
πR2

x

CR(x ,y;z)
F(x′, t) dx′dy′, (2.6)

where CR(x , y; z) is the two-dimensional disk of radius R centred at the
point x i.e.

CR(x , y; z) � {(x′, y′, z) : (x − x′)2 + (y − y′)2 ≤ R}. (2.7)

By the definition of F in (2.32.3),

F̄R(x, t) � 1
πR2

x

CR(x ,y;z)

[
N∑

k�1

∫ h

0
Qkδ(x′ − rk) ds

]
dx′dy′, (2.8)

where

Qk
�

1
2ρbCDu · nk

��u · nk
��nk

+ ρACM

(
∂u
∂t
· nk

)
nk

+ ρA ∂u
∂t
. (2.9)

Now, by definition,

δ(x′ − rk) � δ(x′ − rk
1 )δ(y′ − rk

2 )δ(z − rk
3 ). (2.10)
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Therefore,

F̄R(x, t) � 1
πR2

N∑
k�1

Qk(rk , t)1k
R(x, t) (2.11)

where 1k
R is an indicator function with 1k

R(x, t) � 1 if the kth plant passes
through CR; otherwise it is zero.

We now consider the limit in which R→ 0 (with the neighbouring plant
separation also tending to zero so that there are still many plants crossing
CR). Since we have assumed that the plants are identical in the canopy,
we approximate u to be uniform in CR and similarly for the configuration
and motion of the plants. With reference to the local averaging argument
presented by ChapmanChapman (19951995), we deduce the continuum approximation of
F as

F̄ � lim
R→0

F̄R � N̄H(h − H − z)Q(x, t) (2.12)

where N̄(x , y) is the number of plants planted per unit area (along the
substrate) and H is the Heaviside step function. For the remainder of this
work, we will replace F with F̄ in the Euler’s equations (2.12.1)–(2.22.2).

2.3 reduction to two-dimensional flows

In the previous section, we have derived an averaged formulation for the
momentum contribution from a collection of identical plants. Crucially, the
expression (2.122.12) for F̄ depends on three macroscopic quantities: a local
plant density N̄ , a Heaviside step function H linked to canopy position,
and the local momentum loss. Notice that in the case of three-dimensional
flow where the geometry and initial conditions are independent of y, then
solutions are expected to be two-dimensional (in xz); we may then verify
that the momentum contributions (2.122.12) are also independent of y. This is
the configuration that we shall consider for the remainder of this thesis.

Consider inviscid flow in a domain of finite depth bounded below by a
variable bottom substrate, z � −H, and above by a free surface, z � η. The
bottom and the canopy height are assumed to be independent of y, and
we assume that the initial condition consists of a monochromatic incident
wave with amplitude, A0, and frequency, ω0, propagating in the positive
x-direction. The flow is assumed to be two-dimensional, and hence y-
independent with transverse velocity, v � 0. Thus, fluid is contained in

− H(x) ≤ z ≤ η(x). (2.13)

A schematic of the setup is given in Figure 2.22.2. Notice that since all the
plants are assumed to be rigid and upright, then the outward normal in the
expression for the momentum sink (2.122.12) simplifies to n ≡ −êx .
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x

z

h
z � −H(x)

z � η(x)
Figure 2.2: Schematic diagram
of waves propagating through
a rigid canopy over a varying
substrate with z � −H(x). The
waves propagate along the x-
direction, with the free surface
being parametrised with z �

η(x). The green obstacles rep-
resent individual plants with
height h.

The Navier-Stokes equations (2.12.1)–(2.22.2) are now given by

∇ · u � 0, (2.14a)

ρ

(
∂u
∂t

+ u · ∇u
)
� −∇p − N̄H(h − H − z)F, (2.14b)

with the homogenised momentum sinks F � FD + FA + FV being

FD �
1
2ρbCD u |u | êx , (2.14c)

FA � ρACM
∂u
∂t

êx , (2.14d)

FV � ρA ∂u
∂t
, (2.14e)

reduced from (2.52.5). With the formal reductions in place, we are now ready
to nondimensionalise our governing equations and boundary conditions.

2.4 nondimensionalisation

For a given incident wavewith amplitude A0 andwavelength ω0, we nondi-
mensionalise the variables in our problem with the following scales:

[x] � L, [A] � [η] � A0 , [t] � ω−1
0 , [u] � A0ω0 , [p] � ρgA0 , (2.15)

where g is the acceleration due to gravity and L is the scale of the horizontal
domain. Recall that the pressure p is defined as the dynamic pressure, and
hence includes contributions of gravitational forces. We have also chosen to
nondimensionalise lengthswith the horizontal domain parameter, L, rather
than the depth or wavelength; this is for convenience of the forthcoming
multiple-scales analysis in §2.52.5.

As an aside, in this work, we have chosen to scale the wave veloc-
ity with the quantity, A0ω0. In some of the previous works, such as by
Luhar and NepfLuhar and Nepf (20162016) and Leclercq and de LangreLeclercq and de Langre (20182018), authors have
chosen instead to designate a velocity scale of Ã0ω0, where Ã0 is the length-
scale ofwave excursion i.e. the horizontal displacement of thewater particle
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over half a time period. However, these two choices of nondimensionalisa-
tion are comparable for various coastal waves (Mei et al.Mei et al., 20142014) and experi-
mental setups [see e.g. Wu et al.Wu et al. (20122012)]. Wewill considermore appropriate
scaleswhenwe specifically analyse nonlinear shallow-waterwaves inChap-
ter 44.

2.4.1 Dimensionless governing equations

The dimensionless governing equations (2.12.1)–(2.22.2) for u � u(x , z , t) �

(u , w), are now
∇ · u � 0, (2.16a)

∂u
∂t

+ γu · ∇u � −α∇p − λH(h − H − z)F, (2.16b)

with the momentum sink term now being

F(x , z , t) �
(

F‖
F⊥

)
�

(
u |u |/2 + (M1 + M2)ut

M2wt

)
. (2.16c)

The dimensionless boundary conditions are

Free-slip u
dH
dx

+ w � 0, at z � −H(x), (2.16d)

Kinematic w − ∂η
∂t
− γu

∂η

∂x
� 0, at z � γη, (2.16e)

Dynamic p � η, at z � γη. (2.16f)

The dimensionless parameters α, γ, λ, M1, and M2 are defined in Ta-
ble 2.12.1. For each beam, the parameters M1 and M2 characterise the re-
spective effects of added mass and beam inertia (or virtual buoyancy)
relative to drag. When M1 � M2, we note that M1 can also be in-
terpreted as the reciprocal of the problem-specific Keulegan-Carpenter
number (Keulegan and CarpenterKeulegan and Carpenter, 19581958; Leclercq and de LangreLeclercq and de Langre, 20182018). Al-
though there are conventions in the literature which consider M1 + M2 as
a single dimensionless parameter [see e.g. Lowe et al.Lowe et al. (20052005)], we have kept
M1 and M2 as separate parameters for the analyses in Chapters 55 and 66 on
flexible beams.

Finally, we note that to incorporate the presence of the plants into the
fluid momentum equations via a momentum sink, we require that both the
dimensionless addedmass and the volume fraction of the solid at any point
in space to be much smaller than unity i.e. λM1,2 � 1.

Foreseeing the calculations ahead, we rewrite our governing equations
(2.16a2.16a)–(2.16b2.16b) into a single equation with ∇2p, by evaluating pxx and pzz

with (2.16b2.16b) respectively, and imposing the incompressibility condition
(2.16a2.16a). We also rewrite the boundary conditions in terms of p using the
momentum equations. Together, we get

∇2p +
λ
α
∇ · [H(h − H − z)F] + γ

α
∇ ·

(
uux + wuz

uwx + wwz

)
� 0, (2.17a)
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symbol expression

Wavelength α
g

ω2
0L

Amplitude γ
A0
L

Canopy density λ CD N̄bA0

Added mass M1
CMA
ρbCDA0

Beam inertia
(or virtual buoyancy) M2

A
bCDA0

Table 2.1: A summary
of the dimensionless pa-
rameters in the governing
equations of flow through a
homogenised rigid canopy
(2.162.16). For cylindrical beams,
CM ≈ (πb2/4)/A � 1
(BrennenBrennen, 19821982). For can-
tilever blades with thin
rectangular cross sections,
CM ≈ (πb2/4)/A � 1
and hence M1 � M2
(Leclercq and de LangreLeclercq and de Langre,
20182018). Finally, we note that
we can model obstacles
with spatial variations along
the stem by incorporating
non-uniform drag and added
mass coefficients.

with the boundary conditions

px
dH
dx

+ pz +
λ
α

(
F‖

dH
dx

+ F⊥
)

+
γ

α

[
(uux + wuz) dH

dx
+ (uwx + wwz)

]
� 0, at z � −H(x), (2.17b)

ptt + αpz + γ
[(uwx + wwz) + ut px + upxt

]
� 0, at z � γη, (2.17c)

p � η, at z � γη. (2.17d)

Notice that when the wave amplitude is sufficiently small γ/α � 1 and the
canopy is sufficiently sparse λ � 1, the governing equation (2.17a2.17a) reduces
to the classic Laplace’s equation for p that governs surface-gravity waves.

2.5 multiple-scales analysis of wave modulation

In many coastal settings, consecutive waves have similar profiles when they
are away from the shore: eachwave experiences small change over one time
period. This occurs when both the effects of the canopy and the varying
substrate (on the waves) are small over the scale of a wavelength. However,
the cumulative effects can be significant when we compare waves along the
entire domain, which is typically much longer than a wavelength.

In our modelling framework, the ratio between the two length scales is
quantified by α � 1. The sparsity of the canopy and the slowly varying sub-
strate correspond to having λ � 1 and dH/dx � 1 respectively. Besides,
we also stated at the end of §2.42.4 that if the wave amplitude is sufficiently
small, in the sense that γ/α � 1, the waves are approximately linear. In
certain distinguished regimes, we can analytically exploit these small pa-
rameters to evaluate the wave evolution on the domain scale using weakly
nonlinear wave theory—an important objective in applications in coastal
management. Therefore, it is natural for us to solve this problem (2.172.17)
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with the method of multiple scales, with α � 1 being the small asymptotic
parameter.

We summarise the mathematical concepts and procedures as follows:
1. Introduce the fast periodic wave scale and the slow domain scale;
2. Solve for the wave dynamics on the wave scale;
3. Evaluate the small variations of the wave in each time period due to

the substrate and the vegetation;
4. Formally predict the cumulative effect of the wave variations on the

domain scale.
The multiple-scales analysis in this section will extend previous theories
on shoaling flows by KellerKeller (19581958), and vegetative flows by Dalrymple et al.Dalrymple et al.
(19841984) and Mendez and LosadaMendez and Losada (20042004) to elucidate the combined effects of
the vegetation (measured with λ) and substrate variation (measured with
dH/dx). For a given incident wave with amplitude A, the objective is to
derive an ordinary differential equation in the form

dA
dx

� f (x ,A, λ,H) (2.18)

describing the quasi-static wave envelope after being locally-averaged in
time and space. This is given by (2.402.40) later in this section. We will now
present the formal analysis in deriving (2.402.40).

2.5.1 Theoretical formulation

Mathematically, we formulate this multiple-scales problem by keeping x as
the slow or domain variable, and let

x̄ �
Φ(x)
α

(2.19)

be the fast or wave variable, where Φ is a function that is solved as part of
the problem (as in WKB approximations). We then impose that x̄ and x are
independent of each other and consider solutions where the wave variables
in (2.172.17) are functions of (x̄ , x , z , t) and periodic in x̄ with period 2π.

Compared to the classic problem of shoaling, we have a nonlinear drag
term in (2.17a2.17a) due to the presence of vegetation. Therefore, we cannot
perform a classic WKB approximation, where p takes a certain solution
form (Chapman and FarrellChapman and Farrell, 20172017). On the other hand, we cannot impose x̄
being a constant rescale of x and consider simple harmonic solutions due
to the effects of wavelength-modulation from variations of the substrate
topography. To preserve both the nonlinearity and wavelength modula-
tion in the problem, we solve the problem with the method by KuzmakKuzmak
(19591959)—a generalised multiple-scales analysis that is also known in other
literature as principles of adiabatic invariants (Landau and LifshitzLandau and Lifshitz, 19761976) [see
also AblowitzAblowitz (20112011)]. Such formal derivations being applied on vegetative
flows are to our knowledge, new. Crucially, the same powerful machinery
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can be applied to waves through flexible vegetation—we will go through
this in Chapter 55.

With x̄ and x defined, we map the x-derivatives in the problem (2.172.17)
accordingly so that

∂
∂x
7→ ∂

∂x
+
Φ′

α
∂
∂x̄
, (2.20a)

∂2

∂x2 7→
∂2

∂x2 +
2Φ′
α

∂2

∂x∂x̄
+
Φ′′

α
∂
∂x̄

+
(Φ′)2
α2

∂2

∂x̄2 , (2.20b)

where primes (′) denote d/dx. To solve for the local wave dynamics, we
rescale z � αz̄ and its associated derivatives, so that h � αh̄ and H(x) �
αH̄(x). We emphasise that we consider the substrate to vary sufficiently
slowly such that H is formally independent of x̄. We then consider an
asymptotic expansion in α for our wave variables in the form

f �

∞∑
n�0

αn fn . (2.21)

Finally, in the multiple-scales expansion, we consider the distinguished
limit in which

λ � αλ̄ and γ � α2 ¯̄γ, (2.22)

where λ̄ and ¯̄γ are O(1) (see Table 2.12.1). The number of bars denote the order
of the original parameter (or variable) in powers of α.

2.5.2 Solving the leading-order problem

For the O(1) problem, p0 satisfies

∇̄2p0 B (Φ′)2p0x̄ x̄ + p0z̄ z̄ � 0, (2.23a)

with

Free-slip p0z̄ � 0, at z̄ � −H̄(x), (2.23b)

Kinematic p0z̄ � −p0tt , at z̄ � 0, (2.23c)
Dynamic p0 � η0 , at z̄ � 0. (2.23d)

Note that since Φ′ and H̄ are independent of x̄, the leading-order problem
is linear with constant coefficients. Hence, the solutions of p0 are sums of
exponentials in space and 2π-periodic in time by choice of the nondimen-
sionalisation (2.152.15). Since we are considering a monochromatic incident
wave, the solutions only consist of the fundamental Fourier mode of the
form

p0 � C(x) cosh
[
k(x)[z̄ + H̄(x)]] ei[k(x)/Φ′(x)]x̄ e−it , (2.24)

real part understood (of which we also only consider the forward propagat-
ing wave), for some functions C(x) and k(x). Imposing periodicity on p0 in

§2.5 · multiple-scales analysis of wave modulation 17



x̄ with period 2π, the mapping between αx̄ and x, Φ, in (2.192.19) satisfies the
eikonal equation

Φ′(x) � dΦ
dx

� k(x). (2.25)

Foreseeing the calculations ahead, without loss of generality, it is conve-
nient to impose the initial phase of the wave so that p0 � C(x) cosh[k(z̄ +

H̄)] cos(x̄ − t). Finally, since the free surface has a dimensionless amplitude
|η0 | � A, which is yet to be determined, we have that

C(x) � A
cosh kH̄

. (2.26)

Note that similar to k(x), A � A(x) is a function of the slow domain variable,
so that the wave is locally periodic in x̄ and t but varies along the domain.

In summary, with u0t � −kp0x̄ and w0t � −p0z̄ from (2.162.16), we obtain
the classic sinusoidal solution for waves in the local domain. The solution
has the form

η0 � A(x) cos(x̄ − t), (2.27a)

u0 � A(x)cosh[k(z̄ + H̄)]
sinh kH̄

cos(x̄ − t), (2.27b)

w0 � A(x)sinh[k(z̄ + H̄)]
sinh kH̄

sin(x̄ − t), (2.27c)

p0 � A(x)cosh[k(z̄ + H̄)]
cosh kH̄

cos(x̄ − t), (2.27d)

with k being the dimensionless wavenumber which satisfies the dispersion
relation

k(x) tanh[k(x)H̄(x)] � 1. (2.28)

The objective now is to evaluate A(x). In particular, A is determined by
the momentum loss due to the canopy and the wavelength modulation.
Since both effects only become significant over the domain scale, we have
to consider the higher-order problem.

2.5.3 Formulating the first-order problem

The first-order problem involves contributions from the Heaviside step
function and its derivatives. To maintain clarity in the formulation, we
abbreviate H(h̄ − H̄ − z̄) with H, and the Dirac delta function δ(h̄ − H̄ − z̄)
with δ.

For the O(α) problem, p1 satisfies

∇̄2p1 +
dk
dx

p0x̄ + 2kp0x̄x + λ̄(kF‖0x̄ + F⊥0z̄)H + ¯̄γΓ � λ̄F⊥0δ (2.29a)

§2.5 · multiple-scales analysis of wave modulation 18



z̄ � 0

(0, 1)

(1, 0)(−1, 0) 1 3

2

4

(0,−1), at leading order
z̄ � −H̄

x̄ � X̄ x̄ � X̄ + 2π

Figure 2.3: Schematic dia-
gram for the periodic cell Ω̄ �

[X̄ , X̄ + 2π] × [−H̄ , 0] in the
multiple-scales analysis.

with the boundary conditions

k
dH̄
dx

p0x̄ + p1z̄ + λ̄F⊥0 + ¯̄γ [ku0w0x̄ + w0w0z̄] � 0, at z̄ � −H̄ , (2.29b)

p1z̄ + p1tt + ¯̄γΓ̃ � 0, at z̄ � 0, (2.29c)
p1 + ¯̄γp0p0z̄ � η1 , at z̄ � 0, (2.29d)

and the functions Γ and Γ̃ being

Γ � w2
0z̄ + w0w0z̄ z̄ + k2(u2

0x̄ + u0u0x̄ x̄)
+ k(w0x̄ u0z̄ + w0u0z̄ x̄ + w0z̄ u0x̄ + w0u0x̄ z̄), (2.29e)

Γ̃ � p0p0z̄ z̄ + p0p0tt z̄ + w0w0z̄ + k(u0w0x̄ + u0t p0x̄ + u0p0x̄t). (2.29f)

The aim of deriving the higher-order problem is so that we can express
p1 and its derivatives in terms of the leading-order solution (2.272.27). We will
later find that this is crucial in deriving A(x).

Since (p0 , u0) satisfies the homogeneous version of the equation for
(p1 , u1) given by (2.29a2.29a), by the Fredholm Alternative, there is a solution
at first-order if and only if a certain solvability condition is satisfied.

2.5.4 Deriving the solvability condition

For an arbitrary 2Ddomain, Ω̄, we can deduce from theDivergence theorem
that for a given function p∗0, p1 satisfies the identity∫

Ω̄

(
p1
−p∗0

)
·
(∇̄2p∗0
∇̄2p1

)
dV �

∫
∂Ω̄

[
p1

(
k2p∗0x̄
p∗0z̄

)
− p∗0

(
k2p1x̄

p1z̄

)]
· dnΩ̄ , (2.30)

with nΩ̄ being the unit outward normal of the domain Ω̄. The subtlety here
is to choose appropriate properties for p∗0 and Ω̄ so that we can rewrite p1
and reduce the identity down to an equation for A(x) only.

Supposewe take Ω̄ � [X̄ , X̄+2π]×[−H̄ , 0], for a given X̄, as illustrated in
Figure 2.32.3. Since H̄ is a constant on thewave scale, Ω̄ is a rectangular domain
at leading order with outward normal nΩ � (0,−1) along the substrate.
Furthermore, we have chosen Ω̄ so that p0 is periodic in x̄ in this cell.

Suppose we then take p∗0 to be an adjoint solution of the leading-order
problem, namely

p∗0 � A(x)cosh[k(z̄ + H̄)]
cosh kH̄

sin(x̄ − t). (2.31)
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By definition, p∗0 is also 2π-periodic in x̄ and t.
Finally, by the construction of x̄, we also impose that p1 and its deriva-

tives to be 2π-periodic in x̄. Different from a standardWKB approximation,
we do not assume that p1 or higher-order terms take a certain solution form
in additional to being 2π-periodic in x̄ and t.

With the properties of p1, p∗0 and Ω̄ imposed, we can now simplify the
identity (2.302.30). For its left-hand side, it can be rewritten via (2.23a2.23a) and
(2.29a2.29a) as∫

Ω̄

−p∗0(k2p1x̄ x̄ + p1z̄ z̄) dV

�

∫
Ω̄

p∗0

[
dk
dx

p0x̄ + 2kp0x̄x + λ̄(kF‖0x̄ + F⊥0z̄)H − λ̄F⊥0δ + ¯̄γΓ
]

dV, (2.32)

which is now an integral that we can evaluate explicitly with our leading-
order solution. We note that the ¯̄γ-dependent term in the integral is a linear
combination of triple products of sinusoidal functions. Hence, they have
zero contributions when we integrate them over x̄ ∈ [X̄ , X̄ + 2π] in Ω̄.

On the other hand, ∂Ω̄ on the right-hand side of (2.302.30) can be split into
four edges, 1 – 4 , as labelled in Figure 2.32.3, so that

RHS �

∫
1 + 2 + 3 + 4

[
p1

(
k2p∗0x̄
p∗0z̄

)
− p∗0

(
k2p1x̄

p1z̄

)]
· dnΩ̄. (2.33)

We now analyse the four integrals separately:
(i) Contributions from 1 and 3 : they cancel out each other by the

periodicity of p∗0 and p1.
(ii) Contribution from 2 : we first deduce that p∗0z̄ � 0 at z̄ � −H̄

from the leading-order free-slip condition (2.23b2.23b). For the higher-
order free-slip condition (2.29b2.29b), we again note that we get zero
contribution from any ¯̄γ-dependent terms [as in (2.322.32)]. Hence,
with w0 � 0 at z̄ � −H̄ (2.272.27), this integral simplifies to

−
∫ X̄+2π

x̄�X̄
k

dH̄
dx

p∗0p0x̄ |z̄�−H̄ dx̄. (2.34)

(iii) Contribution from 4 : recall that from the leading-order dispersion
relation (2.282.28), p∗0z̄ � p∗0 at z̄ � 0. From the higher-order kinematic
condition (2.29c2.29c), we can also rewrite p1z̄ in terms of p∗0 and deduce
thatwewill ultimately get zero contributions from the ¯̄γ-dependent
terms. Suppose we further integrate this integral in time over one
period, we have then

−
∫ 2π

t�0

∫ X̄+2π

x̄�X̄
p1p∗0 + p∗0p1tt

����
z̄�0

dx̄dt (2.35)

§2.5 · multiple-scales analysis of wave modulation 20



If we integrate p∗0p1tt in t by parts and impose periodicity on p1 and
p1t in time, we get

−
∫ 2π

t�0

∫ X̄+2π

x̄�X̄
p1(p∗0 + p∗0tt)

����
z̄�0

dx̄dt � 0, (2.36)

by the expression of p∗0 (2.312.31). Hence, this integral along 4 is also
zero, but over one time period.

In summary, by equating (2.322.32) and (2.332.33), the identity (2.302.30) reduces down
to solving∫ 2π

t�0

∫
Ω̄

p∗0

[
dk
dx

p0x̄ + 2kp0x̄x + λ̄(kF‖0x̄ + F⊥0z̄)H − λ̄F⊥0δ

]
dVdt

� −
∫ 2π

t�0

∫ X̄+2π

x̄�X̄
k

dH̄
dx

p∗0p0x̄ |z̄�−H̄ dx̄dt (2.37)

over one timeperiodat everygiven x. In termsof Fredholm theory, since this
identity is independent of p1, we have deduced a solvability condition for
the system of equations for p1 (2.292.29). We can collect and evaluate integrals
above which are independent of F0 � (F‖0 , F⊥0) in (2.16c2.16c) to deduce that

π2A

λ̄k cosh2 kH̄

[
2A(H̄ − 1)d(kH̄)

dx
− (2kH̄ + sinh 2kH̄)dA

dx

]
� D (2.38)

with the F0-contribution,D, being only drag-dependent, with

D �
1
2

∫ 2π

t�0

∫ −H̄+h̄

z̄�−H̄

∫ X̄+2π

x̄�X̄
p∗0x̄ u0 |u0 | dx̄dz̄dt . (2.39)

We will generalise the expression for D in the subsequent chapters for
other settings. For this problem, evaluatingD explicitly yields an ordinary
differential equation for A(x)with

dA
dx

�
18π

(
H̄ − 1

) (
kH̄

)′A − 8λ̄k2 sech kH̄
[
3 sinh kh̄ + sinh3 kh̄

]
A2

9π
[
2kH̄ + sinh 2kH̄

] (2.40)

with primes (′) again denoting d/dx and A(0) � 1 from the initial nor-
malisation. We note that this result is independent of M1 and M2—the
¯̄γ-dependent terms, contributions of added mass and virtual buoyancy, av-
erage out to zero over a time period. Mathematically, this is because such
contributions to F0 (2.16c2.16c) are linear in u0 and hence, time-reversible.

The equations (2.252.25), (2.282.28) and (2.402.40) now form a simple system of
ordinary differential equations with which we can predict the evolution of
the amplitude and wavelength, for any given small-amplitude wave (2.272.27).

2.6 analytical results: comparison with limiting cases

Now that we have derived the analytical prediction for the evolution of the
wave amplitude (2.402.40), wewould like to compare this with predictions from
previous studies that are mentioned in §2.12.1 in simpler scenarios.
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Figure 2.4: Plot of amplitude
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vegetation (2.482.48), with A be-
ing normalised by A∞, the am-
plitude in the deep-water limit
kH̄ → ∞. In the shallow-
water regime kH̄ � 1, we re-
cover Green’s law A ∝ H̄−1/4
(2.522.52) using the dispersion re-
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2.6.1 Case 1: Slowly varying bed with no vegetation (λ̄ � 0)

When the canopy is absent, (2.402.40) simplifies to

dA
dx

�
2
(
H̄ − 1

)
A

2kH̄ + sinh 2kH̄
d(kH̄)

dx
. (2.41)

Suppose we define

Ã �
A

cosh kH̄
, (2.42)

then by the dispersion relation (2.282.28), we can deduce from (2.412.41) that Ã
satisfies

dÃ
dx

� − 2Ã cosh2 kH̄[
2kH̄ + sinh 2kH̄

] d(kH̄)
dx

. (2.43)

This differential equation can be integrated directly to get

Ã � c0
[
2kH̄ + sinh

(
2kH̄

) ]−1/2 (2.44)

for some constant c0. Finally, since the same dispersion relation gives
sinh 2kH̄ + 2kH̄ � 2k(sinh2 kH̄ + H̄), we recover the classic shoaling predic-
tion by KellerKeller (19581958, equation (30)) using a WKB approximation with

Ã 2k
(
sinh2 kH̄ + H̄

)
� constant. (2.45)

In terms of A, we get the explicit solution

A �


[
k sinh2 kH̄ + kH̄

]1/2

cosh kH̄

 x�0

cosh kH̄[
k sinh2 kH̄ + kH̄

]1/2 . (2.46)

By using the dispersion relation to replace k with coth kH̄ (2.282.28) in the
expression above, we plot in Figure 2.42.4 the ratio between A and its value
in the deep-water limit kH̄ → ∞, for different values of kH̄. In particular,
since H̄ varies monotonically with kH̄ (due to the same dispersion relation),
this plot indicates how the (normalised) amplitude evolves with depth.

Weobserve fromFigure 2.42.4 that the amplitude remains constant in deep-
water. In the transitional regime, with decreasing depth, we note that the
amplitude can actually decay before it eventually grows (i.e. shoaling) in
the shallow-water regime. We will elaborate on the shallow-water regime
in §2.6.32.6.3.
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2.6.2 Case 2: Flow over a horizontal substrate (dH/dx � 0)

When the mean water depth is constant, the wavenumber k is also constant
by the dispersion relation (2.282.28). In this case, we get

dA
dx

� − 8λ̄
9π

k2

cosh kH̄
3 sinh kh̄ + sinh3 kh̄

2kH̄ + sinh 2kH̄︸                                     ︷︷                                     ︸
Λ

A2. (2.47)

Since Λ is a constant decay factor, we get the explicit solution

A �
1

1 +Λx
. (2.48)

If we further replace this equation with dimensional variables, we can
demonstrate that (2.482.48) agrees with Dalrymple et al.Dalrymple et al. (19841984, equation (50)).
While previous linear-wave theories have either assumed or approximated
that themomentum loss in the system is solely due todrag (Dalrymple et al.Dalrymple et al.,
19841984; Kobayashi et al.Kobayashi et al., 19931993; Mendez and LosadaMendez and Losada, 20042004), we have justified
that (2.482.48) holds for arbitrary values of M1 and M2.

Finally, we note that when Λx � 1 i.e. for sparse canopies or short
distances, we can approximate A as an exponential decay in x with

A(x) � e−Λx . (2.49)

Althoughmany experimental studies have describedwave attenuationwith
exponential decays, it has been pointed out in both Mendez and LosadaMendez and Losada
(20042004) and also the review by Bradley and HouserBradley and Houser (20092009) that this is not
always applicable, due to the large variation in how much vegetation can
attenuate waves.

2.6.3 Case 3: Shallow-water approximation (kH̄ � 1)

When kH̄ � 1, the dispersion relation (2.282.28) reduces to k2 � α/H. Applying
this approximation to (2.402.40), we get at leading order in kH̄,

dA
dx

� −2λ
3π

h
H2 A2 − 1

2
1
H

dH
dx

A. (2.50)

Multiplying both sides by AH1/2 gives

d
(
A2H1/2)

dx
� −4λ

3π
h

H3/2 A3 , (2.51)

and we recover the shallow-water approximation by Mendez and LosadaMendez and Losada
(20042004, equation (12)). In particular, when the vegetation is absent (λ � 0),
we recover Green’s law for shallow-water waves with (LambLamb, 19321932)

A ∝ H−1/4. (2.52)
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Figure 2.5: Evolution of the
wave amplitude over a vege-
tated plane-sloping substrate
z � −H(x) � −H0 + mx with
initial depth H0 and constant
gradient m. The wave has an
initial wavenumber k(x � 0) �
k0 satisfying the dispersion re-
lation (2.282.28). The subfigures
correspond to the amplitude of
shallow-water incident waves
(k0H̄0 � 0.5) and intermedi-
ate waves (k0H̄0 � 2) respec-
tively. Colours indicate differ-
ent values of m, with solids
lines indicating the full prob-
lemanddotted lines indicating
the classic shoaling problem
with no vegetation [see (2.482.48)
and Figure 2.42.4]. In this figure,
we consider an initial depth of
H0 � 0.02, with canopy den-
sity λ � 0.01 and submergence
ratio h/H0 � 0.5.

We now give some illustrative examples of the wave evolution in space. In
Figure 2.52.5, we consider the simplest case where we have a plane-sloping
substrate with gradient m, so that the water depth reduces with the dis-
tance of propagation. We introduce a shallow-water incident wave and
an intermediate wave respectively and plot A(x) for different values of m.
We first observe that in the shallow-water limit in Figure 2.52.5, waves would
shoal if vegetation is absent (see Case 1 in §2.6.12.6.1). When we introduce
vegetation back in the problem, there is an interesting competition between
shoaling and attenuation by vegetation. An analogous plot was done in
Mendez and LosadaMendez and Losada (20042004, Fig. 1) using the approximation (2.512.51).

On the other hand, for the intermediate wave, we observe a less intuitive
behaviour that thewaves decaymore rapidlywith steeper substrates – there
are two physical reasons behind this. Firstly, when the canopy is absent, we
can derive from (2.412.41) that waves may not grow, but instead decay in this
regime solely due to the slope—this is illustrated in Figure 2.42.4. Secondly, as
the wave propagates, the vertical domain contracts andmore of the domain
is covered by vegetation, which leads to more momentum loss.

As an aside, for deep-water waves, we will observe negligible change in
the amplitude unless h ≈ H. Mathematically, sincemost of the wave energy
is localised near the free surface (2.272.27), the wave is insensitive to both the
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substrate and the deeply-submerged canopy.
The purpose of the example above is to highlight that the presence of a

slowly varying substrate and vegetation can have opposite effects between
shallow-water and intermediatewaves. More importantly, wewill later find
in the rest of this work that there exist waves in both regimes in real-life
applications and flume experiments.

2.7 summary on the multiple-scales analysis

Although it appears that our rigorous momentum analysis gives the same
result as previous predictions using simpler energy arguments in certain
regimes, there are many advantages in using our mathematical framework.

Firstly, we have generalised the predictions to waves with arbitrary
wavenumbers, added masses, and virtual buoyancies, for any given slowly
varying substrates. More importantly, the physics can be less obvious in
more sophisticated settings, and it requires very careful considerations then
to get the correct energy balance. In our framework, however, we have a
systematic and formal deduction of A(x) from the governing equations:
any physics are naturally incorporated. Finally, our framework quantifies
under what conditions will our predictions remain valid. For example, by
following the derivation in this chapter, we can verify that we yield the
same equation for A(x) (2.402.40) when we allow h to vary over the slow scale
i.e. h � h(x) since additional contributions will only be relevant at higher
orders in α. Similarly, we can have λ � λ(x). In more sophisticated real-
life scenarios, we can imagine that it might be relevant to allow h and λ
to slowly vary along the coast e.g. due to different growth rates or plant
species.

2.8 numerical simulations: implementation

Now that we have given an analytical prediction for wave decay, we want
to analyse its accuracy in a more realistic scenario. Here, we want to solve
the full two-phase dynamical problem numerically. However, this problem
is computationally costly due to its multi-scale nature. In particular, we
need to monitor the wave amplitude, which is typically much smaller than
the wavelength, along a domain that is much longer than the wavelength.
Formally, we need to accurately resolve for small changes in amplitude in
every period, such that the amplitude, which is O(α2), is accurate over an
O(1) domain.

To reduce the computational cost while we verify the asymptotic pre-
dictions in §2.52.5, we compromise by solving the 2D incompressible Navier-
Stokes equations for both air andwater, modified to include a homogenised
momentum sink term as presented in (2.122.12) to account for the presence of
the vegetation.
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phase density (kg/m3) kinematic viscosity (m2/s)
air 1.205 1.5 × 10−5

water 9.982 × 102 1.004 × 10−6

Table 2.2: Parameters used for
Proteus simulations.

We solve this problem with Proteus, an open-source computational and
simulation toolkit that solves partial differential equations using finite ele-
mentmethodsoverunstructuredmeshes. The toolkit is developedby theUS
Army Engineer Research and Development Center and HRWallingford for
solving large scale coastal and hydraulics problems. The implementations
have been benchmarked with experimental work—a full list of publications
can be found in https://proteustoolkit.org/https://proteustoolkit.org/.

The Proteus toolkit has various physical and numerical modules, which
can be called from a Python interface. For our particular problem, which by
and large is a classic dynamic two-phaseflowproblem that has an additional
momentum sink, we solve it with the inbuilt RANS2P module. We solve for
the evolution of the free surface with a continuous conservative level-set
method (Kees et al.Kees et al., 20112011).

2.8.1 Governing equations and the level-set method

Webrieflyoutline the level-setmethod that is used inProteus and the adapta-
tionswe havemade for solving our problem. Supposewe use the subscripts
a and w to denote quantities for air and water respectively, we define a level
set function φ, such that it satisfies the evolution equation

∂φ

∂t
+ u · ∇φ � 0 (2.53)

from its initial configuration,withVa � {x|φ(x, t) > 0} being the air domain,
Vw � {x|φ(x, t) < 0} being the water domain, and the free surface being
defined by the zero level set of φ. The velocity above satisfies the Navier-
Stokes equations,

∇ · u � 0, (2.54)

ρ

(
∂u
∂t

+ u · ∇u
)
� −∇p + µ∇2u − F̄, (2.55)

with the density ρ and dynamic viscosity µ being interpolated between the
two phases such that

ρ � ρaS(φ) + ρw[1 − S(φ)], (2.56)
µ � µaS(φ) + µw[1 − S(φ)]. (2.57)

The values for ρa ,w and µa ,w are given in Table 2.22.2. In the expressions
above, S is a Heaviside step function that is parametrised by φ using the
half maximum convention, with
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gram on the dimensions of
the numerical wave flume,
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tion zone.

S(φ) �


1, if φ > 0,
0.5, if φ � 0,
0, if φ < 0.

(2.58)

Finally, to incorporate the momentum sink F̄ in the Proteus framework, we
consider the simplified case where M1,2 � 0 in (2.122.12). The main reason
for this is that the linear theory has predicted that added mass and virtual
buoyancy would have zero contributions over a time period (see §2.52.5).
Furthermore, we can avoid coding the governing equations explicitly and
is hence easier for Proteus users to reproduce this setup.

We set up the canopy as a porous zone of unit porosity. This allows us
to include a Darcy-Forchheimer type momentum sink in the Navier-Stokes
equations. We then recode this sink as F̄ (2.122.12) with M1,2 � 0 in the source
code of the RANS2P module. Once the source code has been modified, the
canopy density can be specified from the user interface.

For a more detailed description on the numerical implementations in
solving foru and φ, includingweak formulations, automated time-stepping
and numerical stabilisations, see Bentley et al.Bentley et al. (20172017).

2.8.2 Configuration of the wave flume

We consider a setup as illustrated in Figure 2.62.6. We give the dimensional
parameters due to the nature of Proteus. The dimensions of the flume are
chosen to represent a realistic scenario.

With reference to the setup in Dimakopoulos et al.Dimakopoulos et al. (20192019) on numerical
wave flumes with fast random waves, our flume is divided into five zones,
labelled as 1 – 5 in Figure 2.62.6:
1. Generation zone: A region inwhich thewave is generated. The details

on how the wave is generated are outlined in the next section;
2. Pre-canopy zone: An obstacle-free horizontal domain between the

generation zone and the canopy zone;
3. Canopy zone: the only region in which there is a canopy and any

variation in depth. We prescribe the substrate to be a plane slope;
4. Post-canopy zone: An obstacle-free horizontal domain between the

canopy zone and the absorption zone;
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5. Absorption zone: a virtual sponge which absorbs the momentum to
mitigate reflections which propagate back into the main flume.

We are mainly interested in how the wave evolves through the canopy zone
[labelled as 3 in Figure 2.62.6]. The pre-canopy zone helps to mitigate the
feedback from the canopy and the slope on wave generation. Similarly, the
post-canopy zone mitigates reflections from the absorption zone.

To not save the full configuration at every time step, we set up virtual
gauges which log the location of the free surface at fixed intervals along the
canopy zone. Formally, since it is a two-phase problem, the definition of
the free surface here corresponds to positions at which the volume fraction
of water is 0.5, after interpolating vertically along z.

We initially start with the two phases being steady under hydrostatic
pressure. We then generate the water wave in the generation zone and
allow the system to evolve the until transients have decayed and we have
a periodic solution—this is measured by the periodicity of the wave signal
at the start of the absorption zone. Finally, once the system is periodic, we
take a simple average of the amplitude at ten subsequent periods at each
gauge to get a time-averaged profile for A(x) in the canopy zone.

A typical simulation would have the domain discretised into triangular
elements with a maximum diameter of 150–200 units per wavelength, with
the latter being calculated from the dispersion relation (2.282.28) a priori. For a
time period of T � 2π/ω0 � 1.5 s, the finite element mesh would have over
1.7× 106 elements. The computational time for a simulation up to t � 100 s
is typically 48–96 hours using 96 cores. The CPUs are 2nd generation Intel
Xeon Scalable Processors (Cascade Lake) with a sustained all-core Turbo
CPU frequency of 3.6 GHz. We note that a long simulation time (t � 100 s)
is required to allow the incident waves to propagate to the end of the flume
and the system to fully develop into a time-harmonic state. The same
applies to physical experiments with wave flumes.

2.8.3 Theory on wave generation

Wegenerate the incidentwavewith a prescribed amplitude and time period
using the WaveTools module in the generation zone. The module has the
option to either impose a linear wave [the dimensional version of (2.272.27)]
or a Fenton wave (FentonFenton, 19881988) as an incident wave. By ignoring the
contributions from air and assuming that the water flow is both inviscid
and irrotational, a Fenton wave has its stream function ψ in the form

ψ �

N∑
n�1

Bn
sinh [nk(z + H)]

cosh kH
cos [n(kx − ωt)] (2.59)

for some N and coefficients Bn (in addition to wavenumber k and angular
frequency ω). This truncated Fourier series ansatz is constructed such
that each mode satisfies both the governing equation ∇2ψ � 0 and the no
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penetration condition along the substrate. The coefficients are then solved
numerically to satisfy the full free-surface conditions while also giving the
resulting wave the prescribed amplitude.

Theadvantageof this spectral approach compared tohigher-order Stokes’
theory or cnoidal theory (for shallow-water waves in Chapter 44) is that the
coefficients Bn in (2.592.59)would converge exponentially. Meanwhile, themen-
tioned classic theories evaluate waves using asymptotic expansions which
are based on the wavenumber. Hence, such series may suffer from slow
convergence when the water is sufficiently shallow or deep.

In our implementation, we found it more numerically stable to impose
a Fenton wave as an incident wave rather than a sinusoidal wave (2.272.27).
Although we are comparing with analytical predictions from linear wave
theory in §2.52.5, forcing a linear incident wave would nonlinearly transform
along the flume due to the nonlinear governing equations. Hence, we im-
pose a Fenton wave that has the same fundamental time period and extract
its (linear) fundamental mode for comparison with analytical predictions.

By imposing a Fenton wave that has a sufficiently small amplitude com-
pared to the depth, the higher-order harmonics in the truncated series for
ψ (2.592.59) have negligible contributions and the Fenton wave is still well-
approximated by the fundamental mode. To illustrate this, we provide an
example of the Fourier transform of both a typical incident wave and its cor-
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responding final wave (after passing through a canopy) in Figure 2.72.7. The
incident wave is measured at the end of the generation zone, and the final
wave is measured at the start of the absorption zone in Figure 2.62.6. When
we analyse the spectra of both waves (andwaves at various points along the
canopy zone), the Fourier coefficients of other frequencies are always ten
times smaller than the coefficient of the fundamental frequency. The inset
in Figure 2.72.7 also illustrates the proximity between the Fenton wave and its
sinusoidal fit when they share the same wave height and time period.

Finally, to compare the amplitude between our numerical simulations
and analytical predictions in §2.52.5, we extract the fundamental mode from
the wave signal at each gauge. We do so by approximating the δ-function
in the (discrete) frequency domain as the original signal with all the fre-
quencies but the fundamental frequency set to zero (see the black line in
Figure 2.72.7). We then transform the signal back into the temporal domain
and evaluate its amplitude.

As an aside, we would also like to compare our analytics against the full
numerical profiles for completeness. However, unlike sinusoidal waves,
there is an ambiguity on the definition of the amplitude in such cases. In
this work, we measure A as half of the difference between the maximum
and minimum elevation at every time period to remove any steady profiles
that have developed.

We present our results in the next section.

2.9 numerical simulations: results

In Figure 2.82.8, we present a series of plots on the evolution of the amplitude
due to the sloped substrate and increasing canopy density in the canopy
zone. We have chosen an incident wave that has its wavelength comparable
to the water depth—this is so that when the canopy is absent (λ � 0),
the amplitude gradually decays as kH reduces from 3.6 to 1.8 along the
domain (see Figure 2.42.4). This regime is mainly chosen to provide some
different insights to what has already been established with shallow-water
approximations from previous work e.g. (Mendez and LosadaMendez and Losada, 20042004). In
addition, we can also simulate such cases on a finer mesh. Shallow-water
waves have a relatively longer wavelength. To be in the correct asymptotic
regime (α � 1), we would then require a longer domain. However, the
maximum element size cannot be compromised since we require sufficient
resolution for the wave amplitude.

In each subplot in Figure 2.82.8, we first note that the full numerical wave
(in blue) has a higher amplitude than its own fundamental mode (in green)
by construction. However, we emphasise that provided that the amplitude
is sufficiently small compared to the depth, the fundamentalmode is a good
approximation of the full-wave along the canopy zone. This is evident in
all five cases here by the proximity of the two amplitudes: its accuracy has
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Figure 2.8: Series of plots
of the period-averaged ampli-
tude along the canopy zone in
Figure 2.62.6 for canopies with
increasing densities, λ. Note
that the scales of the vertical
axes are different in each sub-
plot. The green data points
denote the amplitude of the
numerical wave at each vir-
tual gauge. The fundamen-
tal modes that are extracted
at each gauge using the pro-
cedure in §2.8.32.8.3 are connected
by blue lines. For each setup,
the corresponding analytical
predictions for the amplitude
(2.402.40) are plotted in black solid
lines, together with 5% error
bands being shaded in as vi-
sual guides. The black dashed
lines represent the predictions
for the constant-depth prob-
lem with H � 2 m. All of the
analytical curves are scaled so
that the amplitudes match the
amplitude of the fundamental
mode at the start of the canopy
zone (see Figure 2.62.6).
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been previously quantified in §2.8.32.8.3.
We observe that increasing canopy density increases the amplitude de-

cay. In all five cases, our analytical predictions capture this reasonably well
quantitatively. We have also compared each plot against the correspond-
ing predictions for constant depth to highlight that the effects of substrate
and canopy do not simply sum. For example, the theory predicts that
A(50) � 0.067 m when λ � 0.4 but only A(50) � 0.098 m when λ � 0,
despite the fact that when λ � 0.4 with flat bottom, A(50) � 0.098 m. More
importantly, the depth reduction in this case substantially increases ampli-
tude decay. The main physical reason for this is that the fluid velocity is
faster near the free surface [see (2.272.27)]. With depth reduction, moremomen-
tum is lost when the vertical domain is increasingly covered by vegetation.
We have also illustrated this effect via an example in §2.6.32.6.3. Additional
numerical simulations regarding this effect are given in Appendix BB.

2.9.1 Large vegetation density

For canopies with λ � 0.2 and 0.4, the predictions become less accurate as
waves propagate along the canopy zone. Mathematically, we derived the
rate of change of the amplitude in space (2.402.40) based on asymptotic expan-
sions with the multiple-scales parameter, α � 1. Hence, deviations are
expected when the canopy is sufficiently dense that the leading-order wave
approximation (2.272.27) is no longer asymptotically accurate. Meanwhile, we
also note that we underestimate themomentum loss, despite that themodel
(2.12.1)–(2.22.2) is inviscid andhence does not account for viscous dissipation. We
anticipate that the reduced momentum loss is due to the nonlinear nature
of the full problem—the higher harmonics interact with the fundamental
mode (which allows energy conversion between modes – this is illustrated
by the distinct Fourier decomposition between the incident wave and the
final wave in Figure 2.72.7) and mitigate the overall drag after every time pe-
riod. Such effects accumulate and eventually become apparent once the
waves reach the end of the canopy zone.

On the other hand, the high-density plots that are mentioned above
also suggest that our predictions can be useful by their proximity to the
numerical profile. In particular, although our derivation is based on the
canopy being sufficiently sparse, the literature review by NepfNepf (20122012) stated
that for aquatic vegetation, the dimensionless geometric canopy density

√
3

2
h

CDA0
λ �

√
3

2 bN̄h � 0.1 (2.60)

is the threshold atwhich sparse canopies transition to dense canopies. Since
h/A0 � 10 for all of the cases considered here, the canopies are considered
to be dense in real life. In general, by how we have nondimensionalised
our problem, this statement has to be revised based on the scale of the
amplitude.
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2.9.2 Discussion on using an infinite-canopy approximation

We recall from our derivations in §2.52.5 that we have considered an infinite
canopy along the domain so that the domain is asymptotically periodic on
the localwave scale. This is distinct to the typical finite-canopy setup in both
the numerical wave flume considered in this work (see Figure 2.62.6) and other
real experiments. We emphasise that our prediction (2.402.40) is asymptotically
correct sincewe are considering the limit inwhich the canopy density scales
with α – the ratio between the wavelength and the domain scale. Hence,
any finite-canopy correction will only correspond to asymptotically small
horizontal adjustments in the prediction curves at the order of awavelength.

2.9.3 Discussion on the fluctuations of the wave amplitude

Finally, we attempt to explain the fluctuations of the numerical amplitude at
each gauge in Figure 2.82.8. In addition towave reflections from the absorption
zone, the fluctuations are due to the resolution of the amplitude i.e. nu-
merical errors from the discretisation. In all the simulations, the maximum
element size is below 0.02, which is the scale of the noise. Furthermore,
we have to interpolate along the elements in z to obtain the location of the
free surface. We expect this fluctuation to reduce with higher resolution.
However, the computational cost would increase exponentially. For exam-
ple, suppose we are to reduce the maximum element size by half to 0.01,
the mesh would approximately quadruple in the number of elements in
2D. This would further lead to smaller time steps for numerical stability.
The computational cost that is associated with problems that have such
slowly varying nature highlights the power and also the need for simple
and accurate asymptotic approximations.

2.10 predicting wave attenuation in laboratories

Now that we have verified the asymptotic predictions of the continuum
model, we would now like to compare how well it predicts decay in a
physical wave flume with individual vegetation. We compare our pre-
dictions against the experimental data from multiple studies on flow over
a mimic canopy of rigid cylinders (Augustin et al.Augustin et al., 20092009; Wu et al.Wu et al., 20122012;
Ozeren et al.Ozeren et al., 20142014). Although similar comparisons have been made before,
wewould now like to see how it works without any fitting parameters. This
particular validation is also new.

2.10.1 Variation of the drag coefficient

Thus far, we have assumed that the drag coefficient, CD is constant and
focused on introducing the multiple-scales analysis. In a complete model,
it has been established from direct force measurements that for oscillatory
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flows, CD for a single obstacle is a function of the dimensionless Keulegan-
Carpenter number KC with (Keulegan and CarpenterKeulegan and Carpenter, 19581958)

CD � CD

(
KC �

UT
b

)
, (2.61)

where U is the maximum velocity, T � 2π/ω0 is the time period of the
wave and b is the streamwise diameter of the obstacle. This parameter
KC quantifies the ratio between the travelling distance of a fluid particle in
relation to the obstacle width. We can typically consider CD to be a constant
in the limit KC → ∞, where the flow is unidirectional for the majority of
the period (on the scale of the obstacle).

According to the reviewbyChen et al.Chen et al. (20182018), the conventional approach
to validating the decay relation (2.482.48) is to fit it against the experimental data
by fitting the value for CD . However, since we are interested in predicting
wave attenuation, we want to understand its predictive accuracy. In par-
ticular, based on our homogenised canopy model, we want to impose the
drag coefficient as the one which corresponds to individual stems. Hence,
instead of fitting CD , we use the experimental relation between CD and KC

(2.612.61) by Keulegan and CarpenterKeulegan and Carpenter (19581958) on cylinders.
We also note in a completemodel, the velocity scaleU in KC (2.612.61)would

also vary in both the water depth and the distance of propagation as the
wave evolves. For simplicity, we use the common modelling assumption of
treating CD constant within the domain once CD is fixed by the initial value
of KC [see e.g. Luhar and NepfLuhar and Nepf (20162016), Leclercq and de LangreLeclercq and de Langre (20182018) and
references therein].

2.10.2 Results

The studies by Augustin et al.Augustin et al. (20092009); Wu et al.Wu et al. (20122012); Ozeren et al.Ozeren et al. (20142014)
consist of regular waves propagating through a uniform finite canopy in a
horizontal flume. The amplitudes are measured by individual wave gauges
along the canopy. The raw data and the individual plots of wave decay are
given in the Appendix AA.

For the theoretical predictions, we recall from §2.6.22.6.2 that on a horizontal
substrate, the amplitude along the canopy satisfies

A �
1

1 +Λx
(2.62)

where the constant decay factorΛ ∝ CD for individual experiments is given
by (2.472.47). We present the comparison in Figure 2.92.9.

The experimental data reasonably collapses onto the theory curve,which
is shown as a single black solid line in Figure 2.92.9. The theory curve gives
an R2-value of 0.78. Although not shown here, the equivalent prediction
using a standard choice of CD � 1.2 (for cylinders in uniform flow) only
gives R2-value of 0.62 (see Appendix AA). We can compare the difference
between the choice of CD in the inset.
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Figure 2.9: Experimentally
determined dimensionless
decay for waves propagating
through a rigid canopy. The
black solid line indicates
the theoretical prediction
A � (1 +Λx)−1 (2.482.48) and dots
indicate the measurements for
individual experiments. We
compared 28 of the 29 sets of
experiments available – the de-
tails of individual experiments
are given in Appendix AA.
The inset plots the experi-
mentally determined relation
between the drag coefficient
CD and the Keulegan-
Carpenter number KC (2.612.61)
for a single cylinder under
uniform oscillatory flows
(Keulegan and CarpenterKeulegan and Carpenter,
19581958). Since wave veloci-
ties are depth-dependent,
following the definition by
Chen et al.Chen et al. (20182018), the velocity
scale in KC (2.612.61) is chosen to
be the maximum velocity at
the half water depth.

We note that there is a cluster of points at Λx ≈ 0.1 that is under-
predicted i.e. the amplitude A is over-predicted by the theory (2.482.48). We
anticipate that this is due to wave reflection due to the canopy front, which
we do not account for in our infinite-canopy model. The scatter also in-
creases for larger values of Λx. This can be explained by the weak-decay
approximation we had in our multiple-scales analysis. Again, we assumed
that the canopy is sufficiently sparse [the rigorous definition is given by
(2.222.22)].

2.11 summary and discussion

This chapter began with the aim of predicting wave attenuation due to the
presence of vegetation, motivated by applications in coastal management.
We first considered the reduced problem where the vegetation is rigid, so
thatwe couldhave agoodphysical understandingof thepurefluidproblem.

We first posed the problem in a general 3D framework andmodelled the
vegetation as rigid beams that are rooted along a known varying substrate.
The momentum loss in the water wave due to vegetation is accounted for
via a sink in the fluidmomentum equations, which consisted of drag, added
mass and virtual buoyancy effects. Since we are mainly interested in the
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macroscopic flow and its associated momentum loss, we homogenised the
contributionsof individual plants so thatwe could consider abulkdrag term
(2.122.12). We then reduced the problem to 2D andpresented the dimensionless
governing equations and the key parameters, summarised in Table 2.12.1.

By exploiting the typical scenario in which waves are only slowly evolv-
ing in space, we separated the large domain scale from the small wave
scale and formulated a general multiple-scales problem in §2.52.5, with the
small parameter being the ratio between the two scales. By considering
monochromaticwaveswith small amplitudespropagatingover slowlyvary-
ing substrates with sparse canopies, we formally decoupled the local flow
from both the substrate and vegetation. This allowed us to recover the clas-
sic sinusoidal approximation for the wave from linear wave theory, with
the property where both the amplitude and the wavenumber vary over
the macro scale. Finally, we derived ordinary differential equations for
the evolution of the wavelength (2.252.25) and the amplitude (2.402.40) along the
domain.

By solving for the amplitude explicitly in various simplified cases in §2.62.6,
we demonstrated how we have generalised the results from previous work
by KellerKeller (19581958), Dalrymple et al.Dalrymple et al. (19841984), and Mendez and LosadaMendez and Losada (20042004).
We then validated the asymptotic predictions with numerical simulations
of a more realistic two-phase problem using Proteus, which accounted for
nonlinear effects and viscosity. We demonstrated that there is good agree-
ment between the two in Figure 2.82.8 and the capabilities of our predictions
on analysing dense-canopy flows. Finally, we also validated our predic-
tion with experimental data from Augustin et al.Augustin et al. (20092009); Wu et al.Wu et al. (20122012);
Ozeren et al.Ozeren et al. (20142014) in Figure 2.92.9, by allowing the drag coefficient to vary
with the Keulegan-Carpenter number.

The systematic and rigorous framework of multiple-scales analysis al-
lowed us to give new predictions. We have also highlighted in §2.72.7 how our
predictions could be readily extended to non-uniform canopies by follow-
ing the same derivation. However, there are additional physics that have to
be accounted for when we consider more complex flows, such as nonlinear
waves and combined current-wave flows. Above all, we are interested in
generalising the multiple-scales framework so that we can analyse flexible
vegetation—another main focus of this study. Mathematically, there are
subtleties which make such extended problems rich. In particular, the veg-
etationwill deform and interactwith the flow to become a coupled problem.
We will explore such extensions in the subsequent chapters.
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3combined current-wave flows
through rigid vegetation

We must take the current when
it serves, or lose our ventures.

William Shakespeare

synopsis

In this chapter, we consider the problem of combined current-
wave flows through rigid vegetation. By focusing on the regime
in which the current, which we consider being steady, and the
fluid velocity in the wave are comparable in magnitude, we
perform amultiple-scales analysis to analyse how the combined
flowvaries along the domain. In particular, we find that the cou-
pling is only one-way—the amplitude decays differently from
the pure wave problem, but the steady current remains fixed in
space. The current is maintained by the elevation of the mean
free surface.

3.1 introduction

In the previous chapter, we considered the fundamental problem of a pure
sinusoidal wave propagating through rigid vegetation. In certain coastal
regions and tidal situations, waves can also be superimposedwith a current,
which is a special case of a polychromatic wave.

The polychromatic problem of waves propagating through vegetation is
complex for two reasons: (i) the wavelengths evolve along the domain; (ii)
the harmonics interact with each other. Suppose we only have a monochro-
matic wave. According to our multiple-scales analysis in Chapter 22, we
can quantify the slow evolution of the wavelength along the domain via its
dispersion relation (2.282.28). For polychromatic waves, however, we no longer
havea simpledispersion relation that governs the spatial periodicity. Hence,
we no longer have a well-defined mapping between the microscale and the
macroscale coordinates.

A particularly relevant regime to consider, however, is to understand
what happens when a steady current is superimposed with a wave. From
the perspective of the multiple-scales analysis, since the additional current
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will not alter the original dispersion relation, we can solve for the flow
using similar techniques as in Chapter 22. Nevertheless, the current and the
wave can still interact with each other along the domain, which makes this
problem rich.

Suppose we continue from the 2D modelling framework in Chapter 22
and consider the wave to be propagating along the same direction as the
current. Depending on the velocity scale of the current relative to the wave,
different physical effects dominate. This has resulted in different subfields
of research. Suppose Uc is the velocity scale of the current and Uw is the
velocity scale of the fluid flow in the wave, we have three cases to consider:

1. Uc � Uw : Since we can gain most of our insights from the pure
wave problem in terms of wave attenuation and ultimately coastal
protection, we do not pursue further.

2. Uc � Uw : Mathematically, the wave can be treated as a perturbation
of the current and can experience Doppler shift. Suppose a linear wave
that propagates along a horizontal domain (with no vegetation) has
angular frequency ω and wavenumber k in still water. Using the
same coordinate system as in the previous chapter, when this wave
propagates with a current of velocity uc � uc êx , the new observed
frequency ωc satisfies the dimensional dispersion relation

(ωc − kuc)2 ≈ ω2
� gk tanh kH (3.1)

for a given water depth H (PeregrinePeregrine, 19761976). Mathematically, this shift
is a direct result of the kinematic condition of the wave at the free
surface. If z � η is the free surface and u � (u , w) is the flow velocity
in 2D, the dimensional condition reads

w �
∂η

∂t
+ u · ∇η at z � η. (3.2)

When the flow velocity is significant, η is advected by u � uc êx at lead-
ing order if we consider a formal asymptotic expansion in Uw/Uc � 1.
InChapter 22, thewaveswere approximated to experience no drift since
such effects were asymptotically small.

Since themain focus of this work concerns hydrodynamicmomen-
tum loss due to vegetation, the velocity of the flow would naturally
scale with Uc rather than Uw . As a result, vegetative drag would scale
with U2

c . Analogous to the wave-dominant regime we considered in
point 1, in this current-dominant regime, the wave is no longer im-
portant in terms of quantifying momentum loss. Furthermore, it is
known that currents could cause flow instabilities due to the canopy—
this is addressed in Chapter 66. There is an extensive amount of liter-
ature which addresses wave evolution under strong currents [see e.g.
Turpin et al.Turpin et al. (19831983) and KirbyKirby (19841984)] but not for vegetated flows.
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3. Uc ∼ Uw : The regime in which the wave and the current are com-
parable in magnitude has gained recent interest in the field. There
are experimental studies by Hu et al.Hu et al. (20142014) on rigid cylinders and
Losada et al.Losada et al. (20162016) on current with and against the direction of wave
propagation. In terms of the theoretical predictions they havemade on
wave attenuation, Hu et al.Hu et al. (20142014) considered the simplified problem
of shallow-water linear waves. The predictions by Losada et al.Losada et al. (20162016)
on canopies in horizontal flumes also assumed that the contribution
of the current in the drag expression could be neglected in the dense-
canopy regime. Hence, both estimates warrant further generalisation.
Furthermore, the evolution of the current and the free surface along
the domain are not addressed mathematically in either study.

In this chapter, we consider theproblemof the combined current-waveflows
through rigid vegetation where the velocity of the two are comparable in
magnitude. The modelling framework of the flow is directly adapted from
the purewave problem inChapter 22. Hence, for ease of reference, we inherit
the notations and variables unless otherwise stated. We solve for profiles
of both the current and the wave simultaneously by evaluating how they
interact with each other.

3.2 horizontal substrate with no vegetation

We begin by considering the simple problem of how a current is super-
imposed with a monochromatic wave in a horizontal substrate with no
vegetation. By closely following the derivation in Baddour and SongBaddour and Song (19901990)
on two-dimensional inviscid flows, we can deduce that the flow field u in
the xz–domain can be expressed as the simple sum

u �

(
uc

0

)
+ uw (3.3)

where uc is any constant horizontal current and uw is the dimensional
velocity profile of the linear wave (2.272.27).

In this simple problem, the mean free-surface elevation is unchanged,
and the waveform is also unchanged from the pure wave problem (2.272.27)—
any interactions between the current and thewave are formally higher-order
effects when the current has the same velocity scale as the wave (PeregrinePeregrine,
19761976). However, the wave can experience Doppler shift (3.13.1) as mentioned
in §3.13.1 if the current is much faster than the wave. We also note that the
dynamic pressure is also unchanged from the pure wave case since there
is no resistance which slows down the additional current—this will change
when we introduce vegetation to the problem.
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3.3 pure steady current over rigid vegetation

When we introduce the vegetation and allow the substrate to slowly vary,
the current cannot be imposed since it varies along the domain. Hence,
the current has to be solved as part of the problem. For intuition, we first
neglect thewave and solve the steady-current problem—this corresponds to
the solution of the combined current-wave problem in the limit of vanishing
wave amplitude. In particular, we solve the dimensional problem so that
the results would both apply to more general settings and help us to verify
our derivations in the combined problem in the subsequent sections.

We first return to our set of dimensional governing equations with the
homogenisedmomentum sink (2.142.14). We solve for the flowfield u, dynamic
pressure p, and the free-surface elevation η by adapting a classic derivation
of shallow-water equations. For convenience, we use primes (′) to denote
d/dx.

By integrating the incompressibility condition (2.14a2.14a) with respect to z
and applying the Leibniz rule on η and the substrate at z � −H(x), we get∫ η

−H
ux dz + u(z � η)η′ + u(z � −H)H′ � ∂

∂x

∫ η

−H
u dz � 0. (3.4)

By letting ū to be the height-averaged horizontal velocity with

ū �
1

H + η

∫ η

−H
u dz , (3.5)

we deduce that
(H + η)ū � Q (3.6)

where Q is some fixed downstream flux along x. If we also consider the
flow to be irrotational, then

uz − wx � 0. (3.7)

Assuming that |w | � |u | in shallow-water flows, a standard simplification
for domains with a small aspect ratio (between the depth and the length of
the fluid domain), we deduce that uz ≈ 0. Hence, u ≈ u(x) and u ≈ ū, and
we can neglect any contributions from w.

From the z-momentum equation in (2.14b2.14b), we can deduce from the
same approximation that the static pressure is approximately hydrostatic
with thedynamicpressure satisfying p′ ≈ ρgη′. By substituting this stream-
wise pressure gradient into the height-averaged x-momentum equation in
(2.14b2.14b), we deduce that

uu′ � −gη′ − 1
2 bCD N̄u |u | h

H + η
. (3.8)

In summary, we yield a set of steady shallow-water equations(
H + η

)
u � Q , (3.9)

uu′ + gη′ +
1
2 bCD N̄u |u | h

H + η
� 0. (3.10)
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The top equation physically represents mass conservation. We can also
interpret the bottom equation as the momentum balance along the domain
between nonlinear advection, pressure gradient, and vegetative drag. Sup-
pose we rewrite the equations into a single equation for u, we have(

u − gQ
u2

)
u′ − gH′ +

1
2 bCD N̄u |u |

(
uh
Q

)
� 0. (3.11)

From this equation, we can deduce that when vegetation is absent and the
substrate is flat, the current is constant; the free-surface elevation η is also
constant, which can be set to zero.

We can also rewrite the shallow-water equations (3.93.9)–(3.103.10) in terms of
H and η only, so that

gη′ +
1
2 bCD N̄

Qh
(H + η)2

���� Q
H + η

���� � Q2

(H + η)3
(
H + η

)′
. (3.12)

Thus far, we have derived the steady shallow-water equations in a general
setting. We would now like to understand how the equations differ in the
domain that we have considered in Chapter 22 for the pure wave problem.

3.3.1 Nondimensionalisation and relations to the pure wave problem

Suppose we nondimensionalise shallow-water equation (3.123.12) with the
scales

[η] � [H] � g

ω2
0

and [Q] � [u][H] � A0ω0
g

ω2
0
. (3.13)

By inheriting the same dimensionless parameters Table 2.12.1 from the pure
wave problem in Chapter 22, and also the bar notation ( · ) from considering
the same distinguished limits (2.222.22), we get the dimensionless equation

η′ + α ¯̄γ λ̄2
Qh̄

(H̄ + η)2
���� Q
H̄ + η

����︸                    ︷︷                    ︸
O(1)

� α2 ¯̄γ Q2

(H̄ + η)3
(
H̄ + η

)′︸                   ︷︷                   ︸
O(1)

. (3.14)

In particular, we recall that the small parameter α describes the ratio be-
tween the wavelength and the domain scale. If we consider an expansion
for the flow variables in powers of α � 1, then η′0 � 0 at leading order.
Hence, η0 ≡ 0, by choosing the origin such that η0(0) � 0. This results in
the mass conservation equation

H̄u0 � Q0. (3.15)

Amore appropriate nondimensionalisation for η in the shallow-water equa-
tion (3.123.12) is to take [η] to be the amplitude scale A0. If we apply the same
expansion in α under the new scaling, we will deduce the same equation
for mass conservation (3.153.15). For the momentum equation (3.123.12), however,
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we have the balance between the pressure gradient and the vegetative drag
on the left-hand side, giving

η′0 � − λ̄2
Q0 h̄
H̄2

����Q0

H̄

���� . (3.16)

Physically, the two different nondimensionalisations in η indicate that:
(i) When we consider a flux that is comparable to the pure wave sce-

nario, the free surface has negligible displacement compared to
the wavelength (which is assumed to be comparable to the water
depth) along the entire domain.

(ii) For any positive downstream flux Q0 > 0 in (3.163.16), the free-surface
elevation would decrease downstream monotonically. This gradi-
ent maintains a pressure gradient in the flow which balances the
vegetative drag. This physical phenomenon is observed experi-
mentally in e.g. Tanino and NepfTanino and Nepf (20082008).

(iii) When we consider the combined wave-current problem, we expect
to recover the set of shallow-water equations (3.153.15)–(3.163.16) in the
limit of vanishing wave amplitude.

3.3.2 Generating pressure gradient with sloped substrates

As an aside, we can deduce from (3.123.12) that if the flux is sufficiently large
or the canopy is sufficiently dense, the variation of η can be significant
downstream. For a substantial number of experimental work on currents
throughvegetation, flumeswith aflat substrate are tilted so that thepressure
gradient along the canopy is driven by gravity rather than surface elevation
[see e.g. Dunn et al.Dunn et al. (19961996), Okamoto and NezuOkamoto and Nezu (20092009) and Boothroyd et al.Boothroyd et al.
(20172017)]. The tilting angle of the flume can be adjusted so that water depth
would be uniform along the stream. Hence, mathematical analysis can
be nicely confined to unidirectional flows with u � u(z)êx , where x and z
denote directions parallel and perpendicular to the tilted flume (NepfNepf, 20122012)
respectively. This is further discussed in Chapter 66 when we analyse the
instabilities of such flows.

With the insights that we have gained from the steady current problem,
we are ready to analyse the combined current-wave problem.

3.4 the combined current-wave problem

Suppose we apply the same multiple-scales analysis as in §2.52.5 in α � 1
but for the combined current-wave problem. By recalling that x denotes
the distance along the macroscopic domain and (x̄ , z̄) denotes the local
coordinates on the wave scale, the leading-order flow in α has the solution
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form:

η0 � ηc(x) + A(x) cos(x̄ − t), (3.17a)

u0 � uc(x) + A(x)cosh[k(z̄ + H̄)]
sinh kH̄

cos(x̄ − t), (3.17b)

w0 � A(x)sinh[k(z̄ + H̄)]
sinh kH̄

sin(x̄ − t), (3.17c)

p0 � pc(x) + A(x)cosh[k(z̄ + H̄)]
cosh kH̄

cos(x̄ − t), (3.17d)

with the dispersion relation k(x) tanh[k(x)H̄(x)] � 1 (2.282.28). The additional
variables ηc , uc and pc define the presence of a current; their expressions
would tend to solutions of the steady shallow-water equations (3.153.15)–(3.163.16)
in the limit A(x) → 0.

We are permitted to consider solutions of the form given in (3.173.17) since
we are seeking for a steady stream and pc(x) is a constant on the microscale,
which would always satisfy the leading-order microscale problem (2.232.23).
We also note that we can treat the vertical current to be zero since the flow
always satisfies the leading order free-slip condition w0 � 0 (2.16d2.16d) along
the substrate.

The main objective here is to derive a system of differential equations in
the macroscale variable x for ηc , uc , and pc , in addition to A.

3.4.1 Differential equation for the wave amplitude A(x)

To solve for A(x), we can follow an identical derivation to the one in §2.52.5
apart from replacing the original pure wave solution (2.272.27) with the com-
bined flow above (3.173.17) as the base flow. We derive a solvability condition
by applying the same integral identity (2.302.30) and considering the adjoint
solution p∗0 given by (2.312.31).

With the new base flow, we can verify that all the additional contribu-
tions in (2.302.30) due to the current average to zero over a time period of the
wave, apart from a having a new drag contribution in (2.372.37). In particular,
we can derive an equation for the amplitude A(x) in the form of (2.382.38),
namely

π2A

λ̄k cosh2 kH̄

[
2A(H̄ − 1)d

(
kH̄

)
dx

− (2kH̄ + sinh 2kH̄)dA
dx

]
� D (3.18)

with the drag contributionD expressed in terms of the streamwise velocity
of the combined current-wave flow (3.17b3.17b) so that

D �
1
2

∫ 2π

t�0

∫ −H̄+h̄

z̄�−H̄

∫ X̄+2π

x̄�X̄
p∗0x̄ u0 |u0 | dx̄dz̄dt . (3.19)

Similar to the pure wave problem, the amplitude decay along the domain
is independent of inertial effects i.e. M1 and M2. In order to solve for A(x)
however in this combined problem (3.183.18), we need to first determine the
steady current uc in u0 (3.17b3.17b).
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z̄ � 0

(0, 1)

(1, 0)(−1, 0) 1 3

2

4

(0,−1), at leading order
z̄ � −H̄

x̄ � X̄ x̄ � X̄ + 2π Figure 3.1: Schematic dia-
gram for the periodic cell Ω̄ �

[X̄ , X̄ + 2π] × [−H̄ , 0] in the
multiple-scales analysis. No-
tice that the definitions of Ω̄
between this figure and Fig-
ure 2.32.3 are identical—the fig-
ures are duplicated for the ease
of reference.

3.4.2 Differential equations for the current variables: uc , pc , and ηc

To solve for the current, distinct from the derivation in §2.52.5, we do not
combine the governing equations and determining the flow field by solving
for the pressure field alone. From the original Navier-Stokes equations
(2.142.14), we have on the microscale

ku1x̄ + u0x + w1z̄ � 0, (3.20a)
u1t + ¯̄γ(ku0u0x̄ + w0u0z̄) � −kp1x̄ − p0x − λ̄H(h̄ − H̄ − z̄)F‖0 , (3.20b)

w1t + ¯̄γ(ku0w0x̄ + w0w0z̄) � −p1z̄ − λ̄H(h̄ − H̄ − z̄)F⊥0 , (3.20c)

with F � (F‖ , F⊥) given in (2.16c2.16c) and the boundary conditions

Free-slip u0H̄′ + w1 � 0, at z̄ � −H̄(x), (3.20d)

Kinematic w1 + ¯̄γη0w0z̄ � ¯̄γku0η0x̄ , at z̄ � 0, (3.20e)
Dynamic p0 � η0 , at z̄ � 0, (3.20f)

p1 + ¯̄γp0z̄η0 � η1 , at z̄ � 0. (3.20g)

From the Divergence theorem, we can deduce the identity∫
Ω̄

ku1x̄ + w1z̄ dV �

∫
Ω̄

∇ ·
(
ku1
w1

)
dV �

∫
∂Ω̄

(
ku1
w1

)
· dnΩ̄ , (3.21)

with nΩ̄ being the unit outward normal of the domain Ω̄. By imposing
Ω̄ to be the domain defined in Figure 3.13.1, we can evaluate or simplify the
integrals in this identity (3.213.21) by partitioning ∂Ω̄ into sub-contours labelled
in the figure:
(i) Contributions from 1 and 3 to the surface integral: they cancel out

each other by the periodicity of u1 in Ω̄.
(ii) Contribution from 4 to the surface integral: by rewriting the inte-

grand via the kinematic condition (3.20e3.20e), we can explicitly show
that this integral is zero.

(iii) Contribution from 2 to the surface integral: we can rewrite the
integrand via the free-slip condition (3.20d3.20d).

(iv) Volume integral: we can rewrite the integrand ku1x̄ + w1z̄ in terms
of u0x via the incompressibility condition (3.20a3.20a).
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By evaluating the integrals in the identity above (3.213.21) explicitly, we derive
an equation for mass conservation

H̄uc � Q (3.22)

for some constant mean flux Q. In particular, since the wave contributes
zero mean flux along the domain, Q is the also flux where x � 0 is defined.

Finally, to determine pc and ηc , we first note that at z̄ � 0, we have the
leading order dynamic condition p0 � η0 (2.23d2.23d). Integrating this over time
gives pc � ηc . Therefore, we only require to solve for pc to get the full
current-wave solution.

We evaluate pc by integrating the x-momentum equation (3.20b3.20b) in Ω̄
and also over a time period of the wave so that

dpc

dx
�

dηc

dx
� − λ̄

4πH̄

∫ 2π

t�0

∫ 0

z̄�−H̄

∫ X̄+2π

x̄�X̄
H(h̄− H̄ − z̄)u0 |u0 | dx̄dz̄dt , (3.23)

with u0 given by (3.17b3.17b). As an aside, we found that it is complicated to
present the analytical form of the double integral above in (3.233.23). In particu-
lar, since u0 (3.17b3.17b) is the sum of a current and awavewhich is z̄-dependent,
contributions of |u0 | will result in multiple conditional expressions for the
double integral.

In summary, we derived a system of equations for the wave amplitude
A (3.183.18)–(3.193.19), the current velocity uc (3.223.22), the current pressure pc (3.233.23),
and the current-induced free-surface displacement ηc (3.233.23). We will now
compare them against the corresponding expressions in (i) the pure current
problem in §3.33.3, and (ii) the pure wave problem in Chapter 22.

3.4.3 Reductions to the current-only & wave-only problems

In the limit when the wave amplitude A → 0, the equations for uc and
ηc (3.223.22)–(3.233.23) reduces to the corresponding equations (3.153.15)–(3.163.16) for the
pure current problem. For A > 0 however, to maintain the same cur-
rent, both the pressure gradient and the free-surface elevation have to be
increased in order to balance the momentum loss due to the combined
current-wave flow.

On the other hand, in the limit when the mean flux Q → 0, we would
get uc � 0, which results in (3.233.23) reducing to dpc/dx � dηc/dx � 0. By
choosing the definitions of p and z so that pc � 0 and ηc � 0, we recover
the pure wave solution we derived in Chapter 22 with A(x) satisfying the
differential equation (2.402.40).

3.5 contributions from the current in wave decay

With the differential equation (3.183.18) that we have derived for the amplitude
decay, it is natural for us to understand how this is affected by the presence
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of a current. In this section, we discuss how wave decay is affected by the
magnitude and the direction of the current.

Firstly, we have to return to the integral expression for D in (3.183.18) i.e.
(3.193.19). We note that if the current in the integrand has switched signs, we
can show that this is algebraically equivalent to a phase shift by π in the
original integrand. Therefore, by integrating the integrand in (3.193.19) over a
period, D is symmetric between positive and negative currents. However,
we are aware that this symmetry in drag can break in reality due to higher-
order current-wave interactions such as Doppler shift [see e.g. Losada et al.Losada et al.
(20162016)].

If we assume that the drag coefficient is always constant, we can also
show that the wave amplitude would always experience a stronger local
decay with a faster current (positive or negative, by symmetry). However,
the drag coefficient is known to vary with the flow velocity [in the drag for-
mula (2.14c2.14c)]. Hence, waves can experience stronger or weaker local decay
compared to the pure wave case in Chapter 22 depending on the velocity
ratio between the current and the fluid in the wave – this is experimentally
shown by Hu et al.Hu et al. (20142014) for positive currents over a domain with constant
depth.

In general, the drag coefficient should be predetermined experimentally
for different velocity ratios, in addition to the Keulegan-Carpenter number
(2.612.61). However, as commented by the aforementioned authors in this
section, there is yet to be standard experimental work or a literature survey
on such combined current-wave flows.

3.6 summary and discussion

In this chapter, we extended themultiple-scales analysis on small-amplitude
waves in Chapter 22 to combined-wave current flows through rigid vegeta-
tion. In particular, we considered an interesting regime where the current
is comparable in magnitude to the fluid velocity in the wave. The new anal-
ysis in §3.43.4 indicates that the wave decay, given by (3.183.18)–(3.193.19), is coupled
to the current (3.223.22) due to the canopy drag but not vice versa. To further
clarify, the velocity profile of the steady current does not asymptotically de-
viate from the pure current problem (3.153.15) due to the presence of the wave.
However, the pressure gradient (3.233.23) and the location of the free surface
(3.233.23) interact with the wave via the canopy drag to maintain this current.

We generalised the previous predictions by Hu et al.Hu et al. (20142014) by allowing
the fluid velocity in the wave to vary in depth. Compared to the predictions
by Losada et al.Losada et al. (20162016), although we have neglected Doppler shift (3.13.1),
we have justified that this is asymptotically correct when the current is
comparable in magnitude to the fluid velocity in the wave. In such cases,
the mean free-surface profile would also scale with the wave amplitude.
Furthermore, we have generalised their predictions by accounting for the
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contribution of the current in drag (3.193.19) and elevation of the mean free
surface along the domain. Finally, analogous to the pure wave predictions
in Chapter 22 on the wave amplitude, we can formally establish that the
predictions for the flow variables A, uc , pc , and ηc hold when both the
canopy density and the canopy height vary in the slow scale x.
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4shallow-water waves through
rigid vegetation

Seriousness is the only refuge of
the shallow.

Oscar wilde

synopsis

In this chapter, we analyse how nonlinear shallow-water waves
decay due to rigid vegetation. In particular, we consider how
cnoidal waves – periodic solutions of the classic Korteweg-de
Vries (KdV) equation – slowly modulate in wave height and
waveform as they propagate in space. Our multiple-scales anal-
ysis predicts that cnoidal waves experience stronger decay than
sinusoidal waves of the same height. The predictions also show
good agreementwith both numerical simulations and analytical
predictions in various sub-limits.

4.1 introduction

For a given situation involving wave propagation, if the associated water
waves are small in height, then we can analyse them using standard linear
(Stokes’) wave theory. However, in the situation of coastal flows, there is
a myriad of scenarios where it is crucial to study large-amplitude waves,
and these require other mathematical tools. For instance, in the case of
bores and tsunamis, such phenomena belong to a class of waves where the
mean water depth is significantly smaller than the wavelength—these are
commonly referred to as shallow-water waves.

For shallow-water waves, we can exploit the fact that the fluid veloc-
ity is predominantly streamwise. Therefore, other variables of the prob-
lem, including the dynamic pressure and the free surface can be expressed
in terms of the streamwise velocity, u. The governing equations can be
formally reduced to a single nonlinear partial differential equation in u.
In addition, we will show in this chapter that for simple configurations,
the small-amplitude wave limit of the resultant shallow-water formulation
yields sinusoidal waves that are consistent with the (linear) shallow-water
approximation considered in Chapter 22. The key, however, is to select
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the right balance between the height and the wavelength – both as func-
tions of water depth – and this yields an important family of shallow-water
waves—cnoidal waves. The investigation of such waves was pioneered by
Korteweg and de VriesKorteweg and de Vries (18951895) and the corresponding governing equation is
known as the Korteweg-de Vries (KdV) equation. A detailed survey on its
historical development is given by MilesMiles (19811981).

Although the KdV equation or cnoidal wave theory, in general, is non-
linear, it forms a rich field of study. Mathematically, the classic KdV equa-
tion with appropriate boundary conditions has integrable properties which
make it exactly solvable in certain situations (AblowitzAblowitz, 20112011). Physically,
this equation and its variations also arise in problems in optics, plasma
physics, and quantum field theory (WazwazWazwaz, 20102010). For coastal flows in
particular, apart from the Stokes’ theory considered in Chapter 22, cnoidal
wave theory is widely used to provide analytical insight for water-wave
behaviour in the nearshore zone [see review by Hamm et al.Hamm et al. (19931993)]. The
theory is considered to be valid when the depth-to-wavelength ratio is less
than about 1/7 (DingemansDingemans, 19971997) or 1/5 (IsobeIsobe, 19851985).

We can primarily divide the field of nonlinear shallow-water waves into
the analysis of periodic waves and solitary waves (waves with an infinite
period). There are a large number of studies on solitary waves, particularly
motivated by specific properties (e.g. the preservation of shape in time for
the case of solitons) and their wide applicability in modelling tsunami [see
review by AblowitzAblowitz (20112011)]. There are few, if any, works on the subject of
solitarywave propagation through vegetation. In the absence of vegetation,
researchers have studied solitary waves in configurations with sloped sub-
strates (Kaup and NewellKaup and Newell, 19781978) and capillary effects (Benilov et al.Benilov et al., 19931993),
and we refer the reader to the reviews of MilesMiles (19801980) and JohnsonJohnson (19971997).
For the case of vegetative flows, the primary source of research has been
towards experimental and numerical studies [seeMei et al.Mei et al. 20112011; Tang et al.Tang et al.
20132013; Maza et al.Maza et al. 20152015, 20162016]. In this work, we are primarily interested in
the less-studied general theory of periodic waves.

Similar to the case of solitary waves, the analysis of periodic shallow-
water waves through vegetation has been predominantly numerical or ex-
perimental. Here we refer readers to the detailed review by Tang et al.Tang et al.
(20172017) where the authors note the importance of understanding the precise
relationships between (i) wave decay and wave period; and (ii) wave decay
and vegetation. Although the recent work by Chang and LiuChang and Liu (20192019) has
given insight into how higher harmonics are generated as weakly-nonlinear
waves decay, there is yet to be a comprehensive theory for quantifying non-
linear wave decay in vegetative flows. The main purpose of this chapter is
to use our modelling framework in Chapter 22 to systematically analyse how
cnoidal waves evolve in the presence of rigid vegetation.

The structure of this chapter is as follows. Firstly, we will select the ap-
propriate scales and nondimensionalise the governing equations of Chap-
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ter 22 for application to shallow-water flow. We then consider a particular
balance between the wave height and the wavelength which allows us to
derive a modified KdV equation for the free-surface elevation. Then in
the absence of the canopy, we discuss how nonlinear cnoidal waves arise
as solutions to the classic KdV problem, and we then demonstrate how
these waves are reduced to sinusoidal and solitary waves in different limits.
Finally, by considering waves which are slowly-modulating due to the pres-
ence of vegetation, we perform a multiple-scales analysis on the modified
KdV equation to quantify how cnoidal waves decay.

4.2 nondimensionalisation

The purpose of this section is to nondimensionalise the 2Dfluidmomentum
equations (2.142.14) in the shallow-water regime and highlight the different
balances involved.

Suppose λ0 is the dimensional wavelength of the incident wave and H0
is the dimensional water depth at x � 0, we nondimensionalise the fluid
variables with the scalings:

[x] � λ0 , [z] � H0 , [t] � λ0√
gH0

, [u] � √
gH0 , [w] �

H0
√

gH0

λ0
,

[p] � ρgH0 , [η] � A0.

(4.1)

The main difference here compared to the general depth problem in Chap-
ter 22 [see (2.152.15)] is that we analyse the dynamics on the wave scale from the
start – the timescale is chosen such that it coincides with the time period of
small-amplitude waves in the shallow-water limit (2.282.28). This choice gives
us a velocity scale for the streamwise velocity [u]. Finally, [w] is chosen via
the incompressibility condition.

In summary, we have from (2.142.14), the dimensionless problem:

ux + wz � 0, (4.2a)

ut + uux + wuz �−px − λ
[

1
2 u |u | + (M1 + M2)ut

]
H(h − 1 − z), (4.2b)

δ2(wt + uwx + wwz)�−pz − δ2λM2wt , (4.2c)

with the boundary conditions

Free-slip w � 0, at z � −1, (4.2d)

Kinematic w � ε(ηt + uηx), at z � εη, (4.2e)
Dynamic p � εη, at z � εη. (4.2f)

The key dimensionless parameters for this problem are summarised in
Table 4.14.1. The motivation here is to explore the different balances between
ε and δ. In particular, the ratio between ε and δ2 is commonly referred to
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Symbol Expression

Shallow-water aspect ratio δ
H0
λ0

Wave height ε
A0
H0

Ursell number Ur 1
4π

ε

δ2 �
A0λ2

0

4π2H3
0

Canopy density λ CD N̄bλ0

Added mass M1
CM m
ρbCDλ0

Beam inertia (or virtual buoyancy) M2
m

ρbCDλ0

Table 4.1: A summary of
the dimensionless parameters
in the governing equations of
flow through a homogenised
canopy (4.24.2). Wenote that both
the canopy density parameter
and the inertia parameters λ,
M1 and M2 in this chapter
are scaledwith thewavelength
rather than the height (see Ta-
ble 2.12.1). This is more natu-
ral choice for waves with δ �
1, when the typical horizontal
and vertical excursion of fluid
particles in space are not com-
parable – a more detailed dis-
cussion is given in §2.42.4.

as the Ursell number with (MeiMei, 19921992)

Ur � 1
4π2

ε

δ2 �
A0λ2

0

4π2H3
0
. (4.3)

The Ursell number quantifies the nonlinearity of the wave. Depending
on its magnitude, the governing equations (4.24.2) should be approximated
differently (asymptotically) to incorporate the relevant physical effects.

4.3 deriving a kdv-type equation for vegetated flow

In the absence of the canopy, it is known that by considering the distin-
guished limit ε � δ2 � 1 by fixing [η] � A0 � δ2H0 i.e. shallow-waterwaves
with a sufficiently small height, the waves have analytical forms satisfying
the celebrated Korteweg-de Vries equation—a nonlinear partial differential
equation which can be solved exactly (MilesMiles, 19811981). In this work, we derive
the corresponding governing equation with the presence of a canopy. Once
we have the equation, we will also discuss the other two limits of ε � δ2

and δ2 � ε.
The procedures are as follows:

1. We first expand u, w, p and η in powers of ε up to O(ε2).
2. Supposewe also consider awave that is propagating along the positive

x-direction at unit speed. Foreseeing the calculations ahead, if we are
to monitor the long-time evolution of the wave, it is natural for us to
switch to the travelling frame (ξ, z , τ) (Ockendon and TaylerOckendon and Tayler, 19831983),
where

ξ � x − t and τ � εt . (4.4)

For the governing equations (4.24.2), we can map the derivatives from
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the laboratory frame (x , z , t) to the travelling frame (ξ, z , τ) via
∂
∂x
→ ∂

∂ξ
and ∂

∂t
→ − ∂

∂ξ
+ ε

∂
∂τ
. (4.5)

3. We consider the distinguished limit in which the canopy density and
the inertia coefficient are

λ � O(1), (4.6a)
M � M1 + M2 � O(ε)with M � εM̄. (4.6b)

We note that M ∼ b/λ0 � H0/λ0 � δ (see Table 4.14.1). By consider-
ing the regime in which M � O(ε), we are considering plants with
diameters that are at most comparable to the wave height.

4. By expressing u, w and p in terms of η, we derive a governing equation
for η in the limit ε→ 0.

Suppose we follow the procedures above, we would find that the leading-
order expressions for the fluid variables are trivial i.e. u0 � w0 � p0 � 0,
apart from η0, which is yet to be determined. For the O(ε) problem, we can
use the linearised momentum equations to deduce that

u1 � η0 , (4.7a)
p1 � η0 , (4.7b)
w1 � −(z + 1)η0ξ . (4.7c)

For the O(ε2) problem, we have to incorporate the contributions from the
canopy so that

u2ξ + w2z � 0, (4.8a)

u2ξ − u1τ − u1u1ξ − w1u1z � p2ξ + λ

(
u1 |u1 |

2 − M̄u1ξ

)
H(h − 1 − z), (4.8b)

w1ξ � p2z , (4.8c)

with

Free-slip w2 � 0, at z � −1, (4.8d)

Kinematic w2 + η0w1z � −η1ξ + η0τ + u1η0ξ , at z � 0, (4.8e)
Dynamic p2 + η0p1z � η1 , at z � 0. (4.8f)

By substituting the expression for u2ξ in (4.8b4.8b) into the incompressibility
condition (4.8a4.8a), we get

u1τ + u1u1ξ +w1u1z + p2ξ +λ

(
u1 |u1 |

2 − M̄u1ξ

)
H(h − 1− z)+w2z � 0. (4.9)

The aim here is to express all the terms in the equation above in terms of η0
and η1. We can:

§4.3 · deriving a kdv-type equation for vegetated flow 52



(i) Express the velocities, u1 and w1, in terms of η0 via (4.74.7).
(ii) Express w2 in terms of η0 at z � 0 via the kinematic condition (4.8e4.8e),

so that
w2 � 2η0η0ξ − η1ξ + η0τ . (4.10)

(iii) For p2, we deduce from (4.8c4.8c) and the dynamic boundary condition
(4.8f4.8f) that

p2 � η1 −
(

z2

2 + z
)
η0ξξ . (4.11)

Finally, by integrating the incompressibility condition (4.94.9) along the depth
between z ∈ [−1, 0] and applying the boundary conditions for w2, the η1-
dependent terms in (4.94.9) cancel andwe arrive at themodified KdV equation

η0τ +
3
2η0η0ξ +

1
6η0ξξξ +

hλ
2

(
1
2η0 |η0 | − M̄η0ξ

)
� 0. (4.12)

From now on, we drop the ‘0’ subscripts and consider

ητ +
3
2ηηξ +

1
6ηξξξ +

hλ
2

(
1
2η|η| − M̄ηξ

)
� 0. (4.13)

This equation is modified in the sense that we have a hλ-dependent mo-
mentum sink – this term describes the effect of drag and inertia in addition
to nonlinear advection (ηηξ) and dispersion (ηξξξ).

We can rewrite the derivatives in the modified KdV equation (4.134.13) in
terms of the laboratory frame (x , z , t) by mapping

∂
∂ξ
→ ∂

∂x
and ∂

∂τ
→ 1

ε
∂
∂x

+
1
ε
∂
∂t
, (4.14)

and get

ηx + ηt + ε

[
3
2ηηx +

1
6ηxxx +

hλ
2

(
1
2η|η| − M̄ηx

)]
� 0 (4.15)

Although we have reduced the physical problem of waves propagating
through vegetation into a single partial differential equation in η, we will
demonstrate in the subsequent sections that this problem is still very rich.

4.4 solutions of the classic kdv equation

In the absence of the canopy (λ � 0), we recover the celebratedKdVequation

ητ +
3
2ηηξ +

1
6ηξξξ � 0. (4.16)

By considering travelling wave solutions of the form η � f (ζ � ξ −Vτ), for
some wave speed V in the (ξ, τ)–frame, η satisfies

− V
dη
dζ +

3
2η

dη
dζ +

1
6

d3η

dζ3 � 0. (4.17)

By solving this ordinary differential equation, we can yield exactly periodic
cnoidalwaves or solitarywaves (with infinitewave period andwavelength).
A detailed derivation is given in DingemansDingemans (19971997).
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4.4.1 Cnoidal waves

If we solve for periodic solutions satisfying (4.174.17), we would get

-0.5 0.5

0

1

m = 0.9

m = 0.1m = 0.1

Figure 4.1: Examples of
cnoidalwaveswithunitwave
height over one wavelength
– the horizontal domain has
been normalised to unity.
Cnoidal waves have narrow
crests and wide troughs: this
asymmetry is quantified by
the elliptic parameter m. We
note that this is distinct from
the elliptic modulus k, with
m � k2.

η(ζ) � A

(
B + cn2

[√
3A
4m
(x − ct)

����m])
(4.18)

where A is the dimensionless wave height. Note that such waves are asym-
metric about the mean free surface, so we no longer consider the notion of
an amplitude. We also have the trough elevation

B � B(m) � 1
m

[
1 − m − E(m)

K(m)
]
. (4.19)

In the expression above, m is the elliptic parameter of the Jacobi elliptic
function, cn, and K and E are the complete elliptic integrals of the first and
second kind respectively. In particular, we note that cn is even and periodic
with period 4K(m). Therefore, η is 2K(m)-periodic with wavelength

Λ � 4K(m)
√

m
3A
. (4.20)

Finally, we can also write the wave speed c in (4.184.18) in terms of A and m
with

c � 1 +
εA
m

[
1 − m

2 −
3
2

E(m)
K(m)

]
. (4.21)

Examples of cnoidal waves are given in Figure 4.14.1. To avoid ambiguity in
the different conventions on elliptic functions, here we state that all of the
elliptic functions in this work are parametrised by the elliptic parameter
m, rather than the elliptic modulus (Abramowitz and StegunAbramowitz and Stegun, 19481948). In the
small-amplitude limitwherewe take ε,m → 0, cnoidalwaveswould reduce
to sinusoidal waves. We will demonstrate this in the next section.

4.4.2 Small-amplitude shallow-water waves

Wederived themodifiedKdVequation (4.154.15) in §4.34.3 by considering the limit
where ε � δ2 � 1 (see Table 4.14.1). If we linearise the equation (4.154.15) in η � 1,
which corresponds to taking the small-Ursell number limit ε � δ2 � 1, we
would get at leading order

ηx + ηt +
ε
6ηxxx � 0. (4.22)

By considering solutions in the form of sinusoidal waves η � A cos(kx −
ωt)/2, the dimensionless wave velocity satisfies

ω
k

� 1 − ε6 k2. (4.23)

Hence, the corresponding dimensional wave velocity for such dispersive
sinusoidal waves are

√
gH0(1 − k2H2

0/6)—this is consistent with the clas-
sic dispersion relation (2.282.28) of Stokes waves in the kH0 � 1 limit up to
O((kH0)2) (Ockendon and TaylerOckendon and Tayler, 19831983).
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4.4.3 Solitary waves

We note that solitary waves are special cases of cnoidal waves by tak-

-0.5 0.5

0

1

m → 1

Figure 4.2: An example of a
solitary wave with unit wave
height: the free surface is
undisturbed at the far-field.
The horizontal domain here
has been rescaled to coincide
with the m → 1 limit for
cnoidal waves in Figure 4.14.1.

ing the limit m → 1, where K(m) → ∞ and E(m) → 1 in (4.184.18)–(4.214.21)
(Svendsen and HansenSvendsen and Hansen, 19781978). In this limit, we get a one-parameter family
of solitary waves in A with

η(ζ) � A sech2

(√
3A
4 ζ

)
� A sech2

[√
3A
4

[
x −

(
1 +

εA
2

)
t
] ]
. (4.24)

An example of a solitary wave is given in Figure 4.24.2. The same result can
be obtained by solving for (nontrivial) solutions of (4.174.17) where η and its
derivatives in ζ tend to zero as ζ → ±∞. Physically, this corresponds to
solving for solitary waves with the water being still at the far-field. Such
waves have been studied extensively due to their simple analytical form
and also their unique properties when they collide with one another [see
AblowitzAblowitz (20112011) and references therein].

4.4.4 Large-amplitude shallow-water waves

As an aside, we briefly discuss why we have considered waves with the
balance ε � δ2, in addition to the shallow-water simplification (δ � 1).

Supposewe have expanded the variables of the original governing equa-
tions (4.24.2) in powers of δ in the limit δ, ε � 1, but with δ2 � ε i.e. in the
large-Ursell number limit. In the absence of the canopy, we would then de-
rive a standard set of shallow-water equations instead of the KdV equation
(4.164.16). In this regime, solutions would be simple waves of the form

u0 � F
[
x̄ −

(
3
2 u0 − c

)
t
]

(4.25)

for anyarbitrary F andconstant c, with theRiemann invariant u0+2
√
η0 − 1 �

2c being constant everywhere. The issue here is that for any non-constant
F, u0 is known to becomemulti-valued in finite time (Ockendon and TaylerOckendon and Tayler,
19831983). Since we do not consider breaking waves in this work, we confine
our analysis to waves with small and intermediate heights.

4.5 a review on solving modified kdv equations

In this section, beyond the context of vegetative flows, we discuss which,
and more importantly, how various modified KdV equations have been
solved by researchers—a detailed review is given by El and HoeferEl and Hoefer (20162016).

Nonlinearwavemodulation theory, or theWhitham’smethod, is first intro-
duced by WhithamWhitham (1965a1965a,bb), which involve averaging either conservation
laws or the Lagrangians of the governing equations. Meanwhile, the non-
linear multiple-scales analysis approach (KuzmakKuzmak, 19591959) was considered by
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LukeLuke (19661966), in the context of obtaining asymptotic solutions for modified
wave equations. This approach has been extended byMyint and GrimshawMyint and Grimshaw
(19951995) to solve modified KdV equations which involve linear, viscous, and
boundary-layer damping respectively.

Othermethods include (i) considering an energybalance onhowsolitary
waves MilesMiles (1983a1983a) and cnoidal waves (MilesMiles, 1983b1983b) vary due to drag and
depth-variation [which is analogous to the derivations in Dalrymple et al.Dalrymple et al.
(19841984) and Mendez and LosadaMendez and Losada (20042004) for linear waves]; and (ii) inverse
scattering transforms for particular integrable systems.

In terms of incorporating quadratic drag, El et al.El et al. (20072007) considered sub-
strate roughness in their KdV model, which is mathematically equivalent
to neglecting inertia (M̄ � 0) in (4.154.15), and setting the effective vegeta-
tion density εhλ to be a spatially-dependent roughness parameter [see e.g.
WhithamWhitham (19741974) on how roughness is modelled with Chezy’s law]. How-
ever, the authors utilised the (version of) Whitham’s method, which in-
volves both Riemann invariants and so-called finite-gap integration theory.
In this work, we solve for asymptotic solutions of (4.154.15) with inertia using
a more direct and generalisable multiple-scales framework, which involves
the same machinery as in the previous chapters.

4.6 modified kdv equation and linear-wave decay

For waves with sufficiently small height so that they can be asymptotically
approximatedas sinusoidalwaves, themodifiedKdVequation (4.134.13) should
predict the same height decay as (2.502.50) in the shallow-water limit. As a
check, we formally consider a multiple-scale analysis on the modified KdV
equation (4.154.15) in the limit where ε � εhλ � 1. A schematic on the limits
taken is shown in Figure 4.34.3. ε

εhλ

first limit

se
co
nd

lim
it

Figure 4.3: Schematic on the
limits taken for the analysis
on waves in §4.64.6.

Firstly, as in §4.4.24.4.2, we can simplify (4.154.15) in this limit and get

ηx + ηt + ε
hλ
2

(
1
2η|η| − M̄ηx

)
� 0. (4.26)

Suppose we then consider a multiple-scales expansion in space on η �

η(x , χ, t) in powers of εhλ � 1 with x being the fast scale and χ � εhλx
being the slow domain scale. By rewriting the derivatives in x in (4.264.26)
in terms of (x , χ) [see (2.202.20) for the precise mapping] and expanding η in
powers of εhλ, η0 satisfies the linear equation

η0x + η0t � 0. (4.27)

By considering the momentum equations (4.74.7) and choosing the initial
phase, we can deduce that for monochromatic waves,

η0 �
A(χ)

2 cos
[

2π
T
(x − t)

]
, (4.28)
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where T is a given time period, and A(χ) is the dimensionless wave height
that is yet to be determined. Note that we have again defined A as the wave
height rather than the amplitude for the ease of comparison with cnoidal
waves in the upcoming sections. This is due to the asymmetry of cnoidal
waves about the mean water level. We will use this convention for the
remainder of this chapter.

Analogous to the multiple-scales analysis in §2.52.5, we solve for A by
considering the O(εhλ) problem, where η1 satisfies

η1x + η1t + η0χ +
1
2

(
1
2η0 |η0 | − M̄η0x

)
� 0. (4.29)

Supposewe consider time-harmonic solutions for η, so that η and its deriva-
tives are periodic in time with period T. By multiplying the equation above
by η0 and integrate both sides of the equation in x ∈ [0, T] and t ∈ [0, T],
we can show from integration by parts that the η1-dependent contributions
cancel each other out via (4.274.27). This simplifies to an equation for η0 namely,∫ T

t�0

∫ T

x�0
η0η0χ dxdt � −1

4

∫ T

t�0

∫ T

x�0
η2

0 |η0 | dxdt (4.30)

which can be reduced to the differential equation

dA
dχ �

1
εhλ

dA
dx

� − 1
3πA2. (4.31)

Up to scaling, we can verify that this decay rate is consistent with our
predictions in Chapter 22 for linear waves in the shallow-water limit (2.502.50).
Furthermore, this can be integrated to give

A �

[
1 +

εhλ
3π x

]−1

. (4.32)

4.7 time-harmonic waves through vegetation

After considering the small-amplitude limit, we would like to generalise
the multiple-scales analysis in the previous section for the height decay of
cnoidal waves. Recall that in the laboratory frame, η � η(x , t) satisfies

ηx + ηt + ε

[
3
2ηηx +

1
6ηxxx +

hλ
2

(
1
2η|η| − M̄ηx

)]
� 0. (4.33)

As in the multiple-scales analysis in §4.64.6, we first let ε̃ � εhλ � 1 be the
small parameter and

χ � ε̃x (4.34)

to be the slow domain variable. By rewriting the modified KdV equation in
terms of χ and t, we get

ηt + ε̃ηχ + ε

(
3ε̃
2 ηηχ +

ε̃3

6 ηχχχ
)
+
ε̃
2

(
1
2η|η| − ε̃M̄ηχ

)
� 0. (4.35)
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Due to the frequency modulation in this problem, we introduce a new fast
wave variable,

χ̄ �
Φ(χ)
ε̃

(4.36)

for some function Φ that will be chosen such that η is spatially-periodic in
χ̄ with constant period T. The expression for T will be specified later. We
consider a multiple-scales expansion in space on η � η(χ̄, χ, t).

By rewriting the derivatives in χ in (4.354.35) in terms of (χ̄, χ) and expand- For ease of reference:

x is the original distance
of propagation

χ is the slow variable

χ̄ is the fast variable

ing η in powers of ε̃, η0 satisfies a rescaled KdV equation

η0t +Φ
′η0χ̄ + ε

[
3
2Φ
′η0η0χ̄ +

1
6 (Φ

′)3η0χ̄χ̄χ̄

]
� 0. (4.37)

Here, we used primes (′) to denote d/dχ. If we scale this problem in terms
of the original KdV equation (4.154.15) and take

Φ′(χ) � 1
c
�

(
1 +

εA
m

[
1 − m

2 −
3
2

E(m)
K(m)

] )−1

(4.38)

with the wave speed c given by (4.214.21), we have the leading-order solution
form [see (4.184.18)]

η0 � A
(
B + cn2

[
2K(m)

T
(χ̄ − t)

����m] )
(4.39)

for a cnoidal wave with trough elevation B given by (4.194.19) and time period
T given by

T � 4K(m)
√

m
3A

(
1 +

εA
m

[
1 − m

2 −
3E(m)
2K(m)

] )−1

. (4.40)

For a given value of ε, this cnoidal wave is determined by two parameters,
A and m. We allow these two parameters to vary with the slow variable χ
so that A � A(χ) and m � m(χ).

By considering time-harmonic solutions, we fix the time period. Hence,
T is also the initial time period. Suppose A(χ � 0) � A0 and m(χ � 0) � m0,
then

T � 4K(m0)
√

m0
3A0

(
1 +

εA0
m0

[
1 − m0

2 −
3E(m0)
2K(m0)

] )−1

. (4.41)

Together with (4.404.40), we deduced a relationship between m(χ) and A(χ).
We note that A0 here is distinct from the dimensional scaling of η (4.14.1), with
the latter being fixed by considering the balance ε � δ2. By considering
the higher-order contributions, we can use the relations (4.404.40)–(4.414.41) to
determine A.

For the O(ε̃) problem, η1 satisfies

η1t +Φ
′η1χ̄ + η0χ +

ε
6

[(Φ′)3η1χ̄χ̄χ̄ + 3
((Φ′)2η0χ̄χ̄χ +Φ

′Φ′′η0χ̄χ̄
) ]

+
3ε
2

[
η0η0χ +Φ

′ (η0η1
)
χ̄

]
� −1

4η0 |η0 | + M̄
2 Φ

′η0χ̄ . (4.42)
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We can multiply both sides of this equation by η0 and integrate in χ̄ and
t over [0, T]. By imposing the periodicity of η0 and η1, we can show with
integration by parts that the η1-dependent terms cancel each other out via
the leading order KdV equation for η0 (4.374.37). We also have no contributions
from the M̄-dependent inertia term over one period. Therefore, we have
the integral equation∫ T

t�0

∫ T

χ̄�0

{
η0η0χ +

3ε
2 η

2
0η0χ +

ε
2

[(Φ′)2η0η0χ̄χ̄χ +Φ
′Φ′′η0η0χ̄χ̄

]}
dχ̄dt

� −1
4

∫ T

t�0

∫ T

χ̄�0
η2

0 |η0 | dχ̄dt . (4.43)

The multiple-scales predictions are valid when the wavelength (4.204.20) is
much smaller than the decay scale (εhλ)−1 in space.

The solvability condition (4.434.43) can be used to obtain values of the wave
height A as follows. First, we substitute η0 in (4.404.40) into the solvability
condition and note that the four integrals on the left-hand-side involve
dA/dχ. We also express m in terms of A via (4.404.40), where

dm
dχ �

dm
dA

dA
dχ . (4.44)

Finally we obtain an autonomous differential equation for A given by the
general form

dA
dχ � f (A, ε, T(ε,A0 ,m0)), (4.45)

for some function f . For a given wave with a known wavelength and fre-
quency, which fixes ε and T, we sample dA/dχ for different values of A (e.g.
usingMathematica). Once numerical values of (4.454.45) are tabulated, we then
solve for A(χ) � A(εhλx) using a finite-difference differential equations
solver.

4.7.1 Small-amplitude approximation

Note that the above multiple-scales procedure is dependent upon the pa-
rameter ε̃ � εhλ → 0. Before we present our predictions from solving
(4.434.43), we take the additional small-amplitude approximation of ε → 0.
Neglecting the integrals in (4.434.43) that are O(ε), we have a reduced integral
equation ∫ T

t�0

∫ T

χ̄�0
η0η0χ dχ̄dt � −1

4

∫ T

t�0

∫ T

χ̄�0
η2

0 |η0 | dχ̄dt . (4.46)

This is the analogue of the integral equation (4.304.30) for small-amplitude ε

εhλ

firstlim
it

second limit

Figure 4.4: Schematic on the
limits taken for the analysis
on waves in §4.7.14.7.1.

waves (which was derived by first taking the linear KdV limit with ε → 0
and subsequently εhλ→ 0). A schematic on the limits taken in the present
analysis is given in Figure 4.44.4.

§4.7 · time-harmonic waves through vegetation 59



For additional verification, wemay further take the limit that the elliptic
parameter, m → 0. Taylor expanding the functions B (4.194.19) and cn in η0
(4.394.39) in powers of m give (Abramowitz and StegunAbramowitz and Stegun, 19481948)

B(m) � −1
2 + O(m), (4.47a)

cn2[χ |m] � 1
2 +

1
2 cos

[
π

K(m)χ
]
+ O(m). (4.47b)

Together, they give

η0 �
A
2 cos

[
2π
T
(χ̄ − t)

]
+ O(m). (4.48)

Finally, by substituting this expression into the reduced integral equation
(4.464.46), we recover the same solvability condition dA/dχ � −A2/(3π) (4.314.31).

4.7.2 Numerical predictions on the wave height

In this section, we shall describe the wave height A as given by our differ-
ential equation (4.454.45), and discuss its decaying properties, particularly in
relation to two key processes:
(i) increasing wave nonlinearity (or dimensional wave height) by in-

creasing ε; and
(ii) increasing time period T by increasing the initial ellipticity m0.

Notice that the limit ofm0 → 1 corresponds to the limit of a localised
solitary wave.

Results with changing ε are presented in the grouping of Figure 4.54.5a while
results with changing m0 are presented in the grouping of Figure 4.54.5b. A
key observation related to the primary subfigure of both groups is that
the numerical results deviate from the single theoretical curve for small-
amplitude waves (shown as a black dashed line).

For a given point in the rescaled domain, εhλx, increasing thewave non-
linearity ε increases the wave decay; this is compared to theminimumwave
decay associated with linear waves in (4.314.31). We may observe this trend via
the inset of Figure 4.54.5a where we see curves with larger ε corresponding to
larger | dA/dx |. In particular, we note that in the limit A→ 0,

dA
dx
∝ −A2 , (4.49)

where the constant of proportionality depends on ε and can be read off by
the y-intercepts of the figure inset. A similar trend is observed for all of
m0 seen in Figure 4.54.5b. To mathematically explain these observations, we
return to our solvability condition (4.434.43).

For ε, A � 1, our numerical results suggest that the main contributions
to the solvability condition (4.434.43) arise from the η0η0χ and η0η0χ̄χ̄χ terms. We
note that the advective term, η2

0η0χ, is asymptotically small (in comparison
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Figure 4.5: Time-averaged
wave height of time-harmonic
cnoidal waves vs. scaled
distance of propagation,
obtained by solving (4.434.43)
with initial height A0 � 1.
The dashed lines indicate the
small-amplitude prediction
A � [1 + εhλx/(3π)]−1 (4.324.32).
The top-right inset of each
subfigure plots specific ratios
expected to tend to unity
for linear decay via (4.314.31).
(a) The effect of increasing
the nonlinearity ε (varying
colours) for waves with
initial ellipticity m0 � 0.9.
(b) The effect of increasing
the initial ellipticity m � m0
(varying colours) for waves
with ε � 0.1. The bottom-left
inset plots the corresponding
evolution of m along the
domain. Below this caption,
we also have the initial
waveform for each prediction
curve over one wavelength
where the horizontal domain
has been normalised to unity.
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with η0η0χ) when A � 1. Similarly, since Φ′ � 1 + O(εA) from (4.384.38), we
see that the dispersive term, η0η0χ̄χ̄, is O(ε2). Notice as well that as A→ 0,
the corresponding elliptic parameter m → 0 by the relation (4.404.40) – this is
verified via the inset in the lower-left of Figure 4.54.5b.
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We have also shown from (4.484.48) that for m � 1, the wave is approxi-
mately sinusoidal with η0 ∼ A cos[2π(χ̄ − t)/T]/2. Suppose we substitute
this into the solvability condition (4.434.43), since η0χ̄χ̄ ∼ −(2π/T)2η0, the solv-
ability condition would reduce to[

1 − ε2
(

2π
T

)2
] ∫ T

t�0

∫ T

χ̄�0
η0η0χ dχ̄dt ∼ −1

4

∫ T

t�0

∫ T

χ̄�0
η2

0 |η0 | dχ̄dt . (4.50)

Using the linear-wave approximation (4.314.31) we thus deduce that

− 3π
A2

dA
dχ � −3π

A2
1
εhλ

dA
dx
∼ 1 +

ε
2

(
2π
T

)2

, (4.51)

and this provides the y-intercept values in the inset of Figure 4.54.5a. In
particular, if we normalise the decay rates dA/dx in Figure 4.54.5 with the
approximation above relation,wewouldget a very good collapse, compared
with the small-amplitude normalisation (4.314.31) in the current insets.

Finally, let us consider the limit of m0 → 1. Based on the inset at the
top-right of Figure 4.54.5b, we conclude that larger values of m0 are associated
with larger values of |dA/dx | [this dependence is difficult to see by visual
inspection of the graph of A(x) but is highlighted in the upper-right inset].
However, examining the lower-left inset of Figure 4.54.5b, we note that as
m0 → 1, we also have m → 1 at fixed points in the domain. Thus the limit
of m0 → 1 is associated with the rapid decay of wave height, but for a wave
that largely preserves its form.

We find that the qualitative behaviours derived above are in good
agreement with both numerical simulations and experimental results by
Huang et al.Huang et al. (20112011) andMaza et al.Maza et al. (20152015); however, in order compare quan-
titatively, it is more convenient to study temporal decay rates in t, rather
than spatial decay in the domain, x. In the next section, we shall perform
the analogous temporal multiple-scales analysis; we later return to justify
how spatial and temporal analyses are compatible in the limit of solitary
waves.

4.8 spatially-periodic waves through vegetation

In theory, we can compare our time-harmonic multiple-scales predictions
(4.434.43) against full numerical simulations. However, this requires a wave
flume where a cnoidal wave is specified at the source, and an outlet condi-
tion is specified at the far boundary of the flume. The resultant simulations
must then be analysed via the extracted wave heights, as functions of the
distance of propagation, after all transients have decayed (see the wave
flume setup in §2.82.8 for large-scale simulations).

Another approach in verifying the general multiple-scales framework
is to consider spatially-periodic solutions. By deriving the corresponding
multiple-scales predictions for such waves where now the wave height is
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given by A � A(t), we can compare with solutions of the modified KdV
equation (4.134.13) in a periodic domain. Furthermore, this allows us to predict
the decay of solitary waves in time.

In this section, we adapt the multiple-scales analysis in §4.74.7 and derive
thewave height of spatially-periodicwaves. We then present themethod for
solving the modified KdV equation numerically and verify our predictions.

4.8.1 Multiple-scales predictions for spatially-periodic waves

This analysis asymptotically predicts how cnoidal waves decay over a long
timescale rather than over the macroscopic domain. For this, we consider a
multiple-scales analysis in time. Since the derivation closely follows the one
in §4.74.7 for time-harmonic waves, we will only outline the key assumptions
and procedures.

With ε̃ � εhλ � 1 being the small parameter, we let T � ε̃t be the slow-
time variable and T̄ � Φ(T )/ε̃ to be the fast-time variable. The function
Φ will be chosen such that η is periodic in T̄ with constant period Λ. The
expression for Λwill be specified later.

Considering η � η(x , T̄ ,T ), we find from (4.134.13) that η satisfies For ease of reference:

t is time

T is the slow variable

T̄ is the fast variable

Φ′ηT̄ + ε̃ηT + ηx + ε

[
3
2ηηx +

1
6ηxxx +

hλ
2

(
1
2η|η| − M̄ηx

)]
� 0. (4.52)

Wewrite η above as a series expansion in powers of ε̃ and consequently, the
leading-order η0 satisfies a scaled KdV equation. This yields

η0 � A
(
B + cn2

[
2K(m)
Λ
(x − T̄ )

���� m
] )
, (4.53)

where A, B, and m are all functions of T . The above corresponds to a
cnoidal wave with trough elevation, B, and wavelength, Λ, given by (4.194.19)
and (4.204.20). We have chosen Φ′ � c with c given by (4.214.21). Furthermore,
since η0 is assumed to be spatially periodic, Λ is also the time period i.e.
Λ � T and we assume that it is constant.

Continuing the multiple-scales procedure, we multiply the governing
equation for η1 by η0 and integrate over time, T̄ , and space, x, over one
period of both. This yields the solvability condition∫ T

T̄�0

∫ T

x�0
η0η0T dxdT̄ � −1

4

∫ T

T̄�0

∫ T

x�0
η2

0 |η0 | dxdT̄ . (4.54)

Notice that different from the solvability condition for time-harmonic solu-
tions in (4.434.43), the above prediction is independent of ε. As in §4.74.7, we can
impose (4.544.54) in the followingway: the analytical forms of η0 are substituted
into the expression, including all the necessary constants. The dependence
on the unknown A and its derivative is manually extracted, and this allows
us to sample dA/dT as a function of A, for given ε and T(A0 ,m0). This
is done via Mathematica. Once the derivative relation is tabulated, we then
solve for A(T ) � A(εhλt).
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4.8.2 Limiting cases: sinusoidal waves and solitary waves

For small-amplitude waves, we recall from §4.7.14.7.1 that the m → 0 approxi-
mation of η0 gives sinusoidal waves (4.484.48). Notice that if this is substituted
into (4.544.54), then we obtain

Alin ∼
[
1 +

εhλ
3π t

]−1

. (4.55)

The above approximation indeedmatches the amplitude expression (4.324.32) in
§4.4.24.4.2with x replaced by t, whichwas derived by first taking the ε→ 0 limit
and then subsequently applying the multiple-scales limit [see Figure 4.34.3].
Notice that although (4.324.32) is derived by assuming that slow decay in space,
the same prediction applies for slow temporal decay since space x and time
t are interchangeable for linear waves.

In the opposite limit in which m → 1, we can evaluate (4.544.54) analytically
for solitary waves with η0 given by (4.244.24), which results in

Asol ∼
[
1 +

4εhλ
15 t

]−1

. (4.56)

Formally, notice that the above multiple-scales approximation for the wave
height has assumed that the time period, T, of a cnoidal wave (4.204.20) is fixed
and O(1). In particular, we must assume that it is much less than the decay
timescale (εhλ)−1. As m → 1 however, we obtain from (4.204.20)

T � 4
√

m
3A

[
log 4 − 1

2 log(1 − m) + O(1 − m)
]
→∞. (4.57)

Hence, the prediction (4.564.56) is beyond the considered regime and multiple-
scales framework. Indeed,wewill later demonstrate that (4.564.56) still provides
a reasonable approximation to the numerical simulations.

Finally, comparing the decay rates dA/dt between the two opposite
limits, we notice that in both cases

dA
dt
∝ −A2 (4.58)

but the decay rate for solitary waves (4.564.56) is 4π/5-times larger than that of
sinusoidal waves (4.554.55).

With the asymptotic insights (4.554.55)–(4.564.56) that we have derived above,
we are now ready to numerically investigate the full problem anddetermine
how (spatially-periodic) cnoidal waves decay for intermediate values of m.

4.8.3 Numerical strategy

In the absence of vegetation – since it is a classic problem – there are various
established strategies in solving the KdV equation (4.164.16); this includes the
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application of Fourier transforms [see Taha and AblowitzTaha and Ablowitz (19841984) and ref-
erences therein] or spectral decompositions (Montanelli and NakatsukasaMontanelli and Nakatsukasa,
20182018). In general, the chosen numerical scheme can often suffer from nu-
merical instabilities or artificial diffusion.

In this work, we solve the modified KdV equation by adapting a dis-
continuous Galerkin scheme developed by Jackaman and PryerJackaman and Pryer (20192019). We
have modified their finite-element scheme such that it solves the reformu-
lated problem

W � η +
3
4η

2
+

1
6ηxx +

hλ
2 M̄ηx , (4.59a)

ηt + Wx +
hλ
4 η|η| � 0. (4.59b)

Due to the choice of W , this scheme has desirable conservative and stabil-
ity properties for the homogeneous KdV equation [see Jackaman and PryerJackaman and Pryer
(20192019) for further details]. Thus, we can accurately capture both the height
of the wave crest and the location of the crest. We implement this nu-
merical scheme in Firedrake—a Python-based finite-element library [see
Balay et al.Balay et al. (19971997); Dalcin et al.Dalcin et al. (20112011); Rathgeber et al.Rathgeber et al. (20162016); Balay et al.Balay et al.
(20192019) for further details and source code].

We initialise the problem by considering a cnoidal wave (4.184.18), with
unit wave height A � A0 � 1, an elliptic parameter m0 and ε. Since the
wavelength, Λ � Λ0, is considered fixed to its initial value, calculated via
(4.204.20). The solution is assumed to be spatially-periodic, we solve on a peri-
odic domain, x ∈ [0,Λ0]. Once numerical values of η(x , t) are obtained, we
shall define the wave height, A(t), by the maximal crest-to-trough distance
in [0,Λ0]. We observe the evolution of this wave height, which will be the
main measure of comparison in the next section. The outputs for various
test cases are benchmarked against a split-step algorithm using discrete
Fourier transforms. Further details on the implementations of the split-step
algorithm are given in Appendix CC.

4.8.4 Numerical predictions

In Figure 4.64.6, we demonstrate good agreement between numerical predic-
tions and asymptotic approximations for εhλ � 1 (4.544.54) for a range of initial
ellipticity values, m � m0, for spatially-periodic waves. The deviations of
the approximations at large-time can be explained by the increasing time
period (4.204.20) as m → 1 [see the discussion in §4.8.24.8.2]. The multiple-scales
predictions are only valid when the time period is much smaller than the
decay timescale (εhλ)−1.

In the inset of Figure 4.64.6, we also provide a comparison of the predicted
wave heights versus the small-amplitude approximation, and this serves
to highlight the improvements afforded by the multiple-scales procedure.
By normalising the predicted heights with Alin from (4.324.32), the inset also
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Figure 4.6: Wave height as a
function of time for spatially-
perioidic cnoidal waves. Solid
lines indicate numerical pre-
dictions from solving themod-
ified KdV equation (4.134.13) ex-
plicitly in a periodic domain
[see §4.8.34.8.3]. Colours indicate
different initial ellipticity m �

m0 – their values are labelled
beside the inset. The black
dashed lines indicate the cor-
responding asymptotic predic-
tions (4.544.54) for εhλ � 1. The
inset plots the ratio between
the predicted wave heights in
the main figure and the small-
amplitude approximation Alin
(4.324.32). The parameter values
in this figure corresponds to
ε � 0.1, hλ � 0.1, M̄ � 0
and A0 � 1. For the numerical
simulations, we time-stepped
with∆t � 10−4 while discretis-
ing the spatial domain into
2 × 103 points, apart from the
m → 1 case where ∆x � 10−3.

demonstrates that Alin is a good approximation for A when m / 0.5 and t
is sufficiently small.

In summary, although the analysis for time-harmonic waves in §4.74.7 is
more relevant for coastal flows, we have verified that the general multiple-
scales framework is also valid for spatially-periodic waves.

4.9 summary and discussion

In this chapter, we analysed the decay of nonlinear shallow-water waves
through rigid vegetation. Here, the key distinguished asymptotic limit is
one in which wave height to water depth is small, but still comparable to
the shallow-water aspect ratio, i.e.

wave height
water depth ∼

[
water depth
wavelength

]2

.

This allows us to derive a modified KdV equation (4.134.13) for the free-surface
elevation. The equation is modified in the sense that there is an additional
homogenised sink which accounts for the momentum loss due to the pres-
ence of a canopy. In particular, when the canopy is absent, solutions to the
classic problem are in the form of cnoidal waves (4.184.18).

In §§4.74.7–4.84.8, we considered the problem of cnoidal waves propagating
through sparse canopies. By performing multiple-scale analyses on time-
harmonic and spatially-periodic waves respectively, we used the respective
solvability conditions, (4.434.43) and (4.544.54), to show that cnoidal waves have a
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stronger decay in height A than small-amplitude waves from the previous
chapters. By establishing the relationship between A and the elliptic param-
eter m of cnoidal waves, we also predicted how waveforms are modulated
from having narrow crests and wide troughs to being more sinusoidal. For
spatially-periodic waves, the predictions also showed good agreement with
numerical solutions of the full problem where the modified KdV equation
is solved explicitly.

This marks the end of the first part of this work on the analysis for
waves through rigid vegetation. We first considered how pure linear waves
decay in Chapter 22 before extending the analysis to combined current-
wave flows and nonlinear shallow-water waves in Chapters 33 and 44. In
each case, we gave fast predictions on how each flow decays along the
domain. In the next two chapters, we shall explore how coastal flows
interact with flexible vegetation. The work in Chapter 55 extends the model
and predictions in Chapter 22 by analysing how pure linear waves interact
with flexible vegetation. Whilst, Chapter 66 considers a different problem in
which a steady current triggers instabilities in the flow, causing the canopy
to oscillate.
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5small-amplitude waves through
flexible vegetation

Be flexible, but stick to your
principles.

Eleanor Roosevelt

synopsis

In this chapter, we predict how small-amplitude coastal waves
decay through flexible vegetation over a slowly-varying sub-
strate. We extend the model from Chapter 22 to flexible vegeta-
tion. By modelling the canopy as a collection of homogeneous
elastic beams, the theory couples the beam equations for the
canopy to the fluid momentum equations. In this scenario, the
vegetation interacts with the flow. We apply a multiple-scales
analysis to derive both the wave evolution and the response of
the vegetation. In contrast to the rigid case, however, this in-
volves solving for the local plant dynamics in every temporal
period. We find good agreement between our model, which
quantifies the momentum loss, and experimental data. In terms
of the multiple-scales analysis, we find that inertia affects the
wave evolution, in addition to flexibility.

5.1 introduction

The preceding chapters have focused on flows through rigid vegetation.
Although this is a common modelling simplification, this analysis is more
applicable to stiffer aquatic plants such as mangroves. For more flexible
plants such as seagrass, there are numerousmodelling challenges in captur-
ing both the macro- and micro-scale properties of the system which relates
feedback mechanisms between flow and vegetation. In particular contrast
to rigid vegetation, the fluid will load and deform each vegetative struc-
ture. This deformation, in turn, must affect the flow. Thus, in a complete
dynamic model, it appears the fluid flow must be solved simultaneously
with the configuration of each plant. These multiple challenges require
much greater sophistication in analytical, experimental, and computational
studies.
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A great deal of attention has been focused on generalising the standard
loadingmodels for static, rigid obstacles, considered inChapter 22, to the case
of deformable obstacles [see the reviews by de Langrede Langre (20082008) and GosselinGosselin
(20192019)]. For cylinders and strips, which are common geometric simplifica-
tions of plants, researchers have developedmodels [see e.g. Luhar and NepfLuhar and Nepf
(20112011)] and performed extensive laboratory measurements. These studies
often seek to characterise the load as a function of e.g. the angle of attack
of the flow, the aspect ratio of the obstacle, and the velocity of the obstacle
(Sumer and FredsøeSumer and Fredsøe, 20062006). Due to the size and dimensions of the param-
eter space, a theory of fluid-plant loading remains to be an active field of
research.

Meanwhile, there has been significant work in predicting wave atten-
uation through flexible vegetation, but the majority of theoretical analysis
has been confined to the case of a rigid canopy. To account for plant flex-
ibility and dynamics, one technique has been to fit the drag coefficient in
the decay law (2.482.48) to experimental data [see the review by Lei and NepfLei and Nepf
(20192019) for previous studies]. Luhar and NepfLuhar and Nepf (20112011) introduced the concept
of an effective length for flexible plants in steady flows, which quantifies the
experimentally determined load on a single plant as a function of flexibility.
Although the generalisation of the effective length from steady individual
plants to unsteady canopies has received less attention, this was recently
done by Luhar et al.Luhar et al. (20172017) and Lei and NepfLei and Nepf (20192019) to give wave-height
predictions based on scaling law approximations.

In this chapter, we shall use the governing formulation developed in
Chapter 22 where the fluid is coupled to the canopy via the homogenised
momentum sink. This will be combined with a variety of fluid load mod-
els for flexible vegetation that have been proposed in the literature for the
description of drag, added mass, and virtual buoyancy. We then apply
a multiple-scales analysis which formally establishes a decoupling of hy-
drodynamics from plant dynamics at leading order. This allows us to
approximate the leading-order plant dynamics as a standalone problem.
Finally, these results are compared with experimental data and are used to
predict wave decay along the domain.

5.2 theoretical formulation

We consider the same setup as in Chapter 22, with the rigid vegetation being
replaced by flexible vegetation. In addition, we shall assume, as before,
that after homogenising the effects of individual plants, solutions are only
two-dimensional; thus, the plants deform in the same plane as the travelling
wave. The setup is illustrated with the schematic in Figure 5.15.1.

Analogous to the rigid-canopy problem, the hydrodynamics are gov-
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Figure 5.1: Schematic diagram
of waves propagating through
a flexible canopy over a vary-
ing substrate with z � −H(x).
Thewaves propagate along the
x-direction, with the free sur-
face being parametrised with
z � η and the green ob-
stacles representing individ-
ual plants. Each plant con-
figuration is parametrised by
the arc length s and local an-
gle of deflection θ. The two
quantities, h and hd , denote
the length and the deflected
height of a plant respectively.

erned by the equations

∇ · u � 0, (5.1)

ρ

(
∂u
∂t

+ u · ∇u
)
� −∇p − F̄, (5.2)

with the additional homogenised sink term, F̄, being a generalised form of
(2.122.12) which accounts for the presence of a flexible canopy. We will give the
precise form of F̄ once we have described the canopy configuration.

5.2.1 Parametrisation of the vegetation

Each individual plant is modelled as a linearly elastic beam with one end
clamped vertically to the substrate, and the other end left free. Hence, they
are upright when they are load-free (see Figure 5.15.1). We parametrise the
centreline of each plant by x � (x , z) � r, where now r � r(s , τ; X)where s is
the arc length, τ is time for fixed s, and x � X is the position of the root on
the substrate where s � 0. We use τ rather than t to emphasise the implicit
change of variables from (x, t) to (s , τ; X); this is a Lagrangian description
of the canopy. We shall return to this later in §6.4.16.4.1 when we discuss the
relationship between Eulerian and Lagrangian frames. In the asymptotic
regimes of our concern, we will later find that τ � t.

With this definition, we have ∂r/∂τ and ∂2r/∂τ2 being the local plant
velocity and acceleration respectively.

Finally, suppose we also let θ be the local angle of deflection in the
xz–plane at a given s, as measured from the upward vertical; then the local
upstream normal would be n � (− cos θ, sin θ) (see Figure 5.15.1).

5.2.2 Equations for the vegetation

Now that we have parametrised our vegetation, we require some governing
equationswhich describe the coupling between the hydrodynamics and the
deformation of the plants.
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Since we model individual plants as elastic beams, then for each given
beam and associated position vector, r, we let T � (T‖ , T⊥) be the internal
stress and M be the moment on the respective cross-section. Then by
considering the momentum balance on this cross-section which has an
infinitesimal thickness, T satisfies (Landau and LifshitzLandau and Lifshitz, 19601960)

∂T
∂s

+ q � m
∂2r
∂τ2 , (5.3)

where q is the external force per unit length on the beam. We also con-
sider the angular momentum balance on this cross-section. Noting that
∂r/∂s � (sin θ, cos θ) is the local tangent vector of the plant, we assume
the standard constitutive relation between M and r holds and is given by
(Landau and LifshitzLandau and Lifshitz, 19601960)

M � EI
∂r
∂s
× ∂

2r
∂s2 . (5.4)

Consequently, θ satisfies (McMillen and GorielyMcMillen and Goriely, 20032003)

∂
∂s

(
EI
∂θ
∂s

)
+ T‖ cos θ − T⊥ sin θ � ρI

∂2θ

∂τ2 . (5.5)

In the above equation, E is the Young’s modulus, and I is the moment of
inertia of the cross-section about the y–axis. In this work, since we will
focus on the typical scenario where the velocity of the fluid is much smaller
than the speed of sound in a beam

√
E/ρ, we can neglect the inertial term

on the right-hand side of (5.55.5). Physically, this gives us a balance between
bending and loading.

Note in addition that the EI-dependent bending term in (5.55.5) is ex-
pressed in a form such that the beam equations (5.35.3)–(5.55.5) canmodel beams
with a non-uniform cross-section b � b(s). However, in this work, we
consider b constant.

Finally, we must determine the total external load on the plant, q, in
(5.35.3). We are aware that the momentum loss in the fluid must balance the
load on the plant. Hence, with reference to the component forces in the fluid
due to the presence of a single rigid beam (2.5a2.5a)–(2.5c2.5c), the corresponding
load on a neutrally-buoyant flexible beam is given by

q � qD + qA + qV . (5.6)

Neglecting buoyancy effects is a common simplification since many aquatic
plants are close to neutrally buoyant (Leclercq and de LangreLeclercq and de Langre, 20182018) and
they often play a negligible role compared to flexibility in oscillatory flows
(Luhar and NepfLuhar and Nepf, 20162016). For flexible plants, we shall use expressions for the
individual dragqD , addedmassqA, and virtual buoyancyqV that have been
developed by Luhar and NepfLuhar and Nepf (20162016) and Leclercq and de LangreLeclercq and de Langre (20182018). In
particular, these loads are considered to be functions of s and τ, and given
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by

qD �
1
2ρbCD

∫
Ω

δ(x − r)
(
u − ∂r

∂τ

)
· n

����(u − ∂r
∂τ

)
· n

����n dx, (5.7a)

qA � CM m
∫
Ω

δ(x − r)
[(
∂u
∂t
− ∂

2r
∂τ2

)
· n

]
n dx, (5.7b)

qV � m
∫
Ω

δ(x − r)∂u
∂t

dx, (5.7c)

where Ω is the fluid domain. Note that the expressions for qD and qA

have been generalised from the rigid case so that the fluid velocities and
accelerations in the original expressions (2.5a2.5a)–(2.5b2.5b) are replacedwith their
respective relative quantities. We also reiterate that since the plant is de-
flected, the local upstream normal n � (− cos θ, sin θ) (see Figure 5.15.1) is
a function of the local angle of deflection θ. We will validate this load-
ing model later in §5.55.5 by comparing it with experimental data from other
studies.

The drag law in (5.7a5.7a) can be interpreted as follows: for each beam
cross-sectionwith unit thickness, qD is the force a tilted cylinder of the same
length would experience (Sumer and FredsøeSumer and Fredsøe, 20062006). It has been argued,
both experimentally and numerically, that this drag law is accurate until
the beam approaches a configuration parallel to the flow (RambergRamberg, 19831983;
Vakil and GreenVakil and Green, 20092009; Zhao et al.Zhao et al., 20092009). In the case of rigid and vertical
beams, (5.7a5.7a) reduces to the formulation used in Singh et al.Singh et al. (20162016). We
refer readers to Zhou et al.Zhou et al. (20102010) for a more extensive review of drag on
tilted cylinders. Finally, we also highlight that our drag law has also been
used to compute blade drag in previous studies [e.g. by Luhar and NepfLuhar and Nepf
(20162016) and Leclercq and de LangreLeclercq and de Langre (20182018) for unsteady flows].

We are now ready to formulate the homogenised sink term, F̄ in the
fluid momentum equation (5.25.2) for flexible vegetation.

5.2.3 Homogenised sink term

With the loading on a single plant being defined in (5.75.7), the corresponding
momentum loss in the fluid is F � FD + FA + FV , with

FD �
1
2ρbCD

∫ h

0
δ(x − r)

(
u − ∂r

∂τ

)
· n

����(u − ∂r
∂τ

)
· n

����n ds , (5.8a)

FA � CM m
∫ h

0
δ(x − r)

[(
∂u
∂t
− ∂

2r
∂τ2

)
· n

]
n ds , (5.8b)

FV � m
∫ h

0
δ(x − r)∂u

∂t
ds . (5.8c)

This is the generalisation of the rigid-plant formulation (2.52.5). We can now
apply the same local averaging argument on a collection of neighbouring
plants in §2.22.2 to derive the expression for the homogenised sink, F̄, in (5.25.2).
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Before proceeding, note that the averaging argument of this section is
three-dimensional by nature (and accounts for the flow in the y-direction
thatwill be eventually averaged). Thusweconsider afixedpoint x � (x , y , z)
and define F̄R as the local average of N individual sinks (along the domain)
over a local disk of radius R, or

F̄R �
1
πR2

x

CR(x ,y;z)

[
N∑

k�1

∫ h

0
Fkδ(x′ − rk) ds

]
dx′dy′, (5.9)

where CR(x , y; z) � {(x′, y′, z) : (x − x′)2 + (y − y′)2 ≤ R} is the two-
dimensional disk of radius R centred at the point x. If we first convert the
s-integrals in (5.95.9) to z-integrals via the transformation

ds
dz

� sec θ (5.10)

and take the limit R → 0, this results in the homogenised sink term for
flexible vegetation in (5.25.2) at x, given by

F � N̄ sec θ H(hd − H − z) (
F̄D + F̄A + F̄V

)
. (5.11)

In the above expression, recall that N̄ is the number of plants planted per
unit area, as in Chapter 22, and H is the Heaviside step function (distin-
guished from the height, H).

The correspondinghomogenised forms for thevariousmomentum losses
due to drag F̄D , added mass F̄A, and virtual buoyancy F̄V are

F̄D �
1
2ρbCD

(
u − ∂r

∂τ

)
· n

����(u − ∂r
∂τ

)
· n

����n, (5.12a)

F̄A � CM m
[(
∂u
∂t
− ∂

2r
∂τ2

)
· n

]
n, (5.12b)

F̄V � m
∂u
∂t
. (5.12c)

We now highlight the main differences between (5.115.11) and the rigid-canopy
momentum sink (2.122.12). Firstly, within the argument of the Heaviside func-
tion, we have introduced hd , the deflected canopy height (see the schematic
diagram Figure 5.15.1) in place of h in (2.122.12). Hence, fluid momentum will
only be lost within the canopy.

More importantly in contrast to the rigid case, hd is not known a priori
since

hd �

∫ h

0
cos θ ds . (5.13)

Secondly, the plant variables in (5.115.11), θ and T, now correspond to the
configuration of a representative plant rooted at x along the substrate. The
dependence of F on sec θ (in addition to the component forces) accounts for
the change in perpendicular distance between neighbouring plants when
they tilt; in particular, if the plants do tilt, then the effective density of the
canopy increases for the continuum model.

The formulation of the flexible canopy problem is now complete.
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5.2.4 Nondimensionalisation

Note that the origin of the base coordinate system is such that a given
undeflected plant corresponds to the position vector r � (X,−H + s) for a
given X. It is thus convenient to introduce a displacement vector, r̃, relative
to this position via

r �
(

X
−H + s

)
+ r̃, where r̃ �

(
x̃
z̃

)
. (5.14)

Further, note from our analysis in Chapter 22 that it is sensible to scale the
dimensional arc length, s, by L for the subsequent multiple-scales analysis.
However, since every plant will only deform on the scale at which a local
fluid particle would travel, we prefer to scale the plant displacement vector,
r̃ by a specified wave-amplitude scale A0.

Together with the scales from the rigid-canopy problem (2.152.15), we thus
nondimensionalise our governing equations with the scales,

[s] � L, [τ] � ω−1
0 , [r̃] � A0 , [q] � ρbCDA2

0ω
2
0 , [T] � L[q]. (5.15)

We now present the dimensionless governing equations.

5.2.5 Dimensionless governing equations

With the above choice of scales, the dimensionless governing equations for
the flexible-canopy problem are We recall from Table 2.12.1 in

Chapter 22 that:

α is the ratio between
the wavelength and the
domain scale

γ is the ratio between
the amplitude and the
domain scale

λ is the canopy density

M1 and M2 are parame-
ters for inertia

∇ · u � 0, (5.16a)
∂u
∂t

+ γu · ∇u � −α∇p − λ sec θH(hd − H − z)F, (5.16b)

∂T
∂s

+ F � M2
∂2r̃
∂τ2 , (5.16c)

∂2θ

∂s2 �
CY

α3 (−T‖ cos θ + T⊥ sin θ), (5.16d)

with

F �
1
2

(
u − x̃τ
w − z̃τ

)
·
(− cos θ

sin θ

) ����(u − x̃τ
w − z̃τ

)
·
(− cos θ

sin θ

)���� (− cos θ
sin θ

)
+ M1

[(
ut − x̃ττ
wt − z̃ττ

)
·
(− cos θ

sin θ

)] (− cos θ
sin θ

)
+ M2

(
ut

wt

)
. (5.16e)

The boundary conditions are

Free-slip u
dH
dx

+ w � 0, at z � −H(x), (5.16f)

Kinematic w − ∂η
∂t
− γu

∂η

∂x
� 0, at z � γη, (5.16g)

Dynamic p � η, at z � γη. (5.16h)

Plant θ(s � 0) � 0,T(s � h) � 0, ∂θ
∂s

����
s�h

� 0. (5.16i)
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Finally, we have the constraint∫ h

0
cos θ ds � hd . (5.16j)

In addition to the dimensionless parameters we have defined in Table 2.12.1,
we define the Cauchy number (de Langrede Langre, 20082008)

CY �
ρbCDA2

0ω
2
0(g/ω2

0)3
EI

(5.17)

which describes a representative balance between bending and loading due
to thewave. Wewill revisit the additional scaling factor α−3 in (5.16d5.16d) in the
multiple-scales analysis in §5.35.3. In a complete model, the drag coefficient,
CD , would vary as the wave evolves—this was discussed in detail in §2.10.12.10.1
for rigid canopies. For simplicity, we continue to assume that CD is constant
[once CD is fixed by the initial value of the Keulegan-Carpenter number KC

in (2.612.61)].
Before we begin our multiple-scales analysis, we rewrite the fluid equa-

tions in terms of p. Suppose we write F � (F‖ , F⊥) in (5.16e5.16e), then

∇2p +
λ
α
∇ · [sec θH(hd − H − z)F] + γ

α
∇ ·

(
uux + wuz

uwx + wwz

)
� 0 (5.18)

with the same boundary conditions as in the rigid-problem (2.172.17) [with F
updated to (5.16e5.16e)]. However, we emphasise that this equation for pressure
is now coupled to the beam equations (5.16c5.16c)–(5.16d5.16d).

Although the system of equations, either in its original form (5.165.16) or
written in terms of pressure (5.185.18), appears to be complicated, we will later
justify that under certain regimes, the dynamics between the wave and the
canopy are asymptotically decoupled. Therefore, we can independently
solve for the flow and the canopy dynamics.

5.3 multiple-scales analysis of wave modulation

Analogous to the analysis in Chapter 22, provided that the domain (which
includes both the topography and the flexible vegetation) has small contri-
butions to the local wave dynamics, we can separate the wave scale from
the domain scale and derive the evolution of the wave amplitude andwave-
length. The keymathematical concept here is that on thewave scale, wewill
discover that the flow and the canopy dynamics asymptotically decouple.
Hence, we can apply the following steps:
1. Evaluate the leading-order waveform analytically, as in the rigid-

canopy problem, leaving an as-yet-unknown amplitude function.
2. Evaluate the canopy dynamics over one time period using the wave-

form in Step 1.
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3. Evaluate the amplitude and wavelength over each time period; these
are shown to vary as functions of the substrate and the flexible vege-
tation.

4. Predict the cumulative modulation on the wave along the domain.
We will provide the multiple-scales analysis below.

5.3.1 Theoretical formulation

We closely follow the procedures in §2.5.12.5.1 and consider x as the slow vari- For ease of reference:

x is the slow variable

x̄ is the fast variable

x̃ is the horizontal beam
displacement (5.145.14)

able, while defining the fast variable as

x̄ �
Φ(x)
α

(5.19)

with the wavelength-to-domain parameter, α � 1. We will solve for Φ(x)
as part of the problem so that the wave variables are 2π-periodic in x̄.

To solve for the local wave dynamics, we first rescale z � αz̄ and its
associated derivatives, while rescaling h � αh̄ and H(x) � αH̄(x). In
addition, for the flexible-canopy problem, we also rescale s � α s̄ and T �

αT̄.
We then consider an asymptotic expansion in α for our variables, e.g. of

the form

f �

∞∑
n�0

αn fn . (5.20)

Finally, in the multiple-scales expansion, we consider the same distin-
guished limit as in Chapter 22 by taking λ � O(α) and γ � O(α2) in (2.222.22).

As an aside, if we were to focus our analysis on canopy dynamics, it
would be more natural for us to scale the spatial variables (x̄, z̄ and s̄) with
the plant length h in the nondimensionalisation. We could then solve the
dimensionless plant problem in (5.165.16) over a fixed spatial domain [see e.g.
Leclercq and de LangreLeclercq and de Langre (20182018)]. In this work, however, we have chosen to
scale all of the spatial variables in the fast scale with g/ω2

0 � αL (see our
choice of dimensionalisation in Table 2.12.1) since it is more convenient for the
multiple-scales analysis.

5.3.2 Leading-order problem for the flow and coordinate transformations

For the leading-order problem, the dynamic pressure, p0, of the fluid, ob-
tained via (5.185.18) is Laplace’s equation, which is compared with (2.23a2.23a).
Hence, the flow is decoupled from the canopy dynamics, as in the rigid-
problem in Chapter 22. By only considering the fundamental Fourier mode
of a monochromatic incident wave, we obtain the sinusoidal base solutions
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for the flow,

η0 � A(x) cos(x̄ − t), (5.21a)

u0 � A(x)cosh[k(z̄ + H̄)]
sinh kH̄

cos(x̄ − t), (5.21b)

w0 � A(x)sinh[k(z̄ + H̄)]
sinh kH̄

sin(x̄ − t), (5.21c)

p0 � A(x)cosh[k(z̄ + H̄)]
cosh kH̄

cos(x̄ − t) (5.21d)

with k satisfying the dispersion relation k tanh kH̄ � 1 (2.282.28). Themultiple-
scalesmapping functionΦ and thewavenumber k are related via the eikonal
equation dΦ/dx � k (2.252.25).

In solving the dynamics of a homogenised plant that is rooted at x � X,
we have the choice of either Eulerian coordinates (x , z , t) or Lagrangian
coordinates (s , τ; X). Since the governing equations are specified inEulerian
coordinates, it is more convenient to also solve for the plant dynamics in
(x , z , t). Hence, in addition to the plant variables, θ and T, expressed in
powers of α, we also expand the Lagrangian independent variables, s and
τ, in the governing equations (5.165.16). Consequently, on the wave scale, the
leading-order beam equations are

∂T̄0
∂s̄0

+ F0 � M2
∂2r̃0

∂τ2
0
, (5.22a)

∂2θ0

∂s̄2
0

� CY(−T̄‖0 cos θ0 + T̄⊥0 sin θ0). (5.22b)

with F0 expressed using (5.16e5.16e), with boundary conditions

θ0 � 0, at s̄0 � 0, (5.22c)
T̄0 � 0, at s̄0 � h̄ , (5.22d)
∂θ0
∂s̄0

� 0, at s̄0 � h̄. (5.22e)

We are now required to express s̄0 and τ0 in (5.225.22) in terms of (x , z , t).
Recall that from (5.145.14), a plant that is rooted at x̄ � X̄ can be expressed as

r̄ �
(

X̄
−H̄ + s̄

)
+ α ¯̄γ

(
x̃
z̃

)
. (5.23)

Thus,
∂r̄
∂s̄

�

(
0
1

)
+ α ¯̄γ

(
∂x̃/∂s̄
∂z̃/∂s̄

)
�

(
sin θ
cos θ

)
. (5.24)

To be consistent with the expansion in α � 1, we have to apply the small
deflection approximation θ � 1 in (5.245.24). As a result, we have the arc length
being

s̄0 � z̄ + H̄ . (5.25)
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This simple vertical shift in H̄ implies the deformed height of the canopy is
asymptotically equal to the original (undeformed) canopy height i.e. hd0 � h
or equivalently h̄d0 � h̄. Secondly, since every point on a plant that is
parametrised by s̄0 can be asymptotically described by a fixed z̄ via (5.255.25),
we also result in that

τ0 � t . (5.26)

Furthermore, we express θ0 in terms of the leading-order horizontal dis-
placement x̃0 by considering

sin θ0 � θ0 � α ¯̄γ∂x̃0
∂z̄

and cos θ0 � 1. (5.27)

With the expansions above, we can now rewrite the governing equations
for the plant dynamics.

5.3.3 Leading-order plant dynamics

Summarising the derivations from the previous section, by rewriting the
leading-order plant problem (5.225.22) with the transformations (5.255.25)–(5.275.27),
we can solve for the plant dynamics via the horizontal displacement x̃0,
which satisfies

x̃0z̄ z̄ z̄ z̄ � Ceff

[
1
2 (u0 − x̃0t) |u0 − x̃0t | + (M1 + M2) (u0t − x̃0tt)

]
, (5.28a)

with u0 given by (5.21b5.21b) and x̃0 satisfying the boundary conditions

x̃0 � 0, ∂x̃0
∂z̄

� 0, at z̄ � −H̄ , (5.28b)

∂2 x̃0
∂z̄2 � 0, ∂

3 x̃0
∂z̄3 � 0, at z̄ � −H̄ + h̄. (5.28c)

Note that (5.28a5.28a) solves for the leading-order deflection, where we regard
x̃0 in functional form as

x̃0 � x̃0(z̄ , t , u0(z̄ , t; x , x̄) ). (5.29)

That is, to be consistent with the expansion in α, we evaluate u0 given by
(5.21b5.21b) at a specified macroscopic location, x, and with x̄ equal to the root
position, X̄, which will be constant for all z̄ and t.

The equation above for x̃0 can be interpreted as a dynamic Euler-
Bernoulli beam equation (Landau and LifshitzLandau and Lifshitz, 19601960), with the load being
dependent on both the surrounding flow and plant dynamics itself. The
dimensionless parameter

Ceff �
CY

α ¯̄γ
�
ρbCDA0ω2

0(g/ω2
0)4

EI
, (5.30)

describes the effective balance between load and deflection in the limit of
small deflections. We will use this parameter for the rest of our analysis.

§5.3 · multiple-scales analysis of wave modulation 78



For large deflections, we note that it is more appropriate to characterise the
balance with the original Cauchy number, CY , given in (5.175.17). However,
we will only consider such regimes for the current-dominated problem in
Chapter 66.

Thus far, the analysis above only addresses how to obtain the leading-
order waveform (5.215.21), and how to solve for the dynamics of a beam due
to a given wave. We now return to the multiple-scales analysis and use
the results above to determine the evolution of the wave along the entire
domain.

5.3.4 Formulating the higher-order problem

After evaluating the plant dynamics (5.285.28) numerically, let us abbreviate
the evaluated Heaviside and delta-functions, H(h̄ − H̄ − z̄) with H, and
δ(h̄ − H̄ − z̄)with δ. By considering the O(α)-problem in the expansion for
(5.185.18), p1 satisfies

∇̄2p1 +
dk
dx

p0x̄ + 2kp0x̄x + λ̄(kF‖0x̄ + F⊥0z̄)H + ¯̄γΓ � λ̄M2F⊥0δ (5.31)

with the function Γ and the boundary conditions defined in (2.292.29). Note
that although the above equation for p1 seems identical to the analogous
version for the rigid-canopy problem in (2.292.29), in fact, the function F0 now
includes additional components to account for flexibility. That is,

F0 �

(
F‖0
F⊥0

)
�

( 1
2 (u0 − x̃0t) |u0 − x̃0t | + M1 (u0t − x̃0tt) + M2u0t

M2w0t

)
. (5.32)

We do not solve for the higher-order corrections of F since we are aware
from both (5.315.31) and the rigid-canopy analysis in §2.52.5 that we only require
the leading-order canopy configuration to obtain A(x).

We are now ready to derive the solvability condition for A(x).

5.3.5 Deriving the solvability condition

We follow the identical procedures given in §2.5.42.5.4 to derive an evolution
equation for the amplitude A(x) for flexible canopies.

In particular, we evaluate the identity [as given in (2.302.30)]∫
Ω̄

(
p1
−p∗0

)
·
(∇̄2p∗0
∇̄2p1

)
dV �

∫
∂Ω̄

[
p1

(
k2p∗0x̄
p∗0z̄

)
− p∗0

(
k2p1x̄

p1z̄

)]
· dnΩ̄ , (5.33)

with p∗0 ∝ sin(x̄ − t) being the leading-order adjoint solution given by (2.312.31)
and the domain of integration Ω̄ specified in Figure 5.25.2. We also recall from
(2.23a2.23a) that the Laplacian operator ∇̄2 for ∇̄2p denotes (Φ′)2px̄ x̄ + p z̄ z̄ .

If we further integrate both sides of the identity (5.335.33) in time over one
time period t ∈ [0, 2π], with p∗0 and Ω̄ stated above, all of the contour
integrals along ∂Ω̄ average to zero apart from the contributions from the
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z̄ � 0

(0, 1)

(1, 0)(−1, 0) 1 3

2

4

(0,−1), at leading order
z̄ � −H̄

x̄ � X̄ x̄ � X̄ + 2π Figure 5.2: Schematic dia-
gram for the periodic cell Ω̄ �

[X̄ , X̄ + 2π] × [−H̄ , 0] in the
multiple-scales analysis. No-
tice that the definitions of Ω̄
between this figure and Fig-
ure 2.32.3 are identical—the fig-
ures are duplicated for the ease
of reference.

slowly varying substrate z̄ � −H̄(x)—the detailed derivation is given in
§2.52.5. By also realising that ∇̄2p∗0 � 0 by construction (of an adjoint solution)
and ∇̄2p1 can be rewritten in terms of the leading-order solution via (5.315.31),
we deduce from (5.335.33) the same solvability condition for the rigid-canopy
problem (2.372.37), namely∫ 2π

t�0

∫
Ω̄

p∗0
[
k′p0x̄ + 2kp0x̄x + λ̄(kF‖0x̄ + F⊥0z̄)H − λ̄F⊥0δ

]
dVdt

� −
∫ 2π

t�0

∫ X̄+2π

x̄�X̄
kH̄′p∗0p0x̄ |z̄�−H̄ dx̄ dt . (5.34)

Note that thederivationof (5.335.33)–(5.345.34) is entirely identical between the rigid
and the flexible case, with the only difference being the new expression of
F0 given by (5.325.32) instead for flexible canopies.

In contrast to the rigid-canopy problem, we cannot deduce from the
solvability condition (5.345.34) a differential equation for A(x) in analytical
form due to the canopy dynamics. However, we can evaluate some of the
integrals above to further simplify the equation, with the strategy listed in
§2.5.42.5.4. In particular, we can show that the integrals involving F0 with factors
multiplying M2 are zero. Then if we also integrate the F‖0x̄-dependent
integral by parts in the solvability condition (5.345.34), we deduce a differential
equation for A(x) in the form of (2.382.38), with

π2A

λ̄k cosh2 kH̄

[
2A(H̄ − 1)d(kH̄)

dx
− (2kH̄ + sinh 2kH̄)dA

dx

]
� D , (5.35)

with the new contributionD � D(x) for flexible canopies being

D �

∫ 2π

t�0

∫
Ω̄

p∗0x̄

[
1
2 (u0 − x̃0t) |u0 − x̃0t | + M1 (u0t − x̃0tt)

]
dVdt . (5.36)

In the rigid limit, M1-dependent integral averages to zero and the expression
forD above simplifies to the rigid-canopy contribution (2.392.39). However, we
note that in both the rigid and the flexible problem, only the momentum
exchange along the x-direction is responsible for the wave decay.

5.3.6 Summary of the multiple-scales analysis

In summary, we deduce from themultiple-scales analysis that the wave and
the canopy are decoupled at leading order. Hence, the wave is sinusoidal
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with depth variation at leading order, given by (5.215.21). Suppose the system is
initialised with a known amplitude A(x � 0) and wavenumber k(x � 0). To
solve for the evolution of the amplitude dA/dx at x � 0, we first determine
D (5.365.36), which depends on:
(i) The local amplitude A(x � 0) and wavenumber k(x � 0) via u0 in

(5.21b5.21b);
(ii) The time-harmonic solutions of both the horizontal velocity and

acceleration, x̃0t and x̃0tt , of every plant in Ω̄ (illustrated in Fig-
ure 5.25.2) due to this wave. The dynamics of individual plants can
be determined from the beam equation (5.285.28). The details of the
numerical solutions of the beam equation are given in §5.4.15.4.1.

Finally, the value of D can be substituted into the differential equation
(5.355.35) to determine dA/dx at x � 0. This can be used to predict A at the
neighbouring spatial increment. The process can be recursed to obtain the
profile A(x). We now discuss the practicalities in solving for A(x).

Although the new solvability condition (5.355.35)–(5.365.36) is a compact gen-
eralisation of the rigid-canopy problem, it appears at first sight that it is
computationally costly to solve for A(x) due to the canopy dynamics. In
particular,
1. For any given x � X, we need to evaluate the wave-induced dynamics

of every plant that is rooted between x̄ ∈ [X̄ , X̄ + 2π].
2. We have to update A(x) and k(x), and repeat step 1 for every x along

the domain since the wave continuously evolves along x.
In the next section, we will illustrate how we can simplify step 1 from
solving for multiple plant configurations to the configuration of a single
plant. After giving some numerical strategies and physical insights on the
local canopy dynamics, in §5.65.6, we will also illustrate how we can simplify
step 2 in different special cases.

5.4 numerical insights on the canopy dynamics

In the multiple-scales analysis in the previous section, we have derived that
the plant dynamics are involved in determining the evolution of the wave
along the domain. In this section, we explore the local canopy configuration
by solving for time-harmonic solutions of (5.285.28). We will first outline the
numerical strategies involved in solving for the canopy configuration before
we present our results. Since we only solve for the leading-order dynamics,
we drop the subscript (‘0’) for convenience. Furthermore, we also write
M � M1 + M2.

5.4.1 Numerical strategy for solving individual plant configurations

For a given flow u (5.21b5.21b) and dimensionless parameters Ceff and M, we
solve for periodic solutions of the plant configuration (5.285.28) numerically
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in MATLAB. We first discretise time-derivatives in (5.285.28) explicitly using
a second-order backward finite-difference method and solutions from the
previous time steps. At each time step, we solve a boundary value problem
for x̃ in z̄ with the inbuilt solver bvp4c. We then iterate in time with time
step∆t � 2π/1000 until every configuration that we have solved over a time
period is 2π-periodic in time. In particular, we define that any two plant
configurations f (x̄ , z̄ , t) and g(x̄ , z̄ , t) � f (x̄ , z̄ , t + 2π) are identical if

‖ f − g‖
‖ f ‖ �

√
< f − g , f − g >√

< f , f >
�

√√∫
( f − g)2 dz̄∫

f 2 dz̄
< 10−2. (5.37)

5.4.2 Canopy dynamics over one wavelength

Suppose we have solved the time-harmonic configurations of a single plant
that is rooted at a given x̄ � X̄ over a time period. To solve for the con-
figuration of any neighbouring plants, the key concept here is to exploit
the linearity of the wave. In particular, since the plants are assumed to be
identical, the configuration of a given plant at a given time is identical to
the original plant configuration with an appropriate temporal shift.

The details of this temporal shifting are as follows. Without loss of
generality, suppose we have evaluated the original plant configuration at
X̄ � 0 for t ∈ [0, 2π]. To evaluate the configuration of a new plant that is
at X̄ � n∆t ∈ [0, 2π] at time t � m∆t ∈ [0, 2π], with n ,m ∈ N, we use the
form of u from (5.21b5.21b) but now with the argument

X̄ − t � (n − m)∆t , (5.38)

in the cosine function. Thus the desired wave is identical to a wave at x̄ � 0
but at time

t � −(n − m)∆t �

{
(m − n)∆t , if m ≥ n ,

2π − (n − m)∆t , otherwise.
(5.39)

With this temporal shift (equivalent to a spatial shift along the domain), we
canevaluate the configurationof anygivenplant that is rootedat X̄ ∈ [0, 2π].
The correspondence between space and time is illustrated in Figure 5.35.3 for
the two cases of M � 0 (blue) and M � 0.5 (orange). Again, recall that we
defined M ≡ M1 + M2.

In terms of the multiple-scales analysis, once we have determined x̃0
by the above procedure, then we can then evaluate D in (5.365.36), which is
subsequently used to solve for the evolution of the amplitude (5.355.35).

Based on the observations in Figure 5.35.3, we might ask the question
of whether the fluid velocity in the wave and the beam velocity are in
phase. More specifically, note that the fluid velocity at the tip is given by u0
evaluated at z̄ � h̄ − H̄, while the plant velocity is given by x̃t at the same
height.
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Figure 5.3: Periodic canopy
configurations over one wave-
length at different instances in
time, solved using (5.285.28) and
the procedures in §5.4.15.4.1. Blue
and orange beams correspond
to individual plants with in-
ertia neglected (M � 0) and
incorporated (M � 0.5) re-
spectively. The dotted beam
lines indicate plants that have
the same configuration due to
the linear theory stated in
§5.4.25.4.2. Below this caption,
we also plot the velocity of
both the water wave u (5.21b5.21b)
(black) and the plants x̃t from
the main figure at z̄ � h̄ −
H̄. The parameters used to
generate this figure coincide
with the flume experiments by
Luhar et al.Luhar et al. (20172017) (see §5.55.5 for
further details). In particular,
we have: A � 1, k � 1.14,
H̄ � 1.21, Ceff � 104, α �

0.068; h̄ � 0.5H̄ and α ¯̄γ � 0.1.
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In Figure 5.35.3, we notice from the main figure that if inertial effects are
insignificant compared to drag, the plant-deflections (blue) would mono-
tonically increase with distance from the root. Furthermore, from the side-
figurebelow the caption,wealsofind that theplant velocity (blue) is inphase
with the fluid velocity (black). However, both observations are not univer-
sal – we demonstrate this with the example of M � 0.5 (orange) where drag
and inertial effects are comparable. Here, the non-monotonicity in plant
deflection is noted in the main figure, while the out-of-phase behaviour is
noted in the side figure.

Several studies have also sought to understand wave-induced beam
deflections as a function of wave frequency – depending on the regime,
the phase difference between the wave and plant velocities may or may not
increase with wave frequency. We refer the reader to the more detailed
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discussion in Gĳón MancheñoGĳón Mancheño (20162016) and the references therein.
For the remainder of this section, we will highlight some asymptotic

insights which are particularly relevant to the experimental observations in
§5.55.5, as well as for the calculation of A. This discussion parallels that found
in the work of Leclercq and de LangreLeclercq and de Langre (20182018).

5.4.3 Resonance effects due to flexibility

We observe that under certain conditions, a flexible plant may experience
additional load effects compared to a rigid plant, even when they share the
same (undeformed) geometry. This can be explained by the fundamental
frequencies of a plant that is submerged inwater. Specifically, let us consider
a steady-state base flow, with ut � 0 in (5.285.28). In the limit of M � M1+M2 �
1, we notice that the dynamics are essentially a force balance of the form

x̃ z̄ z̄ z̄ z̄ � −CeffMx̃tt (5.40)

with the same boundary conditions as before. Since the problem is linear
in z̄ and t with constant coefficients, suppose we let x̃ � f (z̄)eiΛt (real part
understood), the boundary value problem then reduces to the eigenvalue
problem

f ′′′′ � CeffMΛ2 f (5.41)

for eigenvalue CeffMΛ2 with f (−H̄) � 0, f ′(−H̄) � 0, f ′′(−H̄ + h̄) � 0,
f ′′′(−H̄ + h̄) � 0. Since we have scaled time so that the wave has period 2π,
we fix Λ � 1 and determine values of CeffM such that the system resonates
(by solving for non-trivial solutions f ). We will give numerical examples of
such effects in §5.55.5.

5.4.4 In the limit of very flexible plants

We also recall from our beam equation (5.285.28) that the plant deflection is
balanced by the load via the flexibility parameter Ceff. Hence, in the limit
where Ceff → ∞, which corresponds to the plant having negligible resis-
tance to the fluid load, we expect the plant to be advected by the flow with
matching velocities x̃t → u given by (5.21b5.21b). This solution for x̃, however,
does not satisfy the clamped boundary condition at the root. Hence, we
can understand what happens in this very flexible limit by considering a
singular perturbation analysis in the vicinity of the root.

We begin by rescaling z̄ � −H̄ + εZ for some ε � 1 and rewrite the
displacement as

x̃ � −A(x)cosh[k(z̄ + H̄)]
sinh kH̄

sin(x̄ − t) + ε̃ f (Z, t), (5.42)

so that u0 − x̃t � −ε̃ ft for some factor ε̃ that will be determined later.
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Substituting the expansions into the beam equation (5.285.28) give

1
ε4Ceff

[
A

cosh(kεZ)
sinh kH̄

sin(x̄ − t) − ε̃ f
]

ZZZZ
�

1
2 ε̃

2 ft | ft | + ε̃M ftt (5.43)

with the boundary conditions ε̃ f (0) � A sin(x̄−t)/sinh kH̄, fZ(0) � 0, f → 0
as Z →∞. Since we want to choose ε̃ so that the relatively displacement f
near the root is O(1), we take ε̃ � 1. Hence,

1
ε4Ceff

[
Ak4ε4 cosh(kεZ)

sinh kH̄
sin(x̄ − t) − fZZZZ

]
�

1
2 ft | ft | + M ftt . (5.44)

The appropriate balance of this equation is to have ε � C−1/4
eff . By expanding

the dependent variables in powers of ε, the relative displacement f at
leading order satisfies the equation

fZZZZ � −
(

1
2 ft | ft | + M ftt

)
, (5.45)

with the boundary conditions f (0) � A sin(kx̄ − t)/sinh kH̄, fZ(0) � 0,
f → 0 as Z→∞. We solve for the periodic solution of this boundary value
problem numerically, using the same method as for solving the original
beam equation (5.285.28) outlined in §5.4.15.4.1.

Physically, the derivation indicates that in this flexible limit, most of the
plant is advectedwith theflowand is under negligible load. Most of the load
is contributed by the boundary layer close to the root, where the plant is up-
right due to the clamping condition. The size of this boundary layer scales
with C−1/4

eff , as reported from previous studies (Mullarney and HendersonMullarney and Henderson,
20102010; Luhar and NepfLuhar and Nepf, 20162016; Leclercq and de LangreLeclercq and de Langre, 20182018). Finally, we also
note that since the convergence is weak, it requires Ceff � 1 for the asymp-
totic approximation to be valid. For example, it requires Ceff to increase by
a factor of 16 for the boundary layer to reduce its thickness by a factor of 2.

5.5 verification of the plant model

With the insights that we have on plant dynamics, we compare our dy- Weemphasise that the process of
comparing experimental results
to the mathematical models we
have developed formed a highly
non-trivial part of this work.
This was primarily due to two
factors. The first is that differ-
ent measures for the load ratio,
R, were used by Luhar and NepfLuhar and Nepf
(20162016) and Lei and NepfLei and Nepf (20192019),
and both quantities involve dif-
ferent normalisations. Secondly,
extensive parameter sweeps of
our computational model(s) are
required to cover the requisite
experimental range.

namic beam model on a single plant (5.285.28) against experimental data. We
will consider the recent experimentalwork fromLuhar and NepfLuhar and Nepf (20162016) and
Lei and NepfLei and Nepf (20192019) on individual blades in horizontal wave flumes. In par-
ticular, since we are primarily interested in the blade load, which affects the
momentum loss in the wave, we will compare the predicted and measured
values of load.

Although the expressions for individual components of the plant load
(5.16e5.16e) are adapted fromLuhar and NepfLuhar and Nepf (20162016) andLeclercq and de LangreLeclercq and de Langre
(20182018), we emphasise that the comparison between the total load and ex-
perimental data, and the resulting insights are new. More importantly, the
comparison will be useful when we extend the results to our main work on
wave evolution in the presence of flexible canopies.
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5.5.1 Effective length and the flexibility parameter

Suppose we have a submerged plant with a uniform cross-section that is
loaded by a steady uniform flow. The effective length of this plant heff is first
defined by Luhar and NepfLuhar and Nepf (20112011) to be the dimensional length for which a
rigid version of the plant would experience the same horizontal load. We
thus have the load ratio

R �
heff
h

�

∫ h
s�0 F‖ ,flex ds∫ h

s�0 F‖ ,rigid ds
, (5.46)

with F‖ being the measured horizontal load per unit length. By construc-
tion, the load ratio R tends to unity in the rigid-plant limit. The definition
of R has since been generalised to analyse oscillatory (unsteady) flows,
where inertial effects are present in addition to drag. Since R is then time-
dependent, there aremultiple conventions thatwe can consider. To compare
with the experimental data from previous work by Luhar and NepfLuhar and Nepf (20162016)
and Lei and NepfLei and Nepf (20192019), we will consider both the maximum value over a
period, T, and the root-mean-square value over a period, given by

Rmax �

max
t∈[0,T]

(∫ h
s�0 F‖ ,flex ds

)
max

t∈[0,T]

(∫ h
s�0 F‖ ,rigid ds

) and Rrms �

rms
t∈[0,T]

(∫ h
s�0 F‖ ,flex ds

)
rms

t∈[0,T]

(∫ h
s�0 F‖ ,rigid ds

) (5.47)

respectively. The expression for Rmax can also be referred to as the re-
configuration number for terrestrial flows (de Langrede Langre, 20082008). In both sets of
experiments that we are considering, the loads on rigid plants i.e. the de-
nominators of Rmax and Rrms (5.475.47) are calculated via (5.325.32), while both
of the numerators are measured. Hence, another verification on the load
model (5.325.32) is to check whether R → 1 in the rigid-plant limit.

Finally, before we continue, measurements from both studies are pre-
sented as plots of R as a function of C—a rescaled version of the flexibility
parameter Ceff in (5.305.30). The mapping between the two flexibility parame-
ters is

C �
csch(kH̄)

CD

(
h

g/ω2
0

)4

Ceff. (5.48)

The additional hyperbolic function in the expression for C originates from
selecting different fluid velocity scales compared to our nondimensional-
isation. In our work, we have chosen to scale u with the dimensional
quantity A0ω0 in (2.152.15). Whilst, in both sets of experiments, the velocity
scales were chosen to be the horizontal velocity along the bed; this velocity
is A0ω0 csch kH̄ by linear wave theory in (5.21b5.21b). Hence, the ratio between
the two velocity scales gives csch kH̄.
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Luhar and NepfLuhar and Nepf (20162016) Lei and NepfLei and Nepf (20192019)

Mean water depth H 30 cm 28 cm

Wave amplitude A0 0.9–3.9 cm 0.8–5 cm

Time period T � 2π/ω0 1.1–2 s 2 s

Blade material HPDE or foam LPDE

Blade length h 5–20 cm 3–15 cm

Blade width b 2 cm 1 cm

Blade thickness W 0.19 cm 0.005–0.025 cm

Drag coefficient CD 3.65–6.47 2.92–5.09

Table 5.1: Selectedphysical pa-
rameters of the experiments
in Luhar and NepfLuhar and Nepf (20162016) and
Lei and NepfLei and Nepf (20192019) on waves-
induced dynamics of a single
blade.

5.5.2 Experimental setup

In both sets of experiments, a flexible rectangular blade with uniform cross-
section is placed in cross-flow with the incident monochromatic wave in a
horizontal flume that has a fixed mean water depth i.e. dH/dx � 0. Mea-
surements of different quantities are made once transients have decayed,
and the system is periodic in time. We summarise the various experimental
parameters in Table 5.15.1.

For the drag coefficient CD that is presented in Table 5.15.1, we note that a
range of values have been quoted, despite that the blade cross-sections are
uniform. The quoted values from both studies originate from established
experimental results on how CD varies under a uniform oscillatory flow
(Keulegan and CarpenterKeulegan and Carpenter, 19581958). Assuming that the relations hold under
flexible conditions, the values are above CD � 1.95, which is the coefficient
for steady flows.

Since the full details of individual data points are not always available,
we have chosen to predict using the mean between the minimum and the
maximum value of CD quoted in Table 5.15.1 in each study. We emphasise
that there are no fitting parameters in this problem.

To measure the total load, we recall from Table 2.12.1 that M2 � M1 for
blades. Hence, when we apply a local force balance on the blade in (5.16c5.16c),
we can approximate M2 � 0 so that

∂T
∂s

+ F � 0, (5.49)

which can be integrated to get

T(s � 0) �
∫ h

s�0
F ds . (5.50)

Since the horizontal component ofT(s � 0) coincideswith the total horizon-
tal load on the blade, the numerators of Rmax and Rrms (5.475.47) are measured
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Figure 5.4: Predicting the
load ratio Rmax (5.475.47) as a
function of the flexibility pa-
rameter C (5.485.48) for wave-
inducedplant oscillationswith
a fixed wave frequency. The
data points for Rmax(C) are
extracted from Lei and NepfLei and Nepf
(20192019) with markers indicat-
ing different plant lengths and
thicknesses (see values in their
original article). Our numer-
ical predictions from solving
(5.285.28) with CD � 4.01 (see
§5.5.25.5.2) are shownvia black and
blue. For M � 0 (black), pre-
dictions for the shortest (dot-
ted) and longest (solid) plants
are shown; for the longest
plants, the annotated dashed
line gives the Rmax ∼ C−1/4
approximation for C � 1 from
solving (5.455.45). The shaded
region indicates the small-
deflection predictions from
Leclercq and de LangreLeclercq and de Langre (20182018,
Figure 10b) using nonlinear
beam theory for M � 1.

by Luhar and NepfLuhar and Nepf (20162016) and Lei and NepfLei and Nepf (20192019) at the clamping position
of a blade using a force transducer.

We are now ready to compare loads predicted with (5.285.28) versus exper-
imental data. We separate our analysis between the load radio Rmax from
Lei and NepfLei and Nepf (20192019) for waves with a fixed frequency and values of Rrms
from Luhar and NepfLuhar and Nepf (20162016) for waves with different frequencies.

5.5.3 Analysis of the experimental results on Rmax

In Figure 5.45.4, we compare our theoretical predictions on plant loads under a
single wave frequency against experimental data for different plant lengths
and inertia.

If we neglect inertia (by taking M � 0), we capture most of the quanti-
tative behaviour with a single theoretical curve, shown black, in Figure 5.45.4.
This is highlighted by the collapse between simulations with the shortest
blade and the longest blade (when we compare the black dotted line and
the black solid line). The agreement remains good until C ' 102 where
we are, on average, over-predicting the load, despite having a similar decay
rate. Finally, in the very flexible limit where C � 1, the data is more scat-
tered, possibly due to the viscous effects from the substrate. However, we
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capture the decay Rmax ∼ C−1/4 reasonably well in this advective regime,
as predicted by the solutions of (5.455.45) and shown dashed. Although we
have mentioned in §5.4.45.4.4 that this scaling argument is presented in previ-
ous studies, in this work we have justified the scaling law using both formal
asymptotic analysis and explicit calculation of the prefactor inRmax ∼ C−1/4.

When we account for inertial effects (M > 0), we can then capture the
interesting behaviour of having more load compared to the rigid problem
when C is O(1). This is associated with light and dark blue curves in
Figure 5.45.4. We also observe individual data points which are significantly
above the M � 0 predictions for larger values of C. Recall the resonant
predictions of §5.4.35.4.3 which are valid for M � 1. In the figure, we plot
the predicted resonant values of C for the case of M � 0.4 – these vertical
dashed lines can then compared to the peaks of the dark blue profile.

Although the number of resonant frequencies predicted by (5.415.41) for
M � 1 matches the number of local peaks of Rmax when M � 0.4, their
precise values do not. The presence of drag and damping effects due to
fluid viscosity and the bladematerial itself appear to downshift the resonant
frequencies. However, we expect the agreement to improve for larger values
of M. Finally, we also expect the predictions to be more accurate for the
fundamental mode since damping effects, which are typically negligible,
can become more prominent with higher-order modes.

As an aside, we note that the study by Lei and NepfLei and Nepf (20192019) assumed that
the maximum load on a rigid plant is achieved when u0 � max(u0). At that
instant, the flow is assumed to be steady. Hence, this is mathematically
equivalent to evaluating the load on a rigid plant with M � 0 in (5.475.47).
Although we found from the linear theory that this is only a reasonable
approximation for flows with M � 1, we have used their convention for
Rmax for a faithful comparison. This explains why the M > 0 theory curves
tend to values above unity as C→ 0.

5.5.4 Choosing the appropriate drag coefficient

We now discuss the choice of the drag coefficient, CD , on blades in our
plant model, which primarily appears in the force expression (5.285.28), but
then affects the values of R in (5.475.47). The key is that in rigid limit of C→ 0,
if the chosen scaling on CD is correct, then we expect Rmax → 1 as M → 0.
Indeed this seems to be the case by Figure 5.45.4 for the choice of CD � 4.01.

What happens if CD is chosen differently? Let us consider the choice
of CD � 2 studied in the work of Leclercq and de LangreLeclercq and de Langre (20182018) – this
choice corresponds to the steady flow drag coefficient CD � 1.95 from
Keulegan and CarpenterKeulegan and Carpenter (19581958). In their work, the authors produce a the-
oretical prediction of Rmax(C), which is computed by solving a nonlin-
ear beam equation valid for M � 1 (Leclercq and de LangreLeclercq and de Langre, 20182018, §4.1).
To compare this with the measurements by Lei and NepfLei and Nepf (20192019), we thus
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rescale their predictedRmax values byplotting 2Rmax/CD forCD � 2.92–5.09
(following Table 5.15.1). This produces the light-grey band in Figure 5.45.4.

By comparing the envelope of the light-grey band with the black dotted
line in Figure 5.45.4, we demonstrate that our short-blade predictions are in
very good agreement with the prediction curve of Leclercq and de LangreLeclercq and de Langre
(20182018), up to a vertical shift due to the choice of CD for normalisation. This
indicates two things:
(i) We can consider the flow to be uniform in depths when the waves

are sufficiently long or the blades are sufficiently short (the shallow-
water limit).

(ii) Linear and nonlinear beam theory coincide in the experimental
regimes considered. However, unlike the theoretical curve of
Leclercq and de LangreLeclercq and de Langre (20182018) which is based on setting the value
ofCD � 2, wefind that the experimental data of Lei and NepfLei and Nepf (20192019)
is better explained using an oscillatory drag coefficient shown in
Figure 5.45.4. These two models coincide in the limit where the wave
period is infinite [see the discussion on CD in §2.10.12.10.1].

5.5.5 Analysis of the experimental results on Rrms

We now turn our attention to the period-averaged load ratio Rrms (5.475.47).
Compared to the analysis for Rmax, this analysis is more important since
values of Rrms ultimately determines the wave evolution (in the multiple-
scales analysis). This discussion relates to Figure 5.55.5. In this figure, shaded
regions bounded by solid and dotted lines correspond to fixing values of M
(added mass) and T (period) and varying h.

We first note that the experimental data points (C,Rrms) as determined
in Luhar and NepfLuhar and Nepf (20162016), correspond to different wave periods, T. In their
study, the authors anticipate that the data points should collapse – hence,
they are independent of wave period, T, and plant length. However, our
theoretical analysis for Rmax indicates that this collapse is only true in
the shallow-water limit—this can be seen via the orange theory curves in
Figure 5.55.5 where the dashed and solid lines are nearly coincident. In other
cases, such as for the black curves, predictions vary with plant length due
to the increasing variation of u0 in (5.21b5.21b) along z – this is seen via the gap
in the shaded bands of Figure 5.55.5. Meanwhile, there is a tight collapse in
the experimental data with Rrms ≈ 1 when C is small, again indicating that
it is reasonable to predict load using the oscillatory drag coefficient.

If we neglect inertia (by taking M � 0), we predict a very similar decay
trend between Rrms and Rmax as we increase C. Quantitatively, we are able
to bound a majority of the data points for foam blades (shown using grey
markers in Figure 5.55.5) and capture the Rrms ∼ C−1/4 decay particularly well
in the C � 1 limit (see §5.4.45.4.4). However, we are on average under-predicting
the load for HPDE-blades (shown using black markers in Figure 5.55.5).
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Figure 5.5: Predicting the load
ratio Rrms (5.475.47) as a function
of the flexibility parameter C
(5.485.48) for wave-induced plant
oscillations. The data points
for Rrms(C) are extracted from
Luhar and NepfLuhar and Nepf (20162016) with
markers indicating different
plant lengths (the precise val-
ues can be found in the orig-
inal article). The numerical
predictions from solving (5.285.28)
with CD � 5.06 (see §5.5.25.5.2)
are shown in curves. Pre-
dictions for the shortest and
the longest plants are plotted
with dotted and solid curves
respectively with the region
in-between shaded in for in-
termediate lengths. For the
longest plants with M � 0, the
annotated dashed lines give
the Rrms ∼ C−1/4 approxima-
tion for C � 1 from solving
(5.455.45).

When we consider inertial effects, we note that unlike the predictions
for Rmax, which have values that are close to the M � 0 case unless we
have resonance, the predictions oscillate both above and below the M � 0
case. This is an observation that has not been discussed in previous studies.
We appear to be able to capture the resonance effects that are observed
in HPDE blades, albeit at smaller values of C – the theory curves reside
on the left of the experimental data in Figure 5.55.5. We anticipate that this
originates from the reported small curvature in the cross-section of the
HPDE blades in Lei and NepfLei and Nepf (20192019), which approximately doubled the
flexural rigidity compared to its flat-blade value. We plotted the quoted
variations as horizontal error bars in Figure 5.55.5. However, we expect this
estimate to further vary due to the phase of the flow, and also the variations
of the deformed cross-sections along the blade. Furthermore, a higher
flexural rigiditywould improve thedata collapse between the twomaterials.

When C � 1, the M � 0 predictions seem to bemore accurate andwe do
not observe any higher-order resonance effects in this set of data. We give
two reasons for this. Firstly, it has been observed by Luhar and NepfLuhar and Nepf (20162016)
that for sufficiently long blades, the blades may twist due to infinitesimal
asymmetries. This may significantly reduce the cross-sectional area for
parts that are away from the root and hence, reducing added mass effects.
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Secondly, it can be due to viscous damping andmaterial damping that exists
in reality.

As an aside, we note that the values of C which correspond to resonance
(shown with blue vertical dashed lines) are independent of plant length.
This is the result of nondimensionalising the arc length of the plant with
the plant length, h, in Luhar and NepfLuhar and Nepf (20162016) [and Lei and NepfLei and Nepf (20192019)].
The corresponding eigenvalue problem to (5.415.41) is hence solved over a fixed
(dimensionless) domain. Consequently, the eigenvalues are fixed.

5.5.6 Summary on the validity of the plant model

We have considered a plant model that is based on linear beam theory with
the loading model by Luhar and NepfLuhar and Nepf (20162016) and Leclercq and de LangreLeclercq and de Langre
(20182018)usinganoscillatorydrag coefficient. Thismodel captures themajority
of values of Rmax and Rrms in Figures 5.45.4 and 5.55.5 even if we neglect inertia.
A constant added mass model helps to capture the resonance effects at
intermediate values of C due to the fundamental mode.

For all shallow-water waves, we can consider a single theory curve that
is only C-dependent, which is a powerful tool in terms of applications. For
sufficiently short waves or sufficiently long plants, however, we have to
account for the variations of the flow field along the depth.

The experimental data also suggests that if we are to consider a refined
load model, it should incorporate a variable added mass M, which varies
with the cross-sectional change due to twisting. This would allow us to
capture the fundamental mode while reducing to the M � 0 approximation
when C � 1.

5.6 evaluating the amplitude along the domain

After the discussion and insights on individual plants in §§5.45.4–5.55.5, we
want to understand how thewave-induced plant dynamics ultimately affect
the wave on the canopy-scale. In particular, we want to substitute the
evaluated load into the multiple-scales analysis in §5.35.3 to determine the
wave amplitude A(x) via the solvability condition (5.355.35)–(5.365.36).

5.6.1 The effects of inertia

For rigid plants, we recall from the derivation of the solvability condition
in §2.52.5 that the effects of inertia (both added mass and virtual buoyancy)
average to zero over a time period of the wave. For flexible plants, how-
ever, the analysis on Rrms (5.475.47) in §5.55.5 indicates that unlike the rigid-plant
problem, inertial effects can still affect the time-averaged load (and hence,
the momentum loss in the flow) by affecting the plant dynamics.

Although our modelling framework can be generalised to plants with
all geometries, we have focused our analysis on the twomain cases of blades
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and cylindrical beams. From thebeamequation (5.285.28), recall thatwedefined
M ≡ M1 + M2. Moreover, for the case of blades, with M � Mblade, when we
previously compared predictions between plant model and experimental
data in §5.55.5, we applied the approximation Mblade ∼ M1 since M2 � M1.
On the other hand, M1 � M2 for cylindrical beams (see Table 2.12.1), and thus
their configurations are the same as for blades, with an inertial coefficient
of

Mcylinder � 2Mblade. (5.51)

Provided that the other dimensionless parameters are the same, we can thus
solve for the dynamics of both blades and cylindrical beams simultaneously
by mapping M accordingly.

5.6.2 Extending from local canopy dynamics to wave evolution

We also recall from the summary of the multiple-scales analysis in §5.3.65.3.6
that to solve for A(x), we first (i) fix the x-value, and evaluate the canopy
dynamics over a wavelength of the fast scale; we then (ii) repeat this pro-
cedure at every point along the domain. In §5.45.4, we stated how we could
exploit the linearity of the wave to address step (i) i.e. evaluating the local
canopy dynamics based on a single plant. Here, we address step (ii) in
determining A(x), which also has its own subtleties.

We recall that the solvability condition (5.355.35) is given by

π2A

λ̄k cosh2 kH̄

[
2A(H̄ − 1)d(kH̄)

dx
− (2kH̄ + sinh 2kH̄)dA

dx

]
� D , (5.52)

where the canopy contribution is specified by

D � D (
A(x), Ceff ,M, k(x), h̄)

. (5.53)

In the above functional form for D, the dimensionless water depth H̄(x)
is not an independent parameter since it is determined from k(x) via the
dispersion relation (2.282.28).

A natural numerical strategy for solving A in (5.525.52) along the entire
domain is to first determine A′(x) at x � 0, march forward in x, and recurse
by determining A′(x) at the next increment at runtime. However, we can
also apply a parameter sweep on values ofD in (5.365.36) a priori and solve for
A(x) by reading off such values. In particular, we want to take advantage
of the numerical predictions in §5.55.5, which are evaluated for base waves of
unit amplitude A � 1. For this, we outline the sampling strategy below.

For rigid plants, the integral expression forD in (2.392.39) can be evaluated
explicitly. In this case, we find that

D (
A, 0,M, k , h̄

)
�

8π
9

k

cosh3 kH̄
(3 sinh kh̄ + sinh3 kh̄)A3. (5.54)
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For flexible plants, our aim here is to rewrite the solvability condition (5.355.35)
in terms of D(A � 1), up to some mapping for the other dimensionless
parameters.

From the nondimensionalisation of the original set of governing equa-
tions in (5.165.16), we recall from Table 2.12.1 and (5.305.30) that with A0 being the
dimensional amplitude scale,

Ceff ∝ A0 , M ∝ 1
A0
,

(
and A ∝ 1

A0

)
. (5.55)

If we are to replace A0 with A0A in the nondimensionalisation, we can
express the rescaled solvability condition (5.355.35) in termsof the same function
D, but withD(1, CeffA,M/A, k , h̄) [see (5.535.53)]. Returning to the solvability
condition, in terms of the original nondimensionalisation, we can hence
show that

π2A

λ̄k cosh2 kH̄

[
2A(H̄ − 1)d(kH̄)

dx
− (2kH̄ + sinh 2kH̄)dA

dx

]
� A3D

(
1, CeffA,

M
A
, k , h̄

)
, (5.56)

with

D
(
1, 0, M

A
, k , h̄

)
�

8π
9

k

cosh3 kH̄
(3 sinh kh̄ + sinh3 kh̄) (5.57)

in the rigid-canopy limit Ceff → 0 by (5.545.54). With D being in the new form
in the solvability condition (5.565.56), we can then solve for A � A(x) solely
based on plants dynamics which are evaluated for base waves with A � 1.
In particular, we can make use of the numerical predictions from §5.55.5.

We now present some numerical examples ofD.

5.6.3 Numerical examples ofD for waves with unit amplitude

In Figure 5.65.6, we present some numerical examples of D as a function of
Ceff for different values of M. In the limiting case where the substrate is
horizontal (so that both k and H̄ are constant), we can deduce from (5.565.56)
that

dA
dx

� −λ̄A2
[

k cosh2 kH̄
π2(2kH̄ + sinh 2kH̄)D

(
1, CeffA,

M
A
, k , h̄

)]
. (5.58)

Hence, we plotD (
1, CeffA,M/A, k , h̄)

as a function of the scaled flexibility
CeffA for different values of M/A in Figure 5.65.6. We can gain some physical
intuitions from both the figure and the equation above as the amplitude A
varies.
(i) Firstly, D in Figure 5.65.6 is always positive. By (5.585.58), this implies

that the wave amplitude A alway decays.
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Figure 5.6: Canopy contribu-
tion D in the solvability con-
dition (5.565.56) as a function of
the scaled flexiblity parameter
CeffA [see (5.305.30) for the defi-
nition of Ceff]. Colours indi-
cate the effect of the scaled in-
ertia M/A. The parameters are
chosen to coincide with waves
with time period T � 1 s and
plantswith length h � 0.2 m in
Figure 5.55.5 for the experimen-
tal setup in Luhar and NepfLuhar and Nepf
(20162016). In the rigid-canopy
limit Ceff → 0, D is given by
(5.545.54).

(ii) As A decreases, which corresponds to moving from right to left in
Figure 5.65.6, plants become effectively stiffer. Mathematically, this
is reflected in the A-scaling for the flexibility parameter Ceff in D.
Physically, as the wave decays, the plants undergo less deflection.
Less deflection can also occur with stiffer plants. Hence, we have
this interpretation of decreasing effective flexibility. Furthermore,
as CeffA→ 0, D tends to the constant value for rigid plants, given
by (5.575.57).

(iii) For plantswith M > 0, we know from the nondimensionalisation of
the momentum sink F0 in (5.325.32) that drag scales quadratically with
amplitude but inertial effects only scale linearly with amplitude.
Hence, for smaller amplitude waves, the inertial effects become
moreprominent compared todrag. Mathematically, this is reflected
in the 1/A-scaling for the inertial parameter M inD.

(iv) Unlike rigid plants, the variation ofD in CeffA in Figure 5.65.6 implies
that the local decay rate of A in (5.585.58) is not quadratic in A. In
particular, when M � 0 (shown in blue), since D is always smaller
than its rigid-canopy value (5.575.57) whenever CeffA > 0, the ampli-
tude decay for waveswith flexible canopies are alwaysweaker than
the corresponding rigid-canopy problem.

We now use the results from this section on D in (5.565.56) to determine the
wave amplitude A(x).
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5.7 numerical results on wave evolution

From our analysis in §§5.35.3 and 5.65.6, we concluded that using our dynamic
beam model (5.285.28) on flexible plants,

dA
dx
6∝ −λ̄A2 (5.59)

in general by (5.585.58). For the constant depth problem, this is in contrast to
the relation dA/dx ∝ −λ̄A2 predicted by Lei and NepfLei and Nepf (20192019). Although
our predictions agree in the rigid-canopy limit with the expression of A(x)
given in (2.472.47)–(2.482.48) [up to a correction factor, which is considered by
Lei and NepfLei and Nepf (20192019) to account for the velocity reduction for flows within
dense canopies], we now outline how the different modelling assumptions
have resulted in the different predictions.

The modelling framework in Lei and NepfLei and Nepf (20192019) considers that every
flexible plant has an effective length, heff – we recall from §5.55.5 that this is the
plant lengthwhich the rigid version of this plantwould experience the same
horizontal load. The plant length h̄ in the rigid-canopy solvability condition
(2.472.47) is then replaced by the effective length h̄eff so that for flexible plants

dA
dx

� −8λ̄
9π

k2

cosh kH̄
3 sinh kh̄eff + sinh3 kh̄eff

2kH̄ + sinh 2kH̄
A2. (5.60)

Firstly, since h̄eff is time-dependent, the authors have evaluated h̄eff based
on themaximum load experienced over a period [see (5.475.47)]. Secondly, they
have assumed that h̄eff is constant in the differential equation above (5.605.60).
Based on our analysis on D in the solvability condition (5.585.58) in §5.65.6, this
assumption is reasonable provided that A has small variations along the
domain and that the plants are sufficiently stiff.

In this work, we attempt to give predictions which also accounts for
both (i) the variation of plant load over a time period, and (ii) the new local
canopy dynamics due to the variation of the amplitude along the domain.

We now present some numerical examples of A(x) in Figure 5.75.7 for
flows over horizontal substrates (dH/dx � 0). We divide our analysis into
regimes where inertial effects are either negligible (M � 0) or comparable
to drag (M > 0). We first consider the case where inertia is negligible
(M � 0) i.e. momentum loss in the flow is solely due to drag [see (5.16e5.16e)]. In
Figure 5.75.7, we observe that with increasing flexibility, the wave experiences
a weaker decay. This is consistent with the analysis onD in §5.65.6 [see (iv) in
§5.6.35.6.3]. Physically, increasing flexibility reduces a plant’s resistance to fluid
loading. This results in the plant advecting with the flow, which reduces
relative velocity and subsequently drag.

For M > 0 however, we observe an interesting nonuniform variation in
the profiles of A(x) with increasing flexibility. First of all, we note that the
rigid-canopy amplitude for M > 0 is identical to the M � 0 case for rea-
sons explained in §2.52.5. For waves which are propagating through canopies
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Figure 5.7: The effect of plant
flexibility Ceff (5.305.30) on the
evolution of the wave am-
pltiude A along a horizon-
tal substrate. In both subfig-
ures, x is the distance of prop-
agation, normalised by the
domain length L � 100 m.
The rigid-canopy predictions
(black) are given by (2.482.48).
For M � 0, dA/dx is deter-
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with Ceff � 20 and 50, the waves experience a stronger decay than in the
rigid-canopy problem. This is explained by resonance effects near the fun-
damental frequency of the plants at the start of the domain (see values of
D for the red curve in Figure 5.65.6). As we further increase Ceff, resonance
effects diminish, and drag dominates the source of momentum loss. How-
ever, drag itself is also reduced with Ceff for the same physical reasons as in
the M � 0 case above. Therefore, the waves experience a weaker decay.

In evaluating the numerical profiles of A(x) in Figure 5.75.7 for M > 0,
we interpolated the values of D which are plotted in Figure 5.65.6. An anal-
ogous interpolation on D can be done to account for flows with varying
depth, with k � k(x). This would require additional sampling of the plant
dynamics in the high dimensional parameter space.
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5.8 summary and discussion

In this chapter, we considered the problem of small-amplitude waves prop-
agating through flexible vegetation. This is an extension to the analysis
in Chapter 22 on rigid vegetation, where the momentum loss in the flow
is now additionally coupled to the plant dynamics, governed by the beam
equations. The flexibility of the plants due to fluid loading is quantified
by the dimensionless Cauchy number (5.175.17). By applying a multiple-scales
analysis on this extended problem in §5.35.3, we derived a solvability condi-
tion for the wave amplitude A (5.355.35). To solve for A, we concluded that we
have to evaluate the local plant dynamics at multiple positions in the flow,
which requires additional computations. However, we emphasise that this
is significantly more practical than solving the full system of equations in
(5.165.16) numerically.

The most significant contribution of the work in this chapter is that
it provides an important generalisation to the model and predictions by
Lei and NepfLei and Nepf (20192019). Our model, in contrast to theirs, includes the time
variation of the canopy dynamics, and also provides a scheme that updates
the downstream wave decay as a function of the local plant dynamics.

In addition to validating the numerical predictions from the beammodel
by comparing them with experimental data from Luhar and NepfLuhar and Nepf (20162016)
and Lei and NepfLei and Nepf (20192019), the main conclusions are:
1. when inertial effects are negligible, waves experience less damping

with increasing plant flexibility;
2. when inertial effects are comparable to drag, then resonance effects

can cause significant damping to waves.
What if we have a combined current-wave flow? By following the multiple-

scales analysis for the rigid-canopy problem in §3.43.4, we expect the wave
decay to be affected by the velocity of the current, uc , but not vice versa.
Hence, for flexible canopies, the samemathematical deductions would give
the same solvability condition for A as for the pure wave problem in this
chapter i.e. in (5.355.35)–(5.365.36), but with u0 in (5.21b5.21b) replaced by uc + u0. Since
the base flow has changed, the resultant local plant dynamics also have to
be re-evaluated. Although we can foresee that the plant configurations will
have amean bias downstream, we do not expect to gainmuchmore physical
insights after analysing these two extensions separately in this chapter and
Chapter 33.
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6instabilities of flows through
flexible vegetation

In time and with water,
everything changes.

Leonardo da Vinci

synopsis

We consider the temporal instabilities of current-dominated
flows through a submerged flexible canopy. We first predict the
steady configuration of the plants in response to a unidirectional
flow. The linear stability analysis on such steady configurations
suggests new insights into the development of instabilities at
the surface of the canopy. In particular, we show that shear at
the top of the canopy is a dominant factor in determining the
onset of instabilities known asmonami. Based on numerical and
asymptotic analysis of the quadratic eigenvalue problem, the
system is shown to be stable if the canopy is sufficiently sparse.
An article based on this work has been published in the Journal
of Fluid Mechanics (Wong et al.Wong et al., 20202020).

6.1 introduction

Part of the emerging interest in instabilities of flow through a canopy is
sparked by a phenomenon known as monami (see the schematic in Fig-
ure 6.16.1)—the progressive, synchronous oscillation of aquatic vegetation
(NepfNepf, 20122012). Honami, its counterpart in terrestrial flows is readily observ-
able in daily life when the wind blows across a patch of grass or a crop field
(de Langrede Langre, 20082008) – this is further illustrated in Figure 1.31.3. Only relatively
recently has the phenomenon of honami been explained by Raupach et al.Raupach et al.
(19961996), pointing out that such instabilities arise due to a shearing mecha-
nism that resembles the Kelvin-Helmholtz instability on free mixing layers
at the top of the canopy. Once the shear exceeds a threshold, waves develop
in the flow which roll into vortices over time (see top insets of Figure 6.16.1).
The argument that such instabilities are distinct from boundary layer insta-
bilities is supported by comparing statistics of turbulent kinetic energy in
experiments (FinniganFinnigan, 20002000; Poggi et al.Poggi et al., 20042004).
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Figure 2. Laboratory demonstration of a Kelvin–Helmholtz instability framed as a
boundary-value problem. Two layers flowing from left to right join downstream of
a thin plate (visible on the left of the top photograph). The upper and faster mov-
ing fluid is slightly less dense than the fluid below. With downstream distance (from
left to right on each photograph and from top to bottom panel), waves first turn
into billows and later degenerate into turbulence. (Photo courtesy of Gregory A.
Lawrence. For more details on the laboratory experiment, see Lawrence et al. [10]).

constantly being regenerated on the upstream side of the system, and the
instability takes the form of a boundary-value problem. Common exam-
ples are the summer discharge of warmer river water into a colder lake
and all salt-wedge estuaries, in which freshwater from a river flows encoun-
ters salty seawater. In each situation, a lighter fluid is constantly flowing
at a differential speed over a denser fluid. The Kelvin–Helmholtz instability
then develops not in time but in space, as function of downstream distance
from the point of encounter between the two fluids. A laboratory simu-
lation of this process ([10] – see Figure 2) shows that the instability still
proceeds by means of growing waves and overturning billows, except that
waves and billows co-exist at various stages of development.
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Figure 6.1: Schematic diagram
of monami—the synchronous
oscillation of aquatic plants.
The grey curved obstacles in-
dicate aquatic vegetation and
the black arrow indicates a
rollingvortex. The insets at the
top are snapshots of Kelvin-
Helmholtz instability develop-
ing along a channel [reprinted
by permission from Springer
Nature Customer Service Cen-
tre GmbH: Springer Envi-
ronmental Fluid Mechanics
Cushman-RoisinCushman-Roisin (20052005), Copy-
right (2006)]. These show the
result of two flows with dif-
ferent velocities meeting up-
stream (left) and mixing as
they propagate downstream
(right). Details on the labo-
ratory experiment are given in
Lawrence et al.Lawrence et al. (19911991).

Many theoretical studies have applied similar explanations to the de-
velopment of monami by analysing the stability of steady states in their
respective model—a summary of previous work and their key features are
presented in Table 6.16.1. The vast majority of previous work has fallen into
two categories: either models of flow over a specified set of rigid obstacles;
or models where plant deformation can occur, but only under a known
imposed flow e.g. wave-induced plant oscillations in §5.45.4. There have been
fewer models that emphasise the coupling between deformation and flow.
We highlight, in particular, the pioneering work of Alben et al.Alben et al. (20022002) on
flow past a single elastic strip in 2D, Dupont et al.Dupont et al. (20102010) on flow past an
array of rigid straight elements that are free to tilt, and Singh et al.Singh et al. (20162016) on
establishing the dependence between viscous effects and flow instabilities
by analysing flows through an array of rigid beams.

The work in this chapter builds on previous work by Singh et al.Singh et al. (20162016)
and Sharma et al.Sharma et al. (20172017) in analysing the mechanical aspects of instabilities
in flows through submerged vegetation. In particular, we are interested
in addressing the unknown role of flexibility, the free surface, and inertial
effects which have not been considered previously. For this, we adapt the
mechanical model from Chapter 55 on waves through flexible vegetation to
analyse current-dominated flows, in which the plants may experience large
angles of deflection. By also incorporating viscous effects, we assess criteria
and mechanisms for the onset of instability. Furthermore, we investigate
under which regimes the governing equations for the flow and vegetation
are approximately decoupled.

The structure of this chapter is as follows. In §6.26.2, we adapt the coupled
flow-canopy model from Chapter 55 and highlight the key dimensionless
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flow obstacle stability
analysis coupling

Alben et al.Alben et al. (20022002) solved elastic strip no
Ghisalberti and NepfGhisalberti and Nepf (20042004) solved rigid cylinder no
Poggi et al.Poggi et al. (20042004) solved rigid cylinder no
Dupont et al.Dupont et al. (20102010) solved mechanical oscillator yes yes
Zeller et al.Zeller et al. (20152015) solved rigid strip no
Luminari et al.Luminari et al. (20162016) solved rigid cylinder yes no
Singh et al.Singh et al. (20162016) solved rigid cylinder yes no
Zampogna et al.Zampogna et al. (20162016) solved rigid cylinder yes no

solved rigid porous medium yes no
Sharma et al.Sharma et al. (20172017) solved dynamic cluster yes yes

solved rigid porous medium yes no
Leclercq and de LangreLeclercq and de Langre (20182018) imposed elastic beam yes no
This work solved elastic beam yes yes

Table 6.1: Modelling ap-
proaches of a selection of
previous work on current-
dominated flows through a
single or a collection of ob-
stacles. The ‘Coupling’ cate-
gory states whether the stabil-
ity analysis takes into account
for perturbations of both the
flow and the obstacles.

parameters involved in such current-dominated regimes. Using this cou-
pled model, we first analyse the steady unidirectional flows that develop
along the domain in §6.36.3. In §§6.46.4–6.86.8, we assess the temporal stability of
such steady configurations. The analysis attempts to predict the critical pa-
rameters for instabilities which resemble monami and highlight how these
parameters differ when the plants are rigid and vertical. We summarise our
findings in §6.96.9 and discuss limitations in §6.106.10.

6.2 mathematical model

To reduce complexity many previous models arbitrarily replace the free
surface with a flat stress-free boundary (Singh et al.Singh et al., 20162016). Here we wish
to be more faithful to the physics and include the full free-surface condi-
tions. However, with the analysis from Chapter 33 on combined current-
wave flows, we can foresee that the water depth would vary along the
domain to compensate vegetative drag (a more detailed discussion is given
in §3.3.23.3.2). To compromise between having both full free-surface conditions
and a simple unidirectional flow as our steady base flow, we consider a
three-dimensional domain that is inclined at a constant angle of elevation
β. By defining x as the downstream distance, and z as the perpendicular
distance from the substrate, the fluid flows between 0 ≤ z ≤ H + η, where
H is the mean height, and η � η(x , y , t) is free-surface displacement. The
bottom substrate at z � 0 is covered by a fully-submerged vegetative canopy
that consists of identical plants of length h, which shall later be specified as
elastic beams. A schematic of the setup is given in Figure 6.26.2.

Our main objective in the forthcoming sections is to present a set of
equationswhich further generalises themathematicalmodel (5.165.16) onwaves
through flexible vegetation in Chapter 55. The generalisation is to account
for the additional physics considered, including viscosity (and its resultant
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Figure 6.2: Schematic diagram
of flow through a portion of
the canopy. The fluid do-
main abovehasflowvelocityu,
height H+η, and a free surface
with outward normal n̄. The
grey vegetative element with
the centreline at x � (x , y , z) �
r denotes a plant that is rooted
to the bottom substrate at z �

0, which has an angle of incli-
nation, β. The plant configura-
tion is parametrised by the arc
length s and local angle of de-
flection θ. The vertical dashed
line with length h denotes the
configuration when it is load
free and hd is the height of the
plant in the deformed configu-
ration.

new boundary conditions), and currents which are gravity-driven. We
thus consider an incompressible fluid with velocity u � (u , v , w) at time t
satisfying the dimensional Navier-Stokes equations

∇ · u � 0, (6.1)

ρ

(
∂u
∂t

+ u · ∇u
)
� −∇p̄ + ρg + ρν∗∇2u − F̄, (6.2)

where ρ is the density ofwater, p̄ is pressure (not thedynamic pressure), and
g � g(sin β, 0,− cos β) is acceleration due to gravity. To account for the effect
of viscosity on the onset of monami, we follow the approach by Singh et al.Singh et al.
(20162016) and assign a constant eddy viscosity ν∗ in place of the kinematic
viscosity of water. Finally, F̄ remains to be the homogenised sink (5.115.11), up
to a positive shift H in z with the new coordinate system. For the remainder
of this work, we confine our analysis to two-dimensional configurations
(in xz) since the geometry and initial conditions are independent of y (the
formal reduction from three-dimensional to two-dimensional flows is given
in §2.32.3).

6.2.1 Nondimensionalisation

Since we are in the current-dominated regime, we nondimensionalise the
mathematicalmodelwith distinct scales from the purewave problem (5.155.15).
Suppose we consider

[x] � [s] � [η] � H, [u] � U, [t] � H
U
, [p̄] � ρU2 , [T] � ρbCDHU2. (6.3)
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Symbol Expression

Reynolds number Re UH
ν∗

Froude number Fr U√
gH

Canopy density λ CD N̄bH

Cauchy number CY
ρbCDH3U2

EI

Added mass M1
CM m
ρbCDH

Beam inertia
(or virtual buoyancy) M2

m
ρbCDH

Table 6.2: A summary of
the dimensionless parame-
ters in the governing equa-
tions of current-dominated
flows through a homogenised
canopy (6.46.4). The definitions
of the corresponding parame-
ters in the pure wave problem
are given in (5.175.17) for CY , and
Table 2.12.1 for λ and M1,2.

In particular, foreseeing the calculations ahead, we take U to be the stream-
wise velocity at the free surface for steady unidirectional flows: we will
specify such flows in §6.36.3.

With all the variables being henceforth dimensionless, we have the fol-
lowing system of equations:

∇ · u � 0, (6.4a)
∂u
∂t

+ u · ∇u � −∇p̄ +
1

Fr2 g +
1

Re∇
2u − λ sec θH(hd − z)F, (6.4b)

∂T
∂s

+ F � M2
∂2r
∂τ2 , (6.4c)

∂2θ

∂s2 � CY(−T‖ cos θ + T⊥ sin θ), (6.4d)

with the homogenised sink F as defined in (5.16e5.16e). With σ as the fluid stress
tensor, the corresponding boundary conditions in this problem are

substrate at z � 0 w � 0, ∂u
∂z

+
∂w
∂x

� 0, (6.4e)

free surface at z � 1 + η
D
Dt
(z − 1 − η) � 0, (6.4f)

n̄ · σ · n̄ � 0, n̄ × σ · n̄ � 0, (6.4g)

cantilever beam T|s�h � 0, θ |s�0 � 0, ∂θ
∂s

����
s�h

� 0, (6.4h)

constraint on hd

∫ hd

0
sec θ dz � h. (6.4i)

The dimensionless parameters Re, Fr, λ, M1, M2 and CY are defined in
Table 6.26.2. In particular, we note that in apart from the Reynolds number
and the Froude number, other parameters have been defined in the previous
chapters on oscillatory flows. In this problem, however, we have rescaled
length with the mean height H instead of the wave amplitude or the wave-
length [see Table 2.12.1 and (5.175.17)]. Hence, for the remainder of this chapter,
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we will consider the parameters defined in Table 6.26.2. We also note that
since we are mostly considering the steady problem, we assume that the
drag coefficient CD (2.612.61) takes the steady value (see §2.10.12.10.1 for discussions
on variations of the drag coefficient).

Along the bottom substrate, we impose a shear-free condition for the
fluid based on the negligible size of the local boundary layer from experi-
mental observations (Dunn et al.Dunn et al., 19961996; Ghisalberti and NepfGhisalberti and Nepf, 20022002).

In contrast to the oscillatory flow problem in Chapter 55, the nature of the
monami problem typically involves more significant canopy deformations.
Hence, it is natural to write the Navier-Stokes equations with the Eulerian
specification while keeping the beam equations in body-fitted coordinates
(i.e. arc length s at time τ). At a given time, these systems are related
via ∂r/∂s � (sin θ, cos θ). We examine the translation between the two
coordinate systems more fully in §6.4.16.4.1.

6.3 steady unidirectional flow

In this section, we seek solutions of the governing system (6.46.4) where the
flow is steady and unidirectional along the x–axis (the streamwise direc-
tion), with

u � u(z)êx . (6.5)

The study of unidirectional flows provides not only significant mathemat-
ical reduction, but is also justified by many related experiments. For ex-
ample, such flows emerge from current-dominated flows in experimental
flumes with vegetation. As a result, field studies, controlled experiments,
andmore recently, numerical simulations typically consider such flows [see
NepfNepf (20122012) and references therein].

If the canopy is finite, we note that there exists a transition region for
the incoming flow starting from the leading edge of the canopy (Chen et al.Chen et al.,
20132013). The mixed conclusions on how to systematically predict this devel-
opment length have typically resulted in calibrations and verifications in
individual experiments [see e.g. Dunn et al.Dunn et al. (19961996); Ghisalberti and NepfGhisalberti and Nepf
(20042004)]. The flow then settles beyond this region. Hence, when we consider
steady unidirectional flows of the form stated above in (6.56.5), we are only
considering the fully-developed regions downstream.

6.3.1 Theoretical formulation

Since the flow is both steady and unidirectional, we can deduce from the
momentum equation of the fluid (6.26.2) that the free surface is flat at z � 1
and the flow is driven by a constant pressure gradient. It is particularly con-
venient to re-write the pressure, p̄, in terms of the dynamic fluid pressure,
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p, as we have done in the previous chapters, so that

p � p̄ − 1
Fr2 (x sin β − z cos β). (6.6)

We consider our equations in terms of p for the remainder of this chapter.
The governing equations (6.46.4) reduce to the following system of differential
equations:

d2u
dz2 � −ReP + H(hd − z)Reλ

2 u cos θ |u cos θ |, (6.7a)

dT‖
ds

� −1
2 u cos2 θ |u cos θ |, (6.7b)

dT⊥
ds

�
1
2 u sin θ cos θ |u cos θ |, (6.7c)

d2θ

ds2 � CY(−T‖ cos θ + T⊥ sin θ), (6.7d)

where the pressure gradient P � sin β/Fr2 > 0 is imposed such that u(1) � 1
[i.e. the velocity scale U in Fr is chosen to make u(1) � 1]. To solve
for the steady configuration, we rewrite the equations (6.76.7) as a system of
ordinary differential equations in z and solve the equations numerically
[with the corresponding boundary conditions in (6.46.4)] in MATLAB using
the boundary value problem solver bvp4c. Once we obtain the solution, the
centreline of the homogenised plant configuration, r, can be determined in
Cartesian coordinates from the relation

dx
dz

� tan θ. (6.8)

As an aside, we note that our model predicts a parabolic flow profile
above the canopy rather than logarithmic as in classic boundary layer flows
(NikoraNikora, 20102010). Since the canopy enhances flowmixing above the canopy, it
has been experimentally shown that the logarithmic scaling is only recov-
ered when z ' 2h [see Sharma and García-MayoralSharma and García-Mayoral (20182018) and references
therein]. Provided that h � O(1), which is typical for aquatic vegetation
(NepfNepf, 20122012), we can assume that we are not in the logarithmic regime. For
flows with h � 1, the transition zone where h ≤ z / 2h is known as the
roughness sublayer (FinniganFinnigan, 20002000).

6.3.2 Unidirectional flows through rigid canopies

We first examine the case of flow through a rigid canopy (CY � 0), consid-
ering the limits of sparse and dense canopies.

Flow approximations for sparse canopies (λ � 1)

The velocity profiles at different values of the canopy density parameter
λ are shown in Figure 6.36.3. In the limit the canopy density tends to zero,
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the velocity profile approaches that corresponding to uniformunobstructed
flow. Noting that a more convenient perturbation parameter is Reλ, we let
u � 1 + Reλũ and P � λP̃. Then by (6.7a6.7a), we have

d2ũ
dz2 ∼


−P̃ +

1
2 , if z ≤ h ,

−P̃, if z > h.
(6.9)

By solving for ũ (and P̃), we deduce that

u � 1 + Reλũ ∼


1 − Reλ
4 (1 − h)(h − z2), if z ≤ h ,

1 − Reλ
4 h (z − 1)2 , if z > h ,

(6.10)

confirming the behaviour illustrated in Figure 6.36.3. In particular, as the
canopy density increases, the flow velocity reduces everywhere due to in-
creased drag; however, as expected, the reduction is greatest within the
canopy itself (z ≤ h).

Flow approximations for dense canopies (λ � 1)

We also observe from Figure 6.36.3 that in the dense-canopy limit the flow is
apparently divided into two outer regions (z < h and z > h), as well as
a transition region near z � h. In the limit λ → ∞, we observe that the
flow becomes approximately uniform in the canopy, where 0 ≤ z ≤ h and
h − z � O(1). From (6.7a6.7a), we have that in this region,

d2u
dẑ2 � −ReP +

Reλ
2 u |u |, (6.11)
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and thus to leading order, the pressure gradient balances the drag, and the
velocity below the canopy satisfies

ubelow(z) ∼
(

2P
λ

)1/2
for 0 ≤ z ≤ h and h − z � O(1). (6.12)

This matches the result of Poggi et al.Poggi et al. (20042004, §5) and Singh et al.Singh et al. (20162016, §3).
This approximation is plotted with dotted lines in Figure 6.36.3.

Before deriving the solution in the boundary layer at the top of the
canopy, we note that the solution for z ≥ h can be found exactly: integrating
(6.7a6.7a) and applying the surface boundary conditions, u(1) � 1 and u′(1) � 0,
we find that for the solution above the canopy,

uabove(z) � ReP
(
z − z2

2 −
1
2

)
+ 1 for z ≥ h. (6.13)

Note that the constant quantity, P, itself must be expanded in λ and will
be determined through boundary conditions. In the inner region, we sub-
stitute z � h − λ−1/3ξ and u � λ−1/3ũ into (6.7a6.7a) with ξ ≥ 0. The inner
solution satisfies (

dũ
dξ

)2

∼ Re
3 ũ3

+ C, (6.14)

where the integration constant C � 0 tomatch (6.126.12) to this order of approx-
imation. As a result, taking the relevant branch of (6.146.14) and requiring that
the solution is continuous with (6.136.13), we have that for the solution within
the boundary layer,

ulayer(z) ∼
[(

Reλ
12

)1/2
(h − z) +

{
1 − ReP

2 (1 − h)2
}−1/2]−2

, (6.15)

which is valid for z ≤ h and h − z � O(λ−1/3). Finally, to determine the
leading-order behaviour of the constant pressure gradient, P, we require
that the gradient of (6.136.13) matches that given by the boundary layer of
(6.146.14) at z � h. This yields

P ∼ 2
Re(1 − h)2

(
1 −

[
12

Reλ(1 − h)2
]1/3)

. (6.16)

Note that in the above expression, we have retained the first two orders in
P so as to ensure higher accuracy in the above-canopy solution for a wider
range of λ values. In Figure 6.36.3, we observe good agreement between the
exact numerical flow profiles and the matched-asymptotic approximations
given in (6.136.13) and (6.156.15).

6.3.3 Unidirectional flows through flexible canopies

Having gained some intuition on flows through rigid canopies, we now
explore the differences in flows through flexible canopies (CY > 0)—the
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main motivation of this work. Before we continue, we first define how we
will vary the flexibility. We recall from §6.26.2 that the Cauchy number, CY ,
characterises the amount of deflection due to drag. Hence, it varies with the
velocity scale (see Table 6.26.2). To vary flexibility independently of velocity,
we vary the ratio

CY

Re2 �
ρCD bHν∗2

EI
(6.17)

in our analysis for the remainder of this work. Flow profiles for varying
CY/Re2 and fixed canopy density are shown in Figure 6.46.4.

As for flows through rigid canopies, every flow profile in Figure 6.46.4
increasesmonotonically, and inflects at the top of the canopy. Aswe increase
the flexibility of the vegetation (by increasing CY/Re2), less of the domain
is obstructed, and we get faster flows at any given z. For applications such
as flood control, if we use the (dimensional) maximum velocity as a simple
measure for damage, the results suggest that upright obstacles attenuate
a steady flow most effectively. We will revisit this conclusion in the next
section when we consider the unsteady problem.

As an aside, we note that for regimeswhere the canopy is dense (λ � 1),
we expect the approximations in §6.3.26.3.2 to hold for sufficiently stiff plants.
In this limit, since u � O(λ−1/3), the load and hence the deflection of each
plant is negligible.
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Height-averaged in-canopy velocity

One quantity of practical interest is the in-canopy velocity, considered by
many studies on canopy physics [see NepfNepf (20122012) and references therein].
Note that our choice of nondimensionalisation makes it easy to compare
between the in-canopy flow and the unobstructed flow. Since velocities
are scaled with the free-surface velocity, the height-averaged dimensionless
in-canopy velocity, ūc say, corresponds to the ratio between the canopy and
free-surface velocities.

We observe from Figure 6.56.5a that when canopy effects are negligible,
which corresponds to the canopy being sparse or the Reynolds number
low, ūc → 1. As canopy effects become more prominent, we can infer
from the analysis in §6.3.26.3.2 that, for rigid canopies, ūc � O((Reλ)−1/2). For
flexible canopies, however, ūc is notmonotonic, as the plants transition from
being upright to fully bent-over with increasing Reynolds number. The
slower decay of ūc for fully bent-over plants can be explained by drag being
negligible alongmost of the length of the plant, apart from a boundary layer
near the root, where the plant is forced upright by the clamped condition.

Canopy drag, pressure gradient, and flux

Another quantity of practical interest is the canopy drag. Typically, drag
is defined in terms of velocity. However, it is difficult to compare the
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drag between two flows if the flux is not fixed. Consequently, to specify a
nondimensionalmeasure of the drag on the flowwhich is easier to interpret,
we define

f � a
ReP
Q

, (6.18)

where Q is the dimensionless flux, and the scale factor a is chosen such that
f � 1 when the canopy is infinitely dense, corresponding to (the lower-half
of) a Poiseuille flow in z ∈ [h , 1]. Thus, for less dense canopies, f represents
the relative pressure gradient required to generate the same flux as this
Poiseuille flow. As a result, we can directly compare the drag between any
twoflowsby comparing f , and this permits several interesting observations.

For rigid canopies, since the classic expression for drag scales with
velocity-squared, f monotonically increases with the Reynolds number.
For instance, we can deduce from the analysis in §6.3.26.3.2 that f � O(Reλ)
when Reλ � 1, whilst, for high Reynolds numbers, rigid-canopy flows
become akin to the classic Poiseuille flow i.e. f → 1. For flexible canopies,
however, as with the in-canopy velocity, we observe in Figure 6.56.5b that there
is non-monotonic behaviour as the plants transition from being upright to
fully bent-over. In contrast to rigid canopy flows, there is an interesting
competition between the effects of increasing the Reynolds number and
canopy reconfiguration.

6.4 stability analysis of the steady configuration

Ourmain task in this section is to extend the stability analysis of Singh et al.Singh et al.
(20162016) for rigid canopies to flexible canopies with a free surface. By mod-
elling the canopy as an array of elastic beams, we are interested in the
temporal evolution of both the perturbed flow and the canopy configura-
tion.

By considering the steady configurations of §6.36.3 as base states, we first
derive the system of equations the perturbations satisfy at leading order.
We then impose a spectral decomposition on the perturbations, and solve
the corresponding quadratic eigenvalue problem numerically. In this work,
we consider two-dimensional disturbances in the xz-plane, which is suffi-
cient if we are primarily interested in the critical conditions for instability
(Drazin and ReidDrazin and Reid, 19821982).

6.4.1 Relating Eulerian and Lagrangian frames

Before we consider perturbations of the base flow, we again note that the
spatial variables of the fluid are in the Eulerian frame, but the variables of
the homogenised plant are parametrised by the arc length, s. Since it is
natural for us to perform the stability analysis in Cartesian coordinates, we
first express the variables in the system (6.46.4) in terms of (x, t).
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Firstly, although the transformation between s and z still holds in the
dynamic problem, namely

s �

∫ z

0
sec θ dz , (6.19)

this transformation is perturbed when θ is perturbed and must be solved
as part of the problem. Expanding all variables as

f � f ∗ + ε f̂ + . . . , (6.20)

where f ∗ is the steady-state and ε f̂ is the perturbation, and linearising in
ε � 1, we find that

s∗ �
∫ z

0
sec θ∗ dz and ŝ �

∫ z

0
sec θ∗ tan θ∗θ̂ dz. (6.21)

Secondly, the Lagrangian time derivative, ∂/∂τ, is distinct from the Eulerian
time derivative, ∂/∂t. As a result, by (6.196.19),

∂
∂t

�
∂τ
∂t

∂
∂τ

+
∂s
∂t

∂
∂s

�
∂
∂τ

+

(
∂
∂t

∫ z

0
sec θ dz

) (
cos θ ∂

∂z

)
. (6.22)

With the transformations above, we can now rewrite every dependent vari-
able with respect to (x, t). Before we write down the linearised equations,
we need to determine the expansions of three key quantities: the velocity of
the homogenised plant, ∂r/∂τ, the acceleration of the homogenised plant,
∂2r/∂τ2, and the height of the canopy, hd .

Expression for the plant velocity and acceleration

We first express the velocity of a fixed point on the plant, ∂r/∂τ � (V‖ ,V⊥)
say, in terms of (x, t). We have, for a given s,

∂r‖
∂τ

�
∂
∂τ

∫ s

0
sin θ ds �

∫ s

0
cos θ∂θ

∂τ
ds �

∫ z

0

[
∂θ
∂t
− cos θ∂θ

∂z
∂s
∂t

]
dz

(6.23)
using (6.226.22). Similarly,

∂r⊥
∂τ

� −
∫ z

0
tan θ

[
∂θ
∂t
− cos θ∂θ

∂z
∂s
∂t

]
dz. (6.24)

Since for the base state V∗‖ � V∗⊥ � 0, we have

V̂‖ �
∫ z

0

[
∂θ̂
∂t
− cos θ∗dθ

∗

dz
∂ŝ
∂t

]
dz , (6.25a)

V̂⊥ � −
∫ z

0
tan θ∗

[
∂θ̂
∂t
− cos θ∗dθ

∗

dz
∂ŝ
∂t

]
dz. (6.25b)
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Similarly, writing a‖ � ∂2r‖/∂τ2 and a⊥ � ∂2r⊥/∂τ2 for the accelerations,
we have a∗‖ � a∗⊥ � 0 and

â‖ �
∫ z

0

[
∂2θ̂

∂t2 − cos θ∗dθ
∗

dz
∂2 ŝ
∂t2

]
dz , (6.26a)

â⊥ � −
∫ z

0
tan θ∗

[
∂2θ̂

∂t2 − cos θ∗dθ
∗

dz
∂2 ŝ
∂t2

]
dz. (6.26b)

Expression for the height of the canopy

The height of the canopy, hd , also varies as we perturb the base state, which
has to be taken into account because of the jump in drag there. Using the
expansion of θ in the integral constraint on hd (6.4i6.4i), gives

ĥd � − cos θ∗(h∗d)
∫ h∗d

0
sec θ∗ tan θ∗θ̂ dz. (6.27)

Having derived for expressions of V̂‖ ,⊥, â‖ ,⊥ and ĥd , we now proceed to
derive the system of equations the perturbations satisfy.

6.4.2 Linear stability analysis

By substituting in the perturbed base state into the original system (6.46.4) and
collecting the linear terms, we find that the perturbations satisfy

∂û
∂x

+
∂ŵ
∂z

� 0, (6.28a)

∂û
∂t

+ u∗
∂û
∂x

� −λH(h∗d − z)
(
α̂D + M1α̂M + M2 sec θ∗ ∂û

∂t

)
− ŵ

du∗

dz

−∂p̂
∂x

+
1

Re∇
2û − λ2 δ(z − h∗d)u∗2 cos2 θ∗ ĥd , (6.28b)

∂ŵ
∂t

+ u∗
∂ŵ
∂x

� λH(h∗d − z)
[

1
2 u∗2θ̂ + tan θ∗ (α̂D + M1α̂M) −M2 sec θ∗ ∂ŵ

∂t

]
−∂p̂
∂z

+
1

Re∇
2ŵ +

λ
2 δ(z − h∗d)u∗2 sin θ∗ cos θ∗ ĥd , (6.28c)

∂T̂‖
∂z

� −(α̂D + M1α̂M) −M2 sec θ∗
(
∂û
∂t
− â‖

)
, (6.28d)

∂T̂⊥
∂z
− 1

2 u∗2θ̂ � tan θ∗ (α̂D + M1α̂M) −M2 sec θ∗
(
∂ŵ
∂t
− â⊥

)
, (6.28e)

∂2θ̂

∂z2 � CY sec θ∗
[
tan θ∗T̂⊥ + T∗⊥(2 sec2 θ∗ − 1)θ̂ − T̂‖ − T∗‖ tan θ∗θ̂

]
+2 tan θ∗dθ

∗

dz
∂θ̂
∂z

+ sec2 θ∗
(

dθ∗
dz

)2

θ̂ (6.28f)

where

α̂D � u∗ cos θ∗
[
cos θ∗

(
û − V̂‖

) − sin θ∗
(
u∗θ̂ + ŵ − V̂⊥

) ]
, (6.28g)

α̂M �

(
∂û
∂t
− â‖

)
cos θ∗ −

(
∂ŵ
∂t
− â⊥

)
sin θ∗. (6.28h)
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We will give the boundary conditions explicitly in the next section when
we consider travelling-wave perturbations.

Travelling wave solutions of the perturbed problem

Anticipating the calculations ahead, it is convenient to first define the stream
function of the flow, ψ � ψ∗ + εψ̂ + . . . , such that

u∗ �
dψ∗

dz
and

(
û
ŵ

)
�

(
∂ψ̂/∂z
−∂ψ̂/∂x

)
. (6.29)

By rewriting û and ŵ in (6.28a6.28a)–(6.28c6.28c) as derivatives of ψ̂, the incompress-
ibility condition (6.28a6.28a) is then automatically satisfied. Furthermore, by
equating the derivatives of p̂, we can combine (6.28b6.28b)–(6.28c6.28c) into a single
differential equation for ψ̂. With û, ŵ, and p̂ being eliminated, we consider
a Fourier decomposition in the streamwise direction by letting

(ψ̂, θ̂, T̂‖ , T̂⊥) � (φ(z), ϑ(z),T‖(z),T⊥(z))eikx+σt , (6.30)

real part understood, with k the wavenumber of the perturbation along the
domain and σ the eigenvalue.

By substituting the ansatz (6.306.30) into (6.286.28) and using primes (′) to de-
note derivatives in z, we find that φ satisfies the modified Orr-Sommerfeld
equation (Drazin and ReidDrazin and Reid, 19821982)

φ′′′′ − 2k2φ′′ + k4φ

Re − (σ + iku∗)(φ′′ − k2φ) + iku∗′′φ

�

{
λ(S′c + ikSs), if z ≤ h∗d ,

0, if z > h∗d .
(6.31a)

Note that the expression for themomentum sinksS′c andSs are further cou-
pled to the perturbed beam equations to account for canopy deformation,
and thus involve additional components. Such effects are only active in the
obstructed part of the domain (z ≤ h∗d after linearising). The perturbed
beam equations are

T ′‖ (z) � − Sc + M2 sec θ∗σ2A , (6.31b)

T ′⊥(z) � − (Ss + M2 sec θ∗σ2B), (6.31c)

ϑ′′(z) � CY sec θ∗
[
tan θ∗T⊥ + T∗⊥(2 sec2 θ∗ − 1)ϑ − T‖ − T∗‖ tan θ∗ϑ

]
+ 2 tan θ∗θ∗′ϑ′ + sec2 θ∗

(
θ∗′

)2
ϑ. (6.31d)
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The expressions for Sc, Ss,A and B are functions of z, ϑ, and φ, given by

Sc(z) � u∗ cos θ∗
[
cos θ∗

(
φ′ − σA) − sin θ∗

(
u∗ϑ − ikφ + σB) ]

+ M1
[ (
σφ′ − σ2A)

cos θ∗ +
(
ikσφ − σ2B)

sin θ∗
]

+ M2 sec θ∗σφ′, (6.31e)
Ss(z) � u∗ sin θ∗

[
cos θ∗

(
φ′ − σA) − sin θ∗

(
u∗ϑ − ikφ + σB) ]

+ M1 tan θ∗
[ (
σφ′ − σ2A)

cos θ∗ +
(
ikσφ − σ2B)

sin θ∗
]

+ M2 sec θ∗ikσφ +
1
2 u∗2ϑ, (6.31f)

with

A(z) �
∫ z

0
ϑ − C cos θ∗θ∗′ dz , (6.31g)

B(z) �
∫ z

0
tan θ∗

(
ϑ − C cos θ∗θ∗′

)
dz , (6.31h)

C(z) �
∫ z

0
sec θ∗ tan θ∗ϑ dz. (6.31i)

Boundary conditions of the problem

The corresponding boundary conditions of this problem are

z � 0 φ � 0, φ′′ � 0, (6.31j)
z � 1 (σ + iku∗)(φ′′ + k2φ) � iku∗′′φ, (6.31k)

1
u∗′′

Re
Fr2 cos αik(φ′′ + k2φ) + φ′′′ � [3k2

+ Re(σ + iku∗)]φ′, (6.31l)

for the fluid and

z � 0 ϑ � 0, (6.31m)

z � h∗d ϑ′ � 0, T‖ � −u∗2

2 C cos3 θ∗ , T⊥ �
u∗2

2 C sin θ∗ cos2 θ∗ (6.31n)

for the plant. Finally, although φ and φ′ are continuous at z � h∗d , due to
the discontinuous momentum sink in (6.4b6.4b) we have[

φ′′(z)] h∗+d
h∗−d

� −Reλ
[

1
2 u∗2C cos3 θ∗

]
z�h∗d

, (6.31o)

[
φ′′′(z)] h∗+d

h∗−d
� −Reλ

[
Sc +

ik
2

(
u∗2C sin θ∗ cos2 θ∗

) ]
z�h∗d

. (6.31p)

For a given base state and a given k, we seek values of σ(k) such that there are
non-trivial eigenmodes of the system of integro-differential equations for
φ, ϑ, T‖ , and T⊥ (6.316.31). In particular, we are interested in the most unstable
(or the least stable) mode. We solve this eigenvalue problem numerically.
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6.5 method for solving the eigenvalue problem

We briefly outline our numerical method for solving the eigenvalue prob-
lem. First the eigenvalue problem (6.316.31) is rewritten as a system of ordinary
differential equations in z. In this setting, φ is defined in [0, 1] while other
variables are only defined in [0, h∗d]. Furthermore, φ has discontinuous
derivatives at z � h∗d . Therefore, we partition the domain into [0, h∗d] and
[h∗d , 1] and split φ into two separate functions, namely

φbot � φ(z ≤ h∗d) and φtop � φ(z ≥ h∗d). (6.32)

Following the practice of previous work in solving Orr-Sommerfeld prob-
lems, we solve this systemof equations numerically using a spectralmethod
with Chebyshev polynomials of the second kind (OrszagOrszag, 19711971). To imple-
ment this method, in each interval, we discretise the dependent variables
in (6.316.31) into their function values at N Chebyshev nodes. Note that z � h∗d
is an edge node in each interval, which represents h∗−d and h∗+d when we im-
pose the jump conditions (6.31o6.31o)–(6.31p6.31p). Once we have defined the nodes,
we then construct the discrete version of the differential operators in (6.316.31)
with Chebfun (Driscoll et al.Driscoll et al., 20142014). Finally, we can rearrange the discrete
equations so that σ satisfies a quadratic eigenvalue problem (QEP) of the
form (

A + σB + σ2C
)
X � 0, (6.33)

where A, B and C are known matrices and X is the eigenvector of function
values. We solve for all possible pairs ofX and σwith quadeig, a QEP-solver
in MATLAB developed by Hammarling et al.Hammarling et al. (20132013) which we found out-
performs polyeig, the inbuilt solver for polynomial eigenvalue problems,
in terms of efficiency.

The classic Orr-Sommerfeld problem is known for its non-normality—
its eigenvalues are highly sensitive to perturbations (Reddy et al.Reddy et al., 19931993).
To ensure that the eigenvalues converge, we eliminate rows in the matrix
problem (6.336.33) that are independent of σ (Weideman and ReddyWeideman and Reddy, 20002000)—
this removes spuriousmodeswhich disrupt the convergence of the physical
spectrum (Goussis and PearlsteinGoussis and Pearlstein, 19891989). Furthermore, we precondition
the problem by rescaling each row with ‖a j ‖1, where a j is the jth row of
A (WathenWathen, 20152015). We note that without pre-conditioning, the numerical
solutions of the eigenvalue problem can exhibit convergence issues between
consecutive values of N if N is sufficiently large.

We solve the eigenvalue problemwith a starting value of N � 80 Cheby-
shev nodes. We increase the number of nodes in intervals of 20 and recal-
culate the spectrum until the most unstable eigenvalue is within 0.1% of the
previous estimate in the L2–norm.
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6.6 solution space

While we will vary the dimensionless parameters given in Table 6.26.2 as
we explore the solution space, we will fix certain parameters which are
representative of the full physical problem. For the inertia of the beams,
we will fix M1 � M2 � 0.2 for cylindrical beams and M1 � 0.2, M2 � 0 for
blades. Finally, as we vary the Reynolds number, we will keep its ratio with
the Froude number

J �
Fr
Re �

ν∗√
gH3

(6.34)

fixed at 10−5. We now elaborate on such choices.

6.6.1 The choice of a representative inertia

For cylindrical beams, the cross-sectional mass per unit length m � ρπb2/4.
With the drag coefficient CD being O(1), M1,2 � O(b/H) � 1 i.e. the aspect
ratio of the beamprovided that h/H is O(1). The same calculation for blades
with thickness w gives M1 � O(b/H) � 1, but M2 � O(w/H) � b/H � 1.
Although both M1 and M2 can be small in relation to drag, inertia can
still play a role in beam dynamics for large values of CY (6.4d6.4d). In order
to highlight the effects of different types of inertia in this problem, we
consider non-negligible but representative values of M1 and M2 in §§6.76.7
and 6.86.8: M1 � M2 � 0.2 for cylindrical beams and M1 � 0.2, M2 � 0 for
blades. The approximation for M2 � 0 for blades follows from the analysis
in Chapter 55.

6.6.2 The choice of a representative Froude number

Aswith theCauchynumber, the Froudenumber also scaleswith thevelocity
scale U (see Table 6.26.2). To vary the Reynolds number (by varying U) while
keeping the geometry of the domain fixed, we compare flows that have the
same ratio, J (6.346.34). Note that typically, J � 1. For reference, if we take
ν∗ � 10−4 m2s−1 as a representative value for canopy flows (Singh et al.Singh et al.,
20162016), then J is at the order of 10−5 for a flow of depth H � 1 m.

Previous stability analysis on flows through vegetation have also consid-
ered imposing the shear-free condition for the flow at z � 1 (Dupont et al.Dupont et al.,
20102010; Singh et al.Singh et al., 20162016). Mathematically, this corresponds to considering
the limit when Fr→ 0 (i.e. J → 0), in which the full free-surface conditions
(6.31k6.31k)–(6.31l6.31l) reduce to φ(1) � φ′′(1) � 0. Our investigation suggests that
this is a reasonable simplification in this model: in Figure 6.66.6, we demon-
strate that for Re � 103, a typical Reynolds number in our model for the
onset of instabilities (shown in §6.86.8), the change in the spectrum is negligi-
ble until J reaches values that are beyond our regime of interest. In such
cases, the free surface appears to be suppressing instabilities by comparison
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Figure 6.6: Comparing the
most unstable eigenvalue of
the problem against the same
results calculatedusing the ap-
proximation J � 0. Shown
is the case where h � 0.5,
Re � 103, CY/Re2

� 10−4,
M1 � M2 � 0 and k � 1.
Line styles are used to indicate
canopy densities, as stated in
the legend of (a).

to a symmetry condition at z � 1. We note that we also get similar trends
when we include inertia.

6.7 typical unstable modes of the eigenvalue problem

In this section, we visualise some typical solutions for the unstable modes,
and compare our numerically determined eigenvalues to those of simplified
problems with the hope of gaining some physical insights.

6.7.1 Properties of the eigenfunctions

Typical results for φ and ϑ are shown in Figure 6.76.7, which correspond to
flow perturbation and plant deflection respectively.

We first note from the behaviour of |φ | that in all cases, the energy of the
flow perturbation is localised near the top of the canopy. For slower flows,
|ϑ | increases monotonically in z so that the perturbations to the deflection
angle are also largest at the top of the canopy. Moreover, for faster flows, the
largest perturbation to the deflection may be in the middle of the canopy.
The temporal evolution of such a mode is illustrated in Figure 6.86.8.

We can also visualise how the physical configuration evolves in time
by perturbing the base flow with a single unstable mode. We plot the
streamlines of the flow given by(

u
w

)
�

(
u∗(z)

0

)
+ γe<(σ)t<

[(
φ′(z)ei[kx+=(σ)t]

−ikφ(z)ei[kx+=(σ)t]

)]
, (6.35)

where γ is the (arbitrarily chosen) initial amplitude.
In Figure 6.86.8, we present the perturbed configuration at three different

instances. The amplitude of the travelling wave grows in time as it convects
downstream. If we plot the streamlines in Figure 6.86.8 without the base flow,
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Figure 6.7: Magnitudes of un-
stable eigenmodes φ and ϑ
as normalised functions of z
when h � 0.5, λ � 10−1.5,
CY/Re2
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sults are shown with Re �

859 (solid), 2466 (dashed), and
4607 (dotted). The markers on
the stream functions in (a) in-
dicate their respective canopy
height at steady state.

we will find closed contours along the top of the canopy corresponding
to rolling vortices. Regarding the canopy configuration, plants oscillate
synchronously, resemblingmonami. In particular, at later times, we see that
when the deflection near the base of the canopy is increased, the canopy
becomes more aligned with the flow. The drag higher up the canopy is
then reduced. As a result, the deflection angle higher up the canopy is
also reduced. We highlight that our flexible canopy model can capture the
streamwise variation of the canopy height and the local angle of deflection
for each plant.

6.7.2 Stability of flows for sparse and dense canopies

Analogous to the analysis on the base flow in §6.3.26.3.2, we can gain some
insight on the stability of the system by considering the asymptotic limits of
small and large canopy densities. In the dense-canopy limit, we expect the
perturbations to be less sensitive to plant flexibility: there will be less flow
in the canopy, which also leads to less deformation. In the opposite limit,
we expect a sparse canopy to have limited influence on the macroscopic
flow, irrespective of the physical properties of individual plants.

Stability of flows for sparse canopies

In the limit where the canopy is sparse, in the sense that Reλ, Re2λ � 1, we
know from §6.3.26.3.2 that u0 ∼ 1 and the momentum sink in (6.31a6.31a) becomes
negligible. Since the perturbations of the beams are then decoupled from
the fluid, we can approximate the eigenvalues of the full problem by only
solving the Orr-Sommerfeld equation

1
Re (φ

′′′′ − 2k2φ′′ + k4φ) � (σ + ik)(φ′′ − k2φ). (6.36)
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and k � 2.

We can solve this equation analytically in the limit when J � Fr/Re→ 0, for
which

φ(0) � 0, φ(1) � 0, φ′′(0) � 0, φ′′(1) � 0 (6.37)

to give

σ(k) � − 1
Re (k

2
+ n2π2) − ki, (6.38)

where n ∈ N. Thus a uniform flow in this limit is globally stable. As a check
on both our asymptotic and numerical results, we compare the leading
eigenvalue with that of the full numerical solution in Figure 6.96.9a.

In the distinguished limit in which Reλ � 1 with Re2λ being O(1),
we can apply the approximations for the velocity profile in §6.3.26.3.2 for rigid
canopies and rewrite the eigenvalue problem as a universal problem

φ′′′′ − 2k2φ′′ + k4φ � (σnew + ikRe2λũ)(φ′′ − k2φ) − ikRe2λũ′′φ, (6.39)

with ũ given by (6.106.10) and σnew � Re(σ+ki), where φ satisfies the simplified
boundary conditions (6.376.37) for small J. Furthermore, note from (6.396.39) that
the eigenfunctions are determined via the single parameter, Re2λ. In fact,
this determines the criticalReynoldsnumber for instabilitywhen the canopy
is sparse, as verified in §6.86.8.

Stability of flows for dense canopies

Recall from our dense-canopy analysis in §6.3.26.3.2 that in the limit λ → ∞,
the flow inside the canopy satisfies u∗ � O(λ−1/2) from (6.126.12). Moreover,
the flow above the canopy is parabolic and given by (6.136.13) and (6.166.16). Thus
in the limit where J → 0, we should recover the eigenvalues of the classic
Orr-Sommerfeld problem for a plane Poiseuille flow between [h , 2− h]with
u0 � 0 at z � h (the channel bottom) and u0 � 1 at z � 1 (the flow centreline).
Mathematically, this gives [compare with Drazin and ReidDrazin and Reid (19821982)]

1
Re (φ

′′′′ − 2k2φ′′ + k4φ) � (σ + iku0)(φ′′ − k2φ) − iku′′0φ, (6.40a)
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with
φ(h) � 0, φ′(h) � 0, φ(2 − h) � 0, φ′(2 − h) � 0. (6.40b)

Note that the above problem has two types of modes: symmetric and anti-
symmetric modes (ChapmanChapman, 20022002). Since we have imposed the simplified
shear-free condition at z � 1, eigenmodes of our problem (6.316.31) in this limit
will only correspond to the antisymmetric modes of the classic problem
(6.406.40), as seen in Figure 6.96.9b. These modes are always stable (OrszagOrszag, 19711971).
Therefore, our problem is also linearly stable in the dense-canopy limit.

6.8 critical conditions for the onset of instability

In the previous section, we have seen that the system is linearly stable when
the canopy is infinitely sparse or dense. However, we found that unstable
modes exist for intermediate canopy densities. Therefore, it is natural for
us to investigate the critical conditions for the onset of instability. The
purpose of this section is to describe the global stability structure of the
perturbed system. This leads up to the main results of this work on the role
of flexibility, inertia, and shear in flows through vegetation.

6.8.1 Evolution of the neutral curve

Our main objective is to observe the change in the neutral stability curves
as four key parameters are changed: the flexibility CY/Re2; canopy density
λ; added mass M1; and beam inertia and virtual buoyancy M2. For each
choice of these four parameters, our numerical scheme is used to generate
heat maps of<(σ) in the (Re, k)-plane. For example, values of<(σ) at fixed
values of M1 � 0.2 and M2 � 0.2 are represented by the greyscale colours
of insets in Figure 6.106.10b–f. Then, the key contour is given by the neutral
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Figure 6.10: The main fig-
ure (a) shows the (CY/Re2 , λ)-
solution space for the eigen-
value problem (6.316.31) for M2 �

0. The shaded region indicates
where perturbations of the
base state are stable, and lies
below the critical curve for in-
stability, λ � λc (6.416.41). Hollow
markers are numerically deter-
mined solutions with M1 �

0 (triangles) and M1 � 0.2
(squares). The five insets (b)
through (f ) show heat maps of
<(σ) in the (Re, k)-plane. In
all heat maps, colours corre-
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ing from −0.2 (black) to 0.2
(white) specifically for M1 �

M2 � 0.2; areas that have not
been swept are hatched. The
neutral stability curve,<(σ) �
0, for M1 � M2 � 0.2 is
given by a solid line. Other
line styles are used to indicate
neutral curves with M1 � 0.2,
M2 � 0 (dashed), M1 � M2 �

0 (dotted), and the decoupled
model in §6.8.16.8.1 (dash-dotted).
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stability curve, <(σ) � 0, and is shown solid in these insets. In addition,
simulations are performed by varying M1 and M2; these give the shifted
neutral stability curves and are plotted with other line styles. We shall
discuss these elements in §6.8.16.8.1.

Once the heat maps are generated for a range of parameters, the results
are visualised in the (CY/Re2 , λ)-plane, as shown in Figure 6.106.10a. Here,
solutions are either classified as stable or unstable (corresponding to a non-
trivial neutral stability curve).

Before proceeding further, let us make two basic observations. Firstly,
for a given choice of the four parameters, if instabilities exist, then the
base state will initially become unstable at a critical wavenumber, k, that is
O(1). Secondly, although not shown in the figure, all of the unstable modes
have =(σ) < 0, with |=(σ)| increasing nonlinearly with k for any given
Re. This corresponds to the instabilities being convective downstream and
dispersive, and is in agreement with the predictions by Singh et al.Singh et al. (20162016)
and Luminari et al.Luminari et al. (20162016) on flows through rigid canopies.

Variations due to inertia

We now discuss how the neutral stability curves shown in Figure 6.106.10b–f
vary as a function of the four parameters. We make the following observa-
tions:

(i) For fixed flexibility, CY/Re2, added mass, M1, beam inertia, M2,
and decreasing canopy density, λ, i.e. as we transition from (b) to
(c) to (d) in Figure 6.106.10a, the topology of the neutral curves change:
the area enclosed by the neutral curves shown in the insets tends
to zero and the system becomes globally stable.

(ii) Thus for each M1, M2 there exists a critical curve

λ � λc

(
CY

Re2 ; M1 ,M2

)
, (6.41)

in the (CY/Re2 , λ)-plane that separates the twopossibilities—globally
stable for all Re, or unstable for some Re. However, with the insight
that we have from the dense-canopy asymptotic analysis in §6.7.26.7.2,
we expect a stable region (that is off Figure 6.106.10a) for sufficiently
large λ.

(iii) The critical curve, λ � λc , is shown in Figure 6.106.10a, with points
on this critical curve for (M1 ,M2) � (0, 0) and (0.2, 0) are shown as
triangles and squares respectively (and joined by dotted lines). Our
numerical results suggest that the curve for M1 � 0 lies below that
for M1 � 0.2 for CY/Re2

� 10−3. We will return to such features in
§6.8.46.8.4 where we interpret the existence of λc in terms of shear.

(iv) This trend of a shrinking domain of instability also occurs for fixed
λ and for increasing CY/Re2 i.e. as we transition from (b) to (e) to
(f ) in Figure 6.106.10a.
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In the case of cylindrical beams, a non-zero but small beam inertia (or virtual
buoyancy), M2, has the effect of shifting the neutral stability curve slightly to
the right. Furthermore, as we increase the beam flexibility, CY/Re2, from (b)
to (e) to (f ) in Figure 6.106.10, it appears as though the neutral curve for M2 � 0.2
may not close and vanish in the sameway as the neutral curve for M2 � 0, so
that there may always be an unstable mode at that canopy density. To really
check this would require moving to even higher flexibilities. However,
because the beams are bent close to horizontal at such high flexibilities and
speeds, the validity of the model in this regime is not clear, in addition to
the numerical challenges it poses.

A decoupled model: Ignoring canopy perturbations

Despite the complexity of the solution space presented above, it appears
that some qualitative behaviour of the neutral stability curves shown in
Figure 6.106.10 can be understood through hydrodynamical effects. To this
end, we investigate the effect of considering only perturbations in the flow,
effectively treating the canopy as rigid and fixed in its deflected position
due to the base flow. This is equivalent to setting the perturbations on
the canopy, ϑ, and stresses, T1,3, to zero in (6.306.30) and solving the single
equation (6.31a6.31a) for φ. Once this is done, the neutral stability curves for this
decoupled problem are derived.

We return to the heat maps shown in the insets (b)–(f ) of Figure 6.106.10,
where the neutral stability curves of the decoupled system are shown dash-
dotted, in contrast to those of the full problem shown solid. Note that
consistentwith the analysis in §6.3.36.3.3, when the canopy is dense or the plants
are stiff, we would expect agreement between the two models. As either
density, λ, decreases or plant flexibility, CY/Re2 increases, the effects of the
fluid-plant coupling can then be seen by noticing the growing separation
between the curves.

6.8.2 Behaviour of the critical Reynolds number

We saw in Figure 6.106.10 that if there are any unstable modes in the parameter
space, then for everyneutral curve there exists aminimumvalue, Re � Recrit,
such that flowswill be first unstable if Re > Recrit. Therefore, it is natural for
us to analyse the behaviour of Recrit as a function of the other parameters,
i.e.

Recrit � Recrit(λ, CY , M1 , M2). (6.42)

For fixed flexibility CY/Re2, we observe in Figure 6.116.11a there is a critical
density λ at which Recrit is minimum. Higher or lower canopy densities are
both more stable, in that they lead to a higher Recrit. This non-monotonic
behaviour can be understood through the asymptotic analysis of §6.7.26.7.2. In
particular, as the canopy density decreases to zero or increases to infinity,
the base flow is globally stable. For small λ the system is stable for λ < λc
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Figure 6.11: (a) Critical
Reynolds number, Recrit, and
(b) the corresponding col-
lapsed data for the criti-
cal shear at the top of the
canopy, χ−1

crit in (6.436.43), for flows
with different canopy densi-
ties. Shown is the case where
h � 0.5 and J � 10−5. Sym-
bols and black lines are used
to indicate plant flexibilities,
CY/Re2, and values of M1 and
M2, as stated in the legend
of (a). The grey dotted lines
indicate the scaling predic-
tions for sparse canopies [see
discussion following equation
(6.396.39)].

at which point Recrit →∞. On the other hand, we also expect the system to
be globally stable for sufficiently large λ (from the analysis in §6.7.26.7.2).

For all values of M1, M2 and λ the critical Reynolds number Recrit
increases with flexibility, with the effect more pronounced for low canopy
densities. Finally, it always requires ahigherReynoldsnumber todestabilise
flows through the same canopy when we account for inertia.

6.8.3 Behaviour of the critical shear

In the previous discussion, we have sought to understand the effects of plant
flexibility, canopy density and inertia on the critical value of Re separating
stable and unstable flows. However, there are interesting insights once this
is viewed in terms of shear.

As mentioned in the introduction, it is known from turbulence statistics
that canopy-scale instabilities are generated by shear of the flow along the
top of the canopy (Raupach et al.Raupach et al., 19961996; FinniganFinnigan, 20002000). However, previous
stability analyses did not account for the free surface, canopy perturbations
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or inertial effects such as added mass and virtual buoyancy. We would like
to understand whether these additional physical effects affect the shearing
mechanism.

A simple measurement for shear at a given depth is to consider its
reciprocal—the (dimensionless) Navier slip length. In particular, suppose
we let χ be this slip length at steady state at the top of the canopy z � h∗d .
We then define

χ �
u∗(h∗d)
u∗′(h∗d)

. (6.43)

For every flow that is marginally stable, we can quantify the critical shear
with χ−1

crit.
We observe from Figure 6.116.11b that for any given canopy density:

(i) The critical shear, χ−1
crit, increases monotonically with λ;

(ii) The critical shear, χ−1
crit, is nearly identical across different plant

flexibilities when we neglect inertial effects – even when Recrit and
the configuration of the canopies (at their base states) are distinct;

(iii) Although there is a significant collapse in the data compared to
the same plot for Recrit, there is a spread for χ−1

crit for different flex-
ibilities. This spread increases with increasing M1 and M2 for any
given λ.

The significant collapse in the data suggests that shear at the top of the
canopy remains the relevant criterion in determining the stability of steady
unidirectional flows. There is a slight spread when inertial effects are
prominent, with the critical shear being larger for non-zero added mass
and beam inertia. Nevertheless, the collapse of the data for different plant
flexibilities means the simplified model where inertia is neglected, M1 �

M2 � 0, can still provide a useful reference value for the critical shear.
Many features of Figure 6.116.11b in the limits of dense or spare canopies

are explained by the asymptotic analysis of §6.7.26.7.2. For instance, in the case
of sparse rigid canopies, we previously found that Recrit � O(λ−1/2) (see
Figure 6.116.11a). Thus in combination with (6.436.43), χcrit � O(λ−1/2) as λ → 0;
this is shown dotted in Figure 6.116.11b.

6.8.4 Summary of the physical mechanisms

In §6.86.8, we have sought to study the key conditions for the onset of insta-
bilities. Our primary conclusion is that instabilities are induced by suffi-
cient shear along the top of the canopy, and this is accompanied by non-
monotonic behaviour of the critical Reynolds number, Recrit, with canopy
density, λ.

We have found that if λ > λc as given in (6.416.41) the base flow can
be unstable for sufficiently large Reynolds numbers. In such cases, let
us write Λ � Λ(CY/Re2 ,M1 ,M2) for the canopy density corresponding
to the minimum Recrit (the turning point in Figure 6.116.11a). For canopies
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with λ > Λ, the shear threshold is greater, and therefore, a faster flow
is required for instability. On the other hand for λ < Λ, although the
shear threshold is lower, a faster flow is required to generate this shear;
this is due to the reduced momentum loss on account of reconfiguration,
which can also be achieved by increasing flexibility, CY/Re2. However,
if λ < λc , this shear threshold will never be reached, irrespective of the
flow speed. This differentiates flexible canopies from rigid canopies, where
drag monotonically increases with flow speed (see Figure 6.56.5b) and hence,
λc � 0. Finally, for both cylindrical beams and blades, addedmass increases
the shear threshold, which stabilises the flow.

6.9 summary

In this chapter, we considered free-surface flows through a flexible canopy,
and attempted to analyse conditions for the onset of instabilities under
strong currents. We studied the roles of variousphysical factors in triggering
or suppressing a monami.

Our results allowed us to confirm that shear at the top of the canopy
can be considered as a primary mechanism for instability, and this indeed
agrees with previous analyses for the specific case of rigid vegetation. Our
study, however, extends this conclusion by exploring vegetative flows with
additional effects such as canopy flexibility and inertia.

Our results suggest that flexibility affects the flow stability in two dis-
tinct ways. Firstly, compared to rigid-canopy flows, flexible-canopy flows
are more stable by having less drag due to plant reconfiguration in the un-
derlying base state. In particular, if the canopy density is below a critical
threshold, the flow will not be able to generate sufficient shear to trigger
instabilities, irrespective of the Reynolds number. Secondly, by decoupling
the fluid perturbations from the canopy perturbations, we found that for
a given base flow, flexibility can encourage instability. Furthermore, by
studying the growth of a single unstable eigenmode, our model can also
capture the temporal evolution of monami.

6.10 discussion

One important conclusion from the present study is that the shear at the
top of the canopy remains the dominant factor in determining the stability
of a flow. Thus one interesting question that follows is whether there may
be particular flow regimes where more involved models are required, and
for which the central mechanism for instability may be different. As a
particular example, we highlight the review by NepfNepf (20122012), who notes
that as the canopy becomes increasingly sparse, the flow transitions from
a mixing-layer-like flow to a boundary-layer flow. In our current model,
we have neglected the effects of bed shear, and this hints at the need for a

§6.9 · summary 126



model for which the sparse-canopy limit can be more accurately captured.
Which length scales might be involved in a complete model? An important

avenue for progress is the consideration of a complete turbulence model.
Note that we analysed flow stability using a single mixing length at the
top of the canopy (6.436.43) and our constant eddy viscosity closure model can
be interpreted as effectively averaging the various length scales involved.
However, in limits of small or large elasticity/density, it is unclear whether
it may be necessary to consider a better closure model to capture disparate
length scales in the flow.

Firstly, the bed can be rough in reality, and the boundary layer along
it may contribute one length scale. Secondly, there is an element scale
inside the canopy, which is determined by the wakes of individual plants.
Thirdly, for deeply submerged canopies (h � 1), the turbulence that is
generated far below is expected to be negligible far above. Thus, there is
a length scale that is determined by the decay of the canopy-scale vortices.
Finally, in a more general setting where the pressure gradient of the flow
is not maintained, there will also be a decay length scale for the flow. A
more detailed description of the different length scales can be found in
Marion et al.Marion et al. (20142014).

We envision that a more refined model will capture a number of these
length scales. However, to implement such a scheme, we require a better
understanding of the importance of these length scales. Moreover, we
would hope to determine these scales as part of the model, rather than
verified a posteriori from given parameters [see discussion in Poggi et al.Poggi et al.
(20042004)].
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7summary & final remarks

Nature’s imagination is so much
greater than man’s, she is never
going to let us relax.

Richard Feynman

The work in this thesis develops a theory that addresses the mechanical
aspects of coastal flows through vegetation. In particular, we focused on
understanding (i) how various waves evolve in multiple scenarios and (ii)
the instabilities that emergeunder the effects of a steady current. Wedivided
our analysis between rigid and flexible vegetation. One central result has
been the systematic development of a general framework for modelling and
analysingflows throughvegetation. Althoughwehave typically considered
systemswith certain key physical effects (e.g. gravity, flexibility and inertia),
additional fluid and canopy properties can be incorporated into the model
in a straightforward manner.

Below, we provide a summary of the analysis in each chapter, highlight-
ing how each corresponding sub-problem is related to the work as a whole.
Key results are summarised in Table 7.17.1. These key results are presented in
two parts. First, in Table 7.17.1a, we summarise the underlying base flows that
are used in the different mathematical models of Chapters 22–66. Similarly,
Table 7.17.1b summarises the key results in terms of the resultantmathematical
predictions. For instance, from Chapters 22–55, these key results relate to our
derivation of the governing differential equations for the wave evolution,
while for Chapter 66, the results relate to instability modes and analysis.

7.1 rigid vegetation (chapters 22–44)

We began by understanding the fundamental problem of small-amplitude
waves through rigid vegetation in Chapter 22. This allowed us to set up
the main mathematical model of this work on free-surface flows with an
additional bulk momentum sink. The momentum sink homogenises the
inertial and drag contributions of individual plants. On the assumption
that the ratio between wavelength and domain length is small, we applied
a multiple-scales analysis to show that the wave and the momentum sink
are decoupled at leading-order. The analysis predicts that the wave is sinu-
soidal at leading-order, with its amplitude and wavelength slowly evolving
in space due to the presence of vegetation and the variation in depth.
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Table 7.1a: Summary of key modelling components from Chapters 22–66.

chapter
base flow
η is free-surface elevation, u is streamwise velocity
bars denote scaled quantities

canopy model
h is plant length
λ is density

depth, H

22

small-amplitude wave (2.272.27)
η � A(x) cos(x̄ − t),
u � A(x) cosh[k(x)(z̄ + H̄(x))]

sinh k(x)H̄(x) cos(x̄ − t),
dispersion relation k(x) tanh[k(x)H̄(x)] � 1;

fast scale x̄ �
Φ(x)
α

, α � 1; dΦ
dx

� k,

z � αz̄, H � αH̄

rigid beams varying

33

steady current with small-amplitude wave (3.173.17)
η � ηc(x) + A(x) cos(x̄ − t),
u � uc(x) + A(x) cosh[k(x)(z̄ + H̄(x))]

sinh k(x)H̄(x) cos(x̄ − t),
dispersion relation k(x) tanh[k(x)H̄(x)] � 1;

fast scale x̄ �
Φ(x)
α

, α � 1; dΦ
dx

� k,

z � αz̄, H � αH̄

rigid beams varying

44

intermeiate-amplitude cnoidal wave (4.394.39)

η � u � A(χ)
(
B(m(χ)) + cn2

[
2K(m(χ))

T
(χ̄ − t)

����m(χ)] ) ;
wave height A (not amplitude), elliptic parameter m,
scaled distance χ � εhλx, εhλ � 1,

fast scale χ̄ �
Φ(χ)
εhλ

,

dΦ
dχ �

(
1 +

εA
m

[
1 − m

2 −
3
2

E(m)
K(m)

] )−1

trough elevation B �
1
m

[
1 − m − E(m)

K(m)
]
,

constant period T � 4K(m)
√

m
3A

dΦ
dx

rigid beams fixed

55

small-amplitude wave (5.215.21)
η � A(x) cos(x̄ − t),
u � A(x) cosh[k(x)(z̄ + H̄(x))]

sinh k(x)H̄(x) cos(x̄ − t),
dispersion relation k(x) tanh[k(x)H̄(x)] � 1;

fast scale x̄ �
Φ(x)
α

, α � 1; dΦ
dx

� k,

z � αz̄, H � αH̄

flexible beams (5.285.28)
small deflections

horizontal displacement, x̃
varying

66
steady unidirectional flow (6.76.7)
η ≡ 0, u � u(z)êx

flexible beams (6.4c6.4c)–(6.4d6.4d)
large deflections

angle of deflection, θ
fixed
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Table 7.1b: Summary of key predictions from Chapters 22–66.

chapter mathematical predictions

22

Description: Predicting the time-averaged evolution of wave amplitude, A, in distance of propagation, x

π2A

λ̄k cosh2 kH̄

[
2A(H̄ − 1)d(kH̄)

dx
− (2kH̄ + sinh 2kH̄)dA

dx

]
� D

canopy termD �
A
2

2π∫
t�0

−H̄+h̄∫
z̄�−H̄

X̄+2π∫
x̄�X̄

cosh[k(z̄ + H̄)]
cosh kH̄

cos(x̄ − t) u |u | dx̄dz̄dt

33

Description: Predicting evolution of current and mean surface elevation, uc & ηc , in addition to amplitude, A

uc �
Q
H̄
, constant mean flux Q;

dηc

dx
� − λ̄

4πH̄

2π∫
t�0

−H̄+h̄∫
z̄�−H̄

X̄+2π∫
x̄�X̄

u |u | dx̄dz̄dt

π2A

λ̄k cosh2 kH̄

[
2A(H̄ − 1)d(kH̄)

dx
− (2kH̄ + sinh 2kH̄)dA

dx

]
� D

canopy termD �
A
2

2π∫
t�0

−H̄+h̄∫
z̄�−H̄

X̄+2π∫
x̄�X̄

cosh[k(z̄ + H̄)]
cosh kH̄

cos(x̄ − t) u |u | dx̄dz̄dt

44

Description: Predicting evolution of wave height and elliptic parameter, A & m
T∫

t�0

T∫
χ̄�0

{
ηηχ +

3ε
2 η

2ηχ +
ε
2

[(
dΦ
dχ

)2
ηηχ̄χ̄χ +

dΦ
dχ

d2Φ

dχ2 ηηχ̄χ̄

]}
dχ̄dt � −1

4

T∫
t�0

T∫
χ̄�0

η2 |η| dχ̄dt

By expressing m in terms of A (via T), the equation above can be written as dA
dχ � f (A, ε, T), some f

m can be deduced from the chain rule dm
dχ �

dm
dA

dA
dχ

55

Description: Predicting time-harmonic canopy dynamics and ultimately the evolution of wave amplitude, A

π2A

λ̄k cosh2 kH̄

[
2A(H̄ − 1)d(kH̄)

dx
− (2kH̄ + sinh 2kH̄)dA

dx

]
� D

canopy termD � A

2π∫
t�0

−H̄+h̄∫
z̄�−H̄

X̄+2π∫
x̄�X̄

cosh[k(z̄ + H̄)]
cosh kH̄

cos(x̄ − t)
[

1
2 (u − x̃t ) |u − x̃t | + M1 (ut − x̃tt )

]
dx̄dz̄dt

Individual plant displacement, x̃, satisfying (5.285.28), is evaluated at every x̄ & x (microscale & macroscale)

66
Description: Predicting unstable steady configurations & critical conditions which trigger monami

Fourier modes from the linear stability analysis satisfy the quadratic eigenvalue problem (6.316.31)
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A particularly significant result is our generalisation of the predictions
by KellerKeller (19581958), Dalrymple et al.Dalrymple et al. (19841984), and Mendez and LosadaMendez and Losada (20042004);
these previousworks did not consider the simultaneous effects of bottom to-
pography variation, presence of vegetation, and non-shallow-water effects.
We also demonstrated good agreement between our asymptotic results and
both numerical and experimental results that appeared in other studies.
This model was then extended in subsequent chapters to analyse different
types of flows.

The analysis in Chapter 33 on combined current-waves through rigid
vegetation provides a natural extension of the work in Chapter 22. In partic-
ular, we considered the regime in which the steady current and the wave
velocity are comparable in magnitude. An analogous multiple-scales anal-
ysis predicts that the superimposed wave decays differently from a pure
wave with no current. However, the current velocity does not deviate from
one in the waveless problem. Our analysis generalises the predictions by
Hu et al.Hu et al. (20142014) and Losada et al.Losada et al. (20162016) on combinedwave-current flows by
accounting for both the variation of the mean free surface and water depth.

InChapter 44,we advanced from the small-amplitude approximation and
analysed shallow-water waves of intermediate amplitudes through rigid
vegetation. We derived that the free surface is governed by a modified
Korteweg-de Vries equation which has an additional canopy sink. Our
results provide new predictions on how cnoidal waves – nonlinear periodic
solutions of the leading-order (vegetation-free) problem – decay in both
their wave height and elliptic parameter. The predictions are validatedwith
numerical simulations. In the small-amplitude limit,wewere able to recover
the corresponding shallow-water approximations from the predictions in
Chapter 22.

7.2 flexible vegetation (chapters 55–66)

After gaining some intuition on how different waves evolve in the presence
of rigid vegetation, we turned to the analysis of flexible vegetation.

In Chapter 55, we investigated how small-amplitude waves evolve in
the presence of flexible vegetation. The analysis forms a natural extension
to the work in Chapter 22, but now with the individual plants modelled
as elastic cantilever beams. Hence, the underlying base flows in these
classes of problems will serve to deform the canopy. At the same time, the
resultant vegetation dynamics will affect the flow dynamics in return. The
corresponding multiple-scale analysis showed that the base flow and the
canopy dynamics are decoupled at leading-order. Since the base flow is
identical to the one for rigid canopies i.e. a sinusoidal wave, we provided
a systematic procedure on how to first solve for the canopy dynamics,
before determining the evolution of the wave along the domain. We then
made a detailed comparison between the full predictions on plant load and
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experimental results from previous studies. Finally, we gave numerical
examples to highlight how waves decay differently with increasing plant
flexibility and inertia. This analysis thus generalises the predictions from
Luhar et al.Luhar et al. (20172017) and Lei and NepfLei and Nepf (20192019) by accounting for variations of
plant dynamics along the domain.

Finally, in Chapter 66, wemoved away fromwave evolution and provided
an in-depth investigation into the instabilities of flows through flexible veg-
etation. We explored the interesting phenomenon of monami – the syn-
chronous oscillation of vegetation in current-dominated flows. In contrast
to the pure wave problem in Chapter 55, plants can undergo large deforma-
tions. By performing a stability analysis on steady configurations of the
problem, we found that shear along the top of the canopy is a dominant
factor in triggering such instabilities. Although shear was also highlighted
in previous studies such as Singh et al.Singh et al. (20162016) and Sharma et al.Sharma et al. (20172017), our
model has accounted for important effects including the presence of inertia,
free surface and large canopy deformations. Furthermore, we deduced that
monami could be suppressed for canopies that are sufficiently sparse or
have high effective inertia.

7.3 open problems and future work

Although we have made significant progress in developing mathematical
theory for various sub-problems on flows through vegetation, many open
problems remain—indeed, the rich interplay of flow and vegetative dynam-
ics naturally createsmany avenues for further research. Below, we highlight
anddiscuss three significant open problems onwave-vegetation interaction;
for each of these, we highlight some of the complications involved and con-
jecture possible strategies in overcoming them.

7.3.1 Predicting wave evolution in 3D: aspects on adiabatic invariance

Let us recall the setup for one-dimensional small-amplitude waves propa-
gating in the positive x-direction over a substrate with z � −H(x). In terms
of the multiple-scales analysis, we consider x to be the slow scale and

x̄ �
Φ(x)
α

(7.1)

to be the fast variable, for some small parameter α � 1. The function Φ
is chosen such that any dependent wave variable f � f (x̄ , x , z � αz̄) is
periodic in x̄ with a known constant period.

Suppose we expand f in powers of α i.e.

f � f0 + α f1 + O(α2), (7.2)

If the leading-order problem for f is linear with constant coefficients in x̄,
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satisfying for example (
dΦ
dx

)2

f0x̄ x̄ + f0z̄ z̄ � 0, (7.3)

we know that f0 then has sinusoidal solutions in x̄, with dΦ/dx satisfying
an eikonal equation.

Suppose we generalise this framework to waves in a three-dimensional
domain with general topographies z � −H(x , y) or other inhomogeneities
in the y-direction. Then there are two aspects that we need to address.

Firstly, suppose we consider a similar expansion to the one in (7.27.2). If
the system of governing equations for f is linear, f can be expressed via
a WKB ansatz (AblowitzAblowitz, 20112011, §4.5), when the multiple-scales structure is
restricted so that there is only a single fast scale dependent onmultiple slow
scales i.e.

x̄ �
Φ(x , y)
α

. (7.4)

For this problem,Φ is now chosen such that f is periodic in x̄ with a known
constant period. Thus f exhibits a multiple-scales structure f (x̄ , x , y). In
particular, with the example in (7.37.3), the leading-order solution f0 satisfies

∇2Φ f0x̄ x̄ + f0z̄ z̄ � 0, (7.5)

with ∇2Φ � Φxx + Φy y satisfying an eikonal equation. However, since
our problem is nonlinear due to the presence of drag, we have to apply a
generalised multiple-scales analysis (KuzmakKuzmak, 19591959). In particular, we need
to consider additional properties f has in y.

Secondly, throughout the two-dimensional analysis of this thesis, we
have exploited the linearity of the leading-order problem. In particular,
we have simple sinusoidal solutions for both the base flow and the adjoint
solution of the flow for deriving the solvability condition (see §2.52.5 and
also Chapters 33 and 55). Although we can foresee that the leading-order
problem will remain linear in 3D, the wave can slowly refract—a classic
example is how wave crests become increasing parallel to the shoreline
with decreasing water depth (MeiMei, 19921992, §3.3). Thus, we have to account for
this refraction in the momentum sink formulation. More importantly, the
resultant solvability conditions will be in the form of ray tracing equations,
which can be more challenging to both derive and solve.

7.3.2 Dynamic beam model for plants: twisting & variable inertia

We recall from the comparison between predicted and experimentally mea-
sured load in §5.55.5 that we are over-estimating load for plants with inter-
mediate or high flexibilities. The dynamic model that is used to predict
load is based on the assumption that inertial effects are independent of flex-
ibility. Although we could consider beam theories that account for large
deflections (see e.g. Chapter 66), the key complication in these situations
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is that blade-like plants may twist due to small asymmetries in real-life
scenarios (Luhar and NepfLuhar and Nepf, 20162016); this twisting significantly reduces their
cross-sectional width and hence, the associated load. Therefore, in such
cases, the load on each plant is better approximated without inertia.

An approach that we have considered is to have the inertial parameter
varying with flexibility. The simplest estimate would be to consider a linear
relationship between the two parameters, with inertia varying between the
rigid-blade value and zero for very flexible plants. More importantly, since
our primary focus is on predictingwave attenuation, it is crucial to not over-
predict the effects of a canopy in applications such as coastal protection. In
addition, we have also predicted that inertial effects can also significantly
enhance wavemodulation—an attractive idea that might be exploited in in-
dustrial or environmental applications. Previous researchers have regarded
seagrass canopies as low-pass filters for waves (Bradley and HouserBradley and Houser, 20092009;
Zeller et al.Zeller et al., 20142014) – this is reflected in our multiple-scales analysis on sys-
tems with the wavelength-to-domain ratio, α � 1. However, we may hope
that under certain conditions, long waves of the coastal wave spectrum
could also be dampened.

7.3.3 Predicting the evolution of random waves in the presence of vegetation

Finally, although we have made significant progress in predicting wave
evolution under various settings, our analyses are confined to monochro-
matic waves. A realistic coastal flow will involve superposition of waves
with multiple frequencies and amplitudes. For numerical simulations and
experiments, the generalisation is more readily achievable by, for example,
generating incident waves using a real spectrum [see e.g. Wu et al.Wu et al. (20122012),
Anderson and SmithAnderson and Smith (20142014) and Mattis et al.Mattis et al. (20192019) on wave generation us-
ing the JONSWAP (Joint North Sea Wave Project) spectrum]. However,
the analogous generalisation of analytical predictions under the multiple-
scales framework is significantlymore challenging – the current derivations
involve exploiting periodicity (on the microscale).

There have been attempts in generalising the evolution equations for
random waves. We highlight the work by Mendez and LosadaMendez and Losada (20042004) on
generalising the predictions by Dalrymple et al.Dalrymple et al. (19841984) on rigid vegetation
i.e. (2.482.48) to narrowly-banded random sinusoidal waves. Their energy
balance argument assumes that the wave heights follow a fixed Rayleigh
distribution, which is supported by statistical theory (Dean and DalrympleDean and Dalrymple,
19911991, §7.2). Mathematically, compared to

A
A(x � 0) �

1
1 +Λx

(7.6)

in (2.482.48) for the monochromatic prediction, they approximated that

Arms
Arms(x � 0) �

1
1 +Λrmsx

, (7.7)
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with Λrms increased by approximately one-third compared to Λ. This for-
mula has since been adopted by other researchers e.g. Möller et al.Möller et al. (20142014).

In terms of our multiple-scales analysis framework, we suggest to first
consider cases which allow the base flow to be a superposition of multiple
waves. For instance, when the mean water depth is constant, we can con-
sider such waves if individual waves have commensurate space and time
periods – that is, the ratio between any two (space or time) periods is a ra-
tional number, so that they share a period such that they are both periodic.
We give a brief mathematical explanation on why this is possible:
(i) Individual waves with commensurate time periods together share

a constant time period. Thus, the superimposed wave is also time-
periodic.

(ii) Since the depth is constant, the wavelengths of individual waves
are also constant in space by their respective dispersion relations.
With commensurate spatial periods (wavelengths), a fast variable
in which the superimposed wave is always spatially-periodic can
be well-defined.

The only remaining complication is that the individual waves are coupled
to each other via drag. Hence, we have to solve for all of the amplitudes
simultaneously. This is analogous to solving for both the wave and the
current simultaneously for combined flows in Chapter 33 (and similarly for
amplitude and elliptic parameter for nonlinear waves in Chapter 44).

The simplified case which we have shown above is particularly useful
for waves which are Fourier decomposed. Another limiting case which can
be explored is waves with contrasting time periods (with the extreme case
being the combined current-wave problem in Chapter 33).

The open problems that we have discussed only showcase some of the
many complexities involved in modelling flows through vegetation. In-
deed, there are many more resultant applications that are worth studying;
these include mass transport (erosion and deposition), carbon capture, and
how an ecosystem might be affected, in general, by such vegetative flows.
Throughout this thesis, we have gained a significant appreciation for the
enormous challenges that accompany such systems. Both classical analysis
of coastal flows, as well as analysis of elastic structures, has been well-
developed over centuries, and yet scientists have only scratched the surface
of systems that involve their combined effects. As a basic point to this ef-
fect, we note that the full ‘zoo’ of solutions (across all involved parameters
introduced in our work) remains unknown—vegetative flows are yet to be
fully classified. This is expected to challenge theoretical, computational,
and experimental scientists for many years to come.
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Aexperimental data in figure 2.92.9

In this appendix, we provide in Figure A.1A.1 the experimental data that is
used to generate Figure 2.92.9 on small-amplitude waves propagating through
rigid vegetation. For each dataset, we plot the dimensionless time-averaged
amplitude, A, as a function of the distance of propagation, x as individual
subplots. We also plot the corresponding theoretical prediction curve

A(x) � 1
1 +Λx

(A.1)

with Λ in (2.472.47) specified using the reported experimental setups. We
emphasise that there are no fitting parameters involved. Out of the 23
datasets from Wu et al.Wu et al. (20122012), we discarded the dataset ‘200662401’ when
wegenerated Figure 2.92.9 – this dataset is also plotted below for completeness.
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Figure A.1: Set of 29 plots
for time-averaged amplitude,
A, versus distance of prop-
agation, x. In each plot, x
is normalised by the length
of the finite canopy and A is
normalised by the amplitude
at the start of the canopy
(x � 0). Each subplot repre-
sents a different experiment,
with experimental data shown
in coloured dots and the
corresponding prediction
curve A � (1 + Λx)−1 from
(A.1A.1) shown in black. The title
of each plot gives the name
of the dataset or the source,
with:

 Augustin et al.Augustin et al. (20092009)
 Wu et al.Wu et al. (20122012)
 Ozeren et al.Ozeren et al. (20142014)

In particular, for the data
from Wu et al.Wu et al. (20122012), we
plotted the mean amplitude of
multiple measurements that
are made at every given x.
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Here below, we also plot in Figure A.2A.2 the corresponding predictions using
CD ≡ 1.2 in (A.1A.1) (see Figure 2.92.9)—the R2-value for this plot is 0.62.
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Ozeren et al. (2014) Figure A.2: Experimentally

determined dimensionless de-
cay for waves propagating
through a rigid canopy. The
black solid line indicates the
theoretical prediction A � (1 +

Λx)−1 (A.1A.1) using CD ≡ 1.2
and dots indicate themeasure-
ments for individual experi-
ments.
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Bfull numerical simulations
with proteus

In this appendix, we supplement the discussion in §2.92.9 by presenting
additional numerical simulations with Proteus on small-amplitude waves
through rigid vegetation. In particular, we highlight the effect of canopy
height, h, in relation to the mean water depth, H. In contrast to the scenar-
ios presented in Figure 2.82.8, here we consider H ≡ 2 m i.e. the canopy zone
in Figure 2.62.6 has no elevation. Other specifications on the numerical wave
flume can be found in §2.82.8.

For incident waves with the same initial amplitude and period, we
compare in Figure B.1B.1 the evolution of the wave amplitude due to different
canopy heights. Although the numerical simulations (shown blue) are in
good agreement with their respective analytical predictions (shown black),
we found that damping is negligible when only half of the vertical domain
is covered by vegetation (h/H � 0.5). On the other hand, when h/H � 0.9,
damping is much more significant. This contrast highlights that for waves
with intermediatewavelength [thedimensionlesswavenumber k beingO(1)
in the dispersion relation (2.282.28)], the momentum of the wave is confined
near the free surface.
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Figure B.1: Period-averaged
amplitude for waves propa-
gating through canopies with
height h over a horizontal do-
main H ≡ 2 m. The green data
points denote the amplitude of
the numericalwave at each vir-
tual gauge. The fundamen-
tal modes that are extracted at
each gauge are connected by
blue lines. The corresponding
analytical predictions for the
amplitude (2.402.40) are plotted in
black, together with 5% error
bands being shaded in as vi-
sual guides. The predictions
are scaled so that the ampli-
tudes match the fundamental
mode at x � 0 m. We con-
sidered waves with amplitude
0.1 m and period 1.5 s.
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Csolving the kdv equation with
fourier transforms

In this appendix, we outline how we can solve the modified Korteweg-
de Vries (KdV) equation (4.134.13) in Chapter 44 using discrete Fourier trans-
forms and a split-step method. This numerical scheme is adapted from
Taha and AblowitzTaha and Ablowitz (19841984) and implemented in MATLAB.

Suppose we denote

f̂ (k , t) �
∫ ∞

−∞
f (x , t)e−ikx dx (C.1)

to be the Fourier transform of the function f (x , t) in space. The modified
KdV equation (4.134.13) in the wavenumber space can be written as

η̂t � −ik η̂ − ε6 (ik)
3η̂ +

εhλ
2 ikM η̂︸                              ︷︷                              ︸

L η̂, linear

−3ε
4 ik η̂2 − εhλ

4 η̂|η|︸                   ︷︷                   ︸
N(η̂)η̂, nonlinear

. (C.2)

A first-order approximation for η̂(k , t + ∆t) is given by

η̂(k , t + ∆t) ≈ e∆t[L+N(η̂)]η̂(k , t) � e∆tN(η̂) e∆tL η̂(k , t)︸       ︷︷       ︸
η̂I

. (C.3)

For a given η̂(k , t), the idea is to time-step to the intermediate solution η̂I

before we further time-step to approximate η̂(k , t + ∆t). By doing so, this
split-stepmethod solves the linear and the nonlinear part of (C.2C.2) separately.
A discussion is given in Milewski and TabakMilewski and Tabak (19991999) on how this procedure
eliminates some of the stiffness that is associated with the original problem
(4.134.13) when it is solved numerically.

In summary, we solve the pair of equations

η̂It �

(
−ik − ε6 ik3

+
εhλ

2 ikM
)
η̂ (C.4)

η̂(k , t + ∆t) − η̂I

∆t
� −3ε

4 ik η̂2
I −

εhλ
4

�ηI |ηI | (C.5)

in sequence, to approximate η̂(k , t + ∆t). We note that for the nonlinear
equation (C.5C.5), we have chosen a simple Euler’s method to approximate
η̂(k , t + ∆t). A higher-order method is given in Taha and AblowitzTaha and Ablowitz (19841984).

We first solve the linear equation (C.4C.4) exactly and get

η̂I(k , t + ∆t) � η̂ exp
[(
−ik − ε6 ik3

+
εhλ

2 ikM
)
∆t

]
. (C.6)
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If we also inverse Fourier transform the intermediate solution above, we
can then substitute both η̂I and ηI into the nonlinear equation (C.5C.5). We
emphasise that although we have solved for both quantities at time t + ∆t,
this is the correct leading-order approximation for a Taylor expansion in
∆t � 1. Finally, we can obtain η(x , t + ∆t) by inverse Fourier transforming
η̂(k , t + ∆t).

We found that this scheme may suffer from numerical instabilities at
high spatial resolutions unless ∆t � 1. In this case, the associated compu-
tational cost significantly increases due to the number of Fourier transforms
involved at each time step.
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