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Abstract

This thesis is an account of experimental investigations into quantum e↵ects in the

operation of heat engines on the atomic scale. It begins with a description and justi-

fiction for the idea of implementing a heat engine using the negative nitrogen vacancy

centre in diamond. Following this, the development and final version of the experi-

mental setup and processes are described. Theoretical results extending the idealised

theory of quantum heat engines to account for experimental conditions are derived,

along with results relating to the limit cycles of cyclic quantum heat engines. Fi-

nally the central results of the thesis, showing the experimental existance of quantum

thermodynamic signatures in the operation of microscopic heat engines, are presented.
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Chapter 1
Introduction

1.1 Motivation

As we go about our daily lives, we are surrounded by countless thermodynamic pro-

cesses. These happen to govern much our existance, whether it be through the warm-

ing e↵ect of the sun which sustains all life on earth, or the ever continuing, and losing,

fight against entropy, which will result in everything between ones tea going cold and

the ultimate heat death of the universe. Much of our modern industrialised world is

driven by our ability to harness and control thermodynamic processes, including the

mundane steam turbine in a power station, or more spectacularly, the Flying Scots-

man thundering past in a cloud of steam and smoke, or the roar of a Rolls-Royce

Merlin in a Spitfire. All of these processes, and far more, are governed and under-

stood through the laws of thermodynamics, which has proved to be one of the most

successful and enduring of the classical physical theories, surviving two revolutions in

physics at the beginning of the 20th century.

One of these revolutions was the beginning of the Quantum era of physics, ushered

in by Max Planck, who presented what subsequently became known as the Planck

postulate in 1900. The half a century that followed was a period of rapid progress, in

7
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which many of the ideas and foundations of quantum mechanics were thrashed out and

formalised. Once a better understanding of quantum mechanics had been gained, it

was applied to gain greater understanding in other subject areas, and even lead to the

establishment of completely new subjects. These include anything from the the devel-

opment of physical chemistry and condensed matter physics, to quantum computing

and metrology. During the last three decades there has been a boom in subjects such

as quantum computing [1], which seek to exploit the unusual properties of quantum

mechanics for technological advantage; in addition to quantum computation, this in-

cludes the related areas of quantum information theory, quantum communications,

quantum cryptography [2], quantum metrology [3] and quantum simulations [4]. The

thread commonly linking these various topics is that they consist of the amalgamation

of a pre-existing field with quantum mechanics, often with the hope that interesting

new phenomena may arise, and that quantum properties such as superposition and

entanglement can be utilised to provide enhanced new technological capabilities.

Although thermodynamics played a pivotal role in the initial development of quantum

mechanics, the field itself had been left largely untouched by the advances in quantum

physics. The emergence of quantum thermodynamics as a field in its own right is a

comparatively recent development [5, 6]. Its study is concerned with determining how

a theory of thermodynamics arises from a theory of statistical quantum mechanics.

Since classical thermodynamics has proved to be so remarkably successful a theory,

and because quantum mechanics is the most accurate description of the microscopic

world we have, we expect such a theory to replicate the results of the classical theory

as the system size approaches macroscopic scales. Working with ensemble sizes which

lie within the quantum limit raises the intriguing possibility of quantum thermody-

namics deviating from the classical theory, or even resulting in the emergence of new

thermodynamic phenomena.
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The history of thermodynamics is intimately intertwined with the study of heat en-

gines, originating with the need to understand the principles governing power output

and e�ciency of steam engines in the 19th century. Not only did the study of heat

engines give rise to thermodynamics, but they continue to be one of its important

practical applications. Additionally it can be shown that fundamental laws of ther-

modynamics can be recast entirely in terms of limitations on the performance of heat

engines. In particular, after Carnot determined a remarkaby general limit to the ef-

ficiency of a heat engine, early versions of the second law of thermodynamics were

formulated in terms of performance limitations on the function of heat engines.

Because the study of heat engines form a foundational part of thermodynamics, it

seems reasonable to use them as a system in which to look for quantum e↵ects.

Moreover, interest in their study need not be purely academic – with the rate at

which devices are being miniaturised and with the e↵ort being put into developing

nanotechnology, it is not beyond the realms of possibility that we might eventually

need to consider quantum mechanical e↵ects in the functioning of future miniature

machines [7, 8]. Should we eventually create machines which are su�ciently small for

quantum e↵ects to become noticeable, then not only might we wish to understand

how they might influence the performance of the machine, but also determine whether

they might be utilised to our advantage. Feynman was one of the first to consider

the possibility of machines working in the microscopic world, which he detailed in his

talk ‘There’s plenty of room at the bottom’ [9].

The notion of a quantum heat engine was first formally introduced in the seminal paper

by Scovil and Schultz-DuBois considering a 3-level MASER as a heat engine [10]. They

were not only able to show that the MASER is a form of heat engine, but further

that the e�ciency of such an engine is still bound by the Carnot limit. Whilst there

has been a substantial amount of theoretical research conducted into quantum heat
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engines over the last few years, progress on experimental implementations has lagged

considerably behind. However, in recent years there have been several experiments

which have begun to test heat engines in the quantum realm [11]. There is also a

growing list of proposals for potential experimental quantum heat engines [12, 13, 14,

15].

An early experiment pushing into the microscopic realm was described in the pa-

per by Blickle and Bechinger [16]. In this experiment the working fluid consisted of a

single colloidal particle suspended in a volume of water and confined using an optical

laser trap. With this setup, the authors were able to implement a four step Stirling

cycle. The work strokes consisted of isothermal compression and expansions, which

were implemented by changing the width of the trapping potential. The amount

of work done during the compression/expansion steps was dependent on the spatial

width of the particle probability distribution. The heating and cooling were done via

the surrounding water, which was heated using a laser matched to a water absorption

peak, and cooled using standard thermalisation. The engine cycle consisted of iso-

choric heating, followed by an isothermal expansion, then isochoric cooling, and finally

isothermal compression. They were able to study the e↵ect of thermal fluctuations

on the engine, as well as the conditions for maximal power output and e�ciency, and

their dependence of dissipation e↵ects in the engine. These dissipative e↵ects were

magnified at short cycle times, which resulted in the machine producing negative net

power (extracting energy from the work reservoir) for su�ciently short cycle times.

J. Roßnagel et al. demonstrated the first single atom heat engine [11], whose

working fluid consisted of a single Calcium ion (40Ca+) confined using a Paul trap

with tapered geometry. The hot and cold reservoirs were provided by electric noise

and laser cooling respectively, with the laser cooling being kept on continuously. They

were able to study the thermal cycles as a function of the temperature di↵erence
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between the reservoirs and the thermalisation of the ion under continuous coupling

to each of the reservoirs individually. The e↵ect of changing the temperature of the

ion was to produce an axial force, resulting in it moving it axially along the trap and

changing its potential energy, which constituted the work produced by the engine.

Continued periodic application of the heating and cooling steps resulted in the ions

oscillating back and forth in the trap. Work was stored in the oscillations of the ion,

and done against an additional axial laser which was used to provide friction. They

were able to measure the power output measuring the amplitude of the oscillations.

The significance of this experiment lies in the fact that it demonstrates that heat

engines can be scaled all the way down to the single atom limit. Although the working

substance did consist of a single atom, the performance characteristics of the engine

were still classical, demonstrating that the engine being a quantum entity need not

imply that the thermodynamics be non-classical.

There have also been an experimental proposals to make use of superconducting cir-

cuits [15, 14]. Niskanen et al. describe a microscopic refrigerator to lower the tem-

perature of a thin-film resistor by transferring heat to another thin-film resistor at a

higher temperature by the use of a single superconducting flux qubit. The qubit is

sandwiched between two LC circuits, with di↵erent resonance frequencies. By mod-

ulating the qubit using an external energy source, energy is transferred from one

circuit to the other, lowering the temperature of the cooler resistor from 400mK to

3mK. Campisi et al. also propose using two such superconducting circuits, but now

as a heat engine in order to study the role of thermal fluctuations in the operation of

microscopic heat engines.

There are others who have proposed to make use of the recent advances in opto-

mechanics to implement quantum heat engines. The conventional goal for opto-

mechancial experiments is to cool the macroscopic oscillator down to its phonon
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ground state. This is done by coupling cavity photons and oscillator phonons through

radiation pressure acting on one of the cavity mirrors, which enables the conversion

from one mode to the other. By contrast, the heat engine form uses the thermal

energy in the phonon bath to produce work, with the remaining heat being dumped

into the optical vacuum coupled to the cavity mode, which assumes the role of the

cold reservoir. Finally, the cavity mode is taken to be the work reservoir. Here the

coupling rates are given by the cavity decay rate and the mechanical damping. Such

an engine is described in the paper by Zhang et al. [12], where it is cycled by varying

the detuning between the phonon and cavity modes, so that the engine undergoes an

Otto cycle. Alternatively, they also show that this can be reversed and work extracted

from background radiation if working in the microwave rather than optical domain.

When we restrict ourselves to thermal baths [17], both quantum and classical engines

operating at optimal e�ciency are quasi-static and so close to equilibrium at each

point of the cycle [6]; in this realm there is little to tell apart the performance of

quantum and classical engines. Limits on the e�ciency such as the Carnot (⌘Carnot =

1 � Tc/Th) and Curzon-Ahlborn (Eq. 2.13) bounds are derived without reference to

a specific engine, and so continue to apply to quantum heat engines. For this reason,

in order to observe any nonclassical behaviour we need to either deviate from this

equilibrium condition, or relax the condition on the reservoirs being thermal.

One instance of quantum e↵ects arising in non-equilibrium heat engine cycles is a

friction-like term, the presence of which was determined by a detailed analysis of the

dynamics of Otto cycles by Koslo↵ et al. in [18, 19, 20]. It was shown that this term

derives from the non-commutivity of quantum operators, and so is entirely quantum

in origin. More specifically it is present on the adiabatic steps of the Otto cycle for

systems in which the Hamiltonian, H, does not commute with itself at di↵erent times,

[H(t1), H(t2)] 6= 0. The existance of studies such as this seemed to suggest that the
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addition of quantum e↵ects into a heat engine will be detrimental to its performance.

This need not be the case, however, as shown in the study of quantum batteries by

Binder et al. [21]. The authors of this paper were able to determine the optimal, finite

time charging procedure for a single qubit battery; additionally, when extending the

problem to an N qubit battery, they were able to show that entanglement can be used

to achieve an N-fold advantage in charging power per qubit.

An alternative way to find nonclassical performance characteristics is to relax the

condition that the baths be thermal and consider cases where they contain nonclas-

sical correlations. Such baths are no longer in thermal equilibrium, though they are

still required to be a genuine heat source in the sense that they should only exchange

energy with the system via heat and not through work. It can be shown that a

system coupled to a non-equilibrium reservoir no longer settles into a Gibbs state

(the stationary state for a system in contact with a thermal reservoir of fixed tem-

perature T - the ratios of populations in levels at energies E1 and E2 is given by

P (E2)/P (E1) = exp(�(E2 � E1)/kT ) [17]), but rather a perturbation of the Gibbs

state [22]; further, it was determined that the e�ciency of an engine operating between

such reservoirs is bound by a generalised Carnot bound, ⌘  1 � T
e↵
c /T

e↵
h , where

the e↵ective temperature depends on the di↵erence in average occupation numbers

between the standard and perturbed Gibbs states. There have been several studies

of heat engines operating between squeezed reservoirs [23, 24, 25]. It was shown that

the addition of squeezing to a thermal reservoir enables an engine to achieve perform-

ance characteristics precluded by standard thermodynamics, including allowing it to

extract work from a single reservoir, being able to achieve unit e�ciency, and even

achieve refrigeration and work extraction simultaneously [25, 23]. Although such an

engine is able to surpass the standard Carnot limit, it is still bound by the generalised

Carnot limit, in keeping with the second law [25]. These results don’t take into ac-
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count the cost of preparing such reservoirs, but rather consider them to be resources

available for use, much as with the thermal reservoirs are in the standard heat engine.

The introduction of coherence into a thermal reservoir can also have thermodynamic

consequences, as demonstrated recently by Scully et al [26]. In this paper the authors

consider a photon Carnot engine consisting of an optical cavity with one mirror doub-

ling as a piston, which is driven by the radiation pressure within the cavity. Heat

is supplied by a flow of three-level atoms through the cavity, which have previously

been prepared by being brought into contact with a hot reservoir; the addition of a

vanishingly small coherence between the levels in this atom provides a new control

parameter in the form of the phase of the atomic coherence. Using reservoirs of this

form, the authors demonstrate that such an engine operating in a Carnot cycle can

be made to run more e�ciently and produce more power than an engine without

coherence; furthrmore it was shown that one can obtain lasing without inversion and

work extraction from a single reservoir.

More recently Uzdin, Levy and Koslo↵ determined two interesting e↵ects that might

be observed in quantum engines operating with coherence in the energy basis [27]. The

first result demonstrates the equivalence in power output and heat flow for di↵erent

engine types when operating in a weak driving limit. The second results proves the

existence of a bound on the performance of an engine operating without coherence,

which provides a means of distinguishing the performance of a quantum engine from a

stochastic engine, providing what the authors defined to be a quatum thermodynamic

signature – this is a thermodynamic measurement which definitevly indicates the

presence of quantum e↵ects in the heat engine. These theoretical results underlie the

work presented in this thesis, and will be discussed more fully in the following chapter.

This thesis documents an experimental study of quantum heat engines using the

negative nitrogen vacancy centre in diamond. It is broken up into three broad parts.
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To begin with, there is an overview of quantum thermodynamics and quantum heat

engines, followed by an introduction to the nitrogen vacancy (NV) centre in diamond.

Then the implemention of a quantum heat engine using NV is described together with

the design of the experimental setup. Finally, the experimental and theoretical results

from this study are presented and discussed. The result from these experimental

e↵orts was the first demonstation of quantum e↵ects in the operation of a physical

microscopic heat engine whose enviroment is thermal.



Chapter 2
Background Theory

2.1 Quantum Thermodynamics

Quantum Thermodynamics is the field which attempts to extend the study of ther-

modynamics into systems which are non-classical. It is a comparatively new field of

study in its own right, although it might be argued that it can trace its origins back

to the very beginnings of quantum mechanics and Planck’s solution to the ultraviolet

catastrophe for black body radiation. The principal aim of quantum thermodynamic

is to determine how the laws of quantum mechanics, describing the dynamics of single

(or small numbers of) particles, might give rise to a statistical theory for ensembles of

particles, from which macroscopic thermodynamic variables and their governing rules

could be extracted. Since quantum theory provides our most accurate fundamental

description of the underlying constituents of matter and their behaviour, we expect

any theory of quantum thermodynamics to replicate the results of classical thermo-

dynamics in the limit as the system size approaches macroscopic scales. The fact

that the quantum world is so very di↵erent our familiar macroscopic world also raises

the possibility of the quantum theory deviating from classical thermodynamics in this

realm; this includes the possibility of completely new thermodynamic phenomena,

16
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and perhaps even violations of the heretofore unshakable laws of thermodynamics.

Motivated by this possibility, theoretical studies to determine the validity of the laws

of classical thermodynamics in the quantum realm have formed an important part of

the nascent field. Perhaps surprisingly, so far these studies indicate that the found-

ational laws of thermodynamics continue to hold good in the quantum world [6, 5].

Nevertheless, the question as to whether there is anything to distinguish quantum

thermodynamics from the classical theory remains open, and the subject of active

research. The remainder of this chapter is a brief overview of the subject, specifically

focussing on work relating to quantum heat engines.

2.1.1 Dynamical Quantum Thermodynamics

The analysis of quantum heat engines in this thesis is based on a study of the dynamics

of the heat engine. This approach is founded on the study of open quantum systems,

using Lindblad-type equations as its principle tool, and is a standard method used in

the study of quantum heat engines [28, 29, 30, 31]. Below some of the basic concepts

and tools that underlie these metods are described.

Completely Positive Trace Preserving maps

Recall that, if our system is in a statistical ensemble of quantum states, then the

appropriate description is given by the density matrix formalism. Given a system

which has probabilities {pi} of being in state { i}, the density matrix, denoted ⇢, is

given by,

⇢ =
X

i

pi | ii h i|

Notice that ⇢ is an operator rather than a wavefunction. If the state evolves according
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the the Schrodinger equation, i~ @t | i = H | i, then the density matrix evolves

according to Eq 2.1.

i~ @t⇢ = [H, ⇢] (2.1)

If U(t) is the unitary evolution operator for the system (the solution to i~ @tU = HU ,

with U(t = 0) = I) then the solution to Eq. 2.1 is simply given by,

⇢(t) = U(t)⇢(0)U(t)†, (2.2)

It is useful to describe an operator analogous to U for the density matrix. Because

this operator acts on an operator, it is termed a superoperator. The density matrix

time evolution superoperator, denoted ⇤(t), is defined by,

⇤(t) : ⇢ 7! U(t)⇢U(t)†

⇤(t) describes a special form of map known as a completely-positive, trace preserving

(CPTP) map. These mappings are endomorphisms on the set of density matrices

(they map density matrices to density matrices), and represent the allowed processes

that a physical system can undergo.

Definition 1 (Completely positive trace preserving maps).

A CPTP map, ⇤ : Md !Md, is one which satisfies the following:

1. Tr [⇤(⇢)] = Tr [⇢] 8⇢ 2Md.

2. (Ik ⌦ ⇤) (⇢) is positive semi-definite for all density matrices ⇢ 2 B (Hk ⌦Hd)

and k 2 N.

The first condition ensures that we can continue to interpret the diagonal elements

as probabilities. The second point is more subtle: first, complete positivity implies
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positivity, which is again required for the probabilistic interpretation of the diagonal

elements; the reason that we require complete positivity, rather than just positivity, is

because this description must consistently describe a joint system and an environment,

with ⇤ acting on the system alone.

The form of ⇤ in Eq. 2.2 is a special form of CPTP map, which describes unitary

evolution of the system; however, there are more general forms of process which are

not described by such unitary evolution. In general a CPTP map may be expressed

as [32],

⇤ (⇢) =
X

k

Bk⇢B
†

k, (2.3)

where
P

k B
†

kBk = I. It can be shown that any CPTP map is equivalent to unitary

evolution on a joint system and environment, followed by tracing out the environment.

Up to now we have only considered single maps, but we are interested in determ-

ining how these maps arise from some underlying temporal dynamics and the time

dependence of the map, in a manner analogous to the time dependence of the unitary

evolution operator. The requirements that such a set of operators needs to satisfy are

set out in definition 2.

Definition 2 (Quantum Dynamical Semigroup). A quantum dynamical semigroup is

a one parameter family of linear CPTP maps, {⇤t | t 2 R}, which satisfy,

1. ⇤t+s = ⇤t⇤s

2. hAi (t) = Tr [A (⇤t⇢)] is a continuous function of t for all ⇢ and A.

We say that an operator L is the generator for a quantum dynamical semigroup, {⇤t},

if it satisfies @t⇤t = L⇤t. Lindblad [33] and Gorini, Kossakowski and Sudarshan [34]

were independently able to prove the general form that such a generator assumes,

which is given in Theorem 1, which gives us the well known Lindblad equation.
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Theorem 1 (Generators for semigroups of quantum channels).

A linear map L : Md (C) ! Md (C) is the generator of a continuous dynamical

semigroup of trace-preserving CP maps i↵ it can be written in the form:

L (⇢) = i [⇢, H] +
X

k

Ak⇢A
†

k �
1

2

n
A

†

kAk, ⇢

o

where H is hermitian and {Ak}k ✓Md (C).

Proof. Lindblad [33], Gorini, Kossakowski and Sudarshan [34].

This result immediately gives us the Lindblad equation for the evolution of a density

matrix,

i~@t⇢ = [⇢, H] + L(⇢), (2.4)

where the dissipative term, L, is given by,

L(⇢) =
X

k

Ak⇢A
†

k �
1

2

n
A

†

kAk, ⇢

o

The operators Ak quantify the e↵ect of the environment on system and are known as

Lindblad operators. Prior to the above result Davies showed that such a Markovian

Master Equation described the interaction of a system weakly coupled to a heat bath

composed of an ideal fermionic gas [35]. The exact form of these operators needs

to be derived for each case in question – the derivation generally involves the use of

weak coupling, Markovian and Born approximations [28]. It can be shown that the

interaction of a thermal bath with a harmonic oscillator results in there being two

Lindblad operators [36, 37, 29],
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A1 =
p
�â and A2 =

p
�e

�
1
2�!â

†

Here ! is the spacing of the oscillator energy levels (the angular frequency of the

oscillator) and � = 1/(kBT ) is the inverse temperature. The parameter � is the

strength of the coupling, which depends on details of the situation in question. These

Lindblad operators can be interpreted as the bath exciting the system by one quanta

at an average rate of �e��!, whilst removing one quanta at an average rate of �. The

systems that we consider are di↵er from harmonic oscillators, as they are taken to

be finite and are allowed to have variable energy spacings; nevertheless it is possible

to write down analogous Lindblad operators for such a system. Suppose we have a

thermal bath of inverse temperature � coupling two states |ii and |ji, with energy

di↵erence �E = Ej�Ei > 0. Then the Lindblad operators describing this interaction

are [27],

Aij =
p
�e

�
1
2��E |ji hi| and Aji =

p
� |ji hi| ,

where � > 0 quantifies the system-reservoir coupling strength.

2.1.2 Liouville space

It is more convenient to work in the Liouville (or superoperator) space, where the

density matrix is vectorised (this can be thought of as flattening out the matrix, for

instance concatenating all the rows), ⇢ 7! |⇢i. This allows one to use the familiar

representation of linear transformations as matrices, rather than rank 4 tensors. Sup-

pose that our system has a Hamiltonian H and Lindblad operators {Ak}, so that the

system simply evolves according to Eq 2.4. We are then able to define operators H

and L by,
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H |⇢i = | [⇢, H] i and L |⇢i = |L(⇢) i

Eq 2.4 can be expressed in terms of these operators as,

i~@t |⇢i = (H + L) |⇢i

If we can further split the Hamiltonian into bare and interaction terms, then we can

write H = H0 + HI , and transform into the interaction picture,

i~ @t |⇢̃i = ( H̃I + L̃ ) |⇢̃i

Here the tilde represents the state/operator in the interaction picture: |⇢̃i = U |⇢i

and Ã = UAU
†, where U(t) = exp (�iH0t/~). Henceforth I will work exclusively in

the interaction picture and so drop the tildes, and simply write,

i~ @t |⇢i = (H + L) |⇢i , (2.5)

2.1.3 First Law

Suppose our Hamiltonian is given by H = H0 + V (t). There are two distinct extreme

situations we can consider, together with a continuum of possibilities lying between

them. The first occurs when the time dependent term V (t) varies adiabatically, so

that the system’s energy levels change with time, and our internal energy is given by

U = Tr (⇢H). Taking the time derivative yields,

hdtUi = Tr

✓
d⇢

dt
H

◆
+ Tr

✓
⇢
dH

dt

◆

This suggests that we might identify these two terms with the heat and work flows.
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The first term describes changes in the system which are not linked to changes in its

Hamiltonian; thus these can be associated with interactions between the system and

its environment, which results in changes beyond our direct control, and can therefore

be identified with heat flow. The second term describes changes in the internal energy

due to changes in the system Hamiltonian, over which we do have control, and allows

us to identify this term with work flow into the system. Thus we can write [6],

hQi =
Z

Tr (⇢̇H) dt and hW i =
Z

Tr
⇣
⇢Ḣ

⌘
dt (2.6)

We can substitute Eq. 2.4 into the heat expression to show,

hQi = � i

~

Z
Tr (HL (⇢)) + Tr ([H, ⇢]H) dt

= � i

~

Z
Tr (HL (⇢)) dt

Thus Q is due solely to the interaction with the environment, as expected. In the

superoperator picture, expectation values are given by,

hAi⇢ = Tr (⇢A) = hA| ⇢i (2.7)

So we can recast the definitions 2.6 into the superoperator picture:

hQi = � i

~

Z
hH| L |⇢(t)i dt & hW i = � i

~

Z
h Ḣ |⇢(t)i dt (2.8)

When the Hamiltonian no longer changes adiabatically, it is not longer straightfoward

to seperate out the heat and work. This case still presents an open research question;

however if the thermal and unitary interactions are applied seperately, then we can
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still define heat and work by examining the internal energy of the system at the end

of each of these periods. In either case the First Law of Thermodynamics (Eq. 2.9)

is satisfied.

h�Ui = hQi+ hW i (2.9)

2.1.4 Entropy and the Second Law

The second law of thermodynamics is a statement that the entropy of a closed system

cannot decrease in time.

�S � 0 (2.10)

This statement is closely linked with performance limitations on heat engines, in

terms of which the second law was first stated [17]. When working in the quantum

world it is possible to extend the classical definition of thermodynamic entropy in a

straightforward manner [6] , using the definitions of heat described in the previous

section,

�Sth =

Z

rev

h�Qi
T

The von Neumann entropy is the version used more often in the quantum domain;

this definition has an information theoretic origin and is defined naturally in terms of

the density matrix, and is given by,

Svn = �Tr (⇢ ln⇢)

The von Neumann entropy is simply an extension of the Shannon entropy to the



2.1 QUANTUM THERMODYNAMICS 25

quantum domain; moreover, the Shannon entropy is equivalent to the statistical mech-

anics definition of the entropy of a system (up to proportionality), which is given by,

S = �kB
X

i

pilog (pi)

This can be seen to reduce to the more familar expression of S = �kBlog |⌦| in the

case of equiprobable microstates (the equal a priori probability postulate of statistical

mechanics).

Whilst the thermal entropy and von Neumann entropy may appear to be unrelated, it

can be shown that they agree on a particular, but important, set of states known Gibbs

states. Recall that the canonical ensemble describes a system in thermal equilibrium

with a reservoir – it is the state that maximises the entropy of the system subject to

a fixed energy, or equivalently it minimises the energy for fixed entropy. The Gibbs

state is the quantum state analogous to the canonical ensemble, and for temperature

T it is defined by,

⇢ =
1

Z e
��H , where Z = Tr

⇥
e
��H

⇤
and � = 1/kBT

A system coupled to a thermal reservoir of inverse temperature � has the Gibbs state

as its limit point, regardless of the initial state. Gibbs states belong to a special class

of state known as passive states, which are those states from which we cannot extract

energy using unitary transformations [5]. More formally they are those states, ⇢, for

which,

Tr [⇢H]  Tr
⇥
U⇢U

†
H
⇤
8U 2 U(n)

It can be shown that such states must be diagonal in the energy basis, and have

monotonically decreasing elements when ordered according to their energies. This
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can be thought of as a manifestation of the Kelvin formulation of the second law,

which prevents us from extracting work from a system coupled only to a single thermal

reservoir. The e�ciency of a heat engine is closely related to the production of entropy

during the engine cycle. The Carnot cycle, which is able to achieve the maximum

possible e�ciency, set by the Carnot limit, is reversible and so produces no net entropy;

this reversibility comes at the cost of the cycle taking infinite time, and consequently

the engine having zero power output.

2.1.5 Dynamical analysis of Quantum Heat Engines

Here we consider a dynamical description of the operation of a quantum heat engine;

this is one of the primary techniques used in the study of quantum heat engines, and

it was in this formalism that the theoretical results underlying this experiment were

derived. The formalism is based on the study of open quantum systems [29, 28], where

we consider our working fluid to be the system of interest, with the thermal baths

forming the enviroment.

Continuous Engines

There are a number of di↵erent types of heat engine in both the quantum and classical

domains, the simplest of which is the continuous engine. This engine has the working

medium coupled constantly to each of the thermal reservoirs and work reservoir, as

illustrated in Fig. 2.1,
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Hw

Hw Hw

Hw

Lc

Lc

Lc

Lh

Lh

Lh

Figure 2.1: Continuous engine block diagram. The horizontal axis represents time, whilst
the vertical axis represents the interaction strength for the relevent interaction.

This requires a system with a minimum of three levels to function. A schematic of a

continuous engine implementation is given in Fig. 2.2.

Thermal stroke Work stroke

Figure 2.2: 3-level continuous engine schematic. The first and third levels are coupled by
the hot reservoir, the second and third by the could reservoir, and the first and second by
the work reservoir. The combined e↵ect of the thermal resevoirs is to continuously create
an inversion between the first and second levels, which can be exploited for work.

This system was first analysed in the context of heat engines in the paper by Scovil

and Schulz-DuBois [10]. The condition for this engine to produce work is that there be

a population inversion, as is the case for a LASER/MASER. It can further be shown

that the performance of this engine is still bound by the Carnot limit – this follows

quite simply from the Boltzmann factors describing the steady state population ratios

due to the baths. The ratio of populations in |1i and |2i at thermal equilibrium is

given by,
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p2

p1
= e

��h!13 ⇥ e
�c!23

Here !ij = Ei � Ej and � = 1/kT . The condition for work production is that

this quantity be greater than unity, which implies �h!13 < �c!23 , or equivalently,

Tc/Th < !23/!13. The e�ciency at steady state is then given by,

⌘ =
W

Qh
=
!12

!13
= 1� !23

!13
< 1� Tc

Th
⌘ ⌘carnot ,

demonstrating that the engine is indeed bound by the Carnot limit. This limit can

only be achieved on the brink of inversion, which implies zero power output, as in the

case of the classical Carnot engine. This engine can be viewed as a form of quantum

amplifier, which is able to increase the number of photons at frequency !12 through

the process of stimulated emission. A more detailed analysis of the dynamics of a

continuous engine, including analyses of entropy production, e�ciency-power tradeo↵,

and conditions for maximum power are given in Ref. [38].

Reciprocating Engines

Reciprocating engines are those which have a well defined cycle time, and distinct

strokes during each cycle, which results in the engine having non-trivial dynamics

when steady state operation has been reached (steady state is corresponds to periodic

time evolution of the engine state with period equal to the cycle duration ).

There are two widely studied varieties of reciprocating engine, the Otto engine and the

Carnot engine, with the Otto engine having received the greater share of attention due

to it being simpler to study theoretically [30]. The Otto engine does di↵er in several

aspects from the variety of engine studied in this thesis; nevertheless, because the

quantum Otto cycle is the prototype reciprocating quantum heat engine and because
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the techniques used in its study are applicable to reciprocal engines more generally, I

will give a brief overview of the Otto engine and these approaches.

Reciprocating engines are described by cycles which are products of CPTP maps,

with each corresponding to a distinct stroke in the cycle. If the individual strokes are

described by operators Ki, then the total cycle operator is given by,

Kcyc =
Y

i

Ki (2.11)

A steady state of the system is given by the zero eigenvector of (Kcyc � I),

Kcyc ⇢0 = ⇢0

If the kernal of (Kcyc � I) is one dimensional, then the engine has a unique steady

state ⇢0. In this case Kcyc is referred to as relaxing, and the engine always settles to

⇢0, regardless of the starting state. This can be written as,

lim
n!1

(Kcyc)
n
⇢ = ⇢0

The Otto cycle is a four stroke engine which is depicted schematically in Fig. 2.3.
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I II III IV I

Figure 2.3: Schematic of the Otto engine cycle in a two level system. The hot bath is
first coupled to the hot resevoir, transfering population into the upper level, after which the
spacing between the levels is reduced, producing work; then the cold reservoir is coupled
moving population back down into the ground state, which is followed by an expansion of
the level spacing, which requires work. There is net work produced because of the di↵erence
in population ratios between the level expansion and contraction steps.

One such example of an Otto cycle operating in the quantum regime, and one often

considered in the literature [39, 11, 30], is a particle in a trapping potential. The

sequence is as follows,

1. Hot isochore – the working substance is coupled to a hot reservoir, increasing

its temperature whilst holding the trapping potential fixed, so that, again, no

work is done. The engine gains entropy in this step.

2. Isentropic expansion – the curvature of the trap potential is reduced, allowing

the working substance to expand without heat transfer, such that the entropy

is constant and its internal energy scale is decreased.

3. Cold isochore – the working substance is coupled to a cold reservoir, decreasing

its temperature whilst holding the trapping potential fixed, such that no work

is done. The engine entropy is reduced in this step.

4. Isentropic compression – the curvature of the trap potential is increased, com-

pressing the working substance, again without heat transfer, such that the en-
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tropy is constant and its internal energy scale is increased.

The engine is able to produce a net positive amount of work due to the asymmetry

between the expansion and compression strokes, since the compression occurs at a

lower temperature than the expansion. We need to consider what is meant by the

volume of a few, or even single, particle engine. In some implementations, such as a

single particle in a harmonic trap [30, 16, 11], this does correspond to a spatial volume

in the form of the width of the trapping potential, which interacts with the spatial

wavefunction of the particle. However, for the Otto cycle one simply requires that no

work be exchanged between the system and the work reservoir during the ischores,

and that the expansion/compression steps correspond to constant entropy processes

in which no heat is exchanged between the system and environment. We denote the

corresponding operators, cyclically shifted from the previous ordering, by,

Kcyc = KhKchKcKhc

Note that we can express the work done and heat flow comparatively simply in terms

of these operators:

W = hH0| (Khc � I) |⇢0i+ hH0| (Kch � I)KcKhc |⇢0i

Qh = hH0| (Kh � I)KchKcKhc |⇢0i

Qc = hH0| (Kc � I)Khc |⇢0i

The e�ciency is given by,
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⌘ =
W

Qh
 ⌘c ⌘ 1� Tc

Th
(2.12)

In both classical and quantum realms, engines operating at maximum e�ciency are

necessarily quasi-static and so produce no power. Any deviation from this quasi-static

condition reduces the e�ciency of the engine (even in the absence of friction and heat

leaks) and is the focus of studies of power/e�ciency trade-o↵. Curzon and Ahlhorn

determined the e�ciency of a Carnot engine working at maximum power output,

which is given by Eq. 2.13 [40]. It can further be shown that this bound extends to

the case of a quantum Carnot engine [6, 5]:

⌘CA = 1�
r

Tc

Th
(2.13)

The engine type considered in this thesis di↵ers from the Otto engine by implementing

its unitary work stroke using coherent driving of one of the system transitions, rather

than adiabatically shifting the energy levels, similar to the continuous engine described

in SubSec. 2.1.5. In this case talking about processes involving volume and pressure

has little meaning; nevertheless, we can still describe our engine in terms of stroke

operators as done in Eq. 2.11. These strokes are now described by Eq. 2.5. There are

a number of variations of four stroke engine that one can implement which di↵er in

their level scheme and stroke ordering [27], but the standard form has strokes which

bear a close similarity to those in the Otto engine, and is represented in Fig. 2.4. The

four-stroke engine has the following cycle decomposition,

Kcyc = KhKw2KcKw1

We can explicitly write down the form of these operators, which are given by,
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Kw1(t) = e
�

i
~Hw1 t and Kw2(t) = e

�
i
~Hw2 t

Kh(t) = e
�

i
~Lht and Kc(t) = e

�
i
~Lct

Here K!i describe the unitary strokes, whilst Kh(c) correspond to the hot (cold) thermal

strokes.The expressions for the work and heat per stroke remain unchanged, although

the instantaneous flows would now be calculated using Eq. ?? rather than Eq. 2.8.

Hw

Hw

Lc

Lc

Lh

Lh

Hw1 Hw2Lc Lh

Figure 2.4: Block diagram for a four-stroke engine. The horizontal axis represents time,
and the vertical indicates the coupling strength.

Finally, one can also consider a two stroke variant of engine using the resonant driving

form of unitary. In this engine, there are separate thermalisation and work steps, but

now with both hot and cold baths coupled simultaneously during the thermal stroke

– this is shown schematically in block diagram form in Fig. 2.6.

This has the following cycle decomposition,

Kcyc = KthKw,

where the operators are now given by,

Kth(t) = e
�

i
~ (Lh+Lc)t and Kw(t) = e

�
i
~Hwt
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Thermal stroke Work stroke

Figure 2.5: Two-stroke engine schematic. Both thermal reservoirs are coupled in the first
stroke, creating a population inversion between the lower two levels. This inversion then
allows for work extration through stimulated emission in the second stroke.

This functions much as one might expect – the thermal stroke creates a popula-

tion inversion between levels |1i and |2i, which is then exploited in the work stroke,

by driving this transition and producing photons in this mode, through stimulated

emission. This is illustrated schematically in Fig. 2.5.

Hw

Hw

Lc

Lc

Lh

Lh

Hw1 Hw2Lc Lh

Figure 2.6: Two-stroke engine block diagram. The horizontal axis represents time, and
the vertical indicates the coupling strength. Note that the thermal reservoirs are coupled
simulatenously unlike the four-stroke engine.

Finally, before we go further, it is necessary to define the notion of the action of a

reciprocating quantum heat engine. Intuitively this can be thought of as the sum

of the products of the coupling constants and the stroke periods, and indicates the
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extent to which the system changes during a stroke. Formally it can be defined as

follows.

Definition 3 (Action).

Suppose we have a heat engine evolving according to Eq. 2.5. Then, if we write

H = Hw + L, the action of the engine is defined by,

s =

Z tcyc

0

kH(⌧)k d⌧

In the next two subsections I give an account of the material in the paper by Uzdin,

Levy and Koslo↵ [27], which inspired the work in this thesis and provides its theoretical

underpinnings. There are two significant results in this paper, both of which relate to

quantum phenomena exhibited by engines whose working fluid possesses coherence in

the energy basis. The first of these concerns the existence a bound on the performance

of a stochastic engine, which provides a means of distinguishing the performance

of a quantum engine from a stochastic engine, whilst the second demonstrates the

thermodynamic equivalence of di↵erent engine types in the small action limit.

2.1.6 Quantum Thermodynamic Signatures

The second result demonstrated by Uzdin et al. was the prediction that coherence in

the working fluid of a heat engine could produce measurable thermodynamic traces

of its presence [27]. This was formalised using a concept called the quantum ther-

modynamic signature, which is defined in terms of an equivalent classical engine. To

make any such comparison meaningful, the classical engine must be as similar as

possible to the the quantum engine – so we require that it be obtained through a

minimal possible set of modifications. More specifically, given a quantum engine, the

authors postulated that the equivalent classical engine should satisfy the following set
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of requirements:

1. The dynamics should be described entirely in terms of the populations.

2. The essential parameters of the engine should remain unchanged – this includes

the level structure, the bath temperatures and the coupling strengths.

3. The modification should not introduce new sources of heat or work.

An additional condition is that the strokes comprising the engine should agree on

their action on population only states, which gives the notion of an equivalent engine

mathematical meaning. Suppose we have a stroke S, and if Sstoch is the classical

stroke, then, for all density matrices ⇢, this condition takes the form,

S (⇢)|pop = Sstoch(⇢|pop)

It should be noted that these conditions do not uniquely determine the equivalent

stochastic engine; however it does uniquely determine the overall e↵ect of each stroke,

and so the performance of the engine, ensuring this correspondence is well defined.

It can be shown that the resulting strokes for this equivalent engine are given by the

mapping in Eq 2.14 [27].

S 7! Sstoch = (DSD)|pop (2.14)

Here S represents the quantum stroke operator, Sstoch the corresponding classical

operator, and D is the complete dephasing operator, which is simply the projection

operator onto the population subspace. Note that this mapping also satisfies all the

conditions by construction. To construct the equivalent classical engine, we simply

perform this operator for each of the constituent strokes of the original quantum en-

gine, and then sandwich them together in the correct order. The thermal operators
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are essentially left unchanged under this operation, since their action is closed on

the population space. The unitary strokes get mapped to doubly stochastic operat-

ors, which can be interpreted as describing complete population swaps with certain

probabilities. Given this mapping, one can then consider how the performance of

the quantum engine di↵ers from that of the corresponding classical engine. For this

purpose, and for the sake of simplicity, we consider the two stroke engine. Let ⇢̃ be

the steady state of Kth Kw (i.e Kth Kw |⇢̃i = |⇢̃i). Then the work done per stroke for

the quantum two-stroke engine is given by,

W = �hH0| e�
i
~Hwtw � I |⇢̃i , (2.15)

Define |⇢̃popi ⌘ D |⇢̃i and |⇢̃cohi ⌘ (I�D) |⇢̃i. Then one can split the work done

per stroke into two distinct terms, one deriving entirely from the populations in the

density matrix and one entirely from the coherences, as follows,

W = Wpop +Wcoh ,

where W↵ = �hH0| e�
i
~Hwtw � I |⇢̃↵i for ↵ = pop, coh. It can be shown that if our

interaction derives from a dipole type coupling, HI = ~µ · ~F , then by partitioning our

basis into coherence terms and population terms, so that |⇢i = |⇢cohi
L

|⇢popi, the

Hamiltonian Hw assumes the form,

Hw =

0

B@
0 h

h
† 0

1

CA (2.16)

Because |H0i only has population terms, this form results in even and odd powers

of the expansion acting selectively on the population and coherence components, as

shown below.
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hH0| H2n
w |⇢cohi = 0 and hH0| H2n+1

w |⇢popi = 0 8n 2 N

Expanding the exponential of 2.15 and using these expressions yields,

Wpop =
X

k=1

1

(2k)!

✓
�i
2~

◆2k

hH0| H2k
w |⇢popi t2kw

Wcoh =
X

k=1

1

(2k � 1)!

✓
�i
2~

◆2k�1

hH0| H2k�1
w |⇢cohi t2k�1

w

It can be seen that to leading order Wpop ⇠ O
�
t
2
cycle

�
and Wcoh ⇠ O (tcycle). This

implies that, in the limit of tcycle ! 0, Ppop = Wpop/tcycle vanishes, whilst Pcoh =

Wcoh/tcycle tends to some constant proportional to the coherence.

The above observation forms the basis for the quantum thermodynamic signature.

The goal is to determine whether the presence of coherence in the engine is able

to modify the thermodynamic flows in such that they could not be produced by

the corresponding stochastic engine. Measuring such a flow would then indicate the

presence of coherence in the engine working fluid. The approach taken in Ref. [27]

was to determine an upper bound on the performance of the stochastic engine, which,

if broken, indicates that coherence must be present in the engine. It is important that

this bound depends only on parameters which are not dependent on coherence in any

way – in particular this requires that it be independent of the state of the system. For

the purposes of this work, I will only describe the stochastic bound for the two-stroke

engine; a more complete derivation can be found in Ref [27]. The power output from

the equivalent classical engine is given by,
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Wstoch = �
⌧
H̃0

����
⇣
De

�
i
~HwtwD

⌘

pop
� I

���� ⇢̃pop
�

(2.17)

where ⇢̃pop need not be the same as ⇢pop, and H̃0 = H0|pop. Using the previously

derived relations it can be shown that only even powers of the expansion contribute

to the work. This allows one to write,

Wstoch =
t
2
w

2~2
D
H̃0

���
�
DH2

wD
�
pop

|⇢̃popi+ O
�
(s/~)4

�
(2.18)

In the case of the dipole interaction, the interaction Hamiltonian takes the form:

HI =
~
2

2

64
0 ⌦

⌦⇤ 0

3

75

It can be shown that,

�
DH2

wD
�
pop

=
1

2
~2⌦2

2

66664

1 �1 0

�1 1 0

0 0 0

3

77775

Substituting this back into Eq. 4.5 we have,

Wstoch =
1

4
t
2
w⌦

2 [0, ~!12, ~!13]

2

66664

1 �1 0

�1 1 0

0 0 0

3

77775

2

66664

⇢̃11

⇢̃22

⇢̃33

3

77775

=
1

4
~!12t

2
w⌦

2 (⇢̃22 � ⇢̃11)
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In order to ensure that our final quantity is state independent, we maximise over all

possible population states. We use the fact that 0  ⇢̃11, ⇢̃22  1 to obtain,

Wstoch 
1

4
~!12t

2
w⌦

2

Therefore the work per cycle from a stochastic engine, with coupling ⌦ to the work

reservoir and work stroke duration tw, is constrained to lie below the above bound

irrespective of the details of the thermalisation step. This can be cast in terms of a

bound on the power by dividing through by the cycle time,

Pstoch 
1

4
~!12d⌦

2
tw, (2.19)

where d is the duty cycle. A theoretical example of this is given in Fig. 2.7

Figure 2.7: Demonstration of beating the stochastic bound. The two-stroke and four-
stroke duty cycles are 50% and 25% respectively. Here the temperatures are given by
!h/kTh = 1 and !c/kTc = 2 for both engine types. The two-stroke coupling strengths are
⌦ = �h = �c = 2.5 MHz, whilst the corresponding couplings for the four-stroke engine are
5 MHz. It can be seen that the coherent engine power output is greater than the stochastic
bound in both cases for actions less than ~, whilst both drop below the bound for larger
actions.



2.1 QUANTUM THERMODYNAMICS 41

2.1.7 Equivalence of quantum heat machines

This result relates to thermodynamic equivalence of di↵erent engine varieties in the

small action limit. We begin by considering the three fundamental engine types:

continuous, two-stroke, and four-stroke. This result is reached by showing that each

of the di↵erent stroke varieties is equivalent to the continuous engine as the action

tends toward zero provided the average couplings are equal for each case. Recall

that strokes are simply given by evolution operators of the form exp (At), with the

total cycle evolution being a product of such operators. The result relies on being

able to decompose the exponential of a sum into a product of operators. If we were

dealing with numbers (or any abelian set) then this occurs trivially since we have,

exp (a+ b) = exp (a) exp (b). However, because operators do not commute in general,

we use a decomposition known as the Strang decomposition [27, 41],

e
t(X+Y ) = e

1
2 tY e

tX
e

1
2 tY + O

�
s
3
�

where s = (kXk+ kY k) t. kXk is the spectral norm of the operator X. For this

decomposition to be valid we simply require s⌧ 1. In this case we write,

e
t(X+Y ) ⇠= e

1
2 tY e

tX
e

1
2 tY

Suppose that we have a two-stroke engine with cycle time ⌧cyc, that we wish to compare

a continuous engine. Then evolution of a continuous engine in time ⌧cyc is given by,

Kcont = e
�

i
~ (Hw+Lc+Lh)⌧cyc

We can now apply the Strang decomposition to this operator to obtain,
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Kcont
⇠= e

�
i
2~L⌧cyce

�
i
~Hw⌧cyce

�
i
2~L⌧cyc

Finally, in order to compare this to the two-stroke engine, we need to ensure that the

sum of the stroke times in the above decomposition is equal to ⌧cyc. This is achieved

by simply rescaling the couplings,

Kcont
⇠= e

�
i
~(

1
↵L)(↵

2 ⌧cyc)e�
i
~(

1
�Hw)(�⌧cyc)

e
�

i
~(

1
↵L)(↵

2 ⌧cyc),

where ↵+� = 1. Finally, because this operator is applied repeatedly, cyclic rotations

of these operators produce equivalent engines, so we can write,

Kcont
⇠= e

�
i
~(

1
↵L)(↵⌧cyc)

e
�

i
~(

1
�Hw)(�⌧cyc) if (kH!k+ kLck+ kLhk) ⌧cyc ⌧ ~

We can identify � as the duty cycle (d = ⌧w/⌧cyc) of the engine. Thus we can see

that the two stroke engine with duty cycle d is equivalent to a continuous engine with

thermal and unitary operators given by (1� d)L and dHw respectively. It is possible

to continue splitting up these exponentials in an analogous manner to obtain di↵erent

engine types, including the four-stroke by separating out the hot and cold couplings.

This result shows the dynamical equivalence of these di↵erent engine types at the end

of each cycle. This implies that these engines will have the same steady states, and will

also share the same transient behaviour in their approach to steady state operation.

Note that this says nothing about the dynamics within the stroke, which might di↵er

significantly – thus the engines are still distinct. This also means that the dynamical

equivalence does not immediately imply a thermodynamic equivalence between the

di↵erent engine types, since work and heat are not state variables. Nevertheless, the
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net heat and work flows of the di↵erent engine types can be shown to be equivalent

up to O(s3) using a result called the symmetric rearrangement theorem [27].

Theorem 2. (symmetric rearrangement theorem)

Suppose we have time-symmetric couplings ⌦(t), �c(t) and �h(t). Then a transform-

ation of these constitutes a symmetric rearrangement if the transformed functions

remain time symmetric and if the time integral of each is left unchanged. If we have

such a symmetric rearrangement, then the heat and work flows into the system are

left invariant under the transformation up to O(s3).

Proof. See Appendix D of [27] by Uzdin, Levy and Koslo↵.

It can be seen that any Strang splitting of the continuous engine satisfies the condi-

tions for the symmetric rearrangement theorem, which immediately implies that the

heat and work flows of the continuous, two-stroke and four-stroke engines are equal

provided the action is su�ciently small. An example demonstrating this is given in

Fig. 2.8.
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Figure 2.8: A numeric demonstration of the convergene in engine performance in the small
action limit. The two-stroke and four-stroke duty cycles are 50% and 25% respectively.
Here the temperatures are given by !h/kTh = 1 and !c/kTc = 2 for all engine types.
The continuous coupling strengths are ⌦ = �h = �c = 0.5 MHz, whilst the corresponding
couplings for the two-stroke and four-stroke engines are 1 MHz and 2 MHz respectively. It
can clearly be seen that the power outputs converge for actions less than ~.

2.2 The Nitrogen Vacancy Centre in Diamond

We choose the NV centre in diamond as our system to test for quantum heat machine

equivalence (QHME) and the quantum thermodynamic signature (QTS). The NV

centre is a crystal defect in diamond which has attracted a great deal of interest as

a system for use in various quantum technologies, including as a qubit for quantum

information processing (QIP) tasks, as a single photon source [42, 43], and finally

for applications in quantum metrology where it has been used to make ultra-sensitive

measurements of quantities such as temperature and magnetic fields [44, 45, 46, 47, 48].

We were already interested the NV centre in the context of quantum memories prior

to this project, and it was the similarity between the memory and heat engine schemes
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in the NV centre that first suggested the experiment. The reasons for this choice are

as follows:

1. The NV centre provides us with a suitable level structure in the form of a spin

triplet – these levels have long coherence lifetimes at room temperature, can

be coherently controlled using convenient microwave frequencies, and can be

shifted using an external magnetic field [49, 50, 51].

2. This spin triplet can be incoherently spin-pumped (net transfer of population

between spin states resulting in a spin polarisation) using o↵-resonant optical

excitation [52, 49].

3. In addition to spin pumping the ground state, the o↵-resonant optical excitation

provides a sensitive means of reading out the ground state spin via a technique

known as optically detected magnetic resonance (ODMR) [49, 42, 53].

The discrete level structure a↵orded by the spin triplet together with the fact that

these states have long coherence times is important for this experimental implement-

ation of a quantum heat engine. The incoherent optical pumping is also important

for emulating the e↵ect of a thermal coupling. Finally, the ODMR allows us to meas-

ure the performance of the engine, even when producing very low powers, and as a

natural consequence of the thermalisation step. It is the combination of all three of

these features that makes the NV� a suitable test platform for this experiment. In

the remainder of this section I will cover the essential properties and physics of the

NV centre, as well as how it can be used to implement a heat engine.
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2.2.1 Introduction to the NV centre

The NV centre consists of a substitutional nitrogen atom adjacent to a vacant site

within the carbon lattice (see [54] for a detailed description of the diamond lattice).

It can exist in one of two charge states, neutral and negative (and less often, post-

ive); the negative centre has received the greater share of attention, largely due its

QIP and metrology potential, whilst the NV0 has generally considered ill suited to

these applications due to its electronic structure. The two charged states can be dis-

tinguished by their di↵erent zero phonon lines (ZPL) of 637nm (NV�) and 575nm

(NV0). The defect is produced either during the chemical vapour deposition (CVD)

process of producing diamonds, or by radiating and annealing diamond which has a

natural abundance of substitutional nitrogen. [49]

Figure 2.9: - geometric structure of the nitrogen vacancy centre: The NV consists of a
substitutional nitrogen atom (green) and a vacant lattice site (grey) replacing two adjacent
carbon atoms in the cubic diamond lattice.
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2.2.2 Electronic structure

The electronic structure of the NV centre has been determined by combined exper-

imental and theoretical studies, where the theoretical studies have made use of ab

initio methods, as well as semi-empirical molecular models of deep level defects in

semiconductors. Below I summirse the contents of Dr Jero Maze’s thesis [55].

A defect in the crystal breaks the translational symmetry of the crystal, so that the full

symmetry group of the crystal is reduced to a discrete point group (transformations

which leave one point fixed – i.e rotations and reflections), which is some subset of

the crystal point group. In the case of the NV centre this group is known as C3v (or

just the familiar dihedral group D3). Due to this symmetry breaking, Bloch states

are no longer a good approximation for electrons in the region of the defect; instead

the states of interest are those which are localised in the vicinity of the defect. When

the defect includes a vacancy, there are unpaired electrons in orbitals protruding

into the vacancy, which are known as dangling bonds. The NV centre has four such

orbitals, one from the Nitrogen and three from the Carbon atoms. These can be

used to construct the leading order single electron orbitals by acting on them with

the projection operators associated with the irreducible representations of C3v. This

yields three single electron wavefunctions denoted a1, ex and ey, lying within the band

gap, with the degenerate e states lying at higher energy than the a. There is also an

additional level, a01 which lies in the valence band, so that it is always occupied and

does not contribute to the dynamics.

The negative NV centre has 6 electrons occupying these orbitals – one from each

Carbon atom, two from the Nitrogen atom, and an additional electron contributed

from substitutional Nitrogen atoms in the environment (or any other donors in the

vicinity) – which requires it be described with multi-electron wavefunctions. Due
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to there being 6 electrons in 8 possible states, it is simpler to describe the multi-

electron states in terms of the two remaining ’holes’. An application of the group

projection operators to these two electron wavefunctions yields combinations of the

single electron wavefunctions which are the symmetry adapted basis states of the

NV�. There are 6 possible e
2 (in the hole picture) contributions, consisting of a

triplet and 3 singlets, and 8 ae configurations, at a higher energy than the e
2 states,

which consist of 2 triplets and 2 singlets.

Conduction band

Valence band

3A2 (e2 (T))

3E (ae (T))

1A1(e2 (S))

1E (e2 (S)) 

5.5eV

1.945eV 1.19eV

0.65eV

2.94eV

1E (ae (S))

Figure 2.10: The energy level structure of the negative NV centre. The states on the
left side are spin triplets (T), whilst those on the right are spin singlets (S), and the labels
denote the orbital symetry of the state.

All levels with the same molecular orbitals are degenerate prior to including electron-

electron repulsion – the inclusion of this Coloumb interaction splits these states based

on their orbital configurations. The resulting states and their ordering is shown in
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Fig. 2.10; here the states are labeled according the irreducible representation of the C3v

(A1, A2 and E), with the corresponding single electron orbitals given in parenthesis

together with the spin type, and the number to the left indicating the number of

states (e.g there are six states in 3
E as E is a two dimensional representation).

2.2.3 Ground state fine structure

We have not yet considered terms in the Hamiltonian that split states according

to their spin component, nor interactions with external fields, so that states with

the same orbital wavefunction and total spin are degenerate. The addition of such

interactions raises this degeneracy, allowing us to observe the fine structure of the NV

centre. Ordinarily the spin-orbit interaction provides the largest shift in those states

which have orbital angular momentum; however the ground 3
A2 orbital state, given

by |exey � eyexi, has zero angular momentum, with the result that the spin-orbit

interaction has no e↵ect on these states [49, 55]. Instead the resonance associated

with the ground states, observed at 2.87GHz at zero field, can be attributed to the

spin-spin interaction. This is given by,

Hss = �
µ0g

2
µ
2
B

4⇡

X

i<j

1

r
3
ij

[3 (~si · r̂ij) (~sj · r̂ij)� ŝi · ŝj]

Because the ground states all share the same orbital wavefunction, one can trace out

the orbital parts to be left with
P

i,j D
ij
SiSj, where D is a rank two tensor describing

the spin-spin interaction Ref. [56, 55]. Of these terms, only the axial (z – aligned with

the NV axis) component has a non-zero expectation value in the ground state. So if

we write Dzz = d
k

gs = 2.87GHz, we are left with,

Hss = d
k

gsS
2
z (2.20)
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The e↵ect of this term is to split the levels in the ground state, raising the ±1 levels

2.87 GHz above the 0 spin-state. In addition to spin-spin and spin-orbit, one can

consider hyperfine interactions with the nuclear spin of the substitutional Nitrogen,

and with the Carbon-13 isotope if any are in the vicinity of the centre; I do not

consider these interactions in detail here, as they are too weak (⇠ MHz) for us to

resolve in our experiment (as discussed below), and so play no role.

Finally we need to account for the e↵ect of interactions with external fields, such as

electric and magnetic fields, as well as strain in the diamond. Firstly the interaction

of the centre with external magnetic fields is simply accounted for by the Zeeman

interaction,

HZeeman =
µB

~

⇣
~L+ ggs

~S

⌘
· ~B

=
ggsµB

~
~S · ~B,

where ggs = 2.00232 is the ground state Lande g factor, µB = 13.9964GHz/T is

the Bohr magneton, and the orbital term vanishes in the ground state as discussed

previously. To first order, both the electric field and strain act on the centre through

the electric dipole operator, ~d = e~r, via an interaction term of the form
⇣
~E + ~⇠

⌘
· ~d,

where ~E is the electric field and ~⇠ is the strain. Because the ground states share the

same orbital wavefunction, this simply shifts them all relative to the other orbital

states (the singlets and excited state manifold). If we include the e↵ect of the electric

field interaction on the spin (a second order e↵ect similar in origin to the spin-orbit

interaction), and trace out the orbital part, we obtain the following interaction term

[49, 56]
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HStark =d
k

gs (Ez + ⇠z)


S
2
z �

1

3
S (S + 1)

�
+ d

?

gs (Ex + ⇠x)
�
S
2
y � S

2
x

�

+ d
?

gs (Ey + ⇠y) (SySx + SxSy)

The axial term is as before (Eq. 2.20), whilst the term d
?

gs is the perpendicular

coupling coe�cient. Although this interaction is not used explicitly in our experiment,

I mention it because it is responsible for broadening of the ground state transitions

due to varying strain in the crystal.

2.2.4 Excited state fine structure

Temperature plays an important role when it comes to discussing the fine structure

of the excited states; this is because the details of the fine structure apparent at cryo-

genic temperatures are blurred out due to orbital averaging when working at room

temperature [57, 49]. The six symmetry adapted states in 3
E are given in Table 2.1.

Table 2.1: States in the 3E manifold. Here E± = ae± � e±a, where e± = ⌥ (ex ± iey).
Taken from Ref. [55].

A1 = |E�i |""i � |E+i |##i

A2 = |E�i |""i+ |E+i |##i

E1 = |E�i |##i � |E+i |""i

E2 = |E�i |##i+ |E+i |""i

Ex = i |E� + E+i |"# + #"i /2

Ey = |E� � E+i |"# + #"i /2
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Low temperature

Unlike the ground states, the excited states have a non-trivial orbital angular mo-

mentum, and so the spin-orbit interaction does play a role in their structure. The

spin-orbit interaction is a relativistic e↵ect due to the motion of a charge through an

electric potential, V , which is given by,

HSO = (g � 1)
~

2m2c2
(rV ⇥ ~p) · ~s

In a system with full rotational symmetry, we can write V = V (r), so that rV =

@rV r̂. In this case the spin-orbit interaction is simply proportional to L · S; however

because of the reduced symmetry in the defect, it is given by [56],

HSO =
2X

k=1

�xy

⇣
l̂
x
k ŝ

x
k + l̂

y
k ŝ

y
k

⌘
+ �z l̂

z
k ŝ

z
k

= �z (|A1i hA1| + |A2i hA2|� |E1i hE1|� |E2i hE2|)

High temperature

Studies of the 3
E fine structure at room temperature were only able to observe three

states [58]. This was later shown to be a consequence of phonon mediated orbital

averaging [59]. When the centre is excited into one of the 3
E states, phonon inter-

actions tend to distribute it into a equal statistical distribution of states with the

correct spin projection, with the e↵ective energy given by the average of the energies

of the states with the same spin. The rate at which this redistribution occurs depends

on the temperature – at low temperatures it is su�ciently slow compared to the 3
E

lifetime so as to have no e↵ect; as the diamond approaches room temperature the

rate increases to be significantly faster than the lifetime, so that there is a complete
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redistribution prior decaying back to the ground state. The e↵ective excited state

Hamiltonian is then obtained by taking a partial trace over the orbital states. This

results in a washing out of the spin-orbit part of the Hamiltonian, since the phonons

act with the orbits, but leave the spin-spin interaction unmodified to first order.

Hes = DesS
2
z

The axial spin-spin coupling in the excited state is now Des = 1.42GHz rather than

2.87GHz in the ground state. As with the ground state, we can consider the addition of

terms coupling these states to external fields. The interaction Hamiltonian describing

the Stark, Strain and Zeeman interactions is given by,

V
(I)
es =

µ0ges

~
~S · ~B + d

k

es (Ez + ⇠z) + f(~⇠)
�
S
2
y � S

2
x

�
,

where f(~⇠) is a function of the strain [59].

2.2.5 Optical Dynamics

The excited 3
E state lies 1.945eV (637nm) above the lower 3

A2 state, which corres-

ponds to a red optical transition. By illuminating the centre with 532nm (green) light,

we excite the centre to the 3
E phonon sideband (PSB). It then rapidly (T1 < 1ps)

decays from these excited vibrational states to the 3
E ground vibrational state via

phonon transitions. It is important to note that, although it preserves the spin state

of the centre, this excitation is an incoherent process – this results from the random

phase acquired by the centre during the phonon decay, due to its interaction with

the Markovian phonon bath. This means that any coherence between two of the 3
A2

ground states is destroyed once the centre is excited to one of the 3
E states in this

manner. Because this is an incoherent process, we can model the dynamics of the
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NV centre under o↵-resonant optical illumination using a simple rate equation model,

taking only the populations into account.

Define the rate matrix, R, to be such that the rate at which population is transferred

from |ii to |ji is given by RijPi, where Pi is the population in the ith state. Then the

dynamics is given in terms of R by,

dt Pi =
X

j

RjiPj �
X

j

RijPi

If we write the populations in a row vector, P, the equation above can be written

in matrix form as,

dt P = MP , where Mij = Rji � �ij
X

k

Rik (2.21)

Because the phonon decays into the ground 3
E vibronic state are so fast (⇠ ps [49]),

we can model the process of o↵-resonant optical excitation into 3
E via the phonon

sideband, as simply being a direct incoherent excitation from 3
A2 into 3

E, and denote

the rate by �. Once in the excited state manifold there are two possible decay routes

back to the ground states: the first is directly through the fluorescent emission of an

optical photon, in a spin-preserving decay. The second path consists of a non-radiative

decay into the intermediate A1 singlet, from which it rapidly (T1 < 1ns [42]) decays

radiatively into the second lower lying singlets 1
E, and finally from there back to the

ground states via another non-radiative transition. Again, because the rate from A1

to 1
E is so fast, we model the three singlets as a single e↵ective state [60, 61], which

we denote by |Si. A digram of the structure and the possible transitions is presented

in Fig. 2.11. The resulting rate matrix for the NV centre is given by Eq. 2.22.
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Figure 2.11: A schematic depicting the nature and strength of the transitions between
the NV electronic states. Solid line denote optical transitions, whilst dotted transitions
non-optical (phonon) transitions. The 3A2 level is denoted by g in our model, 3E by e, and
the states 1A1 and 1E are treated as an e↵ective singlet, s.

R =

2

66664

03⇥3 � I3⇥3 03⇥1

� I3⇥3 03⇥3 v

u 01⇥3 0

3

77775
(2.22)

Where we have used the basis {g0, g�1, g1, e0, e�1, e1, s}, and we have defined v =

(k0s k1s k1s) and u =
�
ks0

1
2ks1

1
2ks1

�
. The rate constants are given in Table. 2.2.

The resulting optical matrix M described the dynamics is given by,
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Table 2.2: Spontaneous decay rates between NV levels used in the analysis [62]

rate (MHz)
� 65.9 ± 1.9
k1s 53.3 ± 2.5
k0s 7.9 ± 1.4
ks0 0.98 ± 0.31
ks1 0.73 ± 0.11

M =

2

66664

�� I3⇥3 � I3⇥3 u

� I3⇥3 � (� I3⇥3 + diag (v)) 03⇥1

01⇥3 v �sum (u)

3

77775
(2.23)

An examination of the numbers in Table. 2.2 shows that the second route through

the intermediate singlets is not spin preserving, since all excited state spins are able

to decay into the upper singlet; moreover, there is a strong preferential decay from

the |3Ei ⌦ |±1i states into the first singlet, as well as a slight preference for the 1
E

singlet to decay into the |3A2i ⌦ |0i ground state. The existence of the path through

the singlets with a spin dependent branching ratio has two important consequences

for us: the first is optical spin pumping of the ground state triplet, whilst the second

is the provision of a method to optically readout the ground state populations.

2.2.6 Optical spin pumping

The first consequence of the branching ratio is that o↵-resonant optical excitation

results in spin pumping of the ground state triplet. It can be seen that by cycling

through this process several times, there is a net pumping into the |0i ground state

due to the greater likelihood of an excited state of |±1i decaying into the singlets, from
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where it has near equal probability of decaying into |0i and |±1i. This can be shown

analytically by solving for the steady state of the centre under optical illumination

(the zero eigenvector of M). Denote the populations in the ground state triplet by G,

those in the excited state triplet by E, and in the singlet by S. It is clear that there

are three linearly independent zero-eigenvectors with all the population in the groun

state if � = 0. In the case where � 6= 0, the steady state populations are given by:

G =
1

N (�)


ks0

✓
1 +

�

k0s

◆
,
1

2
ks1

✓
1 +

�

k1s

◆
,
1

2
ks1

✓
1 +

�

k1s

◆�T

(2.24)

E =
�

N (�)


�ks0

k0s
,
�ks1

2k1s
,
�ks1

2k1s
,

�T
and S =

�

N (�)
,

Here we have defined ↵ = ks0/k0s + ks1/k1s , � = ks0 + ks1, and the normalisation

factor N (�) = � (1 + ↵) + �↵ + �. Note that the ratios between the levels within a

manifold (ground or excited), are independent of the pumping rate; all that adjusting

� does is to shift population between the di↵erent manifolds. The total population in

each manifold is plotted as a function of � in 2.12. This is no longer exactly true if

there is any mixing between the states or if one includes thermalisation in the ground

states, but both these rates are negligible compared to the rates being considered

here [63, 52]. With this the percentage of the ground state population in |0i can be

calculated to be,

⌘ =
G0(� = 0)P
Gi(� = 0)

=
ks0

⇣
1 + �

k0s

⌘

ks1

⇣
1 + �

k1s

⌘ ⇡ 0.85
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Figure 2.12: Manifold populations as a function of optical excitation rate

2.2.7 Optically detected magnetic resonance

The standard method used to probe microwave-separated spin states is known as

electron spin resonance (ESR). ESR relies on measuring microwave absorption or

reflection of microwaves directed at the sample. This technique has been a powerful

tool since it was first invented at the end of the second world war (allowed by the

advances made in MW technology due to RADAR). The technique does have a number

of shortcomings: the first is that at room temperature, the Boltzman distribution

between GHz separated levels results in near equal populations in each of the levels,

so one needs to cool the sample down to cryogenic temperatures in order to obtain

a spin polarisation that can be probed with resonant driving with microwaves. The

second problem relates the sensitivity of the detection of microwaves – due both to a

lack of high-e�ciency detectors and the high level of blackbody background noise in

this frequency range.

The existence of the branching ratio in the NV centre allows us to make use of a
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di↵erent technique known as optically detected magnetic resonance (ODMR), which

takes advantage of the fact that an NV centre starting in one of the |±1i ground states

is less likely to produce a fluorescence photon than one starting in |0i when excited

into the 3
E manifold, due to the larger branching to the singlet states. Thus we

can expect a fluorescence contrast between di↵erent ground spin states under optical

excitation, so that measuring the fluorescence allows us to determine the ground state

spin. Fig. 2.13 shows a theoretical plot of the time resolved fluorescence for initial

states |±1i (red) and |0i (blue).

Figure 2.13: Normalised (to steady state fluorescence) fluorescence as a function of time
for di↵erent starting states. A clear distinction can be seen between starting in the 0-spin
state as opposed to the ±1-states. This example is plotted with � = 1.0 MHz.

It is clear that the fluorescence from |0i is initially significantly higher than |±1i, and

then as the populations are redistributed, being pumped into |0i, the fluorescence in

each case approaches the steady state value. Fig. 2.14 simply shows the same data,

but plotted as a di↵erence in the fluorescence.
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Figure 2.14: This shows the di↵erence in fluorescence between starting states 0 and ±1
normalised to the steady state fluorescence.

So by observing the fluorescence in the correctly gated window, we can tell (on aver-

age) the starting state of the centre.

2.2.8 Optical dynamics in a magnetic field

When we apply an external magnetic field to the centre, the zero-field states are

mixed in addition to being shifted, which may change the transition rates between

the new levels. We therefore need to determine how the rate matrix changes in

these circumstances. Recall that the ground and excited state Hamiltonians as room

temperature and in the presence of a magnetic field are given by,

Hg(e) = H
g(e)
0 +

µ0gg(e)

~
~S · ~B,

where H
g(e)
0 = diag(0, Dg(e), Dg(e)), Dg = 2.87GHz, and De = 1.42GHz. By diagonal-

ising each matrix, we are able to determine the eigenstates and their corresponding

energies at a given magnetic field strength. Fig 2.15 is a plot of the e↵ect of a magnetic

field, orientated slightly o↵ the NV axis.
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Figure 2.15: The ground state energy levels under an o↵-axial (1 o) magnetic field.

Suppose that the initial basis states are {| ii}i and that the transformed state vectors

are {|�ii}i, which are related to one another by unitary U:

|�ii =
X

j

Uij | ji

The contribution of state | ji to the population of the transformed state
��� ̃i

E
is

|Uij|2. Elements in the transformed rate matrix are then given by a sum over the

zero-field rates, weighed by these factors. Then the elements of new rate matrix, R̃,

are simply given by the incoherent sum of the contributions of the original states to

the transformed states [62]:

R̃ij =
X

k,l

|Uik|2 |Ujl|2 Rkl

) R! |U |2 R
��UT

��2 ,

where |U |2 denotes the element-wise absolute square. We can calculate the dynamics
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of the centres under optical excitation as before by replacing the zero field R with the

transformed matrix above.

2.2.9 Ground state spin dynamics of the NV centre

As described previously, the NV centre has a spin-triplet (S = 1) ground state. As

with any spin system it is characterised its spin lifetime (or inverse spin relaxation

rate) T1, its homogeneous coherence time (inverse decoherence rate) T2, and in the

case of an ensemble, the inhomogeneous coherence time T
⇤

2 ( T2). These rates are

not fixed, but depend on a number of parameters, including the temperature of the

diamond, the density of paramagnetic impurities (including other NV centres) in the

neighbourhood of the centre, and the presence of strain and other external fields.

The spin relaxation time T1 is largely determined by spin-phonon interactions, and

so is strongly temperature dependent [52]. Measured values range from several milli-

seconds at room temperature, up to a few seconds at cryogenic temperatures [63, 52].

The homogeneous coherence time is dominated by spin-spin interactions with neigh-

bouring paramagnetic defects [64]. In Type Ib diamond, this is principally due to sub-

stitutional Nitrogen atoms (Ns). The values measured for T2 vary from O(1� 10)µs

[63, 64, 65, 66, 67] in dense type 1b samples, and up to 1.8 ms in isotopically pure

and low nitrogen diamond [68]. Additionally, studies have shown that the ground

state T1 and T2 times are independent of the magnetic field, provided we are away

from any resonance (when the transition is resonant with a transition in some other

paramagnetic impurity e.g. Ns at about 500 G) [63, 69]. Finally the inhomogeneous

dephasing time (T ⇤

2 ) is strongly dependent on the sample in question, principally due

to factors such as strain and impurity content.

In addition to the passive dynamics of the ground state spins, we can consider actively
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driving these transitions. Because these states share the same orbital wavefunction, we

cannot drive it using an electric dipole transition. However, because they have a non-

zero magnetic dipole moment, we can drive it using the magnetic dipole transition,

which arises from the Zeeman interaction term:

HI(t) =
µ0g

~

⇣
~S · ~B0

⌘
e
i!t

This term allows population to transferred between the ground spin states by tuning

microwave radiation to the frequency seperating the states in question (for instance

2.87 GHz in the zero field case). The can be achieved for any states  1 and  2 such

that h 2| ~S · ~B0 | 1i 6= 0.



Chapter 3
Experiment

In this chapter we discuss how a quantum heat engine can be implemented using NV

centres, and describe the experimental setup used to realise this implementation and

test the theoretical results discussed previously. The ability to perform experiments

of this nature has been allowed by relatively recent advances in quantum control and

metrology. In particular, our experiment relies heavily on advances made in using NV

centres for ultra-sensitive magnetic field sensing [44].

3.1 Heat Engines with NV centres

Recall that the NV centre has a number of special properties which have singled it

out as of interest for various quantum technologies. These include the fact that exists

in a solid state environment, but retains long coherence times in its ground state spin

triplet, even at room temperature; the ground state spin-triplet can be spin-polarised

using optical pumping; and the ground state populations can be sensitively read out

using the same optical excitation as used for pumping. These properties suggest that

the NV centre is an ideal platform to implement a quantum heat engine.

Our scheme relied on using the ground state triplet together with the lower lying

64
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singlet of the NV centre as the system for our heat engine. Controllable coupling

to thermal baths was emulated using the o↵-resonant optical pumping mechanism.

Since the optical pumping transfers population into the |0i, and because the action

of the thermal coupling should produce an inversion, the ground states of the centre

required reordering – this was done by applying a static axial magnetic field to shift

the states such that |0i lay between |±1i (Fig. 3.1). In this configuration, when

the optical pumping is turned on, population is transferred from the upper and lower

states, |±1i, to |0i via the singlet |1Ei. It will be shown that this emulates a simultan-

eous thermal coupling to hot and cold reservoirs (Sec. 3.2). The resulting population

inversion between |0i and |+1i can then be exploited to produce work in the form

of microwave gain by driving this transition with resonant microwaves. Since this

pumping mechanism is only able to e↵ect the simultaneous coupling of both hot and

cold reservoirs, only the continuous and 2-stroke engine types could be investigated

with this setup. Finally, ODMR forms the basis for measuring the power output of

this engine – it is the sensitivity of this technique that allows for the measuremet of

the small power outputs produced when the engine operates in the small action regime.

3.2 Emulation of the thermal action

An essential part of this thesis is the idea that the e↵ect of coupling to a thermal

reservoir can be emulated using o↵-resonant optical pumping. In this section this

claim is justified and the method for extracting the e↵ective thermal action is derived.

The approach taken here is to find a subset of the NV� states, which generate a

subspace S, together with a reduced evolution operator L on S, which satisfies the
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requirements for a thermal evolution operator. Let P be a projection operator onto

S. Then the condition we require of S and L is,

e
Lt (P�) = P

�
e
Mt
�
�
8� 2 S (3.1)

This condition is a statement that the thermal operator L should describe the time

evolution of the reduced state, when the evolution of the whole system is generated

by the optical matrix M . Physically it means that if we only observe the population

dynamics of the states in the subsystem, we should be unable to determine whether

the dynamics is generated by the full optical matrix M on the whole system, or by L

acting on the subsystem alone. Note that, as defined here, L di↵ers from the previous

definition by a factor of i~ – this is done for convenience in this section, but we will

revert to the former definition for consistancy with the Schrödinger equation there-

after. Expanding the exponentials in Eq. 3.1 and examining the first order terms

yields the following condition on L:

(LP � PM)|S = 0

It is possible to attempt to solve this exactly, but doing so results in a L which is far

from population conserving. This is not surprising because in taking this restriction

terms which transfer population from outside S back into S are completely ignored.

This might seem to suggest that it is simply not possible to find an L which satisfies

3.1, even approximately. However, if the terms in M which are responsible for return-

ing population into the subsystem are su�ciently large, then even a small amount of

population in the orthogonal complement of S will change the dynamics substantially,
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and can make it possible to find a good approximation.

Suppose M has an eigen-decomposition {�i, i}n
i=1. Then a suitable L can be found

if it is possible to find m = dim(S) eigenvectors
�
 ij

 m

j=1
such that (P � I) ij ⇡

0 for j = 1, . . . ,m, and further such that
�
P ij

 m

j=1
and

�
(P � I) ij

 n

j=m+1
are

independent. The idea is that, if
�
 ij

 m

j=1
are nearly in S, the subspace they generate

can be used in place of S in condition 3.1.

e
Lt (P i) = P

�
e
Mt
 i

�
, i = 1, . . . ,m (3.2)

Again equating the first order terms yields,

(LP � PM) i = 0 for i = 1, . . . ,m

By virtue of { i}m
i=1 being eigenvectors ofM , it can be seen that this simply reduces to,

[L� �iI] (P i) = 0

This is simply a statement that L has eigenvectors {P i}m
i=1 and corresponding ei-

genvalues {�i}m
i=1. Since there are m eigenvector/eigenvalue pairs this completely

determines L on S; it is then simply required that it be zero on the orthogonal com-

plement of S. It can also be seen that this is su�cient to satisfy Eq. 3.2.

Given an operator L calculated in this manner, it still needs to be shown that it

closely approximates a thermal operator, and also that it satisfies Eq. 3.1 to a good

degree. We begin with the later: suppose  2 S and that the eigen-pairs are ordered
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such that k(P � I) ik = ✏i ⌧ 1 for i = 1, . . . ,m, where m = dim(S). Further, let  

have eigen-expansion,

 =
mX

k=1

↵k k +
nX

l=m+1

�l l

Since  2 S, we can write �l ⇠ O (✏), where ✏ = max {✏i |i = 1, . . . ,m}:

0 = (P � I) =
mX

k=1

↵k (P � I) k +
nX

l=m+1

�l (P � I) l

)
nX

l=m+1

�l (P � I) l ⇠ O (✏) =) �l ⇠ O (✏)

So ✏l can be written in place of �l. Since {P i}m
i=1 is a basis for S (by assumption),

it is possible to write,

P l =
mX

k=1

!lkP k, l = m+ 1, . . . , n

Then,

)
�
e
LtP � Pe

Mt
�
 =

mX

k=1

nX

l=m+1

✏l!lk

�
e
�kt � e

�lt
�
P k

=
nX

k=m+1

✏k

�
e
Lt � e

�kt
�
P k ⇠ O (✏)

Here the fact that �i  0 for all i and  is normalised has been used. So it can be

seen that, when derived this way, L does satisfy Eq. 3.1 approximately. Note that

the resulting matrix need not be exactly population conserving unless (P � I) i = 0
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for i = 1, . . . ,m. Note that if (P � I) i = 0 is only satisfied approximately, then pop-

ulation conservation can be imposed manually, modifying L by the minimal amount

required to obtain the thermal evolution operator sought. A means of doing this for

a subsystem with N states (N=4 in our case) is via the following procedure:

for (n = 0; n < N ; n n+ 1) do

S  0
create priority queue Q

for (m = 0; m < N ; m m+ 1) do
if (m 6= n) then

Lmn  max {0,Lmn}
S  S + Lmn

Q.enqueue(Lmn)
else

Lmn  min {0,Lmn}
end if

end for

while ((1+Q.size()) Q.top() < Lnn + S) do
q  Q.dequeue()
S  S � q

q  0
end while

�L (Lnn + S) / (Q.size() + 1)
Lnn  Lnn ��L

for (q in Q) do
q  q ��L

end for

end for

This simply scans down each column, initially ensuring that the elements are the cor-

rect sign by setting them to zero if not, and then adding the o↵-diagonal elements to
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a priority queue, as well as summing them up. At this point it would seem natural

to simply subtract the median value o↵ each element; however it needs to be checked

that this does not result in elements acquiring the wrong sign – this is achieved by the

while loop in the middle, which sets these elements to zero and removes them from

the queue. Only then is the median subtracted from the remaining elements.

The preceding discussion has been quite heuristic, so we now apply it to the NV centre

under o↵-resonant optical excitation, and show that it does produce the desired res-

ults. Recall that the optical matrix is given by 2.23.

M =

2

66664

�� I3⇥3 � I3⇥3 u

� I3⇥3 � (� I3⇥3 + diag (v)) 03⇥1

01⇥3 v �sum (u)

3

77775

Further recall that the zero-eigenvector is given by 2.24. Perturbation theory can be

used to determine the other eigenvectors as a function of �. Ordinarily the matrices

to which perturbation theory is applied are hermitian or symmetric; however M(�)

is neither symmetric nor hermitian, which requires a slight modification to the usual

formulae used in perturbation theory in quantum mechanics. Additionally, the ex-

pansion is taken about � = 0.5 MHz rather than � = 0 MHz, since it lies nearer the

centre of the range used in the experiment. The zeroth order eigenvalues (in MHz)

and their corresponding eigenvectors (given by the columns) are,

�
(0) = [ 0.0 , �0.15 , �0.22 , �1.84 , �74.28 , �119.47 , �119.48 ]
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�
(0) =

2

666666666666666664

0.99 0.84 0.00 �0.46 �0.66 0.00 0.00

0.09 �0.38 0.71 �0.19 0.00 �0.10 0.45

0.09 �0.38 �0.71 �0.19 0.00 �0.43 �0.11

0.01 0.01 0.00 0.00 0.74 0.00 0.00

0.00 0.00 0.00 0.00 0.00 0.18 �0.82

0.00 0.00 0.00 0.00 0.00 0.77 0.19

0.06 �0.08 0.00 0.85 �0.08 �0.43 0.29

3

777777777777777775

Note that the first four eigenvectors are of exactly the form for which we are looking

– they describe changes in the ground state triplet and the singlet, and their excited

state components are negligible compared to the other components. Finally, note

that if we restrict our attention to the ground state triplet together with the sing-

let, then the first four vectors form a linearly independent set spanning these states;

and similarly so with the second set and the excited state triplet. This suggests that

the e↵ective system should be taken to consist of the ground states together with

the singlet. If the states are ordered according to their relative energy, the corres-

ponding projection operator is P = I4⇥4 � 03⇥3. To see that this is not just true for

� = 0.5 MHz, consider the first and second order perturbative corrections; which are

given by,

�
(1) = [ 0.0 , �0.28 , �0.45 , �0.27 , �0.89 , �0.55 , �0.55 ]
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�
(1) =

2

666666666666666664

�0.10 0.08 0.00 0.05 0.00 0.00 0.00

�0.01 0.04 0.00 �0.02 0.00 �0.16 �0.04

�0.01 0.04 0.00 �0.02 0.00 0.04 �0.17

0.01 0.01 0.00 �0.01 0.00 0.00 0.00

0.00 0.00 0.01 0.00 0.00 0.29 0.07

0.00 0.00 �0.01 0.00 0.00 �0.07 0.31

0.10 �0.16 0.00 0.00 0.00 �0.10 �0.17

3

777777777777777775

�
(2) = [ 0.00 , 0.02 , 0.00 ,�0.02 , 0.00 , 0.00 , 0.00 ]

�
(2) =

2

666666666666666664

0.01 0.00 0.00 0.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 0.00 0.07 0.02

0.00 0.00 0.00 0.00 0.00 �0.02 0.08

0.00 0.00 0.00 0.00 0.00 0.00 0.00

0.00 0.00 0.00 0.00 0.00 �0.13 �0.03

0.00 0.00 0.00 0.00 0.00 0.03 �0.14

�0.01 0.00 0.00 0.00 0.00 0.05 0.08

3

777777777777777775

This demonstrates that substance of the previous discussion does indeed still hold

provided �� = �� 0.5 is not too large (in practise we have |��|  0.5).

If L only needs to be determined for a single value of �, then one need simply calculate

the eigenvalues and eigenvectors of M(�), and define the change of basis matrix, U ,

to be that with columns P�i(�) for i = 0, 1, 2, 3. If D ⌘ diag (�0,�1,�2,�3), then,
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L(�) = UD(�)U�1

On the other hand, if L needs to be calculated for many values of �, then this can be

a costly calculation. Note the following: if X (t) = X0 + tX1 + t
2
X2 + O (t3) and X

is invertible for all t > 0, then X
�1 (t) = Y0 + tY1 + t

2
Y2 + O (t3), where:

Y0 = X
�1
0

Y1 = �Y0X1Y0

Y2 = �Y0X1Y1 � Y0X2Y0

So instead of diagonalising and inverting the matrix from scratch for each value

of �, it is possible to use the perturbative expansion to calculate D(�) and U(�), and

use this procedure to determine U
�1 (�). Then

L (0.5 +��) = U (��)D(��)U�1 (��)

= L0 +��L1 + O
�
��2

�

where,

L0 =

2

66666664

�0.05 0.00 0.00 0.97

0.00 �0.22 0.00 0.36

0.00 0.00 �0.22 0.36

0.05 0.22 0.22 �1.71

3

77777775
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L1 =

2

66666664

�0.11 0.00 0.00 �0.01

0.00 �0.45 0.00 0.00

0.00 0.00 �0.45 0.00

0.11 0.45 0.45 0.00

3

77777775

These matrices can then be stored and used to calculate the series when L(�) is

needed. It can also be seen that these matrices are very nearly population conserving,

but nonetheless, once L has been calculated, this can be ensured using the previously

described procedure.

Now consider the nature of the thermal reservoirs and couplings to which this thermal

matrix corresponds. First notice that all the couplings are between the ground states

and the singlet, with no couplings between states within the ground triplet. Also, be-

cause the energy di↵erence between the ground manifold and the singlet is expected

to be much greater than the di↵erences within the ground manifold (⇠ 89 THz vs ⇠ 3

GHz) [53], the e↵ective temperature and coupling between the |±1i states and the

singlet is e↵ectively the same. Further, by examining the ratios of the rates, it can

be seen that the e↵ective temperature between the singlet and |0i is less than that

between the singlet and |±1i. So we are left with the picture in Fig. 3.1.

Suppose that the energy gap between the ground manifold and 1
E is denoted by �E.

Then the e↵ective temperatures are simply given by 3.3 and are plotted as a function

of the optical excitation rate in Fig. 3.2.

Tc '
�E

k

1

ln (17.63/�)
and Th '

�E

k

1

ln (1.63/�)
(3.3)
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Figure 3.1: The e↵ective system together with couplings to thermal baths. Here read
denotes a coupling to the hot bath, whilst blue denotes a coupling to the cold bath.

Figure 3.2: The e↵ective temperatures of the reservoirs as a function of the pumping rate.
Note that the units are �E/k.

The measure of the extent to which the thermal action generated in this way is

approximated by the optical cycle in the NV centre is given by 3.1. This strongly

depends on the portion of the population sitting in the excited state manifold. In the
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following figures I plot eLt (P�) and P
�
e
Mt
�
�
for di↵erent starting states �. Fig. 3.3

� = 0.5 MHz and a starting state of (0.4, 0.5, 0, 0.01, 0, 0, 0.09), whilst Fig. 3.4 has

the same optical excitation rate (� = 0.5 MHz), and equal populations in each of the

ground states and singlet, whilst zero population in the excited states.

Figure 3.3: Evolution of a state with the full rate matrix (blue) vs the e↵ective thermal
action (red)

Figure 3.4: Evolution of a state with the full rate matrix (blue) vs the e↵ective thermal
action (red)
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The deviation is too small to see e↵ectively in these graphs, so the norm of the di↵er-

ence between the two vectors is plotted as a function of time and optical excitation

rate in Fig. 3.5, again for a starting state with equal populations in each of the ground

states and the singlet, and 0.3% in the excited state.

Figure 3.5: Plot of
���eLtP � PeMt

�
�
��2 expressed in %

These show that the population dynamics of the states in the subsystem under the

full matrix M is very well approximated by those of the subsystem under L, provided

the population in the excited state manifold is close to the steady state population.

Finally, and perhaps more importantly, it is also possible to compare simulations of

the engine power output when using the full optical matrix (what we have in the

laboratory) to that using L (what we are emulating). This no longer su↵ers from

the problem of having to place population in the excited state in an ad hoc manner.

Fig. 3.6 compares the relative di↵erence between these two powers for a range of Rabi

frequencies and optical excitation rates.
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Figure 3.6: Di↵erence in power output between the engines with the full optical matrix
and thermal matrix. The quantity plotted is 2 |p1 � p2| / |p1 + p2| expressed as a percentage.

The above analysis therefore does allow for us to conclude that, provided the

optical excitation rate is not too large, the optical cycle in the NV� centre does

approximate thermal Markovian dynamics between the ground states and singlet to

a very good degree.

Up to this point only the e↵ect of the thermal baths (or optical dynamics) on the

populations, or equivalently the diagonal elements of the density matrix, of the levels

of the NV centre have been considered. The fact that the optical dynamics of the

system can be described in this manner using a rate matrix acting on the populations

alone, is an essential feature for correctly emulating the thermal action. However,

when describing the heat engine, the action of the thermal action on the coherences

of the density matrix also need to be taken into account. This is done quite simply

in this system by adding in a phenomenological decay term for the ground state

coherences at a rate �; because only the coherences between the states we are driving

(|0i $ |1i here) need to be taken into account – this corresponds to adding a block
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(��) I2 to the matrix L. The full thermal matrix is then given by,

L = (��I2)� Lpop

3.3 Converting Fluorescence Change into Power

It was previously stated that the power output of the NV heat engine could be determ-

ined by monitoring the fluorescence emission; this approach is based on the ability

to make all optical measurements of the ground state populations in the NV centre,

using ODMR. This can be formalised using the rate equation model, and allows for

all the necessary measurements in the experiment.

Let � be a vector whose elements are the populations in the various levels. Then

given some rate, R(t), at which population is transferred from the |0i to the |1i

ground states, through some mechanism other than optical excitation, the equation

describing the system is:

@t� = M� +R(t)⌫,

where ⌫ = [�1 1 0 · · · 0 0]T . The rate R is the quantity we wish to determine from

the experimentally measured fluorescence, which derives from the interaction of the

microwaves with the ground state levels. Although this is an inherently quantum

process, we are only interested in determining the net rate of population transfer

arising from the interaction, not in the details of the mechanism by which it occurs.

Let �(t) be the fundamental matrix solution (a matrix which satisfies the di↵erential

equation – akin to the unitary evolution operator for the Schrodinger equation in

standard QM) for the homogeneous equation; then it can be checked that the following

is a solution to the inhomogeneous equation:
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�(t) = �(t, t0)�0 +

Z t

t0

d⌧ �(t, ⌧)R(⌧)⌫, (3.4)

where �(t, ⌧) = �(t)�(⌧)�1. We take R(t) to be periodic with the same period as

that of M(t), since R(t) results from pulsed microwaves at the same rate as the laser

pulses – this follows quite generally from Floquet theory and physical considerations.

To proceed we need to find the state at the start of the cycle, �0 , during this steady

state operation. Using the periodicity of the solution we have:

�0 = �(T ) = �(T )�0 +

Z T

0

d⌧ �(T, ⌧)R(⌧)⌫

) [ I� �(T ) ] �0 =

Z T

0

d⌧ �(T, ⌧)R(⌧)⌫ (3.5)

We would like to invert this to obtain �0; however the matrix on the LHS is sin-

gular. Note that �(T ) is diagonalisable (with inverse �(�T )) , which allows us

to write (I� �(T )) = UDU
† where D is diagonal. We define the pseudo-inverse,

(I� �(T ))+ = V D
+
U

† , where the diagonal matrix D
+ is given by:

D
+
ii =

8
>><

>>:

1/Dii if Dii 6= 0

0 otherwise

Let A = (I� �(T ))+. A solution to equation 3.5 is then given by:

�̃0 = A
Z T

0

d⌧ �(T, ⌧)R(⌧)⌫

The full space of solutions to 3.5 is then generated by ↵⇢0 + �̃0 for ↵ 2 R, where ⇢0 is
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the (unique) zero eigenvector. We show that that sum (�̃0) = 0 : Suppose {⇢i} are the

eigenvectors of �(T ) with corresponding eigenvalues {�i} (Again let ⇢0 be the unique

eigenvector with eigenvalue 1). Then by virtue of �(T ) being population preserving

we have,

sum (�(T )⇢i) = �isum (⇢i) = sum (⇢i) ,

which implies sum (⇢i) = 0 for i � 1. Then given a vector !, sum (!) = 0 =) ! 2

span (⇢1, . . . , ⇢n). It is also clear that Im (A) ✓ span (⇢1, . . . , ⇢n). Finally notice that

the RHS of 3.5 sums to zero. The unique normalised solution, �0, to 3.5 is therefore

simply obtained by setting ↵ = 1 (assuming we have normalised ⇢0). Substituting

this back into 3.4, we have,

�(t) = �(t, 0)⇢0 + �(t, 0) A
Z T

0

d⌧ R(⌧)�(T, ⌧)~⌫ +

Z t

0

d⌧ R(⌧)�(t, ⌧)⌫

) �(t)� ⇢(t) = �(t, 0) A
Z T

0

d⌧ R(⌧)�(T, ⌧)~⌫ +

Z t

0

d⌧ �(t, ⌧)R(⌧)⌫

where ⇢ is the state evolution when R = 0. We define the excited state population

projector to be the vector ⇣ = [0, 0, 0, 1, . . . , 1, 0] , so that the fluorescence from a

state ⇢ is proportional to ⇣ · ⇢(t). Let F (t) be the time dependent fluorescence with

driving and F0(t) that without driving, and further define

g(t, ⌧) = ⇣ · �(t, 0) A �(T, ⌧) · ⌫

f(t, ⌧) = ⇣ · �(t, ⌧) · ⌫

) ⇣ · ⇢0
Fcw

⇥ (F (t)� F0(t)) =

Z T

0

d⌧ g(t, ⌧)R(⌧) +

Z t

0

d⌧ f(t, ⌧)R(⌧)
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The fraction on the LHS is the proportionality constant linking the fluorescence to

the excited state population – Fcw is the fluorescence emitted when the system is

continuously excited, and ⇢0 is the corresponding steady state. This ratio is measured

experimentally, and for each measured ratio we can determine the corresponding rate,

R, using � and the values given in Table. 2.2. This expression can be rewritten as,

(⇣ · ⇢0)
�F (t)

Fcw
=

Z T

0

d⌧ h(t, ⌧)R(⌧) , where

h(t, ⌧) =

8
>><

>>:

g(t, ⌧) + f(t, ⌧) if t > ⌧

g(t, ⌧) otherwise

Experimentally we measure the change in fluorescence averaged over the period, h�F i;

we therefore define H(⌧) =
R T

0 dt h(t, ⌧) and integrate both sides over the the period

to obtain,

(⇣ · ⇢0)
h�F i
Fcw

=
1

T

Z T

0

d⌧ H(⌧)R(⌧)

Numerically it can be shown that is H constant to a good approximation for � < 1

MHz, so that we can write:

hRi = �(�)
h�F i
Fcw

; where � =
⌦E · ⇢0

H

If !12 is the energy gap between the relevant levels, then the power is given by,

hP i = ~!12� (�)
h�F i
Fcw

(3.6)
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Figure 3.7: Proportionality constant as a function of � for both continuous and two-stroke
engines (d = 33%) .

3.4 Putting it together

We have shown that o↵-resonant optical excitation emulates a simultaneous coupling

of the hot and cold baths, and that we may deduce information about the engine

performance from measurements of the resulting fluorescence emission. In this section

we consider how these results may be used to implement the di↵erent varieties of

quantum heat engine with an ensemble of NV centres. Recall that the simultaneous

coupling of hot and cold baths allows us to test the continuous and two-stroke engines,

but prevents us testing the four-stroke engine. In principle, ignoring some of the

practicalities of the experimental setup, the procedure for implementing these varieties

is now comparatively simple. To begin with, the microwaves should be tuned to the

central frequency of the |0i $ |1i transition. For a given experimental run the CW

fluorescence intensity is measured for the optical power being used to obtain the

normalisation factor Fcw – one quarter of the measured value is used because only

25% of the NV centres, those which are aligned with the manetic field, are addressed

by the microwaves. Then for the continuous engine, this microwave transition should
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be continuously driven in conjunction with the o↵-resonant optical transition, whilst

also monitoring the fluorescence emitted by the centre, as shown in Fig. 3.8.

Measurement

Optical pump

Microwaves

Figure 3.8: The sequence of driving and measurement for the continuous engine.

The two-stroke engine is not considerably more complicated, merely requiring that we

separate out the coherent and thermal parts of the driving. This involves choosing a

duty cycle (which need not be 50%), and correctly synchronising the driving of the

microwave and optical transitions, so that each is driven alternately – this is done

whilst still monitoring the fluorescence continuously, as shown in Fig. 3.9.

Measurement

Optical pump

Microwaves

Figure 3.9: The sequence of driving and measurement for the two-stroke engine.

In each of these engine types, the di↵erences between the fluorescence with and

without microwave driving was measured, whilst leaving the optical driving unchanged.
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The optical excitation rate was then determined for the laser power used, in order to

determine the proportionality constant � (�) (Eq. 3.6) and thermalisation rates.

3.5 Experimental setup

3.5.1 Diamond sample preparation

A type Ib high-pressure-high-temperature 3 ⇥ 3 ⇥ 0.3mm, (100) diamond slab (fab-

ricated by Element-Six) was electron irradiated (1018 cm-2) and then annealed (950

�C, 2.5 h), to form a dense (1018 cm-3) ensemble of NV centres. The orientations of

the centres are randomly distributed between all the h111i directions.

3.5.2 Microwave Waveguide

To begin with we consider the design of the microwave waveguide used to deliver

microwaves to address the ground state resonances and provide the coherent part of

the engine action. Some of the standard methods used to drive the microwave trans-

itions of the NV centre include placing a single-nano wire close to single NV-centres,

microwave waveguides, and microwave resonator structures [70, 71, 44]. Because we

were using an ensemble, we required the microwave field be both su�ciently strong

and uniform across the volume we were probing. In this section some of the steps

taken toward the final design of the microwave setup are briefly detailed.

A first attempt simply involved twisting a short length of copper wire into a loop,

inserting one end into the end of the coaxial cable attached to a microwave generator

(HP8763), and placing the diamond in the middle of the loop. We were unable to see

any form of signal using this antenna, even when using maximum power (10dBm).

This can be attributed to several design flaws, foremost of which was the fact that
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the loop was not impedance matched to the coaxial cable (50⌦) – this mismatch will

have resulted in most of the incident microwaves reflecting at the interface. Secondly,

by placing the sample near the middle of the loop, it was too far from the wire, where

the field is strongest.

To remedy these problems a second design was attempted. This was also a loop,

but now designed with impedance matching in mind, and further made on a printed

circuit board (PCB). The impedance of a circuit with resistance R, inductance L and

capacitance C, for waves with angular frequency !, is given by,

Z = R + i(!L� 1

!C
),

If the negligible self-inductance of the wire is omitted, the loop inductance is given

by,

Lloop = rµ0


ln

✓
8r

a
� 2

◆�

Initially only a resistor in series was added to match the real part of the impedance.

Additionally, rather than input the microwaves directly into the loop from a coaxial

cable, the microwaves were launched into the antenna via a microwave slotline – the

impedance of the slotline could be matched by choosing the width of the slot. Finally,

the sample was moved to lie closer to the wire. A photograph of this design is given

in Fig. 3.10. In addition to the modifications made directly to the antenna, a 35 dB

microwave amplifier was added in conjunction with a circulator. These modifications

immediately allowed us to obtain an ODMR signal as shown in Fig. 3.11.

Notwithstanding this improvement, it was decided that this design could be improved

upon further. This resulted in the design and fabrication of a microwave waveguide,

known as a microstrip line, which was the final design used in the experiment. A

microstrip line consists of a thin strip of conductor lying on a (ideally infinite) slab of
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Figure 3.10: The improved loop antenna design.

Figure 3.11: ODMR spectrum of the zero field microwave resonance

dielectric material with ground plane on its underside. The impedance of a microstrip

line is determined by the width of the strip (W ), the thickness of the dielectric material

(h), the dielectric constant (✏r ), and the RF frequency (f), through the following

expression [72],
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Z =
120⇡
p
✏eff


W

h
+ 0.677ln

✓
W

h
+ 1.44

◆
+ 1.393

��1

,

where the e↵ective dielectric, ✏eff , can be thought of as the dielectric constant for a

homogeneous medium which yields the same behaviour as the combination of air and

the microstrip line, and is given by [72]:

✏eff =
✏r + 1

2
+
✏r � 1

2

✓
1 + 12

h

W

◆�
1
2

Because the type of dielectric and its thickness were pre-specified by the PCB we

used, we had to adjust the width of the strip to ensure that the waveguide impedance

was matched to 50⌦. In order to maximise the field strength in the sample, a short

(1.7mm) section of the strip was tapered down to 300µm; the diamond sample was

then centred over this tapered section. The tapered section was made to be signific-

antly shorter than the wavelength (ltaper/� = 1.7/100) in order to minimise reflections

from the resulting impedance mismatch.

An additional requirement was that the magnetic field of the microwaves be per-

pendicular to the static field; due to the design and constraints of our setup, this

necessitated the inclusion of corners in the strip, which were constructed using mitred

bends, whose geometry is such that the incoming microwaves are neither scattered

nor reflected. The relevant quantity here is the ratio of x to d (see Fig. 3.13), which

is given by [73]:

x

d
=

1

100

h
52 + 65e�

27
20

W
h

i
,

where x and d are as in Fig. 3.12, and W and h are the width of the strip and

thickness of the dielectric respectively. The parameters characterising the microstrip

line we used are given in Table. 3.1.
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Figure 3.12: Optimal design for right angled bend for microstrip line

Table 3.1: Table of parameters for 50⌦ microstrip line

Width 1.95 mm

Taper width 300 µm

Taper length ⇠ 1.7 mm

The final design is shown in Fig. 3.13 (in this case the taper was 200µm rather than

the 300µm used in the experiment).

3.5.3 Setup

Aside from the microwave components, the remaining parts can be broadly divided

into the optics to direct light into the sample, and the detection part to collect and

measure the emitted fluorescence, as well as electronics to control the experiment and

collect data.

The light for the optical excitation was provided by a continuous wave (CW) 532nm

diode laser (Thorlabs DJ532-40), able to produce up to 50mW. The diode was housed

in a laser mount (Thorlabs TCLDM9 - TE-Cooled Mount) with temperature and

current controllers. A telescope consisting of 11mm followed by 50mm lenses was

placed immediately after the laser in order both to collimate the slightly divergent
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Figure 3.13: Top down view of the microstrip line.

beam, and to expand it from ⇠ 1mm up to ⇠ 5mm. The beam was then focussed

down into an acousto optical modulator (AOM – Gooch and Housego AOMO 3350-

197) using a 50mm lens. The rise and fall time of the AOM is set by the time it takes

for the acoustic wavefront to propagate across the beam waist; therefore, in order to

minimise the response time, it is necessary to minimise the width of the waist – this is

the reason for expanding the beam prior to the AOM. This can be seen by considering

a Gaussian beam propagating through a thin lens:

!
0

0 =
�0f

n⇡!0

1r
1 +

⇣
f
zR

⌘2

Here �0 is the wavelength of the light, f the focal length of the lens, !0 the width of

the waist, and zR the Raleigh range. Fom this it can be seen that there is a tradeo↵

between the rise/fall time of the AOM and its di↵raction e�ciency (the percentage

of light that it is able to di↵ract into the first order mode), due to the e�ciency

also depending on the beam waist area (the number of acoustic wavelengths across

the waist). The di↵raction e�ciency and rise/fall times in our configuration were

approximately 60% and 12ns respectvely. The AOM was controlled using a 350MHz

analog controller, which was driven using square pulses from an arbitrary waveform

generator (AWG – Keysight KS 33600A, 30MHz). The function of the AOM was
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to modulate the CW light to produce the pulses required for the two-stroke engine;

additionally, because adjusting the laser power using the current is strongly non-linear

and takes a long time to fully equilibrate, the AOM allowed us to quickly vary the

intensity of light at the sample once the laser was in a stable configuration.

The first order mode from the AOM was then selected by spatially filtering using

an iris. It was then recolumnated and expanded further using a 150mm lens. A flip

mirror directing the light at a photodiode was placed at this point in order that we

could measure the light intensity, and takes time traces of the pulsed light. After

this the beam was passed through one more telescope, with one lens mounted on a

translation stage, in order to provide a final degree of freedom to adjust the light

entering the objective lens, and ensure that it filled the aperture of the objective

(⇠ 1cm). The light was directed into the objective lens using a dichroic mirror

(Semrock long pass), reflecting the 532nm (green) light and allowing 637nm (red) to

pass, as shown in Fig. 3.16. The objective used was a Sigma Koki S-plan APO HL

with 20⇥ magnification and a numerical aperture (NA) of 0.29. The objective focused

the light into the sample, with a focal spot size of approximately 2µm.

The same objective was used to collect the fluorescence emitted by the NV centres

in the focal spot. Since the fluorescence is emitted into the zero phonon line (ZPL)

and phonon side band (PSB), it spans wavelengths from 637nm and above; these

wavelengths are able to pass through the dichroic mirror, whilst any green light which

might have been reflected or scattered o↵ the lens and sample is blocked. The confocal

setup used was not of the usual kind, but rather adapted to our purposes. We wished

to image a small volume within the green focus to ensure a homogeneous intensity

distribution for both the light and microwave fields; we therefore used a 300mm lens

after the dichroic mirror followed by a single mode optical fibre, so that the focus was

imaged onto the fibre with a ⇥30 magnification. Because of the single mode nature
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of the fibre (with < 5µm core width), only a small fraction of the total fluorescence,

selected from the centre of the focal point, ended up being coupled into the fibre.

The other end of the fibre was connected to a silicon avalanche photodetector (APD

– Thorlabs APD110A/M, 400-1000 nm), the signal of which was fed into a lock-in

amplifier (Stanford research SR810).

The microwaves were provided by an HP 8673D microwave generator, which provides

CW microwaves, with a bandwidth of 1Hz, in a power range from -100dBm to 10dBm,

and frequency range from 50MHz to 18.6GHz. The microwaves can be modulated

slowly (20Hz - 10kHz) using an external analog input – this was provided by a func-

tion generator producing a ⇠ 100Hz square waveform at a 50% duty cycle; the same

signal was used to provide the reference frequency for the lock-in amplifier. The out-

put from the microwave generator was fed into a fast microwave switch (Mini-Circuits

ZASWA-2-50DR+) with a 1.5ns switching time. The output from the switch was fed

into a microwave circulator (UIY UIYBCC6434A), to prevent high power back reflec-

tions into the switch and source, before being sent into a microwave amplifier. The

amplifier (Mini-Circuits ZVE-3W-83+) provides +35dB broadband (2GHz -18GHz)

amplification to the microwaves; although the important data was taken at low mi-

crowave powers (i.e. the low action regime), which could easily be provided by the

generator alone, it was useful to be able to reach the higher powers allowed by the

amplifier for calibration purposes and auxiliary measurements. After the amplifier,

the microwaves were sent to the microstrip waveguide (sub sec. 3.5.2), whose other

end was capped with a 50⌦ terminator. The signal controlling the microwave switch

was provided by the second channel of the AWG controlling the AOM; these two

channels were set to the same frequency and were synchronised (phase-locked).

The diamond sample was mounted by gluing it directly onto the tapered section of

the microstrip waveguide. The angle of the diamond was adjusted such that one of
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the (1, 1, 1) directions lay perpendicular to the magnetic component of the microwave

field produced by the stripline (i.e. in the plane parallel to the stripline and at right

angles to the PCB) – this simply involved aligning two of the corners of the crystal

with the stripline. The waveguide PCB was attached to a plastic mount, which was

further attached to translational stages allowing us to adjust the vertical and axial

(with respect to the beam) positions of the sample. The beam was directed into the

sample perpendicularly through the upper facet of the diamond, as shown in Fig. 3.14.

Figure 3.14: The diamond fixed on the waveguide, lying between two magnets, with green
light focused in using an objective.

A pair of rare earth magnets were used to provide the static magnetic field required

to reorder the ground state levels in the manner required for this experiment. The

anti-crossing between |0i and |+1i occurs at an axial field strength of 0.102 T, and the

experiment required the field go beyond this strength in order to achieve the correct

ordering and to avoid any mixing of the states. In order to produce a homogeneous

field of the correct strength and direction, we required control over translational,

rotational and separation degrees of freedom. The magnet separation and one of the

translational degrees was provided by mounting the magnets on individual stages,

which were fixed onto a plate, such that adjusting the stages only changed the axial
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separation between the magnets. This plate was mounted on a tilt stage, which in

turn was mounted on a rotation stage; these two stages allowed us the necessary

degrees of freedom to fix the orientation of the field. Finally, the remaining two

translational degrees of freedom were provided by attaching the rotation stage to two

more translational stages. A photograph of this construction can be seen Fig. 3.15.

Figure 3.15: Photograph of the stages used to adjust the magnetic field, together with the
diamond sample glowing red under fluorescent excitation in the centre.

A schematic of the whole setup and the connections between the various components

can be seen in Fig. 3.16.

3.5.4 Spectroscopy

Continuous Wave

Continuous wave spectroscopy, making use of the ODMR technique, was used to take

microwave spectra and probe the ground states of the NV centre [49]. During the

measurement, the sample is simultaneously illuminated with continuous green laser

light and squared amplitude modulated microwaves, whilst at the same time the
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Figure 3.16: Schematic of the experimental setup, showing the more important compon-
ents.

fluorescence is collected and detected with the lock-in amplifier locked to the same

frequency as the microwave modulation. The ODMR response can then be measured

as a function of the microwave frequency, which produces a drop in fluorescence when

a transition is reached. This measurement enabled us to track the changes in the

ground state levels as we increased the static magnetic field. The field was increased

until the |+1i state lay ⇠ 2⇡ ⇥ 2750 MHz below the |0i state. An anti-crossing was

observed during this process; using this we were able to extract the extent to which

the magnetic field was misaligned from the NV axis from the minimum energy gap

between these states at the anti-crossing. Similar CW scans were run prior to any

measurements in order to determine both the position and linewidth of the resonance.

An example of such a scan is given in Fig. 3.17.

The minimum linewidth we were able to achieve was a full-width half maximum of

2⇡ · 7.5 MHz (� = 3.1MHz). The ensemble coherence time is given by 1/T ⇤

2 =
p
2⇡�,

so that the maximum ensemble coherence time (1/e) in our sample is 72ns.
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Figure 3.17: ODMR spectrum of the 0 $ 1 ground state transition in the NV centre,
together with best fit Voigt profile.

Aligning the magnetic field

The states are reordered using an external magnetic field, which acts on the states

through the Zeeman interaction. Recall that the Hamiltonian describing the interac-

tion in the ground states is given by,

HZeeman =
ggsµB

~
~S · ~B

If we define Bk = (Bx + iBy) /
p
2 and B? = Bz, it can be shown that the total

Hamiltonian is given by,

Hgs =

0

BBBB@

0 B? B
⇤

?

B
⇤

?
Dgs � Bk 0

B? 0 Dgs +Bk

1

CCCCA

It can be seen that the axial terms (Bk) are responsible for shifting the levels whilst

preserving the eigenstates, and, to first order, the transverse terms (?) do not shift

the levels, but do mix the |±1i states with |0i. To avoid mixing of the states, which
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reduces the fluorescence contrast and pumping e�ciency, the magnetic field should

be aligned as closely as possible with the NV axis. Any transverse component of

the magnetic field results in an anti-crossing between |1i and |0i at Bz = 0.102T as

shown in Fig. 3.18. To get a reasonable separation between the states and minimise

any residual mixing, we chose to work at a magnetic field strength of approximately

0.2T, which corresponds to a |0i $ |1i splitting of about 2.7GHz.

Figure 3.18: A plot of the e↵ect of a magnetic field on the ground state energy levels. The
field angle used was 5� o↵ axis.

We were able to use the magnitude of this separation at the anti-crossing to align

the field by minimising the separation – the resonances at the anti-crossing are shown

in Fig. 3.19. The minimum seperation was ⇠ 20MHz, correspodning to an o↵ axial

angle of < 1o .

In addition, the position of the magnets was adjusted to minimise the linewidth of

the transitions, which corresponds to placing the optical focus in the centre of the

magnets where the field was closest to being homogeneous.
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Figure 3.19: Minimum seperation of 17 MHz at the anticrossing.

Rabi Oscillations

The Rabi frequency for a given microwave power was also measured using ODMR.

In this case, the microwaves were pulsed at a particular repetition rate on top of

the slow square-wave amplitude modulation. The optical pumping was also pulsed

with the inverse waveform to the microwaves. The repetition rate was chosen to be

su�ciently slow for the NV to optically re-equilibrate in the duration of the optical

pumping, whilst also being fast enough to ensure a good signal to noise ratio. The

pulse sequence is shown schematically in Fig. 3.20. The repetition rate of the pulses

was kept fixed and the pulse width was scanned, so that Rabi oscillations in the signal

amplitude were observed as seen in Fig. 3.21.

The Rabi frequency is defined by, ⌦ = µBggsB? ( ~B here referes to the magnetic

field component of the microwaves rather than the static field discussed previously).

Since the microwave power is proportional to |B|2, we expect the Rabi frequency to

go like ⌦ /
p
PMW . By taking a number of Rabi scans similar to that in Fig. 3.21
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Figure 3.20: Schematic showing the pulse sequences used in the experiment for measuring
the Rabi frequency at a given microwave power.

Figure 3.21: An example of a Rabi scan showing several oscillations and an exponential
decay, this instance taken at (-3 + 35)dBm. Here the errorbars were estimated by the
variance of several measurements.

at di↵erent input microwave powers, we were able to determine the proportionality

between the Rabi frequency and the square-root of the power. The repetition rate

was choosen to be approximately 20kHz, the pulse durations were scanned across the

range 10ns - 1µs, and the slow modulation set to be ⇠ 130Hz (ensuring that it was

not a multiple of 50Hz). For the data presented in 3.22, the constant was determined
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to be 2⇡ ⇥ (137 ± 2) kHz/
p
mW .

Figure 3.22: Rabi frequency calibration.

Ramsey Interferometry

Ramsey interferometry was also attempted on our sample in order to obtain a second

and direct measurement of the ensemble coherence time T ⇤

2 . A Ramsey pulse sequence

consists of two ⇡/2 pulses separated by a delay, denoted by ⌧ . The functional form of

the population in |0i after this sequence is given by,

P0 = Ae
�t/T ⇤

2 cos (!t+ �)

In order to determine the ⇡/2 time a Rabi scan is performed first. These pulses are

then fixed and delay between them is then scanned to produce the data shown in

Fig. 3.23, which also includes the best fit of the above function. The scan in Fig. 3.23

was the clearest of the Ramsey scans that we were able to obtain; nevertheless, it can

be seen that it decays too rapidly to be able to extract much information from it.
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Figure 3.23: Ramsey scan. This data is the result from multiple runs, which allowed for
the errorbars to be estimated from the measurement variance.

3.5.5 Thermalisation

The rate equation model was used to determine the relation between the laser power

and the optical excitation rate, �. This quantity is needed to determine the pro-

portionality constant, � (�) , as well as the e↵ective thermalisation rate in the heat

engine. The steady state populations, P0, as a function of � are defined implicitly by

M(�)P0(�) = 0. The fluorescence (up to proportionality) can be calculated by,

F (�) / ⇣ · P0(�),

where the dot product with ⇣ = [ 0 , 0 , 0 , 1 , 1 , 1 , 0 ] gives the population in the

excited state manifold. We also know that the optical excitation rate, �, must be

proportional to the input light intensity I. This allows us to write,

F (I) = ↵⇣ · P0(�I),

where ↵ and � are undetermined proportionality constants, with � being the
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constant of interest to us (whereas ↵ relates to the number of NV centres and the

collection e�ciency).

Figure 3.24: The blue dots are the measured data points, the red curve is the best fit used
to extract �, and the green curve is the linear extrapolation of the data at low intensity (to
help illustrate the deviation from linear scaling).

By measuring the fluorescence for a range of input laser powers and fitting the

calculated fluorescence to these results, one is able to extract these parameters. Note

that it is important that the measurements extend into the region where the fluores-

cence responds non-linearly, otherwise only the product ↵� can be determined. The

result of the fit using these two parameters is shown in Fig. 3.24.

Measuring Pulse Shapes

It was important to determine the pulse shape of the microwaves and light pulses for

the theoretical calculations, which used them in the most general form of the numerical

integration (rather than assume the ideal case of perfect square pulse shapes). In

addition it was important to determine the time average of the Rabi frequency to

correctly determine the quantum bound (Eq. 2.19). A fast oscilloscope (30GHz) was
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used to directly measure the microwaves transmitted through the waveguide. One

such trace is shown in Fig. 3.25. In order to determine the time dependence of the

Rabi frequency, we required the envelope of this trace. It was first low pass filtered

to remove high frequency noise, which would have resulted in false local extrema; the

upper and lower envelopes were subsequently found by searching for local maxima

and minima respectively. These are shown in Fig. 3.26.

Figure 3.25: The raw signal measured by the oscilloscope for the 10ns pulse duration.

The total waveform is given by V (t) = A(t)ei!t + C(t), where A(t) / ⌦(t) is the

envelope that we are interested in, and C(t) is an o↵set (which should be zero, but

plays no role in any event). These can be found by noting that the waveform can be

expressed in terms of the upper and lower envelopes can be expressed as in Eq. 3.7.

The resultant di↵erence between the envelopes, normalised to the CW field, is shown

in Fig. 3.27.

V (t) = 0.5 [U(t)� L(t)] ei!t + 0.5 [U(t) + L(t)] (3.7)
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Figure 3.26: Filtered signal with upper and lower envelopes.

Figure 3.27: The total pulse envelope calculated as the di↵erence between the upper and
lower envelopes.

The procedure was simpler for the light pulses for which the intensity could simply

be measured directly with a fast photodiode (Thorlabs Si detector with a response

time of approximately 1ns). A joint plot of the microwave and light traces, as would

have been used for the two stroke engine, can be seen in Fig. 3.28. It can be seen

that the optical rise and fall times are substantially slower than the corresponding
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microwave times, due to the slower response of the AOM. Whilst this isn’t altogether

satisfactory from an aesthetic point of view, provided the average optical intensity is

as expected (66% in our case), it makes little practical di↵erence to the experiment,

since the thermal part of the action does not feature in the bound, as will be shown

later.

Figure 3.28: Combined microwave and optical waveforms.

Determining NV0 contribution to the Spectrum

Recall that the power output of the NV engine could be inferred from measurements

of the normalised fluorescence di↵erence with and without microwave driving. This

relies on the di↵erence being correctly normalised with the background fluorescence.

Because the majority of the NV fluorescence spectrum lies at wavelengths greater

than than the ZPL [49], all wavelengths above 637nm were included in the fluorescence

measurement; whilst the NV0 has a higher energy ZPL of 575nm, a substantial portion

of its PSB lies above 637nm, which would a↵ect the fluorescence measurement. In

once sense this is not a major problem for either of the experiments considered in

this thesis. The equivalence test requires only that we know the power outputs of the
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continuous and two stroke engines up to some universal constant, whilst the quantum

thermodynamic signature merely requires that the measured power be greater than

the stochastic bound – because NV0 contributions will result in a larger background

fluorescence, the measured power is a lower bound for the actual value. Nevertheless,

we took a spectrum of our sample which is shown in Fig. 3.29

Figure 3.29: Fluorescent spectrum for the diamond sample used in the experiment. It can
be seen that there is only a NV� contribution to the spectrum, with no NV 0 apparent.

It can be seen that only the increasing edge of the NV� spectrum can be seen in

the region (580 - 640) nm, with no indication of the large NV0 PSB, allowing us to

conclude that there is negligible NV0 contribution to the spectrum.



Chapter 4
Results

4.1 Theory results

Here I present theoretical work related to the heat engine, which extends the work

presented in the previous chapter to account for deviations of the physical implant-

ation from the idealised model discussed previously; this is particularly necessary in

our realisation which consists of a dense ensemble of defects in a noisy solid state

environment.

4.1.1 Inhomogeneous broadening

The idealised engine consists of a single quantum entity, which is driven on resonance;

by contrast, our experimental system consists of a large ensemble of NV centres in a

room temperature, solid state environment. The NV� ground spin states are coupled

to the local diamond strain, magnetic and electric fields, and neighbouring nuclear

and impurity spins. Each of these interactions shift the spacings between the spin

states by an amount depending on the local environment of each centre, resulting in

a distribution of resonance frequencies across the ensemble.

107
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Hamiltonian

We begin by considering a single detuned NV centre. The ability to drive the trans-

itions in the ground state relies on the magnetic dipole interaction, which arises

through the Zeeman term in the Hamiltonian [55, 56, 62],

HZeeman = ge
µB

~
~S · ~B,

where g ⇡ 2.0 is the electron g-factor, µB is the Bohr magneton, and the spin matrices

are given by,

Sx =
~p
2

2

66664

0 1 1

1 0 0

1 0 0

3

77775
, Sy =

i~p
2

2

66664

0 1 �1

�1 0 0

1 0 0

3

77775
, Sz = ~

2

66664

0 0 0

0 �1 0

0 0 1

3

77775

We have designed the experiment such that Bz ⇡ 0. Further, since we are only

addressing one of the possible transitions, with the other being far detuned, we restrict

our attention to the transition between |0i and |�1i. Then, if ~B(t) = ~B cos(!t), we

are left with the familiar interaction term,

HI =
~
2

2

66664

0 ⌦ 0

⌦⇤ 0 0

0 0 0

3

77775
cos(!t),

where ⌦ =
p
2gµB (Bx + iBy) /~ is the Rabi frequency. One can then go through

the usual procedure of moving into the interaction picture, followed by making the

rotating wave approximation [27] to obtain the interaction Hamiltonian,



4.1 THEORY RESULTS 109

HI =
~
2

2

66664

0 ⌦ei�t 0

⌦⇤
e
�i�t 0 0

0 0 0

3

77775
,

This can be converted into a time independent Hamiltonian by moving into the rotat-

ing frame via the unitary transformation given by, V (t) = diag
�
1, e�i�t

, 1
�
, to obtain,

H̃I =
~
2

2

66664

2� ⌦ 0

⌦⇤ 0 0

0 0 0

3

77775
(4.1)

Recall that the theory for the quantum heat engine is most easily done in the so called

Liouville space, in which we vectorise the density matrix, and can write the Lindblad

equation as a matrix equation. The interaction Hamiltonian Eq. 4.1 can be used to

to find the corresponding interaction Hamiltonian in Liouville space. If we work in

the basis {⇢13, ⇢23, ⇢31, ⇢32, ⇢12, ⇢21, ⇢11, ⇢22, ⇢33}, it takes the form,

Hw =

2

66666664

H1

�H1

H2

1

3

77777775

, (4.2)

H1 =
1

2
~

2

64
� ⌦

⌦ 0

3

75 and H2 =
1

2
~

2

66666664

2� 0 �⌦ ⌦

0 2� ⌦ �⌦

�⌦ ⌦ 0 0

⌦ �⌦ 0 0

3

77777775
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Given some inhomogeneous distribution, N , the procedure is to simply calculate the

power output for each detuning, which is then integrated over the distribution to give

the ensemble averaged output:

hP i =
Z

P (�)N (�)d�

Action

Recall that the action is the variable which parametrizes the relative e↵ect of the

engine cycle on the state of the system, and we only expect to observe quantum

e↵ects when the action is less than ~. Recall that, working in the Liouville space

interaction picture with i~@t |⇢i = H |⇢i, the action of the engine is given by,

s =

Z T

0

kH(t)k dt,

where the matrix norm used is the spectral norm, which is given by,

kMk = max
np

eig (MM †)
o

We begin by considering how this quantity changes when we introduce detuning.

In the case of zero detuning the coherent contribution to the action is simply given

by scoh = ⌦tcoh, where ⌦ is the Rabi frequency of the driving field. Naively one

might expect the action to increase when a detuning is introduced, since the Rabi

frequency gets replaced by the modified Rabi frequency: ⌦!
p
⌦2 + �2 ; on the other

hand, intuitively we would expect the action to decrease, since the interaction strength

diminishes as one detunes far from resonance.
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The definition of the action given above originates from a consideration of the unitary

evolution operator in the interaction picture, which, in the simplest case of a constant

Hamiltonian, is given by exp (HIt). The results in [27] follow from the argument of the

exponential being ’small’, so we will follow this approach. The problem with simply

replacing the Rabi frequency with the generalised Rabi frequency is that we have then

implicitly transformed into the rotating frame. Instead, using the expression for the

time-independent interaction Hamiltonian 4.1, it can be shown that the interaction

picture unitary evolution operator is given by,

U(t) = V (t)†e�
i
~ H̃I t =

2

66664

X(t) Y (t) 0

�Y (t)⇤ X(t)⇤ 0

0 0 1

3

77775
,

where,

X(t) = e
i�t/2


cos

✓
1

2
⌦̃t

◆
� i

�

⌦̃
sin

✓
1

2
⌦̃t

◆�
and Y (t) = �i(⌦/⌦̃)ei�t/2sin

✓
1

2
⌦̃t

◆
,

and where ⌦̃ =
p
⌦2 + �2 is the modified Rabi frequency. The unitary evolution

operator in Liouville space is given by K = U ⌦ U
⇤. Since U is unitary, we can

find a Hermitian matrix M such that U = exp (iM); this together with the identity,

exp (A)⌦ exp (B) = exp (A⌦ I + I⌦ B), allows us to write

K = exp
⇥
i
�
M ⌦ I� I⌦M

T
�⇤

and consequently define the action to be,
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scoh ⌘ kM ⌦ I� I⌦M
Tk (4.3)

The eigenvalues of MT are equal to those of M . Note too that the eigenvectors of

M ⌦ I� I⌦M
T are of the form xi ⌦ yi, where xi are the right eigenvectors of M and

yi are the left eigenvectors. Therefore the eigenvalues of this matrix are simply given

by (�k � �j) where �i are the eigenvalues of M . It can readily be established that the

eigenvalues of U are given by,

� = 1, Re(X) ± i

p
1�Re(X)2

|X|2 + |Y |2 = 1 =) |Re(X)|  1, so we can write these eigenvalues as

{1, exp (�i✓) , exp (i✓)}, where

✓ = arccos


cos

✓
1

2
�t

◆
cos

✓
1

2
⌦̃t

◆
+
�

⌦̃
sin

✓
1

2
�t

◆
sin

✓
1

2
⌦̃t

◆�
,

Our action is then simply given by

scoh = 2 arccos


cos

✓
1

2
�tw

◆
cos

✓
1

2
⌦̃tw

◆
+
�

⌦̃
sin

✓
1

2
�tw

◆
sin

✓
1

2
⌦̃tw

◆�
(4.4)

Note that this simply reduces to ⌦tcoh if we take � = 0 (as it should). In Fig. 4.1 and

Fig. 4.2 we plot this function for parameters similar to those used in the experiment.

Fig. 4.1 shows that the action does decrease with increasing detuning, albeit slowly;

in fact we see that it only changes by a few percent for the stroke durations used

(10ns - 60ns) and range of detunings present in our experiment. Fig. 4.2 shows the
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Figure 4.1: coherent action as a function of detuning for ⌦ = 1 MHz and tcoh = 20 ns

Figure 4.2: averaged coherent action as a function of coherent stroke time for ⌦ = 1 MHz
and � = 3.0 MHz

ensemble averaged action, for an inhomogeneous broadening of � = 3 MHz, which is

linear with time for small time durations, but has non-linear additions as the cycle

duration is increased. These details aren’t especially important for the purposes of

this experiment – all that concerns us is that the action is small across the ensemble,

which can be ensured by choosing the Rabi frequency and stroke duration such that

the action is small at zero detuning.
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Now consider the thermal contribution to the action. Recall that the thermal evolution

operator is given by 3.1. The hot reservoir has �13, �31 > 0, with all other entries zero.

Similarly so for the cold reservoir with �23, �32 > 0. These rates determine both the

thermalisation coupling strengths and the temperatures of the respective reservoirs,

with the latter given in terms of the Boltzman factors, �31/�13 = exp (��Eh/kTh)

and �32/�23 = exp (��Ec/kTc). Consider the hot coupling first:

Lh = i~

2

666666666666664

�1
2 (�13 + �31) I

�1
2�31I

�1
2�31I

��31 0 �13

0 0 0

�31 0 ��13

3

777777777777775

,

Neglecting the factor of i~, this matrix has distinct eigenvalues

⇢
0,�1

2
�31,�

1

2
�31,�

1

2
(�13 + �31) ,� (�13 + �31)

�

)
��Lh

�� = ~ (�13 + �31)

The calculation for Lc is identical with the change 1$ 2, so that

kLck = ~ (�23 + �32)

So finally we can state that a su�cient condition for working in the small action

regime is,

s/~  ⌦tw + (�13 + �31 + �23 + �32) tth ⌧ 1,
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where we have used scoh(t)  ~⌦tw and kA+Bk  kAk+ kBk.

Quantum Bound

We also need to consider the e↵ect of the detuning on the stochastic bound. Recall

that the stochastic work per stroke is given by,

Wstoch = �hH0| D
h
e
�

i
~Hwtw � I

i
D |⇢̃i ,

where Hw is given by 4.2. Define |⇢̃popi = D |⇢̃i, which is simply the projection of

the steady state, |⇢̃i, onto the population subspace (i.e just setting all the coherences

to zero). Note too that hH0| Hn
w |⇢̃popi = 0 for n even, so that we can write,

Wstoch =
t
2
w

2~2 hH0| H2
w |⇢̃popi+ O

�
(s/~)4

�
(4.5)

We see that, by virtue of both |⇢̃popi and |H0i consisting population terms alone, only

the bottom right 3⇥ 3 block of H2
w contributes to 4.5, and is given by:

H2
! =

1

2
~2⌦2

2

66664

1 �1 0

�1 1 0

0 0 0

3

77775

Substituting this back into 4.5 we get

Wstoch =
1

4
t
2
w⌦

2 [0, ~!12, ~!13]

2

66664

1 �1 0

�1 1 0

0 0 0

3

77775

2

66664

⇢11

⇢22

⇢33

3

77775
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=
1

4
~!12t

2
w⌦

2 (⇢22 � ⇢11) 
1

4
~!12t

2
w⌦

2

Thus the photon emission rate of an engine with duty cycle d is bounded by:

Rstoch 
1

4
d |⌦|2 tw (4.6)

Therefore the addition of a detuning does not a↵ect the bound derived previously.

This is not entirely true if we consider higher order terms – including these we obtain,

Rstoch (�) 
1

4
d |⌦|2 tw


1� t

2
w

24

�
⌦2 + 2�2

�
+ · · ·

�

Averaging over a normal distribution with variance � yields,

Rstoch 
1

4
d |⌦|2 tw


1� t

2
w

24

�
⌦2 + 2�2

�
+ · · ·

�

The additional term can become significant provided �tw is not too small. Using

physically realistic parameters from the experiment (⌦ ⇠ 1 MHz , � ⇠ 2⇡ ⇥ 3 MHz

and tw = 10 ns), we find this expression di↵ers from 4.6 by only 0.3%; however, if we

take tw = 50 ns, then it is reduced by 8%.

Detuning from resonance is not the only way in which our experiment di↵ers from the

assumptions under which the original bound was derived. First, note that the system

is not decoupled from the e↵ective thermal bath when the optical excitation is turned

o↵ – instead all three ground levels are weakly coupled to the singlet by a cold bath.

In addition the pulse shapes are not perfectly square. Under these conditions we have

to consider the following expression,
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Wstoch =
i

~

Z T

0

dt hH0| Hw (t)U (t) |⇢̃popi

=
i

~

Z T

0

dt hH0| Hw (t) T
n
e
�

i
~
R t
0 d⌧(Hw(⌧)+L(⌧))

o
|⇢̃popi

=
i

~

Z T

0

dt hH0| Hw (t)


I� i

~

Z t

0

d⌧ (Hw(⌧) + L(⌧)) + O(t2)

�
|⇢̃popi

The term hH0| Hw (t) |⇢̃popi vanishes as before, as does hH0| Hw (t)L(⌧) |⇢̃popi, since

L does not mix population and coherence terms. So we are left with,

Wstoch =
1

~2

Z T

0

dt

Z t

0

d⌧ hH0| Hw (t)Hw (⌧) |⇢̃popi

We know that we can neglect the detuning terms for the same reasoning as used

previously.

) Wstoch =
1

2
hH0|

2

66664

1 �1 0

�1 1 0

0 0 0

3

77775
|⇢̃popi

Z T

0

dt

Z t

0

d⌧ ⌦ (t)⌦ (⌧)

Also note that
R T

0 dt
R t

0 d⌧ ⌦ (t)⌦ (⌧) = 1
2T

2 h⌦i2.

) Wstoch 
1

4
~!12T

2 h⌦i2

) Pstoch 
1

4
~!12T h⌦i2
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We see that this is simply a slightly generalised version of the previously derived

expression, reducing to it in the case of a square pulse.

4.1.2 Homogeneous dephasing

The idealised theory includes two mechanisms for decoherence. The first occurs when

the reservoirs are coupled to the system, which results in loss of coherence due to

incoherent population transfer. The second mechanism is the theoretical construct,

D, an operator which completely eliminates the coherences of the state to which

it is applied. This idealised theory neglects the fact that we can never completely

decouple the system from its environment, even assuming we can controllably couple

the reservoirs perfectly. It also does not consider decoherence mechanisms which do

not result from population transfer – these are the mechanisms which result in the

coherence time, T2, being less than half the lifetime (2T2  T1).

One of the well known features of the negative NV centre, and one of the principle

reasons for the attention it has received, is the fact that it is possible to obtain very

long T2 times between the ground spin states, even at room temperature. T2 depends

on several factors related to the diamond properties and environment, including tem-

perature and defect density. The mechanisms principally responsible for decoherence

in the NV centre include it being coupled to the diamond lattice; and, more import-

antly for dense ensembles, coupling to other centres and paramagnetic impurities in

its neighbourhood [60]. Measurements of T2 for room temperature ensembles range

from ⇠ 1µs to over 600µs, with a few µs being typical.[50, 49]. Measurements of

T2 as high as 600ms have been measured when using low temperatures (77K) and

dynamic decoupling techniques [51]. The characteristic timescale resulting from these

spin-spin interactions between the NV and neighbouring paramagnetic impurities is
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given by [74],

T2 ⇡ 1/↵n,

where ↵ = µ0g
2
sµ

2
B/4⇡~ and n is the density of NV centres. The density of the

NV� centres in our sample is approximately 1⇥ 1018cm�3. Substituting this into the

formula gives T2 = 4.4 µs, which is consistent with previously measured rates.

It is relatively simple to include homogeneous dephasing in our model of the NV heat

engine. We are coherently driving only one of the possible microwave transitions,

which allows us to restrict our attention to the coherence between these two levels.

Dephasing at a rate � is then simply included in the form of exponential decay terms

acting on these coherences. Recall that the Hamiltonian is given by 4.2, and that we

may restrict our attention to H2

L
0:

H =
1

2
~

2

66666666664

2� 0 �⌦ ⌦ 0

0 2� ⌦ �⌦ 0

�⌦ ⌦ 0 0 0

⌦ �⌦ 0 0 0

0 0 0 0 0

3

77777777775

The homogeneous dephasing is then simply included by hand through the addition of

the phenomenological pure dephasing term LD,

i~@t |⇢i = H(t) |⇢i ,

where H(t) = H!(t) + Lth(t) + LD, Lth(t) is the Liouville operator describing the

coupling to the thermal baths and LD is the pure dephasing operator, given by,
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LD = i~

2

66666666664

��

��

0

0

0

3

77777777775

Given the work presented in [27], it would be natural to assume that the inclusion

of any homogeneous dephasing will reduce the power output of the engine. However,

when I reran calculations with this addition, I found that this wasn’t necessarily

the case. Fig. 4.3 shows a plot of the engine power output as a function of the

inhomogeneous dephasing rate for ⌦ = 2⇡ ⇥ 0.25 MHz, � = 0.75 MHz, tw = 20 ns,

d = 1/3, and � = 2⇡ ⇥ 3 MHz.

Figure 4.3: Figure illustrating the e↵ect of pure dephasing on the power output of an
inhomogeneously broadened ensemble. In partciular notice the sharp intial increase in power
before a turning point and gradual decrease.

We see a sharp initial increase in the power output, with a maximum occurring at

⇠ 3.5 MHz, followed by a more gradual decrease in the power. Fig. 4.3 uses the range

0� 50 MHz in order to demonstrate the initial increase, followed by the turnover and
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decrease with increasing dephasing. Based on the previously measured numbers, and

the estimate for T2, this range is too large, so we restrict it such that (1µs  T2) (shown

in Fig. 4.4). This slightly surprising result turns out to be linked to the inhomogeneous

dephasing, in that it is only apparent when � > 0. This is shown in Fig. 4.5, which

plots the power for the same parameters as before, but with � = 0 MHz. In this we

see that the power decreases monotonously in the on-resonance case; in addition, a

comparison of the y-axis scale to that of Fig. 4.3, demonstrates the extent to which

the inhomogeneous broadening reduces power output of the engine. The behaviour

demonstrated in Fig. 4.3 begs the question as to why this does this not contradict the

results from [27]. This is resolved by noting that [27] does not show that coherence

must always result in a power boost; rather it shows that any engine which does not

carry coherence from one cycle to the next is bound in its power output, so that an

engine producing more power is indicative of this coherence being preserved between

cycles. Thus coherence can result in a power boost in certain circumstances, but is

not guaranteed to in all circumstances.

Figure 4.4: Figure showing the
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Figure 4.5: The e↵ect of pure dephasing on a single in resonace engine. Note in this case
the e↵ect is only to descrease the power output.

4.1.3 Theoretical predictions

I now show how to use the constructs presented previously to calculate predicted

power outputs, steady state cycles, heat flows and other quantities of interest. We

are principally interested in the steady state power output. The procedure used

to calculate this consists of two distinct steps: first the steady state of the engine

needs to be determined, after which the work done on this state during the course

of a single stroke can be calculated. In the section discussing the stochastic bound,

the interaction Hamiltonian was presented; because the unitary Hamiltonian only

couples the states |1i and |2i, we can neglect the other coherence terms and restrict

to {⇢12, ⇢21, ⇢11, ⇢22, ⇢33}. The equation we are attempting to solve is simply the

Schrodinger equation, but for the unitary evolution operator in the super-operator

(Liouville) picture,

i~ @tU = HU ; U(0) = I, (4.7)
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where H = H! + L, and where the thermal evolution operator, L, is calculated

as shown in 3.2 (with a factor of i~ included). The steady state is calculated by

determining the zero eigenvector of the full cycle unitary evolution operator, U(T ).

Then, given the steady state |⇢i, the work output is given by,

W = hH0| Ŵ |⇢i , where Ŵ = � i

~

Z T

0

H!(⌧)U(⌧)d⌧

We can also consider the heat flows in the engine. Similarly, the total flow into engine

from the cold (hot) reservoir is given in terms of the operators,

Q̂c(h) = �
i

~

Z T

0

Lc(h)(⌧)U(⌧)d⌧,

We can check that energy conservation still holds:

Ŵ + Q̂c + Q̂h = � i

~

Z T

0

(H! + Lc + Lh) (⌧)U(⌧)d⌧

= � i

~

Z T

0

H(⌧)U(⌧)d⌧ =

Z T

0

@⌧U(⌧)d⌧ = 0

The final step has used the fact that U(t) is periodic with period T . Also recall the

e�ciency is given by the ratio of the work done to the heat flow into the engine,

⌘ =
W

Qh

So, in order to calculate the power output, our problem boils down to calculating U

and Ŵ . We consider three distinct cases: the ideal case (able to perfectly decouple

the thermal baths during the work stroke), the perfectly square pulse case, and finally

the general case. In the ideal case of perfectly square pulses and no overlap between

the thermal and work couplings, these quantities can be calculated analytically. The
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unitary evolution operator is simply given by,

U(t) =

8
>><

>>:

e
�

i
~ tH! t  t!

e
�

i
~ (t�t!)Le

�
i
~ t!H! t � t!

And

Ŵ = � i

~

Z T

0

H!(⌧)e
�

i
~ ⌧H!d⌧ = e

�
i
~H!t! � I

In the case were we cannot completely decouple the system from the thermal reservoirs

and its environment, but assume that we are still able to apply perfectly square pulses

– by which I mean that the Hamiltonian is constant during each stroke – the unitary

operator is given by,

U(t) =

8
>><

>>:

e
�

i
~ t(H!+L(�=0))

t  t!

e
�

i
~ (t�t!)L(�)e

�
i
~ t!H! t � t!

Calculating the integral for Ŵ ,

Ŵ = � i

~

Z T

0

H!(⌧)e
�

i
~ ⌧(H!+L(�=0))

d⌧,

is no longer quite so trivial. The di�culty here lies in the fact that H! + L(� = 0)

is singular. The simplest way to deal with this is to diagonalise H! + L(� = 0) and

perform the integration component-wise.

Finally, consider the most general case, where the pulses are non-square and where

there is overlap between the work and thermal couplings. Then the unitrary is given

by the time-ordered exponential:
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U(t) = T exp


� i

~

Z t

0

Hd⌧

�
,

which is defined in terms of Dyson series:

U(t) = I +

Z t

0

d⌧1H(⌧1) +

Z t

0

Z ⌧1

0

d⌧1d⌧2 H(⌧1)H(⌧2) + · · ·

Instead of attempting to calculate this series I numerically solve equation 4.7 directly

using using the 4th order Runge-Kutta method. To do this, measurements of the

traces for both the Rabi frequency and optical excitation are taken, and then iterated

over using the following procedure:

�t tn � tn�1

H1  H2

H2  H(�n,⌦n, �)

k1  H1U

k2  0.5 (H1 +H2) (U + 0.5k1 �t)
k3  0.5 (H1 +H2) (U + 0.5k2 �t)
k4  H2 (U + k3 �t)

U  U + �t
6 (k1 + 2k2 + 2k3 + k4)

W  W + i �tk1

This is a forth order technique, which is correct up to O(�t5) for each step, and O(�t4)

for accumulated error. Identical techniques can be used to calculate the heat flows.
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4.2 Experimental Results

Here the central results of this thesis are presented, namely the empirical verification

of the existance of a quantum theromdynamic signature in the operation of a quantum

heat engine, and a demonstration of the thermodynamics equivalence between con-

tinuous and 2-stroke variants of quantum heat engines in the small action limit.

4.2.1 Stochastic Bound

A measurement of the quantum thermodynamic signature requires not only that the

power output of the two-stroke engine be measured, but also that the corresponding

stochastic bound be calculated. Since the power of a fully stochastic engine is con-

strained to lie below this bound for small actions, any measured output exceeding the

bound is indicative of quantum e↵ects. The bound is not measured, but is calculated

using Eq. 4.5 – this expression does depend on the Rabi frequency in question which

is a measured quantity. Because the engine output scales roughly linearly with Rabi

frequency at fixed cycle time, whilst the bound scales quadratically, we expect to be

able to more easily measure QTS at the lower end of our Rabi frequency range.

This scaling resulted in the lowest Rabi frequency for which the signal to noise ratio

was still su�ciently large being chosen. The Rabi frequency at which we were finally

able to measure a quantum thermodynamic signature, as shown in Fig. 4.6, was

⌦ = 1.6 ± 0.05 Mrad/s. In our case the coherent duty cycle was fixed to be 33% due

to our limited peak optical power, which allowed us to more evenly match the thermal

and coherent actions. The total cycle time was scanned accross the range (30 - 180)ns.

Finally, the thermal bath coupling rate was determined to be �th = 0.41± 0.02 MHz.

Due to the low signal at these driving strengths, each data point was obtained by

integrating using a lock-in amplifer for approximately 4⇥103 cycles, and was repeated
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Figure 4.6: Beating the stochastic bound: Measured power output of the two-stroke engine
(dots) vs. the action per cycle, theoretically predicted power (red line) and stochastic bound
(soild blue line).

20 times for each point. The results are shown in Fig. 4.6. The stochastic bound

corresponding to this Rabi frequency and duty cycle is given by the blue line. It is

clearly seen that for the smallest action applied, corresponding to a coherent stroke

time of 10ns, the bound is violated by 2.4 standard deviations, corresponding to a p

value of 0.0082 (see subsec 4.2.4 for a detailed discussion of the error analysis).

4.2.2 Equivalence

The equivalence between the two-stroke and continuous engines was the first result

we were able to demonstrate with the experimental setup. It can be seen that the

equivalence hypothesis is equivalent to the following,

lim
s!0

Pstroke

Pcont
= 1

This means that the proportionality constant  does not need to be determined,

and nor do exact values need to be known for the optical excitation rate � or Rabi
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frequency ⌦. This relaxation allows for the specific values of the optical excitation

rates and Rabi frequencies to be ignored, but rather simply ensure that they are the

correct ratios (given by the duty cycle of the stroke engine) for each of the continuous

and two-stroke runs. This in turn allows for the use a multimode fibre to collect the

light, which eases the coupling of light into the fibre, and results in light intensities

of at least an order of magnitude greater than could be achieved with the single

mode fibre, and so correspongly higher signal strengths. Recall that for a coherent

duty cycle of d, the Rabi frequencies and thermalisation rates of the continuous and

two-stroke engines should be related by,

⌦cont = d⌦stroke and �cont = (1� d) �stroke (4.8)

Again, the duty cycle was fixed at 33% due to our limited peak optical power, and

the total cycle time was scanned accross the range (30 - 180)ns. The results from

these multi-mode fibre measurements are shown in Fig. 4.7. For this measurement.

This was done for a number of di↵erent input microwave powers (Rabi frequencies).

The corresponding continuous values were obtained by setting the light intensity and

microwave driving according to Eq. 4.8. In this graph the fluorescence change is given

as a percentage of the average fluorescence, hF i, for the engine in question (which are

close to being equal because the average optical intensities are equal). In this case

the proportionality constant, which di↵ers from that derived in Eq. 3.3 by a factor of

Fcw/ hF i, is the same for each of the engines. It can clearly been seen that the value

for two-stroke engine tends towards the corresponding continuous value as the cycle

time (and so coherent action) tends towards zero for each of the Rabi frequencies

used.

Additionally, a similar scan was taken with the multi-mode fibre was replaced with

a single mode fibre (SMF), the results of which are shown in Fig. 4.8. In this case
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Figure 4.7: An experimental demonstration of the Quantum heat machine equivalence
(QHME) collected using a single mode fibre with a laser power of 1mW. The two-stroke
power outputs are given by the data points, and the continuous values by the shaded regions.

the proportionality constants linking the normalised fluorescence change and power

outputs, together with the optical excitation rate, could be determined. The thermal

bath coupling rates were the same as used in the stochastic run, and the duty cycle was

again fixed to be d = 1/3. The measured values for the two-stroke engine are given by

the data points, whilst those for the continuous engine are given by the shaded region,

the width of which corresponds to the uncertainty in the measurement. Additionally,

because the power output could be calculated in this case, the corresponding theory

could be included to compare against – the two-stroke power output is given by the

solid lines and the continuous engine by the dashed lines. Despite the increased signal

to noise, and the higher total action, the equivalence between the continuous and

two-stroke engines are still apparent for the three Rabi frequencies used. It can also

be seen that the theory agrees fairly well with the data in both the two-stroke and

continuous cases. In examining Fig. 4.8, it can be seen that the errorbars have been

somewhat overestimated here; this is because a share of the uncertainty is contributed

by the proportionality constant , which is equal for each of the data points – this is
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discussed more fully in subsection 4.2.4.
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Figure 4.8: An experimental demonstration of the Quantum heat machine equivalence
(QHME) collected using a single mode fibre. The two-stroke power outputs are given by the
data points, and the continuous values by the shaded regions. The corresponding theoretical
predictions are given by the solid and dotted lines respectively.

The results, presented in Fig. 4.7 and Fig. 4.8, showing the convergence in per-

formance constitutes the first experimental verification of quantum heat engine equi-

valence.

4.2.3 Dephasing

In addition to measuring a QTS, we also sought to study the work output as the

coherence of the system was reduceed. This was done by fixing the work-stroke

duration and Rabi frequency, whilst varying the thermal stroke duration and coupling

so as to keep the thermal action constant – this was done by keeping the quantity

�tthemal constant. It is clear that the power output will drop due to increasing the

cycle duration without changing either the coherent or thermal actions; to seperate
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the change in power due to decoherence from this intrinsic power drop, we instead

consider the work output per stroke. In this case, provided the thermalisation achieved

during the thermal stroke is the same in each case, a stochastic engine should produce

the same work per cycle as we vary the stroke duration. Thus, by changing the length

of the thermal stroke in this way, only the pure-dephasing related action is increased,

enabling the examination of the dependence of the work output on the coherence of

the system.
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Figure 4.9: Demonstration of the drop in power output as the decoherence is increased.
The decoherence was achieved by lengthening the thermal stroke whilst keeping the thermal
action fixed.

Fig. 4.9 presents the work per cycle of the two-stroke engine in which the coherent

stroke duration and Rabi frequencies were set to their respective minima of 10ns and

1.6MRad/s – this corresponds to a total action per cycle excluding pure dephasing

was fixed at 0.05~. It can clearly be seen that the output work per cycle decreases as

the thermal stroke duration is increased, and drops below the stochastic bound (the

blue line). The bound increases slightly at long thermal strokes, due the slightly non-

square nature of the MW driving. A discrepancy can be observed between theory and
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measurement as the thermal stroke is lengthened; I have not been able to determine

the exact reason for this at present, but it could possibly be due to the homogeneous

dephasing e↵ects discussed in subsec. 4.1.2.

4.2.4 Error analysis

In examining Eq. 3.6, hRi =  h�F i /Fcw, it is apparent that there are a number of

contributions to the uncertainty in the final value of the rate (power). First, there

is measurement variation in the value h�F i from one measurement to the next, due

to detector shot noise and laser intensity noise. The mean and standard error were

simply calculated from the sample of individual measurements. Secondly, the value

for  depends on the parameters listed in table 2.2, together with the value calculated

for �, which itself depends on the former parameters. I used a Monte-Carlo simulation

to propagate the uncertainties in these parameters, and the calculated uncertainty for

�, to a final uncertainty in . The error in the value for hFcwi was determined to be

negligible (relative error < 1%) relative to the other errors and therefore disregarded.

Finally, I also had to account for uncertainty in the value for the bound, which stems

from the uncertainty in the value for the Rabi frequency.

When considering the quantum thermodynamic signature, the quantity of interest

is the certainty with which we can demonstrate Pmeasured � Pbound > 0. This requires

the use of a one sided normal distribution. The null hypothesis is Pmeasured�Pbound 

0, whilst the alternative hypothesis is that the measured power breaks the stochastic

bound. In our case the test statistics for the null outcome is t = 2.4, which corres-

ponds to a p-value of 0.0082. Thus we can discard our null hypothesis and adopt the

alternative hypothesis, to a significance of < 1%.



Chapter 5
Limit Cycles in Quantum Heat Engines

The discussion of the thermodyamic properties of quantum heat engines relies on the

engine settling to a steady state operation. Up to this point we have tacitly assumed

that the system, driven by periodic external fields, will eventually settle into a steady

state operation with well defined power output and dynamics. It seems fairly clear

that this will be the case and is therefore perfectly acceptable to assume; however

here I will take a slightly closer look at the conditions required for this to be true.

Definition 4. A dynamical semigroup ⇤t = exp (Lt), with L as in theorem 1, is said

to be relaxing if there exists a density matrix ⇢1 2 B(H) such that, for every density

matrix ⇢ 2 B(H),

lim
t!1

⇤t⇢ = ⇢1.

Theorem 3. Let ⇤t = exp (tL) be a dynamical semigroup of trace preserving CP

maps, with L as in theorem 1 and t 2 R+. Then {⇤t} is relaxing if either:

1. the algebra generated by {Lk|k 2 I} is the whole of Md (C)

2. span {Lk|k 2 I} is self-adjoint and {Lk|k 2 I}0 contains only multiples of the

identity. Here X
0 denotes the commutant of X.

133
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Proof. An algebraic condition for the approach to equilibrium of an open N-level

system, Herbert Spohn [75].

Definition 5. Suppose we have a n ⇥ n square matrix Aij. Then we say that A is

reducible if we can partition the set of indices, I = {1, . . . , n}, into two disjoint sets,

{i1, . . . , iµ} and {j1, . . . , j⌫} (with µ+ ⌫ = n), such that,

Ai↵j� = 0,

for ↵ 2 {1, . . . , µ} and � 2 {1, . . . , ⌫}.

Lemma 1. A n ⇥ n matrix A is irreducible if and only if Im = I = {1, . . . , n} for

every m 2 I, where,

Im =
�
n 2 I | 9 a sequence {i1 = m, i2, . . . , ik�1, ik = n} s.t Ai1i2Ai2i3 · · ·Aik�1ik > 0

 

Proof.

( =) ) Suppose A is irreducible.

Consider the set Jm = I � Im. Then it is clear that j 2 Jm =) Aij = 0 8i 2 Im.

But we know that Im is not empty (it must contain m), and since A is irreducible, it

follows that Jm = ?.

((=). Assume the property holds and suppose that A [ B = I is a disjoint

partition of the index set. Then for any a 2 A and b 2 B, there exists a sequence

{i2, . . . , ik�1} such that,

Aai2Ai2i3 · · ·Aik�1b > 0.

If i2 2 B then we are done. If not, i2 2 A, and we in turn consider i3. We can

continue until we eventually find l such that il�1 2 A and il 2 B, which we are assured

of since the sequence terminates with b 2 B.
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Henceforth we will only consider generators for continuous dynamical semigroups,

as in theorem 1, for which the operators Li can be written as Lij =
p
�ij |ii hj|. The

non-unitary part of the evolution is then characterised entirely by the d ⇥ d matrix

�. The following result (Corollary 1) demonstrates that a thermal generator deriving

from an irreducible coupling matrix (�) produces relaxing time evolution. The result

is not unknown; however, I present the proof for completeness.

Corollary 1. Let L be the generator of a continuous dynamical semigroup with �

being irreducible. Then ⇤t = exp (tL) is relaxing.

Proof. We show that {Lj} generates the whole of Md (C) by showing that we can

generate a basis for Md (C).

Let m,n 2 {1, . . . , d}. Then by lemma 1, we can find a sequence i1, i2, . . . , ik,

with i1 = m and ik = n, such that �i1i2�i2i3 · · · �ik�1ik > 0. Then, by writing r =

�i1i2�i2i3 · · · �ik�1ik , we have,

|mi hn| = 1

r
Li1i2Li2i3 · · ·Lik�1ik .

The result follows from theorem 3.

The more general case, @t⇢ = Lt⇢, is more di�cult to deal with. We know that,

by the equivalence principle, the result should hold true for the general case as the

action goes to zero. To proceed I will do away with some of the generality of the

previous result and assume a form for the Hamiltonian. Specifically we assume that

H only couples two of the levels, which without loss of generality we take to be |1i

and |2i. First I will state a theorem which we will require later.
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Theorem 4. Let ⇤ : Md (C)!Md (C) be a CPTP map. Then there exists a positive

definite density matrix ⇢1 such that limn!1 ⇤n (⇢) = ⇢1 8⇢ 2 B(H) () 9n 2 N

such that ⇤n (⇢) > 0 8⇢ 2 B(H).

Proof. The Perron - Frobenius theorem [76].

Consider density matrices of the form,

⇢ =

2

66666666664

⇢11 ⇢12 0 · · · 0

⇢21 ⇢22 0 · · · 0

0 0 ⇢33
...

...
...

. . .
...

0 0 · · · · · · ⇢nn

3

77777777775

These lie in the subspace spanned by {�12, �21, �11, . . . , �nn} – denote it by S.

Lemma 2. Let ⇤ : Md (C) ! Md (C) be a CPTP map such that ⇤ (S) ⇢ S and

⇤ (⇢) > 0 for all density matrices ⇢ in S. Then there exists a positive definite density

matrix ⇢1 2 S such that

lim
n!1

⇤n (⇢) = ⇢1 8⇢ 2 B(H) \ S.

Proof. Let ⇤S be the restriction of ⇤ to S and let k = dim (S). Then consider an

extension of ⇤S, ⌦ : Md (C)!Md (C), given by

⌦ = 0k � ⇤S.

It can be seen that ⌦ is positive and trace preserving and coincides with ⇤ on S:

define a completely positive operator P by the Kraus decomposition K0 = |1i h1| +

|2i h2| and Ki = |i+ 2i hi+ 2| for i = 1, · · · , n � 2. Then P is a projector onto
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S and ⌦ = P⇤. Also note that ⌦ (⇢) 2 S for all density matrices ⇢. Then since

⇤ (⇢) > 0 8⇢ 2 S \ B(H), we have ⌦2 (⇢) > 0 for all density matrices ⇢.

By theorem 4, we then have that there exists a positive-definite density matrix,

⇢1, such that, for all density matrices ⇢,

lim
n!1

⌦n (⇢) = ⇢1.

In particular if ⇢ 2 S, then

lim
n!1

⇤n(⇢) = lim
n!1

⌦n(⇢) = ⇢1.

Finally we must have ⇢ 2 S by virtue of S being ⇤ invariant and closed under the

usual topology (finite dimensional subspaces must be closed).

From the above lemma, it follows that if ⇤ satisfies the properties in lemma 2 and if

for every density matrix ⇢ there exists n 2 N such that ⇤n(⇢) 2 S, then ⇤ is relaxing.

Working in the basis {⇢1n, . . . , ⇢12, ⇢21, ⇢11, . . . , ⇢nn} and under the assumption that

Lij =
p
�ij |ii hj| and H = 0, L takes the form,

L =

2

666666666666666666664

!1n

. . .

!12

!21

!11 �12 · · · �1n

�21 !22
...

...
. . .

...

�n1 · · · · · · !nn

3

777777777777777777775

, (5.1)
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where !ij = �1
2

P
k (�ki + �kj). It is clear, from the block diagonal form of L, that

S is an invariant subspace of L.

Lemma 3. Suppose � is irreducible. Then exp (tL) (⇢) > 0 for all density matrices

⇢ 2 S and t > 0

Proof. We will approach this by considering the action of exp (�tL) on ⇢ with non-

trivial kernel; so suppose det (⇢) = 0. We consider two cases.

Case I:

Suppose J = {m 2 I|⇢mm = 0} 6= ?. Then (L⇢)mm =
P

n2I�J (�mn⇢nn) > 0 for

some m 2 J , since � is irreducible (otherwise we would have �mn = 0 8m 2 J, n 2

I � J). So [(I� ⌧L) ⇢]mm < 0 for all ⌧ > 0. In particular, there exists a ✏ > 0 such

that 0 < ⌧ < ✏ implies

⇥
e
�⌧L

⇢
⇤
mm

< 0

Case II:

Suppose ⇢ii > 0 for all i 2 {1, . . . , n}. Then ⇢11⇢22 = |⇢12|2.

(L⇢)11 = !11⇢11 + �12⇢22 + · · · + �1n⇢nn

(L⇢)22 = !22⇢22 + �21⇢11 + · · · + �2n⇢nn

(L⇢)12 = !12⇢12

(L⇢)21 = !21⇢21

) det [(I� ✏L) ⇢ |2] = [(1� ✏!11) ⇢11 � ✏⇣1] [(1� ✏!22) ⇢22 � ✏⇣2]� (1� ✏!12) (1� ✏!21) |⇢12|2



5.0 139

= �✏ [(2!12 � !11 � !22) ⇢11⇢22 + ⇢11⇣2 + ⇢22⇣1] + O(✏2)

= �✏ (⇢11⇣2 + ⇢22⇣1) + O(✏2)

< 0.

Here I use det (A |k) to denote the kth leading principle minor (i.e the determinant

of the top left k ⇥ k block) and we have used ⇣1 = �12⇢22 + · · · + �1n⇢nn > 0 and

⇣2 = �21⇢11+ · · ·+�2n⇢nn > 0 (again by the irreducibility of �). So, again, there exists

a ✏ > 0 such that 0 < ⌧ < ✏ implies

det
⇥
e
�⌧L

⇢ |2
⇤
< 0.

Note that a matrix is positive definite i↵ its leading principal minors are all pos-

itive. Thus if det (⇢) = 0, then for su�ciently small ✏ > 0, e�⌧L
⇢ is not positive semi-

definite for 0 < ⌧ < ✏. This implies the result as follows: suppose there is a density

matrix � such that e
tL
� = ⇢ for some t > 0. Then by taking 0 < ⌧ < min (✏, t),

it follows that e(t�⌧)L
� = e

�⌧L
⇢ is not positive semi-definite – this is a contradiction

since e
tL is a CPTP map for all t > 0.

Lemma 4. exp (tL) (⇢) > 0 for all postive-definite density matrices ⇢ 2 S and t > 0

This lemma appears to be quite similar to the previous lemma. The previous

lemma showed that, given an operator L generated from an irreducible matrix, that

L maps every density matrix in S to a positive-definite density matrix in S. By

contrast, this lemma shows that even if L is not generated from a irreducible matrix,

that it still maps positive definite matrices in S to other positive definite matrices in

S.

Proof. The proof for this lemma is almost identical to that above, except we can’t
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assume the strict inequalities used; in fact we need only deal with the case where

equality occurs in place of the inequality previously. For the sake of brevity I will

implicitly refer to the previous proof.

Case I:

By assumption (L⇢)mm = 0 for all m 2 J (otherwise it reduces to the case in the

previous proof). This implies �mn = 0 for every m 2 J and n 2 I � J ; by induction

this further means that
�
Lk
⇢
�
mm

= 0 for every k 2 N and m 2 J , and so for all

t 2 R+,

e
�tL

⇢  0.

Case II:

We now have ⇣1 = ⇣2 = 0 and so �1i = �2i = 0 for i 2 I. Then it can easily be

checked that, under of the action of e�tL,

2

64
⇢11 ⇢12

⇢21 ⇢22

3

75!

2

64
e
�!11t⇢11 e

�!12t⇢12

e
�!21t⇢21 e

�!22t⇢22

3

75 ,

) det
�
e
�tL

⇢ |2
�
= e

�2!12tdet (⇢) = 0

where we have used !12 = !21 =
1
2 (!11 + !22).

It does seem to me that the above two lemmas should hold more generally – that

is hold for all density matrices rather than just those lying in S – but unfortunately

I have been unable to show this; it is not of too much concern since the restricted
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versions will su�ce for what I want to show. We are now ready to apply these results

to show that a three level engine – whether it be continuous, 2-stroke or 4-stroke – with

hot and cold baths coupling two of the possible transitions and a unitary interaction

coupling the third, will always settle into a stationary state/limit cycle, irrespective

of its initial state.

The rough idea is as follows: suppose that ⇤ satisfies the properties in lemma 2;

then we can decompose the space as Md (C) = R � S and block diagonalise ⇤ as

⇤R � ⇤S accordingly, where,

R = {M 2Md (C) |M12 = M21 = 0 & Mii = 0 for i = 1, . . . , d} .

Further suppose that, limn!1 (⇤R)
n
R = 0, then given any density matrix ⇢ =

⇢S + �R, then,

lim
n!1

⇤n
⇢ = lim

n!1

((⇤S)
n
⇢S + (⇤R)

n
�R) = ⇢1.

The Lindblad operators associated with the hot reservoir are
�p

�13 |1i h3| ,p�31 |3i h1|
 
,

whilst those for the cold reservoir are
�p

�23 |2i h3| ,p�32 |3i h2|
 
. Here �31/�13 =

exp (��Eh/kTh) and �32/�23 = exp (��Ec/kTc). The interaction Hamiltonian couples

levels 1 and 2, at Rabi frequency ⌦ and detuning �.

Theorem 5. A continuous engine, with couplings to hot and cold reservoirs and

interaction Hamiltonian as described above, relaxes to a steady state regardless of

starting state.

Proof. It is clear that the union of the thermal Lindblad operators results in a matrix

� which is irreducible. The result then follows from corollary 1.
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Theorem 6. A 2-stroke engine, with couplings as above, relaxes to a limit cycle

regardless of starting state.

Proof. Note that

e
tL
S ✓ S and e

iHt
S ✓ S.

Then by lemma 3 we have exp (tL) (⇢) > 0 for all density matrices ⇢ 2 S and

t > 0; finally by lemma 2, there exists a positive definite density matrix ⇢1 2 S such

that for every density matrix ⇢S 2 S,

lim
n!1

�
e
tL
e
iHt
�n

(⇢S) = ⇢1.

The only thing that remains for us to show is that

lim
n!1

�
e
tL
e
iHt
�n

(R) = {0} .

The respective restrictions of L and H to R, in the basis {�13, �23, �31, �32}, are,

LR =

2

66666664

!13

!23

!13

!23

3

77777775

& HR =

2

66666664

0 ⌦

⌦ 0

0 �⌦

�⌦ 0

3

77777775

Calculating the eigenvalues of etLRe
tHR , we find them to be bounded by e

!t
< 1,

where ! = max (!13,!23). Therefore,

lim
n!1

�
e
tLRe

iHRt
�n

= 04⇥4



5.0 143

The four stroke engine provides a more interesting case. We can’t prove the case in

general – in fact we can easily find a counter example. Take �13 = �31 = �23 = �32 = 1;

further take the limit of complete thermalisation (tth !1) and ⌦tcoh = ⇡. Then

e
iHStcohe

L
c
Stthe

iHStcohe
L
h
Stth =

2

66666666664

0

0

0.5 0 0.5

0 1 0

0.5 0 0.5

3

77777777775

This has 2 distinct density matrices with eigenvalue one: [0, 0, 0, 1, 0]T and
⇥
0, 0, 12 , 0,

1
2

⇤T
.

We will see that this rests on the unitary being a ⇡ pulse. Under the reasonable as-

sumption that the unitary does not completely swap the populations (either taking

⌦tcoh < ⇡ or simply if there is any detuning).

Theorem 7. Suppose either t1, t2 < ⇡/⌦ or � 6= 0. Then ⇤ = e
iHSt1e

L
c
St2e

iHSt3e
L
h
St4

is relaxing.

Proof. We first show that ⇤⇢ > 0 for all density matrices ⇢ 2 S:

Let ⇢ 2 S. If the starting state is positive definite then we are done. Otherwise we

consider what density matrices eL
h
St is able to map to density matrices with non-trivial

kernel (in a similar manner to the proof for lemma 3). It can be established that the

only two forms can be:

[0, 0, ⇢11, 0, ⇢33]
T and [0, 0, 0, 1, 0]T .

We proceed by considering these two cases. First, suppose our starting state, ⇢(0),

is the first of the two. Then under the action of eL
h
St, followed by that of the unitary,
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U1, we have,

⇢
(0) h7�!

h
0, 0, ⇢(1)11 , 0, ⇢

(1)
33

iT U17�!
h
⇢
(2)
12 , ⇢

(2)
21 , ⇢

(2)
11 , ⇢

(2)
22 , ⇢

(1)
33

iT
,

where ⇢(1)11 & ⇢
(1)
33 > 0 and therefore ⇢(2)11 > 0 by assumption. Note that the

corresponding states for eL
c
St are [0, 0, 0, ⇢22, ⇢33]

T and [0, 0, 1, 0, 0]T . Since ⇢(2) doesn’t

correspond to either of these, the result of the full sequence on ⇢(0) is positive definite.

Now consider the second of the two initial states,

⇢
(0) h7�! [0, 0, 0, 1, 0]T

U17�!
h
⇢
(2)
12 , ⇢

(2)
21 , ⇢

(2)
11 , ⇢

(2)
22 , 0

iT
,

where, again by the assumption on the unitary, ⇢(2)22 > 0. Then under the action

of eL
c
St and U2,

⇢
(2) c7�!

h
⇢
(3)
12 , ⇢

(3)
21 , ⇢

(3)
11 , ⇢

(3)
22 , ⇢

(3)
33

iT U27�!
h
⇢
(4)
12 , ⇢

(4)
21 , ⇢

(4)
11 , ⇢

(4)
22 , ⇢

(3)
33

iT
,

where ⇢(4)22 & ⇢
(3)
33 > 0. This doesn’t correspond to either of the two possible initial

states, so the application of two full sets of the sequence will result in a positive def-

inite matrix (i.e n = 2 in theorem 4).

Finally it can be shown that limn!1 (⇤R)
n = 04⇥4, much as in the theorem 6.

From this section we can conclude that a quantum heat engine will settle down

to a unqiue steady state operating cycle (post transient), irrespective of the details

of the work stroke (including parameters such as detuning), and irrespective of the

engine type.



Chapter 6
Conclusion

This thesis has been concerned with examining quantum coherent e↵ects in the op-

eration of microscopic heat engines. To this end I first described how a heat engine

could be implemented using NV-centres in diamond. Following this, the extensions

to the theory, first presented in [27], required to account for experimental conditions

found in NV centres in the diamond sample were derived. The principal work con-

ducted for this thesis was the building and running of the experimental setup in order

to test for the existence of the quantum thermodynamic signature and heat engine

equivalence. In the remainder of this section I give a brief summary of the contents

of this thesis, and then discuss some possible fututre directions that might be made

beyond the results that have been presented.

6.1 Summary

To summarise, this thesis can be divided into three parts. First in chapter 2, some

of the prerequisite background material for quantum thermodynamics, and more spe-

cifially the dynamical description of quantum heat engines, as well as the negative

NV-centre are described. In chapter 3, I use the material in chapter 2 to show how

145
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a heat engine can be implemented using the NV centre; this includes showing how

the thermal action can be emulated, how the power can be determined by measuring

fluorescence change, how the experiment was constructed, and how the data was col-

lected. Chapter 4 describes both theoretical and experimental results obtained during

this thesis. The theoretical results involve extending the theory originally derived in

the paper by Uzdin et al [27], including e↵ects such as dephasing and inhomogeneous

broadening, inlcuding the emulated thermal action, and the numerics to predict the

power output. They also include results on the limit cycles of quantum heat engines,

showing that both the continuous and two-stroke engines always converge to a limit

point. Finally, in the second part of chapter 4, the experimental results are presented.

The two major experiemental results, both of which manifest themselves in the small

action regime, were the demonstration of the equivalence between the continuous and

two-stroke engines, and the measurement of power outputs from the two-stroke en-

gine which exceed the stochastic bound and constitutes a quantum thermodynamic

measurement. To the best of my knowledge this is the first demonstration of such

quantum e↵ects within the operation of microscopic heat engines when operating

between thermal baths.

6.2 Outlook

Experimental quantum thermodynamics is still very much in its infancy, as to a

certain extent, is the field itself. One of the open problems remains to determine

whether there are features of quantum thermodynamics which are distinctly quantum

and interesting. This thesis has demonstrated that thermodynamic engines can in-

deed behave di↵erently to their corresponding classical engines when operating in the

quantum regime; however, this behaviour only manifests itself in a very specific para-



6.2 OUTLOOK 147

meter range (the small action regime), where quantum coherence is able to provide a

very marginal advantage. A great deal more work remains to be done on the subject

of quantum heat engines, both theoretically and experimentally. In particular, there

should be more work done to search for di↵erent quantum thermodynamic signatures

in heat engines; or more generally, ways in which quantum e↵ects,di↵erent than those

shown in this thesis, may be used to provide a thermodynamic advantage.

First we consider what could be done to improve upon and extend this experiment

with relatively little modification to the current setup. To begin with, a substan-

tial improvement in the results presented in this thesis could be obtained by simply

replacing the diamond sample with a new sample which has lower inhomogeneous

broadening (lower strain and lower density) and is thinner – the lower broadening

should increase the power output per NV-centre, whilst the thinner sample should

allow for us to be able to focus near the micro-strip line (where the field is more ho-

mogeneous) without losing too much light through absorbtion in the diamond. Taking

this even further would be to potentially go down to a single centre experiment; this is

commonplace in the NV community, although it will obviously be made more di�cult

by working in the small action regime – placing the centre in an optical cavity could

perhaps be used to enhance the coupling strengths and collection e�encies. Such

a cavity need not have an exceptionally high Q-factor, so a first attempt might be

fabricated by simply constructing it out of the diamond itself – two of the sides might

simply be polished, and mirrors attached to these facets to form a rudementry cavity.

There a have also been numerous e↵orts to increase the collection e�ency from single

NV centres for magnetrometry purposes using structures carved into the surface such

as solid emersion lenses, bullseye gratings and nanopillars [70, 71, 44].

More work can also be done to more thoroughly investigate the role of decoherence in

the inhomogeneously broadened sample. This will require a more involved theoretical
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investigation, as well as a better experimental e↵orts than we were able to do up

to this point; despite giving it a good deal of thought, we were unable to think of

a better way of measuring the e↵ect of decoherence on the power output. Ideally

this would require some means of controlably introducing decoherence in the engine

without a↵ecting the lifetime (T1), potentially through introducing noise at the driving

resonance frequency.

Going beyond this experiment, there is the potential to use the NV setup to test for

quantum thermal signatures in heat machines based on other quantum agents, such

as entanglement and quantum discord. There have been theoretical results relating

to entanglement, indicating that it can be used to increase the amount of extractable

work from a collection of two-level batteries; more specifically, the work that can be

extracted from N two-level systems can be maximised if the intial state is entangled

[77]. It has also been predicted that being able to perform global unitary operations

on an ensemble of N qubits allows for a N-fold increase in charging power per qubit

[21]. There have also been several experiments demonstrating entanglement between

individual NV-centres [78]. Therefore an ensemble of NV centres might make an

appropriate system in which to test there claims. This would require quite a lot more

work, as we would have to figure out a means of performing the genral N-dimensional

unitary operations (U(N)) required for these experiments, which would also constitute

a full N-qubit quantum computer.
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