of the
ROYAL ASTRONOMICAL SOCIETY

MNRAS 518, 1905-1916 (2023)
Advance Access publication 2022 October 6

https://doi.org/10.1093/mnras/stac2846

Asymptotic Green’s function solutions of the general relativistic thin disc

equations

Andrew Mummery*

Oxford Astrophysics, Denys Wilkinson Building, Keble Road, Oxford OX1 3RH, UK

Accepted 2022 September 30. Received 2022 September 30; in original form 2022 August 12

ABSTRACT

The leading order Green’s function solutions of the general relativistic thin disc equations are computed, using a pseudo-
Newtonian potential and asymptotic Laplace mode matching techniques. This solution, valid for a vanishing innermost stable
circular orbit (ISCO) stress, is constructed by ensuring that it reproduces the leading order asymptotic behaviour of the near-
ISCO, Newtonian, and global Wentzel-Kramers—Brillouin limits. Despite the simplifications used in constructing this solution,
it is typically accurate, for all values of the Kerr spin parameter a and at all radii, to less than a per cent of the full numerically
calculated solutions of the general relativistic disc equations. These solutions will be of use in studying time-dependent accretion

discs surrounding Kerr black holes.

Key words: accretion, accretion discs —black hole physics.

1 INTRODUCTION

In the classical theory of thin accretion discs, the constraints of
angular momentum and mass conservation may be combined into a
single evolutionary equation for the disc’s surface density, a result
first discussed at length by Lynden-Bell & Pringle (1974). Quite
generally, the solutions of this evolutionary equation show that the
bulk of the matter in the accretion disc drifts inwards, while the
angular momentum of the disc is transported outwards, sustained by
a vanishingly small mass fraction of the disc.

One of the key results provided by Lynden-Bell and Pringle was
a set of Green’s function solutions of the Newtonian evolutionary
equation, which exist provided that the disc’s turbulent stress tensor
W, follows a power law with disc radius r. A Green’s function is an
extremely powerful analytical tool, as it describes the evolution of the
disc density defined by a §-function initial condition. The solution
of the general problem defined by an arbitrary initial condition is
then simply given by an integral of this initial condition with the
Green’s function solution. Indeed, the Green’s functions of Lynden-
Bell and Pringle have been widely used throughout the astrophysical
literature, including in instances where they are not strictly valid.
In particular, these Newtonian Green’s function solutions will not
provide an accurate description of the inner regions of those discs
evolving around black holes. Black hole discs must terminate at a
finite radius given by the innermost stable circular orbit (ISCO), and
will be modified by the changes to the orbital velocities of the disc
fluid in the strong gravity regions of the black hole’s space—time.

The disc equation that describes the evolution of the disc surface
density in full general relativity was first written down by Eardley &
Lightman (1975), before being rediscovered in slightly different
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coordinates by Balbus (2017). Balbus (2017) presented a set of formal
Wentzel-Kramers—Brillouin (WKB) Laplace mode solutions of this
equation, including a modal solution that is universally valid (i.e.
a solution that reproduces the leading order solutions of the disc
equations in each of the small radius, large radius, and WKB limits).
From this modal solution, a formal asymptotic Green’s function can
be constructed.

There is, however, more than one modal solution that can be
constructed to reproduce the required leading order asymptotic
behaviour. The particular Balbus (2017) solution has a late-time
leading order behaviour of ~ 1/¢3, which is steeper than that found
for the numerical solutions of the relativistic disc equations (Balbus &
Mummery 2018). In addition, the formal solutions of Balbus (2017)
contain integrals that do not have closed-form solutions for the Kerr
metric. It is therefore of interest to seek a set of simpler Green’s
function solutions, which accurately capture the properties of the
full numerical solutions of the relativistic disc equations, but which
can be described in a closed form.

In this paper, we derive a set of such Green’s function solutions.
The techniques employed are similar in style to those of Balbus
(2017), but differ in the details. We simplify the relativistic disc
equations, leaving a problem with solutions that can be written in
a closed form but that still capture the leading order relativistic
physics relevant for accretion. The principle simplification is the use
of a pseudo-Newtonian potential that reproduces the Kerr space—
time’s ISCO location, while producing technically simpler fluid
orbital motion. A global modal solution is then found for this
pseudo-potential’s disc evolution equation that reproduces the correct
asymptotic behaviour in each of the near-ISCO, Newtonian, and
global WKB limits. This modal solution can then be used to construct
an asymptotic Green’s function. Despite the simplifications used in
constructing this solution, it is typically accurate, for all values of the
Kerr spin parameter a and at all radii, to less than a per cent of the
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full numerically calculated solutions of the general relativistic disc
equations.

We then analyse the properties of this asymptotic Green’s function.
We show that the mass accretion rate across the ISCO has a
particularly simple closed form, which can be used to understand
the black hole spin dependence of the inner-disc accretion rate. The
mass accretion rate across the ISCO is, for fixed disc mass, lower at
peak for more rapidly rotating Kerr black holes. However, the ISCO
accretion rate remains higher as a fraction of its peak value for much
longer for these spinning black holes. When the differing mass-to-
light efficiencies of different Kerr space—times are taken into account,
the rest-frame luminosities of the more rapidly spinning black holes
are largest.

The layout of this paper is as follows: in Section 2, we motivate and
set up the problem to be solved. In Section 3, the asymptotic Green’s
function solution of the disc equations is derived. These solutions are
then compared to the numerical solutions of the full relativistic disc
equations in Section 4, where close agreement between the two is
found. In Section 5, the properties of the Green’s function of the mass
accretion rate are analysed; we then conclude in Section 6. Technical
results pertinent to the analysis are presented in four appendices.

2 PRELIMINARY ANALYSIS

In this section, we both motivate and set up the problem to be
solved in the remainder of this paper. We begin by recapping the
properties of the general relativistic thin disc evolution equation,
highlighting its prohibitive algebraic complexity that prevents exact
Green'’s function solutions from being found. Turning to a simpler
problem, we introduce a pseudo-Newtonian potential that captures
the leading order general relativistic effects relevant for studying
thin accretion discs. With a suitable parametrization of the turbulent
stress tensor W, the governing Laplace mode equation of this model
is derived, which is then solved in Section 3.

2.1 The general relativistic disc equation

The coordinates used to describe the relativistic thin disc equation are
the cylindrical Boyer—Lindquist representation of the Kerr metric:
(radial), ¢ (azimuthal), and z (vertical). The governing equation de-
scribes the evolution of the azimuthally averaged, height-integrated
disc surface density X(r, t). The contravariant four velocity of the
disc fluid is U*; the covariant counterpart is U,,. The specific angular
momentum corresponds to Uy, a covariant quantity. There is an
anomalous stress tensor present, W}, due to low-level disc turbulence,
which is a measure of the correlation between the fluctuations in
U" and U, (Eardley & Lightman 1975, Balbus 2017). This is, as
the notation suggests, a mixed tensor. Wy serves both to transport
angular momentum and to extract the free energy of the disc shear,
which is then thermalized and radiated from the disc surface, both
assumed to be local processes.

Under these assumptions, the governing disc equation can be
expressed in the following compact form:

ac Wi o (U°[o¢ n
ar WU ar \u; Lar] )"

Here, the primed notation ' denotes an ordinary derivative with
respect to r, and

rEw;

(=5t )
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We see that one only needs expressions for two of the orbital
components of the disc’s flow to solve this equation. These are the
time dilation factor

U — 1 +ay/re/r?
(1= 3ry/r +2a7\/rgfr?) ">

and the circular orbit angular momentum gradient
U JGM (a\/E + r3/2) (r2 — 6ror —3a” + 8a\/rg7r) @
’ 204 (1= 3ryfr + 2a\/ry/r7) '
In these expressions, a is the black hole’s angular momentum
parameter (having dimensions of length), M is the black hole’s mass,
re = GM /c? the gravitational radius, and G and ¢ are Newton’s
constant and the speed of light, respectively.
Clearly, the relativistic disc equation (1) is extremely algebraically
complex. Formal WKB Laplace mode solutions of equation (1) were
written down by Balbus (2017), but contain integrals of the form

U(]U/ 172
x2/< ,-¢> dr, ©)
W

which do not, for the general Kerr metric, have closed-form solutions.
The question addressed in this paper is whether closed-form solutions
of a closely related problem can be found that accurately reproduce
the behaviour of the numerical solutions of equation (1), while being
much simpler to implement.

It is important therefore to understand what exactly the key
properties of equation (1) are before we move forward. The function
U° reduces to unity in the Newtonian limit, and over the entire
domain of interest in the Kerr geometry is smooth, non-vanishing,
and bounded. The physical content of equation (1) may thus be
retained by ignoring this function, in effect setting it equal to unity.
By contrast, U, é) vanishes at the ISCO, introducing an apparent
singularity into the equation, and must be handled with more care.
The ISCO is the radial location (denoted r;) where the factor

rI2 — 611 — 3a® + 8a. /rer1 =0, (6)

and the angular momentum gradient transitions from positive to
negative. At this location, for all values of the Kerr spin parameter,
the angular momentum gradient locally behaves like

U, ~ A(r — ), @)

3

for constant A > 0. Itis this behaviour, where the angular momentum
gradient vanishes linearly at a special location, which is the gross
leading order relativistic correction to a Newtonian theory.

Full general relativity is not required to produce this property of a
linearly vanishing angular momentum gradient. Instead, simpler so-
called pseudo-Newtonian potentials can be constructed to reproduce
this property in Newton’s gravity, which we now discuss.

2.2 A pseudo-Newtonian potential

The use of pseudo-Newtonian potentials to model some effects of
general relativistic gravitational fields was initiated by Paczyrnisky &
Wiita (1980), who used
GM 2GM
Pr)y=——-—, Rs=
r — Rs
to numerically calculate models of thick discs. This potential does not
satisfy Laplace’s equation V2® # 0 (hence ‘pseudo’-Newtonian),
but is spherically symmetric, and quite useful in reproducing key
features of orbital motion around a Schwarzschild black hole, such

, ®)
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as the innermost stable orbit. This potential in effect captures the
leading order Schwarzschild effects most relevant to the study of
accretion flows.

The Paczynsky—Wiita potential is not the only potential function
that reproduces these key relativistic effects, and is not necessarily
the easiest to work with analytically. Consider the different potential
function (which is a Kerr-generalized form of the potential first
written down for Schwarzschild black holes by KluZniak & Lee
2002)

GM
()= -2 [1 —exp (ﬁ)] . )
Iy r
For r > ry, this potential reduces to the Newtonian point mass
potential ®(r) = —GM /r. The Newtonian angular momentum of

a circular orbit (J) is related to the gravitational potential via
do\ 2

1=(r30) =vaMrew (2h). (10)
dr 2r

Differentiating this angular momentum with respect to the circular
orbit radius r leaves

dJ 1 GM ' It J 141
o exp(—)[l——]:—[l——]. 11
dr 2 r 2r r 2r r
We see that the circular orbit angular momentum gradient for the
potential defined in (9) goes to zero at r = ry, and is negative for
r < r1. Circular orbits with a negative angular momentum gradient
are unstable via the Rayleigh criterion, and so the potential defined
in (9) has an ‘ISCO’ at the point » = ry, and can therefore be used to
mimic important general relativistic effects, while being analytically
much simpler to work with. At large radii, the Newtonian angular
momentum gradient 2J’ = /G M /r is recovered.

The Newtonian disc equation that results from the pseudo-
potential (9) is the following:

dy 2W5 9 [r'/2exp(—r;/2r) dy

2o = 2, (12)
ot vGM or 1 —nr/r ar

where

y= rEW;. (13)

This equation will form the basis of our analytical model.

2.3 Laplace modes

We will seek Green’s function solutions of equation (12) by solving
for its Laplace modes. A Laplace mode is defined with a particularly
simple time dependence y(x, ) = y(x, s)e™*, s > 0. Meaning that
our governing modal equation has the form

2W5 8 [r'/2exp(—ri/2r) dy
sy = — e
Y vGM or 1—r/r ar

The general time-dependent solution is then found by superimposing
modes with a weighting function

(14)

y(x, 1) = /00 y(x, s)F(s)e™*" ds, (15)
0

where F'(s) is set entirely by the initial conditions. For our purposes,
this initial condition will be a delta function §(x — x).

2.4 Turbulent stress modelling

Essentially all analytical and semi-analytical treatments of accretion
discs rely on the use of Wy, the so-called anomalous stress tensor
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to account for the enhanced angular momentum transport and
thermal energy dissipation associated with the accretion process.
First invoked by Shakura & Sunyaev (1973), a measured turbulent
stress tensor may now be extracted from numerical simulations of
discs, as a consequence of the magnetorotational instability (Balbus
& Hawley 1991). Even with explicit numerical studies however,
turbulence remains at best poorly understood. There is no consensus
fundamental theory that allows one, for example, to express this
stress tensor in terms of background mean disc properties.

In general, the turbulent stress will depend on the local disc
properties (temperature, pressure, density, etc.). However, Newtonian
Green'’s function solutions only exist when the stress is parametrized
by a power law of disc radius Wj ocr*, and this is therefore the
most common parametrization used for analytical studies of time-
dependent thin discs.

For the ease of solving the asymptotic disc equations, it will in
fact be of use to define the turbulent stress by

, 2r\ " I8t
wi=w( exp(;), (16)

where w is a constant that carries the dimensions of W;. The factor of
exp(ry/2r) in this parametrization is in effect a compensating ‘trick’
to cancel factors of exp(r;/2r) introduced by the pseudo-potential
(equation 9). This ‘trick’ results in maximum deviations from the
traditionally used parametrization of /e >~ 1.6487, and does not
change the character of the solutions, as we shall demonstrate in
Section 4.

3 AN ASYMPTOTIC GREEN’S FUNCTION
SOLUTION

In this section, we derive a global asymptotic Green’s function
solution to the evolution equation (12). The approach is to write
down a single Laplace mode solution that reduces to the solutions
of (12) in each of the Newtonian (» >> r), near-ISCO (r — ry) and
global WKB limits.

We begin by defining the dimensionless variables

2r

== a7
1
and
h= ﬁ =x'"exp (%) , (18)
meaning that our stress parametrization has the form
Wy = wx*~12h, (19)
Writing the governing equation in terms of /2 and x leaves
2 3/2-1
where
=2 1)

ris/GMri]2

This equation remains too complicated to be analytically solved
exactly. However, three closed-form solutions can be found in
physically meaningful limits, as we now demonstrate.
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3.1 The asymptotic WKB solution
A differential equation of the form

d?y
2 —
€ ol —0x)y,
has formal WKB solution, valid in the e — 0 limit (Bender & Orszag
1978), of

y ~ QY4 cos (% / 0'2dx + ¢> , (23)

where ¢ is a constant of integration. It is important to note that the
€ — 0 limit is physically rather natural. As w is defined as the scale
of Wd’;, it is of order w ~ rlacf., where o < 1 is the usual Shakura—
Sunyaev (1973) alpha parameter, and c; is the disc’s speed of sound.
Therefore, € is of order

a(2)(2)
VK ris

where we have defined the Keplerian velocity of the ISCO vk =
VGM [ry = c\/rgs/r; > ¢;. The combination a(cs/vk) < 1, and
S0 € K 1, provided that s is not extremely small. Small s modes
dominate at very large times (equation 15), and the suitability of
this approximation must be tested numerically. In Section 4, we
demonstrate that even at large times this approximation holds well.

The governing equation (20) therefore has the formal WKB
solution:

1 2\ /4
ywks = x'/*exp (*) (1 - *)
2x X

0(x) >0, (22)

B 1
X" cos (gfa(x) + ¢) , (25)
where
[ x(]* 1
fn= [ 20 S U 26)
and
e _42“ . 27)

After substituting for & = x'/2¢!/*, this integral becomes

1 /X ra—1 2 /
folx) == X1 = —dx. (28)
2 2 x’

By making the substitution x = 2 cosh?(y/), and by repeated inte-
gration by parts, this integral can be expressed as a hypergeometric
series of 2/x. The full solution is presented in Appendix A, but the
key asymptotic properties of f, are the following:

« o\ 12
Salx >2) ~ /2L <1 — 7> (29)
o X
and
2\ 32
Jalx = 2) ~ (1 — 7) . (30)
X

It is important to note here that our WKB expression ceases to be a
valid asymptotic expansion in the limit x — 2. This is because, in
the notation of equation (22), the function Q is poorly behaved in
this region Q(x — 2) — oo. Our WKB solution is not valid near to
x = 2 and we expect therefore that the global solution that we derive
should have, in the WKB € — 0 limit, leading order corrections of
order (2/x) (i.e. corrections which vanish for large x > 2, but which
are non-negligible near x = 2).
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3.2 The asymptotic Newtonian solution

The Newtonian limit is formally the x > 2 limit. In this limit, we
recover the Newtonian angular momentum relationship (b = /x),
and our governing equation is

2 dzyN
dh?

= —h'"yy. 31

This equation is of a standard form with known Bessel function
solutions (Gradshteyn et al. 2007). Explicitly, the solutions of the
Newtonian limit of the disc equation is

1
14 o
YN =X Jﬁ <72a6x ) . (32)

As the Newtonian solution is only valid in the x >> 2 limit, we expect
the leading order corrections to our global solution, in the Newtonian
limit, to also be of order (2/x).

3.3 The asymptotic near-ISCO solution

The near-ISCO limit is formally the limit of x — 2. In this limit, the
leading order behaviour of the governing disc equation is

e ad dy}
M= | x—2 dx

where A is a weak function of x — 2, and can therefore be treated
as a constant. The solution of this equation is in general a linear
superposition of the first derivatives of the Airy and Bairy functions
of the negative argument (Abramowitz & Stegun 1965). However, for
the particular boundary condition y;(r;) = 0, it is simpler to instead
find the series solution of this equation, as it immediately highlights
the asymptotic x — 2 behaviour of the near-ISCO modal solutions

= =2 anx —2)". (34)

n=0

Direct substitution of the above definition into equation (33) leads to
the constraints

— Y@= =Y an+ p)n+p—2)x =27 (33)
n=0 n=0

By comparing term-by-term the solution of these constraints may be
found. The required solution, which vanishes at the location of the
ISCO (x =2),has p =2,a9 #0,a; = a, =0, and

s 1
n = T T A =< ns 36
B T 3+ 5" 0)
and is therefore given by
Y =(x =2 > az,(x — 2" 37

n=0

The asymptotic near-ISCO behaviour of this solution is

2 2
i~ (1 - 7> . (38)
X

The leading order corrections to the global solution in the near-ISCO
limit are expected to be of order (1 — 2/x)°, which is the next to
leading order term in the near-ISCO solution.
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3.4 The global solution

We require a global solution y(x, €) with the following asymptotic
properties:

2
)’(X,E—>0)NYWKB+O{(;)], (39)

which we shall refer to as the “WKB limit’,

5
(1 - %) :| , (40)

which we shall refer to as the ‘near-ISCO limit’, and

y(x = 2,€)~y+0

2
yax>2,e)~yn+ 0O [(;)} , (41)

which we shall refer to as the ‘Newtonian limit’. In the above
expressions, we explicitly display the expected behaviour of the
(small) correction terms in each asymptotic limit.

The solution

_\/ﬁ 1 1 o\ i
YOS = e f““‘)""p(a)( ‘z)
x1/4ji (éfa(x)) (42)

satisfies each of these asymptotic behaviours, as we now demonstrate.
We begin with the WKB € — 0 limit. The large argument expansion
of a Bessel function is the following (Gradshteyn et al. 2007):

2
lim J,(z) = \/jcos z+¢)+0 ][], (43)
Z—>00 Tz
where ¢, = —m/4 — wv/2 is a constant. We therefore have that

1/4 1 2\
li ,8) = — 1—-=
61Lr(1)y(x s) = x'"exp <2x> ( x)
1 2\'"%
xx "2 cos (ffo,(x) +¢> X (1 - 7)
€ X

2
—re »

The near-ISCO limit can be treated with the small argument expan-
sion of the Bessel function (Gradshteyn et al. 2007):

lim J,(z) = 2" + O[], (45)

and the x — 2 limit of f,(x — 2) ~ (1 —2/x)*?:

) 2-& 2\ 32
lim y(x, s) ~ (1 — 7) lim []1 ((1 — 7> )]
x—2 X x—2 o X
2 5 5
~(1-2) +o <1_2>]:y,+o (1_2)}(4@
X X x

Finally, the Newtonian limit follows from the x >> 2 limit of f,(x >
2) ~ x%(1 = 2/x)"% )2a:
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3.5 The Green’s function

We now construct the (unnormalized) Green’s function correspond-
ing to this global modal solution. The superposition integral

/oo J(2B/5) T2y /s)e™"ds

0
1 -B> =y’ 2By
= —exp <7t ) I, <T > (48)

is of use here (Gradshteyn et al. 2007), as it approaches a delta
function §(8 — y) in the + — O limit

_R2 .2
Jim * exp (u) L (Zﬂ)
t—0 t t t
1 _ 2
~ ATE exp (,M) . (49)

Our (unnormalized) asymptotic Green’s function is therefore

1 2\ 5/2-3/4a
G(x,x9,T) = ([ x% fo(x)exp (;) (l — ;)

o <—fa<x>2 - fa(xo)2> <fa(x)fa(xo)> o)
T 4t 2t

I

-

where x; is the radial location of the initial density spike and 7 is
defined via

2wt I3t
= Wy, (51
GM}’I 141 ro

where 7 is measured in physical units. It is important to note that t as
defined here is not equal to the time in units of the viscous time-scale
at the initial radius 7 # 1 /tyisc(ro)-

The Green'’s function of equation (50) describes the evolution of
the quantity y = r X W;. Itis often more natural to instead work with
the Green’s function of X, the disc’s surface density. The normalized
Green'’s function for the disc surface density, denoted by G ¢, is given
by

Gx(x, xo, T)

M, 1 2\ 5/2-3/4«
5 X% fo(x) exp (—7> (1 - 7)
2mrico X x

e (_fabc)z - fa(Xo)2> I (fa@;fw("‘”) . (52)
. T

4t da

where

4148 2 3/4-3/8a 1 1
co = Xy 1-— ; exXp —g m, (53)
0 0 a0

and M, is the total mass of the disc at + = 0. This normalization
constant was found by computing the integral

o0
/ 2nrGy(x, X9, T — 0)dr = My, (54)
ry
and by using the following delta function identity

— 1 _
3 (fa(x) = falx0)) = [ 3(x — xo),

l-a
_ 2

= m (S(X — X()). (55)

4 NUMERICAL VERIFICATION

The numerical test of this theory is simple. We compute the numerical
Green'’s function solutions of equation (1), the full general relativistic

MNRAS 518, 1905-1916 (2023)

€20z Aey L1 uo Jasn pioIxQ 10 Alistaaiun ‘Arelqr suned Aq z¢20S29/S061/2/8 L S/elonie/seiuw/woo dnooliwepese//:sdiy woll papeojumod



1910  A. Mummery

1.0

o
=)

10°

,_.
2

,_.
2

1073

|AG(r, ro, T)|

=
=)
IS

Figure 1. Upper: The Green’s function solution of the variable y = rX W;,
for a Kerr black hole with spin @ = +0.99. The blue dashed curves are the
numerical solutions of the full general relativistic disc equations, while the
green solid curves are the analytical solution of equation (50). The initial
radius was ro = 50rg and the curves are plotted at dimensionless times
t/tyise = 0.003, 0.015, 0.045, 0.09, 0.15, 0.225, 0.45, and 4.5. Lower: The
absolute value of the difference between the numerical and analytical Green’s
function solutions. To allow a proper comparison at each time, both the
numerical and analytical Green’s functions are renormalized to have a peak
amplitude of 1 (see equation 58).

disc equation, for a variety of different values of the Kerr spin
parameter, and compare them to the properties of the analytical
solutions (equation 50). For this test, we take © = 0 in the stress
parametrization: the numerical solutions where found for

Wy = w = cst. (56)

The boundary condition imposed was that of a vanishing ISCO
stress, by which we mean that ¢(r;) was set to zero throughout
the simulation. With the numerical solutions of ¢(r, t) found, the
combination r X Wd’,' was extracted, so that it could be compared with
the Green’s function solution for y.

The analytical solutions are given by equation (50). For stress
parametrization 4 = 0 we have o = 3/4, and the function f,(x) has
the following exact form:

_2 3/4 2 4 3.5_2
f%(x)— 350 1 - {1+;2F1 (12,1,;>}

24 _T(5/4)
T3 VTTrGE4)

where ,F is the hypergeometric function and I' is the gamma
function (see Appendix A for a full discussion and derivation of
this solution). The (arbitrary) normalizations of the numerical and
analytical solutions where chosen so that they had the same peak
amplitude at 7 /#,jc = 0.1.

In Fig. 1, we plot the numerically (blue dashed curve) and
analytically (green solid curve) computed r £ Wy profiles, assuming
an initial radius of 7y = 50r, and Kerr angular momentum parameter
a = +0.99. The curves are plotted at dimensionless times 7 /tisc =
0.003, 0.015, 0.045, 0.09, 0.15, 0.225, 0.45, and 4.5, the curves at
later times are identifiable through their decreasing peak amplitude.
It is remarkable how accurately the analytical Green’s function
solution of equation (50) reproduces the properties of the full
numerical solutions. This is true even at the latest times, when the
WKB approach is formally invalid. In Appendix D, we contrast this

(57)
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Figure 2. Same as Fig. 1, but fora = 0.

1.0

< 10
- 0

Figure 3. Same as Fig. 1, but for a = —0.99.

behaviour with the Newtonian Green’s function solutions (Lynden-
Bell & Pringle 1974), which poorly reproduce the properties of the
numerical relativistic solutions.

A Kerr spin parameter of a = +0.99 is precisely the parameter
regime where it might be expected that the approximations used in
constructing this asymptotic solution would be least accurate, as the
spin dependent terms in the relativistic angular momentum gradient
(equation 4) appear substantial in this limit. However, at least for the
case of a vanishing ISCO stress, this is not the case. The Green’s
function solution of the preceding section remain extremely accurate
for all values of the Kerr black hole spin parameter. This result is
further emphasized in Figs 2 and 3. In Figs 2 and 3, we display
identical calculations as in Fig. 1, but for spin parameters a = 0
(Fig. 2) and a = —0.99 (Fig. 3). It is interesting to note that the
asymptotic solution of the proceeding section is independent of the
black hole’s spin, once the disc radius is normalized by the ISCO
value. This is a property also exhibited by the full numerical solutions
of the relativistic disc equations, as verified in Appendix B.

The absolute discrepancies between the numerical and analytical
solutions, for each of Figs 1-3 are all at the sub-per cent level. To
verify this, we compute (where G, is the numerical solution, and


art/stac2846_f1.eps
art/stac2846_f2.eps
art/stac2846_f3.eps

G the analytical solution)

G(x, xo, T)
max [Guum(x, X0, T)]  max[G(x, xo, T)]|

Guum(x, Xo, T)

[AG(x, x0, T)| = (58)
at each time (lower panels of Figs 1-3). We confirm that for all radii
and times shown in Figs 1-3 this quantity satisfied |AG(x, xo, T)| <
0.01. This finding was independent of the black hole spin parameter
used.

5 THE GREEN’S FUNCTION FOR THE MASS
ACCRETION RATE

For some applications it is more convenient to work with the Green’s
function of the mass accretion rate, rather than the surface density
or variable y (e.g. Mushtukov et al. 2018). The mass accretion rate
within the disc is given by

M(r,t) =2nru" %, (59

where X is the disc surface density and u” the accretion flows radial
velocity. For a Newtonian disc, the radial velocity of the accretion
flow is given by
_Wy 1y
J oy or’

—

(60)

and therefore

. 2w 0 —r1/2r) 0
M= Ty roexe(en/2n) Y 61)
J' or GM 1—r/r Or

for our pseudo-potential. To compute the mass accretion rate the
gradient of our Green’s function must be found. We shall define

1/2 _1 a
e AT T (62)
1-2/x ax

Gy(x, X0, 7) = —

which is the (unnormalized) Green’s function of the mass accretion
rate. Taking the derivative of the asymptotic Green’s function is
complicated slightly by the various relativistic correction factors, and
a full treatment is presented in Appendix C. An important identity
used in this analysis is the following (Gradshteyn et al. 2007):

d [
dflz(Z) =11(z2) — - 1(2). (63)
z z

The (unnormalized) Green’s function of the mass accretion rate is
the following:

1 2 1/2-3/4a
Gl x0, 1) = — [ 2@ ful) exp (‘;) (1 -2)

ﬁ exp <_.fa(x)2 - fa(x())z)

T 4t
K”x’“) e i E)u <M)
4z X ) & 2t
. <f<> o 2> . (M)] o
4t X T 27

where P(x, «) contains all the explicit small x relativistic correc-
tions terms. This function satisfies P(x > 2, @) — 0 and is given
explicitly by

Py L2 L M0a-3 1
T T T T Tdax? 1-2/x
1 1\ e yT=2/%
LY PR AR (65)
4 o Sa(x)
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Figure 4. The Green’s function solution of the mass accretion rate for a
Schwarzschild black hole (a = 0). The initial radius was ro = 25r; and the
curves are plotted at the dimensionless times denoted in the legend. The
normalization of the accretion rate was chosen so that the time-integrated
ISCO accretion rate was equal to 1.
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Figure 5. Same as Fig. 4, but for a = +0.99. Note that the radial accretion
rate is more sharply peaked towards the ISCO for higher black hole spins.

In Figs 4 and 5, we show the mass accretion rate Green’s function,
as a function of radius, for the spin parameters a = 0 (Fig. 4) and
a = +0.99 (Fig. 5), at a number of different dimensionless times
denoted on each plot. The initial radius in both cases was taken to be
ro = 25r,. A value of M(r, 1) < 0 denotes mass inflow (towards the
ISCO), while M(r, 1) > 0 denotes mass outflow. Some mass must
move outwards within the disc so as to conserve the total angular
momentum of the flow. The normalization of the accretion rate in
both plots was chosen so that the time-integrated ISCO accretion
rate was equal to 1. A result of some interest is that the radial mass
accretion rate is more sharply peaked towards the ISCO for larger
black hole spins.

The mass accretion rate across the ISCO is a quantity that can be
described rather simply analytically. Computing the ISCO accretion
rate involves taking the x — 2 limit of G y(x, xo, 7). Taking this
limit, we find that the various factors of (1 — 2/x) all cancel, and the
ISCO accretion rate takes the following form:

Coz fa(x())z
Ziti/4a XP <_ 4t ’ (66)
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Figure 6. The ISCO accretion rate as a function of time, for Kerr black holes
of different spins (displayed in legend). The time integrated ISCO accretion
rate of each curve is equal to 1.

where C, < 0 is a constant. It is of interest to normalize the ISCO
accretion rate by its maximum value, which occurs at a dimensionless
time

f o (X 0 )2
4+ 1/a’

In doing so the ISCO accretion rate is given by

y 2\ " 2
GM(X[,X(), ‘L’) _ Mpeak <efa(x0) ) exp (_ fot(xo) ) i (68)

(67)

Tpeak =

" 4n 4T

where n = 1 + 1/4«. The late-time behaviour of the disc luminosity
is well approximated by the behaviour of the ISCO accretion rate (i.e.
proportional to r7"), a result that is in keeping with the numerical
analysis of Balbus & Mummery (2018).

The normalization of the ISCO accretion rate can be related to
the normalization of the Green’s function for the surface density by
noting that the entirety of the disc material is eventually accreted.
Setting

/ GM(X[,X(), t)dt = —Mjy, (69)
0

(where ¢ is the time in physical units), we find that

2 Maw(l—ri/rg) (4n\" 27V
Mpeac = = GMr; 11 fa(xo)? (?) r(1/4a) 70

The absolute value of the ISCO accretion rate, plotted as a function
of time, is shown in Fig. 6 for a number of different values of the
Kerr spin parameter a. Each curve is normalized so that the time-
integrated ISCO accretion rate is equal to 1. The initial radius of
each curve was ryg = 25r,. It is interesting to note that the absolute
value of the peak ISCO accretion rate, for constant disc mass, w, and
1o, decreases as a function of increasing spin. Conversely, relative to
their peak value, the ISCO accretion rates of more rapidly rotating
black holes are larger for considerably longer than their more slowly
spinning counterparts.

While the peak values of M (ry) are lower for higher black hole
spins, it is important to remember that discs around more rapidly
spinning Kerr black holes have higher mass-to-light efficiencies.
Therefore, for a given ISCO accretion rate, the rest-frame luminosity
of a more rapidly rotating Kerr black hole will be higher, as will their
total integrated energies.
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Figure 7. The disc bolometric luminosity (defined in the text), plotted as a
function of time for Kerr black holes of different spins (displayed in legend).
The initial disc mass of each curve is set equal to 1.

This can be seen more clearly in Fig. 7, where we plot the
bolometric luminosities of the discs evolving in Fig. 6, as a function
of time. The bolometric luminosity is found by integrating the local
quantity o T* over the entire area of the disc. A factor of (1/U°)?
is included to incorporate the effects of the gravitational redshifting
of the emitted disc photons. The light curves are then normalized by
the peak value of the a = —0.99 luminosity. Each disc had the same
initial disc mass. It is clear to see that the bolometric luminosity of
the discs around Kerr black holes increases as a function of the Kerr
spin parameter a.

6 DISCUSSION

In this paper, we have derived and analysed the leading order Green’s
function solutions of the general relativistic thin disc equations,
assuming a boundary condition of a vanishing ISCO stress. These
solutions promise to be of great practical utility to the astronomical
community.

It is important to remember, however, that the solutions derived
in this paper assume that the turbulent stress in the disc is described
by a power law with radius, and that the disc equations are therefore
linear. Many models of the turbulent stress in accretion discs (e.g.
Shakura & Sunyaev 1973) lead to non-linear evolutionary equations,
which may well be more physically motivated. This simplification
should be kept in mind when modelling astronomical sources with
the solutions derived here. In addition, a natural extension of this
model would be to include non-zero stresses at the discs’ inner edge.
This transpires to be a non-trivial extension, as we discuss below.

6.1 The case of a non-zero ISCO stress

The solutions of the relativistic disc equations, for discs with a non-
zero ISCO stress, exist on a continuum of solutions with properties
that depend on the magnitude of the stress at the inner edge (Mum-
mery & Balbus 2019). In the outer Newtonian regions, these solutions
are given by a superposition of J. /4, and J_; 4, modes, with relative
amplitudes determined by the inner-disc properties. At large times,
the solutions for any finite ISCO stress are eventually dominated
by the positive index vanishing ISCO stress modes discussed in
this paper, after a transient phase where the negative index modes
dominate. The length of this transitional phase is controlled by
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the magnitude of the inner-disc stress, ranging from zero time (a
completely vanishing ISCO stress) to a formally infinite length of
time (a heavily stressed solution; see Mummery & Balbus 2019 for
more details).

The modal techniques used in this paper could in principle be
extended to incorporate a modal admixture in the Newtonian regions
and a modified inner boundary condition. However, no simple
analytical solution of the modal superposition integral (equation 48)
exists for the case of a mixture of Bessel functions, and these solutions
therefore lose their simple closed-form properties. In addition, discs
with finite ISCO stresses have significant densities in the x — 2
region, where our WKB modal solutions become invalid. For these
reasons, it seems likely that numerical techniques will remain the
best avenue for studying relativistic discs with finite ISCO stresses.

6.2 Implications and applications

In addition to deriving the leading order Green’s function solutions
of the general relativistic thin disc equations, in this paper we have
analysed a number of their key properties. Of particular interest is
a simple expression for the time-dependent accretion rate across the
ISCO (equation 68). One implication of this result is that the late-
time behaviour of the ISCO mass accretion rate is, for any initial
condition, equal to that of the r = 0 accretion rate in a Newtonian
disc. This can be seen by noting that for general initial condition
¥ (rp), the ISCO accretion rate is

M1, 1) = / G (x1. x0, (o) drg
rr

fa(xo)z
T

0<t_"/ [fa(xO)]z"E(ro)ﬁP(— n

) dro

—2u

~t™",  t— 00, n51+1/4a=: (71)

We have demonstrated that the Kerr black hole spin parameter
a influences the inner-disc accretion rate in three key ways. The
accretion rate for a rapidly rotating Kerr black hole is more sharply
peaked in a narrow radial region around the ISCO. The peak mass
accretion rate across the ISCO is, for fixed disc mass, w and ry,
lower for more rapidly rotating Kerr black holes. However, the ISCO
accretion rate remains higher as a fraction of its peak value for much
longer for these rotating black holes. When the differing mass-to-
light efficiencies of discs in different Kerr space—times are taken into
account, the rest-frame luminosities of the more rapidly spinning
black holes are largest.

The most interesting astrophysical application of this work is likely
to be the study of time-dependent emission from black hole discs.
Systems of potential interest include the dramatic state changes
observed in many black hole X-ray binary systems. It is thought
that the inner regions of these discs disappear and then reform
during these events, and these solutions may aid in the study of
this reformation process. In addition, the numerical solutions of the
relativistic disc equations have been of practical utility in studying
the evolution of tidal disruption event discs, which form from the
debris of a mangled (formerly normal) star. The development of
accurate analytical solutions of these equations will aid in the future
data analysis of these remarkable sources.

Finally, these solutions will be of utility for the study of aperiodic
variability in black hole sources. Many properties of the observed
variability of black hole accretion disc sources are rather natu-
rally explained by the so-called theory of propagating fluctuations
(Lyubarskii 1997), in which fluctuations arise at different radial

Green'’s functions for relativistic discs 1913

coordinates of the accretion disc and then propagate towards the
central object. Each perturbation of the discs accretion rate can
be described by its own Green’s function solution. Heretofore, the
analysis of this theory has utilized the Newtonian Green'’s functions
(see e.g. Mushtukov et al. 2018); this theory can now be re-analysed
with a ‘relativistic upgrade’.
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APPENDIX A: THE SOLUTION OF THE f,(x)
INTEGRAL

A1 General solution

We wish to solve the integral

1 /X roe—1 2 ’
folx)= = X1 = —dx'. (A1)
2 2 x’

Begin by making the substitution
x' = 2cosh?(y), (A2)

which transforms the integral into the form

A5
fu=2" / sinh® 1 cosh®*~2 v dy, (A3)
0
where
¥*(x) = arccosh \/x /2. (A4)

A useful result is the following:

sinh (arccosh Vx /2) -\ /% —1 (AS)
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Assuming that o # 0 (special cases will be considered later), we can
use the reduction formula (Gradshteyn et al. 2007)
sinh”~! ¢ cosh?*! ¢
p+taq
p—1

P+q

/sinhp ¥ cosh? ¢ dyy =
sinh” 2 ¢ cosh? dyy  (A6)
to write this as

x“ 20 22 v
fa=So\1 =2 =5 | cosh™ 2y dy, (A7)
0

where we note that the second integral is of order (2/x) smaller than
the previous integral. The second integral can now be reduced using
(Gradshteyn et al. 2007)

: hp+] hq—l
/sinh” ¥ cosh? ¢ dyy = s ¥ cos L4
p+q
q—1 . -2
——— [ sinh” ¢ cosh?™“dyr, (AS8)
p+q

with p = 0 to leave

x% 2 1 2
fo=q /1= 1= =
20 X 200 —2 \ x

2920 —3 [V
- h2 =4y dy, A9
2o 20 — 2 /0 cosh™ "y dyf (A9)

which is again of the same form as the previous equation, with the
remaining integral another order of (2/x) smaller. In the general case
where a ¢ 7, this procedure can be repeated an infinite number of
times to leave

X ) 1 o0 2 k+1
foz:% 1_x|:1_2a—lkz=;ﬁk<x> +Ras (AIO)
where
B = Qo —1)2ax —3)...Q2a — 2k + 1)) (Al1)

Qa—2)2a —4)...Qa — 2k +2))’

and R, is a constant of integration defined so that f,(x =2) =0.
The coefficients By are a rational function of k, meaning that this
result can be expressed as a hypergeometric function. This is of
practical interest as the hypergeometric functions are catalogued
functions with known identities that will assist in computing R,. In
addition, the hypergeometric functions are implemented in common
programming languages, simplifying the numerical implementation
of f,(x) and of the Green’s function solutions derived in this paper.
We write the summation out as

x 2 x! 2
v ==A\/l——4+Re— ——4/1 — =
f 2a x+ 2(ax — 1) X

Wiy GRZ0m 1 <g)
X

(2—&) 1!
B2=w@/2—a+ DDA+ D 1 (2)° SRS
C—a)2—a+1) 2! ’

where the terms in the final bracket are written in such a way so as to
reproduce the definition of the hypergeometric function (Gradshteyn
et al. 2007)

ab z a(a+ Dbb + 1) 22
Fila,bien=1+2 2 Q4T 0T . (A3
A bed =t gty at B

thus our solution is

x* 2 x7!
YA ey > F,
2a X (¢ —1)
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fo=

(1, 3 701;2701;%)} tRe. (Al4)
2 X

With the solution written in terms of the hypergeometric function,
we can compute the constant of integration R,,. Using (Gradshteyn
et al. 2007)

I'e)l'(c —a—b)
I'c —a)l'(c — b)
Fe)r'a+b—-c)
INCHINCY)
+1—a—-b;1-72), (A1S5)

2F|(a,b;C;Z): 2F|(a,b;ﬂ+b+l—c‘;l—z)

(=2 " Fic—a,c—b;c

we can take the x — 2 limit of our expression to recover R,.
Explicitly, using , F(a, b; c;0) = 1, we have

. 2 3 2
lim 1— —F (1, - —a;2—a;—
x—2 X 2 X
. 22 —a)(—=1/2) TQR-a)'(1/2)
= lim 1—— +
x—2 x A —-—)l(1/2)

F(HF(3/2 — o)

re—ow)
fl"(3/2 —a)’ (Al6)
and therefore
B 202 re—ow
Ra = oo — 1)ﬁr(3/2—a)' (AL7)

This solution of our integral is therefore

/ 2 x! 3 2
fa(x) ]—;|:1—m2F1 (1,5-“,2-&,;)}

2‘”*2 re—a
. Al8
+oe(a— l)ﬁF(S/Z—a) (Al8)
A2 Special cases

It is easiest to analyse the special cases of the integral f, by writing
the solution in its explicit summation form

o 5 2\ k!

fo= 5\ =% {1— (*> e A
2a X X

where

b — Qo — 1)(2a—3)...(2(x—(2k+1)). (A20)

Qa —2)2x —4)...Qa — 2k +2))

A2. 1 x =0

When o = 0, we must return to the very first hyperbolic integral

s

fo=2" / sinh? ¥ cosh?* =2y dy, (A21)
0
which becomes
-
fo= / tanh® ¢ dyy = ¢¥* — tanh ¥*, (A22)
0

and therefore

2 X
fo(x) = —4/1 — — + arccosh \/j (A23)
X 2

A22a =1

When o = 1, there are no terms in the summation, as the first
J cosh? yr dyr integral has ¢ = 0. The solution is then

Y h\/z A24)
Silx) = 2 - —arccosh /2. (
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A23a =n+1/2, wheren € 7+

When o = n 4 1/2, for positive integer n, the summation terminates
at k = n, and we take R, = 0. Our solution is then

X 2 1 2\
w=—1/1-—]1- — .
f 20 x[ 2a—1kz=;ﬂk <x>

A240 =n+1, wheren € 7+

(A25)

When o =n + 1, and is a positive integer greater than or equal
to 2, the summation appears to diverge at k = n. However, this
simply results from the use of the integral reduction formula for
f cosh? ¢ dyy when g = 0, where it is not valid. The summation
must therefore be terminated at n — 1, with R, = 0 and the final
term replaced with arccosh 1/x /2. Explicitly,

x¢ 2 1 22 /!
w=—1/1—-—|1- —
’ 20 x[ 2a—1§ﬂk (x)

2¢ X
—— B h/—. A26
YO — 1),3 1 arccos \/; ( )
A3 Limiting behaviour
A3 1x>2

When x > 2, the leading order behaviour of f,, is simple, as all terms
in the summation are subdominant to the leading x* term:

res= S 2 fivo(2)]

A32x — 2

(A27)

Some care is required in understanding the x — 2 behaviour of our
general solution. This involves analysing the next to leading order
term in equation (A16):

lim (Pzﬂ (1, ’ -2 —a; 2)>
x—2 X 2 x
_[i_2re-orci2
_ngzFﬂ—aﬁaﬂ)+C
2
=2a—1y/1-=+C
X

(A28)

where the constant C will cancel with R, (by definition). Therefore,
the limiting behaviour of f, is
21\ 2
(-3
X

2[ 2
fax > )~ f1=Z 1= 4.
X X

APPENDIX B: THE SPIN INDEPENDENCE OF
THE GENERAL RELATIVISTIC GREEN’S
FUNCTION

(A29)

The leading order Green’s function solution presented in this paper
(equation 50) is independent of the black hole spin, once the radial
coordinate is normalized by the ISCO radius. As a test of this analysis,
itis of interest to check whether the numerical solutions of the general
relativistic disc equations are themselves approximately independent
of black hole spin, once the radius is suitably normalized. In Figs B1,
B2, and B3, we compute the numerical Green’s function solutions of
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Figure B1. Numerical solutions of the general relativistic disc equations,

at a viscous time 7 /tyisc = 0.16, for a number of different black hole spins
displayed on the figure.
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Figure B2. Numerical solutions of the general relativistic disc equations,

at a viscous time f/tyisc = 0.48, for a number of different black hole spins
displayed on the figure.
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Figure B3. Numerical solutions of the general relativistic disc equations,
at a viscous time #/tyisc = 1.0, for a number of different black hole spins
displayed on the figure.
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equation (1), the full general relativistic disc equation, for a variety of
different values of the Kerr spin parameter, and plot them as a function
of dimensionless radius r/r;. Each numerical Green’s function was
initiated at a radius ro = 10r((a).

As can be clearly seen in Figs B1-B3, the gross behaviour of
these numerical solutions is well approximated as being independent
of the black hole’s spin, just as the analytical solution (equation 50)
suggests.

APPENDIX C: THE DERIVATIVE OF THE
GREEN’S FUNCTION

We require the derivative with respect to x of the following Green’s
function:

1 7\ 5/2-3/4«
G(x, X0, T) =4/ X% fy(x) exp (;) (1 — ;)

1/4 _ 2 _ 2
XTGXP< fa(x) = fot(xO) ) Iﬁ (fa(x;{a(x0)> ’ (Cl)

We will require the following Bessel function identity (Gradshteyn
et al. 2007):

d 1
d*II(Z) =1n1(z) — -L(2). (C2)
z z
For notational ease I define
1 2\ 3/4-3/8a
F(x)=x"42exp (—) (1 - 7) , (C3)
2x X
such that
G _ FO)V fax) (—fa(X)2 - fa(x0)2>
(x, x0, T) = exp
T 4t
I <fa(x)fot(x0)) . )
kg 2T

The derivative we require is

3G FO)V fa(x) exp <—fa(X)2 - fa(x0)2>
T 4T

|:(31HF n 1 8fot _ fa(x))ll (fa(x)fa(x()))
0x 2 fu(x) 0x 2t Fo 2t

0x

+f0(2(:0) 38])? {I . <fa(x)21;a(xo))
1 27 Ja () fo(x0)
oot ()] )
Using
oln F 1 -2« 1 10 — 3 1
ax  4x 22 + 4ax? 1-—-2/x (€6)

and noting that as f;, is defined via an integral its derivative is trivial

Ife 1 [ 2
Jo _ Liacr fy - =, (C7)
0x 2 X

leads to the result stated in the paper.
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Figure D1. Numerical solutions of the Schwarzschild disc equations, at
viscous times 7 /tyisc = 0.008, 0.24, 0.4, 0.8, 1.6, and 4, versus the Newtonian
(Lynden-Bell & Pringle 1974) Green’s functions. The initial radius of the
Green’s functions was chosen to be ro = 50r, the same as in Figs 1-3 in the
main text. The upper left panel shows a zoom-in of the inner 30 gravitational
radii. The Newtonian Green’s functions are a poor approximation to the
relativistic solutions at small radii and early times, and at all radii at large
times.

APPENDIX D: NUMERICAL COMPARISON TO
THE NEWTONIAN GREEN’S FUNCTIONS

In this appendix, we test whether the Green’s function solutions
derived in this paper provide a significant improvement when
compared to the classical Newtonian (Lynden-Bell & Pringle 1974)
Green’s functions. In Fig. D1, we plot (blue dashed curves) the
evolution of the numerical Schwarzschild disc equations with initial
radius ro = 50r, (i.e. the solutions presented in Fig. 2). Also plotted
are the Newtonian Green’s function solutions (red solid curves).
The upper left panel of Fig. D1 shows a zoom-in of the inner 30
gravitational radii.

Unsurprisingly, at early times the Newtonian Green’s functions
provide a poor approximation to the true relativistic solutions in the
inner <30 gravitational radii, but are a reasonable description of the
numerical solutions at large radii r 2 ro. However, at later times
t 2 tys. the Newtonian solutions deviate from the full numerical
solutions at all radii. This is clearly demonstrated in the final three
curves in Fig. D1, where it can be seen that the Newtonian Green’s
function solutions overestimate the remaining surface density of the
disc, a behaviour that persists out to very large radii » ~ 100r,.
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