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A B S T R A C T 

The leading order Green’s function solutions of the general relativistic thin disc equations are computed, using a pseudo- 
Newtonian potential and asymptotic Laplace mode matching techniques. This solution, valid for a vanishing innermost stable 
circular orbit (ISCO) stress, is constructed by ensuring that it reproduces the leading order asymptotic behaviour of the near- 
ISCO, Newtonian, and global Wentzel–Kramers–Brillouin limits. Despite the simplifications used in constructing this solution, 
it is typically accurate, for all values of the Kerr spin parameter a and at all radii, to less than a per cent of the full numerically 

calculated solutions of the general relativistic disc equations. These solutions will be of use in studying time-dependent accretion 

discs surrounding Kerr black holes. 

Key words: accretion, accretion discs – black hole physics. 
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 I N T RO D U C T I O N  

n the classical theory of thin accretion discs, the constraints of
ngular momentum and mass conservation may be combined into a 
ingle evolutionary equation for the disc’s surface density, a result 
rst discussed at length by Lynden-Bell & Pringle ( 1974 ). Quite
enerally, the solutions of this evolutionary equation show that the 
ulk of the matter in the accretion disc drifts inwards, while the
ngular momentum of the disc is transported outwards, sustained by 
 vanishingly small mass fraction of the disc. 

One of the key results provided by Lynden-Bell and Pringle was 
 set of Green’s function solutions of the Newtonian evolutionary 
quation, which e xist pro vided that the disc’s turbulent stress tensor
 

r 
φ follo ws a po wer law with disc radius r . A Green’s function is an

xtremely powerful analytical tool, as it describes the evolution of the 
isc density defined by a δ-function initial condition. The solution 
f the general problem defined by an arbitrary initial condition is
hen simply given by an integral of this initial condition with the
reen’s function solution. Indeed, the Green’s functions of Lynden- 
ell and Pringle have been widely used throughout the astrophysical 

iterature, including in instances where they are not strictly valid. 
n particular, these Newtonian Green’s function solutions will not 
rovide an accurate description of the inner regions of those discs
volving around black holes. Black hole discs must terminate at a 
nite radius given by the innermost stable circular orbit (ISCO), and 
ill be modified by the changes to the orbital velocities of the disc
uid in the strong gravity regions of the black hole’s space–time. 
The disc equation that describes the evolution of the disc surface 

ensity in full general relativity was first written down by Eardley &
ightman ( 1975 ), before being redisco v ered in slightly different
 E-mail: andrew.mummery@physics.ox.ac.uk 
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oordinates by Balbus ( 2017 ). Balbus ( 2017 ) presented a set of formal
entzel–Kramers–Brillouin (WKB) Laplace mode solutions of this 

quation, including a modal solution that is universally valid (i.e. 
 solution that reproduces the leading order solutions of the disc
quations in each of the small radius, large radius, and WKB limits).
rom this modal solution, a formal asymptotic Green’s function can 
e constructed. 
There is, ho we ver, more than one modal solution that can be

onstructed to reproduce the required leading order asymptotic 
eha viour. The particular Balb us ( 2017 ) solution has a late-time
eading order behaviour of ∼ 1 /t 3 , which is steeper than that found
or the numerical solutions of the relativistic disc equations (Balbus & 

ummery 2018 ). In addition, the formal solutions of Balbus ( 2017 )
ontain integrals that do not have closed-form solutions for the Kerr
etric. It is therefore of interest to seek a set of simpler Green’s

unction solutions, which accurately capture the properties of the 
ull numerical solutions of the relativistic disc equations, but which 
an be described in a closed form. 

In this paper, we derive a set of such Green’s function solutions.
he techniques employed are similar in style to those of Balbus
 2017 ), but differ in the details. We simplify the relativistic disc
quations, leaving a problem with solutions that can be written in
 closed form but that still capture the leading order relativistic
hysics rele v ant for accretion. The principle simplification is the use
f a pseudo-Newtonian potential that reproduces the Kerr space–
ime’s ISCO location, while producing technically simpler fluid 
rbital motion. A global modal solution is then found for this
seudo-potential’s disc evolution equation that reproduces the correct 
symptotic behaviour in each of the near-ISCO, Newtonian, and 
lobal WKB limits. This modal solution can then be used to construct
n asymptotic Green’s function. Despite the simplifications used in 
onstructing this solution, it is typically accurate, for all values of the
err spin parameter a and at all radii, to less than a per cent of the
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 
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ull numerically calculated solutions of the general relativistic disc
quations. 

We then analyse the properties of this asymptotic Green’s function.
e show that the mass accretion rate across the ISCO has a

articularly simple closed form, which can be used to understand
he black hole spin dependence of the inner-disc accretion rate. The

ass accretion rate across the ISCO is, for fixed disc mass, lower at
eak for more rapidly rotating Kerr black holes. However, the ISCO
ccretion rate remains higher as a fraction of its peak value for much
onger for these spinning black holes. When the differing mass-to-
ight efficiencies of different Kerr space–times are taken into account,
he rest-frame luminosities of the more rapidly spinning black holes
re largest. 

The layout of this paper is as follows: in Section 2 , we moti v ate and
et up the problem to be solved. In Section 3 , the asymptotic Green’s
unction solution of the disc equations is derived. These solutions are
hen compared to the numerical solutions of the full relativistic disc
quations in Section 4 , where close agreement between the two is
ound. In Section 5 , the properties of the Green’s function of the mass
ccretion rate are analysed; we then conclude in Section 6 . Technical
esults pertinent to the analysis are presented in four appendices. 

 PRELIMIN  A RY  A N  ALYSIS  

n this section, we both moti v ate and set up the problem to be
olved in the remainder of this paper. We begin by recapping the
roperties of the general relativistic thin disc evolution equation,
ighlighting its prohibitive algebraic complexity that prevents exact
reen’s function solutions from being found. Turning to a simpler
roblem, we introduce a pseudo-Newtonian potential that captures
he leading order general relati vistic ef fects rele v ant for studying
hin accretion discs. With a suitable parametrization of the turbulent
tress tensor W 

r 
φ , the go v erning Laplace mode equation of this model

s derived, which is then solved in Section 3 . 

.1 The general relativistic disc equation 

he coordinates used to describe the relativistic thin disc equation are
he cylindrical Boyer–Lindquist representation of the Kerr metric: r 
radial), φ (azimuthal), and z (v ertical). The go v erning equation de-
cribes the evolution of the azimuthally av eraged, height-inte grated
isc surface density �( r, t). The contravariant four velocity of the
isc fluid is U 

μ; the covariant counterpart is U μ. The specific angular
omentum corresponds to U φ , a covariant quantity. There is an

nomalous stress tensor present, W 

r 
φ , due to lo w-le vel disc turbulence,

hich is a measure of the correlation between the fluctuations in
 

r and U φ (Eardley & Lightman 1975 , Balbus 2017 ). This is, as
he notation suggests, a mix ed tensor. W 

r 
φ serv es both to transport

ngular momentum and to extract the free energy of the disc shear,
hich is then thermalized and radiated from the disc surface, both

ssumed to be local processes. 
Under these assumptions, the go v erning disc equation can be

xpressed in the following compact form: 

∂ζ

∂t 
= 

W 

r 
φ

( U 

0 ) 2 
∂ 

∂r 

( 

U 

0 

U 

′ 
φ

[
∂ζ

∂r 

]) 

. (1) 

ere, the primed notation ′ denotes an ordinary deri v ati ve with
espect to r , and 

≡ r� W 

r 
φ

U 

0 
. (2) 
NRAS 518, 1905–1916 (2023) 
e see that one only needs expressions for two of the orbital
omponents of the disc’s flow to solve this equation. These are the
ime dilation factor 

 

0 = 

1 + a 
√ 

r g / r 3 (
1 − 3 r g /r + 2 a 

√ 

r g / r 3 
)1 / 2 , (3) 

nd the circular orbit angular momentum gradient 

 

′ 
φ = 

√ 

GM 

(
a 
√ 

r g + r 3 / 2 
) (

r 2 − 6 r g r − 3 a 2 + 8 a 
√ 

r g r 
)

2 r 4 
(
1 − 3 r g /r + 2 a 

√ 

r g / r 3 
)3 / 2 . (4) 

n these expressions, a is the black hole’s angular momentum
arameter (having dimensions of length), M is the black hole’s mass,
 g = GM/c 2 the gravitational radius, and G and c are Newton’s
onstant and the speed of light, respectively. 

Clearly, the relativistic disc equation ( 1 ) is extremely algebraically
omple x. F ormal WKB Laplace mode solutions of equation ( 1 ) were
ritten down by Balbus ( 2017 ), but contain integrals of the form 

 = 

∫ 

( 

U 

0 U 

′ 
φ

W 

r 
φ

) 1 / 2 

d r, (5) 

hich do not, for the general Kerr metric, have closed-form solutions.
he question addressed in this paper is whether closed-form solutions
f a closely related problem can be found that accurately reproduce
he behaviour of the numerical solutions of equation ( 1 ), while being
uch simpler to implement. 
It is important therefore to understand what exactly the key

roperties of equation ( 1 ) are before we mo v e forward. The function
 

0 reduces to unity in the Newtonian limit, and o v er the entire
omain of interest in the Kerr geometry is smooth, non-vanishing,
nd bounded. The physical content of equation ( 1 ) may thus be
etained by ignoring this function, in effect setting it equal to unity.
y contrast, U 

′ 
φ vanishes at the ISCO, introducing an apparent

ingularity into the equation, and must be handled with more care.
he ISCO is the radial location (denoted r I ) where the factor 

 

2 
I − 6 r g r I − 3 a 2 + 8 a 

√ 

r g r I = 0 , (6) 

nd the angular momentum gradient transitions from positive to
e gativ e. At this location, for all values of the Kerr spin parameter,
he angular momentum gradient locally behaves like 

 

′ 
φ ∼ A ( r − r I ) , (7) 

or constant A ≥ 0. It is this behaviour, where the angular momentum
radient vanishes linearly at a special location, which is the gross
eading order relativistic correction to a Newtonian theory. 

Full general relativity is not required to produce this property of a
inearly vanishing angular momentum gradient. Instead, simpler so-
alled pseudo-Newtonian potentials can be constructed to reproduce
his property in Newton’s gravity, which we now discuss. 

.2 A pseudo-Newtonian potential 

he use of pseudo-Newtonian potentials to model some effects of
eneral relativistic gravitational fields was initiated by P aczy ́nsk y &
iita ( 1980 ), who used 

 ( r) = − GM 

r − R S 
, R S ≡ 2 GM 

c 2 
, (8) 

o numerically calculate models of thick discs. This potential does not
atisfy Laplace’s equation ∇ 

2 � �= 0 (hence ‘pseudo’-Newtonian),
ut is spherically symmetric, and quite useful in reproducing key
eatures of orbital motion around a Schwarzschild black hole, such
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s the innermost stable orbit. This potential in effect captures the 
eading order Schwarzschild effects most rele v ant to the study of
ccretion flows. 

The P aczy ́nsk y–Wiita potential is not the only potential function
hat reproduces these key relativistic effects, and is not necessarily 
he easiest to work with analytically. Consider the different potential 
unction (which is a Kerr-generalized form of the potential first 
ritten down for Schwarzschild black holes by Klu ́zniak & Lee 
002 ) 

 ( r) = 

GM 

r I 

[ 
1 − exp 

( r I 

r 

)] 
. (9) 

or r 	 r I , this potential reduces to the Newtonian point mass
otential � ( r) = −GM/r . The Newtonian angular momentum of
 circular orbit ( J ) is related to the gravitational potential via 

 = 

(
r 3 

d � 

d r 

)1 / 2 

= 

√ 

GMr exp 
( r I 

2 r 

)
. (10) 

ifferentiating this angular momentum with respect to the circular 
rbit radius r leaves 

d J 

d r 
= 

1 

2 

√ 

GM 

r 
exp 

( r I 

2 r 

) [ 
1 − r I 

r 

] 
= 

J 

2 r 

[ 
1 − r I 

r 

] 
. (11) 

e see that the circular orbit angular momentum gradient for the 
otential defined in ( 9 ) goes to zero at r = r I , and is ne gativ e for
 < r I . Circular orbits with a ne gativ e angular momentum gradient
re unstable via the Rayleigh criterion, and so the potential defined 
n ( 9 ) has an ‘ISCO’ at the point r = r I , and can therefore be used to
imic important general relativistic effects, while being analytically 
uch simpler to work with. At large radii, the Newtonian angular 
omentum gradient 2 J ′ = 

√ 

GM/r is reco v ered. 
The Newtonian disc equation that results from the pseudo- 

otential ( 9 ) is the following: 

∂y 

∂t 
= 

2 W 

r 
φ√ 

GM 

∂ 

∂r 

[
r 1 / 2 exp ( −r I / 2 r ) 

1 − r I /r 

∂y 

∂r 

]
, (12) 

here 

 ≡ r� W 

r 
φ . (13) 

his equation will form the basis of our analytical model. 

.3 Laplace modes 

e will seek Green’s function solutions of equation ( 12 ) by solving
or its Laplace modes. A Laplace mode is defined with a particularly
imple time dependence y ( x , t) = y ( x , s ) e −st , s ≥ 0. Meaning that
ur go v erning modal equation has the form 

− sy = 

2 W 

r 
φ√ 

GM 

∂ 

∂r 

[
r 1 / 2 exp ( −r I / 2 r ) 

1 − r I /r 

∂y 

∂r 

]
. (14) 

he general time-dependent solution is then found by superimposing 
odes with a weighting function 

 ( x , t) = 

∫ ∞ 

0 
y ( x , s ) F ( s ) e −st d s , (15) 

here F ( s) is set entirely by the initial conditions. For our purposes,
his initial condition will be a delta function δ( x − x 0 ). 

.4 Turbulent stress modelling 

ssentially all analytical and semi-analytical treatments of accretion 
iscs rely on the use of W 

r 
φ , the so-called anomalous stress tensor
o account for the enhanced angular momentum transport and 
hermal energy dissipation associated with the accretion process. 
irst invoked by Shakura & Sunyaev ( 1973 ), a measured turbulent
tress tensor may now be extracted from numerical simulations of 
iscs, as a consequence of the magnetorotational instability (Balbus 
 Ha wle y 1991 ). Ev en with e xplicit numerical studies ho we ver,

urbulence remains at best poorly understood. There is no consensus 
undamental theory that allows one, for e xample, to e xpress this
tress tensor in terms of background mean disc properties. 

In general, the turbulent stress will depend on the local disc
roperties (temperature, pressure, density, etc.). Ho we ver, Ne wtonian 
reen’s function solutions only exist when the stress is parametrized 
y a power law of disc radius W 

r 
φ ∝ r μ, and this is therefore the

ost common parametrization used for analytical studies of time- 
ependent thin discs. 
For the ease of solving the asymptotic disc equations, it will in

act be of use to define the turbulent stress by 

 

r 
φ = w 

(
2 r 

r I 

)μ

exp 
( r I 

2 r 

)
, (16) 

here w is a constant that carries the dimensions of W 

r 
φ . The factor of

xp ( r I / 2 r) in this parametrization is in effect a compensating ‘trick’
o cancel factors of exp ( r I / 2 r) introduced by the pseudo-potential
equation 9 ). This ‘trick’ results in maximum deviations from the
raditionally used parametrization of 

√ 

e � 1 . 6487, and does not
hange the character of the solutions, as we shall demonstrate in
ection 4 . 

 A N  ASYMPTOTIC  G R E E N ’ S  F U N C T I O N  

OLUTI ON  

n this section, we derive a global asymptotic Green’s function 
olution to the evolution equation ( 12 ). The approach is to write
own a single Laplace mode solution that reduces to the solutions
f ( 12 ) in each of the Newtonian ( r 	 r I ), near-ISCO ( r → r I ) and
lobal WKB limits. 
We begin by defining the dimensionless variables 

 ≡ 2 r 

r I 
(17) 

nd 

 ≡ J √ 

GMr I / 2 
= x 1 / 2 exp 

(
1 

x 

)
, (18) 

eaning that our stress parametrization has the form 

 

r 
φ = wx μ−1 / 2 h. (19) 

riting the go v erning equation in terms of h and x leaves 

2 d 
2 y 

d h 

2 
= −x 3 / 2 −μ

h 

2 

1 

1 − 2 /x 
y, (20) 

here 

2 ≡ w 

r I s 
√ 

GMr I / 2 
. (21) 

his equation remains too complicated to be analytically solved 
xactly. Ho we ver, three closed-form solutions can be found in
hysically meaningful limits, as we now demonstrate. 
MNRAS 518, 1905–1916 (2023) 
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.1 The asymptotic WKB solution 

 differential equation of the form 

2 d 
2 y 

d x 2 
= −Q ( x ) y , Q ( x ) > 0 , (22) 

as formal WKB solution, valid in the ε → 0 limit (Bender & Orszag
978 ), of 

 ∼ Q 

−1 / 4 cos 

(
1 

ε

∫ 

Q 

1 / 2 d x + φ

)
, (23) 

here φ is a constant of integration. It is important to note that the
→ 0 limit is physically rather natural. As w is defined as the scale

f W 

r 
φ , it is of order w ∼ r I αc 2 s , where α � 1 is the usual Shakura–

unyaev (1973) alpha parameter, and c s is the disc’s speed of sound.
herefore, ε is of order 

2 ∼ α

(
c s 

v K 

) (
c s 

r I s 

)
, (24) 

here we have defined the Keplerian velocity of the ISCO v K =
 

GM/r I = c 
√ 

r g /r I 	 c s . The combination α( c s /v K ) � 1, and
o ε � 1, provided that s is not extremely small. Small s modes
ominate at very large times (equation 15 ), and the suitability of
his approximation must be tested numerically. In Section 4 , we
emonstrate that even at large times this approximation holds well. 
The go v erning equation ( 20 ) therefore has the formal WKB

olution: 

 WKB = x 1 / 4 exp 

(
1 

2 x 

) (
1 − 2 

x 

)1 / 4 

x −α/ 2 cos 

(
1 

ε
f α( x) + φ

)
, (25) 

here 

 α( x) ≡
∫ 

[ x( h )] α

h 

1 √ 

1 − 2 /x( h ) 
d h (26) 

nd 

≡ 3 − 2 μ

4 
. (27) 

fter substituting for h = x 1 / 2 e 1 /x , this integral becomes 

 α( x ) = 

1 

2 

∫ x 

2 
x ′ α−1 

√ 

1 − 2 

x ′ 
d x ′ . (28) 

y making the substitution x = 2 cosh 2 ( ψ), and by repeated inte-
ration by parts, this integral can be expressed as a hypergeometric
eries of 2 /x. The full solution is presented in Appendix A , but the
ey asymptotic properties of f α are the following: 

 α( x 	 2) ∼ x α

2 α

(
1 − 2 

x 

)1 / 2 

(29) 

nd 

 α( x → 2) ∼
(

1 − 2 

x 

)3 / 2 

. (30) 

t is important to note here that our WKB expression ceases to be a
alid asymptotic expansion in the limit x → 2. This is because, in
he notation of equation ( 22 ), the function Q is poorly behaved in
his region Q ( x → 2) → ∞ . Our WKB solution is not valid near to
 = 2 and we expect therefore that the global solution that we derive
hould have, in the WKB ε → 0 limit, leading order corrections of
rder (2 /x) (i.e. corrections which vanish for large x 	 2, but which
re non-negligible near x = 2). 
NRAS 518, 1905–1916 (2023) 

l

.2 The asymptotic Newtonian solution 

he Newtonian limit is formally the x 	 2 limit. In this limit, we
eco v er the Newtonian angular momentum relationship ( h = 

√ 

x ),
nd our go v erning equation is 

2 d 
2 y N 

d h 

2 
= −h 

1 −2 μ y N . (31) 

his equation is of a standard form with known Bessel function
olutions (Gradshteyn et al. 2007 ). Explicitly, the solutions of the
ewtonian limit of the disc equation is 

 N = x 1 / 4 J 1 
4 α

(
1 

2 αε
x α

)
. (32) 

s the Newtonian solution is only valid in the x 	 2 limit, we expect
he leading order corrections to our global solution, in the Newtonian
imit, to also be of order (2 /x). 

.3 The asymptotic near-ISCO solution 

he near-ISCO limit is formally the limit of x → 2. In this limit, the
eading order behaviour of the go v erning disc equation is 

− sy I = A 

d 

d x 

[
1 

x − 2 

d y I 
d x 

]
, (33) 

here A is a weak function of x − 2, and can therefore be treated
s a constant. The solution of this equation is in general a linear
uperposition of the first deri v ati ves of the Airy and Bairy functions
f the ne gativ e argument (Abramowitz & Ste gun 1965 ). Ho we ver, for
he particular boundary condition y I ( r I ) = 0, it is simpler to instead
nd the series solution of this equation, as it immediately highlights

he asymptotic x → 2 behaviour of the near-ISCO modal solutions 

 I = ( x − 2) p 
∞ ∑ 

n = 0 

a n ( x − 2) n . (34) 

irect substitution of the abo v e definition into equation ( 33 ) leads to
he constraints 

− s 

A 

∞ ∑ 

n = 0 

a n ( x − 2) n = 

∞ ∑ 

n = 0 

a n ( n + p)( n + p − 2)( x − 2) n −3 . (35) 

y comparing term-by-term the solution of these constraints may be
ound. The required solution, which vanishes at the location of the
SCO ( x = 2), has p = 2, a 0 �= 0, a 1 = a 2 = 0, and 

 n + 3 = − s 

A 

1 

( n + 3)( n + 5) 
a n , (36) 

nd is therefore given by 

 I ( x) = ( x − 2) 2 
∞ ∑ 

n = 0 

a 3 n ( x − 2) 3 n . (37) 

he asymptotic near-ISCO behaviour of this solution is 

 I ∼
(

1 − 2 

x 

)2 

. (38) 

he leading order corrections to the global solution in the near-ISCO
imit are expected to be of order (1 − 2 /x) 5 , which is the next to
eading order term in the near-ISCO solution. 
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.4 The global solution 

e require a global solution y ( x , ε) with the following asymptotic
roperties: 

 ( x , ε → 0) ∼ y WKB + O 

[(
2 

x 

)]
, (39) 

hich we shall refer to as the ‘WKB limit’, 

( x → 2 , ε) ∼ y I + O 

[ (
1 − 2 

x 

)5 
] 

, (40) 

hich we shall refer to as the ‘near-ISCO limit’, and 

( x 	 2 , ε) ∼ y N + O 

[(
2 

x 

)]
, (41) 

hich we shall refer to as the ‘Newtonian limit’. In the abo v e
 xpressions, we e xplicitly display the expected behaviour of the 
small) correction terms in each asymptotic limit. 

The solution 

 ( x , s ) = 

√ 

π

2 ε
x −αf α( x) exp 

(
1 

2 x 

)(
1 − 2 

x 

) 5 
4 − 3 

8 α

x 1 / 4 J 1 
4 α

(
1 

ε
f α( x) 

)
(42) 

atisfies each of these asymptotic behaviours, as we now demonstrate. 
e begin with the WKB ε → 0 limit. The large argument expansion

f a Bessel function is the following (Gradshteyn et al. 2007 ): 

lim 

z→∞ 

J ν( z) = 

√ 

2 

πz 
cos ( z + φν) + O 

[
z −3 / 2 

]
, (43) 

here φν = −π/ 4 − πν/ 2 is a constant. We therefore have that 

lim 

ε→ 0 
y ( x , s ) = x 1 / 4 exp 

(
1 

2 x 

) (
1 − 2 

x 

)1 / 4 

×x −α/ 2 cos 

(
1 

ε
f α( x) + φ

)
×

(
1 − 2 

x 

)1 − 3 
8 α

= y WKB + O 

[(
2 

x 

)]
. (44) 

he near-ISCO limit can be treated with the small argument expan- 
ion of the Bessel function (Gradshteyn et al. 2007 ): 

lim 

z→ 0 
J ν( z) = z ν + O 

[
z ν+ 2 

]
, (45) 

nd the x → 2 limit of f α( x → 2) ∼ (1 − 2 /x) 3 / 2 : 

lim 

x→ 2 
y ( x , s ) ∼

(
1 − 2 

x 

)2 − 3 
8 α

lim 

x→ 2 

[ 

J 1 
4 α

( (
1 − 2 

x 

)3 / 2 
) ] 

∼
(

1 − 2 

x 

)2 

+ O 

[ (
1 − 2 

x 

)5 
] 

= y I + O 

[ (
1 − 2 

x 

)5 
] 

. (46) 

inally, the Newtonian limit follows from the x 	 2 limit of f α( x 	
) ∼ x α(1 − 2 /x) 1 / 2 / 2 α: 

lim 

x	2 
y ( x , s ) ∼ x 1 / 4 J 1 

4 α

( 

x α

2 εα

(
1 − 2 

x 

)1 / 2 
) 

× exp 

(
1 

2 x 

) (
1 − 2 

x 

) 3 
2 − 3 

8 α

= x 1 / 4 J 1 
4 α

(
x α

)
+ O 

[(
2 
)]

= y N + O 

[(
2 
)]

. (47) 

2 εα x x 
.5 The Green’s function 

e now construct the (unnormalized) Green’s function correspond- 
ng to this global modal solution. The superposition integral ∫ ∞ 

0 
J ν(2 β

√ 

s ) J ν(2 γ
√ 

s ) e −st d s 

= 

1 

t 
exp 

(−β2 − γ 2 

t 

)
I ν

(
2 βγ

t 

)
(48) 

s of use here (Gradshteyn et al. 2007 ), as it approaches a delta
unction δ( β − γ ) in the t → 0 limit 

lim 

t→ 0 

1 

t 
exp 

(−β2 − γ 2 

t 

)
I ν

(
2 βγ

t 

)

∼ 1 

t 1 / 2 
exp 

(
− ( β − γ ) 2 

t 

)
. (49) 

ur (unnormalized) asymptotic Green’s function is therefore 

G ( x, x 0 , τ ) = 

√ 

x −αf α( x) exp 

(
1 

x 

) (
1 − 2 

x 

)5 / 2 −3 / 4 α

x 1 / 4 

τ
exp 

(−f α( x) 2 − f α( x 0 ) 2 

4 τ

)
I 1 

4 α

(
f α( x) f α( x 0 ) 

2 τ

)
, (50) 

here x 0 is the radial location of the initial density spike and τ is
efined via 

≡
√ 

2 

GMr I 

wt 

r I 

(
1 − r I 

r 0 

)
, (51) 

here t is measured in physical units. It is important to note that τ as
efined here is not equal to the time in units of the viscous time-scale
t the initial radius τ �= t/t visc ( r 0 ). 

The Green’s function of equation ( 50 ) describes the evolution of
he quantity y = r� W 

r 
φ . It is often more natural to instead work with

he Green’s function of �, the disc’s surface density. The normalized
reen’s function for the disc surface density, denoted by G � , is given
y 

G � ( x, x 0 , τ ) 

= 

M d 

2 πr 2 I c 0 

√ 

x −αf α( x) exp 

(
− 1 

x 

) (
1 − 2 

x 

)5 / 2 −3 / 4 α

x −3 / 4 −μ

τ
exp 

(−f α( x) 2 − f α( x 0 ) 2 

4 τ

)
I 1 

4 α

(
f α( x) f α( x 0 ) 

2 τ

)
, (52) 

here 

 0 = x 
(1 + 14 μ) / 8 
0 

(
1 − 2 

x 0 

)3 / 4 −3 / 8 α

exp 

(
− 1 

2 x 0 

) √ 

1 

f α( x 0 ) 
, (53) 

nd M d is the total mass of the disc at t = 0. This normalization
onstant was found by computing the integral ∫ ∞ 

r I 

2 πrG � ( x, x 0 , τ → 0) d r = M d , (54) 

nd by using the following delta function identity 

( f α( x) − f α( x 0 ) ) = 

1 
| ∂ x f α ( x) | x 0 

δ( x − x 0 ) , 

= 

2 x 1 −α
0 √ 

1 −2 /x 0 
δ( x − x 0 ) . (55) 

 N U M E R I C A L  V E R I F I C AT I O N  

he numerical test of this theory is simple. We compute the numerical
reen’s function solutions of equation ( 1 ), the full general relativistic
MNRAS 518, 1905–1916 (2023) 
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Figure 1. Upper: The Green’s function solution of the variable y ≡ r� W 

r 
φ , 

for a Kerr black hole with spin a = + 0 . 99. The blue dashed curves are the 
numerical solutions of the full general relativistic disc equations, while the 
green solid curves are the analytical solution of equation ( 50 ). The initial 
radius was r 0 = 50 r g and the curves are plotted at dimensionless times 
t/t visc = 0 . 003 , 0 . 015 , 0 . 045 , 0 . 09 , 0 . 15 , 0 . 225 , 0 . 45, and 4.5. Lower: The 
absolute value of the difference between the numerical and analytical Green’s 
function solutions. To allow a proper comparison at each time, both the 
numerical and analytical Green’s functions are renormalized to have a peak 
amplitude of 1 (see equation 58 ). 

d  

p  

s  

p

W

T  

s  

t  

c  

t
 

p  

t

f

w  

f  

t  

a  

a
 

a  

a  

a  

0  

l  

I  

s  

n  

W  

Figure 2. Same as Fig. 1 , but for a = 0. 

Figure 3. Same as Fig. 1 , but for a = −0 . 99. 
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isc equation, for a variety of different values of the Kerr spin
arameter, and compare them to the properties of the analytical
olutions (equation 50 ). For this test, we take μ = 0 in the stress
arametrization: the numerical solutions where found for 

 

r 
φ = w = cst . (56) 

he boundary condition imposed was that of a vanishing ISCO
tress, by which we mean that ζ ( r I ) was set to zero throughout
he simulation. With the numerical solutions of ζ ( r, t) found, the
ombination r� W 

r 
φ was extracted, so that it could be compared with

he Green’s function solution for y. 
The analytical solutions are given by equation ( 50 ). For stress

arametrization μ = 0 we have α = 3 / 4, and the function f α( x) has
he following exact form: 

 3 
4 
( x) = 

2 

3 
x 3 / 4 

√ 

1 − 2 

x 

[
1 + 

4 

x 
2 F 1 

(
1 , 

3 

4 
; 

5 

4 
; 

2 

x 

)]

−2 11 / 4 

3 

√ 

π
�(5 / 4) 

�( 3 / 4 ) 
, (57) 

here 2 F 1 is the hypergeometric function and � is the gamma
unction (see Appendix A for a full discussion and deri v ation of
his solution). The (arbitrary) normalizations of the numerical and
nalytical solutions where chosen so that they had the same peak
mplitude at t/t visc = 0 . 1. 

In Fig. 1 , we plot the numerically (blue dashed curve) and
nalytically (green solid curve) computed r� W 

r 
φ profiles, assuming

n initial radius of r 0 = 50 r g and Kerr angular momentum parameter
 = + 0 . 99. The curves are plotted at dimensionless times t/t visc =
 . 003 , 0 . 015 , 0 . 045 , 0 . 09 , 0 . 15 , 0 . 225 , 0 . 45, and 4.5, the curves at
ater times are identifiable through their decreasing peak amplitude.
t is remarkable how accurately the analytical Green’s function
olution of equation ( 50 ) reproduces the properties of the full
umerical solutions. This is true even at the latest times, when the
KB approach is formally invalid. In Appendix D , we contrast this
NRAS 518, 1905–1916 (2023) 
ehaviour with the Newtonian Green’s function solutions (Lynden-
ell & Pringle 1974 ), which poorly reproduce the properties of the
umerical relativistic solutions. 
A Kerr spin parameter of a = + 0 . 99 is precisely the parameter

egime where it might be expected that the approximations used in
onstructing this asymptotic solution would be least accurate, as the
pin dependent terms in the relativistic angular momentum gradient
equation 4 ) appear substantial in this limit. Ho we ver, at least for the
ase of a vanishing ISCO stress, this is not the case. The Green’s
unction solution of the preceding section remain extremely accurate
or all values of the Kerr black hole spin parameter. This result is
urther emphasized in Figs 2 and 3 . In Figs 2 and 3 , we display
dentical calculations as in Fig. 1 , but for spin parameters a = 0
Fig. 2 ) and a = −0 . 99 (Fig. 3 ). It is interesting to note that the
symptotic solution of the proceeding section is independent of the
lack hole’s spin, once the disc radius is normalized by the ISCO
alue. This is a property also exhibited by the full numerical solutions
f the relativistic disc equations, as verified in Appendix B . 
The absolute discrepancies between the numerical and analytical

olutions, for each of Figs 1 –3 are all at the sub-per cent level. To
erify this, we compute (where G num 

is the numerical solution, and
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Figure 4. The Green’s function solution of the mass accretion rate for a 
Schwarzschild black hole ( a = 0). The initial radius was r 0 = 25 r g and the 
curves are plotted at the dimensionless times denoted in the legend. The 
normalization of the accretion rate was chosen so that the time-integrated 
ISCO accretion rate was equal to 1. 

Figure 5. Same as Fig. 4 , but for a = + 0 . 99. Note that the radial accretion 
rate is more sharply peaked towards the ISCO for higher black hole spins. 
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 the analytical solution) 

| �G ( x, x 0 , τ ) | ≡
∣∣∣∣ G num 

( x, x 0 , τ ) 

max [ G num 

( x, x 0 , τ ) ] 
− G ( x, x 0 , τ ) 

max [ G ( x, x 0 , τ ) ] 

∣∣∣∣ , (58) 

t each time (lower panels of Figs 1 –3 ). We confirm that for all radii
nd times shown in Figs 1 –3 this quantity satisfied | �G ( x, x 0 , τ ) | �
 . 01. This finding was independent of the black hole spin parameter
sed. 

 T H E  GR EEN ’ S  F U N C T I O N  F O R  T H E  MASS  

C C R E T I O N  R AT E  

or some applications it is more convenient to work with the Green’s
unction of the mass accretion rate, rather than the surface density 
r variable y (e.g. Mushtukov et al. 2018 ). The mass accretion rate
ithin the disc is given by 

˙
 ( r, t) = 2 πru 

r �, (59) 

here � is the disc surface density and u 

r the accretion flows radial
 elocity. F or a Newtonian disc, the radial velocity of the accretion
ow is given by 

 

r = −W 

r 
φ

J ′ 
1 

y 

∂y 

∂r 
, (60) 

nd therefore 

˙
 = −2 π

J ′ 
∂y 

∂r 
= −2 π

√ 

r 

GM 

exp ( −r I / 2 r ) 

1 − r I /r 

∂y 

∂r 
, (61) 

or our pseudo-potential. To compute the mass accretion rate the 
radient of our Green’s function must be found. We shall define 

 Ṁ 

( x, x 0 , τ ) ≡ −x 1 / 2 exp ( −1 /x ) 

1 − 2 /x 

∂ 

∂x 
G ( x, x 0 , τ ) , (62) 

hich is the (unnormalized) Green’s function of the mass accretion 
ate. Taking the deri v ati ve of the asymptotic Green’s function is
omplicated slightly by the various relativistic correction factors, and 
 full treatment is presented in Appendix C . An important identity
sed in this analysis is the following (Gradshteyn et al. 2007 ): 

d 

d z 
I l ( z) = I l−1 ( z) − l 

z 
I l ( z) . (63) 

he (unnormalized) Green’s function of the mass accretion rate is 
he following: 

G Ṁ 

( x, x 0 , τ ) = −
√ 

x αf α( x) exp 

(
− 1 

x 

) (
1 − 2 

x 

)1 / 2 −3 / 4 α

x 3 / 4 

τ
exp 

(−f α( x) 2 − f α( x 0 ) 2 

4 τ

)
[(

P ( x , α) − f α( x ) 

4 τ
x α−1 

√ 

1 − 2 

x 

)
I 1 

4 α

(
f α( x ) f α( x 0 ) 

2 τ

)

+ 

( 

f α( x 0 ) 

4 τ
x α−1 

√ 

1 − 2 

x 

) 

I 1 −4 α
4 α

(
f α( x) f α( x 0 ) 

2 τ

)]
, (64) 

here P ( x, α) contains all the explicit small x relativistic correc-
ions terms. This function satisfies P ( x 	 2 , α) → 0 and is given
xplicitly by 

 ( x, α) = 

1 − 2 α

4 x 
− 1 

2 x 2 
+ 

10 α − 3 

4 αx 2 

1 

1 − 2 /x 

+ 

1 

4 

(
1 − 1 

α

)
x α−1 √ 

1 − 2 /x 

f α( x) 
. (65) 
In Figs 4 and 5 , we show the mass accretion rate Green’s function,
s a function of radius, for the spin parameters a = 0 (Fig. 4 ) and
 = + 0 . 99 (Fig. 5 ), at a number of different dimensionless times
enoted on each plot. The initial radius in both cases was taken to be
 0 = 25 r g . A value of Ṁ ( r, t) < 0 denotes mass inflow (towards the
SCO), while Ṁ ( r, t) > 0 denotes mass outflow. Some mass must
o v e outwards within the disc so as to conserve the total angular
omentum of the flow. The normalization of the accretion rate in

oth plots was chosen so that the time-integrated ISCO accretion 
ate was equal to 1. A result of some interest is that the radial mass
ccretion rate is more sharply peaked towards the ISCO for larger
lack hole spins. 

The mass accretion rate across the ISCO is a quantity that can be
escribed rather simply analytically. Computing the ISCO accretion 
ate involves taking the x → 2 limit of G Ṁ 

( x, x 0 , τ ). Taking this
imit, we find that the various factors of (1 − 2 /x) all cancel, and the
SCO accretion rate takes the following form: 

 Ṁ 

( x I , x 0 , τ ) = 

C α

τ 1 + 1 / 4 α
exp 

(
−f α( x 0 ) 2 

4 τ

)
, (66) 
MNRAS 518, 1905–1916 (2023) 

art/stac2846_f4.eps
art/stac2846_f5.eps


1912 A. Mummery 

M

Figure 6. The ISCO accretion rate as a function of time, for Kerr black holes 
of different spins (displayed in legend). The time integrated ISCO accretion 
rate of each curve is equal to 1. 
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b  

o  

q
i  

o  

t  

i  

t  

s

6

I  

f  

a  

s  

c
 

i  

b  

l  

S  

w  

s  

t  

m  

T

6

T  

z  

t  

m  

a  

a  

t  

b  

t  

d  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/518/2/1905/6750242 by C
airns Library, U

niversity of O
xford user on 11 M

ay 2023
here C α < 0 is a constant. It is of interest to normalize the ISCO
ccretion rate by its maximum value, which occurs at a dimensionless
ime 

peak = 

f α( x 0 ) 2 

4 + 1 /α
. (67) 

n doing so the ISCO accretion rate is given by 

 Ṁ 

( x I , x 0 , τ ) = 

Ṁ peak 

τn 

(
ef a ( x 0 ) 2 

4 n 

)n 

exp 

(
−f α( x 0 ) 2 

4 τ

)
, (68) 

here n ≡ 1 + 1 / 4 α. The late-time behaviour of the disc luminosity
s well approximated by the behaviour of the ISCO accretion rate (i.e.
roportional to t −n ), a result that is in keeping with the numerical
nalysis of Balbus & Mummery ( 2018 ). 

The normalization of the ISCO accretion rate can be related to
he normalization of the Green’s function for the surface density by
oting that the entirety of the disc material is eventually accreted.
etting ∫ ∞ 

0 
G Ṁ 

( x I , x 0 , τ ) d t = −M d , (69) 

where t is the time in physical units), we find that 

˙
 peak = −

√ 

2 

GMr I 

M d w(1 − r I /r 0 ) 

r I f α( x 0 ) 2 

(
4 n 

e 

)n 2 −1 / 2 α

� (1 / 4 α) 
. (70) 

The absolute value of the ISCO accretion rate, plotted as a function
f time, is shown in Fig. 6 for a number of different values of the
err spin parameter a. Each curve is normalized so that the time-

ntegrated ISCO accretion rate is equal to 1. The initial radius of
ach curve was r 0 = 25 r g . It is interesting to note that the absolute
alue of the peak ISCO accretion rate, for constant disc mass, w, and
 0 , decreases as a function of increasing spin. Conv ersely, relativ e to
heir peak value, the ISCO accretion rates of more rapidly rotating
lack holes are larger for considerably longer than their more slowly
pinning counterparts. 

While the peak values of Ṁ ( r I ) are lower for higher black hole
pins, it is important to remember that discs around more rapidly
pinning Kerr black holes have higher mass-to-light efficiencies.
herefore, for a given ISCO accretion rate, the rest-frame luminosity
f a more rapidly rotating Kerr black hole will be higher, as will their
otal integrated energies. 
NRAS 518, 1905–1916 (2023) 
This can be seen more clearly in Fig. 7 , where we plot the
olometric luminosities of the discs evolving in Fig. 6 , as a function
f time. The bolometric luminosity is found by integrating the local
uantity σT 4 o v er the entire area of the disc. A factor of (1 /U 

0 ) 2 

s included to incorporate the effects of the gravitational redshifting
f the emitted disc photons. The light curves are then normalized by
he peak value of the a = −0 . 99 luminosity. Each disc had the same
nitial disc mass. It is clear to see that the bolometric luminosity of
he discs around Kerr black holes increases as a function of the Kerr
pin parameter a. 

 DI SCUSSI ON  

n this paper, we have derived and analysed the leading order Green’s
unction solutions of the general relativistic thin disc equations,
ssuming a boundary condition of a vanishing ISCO stress. These
olutions promise to be of great practical utility to the astronomical
ommunity. 

It is important to remember, ho we ver, that the solutions derived
n this paper assume that the turbulent stress in the disc is described
y a power law with radius, and that the disc equations are therefore
inear. Many models of the turbulent stress in accretion discs (e.g.
hakura & Sunyaev 1973 ) lead to non-linear evolutionary equations,
hich may well be more physically moti v ated. This simplification

hould be kept in mind when modelling astronomical sources with
he solutions derived here. In addition, a natural extension of this
odel would be to include non-zero stresses at the discs’ inner edge.
his transpires to be a non-trivial extension, as we discuss below. 

.1 The case of a non-zero ISCO stress 

he solutions of the relativistic disc equations, for discs with a non-
ero ISCO stress, exist on a continuum of solutions with properties
hat depend on the magnitude of the stress at the inner edge (Mum-

ery & Balbus 2019 ). In the outer Newtonian regions, these solutions
re given by a superposition of J + 1 / 4 α and J −1 / 4 α modes, with relative
mplitudes determined by the inner-disc properties. At large times,
he solutions for any finite ISCO stress are eventually dominated
y the positive index vanishing ISCO stress modes discussed in
his paper, after a transient phase where the ne gativ e inde x modes
ominate. The length of this transitional phase is controlled by
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he magnitude of the inner-disc stress, ranging from zero time (a 
ompletely vanishing ISCO stress) to a formally infinite length of 
ime (a heavily stressed solution; see Mummery & Balbus 2019 for

ore details). 
The modal techniques used in this paper could in principle be 

xtended to incorporate a modal admixture in the Newtonian regions 
nd a modified inner boundary condition. Ho we ver, no simple 
nalytical solution of the modal superposition integral (equation 48 ) 
xists for the case of a mixture of Bessel functions, and these solutions
herefore lose their simple closed-form properties. In addition, discs 
ith finite ISCO stresses have significant densities in the x → 2

egion, where our WKB modal solutions become invalid. For these 
easons, it seems likely that numerical techniques will remain the 
est avenue for studying relativistic discs with finite ISCO stresses. 

.2 Implications and applications 

n addition to deriving the leading order Green’s function solutions 
f the general relativistic thin disc equations, in this paper we have
nalysed a number of their key properties. Of particular interest is
 simple expression for the time-dependent accretion rate across the 
SCO (equation 68 ). One implication of this result is that the late-
ime behaviour of the ISCO mass accretion rate is, for any initial
ondition, equal to that of the r = 0 accretion rate in a Newtonian
isc. This can be seen by noting that for general initial condition
( r 0 ), the ISCO accretion rate is 

˙
 ( r I , t) = 

∫ ∞ 

r I 

G Ṁ 

( x I , x 0 , τ ) �( r 0 ) d r 0 

∝ t −n 

∫ ∞ 

r I 

[ f α( x 0 )] 
2 n �( r 0 ) exp 

(
−f α( x 0 ) 2 

4 τ

)
d r 0 

∼ t −n , t → ∞ , n ≡ 1 + 1 / 4 α = 

4 − 2 μ

3 − 2 μ
. (71) 

We have demonstrated that the Kerr black hole spin parameter 
 influences the inner-disc accretion rate in three key ways. The 
ccretion rate for a rapidly rotating Kerr black hole is more sharply
eaked in a narrow radial region around the ISCO. The peak mass
ccretion rate across the ISCO is, for fixed disc mass, w and r 0 ,
ower for more rapidly rotating Kerr black holes. However, the ISCO
ccretion rate remains higher as a fraction of its peak value for much
onger for these rotating black holes. When the differing mass-to- 
ight efficiencies of discs in different Kerr space–times are taken into 
ccount, the rest-frame luminosities of the more rapidly spinning 
lack holes are largest. 
The most interesting astrophysical application of this work is likely 

o be the study of time-dependent emission from black hole discs.
ystems of potential interest include the dramatic state changes 
bserv ed in man y black hole X-ray binary systems. It is thought
hat the inner regions of these discs disappear and then reform
uring these events, and these solutions may aid in the study of
his reformation process. In addition, the numerical solutions of the 
elativistic disc equations have been of practical utility in studying 
he evolution of tidal disruption event discs, which form from the 
ebris of a mangled (formerly normal) star. The development of 
ccurate analytical solutions of these equations will aid in the future 
ata analysis of these remarkable sources. 
Finally, these solutions will be of utility for the study of aperiodic

ariability in black hole sources. Many properties of the observed 
ariability of black hole accretion disc sources are rather natu- 
ally explained by the so-called theory of propagating fluctuations 
Lyubarskii 1997 ), in which fluctuations arise at different radial 
oordinates of the accretion disc and then propagate towards the 
entral object. Each perturbation of the discs accretion rate can 
e described by its own Green’s function solution. Heretofore, the 
nalysis of this theory has utilized the Newtonian Green’s functions 
see e.g. Mushtukov et al. 2018 ); this theory can now be re-analysed
ith a ‘relativistic upgrade’. 
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PPENDI X  A :  T H E  S O L U T I O N  O F  T H E  f α( x) 
N T E G R A L  

1 General solution 

e wish to solve the integral 

 α( x ) = 

1 

2 

∫ x 

2 
x ′ α−1 

√ 

1 − 2 

x ′ 
d x ′ . (A1) 

egin by making the substitution 

 

′ = 2 cosh 2 ( ψ) , (A2) 

hich transforms the integral into the form 

 α = 2 α
∫ ψ ∗( x) 

0 
sinh 2 ψ cosh 2 α−2 ψ d ψ, (A3) 

here 

 

∗( x) = arccosh 
√ 

x/ 2 . (A4) 

 useful result is the following: 

sinh 
(

arccosh 
√ 

x/ 2 
)

= 

√ 

x 

2 
− 1 . (A5) 
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ssuming that α �= 0 (special cases will be considered later), we can
se the reduction formula (Gradshteyn et al. 2007 ) ∫ 

sinh p ψ cosh q ψ d ψ = 

sinh p−1 ψ cosh q+ 1 ψ 

p + q 

− p − 1 

p + q 

∫ 

sinh p−2 ψ cosh q d ψ (A6) 

o write this as 

 α = 

x α

2 α

√ 

1 − 2 

x 
− 2 α

2 α

∫ ψ ∗

0 
cosh 2 α−2 ψ d ψ, (A7) 

here we note that the second integral is of order (2 /x) smaller than
he previous integral. The second integral can now be reduced using
Gradshteyn et al. 2007 ) ∫ 

sinh p ψ cosh q ψ d ψ = 

sinh p+ 1 ψ cosh q−1 ψ 

p + q 

+ 

q − 1 

p + q 

∫ 

sinh p ψ cosh q−2 d ψ, (A8) 

ith p = 0 to leave 

 α = 

x α

2 α

√ 

1 − 2 

x 

[
1 − 1 

2 α − 2 

(
2 

x 

)]

− 2 α

2 α

2 α − 3 

2 α − 2 

∫ ψ ∗

0 
cosh 2 α−4 ψ d ψ, (A9) 

hich is again of the same form as the previous equation, with the
emaining integral another order of (2 /x) smaller. In the general case
here α �∈ Z 

+ , this procedure can be repeated an infinite number of
imes to leave 

 α = 

x α

2 α

√ 

1 − 2 

x 

[ 

1 − 1 

2 α − 1 

∞ ∑ 

k= 0 

βk 

(
2 

x 

)k+ 1 
] 

+ R α, (A10) 

here 

k = 

(2 α − 1)(2 α − 3) . . . (2 α − (2 k + 1)) 

(2 α − 2)(2 α − 4) . . . (2 α − (2 k + 2)) 
, (A11) 

nd R α is a constant of integration defined so that f α( x = 2) = 0.
he coefficients βk are a rational function of k, meaning that this

esult can be expressed as a hypergeometric function. This is of
ractical interest as the hypergeometric functions are catalogued
unctions with known identities that will assist in computing R α . In
ddition, the hypergeometric functions are implemented in common
rogramming languages, simplifying the numerical implementation
f f α( x) and of the Green’s function solutions derived in this paper. 
We write the summation out as 

 α = 

x α

2 α

√ 

1 − 2 

x 
+ R α − x α−1 

2 α( α − 1) 

√ 

1 − 2 

x 

×
[ 
1 + 

(3 / 2 − α)(1) 

(2 − α) 

1 

1! 

(
2 

x 

)

+ 

(3 / 2 − α)(3 / 2 − α + 1)(1)(1 + 1) 

(2 − α)(2 − α + 1) 

1 

2! 

(
2 

x 

)2 

+ · · ·
] 
, (A12) 

here the terms in the final bracket are written in such a way so as to
eproduce the definition of the hypergeometric function (Gradshteyn
t al. 2007 ) 

 

F 1 ( a, b; c; z) ≡ 1 + 

ab 

c 

z 

1! 
+ 

a( a + 1) b( b + 1) 

c( c + 1) 

z 2 

2! 
+ · · · , (A13) 

hus our solution is 

 α = 

x α

2 α

√ 

1 − 2 

x 

[
1 − x −1 

( α − 1) 
2 F 1 

(
1 , 

3 

2 
− α; 2 − α; 

2 

x 

)]
+ R α. (A14) 
NRAS 518, 1905–1916 (2023) 
ith the solution written in terms of the hypergeometric function,
e can compute the constant of integration R α . Using (Gradshteyn

t al. 2007 ) 

2 F 1 ( a, b; c; z) = 

� ( c) � ( c − a − b) 

� ( c − a) � ( c − b) 
2 F 1 ( a, b ; a + b + 1 − c ; 1 − z) 

+ 

� ( c) � ( a + b − c) 

� ( a) � ( b) 
(1 − z) c−a−b 

2 F 1 ( c − a, c − b; c 

+ 1 − a − b; 1 − z) , (A15) 

e can take the x → 2 limit of our expression to reco v er R α .
xplicitly, using 2 F 1 ( a, b; c; 0) = 1, we have 

lim 

x→ 2 

( √ 

1 − 2 

x 
2 F 1 

(
1 , 

3 

2 
− α; 2 − α; 

2 

x 

)) 

= lim 

x→ 2 

( √ 

1 − 2 

x 

�(2 − α) �( −1 / 2) 

�(1 − α) �(1 / 2) 
+ 

�(2 − α) �(1 / 2) 

� (1) � (3 / 2 − α) 

) 

= 

√ 

π
�(2 − α) 

� ( 3 / 2 − α) 
, (A16) 

nd therefore 

 α = 

2 α−2 

α( α − 1) 

√ 

π
�(2 − α) 

� ( 3 / 2 − α) 
. (A17) 

his solution of our integral is therefore 

 α( x) = 

x α

2 α

√ 

1 − 2 

x 

[
1 − x −1 

( α − 1) 
2 F 1 

(
1 , 

3 

2 
− α; 2 − α; 

2 

x 

)]

+ 

2 α−2 

α( α − 1) 

√ 

π
�(2 − α) 

� ( 3 / 2 − α) 
. (A18) 

2 Special cases 

t is easiest to analyse the special cases of the integral f α by writing
he solution in its explicit summation form 

 α = 

x α

2 α

√ 

1 − 2 

x 

[ 

1 − 1 

2 α − 1 

∞ ∑ 

k= 0 

βk 

(
2 

x 

)k+ 1 
] 

+ R α, (A19) 

here 

k = 

(2 α − 1)(2 α − 3) . . . (2 α − (2 k + 1)) 

(2 α − 2)(2 α − 4) . . . (2 α − (2 k + 2)) 
. (A20) 

2.1 α = 0 

hen α = 0, we must return to the very first hyperbolic integral 

 α = 2 α
∫ ψ ∗

0 
sinh 2 ψ cosh 2 α−2 ψ d ψ, (A21) 

hich becomes 

 0 = 

∫ ψ ∗

0 
tanh 2 ψ d ψ = ψ 

∗ − tanh ψ 

∗, (A22) 

nd therefore 

 0 ( x) = −
√ 

1 − 2 

x 
+ arccosh 

√ 

x 

2 
. (A23) 

2.2 α = 1 

hen α = 1, there are no terms in the summation, as the first
 

cosh q ψ d ψ integral has q = 0. The solution is then 

 1 ( x) = 

x 
√ 

1 − 2 − arccosh 

√ 

x 
. (A24) 
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Figure B1. Numerical solutions of the general relativistic disc equations, 
at a viscous time t/t visc = 0 . 16, for a number of different black hole spins 
displayed on the figure. 

Figure B2. Numerical solutions of the general relativistic disc equations, 
at a viscous time t/t visc = 0 . 48, for a number of different black hole spins 
displayed on the figure. 

Figure B3. Numerical solutions of the general relativistic disc equations, 
at a viscous time t/t visc = 1 . 0, for a number of different black hole spins 
displayed on the figure. 
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2.3 α = n + 1 / 2 , where n ∈ Z 

+ 

hen α = n + 1 / 2, for positiv e inte ger n , the summation terminates
t k = n , and we take R α = 0. Our solution is then 

 α = 

x α

2 α

√ 

1 − 2 

x 

[ 

1 − 1 

2 α − 1 

n ∑ 

k= 0 

βk 

(
2 

x 

)k+ 1 
] 

. (A25) 

2.4 α = n + 1 , where n ∈ Z 

+ 

hen α = n + 1, and is a positiv e inte ger greater than or equal
o 2, the summation appears to diverge at k = n . However, this
imply results from the use of the integral reduction formula for
 

cosh q ψ d ψ when q = 0, where it is not valid. The summation
ust therefore be terminated at n − 1, with R α = 0 and the final

erm replaced with arccosh 
√ 

x/ 2 . Explicitly, 

 α = 

x α

2 α

√ 

1 − 2 

x 

[ 

1 − 1 

2 α − 1 

n −2 ∑ 

k= 0 

βk 

(
2 

x 

)k+ 1 
] 

− 2 α

2 α(2 α − 1) 
βn −1 arccosh 

√ 

x 

2 
. (A26) 

3 Limiting behaviour 

3.1 x 	 2 

hen x 	 2, the leading order behaviour of f α is simple, as all terms
n the summation are subdominant to the leading x α term: 

 α( x 	 2) = 

x α

2 α

√ 

1 − 2 

x 

[
1 + O 

(
2 

x 

)]
. (A27) 

3.2 x → 2 

ome care is required in understanding the x → 2 behaviour of our
eneral solution. This involves analysing the next to leading order 
erm in equation ( A16 ): 

lim 

x→ 2 

( √ 

1 − 2 

x 
2 F 1 

(
1 , 

3 

2 
− α; 2 − α; 

2 

x 

)) 

= 

√ 

1 − 2 

x 

�(2 − α) �( −1 / 2) 

�(1 − α) �(1 / 2) 
+ C 

= 2( α − 1) 

√ 

1 − 2 

x 
+ C, (A28) 

here the constant C will cancel with R α (by definition). Therefore, 
he limiting behaviour of f α is 

 α( x → 2) ∼
√ 

1 − 2 

x 

[
1 − 2 

x 
+ · · ·

]
∼

(
1 − 2 

x 

)3 / 2 

. (A29) 

PPEN D IX  B:  T H E  SPIN  I N D E P E N D E N C E  O F  

H E  G E N E R A L  RELATIVISTIC  GREEN’S  

U N C T I O N  

he leading order Green’s function solution presented in this paper 
equation 50 ) is independent of the black hole spin, once the radial
oordinate is normalized by the ISCO radius. As a test of this analysis,
t is of interest to check whether the numerical solutions of the general
elativistic disc equations are themselves approximately independent 
f black hole spin, once the radius is suitably normalized. In Figs B1 ,
2 , and B3 , we compute the numerical Green’s function solutions of
MNRAS 518, 1905–1916 (2023) 
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Figure D1. Numerical solutions of the Schwarzschild disc equations, at 
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times. 
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quation ( 1 ), the full general relativistic disc equation, for a variety of
if ferent v alues of the K err spin parameter, and plot them as a function
f dimensionless radius r/r I . Each numerical Green’s function was
nitiated at a radius r 0 = 10 r I ( a). 

As can be clearly seen in Figs B1 –B3 , the gross behaviour of
hese numerical solutions is well approximated as being independent
f the black hole’s spin, just as the analytical solution (equation 50 )
uggests. 

PPENDIX  C :  T H E  DERIVATIVE  O F  T H E  

REEN ’ S  F U N C T I O N  

e require the deri v ati ve with respect to x of the following Green’s
unction: 

G ( x, x 0 , τ ) = 

√ 

x −αf α( x) exp 

(
1 

x 

) (
1 − 2 

x 

)5 / 2 −3 / 4 α

x 1 / 4 

τ
exp 

(−f α( x) 2 − f α( x 0 ) 2 

4 τ

)
I 1 

4 α

(
f α( x) f α( x 0 ) 

2 τ

)
, (C1) 

e will require the following Bessel function identity (Gradshteyn
t al. 2007 ): 

d 

d z 
I l ( z) = I l−1 ( z) − l 

z 
I l ( z) . (C2) 

or notational ease I define 

 ( x) = x 1 / 4 −α/ 2 exp 

(
1 

2 x 

) (
1 − 2 

x 

)5 / 4 −3 / 8 α

, (C3) 

uch that 

 ( x, x 0 , τ ) = 

F ( x ) 
√ 

f α( x ) 

τ
exp 

(−f α( x) 2 − f α( x 0 ) 2 

4 τ

)

I 1 
4 α

(
f α( x) f α( x 0 ) 

2 τ

)
. (C4) 

he deri v ati ve we require is 

∂G 

∂x 
= 

F ( x ) 
√ 

f α( x ) 

τ
exp 

(−f α( x) 2 − f α( x 0 ) 2 

4 τ

)
[(

∂ ln F 

∂x 
+ 

1 

2 f α( x) 

∂f α

∂x 
− f α( x) 

2 τ

)
I 1 

4 α

(
f α( x) f α( x 0 ) 

2 τ

)

+ 

f α( x 0 ) 

2 τ

∂f α

∂x 

[
I 1 −4 α

4 α

(
f α( x) f α( x 0 ) 

2 τ

)

− 1 

4 α

2 τ

f α( x) f α( x 0 ) 
I 1 

4 α

(
f α( x) f α( x 0 ) 

2 τ

))]
. (C5) 

sing 

∂ ln F 

∂x 
= 

1 − 2 α

4 x 
− 1 

2 x 2 
+ 

10 α − 3 

4 αx 2 

1 

1 − 2 /x 
(C6) 

nd noting that as f α is defined via an integral its deri v ati ve is tri vial 

∂f α

∂x 
= 

1 

2 
x α−1 

√ 

1 − 2 

x 
, (C7) 

eads to the result stated in the paper. 
NRAS 518, 1905–1916 (2023) 
PPENDI X  D :  N U M E R I C A L  C O M PA R I S O N  TO  

H E  N E W TO N I A N  GREEN’S  F U N C T I O N S  

n this appendix, we test whether the Green’s function solutions
erived in this paper provide a significant improvement when
ompared to the classical Newtonian (Lynden-Bell & Pringle 1974 )
reen’s functions. In Fig. D1 , we plot (blue dashed curves) the

volution of the numerical Schwarzschild disc equations with initial
adius r 0 = 50 r g (i.e. the solutions presented in Fig. 2 ). Also plotted
re the Newtonian Green’s function solutions (red solid curves).
he upper left panel of Fig. D1 shows a zoom-in of the inner 30
ravitational radii. 
Unsurprisingly, at early times the Newtonian Green’s functions

rovide a poor approximation to the true relativistic solutions in the
nner � 30 gra vitational radii, b ut are a reasonable description of the
umerical solutions at large radii r � r 0 . Ho we ver, at later times
 � t visc the Newtonian solutions deviate from the full numerical
olutions at all radii . This is clearly demonstrated in the final three
urves in Fig. D1 , where it can be seen that the Newtonian Green’s
unction solutions o v erestimate the remaining surface density of the
isc, a behaviour that persists out to very large radii r ∼ 100 r g . 
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