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Abstract

The linear quadratic framework is widely studied in the literature on stochas-
tic control and game theory due to its simple structure, the existence of
tractable solutions, and its applicability to various real-world problems. In
this thesis we provide results on the theoretical convergence of policy gradi-
ent methods, which are the basis of many reinforcement learning algorithms,
in both single-agent and multi-agent linear quadratic problems.

In the single-agent setting, we show the global convergence of such methods
to the optimal solution in the case of known and unknown parameters.
In the case of known parameters, the policy gradients can be calculated
explicitly; while when the model parameters are unknown, we estimate the
gradients from samples using a derivative-free method. We illustrate the
performance of policy gradient methods in an optimal liquidation problem
and show results for the case where we assume a model for the underlying
dynamics and where we apply the method to the data directly.

In the multi-agent linear quadratic game, we show that the policy gradient
method enjoys global convergence to the Nash equilibrium provided that
there is a certain amount of noise in the system. We give a condition,
essentially a lower bound on the covariance of the noise in terms of the
model parameters, in order to guarantee convergence. The noise can either
come from the underlying dynamics, or carefully designed explorations from
the agents. We illustrate our results with numerical experiments to show
that even in situations where the policy gradient method may not converge
in the deterministic setting, the addition of noise leads to convergence.

The work in the thesis is motivated by bargaining and we conclude the
thesis by constructing LQG models for bargaining. We consider the case
where model parameters are known to the players while they do not have
access to the true state, and where parameters are unknown and players
learn the optimal strategy through repeated negotiations. We illustrate
performance with numerical experiments.
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Chapter 1

Introduction

This thesis focuses on the theoretical convergence of policy gradient methods, one of
the most popular reinforcement learning methods, for linear quadratic problems which
are fundamental problems in control theory. In this chapter, we will start with the
motivation of the thesis and briefly introduce the general form of linear quadratic
problems. We will also discuss reinforcement learning techniques and especially policy
gradient methods. The outline of this thesis and the notation used throughout the
thesis are provided at the end.

1.1 Motivation

This thesis is motivated by a bargaining problem of interest to our industrial partner,
bp plc. An oil company such as bp needs to negotiate with a counterparty, usually a
foreign government or another oil company, to gain the rights for oil exploration and
extraction. We will consider a stylised setting where a single buyer and a single seller
must agree on the value of a project. Here a project may consist of a series of activities,
such as oil exploration and extraction. Each party has a reservation price or a target
price they want to achieve. For the buyer the reservation price is the maximum they
are willing to pay for the project and for the seller, it is the minimum they are willing
to accept. The target price of a player is an agreed-upon price they want to achieve at
the deadline, which depends on their view of the project’s true value. Neither party
knows the reservation price or the target price of the other party. A key question
is to determine a party’s optimal bidding strategy to secure the project along with
the best price that can be achieved. This is particularly challenging when each party
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has incomplete or partial information about their counterparty, under both external
(e.g. market fluctuations) and internal (e.g. change of strategy inside the company)
uncertainties.

This thesis will explore the classical linear quadratic framework and discuss how
to find the optimal solution in linear quadratic problems using reinforcement learning
techniques. In the final chapter we will show how to formulate the bargaining problem
as linear quadratic problems and apply policy gradient methods to learn the optimal
negotiation strategy.

1.2 Linear Quadratic Problems

Linear quadratic (LQ) problems, including the single-agent problem known as the linear
quadratic regulator (LQR), and the multi-agent problem known as the linear quadratic
game (LQG), are one of the most fundamental in optimal control theory. In an optimal
control problem the aim is to find the optimal control or action in a dynamical system
such that an objective function is optimised. In LQ problems, the state dynamics are
described by a linear function of the current state and control, and the cost functions
are quadratic in the current state and control. In this thesis, we focus on discrete-time
LQ problems with stochastic dynamics over a finite horizon T (T > 0). More precisely,
the state equation is given by

xt+1 = Atxt +
N∑
i=1

Bi
tu

i
t + wt, x0 ∼ D, t = 0, 1, · · · , T − 1, (1.2.1)

where N (N ≥ 1) is the number of players, xt ∈ Rd is the state variable of the system
with the initial state x0 drawn from a distribution D, uit ∈ Rki is the control of player
i (i = 1, . . . , N) at time t and {wt}T−1

t=0 are zero-mean independent and identically dis-
tributed (i.i.d.) random variables which are independent of x0. Throughout the thesis
we consider the class of (adaptive) Markovian strategies as the admissible controls.
The system parameters At ∈ Rd×d, Bi

t ∈ Rd×ki , for t = 0, 1, · · · , T − 1 are referred to
as system transition matrices. The objective of player i (i = 1, . . . , N) is to minimise
their finite time horizon value function:

inf
{ui

t}
T−1
t=0

E

[
T∑
t=0

cit(xt, u
i
t)

]
, (1.2.2)
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where the cost function cit is given by

cit(xt, u
i
t) = x⊤t Q

i
txt + (uit)

⊤Ri
tu

i
t, t = 0, 1, · · · , T − 1, (1.2.3)

with ciT (xT ) = x⊤TQ
i
TxT , where Qi

t ∈ Rd×d and Ri
t ∈ Rki×ki (i = 1, · · · , N) are the state

and control cost (or weight) matrices, respectively.
When N = 1, the problem given by (1.2.1)-(1.2.3) is a single-agent LQR problem,

and when N ≥ 2, this formulation leads to an N -player general-sum (or non-zero-
sum when N = 2) LQG. In a general-sum LQG, each player can have a different cost
function which depends on their own parameters Qi

t and Ri
t; a different but also well-

studied setting is the zero-sum LQG, where N = 2 and instead of (1.2.3), players have
the same objective function, that is, cit(xt, uit, u

j
t) = cjt(xt, u

i
t, u

j
t) = x⊤t Q

i
txt+(uit)

⊤Ri
tu

i
t−

(ujt)
⊤Rj

tu
j
t (i ̸= j). Player i wants to minimise the objective function while player j

wants to maximise it.
LQ problems are important for a number of reasons:

1. there exists a closed-form analytical representation of the optimal feedback con-
trol (for each player) [15, 13] ;

2. they can be used to approximate other systems which are hard to analyze [82, 86];

3. they have been used in a wide variety of applications, including for example port-
folio optimization [3] and optimal liquidation [7] in finance, resource allocation
in energy markets [67, 89], and biological movement systems [52].

In this thesis, we will use the fact that the LQ framework is a relatively simple
setting and analyze the behavior of reinforcement learning algorithms rigorously within
this framework.

1.3 Reinforcement Learning and Policy Gradient Meth-

ods

The mathematical approach to many decision making problems in uncertain environ-
ments has traditionally been through modelling with stochastic processes and using
techniques arising from stochastic control. The choice of models is often dictated by
the need to balance tractability with applicability. Simple models lead to tractable
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and implementable strategies in closed-form or that can be found through traditional
numerical methods. However, these models sometimes oversimplify the mechanisms,
which may result in strategies that are sub-optimal in practice. On the other hand,
models that try to capture realistic features of the environments are much more com-
plex and are often mathematically and computationally intractable using the classical
tools of stochastic optimal control.

In recent years the availability of large amounts of data has revolutionized data pro-
cessing and statistical modeling techniques in a wide range of industries and brought
new theoretical and computational challenges. In contrast to the classical stochastic
control approach, new ideas coming from reinforcement learning (RL) are being devel-
oped to make use of all this information. Reinforcement learning describes methods by
which agents acting within some system might learn to make optimal decisions through
repeated experience gained by interacting with the system. In practice there have been
a number of recent successes in applying RL algorithms to improve decision-making in
areas such as finance [61, 42, 78, 33], robotics and autonomous control [49, 37], and
natural language processing [88, 54]. We refer to the survey [59] for a more detailed
introduction to applications of RL in different fields.

1.3.1 Set-up

Markov decision processes (MDPs) provide a general framework for many reinforcement
learning ideas. Since this thesis is concerned with finite horizon problems, we introduce
MDPs with finite time horizon. Among many real-world decision-making problems
with a finite horizon, two examples of particular interest in this thesis are negotiation
rounds in bargaining, and optimal execution of the purchase or liquidation of a quantity
of asset over a short time horizon. In these examples there may be a penalty at the
terminal time, for instance if players do not close the deal in a negotiation, or the
targeted amount is not completely executed by the deadline. We also mention the
infinite time horizon setting, as there is a rich and vast RL literature dealing with
MDPs with an infinite time horizon [71, 30].

Finite Horizon. We have a Markov process taking values in a state space S, where
we can influence its evolution by taking an action from a set A. The aim is to optimise
the expected total reward from t = 0 to time T by choosing a policy, that is a sequence
of actions through time. We formulate this mathematically by defining the value
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function V ⋆
t at time t = 0, 1, . . . , T to be

V ⋆
t (s) = sup

Π
V Π
t (s) := sup

Π
EΠ

[T−1∑
u=t

ru(su, au) + rT (sT )

∣∣∣∣st = s

]
, ∀s ∈ S, (1.3.1)

subject to

su+1 ∼ Pu(su, au), au ∼ πu(su), t ≤ u ≤ T − 1.

Here EΠ denotes the expectation under the policy Π, where the probability measure
P describes both the dynamics and the rewards in the MDP. We will write P(X ) for
the probability measures over a space X . The state space (S, dS) and the action space
(A, dA) are both complete separable metric spaces; st ∈ S and at ∈ A are the state and
the action at time t; Pu : S ×A → P(S) denotes the transition function and ru(s, a) a
real-valued random variable for each pair (s, a) ∈ S ×A for t ≤ u ≤ T − 1. Similarly
rT (s), the terminal reward, is a real-valued random variable for all s ∈ S. The notation
st+1 ∼ Pt(st, at) denotes that st+1 is sampled from the distribution Pt(st, at) ∈ P(S).
It can be shown that when rewards and transition probabilities are Markovian, the
optimal policy Π = {πt}∞t=0 is also Markovian [70], in that it just depends on the
current state, and can be either deterministic or randomized. Therefore hereafter we
focus on the class of Markovian policies. For a deterministic policy, πt : S → A maps
the current state st to a deterministic action. On the other hand, a randomized policy
πt : S → P(A) maps the current state st to a distribution over the action space. For a
randomized policy πt, we will use πt(s) ∈ P(A) and πt(s, a) to represent, respectively,
the distribution over the action space given state s and the probability of taking action
a at state s. We also note that the set up is essentially the same if we consider the
problem of minimizing costs rather than maximizing a reward.

The well-known Dynamic Programming Principle (DPP), that the optimal policy
can be obtained by maximizing the reward from one step and then proceeding optimally
from the new state, can be used to derive the following Bellman equation for the value
function (1.3.1)

V ⋆
t (s) = sup

a∈A

{
E[rt(s, a)] + Es′∼Pt(s,a)[V

⋆
t+1(s

′)]
}
,
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with the terminal condition V ⋆
T (s) = E[rT (s)]. We write the value function as

V ⋆
t (s) = sup

a∈A
Q⋆

t (s, a),

where the function Q⋆
t (usually called the Q-function) is defined to be

Q⋆
t (s, a) = E[rt(s, a)] + Es′∼Pt(s,a)[V

⋆
t (s

′)],

the expected reward from taking action a at state s and then following the optimal
policy thereafter. There is also a Bellman equation for the Q-function given by

Q⋆
t (s, a) = E[rt(s, a)] + Es′∼Pt(s,a)

[
sup
a′∈A

Q⋆
t+1(s

′, a′)

]
,

with the terminal condition Q⋆
T (s, a) = E[rT (s)] for all a ∈ A. If we can find the

Q-function, we can then retrieve the optimal policy π∗
t (s, a) (if it exists) from Q∗

t (s, a),
in that π∗

t (s, a) = 1 if a = argmaxa∈AQ
∗
t (s, a) and 0 otherwise.

Infinite Horizon and Discounted Reward. MDPs with infinite horizon (T = ∞)
are widely studied in the literature. In this setting, we aim to optimise the expected
discounted reward and define the corresponding value function as

V ⋆(s) = sup
Π
V Π(s) := sup

Π
EΠ

[ ∞∑
t=0

γtr(st, at)

∣∣∣∣s0 = s

]
,

subject to

st+1 ∼ P (st, at), at ∼ πt(st),

where γ ∈ (0, 1) is a discounting factor. Where this differs from the finite horizon
case is that we no longer have a terminal reward, and the reward r and the transition
dynamics P are often assumed to be time homogeneous in the literature [71].

The corresponding Bellman equation for the value function (1.3.2) is defined as

V ⋆(s) = sup
a∈A

{
E[r(s, a)] + γ Es′∼P (s,a)[V

⋆(s′)]
}
.
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We write the value function as

V ⋆(s) = sup
a∈A

Q⋆(s, a),

where the Q-function is defined to be

Q⋆(s, a) = E[r(s, a)] + γ Es′∼P (s,a)[V
⋆(s′)].

There is also a Bellman equation for the Q-function given by

Q⋆(s, a) = E[r(s, a)] + γ Es′∼P (s,a) sup
a′∈A

Q⋆(s′, a′).

Although in the literature some of the analysis for finite horizon MDPs was motivated
by infinite horizon MDPs, our focus in this thesis is on the finite time horizon setting
and we will not discuss the infinite horizon setting further.

1.3.2 Classification of RL Algorithms

We will explore RL methods to solve MDPs, which are implemented through RL algo-
rithms. An RL algorithm includes one or more of the following components:

• a representation of a value function that provides a prediction of how good each
state or each state/action pair is,

• a direct representation of the policy πt(s) or πt(s, a) (t = 0, 1, . . . , T − 1),

• a model of the environment (the estimated transition function and the estimated
reward function) in conjunction with a planning algorithm (any computational
process that uses a model to create or improve a policy).

The first two components are related to what is called model-free RL. When the latter
component is used, the algorithm is referred to as model-based RL.

In the MDP setting, model-based algorithms maintain an approximate MDP model
by estimating the transition probabilities and the reward function, and derive a value
function from the approximate MDP. The policy is then derived from the value function.
Examples include [17, 48] and [81].

Unlike the model-based method, model-free algorithms directly learn a value (or
state-value) function or the optimal policy without inferring the model. Model-free
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algorithms can be further divided into two categories, value-based methods and policy-
based methods. Policy-based methods explicitly build a representation of a policy
and keep it in memory during learning. Examples of policy-based methods include
REINFORCE [90], Trust Region Policy Optimization (TRPO) [74], Proximal Policy
Optimization (PPO) [76] among others. As an alternative, value-based methods store
only a value function without an explicit policy during the learning process. Examples
include Q-learning [26] and SARSA [96]. In this case, the policy is implicit and can be
derived directly from the value function (by picking the action with the best value).

Policy Gradient Methods. In this thesis our focus is on policy gradient meth-
ods. We first parametrize the policy πt at each time t by a vector θt, thus we define
πt(s, ·; θt) ∈ P(A), the probability distribution parameterized by θt over the action
space given the state s at time t. Here we write Θ = (θ0, θ1, . . . , θT−1) for the policy
parameterisation over the whole time set, and use Π(s, a; Θ) = {πt(s, a; θt)}T−1

t=0 and
ΠΘ interchangeably to represent the policy parameterized by Θ. We write µ for the
initial distribution of the state. Then the policy objective function (to be maximised)
is defined to be

J(Θ) :=

∫
S
V ΠΘ
0 (s)µ(ds)

for RL with finite time horizon. In order to maximize this function, the policy param-
eter Θ is updated using the gradient ascent rule: for t = 0, 1, . . . , T − 1

θ′t = θt + β ∇̂θtJ(Θ), (1.3.2)

where β is the learning rate, and ∇̂θtJ(Θ) is an estimate of the gradient of J(Θ) with
respect to θt. There are various ways to obtain the estimate ∇̂θtJ(Θ) such as Monte
Carlo methods (e.g. REINFORCE [90]) and deep neural networks (e.g. DDPG [53]).

There have been some convergence results for policy gradient methods and their
variants for MDPs (see for example [80, 66, 22]), LQ problems with an infinite time
horizon (see for example [29, 93]), and (two-player) zero-sum LQGs with a finite horizon
[94]. In Chapter 2 and 3 we will provide convergence results for policy gradient methods
for the LQR and the N-player general-sum LQG with a finite horizon.
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1.4 Outline

In this thesis, we provide the theoretical guarantees for global convergence of policy
gradient methods for both the single-agent and the multi-agent LQ problems. We also
model a classical bargaining problem as an LQG and solve the model using policy
gradient methods.

In Chapter 2, we focus on single-agent LQR with stochastic dynamics over a finite
horizon. We start with the policy gradient method with known model parameters and
prove the global linear convergence of such an algorithm. In the setting of unknown
model parameters, the policy gradient is estimated from samples using a derivative-free
method, and the global linear convergence of this sample-based policy gradient method
is also proved. In addition, the sublinear convergence of a projected policy gradient
method is established in order to handle problems with constraints.

We illustrate the performance of the algorithm with two examples. The first ex-
ample is the optimal liquidation of a holding in an asset. We show results for the case
where we assume a model for the underlying dynamics and where we apply the method
to the data directly. The empirical evidence suggests that the policy gradient method
can learn the global optimal solution for a larger class of stochastic systems including
the linear quadratic framework, and that it is more robust with respect to model mis-
specification when compared to a model-based approach. The second example is an
LQR system in a higher dimensional setting with synthetic data.

In Chapter 3, we focus on a class of N -player general-sum LQGs and explore the
convergence of the natural policy gradient method in this setting. This method can
be viewed as a normalized version of the vanilla policy gradient descent method. We
provide a global linear convergence guarantee for this approach in the setting of a
finite time horizon and stochastic dynamics provided there is a certain level of noise
in the system. In the presence of noise the agents can escape from traps such as those
observed in [57] when the dynamics are deterministic. To the best of our knowledge,
this is the first result of its kind in the multi-agent RL literature showing a provable
convergence result for N -player general-sum LQGs.

To illustrate the performance of our algorithm, we first perform the natural policy
gradient algorithm under the experimental set-up in [57] over a time finite horizon. The
algorithm converges to the (unique) Nash equilibrium for appropriate initial policies
and step sizes. The second example is a toy LQG example with synthetic data. We
show that even in situations where the policy gradient algorithm may not converge in
the deterministic setting, the addition of noise helps the algorithm to converge.
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In Chapter 4, we model a two-player bargaining problem using LQGs, in which a
buyer and a seller negotiate over the price of a project. At each round they exchange
their offers (prices they propose) in order to agree on the value of the project. We
propose simple cost functions capturing their risk appetites and reservation or tar-
get prices. We first consider an LQG model with partial information where players
know the model parameters but they do not have access to the real state. They use
the Kalman filter to generate state estimates. We derive the Dynamic Programming
Principle and the Nash equilibrium in this case, where each player also estimates their
opponent’s state estimates based on their own information. We then study a different
setting when model parameters are unknown to the players. We construct another
LQG model using the framework discussed in Chapter 3 and apply the natural policy
gradient method with known and unknown parameters to learn the optimal strategies.

1.5 Notation

For any matrix Z = (Z1, · · · , Zd) ∈ Rm×d with Zj ∈ Rm (j = 1, 2, · · · , d), we denote
by Z⊤ ∈ Rd×m the transpose of Z; σmin(Z) and σmax(Z) denote the minimal and
maximal singular value of a matrix Z; ∥Z∥ denotes the spectral norm of a matrix Z,
which is defined as ∥Z∥ := σmax(Z); Tr(Z) denotes the trace of a square matrix Z;
∥Z∥F denotes the Frobenius norm of a matrix Z, defined as ∥Z∥F :=

√
Tr(Z⊤Z); and

vec(Z) = (Z⊤
1 , · · · , Z⊤

d )
⊤ denote the vectorized version of a matrix Z. For a sequence

of matrices DDD = (D0, · · · , DT ), we define a new norm |||DDD||| as |||DDD||| =
∑T

t=0 ∥Dt∥,
where Dt ∈ Rm×d and ∥ · ∥ represents the spectral norm. Further we use N (µ,Σ) to
denote the Gaussian distribution with mean µ ∈ Rd and covariance matrix Σ ∈ Rd×d.
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Chapter 2

Policy Gradient Methods for the

Linear Quadratic Regulator

2.1 Introduction

In this chapter we consider the single-agent LQR problem. Until recently much of the
work on the LQR problem has focused on solving for the optimal controls under the
assumption that the model parameters are fully known. See the book of Anderson and
Moore [9] for an introduction to the LQR problem with known parameters. However,
assuming that the controller has access to all the model parameters is not realistic
for many applications, and this has lead to the exploration of RL approaches to the
problem.

Model-based and model-free RL approaches have both been applied to handle the
LQR with unknown parameters. In the paradigm of the model-based approach, the
controller estimates the unknown model parameters and then constructs a control
policy based on the estimated parameters. The classical approach is the certainty
equivalence principle [10]: the unknown parameters are estimated using observations
(or samples), and a control policy is then designed by treating the estimated parameters
as the truth. In the first step, the unknown model parameters can be estimated by
standard statistical methods such as least-square minimization [25]. The second step is
to show that when the estimated parameters are accurate enough, the policy using the
“plug-in” estimates enjoys good theoretical guarantees of being close to optimal. See
[25] and [31] for the optimal gap and sample complexities along this line and see [28]
for the sample complexity with distributed robust learning. Another line of work in
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the model-based regime focuses on uncertainty quantification. The controller updates
their posterior belief or the confidence bounds on the unknown model parameters and
then makes decisions in an online manner, see [1, 2, 27, 44, 64].

In model-free approaches, the controller learns the optimal policy directly via inter-
acting with the system. As the optimal policy in the LQR problem is a linear function
of the state, the aim is to determine this linear function. This is equivalent to learning
a set of parameters in matrix form, called the policy matrix. Policy gradient method
is a natural way to achieve this goal by applying the gradient descent method in the
parameter space of the policy matrix. The paper [29] was the first to show that pol-
icy gradients converge to the global optimal solution with polynomial (in the relevant
quantities) sample complexity. However, [29] focuses on the case where the only noise
in the system is in the initial state, and the rest of the state transitions are determin-
istic. Other model-free methods for LQR include the Actor-Critic method [91] and
least-squares temporal difference learning [83].

If the true system is indeed LQ, the model-based approaches (may) outperform the
model-free approaches by fully utilizing the LQ structure. For example in the setting
that the system transition matrices are unknown and the parameters in the cost func-
tion are known, [72] and [84] showed that model-based methods are (asymptotically)
more sample-efficient than some popular model-free methods. However, we are often
uncertain about whether the actual system is LQ in the learning setting; for instance
there might be some small nonlinear terms in the system dynamics. Therefore, com-
pared to the model-based approach, which strongly relies on the assumption that the
stochastic system lies within the LQR framework and may, in practice, suffer from
model mis-specification, the execution of the model-free algorithm does not rely on the
assumptions of the model. It has been shown that the policy gradient method can
learn the global optimal solution, not only for the LQR framework, but also for a more
general class of deterministic systems in the setting of an infinite time horizon [16].
Thus the advantage of the model-free approach is that it is more robust against model
mis-specification compared to the model-based approach.

Our Contributions. We now summarize our contributions. Motivated by many
real-word decision-making problems with a fixed deadline and uncertainty in the un-
derlying dynamics, such as the optimal liquidation problem that we discuss in Sec-
tion 2, we extend the framework of [29] by incorporating a finite time horizon and
sub-Gaussian noise (which includes Gaussian noise as a special case). In particular,
we provide a global linear convergence guarantee and a polynomial sample complexity
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guarantee for the policy gradient method in this setting with both known parameters
(Theorem 2.3.3) and unknown parameters (Theorem 2.4.4). The analysis with known
parameters paves the way for learning LQR with unknown parameters. In addition,
numerically solving the Riccati equation with known parameters in high dimensions
may suffer from computational inaccuracy. The policy gradient method provides a
direct way of searching for the optimal solution with known parameters in this case,
which may be of separate interest. Note that the optimal policy is time-invariant for
the LQR with infinite time horizon, whereas the optimal policy is time-dependent with
finite time horizon and hence harder to learn in general. With noise in the dynamics,
we need more careful choices of the hyper-parameters to retrieve compatible sample
complexities with noisy observations. In addition, when optimal polices need to sat-
isfy certain constraints, we provide a global convergence result for the projected policy
gradient method in Theorem 2.4.5. This is required in the context of our application
to the optimal liquidation problem.

We will formulate the optimal liquidation problem over a fixed horizon as a noisy
LQR problem which is essentially the classical Almgren-Chriss formulation [7]. The
performance of the algorithm on NASDAQ ITCH data is assessed. As well as using
the method within this modelling approach, we also consider the performance of the
policy gradient method when applied directly to the data with an appropriate cost
function. This improves the performance of the LQR/Almgren-Chriss solution and
shows promising results for the use of the policy gradient method for problems that
are ‘close’ to the LQR framework.

2.1.1 Related Work

Policy Gradient Methods for LQR Problems. Since the policy gradient method
is our main focus, here we provide a review of the previous theoretical work on this
method in various LQR settings and extensions. The first global convergence result for
the policy gradient method to learn the optimal policy for LQR problems was developed
in [29] in the setting of infinite horizon and deterministic dynamics. The work of [29]
was extended in [16] to give global optimality guarantees of policy gradient methods for
a larger class of control problem that includes the LQ case. In particular, this class of
control problem satisfies a closure condition under policy improvement and convexity
of policy improvement steps. The paper [18] considers policy gradient methods for
LQR problems in terms of optimizing a real valued matrix function over the set of
feedback gains. The extension of the policy gradient method to continuous-time can
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be found in [19]. All of these methods are in the infinite horizon setting and without
the addition of noise in the dynamics.

There has been some work on the case of noisy dynamics, but all in the setting
of infinite horizon. In [35] the problem with a multiplicative noise was discussed, us-
ing a relatively straightforward extension of the deterministic dynamics considered in
the original framework. In the case of additive noise [46] studies the global conver-
gence of policy gradient and other learning algorithms for the LQR over an infinite
time-horizon and with Gaussian noise. In particular, the policy considered in [46]
is a randomized policy with Gaussian distribution. There is also [55] which studies
derivative-free (zeroth-order) policy optimization methods for the LQR with bounded
additive noise. Finally some other contributions can be found in [20, 93] for zero-sum
LQR games and [21, 38] for mean-field LQR games.

Compared to [29], our technical difficulties are three-fold. First due to the time-
dependent nature of the admissible policies over a finite-horizon and randomness from
the system noise, we need additional conditions and analysis to guarantee the well-
definedness of the state process, i.e., the non-degeneracy of the controlled E[xtx⊤t ]
matrices. This holds almost for free in the infinite horizon case with deterministic
dynamics. Second, we need to take care of the additional randomness from the sub-
Gaussian noise when developing the perturbation analysis and the gradient dominant
condition. Third, we need more advanced concentration inequalities and tighter upper
bounds to provide compatible sample complexity analysis in the unknown parameter
case. See the more detailed discussion in Remark 2.4.12.

Optimal Liquidation. An early mathematical framework for the optimal liquida-
tion problem is due to Almgren and Chriss [7]. In this problem a trader is required to
liquidate a portfolio of shares over a fixed horizon. The selling of a large number of
shares at once has both temporary and permanent impacts on the share price causing
it to decrease. The trader therefore wishes to find a trading strategy which maximizes
their return from, or alternatively, minimizes the cost of, the liquidation of the portfolio
subject to a given level of risk.

This problem has been considered in many papers and extended in many directions.
See for instance [5], [6] and [34]. We will cast this as an LQR problem and show how
the policy gradient method is a powerful tool for solving this problem even without
assumptions on the model.
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More recently techniques from RL have been applied to the optimal liquidation
problem. The first paper to do this was [61] where the authors showed promising re-
sults for this approach by designing a Q-learning based algorithm to optimally select
price levels and passively place limit orders. This was further developed in [42] which
designed a Q-learning based algorithm for liquidation within the standard Almgren-
Chriss framework. For recent work incorporating deep learning see for example [12],
[51], [62], and [95]. See [23] for a detailed review on RL with applications in finance and
economics, and the references therein. However, all these works focus on the model-free
setting without taking advantage of even weak modelling assumptions on the market
dynamics. In addition, the performances of these proposed algorithms are validated
only through empirical studies and no theoretical guarantee of convergence is provided.

The rest of this chapter is organized as follows. We introduce the mathematical
framework and problem set-up in Section 2.2. The first step in our convergence analysis
of the policy gradient method is to consider the case of known model parameters in
Section 2.3. When parameters are unknown, the convergence results for the sample-
based policy gradient method and projected policy gradient method are obtained in
Section 2.4. Finally, the algorithm is applied to liquidation problem. See Sections 2.2.1
and 2.5 for the corresponding set-up and algorithm performance, respectively.

2.2 Problem Set-up

We consider the following LQR problem over a finite time horizon T ,

min
{ut}T−1

t=0

E

[
T−1∑
t=0

(
x⊤t Qtxt + u⊤t Rtut

)
+ x⊤TQTxT

]
, (2.2.1)

such that for t = 0, 1, · · · , T − 1,

xt+1 = Axt +But + wt, x0 ∼ D. (2.2.2)

Here xt ∈ Rd is the state of the system with the initial state x0 drawn from a distribution
D, ut ∈ Rk is the control at time t which is assumed to be Markovian and {wt}T−1

t=0

are zero-mean i.i.d. noises which are independent from x0. At this moment, we only
assume x0 and {wt}T−1

t=0 have finite second moments. That is, E[x0x⊤0 ] and W :=

E[wtw
⊤
t ] (∀ t = 0, 1, · · · , T − 1) exist. The system parameters A ∈ Rd×d and B ∈ Rd×k
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are referred to as system (transition) matrices; Qt ∈ Rd×d (∀ t = 0, 1, · · · , T ) and
Rt ∈ Rk×k (∀t = 0, 1, · · · , T − 1) are matrices that parameterize the quadratic costs.
Note that the expectation in (2.2.1) is taken with respect to both x0 ∼ D and wt

(t = 0, 1, · · · , T − 1). We further denote by uuu := (u0, · · · , uT−1), xxx := (x0, · · · , xT ),
www := (w0, · · · , wT−1), QQQ := (Q0, · · · , QT ), and RRR := (R0, · · · , RT−1), the profile over
the decision period T . We note that the more general LQR problem may also contain
a drift term in the state equation and a cross term (x⊤t Stut for some St ∈ Rd×k) in the
cost function. In this thesis, we will focus on the LQR problem given in (2.2.1)-(2.2.2)
for simplicity.

To solve the LQR problem (2.2.1)-(2.2.2), let us start with some conditions on the
model parameters to assure the well-definedness of the problem.

Assumption 2.2.1 (Cost Parameter). Assume Qt ∈ Rd×d, for t = 0, 1, · · · , T , and
Rt ∈ Rk×k, for t = 0, 1, · · · , T − 1, are positive definite matrices.

We note that throughout the thesis, by saying that a matrix M ∈ Rn×n is positive
definite, we mean that M is symmetric and strictly positive definite, that is, for all
non-zero xxx in Rn, we have xxx⊤Mxxx > 0. By saying that a matrix M ∈ Rn×n is positive
semi-definite, we mean that M is symmetric and for all non-zero xxx in Rn, we have
xxx⊤Mxxx ≥ 0.

Under Assumption 2.2.1, we can properly define a sequence of matrices {P ∗
t }Tt=0 as

the solution to the following dynamic Riccati equation [15]:

P ∗
t = Qt + A⊤P ∗

t+1A− A⊤P ∗
t+1B

(
B⊤P ∗

t+1B +Rt

)−1
B⊤P ∗

t+1A, (2.2.3)

with terminal condition P ∗
T = QT . The matrices {P ∗

t }Tt=0 can be found by solving the
Riccati equations iteratively backwards in time. In particular with a slight modification
of the initial state distribution in [15, Chapter 4.1], we have the following result.

Lemma 2.2.2 (Well-definedness and the Optimal Solution [15]). Under Assumption
2.2.1,

1. The solution P ∗
t to the Riccati equation (2.2.3) is positive definite, ∀ t = 0, 1, · · · , T ;

2. Then the optimal control sequence {ut}T−1
t=0 is given by

ut = −K∗
t xt, where (2.2.4)

K∗
t =

(
B⊤P ∗

t+1B +Rt

)−1
B⊤P ∗

t+1A. (2.2.5)
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To find the optimal solution in the linear feedback form (2.2.4), we only need to
focus on the following class of linear deterministic admissible policies in feedback form

ut = −Ktxt, t = 0, 1, · · · , T − 1, (2.2.6)

which can be fully characterized by KKK := (K0, · · · , KT−1) where each Kt ∈ Rk×d is a
matrix.

2.2.1 Application: The Optimal Liquidation Problem

One application of the LQR framework (2.2.1)-(2.2.2) is the optimal liquidation prob-
lem. We give a slight variant of the setup of Almgren-Chriss [7]. Our aim is to liquidate
an amount q0 of an asset, with price S0 at time 0, over the time period [0, T ] with trad-
ing decisions made at discrete time points t = 0, 1, . . . , T − 1. At each time t our
decision is to liquidate an amount ut of the asset. Any residual holding is then liqui-
dated at time T . This will have two types of price impact. There will be a temporary
price impact, caused when the order ‘walks the book’ and a permanent price impact
as traders rearrange their positions in the light of the sell order. We will assume the
impacts are linear in the number of traded shares.

We write St for the asset price at time t. This evolves according to a Bachelier
model with a linear permanent price impact in that

St+1 = St + σZt+1 − γut,

where, for each t = 1, . . . , T , Zt is an independent standard normal random variable, σ
is the volatility and γ is the permanent price impact parameter. The inventory process
qt records the current holding in the asset at time t. Thus we have

qt+1 = qt − ut.

Therefore, the two-dimensional state process isSt+1

qt+1

 =

1 0

0 1

St

qt

+

−γ

−1

ut +

σZt+1

0

 . (2.2.7)

When selling shares we incur a temporary price impact, parameter β, in that if,
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at time t, we trade ut of our asset then we obtain S̃t = St − βut per share. At the
deadline, any residual holding qT will be sold and we obtain S̃T = ST − βqT per share.
Therefore the total revenue is

∑T−1
t=0 utS̃t + qT S̃T , and C, the total cost of execution

over [0, T ], is the book value at time 0 minus the revenue:

C = q0S0 −
T−1∑
t=0

utS̃t − qT S̃T .

In a similar way to [7], after summation by parts, we have

C = −σ
T∑
t=1

qtZt −
γ

2

T−1∑
t=0

u2t +
γ

2

(
q20 − q2T

)
+ β

T−1∑
t=0

u2t + βq2T .

The mean and variance of the total cost of execution are given by

E(C) =
T−1∑
t=0

δu2t + δq2T +
γ

2
q20, var(C) =

T∑
t=1

σ2q2t ,

where δ = β − γ/2 summarizes the impact and is assumed positive.
Following Almgren-Chriss [7], we minimize the following cost function

CAC = min (E(C) + ϕ var(C)) , (2.2.8)

where ϕ is a parameter balancing risk versus return. For our LQR framework we take
the cost function to be

CLQR(ϵ) = min

(
E(C) + ϕ var(C) + ϵ

T∑
t=0

E[S2
t ]

)

= min E

[
T−1∑
t=0

δu2t + δq2T +
γ

2
q20 + ϕ

T∑
t=1

σ2q2t + ϵ
T∑
t=0

S2
t

]
. (2.2.9)

Note that the term ϵ
∑T

t=0 E[S2
t ], with some small ϵ > 0, serves as a regularization term

(with no economic meaning) to guarantee Assumption 2.2.1 holds (more precisely, to
guarantee that Qt and QT are positive definite). In practice, we can show that the
optimal solution with ϵ small is close to the Almgren-Chriss solution (when ϵ = 0). We
show empirically that CLQR(ϵ) converges to CLQR(0) as ϵ tends to zero in Figure 2.4.
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One can also check that having the ϵ in the matrices Qt and QT introduces an error of
O(ϵ) in CLQR. Since all the summations in 2.2.9 are finite and bounded, CLQR(ϵ) will
converge to CLQR(0) as ϵ tends to zero provided that ut has finite second moment. In
addition, the algorithm will still converge with ϵ = 0. Thus, in the LQR formulation we

have A =

1 0

0 1

, B = (−γ,−1)⊤, and wt = (σZt+1, 0)
⊤ and the objective function

has QT =

ϵ 0

0 δ + ϕσ2

, Qt =

ϵ 0

0 ϕσ2

 and Rt = δ. It is easy to see that Qt, for

t = 0, 1, · · · , T and Rt for t = 0, 1, · · · , T − 1 are positive definite, hence Assumption
2.2.1 is satisfied.

We will show that the problem is well-defined and can be solved using the methods
of this chapter with rigorous convergence guarantees.

2.3 Exact Gradient Methods with Known Parameters

In this section we assume all the parameters in the model, {Qt}Tt=0, {Rt}T−1
t=0 , A, B,

are known. The analysis of exact gradient methods with known parameters paves
the way for learning LQR with unknown parameters in Section 2.4. In addition, the
policy gradient method provides an alternative way to solve the LQR problem when
the parameters are fully known. In this setting the Riccati equation (2.2.3) is just
solved backward in time. However this operation involves inverting large matrices
when the problem is in high dimensions, which may lead to high computational cost
and accumulation of computational errors.

Since an admissible policy can be fully characterized by KKK, the cost of a policy KKK
can be correspondingly defined as

C(KKK) = E

[
T−1∑
t=0

(
x⊤t Qtxt + u⊤t Rtut

)
+ x⊤TQTxT

]
, (2.3.1)

where {xt}Tt=1 and {ut}T−1
t=0 are the dynamics and controls induced by following KKK,

starting with x0 ∼ D. Recall that KKK∗ is the optimal policy for the problem, in that

KKK∗ = argmin
KKK

C(KKK), (2.3.2)

subject to the dynamics (2.2.2).
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Well-definedness of the State Process. To prove the global convergence of policy
gradient methods, the essential idea is to show the gradient dominance condition, which
states that C(KKK) − C(KKK∗) can be bounded by ∥∇C(KKK)∥F for any admissible policy
KKK. One of the key steps to guarantee this gradient dominance condition is the well-
definedness of the second moment of the state. That is, E[xtx⊤t ] is positive definite for
t = 0, 1, · · · , T . This condition holds almost for free for LQR problems with infinite
time horizon and deterministic dynamics. The only condition needed there is the
positive definiteness of E[x0x⊤0 ] (See [29]). However, some effort needs to be made to
ensure that the E[xtx⊤t ] matrix is well-defined for LQR problems with finite horizon and
stochastic dynamics. We show that this condition holds under moderate conditions.

Assumption 2.3.1 (Initial State and Noise Process). We assume that

1. Initial state: x0 ∼ D such that E[x0x⊤0 ] is positive definite;

2. Noise: {wt}T−1
t=0 are i.i.d. and independent from x0 such that E[wt] = 0, and

W = E[wtw
⊤
t ] is positive definite, ∀t = 0, 1, · · · , T − 1.

We start by introducing some notation which will be used throughout the analysis.
We define the matrix ΣKKK

t as follows

ΣKKK
t = E

[
xKKKt (x

KKK
t )

⊤] , t = 0, 1, · · · , T, (2.3.3)

where {xKKKt }Tt=1 is a state trajectory generated by KKK. Further define a matrix ΣKKK as
the sum of ΣKKK

t ,

ΣKKK =
T∑
t=0

ΣKKK
t = E

[ T∑
t=0

xKKKt (x
KKK
t )

⊤
]
. (2.3.4)

We will write xt = xKKKt and ΣKKK
t = Σt when no confusion may occur. Define σKKK

XXX to be
the lower bound over all the minimum singular values of ΣKKK

t :

σKKK
XXX := min

t
σmin(Σ

KKK
t ),

We also define σXXX as

σXXX := min{σmin(E[x0x⊤0 ]), σmin(W )}. (2.3.5)

Then we have the following result and the proof can be found in Appendix A.3.1.
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Lemma 2.3.2 (Well-definedness of the Second Moment Matrix). Under Assumption
2.3.1, we have E[xKKKt (xKKKt )⊤] is positive definite for t = 0, 1, · · · , T under any control
policy KKK. Therefore, σKKKXXX ≥ σXXX > 0.

Lemma 2.3.2 implies that if the initial state and the noise driving the dynamics
are non-degenerate, the second moment of the state dynamics are positive definite
for any policy KKK. However, the second moment matrix may be degenerate in many
applications, especially when inventory processes are involved. We note that Part 1 of
Assumption 2.3.1 can be partially relaxed, for example, x0 ∈ Rd can be deterministic
in some dimensions. In this case, some problem-dependent conditions are needed to
guarantee that σXXX > 0 holds. See more discussion on the condition σXXX > 0 for the
liquidation problem in Section 2.5.1. In the light of this we will assume σXXX > 0 in the
analysis of the convergence of the algorithm in Sections 2.3 and 2.4.

Similarly, we define σRRR and σQQQ to be the smallest values of all the minimum singular
values of RRR and QQQ:

σRRR = min
t
σmin(Rt), (2.3.6)

σQQQ = min
t
σmin(Qt). (2.3.7)

Under Assumption 2.2.1, we have σRRR > 0 and σQQQ > 0.
We denote the set of model parameters of the LQR as Θ:={d, k, 1

∥A∥ ,
1

∥A∥+1
, ∥A∥,

1
∥B∥ ,

1
∥B∥+1

, ∥B∥, 1
|||RRR||| ,

1
|||RRR|||+1

, |||RRR|||, 1
∥W∥ ,

1
∥W∥+1

, ∥W∥, 1
σQQQ

, 1
σQQQ +1

, σQQQ, 1
σRRR

, 1
σRRR +1

, σRRR, 1
σXXX

,
1

σXXX +1
, σXXX , |||QQQ|||, E[x0x⊤0 ], and 1

E[x0x⊤
0 ]

}. We write H = {h |h are multivariate polynomials
where the variables are in the set Θ} and H(.) when there are other variables not only
Θ.

Exact Gradient Descent. We consider the following exact gradient descent updat-
ing rule to find the optimal solution (2.3.2),

Kn+1
t = Kn

t − η∇tC(KKK
n), ∀ 0 ≤ t ≤ T − 1, (2.3.8)

where n (n ≤ N) is the number of iterations, N is the total number of iterations,
∇tC(KKK) = ∂C(KKK)

∂Kt
is the gradient of C(KKK) with respect to Kt, and η is the step size.

We further denote ∇C(KKK) = (∇0C(KKK), · · · , ∇T−1C(KKK)).
Then, the main result for this setting is the following.
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Theorem 2.3.3 (Global Convergence of Gradient Methods). Assume Assumption
2.2.1 holds. Further assume σXXX > 0 and C(KKK0) is finite. Then, for an appropri-
ate (constant) setting of the stepsize η ∈ H( 1

C(KKK0)+1
), and for ϵ > 0, if the total number

of iterations N satisfies

N ≥ ∥ΣKKK∗∥
2η σXXX

2 σRRR
log

C(KKK0)− C(KKK∗)

ϵ
,

the exact gradient descent method (2.3.8) enjoys the following performance bound:

C(KKKN)− C(KKK∗) ≤ ϵ,

which is equivalent to C(KKKN)− C(KKK∗) = O(e−N).

We note that the convergence of the cost function in Theorem 2.3.3 is equivalent to
the convergence of the learned policy KKK to KKK∗. To see this we can plug in KKK ′ = KKKN

andKKK =KKK∗ in Lemma 2.3.7, which implies that the C(KKKN)−C(KKK∗) can be rewritten
as a function of KKKN −KKK∗. Similarly one can check as C(KKKN) gets close to C(KKK) the
policy gradient tends to zero, which is a consequence of Lemma 2.3.6.

We also note that ΣKKK∗ and C(KKK∗) are only used to analyze the theoretical guaran-
tees for the convergence. In practice, we may conclude that the approximate solution
is close enough to the optimal solution when the gradient term becomes very small.
Therefore for practical evaluation, our stopping criterion does not necessarily need to
rely on ΣKKK∗ and C(KKK∗).

The proof of Theorem 2.3.3 relies on the regularity of the LQR problem, some
properties of the gradient descent dynamics, and the perturbation analysis of the second
moment matrix of the controlled dynamics.

2.3.1 Regularity of the LQR Problem and Properties of the

Gradient Descent Dynamics

Let us start with the analysis of some properties of the LQR problem (2.2.1)-(2.2.2). To
start, Proposition 2.3.4 focuses on the well-definedness of the Ricatti system {PKKK

t }Tt=0

induced by a control KKK; Lemma 2.3.5 gives a representation of the gradient term;
Lemma 2.3.6 and Lemma 2.3.7 provide the gradient dominance condition and a smooth-
ness condition on the cost function C(KKK) with respect to policy KKK, respectively; and
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finally, Lemma 2.3.8 gives two useful upper bounds on Ricatti system and E[xtx⊤t ] ma-
trices.

In the finite time horizon setting, define PKKK
t as the solution to

PKKK
t = Qt +K⊤

t RtKt + (A−BKt)
⊤ PKKK

t+1 (A−BKt) , t = 0, 1, · · · , T − 1, (2.3.9)

with terminal condition
PKKK
T = QT .

Note that (2.3.9) is equivalent to the Riccati equation (2.2.3) with optimal Kt = K∗
t as

given by (2.2.5). We have the following result on the well-definedness of PKKK
t and the

proof can be found in Appendix A.3.1.

Proposition 2.3.4. Under Assumption 2.2.1, the matrices PKKK
t for t = 0, 1, . . . , T

derived from (2.3.9) are positive definite.

To ease the exposition, we write PKKK
t as Pt when there is no confusion. Then the

cost of KKK can be rewritten as

C(KKK) = Ex0∼D

[
x⊤0 P0x0 + L0

]
,

where, for t = 0, 1, · · · , T − 1,

Lt = Lt+1 + E[w⊤
t Pt+1wt] = Lt+1 + Tr(WPt+1), (2.3.10)

with LT = 0. To see this,

E[x⊤0 P0x0] + L0

= E

[
x⊤0 Q0x0 + x⊤0K

⊤
0 R0K0x0 + x⊤0 (A−BK0)

⊤ P1 (A−BK0)x0 +
T−1∑
t=0

w⊤
t Pt+1wt

]

= E

[
x⊤0 Q0x0 + u⊤0 R0u0 + x⊤1 P1x1 +

T−1∑
t=1

w⊤
t Pt+1wt

]

= E
[ T−1∑

t=0

(
x⊤t Qtxt + u⊤t Rtut

)
+ x⊤TQTxT

]
.
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In addition, define

EKKK
t = (Rt +B⊤Pt+1B)Kt −B⊤Pt+1A, t = 0, 1, · · · , T − 1. (2.3.11)

To ease the exposition, we write EKKK
t as Et when there is no confusion. Then we have

the following representation of the gradient term.

Lemma 2.3.5. The policy gradient has the following representation, for t = 0, 1, · · · , T−
1,

∇tC(KKK) = 2
((
Rt +B⊤Pt+1B

)
Kt −B⊤Pt+1A

)
E
[
xtx

⊤
t

]
= 2EKKK

t ΣKKK
t .

Proof. Since

C(KKK) = E
[
x⊤0 P0x0 + L0

]
= E

[
x⊤0 (Q0 +K⊤

0 R0K0)x0 + x⊤0 (A−BK0)
⊤P1(A−BK0)x0 +

T−1∑
t=0

w⊤
t Pt+1wt

]
,

we have

∇0C(KKK) =
∂C(KKK)

∂K0

= E
[
2R0K0x0x

⊤
0 − 2B⊤P1(A−BK0)x0x

⊤
0

]
= 2E0E

[
x0x

⊤
0

]
= 2E0Σ0.

Similarly, ∀ t = 0, 1, · · · , T − 1,

∇tC(KKK) = 2
((
Rt +B⊤Pt+1B

)
Kt −B⊤Pt+1A

)
E[xtx⊤t ] = 2EtE

[
xtx

⊤
t

]
= 2EtΣt,

where the expectation E is taken with respect to both initial distribution x0 ∼ D and
noises www.

In classical optimization theory [29], gradient domination and smoothness of the
objective function are two key conditions to guarantee the global convergence of the
gradient descent methods. To prove that C(KKK) is gradient dominated, we first prove
Lemma 2.3.6, which indicates that for a policy KKK, the distance between C(KKK) and the
optimal cost C(KKK∗) is bounded by the sum of the magnitude of the gradient ∇tC(KKK)

for t = 0, 1, · · · , T − 1.
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Lemma 2.3.6. Assume Assumption 2.2.1 and σXXX > 0. Let KKK∗ be an optimal policy
and C(KKK) be finite, then

σXXX

T−1∑
t=0

Tr((EKKK
t )⊤EKKK

t )

∥Rt +B⊤Pt+1B∥
≤ C(KKK)− C(KKK∗) ≤ ∥ΣKKK∗∥

4σXXX
2 σRRR

T−1∑
t=0

Tr(∇tC(KKK)⊤∇tC(KKK)),

where σXXX and σQQQ are defined in (2.3.5) and (2.3.6).

We defer the proof of Lemma 2.3.6 to Appendix A.3.1. Lemma 2.3.6 implies that
when the gradient becomes small, the value of the objective function is close to C(KKK∗).
Now we consider the smoothness condition of the objective function. Recall that a
function f : Rn → R is said to be smooth if f has continuous derivatives. An equivalent
definition of smoothness [29] used in this thesis is the following

|f(x)− f(y)−∇f(y)⊤(x− y)| ≤ M

2
∥x− y∥2, ∀x, y ∈ Rn,

for some finite constant M . In general, it is difficult to characterize the smoothness of
C(KKK), since it may blow up when A− BKt is large. Here we will prove that C(KKK) is
“almost” smooth, in the sense that when KKK ′ is sufficiently close to KKK, C(KKK ′) − C(KKK)

is bounded by the sum of the first and second order terms in KKK −KKK ′.

Lemma 2.3.7 (“Almost Smoothness”). Let {x′t} be the sequence of states for a single
trajectory generated by KKK ′ starting from x′0 = x0. Then, C(KKK) satisfies

C(KKK ′)− C(KKK) =
T−1∑
t=0

[
2Tr

(
Σ′

t(K
′
t −Kt)

⊤Et

)
+Tr

(
Σ′

t(K
′
t −Kt)

⊤(Rt +B⊤Pt+1B)(K ′
t −Kt)

)]
, (2.3.12)

where Σ′
t = E

[
x′t(x

′
t)

⊤].
We defer the proof of Lemma 2.3.7 to Appendix A.3.1. To see why Lemma 2.3.7 is

related to the smoothness, observe that when KKK ′ is sufficiently close to KKK, in the sense
that

Σ′
t ≈ Σt +O(∥Kt −K ′

t∥), ∀t = 0, 1, · · · , T − 1,

the first term in (2.3.12) will behave as Tr ((Kt −K ′
t)∇tC(KKK)) by Lemma 2.3.5, and

the second term in (2.3.12) will be of second order in Kt −K ′
t.
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To utilize Lemmas 2.3.6 and 2.3.7 in the proof of Theorem 2.3.3, we need to further
bound Pt and ΣKKK , which is provided below in Lemma 2.3.8. The proof can be found
in Appendix A.3.1.

Lemma 2.3.8. Assume Assumption 2.2.1 holds, and σXXX > 0. Then we have

∥Pt∥ ≤ C(KKK)

σXXX
, ∥ΣKKK∥ ≤ C(KKK)

σQQQ
,

where σXXX and σQQQ are defined in (2.3.5) and (2.3.7).

2.3.2 Perturbation Analysis of ΣK

First, let us define two linear operators on symmetric matrices. For X ∈ Rd×d we set

FKt(X) = (A−BKt)X(A−BKt)
⊤,

and

TKKK(X) := X +
T−1∑
t=0

Πt
i=0(A−BKi)X Πt

i=0(A−BKt−i)
⊤.

where Π denotes the repeated multiplication from the left, that is,

Πt
i=0(A−BKi) = (A−BKt)(A−BKt−1) · · · (A−BK0).

If we write Gt = FKt ◦ FKt−1 ◦ · · · ◦ FK0 , then

Gt(X) = FKt ◦ Gt−1(X) = Πt
i=0(A−BKi)X Πt

i=0(A−BKt−i)
⊤, (2.3.13)

TKKK(X) = X +
T−1∑
t=0

Gt(X). (2.3.14)

We also define the induced norm for these operators as

∥T∥ := sup
X

∥T (X)∥
∥X∥

,

where T = FKt ,Gt, TKKK and the supremum is over all symmetric matrix X with non-zero
spectral norm.
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We first show the relationship between the operator TKKK and the quantity ΣKKK . The
proof can be found in Appendix A.3.1.

Proposition 2.3.9. For T ≥ 2, we have that

ΣKKK = TKKK(Σ0) + ∆(KKK,W ), (2.3.15)

where ∆(KKK,W ) =
∑T−1

t=1

∑t
s=1 Dt,sWD⊤

t,s + T W, with Dt,s = Πt
u=s(A − BKu) (for

s = 1, 2, · · · , t), and Σ0 = E
[
x0x

⊤
0

]
.

Let

ρ := max
{

max
0≤t≤T−1

∥A−BKt∥, max
0≤t≤T−1

∥A−BK ′
t∥, 1 + ξ

}
, (2.3.16)

for some small constant ξ > 0. Then we have the following result on perturbations of
ΣKKK .

Lemma 2.3.10 (Perturbation Analysis of ΣK). Assume Assumption 2.2.1 holds. Then∥∥∥ΣKKK − ΣKKK′

∥∥∥ ≤
∥∥∥(TKKK − TKKK′)(Σ0)

∥∥∥+ ∥∆(KKK,W )−∆(KKK ′,W )∥

≤ ρ2T − 1

ρ2 − 1

(
C(KKK)

σQQQ
+ T∥W∥

)(
2ρ ∥B∥ |||KKK −KKK ′|||+ ∥B∥2 |||KKK −KKK ′|||2

)
.

Remark 2.3.11. By the definition of ρ in (2.3.16), we have ρ ≥ 1 + ξ > 1. This
regularization term 1 + ξ is defined for ease of exposition. Alternatively, if we define
ρ := max

{
max0≤t≤T−1 ∥A − BKt∥,max0≤t≤T−1 ∥A − BK ′

t∥
}

, a similar analysis can
still be carried out by considering the different cases: ρ < 1, ρ = 1 and ρ > 1. Note
that for the infinite horizon problem, the spectral radius of A−BK needs to be smaller
than 1 to guarantee the stability of the system (see [29]). In our setting with finite
horizon, instability is not an issue and we do not need a condition on the boundedness
of ρ. However, we will show later that ρ does appear in the sample complexity results.
The smaller the ρ, the smaller the sample complexity.

The proof of Lemma 2.3.10 is based on the following Lemmas 2.3.12 and 2.3.13, which
establish the Lipschitz property for the operators FKt and Gt, respectively.

Lemma 2.3.12. It holds that, ∀ t = 0, 1, · · · , T − 1,

∥FKt −FK′
t
∥ ≤ 2∥A−BKt∥∥B∥∥Kt −K ′

t∥+ ∥B∥2∥Kt −K ′
t∥2. (2.3.17)
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We refer to [29, Lemma 19] for the proof of Lemma 2.3.12.

Recall the definition of Gt in (2.3.13) associated with KKK, similarly let us define
G ′
t = FK′

t
◦ FK′

t−1
◦ · · · ◦ FK′

0
for policy KKK ′. Then we have the following perturbation

analysis for Gt.

Lemma 2.3.13 (Perturbation Analysis for Gt). For any symmetric matrix Σ ∈ Rd×d,
we have that

T−1∑
t=0

∥∥∥(Gt − G ′
t)(Σ)

∥∥∥ ≤ ρ2T − 1

ρ2 − 1

( T−1∑
t=0

∥FKt −FK′
t
∥
)
∥Σ∥. (2.3.18)

We defer the proof of Lemma 2.3.13 to Appendix A.3.2. The following perturbation
analysis on T follows immediately from Lemma 2.3.13.

Corollary 2.3.14. For any symmetric matrix Σ ∈ Rd×d, we have

∥∥∥(TKKK − TKKK′)(Σ)
∥∥∥ ≤ ρ2T − 1

ρ2 − 1

( T−1∑
t=0

∥FKt −FK′
t
∥
)
∥Σ∥, (2.3.19)

where ρ is defined in (2.3.16).

Now we are ready for the proof of Lemma 2.3.10.

Proof of Lemma 2.3.10. Using Lemma 2.3.12,

T−1∑
t=0

∥FKt −FK′
t
∥ =

T−1∑
t=0

(
2∥A−BKt∥∥B∥∥Kt −K ′

t∥+ ∥B∥2∥Kt −K ′
t∥2
)

≤ 2ρ∥B∥
T−1∑
t=0

∥Kt −K ′
t∥+ ∥B∥2

T−1∑
t=0

∥Kt −K ′
t∥2.

In the same way as for the proof of Lemma 2.3.13, we have, ∀ t = 1, · · · , T − 1,

t∑
s=1

∥∥Dt,sWD⊤
t,s −D′

t,sW (D′
t,s)

⊤∥∥ ≤ ρ2T − 1

ρ2 − 1

(
t∑

s=0

∥FKs −FK′
s
∥

)
∥W∥. (2.3.20)
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By Proposition 2.3.9, Corollary 2.3.14, (2.3.14) and (2.3.20), we have

∥∥∥ΣKKK − ΣKKK′

∥∥∥ ≤
∥∥∥(TKKK − TKKK′)(Σ0)

∥∥∥+ T−1∑
t=1

t∑
s=1

∥∥∥Dt,sWD⊤
t,s −D′

t,sW (D′
t,s)

⊤
∥∥∥

≤ ρ2T − 1

ρ2 − 1

( T−1∑
t=0

∥FKt −FK′
t
∥
)
(∥Σ0∥+ T∥W∥)

≤ ρ2T − 1

ρ2 − 1

(
C(KKK)

σQQQ
+ T∥W∥

)(
2ρ ∥B∥ |||KKK −KKK ′|||+ ∥B∥2 |||KKK −KKK ′|||2

)
.

(2.3.21)

The last inequality holds since ∥Σ0∥ ≤ ∥ΣKKK∥ ≤ C(KKK)
σQQQ

by Lemma 2.3.8.

2.3.3 Convergence and Complexity Analysis

We now provide the proof of Theorem 2.3.3 after two preliminary Lemmas.

Lemma 2.3.15. Assume Assumption 2.2.1 holds, σXXX > 0, and that

K ′
t = Kt − η∇tC(KKK), where (2.3.22)

η ≤ min

{
(ρ2 − 1)σQQQ σXXX

2T (ρ2T − 1)(2ρ+ 1)(C(KKK) + σQQQ T∥W∥)∥B∥maxt{∥∇tC(KKK)∥}
,

1

2C1

}
,

(2.3.23)
with

C1 =

(
C(KKK)

σQQQ
+ T∥W∥

)(
(2ρ+ 1)∥B∥(ρ2T − 1)

(ρ2 − 1)σXXX

T−1∑
t=0

∥∇tC(KKK)∥

)

+
2C(KKK)

σQQQ

T−1∑
t=0

∥Rt +B⊤Pt+1B∥. (2.3.24)

Then we have

C(KKK ′)− C(KKK∗) ≤
(
1− 2η σRRR

σXXX
2

∥ΣKKK∗∥

)(
C(KKK)− C(KKK∗)

)
.

We defer the proof of Lemma 2.3.15 to Appendix A.3.3.
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Lemma 2.3.16. Assume Assumption 2.2.1 holds and σXXX > 0. Then we have that

T−1∑
t=0

∥∇tC(KKK)∥2 ≤ 4
(C(KKK)

σQQQ

)2maxt ∥Rt +B⊤Pt+1B∥
σXXX

(C(KKK)− C(KKK∗)),

and that:

T−1∑
t=0

∥Kt∥ ≤ 1

σRRR

(√
T · maxt ∥Rt +B⊤Pt+1B∥

σXXX
(C(KKK)− C(KKK∗)) +

T−1∑
t=0

∥B⊤Pt+1A∥
)
.

Proof. Using Lemma 2.3.8 we have

T−1∑
t=0

∥∇tC(KKK)∥2 ≤ 4
T−1∑
t=0

∥Σt∥2Tr(E⊤
t Et) ≤ 4

(C(KKK)

σQQQ

)2 T−1∑
t=0

Tr(E⊤
t Et).

From Lemma 2.3.6 we have

C(KKK)− C(KKK∗) ≥ σXXX

T−1∑
t=0

1

∥Rt +B⊤Pt+1B∥
Tr(E⊤

t Et)

≥ σXXX
maxt ∥Rt +B⊤Pt+1B∥

T−1∑
t=0

Tr(E⊤
t Et), (2.3.25)

and hence

T−1∑
t=0

∥∇tC(KKK)∥2 ≤ 4
(C(KKK)

σQQQ

)2maxt ∥Rt +B⊤Pt+1B∥
σXXX

(C(KKK)− C(KKK∗)).

For the second claim, using Lemma 2.3.6 again,

T−1∑
t=0

∥Kt∥ =
T−1∑
t=0

∥(Rt +B⊤Pt+1B)−1Kt(Rt +B⊤Pt+1B)∥

≤
T−1∑
t=0

1

σmin(Rt)
∥Kt(Rt +B⊤Pt+1B)∥ ≤

T−1∑
t=0

1

σmin(Rt)

(
∥Et∥+ ∥B⊤Pt+1A∥

)
≤

T−1∑
t=0

(√
Tr(E⊤

t Et)

σmin(Rt)
+

∥B⊤Pt+1A∥
σmin(Rt)

)
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≤ 1

σRRR

(√√√√T ·
T−1∑
t=0

Tr(E⊤
t Et) +

T−1∑
t=0

∥B⊤Pt+1A∥
)

≤ 1

σRRR

(√
T · maxt ∥Rt +B⊤Pt+1B∥

σXXX
(C(KKK)− C(KKK∗)) +

T−1∑
t=0

∥B⊤Pt+1A∥
)
.

The second inequality holds by the definition of Et in (2.3.11), the second last step
uses the Cauchy-Schwarz inequality, and the last inequality holds by (2.3.25).

Proof of Theorem 2.3.3. In order to show the existence of a positive η such that (2.3.23)
holds, it suffices to show there exists a positive lower bound on the RHS of (2.3.23).
By Lemma 2.3.16 and the Cauchy-Schwarz inequality,

T−1∑
t=0

∥∇tC(KKK)∥ ≤

√√√√T ·
T−1∑
t=0

∥∇tC(KKK)∥2

≤

√
4T ·

(C(KKK)

σQQQ

)2maxt ∥Rt +B⊤Pt+1B∥
σXXX

(C(KKK)− C(KKK∗)).

(2.3.26)

Note that if d < ab+ c for some a > 0, b > 0 c > 0 and d > 0, then 1
d
> 1

(a+1)(b+1)(c+1)
.

Also 1
an+1

> 1
(a+1)n

for a > 0 and n ∈ N+. Therefore, based on (2.3.24) and (2.3.26),
1
C1

is bounded below by polynomials in 1
ρ
, 1

C(KKK)+1
, 1

∥B∥+1
, 1

|||RRR|||+1
, 1

∥W∥+1
, σXXX , σQQQ, 1

σXXX +1
,

and 1
σQQQ +1

.
Now we aim to show that 1

ρ
is bounded below by some polynomials in the param-

eters. To see this, let us first show that ρ is bounded above by polynomials in ∥A∥,
∥B∥, |||RRR|||, 1

σXXX
, 1

σRRR
and C(KKK). Since ∥B∥∥K ′

t − Kt∥ ≤ σQQQ σXXX

4C(KKK)
≤ 1

2
holds under the

assumptions in Lemma 2.3.15, we have

max
0≤t≤T−1

∥A−BK ′
t∥ ≤ max

0≤t≤T−1
(∥A−BKt∥+ ∥B∥ ∥K ′

t −Kt∥) ≤ max
0≤t≤T−1

∥A−BKt∥+
1

2
,

thus

ρ = max
{

max
0≤t≤T−1

∥A−BKt∥, max
0≤t≤T−1

∥A−BK ′
t∥, 1 + ξ

}
≤ max

{
max

0≤t≤T−1
∥A−BKt∥+

1

2
, 1 + ξ

}
≤ max

{
∥A∥+ ∥B∥

T−1∑
t=0

∥Kt∥+
1

2
, 1 + ξ

}
.

(2.3.27)
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Given the bound on
∑T−1

t=0 ∥Kt∥ by Lemma 2.3.16 and ∥Pt∥ ≤ C(KKK)
σXXX

by Lemma 2.3.8, ρ
is bounded above by polynomials in ∥A∥, ∥B∥, |||RRR|||, 1

σXXX
, 1

σRRR
and C(KKK), or a constant

1+ξ. Therefore 1
ρ

is bounded below by polynomials in 1
∥A∥+1

, 1
∥B∥+1

, 1
|||RRR|||+1

, σXXX , σRRR and
1

C(KKK)+1
, or a constant 1

1+ξ
. Hence, by choosing η ∈ H( 1

C(KKK0)+1
) to be an appropriate

polynomial in 1
C(KKK0)

, 1
C(KKK0)+1

, 1
∥A∥+1

, 1
∥B∥+1

, 1
|||RRR|||+1

, 1
∥W∥+1

, σXXX , σQQQ, σRRR, 1
σXXX +1

, and 1
σQQQ +1

,
(2.3.23) is satisfied, since by performing gradient descent, C(KKK1) < C(KKK0). Therefore,
by Lemma 2.3.15, we have

C(KKK1)− C(KKK∗) ≤
(
1− 2η σRRR

σXXX
2

∥ΣKKK∗∥

)(
C(KKK0)− C(KKK∗)

)
,

which implies that the cost decreases at n = 1. Suppose that C(KKKn) ≤ C(KKK0), then
the stepsize condition in (2.3.23) is still satisfied by Lemma 2.3.16. Thus, Lemma
2.3.15 can again be applied for the update at round n+ 1 to obtain:

C(KKKn+1)− C(KKK∗) ≤
(
1− 2η σRRR

σXXX
2

∥ΣKKK∗∥

)(
C(KKKn)− C(KKK∗)

)
.

For ϵ > 0, provided N ≥ ∥ΣKKK∗∥
2η σXXX

2 σRRR
log C(KKK0)−C(KKK∗)

ϵ
, we have

C(KKKN)− C(KKK∗) ≤ ϵ.

2.4 Sample-based Policy Gradient Method with Un-

known Parameters

In the setting with unknown parameters, the controller has only simulation access to
the model; the model parameters, A, B, {Qt}Tt=0, {Rt}T−1

t=0 , are unknown. By using a
zeroth-order optimization method to approximate the gradient, this section proves the
policy gradient method with unknown parameters also leads to a global optimal policy,
with both polynomial computational and sample complexities.

Note that in this section, when bounding the Frobenius norm of a matrix, we
usually treat the matrix as a stacked vector. Therefore we denote by D = k × d the
dimension of the corresponding vector formed from the KKK matrix for convenience in
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the proofs. Therefore in each iteration n = 1, 2, · · · , N , we can update the policy as,
for t = 0, 1, · · · , T − 1,

Kn+1
t = Kn

t − η ̂∇tC(KKKn), (2.4.1)

where ̂∇tC(KKKn) is the estimate of ∇tC(KKK
n). We analyze the following Algorithm 1.

Algorithm 1 Policy Gradient Estimation with Unknown Parameters
1: Input: KKK, number of trajectories m, smoothing parameter r, dimension D
2: for i ∈ {1, . . . ,m} do
3: for t ∈ {0, . . . , T − 1} do
4: Sample the (sub)-policy at time t: K̂i

t = Kt+U i
t where U i

t is drawn uniformly
at random over matrices such that ∥U i

t∥F = r.
5: Denote ĉti as the single trajectory cost with policy

(KKK−t, K̂
i
t) := (K0, · · · , Kt−1, K̂

i
t , Kt, · · · , KT−1) starting from xi0 ∼ D.

6: end for
7: end for
8: Return the estimates of ∇tC(KKK) for each t:

∇̂tC(KKK) =
1

m

m∑
i=1

D

r2
ĉt

i U i
t . (2.4.2)

Remark 2.4.1. [Zeroth-order Optimization Approach in the Sub-routine (2.4.2)] Note
that (2.4.2) provides an estimate of the gradient ∇tC(KKK) by Lemma 2.4.9. In (2.4.2),
we adopt a zeroth-order optimization method, using only query access to a sample of
the reward function c(·) at input points KKK, without querying the gradients and higher
order derivatives of c(·). The step (2.4.2) (in Algorithm 1) provides a procedure to find
an (bounded bias) estimate ∇Ĉ(KKK) of ∇C(KKK).

The idea in (2.4.2) is to approximate the gradient of a function by only using the
function values (see e.g. Lemma 2.1 in [32]). Observe that by a Taylor expansion
to first order E[f(x + U)U ] ≈ E[(∇f(x) · U)U ] = ∇f(x)r2/D when x ∈ RD and U is
uniform over the surface of the ball of radius r in RD. Thus the gradient of the function
f at x can be estimated by averaging over the samples D

r2
f(x+ U)U .

Note that in Algorithm 1, we require mNT 2 samples to perform the policy gradient
method N times.

To guarantee the global convergence of the sample-based algorithm (Algorithm 1),
we propose some conditions on the distribution of x0 and {wt}T−1

t=0 , in addition to the
finite second moment condition specified in Section 2.2.
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Definition 2.4.2 ([85, Chapter 2]). A zero-mean random variable X

1. is said to be sub-Gaussian with variance proxy σ2 (σ > 0) and we write X ∈
SG(σ2) if its moment generating function satisfies E[exp(λX)] ≤ exp

(
λ2σ2

2

)
for

all λ ∈ R.

2. is said to be sub-exponential with non-negative parameters (ν2, α) and we write
X ∈ SE(ν2, α), if E[exp(λX)] ≤ exp

(
λ2ν2

2

)
for any λ such that |λ| ≤ 1

α
.

We assume the initial distribution and the noise in the state process dynamics
satisfy the following assumptions.

Assumption 2.4.3 (Initial State and Noise Process (II)). 1. Initial state:
x0 = W̃0z0 where z0 = (z0,1 · · · , z0,d) ∈ Rd is a random vector with indepen-
dent components z0,i which are sub-Gaussian, mean-zero, and have sub-Gaussian
parameter σ2

0; W̃0 ∈ Rd×d is an unknown and deterministic matrix.

2. Noise process: wt = W̃vt where vt := (vt,1 · · · , vt,d) ∈ Rd are i.i.d. and in-
dependent from x0. vt has independent components vt,i which are sub-Gaussian,
mean-zero, and have sub-Gaussian parameter σ2

w, ∀ t = 0, 1, · · · , T−1. W̃ ∈ Rd×d

is an unknown and deterministic matrix.

Note that Assumptions 2.3.1 and 2.4.3 serve different purposes in this chapter.
Assumption 2.3.1 provides one sufficient condition to assure σXXX > 0. Assumption 2.4.3
is used to guarantee the convergence of the sample based algorithm (Algorithm 1).

In addition to the model parameters specified in Section 2.3, here we assume H(·)
includes polynomials that are also functions of σ0, 1

σ0
, 1

σ0+1
, σw, 1

σw
, 1

σw+1
∥W̃∥, 1

∥W̃∥
,

1

∥W̃∥+1
, ∥W̃0∥, 1

∥W̃0∥
, and 1

∥W̃0∥+1
.

Theorem 2.4.4. Assume Assumptions 2.2.1 and 2.4.3 hold and further assume σXXX > 0

and C(KKK0) is finite. At every step the policy is updated as in (2.4.1), that is

Kn+1
t = Kn

t − η ̂∇tC(KKKn),

with η ∈ H( 1
C(KKK0)+1

) and ̂∇tC(KKKn) is computed with hyper-parameters (r,m) such that
r < 1/hradius and m > hsample with some fixed polynomials hradius ∈ H(1/ϵ,C(KKK0))

and hsample ∈ H(1/ϵ,C(KKK0)). Then for ϵ > 0, if we have

N ≥ ∥ΣKKK∗∥
η σXXX

2 σRRR
log

C(KKK0)− C(KKK∗)

ϵ
,
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it holds that C(KKKN)− C(KKK∗) ≤ ϵ with high probability (at least 1− 2TN
(

ϵ
D

)D).

The proof of Theorem 2.4.4 is based on a perturbation analysis of C(KKK) and
∇tC(KKK), smoothing and the gradient descent analysis of the procedures in Algorithm
1. We provide the perturbation analysis and the smoothing analysis in Sections 2.4.1
and 2.4.2, respectively. We defer the proof of Theorem 2.4.4 to Section 2.4.3.

Projected Policy Gradient Method. In many situations constrained optimization
problems arise and the projected gradient descent method is one popular approach to
solve such problems. Recall the projection of a point yyy = (y0, · · · , yT−1) with yt ∈ Rk×d

(t = 0, 1, · · · , T − 1) onto a set S ⊂ Rk×(T×d) is defined as

ΠS(yyy) = argmin
xxx∈S

1

2

T−1∑
t=0

∥xt − yt∥2F . (2.4.3)

Then the projected policy gradient (PPG) updating rule can be defined as

KKKn+1 = ΠS

(
KKKn − η∇̂C(KKKn)

)
, (2.4.4)

where ∇̂C(KKKn) =
(

̂∇0C(KKKn), · · · , ̂∇T−1C(KKKn)
)

denotes the estimate of ∇C(KKKn).
If the projection set S is convex and closed, the projection onto S is non-expansive,

that is,∑T−1
t=0 ∥z̃1t − z̃2t ∥F ≤

∑T−1
t=0 ∥z1t − z2t ∥F with z̃zz1 = ΠS(zzz

1) and z̃zz2 = ΠS(zzz
2). Given any

policy matrix KKK and learning rate η, define the gradient mapping for the projection
operator

G(KKK) :=
ΠS(KKK − η∇C(KKK))−KKK

2η
, (2.4.5)

with G(KKK) = (G0(KKK), · · · , GT−1(KKK)). Note that the gradient mapping has been com-
monly adopted in the analysis of projected gradient descent methods in constrained
optimization [60, 93]. A policy matrix K̃KK ∈ S is called a stationary point of C(·) if

∇C(K̃KK)⊤(KKK − K̃KK) ≤ 0, ∀KKK ∈ S. (2.4.6)

It is well-known in the optimization literature that (2.4.6) holds if and only ifG(K̃KK) = 0.
We have the following sub-linear convergence result for the PPG version.
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Theorem 2.4.5. Assume Assumptions 2.2.1 and 2.4.3 hold, and the projection set of
policies, denoted by S, is convex and closed. Further assume KKK∗ ∈ S, KKK0 ∈ S, σXXX > 0

and C(KKK0) is finite. At every step the policy is updated as in (4.4), that is

KKKn+1 = ΠS

(
KKKn − η∇̂C(KKKn)

)
with η ∈ H( 1

C(KKK0)+1
) and ̂∇tC(KKKn) (t = 0, 1, · · · , T − 1) is computed with hyper-

parameters (r,m) such that r < 1/ĥradius and m > ĥsample with some fixed polynomials
ĥradius ∈ H(1/ϵ,C(KKK0)) and ĥsample ∈ H(1/ϵ,C(KKK0)). Then the projected policy gradi-
ent method has a global sublinear convergence rate, that is,{

1
N

∑N−1
n=0

(∑T−1
t=0 ∥Gt(KKK

n)∥2F
)}

N≥1
converges to 0 at rate O

(
1
N

)
, where Gt(KKK) is de-

fined in (2.4.5).

The proof of Theorem 2.4.5 can be found in Appendix A.3.4.

Remark 2.4.6. We assume the projection step is perform accurately and the as-
sociated computational cost is of a separate interest and hence omitted here. The
convergence result in Theorem 2.4.5 is described in terms of the sample complexity
and to perform the projection step does not need extra samples.

2.4.1 Perturbation analysis of C(KKK) and ∇tC(KKK)

This section shows that the objective function C(KKK) and its gradient are stable with
respect to small perturbations. The proofs of the following Lemmas can be found in
Appendix A.3.4.

Lemma 2.4.7 (C(KKK) Perturbation). Assume Assumptions 2.2.1 and 2.4.3 hold, σXXX >

0, and KKK ′ such that, ∀ t = 0, 1, · · · , T − 1,

∥K ′
t −Kt∥ ≤ min

{
(ρ2 − 1)σQQQ σXXX

2T (ρ2T − 1)(2ρ+ 1)(C(KKK) + σQQQ T∥W∥)∥B∥
, ∥Kt∥,

1

T

}
, (2.4.7)

where ρ is defined in (2.3.16). Then there exists a polynomial hcost ∈ H(C(KKK)) such
that

|C(KKK ′)− C(KKK)| ≤ hcost|||KKK ′ −KKK|||.
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Lemma 2.4.8 (∇tC(KKK) Perturbation). Under the same assumptions as in Lemma
2.4.7, there exists a polynomial hgrad ∈ H(C(KKK)) such that

∥∇tC(KKK
′)−∇tC(KKK)∥ ≤ hgrad|||KKK ′ −KKK|||, and ∥∇tC(KKK

′)−∇tC(KKK)∥F ≤ hgrad|||KKK ′ −KKK|||F .

2.4.2 Smoothing and the Gradient Descent Analysis

In this section, Lemma 2.4.9 provides the formula for the perturbed gradient term,
Lemma 2.4.10 provides the concentration inequality for finite samples, and Lemma
2.4.11 provides the guarantees for the gradient approximation.

Recall that D = k × d. Let Sr represent the uniform distribution over the points
with norm r in dimension D, and Br represent the uniform distribution over all points
with norm at most r in dimension D. For each Kt (t = 0, 1, · · · , T − 1), the algorithm
performs gradient descent on the following function:

Cr
t (KKK) = EVt∼Br [C(KKK + VVV t)] , (2.4.8)

where VVV t := (0, · · · , Vt, · · · , 0) and Vt ∈ Rk×d.

Lemma 2.4.9. Assume C(KKK) is finite, then

∇tC
r
t (KKK) =

D

r2
EUt∼Sr [C(KKK +UUU t)Ut], (2.4.9)

where UUU t := (0, · · · , Ut, · · · , 0).

The proof of Lemma 2.4.9 is similar to the proof of [29, Lemma 29] and hence
omitted.

We first state two facts on sub-Gaussian and sub-exponential random variables.
Firstly, if X and Y are zero-mean independent random variables such that X ∈ SG(σ2

x)

and Y ∈ SG(σ2
y), then XY ∈ SE(σxσy, 4σxσy). Secondly, if X1, · · · , Xn are zero-mean

independent random variables such that Xi ∈ SE(ν2i , αi), then

n∑
i=1

Xi ∈ SE

(
n∑

i=1

ν2i ,max
i
αi

)
.

Using the above two facts, we have the following.
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Lemma 2.4.10. Assume Assumptions 2.2.1 and 2.4.3 hold and σXXX > 0, then there
exist polynomials ν ∈ H(C(KKK)) and α ∈ H(C(KKK)) such that

[
T−1∑
t=0

(
x⊤t Qtxt + u⊤t Rtut

)
+ x⊤TQTxT

]

is sub-exponential with parameter (ν2, α). Here {xt}Tt=0 is the dynamics under policy
KKK.

Proof. We first observe that, by direct calculation,

[
T−1∑
t=0

(
x⊤t Qtxt + u⊤t Rtut

)
+ x⊤TQTxT

]
= x⊤0 P0x0 +

T−1∑
t=0

w⊤
t Pt+1wt. (2.4.10)

Note that by (2.3.9) and Proposition 2.3.4, Pt is symmetric and positive definite.
The Frobenius norm ∥ · ∥F and the spectral norm ∥ · ∥ of the matrix Pt ∈ Rd×d have
the following property:

∥Pt∥ ≤ ∥Pt∥F ≤
√
d∥Pt∥, ∀ t = 0, 1, · · · , T. (2.4.11)

Let σ̂ = max{σ0, σw}. Given the Hanson-Wright inequality (Theorem 2.5 in [4]),

P
(∣∣w⊤

t Pt+1wt − E
[
w⊤

t Pt+1wt

]∣∣ ≥ t
)

= P
(∣∣∣v⊤t (W̃⊤Pt+1W̃ )vt − E

[
v⊤t (W̃

⊤Pt+1W̃ )vt

]∣∣∣ ≥ t
)

≤ 2 exp

(
−cmin

{
t2

2σ̂4∥W̃⊤Pt+1W̃∥2F
,

t

σ̂2∥W̃⊤Pt+1W̃∥

})
, (2.4.12)

for some universal constant c > 0 which is independent of Pt+1 and wt.
Combining (2.4.11), (2.4.12) and Lemma 2.3.8,

P
(∣∣w⊤

t Pt+1wt − E
[
w⊤

t Pt+1wt

]∣∣ ≥ t
)

≤ 2 exp

(
−cmin

{
t2

2σ̂4 d ∥Pt+1∥2∥W̃∥4
,

t

σ̂2∥Pt+1∥∥W̃∥2

})

≤ 2 exp

(
−cmin

{
t2

2σ̂4∥W̃∥4 dC2(KKK)/ σXXX
2
,

t

σ̂2∥W̃∥2C(KKK)/ σXXX

})
.
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Therefore the random variable w⊤
t Pt+1wt is sub-exponential with parameters(

σ̂4∥W̃∥4dC2(KKK)
c σXXX

2 , σ̂
2∥W̃∥2C(KKK)

2c σXXX

)
. In the same way x⊤0 P0x0 is sub-exponential with parame-

ters
(

σ̂4∥W̃0∥4dC2(KKK)
c σXXX

2 , σ̂
2∥W̃0∥2C(KKK)

2c σXXX

)
. Let σ = max{∥W̃0∥, ∥W̃∥}. Since {wt}T−1

t=0 are i.i.d.
and independent from x0, we have (2.4.10) is sub-exponential with parameters

(
(T + 1)

σ̂4σ4dC2(KKK)

c σXXX
2

,
σ̂2σ2C(KKK)

2c σXXX

)
.

Define

∇̃t :=
1

m

m∑
i=1

(
D

r2
C(KKK +UUU i

t)U
i
t

)
as the average of perturbed cost functions across m scenarios which is an empirical
approximation of (2.4.9). Similarly, define

∇̂t :=
1

m

m∑
i=1

(
D

r2

[
T−1∑
t=0

(
(xit)

⊤Qtx
i
t + (uit)

⊤Rtu
i
t

)
+ (xiT )

⊤QTx
i
T

]
U i
t

)
(2.4.13)

as the average of perturbed and single-trajectory-based cost functions across m scenar-
ios, which is the same as (2.4.2) in Algorithm 1. Note that in order to calculate ∇̃t,
we require access to C(KKK + UUU i

t), which involves the calculation of expectations with
respect to unknown initial states and state noises. This may be restrictive in some
settings. On the other hand, the calculation of ∇̂t only involves single-trajectory-based
cost functions.

Lemma 2.4.11. Assume Assumptions 2.2.1 and 2.4.3 hold, and σXXX > 0. Given any
ϵ, there are fixed polynomials hradius ∈ H(1/ϵ,C(KKK)) and hsample ∈ H(1/ϵ,C(KKK)) such
that when r ≤ 1/hradius, with m ≥ hsample samples of U1

t , · · · , Um
t ∼ Sr for each

t = 0, · · · , T − 1, ∥∥∥∇̃t −∇tC(KKK)
∥∥∥
F
≤ ϵ,

holds with high probability (at least 1 −
(
D
ϵ

)−D). In addition, there is a polynomial
hsample,2 ∈ H(1/ϵ,C(KKK)) such that when r ≤ 1/hradius, with m ≥ hsample + hsample,2

samples of U1
t , ..., U

m
t ∼ Sr for each t = 0, · · · , T − 1,

∥∥∥∇̂t −∇tC(KKK)
∥∥∥
F
≤ 3

2
ϵ,
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holds with high probability (at least 1 − 2
(
D
ϵ

)−D). Here, for each i = 1, 2, · · · ,m,
{xit}Tt=0 and {uit}T−1

t=0 are the dynamics and controls for a single path sampled using
policy KKK +UUU i

t.

Proof. Note that

∇̃t −∇tC(KKK) = (∇tC
r
t (KKK)−∇tC(KKK)) + (∇̃t −∇tC

r
t (KKK)),

where Cr
t is defined in (2.4.8).

For the first term, choose hradius = max{1/r0, 4hgrad/ϵ} (r0 is chosen later), where
hgrad ∈ H(C(KKK)) is defined in Lemma 2.4.8. By Lemma 2.4.8 when r ≤ 1/hradius ≤
ϵ/4hgrad, for VVV t := (0, · · · , Vt, · · · , 0) where Vt ∼ Br, we have

∥∇tC(KKK + VVV t)−∇tC(KKK)∥F ≤ hgrad∥VVV t∥F ≤ hgrad
ϵ

4hgrad
=
ϵ

4
. (2.4.14)

Since ∇tC
r
t (KKK) = EVt∼Br [∇tC(KKK + VVV t)], we have

∥∇tC(KKK + VVV t)−∇tC
r
t (KKK)∥F ≤ ϵ

4
,

by (2.4.14) and the continuity of ∇tC. Therefore

∥∇tC
r
t (KKK)−∇tC(KKK)∥F≤∥∇tC(KKK+VVV t)−∇tC(KKK)∥F+∥∇tC(KKK+VVV t)−∇tC

r
t (KKK)∥F≤

ϵ

2
(2.4.15)

holds by triangle inequality. We choose r0 such that for any UUU t ∼ Sr, we have that
C(KKK +UUU t) ≤ 2C(KKK). By Lemma 2.4.7, we can pick 1/r0 = hcost/C(KKK), then |C(KKK +

UUU t)− C(KKK)| ≤ r0 · hcost ≤ C(KKK).
For the second term, by Lemma 2.4.9, E[∇̃t] = ∇tC

r
t (KKK), and each individual sam-

ple is bounded by 2DC(KKK)/r, so by the Operator-Bernstein inequality [36, Theorem
12] with

m ≥ hsample = Θ

(
D

(
D · C(KKK)

rϵ

)2

log(D/ϵ)

)
,

we have

P
[∥∥∥∇̃t −∇tC

r
t (KKK)

∥∥∥
F
≤ ϵ

2

]
≥ 1−

(
D

ϵ

)−D

. (2.4.16)

Note that hsample ∈ H(1/ϵ,C(KKK)) since 1/r > hradius ∈ H(1/ϵ, C(KKK)). Adding these
two terms together and applying the triangle inequality gives the result.
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For the second part, note that

Ex0,www[∇̂t] = ∇̃t. (2.4.17)

By Lemma 2.4.10,

[
T−1∑
t=0

(
(xit)

⊤Qtx
i
t + (uit)

⊤Rtu
i
t

)
+ (xiT )

⊤QTx
i
T

]

is sub-exponential with parameters (ν2, α). Therefore,

Zi :=

(
D

r2

[
T−1∑
t=0

(
(xit)

⊤Qtx
i
t + (uit)

⊤Rtu
i
t

)
+ (xiT )

⊤QTx
i
T

]
U i
t

)

is sub-exponential with parameters (ν̃2, α̃) :=
(
D
r2
ν2, α

)
. Then by Operator-Berinstein

inequality [36, Theorem 12],

P

[∥∥∥∥∥ 1

m

m∑
i=1

Zi − E[Z1]

∥∥∥∥∥
F

≤ t

]
≥ 1− 2D exp

(
−m t2

2ν̃2

)
,

when t ≤ ν̃2

α̃
. That is, there exists a polynomial hsample,2 ∈ H(1/ϵ,C(KKK)) where

hsample,2 := hsample,2

(
D,

1

ϵ
,
1

r
, σ0, σw, ∥W̃0∥, ∥W̃∥, C(KKK),

1

σXXX

)
= Θ

(
D

(
ν̃

ϵ

)2

log(D/ϵ)
)
,

such that when m ≥ hsample,2,

P
[∥∥∥∇̂t − ∇̃t

∥∥∥
F
≤ ϵ

2

]
≥ 1−

(
D

ϵ

)−D

. (2.4.18)

Combining (2.4.18) with (2.4.15) and (2.4.16), we arrive at the desired result.

2.4.3 Proof of Theorem 2.4.4

With the results in Section 2.4.1 and Section 2.4.2, now we are ready to prove the main
theorem.
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Proof of Theorem 2.4.4. By Lemma 2.3.15 and by choosing η ∈ H( 1
C(KKK0)+1

) such that
the step size condition (2.3.23) is satisfied,

C(KKK ′)− C(KKK∗) ≤
(
1− 2η σRRR

σXXX
2

∥ΣKKK∗∥

)(
C(KKK)− C(KKK∗)

)
.

Recall the definition of ∇̂t in (2.4.13) and let K ′′
t = Kt − η∇̂t be the iterate that uses

the approximate gradient. We will show later that given enough samples, the gradient
can be estimated with enough accuracy that makes sure

|C(KKK ′′)− C(KKK ′)| ≤ η σRRR
σXXX

2

∥ΣKKK∗∥
ϵ. (2.4.19)

That means as long as C(KKK)− C(KKK∗) ≥ ϵ, we have

C(KKK ′′)− C(KKK∗) ≤
(
1− η σRRR

σXXX
2

∥ΣKKK∗∥

)(
C(KKK)− C(KKK∗)

)
.

Then the same proof as that of Theorem 2.3.3 gives the convergence guarantee.
Now let us prove (2.4.19). First note that C(KKK ′′)− C(KKK ′) is bounded. By Lemma

2.4.7, if ∥K ′′
t −K ′

t∥ ≤ η σRRR
σXXX

2

∥ΣKKK∗∥ ·ϵ/(T ·hcost), where hcost ∈ H(C(KKK)) is the polynomial
in Lemma 2.4.7, then (2.4.19) holds. To get this bound, recall K ′

t = Kt − η∇tC(KKK)

in (2.3.22) and writing ∇t = ∇tC(KKK) for ease of exposition, observe that K ′′
t −K ′

t =

η(∇t − ∇̂t), therefore it suffices to make sure

∥∇t − ∇̂t∥ ≤ σXXX
2 σRRR

T∥ΣKKK∗∥hcost
ϵ.

By Lemma 2.4.11, it is enough to pick hradius = hradius(3T∥ΣKKK∗∥hcost(C(KKK))/(2σXXX
2 σRRR ϵ),

C(KKK)) ∈ H(1/ϵ,C(KKK)), and

hsample = hsample

(3hcost(C(KKK))∥ΣKKK∗∥
2σXXX

2 σRRR ϵ
, C(KKK)

)
+ hsample,2

(3hcost(C(KKK))∥ΣKKK∗∥
2σXXX

2 σRRR ϵ
, C(KKK)

)
.

This gives the desired upper bound on ∥∇t − ∇̂t∥ with high probability (at least
1− 2(ϵ/D)D).

Since the number of steps is a polynomial, we have TN = o(ϵD). By the union
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bound with probability at least

(
1− 2

( ϵ
D

)D)TN

≥ 1− 2TN
( ϵ
D

)D
≥ 1− exp(−D),

we have ∥∇t − ∇̂t∥ ≤ σXXX
2 σRRR

T∥ΣKKK∗∥hcost
ϵ, ∀ t = 0, 1, · · · , T − 1. Therefore,

C(KKK ′′)− C(KKK∗) ≤
(
1− η σRRR

σXXX
2

∥ΣKKK∗∥

)(
C(KKK)− C(KKK∗)

)
. (2.4.20)

This implies C(KKK ′′) < C(KKK). To guarantee that (2.4.20) holds at each iteration n =

1, 2, · · · , N , it suffices to pick hradius ∈ H(1/ϵ,C(KKK0)) and hsample ∈ H(1/ϵ,C(KKK0)).
The rest of the proof is the same as that of Theorem 2.3.3. Note again that in the
smoothing, because the function value is monotonically decreasing, and by the choice of
radius, all the function values encountered are bounded by 2C(KKK0), so the polynomials
are indeed bounded throughout the algorithm.

2.4.4 Discussion

Remark 2.4.12 (Comparison with [29]). The proofs of our main results, Theorems
2.3.3 and 2.4.4, are different to those from [29]. Firstly, to prove the gradient domi-
nant condition, [29] only required conditions on the distribution of the initial position.
However, we need conditions to guarantee the non-degeneracy of the E[xtx⊤t ] matrix
at any time. Secondly, the extra randomness from the sub-Gaussian noise needs to
be taken care of in the perturbation analysis of ΣKKK . Finally, we need more advanced
concentration inequalities to provide the number of samples and number of simulation
trajectories that leads to the theoretical guarantee in the case with unknown parame-
ters.

Remark 2.4.13 (Non-stationary Dynamics). Note that our framework can be gener-
alized to non-stationary dynamics, that is, for t = 0, 1, · · · , T − 1,

xt+1 = Atxt +Btut + wt, x0 ∼ D. (2.4.21)

with {At}T−1
t=0 and {Bt}T−1

t=0 time-dependent state parameters.

Remark 2.4.14 (Other Policy Gradient Methods). Our convergence and sample com-
plexity analysis could be applied to other policy gradient methods, including the Nat-
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ural policy gradient method and the Gauss-Newton method, in the framework of the
LQR with stochastic dynamics and finite horizons.

2.5 Numerical Experiments

The performance of the PPG algorithm (2.4.4) is demonstrated for the optimal liquida-
tion problem with single asset and the empirical analysis of the policy gradient method
(2.4.1) in higher dimensions is also provided with synthetic data. We will specifically
focus on the following questions.

• In practice, how fast do the policy gradient algorithm and the PPG algorithm
with known and unknown parameters converge to the true solution?

• How does the deadline (the finite horizon) influence the optimal policy?

• When the real-word system does not exactly follow the LQR framework, does
the policy-gradient method outperform mis-specified LQR models?

This section is organized as follows. We demonstrate the performance of the PPG al-
gorithms for the optimal liquidation problem with a single asset in the LQR framework
in Section 2.5.1. We then show that without the LQR model specification, the learned
policy from the policy gradient algorithm improves the Almgren-Chriss solution in Sec-
tion 2.5.2. Finally, we test the performance of the algorithm with unknown parameters
in high dimensions in Section 2.5.3.

Note the policy gradient method outperforms the Q-learning algorithm, a popular
model-free method, in terms of both sample complexity and accuracy in our setting.
An illustration in a one-dimensional example can be found in the Appendix A.2.

2.5.1 Optimal Liquidation within the LQR Framework

Recall the set up of the optimal liquidation problem in (2.2.1). By convention, we
write the control in the feedback form as ut = −Ktxt. Writing Kt = (k1t , k

2
t ), we have

ut = −k1tSt − k2t qt, the state equation becomes

xt+1 =

1 + γk1t γk2t

k1t 1 + k2t

xt + wt.
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In the liquidation problem, we assume ut ≥ 0 (0 ≤ t ≤ T − 1). That is, k1t ≤ 0 and
k2t ≤ 0 (0 ≤ t ≤ T − 1).

Assumption 2.5.1 (Assumptions for the Optimal Liquidation Problems). We assume

(1) γk1t + k2t > −1 (0 ≤ t ≤ T − 1);

(2) β > γ
2
.

Justification of the Assumption. Assumption 2.5.1-(1) is essential to ensure that
the liquidation problem is well defined. First, γk1t > −1 makes sure that the stock
price process {St}Tt=0 is well-behaved:

E[St+1] = E[St]− γE[ut] = (1 + γk1t )E[St] + γk2t qt.

If γk1t < −1, then E[St+1] ≤ 0 since k2t ≤ 0. Second, k2t ≥ −1 guarantees that inventory
will not be negative. Note that

qt+1 = qt − (−k1tSt − k2t qt) = (1 + k2t )qt + k1tSt.

If k2t ≤ −1 and qt > 0, then qt+1 < 0. Assumption 2.5.1-(2) implies that the temporary
market impact is “bigger” than one half of the permanent market impact, which is
consistent with the empirical evidence [8] and assumptions in [7].

Learning to Liquidate. In practice, traders may not know the market impact pa-
rameter γ. But one can always take some γ̄ > γ based on some basic understandings
of the market and perform a PPG algorithm to the closed convex set S:

S := {KKK = (K0, · · · , KT−1) : Kt = (k1t , k
2
t ), γk

1
t + k2t ≥ −1 + ζ,

k1t ≤ 0, k2t ≤ 0, ∀t = 0, · · · , T − 1
}
, (2.5.1)

with some small parameter ζ > 0.
In practice γ is usually on the order of 10−5 ∼ 10−6 (See Table A.1 in Appendix

A.1 based on the method in [24]) and hence a universal upper bound γ̄ in (2.5.1) is not
a strong assumption for a given portfolio of stocks to liquidate.

Proposition 2.5.2. Assume KKK ∈ S and Assumptions 2.2.1, 2.4.3 and 2.5.1 hold, we
have σXXX > 0 and {PKKK

t }Tt=0 derived from (2.3.9) are positive definite for the optimal
liquidation problem (2.2.7) and (2.2.9).
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The proof of Proposition 2.5.2 is deferred to Appendix A.3.5. It is easy to check that
the projection set S defined in (2.5.1) is convex and closed. Along with Proposition
2.5.2, the convergence result in Theorem 2.4.5 holds for the liquidation problem (2.2.7)
and (2.2.9) as long as the conditions in Proposition 2.5.2 are satisfied.

We test the performance of the PPG algorithm with projection set S on Apple
(AAPL) and Facebook (FB) stocks. For the PPG algorithm with known parame-
ters, the controller directly calculates the policy gradient using the expression given
in Lemma (2.3.5) and update the policy using (2.3.8). For the PPG algorithm with
unknown parameters, the controller estimates the policy gradient using Algorithm 1,
where the market simulator gives the cost signal to the controller after each implemen-
tation of policy. The market simulator of the associated LQR framework is constructed
with NASDAQ ITCH data and the details can be found in Appendix A.1. The con-
troller then updates the policy using the rule (2.4.1).

Performance Measure. We use the following normalized error to quantify the per-
formance of a given policy KKK,

Normalized error =
C(KKK)− C(KKK∗)

C(KKK∗)
,

whereKKK∗ is the analytical solution calculated from (2.2.5) with P ∗
t solved directly from

the Riccati equation (2.2.3).

Set-up. (1) Parameters: ϕ = 5× 10−6 (for both AAPL and FB), ϵ = 10−8, T = 10;
smoothing parameter r = 0.6, number of trajectories m = 200; initial policy KKK0 ∈
R1×2T with {KKK0}ij = −0.2 for all i, j, for both algorithms with known and unknown
parameters; step sizes are indicated in the figures; γ = 5 × 10−5, ζ = 10−12 for
the projection set. (2) Initialization: Assume the initial inventory q0 follows N (500, 1).
The small variance of the initial inventory distribution is used to guarantee the E[x0x⊤0 ]
is positive definite. In practice, the algorithm converges with deterministic initial
inventories.
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(a) PPG with known parameters. (b) PPG with unknown parameters.

Figure 2.1: Performance of the PPG algorithms (50 simulation scenarios).

Convergence. Both PPG algorithms with known parameters and unknown param-
eters show a reasonable level of accuracy within 50 iterations (that is the normalized
error is less than 10−2). The PPG algorithm with known parameters has almost no
fluctuations across the 50 scenarios. By choosing m = 200, the performance of the
PPG algorithm with unknown parameters is stable with relatively small fluctuations
(see the blue area in Figure 2.1b) across the 50 scenarios.

Impact of the Deadline. The optimal policy is sensitive to the deadline in that the
shapes of the optimal inventory trajectories are different with different deadlines. See
Figure 2.2 for both AAPL and FB with T = 30, 60 and 120 minutes. The liquidation
speed is almost linear when T is small; and it is faster in the initial trading phase and
slower at the end when T is relatively large.

Impact of the Parameter ϕ. Recall that in (2.2.9) the parameter ϕ is used to
balance the expected terminal wealth E[C] and the variance of the terminal wealth
var[C]. To show the impact of ϕ, we set ϕ to be 10−4, 10−5, 10−6, and 10−7 and show
the corresponding inventory trajectories in Figure 2.3. The optimal liquidation speed
is almost linear when ϕ is small, while it is faster in the initial trading phase and slower
at the end when ϕ is relatively large.
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(a) AAPL. (b) FB.

Figure 2.2: Optimal inventory trajectory under different deadlines (200 simulation
scenarios).

Figure 2.3: Inventory trajectories of AAPL under different ϕ (average across 200 sim-
ulation scenarios).

(a) Inventory trajectories. (b) Relative cost difference.

Figure 2.4: Original Almgren-Chriss framework versus LQR formulation under differ-
ent ϵ (AAPL).
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Impact of the Parameter ϵ. Recall that our liquidation formulation (2.2.9) dif-
fers from the Almgren-Chriss formulation (2.2.8) by an additional regularization term∑T

t=0 ϵS
2
t . The role of this term is to enable the problem to be cast in the LQR frame-

work and to guarantee the well-definedness of the Ricatti equation. From Figure 2.4a,
the optimal policies and inventory trajectories are close to the Almgren-Chriss solu-
tion when ϵ ≤ 0.01. However, when ϵ = 0.05, the optimal policy is far away from
the Almgren-Chriss solution. We show the difference between CAC, defined in (2.2.8),
and CLQR(ϵ), defined in (2.2.9), in Figure 2.4b. We see that CLQR(ϵ) is close to CAC

when ϵ < 0.02 and is markedly different from CAC when ϵ ≥ 0.02. It is worth noticing
that when ϵ = 0, the algorithm does converge to the Almgren-Chriss solution in our
setting although the convergence of the algorithm in this case is not guaranteed by our
theoretical results.

2.5.2 Learning to Liquidate without Model Specification

In practice, the dynamics of the trading system may not be exactly those assumed in
the LQR framework but we might expect that the policy gradient method could still
perform well when the system is “nearly” LQ as the execution of the policy gradient
method does not rely on the model specification. In this section, we consider liquidation
problems in the Limit Order Book (LOB) setting. A LOB is a list of orders that a
trading venue, for example the NASDAQ exchange, uses to record the interest of buyers
and sellers in a particular financial instrument. There are two types of orders the buyers
(sellers) can submit: a limit buy (sell) order with a preferred price for a given volume
or a market buy (sell) order with a given volume which will be immediately executed
with the best available limit sell (buy) orders. Here we perform the policy gradient
method with unknown parameters to learn the optimal strategies to liquidate using
market orders in the LOB.

We denote by St the mid-price of the asset at time t, that is the average of the
best-bid price and best-ask price. At each time t, the decision is to liquidate an
amount ut of the asset. The action ut will have an impact on the market, with possibly
both temporary and permanent impacts. Unlike the LQR framework or the classical
Almgren-Chriss model, where dynamics are assumed to follow some stochastic model,
here we run the policy gradient method directly on the LOB without any assumption
on how the mid-price St moves and what are the forms of the market impacts. Denote
by qt = qt−1 − ut−1 the inventory at time t. We restrict the admissible controls to be
of the linear feedback form ut = −Kt(St, qt)

⊤ with some Kt ∈ R1×2.
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The cost ct = ϕ′(qt − ut)
2 − rt(ut) at time t consists of two parts. The first part

ϕ′(qt − ut)
2 is the holding cost of the inventory weighted by a parameter ϕ′. The

quantity rt(ut) is the amount we receive by liquidating ut shares at time t. Note that
rt(·) may depend on St and other market observables. For example, if we liquidate
ut = 1000 shares of the asset with the market conditions given in Table 2.1, then the
amount received would be

rt(ut) = 397× 200.1 + 412× 200.0 + (1000− 397− 412)× 199.9 = 200020.6.

This transaction moves the best bid price two levels down. This is commonly referred
to as the temporary impact of a market order.

Bid level One Two Three Four Five
Bid price (USD) 200.1 200.0 199.9 199.8 199.7
Volume available 397 412 502 442 529

Table 2.1: One snapshot of the LOB.

Performance Metric: Implementation Shortfall [68].

IS(uuu) =

(
T−1∑
t=0

ct(ut) + cT

(
q0 −

T−1∑
t=0

ut

))
− c0(q0). (2.5.2)

The first term of (2.5.2) is the cost of implementing policy uuu over the horizon [0, T ]. The
second term is the cost when liquidating q0 market orders at time 0. If we expect uuu is
better than liquidating everything at time 0, then IS(uuu) < 0. A smaller implementation
shortfall implies the strategy is more profitable.

We use the following relative performance (evaluated on a single trajectory) to
compare the performance of two policies uuu1 and uuu2,

Relative performance =
IS(uuu2)− IS(uuu1)

|IS(uuu2)|
.

Experiment Set-up. We consider the LOB data consisting of the best 5 levels and
we assume the trading frequency ∆ = 1 minute and the trading horizon T = 10

minutes. We perform a numerical analysis for five different stocks, Apple (AAPL),
Facebook (FB), International Business Machines Corporation (IBM), American Air-
lines (AAL) and JP Morgan (JPM), during the period from 01/01/2019 to 12/31/2019.
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The data is divided into two sets, a training set with data between 10:00AM-12:00AM
01/01/2019-08/31/2019 and a test set with data between 10:00AM-12:00AM 09/01/2019-
12/31/2019.

We take ϕ′ = 5×10−6; T = 10; smoothing parameter r = 0.4; number of trajectories
m = 200; initial policy KKK0 ∈ R1×20 with (KKK0)ij = −0.2 for all i, j; and step size
η = 10−6. We assume the initial inventory follows q0 = 2000. We compare the
performance of the policy gradient method with the Almgren-Chriss solution with
fitted parameters given in Table A.1 in the Appendix. In the Almgren-Chriss model,
we set ϕ = σ2ϕ′ to ensure a reasonable comparison.

Results. From Table 2.2 and Figure 2.5, the policy gradient method improves on
the Almgren-Chriss solution by around 20% on five different stocks from different
financial sectors. Note that the goal of the policy gradient method is to learn the
global minimizer of the expected cost function, hence it is expected that the Almgren-
Chriss solution could perform better than the policy gradient method for some sample
trajectories, as shown in Figure 2.5. This result is compatible with the performance
of the Q-learning algorithms [42]. The drawback of Q-learning algorithms is that the
computational complexity is highly dependent on the size of the set of (discrete) states
and actions, where as the policy gradient method can handle continuous states and
actions.

We conjecture that the policy gradient method may be capable of learning the
global “optimal” solution for a larger class of models that are “similar” to the LQR
framework with stochastic dynamics and finite time horizon. In addition, as the policy
gradient method is a model-free algorithm, it is more robust with respect to model
mis-specification as compared to the Almgren-Chriss framework.
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(a) IBM. (b) AAL. (c) JPM.

(d) FB. (e) AAPL.

Figure 2.5: Empirical distribution of the relative performance on the test set.

Asset IBM AAL JPM FB AAPL
In sample 0.173 0.152 0.251 0.181 0.165
(std) (0.09) (0.27) (0.31) (0.32) (0.31)
Out of sample 0.178 0.146 0.245 0.175 0.163
(std) (0.08) (0.29) (0.36) (0.24) (0.37)

Table 2.2: Average relative performance of the policy gradient (uuu1) compared to
Almgren-Chriss solution (uuu2).

2.5.3 Learning LQR in Higher Dimensions

In practice we can perform the policy gradient method for the optimal liquidation
problem with multiple assets. However it is difficult to capture the cross impact and
permanent impact with historical LOB data. Therefore we test the performance of the
policy gradient method in higher dimensions on synthetic data consisting of a four-
dimensional state variable and a two-dimensional control variable. The parameters are
randomly picked such that the conditions for our LQR framework are satisfied.
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Set-up. (1) Parameters:

A =


0.5 0.05 0.1 0.2

0 0.2 0.3 0.1

0.06 0.1 0.2 0.4

0.05 0.2 0.15 0.1

 , B =


−0.05 −0.01

−0.005 −0.01

−1 −0.01

−0.01 −0.9

 , Rt =

 0.4 −0.25

−0.25 0.7

 ,

Qt =


1 0.2 −0.005 0.015

0.2 1.1 0.15 0

−0.05 0.15 0.9 −0.08

0.015 0 −0.08 0.88

 , W =


0.1 0 0 0

0 0.5 0 0

0 0 0.2 0

0 0 0 0.3

 ,

QT = Qt, T = 10; smoothing parameter r = 1, number of trajectories m = 200;
initial policy KKK0 ∈ R2×40 with {KKK0}ij = 0.05 for all i, j, for both known and unknown
parameters;

(2) Initialization: We assume x0 = (x10, x
2
0, x

3
0, x

4
0)

⊤ and xi0 are independent. x10, x20, x30,
and x40 are sampled from N (5, 0.1), N (2, 0.3), N (8, 1), N (5, 0.5).

Convergence. For the high-dimensional case, the normalized error falls below the
threshold 10−2 within 80 iterations for the policy gradient algorithm with known pa-
rameters. It takes substantially more iterations for the policy gradient algorithm with
unknown parameters to have an error near such a threshold, which is as expected.

(a) Known parameters
(η = 0.0005).

(b) Unknown parameters
(η = 0.0001).

Figure 2.6: Performance of the policy gradient algorithms (50 simulation scenarios)
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Figure 2.7: Performance of the policy gradient algorithm with unknown parameters
under different step size η (50 simulation scenarios).

Outcomes from Varying the Parameter η. The performance of the policy gradi-
ent algorithm also depends on the values of the step size η. We show how the values of
the step size η ∈ [10−5, 2×10−3] affect the convergence of the policy gradient algorithm
with unknown parameters in Figure 2.7. A tiny step size leads to slow convergence
(see the blue line when η = 10−5) and a larger step size may cause divergence (see the
purple line when η = 2× 10−3).
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Chapter 3

Policy Gradient Methods for the

Linear Quadratic Game

3.1 Introduction

In Chapter 2 we have discussed policy gradient methods for single-agent LQR problem.
In multi-agent (N ≥ 2) decision-making problems, policy gradient methods and their
variants have also achieved substantial empirical successes (see for example [77, 45]).
However, there have been few results from a theoretical perspective showing why such a
class of reinforcement learning algorithms performs well in multi-agent decision making
problems. As a starting point, in this chapter we investigate LQGs which can be seen
as a generalization of the LQR from a single agent to multiple agents. In an LQG, all
agents jointly control a linear state process, which may be in high dimensions, where
the control (or action) from each individual agent has a linear impact on the state
process. Each agent optimizes a quadratic cost function which depends on the state
process, the control from this agent and/or the controls from the opponents.

LQGs admit global Nash equilibria in the space of linear feedback policies and
these equilibria can be found by solving a coupled set of Ricatti equations when sys-
tem parameters are given. As such LQGs are a natural benchmark problem on which
to test policy gradient algorithms in multi-agent settings when system parameters are
unknown. Furthermore, policy gradient methods open up the possibility to develop
new scalable approaches to finding or learning solutions to control problems even with
constraints. Finally, the empirical results present in [57] imply that, even in this rel-
atively straightforward LQ case (with linear dynamics, linear feedback policies, and

55



quadratic costs), policy gradient MARL would be unable to find the local Nash equi-
librium in a non-negligible subset of problems. This further demonstrates the necessity
of understanding under what circumstances policy gradient methods work for LQGs.

For LQGs with policy gradient algorithms, most of the existing literature has fo-
cused on zero-sum games with two players [20, 93, 94]. In the setting of deterministic
dynamics and infinite time horizon, [93] proposed an alternating policy update scheme
with a projection step and showed sublinear convergence for the algorithm. For a
similar setting, [20] proposed a leader-follower type of policy gradient algorithm which
is projection-free and enjoys a global sublinear convergence rate and asymptotically
linear convergence rate. For the case of stochastic dynamics and finite time horizon,
[94] provided the first sample complexity result for the global convergence of the policy
gradient method with an alternating policy update scheme.

However, little theory has been developed for the more general class of LQGs with
N players and general-sum cost functions. It has been documented that the policy
gradient method may fail to converge in such a setting with deterministic dynamics
due to the lack of theoretical guidance on how to properly choose the step size and
the exploration scheme [57]. For a special class of N -player LQGs with homogeneous
agents where agents interact with each other through a mean-field type of “deep state”
which is the aggregated state position of all agents, [73] showed that the policy gradient
method converges to the global Nash equilibrium. Up to now, as far as we are aware,
providing theoretical guarantees for the convergence of the policy gradient method
remains an open problem for general-sum LQGs with more than two players [58].

In this chapter, we explore the natural policy gradient method, which can be viewed
as a normalized version of the vanilla policy gradient descent method, for a class of
N -player general-sum LQGs. Our main result is Theorem 3.3.5 in which we provide
a global linear convergence guarantee for this approach in the setting of a finite time
horizon and stochastic dynamics provided there is a certain level of noise in the sys-
tem. The noise can either come from the underlying dynamics or carefully designed
explorations from the agents. Intuitively speaking, the noise can help the agents es-
cape from traps such as those observed in [57] when the dynamics are deterministic. In
addition, the noise can help agents find the correct descent direction for convergence
to the desired Nash equilibrium point. To the best of our knowledge, this is the first
result of its kind in the MARL literature showing a provable convergence result for
N -player general-sum LQGs. From a technical perspective, the main difficulty is to
quantify the perturbation of the individual’s gradient term (see equation (3.3.49)) and
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to control the descent of the individual’s cost function (see equation (3.3.51)) in the
presence of competition from the other N − 1 agents.

We illustrate the performance of our algorithm with two examples. We first perform
the natural policy gradient algorithm under the experimental set-up in [57] over a time
finite horizon. The algorithm converges to the Nash equilibrium for appropriate initial
policies and step sizes. The second example is a toy LQG example with synthetic data.
The empirical results suggest that, in practice, the natural policy gradient algorithm
can find the Nash equilibrium even if the level of system noise is lower than that
required for our theoretical analysis.

3.1.1 Comparison to the Literature on General-sum LQGs.

With deterministic dynamics and infinite horizon, [57] provided some empirical exam-
ples where the policy gradient method fails to converge to the set of Nash equilibria
(which may not be unique). These empirical examples motivate an examination of the
possibility of applying policy gradient methods in the multi-agent environment. Here
we explain the difference between our framework and the set-up in [57]. In addition,
we offer some explanations for why the policy gradient method works in our framework
whereas it fails to converge in [57].

• Well-definedness of LQGs: The existence and uniqueness of a Nash equilib-
rium is a prerequisite for the convergence of learning algorithms. In the setting of
stochastic dynamics and finite horizon, the general-sum LQG has a unique Nash
equilibrium solution under mild conditions [13]. For the setting with an infinite
horizon, the existence of Nash equilibria can be proved under some stabilizabil-
ity and detectability properties. However obtaining explicit and verifiable model
conditions for stabilizability and detectability seems to be a quite challenging
task let alone finding conditions for the uniqueness of the equilibrium [13]. It is
not clear if there exists a unique Nash equilibrium for the setting considered in
[57].

• Self-exploration property of time-dependent policies: For single-agent
LQR problems, [14] highlighted that the time-dependent optimal feedback policy
enjoys a self-exploration property in the finite time horizon setting. Namely,
the time-dependent optimal feedback matrices ensure that the optimal state and
control processes span the entire parameter space, which enables the design of
efficient exploration-free learning algorithms. By contrast the optimal feedback

57



policy is time-invariant in the infinite time horizon setting and learning algorithms
tend to have difficulty converging without efficient exploration schemes [56]. We
believe a similar analogy holds for the game setting as well.

• System noise: In our setting we need Assumption 3.3.3 which implies that a
certain level of system noise is essential for the convergence of the policy gradient
method. We show in Section 3.5 that the circulating and divergence phenomenon
described in [57] can be avoided with the addition of system noise. The noise
can either come from the original system when the dynamics are stochastic (as
suggested in Assumption 3.3.3) or agents can apply Gaussian exploration (as
suggested in [56] for single-agent LQR problems with infinite time horizon).

In addition, [73] showed the global convergence of the policy gradient method for a
mean-field type of LQG in the setting of infinite horizon and stochastic dynamics. In
particular, agents are assumed to be homogeneous and are only able to interact through
an aggregated state and action pair. With this special formulation, the uniqueness of
the Nash equilibrium could be established (see [73, Theorem 1]) and the proof of con-
vergence could be reduced to the single agent case (see [73, Theorem 2]). In this
chapter, we focus on a more general LQG with no homogeneity assumption nor any
restriction on the interactions.

The rest of the chapter is organized as follows. We introduce the mathematical
framework and problem set-up in Section 3.2. The convergence analysis of the natural
policy gradient method for the case of known model parameters is provided in Section
3.3. When parameters are unknown, the sample-based natural policy gradient method
is discussed in Section 3.4. Finally, the algorithm is applied to two numerical examples
in Section 3.5.

3.2 Problem Set-up

We consider the following N -player general-sum linear quadratic game (LQG) over a
finite time horizon T . The state process evolves as

xt+1 = Atxt +
N∑
i=1

Bi
tu

i
t + wt, t = 0, 1, · · · , T − 1, (3.2.1)
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where xt ∈ Rd is the state of the system with the initial state x0 drawn from a Gaus-
sian distribution, uit ∈ Rki is the control of player i at time t which is assumed to be
Markovian and {wt}T−1

t=0 are zero-mean i.i.d. Gaussian random variables which are in-
dependent of x0. The system parameters At ∈ Rd×d, Bi

t ∈ Rd×ki , for t = 0, 1, · · · , T −1

are referred to as system (transition) matrices. The objective of player i (i = 1, · · · , N)
is to minimise their finite time horizon value function:

inf
{ui

t}
T−1
t=0

Ci(uuu) := inf
{ui

t}
T−1
t=0

E

[
T∑
t=0

cit(xt, u
i
t)

]
, (3.2.2)

where the cost function

cit(xt, u
i
t) = x⊤t Q

i
txt + (uit)

⊤Ri
tu

i
t, t = 0, 1, · · · , T − 1, (3.2.3)

with ciT (xT ) = x⊤TQ
i
TxT , where Qi

t ∈ Rd×d and Ri
t ∈ Rki×ki (i = 1, · · · , N) are matrices

that parameterize the quadratic costs. Here we denote by uuu := (uuu1,uuu2, . . . ,uuuN) a
strategy profile with uuui := (ui0, · · · , uiT−1) (i = 1, . . . , N). Note that the expectation
in (3.2.2) is taken with respect to both the initial state x0 and the noise {wt}T−1

t=0 . We
also denote by xxx := (x0, · · · , xT ), QQQi := (Qi

0, · · · , Qi
T ), and RRRi := (Ri

0, · · · , Ri
T−1), for

i = 1, · · · , N .

Assumption 3.2.1 (Cost Parameter). Assume for i = 1, · · · , N , Qi
t ∈ Rd×d, for

t = 0, 1, · · · , T , and Ri
t ∈ Rki×ki, for t = 0, 1, · · · , T − 1 are symmetric positive definite

matrices.

Assumption 3.2.2 (Initial State and Noise Process). Assume

1. Initial state: x0 is Gaussian such that E[x0x⊤0 ] is positive definite.

2. Noise: {wt}T−1
t=0 are i.i.d. Gaussian and independent from x0 such that E[wt] = 0,

and W = E[wtw
⊤
t ] is positive definite, ∀t = 0, 1, · · · , T − 1.

In N -player general-sum LQGs, we adopt the most popular notion, known as the
Nash equilibrium, to define the optimal solution of the game. We give the formal
definition of a Nash equilibrium as follows.

Definition 3.2.3 (Nash equilibrium). A strategy profile uuu∗ = (uuu1∗,uuu2∗, . . . ,uuuN∗) with
uuui∗ = {ui∗t }T−1

t=0 (i = 1, . . . , N) is a Nash equilibrium for the LQG given by (3.2.1)-
(3.2.3) if for each player i and for any admissible strategy uuui of the player i, it holds
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that
Ci(uuui,uuu−i∗) ≥ Ci(uuui∗,uuu−i∗),

where uuu−i∗ denotes the Nash equilibrium strategies of all the N − 1 players except i.

Assumption 3.2.4 (Existence and Uniqueness of Solution). Assume there exists a
unique solution {Ki∗

t }T−1
t=0 , for i = 1, · · · , N to the following set of linear matrix equa-

tions:

Ki∗
t =

(
Ri

t + (Bi
t)

⊤P i∗
t+1B

i
t

)−1
(Bi

t)
⊤P i∗

t+1

(
At −

N∑
j=1,j ̸=i

Bj
tK

j∗
t

)
, (3.2.4)

where {P i∗
t }Tt=0 are obtained recursively backwards from

P i∗
t = Qi

t + (Ki∗
t )⊤Ri

tK
i∗
t +

(
At −

N∑
j=1

Bj
tK

j∗
t

)⊤

P i∗
t+1

(
At −

N∑
j=1

Bj
tK

j∗
t

)
, (3.2.5)

with terminal condition P i∗
T = Qi

T .

A similar assumption is adopted in [93] for a two-player zero-sum LQ game and in
[73] for a homogeneous N -player game with mean-field interaction.

Remark 3.2.5. A sufficient condition for the unique solvability of (3.2.4) is the in-
vertibility of the block matrix Φt, t = 0, 1, · · · , T − 1, with the ii-th block given by
Ri

t+(Bi
t)

⊤P i∗
t+1B

i
t and the ij-th block given by (Bi

t)
⊤P i∗

t+1B
j
t , where i, j = 1, · · · , N and

j ̸= i. See Remark 6.5 in [13].

Lemma 3.2.6 (Nash Equilibrium and Equilibrium Cost [13, Corollary 6.4]). Assume
Assumptions 3.2.1, 3.2.2, and 3.2.4 hold. Then for i = 1, 2, . . . , N ,

1. The Nash equilibrium strategy for player i is given by

ui∗t = −Ki∗
t xt, t = 0, 1, · · ·T − 1, (3.2.6)

where Ki∗
t is defined in (3.2.4).

2. The Nash equilibrium cost for player i is

E[x⊤0 P i∗
0 x0 +N i∗

0 ] = inf
{ui

t}
T−1
t=0

E

[
T∑
t=0

cit(xt, u
i
t)

]
, (3.2.7)

60



where {P i∗
t }Tt=0 are defined in (3.2.5) and

N i∗
t = N i∗

t+1 + E[w⊤
t P

i∗
t+1wt] = N i∗

t+1 + Tr(WP i∗
t+1), t = 0, 1, · · · , T − 1 (3.2.8)

with terminal condition N i∗
T = 0.

To find the Nash equilibrium strategy in the linear feedback form (3.2.6), we only
need to focus on the following class of linear admissible policies in feedback form

uit = −Ki
txt, t = 0, 1, · · · , T − 1, i = 1, · · · , N

which can be fully characterized byKKKi := (Ki
0, K

i
1, · · · , Ki

T−1). We writeKKK = (KKK1, · · · ,
KKKN) for a collection of policies and

KKK∗ = (KKK1∗, · · · ,KKKN∗).

for the collection of optimal policies. We will use the notation

(KKKi,KKK−i∗) = (KKK1∗, · · · ,KKK(i−1)∗,KKKi,KKK(i+1)∗, · · · ,KKKN∗),

for i = 1, · · · , N for player i’s policy, when all other players use their optimal policies.

3.3 The Natural Gradient Method with Known Pa-

rameters

In this section, we provide a global linear convergence guarantee for the natural policy
gradient method applied to the LQG (3.2.1) - (3.2.2). Throughout this section we
assume all the parameters in the LQG, {At}T−1

t=0 , {Bi
t}T−1

t=0 , {Qi
t}Tt=0, and {Ri

t}T−1
t=0 (i =

1, · · · , N), are known. The analysis with known parameters paves the way for learning
LQGs with unknown parameters which is discussed in Section 3.4.

For LQGs, any (admissible) feedback policy can be fully characterized by a set of
parameters KKK = (KKK1, · · · ,KKKN). Therefore, we can correspondingly define player i’s
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cost induced by the joint policy KKK as

Ci(KKK) = E

[
T−1∑
t=0

(
x⊤t Q

i
txt + (Ki

txt)
⊤Ri

t(K
i
txt)

)
+ x⊤TQ

i
TxT

]
,

where {xt}Tt=0 is the random path from the dynamics (3.2.1) induced by KKK starting
with x0.

Similarly to Chapter 2, we define the matrix ΣKKK
t , and let ΣKKK be the sum of ΣKKK

t :

ΣKKK
t = E[xKKKt (xK

KK
t )

⊤], ΣKKK =
T∑
t=0

ΣKKK
t , (3.3.1)

where {xKKKt }Tt=0 is a state trajectory generated by following a set of policies KKK. We will
write xt = xKKKt when no confusion may occur. Define σKKK

XXX to be the lower bound over
all the minimum singular values of ΣKKK

t :

σKKK
XXX := min

t
σmin(Σ

KKK
t ),

We also define σXXX as

σXXX := min{σmin(E[x0x⊤0 ]), σmin(W )}. (3.3.2)

Similarly, we define

σR,i = min
t
σmin(R

i
t), σQ,i = min

t
σmin(Q

i
t),

and
σRRR = min

i
{σR,i}, σQQQ = min

i
{σQ,i}. (3.3.3)

We further define γA, γB, and γR as

γA = max
t=0,··· ,T−1

∥At∥, γB = max
i

{ max
t=0,··· ,T−1

∥Bi
t∥}, γR = max

i
{ max
t=0,··· ,T−1

∥Ri
t∥}.
(3.3.4)

Under Assumption 3.2.1, we have σR,i ≥ σRRR > 0 and σQ,i ≥ σQQQ > 0, for i = 1, . . . , N .
For the well-definedness of the E[xKKKt (xKKKt )⊤] matrix, we have the following result.

Lemma 3.3.1. Assume Assumption 3.2.2 holds. Then E[xtx⊤t ] is positive definite for
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t = 0, 1, · · · , T under any set of policies KKK = (KKK1, · · · ,KKKN). Therefore, σKKKXXX ≥ σXXX > 0.

Proof. Let {xt}Tt=0 be the state trajectory induced by an arbitrary policy set KKK. By
Assumption 3.2.1 the matrix E[x0x⊤0 ] is positive definite. For t ≥ 1, we have from
(3.2.1) and taking expectations

E[xtx⊤t ] =

(
At−1 −

N∑
i=1

Bi
t−1K

i
t−1

)
E[xt−1x

⊤
t−1]

(
At−1 −

N∑
i=1

Bi
t−1K

i
t−1

)⊤

+E[wt−1w
⊤
t−1].

Now as (At−1 −
∑N

i=1B
i
t−1K

i
t−1)E[xt−1x

⊤
t−1](At−1 −

∑N
i=1B

i
t−1K

i
t−1)

⊤ is positive semi-
definite and by assumption E[wt−1w

⊤
t−1] is positive definite, we have E[xtx⊤t ] is pos-

itive definite and as a result σXXX > 0. In this case, we can simply take σXXX =

min{σmin(E[x0x⊤0 ]), σmin(W )}.

We denote the set of model parameters of the LQG as Θ̃:={ 1
(
∑

i ki)+1
, 1

d+1
, d, 1

N+1
,

1
T+1

, 1
∥W∥+1

, 1
∥Σ0∥+1

, 1
γA+1

, 1
γB+1

, 1
γR+1

, 1
σXXX +1

, σXXX , 1
σRRR +1

, σRRR, 1
σQQQ +1

, σQQQ, 1
|||KKK∗|||+1

}. We

write H = {h |h are multivariate polynomials where the variables are in the set Θ̃}
and H(.) when there are other variables not only Θ̃.

Natural Gradient Descent. We consider the following natural gradient descent
updating rule for each player i (i = 1, · · · , N), in a sequence of games form = 1, . . . ,M ,

K
i,(m)
t = K

i,(m−1)
t − η∇Ki

t
Ci(KKK(m−1))(ΣKKK(m−1)

t )−1, ∀ 0 ≤ t ≤ T − 1, (3.3.5)

where ∇Ki
t
Ci(KKK(m−1)) = ∂Ci(KKK(m−1))

∂Ki
t

is the gradient of Ci(KKK(m−1)) with respect to Ki
t ,

and η is the step size.
Natural policy gradient methods [47] – and related algorithms such as trust region

policy optimization [75] and the natural actor critic [69] – are some of the most popular
and effective variants of the vanilla policy gradient methods in single-agent reinforce-
ment learning. The natural policy gradient method performs better than the vanilla
policy gradient method in practice since it takes the information geometry ([11, 47])
into consideration by normalizing the gradient term by (ΣKKK(m)

t )−1 in (3.3.5). By doing
so, the natural gradient method represents the steepest descent direction based on the
underlying structure of the parameter space [47]. It is worth mentioning that [29] pro-
vided the first theoretical guarantee that the natural gradient method has an improved
constant in the convergence rate compared to the vanilla version.
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With access to the model parameters, players can directly calculate their own policy
gradient and perform the natural gradient descent steps iteratively. See Algorithm
2 for the details. Unlike the nested-loop updates in some zero-sum LQG settings
[92, 93] in which the inner-loop updates are sample inefficient, each player updates their
policies simultaneously at each iteration in Algorithm 2. This simultaneous updating
framework is a more realistic set-up for practical examples such as online auction
bidding.

Algorithm 2 Natural Policy Gradient Method with Known Parameters

1: Input: Number of iterations M , time horizon T , initial policies KKK(0) =
(KKK1,(0), · · · ,KKKN,(0)), step size η, model parameters {At}T−1

t=0 , {Bi
t}T−1

t=0 , {Qi
t}Tt=0, and

{Ri
t}T−1

t=0 (i = 1, · · · , N).
2: for m ∈ {1, . . . ,M} do
3: for t ∈ {T − 1, . . . , 0} do
4: for i ∈ {1, . . . , N} do
5: Calculate the matrix PKKK(m−1)

t,i for t = T − 1, . . . , 0 by

PKKK(m−1)

t,i = Qi
t + (K

i,(m−1)
t )⊤Ri

tK
i,(m−1)
t

+

(
At −

N∑
i=1

Bi
tK

i,(m−1)
t

)⊤

PKKK(m−1)

t+1,i

(
At −

N∑
i=1

Bi
tK

i,(m−1)
t

)
(3.3.6)

with PKKK(m−1)

T,i = Qi
T .

6: Calculate the matrix Ei
t by

EKKK(m−1)

t,i = Ri
tK

i,(m−1)
t − (Bi

t)
⊤PKKK(m−1)

t+1,i

(
At −

N∑
i=1

Bi
tK

i,(m−1)
t

)
. (3.3.7)

7: Update the policies using the natural gradient descent rule:

K
i,(m)
t = K

i,(m−1)
t − 2ηEKKK(m−1)

t,i . (3.3.8)

8: end for
9: end for

10: end for
11: Return the iterates KKK(M) = (KKK1,(M), · · · ,KKKN,(M)).

Remark 3.3.2. In Algorithm 2, during iteration m, each player first calculates the
solution to the backward Riccati equation in (3.3.6) based on the observations from
the previous iteration m− 1, and obtains the policy gradients in (3.3.7). The natural
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gradient method is then applied in (3.3.8) to update the policy for that iteration. Note
that (3.3.8) does not involve (ΣKKK

t )
−1 since, as we show later in Lemma 3.3.7, we have

2EKKK
t,i = ∇Ki

t
Ci(KKK)(ΣKKK

t )
−1.

We now introduce the main assumption and the main result for the natural policy
gradient method applied to the class of general-sum LQG. To start we define ρ∗ as

ρ∗ := max

{
max

0≤t≤T−1

∥∥∥∥∥At −
N∑
i=1

Bi
tK

i∗
t

∥∥∥∥∥ , 1 + δ

}
, (3.3.9)

for some small constant δ > 0, and define ψ := maxi{Ci(KKKi,(0),KKK−i∗)−Ci(KKK∗)}. Now
set

ρ̄ := ρ∗ +NγB

√
Tψ

σXXX σRRR
+

1

20T 2
. (3.3.10)

Assumption 3.3.3 (System Noise). The system parameters satisfy the following in-
equality

(σXXX)
5

∥ΣKKK∗∥
> 20(N − 1)2 T 2 d

(γB)
4(maxi{Ci(KKK∗)}+ ψ)4

σQQQ
2 σRRR

2

(
ρ̄2T − 1

ρ̄2 − 1

)2

. (3.3.11)

Note that σXXX appears on both sides of (3.3.11) and when σXXX increases, the LHS
of (3.3.11) increases while the RHS of (3.3.11) decreases. Therefore, Assumption 3.3.3
requires σXXX to be large enough such that inequality (3.3.11) holds. This can be inter-
preted as ensuring that the system needs a certain level of noise for the learning agents
to find the correct direction towards the Nash equilibrium. Assumption 3.3.3 also
imposes conditions on the initial policy KKK(0) as ψ depends on the difference between
Ci(KKKi,(0),KKK−i∗) and Ci(KKK∗).

Below we provide a set of parameters such that Assumption 3.3.3 is satisfied. In
Section 3.5 we will show that, at least in some circumstances, the natural gradient
method leads to the Nash equilibrium even when Assumption 3.3.3 is violated. This
further demonstrates the power of the natural policy gradient method in practice.

Remark 3.3.4. An example where Assumption 3.3.3 is satisfied is given below. Note
that to check that Assumption 3.3.3 holds in this example, we need to calculate Ci(KKK∗)

with KKK∗ solved from the Riccati equations given in (3.2.4)-(3.2.5), and also calculate
the parameters ρ̄, ΣKKK∗ , and ψ accordingly.
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• Parameters:

At =

0.2 0

0 0.2

 , B1
t =

0.1
0

 , B2
t =

 0

−0.1

 , W =

0.2 0

0 0.2

 ,

Q1
T = Q2

T = Q1
t = Q2

t =

0.1 0

0 0.1

 , R1
t (t) = R2

t (t) = 0.3,

and T = 1.

• Initialization: Take x0 = (x10, x
2
0) where x10, x20 are independent and sampled from

N (0.3, 0.2) and N (0.4, 0.3) respectively. The initial policies areKKK1,(0) =KKK2,(0) =

(0.2, 0.01).

Theorem 3.3.5 (Global Convergence of the Natural Policy Gradient Method). As-
sume Assumptions 3.2.1, 3.2.2, 3.2.4 hold. We also assume Assumption 3.3.3 so that

α̂ :=
σXXX σRRR
∥ΣKKK∗∥

− 20 (N − 1)2 T 2 d
(γB)

4(maxi{Ci(KKK∗)}+ ψ)4

σXXX
4 σQQQ

2 σRRR

(
ρ̄2T − 1

ρ̄2 − 1

)2

> 0. (3.3.12)

Then there exists an 0 < η0 ∈ H( 1∑N
i=1 C

i(KKKi,(0),KKK−i∗)+1
) such that for ϵ > 0, 0 < η < η0,

the cost function of the natural gradient method (3.3.5) satisfies

N∑
i=1

(
Ci(KKKi,(M),KKK−i∗)− Ci(KKK∗)

)
≤ ϵ,

whenever M ≥ 1
α̂η

log(
∑N

i=1(C
i(KKKi,(0),KKK−i∗)−Ci(KKK∗))

ϵ
).

The convergence rate developed in Theorem 3.3.5 is usually referred to as a linear
convergence rate [63] as we show that

∑N
i=1(C

i(KKKi,(m+1),KKK−i∗)−Ci(KKK∗))∑N
i=1(C

i(KKKi,(m),KKK−i∗)−Ci(KKK∗))
≤ r for some r ∈

(0, 1), which is the result of Lemma 3.3.17. This leads to the result, seen in point 2. of
the Theorem, that

∑N
i=1

(
Ci(KKKi,(M),KKK−i∗)− Ci(KKK∗)

)
= O(e−M) and therefore this is

also called an exponential convergence rate in the literature [63].
Compared to directly evaluating Ci(KKK(m)) along the training process m = 1, 2, · · · ,

M , we observe that it is more natural to analyze the cost Ci(KKKi,(m),KKK−i∗), with player
i taking policy KKKi,(m) and (as if) the other players were using optimal policies, as
conditional optimality is the essence of a Nash equilibrium. This view point is the key
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to establishing the global convergence result and this criterion is also used in all the
key lemmas as well as the proof of the main theorem.

Note that our result can be easily generalized to the setting with agent-dependent
learning rates as long as ηi < η0 holds for each agent’s step size ηi.

The proof of Theorem 3.3.5 relies on the regularity of the LQG problem, some
properties of the gradient descent dynamics, and the perturbation analysis of the second
moment matrix of the controlled dynamics.

3.3.1 Regularity of the LQG and Properties of the Gradient

Descent Dynamics

We begin with the analysis of some properties of theN -player general-sum LQG (3.2.1)-
(3.2.3). Our aim is to establish two key results Lemma 3.3.8 and Lemma 3.3.9 which
provide the gradient dominance condition and a smoothness condition on the cost func-
tion Ci(KKK) of player i with respect to the joint policy KKK from all players, respectively.

In the finite horizon setting, define PKKK
t,i as the solution to

PKKK
t,i = Qi

t + (Ki
t)

⊤Ri
tK

i
t +

(
At −

N∑
j=1

Bj
tK

j
t

)⊤

PKKK
t+1,i

(
At −

N∑
j=1

Bj
tK

j
t

)
, (3.3.13)

with terminal condition
PKKK
T,i = Qi

T .

Lemma 3.3.6. Assume Assumptions 3.2.1 holds. Then for i = 1, · · · , N , t = 0, . . . , T

the matrices PKKK
t,i defined in (3.3.13) are positive definite.

We defer the proof of Lemma 3.3.6 to Appendix B.1.
Player i’s cost under the set of policies KKK can be rewritten as

Ci(KKK) = E
[
x⊤0 P

KKK
0,ix0 +NKKK

0,i

]
,

where
NKKK

t,i = NKKK
t+1,i + Tr(WPKKK

t+1,i), NKKK
T,i = 0. (3.3.14)
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To see this,

E
[
x⊤0 P

KKK
0,ix0 +NKKK

0,i

]
= E

[
x⊤0 Q

i
0x0 + x⊤0 (K

i
0)

⊤Ri
0K

i
0x0 +

T−1∑
t=0

w⊤
t P

KKK
t+1,iwt

+ x⊤0 (A0 −
N∑
j=1

Bj
0K

j
0)

⊤PKKK
1,i(A0 −

N∑
j=1

Bj
0K

j
0)x0

]

= E

[
x⊤0 Q

i
0x0 + (ui0)

⊤Ri
0u

i
0 + x⊤1 P

KKK
1,ix1 +

T−1∑
t=1

w⊤
t P

KKK
t+1,iwt

]

= E

[
ci0(x0, u

i
0) + x⊤1 P

KKK
1,ix1 +

T−1∑
t=1

w⊤
t P

KKK
t+1,iwt

]

= E

[
ci0(x0, u

i
0) + ci1(x1, u

i
1) + x⊤2 P

KKK
2,ix2 +

T−1∑
t=2

w⊤
t P

KKK
t+1,iwt

]

= E

[
T∑
t=0

cit(xt, u
i
t)

]
.

In addition, for t = 0, 1, · · · , T − 1 and i = 1, · · · , N , define

EKKK
t,i = Ri

tK
i
t − (Bi

t)
⊤PKKK

t+1,i

(
At −

N∑
j=1

Bj
tK

j
t

)
. (3.3.15)

Then we have the following representation of the gradient terms.

Lemma 3.3.7. The policy gradients have the following representation: for t = 0, 1, · · · , T−
1,

∇Ki
t
C(KKK) = 2

(
Ri

tK
i
t − (Bi

t)
⊤PKKK

t+1,i

(
At −

N∑
j=1

Bj
tK

j
t

))
ΣKKK

t = 2EKKK
t,i Σ

KKK
t , (3.3.16)

where EKKK
t,i is defined in (3.3.15).

Proof. Expressing the cost function in terms of Ki
t and suppressing the arguments of

the cost cit,

Ci(KKK) = E

[
t−1∑
s=0

cis + cit + x⊤t+1P
KKK
t+1,ixt+1 +

T−1∑
s=t+1

w⊤
s P

KKK
s+1,iws

]
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= E

[
t−1∑
s=0

cis + x⊤t (Q
i
t + (Ki

t)
⊤Ri

tK
i
t)xt +

T−1∑
s=t+1

w⊤
s P

KKK
s+1,iws

+

x⊤t
(
At −

N∑
j=1

Bj
tK

j
t

)⊤

+ w⊤
t

PKKK
t+1,i

((
At −

N∑
j=1

Bj
tK

j
t

)
xt + wt

) .
Therefore, for i = 1, . . . , N , the gradients are given by

∇Ki
t
Ci(KKK) = 2

(
Ri

tK
i
t − (Bi

t)
⊤PKKK

t+1,i

(
At −

N∑
j=1

Bj
tK

j
t

))
ΣKKK

t .

For the policy gradient method [29, 40] in the single-agent setting, gradient dom-
ination and smoothness of the objective function are two key conditions to guarantee
the global convergence of the gradient descent methods. This is also the case for the
N -player game setting. The gradient dominance condition for each player i is proved
in Lemma 3.3.8, which indicates that for a policy KKK, the distance between Ci(KKK) and
the optimal cost Ci(KKK∗) is bounded by the sum of the magnitudes of the gradients
∇tC

i(KKK) for t = 0, 1, · · · , T − 1. The smoothness condition for each player i is proved
in Lemma 3.3.9 where the difference between Ci(KKKi′,KKK−i) and Ci(KKK) can be rewritten
as a function of KKKi′ − KKKi. The proofs of Lemmas 3.3.8 and 3.3.9 can be found in
Appendix B.1.

Lemma 3.3.8 (Gradient Dominance). Assume Assumptions 3.2.1, 3.2.2, and 3.2.4
hold. Then, for player i, we have

Ci(KKKi,KKK−i∗)− Ci(KKK∗) ≤ ∥ΣKKK∗∥
σRRR

T−1∑
t=0

Tr
(
(EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)
≤ ∥ΣKKK∗∥

4σRRR (σXXX)
2

T−1∑
t=0

Tr
(
∇Ki

t
Ci(KKKi,KKK−i∗)⊤∇Ki

t
Ci(KKKi,KKK−i∗)

)
,

and

Ci(KKKi,KKK−i∗)− Ci(KKK∗) ≥ σXXX

T−1∑
t=0

1

∥Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t∥

Tr
(
(EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)
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≥ σXXX
4∥ΣKKKi,KKK−i∗∥2

T−1∑
t=0

Tr
(
∇Ki

t
Ci(KKKi,KKK−i∗)⊤∇Ki

t
Ci(KKKi,KKK−i∗)

)
∥Ri

t + (Bi
t)

⊤PKKKi,KKK−i∗

t+1,i Bi
t∥

.

Lemma 3.3.9 (Almost Smoothness). For two sets of policies KKK and (KKKi′,KKK−i), we
have that

Ci(KKKi′,KKK−i)− Ci(KKK) =
T−1∑
t=0

[
Tr
(
ΣKKKi′,KKK−i

t (Ki′
t −Ki

t)
⊤(Ri

t + (Bi
t)

⊤PKKK
t+1,iB

i
t)(K

i′
t −Ki

t)
)

+2Tr
(
ΣKKKi′,KKK−i

t (Ki′
t −Ki

t)
⊤EKKK

t,i

)]
.

To utilize Lemmas 3.3.8 and 3.3.9 in the proof of Theorem 3.3.5, we need to further
bound PKKK

t,i and ΣKKK , which is provided below in Lemma 3.3.10. We defer the proof of
Lemma 3.3.10 to Appendix B.1.

Lemma 3.3.10. Assume Assumptions 3.2.1 and 3.2.2 hold. Then for t = 0, 1, . . . , T

and i = 1, . . . , N ∥∥PKKK
t,i

∥∥ ≤ Ci(KKK)

σXXX
, ∥ΣKKK∥ ≤ Ci(KKK)

σQQQ
.

3.3.2 Perturbation Analysis of the Second Moment Matrix

Our aim in this section is to provide an explicit control of the change in the E[xKKKt (xKKKt )⊤]
matrix after a change in policy KKKi. We begin by defining two linear operators on
symmetric matrices. For X ∈ Rd×d we set

FKt(X) :=
(
At −

N∑
j=1

Bj
tK

j
t

)
X
(
At −

N∑
j=1

Bj
tK

j
t

)⊤
, (3.3.17)

and

TKKK(X) := X +
T−1∑
t=0

Πt
i=0

(
At −

N∑
j=1

Bj
tK

j
t

)
X Πt

i=0

(
At−i −

N∑
j=1

Bj
t−iK

j
t−i

)⊤
.
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Here similar to Chapter 2, Π denotes the repeated multiplication from the left. If we
write GKKK

t = FKt ◦ FKt−1 ◦ · · · ◦ FK0 , then the following relationships hold:

GKKK
t (X) = FKt ◦ GKKK

t−1(X) = Πt
i=0

(
At −

N∑
j=1

Bj
tK

j
t

)
X Πt

i=0

(
At−i −

N∑
j=1

Bj
t−iK

j
t−i

)⊤
,

(3.3.18)
and

TKKK(X) = X +
T−1∑
t=0

GKKK
t (X). (3.3.19)

When the policy KKK is clear we will write Gt = GKKK
t and Ft = FKt . We first show the

relationship between the operator TKKK and the quantity ΣKKK .

Proposition 3.3.11. For T ≥ 2, we have that

ΣKKK = TKKK(Σ0) + ∆KKK(W ), (3.3.20)

where

∆KKK(W ) =
T−1∑
t=1

t∑
s=1

Dt,sWD⊤
t,s + T W,

with Dt,s = Πt
u=s(Au −

∑N
j=1B

j
uK

j
u) (for s = 1, 2, · · · , t), and Σ0 = E

[
x0x

⊤
0

]
.

We defer the proof of Proposition 3.3.11 to Appendix B.2.
Given two policies KKK and KKK ′ = (KKK1′, · · · ,KKKN ′), let us define

ρKKK,KKK′ := max

{
max

i

{
max

0≤t≤T−1

∥∥∥∥At −Bi
tK

i
t −

N∑
j=1,j ̸=i

Bj
tK

j∗
t

∥∥∥∥}, max
0≤t≤T−1

∥∥∥∥At −
N∑
i=1

Bi
tK

i
t

∥∥∥∥,
max

i

{
max

0≤t≤T−1

∥∥∥∥At −Bi
tK

i′
t −

N∑
j=1,j ̸=i

Bj
tK

j∗
t

∥∥∥∥},
max

i

{
max

0≤t≤T−1

∥∥∥∥At −Bi
tK

i′
t −

N∑
j=1,j ̸=i

Bj
tK

j
t

∥∥∥∥}, 1 + ξ

}
,

(3.3.21)

for some small constant ξ > 0.
For any given policy KKK, max0≤t≤T−1

∥∥∥At −
∑N

j=1B
j
tK

j
t

∥∥∥ measures the radius of the
state dynamics under policy KKK. Thus ρKKK,KKK′ defined in (3.3.21) is the maximum radius
of the policies KKK, (KKKi,KKK−i∗), (KKKi′,KKK−i∗), and (KKKi′,KKK−i) (i = 1, 2, · · · , N). We will
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show later that the value (or the upper bound) of ρKKK,KKK′ plays an essential role in the
convergence analysis.

Remark 3.3.12. By the definition of ρKKK,KKK′ in (3.3.21), we have ρKKK,KKK′ ≥ 1 + ξ > 1.
This regularization term 1+ξ is introduced to simplify the presentation. Alternatively,
if we remove this term from the definition of ρKKK,KKK′ , a similar analysis can still be carried
out by considering the different cases: ρKKK,KKK′ < 1, ρKKK,KKK′ = 1 and ρKKK,KKK′ > 1.

We now provide an upper bound for ρKKK,KKK′ .

Lemma 3.3.13. Assume Assumption 3.2.4 holds. Then,

ρKKK,KKK′ ≤ ρ∗ +NγB

√
T

σXXX σRRR
max

i

{
Ci(KKKi,KKK−i∗)− Ci(KKK∗)

}
+ γB max

i

{
∥Ki′

t −Ki
t∥
}

(3.3.22)
where ρ∗ was defined in (3.3.9).

Proof. By Lemma 3.3.9, we have

Ci(KKKi,KKK−i∗)− Ci(KKK∗)

=
T−1∑
t=0

[
Tr
(
ΣKKKi,KKK−i∗

t (Ki
t −Ki∗

t )⊤(Ri
t + (Bi

t)
⊤PKKK∗

t+1,iB
i
t)(K

i
t −Ki∗

t )
)]

≥ σXXX σRRR

T−1∑
t=0

∥Ki
t −Ki∗

t ∥2 ≥ σXXX σRRR
T

∣∣∣∣∣∣KKKi −KKKi∗∣∣∣∣∣∣2. (3.3.23)

Applying this we have∥∥∥∥∥At −
N∑
j=1

Bj
tK

j
t

∥∥∥∥∥ ≤

∥∥∥∥∥At −
N∑
j=1

Bj
tK

j∗
t

∥∥∥∥∥+
N∑
j=1

∥Bj
t ∥ ∥K

j
t −Kj∗

t ∥

≤

∥∥∥∥∥At −
N∑
j=1

Bj
tK

j∗
t

∥∥∥∥∥+ γB

N∑
j=1

∣∣∣∣∣∣KKKj −KKKj∗∣∣∣∣∣∣
≤

∥∥∥∥∥At −
N∑
j=1

Bj
tK

j∗
t

∥∥∥∥∥+NγB

√
T maxj{Cj(KKKj,KKK−j∗)− Cj(KKK∗)}

σXXX σRRR
.

(3.3.24)
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Also, by the triangle inequality we have∥∥∥∥∥At −
N∑

j=1,j ̸=i

Bj
tK

j
t −Bi

tK
i′
t

∥∥∥∥∥ ≤

∥∥∥∥∥At −
N∑
j=1

Bj
tK

j
t

∥∥∥∥∥+ γB∥Ki′
t −Ki

t∥. (3.3.25)

and∥∥∥∥∥At −
N∑

j=1,j ̸=i

Bj
tK

j∗
t −Bi

tK
i′
t

∥∥∥∥∥ ≤

∥∥∥∥∥At −
N∑

j=1,j ̸=i

Bj
tK

j∗
t −Bi

tK
i
t

∥∥∥∥∥+ γB∥Ki′
t −Ki

t∥.

(3.3.26)

Finally, applying (3.3.23),

∥∥∥∥∥At −
N∑

j=1,j ̸=i

Bj
tK

j∗
t −Bi

tK
i
t

∥∥∥∥∥ ≤

∥∥∥∥∥At −
N∑
j=1

Bj
tK

j∗
t

∥∥∥∥∥+ γB∥Ki∗
t −Ki

t∥

≤

∥∥∥∥∥At −
N∑
j=1

Bj
tK

j∗
t

∥∥∥∥∥
+γB

√
T

σXXX σRRR

(
Ci(KKKi,KKK−i∗)− Ci(KKK∗)

)
.

(3.3.27)

Therefore combining (3.3.24)-(3.3.27), we obtain the statement (3.3.22).

Recall the definition of Ft = FKt and Gt = GKKK
t in (3.3.17) and (3.3.18) associated

with KKK, similarly let us define Gi′
t = FKi′

t ,K−i
t

◦ FKi′
t−1,K

−i
t−1

◦ · · · ◦ FKi′
0 ,K−i

0
for the set

of policies (KKKi′,KKK−i) and write F i′
t = FKi′

t ,K−i
t

. Also recall that the operator norm is
defined in Section 2.3.2. We now establish a perturbation analysis for Ft and Gt.

Lemma 3.3.14. For all t = 0, 1, · · · , T − 1, we have

∥Ft −F i′
t ∥ ≤ 2ρKKK,KKK′γB∥Ki

t −Ki′
t ∥. (3.3.28)

We defer the proof of Lemma 3.3.14 to Appendix B.2.

Lemma 3.3.15 (Perturbation Analysis for Gt). For any symmetric matrix Σ ∈ Rd×d
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and i = 1, · · · , N , we have that

T−1∑
t=0

∥∥∥(Gt − Gi′
t )(Σ)

∥∥∥ ≤
ρ2TKKK,KKK′ − 1

ρ2KKK,KKK′ − 1

( T−1∑
t=0

∥Ft −F i′
t ∥
)
∥Σ∥.

We defer the proof of Lemma 3.3.15 to Appendix B.2.
Recall that γA, γB, and γR are defined in (3.3.4). Then we have the following

perturbation analysis of ΣKKK .

Lemma 3.3.16 (Perturbation Analysis of ΣKKK). Assume Assumption 3.2.1 holds. Then

∥∥∥ΣKKK − ΣKKKi′,KKK−i

∥∥∥ ≤ 2γB
ρKKK,KKK′(ρ2TKKK,KKK′ − 1)

ρ2KKK,KKK′ − 1

(
Ci(KKKi,KKK−i∗)

σQQQ
+ T∥W∥

) ∣∣∣∣∣∣KKKi −KKKi′∣∣∣∣∣∣.
Proof. Using Lemma 3.3.14,

T−1∑
t=0

∥Ft −F i′
t ∥ ≤ 2ρKKK,KKK′γB

T−1∑
t=0

∥Ki
t −Ki′

t ∥.

Define Di′
t,s = Πt

u=s(Au − Bi
uK

i′
u −

∑N
j=1,j ̸=iB

j
uK

j
u) (for s = 1, 2, · · · , t). Then, in a

similar way to the proof of Lemma 3.3.15, we have, ∀ t = 1, · · · , T − 1,

t∑
s=1

∥∥Dt,sWD⊤
t,s −Di′

t,sW (Di′
t,s)

⊤∥∥ ≤
ρ2TKKK,KKK′ − 1

ρ2KKK,KKK′ − 1

(
t∑

s=0

∥Fs −F i′
s ∥

)
∥W∥. (3.3.29)

By Proposition 3.3.11, (3.3.19) and (3.3.29), we have

∥∥∥ΣKKK − ΣKKKi′,KKK−i

∥∥∥ ≤
∥∥∥(TKKK − TKKKi′,KKK−i)(Σ0)

∥∥∥+ T−1∑
t=1

t∑
s=1

∥∥∥Dt,sWD⊤
t,s −Di′

t,sW (Di′
t,s)

⊤
∥∥∥

≤
ρ2TKKK,KKK′ − 1

ρ2KKK,KKK′ − 1

( T−1∑
t=0

∥Ft −F i′
t ∥
)
(∥Σ0∥+ T∥W∥)

≤
ρ2TKKK,KKK′ − 1

ρ2KKK,KKK′ − 1

(
Ci(KKKi,KKK−i∗)

σQQQ
+ T∥W∥

)(
2ρKKK,KKK′γB

∣∣∣∣∣∣KKKi −KKKi′∣∣∣∣∣∣).
(3.3.30)

The last inequality holds since ∥Σ0∥ ≤ ∥ΣKKKi,KKK−i∗∥ ≤ Ci(KKKi,KKK−i∗)
σQQQ

by Lemma 3.3.10.
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3.3.3 Convergence and Complexity Analysis

We are now in a position to provide the proof of our main Theorem 3.3.5. This will
follow from two important Lemmas. First, define

ρKKK := ρ∗ +NγB

√
T

σXXX σRRR
max

i

{
Ci(KKKi,KKK−i∗)− Ci(KKK∗)

}
+

1

20T 2
. (3.3.31)

Further define g1 and g2 as follows:

g1 :=
σRRR

∥ΣKKK∗∥
, (3.3.32)

and

g2 := 20(N − 1)2 T 2 d
(γB)

4maxi{Ci(KKKi,KKK−i∗)}4

σQQQ
2 σRRR

(
ρ2TKKK − 1

ρ2KKK − 1

)2

. (3.3.33)

We also write Ci,−i∗ = Ci(KKKi,KKK−i∗), Ci∗ = Ci(KKK∗) and Ci′,−i∗ = Ci(KKKi′,KKK−i∗) to
simplify notation.

Lemma 3.3.17 (One-step contraction). Assume Assumptions 3.2.1, 3.2.2, and 3.2.4
hold, and that

σXXX
5 >

g2
g1
. (3.3.34)

Also assume the policy update step for player i at time t is given by

Ki′
t = Ki

t − η∇Ki
t
Ci(KKK)(ΣKKK

t )
−1, (3.3.35)

where
η ≤ min

{
I1 , I2 ,

1

σRRR

}
(3.3.36)
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with

I1 =

{
20T

ρKKK(ρ
2T
KKK − 1)

ρ2KKK − 1

(
N∑
i=1

Ci,−i∗ + σQQQ T∥W∥

)
γB max

i
{max

t
{∥∇Ki

t
Ci(KKK)∥}}

+σQQQ(σXXX)
2 + 4

(
γR σXXX +(γB)

2

N∑
i=1

Ci,−i∗) N∑
i=1

{Ci,−i∗}

}−1

· σQQQ(σXXX)2,

I2 =

(max
i

{ki}
)10T∑N

i=1C
i,−i∗

(10T − 1)σQQQ

(
γR + (γB)

2

∑N
i=1C

i,−i∗

σXXX

)
+
2d

σXXX

(
10T

∑N
i=1C

i,−i∗

(10T − 1)σQQQ

)2

(
γR + (γB)

2

∑N
i=1C

i,−i∗

σXXX

)2


−1

· d

80σXXX

(
10T mini{Ci∗}
(10T − 1)σQQQ

)2

.

Let α := σXXX g1 − g2/ σXXX
4 > 0. Then, we have

1. η ∈ (0, 1
α
); and

2. the following inequality holds

N∑
i=1

(
Ci(KKKi′,KKK−i∗)− Ci(KKK∗)

)
≤ (1− αη)

(
N∑
i=1

(
Ci(KKKi,KKK−i∗)− Ci(KKK∗)

))
.

(3.3.37)

Remark 3.3.18. (1) In the one-step contraction analysis (Lemma 3.3.17), (3.3.34)
imposes a condition on C(KKKi,KKK−i∗) which is associated with the current policy KKK.
In the analysis of the global convergence result (Theorem 3.3.5), (3.3.11) imposes a
similar condition on C(KKKi,(0),KKK−i∗) which is associated with the initial policy KKK(0).
Condition (3.3.11) in Assumption 3.3.3 and the step size condition in Theorem 3.3.5
guarantee that, condition (3.3.34) holds for any KKK = KKK(m) throughout the training
process (m = 1, 2, · · · ,M). This further ensures that the one-step contraction analysis
in Lemma 3.3.17 can be applied iteratively which leads to the global convergence result
as stated in Theorem 3.3.5.
(2) Note that the numbers such as 20 and 80 that appear in I1, I2 are not arbitrary
and, although some minor improvements can be made by optimizing at various stages,
they enable us to obtain reasonable bounds.

Proof. We break this proof up into a series of steps.
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Step 1: We first consider the consequences of the condition η ≤ min{I1, I2}. Straight-
forward calculations show that when condition η ≤ I1 is satisfied, the following in-
equalities hold:

1. ∀i = 1, · · · , N ,

∥Ki′
t −Ki

t∥ = η∥∇Ki
t
Ci(KKK)Σ−1

t ∥ ≤
σQQQ σXXX

20TγBCi,−i∗ . (3.3.38)

2. ∀i = 1, · · · , N ,

η

(
ρ2TKKK − 1

ρ2KKK − 1

(
Ci,−i∗

σQQQ
+ T∥W∥

)
2ρKKK

γB
σXXX

T−1∑
t=0

∥∇Ki
t
Ci(KKK)∥

)

≤ I1

(
ρ2TKKK − 1

ρ2KKK − 1

(∑N
i=1C

i,−i∗

σQQQ
+ T∥W∥

)
2ρKKK

γB
σXXX

T max
t

{∥∇Ki
t
Ci(KKK)∥}

)
≤ σXXX

10
. (3.3.39)

3. ∀i = 1, · · · , N ,

η ≤ I1 ≤ σXXX
σXXX +22Ci,−i∗

σQQQ
(γR + γ2B

Ci,−i∗

σXXX
)
. (3.3.40)

In the case where η ≤ I2, we have ∀i = 1, · · · , N

4η ki
10TCi,−i∗

(10T − 1)σQQQ

(
γR + (γB)

2C
i,−i∗

σXXX

)
+8η

d

σXXX

(
10TCi,−i∗

(10T − 1)σQQQ

)2(
γR + (γB)

2C
i,−i∗

σXXX

)2

≤ 4I2

(
ki

10TCi,−i∗

(10T − 1)σQQQ

(
γR + (γB)

2C
i,−i∗

σXXX

)
+2

d

σXXX

(
10TCi,−i∗

(10T − 1)σQQQ

)2(
γR + (γB)

2C
i,−i∗

σXXX

)2
)

≤ d

20σXXX

(
10T mini{Ci∗}
(10T − 1)σQQQ

)2

≤ d

20σXXX

(
10T maxi{Ci,−i∗}
(10T − 1)σQQQ

)2

. (3.3.41)

By (3.3.38) and Lemma 3.3.10 we have

γB∥Ki′
t −Ki

t∥ ≤
σQQQ σXXX

20TCi,−i∗ ≤ 1

20T 2
.
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Therefore, we have ρKKK,KKK′ ≤ ρKKK by Lemma 3.3.13.

Step 2: We bound the norm of the second moment matrix of the state. By Lemma
3.3.14,

T−1∑
t=0

∥FKi
t ,K

−i∗
t

−FKi′
t ,K−i∗

t
∥ ≤ 2ρKKKγB

(
T−1∑
t=0

∥Ki
t −Ki′

t ∥

)
,

and hence by Lemma 3.3.16, we have

∥∥∥ΣKKKi,KKK−i∗ − ΣKKKi′,KKK−i∗

∥∥∥ ≤ ρ2TKKK − 1

ρ2KKK − 1

(
T−1∑
t=0

∥FKi
t ,K

−i∗
t

−FKi′
t ,K−i∗

t
∥

)
(∥Σ0∥+ T∥W∥)

≤ ρ2TKKK − 1

ρ2KKK − 1

(
Ci,−i∗

σQQQ
+ T∥W∥

)
2ρKKKγB

∣∣∣∣∣∣KKKi −KKKi′∣∣∣∣∣∣
≤ ρ2TKKK − 1

ρ2KKK − 1

(
Ci,−i∗

σQQQ
+ T∥W∥

)
2ρKKKγB

η

σXXX

T−1∑
t=0

∥∇Ki
t
Ci(KKK)∥

≤ σXXX
10
, (3.3.42)

where the last inequality holds by (3.3.39) when
∑T−1

t=0 ∥∇Ki
t
Ci(KKK∥ > 0. Note that

when
∑T−1

t=0 ∥∇Ki
t
Ci(KKK)∥ = 0, we have

∥∥∥ΣKKKi,KKK−i∗ − ΣKKKi′,KKK−i∗

∥∥∥ = 0 <
σXXX

10
and hence

(3.3.42) still holds in this case. Therefore, by Lemma 3.3.10, and noting σXXX ≤
∥ΣKKKi′,KKK−i∗∥/T ,

∥∥ΣKKKi′,KKK−i∗
∥∥ ≤

∥∥ΣKKKi′,KKK−i∗ − ΣKKKi,KKK−i∗
∥∥+ ∥∥ΣKKKi,KKK−i∗

∥∥ ≤ σXXX
10

+
Ci,−i∗

σQQQ

≤
∥∥ΣKKKi′,KKK−i∗

∥∥
10T

+
Ci,−i∗

σQQQ
, (3.3.43)

which leads to ∥∥ΣKKKi′,KKK−i∗
∥∥ ≤ 10T Ci,−i∗

(10T − 1)σQQQ
. (3.3.44)

Step 3: We now bound ∥PKKK
t,i−P

KKKi,KKK−i∗

t,i ∥ by
∑N

j=1,j ̸=i |||KKKj −KKKj∗||| whereKKK = (KKKi,KKK−i).

∥∥∥PKKK
t,i − PKKKi,KKK−i∗

t,i

∥∥∥
=

∥∥∥∥∥(At −
N∑
j=1

Bj
tK

j
t

)⊤
PKKK
t+1,i

(
At −

N∑
j=1

Bj
tK

j
t

)
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−
(
At −Bi

tK
i
t −

N∑
j=1,j ̸=i

Bj
tK

j∗
t

)⊤
PKKKi,KKK−i∗

t+1,i

(
At −Bi

tK
i
t −

N∑
j=1,j ̸=i

Bj
tK

j∗
t

)∥∥∥∥∥
≤

∥∥∥∥∥(At −
N∑
j=1

Bj
tK

j
t

)⊤(
PKKK
t+1,i − PKKKi,KKK−i∗

t+1,i

)(
At −

N∑
j=1

Bj
tK

j
t

)∥∥∥∥∥
+

∥∥∥∥∥(At −
N∑
j=1

Bj
tK

j
t

)⊤
PKKKi,KKK−i∗

t+1,i

(
At −

N∑
j=1

Bj
tK

j
t

)
−
(
At −Bi

tK
i
t −

N∑
j=1,j ̸=i

Bj
tK

j∗
t

)⊤
PKKKi,KKK−i∗

t+1,i

(
At −Bi

tK
i
t −

N∑
j=1,j ̸=i

Bj
tK

j∗
t

)∥∥∥∥∥
≤ ρ2KKK

∥∥∥PKKK
t+1,i − PKKKi,KKK−i∗

t+1,i

∥∥∥+ 2ρKKKγB

∥∥∥PKKKi,KKK−i∗

t+1,i

∥∥∥ N∑
j=1,j ̸=i

∥∥Kj
t −Kj∗

t

∥∥ , (3.3.45)

where the last inequality holds by letting X = PKKKi,KKK−i∗

t+1,i , Y = At −
∑N

j=1B
j
tK

j
t , and

Z = At − Bi
tK

i
t −

∑N
j=1,j ̸=iB

j
tK

j∗
t in (B.2.2). Since

∥∥∥PKKK
T,i − PKKKi,KKK−i∗

T,i

∥∥∥ = 0 holds at
terminal time T , we obtain ∀t = 0, · · · , T − 1,

∥∥∥PKKK
t,i − PKKKi,KKK−i∗

t,i

∥∥∥ ≤ 2γBC
i,−i∗

σXXX

ρKKK(ρ
2(T−t)
KKK − 1)

ρ2KKK − 1

T−1∑
s=t

(
N∑

j=1,j ̸=i

∥∥Kj
s −Kj∗

s

∥∥) . (3.3.46)

Therefore, ∀t = 0, 1, · · · , T − 1,

∥∥∥EKKK
t,i − EKKKi,KKK−i∗

t,i

∥∥∥
=

∥∥∥∥∥∥(Bi
t)

⊤
(
PKKK
t+1,i − PKKKi,KKK−i∗

t+1,i

)(
At −

N∑
j=1

Bj
tK

j
t

)
− (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i

N∑
j=1,j ̸=i

Bj
t (K

j
t −Kj∗

t )

∥∥∥∥∥∥
≤ ρKKKγB∥PKKK

t+1,i − PKKKi,KKK−i∗

t+1,i ∥+ (γB)
2C

i,−i∗

σXXX

N∑
j=1,j ̸=i

∥Kj
t −Kj∗

t ∥ (3.3.47)

≤ (γB)
2Ci,−i∗

σXXX

(2ρ2KKK(ρ
2(T−t−1)
KKK − 1)

ρ2KKK − 1

T−1∑
s=t+1

N∑
j=1,j ̸=i

∥Kj
s −Kj∗

s ∥+
N∑

j=1,j ̸=i

∥Kj
t −Kj∗

t ∥
)
(3.3.48)

≤ (γB)
2Ci,−i∗

σXXX

(2(ρ2(T−t)
KKK − 1)

ρ2KKK − 1

T−1∑
s=t

( N∑
j=1,j ̸=i

∥Kj
s −Kj∗

s ∥
))

≤ (γB)
2Ci,−i∗

σXXX

(2(ρ2TKKK − 1)

ρ2KKK − 1

N∑
j=1,j ̸=i

∣∣∣∣∣∣KKKj −KKKj∗∣∣∣∣∣∣), (3.3.49)

where (3.3.47) holds by (3.3.15), and (3.3.48) holds by (3.3.46).
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Step 4: We can now estimate the cost difference between using KKKi and the update KKKi′.
By Lemma 3.3.9 we have

Ci′,−i∗ − Ci,−i∗

=
T−1∑
t=0

[
Tr
(
ΣKKKi′,KKK−i∗

t (Ki′
t −Ki

t)
⊤(Ri

t + (Bi
t)

⊤PKKKi,KKK−i∗

t+1,i Bi
t)(K

i′
t −Ki

t)
)

+2Tr
(
ΣKKKi′,KKK−i∗

t (Ki′
t −Ki

t)
⊤EKKKi,KKK−i∗

t,i

)]
.

Using the definition of KKKi′ and the expression for the gradient from Lemma 3.3.7

Ci′,−i∗ − Ci,−i∗

=

T−1∑
t=0

[
4η2Tr

(
ΣKKKi′,KKK−i∗

t (EKKK
t,i − EKKKi,KKK−i∗

t,i + EKKKi,KKK−i∗

t,i )⊤ ·

(Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t)(E

KKK
t,i − EKKKi,KKK−i∗

t,i + EKKKi,KKK−i∗

t,i )
)

−4ηTr
(
ΣKKKi′,KKK−i∗

t (EKKK
t,i − EKKKi,KKK−i∗

t,i + EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)]
=

T−1∑
t=0

[
4η2Tr

(
ΣKKKi′,KKK−i∗

t (EKKK
t,i − EKKKi,KKK−i∗

t,i )⊤(Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t)(E

KKK
t,i − EKKKi,KKK−i∗

t,i )
)

+8η2Tr
(
ΣKKKi′,KKK−i∗

t (EKKK
t,i − EKKKi,KKK−i∗

t,i )⊤(Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t)E

KKKi,KKK−i∗

t,i

)
+4η2Tr

(
ΣKKKi′,KKK−i∗

t (EKKKi,KKK−i∗

t,i )⊤(Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t)E

KKKi,KKK−i∗

t,i

)
−4ηTr

(
ΣKKKi′,KKK−i∗

t (EKKK
t,i − EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)
−4ηTr

(
ΣKKKi′,KKK−i∗

t (EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)]
.

Now, letting ω2 = 2
σXXX

in

2Tr(A⊤B) = Tr(A⊤B +B⊤A) ≤ ω2Tr(A⊤A) +
1

ω2
Tr(B⊤B),

(which holds for any matrices A and B of the same dimension) we have

Ci′,−i∗ − Ci,−i∗

≤
T−1∑
t=0

[
4η2Tr

(
ΣKKKi′,KKK−i∗

t (EKKK
t,i − EKKKi,KKK−i∗

t,i )⊤(Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t)(E

KKK
t,i − EKKKi,KKK−i∗

t,i )
)

+8η2
σXXX
4

Tr
(
(EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)
+ 8η2

1

σXXX
Tr
(
ΣKKKi′,KKK−i∗

t (EKKK
t,i − EKKKi,KKK−i∗

t,i )⊤ ·
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(Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t)(R

i
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t)(E

KKK
t,i − EKKKi,KKK−i∗

t,i )ΣKKKi′,KKK−i∗

t

)
+4η2Tr

(
ΣKKKi′,KKK−i∗

t (EKKKi,KKK−i∗

t,i )⊤(Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t)E

KKKi,KKK−i∗

t,i

)
+4η

1

σXXX
Tr
(
ΣKKKi′,KKK−i∗

t (EKKK
t,i − EKKKi,KKK−i∗

t,i )⊤(EKKK
t,i − EKKKi,KKK−i∗

t,i )ΣKKKi′,KKK−i∗

t

)
+4η

σXXX
4

Tr
(
(EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)
− 4η σXXX Tr

(
(EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)]
≤

T−1∑
t=0

[(
4η2∥ΣKKKi′,KKK−i∗

t ∥Tr
(
Ri

t + (Bi
t)

⊤PKKKi,KKK−i∗

t+1,i Bi
t

)
+

8η2

σXXX
∥Ri

t + (Bi
t)

⊤PKKKi,KKK−i∗

t+1,i Bi
t∥2 ·

Tr
(
ΣKKKi′,KKK−i∗

t ΣKKKi′,KKK−i∗

t

)
+

4η

σXXX
Tr
(
ΣKKKi′,KKK−i∗

t ΣKKKi′,KKK−i∗

t

))
∥EKKK

t,i − EKKKi,KKK−i∗

t,i ∥2

+
(
2η2 σXXX +4η2∥ΣKKKi′,KKK−i∗

t ∥∥Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t∥+ η σXXX −4η σXXX

)
·

Tr
(
(EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)]
. (3.3.50)

Now, using (3.3.44), we can bound the step size condition in (3.3.40) by

η ≤ σXXX

σXXX +2∥ΣKKKi′,KKK−i∗

t ∥∥Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t∥
.

This gives

2η2 σXXX +4η2
∥∥∥ΣKKKi′,KKK−i∗

t

∥∥∥∥∥∥Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t

∥∥∥+ η σXXX −4η σXXX ≤ −η σXXX .

Hence, using this in (3.3.50), we have

Ci′,−i∗ − Ci,−i∗ ≤ η hidiff

T−1∑
t=0

∥EKKK
t,i − EKKKi,KKK−i∗

t,i ∥2 − η σXXX

T−1∑
t=0

Tr
(
(EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)
,

(3.3.51)
where

hidiff := 4η ki
10TCi,−i∗

(10T − 1)σQQQ

(
γR + (γB)

2C
i,−i∗

σXXX

)
+ 8η

d

σXXX

(
10TCi,−i∗

(10T − 1)σQQQ

)2

·(
γR + (γB)

2C
i,−i∗

σXXX

)2

+ 4
d

σXXX

(
10TCi,−i∗

(10T − 1)σQQQ

)2

.

Therefore, by (3.3.44), (3.3.49), Lemma 3.3.8, and Lemma 3.3.10,

Ci′,−i∗ − Ci,−i∗ ≤ η hidiff T

[
(γB)

2Ci,−i∗

σXXX

2(ρ2TKKK − 1)

ρ2KKK − 1

N∑
j=1,j ̸=i

∣∣∣∣∣∣KKKj −KKKj∗∣∣∣∣∣∣]2
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−η σXXX
T−1∑
t=0

Tr
(
(EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)
≤ η hglob

( N∑
j=1,j ̸=i

∣∣∣∣∣∣KKKj −KKKj∗∣∣∣∣∣∣)2 − η
σXXX σRRR
∥ΣKKK∗∥

(
Ci,−i∗ − Ci∗),

(3.3.52)

where

hglob = 4T

[
η ki

10T maxi{Ci,−i∗}
(10T − 1)σQQQ

(
γR + (γB)

2maxi{Ci,−i∗}
σXXX

)
+2η

d

σXXX

(
10T maxi{Ci,−i∗}
(10T − 1)σQQQ

)2(
γR + (γB)

2maxi{Ci,−i∗}
σXXX

)2

+
d

σXXX

(
10T maxi{Ci,−i∗}
(10T − 1)σQQQ

)2
]
·
[
(γB)

2maxi{Ci,−i∗}
σXXX

2(ρ2TKKK − 1)

ρ2KKK − 1

]2
.

(3.3.53)

Step 5: Finally we can establish the one step contraction. Using (3.3.52), we have

Ci′,−i∗ − Ci∗ = Ci′,−i∗ − Ci,−i∗ + Ci,−i∗ − Ci∗

≤
(
1− η

σXXX σRRR
∥ΣKKK∗∥

)(
Ci,−i∗ − Ci∗)+ η hglob

( N∑
j=1,j ̸=i

∣∣∣∣∣∣KKKj −KKKj∗∣∣∣∣∣∣)2.
(3.3.54)

Hence by Lemma 3.3.9 and (3.3.23), we have

N∑
j=1,j ̸=i

(
Cj,−j∗ − Cj∗) ≥ σXXX σRRR

T

N∑
j=1,j ̸=i

∣∣∣∣∣∣KKKj −KKKj∗∣∣∣∣∣∣2 ≥ σXXX σRRR
(∑N

j=1,j ̸=i |||KKKj −KKKj∗|||
)2

T (N − 1)
,

and thus

Ci′,−i∗ − Ci∗ ≤
(
1− η

σXXX σRRR
∥ΣKKK∗∥

)(
Ci,−i∗ − Ci∗)+ η hglob

T (N − 1)

σXXX σRRR

( N∑
j=1,j ̸=i

(Cj,−j∗ − Cj∗)
)
.

(3.3.55)
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Summing up (3.3.55) for i = 1, · · · , N , we have

N∑
i=1

(
Ci′,−i∗ − Ci∗) ≤ (1− η

σXXX σRRR
∥ΣKKK∗∥

+ η(N − 1)hglob
T (N − 1)

σXXX σRRR

)( N∑
i=1

(Ci,−i∗ − Ci∗)
)
.

(3.3.56)
Since η ≤ I2, we have (3.3.41) and then

hidiff ≤ (4 +
1

20
)
d

σXXX

(
10T maxi{Ci,−i∗}
(10T − 1)σQQQ

)2

≤ 5
d

σXXX

(
maxi{Ci,−i∗}

σQQQ

)2

,

and
hglob ≤ h̄glob,

where h̄glob is given by

h̄glob = 5T d
maxi{Ci,−i∗}4(γB)4

σQQQ
2 σXXX

3

[
2(ρ2TKKK − 1)

ρ2KKK − 1

]2
. (3.3.57)

Under condition (3.3.34), we have

σXXX g1 −
g2
σXXX

4
=
σXXX σRRR
∥ΣKKK∗∥

− (N − 1)2h̄glob
T

σXXX σRRR
> 0,

which indicates that αη > 0. Since η ≤ 1
σRRR

, we have

η <
∥ΣKKK∗∥
σXXX σRRR

<

(
σXXX σRRR
∥ΣKKK∗∥

− (N − 1)2h̄glob
T

σXXX σRRR

)−1

=

(
σXXX g1 −

g2
σXXX

4

)−1

.

Therefore we have αη < 1. Along with (3.3.56), we obtain the one-step contraction
(3.3.37).

Lemma 3.3.19. Assume Assumptions 3.2.1, 3.2.2, and 3.2.4 hold. Then we have that
for player i,

T−1∑
t=0

∥∇Ki
t
Ci(KKK)∥2 ≤ 8

{ρ2(T+1)
KKK − 1

ρ2KKK − 1
∥Σ0∥+

ρ2TKKK − 1

ρ2KKK − 1
T ∥W∥

}2

·

{
d
T 2 (N − 1)

σXXX σRRR

[(γB)2∑N
i=1C

i(KKKi,KKK−i∗)

σXXX

2(ρ2TKKK − 1)

ρ2KKK − 1

]2
·
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( N∑
j=1,j ̸=i

(Cj(KKKj,KKK−j∗)− Cj(KKK∗))
)

+
σXXX γR + (γB)

2
∑N

i=1C
i(KKKi,KKK−i∗)

σXXX
2

(
Ci(KKKi,KKK−i∗)− Ci(KKK∗)

)}
.

(3.3.58)

Proof. Using Lemma 3.3.7, we have

T−1∑
t=0

∥∇Ki
t
Ci(KKK)∥2 ≤ 4

T−1∑
t=0

Tr
(
ΣKKK

t (E
KKK
t,i)

⊤EKKK
t,iΣ

KKK
t

)
≤ 4 (∥ΣKKK∥)2

T−1∑
t=0

Tr
(
(EKKK

t,i)
⊤EKKK

t,i

)
,

(3.3.59)
and

T−1∑
t=0

Tr
(
(EKKK

t,i)
⊤EKKK

t,i

)
=

T−1∑
t=0

Tr
(
(EKKK

t,i − EKKKi,KKK−i∗

t,i + EKKKi,KKK−i∗

t,i )⊤(EKKK
t,i − EKKKi,KKK−i∗

t,i + EKKKi,KKK−i∗

t,i )
)

≤ 2
T−1∑
t=0

Tr
(
(EKKK

t,i − EKKKi,KKK−i∗

t,i )⊤(EKKK
t,i − EKKKi,KKK−i∗

t,i )
)

+2
T−1∑
t=0

Tr
(
(EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)
≤ 2d

T−1∑
t=0

∥∥∥EKKK
t,i − EKKKi,KKK−i∗

t,i

∥∥∥2 + 2
T−1∑
t=0

Tr
(
(EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)
. (3.3.60)

By (3.3.23), (3.3.49), we have

T−1∑
t=0

∥∥∥EKKK
t,i − EKKKi,KKK−i∗

t,i

∥∥∥2
≤ T

[
(γB)

2Ci(KKKi,KKK−i∗)

σXXX

2(ρ2TKKK − 1)

ρ2KKK − 1

(
N∑

j=1,j ̸=i

∣∣∣∣∣∣KKKj −KKKj∗∣∣∣∣∣∣)]2

≤ T 2 (N − 1)

σXXX σRRR

[
(γB)

2Ci(KKKi,KKK−i∗)

σXXX

2(ρ2TKKK − 1)

ρ2KKK − 1

]2 ( N∑
j=1,j ̸=i

(Cj(KKKj,KKK−j∗)− Cj(KKK∗))
)
.

(3.3.61)
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By Lemma 3.3.8 and Lemma 3.3.10, we have

T−1∑
t=0

Tr
(
(EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)
≤ σXXX γR + (γB)

2Ci(KKKi,KKK−i∗)

σXXX
2

(
Ci(KKKi,KKK−i∗)− Ci(KKK∗)

)
.

(3.3.62)

By Proposition 3.3.11,

∥ΣKKK∥ ≤ ∥Σ0∥+
T−1∑
t=0

∥Gt(Σ0)∥+
T−1∑
t=1

t∑
s=1

∥Dt,sWD⊤
t,s∥+ T∥W∥

≤ ∥Σ0∥+ ∥Σ0∥
T−1∑
t=0

ρ
2(t+1)
KKK + T∥W∥

T−1∑
s=1

ρ
2(T−s)
KKK + T∥W∥

≤ ρ
2(T+1)
KKK − 1

ρ2KKK − 1
∥Σ0∥+

ρ2TKKK − 1

ρ2KKK − 1
T ∥W∥. (3.3.63)

Therefore, combining (3.3.59)-(3.3.63), we obtain the statement (3.3.58).

Finally, we are ready to provide the proof for the main result based on Lemmas
3.3.17 and 3.3.19.

Proof of Theorem 3.3.5. We first show that the total cost for the N players decreases
at round m = 1. TakeKKK =KKK(0) andKKK ′ =KKK(1) in Lemma 3.3.17, we begin by showing
that there exists a positive lower bound on the RHS of (3.3.36). By the Cauchy-Schwarz
inequality and Lemma 3.3.19,

T−1∑
t=0

∥∇Ki
t
Ci(KKK(0))∥ ≤

√√√√T ·
T−1∑
t=0

∥∇Ki
t
Ci(KKK(0))∥2

≤ 2
√
2

(
ρ
2(T+1)

KKK(0) − 1

ρ2
KKK(0) − 1

∥Σ0∥+
ρ2T
KKK(0) − 1

ρ2
KKK(0) − 1

T ∥W∥

)
·

{
d
T 2 (N − 1)

σXXX σRRR
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(γB)

2
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i=1C
i,−i∗

σXXX
·

2(ρ2T
KKK(0) − 1)
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KKK(0) − 1

]2
+
σXXX γR + (γB)

2
∑N
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σXXX
2

}1/2
√√√√T

(
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)

≤ 2
√
2

(
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ρ̄2 − 1
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ρ̄2T − 1
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·

{
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σXXX σRRR
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i=1C
i,−i∗

σXXX
·

2(ρ̄2T − 1)
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+
σXXX γR + (γB)

2
∑N

i=1C
i,−i∗

σXXX
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,
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where the last inequality holds since, after performing one-step natural gradient descent
K

i,(1)
t = K

i,(0)
t − η∇Ki

t
Ci(KKK(0))(ΣKKK(0)

t )−1, we have

ρKKK(0) ≤ ρ∗ +NγB

√
T

σXXX σRRR
ψ +

1

20T 2
= ρ̄ (3.3.64)

where ρ∗ and ρ̄ are defined in (3.3.9) and (3.3.10), and ψ := maxi{Ci(KKKi,(0),KKK−i∗) −
Ci∗}. (3.3.64) holds by Lemma 3.3.13.

Now we aim to show that 1
ρ̄

is bounded below by polynomials in some model pa-

rameters. Given that
∥∥∥At −

∑N
i=1B

i
tK

i∗
t

∥∥∥ ≤ γA + γB|||KKK∗||| and that Lemma 3.3.13,
ρ̄ can be bounded above by polynomials in T , N , γA, γB, 1

σXXX
, 1

σRRR
, and |||KKK∗|||, or a

constant 1 + ξ. Therefore, along with the fact that 1
d
> 1

(a+1)(b+1)(c+1)
for d < ab + c

with some a, b, c, d > 0 and 1
an+1

> 1
(a+1)n

for a > 0 and n ∈ N+, 1
ρ̄

is bounded below by
polynomials in 1

T+1
, 1

N+1
, 1

γA+1
, 1

γB+1
, σXXX , 1

σXXX +1
, σRRR, 1

σRRR +1
, and 1

|||KKK∗|||+1
, or a constant

1
1+ξ

. Similarly, I1 can be bounded below by polynomials in 1
d+1

, 1
N+1

, 1
T+1

, 1∑N
i=1 C

i,−i∗+1
,

1
∥W∥+1

, 1
∥Σ0∥+1

, 1
γA+1

, 1
γB+1

, 1
γR+1

, 1
σRRR +1

, σRRR, 1
σQQQ +1

, σQQQ, 1
σXXX +1

, σXXX , and 1
|||KKK∗|||+1

; and I2 can
be bounded below by polynomials in 1∑

i ki+1
, 1

d+1
, d, 1∑N

i=1 C
i,−i∗+1

, 1
γB+1

, 1
σQQQ +1

, σQQQ,
1

γR+1
, 1

σXXX +1
, σXXX .

Hence, there exists η0 ∈ H
(

1∑N
i=1 C

i(KKKi,(0),KKK−i∗)+1

)
as an appropriate polynomial in

1∑N
i=1 C

i(KKKi,(0),KKK−i∗)+1
, 1∑

i ki+1
, 1

d+1
, d, 1

N+1
, 1

T+1
, 1

∥W∥+1
, 1
∥Σ0∥+1

, 1
γA+1

, 1
γB+1

, 1
γR+1

, 1
σXXX +1

,
σXXX , 1

σRRR +1
, σRRR, 1

σQQQ +1
, σQQQ, and 1

|||KKK∗|||+1
, such that when η < η0, the step size condition

(3.3.36) is satisfied. Therefore, by Lemma 3.3.17, we have

N∑
i=1

(
Ci(KKKi,(1),KKK−i∗)− Ci∗)

)
≤ (1− α̂η)

N∑
i=1

(
Ci(KKKi,(0),KKK−i∗)− Ci∗)

)
,

with α̂ defined in (3.3.12), which implies the total cost of N players decreases at m = 1.
Proceeding inductively, assume the following facts hold at round m:

• Ci(KKKi,(m−1),KKK−i∗)− Ci∗ ≤ ψ for i = 1, 2, · · · , N ;

• ρKKK(m−1) ≤ ρ̄;

•
∑N

i=1

(
Ci(KKKi,(m),KKK−i∗)− Ci∗

)
≤ (1− α̂η)

∑N
i=1

(
Ci(KKKi,(m−1),KKK−i∗)− Ci∗

)
.

Now we prove the above facts also hold in round m + 1. Taking KKK = KKK(m−1) and
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KKK ′ =KKK(m) in (3.3.55), we have

Ci(KKKi,(m),KKK−i∗)− Ci∗ ≤
(
1− η

σXXX σRRR
∥ΣKKK∗∥

)(
Ci(KKKi,(m−1),KKK−i∗)− Ci∗)

+ η hglob
T (N − 1)

σXXX σRRR

(
N∑

j=1,j ̸=i

(Cj(KKKj,(m−1),KKK−j∗)− Cj∗)

)

≤
(
1− η

σXXX σRRR
∥ΣKKK∗∥

)
ψ + η hglob

T (N − 1)

σXXX σRRR
(N − 1)ψ ≤ ψ.

The last inequality holds since 1−η σXXX σRRR

∥ΣKKK∗∥+η hglob
T (N−1)2

σXXX σRRR
< 1 under Assumption 3.3.3.

Therefore by (3.3.31), we have

ρKKK(m) = ρ∗ +NγB

√
T

σXXX σRRR
max

i

{
Ci(KKKi,(m),KKK−i∗)− Ci∗

}
+

1

20T 2
≤ ρ̄.

Thus the step size condition (3.3.36) is still satisfied for KKK = KKK(m) and KKK ′ = KKK(m+1)

with η < η0, since ρKKK(m) ≤ ρ̄ and
∑N

i=1C
i(KKKi,(m),KKK−i∗) ≤

∑N
i=1C

i(KKKi,(0),KKK−i∗).
Therefore, Lemma 3.3.17 can be applied again for the update at round m + 1 with
KKK =KKK(m) and KKK ′ =KKK(m+1) to obtain:

N∑
i=1

(
Ci(KKKi,(m+1),KKK−i∗)− Ci∗

)
≤ (1− α̂η)

N∑
i=1

(
Ci(KKKi,(m),KKK−i∗)− Ci∗

)
.

For ϵ > 0, provided M ≥ 1
α̂η

log
(∑N

i=1(C
i(KKKi,(0),KKK−i∗)−Ci∗)

ϵ

)
, we have

N∑
i=1

(
Ci(KKKi,(M),KKK−i∗)− Ci∗

)
≤ ϵ.

3.4 The Natural Gradient Method with Unknown Pa-

rameters

Based on the update rule in (3.3.5), it is straightforward to develop a model-free version
of the natural policy gradient algorithm using sampled data. See Algorithm 3 for
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the natural policy gradient method with unknown parameters. In contrast to the
model-based case, where the gradient ∇Ci(KKK) and the matrix Σi

t can be calculated
directly, these two terms can not be calculated in the model-free setting since the model
parameters are unknown. Therefore, we propose to use a zeroth-order optimization
method to estimate the gradient and an empirical second moment matrix to estimate
the E[xtx⊤t ] matrix (see (3.4.1)). Building upon the theories in Section 3.3, high-
probability convergence guarantees (linear convergence rate and polynomial sample
complexity) for the model-free counterpart can be established in the same way as for
the LQR setting in Chapter 2.

Algorithm 3 Natural Policy Gradient Method with Unknown Parameters

1: Input: Number of iterations M , time horizon T , initial policy KKK(0) =
(KKK1,(0), · · · ,KKKN,(0)), step size η, number of trajectories L, smoothing parameters
ri, dimensions Di = ki × d.

2: for m ∈ {1, . . . ,M} do
3: for i ∈ {1, . . . , N} do
4: for l ∈ {1, . . . , L} do
5: for t ∈ {0, . . . , T − 1} do
6: Sample the (sub)-policy at time t: K̂i,l

t = K
i,(m−1)
t + U i,l

t where U i,l
t is

drawn uniformly at random over matrices such that ∥U i,l
t ∥F = ri.

7: Denote ĉt
i,l as the single trajectory cost of player

i with policy (K̂KK
i,(m−1)

l,t ,KKK−i,(m−1)) where K̂KK
i,(m−1)

l,t :=

(K
i,(m−1)
0 , · · · , Ki,(m−1)

t−1 , K̂i,l
t , K

i,(m−1)
t , · · · , Ki,(m−1)

T−1 ) starting from xl0.

8: Denote Σ̂i,l
t as the sample of second moment of the state with Σ̂i,l

t =
xi,lt (x

i,l
t )

⊤.
9: end for

10: end for
11: end for
12: Obtain the estimates of ∇Ki

t
Ci(KKK(m−1)) and ΣKKK(m−1)

t for each i and t:

̂∇Ki
t
Ci(KKK(m−1)) =

1

L

L∑
l=1

Di

r2i
ĉt

i,l U i,l
t , Σ̂i

t =
1

L

L∑
l=1

Σ̂i,l
t . (3.4.1)

13: Update the policies using natural gradient descent rule:

K
i,(m)
t = K

i,(m−1)
t − η ̂∇Ki

t
Ci(KKK(m−1))(Σ̂i

t)
−1. (3.4.2)

14: end for
15: Return the iterates KKK(M) = (KKK1,(M), · · · ,KKKN,(M)).
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3.5 Numerical Experiments

We demonstrate the performance of the natural policy gradient algorithms with two
examples. We will specifically focus on the following questions:

• In practice, how fast do the natural policy gradient algorithms converge to the
true solution? How sensitive is the natural policy gradient algorithm to the step
size and the initial policy?

• Do natural gradient methods converge when Assumption 3.3.3 is violated? How
restrictive is Assumption 3.3.3 in practice?

• Can Theorem 3.3.5 provide any guidance on hyper-parameter tuning? In partic-
ular, does adding system noise improve the convergence?

The first example is a modified example from [57], in which they show that in the
setting of infinite time horizon and deterministic dynamics, the (vanilla) policy gradi-
ent algorithms have no guarantees of even local convergence to the Nash equilibria with
known parameters. We will show in Section 3.5.1 that, under the same experimental
set-up but over a finite time horizon with stochastic dynamics, the natural policy gradi-
ent algorithm with known parameters finds the Nash equilibrium with properly chosen
initial policies and step sizes. The second example is a two-player LQG with synthetic
data (see Section 3.5.2). We will show that the system noise helps the natural policy
gradient algorithm with unknown parameters to converge to the Nash equilibrium.

Performance Measure. We use the following normalized error to quantify the per-
formance of a given pair of policies (KKK1,KKK2): for i = 1, 2,

Normalized error (of player i) =
Ci(KKK1,KKK2)− Ci(KKK1∗,KKK2∗)

Ci(KKK1∗,KKK2∗)
. (3.5.1)

3.5.1 Convergence of the Natural Policy Gradient Algorithm

For policy gradient MARL under the setting of N -player general-sum LQGs, some
difficulties in convergence have been identified in some empirical studies. For example,
Mazumdar et al. in [57] show by a counterexample that in the setting of infinite time
horizon and deterministic dynamics, the (vanilla) policy gradient method avoids the
Nash equilibria for a non-negligible subset of problems (with known parameters). In
this section, we illustrate that in our setting with finite time horizon and stochastic
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dynamics, the natural policy gradient algorithm (with known parameters) finds the
(unique) Nash equilibrium under the same experimental set-up as in a modified example
given in [57].

Set-up. We set up the model parameters and initialize the policies in the same way
as Section 5.1 of [57]. Under the following set of parameters, there exists a unique
Nash equilibrium since the sufficient condition in Remark 3.2.5 is satisfied.

1. Parameters: for t = 1, · · · , T − 1

At =

0.588 0.028

0.570 0.056

 , B1
t =

1
1

 , B2
t =

0
1

 , W =

σ2 0

0 σ2

 ,

Q1
T = Q1

t =

0.01 0

0 1

 , Q2
T = Q2

t =

1 0

0 0.147

 , R1
t (t) = R2

t (t) = 0.01,

where σ ∈ R and T = 10.

2. Initialization: we assume the initial state distribution to be [1, 1]⊤ or [1, 1.1]⊤ with
probability 0.5 each. We initialize both players’ policies Ki,(0)

t = (K
i,(0)
t0 , K

i,(0)
t1 )

such that (K
i,(0)
t0 −Ki∗

t0)
2 + (K

i,(0)
t1 −Ki∗

t1)
2 ≤ r2, where Ki∗

t = (Ki∗
t0 , K

i∗
t1) denotes

the Nash equilibrium, and r is the radius of the ball centered at Ki∗
t in which we

initialize the policies.

Convergence. The natural policy gradient algorithm shows a reasonable level of
accuracy within 1000 iterations (i.e., the normalized error is less than 0.5%) for both
players under different levels of system noise σ2, which ranges from 0 (deterministic
dynamics) to 10. See Figure 3.1 for the case where r = 0.25 and Figure 3.2 for the
case where r = 0.30. We observe that when we initialize the policies in a larger
neighborhood of the Nash equilibrium, it takes the natural policy gradient algorithm
(with the same step size) more iterations to converge. There is a sharp peak in the
normalized error for player 2 and this peak diminishes when the noise level increases.

In Figure 3.3, we show the normalized error and the corresponding trajectories of
learned policies near the peak observed in Figure 3.2 under σ = 0. We denote by
Ki

0 = (Ki
00, K

i
01) the learned policy at t = 0 of player i. The peak period (iterations

300-900) is indicated in grey in Figures 3.3a-3.3c, and the trajectories of learned policy
Ki

0 for the rest of the whole 10000 iterations are indicated in red in Figures 3.3b-3.3c.
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(a) Player 1. (b) Player 2.

Figure 3.1: Normalized error under different σ2 when r = 0.25 (η1 = η2 = 0.1 and
N = 5000).

(a) Player 1. (b) Player 2.

Figure 3.2: Normalized error under different σ2 when r = 0.3 (η1 = η2 = 0.1 and
M = 5000).

The natural policy gradient algorithm overshoots in the first few iterations but detects
the right direction after about 500 iterations and eventually converges to the Nash
equilibrium (see the blue star in Figures 3.3b-3.3c).

Performance under Deterministic Dynamics. We observe that under carefully
chosen initial policies and step sizes, the natural policy gradient converges to the Nash
equilibrium even with deterministic state dynamics (σ = 0). We first show the case
when the natural policy gradient algorithm diverges with r = 0.42 and η1 = η2 = 0.001

in Figure 3.4 (a trajectory of 10000 iterations is indicated in red). However, either by
adjusting the step size to η2 = 0.01 (see Figure 3.5), or by initializing the policies from
a smaller neighbourhood around the Nash equilibrium (see Figure 3.6), the natural
policy gradient method converges to the Nash equilibrium. This further demonstrates
that the theoretical result, along with its assumptions, in Theorem 3.3.5 could provide
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(a) Normalized error. (b) Trajectory of K1
0 . (c) Trajectory of K2

0 .

Figure 3.3: Normalized error and trajectories of learned policies with σ2 = 0 and
r = 0.3 (η1 = η2 = 0.1, M = 10000). The peak period between iterations 300-900 is
indicated in grey.

insightful guidance on how to tune the hyper-parameters for practical examples.

(a) Normalized error. (b) Trajectory of K1
0 . (c) Trajectory of K2

0 .

Figure 3.4: Performance of the natural policy gradient algorithm with r = 0.42 and
η1 = η2 = 0.001 (M = 10000).

3.5.2 Effect of the System Noise

As illustrated in the theoretical analysis in Section 3.3, the system noise plays an
important role in the convergence guarantee of the natural policy gradient algorithm.
To test the sensitivity of the performance of this algorithm to the level of system
noise, we apply the natural policy gradient algorithm with unknown parameters to
a two-player LQG example with synthetic data consisting of a two-dimensional state
variable and a one-dimensional control variable. The model parameters (except the
level of noise σ2 in W which we will discuss later) are randomly picked such that the
conditions for our LQG framework are satisfied.

Set-up. We perform the natural policy gradient algorithm with synthetic data given
as follows.
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(a) Normalized error. (b) Trajectory of K1
0 . (c) Trajectory of K2

0 .

Figure 3.5: Performance of the natural policy gradient algorithm with r = 0.42, η1 =
0.001, and η2 = 0.01 (M = 10000).

(a) Normalized error. (b) Trajectory of K1
0 . (c) Trajectory of K2

0 .

Figure 3.6: Performance of the natural policy gradient algorithm with r = 0.16 and
η1 = η2 = 0.001 (M = 10000).

1. Parameters: for t = 1, · · · , T − 1,

At =

0.588 0.28

0.57 0.56

 , B1
t =

1
1

 , B2
t =

0.5
1

 , W =

σ2 0

0 σ2

 ,

Q1
T = Q1

t =

0.5 0

0 1

 , Q2
T = Q2

t =

1 0

0 0.3

 , R1
t = R2

t = 1,

where σ ∈ R+ and T = 5. The smoothing parameter is r1 = r2 = 0.5 and the
number of trajectories is L1 = L2 = 200.

2. Initialization: we assume x0 = (x10, x
2
0) with x20 and x20 independent and sampled

from N (10, 2) and N (12, 3) respectively. The initial policy for player 1: KKK1 ∈
R1×10 = (K

1,(0)
0 , · · · , K1,(0)

T−1 ) with K1,(0)
t = [0.5, 0.5] for all t. The initial policy for

player 2: KKK2 ∈ R1×10 = (K
2,(0)
0 , · · · , K2,(0)

T−1 ) with K2,(0)
t = [0.3, 0.15] for all t.

Convergence. To show that (even a low level of) the system noise can indeed help
the natural policy gradient algorithm to find the Nash equilibrium, we vary the value
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of σ2 from 0 to 0.1 and show the normalized error for different values of σ2 in Figure
3.7. The natural policy gradient algorithm diverges when σ2 ≤ 0.0001 for both players,
and it starts to converge with large fluctuations when σ2 = 0.01. When σ2 = 0.1, the
algorithm shows a reasonable accuracy within 300 iterations (that is the normalized
error is less than 5%) for both players without fluctuations. It is worth pointing
out that in fact, although Assumption 3.3.3 is violated when σ2 = 0.1, the natural
policy gradient algorithm converges to the Nash equilibrium. Finally, it is possible to
make the algorithm converge when σ2 ≤ 0.0001 by adjusting the initial policy and
the step size, as shown in Section 3.5.1. In practice we may not be able to change
the variance of wt directly, however the level of system noise can also be increased by
adding (Gaussian) explorations to the agents’ policies. See [43, 86] for more discussion
of Gaussian exploration.

(a) Player 1. (b) Player 2.

Figure 3.7: Performance of the natural policy gradient algorithm with unknown pa-
rameters (η1 = η2 = 0.0005).

Trajectories of Learned Policies. We show the trajectories of the learned policy
at t = 0 of player 1 by performing the natural policy gradient algorithm with unknown
parameters under σ2 = 0.001 and σ2 = 0.1 in Figure 3.8 (with 500 iterations). In the
case of a lower level of system noise (σ2 = 0.001), the natural policy gradient does
not detect the right direction towards the Nash equilibrium with η1 = η2 = 0.0005 in
Figure 3.8a, whereas when the level of noise is increased to σ2 = 0.1, the learned policy
approaches the target within 500 iterations with the same step size.
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(a) σ2 = 0.001 (b) σ2 = 0.1.

Figure 3.8: Trajectory (indicated in red) of learned policy K1
0 = (K1

00, K
1
01) (η1 = η2 =

0.0005, M = 500).
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Chapter 4

Bargaining Problems

Bargaining is an essential part of many human activities in the real world. As men-
tioned in Section 1.1, this thesis is motivated by bargaining and the case of interest to
us is one in which two parties, the buyer and the seller, enter into negotiation rounds
before a deadline, exchanging a sequence of offers in order to agree on the price (or
value) of a project. Negotiations stop when both parties agree on the price of the
project and they try to reach an agreement before the deadline. We aim to find their
optimal strategies for minimising their negotiation costs. In this chapter, we construct
LQ models for bargaining in two cases: (1) when model parameters are known to the
players while they only have access to a noisy version of the true state, and (2) when
two players do not know the model parameters and they can learn the optimal strategy
through repeated negotiations with each other. We will start with an LQG model with
partial information and derive the Nash equilibrium strategies in Section 4.1. We will
then apply the framework discussed in Chapter 3 to construct another LQG model with
unknown parameters and learn the Nash equilibrium through natural policy gradient
methods in Section 4.2.

4.1 The LQG Model with Partial Information

When a seller and a buyer negotiate over a price of a project, the target price each
player wants to achieve depends on the value of the project. However, the players have
access to different information sets and thus will have different opinions on what the
value of the project would be. To model this situation, in this section we consider an
LQG bargaining model with partial information, where players update their belief of
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the true state through Kalman filtering and determine their controls based on their
state estimates. We will set up a two-player general-sum LQG model in Section 4.1.1,
where players have a noisy observation of the true state. We will then consider the gen-
eral framework of such games in Section 4.1.2 and derive the Dynamic Programming
Principle (DPP) and the Nash equilibrium in Section 4.1.3. We finally present nu-
merical experiments in 4.1.4 where we compare the Nash equilibrium strategies under
partial information with the case of full information.

4.1.1 A Two-player LQG Model with Kalman Filter

Let us consider a game with two players, a buyer B and a seller S, who aim to reach
an agreement on the value (or the price) of a project. The negotiation takes place over
a finite period of time T . At each timestamp t, let xBt ∈ R be the price offered by the
buyer and xSt ∈ R be the price offered by the seller. The dynamics of the offers follow

xBt+1 = xBt + ut + ϵBt ,

xSt+1 = xSt + vt + ϵSt ,

with initial values xB0 and xS0 . Here ut ∈ R is the change of the buyer’s offers and
vt ∈ R is the change of the seller’s offers at time t. In this chapter we also focus on
the class of Markovian controls. Here ϵBt and ϵSt are i.i.d. random variables in both
parties offers with ϵBt ∼ N (0,WB) and ϵSt ∼ N (0,W S), respectively. We note that
ϵBt and ϵSt serve as regularization terms to guarantee the non-degeneracy of the state
noise. Another way of thinking about it is to consider ut and vt as the intended change
of their offers when players can not completely control the differences between their
offers (for example, due to some external restrictions).

We further assume that the true value of the project pt ∈ R (unknown to both
buyer and seller) follows

pt+1 = pt + wt, (4.1.1)

where {wt}T−1
t=0 is a sequence of i.i.d. Gaussian random variables with zero mean and

variance W .
Both the buyer and the seller do not have access to the true value of the project.

Instead, they could observe a noisy version of the true price with their private infor-
mation.
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Information Structure. At time t = 0, player B believes that the initial price

p0 ∼ N (p̂B0 ,W
B
0 ), (4.1.2)

and thereafter player B observes the following noisy price signal

zBt+1 = pt+1 + wB
t+1, wB

t+1 ∼ N (0, GB), t = 0, 1, · · · , T − 2, (4.1.3)

with {wB
t }T−1

t=1 a sequence of i.i.d. random variables. Similarly, player S believes that
the initial price

p0 ∼ N (p̂S0 ,W
S
0 ), (4.1.4)

and thereafter player S observes the following noise price signal

zSt+1 = pt+1 + wS
t+1, wS

t+1 ∼ N (0, GS), t = 0, 1, · · · , T − 2. (4.1.5)

with {wS
t }T−1

t=1 a sequence of i.i.d. random variables that are independent from {wB
t }T−1

t=1 .
Both players make their decisions based on the public and private information

available to them. We write ZB
t = {zBs }ts=1 and ZS

t = {zSs }ts=1 as the private signals
the buyer and the seller receives up to time t (1 ≤ t ≤ T ), respectively. Further denote
respectively Ut = {us}ts=1 and Vt = {vs}ts=1 the control history from the buyer and
seller up to time t.

We assume HB
t is the information (or history) available to the buyer and HS

t is the
information available to the seller at time t for them to make decisions, where HB

t and
HS

t follow:

HB
t = {p̂B0 ,W S

0 ,W
B
0 } ∪ ZB

t ∪ Ut−1 ∪ Vt−1, (4.1.6)

HS
t = {p̂S0 ,W S

0 ,W
B
0 } ∪ ZS

t ∪ Ut−1 ∪ Vt−1. (4.1.7)

Note that the covariance matrices {W S
0 ,W

B
0 } are available to both players.

Posterior Update. We assume that each player updates their state estimate using
the Kalman filter, and the updates do not directly involve the innovation of the other
player (to avoid the other player’s manipulation). With the prior distribution following
(4.1.2), the buyer’s posterior density fB

t (·) = P[pt = ·|HB
t ] is the density function of
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a Gaussian distribution [50, Theorem 7.2.21] where the mean p̂Bt and the variance Σ̂B
t

satisfy the following recursion relation:

p̂Bt+1 = p̂Bt + Lt+1(z
B
t+1 − p̂Bt ), (4.1.8)

with initial condition p̂B0 , and

Σ̂B
t+1 = (1− LB

t+1)(Σ̂
B
t +W ), (4.1.9)

with initial condition Σ̂B
0 = WB

0 . Here

LB
t = (Σ̂B

t−1 +W )
(
(Σ̂B

t−1 +W ) +GB
)−1

.

Similarly the seller’s posterior density is Gaussian with mean p̂Bt and variance Σ̂E
t where

p̂St+1 = p̂St + Lt+1(z
S
t+1 − p̂St ), (4.1.10)

with initial condition p̂S0 , and

Σ̂S
t+1 = (1− LS

t+1)(Σ̂
S
t +W ), (4.1.11)

with initial condition Σ̂S
0 = W S

0 and

LS
t = (Σ̂S

t−1 +W )
(
(Σ̂S

t−1 +W ) +GS
)−1

.

Cost Function. We formulate the buyer’s and seller’s objective in the game as

min
{ut}T−1

t=0

JB(xB0 , x
S
0 ; p̂

B
0 ,W

B
0 ) :=

min
{ut}T−1

t=0

E

[
αB

(
xBT − xST

)2
+ βB

(
xBT − (1− cB)pT

)2
+

T−1∑
t=0

RB
t (ut)

2

∣∣∣∣∣ HB
0

]
,

min
{vt}T−1

t=0

JS(xB0 , x
S
0 ; p̂

S
0 ,W

S
0 ) :=

min
{vt}T−1

t=0

E

[
αS

(
xBT − xST

)2
+ βS

(
xST − (1 + cS) pT

)2
+

T−1∑
t=0

RS
t (vt)

2

∣∣∣∣∣ HS
0

]
,
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where cB ∈ (0, 1) and cS > 0 are the scalars that determine the buyer’s and the seller’s
target price at terminal time T . αB > 0 and αS > 0 are the penalties of not reaching
an agreement, and βB and βS are the penalties of not approaching their target prices.
The quadratic terms αS

(
xBT − xST

)2 and αB

(
xBT − xST

)2 can be viewed as a relaxation
of the hard constraint xBT = xST . RB

t > 0 and RS
t > 0 are the cost parameters on

adjusting the offer price at each time step. Since the control of each player represents
the change in his offers, thus it measures the concession the player makes at each time.
Therefore the terms RB

t (ut)
2 and RS

t (vt)
2 represent the penalty on the concession.

Both players have incentives to reach an agreement on the project at terminal time
T . The desire to reach this agreement is characterized by the value of αB and αS,
which may take different values for buyer and seller. The hard constraint xBT = xST can
be recovered by letting αB and αS tend to infinity. The seller wants to sell the project
higher than his estimation of the true price. Namely, the targeted price of the seller is
set as (1+ cS)E[pT |HS

T ] = (1+ cS)p̂
S
T . Similarly, the buyer has an incentive to purchase

at a price lower than his estimated true price, which is denoted as (1− cB)E[pT |HB
T ] =

(1− cB)p̂
B
T . In practice, we may expect cB and cS to be some small positive numbers.

4.1.2 General Setting

Motivated by the example in Section 4.2, we consider a more general two-player game
under partial information where controls from both players will have impacts on the
dynamics which are not fully observable.

Let us consider a general setting for a game with two players, P and E. In the
bargaining game player P corresponds to the buyer B and player E corresponds to the
seller S. The state dynamics xt ∈ Rn takes a linear form (0 ≤ t ≤ T − 1):

xt+1 = Atxt +Btut + Ctvt + Γtwt, (4.1.12)

with initial value x0 drawn from a Gaussian distribution, and the (Markovian) controls
of P and E are ut ∈ Rm and vt ∈ Rk, respectively. Here, for each t, the noise wt ∈ Rd

is i.i.d. sampled from N (0,W ) with W ∈ Rd×d, At ∈ Rn×n, Bt ∈ Rn×m, Ct ∈ Rn×k,
and Γt ∈ Rn×d.
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Information Structure. At time t = 0, player P believes that the initial price is
drawn from a Gaussian distribution

x0 ∼ N (x̂P0 ,W
P
0 ), (4.1.13)

and thereafter player P observes the following noisy price signal zPt ∈ Rp:

zPt+1 = HP
t+1 xt+1 + wP

t+1, wP
t+1 ∼ N (0, GP ), t = 0, 1, · · · , T − 2, (4.1.14)

with {wP
t }T−1

t=0 a sequence of i.i.d. random variables. Here GP ∈ Rp×p and HP
t+1 ∈ Rp×n.

Similarly, player E believes that the initial price is drawn from a Gaussian distribution

x0 ∼ N (x̂E0 ,W
E
0 ), (4.1.15)

and thereafter player E observes the following noisy price signal zEt ∈ Rq:

zEt+1 = HE
t+1 xt+1 + wE

t+1, wE
t+1 ∼ N (0, GE), t = 0, 1, · · · , T − 2. (4.1.16)

with {wE
t }T−1

t=0 a sequence of i.i.d. random variables. For simplicity we assume that
{wE

t }T−1
t=0 are independent from {wP

t }T−1
t=0 . In addition, we have GE ∈ Rq×q and HE

t+1 ∈
Rq×n.

We follow [65] to define the game with perfect, imperfect, and partial information:

(a) If the observation matrices HP
t and HE

t are the identity matrix and there is
no measurement noise, that is, the covariance matrices GP = 0 and GE = 0,
we have a game with perfect information. Therefore the players’ observation is
zEt = zPt = xt .

(b) If the observation matrices HP
t and HE

t are the identity matrix and there is
measurement noise, we have a game with imperfect information. Therefore, the
players’ observations are of the form

zPt = xt + wP
t ,

zEt = xt + wE
t .

(c) If the observation matrices are not the identity and there is measurement noise,
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as in

zPt = HP
t xt + wP

t ,

zEt = HE
t xt + wE

t ,

we have a game with partial information.

Similar to Section 4.1.1, we write ZP
t = {zPs }ts=1 and ZE

t = {zEs }ts=1 for the private
signals players P and E receive up to time t (1 ≤ t ≤ T ), respectively. Let Ut = {us}ts=1

and Vt = {vs}ts=1 denote the control history from the buyer and seller up to time t,
respectively.

We assume HP
t is the information (or history) available to player P and HE

t is the
information available to player E for them to make decisions at time t, where HP

t and
HE

t follow:

HP
t = {x̂P0 ,W P

0 ,W
E
0 } ∪ ZP

t ∪ Ut−1 ∪ Vt−1, (4.1.17)

HE
t = {x̂E0 ,W P

0 ,W
E
0 } ∪ ZE

t ∪ Ut−1 ∪ Vt−1. (4.1.18)

Note that the covariance matrices {W P
0 ,W

E
0 } are known to both players.

Cost Function. We consider a non-zero sum game between player P and player E
where they strive to minimise their own cost functions:

min
{ut}T−1

t=0

JP (x̂P0 ,W
P
0 ) := min

{ut}T−1
t=0

E

[
x⊤TQ

P
T xT +

T−1∑
t=0

(
x⊤t Q

P
t xt + u⊤t R

P
t ut
) ∣∣∣HP

0

]
(4.1.19)

min
{vt}T−1

t=0

JE(x̂E0 ,W
E
0 ) := min

{vt}T−1
t=0

E

[
x⊤TQ

E
T xT +

T−1∑
t=0

(
x⊤t Q

E
t xt + v⊤t R

E
t vt
) ∣∣∣HE

0

]
(4.1.20)

with QP
t , Q

E
t (t = 0, . . . , T ) positive semi-definite, and RP

t , R
E
t (t = 0, . . . , T − 1)

positive definite.
We note that in the literature, the LQG with partial information given by (4.1.12)-

(4.1.13)-(4.1.14)-(4.1.16)-(4.1.19)-(4.1.20) is also referred to as the linear quadratic
Gaussian game (LQGG).

For the well-definedness of the game, we summarise the assumptions on the model
parameters, initial state, and noise in Assumption 4.1.1.

Assumption 4.1.1 (Parameters, Initial State, and Noise). Assume for i = P,E,
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1. The initial state x0 is Gaussian such that E[x0x⊤0 ] is positive definite;

2. {wt}T−1
t=0 and {wi

t}T−1
t=1 are zero-mean, i.i.d. Gaussian and independent from x0

such that E[wtw
⊤
t ] = W and E[wi

t(w
i
t)

⊤] = Gi are positive definite, and they are
independent of each other;

3. The cost matrices Qi
t (t = 0, 1, . . . , T ) are positive semi-definite, and Ri

t (t =

0, 1, . . . , T − 1) are positive definite.

Sufficient Statistics (Decentralized Kalman Filtering). The sufficient statistics
of player i (i = E,P ) at decision time t = 0 is x0 ∼ N(x̂i0,W

i
0). For time 1 ≤ t ≤

T −1, the distribution of the state xt calculated by player i conditioning on the private
information available to him at time t follows ([79, (5.3-39)-(5.3-42)] and [65]):

xt ∼ N (x̂it, Σ̂
i
t), (4.1.21)

where

(
x̂it
)−

= At−1x̂
i
t−1 +Bt−1ut−1 + Ct−1vt−1, (4.1.22)(

Σ̂i
t

)−
= At−1Σ̂

i
t−1A

⊤
t−1 + Γt−1WΓ⊤

t−1, (4.1.23)

Ki
t =

(
Σ̂i

t

)−
(H i

t)
⊤
[
H i

t

(
Σ̂i

t

)−
(H i

t)
⊤ +Gi

]−1

, (4.1.24)

x̂it =
(
x̂it
)−

+Ki
t

[
zit −H i

t

(
x̂it
)−]

, (4.1.25)

Σ̂i
t =

(
I −Ki

tH
i
t

)(
Σ̂i

t

)−
, (4.1.26)

with initial condition x̂i0 = x̂i0 and Σ̂i
0 = W i

0. It is easy to see that
(
(x̂it)

−,
(
Σ̂i

t

)−) and(
x̂it, Σ̂

i
t

)
are the estimates before and after the information update [79, (5.3-35)-(5.3-

38)]:

E[xit|Ht−1] = (x̂it)
−,

E[xit|Ht] = (x̂it),

E
[
(xit − (x̂it)

−) (xit − (x̂it)
−)

⊤
∣∣∣ Ht

]
=
(
Σ̂i

t

)−
,

E
[
(xit − (x̂it)) (x

i
t − (x̂it))

⊤
∣∣∣ Ht

]
=
(
Σ̂i

t

)
.

Therefore for the LQGG (4.1.12)-(4.1.13)-(4.1.14)-(4.1.16)-(4.1.19)-(4.1.20), the suf-
ficient statistics for players E and P to make decisions at time t are (x̂Pt , Σ̂

P
t ) and
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(x̂Et , Σ̂
E
t ). The goal is to find the Nash equilibrium solution of the form u∗t = γP∗

t (x̂Pt , Σ̂
P
t )

and v∗t = γE∗
t (x̂Et , Σ̂

E
t ) for 0 ≤ t ≤ T − 1, where γP∗

t and γE∗
t are strategy functions

which map the estimated state and covariance to the Nash equilibrium solution. Since
the expressions of Σ̂P

t and Σ̂E
t only involve model parameters which can be calculated

directly, we write
u∗t = γP∗

t (x̂Pt ), v∗t = γE∗
t (x̂Et ) (4.1.27)

with a slight abuse of notation.

4.1.2.1 Preliminary Results with Known Model Parameters

Player P’s view on x̂E. Both players update their belief of the true state process xt
but they do not have access to each other’s estimate. Therefore, to solve the LQGG,
it is important to first understand player P’s view on x̂E as well as player E’s view on
x̂P . When the model parameters (At, Bt, Ct, Γt, HP

t , HE
t , GP , GE, QP

t , QE
t , RP

t and
RE

t ) are available to both players, we have the following results.
Let us start at decision time t = 0. Player P models his initial belief x̂P0 of the

initial state x0 as

x̂P0 = x0 + eP0 , (4.1.28)

where x0 is the true state and eP0 is player P’s estimation error with eP0 ∼ N (0,W P
0 )

by (4.1.13). In addition, player E’s belief x̂E0 of the initial state x0 follows

x̂E0 = x0 + eE0 , (4.1.29)

where eE0 is player E’s estimation error with eE0 ∼ N (0,WE
0 ) by (4.1.15). The Gaussian

random variables eE0 and eP0 are independent by assumption.
From player P’s perspective, x̂P is known but x̂E is a random variable. Subtracting

(4.1.28) from (4.1.29), at time t = 0 player P believes that player E’s state estimate is
the random variable

x̂E0 = x̂P0 + eE0 − eP0 . (4.1.30)

Therefore, from player P’s perspective, E’s estimate of the initial state x0 is the Gaus-
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sian random variable

x̂E0 ∼ N (x̂P0 ,W
P
0 +WE

0 ). (4.1.31)

Thus, at time t = 0 player P uses his private information x̂P0 and the public informa-
tion (W P

0 ,W
E
0 ) to calculate the distribution of the sufficient statistic x̂E0 of player E.

Similarly, as far as player E is concerned, at time t = 0 the statistics of the initial state
estimate x̂P0 of player P are

x̂P0 ∼ N (x̂E0 ,W
P
0 +WE

0 ). (4.1.32)

For general time step 0 ≤ t ≤ T − 1, we have the following result according to [65].

Theorem 4.1.2 ([65]). For 0 ≤ t ≤ T − 1, player P’s posterior distribution for the
state estimate x̂Et of player E is

x̂Et ∼ N (x̂Pt , Σ̂
(E,P )
t ) (4.1.33)

where the estimation error covariance matrix Σ̂
(E,P )
t is defined as

Σ̂
(E,P )
t = E

[(
eEt − ePt

)(
eEt − ePt

)⊤]
= Σ̂P

t + Σ̂E
t − Σ̃

(E,P )
t −

(
Σ̃

(E,P )
t

)⊤
, (4.1.34)

in which Σ̂P
0 = W P

0 , Σ̂E
0 = WE

0 , and Σ̃
(E,P )
t = E[ePt (eEt )⊤] satisfies a recursive linear

matrix equation which is a Lyapunov equation:

Σ̃
(E,P )
t+1 =

(
I −KP

t+1H
P
t+1

) (
AtΣ̃

(E,P )
t A⊤

t + ΓtWΓ⊤
t

) (
I −KE

t+1H
E
t+1

)⊤ (4.1.35)

with initial condition Σ̃
(E,P )
0 = 0. Similarly, player E’s posterior distribution for the

state estimate x̂Pt of player P is

x̂Pt ∼ N (x̂Et , Σ̂
(E,P )
t ). (4.1.36)

Before we derive the Nash equilibrium strategies for the LQGG, we first assume
that the above Σ̂

(E,P )
t is positive definite. This assumption is easy to check as Σ̂

(E,P )
t ,
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Σ̂P
t , Σ̂E

t , and Σ̃
(E,P )
t are independent of the observation signals and can be calculated

offline.

Assumption 4.1.3. Assume the estimation error covariance matrix Σ̂
(E,P )
t defined in

(4.1.34) is positive definite for all t = 0, 1, . . . , T .

4.1.3 Nash Equilibrium Strategy and Value Function

In this section, we show that the Nash equilibrium policy is unique and linear in the
estimated states. Namely, there exist matrices FE

t and F P
t such that γE∗

t (x̂Et ) = FE
t x̂

E
t

and γP∗
t (x̂Pt ) = F P

t x̂
P
t .

The derivation is motivated by [65] but the details are different since [65] focuses
on a class of zero-sum games.

4.1.3.1 Preliminary: End Game

To start, we analyze the game at the last step t = T − 1, which is also called the End
Game.

At time T − 1, define

J
P

T−1

(
uT−1; x̂

P
T−1, Σ̂

P
T−1

)
:= u⊤T−1R

P
T−1uT−1 (4.1.37)

+ExT−1,x̂
E
T−1,wT−1,w

P
T

[
x⊤T−1Q

P
T−1xT−1+x

⊤
TQ

P
T xT

∣∣ x̂PT−1, Σ̂
P
T−1

]
,

J
E

T−1

(
vT−1; x̂

E
T−1, Σ̂

E
T−1

)
:= v⊤T−1R

E
T−1vT−1 (4.1.38)

+ExT−1,x̂
P
T−1,wT−1,w

E
T

[
x⊤T−1Q

E
T−1xT−1+x

⊤
TQ

E
T xT

∣∣ x̂ET−1, Σ̂
E
T−1

]
.

Note that player P’s optimization problem minuT−1
J
P

T−1

(
uT−1; x̂

P
T−1, Σ̂

P
T−1

)
de-

pends on vT−1 through xT . Here it is enough to consider vT−1 = g(x̂ET−1) for some
function g : Rn → Rk with x̂ET−1 a random variable following (4.1.33).

For the first term in the expectation in (4.1.37), since xT−1 does not depend on
x̂ET−1, wT−1 and wP

T , we have

ExT−1

[
x⊤T−1Q

P
T−1xT−1

∣∣ x̂PT−1, Σ̂
P
T−1

]
= Tr(QP

T−1Σ̂
P
T−1) + (x̂PT−1)

⊤QP
T−1x̂

P
T−1. (4.1.39)

Then, by (4.1.12) and vT−1 = g(x̂ET−1), we have for the second term in (4.1.37)

ExT−1,x̂
E
T−1,wT−1,w

P
T

[
x⊤TQ

P
T xT

∣∣ x̂PT−1, Σ̂
P
T−1

]
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= (x̂PT−1)
⊤A⊤

T−1Q
P
TAT−1x̂

P
T−1 + Tr(A⊤

T−1Q
P
TAT−1Σ̂

P
T−1) + u⊤T−1B

⊤
T−1Q

P
TBT−1uT−1

+Ex̂E
T−1

[
g(x̂ET−1)

⊤(C⊤
T−1Q

P
TCT−1)g(x̂

E
T−1)

∣∣∣x̂PT−1, Σ̂
P
T−1

]
+2u⊤T−1B

⊤
T−1Q

P
TAT−1x̂

P
T−1+2Ex̂E

T−1,xT−1

[
g(x̂ET−1)

⊤ C⊤
T−1Q

P
TAT−1xT−1|x̂PT−1, Σ̂

P
T−1

]
+2u⊤T−1B

⊤
T−1Q

P
TCT−1Ex̂E

T−1

[
g(x̂ET−1) |x̂PT−1, Σ̂

P
T−1

]
+ Tr

(
Γ⊤
T−1Q

P
TΓT−1W

)
.(4.1.40)

Player P calculates the expectations with respect to the random variable x̂ET−1.
Similar to (4.1.30), we write x̂ET−1 = x̂PT−1 + w̃, where the random variable w̃ ≡ eET−1 −
ePT−1 ∼ N (0, Σ̂

(E,P )
T−1 ). In other words, we have (4.1.33).

Now we calculate the expectations in (4.1.40)

Ex̂E
T−1

[
g(x̂ET−1)

∣∣ x̂PT−1

]
= Ew̃

[
g(x̂PT−1 + w̃)

]
. (4.1.41)

Similarly,

Ex̂E
T−1

[
g(x̂ET−1)

⊤(C⊤
T−1Q

P
TCT−1)g(x̂

E
T−1)

∣∣∣x̂PT−1, Σ̂
P
T−1

]
= Ew̃

[
g(x̂PT−1 + w̃)⊤(C⊤

T−1Q
P
TCT−1)g(x̂

P
T−1 + w̃)

]
. (4.1.42)

In addition, since xT−1 = x̂PT−1 − ePT−1, the expectation:

Ex̂E
T−1,xT−1

[
g(x̂ET−1)

⊤C⊤
T−1Q

P
TAT−1xT−1

∣∣∣x̂PT−1, Σ̂
P
T−1

]
= Ew̃, ePT−1

[
g⊤(x̂PT−1 + w̃)C⊤

T−1Q
P
TAT−1(x̂

P
T−1 − ePT−1)

]
= Ew̃[g

⊤(x̂PT−1 + w̃)]C⊤
T−1Q

P
TAT−1x̂

P
T−1

−EeET−1,e
P
T−1

[
g⊤(x̂PT−1 + eET−1 − ePT−1)C

⊤
T−1Q

P
TAT−1e

P
T−1

]
(4.1.43)

Plugging in (4.1.41)-(4.1.43) into (4.1.40) gives

ExT−1,x̂
E
T−1,wT−1,w

P
T

[
x⊤TQ

P
T xT

∣∣ x̂PT−1, Σ̂
P
T−1

]
= (x̂PT−1)

⊤A⊤
T−1Q

P
TAT−1x̂

P
T−1 + Tr(A⊤

T−1Q
P
TAT−1Σ̂

P
T−1) + u⊤T−1B

⊤
T−1Q

P
TBT−1uT−1

+Ew̃

[
g(x̂PT−1 + w̃)⊤(C⊤

T−1Q
P
TCT−1)g(x̂

P
T−1 + w̃)

]
+2u⊤T−1B

⊤
T−1Q

P
TAT−1x̂

P
T−1 + 2Ew̃[g

⊤(x̂PT−1 + w̃)]C⊤
T−1Q

P
TAT−1x̂

P
T−1

−2EeET−1,e
P
T−1

[
g⊤(x̂PT−1 + eET−1 − ePT−1)C

⊤
T−1Q

P
TAT−1e

P
T−1

]
+2u⊤T−1B

⊤
T−1Q

P
TCT−1Ew̃

[
g(x̂PT−1 + w̃) ] + Tr

(
Γ⊤
T−1Q

P
TΓT−1W

)
. (4.1.44)
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Player P minimises JP

T−1

(
uT−1; x̂

P
T−1, Σ̂

P
T−1

)
with respect to uT−1. The first order

condition leads to the following u∗T−1(x̂
P
T−1|g), which is player P’s optimal response to

player E’s strategy g:

u∗T−1(x̂
P
T−1|g) = f ∗(x̂PT−1|g)

= −(RP
T−1 +B⊤

T−1Q
P
TBT−1)

−1B⊤
T−1Q

P
T

(
AT−1x̂

P
T−1 + CT−1Ew̃

[
g(x̂PT−1 + w̃)

])
.

(4.1.45)

Similarly, player E calculates his optimal response to player’s strategy f(x̂PT−1). Thus,
given the information x̂ET−1, player E maximises his expected payoff
J
E

T−1

(
vT−1; x̂

E
T−1, Σ̂

E
T−1

)
. The optimal response v∗T−1 follows:

v∗T−1(x̂
E
T−1|f) = g∗(x̂ET−1|f)

= −(RE
T−1 + C⊤

T−1Q
E
TCT−1)

−1C⊤
T−1Q

E
T

(
AT−1x̂

E
T−1 +BT−1Ew̃

[
f(x̂ET−1 − w̃)

])
.

(4.1.46)

Hence the Nash equilibrium strategies f ∗(·) and g∗(·) of players P and E satisfy the
set of two coupled equations (4.1.45)-(4.1.46):

f ∗(x̂PT−1)=−(RP
T−1 +B⊤

T−1Q
P
TBT−1)

−1B⊤
T−1Q

P
T

(
AT−1x̂

P
T−1 + CT−1Ew̃

[
g∗(x̂PT−1 + w̃)

])
,

(4.1.47)

g∗(x̂ET−1)=−(RE
T−1 + C⊤

T−1Q
E
TCT−1)

−1C⊤
T−1Q

E
T

(
AT−1x̂

E
T−1 +BT−1Ew̃

[
f ∗(x̂ET−1 − w̃)

])
.

(4.1.48)

For the multivariate Gaussian distribution with zero mean and positive definite covari-
ance Σ ∈ Rn×n, we write the density function as G(x; Σ) = 1

(2π)
n
2
√

det(Σ)
e−

1
2
x⊤Σ−1x for

x ∈ Rn. Using the convolution notation, we have

Ew̃[f(x̂
E
T−1 − w̃)] =

[
f ⋆ G(Σ̂E,P

T−1)
] (
x̂ET−1

)
, (4.1.49)

Ew̃[g(x̂
P
T−1 + w̃)] =

[
g ⋆ G(Σ̂E,P

T−1)
] (
x̂PT−1

)
, (4.1.50)

and hence (4.1.47)-(4.1.48) can be rewritten as

f ∗(x̂PT−1)
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=−(RP
T−1 +B⊤

T−1Q
P
TBT−1)

−1B⊤
T−1Q

P
T

(
AT−1x̂

P
T−1 + CT−1

[
g∗ ⋆ G(Σ̂E,P

T−1)
]
(x̂PT−1)

)
,

(4.1.51)

g∗(x̂ET−1)

=−(RE
T−1 + C⊤

T−1Q
E
TCT−1)

−1C⊤
T−1Q

E
T

(
AT−1x̂

E
T−1 +BT−1

[
f ∗ ⋆ G(Σ̂E,P

T−1)
]
(x̂ET−1)

)
.

(4.1.52)

Plugging (4.1.52) into (4.1.51), for any x ∈ Rn we have

f ∗(x) = −(RP
T−1 +B⊤

T−1Q
P
TBT−1)

−1B⊤
T−1Q

P
TAT−1x

+(RP
T−1 +B⊤

T−1Q
P
TBT−1)

−1B⊤
T−1Q

P
TCT−1(R

E
T−1 + C⊤

T−1Q
E
TCT−1)

−1 ·{
C⊤

T−1Q
E
TAT−1x ⋆ G+ C⊤

T−1Q
E
TBT−1f

∗ ⋆ G ⋆ G
}

Since Gaussian kernel is self-similar [65], we haveG(Σ)⋆G(Σ) = G(2Σ) and x⋆G(Σ) = x

for any positive semi-definite Σ. Therefore,

f ∗(x̂PT−1) = (RP
T−1 +B⊤

T−1Q
P
TBT−1)

−1B⊤
T−1Q

P
T · (4.1.53)[

CT−1(R
E
T−1 + C⊤

T−1Q
E
TCT−1)

−1C⊤
T−1Q

E
T − I

]
AT−1x̂

P
T−1

+(RP
T−1 +B⊤

T−1Q
P
TBT−1)

−1 ·

B⊤
T−1Q

P
TCT−1(R

E
T−1 + C⊤

T−1Q
E
TCT−1)

−1C⊤
T−1Q

E
TBT−1f

∗ ⋆ G(2Σ̂E,P
T−1),

for any x̂PT−1 ∈ Rn.
Similarly, we have

g∗(x̂ET−1) = (RE
T−1 + C⊤

T−1Q
E
TCT−1)

−1C⊤
T−1Q

E
T · (4.1.54)[

BT−1(R
P
T−1 +B⊤

T−1Q
P
TBT−1)

−1B⊤
T−1Q

P
T − I

]
AT−1x̂

E
T−1

+(RE
T−1 + C⊤

T−1Q
E
TCT−1)

−1 ·

C⊤
T−1Q

E
TBT−1(R

P
T−1 +B⊤

T−1Q
P
TBT−1)

−1B⊤
T−1Q

P
TCT−1g

∗ ⋆ G(2Σ̂E,P
T−1),

for any x̂ET−1 ∈ Rn.

Linear Policies. Since the Fredholm integral equations of the second kind, (4.1.53)
and (4.1.54) are linear integral equations with linear forcing terms, the solution f ∗(·)
of (4.1.53) is linear in x̂PT−1 and the solution of g∗(·) of (4.1.54) is linear in x̂ET−1.
Therefore, we look for F P

T−1 ∈ Rk×n and FE
T−1 ∈ Rm×n such that f ∗(x) = F P

T−1x and
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g∗(x) = FE
T−1x. Plugging these two linear relationships in (4.1.53) and (4.1.54), we

have

F P
T−1 =

(
I − (RP

T−1 +B⊤
T−1Q

P
TBT−1)

−1B⊤
T−1Q

P
TCT−1(R

E
T−1 + C⊤

T−1Q
E
TCT−1)

−1 ·

C⊤
T−1Q

E
TBT−1

)−1

(RP
T−1 +B⊤

T−1Q
P
TBT−1)

−1B⊤
T−1Q

P
T ·[

CT−1(R
E
T−1 + C⊤

T−1Q
E
TCT−1)

−1C⊤
T−1Q

E
T − I

]
AT−1. (4.1.55)

Similarly, we have

FE
T−1 =

(
I − (RE

T−1 + C⊤
T−1Q

E
TCT−1)

−1C⊤
T−1Q

E
TBT−1(R

P
T−1 +B⊤

T−1Q
P
TBT−1)

−1 ·

B⊤
T−1Q

P
TCT−1

)−1

(RE
T−1 + C⊤

T−1Q
E
TCT−1)

−1C⊤
T−1Q

E
T[

BT−1(R
P
T−1 +B⊤

T−1Q
P
TBT−1)

−1B⊤
T−1Q

P
T − I

]
AT−1. (4.1.56)

According to (4.1.47)-(4.1.48) and letting f ∗(x) = F P
T−1x and g∗(x) = FE

T−1x, we can
simplify the above optimal policies to

F P
T−1 = −(RP

T−1 +B⊤
T−1Q

P
TBT−1)

−1B⊤
T−1Q

P
T

(
AT−1 + CT−1F

E
T−1

)
, (4.1.57)

FE
T−1 = −(RE

T−1 + C⊤
T−1Q

E
TCT−1)

−1C⊤
T−1Q

E
T

(
AT−1 +BT−1F

P
T−1

)
. (4.1.58)

Value Function of the End Game. With the linear policy, we can write (4.1.41),
(4.1.42) and (4.1.43) as

Ex̂E
T−1

[
g(x̂ET−1)

∣∣ x̂PT−1

]
= FE

T−1x̂
P
T−1, (4.1.59)

ExT−1

[
g(x̂ET−1)

⊤(C⊤
T−1Q

P
TCT−1)g(x̂

E
T−1)

∣∣∣x̂PT−1, Σ̂
P
T−1

]
= (x̂PT−1)

⊤(FE
T−1)

⊤(C⊤
T−1Q

P
TCT−1)F

E
T−1x̂

P
T−1

+Tr
(
(FE

T−1)
⊤(C⊤

T−1Q
P
TCT−1)F

E
T−1Σ̂

E,P
T−1

)
, (4.1.60)

and

EeET−1,e
P
T−1

[
g⊤(x̂PT−1 + eET−1 − ePT−1)C

⊤
T−1Q

P
TAT−1e

P
T−1

]
=

−Tr
(
Σ̂P

T−1A
⊤
T−1Q

P
TCT−1F

E
T−1

)
+Tr

(
(Σ̃

(E,P )
T−1 )⊤A⊤

T−1Q
P
TCT−1F

E
T−1

)
.(4.1.61)
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We further define the value functions as

V P
T−1(x̂

P
T−1, Σ̂

P
T−1; Σ̂

E
T−1, Σ̃

(E,P )
T−1 ) := min

uT−1

J
P

T−1

(
uT−1; x̂

P
T−1, Σ̂

P
T−1

)
,

V E
T−1(x̂

E
T−1, Σ̂

E
T−1; Σ̂

P
T−1, Σ̃

(E,P )
T−1 ) := min

vT−1

J
E

T−1

(
vT−1; x̂

E
T−1, Σ̂

E
T−1

)
.

Plugging (4.1.59), (4.1.60) and (4.1.61) into (4.1.44) and taking u∗T−1 = F P
T−1x̂

P
T−1,

we have

V P
T−1(x̂

P
T−1, Σ̂

P
T−1; Σ̂

E
T−1, Σ̃

(E,P )
T−1 )

= (x̂PT−1)
⊤AT−1Q

P
TAT−1x̂

P
T−1 + Tr(A⊤

T−1Q
P
TAT−1Σ̂

P
T−1)

+(x̂PT−1)
⊤(F P

T−1)
⊤(RP

T−1 +B⊤
T−1Q

P
TBT−1)F

P
T−1x̂

P
T−1

+(x̂PT−1)
⊤(FE

T−1)
⊤C⊤

T−1Q
P
TCT−1F

E
T−1x̂

P
T−1+Tr

(
(FE

T−1)
⊤C⊤

T−1Q
P
TCT−1F

E
T−1Σ̂

(E,P )
T−1

)
+2(x̂PT−1)

⊤(F P
T−1)

⊤B⊤
T−1Q

P
TAT−1x̂

P
T−1 + 2(x̂PT−1)

⊤(FE
T−1)

⊤C⊤
T−1Q

P
TAT−1x̂

P
T−1

+2Tr
(
Σ̂P

T−1A
⊤
T−1Q

P
TCT−1F

E
T−1

)
− 2Tr

(
(Σ̃

(E,P )
T−1 )⊤A⊤

T−1Q
P
TCT−1F

E
T−1

)
+2(x̂PT−1)

⊤(F P
T−1)

⊤B⊤
T−1Q

P
TCT−1F

E
T−1x̂

P
T−1 + Tr

(
Γ⊤
T−1Q

P
TΓ

P
T−1W

)
+(x̂PT−1)

⊤QP
T−1x̂

P
T−1 + Tr(QP

T−1Σ̂
P
T−1),

which is quadratic in x̂PT−1. Hence we can write the Nash equilibrium value (associated
with the Nash equilibrium strategy (4.1.55) and (4.1.56)) as

V P
T−1(x̂

P
T−1, Σ̂

P
T−1; Σ̂

E
T−1, Σ̃

(E,P )
T−1 ) =

(
x̂PT−1

)⊤
ΠP

T−1x̂
P
T−1 + cPT−1 (4.1.62)

with

ΠP
T−1 = AT−1Q

P
TAT−1 + (F P

T−1)
⊤(RP

T−1 +B⊤
T−1Q

P
TBT−1)F

P
T−1

+(FE
T−1)

⊤C⊤
T−1Q

P
TCT−1F

E
T−1 + 2(F P

T−1)
⊤B⊤

T−1Q
P
TAT−1

+2(FE
T−1)

⊤C⊤
T−1Q

P
TAT−1 + 2(F P

T−1)
⊤B⊤

T−1Q
P
TCT−1F

E
T−1+Q

P
T−1

= (F P
T−1)

⊤RP
T−1F

P
T−1 +

(
AT−1 +BT−1F

P
T−1 + CT−1F

E
T−1

)⊤
QP

T ·(
AT−1 +BT−1F

P
T−1 + CT−1F

E
T−1

)
+QP

T−1, (4.1.63)

and

cPT−1
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= Tr(A⊤
T−1Q

P
TAT−1Σ̂

P
T−1) + Tr

(
(FE

T−1)
⊤C⊤

T−1Q
P
TCT−1F

E
T−1Σ̂

(E,P )
T−1

)
+Tr(QP

T−1Σ̂
P
T−1)

+2Tr
(
(Σ̂P

T−1 − (Σ̃
(E,P )
T−1 )⊤)A⊤

T−1Q
P
TCT−1F

E
T−1

)
+ Tr

(
Γ⊤
T−1Q

P
TΓ

P
T−1W

)
. (4.1.64)

Similarly, we have

V E
T−1(x̂

E
T−1, Σ̂

E
T−1; Σ̂

P
T−1, Σ̃

(E,P )
T−1 ) =

(
x̂ET−1

)⊤
ΠE

T−1x̂
E
T−1 + cET−1 (4.1.65)

with

ΠE
T−1 = AT−1Q

E
TAT−1 + (FE

T−1)
⊤(RE

T−1 + C⊤
T−1Q

E
TCT−1)F

E
T−1

+(F P
T−1)

⊤B⊤
T−1Q

E
TBT−1F

P
T−1 + 2(FE

T−1)
⊤C⊤

T−1Q
E
TAT−1

+2(F P
T−1)

⊤B⊤
T−1Q

E
TAT−1 + 2(FE

T−1)
⊤C⊤

T−1Q
E
TBT−1F

P
T−1+Q

E
T−1

= (FE
T−1)

⊤RE
T−1F

E
T−1 +

(
AT−1 +BT−1F

P
T−1 + CT−1F

E
T−1

)⊤
QE

T ·(
AT−1 +BT−1F

P
T−1 + CT−1F

E
T−1

)
+QE

T−1, (4.1.66)

and

cET−1

= Tr(A⊤
T−1Q

E
TAT−1Σ̂

E
T−1) + Tr

(
(F P

T−1)
⊤B⊤

T−1Q
E
TBT−1F

P
T−1Σ̂

(E,P )
T−1

)
+Tr(QP

T−1Σ̂
E
T−1)

+Tr
(
(Σ̂E

T−1 − Σ̃
(E,P )
T−1 )A⊤

T−1Q
E
TBT−1F

P
T−1

)
+ Tr

(
Γ⊤
T−1Q

E
T Γ

P
T−1W

)
. (4.1.67)

4.1.3.2 Dynamic Programming Principle (DPP)

Since players do not have access to the true state, their controls are related to their
state estimates which causes extra randomness. Thus, unlike [65] which applies the
standard DPP to the two-player zero-sum LQGG directly, we derive the individual
DPP for the two-player general-sum LQGG under a fixed Markov strategy from the
opponent.

At any given time 0 ≤ t ≤ T − 1, denote the value function of player P , under a
fixed strategy γE := {γEt (x̂Et )}∞t=0 from player E, as

Vt(x̂
P
t , Σ̂

P
t ; γ

E) = min
{us}Ts=t

E

[
x⊤TQ

P
T xT +

T−1∑
s=t

u⊤t R
P
t ut + x⊤t Q

P
t xt

∣∣∣∣∣Ht

]
(4.1.68)
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subject to (4.1.12) and γE, with the terminal value

V P
T

(
x̂PT , Σ̂

P
T ; γ

E
)

= V P
T

(
x̂PT , Σ̂

P
T

)
= ExT

[
x⊤TQ

P
T xT

∣∣ x̂PT , Σ̂P
T

]
=

(
x̂PT
)⊤
QP

T x̂
P
T + Tr

(
QP

T Σ̂
P
T

)
. (4.1.69)

Now we show in the following theorem that a correction term is needed for the DPP
in the two-player general-sum LQG with partial information.

Theorem 4.1.4 (Dynamic Programming Principle (DPP)). For any given time 0 ≤
t ≤ T − 1, the value function V P

t satisfies

V P
t (x̂Pt , Σ̂

P
t ; γ

E)

= min
ut

E(ePt ,eEt ,wP
t+1,wt)

[
x⊤t Q

P
t xt + u⊤t R

P
t ut + V P

t+1

(
x̂Pt+1, Σ̂

P
t+1; γ

E
)
+ dPt+1

∣∣∣ x̂Pt ] ,
(4.1.70)

where the correction term dPt+1 is given by

dPt+1 = 2E(ePt ,eEt )

[
γEt (x̂

P
t + eEt − ePt )

⊤C⊤
t Q

P
t+1 (K

P
t+1H

P
t+1 − I)Ate

P
t

∣∣ x̂Pt ] . (4.1.71)

In particular, when player E applies a linear strategy γEt (x̂Et ) = FE
t x̂Et for some con-

stant matrix FE
t ∈ Rk×n, we have

dPt+1 = 2Tr
(
(FE

t )⊤C⊤
t Q

P
t+1(K

P
t+1H

P
t+1 − I)At

(
Σ̃

(E,P )
t − Σ̂P

t

))
. (4.1.72)

The constant correction term dPt+1 is a consequence of strategic interactions and
partial observations. In (4.1.72) the terms KP

t , HP
t , and Σ̂P

t come from the Kalman
filter, and the dependency on Σ̃

(E,P )
t is due to the fact that each player is uncertain

about the state estimate of the other player, see Theorem 4.1.2. This term is equal to
zero in the single-agent setting and in the multi-agent setting with full information.

Proof of Theorem 4.1.4. By definition of the value function in (4.1.68) we have,

Vt(x̂
P
t , Σ̂

P
t ; γ

E)

= min
{us}Ts=t

E(ePs ,eEs ,wP
s+1,ws)

T−1
s=t

[
x⊤TQ

P
T xT +

T−1∑
s=t

u⊤t R
P
t ut + x⊤t Q

P
t xt

∣∣∣∣∣ x̂Pt
]
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= min
ut

{
E(ePt ,eEt ,wP

t+1,wt)

[
x⊤t Q

P
t xt + u⊤t R

P
t ut
∣∣ x̂Pt ]

+ min
{us}Ts=t+1

E(ePs ,eEs ,wP
s+1,ws)

T−1
s=t

[
x⊤TQ

P
T xT +

T−1∑
s=t+1

(
u⊤s R

P
s us + x⊤s Q

P
s xs
)∣∣∣∣∣ x̂Pt

]}
.

(4.1.73)

Note that we have

E(ePs ,eEs ,wP
s+1,ws)

T−1
s=t

[
x⊤TQ

P
T xT +

T−1∑
s=t+1

(
u⊤s R

P
s us + x⊤s Q

P
s xs
)∣∣∣∣∣ x̂Pt

]
(4.1.74)

= E(ePs ,eEs ,wP
s+1,ws)

T−1
s=t

[
x⊤TQ

P
T xT +

T−1∑
s=t+2

(
u⊤s R

P
s us + x⊤s Q

P
s xs
)

+(x̂Pt+1)
⊤QP

t+1x̂
P
t+1 + u⊤t+1R

P
t+1ut+1 + (ePt+1)

⊤QP
t+1e

P
t+1 − 2(x̂Pt+1)

⊤QP
t+1e

P
t+1

∣∣∣∣∣x̂Pt
]
.

Given (4.1.22)-(4.1.26), we have

x̂Pt+1 = Atx̂
P
t +Btut + Ctvt +KP

t+1H
P
t+1At(xt − x̂Pt ) +KP

t+1H
P
t+1Γtwt +KP

t+1w
P
t+1,

and hence

ePt+1 = x̂Pt+1 − xt+1 = (I −KP
t+1H

P
t+1)At(x̂

P
t − xt) + (KP

t+1H
P
t+1 − I)Γtwt +KP

t+1w
P
t+1

= (I −KP
t+1H

P
t+1)At e

P
t + (KP

t+1H
P
t+1 − I)Γtwt +KP

t+1w
P
t+1.

Therefore, the last two terms in (4.1.74) satisfy

E(ePs ,eEs ,wP
s+1,ws)

T−1
s=t

[
(ePt+1)

⊤QP
t+1e

P
t+1 − 2(x̂Pt+1)

⊤QP
t+1e

P
t+1

∣∣∣∣∣x̂Pt
]

= Tr(QP
t+1Σ̂

P
t+1) + 2E(ePt ,eEt )

[
g(x̂Pt + eEt − ePt )

⊤C⊤
t Q

P
t+1 (K

P
t+1H

P
t+1 − I)Ate

P
t

∣∣ x̂Pt ]
+Tr(Γ⊤

t (I −KP
t+1H

P
t+1)

⊤QP
t+1K

P
t+1H

P
t+1ΓtW )− Tr((KP

t+1)
⊤QP

t+1K
P
t+1G

P )

−Tr
(
A⊤

t (H
P
t+1)

⊤(KP
t+1)

⊤QP
t+1(K

P
t+1H

P
t+1 − I)AtΣ̂

P
t

)
, (4.1.75)

which is independent from the control from player P at time t, namely, ut. Therefore,
the second minimisation in (4.1.73) is equivalent to the minimisation of the first four
terms in (4.1.74).
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On the other hand, minimising the first four terms in (4.1.74) gives

min
{us}T−1

t+1

E(ePs ,eEs ,wP
s+1,ws)

T−1
s=t

[
x⊤TQ

P
T xT +

T−1∑
s=t+2

(
u⊤s R

P
s us + x⊤s Q

P
s xs
)

+(x̂Pt+1)
⊤QP

t+1x̂
P
t+1 + u⊤t+1R

P
t+1ut+1

∣∣∣∣∣x̂Pt
]

= E(ePt ,eEt ,wP
t+1,wt)

[
min

{us}T−1
t+1

E(ePs ,eEs ,wP
s+1,ws)

T−1
s=t+1

[
x⊤TQ

P
T xT +

T−1∑
s=t+2

(
u⊤s R

P
s us + x⊤s Q

P
s xs
)

+(x̂Pt+1)
⊤QP

t+1x̂
P
t+1 + u⊤t+1R

P
t+1ut+1

∣∣∣∣∣x̂Pt+1

]∣∣∣∣∣x̂Pt
]

= E(ePt ,eEt ,wP
t+1,wt)

[
Vt+1(x̂

P
t+1)

+EePt+1

[
− (ePt+1)

⊤QP
t+1e

P
t+1 + 2(x̂Pt+1)

⊤QP
t+1e

P
t+1

∣∣∣∣∣x̂Pt+1

]∣∣∣∣∣x̂Pt
]

= E(ePt ,eEt ,wP
t+1,wt)

[
Vt+1(x̂

P
t+1)

∣∣∣∣∣x̂Pt
]
− Tr(QP

t+1Σ̂
P
t+1). (4.1.76)

The min{us}T−1
t+1

commutes with E(ePt ,eEt ,wP
t+1,wt) since the control sequence after time t+1

{us}T−1
t+1 is independent of the randomness from (ePt , e

E
t , w

P
t+1, wt). Plugging (4.1.75)

and (4.1.76) into (4.1.73), we have

Vt(x̂
P
t , Σ̂

P
t ; γ

E)

= min
{us}Ts=t

E(ePs ,eEs ,wP
s+1,ws)

T−1
s=t

[
x⊤TQ

P
T xT +

T−1∑
s=t

u⊤t R
P
t ut + x⊤t Q

P
t xt

∣∣∣∣∣ x̂Pt
]

= min
ut

{
E(ePt ,eEt ,wP

t+1,wt)

[
x⊤t Qtut + u⊤s R

P
s us + V P

t+1

(
x̂Pt+1

) ∣∣∣∣∣x̂Pt
]}

+ dPt+1(4.1.77)

with the correction term dPt+1 satisfies

dPt+1 = 2E(ePt ,eEt )

[
g(x̂Pt + eEt − ePt )

⊤C⊤
t Q

P
t+1 (K

P
t+1H

P
t+1 − I)Ate

P
t

∣∣ x̂Pt ]
+Tr(Γ⊤

t (I −KP
t+1H

P
t+1)

⊤QP
t+1K

P
t+1H

P
t+1ΓtW )− Tr((KP

t+1)
⊤QP

t+1K
P
t+1G

P )

−Tr
(
A⊤

t (H
P
t+1)

⊤(KP
t+1)

⊤QP
t+1(K

P
t+1H

P
t+1 − I)AtΣ̂

P
t

)
= 2E(ePt ,eEt )

[
g(x̂Pt + eEt − ePt )

⊤C⊤
t Q

P
t+1 (K

P
t+1H

P
t+1 − I)Ate

P
t

∣∣ x̂Pt ]
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+Tr(Γ⊤
t Q

P
t+1K

P
t+1H

P
t+1ΓtW )− Tr(Γ⊤

t (H
P
t+1)

⊤(KP
t+1)

⊤QP
t+1K

P
t+1H

P
t+1ΓtW )

−Tr((KP
t+1)

⊤QP
t+1K

P
t+1G

P )− Tr
(
A⊤

t (H
P
t+1)

⊤(KP
t+1)

⊤QP
t+1K

P
t+1H

P
t+1AtΣ̂

P
t

)
+Tr

(
A⊤

t (H
P
t+1)

⊤(KP
t+1)

⊤QP
t+1AtΣ̂

P
t

)
= 2E(ePt ,eEt )

[
g(x̂Pt + eEt − ePt )

⊤C⊤
t Q

P
t+1 (K

P
t+1H

P
t+1 − I)Ate

P
t

∣∣ x̂Pt ]
+Tr(Γ⊤

t Q
P
t+1K

P
t+1H

P
t+1ΓtW ) + Tr

(
A⊤

t (H
P
t+1)

⊤(KP
t+1)

⊤QP
t+1AtΣ̂

P
t

)
+Tr

(
QP

t+1

(
Σ̂P

t+1 − Σ̂P,−
t+1

))
(4.1.78)

= 2E(ePt ,eEt )

[
g(x̂Pt + eEt − ePt )

⊤C⊤
t Q

P
t+1 (K

P
t+1H

P
t+1 − I)Ate

P
t

∣∣ x̂Pt ] , (4.1.79)

where (4.1.78) holds since for any matrix Π ∈ Rn×n,

Tr
(
(KP

t+1)
⊤ΠKP

t+1G
P
)
+ Tr

(
A⊤

t (H
P
t+1)

⊤(KP
t+1)

⊤ΠKP
t+1H

P
t+1AtΣ̂

P
t

)
+ Tr

(
Γ⊤
t (H

P
t+1)

⊤(KP
t+1)

⊤ΠKP
t+1H

P
t+1ΓtW

)
= Tr

(
(KP

t+1)
⊤ΠKP

t+1

(
HP

t+1ΓtWΓ⊤
t (H

P
t+1)

⊤ +GP +HP
t+1AtΣ̂

P
t A

⊤
t (H

P
t+1)

⊤
))

= Tr
(
(KP

t+1)
⊤ΠKP

t+1

(
HP

t+1Σ̂
P,−
t+1(H

P
t+1)

⊤ +GP
))

= Tr
(
Π
(
Σ̂P,−

t+1 − Σ̂P
t+1

))
,

and (4.1.79) holds since, by (4.1.22)-(4.1.26),

Tr
(
QP

t+1

(
Σ̂P

t+1 − Σ̂P,−
t+1

))
= −Tr

(
QP

t+1K
P
t+1H

P
t+1Σ̂

P,−
t

)
= −Tr

(
QP

t+1K
P
t+1H

P
t+1(AtΣ̂

P
t A

⊤
t + ΓtWΓ⊤

t )
)

= −Tr(Γ⊤
t Q

P
t+1K

P
t+1H

P
t+1ΓtW )− Tr

(
A⊤

t (H
P
t+1)

⊤(KP
t+1)

⊤QP
t+1AtΣ̂

P
t

)
.

4.1.3.3 General Results by the DPP

Using the DPP formula in Theorem 4.1.4, we have the following result for the Nash equi-
librium strategy and the corresponding value function for the game (4.1.12)-(4.1.13)-
(4.1.14)-(4.1.16)-(4.1.19)-(4.1.20).

Theorem 4.1.5. Assume Assumptions 3.2.4, 4.1.1, and 4.1.3 hold. The unique Nash
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equilibrium policy takes a linear format:

u∗t (x̂
P
t ) = F P

t x̂
P
t , (4.1.80)

v∗t (x̂
E
t ) = FE

t x̂
E
t , (4.1.81)

with

F P
t = −(RP

t +B⊤
t Π

P
t+1Bt)

−1B⊤
t Π

P
t+1(At + CtF

E
t ), (4.1.82)

and
FE
t = −(RE

t + C⊤
t Π

E
t+1Ct)

−1C⊤
t Π

E
t+1(At +BtF

P
t ). (4.1.83)

The corresponding value functions are quadratic (0 ≤ t ≤ T ):

V P
t (x̂Pt ) = (x̂Pt )

⊤ΠP
t x̂

P
t + cPt , (4.1.84)

V E
t (x̂Et ) = (x̂Et )

⊤ΠE
t x̂

E
t + cEt , (4.1.85)

with matrices ΠP
t ,Π

E
t ∈ Rn×n given by

ΠP
t = QP

t + (F P
t )⊤RP

t F
P
t +

(
A+BtF

P
t + CtF

E
t

)⊤
ΠP

t+1

(
A+BtF

P
t + CtF

E
t

)
, (4.1.86)

ΠE
t = QE

t + (FE
t )⊤RE

t F
E
t +

(
At +BtF

P
t +CtF

E
t

)⊤
ΠE

t+1

(
At +BtF

P
t +CtF

E
t

)
, (4.1.87)

and scalars cPt , cEt , dPt+1, d
E
t+1 ∈ R given by

cPt = cPt+1 + dPt+1 + Tr
(
QP

t Σ̂
P
t

)
+ Tr

(
(FE

t )⊤C⊤
t Π

P
t+1CtF

E
t Σ̂

(E,P )
t

)
+Tr

(
Γ⊤
t (H

P
t+1)

⊤(KP
t+1)

⊤ΠP
t+1K

P
t+1H

P
t+1ΓtW

)
+ Tr

(
(KP

t+1)
⊤ΠP

t+1K
P
t+1G

P
)

+Tr
(
A⊤

t (H
P
t+1)

⊤(KP
t+1)

⊤ΠP
t+1K

P
t+1H

P
t+1AtΣ̂

P
t

)
+2Tr

(
(FE

t )⊤C⊤
t Π

P
t+1K

P
t+1H

P
t+1At(Σ̂

P
t − Σ̃

(E,P )
t )

)
, (4.1.88)

cEt = cEt+1 + dEt+1 + Tr
(
QE

t Σ̂
E
t

)
+ Tr

(
(F P

t )⊤B⊤
t Π

E
t+1BtF

P
t Σ̂

(E,P )
t

)
+Tr

(
Γ⊤
t (H

E
t+1)

⊤(KE
t+1)

⊤ΠE
t+1K

E
t+1H

E
t+1ΓtW

)
+ Tr

(
(KE

t+1)
⊤ΠE

t+1K
E
t+1G

E
)

+Tr
(
A⊤

t (H
E
t+1)

⊤(KE
t+1)

⊤ΠE
t+1K

E
t+1H

E
t+1AtΣ̂

E
t

)
+2Tr

(
(F P

t )⊤B⊤
t Π

E
t+1K

E
t+1H

E
t+1At(Σ̂

E
t − (Σ̃

(E,P )
t )⊤)

)
, (4.1.89)
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and

dPt+1 = 2Tr
(
(FE

t )⊤C⊤
t Q

P
t+1

(
KP

t+1H
P
t+1 − I

)
At

(
Σ̃

(E,P )
t − Σ̂P

t

))
,

dEt+1 = 2Tr
(
(F P

t )⊤B⊤
t Q

E
t+1

(
KE

t+1H
E
t+1 − I

)
At

(
(Σ̃

(E,P )
t )⊤ − Σ̂E

t

))
.

The terminal conditions are

ΠP
T = QP

T , ΠE
T = QE

T , cPT = Tr
(
QP

T Σ̂
P
T

)
, cET = Tr

(
QE

T Σ̂
E
T

)
. (4.1.90)

We note that the optimal policies F P
t and FE

t given in (4.1.82) and (4.1.83), and
the Riccati equations given in (4.1.86) and (4.1.87), are the same as the optimal polices
and Riccati equations in the case of full information ([13, Corollary 6.4]). However, the
LQGG (defined in (4.1.12)-(4.1.13)-(4.1.14)-(4.1.16)-(4.1.19)-(4.1.20)) differs from the
LQG with full information in [13, Corollary 6.4] in the sense that the Nash equilibrium
strategy is linear in the state estimate rather than the true state, and the scalars cPt
and cEt in the value function involve more terms due to the errors in state estimation.

Proof. At time t = T , by (4.1.69) we have the terminal conditions given in (4.1.90).
In the end game analysis in Section 4.1.3.1, we have shown that at time t = T − 1,
the unique Nash equilibrium policy for each player is linear in his state estimate and
the corresponding value function is quadratic in the state estimate, with F P

T−1, FE
T−1,

ΠP
T−1, ΠE

T−1, cPT−1, and cET−1 given in (4.1.57), (4.1.58), (4.1.63), (4.1.66), (4.1.64), and
(4.1.67).

At time t = 0, 1, · · · , T − 2, player P plays against the strategy γEt (·) of player E.
By Theorem 4.1.4, we have the DPP for player P

V P
t (x̂Pt , Σ̂

P
t ; γ

E
t )

= min
ut

E(ePt ,eEt ,wP
t+1,wt)

[
x⊤t Q

P
t xt + u⊤t R

P
t ut + V P

t+1

(
x̂Pt+1, Σ̂

P
t+1; γ

E
t+1

)
+ dPt+1

∣∣∣ x̂Pt ] ,
where

xt+1 = Atxt +Btut + Ct(γ
E
t (x̂

E
t )) + Γtwt, (4.1.91)
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and according to (4.1.22)-(4.1.26),

x̂Pt+1=Atx̂
P
t +Btut + Ct(γ

E
t (x̂

P
t + w̃t))+K

P
t+1(H

P
t+1Γtwt + wP

t+1 −HP
t+1Ate

P
t ).(4.1.92)

Hence

V P
t (x̂Pt , Σ̂

P
t ; γ

E
t ) = min

ut

{
u⊤t R

P
t ut + (x̂Pt )

⊤QP
t x̂

P
t + Tr

(
QP

t Σ̂
P
t

)
+Ew̃t,ePt ,wt,wP

t+1

[
V P
t+1(Atx̂

P
t +Btut + Ct(γ

E
t (x̂

P
t + w̃t))

+KP
t+1(H

P
t+1 Γtwt + wP

t+1 −HP
t+1Ate

P
t ), Σ̂

P
t+1; γ

E
t+1) + dPt+1

∣∣∣ x̂Pt ]} ,
(4.1.93)

where
x̂Et = x̂Pt + w̃t, w̃t = eEt − ePt . (4.1.94)

Similarly, the DPP for player E is

V E
t (x̂Et , Σ̂

E
t ; γ

P
t )

= min
vt

E(ePt ,eEt ,wE
t+1,wt)

[
x⊤t Q

E
t xt + v⊤t R

E
t vt + V E

t+1

(
x̂Et+1, Σ̂

E
t+1; γ

P
t+1

)
+ dEt+1

∣∣∣ x̂Et ] ,
where

xt+1 = Atxt +Bt(γ
P
t (x̂

P
t )) + Ctvt + Γtwt, (4.1.95)

and according to (4.1.22)-(4.1.26),

x̂Et+1=Atx̂
E
t +Bt(γ

P
t (x̂

E
t − w̃t)) + Ctvt+K

E
t+1(H

E
t+1Γtwt + wE

t+1 −HE
t+1Ate

E
t ).(4.1.96)

Hence,

V E
t (x̂Et ,Σ

E
t ; γ

P
t ) = min

vt

{
v⊤t R

E
t vt + (x̂Et )

⊤QE
t x̂

E
t + Tr

(
QE

t Σ̂
E
t

)
+Ew̃t,eEt ,wt,wE

t+1
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where
x̂Pt = x̂Et − w̃t. (4.1.97)

Similar to the end game analysis in Section 4.1.3.1, we can show that the optimal
strategies at t = T − 2, T − 3, . . . , 0 are linear in the state estimate,

γPt (x̂
P
t ) = F P

t x̂
P
t , (4.1.98)

γEt (x̂
E
t ) = FE

t x̂
E
t , (4.1.99)

and the cost function is quadratic in the state estimate,

V P
t (x̂Pt ) = (x̂Pt )

⊤ΠP
t x̂

P
t + cPt , (4.1.100)

V E
t (x̂Et ) = (x̂Et )

⊤ΠE
t x̂

E
t + cEt , (4.1.101)

for some F P
t , FE

t , ΠP
t , ΠE

t , cPt , and cEt to be determined. For player P, by substituting
(4.1.98), (4.1.99), and (4.1.100) into the value function (4.1.93), they minimise their
value function to find the optimal response to player E’s strategy vt = FE

t x̂
E
t ,

V P
t (x̂Pt )

= (x̂Pt )
⊤ΠP

t x̂
P
t + cPt
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Now we calculate the expectations in (4.1.102),
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Substituting (4.1.103) into (4.1.102) gives
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(4.1.104)

Since the DPP correction term dPt+1 is independent of the control ut, the first order
condition leads to the following optimal response:

u∗t = F P
t x̂

P
t = −(RP

t +B⊤
t Π

P
t+1Bt)

−1B⊤
t Π

P
t+1(At + CtF

E
t )x̂Pt . (4.1.105)

Similarly, player E minimises his value function to find his optimal response to player
P’s strategy ut = F P

t x̂
P
t . The optimal strategy v∗t of player E is given by

v∗t = FE
t x̂

E
t = −(RE

t + C⊤
t Π

E
t+1Ct)

−1C⊤
t Π

E
t+1(At +BtF

P
t )x̂Et . (4.1.106)

Plugging u∗t = F P
t x̂

P
t into (4.1.104) and after direct calculation, we can rewrite the

value function as

V P
t (x̂Pt ) = (x̂Pt )

⊤ΠP
t x̂

P
t + cPt , t = 0, 1, . . . , T − 2

with ΠP
t and cPt given in (4.1.86) and (4.1.88). Similarly, player E’s value function can

be rewritten as

V E
t (x̂Et ) = (x̂Et )

⊤ΠE
t x̂

E
t + cEt , t = 0, 1, . . . , T − 2,

with ΠE
t and cEt given in (4.1.87) and (4.1.89).
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4.1.4 Experimental Result of the Bargaining Model

Recall that we have established a two-player bargaining model in Section 4.1.1. In this
section, we will further discuss the model and present some numerical results. We set
the penalty function in the model to be Ri

t = θi exp(−λit) where θi and λi are positive
constants. Thus, the penalty for concession decays over time, which allows both players
to be more flexible near the deadline in order to settle a deal. We also note that to
ensure the well-definedness of the LQGG, we also add a small observation noise with
mean zero and variance ϵ (ϵ > 0) to the players’ offers xBt and xSt . Thus if we write
xt = (xBt , x

S
t , pt) as the state, then each player observes

zit+1 = xt+1 + wi
t+1

for i = S,B where wi
t+1 ∼ N (0, G

i
) with

G
i
=


ϵ 0 0

0 ϵ 0

0 0 Gi

 .

Set-up. We set up the model parameters and initial conditions as follows:

1. Parameters: T = 10, W = 5, αB = 60, αS = 60, βB = 10, βS = 10, cB = cS =

0.05, ϵ = 10−6, GB = 10, GS = 0.01. For the penalty function we set θi = 5 and
λi = 0.1.

2. Initial state: xB0 ∼ N (10, 3), xB0 ∼ N (90, 3), and p0 ∼ N (50, 5). We assume that
players’ belief of the initial state distribution are the same as the true distribution.

State estimates. We now plot the buyer’s and the seller’s state estimates obtained
by the Kalman filter in Figure 4.1, where both players play the Nash equilibrium
strategies. We can see that since the seller has a larger observation noise (GB > GS),
he has a less accurate estimate of the project value.
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(a) Buyer’s state estimates. (b) Seller’s state estimates.

Figure 4.1: The true state (solid black lines) and state estimates (dashed blue lines)
of the buyer and the seller. The top, middle, and bottom solid lines represent the true
seller’s offer, (the true) value of the project, and (the true) buyer’s offers, respectively.
The solid lines represent each player’s estimates of the three true state variables.

Effect of the Observation Noise. To study the effect of the observation noise on
the negotiation strategies, we fix GS = 0.01 and vary the variance of the buyer’s obser-
vation noise GB. In Figure 4.2, we provide an example to show the difference between
the players’ actual offers (blue and black dashed lines) under partial information with
their offers under full information (blue and black solid lines). We can see that when
GB = 1, the buyer has a relatively accurate estimate of the project value (the red
dashed line is close to the red solid line), therefore the final agreement price is similar
to the case with full information; while when GB = 10, in this example, the buyer’s
estimated project value is higher than the actual value, and thus he proposes a higher
offer at the deadline. We also observe that in the case with full information the final
offers do not cross each other while with partial information, there is a cross due to
state estimation error and players may agree at the average of the two offers. In fact,
the buyer’s estimated value project could be either higher or lower than the actual
value, thus higher observation noise leads to more risk of not reaching an agreement in
the end and more variations in the final agreement price. In addition, we note that as
GB increases, the seller’s cost JS will also increase, but in smaller increments. Hence
it is of everyone’s interest to be less uncertain about the project value.
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(a) GB = 1. The buyer’s cost is JB = 968. (b) GB = 10. The buyer’s cost is JB = 2854.

Figure 4.2: An example of state trajectories under the Nash equilibrium with full
information (solid lines) and partial information (dashed lines). The red dashed line
represents the buyer’s estimate of the project value. For comparison, the buyer’s Nash
equilibrium cost with full information is JB = 920.

4.2 The LQG Model with Reinforcement Learning

In Section 4.1 we have discussed an bargaining model under the assumption that the
model parameters are known to both players. In reality, each player usually does
not have access to his opponent’s information and thus needs to learn the optimal
negotiation strategies through repeated negotiations. In this section, we will cast the
bargaining problem with unknown model parameters as an LQG problem using the
framework discussed in Chapter 3. We will then show how, in a series of negotiations
with the same counterparty, the natural policy gradient method (Algorithm 3) helps the
players to improve their bargaining strategies without access to the model parameters.

4.2.1 A Two-player LQG model

Similar to Section 4.1, we set the control of each player i (i = B, S), denoted by ut

and vt, to be change of the buyer’s and the seller’s offers, respectively, which measure
the concession they make at time t. The state variables are their offers xit and their
valuations of the project yit. The valuations can be considered as their reservation
prices, that is the upper or lower limit of what they are prepared to offer: on the
demand side, the reservation price is the highest price that a buyer is willing to pay;
on the supply side, it is the lowest price at which a seller is willing to sell. There
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is some uncertainty in their valuations due to both internal and external factors that
are inherent in the problem, e.g. change in the economic climate or internal company
policy. In contrast to the LQGG model studied in Section 4.1 where both players’
target prices are linked to the true project value, here we allow each player to have a
different reservation price with correlated noise. Therefore, we construct the following
bargaining model with a four dimensional state variable xt = (xBt , x

S
t , y

B
t , y

S
t )

⊤ and a
two dimensional control variable (ut, vt). The equations for the evolution of the state
variable are

xBt+1 = xBt + ut + ϵBt , xSt+1 = xSt + vt + ϵSt ,

yBt+1 = γBy
B
t + σBw

1
t , ySt+1 = γSy

S
t + σS(

√
ρw1

t +
√

1− ρw2
t ),

where γi is the growth rate of yit and σi is the volatility parameter, which measures the
size of the uncertainty of yit; T is the finite deadline. Similar to the model considered
in Section 4.1.1, here ϵBt and ϵSt serve as regularization terms with ϵBt ∼ N (0,WB) and
ϵSt ∼ N (0,W S) to guarantee the well-definedness of the LQG. We note that the Nash
equilibrium strategies are still well behaved when WB = W S = 0 (see Figure 4.3). We
assume that {w1

t }T−1
t=0 and {w2

t }T−1
t=0 are i.i.d. standard normal random variables and

they are highly correlated through a constant ρ ∈ (0.5, 1), since we believe that the
players are likely to have a similar valuation of the product. We consider a simple
quadratic cost function for the buyer, given by

inf
{ut}T−1

t=0

E

[
αB(x

B
T − xST )

2 + βB(x
B
T − yBT )

2 +
T−1∑
t=0

RB
t (ut)

2

]
,

and for the seller

inf
{vt}T−1

t=0

E

[
αS(x

B
T − xST )

2 + βS(x
S
T − yST )

2 +
T−1∑
t=0

RS
t (vt)

2

]
,

where αi > 0 and βi > 0 are weighting parameters. The function Ri
t is the penalty

function representing the cost of control at time t. Therefore, when minimising the

cost function, each player tries to settle a deal with their counterparty, gradually con-

ceding toward their bottom line, while trying to make as little concession as possible.
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Therefore, in the LQG formulation which we discussed in Section 3.2, we have

At =


1 0 0 0

0 1 0 0

0 0 rB 0

0 0 0 rS
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0

0

0
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Qi
t = 000, Ri

t = Ri
t(t), QB

T =


αB + βB −αB −βB 0

−αB αB 0 0

−βB 0 βB 0

0 0 0 0

 , QS
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αS −αS 0 0
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Note that in this model, Qi
t and Qi

T (i = B, S) are positive semi-definite but not
positive definite, Lemma 3.2.6 still holds under this extended assumption [13].

4.2.2 Experimental Results

We first show the Nash equilibrium of the LQG model in an example given in Figure
4.3. We then perform the natural policy gradient algorithm with known and unknown
parameters to the bargaining model. For each case we plot the the state trajectory
under the learned policies and the normalised error defined in (3.5.1). Note that al-
though Assumptions 3.2.1 and 3.2.2 are not satisfied under this set of parameters, the
algorithm will converge to the Nash equilibrium under proper conditions in both cases.

Set-up. We perform the natural policy gradient method under the following param-
eters:

1. Parameters: αB = 6, αS = 7, βB = 4, βS = 4, ρ = 0.8, σB = 5, σS = 5,
γB = 1, γS = 1, WB = W S = 0, T = 5. The penalty function is set to be
Ri

t = θi exp(−λit), with θB = θS = 10 and λB = λS = 0.1. For the algorithm
with unknown parameters, the number of trajectories LB = LS = 500, and
smoothing parameters rB = rS = 0.5.

2. Initialisation: xB0 ∼ N (6, 1), xS0 ∼ N (12, 1.5), yB0 ∼ N (8, 1), and yS0 ∼ N (7, 0.5).
The initial policy for the buyer: FFFB ∈ R1×20 = (F

B,(0)
0 , · · · , FB,(0)

T−1 ) with FB,(0)
t =

[0.1,−0.001,−0.1,−0.01] for all t. The initial policy for the seller: FFF S ∈ R1×20 =

(F
S,(0)
0 , · · · , F S,(0)

T−1 ) with F S,(0)
t = [0.0001,−0.1, 0.05, 0.05] for all t.
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Nash Equilibrium. The behavior of the buyer and the seller under their Nash equi-
librium strategies is shown in Figure 4.3. The solution is calculated by solving the
Ricatti system (3.2.5).

Figure 4.3: State trajectory under Nash equilibrium strategies.

Algorithm with Known Parameters. In the case of known parameters, the state
trajectory (see Figure 4.4a) is very similar to the one under Nash equilibrium shown
in Figure 4.3, and the algorithm is very efficient as the normalized error falls below 0.1
within 10 iterations (see Figure 4.4b).

(a) State trajectory under learned policies. (b) Convergence.

Figure 4.4: Performance of the algorithm with known parameters for the bargaining
model.

Algorithm with Unknown Parameters. The state trajectory under the learned
policies (see Figure 4.5a) is very similar to the optimal one. However, it takes the
algorithm much longer to converge compared with the case of known parameter – the
normalized error falls below 0.1 within 2000 iterations (see Figure 4.5b). This indicates
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that with fully unknown parameters, it takes a lot more efforts to learn an accurate
strategy.

(a) State trajectory under learned policies. (b) Convergence.

Figure 4.5: Performance of the algorithm with unknown parameters for the bargaining
model.
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Chapter 5

Conclusion and Future Work

In this thesis we studied the convergence of policy gradient methods for LQ problems
in the setting of finite time horizon and stochastic state dynamics. We started with
the single-agent LQR problem and proved that policy gradient methods enjoy linear
convergence to the optimal solution in the case of known and unknown parameters. We
also discussed the optimal liquidation problem and presented the experimental results
with synthetic data and real market data. We then studied the N -player general-sum
LQG and proved the global convergence of the natural policy gradient method to the
Nash equilibrium. The theoretical convergence is guaranteed provided that there is
a certain amount of noise in the system. We illustrated our results with numerical
experiments to show that the addition of noise helps the algorithm to learn the Nash
equilibrium strategy. Furthermore, we developed bargaining models using LQGs for
the case where players have partial information but know the model parameters, and
where players learn the optimal strategy with unknown model parameters.

It would be interesting to explore the following directions in the future:

• Convergence of (natural) policy gradient methods for N-player general-sum LQGs
in the case of unknown parameters. In Chapter 3 we provide a provable conver-
gence guarantee for the natural policy gradient method in the case of known
parameters. It is likely to extend this result to the case when model parameters
are unknown (Algorithm 3) following Chapter 2.

• Convergence of policy gradient methods in mean-field games with a finite horizon.
We have studied LQ problems when N < ∞ as a starting point to analyse the
performance of policy gradient methods. Extending the convergence results to
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LQ or non-LQ mean-field games (N = ∞) is a natural direction for this research.
Similar work has been done for the continuous-time LQ mean-field control and
game [87] and discrete-time LQ mean-field control [21] problems.

• Models for negotiation over multiple items among multiple players. The bargain-
ing model developed in Chapter 4 can be further generalised in various ways. For
example, in reality there might be more than two players involved in a negotia-
tion. Players may also negotiate over several items, in which case an important
problem is how to design a cost function. We may also view this as an RL prob-
lem with multiple objectives. Other RL algorithms such as TRPO and PPO may
also be applied to improve the learning efficiency.

• RL methods for LQGs with partial information. In Section 4.1 we consider an
LQG model where each player knows the model parameters but has a noisy
observation of the true state. In the future we may combine RL methods with
the LQG and Kalman filter to learn the optimal strategy when model parameters
are unknown to the players and players do not have access to the true state.
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Appendix A

Appendix for Chapter 2

A.1 Market Simulator for Linear Price Dynamics

In the case of unknown parameters, the controller is assumed to have access to a
simulator, which generates the cost signals using equation (2.2.9) with the estimated
parameters from the NASDAQ ITCH data taken from Lobster1. We give the details
of data we use in Figures A.1 and A.2.

Now we show how we estimate each of those parameters in (2.2.9) and summarize
the estimated parameters in Table A.1.

Permanent Price Impact and Volatility. The model in (2.2.7) implies that prices
changes are proportional to the market-order flow imbalances (MFI). We adopt the
framework from [24], namely that the price change ∆S is given by

∆S = γMFI + σ ϵ, (A.1.1)

with MFI = M b −M s where M s and M b are the volumes of market sell orders and
market buy orders respectively during a time interval ∆T = 5mins and ϵ ∼ N (0, 1).
We then estimate γ and σ from the data.

1https://lobsterdata.com/
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Figure A.1: Relationship between MFI and ∆S. (Example (from left to right): AAP,
FB, JPM, IBM and AAL, 10:00AM-11:00AM 01/01/2019-08/31/2019, ∆T = 1min)

Temporary Price Impact. We assume the LOB has a flat shape with constant
queue length l for the first few levels. Figure A.2 shows the average queue lengths
for the first 5 levels so that our assumption is not too unreasonable. Therefore the
following equation, on the amount received when we liquidate u shares with best bid
price S, holds

u(S − βu) =

∫ S

S−u∆
l

lvdv.

Therefore we have β = ∆
2l

, where ∆ is the tick size and l is the average queue length.

Figure A.2: Average queue length (volume) of the first five levels on the limit buy
side (Example (from left to right): AAP, FB, JPM, IBM and AAL, 10:00AM-11:00AM
01/01/2019-08/31/2019 with 5000 samples uniformly sampled with natural time clock
in each trading day.)

Parameter Estimation. See the estimates for AAPL, FB, IBM, JPM, and AAL in
Table A.1.

Paramters/Stock AAPL FB IBM JPM AAL
β 1.03× 10−5 1.30× 10−5 2.65× 10−5 9.28× 10−6 3.27× 10−5

γ 7.27× 10−6 1.40× 10−5 4.60× 10−5 1.65× 10−5 1.33× 10−5

σ 0.107 0.115 0.082 0.059 0.042

Table A.1: Parameter estimation from NASDAQ ITCH Data (10:00AM-11:00PM
01/01/2019-08/31/2019).
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A.2 Comparison between the Policy Gradient Method

and Q-learning

The computational complexity of Q-learning is highly dependent on the size of the set of
the (discrete) states and actions. Therefore Q-learning is typically less suited to prob-
lems with continuous and unbounded states and actions. In order to apply Q-learning
for such problems, we need to discretize the continuous state and action space. Intu-
itively speaking, Q-learning suffers from low accuracy when the discretization scheme
is less refined (see Figures A.3 and A.5). On the other hand, the computational com-
plexity grows quadratically when increasing the level of granularity of discretization
(see Figures A.4 and A.5).

To demonstrate this view point, we compare the performance of the Q-learning
algorithm with the policy gradient method on a one-dimensional LQR problem with
finite horizon as suggested by the reviewer. (We would expect the deep Q-learning
algorithm and the deep policy gradient method to have similar comparison results.)

Q learning update. We initialize the Q table {q(0)t (x, u)}x,u,t with all zeros. In the
i-th iteration, we update the Q table for t = 0, 1, · · · , T − 1,

q
(i)
t (x, u) = (1− η̃) q

(i−1)
t (x, u) + η̃

[
ct(x, u) + min

u′
q
(i)
t+1(x

′, u′)
]
, (A.2.1)

with terminal condition q
(i)
T (x, u) = x2QT . Here ct(x, u) = x2Qt + u2Rt is the instan-

taneous cost at time t; x′ is the next state simulated from the system when the agent
takes an action u in state x at time t; and η̃ ∈ (0, 1) is the learning rate.

Model set-up. We set d = k = 1, T = 5, A = 1.0, B = 0.2, Qt = 0.2 for t =

0, 1, 2, 3, 4, QT = 0.4, Rt = 0.1(t + 1) for t = 0, 1, · · · , 4, wt ∼ N (0, 0.1), and x0 ∼
N (0, 0.1).

Parameter set-up. To perform Q-learning, we uniformly partition the states and
actions in [−1, 1]. We set the learning rate for Q-learning as η̃ = 0.1. For the policy
gradient method, we set the learning rate η = 0.2 and the number of trajectories in
the zero-th optimization as m = 50.
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Conclusion. From Figure A.5, we observe that

• For LQR with finite horizon, the policy gradient method outperforms Q-learning
algorithms (with the size of actions and states varying from 10 to 100) in terms
of both sample efficiency and accuracy.

• When increasing the size of the states and actions from 10 to 100, the accuracy
of the Q-learning algorithm improves, however, it requires many more samples
to converge.

To conclude, Q-learning is less suited to handling decision-making problems with con-
tinuous and unbounded states and actions. More advanced approximation techniques
may be needed in this case [83].

Figure A.3: Q tables with 10 states and 10 actions: q0(s, a), q4(s, a) and q5(s, a) (from
left to right).

Figure A.4: Q tables with 100 states and 100 actions: q0(s, a), q4(s, a) and q5(s, a)
(from left to right).
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Figure A.5: Comparison between Q-learning and the policy gradient method (log-log
scale). (Average across 10 scenarios.)

A.3 Proofs of Technical Results

We now give the proofs that were omitted in Chapter 2.

A.3.1 Proofs in Section 2.3.1

Proof of Lemma 2.3.2. Denote by {xt}Tt=0 the state trajectory induced by an arbi-
trary control KKK. By Assumption 2.3.1 the matrix E[x0x⊤0 ] is positive definite. For
t ≥ 1, we have

E[xtx⊤t ] = (A−BKt−1)E[xt−1x
⊤
t−1](A−BKt−1)

⊤ + E[wt−1w
⊤
t−1].

Now (A − BKt−1)E[xt−1x
⊤
t−1](A − BKt−1)

⊤ is positive semi-definite and E[wt−1w
⊤
t−1]

is positive definite. Hence E[xtx⊤t ] is positive definite and as a result σXXX > 0. The
statement σKKKXXX ≥ σXXX holds by the fact that, for real symmetric positive semi-definite A
and B

σmin(A) + σmin(B) ≤ σmin(A+B),

which is a consequence of the Weyl’s inequality.

Proof of Proposition 2.3.4. This can be proved by backward induction. For t = T ,
PKKK
T = QT is positive definite since QT is positive definite. Assume PKKK

t+1 is positive
definite for some t+ 1, then take any z ∈ Rd such that z ̸= 0,

z⊤PKKK
t z = z⊤Qt z + z⊤K⊤

t RtKtz + z⊤ (A−BKt)
⊤ PKKK

t+1 (A−BKt) z > 0.
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The last inequality holds since z⊤Qt z > 0, z⊤K⊤
t RtKtz ≥ 0 and

z⊤ (A−BKt)
⊤ PKKK

t+1 (A−BKt) z ≥ 0. By backward induction, we have PKKK
t positive

definite, ∀ t = 0, 1, · · · , T .

To prove Lemma 2.3.6, let us start with a useful result for the value function. Define
the value function VKKK(x, τ) for τ = 0, 1, · · · , T − 1, as

VKKK(x, τ) = Ewww

[
T−1∑
t=τ

(x⊤t Qtxt + u⊤t Rtut) + x⊤TQTxT

∣∣∣∣∣xτ = x

]
= x⊤Pτx+ Lτ ,

with terminal condition
VKKK(x, T ) = x⊤QTx,

where Lτ is defined in (2.3.10). We then define the Q function, QKKK(x, u, τ) for τ =

0, 1, · · · , T − 1 as

QKKK(x, u, τ) = x⊤Qτx+ u⊤Rτu+ Ewτ [VKKK(Ax+Bu+ wτ , τ + 1)] ,

and the advantage function

AKKK(x, u, τ) = QKKK(x, u, τ)− VKKK(x, τ).

Note that C(KKK) = Ex0∼D[V (x0, 0)]. Then we can write the difference of value functions
between KKK and KKK ′ in terms of advantage functions.

Lemma A.3.1. Assume KKK and KKK ′ have finite costs. Denote {x′t}Tt=0 and {u′t}T−1
t=0 as

the state and control sequences of a single trajectory generated by KKK ′ starting from
x′0 = x0 = x, then

VKKK′(x, 0)− VKKK(x, 0) = Ewww

[
T−1∑
t=0

AKKK(x
′
t, u

′
t, t)

]
, (A.3.1)

and AKKK(x,−K ′
τx, τ) = 2x⊤(K ′

τ −Kτ )
⊤Eτx+ x⊤(K ′

τ −Kτ )
⊤(Rτ +B⊤Pτ+1B)(K ′

τ −
Kτ )x, where Eτ is defined in (2.3.11).

Proof. Denote by c′t(x) the cost generated by KKK ′ with a single trajectory starting from
x′0 = x0 = x. That is, c′t(x) = (x′t)

⊤Qtx
′
t + (u′t)

⊤Rtu
′
t, t = 0, 1, · · · , T − 1, and

c′T (x) = (x′T )
⊤QTx

′
T , with u′t = −K ′

tx
′
t, x′t+1 = Ax′t +Bu′t + wt, x′0 = x.
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Therefore,

VKKK′(x, 0)− VKKK(x, 0) = Ewww

[
T∑
t=0

c′t(x)

]
− VKKK(x, 0)

= Ewww

[
T∑
t=0

(c′t(x) + VKKK(x
′
t, t)− VKKK(x

′
t, t))

]
− VKKK(x, 0)

= Ewww

[
T−1∑
t=0

(
c′t(x) + VKKK(x

′
t+1, t+ 1)− VKKK(x

′
t, t)
)]

= Ewww

[
T−1∑
t=0

(QKKK(x
′
t, u

′
t, t)− VKKK(x

′
t, t))

∣∣∣∣∣x0 = x

]

= Ewww

[
T−1∑
t=0

AKKK(x
′
t, u

′
t, t)

∣∣∣∣∣x0 = x

]
,

where the third equality holds since c′T (x) = VKKK(x
′
T , T ) with the same single trajectory.

For u = −K ′
τx,

AKKK(x,−K ′
τx, τ)

= QKKK(x,−K ′
τx, τ)− VKKK(x, τ)

= x⊤(Qτ + (K ′
τ )

⊤RτK
′
τ )x+ Ewτ [VKKK((A−BK ′

τ )x+ wτ , τ + 1)]− VKKK(x, τ)

= x⊤(Qτ + (K ′
τ )

⊤RτK
′
τ )x+

(
x⊤(A−BK ′

τ )
⊤Pτ+1(A−BK ′

τ )x+ Tr(WPτ+1) + Lτ+1

)
−
(
x⊤Pτx+ Lτ

)
= x⊤(Qτ + (K ′

τ −Kτ +Kτ )
⊤Rτ (K

′
τ −Kτ +Kτ ))x

+ x⊤(A−BKτ −B(K ′
τ −Kτ ))

⊤Pτ+1(A−BKτ −B(K ′
τ −Kτ ))x

− x⊤(Qτ +K⊤
τ RτKτ + (A−BKτ )

⊤Pτ+1(A−BKτ ))x

= 2x⊤(K ′
τ −Kτ )

⊤((Rτ +B⊤Pτ+1B)Kτ −B⊤Pτ+1A)x

+ x⊤(K ′
τ −Kτ )

⊤(Rτ +B⊤Pτ+1B)(K ′
τ −Kτ )x.

(A.3.2)
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Proof of Lemma 2.3.6. First for any K ′
τ , from (A.3.2),

AKKK(x,−K ′
τx, τ)

= QKKK(x,−K ′
τx, τ)− VKKK(x, τ)

= 2Tr(xx⊤(K ′
τ −Kτ )

⊤Eτ ) + Tr(xx⊤(K ′
τ −Kτ )

⊤(Rτ +B⊤Pτ+1B)(K ′
τ −Kτ ))

= Tr
(
xx⊤(K ′

τ −Kτ + (Rτ +B⊤Pτ+1B)−1Eτ )
⊤(Rτ +B⊤Pτ+1B)

(K ′
τ −Kτ + (Rτ +B⊤Pτ+1B)−1Eτ )

)
− Tr(xx⊤E⊤

τ (Rτ +B⊤Pτ+1B)−1Eτ )

≥ −Tr(xx⊤E⊤
τ (Rτ +B⊤Pτ+1B)−1Eτ ),

(A.3.3)

with equality holds when K ′
τ = Kτ − (Rτ +B⊤Pτ+1B)−1Eτ . Then,

C(KKK)− C(KKK∗) = −E
T−1∑
t=0

AKKK(x
∗
t , u

∗
t , t) ≤ E

T−1∑
t=0

Tr
(
x∗t (x

∗
t )

⊤E⊤
t (Rt +B⊤Pt+1B)−1Et

)
≤ ∥ΣKKK∗∥

T−1∑
t=0

Tr(E⊤
t (Rt +B⊤Pt+1B)−1Et) ≤

∥ΣKKK∗∥
σRRR

T−1∑
t=0

Tr(E⊤
t Et)

≤ ∥ΣKKK∗∥
4σXXX

2 σRRR

T−1∑
t=0

Tr(∇tC(KKK)⊤∇tC(KKK)),

where σXXX is defined in (2.3.5) and σRRR is defined in (2.3.6). For the lower bound,
consider K ′

t = Kt − (Rt + B⊤Pt+1B)−1Et where the equality holds in (A.3.3). Using
C(KKK∗) ≤ C(KKK ′)

C(KKK)− C(KKK∗) ≥ C(KKK)− C(K ′K ′K ′) = −E
T−1∑
t=0

AKKK(x
′
t, u

′
t, t)

= E
T−1∑
t=0

Tr(x′t(x
′
t)

⊤E⊤
t (Rt +B⊤Pt+1B)−1Et)

≥ σXXX

T−1∑
t=0

1

∥Rt +B⊤Pt+1B∥
Tr(E⊤

t Et).

(A.3.4)
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Proof of Lemma 2.3.7. By lemma A.3.1 we have

C(KKK ′)− C(KKK) = E

[
T−1∑
t=0

AKKK(x
′
t,−K ′

tx
′
t, t)

]

=
T−1∑
t=0

(
2Tr(Σ′

t(K
′
t −Kt)

⊤Et)

+Tr(Σ′
t(K

′
t −Kt)

⊤(Rt +B⊤Pt+1B)(K ′
t −Kt))

)
.

Proof of Lemma 2.3.8. For t = 0, 1, · · · , T ,

C(KKK) ≥ E[x⊤t Ptxt] ≥ ∥Pt∥σmin(E[xtx⊤t ]) ≥ σXXX ∥Pt∥,

C(KKK) =
T−1∑
t=0

Tr(E[xtx⊤t ](Qt +K⊤
t RtKt)) + Tr(E[xTx⊤T ]QT ) ≥ σQQQTr(ΣKKK) ≥ σQQQ ∥ΣKKK∥.

Therefore the statement in Lemma 2.3.8 follows provided that σXXX > 0 and Assumption
2.2.1 holds.

Proof of Proposition 2.3.9. Recall that Σt = E
[
xtx

⊤
t

]
. Note that

Σ1 = E
[
x1x

⊤
1

]
= E

[
((A−BK0)x0 + w0) ((A−BK0)x0 + w0)

⊤
]

= (A−BK0)Σ0 (A−BK0)
⊤ +W = G0(Σ0) +W.

Now we first prove that

Σt = Gt−1(Σ0) +
t−1∑
s=1

Dt−1,sWD⊤
t−1,s +W, ∀ t = 2, 3, · · · , T. (A.3.5)

When t = 2,

Σ2 = E
[
x2x

⊤
2

]
= E

[
((A−BK1)x1 + w1) ((A−BK1)x1 + w1)

⊤
]

= (A−BK1)Σ1 (A−BK1)
⊤ +W = G1(Σ0) + (A−BK1)W (A−BK1)

⊤ +W,
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which satisfies (A.3.5). Assume (A.3.5) holds for t ≤ k. Then for t = k + 1,

E
[
xt+1x

⊤
t+1

]
= E

[
((A−BKt)xt + wt) ((A−BKt)xt + wt)

⊤
]

= (A−BKt)Σt (A−BKt)
⊤ +W = Gt(Σ0) +

t∑
s=1

Dt,sWD⊤
t,s +W.

Therefore (A.3.5) holds, ∀ t = 1, 2, · · · , T . Finally,

ΣKKK =
T∑
t=0

Σt = Σ0 +
T−1∑
t=0

Gt(Σ0) +
T−1∑
t=1

t∑
s=1

Dt,sWD⊤
t,s + TW = TKKK(Σ0) + ∆(KKK,W ).

A.3.2 Proofs in Section 2.3.2

Proof of Lemma 2.3.13. By direct calculation,

∥Gt∥ ≤ ρ2(t+1), and ∥G ′
t∥ ≤ ρ2(t+1). (A.3.6)

Denote Ft = FKt and F ′
t = FK′

t
to ease the exposition. Then for any symmetric matrix

Σ ∈ Rd×d and t ≥ 0,

∥(G ′
t+1 − Gt+1)(Σ)∥ = ∥F ′

t+1 ◦ G ′
t(Σ)−Ft+1 ◦ Gt(Σ)∥

= ∥F ′
t+1 ◦ G ′

t(Σ)−F ′
t+1 ◦ Gt(Σ) + F ′

t+1 ◦ Gt(Σ)−Ft+1 ◦ Gt(Σ)∥

≤ ∥F ′
t+1 ◦ G ′

t(Σ)−F ′
t+1 ◦ Gt(Σ)∥+∥F ′

t+1 ◦ Gt(Σ)−Ft+1 ◦ Gt(Σ)∥

= ∥F ′
t+1 ◦ (G ′

t − Gt)(Σ)∥+ ∥(F ′
t+1 −Ft+1) ◦ Gt(Σ)∥

≤ ∥F ′
t+1∥ ∥(G ′

t − Gt)(Σ)∥+ ∥Gt∥ ∥F ′
t+1 −Ft+1∥ ∥Σ∥

≤ ρ2∥(G ′
t − Gt)(Σ)∥+ ρ2(t+1)∥F ′

t+1 −Ft+1∥∥Σ∥.

Therefore,

∥(G ′
t+1 − Gt+1)(Σ)∥ ≤ ρ2∥(G ′

t − Gt)(Σ)∥+ ρ2(t+1)∥F ′
t+1 −Ft+1∥∥Σ∥. (A.3.7)
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Summing (A.3.7) up for t ∈ {1, 2, · · · , T − 2} with ∥G ′
0 − G0∥ = ∥F ′

0 −F0∥, we have

T−1∑
t=0

∥∥∥(Gt − G ′
t)(Σ)

∥∥∥ ≤ ρ2T − 1

ρ2 − 1

( T−1∑
t=0

∥Ft −F ′
t∥
)
∥Σ∥.

A.3.3 Proofs in Section 2.3.3

Proof of Lemma 2.3.15. Given (2.3.22) and condition (2.3.23), we have ∥K ′
t−Kt∥ =

η∥∇tC(KKK)∥ ≤ σQQQ σXXX

2C(KKK)∥B∥ . Therefore,

∥B∥∥K ′
t −Kt∥ ≤

σQQQ σXXX
2C(KKK)

≤ 1

2
. (A.3.8)

The last inequality holds since σXXX ≤ C(KKK)
σQQQ

given by Lemma 2.3.8. Therefore, by Lemma
2.3.12,

T−1∑
t=0

∥FKt −FK′
t
∥ ≤ (2ρ+ 1)∥B∥

(
T−1∑
t=0

∥Kt −K ′
t∥

)
. (A.3.9)

By Lemmas 2.3.5 and 2.3.7,

C(KKK ′)− C(KKK)

=
T−1∑
t=0

[
2Tr

(
Σ′

t(K
′
t −Kt)

⊤Et

)
+ Tr

(
Σ′

t(K
′
t −Kt)

⊤(Rt +B⊤Pt+1B)(K ′
t −Kt)

)]
=

T−1∑
t=0

[
− 4ηTr

(
Σ′

tΣtE
⊤
t Et

)
+ 4η2Tr

(
Σ′

tΣtE
⊤
t (Rt +B⊤Pt+1B)EtΣt

)]
=

T−1∑
t=0

[
− 4ηTr

(
(Σ′

t − Σt + Σt)ΣtE
⊤
t Et

)
+4η2Tr

(
Σ′

tΣtE
⊤
t (Rt +B⊤Pt+1B)EtΣt

)]
≤

T−1∑
t=0

[
− 4ηTr

(
ΣtE

⊤
t EtΣt

)
+ 4ηTr((Σ′

t − Σt)ΣtE
⊤
t EtΣtΣ

−1
t )

+4η2Tr
(
Σ′

tΣtE
⊤
t (Rt +B⊤Pt+1B)EtΣt

)]
≤

T−1∑
t=0

[
− 4ηTr

(
ΣtE

⊤
t EtΣt

)
+ 4η

∥Σ′
t − Σt∥

σmin(Σt)
Tr
(
ΣtE

⊤
t EtΣt

)
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+4η2∥Σ′
t(Rt +B⊤Pt+1B)∥Tr

(
ΣtE

⊤
t EtΣt

)]
≤ −η

(
1−

∑T−1
t=0 ∥Σ′

t − Σt∥
σXXX

− η∥ΣKKK′∥
T−1∑
t=0

∥Rt +B⊤Pt+1B∥
)
·

T−1∑
t=0

[
Tr(∇tC(KKK)⊤∇tC(KKK))

]
. (A.3.10)

By Lemma 2.3.6, we have

C(KKK ′)− C(KKK) ≤ −η
(
1−

∑T−1
t=0 ∥Σ′

t − Σt∥
σXXX

− η∥ΣKKK′∥
T−1∑
t=0

∥Rt +B⊤Pt+1B∥
)
·

(4σXXX2 σRRR
∥ΣKKK∗∥

)(
C(KKK)− C(KKK∗)

)
(A.3.11)

provided that

1−
∑T−1

t=0 ∥Σ′
t − Σt∥

σXXX
− η∥ΣKKK′∥

T−1∑
t=0

∥Rt +B⊤Pt+1B∥ > 0. (A.3.12)

By (2.3.21), (2.3.22), and (A.3.8),

T−1∑
t=0

∥Σ′
t − Σt∥ ≤ ρ2T − 1

ρ2 − 1

(
C(KKK)

σQQQ
+ T∥W∥

)(
η(2ρ+ 1)∥B∥

T−1∑
t=0

∥∇tC(KKK)∥

)
.

Given the step size condition in (2.3.23), we have

η(2ρ+ 1)∥B∥
T−1∑
t=0

∥∇tC(KKK)∥ ≤ η(2ρ+ 1)∥B∥
(
T ·max

t
{∥∇tC(KKK)∥}

)
≤

(ρ2 − 1)σQQQ σXXX
2(ρ2T − 1)(C(KKK) + σQQQ T∥W∥)

. (A.3.13)

Then, by Corollary 2.3.14 and (A.3.9),

∥ΣKKK′ − ΣKKK∥
σXXX

≤ ρ2T − 1

ρ2 − 1

( T−1∑
t=0

∥FKt −FK′
t
∥
)∥Σ0∥+ T∥W∥

σXXX
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≤ ρ2T − 1

ρ2 − 1
(2ρ+ 1)∥B∥

(
T−1∑
t=0

η∥∇tC(KKK∥

)
C(KKK) + σQQQ T∥W∥

σQQQ σXXX
≤ 1

2
,

where the last step holds by (A.3.13). Therefore, the bound of ∥ΣKKK′∥ in (A.3.12) is
given by

∥ΣKKK′∥ ≤ ∥ΣKKK′ − ΣKKK∥+ ∥ΣKKK∥ ≤ 1

2
σXXX +

C(KKK)

σQQQ
≤ 1

2
∥ΣKKK′∥+ C(KKK)

σQQQ
, (A.3.14)

which indicates that ∥ΣKKK′∥ ≤ 2C(KKK)
σQQQ

. Therefore, (A.3.12) gives

1−
∑T−1

t=0 ∥Σ′
t − Σt∥

σXXX
− η∥ΣKKK′∥

T−1∑
t=0

∥Rt +B⊤Pt+1B∥

≥ 1− (ρ2T − 1)

(ρ2 − 1)σXXX

(
C(KKK)

σQQQ
+ T∥W∥

)(
η(2ρ+ 1)∥B∥

T−1∑
t=0

∥∇tC(KKK)∥

)

− η
2C(KKK)

σQQQ

T−1∑
t=0

∥Rt +B⊤Pt+1B∥

= 1− C1η,

where C1 is defined in (2.3.24). So if η ≤ 1
2C1

, then,

1−
∑T−1

t=0 ∥Σ′
t − Σt∥

σXXX
− η∥ΣKKK′∥

T−1∑
t=0

∥Rt +B⊤Pt+1B∥ ≥ 1− C1η ≥ 1

2
> 0.

Hence,C(KKK ′)− C(KKK) ≤ −η
2

(
4σXXX

2 σRRR

∥ΣKKK∗∥

)(
C(KKK)− C(KKK∗)

)
, and

C(KKK ′)− C(KKK∗) = (C(KKK ′)− C(KKK)) + (C(KKK)− C(KKK∗))

≤
(
1− 2η

σXXX
2 σRRR

∥ΣKKK∗∥

)(
C(KKK)− C(KKK∗)

)
.

A.3.4 Proofs in Section 2.4

Before proceeding to the proof of Theorem 2.4.5, we show two important Lemmas
which provide the intermediate steps. We first show the optimality condition for the
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projection operator in Lemma A.3.2. We then show the one-step convergence result in
Lemma A.3.3.

Lemma A.3.2 (Optimality Condition). Fix a policy matrix LLL1 and write LLL∗ = ΠS(LLL
1).

Then for any LLL0 ∈ S, we have

T−1∑
t=0

Tr
(
(L0

t − L∗
t )(L

∗
t − L1

t )
⊤) ≥ 0. (A.3.15)

Proof of Lemma A.3.2. We show condition (A.3.15) by contradiction. Assume condi-
tion (A.3.15) does not hold, then there exist some LLL3 ∈ S and some constant b > 0

such that

T−1∑
t=0

Tr
(
(L3

t − L∗
t )(L

∗
t − L1

t )
⊤) = −b < 0. (A.3.16)

Let

M=1+

∑T−1
t=0 Tr

(
(L3

t − L∗
t )(L

3
t − L∗

t )
⊤)

−2
∑T−1

t=0 Tr ((L3
t − L∗

t )(L
∗
t − L1

t )
⊤)

=1+

∑T−1
t=0 Tr

(
(L3

t − L∗
t )(L

3
t − L∗

t )
⊤)

2b
> 1,

and take
LLL =

1

M
LLL3 +

(
1− 1

M

)
LLL∗.

By the convexity of S, we have LLL ∈ S. Hence from definition (2.4.3), we have

T−1∑
t=0

Tr
(
(L∗

t − L1
t )(L

∗
t − L1

t )
⊤) ≤ T−1∑

t=0

Tr
(
(Lt − L1

t )(Lt − L1
t )

⊤) . (A.3.17)

On the other hand,

T−1∑
t=0

Tr
(
(Lt − L1

t )(Lt − L1
t )

⊤)
=

T−1∑
t=0

Tr

((
1

M
(L3

t − L∗
t ) + (L∗

t − L1
t )

)(
1

M
(L3

t − L∗
t ) + (L∗

t − L1
t )

)⊤
)

=
T−1∑
t=0

1

M2
Tr
(
(L3

t − L∗
t )(L

3
t − L∗

t )
⊤)+ T−1∑

t=0

Tr
(
(L∗

t − L1
t )(L

∗
t − L1

t )
⊤)
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+
T−1∑
t=0

2

M
Tr
(
(L3

t − L∗
t )(L

∗
t − L1

t )
⊤) . (A.3.18)

By the definition of M we have,

T−1∑
t=0

Tr
(
(L3

t − L∗
t )(L

3
t − L∗

t )
⊤)+ 2M

T−1∑
t=0

Tr
(
(L3

t − L∗
t )(L

∗
t − L1

t )
⊤)

=
T−1∑
t=0

Tr
(
(L3

t − L∗
t )(L

3
t − L∗

t )
⊤)− 2Mb

=
T−1∑
t=0

Tr
(
(L3

t − L∗
t )(L

3
t − L∗

t )
⊤)− 2b−

T−1∑
t=0

Tr
(
(L3

t − L∗
t )(L

3
t − L∗

t )
⊤) = −2b < 0.

Thus substituting this in (A.3.18) contradicts (A.3.17) which completes the proof.

Lemma A.3.3. Assume Assumption 2.1 holds, σXXX > 0, KKK ∈ S and that

K ′
t = Kt − η∇tC(KKK), where (A.3.19)

η ≤ min {C1, C2} , with (A.3.20)

C1 =
(ρ2 − 1)σQQQ σXXX

4d T 2
√
d+ k(ρ2T − 1)(2ρ+ 1)(C(KKK) + σQQQ T∥W∥)∥B∥maxt{∥∇tC(KKK)∥}

(A.3.21)

C2 =
σQQQ

8C(KKK)
∑T−1

t=0 ∥Rt +B⊤Pt+1B∥
. (A.3.22)

Take
K̃KK = ΠS (KKK

′) , (A.3.23)

with KKK ′ = (K ′
0, · · · , K ′

T−1) and K ′
t defined in (A.3.19) (t = 0, 1, · · · , T − 1). Then we

have

2η
T∑
t=0

∥Gt(KKK)∥2F = 2η
T∑
t=0

Tr
(
Gt(KKK)⊤Gt(KKK)

)
≤ C(KKK)− C(K̃KK).
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Proof. By definition of K̃KK, and as KKK ∈ S, we have

T−1∑
t=0

Tr
(
(K̃t −K ′

t)(K̃t −K ′
t)

⊤
)
≤

T−1∑
t=0

Tr
(
(Kt −K ′

t)(Kt −K ′
t)

⊤) . (A.3.24)

Take LLL1 =KKK ′ and LLL0 =KKK in Lemma A.3.2, we have

T−1∑
t=0

Tr
(
(Kt − K̃t)(K̃t −K ′

t)
⊤
)
≥ 0. (A.3.25)

Combining (A.3.24) and (A.3.25) leads to

T−1∑
t=0

Tr
(
(Kt −K ′

t)(Kt − K̃t)
⊤
)
≥

T−1∑
t=0

Tr
(
(Kt − K̃t)(Kt − K̃t)

⊤
)
. (A.3.26)

Given the definition (A.3.23), we have G(KKK) = K̃KK−KKK
2η

and Gt(KKK) = K̃t−Kt

2η
. By Lemmas

2.3.5 and 2.3.7,

C(K̃KK)− C(KKK)

=
T−1∑
t=0

[
2Tr

(
Σ̃t(K̃t −Kt)

⊤Et

)
+ Tr

(
Σ̃t(K̃t −Kt)

⊤(Rt +B⊤Pt+1B)(K̃t −Kt)
)]

=
T−1∑
t=0

[
4ηTr

(
(Σ̃t − Σt)(Gt(KKK))⊤Et

)
+ 4ηTr

(
Σt(Gt(KKK))⊤Et

)
+4η2Tr

(
Σ̃t(Gt(KKK))⊤(Rt +B⊤Pt+1B)Gt(KKK)

)]
, (A.3.27)

with Σ̃t := E[x̃tx̃⊤t ] and {x̃t}T−1
t=0 is the trajectory under policy K̃KK.

First, we have

T−1∑
t=0

Tr
(
Σt(Gt(KKK))⊤Et

)
=

T−1∑
t=0

Tr
(
(Gt(KKK))⊤EtΣt

)
=

1

4η2

T−1∑
t=0

Tr((K̃t −Kt)
⊤(Kt −K ′

t))

≤ − 1

4η2

T−1∑
t=0

Tr((K̃t −Kt)(K̃t −Kt)
⊤)

= −Tr((Gt(KKK))⊤(Gt(KKK))),
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in which the last inequality holds by (A.3.26).
Second given (A.3.19) and condition (A.3.21), we have

∥K ′
t −Kt∥ = η∥∇tC(KKK)∥ ≤

σQQQ σXXX

2T
√
d+ kC(KKK)∥B∥

.

Therefore,

T−1∑
t=0

∥B∥∥K̃t −Kt∥ ≤
T−1∑
t=0

∥B∥∥K̃t −Kt∥F ≤
T−1∑
t=0

∥B∥∥K ′
t −Kt∥F

≤
√
d+ k∥B∥

T−1∑
t=0

∥K ′
t −Kt∥ ≤

σQQQ σXXX
2C(KKK)

≤ 1

2
.

The second inequality holds by (A.3.26) and the last inequality holds since σXXX ≤ C(KKK)
σQQQ

given by Lemma 2.3.8. By (2.3.21),

T−1∑
t=0

∥Σ̃t − Σt∥

≤ ρ2T − 1

ρ2 − 1

(
C(KKK)

σQQQ
+ T∥W∥

)(
2ρ ∥B∥ |||KKK − K̃KK|||+ ∥B∥2 |||KKK − K̃KK|||2

)
≤ ρ2T − 1

ρ2 − 1

(
C(KKK)

σQQQ
+ T∥W∥

)(
2(2ρ+ 1)∥B∥

T−1∑
t=0

η∥Gt(KKK)∥

)

≤ σXXX
2d T 2

√
d+ k ·maxt ∥∇tC(KKK)∥

T−1∑
t=0

∥Gt(KKK)∥, (A.3.28)

where the last inequality holds by step size condition η ≤ C1. Hence

(A.3.27) ≤
T−1∑
t=0

[
2η
d∥Σ̃t − Σt∥
σmin(Σt)

∥Gt(KKK)∥ ∥∇tC(KKK)∥ − 4ηTr((Gt(KKK))⊤(Gt(KKK)))

+4η2∥ΣK̃KK∥ ∥Rt +B⊤Pt+1B∥Tr
(
(Gt(KKK))⊤Gt(KKK)

)]
≤ 2η

d

σXXX

( T−1∑
t=0

∥Σ̃t − Σt∥
)( T−1∑

t=0

∥Gt(KKK)∥
)( T−1∑

t=0

∥∇tC(KKK)∥
)

−4η
T−1∑
t=0

Tr((Gt(KKK))⊤(Gt(KKK)))
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+4η2
T−1∑
t=0

∥ΣK̃KK∥ ∥Rt +B⊤Pt+1B∥Tr
(
(Gt(KKK))⊤Gt(KKK)

)
≤ η

T

( T−1∑
t=0

∥Gt(KKK)∥
)2

− 4η
T−1∑
t=0

Tr((Gt(KKK))⊤(Gt(KKK)))

+4η2
T−1∑
t=0

∥ΣK̃KK∥ ∥Rt +B⊤Pt+1B∥Tr
(
(Gt(KKK))⊤Gt(KKK)

)
≤

T−1∑
t=0

[
η∥Gt(KKK)∥2 − 4ηTr((Gt(KKK))⊤(Gt(KKK)))

+4η2∥ΣK̃KK∥ ∥Rt +B⊤Pt+1B∥Tr
(
(Gt(KKK))⊤Gt(KKK)

)]
≤

T−1∑
t=0

η
[
−3 + 4η∥ΣK̃KK∥ ∥Rt +B⊤Pt+1B∥

]
Tr
(
(Gt(KKK))⊤Gt(KKK)

)
,

where the third inequality holds by (A.3.28) and the fourth inequality holds by Cauchy-
Schwarz inequality. By (A.3.26) we have

√
d+ k

∑T−1
t=0 ∥∇tC(KKK)∥ ≥

∑T−1
t=0 ∥Gt(KKK)∥

and thus (A.3.28) ≤ σXXX

2
and

∥ΣK̃KK∥ ≤
∥∥ΣK̃KK − ΣKKK + ΣKKK

∥∥ ≤ σXXX
2

+ ∥ΣKKK∥ ≤
∥ΣK̃KK∥
2

+
C(KKK)

σQQQ
.

Thus ∥ΣK̃KK∥ ≤ 2C(KKK)
σQQQ

. Therefore when η ≤ C2, we have

(A.3.27) ≤ −2η
T∑
t=0

Tr((Gt(KKK))⊤(Gt(KKK))).

Proof of Theorem 2.4.5. The key step in this proof is Lemma A.3.3 and it suffices
to show that the projected policy gradient method enjoys sublinear convergence rate
in the setting of known paramaters. This is because moving from the analysis for the
case of known parameters to that for the case of unknown parameters follows the same
procedure of policy gradient descent (without projection). In particular, the zeroth
order estimation of the gradient term η∇tC(KKK) in (A.3.19) is the same for policy
gradient method and projected policy gradient method.

We now show that the projected policy gradient method with known parameters
enjoys a sublinear convergence rate. Since the step size conditions (A.3.20)-(A.3.22)
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are independent of the term Gt(KKK), the existence of η follows the analysis in Theorem
2.3.3. Hence when η ∈ H( 1

C(KKK0)+1
) is an appropriate polynomial in 1

C(KKK0)+1
and model

parameters, by Lemma A.3.3, we have for any N ∈ N+,

N∑
n=1

( T−1∑
t=0

Tr((GKKKn

t )⊤(GKKKn

t ))
)
≤
∑N

n=1C(KKK
n−1)− C(KKKn)

2η
≤ C(KKK0)− C(KKK∗)

2η
.(A.3.29)

Therefore
{

1
N

∑N−1
n=0

(∑T−1
t=0 ∥Gt(KKK

n)∥2F
)}

N≥1
converges at rate O

(
1
N

)
, which thus

completes the proof for the case of known parameters.

Proof of Lemma 2.4.7. Under Assumption 2.4.3, we have E
[
x0x

⊤
0

]
= W̃0E

[
z0z

⊤
0

]
W̃⊤

0 ,

and
∥∥E [x0x⊤0 ]∥∥ ≤ σ2

0∥W̃0∥2.With the sub-Gaussian distributed noise,W = E
[
wtw

⊤
t

]
=

W̃E
[
vtv

⊤
t

]
W̃⊤, then we have ∥W∥ ≤ σ2

w

∥∥∥W̃ 2
∥∥∥.

Denote St = Qt +KT
t RtKt, ∀ t = 1, · · · , T − 1. Thus, for t = 0, 1, · · · , T − 2,

E[x⊤t+1Qt+1xt+1 + u⊤t+1Rt+1ut+1] = E[x⊤t+1St+1xt+1] = Tr(E[xt+1x
⊤
t+1]St+1)

= Tr

(
Gt(Σ0)St+1 +

t∑
s=1

Dt,sWD⊤
t,sSt+1 +WSt+1

)
.

The last equality holds by (A.3.5). Therefore,

C(KKK ′)− C(KKK)

= E[x⊤0 (K ′
0)

⊤R0K
′
0x0 − x⊤0 K

⊤
0 R0K0x0]︸ ︷︷ ︸

(I)

+
T−2∑
t=0

Tr
(
G′
t(Σ0)S

′
t+1 − Gt(Σ0)St+1

)
︸ ︷︷ ︸

(II)

+
T−2∑
t=0

Tr
( t∑

s=1

(
D′

t,sW (D′
t,s)

⊤S′
t+1 −Dt,sWD⊤

t,sSt+1

)
+W (S′

t+1 − St+1)
)

︸ ︷︷ ︸
(III)

+Tr
(
GT−1(Σ0)QT−G′

T−1(Σ0)QT+
T−1∑
s=1

(
D′

T−1,sW (D′
T−1,s)

⊤QT −DT−1,sWD⊤
T−1,sQT

))
︸ ︷︷ ︸

(IV )

.

For the first term, (I) ≤ Tr(E[x0x⊤0 ])∥(K ′
0)

⊤R0K
′
0 −K⊤

0 R0K0∥. For the second term
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(II), since

T−2∑
t=0

(Tr (Gt(Σ0)St+1)) = E

[
T−2∑
t=0

(
Tr
(
Πt

i=0(A−BKi)x0x
⊤
0 Π

t
i=0(A−BKt−i)

⊤St+1

))]

≤ Tr
(
E
[
x0x

⊤
0

]) ∥∥∥∥∥
T−2∑
t=0

Gt(St+1)

∥∥∥∥∥ ,
we have, (II) ≤ Tr

(
E
[
x0x

⊤
0

]) ∥∥∥∑T−2
t=0

(
G ′
t

(
S ′
t+1

)
− Gt (St+1)

)∥∥∥ .
We denote Gd :=

∑T−2
t=0

(
G ′
t

(
S ′
t+1

)
− Gt (St+1)

)
, then

∥Gd∥ ≤
T−2∑
t=0

∥∥∥G ′
t

(
Qt+1 + (K ′

t+1)
⊤Rt+1K

′
t+1

)
− Gt

(
Qt+1 + (K ′

t+1)
⊤Rt+1K

′
t+1

)
−

Gt ◦
(
K⊤

t+1Rt+1Kt+1 − (K ′
t+1)

⊤Rt+1K
′
t+1

) ∥∥∥
≤ ρ2T − 1

ρ2 − 1

(
(2ρ+ 1)∥B∥

T−2∑
t=0

∥Kt −K ′
t∥

)(
T−1∑
t=1

∥Qt + (K ′
t)

⊤RtK
′
t∥

)

+
T−2∑
t=0

∥Gt∥
∥∥(K ′

t+1)
⊤Rt+1K

′
t+1 −K⊤

t+1Rt+1Kt+1

∥∥
≤ ρ2T − 1

ρ2 − 1

(
(2ρ+ 1)∥B∥

T−2∑
t=0

∥Kt −K ′
t∥

)
·(

T−1∑
t=1

∥Qt + (K ′
t)

⊤RtK
′
t −K⊤

t RtKt +K⊤
t RtKt∥

)

+
ρ2(ρ2(T−1) − 1)

ρ2 − 1

T−1∑
t=1

∥∥(K ′
t)

⊤RtK
′
t −K⊤

t RtKt

∥∥
≤ ρ2T − 1

ρ2 − 1
(2ρ+ 1)∥B∥ |||KKK ′ −KKK|||

(
|||QQQ|||+ |||KKK|||2 |||RRR|||

)
+

(
ρ2T − 1

ρ2 − 1
(2ρ+ 1)∥B∥ |||KKK ′ −KKK|||+ ρ2(ρ2(T−1) − 1)

ρ2 − 1

)
·

T−1∑
t=1

∥∥(K ′
t)

⊤RtK
′
t −K⊤

t RtKt

∥∥ . (A.3.30)

where the second inequality holds by Lemma 2.3.13 and (A.3.9), and the third inequal-
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ity holds by (A.3.6). For the first term in (III), we have

T−2∑
t=0

Tr

(
t∑

s=1

D′
t,sW (D′

t,s)
⊤S ′

t+1 −Dt,sWD⊤
t,sSt+1

)

=
T−2∑
t=0

Tr

(
t∑

s=1

D′
t,sW (D′

t,s)
⊤(S ′

t+1 − St+1) + (D′
t,sW (D′

t,s)
⊤ −Dt,sWD⊤

t,s)St+1

)

≤
( T−2∑

t=0

t∑
s=1

Tr(W )∥D′
t,s∥2

)∥∥∥∥∥
T−1∑
t=1

(K ′
t)

⊤RtK
′
t −K⊤

t RtKt

∥∥∥∥∥
+

T−2∑
t=0

∥∥∥∥∥
t∑

s=1

D′
t,sW (D′

t,s)
⊤ −Dt,sWD⊤

t,s

∥∥∥∥∥(
T−1∑
t=1

Tr(Qt) + ∥Kt∥2Tr(Rt)
)

≤ Tr(W )
(T − 1)(ρ2(T−1) − 1)

ρ2 − 1

∥∥∥∥∥
T−1∑
t=1

(K ′
t)

⊤RtK
′
t −K⊤

t RtKt

∥∥∥∥∥
+T

(ρ2T − 1)

ρ2 − 1
(2ρ+ 1)∥B∥ ∥W∥ |||KKK ′ −KKK|||

(
Tr
( T−1∑

t=1

Qt

)
+ |||KKK|||2Tr

( T−1∑
t=1

Rt

))
,

where the last step holds by (2.3.20). The second term in (III) is bounded by

T−2∑
t=0

Tr
(
W (S ′

t+1 − St+1)
)
≤ Tr(W )

T−1∑
t=1

∥∥(K ′
t)

⊤RtK
′
t −K⊤

t RtKt

∥∥ .
Similarly, by (2.3.20) and (A.3.9), (IV ) is bounded by

(IV ) ≤ Tr(E[x0x⊤0 ])
T−1∑
t=0

∥∥∥(G ′
t − Gt)(QT )

∥∥∥
+Tr

(
T−1∑
s=1

D′
T−1,sW (D′

T−1,s)
⊤QT −DT−1,sWD⊤

T−1,sQT

)

≤ Tr(E[x0x⊤0 ])
ρ2T − 1

ρ2 − 1
(2ρ+ 1)∥B∥∥QT∥ |||KKK ′ −KKK|||

+Tr(QT )
ρ2T − 1

ρ2 − 1
(2ρ+ 1)∥B∥ ∥W∥ |||KKK ′ −KKK|||.

Now we bound the term
∑T−1

t=1

∥∥(K ′
t)

⊤RtK
′
t −K⊤

t RtKt

∥∥, which appears several times
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in previous inequalities:

T−1∑
t=1

∥∥(K ′
t)

⊤RtK
′
t −K⊤

t RtKt

∥∥ =
T−1∑
t=1

∥∥(K ′
t −Kt +Kt)

⊤Rt(K
′
t −Kt +Kt)−K⊤

t RtKt

∥∥
≤

T−1∑
t=1

∥K ′
t −Kt∥2∥Rt∥+ 2∥Kt∥∥Rt∥∥K ′

t −Kt∥

≤ 3|||KKK||| |||RRR||| |||KKK ′ −KKK|||.

The last step holds since ∥K ′
t −Kt∥ ≤ ∥Kt∥ by assumption.

Therefore,

|C(KKK ′)− C(KKK)|

≤ Tr(E[x0x⊤0 ])
{
3|||KKK|||∥R0∥|||KKK ′ −KKK|||+ ρ2T − 1

ρ2 − 1
(2ρ+ 1)∥B∥∥QT∥ |||KKK ′ −KKK|||

+
ρ2T − 1

ρ2 − 1
(2ρ+ 1)∥B∥ |||KKK ′ −KKK|||

(
|||QQQ|||+ |||KKK|||2 |||RRR|||

)
+

(
ρ2T − 1

ρ2 − 1
(2ρ+ 1)∥B∥ |||KKK ′ −KKK|||+ ρ2(1− ρ2(T−1))

ρ2 − 1

)
3|||KKK||| |||RRR||| |||KKK ′ −KKK|||

}
+3Tr(W )

((T − 1)(ρ2(T−1) − 1)

ρ2 − 1
+ 1
)
|||KKK||| |||RRR||| |||KKK ′ −KKK|||

+

(
T
(ρ2T − 1)

ρ2 − 1
(2ρ+ 1)∥B∥ ∥W∥ |||KKK ′ −KKK|||

)(
Tr
( T−1∑

t=1

Qt

)
+ |||KKK|||2Tr

( T−1∑
t=1

Rt

))
+Tr(QT )

ρ2T − 1

ρ2 − 1
(2ρ+ 1)∥B∥ ∥W∥ |||KKK ′ −KKK|||.

By (2.3.27), Lemma 2.3.8, and Lemma 2.3.16, ρ is bounded above by polynomials in
∥A∥, ∥B∥, |||RRR|||, 1

σXXX
, 1

σRRR
and C(KKK), or a constant 1 + ξ. Therefore, we rewrite the

above inequality by

|C(KKK ′)− C(KKK)| ≤ hCK |||KKK ′ −KKK|||+ h′CK |||KKK ′ −KKK|||2, (A.3.31)

where hCK ∈ H(C(KKK)) and h′CK ∈ H(C(KKK)) are polynomials in C(KKK) and model
parameters. Given assumption (2.4.7), we have |||KKK ′ −KKK||| ≤ 1 and hence

|||KKK ′ −KKK||| ≥ |||KKK ′ −KKK|||2.
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Define hcost = hCK + h′CK , then (A.3.31) gives

|C(KKK ′)− C(KKK)| ≤ hcost|||KKK ′ −KKK|||,

with hcost ∈ H(C(KKK)).

Proof of Lemma 2.4.8. Recall ∇tC(KKK)=2EtΣt andW=E
[
wtw

⊤
t

]
=W̃E

[
vtv

⊤
t

]
W̃⊤.

We have,

∥∇tC(KKK
′)−∇tC(KKK)∥ = ∥2E ′

tΣ
′
t − 2EtΣt∥ ≤ 2∥E ′

t − Et∥∥Σ′
t∥+ 2∥Et∥∥Σ′

t − Σt∥,
(A.3.32)

For the second term, by Lemma 2.3.6 and Cauchy-Schwarz inequality,

∥Et∥ ≤
T−1∑
t=0

∥Et∥ ≤
T−1∑
t=0

√
Tr(E⊤

t Et) ≤

√
T · maxt ∥Rt +B⊤Pt+1B∥

σXXX
(C(KKK)− C(KKK∗)).

(A.3.33)

By (A.3.7) and direct calculation, we have

∥(G ′
t+1 − Gt+1)(Σ0)∥ ≤ ρ2(t+1)

(
t+1∑
s=0

∥FK′
s
−FKs∥ ∥Σ0∥

)
.

By (A.3.9) and (2.3.20), for t = 1, 2, · · · , T − 1,

∥Σ′
t − Σt∥ ≤ ∥(G ′

t − Gt)(Σ0)∥+

∥∥∥∥∥
t−1∑
s=0

Dt−1,sWD⊤
t−1,s −D′

t−1,sW (D′
t−1,s)

⊤

∥∥∥∥∥
≤ ρ2t(2ρ+ 1)∥B∥ ∥Σ0∥ |||KKK ′ −KKK||| +

(ρ2T − 1)

ρ2 − 1
(2ρ+ 1)∥B∥ ∥W∥ |||KKK ′ −KKK|||.

(A.3.34)

Therefore the second term in (A.3.32) is bounded by the product of (A.3.33) and
(A.3.34).

Next we bound the first term in (A.3.32). Similar to (A.3.14), ∥Σ′
t∥ ≤ ∥

∑T
t=0Σ

′
t∥ =

∥ΣKKK′∥ ≤ ∥Σ′
KKK −ΣKKK∥+ ∥ΣKKK∥ ≤ C(KKK)

σQQQ
+ ∥ΣKKK∥. For ∥E ′

t −Et∥, we first need a bound on
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∥P ′
t − Pt∥. Since P0 = S0 +

∑T−2
t=0 Gt(St+1) + GT−1(QT ), by (A.3.30), we have

∥P ′
t − Pt∥ ≤ ∥P ′

0 − P0∥

≤ 3∥K0∥∥R0∥∥K ′
0 −K0∥+∥Gd∥+

ρ2T − 1

ρ2 − 1
(2ρ+ 1)∥B∥∥QT∥

(T−1∑
t=0

∥Kt −K ′
t∥
)

≤ ρ2T − 1

ρ2 − 1
(2ρ+ 1)∥B∥ |||KKK ′ −KKK|||

(
|||QQQ|||+ |||KKK|||2|||RRR|||

)
+ 3

(
1 +

ρ2T − 1

ρ2 − 1
(2ρ+ 1)∥B∥ |||KKK ′ −KKK|||+ ρ2(1− ρ2(T−1))

ρ2 − 1

)
·

|||KKK||| |||RRR||| |||KKK ′ −KKK|||

+
ρ2T − 1

ρ2 − 1
(2ρ+ 1)∥B∥∥QT∥|||KKK ′ −KKK|||.

(A.3.35)

Thus,

∥E ′
t − Et∥

=
∥∥Rt(K

′
t −Kt)−B⊤(P ′

t+1 − Pt+1)A+B⊤(P ′
t+1 − Pt+1)BK

′
t +B⊤Pt+1B(K ′

t −Kt)
∥∥

≤
(
∥Rt∥+ ∥B∥2∥P0∥

)
|||KKK ′ −KKK|||+ ∥B∥ ∥P ′

0 − P0∥ ∥A∥+ 2∥B∥2∥P ′
0 − P0∥|||KKK|||.

Given the bound on |||KKK||| =
∑T−1

t=0 ∥Kt∥ in Lemma 2.3.16 and the bound on ∥Pt∥
in Lemma 2.3.8, all the terms in (A.3.32) can be bounded by polynomials of related
parameters multiplied by |||KKK ′ −KKK||| and |||KKK ′ −KKK|||2. Similarly to the proof of Lemma
2.4.7, we have |||KKK ′ −KKK||| ≤ 1 and

∥∇tC(KKK
′)−∇tC(KKK)∥ ≤ hgrad|||KKK ′ −KKK|||,

for some polynomial hgrad ∈ H(C(KKK)).
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A.3.5 Proofs in Section 2.5

Proof of Proposition 2.5.2. Denote Ht :=

1 + γk1t γk2t

k1t 1 + k2t

. Since Ht has two eigen-

values 1 and γk1t + k2t + 1, Ht is positive definite when γk1t + k2t > −1 (0 ≤ t ≤ T − 1).
Then let us show the first claim by induction. Assume E[xsx⊤s ] is positive definite

for all s ≤ t, then

E[xt+1x
⊤
t+1]

= E[((A−BKt)xt + wt) ((A−BKt)xt + wt)
⊤] = E[(Htxt + wt) (Htxt + wt)

⊤]

= E[Htxtx
⊤
t H

⊤
t + wtw

⊤
t + wtw

⊤
t + 2Htxtw

⊤
t ] = HtE[xtx⊤t ]H⊤

t +

σ 0

0 0

 .

Hence E[xt+1x
⊤
t+1] is positive definite since E[xtx⊤t ] is positive definite and Ht is positive

definite. Therefore σXXX > 0.
The second claim can be proved by backward induction. For t = T , PKKK

T = QT is
positive definite since QT is positive definite. Assume PKKK

t+1 is positive definite for some
t+ 1, then take any z ∈ Rd such that z ̸= 0,

z⊤PK
t z = z⊤Qt z + z⊤K⊤

t RtKtz + z⊤H⊤
t P

KKK
t+1Htz > 0.

Note that Ht is positive definite when γk1t + k2t > −1 and 1 + γk1t > 0. The last
inequality holds since Qt and H⊤

t P
KKK
t+1Ht are positive definite, and K⊤

t RtKt is positive
semi-definite. Hence we have PKKK

t positive definite for all t = 0, 1, 2, · · · , T .
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Appendix B

Appendix for Chapter 3

We now give the proofs that were omitted in Chapter 3.

B.1 Proofs in Section 3.3.1

Proof of Lemma 3.3.6. We prove that the terms in the sequence {PKKK
t,i}Tt=0 are posi-

tive definite for i = 1, · · · , N by backward induction. For t = T , PKKK
T,i = Qi

T is positive
definite since Qi

T is positive definite. Assume PKKK
t+1,i is positive definite for some t + 1,

then take any z ∈ Rd such that z ̸= 0,

z⊤PKKK
t,iz = z⊤Qi

tz + z⊤(Ki
t)

⊤Ri
tK

i
tz + z⊤

(
At −

N∑
j=1

Bj
tK

j
t

)⊤

PKKK
t+1,i

(
At −

N∑
j=1

Bj
tK

j
t

)
z

> 0.

The last inequality holds since z⊤Qi
tz > 0 and the other terms are non-negative un-

der Assumption 3.2.1. By backward induction, we have PKKK
t,i positive definite, ∀ t =

0, 1, · · · , T .

To prove Lemma 3.3.8, let us start with a useful result for the value function. We
define the value function for player i, V i

KKK(x, t) for t = 0, 1, · · · , T − 1, as

V i
KKK(x, t) = Ewww

[
T−1∑
s=t

(x⊤s Q
i
sxs + (uis)

⊤Ri
su

i
s) + x⊤TQ

i
TxT

∣∣∣∣∣xt = x

]
= x⊤PKKK

t,ix+NKKK
t,i ,
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with terminal condition
V i
KKK(x, T ) = x⊤Qi

Tx,

where NKKK
t,i is defined in (3.3.14), and Ewww denotes the expectation over the noise www. We

then define the Q function, Qi
KKK(x, u, t) for u = (u1, · · · , uN) as

Qi
KKK(x, u, t) = x⊤Qi

tx+ (ui)⊤Ri
tu

i + Ewt

[
V i
KKK(Atx+

N∑
j=1

Bj
tu

j + wt, t+ 1)

]
,

and the advantage function

Ai
KKK(x, u, t) = Qi

KKK(x, u, t)− V i
KKK(x, t).

Here Ewt denotes the expectation taken with respect to wt. Note that Ci(KKK) =

E[V i
KKK(x0, 0)]. We write

(KKKi′,KKK−i) := (KKK1, · · · ,KKKi−1,KKKi′,KKKi+1, · · · ,KKKN),

and the control sequences under the policy (KKKi′,KKK−i) as {ui′,−i
t }T−1

t=0 with

ui′t = −Ki′
t x

KKKi′,KKK−i

t , and ujt = −Kj
t x

KKKi′,KKK−i

t , j ̸= i. (B.1.1)

Then we can write the difference between the cost functions ofKKK = (KKK1, · · · ,KKKN) and
(KKKi′,KKK−i) in terms of advantage functions.

Lemma B.1.1 (Cost Difference). Assume KKK and (KKKi′,KKK−i) have finite costs. Then

V i
KKKi′,KKK−i(x, 0)− V i

KKK(x, 0) = Ewww

[
T−1∑
t=0

Ai
KKK(x

KKKi′,KKK−i

t , ui′,−i
t , t)

]
, (B.1.2)

where {ui′,−i
t }T−1

t=0 is defined in (B.1.1) with xKKK
i′,KKK−i

0 = x0 = x. For player i,

Ai
KKK(x

KKKi′,KKK−i

t , ui′,−i
t , t) = (xKKK

i′,KKK−i

t )⊤(Ki′
t −Ki

t)
⊤(Ri

t + (Bi
t)

⊤PKKK
t+1,iB

i
t)(K

i′
t −Ki

t)x
KKKi′,KKK−i

t

+2(xKKK
i′,KKK−i

t )⊤(Ki′
t −Ki

t)
⊤EKKK

t,i x
KKKi′,KKK−i

t .

Proof. Write x′t = xKKK
i′,KKK−i

t for simplicity and denote by ci′t (x) the cost of player i
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generated by (KKKi′,KKK−i) with a single trajectory starting from x′0 = x0 = x. That is,

ci′t (x
′
t) = (x′t)

⊤Qi
tx

′
t + (Ki′

t x
i′
t )

⊤Ri
tK

i′
t x

i′
t , t = 0, 1, · · · , T − 1,

and
ci′T (x

′
T ) = (x′T )

⊤Qi
Tx

′
T ,

with

ui′t = −Ki′
t x

′
t , x′t+1 = Atx

′
t +Bi

tu
i′
t +

N∑
j=1,j ̸=i

Bj
tu

j
t + wt, x′0 = x.

Therefore

V i
KKKi′,KKK−i(x, 0)− V i

KKK(x, 0) = Ewww

[
T∑
t=0

ci′t (x
′
t)

]
− V i

KKK(x, 0)

= Ewww

[
T∑
t=0

(
ci′t (x

′
t)− V i

KKK(x
′
t, t)
)
+

T∑
t=1

V i
KKK(x

′
t, t)

]

= Ewww

[
T−1∑
t=0

(
ci′t (x

′
t) + V i

KKK(x
′
t+1, t+ 1)− V i

KKK(x
′
t, t)
)]

= Ewww

[
T−1∑
t=0

(
Qi

KKK(x
′
t, u

i′,−i
t , t)− V i

KKK(x
′
t, t)
)∣∣∣∣∣x0 = x

]

= Ewww

[
T−1∑
t=0

Ai
KKK(x

′
t, u

i′,−i
t , t)

∣∣∣∣∣x0 = x

]
,

where the third equality holds since ci′T (x′T ) = V i
KKK(x

′
T , T ) with the same single trajectory.

For player i, the advantage function is given by

Ai
KKK(x′t, u

i′,−i
t , t) = Qi

KKK(x′t, u
i′,−i
t , t)− V i

KKK(x′t, t)

= (x′t)
⊤(Qi

t + (Ki′
t )

⊤Ri
tK

i′
t )x

′
t + Ewt

[
V i
KKK((At −Bi

tK
i′
t −

N∑
j=1,j ̸=i

Bj
tK

j
t )x

′
t + wt, t+ 1)

]
−V i

KKK(x′t, t)

= (x′t)
⊤(Qi

t + (Ki′
t )

⊤Ri
tK

i′
t )x

′
t +
(
(x′t)

⊤
(
At −Bi

tK
i′
t −

N∑
j=1,j ̸=i

Bj
tK

j
t

)⊤
PKKK
t+1,i

(
At −Bi

tK
i′
t −

N∑
j=1,j ̸=i

Bj
tK

j
t

)
x′t +Tr(WPKKK

t+1,i) +NKKK
t+1,i

)
−
(
(x′t)

⊤PKKK
t,ix

′
t +NKKK

t,i

)
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= (x′t)
⊤(Qi

t + (Ki′
t −Ki

t +Ki
t)

⊤Ri
t(K

i′
t −Ki

t +Ki
t))x

′
t

+(x′t)
⊤
(
At −Bi

t(K
i′
t −Ki

t)−
N∑
j=1

Bj
tK

j
t

)⊤
PKKK
t+1,i

(
At −Bi

t(K
i′
t −Ki

t)−
N∑
j=1

Bj
tK

j
t

)
x′t

−(x′t)
⊤
(
Qi

t + (Ki
t)

⊤Ri
tK

i
t +

(
At −

N∑
j=1

Bj
tK

j
t

)⊤
PKKK
t+1,i

(
At −

N∑
j=1

Bj
tK

j
t

))
x′t

= (x′t)
⊤(Ki′

t −Ki
t)

⊤(Ri
t + (Bi

t)
⊤PKKK

t+1,iB
i
t)(K

i′
t −Ki

t)x
′
t + 2(x′t)

⊤(Ki′
t −Ki

t)
⊤EKKK

t,i x
′
t.

Now we are ready to prove Lemma 3.3.8.

Proof of Lemma 3.3.8. By Lemma B.1.1, we have

Ai
KKK(x

KKKi′,KKK−i

t , ui′,−i
t , t)

= (xKKK
i′,KKK−i

t )⊤(Ki′
t −Ki

t)
⊤(Ri

t + (Bi
t)

⊤PKKK
t+1,iB

i
t)(K

i′
t −Ki

t)x
KKKi′,KKK−i

t

+2(xKKK
i′,KKK−i

t )⊤(Ki′
t −Ki

t)
⊤EKKK

t,i x
KKKi′,KKK−i

t

= Tr
(
xKKK

i′,KKK−i

t (xKKK
i′,KKK−i

t )⊤(Ki′
t −Ki

t)
⊤(Ri

t + (Bi
t)

⊤PKKK
t+1,iB

i
t)(K

i′
t −Ki

t)
)

+2Tr
(
xKKK

i′,KKK−i

t (xKKK
i′,KKK−i

t )⊤(Ki′
t −Ki

t)
⊤EKKK

t,i

)
= Tr

(
xKKK

i′,KKK−i

t (xKKK
i′,KKK−i

t )⊤(Ki′
t −Ki

t + (Ri
t + (Bi

t)
⊤PKKK

t+1,iB
i
t)

−1EKKK
t,i)

⊤ ·

(Ri
t + (Bi

t)
⊤PKKK

t+1,iB
i
t)(K

i′
t −Ki

t + (Ri
t + (Bi

t)
⊤PKKK

t+1,iB
i
t)

−1EKKK
t,i)
)

−Tr
(
xKKK

i′,KKK−i

t (xKKK
i′,KKK−i

t )⊤(EKKK
t,i)

⊤(Ri
t + (Bi

t)
⊤PKKK

t+1,iB
i
t)

−1EKKK
t,i

)
≥ −Tr

(
xKKK

i′,KKK−i

t (xKKK
i′,KKK−i

t )⊤(EKKK
t,i)

⊤(Ri
t + (Bi

t)
⊤PKKK

t+1,iB
i
t)

−1EKKK
t,i

)
,

with equality holding when Ki′
t = Ki

t − (Ri
t + (Bi

t)
⊤PKKK

t+1,iB
i
t)

−1EKKK
t,i. Then, by Lemma

B.1.1, letting {x∗t}Tt=0 and u∗t = (u1∗t , · · · , uN∗
t ) with ui∗t = −Ki∗

t x
∗
t denote the state and

control sequences induced by the set of optimal policies KKK∗, we have

Ci(KKKi,KKK−i∗)− Ci(KKK∗) = −E

[
T−1∑
t=0

Ai
KKKi,KKK−i∗(x∗t , u

∗
t , t)

]

≤ E

[
T−1∑
t=0

Tr
(
x∗t (x

∗
t )

⊤(EKKKi,KKK−i∗

t,i )⊤(Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t)

−1EKKKi,KKK−i∗

t,i

)]

≤ ∥ΣKKK∗∥
T−1∑
t=0

Tr
(
(EKKKi,KKK−i∗

t,i )⊤(Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t)

−1EKKKi,KKK−i∗

t,i

)
≤ ∥ΣKKK∗∥

σRRR

T−1∑
t=0

Tr
(
(EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)
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=
∥ΣKKK∗∥
4σRRR

T−1∑
t=0

Tr
(
(ΣKKKi,KKK−i∗

t )−1∇Ki
t
Ci(KKKi,KKK−i∗)⊤∇Ki

t
Ci(KKKi,KKK−i∗)(ΣKKKi,KKK−i∗

t )−1
)

≤ ∥ΣKKK∗∥
4σRRR (σXXX)

2

T−1∑
t=0

Tr
(
∇Ki

t
Ci(KKKi,KKK−i∗)⊤∇Ki

t
Ci(KKKi,KKK−i∗)

)
.

For the lower bound, consider Ki′
t = Ki

t − (Ri
t + (Bi

t)
⊤PKKK

t+1,iB
i
t)

−1EKKK
t,i . Using

Ci(KKKi′,KKK−i∗) ≥ Ci(KKK∗) and letting {uKKK
i′,KKK−i∗

t }T−1
t=0 denote the control sequence induced

by (KKKi′,KKK−i∗), we have

Ci(KKKi,KKK−i∗)− Ci(KKK∗)

≥ Ci(KKKi,KKK−i∗)− Ci(KKKi′,KKK−i∗)

= −E

[
T−1∑
t=0

Ai
KKKi,KKK−i∗(x

KKKi′,KKK−i∗

t , uKKK
i′,KKK−i∗

t , t)

]

= E

[
T−1∑
t=0

Tr
(
xKKK

i′,KKK−i∗

t (xKKK
i′,KKK−i∗

t )⊤(EKKKi,KKK−i∗

t,i )⊤(Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t)

−1EKKKi,KKK−i∗

t,i

)]

≥ σXXX

T−1∑
t=0

1

∥Ri
t + (Bi

t)
⊤PKKKi,KKK−i∗

t+1,i Bi
t∥

Tr
(
(EKKKi,KKK−i∗

t,i )⊤EKKKi,KKK−i∗

t,i

)
≥ σXXX

4∥ΣKKKi,KKK−i∗∥2
T−1∑
t=0

Tr
(
∇Ki

t
Ci(KKKi,KKK−i∗)⊤∇Ki

t
Ci(KKKi,KKK−i∗)

)
∥Ri

t + (Bi
t)

⊤PKKKi,KKK−i∗

t+1,i Bi
t∥

.

Proof of Lemma 3.3.9. By Lemma B.1.1,

Ci(KKKi′,KKK−i)− Ci(KKK)

= E

[
T−1∑
t=0

Ai
KKK(x

KKKi′,KKK−i

t , ui′,−i
t , t)

]

=
T−1∑
t=0

[
Tr
(
ΣKKKi′,KKK−i

t (Ki′
t −Ki

t)
⊤(Ri

t + (Bi
t)

⊤PKKK
t+1,iB

i
t)(K

i′
t −Ki

t)
)

+2Tr
(
ΣKKKi′,KKK−i

t (Ki′
t −Ki

t)
⊤EKKK

t,i

)]
.
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Proof of Lemma 3.3.10. It is straightforward to see that

Ci(KKK) ≥ E[x⊤t PKKK
t,ixt] ≥

∥∥PKKK
t,i

∥∥σmin(E[xtx⊤t ]) ≥ σXXX
∥∥PKKK

t,i

∥∥
and

Ci(KKK) =
T−1∑
t=0

Tr
(
E[xtx⊤t ](Qi

t + (Ki
t)

⊤Ri
tK

i
t)
)
+ Tr

(
E[xTx⊤T ]Qi

T

)
≥ min

t∈[0,T ]
σmin(Q

i
t) · Tr(ΣKKK)

≥ σQQQ ·∥ΣKKK∥.

Then the statements in Lemma 3.3.10 follow since under Assumptions 3.2.1 and 3.2.2,
we have σXXX > 0 and σQQQ > 0.

B.2 Proofs in Section 3.3.2

Proof of Proposition 3.3.11. Recall that ΣKKK
t = E

[
xtx

⊤
t

]
and note that

ΣKKK
1 = E[x1x⊤1 ] = E

[((
A0 −

N∑
j=1

Bj
0K

j
0

)
x0 + w0

)((
A0 −

N∑
j=1

Bj
0K

j
0

)
x0 + w0

)⊤]
=

(
A0 −

N∑
j=1

Bj
0K

j
0

)
Σ0

(
A0 −

N∑
j=1

Bj
0K

j
0

)⊤
+W = G0(Σ0) +W.

We first prove that for t = 2, 3, · · · , T

ΣKKK
t = Gt−1(Σ0) +

t−1∑
s=1

Dt−1,sWD⊤
t−1,s +W. (B.2.1)

We have the result for t = 1, so assume (B.2.1) holds for t ≤ k. Then for t = k + 1,

E[xt+1x
⊤
t+1] = E

[((
At −

N∑
j=1

Bj
tK

j
t

)
xt + wt

)((
At −

N∑
j=1

Bj
tK

j
t

)
xt + wt

)⊤]
=

(
At −

N∑
j=1

Bj
tK

j
t

)
ΣKKK

t

(
At −

N∑
j=1
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= Gt(Σ0) +
t∑

s=1

Dt,sWD⊤
t,s +W.

Therefore (B.2.1) holds, ∀ t = 1, 2, · · · , T . Finally,

ΣKKK =
T∑
t=0

ΣKKK
t = Σ0 +

T−1∑
t=0

Gt(Σ0) +
T−1∑
t=1

t∑
s=1

Dt,sWD⊤
t,s + TW = TKKK(Σ0) + ∆KKK(W ).

Proof of Lemma 3.3.14. For player i,

(Ft −F i′
t )(X)

=
(
At −

N∑
j=1

Bj
tK

j
t

)
X
(
At −

N∑
j=1

Bj
tK

j
t

)⊤
−
(
At −Bi

tK
i′
t −

N∑
j=1,j ̸=i

Bj
tK

j
t

)
X
(
At −Bi

tK
i′
t −

N∑
j=1,j ̸=i

Bj
tK

j
t

)⊤
,

Then (3.3.28) follows by letting Y =At−
∑N

j=1B
j
tK

j
t and Z=At−Bi

tK
i′
t −
∑N

j=1,j ̸=iB
j
tK

j
t

in

Y XY ⊤ − ZXZ⊤ =
(Y + Z)X(Y − Z)⊤ + (Y − Z)X(Y + Z)⊤

2
(B.2.2)

and using the norm bound ∥AX∥ ≤ ∥A∥ ∥X∥.

Proof of Lemma 3.3.15. By direct calculation,

∥Gi′
t ∥ ≤ ρ

2(t+1)
KKK,KKK′ , i = 1, · · · , N. (B.2.3)

Then for any symmetric matrix Σ ∈ Rd×d and t ≥ 0,

∥(Gi′
t+1 − Gt+1)(Σ)∥

= ∥F i′
t+1 ◦ Gi′

t (Σ)−Ft+1 ◦ Gt(Σ)∥

= ∥F i′
t+1 ◦ Gi′

t (Σ)−F i′
t+1 ◦ Gt(Σ) + F i′

t+1 ◦ Gt(Σ)−Ft+1 ◦ Gt(Σ)∥

≤ ∥F i′
t+1 ◦ Gi′

t (Σ)−F i′
t+1 ◦ Gt(Σ)∥+ ∥F i′

t+1 ◦ Gt(Σ)−Ft+1 ◦ Gt(Σ)∥

= ∥F i′
t+1 ◦ (Gi′

t − Gt)(Σ)∥+ ∥(F i′
t+1 −Ft+1) ◦ Gt(Σ)∥

≤ ∥F i′
t+1∥ ∥(Gi′

t − Gt)(Σ)∥+ ∥Gt∥ ∥F i′
t+1 −Ft+1∥ ∥Σ∥
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≤ ρ2KKK,KKK′∥(Gi′
t − Gt)(Σ)∥+ ρ

2(t+1)
KKK,KKK′ ∥F i′

t+1 −Ft+1∥∥Σ∥.

Therefore,

∥(Gi′
t+1 − Gt+1)(Σ)∥ ≤ ρ2KKK,KKK′∥(Gi′

t − Gt)(Σ)∥+ ρ
2(t+1)
KKK,KKK′ ∥F i′

t+1 −Ft+1∥∥Σ∥. (B.2.4)

Summing (B.2.4) up for t ∈ {1, 2, · · · , T − 2} with ∥Gi′
0 − G0∥ = ∥F i′

0 −F0∥, we have

T−1∑
t=0

∥∥∥(Gt − Gi′
t )(Σ)

∥∥∥ ≤
ρ2TKKK,KKK′ − 1

ρ2KKK,KKK′ − 1

( T−1∑
t=0

∥Ft −F i′
t ∥
)
∥Σ∥.
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