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Abstract

Barabási-Albert random graph models are a class of evolving random graphs that are

frequently used to model social networks with scale-free degree distributions. It has been

shown that Barabási-Albert random graph models have asymptotic scale-free degree dis-

tributions as the size of the graph tends to infinity. Real world networks, however, have

finite size so it is important to know how close the degree distribution of a Barabási-Albert

random graph of a given size is to its asymptotic distribution.

Stein’s method is chosen as one main method for obtaining explicit bounds for the distance

between distributions. We derive a new version of Stein’s method for a class of scale-free

distributions and apply the method to a Barabási-Albert random graph.

We compare the evolution of a sequence of Barabási-Albert random graphs with a continuous-

time stochastic processes motivated by Yule’s model for evolution. Through a coupling

of the models we bound the total variation distance between their degree distributions.

Using these bounds, we extend degree distribution bounds that we find for specific models

within the scheme to find bounds for every member of the scheme.

We apply the Azuma-Hoeffding inequality and Chernoff bounds to find bounds between

the degree sequences of the random graph models and the given scale-free distribution.

These bounds prove that the degree sequences converge completely (and therefore also

converge almost surely) to our scale-free distribution.

We discuss the relationship between the random graph processes and the Chinese restau-

rant process. Aided by the construction of an inhomogeneous Markov chain, we apply

our results for the degree distribution in a Barabási-Albert random graph to a particular

statistic of the Chinese restaurant process.

Finally, we explore how our methods can be adapted and extended to other evolving

random graph processes. We study a Bernoulli evolving random graph process, for which

we bound the distance between its degree distribution and a geometric distribution and we

bound the distance between the number of triangles in the graph and a normal distribution.
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Notation

The following provides a summary of common notation and conventions used throughout
this thesis.

• The natural numbers are defined not to include zero.

N := {1, 2, 3, ...}

Z
+
0 := {0, 1, 2, ...}

• The forward difference is denoted by ∆. For a function f on Z,

∆f(k) := f(k + 1) − f(k).

• We use the usual order notation:

f(k) = o(g(k)) as k → ∞ ⇐⇒ f(k)

g(k)
→ 0 as k → ∞;

f(k) = O(g(k)) as k → ∞ ⇐⇒ ∃C, k0 ≥ 0, |f(k)| ≤ C|g(k)| ∀k ≥ k0.

• We write f(k) << g(k) to mean f(k) = o(g(k)).

• The supremum norm is denoted by ‖ · ‖∞ . For a function f ,

‖f‖∞ := sup
x

|f(x)|.

• For random variables X and Y , we write X ⊥ Y to mean that X and Y are inde-
pendent.

• We use the usual notation for the gamma and beta functions (defined on C
+ and

C
+ × C

+ respectively),

Γ(z) :=

∫ ∞

0
tz−1e−tdt;

B(x, y) :=

∫ 1

0
tx−1(1 − t)y−1dt =

Γ(x)Γ(y)

Γ(x + y)
.

• A graph G = (V, E) is described by its vertex set V and edge set E .

If G is a directed graph then an edge from vertex i ∈ V to vertex j ∈ V is denoted
by the ordered pair (i, j) ∈ E . If G is an undirected graph then an edge between
vertices i, j ∈ V is denoted by the set {i, j} ∈ E .
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• Following the definition by Hsu and Robbins [29] we say that a sequence of random
variables (Xn)n converges completely to a constant c if the series

∞
∑

n=1

P(|Xn − c| > ε)

converges for every ε > 0. We write Xn →C c.

Distributions

• GeometricN(p) denotes the geometric distribution with parameter p ∈ (0, 1] and
state space N; µ(k) = p(1 − p)k−1 for k ∈ N.

• Geometric
Z

+
0
(p) denotes the geometric distribution with parameter p ∈ (0, 1] and

state space Z
+
0 ; µ(k) = p(1 − p)k for k ∈ Z

+
0 .

• Y ule− Simon(ρ) denotes the Yule-Simon distribution with parameter ρ > 0. For a
random variable V ,

V ∼ Y ule − Simon(ρ) ⇐⇒
{

P(V = k) = ρB(k, ρ + 1) ∀k ∈ N
}

.

• Negbinom(r, p) denotes the negative binomial distribution with parameters r > 0
and p ∈ (0, 1). For a random variable V ,

V ∼ Negbinom(r, p) ⇐⇒
{

P(V = k) =
Γ(k + r)

k!Γ(r)
pr(1 − p)k ∀k ∈ Z

+
0

}

.

Equivalently,

V ∼ Negbinom(r, p) ⇐⇒
{

P(V ≤ k) =

∫ p

0 sr−1(1 − s)kds

B(r; k + 1)
∀k ∈ Z

+
0

}

.

For r ∈ N, if U1, U2, ..., Ur are independent identically distributed random variables
with L(U1) = Geometric

Z
+
0
(p), equivalently we can say,

V ∼ Negbinom(r, p) ⇐⇒ L(V ) = L
(

r
∑

i=1

Ui

)

.

• For a random variable R that takes values in [0, 1], we use V ∼ Negbinom(α;R)
to mean that the random variable V is defined conditionally on R, such that given
R = r, V ∼ Negbinom(α; r). The notation is extended to other such mixtures of
distributions.

• For α > 0, ρ > 1 we define µα
ρ to be the measure on Z

+
0 given by

µα
ρ (k) :=

B(k + α; ρ + 1)

B(α; ρ)
.
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Distances

• The total variation distance between two random variables, X and Y , defined jointly
on a state space S is defined by,

dTV (X,Y ) := sup
A⊂S

|P(X ∈ A) − P(Y ∈ A)|

= sup
h∈H

|E(h(X)) − E(h(Y ))|,

where H := {1A : A ⊂ S, A measurable}.
If S is countable then, equivalently,

dTV (X,Y ) =
1

2

∑

k∈S
|P(X = k) − P(Y = k)|.

If S is Hausdorff separable then, equivalently (see [8] p. 254),

dTV (X,Y ) = min
X′=DX,Y ′=DY

P(X ′ 6= Y ′).

There are many other equivalent definitions, but these will be adequate for our
purposes.

• The Kolmogorov distance between two random variables, X and Y , taking values in
a subset of the real line is defined by,

dK(X,Y ) := sup
x∈R

|P(X ≤ x) − P(Y ≤ x)|

= sup
h∈H

|E(h(X)) − E(h(Y ))|,

where H := {1(−∞,x] : x ∈ R, h measurable}.

• The Wasserstein distance between random variables, X and Y , defined jointly on a
state space S is defined by,

dW (X,Y ) := sup
h∈H

|E(h(X)) − E(h(Y ))|,

where H := {h : R → R : h differentiable ||h′||∞ ≤ 1}.
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Chapter 1

Introduction

This thesis is a rigorous study of convergence to a scale-free distribution, with bounds on

the distance to the limit. One achievement of note is the derivation of Stein’s method for

a generalised scale-free distribution, of which the Yule-Simon distribution is a special case.

The motivation for this work is the study of scale-free random graphs and, in particular,

Barabási-Albert random graph models. Our method connects the evolution of Barabási-

Albert random graphs with the continuous-time stochastic process known as Yule’s model

for the evolution of species. We consider a sequence of discrete-time and continuous-time

preferential attachment processes and use couplings to bound the total variation distance

between the degree distributions of the models in our scheme.

From Yule’s model for evolution we identify a candidate asymptotic degree distribution

for our models. We study a range of different methods for bounding the total variation

distance between the degree distributions and the asymptotic distributions of our models.

Each method applies directly only to certain models in our scheme, but a coupling of the

models allows us to extend our results to every model. We see that the method providing

the better bounds depends on the choice of model and the chosen parameters of that

model.

In Chapter 10 we indicate how our results for random graph models also apply to a statistic

of the Chinese restaurant process. To aid this comparison we construct an inhomogeneous

Markov chain, whose evolution represents the evolution of the degree distribution in one of

the models of our scheme. Later we discuss a possible method of applying Stein’s method

directly to this Markov chain to obtain bounds for the distance between the chain at step
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n and its asymptotic distribution.

Chapter 12 extends our methods to obtain similar results for a Bernoulli evolving random

graph. Guided by the successful approach for Barabási-Albert models, we bound the

distance between the degree distribution and a geometric distribution, and the distance

between the number of triangles in the graph and a normal distribution.

1.1 Social network models

Barabási-Albert random graph models have been motivated by social networks. Social

networks are networks that are derived from the study of relationships in social systems.

An easy example of a social network is a friendship network. We can construct a graphi-

cal representation of a friendship network where vertices represent individuals and edges

indicate friendships between individuals. Vertex i and vertex j are joined by an edge if

and only if individuals i and j are considered to be friends.

Social networks may be directed or undirected. For example, in a friendship network we

might consider friendships to be mutual, meaning that the resulting network is undirected.

Alternatively, we might form a network by asking every individual in the population who

they consider their friends to be. The results could be represented as a directed network

with an edge from vertex i to vertex j if and only if individual i lists individual j as a

friend.

The Barabási-Albert random graph model that we study is one that has been used as a

model for social networks. This model was proposed in [5] with the intention of emulating

the growth of networks such as citation networks and the World Wide Web. In particular,

Barabási and Albert aimed to produce networks that exhibited a scale-free degree distri-

bution. The idea was that in a social network the network grows over time, under the

preferential attachment condition that high degree (or ‘popular’) vertices are more likely

to gain new edges than low degree vertices. The Barabási-Albert random graph model
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evolves in discrete time steps. At each step a new vertex is added to the graph and m

edges are drawn between that vertex and m old vertices. The probability that an old

vertex is chosen is proportional to the degree of that vertex.

1.2 Scale-free distributions

We use the term ‘scale-free distribution’ or ‘power law distribution’ to describe a prob-

ability distribution with a probability mass function or probability distribution function

asymptotically of the form f(x) = Ax−γ as x → ∞, for some constants A and γ.

The description, ‘scale-free distribution’, comes from a property that functions of this type

satisfy known as ‘scale invariance’. Caldarelli [14] discusses the concept of scale invariance

in detail. In the case of these functions we mean that whatever scale we use, the shape of

the function is the same. An alternative definition is that a function f satisfies an exact

power law property if, for all x in the domain of f and for any scaling constant, c,

f(cx) ∝ f(x).

It is clear that this is the case for any function of the form f(x) = Ax−γ , with the

exponent determining the decay of the power law tail. In physics it has been observed that

power laws with the same exponent are seen in systems that share dynamical properties.

This is known as ‘universality ’ or ‘self-organized criticality’ and systems with the same

exponent are described as belonging to the same ‘universality class’. Solow [48] discusses

self-organized criticality in relation to power laws, concluding that, although there is a

connection between power laws and self-organized criticality, the first does not imply

existence of the second.
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1.2.1 Degree distributions

When discussing the ‘degree distribution’ of a random graph authors use this description

to refer to various statistics of the graph. This section clarifies our usage of the term and

alternative meanings found in the literature.

For a vertex i in an undirected random graph, the ‘degree’ of i refers to the number of

edges incident to vertex i. In a directed graph we can talk about the number of edges

directed into the vertex (the ‘in-degree’), the number of edges directed out of the vertex

(the ‘out-degree’), or the total number of edges directed into or out of the vertex (the ‘total

degree’).

Let G be a random graph on n vertices labelled 1, 2, ..., n and let In be a random variable

distributed uniformly on {1, 2, ..., n}. In this thesis we use the description ‘the degree

distribution of G’ to refer to the distribution of the random variable D(In) defined to be

the degree of vertex In in G. This is the meaning of degree distribution used by Drmota,

Giménez and Noy [20]. Initially the definition might appear strange, but knowing the

distribution of D(In) is equivalent to knowing the values of the expected number of vertices

of every possible degree in the graph G. If N(k) represents the number of vertices of degree

k in G, then

E(N(k)) =
n
∑

i=1

P(D(i) = k) = nP(D(In) = k).

By our definition of degree distribution, therefore, the knowing the degree distribution

corresponds to knowing the sequence (E(N(k)))k.

Confusion could arise from the alternative usage of ‘degree distribution’ in some literature

to describe the distribution of the sequence (N(k))k where N(k) again represents the

number of vertices of degree k in the random graph G. In this thesis we follow the
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example of Bollobás et al. [11] in referring to this sequence as the degree sequence of the

graph rather than as the degree distribution of the graph.

1.2.2 The scale-free order (γ)

In this thesis we bound the total variation distance between Barabási-Albert random graph

models on n vertices and specific scale-free probability distributions. The models that we

study are random graphs with scale-free degree distributions that have power law tails of

order γ > 2.

Durrett [22] lists previously studied social networks and the orders of the associated power

laws. Durrett references ten different observed power laws, of which nine are of the form

γ > 2 and the majority are of the form γ ∈ (2, 3]. In Chapter 3 we gain some insight into

the parameters of the model that determine the order of the resulting power law, and in

Chapter 7 the relationship for our specific class of models is proved.

For now, it is worth noting that power laws of order γ ≤ 2 are precisely those with an

undefined expectation. In the case of our random graphs, having such a distribution as

asymptotic degree distribution translates to the situation where the number of edges added

per vertex diverges as the number of vertices tends to infinity. Barabási-Albert random

graphs aim to add precisely m edges with every vertex, so scale-free distributions of order

γ ≤ 2 would not be expected to result.

1.2.3 Log-log plots

A common method of estimating the power-law exponent in a power law distribution is to

take the gradient of a log-log plot. This method is illustrated in [49], where a discussion is

given of methods for testing the power law model. We now explain how the total variation

distance bounds for degree distribution approximations have implications for the use of

log-log plots when estimating the power law exponent in a Barabási-Albert random graph

5



process. In Chapter 3 we shall define a scale-free distribution, µα
ρ , which has a power law

tail. In later chapters of this thesis, we shall find total variation distance bounds between

the degree distributions of Barabási-Albert random graphs and the µα
ρ -distribution.

Let V ∼ µα
ρ and suppose that Wn represents the degree distribution of a particular

Barabási-Albert random graph on n vertices. We consider the range of vertex degrees

for which the gradient of a log-log plot gives a good approximation of the power law

exponent, ρ + 1. This assumes that we are able to sample data from a sufficiently

large number of individual networks. In Section 3.2.3 we shall prove that, for k ≥ 0,

µα
ρ (k) ∝ k−(ρ+1) + O(k−(ρ+2)). Thus for some constant, c,

∀k |P(Wn = k) − ck−(ρ+1)| ≤ dTV (Wn, V ) + O(k−(ρ+2)).

It follows that the log-log plot will provide good approximations for ρ for k such that

k−(ρ+2) + dTV (Wn, V ) << k−(ρ+1).

Now

k−(ρ+2) << k−(ρ+1) ⇐⇒ 1 << k ⇐⇒ 0 << log k,

and,

dTV (Wn, V ) << k−(ρ+1) ⇐⇒ log k << log dTV (Wn, V ).

Thus a log-log plot gives a good approximation for ρ in the region,

0 << log k << log dTV (Wn, V ).

The total variation distance bounds that will be found in Chapter 7 and Chapter 8 are all

6



of order log n
n

or n−γ for some γ ∈ (0, 1), thus for these graphs the region is equivalently

0 << log k << log n.

1.3 Outline of thesis

The thesis divides naturally into three parts. Chapters 2 and 3 introduce preferential

attachment models from two different areas of mathematics. Chapters 4 and 5 introduce

the approximation method known as Stein’s method and develop ways of applying Stein’s

method to the particular power law distribution that we have found in Chapter 3. The

remaining chapters present bounds between sequences of random variables and the asymp-

totic distributions of those sequences. Firstly we look at the degree distribution of the

evolving Barabási-Albert random graph model, and then at other mathematical problems

that use similar methods.

We begin Chapter 2 by describing the properties of Barabási-Albert random graph models

and how the precise forms that we choose to study fit into the context of previous work.

Chapter 3 introduces Yule’s model for evolution. We compare the continuous-time stochas-

tic model given by Yule for the evolution of species to the network models of Barabási

and Albert. We show how a specific power law degree distribution, which we call the µα
ρ -

distribution, arises naturally in these continuous-time models. Later, in Chapter 6, Yule’s

model for evolution motivates our derivation of a class of continuous-time Barabási-Albert

random graph models. We bound the distance between the degree distributions of these

models and a scale-free distribution in Chapter 7.

Having looked at both discrete-time and continuous-time preferential attachment models

with asymptotic power law distributions, Chapter 4 introduces a major tool, known as

Stein’s method, that we develop for the µα
ρ -distribution and use to analyse the models.

Stein’s method is a natural choice for our purposes because it provides explicit bounds
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for distances between distributions under a given metric. In Chapter 4 we present known

results for Stein’s method for the geometric distribution, the normal distribution and

general discrete distributions. These results will be used and extended later in the thesis.

In Chapter 5 we derive a new method of applying Stein’s method to the µα
ρ -distribution.

We derive a Stein equation and Stein factors for Kolmogorov and total variation distances.

This method is applied to a Barabási-Albert random graph model in Chapter 11.

In Chapter 6 we use coupling constructions to bound for the total variation distance

between the degree distributions of each of a sequence of Barabási-Albert random graph

models. These bounds provide a means of extending degree distribution bounds for any

model in our scheme to find bounds for the other models. Since each bounding method

explored later applies only to some of the models, these coupling constructions add wider

significance to the later results.

Chapter 7 uses a theorem bounding the total variation distance between two negative

binomial distributions to bound the distance between the degree distribution of one of

the models of Chapter 6 and the µα
ρ -distribution. We illustrate how these bounds can be

extended to other models within the scheme using the results of Chapter 6.

Chapter 8 explores how the method of recurrence equations gives us alternative bounds

for the distance between the expected number of vertices of a given degree and a power

law measure. From this we obtain different bounds for the total variation distance found

in Chapter 7. Compared with the bounds obtained by other methods, the bounds from

method are stronger for some models and parameters, and of the same order for others.

In the case of our original Barabási-Albert random graph, we are able to apply the Azuma-

Hoeffding inequality to obtain bounds and prove complete convergence, which is stronger

than almost sure convergence, for the degree sequence, as well as other degree statistics

of the random graph. We do this in Chapter 9. For other models, which lack a condition

necessary to apply the Azuma-Hoeffding inequality, we find similar bounds using Chernoff
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bounds, again proving complete convergence.

Chapter 10 compares a stochastic process known as the Chinese restaurant process to the

random graphs that we have studied and proves that our results for the degree distribution

apply to a particular statistic of this process. We see that the degree distribution of one

model in our scheme can be studied as the outcome of a Markov chain.

Chapter 11 discusses a possible avenue for bounding the distance between the outcome of

the Markov chain from Chapter 10 and its asymptotic distribution directly, using the new

version of Stein’s method derived in Chapter 5. Here we prove that, should the Markov

chain converge, then its asymptotic distribution would be the µα
ρ -distribution.

In Chapter 12 we look at an evolving Bernoulli random graph. We show that many of

our methods translate easily to the Bernoulli case, indicating their versatility. We bound

the distance between the degree sequence for the Bernoulli random graph and a geometric

distribution, and we prove complete convergence following the same method as in the

Barabási-Albert case. For this model we use Stein’s method to bound the number of

triangles in the graph from a normal distribution.

We conclude in Chapter 13, with a discussion of the achievements of this thesis and

suggestions of further avenues for future research.

Finally, the Appendices provide material for reference. Appendix A gives properties of

beta and gamma functions that are referred to in calculations throughout the thesis, while

Appendix B provides a list of definitions for models in our scheme.
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Chapter 2

Barabási-Albert models

In order to model networks that exhibit a scale-free distribution, Barabási and Albert

[5] proposed a class of evolving random graph models that follow a so-called ‘preferential

attachment ’ condition. By preferential attachment they mean that the graphs evolve over

time in such a way that high degree vertices are more likely to gain additional edges than

low degree vertices. In fact, their models specify that the probability of attaching a new

vertex to a particular previous vertex at a specific time point should be proportional to

the degree of that vertex at that time.

The need for network models with a scale-free degree distribution is illustrated by Barabási

and Albert in a number of specific real network examples. One example is a citation net-

work of academic publications. In such a network vertices represent academic publications

and a directed edge is drawn from vertex i to vertex j if and only if publication i cites

publication j. The preferential attachment condition for a model of this network is jus-

tified by the idea that a new publication is more likely to cite well-known and frequently

cited previous publications than less frequently cited previous publications.

Caldarelli [14] provides an overview of current thinking on the subject of scale-free net-

works. In particular, Caldarelli notes that the idea of preferential attachment has been

independently rediscovered several times and thus has been studied under several different

names including Yule’s model for evolution, the Matthew effect, rich gets richer, preferential

attachment and cumulative advantage. For us the most important of these formulations

will be the preferential attachment condition of Barabási-Albert random graphs and the

Yule’s model for evolution. Indeed, it is the relationship between the preferential attach-

ment evolution condition of Barabási and Albert and the formulation of Yule’s model for
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evolution that will prove key to our method for obtaining error bounds. Bhamidi [9] makes

use of this relationship and uses embedding techniques to obtain asymptotic distribution

results (but not bounds) for characteristics of preferential attachment trees, including the

degree distribution. Here we do not restrict our attention to trees.

Yule’s model for evolution was first described in 1925 [56] as a model for the evolution of

species. The model will be discussed in detail in Chapter 3. For now we concentrate on

defining a precise version of the Barabási-Albert random graph.

Barabási and Albert defined their models as follows,

“...starting with a small number (m0) vertices, at every time step we add a
new vertex with m (≤ m0) edges that link the new vertex to m different vertices
already present in the system. To incorporate preferential attachment, we
assume that the probability Π that a new vertex will be connected to a vertex
i depends on the connectivity ki of that vertex, so that Π(ki) = ki

∑

j kj
.” ([5] p.

511)

As Durrett ([22] p. 90) correctly points out, when m > 1 this description is imprecise.

Do we choose our m vertices one by one or at the same time? If we choose vertices

consecutively, do we update the vertex degrees in between choices? How do we ensure

that we do not choose a vertex more than once in a particular step? Thus the above

description indeed fits a whole class of models, a subclass of which we study.

There are more difficulties even once a precise definition has been chosen. Barabási-

Albert random graph models prove difficult to analyse due to the high levels both of

inhomogeneity and of dependence between edges of the graphs.

Various precise versions of this description have been studied, and we discuss our choice

of formulation in the context of previous work in Section 2.2.

This thesis looks at a sequence of types of Barabási-Albert random graph models. Model

BA, described in the next section, is chosen in an attempt to follow the Barabási-Albert

description as closely as possible. In this vein we insist that precisely m vertices will be
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chosen at each time-step (disallowing loops and multiple edges) and that the marginal

probability of choosing a particular vertex at time n is proportional to the vertex degree.

We do not specify the probabilities of choosing each set of m vertices at each time-step,

preferring instead to prove results that hold for all probability distributions with the

given marginal probabilities. Example 2.1 will show that random graphs following the

specification of Model BA exist.

2.1 A subclass of Barabási-Albert models

We define a class of models that satisfy the preferential attachment property, namely that

the probability of adding an edge to a particular vertex given its degree is proportional

to the degree of that vertex. For each sequence of parameters, (α,m0,m), a whole family

of random graph models is described. In Chapter 7 we bound the distance between a

power law∗ distribution and the degree of a randomly chosen vertex in an arbitrary graph

belonging to this class of models.

Let α > 0 be a real parameter and let m ≤ m0 be integer parameters. Some of our results

will only apply for α ≥ 1 but in general α > 0 is allowed.

Model BA

• (BA1) Start with the empty graph on m0 vertices.

• (BA2) At step n select m distinct vertices from the graph in such a way that the ver-

tex i with D
(BA)
n−1 (i) := (α + in-degree of i at step n − 1) is chosen with probability

∗The distribution considered is a discrete probability distribution on Z
+
0 with measure µ(k) =

B(k+α; 2m+α

m
)

B(α; m+α

m
)

. The special case of α = 1 is known as the Yule-Simon distribution. We discuss this

scale-free distribution and its properties in Chapter 3.
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proportional to D
(BA)
n−1 (i). More precisely,

P(vertex i is chosen|D(BA)
n−1 (i)) =

mD
(BA)
n−1 (i)

(n − 1)(m + α) + m0α
.

(Note that the conditioning here is not on the whole degree vector at step n − 1.)

• (BA3) Attach the new vertex, n + m0, to the m chosen vertices with m edges

directed out of the new vertex.

This definition is included in Appendix B for reference.

Of course we need to check that there are random graphs that satisfy these conditions so

that the subclass is non-empty. Example 2.1 provides a construction for a random graph

satisfying (BA1), (BA2) and(BA3).

Example 2.1. Let G0 be the empty graph on m0 ≥ 1 vertices so that (BA1) is satisfied

and so that (BA1), (BA2) and (BA3) have been satisfied at every previous step.

Now suppose that for some n ∈ Z
+
0 , Gn is a random graph that has evolved in n steps,

satisfying (BA1), (BA2) and (BA3) at all previous steps. Then Gn is a graph on n+m0

vertices. Moreover the first m0 vertices have out-degree 0 while the remaining vertices have

out-degree m.

The random graph Gn satisfied the condition (BA2) above at every previous step in its

evolution. Thus for each previous step there is an associated random set of m vertices that

were chosen at that step. If n > 0 then for k = 1, ..., n define,

Sk := {vertices selected at step k}.

Note that each set Sk has cardinality m.

We consider the following rule for selecting m vertices at step n + 1. Define the random

variables In ∼ Uniform{1, 2, ..., n} independent of the random graph process, and let Tn+1
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be a set of m vertices chosen uniformly at random from Vn, the vertex set {1, 2, ..., n+m0}.

At step 1 all vertices have in-degree 0 so we let S1 := T1. For n ≥ 1, then with probability

mn
n(m+α)+m0α

let Sn+1 := SIn, i.e. we select the same vertices at step n + 1 as at step In.

Otherwise let Sn+1 := Tn+1.

Our definition of Sn+1 ensures that the set contains m elements, so that the condition

(BA3) is satisfied. It remains to prove that the marginal probability of choosing vertex i

satisfies condition (BA2). For n = 0 this holds since all vertices have the same initial

degree and S0 is uniform on the set of all sets of m vertices.

Now consider a vertex i in the graph Gn for n ≥ 1. The in-degree of vertex i in Gn is given

by the number of steps at which vertex i was chosen via condition (BA2). Each of these

occasions corresponds to precisely one value of k for which i ∈ Sk. Thus,

D(BA)
n (i) := (α + in-degree of i at step n)

= α + #{k : 1 ≤ k ≤ n, i ∈ Sk}.

We see that D
(BA)
n (i) = α + #{k : 1 ≤ k ≤ n, i ∈ Sk} is a function of the sequence of
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random variables (S1, ..., Sn) and D
(BA)
n (i) ⊥ Tn+1. Thus,

P(i ∈ Sn+1|D(BA)
n (i)) =

mn

n(m + α) + m0α
P(i ∈ SIn |D(BA)

n (i))

+
α(m0 + n)

n(m + α) + m0α
P(i ∈ Tn+1|#{k : 1 ≤ k ≤ n, i ∈ Sk})

=
mn

n(m + α) + m0α
P(i ∈ SIn |D(BA)

n (i)) +
α(m0 + n)

n(m + α) + m0α
P(i ∈ Tn+1)

=

(

mn

n(m + α) + m0α

)

E

(

#{k : 1 ≤ k ≤ n, i ∈ Sk}
n

∣

∣

∣D(BA)
n (i)

)

+

(

α(m0 + n)

n(m + α) + m0α

)

(
(

n−1+m0

m−1

)

(

n+m0
m

)

)

=
m(D

(BA)
n (i) − α)

n(m + α) + m0α
+

(

α(m0 + n)

n(m + α) + m0α

)(

m

n + m0

)

=
mD

(BA)
n (i)

n(m + α) + m0α
,

as required.

Defining SIn in the proof above was conditional on the evolution of the graph at time

steps 1, 2, ..., n. However, since knowing Gn allows us to determine the entire evolution,

(G0,G1, ...,Gn), the graph evolution is trivially Markov. Therefore we were able to construct

these probability distributions based on observing the current graph structure.

The construction at step n required only that (BA1), (BA2) and (BA3) were satisfied

at the previous steps. Therefore we have also proved that, given any construction of an n-

step evolving random graph satisfying these conditions, it is possible to construct further

steps n + 1, n + 2, ... to create a random graph that is a member of this class.
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2.2 This thesis in context: a discussion of previous results

from the literature

Since Barabási and Albert [5] suggested preferential attachment as a method for modelling

scale-free networks in 1999, many different precise forms of the model have been studied.

We attempt to provide an overview of relevant literature concerning this class of models,

concentrating in particular on mathematical results relating to them and especially those

that describe the degree distributions of such models.

Introductions to the subject of Barabási-Albert random graph models can be found in,

for example, [14], [18], [22] and [35]. All give an overview of the subject, and Caldarelli

[14] discusses other occurrences of the scale-free property including in Yule processes, an

important connection for this thesis that will be discussed in detail in Chapter 3. Newman,

Barabási and Watts [37] have collected papers on network theory with introductions to

each section provided by the authors; several of these papers are discussed below.

There are a number of different precise versions of the Barabási-Albert random graph for

which results have been proved. One model of note is known as the ‘LCD model ’. This

model was first described by Bollobás et al. [11] in 2001 and is a special version of the

Barabási-Albert random graph model constructed in such a way that the random graph

Gn on n vertices can be defined non-recursively. The model allows both loops and multiple

edges and when m > 1 edges are added at each time step, the edges are added one by one

and use the updated vertex degrees that include the previous edges from that time step.

Bollobás et al. [11] prove that, when m vertices are added at each step in this model, the

asymptotic power law distribution is of the form

E(#degree k vertices) ∼ 2m(m + 1)n

(k + m)(k + m + 1)(k + m + 2)
,

for 0 ≤ k ≤ n
1
15 . We observe that this model gives a power law of the form k−γ where
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γ = 3 for any value of m ∈ N. This contrasts with our version of the model, where, as we

shall prove in Chapter 7, γ = 2 + α
m

and so depends on the values of m and α and lies in

the interval (2,∞).

Further, Bollobás et al. [11] introduce a method using the Azuma-Hoeffding inequality

and martingale theory to bound

P|(E(#degree k vertices) − (#degree k vertices)| >
√

n log n).

This method applies to our Model BA and will be used in Chapter 7 to extend our results

to bound the degree sequence of Model BA from a given power law distribution.

Szymański [53] uses a recurrence equations to study the degree sequence in the LCD model.

In contrast to the other authors, Szymański finds bounds for finite sized graphs. We apply

the same method in Chapter 8 for a model in our scheme. We show how total variation

distance bounds between the degree distribution and a power law can be deduced from

the degree sequence bounds.

Bollobás and Riordan [10] and Riordan [42] further study the LCD model, looking at the

giant component of the model.

Cooper and Frieze [17] give a very general preferential attachment model. In their model

at each time step there is a choice of procedure, with the choice determined by the outcome

of a Bernoulli(α) random variable. In the first procedure, when a new vertex is added to

the model a random number of new edges is generated. A further Bernoulli(β) random

variable determines whether the edges attach to old vertices either uniformly at random

or by preferential attachment. If the second procedure is chosen then new edges are added

within the model according to a prescribed random procedure, but the number of vertices

remains the same.

The Cooper and Frieze model allows multiple edges. The choice of the two procedures

also means that the number of vertices in the graph at step n is random. Cooper and

17



Frieze prove that the degree sequence of such a model asymptotically follows a power law,

but they do not find the exact form of the power law.

Katona and Móri [32] study a preferential attachment model where edges are added inde-

pendently to each old vertex in the model at step n. This means that a random number

of edges is added at each step. This model can be compared to our Model I of Chapter

6, where we add an edge to each old vertex independently with probability proportional

to α+ in-degree. A difference between Model I and the Katona and Móri model is that in

Model I the probability of choosing a vertex i at step n is conditional only on the current

in-degree of i, whereas Katona and Móri condition both on the degree of i and the sum

of the degrees in the graph.

It is proved that models of type described by Katona and Móri converge to a power law

distribution of order k−3, the exact form of which is given. Additionally, Katona and

Móri look at the maximum degree in their model and prove a strong law of large numbers

result.

So far most of the models that we have discussed have exhibited asymptotic power law

degree distributions of order k−3. Krapivsky, Redner and Leyvraz [34] and Krapivsky

and Redner [33] look at preferential attachment conditions where instead of choosing new

vertices with probability proportional to their degree they use a probability proportional

to a power of the vertex degree. Through this method they obtain asymptotic power laws

of order k−γ with γ 6= 3.

Dorogovtsev, Mendes and Samukhin [19] suggest an alternative method for obtaining

power laws of order k−γ with γ 6= 3. They use a linear preferential attachment condition,

but instead of updating the vertex degrees between the addition of each new edge, m

edges are added at each time step, independently and with probability distribution given

by the vertex in-degrees after the previous time step. Multiple edges are allowed, but

it is expected that they will occur infrequently. For a vertex, i, of in-degree Dn−1(i) at

step n − 1, the probability that each edge is added directed into vertex i, conditional on
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Dn−1(i), is given by

A + Dn−1(i)

(m + A)(n − 1)
.

The value of A is a positive constant parameter for the model, and is described as the

‘attractiveness’ of the vertices.

Dorogovtsev, Mendes and Samukhin use a ‘rate equation’ method to study the asymptotic

degree distribution of their model. They let A = ma and show that for large n,

E

(

#degree k vertices at step n

n

)

≈ (1 + a)Γ((m + 1)a + 1)Γ(k + ma)

Γ(ma)Γ(k + 2 + (m + 1)a)
.

This can alternatively be written as

E

(

#degree k vertices at step n

n

)

≈ B(k + ma; a + 2)

B(ma; a + 1)
,

and is precisely the scale-free distribution that we study in Chapter 3 with α = ma and

ρ = a + 1. This proof is made mathematically precise in [13].

Of the models that we discuss here, the Dorogovtsev, Mendes and Samukhin model is the

closest model to our Model BA. The difference between the models is that we do not allow

multiple edges to occur, a condition that seems sensible since many networks represent

relationships between two vertices that are either present or absent so that multiple edges

are meaningless. As we shall see, the asymptotic distribution of our Model BA turns out

to be the same as that found by Dorogovtsev, Mendes and Samukhin, and this gives weight

to claims made in many papers that the effect of multiple edges is small and thus may be

ignored. Of course, further work is needed to fully understand the effect.

The final Barabási-Albert model that we discuss here is given by Athreya, Ghosh and

Sethuraman [3]. They describe an ‘embedding’ of a random graph process in a continuous-

time branching process. In this sense it is similar to our Model Y of Chapter 7. Through
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their embedding the authors obtain a formula for the asymptotic degree distribution of

their model and see that this is a power law distribution. A major difference between this

model and many Barabási-Albert models is that multiple edges are not only possible but

are highly likely. At each time step a random number of edges are added between a new

vertex and a single old vertex of the graph.

In this thesis we look at a sequence of different types of Barabási-Albert random graph

models. We couple the models together, thus showing how they are related to one another

and bounding the distances between the degree distributions of the models. Describing

the relationships between such models helps us gain a fuller understanding of the reasons

behind the power law degree distribution in Barabási-Albert random graphs.

Our initial model, Model BA, is chosen to be as close as possible to the imprecise de-

scription given by Barabási and Albert [5]. We insist that precisely m edges are added at

each time step, a restriction that proves key in bounding the distance between the degree

sequence of Model BA and its asymptotic distribution, following the example of Bollobás

et al. [11].

Of the models that we describe here, two evolve in a very similar way to Model BA. These

are the model by Bollobás et al. [11] and the one by Dorogovtsev, Mendes and Samukhin

[19]. Both of these models use linear preferential attachment and, in contrast to our model,

allow multiple edges to occur.

The differences between the model by Bollobás et al. and the one by Dorogovtsev, Mendes

and Samukhin are firstly that Bollobás et al. update the vertex degrees between the ad-

dition of new edges, while Dorogovtsev, Mendes and Samukhin update the vertex degrees

only at the times of addition of new vertices, and secondly the inclusion of the ‘attrac-

tiveness’ parameter, A, in the model by Dorogovtsev, Mendes and Samukhin. The result

of these differences is that the asymptotic power law distribution obtained by Bollobás et

al. [11] is of order k−3 for any value of m, while the order depends on A in the model by

Dorogovtsev, Mendes and Samukhin.
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Like Dorogovtsev, Mendes and Samukhin we do not use updated vertex degrees after the

addition of each new edge. In fact, we disallow loops and multiple edges, and insist that

the marginal probabilities of choosing a vertex at a given time step are proportional to

their degrees.

We obtain an asymptotic degree distribution whose order depends on m and α, in contrast

to the asymptotic degree distribution of k−3 obtained by Bollobás et al. for all values of

their single parameter, m. Like Krapivsky, Redner and Leyvraz [34], we obtain asymptotic

power laws of order k−γ , where γ > 2 is determined by the model parameters, but we are

able to do this using a linear form of preferential attachment.

Our results in Chapter 3 for Yule’s model for evolution provide a simple way of determining

a candidate for the asymptotic power law distributions of our models. In Chapter 6

we derive a similar Model Y and couple it with discrete-time models in our scheme.

The coupling of the models provides insight and an explanation of asymptotic power law

distributions for Barabási-Albert random graphs. Moreover, it is hoped that knowing how

these models are connected to one another will be useful when studying statistics of the

models other than degree sequence. Having chosen the model for which the distribution

of the statistic is easiest to study, one would need to consider whether the statistic evolves

similarly in the other models and then construct suitable couplings.

Finally, in contrast to most authors (with Szymański [53] as an exception), we not only

prove that the asymptotic degree distributions of our Barabási-Albert random graphs

are power law distributions, but we bound the distance between a specific power law

distribution (described in Chapter 3) and the degree distribution of each graph. Since

the original purpose of the Barabási-Albert random graph model was to model real world

networks, networks that have a finite number of vertices, it is essential to know how

close the degree distributions of our models are to their asymptotic distributions when

the graphs are of a given finite size. Additionally, as discussed in Section 1.2.3, degree

distribution bounds indicate how good the method of log-log plots is for estimating the
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exponent parameter of such graphs.

2.3 The approach in this thesis

We study a sequence of models, coupling our Model BA via this sequence with a continuous-

time branching process known as Model Y. The models are coupled in such a way that

bounds for the distances between their degree distributions can be found. Once these

bounds are obtained (in Chapter 6) any degree distribution bounds for a particular model

extend to all models within the scheme.

The construction of Model Y is motivated by Yule’s model for evolution, and is defined

to be of a form that allows bounds for the distance between its degree distribution and

the µα
ρ -distribution defined in Chapter 3 to be calculated. We use Theorem 3.18, which

bounds the distance between two negative binomial distributions, to obtain this result in

Chapter 7.

Degree distribution bounds are obtained directly for Model BA in Chapter 8 using recur-

rence equations and following the example of Szymański [53]. This method is particularly

easy once we have a target asymptotic distribution, something that we obtain from study-

ing the continuous-time Model Y.

Once we have obtained bounds for the total variation distance between the specific asymp-

totic power law distribution and the degree distribution of the graph at step n, we auto-

matically have bounds for |E(M
(BA)
n (S))−µα

ρ (S)|, where M
(BA)
n (S) is the random variable

representing the number of vertices of in-degree some k ∈ S ⊂ Z
+
0 in the graph at time n.

Following the example of Bollobás et al. [11], we apply the Azuma-Hoeffding inequality to

obtain bounds for the convergence of the random variables M
(BA)
n (S) (and therefore for

the degree sequence) in the random graph described by Model BA. From these bounds we

deduce complete convergence (as the number of vertices tends to infinity) of the degree

sequence to our power law distribution, a stronger form of convergence than almost sure
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convergence.

The Azuma-Hoeffding inequality method applies only to Model BA within our scheme.

For other models instead we use Chernoff bounds to bound Mn(S). Again, we are able to

deduce complete convergence.

One possible alternative approach would be the ‘rate equation’ method used by Dorogovt-

sev, Mendes and Samukhin for a very similar Barabási-Albert model. However, Dorogovt-

sev, Mendes and Samukhin only obtain the asymptotic degree distribution for the model,

while we aim to bound the distance between the degree distribution and its asymptotic

distribution at any given time.

Another possible strategy is explored in Chapter 10. Here we look at an inhomogeneous

Markov chain. Studying a sequence of related homogeneous Markov chains (the nth of

whose transition probabilities are given by the transition probabilities at step n in the

inhomogeneous Markov chain) we show that the sequence of stationary distributions of

these homogeneous Markov chains converges to the µα
ρ -distribution defined in Chapter

3. Thus, the method in Chapter 10 works as an alternative way of finding a candidate

limiting distribution for the degree distribution of Model BA.

Chapter 11 builds on this. We apply Stein’s method for the µα
ρ -distribution, which is de-

rived in Chapter 5, directly to the inhomogeneous Markov chain of Chapter 10. Although

we do not prove convergence to the µα
ρ -distribution through this method, we do prove that

if the Markov chain converges then its limiting distribution must be the µα
ρ -distribution.
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Chapter 3

Yule’s model for evolution and a

general power law distribution

3.1 Introduction

Chapter 2 described a class of Barabási-Albert random graph models, which use prefer-

ential attachment mechanisms with the aim of producing random graphs that exhibit a

scale-free property. This chapter returns to an earlier model published by Yule [56] and

later discussed and extended to further situations by Simon [47]. A brief history of models

of this type can be found in [35].

Yule’s model was derived as a model for evolution of species. Nevertheless, this model is

very closely related to Barabási-Albert random graph models, since species in the model

increase in number with rate proportional to the number of species present. We call this a

continuous-time preferential attachment condition. Moreover, the asymptotic species-size

distribution has been proved to be what is now known as a Yule-Simon∗ distribution. This

is a distribution with a power law tail, and it is a special case of the more general power

law distribution from which we shall bound the degree distribution of our Barabási-Albert

random graph models.

The structure of this chapter is as follows. We begin by giving definitions of the Yule-Simon

probability distribution and a generalisation of this distribution. We discuss some proper-

ties of the distributions, in particular showing that the distributions have power law tails.

∗The asymptotic distribution was described by Yule [56] and written down in the form that we study
by Simon [47].
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This is followed by a description of Yule’s model for the evolution of species. We discuss

how a generalisation of this model could describe the evolution of certain continuous-time

Barabási-Albert random graph models. To finish, we prove some new results concern-

ing the rate of convergence of the species-size distribution to our generalisation of the

Yule-Simon distribution. The results of this chapter will motivate the construction of the

continuous-time Model Y in in Chapter 7.

3.2 Power law distributions

3.2.1 The Yule-Simon distribution

Let us begin by defining the probability distributions that we are going to work with. The

Yule-Simon distribution is a discrete probability distribution on the natural numbers. In

general, the Yule-Simon distribution with parameter ρ > 0 is defined as follows.

Definition 3.1. For k ∈ N and B and Γ representing the usual beta and gamma functions,

the measure µρ of the Yule-Simon distribution with parameter ρ is given by

µρ(k) := ρB(k; ρ + 1) =
ρΓ(k)Γ(ρ + 1)

Γ(k + ρ + 1)
.

A Yule-Simon distribution with parameter ρ > 1 has power-law tail, µρ(k) ∼ ρΓ(ρ+1)
kρ+1 , as

k → ∞. This is a standard result (for example see Titchmarsh [54]); in Section 3.2.3 we

calculate bounds for the approximation for each k ∈ N.

Remark 3.2. Sometimes described as an exponential-geometric mixture distribution, the

Yule-Simon distribution can be formed by taking a mixture over geometric distributions

with parameters determined by an exponentially distributed random variable. Suppose ρ >

0, U ∼ Exponential(ρ) and V ∼ GeometricN(e−U ), by which we mean that, conditional
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on U = u, V takes a geometric distribution with parameter e−u. (This notation will be

used throughout this thesis and is discussed on page viii.) Then V has a Yule-Simon

distribution with parameter ρ.

This is given as a result from Mathematica by [44] and can also be shown by direct calcu-

lation. To see this, let ρ > 0, U ∼ Exponential(ρ) and V ∼ GeometricN(e−U ). Then, for

k ∈ N,

P(V = k) =

∫ ∞

0
ρe−ρxe−x(1 − e−x)k−1dx

= ρ

∫ 1

0
(1 − t)ρtk−1dt (substituting t = 1 − e−x)

= ρB(k; ρ + 1),

as required.

3.2.2 A more general power law distribution

The definition of a more general power law distribution is motivated by the result of

Remark 3.2. We note that the negative binomial distribution is a generalisation of

the geometric distribution. Following the usual notation of this thesis, we consider the

Negbinom(α, e−U ) where U ∼ Exponential(ρ), α, ρ > 0. The special case of α = 1 pro-

vides a geometric distribution on k = 0, 1, 2, ...., which is a shifted Yule-Simon distribution,

since the Yule-Simon distribution is usually defined on k = 1, 2, ....

Definition 3.3. For k ∈ Z
+
0 , α, ρ > 0 and B representing the usual beta function, define

the measure µα
ρ with parameters ρ and α by

µα
ρ (k) :=

B(k + α; ρ + 1)

B(α; ρ)
.
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Proposition 3.4. The cumulative distribution function for the µα
ρ power law distribution

is given, for n ∈ Z
+
0 by

n
∑

i=0

µα
ρ (i) = 1 − B(n + α + 1; ρ)

B(α; ρ)
. (3.1)

Proof. Let n ∈ Z
+
0 . We prove the result by calculation using the definition of the beta

function,

n
∑

i=0

µα
ρ (i) =

n
∑

i=0

B(i + α; ρ + 1)

B(α; ρ)

=
1

B(α; ρ)

n
∑

i=0

∫ 1

0
ti+α−1(1 − t)ρdt

=
1

B(α; ρ)

∫ 1

0
tα−1(1 − t)ρ

n
∑

i=0

tidt

=
1

B(α; ρ)

∫ 1

0
tα−1(1 − t)ρ

(

1 − tn+1

1 − t

)

dt

=
1

B(α; ρ)

∫ 1

0
tα−1(1 − t)ρ−1dt − 1

B(α; ρ)

∫ 1

0
tn+α(1 − t)ρ−1dt

= 1 − B(n + α + 1; ρ)

B(α; ρ)
,

as required.

Remark 3.5. It follows immediately from Proposition 3.1 that µα
ρ is a probability distri-

bution, since trivially µα
ρ (i) ≥ 0, and

n
∑

i=0

µα
ρ (i) = 1 − B(n + α + 1; ρ)

B(α; ρ)
→ 1 as n → ∞.

Proposition 3.6. Let α, ρ > 0 and let µα
ρ be defined as in Definition 3.3. Let U ∼

Exponential(ρ) and let V ∼ Negbinom(α, e−U ). Then for every k ∈ Z
+
0 ,

P(V = k) = µα
ρ (k).
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Proof. By definition of the negative binomial distribution,

P(V = k) =
Γ(k + α)

k!Γ(α)
E(e−αU (1 − e−U )k)

=
Γ(k + α)

k!Γ(α)

∫ ∞

0
ρe−ρxe−αx(1 − e−x)kdx

=
Γ(k + α)

k!Γ(α)

∫ 1

0
ρtk(1 − t)ρ+α−1dt (putting t = 1 − e−x)

=
Γ(k + α)

k!Γ(α)
× ρB(k + 1; ρ + α) (by definition)

=
ρΓ(k + α)Γ(ρ + α)Γ(k + 1)

k!Γ(α)Γ(k + ρ + α + 1)

=

(

Γ(k + α)Γ(ρ + 1)

Γ(k + α + ρ + 1)

)(

ρΓ(ρ + α)

Γ(ρ + 1)Γ(α)

)

=
B(k + α; ρ + 1)

B(α; ρ)

= µα
ρ (k),

as required.

3.2.3 Distance from a power law

This section gives bounds for the approximation by an exact power law for the tail of the

general distribution described above. Simon [47] notes that, for the Yule-Simon distribu-

tion, µρ(k) ∼ ρΓ(ρ+1)
kρ+1 as k → ∞. For the general distribution (which includes a shifted

Yule-Simon distribution) on Z
+
0 we now bound |µα

ρ (k) − Γ(ρ+1)
(k+α)ρ+1B(α;ρ)

| for finite k. The

result in Simon [47] is proved by Titchmarsh [54]. Our proof closely follows the proof

in Titchmarsh [54] but gives precise bounds for the difference in values. An interpreta-

tion of the result is that the µα
ρ -distribution exhibits power law decay in the tail of the

distribution.
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Theorem 3.7. For ρ > 1, α > 0, let µα
ρ (k) := B(k+α;ρ+1)

B(α;ρ) for k = 0, 1, 2, .... Then for any

k = 0, 1, 2, ...,

∣

∣

∣
µα

ρ (k) − Γ(ρ + 1)

B(α; ρ)(k + α)ρ+1

∣

∣

∣
≤ ρΓ(ρ + 2)

B(α; ρ)(k + α)ρ+2
.

Proof. Let k ∈ Z
+
0 . By definition,

µα
ρ (k) =

B(k + α; ρ + 1)

B(α; ρ)

=
1

B(α; ρ)

∫ 1

0
tρ(1 − t)k+α−1dt

=
1

B(α; ρ)

∫ ∞

0
(1 − e−t)ρe−(k+α)tdt

= I1 − I2,

where I1 = 1
B(α;ρ)

∫∞
0 tρe−(k+α)tdt and I2 = 1

B(α;ρ)

∫∞
0 (tρ − (1 − e−t)ρ)e−(k+α)tdt.

By substitution of s = (k + α)t, I1 = Γ(ρ+1)
B(α;ρ)(k+α)ρ+1 , so

∣

∣

∣
µα

ρ (k) − Γ(ρ + 1)

B(α; ρ)(k + α)ρ+1

∣

∣

∣
= |µα

ρ (k) − I1| = |I2|.

Now

|I2| =
1

B(α; ρ)

∫ ∞

0
(tρ − (1 − e−t)ρ)e−(k+α)tdt

=
1

B(α; ρ)

∫ 1

0
(tρ − (1 − e−t)ρ)e−(k+α)tdt

+
1

B(α; ρ)

∫ ∞

1
(tρ − (1 − e−t)ρ)e−(k+α)tdt

≤ 1

B(α; ρ)

∫ 1

0

(

1 −
(

1 − 1

2
t

)ρ)

tρe−(k+α)tdt +
1

B(α; ρ)

∫ ∞

1
tρe−(k+α)tdt.
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Consider f(t) :=
1−(1− 1

2
t)ρ

t
on (0, 1]. Then,

sup
t∈(0,1]

f(t) = max{lim
t→0

f(t), f(1), sup
t∈(0,1]

{f(t0) : f ′(t0) = 0}}.

Now we can see immediately that f(1) =
1−( 1

2
)ρ

1 < 1 since ρ > 1 > 0. Moreover, the

function f is a well-defined ratio of continuously differentiable functions on (0, 1]. Thus,

by l’Hôpital’s rule,

lim
t→0

f(t) = lim
t→0

(

d

dt

(

1 −
(

1 − 1

2
t

)ρ))

=
ρ

2

(

1 − 1

2
t

)ρ−1
∣

∣

∣

∣

∣

t=0

=
ρ

2
.

Now,

d

dt

(

(1 − (1 − 1
2t)ρ)

t

)

= 0 ⇐⇒ t(1
2ρ(1 − 1

2t)ρ−1) − (1 − (1 − 1
2t)ρ)

t2
= 0

⇐⇒ ρ

2
t

(

1 − 1

2
t

)ρ−1

= 1 −
(

1 − 1

2
t

)ρ

⇐⇒
(

1 − 1

2
t

)ρ−1

=
1

1 + 1
2 (ρ − 1)t

.

Thus, if t0 satisfies f ′(t0) = 0, then,

f(t0) =
1 − 1− 1

2
t0

1+ 1
2
(ρ−1)t0

t0

=
1 + 1

2 (ρ − 1)t0 − 1 + 1
2t0

t0(1 + 1
2(ρ − 1)t0)

=
ρ

2 + (ρ − 1)t0
≤ ρ

2
, since ρ > 1.
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The combination of these results gives,

sup
t∈(0,1]

f(t) ≤ max
(

1,
ρ

2

)

≤ ρ, since ρ > 1.

So,

|I2| ≤ ρ

B(α; ρ)

∫ 1

0
tρ+1e−(k+α)tdt +

1

B(α; ρ)

∫ ∞

1
tρe−(k+α)tdt

≤ ρ

B(α; ρ)

∫ ∞

0
tρ+1e−(k+α)tdt

=
ρΓ(ρ + 2)

B(α; ρ)(k + α)ρ+2
.

Remark 3.8. It follows that the relative error of µα
ρ (k) from Γ(ρ+1)

B(α;ρ)(k+α)ρ+1 is bounded

above by ρ(ρ+1)
k+α

.

3.2.4 The value of ρ

Section 1.2.2 discussed the values of γ seen in scale-free degree distributions of real-world

networks. We now consider which values of ρ these correspond to in the distribution with

measure µα
ρ described above. As we have seen, µα

ρ (k) ∼ Γ(ρ+1)
B(α;ρ)(k+α)ρ+1 , as k → ∞.

If our random graph model were to have in-degree distribution with measure µα
ρ , the

expected number of edges directed into a randomly chosen vertex would be E(V ) for the

random variable V satisfying L(V ) = µα
ρ .

Proposition 3.9. For ρ > 1, α > 0, let µα
ρ (k) := B(k+α;ρ+1)

B(α;ρ) for k = 0, 1, 2, .... Let V be

a random variable with measure µα
ρ . Then

E(V ) =
α

ρ − 1
.
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Proof. By integration,

E(V ) =
1

B(α; ρ)

∞
∑

k=0

kB(k + α; ρ + 1)

=
1

B(α; ρ)

∞
∑

k=1

∫ 1

0
ktk+α−1(1 − t)ρdt

=
1

B(α; ρ)

∫ 1

0
(1 − t)ρtα−1

( ∞
∑

k=1

ktk

)

dt

=
1

B(α; ρ)

∫ 1

0
(1 − t)ρtα−1

(

t

(1 − t)2

)

dt

=
1

B(α; ρ)

∫ 1

0
(1 − t)ρ−2tαdt

=
B(α + 1; ρ − 1)

B(α; ρ)

=
α

ρ − 1
.

The value of E(V ) corresponds to the expected number of edges added per vertex. Thus

values of ρ lying between 1 and 1 + α correspond to those models where the expected

number of edges added per vertex lies between 1 and infinity. This explains the observation

discussed in Chapter 1 that most of the studied real-world power-law tails take the form

kρ+1µ(k) → c as k → ∞ for some constant c and for some relatively small ρ > 1. Many

of the results proved in Chapter 7 require the condition that ρ > 1, a condition that is

required for E(V ) to be defined.

3.3 Yule’s model for evolution

Yule’s model for evolution is relevant to us since it is a continuous-time stochastic process

that exhibits a preferential attachment condition. We consider the parallels between Yule’s

model for evolution and Model BA. The next section looks at a generalisation of Yule’s
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model for evolution. The more general version will be compared with versions of Model

BA.

Yule’s model for evolution consists of a number of genera, each of which consists of a

number of species. It is assumed that the number of genera and sizes of the genera are

non-decreasing as time passes. The precise evolution of the model can be described using

a type of stochastic process, now known as a Yule process.

Before defining the model in terms of stochastic processes we look at the requirements

that Yule [56] set out for the model.

3.3.1 The requirements of Yule’s model for evolution

We have a number of different genera, each genus consisting of a number of different

species. Two types of mutation are permitted. The first type of mutation causes the

creation of a new species within a particular genus while the second type of mutation

causes the creation of new genus. The mathematical requirements are as follows.

1. Over a given length of time-interval, within each species there is a chance of a

mutation causing the creation of a new species of the same genus. The probability

of this happening is constant for all species and for all time.

2. Over a given length of time-interval, within each genus there is a chance of a mutation

causing the creation of a new genus of one species. The probability of this happening

is constant for all genera and for all time.

The first condition is the preferential attachment part of the model. The larger the

number of species within a genus, the more likely that genus is to gain a new species.

Mathematically, we can describe this process using a particular branching process or, with

some loss of information, as a pure birth process. Precise definitions are given below.
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3.3.2 The Yule process as a branching process

Defining the Yule process as a branching process provides a helpful visualisation for under-

standing Yule’s model for evolution. We begin this section by defining suitable notation

for branching processes in general, before giving the conditions for the Yule process. In-

troductory literature on branching processes is easy to find, for example see [2], [26], [30].

A branching process is a particular type of stochastic process. We may picture a branching

process as representing the size of a population through time. At any time t we have a

population consisting of zt individuals, (it(1), ..., it(zt)). Each individual i has associated

random variables for the number of ‘offspring ’ it will produce at the time of its death, ξi,

and the length of its life, λi. Individuals branch independently of one another and the

number of offspring, ξi, for a given individual, i, is independent of the rest of the process.

We start the process at time t = 0 with a given number z0 of individuals, all of whom

have birth time βi0(j) = 0. Every other individual in the process is a descendant of one of

these individuals. The birth time of an individual is defined to be the death time of its

‘parent ’. The death time of individual i is given by δi = βi + λi.

A Yule process with rate parameter ρ is defined to be a branching process where individ-

ual’s life-lengths are independent identically distributed Exponential(ρ) random variables,

and each individual gives birth to precisely 2 offspring at its death. In the notation above

this is equivalent to the described branching process with λi ∼ Exponential(ρ) for all i

and ξi = 2 for all i.

In the branching process definition of a Yule process, at the death of an individual one of

its offspring represents the individual itself while the other represents the new individual

(created by the mutation in Yule’s model for evolution). For this reason an alternative

definition is a specific pure birth process.
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3.3.3 The Yule process as a pure birth process

Alternatively, the definition of a Yule process is sometimes given in the form of a pure

birth process (for example Ross [46]). In this case we do not keep track of the relationship

between ‘parents’ and ‘offspring ’ or, using the language of Yule’s model for evolution, we

record when new genera and species are formed but not in which old genus or species the

mutation occurred.

If we think about the branching process definition above, when the total population size

is n the time until the next death of any individual in the process is Exponential(nρ),

owing to the exponentially distributed inter-arrival times. At this time of the next death,

the total population size increases by 1.

Thus a Yule process can be thought of as a pure birth process where the time between the

birth of the nth and n + 1st individuals is Exponential((n + 1)ρ).

3.3.4 The mathematical model

To relate the Yule process to Yule’s model for evolution, we consider the two required

types of mutation in Yule’s model for evolution in turn.

Yule’s first requirement is that within each species in any time-interval there should be a

chance of a mutation causing the creation of a new species of the same genus, and that

the probability of this happening should be constant for all species and for all time. We

can model each genus as an independent Yule process of a given rate with the number of

individuals in the process representing the number of species of that genus. By definition

and properties of the exponential distribution, each species branches (i.e. mutates to

create a new species) at the same rate, and this rate is constant for all species and for all

time. Let us define this rate to be 1, so that each species is modelled by an independent

Yule process of rate 1.
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We have now fulfilled the first requirement. The second requirement is that within each

genus in any time-interval there should be a chance of a mutation causing the creation of

a new genus, and that the probability of this happening should be constant for all species

and for all time. By the same argument this condition is satisfied by modelling the genera

as a Yule process. In this case let us define the rate of the Yule process to be some constant

ρ > 0 to allow any ratio desired between the rates of the two types of mutation.

Thus Yule’s assumptions correspond to the following mathematical model. We begin with

one genus consisting of one species. The number of genera follows a Yule process of some

rate ρ > 0, while the number of species within each genus follows an independent Yule

process of rate 1. Yule [56] provides a proof that the asymptotic frequency distribution, as

time tends to infinity, for the sizes of genera follows what we now call the Y ule−Simon(ρ)

distribution, that is a shifted version of the µα
ρ -distribution with α = 1.

3.3.5 A class of continuous-time Barabási-Albert random graph models

We now discuss how Yule’s model can be understood directly to model scale-free networks.

First consider what is happening within the model at a given time-point, t. A random

number of genera is present and each genus is gaining new species at a rate given by the

current size of that genus. For a given genus, the probability that the next new species

will be within that genus is proportional to the size of that genus. This is analogous to

the preferential attachment condition of the Barabási-Albert random graph model.

We now describe a class of continuous-time Barabási-Albert random graph models. We

do not define the evolution of the random graphs completely, but the mathematical model

described by Yule is used to determine how the degrees of vertices in these models evolve.

Each genus in Yule’s model represents a vertex of the evolving random graphs, and the

number of species in that genus represents the degree of that vertex. The result proved

by Yule tells us that in such models the asymptotic degree distribution for each of the

random graphs is the Y ule − Simon(ρ) distribution.
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Graph models described by Yule’s model for evolution

The models consist of two independent sets of processes:

1. Births of new vertices into the graphs. The time between arrivals is exponen-

tially distributed with rate, ρ× number of vertices in the graph.

2. Growth of edges for current vertices. Each vertex gains incident in-edges

independently with rate proportional to 1+ in-degree.

Each vertex has ‘degree’ 1+ number of incident half-edges. There are various options for

using these half-edges to create a directed or undirected graph from the graph. The choice

of method affects the properties of the graphs created and should be chosen depending on

the properties required of the model. Examples of possible options include,

• Edges can be formed joining half-edges together in pairs in the order in which they

are added to the graph. This means that loops and multiple edges can occur and

that the graph may not be connected.

• We can consider half-lines as edges directed in (or out) of the vertices. When a new

vertex appears in the graph, create out (or in) half-lines from that vertex to match

with any remaining unattached half-lines of the graph. This creates a random graph

with no loops, however the graph still may have multiple edges and may not be

connected. In the case of this graph it is the 1+ in-degree distribution that takes

the Yule-Simon distribution.

• If we want to prevent multiple edges we could consider attaching ‘degree 0’ vertices

to half-lines whenever the alternative would mean creating a multiple edge or a loop.

Such vertices would never gain new edges, since attachment is proportional to vertex

degree.
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Notation

• We write Si for the time between the births of the ith and (i + 1)st new vertices, so

Si ∼ Exponential(ρi).

• We write Yi(t) for the degree of vertex i at time t. We set Y1(0) = 1, and for i ≥ 2

we set Yi(S1 + ... + Si−1) := 1. For i ≥ 1 and t ≥ S1 + ... + Si−1, the process Yi(t) is

defined to evolve as a Yule process with rate 1.

3.4 A generalisation of Yule’s model for evolution

In the previous section we considered a Barabási-Albert graph model that can be rep-

resented in terms of Yule processes in Yule’s model for evolution. This model can be

compared to the α = 1 case in Model BA. We now consider a generalisation that allows

us to study more values of α. Recall the graph model defined in Section 3.3.5.

A more general class of models

We would like to change the rate of addition of new edges so that the following are satisfied.

The models that we study consist of two independent sets of processes:

1. Births of new vertices into the graphs. The time between arrivals is exponen-

tially distributed with rate, ρ× number of vertices in the graph.

2. Growth of edges for current vertices. Each vertex gains incident in-edges

independently with rate proportional to α+ in-degree.

The definition of this model is included in Appendix B for easy reference.

It is easy to construct such a model using modified Yule processes. We use a process that

is sometimes known as a Yule process with immigration with immigration rate α and birth
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rate 1. The process starts with 0 individuals and is defined as a pure birth process with

rate α + i where i is the number of individuals in the process. The ‘degree’ of a vertex is

now α+in-degree.

Notation

• We write Si for the time between the births of the ith and (i + 1)st new vertices, so

Si ∼ Exponential(ρi).

• We write Yi(t) for the in-degree of vertex i at time t. We set Y1(0) = 0, and for i ≥ 2

we set Yi(S1 + ... + Si−1) := 0. For i ≥ 1 and t ≥ S1 + ... + Si−1, Yi(t) is defined to

evolve as a Yule process with immigration rate α > 0 and birth rate 1.

3.5 Some new results at a sequence of stopping times

Given that one aim of this thesis is to study scale-free random graph models, the results

proved concerning the generalised version of Yule’s model are stated in the context of the

represented continuous-time Barabási-Albert graph models. Of course, the mathematical

results hold for whatever real-life interpretation of this mathematical model we choose to

make.

The scale-free probability distribution described in Section 3.2.2 was seen to be a mixture

distribution formed by a negative binomial distribution with random parameter. The next

results will link the Yule processes in these continuous-time random graph models to our

µα
ρ -distribution.

Lemma 3.10 (Ross [46]). For a Yule (pure-birth) process, Y (t) of rate λ satisfying Y (0) =

1, and for n = 1, 2, ...,

P(Y (t) = n) = e−λt(1 − e−λt)n−1.
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The following theorem is a generalisation of Lemma 3.10 when λ = 1, for Yule processes

with immigration.

Theorem 3.11. For a Yule process with immigration, Y (t), that has immigration rate

α > 0 and birth rate 1,

Y (t) ∼ Negbinom(α, e−t).

Proof. Let Y (t) be a Yule process with immigration that has immigration rate α > 0 and

birth rate 1. We want to prove that, for all k ∈ Z
+
0 ,

P(Y (t) = k) =
Γ(k + α)

k!Γ(a)
e−αt(1 − e−t)k. (3.2)

We proceed by induction on k. For k = 0,

P(Y (t) = 0) = 1 − P(Y (t) ≥ 1)

= 1 − P(S1 ≤ t)

= e−αt,

as required.

Suppose that for some n ∈ N, (3.2) holds for all k < n. Then by the equivalence of the two

alternative definitions of the negative binomial distribution on page viii we know that, for

any t > 0, P(Y (t) ≤ n − 1) =
∫ e−t

0 sα−1(1−s)n−1ds

B(α;n) .

Since P(S1+ ...+Sn ≤ x) = P(Y (x) ≥ n), by differentiation we obtain the density function

for S1 + ... + Sn,

fS1+...+Sn(x) =
d

dx

(

1 −
∫ e−x

0 sα−1(1 − s)n−1ds

B(α;n)

)

=
e−αx(1 − e−x)n−1

B(α;n)
.

40



Thus, conditioning on S1 + ... + Sn = x,

P(Y (t) = n) = P(S1 + ... + Sn ≤ t) − P(S1 + ... + Sn+1 ≤ t)

=

∫ t

0
(1 − P(Sn+1 ≤ t − x|S1 + ... + Sn = x))

e−αx(1 − e−x)n−1

B(α;n)
dx

=

∫ t

0
e−(α+n)(t−x) e

−αx(1 − e−x)n−1

B(α;n)
dx

=
e−(α+n)t

B(α;n)

∫ t

0
enx(1 − e−x)n−1dx

=
Γ(n + α)

n!Γ(a)
e−αt(1 − e−t)n,

as required.

Since vertices follow independent but identically defined Yule processes which start at

different time points, it is helpful to have a concept of the ‘age’ of a vertex. We define

this in such a way that all vertices of a given age have the same degree distribution.

Definition 3.12. We say that vertex 1 has age t at time t, and that vertex i > 1 has age

t at time S1 + ... + Si−1 + t.

Corollary 3.13. For each vertex i of age t, the degree distribution of vertex i takes an

independent identically distributed negative binomial distribution. More exactly,

Y1(t) ∼ Negbinom(α, e−t),

and, for i ≥ 2,

Yi(S1 + ... + Si−1 + t) ∼ Negbinom(α, e−t).

Proof. This is an immediate corollary of Theorem 3.11 and the definition of {Yi}i≥1.
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We are interested in bounding the degree distributions of our random graphs from the

power law distribution of Section 3.2.2. As the discussion in Section 1.2.1 explains, by

‘degree distribution’ we mean the distribution of the random variable D(In), defined to be

the degree of vertex In ∼ Uniform{1, 2, ..., n} in a random graph G on n vertices.

By Corollary 3.13 we know that the degree distribution of a particular vertex in our

continuous-time random graph depends only on its age and initial degree. Since all the

vertices have the same initial in-degree, 0, it is sufficient to find the distribution of the

age of a vertex selected uniformly at random. The following theorem considers the time

infinitesimally before each vertex enters the graph. We prove that at the sequence of

stopping times, {S1 + S2 + ... + Sn}n∈N, given by the arrivals of new vertices, the age of a

randomly chosen vertex takes an Exponential(ρ) distribution. That this is asymptotically

true is a known result. For example it is indicated by Yule’s [56] calculations when finding

the limiting form of the frequency distribution.

Theorem 3.14. For n ∈ N, 1 ≤ i ≤ n, ρ > 0, let Si ∼ Exponential(ρi) be independent

random variables. Let In ∼ Uniform{1, 2, ..., n} and independent of S1, ..., Sn, .... Then,

R(n) := SIn + SIn+1 + ... + Sn ∼ Exponential(ρ).

Proof. We prove that for n ∈ N, R(n) has the required moment generating function. First

note that the moment generating function for an Exponential(ρ) random variable is,

M(t) =
ρ

ρ − t
, for t < ρ.

We proceed by induction. Clearly R(1) ∼ Exponential(ρ) by definition.

Now suppose that for some k ≥ 1 we know that R(k) ∼ Exponential(ρ). Conditioning on

Ik gives, for t < ρ,

ρ

ρ − t
= MR(k)(t) =

1

k

k
∑

i=1

k
∏

r=i

ρr

ρr − t
.
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Then, to calculate MR(k+1)(t) we condition on Ik+1. This gives, for t < ρ,

MR(k+1)(t) =
1

k + 1

k+1
∑

i=1

k+1
∏

r=i

ρr

ρr − t
,

=
k

k + 1

(

ρ(k + 1)

ρ(k + 1) − t

(

1

k
+

1

k

k
∑

i=1

k
∏

r=i

ρr

ρr − t

))

=
k

k + 1

(

ρ(k + 1)

ρ(k + 1) − t

(

1

k
+ MR(k)(t)

))

=
k

k + 1

(

ρ(k + 1)

ρ(k + 1) − t

(

1

k
+

ρ

ρ − t

))

(by inductive hypothesis)

=
ρ

ρ − t
.

Corollary 3.15. For n ∈ N, 1 ≤ i ≤ n, and both α, ρ > 0, let Si ∼ Exponential(ρi)

be independent random variables. Let In ∼ Uniform{1, 2, ..., n} and independent of

S1, ..., Sn, .... Then, using the standard notation of this thesis, if V is a random vari-

able with distribution V ∼ Negbinom(α, e−(SIn +...+Sn)) then for k = 0, 1, 2, ...,

P(V = k) =
B(k + α; ρ + 1)

B(α; ρ)
= µα

ρ (k).

Proof. Let n ∈ N, both α, ρ > 0 and let Si, 1 ≤ i ≤ n, In be defined as above.

Suppose V ∼ Negbinom(α, e−(SIn +...+Sn)). Then it follows from Theorem 3.14 that V ∼

Negbinom(α, e−U ) for U ∼ Exponential(ρ). Thus by Proposition 3.2

P(V = k) =
B(k + α; ρ + 1)

B(α; ρ)
= µα

ρ (k),

as required.

We can now prove that at the sequence of stopping times, {S1 + S2 + ... + Sn}n∈N, which

represents the times when new vertices enter the graph, the degree distribution of the
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graph is precisely the power law distribution with measure µα
ρ .

Theorem 3.16. For n ∈ N, let In be a uniform random variable on {1, 2, ..., n}. Then

for k = 0, 1, 2, ...,

P(YIn(S1 + ... + Sn) = k) = µα
ρ (k),

where µα
ρ is the measure defined in Section 3.2.2.

Proof. By construction, for t > S1 +S2 + ...+Si−1, the distributions of (S1, S2, S3, ...) and

{Yi(t−S1−S2− ...−Si−1)}i∈N are independent. By Theorem 3.14, SIn +SIn+1 + ...+Sn ∼

Exponential(ρ). Since, by Corollary 3.13, YIn(S1+ ...+SIn−1+t) is identically distributed

Y1(t), it follows that for k = 0, 1, 2, ...,

P(YIn(S1 + ... + Sn) = k)

= P(Y1(SIn + ... + Sn)) = k)

= P(Y1(U) = k) (by Corollary 3.15, with U ∼ Exponential(ρ))

= µα
ρ (k) (by Corollary 3.13 and definition of µα

ρ ),

as required.

This result provides a class of models that generate random graphs with any given number

of vertices, where the degree distribution has measure µα
ρ . Graphs produced by this process

take precisely the required distribution at the random sequence of times infinitesimally

before new vertices are added to the graph. It follows that a graph formed by taking

the union of any finite number of such finite-sized random graphs (where each graph

is observed at the moment infinitesimally before the addition of a vertex) will have the

same distribution. This provides scope for producing scale-free random graphs with many

different structural properties.
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The particular case of α = 1, ρ = 2 is the most closely related to the more traditional

Barabási-Albert random graph models; in this case edges and new vertices are added at

approximately the same rates. The resulting distribution of a randomly chosen vertex

takes the Yule-Simon distribution with degree 3 power law tail,

µ(k) =
4

k(k + 1)(k + 2)
.

3.6 Bounds for convergence in Yule’s model for evolution

We now find bounds in total variation distance between the degree distribution in Yule’s

model for evolution and a power law for all times after the graph has at least n vertices.

The method hinges on Theorem 3.18 below, where we prove bounds between two negative

binomial distributions. The success of this method motivates the construction in Chapter 6

of a continuous-time evolving random graph, Model Y, which we compare to discrete-time

evolving random graphs. In Chapter 7 we apply the method below to Model Y.

We begin by proving general results giving total variation distance bounds between two

negative binomial distributions.

Lemma 3.17. Let p, q ∈ (0, 1] and let X ∼ Geometric
Z

+
0
(p), Y ∼ Geometric

Z
+
0
(q) with

X and Y independent. Then

dTV (X,Y ) ≤
∣

∣

∣

p

q
− 1
∣

∣

∣
.

Proof. We need to prove two cases:

(i) if q ≤ p then dTV (X,Y ) ≤ p

q
− 1;

(ii) if q > p then dTV (X,Y ) ≤ 1 − p

q
.
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Now, 0 ≤ 1 − q
p
≤ p

q
− 1 so for (i) it is sufficient to prove that

if q ≤ p then dTV (X,Y ) ≤ 1 − q

p
.

Moreover, by symmetry, the same result proves (ii). Assume that p ≥ q.

Let (Ui)i, (Vi)i be sequences of independent identically distributed random variables with

Ui ∼ Bernoulli(p) and Vi ∼ Bernoulli(q). Using a well-known construction for the

geometric distribution we let X = inf{i ∈ Z
+
0 : Ui = 1}, and Y = inf{i ∈ Z

+
0 : Vi = 1}.

For each i ∈ Z
+
0 we couple (Ui, Vi) so that P(Ui = Vi = 1) = q and P(Ui = Vi = 0) = 1−p.

Thus

dTV (X,Y ) ≤ P(X 6= Y )

=

∞
∑

j=0

P({∀i < j Ui = Vi = 0} ∩ Uj 6= Vj)

=
∞
∑

j=0

(1 − p)j(p − q)

=

(

1 − q

p

)

,

as required.

Theorem 3.18. Let p, q ∈ (0, 1] and let α > 0. Let X,Y be random variables satisfying

X ∼ Negbinom(α, p) and Y ∼ Negbinom(α, q). Then for all α ∈ A

dTV (X,Y ) ≤ K(α)
∣

∣

∣

p

q
− 1
∣

∣

∣
,

where,

K(α) := α and A = N. (3.3)
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Proof. We extend the coupling of Lemma 3.17. Since α ∈ N, we can write X =
∑α

i=1 Ui

and Y =
∑α

i=1 Wi where {Ui}i and {Wi}i are sets of independent identically distributed

random variables, Ui ∼ Geometric
Z

+
0
(p) and Wi ∼ Geometric

Z
+
0
(q) and are coupled in

the same way as X and Y in the proof of Lemma 3.17. Thus,

dTV (X,Y ) = dTV

(

α
∑

i=1

Ui,

α
∑

i=1

Wi

)

= inf
{Ui,Wi}i

P

(

α
∑

i=1

Ui 6=
α
∑

i=1

Wi

)

≤
α
∑

i=0

inf
(Ui,Wi)

P (Ui 6= Wi)

=

α
∑

i=1

dTV (Ui,Wi) ≤ α
∣

∣

∣

p

q
− 1
∣

∣

∣,

as required.

Remark 3.19. It seems likely that Theorem 3.18 can be extended to a larger set A,

perhaps for a different function K(α). It is for this reason that we use the notation of A

and K(α), indicating that any results based on this theorem extend to all sets {A,K(α)}

to which Theorem 3.18 can be extended.

The next theorem illustrates a method, using ideas from [1], that gives a bound for general

α ≥ 1. However, the bound is not as strong as in Theorem 3.18 since

p > q =⇒ p

q
− 1 > 1 − q

p
.

Theorem 3.20. Let p > q ∈ (0, 1] and let α > 1. Let X,Y be random variables satisfying

X ∼ Negbinom(α, p) and Y ∼ Negbinom(α, q). Then

dTV (X,Y ) ≤ K(α)

(

p

q
− 1

)

, where K(α) := α.
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Proof. We proceed as follows. By definition,

dTV (X,Y ) =

∞
∑

r=0

Γ(α + r)

2r!Γ(α)

∣

∣

∣
((1 − p)rpα − (1 − q)rqα)

∣

∣

∣
.

Since p ≥ q, there exists some k ∈ N such that ∀r < k (1 − q)rqα ≤ (1 − p)rpα and

∀r ≥ k (1 − q)rqα ≥ (1 − p)rpα. Thus,

dTV (X,Y ) =

∞
∑

r=0

Γ(α + r)

2r!Γ(α)
|(1 − p)rpα − (1 − q)rqα|

=

k−1
∑

r=0

Γ(α + r)

2r!Γ(α)
{(1 − p)rpα − (1 − q)rqα} +

∞
∑

r=k

Γ(α + r)

2r!Γ(α)
{(1 − q)rqα − (1 − p)rpα}

=
1

2
(P(X ≤ k − 1) − P(Y ≤ k − 1) + P(Y > k − 1) − P(X > k − 1))

=

k−1
∑

r=0

Γ(α + r)

r!Γ(α)
{gr(p) − gr(q)},

where gr(x) = (1 − x)rxα. Now g′r(x) =
(

−r
1−x

+ α
x

)

(1 − x)rxα and so applying the Mean

Value Theorem to the sum gives that, for some 0 < θ < 1,

dTV (X,Y ) ≤ (p − q)
k−1
∑

r=0

Γ(α + r)

r!Γ(α)

( −r

1 − x
+

α

x

)

(1 − x)rxα

≤ α

(

p

q
− 1

) k−1
∑

r=0

Γ(α + r)

r!Γ(α)
(1 − x)rxα

where x = q + θ(p − q), and so 0 < x < 1. Summing the probabilities gives

dTV (X,Y ) ≤ α

(

p

q
− 1

)

,

as required.
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Recall the generalisation of Yule’s model for evolution, which can be found in Appendix

B. We have already seen in Theorem 3.16 that at the sequence of stopping times, {S1 +

S2 + ... + Sn}n, corresponding to the random time points when new vertices enter the

graph, the degree distribution has scale-free distribution µα
ρ , where µα

ρ (k) = B(k+α;ρ+1)
B(α;ρ)

for k ∈ Z
+
0 . We now bound the distance between the µα

ρ -distribution and the degree

distribution at a time S1 + S2 + ... + Sn + θSn+1, where θ ∈ (0, 1). This tells us how close

the degree distribution of the graph is to its asymptotic distribution when the graph has

reached a size of at least n + 1 vertices. At time 0 the graph contains one vertex, so at

time S1 + ... + Sn + θSn+1 there are n + 1 vertices.

As usual, to study this distribution we define, In+1 ∼ Uniform{1, 2, 3, ..., n + 1} to be

the random variable representing the vertex whose degree we observe at time S1 + ... +

Sn + θSn+1. We denote by W θ
n the random variable representing the degree of In+1

at time S1 + ... + Sn + θSn+1 and we note that it has the mixture distribution, W θ
n ∼

Negbinom(α, e
−(SIn+1

+...+Sn+1)+(1−θ)Sn+1) by Theorem 3.11. By Theorem 3.14, since the

S′
is and In+1 are all independent of one another, equivalently, W θ

n ∼ Negbinom(α; e−U+(1−θ)Sn+1)

for U ∼ Exponential(ρ). Note that U and Sn+1 are dependent random variables, since

U = SIn+1 + ... + Sn+1.

Theorem 3.21. Let θ ∈ (0, 1), ρ > 1, α ≥ 1 and let Si and W θ
n be defined as above. Let

L(V ) = µα
ρ , the measure defined above. Then, for α ∈ A as defined in (3.3),

dTV (W θ
n , V ) ≤

(

K(α)

(n + 1)

)(

n

ρ(n + 1) + 1
+

ρ

ρ − 1

)

,

for K(α) the constant determined by α as defined in (3.3).

Proof. Without loss of generality define In recursively by

I1 := 1,

P(In+1 = In|In) =
n

n + 1
,
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P(In+1 = n + 1|In) =
1

n + 1
.

By Corollary 3.15, a random variable V ′ ∼ Negbinom(α, e−(SIn +...+Sn)) has measure µα
ρ ,

so V ′ =D V . Now, W θ
n and V ′ are both mixtures of distributions that take negative

binomial distributions conditional on the outcomes of the random variables in the set

{S1, ..., Sn+1, I1, ..., In+1} .

V ′ ∼ Negbinom(α, e−(SIn +...+Sn));

W θ
n ∼ Negbinom(α, e

−(SIn+1
+...+Sn+1)+(1−θ)Sn+1).

Thus it follows from Theorem 3.18 that

dTV (V,W θ
n) = dTV (V ′,W θ

n)

≤ K(α)E|e(SIn +...+Sn)−(SIn+1
+...+Sn+1)+(1−θ)Sn+1 − 1|.

Conditioning on the outcome of In+1, we get

dTV (V,W θ
n) ≤ K(α)E|e(SIn +...+Sn)−(SIn+1

+...+Sn+1)+(1−θ)Sn+1 − 1|

= K(α)E
(

|e(SIn+...+Sn)−θSn+1 − 1|
∣

∣

∣In+1 = n + 1
)

P(In+1 = n + 1)

+K(α)E
(

|e−θSn+1 − 1|
∣

∣

∣
In+1 = In

)

P(In+1 = In)

=
K(α)

(n + 1)
E(e(SIn+...+Sn)|e−θSn+1 − e−(SIn+...+Sn)|

∣

∣

∣
In+1 = n + 1)

+
K(α)n

(n + 1)
E

(

|e−θSn+1 − 1|
∣

∣

∣
In+1 = In

)

≤ K(α)

(n + 1)
E(e(SIn+...+Sn)|In+1 = n + 1) +

K(α)n

(n + 1)
E(1 − e−θSn+1|In+1 = In).
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Now In+1 ⊥ (S1, ..., Sn+1) and for all k = 1, 2, ..., n, P(In = k|In+1 = n + 1) = P(In = k).

Therefore, recalling from Theorem 3.14 that SIn + ... + Sn ∼ Exponential(ρ),

dTV (V,W θ
n) ≤ K(α)

n + 1
E(e(SIn+...+Sn)) +

K(α)n

n + 1
E(1 − e−θSn+1)

=
K(α)

(n + 1)

∫ ∞

0
euρe−ρudu

+
K(α)n

(n + 1)

(

1 −
∫ ∞

0
e−θtρ(n + 1)e−ρ(n+1)tdt

)

=
K(α)

(n + 1)
× ρ

ρ − 1
+

K(α)n

(n + 1)

(

1 − ρ(n + 1)

ρ(n + 1) + θ

)

≤
(

K(α)

(n + 1)

)(

n

ρ(n + 1) + 1
+

ρ

ρ − 1

)

,

as required.

The method we have used above is illustrative of the types of methods that will be em-

ployed for Model Y in Chapter 7. However it is possible to get a similar result for this

particular model with less work, as we now show in the next theorem.

Theorem 3.22. Let θ ∈ (0, 1), ρ > 1, α ≥ 1 and let Si and W θ
n be defined as above. Let

L(V ) = µα
ρ , the measure defined above. Then,

dTV (W θ
n , V ) ≤ 1

n + 1
+

α

(n + 1)(ρ − 1)
.

Proof. Without loss of generality define In recursively by

I1 := 1,

P(In+1 = In|In) =
n

n + 1
,

P(In+1 = n + 1|In) =
1

n + 1
.
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Now,

dTV (V,W θ
n) ≤ P(W θ

n 6= Wn+1)

≤ P(In+1 6= In) + P(W θ
n 6= Wn+1|In+1 = In)

≤ 1

n + 1
+ P(Wn+1 6= Wn|In+1 = In).

The probability P(Wn+1 6= Wn|In+1 = In) is determined by the number of vertices that

change in degree in the interval (S1 + ... + Sn, S1 + ... + Sn+1]. An upper bound for this

is given by the number of edges that are added to the graph in this interval. Writing En

for the set of edges in the graph after time S1 + ... + Sn, we get,

dTV (V,W θ
n) ≤ 1

n + 1
+

∞
∑

r=1

r

n + 1
P(#En+1 − #En = r)

=
1

n + 1
+

1

n + 1
E(#En+1 − #En)

=
1

n + 1
+

α

(n + 1)(ρ − 1)
,

by Proposition 3.9, as required.
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Chapter 4

Stein’s method

4.1 Introduction

This chapter introduces the theory of Stein’s method. Stein’s method can provide explicit

bounds under given metrics for the distance between probability distributions. Therefore

it is highly relevant to our framework.

Through Stein’s method we can quantify how well the degree distributions of Barabási-

Albert random graphs of particular finite sizes approximate a power law distribution.

In contrast, most∗ previous authors have given asymptotic degree distribution results as

the number of vertices in the graph tends to infinity. The real networks that random

graphs model have a finite size, so it is important to know how well finite-sized models

approximate the required degree distributions.

In Chapter 5 we derive a new version of Stein’s method for the µα
ρ -distribution. We apply

this version to a Barabási-Albert random graph model in Chapter 11.

Stein’s method has developed from work by Stein, [50], [51], where he used a new method to

obtain bounds for the accuracy of the central limit theorem in the presence of dependence.

Following this, versions of Stein’s method have been developed for various distributions

including the Poisson distribution, [15], the geometric distribution, [38], [39], the exponen-

tial distribution, [55], as well as general methods for discrete probability measures, [23],

[28]. A very brief introduction to Stein’s method can be found in [45], while collections of

∗The exception to this is Szymański [53] who provides explicit bounds for one particular model using
a recurrence equation method. In Chapter 8 we apply the recurrence equation method to our scheme of
models.
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papers on the subject are found in [6] and [7].

This chapter begins with a short discussion of the idea behind Stein’s method. We then

summarise known Stein equations and Stein factors for those probability distributions that

will be required later in the thesis. The ideas behind Stein’s method that are explained

here will be used in Chapter 5, where we derive a Stein equation and Stein factors for the

power law distribution of Chapter 3.

4.1.1 The general idea

Stein’s method relies on a suitable characterisation of the target probability distribution

in terms of a functional operator. In particular, Stein [51] showed that the operator

A(f)(x) := f ′(x) − xf(x) (4.1)

characterises the N(0, 1) distribution. By this we mean that for the real random variable W

to have a standard normal distribution, it is necessary and sufficient that, for all continuous

and piecewise continuously differentiable functions f : R → R with ||f ′||∞ < ∞,

E{A(f)(W )} = 0.

The idea behind Stein’s method is that if a random variable U is close in distribution to

W , then |E{A(f)(U)}| should be in some sense ‘small’. This is made precise by taking

suprema of |E{A(f)(U)}| over certain large classes of functions and proving that these

suprema correspond to bounds for the distances between the distributions under particular

metrics.

Let us now consider an arbitrary probability distribution with measure µ. Suppose that

V is a random variable satisfying L(V ) = µ. Reinert [43] gives us the following sketch for

applying Stein’s method for µ.
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1. “Find a suitable characterisation, namely an operator A such that X ∼ µ if and
only if for all smooth functions f , E(A(f)(X)) = 0 holds.

2. For each smooth functions h find a solution f = fh of the Stein equation,

h(x) − µ(h) = A(f)(x).

3. Then for any variable W it follows that

Eh(W ) − µ(h) = A(f)(W ).”

([43] in [6], p. 184)

The key to the method is the relationship between the solution of the Stein equation and

certain metrics. We see from the definitions of probability metrics from page ix that the

distance between U and V is given by suph∈H |E(h(U)) − µ(h)| where H determines the

metric. For example H := {(−∞, x] : x ∈ R} gives us the Kolmogorov distance.

The final step of Stein’s method is to find properties of the solutions f = fh of the Stein

equation for different classes of functions, H. For example, we might show that for a

particular H, all solutions fh satisfy ||fh|| ≤ c for a given constant c. This bound is known

as a Stein factor.

4.1.2 Stein’s method for discrete probability distributions

Following the above approach, we describe a quick method for writing down a Stein equa-

tion for a discrete† probability distribution.

Lemma 4.1. Let µ be a probability measure on Z
+
0 and suppose that there exist functions

h1 and h2 such that, for all k ∈ Z
+
0 ,

h1(k + 1)µ(k + 1) = h2(k + 1)µ(k).

†See Stein [52] for a continuous version.
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Then the following is a Stein operator for µ,

A(f)(k) = h1(k)f(k) − h2(k + 1)f(k + 1) − µ(0)h1(0)f(0),

that is to say,

X ∼ µ ⇐⇒ ∀f EA(f)(X) = 0.

Proof. First suppose that V is a random variable satisfying L(V ) = µ. Then for any

function f ,

E{h1(V )f(V ) − µ(0)h1(0)f(0)} =

∞
∑

k=1

µ(k)h1(k)f(k)

=

∞
∑

k=0

µ(k + 1)h1(k + 1)f(k + 1)

=

∞
∑

k=0

µ(k)h2(k + 1)f(k + 1)

(by definition of h1, h2)

= E{h2(V + 1)f(V + 1)},

so E{A(f)(V )} = 0 as required.

Now suppose that E{A(f)(V )} = 0 for all functions f and that L(V ) = ν. Then in

particular this is true for f = 1{k+1} for each k ∈ Z
+
0 . It follows that for k ∈ Z

+
0 ,

h1(k + 1)ν(k + 1) = h2(k + 1)ν(k).

Since ν is a probability distribution, we also know that
∑∞

k=0 ν(k) = 1, thus uniquely

defining ν = µ, as required.

This simple method for obtaining Stein equations for discrete random variables is applied
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in Chapter 5 to obtain a Stein equation for the power law distribution derived in Chapter

3. Of course there are many possible choices for h1 and h2, showing that the Stein equation

is far from unique, but the operators should be chosen in such a way that they give rise

to suitable bounds.

Some papers that look in detail at Stein’s method for discrete probability distributions

are [12], [23] and [28]. All three papers obtain Stein equations for a discrete measure µ

by looking at a birth-death chain where µ is the stationary distribution. When the chain

has birth rates bk and death rates dk the following Stein equation is used

B(g)(k) = bk∆g(k) − dk∆g(k − 1).

Since, by detailed balance equations,

dk+1µ(k + 1) = bkµ(k),

we see that one Stein equation resulting from the method described above, taking h1(k +

1) = dk+1, h2(k + 1) = bk, would be

A(f)(k) = dkf(k) − bkf(k + 1) − µ(0)d0f(0).

We can obtain B by applying A to f(k) := −∆g(k − 1) and setting ∆g(−1) = 0. Thus

the birth-death process method is equivalent to our approach described above. For both

approaches the choice of death rate (or function h2(k + 1)) is free, but a unit per capita

death rate is commonly chosen. Eichelsbacher and Reinert [23] give general results for

solutions to the Stein equation for discrete random variables. In the case of the power law

described in Chapter 3, however, we do not obtain sufficiently strong Stein factors‡ for

convergence using their results. By studying the solutions to a particular Stein equation

we are able to find stronger Stein factors in Chapter 5.

‡By ‘Stein factors’ we mean bounds for the norms of solutions of the Stein equation, or functions of
those solutions. These are sometimes known as ‘magic factors’ or ‘Stein magic factors’. Strong Stein
factors are essential for obtaining good bounds from a Stein equation.
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4.2 Stein’s method for the geometric distribution

Having discussed Stein’s method in general, we now give known results for the geometric

distribution that will be used in Chapter 12. The Stein operator below is equivalent to

those developed in [38] and [39], since each can be obtained from the other through the

application of an invertible operator (Stein factors must then be adapted for the new class

of relevant functions). We state Stein’s method in the form given in [23] and we use their

Stein factors.

Lemma 4.2. Let µ(k) = p(1 − p)k for some p ∈ [0, 1] and for k = 0, 1, 2, .... Then for

any bounded function f , with |f(k)| ≤ 1,∀k ∈ N there is a function g satisfying g(0) = 0,

|g(j + 1)| ≤ 1
p(j+1) for j = 0, 1, 2, ..., and |∆g(j)| ≤ min

(

1
j
, 1+p

1+j

)

for j = 0, 1, 2, ..., such

that,

f(k) − µ(f) = (1 − p)(k + 1)g(k + 1) − kg(k).

Moreover, for any random variable V with law µ and any function g,

E{(1 − p)(V + 1)g(V + 1) − V g(V )} = 0.

The following corollary illustrates how equivalent versions of the Stein equation may be

obtained by the application of an invertible operator to the Stein operator. This Stein

equation and the corresponding Stein factors are simpler to work with in Chapter 12.

Corollary 4.3. Let µ(k) = p(1 − p)k for some p ∈ [0, 1] and for k = 0, 1, 2, .... Then for

any bounded function f ,with |f(k)| ≤ 1,∀k ∈ N, there is a function h satisfying h(1) = 0,

|h(j + 1)| ≤ 1
p

and |∆h(j)| ≤ 1
(j+1)p + j min

(

1
j
, 1+p

j+1

)

, for j = 0, 1, 2, ... that satisfies,

f(k) − µ(f) = (1 − p)h(k + 1) − h(k).

58



Moreover, for any random variable V with law µ and any function h,

E{(1 − p)h(V + 1) − h(V )} = 0.

Proof. Let µ(k) = p(1−p)k−1 for some p ∈ [0, 1] and for k = 0, 1, 2, .... Let f be a bounded

function satisfying |f(k)| ≤ 1,∀k ∈ N. By Lemma 4.2 we can find an associated function

g satisfying g(0) = 0, |g(j + 1)| ≤ 1
p(j+1) for j = 0, 1, 2, ..., and |∆g(j)| ≤ min

(

1
j
, 1+p

1+j

)

for

j = 0, 1, 2, ..., such that,

f(k) − µ(f) = (1 − p)(k + 1)g(k + 1) − kg(k).

First note that the Stein equation in Lemma 4.2 can be written,

f(k) − µ(k) = A(g)(k),

where A is the operator defined by,

A(g)(k) := (1 − p)(k + 1)g(k + 1) − kg(k).

Define h(k) := kg(k). Then

f(k) − µ(k) = A(g)(k)

= (1 − p)(k + 1)g(k + 1) − kg(k)

= (1 − p)h(k + 1) − h(k).

Alternatively we can think of this as A(g)(k) = (A ◦ B)(h)(k) where B is the invertible
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operator

B(g)(k) :=















0 if k = 0;

g(k)
k

otherwise.

We have proved the existence of a function h satisfying the required equation for k 6= 0.

Moreover by definition and our conditions on g,

h(0) = g(0) = 0

and for j ≥ 0,

|h(j + 1)| = j|g(j + 1)|

≤ 1

p
,

and

|∆h(j)| = |(j + 1)g(j + 1) − jg(j)|

= |g(j + 1) + j∆g(j)|

≤ 1

(j + 1)p
+ j min

(

1

j
,
1 + p

j + 1

)

.

Finally, suppose h is any function and let L(V ) = µ. Then, with the operators defined

above,

E{(1 − p)h(V + 1) − h(V )}

= E{(1 − p)(V + 1)B(h)(V + 1) − V B(h)(V )}

= 0,

by Lemma 4.2 applied to the function B(h).
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4.3 Stein’s method for the normal distribution

We now outline some results for Stein’s method for the standard normal distribution. As

well as being the original probability distribution studied by Stein, we shall use these

results in Chapter 12 to obtain bounds from N(0, 1) for the distribution of the number of

triangles in an evolving Bernoulli random graph.

As explained above, Stein gave the following operator for the standard normal distribution,

A(f)(x) := f ′(x) − xf(x).

The following theorem, proved in [16], gives Stein factors for the Wasserstein distance for

this Stein equation.

Theorem 4.4. Let Z ∼ N(0, 1). For every bounded absolutely continuous§ function h

there is a function fh : R → R, fh(x) := e
x2

2

∫ x

−∞(h(t) − Eh(Z))e
−t2

2 dt, satisfying,

Eh(W ) − Eh(Z) = E(f ′
h(W ) − Wfh(W )). (4.2)

If h is absolutely continuous and fh is any function fh : R → R satisfying Equation (4.2)

then the following conditions hold,

||fh||∞ ≤ min

(
√

π

2
||h(.) − Eh(Z)||∞, 2||h′||∞

)

(4.3)

||f ′
h||∞ ≤ min(2||h(.) − Eh(Z)||∞, 4||h′||∞) (4.4)

||f ′′
h ||∞ ≤ 2||h′||∞. (4.5)

§By Rademacher’s theorem, h is almost everywhere differentiable.
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Chapter 5

Stein’s method for the

µ
α
ρ -distribution

In Chapter 4 we discussed how Stein’s method can be used to bound the distances between

two distributions under a given metric. In this chapter we develop a version of Stein’s

method for the general µα
ρ -distribution with Stein factors given both for the Kolmogorov

distance and for the total variation distance. We apply this method to a preferential

attachment random graph model in Chapter 11.

5.1 A Stein equation for the µ
α
ρ -distribution

This section presents a characterising Stein operator for the general power law distribution

given in Chapter 3. We begin by using properties of the µα
ρ -distribution to derive an

appropriate Stein equation. We then consider properties of the solutions of the Stein

equation and use these properties to obtain Stein factors for this Stein equation.

Recall that the µα
ρ -distribution with parameters α > 0, ρ > 1 has support Z

+
0 and is

defined on its support by the measure

µα
ρ (k) :=

B(k + α; ρ + 1)

B(α, ρ)
, (5.1)
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with

B(x, y) :=

∫ 1

0
tx−1(1 − t)y−1dt =

Γ(x)Γ(y)

Γ(x + y)
.

As a consequence of (A.2) of Appendix A, for k ≥ 0

µα
ρ (k + 1)

µα
ρ (k)

=
B(k + α + 1; ρ + 1)

B(k + α; ρ + 1)
(5.2)

=
k + α

k + α + ρ + 1
. (5.3)

By the results of Section 4.1.2, Chapter 4, the ratio in Equation (5.3) suggests an appro-

priate Stein equation to characterise the µα
ρ -distribution,

f(k) − µα
ρ (f) = (k + α + ρ)g(k) − (k + α)g(k + 1) − (α + ρ)g(0)µα

ρ (0). (5.4)

If g(0) = 0, the solutions, g, of (5.4) for f satisfy

g(k + 1) =
k + α + ρ

k + α
g(k) −

f(k) − µα
ρ (f)

k + α
, for k ≥ 0, (5.5)

and (5.5) gives an iterative construction for a solution g with g(0) = 0. Since every solution

g with g(0) = 0 must satisfy (5.5), we see that the solution is unique.

Lemma 5.1. If a random variable V has law µα
ρ then for all functions g such that g(0) = 0,

E((V + α + ρ)g(V )) = E((V + α)g(V + 1)).
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Proof. Suppose that V is a random variable with L(V ) = µα
ρ . Then

E((V + α)g(V + 1)) =
∞
∑

k=0

µα
ρ (k)(k + α)g(k + 1)

=
∞
∑

k=0

(k + α + ρ + 1)µα
ρ (k + 1)g(k + 1) (by 5.3)

=

∞
∑

k=1

(k + α + ρ)µα
ρ (k)g(k)

=

∞
∑

k=0

µα
ρ (k)(k + α + ρ)g(k) (since g(0) = 0)

= E((V + α + ρ)g(V )).

Proposition 5.2. Let f be a bounded function. Let gf be the function defined iteratively

as in (5.5), with gf (0) = 0. Then for k ∈ Z
+
0 ,

gf (k + 1) = −
k
∑

r=0

B(r + α; ρ + 1)

B(k + α; ρ + 1)

(

f(r) − µα
ρ (f)

k + α

)

.

Proof. We proceed by induction. First consider the case k = 0. Then, by (5.5),

gf (0 + 1) =
0 + α + ρ

0 + α
g(0) −

f(0) − µα
ρ (f)

0 + α

= −
f(0) − µα

ρ (f)

0 + α

= −
0
∑

r=0

B(r + α; ρ + 1)

B(0 + α; ρ + 1)

(

f(r)− µα
ρ (f)

0 + α

)

,

as required.

Now suppose that the proposition holds for k = n, so that

gf (n + 1) = −
n
∑

r=0

B(r + α; ρ + 1)

B(n + α; ρ + 1)

(

f(r) − µα
ρ (f)

n + α

)

.
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Then, by (5.5),

g(n + 2) =
n + α + ρ + 1

n + α + 1
g(n + 1) −

f(n + 1) − µα
ρ (f)

n + α + 1

= −n + α + ρ + 1

n + α + 1

n
∑

r=0

B(r + α; ρ + 1)

B(n + α; ρ + 1)

(

f(r) − µα
ρ (f)

n + α

)

−
f(n + 1) − µα

ρ (f)

n + α + 1

(by inductive hypothesis)

= − 1

n + α + 1

n
∑

r=0

B(r + α; ρ + 1)

B(n + α + 1; ρ + 1)

(

f(r)− µα
ρ (f)

)

−B(n + α + 1; ρ + 1)

B(n + α + 1; ρ + 1)

(

f(n + 1) − µα
ρ (f)

n + α + 1

)

(by Appendix A, (A.2))

= −
n+1
∑

r=0

B(r + α; ρ + 1)

B(n + α + 1; ρ + 1)

(

f(r) − µα
ρ (f)

n + α + 1

)

,

as required.

Lemma 5.3. Let V be a discrete random variable with support Z
+
0 . If

E((V + α + ρ)g(V )) = E((V + α)g(V + 1)) (5.6)

holds for all functions g satisfying g(0) = 0, then V takes the µα
ρ -distribution.

Proof. Suppose that V is a discrete random variable with measure ν, satisfying the con-

dition that (5.6) holds whenever g(0) = 0. Consider the sequence of indicator functions

(1{k+1})k≥0. The functions satisfy the condition 1{k+1}(0) = 0 for k ∈ Z
+
0 , so, putting

g = 1{k+1} in (5.6),

E((V + α + ρ)1{k+1}(V )) = E((V + α)1{k+1}(V + 1)) ∀k ≥ 0.
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Equivalently,

(k + α + ρ + 1)ν(k + 1) = (k + α)ν(k) ∀k ≥ 0.

There exists at most one probability measure ν satisfying this recursion as well as the

condition
∑∞

i=0 ν(i) = 1. Thus, by (5.3) we see that this uniquely defines ν to be precisely

the measure µα
ρ defined in (5.1).

5.2 Stein factors

Lemma 5.1 and Lemma 5.3 showed that Equation (5.4) does indeed characterise the µα
ρ -

distribution. We now consider the solutions given by (5.5) for the members of two partic-

ular classes of functions. First we consider the class of half-lines. This allows us to obtain

Stein factors for the Kolmogorov distance, defined on page ix by,

dK(X,Y ) := sup
x∈R

|P(X ≤ x) − P(Y ≤ x)|

= sup
x∈R

|E(1(−∞,x](X) − 1(−∞,x](Y ))|.

We then look at the class of functions {1A : A ⊂ Z
+
0 }, from which we obtain Stein factors

for the total variation distance. Using the definition of page ix, we get

dTV (X,Y ) := sup
A⊂Z

+
0

|P(X ∈ A) − P(Y ∈ A)|

= sup
A⊂Z

+
0

|E(1A(X) − 1A(Y ))|.

It is an immediate consequence of their definitions that total variation distance is a stronger

metric than the Kolmogorov distance.
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We have already seen in Proposition 5.2 that solutions, g, of the Stein equation exist and

are uniquely defined given g(0) = 0. Properties of the solutions provide bounds for the

Stein factors for different metrics. We now consider the class of half-lines, which are an

appropriate class of test functions for the Kolmogorov distance.

5.2.1 Stein factors for Kolmogorov distance approximation

Lemma 5.4. For n ≥ 0, let fn be the half-line fn := 1(−∞,n], and let gn be defined as in

Proposition 5.2. Then, for n ∈ Z
+
0 ,

(i) gn(k) < 0 ∀k ≥ 1;

(ii) gn(k + 1) ≤ gn(k) ∀k ≥ 0;

(iii) |gn(k)| ≤ 1
ρ
, ∀k ≥ 0;

(iv) |∆gn(k)| ≤ 1
k+α+ρ

∀k ≥ 2,

where ∆g(k) represents the forward difference, ∆g(k) = g(k + 1) − g(k).

Proof. We know from (3.1) in Chapter 3, Proposition 3.4, that µα
ρ (fn) = 1 − B(n+α+1;ρ)

B(α;ρ) .

Fix n ∈ Z
+
0 and suppose k ≤ n. Since fn(r) = 1 ∀r ≤ k,

gn(k + 1) = −
k
∑

r=0

B(r + α; ρ + 1)

B(k + α; ρ + 1)

(

1 − µα
ρ (fn)

k + α

)

≤ 0.

So gn(k + 1) ≤ 0 for 1 ≤ k ≤ n. Furthermore, by (5.5), for 1 ≤ k ≤ n,

gn(k + 1) − gn(k) =
ρ

k + α
gn(k) −

1 − (1 − B(n+α+1;ρ)
B(α;ρ) )

k + α

=
ρ

k + α
gn(k) − B(n + α + 1; ρ)

(k + α)B(α; ρ)
.
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Thus, since gn(0) = 0, gn(k) is a monotonically decreasing function between k = 0 and

k = n + 1.

We now calculate gn(n + 1):

gn(n + 1) = −
n
∑

r=0

B(r + α; ρ + 1)

B(n + α; ρ + 1)

(

1 − µα
ρ (fn)

n + α

)

= −
n
∑

r=0

B(r + α; ρ + 1)B(n + α + 1; ρ)

(n + α)B(n + α; ρ + 1)B(α; ρ)

(by (3.1) of Proposition 3.4, Chapter 3)

= −
n
∑

r=0

B(r + α; ρ + 1)

ρB(α; ρ)

(by Appendix A, (A.4))

= −µα
ρ (fn)

ρ
≥ −1

ρ
.

Thus, by (5.5), as fn(n + 1) = 0,

gn(n + 2) − gn(n + 1) =
1

n + α + 1
(−µα

ρ (fn) + µα
ρ (fn)) = 0,

so,

gn(n + 2) = gn(n + 1) = −
µα

ρ (fn)

ρ
.

We see that for k ≥ n + 1, fn(k) = 0 and,

gn(k + 1) − gn(k) =
1

k + α
{ρgn(k) − (0 − µα

ρ (fn))}

=
1

k + α
(ρgn(k) + µα

ρ (fn)),

so gn(k) is constant for k ≥ n + 1. Since gn(k) ≤ 0, |gn(k)| ≤ 1
ρ

for k ≤ n + 1 and any

n ∈ Z
+
0 . Thus |gn(k)| ≤ 1

ρ
for all k, as required.
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We now obtain the required bound on the forward difference, |∆gn(k)|. It clearly follows

from the previous argument that for k ≥ n + 1, |∆gn(k)| = 0, since gn has been shown to

be constant for such k. Suppose 1 ≤ k ≤ n. By Proposition 5.2 and by (3.1) of Chapter

3, Proposition 3.4,

∆gn(k) = −
k
∑

r=0

B(r + α; ρ + 1)

B(k + α; ρ + 1)

(

B(n + α + 1; ρ)

(k + α)B(α; ρ)

)

+
k−1
∑

r=0

B(r + α; ρ + 1)

B(k + α − 1; ρ + 1)

(

B(n + α + 1; ρ)

(k + α − 1)B(α; ρ)

)

= − B(n + α + 1; ρ)

(k + α)B(k + α; ρ + 1)

k
∑

r=0

B(r + α; ρ + 1)

B(α; ρ)

+
B(n + α + 1; ρ)

(k + α − 1)B(k + α − 1; ρ + 1)

k−1
∑

r=0

B(r + α; ρ + 1)

B(α; ρ)
.

Applying (5.1) with (3.1) again gives,

∆gn(k) = − B(n + α + 1; ρ)

(k + α)B(k + α; ρ + 1)

(

1 − B(k + α + 1; ρ)

B(α; ρ)

)

+
B(n + α + 1; ρ)

(k + α − 1)B(k + α − 1; ρ + 1)

(

1 − B(k + α; ρ)

B(α; ρ)

)

=
B(n + α + 1; ρ)

B(k + α; ρ + 1)

(

1

k + α + ρ
− 1

k + α

)

+
B(n + α + 1; ρ)

ρB(α; ρ)
− B(n + α + 1; ρ)

ρB(α; ρ)

(by A.4)

=
−ρB(n + α + 1; ρ)

(k + α)(k + α + ρ)B(k + α; ρ + 1)

=
−B(n + α + 1; ρ)

(k + α + ρ)B(k + α + 1; ρ)
(by A.4)

=
−1

k + α + ρ

(

1 − µα
ρ (fn)

1 − µα
ρ (fk)

)

(by (3.1))

∈
( −1

k + α + ρ
, 0

)

,

since k ≤ n, as required.

Theorem 5.5. Let V,W be discrete random variables taking values in the non-negative
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integers, with V satisfying L(V ) = µα
ρ , µα

ρ (k) = B(k+α;ρ+1)
B(α;ρ) . Then the Kolmogorov distance

between V and W is bounded by,

dK(V,W ) ≤ sup
g∈Hα

ρ

|E ((W + α + ρ)g(W ) − (W + α)g(W + 1)) |,

where

Hα
ρ =

{

g : g(0) = 0, ∀k ≥ 0 g(k) ≤ 0 |g(k)| ≤ 1

ρ
, |∆g(k)| ≤ 1

k + α + ρ

}

. (5.7)

Proof. Let J := {1(−∞,n] : n ∈ Z
+
0 }. For each element 1(−∞,n] ∈ J , by Proposition 5.2

we can define a solution of the Stein equation of the form in Proposition 5.2. Lemma 5.4

tells us that gn ∈ Hα
ρ as defined in (5.7). so Hα

ρ contains all solutions of Stein equations

for indicator functions of the form 1(−∞,n]. Thus,

dK(V,W ) = sup
f∈J

|E(f(W ) − µα
ρ (f))|

≤ sup
g∈Hα

ρ

|E ((W + α + ρ)g(W ) − (W + α)g(W + 1)) |,

as required.

5.2.2 Stein factors for total variation distance approximation

Ideally we would prefer to use total variation distance approximation, since this is a

stronger metric than the Kolmogorov distance. We now obtain Stein factors for total

variation distance, defining an arbitrary test function for the total variation distance in

such a way that we can use properties obtained in Lemma 5.4.

For a non-empty set A ⊂ Z
+
0 define fA := 1A and note that by Proposition 5.2 we can
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define gA to be the unique solution to the Stein equation (5.1) satisfying the conditions,

g(0) = 0,

g(k + 1) =
k + α + ρ

k + α
g(k) −

f(k) − µα
ρ (f)

k + α

= −
k
∑

r=0

B(r + α; ρ + 1)

B(k + α; ρ + 1)

(

f(r) − µα
ρ (f)

k + α

)

. (5.8)

Throughout this subsection we write gs for the solution to the Stein equation (satisfying

these conditions) for the function fs = 1(−∞,s], s ∈ Z
+
0 . Lemma 5.4 gives properties of gs.

Lemma 5.6. Let A,B ⊂ Z
+
0 such that A ∩B = ∅. Let fA, fB be the associated indicator

functions and let gA, gB be defined as in (5.8). Then the following equalities hold,

µα
ρ (fA∪B) = µα

ρ (fA) + µα
ρ (fB);

gA∪B = gA + gB .

Proof. The first result is a direct consequence of the linearity of measures.

We prove the second result by induction on k. First note, by definition, that gA∪B = 0 =

gA + gB .

Now suppose that gA∪B(r) = gA(r) + gB(r) for some r ∈ Z
+
0 . We know that

gA∪B(r + 1) =
r + α + ρ

r + α
gA∪B(r) −

fA∪B(r) − µα
ρ (fA∪B)

r + α
.
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So

gA∪B(r + 1) =
r + α + ρ

r + α
(gA(r) + gB(r)) −

fA(r) + fB(r) − µα
ρ (fA∪B)

r + α

(by inductive hypothesis and definition of fA)

=

(

r + α + ρ

r + α
(gA(r) + gB(r)) −

fA(r) + fB(r) − µα
ρ (fA) − µα

ρ (fB)

r + α

)

(by the first equality of this lemma)

= ga(r + 1) + gB(r + 1) (by (5.8)),

thus by induction the second equality holds.

Lemma 5.7. For s ∈ Z
+
0 let fs = 1(−∞,s] and let gs be the associated function defined as

in (5.8). Then

• for s ≥ k, gs+1(k + 1) − gs(k + 1) > 0;

• for s < k, gs+1(k + 1) − gs(k + 1) < 0.

Proof. To begin note that, by definition,

gs+1(k + 1) − gs(k + 1)

= −
k
∑

r=0

B(r + α; ρ + 1)

B(k + α; ρ + 1)

(

fs+1(r) − fs(r) + µα
ρ (fs) − µα

ρ (fs+1)

k + α

)

.

Suppose s ≥ k. Then, if r ≤ k, the appropriate half-lines satisfy fs+1(r)−fs(r) = 1−1 = 0.
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Thus,

gs+1(k + 1) − gs(k + 1)

= −
k
∑

r=0

B(r + α; ρ + 1)

B(k + α; ρ + 1)

(

µα
ρ (fs) − µα

ρ (fs+1)

k + α

)

= −
k
∑

r=0

B(r + α; ρ + 1)

B(k + α; ρ + 1)

(

(−µα
ρ (1{s+1}))

k + α

)

> 0. (5.9)

Now suppose s < k. Whenever r 6= s + 1, then the appropriate half-lines satisfy fs+1(r)−

fs(r) = 0. If r = s + 1 then fs+1(r) − fs(r) = 1 Thus,

gs+1(k + 1) − gs(k + 1)

= −
k
∑

r=0

B(r + α; ρ + 1)

B(k + α; ρ + 1)

(

µα
ρ (fs) − µα

ρ (fs+1)

k + α

)

− B(s + α + 1; ρ + 1)

(k + α)B(k + α; ρ + 1)
.

As for (5.9), this becomes

gs+1(k + 1) − gs(k + 1)

=
B(α; ρ)

B(k + α; ρ + 1)

(

µα
ρ (1{s+1})

k + α

) k
∑

r=0

B(r + α; ρ + 1)

B(α; ρ)
− B(s + α + 1; ρ + 1)

(k + α)B(k + α; ρ + 1)

=
B(α; ρ)

B(k + α; ρ + 1)

(

B(s + α + 1; ρ + 1)

(k + α)B(α; ρ)

)(

1 − B(k + α + 1; ρ)

B(α; ρ)

)

− B(s + α + 1; ρ + 1)

(k + α)B(k + α; ρ + 1)
(by (3.1))

= − B(s + α + 1; ρ + 1)B(k + α + 1; ρ)

(k + α)B(k + α; ρ + 1)B(k + α; ρ + 1)
< 0,

as required.

Lemma 5.8. Let A := {a1, a2, ..., am} be a finite subset of Z+
0 , where the elements are
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ordered a1 < a2 < ... < am, and let fA and gA be defined as above. Then

∀k ≥ 1, |gA(k)| ≤ 2

ρ
and |∆gA(k)| ≤ 3

k
.

Proof. By Lemma 5.6 we can write, gA =
∑m

i=1(gai
−gai−1). for ni an increasing sequence

of non-negative integers. Define the non-decreasing sequence (ni)i by n2i−1 := ai − 1,

n2i := ai. Then gA =
∑2m

i=1(−1)igni
. By Lemma 5.4 we know that for each i = 1, 2, ...,m,

||gni
||∞ ∈ [−1

ρ
, 0].

Now by Lemma 5.7 we see that the function of s given by evaluating gs(k) is monotonically

decreasing from s = 0 to s = k and is monotonically increasing for s ≥ k.

There are three possible cases. If ni ≤ k ∀i ≤ 2m then {gni
(k)}i≤2m is non-increasing.

Let (ai)i≤2N be the non-increasing sequence taking values in [−1
ρ
, 0] given by ai = gni

(k).

Then,

gA(k) =
2m
∑

i=1

(−1)iai =
m
∑

j=1

(a2j − a2j−1).

Now a2j − a2j−1 ≤ 0 for j = 1, 2, ...,m, since the sequence (ai)i≤2m is non-increasing.

Thus,

0 ≥ gA(k) =

m
∑

j=1

(a2j − a2j−1)

= a2m − a1 +

m−1
∑

j=1

(a2j − a2j+1)

≥ a2m ≥ −1

ρ
,

since ai ∈
[

−1
ρ
, 0
]

. The second case is n1 ≥ k, so that ni ≥ k for all i = 1, 2, .... Then with
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the definitions above {gni
(k)}i≤2m is non-decreasing and takes values in [−1

ρ
, 0]. Thus,

0 ≤ gA(k) =
m
∑

j=1

(a2j − a2j−1)

= a2m − a1 +

m−1
∑

j=1

(a2j − a2j+1)

≤ a2m ≤ 1

ρ
,

as required. The third case is that there is some 1 ≤ r ≤ 2m such that nj ≤ k whenever

j ≤ r and nj > k whenever j > r. Then {gni
(k)}i≤2m is non-increasing for i = 1, 2, ..., r

and non-decreasing for i = r + 1, r + 2, ..., 2m. Then, by the above,

|gA(k)| =
∣

∣

∣

2m
∑

i=1

(−1)igni
(k)
∣

∣

∣

=
∣

∣

∣

r
∑

i=1

(−1)igni
(k)
∣

∣

∣+
∣

∣

∣

2m
∑

i=r

(−1)igni
(k)
∣

∣

∣

≤ 1

ρ
+

1

ρ
=

2

ρ
,

as required.

For the first difference bounds, recall that ∆gA(k) = ρ
k
gA(k) − fA(k)−µρ(fA)

k
. The Stein

factors obtained for |gA| give us,

|∆gA(k)| ≤
∣

∣

∣

2ρ

ρk

∣

∣

∣
+
∣

∣

∣

1

k

∣

∣

∣
=

3

k
,

as required.
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Theorem 5.9. Let V and W be discrete random variables taking values in the non-

negative integers, with V satisfying L(V ) = µα
ρ , µα

ρ (k) = B(k+α;ρ+1)
B(α;ρ) . Then the total

variation distance between V and W is bounded by,

dTV (V,W ) ≤ sup
g∈Iα

ρ

|E ((W + α + ρ)g(W ) − (W + α)g(W + 1)) |,

where,

Iα
ρ =

{

g : g(0) = 0, ∀k ≥ 0 g(k) ≤ 0 |g(k)| ≤ 2

ρ
, |∆g(k)| ≤ 3

k

}

. (5.10)

Proof. Let J := {1A : A ⊂ Z
+
0 }. For n ≤ |A|, define An ⊂ A to be the set containing the

first n elements of A in order of size.

For each function 1An , we can define a solution, gAn of the Stein equation as given by

Proposition 5.2. Moreover, Lemma 5.8 tells us that gAn ∈ Iα
ρ given by (5.10), so Iα

ρ

contains all solutions of Stein equations for indicator functions of the form 1An . Thus,

dTV (V,W ) = sup
1A∈J

|E(1A(W ) − µα
ρ (1A))|

= sup
1A∈J

lim
n→∞

|E(1An(W ) − µα
ρ (1An))|

(by dominated convergence and continuity of the modulus)

≤ sup
1A∈J

lim
n→∞

sup
g∈Iα

ρ

|E ((W + α + ρ)g(W ) − (W + α)g(W + 1)) |

≤ sup
g∈Iα

ρ

|E ((W + α + ρ)g(W ) − (W + α)g(W + 1)) |,

as required.

Remark 5.10. Comparing (5.7) and (5.10) we see that the total variation distance bounds

that we can obtain using Theorem 5.9 are of the same order as the Kolmogorov distance

bounds from Theorem 5.5. This suggests that there are additional properties of the func-

tions corresponding to Kolmogorov distance that are not captured in (5.7) and that would
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need to be understood in order to obtain optimal bounds for many random variables.

5.2.3 Example

To end this chapter we apply Theorem 5.5 and Theorem 5.9 to obtain bounds for the Kol-

mogorov and total variation distances between elements of a sequence of random variables

and the µα
ρ -distribution. The sequence consists of truncated versions of the µα

ρ -distribution.

Although we can calculate the distances for such random variables explicitly, we perform

these calculations to test our Stein factors for the µα
ρ -distribution. We shall see that the

bounds that we obtain are of the same order as the actual distances, indicating that the

Stein factors found in Lemma 5.4 and Lemma 5.8 are of optimal order for this example.

As usual define the measure µα
ρ on Z

+
0 by (5.1). For r ∈ Z

+
0 , we define the truncated

version of µα
ρ by

νr(s) := µα
ρ (s) for s = 0, 1, 2, ..., r;

νr(r + 1) :=
∞
∑

i=r+1

µα
ρ (i) =

B(n + α + 1; ρ)

B(α; ρ)
; (5.11)

νr(s) := 0 for s = r + 2, r + 3, r + 4, ....

Remark 5.11. We can see that for r ∈ Z
+
0 , if Wr and V are random variables satisfying

L(Wr) = νr and L(V ) = µα
ρ respectively, then

dK(Wr, V ) = sup
k∈Z

+
0

|P(Wr ≤ k) − P(V ≤ k)|

= |P(Wr ≤ r + 1) − P(V ≤ r + 1)|

=

∞
∑

i=r+2

µα
ρ (i) =

B(r + α + 2; ρ)

B(α; ρ)
,
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and

dTV (Wr, V ) =
1

2

∞
∑

i=0

|P(Wr = i) − P(V = i)|

=
1

2

∞
∑

i=r+2

µα
ρ (i) +

1

2

∞
∑

i=r+2

µα
ρ (i) =

B(r + α + 2; ρ)

B(α; ρ)
.

Proposition 5.12. Let r ∈ Z
+
0 and let Wr and V be random variables satisfying L(Wr) =

νr and L(V ) = µα
ρ with µα

ρ and νr defined as above. Then,

dK(Wr, V ) ≤ B(r + α + 2; ρ)

B(α; ρ)
;

dTV (Wr, V ) ≤ B(r + α + 2; ρ)

B(α; ρ)

(

3(r + α + ρ + 1)

r + 1

)

.

Proof. Define Hα
ρ and Iα

ρ as in (5.7) and (5.10) respectively. It follows from Theorem 5.5

and Theorem 5.9 that

dK(V,Wr) ≤ sup
g∈Hα

ρ

|E{(Wr + α + ρ)g(Wr) − (Wr + α)g(Wr + 1)}|;

dTV (V,Wr) ≤ sup
g∈Iα

ρ

|E{(Wr + α + ρ)g(Wr) − (Wr + α)g(Wr + 1)}|.
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Then, for g ∈ Hα
ρ ∪ Iα

ρ ,

E{(Wr + α + ρ)g(Wr) − (Wr + α)g(Wr + 1)}

=

∞
∑

i=0

{(i + α + ρ)g(i) − (i + α)g(i + 1)}νr(i)

=
r
∑

i=0

{(i + α + ρ)g(i) − (i + α)g(i + 1)}µα
ρ (i)

+{(r + α + ρ + 1)g(r + 1) − (r + α + 1)g(r + 2)}
∞
∑

i=r+1

µα
ρ (i).

By (5.3) and since g(0) = 0,

r
∑

i=0

{(i + α + ρ)g(i) − (i + α)g(i + 1)}µα
ρ (i)

=

r
∑

i=1

(i + α − 1)g(i)µα
ρ (i − 1) −

r
∑

i=0

(i + α)g(i + 1)µα
ρ (i)

=
r−1
∑

i=0

(i + α)g(i + 1)µα
ρ (i) −

r
∑

i=0

(i + α)g(i + 1)µα
ρ (i)

= −(r + α)g(r + 1)µα
ρ (r). (5.12)
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So

|E{(Wr + α + ρ)g(Wr) − (Wr + α)g(Wr + 1)}|

=
∣

∣

∣− (r + α)g(r + 1)µα
ρ (r)

+ ((r + α + ρ + 1)g(r + 1) − (r + α + 1)g(r + 2))
∞
∑

i=r+1

µα
ρ (i)

∣

∣

∣

=
∣

∣

∣
− (r + α)g(r + 1)

B(r + α; ρ + 1)

B(α; ρ)

+ ((r + α + ρ + 1)g(r + 1) − (r + α + 1)g(r + 2))
B(r + α + 1; ρ)

B(α; ρ)

= ((−ρ + r + α + ρ + 1)g(r + 1) − (r + α + 1)g(r + 2))
B(r + α + 1; ρ)

B(α; ρ)

(by Appendix A, (A.4))

= (r + α + 1)|∆g(r + 1)|B(r + α + 1; ρ)

B(α; ρ)

= (r + α + ρ + 1)|∆g(r + 1)|B(r + α + 2; ρ)

B(α; ρ)

by Appendix A, (A.2). Thus,

dK(V,Wr) ≤ sup
g∈Hα

ρ

(r + α + ρ + 1)
B(r + α + 2; ρ)

B(α; ρ)
|∆g(r + 1)|

≤ B(r + α + 2; ρ)

B(α; ρ)
,

and

dTV (V,Wr) ≤ supg∈Iα
ρ
(r + α + ρ + 1)

B(r + α + 2; ρ)

B(α; ρ)
|∆g(r + 1)|

≤ B(r + α + 2; ρ)

B(α; ρ)

(

3(r + α + ρ + 1)

r + 1

)

,

as required.
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Not only does our upper bound take the actual order of convergence in both total variation

distance and in Kolmogorov distance of the sequence (Wr)r∈N to V , but we gain precisely

the actual Kolmogorov distance for the Kolmogorov distance bound. This suggests that,

for this problem, our Stein factors for ∆g are of optimal order as r → ∞ in both metrics

and that the bound for the Kolmogorov distance is optimal for this problem.

The fact that our upper bound for the Kolmogorov distance is the exact distance is not

only a consequence of our optimal Stein factor for ∆g but is also consequence of our special

construction of νr, with νr(i) = µα
ρ (i) for i = 0, 1, ..., r and νr(i) = 0 for i > r + 1. One

would expect such a definition to be particularly easy to bound using our Stein equation.

In particular note that in (5.12) we were able to discard the first r − 1 terms of the sum

∞
∑

i=0

((i + α + ρ)g(i) − (i + α)g(i + 1)) νr(i).

This is unsurprising since our Stein equation was chosen based on the fact that this is a

telescoping series when νr is replaced with µα
ρ .
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Chapter 6

Coupling the degree evolution in

the discrete-time and

continuous-time models

Chapters 2 and 3 gave continuous-time and discrete-time random graph models that evolve

via a preferential attachment condition. Particular versions of the models have already

been proved asymptotically to display power law degree distributions. For example, Yule

[56] demonstrates this for the continuous-time process described in Chapter 3 and Bollobás

et al. [11] prove convergence of the degree sequence for a discrete-time model.

This chapter presents a sequence of discrete-time and continuous-time preferential attach-

ment models. We couple the models so that we can bound the total variation distance

between their degree distributions. Later in the thesis we shall use a number of different

methods to bound the total variation distances between degree distributions of random

graphs within this scheme and the µα
ρ -distribution. Each method applies to specific mod-

els within our framework. The bounds of this chapter in contrast extend those results to

cover all graphs within this framework.

Throughout this thesis we denote the degree distribution of a model, Model M, at step

n by W
(M)
n . The diagram below shows how our models are related and indicates which

degree distribution bounds are calculated.
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6.1 Barabási-Albert models

6.1.1 Model BA

As explained in Chapter 2, models from the family described below are straightforward

versions of the Barabási-Albert model, with a precise description for the vertex degree

evolution. Let α > 0 be a real parameter and let m ≤ m0 be integer parameters.

Model BA

• (BA1) Start with the empty graph on m0 vertices.

• (BA2) At step n select m distinct vertices from the graph in such a way that the ver-

tex i with D
(BA)
n−1 (i) := (α + in-degree of i at step n − 1) is chosen with probability

proportional to D
(BA)
n−1 (i). More precisely,

P(vertex i is chosen|D(BA)
n−1 (i)) =

mD
(BA)
n−1 (i)

(n − 1)(m + α) + m0α
.
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(Note that the conditioning here is not on the whole degree vector at step n − 1.)

• (BA3) Attach the new vertex, n + m0, to the m chosen vertices with m edges

directed out of the new vertex.

Theorem 2.1 of Chapter 3 proved that models in this family exist. We note that for

all vertices except the initial vertices the total degree is (m+ in-degree), so knowing the

in-degree distribution is asymptotically the same as knowing the total degree distribution.

One cause of difficulty in analysing this model is the dependence between the degrees of

distinct vertices. We now describe a model with independent edge growth, Model I, and

prove that the distributions given by observing the degrees of one randomly chosen vertex

from each model are the same.

6.1.2 Model I: more independence

Model I

• Start with the empty graph on m0 vertices;

• At step n, independently for each vertex in the graph, select vertex i with conditional

probability
mD

(BA)
n−1 (i)

(n−1)(m+α)+m0α
, where D

(I)
n−1(i) := (α+ in-degree of i at step n − 1), for

some α > 0.

• Attach the new vertex n + m0 to all the selected vertices with edges directed out of

the new vertex.

Note that the number of vertices selected is random in this model. This model is included

in Appendix B for reference.

Theorem 6.1. Let In+m0 ∼ Uniform ∈ {1, 2, ..., n+m0}. If D
(BA)
n (In+m0) and D

(I)
n (In+m0)

are defined to be the degrees of vertex In+m0 in Models BA and I respectively with the same
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parameters, then,

D(BA)
n (In+m0) =D D(I)

n (In+m0).

Proof. We proceed by induction on n.

Clearly D
(BA)
0 (Im0) =D D

(I)
0 (Im0) since the degrees in both models at time 0 are identically

deterministic.

For n = k ≥ 0 suppose D
(BA)
k (Ik+m0) =D D

(I)
k (Ik+m0). Consider n = k + 1. Then for any

r ∈ Z
+
0 ,

P(D
(BA)
k+1 (Ik+m0+1) = α + r)

=
1

k + m0 + 1

k+m0+1
∑

i=1

P(D
(BA)
k+1 (i) = α + r)

=
1

k + m0 + 1

(

1{r=0} +

k+m0
∑

i=1

r
∑

s=0

P(D
(BA)
k+1 (i) = α + r|D(BA)

k (i) = α + s)P(D
(BA)
k (i) = α + s)

)

(since D
(BA)
k+1 (k + m0 + 1) = α)

=
1

k + m0 + 1

(

1{r=0} +

k+m0
∑

i=1

r
∑

s=0

P(D
(I)
k+1(i) = α + r|D(I)

k (i) = α + s)P(D
(I)
k (i) = α + s)

)

(by inductive hypothesis and conditional probabilities in the two models)

= P(D
(I)
k+1(Ik+m0+1) = α + r).

Thus the distributions of the random variables W
(BA)
n = D

(BA)
n (In+m0) − α and W

(I)
n =

D
(I)
n (In+m0) − α are identical and it follows that dTV (W

(BA)
n ,W

(I)
n ) = 0.
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6.1.3 Model I: starting with one vertex

We now present a slightly altered version of Model I, Model I, whose evolution will be

coupled with that of the continuous-time Model Y so that we can bound the distances

between their degree distributions. This model evolves in the same way as Model I, but

for ease of comparison with Yule’s model for evolution we start with only one vertex.

Model I looks at a different set of parameters from Model I. Instead of parameters α >

0,m ∈ N and m0 ∈ N where m0 ≥ m, Model I uses parameters α > 0, β > 0, ρ > 1. To

compare the models we use the correspondence α = α, m
m+α

= 1
ρ

and (m0−1)α−m
m

= β.

The model evolves as follows.

Model I

• Start with one vertex;

• At step n, independently for each vertex, select vertex i with conditional probability

D
(I)
n−1(i)

ρn+β
, where D

(I)
n−1(i) := (α + in-degree of i at step n − 1), ρ > 1, α > 0, β ≥ 0

satisfying α ≤ β + ρ. The condition α ≤ β + ρ ensures that all probabilities lie

between 0 and 1.

• Attach a new vertex n + 1 to all the selected vertices with edges directed out of the

new vertex. (The number of vertices selected at step n is random.)

Theorem 6.2. Let m0 ≥ m ≥ 1, let α ≥ 1 and let G
(I)
n be an evolving random graph

satisfying Model I with ρ := m+α
m

, β = (m0−1)α−m
m

and assume that β ≥ 0,

Then, with the usual notation,

dTV (W (I)
n ,W (I)

n ) ≤ m0 − 1

n + m0 − 1
.

If m0 = 1 the two models are identical so we rightly get a distance of 0.
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Proof. Let In and Jn+m0−1 be the vertices whose degrees are observed by W
(I)
n and W

(I)
n

respectively, so In ∼ Uniform{1, 2, ..., n} and Jn+m0−1 ∼ Uniform{1, 2, ..., n+m0−1}.

Couple In and Jn+m0−1 so that,

P(Jn+m0−1 = In + m0 − 1|In) =
n

n + m0 − 1
,

P(Jn+m0−1 = Im0−1|In) =
m0 − 1

n + m0 − 1
.

Values of Jn+m0−1 lying between 1 and m0−1 represent the extra initial vertices of Model

I not included in Model I, while values of Jn+m0−1 greater than m0−1 represent the initial

vertex that the models have in common and the vertices added at later time steps.

Conditional on Jn+m0 ≥ m0, W
(I)
n =D W

(I)
n . This can be seen from the fact that, subject

to this condition, the vertices Jn+m in Model I and In in Model I evolve independently

of the other vertices in their graphs, they enter the graphs at the same time steps, they

share the same initial conditions and they follow the same stochastic processes up to step

n.

It follows that we can couple our models by forcing vertex i in Model I to take the same

degree as vertex i + m0 in Model I, for i = 0, 1, ..., n. In this coupling W
(I)
n = W

(I)
n

whenever Jn+m0−1 ≥ m0. We get,

dTV (W (I)
n ,W (I)

n ) ≤ P(W (I)
n 6= W (I)

n )

≤ P(Jn+m0−1 < m0)

=
m0 − 1

n + m0 − 1
.
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6.1.4 Model Y: motivated by Yule’s model for evolution

Yule’s original model described in the previous section consists of a ‘Yule process of Yule

processes’. Vertices arrive in the graph following a Yule process, and for each vertex in

the graph, the addition of edges to each vertex forms a Yule process that is independent

of the rest of the system. Section 3.4 introduced a more general random graph model in

which vertices gained edges following a Yule process with immigration. Later, in Chapter

3, we calculated bounds for convergence of the degree distribution of this general model.

We now attempt to simplify this model to find a model that can be compared with discrete-

time Barabási-Albert random graphs. In the following model vertices still grow in degree

according to independent Yule processes with immigration, but vertices now enter the

graph at deterministic time points. We define the times of arrival using the α > 0 and

β ≥ 0 notation of Model I, so that Model Y matches up with this model as closely as

possible.

Model Y

1. Arrivals of new vertices into the graph. The time between the arrival of vertex

n and vertex n + 1 is given by sn := 1
ρn+β

for ρ > 1, β ≥ 0.

2. Growth of edges for current vertices. Each vertex i gains incident in-edges

independently with rate given by D
(Y )
n (i) := α+ in-degree, for α > 0.

As usual this definition can be found in Appendix B for reference. In Chapter 7 we shall

obtain bounds for the distance between the degree distribution of this random graph and

the µα
ρ -distribution.
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6.2 Coupling Model Y and Model I

We now define a coupling of Model Y and Model I, through which we bound the distance

between the degree distributions of the two models. Once we have this bound we are able

to use the triangle inequality to bound the distances between the degree distributions of

any pair of models in our scheme.

To help us to define the coupling we first look at an alternative description for the evo-

lution of Model Y. This description gives the evolution of the graph as a discrete-time

process where time steps correspond to the arrivals of new vertices in the graph, and the

distributions of the changes in vertex degree at each time step is described.

First, recall the original definition of Model Y given above. Since the time of the arrival of

the nth vertex is deterministic, equivalently we can define this model by the distribution of

the number of edges added to each vertex in the graph during each time interval (s1 + ...+

sn−1, s1+ ...+sn]. Then conditional on the degree of vertex i at step n, D
(Y )
n−1(i) = d

(Y )
n−1(i),

the degree of vertex i at step n + 1 can be viewed as the outcome at time sn = e
− 1

ρn+β

of a Yule process with immigration, where the birth rate is 1 and the immigration rate is

d
(Y )
n−1(i) and the initial size of the population is 0.

It is a consequence of Theorem 3.11 that, equivalently,

D(Y )
n (i) = D

(Y )
n−1(i) + E(Y )

n (i),

where E
(Y )
n (i) ∼ Negbinom(D

(Y )
n−1(i), e

− 1
ρn+β ) with the negative binomial distribution de-

fined as on page viii.

We therefore reformulate Model Y as follows,

• Start with one vertex, 1, of ‘degree’ α;

• At step n add one new vertex, n + 1, of ‘degree’ α to the graph.
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• Conditional on the degree sequence,

D
(Y )
n−1(1) = d

(Y )
n−1(1),D

(Y )
n−1(2) = d

(Y )
n−1(2), ...,D

(Y )
n−1(n) = d

(Y )
n−1(n)

of the first n vertices at step n− 1, generate independent random variables and call

them E
(Y )
n (1), ..., E

(Y )
n (n) where E

(Y )
n (i) ∼ Negbinom(d

(Y )
n−1(i), e

− 1
ρn+β ). At step n

add E
(Y )
n (i) incident in-edges to vertex i.

The random variables E
(Y )
n (i) can take any non-negative integer values, but if n is large

E
(Y )
n (i) will be 0 with high probability unless D

(Y )
n−1(i) is large. We consider the probabil-

ities that E
(Y )
n (i) takes the values 0 and 1 in Model Y.

Lemma 6.3. For the random variables defined in the model above the following inequalities

hold,

1 − D
(Y )
n−1(i)

ρn + β
≤ P(E(Y )

n (i) = 0|D(Y )
n−1(i)) ≤ 1 − D

(Y )
n−1(i)

ρn + β
+

(D
(Y )
n−1(i))

2

2(ρn + β)2
,

and

P(E(Y )
n (i) = 1|D(Y )

n−1(i)) ≥
D

(Y )
n−1(i)

ρn + β
− D

(Y )
n−1(i)

2(ρn + β)2
− (D

(Y )
n−1(i))

2

(ρn + β)2
.

Proof. It can be shown analytically that for any x ≥ 0,

1 − x ≤ e−x ≤ 1 − x +
x2

2
,

and from this it follows that for any x ≥ 0,

x − x2

2
≤ 1 − e−x ≤ x.

Since
D

(Y )
n−1(i)

ρn+β
≥ 0 the first result follows immediately from the definition, P(E

(Y )
n (i) =

0|D(Y )
n−1(i)) = e

−
D

(Y )
n−1

(i)

ρn+β .
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For the second, first note by Theorem 3.11 that, P(E
(Y )
n (i) = 1|D(Y )

n−1(i)) = e
−

D
(Y )
n−1

(i)

ρn+β (1 −

e
− 1

ρn+β )D
(Y )
n−1(i). Taking the lower bounds for e−x and 1 − e−x found above,

e
−

D
(Y )
n−1

(i)

ρn+β ≥ 1 − D
(Y )
n−1(i)

ρn + β

and

(1 − e
− 1

ρn+β ) ≥ 1

ρn + β
− 1

2(ρn + β)2
.

So,

P(E(Y )
n (i) = 1|D(Y )

n−1(i))

≥
(

1 − D
(Y )
n−1(i)

ρn + β

)

(

1

ρn + β
− 1

2(ρn + β)2

)

D
(Y )
n−1(i)

≥ D
(Y )
n−1(i)

ρn + β
− D

(Y )
n−1(i)

2(ρn + β)2
− (D

(Y )
n−1(i))

2

(ρn + β)2
,

as required.

The above lemma bounds the conditional probabilities P(E
(Y )
n = 0|D(Y )

n−1(i)) from 1 −
D

(Y )
n−1(i)

ρn+β
and P(E

(Y )
n = 1|D(Y )

n−1(i)) from
D

(Y )
n−1(i)

ρn+β
. This is a promising start since these

probabilities are similar in form to the transition probabilities in Model I.

We now recall the definition of Model I that can be found in Appendix B. Our main result

is the following set of bounds.

Theorem 6.4. Let α ≥ 1, β ≥ 0 and ρ > 1. Let In ∼ Uniform{1, 2, ..., n} and let

W
(Y )
n and W

(I)
n represent the in-degrees of vertex In at step n in Model Y and Model I
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respectively. Then,

dTV (W (Y )
n ,W (I)

n ) ≤ 3α(α + 1)

2n

n
∑

i=2

n
∑

r=i+1

(ρr + β)
2
ρ
−2

(ρ(i − 1) + β)
2
ρ

+
3α(α + 1)

2n

n
∑

r=2

(ρr + β)
2
ρ
−2

(ρ(i − 1) + β)
2
ρ

e
1

ρ+β

+
3α2(2ρ + β)

2ρ(ρ + β)2n
.

In particular, if ρ ∈ (1, 2),

dTV (W (Y )
n ,W (I)

n ) ≤ B1(α, β, ρ, n) = O(n
2( 1

ρ
−1)

) as n → ∞,

if ρ = 2,

dTV (W (Y )
n ,W (I)

n ) < B2(α, β, ρ, n) = O

(

(log n)2

n

)

as n → ∞,

and if ρ > 2,

dTV (W (Y )
n ,W (I)

n ) ≤ B3(α, β, ρ, n) = O

(

log n

n

)

as n → ∞,
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where

B1(α, β, ρ, n) =
3α(α + 1)(ρn + β)

2
ρ
−1

2(2 − ρ)n

(

1 +
(β + ρ)

1− 2
ρ

2 − ρ

)

+
3e

1
β+ρ α(α + 1)

2n(2 − ρ)(β + ρ)
+

3α2(2ρ + β)

2ρ(β + ρ)2n
, (6.1)

B2(α, β, ρ, n) =
3α(α + 1)

2n

(

3 log
2n + β

2 + β
+

1

16
(log(2n + β))2

)

+
3α2(4 + β)

4(2 + β)2n
, (6.2)

B3(α, β, ρ, n) =
3α(α + 1)

2(ρ − 2)n

(

(β + ρ)
2
ρ
−1

+
1

ρ
log

ρn + β

2ρ + β

)

+
3α(α + 1)

2n

(

e
1

β+ρ

(ρ − 2)(β + ρ)

)

. (6.3)

Proof. To prove the theorem we use that the total variation distance between W
(Y )
n and

W
(I)
n can be bounded by P(W

(Y )
n 6= W

(I)
n ) ([8], p. 254). We then couple Model Y and

Model I so that the degree evolution of In coincides with high probability. We bound

P(D
(Y )
n (i) 6= D

(I)
n (i)) and condition on In to obtain bounds for P(W

(Y )
n 6= W

(I)
n ).

Lemma 6.5. Using the notation above,

dTV (W (Y )
n ,W (I)

n ) ≤ 1

n

n
∑

i=1

P(D(Y )
n (i) 6= D(I)

n (i)).
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Proof. Conditioning on In,

dTV (W (Y )
n ,W (I)

n ) ≤ P(W (Y )
n 6= W (I)

n )

=
1

n

n
∑

i=1

P(W (Y )
n 6= W (I)

n |In = i)

=
1

n

n
∑

i=1

P(D(Y )
n (i) 6= D(I)

n (i)),

as required.

We need to bound P(W
(Y )
n 6= W

(I)
n ) = P(D

(Y )
n (i) 6= D

(I)
n (i)) to obtain the required total

variation distance bound for each vertex i.

Fix i ∈ {1, 2, ..., n} and condition on the evolution of the degree of i up to time n,

D
(Y )
1 (i) = d

(Y )
1 (i),D

(Y )
2 (i) = d

(Y )
2 (i), ...,D

(Y )
n−1(i) = d

(Y )
n−1(i).

We look at the following couplings for Model Y and Model I. Let E
(M)
n (i) represent the

number of edges added to vertex i at step n in Model M ∈ {Y, I}

Coupling for Y and I : We define the evolution of Model I based on the evolution of

Model Y as follows for each step s ≥ i,

P(E(I)
s (i) = 1|E(Y )

s (i) ≥ 1,D
(Y )
s−1(i) = D

(I)
s−1(i) = ds−1(i)) = 1,

P(E(I)
s (i) = 1|E(Y )

s (i) = 0,D
(Y )
s−1(i) = D

(I)
s−1(i) = ds−1(i)))

=
P(E

(Y )
s (i) = 0|D(Y )

s−1(i) = ds−1(i)) −
(

1 − ds−1(i)
ρs+β

)

P(E
(Y )
s (i) = 0|D(Y )

s−1(i) = ds−1(i))
, (6.4)

P(E(I)
s (i) = 0|E(Y )

s (i) = 0,D
(Y )
s−1(i) = D

(I)
s−1(i) = ds−1(i))

= 1 −
P(E

(Y )
s (i) = 0|D(Y )

s−1(i) = ds−1(i)) −
(

1 − ds−1(i)
ρs+β

)

P(E
(Y )
s (i) = 0|D(Y )

s−1(i) = ds−1(i))
.
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By Lemma 6.3 these are well-defined probabilities for all possible outcomes of D
(Y )
s−1(i).

This coupling gives the required marginal probability distribution for addition of edges in

Model I ,

P(E(I)
s (i) = 1|D(I)

s−1(i) = ds−1(i)) =
ds−1(i)

ρs + β
,

P(E(I)
s (i) = 0|D(I)

s−1(i) = ds−1(i)) = 1 − ds−1(i)

ρs + β
.

We couple the {E(I)
s (i) : i = 1, 2, ..., s} such that independence is maintained.

For any vertex i at step s, using this coupling of Models Y and Model I ,

P(E(Y )
s (i) 6= E(I)

s (i)|D(Y )
s−1(i) = D

(I)
s−1(i) = ds−1(i))

= P(E(Y )
s (i) 6= 0 ∩ E(I)

s (i) = 0|D(Y )
s−1(i) = D

(I)
s−1(i) = ds−1(i))

+P(E(Y )
s (i) 6= 1 ∩ E(I)

s (i) = 1|D(Y )
s−1(i) = D

(I)
s−1(i) = ds−1(i))

= 0 + P(E(Y )
s (i) = 0 ∩ E(I)

s (i) = 1|D(Y )
s−1(i) = D

(I)
s−1(i) = ds−1(i))

+P(E(Y )
s (i) > 1|D(Y )

s−1(i) = D
(I)
s−1(i) = ds−1(i)),

since P(E
(Y )
s (i) 6= 0 ∩ E

(I)
s (i) = 0|D(Y )

s−1(i) = D
(I)
s−1(i) = ds−1(i)) = 0. Using the probabili-
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ties defined in the coupling (6.4),

P(E(Y )
s (i) 6= E(I)

s (i)|D(Y )
s−1(i) = D

(I)
s−1(i) = ds−1(i))

= P(E(Y )
s (i) = 0|D(Y )

s−1(i) = ds−1(i))





P(E
(Y )
s (i) = 0|D(Y )

s−1(i) = ds−1(i)) −
(

1 − ds−1(i)
ρs+β

)

P(E
(Y )
s (i) = 0|D(Y )

s−1(i) = ds−1(i))





+P(E(Y )
s (i) > 1|D(Y )

s−1(i) = ds−1(i))

= P(E(Y )
s (i) 6= 1|D(Y )

s−1(i) = ds−1(i)) −
(

1 − d
(Y )
s−1(i)

ρs + β

)

≤ 1 −
(

ds−1(i)

ρs + β
− ds−1(i)

2(ρs + β)2
− (ds−1(i))

2

(ρs + β)2

)

−
(

1 − ds−1(i)

ρs + β

)

(by Lemma 6.3)

≤ 3(ds−1(i))
2

2(ρs + β)2
, since α ≥ 1. (6.5)

In view of Lemma 6.5 we want to bound use the bound P(D
(Y )
n (i) 6= D

(I)
n (i)) for each

vertex i. We know that

D(Y )
n (i) 6= D(I)

n (i) =⇒ ∃r ∈ {i, ..., n} E(Y )
r (i) 6= E(I)

r (i).

Thus,

P(D(Y )
n (i) 6= D(I)

n (i))

≤ P(

n
⋃

r=i

{∀s = i, ..., r − 1 E(Y )
s (i) = E(I)

s (i) and E(Y )
r (i) 6= E(I)

r (i)})

≤
n
∑

r=i

P{∀s = i, ..., r − 1 E(Y )
s (i) = E(I)

s (i) and E(Y )
r (i) 6= E(I)

r (i)}

≤
n
∑

r=i

E

(

1
{E(Y )

s (i)=E
(I)
s (i) ∀s=i,...,r−1}

(

3(D
(Y )
r−1(i))

2

2(ρr + β)2

))

(by (6.5))

≤ 3

2

n
∑

r=i

1

(ρr + β)2
E((D

(Y )
r−1(i))

2).
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Therefore, by Lemma 6.5 and the conditioning argument for In,

dTV (W (Y )
n ,W (I)

n ) ≤ 3

2n

n
∑

i=1

n
∑

r=i

1

(ρr + β)2
E((D

(Y )
r−1(i))

2). (6.6)

Now, (D
(Y )
i−1(i))

2 = α2 and for r ≥ i + 1, by Corollary 3.13 we know that the degrees

satisfy the distribution, D
(Y )
r−1(i) − α ∼ Negbinom(α, e

−( 1
ρi+β

+...+ 1
ρ(r−1)+β

)
). So using the

well-known result that a Negbinom(α, p) distribution has mean α(1−p)
p

and variance α(1−p)
p2 ,

we get, for r ≥ i + 1,

E((D
(Y )
r−1(i))

2) = V ar(D
(Y )
r−1(i) − α) + [E(D

(Y )
r−1(i) − α)]2 + 2αE(D

(Y )
r−1(i) − α) + α2

= α
(

e
2( 1

ρi+β
+...+ 1

ρ(r−1)+β
) − e

( 1
ρi+β

+...+ 1
ρ(r−1)+β

)
)

+α2
(

e
( 1

ρi+β
+...+ 1

ρ(r−1)+β
) − 1

)2

+2α2
(

e
( 1

ρi+β
+...+ 1

ρ(r−1)+β
) − 1

)

+ α2

= α(α + 1)e
2( 1

ρi+β
+...+ 1

ρ(r−1)+β
) − αe

( 1
ρi+β

+...+ 1
ρ(r−1)+β

)

≤ α(α + 1)e
2( 1

ρi+β
+...+ 1

ρ(r−1)+β
)
, since α ≥ 1.

We know that for any integers r > s > 1,
∑r

j=s
1

ρj+β
≤
∫ r

s−1
1

ρx+β
dx = 1

ρ
log( ρr+β

ρ(s−1)+β
).
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Thus, from (6.6),

dTV (W (Y )
n ,W (I)

n )

≤ 3

2n

n
∑

i=1

n
∑

r=i

1

(ρr + β)2
E((D

(Y )
r−1(i))

2)

≤ 3α(α + 1)

2n

n
∑

i=1

n
∑

r=i+1

1

(ρr + β)2

(

e
2( 1

ρi+β
+...+ 1

ρ(r−1)+β
)
)

+
3

2n

n
∑

r=1

α2

(ρr + β)2

≤ 3α(α + 1)

2n

n
∑

i=2

n
∑

r=i+1

1

(ρr + β)2

(

e
2
ρ

log( ρr+β
ρ(i−1)+β

)
)

+
3α(α + 1)

2n

n
∑

r=2

1

(ρr + β)2
e

2
ρ

log( ρr+β
ρ+β

)+ 1
ρ+β +

3α2

2n

n
∑

r=1

1

(ρr + β)2
.

From here it is easy to bound the order of the distance by comparison. To obtain exact

bounds we bound each of these sums using integration, depending on the value of ρ.

Firstly,

n
∑

r=1

1

(ρr + β)2
≤ 1

(β + ρ)2
+

∫ n

1

1

(ρx + β)2
dx

=
1

(β + ρ)2
+

1

ρ

(

1

ρ + β
− 1

ρn + β

)

≤ 2ρ + β

ρ(ρ + β)2
.

So

dTV (W (Y )
n ,W (I)

n ) ≤ 3α(α + 1)

2n

n
∑

i=2

n
∑

r=i+1

(ρr + β)
2
ρ
−2

(ρ(i − 1) + β)
2
ρ

+
3α(α + 1)

2n

n
∑

r=2

(ρr + β)
2
ρ
−2

(ρ + β)
2
ρ

e
1

ρ+β +
3α2

2n

(

2ρ + β

ρ(ρ + β)2

)

,
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as required.

For the first two terms we consider three cases, ρ ∈ (1, 2), ρ = 2 and ρ > 2. First suppose

ρ ∈ (1, 2) so that 2
ρ
− 1 > 0. Then,

n
∑

r=2

(ρr + β)
2
ρ
−2

(ρ + β)
2
ρ

e
1

ρ+β ≤ e
1

ρ+β

(ρ + β)
2
ρ

∫ n

1
(ρx + β)

2( 1
ρ
−1)

dx

=
e

1
ρ+β

ρ(ρ + β)
2
ρ

∫ β+nρ

ρ+β

u
2( 1

ρ
−1)

du

≤ e
1

ρ+β

(2 − ρ)(ρ + β)
2
ρ

(ρn + β)
2
ρ
−1

.

Also if ρ ∈ (1, 2),

n
∑

i=2

n
∑

r=i+1

(ρr + β)
2
ρ
−2

(ρ(i − 1) + β)
2
ρ

≤
n
∑

i=2

n
∑

r=i+1

(ρr + β)2(
1
ρ
−1)(ρi + β)−

2
ρ

≤
n
∑

r=3

(ρr + β)
2
ρ
−2
(

1 +

∫ r−1

1
(ρx + β)

− 2
ρ dx

)

≤
n
∑

r=3

(ρr + β)
2
ρ
−2
(

1 +
1

ρ

∫ ρr+β

ρ+β

u
− 2

ρ du

)

,

We bound the two parts separately to get,

n
∑

r=3

(ρr + β)
2
ρ
−2 ≤

∫ n

2
(ρx + β)

2
ρ
−2

dx ≤ (ρn + β)
2
ρ
−1

2 − ρ
, (6.7)
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as above. For the second part,

1

ρ

n
∑

r=3

(ρr + β)
2
ρ
−2
∫ rρ+β

ρ+β

x
− 2

ρ dx ≤ 1

ρ

n
∑

r=3

(ρr + β)
2
ρ
−2 (ρ + β)1−

2
ρ

2
ρ
− 1

(

since
2

ρ
− 1 > 0

)

=
(ρ + β)

1− 2
ρ

2 − ρ

n
∑

r=3

(ρr + β)
2
ρ
−2

≤ (ρ + β)1−
2
ρ

(2 − ρ)2
(ρn + β)

2
ρ
−1

, (by (6.7)).

Thus, for ρ ∈ (1, 2),

dTV (W (Y )
n ,W (I)

n ) ≤ 3α(α + 1)(ρn + β)
2
ρ
−1

2n(2 − ρ)

(

1 +
(β + ρ)1−

2
ρ

2 − ρ

)

+
3e

1
ρ+β α(α + 1)

2n(2 − ρ)(β + ρ)
+

3α2(2ρ + β)

2nρ(ρ + β)2

= B1(α, β, ρ, n) = O(n
2( 1

ρ
−1)

) as n → ∞.

If ρ = 2,

n
∑

r=2

(ρr + β)
2
ρ
−2

(ρ + β)
2
ρ

e
1

ρ+β ≤ e
1

2+β

2 + β

∫ n

1
(2x + β)−1dx

=
e

1
2+β

2(2 + β)

∫ 2n+β

2+β

u−1du

≤ e
1

2+β

(2 + β)
log

2n + β

2 + β
.

As in the ρ ∈ (1, 2) case,

n
∑

i=2

n
∑

r=i+1

(ρr + β)
2
ρ
−2

(ρ(i − 1) + β)
2
ρ

≤
n
∑

r=3

(ρr + β)
2
ρ
−2
(

1 +
1

ρ

∫ rρ+β

ρ+β

u
− 2

ρ du

)

,
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so we bound the two parts separately as above. Firstly,

n
∑

r=3

(2r + β)−1 ≤
∫ n

2

1

2x + β
dx

=
1

2
log

2n + β

2 + β
,

and secondly,

1

2

n
∑

r=3

(2r + β)−1

∫ 2r+β

2+β

x−1dx ≤ 1

4

n
∑

r=3

(2r + β)−1 log
2r + β

2 + β

≤ 1

4

∫ n

2
(2x + β)−1 log(2x + β)dx

=
1

8

∫ 2n+β

4+β

log u

u
du

≤ 1

16
(log(2n + β))2.

Thus, for ρ = 2,

dTV (W (Y )
n ,W (I)

n ) ≤ 3α(α + 1)

2n

(

1

2
log

2n + β

2 + β
+

1

16
(log(2n + β))2

)

+
3α(α + 1)e

1
2+β

2(2 + β)n
log

2n + β

2 + β
+

3α2(4 + β)

4(2 + β)2n

<
3α(α + 1)

2n

(

3 log
2n + β

2 + β
+

1

16
(log(2n + β))2

)

+
3α2(4 + β)

4(2 + β)2n

= B2(α, β, ρ, n) = O

(

(log n)2

n

)

as n → ∞.
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If ρ > 2,

n
∑

r=2

(ρr + β)
2
ρ
−2

(ρ + β)
2
ρ

e
1

ρ+β ≤ e
1

ρ+β

(ρ + β)
2
ρ

∫ n

1
(ρx + β)

2( 1
ρ
−1)

dx

=
e

1
ρ+β

ρ(ρ + β)
2
ρ

∫ ρn+β

ρ+β

u
2( 1

ρ
−1)

du

≤ e
1

ρ+β

(ρ − 2)(ρ + β)
2
ρ

(β + ρ)
2
ρ
−1

=
e

1
ρ+β

(ρ − 2)(ρ + β)
.

As in the ρ ∈ (1, 2) case,

n
∑

i=2

n
∑

r=i+1

(ρr + β)
2
ρ
−2

(ρ(i − 1) + β)
2
ρ

≤
n
∑

r=3

(ρr + β)
2
ρ
−2
(

1 +
1

ρ

∫ ρr+β

ρ+β

u
− 2

ρ du

)

,

so we bound the two parts separately as above. Firstly,

n
∑

r=3

(ρr + β)
2
ρ
−2 ≤

∫ n

2
(ρx + β)

2
ρ
−2

dx ≤ (ρ + β)
2
ρ
−1

ρ − 2
,

as above. For the second part,

1

ρ

n
∑

r=3

(ρr + β)
2
ρ
−2
∫ ρr+β

ρ+β

x
− 2

ρ dx ≤ 1

ρ

n
∑

r=3

(ρr + β)
2
ρ
−2 (ρr + β)1−

2
ρ

1 − 2
ρ

(

since
2

ρ
− 1 < 0

)

=
1

ρ − 2

n
∑

r=3

(ρr + β)−1

≤ 1

ρ(ρ − 2)
log

ρn + β

2ρ + β
,
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by the previous result. Thus, for ρ > 2,

dTV (W (Y )
n ,W (I)

n ) ≤ 3α(α + 1)

2(ρ − 2)n

(

(β + ρ)
2
ρ
−1

+
1

ρ
log

ρn + β

2ρ + β

)

+
3α(α + 1)

2n

(

e
1

β+ρ

(ρ − 2)(β + ρ)

)

+
3α2(2ρ + β)

2ρ(β + ρ)2n

= B3(α, β, ρ, n) = O

(

log n

n

)

as n → ∞.

This chapter has provided the means for us to bound the total variation distance between

any pair of models in our scheme using the bounds given and applying the triangle in-

equality. Later chapters bound the degree distributions of models in our scheme using a

variety of methods, each of which applies to a subset of the models of interest. The bounds

in this chapter extend the results to the remaining models.

We shall see this method illustrated in Chapter 7 where we use the negative binomial

approximation method already seen in Section 3.6 to bound the total variation distance

between the degree distribution of Model Y and the µα
ρ -distribution. Theorem 7.3 uses

the results of the current chapter to extend these bounds to Model BA.
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Chapter 7

Bounds for convergence using

negative binomial approximation

Having defined a sequence of continuous-time and discrete-time preferential attachment

models, in Chapter 6 we bounded the total variation distances between the degree distri-

butions in our scheme. We now follow the method applied to Yule’s model for evolution

in Section 3.6 to bound the distance between the degree distribution of Model Y and the

µα
ρ -distribution.

In the generalisation of Yule’s model for evolution, bounds for the distance between the

degree distribution and the µα
ρ -distribution hinged on the result of Theorem 3.14, that at

the stopping-time given by the time of addition of the nth vertex to the graph, the age

of a uniformly chosen vertex takes precisely the Exponential(ρ) distribution. Similarly,

adding new vertices at the prescribed deterministic sequence of times for Model Y we find

that the age of a uniformly chosen vertex at time s1 + s2 + ... + sn, (where si := 1
ρi

, as

before), is close in distribution to the Exponential(ρ) distribution as n → ∞.

Theorem 7.1. Let n ∈ N, β ≥ 0 and ρ > 0. Let U ∼ Exponential(ρ), In ∼ Uniform{1, 2, ..., n}

and let Un = sIn + sIn+1 + ... + sn for the s′is defined above. Then,

dK(U,Un) ≤ ρ + β

ρn + β
.

Proof. We bound the difference between P(U ≤ x) and P(Un ≤ x) for all values of x.

For x ≤ sn,
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P(sIn + ... + sn ≤ x) = 0, P(U ≤ x) = 1 − e−ρx ≤ 1 − e
− ρ

ρn+β ≤ ρ
ρn+β

, so

sup
x≤sn

|P(U ≤ x) − P(sIn + ... + sn ≤ x)| <
ρ

ρn + β
.

For x > s1 + s2 + ... + sn =
∑n

i=1
1

ρi+β
, so, since

n
∑

i=1

1

ρi + β
>

1

ρ + β
+

∫ n

1

1

ρx + β
dx =

1

ρ + β
+

1

ρ
log

ρn + β

ρ + β
,

it follows that

P(U ≤ x) = 1 − e−ρx

≥ 1 − e
−( 1

ρ+β
+ 1

ρ
log ρn+β

ρ+β
)ρ

= 1 − (ρ + β)e
− ρ

ρ+β

ρn + β
.

Also,

P(sIn + ... + sn ≤ x) = 1,

so

sup
x>s1+s2+...+sn

|P(U ≤ x) − P(sIn + ... + sn ≤ x)| ≤ (ρ + β)e−
ρ

ρ+β

ρn + β

≤ ρ + β

ρn + β
.
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For i ≥ 2, x ∈ (si+1 + ... + sn, si + ... + sn] =: Ri,

x ∈
(

1

ρ(i + 1) + β
+ ... +

1

ρn + β
,

1

ρi + β
+ ... +

1

ρn + β

]

⊂
(∫ n+1

i+1

1

ρx + β
dx,

∫ n

i−1

1

ρx + β
dx

]

=

[

1

ρ
log

ρ(n + 1) + β

ρ(i + 1) + β
,
1

ρ
log

ρn + β

ρ(i − 1) + β

]

.

So x = 1
ρ

log y for some y ∈ [ρ(n+1)+β
ρ(i+1)+β

, ρn+β
ρ(i−1)+β

] and P(U ≤ x) = 1 − e− log y = 1 − 1
y
.

Also, P(sIn + ... + sn ≤ x) = P(In > i) = 1 − i
n
, so,

sup
x∈Ri

|P(U ≤ x) − P(sIn + ... + sn ≤ x)| = sup
x∈Ri

∣

∣

∣

∣

∣

(

1 − 1

y

)

−
(

1 − i

n

)

∣

∣

∣

∣

∣

≤ sup
y∈[

ρ(n+1)+β

ρ(i+1)+β
,

ρn+β
ρ(i−1)+β

]

∣

∣

∣

1

y
− i

n

∣

∣

∣

= max

( |βi + (ρ − β)n|
(ρn + β)n

,
(ρ + β)(n − i)

(ρ(n + 1) + β)n

)

≤ ρ + β

ρn + β
.

For x ∈ (s2 + ... + sn, s1 + ... + sn] =: R1 , we have

x ∈
(

1

2ρ + β
+ ... +

1

ρn + β
,

1

ρ + β
+ ... +

1

ρn + β

]

⊂
[
∫ n+1

2

1

ρx + β
dx,

1

ρ + β
+

∫ n

1

1

ρx + β
dx

]

=

[

1

ρ
log

ρ(n + 1) + β

2ρ + β
,

1

ρ + β
+

1

ρ
log

ρn + β

ρ + β

]

.
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Now, in this case, P(Un ≤ x) = P(In > 1) = 1 − 1
n
, and, by the above,

P(U < x) ∈ [1 − e
− log ρ(n+1)+β

2ρ+β , 1 − e
ρ

ρ+β
+log ρn+β

ρ+β ]

=

[

1 − 2ρ + β

ρ(n + 1) + β
, 1 − (ρ + β)e−

ρ
ρ+β

ρn + β

]

.

So,

sup
x∈R1

|P(U ≤ x) − P(sIn + ... + sn ≤ x)|

= max

(

∣

∣

∣

1

n
− 2ρ + β

ρ(n + 1) + β

∣

∣

∣
,
∣

∣

∣

1

n
− (ρ + β)e

− ρ
ρ+β

ρn + β

∣

∣

∣

)

<
ρ + β

ρn + β
.

Combining these results gives the required Kolmogorov distance,

dK(U,Un) ≤ ρ + β

ρn + β
.

This result explains why the degree distribution of Model Y has approximately a µα
ρ -

distribution for fixed ρ as n → ∞. We have already seen in Theorem 3.20 that for a

function K, if α ≥ 1 then the total variation distance between a Negbinom(α; p) distri-

bution and a Negbinom(α; q) distribution can be bounded by

K(α)max

(

∣

∣

∣

p

q
− 1
∣

∣

∣,
∣

∣

∣

q

p
− 1
∣

∣

∣

)

.

We use this result to bound the distance between the degree distribution in Model Y and

the µα
ρ -distribution. We follow the strategy employed in Theorem 3.21 for Yule’s model for
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evolution. We apply Theorem 3.18, noting by Proposition 3.6 that if U ∼ Exponential(ρ)

then the mixture distribution, Negbinom(α, e−U ) is the µα
ρ -distribution. Moreover, by

Corollary 3.13 the degree distribution of Model Y takes a Negbinom(α; e−Un ) mixture

distribution. Constructing Un and U , as in Theorem 7.1, allows us to obtain bounds for

E
(

max
(∣

∣eUn−U − 1
∣

∣,
∣

∣eU−Un − 1
∣

∣

))

that are small for large n.

Theorem 7.2. Let α ≥ 1, β ≥ 0 and ρ > 1. For n ∈ N, as usual, let D
(Y )
n (i) represent

α+ in-degree of vertex i in Model Y at time s1 + s2 + ... + sn where si := 1
ρi+β

as above.

Let In ∼ Uniform{1, 2, ..., n} with In ⊥ {D(Y )
n (i)}i and let W

(Y )
n = D

(Y )
n (In) − α. Then,

if L(V ) = µ
ρ
α,

dTV (W (Y )
n , V ) ≤ A(α, β, ρ, n),

where

A(α, β, ρ, n) =
1

n
+

K(α)

n

(

ρ + β

ρ
log(n − 1)

)

, (7.1)

for K(α) the constant determined by α, defined in Theorem 3.20.

Proof. Let n ∈ N. Without loss of generality, by Proposition 3.6 we can assume that the

random variable V satisfies V ∼ Negbinom(α, e−U ) for U ∼ Exponential(ρ).

Assume that V and W
(Y )
n are coupled so that dTV (V,W

(Y )
n ) = P(V 6= W

(Y )
n ). Thus,

dTV (V,W (Y )
n ) =

1

n
P(V 6= W (Y )

n |In = 1) +
n − 1

n
P(V 6= W (Y )

n |In 6= 1)

≤ 1

n
+

n − 1

n
P(V 6= W (Y )

n |In 6= 1)

≤ 1

n
+

n − 1

n
dTV (V,W

(Y )
n ), (7.2)

where W
(Y )
n = D

(Y )
n (In) − α and In ∼ Uniform{2, 3, ..., n}.

Let Un = sIn + sIn+1 + ... + sn. Then Un gives the age of the randomly chosen vertex, In.
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Thus by Corollary 3.13, for any k ∈ N,

L(W (Y )
n ) = Negbinom(α, e−Un).

It follows from Theorem 3.20 that

dTV (W
(Y )
n , V ) ≤ K(α)E

(

max
(∣

∣eUn−U − 1
∣

∣,
∣

∣eU−Un − 1
∣

∣

)

|In 6= 1
)

. (7.3)

We use the following coupling construction to define Un based on U in such a way that

E
(

max
(∣

∣eUn−U − 1
∣

∣,
∣

∣eU−Un − 1
∣

∣

)

|In 6= 1
)

→ 0 as n → ∞. Define In := ⌈ne−ρU⌉. Then,

for k = 2, 3, ..., n,

P(In = k) = P(ne−ρU ∈ (k − 1, k])

= P

(

U ∈
[

−1

ρ
log

(

k

n

)

,−1

ρ
log

(

k − 1

n

)))

= elog( k
n

) − elog(k−1
n

) =
1

n
,

and

P(In = 1) = P(ne−ρU ∈ (0, 1])

= P

(

U ∈
[

−1

ρ
log

(

k

n

)

,∞
))

= elog( 1
n

) =
1

n
,

so In ∼ Uniform{1, 2, ..., n} as required.
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Moreover, for i ≥ 2, if In = i then,

Un =
1

ρi + β
+ ... +

1

ρn + β

∈
[
∫ n+1

i

1

ρx + β
dx,

∫ n

i−1

1

ρx + β

]

=

[

1

ρ
log

(

ρ(n + 1) + β

ρi + β

)

,
1

ρ
log

(

ρn + β

ρ(i − 1) + β

)]

,

and, by the coupling of U with In, when In = i,

U ∈
[

1

ρ
log
(n

i

)

,
1

ρ
log

(

n

i − 1

)]

.

Thus if In = i ≥ 2, both U,Un ∈ [1
ρ

log ρn
ρi+β

, 1
ρ

log n
(i−1) ], so

|U − Un| ≤ 1

ρ

(

log

(

n

i − 1

)

− log

(

ρn

ρi + β

))

=
1

ρ
log

(

ρi + β

ρ(i − 1)

)

.

It follows that,

{eU−Un , eUn−U} ⊂
[

(

(ρi + β)

ρ(i − 1)

)− 1
ρ

,

(

(ρi + β)

ρ(i − 1)

) 1
ρ

]

⊂
[

1 − ρ + β

ρi + β
, 1 +

ρ + β

ρ(i − 1)

]

since ρ > 1, so max
(∣

∣eUn−U − 1
∣

∣,
∣

∣eU−Un − 1
∣

∣

)

≤ ρ+β
(In−1)ρ for In ≥ 2.
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It follows that,

E
(

max
(∣

∣eUn−U − 1
∣

∣,
∣

∣eU−Un − 1
∣

∣

)

|In 6= 1
)

≤ 1

n − 1

n
∑

i=2

ρ + β

ρ(i − 1)

≤ ρ + β

ρ(n − 1)
log(n − 1).

Substituting into (7.2), using (7.3), gives

dTV (W (Y )
n , V ) ≤ 1

n
+

(n − 1)K(α)

n
E
(

max
(∣

∣eUn−U − 1
∣

∣,
∣

∣eU−Un − 1
∣

∣

)

|In 6= 1
)

≤ 1

n
+

K(α)

n

(

ρ + β

ρ
log(n − 1)

)

= A(α, β, ρ, n),

as required.

The coupling and bounds of Chapter 6 allow us to extend these results to other models

within our scheme. To illustrate this point, and because Model BA is of particular interest

to us, the next theorem gives the extension Model BA.

Theorem 7.3. The total variation distance between a random variable V taking the power

law µα
ρ -distribution, with ρ = m+α

m
, and the degree distribution of our Barabási-Albert

Model BA with m0 ≥ m ≥ 1, α ≥ 1, satisfying (m0 − 1)α > m takes the following upper

bounds depending on the value of α. If α < m,

dTV (W (BA)
n , V )

≤ m0 − 1

n + m0 + 1
+ A

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

+B1

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

= O(n− 2α
α+m ) as n → ∞,
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if α = m,

dTV (W (BA)
n , V )

≤ m0 − 1

n + m0 + 1
+ A

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

+B2

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

= O

(

(log n)2

n

)

as n → ∞,

and if α > m

dTV (W (BA)
n , V )

≤ m0 − 1

n + m0 + 1
+ A

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

+B3

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

= O

(

log n

n

)

as n → ∞,

where A(α, β, ρ, n), B1(α, β, ρ, n), B2(α, β, ρ, n) and B3(α, β, ρ, n)are defined as in (7.1),

(6.1), (6.2) and (6.3) respectively.

Proof. There is a correspondence between the two sets of parameters for the various mod-

els, β = (m0−1)α−m
m

and ρ = m+α
m

. Throughout this proof we use Model I with the same

parameters as Model BA and use parameters α = α, β = (m0−1)α−m
m

and ρ = m+α
m

for

Model I and Model Y. We apply the triangle inequality with these parameter substitutions,

dTV (W (BA)
n , V ) ≤ dTV (W (BA)

n ,W (I)
n ) + dTV (W (I)

n ,W (I)
n )

+dTV (W (I)
n ,W (Y )

n ) + dTV (W (Y )
n , V ). (7.4)
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Now let us consider the distance bounds one by one. Firstly, by Theorem 6.1

dTV (W (BA)
n ,W (I)

n ) = 0.

Also, by Theorem 6.2

dTV (W (I)
n ,W (I)

n ) ≤ m0 − 1

n + m0 − 1
.

By Theorem 7.2

dTV (W (Y )
n , V ) ≤ A

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

.

Finally we look at the bounds of Theorem 6.4. These bounds depend of the value of ρ, or

equivalently the relative values of α and m. If ρ ∈ (1, 2) ⇐⇒ α < m,

dTV (W (Y )
n ,W (I)

n ) ≤ B1

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

.

If ρ = 2 ⇐⇒ α = m,

dTV (W (Y )
n ,W (I)

n ) < B2

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

.

Finally, if ρ > 2 ⇐⇒ α > m,

dTV (W (Y )
n ,W (I)

n ) ≤ B3

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

.
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Substituting in these values to (7.4) gives, if α < m,

dTV (W (BA), V )

≤ m0 − 1

m0 + n − 1
+ A

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

+B1

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

= O
(

n
−2α
α+m

)

as n → ∞,

if α = m,

dTV (W (BA), V )

≤ m0 − 1

m0 + n − 1
+ A

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

+B2

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

= O

(

(log n)2

n

)

as n → ∞,

and if α > m

dTV (W (BA), V )

≤ m0 − 1

m0 + n − 1
+ A

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

+B3

(

α,
(m0 − 1)α − m

m
,
m + α

m
,n

)

= O

(

log n

n

)

as n → ∞,

as required.
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Chapter 8

Bounds for convergence using

recurrence equations

In Chapter 7 we found total variation distance bounds between the degree distributions

of each class of evolving random graph models and the µα
ρ -distribution whenever α ≥ 1.

From our total variation distance bounds we are able to deduce bounds for

∣

∣

∣

EN
(BA)
n (k)

n + m0
− µα

ρ (k)
∣

∣

∣
,

where N
(BA)
n (k) is the number of in-degree k vertices at step n in Model BA, so that

E(N
(BA)
n (k))

n+m0
= P(W

(BA)
n = k). As we saw in Section 1.2.3, this quantity is of special

interest when estimating the exponent of a power law from log-log plots.

We now follow the example of Szymański [53] and bound this directly for Model BA using

recurrence equations. The recurrence equation method gives us better bounds than those

found in Chapter 7 for
∣

∣

∣

EN
(BA)
n (k)

n+m0
− µα

ρ (k)
∣

∣

∣
. The method that provides better bounds

for the total variation distance is determined by the model of interest and the choice of

parameters. By giving both results we allow the better bounds to be chosen for any given

model and parameters.

8.1 The recurrence equations

Define the random variables (N
(BA)
n (k))(n,k) so that N

(BA)
n (k) represents the number of

vertices of in-degree k in Model BA at step n. Here we fix α, m and m0. Recall the
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definition of Model BA, found in B.1. We get the following recurrence equations and

initial conditions.

The random graph begins with m0 vertices of in-degree 0, so N
(BA)
0 (0) = m0 and N

(BA)
0 (i) =

0 for all i ∈ N. Also, each vertex gains at most one in-edge at each step, so N
(BA)
n (n+i) = 0

for all n ∈ Z
+
0 , i ∈ N.

Now at step n a new vertex is added with in-degree 0. For each vertex of in-degree 0 already

in the graph there is a probability of
(

1 − mα
(n−1)(m+α)+m0α

)

that the vertex remains of

in-degree 0, the vertex not having been chosen for a new edge. Thus,

E(N (BA)
n (0)) = 1 +

(

1 − mα

(n − 1)(m + α) + m0α

)

E(N
(BA)
n−1 (0)).

For n ≥ k > 0, if a vertex has in-degree k − 1 at step n − 1 there is a probability of

m(k+α−1)
(n−1)(m+α)+m0α

that it has in-degree k at step n. If a vertex has in-degree k at step

n − 1, there is a probability of
(

1 − m(k+α)
(n−1)(m+α)+m0α

)

that it still has in-degree k at step

n. Therefore,

E(N (BA)
n (k)) =

m(k + α − 1)

(n − 1)(m + α) + m0α
E(N

(BA)
n−1 (k − 1))

+

(

1 − m(k + α)

(n − 1)(m + α) + m0α

)

E(N
(BA)
n−1 (k)). (8.1)

8.2 Bounding the error term

The following theorem proves that
∣

∣

∣

EN
(BA)
n (k)

n+m0
−µα

ρ (k)
∣

∣

∣
≤ m0(m+1)α(α+1)

(m+α)(n+m0)(k+α) +
m0mµα

ρ (k)

(m+α)(n+m0) .

We set up recurrence equations for the error and deduce the bound by an inductive argu-

ment.
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Theorem 8.1. For ρ = m+α
m

,

∣

∣

∣

EN
(BA)
n (k)

n + m0
− µα

ρ (k)
∣

∣

∣
≤ m0(m + 1)α(α + 1)

(m + α)(n + m0)(k + α)
+

m0m

(m + α)(n + m0)
µα

ρ (k).

Proof. Let ρ = m+α
m

. For n, k ≥ 0, we define the sequence of errors, (εn,k)(n,k), by

EN (BA)
n (k) =

n(m + α) + m0α

m + α
µα

ρ (k) + εn,k.

It follows that,

EN
(BA)
n (k)

n + m0
− µα

ρ (k) =
n(m + α) + m0α

(n + m0)(m + α)
µα

ρ (k) +
εn,k

n + m0
− µα

ρ (k),

so that

∣

∣

∣

EN
(BA)
n (k)

n + m0
− µα

ρ (k)
∣

∣

∣ ≤
∣

∣

∣

εn,k

n + m0

∣

∣

∣+
∣

∣

∣

n(m + α) + m0α

(m + α)(n + m0)
− 1
∣

∣

∣µα
ρ (k)

=
|εn,k|

n + m0
+

m0m

(m + α)(n + m0)
µα

ρ (k).

We need only prove that |εn,k| ≤ m0(m+1)α(α+1)
(m+α)(k+α) for all n, k ≥ 0.

From the recurrence equations (8.1) for (E(N
(BA)
n (k)))(n,k) we deduce the following recur-

rence equations for (εn,k)(n,k). For k = 0,

εn,0 = EN (BA)
n (0) − n(m + α) + m0α

m + α
µα

ρ (0)

= 1 +

(

1 − mα

(n − 1)(m + α) + m0α

)

EN
(BA)
n−1 (0) − n(m + α) + m0α

m + α
µα

ρ (0)

= 1 +

(

1 − mα

(n − 1)(m + α) + m0α

)(

(n − 1)(m + α) + m0α

m + α
µα

ρ (0) + εn−1,0

)

−n(m + α) + m0α

m + α
µα

ρ (0)

=

(

1 − αm

(n − 1)(m + α) + m0α

)

εn−1,0, since µα
ρ (0) =

ρ

α + ρ
=

m + α

αm + α + m
.
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Thus, |εn,0| ≤ |εn−1,0| ≤ |ε0,0| for all n ∈ N. Similarly, for n ≥ k > 0, since
µα

ρ (k)

µα
ρ (k−1) =

k+α
k+α+ρ

,

εn,k = EN (BA)
n (k) − n(m + α) + m0α

m + α
µα

ρ (k)

=
m(k + α − 1)

(n − 1)(m + α) + m0α
E(N

(BA)
n−1 (k − 1))

+

(

1 − m(k + α)

(n − 1)(m + α) + m0α

)

E(N
(BA)
n−1 (k)) − n(m + α) + m0α

m + α
µα

ρ (k)

=
m(k + α − 1)

(n − 1)(m + α) + m0α
εn−1,k−1 +

(

1 − m(k + α)

(n − 1)(m + α) + m0α

)

εn−1,k.

Finally, the definition of Model BA gives us N
(BA)
0 (0) = m0 and N

(BA)
0 (k) = 0 for k > 0.

It follows that we have boundary conditions ε0,0 = m0

(

1 − α
m+α

µα
ρ (0)

)

= m0m(α+1)
m+α+mα

and

for k > 0, ε0,k = − m0α
m+α

µα
ρ (k).

For k, n ∈ N, define

σn,k := (k + α)εn,k.

We already know that for all n ∈ N,

|σn,0| ≤ α|ε0,0| =
αm0m(α + 1)

m + α + mα
<

m0(m + 1)α(α + 1)

m + α
.

It remains to prove the same bound for n ≥ k > 0. We obtain the following recurrence

equations for σn,k when n ≥ k > 0,

σn,k =
m(k + α)

(n − 1)(m + α) + m0α
σn−1,k−1 +

(

1 − m(k + α)

(n − 1)(m + α) + m0α

)

σn−1,k.

Thus |σn,k| ≤ max(|σn−1,k−1|, |σn−1,k|).

By double induction, it is sufficient to prove that for all n, k ∈ N, |σn,0| ≤ m0(m+1)α(α+1)
m+α
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and |σ0,k| ≤ m0(m+1)α(α+1)
m+α

. We have already proved the former. For the latter we use the

boundary conditions for ε0,k,

|σ0,k| = (k + α)
m0α

m + α
µα

ρ (k)

=
m0α(k + α)B(α + k; ρ + 1)

(m + α)B(α; ρ)

=
m0αρ(α + ρ − 1)B(α + k + 1; ρ)

(m + α)(ρ − 1)B(α; ρ − 1)
(by (A.4))

≤ m0αρ(α + ρ − 1)

(m + α)(ρ − 1)
(since

B(α + k + 1; ρ)

B(α; ρ − 1)
is a probability)

=
m0(m + 1)α

m + α
<

m0(m + 1)α(α + 1)

m + α
,

since ρ = m+α
m

, as required.

We have obtained bounds for
∣

∣

∣

EN
(BA)
n (k)

n+m0
− µα

ρ (k)
∣

∣

∣. In the next theorem we deduce total

variation distance bounds between the degree distribution and a random variable V ∼ µα
ρ

using Theorem 8.1.

Theorem 8.2. Let W
(BA)
n represent the degree distribution of Model BA with parameters

α, m and m0. Let V be a random variable satisfying L(V ) = µα
ρ where ρ = m+α

m
. Then

dTV (W (BA)
n , V ) ≤ m0

2(n + m0)(m + α)

(

α(α + 1)(m + 1) log
n + α

α
+ 2m + 1

)

+
B(n + α + 1; m+α

m
)

2B(α; m+α
m

)

= O

(

log n

n

)

as n → ∞.
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Proof. By the definition of total variation distance,

dTV (W (BA)
n , V ) =

1

2

∞
∑

k=0

|P(W (BA)
n = k) − P(V = k)|

=
1

2

∞
∑

k=0

∣

∣

∣

E(N
(BA)
n (k))

n + m0
− µα

ρ (k)
∣

∣

∣.

Noting that N
(BA)
n (n+k) = 0 for all n, k ∈ N and applying Theorem 8.1 and (3.1) we get,

dTV (W (BA)
n , V )

≤ 1

2

n
∑

k=0

m0(m + 1)α(α + 1)

(m + α)(n + m0)(k + α)
+

1

2

∞
∑

k=n+1

µα
ρ (k) +

1

2

n
∑

k=0

m0mµα
ρ (k)

(m + α)(n + m0)

≤ 1

2

n
∑

k=0

m0(m + 1)α(α + 1)

(m + α)(n + m0)(k + α)
+

B(n + α + 1; m+α
m

)

2B(α; m+α
m

)
+

m0m

2(m + α)(n + m0)

≤ m0

2(n + m0)(m + α)

(

α(α + 1)(m + 1) log
n + α

α
+ 2m + 1

)

+
B(n + α + 1; m+α

m
)

2B(α; m+α
m

)

= O

(

log n

n

)

as n → ∞, as required.

This method provides bounds of the same order or better (depending on α and m) as the

bounds in Chapter 7. The recurrence equation method always gives better bounds for
∣

∣

∣

EN
(BA)
n (k)

n+m0
− µα

ρ (k)
∣

∣

∣
than those that can be deduced from Chapter 7. These results prove

particularly useful in Chapter 9 when we bound the convergence for the degree sequence

of Model BA.
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Chapter 9

Convergence of the degree

sequence

In Chapter 8 we found order 1
kn

bounds for
∣

∣

∣

ENn(k)
n+m0

−µα
ρ (k)

∣

∣

∣
. In this chapter we extend the

results to prove complete convergence and to give exact bounds for the rates of convergence

for Model BA, Model I and Model Y.

We begin by applying the Azuma-Hoeffding inequality in the case of Model BA. This

follows the example of Bollobás et al. [11], and is appropriate only to Model BA in our

scheme, since the method requires that at most m edges are added at each time-step.

For the other models we are able to use Chernoff bounds, since the vertex degrees evolve

independently of one another.

The method is generalised to bound the number of vertices of in-degree lying in some

set S, based on the total variation distance between the degree distribution and the µα
ρ -

distribution. The results of the previous chapters for the total variation distance between

the degree distribution and the µα
ρ -distribution then make these bounds exact.

9.1 The Azuma-Hoeffding inequality and Model BA

We now apply the method of Bollobás et al. [11] to bound the degree sequence of Model

BA. This method relies on the requirement of this particular model that precisely m edges

are added at each time step, so the method cannot be extended to the other models in

our scheme.

121



As in the previous chapter we let N
(BA)
n (k) be the random variable representing the number

of vertices of in-degree k at step n in Model BA. By Theorem 8.1, if ρ = m+α
m

,

∣

∣

∣

E(N
(BA)
n (k))

n + m0
− µα

ρ (k)
∣

∣

∣ ≤ m0(m + 1)α(α + 1)

(m + α)(n + m0)(k + α)
+

m0m

(m + α)(n + m0)
µα

ρ (k).

It will be proved in Theorem 9.4 that to bound the distance between the degree sequence

and the µα
ρ -distribution it is therefore sufficient to bound

P(|E(N (BA)
n (k)) − N (BA)

n (k)| ≥ ε), for ε > 0.

In fact we find a more general bound for the random variable M
(BA)
n (S) defined to be the

number of vertices of some in-degree k ∈ S ⊂ Z
+
0 .

We follow the example of Bollobás et al. [11] and apply the following inequality of Azuma

[4] and Hoeffding [27].

Lemma 9.1 (The Azuma-Hoeffding Inequality). Let (Xt)
n
t=0 be a martingale that satisfies

|Xt+1 − Xt| ≤ c for t = 0, 1, 2, ..., n − 1. Then

P(|Xn − X0| ≥ x) ≤ exp

(

− x2

2c2n

)

.

Lemma 9.2. Let (Gn)n≥0 be an evolving random graph sequence with some initial number

of vertices, m0, of in-degree 0. Let the graph grow at time step n by the addition of one

new vertex of in-degree 0 that is linked by edges to precisely m ≤ m0 vertices, with each

linked vertex increasing in in-degree by 1. Suppose also that the probability that a particular

vertex is linked to at step n depends only on the current degree of that vertex. Let S ⊂ Z
+
0

and let Mn(S) represent the number of vertices of in-degree some k ∈ S at step n.
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Fix n ∈ N and for t = 0, 1, ..., n, k ∈ Z
+
0 define

Xt = E(Mn(S)|σ(Gt, Gt−1, ..., G0)).

Then (Xt)t=0,1,...,n is a martingale satisfying |Xt+1 − Xt| ≤ 2m.

Proof. First we need to check that (Xt)t=0,1,...,n is a martingale. Since there are at most

n + m0 vertices in the graph at time n, it follows that 0 ≤ Mn(S) ≤ n. Thus, for all

t = 1, 2, ..., n, we have E|Xt| ≤ n < ∞.

Also, for t = 0, 1, ..., n − 1, s ≤ t,

E(Xt+1|σ(Gs, Gs−1, ..., G0))

= E(E(Mn(S)|σ(Gt+1, Gt, ..., G0))|σ(Gs, Gs−1, ..., G0))

= E(Mn(S)|σ(Gs, Gs−1, ..., G0))

= Xs,

so (Xt)t=0,1,...,n is a martingale as required. It remains to prove that |Xt+1 − Xt| ≤ 2m.

To do this we consider the possible transitions from Gt to Gt+1. At this transition we

attach new edges to precisely m vertices. Whether we choose a vertex set {a1, ..., am} or a

vertex set {b1, ..., bn} does not affect the joint distribution of the degrees of the remaining

vertices at time n. Thus our choice can affect the total number of vertices of degree in S

at step n by at most 2m, so the upper bound of |Xt+1 − Xt| ≤ 2m follows.

Corollary 9.3. For a random graph, (Gn)n≥0, of the form described in Lemma 9.2

P

(∣

∣

∣

∣

∣

E(Mn(S))

n + m0
− Mn(S)

n + m0

∣

∣

∣

∣

∣

>
n

3
4

n + m0

)

≤
(

exp

(

− 1

8m2

))

√
n

.

Proof. As a direct result of applying Lemma 9.1 to Lemma 9.2 we can say that, for any
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ε > 0,

P (|E(Mn(S)) − Mn(S)| ≥ ε) ≤ exp

(

− ε2

8m2n

)

.

Substitute in ε = n
3
4 and divide through by n + m0 on the left hand side to obtain the

result.

The next theorem obtains bounds for the rate of convergence of the degree sequence in

Model BA to the µα
ρ -distribution with ρ = m+α

m
.

Theorem 9.4. Let N
(BA)
n (k) be the random variable representing the number of vertices

of in-degree k ∈ Z
+
0 at step n ∈ Z

+
0 in Model BA with m0 ≥ m ≥ 1 and α > 0. Then the

following bounds hold,

P

(∣

∣

∣

∣

∣

N
(BA)
n (k)

n + m0
− µα

ρ (k)

∣

∣

∣

∣

∣

>
n

3
4

n + m0
+

m0(m + 1)α(α + 1)

(m + α)(n + m0)(k + α)
+

m0mµα
ρ (k)

(m + α)(n + m0)

)

≤
(

exp
(

− 1
8m2

))

√
n

.

Proof. By Theorem 8.1 we know that

∣

∣

∣

E(N
(BA)
n (k))

n + m0
− µα

ρ (k)
∣

∣

∣ ≤ m0(m + 1)α(α + 1)

(m + α)(n + m0)(k + α)
+

m0mµα
ρ (k)

(m + α)(n + m0)
,

thus, by the triangle inequality,

∣

∣

∣

N
(BA)
n (k)

n + m0
− µα

ρ (k)
∣

∣

∣
≤ m0(m + 1)α(α + 1)

(m + α)(n + m0)(k + α)
+

m0mµα
ρ (k)

(m + α)(n + m0)

+
∣

∣

∣

E(N
(BA)
n (k))

n + m0
− N

(BA)
n (k)

n + m0

∣

∣

∣.
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By Corollary 9.3

P

(∣

∣

∣

∣

∣

E(N
(BA)
n (k))

n + m0
− N

(BA)
n (k)

n + m0

∣

∣

∣

∣

∣

>
n

3
4

n + m0

)

≤
(

exp

(

− 1

8m2

))

√
n

.

So substituting this into the above expression gives the required result.

In Corollary 9.3 we bounded the distance between the random variable representing the

number of vertices of in-degree in a set S and the expected value of that random variable.

Theorem 9.4 combined this with bounds found via recurrence relations in Chapter 8 to

give bounds for the convergence of the degree sequence.

The next theorem bounds the convergence of the random variable M
(BA)
n (S) for any

S ⊂ Z
+
0 .

Theorem 9.5. Let S ⊂ Z
+
0 and let M

(BA)
n (S) be the random variable representing the

number of vertices of in-degree some k ∈ S at step n ∈ Z
+
0 in Model BA with m0 ≥ m ≥ 1

and α > 0. Let V be a random variable satisfying L(V ) = µα
ρ . Then the following bound

holds,

P

(∣

∣

∣

∣

∣

M
(BA)
n (S)

n
− µα

ρ (S)

∣

∣

∣

∣

∣

>
n

3
4

n + m0
+ dTV (W (BA)

n , V )

)

≤
(

exp

(

− 1

8m2

))

√
n

.

Proof. First note that

∣

∣

∣

E(M
(BA)
n (S))

n
− µα

ρ (S)
∣

∣

∣ = |P(W (BA)
n − α ∈ S) − µα

ρ (S)|

≤ dTV (W (BA)
n , V ).

Now, by Corollary 9.3,

P

(∣

∣

∣

∣

∣

E(M
(BA)
n (k))

n + m0
− M

(BA)
n (S)

n + m0

∣

∣

∣

∣

∣

>
n

3
4

n + m0

)

≤
(

exp

(

− 1

8m2

))

√
n

.
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So applying the triangle inequality gives the required result.

We are now able to use the total variation distance bounds of previous chapters to prove

complete convergence for all random variables M
(BA)
n (S). Of course one special case is

the complete convergence of the degree sequence.

Corollary 9.6. For S ⊂ Z
+
0 , let M

(BA)
n (S) be the random variable defined above for Model

BA with m0 ≥ m ≥ 1 and α > 0. Then, using the notation for complete convergence given

on page vii, and with ρ = m+α
m

,

M
(BA)
n (S)

n + m0
→C µα

ρ (S) as n → ∞.

Proof. Fix α,m,m0 and let ρ = m+α
m

. Let ε > 0 be given. By definition, we need to show

that

∞
∑

n=0

P

(

∣

∣

∣

M
(BA)
n (S)

n + m0
− µα

ρ (S)
∣

∣

∣ > ε

)

< ∞.

We know by (for example) Theorem 8.2 that if V is a random variable satisfying L(V ) = µα
ρ

then dTV (W
(BA)
n , V ) → 0 as n → ∞. Therefore, by Theorem 9.5, there exists some positive

function f , determined by α, that satisfies f(n) → 0 as n → ∞ and that, for every n ∈ N,

P

(∣

∣

∣

∣

∣

M
(BA)
n (S)

n + m0
− µα

ρ (S)

∣

∣

∣

∣

∣

> f(n)

)

≤
(

exp

(

− 1

8m2

))

√
n

.

So we can find Nε ∈ N such that whenever n ≥ Nε then f(n) < ε. Thus,

∞
∑

n=0

P

(

∣

∣

∣

M
(BA)
n (S)

n + m0
− µα

ρ (S)
∣

∣

∣
> ε

)

≤ Nε +
∞
∑

n=Nε

P

(

∣

∣

∣

M
(BA)
n (S)

n + m0
− µα

ρ (S)
∣

∣

∣
> f(n)

)

≤ Nε +

∞
∑

n=Nε

(

exp

(

− 1

8m2

))

√
n

< ∞,
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as required.

Remark 9.7. Complete convergence implies almost sure convergence. This can be shown

easily using the Borel-Cantelli lemma, for example see Gut, [25] page 168.

9.2 Chernoff bounds and models with independent vertices

This section is of a similar structure to the previous section, this time looking at models

where the number of new edges at a given time step is not bounded by m. Instead of

using the Azuma-Hoeffding inequality, we use Chernoff bounds to obtain our bounds. The

method relies on the fact that, for each model considered in this section, its vertex degrees

evolve independently of one another.

For S ⊂ Z
+
0 , let M

(Y )
n (S) and M

(I)
n (S) be the random variables representing the number

of vertices of in-degree given by some k ∈ S at step n in Model Y and Model I respectively

with the same parameter values, α, β and ρ. For M ∈ {Y, I}, we know that

1

n
E(M (M)

n (S)) = P(W (M)
n ∈ S).

This can be bounded by the total variation distance from the µα
ρ distribution,

∣

∣

∣

E(M
(M)
n (S))

n
− µα

ρ (S)
∣

∣

∣
= |P(W (M)

n ∈ S) − µα
ρ (S)|

≤ dTV (W (M)
n , V ),

where L(V ) = µα
ρ .

We already have obtained bounds for dTV (W
(M)
n , V ) by various methods, for example

from Theorem 6.4 and Theorem 7.2. As in the previous section, Theorem 9.10 will prove

that to bound the distances between the degree sequences and the µα
ρ -distribution it is
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therefore sufficient to bound P(|E(M
(M)
n (S)) − M

(M)
n (S)| ≥ ε) for ε > 0. For this we use

the following Chernoff bounds.

Lemma 9.8 (Mitzenmacher, Upfal [36], p. 64 and p. 66.). Let X1,X2, ...,Xn be inde-

pendent Bernoulli random variables with P(Xi = 1) = pi for i = 1, 2, ..., n. Then for any

ε ∈ (0, 1],

P

(

∣

∣

∣

n
∑

i=1

Xi −
n
∑

i=1

pi

∣

∣

∣
≥ ε

n
∑

i=1

pi

)

≤ e−
ε2

3

∑n
i=1 pi .

Corollary 9.9. Let M ∈ {Y, I} and let S ⊂ Z
+
0 . Then for Model M with M

(M)
n (S) defined

to be random variable representing the number of vertices of in-degree some k ∈ S at step

n ∈ Z
+
0 we have the following bound,

P

(∣

∣

∣

∣

∣

E(M
(M)
n (S))

n
− M

(M)
n (S)

n

∣

∣

∣

∣

∣

> n− 1
4

(

µα
ρ (S) + dTV (W (M)

n , V )
)

)

≤ exp

(

n
−1

2

3

(

dTV (W
(M)
n , V ) − µα

ρ (S)
)

)

.

Proof. Let ε ∈ (0, 1]. First note that M
(M)
n (S) can be written as a sum of independent

Bernoulli random variables,

M (M)
n (S) =

n
∑

i=1

1{D(M)
n (i)∈S}.

By Lemma 9.8,

P

(

∣

∣

∣

M
(M)
n (S)

n
− E(M

(M)
n (S))

n

∣

∣

∣ >
εE(M

(M)
n (S))

n

)

≤ exp

(

−ε2

3
E(M (M)

n (S))

)

,
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so,

P

(

∣

∣

∣

M
(M)
n (S)

n
− E(M

(M)
n (S))

n

∣

∣

∣
> ε

(

µα
ρ (S) + dTV (Wn, V )

)

)

≤ exp

(

−nε2

3

(

µα
ρ (S) − dTV (Wn, V )

)

)

,

since |E(M
(M)
n (S) − nµα

ρ (S)| ≤ ndTV (Wn, V ). The result follows from the substitution of

ε = n− 1
4 .

Theorem 9.10. Let M ∈ {Y, I}, let S ⊂ Z
+
0 and let M

(M)
n (S) be the random variable

representing the number of vertices of in-degree some k ∈ S at step n ∈ Z
+
0 in Model M

with α ≥ 1, β ≥ 0 and ρ > 1. Let V be a random variable satisfying L(V ) = µα
ρ . Then

the following bound holds,

P

(∣

∣

∣

∣

∣

M
(M)
n (S)

n
− µα

ρ (S)

∣

∣

∣

∣

∣

> n− 1
4 + (1 + n− 1

4 )dTV (W (M)
n , V + α)

)

≤ exp

(

n−1
2

3

(

dTV (W
(M)
n , V ) − µα

ρ (S)
)

)

.

Proof. We know that

∣

∣

∣

E(M
(M)
n (S))

n
− µα

ρ (S)
∣

∣

∣
≤ dTV (W (M)

n , V ).

By Corollary 9.9, for M ∈ {Y, I},

P

(∣

∣

∣

∣

∣

E(M
(M)
n (S))

n
− M

(M)
n (S)

n

∣

∣

∣

∣

∣

> n− 1
4

(

µα
ρ (S) + dTV (W (M)

n , V )
)

)

≤ exp

(

n
−1

2

3

(

dTV (W
(M)
n , V ) − µα

ρ (S)
)

)

.

So by the triangle inequality we get the required result.
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In Section 9.1 we were able to deduce complete convergence from our bounds for conver-

gence of the degree sequence. We now do the same for the models discussed here.

Corollary 9.11. Let M ∈ {Y, I}, let S ⊂ Z
+
0 and let M

(M)
n (S) be the random variable

representing the number of vertices of in-degree some k ∈ S at step n ∈ Z
+
0 in Model M

with α ≥ 1, β ≥ 0 and ρ > 1. Then,

M (M)
n (S) →C µα

ρ (S) as n → ∞.

Proof. Let ε > 0 be given. By definition, we need to show that

∞
∑

n=0

P

(

∣

∣

∣

M
(M)
n (S)

n
− µα

ρ (S)
∣

∣

∣ > ε

)

< ∞.

We know from previous results of (for example) Chapter 6 and Chapter 8 that if V is a

random variable satisfying L(V ) = µα
ρ then dTV (W

(M)
n , V ) → 0 as n → ∞. Therefore, by

Theorem 9.10, there exists some positive function f , determined by α and ρ, that satisfies

f(n) → 0 as n → ∞ and that, for every n ∈ N,

P

(∣

∣

∣

∣

∣

M
(M)
n (S)

n
− µα

ρ (S)

∣

∣

∣

∣

∣

> f(n)

)

≤ exp

(

n− 1
2

3

(

dTV (W (M)
n , V ) − µα

ρ (S)
)

)

.

So we can find Nε ∈ N such that whenever n ≥ Nε then f(n) < ε. Thus,

∞
∑

n=0

P

(

∣

∣

∣

M
(M)
n (S)

n
− µα

ρ (S)
∣

∣

∣ > ε

)

≤ Nε +
∞
∑

n=Nε

P

(

∣

∣

∣

M
(M)
n (S)

n
− µα

ρ (S)
∣

∣

∣
> f(n)

)

≤ Nε +

∞
∑

n=Nε

exp

(

n− 1
2

3

(

dTV (W (M)
n , V ) − µα

ρ (S)
)

)

< ∞,

as required.
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Chapter 10

A connection with the Chinese

restaurant process

This chapter connects the degree distributions of our random graphs to a statistic of the

Chinese Restaurant process. We are able to deduce results for this statistic from our

previous work. We discuss how an aspect of the evolution of a preferential attachment

random graph can be thought of in terms of an inhomogeneous Markov chain. The Markov

chain is defined so that the nth element of the chain has the same distribution as the degree

of a randomly chosen vertex in Model I of Chapter 7.

The results of Chapter 6 and Chapter 7 have proved that the Markov chain has the µα
ρ -

distribution as its limiting distribution. We look at related homogeneous Markov chains

with transition probabilities based on those for a particular step of this inhomogeneous

Markov chain. Bounds for the rate of convergence (to truncated power law distributions)

for these Markov chains are given. Chapter 11 uses Stein’s method for the µα
ρ -distribution

to prove directly that the limiting degree distribution is the µα
ρ -distribution.

We discuss a variant of the Chinese restaurant process [40] and note that the inhomoge-

neous Markov chain that we define represents the precise evolution of a particular statistic

in this process. The bounds that we have found therefore apply to this statistic of the

Chinese restaurant process.
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10.1 An inhomogeneous Markov chain

10.1.1 Model I

First recall the definition of Model I that can be found in Appendix B. We have been

studying the in-degree distribution of Model I , denoted by W
(I)
n . We now define a Markov

chain, (Xn)n≥0, such that the marginal distribution of Xn satisfies L(Xn) = L(W
(I)
n + 1)

for all n ∈ Z
+
0 .

10.1.2 The Markov chain

Theorem 10.1. For n = 0, 1, 2, ... let

Xn := D(I)
n (In+1) − α + 1,

with (In)n∈N satisfying

P(In+1 = In|In) =
n

n + 1

P(In+1 = n + 1|In) =
1

n + 1
.

with (In)n∈N ⊥ (G(I)
n )n∈N, the evolving random graph of Model I . Then (Xn)n∈Z

+
0

is an

inhomogeneous Markov chain on N with X0 = 1 and with transition probabilities for n ∈ N

given by,

P(Xn = 1|Xn−1 = 1) = 1 − nα

(n + 1)(ρn + β)
;

P(Xn = 2|Xn−1 = 1) =
nα

(n + 1)(ρn + β)
;
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and, for 2 ≤ i ≤ n,

P(Xn = 1|Xn−1 = i) =
1

n + 1
;

P(Xn = i|Xn−1 = i) =
n

n + 1

(

1 − i + α − 1

ρn + β

)

;

P(Xn = i + 1|Xn−1 = i) =
n

n + 1

(

i + α − 1

ρn + β

)

.

Proof. Let us begin by proving that the Markov property is satisfied for (Xn)n∈Z
+
0
. For

1 ≤ i ≤ n + 1,

P(Xn = i|{Xj}j<n) = P(D(I)
n (In+1) = i + α − 1|{D(I)

j (Ij+1)}j<n)

=
1

n + 1
P(D(I)

n (n + 1) = i + α − 1|{D(I)
j (Ij+1)}j<n)

+
n

n + 1
P(D(I)

n (In) = i + α − 1|{D(I)
j (Ij+1)}j<n)

=
1

n + 1
P(D(I)

n (n + 1) = i + α − 1|D(I)
n−1(In))

+
n

n + 1
P(D(I)

n (In) = i + α − 1|D(I)
n−1(In))

= P(Xn = i|Xn−1).

Now let us calculate the transition probabilities. For 1 ≤ i ≤ n,

P(Xn = i + 1|Xn−1 = i) = P(D(I)
n (In+1) = i + α|D(I)

n−1(In) = i + α − 1)

= P(D(I)
n (In) = i + α ∩ In+1 = In|D(I)

n−1(In) = i + α − 1)

(since if In+1 = n + 1 then D(I)
n (In+1) = α by definition)

= P(In+1 = In)P(D(I)
n (In) = i + α|D(I)

n−1(In) = i + α − 1)

(by construction (In)n∈N ⊥ (G(I)
n )n∈N)

=
n

n + 1

(

i + α − 1

ρn + β

)

,
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as required.

Similarly, for 2 ≤ i ≤ n,

P(Xn = i|Xn−1 = i) = P(D(I)
n (In+1) = i + α − 1|D(I)

n−1(In) = i + α − 1)

= P(D(I)
n (In) = i + α − 1 ∩ In+1 = In|D(I)

n−1(In) = i + α − 1)

= P(In+1 = In)P(D(I)
n (In) = i + α − 1|D(I)

n−1(In) = i + α − 1)

(by construction (In)n∈N ⊥ (G(I)
n )n∈N)

=
n

n + 1

(

1 − i + α − 1

ρn + β

)

.

Also, for 2 ≤ i ≤ n,

P(Xn = 1|Xn−1 = i) = P(D(I)
n (In+1) = α|D(I)

n−1(In) = i + α − 1)

= P(In+1 = n + 1|D(I)
n−1(In) = i + α − 1)

(since In+1 = In =⇒ D(I)
n (In+1) ≥ D

(I)
n−1(In) ≥ 2)

= P(In+1 = n + 1)

=
1

n + 1
.

Of course either of the last two options have the same effect on the process if we are

currently in state 1, so

P(Xn = 1|Xn−1 = 1) = P(D(I)
n (In+1) = α|D(I)

n−1(In) = α)

= P(D(I)
n (In) = α ∩ In+1 = In|D(I)

n−1(In) = α)

+P(In+1 = n + 1|D(I)
n−1(In) = α)

=
n

n + 1

(

1 − α

ρn + β

)

+
1

n + 1

= 1 − αn

(n + 1)(ρn + β)
.
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Finally we see that, since Xi can only increase by at most 1 at each transition, Xn−1 ∈

{1, 2, ..., n}. Thus we have considered all possible transition probabilities for Xn−1.

Later, in Subsection 10.3.1 we study homogeneous Markov chains derived by taking the

transition probabilities at a given step n of the above Markov chain. We show that the

stationary distribution of such a Markov chain is a truncated power law distribution and

that it takes precisely the form of the truncated µα
ρ -distribution given in Example 5.12

when β = 0.

10.2 The Chinese restaurant process

This section looks at how our Markov chain (Xn)n∈N∪{0} can describe a particular statistic

in a variant of the Chinese restaurant process.

10.2.1 Simple random seating plan

The Chinese restaurant process [40] can be thought of as a description of customers en-

tering a restaurant and sitting at tables.

In the simplest version of the model, customers choose a table to sit at following a pref-

erential mechanism. Person 1 sits at Table 1. For n ≥ 1, suppose the first n customers

are already seated. Person n + 1 enters the restaurant and chooses uniformly at random

between n + 1 possible spaces. These are n spaces, one next to each of the n previous

customers, or one space at a new table.

After the nth customer we can consider the probability distribution on the set of partitions

of {1, 2, ..., n}, where elements i, j are assigned to the same set whenever customers i and

j are sitting on the same table.
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10.2.2 Random seating plan with departure

We now describe a slight variant on the simple random seating plan model above that can

be related to our inhomogeneous Markov chain.

Person 1 sits at Table 1. For n ≥ 1, suppose the first n customers are already seated.

Person n + 1 enters the restaurant and chooses where to sit by the following process.

1. With probability 1
n+1 Person n sits on a new table.

2. Otherwise Person n+1 chooses uniformly at random between the first n individuals.

With probability n
ρn+β

Person n + 1 sits at the table of the chosen individual.

3. If Person n + 1 is still not seated, a table is chosen uniformly at random from all

the occupied tables. Let Nn be the random variable representing the number of

occupied tables at this time. Person n + 1 sits at the chosen table with probability,

conditional on Nn, given by (α−1)Nn

((ρ−1)n+β) . Since Nn ≤ n this conditional probability

takes a value in [0, 1].

4. If not seated by now, Person n + 1 leaves the restaurant.

Note that Step 3 can be omitted if α = 1.

To describe the statistic that our Markov chain represents we use the concept of a waiter

serving at tables. The random variable Xn will describe the size of the table that the

waiter is serving at when the (n + 1)st customer has arrived.

The waiter begins by serving at Table 1. For n ≥ 1, suppose the first n customers are

already seated and that the waiter is serving Table Tn. Person n + 1 arrives. If Person

n + 1 sits at a new table then the waiter moves to that table. Otherwise the waiter stays

at Table Tn. Since the tables are ordered based on when they first become occupied,

the table that the waiter serves at is the final table in the ordering of occupied tables.

Equivalently, Tn = Nn, with Nn defined as above to be the number of occupied tables.
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Let Xn be the size of the table that the waiter is serving at time n. In terms of the

partition of customers represented by the tables that they sit on, Xn represents the size

of the set in the partition with the greatest least element.

The following example illustrates the process.

Example 10.2. 1. Person 1 sits at Table 1. Waiter serves Table 1.

T1 = 1, X0 = 1.

Corresponds to partition {{1}}.

2. Person 2 starts a new table. Waiter serves Table 2.

T2 = 2, X1 = 1.

Corresponds to partition {{1}, {2}}.

3. Person 3 sits at Table 1. Waiter serves Table 2.

T3 = 2, X2 = 1.

Corresponds to partition {{1, 3}, {2}}.

4. Person 4 sits at Table 2. Waiter serves Table 2.

T4 = 2, X3 = 2.

Corresponds to partition {{1, 3}, {2, 4}}.

5. Person 5 sits at a new table. Waiter serves Table 3.

T5 = 3, X4 = 1.

Corresponds to partition {{1, 3}, {2, 4}, {5}}.

6. Person 6 sits at Table 1. Waiter serves Table 3.

T6 = 3, X5 = 1.

Corresponds to partition {{1, 3, 6}, {2, 4}, {5}}.

7. Person 7 sits at Table 3. Waiter serves Table 3.
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T7 = 3, X6 = 2.

Corresponds to partition {{1, 3, 6}, {2, 4}, {5, 7}}.

8. Person 8 sits at Table 1. Waiter serves Table 3.

T8 = 3, X7 = 2.

Corresponds to partition {{1, 3, 6, 8}, {2, 4}, {5, 7}}.

9. Person 9 sits at a Table 3. Waiter serves Table 3.

T9 = 3, X8 = 3.

Corresponds to partition {{1, 3, 6, 8}, {2, 4}, {5, 7, 9}}.

10. Person 10 sits at a new table. Waiter serves Table 4.

T10 = 4, X9 = 1.

Corresponds to partition {{1, 3, 6, 8}, {2, 4}, {5, 7, 9}, {10}}.

Theorem 10.3. In the random seating plan with departure process described above, let

Xn−1 represent the size of Table Tn when n people have arrived. Then (Xn)n∈Z
+
0

is a

Markov chain satisfying X0 = 1 and with the transition probabilities given in the statement

of Theorem 10.1.

Proof. Since the first customer sits on a table alone we know that X0 = 1. We want to

prove that the Markov property holds for (Xn)
n∈Z

+
0

and that the transition probabilities

given in Theorem 10.1 apply. The random variable Xn−1 is bounded above by n (when

all individuals sit at Table 1) so we need only consider transitions from states {1, 2, ..., n}.

The possible transitions are as follows. Suppose Xn−1 = i. Then we know that the waiter

is serving a table of size i. There are three possible transitions at the arrival of Person

n + 1.

• Person n + 1 sits at a new table. Then the waiter moves to serve Person n + 1 so

Xn = 1. The probability of this occurring is independent of all previous steps in the
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process.

• Person n + 1 sits at Table Tn. Then Xn = i + 1.

Given Xn−1, which is the size of Table Tn, we shall see that this is independent of

the previous steps in the process.

• Person n + 1 sits at an another occupied table or leaves. Then Xn = i.

Given Xn−1, which is the size of Table Tn, we shall see that this is independent of

the previous steps in the process since the sum of table sizes is fixed.

We now calculate the associated transition probabilities. The calculation of transition

probabilities proves that if Person n + 1 sits at an occupied table other than table Tn or

leaves then which of these tables is chosen, if any, does not affect the evolution of Xn. This

explains why, despite Step 3 of the process conditioning on Nn, we can prove the Markov

property for (Xn)n∈Z
+
0

and not only for ((Xn, Nn))n∈N. It can be shown that the Markov

property holds for (Nn)n∈N but the result is unnecessary and so the proof is omitted.

For 1 ≤ i ≤ n,

P(Xn = i + 1|Xn−1 = i,Nn = rn, (Xs = xs, Ns+1 = rs+1){s=0,1,...,n−2})

= P(Person n + 1 sits at Table Tn)

= P(Person n + 1 sits at Table Tn at Step 2)

+P(Person n + 1 sits at Table Tn at Step 3).

The number of customers at Table Tn is deterministic given Xn−1 = i, and is equal to i.
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Therefore,

P(Xn = i + 1|Xn−1 = i,Nn = rn, (Xs = xs, Ns+1 = rs+1){s=0,1,...,n−2})

=
n

n + 1

(

#customers at Tn

n

)(

n

ρn + β

)

+
n

n + 1

(

(ρ − 1)n + β

ρn + β

)(

1

rn

)(

(α − 1)rn

((ρ − 1)n + β)

)

=
n

n + 1

(

α + i − 1

ρn + β

)

(10.1)

= P(Xn = i + 1|Xn−1 = i).

For 2 ≤ i ≤ n,

P(Xn = 1|Xn−1 = i,Nn = rn, (Xs = xs, Ns+1 = rs+1){s=0,1,...,n−2})

= P(Person n + 1 sits at new table)

=
1

n + 1

= P(Xn = 1|Xn−1 = i).

Also, since there are only three possible transitions from state i, for 2 ≤ i ≤ n,

P(Xn = i|Xn−1 = i,Nn = rn, (Xs = xs, Ns+1 = rs+1){s=0,1,...,n−2})

= 1 − P(Xn = i + 1|Xn−1 = i) − P(Xn = 1|Xn−1 = i)

= 1 − 1

n + 1
− n

n + 1

(

α + i − 1

ρn + β

)

=
n

n + 1

(

1 − α + i − 1

ρn + β

)

= P(Xn = i|Xn−1 = i).
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Finally,

P(Xn = 1|Xn−1 = 1, Nn = rn, (Xs = xs, Ns+1 = rs+1){s=0,1,...,n−2})

= P(Person n + 1 does not sit at table Tn)

= 1 − P(Person n + 1 sits at table Tn)

= 1 − P(Xn = 2|Xn−1 = 1)

= 1 − n

n + 1

(

α

ρn + β

)

(by (10.1))

= P(Xn = 1|Xn−1 = 1),

as required.

It follows that the size of the newest table at step n + 1, Xn, is identically distributed

to the degree of a randomly chosen vertex in Model I of Chapter 7. Thus it can be is

approximated by a µα
ρ -distribution for ρ > 1, and the bounds from Chapter 7 apply.

Remark 10.4. The simple random seating plan version of the Chinese restaurant problem

corresponds to this model with α = 1, β = 0, ρ = 1. Our bounds for convergence in Chapter

7 require ρ > 1, and we see that the convergence is O(n2(ρ−1)), which would be a constant

if we allowed ρ = 1.

10.3 Associated homogeneous Markov chains

Now that we have an inhomogeneous Markov chain, it is instructive to look at associated

homogeneous Markov chains for fixed time-steps. For each time-step n we define a Markov

chain on the state space Sn = {1, 2, ..., n + 1} using the transition probabilities at the nth

step of the inhomogeneous Markov chain.

We prove that the stationary distribution of such a Markov chain is a truncated power
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law distribution on Sn and we bound the rate of convergence for each such n. This gives

us a snapshot of the convergence of the inhomogeneous Markov chain at each time-step.

In particular, we note that the stationary distributions converge to the µα
ρ -distribution as

n → ∞.

For fixed n, define the Markov chain (X
(n)
k )k∈N∪{0}, using the following transition proba-

bilities taken from Xn,

P(X
(n)
k = 1|X(n)

k−1 = 1) = 1 − αn

(ρn + β)(n + 1)
;

P(X
(n)
k = 2|X(n)

k−1 = 1) =
αn

(ρn + β)(n + 1)
; (10.2)

and, for 1 ≤ i ≤ n,

P(X
(n)
k = 1|X(n)

k−1 = i) =
1

n + 1
;

P(X
(n)
k = i|X(n)

k−1 = i) =
n

n + 1

(

1 − i + α − 1

ρn + β

)

; (10.3)

P(X
(n)
k = i + 1|X(n)

k−1 = i) =
(i + α − 1)n

(ρn + β)(n + 1)
.

Our Markov chain moves from a state in {1, 2, ..., n} to one in {1, 2, ..., n+1}, but nowhere

else. To define a homogeneous Markov chain based on these conditions that is valid for

more than one transition we define transition probabilities from Sn \ {1, 2, ..., n} to Sn by,

P(X
(n)
k = n + 1|X(n)

k−1 = n + 1) = 1 − 1

(n + 1)
;

P(X
(n)
k = 1|X(n)

k−1 = n + 1) =
1

(n + 1)
.
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Thus there is no absorbing state, the chain as aperiodic and irreducible. Hence it possesses

a unique stationary distribution.

10.3.1 The stationary distribution

We now derive the stationary distribution for the homogeneous Markov chain, (X
(n)
k )k∈N∪{0}.

When β = 0 this distribution is precisely the truncated µα
ρ -distribution described in Ex-

ample 5.12 and truncated at n. For every fixed value of β ≥ 0, the distribution converges

to the µα
ρ -distribution as n → ∞, the known asymptotic distribution of the inhomogeneous

Markov chain.

Similarly to (5.11), we define the truncated µα
ρ -distribution as follows,

να,β,ρ
n (s) =

B(s + α, ρ + β
n

+ 1)

B(α; ρ + β
n
)

for s = 0, 1, 2, ..., n − 1;

να,β,ρ
n (n) := 1 −

n−1
∑

s=0

να,β,ρ
n (s) (10.4)

=
B(n + α; ρ + β

n
)

B(α; ρ + β
n
)

(by (3.1));

να,β,ρ
n (s) := 0 for s = n + 1, n + 2, n + 3, ....

Theorem 10.5. Let (X
(n)
k )k∈N∪{0} be the homogeneous Markov chain defined above. Then

ν
α,β,ρ
n is the stationary distribution of (X

(n)
k − 1)k∈N∪{0}.

Proof. Let n ∈ N be fixed and suppose that for some r ∈ Z
+
0 we know that for every

s ∈ N, P(X
(n)
r − 1 = s) = ν

α,β,ρ
n (s). We need to show that it follows that for all s ∈ N,

P(X
(n)
r+1 − 1 = s) = ν

α,β,ρ
n (s).
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We calculate these probabilities using the transition probabilities for (X
(n)
k )k∈N∪{0}. Firstly,

P(X
(n)
r+1 − 1 = 0) =

∞
∑

s=0

να,β,ρ
n (s)P(X

(n)
r+1 = 1|X(n)

r = s)

= να,β,ρ
n (0)

(

1 − αn

(ρn + β)(n + 1)

)

+

∞
∑

s=1

να,β,ρ
n (s)

1

n + 1

=
B(α; ρ + β

n
+ 1)

B(α; ρ + β
n
)

(

n(ρn + β − α)

(ρn + β)(n + 1)

)

+
1

n + 1

∞
∑

s=0

να,β,ρ
n (s)

=
B(α; ρ + β

n
+ 1)

B(α; ρ + β
n
)

(

n(ρn + β − α)

(ρn + β)(n + 1)

)

+
1

n + 1

=
B(α; ρ + β

n
+ 1)

B(α; ρ + β
n
)

(

n(ρn + β − α)

(ρn + β)(n + 1)
+

ρ + β
n

+ α

(ρ + β
n
)(n + 1)

)

(by Appendix A, (A.3))

=
B(α; ρ + β

n
+ 1)

B(α; ρ + β
n
)

(

(ρ + β
n
)(n + 1)

(ρ + β
n
)(n + 1)

)

= να,β,ρ
n (0),

as required.

Similarly, for 1 ≤ i ≤ n − 1,

P(X
(n)
r+1 − 1 = i) =

∞
∑

s=0

να,β,ρ
n (s)P(X

(n)
r+1 = i + 1|X(n)

r = s + 1)

= να,β,ρ
n (i)

n

n + 1

(

1 − i + α

ρn + β

)

+ να,β,ρ
n (i − 1)

(i + α − 1)n

(ρn + β)(n + 1)

= να,β,ρ
n (i)

(

1

n + 1

(

n − i + α

ρ + β
n

+
B(i + α − 1; ρ + β

n
+ 1)

B(i + α; ρ + β
n

+ 1)

(

i + α − 1

ρ + β
n

)))

(by (10.4))

= να,β,ρ
n (i)

(

1

n + 1

(

n − i + α

ρ + β
n

+
i + α + ρ + β

n

i + α − 1

(

i + α − 1

ρ + β
n

)))

(by Appendix A, (A.2))

= να,β,ρ
n (i)

(

1

n + 1

(

n − i + α

ρ + β
n

+
i + α + ρ + β

n

ρ + β
n

))

= να,β,ρ
n (i),
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and, finally,

P(X
(n)
r+1 − 1 = n)

=
∞
∑

s=0

να,β,ρ
n (s)P(X

(n)
r+1 = n + 1|X(n)

r = s + 1)

= να,β,ρ
n (n)

(

1 − 1

n + 1

)

+ να,β,ρ
n (n − 1)

(

n(n + α − 1)

(ρn + β)(n + 1)

)

(by definition of the transition probabilities)

=
B(n + α; ρ + β

n
)

B(α; ρ + β
n
)

(

1 − 1

n + 1

)

+
B(n + α − 1; ρ + β

n
+ 1)

B(α; ρ + β
n
)

(

n + α − 1

(ρ + β
n
)(n + 1)

)

=
B(n + α; ρ + β

n
)

B(α; ρ + β
n
)

(

n

n + 1
+

1

n + 1

)

(by Appendix A, (A.4))

= να,β,ρ
n (n),

as required.

10.3.2 Rate of convergence to stationarity

Finally, we bound the rate of convergence of each of these Markov chains to its stationary

distribution. This explains further the convergence results that we have already seen in

Chapter 7. We see that the bounds on the rate of convergence decrease in order with n,

equivalent to decreasing with increasing time in the inhomogeneous Markov chain.

In order to bound the rate of convergence of one of these Markov chains to its stationary

distribution, we use the relationship this process has with an evolving random graph

similar to Model I. Let n ∈ N and consider the following evolving random graph, which

we call Model X(n).

Model X(n)

• Start with one vertex, G0 = K1;
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• At step k, independently for each vertex in the graph with in-degree at most n, select

vertex vertex i with probability
D

(X(n))
k−1 (i)

ρn+β
, conditional on the degree of vertex i at

step k − 1, D
(X(n))
k−1 (i) := (α + in-degree of i at step k − 1), α > 0, β ≥ 0, ρ > 1 and

α ≤ ρ + β.

• Attach the new vertex k + 1 to all the selected vertices, with edges directed out of

the new vertex. (The number of vertices selected at step k is random.)

Now define the sequence (I
(n)
k )k∈N recursively as follows. Let I

(n)
1 := 1 and, independently

of the evolution of the graph, let,

I
(n)
k+1 =















k + 1 with probability 1
n+1 ;

I
(n)
k otherwise.

(10.5)

Thus I
(n)
k ∈ {1, 2, ..., k} but I

(n)
k is not, in general, uniformly distributed.

Lemma 10.6. For n = 0, 1, 2, ..., we can construct (X
(n)
k )k∈Z

+
0

with transition probabilities

given by (10.2) and (10.3), by putting

X
(n)
k := D

(X(n))
k (I

(n)
k+1),

with (I
(n)
k )k∈N satisfying (10.5), and (I

(n)
k )k∈N ⊥ (G(I)

n )n∈N, the evolving random graph.

Proof. The proof for a given step k is exactly as for the nth step in Theorem 10.1, with

the transitions probabilities now the same for every step k.

Lemma 10.6 is now used to obtain upper bounds for the rate of convergence of the Markov

chain (X
(n)
k )k∈N∪{0} to its stationary distribution. We use the fact that, once in station-
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arity, we remain in stationarity. Thus if we adapt Model X(n) giving our initial vertex

a degree chosen from ν
α,β,ρ
n , then the distribution of D

(X(n))
k (I

(n)
k+1) will always have this

measure. We can then bound the distance between the distributions by looking at the

probability that I
(n)
k = I

(n)
1 , the only vertex that may differ in degree between the models.

Theorem 10.7. Let (X
(n)
k )k∈N∪{0} be the homogeneous Markov chain satisfying transition

probabilities (10.2) and (10.3), and with X
(n)
0 = 1. Let Vn be a random variable with

truncated power law measure ν
α,β,ρ
n . Then, for k ∈ N ∪ {0},

dTV (X
(n)
k+1 − 1, Vn) ≤

(

n

n + 1

)k

.

Proof. Define a random graph, Model Z(n), that evolves in an identical way to Model

X(n), but where the initial degree of the first vertex is identically distributed to the

random variable Vn + α. Consider (D
(Z(n))
k (I

(n)
k+1))k∈Z

+
0

the evolution of the degrees of the

vertices (I
(n)
k )k∈N for this model.

By Lemma 10.6, the evolution of vertex degrees given by the sequence, (D
(Z(n))
k (I

(n)
k+1) −

α + 1)k∈N∪{0}, is represented by a Markov chain, (Z
(n)
k )k∈N∪{0}, with the same transi-

tion probabilities as the Markov chain (X
(n)
k )k∈N∪{0}. Moreover, L(Z

(n)
0 − 1) = ν

α,β,ρ
n

so the chain begins in stationarity (by Theorem 10.5) and it follows that for all k ∈ N,

L(D
(Z(n))
k (I

(n)
k+1) − α) = ν

α,β,ρ
n .

Let (D
(X(n))
k (I

(n)
k+1))k∈N∪{0} be the degree sequence defined above in Model X(n). It follows

from Lemma 10.6 that,

dTV (X
(n)
k+1, Vn) = dTV (D

(X(n))
k (I

(n)
k+1),D

(Z(n))
k (I

(n)
k+1)).

Now the random graphs in Model X(n) and Model Z(n) consist of vertices that grow in

degree independently of one another. Moreover the evolution of the degree of any vertex

i ≥ 2 follows the same stochastic process in either random graph model. We couple the

evolution of vertices 2, 3, 4, ... in Model X(n) and Model Z(n) so that D
(X(n))
k (i) = D

(Z(n))
k (i)
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whenever i ≥ 2.

With this coupling D
(X(n))
k (I

(n)
k+1) = D

(Z(n))
k (I

(n)
k+1) whenever Ik+1 ≥ 2, so the bound corre-

sponds to the probability that I
(n)
k+1 = 1,

dTV (X
(n)
k+1, Vn) = dTV (D

(X(n))
k (I

(n)
k+1),D

(Z(n))
k (I

(n)
k+1))

≤ P(D
(X(n))
k (I

(n)
k+1) 6= D

(Z(n))
k (I

(n)
k+1))

≤ P(I
(n)
k+1 = 1)

= P({I(n)
s = 1}s=1,2,...,k+1)

=

(

n

n + 1

)k

,

as required.

Thus for fixed n (as in the homogeneous random graph) the rate of convergence is at

most exponential with k. However for fixed k as n → ∞ the bound converges to 1.

This suggests that the convergence rate in the inhomogeneous Markov chain slows as n

increases. Of course the distribution to which we are converging changes with n as well,

being a truncated power law distribution on a expanding state space. In contrast to the

bounds found through other methods, the bound that we see here is not very refined and

does not depend on α, β or ρ.
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Chapter 11

Applying Stein’s method for the

µ
α
ρ -distribution

So far we have not applied Stein’s method for the µα
ρ -distribution directly to bound the

degree distribution of a preferential attachment random graph model. In this chapter we

discuss a possible route that uses the inhomogeneous Markov chain defined in Chapter 10.

Recall from Theorem 10.1 that the degree distribution of Model I can be described as the

Markov chain (Xn)n∈Z
+
0

with X0 = 1 and transition probabilities for n ∈ N given by,

P(Xn = 1|Xn−1 = 1) = 1 − nα

(n + 1)(ρn + β)
;

P(Xn = 2|Xn−1 = 1) =
nα

(n + 1)(ρn + β)
;

and, for 2 ≤ i ≤ n,

P(Xn = 1|Xn−1 = i) =
1

n + 1
;

P(Xn = i|Xn−1 = i) =
n

n + 1

(

1 − i + α − 1

ρn + β

)

;

P(Xn = i + 1|Xn−1 = i) =
n

n + 1

(

i + α − 1

ρn + β

)

.

The next theorem uses Stein’s method for the µα
ρ -distribution, as defined in Chapter 4,
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to bound the total variation distance between Xn and the µα
ρ -distribution based on how

quickly (Xn)n∈Z
+
0

is converging to a limiting distribution.

Theorem 11.1. Let (Xn)n∈Z
+
0

be the Markov chain defined above with α > 0, β ≥ 0,

ρ > 1 and α ≤ β + ρ. Let V be a random variable satisfying L(V ) = µα
ρ . Then, if β > 0,

dTV (Xn − 1, V ) ≤ 3(α + 1)

n + 1

(

n−1
∑

i=0

dTV (Xi,Xn) + 1 +
β

ρ
log

ρn + β

β

)

,

and if β = 0,

dTV (Xn − 1, V ) ≤ 3(α + 1)

n + 1

(

n−1
∑

i=0

dTV (Xi,Xn) + 1

)

.

Proof. Let

Iα
ρ =

{

g : g(0) = 0, ∀k ≥ 0 g(k) ≤ 0 |g(k)| ≤ 2

ρ
, |∆g(k)| ≤ 3

k

}

.

Then, by Theorem 5.9,

dTV (Xn − 1, V ) ≤ sup
g∈Iα

ρ

|E ((Xn + α + ρ − 1)g(Xn − 1) − (Xn + α − 1)g(Xn)) |

= sup
g∈Iα

ρ

|E (−(Xn + α − 1)∆g(Xn − 1) + ρg(Xn − 1)) |.

From the transition probabilities and iteration,

E(ρg(Xn − 1)) =
ρn

(n + 1)(ρn + β)
E((Xn−1 + α − 1)∆g(Xn−1 − 1)) +

ρn

n + 1
E(g(Xn−1 − 1))

=

n−1
∑

i=0

ρ(i + 1)

(n + 1)(ρ(i + 1) + β)
E((Xi + α − 1)∆g(Xi − 1)).
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Thus,

dTV (Xn − 1, V )

≤ sup
g∈Iα

ρ

∣

∣

∣− E(Xn + α − 1)∆g(Xn − 1)

+

n−1
∑

i=0

ρ(i + 1)

(n + 1)(ρ(i + 1) + β)
E((Xi + α − 1)∆g(Xi − 1))

∣

∣

∣.

Defining, for k ≥ 1, h(k) := (k + α − 1)∆g(k − 1), we see that if g ∈ Iα
ρ then |h(k)| ≤

3(k+α−1)
k

≤ 3(α + 1). So

dTV (Xn − 1, V )

≤ sup
||h||∞≤3(α+1)

∣

∣

∣
− Eh(Xn) +

n−1
∑

i=0

ρ(i + 1)

(n + 1)(ρ(i + 1) + β)
E(h(Xi))

∣

∣

∣

= sup
||h||∞≤3(α+1)

1

n + 1

∣

∣

∣

n−1
∑

i=0

ρ(i + 1)

(ρ(i + 1) + β)
E(h(Xi) − h(Xn))

−Eh(Xn)

(

1 +

n−1
∑

i=0

β

ρ(i + 1) + β

)

∣

∣

∣

≤ 3(α + 1)

n + 1

(

n−1
∑

i=0

dTV (Xi,Xn) + 1 +

n−1
∑

i=0

β

ρ(i + 1) + β

)

.

Thus, by integration, if β > 0,

dTV (Xn − 1, V ) ≤ 3(α + 1)

n + 1

(

n−1
∑

i=0

dTV (Xi,Xn) + 1 +
β

ρ
log

ρn + β

β

)

,

and if β = 0,

dTV (Xn − 1, V ) ≤ 3(α + 1)

n + 1

(

n−1
∑

i=0

dTV (Xi,Xn) + 1

)

.

as required.
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In Chapter 10 we asserted that if our inhomogeneous Markov chain had a limiting distri-

bution then, based on the stationary distributions of a sequence of related homogeneous

Markov chains, we would expect that limiting distribution to be the µα
ρ -distribution. The

next theorem proves this formally using the results of Theorem 11.1.

Theorem 11.2. Let (Xn)
n∈Z

+
0

be the Markov chain defined above with α > 0, β ≥ 0,

ρ > 1 and α ≤ β + ρ. Let V be a random variable satisfying L(V ) = µα
ρ and let W be

some discrete random variable.

Suppose that Xn →dTV W as n → ∞. Then W =D V .

Proof. Since Xn →dTV W , to show that W =D V it is equivalent to prove that Xn →dTV V

as n → ∞. By Theorem 11.1, if β > 0,

dTV (Xn − 1, V ) ≤ 3(α + 1)

n + 1

(

n−1
∑

i=0

dTV (Xi,Xn) + max

(

1,
β

ρ
log

ρn + β

β

)

)

,

and if β = 0,

dTV (Xn − 1, V ) ≤ 3(α + 1)

n + 1

(

n−1
∑

i=0

dTV (Xi,Xn) + 1

)

.

For any β > 0, β
ρ(n+1) log ρn+β

β
→ 0 as n → ∞. Thus it remains to prove that

1

n + 1

n−1
∑

i=0

dTV (Xi,Xn) → 0 as n → ∞.

We know that dTV (Xi,W ) → 0 as n → ∞. Define f to be a non-negative function with

f(x) ↓ 0 as x ↑ ∞ and dTV (Xi,W ) ≤ f(i) for all i.
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Then, by the triangle inequality,

1

n + 1

n−1
∑

i=0

dTV (Xi,Xn) ≤ 1

n + 1

n−1
∑

i=0

(f(i) + f(n))

≤ 2

n + 1

n−1
∑

i=0

f(i)

=
2

n + 1

⌈
√

n−1⌉
∑

i=0

f(i) +
2

n + 1

n−1
∑

i=⌈
√

n−1⌉+1

f(i)

≤ 2f(0)⌈
√

n − 1⌉
n + 1

+
2(n − ⌈

√
n − 1⌉)f(⌈

√
n − 1⌉)

n + 1

→ 0 as n → ∞,

as required.
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Chapter 12

Evolving Bernoulli random graph

models

So far we have considered only random graph models that follow a preferential attachment

condition. This chapter presents similar results for an evolving Bernoulli random graph

model. The fact that we can successfully employ the same methods within a different

type of model demonstrates their versatility. Additionally, the new bounds presented for

this model are of interest in their own right and follow on from previous work giving the

asymptotic degree distribution of this evolving Bernoulli random graph model, for example

in [11].

As in the case of Barabási-Albert random graph models, we begin this chapter by defin-

ing a discrete-time random graph model. We then look at an analogous continuous-time

model. The discrete-time model that we study was mentioned by Bollobás et al. [11], who

proved that the asymptotic degree distribution is geometric. We apply Stein’s method

for the geometric distribution directly to our model to obtain bounds for the total vari-

ation distance between the degree distribution at step n and the geometric distribution.

Additionally, we apply Stein’s method for the normal distribution to obtain bounds from

normality for the number of triangles in the model.

Motivated by our study of the continuous-time Barabási-Albert random graph model, we

derive a continuous-time version of this evolving Bernoulli random graph. Again, we look

at the degree distribution at a sequence of stopping times and show that this is precisely

geometric.
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12.1 A discrete-time evolving Bernoulli random graph

We define a Bernoulli evolving random graph that uses uniform attachment rather than

the preferential attachment of Barabási-Albert models. As such, it can be thought of as

perhaps the simplest type of evolving random graph.

The model begins with a complete graph on m + 1∗ vertices. At each time step we add

one new vertex to the graph with m ∈ N new edges. The edges attach the new vertex to

m distinct vertices already in the graph, with the m vertices chosen uniformly at random

from all possible sets of vertices of size m. We write Vn for the vertex set at step n and

En for the edge set at step n. The evolution is summarised as follows.

• Start with the complete graph on m + 1 vertices, G0 = Km+1;

• at step n + 1 choose a set of m vertices {i1, i2, ..., im} uniformly at random from all

m-element subsets of Vn;

• Vn+1 := Vn ∪{n + m + 2}, En+1 := En ∪{{i1, n + m + 2}, {i2, n + m + 2}, ..., {im, n +

m + 2}}.

12.1.1 Bounds for the degree distribution

Bollobás et al. [11] prove that the asymptotic degree distribution of this model is m + V

where V ∼ Geometric
Z

+
0
( 1

m+1). We use Stein’s method for the geometric distribution to

bound this approximation for the degree distribution at step n.

Let In+m+1 ∼ Uniform{1, 2, ..., n+m+1} and denote the degree of vertex i at step n by

Dn(i). Then Dn(In+m+1) denotes the degree of a vertex chosen uniformly at random from

the graph at step n. We want to find the total variation distance between Dn(In+m+1)−m

∗We choose to start with the complete graph on m + 1 vertices since this means that every vertex
(including the initial vertex) enters the graph with initial degree m. Of course, we could prove similar
results for a general initial size m0 as we do in the case of the Barabási-Albert random graph, but having
seen the method in the Barabási-Albert case it is not particularly instructive to include it here.
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and V ∼ Geometric( 1
m+1 ). We use Stein’s method for the geometric distribution, and

specifically the methods of Chapter 4.

The first step is to compare the degrees of consecutively added vertices. Let X
(i)
j take

the value 1 if vertex i is chosen at step j and take the value 0 otherwise. Then for

i ∈ {1, 2, ..., n + m},

Dn(i) = m +

n
∑

j=max(i−m,1)

X
(i)
j .

Note that for a given vertex i, X
(i)
j ∼ Bernoulli( m

j+m
) independently for each j ∈ N∩{i−

m, i − m + 1, i − m + 2, ....}. Also Dj(j + m + 1) = m.

Lemma 12.1. Let n ∈ N and suppose i ∈ {m+1,m+2, ...,m+n}. Then for any function

h,

E(h(Dn(i))) =
m

i
E(h(Dn(i + 1) + 1)) +

i − m

i
E(h(Dn(i + 1))).

Proof. Condition on whether vertex i is chosen at step i− m, that is the first step after i

enters the graph. This gives

E(h(Dn(i)))

= E(h(Dn(i))|X(i)
i−m = 1)P(X

(i)
i−m = 1) + E(h(Dn(i))|X(i)

i−m = 0)P(X
(i)
i−m = 0)

=
m

i
E(h(

n
∑

j=i−m+1

X
(i)
j + m + 1)) +

i − m

i
E(h(

n
∑

j=i−m+1

X
(i)
j + m))

=
m

i
E(h(

n
∑

j=i−m+1

X
(i+1)
j + m + 1)) +

i − m

i
E(h(

n
∑

j=i−m+1

X
(i+1)
j + m))

(by definition since X
(i)
j ∼ Bernoulli(

m

j + m
) for all i)

=
m

i
E(h(Dn(i + 1) + 1)) +

i − m

i
E(h(Dn(i + 1))).
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Corollary 12.2. Let n ∈ N and suppose i ∈ {m + 1,m + 2, ...,m + n}. Then for any

function h, for all N ≥ n,

E(h(DN (i))) = m

n+m−i
∑

j=0

(i − 1)!(i + j − m − 1)!

(i + j)!(i − m − 1)!
E(h(DN (i + j + 1) + 1))

+
(i − 1)!n!

(n + m)!(i − m − 1)!
E(h(DN (n + m + 1)))

=
m

m + 1

n+m−i
∑

j=0

(

i−1
m

)

(

i+j
m+1

)E(h(DN (i + j + 1) + 1))

+

(

i−1
m

)

(

n+m
m

)E(h(DN (n + m + 1))).

Proof. We proceed by induction on n. First note that for n = 1 this is a reformulation of

the statement of Lemma 12.1 and so holds.

Suppose that Corollary 12.2 holds for n = k ≥ 1.

Consider n = k + 1. Let N ≥ k + 1. Then n ≥ k, so by the inductive hypothesis

E(h(DN (i))) = m

k+m−i
∑

j=0

(i − 1)!(i + j − m − 1)!

(i + j)!(i − m − 1)!
E(h(DN (i + j + 1) + 1))

+
(i − 1)!k!

(k + m)!(i − m − 1)!
E(h(DN (k + m + 1)))

Applying Lemma 12.1 gives

E(h(DN (k + m + 1))) =
m

k + m + 1
E(h(DN (k + m + 2) + 1))

+
k + 1

k + m + 1
E(h(DN (k + m + 2))).
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Combining the two, we get

E(h(DN (i))) = m

k+m−i
∑

j=0

(i − 1)!(i + j − m − 1)!

(i + j)!(i − m − 1)!
E(h(DN (i + j + 1) + 1))

+
(i − 1)!k!

(k + m)!(i − m − 1)!

m

k + m + 1
E(h(DN (k + m + 2) + 1))

+
(i − 1)!k!

(k + m)!(i − m − 1)!

k + 1

k + m + 1
E(h(DN (k + m + 2)))

= m

k+1+m−i
∑

j=0

(i − 1)!(i + j − m − 1)!

(i + j)!(i − m − 1)!
E(h(DN (i + j + 1) + 1))

+
(i − 1)!(k + 1)!

(k + m + 1)!(i − m − 1)!
E(h(DN (k + m + 2)))

=
m

m + 1

n+m−i
∑

j=0

(

i−1
m

)

(

i+j
m+1

)E(h(DN (i + j + 1) + 1))

+

(

i−1
m

)

(

n+m
m

)E(h(DN (n + m + 1))),

as required.

Theorem 12.3. Let µm(k) := mk

(m+1)k+1 for k = 0, 1, 2, ... be the measure of the ran-

dom variable V ∼ Geometric
Z

+
0
( 1

m+1 ). Let f be a bounded real-valued function satisfying

|f(k)| ≤ 1. Then, for all n ∈ N,

|E(f(DIn+m+1(n) − m)) − µm(f)| ≤ m(m + 1)

n + m + 1
.

Moreover, the total variation distance between Dn(In) − m and the random variable V is

bounded above by,

dTV (V,Dn(In) − m) ≤ m(m + 1)

n + m + 1
.

Proof. Let g be an arbitrary function that satisfies g(0) = 0 and |g(j + 1)| ≤ m + 1 and

∆g(j) ≤ m+1
j+1 + j min

(

1
j
, m+2

(m+1)(j+1)

)

for j ∈ Z
+
0 . From Corollary 4.3, taking p = 1

m+1 , we
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know that it is sufficient to show that

∣

∣

∣

∣

∣

E

(

m

m + 1
g(Dn(In+m+1) + 1 − m) − g(Dn(In+m+1) − m)

)

∣

∣

∣

∣

∣

≤ m(m + 1)

n + m + 1
.

Conditioning on In+m+1 gives

E(g(Dn(In+m+1) − m))

=
1

n + m + 1

n+m+1
∑

i=1

E(g(Dn(i) − m))

=
m

n + m + 1
E(g(Dn(1) − m)) +

1

n + m + 1

n+m
∑

i=m+1

E(g(Dn(i) − m)), (12.1)

since g(Dn(n + m + 1) − m) = g(0) = 0 and the first m + 1 vertices have identically

distributed degrees.

Now, by Corollary 12.2, if i ≥ m + 1

E(g(Dn(i) − m))

=
m

m + 1

n+m−i
∑

j=0

(

i−1
m

)

(

i+j
m+1

)E(g(Dn(i + j + 1) + 1 − m))

+

(

i−1
m

)

(

n+m
m

)E(g(Dn(n + m + 1) − m))

=
m

m + 1

n+m−i
∑

j=0

(

i−1
m

)

(

i+j
m+1

)E(g(Dn(i + j + 1) + 1 − m)),

since Dn(n + m + 1) − m = 0 and g(0) = 0.
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Putting s = i + j, this becomes

E(g(Dn(i) − m))

=
m

m + 1

n+m
∑

s=i

(

i−1
m

)

(

s
m+1

)E(g(Dn(s + 1) + 1 − m)).

We substitute in (12.1),

E(g(Dn(In+m+1) − m))

=
m

n + m + 1
E(g(Dn(1) − m))

+
m

(m + 1)(n + m + 1)

n+m
∑

i=m+1

n+m
∑

s=i

(

i−1
m

)

(

s
m+1

)E(g(Dn(s + 1) + 1 − m)).

Changing the order of summation gives

m

(m + 1)(n + m + 1)

n+m
∑

i=m+1

n+m
∑

s=i

(

i−1
m

)

(

s
m+1

)E(g(Dn(s + 1) + 1 − m))

=
m

(m + 1)(n + m + 1)

n+m
∑

s=m+1

1
(

s
m+1

)E(g(Dn(s + 1) + 1 − m))
s
∑

i=m+1

(

i − 1

m

)

=
m

m + 1

1

n + m + 1

n+m+1
∑

s=m+2

E(g(Dn(s) + 1 − m))

=
m

m + 1
E(g(Dn(In+m+1) + 1 − m)) − m

m + 1

1

n + m + 1

m+1
∑

s=1

E(g(Dn(s) + 1 − m))

=
m

m + 1
E(g(Dn(In+m+1) + 1 − m)) − m

(n + m + 1)
E(g(Dn(1) + 1 − m)),

since the first m + 1 vertices have identical degree distributions.
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Thus

E(g(Dn(In+m+1) − m)) − m

m + 1
E(g(Dn(In+m+1) + 1 − m))

=
m

n + m + 1
E(g(Dn(1) − m)) − m

n + m + 1
E(g(Dn(1) + 1 − m)).

This gives,

∣

∣

∣
E(g(Dn(In+m+1) − m)) − m

m + 1
E(g(Dn(In+m+1) + 1 − m))

∣

∣

∣

=
∣

∣

∣

m

n + m + 1
(E(g(Dn(1) − m)) − E(g(Dn(1) + 1 − m)))

∣

∣

∣

≤ m

n + m + 1
||∆g||∞

≤ m(m + 1)

n + m + 1
,

using the Stein bounds from Corollary 4.3, ||g||∞ ≤ 1
p

+ 1 = m + 1.

The total variation distance bound follows immediately by definition.

12.1.2 Bounds for the degree sequence

In Section 9.1 we applied the Azuma-Hoeffding inequality to our results for Model BA

to obtain bounds for the degree sequence from degree distribution bounds. As explained

in Section 9.1, this method relied on the property that precisely m vertices increased in

degree at each time-step in Model BA. In fact, Lemma 9.2 and Corollary 9.3 apply to a

class of evolving random graph models including the Bernoulli evolving random graph of

current interest.

We now apply these results to obtain degree sequence bounds and to prove complete

convergence of the degree sequence in the case of the current model.
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For n ∈ Z
+
0 , S ⊂ Z

+
0 , let us define Mn(S) to be the number of vertices of degree m + k

where k ∈ S. In the language of Lemma 9.2, if a vertex has degree m+k then we say that

its in-degree is k.

We already know from Theorem 12.3 that
∣

∣

∣

E(Mn(S))
n+m+1 − µm(S)

∣

∣

∣
≤ m(m+1)

n+m+1 .

Theorem 12.4. For the evolving Bernoulli random graph model above the following

bounds hold for any m,n ∈ N, S ⊂ Z
+
0 ,

P

(∣

∣

∣

∣

∣

Mn(S)

n + m + 1
− µm(S)

∣

∣

∣

∣

∣

>
n

3
4

n + m0
+

m(m + 1)

n + m + 1

)

≤
(

exp

(

− 1

8m2

))

√
n

.

Proof. We follow the proof of Theorem 9.4.

By Theorem 12.3 we know that,

∣

∣

∣

E(Mn(S))

n + m + 1
− µm(S)

∣

∣

∣
≤ m(m + 1)

n + m + 1
.

Thus, by the the triangle inequality,

∣

∣

∣

Mn(S)

n + m + 1
− µm(S)

∣

∣

∣
≤ m(m + 1)

n + m + 1
+
∣

∣

∣

E(Mn(S))

n + m + 1
− Mn(S)

n + m + 1

∣

∣

∣
.

So,

P

(∣

∣

∣

∣

∣

Mn(S)

n + m + 1
− µm(S)

∣

∣

∣

∣

∣

>
n

3
4

n + m0
+

m(m + 1)

n + m + 1

)

≤ P

(

∣

∣

∣

E(Mn(S))

n + m + 1
− Mn(S)

n + m + 1

∣

∣

∣
>

n
3
4

n + m0

)

≤
(

exp

(

− 1

8m2

))

√
n

,
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by Corollary 9.3.

Remark 12.5. Again, as in Corollary 9.6, complete convergence follows from Theorem

12.4. That is to say, Mn(S)
n+m+1 →C µm(S) as n → ∞.

12.1.3 Bounds for the number of triangles

This section looks at the m = 2 version of the above model. We show how the distance

between the distribution of the number of triangles in this model and the normal distri-

bution can be bounded using Stein’s method for the normal distribution. This illustrates

the fact that Stein’s method can be applied to study various statistics, not only the degree

distribution of the graph. The number of triangles is a statistic of interest since it indicates

the level of clustering in the graph. The m = 2 version of the model can be described as

follows.

• Start with the complete graph on 3 vertices, G0 = K3;

• at step n + 1 choose a vertex pair {i, j} uniformly at random from {{i, j} : i, j ∈

Vn, i 6= j};

• Vn+1 := Vn ∪ {k + n + 1}, En+1 := En ∪ {{i, k + n + 1}, {j, k + n + 1}}.

We see that at each step the number of triangles formed is either 1, if the chosen vertices

are joined by an edge, or otherwise 0.

Proposition 12.6. For n = 1, 2, ..., let

Xn =















1 if a triangle is formed at step n;

0 otherwise.
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Let Wn be the total number of triangles in the graph at step n,

Wn = 1 +
n
∑

i=1

Xi.

Then Xn ∼ Bernoulli(pn) where pn = 2(2n+1)
(n+2)(n+1) ,

and E(Wn) ∼ 4 ln n as n → ∞.

Proof. As already noted, Xn is 1 if the pair of vertices chosen at step n have an edge

between them and 0 otherwise. Since the method of choosing a vertex pair at step n is

uniformly random then Xn ∼ Bernoulli(pn) where pn represents the ratio of edges to

pairs of vertices in the graph. After the n − 1st step, there are n + 2 vertices and 2n + 1

edges in the graph, so we get

pn =
2n + 1
(

n+2
2

)

=
2(2n + 1)

(n + 2)(n + 1)
,

as required.

For the second result,

E(Wn) = 1 +

n
∑

i=1

pi

= 1 +
n
∑

i=1

2(2n + 1)

((n + 2)(n + 1)

= 1 +

n
∑

i=1

4

i + 2
−

n
∑

i=1

2

(i + 2)(i + 1)

∼ 4 ln n as n → ∞,

as required.
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Let us now consider the mean number of steps at which a new triangle is added to the

graph. Define Xn := 1
n

∑n
i=1 Xk(=

Wn

n
). From Proposition 12.6 we know that E(Xn) → 0

as n → ∞. We apply the Chernoff bounds from Lemma 9.8 to prove that Xn
C→ 0 as

n → ∞.

Theorem 12.7. Let (Xn)n∈N be a sequence of independent Bernoulli(pn) random variables

satisfying the condition that
∑n

i=1
pi

n
converges to some limit µ as n → ∞. Then, for any

fixed ε ∈ (0, 1), there exists k > 0 such that for all sufficiently large n,

P

(

∣

∣

∣
Xn − 1

n

n
∑

i=1

pi)
∣

∣

∣
> µn− 1

4

)

≤ e−
µn

1
2

6 ,

and

Xn

(

:=
1

n

n
∑

i=1

Xi

)

C→ µ as n → ∞.

Proof. By Lemma 9.8 we know that, for every ε ∈ (0, 1],

P

(

∣

∣

∣
Xn − 1

n

n
∑

i=1

pi)
∣

∣

∣
>

ε

n

n
∑

i=1

pi

)

≤ e−
ε2

3

∑n
i=1 pi .

Thus, taking ε = n− 1
4 , we get

P

(

∣

∣

∣
Xn − 1

n

n
∑

i=1

pi)
∣

∣

∣
> n− 5

4

n
∑

i=1

pi

)

≤ e−
n
− 1

2
3

∑n
i=1 pi .

Now, 1
n

∑n
i=1 pi → µ as n → ∞, so for all δ > 0 there exists Nδ ∈ N such that whenever

n ≥ Nδ then
∣

∣

1
n

∑n
i=1 pi − µ

∣

∣

∣ < δ. Thus, for all n ≥ Nδ,

P

(

∣

∣

∣Xn − 1

n

n
∑

i=1

pi)
∣

∣

∣ > µn− 1
4

)

≤ e−
n

1
2 (µ−δ)

3 .

Choosing δ = µ
2 gives the first part, while the second follows from the observation that

∑∞
n=1 e−

µn
1
2

6 < ∞.
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We now bound the distance between the distribution of the number of triangles in our

evolving Bernoulli random graph and the normal distribution. We use the so-called ‘local

approach’, following the example of Reinert [41], to apply Stein’s method and obtain

bounds in Wasserstein distance. Alternatively, the Berry-Esseen Theorem (for example

see [21], Chapter 11) can be applied directly to obtain Kolmogorov distance bounds of

the same order. Since the Wasserstein distance that we obtain is the stronger metric on

Z (see [24]) and since the method is not particularly instructive, we omit this proof.

Since the Stein equations for the normal distribution given in Chapter 4 are for the stan-

dardised normal distribution, we begin by defining standardised versions of our random

variables Xi and Wn. For n ∈ N, i = 1, 2, ..., n define

Y
(n)
i :=

Xi − pi
√

∑n
j=1 pj(1 − pj)

,

U (n) :=

n
∑

i=1

Yi.

The random variables (Y
(n)
i )i inherit independence from (Xi)i, so that E(U (n)) = 0 and

V ar(U (n)) = 1. We shall bound the distance between L(U (n)) and the N(0, 1) distribution.

Proposition 12.8. For U (n) :=
∑n

i=1 Y
(n)
i defined for our model as above, h any abso-

lutely continuous bounded function and Z ∼ N(0, 1),

|E(h(U (n))) − E(h(Z))| ≤ 5||h′||∞
(
∑n

j=1 pj(1 − pj))
1
2

.

Proof. Fix n and let U
(n)
i := U (n) − Y

(n)
i =

∑

j 6=i,1≤j≤n Y
(n)
j . By construction, U

(n)
i and

Y
(n)
i are independent. Let h be an absolutely continuous bounded function and let f be
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the solution of the Stein equation given in Theorem 4.4. Applying Taylor’s expansion,

E(U (n)f(U (n)))

=

n
∑

i=1

E(Y
(n)
i f(U (n)))

=
n
∑

i=1

E

(

Y
(n)
i

(

f(U
(n)
i ) + (U (n) − U

(n)
i )f ′(U (n)

i )
))

+

n
∑

i=1

E

(

Y
(n)
i

(U (n) − U
(n)
i )2

2
f ′′(U (n)

i + θi(U
(n) − U

(n)
i ))

)

,

for some θi ∈ (0, 1). Thus,

E(U (n)f(U (n)))

=

n
∑

i=1

(

E(Y
(n)
i f(U

(n)
i )) + E((Y

(n)
i )2f ′(U (n)

i ))
)

+

n
∑

i=1

E

(

(Y
(n)
i )3

2
f ′′(U (n)

i + θi(U
(n) − U

(n)
i ))

)

=
n
∑

i=1

E((Y
(n)
i )2)E(f ′(U (n)

i )) + R1

where R1 =

n
∑

i=1

E

(

(Y
(n)
i )3

2
f ′′(U (n)

i + θi(U
(n) − U

(n)
i ))

)

.

Applying Taylor’s expansion again,

n
∑

i=1

E((Y
(n)
i )2)E(f ′(U (n)

i ))

=

n
∑

i=1

E((Y
(n)
i )2)E

(

f ′(U (n)) + (U
(n)
i − U (n))f ′′(U (n)

i + τi(U
(n) − U

(n)
i ))

)

for some τi ∈ (0, 1)

=

n
∑

i=1

E((Y
(n)
i )2)E(f ′(U (n))) + R2

where R2 =

n
∑

i=1

E(Y 2
i )E

(

(U
(n)
i − U (n))f ′′(U (n)

i + τi(U
(n) − U

(n)
i ))

)

.
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So we have,

E(U (n)f(U (n))) =

n
∑

i=1

E((Y
(n)
i )2)E(f ′(U (n))) + R1 + R2

= E(f ′(U (n)))

n
∑

i=1

E((Y
(n)
i )2) + R1 + R2

= E(f ′(U (n))) + R1 + R2,

since

1 = V ar(U (n)) =

n
∑

i=1

V ar(Yi) =

n
∑

i=1

(E((Y
(n)
i )2) − (E(Y

(n)
i ))2) =

n
∑

i=1

E((Y
(n)
i )2).

If we can bound R1 + R2 we will have bounded the right-hand side of the Stein equation.

Now,

|R1 + R2| ≤ |R1| + |R2|

|R1| =

∣

∣

∣

∣

∣

n
∑

i=1

E

(

(Y
(n)
i )3

2
f ′′(U (n)

i + θi(U
(n) − U

(n)
i ))

)∣

∣

∣

∣

∣

≤ 1

2
‖ f ′′ ‖

n
∑

i=1

E|(Y (n)
i )3|, (12.2)

where Y
(n)
i either takes value

1 − pi

(
∑n

j=1 pj(1 − pj))
1
2

with probability pi, or value

−pi

(
∑n

j=1 pj(1 − pj))
1
2
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with probability 1 − pj. This gives,

n
∑

i=1

E|(Y (n)
i )3| ≤ 1

(
∑n

j=1 pj(1 − pj))
1
2

, (12.3)

since (1 − pi)
2 + (pi)

2 ≤ 1.

Similarly,

|R2| ≤ ‖ f ′′ ‖
n
∑

i=1

E((Y
(n)
i )2)E|Y (n)

i |, (12.4)

and

E|Y (n)
i | =

2pi(1 − pi)

(
∑n

j=1 pj(1 − pj))
1
2

,

so

n
∑

i=1

E((Y
(n)
i )2)E|Y (n)

i | = 2
n
∑

i=1

pi
2(1 − pi)

2

(
∑n

j=1 pj(1 − pj))
3
2

≤ 2

(
∑n

j=1 pj(1 − pj))
1
2

. (12.5)

Combining (12.2), (12.3), (12.4) and (12.5) we get

|R1 + R2| ≤
5 ‖ f ′′ ‖

2(
∑n

j=1 pj(1 − pj))
1
2

or

|R1 + R2| ≤
5||h′||

(
∑n

j=1 pj(1 − pj))
1
2

from Theorem 4.4.
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Corollary 12.9. If Z ∼ N(0, 1), then

dW (U (n), Z) ≤ 5
√

log(n + 3) + 3
n+2 − 3

2

.

Proof. By the definition of Wasserstein distance on page ix, for H := {h : R → R :

||h′||∞ ≤ 1}, Proposition 12.8 gives that

sup
h∈H

|E(h(Un)) − E(h(Z))| ≤ 5

(
∑n

j=1 pj(1 − pj))
1
2

.

By Proposition 12.6, we know that pj = 2(2j+1)
(j+2)(j+1) . Thus,

n
∑

j=1

pj(1 − pj) =

n
∑

j=1

2(2j + 1)

(j + 2)(j + 1)

(

1 − 2(2j + 1)

(j + 2)(j + 1)

)

=

n
∑

j=1

2j(2j + 1)(j − 1)

(j + 2)2(j + 1)2

≥
n
∑

j=1

(j − 1)

(j + 2)2

=

n
∑

j=1

1

j + 2
− 3

n
∑

j=1

1

(j + 2)2

≥
∫ n+1

1

1

x + 2
dx − 3

∫ n

0

1

(x + 2)2
dx

= log(n + 3) +
3

n + 2
− 3

2
.

Substituting this into the previous expression gives the required result.
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12.2 An analogous continuous-time evolving Bernoulli ran-

dom graph

In a similar vein to Chapter 3 we construct a continuous-time evolving Bernoulli random

graph model based on the discrete-time model. In the case of the Barabási-Albert random

graph, the continuous-time version of the model helped us to bound the rate of convergence

of the degree distribution in the discrete-time version. Although we already have bounds

for this rate in the discrete Bernoulli case, looking at the continuous-time model provides

an instructive illustration of the generality of such comparisons.

12.2.1 The model

As in the continuous-time Barabási-Albert evolving random graph, the model consists of

two independent sets of processes.

1. Arrivals of new vertices into the graph. The time between arrivals is exponen-

tially distributed with rate 1
ρ
× number of vertices in the graph.

2. Growth of edges for current vertices. Each vertex gains new half-edges inde-

pendently with rate 1.

To define a model that is comparable to the discrete-time Bernoulli random graph, we

require all vertices to increase in degree at the same rate regardless of the degree of the

vertex. Instead of a Yule process of Yule processes as in the Barabási-Albert case, we now

have a Yule process of Poisson processes.

Notation

• Write Si for the time between the start of the ith and (i + 1)st new processes.

Si ∼ Exponential( i
ρ
).
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• Write Xi(t) for the degree of vertex i at time t, so that, conditional on t > S1 + ...+

Si−1, (Xi(S1 + ... + Si−1) := 1 and Xi(t) is a Poisson process with rate 1.

As in Chapter 3 for the models discussed previously we define the concept of the ‘age’ of

a vertex.

Definition 12.10. We say that vertex 1 has age t at time t, and that vertex i > 1 has

age t at time S1 + ... + Si−1 + t.

12.2.2 Results

We have already seen that in the discrete case the asymptotic degree distribution of an

evolving Bernoulli random graph is geometric. Following the example of Chapter 3, we

now prove a result for the continuous version of the model. At a sequence of stopping

times corresponding the times that new vertices enter the graph, the degree distribution

is precisely geometric.

Theorem 12.11. For n ∈ N, let In be a uniform random variable on {1, 2, ..., n} with

In ⊥ (Si)i∈N. Then for k = 0, 1, 2, 3, ...,

P(XIn(S1 + ... + Sn) = k) =
1

1 + ρ

(

1 − 1

1 + ρ

)k

.

Proof. By construction, since the degree distribution of a vertex depends only on its age,

the distributions of (S1, S2, S3, ...) and {Xi(S1 + ... + Si−1 + t)}i∈N.

By Theorem 3.14, SIn + SIn+1 + ... + Sn ∼ Exponential(1
ρ
).

By definition, for i = 1, 2, ..., n, the random variable Xi(S1 + ... + Si−1 + t) is identically
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distributed to the Poisson process of rate 1, X1(t). It follows that

P(XIn(S1 + ... + Sn) = k) = P(X1(SIn + ... + Sn) = k)

= E

(

e−UUk

k!

)

,

where U ∼ Exponential(1
ρ
). Integrating to find this expectation gives the required result.

The similar proof in Chapter 3 hinged on the result that for Uρ ∼ Exponential(ρ), we

have Negbinom(α; e−Uρ) = µα
ρ . The corresponding result in this instance is that for

U 1
ρ
∼ Exponential(1

ρ
), we have Poisson(U) = Geometric( 1

ρ+1 ).
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Chapter 13

Concluding remarks

This thesis has studied a sequence of different classes of Barabási-Albert random graph

models. In Chapter 6 we compared discrete-time and continuous-time preferential attach-

ment models and found total variation distance bounds between their degree distributions.

There is scope for statistical applications of the bounds that we obtain. For example, as

explained in Section 1.2.3, the degree distribution bounds give an indication of a suitable

range of degrees for consideration when using log-log plots to estimate the exponent of a

power law.

In Chapters 7, 8 and 11 we used three different methods to prove that the asymptotic

degree distributions of models in our scheme are scale-free. For two of the methods we

gave total variation distance bounds. Each method applied to specific models within the

scheme, but the bounds of Chapter 6 allowed us to extend the results to the other models.

The comparison of different types of preferential attachment models has provided insight

into the scale-free asymptotic degree distributions seen in preferential attachment models.

In particular, when studying Yule’s model for evolution in Chapter 3 we were easily able to

write down the exact degree distribution at a sequence of stopping-times. This motivated

the derivation of a continuous-time preferential attachment model in Chapter 6. We

bounded the distances between the degree distribution of this model and both the scale-

free distribution found in Chapter 3 and the original Barabási-Albert random graph, Model

BA defined in Chapter 2.

Having found a candidate asymptotic degree distribution in Chapter 3, we used the re-

currence relation method of Szymański [53] to bound the expected proportion of vertices
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of a given degree in Model BA. The bounds from this method were of particular interest

in Chapter 9, where we applied bounds on the proportion of vertices of a given degree to

bound the degree sequence of Model BA.

The method in Chapter 9 for bounding the degree sequence of Model BA used the Azuma-

Hoeffding inequality, following the example of Bollobás et al. [11]. The application was

restricted to certain types of models, more precisely those models where the number of

edges added at every time-step is bounded above by some constant. For Model BA we

proved complete convergence to the µα
ρ -distribution, a stronger result than almost sure

convergence.

For evolving random graphs where there is no constant that bounds the number of edges

added at every time-step, but instead with the condition that vertex degrees evolve inde-

pendently, we obtained similar results through the use of the Chernoff bounds. Again, we

were able to prove complete convergence for the degree sequence.

Stein’s method has been one key method through which we have obtained approximation

bounds for the graph statistics studied in this thesis. The method has proved powerful

once a target distribution is known, but is difficult to apply without a target distribution.

An avenue for further study is the question of whether the method can be extended to

allow us to work with a target ‘type’ of distribution. For example, could a general method

be found that compares the tail-degree distribution with a general scale-free distribution?

Within the current framework, we cannot hope to apply Stein’s method unless we know

both the asymptotic power order parameter and the normalising constant.

In Chapter 4 we derived a Stein equation for the µα
ρ -distribution and found good Stein

factors (as demonstrated in Example 5.2.3). In Chapter 11, we applied this to an inho-

mogeneous Markov chain that represents the degree evolution of Model I . Through this

we formally proved the assertion that, should the Markov chain converge, its asymptotic

distribution would be the µα
ρ -distribution. It is hoped that further work might develop

this method to derive total variation distance bounds using either this or another Stein
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equation for the µα
ρ -distribution.

Chapter 10 proved that the degree distribution of Model I is identically distributed to a

particular statistic of the Chinese restaurant process. Not only does this mean that we

can deduce bounds for the distribution of this statistic, but making the comparison gave

us a new understanding of Model I as a inhomogeneous Markov chain. Examining related

homogeneous Markov chains and their stationary distributions showed us an alternative

way of obtaining the µα
ρ -distribution (a scale free distribution derived in Chapter 3) as a

candidate for the asymptotic degree distribution of Model I .

Finally, in Chapter 12 we used methods that we earlier applied to preferential attachment

models to study a Bernoulli evolving random graph. As well as using Stein’s method for

the geometric distribution to bound the degree distribution and degree sequence we used

Stein’s method for the normal distribution to bound the distance between the number of

triangles in the graph and a normal distribution. The fact that we were able to apply the

same methods that we used earlier in the thesis for this new model (and to even more

statistics of the model) gives weight to our hope that these methods will prove successful

in studying further properties of these and other evolving random graph processes.
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Appendix A

Gamma and beta functions

The following are standard results for gamma and beta functions that are used frequently

throughout the thesis. On page 5 we defined the notation for the gamma and beta functions

(defined on C
+ and C

+ × C
+ respectively),

Γ(z) :=

∫ ∞

0
tz−1e−tdt;

B(x, y) :=

∫ 1

0
tx−1(1 − t)y−1dt =

Γ(x)Γ(y)

Γ(x + y)
.

It is well-known (and easy to calculate) that

Γ(z + 1) = zΓ(z). (A.1)

The following ratios follow from (A.1):

B(x + 1; y)

B(x; y)
=

x

x + y
; (A.2)

B(x; y + 1)

B(x; y)
=

y

x + y
; (A.3)

B(x + 1; y)

B(x; y + 1)
=

x

y
. (A.4)
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Appendix B

A list of random graphs

For reference we list the definitions for random graphs involved in the coupling construction

of Chapter 6.

B.1 Discrete-time models

Model BA

Let α > 0 be a real parameter and let m ≤ m0 be integer parameters.

• (BA1) Start with the empty graph on m0 vertices.

• (BA2) At step n select m distinct vertices from the graph in such a way that the ver-

tex i with D
(BA)
n−1 (i) := (α + in-degree of i at step n − 1) is chosen with probability

proportional to D
(BA)
n−1 (i). More precisely,

P(vertex i is chosen|D(BA)
n−1 (i)) =

mD
(BA)
n−1 (i)

(n − 1)(m + α) + m0α
.

(Note that the conditioning here is not on the whole degree vector at step n − 1.)

• (BA3) Attach the new vertex, n + m0, to the m chosen vertices with m edges

directed out of the new vertex.
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B.1.1 Model I

The following definition is given on page 84.

• Start with the empty graph on m0 vertices;

• At step n, independently for each vertex in the graph, select vertex i with conditional

probability
mD

(BA)
n−1 (i)

(n−1)(m+α)+m0α
, where D

(I)
n−1(i) := (α+ in-degree of i at step n − 1), for

some α > 0.

• Attach the new vertex n + m0 to all the selected vertices with edges directed out of

the new vertex.

B.1.2 Model I

The following definition is given on 86.

• Start with one vertex;

• At step n, independently for each vertex, select vertex i with conditional probability

D
(I)
n−1(i)

ρn+β
, where D

(I)
n−1(i) := (α + in-degree of i at step n − 1), ρ > 1, α > 0, β ≥ 0

satisfying α ≤ β + ρ. The condition α ≤ β + ρ ensures that all probabilities lie

between 0 and 1.

• Attach a new vertex n + 1 to all the selected vertices with edges directed out of the

new vertex. (The number of vertices selected at step n is random.)
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B.2 Continuous-time models

B.2.1 Graph based on Yule’s model for evolution

The following definition is given on page 38.

1. Births of new vertices into the graphs. The time between arrivals is exponen-

tially distributed with rate, ρ× number of vertices in the graph.

2. Growth of edges for current vertices. Each vertex gains incident in-edges

independently with rate proportional to α+ in-degree.

We use the following notation for this model.

• We write Si for the time between the births of the ith and (i + 1)st new vertices, so

Si ∼ Exponential(ρi).

• We write Yi(t) for the in-degree of vertex i at time t. We set Y1(0) = 0, and for i ≥ 2

we set Yi(S1 + ... + Si−1) := 0. For i ≥ 1 and t ≥ S1 + ... + Si−1, Yi(t) is defined to

evolve as a Yule process with immigration rate α and birth rate 1.

B.2.2 Model Y

The following definition is given on page 88.

1. Arrivals of new vertices into the graph. The time between the arrival of vertex

n and vertex n + 1 is given by sn := 1
ρn+β

for ρ > 1, β ≥ 0.

2. Growth of edges for current vertices. Each vertex i gains incident in-edges

independently with rate given by D
(Y )
n (i) := α+ in-degree, for α > 0.
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In Section 6.2 we introduce the following alternative formulation of Model Y.

• Start with one vertex, 1, of ‘degree’ α;

• At step n add one new vertex, n + 1, of ‘degree’ α to the graph.

• Conditional on the degree sequence,

D
(Y )
n−1(1) = d

(Y )
n−1(1),D

(Y )
n−1(2) = d

(Y )
n−1(2), ...,D

(Y )
n−1(n) = d

(Y )
n−1(n)

of the first n vertices at step n− 1, generate independent random variables and call

them E
(Y )
n (1), ..., E

(Y )
n (n) where E

(Y )
n (i) ∼ Negbinom(d

(Y )
n−1(i), e

− 1
ρn+β ). At step n

add E
(Y )
n (i) incident in-edges to vertex i.
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[45] Ross, Sheldon M., Peköz, Erol A., (2007). A second course in probability

www.ProbabilityBookstore.com.

[46] Ross, S. M., (1996). Stochastic processes, 2nd edition, John Wiley & Sons.

[47] Simon, H. A., (1955). On a class of skew distribution functions, Biometrika, 42, pp.

425-440.

185



[48] Solow, S. R., (2005). Power laws without complexity, Ecology Letters, 2, pp. 361-

363.

[49] Solow, A. R., Costello, C. J., Ward, M., (2003). Testing the power law model

for discrete size data, The American Naturalist, 162, pp. 685-689.

[50] Stein, C., (1972). A bound for the error in normal approximation to the distribution

of a sum of dependent random variables, Proceedings of the Sixth Berkeley Symposium

on Mathematical Statistics and Probability, 2, pp. 583-602.

[51] Stein, C., (1986). Approximate computation of expectations, IMS Lecture Notes -

Monograph Series, Institute of Mathematical Statistics, Hayward, California, 7.

[52] Stein, C., with Diaconis, P., Holmes, S., Reinert, G., Use of exchangeable

pairs in the analysis of simulations, IMS Lecture Notes - Monograph Series, Institute

of Mathematical Statistics, Hayward, California, 46.
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