Supplementary Information for Spatio-temporal eco-evolutionary dynamics of
prey-predator systems with defended and undefended prey

Sourav Roy
Department of Mathematics, Jadavpur University, Kolkata 700032, India

Helen M. Byrne
Wolfson Centre for Mathematical Biology, Mathematical Institute, University of Ozford, Ozford, United Kingdom

Jeet Banerjee
Capgemini Technology Services India Limited, No: 158-162P & 165-170P,
EPIP Phase II, Whitefield, Bengaluru 560066, India

Sourav Kumar Sasmal
Department of Applied Mathematics and Scientific Computing,
Indian Institute of Technology Roorkee, Uttarakhand 247667, India

Sagarika Dutta and Dibakar Ghosh*
Physics and Applied Mathematics Unit, Indian Statistical Institute, 203 B. T. Road, Kolkata 700108, India

S1. SUPPLEMENTARY NOTE 1 : LINEAR
STABILITY ANALYSIS OF WITHOUT
DIFFUSION EFFECT

In this section, we neglect spatial effects and identify
the equilibrium points of the following ordinary differen-
tial equations:
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We also characterize the linear stability of all the
equilibrium points. It is straightforward to show that
the equilibrium points of Eq. (S1) are:

(i) Qo = (0,0,0), the extinction equilibrium. Q) is
locally asymptotically stable if & > pi' if ¢ < L then

K pK’?
Qo is a saddle point.

(ii) @b, = (u4+,0,0) = (

represents the persistence of undefended prey and the

extinction of the defended prey and predators. It exists

and is physically realistic where px¢ < 1. It is unstable
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as one of the eigenvalues is x& ( ﬁ;g) > 0.
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(iii) Qo, = (0,044,0) = (0, 75,0 ). This steady

state represents the domination of defended prey, and
extinction of the undefended prey and predator. @,
exists if pk€ < 1 and is always unstable where it exists

a1
(one of the eigenvalues is k€6 ( 1‘:’%&9) > 0, with pr€ < 1.)

(iv) Qp, = (v/,v',0) where
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prE < 1.

This steady state corresponds to the coexistence
of the undefended and defended prey, and extinc-
tion of the predators. It is a stable nodal sink if

Bru'+B2v" \ (§(0+p(1+6))
§ > ( T T )((9(1-&?%)-5-1))’ and an unstable saddle

point if § < (51u/+62v’) ((5(9+p(1+0)))).

w' v’ +1 (0(1+rKE)+1)
v) Qp, = (W”,0,w") where u’s are the roots of
the following cubic polynomial

Ty’ + Tou’” +Tsu” + Ty =0, (S3a)

where

Ly =kp1(€—7) + (KE+ Dp,

Ly = (p§—py+vy—1)B1+ (KE+1)(B1+2u) — (1+ 7)o+
(p€ = £)m,

U3 = p(€+ D)0 —{(p+r)V+2}0+{(2p+r)E — 2 +1}p,
Iy = —[p(y0 —&u) + 6 + £], and w" is given by
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This steady state represents coexistence of undefended
prey and the predators and extinction of the defended

(S3b)
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prey. It is always unstable for k # 7 as one of the eigen-
values is {”5 "+ ("u” + ) yw’ } > 0. If k =, (ie,

u'’+1
0 = c0), then G,(Qp,) = —¢ < 0 where G, = 61; (Qp2)
is the partial derivative of G(u,v,w) with respect to v.
Therefore, for K =7, @), is locally asymptotically stable

if

FH(QP2) + HTU(Q;DQ) < 07 (S4a‘)

and
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Moreover, @, is a stable node (spiral) if
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(vi) Qp, = (0,0, w"") where
" o_ —Bav"" + (% - 5)"/// - 5, (SG)
(B2 + )" + p

and v"’ solves the following cubic equation
1’\/ /// 1’\/ /// I\gv/// + 1’12L — 0’ (S?a)
where F’ - 9[%59(62+M)+u #7B2), T = (24 KE0) I+

(ky+1)0(52 —0) — {+ — (p+K0)E}6( 52+N) pYB2, Ty =
[{2—2pg nf@ 1}9u (£0+2)pBa+{(p+r0)y+20}6],
b=~y +0)d + (5 — p€)0p].

ThlS steady state represents coexistence of the defended

prey and predators and extinction of undefended prey.

Qp, = (0,0",w"") is locally asymptotically stable if

"
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GU(st) + Hw(st) < 07 (88b>
and
Gv(st)Hw(st) > Gw(st)Hv(sz)- (SSC)

Moreover, @y, is a nodal sink if

[GU(QPJ) - HHJ(QPS)]Z + 4Gw(QP3)

and a spirally stable equilibrium if

[Gv(st) - Hw(st)}Z + 4Gw(Q;ﬂ3)Hv(QP3) <0, (SlO)

(vii) Q« = (s, vs, w,). This state represents the coex-
istence of undefended prey, defended prey, and predator,
where

(21— §)u, +(22 —8) v, — (B1u2+Bav?+(B1+B2) v, +0)
(Br+p)us+(Ba+p)vs+p ’
(S11)
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uy and v, simultaneously solve the following equations,
Tu? 4+ Thu? + Thu, + TYvd + TEv? + T,
+ THu2v, + Tuav, + Thu,w? + T, =0,
V02 4T 0?2 + T4 v, + T ud + TV U2 + T¢ u.
+ ;”u*v + I v, + I‘g'uiv* + I =
where I'Y = £(§ — 7)81 + (k€ + Dp,
Ty = [p(§—7)+KE+7]B1 — (ky+1)8+ [p€+2kE — L+ 2]p,
I =p(+2)1—{(p+r)7+2}6+ (2p§ + KE— 2+ 1),
I—‘4 = K, 1
LY =p(§—7)B2 — 0+ (p€ — + + 2)p,
T =p(E+2)Bs— (py+2)0 + {2(p€ — 1) + 1},
F” =r(§— 7)(51 + B2) + 2(k€ + 1.5)p,
F” =p(€§ - 71)61 +{p(§ =) + KE+ 7} P2 — (kY +2)0 +
2(/)5 + K€ — o +2)p,
Ty = k(=)0 + (H§1+ 3,
Ty = —[(py +1)0 + (5 — p&)ul,

I = 0[k(0§ —v)B2 + (k€0 + 1)p],
0y = [p(€0 — ) + 0(v + KEO)| B2 — O(ky + 1)6 + O(p€ +
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T = p(€0 —7)B1 — 06+ 0(pE — £ +2)p,

Ty' = p(€0+ 1)1 — (pv +20)0 + 20(p€ — £ + 0.5)p,
I = 0[k(£0 — v)(B1 + Ba) + 2(kEO + 1.5)p],

L5 = [p(€0 — ) + (k€0 + 7)0]B1 + p(€0 — 7) B2 — (kv +
2)06 + 20(p& + k€O — L + 2)p,

Ly = kO(EO — ) b1 + O(kEO + 3)p,

Iy = —[(py +0)6 +0(;; — p&)u], and
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It is locally asymptotically stable if
== [Fu + G, + Hw](u*ﬂj*’w*) <0, (Sl4a)
T = [Fu(G'un — GwHU) — FU(Gun — GwHu)
+F’LU(GUH'U - vHu)}(u*,'u*,w*) < 07
(Sl4b)
and
Q= [Gva - Gu;Hv + ELHw*
FwHu + Fqu - FvGu](u*,v*,w*) > % (8140)
In the stability conditions (S4a) to (Sldc),
F, = %(Q*)7 F,, Fy, Gy Gy, Gy and H,, H,, H,

are the partial derivatives of F(u,v,w),G(u,v,w) and
H(u,v,w) with respect to u, v and w, respectively.

S2. SUPPLEMENTARY NOTE 2 : ONLY
PREDATOR’S MOVEMENT

In order to examine the role of prey mobility in shap-
ing spatial structures, we now consider a limiting case



Table S1. Summary of the equilibrium points, their existence, and linear stability conditions for Eq. (S1)

Equilibrium point

Existence condition

Linear stability

(i) Qo = (0,0,0)

(ii) Qv, = (1+:§’0 0) préE <1
(iii) Quv, = (07 ;M‘&'jo) pré < 1
(iv) Qp, = (u',0/,0) (see ($2)) pré < 1

(V) Qp, = (u,0,w") (see (S3a) and (S3b))
(vi) Qps = (0,0, w"") (see (S7a) and (S6)) v

Always exists

u”,w”>0&u”+w <7 ( (s
T >0& V" Fuw < L See (S8a), (S8b), (S8c), (S9)
( )

prE > 1
Always unstable

Always unstable

6> (B ) (2 — o —v)
5)

See (S4a), (S4b),

(vii) Q« = (U, vi, ws) (see (S12) and (S13)) ww, Vi, ws > 0 & us + v + W, < L See (Sl4a), (S14b), (S14c)

Predator (w)

Undefended prey (u)

Figure S1. Spatio-temporal plot by varing n. We observe
the shift of spatio-temporal pattern setting D,, = D, = 0, and
D,, = 1, taking two distinct values of the predators’ decaying
rate (a, b) p = 0.8 and (c, d) p = 0.92 where the first and
second columns represent the behavior of undefended prey
and predator, respectively.

where both undefended and defended prey are completely
immobile, i.e., D, = D, = 0, while predators retain
diffusive movement as per stated previously. This sce-
nario corresponds to situations where prey species are
spatially fixed due to sessile life forms (e.g., terrestrial
plants rooted in soil, corals fixed to reef substrates, or
benthic invertebrates such as mussels and barnacles). At
the same time, predators are capable of moving freely
across the habitat [1]. In such real-world cases, predators
must actively search for prey patches, and prey—predator
encounters are determined almost entirely by predator
foraging ranges and prey spatial arrangement rather than
prey movement. By eliminating prey movement in our
model, any emergent spatial patterns arise solely from
predator redistribution in response to local prey availabil-
ity and the eco-evolutionary feedback between defended
and undefended prey [2].

Figure S1 illustrates the resulting spatiotemporal dis-
tributions of undefended prey (u) and predator (w) den-
sities for two representative values of the evolutionary

parameter u specifically, ¢ = 0.8 for Fig. S1(a,b) and

= 0.92 for Fig. S1(c,d) while keeping all other sys-
tem parameters identical to those used in Fig. 4. In the
absence of prey mobility, undefended prey remain perma-
nently fixed at their initial spatial positions, and spatial
heterogeneity is generated exclusively by predator move-
ment and localized consumption dynamics.

For n = 0.8 in Fig. S1(a,b), the prey field [panel
(a)] shows a relatively uniform background dominated
by high density of undefended prey areas (red-yellow re-
gions), punctuated by small localized voids. The cor-
responding predator distribution [panel (b)] forms fine
grained, mosaic-like patterns, with high density predator
clusters (red patches) embedded in a matrix of moder-
ate and low-density regions (yellow—blue), reflecting lo-
calized aggregation near prey-rich sites and depletion in
prey-poor zone.

As 1 increases to 0.92 [Fig. S1(c,d)], the undefended
prey distribution [Fig. S1(c)] remains largely homoge-
neous in density, as expected from the absence of prey
movement, but predator spatial organization [Fig. S1(d)]
undergoes a qualitative change: the fine-grained struc-
ture gives way to larger, more sharply segregated high-
density predator zones (deep red) surrounded by exten-
sive low-density predator areas (blue—cyan). This in-
dicates that evolutionary shifts in the undefended prey
composition can alter predator foraging success and terri-
torial occupancy patterns, even when prey are immobile.

Such dynamics have real ecological analogues. For ex-
ample, in coral reef ecosystems [3], immobile coral polyps
(some chemically defended, others undefended) experi-
ence spatially heterogeneous grazing by mobile predators
such as parrotfish, whose feeding territories reflect both
prey quality and defense levels. Similarly, in intertidal
mussel beds, predatory whelks exhibit patchy distribu-
tion patterns that depend on the proportion of defended
mussels (e.g., thicker shells or chemical deterrents) within
a fixed spatial matrix. In terrestrial contexts, stationary
plants with varying levels of chemical defense against her-
bivores often produce predator/herbivore distributions
characterized by patchy clustering in defense-poor zones
and avoidance of defense-rich areas.

This special case thus provides a baseline for under-



standing the role of prey dispersal in the full model:
when prey are stationary, predator pattern formation is
entirely dictated by eco-evolutionary feedback and the
initial prey landscape, whereas allowing prey mobility
(as in the general case) introduces additional dynamic
mixing, spatial coupling, and potentially faster or more
transient pattern reorganization.
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