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Abstract

This thesis presents the measurement of the cosmic microwave background (CMB) power spec-

trum for the Atacama Cosmology Telescope (ACT) experiment and its polarized upgrade, ACTPol.

I present the tools that I have developed for constructing unbiased and nearly optimal statistical

estimators. I discuss how to separate the cosmological and the astrophysical signal and how to

characterize instrumental systematics. The goal of this work is to obtain accurate power spectra

measurement that can be used for cosmological parameter estimation.

I first present the analysis of the complete ACT data set. The high resolution of the telescope

allows us to recover power spectra to ` = 10000. I report the measurement of the power spectra

at 148 GHz and 218 GHz, as well as the cross-frequency spectrum between the two channels. The

power spectrum measurement is consistent with the ΛCDM model and a basic foreground model.

I then present the cross correlation of maps from the Atacama Cosmology Telescope with maps

from the Planck satellite in two overlapping regions covering 592 square degrees. I find excel-

lent agreement between the two datasets at both frequencies, quantified using the variance of the

residuals between the ACT power spectra and the ACT×Planck cross-spectra.

The next generation of CMB experiments are focused on measuring its polarization. I present

efficient algorithms for CMB lensing simulation and power spectrum estimation for flat-sky CMB

polarization maps.

Finally, I discuss the first temperature and polarization power spectra measurement from the

ACTPol experiment. They are the first attempt to measure the polarization of the CMB at high

resolution.
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Conventions

The following conventions are used in this thesis:

• The space-time metric used to describe the background evolution of the Universe is the FLRW

metric, the space-time interval is given by: ds2 = −c2dt2 + a2(t)δijdx
idxj . The scale factor

evolves following the Friedman equations.

• To include perturbations, we use the perturbed FLRW metric in the Newtonian gauge:

ds2 = −(1 + 2ψ)c2dt2 + a2(t)(1− 2Φ)δijdx
idxj

ψ corresponds to the Newtonian potential and Φ is the spatial curvature perturbation. In a

Universe without anisotropic stress, the Einstein equation sets Φ = ψ. To discuss the effect

of gravitational waves, we extend this metric to include tensor perturbations.

• The Hubble parameter is defined as H = ȧ
a , and the conformal time as η =

∫ t
te

dt′

a(t′) , where te

is the time at the end of inflation.

• We will denote by k the three dimensional Fourier wavevector and by ` the two dimensional

Fourier wavevector.

• We work in the context of the ΛCDM model. We take as a baseline a flat Universe with

baryons, cold dark matter, cosmological constant, photons and neutrinos, and will discuss

extensions to this model.
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Chapter 1

Introduction

Cosmological measurements, in particular the cosmic microwave background (CMB), allow us to

place tight constraints on fundamental physics. High energy phenomena which can not be observed

in particle accelerators have left traces in its statistical properties. If the recent claim of the

gravitational wave detection by the BICEP2 experiment (BICEP2 Collaboration I 2014) is confirmed

by other teams, the CMB will become an extremely cheap window on the physics at the 1016 GeV

energy scale. The statistical properties of primordial gravitational waves might be mapped with

exquisite precision in the next 10 years and will restrict dramatically the size of the parameter space

for high-energy physics theories. But this is only a specific example of the constraining power of

this observable. In the past decade, the measurement of the CMB anisotropies have placed tight

constraints on the energy content and geometry of the Universe, leading to a better understanding

of its evolution.

The primordial CMB is very well approximated as a two dimensional Gaussian field. Departure

from Gaussianity of the primordial CMB, which would have been a powerful tool for inflation

model selection, has not been observed yet (Planck Collaboration XXIV 2013). The properties of a

Gaussian field are fully encompassed in its two point correlation function. Specifically the quantity

of interest is the power spectrum of CMB fluctuations, the Fourier transform of the two-point

correlation function. In the linear regime, and with the assumption of homogeneity and isotropy,

the different Fourier modes corresponding to different physical scales are uncorrelated, allowing us

1
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to trivially disentangle different physical effects.

In 2007, the Atacama Cosmology Telescope and the South Pole Telescope (Fowler et al. 2010,

Shirokoff et al. 2011) started to map the microwave sky at arc minute resolution. The CMB

power at small scale is attenuated due to the Silk damping effect but does contain some important

cosmological information. As an example, observations of the CMB at high resolution allow us to

measure the number of relativistic species in the Universe, a possible variation of the fine structure

constant, and the primordial helium fraction (Sievers et al. 2013).

On the smallest scale, the microwave sky is dominated by astrophysical foreground emission

(Dunkley et al. 2011), such as dusty and radio extragalactic point sources. While the study of these

foregrounds is of interest by itself, they act as a contaminant to the cosmological signal and need

to be characterized in order to be subtracted. One way of separating the CMB and the different

foreground emissions is to exploit their different frequency spectra. Multi frequency observations

are very powerful tools to break the degeneracy between cosmological and astrophysical signals.

Another way is to model their contribution to the angular power spectrum, and to constrain this

model based on observations of the CMB at high resolution.

The beginning of my DPhil coincided with the first direct detection of the gravitational lensing of

the CMB made by the Atacama Cosmology Telescope collaboration (Das et al. 2011b). The bending

of the light due to large scale structures in the Universe imprints a distinct statistical signature in

the CMB fluctuations. A high precision measurement of the statistical properties of CMB lensing

will place a direct constraint on the sum of the neutrino masses (Abazajian et al. 2011). This, in

combination with particle physics measurements which are sensitive to the difference in the masses

of the different neutrinos flavors, will impact on our understanding of the standard model of particle

physics.

It is worth mentioning that while the combination of the CMB and CMB lensing allows us to

constrain cosmological parameters by itself, the best measurement requires combining with other

cosmological probes, including type Ia supernovae and Baryon Acoustic Oscillations in the galaxy

two point correlation function.

In this thesis I will discuss in detail how power spectra can be estimated efficiently and how to
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build an unbiased and nearly optimal estimator for realistic data. I will present the power spectrum

analysis for the ACT 3-year data set in Chapter 2. There are mild tensions between measurements

made by different collaborations; I present a comparison analysis between Planck and ACT data

in Chapter 3. The new generation of CMB experiments is now targeting the measurement of the

polarization of the microwave sky; I present a new analysis pipeline for the ACTPol collaboration

(Chapter 4) and the first power spectra analysis for ACTPol in Chapter 5.

In the remainder of this introduction, I will discuss the physics of the CMB temperature and

polarization anisotropies. I will also discuss how the CMB secondary anisotropies are generated

and the physics of CMB lensing. I will finally report the state of the art of CMB observations and

describe the ACT and ACTPol experiments.

1.1 High resolution CMB temperature power spectrum

The present Universe is expanding: when we extrapolate back into the past, we expect a Universe

denser and hotter than at present. At some point, the Universe was hot enough for most of the

electrons to be ionized and the Compton scattering of the photons with the free electrons drove

the two fluids into thermal equilibrium. Photons in thermal equilibrium with matter follow a black

body distribution. The subsequent expansion of the Universe can alter this distribution only by the

redshifting of the temperature of the radiation. The fact that the Universe should be filled with

black body radiation was first realized in the 1940s by George Gamov, Ralph Alpher and Robert

Herman. Based on cosmological nucleosynthesis, they predicted its temperature to be of order 5 K.

The first measurement of the cosmic microwave background was made by Penzias and Willson in

1965, who reported an antenna temperature of 3.5± 1.0 K at 4 GHz (Penzias & Wilson 1965). The

isotropy of the signal and its temperature were consistent with the expected cosmological signal.

The black body nature of the cosmic microwave background was firmly established by the COBE

satellite in the 90s, in the frequency range 60 to 600 GHz, with a temperature of 2.725 ± 0.002K

(Mather et al. 1994). COBE also detected small anisotropies in the CMB, of order δT/T ≈ 10−5

(Smoot et al. 1992). The study of these anisotropies has become the main goal of CMB experiments.

We will now discuss how these anisotropies have been generated, how they evolved and how to use
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their statistical properties to constrain cosmological parameters.

1.1.1 Generation of primordial perturbations

In the current cosmological model, the initial perturbations are thought to be the result of quantum

fluctuations of a scalar field. The stress energy tensor of a scalar field can be written:

Tαβ = gαν
∂φ

∂xν
∂φ

∂xβ
− gαβ

[
1

2
gµν

∂φ

∂xν
∂φ

∂xµ
+ V (φ)

]
. (1.1)

The pressure and energy density of the field are then given by:

T 0
0 ≡ ρ =

1

2

(
dφ(t)

dt

)2

+ V (φ) (1.2)

T ii ≡ P =
1

2

(
dφ(t)

dt

)2

− V (φ) (1.3)

Under certain conditions on its potential, this field can satisfy ρ + 3P < 0. Using the Friedman

equation: ä = −4πaG
3

(
ρ+ 3P

c2

)
we see that this will give rise to an accelerated expansion of the

Universe. The simplest model for inflation is a field slowly rolling down its potential well. The

energy density of such a field is nearly constant. When the field reaches its minimum of potential,

inflation ends. This period of inflation has been proposed to solve different problems in cosmology,

namely: the flatness problem, the horizon problem and the monopole problem (Linde 1982). It is

also a natural framework for the generation of the first inhomogeneities. The inflaton field φ can

be expanded into a homogeneous part and a perturbation φ(x, t) = φ(0)(t) + δφ(x, t). The time

component of the conservation of the stress energy tensor of the perturbations translates into a

differential equation on δφ (Dodelson 2003). In Fourier space:

δ̈φ+ 2
ȧ

a
˙δφ+ k2δφ = 0 (1.4)
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where . denotes derivative with respect to the conformal time η1. This equation can be rewritten

as an evolution equation for a set of harmonic oscillators (defining δ̃φ = aδφ):

1

a

[
¨̃
δφ+

(
k2 − 2

η2

)
δ̃φ

]
= 0. (1.5)

This can then be easily quantized: ˆ̃
δφ = v(k, η)âk + v∗(k, η)â†k, with v(k, η) = e−ikη√

2k

[
1− i

kη

]
.

The power spectrum of the inflaton fluctuations is defined as the variance of the Fourier modes

〈 ˆ̃
δφ†(k, η)

ˆ̃
δφ(k

′
, η)〉 = |v(k, η)|2(2π)3δ3(k−k

′
) = (2π)3δ3(k−k

′
)Pδφ(k). At the end of inflation, all

the modes of interest are super-horizon (k|η| � 1) and Pδφ(k) = H2

2k3 .

In this computation, we have neglected the effect of scalar metric perturbations. They are

coupled to the perturbation in the inflaton field, and become dominant on super horizon scales. The

post inflation power spectrum in the metric perturbations2 can be related to the horizon-crossing

spectrum of δφ:

Pψ = PΦ =
4

9

(
aH

φ̇0

)2

Pδφ

∣∣∣∣
aH=k

. (1.6)

This equation is of great importance: the quantum fluctuations in the scalar field driving inflation

leaves an imprint on the scalar perturbation of the metric. These perturbations in the metric are

related to the post inflation energy content of the Universe (photons, baryons, neutrinos, dark

matter), so a theory of inflation sets up the initial conditions for the evolution of perturbations

in the Universe. To conclude we will express the primordial power spectrum as a function of the

slow-roll parameters3 : ε = d
dt

(
1
H

)
and δ = 1

H
d2φ(0)/dt2

dφ(0)/dt
; these parameters vanish in the limit where

φ is constant and are small compare to unity if the field is slowly rolling. Using the Friedmann

equations for the background, we can express epsilon as ε = 4πG(φ̇0)2

a2H2 and the power spectrum for

1The conformal time during inflation is defined as η =
∫ a
ae

da
a2H

≈ − 1
Ha

given that H is nearly constant during
inflation, and that ae the scale factor at the end of inflation is large, note that the conformal time is defined to be
negative during inflation. At the end of inflation η = 0.

2Some authors prefer to parametrize the scalar perturbation with the curvature perturbation R defined as the
perturbation of the spatial curvature radius R(3) on comoving hypersurfaces, it’s a useful quantity because it is con-
served for super horizon adiabatic perturbations. We rather use the Bardeen potentials in order to avoid unnecessary
definition. The relation between the two quantities during radiation domination and matter domination is trivial
R = (3/2)ΦRD, R = (5/3)ΦMD.

3There are many different conventions for the definition of the slow roll parameters, all of them are equivalent.
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the scalar metric perturbation becomes:

Pψ(k) =
8πG

9k3

H2

ε

∣∣∣∣
aH=k

. (1.7)

It is conventional to parametrize the primordial power spectrum as a function of a scalar tilt ns:

k3Pψ(k) = A

(
k

k0

)ns−1

, (1.8)

where4 ns = 1 + d
d ln(k) [ln(H2) − ln(ε)]

∣∣
aH=k

= 1 − 4ε − 2δ. A prediction of single-field slow

roll inflation is that ns should be close to one but not exactly one. The current best constraints

on ns comes from the measurement of the temperature power spectrum of the Planck satellite:

ns = 0.9603 ± 0.0073 (Planck Collaboration XVI 2013), a 5σ detection of deviation from scale

invariance (ns = 1). For single field models such that the slow roll condition is well satisfied,

the previous calculation is accurate. However it is possible to build models in which the slow-roll

conditions are only marginally satisfied, and it might be necessary to extend the computation to

second order in the slow roll parameters. Going to second order is equivalent to introducing a

running of the tilt:

k3Pψ(k) = A

(
k

k0

)ns−1+(1/2)(dns/d ln k) ln(k/k0)

, (1.9)

where the primordial power spectrum depart from a simple power law. Planck ’s 95 % limit on

the running of the tilt is dns/d ln k = −0.0125 ± 0.018 (Planck Collaboration XVI 2013), with no

significant running detected.

1.1.2 Evolution of perturbations

Inflation generates primordial fluctuations which are the seed of the observed CMB anisotropies.

The CMB is observed on a sphere and the anisotropies are a function of the position on this sphere:

δT (n̂)/T̄ . The analogue on the sphere of the Fourier decomposition on a Euclidian space is given
4The interested reader will notice that d lnH

d ln k

∣∣
aH=k

= k
H
dH
dη

dη
dk

∣∣
aH=k

, with Ḣ = −aH2ε and dη
dk

∣∣
aH=k

=

− d(Ha)−1

dk

∣∣
aH=k

= 1
k2
, it can also be shown that d ln ε

d ln k

∣∣
aH=k

= −2(ε+ δ).
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Figure 1.1: The Cosmic Microwave background power spectrum. The multipole ` corresponds to
the inverse of an angular scale ` ≈ π/θ; the different regimes enlightened in the figure are discussed
in detail in the text.

by the spherical harmonic decomposition:

δT (n̂)/T̄ =
∞∑
`=0

∑̀
m=−`

a`mY`m(n̂). (1.10)

The CMB anisotropies are well approximated by a Gaussian field, where all statistical information is

encoded in its two-point correlation function. In harmonic space, the two point correlation function

is given by the variance of the a`m: 〈a`ma∗`′m′〉 = δm,m′δ`,`′C`. The goal of this section is to relate the

angular power spectrum of the CMB fluctuations (which can be measured), C`, to the primordial

power spectrum generated by inflation, Pψ(k).

At the end of inflation, during reheating, the inflaton field decays into the different components

observed today in the Universe: baryons, photons, dark matter and neutrinos. We need to describe

the evolution of these fluids as they interact together and with the gravitational field. A systematic

way to describe their evolution is the Boltzmann equation, an equation of conservation of the phase
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space density f of each of the species

df

dt
= C[f ]. (1.11)

The physical interpretation of this equation is trivial: the time derivative of the phase space density

is equal to a collision term accounting for the interactions of a given fluid with the other components

in the Universe. The time derivative here needs to be computed in a fully relativistic context5 and

will depend on the metric perturbation, while the expression for the collision term is specific for

the different physical interactions. The phase space density of the photons is given by a perturbed

Bose-Einstein distribution:

f(x, p, p̂, t) =

[
exp

(
p

T̄ (t)[1 + θ(x, p̂, t)]

)
− 1

]−1

. (1.12)

The Boltzmann equation for the photon perturbations translates into an evolution equation for

temperature inhomogeneities: θ(x, p̂, t) = δT (x, p̂, t)/T̄ (t). Solving the full set of Boltzmann equa-

tions, using the initial conditions set up by inflation, allows us to predict the statistical properties

of the CMB anisotropies6. In practice the Boltzmann equations are solved numerically using one of

the publicly available codes: CMBFAST, CAMB, CLASS (Seljak & Zaldarriaga 1996; Lewis et al.

2000; Lesgourgues 2011); these codes relate the power spectrum of the fluctuations generated by

inflation Pψ(k) to the power spectrum of the CMB fluctuations C` :

C` = (4π)2

∫
k2dkPψ(k)|∆`(k, η = η0)|2. (1.13)

Here ∆`(k, η = η0) is the transfer function, which can be decomposed into a source term and a

geometrical term:

∆`(k, η = η0) =

∫ η0

0
S(k, η)j`[k(η0 − η)]dη. (1.14)

5For the photons we have df
dt

= ∂f
∂t

+ ∂f
∂xi

dxi

dt
+ ∂f

∂p
dp
dt

+ ∂f
∂p̂i

dp̂i

dt
using the geodesic equation and the fact that the

norm of the quadri-impulsion vanishes gµνPµP ν = 0 we get at first order in perturbations:
df
dt

= ∂f
∂t

+ p̂i

a
∂f
∂xi
− p ∂f

∂p
[H + ∂Φ

∂t
+ p̂i

a
∂ψ
∂xi

] .
6We also need evolution equations for the gravitational potentials ψ and Φ, given by the Einstein equations.
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The source term encodes the physics of the evolution of the temperature inhomogeneities; it is

a solution to the Boltzmann equation. The geometrical term project the Fourier modes k into

multipoles `.7

In the following we will focus on a qualitative discussion of the different physical phenomena

that affect the photon perturbations. The goal is to provide an intuition for the expression of

the transfer function. The most relevant interactions for CMB physics are Compton scattering

of photons with free electrons, and the Coulomb interaction between protons and electrons. The

Compton scattering kept photons and electrons in thermal equilibrium and the Coulomb interaction

acted as glue between protons and electrons, so that the cosmological plasma was a tightly coupled

photon-baryon fluid. As the Universe expanded and cooled down, this process became less efficient,

the probability for a photon to collide with a free electron decreased and electrons and protons

combined to form neutral hydrogen, an event known as recombination. When the mean free path

of a photon became of order the size of the horizon, the Universe went from opaque to transparent

and the cosmic microwave background was emitted. We can then distinguish three different regimes

in the evolution of the perturbations:

1. In the tight coupled limit, the photon-baryon plasma can be described as a simple fluid: the

photon (or temperature) perturbation θ(x, p̂, t) can be entirely characterized with only two

moments, a monopole θ0(x, t) and a dipole θ1(x, t)8. All others moments are washed out by

the constant interaction with the electrons. The particles of the photon-baryon plasma fell

into gravitational potential wells, resulting in a compression of the fluid. The compressing

plasma up-scattered photons to higher energies. The increased radiation pressure opposed

the compression, resulting in a rarefaction. These two phenomena resulted in temperature

oscillations. Physically, the temperature oscillations represent the heating and cooling of a

fluid that is compressed and rarefied by acoustic waves (Hu et al. 1996, Hu & Dodelson 2002).

The waves froze at recombination, when the photons decoupled with the baryons. The modes

that reached their extrema at that time exhibit enhanced temperature fluctuations. The wave
7There is no one-to-one relationship between a given multipole ` and a Fourier mode k, but the Bessel function

j`[k(η0 − η)] peaks at ` = k(η0 − η).
8This is equivalent to say that a fluid can be characterized by a density field ρ(x, t) and a velocity field v(x, t).
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numbers of these extrema are given by: kn = nπ
rs(η∗)

(n=1, 2, . . . ), where rs(η∗) =
∫ η∗

0 dη′cs(η
′)

is the sound horizon at the time of recombination9. In harmonic space, this gives rise to a

coherent series of acoustic peaks in the anisotropy spectrum, located at `n = n`p ≈ nπ(η0−η∗)
rs(η∗)

known as the baryon acoustic oscillations10.

2. During the recombination epoch, the amount of photon scattering decreased dramatically.

The description of the photon-baryon plasma as a fluid is incomplete and we need to account

for photon diffusion. A photon traveled a mean distance of (neσT )−1 between each scatter.

The trajectory of a photon during recombination can be modeled as a random walk. If the

random walk takes the photons across a wavelength of the perturbation, then the hot and

cold photons mix and average out. This resulted in the damping of the acoustic oscillation

on scales smaller than the distance photons travel during recombination. This is known

as the Silk damping effect (Silk 1968): the photon perturbations are exponentially damped

(θ0, θ1 ∝ exp
(
− k2

k2
D

)
). Measuring the Silk damping effect was one of the primary goals of

high resolution CMB experiments, since the damping scale kD depends on the recombination

history which depends on cosmological parameters (Hu & White 1997b). It also allows us to

test extensions of the ΛCDM model. One example is a temporal variation of the fine structure

constant Γ = α(t∗)/α(t0). The mean free path of a photon depends on the Thomson scattering

cross section which in turn depends on the fine structure constant at the time of recombination

σT (t∗) ∝ α(t∗)
2. A possible temporal variation of the fine structure constant is disfavored

by the ACT damping tail measurement, with Γ = 1.004 ± 0.005 (Sievers et al. 2013). The

recombination history is also sensitive to the amount of primordial helium: the ionization

energy of helium is larger than that of hydrogen and it therefore recombines earlier, lowering

the density of free electron in the Universe and increasing the mean free path of the photons.

The mass fraction of helium has been constrained by ACT to be Yp = 0.225± 0.034 (Sievers

et al. 2013).

9The sound speed of the acoustic waves is given by cs =
√

1

3

(
1+

3ρb
4ργ

) , the baryons make the fluid heavier, lowering

the speed of the acoustic waves.
10The extrema of the oscillatory density field correspond to a turnover in the velocity field. The monopole is then

out of phase with the dipole, which makes the troughs less accentuated in the CMB power spectrum.
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3. After decoupling, the CMB photons traverse the Universe from the last scattering surface to us

and have thus interacted with matter along their path through the Universe. One important

effect is the gravitational lensing of the CMB, the gravitational deflection of the photons

due to the large scale structures of the Universe (see Section 1.1.3). Another contribution

to anisotropies is given by the late time integrated Sachs Wolfe (ISW) effect (Sachs & Wolfe

1967). When photons are falling into potential wells they gain energy and the loss of energy

to climb out of the potential is equal to the gain if the potential is static. During dark energy

domination, potential wells decay and the time variation of the gravitational potential when

photons are traveling through them induces an imprint on the photons’ statistical properties,

enlarging the large scale anisotropies. Finally the thermal and kinematic Sunyaev-Zel’dovich

effect (Sunyaev & Zeldovich 1980), the interaction of CMB photons with hot electron gas in

galaxy clusters, will be discussed in Section 1.1.4.

The description above is far from being complete, but helps one understand the shape of the CMB

power spectrum. Finally we should mention that the size of the causal horizon at recombination is

of order a degree (or ` ≈ 120) so that when we observe the full sky CMB, we observe many causally

disconnected regions. The observed CMB fluctuations are also redshifted due to potential wells on

the last scattering surface. This effect dominates so a cold spot on a CMB map actually corresponds

to an overdensity and a hot spot to an underdensity.

The modes on scales bigger than the causal horizon at the time of recombination are insensitive

to the effect of baryon acoustic oscillations and Silk damping; their statistical structure is unchanged

since their generation by inflation. The angular power spectrum of these modes can be computed

by simply projecting the inflationary power spectrum in multipole space, resulting in C` ∼ 1
`(`+1) ,

this is one of the historical reason for plotting the angular power spectrum as `(`+ 1)C`. This part

of the spectrum that is not affected by causal processes is called the Sachs-Wolfe plateau (Sachs &

Wolfe 1967). The power spectrum of the CMB fluctuations is displayed in Fig. 1.1, highlighting the

different features discussed above.
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1.1.3 Lensing of the Cosmic Microwave Background

In the previous sections, we used the fact that different Fourier modes (or different multipoles)

are uncorrelated. This property comes from the assumption that the Universe is statistically ho-

mogeneous: the perturbations in one part of the sky share the same statistical properties as the

perturbations in another part of the sky. To prove it, let us consider a perturbation δ(x) and its

Fourier transform δ(k), and compute:

〈δ(k)δ(k′)∗〉 =

∫
dx

∫
dx′e−i(k.x−k

′.x′)〈δ(x)δ(x′)〉 (1.15)

=

∫
dx

∫
dx′e−i(k.x−k

′.x′)ξ(x,x′)

where ξ(x,x′) = 〈δ(x)δ(x′)〉 is the two-point correlation function of the fluctuation. The homogene-

ity of the Universe is defined as a translational symmetry, that is, the correlation function can not de-

pends on the specific position of the two points, only on their separation ξ(x,x′) = ξ(x−x′) = ξ(r).

Then

〈δ(k)δ(k′)∗〉 =

∫
dxe−i(k−k

′).x

∫
dre−ik

′.rξ(r) = δ3(k− k′)P (k′). (1.16)

Here we also used the fact that the power spectrum is defined as the Fourier transform of the

correlation function. The product is non-zero only if k = k′, the modes are uncorrelated. The

Universe is also assumed to be isotropic, so the correlation function can only depend on the norm

of r, ξ(r) = ξ(r); the power spectrum then only depends on the norm of k. This small introduction

is relevant for discussing the gravitational lensing of the cosmic microwave background because, as

we will shortly see, one effect of the lensing is to couple different Fourier modes. Measuring the

mode-to-mode coupling translates directly into a measurement of the lensing field.

The effect of the weak gravitational lensing of the CMB photons by the large scale structure of

the Universe can be described as a remapping of the temperature by a deflection angle α (Lewis

& Challinor 2006), T̃ (n̂) = T (n̂+α) where T̃ is the lensed temperature field. The deflection angle

can be computed by solving the geodesic equation for photons in a perturbed FLRW Universe.
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Assuming a flat Universe (Ωk = 0) we have

α = −2

∫ χ∗

0
dχ

(χ∗ − χ)

χ∗χ
∇n̂ψ(χn̂; η0 − χ) (1.17)

where χ is the comoving distance11. We can rewrite the deflection angle as the gradient of the

lensing potential, α = ∇n̂Ψ. The lensing potential has a simple physical meaning: along their

path from the last scattering surface to us, photons are going to be deflected by the gravitational

potential wells and the distance at which the deflection occurs affects the observed deflection angle.

The typical size of the deflection angle is a few arcminutes, smaller than a typical CMB fluctuation.

We can expand the lensed temperature field in term of the unlensed field and the deflection angle:

T̃ (n̂) = T (n̂+∇Ψ)

= T (n̂) + ∂cΨ∂cT (n̂) + ∂cΨ∂dΨ∂c∂dT (n̂) + ... (1.18)

Before starting the discussion on the effect of the lensing in harmonic space, let’s introduce a

convenient approximation widely used in the rest of this thesis: the flat sky approximation. It

has the advantage of simplifying the maths and is valid for high resolution experiments such as

ACT and ACTPol. These experiments have only observed a small part of the sky. Instead of

decomposing the temperature field in spherical harmonics T (n̂) =
∑

`,m a`mY`m(n̂), we will assume

that on the region of observation, the effect of the curvature of the sky can be neglected. The

temperature field becomes a function on a two-dimensional plane, and can be expanded in Fourier

modes T (x) =
∫
T (`)ei`.xd`. The Fourier analogue to the Taylor expansion in Eqn. 1.18 is12. :

T̃ (`) = T (`)−
∫
d`′`′.(`− `′)Ψ(`− `′)T (`′) (1.19)

− 1

2

∫
d`1

∫
d`2 (`1.[`1 + `2 − `]) (`1.`2)T (`1)Ψ(`2)Ψ∗(`1 + `2 − `).

From this expression we see that the lensed Fourier mode T̃ (`) gets a contribution from other
11χ = η0 − η.
12Using the convolution theorem and the fact that F [∂cT ] = i`cF [T ].
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multipoles `′. At first order in the lensing potential Ψ, we have13:

〈T̃ (`)T̃ ∗(`−L)〉 = δ2(L)C` −
∫
d`′
[
`′.(`− `′)Ψ(`− `′)〈T (`′)T ∗(`−L)〉

+ `′.(`−L− `′)Ψ(`−L− `′)〈T (`)T ∗(`′)〉
]

+O(Ψ2)

= δ2(L)C` +
[
L.(L− `)C|`−L| + `.LC`

]
Ψ(L) +O(Ψ2).

The measurement of the lensing field Ψ(L) reduces to the measurement of the mode-to-mode cou-

pling of the lensed CMB temperature field. The CMB lensing is sensitive to metric perturbations

over a fairly large redshift range, 0.5 . z . 5.0, which are in turn related to matter density14, so

the measurement of the gravitational lensing of the CMB informs us about the growth of structure

in the Universe. The ACT experiment has achieved the first detection of the power spectrum of the

lensing potential CΨ
L = 〈Ψ(L)Ψ∗(L)〉 using the measurement of the four-point correlation function

of the lensed CMB temperature field15 (Das et al. 2011b). Planck (Planck Collaboration XVII

2013), SPT (van Engelen et al. 2012) and Polarbear (Ade et al. 2013) have now reported similar

detections at higher significance. An extension to the standard ΛCDM model which can be mea-

sured accurately with the gravitational lensing of the CMB is the sum of the neutrino masses. The

small masses of neutrinos makes their thermal velocities non-negligible in the Universe and lead to

smearing out of over-dense regions (Abazajian et al. 2011; Lesgourgues & Pastor 2006). The idea

is that neutrinos contribute to the background expansion (due to their energy density Ων), but can

not cluster below a scale set by their free streaming scale16. Matter perturbations on scales larger

than the neutrino free streaming scale grows as δ ∝ a, but only as δ ∝ a1−fν with fν ≈ 0.08
∑
mν

1eV for

scales below the free streaming, leading to small scale power suppression in the matter and lensing

power spectrum.

The gravitational lensing impacts the power spectrum of the CMB: keeping all the terms of
13Remember that the unlensed CMB field satisfy 〈T (`)T ∗(`′)〉 = δ2(`− `′)C`.
14The connection between the two is the poisson equation: −k2ψ = 4πGρmδm.
15Indeed, Ψ(L) ∝ T̃ (`)T̃ ∗(`−L), so 〈Ψ(L)Ψ∗(L)〉 is a four point function.
16Their velocity is greater than the escape velocity from gravitational potential wells on those scales.
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Figure 1.2: Effect of the gravitational lensing on the CMB temperature power spectrum. The left
panel (log scale, ∼ `2C`) illustrates the transfer of power from the large scales to the small scales,
the right panel (linear scale, ∼ `4C`) illustrates the smoothing of the acoustic peaks.

order CΨΨ
` , we have:

C̃` = C` +

∫
d`′[`′.(`− `′)]2CΨ

|`−`′|C`′ − C`
∫
d`′(`.`′)2CΨ

`′ . (1.20)

As illustrated in Figure 1.2, the effect of the lensing is to smooth the acoustic peaks and to transfer

power from large scales to small scales.

1.1.4 Astrophysical foregrounds

The microwave sky emission is contaminated by foregrounds of astrophysical origin. They need to

be modeled (or subtracted) in order to get an unbiased measurement of cosmological parameters.

We can decompose the observed temperature at a given position in the sky as the sum of lensed

CMB fluctuations and astrophysical foreground emission: ∆T (n̂, ν) = ∆TCMB(n̂)+∆T f(n̂, ν). The

blackbody nature of the CMB ensures that its temperature in thermodynamic units is independent

of the frequency of observation ν; this property will be key for separating the cosmological and
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Figure 1.3: Foreground model for the ACT experiment at 148 GHz (top) and 218 GHz (bottom)
(Dunkley et al. 2013). The foregrounds have different shape and frequency scaling. The Galactic
dust contribution does not appear on the figures as it has been subtracted from the data. The
measurement of the power spectra will be discussed in detail in Chapter 2.

astrophysical signal.

We will focus specifically on the Atacama Cosmology Telescope (see section 1.3.2) foreground

model. The telescope has been observing in two frequencies bands, centered at 148 GHz and 218

GHz. The dominant foregrounds at these frequencies are the thermal and kinematic Sunyaev-

Zel’dovich effect (tSZ and kSZ), the emission from dusty infrared galaxies and radio galaxies, and
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the thermal emission from Galactic dust17 (Dunkley et al. 2013). Defining Bαβ
` = `(`+1)Cαβ` /(2π),

the observed cross power spectrum between frequencies α and β18 is then modeled as:

Bαβ
` = BCMB

` +BtSZ,αβ
` +BkSZ

` +BCIB,αβ
` +BtSZ×CIB,αβ

` +Brad,αβ
` +BGal,αβ

` (1.21)

We will now discuss the physical properties and the model used for each term.

1. The tSZ effect accounts for the inverse Compton scattering of CMB photons with relativistic

electrons in the intergalactic medium of massive galaxy clusters (Sunyaev & Zeldovich 1980).

It results in an increase in photon energies along the lines of sight that pass through clusters.

The effect can be described as additional frequency-dependent temperature anisotropies19:

∆T tSZ(n̂, ν) = gx(ν)
σT
mec2

∫
dχ

dz

dz

1 + z
Pe(n̂, z), (1.22)

where Pe(n̂, z) = ne(n̂, z)kBTe(n̂, z) is the electron pressure in the direction n̂ and at redshift z.

The frequency dependence of this effect is encoded in the spectral function gx = x coth(x/2)−

4, with x(ν) = hν/kBT̄ . The tSZ takes low energy photons to high energy. The deficit in

low energy photons results in gx(ν) being negative for ν < 217 GHz. The power spectrum

of the thermal SZ effect is modeled as BtSZ,αβ
` = atSZB

tSZ,0
` (gαgβ/g

2
0), where BtSZ,0

` is a

template tSZ power spectrum at a reference frequency ν = ν0. The template is obtained from

hydrodynamic simulations, which allow accurate determination of the pressure profiles Pe in

the presence of baryonic physics20 (Battaglia et al. 2012). The amplitude atSZ which describes

the normalization of the power spectrum is left as a free parameter. It is an important

parameter as it is sensitive to the abundance of galaxy clusters and can then be used to

constrain cosmological parameters that control their growth such as σ8 and Ωm (Komatsu &

Seljak 2002).

2. The electrons scattering photons also carry a bulk velocity. The kinematic Sunyaev-Zel’dovich
17These sources have been named "Galactic Cirrus" as their structure is fairly cloud-like.
18Cαβ` = 〈Tα(`)T β∗(`)〉 with α, β ∈ [148, 218]GHz.
19Here we use the non relativistic formula, relativistic correction of order 10% are expected.
20Radiative cooling, star formation, feedback from AGN and supernovae.
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effect is a Doppler shift due to the bulk motion of the electrons (Sunyaev & Zeldovich 1980).

This effect does not depend on the frequency of the incoming photon so the produced kSZ

anisotropies are frequency independent:

∆T kSZ(n̂) = −σT
c

∫
dχ

dz

dz

1 + z
ne(n̂, z)e

−τ(z)(v(n̂, z).n̂), (1.23)

where τ(z) is the optical depth at redshift z. The kSZ contribution to the ACT power spectrum

is modeled as BkSZ
` = akSZB̃

kSZ
` , where B̃kSZ

` is a template derived from the same hydrody-

namic simulations as the tSZ spectra. Again akSZ describes the amplitude of the kSZ effect.

The kSZ power spectrum is given by the sum of two different components. A low redshift

component (homogeneous kSZ) is due to the peculiar velocity of galaxy clusters and a high

redshift one (patchy kSZ) is due to fluctuation in the ionized fraction and electron density

during the epoch of reionization21 (see for example (Iliev et al. 2006)).

3. Two populations of galaxies can be observed in the ACT frequency bands (Dunkley et al.

2011). These are the dust dominated sources which are part of the Cosmic Infrared Back-

ground (CIB), and the synchrotron dominated radio sources. The radio sources are modeled

as a simple Poisson shot noise component Brad,αβ
` ∝ as`2f(α, β) where f(α, β) scale the signal

with frequency, and as is the amplitude of the signal. Clustering of CIB galaxies has been

detected at CMB frequency, so the dusty galaxies are modeled as the sum of a Poisson and

clustered component BCIB,αβ
` ∝ ap`

2g(α, β) + ac`
2−nh(α, β). Finally, a possible spatial cor-

relation between clusters, which contributes to the tSZ, and CIB galaxies22 is included with

the template BtSZ×CIB,αβ
` (Addison et al. 2012).

4. The last foreground relevant for ACT is the diffuse Galactic dust emission from the interstellar

medium. The dust is heated by absorption of UV/optical photons and radiates in the infrared.

This foreground is not isotropic, with more dust emission coming from regions close the

Galactic center. We will discuss in detail in Chapter 2 how the dust contribution is modeled,
21The epoch of reionization is the period in which the neutral gas filling the Universe was ionized due to the

emergence of the first radiating objects, current constraints suggest that it happens between redshift 6 ≤ z ≤ 15.
22Both trace the same underlying matter density field.
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measured and subtracted from our measurement of the power spectrum.

The power spectra of the foregrounds at 148 GHz and 218 GHz are shown in Figure 1.3, high-

lighting the shape and the frequency scaling of the different astrophysical contaminations.

1.2 Polarization of the Cosmic Microwave Background

1.2.1 Thomson scattering and E mode polarization

In the tight coupled limit, the photon-baryon plasma can be described as a fluid, where the photon

distribution can be described only with a monopole θ0(x, t) and a dipole θ1(x, t). When the mean

free path of the photon increases, another moment becomes non-negligible: the quadrupole of

the photon distribution θ2(x, t)23. We will now explain how this quadrupole anisotropy generates

polarization of the CMB photons.

Light propagating in the z-direction has its magnetic and electric field oscillating in the x-y

plane; the electric field of a monochromatic plane electromagnetic wave can be written

Ex(t) = Ax(t)eiωt

Ey(t) = Ay(t)e
i(ωt+φ). (1.24)

If the time evolution of the direction of the electric field is non-random, the wave is said to be

polarized. In practice, the way to measure the polarization of an electromagnetic waves is to

measure the Stokes parameters24:

I = 〈|E.êx|2〉+ 〈|E.êy|2〉 = Ix + Iy,

Q = Ix − Iy, (1.25)

U =

〈∣∣∣∣E.(êx + êy)√
2

∣∣∣∣2
〉
−
〈∣∣∣∣E.(êy − êx)√

2

∣∣∣∣2
〉

= I45
x − I45

y .

23It can be shown that all moments above the dipole scale as θ` ∝ θ`−1/τ where τ is the optical depth of the
plasma. It is very large in the tight coupled limit and starts to decrease when the Universe becomes more and more
transparent.

24There is a 4th Stokes parameter, V, that is non zero for circular polarization, it’s not relevant for CMB polarization
so we will not discuss it here.
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Measuring U is the same as measuring Q in a basis rotated by 45◦. These three parameters are

enough to describe the linear polarization of CMB photons25.

To understand the origin of the polarization of the CMB photons, let’s consider incoming light

scattering off a single electron (Dodelson 2003; Hu & White 1997a). Consider incoming unpolarized

radiation in the -x direction scattered at right angles into the z direction. Heuristically, incoming

radiation shakes an electron in the direction of its electric field vector, causing it to radiate with an

outgoing polarization parallel to that direction. However, since the outgoing polarization must be

orthogonal to the outgoing direction (E.k = 0), incoming radiation that is polarized parallel to the

outgoing direction cannot scatter, leaving only one polarization state. The situation is illustrated

in the top left panel of Figure 1.4. Of course, we must generalize to radiation incident on an

electron from all direction. The top right panel illustrates the situation for an isotropic radiation

(monopole). The net polarization of the outgoing photon is zero because radiation coming from

all the directions have equal intensity. The bottom left panel shows a dipole pattern, where red,

blue and black denotes high, small and average intensity respectively. Again the total polarization

is zero because the blue and the red average to medium intensity. To produce polarized radiation,

the incoming radiation must have a non-zero quadrupole as illustrated in the bottom right panel of

the figure, where the outgoing wave has a greater intensity along the y-axis than along the x-axis

so the light is polarized.

In the following we will introduce the mathematical formalism that is used to describe CMB

polarization. Before we do so, we will use an heuristic argument to predict the polarization pattern

produced by overdensities and underdensities on the last scattering surface. Imagine an electron

falling into a potential well, corresponding to a matter over-density. The closer an electron is to an

over density the faster it is falling. In the frame of the electron, particles on a bigger and smaller

radius are moving away (Figure 1.5). In the meantime, particles on the same isocontour of density

comes closer. This phenomena, illustrated in the left panel of Figure 1.6, generates quadrupole

anisotropies. The right panel show the behavior of an electron around an under-density, where the

opposite happens. The two dominant polarization patterns are also shown as headless vector in the
25The Stokes parameter are especially useful because they are measurable quantities, the angular bracket represents

temporal average over the integration time of the detector.
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Figure 1.4: The effect of Thomson scattering on photon polarization. (Top left) unpolarized radia-
tion propagating along the -x direction scatters off an electron and is emitted along the z direction,
incoming radiation that is polarized parallel to the outgoing direction cannot scatter, so the out-
going radiation is polarized along the y direction. (Top right) monopole and (Bottom left) dipole
radiation distribution scattering off a single electron, no polarization is produced. (Bottom right)
incoming radiation with non zero quadrupole, the outgoing radiation is polarized.

figure. In fact these pattern are the only ones that can be created by scalar perturbation. They are

invariant under a parity operation (x → -x) and are called E mode polarization.

1.2.2 Mathematical formalism

From their definition (Eq (1.26)), it is clear that the value of the Stokes parameters Q and U

depends on the choice of coordinate. Consider the rotation of the coordinate system by an angle α
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Figure 1.5: Left panel: Velocity field of plasma particles falling into a potential well. The right
panel shows the quadrupole measured in the frame of the electron.

Figure 1.6: Generation of the E mode polarization pattern around scalar perturbations. Here we
represent only the dominant component transmitted in the z direction.

around the direction of observation n̂ = êzx′
y′

 =

 cosα sinα

− sinα cosα


x
y

 . (1.26)
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The Stokes parameters transform as:


I ′(n̂)

Q′(n̂)

U ′(n̂)

 =


1 0 0

0 cos 2α sin 2α

0 − sin 2α cos 2α



I(n̂)

Q(n̂)

U(n̂)

 . (1.27)

The intensity is a scalar quantity: its value is independent of the frame of observation. Q and U

transform as the components of a 2× 2 symmetric trace free tensor (Kamionkowski et al. 1997):

Pab(n̂) =
1

2

Q(n̂) U(n̂)

U(n̂) −Q(n̂)

 . (1.28)

The polarization tensor Pab(n̂) is an extremely useful quantity. It contains all information on

the polarization of the CMB, and its form is independent of a particular choice of a coordinate

system. Any 2 × 2 symmetric trace-free tensor can be uniquely decomposed into a part of the

form EabA = (−∂a∂b + 1
2δab∇2)A and another part of the form BabB = 1

2(εac∂
c∂b + εbc∂

c∂a)B

where A and B are scalar functions26 (Smith 2006). Let’s use again the flat-sky approximation.

The Fourier modes ei`x provide a basis for a scalar function on a plane; we then define a basis

for the Fourier decomposition of a 2 × 2 symmetric trace free tensor: (Eei`x)ab =
√

2
`2
Eab(ei`x) and

(Bei`x)ab =
√

2
`2
Bab(ei`x), where the pre-factor has been chosen in order to get an orthonormality

relation between the different modes:
∫
d2x(Eei`x)∗ab(

Eei`
′x)ab = δ(` − `′). We can expand the

polarization field in this basis:

Pab(x) =
1√
2

∫
d`E(`)(Eei`x)ab +B(`)(Bei`x)ab. (1.29)

To get an expression for E(`) and B(`), we invert this relation27

E(`) =
2

`2

∫
d2xPab(x)Eab(e−i`x) (1.30)

B(`) =
2

`2

∫
d2xPab(x)Bab(e−i`x). (1.31)

26This is analogous to the decomposition of a vector as a gradient and a curl.
27Using the orthogonality of (Eei`x)ab and (Bei`x)ab.
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The polarization information is now contained in two scalar fields: the E modes E(`) and B modes

B(`). Unlike Q and U they do not depend on the choice of a coordinate system. The Stokes

parameters are useful because they are measurable quantities, and the E and B modes are useful

because they can be directly related to theory.

These modes can be simply related to the Stokes parameters:

E(`) =
2

`2

∫
d2x(`a`b − `

2

2
δab)Pabe

−i`x

=
1

`2

∫
dx
[
(`2x − `2y)Q(x) + 2`x`yU(x)

]
e−i`x (1.32)

B(`) = − 2

`2

∫
d2x(εac`c`

b)Pabe
−i`x

= − 1

`2

∫
d2x


 `y

−`x


T Q U

U −Q


`x
`y


 e−i`x

= − 1

`2

∫
d2x

[
2`x`yQ(x)− (`2x − `2y)U(x)

]
e−i`x (1.33)

Defining φ` as the angle between the wave vector ` and the Fourier plane `x axis, so that cosφ` = `x
` ,

we have

E(`) = Q(`) cos 2φ` + U(`) sin 2φ` (1.34)

B(`) = −Q(`) sin 2φ` + U(`) cos 2φ` (1.35)

E(`)± iB(`) = e∓2iφ`(Q(`)± iU(`)) (1.36)

Estimating the power spectra CEE` = 〈E(`)E∗(`)〉 and CBB` = 〈B(`)B∗(`)〉 is clearly trivial. The

detectors measure the Stokes parameters Q(x) and U(x) at different position on the sky, so we just

need to Fourier transform them and apply a rotation in Fourier space to get the E and B modes.

In practice, the task is complicated by the finite size of the field of observation. We will discuss this

issue in detail in Chapter 4.
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This seemingly simple relation in Fourier space can be rewritten in real space:

∆E(x) = (∂2
x − ∂2

y)Q(x) + 2∂x∂yU(x)

∆B(x) = −2∂x∂yQ(x) + (∂2
x − ∂2

y)U(x), (1.37)

which can be solved using Green functions. The relation between E and B modes and the Stokes

parameter is non-local so that the value of the E field at a given position depends on the value of Q

and U everywhere on the sky. We described in section 1.2.1 the way scalar perturbations generate

polarization. This physical phenomenon is invariant under parity. Let us consider a reflection28R

about the y axis, R[x] = −x, R[∂x] = −∂x and R[U(x)] = −U(x). The E modes are invariant

under this transformation, R[E(x)] = E(x), but the B modes are not, R[B(x)] = −B(x). As a

result of this fundamental symmetry, scalar perturbations on the last scattering surface can not

generate B modes.

1.2.3 B mode polarization

In the previous sections we have only considered scalar perturbations. In addition, inflation can also

generate vector and tensor perturbations (see for example: Lesgourgues 2006). The vector modes

have only decaying solutions so they should be completely subdominant and we will neglect them.

We will focus on the tensor perturbations, which are uncoupled29 to the inflaton field, but have

non-decaying solution. The tensor perturbations are potentially detectable because they produce

observable distortions in the CMB. The tensor perturbation can be characterized with a metric

perturbation δgij :

δgij = a2


1 + h+ h× 0

h× 1− h+ 0

0 0 1

 . (1.38)

28A parity transformation is defined as the flip of one spatial coordinate. In three dimensions, it is sometimes
defined as the simultaneous flip of the three spatial coordinates. In 2-D, parity can not be a simultaneous flip of x
and y because the determinant of the parity operation has to be equal to -1. Parity transformation correspond to
the flip of either x or y.

29Tensor and scalar perturbations decouple and evolve independently as a consequence of the decomposition theo-
rem.
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Figure 1.7: Effect of a gravitational wave on a circle of test particles. The generated quadrupole is
another source of CMB polarization.

The Einstein equation for this metric translates into an evolution equation for hα (α = +,×)

ḧα + 2
ȧ

a
ḣα + k2hα = 0. (1.39)

It’s a wave equation and the solutions to this equation are called gravitational waves. Note that

we already solved this equation, as it is the same evolution equation as the one satisfied by the

quantum fluctuation of the inflaton field δφ (Eq (1.4)). Using exactly the same methodology as in

Section 1.1.1, we can compute the primordial power spectrum of the gravitational waves (Dodelson

2003):

Phα(k) =
8πGH2

k3
. (1.40)

It differs from Pδφ only by a normalization factor. The expected amplitude of primordial tensor

perturbation is small compare to the one of primordial scalar perturbation PΨ, indeed the tensor-

to-scalar ratio r =
(Ph+

+Ph× )

PΨ
∼ ε with ε � 1 the slow roll parameter. As shown in Figure 1.7,

gravitational waves produce a quadrupole distortion of space time, and are then another source of

CMB polarization. The polarization generated by gravitational waves is not parity invariant: it

will produce both E and B modes. Because they are the only sources of B mode polarization on

the last scattering surface, a detection of primordial B modes would be the smoking gun of the

production of gravitational waves during the inflationary area. It would have deep implications for

fundamental physics, as the source of tensor perturbations is quantum gravity.
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Figure 1.8: Primordial B modes and lensed B modes. The two signal peak at different angular
scales. The tensor-to-scalar ratio used in this plot r = 0.2 is the value favored by the BICEP2
observations.

Non-primordial B modes are generated by the lensing of the CMB between the last scattering

surface and us (Lewis & Challinor 2006). They contaminate the gravitational wave signal and need

to be characterized. Let’s consider a Universe without any primordial B modes. The lensing of CMB

polarization anisotropies converts some E modes into B modes. Intuitively, the photons deflection

due to gravitational potential wells breaks the symmetry of the polarization patterns. Setting the

primordial B modes to zero we have at first order in Ψ:

Ẽ(`)± iB̃(`) = e∓2iφ`(Q̃(`)± iŨ(`))

= E(`)−
∫
d`′`′.(`− `′)e±2i(φ`′−φ`)Ψ(`− `′)E(`′). (1.41)

The B modes produced by lensing of the E modes are then given by:

C̃B` =

∫
d`′[`′.(`− `′)]2CΨ

|`−`′|C
E
`′ sin2 2(φ`′ − φ`). (1.42)

The lensed B modes signal peaks at a different angular scale than the primordial B modes (Fig-

ure 1.8), simplifying the separation of the two signals. But because the amplitude of gravitational
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waves r can be arbitrary small, being able to measure it accurately will likely require delensing. By

measuring the lensing potential accurately, we might be able to remap the CMB photons to their

original position, resulting in a cancellation of the lensed B mode signal.

1.2.4 TT, TE, EE and BB power spectrum

In the previous sections, we convinced ourselves that the CMB should be polarized, and we discussed

physical phenomena generating E and B modes. In practice, as for the case of temperature, we

measure the power spectrum of those fields. The EE, TT, TE and BB power spectra are displayed

in Figure 1.9.

1. The amplitude of the EE power spectrum is lower than the amplitude of the TT power spec-

trum. This is due to the fact that the E mode polarization is sourced only by the quadrupole

of the temperature anisotropies and is insensitive to the dipole and the monopole. The BB

power spectrum is even smaller. The amplitude of the lensed B modes is given by the product

of E modes with the lensing potential, which is a perturbative quantity. The primordial grav-

itational waves amplitude is of order the slow roll parameter ε times the scalar perturbation.

This makes the detection of the B modes challenging.

2. The EE power spectrum is out of phase with the TT power spectrum30. We already men-

tioned that velocity perturbations on the last scattering surface are out of phase with density

perturbations and that the quadrupole generating E modes comes from the local gradient of

the velocity field: E(`) ∝ `vγ .

3. The E modes are generated by Thomson scattering on the last scattering surface, so there is

no equivalent to the Sachs Wolfe plateau for E modes polarization .

4. The T and E modes are correlated, as they are sourced by the same scalar perturbations.

5. In the standard model, the odd-parity cross spectra TB and EB are vanishing. They re-

main however important quantities to estimate. They can be used in order to characterize
30Peaks in the temperature power spectrum correspond to troughs in the E modes power spectrum.
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Figure 1.9: The top panel displays the TT, EE and BB power spectra. The peaks in the temperature
power spectrum correspond to troughs in the E modes power spectrum. The amplitude of the B
modes makes their detection challenging. The correlation between T and E modes is shown in the
bottom panel.

systematics in the signal or non standard cosmological mechanisms31.

6. The peaks in the EE power spectrum are sharper than the peaks in the TT power spectrum.

This is due to the fact that the two main contributions to the TT power spectrum, the
31For example: Primordial stochastic magnetic field or interactions with pseudoscalar fields on the CMB photons

trajectory.
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monopole and the dipole, are out of phase, resulting in a smoothing of the acoustic peaks32.

This has an interesting consequence: for a low noise experiment, the EE power spectrum place

stronger constraints on some cosmological parameters33 than the temperature power spectrum

(Galli et al. 2014).

Finally we should mention that as for the case of temperature, we expect foregrounds to contaminate

the signal. At low frequency, the synchrotron emission due to the motion of relativistic electrons

around the field lines of the Galactic magnetic field is highly polarized. At high frequency, linear

polarization of the thermal dust emission contaminate the signal. Finally emission from individual

polarized point sources can also be detected (see for example Chapter 5).

1.3 Observing the CMB anisotropies

1.3.1 The state of the art

Since the first direct observation of the CMB by Penzias and Wilson in 1965, numerous experiments

have mapped the microwave sky with higher and higher precision. The microwave telescopes can

be divided into three categories: ground based, balloons and satellite telescopes. Figure 1.10 shows

the full sky CMB temperature maps, in Mollweide projection, obtained by the three space missions:

COBE (Smoot et al. 1992), WMAP (Bennett et al. 2012) and Planck (Planck Collaboration I 2013).

The increase in angular resolution is striking. COBE was sensitive to multipoles below ` ≈ 30, in

the Sachs Wolfe plateau regime of the temperature power spectrum. WMAP resolution extends to

` ≈ 900, which, in combination with a lower noise level, has resulted in the measurement of the first

three acoustic peaks. The Planck nominal resolution is 5 arc minutes (` ≈ 2500), and the top panel

of Figure 1.11 shows the Planck measurement of seven acoustic peaks along with other experiments.

Ground based telescopes such as ACT and SPT (Fowler et al. 2010; Shirokoff et al. 2011) have

reached arc minute resolution (` ≈ 10000), because the size of the mirrors34 of these experiments
32It makes the troughs less accentuated.
33For example on θ the angular size of the sound horizon, that is determined by measuring the position of the

peaks.
34The resolution limit is proportional to λ/D where λ is the wavelength of observation and D the diameter of the

primary mirror.
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Figure 1.10: From left to right: COBE, WMAP and Planck full sky CMB maps (Figure courtesy
of Dominic Pesce). The improvement in angular resolution between each experiment is striking.

≈ 6m is large compared to the one of the Planck satellite ≈ 1.5m . However they suffer from

contamination due to the atmosphere, reducing their sensitivity for measuring the large scale modes

(` < 500). They can also observe only a fraction of the sky, while space missions can map the CMB

emission over the full sky. In 2011, the ACT collaboration reported the first direct detection of

the gravitational lensing of CMB temperature anisotropies (Das et al. 2011b), with a statistical

significance of 4σ35. The measurement has been repeated by SPT in 2013 (6.3σ), and Planck (25σ).

These data shown in the bottom panel of Figure 1.11 are consistent with the prediction of the

ΛCDM model. The state of the art in E modes, first measured by DASI (Kovac et al. 2002) is

presented in Figure 1.12. The best low ell measurement comes from the WMAP satellite, but this

situation might change with the release of the Planck polarization data expected at the end of this

year (2014). The current best TE and EE high ell power spectra have been obtained by the ACTPol

collaboration. The detailed analysis leading to this measurement will be presented in Chapter 5.

At the time of writing this thesis, the B mode situation is highly controversial. The BICEP2

collaboration claims a 5σ detection of primordial B modes with a tensor-to-scalar ratio r = 0.2

(BICEP2 Collaboration I 2014), but, there are claims that the signal could be due to polarized dust

emission (Flauger et al. 2014; Mortonson & Seljak 2014). BICEP2 has mapped the polarization

at a single frequency 150 GHz, which does not allow for a robust separation of primary signal and

foreground. The situation should improve when Planck releases its polarization data, since the

Planck 353 GHz channel is sensitive to polarized dust emission and could be used to predict the

dust level at 150 GHz in the BICEP2 observation patch. The BICEP 2 measurement of B modes
35See also (Das et al. 2013) for the full ACT data set lensing measurement (4.6σ ).
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Figure 1.11: Top: State of the art of the CMB temperature power spectrum measurement (Planck
Collaboration I 2013). Bottom: State of the art in CMB lensing power spectrum measurement
(Planck Collaboration XVII 2013), the minimum-variance combination (MV) of the Planck 143 and
217 GHz channel represents a 25σ detection of CMB lensing.

along with the 2σ evidence of lensed B modes by POLARBEAR (Ade et al. 2014b) are shown in

Figure 1.13.

1.3.2 The Atacama Cosmology Telescope
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Figure 1.12: State of the art in TE power spectrum measurement (left-hand panels) and EE power
spectrum measurement (right-hand panels). The current best measurement above ` ≈ 500 comes
from the ACTPol collaboration.

Figure 1.13: State of the art in BB power spectrum measurement (Figure courtesy of POLARBEAR
collaboration). BICEP2 claims a 5σ detection of primordial B modes with a tensor-to-scalar ratio
r = 0.2.
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Table 1.1: ACT and ACTPol

ACT ACTPol (1 year)
Frequencies 148, 220, 270 GHz 148 Ghz
Beam size 1.3’ 1.3’
Array Sensitivity (148 GHz) 32 µK

√
s 19 µK

√
s

Observation time 3 years 3 months
Coverage 600 sq. degrees 276 sq. degrees

In this section, we will present the telescope and the data pipeline used by the ACT collaboration.

ACT is a 6-meter off-axis Gregorian telescope situated in the Atacama desert in Chile at an elevation

of 5190 m. The first ACT camera, MBAC ( ACT’s Millimeter Bolometric Array Camera), had three

channels operating at 148 GHz, 218 GHz and 277 GHz. The instrument is described in detail in

Swetz et al. 2011. Between 2007 and 2010 ACT observed mainly along two constant-declination

strips on the sky: one running along the celestial equator, and the other along declination −55◦ in

the southern sky. MBAC was decommissioned and replaced by the polarization-sensitive ACTPol

camera (Niemack et al. 2010) in 2013 (see Table 1.1 for a comparison of the two experiments). During

its first year of observation, ACTPol concentrated on four "deep fields" approximately centered on

the celestial equator at right ascensions 150◦, 175◦, 355◦ and 35◦. The data pipeline of ACT and

ACTPol can be decomposed as follows

1. The data obtained by the telescope are called time-ordered data (TOD), which are the response

of each detector to the sky signal as a function of time. Each individual detector is dominated

by noise (atmospheric and electronic noise). The calibration of the detector array (gain and

beam calibration) is done using planet observations.

2. The data from all the detectors and for a given duration of observation are optimally coadded

into a map of the sky. ACT and ACTPol mapmaking consists of solving the maximum

likelihood equation (P TN−1P )m = P TN−1d, where m is the solution map, a vector of length

given by the number of pixels, P is a matrix projecting the map into the time stream and N

is a model for the noise covariance matrix. The matrix P TN−1P is too large to be stored or

directly inverted, so the system is solved iteratively using a preconditioned conjugate gradient
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method. The maps obtained are unbiased by construction. They are also nearly optimal if

the noise model N is a good representation of the true noise covariance matrix.

3. The next step in the pipeline is the power spectrum estimation, which we will describe in

detail in the following chapters. We used a pseudo C` approach where the maps are Fourier

transformed and squared. The effect of the incomplete sky coverage, beams and the different

filters applied to the data are then deconvolved.

4. Finally theoretical power spectrum (produced with CAMB) are fitted to the data power

spectrum. We sample the posterior distribution P (θ|d) ∝ P (d|θ)P (θ) of the 6 ΛCDM pa-

rameters36 (and foregrounds and some extensions) using a basic MCMC algorithm.

This is of course a non exhaustive list of what has been done with ACT and ACTPol. Other studies

involve: lensing estimation, cross-correlation with other surveys, cluster and extra galactic point

sources studies.

36{Ωbh2,Ωch
2, θA,∆

2
R, ns, τ}
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Chapter 2

The Atacama Cosmology Telescope:

Temperature Power Spectrum

Measurements from Three Seasons of

Data

2.1 Introduction

In this Chapter, we present the measurement of the power spectra of CMB temperature anisotropies

at 148GHz and 218GHz from a subset of Atacama Cosmology Telescope (ACT) observations per-

formed over the 2008, 2009 and 2010 observing seasons, and covering approximately 600 deg2 of the

sky. This is approximately twice the survey area used in a previous measurement of the ACT power

spectrum (Das et al. 2011a, hereafter D11). Dunkley et al. (2013) use the temperature bandpowers

reported in this Chapter to generate likelihood functions which form the basis of the cosmological

parameter constraints reported by Sievers et al. (2012).

The Chapter is organized as follows. In Section 2.2 we describe the observations and the es-

timation of the beam transfer functions. We discuss the calibration of the maps in Section 2.3.

Section 2.4 describes the pipeline used to process the maps into the angular power spectrum. Treat-

37
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Figure 2.1: Equatorial maps (ACT-E) made from 2009 (upper panel) and 2010 (lower panel)
148GHz observations filtered to emphasize modes in the range ` = 500 − 2500. The four data
splits in either season were co-added to make this plot. Also delineated are the patches used for
computing power spectra.

ment of point sources and other foregrounds is discussed in Section 2.5. Simulations used to test

and validate various portions of the power spectrum estimation pipeline are described in Section 2.6.

The power spectrum results and consistency checks are presented in Section 2.7. We conclude in

Section 2.8.

2.2 Observations and Fields

2.2.1 Equatorial Observations

Observations on the ACT equatorial (ACT-E ) strip were performed in the 2009 and 2010 seasons,

and run along the celestial equator with a right ascension span of 100 degrees, and a width of 3

degrees along the declination direction. For the power spectrum analysis, we make single season

maps, and following D11 we divide the data within each season into four splits in time, by distribut-

ing data from roughly every fourth night into a different split, generating four split-maps, each of

which is properly cross-linked. The maps are also spatially divided into five patches on which power

spectrum estimation is performed separately. We explicitly avoid the edges of the maps where the

cross-linking is poor and the noise is inhomogeneous. A representation of the season 3e and season

4e 148GHz maps and patches are shown in Fig. 2.1. The two seasons share the same footprint on the

sky, and common patches were defined to facilitate the computation of cross season power spectra.

Fig. 2.2 shows the noise power spectra of the ACT-E maps by season against the CMB-only theory.
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For most seasons, and for 148GHz, on largest angular scales (` < 500) atmospheric noise domi-

nates, while for intermediate angular scales (500 < ` < 2500) fluctuations in the CMB dominate

the variance. At smaller angular scales detector noise becomes the most significant contribution.
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Figure 2.2: Noise spectra for each season for the ACT-E maps for 148GHz (upper panel) and
218GHz (lower panel). The red solid line shows the CMB-only spectrum. At 148GHz the power
spectrum is sample variance limited at ` < 2500, while at 218GHz detector and atmospheric noise
dominates on most scales.
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2.2.2 Southern Observations
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Figure 2.3: Southern maps (ACT-S) made from 2008 (top panel) 2009 (middle panel) and 2010
(bottom panel) 148GHz observations filtered to emphasize modes in the range ` = 500 − 2500.
The four data splits were co-added to make this plot. Also delineated are the patches used for
computing power spectra. The smaller two patches common between the three maps are used to
compute cross-season cross-power spectra. The four larger patches for season 2sf are used to compute
the full footprint 2008-only cross-power spectrum. Areas of large noise or stripes are heavily down
weighted in the analysis. The color scale is the same as Fig 2.1.

The observations made on the southern sky across various seasons had different footprints,

requiring a somewhat involved strategy for efficiently computing the power spectrum. Filtered

versions of various season maps are shown in Fig. 2.3. The largest coverage was obtained in the

2008 season (the same area on which D11 was based). When computing the power spectrum within

the 2008 data set, we used four large patches collectively covering 292 deg2 (we refer to this full

footprint as “season 2 south full” or season 2sf in short). For computing the power spectrum within

the other two seasons, as well as to compute the cross-power spectra between any pair of the three

seasons it was necessary to define another set of two patches (shown by the smaller contiguous

rectangles in Fig. 2.3) that had a common footprint across the seasons. As discussed in Section 2.4,

care was taken not to double count information while combining the different spectra. The noise

power spectra of each of the season maps are displayed in Fig. 2.4 against the CMB-only theory.
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The season 3s map is mostly noise dominated on all scales in either frequency – we keep this season

in our analysis to tease out information from cross-season spectra, but the season 3s-only spectrum

is heavily downweighted in our likelihood.
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Figure 2.4: Noise spectra for each seasons for the ACT-S maps for 148GHz (upper panel) an
218GHz (lower panel). The red solid line shows the CMB-only spectrum. Season 3s is significantly
noisier than the other two seasons. Note that the combination of seasons 3s and 4s is more sensitive
than season 2s which was used in D11 and Dunkley et al. (2011).
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2.2.3 Beam Transfer Functions

The beams are estimated independently for each array and season (Hasselfield et al., 2013) from

observations of Saturn following a procedure similar to the one described in Hincks et al. (2010).

Radial beam profiles from the planet maps are transformed to Fourier space by fitting a set of

basis functions whose analytic transform is known. The fit yields the beam transform as well as a

covariance matrix following a procedure similar to that discussed in D11.

2.3 Calibration

The final map calibration is performed in two stages: first, the 148 GHz map from the lowest-noise

season is calibrated against the WMAP sky map, and then the 148 GHz maps from the remaining

seasons and 218 GHz maps from all seasons are calibrated against the WMAP-calibrated 148 GHz

map.

2.3.1 WMAP Calibration

ACT map-making and observing strategies result in maps with unbiased large-angle modes that

can be compared to WMAP maps of the same region. The maps are cross-linked, i.e. every point

in the survey has been observed during both its rising and setting. The transfer function of the

maps is unity to better than 1% at angular scales corresponding to ` > 300 (Dünner et al., 2013).

We calibrate the 148 GHz ACT maps directly to WMAP 7-year 94 GHz maps (Jarosik et al., 2011)

of the identical regions using the cross-correlation method described in Hajian et al. (2011). By

matching the ACT-WMAP cross-spectrum to the ACT power spectrum and the WMAP 7-year

power spectrum (Larson et al., 2011) in the range 300 < ` < 1100, we calibrate the 148 GHz ACT

spectrum to 2% fractional temperature anisotropy uncertainty (Hajian et al., 2011). Calibration

to WMAP is done on the deepest seasons for both ACT-E and ACT-S strips, which correspond to

season 4e (2010 observing season) and season 2sf (2008 observing season) data respectively. These

calibrated maps are used as references to calibrate other seasons as described below.
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2.3.2 Relative Season Calibration

Once the deepest 148GHz season has been calibrated with respect to WMAP, we cross-correlate

that map with a 148GHz map from another season, take the ratio of the cross-season cross-power

spectrum to the in-season cross-power spectrum, and fit for a calibration factor. For example, on the

equator, the 148GHz season 4e map is calibrated with respect to WMAP. We then compute the ratio

C4e×4e
` /C3e×4e

` to estimate the calibration for the season 3e 148GHz map. This internal method lets

us use a much wider range of angular scales (we use an ` range of width 2000 starting at ` = 500 for

148GHz and ` = 1000 for 218GHz) than possible with WMAP. Using this method, we achieve the

following relative calibration uncertainties (expressed as σX−Y for season X calibrated against season

Y ) : σ3e−4e ' 0.7%, σ3s−2s ' 3%, and σ4s−2s = 3% for 148GHz, and σ3e−4e ' 2%, σ3s−2s ' 9%,

and σ4s−2s = 4% for 218GHz maps. Note that for the ACT-S season 3s maps the calibration

uncertainties are higher, as is expected from the fact that this season is largely noise dominated on

most scales (see Fig. 2.4). The internal spectrum from this season gets highly downweighted in our

likelihood. To tie together the 148GHz and 218GHz internal calibrations, we finally calibrate the

best season 218GHz map with respect to its 148GHz counterpart, achieving σ2s(218)−2s(148) ' 1.3%,

and σ4e(218)−4e(148) ' 1.7%. This gives the overall calibration of the reference 218GHz map as 2.4%

for ACT-S and 2.6% for ACT-E.

2.4 Temperature Power Spectrum Analysis

The power spectrum analysis methods used here are essentially the same as in D11, the major

modifications being due to the smaller extent of the ACT-E maps in the declination direction

compared to ACT-S, and the multi-season nature of the spectra.

2.4.1 Preprocessing of maps

Power spectra estimated from an incomplete sky suffer from mode-to-mode coupling. The CMB

power spectrum is very red, falling off as `−4 on small angular scales. This makes it very vulnerable

to the leakage of large to small scale modes. The mode-to-mode coupling can be deconvolved in

order to get an unbiased power spectrum, but the estimator becomes suboptimal. A method to
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minimize the leakage, and the corresponding increase in the variance of the estimator is to prewhiten

the maps (Das et al. (2009)). It consist in real space operations on a map which makes its power

spectrum as flat as possible. We convolve the maps with a top hat filter

TR(x) =

∫
dx′WR(x′ − x)T (x′) (2.1)

WR(x) =


1

πR2 if |x| ≤ R

0 otherwise.

The Fourier transform of the difference map TR−3R = TR − T3R is given by

TR−3R(`) = 2

(
J1(`R)

`R
− J1(3`R)

3`R

)
T (`). (2.2)

In the limit where `R�
√

2, we can expand the Bessel functions and get:

TR−3R(`) ≈ (`R)2T (`). (2.3)

By choosing a suitable radius, we can then prewithen the `−4 falling part of the power spectrum,

which significantly reduces the leakage and the uncertainty on the estimated small scale CMB power

spectrum1. We also follow D11 and apply a high-pass filter to the maps to suppress the large angular

scale modes (` < 500) which are not as well constrained as others.

2.4.2 Data Window

Each patch is then multiplied with a data window before the power spectrum is computed. The

window is a product of three components: a point source mask, an apodization window, and the nobs

map giving the number of observations in each pixel. The point source mask is further described

in Section 2.5.2. To simplify the application, we create a single nobs map per patch by adding the

individual nobs maps from all the splits involved (four splits for the single frequency spectrum, and

the 8 splits for the cross-frequency or cross-season spectrum), and apply this as a weight function.
1We also need to choose the disc radius R so that the window function turns over when white noise starts to

dominate, in order to avoid noise rising as `4.
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This essentially downweights the poorly observed regions of the patch. An additional step is applied

to the ACT-E patches. Since the ACT-E strip is only 3 degrees wide, the absolute Fourier space

resolution in the declination direction is ∆`y = 120. This leads to instability in the mode-mode

coupling calculations due to poor sampling of power in the Fourier space. To remedy this, we

extend the patches in the declination direction by adding a 0.7-degree-wide-strip of zero valued

pixels on either side, such that the final declination width of the zero-padded patch is 4.4 degrees.

To minimize ringing from the edges of the patch, we also apply an apodization window which is

generated by taking a top-hat function that is unity in the center and zero over 10 pixels at the

edges of the original patch, and convolving it with a Gaussian of full width at half maximum of

2.′5 for ACT-S and 14.′0 for ACT-E. Another addition to the pipeline for the ACT-E patches is the

application of a Galactic dust mask (see Section 2.5.1). Monte Carlo simulations demonstrate that

we retrieve an unbiased estimate of the spectrum with these additions to our well-tested pipeline.

2.4.3 Binning of the power spectrum

It is important to note that the narrow inherent width of the ACT-E strip, as well as the smaller

dimensions of the mulitseason ACT-S patches prompted us to adopt wider bins for the bandpowers

than were used in D11. Most notably, over the acoustic peaks (` < 2000) the bins used have a

width ∆` = 100 as opposed to ∆` = 50 of D11. This choice is motivated by the fact that with the

finer binning, adjacent bins remain significantly correlated for the ACT-E spectrum. In addition,

evaluating the covariance using full end-to-end Monte Carlo simulations is prohibitively expensive

given the iterative nature of our map-making process. Conversely, more tractable approximations

might not be good enough to provide the precision deserved by the high quality of the data. With

the larger bins we have verified that the bin-to-bin correlations never exceed 10% and are much

smaller than 10% for most bin pairs, allowing us to treat the bandpowers as statistically independent

(cf. Section 2.7.1) .
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Figure 2.5: Top: The IRIS 100 um map on the ACT-E strip (arbitrary color scale). Bottom: The
equatorial dust mask based on the IRIS map flux cut as described in the text. The small box near
right ascension of 00h14m shows the “seagull”-like structure that is additionally masked out even
though some pixels fall below the flux cut.

2.4.4 Cross-Season Cross-Spectrum Estimation

The temperature map corresponding to the data split i, after windowing and filtering, can be written

T̃ i(x) = W (x)T iF (x) with T iF (`) = F`T
i(`), the filter F` accounts for the effects of beam profile,

prewhitening, filtering and pixelization. Because all these operations are convolution in real space

they can be written as simple multiplications in Fourier space. The 2D pseudo cross spectrum of

the i and j splits is computed as:

C̃i×j` = Re[T̃ ∗i(`)T̃ j(`)]. (2.4)

The 1D pseudo power spectrum is obtained by averaging the 2D power spectrum in annular bins.

The anisotropic scanning strategy translates into an anisotropic noise 2D power spectrum. We use

a two-dimensional weighted average, giving less weight to Fourier modes in the noisiest part of the

2D Fourier plane:

C̃i×jb =
∑
`

Pb`C̃
i×j
` (2.5)

Pb` =
w`∑
`w`

∣∣∣∣
`∈b



2.4. Temperature Power Spectrum Analysis 47

The pseudo power spectrum can then be expressed in term of the underlying spectrum C`:

C̃i×jb =
∑
`,`′

Pb`|W (`− `′)|2F 2
`′C

i×j
`′ . (2.6)

The convolution in Fourier space comes from the real space multiplication of the window with the

maps. This can be rewritten in term of the true binned spectrum:

C̃i×jb =
∑
`,`′,b′

Pb`|W (`− `′)|2F 2
`′Q`′b′C

i×j
b′ (2.7)

=
∑
b′

Mbb′C
i×j
b′ ,

where Q`b is unity when ` ∈ b and zero otherwise. The matrix Mbb′ is the mode-coupling matrix.

We compute it exactly and invert it in order to get an unbiased estimator:

Ĉi×jb′ =
∑
b′

M−1
bb′ C̃

i×j
b′ . (2.8)

For same-season cross spectra, the combinatorics are exactly the same as in D11: we compute

6 cross spectra per patch for the single-frequency spectrum (the 4 “splits” in time giving rise to the

6 cross spectra), and 12 for the cross-frequency spectrum (avoiding crossing the same splits that

contain data from the same nights). For cross-season spectra we combine all 16 cross-season cross-

spectra, as each split from one season has independent noise from the splits in the other season.

For each frequency and season pair, the cross-spectra from the patches are combined with inverse

variance weighting. This results in a set of three bandpowers {C3e×3e
b , C3e×4e

b , C4e×4e
b } for ACT-E

and a set of six bandpowers {C2s×2s
b , C2s×3s

b , C2s×4s
b , C3s×3s

b , C3s×4s
b , C4s×4s

b } for ACT-S, for each of

the two same-frequency pairs 148× 148 and 218× 218. For the cross-frequency spectra 148× 218,

where C3e(148)×4e(218)
b is distinct from C

4e(148)×3e(218)
b , we get a set of four bandpowers for ACT-E

and nine bandpowers for ACT-S. These add up to a total of 10 cross-power spectra for ACT-E

and 21 cross-power spectra for ACT-S that enter the likelihood separately with their individual

bandpower covariance matrices. Additionally, there are six cross-power spectra coming from the

full-footprint 2008 ACT-S map (2sf), which is added, with proper attention to the overlap between
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the s2f and s2 patches.

2.4.5 Bandpower Covariance

For each cross-power spectrum above, we evaluate a bandpower covariance matrix:

Θ
(αA×βB);(γC×τD)
bb =

〈(
ĈαA×βBb −

〈
ĈαA×βBb

〉)
×
(
ĈγC×τDb −

〈
ĈγC×τDb

〉)〉
(2.9)

where we used Greek indices α, β, etc. to denote the seasons 3e, 2s, etc. and the uppercase Roman

numerals A, B, etc. to denote frequencies. The analytic expression of the general term of this

covariance matrix Θ
(αA×βB);(γC×τD)
bb is discussed in the Appendix. The total covariance matrix

is a sum of two terms: a sample covariance part accounting for the fact that different seasons of

observation at different frequencies are observing the same CMB modes and that some of our cross

spectra have common noise, and another part coming from the covariance of uncertainties in the

determination of the beam profile. The covariance matrix is computed analytically and checked

against Monte Carlo simulations described in Section 2.6. This total covariance matrix is used

in defining the likelihood function (Dunkley et al., 2013; Sievers et al., 2013) when determining

cosmological parameters.

Along with the covariance matrices, we also generate bandpower window functions which convert

a theoretical power spectrum into a band power: Cth
b =

∑
` Bb`C

th
` . Due to different geometry and

noise properties of the ACT-E and ACT-S patches, two separate window functions Bb`;ACT−s and

Bb`;ACT−e are evaluated for the south and the equator.

2.4.6 Combining Multi-Season Spectra

For the purpose of parameter estimation, we keep the ACT-E and ACT-S spectra and covariances

for each season separate in the likelihood (Dunkley et al., 2013). For display purposes and for

visual comparison with other datasets we combine the spectra from different seasons (separately for
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equator and south) using inverse variance weighting:

C̃A×Bb =

∑
α,β(Θ−1)

(αA×βB);(αA×βB)
bb C

(αA×βB)
b∑

α,β(Θ−1)
(αA×βB);(αA×βB)
bb

. (2.10)

As discussed in Dunkley et al. (2013) the amplitudes of the Galactic cirrus contributions to the

ACT-E and ACT-S maps are different. Therefore, before combining the ACT-E and ACT-S spectra

obtained above, we subtract the best-fit cirrus component (see 2.5.1 for more details) from the ACT-

E and ACT-S spectra, and then combine them using inverse variance weighting. The multiple levels

of cross-correlation used in computing the power spectrum help ensure that potential peculiarities

in the observation that are located in time or space do not propagate to the final power spectrum.

2.5 Foregrounds

In the 148GHz and 218GHz bands the main foregrounds are emission from point sources and diffuse

Galactic dust, which we treat with the application of masks as described below. Dunkley et al.

(2013) and Sievers et al. (2013) also consider and constrain contributions from thermal and kinetic

Sunyaev Zaldovich effects, unresolved clustered and Poisson-like infrared point sources, unresolved

radio sources, and a residual Galactic cirrus component.

2.5.1 Galactic Dust

We detect a significant contribution from Galactic cirrus in our ACT-E maps, especially at 218GHz.

We employ a two-step approach for dealing with Galactic cirrus in the ACT-E maps using 100 µm

dust maps from IRIS (Miville-Deschênes & Lagache, 2005) as the reference. The first step is motived

by the observation that most of the dust contamination in the equatorial power spectrum comes from

the regions corresponding to bright clustered structures in the dust map. Therefore, we generate a

dust mask by identifying and setting to zero all pixels above a flux density of 5.44 MJy/sr as well

as pixels that fall inside significantly clustered structures such as the “seagull”-like structure near

right ascension of 00h14m shown inside the box in Fig. 2.5. This dust mask is multiplied by the

point source mask described below to generate the final mask that is applied to the data.
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The second step of the dust treatment is generating a model of the residual dust contami-

nation after the application of this mask, and then to inform the parameter estimation pipeline

with reasonable priors on this model (the residual model amplitude is fitted and marginalized over

when constraining cosmological parameters, as described in Dunkley et al. 2013). The model is

constructed as follows. Following Hajian et al. (2012) we perform a multicomponent fit to the

auto-power spectrum of the IRIS map after application of the dust mask described above. The

components include a power law term for the residual Galactic cirrus, a Poisson shot noise term, a

term representing the clustered component of infrared emission, and a white noise term to describe

the instrument. The Galactic cirrus component is modeled as Ccirrus
` = Acirrus `

−2.7, where the

value of the power law index appears to be a good fit to Herschel observations of cirrus (Miville-

Deschênes et al., 2010; Bracco et al., 2011), as well as the cross correlation between ACT and

BLAST (Hajian et al., 2012), and that between ACT and IRIS maps. This fitting procedure pro-

vides us with an estimate of the amplitude Acirrus separately for the ACT-E and the ACT-S map

footprints. Next, we cross-correlate the ACT maps with the IRIS template to evaluate the dust

coefficient Ad = CACT×IRIS
` /CIRIS×IRIS

` for each frequency and each sky region. Finally, the cirrus

contribution to the ACT power spectrum can be expressed as Cgal
` = AcirrusA

2
d `
−2.7 or expressed in

terms of a rescaled amplitude at `0 = 3000: B` ≡ `2C`/(2π) = ag (`/`0)−0.7, where we have defined

ag ≡ Acirrus A
2
d `
−0.7
0 /(2π).

The various model parameters obtained from the fitting method above are displayed in Table
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A. There is roughly twice as much dust in the ACT-E region as in ACT-S, but at ` = 3000 and for

148GHz it is less than 3% of the CMB signal. These values represent a frequency scaling consistent

with the early release results from the Planck satellite (Planck Collaboration et al., 2011), and can

be compactly written in flux units as Bij` = ag(`/`0)−0.7(νiνj/ν2
0)β µK2 with β = 1.8, νi and νj

the two frequencies being crossed, and ν0 =148GHz. Based on the scatter observed in these central

values as well their variation depending on whether the clustering term is included in the fit, we

adopt priors of ags = 0.4± 0.2 and age = 0.8± 0.2 for ACT-S and ACT-E respectively. The fitted

models and priors are illustrated in Fig. 2.6.

Figure 2.6: Galactic cirrus contributions to the power spectrum modeled as a power law as described
in the text, for each frequency and region of the sky. The curves correspond to the best fit amplitudes
obtained by cross-correlating ACT maps with cirrus component of the IRIS maps, and the band
around them represent the uncertainty adopted as a prior in the ACT likelihood as discussed in
Dunkley et al. (2013).
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2.5.2 Point Sources

Point sources are the main astrophysical foreground for the 148 and 218 GHz bands. At these

frequencies, point sources are typically either radio-loud AGN or dusty star-forming galaxies. Most

of the bright sources are AGN, while most of the dusty star-forming galaxies lie below the detection

threshold of our survey. Point sources must be identified and masked before the power spectrum

is computed so as not to add power to the cosmological signal. We have identified sources using

a matched filter algorithm (e.g., Tegmark & de Oliveira-Costa, 1998). We mask data within a 5”

radius around all sources detected down to 15 mJy in either band. The residual power contributed

to the power spectrum from unmasked sources below our detection threshold is expected to be

2.9 ± 0.4 µK2 at l = 3000 (Gralla et al., in preparation). For details about the point source

detection algorithm we used, and catalogs for the south 2008 148GHz data, see Marriage et al.

(2011).

2.6 Simulations

We ran a set of Monte Carlo (MC) simulations in order to validate the analytic prescription for

the uncertainties on the cross-season cross-frequency power spectra, and to investigate bandpower

covariance and possible biases in the pipeline. As our map-making procedure is iterative, it is

prohibitively expensive to run a large set of end-to-end simulations that would capture all aspects

of the map-making pipeline, and the noise characteristics and correlations in the actual data set.

Instead, following D11, we generate signal maps as Gaussian random realizations from a power

spectrum, and add to each of them a realization of a Poisson point source population, and a

simulated noise map generated from the observed noise-per-pixel in the data maps. The details

of the implementation are essentially the same as in Section 4 of D11 with special care taken so

that signal realizations are properly correlated across different seasons and footprints. For each

season and each frequency, we generate 960 signal+noise maps (four spits for each frequency), and

for each realization we compute the power spectra in exactly the same way as we do for the data

maps. From the large set of cross-power spectra obtained in this way we estimate the season-season

covariance as well as the correlation between band powers. We find that in all cases, correlation



2.7. Temperature Power Spectrum Results 53

between adjacent bins are insignificant at the 10% level.

We evaluate the uncertainties in the band powers using an analytic prescription described in

Appendix 2.A. We verify the accuracy of these expressions by comparing the predicted error bars

with the scatter of MC realizations. For isotropic white noise realizations with uniform weights, our

expressions for multi-season multi-frequency error bars are good to better than a percent.

2.7 Temperature Power Spectrum Results

Power spectra are computed following the procedure outlined in Section 2.4 separately for each

region (south and equator) and for each season pair. The entire set of spectra along with their

covariance is passed on to the likelihood code that forms the basis of parameter constraints. Al-
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though combined spectra are not used in the actual analysis, in this section we discuss various

combinations of power spectra for purposes of comparison and systematic tests. Note that ACT-S

and ACT-E spectra cannot be trivially combined as residual Galactic cirrus contribution to the

two regions are different. Therefore, we subtract the best fit residual cirrus model (as discussed

in Dunkley et al. 2013) from the estimated power spectra before combining ACT-E and ACT-S

spectra. To simplify the presentation, all figures in this section portray dust-subtracted spectra.

Another complication arises due to the different geometries and masking pattern of the ACT-E and

ACT-S maps, which cause the theoretical bandpowers for these regions to be in principle different,

although the actual differences are small. Also, due to subtle variations of the beam profile from

one season to another, the beam uncertainties in individual season spectra are slightly different. All

these subtleties prompted the separate treatment of power spectra in the likelihood. In this section,

we neglect these subtleties and combine spectra, with inverse variance weight, across season pairs

and regions of the sky. We warn the reader that such combinations are for visualization purposes

only. Fig. 2.7 shows the ACT-E and ACT-S spectra combined across the different observing seasons,

along with their corresponding theoretical band powers. The power spectrum combined across all

seasons and across the ACT-E and ACT-S strips is displayed in Fig. 2.8. The corresponding band

power values and uncertainties are tabulated in Table B. These plots portray how our pipeline is

able to produce an estimate of the power spectrum over the entire multipole range of 500− 10000.

Over the multipole range of ` ' 500 − 2500 these spectra clearly show the Silk damping tail of

the CMB power spectrum, while on smaller angular scales (` ∼ 2500 − 10000) an excess from the

frequency-dependent Sunyaev Zel’dovich effects and extragalactic foregrounds (radio and infrared

point sources) is clearly visible (these contributions are further discussed in Dunkley et al. 2013).

Finally, we display, in Fig. 2.9, the state of the art in CMB temperature power spectrum mea-

surements down to the damping tail where we plot the WMAP 7-year spectrum, the inverse variance

combined ACT-E+ACT-S spectrum, and the recent SPT power spectrum (Story et al., 2012).
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2.7.1 Power spectrum with alternative binning

As discussed in Section 2.4.3, the choice of large bins for our main power spectrum result was

motivated by the need for keeping the bandpowers minimally correlated. It is of interest, however,

to ask how the spectrum would have looked with smaller bins of width ∆` = 50 over the damping

tail, as was done in D11. Such a result is shown in Fig. 2.10. Note that the first through the eighth

peak of the CMB can be clearly seen with this binning. We do not pursue this binning any further

for the aforementioned reasons.

2.7.2 Derived CMB-only power spectrum

The ACT-E and ACT-S spectra shown in Fig. 2.7 include the primary CMB signal as well as power

from foregrounds and SZ. We show the estimated primary CMB spectrum from ACT in Fig. 2.11,

derived in Dunkley et al. (2013). There, the multi-frequency spectra are used to estimate the CMB

in bandpowers for ACT-E and ACT-S, simultaneously with the SZ and foregrounds components.

The CMB spectra for ACT-E and ACT-S are then coadded for display. No assumptions are made

about the cosmological model, only that the CMB is blackbody. Using the multi-frequency data to

separate components, the CMB power can be recovered out to multipoles of ` ∼ 3500.

2.7.3 Systematic Tests

In order to check for systematics in the map-making and power spectrum estimation pipelines, we

perform various tests on the data. These are constructed such that the sky signal cancels between

the various splits of the data, and only systematic effects remain. We test that the power spectrum

obtained is the same in each season, in all time splits, from different parts of the array, with and

without data near the telescope turnaround points, from different directions in Fourier space, and

for different regions of the sky. The statistics from a subset of these tests are summarized in

Tables 2.1, 2.2, 2.3, and 2.4. Given that the spectra are computed individually and then included

in the likelihood with the full covariance of the different frequencies and seasons, we compute the

null tests on each subset of data, both for ACT-E and ACT-S, and for different seasons.
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Figure 2.7: Combined multi-season power spectra for the ACT-E Strip (upper panels) and the ACT-
S Strip (lower panels). The left hand panel shows a linear scale zoomed-in version of the spectrum
with an `4 scaling to emphasize the higher order acoustic features. The lines show the binned
version of the best fit model for each frequency pair including CMB secondaries and foregrounds
from Dunkley et al. (2013). The right panel shows the entire range of the computed spectrum on a
log-linear scale with the conventional `(` + 1) scaling. The lines show the unbinned version of the
best fit model from Dunkley et al. (2013).

Cross season nulls

Table 2.1: Null test χ2 values for the season consistency tests performed on the ACT data. The probability
to exceed (PTE) the χ2 is shown in parentheses.

Frequency Region Seasons Seasons Seasons dof
2008-2009 2009-2010 2008-2010

148 GHz South 32.2 (0.36) 30.7 (0.43) 35.0 (0.24) 30
Equator - 39.7 (0.11) - 30

220 GHz South 27.7 (0.11) 15.9 (0.72) 21.5 (0.37) 20
Equator - 24.2 (0.23) - 20

First, we test the year-to-year consistency of power spectra. In order to account for differences

in the ACT beam from one observing season to the next, we convolve the map from one season with
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Figure 2.8: Muti-frequency power spectra combined across all seasons and the ACT-E and ACT-S
regions. The upper panel shows the ` = 500 − 4000 portion of the power spectrum on a linear
scale with an `4 scaling to emphasize the higher order acoustic peaks. The lower panel shows the
entire range of the computed spectra with the `(` + 1) scaling. The lines in either case show the
best fit models for each frequency pair including CMB secondaries and foregrounds from Dunkley
et al. (2013). The grey data points represent the power spectrum from the WMAP seven-year data
release (Larson et al., 2011).



58
2. The Atacama Cosmology Telescope: Temperature Power Spectrum Measurements from Three

Seasons of Data

0 500 1000 1500 2000 2500 3000 3500
Multipole ℓ

102

103

ℓ(
ℓ

+
1)

C
ℓ/

(2
π
)

[µ
K

2
]

WMAP9

SPT 150 GHz

ACT 148 GHz

Figure 2.9: CMB temperature power spectrum measurements from the WMAP 9-year data release
(Bennett et al., 2012; Hinshaw et al., 2013), the South Pole Telescope (Story et al., 2012) and ACT
(this work). The solid line shows the best fit model to the ACT 148GHz data combined with
WMAP 7-year data (Larson et al., 2011). The dashed line shows the CMB-only component of the
same best fit model. Although we compute the power spectrum down to ` = 200, we do not use
data below ` = 540 in the analysis.

the beam profile of the other season being differenced, so that each map effectively has the same

beam transfer function. Then we difference the corresponding splits from seasons s1 and s2:

∆T i(x) ≡ [T is1(x)− T is2(x)], (2.11)

where i = 1,2,3,4 represent the split index. The pixel weight mapW corresponding to these difference

splits is computed as:

W−1 = W−1
s1 +W−1

s2 , (2.12)

where Ws1 is the total Nobs map for season s1 etc. As with the other null tests, the azimuthal

weighting is computed using the weights from the full data spectrum run. Figure 2.12 shows these

test for the ACT data, while the individual χ2 values for the tests are summarized in Table 2.1. We
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Figure 2.10: Combined ACT-E + ACT-S 148GHz power spectrum computed with alternate binning
shown alongside the WMAP 9-year data (Bennett et al., 2012; Hinshaw et al., 2013). Note that with
these smaller bins, the contours of the first eight acoustic peaks of the CMB power spectrum can
be clearly seen. The bandpowers are significantly correlated at this bin size, and a precise estimate
of the bin to bin correlation is computationally prohibitively costly. The solid line shows the best
fit model to the ACT 148GHz data combined with WMAP 7-year data (Larson et al., 2011).

find all spectra computed in this way to be consistent with null.

Split Nulls

Table 2.2: χ2 (PTE) values for the TOD split null tests performed on the ACT data.

Frequency Region Season TOD dof
(1-2)x(3-4) (1-3)x(2-4) (1-4)x(2-3)

148 GHz South 2008 19.7 (0.92) 37.7 (0.16) 37.1 (0.17) 30
2009 30.3 (0.45) 31.8 (0.38) 22.6 (0.83) 30
2010 35.7 (0.22) 28.6 (0.54) 21.5 (0.87) 30

Equator 2009 33.9 (0.29) 26.5 (0.65) 40.9 (0.09) 30
2010 34.6 (0.26) 35.6 (0.22) 24.0 (0.77) 30

220 GHz South 2008 33.1 (0.03) 28.2 (0.10) 15.3 (0.76) 20
2009 14.4 (0.81) 11.3 (0.94) 14.8 (0.79) 20
2010 8.8 (0.99) 16.0 (0.72) 21.0 (0.40) 20

Equator 2009 24.9 (0.21) 19.3 (0.50) 13.3 (0.87) 20
2010 11.8 (0.92) 16.3 (0.70) 14.0 (0.83) 20
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Figure 2.11: The CMB only power spectrum estimated from ACT, shown with the spectrum from
the WMAP 9-year data (Bennett et al., 2012; Hinshaw et al., 2013). The errors include uncertainty
due to foreground and SZ emission, as well as the relative calibration of the 148 and 218 GHz
channels, and beam uncertainty. The full covariance matrix is derived in Dunkley et al. (2013).
The solid line shows the CMB-only component of the best fit model for the ACT data combined
with the WMAP 7-year data.
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Figure 2.12: Cross season null test for the ACT data. The top row illustrate the 148GHz cross
season null tests for ACT-E (top left) and ACT-S (top right), while the bottom row show the
218GHz cross season nulls.The χ2 values for the fit are presented in Table 2.1 and Figure 2.14.

As discussed in Section 2.4, the data in each season are separated into four splits in such a

way that the detector noise is independent from one split to another. Therefore, the difference

between any two splits should be consistent with noise and the signal should subtract away. We

test this by generating difference maps from each pair, and computing the two-way cross spectra

from independent pairs of difference maps, e.g.:

T 12(x) ≡ [T 1(x)− T 2(x)]/2

T 34(x) ≡ [T 3(x)− T 4(x)]/2. (2.13)

The difference maps are expected to contain noise but no residual signal. We estimate the cross-

spectrum of the difference maps, Ĉb =
〈
T 12T 34

〉
, and the other two permutations of the differences

(
〈
T 13T 24

〉
and

〈
T 14T 23

〉
). These difference maps are downweighted by the same weight maps used
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Figure 2.13: TOD null test for the 148 GHz Southern strip, from 2008 (top panel) to 2010 (bottom
panel). For each year, three TOD nulls are created from the combinations described in Eq. 2.13.
The χ2 values for the null test are summarised in Table 2.2.
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to construct the full power spectrum. Similarly, the azimuthal weights are borrowed from the full

data spectrum run. The three difference spectra are shown in Figure 2.13 for the 148 GHz ACT-S

data set. The statistics corresponding to this test are shown in Table 2.2. The spectra are found to

be consistent with a null signal, as expected.

In/Out nulls

In order to test for systematic detector asymmetries, we make a map using data from detectors

from the inner region of the array, and another map from detectors along the edges, and compute

the differences between the two maps:

T 12
io (x) ≡ [T 1

o (x)− T 2
i (x)]/2

T 34
io (x) ≡ [T 3

o (x)− T 4
i (x)]/2 (2.14)

where the i and o label the inner and outer parts of the detector array respectively. The full set

of reduced χ2 values are summarized in Table 2.3. In general we see no trend for differences as a

function of detector position; the null tests are consistent with no signal.

Table 2.3: Null test χ2 (PTE) values for the inner vs outer detectors.

Frequency Region Season In/Out dof
(1o-2i)x(3o-4i) (1o-3i)x(2o-4i) (1o-4i)x(2o-3i)

148 GHz South 2008 26.2 (0.66) 28.2 (0.56) 26.2 (0.67) 30
2009 37.7 (0.16) 17.3 (0.97) 27.3 (0.61) 30
2010 34.7 (0.26) 27.3 (0.61) 25.6 (0.70) 30

Equator 2009 49.5 (0.01) 33.3 (0.31) 45.2 (0.04) 30
2010 35.2 (0.23) 45.8 (0.03) 39.7 (0.11) 30

218 GHz South 2008 25.3 (0.19) 23.9 (0.24) 21.0 (0.40) 20
2009 13.7 (0.85) 12.3 (0.91) 25.8 (0.17) 20
2010 13.8 (0.84) 15.0 (0.78) 26.3 (0.16) 20

Equator 2009 20.9 (0.41) 37.7 (0.01) 23.2 (0.28) 20
2010 23.4 (0.27) 24.2 (0.24) 13.5 (0.85) 20



64
2. The Atacama Cosmology Telescope: Temperature Power Spectrum Measurements from Three

Seasons of Data

0 10 20 30 40 50 60
χ2 value

0

2

4

6

8

10

12
χ2(30)

χ2(20)

AR1
AR2

Figure 2.14: The reduced χ2 values for all null tests. The blue histogram is computed for the χ2

values from the 218 GHz null tests, while the purple histogram shows the same null tests for the 148
GHz maps. The black dashed and dot-dashed lines show the theoretical distributions for 20 (AR2)
and 30 (AR1) degrees of freedom respectively, normalized to match the frequency of the histograms.
The χ2 values presented here are given in Tables 2.1, 2.2, 2.3 and 2.4.

Turnarounds

Another null test, based on cutting out data around telescope turnaround probes the consistency

of data taken with the telescope accelerating as it reverses direction at the ends of the scan

(turnarounds). In the maps used for the power spectrum estimation, the data taken during the

turnaround is included. We test for any artifacts generated by the acceleration at turnaround by

taking the difference of maps with and without turnaround data. Maps are made cutting data

near the turnarounds, amounting to removing ≈ 10% of the total data. This loss of data affects

the two sky regions differently. In the southern patches, the loss of data is uniform and leads to a

slight increase in striping in the maps, whereas in the equatorial patches, removing the turnarounds

removes data along the declination direction in the maps. Two difference maps are made by pairing

one split of the standard map with a different split of the new maps (we avoid differencing the same

splits as they have very similar noise structure), and a two-way cross-power spectrum is produced.

Any artifact due to the turnaround would be left in these difference maps and might produce excess

power. We compute the turnaround cuts as a function of season, frequency range and area on the

sky. The reduced χ2 values are summarized in Table 2.4. Again, we find that the difference maps
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have spectra consistent with no signal.

χ2 Distribution

While the null tests are performed for different subsets of the data, we combine the statistics from

the null tests together to test for consistency globally. We restrict the range of the 218GHz spectrum

to be ` > 1500, hence the 218GHz spectrum contains 20 degrees of freedom, while the 148GHz

spectrum containts 30 degrees of freedom. We show the distribution of χ2 values and the theoretical

χ2 distribution for the two cases in Figure 2.14. This shows that the null tests are broadly consistent

with being drawn from a χ2 distribution for the number of degrees of freedom. One way to quantify

this consistency would be to consider every-chi squares to be drawn from a given distribution also

accounting for the correlation between chi square tests sharing common data. We could assign an

error bar (and covariance) to each bins of the histogram, and look at departures from the expected

distribution. Similarly we could check that the PTE follow an uniform distribution. Otherwise, one

general way to attest if data points are drawn for a given distribution is to use the Kolmogorov-

Smirnov test.

Isotropy

Table 2.4: Null test χ2 values for turnarounds

Frequency Region Season Turnarounds dof
(1t-2nt)x(3t-4nt) (1t-3nt)x(2t-4nt) (1t-4nt)x(2t-3nt)

148 GHz South 2008 21.9 (0.85) 24.8 (0.74) 34.6 (0.26) 30
2009 28.3 (0.56) 35.3 (0.23) 26.7 (0.64) 30
2010 30.5 (0.44) 30.4 (0.44) 35.0 (0.24) 30

Equator 2009 27.4 (0.60) 29.3 (0.50) 34.0 (0.28) 30
2010 35.1 (0.24) 43.9 (0.05) 21.9 (0.86) 30

218 GHz South 2008 25.9 (0.17) 25.3 (0.19) 20.6 (0.42) 20
2009 15.8 (0.73) 13.0 (0.88) 14.3 (0.82) 20
2010 11.2 (0.94) 11.6 (0.93) 21.1 (0.4) 20

Equator 2009 31.3 (0.06) 19.4 (0.5) 16.6 (0.68) 20
2010 14.1 (0.82) 24.3 (023) 16.7 (0.67) 20

We test the isotropy of the power spectrum by estimating the power as a function of phase
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Figure 2.15: The two dimensional 148GHz cross-power spectrum co-added across the ACT-E
patches and seasons. For ` < 2500 smoothing by a small kernel has been applied. The acous-
tic features in the power spectrum are clearly visible. At ` > 2500, where the instrument noise
dominates, we display the raw spectrum. The black lines represent the CMB-only theory and have
been plotted to guide the eye.

θ = arctan(`y/`x). We compute the inverse-noise-weighted two-dimensional spectrum co-added

across patches and seasons for the ACT-E region. We show the mean two-dimensional cross-power

pseudo spectrum in Figure 2.15. The spectrum is symmetric for ` to −`, as it is for any real

valued map. To quantify any anisotropy, the power averaged over all multipoles in the range

200 < ` < 10000 is computed in wedges of θ = 20◦, and compared to the mean of the entire

annulus. No significant deviation from isotropy is detected using this method. We find that this

result holds for ACT-S and 218GHz maps.

2.7.4 Consistency of ACT-E, ACT-S, and SPT spectra

As mentioned above, due to the difference in geometry of the equatorial vs. southern patches, the

band power binning functions for ACT-E and ACT-S are slightly different leading small differences

in the binned version of the best fit ACT + WMAP7 model (Sievers et al., 2013). Therefore to
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test the consistency between ACT-E and ACT-S spectra we check for the nullity of the residuals

from their corresponding binned best fit model. We also consider the consistency of the SPT band

powers from Keisler et al. (2011). Care must be taken while computing the residual for the SPT

spectrum as the point source masking threshold corresponding to that spectrum was different from

that of ACT. To correct for this, we adjust the Poisson point source component of our best fit model

to match the masking level used in Keisler et al. (2011). The results are shown in Fig. 2.16, clearly

indicating that the three spectra are consistent with null, and therefore with each other.

Figure 2.16: The residual power spectra obtained after subtracting the best fit ACT +WMAPmodel
from the ACT-E, ACT-S, and SPT power spectrum (Keisler et al., 2011). For the SPT residual the
Poisson point source component of the best fit model is adjusted to reflect the difference in point
source masking levels between ACT and SPT. The residuals are all null showing the consistency of
these spectra.

The suite of consistency tests performed here show that our reported spectrum passes a wide
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range of checks for systematic errors in time, detector-space, map-space, and `-space.

2.8 Discussion

We have derived the power spectrum of microwave sky maps at 148 GHz and 218 GHz produced by

the Atacama Cosmology Telescope experiment. The power spectra cover a range of angular scales

spanning nearly a factor of 20, ranging from around 0.35 degrees (` = 590) to a little over one

arcminute (` = 8900). The maps are high quality, and in principle extracting the power spectrum

is a simple matter. A host of practical considerations, along with the precision supported by the

data, make estimation of the power spectrum challenging. This chapter summarizes algorithms and

techniques for handling the particular shapes of our maps, point source contamination, the steepness

of the power spectrum, significant features due to galactic dust emission, spatially varying noise

levels, and calibration. In addition to the resulting power spectra, we also display numerous null

tests on the data. These tests, along with results from simulated maps, make a strong case that

any systematic errors in our power spectra are below the level of statistical error.

We combine these power spectra with the WMAP 7-year temperature and polarization power

spectra in Sievers et al. (2013), and find excellent consistency with the LCDM model. We see no

evidence for extra relativistic degrees of freedom2 Neff = 2.79 ± 0.56, for a non zero mean spatial

curvature Ωk = −0.0020 ± 0.0047, for an early dark energy component Ωe < 0.025, or for the

running of the scalar perturbation spectral index dns
d ln k = −0.004± 0.012. In Dunkley et al. (2013),

we show that the multi-frequency spectra can be well fit by a CMB and simple foreground model.

We constrain the tSZ amplitude to be atSZ = 3.4± 1.4, resulting in a constraint on the amplitude

of the matter power spectrum on the scale of 8h−1 Mpc, σ8 = 0.75 ± 0.04. We do not detect the

kSZ effect but obtain an upper limit on its amplitude akSZ < 8.6, which can be translated into an

upper limit on the duration of reionization.

The ACT power spectra are consistent with those measured by the South Pole Telescope col-

laboration, as are the underlying maps in a region of overlapping sky coverage. Given how small

the signals are and how many sources of error must be tamed to measure them, consistent results
2In the standard cosmological model Neff = 3.046 accounting for the three neutrinos species and small corrections

caused by non-thermal effects during e+-e− annihilation.
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represent a substantial experimental achievement.

The temperature power spectrum measurements displayed in Figure 2.9 represent the culmi-

nation of a two-decade quest, since the first large-angle power measurements were made by the

COBE satellite (Smoot et al., 1992). It was soon realized that for inflationary cosmological models,

the substantial structure in the microwave background temperature angular power spectrum due

to coherent acoustic oscillations in the early universe would allow precise constraints on the basic

properties of the universe (Jungman et al., 1996). A series of innovative and increasingly sensitive

experiments then gradually unveiled the power spectrum. With the definitive measurements down

to quarter-degree scales by the WMAP satellite (Bennett et al., 2012) and the precise arcminute-

scale measurements by ACT (this work) and SPT (Story et al., 2012) along with the results from

the Planck satellite, this particular route to cosmological knowledge has nearly reached its final

destination.

Appendix 2.A

Here we derive an analytic expression for the expected error bars on the cross-frequency mulitseason

cross-power spectrum. We denote the frequencies with uppercase A, B, C, D, the seasons with α, β,

γ, τ , and the sub-season data splits with i, j, k,l. Following D11, the covariance the of cross-power

spectrum is defined as:

Θ
(αA×βB);(γC×τD)
bb ≡ 〈(C(A×B)

b,αβ − 〈C(A×B)
b,αβ 〉)(C(C×D)

b,γτ − 〈C(C×D)
b,γτ 〉)〉,

(2.15)

which expands as

Θ
(αA×βB);(γC×τD)
bb =

1

N

1

ν2
b

nd∑
i,j,k,l

∑
`∈b

∑
`′∈b

([〈
T ∗iA`,α T

jB
`,β T

∗kC
`′,γ T

lD
`′,τ

〉]
−
〈
C

(iA×jB)
b,αβ

〉〈
C

(kC×lD)
b,γτ

〉)
×(1− δijδαβ)(1− δklδγτ ).

(2.16)
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The Kronecker deltas remove the auto power spectra, and any same-split, same-season cross-

frequency spectra. The general normalization is

N =

nd∑
i,j,k,l

(1− δijδαβ)(1− δklδγτ )

= n4
d − n3

d(δαβ + δγτ ) + n2
d(δαβδγτ ). (2.17)

Applying Wick’s Theorem, we have

Θ
(αA×βB);(γC×τD)
bb =

1

νb

1

N

nd∑
i,j,k,l

[〈
CiA×kCb,αγ

〉〈
CjB×lDb,βτ

〉
+
〈
CiA×lDb,ατ

〉〈
CjB×kCb,βγ

〉]
×(1− δijδαβ)(1− δklδγτ ), (2.18)

where

〈
CjB×kCb,βγ

〉
= Cb + δjkδBCδβγN

ββ,BB
b . (2.19)

Therefore, Θ
(αA×βB);(γC×τD)
bb expands to

Θ
1;(αA×βB);(γC×τD)
bb = 2

C2
b

νb
+

1

N

Cb
νb

nd∑
i,j,k,l

[
(δikδACδαγN

αα,AA
b + δjlδBDδβτN

ββ,BB
b )

+ (δilδADδατN
αα,AA
b + δjkδBCδβγN

ββ,BB
b )

]
× (1− δijδαβ)(1− δklδγτ )

+
1

N

1

νb

nd∑
i,j,k,l

Nαα,AA
b Nββ,BB

b (δikδACδαγδjlδBDδβτ + δilδADδατδjkδBCδβγ)× (1− δijδαβ)(1− δklδγτ ),

(2.20)

which after some algebra reduces to

Θ
(αA×βB);(γC×τD)
bb =

1

νb

(
2C2

b +
CbN

αα,AA
b

nd
(δACδαγ + δADδατ ) +

CbN
ββ,BB
b

nd
(δBCδβγ + δBDδβτ )

+Nαα,AA
b Nββ,BB

b (δADδατδBCδβγ + δACδαγδBDδβτ )
n2
d − nd(δαβ + δγτ ) + nd(δαβδγτ )

n4
d − n3

d(δαβ + δγτ ) + n2
d(δαβδγτ )

)
(2.21)
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Therefore, with A 6= B 6= C and α 6= β we have,

Θ
(αA×αA);(αA×αA)
b =

1

νb

[
2C2

b + 4
Cb
nd
Nαα,AA
b + 2

(Nαα,AA
b )2

nd(nd − 1)

]
, (2.22)

Θ
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b =

1

νb

[
2C2

b +
Cb
nd
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b ) +
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b
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]
, (2.23)

Θ
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Appendix 2.B

We can also include the effect of an uncertainty on the beam when combining data between different

seasons. We consider the covariance of the power spectrum for two season pairs: i × j and k × l,

with beam window functions wi×jb = Bi
bB

j
b and w

k×l
b′ = Bk

b′B
l
b′ , respectively. The measured windows

function is given by wobsb = wb + δwb. This error propagates to the power spectrum covariance as

〈 wi×jb Ci×jb

wi×jb + δwi×jb

wk×lb′ Ck×lb′

wk×lb′ + δwk×lb′

〉 → Ci×jb

wi×jb

Ck×lb′

wk×lb′

〈δwi×jb δwk×lb′ 〉. (2.30)

The error on the window function is related to the error of the beam by

δwi×jb = δBi
bB

j
b +Bi

bδB
j
b . (2.31)
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Chapter 3

The Atacama Cosmology Telescope:

Cross Correlation with Planck maps

3.1 Introduction

We present a measurement of the cross-correlation of CMB temperature anisotropies at 148 GHz

and 218 GHz, from the ACT data acquired during the 2008, 2009 and 2010 observing seasons, with

the publicly released Planck maps at 143 GHz and 217 GHz. The overlap of the two experiments

allows us to test their consistency. The ACT data used in the previous analysis were calibrated to

WMAP data by matching the ACT×WMAP cross-spectrum to the ACT power spectrum (at 2%

precision for ACT 148 GHz; Hajian et al., 2011). The lower level of noise, higher resolution, and

closer match in frequency of the Planck satellite data now enable a more precise calibration.

The Chapter is organized as follows. In Section 3.2 we describe the observations, beam transfer

function and mask used in the cross-correlation analysis. In Section 3.3 we show the ACT×Planck

power spectra for each ACT season and each frequency, and use a simple likelihood to assess the

consistency with the ACT power spectra and to compute a best-fit calibration factor. In Section 3.4,

we compute new estimates of the Galactic cirrus contamination and Cosmic Infrared Background

(CIB) fluctuations in ACT maps using the 353 GHz Planck data. In Section 3.5 we test the isotropy

of the best fit calibration, by comparing the ACT two-dimensional power spectra to the ACT ×

73
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Figure 3.1: Comparison of ACT (top) and Planck (bottom) maps for a 15 deg2 patch in the ACT
Equatorial region. The maps are the inverse variance weighted combination of all ACT data at
148 GHz (left) and 218 GHz (right) and all Planck data at 143 GHz and 217 GHz. All maps have
been filtered with a high pass filter (for modes on scales: ` < 500). Artifacts of the HEALpix
pixelization are seen in the Planck maps. The agreement is visually excellent.

Planck two-dimensional spectra. We conclude in Section 3.6.

In this Chapter we take as a baseline the maps presented in Chapter 2. These maps were

calibrated to WMAP as in Hajian et al. (2011). Recalibration factors y quoted in the following

are values by which one multiplies the ACT maps. That is, a recalibration factor of 1.01 means

multiply the ACT map by 1.01 and increase the power spectrum by (1.01)2. Note that the observed

map calibration factor between Planck and WMAP maps is 0.985 (Planck is lower than WMAP;

Planck Collaboration XVI (2013)); this sets our expectation for the ACT calibration to Planck.
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3.2 ACT and Planck data

The data used in this Chapter are described in Chapter 2 of this thesis and consist of maps of 300

deg2 along the celestial equator (ACT-E) and 292 deg2 along declination -55
◦ in the southern sky

(ACT-S). We consider two seasons of data (2009, 2010) for ACT-E and one season of data (2008)

for ACT-S (as these have the highest signal to noise ratio). For cross-correlating with Planck, the

data within each season are divided into two splits in time, each of which is cross-linked, allowing

direct estimation of the noise power spectra of the maps. For Planck we use the ‘half-ring’ maps

from the public data release. Each frequency channel has two half-ring maps, built using only the

first or the second half of the stable pointing period data. We project Planck’s galactic-coordinate

HEALPix maps to patches of ACT’s cylindrical equal area pixels in equatorial coordinates using

the Taylor interpolation scheme described in Næss & Louis (2013).

Figure 3.1 depicts a subset of the maps used in this analysis. To account for the instrument

resolution, we use the ACT beam transfer functions presented in Hasselfield et al. (2013), and for

Planck we use the publicly released effective transfer functions (Planck Collaboration VII, 2013).

The spatial variations of the Planck beam transfer functions across the sky result in effects that

are significantly smaller than the statistical uncertainty in the calibration factors, and so will be

ignored in this analysis. We use the ACT masks presented in Chapter 2, including a point source

mask in both the ACT-S and ACT-E regions with flux cut of 15 mJy at 148 and 218 GHz, and a

Galactic cirrus mask in the ACT-E region. Because the Planck beams are significantly broader than

the ACT beams, point sources will appear larger in Planck maps than in ACT maps. We test the

effect of widening the ACT mask by 50% and find that our results are stable at the 0.2 σ level. The

Planck HFI channels at 100–353 GHz are calibrated on the dipole due to the Sun’s motion relative

to the CMB, leading to an absolute calibration uncertainty of 0.54 percent for the 100, 143, and 217

GHz channels, with relative calibrations of 0.2 percent between them (Planck Collaboration VIII,

2013).
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Figure 3.2: Left: The recalibrated cross-correlation between ACT at 148 GHz and Planck at 143 GHz
(A×P), compared to the recalibrated ACT power spectra (A×A), in the overlapping angular range.
Right: Residuals between the cross and auto-spectra as a function of scale. No significant features
are observed. Since data for each experiment in each plot come from the same sky region, the errors
on the residuals do not include cosmic variance. Note also that the ordinates of the residual plots
are not multiplied by the ∼ `2 factor used for plotting angular power spectra.
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3.3 Cross Correlations

We compute the ACT 148 GHz × Planck 143 GHz, and the ACT 218 GHz × Planck 217 GHz power

spectra, for each ACT season. We follow the same procedure described in Chapter 2, including

prewhitening of the maps, filtering, and deconvolving the effects of the beam, pixelization, and

windowing. The uncertainties on the spectra are calculated analytically using measurements of the

noise in the maps and include beam uncertainties (see Appendix 3.A).

We allow a single degree of freedom for the comparison between the cross-spectra and the ACT

spectra, namely a calibration factor that rescales the ACT power spectra to match the cross-spectra.

We note that the shift in the effective frequency between the two experiments leads to a negligible

variation in the foreground level. The calibration, y, is obtained for each frequency and ACT season

and region by minimizing the χ2 defined as

χ2(y) = rtΣ−1r. (3.1)

Here r = CA×P −yCA×A is the residual between the cross and auto-spectra, which removes cosmic

variance uncertainty, and Σ is the covariance matrix of the residual (Appendix 3.A). This factor y is

relative to the original WMAP calibration used in the Chapter 2 analysis, and can then be used to

rescale the ACT maps. The calibrated power spectra for each season and region, together with the

residuals, are shown in Figures 3.2 and 3.3 for the substantial range of angular scales common to

both experiments. Doing this comparison in power spectra space instead of maps space allows us to

check for any ` dependent bias. An effect due to a transfer function at low multipole or to the beam

at high multipoles could in principle induce systematic differences between the two experiments.

We find the signal to be consistent at both frequencies and in both regions of the sky, with

the probability to exceed (PTE) and the calibration factors reported in Table A. The PTEs for all

the spectra lie in the range 0.213 < PTE < 0.874, and there are no particular features seen in the

residual spectra. We compare the ACT re-calibration factors to those determined by the Planck

collaboration by jointly fitting the ΛCDM cosmological model to the ACT and full-sky Planck power

spectra (Planck Collaboration XVI, 2013). They are reported there as yACTe
148 , yACTs

148 , yACTe
218 , yACTs

218 ,
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and are repeated in Table A for comparison. The two methods give consistent results. For complete-

ness, we also report the re-calibration factors obtained by jointly fitting the ΛCDM cosmological

model to the ACT and full-sky WMAP 9 years power spectra. The difference between the Planck

and WMAP calibration is consistent with our expectation.

3.4 Galactic dust and CIB using Planck 353 Ghz

The 353 GHz Planck maps can be modeled as the sum of CMB, Galactic cirrus dust and CIB fluc-

tuations. Figure 3.4 shows the difference between the measured Planck 353 GHz and ACT 148 GHz

power spectra for the equatorial and southern surveys. Since the dust emission is inhomogeneous,

we use the ACT spatial weighting scheme when computing the Planck 353 GHz power spectrum,

each pixel being weighted by the number of times it was observed. The difference between the two

power spectra is dominated by Galactic cirrus and CIB fluctuation emissions at 353 GHz. The

contribution from other signals, such as the Sunyaev Zel’dovich effect, is subdominant and can be

safely neglected.

Figure 3.4 also shows predictions and error bands for the sum of the CIB and cirrus contributions
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Figure 3.3: As in Figure 3.2, for the correlation between ACT at 218 GHz and Planck at 217 GHz.

at 353 GHz. We estimate the Poisson and clustered CIB contribution at 353 GHz based on the

ACT constraints from Table 2 of Dunkley et al. (2013).

Following Addison et al. (2012), the CIB power spectrum is modeled as the square of a modified

blackbody in flux density units with emissivity index constrained to be β = 2.2± 0.1, with a fixed

effective temperature of T = 9.7 K. As can be seen in Figure 17 of the Planck Collaboration XXX

(2013) paper, the 2013 Planck CIB model is ∼ 30% higher than the early Planck 217 GHz CIB

bandpowers that were used to constrain the Addison et al. (2011) model. We renormalize the

Addison et al. model by multiplying the 353 GHz prediction by a factor of 1/1.3.

The Galactic dust power at 353 GHz was calculated using a modified blackbody with emissivity

index β = 1.5 and temperature T = 20 K, consistent with submillimeter analysis of cirrus in a

similar region of sky along the celestial equator (Bracco et al., 2011), and with observations from
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Figure 3.4: Difference between the measured Planck 353 GHz and ACT 148 GHz power spectra for
the equatorial and southern surveys (dots). The colored bands represent the 1σ prediction for the
Galactic dust and CIB amplitude based on the extrapolation of the ACT foreground power spectra
modeling at 148 and 218 GHz for the equatorial (blue) and southern surveys (red) (Dunkley et al.,
2013).

the Planck satellite (Planck Collaboration XI, 2013). We correct the Galactic and CIB power

calculated at the nominal frequency, 353 GHz, for the bandpass profile and response to a dust-like

source SED (Planck Collaboration IX, 2013). The uncertainties shown in Figure 3.4 are dominated

by uncertainty in the CIB and Galactic dust amplitudes measured by ACT (Dunkley et al., 2013).

We interpret the figure as showing that the ACT dust model and measurements are in agreement

with Planck’s measurement at 353 GHz.

3.5 Isotropy of the two-dimensional power spectra

Because of its scan strategy, ACT has anisotropic noise. While the map-making algorithm should not

produce any anisotropy in the map or the transfer function, the Planck data provide an opportunity

to test the ACT maps by checking for any directional dependence in the calibration factor. Excess

noise along and perpendicular to the ACT scan directions leads to X shaped patterns of high

noise regions in the ACT two-dimensional power spectra. These features have been down-weighted

accordingly using azimuthal weights in the D13 analysis. Planck data do not suffer from such

artifacts and the effects due to the scanning strategy of ACT become subdominant in the cross-
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Figure 3.5: Two-dimensional ACT×ACT power spectra (left) and ACT×Planck (middle) in the
overlapping angular range. The vertical bands show the fourier mask applied to the ACT spectra
to avoid artifacts of the scanning strategy and the black circles encompass the ` < 500 modes that
are not used in the power spectra analysis. Right: calibrations as a function of the angular bands,
from which we have subtracted their mean. No significant anisotropy is detected.
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spectra. We compare the two-dimensional power spectra of ACT and ACT × Planck in order to

assess the isotropy of the deduced calibration parameter. We compute the two-dimensional power

spectra following the same procedure as for the one-dimensional analysis, except that we do not

deconvolve the effect of the window function, because the inversion of the un-binned mode coupling

matrices is too computationally intensive. We divide the two-dimensional power spectrum into five

different angular wedges, of 36◦ each, using the symmetry ` → −` of the power spectra. We then

bin the power spectra using the same bin size as for the one-dimensional power spectra and compute

the expected variance in each bin using Monte-Carlo simulations. Finally, we compute the best-fit

calibration number for each angular bin. We do not detect any significant anisotropy in the two-

dimensional power spectra. The best-fit calibration per angular bin as well as the two-dimensional

power spectra are shown in Figure 3.5 and Figure 3.6.

3.6 Conclusion

The ACT experiment has mapped two regions of the sky covering 592 deg2 at arcminute resolution.

The same regions have now been observed by the Planck satellite, and we have computed the cross-

correlation to check for consistency between the data sets. The cross-comparison also tests the

beams and transfer functions of both experiments. The cross-power is consistent at all angular

scales probed by both experiments, and at both frequencies observed by ACT. We have estimated

new calibration factors for ACT at higher precision by using the Planck data in place ofWMAP. The

isotropy of the calibration factor implies that the ACT scan strategy did not introduce anisotropies

into the maps. We have also measured the Planck 353 GHz power spectrum in the ACT equatorial

and southern surveys region, and found the amplitudes of the dust and CIB to be consistent with

those measured by ACT. Overall the agreement between the two measurements is excellent.

Appendix 3.A

The total covariance matrix Σ of the residual CA×Ab − CA×Pb is a sum of two terms. The first

accounts for the noise in ACT and Planck and the second accounts for the beam uncertainties:
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Figure 3.6: As in Figure 3.5, for the correlation between ACT at 218 GHz and Planck at 217 GHz.
Here the absolute value emphasize the X shaped patterns.



84 3. The Atacama Cosmology Telescope: Cross Correlation with Planck maps

Σ = Σn + Σbeam. The noise term is given by

Σn =
〈

(CA×Ab − CA×Pb )(CA×Ab − CA×Pb )
〉

= Θ
(A×A);(A×A)
b + Θ

(A×P );(A×P )
b − 2Θ

(A×A);(A×P )
b .(3.2)

Each of the terms can be computed analytically:

Θ
(A×A);(A×A)
b =

1

νb

[
2C2

b + 4
Cb
nd
NAA
b + 2

(NAA
b )2

nd(nd − 1)

]
(3.3)

Θ
(A×P );(A×P )
b =

1

νb

[
2C2

b +
Cb
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(NAA
b +NPP

b ) +
NAA
b NPP

b

n2
d

]
(3.4)

Θ
(A×A);(A×P )
b =

1

νb

[
2C2

b + 2
CbN

AA
b

nd

]
, (3.5)

where nd is the number of data splits and νb is the number of modes per bin, corrected for the effect

of the window function. Cb is a theoretical power spectrum, and NXX
b is the noise power spectrum,

given by CXXb, auto − CXXb, cross. Finally the full covariance is given by

〈
(CA×Ab − CA×Pb )(CA×Ab − CA×Pb )

〉
=

1

νb

[
2

(NAA
b )2

nd(nd − 1)
+
Cb
nd

(NPP
b +NAA

b ) +
NAA
b NPP

b

n2
d

]
. (3.6)



Chapter 4

Lensing Simulation and Power Spectrum

Estimation for High Resolution CMB

Polarization Maps

4.1 Introduction

The new generation of CMB experiments are focused on measuring the polarization of the CMB.

The anisotropies are only ∼10% polarized so an accurate measurement of the polarization power

spectrum is challenging. A number of ground-based experiments are targeting this signal, with

POLARBEAR (Kermish et al., 2012), SPTpol (Austermann et al., 2012), and ACTPol (Niemack

et al., 2010) designed to measure scales of a few arcminutes or less. These experiments aim to

constrain the cosmological model by measuring the ‘E-mode’ power spectrum that provides an

independent probe of the scalar modes measured through the temperature fluctuations, and by

measuring the ’B-modes’ generated due to the gravitational lensing of E-modes by the dark matter

distribution along the line-of-sight. These lensing B-modes are generated at small scales, and are

more easily accessible to high resolution ground-based telescopes than the larger scale primordial

B-modes directly sourced by gravitational waves.

In this Chapter we describe the estimation of E and B-mode power spectra from realistic obser-

85
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vations of the CMB sky. The number of pixels for high resolution experiments is of order ≈ 107, so

a direct maximum likelihood method is computationally too expensive. Instead we rely on pseudo

C` estimators (Bond et al., 1998). One of the main challenges in estimating the pseudo B-mode

power spectrum arises since the E and B mode decomposition of the polarization field on a in-

complete sky induces leakage between the two modes. The discontinuity at the edges of the map

mixes E and B modes, increasing the variance of the B-mode power spectrum. Smith (2006) and

Smith & Zaldarriaga (2007) provide a general solution to this problem by defining a pure B-mode

power spectrum estimator that is not contaminated by this mixing. In Section 4.2, we adapt their

algorithm for flat sky maps, and demonstrate that the algebra simplifies considerably under the

flat-sky approximation.

In Section 4.3, we introduce a novel technique for generating high resolution lensed CMB maps.

Different methods have been proposed to do this, often using a remapping between pixels (Lewis,

2005) and an interpolation scheme. We present a hybrid method that combines pixel remapping

and a Taylor series decomposition of the lensed field. In Section 4.4, we use simulated observations

from the ACTPol experiment to generate non-uniform realizations of the experimental noise. We

then test our lensing simulation and power spectrum estimation method, and its optimality, using

Monte Carlo simulations.

4.2 E/B leakage in the flat sky approximation

In this section we review the issue of leakage of power between polarization types due to incomplete

sky coverage. This issue has been discussed in previous studies targeting observations over large

areas (e.g., Lewis et al., 2002; Smith, 2006; Smith & Zaldarriaga, 2007; Grain et al., 2009; Cao

& Fang, 2009; Zhao & Baskaran, 2010; Bunn, 2011; Bowyer et al., 2011; Grain et al., 2012). We

demonstrate how the ‘pure’ estimators of the different polarization types can be applied in the

flat-sky approximation, relevant to small patches of the sky.
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4.2.1 Notation

We have shown in Chapter 1 that defining the polarization tensor

Pab(x) =
1

2

Q(x) U(x)

U(x) −Q(x)

 , (4.1)

we can express the E and B modes as

Pab(x) =
1√
2

∫
d`E(`)(Eei`x)ab +B(`)(Bei`x)ab,

E(`) =
2

`2

∫
d2xPab(x)Eab(e−i`x),

B(`) =
2

`2

∫
d2xPab(x)Bab(e−i`x). (4.2)

Or equivalently E(`)± iB(`) = e∓2iφ`(Q(`)± iU(`)).

4.2.2 Partial sky coverage

Observations with modern high resolution experiments are typically performed on a small fraction

of the sky, of area Ω (e.g., Story et al., 2012; Das et al., 2013). The observed region can be described

by a window function

W (x) =

 w(x) if x ∈ Ω

0 otherwise
(4.3)

which modifies the observed Q and U components such that Q̃(x) = W (x)Q(x) and Ũ(x) =

W (x)U(x). Propagating the effects of the window function into the Ẽ and B̃ modes calculated as

in Eqn. 4.2, the window functions mix E and B modes to give the modified modes

Ẽ(`) =

∫
d`′W (`− `′)[E(`′) cos 2(φ`′ − φ`)−B(`′) sin 2(φ`′ − φ`)],

B̃(`) =

∫
d`′W (`− `′)[E(`′) sin 2(φ`′ − φ`) +B(`′) cos 2(φ`′ − φ`)]. (4.4)
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Figure 4.1: Effect of sky cuts on the polarization pattern. A pure E-mode signal on the
sky is observed through a window with a point source mask (left) leading to the estimated E-mode
(centre) and B-mode (right) maps. The leaked E-modes show up as spurious signal in the B-mode
map localized around the discontinuities of the window function.

The power spectra of these modified modes are then (See Appendix 4.A)

〈Ẽ(`)Ẽ∗(`)〉 =

∫
d`′|W (`− `′)|2[CEE(`′) cos2 2(φ`′ − φ`) + CBB(`′) sin2 2(φ`′ − φ`)],

〈B̃(`)B̃∗(`)〉 =

∫
d`′|W (`− `′)|2[CEE(`′) sin2 2(φ`′ − φ`) + CBB(`′) cos2 2(φ`′ − φ`)]. (4.5)

Since CEE is expected to be an order of magnitude larger than CBB, this mixing therefore leads

to significant contamination of the B-modes by the leaked-in E-modes. This is illustrated in Figure

4.1, which also highlights that the leakage is localized close to the edges of the map, or to the

edges of holes due to masking of bright point sources. This leakage will increase the variance of the

measured CBB, even when an unbiased estimator is constructed for CBB and CEE by inverting the

convolutions.

4.2.3 Pure estimators

A solution to the problem of E/B mixing has been proposed by Smith (2006); Smith & Zaldarriaga

(2007). Rather than deconvolving E(`) and B(`), the window function can be included directly in
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the projection operator (Eqn. 4.2), such that

Epure(`) =
2

`2

∫
d2xP ab(x)Eab(W (x)e−i`x) (4.6)

Bpure(`) =
2

`2

∫
d2xP ab(x)Bab(W (x)e−i`x). (4.7)

Using this method, any ambiguous modes are projected out and pure E and B modes are recovered.

The window function and its first derivative must be zero at the edges of the map to avoid generating

spurious B modes (See Appendix 4.B).

Here we show how this method can be simply applied in the flat sky approximation. By apply-

ing the product rule to the differential projection operators on the right hand sides of the above

equations, we obtain expressions for the pure E and B modes. The Bpure(`) mode is given by (See

Appendix 4.B)

Bpure(`)=
2

`2

∫
d2xW (x)P ab(x)Bab(e−i`x) +

1

`2

∫
d2x

[
2Q∂x∂yW + U(∂2

y − ∂2
x)W

]
e−i`x

− 2i

`

∫
d2x [Q(x)(∂yW cosφ` + ∂xW sinφ`) + U(x)(∂yW sinφ` − ∂xW cosφ`)] e

−i`x.(4.8)

The first term is the standard “naive” B mode estimator and the second and third terms cancel the

window-induced leakage from E to B modes, involving derivatives of the window function. This

expression is convenient for numerical uses as it does not require the calculation of derivatives of

noisy data. The pure estimator removes the E/B leakage, but the remaining mode coupling effect

induced by applying a window to the observed sky still needs to be deconvolved.

To work out this effect, we can simplify the algebra if we express the pure estimator in term of

the χ variables (e.g., Lewis et al., 2002), with

χE(x) = −1

2

[
ð̄ð̄(Q+ iU)(x) + ðð(Q− iU)(x)

]
,

χB(x) =
i

2

[
ð̄ð̄(Q+ iU)(x)− ðð(Q− iU)(x)

]
, (4.9)

where the spin raising and spin lowering operators are defined as ð = −(∂x + i∂y), and ð̄ =

−(∂x − i∂y). After some algebra we find simple expressions for the two pure modes (See Appendix
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4.C)

Bpure(`) =
1

`2

∫
dxχB(x)W (x)e−i`x,

Epure(`) =
1

`2

∫
dxχE(x)W (x)e−i`x. (4.10)

The simple expressions for the pure estimators using the χ variables are convenient for computing

this mode-to-mode coupling. Noting that

χE(x) =

∫
d`E(`)`2ei`x,

χB(x) =

∫
d`B(`)`2ei`x, (4.11)

we find that the coupling between modes is

〈Bpure(`)B∗pure(`)〉 =
1

`4

〈∫
dxχB(x)W (x)e−i`x

∫
dx′χB(x′)W (x′)ei`x

′
〉
,

=
1

`4

∫
d`′|W (`− `′)|2`′4CBB(`′) (4.12)

for the B-modes, and

〈Epure(`)E∗pure(`)〉 =
1

`4

∫
d`′|W (`− `′)|2`′4CEE(`′) (4.13)

for the E-modes. Here we have used 〈χB(`′)χ∗B(`′′)〉 = δ(`′ − `′′)`′4CBB(`′). Note that these

expressions are much simpler than the ones for the full sky case. This is because of the simple

relation between spin 1 and spin 2 Fourier transform and the spin 0 Fourier transform. For the

full sky case we need to rely on spin 1 and 2 spherical harmonics transform, making the analytic

computation heavy.

In practice using the pure E mode power spectrum estimator is unnecessary since the B-to-E

leakage is small so the advantage of using a pure estimator is lost and results in a loss of sensitivity.

We choose to use a hybrid approach (Grain et al., 2012), where the B mode power spectrum is

computed using the pure formalism (Eqn. 4.8) and the E modes power spectrum is computed via
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Figure 4.2: Convergence of the Taylor series in pixel space We represent the contribution of
each higher order term of the Taylor series by showing the histogram of its pixel distribution. The
convergence of the series is fast, each term being ≈ 60 times smaller than the preceding one. The
contribution of the third order term is of order 10−1µK for T and 10−2µK for Q and U.

the standard pseudo power spectrum formalism.

4.3 Generating gravitationally lensed simulations

On their way from the surface of last scattering, the photons are deflected by the gravitational field

of the intervening large scale structure. Accurate lensing simulations are essential for recovering

the statistical property of the observed CMB. In the weak field limit, the lensing results in a simple

remapping of the temperature by a deflection angle α = ∇φ, where φ is the lensing potential, a line

of sight integral over the matter distribution. The same applies to the polarisation field:

T̃ (x) = T (x +∇φ)

P̃ab(x) = Pab(x +∇φ). (4.14)
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This conceptually simple remapping is complicated by the fact that we cannot work directly with

the continuous real-space map, only with discrete pixelizations of it. Three main approaches have

been suggested for implementing this remapping in simulations (Lewis, 2005):

1. Go directly from frequency domain to the lensed positions, i.e. T (x+α) =
∑

`F−1
` (x+

α)T`, where F−1
` (x) is the inverse Fourier transform operator, and T` are the harmonic coef-

ficients of the unlensed map. This approach is exact, but computationally inefficient because

the shifted positions will not in general form a regular grid, and one hence cannot use Fast

Fourier Transforms (FFT).

2. Taylor expand the field: This is straightforward, but has been found to converge slowly at

small scales.

3. Pixel remapping: Truncate the displacement to the nearest pixel, and read off the cor-

responding pixel value. This remapping must be done at much higher resolution than the

physical scales of interest in the map in order to avoid pixelization errors, and hence comes

at a large cost both in terms of CPU-time and memory. It is therefore sometimes combined

with pixel-space interpolation schemes.

We present a simple modification to the Taylor expansion method that addresses its slow conver-

gence. In general, the Taylor expansion of a function f(x) around a point x0 becomes less accurate

as the distance from x0 grows, and conversely, the expansion can be truncated earlier if one can

expand around a point close to where one wishes to evaluate the function. The Taylor remapping

method above expands T (x + α) around the point α = 0, and the reason for the slow convergence

is that α can be relatively large. A better choice is to expand around the pixel center α0 closest to

α, which is already exactly available, resulting in the following expansion

T̃ (x) = T (x + α0 + ∆α) = T (x + α0) + ∆αc[∂cT ](x + α0) +
1

2
∆αc∆αd[∂c∂dT ](x + α0) + ...

The derivatives can be computed in Fourier space

T̃ (x) = T (x + α0) +

∞∑
n=1

in

n!

[∫
(∆αx`x + ∆αy`y)

nT (`)ei`xd`

]
x+α0

(4.15)
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Figure 4.3: Convergence of the Taylor series: power spectra We compute the temper-
ature (TT) and polarization (EE, BB) power spectra of the series truncated at different orders.
Convergence is achieved by second order in the expansion.

In practice we truncate the expansion at order N

T̃N (x) =

N∑
n=0

∑
k≤n

(∆αx)n−k(∆αy)k

k!(n− k)!
F−1(in`n−kx `kyFT )(x + α0). (4.16)

Here we use the FFT to compute each of the derivatives. Expanding around α0 ensures that the

Taylor expansion will at most need to extrapolate by half a pixel in any direction, which ensures

that all scales present in the input map will converge rapidly. This is effectively a hybrid between

the pixel remapping and Taylor expansion methods, but unlike normal pixel remapping one does not

need to work at higher resolution than the map that is being lensed. Each term in this expansion

can be computed at the cost of (n + 1) FFT. When expanding around α0, we find that the series

converges rapidly. In Figure 4.2 we show the pixel histograms of a part of the maps for each of the

first 6 terms in the expansion. We find that the contribution falls by a factor of ∼ 60 for each order

for a 13◦ × 13◦ lensed noiseless CMB simulation with 0.5’ pixel size.

We also computed the bias for each order using 60 such simulations, shown in Figure 4.3, and

found that truncating the series at second order is an excellent approximation for any realistic CMB

experiment. For comparison, the old method of expanding around α = 0 requires more than 20
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orders to converge at this resolution, which given the quadratic scaling of the method corresponds

to a performance difference of a factor of ∼ 50. Using this method, lensing a 13◦× 13◦ patch of the

sky at 0.5’ resolution takes only a few seconds on one processor, and only requires a few times the

memory that a single map takes up. While the method is formulated in the context of the flat sky

in this case, it also generalizes trivially to the full, curved sky.

4.4 Implementation on realistic observations

High resolution ground-based experiments are observing small patches of the sky, measuring both

the temperature and polarization of the CMB. There are also a set of lower resolution experiments

underway targeting larger regions of sky in order to constrain or measure gravitational waves, but

these may require analysis on the curved sky. In this section we test our power spectrum estimation

method on simulated data, using a specific example of a subset of observations expected from the

ACTPol experiment where the flat-sky approximation is appropriate.

Here we assume that 4 patches of the sky, for a total area of ∼ 300 deg2, are observed to a

noise level of 5.7 µK/arcmin in temperature. The expected coverage of a patch is non-uniform due

to the scanning strategy of the telescope; the expected statistical weight associated with each pixel

is shown in the left panel of Figure 4.4 for one of the patches. ACTPol will also target a larger

region of the sky (∼1000 deg2 overlapping with the BOSS survey). For comparison, the PolarBear

experiment is targeting three 225 deg2 regions at 6 µK/arcmin sensitivity in temperature (Kermish

et al., 2012), and SPTPol have initially targeted a 100 deg2 region, with the goal to cover 625 deg2

to 5 µK/arcmin (Austermann et al., 2012).

4.4.1 Estimated power spectra

We simulate data for each patch of sky in four subsets, generating independent maps of identical

coverage and equal depth as in Das et al. (2011a). We refer to each subset as a ‘split’. We convolve

the simulation with a spherically symmetric gaussian beam with FWHM of 1′, and we simulate an

inhomogeneous noise realization by convolving the weight map for each patch with a 5.7 µK/arcmin

noise realization. We ‘prewhiten’ the temperature maps as defined in Das et al. (2009). Here, the
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Figure 4.4: Realization of the noise, for a U and Q map (centre and right) generated using
a simulated pixel weight map (left). This represents the number of observations per pixel for an
inhomogeneous survey, and is taken from a simulation for the ACTPol experiment.

maps are convolved in real space with kernels designed to make the power spectrum as flat as

possible, to reduce aliasing of power due to the window function. We then apply a 5’ (apodized

with a 0.3◦ cosine kernel) point source mask to account for the possible contamination from polarized

extragalactic point sources.

We compute the binned cross-power spectrum CiX×jYb between maps i and j, for polarization

types X and Y , using the pure estimators for B (Eqn. 4.8) and a standard Fourier transform for T

and E as discussed in section 2. The estimated spectrum is then given by

C̃iX×jYb =
∑
b′

MXY
bb′ C

iX×jY
b′ , (4.17)

where the mode coupling matrix is

MXY
bb′ =

∑
`,`′

Pb`|WXY (`− `′)|2
(
`′

`

)βXY
(FXY`′ )2Q`′b′ . (4.18)

Here βXY = 2[δBX + δBY ], i.e., for the pure-mode BB spectrum β = 4, but β = 0 for TT and

EE. The window function WXY (`) is a product of the point source mask, the nobs weight map, and

a 0.7◦ cosine apodization at the edges (Smith & Zaldarriaga (2007)), with a geometrical correction

for the E modes (Eqn. 4.4). The function FXY` is the product of the beam, a pixel window function
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Figure 4.5: Power spectra estimated from temperature and polarization maps. This shows
the average binned spectra estimated from 720 Monte Carlo simulations, with errors estimated from
the 1σ dispersion. The B-mode spectra are derived using the pure estimator, to avoid leakage from
the E-mode spectrum.

and the transfer function of the prewhitener for the temperature power spectrum. Here Pb` is a

binning matrix, and Q`b is an interpolation matrix, the binning being defined as a set of annuli in

the 2 dimensional power spectrum space. Here we choose a minimal bin size of ∆` = 100. Each

of the mode coupling matrices is computed exactly and inverted in order to recover an unbiased

spectrum.

We compute the spectra for 720 realizations of the noise and CMB, each with a different realiza-

tion of the gravitational lensing potential. The cosmological model we use is the best-fitting ΛCDM

model with no tensor contribution, so the B-mode signal comes only from gravitational lensing.

The mean recovered spectra for TT, EE, BB, and the cross-correlation spectra are shown in Figure

4.5, together with the estimated 1σ error bar for a single realization derived from the scatter of the

simulations. The recovered power spectra are consistent with the input power spectra at the 0.1 σ

level in the interval 500 < ` < 6000.
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4.4.2 Power spectrum uncertainties

Using the Monte Carlo simulations, we can compare the errors derived from the internal scatter,

with an analytic estimate. This provides a measure of the optimality of this method. The analytic

covariance in a single bin assuming no leakage is given by

Θ
(X×Y );(W×Z)
bb =

1

νb

(
CX×Wb CY×Zb + CX×Zb CY×Wb

)
+

1

νbnd

(
CX×Wb NY×Z

b + CY×Zb NX×W
b + CX×Zb NY×W

b + CY×Wb NX×Z
b

)
+

1

νbnd(nd − 1)

(
NX×W
b NY×Z

b +NX×Z
b NY×W

b

)
, (4.19)

where nd is the number of splits and νb is the number of modes per bin, corrected for the effect

of the window function. CY×Zb is the theoretical power spectrum, and NY×Z
b is the noise power

spectrum, given by CY×Zb,auto−CY×Zb,cross. This does not include the non-Gaussian part of the covariance

due to the effect of lensing, described in Benoit-Levy et al. (2012). This is a subdominant part of

the error for the noise levels we consider here, but introduces correlations between bins. We find

that the analytic error bars agree with the 1σ dispersion from the simulations at the 15% level for

500 < ` < 6000, as shown in Figure 4.6, indicating that all sources of leakage on these scales are

subdominant. The error is dominated by cosmic variance at large scales, but at smaller scales is

noise dominated. This agreement is promising and demonstrates the power of the pure estimator

to recover the B-mode spectrum. In practice these spectra will be used to construct a likelihood for

testing cosmological models, such that

−2 lnL = (C̃b − Cth
b )TQ−1(C̃b − Cth

b ). (4.20)

The full covariance matrix, Q, can be estimated numerically from the simulations, or analytically,

and the binned theory spectra Cth
b computed using bandpower window functions. The realistic

likelihood will also include the lensing deflection spectrum, estimated from higher point statistics

of the map, and appropriate cross-correlations.
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Figure 4.6: Comparison between Monte Carlo scatter and analytic errors for each cross
spectrum for one of the patches. They agree at the 15 per cent level for 500 < ` < 6000,
indicating that all sources of leakage are subdominant for these modes, The analytic estimate does
not include the non-Gaussian contribution from lensing, but the noise in our simulation is high
enough for this effect to be subdominant.

4.5 Conclusions

A number of issues arise in the analysis of high resolution CMB polarization maps, one of the most

significant being the leakage of E-mode into B-mode polarization due to observing a limited region

of sky. In this paper we have described a simple method for estimating the power spectrum in

the flat sky approximation that minimizes this leakage. It draws on an existing all-sky method

using a ‘pure’ estimator for the B-mode, and simplifies the approach for the flat sky. This will be

appropriate for small regions observed by current CMB experiments including ACTPol, SPTPol,

and PolarBear. Using a suite of Monte Carlo simulations with realistic noise levels for upcoming

experiments, we have demonstrated our ability to recover unbiased and quasi-optimal power spectra.

To test the robustness of any power spectrum method requires accurate simulations. The B-mode

polarization spectrum at small angular scales is sourced solely from the gravitational lensing of the
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E-mode signal. We have shown how high resolution lensed CMB maps can be rapidly and accurately

simulated using a hybrid approach between pixel remapping and interpolation in harmonic space.

This method, which has advantages over the standard pixel-space interpolation approach, also has

the potential to be extended to full sky spherical maps (Næss & Louis (2013)).

Appendix 4.A

Defining the windows function:

W (x) =

 w(x) if x ∈ Ω

0 otherwise,
(4.21)

the observed Q and U component are given by

Q̃(x) = W (x)Q(x) (4.22)

Ũ(x) = W (x)U(x), (4.23)

with Fourier component

Q̃(`) =

∫
d`′W (`− `′)Q(`′) (4.24)

Ũ(`) =

∫
d`′W (`− `′)U(`′). (4.25)

(4.26)

The estimated E and B modes are given by

Ẽ(`)± iB̃(`) = e∓2iφ`(Q̃(`)± iŨ(`)) (4.27)

= e∓2iφ`

∫
d`′W (`− `′)[Q(`′)± iU(`′)] (4.28)

= e∓2iφ`

∫
d`′W (`− `′)[E(`′)± iB(`′)]e±2iφ`′ (4.29)

=

∫
d`′W (`− `′)[E(`′)± iB(`′)]e±2i(φ`′−φ`) (4.30)
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So they are a combination of the true underlying E and B modes:

Ẽ(`) =
1

2

∫
d`′W (`− `′)

(
[E(`′) + iB(`′)]e2i(φ`′−φ`) + [E(`′)− iB(`′)]e−2i(φ`′−φ`)

)
=

∫
d`′W (`− `′)[E(`′) cos 2(φ`′ − φ`)−B(`′) sin 2(φ`′ − φ`)]

B̃(`) =
1

2i

∫
d`′W (`− `′)

(
[E(`′) + iB(`′)]e2i(φ`′−φ`) − [E(`′)− iB(`′)]e−2i(φ`′−φ`)

)
(4.31)

=

∫
d`′W (`− `′)[E(`′) sin 2(φ`′ − φ`) +B(`′) cos 2(φ`′ − φ`)]

(4.32)

Let us assume that there is no primordial 〈EB〉, we have:

〈Ẽ(`)Ẽ∗(`)〉 =

∫
d`′|W (`− `′)|2[CEE(`′) cos2 2(φ`′ − φ`) + CBB(`′) sin2 2(φ`′ − φ`)]

〈B̃(`)B̃∗(`)〉 =

∫
d`′|W (`− `′)|2[CEE(`′) sin2 2(φ`′ − φ`) + CBB(`′) cos2 2(φ`′ − φ`)] (4.33)

So,

C̃EE(`)

C̃BB(`)

 =
∑
`′

M`,`′

CEE(`′)

CBB(`′)

 , (4.34)

with

M`,`′ = |W (`− `′)|2
cos2 2(φ`′ − φ`) sin2 2(φ`′ − φ`)

sin2 2(φ`′ − φ`) cos2 2(φ`′ − φ`)

 , (4.35)
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Including TE, TB and EB correlations we have

〈Ẽ(`)Ẽ∗(`)〉 =

∫
d`′|W (`− `′)|2[CEE(`′) cos2 2(φ`′ − φ`) + CBB(`′) sin2 2(φ`′ − φ`)

− 2CEB(`′) cos 2(φ`′ − φ`) sin 2(φ`′ − φ`)]

〈B̃(`)B̃∗(`)〉 =

∫
d`′|W (`− `′)|2[CEE(`′) sin2 2(φ`′ − φ`) + CBB(`′) cos2 2(φ`′ − φ`)

+ 2CEB(`′) cos 2(φ`′ − φ`) sin 2(φ`′ − φ`)]

〈T̃ (`)Ẽ∗(`)〉 =

∫
d`′|W (`− `′)|2[CTE(`′) cos 2(φ`′ − φ`)− CTB(`′) sin 2(φ`′ − φ`)]

〈T̃ (`)B̃∗(`)〉 =

∫
d`′|W (`− `′)|2[CTE(`′) sin 2(φ`′ − φ`) + CTB(`′) cos 2(φ`′ − φ`)]

〈Ẽ(`)B̃∗(`)〉 =

∫
d`′|W (`− `′)|2[CEE(`′) cos 2(φ`′ − φ`) sin 2(φ`′ − φ`)

− CBB(`′) sin 2(φ`′ − φ`) cos 2(φ`′ − φ`) + CEB(cos2 2(φ`′ − φ`)− sin2 2(φ`′ − φ`))].

(4.36)

The estimated power spectra are given by a linear combination of the true underlying power spectra



C̃TE(`)

C̃TB(`)

C̃EE(`)

C̃EB(`)

C̃BB(`)


=
∑
`′

M`,`′



CTE(`′)

CTB(`′)

CEE(`′)

CEB(`′)

CBB(`′)


(4.37)

Defining ∆`,`′ = 2(φ`′ − φ`), gives

M`,`′ = |W (`− `′)|2



cos ∆`,`′ − sin ∆`,`′ 0 0 0

sin ∆`,`′ cos ∆`,`′ 0 0 0

0 0 cos2 ∆`,`′ −2 cos ∆`,`′ sin ∆`,`′ sin2 ∆`,`′

0 0 cos ∆`,`′ sin ∆`,`′ cos2 ∆`,`′ − sin2 ∆`,`′ − cos ∆`,`′ sin ∆`,`′

0 0 sin2 ∆`,`′ 2 cos ∆`,`′ sin ∆`,`′ cos2 ∆`,`′


.
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Appendix 4.B

Pure B modes are defined as

Bpure(`) =
2

`2

∫
d2xP ab(x)Bab(W (x)e−i`x). (4.38)

A proof that this estimate only contains B modes is to show that starting with a pure E mode

Pab = Eabφ(x), with φ(x) a scalar function, the estimate gives zero:

Bpure(`) =
2

`2

∫
d2x

[
(−∂a∂b +

1

2
δab∇2)φ(x)

] [
εac∂

c∂b(W (x)e−i`x)
]

=
2

`2

∫
d2x

[
−εac∂c(−∂a∂b +

1

2
δab∇2)φ(x)

] [
∂b(W (x)e−i`x)

]
+

∮
dσεacn

c

(
−∂a∂b +

1

2
δab∇2)φ(x)

)
∂b(W (x)e−i`x)

=
2

`2

∫
d2x

[
εac∂

c∂b(−∂a∂b +
1

2
δab∇2)φ(x)

] [
(W (x)e−i`x)

]
+

∮
dσεacn

c

(
−∂a∂b +

1

2
δab∇2)φ(x)

)
∂b(W (x)e−i`x)

+

∮
dσnb

[
−εac∂c(−∂a∂b +

1

2
δab∇2)φ(x)

] [
(W (x)e−i`x)

]
=

2

`2

∫
d2x

[
εac∂

c∂b(−∂a∂b +
1

2
δab∇2)φ(x)

] [
(W (x)e−i`x)

]
−

∮
dσta

(
(−∂a∂b +

1

2
δab∇2)φ(x)

)
∂b(W (x)e−i`x)

+

∮
dσna

[
−εac∂c

1

2
∇2φ(x)

] [
(W (x)e−i`x)

]
=

2

`2

∫
d2x

[
εac∂

c∂b(−∂a∂b +
1

2
δab∇2)φ(x)

] [
(W (x)e−i`x)

]
−

∮
dσta

(
−∂a∂b +

1

2
δab∇2)φ(x)

)
∂b(W (x)e−i`x)

−
∮
dσtc(

1

2
∂c∇2φ(x))

[
(W (x)e−i`x)

]
= 0 (4.39)

if W (x) and ∂aW (x) vanish on the survey boundary. We also used ta = −εacnc, and the fact that

BabEab vanish. To express Bpure(`) as a function of the Stokes parameters, we need to expand
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Bab(W (x)ei`x) in term of Fourier modes and derivative of windows function

Bab(AB) =
1

2
(εac∂

c∂b + εbc∂
c∂a)(AB) =

1

2
(εac∂

c(B∂bA+A∂bB) + εbc∂
c(B∂aA+A∂aB))

=
1

2
(εac(∂

cB∂bA+ ∂cA∂bB +B∂c∂bA+A∂c∂bB) + εbc(∂
cB∂aA+ ∂cA∂aB +B∂c∂aA+A∂c∂aB))

= BBab(A) +ABab(B) +
1

2
[εac(∂

cB∂bA+ ∂cA∂bB) + εbc(∂
cB∂aA+ ∂cA∂aB)] . (4.40)

We can rewrite the last term as 2Tabcd∂
cA∂dB with:

Tabcd =
1

4
(εadδbc + εacδbd + εbdδac + εbcδad). (4.41)

Finally:

Bpure(`) =
2

`2

∫
d2xP ab(x)Bab(W (x)e−i`x)

=
2

`2

∫
d2xP ab(x)

[
W (x)Bab(e−i`x) + Bab(W (x))e−i`x + 2Tabcd∂

cW (x)∂d(e−i`x)
]

=
2

`2

∫
d2xW (x)P ab(x)Bab(e−i`x)

+
1

`2

∫
d2x

[
2Q(x)∂x∂yW + U(x)(∂2

y − ∂2
x)W

]
e−i`x

− 2i

`

∫
d2x [Q(x)(∂yW cosφ` + ∂xW sinφ`) + U(x)(∂yW sinφ` − ∂xW cosφ`)] e

−i`x

(4.42)

.

Appendix 4.C

The χ variables are defined as

χE(x) = −1

2

[
ð̄ð̄(Q+ iU)(x) + ðð(Q− iU)(x)

]
χB(x) =

i

2

[
ð̄ð̄(Q+ iU)(x)− ðð(Q− iU)(x)

]
(4.43)
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with

ððei`x = (i`x − `y)2ei`x = −`2e2iφ`ei`x

ð̄ð̄ei`x = (i`x + `y)
2ei`x = −`2e−2iφ`ei`x. (4.44)

We have:

χE(x) =

∫
d`E(`)`2ei`x

χB(x) =

∫
d`B(`)`2ei`x. (4.45)

We can show that we can rewrite Bpure(`) in term of this variable:

Bpure(`) =
1

`2

∫
dxχB(x)W (x)e−i`x

=
i

2`2

∫
dx
[
(Q(x) + iU(x))ð̄ð̄W (x)e−i`x − (Q(x)− iU(x))ððW (x)e−i`x

]
.

(4.46)

Expanding the derivative operator

(∂x + i∂y)(∂x + i∂y)(W (x)e−i`x) = (∂x + i∂y) [(∂xW (x)− i`xW (x) + i∂yW (x) + `yW (x)] e−i`x

=
(
∂2
xW (x)− i`x∂xW (x) + i∂x∂yW (x) + `y∂xW (x)

)
e−i`x

−
(
i`x∂xW (x) + `2xW (x)− `x∂yW (x) + i`x`yW (x)

)
e−i`x

+
(
i∂y∂xW (x) + `x∂yW (x)− ∂2

yW (x) + i`y∂yW (x)
)
e−i`x

+
(
`y∂xW (x)− i`y`xW (x) + i`y∂yW (x) + `2yW (x)

)
e−i`x(4.47)

We note: ðð(W (x)e−i`x) = f(x)e−i`x with

f(x) = (∂2
x − ∂2

y)W (x) + (`2y − `2x)W (x)− 2i`x∂xW (x) + 2i∂x∂yW (x) + 2`y∂xW (x)

+ 2`x∂yW (x)− 2i`x`yW (x) + 2i`y∂yW (x)
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The action of the second derivative operator can also be computed

(∂x − i∂y)(∂x − i∂y)(W (x)e−i`x) = (∂x − i∂y) [(∂xW (x)− i`xW (x)− i∂yW (x)− `yW (x)] e−i`x

=
(
∂2
xW (x)− i`x∂xW (x)− i∂x∂yW (x)− `y∂xW (x)

)
e−i`x

−
(
i`x∂xW (x) + `2xW (x) + `x∂yW (x)− i`x`yW (x)

)
e−i`x

−
(
i∂y∂xW (x) + `x∂yW (x) + ∂2

yW (x)− i`y∂yW (x)
)
e−i`x

−
(
`y∂xW (x)− i`y`xW (x)− i`y∂yW (x)− `2yW (x)

)
e−i`x

= g(x)e−i`x (4.48)

with

g(x) = (∂2
x − ∂2

y)W (x) + (`2y − `2x)W (x)− 2i`x∂xW (x)− 2i∂x∂yW (x)− 2`y∂xW (x)

− 2`x∂yW (x) + 2i`x`yW (x) + 2i`y∂yW (x).

We can express the difference and the sum of these two functions

g(x)− f(x) = −4i∂x∂yW (x)− 4`y∂xW (x)− 4`x∂yW (x) + 4i`x`yW (x)

f(x) + g(x) = 2(∂2
x − ∂2

y)W (x) + 2(`2y − `2x)W (x)− 4i`x∂xW (x) + 4i`y∂yW (x)

(4.49)
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Bpure(`) =
i

2`2

∫
dx
[
(Q(x)(g(x)− f(x)) + iU(x)(f(x) + g(x))e−i`x

]
=

1

`2

∫
dxQ(x) [(2∂x∂yW (x)− 2i`y∂xW (x)− 2i`x∂yW (x)− 2`x`yW (x)] e−i`x

− 1

`2

∫
dxU(x)

[
(∂2
x − ∂2

y)W (x) + (`2y − `2x)W (x)− 2i`x∂xW (x) + 2i`y∂yW (x)
]
e−i`x

=
2

`2

∫
d2xW (x)P ab(x)Bab(e−i`x)

+
1

`2

∫
d2x

[
2Q∂x∂yW + U(∂2

y − ∂2
x)W

]
e−i`x

− 2i

`

∫
d2x [Q(x)(∂yW cosφ` + ∂xW sinφ`) + U(x)(∂yW sinφ` − ∂xW cosφ`)] e

−i`x

=
2

`2

∫
d2xP ab(x)Bab(W (x)e−i`x)

This proves the equivalence between the two definitions of the pure B modes.



Chapter 5

The Atacama Cosmology Telescope:

CMB Polarization at 200 < ` < 9000

5.1 Introduction

This Chapter is the Atacama Cosmology Telescope (ACT) collaboration’s first step in measuring

CMB polarization and is organized as follows. Section 5.2 describe the observations and data

reduction. In Section 5.3 we present our power spectra measurements and interpretation, and

conclude in Section 5.4. For power spectra, we use the Planck notation: DXY
` = `(` + 1)CXY

` /2π

where XY ∈ TT, TE, TB, EE, EB, BB. We do not consider circular polarization (e.g., Alexander

et al., 2009; Cooray et al., 2003). The maps are made in J2000 equatorial coordinates. We adopt

the HEALPIX (Górski et al., 2005) convention for Stokes parameters Q and U. Polarization position

angles respect the IAU convention (see, e.g., Hamaker & Bregman, 1996), increasing from North

towards East, and thus are computed as γp = (1/2)arg(Q− iU). We note that these are the same

conventions adopted by Planck (see, e.g., Section 2.1 of Ade et al., 2014a), although Planck uses

Galactic coordinates.

107



108 5. The Atacama Cosmology Telescope: CMB Polarization at 200 < ` < 9000

dust emission

GAMA

SDSS stripe 82

BOSS

HSC ultra deep

HSC wide HSC wide 

HSC wide 

HerMES

XMM-XXL

HSC ultra deep
e-cosmos BOSS

BOSS

ukidss

CFHTLS

CFHTLS

CFHTLSHerMES

HerMES

Herschel Atlas
GAMA KIDSGAMA

DES

 D1 D2

D5D6

Figure 5.1: ACTPol maps and overlapping surveys. The maps have been filtered to emphasize
` > 300. The power spectra are obtained with only the high S/N region of each map. Going
from left to right across the equator, the red circles indicate patches D1, D6, D5, D4, D3, D2
(the first ACTPol season focused on D1, D2, D5, and D6). More than half the sky, as indicated
by the light colored area, is accessible to ACTPol. Overlapping surveys include SDSS (SDSS,
2014), BOSS(BOSS, 2014), CFHTLS (Erben et al., 2013), XMM-XXL (XMM-XXL, 2014), Herschel
(HerMES & HeLMS, Oliver et al. (2012); Viero et al. (2014)), HSC (Subaru, 2014), DES (DES,
2014), GAMA (Driver et al., 2009), and KiDS (de Jong et al., 2013).

5.2 The observations and data reduction

5.2.1 Sky coverage and scan strategy

ACTPol data are acquired by scanning the telescope in azimuth at a variety of different elevations.

A patch is scanned as it rises in the east and then again as it sets in the west. In this first

year, we concentrated on four “deep fields" approximately centered on the celestial equator at right

ascensions 150◦, 175◦, 355◦ and 35◦ which we call D1 (73 deg2), D2 (70 deg2), D5 (70 deg2), D6

(63 deg2) respectively. The areas refer to the deep, rectangular regions with even coverage in the

center of each patch that we use for power spectrum analysis. These patches were chosen for their

overlap with other surveys and are shown in Figure 5.1. The separation of the patches is such that

only one is visible at any given time, and in a typical 24 hour period all four patches were observed

in sequence unless the observation would require the telecope to point within five degrees of the

Sun. With our scan strategy, each patch is observed in a range of different parallactic angles while

scanning horizontally. This is important for separating instrumental from celestial polarization and

is a benefit of observing from a non-polar site.
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The CMB fields are observed by scanning at 1.5◦/s in azimuth, turning around in 1 s, scanning

back to the original position, turning around in 1 s and repeating. The duration of the scan depends

on elevation; a full cycle takes 16.4 s at an elevation of 35◦ and 20.9 s at 60◦. This is done for 60 scans,

or roughly 10 minutes, to form a time-ordered-data or “TOD" packet. The elevation is sometimes

changed between 10 minute scans, at which point the detector bias is modulated to recalibrate and

check for any changes in the time constants due to the change in sky load.

Data for the maps in Figure 5.1 were taken from Sept. 11, 2013 to Dec. 14, 2013. During this

time, in addition to observing the CMB, we performed a number of systematic checks, characterized

the instrument, observed planets, and observed the Crab Nebula (Tau A). The net amount of time

that went into the maps was 236, 178, 311, and 305 hours for D1, D2, D5, D6 respectively. This

represents 24%, 16%, 29% and 31% of the total CMB observation time. However, we use only the

lowest noise regions of the maps, which consitute around 70% of the total observing time. This

results in a white noise map sensitivity, in the sense of Figure 2 in Das et al. (2013), of 16.2, 17,

13.2, and 11.2µK-arcmin respectively. For Stokes Q or U sensitivities these numbers should be

multiplied by
√

2.

We divide the data into “day” (11:00-24:00 UTC) and “night” (0:00-11:00 UTC). The nighttime

data fraction for patches D1, D2, D5 and D6 is 50%, 25%, 76% and 94% respectively. For this

analysis we use only the nighttime data from D1, D5, and D6, amounting to 63% of the total.

5.2.2 Beam, pointing, and polarization reconstruction

We have found that multiple observations of planets (Hincks et al., 2010; Hasselfield et al., 2013)

are essential for determining the beam profile. In 2013 Uranus was observed 120 times and analyzed

as in Hasselfield et al. (2013). With all detectors combined, regardless of polarization, the beam

is slightly elliptical with FWHM of 1.36′ (1.26′) along the major (minor) axis. The solid angle is

ΩB = 194±6 nsr (2.29±0.07 arcmin2), before any smearing due to pointing. These results agree up

to ` = 5000 with a similar analysis of 20 observations of Saturn, a much brighter source. We did not

detect any significant deviations when the data were split by the elevation of observation or whether

the source was rising or setting. A simple telescope pointing model is constrained using observations
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of planets at night. This model allows the pointing to be reconstructed with an rms error of 14′′.

The impact of pointing variance on the full season CMB maps is handled as in Hasselfield et al.

(2013), leading to effective beams in the CMB maps with solid angle ΩB = 224 ± 20 nsr for D1,

ΩB = 234± 14 nsr for D5, and ΩB = 224± 12 nsr for D6. The uncertainties include both beam and

pointing contributions.

Average pointing error in the full season maps is assessed by comparing point source positions

to the FIRST catalog (Becker et al., 1995; White et al., 1997). The absolute pointing error rms

is found to be 5′′ in the nighttime maps, with no significant deviations when the data are split by

elevation or time of observation. A 7′′ offset in the absolute pointing is uncorrected in this analysis.

During the day, the heat from the Sun distorts the telescope structure. The distortion pattern

is repeatable, although we currently cut data between 17:00 and 20:00 UTC (13:00 and 16:00 local

time) when the distortion is greatest. The distortion leads to two effects: the first is a pointing

offset and the second is a repeatable deformation of the reflector, which changes the shape of the

beam. Both of these effects lead to a roll-off in ` that resembles a low pass filter and can be

treated as a beam effect in the likelihood. We do not include the daytime data in our cosmological

parameter analysis, as models for the daytime beam response are still in development. Nevertheless,

our preliminary treatment of the daytime beam produces power spectra that are consistent with

nighttime spectra (Figure 5.4) and pass null tests (see §5.3.1).

CMB temperature fluctuation measurements from Planck and WMAP are used to calibrate the

ACTPol T, Q, and U maps with a common rescaling factor, as described in §5.3. However, signal

in the Q and U maps will be attenuated by an additional factor αP, which is different from one due

primarily to errors in the assumed detector polarization angles. For the present analysis we take

αP = 0.95± 0.05.

Any mean offset between the assumed and actual detector polarization angles must be under-

stood in order to properly decompose polarized intensity into E and B components. The polarized

CMB may be used to assess the offset angle under the assumption that the intrinsic correlation be-

tween the E and B signals is zero. Systematic optical effects associated with polarization, including

parallactic rotations, cause a leakage from E to B modes and induce spurious signal in EB and TB
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correlations (e.g., Shimon et al. 2008). The most likely instrument polarization reference angle may

thus be determined by minimizing the inferred EB signal with respect to offset angle (e.g., Keating

et al. 2013). Under these assumptions, the ACTPol E and B spectra from 500 < ` < 2000 constrain

the instrumental polarization offset angle to be δγp = −0.2◦± 0.5◦. This result is referred to as the

EB-nulling offset angle. Since this angle is small and consistent with zero, we do not correct the

spectra for this effect in the present analysis. The agreement with zero suggests that the optical

modeling procedure is free of systematic errors at the 0.5◦ level or better.

Naturally, the calibration of the polarization offset angle by assuming E and B to be uncor-

related eliminates sensitivity to models, such as isotropic cosmic birefringence, where the distin-

guishing characteristic is a constant EB cross-correlation. As an alternative calibration approach,

measurements of the polarized signal from a bright astrophysical source may be compared to values

from the literature. The Crab Nebula is a convenient source for this purpose.

5.2.3 Map making

The time-ordered data are projected on the sky by solving the maximum-likelihood map making

equation for a vector of map pixels m,

ATN−1Am = ATN−1d, (5.1)

via the preconditioned1 Conjugate Gradients algorithm. Here d is the set of time-ordered data, N is

the noise covariance of d and A is the generalized pointing matrix that projects from map domain to

time domain. This follows the method used in Dünner et al. (2013), but extends it to polarization.

Polarization is handled by including each detector’s response to the I, Q and U Stokes parameters

in the pointing matrix, so the analysis does not depend on explicit detector pair differencing.

With our current data set, each 70 deg2 map is a reduction of ∼ 1011 samples into ∼ 106 pixels,

making this the most computationally intensive step in the analysis. Nevertheless, due to the short

observation time so far, the costs are still relatively modest compared to the original ACT analysis.
1We currently use a simple binned preconditoner, with a simple 3x3 matrix at each (I,Q, U) map pixel that inverts

the (polarized) hit-count map. We are investigating other approaches such as a stationary correlation preconditioner
(Næss & Louis, 2013).
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Figure 5.2: Example maps from the region 29.65◦ < RA < 40.49◦ (horizontal), −7.60◦ < Dec <
−0.68◦ (vertical), in the center of patch D6. Panels 1,2,3,5,6 (left to right, top to bottom) show
T, Q, U, E and B respectively. Panel 4 is a zoom on a 2.79◦ × 1.73◦ subregion of the T map,
showing the full map resolution. The maps have been bandpass filtered to maximize signal-to-noise
(240 < ` for temperature, 260 < ` < 1370 for polarization). The visible patterns in the Q and U
maps are consistent with a sky dominated by E-mode polarization, as can be seen in the derived E
and B maps. The B map is consistent with noise except for a faint m = 0 (constant declination)
ground residual (see §5.2.4). We do not use m = 0 modes in the power spectrum estimation. See
Figure 5.3 for an illustration of the noise properties in these filtered maps. The circled galaxy cluster
candidate, ACT-CL J0205.2-0439, is within 2′ of a CFHTLS cluster candidate with photometric
redshift z = 1.1 (Durret et al., 2011) and three concordant galaxies with spectroscopic z = 0.97
found in the VIMOS Public Extragalactic Survey (Garilli et al., 2014). The circled point source
may be associated with FBQS J0209-0438, a quasar at z = 1.128 (Véron-Cetty & Véron, 2006).

Figure 5.2 shows an example map from patch D6. For display purposes, a bandpass filter has been

applied to maximize signal-to-noise. Example difference maps (odd vs. even pairs of nights) for the

same region are shown in Figure 5.3.

5.2.4 Ground pickup

ACT has two levels of ground screens. One screen is fixed to the telescope and scans with it. This

entire system sits inside a second 13 m high fixed ground screen. Nevertheless, we still detect a

spurious signal which we interpret as ground pickup. When the telescope points to the northeast

between azimuths∼ 25◦−85◦ we observe a spurious signal with a∼ 30◦ period in azimuth, with little
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Figure 5.3: Difference maps (odd vs. even pairs of nights) for the same region as Figure 5.2,
illustrating the noise properties of the map. Correlated noise is visible as diagonal stripes aligned
with our dominant scanning directions (diagonally in these coordinates). These are the map-space
equivalent of the correlated noise in the time-ordered data. Noise correlations are taken into account
in the noise model in the power spectrum estimation.

elevation dependence, and a peak-to-peak amplitude of ∼ 200µK in Q and U. This is consistent with

signal from the nearby mountain Cerro Toco being diffracted over the top of the ground screen’s

30◦ wide panels. While this signal is washed out when projected on the sky, it would still be a

contaminant of ±20µK or more in our polarization maps if ignored.

The ground signal can be disentangled from the sky because it is constant in azimuth during a

scan and does not rotate with parallactic angle like the sky. The exceptions are modes on the sky

that depend only on declination, not right ascension (such as the spherical harmonics with m = 0).

These show up as pure functions of azimuth during a constant elevation scan, and are degenerate

with the ground even when observing at multiple azimuths and elevations. We remove both these

and the degenerate modes by applying an azimuth filter to the time-ordered data and excluding

Fourier modes with |`y| < 50 from the power spectrum estimation.2

While the filters are effective at suppressing the ground pickup, they also remove some bona

fide sky signal, making our maps and power spectra slightly biased. The effects of the filtering

are assessed by passing simulated maps of the polarized CMB through the filtering procedure, and

comparing the power spectra of the input and output maps. The main effect of the filter is to

suppress, slightly, the signal in temperature (polarization) on large angular scales, with a transfer

function that decreases from 0.995 (0.99) at ` = 500 to 0.95 (0.9) at ` = 200. Leakage from E to B

is also seen, but at a level that is negligible for this analysis.
2Excluding |`y| < 50 removes an approximately 4µK/◦ residual ground gradient from the azimuth-filtered maps.
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Figure 5.4: The D1 day and nighttime EE spectra (top), and their difference (bottom); they are
consistent.

5.3 The power spectra and interpretation

We compute the temperature and polarization power spectra of the maps following the methods

described in Chapter 4. The code was checked extensively with simulations and is able to extract

an E/B mode power spectrum signal to within 0.1σ in maps with 5 µK noise in the presence of

uneven weights across the maps, irregular boundaries, and cutouts for sources.

In this analysis we use `TT
min = 500, `TE,EE

min = 250, and `TT,TE,EE
max = 9 000.3 In two-dimensional

Fourier space we mask a vertical strip with |`x| < 90 (as in Das et al., 2011a; Das et al., 2013),

and a horizontal strip with |`y| < 50, as described in §5.2.4. The maps are calibrated to the

Planck 143 GHz temperature map (Planck Collaboration I, 2013) following the method in Chapter

3, resulting in a 2% uncertainty. The overall calibration measured by Planck and WMAP disagree

(Planck Collaboration XVI, 2013), so we then multiply all maps by a factor of 1.012 to correspond

to the more mature WMAP calibration.
3We use a larger value of `min for TT because atmosphere 1/f modes impact the T maps much more than

polarization maps.
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We test the parameter extraction and power spectrum pipeline as follows. We generate a simu-

lated4 sky in temperature and polarization with the WMAP9+ACT parameter set (Calabrese et al.,

2013) and realistic level of unresolved point source power, extract the portion corresponding to the

ACTPol coverage for each patch, and add a realization of the full inhomogeneous noise model as

measured. We then take the power spectra of the maps, and from the power spectra derive cosmo-

logical parameters, marginalizing over foreground parameters. We run this process 100 times and

recover the input cosmology to within 0.1σ. We use the simulations to construct the covariance

matrix for the data.

In this analysis we do not account for cosmic aberration (Jeong et al., 2014), super sample

lensing (Manzotti et al., 2014), or the effect of the flat-sky approximation. We have simulated these

sub-dominant effects and find that they have a negligible impact on derived ΛCDM cosmological

parameters; however, we are extending our pipeline to account for them in future ACTPol analysis.

5.3.1 Null tests

We perform a set of null tests similar to those done for the ACT temperature analysis (Chapter 2):

compare the data with and without telescope turnaround periods incorporated, compare the results

from different detector sets, and compare the maps made from the four different time-splits.

For the detector null, we split the array in half by those most likely to have a different calibration

and polarization response, and make two split maps for each subset. We form the difference map

between detector sets for each split and then compute their cross-spectrum. For the turnaround

null we test for effects generated by the acceleration of the telescope. As in Das et al. (2013) we

make four split maps with the turnaround data removed, cutting 12-13% of the data, and form a

set of difference maps between splits with and without turnarounds. We apply these tests to the

D5 and D6 patches, which have the deepest coverage.

We have also compared the daytime and nighttime spectra for the D1 patch, and find them to

be consistent (see Figure 5.4). The null tests are summarized in Table 5.1, and Table 5.2 shows

the other permutations of the null spectra for the turnaround excision and split nulls.
4To include the effects of our flat-sky approximationin our simulations, each simulated map is generated on the

full, curved sky and then projected to our native cylindrical equal-area maps.
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Table 5.1: Null tests

Test Patch Spectrumă χ2/dof P.T.E
Detector D5 TT 0.92 0.65

EE 1.51 0.01
TE 0.65 0.98

D6 TT 1.39 0.03
EE 0.91 0.66
TE 1.02 0.43

Turnaround1 D5 TT 0.76 0.91
EE 0.71 0.95
TE 0.86 0.76

D6 TT 0.92 0.65
EE 1.18 0.17
TE 0.76 0.91

Splits1 D5 TT 0.67 0.97
EE 0.72 0.94
TE 0.55 0.997

D6 TT 0.94 0.60
EE 0.77 0.89
TE 0.77 0.89

D1 TT 1.60 0.003
EE 0.77 0.89
TE 1.14 0.23

Patches D1-D5 TT 0.89 0.70
EE 0.89 0.70
TE 1.24 0.11

D1-D6 TT 0.67 0.97
EE 0.66 0.97
TE 1.26 0.09

D5-D6 TT 0.94 0.60
EE 0.94 0.60
TE 0.96 0.56

Day-Night D1N -D1D EE 0.91 0.64
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Table 5.2: Split and turnaround nulls

Patch Combination Spec. χ2/dof P.T.E χ2/dof P.T.E
Splits Turn.1

D5 (s0 − s2) × TT 0.65 0.98 0.64 0.98
(s1 − s3) EE 0.88 0.72 0.86 0.77

TE 0.77 0.90 0.76 0.90

(s0 − s3) × TT 1.08 0.31 1.09 0.31
(s1 − s2) EE 0.92 0.64 0.95 0.58

TE 1.21 0.14 1.34 0.05
D6 (s0 − s2) × TT 0.93 0.61 1.17 0.19

(s1 − s3) EE 0.60 0.99 0.75 0.92
TE 0.72 0.94 0.79 0.87

(s0 − s3) × TT 0.96 0.55 1.06 0.36
(s1 − s2) EE 0.74 0.92 1.06 0.35

TE 0.91 0.67 1.01 0.46
D1 (s0 − s2) × TT 0.68 0.97

(s1 − s3) EE 0.89 0.71
TE 1.16 0.20

(s0 − s3) × TT 0.92 0.65
(s1 − s2) EE 0.69 0.96

TE 1.30 0.06

An assessment of the consistency of the χ2 and PTE statistics is complicated by the fact that the

many tests probe the same noise realization and are thus correlated. For independent measurements,

the distribution of PTE values should be consistent with a uniform distribution. Our distribution

of PTE values is somewhat skewed towards values greater than 0.5. However there is no systematic

failure of the χ2 test in these results, and the most extreme values of 0.003 and 0.997 are not

statistically surprising for a sample of this size. The lowest PTE is for a D1 TT split null (0.003),

and the highest for a D5 TE split null (0.997), but the other permutations of these null spectra,

shown in Table 5.2, do not show outlier behavior.

The different patches have different coverage, are observed at different times, have different (but

low) levels of potential Galactic contamination, and are observed differently relative to the local

environment. For the analysis of many systematic effects, they are effectively independent measure-

ments, so the spectra can be compared as an additional test. Figure 5.5 shows the combined power
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spectra from the three patches. For the spectra where a signal is detected (TT, TE, EE) we have

subtracted the WMAP9+ACT best-fit model (reproduced from Calabrese et al., 2013, Table 5.3)

and show the residuals. For reference we show the small difference between the WMAP9+ACT

model and the Planck+WP+highL model for TT, TE and EE. For TB, EB, and BB we just show

the data. The measured BB signal is consistent with zero as expected with the current ACTPol

sensitivity. We find that the spectra are consistent among patches, with the χ2 of their differences

given in Table 5.1 for TT, TE, and EE.

5.3.2 Foreground emission

We test for foreground emission in the temperature maps by correlating the ACTPol maps with the

FDS dust template map (Finkbeiner et al., 1999). The dust level in this template has been shown to

be consistent with the Planck 353 GHz maps (Abergel et al., 2013) at the 30% level. The predicted

contribution of dust to the temperature anisotropy power spectrum is measurable but small, less

than 2 µK2 at ` = 2000 as shown in Figure 5.6. We do not correct for it in the maps or likelihood

at this stage.

Based on the recent results from Planck (Ade et al., 2014a), the polarization fraction in D1, D5,

and D6 is roughly 5%. We take 10% as an upper limit and thus the contribution from polarized

dust emission to the power spectrum is expected to be less than 0.02 µK2 at ` = 2000. The

contribution from polarized synchrotron emission is expected to be at this level or smaller. A full

analysis must await the public release of the Planck polarization maps. However, the consistency

shown in Table 5.1 between patches D1, D5, and D6, each with different foreground levels, suggests

that any possible contribution is small compared to the cosmological polarization signal.

5.3.3 TT, TE, EE

Figure 5.7 shows the combined ACTPol TT and EE spectra along with independent data sets

from ACT temperature measurements and Planck. The full TT/TE/EE set is shown in Figure

5.8. The TE spectrum is shown experiments. The bandpowers are not significantly correlated,

and bandpower window functions are computed as in Das et al. (2013) to compare theory models
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Figure 5.5: Residuals of measured power spectra relative to the WMAP9+ACT best-fit model (for
which TB, EB, and BB are assumed to be zero). Dashed curve shows the small difference between
the WMAP9+ACT and Planck+WP+highL best-fit models. The x-axis is scaled as `0.5.
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Figure 5.6: The expected temperature power spectrum of thermal dust in the ACTPol patches,
estimated using the Finkbeiner et al. (1999, FDS) template, plotted below the ACTPol temperature
power spectra. The dust amplitude is ≤ 2 µK2 at ` = 2000 (∼ 1% of the TT spectrum amplitude,
or 10% in the maps). We show that the FDS template is a good tracer of the sub-dominant dust
component by correlating it with the ACTPol maps, finding a cross-correlation consistent with unity
to within 1σ.
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Figure 5.7: The Planck, ACT, and ACTPol data. Many Planck points for TT are obscured by
the ACT data for 1000 < ` < 2500. The model spectra labeled CMB-TT and CMB-EE are for
‘Planck+WP+highL’ (Planck Collaboration XVI, 2013). It is clear that the same model is an
excellent fit to the TT and EE data (see §5.3.3). Recently WMAP (Bennett et al., 2012) and
SPT (Story et al., 2012) have also published new data on the TT spectrum in this range, which
are not shown here. All measurements are broadly consistent. The best-fitting Poisson polarized
source level is shown, with no sources masked. A non-zero level is preferred, but the distribution is
consistent with zero at 95% confidence, with apol

p < 2.4. The x-axis is scaled as `0.45 to emphasize
the mid-` range.
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Figure 5.8: The ACTPol TT, TE, and EE power spectra, together with the best-fitting ΛCDM
cosmological model and foreground components. Six acoustic peaks are seen in the E-mode polar-
ization, out of phase with the temperature peaks and with the TE correlation pattern predicted by
the standard model.

to these data. We observe six acoustic peaks in the EE power spectrum, out of phase with the

TT spectrum as expected in the standard cosmological model, and six peak/troughs in the TE

cross-correlation.

As a simple test, we find the χ2 for the ACTPol EE data compared to the ΛCDM 6-parameter

model using a) the WMAP9+ACT parameters (Calabrese et al., 2013), and b) the Planck best-fit

parameters (Planck Collaboration XVI, 2013). The reduced χ2 values for the two models are 1.09

and 1.12 respectively with 55 dof and no free parameters (with PTE of 0.30 and 0.25). For the TE

data the reduced χ2 for the two models are 1.26 and 1.24, again with 55 dof and no free parameters

(PTE of 0.09 and 0.18).

ΛCDM

Another test of the standard ΛCDM cosmological model is to fit its parameters from just the

ACTPol EE and TE data. In this combination, WMAP9 is used to put a prior on the optical depth
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Table 5.3: Comparison of cosmological Parameters and 68% confidence intervals for different data sets.

WMAP9+ACT1 Planck2 ACTPol
TE,EE3

100Ωbh
2 2.247± 0.041 2.207± 0.027 2.073± 0.135

Ωch
2 0.1143± 0.0044 0.1198± 0.0026 0.131± 0.015

104θA 103.95± 0.19 104.132± 0.063 104.12± 0.31
ln(1010As) 3.191± 0.041 3.090± 0.025 3.140± 0.085

ns 0.970± 0.011 0.9585± 0.0070 [0.970± 0.011]
τ 0.089± 0.013 0.091± 0.0135 [0.089± 0.013]

Derived4

σ8 0.830± 0.021 0.828± 0.012 0.933± 0.064
H0 69.7± 2.0 67.3± 1.2 63.2± 5.5

and scalar spectral index, since ACTPol does not measure the largest angular scales. We estimate

parameters using standard methods as in Sievers et al. (2013) and Calabrese et al. (2013), and

marginalize over Poisson source powers for the TE and EE spectra. Other foregrounds are assumed

to be unpolarized.

The results are reported in Table 5.3 and shown in Figure 5.9 for the physical baryon density,

Ωbh
2, the physical cold dark matter density, Ωch

2, the acoustic scale θA, and the amplitude of

primordial curvature perturbations, As, defined at pivot scale k0 = 0.05 Mpc−1. The polarization

data are in excellent agreement with the standard model constrained by the Planck temperature

data (Planck Collaboration XVI, 2013). With only three months of data and a single detector

array, the ΛCDM constraints of ACTPol are not competitive with the ones of Planck. We expect

the future seasons of ACTPol (2014 with two detectors arrays, 2015 with three detectors arrays) to

improve these constraints. The accurate mapping of the damping tail will also significantly improve

constraints on extensions to the ΛCDM model.

We repeat the same test with just the ACTPol TT data, including the foreground model as

in Dunkley et al. (2013) to account for Poisson and clustered point sources and the thermal and

kinematic Sunyaev-Zel’dovich effects. The parameters are consistent with the ACTPol TE/EE

results, but more weakly constrain the acoustic scale and the physical baryon and CDM densities

(see Figure 5.9). This highlights the potential of the E-mode polarization signal for cosmological

constraints (see e.g., Galli et al., 2014), with sharper acoustic features and less contamination from

atmosphere and foregrounds. At this stage of measurement, however, the polarization data are
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Figure 5.9: ΛCDM parameters estimated from the ACTPol TE and EE data alone(with a prior on
the optical depth and spectral index from WMAP), and ACTPol TT alone. They are compared to
the constraints from Planck temperature data, and combined Planck and ACTPol TE and EE. The
temperature and polarization data give consistent results.

not as precise as the Planck or WMAP temperature data primarily because they are taken over

a relatively small region of sky. Parameter constraints from ACTPol combined with Planck are

currently dominated by the temperature data.

Polarized point sources

We do not detect significantly polarized point sources in the ACTPol maps. Six of the highest

signal-to-noise sources found in the D5 and D6 patches are shown in Figure 5.10; the polarization
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T
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U

Figure 5.10: Three of the highest signal-to-noise polarized point sources from each of patch D5
(left) and D6 (right). Each disk has a radius of 8’, with the value range being ±2000µK for T
and ±200µK for Q and U. We do not mask polarized sources in this analysis. The sources may be
associated with (from left to right) [HB89] 2332-017, [HB89] 2335-027, SDSS J001130.40+005751.7,
PKS 0214-085, [HB89] 0226-038 and PKS 0205-010.

is barely detectable. For the temperature spectra, point sources above 15 mJy are masked, but no

sources exceed this threshold in polarization and none are masked.

We model the Poisson tail of the temperature spectrum as

D` = (as + ad)

(
`

3000

)2

µK2 (5.2)

(Dunkley et al., 2011), where as is the amplitude for the residual unmasked radio/synchrotron

sources and ad is the amplitude for the pervasive dusty star forming galaxy (DSFG) or CIB com-

ponent. The latter is unresolved. The two components are separated in ACT temperature mea-

surements with two observing frequencies. In ACTPol we currently have just one frequency and

so place a limit on the combined Poisson power: ap = as + ad. In Sievers et al. (2013) we found

as = 3.1± 0.4, ad = 7.0± 0.5, for a total of ap = 10.3± 0.6 for the TT data. With the ACTPol TT

data we find a consistent level of ap = 10.9± 1.5, for the same masking threshold.

Without masking any point sources in the EE data we find apol
p = 1.5± 0.6 at 68% confidence,



126 5. The Atacama Cosmology Telescope: CMB Polarization at 200 < ` < 9000

or apol
p < 2.4 at 95% confidence. In flux units this corresponds to C` = 0.15+0.05

−0.07 Jy2/sr, or

< 0.24 Jy2/sr (95% CL), at 146 GHz, and puts a limit on all polarized sources before masking.

5.4 Conclusions

The polarization capabilities of ACTPol have already enabled new probes of the cosmological model.

We have shown that ACT is capable of measuring polarization to high accuracy and of measuring

CMB temperature and polarization during the day. With one third of the full complement of de-

tectors observing at night over just 90 days, we have already made some of the most competitive

measurements yet of CMB polarization at ` > 1000. The ACTPol EE, TE, TB, and BB data ob-

tained to date are all in agreement with the standard model of cosmology. We anticipate substantial

improvements with more detectors and observing time.
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Conclusion

The CMB temperature power spectrum has been an invaluable source of cosmological information

in the last decade. The recent measurement by the Planck satellite at low and intermediate `

combined with those of ACT and SPT at high ` provide a nearly complete picture of the physics

of temperature anisotropies on the last scattering surface. A lot of progress in the field has been

achieved during the course of this DPhil. As an example, the constraint on the number of relativistic

degrees of freedom was Neff = 5.3 ± 1.3 in 2010 (Dunkley et al. 2011); three years later it is now

measured to be Neff = 3.28±0.4 by WMAP+ACT+SPT1 (Calabrese et al. 2013). This new level of

precision requires very careful analysis, because small systematics can easily be at the level of our

statistical uncertainty. For this thesis, I have developed and extensively tested the power spectrum

estimation pipeline for the ACT experiment (Chapter 2 and Chapter 3). I have carried out numerous

tests on the maps, in order to characterize the astrophysical and instrumental contamination to the

cosmological signal. The precise measurement of the CMB damping tail from the ACT experiment

has been used to get new competitive constraints on extensions to the ΛCDM model. Combined

with the Planck data, the high-resolution measurement helps to break degeneracies between the

different foreground parameters2.

The estimation of the lensing field and its power spectrum is challenging, and the lensing analysis

pipeline is tested and calibrated on simulations. This has motivated the development of a fast
1also Neff = 3.3± 0.27 by Planck (Planck Collaboration XVI 2013).
2The ones poorly constrained by Planck data alone.

127
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algorithm to generate lensed simulations of the high resolution CMB sky (Chapter 4). The potential

of the lensing power spectrum to precisely constrain the growth of structure at low and intermediate

redshifts is yet to be used. But the 4σ detection of the ACT collaboration was already enough to

rule out Universe without a cosmological constant using only CMB data (Sherwin et al. 2011).

The lensing field can also be correlated with other probes of the underlying matter distribution

such as galaxy count surveys or galaxy lensing surveys (Sherwin et al. 2012; Hand et al. 2013).

The CMB and galaxy surveys are sensitive to different sources of instrumental systematics and

astrophysical contaminations, so adding the cross correlation information is the cleanest way to

extract cosmological signal.

The EE and TE power spectrum measured from ACTPol discussed in Chapter 5 is the first

attempt to map the polarization of the CMB on small angular scales. Due to the low level of

polarized foreground emission, an accurate measurement of the E mode damping tail will provide

valuable cosmological information in the next couple of years. ACTPol, Polarbear, SPTPol, the Keck

Array and their extensions are also now targeting an accurate measurement of primordial and lensed

B modes. Multi frequency observations from these experiments will soon be available, allowing us

to disentangle cosmological, dust, and synchrotron signals. In Chapter 4 we have presented tools

to recover a nearly optimal B mode power spectrum on an incomplete sky. Using the pure B mode

formalism will be of increasing importance in the future, as the experimental noise will go down.

The flat sky formalism for pure B modes estimation developed in this thesis provides an important

speed up compared to the full sky formalism, and can be useful for experiments targeting a small

region of the sky.

High resolution and low noise CMB experiments are also useful to reveal cluster properties.

The tSZ effect offers the best method for assembling a catalog of clusters at high redshift, which

could be used for understanding the time evolution of both baryonic and dark matter. An accurate

mapping of the kSZ effect could be of great importance as it traces the large scale velocity field of

our universe over a wide range of redshift. The kinetic Sunyaev-Zel’dovich has the same frequency

scaling as the primordial CMB, so multifrequency observation cannot be used alone to disentangle

the two signals. But a high signal-to-noise measurement of the E modes can be used to predict the
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T mode power spectrum at the last scattering surface (using their correlation CTE` 6= 0), allowing

for a direct measurement of the kSZ power spectrum (Calabrese et al. 2014).

What is the future of CMB data analysis? An enormous amount of data will soon become

available and will require developing new analysis tools. Without trying to be exhaustive here are

some interesting challenges:

1. Speeding up the mapmaking: at the moment, the mapmaking equation is solved using

a preconditioned conjugate gradient method, it is the most time consuming step in the data

analysis pipeline. One way to speed it up is to design a good preconditioner using our knowl-

edge of the noise properties of a given experiment (see for example: Næss & Louis 2013).

Another way would be to give up on the preconditioned conjugate gradient method and in-

stead use a multi grid method. It has been shown to be extremely efficient for a related

problem: generating constrained realizations of the CMB sky (Seljebotn et al. 2014), but

hasn’t been successfully used for mapmaking yet.

2. Characterizing and correcting the effect of the flat sky approximation: ground based

experiments observe only a fraction of the sky. The spherical harmonics are clearly not a good

set of basis functions for an experiment observing 500 square degrees. However using the flat

sky approximation could introduce a small source of errors. One way of correcting it would

be to model the flat sky approximation as the effect due to a large scale deterministic lens,

and to correct for it at the power spectrum level.

3. Gibbs sampling for components separation: the microwave sky gets contributions from a

lot of different sources. In order to isolate one, for example for determining the properties of a

given cluster, we need to properly marginalized over the others (primordial CMB, foregrounds).

Gibbs sampling offers an interesting framework for sampling the joint probability distribution

of all the component of the microwave sky. A public code exist for Gibbs sampling over the

full sky (Eriksen et al. 2008), but it is computationally too expensive to be used at high

resolution. We are currently developing a Gibbs sampler using the flat sky approximation,

which is fast even at very high resolution. The potential of such a code is fantastic, as we

could use it for example to compute the B mode power spectrum of one of the ACTPol patches
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while marginalizing over the polarized dust emission constrained by the Planck 353 GHz map

projected over the same patch of the sky.
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