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ABSTRACT

The subject of this thesis is a theoretical study of some of 

the optical properties of crystals of CaF~ and Si which have had atoms 

of different mass and chenical properties substituted for n snail 

percentage of the host atoms. The low concentration of the defects 

enables each to be considered independently as a single forei-^r atoi? 

substituted into the crystal. The work divides into two parts, 

distinp^iished' by the different structures of the crystals and by the

different phenomena to be explained in either system,
  + 

In Si, with B or F substituted, in as defects, the problem

of interest is the mechanisn and intensity of optical absorption by the 

crystal. Since Si forms a covalent bond with itself., the pure crystal 

is homopolar, and does not absorb light. A charged defect v.lll absorb 

in the normal way. However, in honopolar crystals such as Si, 

theoretical attempts to describe neutron scattering and other experiments 

have led to the rejection of the rigid-aton model in favour ol the Shell 

model, which allows each atom a shell of outer electrons not rigidly- 

attached to the nucleus. The effect of this is that the atoms are 

polarizable, and have an extra three decrees of freedom, associated with 

their electric dipole moments. In the case of a charged defect, there 

are now three absorption mechanisms: one due to the dipole of the 

oscillating charge itself; one due to the dipoles created throughout the 

crystal by the effect on the polarizable atoms of the changed



polarizability of the defect; and a final mechanism whereby the charge 

on the defect sets up a static electric field which induces dipoles on 

the polarizable atoms through an anharmonic effect.

The sirnificance of this list nc-chanisn relative to the others 

depends on whether or not the Lorentz local field correction is to be 

used. Using a version of the Shell model in which changes in the defect 

charge and polarizability can be included explicitly in the absorption s 

we show that this correction factor is always presents although it nay 

be modified by changes in the defect polarizability. We are able to 

fit the experimental frequencies and intensities for the localized modes 

due to boron; and also for those due to carbon, using these changes as 

parameters.

Our calculation is based on the simple relationships betiveen the 

absorption, the susceptibility and the frequency-dependent displacement- 

displacement Green's functions. The parameters used in the Shell model 

for the perfect silicon lattice are taken frori experimental fits to 

neutron data for the dispersion relations.

In CaF-, H and B ions have been substituted into F~ sites. 

These ions differ from F mainly in mass, and can be observed experimentally

by absorption of infra-red light at 1.849 x 10 ra/sec (H~) and
14 

1.323 x 10 ra/sec (D ). These figures indicate that the effect of

the change of mass is reduced by a weakening of the force constants which 

bind the defect to the other ions in the lattice. VJe explain the 

changes in the above fundamental frequencies 9 and those of the harmonics, 

which appear when the crystal is subjected to uniaxial stress. The



stress causes the lattice to strain,, and the effect of this strain on 

the anlmrmonic forces present is to produce new terms in the harmonic 

forces, which modify the frequencies, In particular the weakened 

force constants at the defect allow additional relaxation of its neigh­ 

bours, which makes the change in the frequency of the localized node 

more pronounced.

We find the relaxation by a Green's function technique which 

inverts the force constant /r.atrix, <^> , of the perfect lattice.

The six force constants which constitute d) out to 3rd neighbours 

have been evaluated as parameters in a rigid ion model which fits the 

elastic constants of CaF~ and other experimental data. Hie changes in 

the central force constants coupling the defect with its 1st and 2nd 

neighbours are found by fitting the vibration.?.! frequencies to the 

experimental data, anc1 are respectively - 651 and - 22%. (It is 

also necessary to reduce the effective charge on the defect by 46% to 

get this fit.) Using the relaxation obtained,, assuming that the defect 

vibrates in a static environment, rnd taking as parameters the central 

anharmonic forces coupling the defect '.,1th its 1st ~nd 2nd neighbours, 

we derive expressions for the parameters of the phenomenological model 

which describes the frequency changes of the defect vibrations under 

stress, ;Ve thus evaluate some of -the anharmonic force constants^ and 

can show that a Lennard-Jones potential describes the behaviour of the 

defect to a fair approximation.



A useful sideline of this work is a derivation of the c?>onpes

in the macroscopic force- constants of a crystal which contains a small 

concentration of defects.
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I.I

CHAPTER I 

INTRODUCTION

I.I The forces which bind atoms together in an insulating crystal 

are crudely understood on the basis of a number of models. These 

include electrostatic forces, homopolar binding (a quantum mechanical 

effect due to the exchange of electrons), van der Waals forces (due 

to the mutual polarization of two neutral atoms), and repulsive forces 

due to the Pauli principle. This understanding is crude due to the 

difficulties of calculating most of these forces, especially in crystals, 

Since first-principles calculations are still not possible, it is 

necessary to develop experimental and theoretical tools to further our 

understanding of the forces in crystals.

A certain amount can be inferred from the macroscopic properties 

of insulators, such as specific heat, elastic and dialectic constants. 

But these are not really meaningful until related to microscopic models. 

Much more information is provided for testing such models by optical 

spectra and by X-ray and neutron scattering from very pure crystals. In 

recent years, a new tool has been made available to experimenters through 

the study of optical properties of defects in the crystal. This thesis 

is concerned with sora aspects of point defects vibrating in a lattice.

The defects we are concerned with consist of foreign atoms 

substituted for one of the atoms of the host lattice. They are charged, 

thus giving rise to optical absorption when they vibrate. The frequency

  i _



I.I

and amplitude of this vibration can be found, if the vibrational mode
s 

of the host lattice are known, by rathematical techniques which we 

discuss latero The dynamics of the host lattice are not, of course, 

known from first principles, but they can be calculated parametricall
y 

from the observed properties of the crystal on the basis of a model. 

Such a model discusses the forces in the crystal, not in the terms us
ed 

above, but in terms of a Taylor expansion of the potential in powers 
of 

the displacement of the atoms. The coefficients are taken to be 

parameters and are harmonic or anharmonic (see Section 1.2), and cent
ral 

or noncentral according as the potential they describe does not or doe
s 

depend on the direction of the bond.

The parameters of this model have already been evaluated for 

the perfect forms of the crystals this thesis will be concerned with, 

and we deal only with the theory of defects. This theory is considerably 

older than the experimental work (which commenced with Schaefer's obse
r­ 

vation of a localized mode due to K in KC1 in 1960), dating from work 

by Rayleigh in 1877. His theorem states that in a vibrating system a 

perturbation which has the form of a mass increase in one of the part
icles 

or a force constant decrease, will cause all the eigenfrequencies to 

decrease in such a way that the levels always lie in the gap between 
an 

unperturbed level and its neighbour. The converse effect is produced 

by decreasing one of the masses or increasing a force constant. In the 

latter case, the highest eigenfrequency may lift out of the band of
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1.2

unperturbed frequencies, creating the localized mode first observed by 

Schaefer. A review of the theory is given by Maradudin, Montroll & 

Weiss (1963).

We are here concerned with two ways in which a defect may tell us 

something about the forces in an insulating crystal. The first involves 

a study of the polarizability of the atoms, an effect of particular 

importance in non- ionic crystals. To do this we make use of the fact 

that a charged defect will polarize the atoms in the host lattice, and 

we study the absorption of light by the vibrations of these polarized 

host atoms. The second approach makes use of the large amplitude of 

vibration of a very light defect. This large amplitude makes anharmonic 

effects important, and so we can learn something about these higher 

terms in the potential more directly than by studies of thermal expansion 

and conductivity.

1.2. Shell Model in Perfect Lattices

The simplest view that can be taken of the forces coupling 

atoms in a perfect crystal is that they are represented by springs 

following Hooke's law. This view can be dervied from a Taylor expansion, 

in powers of atomic displacements, Jj($) , of the potential, 

describing the forces on an atom at site K of unit cell J? .

Jt' 
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1.2

For equilibrium in the static case $ the terms linear in U («/ vanish, 

and if we neglect terms of order higher than the second, we are left

with Hooke's la\v forces, otherwise known as the harmonic approximation .
± f%^\ 

Since an evaluation of CD J KK'/ frora first principles isT<Xp x '

not yet possible, and its elements are consequently treated as parameters 

to be found, it is important to restrict the number of independent

elements as much as possible. The dependence of (jJLoU'K'/ °n

subscripts is to a great extent determined by the symmetry of the system, 

which in a perfect crystal consists of both point and translational
I / I a'] J / 0 fl'\

symmetries. Thus we have that (!) f xiJ  n) 5// fromM^3\i<«/ 4-^3 U K /

so that the matrix describing (p is a circulant; and that

54'

as a result of the former? vihere S describes any operation of the point 

group about site (i,Kj. If nonprimitive translations are involved, this 

notation must be generalized. Furthermore, since the internal forces 

are independent of rigid displacement of the crystal, and since the 

form of the forces is independent of homogeneous deformation, general
i /I a' \

conditions may be imposed upon CpUj \« «') >

- 4 -



1.2

where R(*'«<; - P\K'/"[J( K/ > the relative position of sites (/;'^' 

and (o,KJ , (Maradudin, Montroll & Weiss, 1963).

However, to deal adequately with most crystals even in the 

harmonic approximation, the Hooke's law spring model above must be 

elaborated. The first consideration is that, even with symmetry restric­ 

tions the number of independent parameters to be found becomes rapidly 

very large as the range of the interaction is increased, unless we 

assume some particular dependence of the force on distance from the 

originating displacement. What is commonly done is to divide the forces 

into two parts; a general part,restricted only by symmetry considerations 

(or sometimes by a requirement that forces be central), extending to a 

few close neighbours; and a long-range part based on the Coulomb 

interaction of electric dipoles created by the displacement of charged 

ions. This part is

SL__ ___ 
,WK.'J iiOKTT7i x^o

where £ = U(K)-U(;U > and £ K is the (effective) charge on the 

ion. We need to consider the Fourier transform,

_af-
f'

- 5 -



1.2

in which the sum converges only slowly, and the limit is not well 

defined at <{ = o . These difficulties were resolved by Ewald (1917) 

and by Huang (1949). Ewald split the sum into two rapidly converging 

sums, one over real space and one over <{-space. Huang showed that 

this permits one to isolate the part with an undefined limit at ? - o 

which is thought of as a macroscopic electric field depending on the

shape of the specimen. Kellerman (1940) used Ewald's method to
T' (- ! 

calculate ^LjL*lL... which are known as the Kellerman coefficients.ZK Ih' 

A set of Kellerman coefficient for calcium fluoride structure (and any

structure which is a subset of this) were made available for this work 

on magnetic tape by Dr. C.T. Sennett at the Royal Radar Establishment, 

Great Malvem, where computing facilities were kindly extended to us 0

A second elaboration must be made on this model of rigid ions 

interacting by harmonic short-range and Coulomb forces, and yields a 

model which is conceptually, although not formally, a generalization, 

called the Shell Model, (see e.g. Cochran, 1959; Dolling & Waugh, 1963). 

The Shell model conceives of each atom in the lattice as polarizable, 

by separating from the nucleus (which carries most of the mass) a 

spherical shell of electrons, connected to it by a central force. 

Formally, this has the effect of doubling the number of equations 

describing each unit cell. The adiabatic appoximation is usually 

incorporated by supposing that the electron shell is in fact massless. 

Thus, where A, 8>C are 3N x"5fa matrices in real space describing
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1.2

interactions between, respective ly^ core and core, core and shell, and 

shell and shell; and P gives Kelleman coefficients in real space

A

where f /?) is the displacement of the (^^ core, which has a charge
' 

and mass M , and ^ (^) is the displacement of the (£, Kj) shell, with

cliarge X an(i mass ^  

Because we shall be using the Shell model for crystals of 

neutral atoms, XK""^ > ^ ̂ s useful "to change to centre-of-mass coor

dinates U - (Mf tm/))/(H^w)»\y-5"3   In this case > tne condition 

of invariance of the forces under translation of the system gives

t

flaking the coordinate transformation, v/e have, formalIy 3
\ \

R-rW S

\
where

T+YtY/

R =- A+2B+C

u
W

= 0

T= C
_ 7 _



and we have made the adiabatic approximation that >Tt - o . The conditions 

for translational invariance of forces give

}'«'

which means that these two matrices behave like (j) in the simpler model.

Before we discuss the solutions for the Shell model, there is 

a further extension to the formalism, due to Page & Strauch (1968), 

whose use will become apparent when we consider the problem of defects 

with altered charges. This involves v/riting out explicitly the long- 

range Coulomb contribution, as follows:

*
ct T .}! w i' - 0
.V   ' i I f2")" ;

where 2. is the charge of the whole ion, ^. -y-^V (we have considered 

the general case again), and the new vector, £ - {ZuVYvy) , is the 

electric field generated at one site by the dipole moments Z^s *- Yw 

through the rest of the crystal. In this formal notation, T? X ; Y have 

the form of diagonal matrices of equal diagonal blocks the size of the 

unit cell.

In the phonon problem, we are interested in the displacements u.

- 8 -



1.2

rather than in the electronic excitations w or the field £ . To solve 

the model, therefore, we eliminate E and w and obtain for u the 

usual Shell model result

-SCT + YCYr'^ilu (3)

This is an eigenvalue equation which can be solved by the usual 

techniques of phonon theory, since it is formally equivalent to the 

result of the simlest model

In the perfect lattice, this solution is obtained by Fourier 

transforming the equation, since the matrices are circulants and, by 

applying the theory of Abelian groups, can be shown to be diagonalized 

in this way. The resulting equation involves a matrix which is only 

the size of the unit cell

where

and the ''dynamical matrix"

RUK7" Bln/nlKy ^}as been defined above as the relative equilibrium

position of sites (f,KJ and
- 9 -



1.2

Since Fourier transforming block- diagonal izes translationaliy 

symmetric matrices in this way, the form of (3) reiiains unchanged, and 

so we distinguish the matrices in real space from their fonrs in 

- space by the notation of the subscripts , e.g.

**'

and
DHop K

In c| -space, then, (3) is a 3^ x ? r equation, where r is the 

number of values of K , i.e. the number of atoms in the unit cell. 

Because of the conditions (1), 'R(^o) and 5( <?,- c>) are singular and 

some of the Jr eigenvalues, CJ:(^) , of (3) vanish at <^-o . This 

number is 3 (see, e.g. Maradudin, Montroll & Weiss, 1963), and these 

solutions, called the acoustic modes, correspond to the long-wavelength 

vibrations of an eleastic continuum, The motion involves a displacement 

of the whole unit cell. The remaining 3(r - 1) solutions have a finite 

frequency at <{-O , and are called the optic modes, since the motion is 

within the unit cell, leaving its centre of mass unchanged. In ionic 

crystals this can create vibrating electric dipoles, which can interact 

with light of suitable frequency and wave vector.

The polarization, Y W s of an atom is given by (2) in terms 

of U

- 10 -



1.3

The exciton motion ;  - -/ 9 can be obtained if we subtract rnur from. T 

in (2) and solve, noting that the motion has too high a frequency to 

be followed by the cores, so that ! ^-O :

This eigenvalue equation has properties similar to the proceeding one, 

and can be diagonalized by fourier transformation. The solution of 

the resulting dynamical equation gives 3r eigenvalues for each value 

of *? . These differ from the phonon modes notably in that (1) does not 

apply to T^YCY 9 which is not singular at ;--o . Thus the exciton 

modes remain at high frequencies, and. do not come to zero at zero wave 

vector.

1.3 Perfect Lattice Green's Function

The substitution of an atom of different mass and chemical

properties for one of the atoms of the host lattice removes the trans-
no 

lational symmetry of the crystal 9 and (3) can be longer be diagonalized

by Fourier transformation if its component matrices refer to an imperfect 

lattice. However, if we know the results for the perfect lattice 9 the 

imperfect lattice may be solved in principle as follows, and in practice 

if we assume that the defect is limited in extent (that is, if its direct 

interactions with the host lattice P through changed force constants or 

other, extend only for a few neighbours).

In our treatment, we consider the simplest model, since the 

extension to the Page & Strauch version of the Shell model is a trivial

- 11 -



1.3.

addition of subscripts. Then (4) becomes

where quantities on the left-hand side refer to the perfect lattice and

where /^M is the change in mass at the defect and .:f/ the change in 

force constants. This can be written formally

or, as an eigenvalue equation

y r g(vi>") C ;.<
v ' (5)

where

(6) 

the perfect lattice Green's function.

Since the quantities in (6) refer to the perfect lattice, the 

matrix inversion can. be performed after diagonalizing {]) as in the 

pprevious section, and the final result obtained by performing the 

inverse Fourier transformation on the inverted diagonal blocks. If 

the defect is limited in extent, C is a matrix consisting of zeroes 

everywhere but in the small square block describing the region around 

the defect. This region may be labelled -A , and if we are concerned

- 12 -



1.3

only to find the values of U in this region., we have instead of (5)

whidi involves finding flC^^only over a small region. This is an 

important consideration because Q((V~) must be found by computer, since

the second Fourier transform requires a sum to be made over a large

23 
number of <£ -values, some of the 10 modes in which the lattice can

vibrate. Furthermore , (6) cannot be computed as it stands, for the 

perfect lattice solutions, at the zeros of P\(*?- , correspond to

poles in j<«O «, To avoid difficulties, we add a small imaginary part, 

  , to <•> . Since, when (6) is diagonalised,

and

&*n * -. 
<;* *

the poles in (6) are replaced by imaginary delta-functions, or by an 

approximation to a delta-function since £ is not taken to the limit 

zero.

With these considerations we convert (6) to a computable form,

where

- 13 -



1.3

and we have now included the indices 1.1=1,2,3 referring to the 

components of the Page & Strauch version of the Shell nodel given by 

(2) . We do the sum over <[ in two stages , first over the star of <? 

that is over all ^ of common magnitude, then over all different {£i 

If S is the transformation from an initial c to 5' in the star of
"*. «•9-

we can make use of the result (see e.g. I-felvin Lax 's unpublished book 

on group theory in crystals)

IV ) ' S"': ^ '"* ,-U ^ J / X ° \v u;; - L... 4-' ! -K''
\ ' > ^ /

which therefore applies to & and to A' ! . (The dependence of the 

above on the Cartesian indices <x>/3' is implicit in the matrix notation.)
.-^

Hie sum in (7) is over j , which in a cubic system is any of the 48 

rotations of the group 0, . We reduce it to a sum over the 24 members 

of I, by adding to the summand in the identical term in ,.5\;-?J   This 

is helpful because in Si and CafU, the systems of interest, T, leaves the 

sub lattices invariant, The final appearance of (7) depends on whicli 

of the two systems to be treated in this thesis we are concerned with. 

Since

- 14



1.3

we have
N^X

and -' T

From these relations, we obtain for (7) in the case of diamond structure

*
where in this case we are only concerned with the Green's function 

at the defect site (v^l itself. For CaF-, we shall need, the Green's 

function at various sites near the defect, but only at t<?)~ O . Hence 

it is possible to put 6 = O , since the only singularity will occur 

at <? zC 9 and this <£- value can be avoided and accounted for by other
•^f

means. Thus we can use the relation between ^j and

above, which is much more convenient, as we need, only compute the real

part of the Green's function:

^ ' 11'
+ CC

In CaF2 , we do not use the Shell model, which is equivalent to < =; 

It is important to note here that D(%) is Hermitian, and that the

- 15 -



1.4

inversion symmetry of CaF? enables it to be transformed to a real 

symmetric matrix, which greatly simplifies the computational labour 

of finding its inverse. In the expressions above, the Einstein 

summation convention is used for the Cartesian indices.

In point of fact, we do not use (5) or (5') in either of the 

problems which follow in this thesis, but we require both <-j(^ i '"J and ;- . 

Appendix I will give a more detailed discussion of the computation of 

^v'>~' ! . Ir the next section we consider the form of L for silicon, 

and the advantages of the Page & Strauch formulation of the Shell model,,

1,4 The Shell Ifodel in the Imperfect Lattice

Page & Strauch write their Shell model equations in the form (2) 

in order to write the Coulomb forces explicitly. This enables us to 

change the charge on the defect, as well as its mass and force constants, 

and to incorporate in the calculations the changes in the dipole-dipole 

coupling of the vibrating defect with the rest of the lattice. Thus, 

for example ? in (5), Cp in L becomes

/A ?"-!

T 6Y M ...,.- ; (io)

where the condition of invariance of forces under uniform translation gives

/\R - -A?.r ,\i

which vanish if we consider changes only on the defect itself. The

- 16 -



1.4

change in the polarizability at the defect can be given either by AT

or by ^ Y .
Amifr *

The change in the Kellerman coefficients, given by   ,/N"C > 

requires some attention. In a perfect crystal, the diagonal terms 

in the long range part of the potential, (p , vanish. They are given 

by the condition of invariance of forces under translation of the 

whole crystal (Born & Huang, section 27)

 'f, C / ° ,]

which is a function of odd powers of R . The prime on the summation
/f I /G\ excludes the term [,,,/* \^\ , since v/e are only interested in what

is called the "exciting field.' 5 Because of the symmetry about the 

origin of each shell of similarly charged neighbours, however, the rest 

of this sum vanishes in the perfect crystal. In a crystal in which 

one of the sites has a charge change, ZlZ* the symmetry is broken, 

and the diagonal part of w is now zero nowhere except at the defect 

site itself. This requires us to specify the diagonal terms in the 

imperfect crystal, and v/e write them symbolically as /\r' , which falls 

off as J//3' with distance from the defect.

If we were discussing a change in shell charge, ̂ Y > *& ^e 

Shell model, the above does not apply, for the change in core charge 

on the same atom exactly counterbalances the effect.

- 17 -



1.4

These consideration indicate that the method of Page & Strauch 

cannot directly be used in ionic crystals such as CaF^ to accommodate 

changed defect charges. In a homopolar crystal such as Silicon, of 

course, the digonal terms of (j)'' , above , vanish (unless there is more 

than one charge defect present) , and the method may be used.
* . ')

Considering (5) 9 Q {^-'/ may be written more fully
 

t '' J "~!

! 9 21 ^

where the defining equation for ri(&~l

gives ,y- ! - j p. ^j^u

-.12. _ -."  - T -."; ~ ' , -' U

,:-;'" - if <V- 7

r> -

- 18 -



1.4

where
'*~* Y 
--• \

-

R
/V" ;- - -k ~ '" - -

We note that ^ 7 <,, ~ >/'- , are exactly the Green's functions 

of the usual Shell model.

The relations (11) hold for A' v/ as well as for Q*J . 

and were used in the evaluation of (8). They hold for perfect and 

imperfect lattices.

- 19 -



II.1.

CHAPTER II 

Qne-Phonon Optical Absorption by Lattice Vibrations

II.1.

The chief mechanism whereby light interacts with matter is 

through an oscillating electric dipole or charge. In perfect ionic 

crystals, light can be absorbed by creating a single optical phonon, 

for the reason discussed in Section I.I. The translational symmetry 

of the perfect crystal imposes the selection rule that the total 

wavevector of photon and phonon must be conserved. This rule and 

that of energy conservation are satisfied together only at one frequency, 

the Reststrahl frenquency, which is very near the q = 0 transverse 

optical mode frequency. Thus the one-phonon absorption spectrum of 

a perfect ionic crystal is essentially a delta-function at the Reststrahl 

frequency. A perfect homopolar crystal, containing neutral atoms, 

does not show any absorption. Even when the Shell model is used and 

shell and core charges are assumed for each atom, it is shown by 

Cochran (1959) that this result is obtained.

The introduction of an impurity into the crystal has two 

effects. It destroys the translational symmetry and hence the selection 

rule that an ionic crystal is permitted only Reststrahl absorption. 

Secondly, if it is charged, it absorbs light in its own oscillations.

- 20 -



II.1.

The symmetry of an imperfect crystal is only that of the 

point group about the defect, and so those modes which can interact 

with light through one phonon processes are much greater in number. 

The absorption, instead of being a delta-function at the Reststrahl 

frequency is now proportional to the density of states of these 

optically active modes. This must be calculated for the imperfect 

crystal. The imperfect crystal density of states is qualitatively 

similar to that of the perfect crystal except in the region of the 

frequency at which the defect vibrates,

The defect modes can be of two types, localized modes or resonances 

(we do not consider separately gap modes , which resemble localized modes). 

If the defect is lighter than the host atoms (ions), or if it is coupled 

to the lattice by forces stronger than those found in the rest of the 

lattice it will vibrate at a frequency higher than the maximum frequency 

of the host lattice band, as discussed in Chapter I. (Often a lighter 

defect is coupled to the lattice by weakened force constants, leading to 

such a case, but with a somewhat lower frequency than would be given by th< 

mass change alone). In this case, the host lattice is unable to transmit 

the vibrational energy of the defect, which remains localized on and near 

the defect itself. This localized mode appears in the density of states 

(and in the absorption if it is active) as a Lorentzian peak isolated 

from the band modes and at a higher frequency. The resonant mode, on the 

other hand, is caused by a defect vibrating at a frequency within the band 

The lattice is in this case able to transmit the vibration energy away
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from the defect, and so the mode is not strictly localized in real 

space. Its behaviour, indeed, resembles a resonance in a scattering 

problem, and it can be thought of as an unstable state, decaying rapidly 

away into the irxxtes of the host lattice. It thus has a fairly large 

energy width, although it is recognizable as a hump on the perfect 

lattice density of states and absorption, if it is not in a position 

to be disguised behind the usual acoustic or optic mode peaks in the 

density of states. These are the major features of the vibrations 

of a lattice containing a defect.

In the case of polarizable atoms or ions in a crystal, both 

perfect and imperfect lattice absorption are modified by the Lorentz 

correction factor. This factor can be derived from the Shell model, as 

we shall show, and amounts to an enhancement of the electric field 

of the light as seen by the dipoles in the crystal, owing to the 

polarization of the atoms by that field. The field seen within the 

crystal is

where /^ is the susceptibility of the crystal, V'e shall show that 

this factor is contained in the Shell model formalism.

If the defect is charged ? it absorbs light itself, and this case 

has been discussed by Dawber £ Elliott (1963 a, b) for both localized 

and resonant modes of defects in silicon More recently, Leigh
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and Szigeti (1967) have discussed a second absorption mechanism which 

will operate in a polarizable lattice containing a charged defect. 

This gives rise to an absorption by the band modes , owing to the 

"apparent charges" induced on the host atoms by the charge. These are 

related to the displacement-dependent parts of the host atom polariza- 

bilities, which give rise to Raman scattering and related effects. 

Thus a charged defect, even when stationary, can cause improved 

absorption in a polarizable crystal. The polarizing field, following 

the Coulomb law, is long range in its effect, and so this type of 

defect is not accessible to the methods described in the last chapter , 

and must be treated specially.

II. 2. Optical Absorption

We first consider the general form of optical absorption in 

terms of the Green's functions of Chapter 1= The transmitted light 

intensity, J" , varies exponentially with the thicloiesSj T , of the 

sample, and is given by Lambert's law

where r(((aj) is the frequency-dependent absorption coefficient. This 

form is to be compared with the electric field of an electromagnetic wave

E =

where is) is the angular frequency, k is the wavevector of the light

in vacuo, of magnitude
L - ?£ _ (£) 
C - X - c
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and H is the index of refraction of the crystal. Since the 

susceptibility, X , dielectric constant, % , and refractive index n 

are related by (in the case of unit magnetic pe inability)

vie have, on taking the squared modulus of L ,

- c n<" a)

where the superscripts (1) and (2) refer to the real and imaginary parts, 

respectively, and where the susceptibility, ^ 9 is in general a function 

of C&7 .

It is easy to show, by extending the considerations of 

Chapter I, that the susceptibility is simply related to the Green's 

function of the system, perfect or imperfect. The displacements,, U; , 

of ions (or shells) are given by (1.5) where C^ can be written 

the applied force:

and the resulting dipoles are

This gives the dipole moment per unit volume, P , and hence the 

susceptibility, which is the proportionality factor relating P and
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the applied electric field.

«j
The electronic charge is~-  , V is the volume of the crystal, 

and the sum is over all sites carrying charge 2.   »

If the lattice is iraperfect, the same formal notation goes 

through, except that it is customary to write G > the imperfect lattice 

Green's function, in place of <? for the perfect lattice. The two are 

related by the Dyson equation

which can be put in the form

(5)

where C is the difference between matrices describing imperfect and 

perfect lattices. This enables us to extend the qualitative discussion 

at the beginning of this chapter of the relation between absorption by 

imperfect and perfect lattices. We require the imaginary part of (j- ,

J

which clearly responds to all frequencies of light absorbed by the 

perfect lattice, owing to the numerator. The denominator creates a
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resonance at I - C , when this occurs within the range for 

which Q™ is not zero. For example, in the case of a defect with 

mass change only in a simple rigid- ion model, C = McGz/" where 

6 - (M~ryl'j|/M 9 and resonances occur in the band, <*)< (fl^^x > 

M'^M   T^ie term ^ 7^ gives a finite width to this resonance 

in the band.

Outside the band, Q^-Q , and hence Gr ~O > unless we

add a small imaginary part, ~l  , to the frequency. Then we can 

lay lor -expand the denominator of

about the point, (sJL , where it vanishes. Taking the limit 

we have

giving a delta-function absorption at the localized mode energy,

A more useful quantity to obtain is the integrated intensity of this

absorption, which is proportional to
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I I . 3 . Optical Absorption in the Shell Model

We now write (3) in greater detail , in terns of the Shell 

model, so that some of the mechanisms of Section II. 1 can be incorporated 

into the absorption. We shall soon specialize our considerations to 

homopolar crystals such as silicon. The equation can be written for 

the imperfect crystal

which has the same meaning in the ordinary Shell model (i,j = 1, 2) as
__i 

in the Page & Straudi version (i, j = 1, 2, 3) if 2_ = ionic charge,
"7 3 -7-i / 4^ o3*pt 

= shell charge , £_ - 0. Since the vector / is just ( <T) ~(T) /

(see (1.2)), we have

. T~" la** +q? l...,T (/^? \ f' 
L4i--

where the last relation comes from another form of the Dyson equation^ 

and C

From the relation (I.11) we have, for a honopolar crystal (Z = 0)' 5 = r^^re -
- 27 -
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which apply in q-space as well as in real space. At q = 0 g 

vanishes when summed over the sub lattices. Thus

31

In the absorption, the first term, which is summed over both sublattices 

makes no contribution.

We consider (7) in a few simple cases. The most natural is 

that in which the defect mass and charge are changed, but not the 

polarizability, Ay -AT- 0 in (1.10). Then

c^ o
O

o
o

o
c

and

T -
D O 0

O
0

where 7) r oJ zAMq"-t-d - A£^IJ ) -<7"<?3J AZ.* is the determinant
J^ ^/ \ if Mm ^*^

of I ~5^~ > anc^ t^ie ^reen ' s functions are at the origin of real 

space. In this case only one term remains in (7)

33

(8)
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In the case of A^ = O in j) , T simply gives the visual 

absorption by a charged defect in a lattice of neutral atoms

as in Dawber & Elliott (1963a) . Of course, (8) is not the simple result 

of Dswber & Elliott because our model allows the change in the defect 

charge to appear in the denominator, D, and thus to affect the position 

of the localized node or resonance. A second consequence of the A^- 

dependence of the denominator is -a modification of the simple A£ form 

of the (integrated) intensity.

From (2) and (3) we see that Y^(?~»)' ^s t^ie susceptibility

due to electronic (shell) motion, which the cores are too massive to 

follow and for which u = 0 in (I -2). At q = 0 for a transverse

vibration. .
so - &
^ ~ T

/ / 1Y \^ A

and so the factor in (8) is ^l -f =t  X.J » j\ , the Lorentz correct ion « 

As a second simple case of (7) , we consider a changed polar iza- 

bility but AM~A£-O   0^ consider A/^-D for ease of solving 

the example, the point of which is to show that the correction factor is 

altered when AY^O  ) ^G T-iaatrix which results from (1 .10) is

o o \
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where D - -bX-f- + (<-^f}) - J^J^ AY1 . (Again, the 

Green's functions in T are those at the origin of real space, where the 

defect is located. If we write in (7)

3" "  f
5«.y.

we obtain

(9)

where V is the Lorentz factor of (8) , and the factor in square 

brackets in the coefficient of AY is seen to be related to A . 

This result corresponds with (49) in Bartmann & Elliott (1967) apart 

from the factors mentioned, which are introduced by our model. (Our 

special case, AM-O , corresponds to their C =0). Again, even 

apart from the correction factors, our result is not exactly that of 

Hartmann & Elliott s because our model allows a /! Y dependence of the 

denominator, giving a change in the position of the localized mode or 

resonance due to changes in the charge-dependent forces coupling the 

defect with the rest of the lattice,

- 30 -



II.4.1

The result of combining the two special cases we have discussed 

can be thought of as leading to a Ai -dependent modification of the 

Lorentz factor. This full case will be discussed in the next chapter, 

in application to silicon. The appearance of the Lorentz factor in 

(8) and, in modified form ; in (9) and in the general case reduces the 

importance of the mechanism suggested by Lei eh & Szigeti, which was 

mentioned in Section I I.I. This will also be discussed, in the next 

chapter, in application to silicon,

II.4.1. The Absorption Mechanism of Leigh & Szigeti

Leigh & Szigeti (1967a) consider the ! 'apparent charge'% fin 

induced on the nth atom of the host lattice by the electric field, 

of a diarged defect

r x

where M is the total dipole noment of the crystal, Uft the displacement 

of the nth atom and the polarization, r , at a particular point, is

Far from the defect, where the dielectric constant, £ , has the value 

for the perfect crystal, £ - £0 -^ , and E-ELo^EIi > where £0 , £,e 

are the values at zero displacement, and  » 7 E are ^ue t° atomic 

displacement. Of these terms, there will be a contribution to fi 

only from  k , C f , and Leigh & Szigeti select only one tern:
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The tivo ways in which the dielectric constant can depend on 

the motion of the lattice 9 in first order , are as a linear function of 

the strains (a coupling with the acoustical modes , the source of 

Brillouin scattering) , and as a linear function of the relative dis­ 

placements of the sublattices (a coupling with the optical modes) . Leigh 

& Szigeti find that in silicon the former produces a much smaller effect 

than the latter, and we consider it no further. For long-wavelength 

optical modes in a lattice having diamond structure, they define a 

"Raman constant", fi , in terms of the relative displacement 

q - U- " ^ °f tne tw0 sublattices A, B:

B ~°>

Then (10) becomes, far from the impurity^

* - +
(11)

^r
where V^ is the voluiTie per atom, Cxotf is ° if an>r of its subscripts 

are the same and 1 otherwise (see e.g. Sniith, 1948), and the sign in 

front depends on which sublattice n is on. The field is just the 

Coulomb field, depending on the distance, T^ , of the site h from 

the impurity charge,
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1 1 . 4 . 2 . itiOT to the Linear Chain

In their paper, Leigl: & Szigeti go on to work out the total 

apparent char re induced in the crystal by their effect , and use this 

to estimate the absorption caused throughout the crystal by the presence 

of a charge, They consider their treatment to be valid for apparent 

charges a reasonable distance away from the Defect: calculations for 

regions closer to the defect being disturbed by possible spreading of 

the defect charge 9 short-range polarization forces , and the change in 

the dielectric constant at the defect. The latter two are taken 

explicitly into account by the rricroscopical Shell model. Since , 

according to (3), the absorption is proportional to ) Er 9, ;i ;
*V7— J I t

'•, >

where ~^{ can be shell, ionic or apparent charges, it is important 

to consider cross-terms between these different types of charge as 

well as the squared terms. The linear diatomic chain gives some 

insight into this and into the frequency dependence of the suras involving 

Leigh £ Szigeti f s apparent charges.

We consider a perfect diatomic linear chain, with masses

M - r^i anc force -constant matrix A, and on one of the sites we shall ^lace 

a charge, £/\£ . This problem can be solved exactly for a simple

Shell model 5 but since the dynamics are given by the perfect lattice Green's 

function and hence the terms in the shell charge vanish when summed ovjr 

the perfect lattice, we consider directly the Born model to which the 

Shell model reduces. A block-diagonalizcs to /\ , giving the
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secular equation

T

./m

= © e tr
5,

from which

•5- I . ^ 4_ _ _YI "*" MJ *• /Vm ^ M/
' M

where is the force constant.

If we write |V| - M/p*- > O< ̂  \ i , and consider the 

frequencies at 0 - O , 0 - , we can define

Then

m

( , 
( 0 - fi'

and

where

(13)

= "? IJ snd >o is tiie distance between neighbours . The
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eigenvectors, (X+ , y+j for optical ( +) and acoustical (- ) modes
i 2,are, if OaJ -

U -"" "

whicli satisfy the orthononiality relations

and closure

Hie singularity at W — ^ /^ occurs in the middle of the gap 

and does not arise physically.

Using these results, we can obtain the imaginary part of the 

diatomic linear chain Green's function.

-I?')

where € is a small imaginary part which enables us to replace the 

denominator by delta-functions, using

I

where p denotes principle part. After replacing the summation 

over the wave-vector 1 v by an integration over frequency, which is
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possible in this case since OaJ v^ is a one-to-one function,

If
we have

(14)

where the integration fron 0 to (a)$ is broken up by using the 

cntisymmetry of ^^/d^ 5" under GJ- — ̂ (^)^_ , and the last identity

uses the closure relations for the eigenvectors. In more coinplicated 

cases, where moving from one phonon branch to another does not cause so 

simple a transformation of w^/c/c^ 2- , there is a frequency 

dependence in the matrix part of (14) , which will be important in the 

frequency dependence of Leigh & Szigeti's absorption.

We now consider this absorption, supposing the Raman constant in 

(11), A , to be a number with sign differing on the two sublattices, 

ft = ft (I i "I) . The squared' tern is (K/ x
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where the prime means that the defect site is excluded, and the form 

of jfn 3 enables us to separate the sums over the two sublattices, 

We can evaluate the sum by breaking it into

where \ is integer or half-integer according to whether or not we 

are concerned with the sublattice containing the defect. Using the 

result

-00

we have for these respective sublattices
Tf 1

and

(15) 

as the value of
4

We can now write the absorption

from (11), (12), (13), (14) and (15), where the sign of ft is undetermined 

(experimental measurements have found only its magnitude in silicon and
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germanium). Since this leaves the sign of the paddle term undetermined 

we do not know whether the Leigh & Szigeti mechanism will increase or 

reduce the absorption in this system. However, where the two sub- 

lattices are indistinguishable ? as in the diamond structure, and there 

is equal chance of a defect appearing on either sublattice, the middle 

terra has added to it another in which the vector describing the defect 

site is (0, 1), and that describing the apparent charge is (S03 - S1 ).
i*j _L

Thus the cross-terms vanish and the Leigh & Szigeti mechanism enhances 

the absorption o This argument generalizes by symmetry to real diatomic 

lattices, and it also applies to the cross-term with the shell charges 

when the Shell model is applied to an imperfect lattice. 

We then have

(16)

As CJ** goes from 0 to t<J, (or (^J to tok ), ZO varies 

from 0 to 1Y If we insert values for silicon (see e 3 g, Leigh 

& Szigeti, 1967a) in the factor in front of the square brackets, it 

becomes rv.lS" and the Leigh & Szigeti mechanism contributes from 

/^40 to *-*120 times as much as ordinary -absorption. This is very 

large, and the reason is that we have assumed the Raman tensor to have 

diagonal components, while it has in fact only off-diagonal components. 

The coupling between mutally perpendicular vibrations is a second-order
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effect in a linear chain in three dimensions with central forces, so it 

is reasonable to expect /} to be effectively an order of magnitude 

smaller than we have used. This reduces the above numbers by two 

orders of magnitude, putting them in rouph agreement with the results 

of Leigh & Szigeti. Finally, as we have seen in section 11.3, the 

polarizability of the host atoms introduces the Lorentz factor in the 

usual absorption mechanism in an imperfect lattice. Thus for (16) 

to apply to a realistic model, in which a change in charge on one site 

leads to changed mass and force constants, the shell charges, Y > 

would augment the first term in the curly brackets by the Lorentz factor, 

which is 21 in silicon. Thus the Leigh & Szigeti absorption varies, 

depending- on the frequency, from 2% to 6% of the usual absorption, 

described by Dawber & Elliott (1963a).
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CHAPTER III 

ABSORPTION BY SILICON WITH LIGHT AMP HEAVY DEFECTS

III.l. The infrared absorption by defects in silicon were studied 

theoretically by Dawber & Elliott (1963!:) as an application of their 

earlier paper (1963a) discussing the general theory of defects vibrating 

in crystals and especially the vibrational amplitudes. The theory 

allows a change of mass at the defect site,, but neglects changes in the 

force constantsc They considered charged defects of groups III ?nd V, 

both lighter and heavier than the silicon atoms, and showed that the 

absorption intensity produced by the vibrating charge is proportional 

to the density of states of the perturbed lattice,. This they were able 

to calculate fror< a perfect lattice density of states, using r. Green's 

function method of the sort described in the previous chapter. They 

suggested an experiment to check the theory in vhicli equal anounts of a 

group III and a group V impurity were dissolved in silicon, providing 

electrical compensation to eliminate free carrier absorption. This 

experiment was carried out by Angress, Goodwin 5 Smth. (1965), who used
**• .L

B and P inpurities, achieving final exact electrical compensation by 

fast electron bombardment, introducing a controllable number of trapping 

centres. They found close agreement with the theory for the boron 

localized node frequencies, assuming a 109o force constant change, and for 

the localized mode intensity, assuming unit charge on the boron and no 

local field correction. Phosphorus, however, produces a resonance which
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is displaced from the frequency indicated by the theory, and the 

intensity of the absorption by the band modes is about 2.5 times larger 

than that predicted for isolated impurities carrying a unit charge. 

Hie theoretical error in frequency cannot be explained by a force constant, 

clisr.ge of the same order as that involved in boron, and Angress et al. 

suggest aggregation of impurities anc* spreading of the defect charge as 

possible explanations. A distributed charge could also account for tke 

discrepancy in intensity, although they suggest that a local field 

correction could apply in this case.

Experimental work on the localized mode produced by carbon in 

silicon is reported by Newnan Si IVillis (1965) , who compare the intensity 

of this absorption vrith Dawher & Blliott's theory and with the preliminary 

results of Smith & Angress (1063) for boron. They find this intensity 

to be five times that of boron.

Leigh & Szigeti (1967a) suggest the mechanisr. of defect-induced 

'Apparent charges", described in the previous chapter, to account for 

the unexpected largeness of the band mode integrated intensity observed 

by Angress et al. By estimating the resulting charge at the refect, on 

the nearest neighbours, and throughout the rest of the lattice, they 

arrive at an overall effect in boron and phosphorus doped silicon which 

is 2.4 times that due to the inpurities alone. Following the experi­ 

mental result on boron localized modes, they assume that there is no 

local field correction to the effect due to the inpurities alone.
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In the present chapter we obtain results for Leigh & Szigeti's 

effect based on a microscopical calculation, and show this contribution 

for a small region of the band. We consider the absorption in this 

region due to charged phosphorus, antiriony and thallium defects. ?• 

consideration of the localized modes due to boron and carbon defects 

show that we are able to fit the experimental results in both these cases 

although the meaning of the parameters used is not yet clear.

II I.2 , Silicon, Structure and PorceConstants

Silicon occurs having the diamond structure, which consists of 

a face-centred cubic lattice with two identical atoms per unit cell, 

each with a tetrahedral environment. These may be considered to be 

located at (0, 0, 0) and at(j, J, |)£ ^ the unit cell. For 

silicon, £ =2.35 &.

Since we shall be interested only in changes occurring at the 

defect site itself, we need not consider the symmetry properties of its 

neighbours. We do, however, need the symmetry operations cf the perfect 

lattice tc establish the force constants snd to calculate the Green's 

functions. These are contained in the translation group of the f. c= c» 

lattice, together with the tetrahedral point group, T,, and inversion 

coupled with a nonprimitive translation, which exchanges the two sub- 

latticeSo The latter two, however, can be corralled into an effective 

point group, 0, , when we perform symmetry operations en the dynamical 

matrix, provided that we use q-values in the interior and. not en the 

boundary of the Brillouin zone (Lax ? 1960: Ch. 13K.). Usiiir this,
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we cm calculate the Green's function, as described in section 1.3.

The short-range force constants used, taken cut to second 

neighbours, have the saine form for core-core, core-shell, and shell-shell 

coupling, typically:

Nearest neighbours

X 0- l/\
^- a Lr

Second neighbours
'O HO 

I l\
c e 
e c

O M

1 1

These lead to typical terms in the dynamical matrix of section 1.2 

- |c

with J)2"1" the sar).e as 7) if k — ̂ ̂  c

conditions (I.I) require that for core-core and core-shell (in centre

of-mass coordinates)
^ -4.CL - 8c -
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In the shell-shell case, an extra term arises fron the isotropic 

force > K ? connecting each shell to its own core, and

|c - -a-8c -

The values used for these arapc-ters are token from Dollin

& Cowley (1966) who fitted the TO del to neutron scattering data. The 

give in units of 1C dyne/cm •

a5 - - 12 . 338 

Or- 1-364

- 0.214

' -^ a
~ .328 o.

Oc4176

Jf: 1.2666

•0 - - .4711

Or- .9792

where CR - f^ - C 5 - fs = /^ > C T
^^g«rdL5 = ̂  ̂ y> c ^TT..-«? r-r- .,
^ _r -1.36^!) X/j?'-/^- X- - W 2 o- • These identifications hove been ir-ade

without physical justification in order to reduce the number of parameters 

The values for the core-shell force constant

(^ = 68. 5 S 10' f dyne/on 
and fcT the shell charge

V = - 2,865 proton charges
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are from Dolling £ Cnwley's determination of 1f, rj in the relations

The long-ranpe Coulomb forces of section 1.2 have been prepare- 

by C.T. Sennett, and are incorporated into the calculations after the 

manner of Pa^e & StraucL (1968). (See (I.11)),

The resulting Green's functions are tabulated in the Appendix 

for those frequency values for which they have been calculated.

111.3. Band I'fcdps and the Leigh & Szigeti Terms

To get some idea of the size and frequency dependence of the 

Leigh & Szigeti absorption; vre calculate the sums

a)
X

which recur in the expression for the absorption in section 11,3,

*-*v (2)

where G is related to e by the Dyson equation, (II.4). Tiiis we c1 -:
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the computer program used for evaluating ,r, by changing the sun ovar 

real space to one over q-space.- and adding it up over the sample r,i
•>*

q-values that are used in finding g. Since fl^ has a Coulomb 

dependence on the site ^-(i <<) , given by (11,10), we have

where the phase factor comes from Fourier transforming and the other 

terms are defined in (11.11) and (11.12).

The suraraands in (1) diverge at the oririn of q-space as I/Q
(.

and '/Q7- , but the sums themselves do not diverge, and in the firr< 

case the contribution from the origin vanishes, We rely on the c3 ocf 

distribution :>f q -points (see Appendix) to give us reasonably accurate 

values. This procedure breaks down at (*) = 0, v:here we have to cc'pc 

in addi/cion v/ith the divergence of the Green's functions. However, 

we know the absorption to be prcportionrl to (Q} (see (11.1)), and zc 

it is not necessary to perferra the calculation at CJ = 0. 

Trie sums becor,e
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and

'te

-_ Iwhere £ r. 77 €0 /3 £ AZ S- and the complex conjugation on ^ refers 

only to the phase factor. The other symbols are used in (3) or in 

(I,8) and (I«9). These are the expressions that are calculated by 

the computer program,

In Figures 1 ? 2, 3 we plot the absorption due to P . Sb , and 

Tl in the bottom fifth of the band, showing the Letrh & Szigeti contri­ 

bution. The points between those tabulated in the Appendix were 

obtained by a quadratic interpolation on the perfect lattice Green's 

function and on the Leigh & Szigeti terms. The original values of 

the Green's functions and the interpolated values were then used to 

obtain the absorption, usinr the results of section II.2.

In Fig. 2, shelving the results for antimony, (group V, nass 122) 

we see the effect of changing the defect charge on the resonance. 

As AZ—^0 s the position of the resonance approaches that predicate*, 

by Dawber & Ellictt (1963b), As AZ becomes larger, the resonant

= 0frequency decreases until the vanishing of the absorption at (a) = (
2_begins to dominate the fcf_ variation of the intensity. In Fig. 3,
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we fix the charge of the thallium defect (group III, mass 204) and 

show the dependence of the resonance c;i AY •

To our knowledge, there is no experimental work en these defects«- * ? i.

in silicon. The particular region of the band was chosen because it 

is likely to be the smoothest and most free from, absorption peaks due 

to the perfect lattice* <fc did not investigate the rest of the band 

because of the larpo amount of computer time required to calculate our 

special Green's functions, and because of the uncertainty of the 

significance of the parameters £[ and &y (see next section), the 

understanding of which will require, we feel, more experimental work 

on localized modes.

III.4. Localized Moder-

We now apply our theory to the experiental results for carbon 

and boron defects in silicon. First we examine in more detail the 

effects of varying the parameters /^^ > &Y > A T °^ section 11.3. 

This exanination depends on the results of computer experiments, and so 

the discussion that follows is but a rough justification of these results.

Tne frequency of the localized mode depends on the zeros of the 

determinant of I -C in (II.5). From (1.8),

o-h-'i AY

v
(4)
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where the notation is that of (1. 11) except /\z - £^ ($)L 9 an^ tne 

second equality follows us inf. (1. 10) in the definition of C in section 

1.3 with Aft~A5-0 » AT-AK • This determinant contains a

constant term, and terms in AK > AY , &/* > ££, &YA! , &1* £
, &YAZ*- ^
^ w^icli the last four cancel out in the expansion.A7A

V.'e now consider an approximate analytical form for yV in t'ie region

above the bano,
11 l2 1 T From (1,11), ive see that the real parts of g , ^ and g

"nave the form

where the 3^fe follows if. Lu7- is larger than all the U. . This is
22 the case if we arc in the region well above the band. Similarly,, o;" ?

23 33 
" > ,a° are of the form

a. - a

The i~a£inary parts, of course, vanish, according to section II.2. 

These forms enable us to interpolate between the computed values of 

above the band listed in the appendix t Vfe have
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017

9'2 _ 7- 
3 - - 7TT

?' 3 ^

r - .787 

7.8':f X /CT7

(5)r-- -»°»"'-7<£r
~-3.96x:(o^ ^^- 7 d*rnA/c4n

where f- /(^ and we have arbitrarily taken <ftJ^Ay -; Z'Kx J6.0Xfo' 

(The experimental value for silicon is 0.06<;4 ev» or 15o57 x 1012 Cft.A 

(ingress et al, 1965).) The forms (5) are used in all computations of 

the localized modes.

Expanding the determinant (-) shows that the coefficients of 

all the terms containing &£ ro to zero at large f , us in.? (5) . For a 

srall ran.~e of £, these terms car? be said to vary as I/ (f + constant} « 

the coefficients of the other terms ^o as ~ constant + l/(f + constant). 

Then we can write for (4) 

0 -

where the brackets indicate linear combinations of their contents . Thus

- 50 -



• 01

AZ

Fig. III. 4. Localized mode frequency, Si: 
a) AY=0, AK=-2x1()5. b) AY=0, AK=-1xlo5. c

, vs. AZ. 
c ) AY=4, AK=-2x1()5
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if we further suppose the coefficients of AKjAYj&Y^K^Z" to be 

small,

Tliis particular form rives a parabolic dependence of j. on A 2^ suc-i 

that if A-K is chained the parabola shifts linearly up and down along 

the f-axis, and if j\Y is changed it shifts. from side to side along 

the A~£ -axis, This behaviour is shown (see Fig s 4) by the confuted 

parameter-dependence of the localized mode frequency .

rig* 5 shows the expected quadratic dependence of the integrated 

intensity on A.t for the same three sets of value 

The modification of the Lorentz factor due to & Y ? discussed in 

section 11,3, is sliov/n in Fig. 6, The integrated intensity resulting 

from ^yy, ~r 33 must be multiplied by a factor y to obtain the observed 

integrated intensify. Mien ^Y-0^ f~A,the Lorentz factor of (1 1. 8).

V;e may conpare the results for boron and carbon with earlier 

theories and with experiment. The table shows the localized node 

frequencies predicted by various theories for the two isotopes of boron 

when Alr-O (present notation). Angress et al* used the theory of 

Dawber <i Elliott^ but with a recalculated density of states . The
1 7

numbers given for the frequencies are to be multiplied by 16.0 x 10 L

ra./sec.
Dawber & Elliott Ancress et a! 0 Present work

nB 1.24 1 = 190 1.190

10B 1.29 1.236 1.241
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All these values are somewhat higher than the experimental 

results ? and it is natural to use our theory to change the defect 

charge to &? - - 1.. We have

Present work Lxperinent 

nB 1.162 1,162 

10B 1.214 1.207 

The integrated intensity may be calculated for the ligher isotope at
"Q ..7

natural abundance in a boron content of 5 x 10X cm , using (II. ,1), 

(II . 3). (II. 6) applied to the first special case of section II .3o

x

where *} is the index of refraction, c the velocity of light

N the number of particles, V the crystal volume. fcxu;M - (JL>C the
//

localized mode frequency, A. the Lorentz correction factor, d t>^

frequency derivative of |l~C! anc- CX-T -AT. '' • Tliis gives

fL 1,29 1.236 1,207

-329 «287 ,266 ev/cr.. 

These iiunibers are all of the order of J\. tines the experimental result 

of Angress et al,, .016 ev/cm. This is an unfortunate result, for th^- 

agreement between theory and experiment for the localized mode 

frequency and for the intensity, without the Lorentz factor, makes it 

appear that this factor should not be used.

What we must do, hov/ever, is to change the parameters £Y ̂^-^ A 1 '

the effect of which is shown, in figs* 4 and 5. The results are
- 52 -
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summarized in the table. We also see that the experimental results 

of Newman and Willis for carbon in silicon can be fitted.

Experiment Present Work Values of Parameters 

fu JK
10
^K 1.207 .016 1.207 .016 =01 0.0 8.8 x 10'

- 1.0 - 1.75 -1.12 x 105 

12C 1.137 =080 1,137 .084 0=0 1.94 0,0

It is apparent from figs. 4 and 5 that the above parameters are not 

the only values which will fit the experimental results. Since the 

values of Y and K in the Shell model do not coincide very well with 

their conceptual meanings, the meanings of AV and A fC above are 

not at all clear. The present theory leaves too much freedom to its 

parameters to give unique fits to experiment. However, both &Y 

and AK are needed: boron cannot be fitted with^f< = 0? n°r carbon 

with AY = Q? if &Z- is to remain, v/ithin a reasonable range 

(i.e. A~£ = 0 for carbon, -I$&1 £ 0 for boron).

With this uncertainty, there is not nuch point in atterpting a 

lengthy investigation of the band modes and resonances in the absence 

of further experimental results on light defects belonging to different 

chemical periods, from which it may be possible to work out an 

interpretation for AY and £K . We leave as the main result of this 

work the point that the absorption intensity and the Lorentz correction 

factor depend strongly on the polarizability of the defect as well as on 

that of the host lattice, and that these can be calculated with the

assumptions usually made in the Shell model.
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CALCIUM FLUORIDE

IV.1. Introduction

The technique of applying uniaxial stress to crystals 

containing colour centres was suggested by Kaplyanskii at a 

conference on luminiscence held in Moscow in 1958. Mis problem was 

to get around the macroscopic averaging out of the anisotropy of 

the individual centres, and he was able to use energy shifts due to 

uniaxial stress to distinguish four types of dipole absorption 

(linearly polarized electric and magnetic, and circularly polarized 

electric and magnetic) by three types of centres in a cubic crystal 

(oriented along the fourfold, threefold and twofold axes). He later 

did a phenomenological calculation of the magnitudes of the shifts, 

neglecting, however, the possibility of splitting of lines from indi­ 

vidual centres due to the lowered symmetry. This case was treated by 

Schawlow, Piksis and Sugano, and a good discussion of the method, as 

far as it will concern us, is given by Gebhardt and Maier (1965), who 

deal with F-centres in alkali halides.

In the present work, the splitting by uniaxial stress of the 

localized vibrational mode of hydrogen and deuterium ions in calcium 

fluoride is used to determine some of the anharmonic forces coupling 

the defect to the host lattice. To do this we must go beyond the

phenomenological theory of Gebhardt and Maier (whose treatment of the
-5U-
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excited p-state of the F-centre can be used directly for the localized 

mode problem, since only symmetry considerations are involved) and
COTI/1A4&U"
.conctant a microscopical theory. This is more easily done in the case 

of vibrational localized modes than with electronic colour centres, 

where a detailed knowledge of the structure, levels and wavefunctions 

of the centre, of the interaction with the lattice, of the nature of 

the localized deformation, etc. is difficult to obtain.

The splitting of a localized mode due to external stress is 

caused by the anharmonic force constants, which produce new harmonic 

terpis when the neighbours of the defect relax under the applied stress. 

The essence of a microscopical theory, discussed in Section V.3* 

is a treatment of this relaxation in an imperfect lattice. The 

problem of relaxation about a defect in an unstressed crystal, due to 

the size of the defect, has been tackled by Ludwig, who divides the 

crystal into two regions. One region is remote from the defect and is 

assumed to behave like a continuum (or ? what is equivalent, like a 

Bravais lattice); and the other region is in the neighbourhood of 

the defect, about which no assumptions are made other than those used 

here. Our treatment compares the imperfect lattice with the perfect 

and we arrive at the result ^V. 15) , which is quite general for any 

crystal behaving according to the harmonic model. This approach 

also enables us to discuss the elastic constants of an ii^perfect crystal,

which we do in the last chapter.
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The microscopical theory developed in the following chapter 

for stress effects on localized modes is based on general considerations, 

but worked out in the case of calcium fluoride, for which we have 

experimental measurements (Elliott et al, 1965). We devote the 

remainder of this chapter to a discussion of this system. Calcium 

fluoride occurs naturally as the cornmon mineral> fluorite. The none 

comes from the term "£lucres lapides" of Georgius Agricola, who derives 

it from the latin verb for "to flow" because the mineral melts easily, 

referring to its use as a flux to dissolve impurities in the smelting 

of metalso It is found in the form of cubes, and in various colours, 

which confused its early identification (in the course of their works 

on minerals j both Albertus Magnus and Theophrastus describe stones 

which probably included fluorite, but neither they nor Agricola really 

identified it as a separate mineral) s and led finally to an interest 

in it for physics. For the term "fluorescence' : was coined by Stokes 

in a footnote to the paper (Phil. Trans. 142. 463, (1852)) which finally 

suggested the ultraviolet cause of an effect that had been known, since 

the seventeenth century, and had shortly before been observed in some 

detail in fluorite by Sir David Brewster. (On the chemical side, 

another name, fluorine, was derived from the mineral because Ampere, 

in 1810, comparing vdth hydrogen chloride the gas produced by a reaction 

of sulphuric acid and fluorite, guessed at the presence of a new element).

Impurities in the form of rare-earth elements were suggested by
-56-
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G. Urbain in 1909 as a main source of fluorescence in natural fluorite y 

and he succeeded in synthesizing fluorite with traces of rare earth to 

test his idea« The techniques of growing synthetic crystals of CaF^, 

without which recent research on it would have been impossible, were 

not finally developed until the second World !7ar 2 when a programe of 

obtaining synthetic fluorite for optical purposes was undertaken at 

M.I.T., notably by Donald Stoclcbarger. The present work derives from 

a programme to study colour centres in CaF- (Elliott et al, 1965; 

Bessent, Hayes & Ilodby, 1965), and results from the fact that the localized 

mode lines of hydrogen and deuterium introduced into the crystal are very 

sharp. (It is interesting to note that the original stress experiments 

of Kaplyanskii were done on luminescent rare earth centres in CaF~.)

IV. 2. Calcium Fluoride, Structure and Symmetry

Calcium fluoride crystallizes into a face-centred cubic lattice 

containing one calcium ion and two fluorine ions per unit cell. Each 

calcium ion is surrounded by eight fluorine ions, forming a cube about 

it, while each fluorine ion is in the centre of a tetrahedron of four 

calcium ions. The unit cell is usually chosen to be a rhombohedron of 

volume v = 2r iwitl; basis vectors

§1 = ro (0 1 1)

§2 - r0 (1 0 1)

§3 = r (1 1 0) 
and lattice constant

2rQ = 5.45 X
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When U-centres are created in a CaF- crystal, K~ and D~ ions 

substitute for the ions at fluorine sites, as has been shewn by Elliott 

et al (1965) , who point out that the transition to the second harmonic 

observed in the localized mode is coranatible with a tetrahedral4.

environment for the defect but not with a cubical environment. Thus, 

in considering the symmetry properties of the defect and it neighbours , 

we use the tetrahedral group T,.

In order to simplify the calculations which fellow, we shall 

need the symmetrized coordinate of the first and second nearest neigh­ 

bours of the defect o These are the basis functions of the irreducible 

representations of T, which contribute, and so our first step is to 

find out which these representations are. The space we wish to 

construct from these representations is the space spanned by all the 

possible displacements of the defect and its neighbours from 

equilibrium. A basis for this space consists of each of the 3(n + 1) 

displacements in the x, y or z directions of the defect and n neighbours. 

The character of each group element operating in this basis is the trace 

of the matrix which describes hoi-; the basis is transformed, and from 

the set of characters thus obtained, we can decompose the space uniquely 

into the irreducible representations it contains.

Thus, for the defect alone, the space is three-dimensional, and 

the decomposition is obviously into one representation only, which

-58-
is of Td .



COL; R F

f?

i?

3'

\

1
I

! I i
t 1 -1
-1 i 0

1 -1 0

-( 0 t
0 1 *»

<3 1 i

1 0 1
I < 0
1

I

-i -I 1
-» -i-i

» -1 O

-i 1 O
"1 0-1
0 ' <

o i -i
j 0-1

-I -» 0
»

1 
1

1 -! H

l-l 2.
-1 -1 O

•1 -1 O

1 O I
0 -{ I
o -r -i
-I O *
-i i o

I
i

-i i -»
-1 f i

i 1 0

i < 0
J 0-1

<&-i -i
o-i i
-I 0-1
1-1 0
I

I
1

<
-1

-1
I

J
-I

1
-t

i
1

t

1
\
-1

- 1

f

1
- J

-1
-/

'
'

1

1
1
1

r

-t
-1

i
»

-i
1

i

I

-i
1

i
—i

i
-t

— t
1

i
i

I

-i
-i

I
i
-t

I
H

1
J

/
/

1

-f
-1
-I

-1

i
-1

I
-I

J
/

i

•i

Table IV. 1. S> transformation matrix to symmetrized co-ordinates for 

defect D, nearest neighbours, Ca( and second neighbours, I\ . (Not 

normalized). The labels refer to Figure 1.



Figure IV. la. Ca nearest neighbours to U-centre,

Figure IV. Ib. F second neighbours to U-centre.
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For the shell of four nearest neighbours- the space has 

12 dimensions, and

For the shell of six next nearest neighbours, which form an 

octahedron about the defect, there are 18 dimensions, and

We then have for the defect and its neighbours out to the 

second that the 33 x 33 matrix describing the force constants, or any 

other similar property (33 = 3 + 12 + 18) will decompose into:

one 2x2 matrix corresponding to the 2

two identical 2x2 matrices 2 IJ*

three identical 3x3 matrices 3

three identical 6x6 matrices 6

The transformation which effects this decomposition is the matrix, S s 

of basis functions (symmetrized coordinates) , found by use of 

projection operators (see e.g. Tinkham, 1964) and guesswork, and 

given in Table 1.

It is also necessary to establish notation for the properties o, 

the perfect lattice. We use the Born (rigid-ion) model and require the 

force constant matrix, 0) fj5'/ (see e *£- Maradudin, Hontroll &T o(B\ " * /

Weiss, 1963) coupling Cartesian component <X of the displacement of

the K i°n in the * unit cell with component 0 of the displacement
-59-
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of ion (J(. jK ). We shall also require the inverse of this, but since
*

it refers to the same lattice, this has the same symmetry properties.

The force constant matrix, as pointed out in Chapter I s is 

composed of a short-range part, and a long-range Coulomb part. It is 

the former which appears explicitly most often in the calculations tc 

follow, and. so we now describe it in greater detail for CaF2 - We shal" 

follow Sennett (1963) in considering the short -range part to extend 

only to third neighbours. The symmetry of the bonds limits the number 

of independent force constants, and we write the results below in their 

most general form,

Nearest neighbours. F9 - Ca. Bond direction v-i-

oo\ ,
0-

Second neighbours - F.. , Bond direction ro.

OyThird neighbours. Ca - Ca, Bond direction

o no] 
CaC*

Third neighbours. F - F. Bond direction (' ' °J Jo *

A /o noV -/f !? ~* \
Q(F r/ (^ f " x / YVh v/ V > °i9

The subscripts on the fluorina jcns above are explained by Figure 2
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Maradudin, Montroll « Weiss show that the condition of 

invariance of the force on each ion under translation gives

and this gives us

where
k =

and

where

Sennett (1966) has evaluated these force constants by fitting 

the experiental elastic constants, the long-wave frequencies, and the 

dielectric constants at zero and infinite frequencies. He obtains, 

in units of 10 dyne/cm :

a = - Io684

b = - 2,362

C = - 1.644

A = 0.211

B = 0.0 

c=e=f=h = 0.0467

d = g = x = 0.0 
-61-
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The identification of c, e, f, hj and the assigning of 

d, g, x to zero, are done before the fit is made, in order to reduce 

the number of parameters to be handled. A further parameter is the 

effective charge on the ions, which contributes to the observable 

quantities through the Coulomb interaction;

Z = 0.7789e

where Z is the charge on F ? - 2Z on Ca .

In the matrix which represents the inverse of 0 5 the identi­ 

fications made in the last paragraph do not hold, and while the 

independent constants up to third neighbours have the same symmetry as 

the force constants given above, non-zero constants also extend 

beyond third neighbours. The ones we shall need are, where Q =

and

We shall need to know <7 and (D , the change in (h due to a 

defect, in symmetrized form in the neighbourhood of the defect. (T) has 

the same form as Q) , considered, for our particular case, out to second 

neighbours. The symmetrized forms are obtained by constructing the
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(33 x 33) matrices from the independent constants given above, and

then transforrdng with 5 of Table 1 and its inverse. The results are:

/A-flir 
\ C 1/ I

-f - IT
c

frr -<r
A -8

= /-' - 18 -

-la
-a

6 A

-16

TT

-f

(1)

»

The new symbols whicli enter into the expressions for Q

linear combinations of the independent constants above:
-63-
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V r

r * |<4-e-d nr

p - 41 ( l-/-

p -
X-

IV. 3. U-Centres in Calcium Fluoride

As pointed out in the previous section, U-centres consist of 

H and D ions which in CaF2 substitute for fluorine ions. The 

expressions for the force constants of CaF? have been derived, and 

hence for the change in force constants due to the defect, which have the 

same form. Such a change in force constants is necessary to fit the 

experimental value for the localized mode frequency: the assumption 

of a mass change alone leads to results which are 30$ too high. We use

-6k-
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equation (4.14) of Elliott et al (1965) for the localized mode 

frequency o

where the notation for the force constants is that of the previous 

section, and £ '(^-MH^/MF* In tnis case, (j> gives us 

the force constants in the imperfect lattice, including both short-range 

and Coulomb forces, The two experimental values for Ca)L , one for 

H and one for D , allow us to fit two force-constant change parameters, 

which we take to be in the central nearest neighbour and central second 

neighbour forces. The difference between the two isotopic frequencies 

involves only the first term of (2) , since the second term does not

contain the defect mass. From this we have a relationship between
. /• '

Ja , the change in the n.n. central force constant, and C , the

change in the 2 n.n, central force constant

la'-C' = K =

This leaves one parameter, for which (2), a quadratic equation, can be 

solved. However, to obtain real solutions, it turns out to be necessary 

to change the charge on the defect, so that the change in the charge,

lies i

5 $ -
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This change alters the Coulomb part of , and so the 

change in the force constants cannot be found until we know the 

effective charge at the defect site. Tiiis will be determiner" later, 

along with the anharmonic forces at the defect, by finding a best fit 

to experiental parameters. It nust be pointed out here ? however, that 

since it is only possible in practice to take a few terms in the sum 

of (2), and since the Coulomb force is long-range, inaccuracies arise 

in this part of the problem unless precautions are taken. The Page- 

Strauch formalism of the first part of this thesis cannot be used, for 

reasons discussed in Chapter I, since CaF? is an ionic crystal* It 

turns out, however, that we have sufficient information to determine 

the anharmonic forces with the present method.
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V.I.

EFFECTS 01- EXTERNAL FIELDS ON LOCALIZED T DDES

V. 1 Introduction

In this chapter, we develop a theory to explain the shift 

and splitting of localized mode frequencies when the crystal is subjected 

to applied stress or electric fields» Hie set of experiments to 

which the theory will be referred were performed by Hayes and 

"•acdonald (1967) on CaF~ containing U-centres* This work shows that 

the fundamental and second harmonic lines are split into two components 

when stress or an electric field is applied in the (001) or (111) 

direction and into three components when the direction of the pertur­ 

bation is (110) (Fi£. 1). In the case of applied stress ? the first 

moment of the absorption lines is shifted, All these effects are 

linear in the applied pressure or electric field.

The experimental results have been fitted to a phenomenological 

Hamiltonian, derived from symmetry considerations (see e.g, Gebhardt & 

Maier, 1965)^ v/hich will in this chapter be derived from a nicroscopical 

theory, The defect ion is thought of as vibrating in a potential well 

created by the force constants coupling it to its neighbours. The 

potential is'given by the tensor equation (see e.g. iMaradudin, *fontroll

& Weiss, 1963)

t- jjl* r* L q>c;:«(S; t2 
u J '-67-



Fig. XI- Stress splitting of H" lines 
(from Htycs & Macdonald)
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where Ul is the displacement of the \ ' ion (defect or neighbour),
» *

describes the harmonic coupling between ions ^J , and 

>{: k and higher coefficients -the anharmonic force constants.

Since its mass is considerably less than that of the host atoms t the 

defect can be thought of as vibrating by itself in a static environ­ 

ment, which in the unstressed crystal gives

where the anharmonic terms will be neglected. However, when the
<t& 

crystal is stressed and the (, neighbour relaxes a distance ^

we can include all the harmonic terms by writing, fomally

where we have put U( —> U^ t A{ for all neighbours in (1) and 

then considered the harmonic terms in ^ , the displacement of the 

defect itself. (The terms linear in U s* always vanish in the 

internal rearrangements of the crystal which restore equilibrium after 

applying the external perturbation.) Thus the harmonic part of the 

potential will be changed by the relaxation of the neighbours, and 

the vibrational energies will change.
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Thoy will also split, in general into three components, 

because the external perturbation lowers the symmetry of the environ­ 

ment of the defect. Suppose the defect and .Its environment has 

symmetry group & before the crystal is stressed. We define a space, 

\ , to span all the possible displacements of the defect or its
7——1

neighbours. Then ! can be expressed in terms of the irreducible 

representations u (Q of G :

where <X( is an integer coefficient. When a perturbation is applied 

to the systein, the resulting symmetry is v$ , a subgroup of 6" . The 

irreducible representations of S are [( (S) , which can be used to 

express

Since the strains produced by the perturbation of symmetry 5 belong

to fp » tiie identity representation of 5, we can say that a strain

belonging to I; v:ill arise if and only if l/Y» ^ 0 and d("f O

Applying this consideration to the subgroups of T, which are 

produced by various perturbations, we arrive at Table 1 showing the 

irreducible representations of T, that will be involved.
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Table 1

Perturbation Representations of T 1
containing PCS) c

01 JAJ I? (5

STRE5S-JI I ! Clxr 17 f?

We can now construct the phenomenological Hamiltonian by 

considering the basis functions for these representations that are 

quadratic in the defect displacement components.

Representation Basis Functions

I? r^x' + ̂ i2-

Using the symmetrized forms of the elastic constants, S(j ? for a 

cubic crystal j we have for an applied pressure of magnitude f* and 

direction cosines

B 3 (5,,

(3)

-70-
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In the case of an applied electric field of magnitude L and 

direction cosines Xj ^;H , the perturbation always belongs to

of T , anr" we have

(4)

following Kayos and Macdonald (1967), where A~ {^^Vjj > tne 

Lorentz correction factor, C- (MM y , the inverse of the 

U-centre mass times its frequency squared, and C is the charge on 

the U- centre. Hie B's are parameters which have been fitted to the 

experimental slopes of the localized mode energies plotted against 

the applied stress or field. They are, from Hayes and Macdonald

BX = 5 0 33 x 104 erg/cm2

B^ = 0,59 x 104 erg/on2

B5 = 6.31 x 1C4 erg/cm2

p? 1? 7L 5 = 2.1 x lO1^ erg/cm

where the last was found assuming e to be one electronic charge .

Tho nuriber of components into which the external field 

Hamiltonians above will split the localized node can be found speedily 

by the usual group theoretical methods (see e»g, Tinkham ? 1964), 

recognizing that the vibrational mode of the unperturbed U-centre is

a p-state.
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The above outlines how the phenomenological theory is 

developed from symmetry considerations and how anharmonicity can 

account for the magnitude of the shifts, We HOT; proceed to derive 

the parameters b{ of the phcnomenologicai theory from microscopical 

ideas. From (2) we see that this requires that we know the displace- 

mentSj J- , of the neighbours of the defect and then that we calculate 

IT 9 the change in the Hamiltonian due t^ applied stress, which is 

given by the second term in equation (2). We shall do the latter first, 

supposing for the time being that we know «(' ,

V. 2. Anharmonic Force Constants

Because we must write the indices out explicitly, it is

convenient to change notation and write u) 00<' ? that appears in
F

(2), as Aoc/sy where ^jfirf are Cartesian indices. Then we 

can write the second terni in (2)

(5)

*

Restricting our attention to the case in which i is a nearest neighbour 

of the U -centre in CaF? , we can use symmetry considerations to find 

the independent components of n . The neighbours of the U-centre 

are calcium ions, arranged in a tetrahedron around it. If we take
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i-t to label the neighbour at (-1, -1, ~1), we can find directly 

the independent components of the bond

« A'IW - Ayyjr * Ally * A JUT*

= Ax - A

Vfe can use this simplification due to the symmetry of the problem

to rewrite (5) bytrans forming the sin over ( , $ to a sum over symmetrized

coordinates, Y* .

is the transformation to symmetrized coordinates (see Table IVol) c 

A and & are respectively the symmetrized forms of f\ t d ^
f.

belonging to the representation < , which is cither 1, 3 or 5 

according to Table 1. A A d , d have been written as
• — -~~ / "' " ' / ^*~ / "^

vectors because there is more than one row in these representations , 

and in the case of 5, two occurrences of the representation o



V.2.

Using the transformation of Table 1

" v} ' ' '"( yi , " X H cl + Xy <* ,' ' >

In the case of the shell of second neighbours , which form an 

octahedron of fluorine ions about the defect, vie take i = 1 to label 

the ion at (-1, 0, 0) and, from the operation of the tetrahedral group

Td

OS A'XXX

= A

with all other elements vanishing. flaking the symmetry transformation, 

we have

In equations (6) and (7) , the indices on cj are self- 

explanatory. The Cartesians, X 7 yo*tJi , are the components ^i

in (5) » There is an obvious surfeit of anharmonic parameters in these
-7k-
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two equations, nine in all, and to ^ive a meaningful fit to the four 

experimental p/> of (3), we shall have to rcake restrictions. This is 

done later.

V, 3. Relaxation IMcr Stress

Apart from tlie anharmonic parameters ? the unknowns that remain 

to be found in equations (5) and (6) are the <3J9 ? the relaxation of the 

neighbours of the defect when the crystal is subjected to an external 

field. Here, we consider the case of an applied stress acting on 

CaF- containing U-centres, where the harmonic force constants as well as 

the mass are changed at the defect. If we were dealing with a perfect 

crystal, and with only one atom per unit cell, the displacement of each 

atom would be given directly by the macroscopic elasticity theory. 

Formally; the displacement

U = €-6
wv

where H is the unstrained position of the atom, and the strain tensor

£ =5:0'

Here ,5 ^s t^ie elastic constant tensor, which is known for CaF- 

(Huffman & Norwood, I960), and O~ , the stress tensor, is given by: 

is the x component of a force applied to the y component of the crystal 

surface. In the perfect CaF2 crystal, this result applies to the 

relaxation of the Bravais lattice under stress. However, it does not 

tell us about the rearrangement of the atoms within the unit cell, nor 

does it tell us about the effect of a defect producing local changes in
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the force constants, and destroying the translational symmetry of 

the cr/stal. The method that we use for determining the latter will 

depend on our knowing all the displacements in a perfect CaT- lattice 

under stress, and so we look at this probleri first,

V e 3« 1 Relaxation of Perfect Lattice

The internal strains are in fact easily found, using the 

long wave method of Born & Huang (1954) . Macroscopic elasticity theory 

is related by them to the microscopic force constants, u) by expanding 

the eigenvalue equation in powers of the wavevector up to second order . 

The internal strain will clearly be given by the displacements duo to 

the optical modes in this limit. The second-order waves which result 

are just the acoustical waves of the lattice in the limit of long wave­ 

length, and correspond to elastic waves. Before the second order 

equation is solved, however, the solution of the first-order equation is 

interpreted by Born & Fozanp as giving the internal strains. Because 

CaF~ has inversion symmetry in the unit cell, it is not piezoelectric; 

and there is no macroscopic electric field produced by stressing it. 

Thus Bom & Huang 's equation (31.34) is equivalent to their (26.18), 

which they rewrite (26.22)

/ A. /T
o% 

where the strain tensor, € , and position vector, Q VKKy » of

the ion in unit cell O and site H relative to the ion in cell Jl
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and site « 9 have been expressed in our notation. In their equation

(26.23), Bern £ I-foang interpret U( '^(K') to be the displacement of 

the H ̂  ion in any unit cell due to the first-order wave. In

(26.24) they point cut that this can be assumed to vanish on one of 

the ions in the unit cell, which we will take to be the calcium ion. 

Since the second-order equation gives the displacements of the centre 

of mass of the unit cell, and no other , (8) is clearly the long -wave 

solution for the optical modes, which we were locking for. We can 

easily evaluate the left-hand side of (8) in terms of the force constants 

of the last chapter, and it follows from symmetry that the displacements s 

U*'* ( K'J of the two fluorines are equal and opposite. The right- 

hand side is more complicated to deal with., especially as it contains 

long-range Coulomb contributions, and we rewrite (8), formally

where the coefficients on the left-hand side are in the notation of 

section IV. 2 and U is the displacement of F~ (see Figure IV^j which 

we take to be the sublattice containing the defect. The same 

result can be obtained by minimising the energy in the unit cell with 

respect to the displacements of the ions, using our knowledge, from 

elasticity theory v of the displacements of ions on the same sublattice 

relative to each other.

We now consider the right-hand side of (9) in terms of shells
-77-
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of neighbours of the defect, replacing the indices K by a notation 

which describes the individual ions in a given shell of neighbours. 

'Hie contributirn to } 9*^'6'; *rom suc^ a shell is

18) n

where 6 labels the bonds froir the defect to the fi neighbours, and 

5 labels the bonds (not necessarily all different} generated by the 

o elements of the symmetry rr^up of the shell of neighbours. IIovj

we describe the sum. over S in terms of transformation TO trices, also

called 5 , which act on (D and ri •

fi - s s ( s fl,
O""~" • -+s

where in the last expression, we have revoked the Einstein convention 

and written explicitly the sum over double occurences of the Cartesian

indices ; we have also made use of the fact that Cartesian coordinate s

5
ji"\ o~T~ 
~ x}

In t?ie case of a shell of neighbours with tetrahedral symmetry . 

is one of the six 3x3 permutation matrices multiplied by onen 
r

of the four configurations of si^ns (+++), (+ - -) , (-+-), (~ -

Of the 729 = 9 possible ^ S^X5/3,M Sg'i) ., the only ones that can
-78-
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be nonzero are the (9 + 9 x 4 x 5 + 9 x 4) sets where (^X)^,^ (^0 

are either identical pairs or different in both indices. Of thes 

in fact., the only ncn-venishing terms are the 36 v/here the three pairs 

are different in both indices } and each of these is 4.

In the case of a shell of neighbours with cubic symmetry, 

5.0 is in the above set extended by including inversion. The sum 

over all 5 vanishes for all pairs

Hence -^' nas contributions from only those shells 

of neighbours which have tetrahedral but not cubic symmetry. The 

contribution from such a shell is the vector

In the case that a shell is beyond the extend of the short- 

range terms in (t) (which only go to third neighbours in. our treatment) 

u) is the Couloinb interaction alone,

,3
where the defect and shell have charge Jj ^ , respectively, and

are separated by distance . Tne voluirie, V , is of the unit cell, 

and in
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The Coulonib contribution to s ence

6 v (ID

The reason this expression does not diverge v/hen summed across the whole 

crystal is that it alternates in sign, owing to the alternate orienta­ 

tions, as it were, of the tetrahedra»

The coefficients in (10) and (11) must now be sumed over 

the lattice. In spite of the alternation in sign ; the convergence of 

(11) as we proceed to shells of neighbours at greater distances from 

the defect is rather slow- and we content ourselves with going out to 

the eleventh term of 7r«£-fi) > whose contribution is 1% of the 

coefficient on the left-hand side of (9), 4a + 8A + 4C = -11.622 x 104 

dyne/cm . We obtain for the displacement due to internal strain of 

the sublattice on which the defect is situated in the perfect crystal

J
- |<

v/here the coefficient K comes from the sum we have just performed and

is
- -0*063
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If tho applied uniaxial pressure, F, has directire cosin.es

\
Kence

I

/wn

\ 7
and tlie other elastic displacements, U ~ €-K in the perfect lattice 

car. be found. For instance ? the displacement of the nearest neighbour
V"

calcium at (-1 -1 -1) °/2. ^s

IT

and of the second neighbour fluorine at (1 0 0) is

/^S,, +(n>*-Mx;

\

/m n)

,3 is p of course, the elastic constant tensor, in Voigt notation, and 

the components given are the only non-zero ones in a crystal of cubic 

symmetry.



V 7 9
'j O »_/ O M

';e sliall need the above displacements in syrunetrizec form, 

and so we use 5 of TableIV.Ito nake the transformation to 3'^ .< 

where U. is the vector consisting of all displacenents, constructec 

like the above, for each ion in the shells of first and second neighbours, 

Doing this, we have for 5u

rr / /

o
2

(12)

V.3.2 Relaxation of Imperfect Lattice

In the in^erfect lattice, the translational symmetry of the 

force constants is destroyed, and the whole crystal becomes a single 

unit cell. Hie methods of the previous section no longer work. 

However, the previous section has given us the results for the perfect

lattice, and we can try comparing the imperfect lattice with this,
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Since the energy of any crystal in. the harmonic approximation is, 

formally

V ~ T 6 «' U U
Z- T —

we can write the force due to a displacement y

In these equations, the vectors h^U have components at each of the 

ions in the crystal, and the natrix (t) couples all these components. 

Equation (13) gives the displacement , U 3 of all the ions due to an 

applied force, h , if the ions are coupled by force constant 

natrix, (T) . If we now restrict our notation and consider (13) to 

refer to the perfect lattice, we can write an equivalent equation for 

the imperfect lattice

where 0? gives the change in the force constants and VV the nev 

displacements, which arise in the imperfect lattice due to F - The 

ircportant consideration is that r is the sarae here and in (13) ? so 

that the right-hand sides of the two equations can be identified. 

p" is a vector independent of the crystal, apart fron the surface, 

arising from the external applied force only, and is nonzero only at th 

surface of the crystal. Making the identification of (13) and. (14) ,
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Equation (15) gives us a fornal solution of the imperfect 

lattice relaxation in terms of the relaxation of the perfect lattice. 

The reason it is useful is that <p is a sinall matrix, extending only 

over the size of the defect. Thus we need only a small nuriber of 

conponents of (/ , and if we restrict the number of components of w 

v.'ith which we will be satisfied, we need to know Q only over the 

extent of the defect as well. This means that in the case of CaF- 

ivith a defect extending to second neighbours s (15) is a 33 x 33 equation. 

It can be further simplified by the symmetry considerations of 

Section IV.2..

Before we go on to apply (15) to calcium fluoride, it is 

instructive to examine its application to a siinpler case. Wo consider 

the nearest-neighbour linear chain with H single force constant defect. 

|< , where the nornal force constant is '< . Thus (p^k-ksoK where 

= (|c-(<)/!<• In t '-^s case ? ^-s ? according to Chapter I

where the denor/lnator is surged over the two neighbours of a site and 

the site itself, and is the eigenvalue,, (Q)^ # for the vibraticr 

problem of the linear cliain. The following sinple relations can be

seen to hold, where £- >L is the number of nearest neighbours, and a
-8U-
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is the distance between neighbours,

An easy approach to the problem is to find V, where Wru-fV , usinr 

an equivalent of (15)

Then for the H ' mass to the right of the defect

where € is the elastic strain tensor. From symmetry,

vMa;- v(-a) =-
j'

Hie multiplier of Cfr contains all the K -dependence of the 

relaxations and is plotted in Figure 2 . We note its reseriblance to 

the equivalent of (15) ,

the general form. This is also plotted in the case of a one-dimensional 

representation, and we see the general features of the relaxation, W . 

V goes to -1 5 so that W goes to C, when Cjp becomes large and the

neighbours more and more rigidly bound to the defect. When (P decreases,
-85- T
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the relaxation becomes that of the perfect lattice at <p - C , and 

then increases to infinity at the point where <p is sufficiently 

replusvie to destroy the resistance of the lattice to this type of 

motion. We return to calcium fluorine.

The symmetrized form of W s in (15), are directly the d' s 

in (6) and (7) that we are looking for. They are obtained for each 

representation, Q1 , by writing in (15) the U.£ from (12) and

Q'JO and (p /- from sect. IV.2. If we restrict the enharmonic force 

constants in (6) and (7) to central forces only (i.e. to forces depending 

only on the magnitude, IR | , of the separation between neighbours), 

distinguish first and second neighbours by subscripts 1 and 2 on the 

force constants, and split the Hamiltoni0n into three parts of different 

symmetry

and (6) and (7) becoine

= - is

-Ji 
o

-file
(19)

The results of calculating these terms will be discussed after

considering relaxation when the external perturbation is an electrical field,
—86—
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V . 4 . t under Electric Field

In this section, we find a liardltonian sinilar to (19) for nn 

irperfect lattice in an external electric field. Again . the nethor 

is to find the relaxation in the imperfect lattice in terms of that 

in the perfect lattice,, Equation (13) becomes

U (20) 

and (14)

where 2. represents the charges on the ions ? and ^^ the change in 

char.ee at the defect site. We note that in this case it is no longer 

the force but the electric field which remains the same in perfect 

and imperfect lattices. Hence

Here again , the result may be restricted to a space the size of the 

defect, and then further siirplified by symmetry consdierations .

In the perfect lattice, the problem reduces to the size of the 

unit cell, for the ions on any sublattice all have the same charge, and 

the sublattice moves rigidly under an electric field. Inserting in 

(20) the labels, J? , of the unit cell
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where E is independent of £ 9 and £ is a diagonal inatrix of 

charges on each ion. By the argument of the first sentence of this 

paragraph, U is also independent of $( . and, by translational symmetry, 

so is Cp . Thus we can replace the s;rn over J^ by a factor N . 

Finally we sum over Ji *

where P (<{) is the dynamical matrix of section 1.2. Cancelling 

the factors of N , we are left with a 3 x 3 equation, since the 9x9 

is composed of diagonal 3x3 blocks.

fL
IL =

^

where z = 0,7789e is the number of electronic charges on the fluorine 

ions, and the other coefficients are force constants defined in section IV. 2f

The inatrix is singular, but we obtain two relationships from it

,

which Give us

(22)
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if we suppose (^ r Q . This is an assumption equivalent to 

supposing that the centre of mss of the crystal does not move, valid 

for a neutral crystal, since the probler is not affected by translations 

of the crystal as a whole.

Using (22) for U in (21), and writing the w obtained in 

symmetrized form, it becomes, as in the stress case, the ot required 

in (6) and (7). As anticipated insect. 1 > only those a (o appear, in 

the electric field case, which belong to f§ . We have an electric 

field Hamiltonian

r

J-

_ ~—--

^'."
" 1 

0
O
0
a
A

>

<
M|B £J ^V ^L

*y fc^^3

J

(23)

which is to be compared with (4). Hie Lorentz factor, j[\ 9 enters 

because the electric field £ in. (20) is that experienced by the ions 

within the crystal. The enharmonic force constants appearing in (23) 

are those of for in (19) < The indices & and O on Q nean thatJ '5" V/

we consider these elements of $ between the neighbours, A , (in 

symmetrized coordinates) and the defect itself, C«

V.5. Results

We now perform the calculation of the coefficients in (19) 

and (23), and coinpare with (3) and (4). Before we do this, however,

we must decide on a value for AZ > for (23) depends on this
-89-
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explicitly, and also (ft depends on A£ , as pointed out in section IV, 5, 

It is seen that the last equation in (19) is in the one parameter, C, 

as is (23). That these should rive the same result for Ct , is a 

criterion for finding A2 . The fact, however, that they arc the 

sane equation leaves us with only three independent equations in (19) 

and (23), and means that we cannot fit four anharmonic parameters.

It is relevant to consider the analytic form of an anharmonic 

central force potential before progressing further, for we will obtain 

further relationships among the force constants., A potential 

which in fact depends only on the modulus of C 3 T ; can be Taylor 

expanded about small displacements 9 LA , in the direction of £ a

to give

t

where

and the coefficient of the term linear in U vanishes for static 

equilibrium.

Thus we have a single harmonic central term, and two anharmonic 

central terms, in agreement with above. However, one of the anharmonic 

terms is given by the same function as the harmonic, and for our case

we can write -90-
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0.,-c, =

W) a^Oi - i o(rmnj
J J (24) 

(e) C - ^

(f )
r,

where ^ is the lattice parameter and r«.n. r l ft ? lin.n. = *i .
J**N

Agreement between the first and second pairs of these equations 

can be taken as a second criterion for finding A2. • As it happens, 

these two conditions do not rive exactly the same result for A^ , 

(see Fi</ure 4 ) ? which is not very surprizing^ considering the 

inaccuracy inherent in our method of dealinf with changed charjre on 

the defect. Therefore, the method we follow is to use (19) to 

determine AI snd ? froi?; this (24) to determine c,, in the nearest neighbour 

case= rjlien (23) or the third equation of (19) gives A2. . Since 

(19) gives the results for a., v/hich ore essentially independent of AiL , 

we avoid the inaccuracies of our restricted method by finding the 

anharmonic force constants in this way. The results are:
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a1 = - ,887 x 1C12 dyne/en2 (- .773 x 1C12 dyne/en2 ) 

C-L = - .798 x 1012 dyne/crn2 (- .330 x 1012 dync/cr2 )

- 0,458 (from (23)) ELECTRIC

-J ~ £
- 0.452 (from (19)) STRESS

The figures in parenthesis pive the results if (p had been taken to 

equal zero in (19), i.e. if the strain had caused only perfect lattice 

type relaxation near the defect. In this case, as c, is also clearly

independent of A?- s its value has been obtained directly from (19) .
12 2 This compares with the value - ,458 x 10 dyne/cm ' obtained for the

12 2 9 = 0 case from (23), but not with the value - .684 x 10 dyne/cm
12 2 obtained in this case from (24} usinc a, = - .773 x 1C dyne/cp. ?

The value of ^ above should be ccrrpared with ^ = ~ °467 

obtained fro:, the condtion that (19c) and (23) rrive the same result 

for C-. o These values of <?, give for the changes in the central 

harmonic force constants, respectively:

J),fl. - 65* - 66%

2n.n. - 22 % - 2n

For second neighbours, the second equation of (19) and the 

fourth of (24) are siFiilar, and worked out independently give

a2 - b2 = - .760 x 1012 dyne/cm2 ( -.640 x 1012 dyne/cm2 )

and az " b2 = " " 694 X
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respectively, where the second result was obtained by using (24b) to 

get q(fui.n') from the harmonic central second neighbour force. Thr.
*!/

agreement is reasonable, considering that the harmonic forces used 

are not purely central, but have nnncentr.il components as well. Once 

again, however, the identity of the two equations in the second 

noiqftbour harrsonic forces reduces the number of independent parameters>k-- x i.

v;e can hope to find, and we have to make an arbitrary assignment, b~ = 0, 

This v;as done above to find the nearest-neighbour force constant a1 .

The results for the nearest-neighbour case ray be conparec* to 

a potential whose r~dependence is known, and the last two equations of 

(24) can thus be related to the previous ones. We try a Lennard-Jones 

potential (which includes van der Waals and repulsive terms).

for which

and

The parameters € 5 V can be found from $*3\r~] z®& o2 - 

in (24): g. 6 ^ ^
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gx = -.787 x i
g2 = - .644 x 1020 dyne/cm3

from the equations of (24) involving the harmonic force constants.
fT''*Inus

£ - 1.28

£ = 2.04 x 1C12 erg. 

Using these values ? we can calculate

P,/ _ *'i ^ *0 \ i rr -1/^28 j / 49' = 3 > T' ~ - 3,55 x 10 dyne/cm 

which is conpared with

g » = - 4.47 x 1028 d;^e/cm4 (- 1.85 x 1C28 dyne/cm4) 

obtained by using the calculated value of c.. in (24 f ).

The minimum of the Lennard-Jones potential is at %- -= /.!£ 

and the nearest-neighbour distance s '/<7f in the inert-gas solids, 

for which this potential is most applicable, is within a few per cent 

of this value, (see e.g. Kittel, 1966). In view of this, the 

value %- -1-28 is rather large. However, it must be 

remembered that f? in this case is the nearest neighbour separation 

in the perfect lattice, Mien a hydrogen or deuterium ion is substituted 

for one of the host fluorines , the lattice relaxes around the smaller 

defect (an effect which in our consideration hitherto has been 

equivalent to a change in the force constants), thus reducing the

-9U-
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effective ri . The inorgy € - 2.04 x 10 erg is of the correct 

order of magnitude for an ionic crystal, and we conclude that for 

nearest neighbours of the U-centre, a Leimard-Jones potential provides 

the approximate amount of first-order anhamonicity to account for 

the splitting under stress and electric fielc of the localized node.
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CHAPTER VI

ELASTIC CONSTANTS OF AN IMPERFECT CRYSTAL

Because the elastic constants can be derived directly from 

the force constant natrix by the lonp wave method (Bom & Huanp, 1954) „ 

it is a testing error to suppose that the elastic constants of an 

iinperfect crystal are found froir: a configuration average of the 

imperfect force constants (see e..^. Uiu £ Shiinizu, 1967)= This 

approach 9 however, gives a result which disagrees with that ;Tiven by 

the slope of the generalized dispersion relation for phonons in the 

imperfect lattice. (Eenedek & IJartlelli, 1967) . In that case, the 

dispersion relation is s to first order in , the defect concentrations

where *? and / are the phonon wave vector and branch index. >-• J
respectively; & > and 6J- • are the perturbed and host lattice 

frequencies; T is the T-matrix for a single defect,

The present chapter develops an approach which leads to the 

same result as given by the dispersion relation above. The essential 

innovation is that the effect of the altered strains in an iinperfect 

crystal is included in the configuration average. As before, we consider 

that the force applied to the crystal is an external variable, independent
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of the configuration of defects. Thus, for a given configuration, we 

have, formally,

-F -

where Cp is the change in the force constant matrix cf) produced 

by the configuration of defects ; w is the disr lacenent of the atoms
4— •

in the crystal due to (- , the applied force. Talcing the average 

over all configurations 9

-F - <(<!> •*?)*/>

where we are not entitled to take W cut of the average, because it 

depends on the proximity of a defect. In order to do the long wave 

method on a force constant matrix, however, it is necessary to separate 

the force constants from the displacements, and so this is done by 

introducing an. effective potential, (p -f o Cp > satisfying

- F =

Ccinparing these two

Now we loiow that

(V.15)
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where

1+3? (4) 

and „ _

I ience

and - -<T/u

where ^ , >x are quantities referring to the perfect lattice, and so 

can be taken outside the configuration average, Thus, from (3),

The vector U can be removed froi? both sices of this equation if all

its components can be considered independent, Vfcile this is not the case

in the applications we deal with, it is easy to conceive a situation,

in principle, in which the cisplacenents ^f all the atcris are independent

of each other, and so we can v.-rite

(5)
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In finding the configuration average T/ 9 we note first

that for a raven configuration, (jp ~ J" (D. > where each (D- is
i 

the change in force constants due to a single defect 5 I - "> first

order in concentration of defects, C » (4) can be written

T -

vherc u is the l-natrix for the single defect, I .

This step is seen to be valid on expanding trie left hand sic'e

.-> ——LL- r r -p. (6) 
i— l-l-Ott).- i- ' (

where the prime on the final Ei.m ntcans that the indices j ; k, - - - are
«

never allov/ed to equal l . It is seen that the first term of the
/

final expression s involving only the defect < , is equal tn tiie rir lit 

hand side of (6) . The second term does not contribute to the first 

order in concentration, C , because it involves products nf at least 

two non-identical defect sites, and when it is averaged over all



VI

configurations of defects, these give terras of at least second 

order in c . For a siiriilar reason, the first tern- contains only 

terns that are linear in C .

Go far, we have made no assumptions about the extent or sirllarity
f

of the defects, (. . Now we suppose that all the defects are of the sane 

type 3 and write (6)

T;
o

where the [~, are small block inatriceSj distributed along the 

diagonal according to the configuration of defects, Elsev/here, 

zero. We now take a configuration average, and have

/i \

is

where the f^ are block unit matrices., everywhere on the diagonal,

Thus we have for (5)

- CT;*I
(7)

where the second equation is a restriction to first order in the
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concentration, TO is just the T -matrix for a single defect s and 

so we finally have for (2)

It only remains to do the long wave nethod on (J) - c 

and we have the sane results for the elastic constants as given by (1) .

For comparison, the derivation of (1) is briefly sketched, 

following Langer (1961) , Taylor (1964) and Izyumov (1£66) .

In the three dimensional Bravais lattice with mass and force 

constant changes on the defects.

we have the phonon equation of motion C'kradudin, Montroll S Wciss, 1363)

where M is the mass of the atoms of the host lattice, Wo that of 

the atom at site J(, "(^"^J/M > Q) is tne perfect lattice

force constant matrix, G? the change in force constants induced by 

the defect, J? and ^ site labels, and ex and /^ Cartesian labels.

Hiis equation is diagonalized by Fourier transforming

-101-
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v/here ^ j arc; the phonon and branch labels, Q is the normal 

coordinate, and £ the polarization vector. N is the number of iniit 

cells. V.'e now restrict our attention to the linear chain with inass 

defect for simplicity of notation.» and follow Langer (1961). The 

result of Fourier transforming is

where GL>« is the eigenfrequcncy of the perfect lattice,

Langer now defines the phonon propagator, & , for the imperfect 

lattice by

It follows that

>t vn"

Tliis may be iterated:

3.'

where the propagator for the perfect lattice, <j , has been introduced
-102-
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it is diagonal in C^ because of translation?! symmetry, To restore 

translational symetry in the inperfoct lattice, a configuration average 

is taken, and Lancer has

<Vir> = C

vSiich we see are diagonal on <?><£/ . The result,

I<w>.^(U' J((. J\ '

can be written symbolically in tenris of diagrams in which the perfect 

lattice propagator is represented by a solid horizontal line and the 

interaction with a defect site, K 3 by a dashed vertical line.
¥. * * X * ^• • ; /\ ! '

t A • i 
* I x J. < ' < ' ( 4- < / > V < A ( ' < ' < ' <
^^ ̂ >^ \r ^ ' ^ ^ ^ ^ ^ ̂  V'^ \

A T /i \\ * \ » ,.\ / i \' - ' / N

Of these diagrams, v--o need concern ouselves only v;ith the t^es

-• ,1- — , !'/%//>! _, r&S/'-\is&s'& i•• •' • — -• -———————————— T ———'——————**—— T ——*-*——— —— T

X

f^

- ————————————— + ————— ^

(8)
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where

+ I V Hr ___i_J___^_. + ' ' L_^_ __-*-,«,— I

and since all interactions at a single site are included, all terms 

linear in the concentration have been taken into account. Equation 

(S) can be written

defining the self-energy ̂ *£_ • Since _ is given by (9) , and is

it is just the concentration tiiaes the T-matrix in q -space associated 

with ?. single defect . (We have followed Langer in neglecting the 

factor (1 - c) in <CV^ ? V4 a'/ $ altiiough Taylor retains it and 

arrives at a result which corresponds to ofy before the approximation 

is made in (7)).

Thus we arrive at (1) , which gives a dispersion relation for the 

iirperfect crystal, and can be used, like (7), to find the elastic 

constants.
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IVhat is essential to the self -energy approach is that it allows 

for multiple scattering of phcnons by the defects. Thus the dispersion 

relation for an imperfect crystal contains terms to all orders in t'ue 

concentration, and so will the elastic constants of the irperfect crystal 

as a result. Gn. the other hand, the method of finding elastic constants 

by taking a configuration average of the force constants alone,

5 decoupled from the average of the strain, W , leads
2 to terms of order at most c (Hiu & Shimizu, 1967) in the harmonic

approximation. This is because the most complicated situation that 

can arise s assuming forces between pairs of atoms only, involves two 

defects directly coupled together by cverlapping force constant 

matrices, Q9(* , (cr two host atoms coupled together ̂ which produces
9

a term in (1 - c)"). Furthermore, this result is not correct even 

to first order in concentration, because it does not include multiple 

scatterings from the same defect, an effect given by the renominitor of 

the T-matrix. In the static or loner-wave limit, the scattering of 

phonons is the same as the interaction of strains, and this is why both 

strains and force constants must be included in the configuration average 

f1- give the correct result,,

We now give the results of this method for CaF- : H~, nn the 

same model as in the previous chapter rigid icns, coupling in the 

perfect lattice with Coulomb forces and short range forces out to third 

neighbours, with defects coupling to the host lattice with altered
-105-
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nearest neighbour and second nearest neighbour central forces.

The result of applying the long wave nethoc. tc CaF2 is (Sennett 1966)

-
' o

where the lattice constant 

TL is the charge on the fluorine ion, and the other symbols stand for 

the various force constants which constitute (t) , as in section IV. 2. 

Tc find the change in the elastic constants, contributed, by the T-matrix, 

we simply write

o

where the symbols subscripted T now refer to the elements of the 

T-mtrix which are analogous to those of CJ) in the first set of 

expressions. The T-raatrix only extends tc second neighbours, and 

cannot cope with a change in the charge on the defect; since this 

produces an effect extending throughout the crystal, This introduces 

an error into the results, since we have shown in the previous section 

that the charge is indeed changed on the defect.• o*
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The results for CaF? : H , to first r.rder in concent r at i en , c 9 

are

12 = (0.56 + 0.266c) x lO^ dyne/cm2 

C44 " (°- 359 ~ 0.364c) x 1012 dyne /cm2
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On Calculatin

The expressions (1.8) and (1.9) for the Green's functions 

required by the two parts of tins thesis v;ere evaluated on the IsREAC 

computer at R.R.E., 'hlvern, vii.re Dr. C,T. Sennet t rade available 

to us a magnetic tape containing a randon selection of valu.es of <£ 

together with the appropriate values of the Kellerman coef f icients .
7 -7

Since the ^ 'P for?? a quasicontinuous distribution of ^ 10 points ? 

we cannot sum over then all in (1.8) and (1,9). The usual approach is 

to sum over a subset which forms r regular mesh, and. in (1*9), in 

the volume enclosing <? -rO , where I) (^} has a pole owing to the 

vanishing of the acoustic node frequencies, to evaluate <j analytically 

This can also be done in the random resh, by taking special precautions 

to exclude all q-values within a certain radius of the origin from 

the discrete part cf the sum. Then the contribution from the origin 

can be evaluated analytically without the danrer of counting any points 

twice - a clanger which is significant near the origin owinr to the 

divergence there of the summand. However, this spoils part of the 

advantage cf the random mesh, which is taken within the cube in the 

first octant, cornered at the origin, and ignores boundaries between 

Brillouin zones and between the I^of the zone that constitute the
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symmetry- independent regions. The contribution from the sphere at 

the origin to the sun: is linear in the radius,

whore <3 ) 

Brillouin zone. Using this, it is easy to estimate from an examination

of the distribution of q- values with |qj the error arising fror; taking 

only the discrete part of the sun and neglecting analytic corrections 

from the origin. The distribution we eniployed, of 9000 values of q 

in Yhj}*^ °f tfie Brillouin zone, varies as o*- down quite close to 

the origin (see f igure 1) , and we can conclude that our ccnputef1 values 

of a arc accurate to v/ithin a value that is 1% of 7<*oc (p- ^r ) *

where F stands for the fluorine site in (I,9)» This conclusion is 

supported by a comparison of a special case of the computed results with 

those published by Flinn & Maradudin (1962) for a face-centred cubic 

Bravais lattice with central nearest neighbour coupling,

In the case of (1-8) the inclusion of the imaginary part of CO^ 

makes unnecessary all these tactics . The cornputation v.ras done for only 

500 points in the j^^ Briliouin zone, as the numerical labour is 

considerably greater. (The distribution of these points is very si-ilar 

to the 9000 point distribution of figure 1) . The imaginary part , e s 

must be chosen so that the :delta-functionr: in



is narrov; enough net to overlap v/ith too many neighbouring T 'delta- 

functions '% but broad enough that the resulting Green's functions are 

smooth functions of (^ . For t'ie number of <{- values included it v.fas 

considered that £~ ,o< Ca)MM. would satisfy this compromise . 

Lfafortunately because of the limitations of cornputer tine, it was 

not possible to conipare the effect of different values of €

The Green's functions that result from this confutation are 

given below in units of 10 cm/dyne.

Calcium Fluor icle The notation is that of section IV. 2

k =

A. *""

a =

b =

c =

d =

e -

f =

g s

h =

x =

. 16866

. 26906

.07834

.03678

,05165

,03723

.01355

,03002

,04547

,00814

.00000

A =

B =

C =

ex =

P «

* -

5 =

e =
/ =
X =

- .02582

.00838

- ,15547

.015C7

.00150

.02043

.a)255

,03215

s 02 5 52

.09323



Silicon = 0. Hie notation is that of section 1.4.
?\ PT7AT 11 19 99 -I? 97
CiJ J \J-UTVlj J. -L J.£ ££ J.J fcj

f ' <-« /> ±_. ^

0.00 
0.02
0,04
0.06
0.08
0,10
0.12
0,14
0.16
0.18

1.0
1.1
1.2
1.3
1.4
1.5
1.6

b)

f

0.00
0.02
0.04
0.06
0.08
0.10
0.12
0,14
0.16
0.18

- .1404 
- =1412
- .1434
- .1469
- .1516
- .1575
- .1655
- .1758
- .1871
- .1960

- .06937
.C3531
.02430
.01843
,01471
.01213
.01024

irAGINARY

g11
- .02862
- ,02924
- .03122
- .03478
- .04015
- .04737
- .05730
- .07236
- .09579
- .13215

.05663
,05694
.05792
.05961
.06212
.06562
.07042
.07671
.03435
,09219

-.028450
-.014005
-.009561
-.007231
-.005765
-.,004752
-,004008

12

.009065

.009213
-009680
,010540
.011930
.014088
.017506
.C23172
.032757
,049006

- .041-04

- .04165
- .04244
- ,04364

."*•* y? f* 'V ^ 
"™ o *-J~f *) .J"-.*

- .04770
- .05090
- .05508
- .05994

- .000006
- .007310
- «/'-ps93
- .010625
- .011333
- .011820
- .012177

22 
g

- .'X3972
- .004029
- .OC4208
• .004536
- .005068
- .005908
- .007264
- e009545
- .013561
- .020850

.8771 

.8827
= 8999
.9298
.9744

1.0371
1.1233
1,2378
1.3805
1.5351

.01814
- ,01430
- .01961
- .01978
- . 01
- .01702
- .01546

p13

= 1579
. 1604
.1684
-1830
.2066
.2432
.3013
.3979
.5626
,8467

- .5630 
- .5657
- .5740
- .5887
~ ,6107
- .6421
- .6857
- .7452
» .8238
- .9183

- .06204
- .07379
- .08031
-• .08492
- .08569
- .00109
- .09325

23

- .07260
- .07363
- ,07684
- .08271
- .09222
- .10720
- ,13124
- ,17160
- .24273
- .37314

g33
- 13.05 
- 13,10
-• 13,26
- 13.53
- 13.95
- 14.55
- 15.37
- 16. 5P
- 18 /'I
- 19.88

- 2.012
2 o/~\r> 

. oL o

- 3.121
3«305

- 3,428
- 3.518
- 3.586

33

- 1 0 369
- 1.388
- l.'V!7
- 1.554
- 1,727

A O '.' *^* +•*

- 2.432
- 3,158
- 4,436
- ^,800
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