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ABSTRACT

The subject of this thesis is a theorctical study of some of
the optical properties of crystals of CaFZ amd Si which have had atoms
of different mass and chgrical properties substituted for a small
percentage of the host atoms. The low concentration of the defects
enables each to be considered independently 2s a single foreirn atom
substituted into the crystal. The work divides into two parts,
distinpuished' by the diffcrent structurcs of the crystals enc by the
diffcrent phenomena tc be explained in either system.

In Si, with B or r¥ substituted in as defects, the nrotlenm
of intercst is the mechanism and intensity of optical absorption by the
crystal. Since Si forms a covalent bond with itself, the pure crystal
is homopolar, and does not absori: light. A charged defect vill absorb
in the normal way.  However, in hormopolar crystals such as Si,
theoretical atterpts to describe neutron scattering and other experiments
have led to the rejection of the rigid-atom model in favour of the Shell
model, which allows each atom a shell of outer clectrons not rigidly
attached to the nucleus. The effect of this is that thc atoms are
polarizable, ancd have an extra thrce desrces of freedom, associated with
their electric dipole moments. In the case of a charged dofect, there
are now three absorption mechanisms: one due to the dipele of the
oscillating charge itself; one duc to the dipoles created throughout the

crystal by the effect on the polarizable atoms of the changed



polarizability of the dcfect; and a final mechenism whereby the charge
on thc defect sets up a static electric field which induces dipoles on
the polarizable atoms through an anharmonic cffect.

The simmificance of this last mechanism relative to the others
depends on whether or not the Lorentz locel ficld correction is to be
used. Using a version of the Shell model in which changes in the defect
charge and polarizability can be included cxplicitly in the avsorpticn,
we show that this correction factor is always present, although it may
be modified by changes in the defect polarizevility. Ve are able to
fit the experimental frecuencies and intensities for thc localized modes
due to boron, and also for those due to carbon, using thecse changes as
paramcters.

Our calculation is bascd on the simple relationships between the
absorntion, the susceptibility and the frequency-dependent displacement-
displacement Crecen's functions. The parameters used in the Shell model
for the perfect silicon lattice are taken from experimental fits to
neutron data for the dispersion relationms.

In CaF,, H ond D ions have been substituted into I sites.
These ions differ from ' mainly in mass, and can be observed experimentally

14

by absorption of infra-red light at 1.849 x 10" ra/sec (H ) and

1,323 x 1029

ra/sec (). These figures indicatc that the effect of
the change of mass is reduced by a weakening of the force constants which
bind the defect to the other ions in the lattice. Ve explain the

changes in the above fundamental frequencies, and those of the harmonics,

which appear when the crystal is subjected to uniaxial stress. The



stress causes the latticc to strain, and the effect of this strain on
the anharmonic forces present is to produce new terms in the harmonic
forces, which modify the {requencies. In narticular, the weakened
force constants 2t the defect allow additional rclaxation of its neigh-
bours, which makes the chanpge in the froauency of the localized mode
more pronounced.

We find the relaxation by 2 Creenfs furiction technicue which
inverts thec force constant matrix, qb , of the perfect lattice.

The six force constants which constitute qb out to 3rd neighbours
have been evaluated as parameters in a rigid-ion model vhich fits the
clastic constants of Ca?z and other experimental data. The chanees in
the central force constants coupling thc defect with its 1st and 2nd
neighbours arc found by fitting the vibrational frequencies to the

1

experimental data, and

o>

arc respectively - 65% and -~ 22%. (It is

also neccssary to reduce the effective charge on the defect by 46% to
get this fit.) Using the relaxation obtained, asmuming that the defoct
vibrates in a static cnvironment, snd taling as parameters the central
artharmonic forces courling the defect ith its 1st ~nd 2nd neighbours,
we derive expressions for the paramcters of the phenomenological model
which describes the frequency changes of the defect wvibrations under
stress.  ne thus evaluatce some of the anharmonic force constants, and
can show that a Lennarcd-Jones potential describes the behaviour of the

defect to a fair approximation.



A useful sideline of this work is a2 derivation of the charoes

in the macroscopic f£eree constants of & crystal which contains o small

concentration of defects,
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CHAPTER I

INTRODUCTION

I.1 The forces which bind atoms together in an insulating crystal
are crudely understood on the basis of a number of models. These
include electrostatic forces, homopolar binding (a quantum mechanical
effect due to the exchange of electrons), van der Waals forces (due

to the mutual polarization of two neutral atoms), and repulsive forces
due to the Pauli principle. This understanding is crude due to the
difficulties of calculating most of these forces, especially in crystals.
Since first-principles calculations are still not possible, it is
necessary to develop experimental and theoretical tools to further our
understanding of the forces in crystals.

A certain amount can be inferred from the macroscopic properties
of insulators, such as specific heat, elastic and dielectic constants.
But these are not really meaningful until related to microscopic models.
Much more information is provided for testing such models by optical
spectra and by X-ray and neutron scattering from very pure crystals. In
recent years, a new tool has been made available to experimenters through
the study of optical properties of defects in the crystal. This thesis
is concerned with some aspects of point defects vibrating in a lattice.

The defects we are concerned with consist of foreign atoms
substituted for one of the atoms of the host lattice. They are charged,

thus giving rise to optical absorption when they vibrate. The frequency

-1 -



I.1

and amplitude of this vibration can be found, if the vibrational modes
of the host lattice are known, by ~athematical techniques which we
discuss later. The dynamics of the host lattice are not, of course,
known from first principles, but they can be calculated parametrically
from the observed properties of the crystal on the basis of a model.
Such a model discusses the forces in the crystal, not in the terms used
above, but in terms of a Taylor expansion of the potential in powers of
the displacement of the atoms. The coefficients are taken to be
parameters and are harmonic or anharmonic (see Section 1.2), and central
or noncentral according as the potential they describe does not or does
depend on the direction of the bond.

The parameters of this mocel have already been evaluated for
the perfect forms of the crystals this thesis will be concerned with,
and we deal only with the theory of defects. This theory is considerably
older than the experimental work (which cormenced with Schaefer's obser-
vation of a localized mode due to H in KCl in 1960), dating from vork
by Rayleigh in 1877. Lis theorem states that in a vibrating system 2
perturbation which has the form of a mass increase in one of the particles
or a force constant decrease, will cause all the eigenfrequencies to
decrease in such a way that the levels always lie in the gap between
unperturbed level and its neighbour. The converse effect is produced
by decreasing one of the masses or increasing a force constant. In the

latter case, the ﬁighest eigenfrequency may lift out of the band of

-2 -



1.2

wunperturbed frequencies, creating the localized mode first observed by
Schaefer. A review of the theory is given by Meradudin, Montroll &
Weiss (1963).

We are here concerned with two ways in which a defect may tell us
something about the forces in an insulating crystal. The first involves
a study of the polarizability of the atoms, an effect of particular
importance in non-ionic crystals. To do this we make use of the fact
that a charged defect will polarize the atoms in the host lattice, and
we study the absorption of light by the vibrations of these polarized
host atoms. The second approach makes use of the large amplitude of
vibration of a very light defect. This large amplitude makes anharmonic
effects important, and so we can learn somecthing about these higher
terms in the potential more directly than by studies of thermal expansion

and conductivity.

1.2, Shell Model in Perfect Lattices

The simplest view that can be taken of the forces coupling
atoms in a perfect crystal is that they are represented by springs
following Hooke's law. This view can be dervied from a Taylor expansion,
in powers of atomic displacements, _U(S,) , of the potential, (p s

describing the forces on an atom at site K of wnit cell £ .

b= dr Z &) wlllt2 T @ (8 uald) () + -

gllﬁ
_3_



1.2

For equilibrium in the static case; the terms linear in V) (K) vanish,
and if we neglect terms of order higher than the second, we are left
with Hooke's law forces, otherwisc known as the harmonic approximation.

: 28y : L :
Since an evaluation of @dp(gﬁl) from first principles 1s

not yet possible, and its elements are consequently treatec as parameters

to be found, it is important to restrict the number of independent
;J/\

~

elements as much as possible. The dependence of d;) ( // on 1its

subscripts is to a great extent determined by the symmetry of the system,
which in a perfect crystal consists of both point and translational

; /
tries. Th h that d} “Z.): CE) ('Q Q) from the latter,
symmetrie us we have tha qp(!ﬂ( qu K K

so that the matrix describing (D is a circulant; and that

as a result of the former, where S describes any operation of the point
group about site (Q,K). If ncnprimitive translations are involved, this
notation must be generalized. Furthermore, since the internal forces
are independent of rigid displacement of the crystal, and since the

form of the forces is independent of homogeneous deformation, general

conditions may be imposed upon CD‘,(F ﬁ% )

2 Qplid) =0

LK

L Gl ) Ral%) =0

- 4 -~
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21 ~yid )
where f%(n*’ ;?Lﬁq’

and (0,K) , (Maradudin, Montroll & Weiss, 1963).

» O‘ . ’
E.(“) , the relative position of sites {4,

However, to deal adequately with most crystals even in the
harmonic approximation, the Hooke's law spring model above must be
elaborated. The first consideration is that, even with symmetry restric-
tions the number of independent parameters to be found becomes rapidly
very large as the range of the interaction is increased, unless we
assume some particular dependence of the force on distance from the
originating displacement. What is commonly done is to divide the forces
into two parts; a general part,restricted only by symmetry considerations
(or sometimes by a requirement that forces be central), extencing to a
few close neighbours; and a long-range part based on the Coulomb

interaction of electric dipoles created by the displacement of charged

ions. This part is

el

¢ ‘Qﬁf?:_;«, g N
@oﬁ!ﬁ(kK/ ¢ F J(ﬁ“gl}-k‘&'}x:o

w(§) o

Ql
3,
S

g
-=

where X = u (,,: , and ZK is the (effective) charge on the

ion. We need to consider the Fourier transfomm,




I.2

in vhich the sum converges only slowly, and the limit is not well

defined at ¢=0 . These difficulties were resolved by Fwald (1917)

and by Huang (1949). Ewald split the sum into two rapidly converging

sums, one over real space and one over < ~space. Huang showed that

this permits one to isolate the part with an undefined limit at ¢:o

which is thought of as a macroscopic electric field depending on the

shape of the specimen. Kellerman (1940) used Fwald's method to

~z %

calculate :Ei@ﬁﬁﬁl_, which are known as the Kelierman coefficients.
ZK Z,n\’

LA T

A set of Kellerman coefficient for calcium fluoride structure (and any
structure which is a subset of this) were made available for this work
on magnetic tape by Dr. C.T. Semnett at the Royal Radar Establishment,
Great Malvern, where computing facilities were kindly extended to us.
A second elaboration must be made on this model of rigid ions
interacting by harmonic short-range and Coulomb forces, and yields a

model which is conceptually, although not formally, a generalization,

called the Shell Model. (see e.g. Cochran, 1959; Dolling & Waugh, 1963)

The Shell model conceives of cach atom in the lattice as polarizable,
by separating from the nucleus (which carries most of the mnass) a
spherical shell of electrons, connected to it by a central force.
Formally, this has the effect of doubling the number of equations
describing each wnit cell. The adiabatic appoximation is usually
incorporated by supposing that the electron shell is in fact masslass.

Thus, where A,B,C are 3Nx3jv matrices in real space describing

_6..
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I.2

interactions between, respectively, core and core, core and shell, and

shell and shell; and © gives Kellerman coefficients in real space

Mot )“(f‘} q‘/;/é% F\«;?\KK/ Xy pr&z/ Kj \Ig( ; 9«{'(%,\’ K\fdﬁ(ﬁgl)Y} (/3(?‘!}
Mo 1y lﬁ(' o Yﬁ“ﬁ’if‘g"yk})ﬁ ¢ {C«p FY, \,q/;( A }7{{5}
g -

where i(g) is the displacement of the (, K)% core, which has a charge X
and mass M , and r_](&) is the displacement of the (¢, K)d‘ shell, with
charge YK and mass 1 . o

Because we shall be using the Shell model for crystals of
neutral atoms, Xy = —Y:( , 1t is useful to change to centre-of-mass coor-
dinates U = (Mg+m q)/(M+m).,\g‘=“§':l . In this case, the condition

of invariance of the forces under transla’cion of the system gives

Y Aup(%) t Bap( =0

2K

Z Bat[ ( )+C°<P<Q£)

Making the coordinatc transformation, we have, formally,
. \

RMot S \“u\
stoTevey)\W

——

where

Rz A+2B+C
S:= B+C
T:=C

..'7..



I.2

and we have made the adiabatic approximation that =0 . The conditions

for translational invariance of forces give
S oA
S w( '

(1)

which means that these two matrices behave like (1) in the simpler model.
Before we discuss the solutions for the Shell model, there is
a further extension to the formalism, duc to Page & Strauch (1968),
whose use will become apparent when we consider the problem of defects
with altered charges. This involves writing out explicitly the long-

range Coulomb contribution, as follows:

A V]
] @)

where £ is the charge of the whole ion, 7 =X+Y (we have considered
the general case again), and the ncw vector, \_; = %;’Zw ‘/w) , 1s the
electric field generated at one sitcby the dipole moments T r Yw
through the rest of the crystal. In this formal notation, 7 X,Y have
the form of diagonal matrices of equal diagonal blocks the size of the
unit cell.

In the phonon problem, we are interested in the displacements W

-8 -
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1.2

rather than in the electronic excitations w or the field £ . To solve
the model, thereforc, we eliminate £ and w and obtain for U the

usual Shell model result

Mwtu=[R-S(T+yeY)" s Ju (3

This is an eigenvalue equation which can be solved by the usual
techniques of phonon theory, since it is formally equivalent to the

result of the simplest model

Metualt =T (42 wlf) @
kB F
In the perfect lattice, this solution is obtained by Fecurier
transforming the equation, since the matrices arc circulants and, by
applying the theory of Abelian groups, can be shown to be diagonalized

in this way. The resulting cquation involves a matrix which is only

the size of the unit cell

MK(.w)l U (K) :Z: Def (Q}K) UP(K()
where KP
R(%)

uff)= ey @

and the "dynamical matrix"

o) o -(q R 7
00 D"‘[’(}w) :gzd)wﬁ(gw) e ! JKK)-

B (,(K'): 8(&)- 8(3) has been defined above as the relative equilibrium

position of sites ({,%) and ©0,K").
-0 -



I.2

Since Fourier transforming block-ciagonalizes translationally
symmetric matrices in this way, the fom of (3) remains unchanged, and
so we distinguish the matrices in real space from their forms in

q -space by the notation of the suoscripts, e.g.

02
Ro{F(K K’)

and .
)
K’

— . /
af K«) 2_. (HH LZ'BK '.
1

In ¢-space, then, (3) is a 3rx3r equation, where r is the

X~

number of values of K, i.e. the number of atoms in the unit cell.
Because of the conditicns (1), R(q=0) and J(4=0) are singular and
sore of the Jr eigenvalues, (Ujl(‘.() , of (3) vanish at i:o . This
number is 3 (see, e.g. Maradudin, Montroll & Weiss, 1963), and these
solutions, calleé the acoustic modes, correspond to the long-wavelength
vibrations of an eleastic continuwm. The motion involves a displacement
of the whole unit cell. The remaining 3(r - 1) solutions have a finite
frequency at =9, and are called the optic modes, since the motion 1is
within the unit cell, leaving its centre of mass unchanged. In ionic
crystals this can create vibrating eclectric dipeoles, which can interact

with light of suitable frequency and wave vector.

The pclarization, ‘{’W , of an atom is given by (2) in terms

You = =Y (TH+vEY) S

_10_



I.3

The exciton motion, -.', can be obtained if we subtract mu " from. T
in (2) and solve,; noting that the motion has too high a frequency to

be followed by the cores, so that ‘4=Q :

N ANAVSRIAN - ‘:'_'T

W N : y
M W = CT*?%:Y)vI-rVJ =Y ———

This eigenvalue equation has properties similar to the procecding one,
and can be diagonalized by fourier transformation. The solution of
the resulting dynamical equaticn gives 3r eigenvalues for each value

of 7 . These differ from the phonon modes notably in that (1) does not

apply to T+Y Y , which is not singular at =2 . Thus the exciton

modes remain at high frequencies, and do not ccme to zero at zero wavc

vector.

1.3 Perfect Latt.ce Green's Function

The substitution of an atom of different mass and cherical
properties for one of the atoms of the host lattice removes the trans-
lational syrmetry of the crystal, and (3) can ﬁ; lenger be diagonalized
by Fourier transformation if its component matrices refer to an imperfect
lattice. However, if we know the results for the perfect lattice, the
imperfect lattice may be solved in principle as follows, and in practice
if we assume that the defect is limited in extent (that is, if its direct
interactions with the host lattice, through changed force constants or
other, extend only for a few neighbours).

In our treatment, we consider the simplest model, since the

extension to the Page & Strauch version of the Shell model is a trivial

- 11 -



I.3.

addition of subscripts. Then (4) becomes

. “ . - AV
ST E 4 R G S SR I PN T P IR L Y
X P = A Y a 43 . ’.‘A{-l:',t: e ’}“ .‘l -»A/

(:".//—: { WK U-yﬁc‘. y <’ Cn O 0K Ty .,,4/,‘ \ g/

] .
o)

where A is the change in mass at the defect and 7 the change in

force constants. This can be written formally

L]

v e jd = L

il ’

A (5)

where
Yot = (M- O

A

(6)
the perfect lattice Green's function.

Since the quantities in (6) refer to the perfect lattice, the
matrix inversion can be performed after diagonalizing (;}as in the
pprevious section, and the final result obtained by performing the
inverse Fourier transformation on the inverted diagonal blocks. If
the defect is limited in extent, C is a matrix consisting of zeroes
everywherc but in the small square block describing the region around

the defect. This region may be labelled £ , and if we are concerned

- 12 -



I.3

only to find the values of U in this region, we have instead of (5)

Up = 9AD(CJJL) CAA Up (5")

which involves finding g(w")only over a small region. This is an
important consideration because 3((07') must be found ty computer, since
the second Fourier transform requires a sun to be made over a large

23

number of q -values, some of the 10°” modes in which the lattice can

vibrate. Furthermore, (6) cannot be computed as it stands, for the
perfect lattice solutions, at the zeros of Mw’-(}) , correspond to
poles in 9((9}") . To avoid difficulties, we add a small imaginary part,

€, to w', Since, when (6) is diagonalised,

2 - 1{
9(‘"’)'Z @ - WY
v
and

Lim

€0 X+ €

*) - SUQ

the poles in (6) are replaced by imaginary delta-functions, or by an
approximation to a delta-function since = 1is not taken to the limit
zero.

With these considerations we convert (6) to a computable form,

3:(% (&?‘n w’-.;.(e) = &!’ ;eii'g(&?") A" UP afﬂe)

where

(Z w”"e) M J«K’gggp&)cg (w’+i€) D (KK)

- 13 -



1.3

and we have now included the indices «- P E l,2,3 referring to the
corponents of the Page & Strauch version of the Shell rmodel given by

(2). We do the sum over ¢ in two stages, first over the star of ¢

-

that is over all % of cormon magnitude, then over all different 7|

If 5 is the transformation from an initial 7 to 5+ in the star of 1 >

=

we can make use of the result (scc e.g. Melvin Lax'sumpublished book

on group theory in crystals)

NS N N P ~ (8o
DU - T QU oA
¢ et
—~ o~ 4y P
= \ i‘j S ) ¢t iR (T e
% SR SKS D € LONsw e/

which therefore applies to /A and to /X' . (The dependence of the
above on the Cartesian indices (7 is implicit in the matrix notation.)
The sum in (7) is over j , which in a cubic system is any of the 48
rotations of the group Oh . VWe rcduce it to a sum over the 24 mcmbers

s

of T a by adding to the summand in the identical temm in .9 uz} . This
is helpful because in Si and CaFZ, the systems of interest, T d leaves the
sublattices invariant. The final appearance of (7) depends on which

of the two systems to be treated in this thesis we are concerned with.

Since

-T . ‘X:r ~
Digi= D) = D)

- 14 -



I.3

we have
v %
Y N SN P
‘_{-\')(f“ I 3-/(") *(6’1 - --~¢,."/:' )

ana P W -tox . -1 & (0)7- g}
[T G e = AT wrie) = B (10
g (] b

"r
v

13

From these relations, we obtain for (7) in the case of diamond structure

WAL 2.0) - NS -ty (q ; ) -
ja/é KK G (G) = ?‘ / S%‘, N ;_/;(’.7, (};K i? HE J/j’p + ‘ffgr..;flmg,/ﬂf& (8)
I SeTa ' '

where in this case we are only concerned with the Green's function

at the defect site (v,K) itself. For CaFZ, we shall need the Green's

function at various sites near the defect, but only at «}=C . Hence

it is possible to put € =C , since the only singularity will occur

at ¢3¢ , and this ¢-value can be avoided and accounted for by other
N B . s *x,

means. Thus we can use the relation between /j(«z ) and A (%)

above, which is much more convenient, as we need only compute the real

part of the Green's function:

5 v AN WK )/;/B + C.C.
o : ) Qo)
o 1 N Sq.ls i - 4
"'"VTZ\ Z.. Q‘ g ARY ¢4 ) ] / i A P
h"’%‘ SeTy St 4 o3 «K';;) 5,»7,'& RO R )

In CaFZ, we do not use the Shell model, which is cquivalent to (z) 2

It is important to note here that D(‘l} is Hermitian, and that the

- 15 -



I.4

inversion symmetry of CaPz enables it to be transfommed to a real
symnetric matrix, which greatly simplifies the computational labour
of finding its inverse. In thc expressions above, the Einstein
sunmation convention is uscd for the Cartesian indices.

In peint of fact, we do not use (5) or (5') in either of the
nroblems which follow in this thesis, but we require both /(< and *. .
Appendix I will give a more detailed discussion of the corputation of
fi_g{fu"" . T~ the next section we consider the “om of _ for silicon,

and the advantages of the Page & Strauch formulation of the Shell model.

1.4 The Shell lodel in the Imperfect Lattice

Page & Strauch write their Shell model equations in the form (2)
in order to write the Coulomb forces explicitly. This cnables us to
change the charge on the defect, as well as its mass and force constants,
and to incorporate in the calculations the changes in the dipole-dipole
cocupling of the vibrating defect with the rest of the lattice. Thus,

for example, in (5), 4’ in .. becomes

(10)

where the condition of invariancc of forces under uniform translation gives
AR = - DF T A2
AV
AS - TR X\ L.i_- )(: - -3“_‘.

which vanish if we consider changes only on the defect itself. The

..16_



1.4

change in the polarizability at the defect can be given either by AT
or by AY,

change in the ¥elleman coefficients, given by —:)\ T:’,ui )
requires some attention. In a perfect crystal, the diagenal temms
in the long range part of the potential, ’(f( , vanish. They are given
by the condition of invariance of forces under translation of the

whole crystal (Born & Huang, section 27)

C oy Y- - T
fb /){;(H’} N _‘Z“Z.ZK’JZ;

fCL{_

T

Q(()Qf ',HIS :E.(l(:;?')

- \f‘

vhich is a function of odd powers cf K. The prire on the surmation

¢1. gy . . :
excludes the temm ( K / ( ; , Since we arc only interested in what

is called the "exciting field."” Because of the symmetry cbout the
crigin of each shell of similarly chargec neighbours, however, the rest
of this sum vanishes in the perfect crystal. In a crystal in which
one of the sites has a charge change, /A7, the symmetry is broken,
and the diagonal part of 4}( is now zero novhcre except at the defect
site itself. This requires us to specify the diagonal temms in the
imperfect crystal, and we write them symboliczily as AY" , which falls
£f / with distance from the defect.

If we were discussing a change in shcll charge, AY , in the

Shell model, the above does not apply, for the change in corc charge

on the same atcm exactly counterbalances the effect.
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I.4

These consideratirn indicate that the method of Page & Strauch
cannot directly be used in ionic crystals such as CaF2 to accommcdate
changed defect charges. In a homopolar crystal such as Silicon, of
course, the digonal terms of ({\,’){' , above, vanish (unless there is more
than one chargc defect present), and the method may be used.

Considering (5), :fm) rnay be written mcre fully

}:'i
i ' ‘: ) = T “'"
gives "j"! = [} -Muw - ST Of}.
12 I I Sl B A=l e 2L
- = b -2
v 4 ),.-,72-:“"\"1 ! "tC,”
CEE R AN U be
A T g ..T ‘,-5.' "l -
LJ = _ ic he = v-
11
133 PO B 7 4 ,.;72'\’-*\‘"\ ( )
i z S _ e ] ] )
- RJ ’ = k\’:;‘)‘*Y(}’LB"'L)
G 12 .
SR S S N DN
A 14_1_\{ 2.0%
L' i 1‘ ‘ 1‘3 9 ;‘
3 Z 22\ F
¢ tgtz + Y]
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where
TET YRy
\ Sem LETY -5
. - . \
Pes K7 Lh =8
. M o b
and A -0

-

We note that 9/ ¢,

, arc exactly the Green's functions
of the usual Shell model.

$

The relations (11) hold for /0

as well as for 7‘1
and were used in the evaluation of (8).

They hold for perfect and
imperfect lattices.
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CHAPTER 11

One-Phonon Optical Absorption by Lattice Vibrations

I1.1.

The chief mechanism whereby light interacts with matter is
through an oscillating electric dipole or charge. In perfect ionic
crystals, light can be absorbed by creating a single optical phonon,
for the reason discussed in Section I.1. The translational symmetry
of the perfect crystal imposes the selection rule that the total
wavevector of photon and phonon must be conserved. This rule and
that of energy conservation are satisfied together only at one frequency,
the Reststrahl frenquency, which is very near the g = O transverse
optical mode frequency. Thus the one-phonon absorption spectrum of
a perfect ionic crystal is essentially a delta-function at the Reststrahl
frequency. A perfect homopolar crystal, containing neutral atoms,
does not show any absorption. Even when the Shell model is used and
shell and core charges are assumed for each atom, it is shown by
Cochran (1959) that this result is obtained.

The introduction of an impurity into the crystal has two
effects. It destroys the translational symmetry and hence the selection
rule that an ionic crystal is permitted only Reststrahl absorption.

Secondly, if it is charged, it absorbs light in its own oscillations.

- 20 -
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The symetry of an imperfect crystal is only that of the
point group about the defect, and so those modes which can interact
with light through one phonon processes are much greater in number.
The absorption, instead of being a delta-function at the Reststrahl
frequency is now proportional to the density of states of these
optically active modes. This must be calculated for the imperfect
crystal. The imperfect crystal density of states is qualitatively
similar to that of the perfect crystal except in the region of the
frequency at which the defect vibrates.

The defect modes can be of two types, localized modes or resonances
(we do not consider separately gap modes, which resemble localized modes).
If the defect is lighter than the host atoms (ions), or if it is coupied
to the lattice by forces stronger than those found in the rest of the
lattice it will vibrate at a frequency higher than the maximum frequency
of the host lattice band, as discussed in Chepter I. (Often a lighter
defect is coupled to the latiice by weakened force constants, leading to
such a case, but with a somewhat lower frequency than would be given by th
mass change alone). In this case, the host lattice is unable to transmit
the vibrational energy of the defect, which remains localized on and near
the defect itself. This localized mode appears in the density of states
(and in the absorption if it is active) as a Lorentzian peak isolated
from the band modes and at a higher frequency. The resonant mode, on the
other hand, is caused by a defect vibrating at a frequency within the band

The lattice is in this case able to transmit the vibration energy away
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from the defect, and so the mode is not strictly localized in real
space. Its behaviour, indeed, resembles a resonance in a scattering
problem, and it can be thought of as an unstable state, decaying rapidly
away into the modes of the host lattice. It thus has a fairly large
energy width, although it is recognizable as a hump on the perfect
lattice density of states and absorption, if it is not in a position

to be disguised behind the usual acoustic or optic mode peaks in the
density of states. These are the major features of the vibrations

of a latticc containing a defect.

In the case of polarizable atoms or ions in a crystal, both
perfect and imperfect lattice absorption are modified by the Lorentz
correction factor. This factor can be derived from the Shell model, as
we shall show, and amounts to an enhancement of the electric field
of the light as seen Ey the dipoles in the crystal, owing to the
polarization of the atoms by that field. The field seen within the

crystal is
477

oo = E+4mP/3 = (15 X)E

where :)<' i1s the susceptibility of the crystal. "¢ shall show that
this factor is contained in the Shell model formalism.

If the defect is charged, it absorbs light itself, and this case
has been discussed by Dawber & Elliott (1963 a, b) for both localized

and resonant modes of defects in silicon. More recently, Leigh
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and Szigeti (1967) have discussed a second absorption mechanism which
will operate in a polarizable lattice containing a charged defect.

This gives risc to an absorption by the band modes, owing to the
""apparent charges’ induced on the host atoms by the charge. These are
related to the displaccment-dependent parts of the host atom polariza-
bilities, which give rise to Raman scattcring and related effects.

Thus a charged defect, even when stationary, can causc improved
absorption in a polarizable crystal. The polarizing field, following
the Coulomb law, is long range in its effect, and so this type of
defect is not accessitle to the methods described in the last chapter,

and must be treated specially.

I1.2. Optical Absorption

We first consider the general form of optical absorption in
terms of the Green’'s functions of Chapter I. The transmitted light
intensity, I' , varies exponentially with the thickness, ¥ , of the
sample, and is given by Lambert's law

[=1,e - H@r

where ﬁﬁ{agy is the freauency-dependent absorption coefficient. This

form is to be compared with the electric field of an electromagnetic wave

F-f ol(wt * nk.r)

where (@ is the angular frequency, !5 is the wavevector of the light

in vacuo, of magnitude

- -

- C
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and )} 1is the index of refraction of the crystal. Since the
susceptibility, X , dielectric constant, X , and refractive index m

are related by (in the case of unit magnetic permeability)

nL:”KZ""Lﬂ'ﬁX—,

we have, on taking the squared modulus of g ,

, Ly wx®™
7’< (w) = c N 1)

where the superscripts (1) and (2) refer to the real and imaginary parts,
respectively, and where the susceptibility, X, is in general a function
of W

It is easy to show, by extending the considerations of
Chapter I, that the susceptibility is simply related to the Green’'s
function of the system, perfect or imperfect. The displacements, ; ,
of ions (or shells) are given by (I.5) where (W can be written F

the applied force:

“c:0 9k =Lt e 2

J

and the resulting dipoles are
_ 2
Ziewi = € L Ly EE
J

This gives the dipole moment per unit volume, P , and hence the

A~

susceptibility, which is the proportionality factor relating E and
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the applied electric field E

~ & ,
X = v g 2;3;}-7_‘., (3)

The electronic charge is-€ , \V/ is the volume of the crystal,
and the sum is over all sites carrying charge Z e .

If the lattice is imperfect, the same formal notation goes
through, except that it is customary to write G , the imperfect lattice
Green's function, in place of j for the perfect lattice. The two are

related by the Dyson equation

G:j+9CG (4)

which can be put in the form

G = l"jC g (5)

where ( is the difference between matrices describing imperfect and
perfect lattices. This enables us to extend the qualitative discussion

at the beginning of this chapter of the relation between absorption by

imperfect and perfect lattices. We requirc the imaginary part of (G

(%)

) g
G = (1-g9¢)? +(9‘“C)L

which clearly responds to all frequencies of light absorbed by the

perfect lattice, owing to the numerator. The denominator creates a
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resonance at | = 9"’ C , when this occurs within the range for
which :7‘1315 not zero. For example, in the case of a defect with
mass change only in a simple rigid-ion model, C = Mew” where
€= (M-M’)/M , and resonances occur in the band, W< Wpypux , for
M’ > M . The term in 5‘” gives a finite width to this resonance
in the band.

Outside the bhand, 9"-) =0 » and hence 6(13:0 , unless we
add a small imaginary part, ~{€ , to the frequency. Then we can

Taylor-expand the denominator of

, 0
9% Ja 9 (@)

6.: rj
| ~ 9(0.))(: F(W) (Q)‘QE”WL.) f(“)t.)

12

about the point, (), , where it vanishes. Taking the limit ¢ -=>Q

we have

jW( @)
flw)

S (w-w.)

In G =

giving a delta-function absorption at the localized mode energy, &), .
A more useful quantity to obtain is the integrated intensity of this

absorption, which is proportional to

(')
fdw jne = T 3]0,(% (6)
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I1.3. Optical Absorption in the Shell Model

We now write (3) in greater dctail , in terms of the Shell
model, so that some of the mechanisms of Section II.1 can be incorporated
into the absorption. We shall soon specialize our considerations to

homopolar crystals such as silicon. The equation can be written for

the imperfect crystal

X=€ ) 2 UG /(%)
oy

which has the same meaning in the ordinary Shell model (i,j =1, 2) as

|
in the Page & Strauch version (i, j =1, 2, 3) if Z = ionic charge,

2 3 ' 33,3(
£~ = shell charge, Z. = 0. Since the vector Z( is just (q) -Ct) )3(
(see (1.2)), we have

X = £[(0-¢6@-F)" =L (- +dCD)
- ﬁ(&‘ ¥ Ck‘( 0)(5(1 =Q) U( O)T j(f(—o}) C(‘(’O)

where the last relation comes from another form of the Dyson equation, (4),

_C
|-gC °

and

T =

From the relation (I.11) we have, for a homopolar crystal (Z = 0)
- 12
CgP=Yg¥Ye-
6-!332 - \/9 22
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which apply in q-space as well as in real space. At q =20 g31

vanishes when summed over the sublattices. Thus

X % Yg2Y + [1-Y§*Y €l T

Vv gl T2l ) o T Yot

In the absorption, the first term, which is summed over bcth sublattices,
makes no contritution.

We consider (7) in a few sirple cases. The most natural is
that in which the defect mass and charge are changed, but not the

polarizability, AY =AT=0 in (I.10). Then

~w'AM o0 AZ

C= O o O
AZ o ©
and
@AM +AZgBAZ O A2(1-§”AZ)
T = L O @, Q
AZ(1-g°s2) O b29'n2
where ] = szMg"+ A;_{g") j” 93 AZ? is the determinant

of |- 3C , and the Green's functions are at the origin of real

space. In this case only one term remains in (7)

X o [1- Yg“YCJ@-@ T
Im X < ["‘YﬂuY C](Q':O) ﬁmT @
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In the case of AZ2=0 in |, 793 sirply gives the usual

absorption by a charged defect in a lattice of neutral atoms

L2 9" Q2
| - @*AMg”

jm TBZ = jm AZG”AZ - 3&4

as in Dawber & Elliott (1963a). Of course, (8) is not the simple result
of Dawber & Elliott because our model allows the change in the defect
charge to appcar in the denominator, D, and thus to affect the position
of the localized mode or resonance. A second consequence cf the AZ
dcpendence of ‘the denominator is-a modificaticn of the simple AZ"  fom
of the (integrated) intensity.

From (2) and (Z) we see that Y 32-;:on is the susceptibility

due to electronic (shell) niotion, which the cores are too massive to
follow and for which u = 0 in (I.2). At g = O for a transverse
vibration

| e=-4

N 3
4m g )’

and so the factor in (8) is (I + 5 X) ;A , the Lorentz correction.

As a second simple case of (7), we consider a changed pelariza-
bility but AM=AZ=0 . (We consider AM=O for ease of solving
the exarple, the point of which is to show that the corrcction factor is
altered when AY#0 ) The T-matrix which results from (I.1C) is

O O O

73'“ o LOT+AYgYAY AY-AYgPAY
O  AY-AY§RAY AY gAY
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13 12 2 2
where D= -AK q"l +(1-BYg%) 99 'AY . (Again, the
Green's functionsin T are those at the origin of real space, where the

defect is located. If we write in (7)

Q «
d
(V]
i i
.<
tr'Ol\’l le

we obtain

X < L {Avl}j' oa(Cay-cl] 7
2 (JALY) g +[YoUpal OT)  ©

where /\ is the Lorentz factor of (8), and the factor in square

. l .
brackets in the coefficient of AY is seen to be related to AN
This result corresponds with (49) in Hartmann & Elliott (1967) apart
from the factors mentioned, which are introduced by our model.  (Cur

11 (). Again, even

special case, AM=0 , corresponds to their C
apart from the correction factors, our result is not exactly that of
Hartmann & Elliott, because our model zllows a AY dependence of the
denonminator, giving a change in the position of the localized mode or

resonance due to changes in the charge-dependent forces coupling the

defect with the rest of the lattice.
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Thoe result of combining tiie two special cases we have discussed
can be thought of as leading to a AY -dependent rodificetion of the
Lorentz factor. This full case will be discussed in the next chapter,
in apnlicatior te silicon. The appearance of the Lerentz factor in
(8) and, in modified form, in (9) and in the general cose reduces the
importance of the mechanism suggested by Leigh & Szigeti, which was
mentioned in Section II.1. This will also be discussed in the next

chapter, in applicaticn to silicon.

I11.4.1. The Absorption Mechanism of Leigh & Szigeti

Leigh & Szigeti (1967a) consider the “apparent charge”, Qn
induced on the nth atom of the host lattice by the electric field, E ,

of a charged defect

\
- 2Mx o O >
Yzo( n - aunf)( - aumx‘jixd\f

where M is the total dipole moment of the crystal, p the displacerent

of the nth atom and thc pclarization, P , at a particular point, is
4Pz (e-0

Far from the defect, where the dielectric constant, & , has the value

for the perfect crystal, € = &,+€, and [ :}:1; otE) 5 where &, ,F,

are the values at zero displacement, and &,, l_':__, are due to atomic

displaccment. Of these terms, there will be a contribution to Tz

cnly from €,, E , » anc Leigh & Szigeti select only one termu
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. L 9d (,,
Nan = 400 au,,,xj (g Ehdy o

The two ways in which the dielectric constant can depend on
the motion of the lattice, in first order, are as a linear function of
the strains (a coupling with the acoustical modes, the source of
Brillouin scattering), and as a linear function of the relative dis-
placements of the sublattices (a coupling with the optical modes). Leigh
& Szigeti find that in silicon the former produces a much smaller effect
then the latter, and we consider it no further. For long-wavelength
optical modes in a lattice having diamond structure, they define a
“Raman constant'’, 19 , in terms of the relative displacement

q= Ha- U(g of the two sublattices A, B:

61/9 - ;gfzy pot EZEZE = Eszgi

Then (10) becomes, far from the impurity,

X - +,,_‘_/31°/3
'/lo(n - YEX )(OKK (11)

where Vet is the volume per atom, éxqa' is 0 if any of its subscripts
are the same and 1 otherwise (see e.g. Smith, 1948), and the sign in

front depends on which sublattice n is on. The ficld is just the
Coulomb field, depending on the distance, I, , of the site h from

the impurity charge, eAZ

E - oDt = Eorn . (12)
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I1.4.2. Arplication to the Linear Chain

In their paper, Leig.. & Szigetl ge on to work out the total
agparent charce induced in the crystal by their effect, and use this
to estirate the absorntion caused throughout the crystal by the presence
of a charge. They consider their trcatment to be valid fer apparcn
charges a raasonable distance away from the defect: calculations for
regions closer to the defect being disturbed by possible spreading of
the defect charge, shiort-range polarization forces, and the change in
the dielectric constant at the defect. 7he latter two are talen
explicitly into account by the wicroscopical Shell model.  Since,
according to (3), thc absorption is proportional to > 2952
where Z: can be shell, icnic or apparent charges, 1t is important
tc consider cross-terms bestween thesc different types of charpe as
well as the squared terms. The linear diatomic chain gives some
insight into this and into the frequency dependence of the sums invelving
Leigh & Szigeti's apparent charges.

We considcr a perfect diatomic linear chain, with masscs
M. Miané force-constant matrix A, and on one of the sites we shall nlace
a charge, ¢ AZ . This problem can te solved exactly for a simple
Shell model, but since the dynamics are given by the verfect lattice Green's
function and hence the terms in the shell chargc vanish wvhen sumed ovoer
the perfect lattice, we consider directly thc Born model to which the

Shell model reduces. A block-diagonalizes to A, , giving the
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sccular equation

bz - o - = b
vi, Y Jm M By o« 6« o
.. Lo " - 2~ N2
g fl'ﬂ 4 Ceafd F"' g T

from which

where X is the force constant.
If we write M= m/ )0" , OX )’)L {| , and consider the

frequencies at 9 =0, &= %{ , we can define

(ﬂ-": 9, (6:=0 apaunj}»c)

(X

s
1

(\.)
>
gt

7‘)
D
{

i

i%:

Then
e _ ¢ - (Q) + ((&)} () L)
Wr @y
and

|

do* 11 Jor@p-0@Wi-@ N ef-w?) (3

t————

where @ =9 and I is the distance between neighbours. The
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eipenvectors, (X« y§+)  for optical ( +) and acoustical (- ) modes

. z 2
are, if @" =@ = @y ~Ws ,

(@t - *
X _ :y+ = J(ﬂ)f;‘zwl

= K¢ = (ﬂ)zﬁwl
% t x ;X
Wy - 2@

which satisfy the orthonomality relations
| X;
(X f/(‘)(w} S g(}

XE4XE T yiayg o=
I-y- +)(+y+:o

and closure

. . r_ (Wt .
The singularity =t (@ "= ™3 / 1 occurs in the middle of the gap,
and does not arise physically.
ising these results, we can obtain the imaginary part of the

diatomic linear chain Grecn's function.

. | X- Y-
9my(wl Q)= j NZ_(;’; ~w1+(g(x+‘§+)w‘l("‘ i)
A

where € 1is a small imaginary part which enablecs us to replace the

denominator by delta-fumctions, using

e = Pl) -inr§oo

c>0 Xt

where P denotes principle part. After replacing the summation

over the wave-vector I‘U by an integration over frequency, which is
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possible in this case since Cﬂ))'(‘{) 1s a one-to-one function,

l % L
l—\J-Z~’> P 'FO duld 9
1
we heve " |
In 9(w08) = k[ a0 74 (§)8(ver) (X4 om0 0nore)

qu, A
-1 w?d ot (y+)6(u1 @) (X Yo) @ (V(Ty-ry)

5 S A )} eowr o)
d

2 0
- -n g%’- cow (@) (1 —rq\,)((') ')

H

(14)

where the integration from O to (9)31 is broken up by using the
cntisymmetry of d‘l/ d® under (d} —~» (@)4]: , and the last identity
uses the closure relations for the eigenvectors. In more complicated
cases, wherc moving from onc phonon branch to another does not cause so
simple a transformation of JC{ / do® , there is a frequency
dependence in the matrix part of (14), which will be important in the
frequency dependence of Leigh & Szigeti's absorption.

We now consider this absorption, supposing the Raman constant in

(11), , to be a number with sign differing on the two sublattices,

ﬁ:/i(lrl) . The squared tem is (K)K,*‘f“foiﬂ\.a ‘ )
Z Ir((tg) 7“_7(‘“)1;‘55") r((g’l) o(Z’ COUZG(GU")(Q-Q’)
24

«?z-e’L
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where the prime means that the defect site is excluded, and the form

of ﬁmj enables us to separate the sums over the two sublattices.
We can evaluate the sum by breaking it into

' oo 26(wil) b
P

2

where ( is integer or half-integer according to whether or not we

are concerned with the sublattice containing the defect. Using the

Tesult

ff‘m} = ~ { aum of reaiduss of Motz f (g ai’fhpo&o(f{(z)},

we have for these respective sublattices
2

A | &
=20y 3

and 43"(1

S, = 26%wd) + =

(15)
as the valuc of Z W29(@I) Q/Qz-

We can now wrlte the absorptlon

'f’((“v)d w{['( jmg(w ,(, +7.L 'Mj’"j 1,52 eAzf(QAz)7 gl 58 10011
Q Y
[ AR %' sttt o1}

from (11), (12), (13), (14) and (15), vwherc the sign of ﬂ is wndetermined

(experimental measurements have found only its magnitude in silicon end
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germanium).  Since this leaves the sign of the middle temm wmdetermined
we do not know whether the Leigh & Szigeti mechanism will increase or
reduce the absorption in this system. However, where the two sub-
lattices are indistinguishable, as in the diamond structure, and there
is eaqual chance of a defcct appearing on either sublattice, the middle
terr: has added to it another in which the vector describing the defect
site is (0, 1), and that describing thc apparent charge is (SZﬂ - Sl)“
Thus the cross-terms vanish and the Leigh & Szigeti mechanism enhances
the absorption. This argument gencralizes by symmetry to real diatomic

lattices, and it also aprlies to the cross-tem with the shell charges

when the Shell model is anplied to an imperfect lattice.

¥We then have 7°< (@) X

)F(ze (uu)+-) +(26 (w‘)+‘3%)1}

(16)

-etpaz W dwz {' +

As ()~ goes from O to W (or (Q)% to Wy ), 20 varies

from O to 9 . If we insert values for silicon (sce e.g. Leigh

& Szigeti, 1967a) in the factor in front of the square brackets, it
becomes ~,35 and the Leigh & Szigeti mechanism contributes from

~40 to ~120 times as much as ordinary abscrption. This is very
large, and the reason is that we have assumed the Raman tensor to have
diagonal components, while it has in fact only off-diagonal comprnents.

The coupling between mutally perpendicular vibrations is a second-order
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cffect in a linear chain in threce dimensions with central forces, so it
is reasonable to expect /9 te be effectively an order of megnitude
smaller than we have used. This reduces the above numbers by two
orders of magnitude, putting thcm in roush agreement with the results
of Leigh & Szigeti. Tinally, as we havc seen in section II.3, the
polarizability of thc host atoms introducces the Lorentz factor in the
usual absorntion mechanism in an imperfect lattice. Thus for (16)

to apply to a realistic model, in which a change in charge on one site
leads to changed mass and force constants, the shell charges, Y
would augment the first term in the curly brackets by the Lorentz facter,
which is 21 in silicon. Thus the Leigh & Szigeti atscrption varies,
depending on the frequency, from 2% to 6% of the usual absorption;

described by Dawber & Elliott (1963a).
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CHAPTER I11

ABSOFPTION BY SILICCN VWITH LIGHT AL VEAVY DEFECTS

I11.1. The infrared absorption by defects in silicon were studied
theoretically by Dawber & Elliott (1963:) as an application of their
earlier paper (1963a) discussing the gereral theory of defects vibrating
in crystals and especially the vibrational asplitudes. The theory
allows a chanrc of mass at tic defect site, but neglects changes in the
force constants. They considered charged d=fects of grouns TII 2nd V,
both liriiter and heavier than the silicon atoms, and shewed that tho
avsorption intensity produced bty the vikrating charge is proportional

to the density of states of the nerturbed lattice. This they were able
t> calculate from a perfect lattice density of statss, using o Green’s
function rmethod of the sort describced in the provious chapter. They
supgested an experiment to check tae theory in »ich eoual arounts of a

oroup III and a growp V impurity wcre dissolved in silicon, providing

15

electrical compensation to climinate free carricr absorption. 1bi
exseriment was carricd out by fAngress, Goodwin & Smith (19€5), who used
B and P’ impuritics, achieving final exact clectrical compensation by
fast electron bombardment, introcducing a contrellable nunber of traprinc
centres. Thcy found close agrecrent with the theory for the boron
localized mode freguencics, assuming a 10% force constant changc, and for
the localized mode intensity, assuming unit charge on the boron and no

local field correction. Phosphorus, however, produces a resonance which
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is displaced from the freguency indicated by the theory, and the
intensity of the absorption by the band modes is about 2.5 times larger
than that predicted for isolated irpuritices carrving 2 unit charge.

ihe thecretical error in frequency camot be explained by a force constant
charce of the samz ordor as that involved in boron, and Angress et al.
suggest aggreratior of impurities and spreading of the defect charge as
possible explanations. A distriluted charge could also account for tic
discrepancy in intensity, although they sugeest that a local field
correction could apply in this case.

Experimental work on the localized modc producec by carbon in
silicon is rcported by Newnman & Willis (1965), who compare the intensity
of this absorption with Dawber & Elliott's theory ané witl: the preliminary
results of Smith & Angress (1963) for boron. They find this intensity
to be five times that of boron.

Leigh & Szigeti (1967a) suggest the mechanisr of defect-induced
“apparent charges', described in the previous chapter, to account for
the unexpected largeness of the band mode intecrated intensity obscrved
by Angress ¢t al. By estimating the resulting charge at the cdefect, on
the nearest neighbours, and throughout the rest of the lattice, they
arrive at an overall effect in boron and phosphorus doped silicon which
is 2.4 times that due to the irpurities oleone.  Following the experi-
mental result on boron localized modes,; they assume that there is no

local field correction to the etfcct due to the irpurities alone.
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In the present chapter we obtain results for Leigh & Szigeti's
cffect based on a microscopical calculation, and show this contribution
for a small region of the band. Ve consider the absorption in this
regicn due to charged phesphorus. antirony and thallium defects. ¢
consideration of the localized medes due to boron and carbon defects

suow that we are able to fit the experimental results in botl: these cases.

although the meaning of the parameters used is not yet clear.

I1T.2. Silicon, Structure and Iorce Constants

Al

Silicon occurs having the diamond structure. whic! consists of
a face-centred cubic lattice with two identical ators per umit cell,
each with 2 tetrahedral envircnment. These may be considered to be
located at (0, O, C) and at (4, 3, )i in the wmit cell. For
silicon, ¥ = 2.35 K.

Since we shall be interested only in changes occurring at the
defect site itself, we neced not consider the syrmmetyy vproperties of its
neighbours. We do, however, need the symmetry operations cf tie perfect
lattice tc establish the force constants zn¢ tc calculate the Green's
furctions. These are contained in the treuslatien proup of the f. c¢. c.

rmn

lattice, together with the tetrahedral point group, Ty and inversicon
ccupled with a nonprimitive translaticn, which cxchanges the two sub-
lattices. Tue latter two, however, can be comhined into an effective
point group, G X when we perform symmetry operations cn the dynamical

matrix, provided that we use g-values in the interior and not on the

boundary of the Brillouin zone (Lax, 1960: Ch. 19K.).  Usiuc this,
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we con calculate the Green's functio, as described in section 1.3,
The short-range force constants used, taken rut to second

neighbours, have the same form for core-core, core-shell, and shell-shell
coupling, typically:

]

Nezrest neighbours

a & b
Cb(? 2): -a b
LG oa
Second neishbours
o o) _ ce -y
QD(’ z) - (QC -y
yY d
d)o no\ _ [f h -x
<2 2) ~|h f -x
Xx X g

These lead to typical terms in the dynamical matrix of scectien I.2.

Dag =k +lhcwn e (y+w 2] +4d o, @0 qa
R I
ny -
D'l -/q[w:»q"‘> Yeawa®2 LianG an sinle
xx = 4 3 W 2 Th 2 7% 'f}

DX =4t 6n G ainY 0P —lw w0l wn e

-le oon qx Gy 4-(:/ Ao Qo [Ccmqn=Comqy]

Xy 2.
. 1L woo,
with D the same as D if k—¢, (~—-’§I o(—ejle——-;hly—-?z, The
conditions (I.1) requirc that for core-core and core-shell (in centre-

of-mass cocrdinates)
k = - 14.0. - 8( -~ L"-o(
{ = -La-Pf 49

..43..
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in the shell-shcll case, an extra tern arises from the isctropic

force, K , comnecting <ach shell to its own core, and
k= ~fLa-8¢-4d+K
4
< -la-8F-Lg+K

The valucs vscd for these pararcters are taken from Nolling
& Cowley (1966) who fitted the model to neutron scattering data.  They

. . . ~4
give 1n units of 107 dyne/cm

Ap T Qe - 12.338
a-=  1.369 @
b({ = C.214 &kq
T -~ L00C Qs
(_rT: ~  .3286 O«
M= 0.4176
Y= 1.2666
V- 4711
d:- o702

-’

where Cp= fp = Cs=fs = p4» CGraty = 1364 4 Qpehgzes=hs =z d,
dp=9ezds=9c = ¥ 415927 1364% ) Xr=9r= L36L S,
Qr=fr=1.364D, Xz Yg= )54, S: - These identificatimns hove been mads

without physical justification in crder to reduce the number of rarameters.
The values for the core-shell force constant

K

and for the shell charge

Y

68.55 10" dyne/cm

- 2.865 proton charges
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arc from Dolling & Crwley's determination of 17, d in the relations
\\/1 \/
) SR Ci - _ "KFQST
e
L{ ! L‘—qT K + LP aT
The long-range Coulomb forces of seciien 1.2 have becn preparve:
by C.T. Semnett, and arc incorporated into the calculaticns after the
marmey of Pace & Strauch: (1968). See (1.11)).

The resulting Green's functicns are tabulated in the Appendix

for those froguency values ior which they have Leen calculated.

C11.3. Band todos and tne Leigh & Szigeti Terms

T get some idea of the size and frequency dependence of the

Leigh & Szigeti abscrpticn, ve calculate thc sums

Z’ r(‘x (’() 3 \t{ o)

LK
anc ()
_ , ,
) ) glé %) G e
4 c4ﬁ KK /9 K
Kot
Urp
which recur in the expression for the absoreticn in scction 1I1.3,
. / q
1 N 5 (4 1(
X =%/ Zd( G«,s(rm' £ ) (2)
V' fka
LK)
where G is related to ¢ by the Dyson cquatien, (II.4). Thils we do,
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the computer program used for evaluating ¢, by changing thc sum over

real space to one over a-space. and adding it up over the samole ¢
NP . X

o-values that are used in findine ¢.  Since VLC('? has a Coulomb

dependence on the site n;( 4 ; }{) , given by (II.1C), we have

) = 7 e W epraze o

where the phase facter comes from Fouricr transforming and the other
terms are defined in (I1.11) and (11.12).

The sumands in (1) diverge at the oricin of q-space as  Yp
<

and I/ ({‘1 . but the sums themseives do not diverge, and in the {irsw

casc the contribution from the o-vigin vanishes, We rely on the chose
distributicn »f g-points (see Appendix) to give us rcasonzbly accuraie
values. This procedure brzaks cown at () = 0, vhere we have to cope
in addition with the divergence of the Green's functicns.  However,
we know the absorption teo be preoporticonel to (o) (see (11.1)), and zc
it is not necessary .o verforr the calculation at () =

-

The sums beceore

2. ) P (o)

K
e Y ATV T Ot Q) e A {2
“CZ‘(lLHLZ € Asocs KO -k Sevacm) gx‘j«:S:;
i K Sy !
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o () U 51Y

X 6)(So<53’ stfgsg Q‘Sb’ <CSS

~
where ( = A 60[31’3 AZe
only to the phase factor.

and the crmplex conjugation on VL refers

The other symbels are used in (3) or in

(I.8) and (1.9). These arc the expressions that are calculated by

the computer progran.

: . + __+
In Figures 1, 2, 3 wc plot the absorpticn due to P . Sb , and

T in the bottom fifth of the band, showing the lLet¢h & Szigeti contri -

bution. The points between thosc tabulated in the Appendix were

obtained by a quadratic interpclation cn the nerfect lattice Green's

[4

function and on the Leigh &

Szigeti tcrms. The original vzlues of

thc Green's functions and the interpclated values vere then used tc

obtein the absorption, using the results of section I1.2.

In Fig. 2, showing the results for antimony., (group V, mass 1272]

we see the effect of changing the defect charge on the rescnance.

As NZ-—> @ , the position

by Dawber & Ellictt (1963b).

of the resnnance approaches that predicatec

As AZ becomes larger, the resonant

frecuency decreases until the vanishing of the absorption at @ =

begins to dominatc the AZ

variation of the intensity. In Fir. 3,

>
¥ =
L
2
——————
‘r\ ) )
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we fix the chargc of the thallium defect (group I1I, mass 204) and
show the devendence «f the resonance cii AY .
To our knrwledre, there is no experimental work cn these defects

in silicen.  The marticuvlar recion of the band vns chosen because it

is likely e be the smoothest and mest free from absorption peaks due
to the perfect lattice. Vo diJ not investigate the rest of the band

because of the laree amount of computer time recuired te coiculate cur
special Green's functions, and because of the uncertainty of the
significance of the parareters Al and AY (see next secticn); the
understanding of which will require, we fecel, more experimental work

on lcocalized meces.

11I.4. Leocalized lodes

Ye now apply our theory to the experientel results for carbon

and boron defects in zilicon. Tirst we examine in rmore detail the

cffects of varying the parameters AZ » AY > AT of section 11.3,
This examination depends cn the results ~f corpiter experiments, and so
the discussirn that follows is but a rough justification of these results.

The freauvency of the localized mode depends on the zeres of the

determinart of 1—9C in (I1.5). From (1.8), j‘j: 9"

~g"A-g"h  §TOK-9"AY  -9Uaz -g'py
S| -9°A -gPaz  -gRAK-SUAY -g"0Z-9TAY|
NS S R A 4 dz~9 pY
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where the notation is that of (I.11) except Az -aM @t , and the
second cauality follows using (I.10) in the definition of ( in section
1.3 with ARsAS=z0 . AT: AK - This determinant centains a

comstant term, and terms in AK . AV, AY 2 ; - 5 2
AYAz,0Y07* | (7282, BYAT,AZ0 0 7
AKAY AKAYA}_, A of which the last four cancel out in the expension.

Yie now considewr an approximaete analytical form for j() in the resion

above the band.

12
From (I.11), we see that the real parts of glls ¢ and g]‘

-
kS
-t

?

inve the form

7‘ A - 2 At _ a.
— Wb @iy T W

ferd . z . .
where the ¥8® follows if (W is larcer than all the (r . This is

¢
the case if we arc in the region well above the band.  Similarly, o

23 23
g , 0° are of the form

>

& CY R o 1
2. aq —_——— M g ig)__(_
Wi~ (- &~

3

The irmaginary parts, of course, vanish, accerding to secticn II.2.
- - - i:
Thesc forms enable us to interprlate between the computed values of ¢/

above the band listed in the appendix. lle have
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-6
g 2.0017T %10~ w/, e
- .,587
y 7.8% x 107" m/d’fm
£r-.592
93. &5s55x100°"
PL“‘—‘AO?—G 2
. £7-.937
g*ts - 1395 X160 FE_ 443 om/diges 5
3 -t -P1~.646
= < ].0! X110
7 1023 £ 39«

4 £7-,728
933 = ~3.96 Xio FL- 577 Cl?ﬂ\X/M

where €= (‘)/@M a 3nd we have arbitrarily taken {edy,y T 247 X jé.oxyo'ln,/ﬂ%
(The experimental value for silicen is 0.0674 ev. or 15.57 x 1012 C.PA
(Mngress et al, 1965).) Tre forms (5) are used in all computations of
the localized modes.

Bxpending the determinant [4) shows that the cocfficients of
all the terms containing AZ o tozero at large £, usin~ (5). For a
sr2ll ran-e¢ of £, these terms can be said to vary as 1/ (f + constant).
the coefficients of the other terms ~» as ~ ceonstant + 1 /(f + censtant).
Then we caon write for (4)

O = (el 8K AY,0Y AL, A3 AT DKDZ™ )
= (comat., DKLV, 8Y7)
1 [omat, 8K,AY,AYEAT AYAE, D78 AKAZY] . mmf

wherc the brackets indicatc linear combinations of their contents. Thus
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if we further supposc the coefficients of AK,AY,/_\YIAK AZ-  to be

small,

£+ conat = - Ai [eonad, ak,BY,0Y 202 AYAZ AZ]
(.<n\

This particular form rives a parabolic <ependence of f. o AF  such
that if OK  is champed the parabola shifts linearly um and down along
the f-axis, and if AY is changed it shifts.from sice to side along
the A -axis. This behaviour is shovn (see Tig. 4) bty the computed
parameter-cependence of the localized mode frequency.

IFig. 5 shows the expected quadratic dependence of the integrated
intensity on A%z for the same three sets of values (A\,/ ,OK )
The modification of the Lorentz factor due to AY , discussed in
section I1I.3, is shown in Fig. 6. The integratcd intensity resulting
from jm T 3B must be rmultiplied by a factor € to obtain the observed
integrated intensiuy. When AY:O0 7 £ /\tlic Lorentz factor of (1I1.8).

vz may corparc the results for boron and carbon with carlier
theories and with expcrimcnt. The table shows the localized mode
frequencies predicted by various theorics for the two isotones of boron
when AZ: ® (present notation). Angress c¢t al. used the theory of

Dawber & Elliott, but with a recalculated density of states. The

numbers given for the frequencies arc to be multiplied by 1€.0 x 1014
ra./scc.
Dawber & Elliott Angress et al. Present work
g 1.24 1.196 1.190
105 1.29 1.236 1.241
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All these values are sorewhat higher than thic experirmental
results, and it is ratural to use our theory to change the defect

charge to A2 = - 1. Ve have

Present work Lierirent
1, 1.162 1.162
10y 1.214 1,207

The integrated intensity may be calculated for the lirher isoteope at

. , 0 -3 .
natural abwundance in a Loron content of 5 x 1C°7 om using (11.1),
3 -

(I1.3), (I1.6) =pplied to the first special case of section II.3.

, 4_”?.1 NA {Lq(ﬂ.)
jo(w%(m)):w(ﬁ)m NV O"(‘FL) XMMM

where M is the index of refraction, ¢ the velocity of light
N the number of particles, W tle crystal volume, ‘F,_XLo)M: @y the

/
localized mode frequency, A the Lorentz correction factor, ol e

.. . 33 2 .
frequency derivative of ll-ﬁ(l an¢ Q=1 TAZ 3“ . This gives

. 1.29 1.236 1.207

JdwKiey 329 .27 266 ov/cr.
These murbers arc all of the order of /\ times the experimentel result
of Angress ¢t al., .036 ev/cm. This is an unfortunate result, for the
agrecment between theory and experiment for the localized mode
frequency and for the intensity, without the Lorentz factor, makes it
appear that this factor should not be used.

What we must do, however, is to change the paramcters AY and Al

the effect of which is shown in figs. 4 and 5. The results are
- 52 -
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sumarized in the table. ‘e also see that the experimeatal results

of Mewman and Willis for carbon in silicon can be fitted.

Experiment Present Work Values of Parameters
£ fx £ X A%  AY  AK
1r 4
05 1,207 .016 1.207 .016 .01 C.0 8.8 x 10°
o4
- 1.0 ~1.75 -1.12 x 10°
126 4,137 080 1.137 084 0.0 1.94  G.0

It is apparent from figs. 4 and 5 that the above paramcters are not

the only values which will fit the experimental results. Cince the
values of Y and ¥ in the Shell model do not coincide very well with
their conceptual meanings, the meanings of AY and AK above are
not at all clear. The present theory leaves too much freedon to its
paramcters tco give unique fits to cxperiment. However, both AY
and AK are necded: boron cannot be fitted with AK= 0, nor carbon

with AY =0, if AZ is to rcmain vithin a reasonable range

{l

(i.e. AZ

With tlis uncertainty. therc is not ruch point in atterptine a

O for carbon, -1{AZ ¢ ¢ for boron).

lenpthy investigation of the band modes and rcsonances in the absence

of further experimental results on light defects belonging to different
chemical periods, from which it may be possible to work out an
interpretation for AY and AK . We leave as the main result of this
work the point that thc absorption intensity and the Lorcntz correction
factor depend strongly on the polarizability of the defect as well as on
that of the host lattice, and that thesc can be calculated with the

assumptions usually made in the Shell model.
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CALCIU?!  FLUCRIDE

Iv.1. Introduction

The technique of applying uniaxial stress to crystals
containing colour centres was suggested by Laplyanskil at a
conference on lunminiscence held in Moscow in 1858. His problem was
to get around the macroscopic averaging out of the anisotrony of
the individual centres, and he was able to use energy shifts due to
uniaxial stress to distinguish four types of dipole absorption
(linearly polarized electric and magnetic, and circularly polarized
electric and magnetic) by three types of centres in a cubic crystal
(oriented along the fourfold, threefold and twofold axes). He later
did a phenomenological calculation of the magnitudes of the shifts,
neclecting, however, the possibility of splitting of lines from indi-
vidual centres due to thc lowered symmetry. This case was treated by
Schawlow, Piksis and Sugano, and a good discussion of the method, as
far as it will concern us, is given by Gebhardt and Maier (1965), who
deal with F-centres in alkali halides.

In the present work, the splitting by uniaxial stress of the
localized vibrational mode of hydrogen and dcuterium ions in calcium
fluoride is used to determine some of the anharmonic forces coupling
the defect to the host lattice. To do this we must go beyond the

phenomenological theory of Gebhardt and Maier (whose treatment of the
5l



IV.1.

excited p-state of the F-centre can be used directly for the localized
mode problem, since only symmetry considerations are involved) and
‘céns““ﬁéaraﬁ-t- a microscopical theory. This is more easily done in the case
of vibrational localized modes than with electronic colour centres,
vhere a detailed knowledge of the structure, levels and wavefunctions
of the centre, of the interaction with the lattice, of the nature of
the localized deformation, etc. is difficult to obtain.

The splitting of a localized mode due to cxternal stress is
caused by the anharmonic forcz constants, which: produce new harmonic
terms when the neighbours of the defect relax under the applied stress.
The essence of a microscopical theory, discussed in Section V.3.
is a treatment of this relaxation in an imperfect lattice. The
problen of relaxation about a defect in an unstressed crystal, due to
the size of the defect, has been tackled by Ludwig, who divides the
crystal into two regions. One rcgion is remote from the defect and is
assumed to behave like a continuum (or, what is equivalent, like a
Bravais lattice); and the other region is in the neighbourhood of
the defect, about which no assumptions are made other than those used
here. Our trcatment compares thc imperfect lattice with the perfect
and we arrive at the result W. 15) , which is quite general for any
crystal behaving according to the harmonic model. This approach

also cnables us to discuss the elastic constants of an imperfect crystal.

which we do in the last chapter.
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The microscopical theory developed in the following chapter
for stress effects on localized modes is based on general considerations,
but worked out in the case of calcium fluoride, for which we have
experimental measurerents (I'lliott et al, 1965). We devote the
rerainder of this chapter to a discussicn of this system. Calcium
fluoride occurs naturally as the common mineral, fluorite. The name
comes from the term 'fluores lapides” of Georgius Agricola, who ccrives
it from the latin verb for "to flow'' because the mineral melts easily,
referring to its use as a flux to dissolve impurities in the smelting
of metals. It is found in the form of cubes, and in various colours,
which confused its early identification (in the course of their works
on minerals, both Albertus Magnus and Theophrastus describe stones
which probably included fluorite, but neither they nor Agricola really
identified it as a scparate mineral), and led finally to an interest
in it for physics. For the term "fluorescence’ was coined by Stokes
in a footnote to thc paper (Phil. Trans. 142. 463, (1852)) which finally
suggested the ultraviolet cause of an effect that had been known since
the seventeenth century, and had shortly beforc been observed in some
detail in fluorite by Sir David Brewster. (On the chemical side,
another name, fluorine, was derived from the mineral because Ampere,
in 1810, compafing vith hydrogen chloride the gas produced by a reaction
of sulphuric acid and fluorite, guessed at the presence of a new element).

Impurities in the form of rarc-earth elements were suggested by
-56~



G. Urbain in 1909 as a main socurce of fluorescence in natural fluorite,
and he succeeded in synthesizing fluorite with traces of rare carth to
test his idea. The techniques of growing synthetic crystals of CaPZ,
without which recent research on it would have been impossible, were

not finally developed until the second World 'ar, when a prograrme of
obtaining synthetic fluorite for optical purposes was undertaken at
1.I.T., notably by Donald Stockbarger. The present work derives from

a programme to study colour centres in Can (Elliott et al, 1965;

Bessent, liayes & locby, 1965), and results from the fact that the localized
mode lines of hydrogen and deuterium introduced into the crystal are very
sharp. (It is interesting to note that the original stress cxperiments

of Kaplyanskii were done on luminescent rare earth centres in Cal,.)

IV.2. Calcium Flucride, Structure and Syrmetry

Calcium fluoride crystallizes into a face-centred cubic lattice
containing one calcium icn and two flurrine ions per wmit cell. Each
calcium icn is surrounded by eight fluorine ions, forming a cube about
it, while each fluorine ion is in the centre of a tetrahedron of four
calcium ions. The unit cell is usually chosen to be a rhombohedron of

3

volume Vv = Zro with basis vectors

2y =T, (011)

2, r, 101

T, 119
and lattice constant

2r = 5.45 &
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When U-centres are createc in a CaF, crystal, K and D ions
substitute for the ions at fluorine sites, as has been shown by LElliott
et al (1965), whc point out that the transition to the second harmonic
observed in the localized mode is compatible with a tetrahedral
envircnment for the defect but not with a cubical environment.  Thus,
in considering the symmetry properties of the defect and it neighbours,
we use the tetrahedral group Td'

In order to simplify the calculaticns which fellow, we shall
necd the symmetrized coordinate of the first and second nearest neigh-
bours of the defect. These are the basis functions of the irreducible
representations of Td which contribute, and so cur first step is to
find out which these representations are. The space we wish to
construct from these representations is the space spanned by all the
possible displacements of the defect and its neighbours from
equilibrium. A basis for this space consists of each of the In + 1)
displacements in the x, y or z directions of the defect and n neighbours.
The character of cach group element operating in this basis is the trace
of the matrix which describes how the basis is transformed, and from
the set of characters thus obtained, we can decompose the space uniquely
into the irreducible representations it contains.

Thus, for the defect alone, the space is three-dimensional, and
the decomposition is cbviously intc one representation only, which

is [g of Ty
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Table IV.1. S, transformation matrix to symmetrized.co-érdinates for
defect D, nearest neighbours, Ca; and second neighbours, K . (Mot

normalized). The labels refer to Figure 1.



Figure IV. la. Ca nearest neighbours to U-centre.

Figure IV. 1b. F second neighbours to U-centre.
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¥or the shell of four nearest neighbours, the space has

12 dimensions, and
r‘r:n. :‘P“"?* ’? *2’—‘-
For the shell of six next nearest neighbours, which form an

octazhedron about the dcfect, there are 18 dimensions, and

E-r:.n, =[o-‘+‘.3_‘ "'2-{: 1'3,—5-’.
We then have for the defect and its neighbours cut te the

second that the 33 x 33 matrix describing the force censtants, or any

other similar property (33 = 3 + 12 + 18) will decompose into:

one 2 x 2 matrix corresponding to the 2 [’
twe  1dentical 2 x 2 matrices 2 ‘?
three icentical 3 x 3 matrices 3 I:

three identical 6 x 6 matrices 6 [g'

The transformation which effects this decomposition is the matrix, S,
of basis functions (syrmetrized coordinates), found by use of
projection operaters (see e.g. Tinkham, 1964) and guesswork, and
given in Table 1.

It is also necessary to establish notation for the properties .
the perfect lattice. We use the Born (rigid-ion) model and require the
force constant rmatrix, de p(ﬁﬁ:) (see e.g. Maradudin, Montrell &

Weiss, 1963) coupling Cartesian component o of the displacement of

the K* ion in the f“‘unit cell with component /9 of the displacement
_59-.



Figure IV. 2. Configuration of ions in the unit cell of CaF,



of ion (X,/,R') . We shall also require the inverse of this, but since
1t refers to the same lattice, this has the same syrmetry properti;es.
The force constant matrix, as pointed cut in Chapter I, is
composed of a short-range part, and a leng-range Cculomb part. It is
the former which appears explicitly mest often in the calculaticns tce
follow, and so we now describe it in greater detail for CaFZ. We shal:
follow Sennett (1963) in considering the sheort-rance part to extend
only to third neighbours. The symmetry of the bonds limits the number

of independent force constants, and we write the results below in their

most genecral form,

fo
Nearest neighbours. F, - Ca. Bond direction (-1 - ‘l) 5.

=1

a U [

olee)< ;1 5.

Second neighbeurs. F, - F; . Bond direction (-l 00) Y.
h (e @) ( “ A B.
('b\"z F, ) . B A

Third neighbours. Ca - Ca. Bond direction (l ‘ 0) o

r e
OHO:'(Z(.
(G Co d [

Third neighbours. F - F. Bond direction (1 O) Jo »

ot _ [f h-x
OF ¢) = ,’gf;

The subscripts on the fluor_i_.g% icns above are explained by Figure 2 .
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Maradudin, Montrell & Weiss show that the conditicn of

invariance of the force on ecach ion under translation gives

T (A1) =0
4 d)a(F(K K
and this gives us

(b(;g) :(k “ k)

k= Ba+8c+bd

and (D(g;);(”;z)

wvhere

{ = A_Q+Z,.A+Q.C +8f+49.

where

Sermett (1966) has evaluated these force constants by fitting
the experiental elastic constants, the long-wave frequencies, and the
dielectric constants at zerc and infinite frequencies. He obtains,
in units of 104 dyne/cm :

- 1.684

&
i

- 2.362
= - 1.644

b

C

A = 0.211
B = 0.0
t

It
-
]

0.0467
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The identification of c, e, £, h; and the assigning of
d, g, x to zero, are done before the fit is made, in order to reduce
the number of parameters to be handled. A further parameter is the
effective charge on the ions, which contributes to the observable

quantities through the Coulomb interaction.

Z = 0.778%¢

where Z is the charge cn F, - 2Z cn Ca'".

In the matrix which represents the inverse of (p , the identi-
fications made in the last paragraph do not hcld, and while the
independent constants up to third neighbours have the same symmetry as
the force constants given above, non-zero constants also extend

beyond third neighbours. The ones we shall need are, where 9= (p"

9(3?’32) - /u’uv)

ay _ (X B S
gfe)= e 2d).

We shall need to know 3 and tp , the change in (b due tn a
defect, in symmetrized form in the neighbourhood of the defect. SD has
the same form as (1} , considered, for our particular case, out to second
neighbours. The symmetrized forms are obtained by constructing the
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(33 x 33) matrices from the independent constants given above, and

then transforming with S§ of Table 1 and its inverse. The results are:

@ = () 9 = (2 )

tn - (Mrc) I,

- [

L= A -8B _/rq6P

& ( -—B/-\) ﬁr;*'(%n
P

i
y S
< £
tn £
N

J,
‘P!} = /-@ 8¢ =20 1B 24 _fc |
|-Br  arl- Vil }
~-2a il a f
18 A -8 /
-2LA -B A /
Nac -/
{ /)

3,1._. 1 V6 14 28 1A ﬁC\ +‘bmm,a_laoﬂ.z

T K
f (1)
" yBe
A

4
The new symbols which enter inte the expressions for 9 are

linear combinations of the independent constants above:
-63~



1 = k-2¢-2e+4d w = -4-h-X\

g = yila-2b-¥-23) | i
.; = k-lcjd+ 2 sz Qrih -2

vV o= Ji(q+Lr-K+5)

r = kte-d n= Redh-f

q = vL(a+-V*€'“J J - Q'ljﬂﬂ
p=vi{ef-1t)

W= keed f = 2(82hp)
Y- ﬁ(oﬂi-f(r-a) (‘”',7*"'
X = Vi(p+e) A 3 g4
¢ = 2As-p)

m = k+lcad
v = p-U)
¥ = 1(a«x)
K = Vi(a+})

IV. 3. U-Centres in Calcium Fluorice

As peointed out in the previous secticn, U-centres consist of
H and D™ ions which in CeF, substitute for fluorine ions.  The
expressions for the force constants of CaF, have been derivec, and
hence for the change in force constants due to the defect, vhich have the
same foerm. Such a change in force constants is necessary te fit the
experimental value for the localized mocde frequency: the assumption

of a mass change alone lecads to results which are 30% toc high. VWe use

~6ly—
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equation (4.14) of Llliott et al (1965) for the localized mode

frequency.

o 0 2 *
ot = Qubile 5 0,(50)
F ‘exp Mﬂd)c(o((f?;&)

where the notation for the force constants is that of the previcus

(2)

secticn, and ez(MF—MH(p;)/MF. In this case, 4) gives us

the force constants in the imperfect lattice, including both short-range
anc Coulomb forces. The two experimental values for &@_ , one for

H and one for D, allow us to fit two force-constant change parameters,
which we take to be in the central nearest neighbour and central second
neighbour forces. The difference between the two isotopic frequencies
involves only the first temm of (2), since the second term does not
contain the defect mess. From this we have a relaticnship between

%a’ |, the change in the n.n. central force constant, and ¢’ » the

change in the 2 n.n. central force constant

ZGI—CI EK: 1,99 x lOL" Jy’ﬂ(/m

This leaves one parameter, for which (2), a quadratic equation, can be
solved. However, to obtain real soluticns, it turns out tc be necessary

to change the charge on the defect, so that the change in the charge,

S: (2—2’}[2 , lies in the range
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This change alters the Coulormb part of CP ; and sc the
change in the force constants cannct be found wntil we know the
cffective charge at the defect site. This will be determined later,
along with the anharmonic forces at the defect, by finding 2 best fit
to experiental parameters. It rwst be uointed out here, however, that
since it is only possible in practice to teke a few terms in the sitm
of (2), and since the Coulcmb force is leng-range, inaccuracies arise
in this vart of the problem unless precautions are taken. The Page-
Strauch formalism of the first part of this thesis cemnot be used, for
reasons discussed in Chapter I, since CaF2 is an icnic crystal. It
turns out, however, that we have sufficient information tc determine

-

the anharmonic forces with the present method.
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EFFECTS OF LXTERNAL FIEBLDS ON LOCALIZED ODES

v.1. Introcuction

In this chapter, we develop a theory to'explain the shift
and splitting of localized mode frequencies vhen the crystal is subjected
to applied stress or electric fields. The set of experiments to
which the theory will be referred were performecd by Hayes and
“lacdonald (1967) on CaF2 containing U-centres. This work shows that
the fundamental and second harmonic lines are split into two components
when stress or an electric field is applicd in the (001) or (111)
direction and into three corponents when the direction of the pertur-
bation is (110) (Tig. 1). In the case of applied stress, the first
moment of the absorption lines is shifted. All these cffects are
linear in the applicd pressure or clectric field.

The experimental results have been fitted to a phenomeriological
Hamiltonian, derived from symmetry considerations (see e.g. Gebhardt &
“iaier, 1965), which will in this chapter be derived from a microscopical
theory. The defect ion is thought of as vibrating in a potential well
created by the force constants coupling it to its neighbours. The

potential is’ given by the tensor equation (see e.g. Maradudin, Montroll

& Weiss, 1963)
(2

q) Zq) "-—tg) *Z(D’:wk U YjBE t - (1)
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where U{  is the displacement of the (,u‘ ionn (defect or neighbour),
()

\ describes the harmonic coupling between ions (), and
t3) : - .
(} k and highcr coefficients the anhammonic force constants.

Since 1ts mass is considerably less than that of the host atoms, the
defcct can be thought of as vibrating by itself in a static environ-

ment, which in the unstressed crystal gives
(2
q) - Y, ot
co =~

vhere the anharmonic terms will be neglected. However, vhen the
-t s .
crystal is stressed and the ( neighbour relaxes a distance glg ,

we can include all the harmonic terms by writing, formally

) (3) ..
G= (O + L Gonivdi) & 2)

(

vhere we have put Uy — +d.‘ for 211 neighbours in (1) and
then considered the harmonic terms in ¥ , the displaccment of the
defect itself. (The terms linear in U, always vanish in the
internal rearrangements of the crystal which restore equilibrium after
applying the external perturbation.) Thus the harmonic part of the
potential will be changed by the relaxation of the neighbours, and

the vibrational cnergies will change.
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Thoy will also split, in general into three components,
because the external perturbation lowers the symmetry of the environ-
ment of the defect.  Suppose the defect and ts crwiromment has
syrmetry group G before the crystal is stressed. We define a space,
T, to span 21l the possible displacements of the defect or its
neighbours.  Then T" can be expressed in terms of the irreducible

representations [((6)  of G
M=) ol (e
{

where QA{ 1is an inteper ccefficient. Vthen a perturbation is applied
to the system, the resulting symmetry is S, a subgroup of G . The
irreducible representations of S are ’?(5) » which can be used to

express '?( 6

RE=L by,
J

Since the strains produced by the perturbation of symmetry S belong
to P (s) , the identity representation of 59 we can say thet o strain

belonging to C (& will arise if and only if (f{t ¥0 an¢ QGG .

Applying this consideration to the subgroups of T a which are
produced by various perturbations, we arrive at Table 1 showing the

irreducible representations of T a that will be involved.
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Table 1

B

Perturbation Reprcsentations of T,
g d
containing {?(5)

(O O Do IR

STAESS:L 1 ! C 1y [ o
b e Cav T PUN o

We can now construct the phenomenological Hamiltonian by
considering the basis functions for these representations that are

quadratic in the defect displacement components.

Representation Basis Functions
I )”":xl+‘~‘41+ z*
' 2 oyl 2z
5 xt-yt, r-3z
ls Xy, Yz, ZX

Using the symmetrized forms of the clastic constants, 5()‘ . for a
cubic crystal, we have for an applicd pressure of magnitude £ and

dircction cosines 2, m, n

= {B(S.+25,)r
¢ By (S -5:) [(RF+m-20*)(32% + 3(L-mH(Xy?) ]

+ By 54_4[1?1171)(*] +mnyz énJZz)c]} a
(3
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In. the case of an applied clectric field of magnitude E and
dircction cosines L, M,N , the perturbation always belongs to E;

of Td an< we have

B o=C Bls e Lyz +mexsnxy) AL
(4)

following Hayes and Macdonald (1967), where j\_:'i(”l*IZ/j}z' , the
Lorentz correction factor, C= (MS&Z) " , the inverse of the
U-centre mass times its frequency squared, and € is the charge on
the U-centre. The B's are parameters which have been fitted to the
experimental slopes of the localized mode energics plottecd against

the applied stress or field. They are, from Hayes and lMacdonald

.33 X 104 erg/cm2

o
it
W

53 = (0.59 x 104 erg/cm2
B, = 6.5 x 10% erg/en’
s = 2.1 «x 1012 erg/cm2

where the last was found assuming ¢ to be one clectronic charge.

The nurber of components into which the cxternal field
liamiltonians above will split the localized mode can be found speedily
by the usual group theoretical methods (sce e.g. Tinkham, 1964),
recognizing that the vibrational mode of the unperturbed U-centre is

a p-state.
-71-
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The above cutlines how the phenomenological theory is
doveloped from symmetry considerations and how anharmonicity can
account for the magnitude of the shifts. Ye now proceed to cerive
the parameters 3¢ cf the phenemenclogical theory from microscopical
ideas. From (2) we sec that this reouires that we know the displace-
ments, d; , of the neighbours of the defect and then that we calculate
fd' , the change in the Hamiltonian due to applied stress, which is
given by the second term in equation (2). We shall do the latter first,

supposing for the time being that we know éi .

-

V.2. Anharmonic Force Constants

Because we must write the indices out explicitly, it is

. . . (3} .
convenient to change notaticn and write (bo o4 , that appears in
i. . - .
(2), as Ao‘ﬁb’ where X,ﬁ,}’ are Cartesian indices. Then we

can write the second tem: in (2)

el A‘«pxda(r UaUp ()

Restricting our attention to the case in which ( is a nearest neighbour
of the U -centre in Can, we can use symmetry considerations to find
the independent components of A . The neighbours cf the '-centre

are calcium ions, arranged in a tetrahedron around it. If we take

-72-
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(=}  to label the neighbour at (-1, -1, -1), we can find directly

the independent components of the bond

P
i

b A;xx ~ A;jy = A;IZ

-
in

« ' '
> A;ucy = sz = Al‘ﬁ‘x = A:NI = A‘Hy ‘A;UQ

_ f o4l ( ! {

c = Axcjx- A‘ﬁj =Anz = ijy = A17£ “A;(IX
= Akfxx = A‘ij = Alxzz = A;7y = A:’ZZ -2 A'}XX
- ! ! '

* Axge ‘-’A'yxz ’-A'y:x 2 Axyy = A&xy =Aayx

We can use this simplification due to the symmetry of the problem
to rewrite (5) bytransforming the sum over (,§ to a sum over syrmetrized

coordinates, ¥* .

= ZAJ;/;; (SJ)S:T Sr,’g ny Uy uﬁ

S is the transformation to symmetrized coordinates (sec Table IV.J).
A(d J(‘ are respectively the symmetrized forms of A d
belonging to the representation { , which is cither 1, 3 or 5
according to Table 1. AU) A(S) o‘m ‘W have been written as
vectors because there is more than one row in these representations,

and in the case of 5, two occurrences of the representation.

-7 5~
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Using the transformation of Table 1

W 17 ' (3
4 2 NEYEVC R 3 NG =
H=% (avze) rtd 4 [ 00224 d) T - e g
., ()] 51 (5}
++¢2£ky'20{. +XZdy +)“4d’3 )

_1,4_(1 (ji d’.(,s)1+XZ<i§_5) + )(E{d_—,v ).

In the casc of the shell of second neighbours, which form an
octahedron of fluorine ions about the defect, we take i = 1 to label

the ion at (-1, C, 0) and, from the operation of the tetrahcdral group

13

az /\'f:m(

= A'wx = A|z‘£)(

Cz A'jxy =Azxz = Axyy = Axzz
d’i Algjzx :A,zgx

e=zAxyz=Axzy = Ayxz = A‘zxy

with all other elements vanishing. Making the symmetry transformation,
we have 0 3 )
{ e
=2 (a2t g (@ (rsE)d <L (@ WOCS) 4;

_he(yzd '+ xzdw' xyds )

(5) ('512 (5)1
- 4€( z2d, +Xyo( )
-2[2 o(y(L/Zd( i xzd‘ Wy xyds ), (7)

J(U
are self-

~———

In equations (6) and (7), the indices on
explanatory. The Cartesians, XY amd # , are the components «, [3)”(

in (5). There is an obvious surfeit of anharmonic parameters in these

=Tl
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two 2quations, nin¢ In all, and to ~zive a meaningful fit to the four
!
experimental fgﬁ of (3), we shall have to make restrictions. This is

donec later.

V.3. Relaxation I'nder Siress

- — e

Apart from thc anharmonic paramecters, the unknowns that rcmain
to be found in equations (5) and (6) arc the cfhg the relaxation of the
neighbours of the defect when the crystal is subjected to an extermel
field. Here, we consider the case of an applied stress acting on
CaP2 containing U-centres, where the harmonic force constants as well as
the rmass are changed at the defect. If we were dealing with a perfect
crystal, and with only one atom per unit cell, the displacement of cach
atom would be given directly by the macroscopic elasticity theory.
Formally, the displacement

u = €f

-~

where |7 is the unstrained position of the atom, and the strain tensor

€ =50
ere :S is the elastic constant tcnsor, which is known for Cab,
(Huffman & Norwood, 1960}, and 0 , the stress tensor, is given by:
is the x component of a force applied to the y component of the crystal
surface. In the perfect CaF, crystal, this result applies to the
relaxation of the Bravais lattice umder stress. However, it does not
tell us about thc rearrangement of the atoms within the umit cell, nor

does it tell us about the effect of a defect producing local changes in



V.3.1

the force constants, and destroying the translational symmctry of
the crystal. The method that we use for determining the latter will
depend cn our knowing all the displacements in a perfect Can lattice

under stress, and so we look at this protlem first.

V.3.1 Relaxation of Perfect Lattice

The internal strains are in fact easily founcd, using the
long wave rethod of Born & Kuang (1954). Macroscopic clasticity theory
is related by them to the microscopic force constants, q) by expanding
the eigenvalue equation in powers of the wavevector up to sccond order.
The internal strain will clearly be given by the displacements dut to
the optical modes in this limit. The second-order waves which result
are just the acoustical waves of the lattice in the limit of long wave-
length, and correspond to elastic waves. Before the second order
equation is solved, however, the solution of the first-order equaticn is

T

interpreted by Born & fuang as giving the internal strains. Because
Iy 8

CaF, has inversion syrmetry in the unit cell, it is not piczoclectric,

2
and there is no macroscopic electric field produced by stressing it.
Thus Born & Huang's equation (31.34) is cquivalent to their (26.18),

which they rewrite (26.22)

2 Baled] F =) QT i)

LK P
where the strain tensor, € , and position vector, B (K K’) , of

the ion in unit cell O and si6te K relative to the ion in cell £
..7 -
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and site K’ , have been expresscd in our notation. In their equation
(26.23), Born & Fuang interprot gg“)(rd) to be the displacerent of

the }{htﬁ icn in any it cell due to the first-order wave. In

(26.24) they point cut thet this can be assumed to vanish on one of

the icns in the wnit cell, which we will take to be the calcium icn.
Sirce the second-order equaticn gives the displacements of the centre

of mass of the wnit cell, and no other, (8) is clearly the long-wave
soluticn for the optical modes, which we were locking for. Ve can
easily svaluate the left-hand side of (8) in terms of the force constants
of the last chapter, and it fcllows from symmetry that the displacements,
Ei(o (’<0 of the two fluorines are equal and opposite. The right-
hand side is more complicated to deal with, especially as it contains

long-range Coulomb contributions, and we rewrite (8), formally

(4ha+8A +4C )Y :{(P’EB} (9

wherc the coefficients nn the lcft-hand side are in the notation of
section IV.2 and U 1is the displacement of I, (see Figure IVathich
we take to be the sublattice containing the defect. The same

result can be cbtaincd by minimising the energy in the umit cell with
respect to the displacements of the ions, using our knowledge, from
elasticity theory, of the displacements of ions on the samc sublattice
relative to each other.

We now consider the right-hand side of (9) in terms of shells
_77...
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of nexithours of the defect, renlacing the indices Q» K by a notrtien

whic: describes the individunl ions in a given shell of neichbours.

The contribution tn (i(bé_e 2 from such a shell is
(8) ) (s)
BZ.;CPX/; /q 'q)_.(brxlﬁ [JRJ’

where B 1atels tic bonds from the defect to the N neirnbours, and
S 1labels the bonds (not necessarily all different; genecratzd Ly the
3 elements of the symmetry rroup of the shell of neighbours.  llow

we descrite the sum over 5 in terms of transformation rotrices, also

called S , which act on (b and R

(s) ¢ -
—'15’(1)0(/3 WR r DZS«/\(;D/\)AS/J‘ S Syv Ro

2: %) §yuF u/ Son S Sy
)\}/U

whicre in the last expressicn, we have rcvcked the Tinstein convention
and written explicitly the sum over double cccurcnces of the Cartesinn
irdices; we have also made usc of the fact that Cartesian conrdinates
are ortrhonormal and hence \Sﬁ' = ST .

In the casc of a shell of neighbours with tetrahedral symmetry,

=

50( 8 is cne of the six 3 x 3 permutation matrices multinlied by one

of the four configurations of signs (+ + +), (+ - =), (- + =), (~ - +)

Of the 729 = 93 possible Z_ Sq)\bp/u 551) , the only ones that can
-78-
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}\ . » N . 3 d )
be nonzero are the (9 + 9 x 4 x 5 + 9 x 4) sets where (m,k),(p,}i)) (b’,u)
are elither identical pairs or diffcrent in beth indices. ©f these,
in fact, the only ncn-venishing terms are the 3€ vhere the three pairs
are differcnt in both indices, and each of these is 4.

In the case of a shell of neighbours witlh: cubic symmetry,

5

ol

P is in the above set extended by including inversicn.,  The sum
over all S vanishes for all pairs (D(;X)J (/3)}‘), (§> V)

Hence %cpe 8} has contributions from only those shells

of neighbours which have tetrahedral but not cubic symmetry. The

contribution from such a2 shell is the vector

nge : '?jz +€zy
Z((¢yz+ 1“7-))( +(¢xz+¢lx)y +@xy+ gx)Z} €xz +6zx | (10)

In the case that a shell is beyond the extend of the short-
range terms in (t) (which only ge¢ to third neighbours in our treatment),

(p is the Coulomb interacticn alocne,

)

where the defect and shell have charge £ d, ZS , Tespectively, and

_ZdZs 2 (¢ R« R
(Dcx - v R (O“P -5 Rlp

are scparated by distance R . The volure, V , is cf the unit cecll,

——

and in CaF2
2/ = 0:3459 X107 dune fom |
_79_
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i . C .
The Coulomb contribution to z<b'é ‘ R} is hence

€, +€4,
ZjZs 18 =L
.-g «‘2'\7—5 é'g XY £ | €z +€2% (11)
éxj"f’ey)(_,

The reason this expression dees not diverge vhen sumeed across the whole
crystal i1s that it alternates in sign, owing to the alternate crienta-
tions. as it werc, of the tetrahedra.

The coefficients in (10) and (11) must now be summed cver
the lattice. In spite of the alternation in sign, the convergence of
(11) as we proceed to shells of neighbours at greater distances from
the defect is rather slow, and we content ourselves with going out to
the cleventh term of -), }.c. B’% , vhosc contribution is 1% of the

4

coefficient on the left-hand side of (9), 4a + 8A + 4C = -11.622 x 10*

dyne/cm . We obtain for the displacement due tc internal strain of

the sublattice on vhich: the defect is situated in the perfect cryctal

ri( /Gyi -+ €Zy
U= KTo|exztezx
€ xy + éj’ﬂ:
vhere the cocfficient '1( comes from the sum we have just performed and
is

= -0.063
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If the anplied uniaxial pressure, F, has directicn cosines

Lmn,
6:_50’: /2_7.5,,4'(?‘}'134”7')5)1 Qm Stgl’, (n sll_t‘_ ‘

m S(,,tf mlS”J.r(!Zﬂn?‘)S,z mn 549. F,
ﬁn 544 mn S‘f‘lf 772—5“4’ (Q’#m") 5.3,

Hence
Ejz + 627 mn
Sxe+€ax | = 2F Suf dn
Qxy-’réjx {m

and the other elastic disnlacements, U = G-R in the rerfect lattice
can be found. TFeor instance, the displacement of the nearest neiphbour

calcium at (-1 -1 -1) TO/Z is

195 Su+m 0" S+ (Am+4n) Sz,_t,, ._
| S, () S+ (Am+mn) Sy | F 2
\n® S+ (Lm*) S+ (Un+mn) Spq

and of the second neighbour fluorine at (1 0 1) is

S, +H{m*+nY Si2 mn

Am Sqy F_r;-?_"f(ﬁt’_q n FTG.
L0 544 Am

5 is, of course, the elastic ccnstant tensor, in Voigt nntation, and

the components given are the only non-zero ones in a crystal of cubic

syrmetry. 81
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/e shall need the above displacements in syrmetrized form,
and so we use 5 of TablelV.1to make tho transformation to 5 U
where (L is the vector consistins of all displacerents, constructec
like the above, for each ion in the shells of first and second neighbours.

Doirg this, we havc for 5}5/ Fr

A (5,250 (g)

‘? ~J% ( Sn"Ssl)()Zl+ - ')_iﬂl) (\f‘i)
‘f:}: (Sn‘sxl)(’ql-m‘z.)(\[g
" 2k \

-2
O (12)

pi

—4%/
22k
necard puw A0 thid row L

Su M

V.3.2 Relaxation of Imperfect Lattice

In the imperfect lattice, the translational symmetry of the
force constants is destroyed, and thc whole crystal becomes a single
unit cell. The nmethods of the previous section no longer work.
However, the previous section has given us the results for the perfect

lattice, and we can try comparing the imperfect lattice with this.
-8



Since the cneryy of any crystal in the harmonic approximation is,

formally
v=3biuu

we can write the force due to a displacenent U

AF:J& = ‘U (15)

I these equations, the vectors E »t4 have components at each of the
ions in the crystal, and the matrix (D couples all these components.
LEquation (13) gives the displacement, WU ; of all the ions cue to an
apnlied force, F, if the ions are coupled by force constant

natrix, CD If we now restrict our notation and consicer (13) to
refer to the perfect lattice, we can writc an equivalent equation for

the imperfect lattice

“F={p+o)w (14)

where (P gives the change in the force constants ané W the nov
displacements, which arisc in the imperfect lattice due to F .  The
important consideration is that F is the same here and in (13), so
that the right-hand sides of the two equations can be identified.

F is a vector independent of the crystal, apart from the surface,
arising from the external applied force only, and is nonzero only at

surface of the crystal. Making the identification of (13) and (14),

_85...
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W (prg) QU s (8 gl o

Equation (15) gives us a formal solution of the imperfect
lattice relaxation in terms of the relaxation of the verfect lattice.
The reason it is useful is that <P is a small matrix, cxtending only
over the size of the defect. Thus we need only a small nurber of
corponents of (L , and if we restrict the number of cormonents of W
with which we will be satisfied, we necd to know g only over the
extent of the defect as well. This means that in the case of CaF2
with a defect extending to second neighbours, (15) is a 33 x 33 equation.
It can be further simplificd by the sywmetry considerations of
Section IV.Z.
Refore we sc on to apply (15) to calcium fluoride, it is
instructive to cxamine its a;plication to a sirpler case. ¥n consider
tio nearest-neighbour linear chain with 2 sinple force constant defect;
K ,w ﬂ tis | kekes
k , where thce normal force censtant is < . Thus @: kkz 8k vhere

(S = ([é —»k)/i<= In this case j is, according to Chapter I
-\ !

, i Q({(X‘X')
7)( =0T .
ff(x ) Nk Z: ¥ (1-etaxn)
{:ann

where the denorinator is surmed over the two neighbours of a site and

, for thc vibratic

. . 1
the sitc itself, and is the eigenvalue, g
problem of the linear chain. The folloving sirple reiations can be

to hold, where Z=72 is the number of ncarest neighbowrs, anc Q
scen > g ’

~8ly—~



V.3.2

is the distance between neighbours,

9(&) = ‘l:’;i + 7(0)

129mmd:~&§+2ﬁm,

é:n.n. k

An easy approach to the problem is to find V, where W =WU+V , usinc

an cquivalent of (15)
v=-3¢(u+ﬁ.
Then for the [ 4 mass to the right of the defect
vida) = vV(n) = - é‘g €a,
where € 1is the elastic strain tensor. From symmetry,

v(-fa) = vi(-a) = -v{(%,

)
The multiplier of €\ contains all the ‘<~dependence of the
relaxation, and is plotted in Figure 2 . We note its resemblance to

the equivalent of (15),

99

V-’WU

the general form. This is also plotted in the case of a one-cimensionzl
representation, and we see the general features of the relaxation, W .
\/ goes to -1, so that W goes to C, when ( becomes large and the

neighbours more and more rigidly bound to the defect. Vhen (p decreases,
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the relaration becormes that of the perfect lattice at CP = , and
then increases to irfinity at the point where Cp is sufficiently
replusvie to destroy the resistance of the lattice to this type of
motion. We roturn to calcium fluoride.

The symmetrized form of w, in (1%), are directly the d's
in (6) ané (7) that we are looking for. They are obtained for cach
representaticn, l? , by writing in (15) the U? from (12) and

g'ﬂ and (’0 % fromsect. IV.2. If we restrict the anharmonic force
constants in (6) and (7) to central forces only (i.e. to forces depending
cnly on the magnitude, lR | , of the separation betwcen neighbours),
distinguish first and sccond neighbours by subscripts 1 and 2 on the

force constants, and split the Hamiltonien into three parts of different

=4, 743 + )4,

and (6) and (7) become:

ﬁl‘ = -3 TS (5.n+7-5.z)[3‘1l }«!Lz(az."'?—k’z)][: +‘3(P]t [f;_-} re g
Hyr - 5 (5,5 [ondk ot o] [ (emt-2) (2329 F
o

2

= 1 S (86,48 610,00 (757 | © amayrmnyz aml )

2%
A

symnetry

IS

i

(19)

The results of calculating these terms will be discussed after

considering relaxation when thg external perturbation is an electrical field
-86- S



V.4.

V.4. relaxation under Electric Fieid

In th

1s section, we find a Fariltenian similar *o (19) for an

wperfect lattice in an external electric field. Again; the rethod

is to find the rzlaxation in the irmerfect lattice in temms of tha

in the perfect lattice. Equation (13) becomes

M

-7t

——

4) *U (20)
and (14)

"

-(Z+02)E = (O +0) W

where F represents the charges on the ions, and A Z the change in
charce at the defect site. We note that in this case it is no loncer
the force but the electric field which remains the sare in perfect

and imperfect lattices. Hence

(21)

w=(D+@) [Py +bZE] = ‘—;-jla[ngg,Azg

Here again, the result may be restricted to a space the sizc of the
defect, and then further simplified by symmetry consdierations.

In the perfect lattice, the problem reduces to the size of the
unit cell, for the ions on any sublattice all have thc same charge, and
the sublattice moves rigidly under an electric field.

Inserting in
(20) the labels, £ , of the wnit cell

~Togk = Z/d)ﬂz’%g’



V.4.

where £ is independent of £, and Z is a diagonal matrix of

charges on each ion. By the argument of the first sentence of this

- L] / k] *
paragraph, U 1is also independent cf ,Q . and, by translational syrmetry;
. ‘ /
so 1is q) . Thus we can replace the s over £ by a factor N.

Finally we sum over 2.

’NZE:Nlﬁﬁ-Q = ND(¢9=0)
- 7 { L
where D(C{,) is the dynamical matrix of section I.Z. Cancelling
the factors of N , we are left with a 3 x 3 equation, sincec the 8 x ©

D(Q_f 0) is comoesed of diagonal 3 x 3 blocks,

2 g2 ha ha \fUg)
U o J2E = | ko Aahac LARC fUg
A Lo LAHIC  -ha-bA-LG\YE/

where z = 0.7789% is the number of clectrcnic charges on the fluorine
ions, and the other cocfficients are force constants defined in section IV.2.

The matrix is singular, but we obtain two relationships from it

SRR

R
Z%G—L-’-LF"QF,_‘ ZZZE_ 3

which give us

{ .
Yp, = - EE (22)
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1f we suppose U, =0 . This is an assumption equivalent to
supposing that the centre of mass of the crystal does not move, valid
for a neutral crystal, since thc probler is not affected by translations
of the crystal as a whole.

Using {22) for W in (21), and writing the \w obtained in
symmetrized form, it becomes , as in the stress case, the <_7_l reauired
in (6) and (7). As anticipated insect. 1, only those gf’a appear, in

the electric field case, which belong to Q . Ve have an eclectric

field Hamiltonian (1 ]
_ o)
M = [X L‘?CU [f-ﬁ Ci) 4(170707 O] {"";P}S —i g + jAOAZ X
2
V2
X(Exqz +E4ZX +E;_XH) | (23)

which is to be compared with (4). The Lorentz fag:tor, A , cnters
because the electric field }:: in (27) is that experienced by the ions
within the crystal. The anharmonic force constants appearing in (23)
are those of }3!/5 in (19). The indices & and O on 5 nean that
we consider these elements of j betwecn the neighbours, A , (in

symmetrized coordinates) and the defect itself, C.

V.5. Results
We now perform the calculation of the coefficients in (19)
and (23), and compare with (3) and (4). Before we do this, however,

we must decide on a value for AZ , for (23) depends on this
-89-
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explicitly, and alsc Cp depends on O Z , as mointed out insecticn IV.3,
It is seor that the last equation in (19) is in the one parameter, ¢,

as i1s (23). That these should cive the same result for ¢, is a
criterion for finding A2 . The faoct, however, that they nrz the

sare equation leaves us with only three independent equations in (19)

and {23), and means that we cannot fit four anhnrmonic rarareters.

It is relevant to consider the analytic form of an anharmonic
central force potential before prorressing further, for we will cbtain
further relatiocnshins among the force constants. A notential 95’ (r)
which in fact depends only on the medulus of L, I, can be Taylor
cxpanded about small displacements, W , in the direction of [

“
4

to ~ive

Qlr+w) = P+ 7 (40)"g(r) +é’{2(c§-%)(g-m 9r) wuer) g (mt+ -

where

909 =+ &7 9]

and the cocfficient of the term linear in W vanishes for static
equilibrium.

Thus we have a single harmonic central term, and two anharmonic
central terms, in agreement with above. However, onc of the anharmcnic
terms is given by the same function as the harmonic, and for our case

we can write
_90...



-2.0'

-1.5

-1.0!

Fig. Y. 4.
Various quantities
pPlotted against

. A2
5: z

92

Cl(¢l¢ctric)

cl (stress)

/
AC, 4

—
-4C,




V.5.

(@) HARMONIC CENTA L N = “;?’ 9(0,‘,,,)
N
(b) HARMOMC CENTRAL 2rin, = -rz‘??("‘znn)
(C) a-s"c‘ = i%. 9( ‘\n,n)
- 5
(d) Ar~-(, = .32 g ("2np)
e (24)
(e) ¢, = = J o)
L3 Tan
3 /
(f) ('rl = -\]:'. ﬁ(Qn._n,,?
6 r\ln,n

where ¥ is the lattice parameter and n\,n.:‘\-f;— o, Znpn. =15,

Agrecement between the first and second vairs of these equations
can be taken as a sccond criterion for firding A# . As it happens,
these two conditions do not give exactly the same result for AZ
(see Firure 4 ), which is not very surprizing, considerinc the
inaccuracy inherent in our method of dealing with changed charece on
the defect.  Therefore, the method we follow is to use (19) t
detemmine @, and, from this (24) tco determinc Cqys in the nearest neightrur
case. then (23) or the third eguation of (12) gives AZ . Since
(19) gives the results for @, which ore essentially independent of A#Z |
we avoid the inaccuracies of our restricted method by finding the

anharmonic force constants in this way. The results are:

-91 -
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a; = - .887 x 16'% dyne/ar® (- .773 x 16*% dync/am)

c, = - .798 x 1012 dyze/cmz (- .330 x 1012 dync/cmz)
- (3,458 (from (22)) EIZLECTRIC
e__&Z
2T C
- 0.452 (from (19)) STRESS

Tre figures in parenthesis give the results if P had been taken to

equal zerc in (19), i.e. if the strain hnd caused only perfcct lattice
tyne relaxation near the defect. In this case, =zs ¢y is alsc clearly
indcpendent of AZ , its value has been obtained directly from (19).

This compares with the value - .458 x 1012 dyne/cmz obtained for the

12 2

0 = O case from (23), but not with the value - .684 x 107" dyne/cm

= - ,773 x 112 d‘/ne/mz»

7

cbtained in this case from (24} using 2y

The valuc of S above shimuld be camwared vith § = -~ 467

cbtained fror: the condtion that (19¢) and (23) <ive the same result

for Cy- These values of"s give for the changes in the central

«

harmonic force constants, respectively:

n.n. - 65% - 66%
Znn. - 22 % - 21%

For seconé neighbours., the second equation of (12) anéd the

fourth of (24) are similar, and worked out independently give

9 1 -~
a, - b, = - .760 x 10 Ame/am’  ( -.640 x 10* dync/en®)
and a, - b2 - .094 x 1012 dyne/cm2

-2=



respectively, where the second result was obtained by using (24b) to
get f{(ru,n) from the harmonic central second neigibour force. The
agreecrent 1s reas-nable, considerirs that the harmonic forces used

arc not purely central, but have n-ncentrnl corponents as well. Cnce
again, however, the identity of the two equations in the second
neighbour harmonic forces reduces the number of independent paramcters

we czn hope to find, and we heve to rmake an arbitrary assipnment, b2 =

This was done above to find the nearcst-neiphbour force censtant a,.

The results for the nearest-neighbour case may be corpared teo
a potential whose r-dependence is imown, ond the last twe equations of
(24) can thuste related to tie previous ones. We try a Lemnard-Jrnes

pctential (which includes van der Waals and repulsive terms).

€ [Iﬁ)‘l (r)éj

QD(N

for which 9(” ~ e 6(;[: (r\)to[7\r) "ZJ
. 3 = -he 522" [usl) 5]

The paramcters €, 0 can be fond frenm 7, j( )ana 32_ jUA)

(24): 76 _ 2 1-—(@'2
&) =7 -(B)es
Z Iz
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3
-.787 x 1020 dyne/an

- .644 x 1020 dyne/cm3 |

&1
£2

1t

from the equations of (24) involving the harmonic force constants.

THus

QIS
]

1.28

12

€ 2.04 x 10°° erg.

Using these values, we can calculate

'z g izjﬁ) = - 3,55 x 10?8 dyne/cr
2
vhich is compared with
~ ~ A
g’1 = - 4.47 x 10°° éyne/cm4 (- 1.85 x 10“8 cyne/cm’)

obtained by using the calculated value of ¢y in (24 £ ).

The minimum of the Lenmnard-Jones potential is at 5%--: .12
and the nearest-neighbtour distance, th— in the inert-gas solids,
for which this potential is most applicable, is within a few per cent
of this value. (see e.g. Kittel, 1966). In view of this, the
value Q&r =128 is ratner large. However, it must be
rerembered that & in this case is the nearest neighbour separation
in the perfect lattice. ‘Vhen a hydrogen or deuterium ion s substituted
for one of the host fluorines, the lattice relaxes around the smaller
defect (an effect which in our consideration hitherto has been

equivalent to a change in the force constants), thus reducing the

..9L|__
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cffective ' . The crorey € = 2.04 x 10_12 erg 1is of the correct

order of magnitude for an ionic crystal, and ve conclude that for
nearest neighbours of the U-centre, a Lennard-Jones potential provides
the approximate amount of first-order anharmonicity to account for

the splittine under stress and slectric field of the localized mode.
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CIYPTER VI

ELASTIC COMSTAMTS OF AN IMPERFECT CTYSTAL

Because the elastic constants can be derived directly from
the force censtant matrix by the long wave method (Born & Huang, 1954),
it is a tempting ecrror to suppose that the elostic constants of an
imperfect crystal are found from a configuration sverase of the
imperfect force constants (see e.~. !liu & Shimizu, 1967). This
approach, however, gives a result which disagrees with that riven by
the slope of the generalized dispersion relation for phonoens in the
imperfect lattice. (Benedek & lardelli, 1967). In that case, the

aispersion relation is, to first order in , the defect concentration,

Cj{j = G - gyl Tlj> ¢y

where ¢ and.‘j arc the phonon vave vector and brench index,

" ~ ]
respectively; uUiJZHui (Ql{' arc the perturbed and host lattice
frequencics; T is the T-matrix for a sirnsle defect.

The present chapter develops an approach vwhich leads to the
same result as given by the dispersicon relation cbove.  The cssential
inncvation is that the cffect of the altered strains in an imperfect
crystal is included in the configuration average. As before, we crmsider

that the force applied to the crystal is an external variable, independent
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of the configpuration of defects. Thus, for a given conficuration, we

have, formally,

—F = (Pp+p)w (v.13)

where (P is the changc in the force constant matrix C’) produced
by the configuration of defects, W  is the disrlacerent of the atoms
- - — . 1 -

n the crystal duc to | , the applied force. Taliing the averare

over all configurations,

-F = pi9)wp

where we arc not entitled tc take W cut of the average, because it
depends on the prexinmity of a defect. In order to do the lrong wave
method ~n a force constant matrix, however, it is necessary to separate
the force constants from the displacements, and so this is done by

intreducing an effective potential, d) + 5 (b , satisfying

= F =(p+8§D) <, )

Comparing thesc two,

§P <wp =L Qw>, (3)

Now we know that

WE l+ly$0 u = (1+3T)u

_97_.
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WACTC
_ =9
I+9¢ @)
and a = Cb"
1.eNCe
<wy = (1494 U
and

<owy = {Q+ (p3T>u = {T)u

where g, are quantities referring to the perfect lattice, and so

can be taken cutside the configuraticn average, Thus, from (3),
gd)(¢+g(r>)u =-{T>U.

The vector W can be removed from both sicdes of this cquation if all
its components can be considered incependent.  Yhile this is not the casc
in the epplications we deal with, it is easy to conceive a situaticn,
in principle, in which the displacements ~f all the atrms are indenerdent

of each cther, and sc we can «rite

5 = ‘<T>(‘+3<T>):‘ ()



VI

In finding the confiourstzion average < T> , we note first

that for o civen configuraticon, QJ pt }' SO , where each ¢( is
Srae (
{ .

tie change in force constants duc to @ singcle defect, ( . 7r first

order in concentraticn ~f defects, €, (4) can be written

220 v cP -
T‘HEZSP; ’-);- =) T @

vhere —T: is the 1-matrix for the single defect, (.

This step 1s seen to be valid on expandinc thie left hand side

T Q

LY -

rrg L Rl-sIpeILearg, - )

- 'Z CP{[‘ AZRNANALE ]

k-
=2 Pili-gPirg PegPo- ]
\
) . ’ ‘.7
".2.—‘( (10([’3% +90 9Pk - -4,
(jhkon

where the prime on the final cum means that the indices ] k,--- arc

never allowed to equal \. It is secn that the first term of the
final expressicn, involving only the defect ( , 1s equal to the risht
hand side of (6). The second temm dres not contribute to the first
order in concentration, < , becausc it involves products ~f at least

two non-identical defect sites, and when it is averaged over all
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configurations of defects, these give terms of at least second
order in € . For a similar reason, the first term contains only
zerms that are linear in C.

So far, we have made nc assurptions about the extent or sirilarity
of the defects, (. Mow we suppose that all tihe defects are of the same
type, and write (6) (Q\

b T
T4 T
| | T
(6]
(

~
-

where the [, are small block matrices, distributed along the
diagonal according to the configuration of defects. Elsevhere, | is

zero. We now take a configuration average, and have

/

KTy =cT| ' |=cTexl

where the |2 are tlock wmit matrices, everywhere on the diaponal.

Thus we have for (5)

- CToxl

g)d) - t+3(-T<;X1 ~ - ,xT -

where the second equation is a restriction to first order in the
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concentration, To is just the T -ratrix for a single defect, and

so we finally have for (2)

~F = (D -eTox]) <>

It only remains =¢ do the long wave ncthiod on CD -<T
and we have the sawe results for the elastic constants as given by (1).

For corpariscn, the derivation of (1) is briefly sketched,
following Langer (1961), Taylor (1964) and Izyumov (1€G6).

In the threce dimensional Bravais lattice with mass and force
constant changes on the defects,

n’

Ao = Spgrdup €M@ - Do (8,27,

we have the phonon equation of motion (Caradudin, Montroll & Feiss, 1263)

M@* U, (2) —L%Wz’)%w‘) =Z’A§‘% g (£
B4 X

where M is the mass of the atoms of the host lattice, m/q that of
the atom at site ‘»(, GQZ(M’mg}/M . q) is the perfect lattice

force constant matrix, 50 the change in force constants induced by

the defect, £ and fllsite labels, and X gand ﬁ Cartesian labels.

This equation is diagonalized by Fourier transforming

(7. (¥
u"‘mzlﬁf‘ﬁ{l@u(}) QG) 2" 1x(®
j
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VRSO i') j zre the phonon and branch labels, Q is the normal
coordinatc, and € the polarization vector. N is the mrber of wit
cclls. Ve now restrict cur attention to the linear chain with mass
defect for simplicity of notation, and follow Langer (1961). The

result of Fourier transforming is
n Ly o - '
(whow ) Qg=) V¢ Qv

Viq' = @y T & 02T (q-%9) 4
] N _ I-ep

L
where &)i is the eigenfrequcncy of the perfect lattice.

Langer now defines the phonon propagator, G , for the imperfect
lattice by
A C
-1 _ 1, .2 , -
[67 (@Y ]gq7 (W) o ~Vaw,

It folliows that

) - 1
Gpoy (@ = 2%,

Vet Grgr (@),

This may be iterated:

éu’

V Vgﬂ' |
CIL T2, + L\qq (n)’* )2 Z ;};..w?- T 2t
T (9) ~Wq "L (.2) (‘?)z i WLy

q
= T St Je\aeGu ¥ 21:91\4%970\4:1’91’

where the propagator for the perfect lattice, ¢ , has been introduced:
-102-




VI

it is diagonal in q because of trenslational syrmetry. To restore
tronslational syrmetry in the irperfect lattice, a configuration sverare

is talen, ond Langor has

. 2
<\/'ﬁ'_"> - C ﬁfé w[ g’{’?’

PR
- ; € <(1-¢) S\-q .
CVeeMo) = @ oi(S) [+ e dgedqa

vmich we see are diagonal on ' <(’ . The result,

<G(wl)>‘(: I ¥ 3‘i<v>“(9‘( T 312: <\/v><(<(‘3c(, 91 1t
¢

can be written symbolically in terms of diagrams in which the perfect
lattice propagator is rcpresented Uy a2 solid horizontal line and the

interaction with a defect site, X , by a dashed vertical linc.

X X % X x X X
' ! ! /A ! | :
' | ' /o I b
= < + el e b
{ T R LT T 1 W%
XX x ¥
\ (A X %
| i 1,\\ ! /;(\\_ ,/ VAR B
' ro roy ! 1 \ /0 N\
- S B SR N AL A + VA N
Of these diasrams, 2 need concern ouselves only with the types
[ 2 ’
2, 2 2 2 5 2
N = (= =\ =
/ . / /\ / /
i, - N D . i, i,
X
2
- N Z

(8)



where

N

1 \ ’
+ / \ -+ !

= fpn
///:\ ; t AN //'l \‘\\ (9)
!

\ + /o \ A ‘{',4'

(2N

2]

and since all intcractions at a single site are included, all terms
linear in the concentration have been taken into account. Lauvatien

(8) can be written

{

-y = ;
{>(w )>'{ - w}._@f(- + m% Z(?W’J) <6(WL)>K

|
Wh- W =3 (@)

S—

defining the self-energy,j . Since Z_ is given by (9), and is

Z(Q’y@/’) = c {(VZ( + < \/K}\/>qk T } )

it is just the concentration times the T-matrix in g-space associated
with 2 singlc defect.  (We have followed Langer in nerlecting the
factor (1 - ¢) in <\/ﬂ’ \/((‘ (('> , although Tayleor retains it and
arrives at a result which correspcnds to éﬂb befcre the approximaticwn
is made in (7)).

Thus we arrive at (1), which gives a dispersion relation for the
irperfect crystal, and can be used, like (7). to find the elastic

constants.
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¥hat is essential tc the self-cnergy approach is that it allows
for multiple scattering of phonons by the defects. Thus the dispersicn
relation for an imperfect crystal contains terms to all orders in tue
concentraticn, and so will tle elastic constants of the irmerfect crystna?
as a result. On the othor hand, the method of finding elastic constants
by taling a configuration averase of the force constants alonc,
< Cb f(@} , decoupled from the average of the strain, (W) , leads
to terms of order at most c2 ({iu & Shimizu, 1967) in the harmenic
approximation. This is becausc the mest corplicated situation that
can arise, assuming forces between pairs of atoms only, involves two
defects directly couplad together by cverlapping force constant
matrices, q& , (or two host atoms coupled together, which produces
a term in (1 - c)z)g Furthermore, this result is not correct cven
te first crder in concentration, because it does not include msmltiple
scatterings from tlic same defect, an effect given by the denominator cf
the T-matrix. In the static or lcne-wave limit, the scattering of
phonons is the same as the interaction of strains, and this is why toth
strains and force constants rust be included in the confir~uraticn averase
t~ eive the correct result.

e now give the results of this method for CoF, @ H', on tr
same model as in the previous chapter - rigzid icns, coupling in the
perfect lattice with Coulomb forces ancd short range forces out tr third

neighbours, with defects coupling to thc host lattice with altered
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nearest neighbour and secoud nearest neighbour central forces.

The result of applying the long wave rethol to CaF2 is (Sennett 1966

-~ | - e Z*
C,h=- 5[6‘(~‘r£ +Zc+4FJ + 3.27¢ E-\_/
- - _ -L o d— _ —,.{-" . EZ-
Ci®- gl2b-a-At2e-d-ciph-29-2f] -5.39% =
0
i ( Zl z
! , 7 -+5.035 v
Coom -5 Tas Atdsct2g+2f] 15275 +
w= T 1A j ] . eV i {a+2ZA+C)
wiere the lattice constant 2 n= §.45A s V2213 5

Z is the charge on the fluorine ion, 2nd the other symbols stand fer
the varicus force censtents vhich constitute q) , as in sectimm IV.2.
Tc find the changce in the elastic constants, contributed by the T-matriy,

we simply write

AC“: %EQT+(’TJ
AC.= %FZ(TT' Gy "A-r]
A= ‘E [aT+AT3

where tlie symbols subscripted T now rofer to the elements of the
T-matrix which are analogous to those cf q) in the first set f
expressicns.  The T-matrix only extends tc second neighbours, and
cannot cope with a change in the ciarge on the defect. since this
produces an effect extending throughcut the crystal. This introduces
an error into the results, since we have shown in the previous section

that the charge is indeed changed on the defect.
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The results for CaFZ : H", te first order in ceoncentraticn, C,
are
O12

(D!
1

11 {1.74 - .505¢c) x 1 dyne/cmz

~

C,, = (0.5 +0.266c) x 1042 gyme/en?
g
Cypy = (0359 - 0.3640) x 1022 dyne /e

-1 07_



On Calculeting G(w?™)

The expressiens (I1.8) and (I.9) for the Green's functions
required by the two parts of this thesis were evaluated on the RREAC
camputer at HLR.E., "21lvern, vhire Dr. C.7. Sennctt rade availcoble
to us a rmagnetic tape containing a randonm sclection of valies of q

tepether with the appropriate values of the ¥ellerman crefficients.

fince the ¢ © form a quasicontinuous distribution of NIOZ‘3 points,

P

we cannot sum over tiaem all in (1.8) and (1.9).  The usual approach is

to sum over a subset which ferus @ regular mesh, and. irn (I.9), in

s

the volume enclesing {=° vhere D-‘(Z) has a pcle owing to the
vanishing of the acoustic mode fronuencies, te eveluate 9 analytically.
This can also be done in the random resh, by tealing snecial precautions
to exclude all a-values within a certain radius of the origin from

the discrete part ¢f the sum. Then the contribution from the oricin
can be cvaiuated analytically without the danrer of counting any points
twice ~ a danger which is simnificant near the origin owine to the
divernence there of the summand.  However, this spoils part of the
advantage cf the random mesh, which is taken within the cube in the

first octant, cornered at the origin, and ignores boundaries between

Brillcuin zcones and between the %gﬂvof the zone that constitute the
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symmetry-incependent re2cions. The contribution from the sphere at

the origin te the sum is linear in the radius,

b Yy L 4T
2m) Sdeidy T cmgr - @™ Sdg c*

whore D—"(q) = (C q})-z and  Slgz is the volume of the
Brillouin zone. Using this, it is easy te estinete from an examination
of the distribution of g-values with |q} the error arising from taking
cnly the discrete part of the sum and neglecting analytic corrections
from the origin. The distribution ve erployed, of S000 values of g

in '/4_8*‘11 of the Brillouin zone, varies as C{l down aquite close to
the origin (see figure 1), and we can conclude that cur corputecd values

L4 ™ H '. f\"' d 2 8 O O
of g arc accurate to within a valiuve that is 1% of \7 o O (r s

J

where F stands for the fluorinc site in (1.9). This conclusion is
supported by a comparison of a special case of the computed results with
those published by Flinn & Maradudin (1962) for a face-centred cubic
Dravais lattice with central ncarest neishbour coupling.

In the case of (I.8) thc inclusion of the imaginary part of @
makes unnecessary all thesc tactics. The corputation was done for only
500 points in the %rs% Brillouin zonc,; as thc mumerical labour is
considerably greater. (The distribution of these points is very sirilar
to the 900C point distribution of figure 1). The imeginary pert, €

must be chosen so that the ‘‘delta-function™ in

L D) - "§00)”

X+(€ X




1s narrow encugh not to overlap with too many neighbouring ‘'delta-
functions'’, but broad cnough that the resulting Creen’s functions are
smooth functions of & . For tic mwber of ¢-valucs included it vas
considered that é‘i.otﬁd;gx, would satisfy this cormpromise.
Infortumately because of the limitations of corputer time, it was

not possible to compare the effect of different values of € .

The Creen's functions that result from this computation are

given below in wnits of 1074 cm/dyne.

Calcium Fluoride. @ = ¢. The notation is that of section IV.2.

k = .16366 A = - 02582
1 = .2630¢ B =  .00838
a =  .07834 C = - .15547
b = .00675 « = 01507
c =  .05165 B =  .OOISC
d =  .03723 ¥ = .02043
e =  .01355 § = .00255
£ o= L03002 € =  .00215

= 04547 A= 02552
h =  .00814 \ =  .09323

X = .00CO00



Silicon

a) PEAL

OO
pd
(@)

Y

D
FAN

11
g

- . 1404

1412

- L1434

- 1468
.151¢6
-1575

- <1655

.1758
-1871
. 1960

.06S57
.3531
02430
.01843
.01471
.01213
.01024

b) IMAGINARY

-~y

hkoFJFJPJC)&)C>t>E§

0000000000
CON BNt

il
g

- .02862

-02924
03122
03478
.04015
.04737
(5730
07236
.09579
.13215

O'

H

The notation is that of section I.4.
g12 ﬂZZ ng ETZS
05663 04104 8771 . 563C
,15684 VAN B L8827 .5657
05762 .C2165 .8956 5740
.05961 L7244 .0208 .5887
00212 04364 .9744 .6107
.06562 L4570 1.0371 L6421
L7042 L4770 1.1233 .6857
07671 05000 1.2378 .7452
08435 LC5508 1.38C5 . 8238
09219 05994  1.5351 .9183
.028450 000006 01214 06204
.0140C5 007%10 .01430 .0737¢
LC0G561 IT0L03 01961 08031
007231 010625 - .01978 - .C8492
005765 .011333 - . 01 .008569
004752 011820 01702 00100
L O004CG0C8 012177 01546 JOGZ25
z 1 3
g1 g22 o 3 gZJ
009065 AX03872 L1579 (7260
000213 04020 L1604 N7363
.009680 05208 L1684 L7684
LO1C540 JLO04536 L1830 08271
011930 JCORGA8 2066 {6222
(14088 005808 24632 - .1072C
017506 007254 3C13Z .13124
(23172 09545 .3279 17160
032757 (013561 5626 .24273
.C29006 .02085¢C  .8467 . 37314

33

1.369
388
AT
554
727

9SO

° ’,‘; 32
.15C
.36
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