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Abstract

The focus of this thesis is finitely generated subgroups of the automor-
phism group of an infinite spherically homogeneous rooted tree (regular

or irregular).

The first chapter introduces the topic and outlines the main results. The
second chapter provides definitions of the terminology used, and also some

preliminary results.

The third chapter introduces a group that appears to be a promising
candidate for a finitely generated group of infinite upper rank with finite
upper p-rank for all primes p. It goes on to demonstrate that in fact this
group has infinite upper p-rank for all primes p. As a by-product of this
construction, we obtain a finitely generated branch group with quotients

that are virtually-(free abelian of rank n) for arbitrarily large n.

The fourth chapter gives a complete classification of ternary automata
with Cs-action at the root, and a partial classification of ternary automata
with Cs-action at the root. The concept of a ‘windmill automaton’ is
introduced in this chapter, and a complete classification of binary windmill

automata is given.

The fifth chapter contains a detailed study of the non-abelian ternary
automata with Cj-action at the root. It also contains some conjectures

about possible isomorphisms between these groups.
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NOTATION

Notation

The following notation will be used throughout:

N, Ny, Z, R for the natural numbers (that is, the positive integers), the non-negative
integers, the integers, and the reals, respectively.

[i, 7]: for integers ¢ and j this denotes the set of integers n such that i < n < j.

|x], [x]: greatest integer < x, least integer > x.

d is the constant sequence (d,d, .. .).

Sym(X), Alt(X), Sym(n), Alt(n) for the symmetric group on the set X, the alter-
nating group on the set X, the symmetric group of degree n, and the alternating
group of degree n, respectively. Permutations are read left-to-right. The action

of o on 7 is denoted 7°.

Maps (other than permutations) are written on the left, as in f(x). Thus the com-

position f followed by g is written g(f(x)).

C,, for the cyclic group of order n. We identify C,, with the subgroup of Sym(n)
generated by the cycle (1,2,...,n).

Cs, Dy for the infinite cyclic group, and the infinite dihedral group, respectively.

The extra-special group of order 27 and exponent 3 is the group defined by the
presentation (z,y | 2* =y = [z, y]* = [z,y,2] = [z,y,4] = 1).
The extra-special group of order 27 and exponent 9 is the group defined by the

presentation (z,y | 2° =y® =1, a¥ = 7).
A < B: A is a subgroup of B.
A <y B: Ais a subgroup of finite index in B.
X t={a'|ze X}; X = X UX!: defined for a subset X of a group G.
G’ =[G, G]: the derived subgroup of G.
G* = G/G': the abelianization of G.
G® = [G*1 G* D] the k-th term in the derived series of G = G(©),
Y (G) = [v-1(G), G]: the k-th term in the lower central series of G = v, (G).

Py(G) = Po_1(G)?[Py—1(G), G]: the k-th term in the lower p-central series (for a fixed
prime p) of G = P;(G). When G is understood, we write P instead of Py(G).
For example, G/ Py in place of G/P,(G). In Chapter 5, we always take p = 3.

¥ = y_lxy; [:C7 y] = x_ly_ll'y; [xla s wxn] = [[:Cla s 7xn71]7 xn}

il



NOTATION

2™ = (2")”: defined for an integer n, and group elements x and y.

S* ={s"| s € S}: defined for a subset S and an element = of a group G.

AB = <ab ’ a€ Abe B>: defined for subgroups A and B of a group G.

A X B for the semi-direct product of the normal subgroup A by the subgroup B.

A B for the permutational wreath product of the finite permutation groups A and

B. It is equal to ( ﬁ A,-) X B where: each A; is a copy of A; and B is a subgroup
of Sym(n), acting Zg; permutation of the factors.

A U+ LA, for the permutational wreath product of the finite permutation groups
A;. Tt is equal to ( ﬁ Bi) X A; where: each B; is a copy of A,, -+ Ay; and A
is a subgroup of Sylrjll(n), acting by permutation of the factors.

GlLA= ( ﬁ Gi) x A where: G is an arbitrary group, with each G; a copy of G; and
Ais azglllbgroup of Sym(n), acting by permutation of the factors.

GUlLA, - A = ( ﬁ Hi) x A; where: each A; is a finite permutation group; G is

=1
an arbitrary group; each H; is a copy of Gl A, 0---1 Ay; and A, is a subgroup of
Sym(n), acting by permutation of the factors.

Cy 1 Cy is the group defined by the presentation (x,y|y? =1, [y, yxk] =1Vk eN).
T;; Ty: a subtree of T' (see Definition 2.9); the rooted d-ary tree (see Definition 2.44).
o =o(l,...,1): arooted automorphism (see Definition 2.21).

o =0(a,...,0): the tree automorphism defined in Definition 2.47.

v



Chapter 1

Introduction

1.1 Subgroups of Finite Index

Let G be a finitely generated group and let n be a natural number. Denote the
number of subgroups of index n in G by a,(G). This is an invariant of the group G;
that is, it is well-defined up to isomorphism. It is not immediately clear that G has
only finitely many subgroups of index n. A proof of this fact can be found in [H], the
first paper to be published on the subject of subgroup growth. The argument is as
follows:

Let H be a subgroup of index n in G. Label H with 1 and label the other
right cosets of H in G with 2,...,n in any order. Observe that G acts on the
set of right cosets of H by right multiplication. This gives a homomorphism ¢ :
G — Sym(n) with transitive image. Observe that Stabg (1) = H. Conversely,
given a homomorphism ¢ : G — Sym(n) with transitive image, the Orbit-Stabilizer
Theorem implies that Stabg (1) is a subgroup of index n in G. Define t,(G) to be
the number of homomorphisms G — Sym(n) with transitive image. The labelling
of the right cosets other than H was arbitrary, so a,(G) = t,(G)/(n — 1)! by the
established correspondence. Since G is finitely generated, there are only finitely
many homomorphisms G — Sym(n). Therefore, G has only finitely many subgroups
of index n.

In the same paper, Marshall Hall Jr also gives a recursive formula for calculating
a,(G), provided one knows the number of homomorphisms G — Sym(n) for all n. If
Fj is the free group on d generators then the number of homomorphisms F; — Sym(n)
is (n!)?. Thus, Hall has found a recursive formula for the number of subgroups of

index n in a finitely generated free group.



CHAPTER 1. INTRODUCTION

1.2 Subgroup Growth

In general, it is very hard to gain information about a,(G) by using Hall’s recursive
formula. The function a,(G) can behave very irregularly; for example, there may be
infinitely many values of n for which G has no subgroups of index n at all. In order
to smooth out the irregularities in a,(G), one defines the subgroup growth function of

G to be the summation

5n(G) =Y am(G).

m<n
This function can be studied asymptotically as n — oco. Let f : N — R be a function.
A group G is said to have subgroup growth of type f if there exist positive constants
« and (3 such that

sn(G) < f(n)* for all n; and
2

f(n)?  for infinitely many n.

Every finitely generated non-abelian free group has subgroup growth of type n".
This can be deduced from Hall’s recursive formula. Every finitely generated group
is a quotient of a finitely generated free group. Therefore, n™ is the fastest possible
subgroup growth type in a finitely generated group.

A group G is said to have polynomial subgroup growth if G has subgroup growth
of type at most n. Between n and n™ there is a whole hierarchy of functions. The
current state of knowledge about the subgroup growth of different classes of groups
is explained in detail in the book [SG].

Let G be a group and let d(G) denote the minimal size of a generating set for G.
The rank of G, denoted rk(G), is defined by

tk(G) := sup{d(H) | d(H) < oo}.

H<G

The PSG (Polynomial Subgroup Growth) Theorem of Lubotzky, Mann and Segal
(Theorem 5.1 in [SG]) states the following:

“Let G be a finitely generated residually finite group. Then G has PSG
if and only if G is virtually soluble of finite rank.”

1.3 Upper p-Rank

Let G be a group. The upper rank of G, denoted ur(G), is defined by
ur(G) := sup { rk (G) | G is a finite quotient of G}.

2



CHAPTER 1. INTRODUCTION

Let p be a prime. The p-rank of a finite group H, denoted rk,(H), is defined to be
the rank of a Sylow p-subgroup of H. The upper p-rank of G, denoted ur,(G), is
defined by

ur,(G) :=sup { 1k, (G) | G is a finite quotient of G}.

Conjecture A in [S3] states the following:

“Let G be a finitely generated soluble group. If ur,(G) is finite for every
prime p, then G has finite upper rank.”

In [S1] it is shown that if the conjecture is true then there is a gap in the possi-
ble subgroup growth types of finitely generated soluble groups between polynomial
subgroup growth and type n'°s™/(egloen)?® " Thig is known as the ‘soluble version of
the Lubotzky Gap Conjecture’, and is the motivation for Chapter 3. The original
Lubotzky Gap Conjecture, that there is a gap in the possible subgroup growth types
of all finitely generated groups, was refuted by the author’s supervisor in [S2]. We try
to construct a finitely generated group G that has finite upper p-rank for all primes
p such that ur,(G) is unbounded as p ranges over all the primes. This implies that G
has infinite upper rank. Indeed, if ur(G) < n then ur,(G) < n for all primes p. The
existence of such a group would be a step towards refuting the soluble version of the
Lubotzky Gap Conjecture (indeed, if the group was soluble then it would refute the
conjecture). If such a group is found it would certainly be interesting to calculate its
subgroup growth.

The finitely generated subgroups of iterated permutational wreath products ap-
peared to the author and his supervisor to be plausible candidates for such a group.
The idea is to take a spherically homogeneous rooted tree T' (see Definition 2.6) of
type (pi)i>0 where p; and p; are distinct primes whenever ¢ # j. Consider the sub-
group of Aut(T') defined by (C),),, (see Definition 2.39). By Theorem 3.3, it contains
a dense two-generator subgroup G (see Definition 2.36 for the definition of the topol-
ogy). This group is studied in Section 3.1. It is not soluble, but is just non-soluble
(see Corollary 3.17). The idea was that G would have upper p;-rank equal to the
number of vertices of level 7 in the tree. Thus it would have finite upper p-rank for all
primes p but the upper p-rank would be unbounded as p ranges over all the primes.
Unfortunately, this is not the case. In fact, the group has infinite upper p-rank for
all primes p. This is implied by Corollary 3.20. The underlying reason for this phe-
nomenon is that the profinite completion of GG is not isomorphic to the closure of G
in Aut(7"). This is equivalent to G not having the congruence subgroup property (see

Definition 2.33); that is, there are subgroups of finite index in G that do not contain

3



CHAPTER 1. INTRODUCTION

a level stabilizer of G (see Definition 2.31). The two-generator group G is an example
of a ‘branch group’ (see Definition 2.34 and Theorem 3.6).

In Section 3.2, we generalise the construction in Section 3.1. We feel that some
progress has been made towards the construction of a finitely generated group G with
infinite upper rank and finite upper p-rank for all primes p. In particular, Theorem
3.32 (together with Theorem 2.43) demonstrates that if we can control the quotient

of G by J] B, as k ranges over the levels of T then we can control the upper
level(w)=k
p-rank of G.

1.4 Branch Groups

The definition of a branch group is given in Definition 2.34. The notion of a branch
group was coined by Rotislav Grigorchuk (for example, see [NH1]). In the 1980s,
Grigorchuk produced a three-generator subgroup of the automorphism group of the
rooted binary tree (see Definitions 2.10 and 2.44) with many interesting properties.
This group is commonly referred to as the ‘First Grigorchuk Group’, and is an example
of a branch group. The First Grigorchuk Group is an infinite torsion group and has
intermediate word growth (see [G] or [Ha] for details). The existence of a finitely
generated group with intermediate word growth had been conjectural until then.
Branch groups are of interest in their own right. Indeed, it is known that every
finitely generated group can be mapped onto a just infinite group (G is just infinite
if all non-trivial quotients of G are finite), and that every just infinite group must
belong to one of the following three classes (see [NH2] and the introduction of [NH1]):

(i) branch groups;

(ii) finite extensions of groups of the form S x --- x S where S is a simple group;

and

(iii) finite extensions of groups of the form L x --- x L where L is a hereditarily just
infinite group (L is hereditarily just infinite if every subgroup of finite index in

L is just infinite).

Building on his early work on The First Grigorchuk Group, Grigorchuk has pro-
duced many papers about finitely generated subgroups of the rooted binary tree. The
generators of these groups are recursively defined and he calls them ‘automata’. The
groups have a ‘self-similar’ (or fractal) structure in that they contain copies of them-

selves as restricted level stabilizers (see Definition 2.31). Informally, G contains a

4



CHAPTER 1. INTRODUCTION

normal subgroup K of finite index such that K x K x K x K is a subgroup of K of
finite index. The recursive nature of these groups means that they lend themselves
to computer calculation. There is a program in GAP called AutomGrp which can
perform such calculations on a regular tree.

The notion of a directed automorphism (see Definition 2.28) is analogous to that
of an automaton. The self-similar nature of Grigorchuk’s groups is mimicked in the
groups in Chapter 3 (see Theorem 3.8). Since the tree is not regular (see Definition
2.44), the groups we have constructed cannot contain copies of themselves as restricted
level stabilizers. They do, however, possess something of a fractal nature. Perhaps
they can be said to be morally self-similar.

If G is a branch group then G/rstg(m)’ is virtually abelian for all m € Ny (see
Definition 2.31 for the definition of rstg(m)). This means that it contains an abelian
normal subgroup of finite index. Such a normal subgroup is rstg(m)/rstg(m)’. That
this has finite index follows from the definition of a branch group. By Theorem 2.43,
if N is a non-trivial normal subgroup of a branch group G then G/N is virtually
abelian. In the paper [DG], Grigorchuk raises the question of exactly which virtually
abelian groups occur as the quotient of some finitely generated branch group. He
states that the infinite cyclic group and the infinite dihedral group are the only known
infinite examples. We have shown that virtually free-abelian groups of arbitrarily large
rank occur (see Corollary 3.21). We have also shown that infinite soluble groups of
arbitrarily large derived length occur (take G /rstg(m)” with m suitably large - see
Corollary 3.16).

1.5 Automata

For many years, Grigorchuk has been attempting to classify three-state binary au-
tomata (the classification of two-state binary automata having been completed with
the publication of [GZ]). It is worth noting that The First Grigorchuk Group is de-
fined by a five-state binary automaton. In Chapters 4 and 5 we focus on two-state
ternary automata (see Definition 2.56). Attempting a complete classification up to
group isomorphism is an enormous project. We restrict ourselves to two-state ternary
automata with abelian action at the root (see Definition 2.64).

We have achieved a complete classification up to group isomorphism of those
groups with Ch-action at the root (see Section 4.4). They are: Cy; Co X Cy; Cu;
Co X Cy; Doo; and Cy 0 Cy. We have only a partial classification for the groups

with Cs-action at the root (see Section 4.5). Specifically, we have: the abelian groups
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Cs, C3 x (3, and C; and the non-abelian groups Hy, ..., Hi7 defined in Definition
4.17. We prove that Hy,..., Hy; are not abelian (see Lemma 5.3), contain elements
of infinite order (Theorem 5.44), and are not free (Theorem 5.45). These non-abelian
groups are the focus of our study in Chapter 5. It is not known whether Hy, ..., Hy;
are pairwise non-isomorphic. In this direction, we show that H,, Hs, H4, Hg, and
Hy are pairwise non-isomorphic (see Corollary 5.9, Theorem 5.18, Corollary 5.38, and
Theorem 5.43). Therefore, up to group isomorphism the number of two-state ternary
automata with Cs-action at the root is at least eight and at most twenty. Chapter 5
ends with some conjectures about possible isomorphisms between the H;, and with
a summary of the work that has been done towards a classification, up to group
isomorphism, of the non-abelian (2, 3)-automaton groups with Cs-action at the root.

We introduce the notion of ‘level growth type’ in Section 2.7. We believe this
is a new idea. It proves to be useful in Section 5.4, where we prove that many of
the H; have an infinite cyclic quotient. By Lemma 4.40, any group with an infinite
cyclic quotient does not have the congruence subgroup property. In Section 4.6, we
introduce the notion of a ‘windmill automaton’. We believe that this is also a new
idea. During the author’s research, it was found that groups defined by windmill
automata naturally occur as subgroups of two-state automaton groups (see Remark
4.22). We classify the groups defined by binary windmill automata. We also study
a ternary windmill automaton that is of particular interest because it occurs as a

normal subgroup of index 3 in Hs.



Chapter 2

Preliminaries

2.1 Spherically Homogeneous Rooted Trees

2.1 Definition.
A rooted tree is a tree T' with a distinguished vertex v, called the root. The level of
a vertex v is the distance of v from the root. The level of v is denoted levely(v), or

simply level(v), when the tree T' is understood.

2.2 Definition.
Let T be a rooted tree and i € Ny. Define T, the truncation of T to level i, to be
the rooted subtree of 17" with root v, whose vertex set consists of all the vertices of

level at most 7 in 7.

2.3 Definition.

Let T be a rooted tree. If v is a vertex of level ©+ > 0 then define the mother of v to
be the vertex of level © — 1 on the unique path of length ¢ from the root to v. The
children of a vertex w are those vertices v such that w is the mother of v. We say
that w is a terminal vertex if w has no children. Define L(T") to be the set of integers

n such that there exists a non-terminal vertex of level n in 7.

2.4 Definition.

Let T be a rooted tree and v a vertex of T'. The vertices of the tree which can be
reached from v by taking a sequence of mothers are called the ancestors of v. The
vertices which can be reached from v by taking a sequence of children are called the
descendants of v. We define v to be a descendant of itself, but not an ancestor of

itself.

2.5 Definition.
Let (ng,n1,...,n;—1) be an i-tuple of integers strictly greater than 1. The spherically

homogeneous rooted tree of type (ng,ni,...,n;_1) is the finite rooted tree such that:

7



CHAPTER 2. PRELIMINARIES

(i) level(v) < i for every vertex v;
(ii) the vertices of level i are terminal; and
(ili) for every j € [0,¢ — 1], every vertex of level j has n; children.

2.6 Definition.
Let (ni)z;o be a sequence of integers strictly greater than 1. The spherically ho-
mogeneous rooted tree of type (ni)i>0 is the infinite rooted tree such that, for every

1 € N, the truncation of T" to level ¢ is the spherically homogeneous rooted tree of

type (no, n1, ..., ni—1).

Note that a spherically homogeneous rooted tree may be either finite or infinite. We
use the notation (n;),. L) to specify the type of tree, even when it has not been
specified if the tree is finite or infinite. This is to be read as a finite tuple if the tree
is finite, and as a sequence if the tree is infinite. This allows us to state results that
hold true for finite and infinite trees alike without the need for tedious repetition.

The integers in L(T') are referred to as the non-terminal levels of T

2.7 Remark.

We think of the tree growing down from the root. Label the edges extending down
from a vertex of level ¢+ by the integers modulo n;. When drawn on the page, the
edges are labelled left-to-right with the left-most edge labelled 1 and the right-most
edge labelled n;.

2.8 Definition.
Let T be a spherically homogeneous rooted tree. The vertex of level ¢ which can be
reached by the sequence (mg,my,...,m;—1) of edges is denoted V(g m,,.m; ,)- For

brevity, the vertices of the first level are denoted v, ..., v, respectively.

2.9 Definition.
Let T be a spherically homogeneous rooted tree and v a vertex of T. The subtree
formed by the descendants of v is denoted T,. For any two vertices v and w of level

1, the subtrees T, and T, are of the same type. The tree of this type is denoted T;.

We identify T, and T, with T; when it is convenient to do so.
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2.2 Tree Automorphisms

2.10 Definition.

Let T be a spherically homogeneous rooted tree. An automorphism of T is a permu-
tation of the vertices which preserves mothers. The set of automorphisms of T form
a group, with composition of permutations as the group multiplication. This group

is called the automorphism group of T, and is denoted Aut(T).

2.11 Remark.

Preservation of mothers implies preservation of level. Thus, Aut(7[i]) is naturally
isomorphic to the permutational wreath product Sym(n;_1) ¢+ -+ Sym(ny) ¢ Sym(nyg),
where ¢ is any non-zero level of the tree. Note that Aut(7']0]) is the trivial group.
For every non-terminal level i, there is an epimorphism Aut(T[i + 1]) — Aut(T[i])
given by ignoring the first factor in the wreath product. If T is infinite then Aut(7T)

is isomorphic to the projective limit lim Aut(7[i]). Indeed, two tree isomorphisms
i>1
that agree on all the truncations T'[i] of T' (i € N) are the same. The infinite group

Aut(T) is given the profinite topology. This is the topology induced from the discrete
topology on the finite groups Aut(7'[7]).

2.12 Definition.
Let T be a spherically homogeneous rooted tree, let v be a vertex of T and let x be
a tree automorphism. The image of v under the action of z (that is, the vertex to

which v is sent by x) is denoted v*.

2.13 Definition.

Let T be the spherically homogeneous rooted tree of type (n;),. L(r)- For every level
i of T, let m; : Aut(T) — Aut(T[i]) be the natural surjection. If 7 is a non-terminal
level, we consider Aut(7[i]) to be a subgroup of Aut(7[i+ 1]) in the natural way. Let
x be a tree automorphism and let v be a non-terminal vertex of T'. Define the action
of x at v to be the permutation of the children of v induced by 7;(z~!)7;,1(x) where
i = levely(v). We denote the action of x at v by z(r) and identify it with an element

of Sym(n;). We also say that = acts as z(v) at v.

2.14 Definition.
Let T be a spherically homogeneous rooted tree and let x be an automorphism of T'.
Define the portrait of x to be the labelling of the non-terminal vertices v of T by the

elements z(v) that are defined in Definition 2.13.



CHAPTER 2. PRELIMINARIES

2.15 Remark.
Note that a tree automorphism can be defined by specifying its portrait.

2.16 Definition.

Let T be a spherically homogeneous rooted tree and let x be an element of Aut(7).
The support of x is the set of non-terminal vertices of T" at which = does not act as
the identity.

2.17 Definition.

Let T be a spherically homogeneous rooted tree and let « be an element of Aut(T).
We say that x has depth n if every vertex in the support of x has level at most n — 1.
If there exists n € N such that x has depth n then we say that x has finite depth;

otherwise, = has infinite depth.
The identity is the unique tree automorphism of depth 0.

2.18 Remark.

Let T be a spherically homogeneous rooted tree and i a level of T. We identify
Aut(T[i]) with the subgroup of Aut(7T) consisting of all tree automorphisms of depth
at most 7. In this way, we have an ascending chain Aut(7[0]) C Aut(7[1]) C
Aut(T[2]) C --- of subgroups of Aut(7"). Under this identification, the natural sur-
jection m; : Aut(T') — Aut(T[i]) is a projection map; that is, m; o m; = ;. It is useful

to note that m; o m; = mying ;) for all 4,5 € No.

2.19 Lemma.
Let T be a spherically homogeneous rooted tree, let x and y be tree automorphisms,

and let v be a non-terminal vertex of 1. Let xy denote the composition x followed
by y. Then xy (V) = x(yyfl)y(y).

Proof:
Let i denote the level of v. By definition, zy(v) is the permutation of the children of
v induced by m;((zy)~')mi1(zy). We calculate that

mi((xy) Dmi(zy) = m(y) ' mi@) T ()T (y
= m(@) " (@) O (y) T e ()
= m (I_M(y))ﬁz‘ﬂ (ﬂfwi(y))ﬁz‘ (y_l)Wz‘H (y) .
The final equality follows from the fact that m;om; = m; and 7, om; = 7;, as observed

in Remark 2.18. It has thus been shown that zy(v) = 2™® (v)y(v), and the result

follows from the observation that 2™ (v) = z(v™® ) = 2L ). O

10



CHAPTER 2. PRELIMINARIES

2.20 Example.
A short example demonstrating the composition of tree automorphisms may be useful.

Define elements of Aut(7{32)) = Sym(2) ! Sym(3) by their portraits as follows:

(123) (123)
Y / m

The first thing to understand is how x and y permute the vertices of the second level
in T{32). In temporary notation, label the vertices of the second level simply 1, 2, 3,

4,5, 6. Then x = (136)(245) and y = (146235). Observe that
(123) (123)

et i

Calculate zy = (136)(245)(146235) = (153264). We now check that the same answer

is obtained on the tree.
(123) (123)

123 123
132 132

This tree automorphism does indeed permute the vertices of the second level by
(153264).

11
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2.21 Definition.

Let T be a spherically homogeneous rooted tree. Let ny denote the valency of the
root of T'. Given an element (3, € Sym(nyg), the rooted automorphism By € Aut(T) is
defined to be the tree automorphism which acts as 3y at the root and as the identity

at all other vertices of T

2.22 Remark.

We use id to denote the identity element of Sym(n;) and 1 to denote the identity
element of Aut(7). Thus, id = 1. If I; is a subgroup of Sym(n;), say I'; = {71, ..., 7},
then we denote the subgroup {71, ..., } of Aut(7;) by I;.

2.23 Definition.
Let T be a spherically homogeneous rooted tree and let # be an automorphism of
T. For each vertex v, the labelling of the subtree T, in the portrait of x defines an

element of Aut(7),). This automorphism of 7, is denoted z,,.

2.24 Definition.
Let T be a spherically homogeneous rooted tree, let x be an automorphism of 7" and
let ¢ be a level of T'. The expansion of x to level ¢ is the labelling of the vertices v of

the finite tree T'[i] given by:
(i) if level(v) < i then v is labelled by x(v); and
(ii) if level(v) = ¢ then v is labelled by x,.

2.25 Remark.
Note that a tree automorphism can be defined by its expansion to level i, where i is

any chosen level of the tree.

2.26 Definition.
Let T be a spherically homogeneous rooted tree and let # be an automorphism of

T. If in the expansion of z to the first level, the terminal vertices of T'[1] (namely

V1,...,Vn,) are labelled by x1, ..., z,,, and its root is labelled by o, then we denote
this expansion by z = o(x1, ..., 2y, ). If 0 = id then we simply write z = (x1,...,Zp,)-
2.27 Remark.

Note that o(z1, ..., x,,) is equal to the composition of & with (xy,...,z,,). A useful
observation is that o(z1,...,Zn,) = (T10, ..., Tng)0.

12
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2.28 Definition.

Let T be the spherically homogeneous tree of type (n;);c . Fix an element 3; €
Sym(n;) for each i € L(T)\{0}. The directed automorphism defined by the sequence
(0;) is the automorphism b of T" whose portrait is defined by the following action at

the vertices v of T"
(i) if there exists j € L(T)\{0} such that v = v(n,,...n,_,,1) then b(v) = 3;; and

(ii) if v € {Ving,..n; 01y | 7 € L(T)\{0}} then b(v) = id.

In particular, note that b(v,) = id, that b(r1) = 31, and that b(v(,,,1)) = Fo.

2.3 Stabilizers and Branch Groups

2.29 Definition.

Let T be a spherically homogeneous rooted tree and let G' be a subgroup of Aut(T).
Given a vertex v, define the stabilizer of v in G to be the subgroup of G consisting of
those automorphisms that fix v. The stabilizer of v in G is denoted st (v), or simply
st(v), when the group G is understood. Define the restricted stabilizer of v in G,
denoted rstg(v) or rst(v), to be the subgroup of G consisting of those automorphisms

that fix v and all the vertices that are not descendants of v.

2.30 Remark.
In order to fix v, an automorphism must fix all the ancestors of v. Note that stg(v)
and rste(v) are not, in general, normal subgroups of G. We identify rste(v) with a

subgroup of Aut(7,) in the natural way.

2.31 Definition.
Let T be a spherically homogeneous rooted tree and let G' be a subgroup of Aut(T).
For i € Ny, define the i-th level stabilizer of G by

stg(i) = ﬂ sta(v)

level(v)=t

and the i-th restricted level stabilizer of G by

rstg(i) = H rsta(v).

level(v)=t

When the group G is understood, we write st(¢) and rst(i) respectively. In particular,
G/st(i) denotes G//stg (i), and G/rst(i) denotes G/rst (7).

13
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2.32 Remark.
Note that st(i) and rst(i) are normal subgroups of G, and that rst(¢) is a subgroup
of st(i). We identify st(i) with a subgroup of [] Aut(7,) in the natural way.

level(v)=i

2.33 Definition.
Let T be a spherically homogeneous rooted tree and let G be a subgroup of Aut(7T).
We say that G has the congruence subgroup property (CSP) if, given any subgroup

H of finite index in G, there exists a level ¢ such that H contains stg(4).

2.34 Definition.

Let T be a spherically homogeneous rooted tree and let G be a subgroup of Aut(T).
We say that G is spherically transitive if G acts transitively on every level of T. We
say that G is a branch group if GG is spherically transitive and every restricted level
stabilizer of G has finite index in G.

2.35 Remark.
The term ‘branch group’ was coined by Rotislav Grigorchuk. For example, see [NH1].

Note that a metric may be defined on the vertices of T', the distance between two
vertices being the length of the shortest path between them. In this metric space,
the vertices of a given level form a sphere with the root at its centre. A spherically
transitive subgroup of Aut(7") acts transitively on each such sphere.

As mentioned in Remark 2.11, if 7" is infinite then Aut(7") is a profinite group
and, as such, it has a natural profinite topology induced from the discrete topology
on the finite groups Aut(7[i]).

2.36 Definition.

Let T be an infinite spherically homogeneous rooted tree and let G be a subgroup of
Aut(T). The topology on G is defined to be the subspace topology induced from the
profinite topology on Aut(7T). The closure of G in Aut(T) is denoted G.

2.37 Remark.

The level stabilizers of G form a basis for the neighbourhoods of the identity. For
i € N, there is a natural restriction homomorphism 7; : Aut(7") — Aut(7[i]) given
by considering the action of the tree automorphisms on the finite subtree T7i]. Let
r € Aut(T). Then z € G if and only if m(x) € 7;(G) for all i € N. Note that
ste (i) = ker(m;|,). Therefore, st (i) has finite index in G. We identify G /st (i) with
a subgroup of Aut(7[i]) in the natural way.

14
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2.38 Remark.
Let H be a subgroup of Aut(T") containing GG. Then G is dense in H if and only if
mi(G) = m;(H) for all i € N.

2.4 Subgroups of Aut(T)

2.39 Definition.

Let T be the spherically homogeneous rooted tree of type (n;),. L(r)- For every non-
terminal level ¢ of the tree let I'; be a subgroup of Sym(n;). The subgroup of Aut(T)
defined by (I;),c () consists of those automorphisms = € Aut(7') such that z(v) € I';

for every i € L(T') and every vertex v of level i.
If T is infinite then the subgroup defined by (I';),, 11y is closed in Aut(T).

2.40 Lemma.

Let T be the spherically homogeneous rooted tree of type (n;),. L(r)- For every non-
terminal level i let T'; be a subgroup of Sym(n;). Let H denote the subgroup of
Aut(T') defined by (I';);cp 7. Fix a non-terminal level k. For v, € 'y, let ) denote
the image of v, under the natural epimorphism 'y, — T'#". Then the map defined by

o H — T3P
h H h(v)
level(v)=k

is a surjective group homomorphism.

Proof:
Let g and h be elements of H. Then

erlgh) = T[ oh)= T 9" @)

level(v)=k level(v)=k
= I e (v)
level(v)=k level(v)=k

= [I s (v)
level(v)=k level(v)=k

= er(9)pr(h).

Therefore, ¢ is a homomorphism. Given an element 7, € I'y/ F;C, take an auto-
morphism h whose portrait has 7, at any one chosen vertex of level k£ and has the
identity at all other vertices of the tree. Then @y (h) = 7. Therefore, @y is surjective

as required. 0
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The following theorem is weaker than Theorem 2.43 and, as such, could be omit-

ted. However, we include it because the proof is so attractive.

2.41 Theorem (Lemma 13.4.3 in [SG]).

Let T" be an infinite spherically homogeneous rooted tree. Let G be a spherically
transitive subgroup of Aut(7’). If N is a normal subgroup of finite index in G then
there exists m € Ny such that N contains rstg(m)’.

Proof: (due to Peter Neumann).

The group G/N is finite, so it contains only finitely many subgroups. Thus, if m
is large enough, there exist distinct vertices pu, v of level m such that Nrstg(p) =
Nrstg(v). Therefore,

’

rsta(p) = [rsta(p), rsta(p)]
< [Nrsta(p), Nrsta(p)]
= [Nrstg(p), Nrste(v))
< Nlrstg(p), rstg(v)].

As rstg(p) and rste(v) have disjoint supports, we see that [rste(u), rstg(v)] = 1, and
so rstg(p) < N. As G is spherically transitive, rstg (i) is conjugate in G to rstg(w)’

for every vertex w of level m. Hence

rste(m) = H rsta(w)

level(w)=m

is a subgroup of N, as required. O

2.42 Corollary.
Let T be an infinite spherically homogeneous rooted tree and let G be a spherically
transitive subgroup of Aut(7"). If H is a subgroup of finite index in G then there

exists m € Ny such that H contains rstg(m) .

Proof:
The normal core of H has finite index in G. Apply the theorem to this normal
subgroup. O

2.43 Theorem (Lemma 4 in [S2]).
Let T be an infinite spherically homogeneous rooted tree and let G be a spherically
transitive subgroup of Aut(7"). If N is a non-trivial normal subgroup of G (not

necessarily of finite index) then there exists m € Ny such that N contains rstg(m)’.
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Proof: (extracted from Theorem 4 in [NH1]).

Let x be a non-identity element of N. There exists m € N such that = € stg(m—1) and
x & stg(m). There exists a vertex u of level m such that p* # u. Let a,b € rsta(p).
From the definition of group multiplication in Aut(7") it follows that

[a™!, 2] € r8taue, (1) X 15tAwe, (115).

We calculate that [a™!, z], = a, (recall from Definitions 2.23 and 2.24 that a,, is the
label of y in the expansion of a to level(u)). Therefore, [a™t, z,b] = [a,b]. As N is
a normal subgroup, [a~!, z,b] is an element of N. Therefore, N > rstg(u)/. As G is
spherically transitive, rstg(u) is conjugate to rstg(w)’ for every vertex w of level m.

Hence

rstg(m) = H rsta(w)’

level(w)=m

is a subgroup of N as required. O

2.5 Regular Rooted Trees

2.44 Definition.

Let d be an integer strictly greater than 1. We denote the constant sequence (d, d, .. .)
by d. The rooted d-ary tree, denoted Ty, is defined to be the spherically homogeneous
rooted tree of type d. The rooted binary tree is the rooted 2-ary tree, and the rooted
ternary tree is the rooted 3-ary tree. A regular rooted tree is a rooted d-ary tree where

d is an unspecified integer strictly greater than 1.

2.45 Definition.
Let d be an integer strictly greater than 1 and let X = {1,2,...,d}. Let X* denote
the free multiplicative monoid generated by the elements of X. The elements of X*

are called words over X.

2.46 Remark.
The words over X may be naturally identified with the set of vertices of the rooted
d-ary tree. Indeed, the words of length n over X are identified with the vertices of

level n in the tree. Note that the empty word is identified with the root of the tree.

2.47 Definition.
Let T be the rooted d-ary tree. Given a permutation ¢ in Sym(d), define @ to be the
tree automorphism with &(v) = o for all vertices v of T'; that is, in the portrait of 7,

every vertex of T' is labelled by o.

17
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2.48 Remark.
Note that @ = 0(7,...,7), and that conjugating Aut(7) by & corresponds to a
renumbering of the alphabet X.

2.49 Definition.

Let T be a regular rooted tree. Let x and y be elements of Aut(7') and k € Ny. We
say that x occurs in the expansion of y to level k if, in the expansion of y to level k,
there exists a vertex of level k labelled by x. We say that x occurs in the expansion

of y if there exists k € Ny such that x occurs in the expansion of y to level k.
Note that y occurs in the expansion of y (to level 0).

2.50 Lemma.

Let T" be a regular rooted tree and let 2 be an automorphism of T'. Let k = ord(z(vy))
and suppose that k > 1. If there exists a tree automorphism y and an integer [ with
|I| < k such that 2% occurs in the expansion of 2% to the first level then z has infinite

order.

Proof:

For a contradiction, suppose that x has finite order. Then the order of x must be
divisible by k. Suppose that x has order km. In the expansion of 2" to the first level
there is a vertex labelled by /™. As ¥ = 1, we must have that 2™ = 1, and hence
that z'™ = 1. However, as |lm| < km, this contradicts the claim that ord(z) = km.

0

2.51 Definition.
Let T be a regular rooted tree and S a subset of Aut(7"). We say that S is closed
under expansion if, given any element s in S, every tree automorphism that occurs

in the expansion of s to the first level is an element of S.

2.52 Remark.
If S is closed under expansion and s is an element of S then, in the expansion of s to

any level n of the tree, every vertex of level n is labelled by an element of S.

2.53 Lemma.
Let T be a regular rooted tree. Let S be a subset of Aut(7) closed under expansion.
If every element of S acts as the identity at the root then S = {1}.

18
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Proof:

Let s be an element of S. By hypothesis, s stabilizes pointwise the first level of T'. For
induction, suppose that s stabilizes pointwise level n of T. Consider the expansion
of s to level n. By Remark 2.52, every vertex of level n is labelled by an element
of S. By hypothesis, the elements of S act as the identity at the root. Therefore, s
stabilizes pointwise level n + 1 of T'. As s stabilizes pointwise every level of the tree,

it must be the identity automorphism of 7. O

2.54 Theorem.

Let T be the regular d-ary tree. Let x be an automorphism of 7" that acts as the
identity at the root. Let N denote the normal closure of (z) in Aut(7"). Suppose
that every tree automorphism that occurs in the expansion of z to the first level is

an element of N. Then z is the identity automorphism of 7.

Proof:
Observe that every element of N acts as the identity at the root. Let (nq,...,nq) be
the expansion of x to the first level. Let y = (y1,...,yq)d be any tree automorphism.
Then y' =6y, ..., y7"). Writing ¢(i) = i” ', we see that
_ —1(,y Ya\ 5 (YD) Yo ()
=0 (nll,...,ndd)a = (”¢(1) - () )

This shows that every tree automorphism that occurs in the expansion of x¥ to the
first level is an element of N. As N is generated by elements of the form z¥, we have

shown that NV is closed under expansion. The result follows by Lemma 2.53. O

2.6 Automata

2.55 Definition.
A finite invertible automaton A is an ordered quadruple A = (@, X, p, 7) such that:

(i) @ and X are finite sets of cardinality at least 1 and 2, respectively;
(ii) p: @ x X — X and 7: Q x X — @ are functions; and

(iii) for each ¢ € @ the restriction map p, : X — X given by p,(z) = p(¢,z) is a

permutation of the set X.

In this thesis, we say automaton to mean finite invertible automaton.

19



CHAPTER 2. PRELIMINARIES

2.56 Definition.

The elements of () are called states, X is called the alphabet, p is called the output
map, and 7 is called the transition map. If || = ¢ and | X| = d, then we call A
a (c,d)-automaton. The elements of X are denoted 1,2,...,d. An automaton with
¢ specified and d unspecified is called a c-state automaton. An automaton with d
specified and ¢ unspecified is called a d-ary automaton. A binary automaton is a

2-ary automaton, and a ternary automaton is a 3-ary automaton.

2.57 Definition.
Let A be an automaton. For each state ¢, we define a permutation § of the words

w € X* inductively on the length of w as follows:

(i) if w is the empty word then w? := w;

ii) if w = zu for some x € X and v € X* then w? := x)u"@")
Pq

2.58 Lemma.
Let A = (Q,X,p,7) be a (¢,d)-automaton and let 7" be the rooted d-ary tree. Let
the elements of () be denoted ¢,...,q.. Then there exist unique automorphisms

q1,---,qe of T satisfying the system

@:p(h’ (T(qlal)uaT(qu)) i € [176] (21)
of equations.

Proof:

Identify the vertices of T with the elements of X* as in Remark 2.46. For each state
i, the permutation g; of X* defined in Definition 2.57 may be seen to preserve both
level and ancestry in the tree T'. Indeed, its very definition is inductive on the levels
T. Therefore, for each state ¢;, we have defined an element g of Aut(7T) and, by
definition, @, . . ., ¢ satisfy system (2.1).

In order to prove the uniqueness of G, ..., ., note that system (2.1) forces the
action of g; at the root to be p,. By induction on the level, we see that the action
of @; on the truncation of T' to any finite level is uniquely determined by system
(2.1). However, a tree automorphism is uniquely determined by its action on the

finite truncations of 7. OJ

2.59 Remark.
Let A be an automaton. We identify the states ¢ with the associated permutations

g of X*, and with the associated automorphisms g of 7. In an abuse of notation, we
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use the same letter ¢ to denote the state, the associated permutation of X*, and the

associated tree automorphism.

2.60 Remark.

Given finite sets () and X of cardinality ¢ > 1 and d > 2, respectively, we may
define an automaton by defining the output map p and the transition map 7. In
order to define these maps, it is sufficient to specify the restriction maps p, for all
q € @, and to specify 7(q,z) for all ¢ € @ and x € X. The tree automorphisms
q = pq (7'(q7 1),...,7(q, d)) of Lemma 2.58 are then specified. Note that the defini-
tions of p, and 7(g,x) may be inferred from the equation ¢ = p, (T(q, 1),...,7(q, d))
Therefore, the system of equations ¢ = p, (’7’((], 1),...,7(q, d)) (with ¢ ranging over

() may be taken as a defining set of equations for the automaton.

This observation saves a lot of time when defining automata, so we record it here as

a definition.

2.61 Definition.
In order to define the output and transition maps, we shall use the following notation:

for each state ¢, we write

q=pe((q,1),...,7(q.d)).

Note that, by Remark 2.60, the output map p and the transition map 7 have been
uniquely defined by the system of equations ¢ = p, (T(q, 1),...,7(q, d)) (with ¢ rang-
ing over Q).

2.62 Definition.
Let A be an automaton. The group of tree automorphisms generated by the states

of A is called the automaton group defined by A.

We identify the automaton A with the automaton group defined by A. Note that it

is generated by |@Q| elements.

2.63 Example.

Let A be the (2,2)-automaton with generators a = id(b,b) and b = (12)(a,a). Let
T be the rooted binary tree. In the portrait of a, every vertex of even level in T is
labelled by id, and every vertex of odd level is labelled by (12). In the portrait of b,
every vertex of even level is labelled by (12), and every vertex of odd level is labelled
by id. One checks that a* = b? = 1 and that ab = ba. As a group, A is isomorphic to
Cy x Cs.
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2.64 Definition.
Let A be a d-ary automaton. Identify A/st(1) with a subgroup B of Sym(d) in the
natural way. We say that A has B-action at the root.

2.65 Remark.
For all i € Ny let I'; = B, and let G be the subgroup of Aut(7j) defined by (I';),;,.
If A is a d-ary automaton with B-action at the root then A is a subgroup of G.

2.7 Level Growth

2.66 Definition.
Define a partial order < on the set of functions Ny — R by f < g iff f(n) = O(g(n)).
Written out in full, this says:

f = g iff there exist b € R and N € Ny such that |f(n)| < blg(n)| for all n > N.

If f is equivalent to g under the equivalence relation defined by this partial order
then we say that f and g have the same growth type. If f < g then we say that f has
growth type at most g or, equivalently, that g has growth type at least f. If f < g
and g A f then we denote this by f < ¢ and say that f has growth type strictly less
than g or, equivalently, that g has growth type strictly greater than f.

2.67 Definition.
Let k € N. Define £(id) := 0. For every non-identity element o € Sym(k), define

((0) := min{m | o can be expressed as the product of m transpositions}.

2.68 Remark.
If o € Sym(k) is equal to the product of disjoint cycles of lengths I, ...,[, then

(o) =2 (li—1).

i=1
2.69 Definition.
Let T be a spherically homogeneous rooted tree and let x be an automorphism of 7.

Define /7, : Ny — Ny, the level growth function of x, by

ly(n) = Z (x(v)).

levelp (v)=n

Without comment, we also regard ¢, as a function Ny — R in order to speak about

its growth type.
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2.70 Definition.

Let T be a spherically homogeneous rooted tree and let x be an automorphism of 7.
Let f : Ny — R be a function. We say that x has level growth of type f if the function
/. has the same growth type as f. We say that x has exponential level growth if there
exists a real number ¢ > 1 such that x has level growth of type at least ¢". We say
that x has polynomial level growth of degree k if x has level growth of type at most

nk.

2.71 Lemma.

Let T be a spherically homogeneous rooted tree. Let x and y be automorphisms of
T. Let f,g: Ny — R be functions. If x has level growth of type at most f, and y has
level growth of type at most g, then zy has level growth of type at most f + g.

Proof:

It follows from the definition of multiplication in Aut(T") that l,,(n) < l,(n) + 1,(n).
U]

2.72 Remark.

Note that f + f has the same growth type as f. Also note that ¢, = £,-1. Therefore,
if x has level growth of type at most f, then 2™ has level growth of type at most f

for all integers m.

2.73 Lemma.

Let T be a spherically homogeneous rooted tree. Let x be an automorphism of T’
and let H be a subgroup of Aut(T"). Let f,g: Ny — R be functions such that g has
growth type strictly greater that f. If H is generated by elements of level growth of
type at most f, and z has level growth of type at least g, then z is not in H.

Proof:
It follows from Lemma 2.71 and Remark 2.72 that every element of H has level growth
of type at most f. O

2.8 Group-Theoretic Definitions and Results

2.74 Definition.
Let F be the free group on {z,y} and let w be a word in F. We say that w is a

positive word if w is an element of the free multiplicative monoid generated by {z, y}.

That is to say, if w does not contain the letters = or 37!
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2.75 Definition.

Let F be the free group on {x,y}. Let m, : F' — Z be the projection defined by z — 1
and y — 0. Similarly, define the projection 7, : ' — Z by  + 0 and y — 1. Let w
be a word on {z,y}. Define the x-multiplicity of w to be m,(w) and the y-multiplicity
of w to be m,(w). Define the total multiplicity of w to be m,(w) + m,(w).

Let G be a group generated by two elements a and b. Let w : ' — G be the
projection defined by x — a and y — b. Let g be an element of G and n an integer.
We say that g has a-multiplicity n if there exists a word w in F' of z-multiplicity n
such that m(w) = g. We say that g has b-multiplicity n if there exists a word w in F’
of y-multiplicity n such that m(w) = g. We say that g has total multiplicity n if there

exists a word w in F' of total multiplicity n such that 7(w) = g.

2.76 Remark.
Note that a-multiplicity, b-multiplicity, and total multiplicity are not, in general,

well-defined elements of Z.

2.77 Lemma.
Let p be a prime and let G be a group generated by two elements x and y. Then

G
Py = (a7, [w,y])" and Py = (o, 7", [z, 9], [y, 2], [z, 9. 9]) .
Proof:
Observe that GPG' /G’ = (PG, y?G'). As G’ = ([z, y]>G, it follows that

GG = <:,17p, Y, [:v,y]>G.
As P, is central modulo [Py, G], we see that
P[P, G/ [P, G] = <37p2 [Py, G, 47" [P, G, [, y ][ P, Gl).
We have shown that P, = (P, y?, [z, y}>G Thus,

(P, G] = ([2, 9], [, "], [z, 9, 2], [, y, ] )€

” = [2?, y] modulo <[m,y,x],[m,y,y]>a.

Hence, [Py, G] = ([z, )", [x,y, 2], [2,4.4])". Therefore,

PQP[P%G] = <$p2,yp27 [xay]pv [xay)xL [m7yay]>

as required. 0

By the commutator identities, [z,y*] = [z,y

G

Note that G/P, is an elementary abelian p-group of rank at most 2.

2.78 Remark.
If F' is the free group on {x,y} then F//P3 has order p°. Indeed, the elements of F'/Ps

can be expressed in the normal form 'y’ [z, y]* where 4,5 € [1,p?] and k € [1, p].
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A Branch Group Construction

Let (n;) i>0 be a sequence of pairwise coprime integers strictly greater than 1. Note
that this hypothesis implies that n, — oo as @ — o0o. Let T be the infinite spherically

homogeneous rooted tree of type (n;);5-

3.1 The Cyclic Case

Define the n;-cycle 3; := (1,2,...,n;) € Sym(n;) and the cyclic subgroup I'; := (f;).
Let H; be the subgroup of Aut(7;) defined by (I';),-, (see Definition 2.39). Note that
H; is spherically transitive (see Definition 2.34). Let b; be the directed automorphism
(see Definition 2.28) of Aut(7;) defined by the sequence (3;),.,. Let b;(k) = bf’k, let
Gi = (3;,b;), and let B; = (bi)Gi. We often drop the subscript 0 in the exposition.
That is, G = Go, B = By and so on.
3.1 Remark.
Note that b; = (@H, 1,...,1,b;11), that B; = stg,(1) and, since B; has order n;,
that B; = (b;(1),...,b;(n;)). Calculate that b;(1) = (biy1, Biz1, 1, ..., 1), that b;(2) =
(1,bi41, Bis1s 1, ..., 1), and that b;(n; — 1) = bi(=1) = (1,...,1,bis1, Bi11). Observe
that b;(j) € Giyq X -+ X Gi41 (n; factors). This implies that
ste, ) =B, <[] Gin.
levelr, (v)=1
Therefore,
ste,(2) <[] ste. (=[] Bm< [] G
levely, (,)=1 levely, (,)=1 levelr, (1)=2
Induction on the level shows that, for all £ € N,
stg, (k) < H Biyk—1 < H Gitk-

levelr, (v)=k—1 levelr, (v)=Fk
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Note that G; = BZI’Z and B; N F =1,s0 G, = B; % F Since B; is a normal
subgroup, [B;, Gi] = B;[B;, 1] < B;. Finally, G; = B;[B;,I;|]I'; = B;[B;, I;] because

fi is abelian.

3.2 Lemma.
Fix an integer i € Ny. For any j € N, let m; : G; — I'iqj—1 0--- 1 LT be the
natural restriction homomorphism defined by considering the action of G; on the

finite subtree T;[j]. Then ; is surjective.

Proof:
Observe that m(5;) = §; and m,(b;) = 1. Therefore, m(G;) = (5;) = T\

Observe that 7@(@) = ;. We have b; = (ﬁiﬂ, oo b)) € stg, (1) and byq €
stg,,,(1). Thus ma(b;) = (Biy1,1,...,1,1). Therefore, m5(G;) = <ﬁz, (Biy1,1,...,1)) =
INTERE S

Fix j > 3 and suppose, for induction, that m;_; is surjective. By the Chinese
Remainder Theorem, there exists an integer r; such that r; = 1 modulo n;;_;
and r; = 0 modulo n,, » for all j < j—1. Then b € stg,(j — 1) and, in the
is labelled by (4, 1, that

and that all other vertices of level 7 — 1

expansion of b’ to level J—1, we see that v,
is labelled by b}’ o1
in T; are labelled by 1. As bipj_1 € stg

Mt 1oy Thi j—3,1)
V(nimigt e migj—3,misj -
w1 (1), we see that m;(b;’) acts as Bi4;-1 at
exactly one vertex of level j — 1 in T;[j] and as the identity at all other vertices in
Ti[5]-

By induction, 7,_1(G;) = I'ipj_2 0+ -1 Tiyq 0 T, In particular, 7;(G;) permutes
the vertices of level 7 — 1 transitively. Given any vertex v of level 7 — 1, we can
conjugate m;(b;’) by an appropriate element of 7;(G;) to show that m;(G;) contains
the automorphism of 7;[j] acting as ;4,1 at v and as the identity at all other vertices.
We can use these automorphisms to kill off the action of 7;(G;) on the lowest level
of T;[j], showing that 7;(G;) > 1100+ -1y T Therefore, 7;(G;) contains

generators of the group I'; ;1 (T ;-1 ¢ - - 11 T as required. O

3.3 Theorem.
Fix an integer ¢ € Ny. Then G; is dense in H;.

Proof:

This is immediate from Lemma 3.2 and Remark 2.37. 0

3.4 Lemma.
Fix an integer i € No. Then B; = ({[b;,b;(k)] : 1 < k < nz}>G’ If n; > 3 then
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[b;, bi(k)] € rstg, (1) for all k. Specifically:

[b27bl(1>] = ([BiJrl;biJrl]?l?"'vl)
b1 bi(=1)] = (L, 1 b, Bia))
[b;,0:(k)] = 1if k# £1 (modulo n;).

In particular, if n; > 3 then B; < rstg, (1).

Proof:
By Remark 3.1, B; = (b;(1),0;(2),...,b;i(n;)) and so, by the commutator identities,

Observe that

.06] = 117 = 1) = ]

therefore,

B, = ({[bi,bi(k)] : 1 < k <}

If k£ is not congruent to 0, 1, or —1 modulo n;, then b; and b;(k) have disjoint
supports in their action on the tree T;, and so [b;,b;(k)] = 1. The formulae for
[b;,b;(1)] and [b;, b;(—1)] are verified by direct calculation. (Recall from Remark 3.1
that b;(1) = (bis1, Biz1, 1,...,1) and bi(—1) = (1,..., 1, biyy, Biz1).)

We have shown that B; is normally generated by elements of the form [b;, b;(k)]
and that, if n; > 3, then [b;, b;(k)] € rstg,(1). Since rstg, (1) is a normal subgroup of
G, this implies that B; < rstg,(1). O

3.5 Lemma.

Fix an integer ¢ € Ny. If n; > 3 then

B; - H G;+1-

levelr, (v)=1

Proof:
By Remark 3.1,
B; < H Git1;
levelr, (v)=1

therefore,
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For the reverse inclusion, calculate directly that

[bfvbl(l)] = [( ‘f+1717"'717bz+1) ( i+175i+1717"'71)]
= ([ fH,sz],l,...,l)
= (bi+1(k})_1bi+1, ]_, . ,1), and
(b5, 0:(1)7'] = (bipa(k)biS, 1, ..., 1),

The product gives
[bF, bi(D[BF, (1) '] = ([bisa (K), 074, L, 1),

Conjugating by b;(1) gives

([657 bz(l)][bfv bi(l)_l])bi(l) = ([bi—&-l(k)» bi_+11]bi+17 1’ ) 1) = ([bi+17 bi—i—l(k)]» 17 ) 1)'

This is an element of B;. By definition, G, = (BHI, b;+1) and, by Lemma 3.4,

/

By = {[biy1,bia (k)] 1 1<k < ni+1}>Gi+1-

We can conjugate the elements ([b;i11,bi41(k)],1,...,1) by any word on {b;, b;(1)} and
still remain in Bj. Now, b; = (@H, 1,...,1,b;11) and b;(1) = (bi+1,5i+1, L,...,1).
Therefore,

B;>B;+1><1><---><1.

/

Recall from Remark 3.1 that G, , = B;,,[Bi1,is1]. The abelian group G, ,/B;,,
is generated by the set {b;11(j)bit1(k) "' Biyy 1 1 < 4,k < nija}. Calculate that

B = (b (G~ BB >'1,...,1)b4“
= ((bisa(j — KO0, 1)
= (2+1()z+1( )_1717"'71)

This is an element of B;, which shows that
B;>G;+1><1><---><1.
As B, is a normal subgroup of G;, we can conjugate by powers of B; to show that

/

’ !
B 2 Gy X X Gy
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3.6 Theorem.
If n; > 3 for all 7 € Ny then G is a branch group.

Proof:
By Lemma 3.2, GG is spherically transitive.

Fix an integer £ > 0. An induction on Lemma 3.5 shows that

¢G> [ B

level(v)=k

Therefore,
rsta(k) Nste(k+1) > [ B

level(v)=k
By Remark 3.1,
ste(k+1) < [[ B

level(v)=k
Thus, stg(k + 1)/(rstg(k) Nste(k 4 1)) is a section of the abelian group
Il BB
level(v)=k

By Remark 3.1, By = (br(1),...,bx(ng)) For each j, a suitable power of by(j) is
contained in rstg(k) Nstg(k + 1). Therefore,

( JI B/ (stelk) nsta(k+1))

level(v)=k

is an abelian group generated by finitely many elements of finite order. It is therefore
finite. Hence rstg(k) Nstg(k + 1) has finite index in stg(k + 1). By Remark 2.37,
st(k + 1) has finite index in G. Therefore, rstg(k) Nste(k + 1) has finite index in G
and, a fortiori, rstg(k) has finite index in G. O

3.7 Lemma.
Fix an integer i € Ny. If n; > 5 then G} = B;.

Proof:
By 3.1 Remark, G; < By, and so G < B;. Conversely, by Lemma 3.4,

B, = ({[bi, bi(k)] : 1 < k < nh) ™
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As G is a normal subgroup of G, it suffices to show that [b;, b;(k)] € G for all k.
If £ is not congruent to 1 or —1 modulo n; then [b;,b;(k)] = 1 by Lemma 3.4. By
hypothesis, n; > 5, so b;(3) has disjoint support from b; and from b;(1). Therefore,

[0, b(1)] = [b:(3) by, b:(3) " bs(1)]
I ’?,bi],b( )~ 'bib; 'bi(1)]
“ .?7 bi]v [ 1 ][ 1761”

is an element of G . Similarly, b;(2) has disjoint support from b; and from b;(—1) and

[bi, bi(=1)] = [bi(2)"bi, 0:(2) " bi(—1)]
= H ’L27bl]7[ ][bluﬁz 1]]

is an element of G . O

3.8 Theorem.
Fix integers 1 € Ny and k € N. If n; > 5 for all j > i then

(k+1) ¢
G, = H Gt

levelr, (v)=Fk

Proof:
This follows by induction from Lemmas 3.5 and 3.7. O

3.9 Lemma.

Fix an integer ¢« € Ny and let m € N be an integer divisible by n;.1. If n; > 3 then

B;Bim = H Gz+l i1 S H Bit1(1).
levelr, (v)=1 levelr, (v)=1
Proof:
By Lemma 3.5,

le' = H G;H

levelTi (v)=1

Observe that the group G| B/ G, 41 is abelian and generated by the set of cosets

{bis1 (1) Gy b1 (nis1) " Giyq . Observe that b;(j)™ is an element of rste, (v;),

and the action on T, is as b]};. This shows that

Bszm < H Gz+1 i+1°

levelr, (v)=1
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However, b;;1 = b;;1(1) modulo G 4 for all I, so we have also shown that

BB"> [[ GiiBlL

levelr, (v)=1

Recall, from Remark 3.1, that G; +1 < Biyq. Therefore,

H G;HBZZLA < H Biyi(1).

levelr, (v)=1 levelr, (v)=1

3.10 Lemma.

Let Co := (z) be the infinite cyclic group. Fix an integer ¢ € Ny. Recall from Remark
3.1 that {b;(1),...,b;(n;)} is a generating set for B;. Define the map ¥; : B; — Cx
by w(bi(1),...,b;(n;)) — w(z,...,z) for all words w(yy,...,yn,) in the free group on

the letters {y1,..., s, }. Then 9, is a surjective group homomorphism.

Proof:
We have to show that 9; is well-defined. It then follows from its definition that 19; is
a surjective group homomorphism. Let w(yi,...,y,,) be any word in the free group
on the letters {y1,...,yn, }. In order to show that ¥; is well-defined, we have to show
that

if w(b;(1),...,bi(n;)) =1¢€ B; then w(z,...,x) =1¢€ Cx.

To this end, fix k£ € N and consider the action of b;(j) on the vertices of level k in the
tree T;. The action is as BH;C at precisely one vertex of level k, and as the identity
at all other vertices of level k. There is also an action at vertices of other levels, but
this will be immaterial.

Recall the epimorphism ¢, : H; — Fi+k/F;+k of Lemma 2.40. We can write
Civk/ F; +x = Litr because Iy, is abelian. The observation about the action of b;(j)
on the vertices of level k shows that ¢k (b;(7)) = Bizk. If w(bi(1),...,bi(n;)) =1 €
B; then p(w(bi(1),...,0i(n;))) = 1 € I'iyx because ¢y is a homomorphism. Also,
wr(w(bi(1),...,0i(n;))) = w(er(bi(1)), ..., 0k(bi(n;))) = w(Bitk, - - -, Pisx). The order
of Bivk 1S niyx so, if w(b;(1),...,b;(n;)) = 1 € B;, then the total number of letters
(counted with multiplicities) in the word w(y, ..., y,,) must be divisible by n,.
Since k was chosen arbitrarily, this must be true for all £ € N. Thus, w(z,...,z) €
(z™++) for all k € N. Now, n; > 2 for all [ and hcf(n;, ny) = 1 for all [ # [, so the

sequence (nix);, is unbounded. Therefore, w(z,...,x) =1 € Cy as required. [
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3.11 Lemma.
Fix an integer i € Ny. Then ker(v;) = G.

(2

Proof:

First, we show that ker(1J);) is a normal subgroup of G;. Let w(yy,...,yn,) be a word
in the free group on the letters {y1,...,yn, }. Observe that w(b;(1),...,b;i(n;)) is in
ker(d;) if and only if w(z,...,z) = 1 € Cw. Suppose that w(b;(1),...,b;(n;)) is in
ker(d);). Calculate that

w(bi(1),0:(2), . bi(ng — 1), bi(n:)) ™ = w(b:(2), bs(3), .., bs(ns), bi(1)

and observe that this is an element of ker(¥;) since w(zx,...,z) = 1 € Cy. Also,
ker(d;) is a normal subgroup of B;, so it is closed under conjugation by b;. As
G; = (ﬂ,, b;), we have shown that ker(;) is a normal subgroup of G;.

Observe that G, = ([b;, 3" and [bi, 3] = b70;(1) € ker(9;). Since ker(¥;) is a
normal subgroup of G, this proves that G; < ker(¢;). By Linear Algebra, the abelian
group ker(9;)/G; is generated by the set {b;(j)'b;(j + 1)G; : 1 < j < n;}. Observe
that y

bi(7) sl + 1) = [bi, )

is an element of G; for all j. O

3.12 Lemma.
Fix an integer i € Ng. If n; > 3 then rste, (1) = B;B;"*".

Proof:
First, we show that B;B;"*' < 1stg,(1). By Lemma 3.4, B; < rstg,(1). Observe
that b;(j)"*" € 1stg,(1) and B;B;"*'/B; = ({b;()"*"' B, : 1 < j < n;}). Therefore,
BB/ B; < rstg,(1)/B;, and so B;B;"*" < 1stg, (1) as required.

We now show that rstg, (1) < B;B;"*'. To this end, let g € 1stg,(1). Then,

certainly g € stg,(1) = B;. There exist integers ey, es, ..., €,, such that
g =b(1)°" ... by(n;)*™ modulo B"*'B;.

We have to show that n;;; divides each of the integers ej,es,...,e,,. As already

shown, B;B]"" < 1stg, (1), so certainly
g =bi(1)" ... bi(n;) modulo rstg,(1).
Calculate that
bi(1)™ - bi(na) ™ = (b Ay, BTy B 05L -, B By™).
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This is an element of rstg, (1) and, in particular, (b{1,3;",1,...,1) € rst,(1). Re-

peating the argument shows that there exist integers fi, fo, ..., fn, such that
(b, B0, 1) = bi(1)™ L bi(ng)™ modulo BB,

g .f"i : : 'fnif i
As above, bi(1)" .. bi(n;)/" = (bf:lrl i+1 filb{iu gj—lb{ila o Pip1 ‘by" ). There-

fore,
gen,—fn)1—f1 1—f2 4—Ff1 1—f3 4—F —fn; A= fni—1
(N R O S

Ni+1
i .

is an element of B;B
By Lemma 3.9,
BB < ] ste..(D).
levelTi(l,)zl
Consideration of the second vertex shows that n;,; divides f;. Consideration of the
first vertex shows that (e,, — f,,) is divisible by n;.;. Thus,
(enl_fnl) - _ - _ ( _f)

b1 By bz+f11 = bfilbz‘ff =b5 .

By Lemma 3.9,
BB =[] GLaBi

levelr, (v)=1

therefore, b\, € G, Blt'. As ker(d;41) = G, by Lemma 3.11, we see that
Vi1(Giyy BIigY) = (a™+1). Therfore, n;y divides (e; — f1). Since n;yy divides fy,
this implies that n;; divides e;.

Similar consideration of the other terms in

el AQfn; el pez ez 1e3 Sen;—176n;
(01855, B b, B b, -, sy 017)
shows that n,.; divides each of the integers ey, e, ..., €,., as required. O
+ ) 3 ) i

3.13 Lemma.
Fix an integer k € N and let m, = nyny...ng. If n; > 3 for all ¢ € Ny then

H G, B™ < rstg(k).

level(v)=k

Proof:
By Lemmas 3.9 and 3.12,

[ G.B" = BBy = rste(1).

level(v)=1
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For induction, suppose that
I G.B™ <rsta(k).
level(v)=k
Observe that
H Gk+1BZ161+1 = H H Gk+1BZf1H
level(v)=k+1 level(v)=k \levelp, (w)=1

By Lemma 3.9, this equals

! pME+1
II BB
level(v)=k

I cB

level(v)=k

which is a subgroup of

and therefore a subgroup of GG by the induction hypothesis. Therefore,
H G B < rsta(k +1)
level(v)=k+1
as required. O

3.14 Lemma.
Fix an integer k € N. If n; > 3 for all i € Ny then

rsta (k) < H G, B}

level(v)=k
Proof:
By Remark 3.1,
StG(k’ - 1) < H Gk—l-

level(v)=k—1

As rsta(k) < rstg(k — 1) < stg(k — 1), we see that

rsta (k) < H rste,_, (1).

level(v)=k—1

Applying Lemmas 3.9 and 3.12, we have

II ste..= I BB = [I 6B~

level(v)=k—1 level(v)=k—1 level(v)=k
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3.15 Theorem.
Fix an integer k € N. If ng > 3 and n; > 5 for all + € N then

sta(k) = [ Bi= [  Ginr

level(v)=k level(v)=k+1

Proof:
By Lemmas 3.13 and 3.14,

H GBI ™ < rstg(k) < H G, B™*;
level(v)=k level(v)=k

therefore, taking commutators yields

H (G;lenk)/ < I"Stg(l{?)/ < H (G;B:k)/

level(v)=k level(v)=k

In order to prove the theorem, we show that (G;CBZI"'""')I =B, = (G’}CBZ’“)/. To
this end, fix an integer I € N. We will show that (G, B.) = B,. Now, (G,BL) =
G(BY)'[Gy, BL]. Recall from Remark 3.1 that G) < By. Therefore, |Gy, BY] <
(B, Br] = B,. Also, (B!) < B,. Recall from Lemma 3.7 that G, = B,. Therefore,
(G} BL)" = B, as required. Finally,

0 oo-T (I Ga)- I G

level(v)=k level(v)=k *levelr, (w)=1 level(v)=k+1

by Lemma 3.5. 0

3.16 Corollary.

Fix an integer k € N. If n; > 5 for all i € Ny then G*+2) = st (k) .
Proof:

By Theorem 3.8,

GO = H G;c+1-

level(v)=k+1

3.17 Corollary.
If n; > 5 for all i € Ny then G is just non-soluble. (Recall that G is just non-soluble
if G is not soluble but G//N is soluble for every non-trivial normal subgroup N of G.)
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Proof:
By Theorem 3.8,

Therefore, the derived series of G never terminates, and so G is not soluble. By
Theorem 2.43, if N is a non-trivial normal subgroup of G then there exists k € N
such that N contains rstg(k). This is equal to G**2) by Corollary 3.16. Therefore,
G/N is soluble. O

3.18 Theorem.
Fix an integer £ € N and let my = niny...ng. Ilf ng > 3 and n; > 5 for all ¢+ € N then
H Gk+1Ber1+1/Gk+1
level(v)=k+1

is a subgroup of finite index in rstg(k)/rstg(k)

Proof:
By Lemma 3.13,

ista(k) > [[ GuBi*.

level(v)=k
! . /
As G,.B" contains B, B,**", we see that

" ymy ! MEg+1
H GB" = H Gi1B)13
level(v)=k level(v)=k+1

by Lemma 3.9. By Theorem 3.15,

rsta (k) = H G;H—l‘

level(v)=k+1

Therefore,
[l GeaBl /Gy <ista(k)/rsta(k)

level(v)=k+1
By Lemma 3.14,
rsta (k) < H G,B}*.

level(v)=k

Since Iy is abelian, G, B* is a subgroup of stg, (1). By Remark 3.1,

ste,() < ][ Grnre

levelr, (w)=1
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Thus,
rsta (k) < H Gri1

level(v)=k+1

and, in particular,

I‘StGu{?)/IStg(k)/ < H Gk-i-l/G;g-o-l‘

level(v)=k+1

Suitable powers of the two generators ﬁk and by of G, are contained in B,fo '

Therefore, G, B, 5" /G, has finite index in the abelian group Gy+1/G),,. Hence

/ M1 /
H Gk+1Bk+1 /Gk+1

level(v)=k+1

has finite index in

H Gk+1/G;c+1>

level(v)=k+1

and therefore certainly has finite index in st (k) /rsta(k). O

3.19 Lemma.
Fix integers i € Ny and m € N. Then G;B™ /G is isomorphic to Cs.

Proof:
This follows from Lemmas 3.10 and 3.11. OJ

3.20 Corollary.
Fix an integer k € N and let I :=ngny...ng. If ng > 3 and n; > 5 for all 2 € N then
G /rsta(k) has a subgroup of finite index which is free abelian of rank /.

Proof:

Note that I, is the number of vertices of level k+1. By Theorem 3.6, rstg(k) has finite
index in G. It therefore suffices to show that rstg(k)/rstg(k)” contains a subgroup
of finite index which free abelian of rank [,. This follows from Theorem 3.18 and
Lemma 3.19. O

3.21 Corollary.
Fix an integer k € N and let I, := ngny...ng. Ilf ng > 3 and n; > 5 for all : € N then

G /rstg (k)" has a normal subgroup of finite index which is free abelian of rank 5.

Proof:
Take the normal core of the subgroup in Corollary 3.20. O
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3.22 Remark.

Let p be a prime. The free abelian normal subgroup of rank [, has a quotient that
is an elementary abelian p-group of rank l;. Therefore, the upper p-rank of G is at
least l,. As [ is unbounded as k ranges over the levels of T, it follows that G has

infinite upper p-rank for all primes p, as claimed in Section 1.3.

3.2 The General Case

Fix an integer [ € N. For every ¢ € Ny fix a transitive subgroup I'; = (81, - - -, Ba))
of Sym(n;). The set of generators {ﬁ i)s - B } need not be irredundant and we do
allow 3(; ;) to be the identity. Let H; be the subgroup of Aut(7;) defined by (I';)
Note that H; is spherically-transitive. Let b; ;) be the directed automorphism defined

j=i”

by the sequence (5.;)) si Define G; to be the subgroup of H; generated by the set
{ﬁ(@l), e 7ﬁ(i7l)} U {b(i,1)7 ce b(i,l)}- Let B; = <b(i71), e ,b(i7l)>Gi. We often drop the
subscript 0 in the exposition. That is, G = Gy, B = By, ' = I'y and so on.

3.23 Remark.

Note that B; = stg,(1), the first-level stabilizer of G; in the tree T;. In particular,
B, is a normal subgroup of G;. Observe that B; = <b?z,j) cj e [1,]]and 4 € I).
Therefore,

5 Lo o -\ B,
< (4,5)? (7,] 25 J e[l,l] and 77(5€F2>
Note that

ste, (1) < H Gis1.

levelr, (v)=1

Induction on the level shows that, for all £ € N,

sta, (k) < H Bt < H Gtk
levelr, (v)=k—1 levelr, (v)=Fk
Note that G; = Bif‘i and B; N f‘i = 1. Therefore, GG; is the semi-direct product of B;
by I;. Since B; is a normal subgroup, [B;, G;] = B;[B;, T'i].

3.24 Lemma.

Fix an integer + € Ny. For any k£ € N, let m, : G; — I'jup1 0--- 011 L be the
natural restriction homomorphism defined by considering the action of G; on the
finite subtree T;[k]. Suppose that, for any fixed j € [1,[] and all distinct 7y, is > i,

the orders of the elements 3, ;) and (3, ) are coprime. Then m; is surjective.
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Proof:
Observe that m (ﬁ'(m‘)) = B, and (b)) = 1. Therefore m (G;) =T

Observe that Wz(ﬁ(i,j)) = B(i,j) and that m2(bg jy) = (Bit1,4), 1, ..., 1). Therefore,
mo(G;) = Dig LTy

Fix an integer £ > 3 and suppose for induction that m;_; is surjective. By the
Chinese Remainder Theorem, there exist integers 7 ;) such that rq ;) = 1 modulo
ord(Bitk,)) and rq; = 0 modulo ord(8,,y ;) for all k' < k—1. Then bzz(kj)’) €
stg,(k—1) and, in the expansion of b;“;;) to level £ —1, we see that vy, n,.1,..niis_s.1)
is labelled by B(i+k_17j), that v, is labelled by b &) and that
all other vertices of level k — 1 are labelled by 1. Now, bitx-1;) € sta,,, (1), so

Mg 1y Tip k=3, k—2) (i+k—1,5)

Ty, (bg’;ﬁ)) acts as Bx—1,) at precisely one vertex of level £ — 1 in the tree T;[k| and
as the identity at all other vertices of T;[k].

As I’y 1 is generated by the elements 31,1 ), we have shown that

rStﬂk(Gi)(U(ni:ni+1 ~~~~~ ni+k73:1)) 2 Digp-1.

The assumption that m,_; is surjective means that we can conjugate I'(; 111 ;) to any

other vertex of level k£ — 1. Therefore,

Wk(Gz) P H Fi+k_1.
levelr, (v)=k—1
We can use this group to kill off the action of 7 (G;) on level k — 1 of T;[k + 1],
showing that m(G;) = 12001 0+ - 11 LT Therefore m(G;) contains the group
Fz’—l—k ! Fi+k—1 IR Fi—l—l ! Fz as required. ]

3.25 Theorem.
Fix an integer ¢ € Ny. Suppose that, for any fixed j € [1,1] and all distinct iy, iy > 1,

the orders of the elements 3, ;) and (3, ;) are coprime. Then G; is dense H;.

Proof:
This is immediate from Remark 2.37 and Lemma 3.24. OJ

3.26 Lemma.

Fix an integer + € Ny. Let v be a vertex of level ¢ and label the children of v by
Vi,Va, ..., V. Recall that I'; permutes the vertices vy, s, . .., Up, by rooted automor-
phisms. If there exists £ € I; such that ufl = vy, and yf # vy then
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Proof:
It suffices to show that B; > 1x ---x 1 x B, 41 because then we can simply conjugate
by appropriate elements of I';. Recall from Remark 3.23 that

B;—i—l = <[b#

§ o i A\Bi
(i+1,5) b(iJrLj’)] 21 € [L l] and 8e o€ Fi+l> o

Arbitrarily choose j,j € [1,1] and 4,6 € I';11. It suffices to show that

5 5
(1, NP [b(i+17j)’ b(i+1ajl)])

. /
is an element of B;.

There exists a word w in [ formal variables such that ¥ = w(B(41,1)s - - -5 Bis1,))-
By transitivity of I';, there exists ¢ € I'; such that 1/1C = v,,. Calculate that

Wb, b ) 5
b o CLIS
where * denotes a non-identity element of G;,,. Similarly, (*7 1,...,1, b‘(i. 1 j,)> is an

element of B;. Conjugate one of these by € in order to move * to a different vertex.

b‘g ]) is an element of B,.

Take the commutator to prove that (1, o1 [b& 1)
]

(i+1,5)

3.27 Theorem.

Suppose that the following two conditions are satisfied:

(i) for any fixed j € [1,1] and all distinct 4,45 > 4, the orders of the elements 3, ;)

and [, ;) are coprime; and
(ii) for all i € Ny there exists ¢ e I; such that V% = v, and 1/1"' £ v1.
Then G is a branch group.

Proof:
By Lemma 3.24, GG is spherically-transitive. Fix an integer k € Ny. An induction on
Lemma 3.26 shows that
¢> [[ B.
level (w)=k
Therefore,
rsta(k) Nste(k+1) > [ B

By Remark 3.23,
sta(k +1) < H By.
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Therefore, stg(k + 1)/(rstq(k) Nstg(k + 1)) is a section of the abelian group

II B.B.

level(w)=k

By Remark 3.23, By, is generated by elements of the form b?k,j) where j € [1,]] and
4 € I'y. Thus By is finitely generated. A suitable power of each of these generators
is contained in rstg (k) Nstg(k + 1). Therefore,

( H By)/ (rsta(k) Nsta(k + 1))
level(w)=k
is a finite abelian group. Hence rstg(k) N stg(k + 1) has finite index in stg(k + 1).
By Remark 2.37, stg(k + 1) has finite index in G. Therefore rste (k) Nste(k + 1) has

finite index in G and, a fortiori, rstg(k) has finite index in G, as required. O

3.28 Definition.
Define D; to be the subgroup of B; generated by all elements of the form bé"j)b‘gm)
where j € [1,1] and 4,6 € I;. Define a subgroup of B; by E; := B, D;.

3.29 Lemma.
Fix an integer ¢ € Ny. Then E; = [B;, G,].

Proof:
Let z be an element of {b(; 1), ..., by} and f'y,5 elements of T';. Observe that P
471271507120 = [4, 2][2, 0] is an element of [B;, G;]. Therefore, D; is a subgroup of
[B;, G;], and so E; = B;D; is a subgroup of [B;, Gy].

For the reverse inclusion, it suffices to show that [B;, I';] < B;D; because [B;, G;] =
B,[B;, FZ] by Remark 3.23. To this end, let x be an element of B; and 4 an element
of I';. Then [z,4] = 2~ 'z%. By Remark 3.23, x can be written as a word in letters of

the form . .. Modulo B., we can rearrange such letters. In particular, each letter
(4.9) i g

b&‘;) can be paired with b‘(s:j). Each of these pairs is an element of D;. Hence z~ 127

is congruent, modulo B;, to an element of D;. Therefore, [B;, G;] is a subgroup of

B;Di = F; as required. O
3.30 Lemma.
Let v be a vertex of level 7 and label the children of v by 14,14, ..., v,,. If there exist

elements ¢ and 7 of I'; such that vy, 17, 1], vy, 3 and v, are all distinct vertices
/7 !
then B, = E;.
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Proof:
By definition, E; is a subgroup of B;, so E; is a subgroup of B;. The reverse inclusion
takes a bit more work.

By Remark 3.23, B; is the normal closure in B; of the subgroup generated by all
commutators of the form [2]*, 23] where x1, 79 € {bi1), ..., bup} and 41,4, € [';. By
Lemma 3.29, E, is a normal subgroup of G;. To prove that B; is a subgroup of E;,
it therefore suffices to show that any commutator of the form [z}, J°] is contained
in EZ/ In fact, by conjugating by 4, ', it suffices to consider commutators of the form
(], 2] where z1, 25 € {bu1y, ..., by} and ¥ € T

In the expansions of z; and x5 to the first level, the vertices vs,...,1v,,_1 are

labelled by 1. There are four cases to consider:
(i) if 2] and x5 have disjoint support then [z, ;] = 1;

(i) if the supports of 2] and x, overlap only in the subtree T}, , then there exist
elements w; and wy of G;;1 such that x? = (wy,1,..., 1wy, 1,...,1), where
wy is labelling a vertex distinct from v,,. Say w, is labelling vertex v;. By
hypothesis, either v; is not contained in the set {v{,v3 }, or v; is not contained
in the set {vf,v] }. If v; is not in {110} then (2], 25] = [v]a77, 20257 is
an clement of E;. If v; is not in {vf,1] } then [2], o] = [2]27%, zo257] is an

element of E,: The easiest way to verify this is to consider the supports;

(iii) if the supports of ] and x5 overlap only in the subtree 7, vn, then we perform a

calculation identical to that in case (ii); and

(iv) if the supports of ] and x5 overlap only in the subtrees T, and 1., , then

there exist elements w; and ws of G4 such that x? = (wq,1,...,1,ws). Then
(2], 0] = [)27%, xpx5 7] is an element of E.
The cases are exhausted and the lemma is proved. O
3.31 Lemma.

Fix an integer © € Ny. Let v be a vertex of level ¢ and label the children of v by

V1,Va, ..., Uy, If there exists an element 5 of I'; such that Vﬁ = 1, and Vf # 1y then

; P H Ei.

levelr, (w)=1

B
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Proof:
By Lemma 3.26,

B;> [[ B

levelr, (w)=1

As I, = B; D;, it therefore suffices to show that

; P H Diyq.

levelr, (w)=1

B

We need only show that B; conatins 1 x --- x 1 x D;,; because then we can simply
conjugate by appropriate elements of L.

We claim that there exists an element ¢ of I'; such that Vf = vy, and VSZ_ # 1.
By transitivity, there exists ¢ € I; such that v§ = v,,,. If V5 # v, then the claim is
proved. Otherwise, take ¢ = €.

Recall that D;,; is the subgroup of B;;; generated by all elements of the form
N where j € [1,1] and 4,6 € I';11. Let 4 and § be two arbitrarily chosen

(i+1,5) 7 (3+1,5)
elements of Fz+1 There exist words w, and ws in [ formal variables such that v =

w’y(ﬁ i+1,1)y - - - aﬁ i+1,0) ) and 5 = wé(ﬁ(wrl 1)y 7ﬁ(1+1l ) Let Ry = Wy (b%i,1)7 s 76%1‘,1))
and z5 = w;s (bf bC ) Calculate that

Ry = (1, ceey 1,’(1]7(6(1‘4_171), R 7b(i+1,l))7 1, ceey 1,’.)/>,

and similarly that
zs=(1,...,1,%1,...,1,0)

where * denotes an element of B;;. Therefore, bz<?. = (ﬁ(Z +14), 1,001 bfi +17j)). In
particular, the supports of z; 'z, and b ‘5 only overlap on the subtree 7,, . Calculate
that

z ¢—1. 5 —
is an element of Bi. This holds for all j € [1, I] and all 4, € Fi+1- Therefore, B;

contains 1 x ... x 1 x D;;; as required. OJ

3.32 Theorem.
Fix an integer k € N. Suppose that, for all i € Ny, there exists & € I'; such that

V& = vy, and vy # vy, Then

rsta (k) > H Ek.

level(w)=k
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Suppose that, in addition, for all i € N there exist elements &;,7; € T; such that 1,

vy, vi, v, , v° and v’ are all distinct vertices. Then
1 1> i) Yng n;

rstg(k) > H B,.
level(w)=k
Proof:
As E; contains B;, it follows by induction from Lemma 3.31 that

G> H E,.

level(w)=k

If the elements &; and 7; exist then apply Lemma 3.30. O

3.33 Remark.

The results of this section do not have a natural conclusion: this is as far as the
research has come. It is hoped that the results proved so far will help with the
construction of a finitely generated group G that has finite upper p-rank for all primes
p and such that ur,(G) is unbounded as p ranges over all the primes, as mentioned
in Section 1.3. In order to calculate ur,(G) it is necessary to understand the finite
quotients of G. In the case of a spherically transitive subgroup G of Aut(T'), this
reduces to understanding the finite quotients of G /rst¢(k)’, by Theorem 2.41. As long
as the fairly unrestrictive conditions of this section are satisfied by G, we have that

G /rstq(k) is finite and that rstq(k)” contains [[  B,. Hopefully, for a suitably
level(w)=k

well chosen example, it will be possible to calculate precisely the groups B,;, as in
Section 3.1. It should then be possible, as in that section, to calculate the upper

p-rank of G for all primes p.
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Automata

4.1 The Word Problem

4.1 Theorem.
Let A be a finite invertible automaton. Then the automaton group defined by A has

recursively soluble word problem.

Proof:

Suppose that A is a (¢, d)-automaton with states ¢i,...,q.. Let F' be the free group
on the formal letters z1,...,x.. Let W, denote the set of words of length at most n
in F. Let U, denote the subset {w,(q1,...,q.) | w, € W,,} of the group A. Let T be
the rooted d-ary tree. We provide an algorithm to check, for any given word w in F,
if w(qi,...,q.) is the identity element of Aut(7).

Note that U, is closed under expansion. Fix an element w of W, and let s =
w(qi, - -.,q.). Consider the expansion of s to any level k of T. By Remark 2.52, the
vertices of level k are labelled by elements of U,. Let R denote the subset of U,
consisting of those elements that occur in the expansion of s. We see that s is the
identity element of Aut(7") if and only if every element of R acts as the identity at
the root.

Define R to be the set containing only s. Inductively define R;,; by adjoining to
R; all elements that occur in the expansion of some element of R; to the first level.

Observe that
R=JR:.

i>0
As (R;);5, is an increasing sequence of subsets of the finite set U, there exists j such
that R; = R;1;. It follows that R = R;.
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Let N denote the cardinality of U,,. Then certainly Ry = Ry.1. Therefore, the
set R may be calculated in finite time, as may the action of every element of R at
the root. O

4.2 Remark.

Given the length ¢ of the word w, we can give an upper bound on the processing
time of the algorithm to determine if w(q,...,q.) is the identity automorphism of
T. Indeed, the only calculations involved are the expansion of elements to the first
level. This involves composing permutations (at the root) and keeping track of the
labels of the vertices of the first level. The labels of the vertices of the first level will
always be words of length at most ¢ in {¢i,...,q.}. We can calculate the number of
words of length at most ¢ in the free group on ¢ formal letters and thus give an upper

bound on the processing time required to reach the point when R; = R .

4.2 Classes of Automata

4.3 Definition.

Fix a finite set of states @), a finite alphabet X and a transition map 7. The class
of automata defined by the triple (@, X, ) is the set of finite invertible automata
(@, X, p, ) where p ranges over all possible output maps. That is, p ranges over all
maps ) x X — X such that, for every state ¢, the restriction map p, : X — X is a

permutation of the set X.

In order to define a specific class, we write ¢ = (T(q, 1),...,7(q, d)) for each state q.
In this way, we have defined the transition map 7, but the output map has not been

specified.

4.4 Definition.
Fix a finite set of states () and a finite alphabet X. Let 7 and 75 be transition
maps. We say that the classes of automata (Q, X, ) and (Q, X, 72) are canoni-

cally isomorphic if there exist bijections mg : @ — @ and 7mx : X — X such that
To(Ti(mo(q), mx(2))) = 72(q, z) for all ¢ € Q and z € X.

Observe that a canonical isomorphism corresponds to a relabelling of the set of states

() and a renumbering of the alphabet X.

4.5 Remark.
Let €y and C5 be canonically isomorphic classes of automata. The bijections m¢ :
@ — @ and 7y : X — X induce a bijection II : C; — C5 such that the automaton
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group A; is isomorphic (as a group) to II(A;) for all A; € C4. Therefore, in order to
classify all (¢, d)-automaton groups, we need only choose one class of automata from

each canonical isomorphism class.

4.3 (2,3)-Automata

Fix the set of states @ = {a, b}, the alphabet X = {1,2,3}, and the rooted ternary
tree T. As in Definition 2.61, the two generators of a (2,3)-automaton group are of

the form a = o,(a1, ag, az) and b = o4(by, by, b3) where o,, 0, € Sym(X) and a;,b; € Q.

4.6 Definition.
Write <a = (04(a1,a9,a3),b = Jb(bl,bg,b3)> to denote the (2, 3)-automaton group

generated by a = o,(ay, az,a3) and b = o,(by, bs, b3).

4.7 Lemma.

Every class of (2, 3)-automata is canonically isomorphic to one of thirteen classes.

Proof:

As in the note following Definition 4.3, we write a = (a1, as,a3) and b = (by, by, b3)
where a;,b; € Q. In temporary notation, let n(a) = [{a; | a; = b}| and n(b) =
[{b; | b; = a}|. By relabelling the states and renumbering the alphabet as in
Definition 4.4, we may assume, without loss of generality, that n(a) > n(b) and

a € {(a,a,a),(b,a,a),(b,b,a),(b,b,b)}. There are seven cases to consider:
(i) if n(a) + n(b) = 0 then the only possibility is: a = (a,a,a) and b = (b, b,b);
(i) if n(a) + n(b) = 1 then the only possibility is: a = (b, a,a) and b = (b, b, b);

(iii) if n(a) + n(b) = 2 then the possibilities are: a = (b,b,a) and b = (b, b,b);
a = (b,a,a) and b = (a,b,b); a = (b,a,a) and b = (b, a,b);

(iv) if n(a) + n(b) = 3 then the possibilities are: a = (b,b,b) and b = (b,b,b);
a = (b,b,a) and b = (b,b,a); a = (b,b,a) and b = (a, b, b);

(v) if n(a) + n(b) = 4 then the possibilities are: a = (b,b,b) and b = (a,b,b);
a = (b,b,a) and b = (a,a,b); a = (b,b,a) and b = (a, b, a);

(vi) if n(a) +n(b) = 5 then the only possibility is: a = (b,b,b) and b = (a, a,b); and

(vil) if n(a) + n(b) = 6 then the only possibility is: @ = (b,b,b) and b = (a, a,a).
U
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In light of Lemma 4.7, we make the following definition.

4.8 Definition.

Define thirteen classes of (2, 3)-automata as follows:

Class 1 is defined by a = (a,a,a) and b = (b, b, b);
Class 2 is defined by a = (b, a,a) and b = (b, b,b);
Class 3 is defined by a = (b, b,a) and b = (b, b, b);
Class 4 is defined by a = (b, a,a) and b = (a, b, b);

b,a,a) and b = (b, a,b);

Class 6 is defined by a =
Class 7 is defined by a =

(
(
(
(
Class 5 is defined by a = (
(b,b,b) and b = (b, b,b);
(b,b,a) and b = (b, b, a);
Class 8 is defined by a = (b, b,a) and b = (a, b,b);
Class 9 is defined by a = (b, b,b) and b = (a, b, b);
Class 10 is defined by a = (b,b,a) and b = (a, a, b);
Class 11 is defined by a = (b, b,a) and b = (a, b, a);
Class 12 is defined by a = (b, b,b) and b = (a, a,b); and
(b,0,0) (

Class 13 is defined by a = (b,b,0) and b = (a, a,a).

4.9 Remark.

AUTOMATA

It is checked that no two of these thirteen classes are canonically isomorphic.

4.10 Definition.

Let C be a class of (2,3)-automata. Suppose that C' is defined by a = (ay,as, a3)
and b = (by, by, b3). Let 7w : {a,b} — {a,b} be the map defined by a — b and b — a.
We say that C' is closed under swapping labels if m(a;) = b; and w(b;) = a; for all

j. Let 7 be a permutation in Sym(3). We say that C' is closed under conjugation by

7 if ajr = a; and bj- = b; for all j. We say that C' is closed under swapping labels

followed by conjugation by T if w(a;-) = b; and w(b;-) = a; for all j. The three terms

so defined are collectively referred to as the symmetries of class C.

4.11 Remark.
If C' is closed under swapping labels then

<CL = 04(a1,az,a3),b = o(by, by, b3)> = <CL = op(ar, az,a3), b = 04(by, by, b3)>-
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Ob?erve that o™ = o7 (QZ(W@Z@)’ agw)) and b” = o] (bZ(l)’bZ@)’ bZ(?))) where ¢(j) =
j7 . If C is closed under conjugation by 7 then conjugating Aut(7) by 7 yields the

isomorphism

<a = o,(ay,as,a3),b = op(by, by, b3)> = <a = o, (a1, az2,a3),b = o (b, ba, b3)>.
If C' is closed under swapping labels followed by conjugation by 7 then

<a = oy(ay,as,a3),b = op(by, by, b3)> = <a = o0y (a1, az2,a3),b = o, (by, ba, b3)>.

4.12 Remark.
The symmetries of each Class are listed in Appendix A.1.

4.4 (2,3)-Automata with Cy-Action at the Root

Recall the definition of ‘action at the root’ from Definition 2.64. In this section, we
classify the (2,3)-automata with Cy-action at the root, where Cy may be any one of
the three copies of Cy in Sym(3). For each automaton so defined, we could relabel
the tree so that the copy of Cy is {id, (12)}. However, for consistency we have chosen

to classify the automata by Class, and have allowed each copy of C5 to occur.

4.13 Definition. Let G be the group defined by the presentation

<a,ﬂ ’ (a7 '8)* =1, a3, (a’lﬁ)ak =1Vke N>. (4.1)

4.14 Remark.
Recall from the Notation section at the beginning of this thesis that Cy1C, is defined

by the presentation
xk
<x,y ‘ yi=1, [y,y ] =1Vk €N>.
Note that the group G defined by presentation (4.1) is isomorphic to Cy Cy, via the
map defined by x +— o and y — o~ 18.

4.15 Lemma.
Define a map ¢ : G — G by w(a, ) — w(fF,a) for every word w(zx,y) in the free
group on {z,y}. Then ¢ is an automorphism of G.

Proof:
We show that v is a well-defined map. It then follows immediately that ¢ is an

invertible homomorphism as 1) o ¢ is the identity map. In order to show that v is
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well-defined it suffices to show that (87'a)? = 1, and that [~ e, (6‘104)ﬂk] =1 for
every natural number k.

In order to show that (37 'a)? = 1, we note that the relation (a~'3)? = 1 implies
that 7 'a = a7 18.

To show that [3~'a, (ﬁ_la)ﬁk} = 1, we prove that (oflﬁ)ak = (18)"" by in-
duction on the natural number &.

First, note that conjugating the relation [a~'3, («™'3)"] =1 by a™! proves that
(oflﬁ)a_1 commutes with a~!3. As (oflﬁ)a_1 = Ba~!, we see that o~ '3 commutes
with Sa~! and with its inverse a3~!. That is, (oflﬁ)aﬁ_1 = a7 !'3. Therefore,
(a™13)* = (a~1B)P. This provides the base for the induction.

Suppose that (a‘lﬁ)ak — (a'B)7". Then (oflﬁ)ak+1 = (a~'p)7"™. To prove that
(oflﬁ)alwrl = (a'8)7""" | it therefore suffices to show that (a~!3)7"® = (a~13)7""".
Conjugating the relation [, (a’lﬁ)akﬂ] by o' proves that (o 16)® " commutes
with (ailﬁ)ak. As (a1f)" = a8 ! and (oflﬁ)ak = (a'3)%", we have shown
that o3~! commutes with (a~3)%". That is, (a8 = (a~!8)"", and so
(a~1B)F" = (a~1B)F""" as required. O

4.16 Proposition.

Let a3 and b3 be elements of the set {a,b} and let H be the (2, 3)-automaton defined
by a = (12)(b, a,as) and b = (a, b, bs). Then H is isomorphic to the group G given by
presentation (4.1) via the map defined by a — « and b — g.

Proof:
It is shown in Section 4 of [GZ] that the (2,2)-automaton defined by o’ = (12)(¥, ')
and O = (da/,b’) is isomorphic to G via the map defined by @' — « and b’ — S.

Let X denote the alphabet {1,2,3}, let X* denote the free multiplicative monoid
generated by X, and let T" be the rooted ternary tree. Observe that the submonoid
of X* consisting of all words on {1,2} is closed under the action of H. Let T"
denote the binary subtree of T" defined by this submonoid. Let a’ and o' denote
the automorphisms of 7" defined by a and b respectively. Then o' = (12)(¥/,a’) and
b= (a',b). If w(z,y) is a word in the free group on {z,y} such that w(a,b) acts as
the identity on T, then w(a’,b’) must certainly act as the identity on 7”. In order
to prove the lemma, we must prove that if w(a’,b’") acts as the identity on 7" then
w(a,b) acts as the identity on T.

Let w(z,y) be a word such that w(a’,b") acts as the identity on 7”. Consider the
expansion of w(a,b) to the first level of T. The label of v3 is w(as,bs). We claim

that w(aj, by) acts as the identity on 7”. The claim follows immediately if a3 = a and
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b3 = b. If a3 = b and b3 = a then the claim follows from Lemma 4.15. Observe that
total multiplicity (a-multiplicity + S-multiplicity) is well-defined in G. This follows
from the observation that the total multiplicity of every relation in the presentation
of G is zero. In particular, the total multiplicity of any relation in G must be zero.
This proves the claim in the case as = bs.

We are now in a position to prove the lemma by induction on the level n. Certainly
w(a, b) stabilizes the first level of T'. We have shown that if g is a tree automorphism
that occurs in the expansion of w(a,b) to the first level then there exists a word
ug(x,y) such that: g = uy(a,b); and u,(a’,0') acts as the identity on 7",

Suppose that w(a, b) stabilizes level n of T'. Furthermore, suppose that, for every
tree automorphism ¢ that occurs in the expansion of w(a,b) to the level n there
exists a word u,(z,y) such that: g = uy(a,b); and u,(a’,V’) acts as the identity on
T'. Then certainly w(a,b) stabilizes level n 4+ 1 of the ternary tree. Consider the
expansion of uy(a,b) to the first level. As u,(a’,') acts as the identity on 77, we see
that there exist words u(z,y) and uy(z,y) such that 14 and v, are labelled by u; (a, b)
and us(a, b) respectively, and uy(a’,b") = ug(a’, ') = 1. We see that v is labelled by
ug(as, bs). That uy(aj, by) = 1 follows from the above claim. Therefore, for every tree
automorphism g that occurs in the expansion of w(a,b) to level n 4 1 there exists a
word uy(x,y) such that: g = uy(a,b); and u,(a’,b") acts as the identity on 7.

We have proved that w(a,b) stabilizes every level of 7. That is, w(a,b) acts as
the identity on 1" as required. O

The Tables

Let T be the rooted ternary tree. Fix the set of states @ = {a,b} and the alphabet
X = {1,2,3}. As in Definition 2.61, the generators of a (2,3)-automaton take the
form a = o,(ay,as,a3) and b = o,(by, by, b3) where o,,0, € Sym(X) and a;,b; € Q.
We consider the case when o, and o}, generate a group of order 2. If 0, = o, then the
group generated by the automaton is Cs.

We list the groups obtained when exactly one of o, or o, is the identity. A table
is given for each of the thirteen classes in Definition 4.8. The rows are indexed by
the generators a and b; as a helpful reminder, the transition map defining the class
is specified here. The columns are indexed by the transpositions in Sym(X). The
entry in the row indexed by a and the column index by £ is the automaton of the
appropriate class with o, = £ and 0, = id. Similarly, the entry in the row indexed by
b and the column index by £ is the automaton of the appropriate class with o, = id

and o, = £.
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The most difficult calculation required for these tables is the proof of Proposition
4.16. The remaining calculations take up a lot of space and quickly become repetitive.

They are listed in Appendix A.2.

Class 1 (12) (13) (23)
a=(a,a,a) Oy O, Cy
b= (b,b,b) Coy Csy Cy

Class 2 (12) (13) (23)
a=(ba,a) Cs Cw Cy
b= (b,b,b) Dy Dy Cy x Cy

Class 3 (12) (13) (23)
a=(bb,a) Cy Co Coo
b= (b,bb) | CyxCy Dy Dy

Class 4 (12) (13) (23)

a=(ba,a)| CylCyx Cy Oy Cy x Oy
b:(a,b,b) CQZCOO CQZCOO CQXCQ

Class 5 (12) (13) (23)
a=(bya,a) | Cy1Cy Cu xCy Do,
b= (b,a,b) | C21Cy D, Coo x Cy

Class 6 (12) (13) (23)
a = (b, b, b) 02 02 CQ
bz(b7b,b) 02 XCQ CQ XCQ CQXCQ

Class 7 (12) (13) (23)
a:(b,b,a) CQ XCQ CQZCOO CQZCOO
b:(b,b,a) CQ XCQ CQZCOO OQZCOO

Class 8 (12) (13) (23)
a=(bb,a) Do, Co1Cy Oy xCy
b= (a,b,b) Coo Cy 1 Cy Dy

Class 9 (12) (13) (23)
=000 | Du Do CoxCh
b=(a,b,b) | Coo x Csy Co xCs Coyx Cy
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Recall the definition of ‘action at the root’ from Definition 2.64.
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Class 10 (12) (13) (23)
CLZ(b,b,CL) CQXCQ OQZOOO CQZCOO
b:(a,a,b) CQXCQ CQZCOO CQZCOO

Class 11 (12) (13) (23)
a=(bb,a) Do, Co xCyf C1C,
b= (a,b,a) | Cp X Cx D, Cy1Cy

Class 12 (12) (13) (23)
a = (b, b, b) CQ X 02 Doo Doo
b= (a,a,b) | CaxCy CuXxXCyx Cyx xCyx

Class 13 (12) (13) (23)
a:(b,b,b) CQXCQ CQXCQ CQXCQ
b:(a,a,a) OQXCQ CQXCQ CQXOQ

(2, 3)-Automata with Cs3-Action at the Root

In this section,

we classify the (2,3)-automata with Cs-action at the root. Fix the set of states
@ = {a, b}, the alphabet X = {1,2,3}, and the rooted ternary tree T'. As in Definition

2.61, the generators of a (2,3)-automaton take the form a = o,(ay,as,a3) and b =

op(b1, by, b3) where 04,0, € Sym(X) and a;,b; € Q. Indeed, the automaton may be

defined by specifying the generators a and b.

4.17 Definition.

Define Hq, ..

are respectively as follows:

H
Hs :
Hs -
Hy

a=(ba,a),
a=(bb,a),
a=(b,a,a),
a = (123)(b,
= (b,a,a),
= (b,b,a),
— (123)0,
= (123)(b
a = (b,b,a),
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Hyp:a=(123)(b,b,a),b = (a,b,b);
Hiy:a=(132)(b,b,a),b = (123)(a, b, b);
His:a=(123)(b,b,b),b = (a,b,b);
Hiz:a=(123)(b,b,b),b = (132)(a, b, b);
Hyy:a=(bb,a),b=(123)(a,a,b);
His:a=(bb,a),b=(123)(a,b,a);
Hig:a=(123)(b,b,0),b = (a,a,b); and
Hi7:a=(123)(b,b,0),b = (132)(a,a,b)

4.18 Lemma.

Let GG; and G5 be the automaton groups generated by ¢ and d, where ¢ and d are
defined by the systems of equations ¢ = (123)(d,c,c),d = (132)(d,d,d) and ¢ =
(123)(d,d, c),d = (132)(d,d, d) respectively. Then as subgroups of Aut(7") we have
that Gy = Hy and Gy = H,.

Proof:
The proof that G, = H, is identical to the proof that G; = H;, but we give both

calculations for completeness:

(i) Let ¢ = (123)(d,c,¢) and d = (132)(d,d,d) be the generators of G, and let
a = (b,a,a) and b = (123)(b, b, b) be the generators of H;. Then dc = (d?, dc, dc)
and d* = (123)(d? d? d*). Thus a = dc and b = d*>. Now, d* = (&, d>,d*) =1,
so d?> = d~'. Thus (c,d) = (dc,d?). That is, G; = Hy;

(ii) Let ¢ = (123)(d,d,c) and d = (132)(d,d,d) be the generators of G5, and let
a = (b,b,a) and b = (123)(b, b, b) be the generators of Hy. Then dc = (d?, d?, dc)
and d? = (123)(d?,d?,d*). Thus a = dc and b = d*>. Now, d®> = (d&®,d>,d>) =1,
so d* =d'. Thus (c,d) = (dc,d?). That is, Gy = H,.

U]

4.19 Lemma.

Let G4 be the automaton group generated by ¢ and d, where ¢ and d are defined by
the system of equations ¢ = (123)(d,d,c),d = (132)(c, ¢,d). Then G4 is isomorphic
to H4.
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Proof:
Recall the generators of Hy are a = (123)(b,a,a) and b = (132)(a,b,b). Identify
the vertices of even level in 75 with the vertices of 7Ty in the natural way. Thus

the vertex v, . ) of T3 is identified with the vertex v, . j.) of Ty where j, =

.....

3tok—1 — 3 + t9. Under this identification, tree automorphisms of 75 naturally define
tree automorphisms of Ty. We calculate the expansions of a, b, ¢ and d to the first
level of Ty:

a = (159267348)(a,b,b,b,a,a,b,a,a)
b = (195384276)(b,a,a,a,b,b,a,b,b)

= (167359248)(c,¢,d, c,c,d,d,d,c)
d = (194275386)(d,d, c,d,d,c,c,c,d)

Let 7 denote the permutation (194376)(285) in Sym(9). We observe that ™ = ¢ and
b™ =d. O

4.20 Remark.

Conjugation by 7 is simply a renumbering of the tree Ty. Under the natural identifi-
cation of the vertices of level two in T3 with the vertices of level one in Tj, we see that
the element (132)((13), (13), (13)) of Aut(73)/st(2) corresponds to the element 7 of
Aut(Ty)/st(1). Therefore the isomorphism of Lemma 4.19 is really just a relabelling
of the tree Tj.

The Tables

A table is given for each of the thirteen classes in Definition 4.8. The rows and columns
are indexed by the elements of Alt(X). The element in the row indexed by ¢ and the
column indexed by £ is the automaton group of the appropriate class with o, = ¢ and
op = £. Observe that the groups H; have been defined by their first appearance in the
tables. Further instances of H; denote isomorphic groups. Some isomorphisms have

been proved in Lemmas 4.18 and 4.19. The remaining isomorphisms in the tables

are proved in Appendix A.3. Some results about the groups Hy, ..., Hi7 are given in
Chapter 5.
Class 1 b= (b,b,b)
a=(a,a,a) id (123) (132)
id 1 Cs Cs
(123) Cs Cs Cs
(132) Cs Cs Cs
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Class 2 b= (b,b,b)
a=(b,a,a) id (123) (132)
id 1 H, H,
(123) Cro Cs bdl
(132) Coo H, Cs
Class 3 b= (b,b,b)
a= (b,b,a) id (123) (132)
id 1 Hy H,
(123) Coo Cs H,
(132) Cx Ho Cs
Class 4 b= (a,b,b)
a=(b,a,a) id (123) (132)
id 1 Hs s
(123) Hs Cs H,
(132) H; H, Cs
Class 5 b= (b,a,b)
a=(ba,a) id (123) (132)
id 1 Hj Hs
(123) H; Cs H,
(132) Hs Coo Cs
Class 6 b= (b,b,b)
a = (b, b,b) id (123) (132
id 1 03 X Cg Cg X 03
(123) C3 Cg Cg X Cg
(132) 03 03 X 03 Cg
Class 7 b= (b,b,a)
a=(b,b,a) id (123) (132)
id 1 He Hy
(123) Hy Cs H
(132) H, Hy Cy
Class 8 b= (a,b,b)
a=(b,b,a) id (123) (132)
id 1 Hg Hy
(123) Hig Cs Hg
(132) Hy Hyy Cs
Class 9 b= (a,b,b)
a = (b, b,b) id (123) (132
id 1 Coo Cwo
(123) Hyp Cs H3
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Class 10 b= (a,a,b)
a=(b,b,a) id (123) (132)
id 1 Hyy Hyy
(123) Hyy Cs H,
(132) Hyy H, Cs
Class 11 b= (a,b,a)
a=(bb,a) id (123) (132)
id 1 Hys Hyy
(123) Hyy Cs Co
(132) His H, Cs
Class 12 b= (a,a,b)
a = (b,b,b) id (123) (132)
id 1 Cx Co
(123) Hig Cs Hir
(132) Hig Hyy Cs
Class 13 b= (a,a,a)
a= (00 | id 123)  (132)
id 1 Cy3x(Cs (C3xC4
(123) 03 X Cg 03 Cg
(132) Cg X Cg Cg C3

4.6 Windmill Automata

4.21 Definition.

Let ¢ and d be natural numbers with d > 2. Let A be a (2¢ + 1, d)-automaton
with alphabet X. We say that A is a windmill automaton if there exists a labelling
q1,71, .-+, Qe, Te, s Of the states of A such that:

(i) s =1 when interpreted as a tree automorphism;
(i) m =q; ! when interpreted as tree automorphisms; and
(iii) 7(qi,x), 7(rs,x) € {qi, 73, s} for all i € [1,¢] and all x € X.

4.22 Remark.

If an automaton A has precisely two states, a and b, then the set {1,a7'b,b~ a} of tree
automorphisms is closed under expansion (see Definition 2.51), as is {1,ab™*,ba"'}.
Therefore, the automaton with {1,a7'b,b7ta,ab™ ba='} for its set of states (with

the output and transition maps induced from A) is a windmill automaton.
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The above remark proves that if A is a two-state automaton then the group defined
by A contains a subgroup that is defined by a windmill automaton. In the case of the
groups defined by the ternary automata H; and Hs, it turns out that the subgroup
defined by the windmill automaton with states {1,a='b,b~'a,ab™!,ba~'} is a normal
subgroup of index 3 (see Proposition 5.39). For an automaton A with more than
two states, we sometimes find that A contains a subgroup defined by a windmill

automaton. The transition maps have to be chosen carefully in order to arrange this.

4.6.1 Binary Windmill Automata

We classify, up to group isomorphism, the subgroups of Aut(73) that are defined by
binary windmill automata.
Let T be the rooted binary tree. Identify Cy with Sym(2), and let £ denote the

non-identity element of Sym(2).

4.23 Definition.

Define A to be the six-state binary automaton with states 1, a, b, ¢, d, e defined, using
the notation of Definition 2.61, by the following system of equations:

1=id(1,1); a=¢(1,1); b=¢e(b,b); c=¢€(c,1); d = (e, 1); and e = (1, d).

Define the tree automorphisms v := ac and ¢ := d~'a.

We identify the states of A with the tree automorphisms they define. As ed is a
conjugate of de, it follows from Theorem 2.54 that de = (1,ed) acts as the identity
on T. Therefore, e = d~' and d = ¢(d~ !, 1).

4.24 Lemma.
If z is a state of a binary windmill automaton then, when considered as a tree auto-

morphism, z is contained in the set {1,a,b,c,c™,d,d™'} of tree automorphisms.

Proof:

If 2(vy) = id then x = 1. We check each possible z with x(v4) = € in turn:
(i) if x = ¢(1,1) then z = q;

(ii) if z = e(x, 1) then x = ¢

(iii) if z = e(x™1, 1) then z = d;

(iv) if z = ¢(1,x) then cz = (1,cz) = 1;

(v) if x = ¢(1,271) then dox = (1,d'z™'), so dr = 1 by Theorem 2.54; and
(

vi) if z € {e(x,2),e(x,271),e(x! z),e(x™ !, 27)} then 2% = 1 and so x = b. O

58



CHAPTER 4. AUTOMATA

4.25 Remark.

By Lemma 4.24, in order to classify the groups defined by binary windmill automata,
we need only consider groups generated by subsets of {a, b, ¢, d}. It is checked that if
S is any subset of {a, b, ¢,d} then the subgroup of Aut(7") generated by S is defined

by a windmill automaton.

4.26 Proposition.
(i) The tree automorphisms a and b are involutions; and

(ii) the tree automorphisms ¢ and d have infinite order.

Proof:

(i) Note that both a and b act non-trivially at the root. Thus they are non-identity
elements of Aut(T). Calculate that a®> = (1,1) = 1 and b* = (b?, V%) = 1.

(ii) Note that ¢* = (¢, c). As ¢ acts as ¢ at the root, it follows from Lemma 2.50 that
¢ has infinite order. Similarly, d* = (d~',d') and d(vs) = €. Thus d has infinite
order by Lemma 2.50. O

4.27 Remark.

As b is an involution and bc = (be,b), it follows that (be)> = ((bc)?,1) = 1, and
therefore that ¢® = ¢,

We calculate that (bd)? = ((bd~')?,1) and (bd~')? = (1, (bd)?). By Lemma 2.53, we
have that (bd)? = 1 and therefore that d* = d~*.

4.28 Remark.

Note that v = (¢, 1) = 4%, that v* = (1,¢), that 4* = (1,¢") = (1,¢7!) = v, and
that 4% = y~1. Thus, <7><a’b> = (v,7%). As c has infinite order, it follows that (-, %)
is naturally isomorphic to Cy X Cy.

Similarly: 0 = (d,1) = 6°*; 6° = (1,d); 6* = 6% 6% = §~%; and (6)'" = (6,6%) is

naturally isomorphic to Cy X Cy.

4.29 Proposition.
i) The group generated by a and b is isomorphic to Cy x Cy;

ii) the group generated by a and c¢ is equal to (y,~v*) % (a);

(

(

(iii) the group generated by a and d is equal to (4, %) x (a);
(iv) the group generated by b and ¢ is isomorphic to D..; and
(

v) the group generated by b and d is isomorphic to D..

Proof:
The orders of a, b, ¢ and d are known by Proposition 4.26.
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(i) Observe that ab = (b, b) has order 2;

(ii) certainly (a,c) = (a,v). It follows that the normal closure of (v) is (7,v*). Now
a acts non-trivially at the root, whereas v and ~* stabilize the first level. Therefore
the subgroups (v,7*) and (a) intersect trivially;

(i) this is identical to (ii);

(iv) we know that ¢ has infinite order and that b is an involution. We showed that
c® = ¢! in Remark 4.27; and

(v) this is identical to (iv). O

There does not seem to be an easy description of the group generated by ¢ and d. We

therefore make the following definition:

4.30 Definition.
Define B to be the subgroup of Aut(7") generated by ¢ and d.

4.31 Remark.
Modulo the second level stabilizer, ¢ has order 4 and c¢ is congruent to d. Identify
Aut(T)/st(2) with Aut(7[2]). Then B/stp(2) = {1,e(g, 1), (g,€),e(1,¢)}. As b is

congruent to £(e, ) modulo stayyr)(2), we see that b is not contained in B.

4.32 Proposition.

(i) The group (a, b, ¢) is equal to (y,~v*) x (a,b);

(ii) the group (a, b, d) is equal to (9,0%) x (a, b);

(iii) the group (a,c,d) is equal to (v,~7%,d,0%) x (a); and
(iv) the group (b, c,d) is equal to (c,d) x (b).

Proof:

(i) Certainly (a,b,c) = (a,b,v). It follows from Remark 4.28 that the normal closure
of () is equal to {,~7%), and that this is a free abelian group of rank 2. We know
that the elements of (a,b) have finite order by Proposition 4.29 (i). Therefore, the
subgroups (y,7*) and (a, b) intersect trivially;

(ii) this is identical to (i);

(iii) certainly (a,c,d) = {(a,v,d). The normal closure of (v, d) is equal to (y,7%,d, %)
by Remark 4.28. As a acts non-trivially at the root, (v,7%,d,0%) and (a) intersect
trivially; and

(iv) recall from Remark 4.27 that ¢® = ¢! and d® = d~!. Thus, (c,d) is a normal
subgroup of (b, ¢, d). As b has order 2, it follows from Remark 4.31 that (c, d) and (b)

intersect trivially. O
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4.33 Remark.

Observe that (v,7%,6,0%) stabilizes the first level of T. Therefore, a and b are not
contained in (v,~%,0,0%). Recall from Remark 4.31 that b is not contained in the
group B = (c,d). By Remark 4.28, (v,7%,,9%) is equal to rst(ry) X rst(rs), and
rst(v1) = rst(rn) = B (when identified with subgroups of Aut(7,,) and Aut(7,,)
respectively). As ab = (b,b), and b is not contained in B, we see that ab is not

contained in (7, %9, 6%).

4.34 Proposition.
The group (a, b, ¢, d) is equal to (y,7%,6,0%) x (a,b).

Proof:

Certainly (a,b,c,d) = (a,b,7,5). Recall from Remark 4.28 that 7’ = v~ and ¢° =
d~ Tt follows that the normal closure of (v,d) equals (y,~%, 4d,d%). By Proposition
4.29 (i), we know that (a,b) = {1,a,b,ab}. It follows from Remark 4.33 that the
subgroups (a,b) and (vy,~v% d,d%) intersect trivially. O

4.35 Remark.

We have now classified all groups defined by binary windmill automata. They are:
1; Cg; Cy X Cy; Coo; Doo; Coo 1C3; (Cop X C) X (Cy x C); B; B x Cy; Bl Cy; and
(B x B) % (Cyx (Cy). The actions in the semi-direct products can be inferred from the
statements of the propositions in this subsection (recall from Remark 4.28 that (v, y*)
and (0,0%) are isomorphic to Cy, X Cu, and from Remark 4.33 that (vy,7%,6,46%) is
isomorphic to B x B).

4.36 Definition.
Let x be an element of Aut(73). Suppose that the expansion of = to the second level

is given by:

We use the notation «(3,7)(a,b,c,d) to denote the expansion of = to the second
level and write x = a(f,7)(a,b,c,d). If @ = id then, for brevity, we write z =
(8,7)(a,b,c,d). Similarly, if « = f = v = id then we write z = (a,b, ¢, d).

Recall the definition of G (51 Cy for an arbitrary group G from the Notation section
at the beginning of this thesis.

61



CHAPTER 4. AUTOMATA

4.37 Definition.

Let GG be a group. Let dg (51(91, 92), 02(gs, g4)) be an element of G1C0Cy where 0; € Csy
and g; € G. Mirroring Definition 4.36, we use the notation dy(d1,02)(g1, g2, g3, g4) to
denote this element. If 6y = id then we write (01, 02)(g1, g2, g3, g4); if dg = 61 = dp = id
then we write (g1, g2, 93, g4)-

4.38 Theorem.

The abelianization of B is isomorphic to Cy, X Cx.

Proof:

Recall that ¢ = (¢, 1), that d = e(d™', 1), and that B is the group generated by ¢ and
d. The expansion of ¢ to the second level is £(g,id)(c, 1, 1, 1); the expansion of d to the
second level is €(g,id)(1,d, 1,1). Let F be the free group on the two generators x and
y. Let E(w(x, y)) denote the length of the word w(z,y). Define the homomorphism

o: F — F10500
r — ¢g(eid)(x,1,1,1)
y — eleid)(1,y,1,1)

a7y}, Any reduced word of length 2¢ in

Let W be the set {22, zy,yx,v* zy~
F can be uniquely expressed as a reduced word of length ¢ on W*!. We calculate

cp(w(x, y)) for every element w(z,y) of W:

SO(I2) = (575)(3:7 I, x, 1) go(xy) (575)(1 Y,x, 1)
p(yz) = (g,¢)(z,1,1,y) e(y?) = (e,6)(1,y,1,y)
pley™) = (1, 1,y ) plx~ly) = (71 y,1,1)

Let w(x,y) be a word of length ¢ in F. It follows from the above calculations that
there exist dg, 01,02 € Cy and words wy(z,y), wa(x,y), ws(z,y), wa(z,y) of length at
most [¢/2] such that ¢ (w(z,y)) = do(61, 62) (w1 (z, y), wa(z,y), ws(z, y), wa(z,y)).
Recall from Remark 4.31 that c is congruent to d modulo stp(2) and that ¢ has
order 4 modulo st(2). It follows that stz (2) is equal to the normal closure of (¢, cd™1)
in B. Let N be the normal closure of (z* zy~!) in F. Then F/N is is isomorphic
to C, with coset representatives 1, x, 2> and z3. We use the Schreier method to
find a set of free generators for N. For completeness, we provide the details of the
calculation in the table below. The column indexed by u contains the elements of
the set {1, z, 2% 23} of coset representatives for N in F', and the column indexed by
v contains the generators x and y of F. We let uv denote the unique element of

{1,2,2% 2} such that uv is congruent to wv modulo N.
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u | v|uv | uw(uw)!
1l |z| x 1

x| x| 2? 1
22| x| 23 1
2 x| 1 x
1|yl yr~*

r |y | 2% | wyr?
22|y | 2® | 2?ya3
22y | 1 3y

It follows that {z*, ya=! xyx =2, 2?yx =3, 23y} is a free generating set for N.

Let z; = o4, let 2o = ya =1, let 23 = zyx 2, let 24 = 2%yx 3, and let 25 = 23y. Let
w(z,y) be an element of F such that ¢(w(z,y)) € F'x F' x F' x F'. Rewrite w(z, y)

as a word u(zy, 29, 23, 24, 25) On {21, 29, 23, 24, 25 }. We calculate the following:

o(z1) = (z,z,z,7)
p(z) = (1,1,y,27")
plz) = (y,275,1,1)
plz) = (L, Lo aya™)
p(z) = (Lay 2 1)

Consideration of the first factor of the direct product F' x F' x F' x F' shows that the
z-muliplicity and the zz-multiplicity of w(z1, 22, 23, 24, 25) must be zero; the second
factor yields that zs-multiplicity is zero; the third factor yields that the zo-multiplicity
and the z4-multiplicity are zero. Therefore, u(z1, 2o, 23, 24, 25) is an element of N " and,
in particular, w(z,y) is an element of F.

Let w(z,y) be an element of F' such that w(c,d) is the identity element of B.
Then w(c,d) is in stp(2) and so w(z,y) is in N. We have shown that there exist
words w;(z, y) of length at most [¢(w(z,y))/2] such that ¢(w(z,y)) = (wa(z,y),
we) (z,y), we)(z,y), wa(z,y)). The expansion of w(c,d) to the second level is
(way(e,d), we(c,d), wa)(c,d), wa(c,d)). As w(c,d) is in stp(4), it follows that
wey(c,d) is in stp(2) for each i. Therefore, wg)(z,y) is in IV for each i. Let W
be the subset {w)(x,y) | i € [1,4]} of N.

We are going to inductively define subsets W,, of N. Let n € N. Suppose that,
for every m € [1,n], we have defined a subset W, = {w, . .. (2, y) | i; € [1,4]} of

N such that the following two conditions are satisified:

(1) @(Wiirin (@ y) = (Weiriy ) (T Y), Wiiriy 2 (2, 4), Wiy 3) (2, ), Wi )
z,y)) for all iy, ..., i; € [1,4] and all j € [1,n — 1]; and

—~
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jel,n—1].

In order to define the subset W, .1 of N, we repeat the argument of the previous

paragraph for every word w;,,. ;,)(x,y) of W, in turn. We see that conditions (i)

and (ii) are satisfied.
Let n be a natural number strictly greater than [log, (¢(w(z,y)))]. Then every

element w;, i (x,y) is in N,

..........

in(c,d) is in stp(2). As c and d act non-trivially at the root,
,,,,, i) (@, y) had length 1. Therefore, all of
the words in W,, must be of length 0. That is, W,, = {1}. We have shown that
¢ Y (F' x F' x F' x F') is a subgroup of F'. Therefore, certainly ¢=(1,1,1,1) is a
subgroup of F'. This provides the base for an induction (working up the levels of the

and therefore w;,

.....

we would arrive at a contradiction if w;,

tree two at a time) from which it follows that w(z,y) is in F'.
We have shown that if w(z,y) is any word in F' such that w(c, d) is the identity
in B then w(x,y) is in F'. This implies that the natural epimorphism

T F*? . peb
F — cB
yF' — dB

is an isomorphism. Indeed, if w(z,y)F" is in the kernel of 7 then there exists w’(z, )
in F' such that w(c,d)w'(c,d) = 1. Thus w(zx,y)w'(x,y) is in F', and hence so is
w(zx,y). That is, w(z,y)F = F'. Therefore, B* is free abelian of rank 2 as required.

]

4.39 Remark.

Contained in the above proof is an algorithm to solve the word problem in B. This
algorithm is more efficient than the algorithm given in the proof of Theorem 4.1
which solves the word problem for an arbitrary automaton. The algorithm in the
above proof is a generalization of the algorithm given by Lysenok in [L] to solve the
word problem for The First Grigorchuk Group. Using his algorithm, Lysenok is able

to give a recursive presentation for The First Grigorchuk Group.

4.40 Lemma.
Let G be a subgroup of Aut(7,). Suppose that G has a subgroup H of finite index
such that H maps onto C,,. Then G does not have the congruence subgroup property.
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Proof:

Let IT denote the set of primes that divide d and let p be a prime not contained in
II. As H maps onto Cy, there exists a normal subgroup N of H such that H/N is
isomorphic to C,. Suppose, for a contradiction, that N contains stg(i) where i is a
level of T;. Then H/N is isomorphic to a section of Aut(7'[i]). This contradicts the
fact that Aut(7[i]) is a II-group. O

4.41 Corollary.
If A is an infinite binary windmill automaton then the group defined by A does not

have the congruence subgroup property.

Proof:

Recall the classification of binary windmill automata from Remark 4.35. Observe
that the infinite groups are either virtually Cy,, virtually C, x Cy, virtually B, or
virtually B x B. The result follows from Theorem 4.38 and Lemma 4.40. O

4.42 Remark.

It is worth noting that B is not free. In order to show this, it suffices to find a
non-trivial relation in its generators ¢ = (¢, 1) and d = e(d~',1). Indeed, this shows
that B is not free of rank 2. As B is a two-generator group, if it was free then its
rank would be at most 2. It follows from Theorem 4.38 that B is not cyclic. In order
to find a relation, we observe that cdc™? = (d~'c7! 1), that ded™? = (cd, 1), and
therefore that cdc™2ded ™2 = 1.

4.6.2 A Ternary Windmill Automaton

The problem of classifying, up to group isomorphism, the subgroups of Aut(73) that
are defined by ternary windmill automata is far harder than that for binary windmill
automata. We do not attempt such a classification here. We give one result, similar
to Theorem 4.38, which we use in Section 5.5 to show that Hy does not have the

congruence subgroup property.

4.43 Theorem.
Let ¢ and d be defined by the system of equations ¢ = (123)(c, 1, 1), d = (123)(1,d, 1).
Let G = (¢, d). Then G* = C,, x Cq.

Proof:
The proof is very similar to that given for Theorem 4.38. We provide only the salient

points, leaving the details to the reader.
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Let F be the free group on the two generators z and y. Identify C3 with Alt(3)

and let o denote the permutation (123). Define the homomorphism

p:F — F10;5
r — o(x,1,1)

y — o(ly1)

Let W be the set of reduced words of length 3 in F'. We check that for all w € W there
exist 0 € C3 and words wy, we, w3 of length at most 2 such that ¢(w) = §(wy, we, ws).
For example, ¢(zyx™1) = o(xy, 1,27 ). If follows that if w(z,y) is a word of length
¢ > 2 then there exist 6 € C5 and words wy(x,y), wa(z,y), ws(z,y) of length strictly
less than ¢ such that p(w(z,y)) = & (wi(z,y), wa(z,y), ws(z,y)).

Observe that stg(1) is equal to the normal closure of (¢®,cd™') in G. Let N be
the normal closure of (z®, zy™') in F. We use the Schreier method to show that N is
freely generated by the set {23, 2y~ 71y, zyx}. We calculate that p(z3) = (z, z, x),
that o(zy™!) = (y~ 1, 1,2), that p(x~ly) = (71, y,1), and that p(zyz) = (v, 1, 2Y).
From this we deduce that ¢! (F/, F', F’) is a subgroup of F'.

We now proceed as in the proof of Theorem 4.38. Indeed, if w(z,y) is a word such
that w(c,d) is the identity element of G then by applying ¢ sufficiently many times
we arrive at a set of words w;(x,y) of length at most 2. As w(c, d) acts as the identity
on T3 and w;(c, d) occurs in the expansion of w(c, d) we must have that w;(c, d) acts
as the identity on T3. We check that if w;(x,y) is a word of length 1 or 2 then w;(c, d)
acts non-trivially on T3. Therefore, the words w;(z,y) are all equal to 1. We have
shown that gp‘l(F', F',F') is a subgroup of F'. It follows that w(z,y) is in ' as
required. O

4.44 Remark.

It is worth noting that G is not free. In order to show this, it suffices to find a non-
trivial relation in its generators ¢ = (123)(c,1,1) and d = (123)(1,d, 1). This shows
that G is not free of rank 2. As G is a two-generator group, if it was free then its
rank would be at most 2. It follows from Theorem 4.43 that B is not cyclic. Observe
that ded™? = (1,¢,d™1), that ¢ 2dc = (1,c¢71,d), and therefore that ded=2c™2dc is a

non-trivial relation in G.
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Chapter 5

Results on Hq, ..., Hy7

We fix some notation for the duration of this chapter:

Let F' be the free group of rank 2 with generators x and y;

let Py(H) denote the k-th term of the lower 3-central series of the group H;
let T" denote the rooted ternary tree T3;

for all i € Ny identify Aut(7'[z]) with Aut(7)/st(i);

let o denote the permutation (123) in Sym(3);

identify C3 with the subgroup of Sym(3) generated by o;

for all i € Ny let I'; = Cs;

let G be the subgroup of Aut(T) defined by (I';);5;

for all ¢ € Ny identify G/st(i) with I';_; ¢--- 2 T.

5.1 Remark.

Let ¢ € [1,17]. Recall from Definition 4.17 that H; has Cj-action at the root. It

follows from Remark 2.65 that H; is a subgroup of G. Note that G/st(n) is a group
of order 3"~1/2 for all n € N. Therefore, H;/st(n) is a finite 3-group for all n € N.

5.2 Lemma.

If x is an element of finite order in G then ord(z) is a power of 3.

Proof:

Let n = ord(z). For a contradiction, suppose that n is divisible by a prime p # 3.
Let m = n/p. Then 2™ is not the identity. Therefore, there exists a level k such that
x™ stablizes level k and does not stabilize level k 4+ 1. Thus, there exists a vertex v
of level k in the tree such that v is labelled by a 3-cycle in the portrait of ™, and all
the ancestors of v are labelled by the identity. The p-th power of a 3-cycle is again
a 3-cycle. Therefore, 2" = ()" does not stabilize level k£ + 1. This contradicts the

assumption that 2" = 1. Therefore, n must be a power of 3 as required. O

67



CHAPTER 5. RESULTS ON Hy,..., Hy;

5.1 Elementary Abelian Quotients

In this section we prove that H;/P, is isomorphic to C3 x Cj for all ¢ € [1,17].

5.3 Lemma.
Let i € [1,17] and let H = H;.

(i) If ¢ = 4 then H/st(2) is isomorphic to the extra-special group of order 27 and

exponent 9;
(ii) if ¢ # 4 then H/st(2) = C51 Cs.

Proof:
Let a and b be the generators of H defined in Definition 4.17.

(i) Recall that a = o(b,a,a) and b = 0*(a,b,b). Let u = a and v = a~'b~L.

2

Then Hy = (u,v). Working modulo the second level stabilizer, u = o(c*, 0, 0)

and v = (¢%,0,1). Thus ord(u) = 9 and ord(v) = 3. We calculate that

7

u’ = u’ = o(0,1,1). This proves that Hy/st(2) is a non-abelian image of the

stated group.

(ii) This is a calculation for each group. The calculations can easily be performed
using Magma (see Appendix B.2.3), or they may be done by hand. The calcu-
lation for H; is presented as an example, both in the appendix, and by hand.
Recall that a = (b,a,a) and b = o(b,b,b). Working modulo the second level
stabilizer, a = (0,1,1) and b = o(0,0,0). We observe that a® = (1,0,1) and
a” = (1,1,0). Thus ba 'aba™" = ¢(1,1,1). This proves the lemma because
C31C5 = (0(1,1,1), (0,1, 1)).

L]

5.4 Remark.

It follows from Lemma 5.3 that Hy, ..., H; are not abelian groups.

5.5 Proposition.
Let i € [1,17] and let H = H;. Then H/P, is isomorphic to C3 x Cs.

Proof:
By definition, H is generated by two elements. Therefore, C3 x C3 maps onto H/P;.
If i = 4 then, by Lemma 5.3(i), (H/st(2))/P» has the presentation (u, v|ju® = v3 =

1,u” = u) and is therefore isomorphic to C3 x Cj.
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If i # 4 then, by Lemma 5.3(ii), (H/st(2))/ P, is equal to (C51C3)/Ps. Now C50C}
has presentation (x,y|z® =y = [z,2Y] = 1), so (C31C3)/Py is C3 x Cs.

Finally, H/P, maps onto (H/st(2))/P, because H maps onto H/st(2). Therefore,
H/P, maps onto C3 x Cs. O

5.2 Hy

We prove that if j € [1,17]\{4} then H, and H; are not isomorphic groups.

5.6 Lemma.

The group given by the presentation (u,v|u’ = v? = 1,u" = u”) maps onto Hy/P;.

Proof:

Recall from Definition 4.17 that a = o (b, a,a) and b = 0*(a, b,b). Observe that a=! =
o*(a a0 and b7t = o(b7, a7t b71). We calculate that a=2b? = 02(1,a72b%,1)
and b~ 'a = 0%(1,b7a,1). Thus a 20> = b 'a. Let G4 be the group defined by the
presentation (c,d | ¢72d*> = d~'c¢). We know that G4 maps homomorphically onto
Hy. In particular, G4/ P; maps onto Hy/Ps.

Define elements of G4 by u := ¢7'd and v := c¢. By definition, the exponent of
G4/ P3 divides 9. In particular, v = v? = 1 modulo P5(G4). We have the relation
¢ 2d* = d7'c. Thus ¢ 'd = (cd™1)? and, as the exponent of G,/Ps divides 9, ¢7'd =
(cd™')~" modulo P3(G4). That is, c™'d = (dc™1)". Tt follows that d~*c¢~'dc = (¢7'd)®
modulo P3(Gy). That is, [u,v] = u® modulo Ps(Gy), and so u¥ = u”.

We have shown that the group with presentation (u,v|u’ = v? = 1,u" = u")
maps onto G4/ Ps, and that G4/ Ps; maps onto Hy/P;. O
5.7 Theorem.

The group of order 81 given by the presentation (u,v|u’ = v? = 1,u® = u7) is

isomorphic to Hy/Ps.

Proof:
We show that (Hy/st(3))/Ps has order 81. This shows that H,/Ps has order at least
81. The result then follows by Lemma 5.6.

Let N denote sty,(3). Identify Hy/N with a subgroup of Aut(7[3]). Define two
elements of Hy/N by ¢ := ba™'N and d := b~'a"'N. A calculation shows that bN
has order 27 in Hy/N. As cd™' = b*N, it follows that bN € {(c,d), and hence that
aN € {(c,d). Therefore, Hy/N = (c,d). A calculation shows that ord(c) = 27, that
ord(d) = 9 and that ¢? = ¢.
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Let ¢ = ¢ and f = d3. By Lemma 2.77, P, (H4/N) is the normal closure of
(e, f,[c,d]) in Hy/N. We have calculated that ¢? = ¢”. Hence [c,d] = ¢* and e? = ¢".
We compute that f¢ = fe3. Therefore, P, (H4/N) = <e, f>. We know that ord(e) =9
and ord(f) = 3. We compute that [e, f] = 1 and f ¢ (e?). Therefore, P,(Hy/N) is
isomorphic to C3 x Cy.

We have already shown that d° = 1, that ord(e) = 9 and that [c, d] = €%. Tt follows
from Lemma 2.77 that P3(H,/N) is equal to the normal closure of <e3, le,d, ], e, d, d]>
in Hy/N. Now, [c,d,c] = [®,¢] = 1 and [c,d,d] = [€?,d]. As e? = €7, it follows that
[e2,d] = e~2(e%)” = €12 = 3. Therefore, P;(Hy/N) is equal to the normal closure of
(%) in Hy/N. But (¢3)° = ¢3 and (¢3) = (e?)’ = (¢7)’ = ¢3. Thus P3(Hy/N) is
the subgroup of P, (H4/N) generated by e3. Thus we have shown that P; (H4/N) is
isomorphic to Cz. Therefore, Ps (H4/N) has index 9 in P (H4/N).

It remains to show that P, (H4 /N ) has index 9 in Hy/N. Recall from the proof
of Proposition 5.5 that (Hy/st(2))/P, has order 9. As (Hy/N) is a two-generator
group, (H4/N)/P has order at most 9. It follows that (Hs/N) /P, has order equal
to 9 because it maps onto (Ha/st(2))/P,. Thus P,(H,/N) has index 9 in Hy/N, and
so Py (H4/N) has index 81 in Hy/N as required. O

5.8 Lemma.
The group (C3 C3)/Ps is isomorphic to the extra-special group of order 27 and

exponent 3.

Proof:

Let H = C501C5. Define two elements of H by u := o(1,1,1) and v := (o, 1,1).
Then H = (u,v) and, by Lemma 2.77, Py(H) = <u9,v9, [u, v]3, [u, v, ul, [u,U,UDH. As
u? = v3 = 1, the extra-special group of order 27 and exponent 3 maps onto H/P;.
We calculate that [u,v,v] = [u,v]* = 1 and [u,v,u] = (02,02,02). This element is
central in H. Therefore P3(H) is the subgroup of order 3 generated by (02,02, 0?).
This implies that H/P; has order 27 because H has order 81. O

5.9 Corollary.
Let j € [1,17]\{4}. Then H, and H; are not isomorphic groups.

Proof:
It suffices to show that H,/P; and H,;/Ps are not isomorphic.

By Lemma 5.3(ii) and Lemma 5.8, H;/P; maps onto the extra-special group of
order 27 and exponent 3. By Theorem 5.7, any homomorphic image of Hy/P; in
a group of exponent 3 must be abelian. This follows from the relation u¥ = u”.

Therefore, H,/P; does not map onto H;/Ps. O
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5.3 Hﬁ, H7 and Hg

We show that Hg, H; and Hg are (locally finite)-by-(infinite cyclic) groups. This will
be sufficient to prove that if i € [6,8] and j € [1,17]\[6, 8] then H; and H; are not

isomorphic. It is not known if Hg, H; and Hg are pairwise non-isomorphic.

5.10 Definition.

Let ¢ € [6,8] and let H = H; with generators a and b as in Definition 4.17. Define
the element o := ab~! and the normal subgroup A = (a>H of H. For every m € N,
define subsets of H by

Xp = {ar. .z |2, 2, € {1 a,0} )
Y, = {yl...ym ‘ Y13 Um € {17a71,bil}}; and

5.11 Remark.
Let x € X,, and y € Y,,. Then there exist permutations m,,m, and elements
T1, T2, 3 € X, and Y1, Yo, Y3 € Yy, such that & = m, (21, x9.23) and y = m,(y1, Y2, Y3)-

That is, X,, and Y,, are closed under expansion.

5.12 Lemma.
Let ¢ € [6,8], let H = H; with generators a and b as in Definition 4.17, and let m € N.
Then the elements of Z,, have depth m.

Proof:

Observe that ab™' and ba~! have depth 1. This provides the base for an induction
on m because Z; = {1,ab™,ba"'}. Let zpmy1 = T1 .. Tons1¥1 - - - Yms1 € Zms1. Then
1. Ty € X and Yo .. Yma1 € Yy, Since z,,01y1 € 71, there exists a permuta-
tion m, such that z,,11y1 = 7.. By Remark 5.11, there exist permutations m,,m,
and elements x1, 9,23 € X,, and yy, Yo, y3 € Y, such that x; ...z, = m.(z1, T2, T3)
and yo...Yms1 = Ty(y1,v2,v3). Let m = m,m, and ¢(j) = ™. Then zpy =
T (Ze(1)Y1, To2)Y2s To(3)Y3). NOW, T(jyyj € Zm has depth m by the induction hy-
pothesis. Therefore, z,,,1 has depth m + 1. O

5.13 Theorem.
Let i € [6,8], let H = H; with generators a and b as in Definition 4.17, and let A be
the normal subgroup of Definition 5.10. Then the group A is locally finite.
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Proof:

Observe that H = (a,a). Therefore, A = (a®"|n € Z). Let S be a finite subset of A.
We have to show that the subgroup of A generated by S is finite. Every element of
S can be expressed as a word on {aan ‘n € Z}. Let k be a sufficiently large natural
number so that every element of Sa™" can be expressed as a word in {oﬂ*n |n € NO}.
Since every word has finite length and S " is a finite set, there exists a natural
number m such that every element of 57" can be expressed as a word in the finite
set {a® " |n € [0,m]}.

We have shown that <S“7k> is a subgroup of (a® "|n € [0,m]). Since <S“7k> =
<S >a7k is isomorphic to <S >, the theorem will be proved once we show that <o/f" |n €
[0,m]) is a finite group. Now, a® " = a""'b~*a™", so a® " has depth n+1 by Lemma
5.12. Therefore, <aa_n|n € [0,m]> is isomorphic to a subgroup of the finite group
Aut (T[m + 1]). O

5.14 Corollary.
For i € [6, 8] the group H; is (locally finite)-by-(infinite cyclic).

Proof:
By Theorem 5.13, we need only show that H;/A = C.. Observe that H;/A is
generated by the coset aA. Certainly every element of a locally finite group has finite
order. It therefore suffices to show that a has infinite order. For a contradiction,
suppose that ord(a) = n. Let 8 = b~'a. Then 8 = 3* " = a"b~'a'™. This has
finite depth by Lemma 5.12. However, if i = 6 then 3 = ¢%(1,37%,3), if i = 7 then
B=oc(p11,0), and if i = 8 then 8 = ¢*(1, 371, 3). Therefore, 3 has infinite depth.
L]

5.15 Remark.
Let ¢ € [6,8] and let H = H; with generators a and b as in Definition 4.17. It follows
from Lemma 4.40 and Corollary 5.14 that H; does not have the congruence subgroup

property. By Proposition 5.5 and Corollary 5.14, the abelianization of H; maps onto
Cs X Co. As H = {a,ab™!) and (ab™1)? = 1, it follows that H?® = C3 x Cy.

5.16 Lemma.
Let j € [1,17]\[6,11] and let H = H; with generators a and b as in Definition 4.17.
Then [a, b] has infinite order. In particular, H; is not (locally finite)-by-abelian.

Proof:
If H; was (locally finite)-by-abelian then its derived subgroup would be locally finite

and, in particular, all elements of the derived subgroup would have finite order. To
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show that [a,b] has infinite order is a calculation for each j. As examples, we do the
cases j = 2 and 7 = 17. The other cases are very similar.

Let j = 2. Then [a,b] = (b~2ab,1,a'b). We calculate that a='b = o(a™'b,1,1).
Let 8 = a~'b. Then 3 = (3,03, 3). It follows that 3 has infinite order by Lemma
2.50, and therefore so does [a, b].

Let j = 17. Then [a,b] = (b7'a,[b,a],b"*a"'0?) and b~'a = o*(a™'b,1,a7'h).
Letting 3 = b~'a, we see that 8 = ¢%(37!,1,37") has infinite order by Lemma 2.50.
Therefore, [a, b] has infinite order. O

For j € [6,11] we find that [a,b] has order 3. GAP was used in order to find the
elements in the next lemma (the details of the search may be found in Appendix B.1).
Note that the argument to show they are elements of infinite order is a generalization

of that used in the proof of Lemma 2.50.

5.17 Lemma.
Let j € [9,11] and let H = H,; with generators a and b in Definition 4.17. Then
there exists an element 3 in H of infinite order. In particular, H; is not (locally

finite)-by-abelian.

Proof:

Let j = 9 and let 8 = b~ ta~'b~ta?b2ab’a b~ ta " tba"'b%a. Observe that 8 has a-
multiplicity zero and b-multiplicity zero. Thus § is an element of H . We calculate
that 3 € st(2)\st(3). Thus 3° stabilizes the third level. A calculation shows that 571
is the label of the vertex v(; 1) in the expansion of 33 to the third level. We know
by Lemma 5.2 that if ord(3) is finite then it is a power of 3. Suppose that [ has
order 3" for some n € N. As 373"" occurs in the expansion of 33", we must have
that 43" = 1. This contradicts the assumption that ord(3) = 3". Therefore, § has
infinite order.

Let j = 10 and let 8 = a~2bab~2ab. Observe that 3 has a-multiplicity zero and
b-multiplicity zero. Thus 3 is an element of H'. We calculate that 3 € st(1)\st(2).
Thus 3? stabilizes the second level. A calculation shows that a='ba=b"ta?b~tatba
is the label of v 1) in the expansion of §* to the second level. Observe that 37 =
b= la 'b?2a" b a? and S = o~ 'ba"'b"'a?b 'a"Tha. Thus a conjugate of 5 occurs
in the expansion of 3% to the second level. As in the case j = 9, we see that if 3%"
equals 1 then g equals 1. Therefore, § has infinite order.

Let j = 11 and let 8 = b~2a2b%a2b*a2b"2a®b2ab2ab’*a. Observe that 3 has
a-multiplicity zero and b-multiplicity zero. Thus 3 is an element of H' . We calculate
that 8 € st(2)\st(3). Thus 3° stabilizes the third level. A calculation shows that 3!
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is the label of v(; ;) in the expansion of 33 to the third level. We now proceed as
before to show that ( has infinite order. O

5.18 Theorem.
If i € [6,8] and j € [1,17]\[6, 8] then H; and H; are not isomorphic.

Proof:
This follows from Corollary 5.14, Lemma 5.16, and Lemma 5.17. O

5.19 Remark.

The automata defining the groups Hg, H; and Hg are examples of so-called ‘reset
automata’. That is, they are contained in a class defined by a = (ay,a9,a3) and
b = (by,by,b3) where a; = b; for all . Using the notion of depth, it is proved in
[SS] that an infinite group defined by a reset automaton is (locally finite)-by-(infinite
cyclic). However, we feel the proof given here is more transparent, and it serves as
motivation for Section 5.4.

In the current section, we proved that the normal subgroup A is locally finite
by showing the elements of Z,, have finite depth. It then followed that Hg, H; and
Hg have infinite cyclic quotients. In Section 5.4, we define sets Z,, in an analogous
way for other groups H;, and prove that the elements of Z,, have polynomial level
growth. This can be regarded as a generalization of the idea of finite depth. Indeed,
an element of finite depth has polynomial level growth of degree 0. It then follows

that the groups H; under consideration have an infinite cyclic quotient.

5.20 Remark.

Let i € [6,8] and let H = H;. Let a = ab™! and A = ()" be the element and normal
subgroup of H, respectively, that are defined in Defintion 5.10. We might hope that
A is elementary 3-abelian and that H; is isomorphic to C5 Cy. This would be a
direct analogue of the case of two-state binary reset automata where it is known that
we have Cy 1 C, (see [GZ] for details). However, this is not the case for our two-state
ternary reset automata Hg, H; and Hg. For example, in the case of Hg (recall that
a = (b,b,a), that b = o (b, b, a), and hence o« = ab~" = 6?), one checks that [, @] # 1
so that A is not abelian. Furthermore, A does not have exponent 3; indeed, aa®a®
has order 9. We also note: that aa®a®” has order 27; that aa®a®” has order 81; and
that ca®a®” has order 243. It thus seems likely that A is not of finite exponent. All
that can be said at this time is that A is a locally finite 3-group.
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5.4 Infinite Cyclic Quotients

5.21 Remark.

Let ¢ € [1,17] and let H = H; with generators as defined in Definition 4.17. By
Proposition 5.5, H maps onto C3 x (3. Therefore, a-multiplicity and b-multiplicity
in H (see Definition 2.75) are well-defined modulo 3.

5.22 Lemma.
Let ¢ € {3,4,5,13,14,15,17} and let H = H; with generators a and b as defined in
Definition 4.17. Then ord(a) = ord(b) = oc.

Proof:

There exist o, € C3\{id}, 0, € C5\{0s} and a;, b; € {a, b} such that a = 0,(a1,as, as3)
and b = oy(by, by, bs). Let k = [{a; | a; = b}| and ¢ = |{b; | b; = b}|. Note that
¢ € {1,2} and k # ¢ modulo 3.

We show that b*" # 1 for all natural numbers n. Then b must have infinite
order by Lemma 5.2. We achieve this by proving that, in the expansion of 6" to
the n-th level, there exists a vertex of level n which is labelled by a word w of non-
zero b-multiplicity modulo 3. As the sum of the a and b multiplicities of w must be
congruent to 0 modulo 3, this implies that the a-multiplicity of w is not congruent
to the b-multiplicity of w modulo 3. In particular, b3 ¢ st(n + 1). The proof is by
induction on n.

Expand b to the first level. Observe that every vertex of level 1 is labelled by a
word of b-multiplicity £ modulo 3. This provides the base for the induction.

Expand %" to the n-th level. For induction, suppose there exists a vertex v of
level n which is labelled by a word w of b-multiplicity » Z 0 modulo 3. Note that w
must therefore have a-multiplicity —r modulo 3.

Expand b*" to the (n + 1)-th level. Then v is labelled by a 3-cycle. Recall from
Remark 5.1 that H is a subgroup of G. It follows that 6" stabilizes the n-th level
of T. Therefore, in the expansion of 3" to the (n + 1)-th level, the ancestors of v
are labelled by the identity. Let the words labelling the children of v be denoted wy,
wy and ws (in any order). As w has b-multiplicity » and a-multiplicity —r (modulo
3), the product wjwyws has b-multiplicity r¢ — rk modulo 3. Since r # 0 and k # /¢
modulo 3, the b-multiplicity of the product wywsws is non-zero modulo 3. Therefore,
in the expansion of " to the (n + 1)-th level, there exists a vertex of level n + 1
which is labelled by a word of non-zero b-multiplicity modulo 3.

We have proved that ord(b) = co. If o, = id, observe that k # 0, so that b" = 1
if and only if ¢ = 1. Therefore ord(a) = ord(b). For Hi3 and Hi7, we note that
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a® = (b3,0%,1%), so ord(a) = ord(b). For Hy, we repeat the above argument to show
that ord(a) = oo. O

5.23 Definition.
Let i € {3,4,5,13,14,15} and let H = H; with generators a and b as defined in
Definition 4.17. For every m € N, define subsets of H by

X = {z1.. x|z, 1 € {071}
Vo = {y1 Yy ym € {a,0}}
Ly = {a:y]a: € X,,and y € Ym}

5.24 Remark.

Let i € {3,4,5,13,14,15} and let H = H; with generators a and b as defined in
Definition 4.17. Expand a'b to the first level. Observe that two of the vertices of
the first level are labelled by 1 and that the third vertex is labelled by an element
of Z;. This implies that a~'b has constant level growth. Indeed, it has precisely one

3-cycle on every level of its portrait.

5.25 Lemma.
Let i € {3,4,5,13,14,15} and let H = H; with generators a and b as defined in
Definition 4.17. Let m € N. Then every element of Z,, has polynomial level growth

of degree m — 1.

Proof:

The proof is by induction on m. By Remark 5.24, a~'b has constant level growth. Its
inverse, b~'a, has the same growth function. As Z; = {1,a7'b,b~'a}, this provides
the base for the induction. Suppose that we have proved the following for every

element z,, of Z,,:
(i) z, has polynomial level growth of degree m — 1; and

(ii) in the expansion of z,, to the first level, two of the vertices of the first level are
labelled by elements of Z,,_; and the third vertex is labelled by an element of
Lm.-

Let z be an element of Z,,;. There exist x; € X1, y; € Y1 and 2z, € Z,, such that
z = r1Zpy1- In the expansions of z; and y; to the first level, each vertex is labelled
by an element of X; and Y; respectively. Note that Z; ;1 = {z1zjp1|z1 € Xy, 01 €

Y1,z € Z;}. Therefore, in the expansion of z to the first level, two of the vertices of
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the first level are labelled by elements of Z,, and the third vertex is labelled by an
element of Z,, 1.

Let &k € N. Note that in the expansion of z to the k-th level, one vertex of level k
is labelled by an element of Z,,, 1 and all other vertices of level k are labelled elements
of Z,,. It is worth remarking here that Z; is a subset of Z;; for all j. This avoids
possible confusion arising from the fact that some of the vertices of level k may be
labelled by elements of Z; where j < m. As Z,,4, is a finite set, there must exist
q¢,7 € N and ( € Z,,+1 such that ¢ is the only element of Z,,,; labelling a vertex
of level ¢ in the expansion of z to the ¢-th level, and ( is the only element of Z,, 1
labelling a vertex of level r in the expansion of { to the r-th level. We prove that
¢ has polynomial level growth of degree m. This proves that z has polynomial level
growth of degree m, as in the expansion of z to the ¢-th level, every vertex is labelled
by an element of polynomial level growth of degree m.

By the induction hypothesis, there exist C' > 0 and N € N such that every element
of Z,, has level growth function bounded above by Cn™"! for all n > N. Let £ be
the level growth function of (. Using the expansion of  to the r-th level, we see that
{(n) < l(n—7r)+3"Cn™ ! for all n > r+ N. The term 3"Cn™! is an upper bound for
the contributions of the 3" — 1 vertices of the r-th level which are labelled by elements
of Z,,. An induction on n proves that there exists D > 0 such that ¢(n) < Dn™ for
all sufficiently large n. O

5.26 Lemma.
Let ¢ € {3,5} and H = H; with generators a and b as defined in Definition 4.17.
Then ' has exponential level growth for all N € Z\{0}.

Proof:
As a” and o= have the same level growth function, it suffices to prove the lemma
for N > 0.

Let ¢ be the level growth function of a”. As o = (bV,a",a"), we see that
{(n+1) = 2(n) for all n > 0. By Lemma 5.22, b # 1. Therefore, there exists
k € Ny and a vertex v of level k such that v is labelled by a non-identity element of
Cs in the portrait of 6. Thus (k) > 0. Therefore, a”¥ has level growth of type at

least 2. That is, a’¥ has exponential level growth. O

5.27 Lemma.
Let F' be the free group of rank 2 with generators x and y. Let i € {14,15} and
let H = H; with generators a and b as defined in Definition 4.17. Let w(z,y) be a

positive word in F of length ¢. Then a* occurs in the expansion of w(a,b).
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Proof:

For each i the proof is by induction on ¢. If £ = 1 then w(z,y) € {x,y}, and so a
occurs in the expansion of w(a,b). This provides the base for the induction. Suppose
that the lemma holds true for every positive word of length ¢. Let w(z,y) be a positive
word of length ¢ + 1. There exists a positive word u(z,y) of length ¢ and a positive
word v(z,y) of length 1 such that w = uv. By induction, there exists k > 0 such that
a’ occurs in the expansion of u(a,b) level k. The only elements of Aut(T) that can
occur in the expansion of v(a,b) are a and b. Therefore, in the expansion of w(a, b)

l+1

to level k, at least one of a‘™! and a’b occurs.

(i) If i = 14 then a = (b,b,a) and b = o(a,a,b). We calculate that a‘b =

U(a£+1’ béa, b€+1);

(ii) if i = 15 then a = (b,b,a) and b = o(a,b,a). We calculate that a‘b =

o (a1, b4 bla).

5.28 Lemma.
Let F' be the free group of rank 2 with generators z and y. Let i € {4,13} and
let H = H; with generators ¢ and b as defined in Definition 4.17. Let w(z,y) be a

positive word in F of even length 2¢. Then (ab)’ occurs in the expansion of w(a, b).

Proof:

For each 4 the proof is by induction on ¢. Note that if ¢ = 1 then w € {22, zy, yz, y*}.
We prove the base case £ = 1 in (i) and (ii) below. Suppose that the lemma holds
true for every positive word of length 2¢. Let w(x,y) be a positive word of length
2(¢ +1). There exists a positive word u(x,y) of length 2¢ and a positive word v(z, y)
of length 2 such that w = wv. By induction, there exists k > 0 such that (ab)‘ occurs
in the expansion of u(a,b) level k. The only elements of Aut(7T") that can occur in
the expansion of v(a,b) are a?, ab, ba, and b%. Therefore, in the expansion of w(a,b)

to level k, at least one of (ab)‘a?, (ab)‘ab, (ab)‘ba, and (ab)*b? occurs.

(i) If i = 4 then a = o(b,a,a) and b = o*(a,b,b). We see that a* = o*(ab, ba, a?),
that ba = (b%,a?, ba), and that b* = o(ba,b?, ab). Thus ab occurs in the expan-
sions of a? and b%. As a? occurs in the expansion of ba, and ab occurs in the
expansion of a2, it follows that ab occurs in the expansion of ba. This provides

the base for the induction.

Observe that ab = (a2, ab,b?) and (ab)’ = (a*, (ab)t, b*). We calculate that

(ab)a® = o*((ab)™™, b*ta, a®?), that (ab)'ba = (a*ba, (ab)a?® b*a), and
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that (ab)‘b* = o (b**a, a®b?, (ab)*™*). Thus (ab)** occurs in the expansions
of (ab)’a® and (ab)'b®. As (ab)‘a® occurs in the expansion of (ab)‘ba, it follows

that (ab)“*! occurs in the expansion of (ab)‘ba;

(i) if i = 13 then a = o(b,b,b) and b = 0?(a,b,b). We see that a® = o2(b? 12, b?),
that ba = (b2, ab,b?), and that v* = o(ba, b*,ab). Thus ab occurs in the expan-
sions of ba and b?. As b? occurs in the expansion of a?, it follows that ab occurs

in the expansion of a?. This provides the base for the induction.

Observe that ab = (ba,b? b?) and (ab)’ = ((ba)*, b*,b*). We calculate that
(ab)fa® = o2 (b2, b*F2 (ba)‘b?), that (ab)‘ba = ((ba)'b?,b* ab, b*2), and that
(ab)’b? = o(b**a, (ba)b? b**ab). Thus (ba)’b? occurs in the expansions of
(ab)ta?, (ab)‘ba, and (ab)‘b®. It therefore suffices to show that (ab)**! occurs in
the expansion of (ba)‘b®. We calculate that (ba)‘b* = o (b*a, b**2, (ab)*).

0

5.29 Lemma.

Let F' be the free group of rank 2 with generators x and y. Let i € {4,13,14, 15} and
let H = H; with generators a and b as defined in Definition 4.17. If w(x,y) is any
positive word in F' then w(a,b) # 1.

Proof:

If © € {14,15} then this follows from Lemmas 5.22 and 5.27. If i € {4,13} then ab
stabilizes the first level and b? occurs in the expansion of ab to the first level. As b?
has infinite order by Lemma 5.22, it follows that ab has infinite order. If w has even
length then the result follows by Lemma 5.28. If w has odd length 2/ + 1 then it
follows from Lemma 5.28 that at least one of (ab)‘a and (ab)’b occurs in the expansion
of w. Now (ab)* acts as the identity at the root. Therefore, both (ab)‘a and (ab)’b do
not stabilize the first level. It follows that w(a,b) # 1. O

5.30 Lemma.
Let i € {4,13,14,15} and let H = H; with generators a and b as in Definition 4.17.

Let N be any natural number. Then b" does not have polynomial growth.

Proof:
Let W denote the set of positive words of length N in F. Let S denote the subset
{w(a,b) | w(z,y) € W} of H. Note that S is closed under expansion. Denote the
cardinality of S by M. Fix a natural number %k such that 3¥ > M.

Choose an element s; of S. In the expansion of s; to level k, every vertex is

labelled by an element of S. As the number of vertices of level k£ in T is strictly
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greater than the cardinality of S, there must exist an element sy of S which occurs at
least twice in the expansion of s; to level k. We repeat this argument for s,, showing
that there exists an element s3 of S which occurs at least twice in the expansion of
s9 to level k. Continuing in this manner, we must eventually find a positive multiple
rk of k and an element s; of S such that s; occurs at least twice in the expansion of
s; to level rk.

We show that s; does not have polynomial level growth. Let ¢ denote the level
growth function of s;. As s; occurs twice in its own expansion to level 7k, we must
have that ¢(n) > 2¢(n — rk) for all n > rk. In order to show that s; does not
have polynomial level growth, it suffices to show that there exists n € Ny such that
¢(n) > 1. That is, we have to show that s; # 1. This follows from Lemma 5.29.

By Lemma 5.25, b~"s; has polynomial level growth. If b has polynomial level
growth then so does b (b™"s;) = s;. But we have shown that s; does not have

polynomial level growth. Therefore, b does not have polynomial level growth.  [J

5.31 Theorem.
Let ¢ € {3,4,5,13,14,15} and let H = H; with generators a and b as in Definition
4.17. Then H maps onto C,.

Proof:
Let o = a='b and let A be the normal closure of (a) in H.

Suppose i € {3,5}. We show that a has infinite order modulo A. As H = (a, a),
it follows that A = (aak | k € Z). Let N € N. For a contradiction, suppose that
a” € A. Then a” can be expressed as a word on the set {a“k | k € Z}. Conjugating
by a sufficiently large power of a, we express a as a word on the set {a® | k € Ny}.
By Lemma 5.25, the elements of {a?" | k € Ny} have polynomial level growth. By
Lemma 5.26, o™ has exponential level growth. It follows from Lemma 2.73 that a' is
not an element of the subgroup of H generated by {ozak | k € No}. This contradicts
the fact that o’ may be expressed as a word on the set {a® | k € Ng}. Therefore,
aV ¢ A.

Suppose i € {4,13,14,15}. We show that b has infinite order modulo A. This
suffices to prove the result. As H = (o, b), it follows that A = (o | k € Z). Let
N € N. For a contradiction, suppose that b¥ € A. Then b" can be expressed as a
word on the set {abk | k € Z}. Conjugating by a sufficiently large power of b, we
express bY as a word on the set {ozbk | k € No}. By Lemma 5.25, the elements of
{a¥ | k € Ny} have polynomial level growth. It follows that bY has polynomial level
growth. This contradicts Lemma 5.30. Therefore b ¢ A as required. O
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5.32 Corollary.
If i € {3,4,5,13,14,15}. then H; does not have the congruence subgroup property.

Proof:
This follows from Lemma 4.40 and Theorem 5.31. O

5.33 Remark.
Recall from the proof of Lemma 5.6 that the generators a = o(b,a,a) and b =
02(a,b,b) of Hy satifsfy the relation a=2b*> = b~'a. This implies that a®> = b* modulo
[Hy, Hy). Tt follows from Proposition 5.5 and Theorem 5.31 that the abelianization of
H,is C3 x C.

9.9 Hl, Hz, H12 and H16

Let ¢ € {1,2,12,16} and j € [1,17]\{1,2,12,16,17}. In this section, we prove that
H; is a quotient of U3 * Cs, while the abelianization of H; is not of exponent 3. In
particular, H; and H; are not isomorphic. It is not known if Hy, Hy, Hia, His and

H,; are pairwise non-isomorphic.

5.34 Lemma.
Let ¢ € {1,2,12,16} and let H = H; with generators a and b as in Definition 4.17.
Then ord(a) = ord(b) = 3. Thus H; is a quotient of C5 x Cs.

Proof:

This is a calculation for each 7. As an example, let i = 12. We calculate that
a® = (b, 0%,b%) and b® = (a3,03,0%). Therefore, a®> = b3 = 1. O
5.35 Lemma.

Let i € {1,2,12,16}. Then the abelianisation of H; is isomorphic to C3 x Cj.

Proof:
This follows from Proposition 5.5 and Lemma 5.34. O

5.36 Theorem.
Let j € [3,8] U [13,15]. Then H; has infinite abelianization.

Proof:
This follows from Corollary 5.14 and Theorem 5.31. O

5.37 Lemma.
Let j € [9,11]. Then H** maps onto Cs x Cy.
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Proof:

We calculate the action of the generators of H; on the vertices of level 4. This
gives generators for a subgroup of Sym(81) which is isomorphic to H;/st(4). The
computer code to calculate the abelianization of this permutation group is contained
in Appendix B.2. The abelianization of H,/st(4) is isomorphic to C3 x Cy. O

5.38 Corollary.
Ifi e {1,2,12,16} and j € [1,17]\{1,2,12,16, 17} then H; and H; are not isomorphic.

Proof:
This follows from Lemma 5.35, Theorem 5.36 and Lemma 5.37. O

5.39 Proposition.
Let ¢ € {1,2} and let H = H; with generators a and b as in Definition 4.17. Then
there exists a normal subgroup G; of index 3 in H; such that G, is defined by a

windmill automaton.

Proof:
Let ¢ = ba~' and let G = (c)". We show that G is defined by a windmill automaton
and that G has index 3 in H.

If i =1 then a = (b,a,a) and b = o(b,b,b). We calculate that ¢ = o(1, ¢, c), that
& = o(cb,1,c), that &= a(ch,cbz, 1), and that e = id(ccbch,ccbch,l) = 1.
As H = (b,c) and b has order 3 it follows that G = (c,c?). Let d = ¢*. Then
d = o(d,1,d). Therefore, {1,c,d} is the set of states of a windmill automaton. It
remains to show that G has index 3 in H. The index is at most 3 because ord(b) = 3.
Observe that ¢ and d have level growth function 2.2", and that b has level growth
function 2.3". It follows from Lemma 2.73 that b is not in G.

If i =2 then a = (b,b,a) and b = o(b, b, b). We calculate that ¢ = o(1, 1, ¢), that
& =o(cb 1,1), that e o(1, ” 1), and that ¢c®@® = id(1,ec®® 1) = 1. As before,
it follows that G = (c,®). Let d = ¢*. Then d = o(d, 1,1). Therefore, {1,c,d} is the
set of states of a windmill automaton. It remains to show that G has index 3 in H.
The index is at most 3 because ord(b) = 3. Observe that ¢ and d have constant level
growth, and that b has exponential level growth. It follows from Lemma 2.73 that b
is not in G. O

We refer the reader to the comments after Remark 4.22 where we stated, but did
not prove, Proposition 5.39. Note that ¢™' = ab™!, ¢ = a~'b, and that ¢ = b~ la.
Therefore, (¢} = (1,a"'b, b~ a, ab™*, ba™1).
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5.40 Remark.

Consider the subgroup Gy = (¢ of H, defined in Proposition 5.39. Observe that
it is generated by the elements ¢ = o(c?,1,1) and & = (1, ", 1). Therefore, Gy is
equal to the group G of Theorem 4.43. If follows from Lemma 4.40 that Hy does not

have the congruence subgroup property.

5.6 Hg, Hg, Hl(), Hll and H14

Let ¢ € [9,11] and j € {3,14}. In this section, we prove that H; is a quotient of
C3 x Cw and that H; is not a quotient of Cs ¥ C. In particular, H; and H; are not
isomorphic. It is not known if Hg, Hqy, and Hy; are pairwise non-isomorphic, nor is

it not known if H3 and Hy4 are isomorphic.

5.41 Lemma.
If i € [9,11] then H; is a quotient of C3 % C..

Proof:

Let H = H; with generators a and b as in Definition 4.17. Let 3 = ab™!. As
H = {(a, 3), it suffices to show that 3% = 1. We calculate the expansion of 3 to the
first level for each ¢:

if i =9 then 8 =o0(3,374,1);

if i =10 then 3 = o(571, 1, 3); and

if i =11 then 3 = o(1,3,571).

In each case, 3* =id(1,1,1) = 1 as required. O

5.42 Lemma.
Let j € {3,14}. Then H; is not a quotient of C5 * C.

Proof:
Suppose that H; is a quotient of C5 * C,. Then H;/st(5) is a quotient of C5 * C,
and so (H;/st(5))/Py is a quotient of (C * Cs)/Py. We show that this is not the
case. As H;/st(5) is a finite group and Cs*Cy is a finitely presented group, there are
terminating algorithms to calculate the lower p-central factors of these groups. The
calculations are done using the Magma computer package. The details may be found
in Appendix B.2. We summarise the proof below.

Let H = H; with generators a and b as in Definition 4.17. We calculate the actions
of a and b on the vertices of level 5 in T'. To save labour, this is done using the GAP

computer package. We then have two generators for a subgroup of Sym(243) that is
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isomorphic to H;/st(5). We calculate presentations for the groups (H;/st(5))/Ps and
(C3 % Cy)/Py. From these presentations, we calculate that (C * Cw)/Py has order
2187, that (H;/st(5)) /Py has order 729, and that (C3 % Cs)/ Py has thirteen normal
subgroups of order 3. For each such normal subgroup N, we check that the quotient
of (C3* Cs)/Ps by N is not isomorphic to (H;/st(5))/Ps. O

5.43 Theorem.
Let i € [9,11] and j € {3,14}. Then H; and H; are not isomorphic.

Proof:
This follows from Lemmas 5.41 and 5.42. OJ

5.7 Other Results and Conjectures

Recall from Remark 5.4 that the groups Hi, ..., Hi7 are not abelian. In this section,
we prove that Hy,..., H;; are not free, and that they contain elements of infinite
order. We go on to define the notion of ‘two-state duality’ for two-state automata,
and conjecture that some of the groups H, ..., Hi7 are isomorphic to their two-state

duals.

5.44 Theorem.

For all ¢ € [1,17] there exists an element of infinite order in H;.

Proof:
For i € [6,8] this follows from Corollary 5.14; for ¢ € [1,17]\[6, 11] it follows from
Lemma 5.16; for ¢ € [9,11] it follows from Lemma 5.17. O

5.45 Theorem.
The groups Hy, ..., H;7 are not free.

Proof:
Let H = H; with generators a and b as in Definition 4.17. We prove the result by
finding a non-trivial relation in @ and b. For a contradiction, suppose that H is free.
As H is a two-generator group, the existence of a non-trivial relation in a and b
implies that H must have rank stricly less than 2. That is, H must be cyclic. Recall
from Remark 5.4 that H is not abelian. This is a contradiction. Therefore, if there
exists a non-trivial relation in @ and b then H is not free.

Ifi € {1,2,12, 16} then we have the relation a® = 1 (see Lemma 5.34). If i = 4 then
we have the relation a=2b? = b~'a (see the proof of Lemma 5.6). If i € [6,11] then we
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have the relation (ab*1)3 = 1. This is readily checked for each group. For example, if
i =11 then a = (132)(b,b,a) and b = (123)(a, b,b), and so ab~' = (123)(1,ab™", ba™")
and (ab™1)® =id(1,1,1) = 1.

For the other groups, we employ the following method in order to find a non-
trivial relation in a and b. First, we calculate a generating set for sty (1) by using
the Schreier method (details of a calculation using the Schreier method are given
in the proof of Theorem 4.38, and we omit them here). As sty(1) is a subgroup
of index 3 in the two-generator group H, the Schreier method yields a set of four
generators for sty (1). Using these generators, we search for words wy, wq, and ws
on {a,b} that act trivially on the subtrees T,,, T,,, and T,, respectively. The triple
commutator [wy,ws,ws] must therefore act trivially on the entire tree T. It then
remains to check that [wy, ws, ws] is a non-trivial relation. We present all the details
for Hs, and summarise for the other groups.

If i = 3 then a = (b,a,a) and b = (123)(a,b,b). Observe that sty(1) is equal
to (a,b%)”, and that a set of coset representatives for stz (1) in H is {1,b,b*}. The
Schreier method yields that sty (1) = (a,a’,a® ', b*). We give the expansions of the

generators of sty (1) to the first level:

(b,a,a)
(a,b,b”tab)
@ = (bab~ ', bab~",aba)
(b%a, bab, ab?)
It follows that a_zb%_b acts trivially on T, , that a%a® " a’a~" acts trivially on T},,,
and that a~'0®a"'a" '@ acts trivially on 7,,. For completeness, we calculate their

expansions to the first level:

a?b*a™® = (1,a %ba,a 'ba"'b)
aba® abat = (ababtab ', 1,b"'a" baba b aba ")
o WPa'a® 'a = (ba”',a 'baba ba" b 'a, 1)

It follows that [a*2b3a*b,a*bab%aba*1, abPa a2 a] = 1. We check that this is
a non-trivial relation (the use of a computer is recommended, though not strictly
essential).

For the remaining groups, we list words wy, wy, and w3 on {a, b} that act trivially
on the subtrees T,,, T,,, and T,, respectively. It follows that [wy, we, ws] is a relation
in H;. It remains to check that [w;,wsy, ws] is a non-trivial relation. We leave the

details to the reader.
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7 w1 (105 w3

50 ot a.b] a, )"

13 [a,b]° [a, ] [a,b]

14 | aba® 'aba | aWPata? a | a2Pa?

15 Ja,b)” [a,b] [a, b]°

17 [a®, b]" [a®, b]*’ [a®, 0]

]

5.46 Definition.
Let A be a two-state d-ary automaton with generators a = o,(aq,...,aq) and b =
op(b1,...,by) where o,,0, € Sym(d) and a;,b; € {a,b}. Define the two-state dual
of A to be the two-state d-ary automaton with generators a = o4(by,...,bs) and

b= 0b<a1, ce ,ad).

Two-state duality may be a good place to look for isomorphisms between two-
state automata. For example, recall that Hy = (a = (123)(b, a,a),b = (132)(a, b,b)).
The two-state dual of Hy is (a = (123)(a,b,b),b = (132)(b,a,a)). Conjugating the
generators by (132) (that is, relabelling the tree), we obtain (a = (123)(b,b,a),b =
(132)(a, a,b)). It is shown in Lemma 4.19 that this group is isomorphic to Hy. There-

fore, H, is isomorphic to its two-state dual.

5.47 Remark.

Let F' be the free group on two generators x and y. Observe that the subgroup of F1C3
generated by a := (123)(y, z, ) and b := (132)(z, y, y) maps epimorphically onto H,.
Similarly, the subgroup of F1C5 generated by a := (123)(z,y,y) and b := (132)(y, x, x)
maps epimorphically onto the two-state dual of Hy. The two subgroups of F! C3 so
defined are naturally isomorphic. It is this argument that leads us to believe that

other two-state automaton groups may be isomorphic to their two-state duals.

As a word of caution, we give a simple example demonstrating that two-state au-
tomaton groups are not always isomorphic to their two-state duals. Recall from the
tables in Section 4.5 that the automaton group (a = (a,a,a),b = (123)(b,b,b)) is iso-
morphic to Cs, while its two-state dual {(a = (b, b,b),b = (123)(a, a, a)) is isomorphic
to C3 x Cs.
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Are Hg and H; Isomorphic?

The two-state dual of Hg has generators a = (a, a,b) and b = (123)(a, a,b). Swapping
the labels a and b, we obtain a = (123)(b,b,a) and b = (b,b,a). These are the
generators of H; given in Definition 4.17. Thus, the two-state dual of Hg is equal to
H.

5.48 Conjecture.
Let Hg = (a = (b,b,a),b = (123)(b,b,a)) and H; = (¢ = (¢,¢,d),d = (123)(c, ¢, d)).
Let ¢ : Hg — Hy be the map defined by ¢(w(a,b)) = w(c,d) for all w(z,y) € F. We

conjecture that ¢ is an isomorphism.

One possible attack on this conjecture is to prove that the given map induces an
isomorphism ¢,, : Hg/st(n) — Hy/st(n) for all n € N. This suffices to prove the
conjecture. Indeed, if ¢ is not an isomorphism then there exists a word w(z,y) such

that at least one of the following holds true:
(i) w(a,b) =1 and w(c,d) # 1;
(ii) w(a,b) # 1 and w(c,d) = 1.

If w(c,d) # 1 then there exists n € N such that w(ec,d) ¢ st(n). If in addition
w(a,b) = 1 then the map ¢, : Hg/st(n) — H7/st(n) is not well-defined. Similarly,
if w(a,b) # 1 and w(c,d) = 1 then there exists n € N such that the map ¢, :
Hg/st(n) — Hy/st(n) has a non-trivial kernel.

5.49 Definition.
Let x be an automorphism of T" and let n be a level of T. Define the slice of x at

level n, denoted z,,, to be the tree automorphism with the following portrait:
(i) if v is a vertex of level n then x,(v) = z(v);
(i) if v is a vertex not of level n then z,(v) = id.

Observe that ag = ¢y = 1, and that a, = b, and ¢, = d, for all n € N. Let
B, = (by,...,b,) and D,, = (dy ...d,). To prove that ¢, is an isomorphism it would
suffice to show that the map ¥, : B, — D,, induced by b; — d; is an isomorphism.
Indeed, one observes that a = b1bs . .. b, modulo st(n+ 1), that b = byb; ... b, modulo
st(n + 1), that ¢ = dydy . ..d, modulo st(n + 1), and that d = dyd, .. .d, modulo
st(n + 1). It is quickly proved that ¥y and ¥; are isomorphisms.
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To prove that v, is an isomorphism, we assume that 9,,_; is an isomorphism and
use the fact that B, = (bn>B”*1 X B,,_1 and D,, = (dn)D"*1 X D,,_1. We observe
that the centralizer of b, in B, is B,_s, and that the centralizer of d,, in D,, is D,,_».
Therefore, (b,)""* = (b,)""2 and (d,)""" = (d,)" .

Observe that (b,)"" 2 and (d,)”"* are, by construction, elementary abelian 3-
groups. Thus, there exists a subset S, o of B, _s such that {b° | s € S, o} freely

Br-2 a5 an elementary abelian 3-group. If we can prove that there exists

generates (by,)
such a subset S,,_ with the property that {dﬁ“—2(s) | s € Sn_g} is a free generating
set for (d,)”"~* then 9, will be proved to be an isomorphism. This follows from

>Bn72

simply writing down presentations for the semi-direct products (b, x B,_1 and

(d,)""? % D,_.

5.50 Remark.

A similar argument on slices might prove that Hg and Hg are isomorphic. The
isomorphism would send the element a='b = ¢ of Hg to the element a='b = & of Hy,
and the element b of Hg to the element a of Hg.

Other Two-State Duals

Observe that the two-state dual of Hj is isomorphic to Hy4 (conjugate the generators
of Hy4 by (123) to obtain the generators of the two-state dual of Hj), and that the
two-state dual of Hj is isomorphic to Hys (invert the generators of Hjs and then
conjugate by (123) to obtain the generators of the two-state dual of Hj),

We conjecture that the map from Hjs to Hy, sending a to a and b to b is an

Land b to b~! is an

isomorphism, and that the map from Hj to Hys sending a to a~
isomorphism.

Recall from Definition 4.17 that Hy = (a = (b,b,a),b = (123)(b,b,b)). The two-
state dual of Hy is (¢ = (¢, ¢,d),d = (123)(c, ¢, ¢)), and it is isomorphic to His. We
remark that the map induced a +— ¢ and b — d is not an isomorphism. Indeed, we
have found a word w(z,y) such that w(a,b) = 1 and w(c,d) # 1. We explain briefly
how the word was found.

Recall from Remark 5.47 that there is a two-generator subgroup of F'{ C3 that
maps onto both H, and its two-state dual, the epimorphisms mapping generators to
generators. Similarly, there is a two-generator subgroup J of F'{ C3 that maps onto
both H, and its two-state dual, the epimorphisms mapping generators to generators.
Any relation in J is necessarily a relation in both Hy and its two-state dual. In order

to find the word w(x,y), we searched for a relation in Hy that is not a relation in J.
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We found such a relation by using a triple commutator as in the proof of Theorem
5.45. Define elements of F' as follows:

t o= g¥ gt

u = vV gy
v o= aa VY

w = [t,u,v]

Then w(a,b) =1 and w(c,d) # 1. Indeed, w(c, d) does not stabilize the fifth level of

T. This leads us to conjecture that Hs is not isomorphic to its two-state dual.

What is the Locally Finite 3-Group?

It is shown in Corollary 5.14 that Hg, H; and Hg are (locally finite)-by-(infinite
cyclic). As mentioned in Remark 5.20, the locally finite bit is a non-abelian 3-group
that we suspect has infinite exponent. In the binary case, it is known that we obtain
(51 Cy so that the locally finite bit is elementary 2-abelian. An interesting research
problem is to attempt to find a nice description of our locally finite 3-groups, and
thus a nice description of Hg, H; and Hg. It may turn out that it is the same locally
finite 3-group in each case, and this may in turn show that Hg and H; (and perhaps

Hg) are isomorphic.

5.8 Summary of the Classification So Far

In this brief section, we summarise the work of this chapter towards providing a
complete list, up to group isomorphism, of the non-abelian (2, 3)-automaton groups
with Cs-action at the root.

There are at most seventeen non-isomorphic groups, labelled Hy,..., Hi7. It is
known that the following subsets of {Hj,..., Hi;} are disjoint, in the sense that
groups in different sets are not isomorphic:

{H.};

{Hs, H7, Hg};

{Hy, Hy, Hyp, Hig};

{Hs, Hy4}; and

{Hyg, Hyo, Hy1}.

Little is known about Hs, Hy3, H;5 and Hy;. However, it is known that they are
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distinct from Hy, Hg, H;, Hg and, except in the case of Hi7, that they are distinct
from Hy, Hy, Hi5, Hig.

When calculating the two-state dual of H;, it is often necessary to relabel the
states {a, b} and renumber the alphabet {1,2,3} in order to find the H; to which H,
is dual. We perform this tedious task without comment, and provide a list of the
two-state duals:

H, and Hy¢ are dual;

H5 and Hys are dual;

Hs and Hy4 are dual;

H, is self-dual,;

Hs and Hi5 are dual;

Hg and H; are dual;

Hy is self-dual;

Hy and Hyy are dual; and

Hi; is self-dual.

At first glance, it appears that H;3 and H;; are not dual to any H;. However, it
follows from Lemma 4.18 that:

H,3 is dual to a group isomorphic to Hs; and

H,7 is dual to a group isomorphic to H;.

It is felt that duality is a promising place to look for possible isomorphisms, partic-
ularly in the case of Hg and H7, as mentioned in Section 5.7. A look at our partial
classification will confirm that the only known case of H; and its dual not being iso-
morphic is: Hi3 is not isomorphic to Hy. However, this is an artificial case as Hi3 is
not the ‘natural’ dual of Hs, rather the dual of a group that happens to be isomorphic
to Hs.
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Appendix A

Calculation of the Tables

A.1 Class Symmetries

We list the symmetries of each Class in Definition 4.8:

Class 1 is closed under swapping labels. Class 1 is closed under conjugation by any
given permutation in Sym(3);

Class 2 is closed under conjugation by (23);

Class 3 is closed under conjugation by (12);

Class 4 is closed under swapping labels and under conjugation by (23);
Class 5 is closed under swapping labels followed by conjugation by (12);
Class 6 is closed under conjugation by any given permutation in Sym(3);
Class 7 is closed under conjugation by (12);

Class 8 has no symmetries;

Class 9 is closed under conjugation by (23);

Class 10 is closed under swapping labels and under conjugation by (12);
Class 11 is closed under swapping labels followed by conjugation by (23);
Class 12 is closed under conjugation by (12);

Class 13 is closed under swapping labels. Class 13 is closed under conjugation by any

given permutation in Sym(3).

A.2 Calculations for C-Action

We provide the calculation of the tables in Section 4.4.
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Class 1

Class 1 is defined by a = (a,a,a) and b = (b,b,b). Therefore, a = 7, and b = 7. It

follows that (a,b) is isomorphic to (o,, o), a subgroup of Sym(3).

Class 2

Class 2 is defined by a = (b,a,a) and b = (b,b,b). The columns indexed by (12) and
(13) are identical because Class 2 is closed under conjugation by (23).

(i) Let a = (12)(b,a,a) and b = (b,b,b). Then b = 1 and a = (12)(1,a,a). Hence

a’* = (a,a,a*) and we see that a has infinite order by Lemma 2.50. Thus

(a,b) = Cy.

(ii) Let a = (23)(b,a,a) and b = (b,b,b). Then b = 1 and a = (23)(1,a,a). Hence
a’* = (1,a*,a*) = 1. Thus {(a,b) = Cs.

(iii) Let a = (b,a,a) and b = (12)(b,b,b). We see that b* = (b b b?) = 1, that
a? = (V*,a% a®) = 1, and that ab = (12)(ab,b*, ab) = (12)(ab, 1,ab). Hence
(ab)* = (ab,ab, (ab)?), and ab has infinite order by Lemma 2.50. Therefore,
{

(iv) Let a = (b,a,a) and b = (23)(b,b,b). We see that b*> = (b2, 0?,b*) = 1, that
a’ = (b, a?,a*) = 1, that ab = (23)(b%, ab, ab) = (23)(1, ab, ab), and that (ab)* =
1, (ab)?, (ab)?) = 1. Consideration modulo st(2) shows that 1, a, b, and ab are

distinct tree automorphisms. Thus (a,b) = Cy x Cs.

Class 3

Class 3 is defined by a = (b,b,a) and b = (b, b, b). The columns indexed by (13) and

(23) are identical because Class 3 is closed under conjugation by (12).

(i) Let a = (12)(b,b,a) and b = (b,b,b). Then b =1 and a® = (1,1,a*) = 1. Thus
(a,b) = 02.

(ii) Let a = (13)(b,b,a) and b = (b,b,b). Then b =1 and a* = (a, 1,a). By Lemma
2.50, a has infinite order. Thus (a,b) = C.

(iii) Let a = (b,b,a) and b = (12)(b,b,b). We see that b* = (b, 0% b*) = 1, that
a’? = (V*,b% a®) = 1, that ab = (12)(1,1,ab), and that (ab)? = (1,1, (ab)?) =
1. Consideration modulo st(2) shows that 1, a, b, and ab are distinct tree

automorphisms. Thus (a,b) = Cy x Cs.
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(iv) Let a = (b,b,a) and b = (13)(b,b,b). Then bv* = (b*,*b*) = 1 and a* =
(b%,b%,a%) = 1. Now, ab = (13)(ab,b?,b?) = (13)(ab, 1,1) and (ab)? = (ab, 1, ab),
so ab has infinite order by Lemma 2.50. Thus (a,b) = D...

Class 4

Class 4 is defined by a = (b,a,a) and b = (a,b,b). The two rows of the table are
identical because Class 4 is closed under swapping labels. The columns indexed by

(12) and (13) are identical because Class 4 is closed under conjugation by (23).

(i) If a = (12)(b,a,a) and b = (a, b, b) then (a, b) is isomorphic to C51Cy by Lemma
4.16 and Remark 4.14.

(ii) Let a = (23)(b,a,a) and b = (a,b,b). Then a? = (b?, a?, a®) and b = (a?, b%,b?)
so a? = b* = 1. Also, ab = (23)(ba, ab,ab) and (ab)* = ((ba)?, (ab)?, (ab)?). As
ba is a conjugate of ab, we see that (ab)? = 1 by Theorem 2.54. Consideration

modulo st(2) shows that 1, a, b, and ab are distinct tree automorphisms. Thus
(a,b) = 02 X CQ.

Class 5

Class 5 is defined by a = (b,a,a) and b = (b,a,b). Class 5 is closed under swapping

labels followed by conjugation by (12). Therefore, we have the isomorphisms:

(a = (12)(b,a,a),b = (b,a,b)) = (a=(b,a,a),b=(12)(b,a,d));
(a = (13)(b,a,a),b= (b,a,b)) = (a=(ba,a),b=(23)(b,a,b)); and
(a =(23)(b,a,a),b= (b,a,b)) = (a=(ba,a),b=(13)(b,a,b)).

(i) Let a = (12)(b,a,a) and b = (b, a,b). Then =12 = (12)(b_(ﬁ),a_(ﬁ),a_(1 ))
and b~(12 = (a_(ﬁ),b_(ﬁ),b_(ﬁ)). Let ¢ = a™ and d = b1, Then ¢ =
(12)(d,c,c) and d = (¢,d,d). We have shown (a,b) = (¢, d), and we know that
(c,d) = Cy1 Cyx by Lemma 4.16 and Remark 4.14.

(ii) Let a = (13)(b,a,a) and b = (b,a,b). Then [a,b] = (1,1,[a,b]) = 1, so (a,b) is
abelian. We aim to prove it is free abelian of rank 2. Suppose there exists a
relation a™ = b™ with m # 0. Choose the relation with m positive of minimal
size. Because of the action at the root, m must be even. Let | = m/2 and
observe that a™ = ((ab)!, a™, (ba)!) = (a'b!,a™, a'b') and that b* = (b",a", b").

Comparing the actions on T,,, we see that a! = b"~!. This contradicts the
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minimality of m. In particular, a™ # 1 for all m > 0, and so ord(a) = co. As

b" = (b, a™, b"), we see that ord(b) = ord(a).

(iii) Let a = (23)(b,a,a) and b = (b,a,b). Then a* = (b*,a? a*) and b* = (b?, a?, b?)
soa? = b* = 1. Also, ab = (23)(b?,a?, ab) = (23)(1,1,ab) and (ab)* = (1, ab, ab),
so ab has infinite order by Lemma 2.50. Thus (a,b) = D...

Class 6

Class 6 is defined by a = (b,b,b) and b = (b, b,b). All three columns of the table are

identical because Class 6 is closed under conjugation by (123).
(i) If a = (12)(b,b,b) and b= (b, b, b) then b =1 and a = (12) is an involution.

(ii) If @ = (b,b,b) and b = (12)(b, b, b) then a® = b* = (ab)* = 1. We see that 1, a, b

and ab are all distinct by comparing them modulo st(2).

Class 7

Class 7 is defined by a = (b,b,a) and b = (b,b,a). The columns indexed by (13) and

(23) are identical because Class 7 is closed under conjugation by (12).

(i) Let a = (12)(b,b,a) and b = (b,b,a). Then a* = (b*,b*,a*) = b* = 1 and
ab = (12). We see that 1, a, b and ab are all distinct by comparing them
modulo st(2).

(ii) If a = (b,b,a) and b = (12)(b,b,a) then a? = b* = (ab)> = 1. We see that 1, a,

b and ab are all distinct by comparing them modulo st(2).

(iii) Leta—( 3)(b b, ) ndb— (b,b,a). Then a=(12) = (12) (=129, ¢~(123) p=(129))
and b~( ( -(123) p- (ﬁ))‘ By Lemma 4.16 and Remark 4.14, we
have that (a, by is 1somorphlc to Cy 1 Cwe.

(iv) Let a = (b,b,a) and b = (13)(b,b,a). Swap the labels so that a = (13)(a, a,b)
and b = (CL a b) Then ai (23) = (12) (bf(@) a*(@) a*(@) and b,(@
(a™ (132) p=(132) ;- 132)) By Lemma 4.16 and Remark 4.14, we have that (a,b)

is isomorphic to (5! C.
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Class 8
Class 8 is defined by a = (b,b,a) and b = (a, b, b).

(i) Let a = (12)(b,b,a) and b = (a,b,b). Then a* = b* = 1 and ab = (12)(ba, 1, ab).
As ab and ba are conjugates, and (ab)? = (ba, ba, (ab)?), it follows by Lemma
2.50 that ord(ab) = oo. Thus (a,b) = D.

(ii) Let a = (13)(b,b,a) and b = ( b,b). Then a~(% = (13)(b=1) p~13) q=(19)
and b~ = (b=(9) p=(13) =13
defined by the generators a = (
dealt with in Class 7.

) Therefore, (a,b) is isomorphic to the group
3)(b,b,a) and b = (b,b,a). This group has been

(iii) Let a = (23)(b,b,a) and b = (a,b,b). Then [a,b] = ([b,a],1,[a,b]) is equal to 1
by Theorem 2.54. Suppose there exists a relation a™ = b" with m # 0. Choose
the relation with m positive of minimal size. Because of the action at the
root, m must be even. Let [ = m/2 and observe that a™ = (b™, (ab)!, (ba)!) =
(b™, a'bl, a'b') and that b" = (a™,b",b"). Comparing the actions on T,,, we see
that a' = b"~!. This contradicts the minimality of m. In particular, a™ # 1 for
all m > 0 so ord(a) = co. As b" = (a”,b",b"), we see that ord(b) = ord(a).
Thus (a,b) = Cy X Cx.

(iv) Let a = (b,b,a) and b = (12)(a,b,b). Then [a,b] = ([b,qa],1, [a, ]) = 1 and
ab® = (b%a,bab, ab®) = (ab?, ab? ab?*) = 1. Also, a® = (b*,b%,a*) = (a™ ', a7, a?)
so a has infinite order by Lemma 2.50. Therefore, (a,b) = (b) = Cw.

(v) Let a = (b,b,a) and b = (13)(a,b,b). Then a=' = (b=',b7',a™!) and o' =
(13) = (b=1,b7%,a™"). This group has been dealt with in Class 7.

(vi) Let a = (b,b,a) and b = (23)(a, b,b). Then a®> = b* =1, and ab = (23)(ba, ab, 1)
has infinite order by Lemma 2.50. Therefore, (a,b) = D..

Class 9

Class 9 is defined by a = (b,b,b) and b = (a, b, b). The columns indexed by (12) and

(13) are identical because conjugation by (23) preserves this class.

(i) Let a = (12)(b,b,b) and b = (a,b,b). Then a®> = b*> = 1 and ab = (12)(ba,1,1)
has infinite order by Lemma 2.50.
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Let a = (23)(b,b,b) and b = (a,b,b). Then a®> = b* =1 and ab = (23)(ba, 1,1) is
an involution by Theorem 2.54. Consideration of the group modulo st(2) proves

that this it is isomorphic to Cy x Cj.

If a = (b,b,0) and b = (12)(a, b,b) then [a,b] = ([b,a],1,1) =1 by Lemma 2.50.
We will show that (a,b) is free abelian of rank two. We see that o™ = 1 if
and only if " = 1 because a™ = (b",0",b"). Thus ord(a) = ord(b). Observe
that a='b = (12)(b~'a, 1,1) has infinite order by Lemma 2.50. As (a7'b)" =
a~"b", it follows that ord(a) = ord(b) = oo. Suppose there exists a relation
a™ = b". Then m = n because a and b have infinite order. Choose the
relation with n positive of minimal size. Because of the action of b at the
root, n must be even. Let [ = n/2 and observe that a” = (b",0", ") and that
b" = ((ba)', (ab)', b™). Comparing the actions on T),,, we see that a' = b'. This

contradicts the minimality of n. Therefore, (a,b) = C.

Let a = (b,b,b) and b = (23)(a, b,b). Then a* = b* = 1, and ab = (23)(ba, 1,1) is
an involution by Theorem 2.54. Consideration modulo the second level stabilizer

shows that this group is isomorphic to Cy x Cj.

Class 10

Class 10 is defined by a = (b,b,a) and b = (a,a,b). The two rows of the table are

identical because Class 10 is closed under swapping labels. The columns indexed by

(13) and (23) are identical because conjugation by (12) preserves this class.

(i)

(i)

Let a = (12)(b,b,a) and b = (a,a,b). Then a®> = b*> = 1 and ab = (12)(ba, ba, ab)
is an involution by Theorem 2.54. Consideration modulo the second level sta-

bilizer shows that this group is isomorphic to Cy x Cs.

Let a = (13)(b,b,a) and b = (a,a,b). Then a®) = (12)(b(ﬁ),a(73),b(73)) and
b = (a@), b, a@)). Thus (a, b) is isomorphic to Cy 1 Cy by Lemma 4.16
and Remark 4.14.
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Class 11

Class 11 is defined by a = (b, b,a) and b = (a, b, a). Class 11 is closed under swapping

labels followed by conjugation by (23). Therefore, we have the isomorphisms:

(a
(a
(a

(i) Let a = (12)(b,b,a) and b = (a,b,a). Then a* = b*> = 1, and ab = (12)(ba,1,1)
has infinite order by Lemma 2.50. Therefore, (a,b) = D..

(12)(b,b,a),b = (a,b,a)) = {(a = (b,b,a),b
(13)(b,b,a),b = (a,b,a)) = (a=(b,b,a),b
(23)(b,b,a),b = (a,b,a)) = (a=(bb,a),b

(13)(a, b, a));
(12)(a,b,a)); and
(23)(a, b, a)).

(ii) Let a = (13)(b,b,a) and b = (a,b,a). Then [a,b] = ([b,a],1,1) =1 by Theorem
2.54. We see that a='b = (13)(1,1,b 'a) has infinite order by Lemma 2.50. As
b" = (a™,b", a™) for all integers n, we see that ord(a) = ord(b). If " =" =1
then (a='0)" = a=™b" = 1. Therefore, a and b have infinite order. Suppose
there exists a relation a™ = b". Then m = n because a and b have infinite
order. Because of the action at the root, n must be even. Let [ = n/2 and
observe that a® = ((ab)!,b", (ba)!) = (a'b!,b", a'b') and that b* = (a™,b",a").
Comparing the actions on 7, , we see that a' = b’. This implies that (a~1b)! = 1.
As a71b has infinite order, we have shown that [ = 0. Thus n = 0. Therefore,

(a,b) = Co X Cup.

(iii) Let a = (23)(b,b,a) and b = (a,b,a). Then a~ = (23) (b= b= =)
and b~ = (a_(ﬁ), a3, b_(ﬁ)). Let ¢ = a~®) and d = b=®). Then (a,b) is
isomorphic to (¢, d), a group dealt with in Class 10.

Class 12

Class 12 is defined by a = (b,b,b) and b = (a, a,b). The columns indexed by (13) and

(23) are identical because Class 12 is closed under conjugation by (12).

(i) Let a = (12)(b,b,b) and b = (a, a,b). Then a* = b*> =1, and ab = (12)(ba, ba, 1)
is an involution by Theorem 2.54. Consideration modulo the second level sta-
bilizer shows that (a,b) = Cy x Cs.

(ii) Let a = (b,b,b) and b = (12)(a,a,b). Then a®> = b* =1, and ab = (12)(ba, ba, 1)
is an involution by Theorem 2.54. Consideration modulo the second level sta-
bilizer shows that (a,b) = Cy x Cj.
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(iii) Let a = (13)(b,b,b) and b = (a,a,b). Then a* = b*> = 1, and ab = (13)(ba, ba, 1)
has infinite order by Lemma 2.50. Thus (a,b) = D.

(iv) Let a = (b,b,b) and b = (13)(a, a,b). Then [a,b] = ([b, a], [b, a], 1) is the identity
automorphism by Theorem 2.54. By Lemma 2.50, a='b = (13)(b~'a, b 'a, 1) has
infinite order. As a" = (b™,b",b") for all integers n, we see that ord(a) = ord(b).
If a” = 0" = 1 then (a~'b)" = a "b" = 1. Therefore, a and b have infinite order.
Suppose that there exists a relation a™ = b". Then m = n because a and b have
infinite order. Because of the action at the root, n must be even. Let | = n/2
and observe that a™ = (b",b", b") and that b = ((ba)!, a™, (ab)') = (a't!, a™, a't!).
Comparing the actions on 7, , we see that a' = b’. This implies that (a=1b)! = 1.
As a™1b has infinite order, we have shown that [ = 0. Thus n = 0. Therefore,
(a,b) = Co X Cu.

Class 13

Class 13 is defined by a = (b,b,0) and b = (a,a,a). The two rows of the table are
identical because Class 13 is closed under swapping labels. All three columns of the
table are identical because Class 13 is closed under conjugation by (123).

Let a = (12)(b,b,b) and b = (a,a,a). Then a* = b* = 1. We see that ab =
(12)(ba, ba, ba) is an involution by Theorem 2.54. Consideration modulo the second
level stabilizer shows that (a,b) = Cy x Cs.

A.3 Calculations for Cs3-Action

We provide the calculation of the tables in Section 4.5. If 0, = 0, = 1 then (a, b) = 1.
If 0, = 0p # 1 then a = b = 7, and so (a,b) = C3. The amount of work to be
done when o, # o, is cut down by the symmetries listed in Section A.1. We refer
the reader to Remark 4.11 for the isomorphisms implied by the symmetries of each

Class. The calculations, other than checking the symmetries, are listed below.

Class 1

Class 1 is defined by a = (a,a,a) and b = (b,b,b). Therefore, a = 7, and b = 7. It

follows that (a,b) is isomorphic to (o4, 0p), a subgroup of Sym(3).
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Class 2

Class 2 is defined by a = (b, a,a) and b = (b, ,b).
If a = (123)(b,a,a) and b = (b,b,b) then b = 1 and a® = (a?, a?,a?). By Lemma
2.50, a has infinite order.

The other isomorphisms follow from Lemma 4.18 and the symmetries of this Class.

Class 3

Class 3 is defined by a = (b,b,a) and b = (b, b,b).
If a = (123)(b, b,a) and b = (b,b,b) then b = 1 and a® = (a, a,a). By Lemma 2.50,
a has infinite order.

The other isomorphisms follow from Lemma 4.18 and the symmetries of this Class.

Class 4

There is nothing to prove other than the existence of the symmetries of this class.

Class 5
Class 5 is defined by a = (b, a,a) and b = (b, a, b).

(i) Let a = (b,a,a) and b = (123)(b,a,b). Then a~® = (b= ¢~ =)
and b= = (123) (a*(ﬁ),b*(ﬁ),b*(ﬁ)). Let ¢ = a=®) and d = b=®). Then
c=(d,c,c) and d = (123)(c,d, d). Therefore, (a,b) = (c,d) = Hs.

(ii) Let a = (123)(b,a a) and b = (132)(b,a,b). Then
a~ 1) = (123) (b~ ~(13) q=19) and =) = (132) (a1, 5= p=19)).
Let ¢ = a= ™) and d = b1, Then ¢ = (123)(d, ¢,¢) and d = (132)(c, d, d).
Therefore, (a,b) = (¢,d) = H.

(iii) Let a = (132)(b,a,a) and b = (123)(b, a,b). We calculate that ab = (ab, ba, ab)
and note that ab = 1 by Theorem 2.54. Thus a = (132)(a™!,a,a) and a® =
(a,a,a). By Lemma 2.50, a has infinite order, and so (a,b) = C...

Class 6

Class 6 is defined by a = (b,b,0) and b = (b,b,b). Let o denote the permutation
(123).
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(i) Let @ = (b,b,b) and b = (123)(b,b,b). Then b = 7 and a = (7,7,7). We
see that a® = b3 = 1, and that a and b commute. Thus (a,b) is a quotient of
C3 x C3. We check that (a,b)/st(2) has order 9.

(ii) Let a = (123)(b,b,b) and b = (132)(b,b,b). Then b = 7% and a = 5(52,52,52).
It follows as in (i) that (a,b) = C3 x Cs.

(iii) Let a = (123)(b,b,b) and b = (b,b,b). Then b =1 and a = 4.

Class 7

There is nothing to prove other than the existence of the symmetry of this class.

Class 8
Class 8 is defined by a = (b,b,a) and b = (a, b,b).

(i) Let @ = (b,b,a) and b = (123)(a,b,b). Then o~ = (b_(ﬁ),b_(ﬁ),a_(ﬁ))
and b~(12) = (123) (b_(ﬁ),b‘(ﬁ),a_(ﬁ)). Let ¢ = a=™ and d = b=(». Then
= (d,d,c) and d = (123)(d, d, c). Therefore, (a,b) = (c,d) = Hg.

(ii) Let a = (123)(b,b,a) and b = (132)(a,b,b). Then
0@ — (123) (6@, b=, ¢~ @) and b = (132) (-, p- ), ¢~ @),
Let ¢ = a=®) and d = b=, Then ¢ = (123)(d,d,c) and d = (132)(d, d, c).
Therefore, (a,b) = (c,d) = Hs.

(iii) Let a = (132)(b ) and b= (a,b,b). Then
_(132 )( —(132) .a —(132) ) and b—(ﬁ) _ (b_(@),b_(@),a_(@)).
Let ¢ = a=(132) and d b=132) " Then ¢ = (123)(d,d,c) and d = (d,d,c).
Therefore, <a, b) = (c,d) = Hi.

Class 9

Class 9 is defined by a = (b, b,b) and b = (a, b,b).

Let a = (b,b,b) and b = (123)(a,b,b). We calculate that [a,b] = ([b,a],1,1). By
Theorem 2.54, [a,b] = 1. Therefore, ab® = (b3a,b?ab,bab®) = (ab® ab?, ab®) = 1.
Finally, a® = (03,0, 0%) = (a7, a™t,a™ 1), and so a has infinite order by Lemma 2.50.
Thus, (a,b) = Cw.
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Class 10

We refer to Lemma 4.19 for the isomorphism with H,. Nothing but the existence of

the symmetries of this Class remains to be proved.

Class 11
Class 11 is defined by a = (b, b,a) and b = (a, b, a).

(i) Let a = (b,b,a) and b = (132)(a,b,a). Then a™' = (b=1, b7 a7 ') and b~! =
(123)(a™,a™1,b7"). Let ¢ = a™' and d = b~'. Then ¢ = (d,d,c) and d =
(123)(c, ¢,d). Thus, (a,b) = (c¢,d) = Ha.

(ii) Let a = (123)(b,b,a) and b = (132)(a, b,a). We see that ab = (ba, ab, ba) and, by
Theorem 2.54, that ab = 1. It follows that a® = (bab, ab? v?a) = (a~t, a1, a™t).
Thus a has infinite order by Lemma 2.50. Hence (a, b) = C.

(iii) Let a = (132)(b,b,a) and b = (123)(a,b,a). Then

o~ (132) 123)(b (13 ~(132) ¢-(132) ang
b (132) 132 (CL T — b (132)
Let ¢ = =1 and d b=(32) Then ¢ = (123)(d,d, c) and d = (132)(c, ¢, d).

Hence (a,b) (c,dy = Hy.

Class 12

Class 12 is defined by a = (b, b,b) and b = (a, a, b).

Let a = (b,b,b) and b = (123)(a,a,b). We see that [a,b] = ([b,a],[b,a],1)
and, by Theorem 2.54, that [a,b] = 1. Therefore, a?b® = (b’aba,b3a? b*a’b) =
(a?V?,a*h®,a*h) and a®b® = 1 by Lemma 2.50. It follows that a = (ab)® and
b = (ab)™2. Hence (a,b) cyclic, generated by the element ab. Observe that a® =
(b3,03,0%) = (a™2,a"%,a™?) and hence that a has infinite order by Lemma 2.50. We

have shown that (a, b) is infinite and cyclic.
Class 13

Class 13 is defined by a = (b, b,b) and b = (a, a, a).

(i) Let a = (b,b,b) and b = (123)(a,a,a). Observe that [a,b] = ([b,al,[b,al, [b, a])
is equal to 1 by Theorem 2.54. As a® = (b3,0%,0) and b = (a3, a®, a®) we see
that a® = b* = 1. Thus C3 x C3 maps onto {a,b). We check that (a,b)/st(2)

has order 9.
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(ii) Let a = (123)(b,b,b) and b = (132)(a, a,a). Then ab = (ba, ba, ba) is equal to 1
by Theorem 2.54. Thus a® = (a™%,a73,a73) = 1 and (a,b) = Cj.

102



Appendix B

Computer Programs

B.1 GAP

The AutomGrp package must be loaded into GAP in order for the commands in this
section to work. We use the package AutomGrp 1.0. Other versions of AutomGrp
have slightly different commands, which may be found in the online help file. In the
exposition below, our input commands are prefixed by gap>. The machine’s output
has been copied and pasted under the input.

We begin by defining an automaton group. Recall from Definition 4.17 that the
generators of Hy are defined by the equations a = (b,b,a),b = (132)(a,b,b). We
define this group in GAP with the command

gap> H9:=AutomatonGroup("a=(b,b,a),b=(b,a,b) (1,3,2)");

Note that the permutation (132) has been placed on the right, and that (a, b, b) has
been replaced with (b, a,b). By Remark 2.27, (132)(a, b, b) = (b, a, b)(132). Therefore,
the same tree automorphisms a and b have been defined.

We can ask GAP to find relations in the generators a and b with the command
FindGroupRelations. This runs a program which does not, in general, terminate.

The program can be forced to quit by pressing Ctrl-C.

gap> FindGroupRelations(H9);
b*a”-1xb*a”-1*b*a"-1

bxa*xb~-1*xa”~-1xb*a*b~-1*a"~-1*b*axb " -1*xa~-1

Thus GAP has found the relations (ba™!)* and (bab—ta~!)" in H,.
GAP labels the vertices of level n in the tree T} left-to-right by 1,2,...,d". Thus
the vertex v, ;) is identified with d" (i —1)+d" (i —1)+.. . +d(in—1—1) +in_1.

GAP can calculate the action of a given element of a d-ary automaton on the vertices

,,,,, in
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of any given level of Ty. As an example, we calculate the action of a*ba™ € Hy on

the second level of Tj.

gap> PermOnLevel (a~2%b*a~-1,2);
(1,7,4,3,9,6,2,8,5)

GAP can calculate the expansion of a given element of a d-ary automaton to any
given level of Ty;. As an example, we calculate the expansion of a?ba™! € Hy to the

second level of Tj.

gap> Decompose(a”2xb*a”-1,2);
(b"2*axb~-1, axb, b*axb*a"-1, b~2, axb*axb”-1, b*axb*a"-1, b"2, b~2,
a~2)(1,7,4,3,9,6,2,8,5)

The Order command runs a program, which may not terminate, to find the order
of a given element of an automaton group. For example, we calculate the orders of
the elements [a, b] and [a, b?] of Hy.

gap> Order(a”-1xb~-1*a*b);
3
gap> Order(a”-1xb~-2*a*xb~2);

infinity

We use the command SetInfolLevel in order to obtain the details of the argument

that has been used to prove that [a, b?] has infinite order.

gap> SetInfolevel (InfoAutomGrp,3);

gap> Order(a”-1xb~-2*a*b~2);

#I (a"-1*%b"-2*a*b~2)"9 has b -1%a”-1xb~-1xa”2*b"~-2*a*b~2%a”-1xb~-1%a”
-1xb*a~-1*b"2*%a as a section at vertex [ 1, 1, 1, 1, 1]

#I  (b"-1*a”-1*b"-1*a”"2*%b~-2*%axb~2*a”-1*b"-1%a”-1*b*a"-1*b"2%a) "

3 has conjugate of a”-1xb"-2*axb”-1xaxb*axb™-2%a~-1xb~2*a”

-2xb*axb as a section at vertex [ 1, 1, 1]

infinity

The output informs us that [a, b2]9 stabilizes the vertex v(;1,1,1,1), and that this vertex
is labelled by b~'a~'bLa2b~2ab2a b~ a " ba~'b%a in the expansion of [a, b?]” to the
fifth level. Let 8 =b"ta b~ ta®b2ab’a" b~ a"tha=1b?a. The output informs us that
3 stabilizes the vertex 11 11), and that this vertex is labelled by a conjugate of
Bt = a b 2ab tabab—2a"'b?a"2bab in the expansion of 3 to the third level. The
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argument that 3 has infinite order is similar to the argument given in the proof of
Lemma 2.50. It follows immediately that [a,b?] has infinite order.

Note that (3 is the element of Hy that was used in Lemma 5.17 to prove that H,
is not locally finite. As remarked before the statement of that lemma, we list here

the details of our search for elements of infinite order in H,, and H,.

gap> H10:=AutomatonGroup("a=(b,a,b)(1,2,3),b=(a,b,b)");

<a, b>

gap> Order(a”-1xb~-1*axb);

3

gap> Order(a”-1xb~-2*a*b~2);

#I (a"-1*%b"-2*axb”~2) "3 has a"-2xb*axb"-2%a*b as a section at vertex
(1, 1]

#I (a"-2*b*axb”-2%axb) "3 has conjugate of b*a”-1xb~-1xa”2*b~-1*a”
-1%b as a section at vertex [ 1, 1 ]

infinity

gap> H1ll:=AutomatonGroup("a=(a,b,b)(1,3,2),b=(b,b,a)(1,2,3)");

<a, b>

gap> Order(a”-1xb~-1*axb);

3

gap> Order(a”-1xb~-2*a*b~2);

3

gap> Order(a”-2xb~-2*a~2%b"2);

#I  (a"-2*%b"-2%a"2*b"2) "9 has b"-2*a”-2xb"2*a"-2*b"4*a"-2%b"-2xa”~3*b"
-2%axb"-2*%axb"2%a as a section at vertex [ 1, 1, 1, 1, 1 1]

#I  (b™-2*a"-2%b~2*a”"-2%b"4*a”-2*b"-2%a”3*xb"-2*a*xb”-2*a*xb"2*a) ~

3 has conjugate of a"-1xb"-2*a”-1*b"2*%a”-1xb~2%a”-3xb"2*a"2*b"-4x*a"
2%b~-2%a"2*b"2 as a section at vertex [ 1, 1, 1 ]

infinity

B.2 Magma

We present the details of the calculations in Lemmas 5.37, 5.42 and 5.3. We freely
use GAP to aid us, the commands having been explained in the previous section. In
the exposition below, the input commands in Magma are prefixed by >, the input
commands in GAP are prefixed gap>, and the machine’s output has been copied and

pasted below the input.
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B.2.1 Calculations for Lemma 5.37

We calculate the action of the generators of Hy on the fourth level of 73 using GAP.

gap> H9:=AutomatonGroup("a=(b,b,a),b=(b,a,b) (1,3,2)");

<a, b>

gap> PermOnLevel(a,4);
(1,27,14,4,19,18,9,23,11)(2,25,15,5,20,16,7,24,12) (3,26,13,6,21,17,
8,22,10)(28,54,41,31,46,45,36,50,38) (29,52,42,32,47,43,34,51,39)
(30,53,40,33,48,44,35,49,37) (55,63,59,56,61,60,57,62,58) (64,72,68,
65,70,69,66,71,67)(73,75,74) (76,78,77)

gap> PermOnLevel(b,4);
(1,81,41,11,55,54,27,68,31)(2,79,42,12,56,52,25,69,32) (3,80,40,10,
57,53,26,67,33)(4,73,45,14,58,46,21,71,35)(5,74,43,15,59,47,19,72,
36)(6,75,44,13,60,48,20,70,34) (7,78,39,17,62,49,24,66,29) (8,76,37,
18,63,50,22,64,30) (9,77,38,16,61,51,23,65,28)

Using Magma, we define the subgroup of Sym(81) generated by these two permu-

tations, thus obtaining a group isomorphic to Hyg/st(4).

H9:=PermutationGroup<81|

(1,27,14,4,19,18,9,23,11) (2,25,15,5,20,16,7,24,12) (3,26,13,6,21,17,
8,22,10) (28,54,41,31,46,45,36,50,38) (29,52,42,32,47,43,34,51,39)
(30,53,40,33,48,44,35,49,37) (55,63,59,56,61,60,57,62,58) (64,72,68,
65,70,69,66,71,67)(73,75,74) (76,78,77)
(1,81,41,11,55,54,27,68,31)(2,79,42,12,56,52,25,69,32) (3,80,40,10,
57,53,26,67,33)(4,73,45,14,58,46,21,71,35) (5,74,43,15,59,47,19,72,
36)(6,75,44,13,60,48,20,70,34) (7,78,39,17,62,49,24,66,29) (8,76,37,
18,63,50,22,64,30) (9,77,38,16,61,51,23,65,28)>;

V V vV VvV V V V V V

We use the command PCGroup in order to find a presentation for Hg/st(4). This
creates a so-called “power-conjugate” presentation, which allows for very efficient
calculation in p-groups (recall from Remark 5.1 that H;/st(n) is a 3-group for all
n € N and all i € [1,17]).

> H9pc:=PCGroup (HI) ;

The presentation of Hg/st(4) is stored in the computer’s memory. Should we wish to

see the presentation, we input
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> H9pc;

The output is extremely long and there is no need to reproduce the presentation of

Hy/st(4) here. We use the command AbelianQuotient to calculate the abelianization

of Hy/st(4).

> AbelianQuotient (H9pc) ;

Abelian Group isomorphic to Z/3 + Z/9

Defined on 2 generators

Relations:
3%$.1
9%$.2

For completeness, we list the details for Hyq and Hq;.

gap> H10:=AutomatonGroup("a=(b,a,b)(1,2,3),b=(a,b,b)");

<a, b>

gap> PermOnLevel(a,4) ;PermOnLevel(b,4);
(1,31,67,13,40,80,26,53,62,2,32,68,14,41,81,27,54,63,3,33,69, 15,
42,79,25,52,61) (4,35,71,17,44,74,21,46,56,5,36,72,18,45,75,19,47,
57,6,34,70,16,43,73,20,48,55) (7,28,65,12,37,76,22,49,58,8,29,66,
10,38,77,23,50,59,9,30,64,11,39,78,24,51,60)
(1,11,23,5,14,27,9,18,21) (2,12,24,6,15,25,7,16,19) (3,10,22,4,13,
26,8,17,20) (28,31,35,29,32,36,30,33,34) (37,38,39) (46,47,48) (55,58,
62,56,59,63,57,60,61) (64,65,66) (73,74,75)

H10:=PermutationGroup<81|
(1,31,67,13,40,80,26,53,62,2,32,68,14,41,81,27,54,63,3,33,69,15,
42,79,25,52,61) (4,35,71,17,44,74,21,46,56,5,36,72,18,45,75,19,47,
57,6,34,70,16,43,73,20,48,55) (7,28,65,12,37,76,22,49,58,8,29,66,
10,38,77,23,50,59,9,30,64,11,39,78,24,51,60),
(1,11,23,5,14,27,9,18,21)(2,12,24,6,15,25,7,16,19) (3,10,22,4,13,
26,8,17,20) (28,31,35,29,32,36,30,33,34) (37,38,39) (46,47,48) (55,58,
62,56,59,63,57,60,61) (64,65,66) (73,74,75)>;

H10pc:=PCGroup (H10) ;

AbelianQuotient (H10pc);

V V V VvV VvV V V V V V

Abelian Group isomorphic to Z/3 + Z/9
Defined on 2 generators

Relations:
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3*$.1 =0

9%x$.2 = 0
gap> H11l:=AutomatonGroup("a=(a,b,b)(1,3,2),b=(b,b,a)(1,2,3)");
<a, b>
gap> PermOnLevel(a,4) ;PermOnLevel(b,4);
(1,81,31,17,55,41,27,65,51) (2,79,32,18,56,42,25,66,49) (3,80,33, 16,
57,40,26,64,50) (4,74,34,12,58,44,19,68,54) (5,75,35,10,59,45,20,69,
52)(6,73,36,11,60,43,21,67,53)(7,77,30,13,62,37,23,72,47) (8,78,28,
14,63,38,24,70,48) (9,76,29,15,61,39,22,71,46)
(1,41,81,11,51,55,27,31,71)(2,42,79,12,49,56,25,32,72) (3,40,80,10,
50,57,26,33,70) (4,44,73,14,54,58,20,34,66) (5,45,74,15,52,59,21,35,
64) (6,43,75,13,53,60,19,36,65) (7,39,76,17,46,63,22,29,69) (8,37,77,
18,47,61,23,30,67) (9,38,78,16,48,62,24,28,68)
H11:=PermutationGroup<81|
(1,81,31,17,55,41,27,65,51)(2,79,32,18,56,42,25,66,49) (3,80,33, 16,
57,40,26,64,50) (4,74,34,12,58,44,19,68,54) (5,75,35,10,59,45,20,69,
52)(6,73,36,11,60,43,21,67,53)(7,77,30,13,62,37,23,72,47) (8,78,28,
14,63,38,24,70,48) (9,76,29,15,61,39,22,71,46) ,
(1,41,81,11,51,565,27,31,71)(2,42,79,12,49,56,25,32,72) (3,40,80,10,
50,57,26,33,70) (4,44,73,14,54,58,20,34,66) (5,45,74,15,52,59,21,35,
64) (6,43,75,13,53,60,19,36,65) (7,39,76,17,46,63,22,29,69) (8,37,77,
18,47,61,23,30,67) (9,38,78,16,48,62,24,28,68)>;
Hi1lpc:=PCGroup(H11);
AbelianQuotient (Hllpc);

V V V VvV VvV VvV V V V V V

Abelian Group isomorphic to Z/3 + Z/9

Defined on 2 generators

Relations:
3%$.1
9%$.2

B.2.2 Calculations for Lemma 5.42

Define G to be C3 * C.,. A presentation for G is (z,y | > = 1). We input this

presentation into Magma using the command

> G:=Group<x,ylx~3=1>;
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For a given prime p, the quotient G/P, may be calculated with the command

pQuotient (G,p,n-1). We take p = 3 and n = 4, obtaining a presentation for G/P;.

> pQuotient(G,3,3);

GrpPC of order 2187 = 377
PC-Relations:
$.2°3 = $.4,
$.4°3 = $.7,
$.2°8.1 =8%.2 *x $.3,
$.37¢.1 = $.3 * $.5,
$.37$.2 =$.3 *x $.6

The output is a so-called ‘power-conjugate’ presentation of G. The details of what
this means are unimportant here. We offer a very brief explanation: there are seven
generators (because the group has order 37); the generators are labelled $.1,...,$.7;
the generator $.i has order 3 unless it is explicitly stated that ($.i)3 = $.j; the
generators $.7 and $.j commute unless ($.i)$‘j is explicitly expressed as a word on the
generators.

We define Gp to be G/ Py, and calculate its order (note that we already know its

order from the power-conjugate presentation given above).

> Gp:=pQuotient(G,3,3);
> Order (Gp) ;
2187

Let X denote the set of normal subgroups of G/P;. We calculate the set X and its

cardinality.

> X:=NormalSubgroups(Gp) ;
> #X;
68

The elements of X are labelled X[j] for j € [1,68], and may be accessed with the com-
mand X [j] ‘subgroup. For example, X[20] is a normal subgroup of G/ P; isomorphic
to Cg X 032

> X[20] ‘subgroup;
GrpPC of order 9 = 372
PC-Relations:
$.1°3 = Id($),
$.2°3 = Id($)
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We find the elements of X that have order 3.

> for j in [1..68] do
for> if (Order (X[j] ‘subgroup) eq 3) then j;

for|if> end if;end for;

© 0 N O O b W N

e e e
w N = O

14

That is, X[j] has order 3 if and only if j € [2, 14].

The IdentifyGroup command will establish an isomorphism, should one exist,
between a given finite group and a group in Magma’s database of small groups. In
particular, Magma has a database of all groups of order 729. There are 504 groups of
order 729. These are labelled < 729, 1 > ..., < 729, 504 > respectively. They may

be accessed with the command SmallGroup(729,j). For example,

> SmallGroup(729,11);
GrpPC of order 729 = 376
PC-Relations:

$.1°3 = $.4,

$.2°3 = $.572,
$.2°¢.1 = $.2 x $.3,
$.3°$.1 = $.3 x $.5,
$.376.2 = $.3 x $.6

We calculate the isomorphism type of every quotient of G/Py of order 729 with the

following command.
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> for j in [2..14] do IdentifyGroup(Gp/X[j] ‘subgroup); end for;
<729, 13>
<729, 4>
<729, 7>
<729, 7>
<729, 7>
<729, 9>
<729, 19>
<729, 16>
<729, 13>
<729, 13>
<729, 13>
<729, 13>
<729, 13>

As in Subsection B.2.1, we use GAP to find the action of the generators of H3 and
H,, on the fifth level of T3. These permutations are used in order to define subgroups
H3 and H14 of Sym(243) in Magma. We use the PCGroup command in Magma to
obtain groups H3pc and H14pc, isomorphic to H3/st(5) and Hy4/st(5) respectively,
and given by power-conjugate presentations. In order to avoid tedious repetition, the
details of these calculations have been omitted. Note that, on today’s machines, the

program to create the groups H3pc and H14pc takes several minutes to run.

> pQuotient (H3pc,3,3);
GrpPC of order 729 = 376
PC-Relations:

$.1°3 = $.4,
$.2°3 = $.4 * $.56 x $.672,
$.27¢.1 = $.2 x $.3,
$.378.1 = 8.3 *x $.5,
$.37$.2 =$.3 x $.6
> IdentifyGroup(pQuotient (H3pc,3,3));
<729, 11>

> pQuotient (H14pc,3,3);
GrpPC of order 729 = 376
PC-Relations:

$.1°3 = $.4,
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$.2°3 = $.4 * $.56 x $.672,
$.27¢.1 = $.2 x $.3,
$.378.1 = $.3 *x $.5,
$.37$.2 = $.3 x $.6
> IdentifyGroup(pQuotient (H14pc,3,3));
<729, 11>

Observe that < 729, 11 > does not appear on the above list of quotients of G/ P;.
We have therefore shown that (Hs/st(5))/Py and (Hia/st(5))/P, are not quotients
of (C3 % Cy)/ Py, as required.

B.2.3 C(Calculations for Lemma 5.3

Recall that the generators of H; are defined by the equations a = (b,a,a) and b =
(123)(b,b,b). We input H; into GAP and calculate the actions of its generators on

the second level.

gap> Hl:=AutomatonGroup("a=(b,a,a),b=(b,b,b)(1,2,3)");
<a, b>

gap> PermOnLevel(a,?2) ;PermOnLevel(b,2);

(1,2,3)

(1,5,9)(2,6,7)(3,4,8)

Thus, the actions of a and b on the nine vertices of the second level are as the
permutations (123) and (159)(267)(348), respectively. Using Magma, we define H to
be the subgroup of Sym(9) generated by these two permutations, and calculate its

order.

> H:=PermutationGroup<9|(1,2,3),(1,5,9)(2,6,7)(3,4,8)>;
> Order(H);
81

By construction, H is naturally isomorphic to the subgroup H;/st(2) of C351C3. As
C31C3 and H both have order 81, it follows that H;/st(2) = C31 Cs, as required.

112



Bibliography

[AutomGrp] Yevgen Muntyan and Dmytro Savchuk, AutomGrp — a GAP package,
Version 1.0, 2007, http://www.gap-system.org/Packages/automgrp.html.

[DG] Thomas Delzant and Rotislav Grigorchuk, Homomorphic Images of Branch
Groups, and Serre’s Property (FA), arXiv:0704.2572 (2007).

[G] Rotislav Grigorchuk, Degrees of Growth of Finitely Generated Groups and the
Theory of Invariant Means, Izvestiya Akademii Nauk SSSR Seriya Matematich-
eskaya 48 (1984), No.5, 939-985. (In Russian - English translation in Mathematics
of the USSR-Izvestiya).

[GAP] The GAP Group, GAP — Groups, Algorithms, and Programming, Version
4.4.9, 2006, http://www.gap-system.org,.

[GZ] Rotislav Grigorchuk and Andrzej Zuk, The Lamplighter Group as a Group
Generated by a 2-state Automaton, and its Spectrum, Geometriae Dedicata 87
(2001), 209-244.

[H] Marshall Hall Jr., Subgroups of Finite Index in Free Groups, Canadian Journal
of Mathematics 1 (1949), 187-190.

[Ha] Pierre de la Harpe, Chapter VIIT “The First Grigorchuk Group” in Topics in Ge-
ometric Group Theory, Chicago Lectures in Mathematics, University of Chicago
Press, 2000.

[L] Igor Lysénok, A set of defining relations for the Grigorchuk group, Mat. Zametki
38 (1985), No. 4, 503-516, 634. (In Russian - English translation in Math. Notes
38 (1985), No. 3-4, 784-792).

[Magma] Wieb Bosma, John Cannon, and Catherine Playoust. The Magma algebra
system. I. The user language. J. Symbolic Comput., 24(3-4):235-265, 1997.

113



BIBLIOGRAPHY

[NH1] Rotislav Grigorchuk, “Just Infinite Branch Groups” in New Horizons in pro-p
Groups, Edited by Marcus du Sautoy, Dan Segal and Aner Shalev, Progress in
Mathematics 184 (2000), Birkh&user Boston, 121-179.

[INH2] John Wilson, “On Just Infinite Abstract and Profinite Groups” in New Hori-
zons in pro-p Groups, Edited by Marcus du Sautoy, Dan Segal and Aner Shalev,
Progress in Mathematics 184 (2000), Birkh&user Boston, 181-203.

[S1] Dan Segal, “Subgroups of Finite Index in Soluble Groups I” in Proceedings
of Groups St Andrews 1985, London Mathematical Society Lecture Note Series,
Cambridge University Press, Cambridge, 1986, 307-314.

[S2] Dan Segal, The Finite Images of Finitely Generated Groups, Proc. London Math.
Soc. (3) 82 (2001), 597-613.

[S3] Dan Segal, On Modules of Finite Upper Rank, Trans. Amer. Math. Soc. 353
(2001), No.1, 391-410.

[SG] Alexander Lubotzky and Dan Segal, Subgroup Growth, Progress in Mathemat-
ics 212, Birkhauser Verlag Basel, 2003.

[SS] Pedro Silva and Benjamin Steinberg, On a class of automata groups generalizing
lamplighter groups, Internat. J. Algebra Comput. 15 (2005), No. 5-6, 1213-1214.

114



