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Abstract

In recent years, the notion of symmetry has greatly expanded, leading to gener-

alised symmetries such as higher-form symmetries, which measure charges of extended

operators, and non-invertible symmetries, whose symmetry generators do not have

inverses. These are also known as categorical symmetries. This thesis focuses on

non-invertible/categorical symmetries, exploring both their abstract mathematical

structure and their realisations in physical systems.

The first part develops new methods for constructing such symmetries in space-

time dimensions three and higher. We present a general procedure starting from an

invertible symmetry and gauging a specific subgroup of it to produce a non-invertible

symmetry. This construction is applicable to many gauge theories in any dimension.

Specialising to (2+1)d theories, we study the effect of gauging all possible subgroups

of an ordinary symmetry, generating a symmetry web of related theories.

The second part examines the physical consequences of non-invertible symmetries,

asking whether they can organise and classify phases of matter analogously to what

ordinary symmetries do in the celebrated Landau symmetry-breaking theory. We

introduce a framework to classify all the possible gapped phases for (1 + 1)d systems

with a given non-invertible symmetry. The main tool we use is the so-called the

symmetry topological field theory (SymTFT), which also tells us what kinds of order

parameters exist in a phase. We further extend this to construct phase transitions

with non-invertible symmetries by inputting known phase transitions, such as the

critical Ising model. This outlines a broadened version of the classic Landau theory,

which we call the categorical Landau paradigm. We also demonstrate its possible

realisation in quantum lattice models with a concrete example.

Finally, we apply the techniques developed in the rest of this thesis to tackle a

long-standing open problem: finding a conformal field theory (CFT) with the unusual

Haagerup symmetry.
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Chapter 1

Introduction

Symmetries are a foundational concept in modern theoretical physics. They allow

us to gain control over complex physical systems by revealing conserved quantities,

as formalised by Noether’s theorem [11], and they provide powerful tools to access

the non-perturbative regime of theories. Not only they are essential in constraining

the infrared (IR) dynamics, they are also a fundamental guiding principle to organise

phases of matter and predict novel states. Given their crucial role, it is important to

ask whether our traditional understanding of symmetries – typically associated with

group actions on local operators – captures the full richness of symmetry structures

that we can have in quantum field theory (QFT). The recent years have proven

that the answer to this question is a clear “no”. Indeed, we have witnessed a series

of breakthroughs that revolutionised the concept of symmetry and led to what are

broadly known as generalised symmetries. These have proven an excellent tool to

reinterpret already established concepts in a unified perspective and to shed light on

new phenomena. For reviews on generalised symmetries, see [12–18].

This radical broadening of the notion of symmetry began from the seminal paper

[19], which introduced the so-called higher-form symmetries. In contrast to ordinary –

or “0-form” – symmetries, which act on point-like local operators, a p-form symmetry

acts on p-dimensional extended operators, such as Wilson lines (for p = 1) or surface

operators (for p = 2). These have crucially provided new insights into the dynamics
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of gauge theories and their phases, notably in relation to dualities and confinement

– see e.g. [19–21]. From a condensed matter perspective, they have been used e.g. to

enlarge the standard Landau paradigm of spontaneous symmetry breaking (SSB) to

include topological order, which can be seen as SSB of a higher-form symmetry [22].

Not long after the introduction of higher-form symmetries, a new generalisation

was made to higher-group symmetries [23–30], which combine together higher-form

symmetries of different degrees into a cohesive mathematical structure known as a

higher-group. The simplest example is a 2-group, where a 0-form symmetry is inter-

twined with a 1-form symmetry.

More recently, a perhaps even more surprising notion was introduced: symme-

tries that do not correspond to a group action at all, and that have been named

non-invertible symmetries. Despite having been largely studied in lower space-time

dimensions (e.g. as Verlinde lines in 2d conformal field theories (CFTs), or non-abelian

anyons in 3d topological quantum phases of matter – see for example [31–56] for a

certainly incomplete list of relevant works), their presence in d ≥ 4 was somehow un-

expected. Nevertheless, an array of recent work has demonstrated the ubiquity of non-

invertible symmetries in 4d (and higher) QFTs, with numerous examples found using

various constructions, as initiated in [1, 57–61]. This indicates that non-invertible

symmetries are not a special feature of low-dimensional models, but rather a general

and until recently unappreciated feature of QFT.

What unifies all of these notions is a shift in perspective: we should really think of

symmetries as generated by topological defects in a theory, which we call symmetry

defects.1 This notion is particularly useful for discrete symmetries, which do not have

an associated conserved current, but admit a description in terms of the corresponding

topological defects. For example, a standard 0-form-symmetry G is implemented by

1In this thesis, we will be mostly concerned with relativistic quantum field theories formulated in
Euclidian space-time. Therefore the distinction between an operator, placed at a given time, and a
defect, stretched along the time direction, is not sharp, and we will use the two terms interchangeably.
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codimension-1 defects D(g)(Md−1), supported on a Md−1 manifold and labelled by a

group element g ∈ G. The statement that G is a symmetry – normally described

in terms of a unitary operator commuting with the Hamiltonian – becomes that

D(g)(Md−1) is insensitive to small deformations of Md−1, as long as a charged operator

is not crossed in the process; in other words, the dependence of D(g)(Md−1) on Md−1

is topological. The charge of a local operator under G is measured by inserting

the topological defect D(g) along a (d − 1)-dimensional sphere Sd−1 surrounding the

space-time point where the local operator is placed and subsequently shrinking the

topological defect away.2

The properties of G are encoded in the corresponding symmetry defects, and

notably the group structure corresponds to their fusion: if we take two defects parallel

and bring them together, they fuse according to the group multiplication law of G

D(g)(Md−1)⊗D(h)(Md−1) = D(gh)(Md−1) g, h, gh ∈ G . (1.2)

A p-form symmetry Γ(p) is implemented by an associated symmetry defect which

now has codimension p+ 1

D(γ)(Md−p−1) γ ∈ Γ(p) . (1.3)

Correspondingly, if a 0-form symmetry measures the charge of a local operator by

linking it with a (d− 1)-dimensional sphere Sd−1, the symmetry defect D(γ)(Sd−p−1)

for a p-form symmetry supported on a (d−p−1)-dimensional sphere Sd−p−1 naturally

links with – and therefore measures the charge of – a p-dimensional extended object.

Also the notion of higher-group symmetry has a neat interpretation in terms of

2For a continuous symmetry G, with Lie algebra generator ta and associated conserved current
jaµ, and for a local operator transforming in the representation R under G, this corresponds to the
standard Ward Identity

∂µjaµ(x)OR(y) = δ(d)(x− y)taROR(y) . (1.1)
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symmetry defects [25, 27]. For example, a very simple instance of a 2-group arises

when a 0-form symmetry G acts by permutation on the set of topological defects

associated to a 1-form symmetry Γ(1). The symmetry defects D(g)(Md−1) for the 0-

form symmetry are codimension 1, while the ones U (γ)(Md−2) for the 1-form symmetry

are codimension 2. In terms of these, the 2-group means that when a U (γ)(Md−2)

crosses D(g)(Md−1), it emerges transformed as a new element U (ρg ·γ)(Md−2), where

ρg · γ denotes the permutation of the 1-form symmetry label γ associated to g.

Now that we have introduced symmetry defects, we can also sharpen what we

mean by a non-invertible symmetry: it is a symmetry for which the associated

D(a)(Mn) do not obey fusion rules based on a group, but rather a more complicated

fusion algebra of the form

D(a)(Mn)⊗D(b)(Mn) =
⊕
c

N c
abD

(c)(Mn) . (1.4)

Since two topological defects generally fuse into the sum of many others, it can happen

that an element D(a) has no inverse D(a−1) such that their fusion is the identity

operator D(id), hence the name non-invertible symmetries. Notice that in particular

these symmetries are not associated to a unitary operator.

The equation (1.4) extends to general space-time dimensions the structure exhib-

ited in 2d by topological defect lines, which form what is known as a fusion category.

See e.g. [62] for an introduction to the subject. This suggests that ultimately the

structure that should describe all the topological defects of various codimension in

a d-dimensional theory is a higher fusion category. More precisely, a standard d-

dimensional theory has topological defects of dimension up to d − 1, and therefore

the associated symmetry category should be a (d − 1)-category.3 This has indeed d

3Differently from fusion categories, higher fusion categories are a topic still in development in the
mathematical literature – with the partial exception of 2-categories, see e.g. [63–66]–which means
that in general it is a difficult task to fully assign a (d− 1)-category to a determined d-dimensional
theory. However, a lot on the structure of these categories can be inferred from a bottom up
approach, which constructs them using a physical theory and its set of topological defects.
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levels, with objects (or 0-morphisms) corresponding to (d − 1) topological defects,

1-morphisms corresponding to (d − 2) topological defects, and so on, up to (d − 1)-

morphisms corresponding to topological local operators.

While the discovery of mathematical structures within familiar QFTs is of intrinsic

interest, the search for categorical symmetries would be of limited physical relevance

if it remained a purely formal construction, with no explicit application. After all, as

we remarked at the beginning of this introduction, we care so much about symmetries

because of the constraints they provide to study the dynamics of a theory, which are

exact and non-perturbative, and therefore extremely powerful.

So far, non-invertible symmetries have seen a fruitful application mostly in 2d,

in particular in relation to renormalisation group (RG) flows and anomalies, which

provide a robust invariant under such RG flows – see for example [4,44,45,53,54,67–

69]. It follows from the famous ‘t Hooft anomaly matching argument [70] that a theory

with an ‘t Hooft anomaly cannot flow to a trivially gapped phase with a single vacuum,

as the anomaly has to be matched from the ultraviolet (UV) to the IR: the only options

are either a gapless phase (described by some CFT) or a non-trivial gapped phase

(described by some topological field theory (TQFT)). For a finite symmetry described

by a group G, anomalies in 2d are classified by the cohomology group H3(G,U(1)),

with the non-anomalous case corresponding to the trivial element. For symmetries

described by a fusion category, an appropriate generalisation is provided in terms of

the F-symbols, which relate different but equivalent ways of fusing three lines into a

fourth one.4 It turns out some non-invertible symmetries are intrinsically anomalous.

Therefore, if we study an RG flow triggered by a relevant operator which commutes

with the non-invertible symmetry, we know that we cannot land on a trivially gapped

4F-symbols need to satisfy the famous consistency condition known as pentagon identity. For a
given set of fusion rules, the possible solutions to the pentagon identity are finite, something known
as Ocneanu’s rigidity. The fact that the F-symbols do not have a continuous dependence, but rather
come in discrete classes, suggests that they cannot deform continuously under RG flow, i.e. the
corresponding anomaly is indeed an RG invariant.
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phase. Importantly for RG flows to a massive phase, the possible gapped phases with

a non-invertible symmetry can be systematically classified [3,44,54]. Some analogous

constraints in higher dimensions ruling out the existence of a trivially gapped phase

have been explored e.g. in [58,61,71–81].

Another fundamental question we can ask is how generalised symmetries organise

phases and critical points, analogously to what ordinary symmetries do. The stan-

dard and celebrated Landau paradigm [82] tells us that we can label phases of matter

according to their symmetries, in particular whether they spontaneously break them

or not. Moreover, we can make this quantitative in terms of order parameters, op-

erators charged under symmetry which acquire a non-vanishing vacuum expectation

value in some phase and that are vanishing in another. At the critical point we have

a second order phase transition.

From a condensed matter viewpoint, the Landau paradigm has already seen an

extension to encompass phases without local order parameters. Indeed, the emergence

of topological order – where no local order parameter exists, but robust features (e.g.

anyonic excitations, ground-state degeneracy on non-trivial manifolds) persist – can

be interpreted as spontaneous breaking of a higher-form symmetry. In a similar

vein, now that we are equipped with categorical and non-invertible symmetries in

general dimensions, it is very natural to ask whether we can upgrade the traditional

Landau theory to a categorical Landau paradigm. This would capture phases and

phase transitions protected by non-invertible symmetries, where we expect to see the

absence of conventional order parameters and standard symmetry breaking patterns.

The hope is of course that by incorporating more kinds of symmetries, we can account

for the full variety of phases and transitions observed in modern quantum systems.

Let us conclude this broad introduction with a paradigmatic example that shows

many of the features outlined above, which we wish to explore further in the rest

of this thesis. The example is provided by the familiar transverse field Ising model
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in (1 + 1)d. This is defined on a periodic chain with L sites, with a 2-dimensional

qubit at each site. The Hilbert space is therefore 2L-dimensional and given by the

tensor product of the local Hilbert spaces associated to a qubit at each site. The

Hamiltonian is given by

H = −
L∑
i=1

[
g σx

i + σz
i σ

z
i+1

]
, (1.5)

where σx
i and σz

i are the usual 2× 2 Pauli matrices at site i. We assume without loss

of generality that g ≥ 0. The Hamiltonian (1.5) clearly has a Z2 symmetry, which is

nothing but the usual spin flip symmetry. This is generated by the unitary operator

η =
L∏
i=1

σx
i . (1.6)

This model provides a realisation of the standard Landau paradigm for G = Z2,

as (1.5) admits two phases, depending on whether the Z2 symmetry is spontaneously

broken or not. In particular, for g < 1 the system is in the ordered phase, with two

ground states corresponding to having all the spins aligned up or down. Here the

Z2 symmetry is spontaneously broken. Conversely, for g > 1 the system is in the

disordered phase, with a single ground state and unbroken Z2 symmetry. At g = 1

we have a phase transition between the ordered and disordered phase, which in the

continuum limit is described by the 2d Ising CFT with central charge c = 1/2. The

order parameter is given by the spin (order) operator σz
i , which flows to the spin

operator σ of the Ising CFT.

Moreover, consider the following transformation of the Hamiltonian (1.5)

σz
jσ

z
j+1 → σx

j+1 , σx
j → σz

jσ
z
j+1 . (1.7)

This is the famous Kramers-Wannier (KW) duality of the Ising model, which ex-
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changes g ↔ g−1, or high and low temperature. Notice that at g = 1, however,

this becomes an exact symmetry of (1.5). In the continuum limit, this flows to the

non-invertible topological line N of the Ising CFT [31,38,83], which has fusion rules

N ⊗N = 1⊕ η . (1.8)

Here η is the topological line associated to the Z2 symmetry of the Ising CFT, satis-

fying the fusions η ⊗ η = 1 and η ⊗N = N ⊗ η = N . Altogether,

{1, η,N} (1.9)

generate the so called Ising symmetry, one of the simplest examples of non-invertible

symmetry. Under the action of N , the spin operator σ of the Ising CFT is mapped to

the disorder operator µ, which has the same conformal dimension but lives in the Z2

twisted sector. This map between order and disorder operators is an essential feature

of non-invertible symmetries, as we will see. The Ising CFT has also a relevant Z2

symmetric energy operator ϵ, which is odd under the KW duality line N . Adding

the relevant deformation ϵ triggers an RG flow to the disordered or ordered phase,

depending on the sign of the deformation.

The Ising symmetry is also one of the examples mentioned above of categorical

symmetries which are intrinsically anomalous. Indeed, as we will see, it can be realised

in a gapped phase with three vacua where the symmetry is fully spontaneously broken,

while it is not possible to realise it in a single symmetric vacuum (or also in two vacua).

Again, this imposes constraints on RG flows. For example, the tricritical Ising model

with c = 7/10 admits a deformation by an operator ϵ′ commuting with the Ising

symmetry. Depending on the sign of the deformation, the theory flows to either the

Ising CFT, or to a massive phase with three vacua [84, 85], which is consistent with

the analysis of the gapped phases preserving the Ising symmetry.
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1.0.1 Outline of the Thesis

This thesis is broadly divided into two main conceptual parts, which we now outline.

Non-invertible symmetries in higher dimensions. The first part of this the-

sis concerns theories with categorical symmetries in space-time dimensions d = 3

and higher. The constructions of non-invertible symmetries in higher-dimensional

quantum field theories so far have been of five main types

1. gauging a discrete symmetry H in a theory with symmetry G×H and a mixed

anomaly between G and H [59];

2. considering a theory self-dual under the gauging of a symmetry G and gauging

this symmetry only in half of space-time [58,61];

3. gauging a non-normal finite subgroup of the global symmetry [1, 57];

4. gauging a higher-form symmetry not on the whole space-time but only along a

higher codimensional submanifold [60];

5. stacking a lower dimensional symmetric TQFT and gauging the diagonal sym-

metry of the TQFT and the original theory [86].

In chapter 2 we present the third construction and apply it to gauge theory exam-

ples, where the gauging of a 0-form symmetry given by an outer-automorphism of the

gauge group gives rise to non-invertible symmetries. This approach is inspired by the

one in [43] in 3d (see also [87]), where 0-form global symmetries of TQFTs are gauged.

In generalising this to QFTs of arbitrary dimensions, we start with a theory T with

only invertible symmetries, meaning that the topological defects in T form a higher-

category, which we will call the symmetry category CT, that is group-like. We also

assume the presence of a 0-form symmetry G which acts as outer-automorphisms,

in particular inducing a non-trivial action on the topological defects D(d−p−1) that
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generate the p-form symmetries. We then gauge G, and study the topological defects

that are obtained after gauging. One set of topological operators in the gauged the-

ory T/G are the gauge invariant combinations of topological defects D(d−p−1) in the

initial category. After gauging the 0-form symmetry, there will be additional topolog-

ical line operators, that generate the quantum (d− 2)-form symmetry dual to G. We

develop a consistent framework to combine these two sets of defects and determine

their fusions. The resulting structure is naturally a higher-category CT/G.

Notably, there are also instances where various approaches overlap, and in par-

ticular some results obtained with the third approach can also be reproduced with

the first method based on mixed anomalies. In chapter 2 we also introduce this lat-

ter construction and match the results derived in this way with the non-invertible

symmetries obtained via the former categorical approach.

In chapter 3 we focus on d = 3 QFTs, whose symmetries are described by a 2-

category, and concretely develop the tools to gauge arbitrary 0-form symmetries and

determine the 2-category after gauging. An important point is that the initial, “pre-

gauged”, category is not necessarily invertible. In this sense, this extends the third

construction in the list above, which involves gauging non-normal 0-form symmetries

starting with only invertible ones, as well as the fifth construction, which considers

the gauging of the full 0-form symmetry groups but not of subgroups.

Gauging 0-form symmetries in general 2-categories, in particular in the presence

of non-trivial topological lines, is far more subtle for various reasons:

1. More options for implementing the 0-form symmetry: the presence of topolog-

ical lines results in a much richer way of implementing the 0-form symmetry

action. Furthermore, the 1-form symmetry generated by line defects can be

gauged on a surface, thus resulting in condensation defects;

2. Symmetry fractionalisation: in the presence of lines, symmetries can fraction-

alise, which in the categorical setting results in the presence of certain non-trivial
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associators, characterised by 4-cocycles. This symmetry fractionalisation results

in subtle constraints on the gauging process.

In general, we consider gauging subsequently all the possible subgroups of the

0-form symmetry G, and proceeding in this way we obtain a categorical symmetry

web of theories related by invertible gauging operations.

The categorical Landau paradigm. In the second part of the thesis, we focus

on how categorical symmetries can constraint the IR phases of theories, focusing

mostly on (1+ 1)d. We describe a comprehensive framework, the categorical Landau

paradigm, to study phases and phase transitions in the presence of non-invertible

symmetries.

We start in chapter 4, where we show how to classify all the possible gapped

phases of (1 + 1)d theories with a categorical symmetry S. In (1+1)d, many aspects

of gapped phases with fusion category symmetries have been discussed over the last

few years. The innovations we propose here compared to the existing literature on

the topic (see for example [44,48,54,69,88–91]) are the following:

• We use the SymTFT [92] (and for earlier works, see [50, 93, 94]) to classify S-

symmetric gapped phases, arguing that the SymTFT provides a systematic,

comprehensive and computationally useful approach for performing the clas-

sification. The SymTFT is a (2 + 1)-dimensional TQFT Z(S) for a (1 + 1)-

dimensional theory T with a categorical symmetry S, which is topological and

has two boundaries: a topological boundary Bsym
S , which encodes the symme-

tries, and a not necessarily topological boundary Bphys
T , which depends on the

QFT T. The original theory T with the action of the symmetry S can be

recovered as the interval compactification of the SymTFT, also known as the

sandwich construction. To study gapped phases, we also impose Bphys
T to be a

topological boundary condition.
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• We identify the (generalised) charges [95] of order parameters for arbitrary S-

symmetric gapped phases. In general, we find that such order parameters are

mixtures of conventional order parameters (local operators) and string order pa-

rameters (twisted sector operators, i.e. operators attached to topological lines),

which are forced to coexist in a single irreducible multiplet due to the action of

categorical symmetry on these local operators.

• We uncover an interesting physical phenomenon tied closely to spontaneous

breaking of non-invertible symmetries, i.e. that spontaneous breaking of non-

invertible symmetries can lead to physically distinguishable vacua. This is in

stark contrast to spontaneous breaking of invertible symmetries, where all the

vacua participating in an irreducible gapped phase are physically indistinguish-

able.

As we have seen, a fundamental part of the Landau paradigm is to discuss phase

transitions. We address this question for categorical symmetries S in chapter 5, where

we construct gapless theories corresponding to phase transitions with non-invertible

symmetries, using as input known phase transitions with invertible symmetries. These

can be e.g. the critical Ising model (describing the transition between a Z2 SSB phase

and the trivial phase) or the 3-state Potts model (describing the transition between

a Z3 SSB phase and the trivial phase). This requires an extension of the ordinary

SymTFT construction by introducing the club sandwich, which adds a gapped inter-

face I between two topological orders. These can be e.g. the SymTFTs Z(S) and

Z(S ′) for two symmetries S and S ′, separated by the interface I and sandwiched on

either side between the boundary conditionsBsym andBphys. Concretely, we can view

the club sandwich as providing a map between S ′-symmetric theories to S-symmetric

theories, with the symmetry S ′, as we will see, being an appropriate subcategory

of the bigger symmetry S. This is particularly relevant for our application to the

study of phase transitions. Indeed, suppose we know a 2d CFT C′ that sits at the
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transition between two S ′ symmetric gapped phases T′
1 and T′

2. Inputting this as

right boundary condition Bphys of the club sandwich, we can output an S symmetric

CFT C at the transition between S-symmetric phases. This allows us to derive phase

transitions for larger symmetries by inputting known minimal phase transitions for

smaller, “elementary”, symmetries.

Chapter 6 studies a specific lattice model that very concretely illustrates the cate-

gorical Landau paradigm in action. This lattice model is realised on a tensor product

Hilbert space, acted upon by generalised Ising Hamiltonians. These models exhibit

four gapped phases, with a commuting projector Hamiltonian within each of them.

The ground states cannot be explained as standard SSB phases, but require a non-

invertible symmetry, in this case Rep(S3), given by the irreducible representations of

the group of permutations of three elements S3. Moreover, by tuning the parameters

in the generalised Ising Hamiltonians, we also realise second order phase transitions

between such gapped phases. This lattice model provides a UV realisation of the

gapped and gapless Rep(S3) phases found using the SymTFT framework outlined in

the chapters 4 and 5.

Finally, chapter 7 uses the tools developed in the previous chapters to determine

a 2d CFT with the exotic Haagerup fusion category symmetry. A general question is

whether given any fusion category S, one can always find a 2d CFT with topological

lines realising it (a related question is, given any MTCM, to determine the diagonal

rational CFT (RCFT) whose Verlinde lines realiseM, following the correspondence

between RCFTs and MTCs introduced in [31, 32]). This has been a longstanding

open problem for the Haagerup symmetry. Numerical evidence for such a CFT was

obtained using anyon chain models in [96,97], where a central charge c ∼ 2 was found

and subsequently studies of finite-size effects were performed in [98]. More recently,

[99] constructed an integrable spin chain with broken H3 symmetry, as well as a

critical spin chain, where c ∼ 3/2 (see also [100]). However, the definitive construction

13



– especially analytic – of a gapless theory with H3 topological lines remains an open

question. In chapter 7 we address this problem and construct a CFT that is H3-

symmetric. In particular, we determine gapped and gapless phases withH3 symmetry

and explore the phase diagram, following the philosophy of the categorical Landau

paradigm. We corroborate the continuum analysis by also constructing a lattice

model that realises the gapped and gapless phases, following the general approach

of [8], which is based on the anyon chain and is tailored to construct the lattice

models directly from the SymTFT and club sandwich data. Similar lattice model

constructions for fusion category symmetries have appeared in [83,89,101–106].
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Chapter 2

Higher Categorical Symmetries

In this chapter we will outline a general procedure, applicable in any dimension, which

constructs non-invertible symmetries by gauging 0-form sub-symmetries of invertible

higher-form and higher-group symmetries. These non-invertible symmetries and their

properties, such as the possible gaugings and analogues of ‘t Hooft anomalies, are

expected to be encoded in the structure of a higher-category, which can be understood

as capturing the local properties of topological defects associated to these symmetries.

We can thus call these higher-categorical symmetries. The content of this chapter is

based on [1].

The structure of the chapter is as follows. In section 2.1 we introduce some notions

of higher categorical symmetries. In section 2.2 we describe symmetries localised on

topological defects and condensation. In section 2.3 we discuss the category obtained

after gauging a 0-form symmetry G in general dimensions. We present some examples

of this construction in 3d and 4d in sections 2.4 and 2.5 respectively. Finally, we

conclude illustrating an alternative approach based on mixed anomalies from higher

groups in section 2.6.
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2.1 Symmetries and Higher-Categories

In this section, we review why generalised symmetries are expected to form the math-

ematical structure of a higher-category.

2.1.1 Symmetries in Terms of Topological Defects

Generalised symmetries of a QFT correspond to the existence of topological defects

of various dimensions in the QFT. These topological defects can be genuine or non-

genuine. We begin with a discussion of genuine topological defects, that can be

defined independently of other higher-dimensional topological defects. A genuine

topological defect Dp of dimension-p is a defect operator that can be inserted along

any dimension-p sub-manifold Σp of the d-dimensional spacetime Md. The fact that

it is topological means the following: consider a correlation function ⟨· · ·Dp(Σp) · · · ⟩

containing Dp, where the dots denote other topological and non-topological defects

of various dimensions. Then, we have the equality of correlation functions

⟨· · ·Dp(Σp) · · · ⟩ =
〈
· · ·Dp

(
Σ′

p

)
· · ·
〉
, (2.1)

where
〈
· · ·Dp

(
Σ′

p

)
· · ·
〉
denotes the correlation function obtained by changing the

locus of Dp from Σp to Σ′
p by a homotopy that does not intersect the loci of other

defects participating in the correlation function, and the loci of other defects are not

changed.

Non-genuine topological defects can be sub-defects arising at the intersections or

junctions of genuine topological defects, see figure 2.1. More generally, non-genuine

topological defects arise at the junctions of genuine topological defects and non-

genuine topological sub-defects.

So far whatever we have discussed holds true for both discrete and continuous

symmetries. A discrete symmetry is one for which the corresponding genuine and
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D2

D1

D′
1

D0

Figure 2.1: Example of non-genuine defects arising at junctions of genuine defects.
Here D′

1 and D2 are genuine line and surface defects respectively. D1 is a non-genuine
line defect arising at the end of D2 and D0 is a non-genuine local operator that can
arise at an end of D′

1 along D2.

non-genuine topological defects are parametrised by discrete parameters. On the

other hand, for a continuous symmetry, the corresponding genuine and non-genuine

topological defects are parametrised by continuous parameters. For a discrete symme-

try, the associated topological defects and their configurations provide full information

about the various possible backgrounds for the discrete symmetry that the QFT can

be coupled to. However, for a continuous symmetry, the associated topological de-

fects and their configurations only provide information about “flat” backgrounds of

the continuous symmetry.

2.1.2 From Topological Defects to Higher-Categories

Symmetry category. From the information about configurations of topological

defects in a d-dimensional QFT T, we can construct a (d− 1)-category CT, which we

refer to as the symmetry category of T. For d = 2, it is a 1-category, or a standard

category. For d > 2, it is a higher-category.

Recall that a (d − 1)-category has d levels. At the first level, we have objects

of the category, which are also called 0-morphisms. At the second level, we have
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1-morphisms between objects. At the third level, we have 2-morphisms between 1-

morphisms. Continuing in this fashion, at the i-th level for 2 ≤ i ≤ d, we have

(i− 1)-morphisms between (i− 2)-morphisms.

Objects. The objects of CT correspond to topological codimension-1 defects of T.

We use the same labels Dd−1 to denote both topological codimension-1 defects and

the corresponding objects of CT. There is an additive structure on the objects coming

from the additive structure on the codimension-1 topological defects. A codimension-

1 topological defect Dd−1 =
⊕

i niD
(i)
d−1 with ni > 0 is a sum of distinct codimension-1

topological defects D
(i)
d−1. Simple objects are by definition those codimension-1 topo-

logical defects that have a single vacuum, or in other words, carry a single topological

local operator on their worldvolume.

There is also a product/monoidal structure on the objects coming from fusing

codimension-one topological defects, see figure 2.2, where we consider fusing two

codimension-1 defects D
(1)
d−1 and D

(2)
d−1. The resulting codimension-1 defect is denoted

as D
(12)
d−1, which we represent in equations as

D
(1)
d−1 ⊗D

(2)
d−1 = D

(12)
d−1 (2.2)

or as

D
(1)
d−1(Σd−1)⊗D

(2)
d−1(Σd−1) = D

(12)
d−1(Σd−1) (2.3)

if we want to manifest the codimension-one submanifold Σd−1 of spacetime that the

defects wrap.

1-morphisms. The 1-morphisms of CT correspond to topological codimension-2

defects living at the intersection of two topological codimension-1 defects, see figure

2.3.

Two 1-morphisms can be composed to obtain another 1-morphism. Given a 1-
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=

D
(2)
d−1D

(1)
d−1 D

(12)
d−1

Figure 2.2: Fusion of codimension-1 topological defects that describes a monoidal
structure on the objects in the symmetry higher-category.

D
(1,2)
d−2

D
(1)
d−1

D
(2)
d−1

Figure 2.3: A 1-morphism D
(1,2)
d−2 from D

(1)
d−1 to D

(2)
d−1 is a codimension-2 topological

defect living between codimension-1 topological defects D
(1)
d−1 and D

(2)
d−1. To specify

the direction of the morphism, we need to pick a “time” direction, which is taken to
run from bottom to top of the figure.
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D
(1,2)
d−2

D
(2,3)
d−2

D
(1)
d−1

D
(2)
d−1

D
(3)
d−1

= D
(2,3)
d−2 ◦D

(1,2)
d−2

D
(1)
d−1

D
(3)
d−1

Figure 2.4: Fusing two codimension-2 defects D
(1,2)
d−2 and D

(2,3)
d−2 leads to the de-

fect D
(2,3)
d−2 ◦ D

(1,2)
d−2 . This is described in the higher-category as a composition of

1-morphisms, and to describe the direction of the morphisms and composition, we
need to pick a “time” direction, which is taken to run from bottom to top of the
figure.

morphism D
(1,2)
d−2 from D

(1)
d−1 to D

(2)
d−1 and a 1-morphism D

(2,3)
d−2 from D

(2)
d−1 to D

(3)
d−1, we

have a 1-morphism

D
(2,3)
d−2 ◦D

(1,2)
d−2 (2.4)

from D
(1)
d−1 to D

(3)
d−1. See figure 2.4. Changing the time direction in the above fusion

leading to composition of morphisms, we obtain a monoidal/fusion structure on 1-

morphisms. However, it should be noted that we define this fusion structure only if CT

admits 2-morphisms, i.e. if the theory T has dimension d ≥ 3. Given a 1-morphism

D
(1,2)
d−2 from D

(1)
d−1 to D

(2)
d−1 and a 1-morphism D

(2,3)
d−2 from D

(2)
d−1 to D

(3)
d−1, we have a

1-morphism

D
(1,2)
d−2 ⊗D

(2)
d−1

D
(2,3)
d−2 (2.5)

from D
(1)
d−1 to D

(3)
d−1, see figure 2.5. Even though we have

D
(1,2)
d−2 ⊗D

(2)
d−1

D
(2,3)
d−2 = D

(2,3)
d−2 ◦D

(1,2)
d−2 (2.6)

we use both notions as they have different utilities. For example, we will see later
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D
(1,2)
d−2 D

(2,3)
d−2

D
(1)
d−1 D

(2)
d−1 D

(3)
d−1

=

D
(1,2)
d−2 ⊗D

(2)
d−1

D
(2,3)
d−2

D
(1)
d−1 D

(3)
d−1

Figure 2.5: Here we have rotated the figure 2.4, while keeping the time direction going
from bottom to top. The fusion of D

(1,2)
d−2 and D

(2,3)
d−2 now is represented as a monoidal

operation on 1-morphisms. Such a monoidal operation is labeled by objects, as in
equation (2.5).

D
(2)
d−1

D
(1)
d−1

D
(1,2)
d−2

D
(4)
d−1

D
(3)
d−1

D
(3,4)
d−2

=

D
(2)
d−1 ⊗D

(4)
d−1

D
(1)
d−1 ⊗D

(3)
d−1

D
(1,2)
d−2 ⊗D

(3,4)
d−2

Figure 2.6: The fusion structure ⊗ on general codimension-2 topological defects.

that the fusion structure ⊗Dd−1
on 1-morphisms from Dd−1 to Dd−1 descends to a

fusion structure on objects of a higher-category of symmetries localised along Dd−1.

There is another fusion structure on 1-morphisms, which is defined for any CT,

irrespective of whether it admits 2-morphisms or not. Given a 1-morphism D
(1,2)
d−2 from

D
(1)
d−1 to D

(2)
d−1 and a 1-morphism D

(3,4)
d−2 from D

(3)
d−1 to D

(4)
d−1 constructs a 1-morphism

D
(1,2)
d−2 ⊗D

(3,4)
d−2 (2.7)

from D
(13)
d−1 to D

(24)
d−1. This fusion operation is described in figure 2.6.
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D
(1,2)(2)
d−2

D
(1,2)(1)
d−2

D
(1)
d−1 D

(2)
d−1

D
(1,2)(1,2)
d−3

Figure 2.7: A 2-morphismD
(1,2)(1,2)
d−3 between 1-morphismsD

(1,2),(1)
d−2 andD

(1,2),(2)
d−2 (both

from D
(1)
d−1 to D

(2)
d−1).

2-morphisms. The 2-morphisms of CT correspond to topological codimension-3

defects living at the intersection of two codimension-2 defects corresponding to 1-

morphisms of CT, see figure 2.7. 2-morphisms can be similarly composed and admit

multiple fusion structures.

Higher-morphisms. Continuing inductively, we define p-morphisms from p − 1-

morphism Dd−p to p − 1-morphism D′
d−p of CT as topological codimension-(p + 1)

defects Dd−p−1 that live at the intersection of topological codimension-p defects Dd−p

and D′
d−p (with appropriate choices of orientation).

2.2 Localised Symmetries and Condensations

When are two topological defects D
(1)
p and D

(2)
p related by the so-called condensation?

We can define equivalence classes of topological defects1 that are related to each other

by condensations. Pick a representative D
(1)
p of such an equivalence class. Then

any other defect D
(2)
p lying in the equivalence class can be obtained by performing

a generalised gauging operation on the worldvolume of D
(1)
p . The purpose of this

1These are also known as ‘Schur components’ [107].
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section is to explain this generalised gauging construction.

To describe the generalised gauging operation, we need to first begin with a dis-

cussion of the (higher-)category CT,Dp of symmetries localised along the worldvolume

of a topological defect Dp (which may be genuine or non-genuine). CT,Dp is a (p− 1)-

category describing topological defects that are constrained to live inside Dp, and we

refer to it as the symmetry category of the defect Dp. In fact, CT,Dp can be recognised

as a subcategory of the symmetry (d− 1)-category CT of the theory T. The defect Dp

is itself a (d− p− 1)-morphism of CT. The objects of CT,Dp are (d− p)-morphisms of

CT from Dp to itself. The 1-morphisms of CT,Dp are (d− p+1)-morphisms of CT going

between (d − p)-morphisms of CT that are objects of CT,Dp , and so on. The fusion

structure ⊗ on CT,Dp descends from the fusion structure ⊗Dp on CT.

2.2.1 Generalised Gauging

Let us now describe the construction of D
(2)
p in terms of D

(1)
p , when the two defects

are related by condensation. We will first discuss the case of p = 2, where we can be

quite concrete.

D
(2)
2 can be obtained from D

(1)
2 by performing a generalised gauging [88,108,109]

of the symmetry C
T,D

(1)
2

of D
(1)
2 . The gauging is described by what is known as an

algebra inside the 1-category C
T,D

(1)
2
. The algebra is comprised of the following data:

• First of all, we have an object A
(1,2)
1 inside C

T,D
(1)
2
, which implements the gauging

procedure to go from D
(1)
2 to D

(2)
2 .
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0
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1

A
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1

A
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0
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(1,2);p
0

=

A
(1,2)
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A
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Figure 2.8: Conditions specified by the morphisms comprising the algebra A(1,2).
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=

D
(1)
2 D

(2)
2

Figure 2.9: The construction of the topological defect D
(2)
2 by gauging algebra A(1,2)

on D
(1)
2 . The blue lines on the left hand side are algebra objects A

(1,2)
1 , while the

trivalent junctions are morphisms comprising the algebra.

• Additionally we have the following canonical morphisms

A
(1,2;p)
0 : A

(1,2)
1 ⊗ A

(1,2)
1 → A

(1,2)
1

A
(1,2;cp)
0 : A

(1,2)
1 → A

(1,2)
1 ⊗ A

(1,2)
1

A
(1,2;ev)
0 : A

(1,2)
1 → 1

D
(1)
2

A
(1,2;cev)
0 : 1

D
(1)
2
→ A

(1,2)
1 ,

(2.8)

satisfying the properties shown in figure 2.8.

The gauging of C
T,D

(1)
2

by the algebra

A(1,2) =
{
A

(1,2)
1 , A

(1,2;p)
0 , A

(1,2;cp)
0 , A

(1,2;ev)
0 , A

(1,2;cev)
0

}
(2.9)

is performed by inserting a mesh of topological defects comprised out of the algebra

along the full locus of D
(1)
2 , as shown in figure 2.9. We denote the defect with algebra

A(1,2) condensed by

D
(2)
2 =

D
(1)
2

A(1,2)
. (2.10)

An interface D
(1,2)
1 between the original defect D

(1)
2 and D

(2)
2 can be constructed

by inserting a mesh of topological defects comprised out of the algebra along only
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=D
(1)
2 D

(1)
2 D

(2)
2

D
(1,2)
1

Figure 2.10: The construction of the interface D
(1,2)
1 using the algebra A(1,2).

half of the locus of D
(1)
1 , as shown in figure 2.10.

Category of lines after condensation. The symmetry category capturing lo-

calised symmetries on D
(2)
2 can be recognised as

C
T,D

(2)
2

= BimodA(1,2)

(
C
T,D

(1)
2

)
, (2.11)

which is the category of A(1,2) bimodules in C
T,D

(1)
2
. That is, the topological line

operators living on D
(2)
2 are bimodules of the algebra A(1,2). Such a bimodule BD

(1)
2

comprises of the following data

BD
(1)
2 =

{
B

D
(1)
2

1 , B
D

(1)
2 ;lp

0 , B
D

(1)
2 ;rp

0 , B
D

(1)
2 ;lcp

0 , B
D

(1)
2 ;rcp

0

}
, (2.12)

where B
D

(1)
2

1 is an object of C
T,D

(1)
2
, and the other four are morphisms

B
D

(1)
2 ;lp

0 : A
(1,2)
1 ⊗B

D
(1)
2

1 → B
D

(1)
2

1

B
D

(1)
2 ;rp

0 : B
D

(1)
2

1 ⊗ A
(1,2)
1 → B

D
(1)
2

1

B
D

(1)
2 ;lcp

0 : B
D

(1)
2

1 → A
(1,2)
1 ⊗B

D
(1)
2

1

B
D

(1)
2 ;rcp

0 : B
D

(1)
2

1 → B
D

(1)
2

1 ⊗ A
(1,2)
1 ,

(2.13)
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Figure 2.11: Conditions that a bimodule BD
(1)
2 has to satisfy.
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such that these satisfy the properties shown in figure 2.11. See [1, 88] for details

regarding morphisms in the category BimodA(1,2)

(
C
T,D

(1)
2

)
.

The above description for p = 2 is expected to generalise to general p. In this

chapter we only consider the case of p = 2, and hence do not need to develop the

theory of generalised gauging for general p, but see [110–114] for prior work in this

direction.

2.3 0-Form Gauging of Higher-Categorical Sym-

metries

In this section, we study a sub-symmetry of T given by a (d− 2)-category Cid,T which

is a subcategory of the (d−1)-category CT capturing the full symmetry of T. We have

a group action on Cid,T given by a finite group G, which may be non-abelian. The

group action corresponds to a 0-form symmetry of T which can be gauged, resulting

in the theory T/G. We describe a construction of the corresponding (d− 2)-category

Cid,T/G of the full symmetry (d− 1)-category CT/G of the gauged theory T/G in terms

of the data of Cid,T and the action of G on it.

The classes of G that we consider are restricted to be of the form2

G = Γ1 ⋊ Γ2 ⋊ · · ·⋊ Γk , (2.14)

where Γi are abelian groups. This is because we describe the effect of gauging a finite

abelian group Γ, and the effect of gauging G can be deduced by sequentially gauging

the finite abelian groups Γi.

2These do not exhaust all non-abelian finite G. An example of a group that cannot be written
in this fashion is the group (of order 8) formed by quaternions.
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2.3.1 Setup

The category Cid,T is the category describing symmetries localised along the codimension-

1 identity defect of T. In other words, Cid,T is obtained from the full symmetry

category CT by forgetting about non-trivial codimension-1 topological defects.

On the other hand, G is a 0-form symmetry of T. This means that CT contains

objects D
(g)
d−1 parametrised by the elements g of G. We further assume that there

are no 1-morphisms between D
(g)
d−1 and D

(g′)
d−1 for g ̸= g′. This condition is equivalent

to requiring that there are no topological defects in the twisted sector of the G 0-

form symmetry. If this condition is violated, one obtains extra codimension-two (and

also higher codimensional) defects in Cid,T/G that are not accounted by our procedure

discussed below. These extra defects are also known as topological defects lying in

non-trivial flux sector, or as topological Gukov-Witten operators. Our procedure can

be applied to such cases, but in such cases we only construct a subcategory of the

full category Cid,T/G, which can be understood as the subcategory formed by defects

lying in the trivial flux sector.

The tensor product of these objects follows the group operation on G:

D
(g)
d−1 ⊗D

(g′)
d−1 = D

(gg′)
d−1 . (2.15)

We assume that G does not participate in any higher-group structures and ‘t Hooft

anomalies.

In general G has an action on Cid,T as follows. Consider an object Dd−2 of Cid,T.

An element g ∈ G sends Dd−2 to an element g ·Dd−2 of Cid,T, which can be computed

as

g ·Dd−2 = D
(g)
d−2 ⊗Dd−2 ⊗D

(g−1)
d−2 (2.16)

using the fusion structure on 1-morphisms of the category CT, where D
(g)
d−2 is the

identity (d− 2)-dimensional defect on D
(g)
d−1. See figure 2.12.
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D
(g)
d−1

Dd−2

g ·Dd−2

Figure 2.12: Action of the symmetry g ∈ G on the defects Dd−2 as in equation (2.16).

2.3.2 Gauging in 3d

We begin the discussion of gauging finite, abelian G from the special case of d = 3.

This has been considered in the literature earlier [43,87] in the context of 3d TQFTs,

and our discussion is mostly a review of these works but now applied to general

3d QFTs that need not be topological. We formulate the discussion such that it is

amenable to generalization to higher dimensions. The category Cid,T is a standard

1-category describing the genuine topological line defects and the topological local

operators living at their junctions. Our task is to determine the 1-category Cid,T/G of

the 3d theory T/G obtained after gauging the 0-form symmetry G of the 3d theory

T.

Let us begin by discussing the objects of Cid,T/G, i.e. the genuine line defects in

the theory T/G. First of all, gauging G produces Wilson line defects for the gauge

group G, which are topological as G is finite. These line defects form a sub-category

Rep(G) = VecĜ (2.17)

of Cid,T/G, where VecĜ is the category of vector spaces graded by elements of the

Pontryagin dual Ĝ of G. Recall that Ĝ is the group formed by irreducible repre-

sentations of the finite group G (which are all 1-dimensional) under tensor product

operation. This subcategory provides objects in Cid,T/G labeled by representations of
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G. The irreducible representations of G, i.e. elements of Ĝ, give rise to simple objects

of Cid,T/G.

In addition to the G representations, there are objects of Cid,T/G arising from the

objects of Cid,T. However, not every object of Cid,T descends to an object of Cid,T/G.

This is because only those objects of Cid,T that are left invariant by the action of G

are gauge invariant in the theory T/G, so only those objects survive as objects of

Cid,T/G. A simple object D
(O)
1 of Cid,T/G arising in this way can be described as the

object

D
(O)
1 ≡

⊕
i∈O

D
(i)
1 (2.18)

in the category Cid,T, where D
(i)
1 are distinct simple objects of Cid,T lying in an orbit

O of the G action.

Finally, there are simple objects of Cid,T/G which are mixtures of the two above

kinds of simple objects, which can be thought of as objects D
(O)
1 dressed by Wilson

line defects. Concretely, to a simple object D
(O)
1 , we can associate a subgroup GO of

G, which is the stabiliser of any object D
(i)
1 for i ∈ O. Such an object D

(O)
1 can be

dressed by representations of the stabiliserGO. Thus the simple objects corresponding

to D
(O)
1 can be represented as D

(O,RO)
1 , where RO is an irreducible representation of

GO, or in other words, an element of the Pontryagin dual group ĜO of GO. The

bare object D
(O)
1 is obtained by choosing RO to be the trivial representation. The

simple objects of the subcategory Rep(G) of Cid,T/G are obtained as special cases of

D
(O,RO)
1 by taking O to be the orbit formed by the identity object of Cid,T, for which

the stabiliser is the whole group G. We represent these simple objects as D
(R)
1 , where

R is an irreducible representation of G. The identity object of the category Cid,T/G is

denoted as D
(id)
1 , which is obtained by choosing R to be the trivial representation of

G.

Let us now discuss the fusion operation on the objects of Cid,T/G. First of all, we
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have

D
(R)
1 ⊗D

(R′)
1 = D

(RR′)
1 , (2.19)

where R,R′ ∈ Ĝ, and RR′ ∈ Ĝ is the product of R and R′ in Ĝ. Next, we have

D
(O,RO)
1 ⊗D

(R′)
1 = D

(O,ROR′
O)

1 , (2.20)

where R′
O ∈ ĜO is the image of R ∈ Ĝ under the surjective homomorphism

πO : Ĝ→ ĜO (2.21)

dual to the injective homomorphism

iO : GO → G (2.22)

descending from the fact that GO is a subgroup of G.

The fusions D
(O,RO)
1 ⊗D

(O′,R′
O′ )

1 are more complicated. For this purpose, we con-

sider the fate of local operators, i.e. morphisms of Cid,T under gauging. Because we

have an action of G on Cid,T, the morphisms (between objects left invariant by G

action) can be decomposed into representations of G. After gauging G, a morphism

transforming in representation R of G is not gauge invariant, but can be made gauge

invariant by attaching a Wilson line in representation R of G. See figure 2.13. This

phenomenon provides information about the morphisms of Cid,T/G, and hence in par-

ticular the tensor product structure on objects of Cid,T/G. In particular, we can relate

the morphism space D
(O,RO)
1 ⊗ D

(O′,RO′ )
1 → D

(O′′,RO′′ )
1 after gauging G to the sub-

space of the morphism space D
(O)
1 ⊗ D

(O′)
1 → D

(O′′)
1 before gauging G transforming

in a specific representation of G determined by the representations RO, RO′ , RO′′ . We

will see this in examples.
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D0 ∈ R

D
(O′′)
1

D
(O)
1 D

(O′)
1

gauge G
D0

D
(O′′)
1

D
(O)
1 D

(O′)
1

D
(R)
1

Figure 2.13: A local operator transforming in representation R of G before gauging
G, is attached to a Wilson line in representation R of G after gauging G.

2.3.3 Gauging in Higher d and Fusion

We now extend the discussion of the previous subsection to arbitrary d ≥ 4. The

category Cid,T before gauging is now a (d− 2)-category. Our task is to determine the

(d− 2)-category Cid,T/G obtained after gauging the 0-form symmetry G of the theory

T.

The objects of Cid,T/G are objects of Cid,T left invariant by the G action, and objects

related to such gauge invariant objects by condensation. Similarly, p-morphisms in

Cid,T/G, p ̸= d − 2, d − 3, descend from p-morphisms in Cid,T left invariant by the G

action, and p-morphisms related to such gauge invariant objects by condensation.

Fusion of two non-condensation defects can create condensation defects. That

is, if we consider two p-morphisms of Cid,T/G obtained directly as gauge invariant p-

morphisms of Cid,T without involving any condensation, then the product p-morphism

is in general a p-morphism of Cid,T/G obtained as a gauge invariant p-morphism of Cid,T

with an additional condensation on top of it. We will describe how the additional

condensation can be determined for surface defects.

We still need to describe (d − 3)-morphisms and (d − 2)-morphisms of Cid,T/G.

These correspond respectively to (genuine and non-genuine) topological line defects
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and topological local operators of the gauged theory T/G. As in previous subsection,

to describe them we need to also incorporate Wilson line defects created by the

G gauging. The analysis is a straightforward generalization of the analysis in the

previous subsection. First of all, the (d− 3)-morphisms of Cid,T that are left invariant

by G action descend to (d− 3)-morphisms of Cid,T/G. Thus, a class of simple (d− 3)-

morphisms of Cid,T/G are D
(O)
1 which can be represented in the category Cid,T as

D
(O)
1 =

⊕
i∈O

D
(i)
1 , (2.23)

where O is an orbit under G action formed by simple (d− 3)-morphisms D
(i)
1 of the

category Cid,T. Other simple (d − 3)-morphisms of Cid,T/G are obtained by dressing

D
(O)
1 by Wilson line defects valued in ĜO, which is the Pontryagin dual of the stabiliser

GO ⊆ G of the orbit O. These (d − 3)-morphisms are represented as D
(O,RO)
1 , with

RO ∈ ĜO. The (d − 2)-morphisms of Cid,T/G from D
(O,RO)
1 ⊗ D

(O′,RO′ )
1 to D

(O′′,RO′′ )
1

are obtained in terms of (d − 2)-morphisms of Cid,T from D
(O)
1 ⊗ D

(O′)
1 to D

(O′′)
1 as

described in the previous subsection.

Fusion of Surface Defects and Condensation. We now provide the key to

computing the fusion of topological surface defects in the symmetry category and

describe how fusion of surfaces can create condensations.

Consider two surfaces D
(O)
2 and D

(O′)
2 described by orbits O and O′. In the theory

T before gauging, they have a fusion rule

D
(O)
2 ⊗D

(O′)
2 = ⊕iD

(i)
2 , (2.24)

where D
(i)
2 are simple surfaces. We have line operators describing the 1-morphisms

D
(O)
2 ⊗D

(O′)
2 → D

(i)
2 in the category Cid,T. These line operators organise themselves
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D
(O′′),(OO′)
1

D
(O)
2 ⊗D

(O′)
2

D
(O′′)
2

D
(O′′),(OO′)
1

D
(i)
1

D
(O′′)
2

Figure 2.14: The coefficient ni appearing in (2.26) is the dimension of the vector space
of local operators shown in the figure.

into orbits under the G action such that we can write the above equation as

D
(O)
2 ⊗D

(O′)
2 = ⊕O′′D

(O′′)
2 , (2.25)

where O′′ are orbits of surfaces. The right hand side ⊕O′′D
(O′′)
2 of the above fusion

is a representative of the equivalence class under condensation of D
(O)
2 ⊗D

(O′)
2 in the

theory T/G.

Our task is now to describe the generalised gauging on top of each D
(O′′)
2 . This is

captured in terms of an algebra A(O′′),(OO′) in the 1-category of localised symmetries

Cid,T/G,DO′′
2
, with object A

(O′′),(OO′)
1 . From the gauging procedure, we obtain a line

operator D
(O′′),(OO′)
1 describing a 1-morphism D

(O)
2 ⊗D

(O′)
2 → D

(O′′)
2 in the category

Cid,T/G. The algebra object can be expressed as

A
(O′′),(OO′)
1 = ⊕iniD

(i)
1 , (2.26)

where D
(i)
1 are the line operators living on D

(O′′)
2 and ni is the dimension of the vector

space formed by local operators living at the end of D
(i)
1 along D

(O′′),(OO′)
1 as shown in

figure 2.14. Thus, the algebra object A
(O′′),(OO′)
1 is described by local operators living
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on D
(O′′),(OO′)
1 .

In summary the fusion of surfaces is computed as follows:

1. Determine the orbit decomposition of the surface fusion as in (2.25).

2. Compute the algebra object A
(O′′),(OO′)
1 which characterises the gauging of the

localised symmetry on DO′′
2 . This is computed as in (2.26) in terms of certain

2-morphisms capturing various kinds of local operators living on the line defect

describing a 1-morphism D
(O)
2 ⊗D

(O′)
2 → D

(O′′)
2 .

3. Then the fusion of D
(O)
2 ⊗D

(O′)
2 will contain a term

D
(O′′)
2

A(O′′),(OO′)
(2.27)

which describes the condensation appearing on top of D
(O′′)
2 in terms of the

algebra A(O′′),(OO′), using which one performs the generalised gauging associated

to the condensation.

We finally comment that the fusion of condensation defects, which are a central

part of the symmetry category, will not be discussed here, as it requires developing

further technology. We discuss some examples of this in the next chapter 3. The

fusion of condensation defects has appeared e.g. in [61, 86,115,116].

2.4 Example: Pure Pin+(4N) Gauge Theory in 3d

In this section we provide an example of a 3d theory whose topological line defects and

local operators form a non-invertible symmetry described by a standard 1-category.

We start with pure Spin(4N) Yang-Mills theory in 3d, which has a 1-form symmetry

group Z2 × Z2. The outer-automorphism of the gauge algebra so(4N) provides a

Z2 0-form symmetry of the theory that exchanges the two Z2 factors of the 1-form
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symmetry group. Gauging this 0-form symmetry results in the pure Pin+(4N) Yang-

Mills theory in 3d, which we show to contain a non-invertible categorical symmetry

descending from the 1-form symmetry of Spin(4N) Yang-Mills theory.

We label the two Z2 factors in the 1-form symmetry group of Spin(4N) theory as

Z(S)
2 and Z(C)

2 depending on whether the Z2 leaves the spinor irrep S invariant, or the

cospinor irrep C invariant. The diagonal Z2 factor can be represented as Z(V )
2 as it

leaves the vector irrep invariant. Thus, we express the 1-form symmetry group Γ(1)

as

Γ(1) = Z(S)
2 × Z(C)

2 . (2.28)

The outer-automorphism provides a 0-form symmetry group

Γ(0) = Z(0)
2 , (2.29)

which exchanges Z(S)
2 and Z(C)

2 , while leaving the Z(V )
2 invariant.

The data of 1-form symmetry can be converted into the data of a 1-category

CSpin(4N) as follows. The simple objects of CSpin(4N) correspond to topological line

operators implementing the 1-form symmetry Γ(1), and we write the set of simple

objects as

CobSpin(4N) =
{
D

(id)
1 , D

(S)
1 , D

(C)
1 , D

(V )
1

}
, (2.30)

where D
(id)
1 is the identity line, and D

(i)
1 are the topological line operators correspond-

ing respectively to generators of Z(i)
2 1-form symmetries. The Z2 0-form symmetry

acts on the 1-form symmetry generators as

D
(S)
1 ←→ D

(C)
1 . (2.31)

and leaves D
(id)
1 , D

(V )
1 invariant. The tensor product of these objects follows the group

law of Γ(1).
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Now we gauge Z2 to obtain a category CPin+(4N) describing topological line defects

and local operators of the Pin+(4N) theory. A subset of simple objects of CPin+(4N)

arise as objects of CSpin(4N) left invariant by the Z2 outer automorphism action. These

are D
(id)
1 , D

(V )
1 and

D
(SC)
1 :=

(
D

(S)
1 ⊕D

(C)
1

)
CSpin

, (2.32)

where the subscript CSpin(4N) on the RHS reflects that the object D
(SC)
1 is decomposed

as this direct sum only in the category CSpin(4N), but it is a simple object in the

category CPin+(4N).

Other simple objects of CPin+(4N) are obtained by dressing with Wilson line defects.

Note that the stabiliser for D
(id)
1 , D

(V )
1 is the whole 0-form symmetry group Z2, while

the stabiliser for D
(SC)
1 is trivial. Thus, we obtain new simple objects of CPin+(4N)

by dressing D
(id)
1 , D

(V )
1 with the non-trivial irrep of Z2. We call the resulting simple

objects as D
(−)
1 , D

(V−)
1 respectively. Thus, the full set of simple objects of CPin+(4N) is

CobPin+(4N) =
{
D

(id)
1 , D

(−)
1 , D

(SC)
1 , D

(V )
1 , D

(V−)
1

}
. (2.33)

The topological line defects {
D

(id)
1 , D

(−)
1

}
, (2.34)

are the Wilson line defects for the gauged Z2 0-form symmetry, and hence generate the

dual Z2 1-form symmetry arising as a result of Z2 0-form gauging, with the non-trivial

fusion rule (2.19)

D
(−)
1 ⊗D

(−)
1 = D

(id)
1 (2.35)

following the representation theory of Z2.
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Moreover, from (2.20) we have the following non-trivial fusions

D
(SC)
1 ⊗D

(−)
1 = D

(SC)
1

D
(V )
1 ⊗D

(−)
1 = D

(V−)
1

(2.36)

in the category CPin+(4N).

Now we consider the tensor product D
(SC)
1 ⊗ D

(SC)
1 in the category CPin+(4N).

Notice that in CSpin(4N) we have the fusion

(
D

(SC)
1 ⊗D

(SC)
1

)
CSpin(4N)

=
(
2D

(id)
1 ⊕ 2D

(V )
1

)
CSpin(4N)

, (2.37)

which implies that, in the category CPin+(4N), only D
(id)
1 , D

(−)
1 , D

(V )
1 and D

(V−)
1 can

appear in the fusion D
(SC)
1 ⊗ D

(SC)
1 . To determine the precise multiplicity of these

objects, we need to study the Z2 representations formed by morphisms from D
(SC)
1 ⊗

D
(SC)
1 to D

(id)
1 in CSpin(4N) and the Z2 representations formed by morphisms from

D
(SC)
1 ⊗D

(SC)
1 to D

(V )
1 in CSpin(4N).

Let us first consider the CSpin(4N) morphisms from D
(SC)
1 ⊗D

(SC)
1 to D

(id)
1 . There is

a 2-dimensional vector space of such morphisms of CSpin(4N) spanned by a morphism

D
(S⊗S,id)
0 from D

(S)
1 ⊗ D

(S)
1 to D

(id)
1 , and a morphism D

(C⊗C,id)
0 from D

(C)
1 ⊗ D

(C)
1 to

D
(id)
1 . It is clear that Z2 outer automorphism acts as the exchange

D
(S⊗S,id)
0 ←→ D

(C⊗C,id)
0 . (2.38)

Thus the morphism space decomposes as 1⊕1− under the Z2 0-form symmetry. Since

there is a single copy of both Z2 representations, we learn that D
(SC)
1 ⊗D

(SC)
1 contains

a single copy of D
(id)
1 and a single copy of D

(−)
1 in CPin+(4N). Now consider the CSpin(4N)

morphisms from D
(SC)
1 ⊗D

(SC)
1 to D

(V )
1 . Completely analogously to the above, there

is a 2-dimensional vector space of such morphisms which decomposes as 1⊕1− under
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the Z2 0-form symmetry. Since there is a single copy of both Z2 representations, we

learn that D
(SC)
1 ⊗D

(SC)
1 contains a single copy of D

(V )
1 and a single copy of D

(V−)
1 in

CPin+(4N). Combining everything, we learn the fusion rule

D
(SC)
1 ⊗D

(SC)
1 = D

(id)
1 ⊕D

(−)
1 ⊕D

(V )
1 ⊕D

(V−)
1 (2.39)

of CPin+(4N). Since the RHS contains objects other than D
(id)
1 , we find that D

(SC)
1

is a non-invertible topological line defect. Thus, the category CPin+(4N) describes

non-invertible symmetries of the Pin+(4N) gauge theory.

Finally, we determine the fusions D
(SC)
1 ⊗ D

(V )
1 and D

(SC)
1 ⊗ D

(V−)
1 in CPin+(4N).

Notice that in CSpin(4N) we have the fusion

(
D

(SC)
1 ⊗D

(V )
1

)
CSpin(4N)

=
(
(D

(S)
1 ⊕D

(C)
1 )⊗D

(V )
1

)
CSpin(4N)

=
(
D

(C)
1 ⊕D

(S)
1

)
CSpin(4N)

=
(
D

(SC)
1

)
CSpin(4N)

(2.40)

which implies that, in the category CPin+(4N), only at most a single copy of D
(SC)
1 can

appear in the fusions D
(SC)
1 ⊗D

(V )
1 and D

(SC)
1 ⊗D

(V−)
1 . Using associativity and (2.39),

we learn that

D
(SC)
1 ⊗D

(V )
1 = D

(SC)
1

D
(SC)
1 ⊗D

(V−)
1 = D

(SC)
1

(2.41)

are the descending fusion rules in the category CPin+(4N).

From the fusion rules, we observe that the resulting category CPin+(4N) can be

recognised as one of the Tambara-Yamagami categories based on the abelian group

Z2 × Z2. There are four such categories [117] (see also Section 5.5 of [88]), and it

is a natural question to ask which one is CPin+(4N). The difference between the four

categories is captured in the data of the associators. We can compute the associators

of CPin+(4N) from the associators of CSpin(4N), where the latter associators are trivial
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as CSpin(4N) describes a non-anomalous 1-form symmetry. From this computation, we

find that

CPin+(4N) = Rep(D8) , (2.42)

i.e. CPin+(4N) is the category formed by representations of the dihedral group D8.

2.5 Example: Pure Pin+(4N) Gauge Theory in 4d

In this section we provide an example of 4d theory whose topological surface defects,

line defects and local operators form a non-invertible symmetry described by a 2-

category. We start with 4d Spin(4N) pure Yang-Mills theory which has a Z2 × Z2

1-form symmetry on which a Z2 0-form symmetry acts non-trivially. Gauging the

Z2 0-form symmetry leads to the 4d Pin+(4N) pure Yang-Mills theory. The Z2 × Z2

1-form symmetry of the Spin(4N) theory descends to a non-invertible 2-categorical

symmetry in the Pin+(4N) theory. We discuss the topological defects in the two

theories before and after gauging, including their fusion algebra.

The 1-form symmetry of the Spin(4N) theory is

Γ(1) = ZS
2 × ZC

2 . (2.43)

As before, we represent by ZV
2 the diagonal Z2 of ZS

2 and ZC
2 . The theory has a

Γ(0) = Z2 (2.44)

outer-automorphism 0-form symmetry which exchanges ZS
2 and ZC

2 , while leaving ZV
2

invariant.

The 1-form symmetry Γ(1) corresponds to a rather trivial 2-category CSpin(4N),
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whose simple objects are

CobSpin(4N) =
{
D

(id)
2 , D

(S)
2 , D

(C)
2 , D

(V )
2

}
, (2.45)

where D
(id)
2 is the identity surface defect, while D

(i)
2 for i ∈ {S,C, V } is the topological

surface defect corresponding to the generator of Zi
2. The fusion of these surface defects

follows the group law of Γ(1)

D
(i)
2 ⊗D

(j)
2 = D

(ij)
2 (2.46)

with ij ∈ Γ(1).

There is a single simple 1-endomorphism for each simple object, which we denote

as D
(i)
1 for i ∈ {id, S, C, V }. It can be understood as the identity line defect living

on each simple surface defect D
(i)
2 . There are no 1-morphisms between two distinct

simple objects. Thus, the full set of simple 1-endomorphisms of simple objects is

C1-endoSpin(4N) =
{
D

(id)
1 , D

(S)
1 , D

(C)
1 , D

(V )
1

}
. (2.47)

The fusion ⊗ for 1-endomorphisms follows the group law of Γ(1).

The Γ(0) = Z2 outer-automorphism 0-form symmetry acts on CSpin(4N) as

D
(S)
i ←→ D

(C)
i (2.48)

for each i ∈ {1, 2}, while leaving invariant D
(id)
i and D

(V )
i .

We now gauge the outer automorphism Z2, which results in the Pin+(4N) gauge

theory. Let us call the resulting symmetry 2-category as CPin+(4N). The objects of

CPin+(4N) modulo condensations are the objects of CSpin(4N) left invariant by the Z2
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action. Thus, the simple objects of CPin+(4N) modulo condensations are3

CobPin+(4N) =
{
D

(id)
2 , D

(SC)
2 , D

(V )
2

}
, (2.49)

where

D
(SC)
2 =

(
D

(S)
2 ⊕D

(C)
2

)
CSpin(4N)

(2.50)

as an object of the 2-category CSpin(4N).

Now let us discuss 1-morphisms between the objects appearing in the set Cob
Pin+(4N)

.

Since there are no non-identity simple 1-endomorphisms of the identity object in

CSpin(4N), the simple 1-endomorphisms of the identity object D
(id)
2 in CPin+(4N) are

{
D

(id)
1 , D

(−)
1

}
, (2.51)

which are the Wilson line defects for the gauged Z2. Similarly, since the simple

1-endomorphism D
(V )
1 in CSpin(4N) is left invariant by the Z2 action, the simple 1-

endomorphisms of the object D
(V )
2 in the 2-category CPin+(4N) are

{
D

(V )
1 , D

(V−)
1

}
, (2.52)

whereD
(V )
1 is the identity 1-endomorphism onD

(V )
2 , andD

(V−)
1 is obtained by dressing

D
(V )
1 with the non-trivial Z2 Wilson line. On the other hand, there is only the identity

1-endomorphism D
(SC)
1 of D

(SC)
2 , which can be expressed as

D
(SC)
1 =

(
D

(S)
1 ⊕D

(C)
1

)
CSpin(4N)

(2.53)

3The simple objects of the symmetry category include the condensation defects. We use the
notation Cob to denote however simple objects modulo condensation, since we will only discuss
fusion of these objects, with the condensation defects being discussed elsewhere [86,115,116].
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as a 1-morphism of CSpin(4N). Thus,

C1-endoPin+(4N) =
{
D

(id)
1 , D

(−)
1 , D

(SC)
1 , D

(V )
1 , D

(V−)
1

}
(2.54)

are the simple 1-endomorphisms of simple objects Cob
Pin+(4N)

.

Let us deduce the non-trivial fusion rules of the objects in Cob
Pin+(4N)

. First of all,

we have

D
(V )
2 ⊗D

(V )
2 = D

(id)
2 . (2.55)

This is just the fusion rules of CSpin(4N) as there is no Z2 action on the involved objects.

Thus, D
(V )
2 is an invertible surface defect which can be recognised as generating the

Z2 center 1-form symmetry of the Pin+(4N) theory.

To determine the fusion rule D
(V )
2 ⊗ D

(SC)
2 , notice that there are two simple 1-

morphisms from the objectD
(V )
2 ⊗D

(SC)
2 to the objectD

(SC)
2 in the 2-category CSpin(4N)

and no 1-morphisms from D
(V )
2 ⊗ D

(SC)
2 to any other object. The two simple 1-

morphisms can be recognised as the 1-morphisms

D
(V,S;C)
1 : D

(V )
2 ⊗D

(S)
2 → D

(C)
2

D
(V,C;S)
1 : D

(V )
2 ⊗D

(C)
2 → D

(S)
2

(2.56)

in the 2-category CSpin(4N). The Z2 outer-automorphism acts as the exchange

D
(V,S;C)
1 ←→ D

(V,C;S)
1 (2.57)

Thus, there is a single simple 1-morphism

D
(V,SC;SC)
1 : D

(V )
2 ⊗D

(SC)
2 → D

(SC)
2 (2.58)
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in the 2-category CPin+(4N), which can be expressed as

D
(V,SC;SC)
1 =

(
D

(V,S;C)
1 ⊕D

(V,C;S)
1

)
CSpin(4N)

(2.59)

in the category CSpin(4N), leading to the fusion rule

D
(V )
2 ⊗D

(SC)
2 = D

(SC)
2 (2.60)

in CPin+(4N). There is no possibility of condensations arising on the right hand side of

the above equation, because there are no non-trivial lines living on D
(SC)
2 as discussed

above.

Now let us discuss D
(SC)
2 ⊗D

(SC)
2 in CPin+(4N). From the corresponding fusion in

CSpin(4N), we see that only D
(id)
2 and D

(V )
2 can appear in this fusion. There are two

1-morphisms D
(SC)
2 ⊗D

(SC)
2 → D

(id)
2 in CSpin(4N), which can be recognised as

D
(S,S;id)
1 : D

(S)
2 ⊗D

(S)
2 → D

(id)
2

D
(C,C;id)
1 : D

(C)
2 ⊗D

(C)
2 → D

(id)
2 .

(2.61)

Similarly, there are two 1-morphisms D
(SC)
2 ⊗ D

(SC)
2 → D

(V )
2 in CSpin(4N), which can

be recognised as

D
(S,C;V )
1 : D

(S)
2 ⊗D

(C)
2 → D

(V )
2

D
(C,S;V )
1 : D

(C)
2 ⊗D

(S)
2 → D

(V )
2 .

(2.62)

These 1-morphisms are exchanged by the Z2 action as

D
(S,S;id)
1 ←→ D

(C,C;id)
1

D
(C,S;V )
1 ←→ D

(S,C;V )
1 .

(2.63)
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D
(SC)
2

D
(−)
1

Figure 2.15: The defect configuration describing a 2-morphism from D
(SC)
1 ⊗D

(SC)
1 to

D
(−)
1 , where D

(SC)
1 is the identity line living on the surface D

(SC)
2 shown in the figure.

Thus, we have single simple 1-morphisms

D
(SC,SC;id)
1 : D

(SC)
2 ⊗D

(SC)
2 → D

(id)
2

D
(SC,SC;V )
1 : D

(SC)
2 ⊗D

(SC)
2 → D

(V )
2

(2.64)

in CPin+(4N), and hence following the general analysis of section 2.3.3, we obtain that

the fusion rule must take the form

D
(SC)
2 ⊗D

(SC)
2 =

D
(id)
2

A(id)
⊕ D

(V )
2

A(V )
(2.65)

in CPin+(4N), where we still need to determine the algebras A(id) and A(V ) describing

the condensation/gauging on top of the surfaces D
(id)
2 and D

(V )
2 respectively. The

form of the above fusion rule means that D
(SC)
2 is a non-invertible surface defect, and

hence the 2-category CPin+(4N) describes a non-invertible symmetry of the Pin+(4N)

theory.

To complete the description of above fusion, we need to determine local operators

corresponding to 2-morphisms from D
(SC)
1 ⊗ D

(SC)
1 to lines D

(id)
1 , D

(−)
1 , D

(V )
1 and

D
(V−)
1 . This is the same as the determination of local operators in the analogous 3d
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case we considered in the previous section. From the results obtained there, we learn

that there is a single dimensional vector space of 2-morphisms from D
(SC)
1 ⊗ D

(SC)
1

to each of the lines D
(id)
1 , D

(−)
1 , D

(V )
1 and D

(V−)
1 . Let us make a side comment here

in order to resolve some of the confusing statements found in previous literature: the

fact that we have a 2-morphism

D
(SC)
1 ⊗D

(SC)
1 → D

(−)
1 (2.66)

means that there is a non-zero local operator lying at the intersection of the genuine

line D
(−)
1 and the genuine surface D

(SC)
2 , since D

(SC)
1 is the identity line on the surface

D
(SC)
2 . See figure 2.15. This looks like a configuration implying that a surface can fuse

with itself to give line defects, and could motivate one to introduce fusion rules taking

two objects (i.e. surfaces) to a 1-morphism (i.e. a line). However, in the standard

definitions of 2-category used in mathematics, the fusion of two objects is always an

object. As we have described above, mathematically this figure is interpreted instead

as the existence of a particular 2-morphism.

Returning back to our original problem, we have determined the algebra objects

to be

A
(id)
1 = D

(id)
1 ⊕D

(−)
1

A
(V )
1 = D

(V )
1 ⊕D

(V−)
1 ,

(2.67)

which means that we have to gauge the Z2 0-form symmetry on D
(id)
2 generated by

D
(−)
1 and the Z2 0-form symmetry localised on D

(V )
2 generated by D

(V−)
1 . There is

a unique way to perform this gauging as H2(BZ2, U(1)) = 0. Consequently the

morphisms comprising the algebras A(id) and A(V ) are uniquely fixed, and the full

fusion rule can be expressed as

D
(SC)
2 ⊗D

(SC)
2 =

D
(id)
2

Z2

⊕ D
(V )
2

Z2

. (2.68)
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The fusions of 1-morphisms are determined in [1].

2.6 Non-Invertibles from Higher-Groups

In [59], a construction was presented that takes as input a d-dimensional quantum

field theory T with a certain type of mixed anomaly, i.e. one that is linear in the

background field Ap+1 corresponding to a p-form global symmetry Γ(p), and produces

as an output a new quantum field theory T′ which contains (d − p − 1)-dimensional

non-invertible defects. The descendent theory T′ is obtained by gauging some part

of the symmetry structure of T that is contained in the complement of Γ(p) and also

appears manifestly in the anomaly action. Crucially, the anomaly, by definition, poses

an obstruction to gauging while preserving all the symmetries, that is alleviated by

locally modifying the Γ(p) defect. In fact, the local modification is what causes the

Γ(p) defect to become non-invertible in T′.

Concretely, let the symmetry structure of T be a product of higher-form groups

GT =
∏d−2

a=0 Γ
(a). Some of the factors Γ(a) could be trivial.

It is more convenient to formulate everything in terms of background fields Aa+1

in terms of which the anomaly action is given by

A =

∫
Nd+1

Ap+1 ∪ ξ(Ac
p+1), Ac

p+1 = {Aa+1}a̸=p , (2.69)

where

ξ ∈ Hd−p
(
GT/Γ

(p),Γ
(p)
dual

)
, ξ(Ac

p+1) ∈ Hd−p
(
Nd+1,Γ

(p)
dual

)
, (2.70)

where Γ
(p)
dual := hom(Γ(p),R/2πZ). Nd+1 is an auxiliary d+ 1-manifold, used to define

the anomaly in (2.69), whose boundary is the d-manifold where T lives. Since GT is a

product of higher groups, the quotient by Γ(p) should be understood more technically
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as taking the quotient on the classifying space BG which is a Cartesian product of

Ba+1Γ(a). We suppress such technicalities since they make the presentation heavy

without adding much content. Let the defect corresponding to γ ∈ Γ(p) be denoted as

Dγ, and by Dγ(Σd−p−1) if it is wrapped along a (d− p− 1)-dimensional sub-manifold

Σd−p−1 of Md. Due to the anomaly, such a defect carries a non-trivial dependence

on the background Ac
p+1 which cannot be localised on Σd−p−1. Now consider gauging

some subgroup of GT/Γ
(p) on which ξ depends. Doing so, we obtain a gauged theory

T′ in which the defect Dγ becomes ill-defined due to an anomaly. More precisely,

it has a dependence on dynamical fields that cannot be localised on Σd−p−1. This

situation can be remedied by a local modification to Dγ, which involves adding a

topological field theory Xγ with a GT/Γ
(p) ‘t-Hooft anomaly ξ. The defects in the

gauged theory correspondingly are modified as

Dγ 7−→ Nγ = DγXγ. (2.71)

Notably any such theory T with anomaly (2.69) can, in turn, be obtained from a

theory T0 with a non-anomalous higher-group symmetry G, which sits in the short

exact sequence

1 −→ Bd−p−1Γ
(p)
dual −→ BG −→ BGT/BΓ(p) −→ 1, (2.72)

with an extension class ξ. The symmetry structure of T is obtained from the symmetry

structure of T0 by gauging Γ
(p)
dual in T0. In summary, the non-invertibles discussed

in [59] can be obtained by starting from a higher group and gauging in two steps.
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2.6.1 Non-Invertibles from 2-Groups in Pure 4d so(4N) Yang-

Mills

Let us consider pure Spin(4N) gauge theory and for concreteness let us work in 4d.

The theory has a Γ(1) = Z(1),B
2 × Z(1),C

2 1-form symmetry and a Γ(0) = Z(0)
2 outer-

automorphism 0-form symmetry. The two symmetries combine into a 2-group, which

in terms of the background gauge fields reads

δB2 = A1C2 , (2.73)

where B2, C2 are the backgrounds for the two 1-form symmetry factors and A1 is the

background for the 0-form symmetry.

This 2-group is equivalent to the Z(0)
2 outer-automorphism action exchanging two

Z(1)
2 subgroups of the 1-form symmetry, as can be understood pictorially in the fol-

lowing way (see figure 2.16). We denote the subgroups of Γ(1) which are exchanged by

the Z(0)
2 action by Z(1),S

2 and Z(1),C
2 , while Z(1),B

2 denotes the diagonal subgroup.4 In

terms of symmetry defects, the action is the following: if a topological surface defect

D
(C)
2 associated to Z(1),C

2 crosses the codimension-1 defect D
(−)
3 for Z(0)

2 , it emerges as

the defect D
(S)
2 associated to Z(1),S

2 . Since, following the Γ(1) group law, we have that

D
(S)
2 = D

(B)
2 ⊗D

(C)
2 , we can re-interpret the above action in this way: upon passing

D
(C)
2 through a codimension-1 defect for Z(0)

2 , we create a codimension-3 junction

from which the defect D
(B)
2 associated to the Z(1),B

2 subgroup is emitted. The 2-group

(2.73) states precisely this: at the junction of D
(−)
3 (on a 3-cycle Poincaré dual to A1)

and D
(C)
2 (on a 2-cycle Poincaré dual to C2), there is a flux for Z(1),B

2 meaning that a

non-trivial background B2 is sourced.

We will show that by gauging various combination of the symmetries appearing in

the 2-group (2.73) we can go to different theories that have non-invertible symmetries:

4Notice that this was denoted in the previous sections as Z(1),V
2 .
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Dc.c.
3

DC
2 DS

2 DC
2

DB
2

Dc.c.
3

DC
2

Figure 2.16: Left: exchange action of Z(0)
2 on the 1-form symmetry defects D

(S)
2 and

D
(C)
2 . Right: equivalently, the 1-form symmetry defectD

(B)
2 associated to the diagonal

subgroup is emitted at the junction of D
(−)
3 and D

(C)
2 . This represents pictorially the

2-group δB2 = A1C2.

1. PO(4N) theory:

gauge B2, C2, A1: we obtain a codimension-2 non-invertible defect;

2. Pin+(4N) theory:

gauge A1: we obtain a codimension-2 non-invertible defect;

3. Sc(4N) theory:

gauge C2: we obtain a codimension-1 non-invertible defect.

A way of deriving this result is to first gauge the Z(1),B
2 subgroup of the 1-form

symmetry to go to SO(4N) gauge theory by promoting B2 to a dynamical field b2

(see figure 2.17). The SO(4N) theory has an emergent dual 1-form symmetry Z(1),B′

2

(in 4d), whose background we denote by B′
2 and which couples as π

∫
M4

b2B
′
2. Due to

the relation (2.73), this coupling is ill-defined, as it has a bulk dependency

A = π

∫
M5

δb2B
′
2 = π

∫
M5

A1C2B
′
2 . (2.74)

This results in a mixed ’t Hooft anomaly for the SO(4N) theory. Using this map

from 2-groups to mixed ’t Hooft anomalies, the fusion rules can then by derived

by following the approach of [59]. We summarise the non-invertible defects that we

obtain
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• N (M2;B
′
2): non-invertible defect in PO(4N), corresponding to the codimension-

2 defect generating Z(1),B′

2 ;

• N (M2;C2): non-invertible defect in Pin+(4N), corresponding to the codimension-

2 defect generating Z(1),C
2 ;

• N (M3;A1): non-invertible defect in Sc(4N), corresponding to the codimension-

1 defect generating Z(0)
2 .

Spin(4N)
2-group

δB2 = A1C2

SO(4N)
mixed anomaly
A = π

∫
5d
A1C2B

′
2

PO(4N)
non-invertibles

Pin+(4N)
non-invertibles

Sc(4N)
non-invertibles

gauge B2 gauge A1 and B′
2

gau
ge

A1
and

C2

gauge B ′
2 and C

2

Figure 2.17: Overview of the theories with non-invertible symmetries that we can
construct from gauging the 2-group in the Spin(4N) theory in 4d.

Example: Fusion rules in Pin+(4N). This can be obtained by gauging B′
2 and

A1 in the SO(4N) theory. Gauging Z(1),B′

2 we recover Spin(4N), and gauging A1 we

obtain Pin+(4N). Therefore the overall effect of these gaugings is to gauge charge

conjugation in Spin(4N) theory. The fusion algebra that we find is

N (M2;C2)×N (M2;C2) =
1 + T (M2)

|H0(M2,Z2)|
∑

M1∈H1(M2,Z2)

L(M1)

N (M2;C2)× T (M2) = N (M2;C2)

N (M2;C2)× L(M1) = N (M2;C2) .

(2.75)
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Here T (M2) = e
iπ

∮
M2

b′2 is the defect generating the Z(1),B
2 1-form symmetry and

L(M1) = e
iπ

∮
M1

a1 is the defect generating the Z(2)
2 2-form symmetry dual to Z(0)

2 .

This is precisely the theory which we studied in section 2.5 using the higher-

categorical approach. In particular

D
(SC)
2 ←→ N (M2;C2)

D
(V )
2 ←→ T (M2)

D
(−)
1 ←→ L(M1) ,

(2.76)

and the identification of the identity surface and lines with D
(id)
2 and D

(id)
1 , respec-

tively. Note that in (2.75) we use × and not ⊗ as in section 2.5 to distinguish between

the somewhat “mixed” fusion algebra, between objects of various dimensions and the

‘proper’ fusion algebra, in the higher category, that involves only objects and mor-

phisms of the same dimension.

Notice also that the right hand side of the fusion N (M2;C2) × N (M2;C2) is

precisely

D
(id)
2

Z2

(M2)⊕
D

(V )
2

Z2

(M2) (2.77)

as we found using our approach in section 2.5.
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Chapter 3

Non-Invertible Symmetry Webs

This chapter focuses on 3d QFTs, whose symmetries are described by a 2-category,

and concretely develops the tools to gauge arbitrary 0-form symmetries and determine

the 2-category after gauging. The key here is that the initial, “pre-gauged”, category

is not necessarily only given in terms of invertible defects. In this sense the procedure

we describe here extends the gauging of 0-form symmetries of non-normal subgroups

outlined in the previous chapter and the gauging of the full 0-form symmetry group

in [86,116]. The content of this chapter is based on [2].

The structure of the chapter is as follows. In section 3.1 we introduce some

key points of our construction by means of the examples G = Z2 × Z2 vs. G =

Z4. In section 3.2 we discuss the gauging of a general normal subgroup of the 0-

form symmetry. We further consider gauging the remaining symmetry in section 3.3.

Finally, we comment on the D8 web for orthogonal gauge theories in section 3.4.

3.1 A paradigmatic example

We start by mentioning some of the salient features by considering briefly the two

paradigmatic examples G = Z2 × Z2 and G = Z4.

Gauging the full group G results in 2Rep(G) as the symmetry category [86, 116].

At the level of 1-morphisms, i.e. topological lines, 2Rep(G) has a subcategory Rep(G),
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describing the 1-form symmetry dual to G. All the objects, i.e. the topological sur-

faces, are of condensation type. This means they are obtained by putting a mesh of

1-form symmetry lines on a surface, as explained in section 2.2. The simple objects in

2Rep(G) are in one to one correspondence with irreducible 2d TQFTs with symmetry

G [86]. Indeed, we could consider stacking a 3d theory with symmetry G with a 2d

TQFT with the same symmetry. If we gauge the diagonal G symmetry, we couple the

TQFT to the theory, and we can think of the TQFT as giving rise to a 2d topological

defect in the gauged theory. 2d TQFTs are essentially trivial and are classified by an

integer number n describing the number of vacua. 2d TQFTs with symmetry G are

classified by

1. a subgroup H ⊆ G which represents the symmetry which is not spontaneously

broken (the TQFT has then |G/H| vacua);

2. a 2-cocyle α ∈ H2(H,U(1)) describing a possible SPT phase for the unbroken

symmetry.

As remarked above, these are in 1-to-1 correspondence with the simple objects of the

2-category 2Rep(G), which we denote accordingly by D
(G/H,α)
2 . The simple objects in

the symmetry category 2Rep(Z2 × Z2) obtained after gauging a Z2 × Z2 symmetry

are then

Obj(CZ2
2/Z2

2
) =

{
D

(id)
2 , D

(−)
2 , D

(ZS
2 )

2 , D
(ZC

2 )
2 , D

(ZV
2 )

2 , D
(Z2×Z2)
2

}
, (3.1)

where − denotes the non trivial element in H2(Z2 × Z2, U(1)) = Z2, and by Zi
2,

i = S,C, V , we denote the three Z2 subgroups of Z2 × Z2. The simple objects in the

symmetry category 2Rep(Z4) obtained after gauging a Z4 symmetry are instead

Obj(CZ4/Z4) =
{
D

(id)
2 , D

(Z2)
2 , D

(Z4)
2

}
, (3.2)

since there is no non-trivial cocycle for Z4, and only one Z2 subgroup.
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What we wish to understand now is how to obtain the same result by gauging

stepwise, i.e. by subsequently gauging Z2 subgroups. The first puzzle that arises is

how the two categories, one coming from G = Z2 × Z2 and the other from G = Z4,

are differentiated after gauging one Z2 subgroup. The two groups are distinguished

in terms of the extension class

ϵ ∈ H2(Z2,Z2) = Z2 , (3.3)

where the trivial elements describes G = Z2 × Z2 and non-trivial one G = Z4. Field

theoretically, it is clear that a non-trivial (non-split) extension yields a mixed anomaly

between the dual 1-form symmetry Ẑ2 and the remaining Z2 0-form symmetry [25].

We will show how this is implemented in the 2-categorical framework, and identify

its imprint as a symmetry fractionalisation of the 0-form symmetry. This has an

extensive history in the math and condensed matter literature (see [43,118–124] and

references therein), which we revisit in the light of fusion 2-categories. This symmetry

fractionalisation plays a crucial role in the subsequent gauging of the remaining Z2,

where it results in the absence of certain topological defects for G = Z4 and lands

us correctly on 2Rep(Z4) as the final category (which has less simple objects than

2Rep(Z2 × Z2)). This is summarised in figure 3.1.

3.2 Gauging Normal Subgroups

In this section, we start with a 0-form symmetry G and discuss the gauging of a

normal subgroup H1 subgroup of G. We sketch the general procedure and exemplify

it with the cases G = Z2 × Z2, H = Z2 and G = Z4, H = Z2.

1Non-normal subgroups can be treated using similar techniques. See the previous chapter 2.
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T1

2Vec
(
Z(0)

2 × Z(0)
2

) T2

2Vec
(
Z(0)

2 × Z(1)
2

) T3

2Rep
(
Z(0)

2 × Z(0)
2

)Z2 Z2

T1

2Vec
(
Z(0)

4

) T2

2Vecω
(
Z(0)

2 × Z(1)
2

) T3

2Rep
(
Z(0)

4

)Z2 Z2

Figure 3.1: Categorical symmetry web for 3d gauge theories starting with the theory
T1 with 0-form symmetry Z2 ×Z2 (top) and Z4 (bottom), and gauging subsequently
Z2. The category in the middle for theory T2 has a trivial (top) and non-trivial
(bottom) cocycle ω, which is encoded in the group extension class ϵ. This cocycle is
key in order to obtain the correct category after gauging the remaining Z2 to reach
theory T3.

3.2.1 2-Category Associated to 0-Form Symmetries

Let us begin with the discussion of the initial symmetry 2-category

CG = 2Vec(G) , (3.4)

carried by a 3d QFT TG having a non-anomalous 0-form symmetry groupG. Through-

out this chapter will use the notation

D(a)
p : p-dimensional topological operators labeled by a . (3.5)

The 0-form symmetry is generated by topological codimension 1 operators, and hence

TG carries topological surface operators labeled by elements of G, which we denote

by D
(g)
2 , g ∈ G. These form the simple objects (upto isomorphism) of CG and satisfy

group-like fusion rules

D
(g)
2 ⊗D

(h)
2 = D

(gh)
2 , g, h ∈ G . (3.6)

Each simple object D
(g)
2 carries a single simple 1-endomorphism (upto isomor-

phism) in CG which is identified with the trivial/identity line D
(g;id)
1 on the surface
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D
(g)
2 . There are no 1-morphisms between the objects D

(g)
2 and D

(g′)
2 in CG for g ̸= g′.

There is a single 2-endomorphism in CG = 2Vec(G) of the 1-morphism D
(g;id)
1 which

corresponds to identity local operators living on the surface D
(g)
2 , and there are no

2-endomorphisms between D
(g;id)
1 and D

(g′;id)
1 for g ̸= g′.

Example G = Z2 × Z2. An example of a 3d QFT with this 0-form symmetry is

pure gauge theory with gauge group PSO(4N), where G = Z2 ×Z2 is identified with

the magnetic 0-form symmetry2 of this QFT, arising from the fact that PSO(4N)

admits the construction

PSO(4N) = Spin(4N)/Z2 × Z2 , (3.7)

in terms of the associated simply connected group Spin(4N).

The corresponding symmetry 2-category is CZ2×Z2 = 2Vec(Z2 × Z2), with simple

objects which we denote by

Obj(CZ2×Z2) =
{
D

(id)
2 , D

(S)
2 , D

(C)
2 , D

(V )
2

}
, (3.8)

corresponding to the topological surfaces generating the G = Z2×Z2 symmetry. Here

D
(id)
2 is the identity object and the order 2 elements are

D
(x)
2 ⊗D

(x)
2 = D

(id)
2 , x = S,C, V , (3.9)

with mutual fusion rule

D
(S)
2 ⊗D

(C)
2 = D

(V )
2 . (3.10)

2There is also a Z2 charge-conjugation type symmetry arising from outer-automorphisms of the
Lie algebra so(4N), which we do not take into account at the moment. This symmetry will be
accounted in section 3.4 where it will enhance the Z2 × Z2 0-form symmetry considered here to
D8 = (Z2 × Z2)⋊ Z2 0-form symmetry.
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Example G = Z4. An example of a 3d QFT with this 0-form symmetry is pure

gauge theory with gauge group PSO(4N + 2), where G = Z4 is identified with the

magnetic 0-form symmetry of this QFT, arising from the fact that PSO(4N + 2)

admits the construction

PSO(4N + 2) = Spin(4N + 2)/Z4 , (3.11)

in terms of the associated simply connected group Spin(4N + 2).

The associated symmetry category is CZ4 = 2Vec(Z4), whose simple objects are

Obj(CZ4) =
{
D

(id)
2 , D

(S)
2 , D

(V )
2 , D

(C)
2

}
, (3.12)

with the non-trivial fusion relations

D
(S)
2 ⊗D

(S)
2 = D

(V )
2 ,

(
D

(S)
2

)⊗3

= D
(C)
2 ,

(
D

(S)
2

)⊗4

= D
(id)
2 . (3.13)

3.2.2 Surface Defects After Partial Gauging

Consider gauging a normal subgroup H ◁ G. The 3d QFT obtained after gauging

is labelled as TG/H . The gauging procedure converts the symmetry 2-category CG

carried by TG to a symmetry 2-category CG/H carried by TG/H , which we want to

determine.

The category CG/H comprises of H-symmetric objects and morphisms in CG. Let

us begin by exploring various ways of making multiples of the identity object D
(id)
2

H-symmetric. Consider for example making the object nD
(id)
2 H-symmetric. We need

to choose junction lines between nD
(id)
2 and D

(h)
2 for all h ∈ H (see figure 3.2) such

that these junction lines can be freely rearranged (without the appearance of any

extra phases) along the worldvolume of nD
(id)
2 . By folding the D

(h)
2 surfaces away,

the junction lines can be identified with lines living on the worldvolume of nD
(id)
2 .
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nD
(id)
2

D
(h)
2

Figure 3.2: In order to make nD
(id)
2 H-symmetric, we need to choose line operators

(shown in blue) living at the junction of D
(h)
2 for all h ∈ H and nD

(id)
2 .

Mathematically, these form the multi-fusion 1-category Matn(Vec) formed by n × n

matrices valued in the category Vec of finite-dimensional vector spaces. The (i, j)-th

element of such a matrix describes a line from the i-th copy of D
(id)
2 in nD

(id)
2 to the

j-th copy of D
(id)
2 in nD

(id)
2 .

Since there are no non-trivial associators for D
(h)
2 surfaces with nD

(id)
2 , the folding

procedure commutes with rearrangements of junctions. Hence, a choice of making

nD
(id)
2 H-symmetric is a choice of lines living on nD

(id)
2 labelled by elements of H,

which can be freely rearranged. Mathematically, this describes a 2-representation of

H, whose collection for all possible values of n forms a fusion 2-category 2Rep(H)

(see [2] for more details). We thus find a 2-subcategory

2Rep(H) ⊆ CG/H . (3.14)

An alternative perspective is obtained by recognizing nD
(id)
2 as the defect obtained by

stacking a 2d TQFT with n trivial vacua on top of TG. In fact, all defects arising by

stacking 2d TQFTs can be identified with nD
(id)
2 , because all 2d TQFTs are essentially
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determined by their number of vacua n. Thus, the various ways of making nD
(id)
2 H-

symmetric for various values of n are parametrized by H-symmetric 2d TQFTs, i.e.

we can understand the topological surfaces of TG/H lying in 2Rep(H) ⊆ CG/H as being

obtained by first stacking an H-symmetric TQFT on top of the spacetime occupied

by TG, and then gauging the combined/diagonal H symmetry [86].

Now we consider other kinds of defects in CG/H . First, consider making multiples

of D
(h)
2 , for h ∈ H, H-symmetric. These lead to objects isomorphic to the objects

already contained in the 2-subcategory 2Rep(H) ⊆ CG/H because we can convert D
(h)
2

into D
(id)
2 by multiplication by elements of H. By same argument, we only need to

study H-symmetrisation of a single defect D
(g)
2 for a single element g lying in each

coset k ∈ K := G/H. Since we are dealing with a non-anomalous G symmetry, there

are no associators for topological defects generating H in the presence of any D
(g)
2 .

Consequently, we obtain a copy of 2Rep(H) inside CG/H for each element k ∈ K.

In total, we learn that the objects of CG/H are the same as the objects of the

2-category 2Vec(K)⊠ 2Rep(H). However, we will see later that

CG/H ̸= 2Vec(K)⊠ 2Rep(H) . (3.15)

The equality holds if and only if G = H ×K.

We will label the objects of CG/H as D
(kR)
2 where k ∈ K and R a 2-representation

of H. In fact, there exists at least one 1-morphism (none of which is an isomorphism)

from D
(kR)
2 to D

(k)
2 (obtained by choosing the trivial 2-representation) for every choice

of 2-representation R. This is often captured by saying that D
(kR)
2 and D

(k)
2 lie in the

same ‘Schur component’. The existence of such a 1-morphism is equivalent to the

fact that D
(kR)
2 can be obtained by condensing/gauging a (possibly non-invertible)

symmetry localized along the worldvolume of D
(k)
2 . Thus, Schur components can be

thought of as capturing defects modulo condensations. The Schur components of the
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2-category CG/H are parametrized by elements of the group K = G/H.

Examples G = Z2 × Z2, G = Z4. Returning to our main examples, for either

G = Z2 × Z2 or G = Z4, consider gauging a H = Z2 subgroup. For G = Z4 there

is a unique Z2 subgroup generated by V ∈ Z4. On the other hand, for G = Z2 × Z2

there are three possible choices of Z2 subgroups generated by x ∈ {S,C, V }, but they

are all equivalent. For maintaining consistency of notation with the G = Z4 case, we

pick the Z2 subgroup of G = Z2 × Z2 generated by V .

From the above discussion, the objects of CZ2×Z2/Z2 and CZ4/Z2 are the same and

coincide with the objects of 2Vec(Z2) ⊠ 2Rep(Z2), even though at the level of full

2-categories

CZ2×Z2/Z2 = 2Vec(Z2)⊠ 2Rep(Z2)

CZ4/Z2 ̸= 2Vec(Z2)⊠ 2Rep(Z2) .

(3.16)

Let us describe the objects of CZ2×Z2/Z2 and CZ4/Z2 in more detail. Since the discussion

is same for both categories, we refer to them together as CG/Z2 .

First of all, the object D
(id)
2 of CG leads to a single simple object D

(id)
2 of CG/Z2 .

This is because there is a single 2d Z2-symmetric SPT phase, namely the trivial one.

The object 2D
(id)
2 of CG also leads to a single simple object D

(Z2)
2 of CG/Z2 . The

H = Z2 symmetry on 2D
(id)
2 is generated by a 1-morphism 2D

(id)
2 → 2D

(id)
2 , which is

implemented by a 2× 2 matrix of 1-morphisms D
(id)
2 → D

(id)
2 , with the (i, j)-th entry

of the matrix describing a 1-morphism from the i-th copy of D
(id)
2 to the j-th copy of

D
(id)
2 . For the construction of D

(Z2)
2 , the relevant matrix is

 0 D
(id)
1

D
(id)
1 0

 : 2D
(id)
2 → 2D

(id)
2 , (3.17)

where D
(id)
1 is the identity line defect in TG. The objects D

(id)
2 , D

(Z2)
2 generate the 2-

subcategory 2Rep(Z2) ⊆ CG/Z2 . Similarly, the objectD
(S)
2 of CG leads to a single simple
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object of CG/Z2 and the object 2D
(S)
2 of CG also leads to a single simple object D

(SZ2)
2

of CG/Z2 . D
(S)
2 , D

(SZ2)
2 generate another copy of the 2-subcategory 2Rep(Z2) ⊆ CG/Z2 .

In total, we therefore have the simple objects

Obj(CZ2×Z2/Z2) = Obj(CZ4/Z2) =
{
D

(id)
2 , D

(Z2)
2 , D

(S)
2 , D

(SZ2)
2

}
. (3.18)

3.2.3 Fusion of Surface Defects after Partial Gauging

The fusion of 2-representations converts the set of 2-representations into a twisted

Burnside ring as discussed in detail in [86]. This controls the fusion of objects D
(R)
2 ∈

2Rep(H) ⊆ CG/H . In general, we have

D
(k1R1)
2 ⊗D

(k2R2)
2 = D

(
k1k2

(
R

k2
1 R2

))
2 . (3.19)

Rk2
1 is a 2-representation obtained by applying the action of k2 on R1 (see [116] for

more details) and Rk2
1 R2 is the tensor product 2-representation of Rk2

1 and R2.

Examples G = Z2 × Z2, G = Z4. Let us determine the fusion rules of simple

objects in our examples G = Z2 × Z2 or G = Z4 and H = Z2. Recall the objects

(3.18).

It is easy to see that D
(id)
2 is the identity object of CG/Z2 . As H = Z2 acts trivially

on D
(S)
2 , the fusion follows from CG:

D
(S)
2 ⊗D

(S)
2 = D

(id)
2 , (3.20)

which implies that D
(S)
2 generates a Z2 0-form symmetry in the theory TG/Z2 . On the

other hand we have

D
(Z2)
2 ⊗D

(Z2)
2 = 2D

(Z2)
2 . (3.21)
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To understand this fusion rule, we have to understand the combined Z2 action on

the underlying defect 2D
(id)
2 ⊗ 2D

(id)
2
∼= 4D

(id)
2 ∈ CG which is generated by the tensor

product of the matrix of lines

 0 D
(id)
1

D
(id)
1 0

⊗
 0 D

(id)
1

D
(id)
1 0

 =



0 0 0 D
(id)
1

0 0 D
(id)
1 0

0 D
(id)
1 0 0

D
(id)
1 0 0 0


, (3.22)

In more detail, we can label the underlying D
(id)
2 ∈ CG objects of D

(Z2)
2 by D

(id)(i)
2 for

i ∈ {0, 1}. Then we can label the underlying D
(id)
2 ∈ CT objects of D

(Z2)
2 ⊗ D

(Z2)
2 as

D
(id)(i,j)
2 for i, j ∈ {0, 1}. The combined Z2 acts

i→ i+ 1 (mod 2) ,

j → j + 1 (mod 2) .

(3.23)

Thus D
(id)(0,0)
2 and D

(id)(1,1)
2 are exchanged by Z2, and D

(id)(0,1)
2 and D

(id)(1,0)
2 are ex-

changed by Z2, leading again to the fusion rule (3.21).

The remaining fusion rules are3

D
(SZ2)
2 ⊗D

(Z2)
2 = 2D

(SZ2)
2 ,

D
(SZ2)
2 ⊗D

(SZ2)
2 = 2D

(Z2)
2 ,

D
(S)
2 ⊗D

(Z2)
2 = D

(SZ2)
2 ,

D
(S)
2 ⊗D

(SZ2)
2 = D

(Z2)
2 .

(3.24)

That is, the label S is simply a K = Z2 grading on the fusion rules, which is because

the conjugation action of K = Z2 on H = Z2 is trivial for both G = Z2 × Z2 and

3Throughout this chapter, when the fusion (or composition) rules are commutative, we only
mention fusion rules with a single choice of order.
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G = Z4. Thus, the fusion of objects of CZ2×Z2/Z2 = 2Vec(Z2) ⊠ 2Rep(Z2) and CZ4/Z2

are same. In addition to the fusion of objects, the 1-morphisms as well as their

composition and fusion rules are also the same for CZ2×Z2/Z2 = 2Vec(Z2) ⊠ 2Rep(Z2)

and CZ4/Z2 . Still, we claim that

CZ4/Z2 ̸= CZ2×Z2/Z2 . (3.25)

What then is the difference between the two categories? The answer lies in the fact

that CZ4/Z2 has some non-trivial associators, which are physically understood as the

phenomenon of symmetry fractionalisation. This is the subject of the next subsection.

3.2.4 Symmetry Fractionalisation on Lines

From this subsection onward, we restrict H to be an abelian group.

Data Specifying Embedding of H in G. To understand the distinction between

CG/H and 2Vec(K)⊠ 2Rep(H), we need to first explore the following abstract group-

theoretic structure. Since H is normal in G, there is a short exact sequence

1→ H → G→ K ≡ G/H → 1 . (3.26)

The extension is characterized by the group cohomology (twisted by the conjugation

action of K on H) class

ϵ ∈ H2(K,H) . (3.27)

As a set, we can write G as pairs (h, k) with h ∈ H and k ∈ K and product given by

(h, k)× (h′, k′) = (h(k ◦ h′)ϵ(k, k′), kk′) , (3.28)

where (k ◦ h′) = kh′k−1 denotes the action of K on H by conjugation.
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=

D
(ĥ)
1

D
(k)
2 D

(k)
2

D
(k·ĥ)
1

Figure 3.3: A 1-form symmetry generating line D
(ĥ)
1 changes to another 1-form sym-

metry generating line D
(k·ĥ)
1 upon sliding it across a 0-form symmetry generating

surface D
(k)
2 . See equation (3.29).

Split 2-Group. It is well-known that after gauging H 0-form symmetry of TG, we

obtain in TG/H a dual 1-form symmetry with group Ĥ which is the Pontryagin dual

of H [19] . If there is a non-trivial (conjugation) action of K on H, then we have a

non-trivial dual action ofK on Ĥ, implying that the dual 1-form symmetry Ĥ and the

residual 0-form symmetry K combine to form a non-trivial (split) 2-group symmetry

Γ in which the 0-form symmetry has a non-trivial action on the 1-form symmetry.

This action is displayed in terms of topological defects generating the 0-form and

1-form symmetries in figure 3.3. In a categorical language, this means that we have

the following non-commutativity in the fusion rules for 1-morphisms

D
(k;id)
1 ⊗D

(ĥ)
1 = D

(k·ĥ)
1 ⊗D

(k;id)
1 . (3.29)

Here D
(ĥ)
1 for ĥ ∈ Ĥ are simple 1-endomorphisms of D

(id)
2 in CG/H corresponding

to topological lines generating the Ĥ 1-form symmetry, D
(k;id)
1 are 1-endomorphisms

corresponding to identity lines on the surfaces D
(k)
2 , and k · ĥ ∈ Ĥ is the element

obtained after the action of k on ĥ.
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The fusion rule (3.29) already differentiates between CG/H and 2Vec(K)⊠2Rep(H)

in special cases. However, when there is a trivial action of K on H as in our two

examples G = Z2 × Z2, G = Z4 and H = Z2, this does not provide the required

distinction between the two categories. In fact we can modify the problem as follows:

what is the distinction between the categories CG/H and 2Vec(Γ), where Γ is the split

2-group generated by K 0-form symmetry acting on Ĥ 1-form symmetry? When the

action is trivial, we have 2Vec(Γ) = 2Vec(K) ⊠ 2Rep(H) and so we reduce to our

previous problem.

’t Hooft Anomaly and Symmetry Fractionalisation. The categories CG/H and

2Vec(Γ) turn out to be equal only when we can write G = H ⋊K, in which case the

extension class ϵ discussed above vanishes. This captures an ‘t Hooft anomaly for the

2-group Γ [25], which can be expressed as

A∗ω = B2 ∪ a∗ϵ , (3.30)

where B2 is the background field for H 1-form symmetry and a∗ is pullback under

the background a for K 0-form symmetry. The anomaly A∗ω descends from

ω ∈ H4(Γ, U(1)) , (3.31)

upon pull-back A∗ to spacetime, corresponding to a 2-group background A.

The element ω describes non-trivial associators in the category CG/H , distinguish-

ing it from 2Vec(Γ). Using a standard notation, we write

CG/H = 2Vecω(Γ) . (3.32)

The anomaly (3.30) describes the fractionalisation of K 0-form symmetry along the
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D
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fuse D
(ki)
2
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(ĥ)
1

D
(k1k2)
2
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0

ĥ(ϵ(k1, k2))×

Figure 3.4: Symmetry fractionalisation: the junctions of topological surface operators

D
(ki)
2 generating the K 0-form symmetry with a fixed line D

(ĥ)
1 generating the 1-

form symmetry do not obey K multiplication laws, but instead acquire a projectivity
ĥ
(
ϵ(k1, k2)

)
∈ U(1).

topological line operators D
(ĥ)
1 generating Ĥ 1-form symmetry, see figure 3.4.

Derivation. Let us now provide a derivation of this symmetry fractionalisation

phenomenon. First of all, we need to understand the emergence of Ĥ 1-form symme-

try in the category CG/H . These are simple 1-endomorphisms of the identity object

D
(id)
2 of CG/H . Consequently, they correspond to various ways of making the iden-

tity 1-endomorphism D
(id)
1 of D

(id)
2 in CG symmetric under H. Such different ways

correspond to homomorphisms

H −→ EndCG(D
(id)
1 ) = C , (3.33)

where we used that the vector space EndCG(D
(id)
1 ) of 2-endomorphisms of the 1-

morphism D
(id)
1 in the 2-category CG = 2Vec(G) is simply C. Such homomorphisms

are described by elements of the Pontryagin dual group Ĥ, resulting in lines D
(ĥ)
1 in

the category CG/H .

Now a junction local operator4 D
(ĥ,k)
0 of D

(k)
2 with D

(ĥ)
1 in CG/H can be uplifted

4These junction operators are chosen to satisfy D
(ĥ1,k)
0 ⊗

D
(k)
2

D
(ĥ2,k)
0 = D

(ĥ1ĥ2,k)
0 where ⊗

D
(k)
2

denotes fusion of junction operators along the surface D
(k)
2 . That is these junction operators are

chosen to obey Ĥ fusion rules for a fixed surface D
(k)
2 , but as we will see they fail to obey K fusion

rules for a fixed line D
(ĥ)
1 .
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to a junction of D
(1,k)
2 with D

(id)
1 in CG, or in particular the identity operator D

(1,k;id)
0

on D
(1,k)
2 in CG. The fusion of D

(k1;ĥ)
0 with D

(k2;ĥ)
0 in CG/H arises from the following

fusion in CG

D
(1,k1)
2 ⊗D

(1,k2)
2 = D

(ϵ(k1,k2),1)
2 ⊗D

(1,k1k2)
2 . (3.34)

Note that on the right hand side we have a surface operator D
(ϵ(k1,k2),1)
2 valued purely

in H. In the above definition of D
(ĥ)
1 line in terms of the data of the category CG, this

surface operator acts by a phase ĥ(ϵ(k1, k2)), leading to the fusion rule

D
(ĥ,k1)
0 ⊗D

(ĥ,k2)
0 = ĥ(ϵ(k1, k2))D

(ĥ,k1k2)
0 , (3.35)

in CG/H .

Examples G = Z2 × Z2, G = Z4. The difference between trivial and non-trivial

extension class is best illustrated in our examples. The relevant extension group

is H2(Z2,Z2) = Z2. The choice G = Z2 × Z2, H = Z2 corresponds to the trivial

cohomology class, while the choice G = Z4, H = Z2 corresponds to the non-trivial

extension class ϵ ∈ H2(Z2,Z2).

There is a Z2 1-form symmetry generated by an order two line D
(V )
1 in both

TZ2×Z2/Z2 and TZ4/Z2 . According to our above analysis, the 0-form Z2 symmetry of

TG/Z2 generated by the surface D
(S)
2 in CG/Z2 fractionalizes to a Z4 0-form symmetry

on the line D
(V )
1 for G = Z4, see figure 3.5.

3.2.5 Symmetry Fractionalisation on Condensation Surfaces

We saw in the previous subsection that the residual K 0-form symmetry of CG/H

fractionalizes on lines D
(ĥ)
1 in CG/H – whose underlying line before H-gauging is the

identity line D
(id)
1 in CG. Using similar arguments with one extra dimension added

(see [2] for more details), we can see that CG/H fractionalizes on surfaces D
(R)
2 for 2-
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D
(V )
1

D
(S)
2 D

(S)
2

fuse the two D
(S)
2

D
(V )
1

−D
(V,id)
0

Figure 3.5: Symmetry fractionalisation in TZ4/Z2 : fusing the junction of line D
(V )
1

with surface D
(S)
2 along the line D

(V )
1 produces the operator −D(V,id)

0 , where D
(V,id)
0

is the identity local operator on the line D
(V )
1 . Thus the Z2 symmetry generated by

D
(S)
2 is fractionalized to Z4 on D

(V )
1 .

representations R in CG/H – whose underlying surfaces before H-gauging are multiples

of the identity surface D
(id)
2 in CG. This is illustrated in figure 3.6.

Example G = Z4. To illustrate this symmetry fractionalisation for condensation

defects consider again the gauging of H = Z2 ◁ Z4. There is a single condensation

surface defect D
(Z2)
2 in CZ4/Z2 obtained by gauging the Z2 1-form symmetry generated

by D
(V )
1 on a two-dimensional surface.

The lines living on D
(Z2)
2 generate a Z2 0-form symmetry localised on D

(Z2)
2 . Let

us call the generator of this localised symmetry5 as D
(Z2;−)
1 . From the point of view

of CZ4 , this line arises as the Z2-symmetric 1-morphism

 0 D
(id)
1

D
(id)
1 0

 : 2D
(id)
2 → 2D

(id)
2 , (3.36)

which is also the 1-morphism (3.17) generating the Z2 action converting the object

2D
(id)
2 of CZ4 into the object D

(Z2)
2 of CZ4/Z2 .

Symmetry fractionalisation on condensation surfaces implies that the square of the

junction of D
(Z2)
2 and D

(S)
2 along D

(Z2)
2 leaves behind the line D

(Z2;−)
1 . Thus the Z2

5Note that this line should not identified as the image of the stacking of the bulk line D
(V )
1 on top

of D
(Z2)
2 . Actually, D

(V )
1 becomes the identity line D

(Z2;id)
1 of D

(Z2)
2 under this stacking procedure.

Instead, the line D
(Z2;−)
1 is localised/trapped on D

(Z2)
2 and cannot be lifted into the bulk.
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=

D
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D
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Figure 3.6: The figure depicts symmetry fractionalisation on a surface D
(R)
2 in CG/H

specified by a 2-representation R of H. Composing two junctions (in blue) of D
(R)
2

with surfaces D
(ki)
2 generating K 0-form symmetry yields an extra line (in red) living

on D
(R)
2 . This means that the bulk K 0-form symmetry group fractionalizes to some

larger 0-form symmetry group KR on the surface D
(R)
2 .

0-form symmetry of TZ4/Z2 generated by D
(S)
2 fractionalizes to a Z4 0-form symmetry

on the worldvolume of D
(Z2)
2 because the line D

(Z2;−)
1 has order two, see figure 3.7.

More precisely, there are two simple junction lines L±
1 that can live at the junction

of D
(Z2)
2 and D

(S)
2 . These correspond to the two irreducible representations of the Z2

1-form symmetry generated by D
(V )
1 being gauged to construct D

(Z2)
2 . These have the

fusion rules

L±
1 ⊗D

(Z2)
2

L±
1 = D

(Z2;−)
1 ,

L+
1 ⊗D

(Z2)
2

L−
1 = D

(Z2;id)
1 ,

(3.37)

which we will use in the analysis of the next section.

3.3 Gauging the Gauged

So far we have generalized the analysis in [86] to perform a partial gauging of a normal

subgroup H ◁ G which acts as a 0-form symmetry on a 3d theory. This resulted in
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D
(Z2)
2

D
(S)
2

D
(S)
2

=

D
(Z2)
2

D
(Z2;−)
1

Figure 3.7: The figure depicts symmetry fractionalisation on the condensation sur-
face D

(Z4)
2 in CZ4/Z2 . Composing two junctions (in blue) of D

(Z2)
2 with surfaces D

(S)
2

generating Z2 0-form symmetry yields a line D
(Z2;−)
1 (in red) living on D

(Z2)
2 . This

means that the bulk Z2 0-form symmetry group fractionalizes to Z4 0-form symmetry
group on the surface D

(Z2)
2 . More precisely, the blue lines are either both L+

1 or both
L−
1 , see fusion rules (3.37).

the category

CG/H = 2Vecω(Γ) , (3.38)

where ω is determined in terms of the associated group-cocycle ϵ ∈ H2(K,H) with

K = G/H, and Γ is a split 2-group containing K 0-form symmetry acting on Ĥ

1-form symmetry.

In this section we discuss how to gauge the remaining K 0-form symmetry. This

requires developing how the gauging is realised in a setting where the symmetry is

not necessarily invertible (for example, in this case there is a non-invertible 2Rep(H)

subsymmetry). More generally, one can of course have multiple more steps in this

gauging. Once all 0-form symmetries are gauged we expect the symmetry category

to be CG/G = 2Rep(G). We perform an explicit analysis of G/H gauging for our

examples G = Z2 × Z2, H = Z2 and G = Z4, H = Z2 and cross-check our results
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against this expectation.

3.3.1 Surface Defects After Sequential Gauging

K-invariant Combinations of Surfaces. First of all, since multiplication by D
(k)
2

relates any D
(kR)
2 to D

(R)
2 , we only need to focus on making combinations of D

(R)
2 K-

symmetric. Any other K-symmetric combination of objects of CG/H only produces

objects of CG isomorphic to the ones descending from K-symmetric combinations of

D
(R)
2 . Note that we can only implement the K symmetry if we begin with a multiple

of ⊕
R∈K-orbit

D
(R)
2 , (3.39)

because the action of K on H descends to an action of K on 2-representations R of

H.

Obstruction: Symmetry Fractionalisation. There are various further obstruc-

tions in the K-symmetrisation procedure, which are most cleanly understood in the

case when the action of K is trivial on a particular 2-representation R. For the first

type of obstruction, consider making a single copy of D
(R)
2 K-symmetric. If K 0-

form symmetry is fractionalized on D
(R)
2 , then it is impossible to K-symmetrize D

(R)
2 .

However, this obstruction may be cured by beginning instead with nD
(R)
2 for n > 1.

We can then try to implement the K-symmetry acting as a permutation of the

n copies of D
(R)
2 with different choices for the junction lines D

(R;k)(ĥR)
1 . Such a non-

trivial combination of junction lines with permutation can defractionalise the 0-form

symmetry back to K, making nD
(R)
2 K-symmetric.

Obstruction: Localised ’t Hooft Anomaly and Projective 2-Representations.

Another type of obstruction arises even when the K symmetry does not fractionalize

on D
(R)
2 . Consider for example the identity defect D

(id)
2 . There is a canonical junc-
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tion line D
(id;k)(id)
1 between D

(k)
2 and D

(id)
2 , which upon folding of the D

(k)
2 surface

reduces to the identity line D
(id)
1 on D

(id)
2 . Making nD

(id)
2 K-symmetric by combining

D
(id;k)(id)
1 junctions with permutations of n copies of D

(id)
2 lead to the K-symmetric

defects labeled by n-dimensional 2-representations of K.

Consider performing the same procedure with another junction line

D
(id;k)(ρ(k))
1 := D

(ρ(k))
1 ⊗D

(id;k)(id)
1 , (3.40)

between D
(k)
2 and D

(id)
2 obtained by stacking the bulk line D

(ρ(k))
1 for ρ(k) ∈ Ĥ on

top of D
(id;k)(id)
1 . Here ρ is a homomorphism from K to Ĥ. The junctions D

(id;k)(ρ(k))
1

satisfy the K fusion rules

D
(id;k)(ρ(k))
1 ⊗

D
(id)
2

D
(id;k′)(ρ(k′))
1 = D

(id;kk′)(ρ(kk′))
1 . (3.41)

However the 1-category formed by these junctions is not VecK but rather Vec
ωρ

K where

ωρ ∈ H3(K,U(1)) provides a possibly non-trivial associator between these junction

lines. A representative is

ωρ(k1, k2, k3) = ρ(k3) (ϵ(k1, k2)) ∈ U(1) , (3.42)

which can be obtained as a consequence of the symmetry fractionalisation of K on

Ĥ lines.

In other words, the junction lines D
(id;k)(ρ(k))
1 generate K 0-form symmetry on the

two-dimensional worldvolume of D
(id)
2 which is afflicted with the ’t Hooft anomaly ωρ.

Thus, in order to obtain a K-symmetric surface defect we need to stack D
(id)
2 with a

2d TQFT carrying K 0-form symmetry with opposite anomaly ω−1
ρ . Such 2d TQFTs

are classified by projective 2-representations6 of H in the class ωρ. In total, a choice

6Projective 2-representations in the class ω = 0 coincide with the usual 2-representations.
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of ρ and a projective 2-representation R of K of dimension n in class ωρ provides a

way of making nD
(id)
2 in CG/H K-symmetric.

Example: G = Z2×Z2. Let us now consider gauging the K = Z2 0-form symmetry

generated byD
(S)
2 in our exampleG = Z2×Z2, H = Z2. Since the short exact sequence

1→ H = Z2 → G = Z2 × Z2 → K = Z2 → 1 , (3.43)

splits, none of the obstructions discussed above are relevant, and the analysis is

relatively straightforward.

First consider objects of CZ2
2/Z2

2
descending from multiples of the identity object

D
(id)
2 of CZ2×Z2/Z2 . Note that there are only two possible homomorphisms

ρ : K = Z2 → Ĥ = Z2 , (3.44)

namely the trivial and the identity homomorphisms. Since the extension class ϵ = 0,

for both homomorphisms we have ωρ = 0. Thus, both of them lead to a copy of

2Rep(Z2). Let us label the simple objects in 2Rep(Z2) ⊆ CZ2
2/Z2

2
arising from trivial

homomorphism as

D
(id)
2 , D

(ZV
2 )

2 , (3.45)

where D
(id)
2 corresponds to the trivial 2-representation and D

(ZV
2 )

2 corresponds to the

non-trivial irreducible 2-representation of dimension 2. Similarly, let us label the

simple objects in 2Rep(Z2) ⊆ CZ2
2/Z2

2
arising from identity homomorphism as

D
(−)
2 , D

(ZV ′
2 )

2 , (3.46)

where D
(−)
2 corresponds to the trivial 2-representation and D

(ZV ′
2 )

2 corresponds to the

non-trivial irreducible 2-representation. More concretely, we can make D
(id)
2 symmet-
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ric under ZS
2 by either generating the symmetry using one of the lines D

(id)
1 or D

(V )
1 .

The resulting simple objects of CZ2
2/Z2

2
respectively are

D
(id)
2 , D

(−)
2 . (3.47)

Likewise consider making 2D
(id)
2 symmetric under ZS

2 . The 1-endomorphisms of this

defect are in Mat2×2(Rep(Z2)), where Rep(Z2) is generated by D
(id)
1 and D

(V )
1 . There

are five choices of 1-endomorphism for generating ZS
2 0-form symmetry, which give

rise to the following objects in CZ2
2/Z2

2
:

(
D

(id)
1 0

0 D
(id)
1

)
: D

(id)
2 ⊕D

(id)
2 ,(

D
(V )
1 0

0 D
(V )
1

)
: D

(−)
2 ⊕D

(−)
2 ,(

D
(id)
1 0

0 D
(V )
1

)
: D

(id)
2 ⊕D

(−)
2 ,(

0 D
(id)
1

D
(id)
1 0

)
: D

(ZV
2 )

2 ,(
0 D

(V )
1

D
(V )
1 0

)
: D

(ZV ′
2 )

2
∼= D

(ZV
2 )

2 .

(3.48)

To see that D
(ZV ′

2 )
2

∼= D
(ZV

2 )
2 , note that

(
D

(id)
1 0

0 D
(V )
1

)
, (3.49)

provides a 1-morphism D
(ZV ′

2 ,ZV
2 )

1 : D
(ZV ′

2 )
2 → D

(ZV
2 )

2 , and also a 1-morphism D
(ZV

2 ,ZV ′
2 )

1 :

D
(ZV

2 )
2 → D

(ZV ′
2 )

2 in CZ2
2/Z2

2
. The composition of these two 1-morphisms is the identity

endomorphism (as the square of the above matrix is the identity matrix) of D
(ZV

2 )
2 ∈

CZ2
2/Z2

2
. Similar to above, D

(Z2)
2 ∈ CZ2×Z2/Z2 leads to two simple objects

D
(ZS

2 )
2 , D

(ZC
2 )

2 ∈ CZ2
2/Z2

2
. (3.50)
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The 0-form symmetry ZS
2 is implemented by D

(Z2;id)
1 ∈ CZ2×Z2/Z2 for D

(ZS
2 )

2 ∈ CZ2
2/Z2

2
,

and by D
(Z2;−)
1 ∈ CZ2×Z2/Z2 for D

(ZC
2 )

2 ∈ CZ2
2/Z2

2
. Finally, 2D

(Z2)
2 ∈ CZ2×Z2/Z2 leads to a

single simple object

D
(Z2×Z2)
2 ∈ CZ2

2/Z2
2
, (3.51)

for which the ZS
2 symmetry is implemented by

(
0 D

(Z2;id)
1

D
(Z2;id)
1 0

)
. (3.52)

In summary the surface defects in the gauged category are built upon the following

simple objects

Obj(CZ2
2/Z2

2
) =

{
D

(id)
2 , D

(−)
2 , D

(ZS
2 )

2 , D
(ZC

2 )
2 , D

(ZV
2 )

2 , D
(Z2×Z2)
2

}
, (3.53)

which exactly reproduce the simple objects of the category 2Rep(Z2×Z2) (see section

3.1) obtained by gauging in a single step the full Z2 × Z2 0-form symmetry.

Example: G = Z4. Let us now consider the gauging of residual ZS
2 symmetry in

the 2-category CZ4/Z2 associated to our example G = Z4, H = Z2. We expect the

resulting category to be equivalent to CZ4/Z4 = 2Rep(Z4) obtained by gauging the full

Z4 0-form symmetry in CZ4 . Notice that up to the gauging of the first ZV
2 subgroup,

the spectrum of objects and 1-morphisms has been identical irrespective of whether

we start from G = Z2×Z2 or G = Z4. However, upon the subsequent gauging of the

residual ZS
2 symmetry, we expect to see differences in these spectra, as in one case we

should land on the symmetry 2-category 2Rep(Z2×Z2) and in the other on 2Rep(Z4),

and these two 2-categories have different number of simple objects. In particular,

2Rep(Z4) has less simple objects than 2Rep(Z2 × Z2), which means that some of the

topological surfaces of the latter will have to be inconsistent in the former. This is

due to the obstructions related to symmetry fractionalisations discussed above.
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First consider objects of CZ4/Z4 descending from multiples of the identity object

D
(id)
2 of CZ4/Z2 . We have to consider the trivial and identity homomorphisms

ρ : K = Z2 → Ĥ = Z2 . (3.54)

Since the extension class ϵ is non-trivial, we have for trivial homomorphism ωρ =

0, but ωρ ̸= 0 ∈ H3(Z2, U(1)) = Z2 for the identity homomorphism. The trivial

homomorphism leads to a copy of 2Rep(Z2) ⊆ CZ2
2/Z2

2
whose simple objects we label

as

D
(id)
2 , D

(ZV
2 )

2 , (3.55)

where D
(id)
2 corresponds to the trivial 2-representation and D

(ZV
2 )

2 corresponds to the

non-trivial irreducible 2-representation of dimension 2.

Now consider the simple objects descending from the identity homomorphism ρ.

There is only a single irreducible projective 2-representations of Z2 with non-trivial

class ωρ, since ωρ trivialises only on the trivial subgroup of Z2 and there is only a

single choice of trivialisation. Since the choice of subgroup is trivial inside Z2, the

ZS
2 symmetry is spontaneously broken and the irreducible projective 2-representation

has dimension 2. Let us label the corresponding simple object in CZ4/Z4 as

D
(ZV ′

2 )
2 . (3.56)

Note that we do not obtain an analogue of D
(−)
2 ∈ CZ2

2/Z2
2
in CZ4/Z4 . In other words,

symmetry fractionalisation in CZ4/Z2 has obstructed the existence of D
(−)
2 in CZ4/Z4 .

Just as for the previous example, it also turns out here that

D
(ZV ′

2 )
2

∼= D
(ZV

2 )
2 , (3.57)

though here the isomorphism is quite complicated. Now let us consider making D
(Z2)
2
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symmetric under ZS
2 . This fails already at the level of lines, because as discussed

above ZS
2 fractionalizes to a Z4 0-form symmetry on D

(Z2)
2 . Thus, for the Z2 × Z2

case, D
(Z2)
2 ∈ CZ2×Z2/Z2 gives rise to two simple objects D

(ZS
2 )

2 and D
(ZC

2 )
2 in CZ2

2/Z2
2
, but

for the Z4 case we do not get even a single simple object of CZ4/Z4 from D
(Z2)
2 ∈ CZ4/Z2 .

On the other hand, we can successfully make 2D
(Z2)
2 symmetric under ZS

2 by

implementing the ZS
2 symmetry using the matrix of junction lines

 0 L+
1

L−
1 0

 . (3.58)

These junction lines were defined around equation (3.37). This leads to the simple

object D
(Z4)
2 of CZ4/Z4 .

In summary we obtain the simple objects

Obj
(
CZ4/Z4

)
=
{
D

(id)
2 , D

(ZV
2 )

2 , D
(Z4)
2

}
, (3.59)

of CZ4/Z4 starting from the 2-category CZ4/Z2 and gauging its ZS
2 0-form symmetry.

This is exactly equivalent to the simple objects of 2Rep(Z4) (see 3.1).

3.3.2 Fusion of Surface Defects after Sequential Gauging

The fusion of surfaces in CG/G can be computed in terms of CG/H information by

computing the fusion of underlying surfaces in CG/H and the fusion of the junction

lines implementing K symmetry (which provides the junction lines implementing K

symmetry on the fusion of underlying surfaces).

Example: G = Z2 × Z2. First of all, we clearly have

D
(−)
2 ⊗D

(−)
2 = D

(id)
2 , (3.60)
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because the ZS
2 symmetry for D

(−)
2 ⊗D

(−)
2 is implemented by D

(V )
1 ⊗D

(V )
1
∼= D

(id)
1 in

CZ2×Z2/Z2 . Next, we also have

D
(−)
2 ⊗D

(ZV
2 )

2 = D
(ZV ′

2 )
2

∼= D
(ZV

2 )
2 , (3.61)

because the tensor product of the junctions implementing ZS
2 symmetry is

D
(V )
1 ⊗

(
0 D

(id)
1

D
(id)
1 0

)
=

(
0 D

(V )
1

D
(V )
1 0

)
. (3.62)

Likewise we find

D
(−)
2 ⊗D

(Zx
2 )

2
∼= D

(Zx
2 )

2 , x = S,C

D
(−)
2 ⊗D

(Z2×Z2)
2

∼= D
(Z2×Z2)
2 ,

(3.63)

because D
(V )
1 line becomes invisible when stacked on top of D

(Z2)
2 in CZ2×Z2/Z2 . The

fusion rules

D
(ZV

2 )
2 ⊗D

(ZV
2 )

2
∼= 2D

(ZV
2 )

2 , (3.64)

follow from arguments similar to those leading to the fusion rule (3.21), and

D
(Zx

2 )
2 ⊗D

(Zx
2 )

2
∼= 2D

(Zx
2 )

2 , x = S,C , (3.65)

follows from the fact that D
(Z2;i)
1 ⊗ D

(Z2;i)
1 ∈ CZ2×Z2/Z2 is given by D

(Z2;i)
1 id2×2 for

i ∈ {id,−} (see also [86], (3.68) and (3.71) for similar arguments). The fusion rule

D
(ZS

2 )
2 ⊗D

(ZC
2 )

2
∼= D

(Z2×Z2)
2 , (3.66)

follows from the fact that D
(Z2;id)
1 ⊗D

(Z2;−)
1 ∈ CZ2×Z2/Z2 is given by 2× 2 off-diagonal

matrix with both entries D
(Z2;id)
1 (see also [86], (3.69) for similar arguments). Com-
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bining the above facts, the reader can easily show the remaining fusion rules

D
(ZV

2 )
2 ⊗D

(Zx
2 )

2
∼= D

(Z2×Z2)
2 , x = S,C , (3.67)

and

D
(Z2×Z2)
2 ⊗D

(Z2×Z2)
2

∼= 4D
(Z2×Z2)
2 . (3.68)

The fusion rules for the Z4 case can be computed analogously.

3.4 The D8-Categorical Symmetry Web for 3d Or-

thogonal Gauge Theories

A rich class of categorical symmetries arises for gauge theories with orthogonal gauge

groups, with gauge algebra so(2N). Using the techniques described in the previous

sections, we can construct the full web of categorical symmetries. We start with the

theory which has purely a 0-form symmetry, which in this case is D8, and is realised

in the PSO(4N) and PSO(4N + 2) gauge theories. The group D8 can be presented

as follows

D8 = Z4 ⋊ Z2 =
〈
a, x

∣∣∣ x2 = a4 = 1, xax = a3
〉
. (3.69)

All other gauge theories with gauge groups (including both connected and discon-

nected ones) having gauge algebras so(4N) and so(4N +2) can be obtained by gaug-

ing a 0-form symmetry subgroup of D8. We present the categorical symmetry web for

so(4N) in figure 3.8, which shows well the complexity of these structures. The full de-

tailed description of each of the gauging steps and the resulting symmetry categories

can be found in [2].

Let us specify precisely how these symmetries are realised in the 3d gauge theories:

perhaps the most familiar theory is the Spin(4N) gauge theory, which has 0-form
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PO(4N)

2Rep
(
(Z2

2)
(1) ⋊ Z(0)

2

) PSO(4N)
2Vec(D8)

Ss(4N)

2Rep
(
(Z2

2)
(1) ⋊ Z(0)

2

)

O(4N)

2Vec
(
(Z2

2)
(1) ⋊ Z(0)

2

) SO(4N)

2-Vecω
(
Z(1)

2 × (Z2
2)

(0)
) Spin(4N)

2Vec
(
(Z2

2)
(1) ⋊ Z(0)

2

)

O′(4N)

2Vec
(
Z(1)

4 ⋊ Z(0)
2

)

Pin+(4N)
2Rep(D8)

Zax
2Zx

2

Za2

2

Zax
2Zx

2

Za
2

Zx
2

Zx
2Zax

2

Za2

2Za2

2

Figure 3.8: Categorical symmetry web for 3d gauge theories with gauge algebra
so(4N). We label each theory by its global gauge group, and the 2-category which is
its symmetry category. The arrows denote gaugings of 0-form symmetries and each
arrow is labelled by the subgroup of D8 that is gauged along that arrow.

symmetry Zx
2 , that acts as outer automorphism, and 1-form symmetry Z2 × Z2 that

acts (on Wilson lines) as the center7 of Spin(4N). Gauging one of the two Z2 1-

form symmetries leads to two equivalent theories with gauge groups called Ss(4N) or

Sc(4N), while gauging the diagonal Z2 subgroup of the 1-form symmetry gives the

SO(4N) theory. Gauging the full 1-form symmetry results in the theory PSO(4N),

which is our starting point for the web. Gauging instead the 0-form symmetry starting

with Spin(4N) results in Pin+(4N), which is also the theory obtained by gauging the

full D8 0-form symmetry of the PSO(4N) theory. The remaining gaugings are shown

in figure 3.8.

7The two Z2 in the center are distinguished by the irreducible spinor representation (namely
spinor or cospinor) they act on.
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Chapter 4

Categorical Landau Paradigm:
Gapped Phases

In this chapter we propose a general framework to study the impact of a categorical

symmetry S in the UV on the IR physics, focusing on gapped, i.e. topological, phases.1

We determine the generalised charges under S of order parameters for the gapped

phases, leading to a categorical Landau paradigm. In particular, here we describe

a classification of gapped S-symmetric phases using the SymTFT. Importantly, we

restrict to finite S symmetries.

Many works have studied gapped theories with categorical symmetries in d = 2,

see e.g. [44, 48, 52, 53, 53, 54, 69, 89, 125], while a comprehensive comparison to the

existing literature is provided in [4]. We remark in particular that in (1 + 1)d a

classification of gapped phases with symmetry S has been given in terms of module

categories over S [44]. Here we reformulate the problem in an equivalent way in terms

of gapped boundaries of the SymTFT, which gives a comprehensive and clean picture

of the spontaneous symmetry breaking patterns, order parameters, and relative Euler

terms. This approach can moreover be generalised to higher dimensions, see e.g.

[79,80] for (2 + 1)d. The content of this chapter is based on [3, 4].

The structure of the chapter is as follows. We begin in section 4.1 with a general

1Here we focus on bosonic phases and we also assume that we are working with systems that
have emergent Lorentz symmetry in the IR.
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review of the SymTFT, which includes a discussion of gapped boundary conditions

specialised to (1 + 1)d. Then in section 4.2 we explain how to characterise gapped

phases from the SymTFT. In the following section 4.3 we illustrate the above proposal

in several examples in (1+1)d, and we conclude in section 4.4 by mentioning a (3+1)d

application.

4.1 The Symmetry Topological Field Theory

When studying categorical symmetries, it is particularly useful to invoke the sym-

metry topological field theory, or SymTFT [50, 92–94]. This separates the physical

theory from its symmetries, allowing us to infer theory-independent aspects of the

latter. It also provides a unified framework to study symmetries that are related by

(generalised) gauging, and it encodes all the generalised charges [95,126] (i.e. local and

extended operators that are charged under the categorical symmetry). In particular,

two theories related by gauging of a global symmetry share the same SymTFT. Con-

cretely, the SymTFT is a (d+1)-dimensional TQFT Z(S) for a d-dimensional theory

T with a categorical symmetry S, which can be constructed by gauging the symmetry

S in (d+ 1) dimensions. The simplest example of SymTFT arises for abelian group-

like (higher form-)symmetries, where it is a BF-theory (or Dijkgraaf-Witten theory),

potentially with a twist, for the background gauge field of the symmetry and its dual.

In general, however, there is no such a simple action for the SymTFT. Nevertheless,

we can still utilise the vast knowledge about the topological defects of the SymTFT

to extract the key physical information, as we shall see. Mathematically,the topo-

logical defects of the SymTFT form a modular tensor category (MTC) known as the

Drinfeld center of S, Z(S).

The SymTFT has two boundaries: a topological boundary Bsym
S , which encodes

the symmetry S, and a not necessarily topological boundary Bphys
T , which is the-
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Bphys
T

Bsym
S Z(S) = T Bphys

topBsym
S Z(S) = TQFTS

Figure 4.1: The basic SymTFT sandwich. (1) LHS: The d-dimensional theory T on
the RHS is constructed as the interval compactification of d+1-dimensional SymTFT
Z(S) on the LHS, with two boundary conditions. The gapped, i.e. topological, bound-
ary Bsym

S is on the left and the physical, possibly non-topological, boundary Bphys
T

is on the right. (2) RHS: Here we focus on sandwich constructions for S-symmetric
TQFTs (denoted TQFTS) in which case the physical boundary Bphys

T is also topo-

logical, Bphys
top (though not necessarily the same as the symmetry boundary on the

left).

ory specific and encodes its dynamics. In the case of the BF-theory, the topologi-

cal boundary condition amounts simply to specifying Dirichlet or Neumann for the

form-fields. Compactifying the interval direction recovers T, which is known as the

sandwich construction. This is shown on the LHS of figure 4.1

We can also consider an “open” version of the sandwich, known as the quiche.

This consists of the symmetry boundary Bsym
S and the topological bulk TQFT Z(S),

but without the presence of the physical boundary Bphys on the RHS.

4.1.1 Order Parameters from the SymTFT

Let us briefly review how order parameters come about from the SymTFT. Any

(possibly non-topological) q-dimensional operator Oq in a d-dimensional S-symmetric

QFT T is charged under the symmetry only if it somehow interacts with the symmetry

boundary. This is possible only if the sandwich construction of Oq involves a bulk

topological (q+1)-dimensional operator Qq+1 ending on the physical boundary Bphys
T
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along a (possibly non-topological) q-dimensional operatorMq as shown below2

Zd+1(S)

Bsym
S Bphys

T

=

Td S

Qq+1

OqMqEq
(4.1)

The end Eq ofQq+1 is a topological q-dimensional operator along the symmetry bound-

ary Bsym
S , which may be attached to topological operators living on the boundary

Bsym
S (in which case Oq is also attached to topological operators in Td generating

the symmetry S and hence lives in twisted sector for the symmetry). The action of

the symmetry S on Oq is captured in how the bulk operator Qq+1 interacts with the

symmetry boundary Bsym
S (via the end Eq), and hence Qq+1 captures the charge of

Oq under S. Note that if there is no endMq of a bulk topological operator Qq+1 on

a physical boundary Bphys
T , then there is no q-dimensional operator in the theory T

carrying the generalised charge Qq+1.

4.1.2 Group-Theoretical Non-Invertible Symmetries

As an example of SymTFT construction, we now specialise to (1+1)d and consider a

group-theoretical non-invertible symmetry S, i.e. one that can obtained by gauging

invertible symmetries. This means that S shares the same SymTFT with its sibling

invertible symmetry VecωG (where G is the symmetry group and ω ∈ H3(G,U(1)) is

the ‘t Hooft anomaly)

Z(S) ∼= Z(VecωG) , (4.2)

and hence the same set of generalised charges is also shared between them. Never-

theless, what differentiates the SymTFT with two different symmetries is its choice

2This is an analogous of figure 4.1, but projected it to one dimension lower in order to be more
compact. We will adopt this “reduced” version of picturing the SymTFT also in the following.
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of symmetry topological boundary: what we label as Dirichlet boundary condition

corresponds to VecωG symmetry, whereas various Neumann boundary conditions cor-

respond to some parts of the VecωG symmetry being gauged. Ultimately, having dif-

ferent boundary conditions translates to allowing different topological line defects to

condense (terminate) on the boundaries, which in turn affects which associated irre-

ducible multiplets of operators charged under S are present. Such a multiplet may

contain both twisted and untwisted sector operators. From this point on, we restrict

our attention to ω = 0. Analogous statements for ω ̸= 0 can be found in [4].

Categorically speaking, topological line defects of Z (VecG) form a modular fusion

category, the Drinfeld center Z(S) ∼= Z(VecG). The simple lines (or objects) of

Z(VecG) are

Q[g],R , (4.3)

and can be labelled by a conjugacy class [g] of G and an irreducible representation R

of Hg, the centraliser of any element g ∈ [g]. For the trivial conjugacy class [g] = [id],

R are irreducible representations of G. Physically, these lines Q[id],R are the Wilson

lines for the 3d G gauge theory, forming the objects of Rep(G). On the other hand,

a line Q[g],1 is a vortex line around which we have a holonomy for the G gauge fields.

The remaining lines Q[g],R are mixed lines obtained by dressing vortex lines with

Wilson lines.

4.1.3 Gapped Boundaries

To discuss gapped boundaries, we remain in (1 + 1)d, which is the case we are in-

terested in the most and where we can be more concrete. Irreducible topological

boundary conditions of Z(S) are described by Lagrangian algebras in the category

Z(S). A discussions of Lagrangian algebras can be found in [127–132]. We refer to

the deformation class corresponding to a Lagrangian algebra L as [B](L). The de-
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formation class comprises of a (real) one-parameter family of irreducible topological

boundary conditions

Bλ(L), λ ∈ R . (4.4)

These boundaries are related as

Bλ(L) = Tλ ⊠B0(L) (4.5)

i.e. the boundaryBλ(L) can be obtained from a reference boundaryB0(L) by stacking

it with an invertible 2d TQFT Tλ, known as the Euler term 3. More generally, we

have

Bλ2(L) = Tλ2−λ1 ⊠Bλ1(L) . (4.6)

The Lagrangian algebra L can be expressed as

L =
⊕
a

naQa (4.7)

where the sum is over the simple bulk anyons Qa in Z(S). Physically, the presence of

a term naQa in L means that there is an na-dimensional vector space of topological

local operators along any corresponding topological boundary Bλ(L) at which the

line Qa can end

Z(S)
Bλ(L)

Qa

na dimensional (4.8)

3Its partition function on a closed 2d manifold Σg (of genus g) is Z[Tλ,Σg] = exp (−λχ(Σg)),
where χ(Σg) = 2− 2g is the Euler characteristic of Σg.

88



Any such algebra has to satisfy the fusion coefficient and dimension constraints,

nanb ≤
∑
c

N c
abnc and dim(A) :=

∑
a∈A

nadim(Qa) = dim2(S) , (4.9)

where N c
ab are the fusion coefficients sending a⊗b→ c in S and dim(S) is the quantum

dimension of the category, which can be found as

dim(S) =
√∑

a

dim2(a) , (4.10)

where the sum is over all simple objects a of S and dim(a) denotes the expectation

value of a loop a. Finally, we note that all Qa participating in A must be bosons.

There is a canonical Lagrangian algebra Lsym
S in Z(S) that describes a symmetry

boundary Bsym
S

Lsym
S =

⊕
a

nsym
a Qa, nsym

a ∈ Z≥0 (4.11)

whereQa are simple bulk anyons and na is the dimension of morphism space HomS(F (Qa), 1)

in S between the object F (Qa) ∈ S obtained by applying the forgetful functor

F : Z(S)→ S and the identity object 1 ∈ S.

4.2 Symmetric Gapped Phases from the SymTFT

As we are interested in gapped phases, or TQFTs, with S symmetry, we now take

the physical boundary to also be a topological boundary condition. This SymTFT

set-up is shown on the RHS of figure 4.1. We propose that classifying S-symmetric d-

dimensional gapped phases, d = D+1, by utilising the SymTFT perspective requires

the steps that we illustrate below. This is a proposal which we thoroughly check in

d = 2 and that remains future work for d > 2 – see [75, 79] for progress along these

lines.

89



(1) SymTFT and Drinfeld center. Given a symmetry category S, we construct

the associated (d+1)d SymTFT Z(S), which amounts to gauging S in (d+1)d. The

SymTFT has topological defects which form the so-called Drinfeld center Z(S) of S,

and play a key physical role as generalised charges.

An example is provided by a ZN p-form symmetry in d-dimensions. Its SymTFT

is the BF theory

SSymTFT =
2π

N

∫
Md+1

Bp+1 ∪ δCd−p−1 , (4.12)

where Bp+1 is the background for the p-form symmetry and Cd−p−1 the one for the

dual (d−p−2)-form symmetry. Its topological defects, i.e. the elements of the Drinfeld

center, include the Wilson surfaces, but the full structure is a braided higher-fusion

category (see [95] for more details).

(2) Gapped boundary conditions. We then classify all the irreducible topologi-

cal boundary conditions of Z(S). As we have seen, a topological boundary condition is

essentially characterised by a set L of topological defects that can end on the bound-

ary, i.e. by a “Lagrangian algebra”. Topological defects in L become trivial on the

boundary (i.e. they have Dirichlet boundary condition), while the ones not in L are

not trivialised and become symmetry generators (i.e. they have Neumann boundary

condition).

(3) Symmetry boundary conditions. To classify S-symmetric gapped phases,

we fix the symmetry boundary to be

Bsym
S = LS , (4.13)

where LS is a Lagrangian algebra that realises the symmetry S on the boundary

(generated by the topological defects with Neumann boundary conditions).
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(4) Physical boundary conditions. The key difference with the standard SymTFT

is the choice of physical boundary Bphys, which we also take to be topological, and is

thus specified by a Lagrangian algebra Lphys

Bphys = Lphys , (4.14)

which determines the topological defects that can end on Bphys. Upon interval com-

pactification of this SymTFT, we obtain a d-dimensional TQFT. By varying Lphys,

while keeping LS fixed, we move between different irreducible S-symmetric gapped

phases.

(5) Generalised charges as order parameters. For an arbitrary S-symmetric

QFT T, the charges of (extended) operators under S are captured by topological

defects of the SymTFT that can end on its physical boundary Bphys
T [95]. In our

context, this implies that Lphys determines the charges of the operators in the d-

dimensional theory under S: Lphys captures the order parameters for the S-symmetric

gapped phase.

The order parameters for non-invertible symmetries will typically be a mixture of

untwisted (conventional order parameters) and twisted-sector (string order parame-

ters) operators, which combine to form irreducible multiplets under S.4 This provides

a generalised, categorical Landau paradigm describing gapped phases for an arbitrary

categorical symmetry S.

4.2.1 Classification of (1+1)d Gapped Phases

We now specialise to unitary fusion categories S in (1+1)d to provide a concrete

implementation of the proposal. In this case, we can extend the above program with

additional refined properties for general S.
4By “twisted-sector” operator, we mean an operator at the end of a topological defect of S.
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(6)(1+1)d Vacua. The number of vacua is easily determined by the number of the

lines Qi that can end on both boundaries, i.e. that appear in both LS and Lphys. In-

deed, these lines can completely end on both boundaries and give rise to a topological

local operator after taking the sandwich.

Q1

Qn

LS

··
·

Lphys

(4.15)

(7)(1+1)d Action of the symmetry S. The action of the symmetry S on the (1+1)d

gapped phase under discussion is specified by line operators D
(a)
1 of the associated 2d

TQFT for each object a ∈ S, which represent the fusion category S on the phases.

The lines D
(a)
1 are determined as combinations of line operators of the 2d TQFT that

act on the IR local operators realising the order parameters according to their charges

under S.

(8)(1+1)d SSB of non-invertibles and Euler terms. A notable phenomenon

arises for (1+1)d gapped phases with categorical symmetries: the different vacua may

be physically distinguishable as they can carry different Euler terms. Such terms are

encoded in the properties of interfaces (which are line defects in 2d) between different

vacua. Two vacua carrying different Euler terms are necessarily related by a line D
(a)
1

implementing a non-invertible symmetry a ∈ S on the gapped phase, which is thus

spontaneously broken. We conclude that: spontaneous breaking of non-invertible

symmetries can lead to physically distinguishable vacua. This is one hallmark of

categorical symmetries. This idea has been observed in various dimensions and im-

plemented in examples using different approaches [44,59,71,133].
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4.3 Examples in (1 + 1)d

We now apply the framework outlined above to several examples of fusion category

symmetry S, including both invertible and non-invertible ones.

4.3.1 S = Finite Group

For a non-anomalous group symmetry G, with S = VecG, it is well known that

(1+1)d gapped phases are a mixture of spontaneously symmetry broken and symme-

try protected topological (SPT) phases. These are classified by pairs (H, β), where

H ≤ G is a subgroup representing the symmetry unbroken in one of the vacua v and

β ∈ H2(H,U(1)) is the SPT phase for the unbroken H symmetry in v.

This easily follows from the SymTFT Z(VecG), which is a 3d Dijkgraaf-Witten

(DW) theory with gauge group G. The symmetry boundary is chosen to be a Dirichlet

boundary condition (Dir) for the bulk G gauge fields

Bsym
VecG

= LDir . (4.16)

Any other topological boundary condition, labelled (Neu(H), β), is related to this by

gauging a subgroup H ≤ G with discrete torsion β ∈ H2(H,U(1)). This is realised

by imposing Neumann boundary conditions for the H gauge fields, which are labelled

by β. By choosing the physical topological boundary to be

Bphys = LNeu(H),β (4.17)

we obtain the G-symmetric (1+1)d gapped phase associated to the pair (H, β), thus

reproducing the expected classification. Let us mention two special cases: H = 1,

β = 0 is Bphys = LDir and corresponds to the SSB phase for G. The order parameters

are untwisted local operators transforming in irreducible representations of G, given
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by all the Wilson lines of the DW theory. On the other hand H = G and any β, i.e.

Bphys = LNeu(G),β, characterises the G SPTs. The order parameters are string-like,

i.e. topological vortices (or magnetic) lines of the DW theory, dressed by β-dependent

Wilson lines.

4.3.2 S = Rep(S3)

One of the simplest example of non-invertible symmetry is Rep(S3), the fusion cate-

gory of representations of the permutation group S3. Its simple objects are irreducible

representations: the trivial 1, 1-dimensional sign P and 2-dimensional standard E

representations, with non-trivial fusions

P ⊗ P = 1 , P ⊗ E = E ⊗ P = E , E ⊗ E = 1⊕ P ⊕ E . (4.18)

Rep(S3) is obtained by gauging the non-anomalous G = S3 symmetry. In this sense,

Rep(S3) is a group-theoretical non-invertible symmetry.

4.3.2.1 Rep(S3) SymTFT

We can easily construct the SymTFT, as it is the same of VecS3 . To do so we first

label the elements of S3 as

S3 =
{
1, a, a2, b, ab, a2b

}
with a3 = b2 = 1 and ab = ba2 . (4.19)

As described in 4.1.2, for a (non-anomalous) group G in 2d, the topological defects

(anyons)5 of the SymTFT are labelled by two pieces of data: a conjugacy classes [g]

of G and irreducible representations (irreps) of the centraliser Hg in G of any element

5Here and in the following we use interchangeably the term anyon – coming from the condensed
matter literature – when referring to a topological line defect in an MTC describing some topological
order in (2 + 1)d.
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g ∈ [g]. In the case of G = S3, one finds the following conjugacy classes

[1] = {1} , [a] = {a, a2} , [b] = {b, ab, a2b} , (4.20)

with corresponding centralisers

H1 = S3 , Ha = Z3 = {1, a, a2} , Hb = Z2 = {1, b} . (4.21)

Consequently, the simple topological lines of the SymTFT Z(VecS3) = Z(Rep(S3)) are

labelled by the conjugacy class and centraliser irreps,

• [1], R = 1, P, E. This gives rise to three anyons 1, P, E;

• [a], R = 1, ω, ω2. This gives rise to three anyons a1, aω, aω2 ;

• [b], R = +,−. This gives rise to two anyons b±.

Above, P is the sign irrep of S3, E is the 2d irrep of S3, ω = e±2πi/3 is a Z3 irrep, and

+, − denote the Z2 irreps.

The topological lines in Z(VecS3) = Z(Rep(S3)) that are bosons are

1, P, E, a1, b+ , (4.22)

and the possible Lagrangian algebras they form that satisfy the constraints illustrated

in 4.1.3 are

LDir = 1⊕ P ⊕ 2E

LNeu = 1⊕ a1 ⊕ b+

LNeu(Z2) = 1⊕ E ⊕ b+

LNeu(Z3) = 1⊕ P ⊕ 2a1 .

(4.23)

As mentioned previously, various kinds of Neumann boundary conditions correspond

to taking the Dirichlet boundary condition, LDir, and gauging different subgroups
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of the full group symmetry. From the SymTFT perspective, gauging simply means

imposing free/Neumann boundary condition on the subset of gauge fields one wishes

to gauge. Here, fully gauging the S3 symmetry corresponds to LNeu, whereas partially

gauging Z2 ⊆ S3, Z3 ⊆ S3 results in LNeu(Z2), LNeu(Z3) respectively.

4.3.2.2 Rep(S3) Gapped Phases

We are now ready to discuss all the gapped phases with Rep(S3) symmetry. To

implement the Rep(S3) symmetry from the SymTFT, we take the symmetry boundary

to be

Bsym
Rep(S3)

= LNeu . (4.24)

Choosing various physical boundaries in (4.23) gives rise to the various Rep(S3)-

symmetric phases. Given four choices of physical boundaries in the present case, one

finds four gapped phases, which we study in detail below.

Trivial Phase. By choosing Bphys = LDir, one finds that only the bulk line 1 can

end on both sides of the SymTFT:

Bphys = LDir :
1

LNeu LDir

(4.25)

Hence one finds a phase with a single, trivial (untwisted) local operator which is

the trivial phase with one vacuum, where Rep(S3) symmetry is preserved. We can

therefore identify the Rep(S3) generators as

P ∼= 1 , E ∼= 1⊕ 1 , (4.26)

where 1 is the identity line operator.

This phase is characterised by the coexistence of two different kinds of order
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parameters. One type of order parameters are multiplets of operators carrying gener-

alised charge P . Such a multiplet comprises of a local operator in twisted sector for

the P symmetry, and hence such an order parameter is a string order parameter. The

other type of order parameters are also of string type and carry generalised charge E,

which is a multiplet comprising only of twisted sector operators, one in the E-twisted

sector and one changing E to P . All the operators discussed above are uncharged

under P . See [4] for more details.

Z2 SSB Phase. By choosing Bphys = LNeu(Z2), we end up with two untwisted sector

local operators, which translates into finding two vacua in this phase:

Bphys = LNeu(Z2) :
1

b+

LNeu LNeu(Z2)

(4.27)

In comparison to the trivial phase, there is now another, non-trivial, untwisted sector

local operator associated to b+ that we label as Ob. Additionally, there are two

twisted sector operators Ob
± that belong to the b+ multiplet and do not participate in

the determination of vacua, but become important later as order parameters of the

resulting phase.

In general, the n vacua vi (with i = 1, 2, . . . , n) of the TQFT satisfy the relation

vivj = δijvi , (4.28)

where δij is the Kronecker delta. To find such vacua given the untwisted local opera-

tors in the theory, one must first obtain their operator algebra, in this case of {1,Ob}.

The only non-trivial algebra rule we must specify will be of the form

ObOb = α + βOb, (α, β) ∈ C2 − {(0, 0)} . (4.29)
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To constrain the algebra we can study the action of P (and E) on Ob,

Ob
P

=

P Ob
,−

Ob
E

= E

Ob
+E (4.30)

which also confirms that Ob is charged non-trivially under the Z2 subsymmetry of

Rep(S3) generated by P . Consequently, by symmetry, β must vanish and by rescaling

Ob one finds the algebra to be

ObOb = 1 . (4.31)

The two vacua are then idempotent combinations of the identity local operator and

Ob,

v0 =
1 +Ob

2
, v1 =

1−Ob

2
. (4.32)

Now in order to identify the linking actions of P and E on the vacua, we first

have to identify the linking actions on the local operator Ob which are

Ob
P = −

Ob
P = −

Ob

;
Ob

E = E

Ob
+

E = 0

(4.33)

These linking actions then translate to the following linking actions on the vacua

P ⃝ : v0 → v1 , v1 → v0 ,

E⃝ : v0, v1 → 1 = v0 + v1 ,

(4.34)

which shows that there are no relative Euler terms between the two vacua as the

linking actions only contain trivial factors for all terms. We can identify the Rep(S3)

symmetry generators as

P ∼= 101 ⊕ 110 , E ∼= 100 ⊕ 101 ⊕ 110 ⊕ 111 ∼= 1⊕ P . (4.35)
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Here and in the following, the notation 1ij denotes the irreducible unit line operator

corresponding to an interface from vacuum i to vacuum j.

This phase is the Z2 SSB phase as the Z2 subgroup symmetry of the overall

Rep(S3) symmetry is spontaneously broken in both vacua. Note that E acts on a

vacuum to generate both vacua and hence is also spontaneously broken. However, the

two vacua are physically indistinguishable as far as the action of Rep(S3) is concerned.

This phase is characterised by the coexistence of two different kinds of order

parameters. One is of mixed-type, has generalised charge b+, and is a 3-dimensional

multiplet of operators: one is untwisted, one is in the twisted sector for E, and one

transitions between lines E and P . All of them are charged non-trivially under P . The

other is of string-type, has generalised charge E, and is a 2-dimensional multiplet of

string operators: one is in the twisted sector for E, while the other transitions between

lines E and P . Both are uncharged under P .

Rep(S3)/Z2 SSB Phase. By choosing Bphys = LNeu(Z3), one interestingly finds that

a1 on its own gives rise to two untwisted sector local operators, Oa
+,1 and Oa

+,2, after

collapsing the SymTFT sandwich

Bphys = LNeu(Z3) :

a1

Q[id],1

LNeu LNeu(Z3)

(4.36)

This happens as the bulk line may end twice on the physical boundary in this case,

which can be seen from its Lagrangian algebra (4.23). With the trivial local operator,

this phase includes three untwisted local operators and thus three vacua. Additionally,

there are two twisted local operators Oa
−,1 and Oa

−,2 descending from Oa
− of the a1

multiplet, which become additional order parameters of the phase.
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In order to find the operator algebra in this setting, we turn our attention to the

Z3 ⊆ S3 subgroup symmetry localised on the physical boundary Bphys. The Z3 action

has the following transformation property

Oa
+,1 → ωOa

+,1 , Oa
+,2 → ω2Oa

+,2 , (4.37)

forcing the algebra to take the form

Oa
+,1Oa

+,1 = Oa
+,2 , Oa

+,2Oa
+,2 = Oa

+,1 , Oa
+,1Oa

+,2 = 1 , (4.38)

after imposing associativity and rescaling Oa
+,1 and Oa

+,2. This determines the three

vacua to be

vi =
1 + ωiOa

+,1 + ω2iOa
+,2

3
, i ∈ {0, 1, 2} , ω = e±2πi/3 . (4.39)

The linking action of P on Oa
+,1 and Oa

+,2 is trivial,

P ⃝ : Oa
+,1 → Oa

+,1 , Oa
+,2 → Oa

+,2 . (4.40)

From this one learns that the symmetry P leaves each vacuum invariant. Since the

Z2 subsymmetry of Rep(S3) is unbroken in all three vacua, we refer to this phase as

the Rep(S3)/Z2 SSB phase.

On the other hand, the linking action of E with the vacua is more interesting as

E links with Oa
+ in the following way

Oa
+

E =− 1
2

Oa
+

E +
(
ω + 1

2

)
E

P

Oa
−

= − 2
2
Oa

+

+0 = −
Oa

+

(4.41)

where the second term on the right-hand side vanishes because there are no topological
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local operators in Rep(S3) converting the line P into the identity line.

Thus the only non-trivial linking is

E⃝ : Oa
+,1 → −Oa

+,1 , Oa
+,2 → −Oa

+,2 , (4.42)

which implies its linking action on the vacua is

E⃝ : v0 → v1 + v2 , v1 → v2 + v0 , v2 → v0 + v1 . (4.43)

Notice that there are no relative Euler terms between the three vacua. We can identify

the Rep(S3) symmetry generators as

P ∼= 100 ⊕ 111 ⊕ 122 ∼= 1 ,

E ∼= 101 ⊕ 102 ⊕ 112 ⊕ 110 ⊕ 120 ⊕ 121

(4.44)

Note that E acts on a vacuum to generate the other two vacua, and hence is spon-

taneously broken. However, all three vacua are physically indistinguishable as far as

the action of Rep(S3) is concerned.

This phase is again characterised by the coexistence of two types of order pa-

rameters. One is a string order parameter discussed above, which carries generalised

charge P . The other is of mixed-type, has generalised charge a1, and is a 2-dimensional

multiplet comprising of an untwisted sector local operator and an P -twisted sector

operator. The two operators are mixed into each other by the action of E, but are

uncharged under P .

Rep(S3) SSB Phase: ChoosingBphys = LNeu results in a phase with three untwisted

local operators and thus three vacua:
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Bphys = LNeu :

a1

1

b+

LNeu LNeu

(4.45)

We will call these three untwisted local operators 1, Oa
+ and Ob, which descent from 1,

a1, and b+, respectively. Additionally, there are again some twisted sector operators

that we will mention later when we discuss order parameters.

To determine the operator algebra in this case, we first look at the fusion rule of

the bulk anyons

b+ ⊗ a1 = b+ ⊕ b− (4.46)

which after noticing that 1 and a1 are absent on the RHS means that after a possible

rescaling of Ob one must find

Oa
+Ob = Ob . (4.47)

Similarly, since the bulk fusion

a1 ⊗ a1 = 1⊕ P ⊕ a1 (4.48)

does not contain b+, we must have

Oa
+Oa

+ = α + (1− α)Oa
+, α ∈ C , (4.49)

where the relative weight between the two coefficients on the RHS has been set by

imposing associativity with (4.47).

To further constrain α, we first establish the action of E on Oa
+,

P

Oa
−EOa

+ E

=

E Oa
+

− 1
2

+
(
ω + 1

2

)
(4.50)
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We can then apply the action of E on (4.49) and by matching the Oa
− contributions

on both sides it can be shown that

Oa
−Oa

+ = −(1− α)Oa
− . (4.51)

Imposing associativity with (4.49) fixes α = 1
2
(as the other root produces inconsistent

results).

For the final product relation, note that the bulk fusion

b+ ⊗ b+ = 1⊕ E ⊕
2⊕

i=0

aωi (4.52)

does not contain b+, and so imposing associativity and rescaling we obtain

ObOb =
1

2
+Oa

+ . (4.53)

Putting everything together, the operator algebra consists of the following three

non-trivial rules

Oa
+Ob = Ob , Oa

+Oa
+ =

1

2
(1 +Oa

+) , ObOb =
1

2
+Oa

+ , (4.54)

from which one can determine the vacua to be

v0 =
2

3

(
1−Oa

+

)
, v1 =

1

6

(
1 + 2Oa

+ +
√
6Ob

)
, v2 =

1

6

(
1 + 2Oa

+ −
√
6Ob

)
.

(4.55)

Similarly to (4.40) and (4.33), we deduce again that the linking action of P is

P ⃝ : Oa
+ → Oa

+ , Ob → −Ob (4.56)
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and hence it acts on the vacua as

P ⃝ : v0 → v0 , v1 → v2 , v2 → v1 . (4.57)

Thus the present phase decomposes as a sum of a Z2 SSB phase (formed by vacua v1

and v2) and a Z2 non-SSB phase (formed by vacuum v0).

The linking action of E on the operators from (4.33) and (4.41) is

E⃝ : Oa
+ → −Oa

+ , Ob → 0 (4.58)

while the action on the vacua is

E⃝ : v0 →
2

3

(
2 +Oa

+

)
= v0 + 2(v1 + v2) ,

v1 →
1

3

(
1−Oa

+

)
=

1

2
v0 ,

v2 →
1

3

(
1−Oa

+

)
=

1

2
v0 .

(4.59)

Thus, also E is spontaneously broken. We therefore refer to this as the Rep(S3) SSB

phase. We can identify the Rep(S3) symmetry generators as

P ∼= 100 ⊕ 112 ⊕ 121 ,

E ∼= 100 ⊕ 101 ⊕ 102 ⊕ 110 ⊕ 120 .

(4.60)

Judging from (4.57) and (4.59), one can clearly see there are no relative Euler terms

between vacua v1 and v2, however, the presence of fractions in (4.59) uncovers rel-

ative Euler terms between vacua v0 and v1, v2. The vacuum v0 is thus physically

distinguishable from the vacua v1 and v2, as is also apparent from the action of the

unique Z2 subsymmetry P of Rep(S3). In this case, the spontaneous breaking of

non-invertible symmetry is linked to the appearance of physically indistinguishable

vacua!
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This phase is again characterised by the coexistence of two types of order param-

eters. Both are of mixed type and have been discussed above: one of them carries

generalised charge a1, while the other carries generalised charge b+.

4.3.3 S = Ising

One of the simplest examples of a non-group-theoretical non-invertible symmetry is

the Ising symmetry, which is also the Z2 Tambara-Yamagami fusion category TY(Z2).

The simple objects are 1, η (generating a Z2 subsymmetry) and the non-invertible N

with non-trivial fusions

η ⊗ η = 1 , η ⊗N = N ⊗ η = N , N ⊗N = 1⊕ η . (4.61)

The SymTFT in this case is the 3d TQFT carrying modular fusion category Z(Ising) =

Ising ⊠ Ising of topological line defects

{1, η, η,N ,N ,NN , ηη,N η, ηN} . (4.62)

There is only one Lagrangian algebra

LIsing = 1⊕ ηη ⊕NN , (4.63)

and therefore the SymTFT admits only one topological boundary condition

Bsym
Ising = LIsing . (4.64)
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Hence the only possible configuration is

Bphys = LIsing :

1

ηη

NN

LIsing LIsing

(4.65)

This phase has three vacua v0, v1, v2, with the action of Ising given as follows

η⃝ : v0 → v0 , v1 → v2 , v2 → v1 ,

N ⃝ : v0 →
√
2(v1 + v2) , v1, v2 →

1√
2
v0.

(4.66)

We can therefore identify the Ising generators as

η ∼= 100 ⊕ 112 ⊕ 121 ,

N ∼= 101 ⊕ 102 ⊕ 110 ⊕ 120 .

(4.67)

Similarly to the Rep(S3) SSB phase, this Ising-symmetric phase decomposes as a

trivial and Z2 SSB phase under the Z2, with the two subphases permuted by the non-

invertible symmetry N . The three vacua form an irreducible phase under Ising. We

call this the Ising SSB phase. This is another example where spontaneous breaking

of non-invertible symmetry generates physically distinguishable vacua. Despite the

similarity with the Rep(S3) SSB, however, this phase carries different relative Euler

terms, as seen from (4.66).

4.4 A (3 + 1)d Application

In d > 2, order parameters are be both local and extended operators. The SymTFT

prescription characterises e.g. the IR gapped phases of 4d QFTs with 0-form and
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1-form symmetries.6 A classic instance is N = 1 Super-Yang-Mills with SU(2) gauge

group. This has a Z(0)
4 spontaneously broken to Z(0)

2 , resulting in two vacua. The

theory has also a Z(1)
2 1-form symmetry unbroken in both vacua, as signalled by the

Wilson line, its order parameter, having area law. Gauging the 1-form symmetry

gives the SO(3)+ theory 7, which also has two vacua, with the difference that Z(1)
2

is spontaneously broken in one vacuum and unbroken in the other. Correspondingly,

the order parameters (‘t Hooft lines) have perimeter law in one vacuum and area law

in the other. The relevant SymTFT is

S =

∫
M5

2π

4
a3δa1 +

2π

2
c2δb2 +

2π

4
a1b2b2 , (4.68)

where the last term is due to a mixed anomaly between Z(0)
4 and Z(1)

2 . Notice Z(0)
2 ⊂

Z(0)
4 is anomaly free. The topological defects of the SymTFT are the Wilson “surfaces”

Qx, with x a gauge field in S (for details, see [72,134]).

SymTFT for the IR of the SU(2). On Bsym
SU(2) we impose Dirichlet boundary

conditions for a1, i.e. Qa1 terminates, while on Bphys we choose Neu(Z2), so only

Q2
a1
, generating Z(0)

2 ⊂ Z(0)
4 , terminates. The only non-trivial line ending on both

boundaries is Q2
a1
, so after compactification, we obtain one non-trivial untwisted

local operator, and hence two vacua v±. These are permuted by Qa3 , so we have a

Z(0)
2 SSB phase. Let us now turn to the 1-form symmetry. We claim SU(2) is realised

by choosing for Qb2 Dirichlet boundary conditions on Bsym
SU(2) and Neumann boundary

conditions on Bphys (and consequently the opposite for Qc2). Correspondingly, after

compactifying we obtain no untwisted line operator form the surfaces ending onBphys.

This means that in this gapped phase there are no non-trivial line operators in the

6We stress that below we do not discuss the most general boundary conditions of the correspond-
ing 5d SymTFTs, but only some examples.

7Without loss of generality we can focus on this global variant, with the treatment for SO(3)−,
obtained by stacking an additional 1-form symmetry SPT before its gauging, being completely
analogous.
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IR, and therefore Z(1)
2 is left unbroken.

SymTFT for the IR of the SO(3). SO(3)+ can be obtained by turning the 1-

form symmetry boundary conditions for Qb2 and Qc2 into Neumann and Dirichlet

respectively on Bsym
SO(3)+

. This implies that the 4d gapped phase has one non-trivial

untwisted line operator coming from the ends of Qc2 . The fact that we have a line

in the IR means that Z(1)
2 is spontaneously broken in one vacuum, say v+. We can

transition to the other vacuum v− by applying Qa3 . This turns the line from Qc2 into

a twisted-sector line, attached to a magnetic surface Qb2 . We then have no non-trivial

untwisted line, and we conclude Z(1)
2 is unbroken in v−.
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Chapter 5

Categorical Landau Paradigm:
Gapless Phases

The goal of this chapter is to provide a full picture of Landau paradigm in the presence

of categorical symmetries by characterising phase transitions. This builds on what we

described in the previous chapter 4, where we proposed a framework to study gapped

phases with non-invertible symmetries. The study of phase transitions between such

gapped phases require us to extend the standard SymTFT construction with the

addition of a topological interface, i.e. we promote the usual SymTFT sandwich to a

club sandwich.1 Recent works that also use SymTFT techniques to extend the study

of gapless phases and phase-transitions – though applied to group-like symmetries –

are [125,135–137]. The content of this chapter is based on [5].

The structure of the chapter is as follows. We begin in section 5.1 by introducing

the club quiche, which is an open version of the club sandwich, without the physical

boundary on the RHS. In the following section 5.2 we introduce the club sandwich,

while in section 5.3 we explain how we can use it to characterise phase transitions.

Throughout the chapter, we use S = Rep(S3) as an example.

1A club sandwich is comprised of three slides of bread containing two distinct fillings.
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5.1 Club Quiche

We define a d-dimensional club quiche Qd as a tuple

Qd = (Bd,Zd+1, Id,Z′
d+1) , (5.1)

where Zd+1 and Z′
d+1 are (d + 1)-dimensional TQFTs, Bd is a topological boundary

condition of Zd+1 and Id is a topological interface from Zd+1 to Z′
d+1. We will often

use it in the context of SymTFT Zd+1(S), where the club quiche takes the form

Zd+1(S) Z′
d+1

Bsym
S Id

= Z′
d+1

B′
d S

(5.2)

Compactifying the interval occupied by the SymTFT Zd+1(S) leads to an S-symmetric

quiche

QS
d = (B′

d,Z
′
d+1) (5.3)

with the S-symmetry being realised on a topological boundary B′
d of the TQFT Z′

d+1.

Conversely, any topological boundary B′
d with symmetry S of Z′

d+1 can be expressed

as a club quiche. We have a one-to-one correspondence

{S-symmetric topological boundaries of Z′
d+1}

{Topological interfaces from SymTFT Zd+1(S) to Z′
d+1} (5.4)
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5.1.1 Gapped Boundary Phases with Non-Invertible Sym-

metries

Physically, such a club quiche can be understood as characterising gapped bound-

ary phases with S-symmetry, where the symmetry is localised completely along the

boundary. We now specialise to d = 2, where we can characterise an S-symmetric

gapped boundary phase as

QS = (Bsym
S ,Z(S), I,Z′) , (5.5)

where I is a topological interface from the 3d SymTFT Z(S) to a 3d TQFT Z′.

By folding, this is the same as a topological boundary condition of the 3d TQFT

Z(S) ⊠ Z̄′. As we discussed in 4.1.3, such boundary conditions are characterised by

Lagrangian algebras in the MTC Z(S)⊠ Z̄ ′, where Z(S) is the Drinfeld center of S

and Z̄ ′ is the MTC formed by topological lines of Z̄′. We are thus led to a one-to-one

correspondence

{S-symmetric gapped boundary phases w/ bulk phase Z′}

{
Lagrangian algebras in Z(S)⊠ Z̄ ′}

(5.6)

Consider a Lagrangian algebra LI of Z(S)⊠ Z̄ ′. It can be expressed as

LI =
⊕
a,a′

na,a′
(
Qa, Q̄

′
a′

)
, (5.7)

where Qa are simple anyons in Z(S) and Q′
a′ are simple anyons in Z′. Let I be a

topological interface. The presence of a term na,a′
(
Qa, Q̄

′
a′

)
in LI means that there

is an na,a′-dimensional vector space of topological local operators along I acting as

line changing operators from the line Qa to the line (Q′
a′)

∗, which is the dual of Q′
a′
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in the MTC Z ′, or in other words the orientation reversed version of it

Z(S) Z′

I

Qa (Q′
a′)

∗

na,a′ dimensional
(5.8)

After contracting Z(S), such an operator descends to a topological local operator

along the resulting S-symmetric boundary B′ of Z′, which is attached to the bulk

anyon (Q′
a′)

∗, and carries a generalised charge Qa under the symmetry S acting on

B′. This may be regarded as an order parameter in the Qa-anyon sector for the

resulting S-symmetric (1+1)d gapped boundary phase QS
I . Thus, the Lagrangian

algebra LI captures the order parameters for the associated S-symmetric gapped

boundary phase.

Using the Lagrangian algebra LI , one can also deduce the underlying non-symmetric

gapped boundary phase

QI = (B′,Z′) . (5.9)

A topological boundary condition B′ is in general reducible

B′ =
⊕
i

B′
i , (5.10)

where B′
i are irreducible topological boundary conditions of Z′. Here by irreducible

boundary condition we mean a boundary condition that cannot be expressed as a

sum of other boundary conditions. We can characterise B′ in terms of a “Lagrangian

algebra” LB′

LB′ :=
⊕
i

LB′
i
, (5.11)
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where LB′
i
are Lagrangian algebras associated to the topological boundary conditions

B′
i. This is related to LI via

LB′ =
⊕
a,a′

nsym
a∗ na,a′Q

′
a′ , (5.12)

where na,a′ are the coefficients appearing in the Lagrangian algebra (5.7) associated

to the interface and nsym
a∗ is the coefficient for Q∗

a appearing in the Lagrangian algebra

(4.11) associated to the symmetry boundary Bsym
S .

We will further restrict the studies in this chapter to S-symmetric minimal (1+1)d

gapped boundary phases. In order to define such phases, note that the Lagrangian

algebra LI specifies a non-Lagrangian condensable algebra AZ(S)(LI) ∈ Z(S) and a

non-Lagrangian condensable algebra AZ′(LI) ∈ Z ′, which are obtained respectively

by restricting LI to Q′
a′ = 1 or to Qa = 1, i.e.

AZ(S)(LI) =
⊕
a

na,1Qa

AZ′(LI) =
⊕
a′

n1,a′Q
′
a′ .

(5.13)

These condensable algebras capture the possible ends along a topological interface I

of topological bulk lines from left and right

Z(S) Z′

I

Qa

na,1 dimensional

Z(S) Z′

I

Q′
a′

n1,a′ dimensional
(5.14)

Note that, if the algebra AZ′(LI) is non-trivial, then we have non-identity topo-

logical operators in the S-symmetric gapped boundary phase QS
I that are completely
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uncharged under S. This is because the S symmetry is captured by topological lines

living on the symmetry boundary Bsym
S while a topological operator of the type ap-

pearing on the right hand side of (5.14) does not interact with the symmetry bound-

ary. This means that there is physical information in such a phase that is disconnected

from the symmetry S, e.g. some of the order parameters for such a phase carry trivial

generalised charges under S. We are thus led to define a minimal S-symmetric gapped

boundary phase QS
I to be a phase specified by a Lagrangian algebra LI ∈ Z(S)⊠ Z̄ ′

whose associated condensable algebra AZ′(LI) ∈ Z ′ is trivial, i.e. AZ′(LI) = 1.

The minimal S-symmetric (1+1)d gapped boundary phases are classified by con-

densable (non-maximal/non-Lagrangian) algebras in Z(S).2 Pick a condensable alge-

bra A ∈ Z(S), then the associated gapped bulk phase Z′ is determined by computing

local A-modules in Z(S) [129], which form a “smaller” modular tensor category

Z(S)/A

Z ′ = Z(S)/A . (5.15)

The topological interface I is then determined by picking a Lagrangian algebra

LI ∈ Z(S)⊠ Z(S)/A (5.16)

such that the condensable algebra AZ(S)(LI) ∈ Z(S) associated to LI is the same as

A

AZ(S)(LI) = A . (5.17)

There may be multiple possibilities for LI satisfying the above condition, but they are

all related by the action of some 0-form symmetry of Z′, which are auto-equivalences

that do not change the physical properties of the resulting minimal S-symmetric

(1+1)d gapped boundary phase.

2These are algebras in the Drinfeld center Z(S) that do not have to satisfy the dimensionality
condition in (4.9).
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There are a couple of special choices for the condensable algebra A:

• First of all, we can choose the trivial algebra

A = 1 , (5.18)

The associated gapped bulk phase is simply

Z′ = Z(S) . (5.19)

• We can also choose a Lagrangian algebra

A = L ∈ Z(S) . (5.20)

In particular, for any S we have at least the choice A = Lsym
S where Lsym

S is

the Lagrangian algebra for the symmetry boundary Bsym
S . In this case the the

associated (2+1)d gapped bulk phase is trivial

Z′ = 1 . (5.21)

5.1.2 Rep(S3) Symmetry

We now consider minimal (1+1)d Rep(S3)-symmetric gapped boundary phases. We

recall in this case we have

S = Rep(S3) = {1, P, E} , (5.22)

with fusion rules

P ⊗ E = E ⊗ P = E , E2 = 1⊕ P ⊕ E . (5.23)
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Recall that Rep(S3) can be obtained by gauging S3 symmetry, which implies the

two symmetries have the same SymTFT (see section 4.3.2.1)

Z(Rep(S3)) = Z(S3) . (5.24)

The difference lies in the choice of the symmetry boundary Bsym, which for S =

Rep(S3) we take to be specified by the Lagrangian algebra

Lsym
Rep(S3)

= 1⊕ a1 ⊕ b+ . (5.25)

There are three condensable, non-Lagrangian, algebras

AP = 1⊕ P, AE = 1⊕ E, Aa1 = 1⊕ a1 , (5.26)

which we now study case by case.

5.1.2.1 Condensable algebra AE

In this case, we have that Z′ is the Z2 DW theory (i.e. the toric code)

Z ′ = Z/AE = Z(Z2) = {1, e,m, f} . (5.27)

A Lagrangian algebra in Z(S3)⊠ Z̄ ′ which completes AE is

LI = 1⊕ E ⊕ Pm̄⊕ Em̄⊕ b−f̄ ⊕ b+ē . (5.28)

The Lagrangian algebra associated to the underlying non-symmetric gapped bound-

ary phase is

LB′ = 1⊕ e = Le , (5.29)
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which means that B′ is an irreducible topological boundary associated to electric

Lagrangian algebra Le. The topological lines on B′ are {1, η}, where η generates the

Z2 symmetry localised on the boundary.

The club quiche is:

Z(S3) Z(Z2)

Lsym
Rep(S3) AE

b+ e
=

e

Z(Z2)

Le

Ee
(5.30)

The Rep(S3) generators linking action on the boundary operators descends from

the corresponding action on the ends of the Z(VecS3) anyons and is given by

P :
Ee → −Ee,

1→ 1,

E :
Ee → 0,

1→ 2 .

(5.31)

where 1 denotes the identity local operator along B′. Comparing with the action of

lines living on B′, we find that the Rep(S3) symmetry is realised on B′ by lines

ϕ(P ) = η , ϕ(E) = 1⊕ η . (5.32)

Mathematically, we have provided a pivotal tensor functor

ϕ : Rep(S3)→ VecZ2 (5.33)

where VecZ2 is the fusion category formed by topological lines living on the boundary

B′.
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5.1.2.2 Condensable algebra AP

In this case, we have that Z′ is the Z3 DW theory with anyon content

Z ′ = Z/AP = Z(VecZ3)

= {1, e, e2,m,m2, em, e2m, em2, e2m2} .
(5.34)

A Lagrangian algebra in Z(S3)⊠ Z̄ ′ which completes AP is

LI =1⊕ P ⊕ a1ē⊕ a1ē
2 ⊕ aω2 ēm̄⊕

⊕ aω2 ē2m̄2 ⊕ Em̄⊕ Em̄2 ⊕ aωē
2m̄⊕ aωēm̄

2 .

(5.35)

From this we see that the Lagrangian algebra associated to the underlying non-

symmetric gapped boundary phase is

LB′ = 1⊕ e⊕ e2 = Le , (5.36)

which means that B′ is an irreducible topological boundary associated to electric

Lagrangian algebra Le. The topological lines on B′ are {1, η, η2}, where η is the

generators of the Z3 symmetry localised along B′.

The operators coming from the club quiche are:

Z(S3) Z(Z3)

Lsym
Rep(S3) AP

a1 e

a1 e2

= e

e2

Z(Z3)

Le

Ee
Ee2

(5.37)
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The Rep(S3) generators linking action on the boundary operators is given by

P :

1→ 1

Ee → Ee

Ee2 → Ee2

E :

1→ 2

Ee → −Ee

Ee2 → −Ee2 .

(5.38)

which implies the lines implementing Rep(S3) symmetry on B′ are

ϕ(P ) = 1 , ϕ(E) = η ⊕ η2 . (5.39)

Mathematically, we have provided a pivotal tensor functor

ϕ : Rep(S3)→ VecZ3 , (5.40)

where VecZ3 is the fusion category formed by topological lines living on the boundary

B′.

5.1.2.3 Condensable algebra Aa1

In this case, Z′ is again the toric code

Z ′ = Z/Aa1 = Z(VecZ2) = {1, e,m, f} . (5.41)

A Lagrangian algebra in Z(S3)⊠ Z̄ ′ which completes AE is

LI = 1⊕ a1 ⊕ 1−ē⊕ a1ē⊕ b+m̄⊕ b−f̄ . (5.42)

119



From this we see that the decomposable algebra associated to the underlying non-

symmetric gapped boundary is

LB′ = (1⊕ e)⊕ (1⊕m) = Le ⊕ Lm , (5.43)

i.e. B′ is a reducible boundary of the form

B′ = Be ⊕Bm , (5.44)

where Be is an irreducible topological boundary with associated Lagrangian algebra

Le = 1⊕e and Bm is an irreducible topological boundary with associated Lagrangian

algebra Lm = 1⊕m.

The topological line operators on B′ are

1ii, ηii, Nij , (5.45)

where i, j ∈ {e,m} and i ̸= j. The line 1ii is the identity line on boundary Bi, the

line ηii is the generator of the Z2 symmetry localised along the boundary Bi, and the

line Nij changes the boundary Bi to the boundary Bj, with fusion rules

ηii ⊗Nij = Nij ⊗ ηjj = Nij

Nij ⊗Nji = 1ii ⊕ ηii .

(5.46)

Note the non-invertibility of the boundary changing line operators Nij. Note also

that the general linking actions of boundary changing lines are

Nem : ve →
√
2e−λvm, Ee → 0

Nme : vm →
√
2eλve, Em → 0

(5.47)
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for some λ ∈ R which captures the relative Euler term between the two boundaries

Be and Bm. In the above equations, vi is the identity operator in the boundary Bi

and Ei are the operators coming from the club quiche

Z(S3) Z(Z2)

Lsym
Rep(S3) Aa1

a1

a1

b+ m

e
=

Z(Z2)

Le ⊕ Lm

Ee

O
Em

e

m
(5.48)

The products of these operators are fixed to be

O2 = 2−O ,

EeEm = 0 ,

OEe = Ee ,

OEm = −2Em ,

E2e = (2 +O)/3 ,

E2m = (1−O)/3 .
(5.49)

The identity operators along the two boundaries Be and Bm can be identified respec-

tively as

ve =
1

3
(2 +O) , vm =

1

3
(1−O) (5.50)

The linking actions of Rep(S3) symmetry generators are

P : 1→ 1, O → O, Ee → Ee, Em → −Em,

E : 1→ 2, O → −O, Ee → −Ee, Em → 0 .

(5.51)

where 1 = ve + vm denotes the identity operator along the reducible boundary B′.

This implies the following linking actions

P : ve → ve, vm → vm

E : ve → 2vm + ve, vm → ve .

(5.52)
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Therefore the lines realising the Rep(S3) symmetry along B′ are

ϕ(P ) = 1ee ⊕ ηmm, ϕ(E) = Nem ⊕Nme ⊕ ηee (5.53)

with the relative Euler term between Be and Bm fixed such that the linking actions

of boundary changing lines are

Nem : ve → 2vm, Nme : vm → ve . (5.54)

Mathematically, we have provided information about a pivotal tensor functor

ϕ : Rep(S3)→ Ising
√
2

2×2 , (5.55)

where Isinge
−λ

2×2 is what we call the pivotal multi-fusion category formed by topological

lines (5.45) with the quantum dimensions of Nij lines given by their linking actions

on vi described in (5.54).

5.2 Club Sandwich

Just like closing a quiche leads to a sandwich, closing a club quiche leads to a club

sandwich. More precisely, a d-dimensional club sandwich Sd is obtained by supply-

ing a d-dimensional club quiche (5.1) on the right with a (possibly non-topological)

boundary condition Bphys
T of the (d + 1)-dimensional TQFT Z′

d+1. We apply this to

Z = Z(S), i.e. in the context of the SymTFT, and we also specialise Z′
d+1 to be the

SymTFT associated to a symmetry S ′, Z′
d+1(S ′). The club sandwich then becomes

Zd+1(S) Z′
d+1(S ′)

Bsym
S Id Bphys

T

=

Td S

(5.56)
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The full interval compactification shown on the right hand side involves collapsing

both intervals occupied by Zd+1(S) and Z′
d+1(S ′), respectively. The result is an S-

symmetric QFT Td. Thus, a club sandwich Sd can be viewed as a machine mapping

(possibly non-topological) S ′-symmetric d-dimensional QFT TS′

d to S-symmetric d-

dimensional QFTs TS
d . We can think about this map as a generalised KT (short for

Kennedy-Tasaki [138,139]) transformation

KS,S′

Id : {S ′-symmetric QFTs}→{S-symmetric QFTs} . (5.57)

We now specialise to 2d. We define a minimal KT transformation as one arising

from a club sandwich whose interface I is determined by a minimal Lagrangian alge-

bra LI . At the level of generalised charges, a minimal 2d KT transformation works

as follows. A property of a minimal Lagrangian algebra LI ∈ Z(S) ⊠ Z̄(S ′) is that

given a simple anyon Q̄′
a′ ∈ Z̄(S ′), there always exists at least one term in LI of the

form

naa′QaQ̄
′
a′ ∈ LI (5.58)

for some simple anyon Qa ∈ Z(S) and naa′ > 0. This means that a simple anyon Q′
a′

of Z(S ′) can always be converted into some anyon of Z(S) as it passes through the

interface I from the right to the left. That is, a minimal interface I converts each

irreducible generalised charge of S ′ into a (possibly reducible) generalised charge of

S. This map between generalised charges is mathematically encoded in a functor

FI : Z(S ′)→ Z(S) , (5.59)

which takes the form

FI(Q
′
a′) =

⊕
a

naa′Q
∗
a , (5.60)

where the coefficients naa′ appear in the Lagrangian algebra LI as in (5.7).
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5.3 Phase Transitions: New from Old

One of the key applications of the club sandwich construction is the study of phase

transitions between gapped phases with categorical symmetries. This comprises a

central aspect of the categorical Landau paradigm that we developed in the previous

chapter 4. For group-like VecG symmetries in 2d this was discussed in [140] using a

similar SymTFT description.

In this setup, the interface I is specified by a condensable algebra which is the

intersection of two Lagrangian algebras. In particular, a phase transition between two

gapped phases, which are defined by the Lagrangian algebras L1 and L2 respectively,

is characterised by A1,2 = L1∩L2, which simply means the set of topological lines that

are both in L1 and L2, provided this maximal common subalgebra is condensable.

Higher order phase transitions can occur when three or more such gapped phases

meet. Here we extend this to include non-invertible symmetries such as Rep(S3).

Notice however that our setup does not require the categorical symmetry to be group-

theoretical. Examples of intrinsically non-invertible phase transitions are presented

in [5].

5.3.1 General Setup

Suppose that we know an irreducible S ′-symmetric 2d CFT TS′
C admitting a relevant

operator O′ that is uncharged under S ′ (i.e. an S ′-symmetric local operator), such

that deforming the CFT with +O′ leads to an S ′-symmetric 2d TQFT TS′
1 , and

deforming the CFT with −O′ leads to another S ′-symmetric TQFT TS′
2

TS′
C TS′

1TS′
2

−O′ +O′

(5.61)
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In such a situation, TS′
C is referred to as a phase transition between the S ′-symmetric

gapped phases TS′
1 and TS′

2 .

By applying a minimal KT transformation KS,S′

I , we obtain an S-symmetric 2d

CFT TS
C acting as a phase transition between two S-symmetric gapped phases TS

1

and TS
2 :

TS
C TS

1TS
2

−O +O
(5.62)

This is quite useful as a minimal KT transformation maps S ′-symmetric theories to

S-symmetric theories, where S is morally larger than S ′

“S > S ′ ” . (5.63)

One can then begin with a small enough S ′ like Z2, for which a transition is well-

known, and iteratively apply KT transformations to generate new phase transitions

for larger symmetries, which may not be invertible in general.

5.3.2 Input Phase Transitions

Let us now discuss a couple of known phase transitions that we will use to construct

new phase transitions by applying KT transformations to them.

The Critical Ising Model. The first one is a Z2-symmetric transition provided

by the 2d Ising CFT. The Z2 symmetry is the spin flip symmetry, which we label as

η. We will focus on three special operators in the Ising CFT, namely the order/spin

operator σ, the disorder operator µ, and the energy operator ϵ. The order operator

σ is an untwisted sector local operator (i.e. a local operator unattached to any line

defect) that is charged non-trivially under the Z2 symmetry η

η : σ → −σ . (5.64)
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On the other hand, the disorder operator µ is an η-twisted sector operator, i.e. it is

attached to the line η generating the Z2 symmetry. Additionally it carries trivial Z2

charge

η : µ→ µ . (5.65)

Finally, the energy operator ϵ is also an untwisted operator, which is also uncharged

under the Z2 symmetry

η : ϵ→ ϵ . (5.66)

Deforming the Ising CFT by the energy operator ϵ leads to Z2-symmetric gapped

phases in the IR, which are different depending on the sign of the deformation. The

two gapped phases are

TZ2
1 = Z2 SSB phase for Z2 symmetry

TZ2
2 = Trivial gapped phase for Z2 symmetry

(5.67)

The spin operator σ of the Ising CFT acquires a non-zero vacuum expectation value

(vev) in the two vacua of the Z2 SSB phase. It does not acquire a non-zero vacuum

expectation value (vev) in the trivial phase, where on the other hand the disorder

operator µ acquires a non-zero vev. An order parameter in a non-trivial twisted sector

is also referred to as a string order parameter.

3-State Potts Model. We also consider a Z3-symmetric phase transition, which is

realised by the 2d CFT known as the three-state Potts model with c = 4/5. Our focus

will only be on the Z3 symmetry of the CFT, but more generally it is well known that

the CFT admits a fusion category symmetry with 16 simple objects. See [38, 53] for

more details about this. We will call the Z3 symmetry generating line η and focus on
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five special operators in the CFT (that are all primary fields)

σ , σ∗ , µ , µ∗ , ϵ , (5.68)

where σ is an untwisted local operator with charge 1 under Z3, σ
∗ is an untwisted local

operator with charge 2 under Z3, µ is an η-twisted sector operator uncharged under

Z3, µ
∗ is an η2-twisted sector operator uncharged under Z3, and ϵ is an untwisted

relevant operator uncharged under Z3. Collectively, the action of η on these operators

is

η : σ → ωσ, σ∗ → ω2σ∗, (µ, µ∗, ϵ)→ (µ, µ∗, ϵ) . (5.69)

Deforming the CFT by the relevant operator ϵ leads to Z3-symmetric gapped phases

in the IR, which are different depending on the sign ±ϵ of the deformation. The two

gapped phases are3

TZ3
1 = Z3 SSB phase for Z3 symmetry

TZ3
2 = Trivial gapped phase for Z3 symmetry

(5.70)

The operators σ and σ∗ of the CFT acquire non-zero vevs in the three vacua of the

Z3 SSB phase, which has no string order parameters. Instead for the trivial phase

the disorder operators µ, µ∗ acquire non-zero vevs.

5.3.3 Phase Transitions for Rep(S3)

We now determine the phase transitions between Rep(S3) symmetric gapped phases

discussed in 4.3.2. We do this by using the KT transformations specified by the con-

densable algebras (5.26), i.e. by inputting appropriate physical boundary conditions

3The CFT actually admits an S3 symmetry under which ϵ is uncharged. We could thus also
regard the 3-state Potts transition as also an S3-symmetric transition between Z3 SSB and trivial
phases for S3 symmetry. The additional Z2 symmetry does not get spontaneously broken on either
side of the transition.
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to close the club quiches analysed in 5.1.2.

5.3.3.1 Rep(S3)/Z2 SSB and Trivial Phases

Consider the Rep(S3) club quiche (5.37) associated to the algebra AP studied in

5.1.2.2. The associated KT transformation converts a Z3 symmetry into amRep(S3)

symmetry

S ′ = Z3 −→ S = Rep(S3) . (5.71)

From the expression for the Lagrangian algebra LI in (5.35) we observe that the map

Z(Z3)→ Z(Rep(S3)) of generalised charges is

1→ 1⊕ P,

e→ a1,

e2 → a1,

m→ E,

em→ aω,

e2m→ aω2 ,

m2 → E

em2 → aω2

e2m2 → aω

(5.72)

The idea is to now input the 3-state Potts CFT to obtain a Rep(S3)-symmetric

phase transition described below. Using the map (5.72), we can quickly deduce that

the Rep(S3)-symmetric gapped phases obtained after applying KT transformation on

Z3 SSB and trivial phases for Z3 symmetry are described respectively by the physical

Lagrangian algebras

Lphys

TS
1

= 1⊕ P ⊕ 2a1

Lphys

TS
2

= 1⊕ P ⊕ 2E ,

(5.73)

which correspond to the following Rep(S3)-symmetric gapped phases respectively

TS
1 = Rep(S3)/Z2 SSB phase for Rep(S3) symmetry

TS
2 = Trivial phase for Rep(S3) symmetry

(5.74)

The Rep(S3)-symmetric phase transition is simply the 3-state Potts CFT regarded as
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a Rep(S3) symmetric theory

TS
C = 3-Potts Rep(S3)

(5.75)

with the generators of Rep(S3) being realised as

P = 1, E = η ⊕ η2 , (5.76)

as follows from (5.39). The relevant operator responsible for the Rep(S3)-symmetric

transition is ϵ.

5.3.3.2 Z2 SSB and Trivial Phases

Consider the Rep(S3) club quiche (5.30) associated to the algebra AE studied in

5.1.2.1. The associated KT transformation converts a Z2 symmetry into a Rep(S3)

symmetry

S ′ = Z2 −→ S = Rep(S3) . (5.77)

From the expression for the Lagrangian algebra LI in (5.28) we observe that the map

Z(Z2)→ Z(Rep(S3)) of generalised charges is

1→ 1⊕ E, m→ P ⊕ E, e→ b+, em→ b− . (5.78)

We now input the Ising CFT to obtain the Rep(S3)-symmetric phase transition

described below. Using the map (5.78), we can quickly deduce that the Rep(S3)-

symmetric gapped phases obtained after applying KT transformation on Z2 SSB and

trivial phases for Z2 symmetry are described respectively by the physical Lagrangian
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algebras

Lphys

TS
1

= 1⊕ E ⊕ b+

Lphys

TS
2

= 1⊕ P ⊕ 2E ,

(5.79)

which correspond to the following Rep(S3)-symmetric gapped phases respectively

TS
1 = Z2 SSB phase for Rep(S3) symmetry

TS
2 = Trivial phase for Rep(S3) symmetry

(5.80)

The Rep(S3)-symmetric phase transition is simply the Ising CFT regarded as a

Rep(S3) symmetric theory

TS
C = Ising Rep(S3)

(5.81)

with the generators of Rep(S3) being realised as

P = η, E = 1⊕ η , (5.82)

as follows from (5.32). The relevant operator responsible for the Rep(S3)-symmetric

transition is ϵ.

5.3.3.3 Rep(S3)/Z2 SSB and Rep(S3) SSB Phases

Consider the Rep(S3) club quiche (5.48) associated to the algebra Aa1 studied in

section 5.1.2.3. The associated KT transformation converts a Z2 symmetry into a

Rep(S3) symmetry

S ′ = Z2 −→ S = Rep(S3) . (5.83)

From the expression for the Lagrangian algebra LI in (5.42) we observe that the map

Z(Z2)→ Z(Rep(S3)) of generalised charges is

1→ 1⊕ a1, e→ P ⊕ a1, m→ b+, em→ b− . (5.84)
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We again input the Ising CFT to obtain a Rep(S3)-symmetric phase transition

described below. Using the map (5.84), we can quickly deduce that the Rep(S3)-

symmetric gapped phases obtained after applying KT transformation on Z2 SSB and

trivial phases for Z2 symmetry are described respectively by the physical Lagrangian

algebras

Lphys

TS
1

= 1⊕ P ⊕ 2a1

Lphys

TS
2

= 1⊕ a1 ⊕ b+

(5.85)

which correspond to the following Rep(S3)-symmetric gapped phases respectively

TS
1 = Rep(S3)/Z2 SSB phase for Rep(S3) symmetry

TS
2 = Rep(S3) SSB phase for Rep(S3) symmetry

(5.86)

The Rep(S3)-symmetric phase transition TS
C obtained after applying the KT trans-

formation to the Ising phase transition can be expressed as follows. It comprises of

two universes

(TS
C)e = Isinge , (TS

C)m = (Ising/Z2)√2 = (Isingm)
√
2 , (5.87)

where we have used the well-known isomorphism of Ising/Z2 with Ising to express

it as another copy Isingm of the Ising CFT. Note that there is relative Euler term

between the two Ising universes with the linking action of universe changing lines

1em : ide →
√
2idm 1me : idm → ide/

√
2 (5.88)

on the identity local operators ide and idm of Isinge and Isingm respectively. These

linking actions reproduce

Nem : ide → 2idm Nme : idm → ide , (5.89)
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which follows from (5.54), as these lines can be expressed as

Nem = Nee ⊗ 1em = 1em ⊗Nmm

Nme = Nmm ⊗ 1me = 1me ⊗Nee ,

(5.90)

where Nee and Nmm are Kramers-Wannier duality defects of Isinge and Isingm re-

spectively, whose quantum dimensions are
√
2, i.e.

Nee : ide →
√
2ide , Nmm : idm →

√
2idm . (5.91)

The schematic form of TS
C is thus

Isinge⊕(Isingm)√2
PTS

C = E

E (5.92)

The Rep(S3) symmetry is realised as

P = 1ee ⊕ ηmm , E = Nem ⊕Nme ⊕ ηee , (5.93)

where ηee and ηmm are the Z2 symmetries of Isinge and Isingm respectively, following

(5.53).

The relevant operator responsible for the transition is ϵe−ϵm. Adding this operator

with positive sign sends Isinge to Z2 SSB phase and Isingm to Ẑ2 trivial phase, and

hence we land on the Rep(S3)/Z2 SSB phase discussed above. On the other hand,

adding this operator with negative sign sends Isinge to Z2 trivial phase and Isingm to

Ẑ2 SSB phase, and hence we land on the Rep(S3) SSB phase discussed above.
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Chapter 6

Lattice Models

In this chapter we present a lattice model realised on a tensor product Hilbert space,

acted upon by generalised Ising Hamiltonians. These models exhibit four gapped

phases, with a commuting projector Hamiltonian within each of them. The ground

states cannot be explained as standard SSB phases, but require a non-invertible sym-

metry, in this case the Rep(S3) which we discussed in chapter 4. Moreover, by tuning

the parameters in the generalised Ising Hamiltonians, we also realise the second or-

der quantum phase transitions discussed in chapter 5. This lattice model provides

therefore a concrete microscopic realisation of the gapped and gapless Rep(S3) phases

found above using the SymTFT approach. We remark that lattice models whose

phases can be characterised in terms of a Rep(S3) symmetry have been discussed also

in [141, 142], with the key difference that such models are realised on constrained

Hilbert spaces, and not on a tensor product Hilbert space like the one presented here.

A more systematic discussion of gapped and gapless phases in (1+1)d lattice mod-

els is given in [8], based on the anyon chain construction [83, 89, 101, 104–106]. The

content of this chapter is based on [6].

The structure of the chapter is as follows. We begin in section 6.1 by introducing

the lattice models and their ground states. In the following section 6.2, we analyse

the ground states in terms of a Rep(S3) symmetry of the lattice model. Finally, we

study phase transitions in section 6.3.
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6.1 The Model

We label the sites by integers and half-integers. On each integer site j ∈ Z we have a

qutrit realizing C3, and on half-integer sites j+ 1
2
, a qubit realizing C2. A basis state

of the full system is labelled as

|p⃗, q⃗ ⟩ = | · · · , pj, qj+ 1
2
, pj+1, qj+ 3

2
, · · · ⟩ (6.1)

with pj ∈ {0, 1, 2} and qj+ 1
2
∈ {0, 1}. Consider a space of generalised Ising Hamiltoni-

ans, on a length L lattice, comprising of terms with 3-site interactions of the following

form:

H = −
L∑

j=1

5∑
I=0

[
λIP

(I)

j− 1
2

+ tIX
(I)
j

]
, (6.2)

where the operators act on (C3 ⊗ C2)L as

P X

(6.3)

Restricted to the qubits (squares), the P and X operators implement a disordering

and ordering (in the x-basis) respectively, while restricted to the qutrits (dots), these

implement an ordering and disordering respectively:

P
(2p+q)

j+ 1
2

=
1

6

[
1 + (−1)qσz

j+ 1
2

] [ 2∑
n=0

ω−pnZn
j Z

(2q−1)n
j+1

]
,

X
(2p+q)
j = (Xj)

p
(
σx
j− 1

2
Γjσ

x
j+ 1

2

)q
,

(6.4)

for p ∈ {0, 1, 2}, q ∈ {0, 1} and ω = exp(2πi/3). The local operators σµ
j+1/2 are the

usual Pauli operators, whereas the operators acting on the qutrit degrees of freedom
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are Z = diag (1, ω, ω2) and

X =


0 0 1

1 0 0

0 1 0

 , Γ =


1 0 0

0 0 1

0 1 0

 . (6.5)

These models exhibit four different gapped phases, which each have a commuting

projector Hamiltonian realising ground states that are (unitarily equivalent to) tensor

product states. These can be used to extract the universal properties of the phases,

which we now describe.

6.1.1 Phase I with One Ground State

A representative commuting projector Hamiltonian within this gapped phase is pro-

vided by setting1 λI = 3tI = 1 for I = 0, 2, 4 and λI = tI = 0 otherwise in (6.2).

Doing so, the Hamiltonian simplifies to

H1 = −
∑
j

[
1 + σz

j+ 1
2

2
+

1 +Xj +X2
j

3

]
. (6.6)

The first term projects onto σz = +1 state for each qubit and the second term projects

onto the X = +1 state for each qutrit. Thus, the ground state is a product state

|GS1⟩ =
⊗
j

∣∣∣Xj = 1 , σz
j+ 1

2
= 1
〉
=

1

3L/2

∑
p⃗

∣∣p⃗, 0⃗〉 . (6.7)

1We have chosen to normalise the terms such that each term is separately a projection operator,
i.e. it has eigenvalues 0 and 1.
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6.1.2 Phase II with Two Ground States

A commuting projector Hamiltonian is given by setting λI = 6tI = 1 for all I in (6.2).

We note that
∑

I P
(I) = 1, therefore the Hamiltonian simplifies to

H2 = −
∑
j

1

6

(
1 +Xj +X2

j

) (
1 + σx

j− 1
2
Γjσ

x
j+ 1

2

)
. (6.8)

The terms within the two parenthesis commute with one another therefore we may

first project onto the qutrit states with Xj = 1, energetically satisfying the operator

in the first parenthesis. Since Γj = 1 on the qutrit state with Xj = 1, we effectively

need to satisfy σx
j−1/2σ

x
j+1/2 = 1 for each j. There are two ground states

|GS2,±⟩ =
1

6L/2

∑
p⃗,q⃗

(±1)
∑

j qj+1
2

∣∣p⃗, q⃗〉 . (6.9)

6.1.3 Phase III with Three Ground States

For this phase we set λI = tI = δI,0, resulting in

H3 = −
∑
j

1

6

[
1 + σz

j+ 1
2

] [ 2∑
n=0

Zn
j Z

−n
j+1

]
, (6.10)

which simultaneously projects onto the σz
j+1/2 = 1 qubit states and ZjZ

−1
j+1 = 1 quitrit

states for all j. We thus find three ground states labelled by n ∈ {0, 1, 2}

|GS3, n⟩ =
⊗
j

∣∣∣Zj = e
2πin
3 , σz

j+ 1
2
= 1
〉
=
∣∣n⃗ , 0⃗

〉
. (6.11)
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6.1.4 Phase IV with Three Ground States

Finally, consider λI = 2tI = δI,0 + δI,1, resulting in

H4 = −
1

2

∑
j

(
1 + σx

j− 1
2
Γjσ

x
j+ 1

2

)
− 1

6

∑
j

∑
α=±1

[
1 + ασz

j+ 1
2

] [ 2∑
n=0

Zn
j Z

−αn
j+1

]
. (6.12)

This has three ground states

|GS4, 0⟩ =
1

2L/2

∑
q⃗

|⃗0 , q⃗⟩ ,

|GS4, 1⟩ =
1

2L/2

∑
q⃗

(−1)
∑

j qj+1
2 |⃗0 , q⃗⟩ ,

|GS4, 2⟩ =
1

2L/2

∑
p⃗ ,q⃗

′
|p⃗ , q⃗⟩ ,

(6.13)

where
∑′ sums over pj ̸= 0 and pj + pj−1 mod 2 = qj− 1

2
.

This can be seen as follows. The first and second terms in (6.12) commute, so

they can be diagonalised simultaneously. We first consider the +1 eigenspace of the

second term in (6.12). Notice that this enforces a relation between the variables pj−1,

qj+ 1
2
and pj+1, namely


pj+1 − pj = 0 if qj+ 1

2
= 0

pj+1 + pj = 0 (mod 3) if qj+ 1
2
= 1 .

(6.14)

We first consider states |p⃗, q⃗⟩ such that pj ̸= 0 and pj + pj−1 = qj− 1
2
(mod 2). It is

easy to check that all of these states form a single orbit under the action of the first

term in (6.12). Therefore we can identify a first ground state of the Hamiltonian as

∑
p⃗ ,q⃗

′
|p⃗ , q⃗⟩ , pj ̸= 0 , pj + pj−1 = qj− 1

2
mod 2 (6.15)

with the appropriate normalisation, where
∑′

p⃗ ,q⃗ denotes a sum restricted precisely to
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states satisfying the above condition. We can then consider states that have pj = 0

for every site j. Among these, all the |⃗0 , q⃗⟩ states such that
∑

j qj+ 1
2
= 0 (mod 2) are

permuted among each other by the first term in the Hamiltonian (6.12). Similarly,

the states such that
∑

j qj+ 1
2
= 1 (mod 2) form an orbit under the action of the first

term. We can then define two eigenstates of (6.12) as

|+⟩ ∼
∑
q⃗

|⃗0, q⃗⟩ ,
∑
j

qj+ 1
2
= 0 mod 2

|−⟩ ∼
∑
q⃗

|⃗0, q⃗⟩ ,
∑
j

qj+ 1
2
= 1 mod 2 .

(6.16)

with the appropriate normalisation. Notice that |+⟩ and |−⟩ are respectively even

and odd under the Z2 symmetry generated by

P =
∏
j

σz
j+ 1

2
. (6.17)

We therefore observe that the Z2 symmetry must be spontaneously broken in the

gapped phase realised by the ground states of this Hamiltonian. Then the two ground

states exchanged by the Z2 symmetry are given by the two combinations

|+⟩ ± |−⟩
2

. (6.18)

Therefore we find the other two ground states of H4 as

∑
q⃗

|⃗0 , q⃗⟩ ,

∑
q⃗

(−1)
∑

j qj+1
2 |⃗0 , q⃗⟩ ,

(6.19)

with the appropriate normalisation. This gives (6.13).
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6.2 Analysis of Gapped Phases

Typically, degenerate ground states in a gapped phase can be explained in terms of

spontaneous breaking of a symmetry. There is an obvious Z2 symmetry of (6.2) that

measures the total spin parity of all the qubits, generated by the unitary

P =
∏
j

σz
j+ 1

2
. (6.20)

The gapped phases I and II can be explained in terms of spontaneous breaking of this

Z2 symmetry: |GS1⟩ preserves it, whereas the states |GS2,±⟩ are degenerate and Z2

exchanges them.2

What is the explanation for the three-fold degenerate ground states in gapped

phases III and IV? Although there is a Z3 symmetry of the commuting projector

Hamiltonian H3 generated by the unitary operator
∏

j Zj, other Hamiltonians near

H3 in the parameter space of models (6.2) explicitly break this Z3 symmetry, without

lifting the three-fold degeneracy of the ground state subspace, and thus is not the

explanation. We will show that this space of Hamiltonians (6.2) exhibits a Rep(S3)

non-invertible symmetry, whose spontaneous breaking explains the gapped phases III

and IV. Recall that the symmetry generators are E and P , as in (4.18).

In order for a system to realise Rep(S3) symmetry, both these operators P and E

have to commute with the Hamiltonian. Within our model, the P operator is realised

as in (6.20), while the E symmetry generator is

E =
1

2

(
1 +

∏
j

σz
j+ 1

2

)
(T1 + T2) ,

Ts =
1

2

L∏
j=1

∑
n=1,2

[(
1+ (−1)n+1

j−1∏
i=0

σz
i+ 1

2

)
Xns

j

]
.

(6.21)

2Strictly speaking, these two ground states are degenerate only in the infinite size/thermodynamic
limit as at finite volume, one may add Z2-symmetric terms to the Hamiltonian to create an energy
gap between symmetric and anti-symmetric combinations of the ground states.
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The operator P clearly commutes with the Hamiltonian (6.2). Let us then show

that the symmetry operator E defined in (6.21) also commutes with H. For conve-

nience, we define the operators

Q±
j =

1

2

(
1±

j−1∏
i=0

σz
i+ 1

2

)
, (6.22)

so that we can rewrite Ts in (6.21) as

Ts =
L∏

j=1

[
Q+

j X
s
j +Q−

j X
2s
j

]
. (6.23)

Let us start by considering the term

X
(2I+s)
j = (Xj)

I(σx
j− 1

2
Γjσ

x
j+ 1

2
)s (6.24)

in the Hamiltonian. The Xj operators clearly commute with each other, so we only

need to care about the possible non-commutativity of σz with σx, as well as Γ and

Xs, when the two operators are at the same lattice site. In particular, the terms in

Ts that overlap on the lattice with

σx
j− 1

2
Γjσ

x
j+ 1

2
(6.25)

are (
Q+

j X
s
j +Q−

j X
2s
j

) (
Q+

j+1X
s
j+1 +Q−

j+1X
2s
j+1

)
. . . . (6.26)

First of all, it is easy to show that the
(
Q+

k X
s
k +Q−

k X
2s
k

)
operators commute with

(6.25) when k ≥ j + 1. This is because in this instance there is no overlap between

Γj, which acts as 1 ↔ 2 on the pj variable, and Xs,2s
k , which act on pk. Moreover,

in this case every Q±
k contains both σz

j+ 1
2

and σz
j− 1

2

, which implies its commutation

with a simultaneous flip of the qj+ 1
2
and qj− 1

2
variables due to the action of (6.25).
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Therefore, we only need to worry about the first term in (6.26), which involves Xs,2s
j

and Q±
j . Notice that since

Q±
j = 1± σz

1
2
. . . σz

j− 1
2
, (6.27)

acting first on a state |p⃗, q⃗⟩ with (6.25) effectively changes Q+
j → Q−

j . The fact that

the full operator Ts commutes with this term follows then since, as one can check,

ΓjXj|pj⟩ = X2
j Γj|pj⟩ , ΓjX

2
j |pj⟩ = XjΓj|pj⟩ . (6.28)

Now let us consider the second term in the Hamiltonian (6.2), namely

P
(2I+s)

j+ 1
2

=
1

6

[
1 + (−1)sσz

j+ 1
2

] [ 2∑
n=0

ω−InZn
j Z

(2s−1)n
j+1

]
. (6.29)

Let us focus on P
(0)

j+ 1
2

and P
(1)

j+ 1
2

, with the other terms being analogous. We first observe

that considering the +1 eigenspace of these operators enforces a relation between the

variables pj−1, qj+ 1
2
and pj+1, namely


pj+1 − pj = 0 if qj+ 1

2
= 0

pj+1 + pj = 0 (mod 3) if qj+ 1
2
= 1 .

(6.30)

To show that E commutes with Pj+ 1
2
, we essentially need to show that its action

respects these relations. Let us consider e.g. T1 for concreteness. The relevant terms

are

(Q+
j Xj +Q−

j X
2
j )(Q

+
j+1Xj+1 +Q−

j+1X
2
j+1) . (6.31)

We first consider the case qj+ 1
2
= 0. The first term in (6.31) acts on a state |p⃗, q⃗⟩

as pj → pj + k, with k = 1 if Q+
j = +1 and k = 2 if Q−

j = 1. Moreover, notice

that since qj+1 = 0, the total parity evaluated by Q±
j+1 does not change and therefore

also the second term acts by exactly the same shift pj+1 → pj+1 + k. Therefore the
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relation pj+1 − pj = 0 is preserved. Now let us consider the case qj+ 1
2
= 1. Again

the term in the first parenthesis in (6.31) acts as pj → pj + k depending if either Q+
j

or Q−
j is non-zero. However, since qj+ 1

2
= 1, now Q±

j+1 detects precisely the opposite

parity. Therefore the second term now acts as pj+1 → pj+1+2k (mod 3). This means

that also in this case the relation pj+1 + pj = 0 (mod 3) is preserved. Therefore T1

commutes with P
(0)

j+ 1
2

, P
(1)

j+ 1
2

. The other cases are completely analogous.

6.2.1 Rep(S3) Action on Gapped Phases

We now show that the ground states of the four gapped phases form irreducible

representations3 of the Rep(S3) symmetry, implying that the phases, including III

and IV, can all be explained by spontaneous breaking patterns of Rep(S3) symmetry.

All the four possible symmetry breaking patterns for Rep(S3) discussed from the point

of view of SymTFT in chapter 4 are realised in our model.

The ground state of phase I is invariant under the action of Rep(S3) (up to scalars),

and is thus the trivial phase for the Rep(S3) symmetry. In contrast, the two ground

states of phase II are exchanged by P and the action of E is

E|GS2,±⟩ = |GS2,+⟩+ |GS2,−⟩ . (6.32)

Next, the ground states of phase III are invariant under P , but transform into each

other by the E action as

E|GS3, n⟩ =
∑
m=1,2

∣∣GS3, n+m (mod 3)
〉
. (6.33)

Finally, the action of P exchanges ground states |GS4, 0⟩ and |GS4, 1⟩ of phase IV,

3More precisely, the action of Rep(S3) is irreducible on the ground states exhibiting cluster
decomposition in the infinite volume limit (such ground states are also known as vacua). That is,
one can generate all vacua starting from any one vacuum and acting on it by Rep(S3) generators.
All the ground states of gapped phases displayed in this chapter chapter are actually vacuum states.
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while leaving |GS4, 2⟩ invariant, and the action of E is as follows

E|GS4, 0⟩ = E|GS4, 1⟩ = |GS4, 2⟩

E|GS4, 2⟩ = |GS4, 0⟩+ |GS4, 1⟩+ |GS4, 2⟩ .
(6.34)

Thus, the ground state degeneracy of both phases III and IV can be explained in

terms of spontaneous breaking of the non-invertible symmetry E. The two phases

are additionally distinguished by the fact that phase IV has ground states that also

spontaneously break Z2 subsymmetry P , but all ground states of phase III preserve

P . Phases III and IV were referred to as Rep(S3)/Z2 SSB and Rep(S3) SSB phases

respectively in the previous chapter 4, section 4.3.2.

6.2.2 Order Parameters

The ground states of the four gapped phases can be distinguished by expectation

values of the following two local order parameters

Oq,j+ 1
2
= σx

j+ 1
2
, Op,j = Zj . (6.35)

We can easily compute their expectation values in the various ground states, which

are

⟨GS1|Oq|GS1⟩ = 0

⟨GS2,±|Oq|GS2,±⟩ = ±1

⟨GS3, n|Oq|GS3, n⟩ = 0

⟨GS4, 0|Oq|GS4, 0⟩ = 1

⟨GS4, 1|Oq|GS4, 1⟩ = −1

⟨GS4, 2|Oq|GS4, 2⟩ = 0

⟨GS1|Op|GS1⟩ = 0

⟨GS2,±|Op|GS2,±⟩ = 0

⟨GS3, n|Op|GS3, n⟩ = e
2πin
3

⟨GS4, 0|Op|GS4, 0⟩ = 1

⟨GS4, 1|Op|GS4, 1⟩ = 1

⟨GS4, 2|Op|GS4, 2⟩ = −1/2 .

(6.36)
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The condensation of Oq, which is charged under the Z2 subsymmetry UOqU
−1 = −Oq,

characterises the spontaneous breaking of P . On the other hand, in phases III and

IV, Op is charged under E and its condensation characterises spontaneous breaking

of E.

6.3 Phase Transitions

To study phase transitions, we consider the simplest model of a one-parameter inter-

polation between two commuting projector Hamiltonians. For the transition between

Phases I and J this is

HI,J(λ) = λHI + (1− λ)HJ . (6.37)

One already encounters some interesting transitions in this simple space of models.

For H1,2, the low energy physics is within the Xj = 1 subspace. Noting that Γj acts

identically within this space, one obtains

H1,2(λ) ≈ −
1

2

∑
j

[
λσz

j+ 1
2
+ (1− λ)σx

j− 1
2
σx
j+ 1

2

]
, (6.38)

where ≈ denotes that the Hamiltonian on the right hand side only describes the

low energy physics of H1,2(λ). The critical Ising model describing the transition

between gapped phases I and II is at λ = 1/2, while the λ > 1/2 and λ < 1/2

regions corresponds to gapped phases I and II where the P symmetry is preserved

and spontaneously broken, respectively. The operator Oq becomes the spin operator

of the Ising model, which is the well-known order parameter for this transition.

Similarly, for H1,3, the low-energy physics lies in the σz = 1 subspace, in which

we find the 3-state Potts model spin chain Hamiltonian

H1,3(λ) ≈ −
1

3

∑
j

2∑
n=0

[
λXn

j + (1− λ)Zn
j Z

−n
j+1

]
. (6.39)
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This model has an emergent Z3 symmetry generated by η =
∏

j Xj, which is explained

by the fact that at low energies, i.e. in the σz = 1 subspace, the E symmetry operator

in (6.21) decomposes into η + η2. The corresponding Z3 breaking transition occurs

at λ = 1/2. The operator Op becomes the spin operator of the Potts model, which is

the standard order parameter for this transition.

Lastly, we discuss the transition between the two phases with three ground states

modelled by H3,4. Note that the Hamiltonian H3,4 block decomposes into two state

spaces V1 and V2. V1 is spanned by a basis |⃗0, q⃗⟩, while V2 is spanned by states |p⃗, q⃗⟩

such that pj ̸= 0 and qj+1/2 = pj+1 + pj mod 2. In the V1 subspace, Zj = Γj = 1 for

all j, therefore

H3,4(λ)
∣∣∣
V1

= −1

2

∑
j

[
λσz

j+ 1
2
+ (1− λ)σx

j− 1
2
σx
j+ 1

2

]
. (6.40)

For V2, we define effective qubits σ̃µ
j such that the states pj = 1, 2 are σ̃z

j eigenstates

with eigenvalues +1 and −1 respectively. In terms of these

H3,4(λ)
∣∣∣
V2

= −1

2

∑
j

[
λσ̃z

j σ̃
z
j+1 + (1− λ)σ̃x

j

]
. (6.41)

Note that the P symmetry acts trivially within V2 and as the Z2 symmetry measuring

spin parity within V1. The action of the E symmetry is more interesting as it maps

between the dynamically disconnected state spaces V1 and V2 according to (for details

see the subsection 6.3.2)

E|V1 = N12 , E|V2 = N21 + P2 , (6.42)

where N12 maps V1 to V2 and acts on operators as

N12 :
(
σz
j+ 1

2
, σx

j− 1
2
σx
j+ 1

2

)
7−→

(
σ̃z
j σ̃

z
j+1 , σ̃

x
j

)
, (6.43)
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which is precisely the familiar Kramers-Wannier duality map. N21 implements the

inverse map sending a state |p⃗ , q⃗⟩ ∈ V2 to |⃗0 , q⃗⟩ ∈ V1 while P2 is a Z2 symmetry

operation that acts within V2 as pj → −pj mod 3, which may be understood as the

symmetry dual (under gauging) to P . These satisfy the following operator relations

N21N12 = 1 + P , N12N21 = 1 + P2 . (6.44)

Enforced by the E symmetry action, the Hamiltonians (6.40) and (6.41) are precisely

related by a Kramers-Wannier duality or equivalently a Z2 gauging. The transition

at λ = 1/2 is in the Ising⊕Ising universality class. Note that the degeneracy between

the two gapless Ising states can only be explained by breaking of the non-invertible

symmetry E, and hence is beyond the standard Landau paradigm.

Oq becomes the spin operator in the first copy of Ising (i.e. in V1), while it vanishes

in V2. Meanwhile, Op becomes the identity in V1 and exp{2πiσ̃z/3} in V2. λ < 1/2 is

the Rep(S3)/Z2 SSB phase with three ground states on which P acts trivially, while

λ > 1/2 is the Rep(S3) SSB phase with three ground states, two of which are the P

breaking ferromagnetic states in V1 and the third is the P invariant ground state in

V2.

We summarise what we found in figure 6.1.

6.3.1 Symmetry Protected Criticality

The Ising⊕Ising transition described above lies in a gapless phase exhibiting symmetry

protected criticality [143–149]. Any Rep(S3) symmetric deformation of a gapless

system lying in this phase can only trigger renormalisation group flows that lead to

infrared phases of the form T ⊕ T/Z2, where T is a Z2 symmetric theory and T/Z2

is the theory obtained after gauging this Z2 symmetry. The only possible gapped

deformations are obtained by choosing T to be a Z2 symmetric phase. Choosing T to
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I: Trivial

GS Rep(S3)

III: Rep(S3)/Z2 SSB

GS0 GS1 GS2

II: Z2 SSB

GS+ GS−

IV: Rep(S3) SSB

GS2 GS1 GS0

Potts

Ising Ising⊕Ising

Figure 6.1: The Hamiltonian (6.2) has four gapped phases. These are explained by
the Rep(S3) non-invertible symmetry breaking, whose action on the gapped ground
states (GS) and gapless states is shown in blue (for symmetry operator P ) and red
(for symmetry operator E), with purple showing the full Rep(S3) action. The phase
transitions are indicated by black arrows. Non-zero vevs of order parameters are
shaded yellow (for Oq) and blue (for Op), with their intersection region shaded green.

be paramangetic or ferromagnetic (Z2 SSB) phase leads respectively to Rep(S3)/Z2

and Rep(S3) SSB phases. Consequently, either the system remains gapless with two

gapless states, or it becomes gapped with three gapped states. Thus, it is not possible

to break criticality without inducing additional order, making this into an intrinsically

gapless SSB (igSSB) phase introduced in [149].4

6.3.2 E Action on the igSSB

Let us finally provide details on how the symmetry E ∈ Rep(S3) acts on the model

H3,4(λ) describing the transition between the Rep(S3) SSB and Rep(S3)/Z2 SSB

gapped phases. As described before, the low lying spectrum within this phase contains

two dynamically disconnected state spaces V1 and V2. The state space V1 spanned by

4These are analogues of intrinsically gapless SPT (igSPT) phases where there is a single gapless
state and it is not possible to gap it without inducing order, i.e. every gapped deformation has
multiple degenerate gapped ground states.
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states of the form |⃗0, q⃗⟩ can further be decomposed as

V1 = V +
1 ⊕ V −

1 , (6.45)

where V s
1 is the space with a s eigenvalue under P . More specifically, the states with∑

j qj+ 1
2
= 0 mod 2 lie in V +

1 , while the states
∑

j qj+ 1
2
= 1 mod 2 lie in V −

1 . It can

be seen from Eq. (6.21) that V −
1 is in the kernel of the E symmetry operator, while

a state in V +
1 transforms as

E |⃗0, q⃗⟩ = |p⃗1(q⃗), q⃗⟩+ |p⃗2(q⃗), q⃗⟩ ∈ V2 , (6.46)

where p⃗1(q⃗) and p⃗2(q⃗) are two configurations of the qutrit degrees of freedom such that

pj ̸= 0 and qj+1/2 = pj+1 + pj mod 2. Since E maps states in V1 to states completely

lying within V2, we denote

E
∣∣∣
V1

= N12 , (6.47)

The map N12 sends a state with qj+ 1
2
= 0, i.e. σz

j+ 1
2

= 1, to the sum of states with

pj = pj+1, i.e. σ̃
z
j σ̃

z
j+1 = 1. Similarly, N12 sends a state with qj+ 1

2
= 1, i.e. σz

j+ 1
2

= −1,

to the sum of states with pj = −pj+1, i.e. σ̃
z
j σ̃

z
j+1 = −1. One can verify that N12

maps σx
j− 1

2

σx
j+ 1

2

to σ̃x
j . To summarise N12 implements the familiar Kramers-Wannier

map on operators

N12 :
(
σz
j+ 1

2
, σx

j− 1
2
σx
j+ 1

2

)
7−→

(
σ̃z
j σ̃

z
j+1 , σ̃

x
j

)
. (6.48)

Note that p⃗1(q⃗) and p⃗2(q⃗) in eq. (6.46) are related by inverting all pj to −pj. We may

therefore define a Z2 operation P2 =
∏

j Γj acting within V2 that implements

P2|p⃗ , q⃗⟩ = | − p⃗ , q⃗⟩ . (6.49)
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It then follows from Eq. (6.21) that a state in V2 transforms under E as

E|p⃗ , q⃗⟩ = |⃗0 , q⃗⟩+ P2|p⃗ , q⃗⟩ =: N21|p⃗ , q⃗⟩+ P2|p⃗ , q⃗⟩ . (6.50)

To summarise, the E symmetry is realised as

E
∣∣∣
V1⊕V2

= N12 +N21 + P2 , (6.51)

where N12 and N21 satisfy the relations (6.44).

149



Chapter 7

Construction of Gapless Phase
with Haagerup Symmetry

It has been a longstanding open question to find a 2d CFT with topological defect lines

realising the exotic Haagerup symmetry. Despite numerical evidence for it [96, 97],

the analytic construction of this putative CFT remains elusive. In this chapter we do

not aim to solve this problem here either, at least not under the assumption that the

2d CFT has a single universe/vacuum. However, we provide the construction of a

CFT that is H3-symmetric. In particular, we follow the philosophy of the categorical

Landau paradigm and explore the phase diagram, determining gapped and gapless

phases with H3 symmetry. The content of this chapter is based on [7].

The structure of the chapter is as follows. We begin in section 7.1 by introducing

the Haagerup H3 category and its Drinfeld centre Z(H3). In section 7.2, we discuss

gapped phases with H3 symmetry. In section 7.3, we discuss H3 gapless phases and

determine a phase transition. Finally, we conclude in section 7.4 with a lattice model

analysis which corroborates the continuum results.

7.1 Haagerup Symmetry

We begin with a description of the Haagerup fusion category and its Drinfeld center,

which is key to our analysis of phases. The Haagerup fusion category H3, which has
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six simple objects

{1, α, α2, ρ, αρ, α2ρ} . (7.1)

The non-trivial fusion rules are

α3 = 1 , αρ = ρα2 , ρ2 = 1⊕ ρ⊕ αρ⊕ α2ρ . (7.2)

In particular, {1, α, α2} form an invertible Z3 subcategory, while ρ is the generator

of a non-invertible symmetry. Notice also that due to the non-commutativity of the

fusion rules, this category does not admit braiding.

The quantum dimensions of the simple objects are as follows

d1 = dα = dα2 = 1 , dρ = dαρ = dα2ρ = d , (7.3)

with

d =
1

2

(
3 +
√
13
)
. (7.4)

The F-symbols for this fusion category are discussed in [150, 151]. We remark that

H3 is not one of the Haagerup fusion categories immediately descending from the

Haagerup subfactor [152,153], which are denoted H1 and H2, but is Morita equivalent

to those, and was discovered in [154]. In particular, the fusion category H1 has four

simple objects, all non-invertible, and can be obtained fromH3 by gauging the algebra

object A1 = 1 ⊕ ρ ⊕ αρ, while H2 has the same simple objects and fusion ring as

H3 and can be obtained from it by gauging the invertible Z3 sub-symmetry via the

algebra object A2 = 1⊕ α⊕ α2.
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7.1.1 The Drinfeld center Z(H3)

We now consider the H3 Drinfeld center Z(H3) (see [155, 156]). This has twelve

simple objects

{1, π1, π2, σ1, σ2, σ3, µ1, µ2, µ3, µ4, µ5, µ6} , (7.5)

which have respectively quantum dimensions of

{1, 3d+ 1, 3d+ 2, 3d+ 2, 3d+ 2, 3d+ 2, 3d, 3d, 3d, 3d, 3d, 3d} (7.6)

and spins

{
1, 1, 1, 1, e

2iπ
3 , e−

2iπ
3 , e

4iπ
13 , e−

4iπ
13 , e

10iπ
13 , e−

10iπ
13 , e

12iπ
13 , e−

12iπ
13

}
. (7.7)

Notice there are three non-trivial bosons σ1 , π1 and π2.

There are three irreducible topological boundary conditions of Z(H3), or equiva-

lently three Lagrangian algebras in the Drinfeld center, which we compute to be

L1 = 1⊕ π1 ⊕ 2σ1

L2 = 1⊕ π1 ⊕ π2 ⊕ σ1

L3 = 1⊕ π1 ⊕ 2π2 .

(7.8)

Among these, the Lagrangian algebra L3 is the one realising the Haagerup H3 fusion

category symmetry on the boundary

L3 = Lsym . (7.9)
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7.1.2 Haagerup Fusion Ring Representations

Let us recall the possible representations of the Haagerup fusion ring, following [68].

Since the two generators ρ and α do not commute, there is no basis of local operators

in which their action can be simultaneously diagonalised. If we choose a basis that

diagonalises the Z3 action, the irreducible representations of H3 are:

- a 1-dimensional representation 1+, where α acts trivially and ρ acts as d =

3+
√
13

2
;

- a 1-dimensional representation 1−, where α acts trivially and ρ acts as −d−1 =

3−
√
13

2
;

- a 2-dimensional representation 2, where α acts as

ω 0

0 ω2

 and ρ acts as

0 1

1 0

.

We remark that in the above by “action” we mean the linking action of ρ and α on

local operators, obtained by encircling a local operator with a line and shrinking it

to zero size to obtain a new local operator.

7.2 Gapped Phases

We will now study the gapped phases with Haagerup symmetry using the SymTFT

approach discussed in chapter 4.

To study H3 symmetric phases, we select the symmetry boundary Lsym = L3.

According to the above prescription, we then obtain three possible gapped phases

corresponding to the three choices Bphys = Li, i = 1, 2, 3. We remark that the results

derived in this section using the SymTFT approach have been already derived using
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different methods in [54, 68]. For us the SymTFT perspective will be key to then

subsequently constructing the gapless phase.

We present now a schematic discussion of each of the three gapped phases. More

details on the derivation can be found in the supplementary material of [7].

7.2.1 Z3 Unbroken Phase: Φ−−2

We start by analysing the simplest gapped phase withH3 symmetry, which is obtained

by selecting L1 as the physical boundary

Lphys = L1 . (7.10)

In this case, only the 1 and π1 lines can terminate on both boundaries of the SymTFT,

and the resulting TQFT has two vacua v0 and v1. The action of the Z3 symmetry

generators is trivial on both of them

α : v0 → v0 , v1 → v1 (7.11)

and therefore we can represent the line operator as

α = α2 ∼= 1 = 100 ⊕ 111 . (7.12)

The action of the non-invertible generator ρ is

ρ : v0 → d−1 v1 , v1 → d v0 + 3v1 . (7.13)

Notice in particular the presence of non-trivial Euler terms encoded in the factors of

d, which typically characterise a non-invertible symmetry action in the case where
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the vacua are physically distinguishable [4]. We can represent ρ as the line operator

ρ ∼= 101 ⊕ 110 ⊕ 3 111 . (7.14)

This gapped phase can be characterised in terms of the vev of a local operator

O1 transforming in the 1− representation of H3. This local operator O1 belongs to a

multiplet of the H3 action labelled by the anyon π1 which contains also αiρ-twisted

sector operators, i = 0, 1, 2. This phase is moreover characterised by the condensation

of a purely string order parameter which sits in a multiplet labeled by the bulk anyon

σ1, comprising of operators in the Z3 subsymmetry twisted sector and αiρ-twisted

sector, i = 0, 1, 2.

7.2.2 Z3 SSB + Z3 Trivial Phase: Φ±,∓4

We now move to consider the choice L2 for the physical boundary

Lphys = L2. (7.15)

In this case the lines 1, π1 and π2 can terminate on both boundaries, the latter with

multiplicity 2, and threfore the resulting TQFT has four vacua v0, v1, v2 and v3. The

H3 symmetry action on them is as follows. The invertible Z3 symmetry generator α

permutes the first three vacua and leaves v3 fixed, and therefore we can identify

α ∼= 101 ⊕ 112 ⊕ 120 ⊕ 133 . (7.16)

Notice that from the point of view of the invertible Z3 symmetry, this phase de-

composes as the sum of a Z3 SSB phase and a Z3 trivial phase. The non-invertible
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generator ρ acts in a more complicated manner

ρ : v0 → v0 + a−1v3

v1 → v2 + a−1v3

v2 → v1 + a−1v3

v3 → a(v0 + v1 + v2) + 2v3 .

(7.17)

with a = 1+
√
13

2
. In summary, we can identify ρ as

ρ ∼= 100 ⊕ 103 ⊕ 112 ⊕ 113 ⊕ 121 ⊕ 123 ⊕ 130 ⊕ 131 ⊕ 132 ⊕ 2 133 . (7.18)

Notice again the presence of non-trivial relative Euler terms between the first three

vacua and v3 encoded in the a factors.

This phase can be characterised in terms of the condensation of a local operator

O1 transforming in the 1− representations of Haagerup and local operators O1
2 and

O1
2 transforming as a doublet of the 2 representation of H3. O1 sits again in a H3

multiplet labeled by the anyon π1, while Oi
2 sit in a H3 multiplet labeled by the anyon

π2. Both of these also involve αiρ-twisted operators. Finally, this phase also has a

string order parameter labeled by the anyon σ1.

7.2.3 H3 SSB Phase: Φ++
6

A gapped phases where the full H3 symmetry is spontaneously broken is obtained by

selecting L3 as physical boundary

Lphys = L3 . (7.19)

The resulting TQFT has six vacua vi, i = 1, . . . , 6, as follows from the fact that the

π1 and π2 lines can terminate on both boundaries, the latter with multiplicity two
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on each boundary. Let us consider the H3 symmetry action of the vacua. We start

with the Z3 invertible symmetry, which permutes the first set of vacua v0, v1 and v2

among themselves, as well as the second set of vacua v3, v4 and v5. We can therefore

identify

α ∼= 101 ⊕ 112 ⊕ 120 ⊕ 134 ⊕ 145 ⊕ 153 . (7.20)

The action of the non-invertible generator ρ on the vacua is given by

ρ : v0 → v0 + v1 + v2 + d v3 , v1 → v0 + v1 + v2 + d v5

v2 → v0 + v1 + v2 + d v4 , v3 → d−1v0

v4 → d−1v2 , v5 → d−1v1 ,

(7.21)

where once again we see the presence of non-trivial Euler counterterms. We can

identify ρ as the sum of the following lines in the TQFT

ρ ∼= 100 ⊕ 101 ⊕ 102 ⊕ 103 ⊕ 110 ⊕ 111 ⊕ 112 ⊕ 115⊕

⊕ 120 ⊕ 121 ⊕ 122 ⊕ 124 ⊕ 130 ⊕ 142 ⊕ 151 .

(7.22)

This phase can be characterised in terms of the condensation of the local operators

O1, transforming in the 1− representation, O1,1
2 and O2,1

2 , transforming in the 2

representation, and another doublet O1,2
2 and O2,2

2 in the 2. There are no multiplets

involving purely string order parameters condensing in this phase.

7.3 Gapless Phases and Phase Diagram

We now consider the possible gapless phases with Haagerup symmetry. As explained

in chapter 5, these can be characterised in a SymTFT approach via condensable

algebras A in the Drinfeld center Z(S). More precisely, every condensable algebra

in Z(S) defines a S-symmetric phase, with Lagrangian algebras corresponding to
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A0 = 1

A1 = 1⊕ π1

L1 = 1⊕ π1 ⊕ 2σ1 L2 = 1⊕ π1 ⊕ π2 ⊕ σ1L3 = 1⊕ π1 ⊕ 2π2

Figure 7.1: Hasse diagram of gapped and gapless phases for the Haagerup symmetry.
Each entry corresponds to a condensable algebra of the Drinfeld center Z(H3). The
bottom row represents the gapped phases, given by Lagrangian algebras. L3 is the
symmetry Lagrangian algebra. Using the Lagrangians Li as physical boundary con-
ditions in the SymTFT results in gapped phases with 2, 4, 6 vacua, respectively, for
i = 1, 2, 3. The gapless phase we will construct is determined by A1, which charac-
terises a phase transition between the gapped phases L1 and L3: A1 = L1 ∩L3. The
algebra A0 represents the universal gapless phases of the Haagerup symmetry.

gapped phases and non-Lagrangian condensable algebras to gapless phases. Moreover,

condensable algebras can be arranged into a Hasse diagram where the partial order

is given by inclusion, i.e. A1 < A2 if A1 is a subalgebra of A2 [149]. This is shown in

figure 7.1 for H3.

We therefore compute all the possible non-Lagrangian condensable algebras in

Z(H3). We find that there is only one non-trivial algebra that is non-Lagrangian and

satisfies the necessary conditions for condensability, namely we have only the two

possibilities

A0 = 1

A1 = 1⊕ π1 .

(7.23)

We start by making some observations. First of all, notice that A1 = L3 ∩ L1,

so that we expect the gapless phase corresponding to A1 to be a standard critical

point describing the phase transition between the 6 vacua gapped phase and the 2

vacua gapped phase, specified by the Lagrangian algebras L3 and L1 respectively.

We will construct explicitly this CFT in the following. Notice also that A1 is not

a subalgebra of L2, which contains only the trivial A0. Moreover, notice that the

158



other intersections between the Lagrangian algebras, namely L1 ∩ L2 = 1 ⊕ π1 ⊕ σ1

and L3 ∩ L2 = 1 ⊕ π1 ⊕ π2, are not condensable. Thus from the SymTFT point of

view we can only infer the existence of a second order Haagerup symmetric transition

between the 2 and 6 vacua gapped phases, but not between the 6 and the 4 vacua

gapped phases (and similarly between 4 and 2).

7.3.1 Phase Transitions from the SymTFT

We can now determine S-symmetric phase transitions using the club quiche and club

sandwich introduced in chapter 5.

7.3.2 The A1 Club Quiche

We start by considering the condensation of the non-Lagrangian algebra A1 = 1⊕ π1

in Z(H3). The total quantum dimension of Z(H3) is 3(3d + 2) and the quantum

dimension of A1 is (3d + 2), so the quantum dimension of the reduced topological

order is

D(Z(H3)/A1) = D(Z(H3))/D(A1) = 3 . (7.24)

This, together with the fact that the anyons in H3 braiding trivially with π1 are

{1, π1, π2, σ1, σ2, σ3} , (7.25)

which have topological spins respectively

{1, 1, 1, 1, e
2πi
3 , e−

2πi
3 } , (7.26)
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leads us naturally to conjecture the reduced topological order Z ′ to be the Z3 Dijkgraaf-

Witten theory, with anyon content

Z ′ = Z(Z3) = {1, e, e2,m,m2, em, e2m, em2, e2m2} . (7.27)

In fact, this is the only such dimension 3 topological order with suitable spins for the

anyons [157]. Moreover, this can be checked by constructing equivalently a Lagrangian

algebra in the folded theory Z(H3)⊠ Z(Z3) which completes A1

L = 1⊕ π1 ⊕ π2(e⊕ e2)⊕ σ1(m⊕m2)⊕ σ2(em
2 ⊕ e2m)⊕ σ3(em⊕ e2m2) . (7.28)

This is unique up to the automorphism of Z(Z3) that exchanges e and m. The club

quiche picture we obtain is then the following:

Z(H3) Z(Z3)

L3 A1

π2 e2

π2 e

π1

= e2

e

Z(Z3)

2Le

E1,2e2

E1,2e

O
(7.29)

By collapsing the symmetry boundary of Z(H3) with the interface specified by A1,

we obtain a gapped boundary of Z(Z3). The Lagrangian algebra defining this gapped

boundary can be determined by looking at the lines ending on L3 and following what

they become in Z(Z3). From the picture above we see that the boundary B′ of the

reduced topological order is

B′ = Be
0 ⊕Be

1 , (7.30)
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i.e. the sum of two electric boundary conditions, as specified by the Lagrangian algebra

LB′ = 2(1⊕ e⊕ e2) . (7.31)

In particular, the boundary is reducible. The topological lines living on B′ form a

multi-fusion category which we call Mat2(Z3). Its simple objects are

1ij , ηij , η
2
ij i, j ∈ {0, 1} . (7.32)

In particular, {1ii, ηii, η2ii} are the lines generating the Z3 symmetry on Be
i , while the

other lines for i ̸= j are boundary changing operators.

Now let us discuss the boundary operators. Notice we get two possible operators

E1,2e and E1,2e2 because π2 ends with multiplicity 2 on the boundary specified by L3. The

product of boundary operators is determined using constraints such as the symmetry

action, the product of bulk lines, and associativity. The symmetry action is given by

α : O → O , E1ei → ωE1ei , E2ei → ω2E2ei

ρ : O → −d−1O , E1ei ↔ E2ei .
(7.33)

Using this, we can determine the products of local operators to be

O2 = 1 + 3O

OE1e = d E1e

OE2e = −d−1E2e

E1eE1e = E2e2

E2eE2e = E1e2

E1eE2e = 0 .

(7.34)

Notice in particular this implies we can focus on only E1,2e , as the operators E1,2e2 are

determined in terms of them. We construct local operators

v0 =
d−1 +O√

13
, v1 =

d−O√
13

. (7.35)
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We can interpret v0 as the identity local operator along the irreducible boundary Be
0,

and similarly v1 as the identity along Be
1. This follows from the fact that v0 and v1

are orthogonal idempotents, satisfying vivj = δijvj. Moreover, E1e is the end of the e

anyon along Be
0, while E2e is the end of the e anyon along Be

1, as we have

E1e v0 = E1e , E2e v0 = 0 , E1e v1 = 0

E2e v1 = E2e , E1eE2e = 0 .

(7.36)

This implies that indeed v0 (v1) acts as the identity for E1e (E2e ), and that the overlap

between the two boundaries is trivial.

We are now ready to discuss how the Haagerup symmetry acts on the boundary

B′, using (7.33). We see that α acts within each of the two irreducible boundaries as

α ≃ η00 ⊕ η211 . (7.37)

The non-invertible generator ρ instead maps between the two boundaries, since it

sends

v0 → d−1v1 , v1 → d v0 + 3v1 , (7.38)

while also switching E1ei with E2ei , from which we deduce

ρ ≃ 101 ⊕ 110 ⊕ 111 ⊕ η11 ⊕ η211 . (7.39)

Notice there is a relative Euler counterterm e−λ = d−1 between Be
0 and Be

1. One

can easily check that all the relations defining H3 are satisfied, for example the non-

commutativity

αρ = η01 ⊕ η210 ⊕ 111 ⊕ η11 ⊕ η211 = ρα2. (7.40)

This provides mathematically a functor from H3 to Mat2(Z3), the category formed

by the lines on the reducible gapped boundary B′.
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7.3.3 Gapless Phase with Haagerup Symmetry

We are now ready to construct a gapless phase with Haagerup symmetry using the

club sandwich. We remark that

L1 ∩ L3 = A1 , (7.41)

so that we expect this gapless phase to be a standard second order phase transitions

at the critical point between the 2 vacua and the 6 vacua gapped phases.

Since the reduced topological order is Z ′ = Z(Z3), the input phase transition has

to be Z3 symmetric. For a Z3 symmetry, there are two possible symmetric gapped

phases classified by the Lagrangian algebras

Le = 1⊕ e⊕ e2

Lm = 1⊕m⊕m2 .

(7.42)

in Z(Z3). Here Le is also the reference symmetry boundary. The gapped phase

corresponding to Le is the Z3 SSB phase with three vacua v0 , v1 , v2, upon which the

Z3 generator η acts as a permutation

η = 101 ⊕ 112 ⊕ 120 :

v0 v1 v2

η

(7.43)

The phase corresponding to Lm is the trivial phase with a single vacuum, upon which

the symmetry acts trivially η = 1. The simplest CFT at the phase transition is the

3-state Potts (3SP) minimal model with central charge c = 4/5 discussed in chapter

5. The two gapped phases can be obtained by deforming the 3SP by the relevant Z3

symmetric operator ϵ of conformal dimension (2/5, 2/5). The CFT flows to one of the

two Z3 phases depending on the sign of the deformation, as discussed e.g. in [158]. In
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particular, the deformation of the 3SP model

H3SP + β

∫
ϵ(x) (7.44)

flows to the disordered (Z3-trivial) phase for β < 0 and ordered (Z3-SSB) phase for

β > 0.

We can now feed the 3SP model in as the physical boundary of the club quiche

(7.29). This outputs the following H3-symmetric theory

3SP0 ⊕ 3SP1 Z3, ρZ3

ρ

ρ

(7.45)

We have two copies of the 3SP, constituting two universes which are dynamically

decoupled but connected by the action of the H3 symmetry. We denote by ηii, η
3
ii =

1ii, the generator of the Z3 symmetry within each 3SPi, and by 1ij, with i ̸= j, a

universe changing operator. We know from the club quiche analysis that the H3 acts

on the full CFT 3SP0 ⊕ 3SP1 as

α = η00 ⊕ η211

ρ = 101 ⊕ 110 ⊕ 111 ⊕ η11 ⊕ η211 .

(7.46)

We now want to show that this CFT admits relevant deformations to the 2 and

6 vacua H3 symmetric gapped phases, i.e. that it is indeed the phase transition

between them. We start by considering the deformation ϵ0+ ϵ1. Adding this relevant

deformation with the− sign, both copies of 3SP flow to the trivially symmetric gapped

phase. Let us denote the 2 vacua of each trivial phase by v0 and v1 respectively. In
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each of these, the Z3 symmetry is completely trivial, which implies

ηii = 1ii . (7.47)

Therefore, using (7.46), the H3 symmetry generators descend to

α = 100 ⊕ 111

ρ = 101 ⊕ 110 ⊕ 3 111 .

(7.48)

This precisely reproduces the symmetry action we discussed for the H3 symmetric

gapped phases with 2 vacua. Now consider the opposite + sign deformation. Both

3SP now flow to the Z3 SSB phase. Therefore we obtain 3 vacua for each 3SP, and

6 in total. Let us denote by v0, v1, v2 the three vacua of the gapped phase to which

3SP1 flows, and by v3, v4, v5 the 3 vacua for 3SP0. In this case, the Z3 symmetry is

spontaneously broken and therefore it is represented on the vacua as

η11 = 101 ⊕ 112 ⊕ 120

η00 = 134 ⊕ 145 ⊕ 153 .

(7.49)

Therefore, using (7.46), the symmetry generators can be represented on the six vacua

as

α = 102 ⊕ 110 ⊕ 121 ⊕ 134 ⊕ 145 ⊕ 153

ρ = 103 ⊕ 114 ⊕ 125 ⊕ 130 ⊕ 141 ⊕ 152 ⊕ 100 ⊕ 111

+ 122 ⊕ 101 ⊕ 112 ⊕ 120 ⊕ 102 + 121 ⊕ 110 .

(7.50)

This reproduces exactly the symmetry action we discussed for the full H3 symmetric

gapped phase with 6 vacua.1

1Provided we switch the labelling 1↔ 2 everywhere, but this is allowed since the naming of the
vacua is arbitrary.
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ϵ0

ϵ1

Φ++
6

Φ−−
2 Φ+−

4

Φ−+
4

3SP0 ⊕ 3SP1

Figure 7.2: Proposed phase diagram of the Haagerup-symmetric theories. We have
a critical model at the origin (•), given by two copies of the three-state Potts model
3SP0 ⊕ 3SP1. This has relevant deformations to the gapped phases Φ±,±

n , where
(±,±) indicates the sign of the deformation (ϵ0, ϵ1) and n is the number of vacua in
the gapped phase. The relevant deformation for each 3SPi model gives 3 vacua for
ϵi > 0 (Z3 SSB) and 1 vacuum for ϵi < 0 (Z3 trivial phase). There is a second order
Haagerup-symmetric phase transition between the Φ++

6 and Φ−−
2 phases. From the

critical point, there are furthermore deformations to 4 vacua gapped phases.

7.3.4 Phase Diagram

Overall, we find the phase diagram in figure 7.2. Starting with the theory (7.45),

all combinations of relevant deformations are allowed and give rise to various gapped

phases with n = 2, 4, 6 vacua, labelled by Φϵ0,ϵ1
n . These arise from the relevant de-

formation of each of the 3SP models to a single or three vacua gapped phase. The

transition between Φ−−
2 and Φ++

6 is second order, likewise between Φ+−
4 and Φ−+

4 . All

the transitions are Z3 symmetric. Moreover, the Φ−−
2 to Φ++

6 transition arises from

the club sandwich and is therefore fully H3 symmetric. One can indeed check using

(7.46) that α(ϵ0 + ϵ1) = ϵ0 + ϵ1 and ρ(ϵ0 + ϵ1) = d(ϵ0 + ϵ1). This comes from the

fact that ϵ0 and ϵ1 are Z3 symmetric, so that (7.39) becomes ρ = 101 ⊕ 110 ⊕ 3 111,

and the use of the Euler terms shown in (7.38). This approach does not say anything

directly about the 4 vacua gapped phases. However, it is suggestive that the CFT

(7.45) admits a deformation to 4 gapped vacua by taking ϵ0 = −ϵ1, which decomposes
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as a Z3 SSB phase and a trivial phase.

We also note that the CFT (7.45) can be thought of as the stacking of the 3SP

CFT with the Haagerup symmetric TQFT with 2 vacua. Of course any CFT times

an H3-symmetric TQFT would trivially give a gapless phase with H3 symmetry.

However, the key distinction is that the theory (7.45) correctly models the phase

transitions between the gapped phases with Haagerup symmetry.

7.4 Haagerup Symmetric Lattice Models

To complement the continuum analysis, we now construct UV lattice models with

Haagerup symmetry that flow to the gapped and gapless phases we discussed above

from the SymTFT perspective. We focus on a class of models known as anyon chains

[83,89,101–106], which can be defined using an input fusion category that determines

naturally the symmetry S of the model.

7.4.1 Anyon Chains for Gapped and Gapless Phases

Let us recap the main steps of the construction, following [8]. The input data entering

the definition of the anyon chain model is:

• An input fusion category C, which should in general be distinguished from the

symmetry fusion category S.

• A C-module categoryM. The symmetry S is determined in terms of C andM

as

S = C∗M = FunC(M,M) , (7.51)

which is the category formed by C-module functors fromM toM.

• An object r in C, which in general is taken to be a non-simple object.
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The basic constituent for the lattice model is then a block of the following form

mi ∈M mi+1 ∈M

r ∈ C

µi+ 1
2

(7.52)

where mi and mi+1 are simple objects in the module category M, and µi+ 1
2
∈

Hom(mi, r ⊗ mi+1) is a basis vector in the morphism space formed by r ending

between mi and mi+1. The full Hilbert space of the model is constructed by con-

catenating such basic blocks. We typically use periodic boundary conditions and

identify m1 = mL+1, where L is the length of the chain. The lattice model naturally

possesses a S symmetry, as topological lines from S can be fused from below using

the fact thatM is also a right module category over S.

We can realise all the possible gapped phases for S as the ground states of specific

Hamiltonians acting on the anyon chain. In particular, let us recall there is a one-

to-one correspondence between Lagrangian algebras of the Drinfeld center Z(S) and

Frobenius algebra objects in S (they both determine a generalised gauging of all or

part of the fusion category symmetry S). To realise the gapped phase specified by

a certain Lagrangian algebra L, we then pick the corresponding Frobenius algebra

object F and consider the operator HF
i

mi−1 mi

F

F

µi− 1
2

mi+1

F

FF

µi+ 1
2

m∆
(7.53)

acting at site i. In the above, m and ∆ are the multiplication and co-multiplication
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of the Frobenius algebra F . The full Hamiltonian is

HF = −
∑
j

HF
j . (7.54)

Notice this intuitively commutes with the symmetry S, as the symmetry lines are

fused from below while the Hamiltonian operator acts from above on the anyon chain.

Ground states of this Hamiltonian can simply be identified with left modules K for

the Frobenius algebra F . Such a module is a (not necessarily simple) object m ∈M

along with a morphism µ ∈ Hom(m,F ⊗m) satisfying a series of properties (see e.g.

equation (3.7) in [8]) which imply

m m

F

F

µ m

F

FF

µ

=

m m

F

µ m

F

µ

(7.55)

It follows that a state constructed out of an F -module is a +1 eigenstate of all

projectors HF
j and hence a ground state. Notice that in the case M is the regular

module, K becomes a standard left module over the algebra F [89]

K ∈ ModC(F ) . (7.56)

We now apply this logic to construct the Haagerup symmetric gapped phases from

the anyon chain: the choice of input data is

C =M = S = H3 , (7.57)

i.e. the module category M is the regular module for C and this gives rise to the

symmetry S = C∗M = H3. The Hilbert space of the model on a lattice of length L
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with periodic boundary conditions is spanned by states corresponding to the fusion

trees

m1 m2

r

µ 3
2

r

µ 5
2

· · ·
mL

r

µL− 1
2

m1

r

µ 1
2

(7.58)

where

r =
⊕
l∈H3

l . (7.59)

Note this element is usually called ρ, which is not a suitable notation in the present

context.

We can construct three commuting projector Hamiltonians whose ground states

realise each of the three Haagerup symmetric gapped phases. These are labelled by

Frobenius algebras in the input category C = H3, which are

F1 = 1 , F2 = 1⊕ α⊕ α2 , F3 = 1⊕ ρ⊕ αρ . (7.60)

In particular, we find the following:

• F1 ⇔ H3 SSB phase (6 vacua)

• F2 ⇔ H3/Z3 SSB phase (2 vacua)

• F3 ⇔ Z3 SSB ⊕ trivial phase (4 vacua) .

7.4.2 Phase Transitions for H3

To realise the phase transition between the 6 vacua case and the 2 vacua case, we use

the input choices

C =M = S = H3 , (7.61)
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which remain the same as for the gapped phases, but we restrict r to be

r = 1⊕ α⊕ α2 . (7.62)

Restricting to this r leads to a direct sum decomposition of the original Hilbert space

into state spaces V0 and V1 spanned by

1, α, α2 1, α, α2

r r

· · ·
1, α, α2

r

1, α, α2

r

(7.63)

and

ρ, αρ, α2ρρ, αρ, α2ρ

r r

· · ·
ρ, αρ, α2ρ

r

ρ, αρ, α2ρ

r

(7.64)

We notice these correspond to two anyon chains defined using the input data C ′ =

M′ = Z3, which have S ′ = Z3 symmetry. Correspondingly, the original module

categoryM = H3 decomposes as a Z3 module category as

M∼= Z3 ⊕ Z3 . (7.65)

Both V0 and V1 are therefore tensor product spaces of local qutrits |qi⟩0,1 assigned

to integer sites, where qi = 0, 1, 2 depending on whether mi = 1, α, α2 for V0 and

mi = ρ, αρ, α2ρ for V1 respectively. We denote a basis state as |q⃗⟩.
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We now consider the Hamiltonian given by

H = −
∑
j

 1

1 1

+
λ

3

∑
h,hL,hR∈
{1,α,α2}

h

hL hR


j

, (7.66)

where the two terms inside the braket correspond to (7.53) with F = 1 and F =

1⊕ α⊕ α2 respectively. Written in a more familiar language, the above Hamiltonian

reads

H = −
∑
j

(
1 + Zj−1Z

†
j + Z†

j−1Zj

3

)(
1 + ZjZ

†
j+1 + Z†

jZj+1

3

)
+ λ

(
1 +Xj +X2

j

3

)
,

(7.67)

where Zj and Xj are the standard Z3 clock and shift operators

Zj|qj⟩ = ωj|qj⟩ , ω = e2πi/3

Xj|qj⟩ = |qj + 1 mod 3⟩ .
(7.68)

Since all the building blocks of this Hamiltonian decompose into mutually commuting

projectors, we can instead study the simpler Hamiltonian

H3SP = −1

3

∑
j

(
1 + ZjZ

†
j+1 + Z†

jZj+1

)
+ λ

(
1 +Xj +X2

j

)
(7.69)

This is the usual quantum three-state Potts (3SP) model Hamiltonian (up to a shift).

H3SP realizes a Z3 symmetric trivial phase, a Z3 SSB phase and the 3SP CFT at

λ = 1 [159], giving a transition between the two phases. On V0 ⊕ V1, it acts block-

diagonally, so that we obtain two decoupled sectors, with λ = 1 realising the CFT

3SP0 ⊕ 3SP1 . (7.70)

Let us now compute the H3 symmetry action, recalling that this is obtained by
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fusing a symmetry line from below on the chain. The invertible generator α clearly

acts within each space as a Z3 shift symmetry, i.e. α = η00 ⊕ η211, where η =
∏

j Xj,

and the subscript indicates whether it acts on V0 or V1. The non-invertible generator

ρ has a more interesting action, as it maps between V0 and V1, as well as acting within

V1, as ρ = 101 ⊕ 110 ⊕ 111 ⊕ η11 ⊕ η211. Here 1ij, i, j = 0, 1, sends a state |q⃗⟩i in Vi to

the corresponding state |q⃗⟩j in Vj.

There are two possible Frobenius algebras we can consider given our choice of r,

namely F ′
1 = 1 and F ′

2 = 1⊕α⊕α2. The Hamiltonian corresponding to F ′
1 acting on

V0 ⊕ V1 has 6 ground states

|GS, αi⟩ = |αi, · · · , αi⟩ , i = 0, 1, 2

|GS, αiρ⟩ = |αiρ, · · · , αiρ⟩ , i = 0, 1, 2 .

(7.71)

α clearly permutes the first set of vacua among themselves

α : |GS, αi⟩ → |GS, αi+1⟩

|GS, αiρ⟩ → |GS, αi−1ρ⟩ ,
(7.72)

while ρ acts between the two sets of ground states

ρ : |GS, αi⟩ → |GS, αiρ⟩

|GS, αiρ⟩ → |GS, αi⟩+
2∑

j=0

|GS, αjρ⟩ .
(7.73)

This fully reproduces the continuum results (7.20) and (7.22), therefore giving the

H3 SSB phase. The Hamiltonian corresponding to F ′
2 acting on V0⊕V1 has 2 ground

states

|GS, 0⟩ = 1

3L/2

∑
g⃗

|⃗g⟩ , gi = {1, α, α2}

|GS, 1⟩ = 1

3L/2

∑
g⃗

|⃗g⟩ , gi = {ρ, αρ, α2ρ}
(7.74)
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These are clearly left invariant by α, and are permuted by ρ as

ρ : |GS, 0⟩ → |GS, 1⟩ , |GS, 1⟩ → |GS, 0⟩+ 3|GS, 1⟩ , (7.75)

reproducing (7.12), (7.14) and thus giving the Z3 unbroken phase. The model (7.66)

then realises the Haagerup 6 vacua phase for λ < 1 and the Haagerup 2 vacua phase

for λ > 1:

λ
3SP0 ⊕ 3SP1 Two vacua

(Triv ⊕ Triv)

Six vacua

(SSBZ3
⊕ SSBZ3

) λ = 1
(7.76)

This confirms the continuum SymTFT analysis that the phase transition between the

two gapped phases with Haagerup symmetry Φ++
6 and Φ−−

2 is indeed the CFT given

by (7.45).
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Chapter 8

Conclusions

In this thesis, we examined non-invertible and higher-categorical symmetries in quan-

tum field theories, combining formal constructions with more explicit examples.

In higher dimensions (d ≥ 3), we presented a general approach to constructing

non-invertible symmetries through gauging discrete 0-form subgroups which act non-

trivially on some higher-form symmetry. Focusing on d = 3, we studied webs of

theories connected by sequential gauging, highlighting the rich categorical structures

that can emerge.

In lower dimensions, we focused on the implications of categorical symmetries

for infrared physics, particularly in (1 + 1)d. We introduced the SymTFT as a tool

to systematically study gapped phases and phase transitions, leading to a categorical

generalisation of the Landau paradigm. We illustrated these ideas through an explicit

lattice model and constructed a conformal field theory with Haagerup symmetry,

addressing a longstanding open question.

There are several natural directions for future work. An obvious one is to extend

the categorical Landau framework beyond two dimensions, and to understand to what

extent similar tools can be applied in (2+1)d and (3+1)d. Some recent works in this

direction, based on the framework developed here in (1 + 1)d, are [75,76,79,80]. We

also remark that an analogous story can be carried out in parallel in lattice models,

see e.g. [160,161].
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In general, it would be very interesting to further explore what a SymTFT analysis

of phases can teach us about the IR dynamics of quantum field theories. In gauge

theories in (3 + 1)d, e.g., the spontaneous symmetry breaking of 1-form symmetry is

related to deconfinement, and the absence of a trivially gapped phase would signal

an obstruction to having a confining phase.

Another interesting direction is to extend the categorical Landau paradigm to

incorporate space-time symmetries, which have been so far fairly overlooked compared

to their internal counterpart, despite being fundamental symmetries of many physical

systems.

Regarding the construction of the Haagerup symmetric CFT (7.45), we expect

this to have potentially interesting consequences in determining the single universe

Haagerup CFT. E.g., one could try to apply constraints from the holographic modular

bootstrap [125, 162] to access this single-universe model. A conjecture motivated by

the present work is that the single-universe CFT could be the c = 1 compact boson

tensored with the 3SP model. This would be compatible with the numerical results

on c ∼ 2 in [96,97], but it remains to be seen how the full H3 symmetry acts.

On the mathematical side, further development of higher fusion categories could

help clarify and strengthen some of the constructions used here.

In general, categorical symmetries have recently emerged as a crucial tool, which is

furthermore at the intersections of many different fields, such as high-energy physics,

the mathematics of category theory, condensed matter physics and quantum infor-

mation. The advance in this area is an extremely promising avenue to deepen our

knowledge of physics via the powerful constraints of symmetries.
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with non-invertible symmetries: (1+1)d,” SciPost Phys. 18 no. 1, (2025) 032,

arXiv:2310.03784 [hep-th].

[5] L. Bhardwaj, L. E. Bottini, D. Pajer, and S. Schafer-Nameki, “The Club

Sandwich: Gapless Phases and Phase Transitions with Non-Invertible

Symmetries,” SciPost Phys. 18 (2025) 156, arXiv:2312.17322 [hep-th].

[6] L. Bhardwaj, L. E. Bottini, S. Schafer-Nameki, and A. Tiwari, “Illustrating

the categorical Landau paradigm in lattice models,” Phys. Rev. B 111 no. 5,

(2025) 054432, arXiv:2405.05302 [cond-mat.str-el].

[7] L. E. Bottini and S. Schafer-Nameki, “Construction of a Gapless Phase with

Haagerup Symmetry,” Phys. Rev. Lett. 134 no. 19, (2025) 191602,

arXiv:2410.19040 [hep-th].

[8] L. Bhardwaj, L. E. Bottini, S. Schafer-Nameki, and A. Tiwari, “Lattice

Models for Phases and Transitions with Non-Invertible Symmetries,”

arXiv:2405.05964 [cond-mat.str-el].

177

http://dx.doi.org/10.21468/SciPostPhys.14.1.007
http://dx.doi.org/10.21468/SciPostPhys.14.1.007
http://arxiv.org/abs/2204.06564
http://dx.doi.org/10.21468/SciPostPhys.15.4.160
http://arxiv.org/abs/2212.06842
http://arxiv.org/abs/2212.06842
http://dx.doi.org/10.1103/PhysRevLett.133.161601
http://dx.doi.org/10.1103/PhysRevLett.133.161601
http://arxiv.org/abs/2310.03786
http://dx.doi.org/10.21468/SciPostPhys.18.1.032
http://arxiv.org/abs/2310.03784
http://dx.doi.org/10.21468/SciPostPhys.18.5.156
http://arxiv.org/abs/2312.17322
http://dx.doi.org/10.1103/PhysRevB.111.054432
http://dx.doi.org/10.1103/PhysRevB.111.054432
http://arxiv.org/abs/2405.05302
http://dx.doi.org/10.1103/PhysRevLett.134.191602
http://arxiv.org/abs/2410.19040
http://arxiv.org/abs/2405.05964


[9] L. E. Bottini, C. Hwang, S. Pasquetti, and M. Sacchi, “4d S-duality wall and

SL(2, Z) relations,” JHEP 03 (2022) 035, arXiv:2110.08001 [hep-th].

[10] L. E. Bottini, C. Hwang, S. Pasquetti, and M. Sacchi, “Dualities from

dualities: the sequential deconfinement technique,” JHEP 05 (2022) 069,

arXiv:2201.11090 [hep-th].

[11] E. Noether, “Invariante variationsprobleme,” Nachrichten von der Gesellschaft

der Wissenschaften zu Göttingen, Mathematisch-Physikalische Klasse 1918

(1918) 235–257.

[12] L. Bhardwaj, L. E. Bottini, L. Fraser-Taliente, L. Gladden, D. S. W. Gould,

A. Platschorre, and H. Tillim, “Lectures on generalized symmetries,” Phys.

Rept. 1051 (2024) 1–87, arXiv:2307.07547 [hep-th].

[13] T. D. Brennan and S. Hong, “Introduction to Generalized Global Symmetries

in QFT and Particle Physics,” arXiv:2306.00912 [hep-ph].

[14] R. Luo, Q.-R. Wang, and Y.-N. Wang, “Lecture notes on generalized

symmetries and applications,” Phys. Rept. 1065 (2024) 1–43,

arXiv:2307.09215 [hep-th].

[15] P. R. S. Gomes, “An introduction to higher-form symmetries,” SciPost Phys.

Lect. Notes 74 (2023) 1, arXiv:2303.01817 [hep-th].

[16] S.-H. Shao, “What’s Done Cannot Be Undone: TASI Lectures on

Non-Invertible Symmetries,” arXiv:2308.00747 [hep-th].

[17] S. Schafer-Nameki, “ICTP lectures on (non-)invertible generalized

symmetries,” Phys. Rept. 1063 (2024) 1–55, arXiv:2305.18296 [hep-th].

[18] D. Costa et al., “Simons Lectures on Categorical Symmetries,” 11, 2024.

arXiv:2411.09082 [math-ph].

[19] D. Gaiotto, A. Kapustin, N. Seiberg, and B. Willett, “Generalized Global

Symmetries,” JHEP 02 (2015) 172, arXiv:1412.5148 [hep-th].

[20] O. Aharony, N. Seiberg, and Y. Tachikawa, “Reading between the lines of

four-dimensional gauge theories,” JHEP 08 (2013) 115, arXiv:1305.0318

[hep-th].

178

http://dx.doi.org/10.1007/JHEP03(2022)035
http://arxiv.org/abs/2110.08001
http://dx.doi.org/10.1007/JHEP05(2022)069
http://arxiv.org/abs/2201.11090
http://eudml.org/doc/59024
http://eudml.org/doc/59024
http://eudml.org/doc/59024
http://dx.doi.org/10.1016/j.physrep.2023.11.002
http://dx.doi.org/10.1016/j.physrep.2023.11.002
http://arxiv.org/abs/2307.07547
http://arxiv.org/abs/2306.00912
http://dx.doi.org/10.1016/j.physrep.2024.02.002
http://arxiv.org/abs/2307.09215
http://dx.doi.org/10.21468/SciPostPhysLectNotes.74
http://dx.doi.org/10.21468/SciPostPhysLectNotes.74
http://arxiv.org/abs/2303.01817
http://arxiv.org/abs/2308.00747
http://dx.doi.org/10.1016/j.physrep.2024.01.007
http://arxiv.org/abs/2305.18296
http://arxiv.org/abs/2411.09082
http://dx.doi.org/10.1007/JHEP02(2015)172
http://arxiv.org/abs/1412.5148
http://dx.doi.org/10.1007/JHEP08(2013)115
http://arxiv.org/abs/1305.0318
http://arxiv.org/abs/1305.0318


[21] D. Gaiotto, A. Kapustin, Z. Komargodski, and N. Seiberg, “Theta, Time

Reversal, and Temperature,” JHEP 05 (2017) 091, arXiv:1703.00501

[hep-th].

[22] J. McGreevy, “Generalized Symmetries in Condensed Matter,” Ann. Rev.

Condensed Matter Phys. 14 (2023) 57–82, arXiv:2204.03045

[cond-mat.str-el].

[23] A. Kapustin and R. Thorngren, “Higher Symmetry and Gapped Phases of

Gauge Theories,” Prog. Math. 324 (2017) 177–202, arXiv:1309.4721

[hep-th].

[24] E. Sharpe, “Notes on generalized global symmetries in QFT,” Fortsch. Phys.

63 (2015) 659–682, arXiv:1508.04770 [hep-th].

[25] Y. Tachikawa, “On gauging finite subgroups,” SciPost Phys. 8 no. 1, (2020)

015, arXiv:1712.09542 [hep-th].
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[66] T. D. Décoppet and H. Xu, “Local modules in braided monoidal 2-categories,”

J. Math. Phys. 65 no. 6, (2024) 061702, arXiv:2307.02843 [math.CT].
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