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Abstract

Gaia observations have revealed over a million stellar binary candidates within ∼1 kpc of the Sun, predominantly
characterized by orbital separations >103 au and eccentricities >0.7. The prevalence of such wide, eccentric
binaries has proven challenging to explain through canonical binary formation channels. However, recent
advances in our understanding of three-body binary formation (3BBF)—new binary assembly by the gravitational
scattering of three unbound bodies (3UB)—have shown that 3BBF in star clusters can efficiently generate wide,
highly eccentric binaries. We further explore this possibility by constructing a semi-analytic model of the Galactic
binary population in the solar neighborhood, originating from 3BBF in star clusters and subsequently migrating to
the solar neighborhood within a Hubble time. The model relies on 3BBF scattering experiments to determine how
the 3BBF rate and resulting binary properties scale with local stellar density, velocity dispersion, and physically
motivated limits to 3UB encounters within a clusters’ tidal field. The Galactic star cluster population is modeled
by incorporating up-to-date prescriptions for the Galaxy’s star formation history as well as the birth properties and
internal evolution of its star clusters. Finally, we account for binary disruption induced by perturbations from
stellar interactions before cluster dissolution and the subsequent changes and disruption of binary orbital elements
induced by dynamical interactions in the Galactic field. Without any explicit fine-tuning, our model closely
reproduces the total number of Gaia’s wide binaries and the separation and eccentricity distributions, suggesting
that 3BBF may be an important formation channel for these enigmatic systems.

Unified Astronomy Thesaurus concepts: Wide binary stars (1801); Stellar dynamics (1596); Three-body problem
(1695); Gaia (2360); Galactic archaeology (2178)

1. Introduction

The European Space Agency’s Gaia mission (Gaia
Collaboration et al. 2016) has dramatically advanced our
understanding of the Milky Way (MW)—inter alia, it has
discovered a multitude of wide, highly eccentric binaries, a
combination of characteristics that has proven challenging to
explain. Independent of origin, scattering encounters with
other stars cannot drive binaries toward high eccentricities.
Rather, such interactions tend to drive binaries toward thermal
equilibrium, typically characterized by the thermal eccentricity
distribution f (ε) = 2ε (J. H. Jeans 1919; V. A. Ambartsumian
1937; M. Rozner & H. B. Perets 2023; V. V. Makarov 2025).
Since most stars and binaries are thought to have formed in
dense stellar environments (S. F. Portegies Zwart et al. 2010),
where strong collisional dynamics are important, one might
naively expect Gaia’s wide binaries to be thermal.
Instead, Gaia’s observations suggest that wider binaries skew
increasingly superthermal (more eccentric) with increasing
separations (A. Tokovinin 2020; K. El-Badry et al. 2021;
H.-C. Hwang et al. 2022a, 2022b).
The superthermal nature of Gaia’s wide binaries is even

more puzzling when considering the impact of perturbations a
binary would experience in the Galactic field. Though it can
take longer than the age of the Universe to fully thermalize a

binary population in an environment as sparse as the Galactic
field (A. M. Geller et al. 2019), weak encounters with other
bodies would still drive field binaries toward thermal
eccentricities. Furthermore, S. Modak & C. Hamilton (2023)
proved that the secular effects from a general Galactic tide
cannot transform a non-superthermal distribution into a
superthermal one. Rather, these processes rapidly shift binaries
toward thermal eccentricities on timescales that are expedited
with increasing binary separation. Encounters in the disk serve
to widen binaries, compounding the rate of binary thermaliza-
tion. Hence, Gaia’s superthermal wide binaries must primarily
arise at binary formation, with the original eccentricities
skewed extremely superthermal and semimajor axes (SMAs)
smaller than those observed (C. Hamilton 2022; S. Modak &
C. Hamilton 2023; C. Hamilton & S. Modak 2024).
Metallicity may provide a further clue to the origin of Gaia’s

wide binaries. In particular, the two component members of
each such binary typically exhibit near-identical metallicities,
implying a co-natal formation channel (J. J. Andrews et al.
2018, 2019; K. Hawkins et al. 2020). In this vein, proposed
formation channels for Gaia’s wide binaries include cluster
dissolution (M. B. N. Kouwenhoven et al. 2010; N. Moeckel &
M. R. Bate 2010; N. Moeckel & C. J. Clarke 2011), the
dynamical unfolding of triple systems (B. Reipurth &
S. Mikkola 2012), random pairing of objects by thermo-
dynamic fluctuations (J. Peñarrubia 2019) or primordially
(M. Marks & P. Kroupa 2012; D. Guszejnov et al.
2023; J. P. Farias et al. 2024), dynamical interactions within
tidal streams (J. Peñarrubia 2021), and primordial disk
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fragmentation (S. Xu et al. 2023). Yet, these formation
channels will either produce thermal (or subthermal) wide
binaries at a consistent rate (e.g., random pairing) or, more
rarely, binary populations that are only mildly superthermal
(e.g., dynamical unfolding of triples and disk fragmentation).
Whether these mechanisms may simultaneously produce
extremely wide and highly eccentric binaries frequently
enough to match the present-day populations in the solar
neighborhood remains unclear due to a dearth of theoretical
population studies accounting for Galactic-scale wide binary
formation rates, Milky Way evolution, diffusion through the
disk, and binary field evolution.
There is, however, a dynamical mechanism that readily and

preferentially yields wide and highly eccentric binaries—
three-body binary formation (3BBF). 3BBF is a triple
encounter of initially unbound single stars, whose outcome is
a bound binary and a more energetic single star (P. Mansbach
1970; S. J. Aarseth & D. C. Heggie 1976; A. V. Tutukov 1978;
J. S. Stodolkiewicz 1986; J. Goodman & P. Hut 1993;
S. F. Portegies Zwart & S. L. W. McMillan 2000; D. Heggie &
P. Hut 2003; D. Pooley et al. 2003; N. Ivanova et al. 2005;
M. Morscher et al. 2015; N. C. Weatherford et al. 2023;
D. Atallah et al. 2024; Y. B. Ginat & H. B. Perets 2024). These
new binaries—often termed “three-body binaries” (3BBs)—
are expected to form frequently in stellar clusters. Binaries
may also form in clusters by other means, such as primordial
binary formation (e.g., F. H. Shu et al. 1987) or tidal capture
(A. C. Fabian et al. 1975; W. H. Press & S. A. Teukolsky
1977), but the fraction of eccentric wide binaries generated by
these channels is significantly lower. This work investigates
the capacity of 3BBF to generate the wide eccentric binaries
observed by Gaia.
Beginning with simulations of isolated scattering between

three unbound bodies (3UB), we estimate the general 3BBF
rate and resulting semimajor axis and eccentricity distribu-
tions. We then propagate these distributions in the context of a
star cluster environment via a simplified astrophysical model,
accounting for the chance of binary disruption until cluster
dissolution, the dependence of these probabilities on cluster
evolution, the MW’s evolution, and the evolution of binaries
deposited in the Galactic field. Our resulting formation rate, a
function of nine parameters, predicts the number and orbital
element distributions of binaries in the solar neighborhood that
have formed via 3BBF in open (or larger) clusters. While
3BBF is automatically and self-consistently included in direct
N-body simulations of star clusters (e.g., T. S. van Albada
1968; S. J. Aarseth 1969; P. G. Breen & D. C. Heggie 2012a,
2012b; A. Tanikawa 2013; L. Wang et al. 2016; D. Park et al.
2017; J. Kumamoto et al. 2019; M. Arca Sedda et al.
2023), these simulations are computationally prohibitive at this
scale. In the spirit of versatility, we opt for a semi-analytic
model.
Our methods and assumptions are outlined in Section 2,

leaving the full descriptions of each modeling component to
the appendices. Specifically, we describe the treatment of
3BBF in star clusters in Appendix A, prescriptions for Galactic
star formation history and radial diffusion in Appendix B,
evolution of 3BBs in the Galactic field in Appendix C, and the
final piecing together of these components into a complete
Galactic 3BBF rate (G3R) in Appendix D. We then apply our
model in Section 3 to predict the number of potentially
observable 3BBs in the solar neighborhood and describe their

semimajor axis and eccentricity distributions, among other
properties. We finally discuss how our results compare to
alternative binary formation channels, elaborate on key
modeling uncertainties, possible future improvements, and
lay out our conclusions in Section 4.

2. The Galactic 3BBF Rate: Fundamental Building Blocks

Accurately predicting the contribution of 3BBF in dynami-
cally active star clusters to the population of binaries in the
Galactic field requires the careful assembly of a comprehen-
sive set of distribution functions. These distribution functions
describe the properties and evolution of 3BBs and the star
clusters that produce them across MW history. When
combined, the final equation may be used to estimate the G3R,
i.e., the total rate of 3BBF within the Galaxy. This section
broadly outlines the philosophy of our calculation and the
separable components of the G3R, which are described further
in Appendix D.
By combining each distribution, the G3R is expressible as a

differential rate with respect to nine key integration variables:

ð1Þ

where Nbin is the total number of 3BBs and =
δl2/(3RG,sh) ≈ 4.2 × 10−4 is the fraction of a ±100 pc annulus
with thickness h ≈ 1 kpc at solar Galactocentric distance
RG,s = 8 kpc (i.e., an annulus from Galactocentric radii
7.9–8.1 kpc) that lies within a δl = 100 pc sphere centered on
the Sun. This coefficient is necessary to reduce our model data
set to the solar neighborhood, in accord with Gaia’s
observational limits. The rough detection limit for Gaia
binaries is ∼1 kpc, but we limit our comparison region
because Gaia binary detections become highly incomplete
beyond 200 pc (K. El-Badry et al. 2021). For ease of reference,
Table 1 lists each of the nine independent integration variables
in this equation, while Table 2 lists the separable distribution
functions listed alongside the sections where they are
discussed in detail.
Binary field evolution, whether by secular evolution or

scattering encounters in the disk, is applied to 3BBs that
escape their natal clusters and migrate to the present-day solar
neighborhood. The two field evolution prescriptions are “phase
mixing” (PM; Appendix C.1) and “cumulative scatter” (CS;
Appendix C.2) and are denoted by the operators Fpm and Fcs,
respectively. To obtain a prediction for the distribution of Gaia
binaries, we numerically integrate (via the Monte Carlo
method) the expression

( ) ( )= F GN d . 2bin MW

Computationally, the operators are incorporated after Monte
Carlo sampling of GMW. The operators simply act to
(nonconservatively) transform the original distribution, of
which Monte Carlo sampling serves to uncover.
Listed below are brief descriptions and motivations

surrounding the building blocks:
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1. ˜F. The foundational element of the calculation is the
semi-analytic, volumetric 3BBF rate for the case of three
equal-mass bodies, ˜F, as derived in D. Atallah et al.
(2024) and numerically evaluated with higher accuracy in
Appendix A.1. Every other component of the G3R will
serve to “project” the volumetric 3BBF rate across time
and Galactic location and to account for the destruction of
3BBs, given where and when they are born in a cluster
and the cluster’s location in the Galactic disk.

2. fF. The two-dimensional distribution of binary eccen-
tricity and semimajor axis (SMA) for 3BBF between
bodies with equal masses and velocities, fF, is described
in Appendix A.2. This distribution is independent of the
volumetric rate, normalizing to unity over the entire
parameter space of possible binary orbital parameters.

3. Pno enc. Only a small fraction of wide 3BBs will avoid a
perturbing encounter or total ionization (i.e., disruption
via encounters with other stars) by the time the cluster
dissolves. The binary’s probability of surviving without
undergoing an encounter, Pno enc, is calculated in
Appendix A.5 and is conservatively assumed to be given
by the geometric encounter rate, as we are only interested
in the fraction of binaries unperturbed by any encounters.
We do not consider the alternative—where the binary
receives a strong kick upon formation, allowing it to
escape from the cluster—for this event relies on the
exponentially unlikely event that 3UB with velocities at
or in excess of the escape velocity (the tail of the
distribution function) may meet in a small volume and
form soft binaries with a center-of-mass velocity in
excess of the local escape velocity. Additionally, the
equal-mass 3UB simulations used to generate the semi-
analytic fits of of Appendix A.2 generate wide binaries
with CoM velocities approximately a factor of 2 slower
than the initial Maxwellian via which the initial
velocities were drawn.

4. ( fd × SFHd × Dd). Moving to considerations external to
the host star cluster, our MW model describes the radial
distribution of star clusters in the MW, when they are
born, and the rate at which 3BBs leave their clusters to
migrate through the disk to the solar neighborhood.
Detailed in Appendix B.1, our MW model is a
combination of the semi-analytic frameworks designed
by N. Frankel et al. (2019, 2020), while also separating
the thin and thick disks according to T. Wagg et al.
(2022).

The first of the three separable disk components is
fd—a one-dimensional distribution encoding the initial
Galactocentric radius, RG, of stars/clusters born in the

MW. The star formation history, SFHd, is the distribution
of stars born in the disk as a function of time t (and RG
for the thin disk, though the function is still only
normalized in time). The diffusion function, Dd,
characterizes the resulting Galactocentric radius, RG, of
the binary after radial migration over time τ since the
cluster’s birth. The subscript “d” is replaced with “ha”/
“la” when tuned for the MW thick/thin disk, respec-
tively.

These three building blocks are tuned with observa-
tionally determined scaling constants, separately character-
izing the thin and thick disks. Each function individually
(and all collectively) integrates to unity: fd over all initial
Galactocentric radii, SFHd over time and up to the present
age of the MW (assumed to be 12 Gyr), and Dd over all
Galactocentric radii at time of 3BBF. It is here that we
multiply our linearly separable disk distributions by the
number of stars in each disk. Thus, integrating over the
entire disk parameter space using the disk building blocks
yields the total number of stars in each present-day disk.

5. fCIMF. Our MW model distributes all stars born at time t
and location RG into clusters of initial mass Mcl0 (also
born at time t) based on the cluster initial mass function
(CIMF), fCIMF. The CIMF incorporates a hybrid of the
A. Just et al. (2023) CIMF and a Schechter cutoff
(P. Schechter 1976) that is dependent on the local star
formation rate at RG in the disk—implicitly found using
the MW model described above. It integrates to unity
between 50M⊙ and the Schechter upper mass cutoff,Mc;
see Appendix B.2 for details.

6. Pd,MW. Finally, two field binary evolution prescriptions,
“phase mixing” (C. Hamilton & R. R. Rafikov 2019a;
C. Hamilton 2022) and “cumulative scatter” (C. Hamilton
& S. Modak 2024), are described and applied to model
binaries as post-processing in Appendix C. The final
building block, Pd,MW, calculates the fraction of 3BBs that
are not disrupted while migrating through the disk, but is
only relevant when phase mixing (PM). PM evolves the
binary eccentricity secularly, imparting a small effect on
binary eccentricity as it travels the MW disk. On the other
hand, “cumulative scatter” (CS) simulates the evolution of a
binary due to the cumulative perturbations of stellar
encounters in the disk, self-consistently accounting for
binary orbital evolution and disruption. CS is a far stronger
effect, imparting a dramatic shift in the eccentricity and
SMA of 3BBs, strongly perturbing the mock distributions
into alignment with observations. The derivation of the
disruption rate and discussion of the post-processing
prescriptions are found in Appendix C.

Table 1
G3R Independent Variables: The Independent, Lowest-level Integration Variables Used in the G3R in Equation (1)

Description Symbol First Mentioned

Radius of the interaction volume for 3BBF, normalized by local mean interparticle distance k ≡ R1/rsep Appendix A.1
Binary eccentricity ε Appendix A.2
Binary semimajor axis (SMA) a Appendix A.2
Radial position in the host star cluster, normalized by the cluster’s tidal radius ˜ /r r rt Appendix A.3
Time of 3BBF since the cluster’s birth, normalized by the cluster’s total lifetime ˜ / cl Appendix A.4
Initial cluster mass Mcl0 Appendix A.4
Galactocentric radius of the cluster’s orbit and initial radius of the escaping 3BB RG Appendices A.4/B.1
Galactocentric radius of the binary’s orbit at time t + τ RG Appendix B.1
Time between Milky Way birth and cluster birth t Appendix B.1
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3. Mock Three-body Binary Population versus Gaia Wide
Binaries

The entirety of our results stem from evaluating and
interpreting the G3R (Appendix D, Equation (D1)), following
the application of field evolution post-processing (Appendix C),
and comparing to Gaia observations of binaries as compiled by
K. El-Badry et al. (2021) and H.-C. Hwang et al. (2022b).
Despite several idealizations being necessary to implement our
semi-analytic model (e.g., equal-mass stars, universal Plummer
clusters, circular and unchanging cluster orbits in the MW, etc.),
our results share remarkable agreement with Gaia’s wide binary
population in SMA and eccentricity distributions, as well as the
total number within the solar neighborhood.
Figure 1 displays the total number of solar neighborhood

3BBs we predict across all our models, alongside the wide
binary ( )>s 10 au3 tally. The “tidal isolation” parameter, ηH
(Appendix A.1), is a nuisance parameter quantifying how
isolated a three-body encounter is from tidal perturbations
applied by its host cluster. As later discussed in Appendix A.1,

the interaction volume is defined to be

( )=R R , 31 H H

where RH is the local Hill Radius. Shrinking ηH further isolates
three-body encounters, with ηH = {0.22, 0.1} excluding 3BBF
if the maximum tidal acceleration applied to the three bodies
by the cluster during the encounter is >{1%, 0.1%} of the
three bodies’ maximum initial relative acceleration (see
Appendix A.1).
Though we may increase certainty in the physical “isola-

tion” of a 3BBF event by shrinking ηH, what constitutes
“isolated enough” is unconstrained in the N-body literature.
Several ηH models are generated to show the effect of asserting
ever more conservative tidal isolation during 3BBF. A clear
trend presents itself in Figure 2: smaller ηH dramatically
constrains the 3BB creation probability, especially for the
widest binaries. This is a direct result of the 3BBF rate scaling
as H

3 by H
3 (Appendix A.1). Depending on ηH, the number

of 3BBs our model predicts to currently be within 100 pc
(1 kpc) of the Sun varies from ∼104 to 105 (∼106–107).

Table 2
G3R Building Blocks: The Separable Distribution Functions Forming the Basis of the G3R in Equation (1)

Name Symbol Required Variables Location

Volumetric 3BBF Rate ˜F ˜ ˜r M R k, , , ,Gcl0 Appendix A.1
Binary semimajor axis and eccentricity distribution fF ˜ ˜r M R a k, , , , , ,Gcl0 Appendix A.2
Binary in-cluster survival probability Pno enc ˜ ˜r M R a, , , ,Gcl0 Appendix A.5
Initial stellar distribution in disk fd RG Appendix B.1
Star formation history of disk SFHd RG, t Appendix B.1
Stellar diffusion distribution through disk Dd ˜ M R R t, , , ,G Gcl0 Appendix B.1
Cluster initial mass function fCIMF Mcl0, RG, t Appendix B.2
Binary survival probability in disk (only if phase mixing) Pd,MW ˜ M R R t a, , , , ,G Gcl0 Appendix C.1.1
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Figure 1. Left: Total number of three-body binaries, Nbin, we predict are presently within 100 pc of the Sun. We do not account for any observational incompleteness
in our models, aside from limiting our comparison radius. The black solid line shows the total number of Gaia binaries observed within 100 pc (K. El-Badry
et al. 2021), only including the Gaia binary candidates assessed to have a <10% probability of being a chance alignment of two unbound stars. The dashed lines are
the totals having removed binaries with average separations <103 au. Our models exclude 3BBF under too strong a tidal field within a cluster using the “tidal
isolation” parameter, ηH; it sets the maximum allowed tidal acceleration applied by the cluster to the three scattering bodies (Equation (3)); see also Appendix A.1).
Color denotes the field evolution prescription, phase mixing (Appendix C.1), and cumulative scatter (Appendix C.2). The CS prescription destroys more binaries
because the destruction and scattering rate of binaries tends to increase following each subsequent encounter and is the unconditionally dominant effect when
compared to PM. Right: The average number, Nbin, of three-body binaries (3BBs) that survive without undergoing an encounter in a cluster of initial mass Mcl0 until
cluster dissolution; this is largely independent of Galactocentric radius. Note that the right panel does not consider binary disruption in the MW disk or the subset of
binaries that migrate to the solar neighborhood. A very small fraction of the initial cluster population forms 3BBs that survive until dissolution without undergoing an
encounter, with ≲25% clusters emitting a single unperturbed 3BB to the field.
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The choice of field evolution prescription heavily impacts the
number and orbital element distributions of field binaries, with
CS applying the most significant perturbations to individual
binaries and the binary population as a whole. That said, both
the PM and CS binary field evolution prescriptions help bring the
initial, highly superthermal 3BB eccentricities in line with the
more modestly superthermal observations. This is consistent
with the conclusions of C. Hamilton (2022) and C. Hamilton &
S. Modak (2024), who postulated that the physical mechanism
(s) responsible for creating the observed Gaia wide binaries
would need to have a dramatic superthermal bias because of the
thermalizing effect stellar encounters and the Galactic tide
impart following binary formation.
These 3BBs are the rare few that make a clean getaway—

undergoing no encounters—from their natal cluster after
formation. From Figure 1, the expected number of 3BBs
escaping to the Galactic disk over a cluster’s life asymptotes to
0.2–0.5. The 3BBF creation and survival rates asymptote
because the overwhelming majority of binaries that survive until
dissolution are necessarily assembled late in the cluster’s life,
when there are fewer than ∼100 bodies. Although 3BBF events
are intrinsically rare and the resulting binaries most often fail to
survive within any single cluster, the sheer abundance of low-
mass clusters compensates for this scarcity. The demographics

of these binaries are discussed further in Sections 3.1 and 3.2,
where the former section explores 3BBF’s capacity to reproduce
the observable Gaia superthermal wide binary population, and
the latter examines the predicted solar-neighborhood binary
population characteristics.

3.1. Semimajor Axis and Eccentricity Distributions

To further compare the modeled and Gaia-observed binary
populations, we express their respective SMA (a) and
eccentricity (ε)6 distributions in Figures 2 and 3 in terms of
the average projected separation (H.-C. Hwang et al. 2022b):

( )=s a
4

1
2

. 4
2

Figure 2 provides the most visually compelling agreement,
especially when we conservatively limit our maximum
allowable 3BBF encounter volume to ∼10% of the local Hill
radius (ηH = 0.1). According to our model, the suppression in
the wide binary population at higher 〈s〉 is directly attributable
to binary disruption by disk encounters (Equation (C2)). The

subthermal 
tight binaries

superthermal 
wide binaries

Figure 2. The predicted number, Nbin (top), of 3BBs within 100 pc of the Sun and their probability density function (bottom) as a function of 〈s〉, the projected
average binary separation (Equation (4)). (Each colored curve is a model realization with a different “tidal isolation” parameter, ηH (see Section 3.1). Our most
conservative value, ηH = 0.1, is the dashed purple line, denoting a local tidal acceleration 0.1% of the average relative acceleration between bodies during three-body
scattering. Larger ηH yields more binaries, but risks breaking the model assumption of isolated three-body scattering.) The Gaia binary separations within 100 pc of
the Sun (black curve) are taken from K. El-Badry et al. (2021) using their <0.1 binary chance-alignment criterion. The left panel is the final distribution when
applying “phase mixing” (Appendix C.1), while the right panel uses the “cumulative scatter” prescription (Appendix C.2). The CS prescription represents the most
physically accurate model. It is highly improbable that a wide binary can secularly evolve in isolation over the course of the MW’s entire history, as is assumed in the
PM model. The overall shape of the separation distribution closely matches the observed distribution when 〈s〉 > 103 au. The total number (i.e., from summing over
Nbin) of 3BBs is reported in Figure 1.

6 As a reminder to the reader, we employ ε as the eccentricity, not the
eccentricity squared as is usually the case in the literature.
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3BBF ∼a2.5 proportionality for hard binaries, as expressed in
D. C. Heggie (1975) and J. Goodman & P. Hut (1993) and
numerically reproduced in Appendix A.2, mildly correlates
with the observed Gaia curve for separations <103 au.
However, there is substantial evidence that the tight binary
regime is highly incomplete (K. El-Badry & H.-W. Rix 2018),
so any apparent agreement is most likely coincidental,
implying that 3BBF can only play a supporting role in directly
assembling tight binaries.
The orbital perturbations by disk encounters on 3BBs is

modeled with greater physical realism in the CS prescription. It
does not merely consider the absolute destruction or conserva-
tion of binaries evolving under constant, isolated, secular
evolution by the Galactic tides (as in PM), but enables stochastic
binary evolution in SMA and eccentricity. A gentler falloff in
the separations of the wide 3BB population results, with most
binaries with a > 104 au final SMA > 104 au born tighter, with
a initial SMA between 103 and 103.5 au (discussed further in
Section 3.2). These tighter binaries end up populating the widest
subset of binaries through CS evolution, mitigating losses due to
the rapid destruction of binaries with initial SMA > 104 au.
Turning to binary eccentricities, Figure 3 draws a set of fits

for the eccentricity parameter, α, with our two different field
evolution prescriptions (Appendix C) and overlaid by the Gaia
values calculated in H.-C. Hwang et al. (2022b). The α
parameter is a convenient means to quantify how the
eccentricity distribution compares to the thermal distribution.
By fitting the expression

( ) ( ) ( )= +f 1 , 5

the α distribution is subthermal (less eccentric than thermal) if
α < 1, thermal when α = 1, and superthermal if α > 1. It
should be immediately apparent that the predicted and
observed α values are not an exact match (variances within
order unity); however, they are in good qualitative agreement.
Echoing the observational findings of H.-C. Hwang et al.
(2022b), our models show that binaries with 〈s〉 < 103 au tend

subthermal while binaries with 〈s〉 > 103 au tend superthermal.
The subthermal behavior is expected for binaries that form
near the peak of the two-dimensional SMA–eccentricity
distribution (where a ≈ R1, the radius of the three-body
interaction volume; see Appendix A.2).
The degree to which wide binaries exhibit a superthermal

distribution varies dramatically between the PM and CS field
evolution prescriptions (left panel and right panels of Figure 3,
respectively). Because the PM prescription only has provides a
cursory thermalizing effect, the eccentricity distributions of the
widest binaries remain unreasonably superthermal. To the
contrary, CS produces an α distribution in closer agreement
with observations for wide binaries. As ηH shrinks, both field
evolution methods produce more eccentric binaries, though
this effect is small relative to how dramatically binary SMA
and formation rate rates are affected by ηH.

3.2. Formation Characteristics of Solar Neighborhood Three-
body Binaries

Figure 4 broadly highlights the underlying distribution and
dimensional covariance found by evaluating the G3R. There
are a few intuitive takeaways here: (i) most field 3BBs are
created early in a cluster’s life when it is densest, according to
the united equations of evolution (UEE; Appendix A.4), with
the smallest binaries born almost exclusively in a cluster’s
infancy; (ii) very few binaries have orbital radii that migrate
more than 3 kpc through the disk, as expected from the
N. Frankel et al. (2020) diffusion model (Appendix B.1); and
(iii) there is a sharp preference for field 3BBs to be sourced
from clusters born at the onset of star formation in the thin disk
(t = 6 Gyr in N. Frankel et al. 2020).
A more robust physical intuition may be found by

examining “1.5D” versions of the contour plots relating binary
SMA to cluster and MW history; they are displayed in
Figure 5. Here, the dimensions (integration variables) of the
G3R under scrutiny are (from left to right): r/rh, the radial
location within its host cluster where a 3BB is born, ˜ , the

subthermal 
tight binaries

superthermal 
wide binaries

Figure 3. The eccentricity parameter /d f dln ln (Equation (5)), as a function of the projected average binary separation, 〈s〉. Note that α = 1 corresponds to
the thermal distribution, while α > 1 and α < 1 represent superthermal and subthermal distributions, respectively. (Each colored curve denotes the value of ηH
selected to integrate the G3R (Equation (D1)); ηH is the maximum size of the spatial three-body interaction region (defined in Section 3.1) in units of the triple’s Hill
radius. Our preferred model, ηH = 0.10 (green), corresponds to a maximum scattering region 10% the local Hill radius within a cluster. Our most lax condition,
ηH = 0.22 (light blue), represents a tidal acceleration 1% of the average relative acceleration between bodies.) The solid black line is the set of α values found by
H.-C. Hwang et al. (2022b). In the left panel, the colored dashed lines are the “phase-mixed” distributions (Appendix C.1.2). The right panel features the final
eccentricity distributions following the “cumulative scatter” prescription (Appendix C.2). Phase mixing imparts only a slight “thermalization,” with the resultant
wide binary distributions far more eccentric than what is observed. Rather, by considering dynamical encounters in the field, cumulative scattering imparts a dramatic
thermalization, resulting in eccentricities in greater observational agreement with H.-C. Hwang et al. (2022b). Despite the simplicity of our toy model and the
uncertainties surrounding Gaia incompleteness, there is good qualitative agreement: wide binaries tend superthermal while tight binaries tend subthermal.
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fraction of the cluster’s lifespan elapsed when the 3BB forms
and escapes, Mcl, the mass of the cluster at the time of 3BBF
and escape, RG, the Galactocentric radius of the birth cluster’s
circular orbit, and t , the age of the MW when the 3BB was
born. Several interesting predictions are discernible here. First,
roughly half of 3BBs are born outside the host cluster’s core
(r ≳ 0.5rh), with wider binaries being born both farther from
the cluster’s center and later in the cluster’s life than tighter
binaries. Aside from the tightest 3BBs, most are born near
dissolution in the final ∼20% of the cluster’s life.

The overwhelming majority of 3BBs originate from initially
low-mass clusters (Mcl0 < 103M⊙), due to their dominance of
the CIMF (Equation (B4)). Surviving wide binaries are born
nearest to cluster dissolution, while tight binary formation
occurs throughout a cluster’s life. Additionally, our model
predicts that the tightest, solar neighborhood 3BBs should be
born uniformly through the MW disk from RG = 1–8 kpc and
early in MW star formation history, with 50% born within the
first 6 Gyr of the MW’s life (assuming a present MW age of
12 Gyr). Wider binaries are born later in MW history and

10
3

10
2

10
1

0.2

0.4

0.6

0.8

/
cl

0.2 0.4 0.6 0.8

10
2

10
3

10
4

M
cl0

/M

10
2

10
3

10
4

2.5
5.0
7.5

10
.0

12
.5

R G
/k

pc

2.5 5.0 7.5 10
.0

12
.5

7.9
2

7.9
6

8.0
0

8.0
4

8.0
8

R
′ G/

kp
c

7.9
2

7.9
6

8.0
0

8.0
4

8.0
8

20
00

40
00

60
00

80
00

10
00

0

t/M
yr

20
00

40
00

60
00

80
00

10
00

0

0.2

0.4

0.6

0.8

0.2 0.4 0.6 0.8

10
1

10
2

10
3

10
4

10
5

a/
AU

10
1

10
2

10
3

10
4

10
5

10
3

10
2

10
1

r/rt

0.4
0.8
1.2
1.6
2.0

k

0.2 0.4 0.6 0.8

/ cl

10
2

10
3

10
4

Mcl0/M

2.5 5.0 7.5 10
.0

12
.5

RG/kpc

7.9
2

7.9
6

8.0
0

8.0
4

8.0
8

R ′
G/kpc

20
00

40
00

60
00

80
00

10
00

0

t/Myr

0.2 0.4 0.6 0.8 10
1

10
2

10
3

10
4

10
5

a/AU

0.4 0.8 1.2 1.6 2.0

k

Figure 4. Grid of the resultant 9D, Galactic 3BBF rate (Equation (D1)) distribution, as obtained by Monte Carlo integration with EMCEE (D. Foreman-Mackey
et al. 2013), and projected as a set of 2D probability density functions for each dimensional combination. See Table 1 for a description of the independent variables.
The sharp discontinuity in the t dimension begins at the onset of star formation in the MW thin disk. This model was generated by fixing the maximum encounter
volume to 10% of the local Hill radius (ηH = 0.1, Appendix A.1) and evolving field binaries with the CS prescription (Appendix C.2). The grid was generated using
the Python CORNER module (D. Foreman-Mackey 2016).
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nearer to the solar neighborhood, an intuitive requirement due
to the profound increase in a binary’s ionization cross section
with an increasing binary SMA (Appendix C.1.1).
Dissolving clusters have long been postulated to be reliable

environments for dynamical wide binary formation (M. F. Sterzik
& R. H. Durisen 1998; M. B. N. Kouwenhoven et al. 2010;
N. Moeckel & M. R. Bate 2010; N. Moeckel &
C. J. Clarke 2011). We corroborate this, as we find isolated
3BBF to be a significant mechanism for generating solar
neighborhood binaries when surviving until cluster dissolution
(˜ )1 . Admittedly, our idealized treatment of star clusters as
single-component Plummer models evolving under the UEE
(Appendix A.4) is unlikely to reliably model cluster dissolution.
The conditions for isolated 3BBF may also be rare in a cluster
with few (≲50) bodies, though there is evidence that binary
formation in strong interactions involving more than three bodies
at the center of a cluster could be a significant source of tight
binaries (A. Tanikawa 2013). Such binaries are formed during

particularly strong spikes in the cluster’s central density. Even our
idealized cluster model exhibits a density spike at dissolution, so
a more nuanced investigation of binary formation near dissolution
may be required in order to better assess the validity of our
assumptions surrounding 3BBF at dissolution.
The left-hand panels of Figure 6 draw a relationship

between the SMA before field evolution (pre-CS) and the
final SMA of a 3BB population within the solar neighborhood
today. As expected, the tighter the initial binary, the less CS
shifts its SMA. A critical, population-level transition presents
itself for the widest binaries: 3BBs with final SMAs >4000 au
overwhelmingly escaped their natal clusters with initial SMAs
<4000 au. In other words, field evolution preferentially
destroys the widest field 3BBs and widens initially tighter
binaries (∼103–103.5 au). If we were to turn off disruption
during CS field evolution, the distribution of wide binary SMA
would become egregiously skewed to very wide SMA. The
dearth of such very wide binaries in our models is simply due
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Figure 5. These five subfigures are SMA-focused, “1.5D” versions of the contour plots in Figure 4, detailing “where” and “when” 3BBs were assembled before
migrating to the solar neighborhood. Color, the extra “0.5th” dimension, distinguishes between different logarithmically spaced bins, i, in SMA of width Δai. The
bottom panel of each subfigure displays the cumulative density functions, C(X, ai), of the integration variable X specified on the panels’ horizontal axes, for each bin

in SMA. The top panels of each subfigure display the corresponding probability density functions scaled by SMA bin width, ( ) ( )=f X a aC X a

X ai
,

i
2

i . The
integration variables under examination are (a: {r/rh}) the radial cluster location of the 3BBF in terms of the natal cluster’s half-mass radius, (b: {˜}) the time
between cluster formation and the 3BBF as a fraction of the total cluster lifetime, (c: {Mcl}) the mass of the 3BB’s natal cluster at time ˜ , (d: {RG}) the
Galactocentric radius of the natal cluster, and (e: {t}{ }t ) the time at which the 3BB’s natal cluster dissolves, where =t 12 Gyr is the present day. The widest
binaries tend to be born later in time, both in ˜ and t , and farther out, both in r/rh and RG, than tight binaries. Across the entire parameter space, we predict that solar
neighborhood 3BBs mostly formed in clusters with masses (˜ ) <M M10cl

2 , near the point of absolute dissolution of the cluster (˜ 1).
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to disruption during field evolution. Thus, any prospective
wide binary formation channel that matches the observed Gaia
SMA distribution, while neglecting field evolution, cannot
account for most of the Gaia wide binary population.
Finally, the relationship between initial binary SMA and the

initial mass of the natal cluster is displayed in the right-hand
panels of Figure 6. These distributions include the contribution
of binaries that would ultimately be disrupted through CS,
while the left panel does not. Our models reinforce the general
consensus that the field binary generation is dominated by low-
mass clusters (N. Moeckel & C. J. Clarke 2011).

4. Discussion and Summary

4.1. Comparison to Alternative Binary-formation Channels

Tight field binaries have been historically assumed to form
primordially (R. R. King et al. 2012; M. R. Bate 2014;
R. J. Parker & M. R. Meyer 2014), the remnants of which are
the select few binaries that have avoided disruption. Recent
state-of-the-art simulations from the STARFORGE collaboration
have in fact found that many binaries form primordially in
clusters (D. Guszejnov et al. 2023; J. P. Farias et al. 2024),
with a primordial binary fraction of ∼40%. The majority are
bound to the cluster with very wide SMAs and are unlikely to

survive the ensuing dynamics in such a dense stellar
environment. However, 3BBF may help serve as a comple-
mentary formation channel for tight subthermal binaries, the
overwhelming majority of which originate almost exclusively
in the earliest, densest stage of cluster history within our
models. While we do not assert 3BBF as a prominent method
for tight binary generation, primordial binary formation need
not be the only means.
Wide Gaia binary formation channels have been more elusive,

primarily because the proposed formation channels readily
produce many wide binaries (e.g., cluster dissolution or random
pairing (M. B. N. Kouwenhoven et al. 2010; N. Moeckel &
M. R. Bate 2010; J. Peñarrubia 2021)) or a few highly eccentric
binaries (e.g., disk fragmentation (J.-E. Lee et al. 2017; S. Xu
et al. 2023)), but not necessarily both in the required quantities.
In particular, before this work, there had not yet been a thorough
investigation of the cluster formation and dissolution channel’s
contribution to the present-day field binary population. As
highlighted in Section 3.2, the tendency for binary field
evolution is to accelerate the widening of binaries toward
disruption. This implies that any prospective wide binary
formation channel matching the observed Gaia distribution,
prior to the application of field evolution, cannot be the
dominant source of the Gaia wide binary population.
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Figure 6. Contour plots (top) and an accompanying set of cumulative distribution functions (middle) illustrating the relationship between (i) the initial binary SMA,
a0, and its final SMA, a, following CS field evolution; and (ii) a0 and the initial mass of the binary’s natal cluster, Mcl0. In column (ii), we include the samples of
binaries eventually disrupted through CS. The bottom panels show the fraction of disrupted field binaries given (i) a0 or (ii) Mcl0. The tighter the initial binary, the
less its SMA tends to change. Critically, we predict that wide field 3BBs in the solar neighborhood today with SMA a > 4000 au are overwhelmingly born with
a0 < 4000 au. Hence, the wider the initial binary, the more rapidly it is destroyed in the field. Separately, low-mass clusters tend to produce the highest numbers of
binaries, with over 75% of binaries born in clusters with Mcl0 < 103 M⊙.
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With 3BBF, the formation of highly eccentric wide binaries
is preferred, especially late in a cluster’s life—supporting the
cluster dissolution channel. By accounting for the disruptive
capacity of dynamical encounters in clusters and galactic field
perturbations, we find that 3BBF may contribute a significant
fraction of Galactic wide binaries observable today.

4.2. Limitations and Future Work

For a first foray into assembling a Galactic 3BBF rate, we opted
for a simple, physically motivated astrophysical model. That said,
there are several practical developments that could further
improve the physical realism and self-consistency of our method.
Substantial effort has already been devoted to modeling

binary destruction in the natal cluster (Appendix A.5) and in
the Galactic field (Appendices C.1.1 and C.2). What we do not
follow is the effect of in-cluster dynamical interactions not
fully disrupting a 3BB, instead opting to forcefully discount
any binary that undergoing even a weak encounter.
These dynamical interactions will typically widen low-mass,
wide binaries and further thermalize their eccentricities
(D. C. Heggie 1975). Ignoring them does not alter our
conclusions: the few wide binaries not disrupted in-cluster
would provide a subtle thermalization that would only push the
3BB eccentricity distributions in Figure 3 toward the more
thermal Gaia eccentricities identified by H.-C. Hwang et al.
(2022b). Additionally, while we incorporate a simple giant
molecular cloud disruption recipe (Appendix C.2), we do not
consider the possibility of disruption from other MW
substructures, like dark matter subhalos or other star clusters.
Incorporating said structures alongside a time-dependent
density profile of the MW would help improve the physical
accuracy of our framework and increase the destruction rate of
3BBs in the Galactic field.
Tidal circularization, orbital decay, and common-envelope

episodes from isolated binary stellar evolution (BSE), has also
been neglected. BSE is especially important for the extremely
eccentric binaries readily produced by 3BBF (J. Stegmann
et al. 2024). Predicting the stellar metallicity of binary
members also requires an accurate treatment of BSE, which
we leave for future work.
Combining the cluster evolution equations from M. Gieles

et al. (2011) and an equal-mass Plummer model is a fast and
transparent means to rapidly evaluate cluster properties across
mass scales. However, a more refined prescription for the
structure and evolution of star clusters with realistic initial
mass functions and stellar populations will greatly improve the
physical realism of our model. Notably, black holes (BHs)
play critical roles in the evolution of star clusters (D. Merritt
et al. 2004; A. D. Mackey et al. 2007, 2008; P. G. Breen &
D. C. Heggie 2013; M. Morscher et al. 2015; M. Peuten et al.
2016; S. Chatterjee et al. 2017; K. Kremer et al. 2019;
N. C. Weatherford et al. 2020, 2021; M. Gieles et al. 2021
M. Gieles & O. Y. Gnedin 2023; D. Roberts et al. 2025). After
segregating to the cluster core, their high masses, low
velocities, and high local density make BHs the primary
catalyst for assembling compact-object 3BBs (e.g., N. Ivanova
et al. 2005; M. Morscher et al. 2015; N. C. Weatherford et al.
2023)—and possibly for wider 3BBF more generally.

It is unlikely compact objects comprise many of the wide,
eccentric binaries that are the focus of this work. As discussed
in Section 3.2, wide superthermal 3BBs that survive and
successfully migrate to the solar neighborhood overwhel-
mingly originate outside of the core of low-mass clusters
(Mcl0 ≲ 103M⊙) and are catalyzed within the final ∼20% of
the cluster’s life. These clusters would host only a few
compact objects, which primarily reside in the cluster core. We
therefore expect the surviving wide 3BBs to be mostly low-
mass stellar pairs. Additionally, the interaction cross section of
wide binaries born outside the cluster’s core is dominated by
single stars, encounters our framework already accounts for
conservatively (see Appendix A.5). Thus, the key benefit to
incorporating a richer stellar population would be to uncover
subtle pairing tendencies between different stellar types.
Modeling 3BBF in multi-mass clusters will require a semi-

analytic treatment of unequal-mass 3BBF. The first such study
by D. Atallah et al. (2024) determined that positive energy 3UB
encounters generally favor the pairing of the two least-massive
bodies. This revised the prior notion that the two most massive
bodies are the most likely to bind (e.g., M. Morscher et al.
2015), which is the case for three-body encounters with negative
total energy, such as binary–single interactions (N. C. Stone &
N. W. C. Leigh 2019; Y. B. Ginat & H. B. Perets 2021;
B. Kol 2021). Unequal-mass 3BBF produces only modest shifts
in SMA and eccentricity distributions when mass ratios vary by
≲2, so the overall Gaia-binary demographics should not change
dramatically. The largest impact should appear in hard,
compact-object-plus-star binaries, whose extreme mass ratios
demand an explicit unequal-mass treatment. The required
parameter space is vast and subtle, calling for a dedicated
study, and ideally, full cluster N-body simulations—an effort we
plan to undertake.
Our models are likely insufficient at characterizing binary

formation late into cluster dissolution, whether through 3BBF or
more complicated scattering modes. M. B. N. Kouwenhoven
et al. (2010) estimated a wide binary fraction present at cluster
dissolution of 10%–20%. This corresponds to one to two wide
binaries formed per cluster at dissolution, though N. Moeckel &
C. J. Clarke (2011) found integrating their models forward in
time by a factor of two diminished the binary survival rate by an
order of magnitude, leaving only a fraction of clusters emitting a
single binary at dissolution. This finding is consistent with our
own, despite approximating cluster evolution with a simplistic
analytic model. Whether the binaries form in the final moments
of the cluster’s life, or somewhat earlier, through isolated 3BBF
is left for a future investigation.
Finally, our model already closely matches or exceeds

Gaia’s DR3 binary counts, despite applying several conserva-
tive filters for binary survival. More complicated channels tied
to cluster dissolution (e.g., M. B. N. Kouwenhoven et al. 2010;
N. Moeckel & C. J. Clarke 2011) will overlap with 3BBF,
because realistic dissolution makes no such distinction between
dynamical formation mechanisms. Any concern surrounding
overcounting should be allayed by the eventual inclusion of
multi-mass 3UB scattering. The 3BBF rate decreases as the
mass ratio between the most- and least-massive scattering
bodies diverges from unity (D. Atallah et al. 2024), favoring
3BBF with comparable masses, thus reducing the overall 3BBF
rate. Additionally, the current Gaia binary counts are likely an
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underestimate (K. El-Badry & H.-W. Rix 2018; K. El-Badry
et al. 2021), so we expect the catalog of wide binaries to expand
in Gaia DR4, potentially pushing Gaia observations and our
theoretical results into greater agreement.

4.3. Summary

By developing a semi-analytic Galactic three-body binary
formation rate (G3R), we have demonstrated that 3BBF can
efficiently generate highly eccentric, wide field binaries. Our
model predicts that binaries with SMA < 103 au exhibit
subthermal eccentricities whereas binaries with SMA
> 103 au are superthermal. Without fine-tuning contingent
on physically motivated assumptions regarding cluster
structure and tides, this framework closely matches the
observed SMA distribution of Gaia’s wide binaries
(K. El-Badry et al. 2021) and the eccentricity distributions
of H.-C. Hwang et al. (2022b) when applying dynamical
binary field evolution framework constructed by C. Hamilton
& S. Modak (2024). The predicted number of wide binaries in
the solar neighborhood matches or exceeds that observed by
Gaia, though we have not accounted for observational
incompleteness or selection effects. However, these systema-
tics primarily affect Gaia’s ability to observe binaries with
separations <200 au. Thus, 3BBF may be an essential
formation channel for the widest field binaries.
Future investigations incorporating unequal-mass 3BBF,

binary stellar evolution, unequal-mass clusters, more advanced
cluster evolution, and improved Milky Way disk evolution
models will greatly enhance the accuracy and realism of our
framework, as will accounting for Gaia selection effects. If
originating heavily from 3BBF, Gaia’s wide binaries are
artifacts of the internal dynamics in our Galaxy’s dense stellar
environments—especially those that may have dissolved by the
present—and of the Galaxy’s evolutionary history. It immedi-
ately follows that Gaia wide binaries may be powerful probes of
dissolved star clusters and of Galactic archeology more broadly.
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Appendix A
Modeling Three-body Binary Formation in Star Clusters

A.1. The 3BBF Rate

From D. Atallah et al. (2024), the volumetric rate of
encounters between 3UBs for a field of equal masses, m, with a
Maxwellian velocity distribution is

ðA1Þ

where n is the local number density, denotes volume, σ is
the local velocity dispersion, and R1 is the radius of the largest
spherical volume (henceforth the “interaction volume”)
containing all three bodies during the encounter if those
bodies were to follow straight-line trajectories.
The 3BBF rate is simply the 3UB encounter rate multiplied

by the numerically determined probability of binary formation,
PF, in 3UB encounters with the given n, R1, and σ. D. Atallah
et al. (2024) calculated this semi-analytic 3BBF rate with initial
scattering conditions to similar to those in S. J. Aarseth &
D. C. Heggie (1976), setting R2 = 15R1. Here, R2 is the offset
distance between the slowest moving body and the interaction
volume. The other two bodies are initiated farther from R1, at
distances proportional to their randomly drawn initial velocity,
assuming a Maxwellian velocity distribution with dispersion σ.7
In a dense cluster environment, if R1 ∼ rsep, the average local
interparticle distance, then it does not make sense for bodies to
travel a distance R2 = 15R1. The individual bodies would
likely have a strong encounter en route to the 3UB interaction,
breaking the approximation of an isolated encounter. The
equal-mass 3BBF scattering probability of D. Atallah et al.
(2024) thus needs to be refined by reducing R2/R1 from 15 to
3. The resulting numerically determined 3BBF probability is
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where b90 = Gm/(3σ2) is the impact parameter in a
gravitational two-body encounter that deflects the bodies by
90� from their original trajectory. The same scattering and
fitting method from D. Atallah et al. (2024) is used, limiting
the domain to values of R1/(2b90) > 10 (see Section 3.1 and
Figure 4 in D. Atallah et al. (2024) for more information).
Using our equal-mass formation probability, the resulting

volumetric formation rate is

˜ ˜

( )

/ /

/ /

=

=

=

P

c
G m

n R

c
G m

n k

2

3
2

3
. A3

BF,0 F 3

0

9 2 3 2

3

2 2

3
3

1
3

0

5 2 3 2

2

2 2

3
2 3

For convenience, R1 is rewritten in terms of the average

interparticle separation, ( ) /
=r

nsep
3

4

1 3
, becoming R1 = k rsep.

The G2m2n2σ−3 scaling above is notably shallower than the
classic G5m5n3σ−9 scaling found in detailed balance calcula-
tions (D. C. Heggie 1975; J. Goodman & P. Hut 1993) and
recovered recently in our modern approaches (D. Atallah et al.

7 See D. Atallah et al. (2024) for a more thorough numerical exploration of
the simultaneous scattering of three unbound bodies (3UB).
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2024; Y. B. Ginat & H. B. Perets 2024), which applies to the
formation of hard binaries. Prior estimates have fixated on
hard 3BBF, whereas we enable both locally hard and soft
3BBF. By relaxing the limit on binding energy and instead
enforcing a geometric limit based on particle separations, we
recover a formation rate scaling far more enabling of 3BBF,
albeit with arbitrarily small binding energies. In the limit of
hard binary formation, the combination of Equations (A3) and
(A7) (see Appendix A.2) yields the classic scaling.
The validity of the above equations are contingent upon

. To generalize Equation (A3), and so allow the
consideration of encounters with , the expression

ðA4Þ

must be applied; Piso is the distribution of isolated encounters
(e.g., no other bodies present within R1) under the assumption that
the rate of encounters may be modeled as a Poisson process. Thus,

( )=P d k e dk3 , A5k
iso

2 3

where k is the radius of the interaction volume in units of rsep.
It is straightforward to integrate over all k, but realistically,

tidal forces from the cluster will tear apart an encounter before it
occurs, if k is large enough. To account for this, a transformation
can be applied to values of k appearing in Equation (A3),
limiting the maximum possible interaction volume self-
consistently. A convenient choice for the maximum value of k
is some fraction, ηH, of the Hill Radius, ( )/ /R r m M1 H cl

1 3

( )/ /R r m MH cl,enc
1 3; Mcl,enc is the total cluster mass

enclosed at the radial location of the encounter. In terms of
rsep, the fraction of local Hill radius in a Plummer cluster is

( ( ) )/ /= +k r b1H H
2 1 3, where ηH is arbitrarily selected to be

≪1; we explore the effects of conservatively limiting ηH in our
results (Section 3). The transformation applied is thus

( )=k k k kmin ,1 H . Specified to the case of encounters
within a single field, and including the Hill radius limit,
Equation (A3) becomes8

˜ ˜ ( )
/ /

= =P c
G m n

k k e
2

3
. A6k

F iso F,0 0

5 2 3 2 2 2 2

3 1
3 2 3

The above expression represents the net 3BBF rate across
all possible {a, ε}. In the next section, a 2D distribution
function is assembled, allowing the 3BBF rate to be modeled
as a function of {a, ε}.

A.2. The SMA/Eccentricity Distribution

Prior to D. Atallah et al. (2024) and Y. B. Ginat &
H. B. Perets (2024), the joint SMA (a) and eccentricity (ε)
distribution of binaries formed exclusively through 3BBF were
not known (S. J. Aarseth & D. C. Heggie 1976; J. Goodman &
P. Hut 1993; N. Ivanova et al. 2005). D. Atallah et al. (2024)
and Y. B. Ginat & H. B. Perets (2024) found that 3BBF
features a constant, thermal distribution ( fF(ε) = 2ε; see
J. H. Jeans 1919) for binaries with an SMA a < R1 and an
increasingly superthermal distribution for all SMA in the

regime a > R1. There is a slight subthermal region that peaks
between 10−0.75 and 1. This subthermal region plays an
outsized role in the eccentricity of tight binaries, because the
formation rate of binaries with a < R1 peaks when a ≈ R1.
Remarkably, the 2D (ε, a/R1) distribution exhibits (nearly)
scale-free behavior for regions of the parameter space
corresponding to χ1 = R1/(2b90) ≳ 10. Thus, independent of
the 3BBF probability, PF(χ1 > 10), the 2D probability density
function f (ε, a/R1) dε da/R1 may be semi-analytically
approximated with ease.
Employing the PYSR symbolic-regression tool (M. Cran-

mer 2023) and feeding it ∼109{ε, a/R1} samples from the new
set of 3UB scatterings with R2 = 3R1 (generated to calculate
Equation (A2)), the 2D PDF between a and ε in the equal-
mass, equal-velocity distribution limit may be approximated as

( )

( )
/ /

=
+ + +

= = =

f x d dx
d dx

x

x a R dx da R R k r

,
1.98965

, , ,

A7

x

x
x x

F 3 2 0.088857 1.25678

1 1 1 1 sep

2.5

where we have employed the Hill radius correction in k1
(Appendix A.1), and it is normalized over the domain
{ε ∈ [0, 1], x ∈ (0, ∞)}. The a and ε distributions from our
3UB simulation data and semi-analytic approximation are
displayed in Figure 7. Like J. Goodman & P. Hut (1993), we
find that the hardest/closest binaries (a ≪ R1) exhibit a 3BBF
SMA distribution ∝a5/2. This SMA scaling just so happens to
be identical to the observed close binaries in the Gaia binary
curve (Section 3.1). Updating the 3BBF formation rate by
incorporating a dependence on (ε, a) and k, it may be written

˜ ˜ ( ) ( )=
d

dk d dx
f x, . A8

3

F F

A.3. 3BBF in a Plummer Cluster

Our focus is to estimate the rate of 3BBF in stellar clusters.
As we introduce nine integration variables, the calculation will
quickly become intractable unless we employ a simple analytic
cluster model, such as a Plummer model, to estimate cluster
properties. For future reference, some useful Plummer
expressions include

( ( ) )

( ( ) )

( ) ( )

/

/

/

/

/ /

=
+

=
+

= =

=

M

b r b
GM

b r b

v

b r

3

4 1
,

1
,

6
, 12 ,

2 1 A9

cl
3 2 5 2

cl
2 1 2

2
esc

2 3 1 2
h

where ρ = 〈m〉n, n, Φ, σ, Mcl, 〈m〉, b, and r are the local mass
density, number density, potential energy, one-dimensional
velocity dispersion, total cluster mass, average mass, Plummer
scale length (or kernel), and radial distance from the center of
the Plummer cluster, respectively.
Equation (A8) may be written in terms of the Plummer

relations, becoming

8 Applying the k1 transformation is equivalent to evaluating the integral
˜ ( ) ( ) ˜ ( ) ( ) ˜ ( ) ( )= +k P k dk k P k dk k P k dk

k k

k

k

0 F,0 1 iso 0 F,0 iso F,0 H iso
H

H
. The

transformation should not be applied to Equation (A5), since it is only the
distribution of all possible isolated encounters and should integrate to 1 over
all k space, independent of the local physics in an environment. In the limit
that k 1H

3 , the integral reduces to ˜ ( ) ( ) ˜ ( )k P k dk k
k

0 F,0 1 iso F,0 H .
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We have written the 3BBF rate in terms of the radial
displacement in the Plummer cluster, r, and SMA, a, instead of

and x = a/R1, for integration convenience. In the final
portion of the calculation (Appendix D), the substitution

˜r r rt is applied to limit the integration boundary within the
tidal radius of the Plummer cluster; here, r̃ is the radial
displacement normalized by the tidal radius of the cluster.
Equation (A14) is the “local creation rate,” and we will not
consider any other means to form binaries. The “creation rate”
is now written

( ) ( )C
d

drdkd da
M b r k a, , , , , A11

4

cl

for æsthetic compactness. Subsequent sections will assemble
probability distributions describing the evolution of individual
clusters and the Milky Way or binary disruption in the cluster
or the field.

A.4. Cluster Evolution

Emphasizing practicality over absolute accuracy, we adopt
the M. Gieles et al. (2011, Appendix C) Unified Equations of
Evolution (UEE) cluster model for its simplicity and natural
compatibility with the entirety of the nine-dimensional
distribution function under assembly. While these models are
not intended to provide exact predictions, they are a
convenient approximation to apply across a wide range of
cluster masses, Mcl, and Galactocentric orbital radii, RG.
Comparing the analytic timescales of Appendix A, UEE in
Appendix C, and Table 2 (all found in M. Gieles et al. 2011),

the UEE become

( ˜ ) ( ˜ )
˜

( )

( ) ( )
[ ( )] ( ( ˜ ) )
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whereMcl0 is the initial cluster mass, 〈m〉 is the average cluster
mass, τ is the amount of time elapsed since the cluster expelled
most of its gas following the onset of star formation, τcl is the
predicted lifetime of a cluster, Mcl and Ncl are the cluster mass
and cluster particle number at time ˜ , RG and VG ≡ VG(RG) are
the Galactocentric radius and Milky Way circular velocity at
RG (see Appendix B.1), Λ(Ncl) is the argument of the Coulomb
logarithm, rt(Mcl, RG) is the tidal radius of the cluster, and
ζ = 0.15 is the cluster heating constant.9 Additionally, our
expression for rh is fixed to (˜ )=r 0.05h for all times
˜ < 0.05, due to the unrealistically high initial cluster densities
predicted by the UEE.
The argument of the Coulomb logarithm, Λ(N), is an object

of frequent debate, often approximated for small subsets of the
N-body parameter space. Traditionally, Λ is given the form

Figure 7. Eccentricity (ε) and semimajor axis (a) distributions for 3BBF from the scattering experiments described in Appendix A.1. Note that we normalize a by R1,
the radius of the interaction volume—the largest spherical volume containing all three bodies during the encounter, if those bodies were to follow straight-line
trajectories. The solid lines are the raw results of the scattering experiments, while the dashed lines show the distributions as approximated by Equation (A7). Top:
Eccentricity distribution for several x = a/R1 bins. As found by Y. B. Ginat & H. B. Perets (2024) and D. Atallah et al. (2024), binaries with a > R1 have ε
distributions that become increasingly superthermal with increasing a, but are thermal when a < R1. The ε distribution is actually subthermal for x ∈ [10−0.75, 100.0],
but this is not resolved above. Bottom: Normalized semimajor axis distribution. As predicted by D. C. Heggie (1975) and J. Goodman & P. Hut (1993), f (x) ∝ x5/2

when a ≪ R1, though the latter quoted the distribution cumulatively as C(x) ∝ x7/2.

(A10)

9 We set ζ = 0.15 instead of the prescribed ζ = 0.2 in M. Gieles et al. (2011),
to better match observations of local MW stellar clusters.
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= b

b
max

min
, where bmax and bmin are the maximum and minimum

impact parameters considered in scattering encounters between
individual bodies in an N-body system (J. Binney & S. Trem-
aine 2008). M. Giersz & D. C. Heggie (1996) prescribe a value
of Λ ≈ 0.02Ncl for Ncl ∼ 105, though they find that the
argument should be much larger for smaller values of N,
becoming Λ ≈ 0.1Ncl if Ncl ∼ 250. A convenient analytic
expression that qualitatively and quantitatively bridges the
extremes of the parameter space emerges from setting

( )=b r rhmax sep and ( )=b b rhmin 90 ; rsep(rh) is the average
interparticle distance and ( ) ( )=b rh

Gm

r90 3 h
2 is the 90° deflection

angle between equal masses located at the cluster half-mass
radius in a single-component Plummer model. The resulting
functional form is

( ) ( ) ( )
/

/ / /=N
N

N
2

1 2 0.7 , A13cl
cl
2 3

2 3 1 3
cl
2 3

which we have adopted across all cluster masses.
Figure 8 displays a host of cluster properties—born on

circular orbits at RG = 8 kpc—as they evolve through their
cluster lifetime, ˜ /= cl. The cluster is and fully dissolved
when ˜ = 1. For example, a cluster born with Mcl0 = 103.3M⊙
will have a half-mass radius of rh ≈ 1.5 pc after shedding half
its initial mass through relaxation and Galactic tides. All the
cluster properties are in qualitative agreement with the set of
cluster Mcl, rh observations compiled in M. R. Krumholz et al.
(2019).

A.5. Survival and Disruption in a Stellar Cluster

Two criteria are required for a 3BB to escape a cluster:
(i) the center-of-mass (CoM) velocity of the new binary must
exceed the local escape speed of the cluster and (ii) the binary
must not undergo any strong (ionizing) encounters en route out
of the cluster’s gravity well. Unfortunately, the fraction of
three-body encounters in which 3UB encounter each other
within a small volume, while simultaneously occupying the
“tail” of a cluster’s velocity distribution, is vanishingly small.

In fact, the outgoing binary CoM velocities from the 3UB
simulations generated in Appendix A.1 are approximately
described by a Maxwellian with a velocity dispersion ∼70%
(smaller) than the median of the initial velocity dispersion. It is
thus safe to assume that newly formed 3BBs do not
immediately escape upon assembly.
Instead of the “immediate escape” channel, we will consider

the fraction of 3BBs that form in a cluster and survive within it
until the time of the cluster’s absolute dissolution. Our
calculation employs the geometric cross section, Σ = πa2,
rather than the ionization cross section (P. Hut & J. N. Bahcall
1983; D. C. Heggie & P. Hut 1993), as we are only interested
in binaries that do not undergo a single encounter over the rest
of the cluster lifetime. We emphasize that this cross section is
strictly larger than the ionization cross section (see Equation
(5.12) in P. Hut & J. N. Bahcall 1983), and therefore it serves
as an upper bound.
The probability that a binary formed at time tform survives

un-ionized and without experiencing a single encounter until
the cluster evaporates at t = tevap is given by

( ) ( )= =P t dt n aexp , 4 , A14
t

t

no enc enc enc
2

form

evap

integrated along the binary’s orbit, where = n a4enc
2Γenc

is the local encounter rate. The rate depends on the radius of
the binary’s orbit in the cluster, r(t), which itself varies with
time due to the cluster’s evaporation. This process occurs on
much longer timescales than the orbit of a binary in a cluster
(M. Gieles et al. 2011), so the orbit’s actions are conserved.
One of these actions is the angular momentum of the orbit,
which, for a circular orbit, is given by ( ) ( )= <l m GM r r2 cl ;
thus, ( )= <l m GM r r2 cl . Thus, for such an orbit

( ) ( ( ) ) ( ) ( ( ) ) ( )< = <r t M r t t r t M r t t; ; , A15form cl form form cl

and the orbital radius expands to compensate for the lost mass
of the cluster. As the radial action (which measures the radial
fluctuations of the orbit; D. Lynden-Bell 1963; J. Binney &

Figure 8. Assumed semi-analytic relations between cluster properties—initial mass Mcl0, half-mass radius rh, and density ρh within the half-mass radius, and age ˜
normalized by cluster lifespan—according to our compilation of the UEE from M. Gieles et al. (2011); see Equations (A12). In the left column, the solid curves show
the rh–Mcl0 relation (top) and ρh–Mcl0 relation (bottom) at several cluster ages indicated by color. The time evolution of rh, ρh, and Mcl for several specific choices of
initial cluster massMcl0 are indicated by the dashed curves in both the left and right columns. The early truncation of the dashed yellow and light blue curves prior to
˜ = 1 (cluster dissolution) reflect our choice to halt cluster evolution once there are fewer than 10 bodies, below which these semi-analytic approximations break
down. All clusters shown are assumed to evolve on a circular orbit about the Milky Way center at an equivalent Galactocentric radius to the Sun (RG = 8 kpc).
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S. Tremaine 2008) is also conserved, the eccentricity of the
binary’s orbit about the cluster (defined as in D. Lynden-
Bell 1963) cannot change. Furthermore, for highly eccentric
orbits, as well as for nearly circular ones, the periapsis distance
rmin is proportional to the angular momentum. Therefore, we
may take Equation (A15) to imply that the pericenter of the
orbit grows with time, because the enclosed mass Mcl(<r)
decreases; a converse process also occurs in the adiabatic
contraction of halos (J. Barnes & S. D. M. White 1984;
R. Jesseit et al. 2002).
The encounter rate Γenc is proportional to the local number

density, n(r(t)), as well as the local velocity dispersion, σ(r(t)),
and thus depends on time via Equation (A15). The quantity nσ
is a decreasing function of r, so ( )renc min is the maximum
value of the encounter rate along an orbit. As the orbit
expands, therefore, this upper bound on Γenc decreases. There
are no explicit angle-action variables for a Plummer model,
prohibiting the construction of an analytic formula for the
time-dependent encounter rate Γenc(t). Instead, we seek a lower
bound on the survival probability, Pnoenc. Replacing Γenc(t) by
its maximum initial value, Γenc(tform), the survival probability
becomes

[ ( ) ( )]
[ ( )

( ) ( )] ( )

P t t
n r t

r t a t

enc exp
exp 4 ,

, . A16

no enc form cl form

form form

form form
2

cl form

In Figure 9, Pno enc versus distance from cluster center, r,
initial cluster masses ranging from 102 to 103.5M⊙, and several
key epochs in their evolution are displayed. For simplicity, we
set the cluster orbital radius about the MW to be RG = 8 kpc,
because most solar neighborhood 3BBs predicted by our
model were emitted by clusters within ±2 kpc of the Sun’s
orbital radius. As expected, larger SMA have a smaller chance
of surviving, while binaries assembled later in the clusters’
lives are less likely to be perturbed before dissolution.
Encounters between two wide binaries are deemed negli-

gible in our models because the binary–single encounter rate
for wide binaries is always much larger than the wide binary
formation rate. This may be explicitly illustrated by first
comparing the binary–binary and binary–single encounter
rates,

( )n

n
. A17bb

enc

bin bb

enc

The cross section for a strong binary–binary encounter is
approximately ( )+a abb 1 2

2 (J. M. Fregeau et al. 2004),
while the cross section for a strong binary–single encounter is

aenc 1
2. The steady-state number of wide binaries is

suppressed relative to the number of single stars by a factor of
the cluster size, i.e., nbin/n ∼ 1/N(tform), where N(tform) is the
number of bodies in the host cluster at binary formation (see
J. Binney & S. Tremaine 2008, Appendix M; M. Rozner &
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Figure 9. The probability a binary will experience no strong encounter for the rest of a cluster’s life (Equation (A16)) vs. the radial location in the cluster at the time
the binary was born. The probability curves are organized such that columns correspond to initial cluster mass,Mcl0, and rows correspond to the time since the cluster
was born, ˜ , in units of the total cluster lifetime. Binaries assembled with smaller SMA, later in a cluster’s life, or in lower-mass clusters all have an elevated survival
probability.
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H. B. Perets 2023). Taking the SMA to be similar, we find

( )
( )

N t

4
1. A18bb

enc form

This relation approaches unity as the number of bodies in the
cluster approaches four, at which point it is difficult to justify
evolving the remaining system as a cluster or self-consistently
calculating encounter rates.
Encounters between wide and hard binaries, of which there

can be many, may be treated identically to that with a single
star, because a wide binary’s center of mass cannot
significantly perturb a hard binary. Thus, we consider
encounters between wide and hard binaries to be degenerate
with binary–single encounters and included self-consistently
within a Plummer cluster’s density profile.

Appendix B
Star Formation History and Radial Diffusion in the Milky

Way’s Disks

Up until Appendix A.5, we only considered dynamics
internal to toy Milky Way stellar clusters. To estimate the
number and orbital element distributions of 3BBs in the solar
neighborhood, it is critical to model the relationship between
the clusters hosting 3BBF, the MW disk, the cluster birth time,
t, and Galactocentric radius, RG, in the Milky Way thin and
thick disks, and the journey (i.e., angular momentum diffusion)
the few 3BBs managing to escape their home clusters must
take to reach a comparatively small spatial region within
∼100 pc of the Sun.
We may accomplish this by combining the thick disk model

from T. Wagg et al. (2022) with the updated thin disk model of
N. Frankel et al. (2020); T. Wagg et al. (2022) employed an
older thin disk model. These models are a set of smooth semi-
analytic distribution functions, tuned to reproduce the present-
day characteristics observed in the Milky Way. We highly
recommend the reader carefully review their works for detailed
information—only the set of distributions as implemented for
our purposes are highlighted here.
The MW circular velocity curve is assumed to be constant

across its total lifetime, τMW = 12 Gyr, and is taken exactly
from the modeling scripts provided by A.-C. Eilers et al.
(2019). All references to the circular velocity as a function of
the Galactocentric radius, RG, should be interpreted as their
full functional form, vc(RG) (all stellar components + halo), as
displayed in Figure 1 of A.-C. Eilers et al. (2019). All orbiting
bodies, whether stars or stellar clusters, are assumed to be on
circular orbits. Escaping binary stars are the only objects we
consider to be undergoing diffusion throughout the disk, while
clusters are evolved assuming fixed RG. Finally, our toy galaxy
is entirely composed of equal-mass, 0.5M⊙ stars, as we are
only interested in evaluating the feasibility of forming local
field 3BBs, not an attempted reproduction of the exact stellar
and compact-object subpopulations observed in Gaia.

B.1. Milky Way Disk Evolution

Restating our assumption that all stars are born in clusters, a
star formation history model is, implicitly, a cluster formation
history. The normalized set of equations describing the
formation and dynamical evolution of bodies in the thick disk

may be written
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where Rd0 = 2.3 kpc is the disk scale length, RG is the
Galactocentric distance of the cluster’s orbit and the starting
point from which escaping 3BBs begin their disk migration, t
is the time separation between the MW’s birth (assumed to
occur τMW = 12 Gyr ago) and the cluster’s birth, τ is the time
between cluster birth and formation of the binary,

=t tclMW is the look-back time since the host cluster
of a 3BB cluster dissolves, and RG is the location of the binary
at t . Additionally, τSFR = 6.8 Gyr is the star formation
timescale of the thick disk, τha = 6 Gyr is the time when new
cluster formation is “turned off” in the thick disk, τm = 6 Gyr
is a timescale controlling the diffusion strength in the disk, and
c1 = 2.48 kpc is the diffusion scale length. For simplicity, the
latter two quantities and the form of the diffusion distribution,
Dha, are assumed to be identical to that of the thin disk models
given by N. Frankel et al. (2020).
The equations describing the thin disk’s evolution are

mostly identical to the above equations—namely fla and
Dla—with the caveat that Rd0 → 2.8 kpc and that SFHla(t)
features “inside-out growth.” In other words, the star formation
rate is higher at earlier times closer to the MW center, while
“turning on” at later times and farther out from the Galactic
center. Ported from N. Frankel et al. (2020) and normalized to
a birth look-back time of τla = 6 Gyr, the star formation
history of the thin disk is

( ) ( )
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/=
< <

=

t R
y e

e
t

y
R

SFH , 1
,

0, otherwise

1
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y ha

G

la SFR
MW
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MW SFR

SFR

where τla = 6 Gyr and τSFR = 1 Gyr. T. Wagg et al. (2022)
constructed their Milky Way model assuming a total stellar
mass Md = 2.6 × 1010M⊙ in each of the thick and thin disks.
The number of stars in each present-day disk are

= = ×N 7 10M

mha
10d and = = ×N 5.2 10M

mla
10d , respec-

tively. By combining the two disk distributions, our evolving
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MW disk model is
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B.2. The Cluster Initial Mass Function

A cluster mass function (CMF) of the form
( ) /f M M e M M

cl0 cl0
2 ccl0 is well-established observationally.

The exponential (or Schechter) cutoff applies a smooth means
to regulate the maximum allowable cluster mass in a galaxy
(P. Schechter 1976; B. G. Elmegreen 2006; M. Gieles et al.
2006; S. F. Portegies Zwart et al. 2010; A. Just et al. 2023).
When in a galaxy’s history and where in a galactic
environment a CMF is established remains a field of active
inquiry, but progress has been made in connecting observed
star formation rates to the cluster masses that preceded star
formation epochs (M. Gieles 2009; L. C. Johnson et al. 2017;
N. Choksi & J. M. D. Kruijssen 2021). Based on the preceding
literature, we can construct a cluster initial mass function
(CIMF) compatible with our MW evolution model
(Appendix B.1).
First, let us assert the form of the CIMF distribution as

found by A. Just et al. (2023):

( ) ( ) ( )( )/ /+f M t R M M e, , 1 , B4G
M M t R

CIMF cl0 cl0
1

cl0
2.4 1 2 ,c Gcl0

where Mc(t, RG) is the time- and Galactocentric-radius-
dependent cutoff of the Schechter function. L. C. Johnson
et al. (2017) empirically found that Mc may be related to the
star formation rate surface density, ΣSFR, with the expression

( )=
M

M M
log 1.07 log

yr kpc
. B5c

10 10
SFR

1 2

We choose to extend the dimensionality of the equation by
additionally asserting that ΣSFR ≡ ΣSFR(t, RG). In our
combined N. Frankel et al. (2020) and T. Wagg et al. (2022)
prescription, the Milky Way’s ΣSFR is implicitly

( ) ( ( ) ( )

( ) ( )) ( )

=

+

t R
M

R
f R t

f R t R

,
2

SFH

SFH , , B6

G
d

G
G

G G

SFR ha ha

la la

which is related to Mc(t, RG) using Equation (B5). The
resulting normalization for Equation (B4) is numerically
evaluated between 2M⊙ (A. Just et al. 2023) and Mc(t, RG),
since we consider Mc to be the largest possible cluster mass in
a star-forming region (see also N. Choksi &
J. M. D. Kruijssen 2021).

Appendix C
Field Evolution of Ejected Three-body Binaries

Binary evolution in the field is dependent on the internal
stellar dynamics (e.g., tidal torquing and binary stellar
evolution) and the extrinsic MW secular dynamics and
nonsecular stellar encounters (e.g., orbital perturbations and

disruptions). Our scope is limited to the case of typical (low-
mass) stellar binaries, with separations large enough that the
internal stellar dynamics are negligible on long timescales, and
we only broadly care about the orbital properties of field 3BBs.
Thus, our modeling of binary field evolution is solely
dedicated to the extrinsic dynamical effects in the MW disk
en route to the solar neighborhood.
Two works form the foundation of our field evolution

prescriptions: C. Hamilton (2022) and C. Hamilton &
S. Modak (2024). C. Hamilton (2022) explored the MW
secular dynamics and evolution of field binaries, a process
named “phase mixing,” while C. Hamilton & S. Modak (2024)
modeled the cumulative effect of many weak scattering
encounters imparted to field binaries—“cumulative scatter”
for short. It is not straightforward to consider both of these
field evolution prescriptions simultaneously, so we treat these
works as bifurcating paths, both of which we explore.
Application of phase mixing is discussed in Appendix C.1.2
and cumulative scatter in Appendix C.2.

C.1. Binary Disruption and Phase Mixing

C.1.1. Wide Binary Disruption in the Disk

Binary disruption in the disk due to stellar encounters is not
included a priori through phase mixing. Appending a
disruption survival probability, Pd,MW (Equation (C2)), to
our final equation (Equation (D1)) is an easy fix. The final
equation, Equation (D1), returns the total number of binaries
when integrated, but with initially unevolved binary samples.
Their orbital elements remain identical to what was assigned at
formation in the cluster; it is to this final distribution of
surviving binaries we apply phase mixing, as described in
Appendix C.1.2.10

The fraction of binaries that “diffuse” to a present-day
Galactocentric orbit, RG, will naturally be curtailed by strong
scattering encounters in the disk. It is naturally preferable to
consider an evolving disk model, accounting for the changing
number and density of bodies in the disk with look-back time,
t (i.e., the time the binary leaves its dissolving natal cluster).
To avoid numerous intractable difficulties in the calculation,
we instead adopt the conservative simplifying assumption of a
constant disk density equal to the present-day density
distribution.
A disk-survival model may be constructed by first writing

the classic disruption rate (J. Binney & S. Tremaine 2008)

( ) ( ) ( ) ( )= =R
G a

R
a

Gm

22.7 ln
,

3
, C1d G

d
G d

MW
MW

MW

where ρMW(RG) is the mass density of stars at RG, a is the
SMA of the binary, σMW is the relative velocity dispersion
between bodies in the disk, and ( )ln d is the Coulomb
logarithm within the disk with m = 0.5M⊙. For simplicity, we
assume a constant σMW = 41 km s−1 throughout the disk. The

10 Note that phase mixing only modifies the eccentricity distribution of a
binary population, leaving the SMA distribution unmodified.
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probability of a binary not being disrupted in the disk is then

( )

( )

( )

( )
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=

=

=

= =
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where vd is the average “diffusion velocity” and τcl is the total
lifetime of the cluster.
Following A.-C. Eilers et al. (2019), we model the present-

day thick and thin disk mass densities with the M. Miyamoto
& R. Nagai (1975) profile and the bulge with a simple
Plummer density profile. Since vertical travel in the disk is not
considered, only in-plane motion, we treat the binary as if it
only travels within the central (and densest) portions of Milky
Way. With these simplifications, the integral of Equation (C2)
becomes
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disk 3

2

2 3 2

buldge 3

2

3
2

2 3 2

G

G

with the disk mass Md = 2.6 × 1010M⊙ for both disks, thin
disk distance scales (cla, bla) = (5.55 kpc, 0.25 kpc), thick disk
distance scales (cha, bha) = (3.4 kpc, 0.8 kpc), bulge mass
Mb = 0.9 × 1010M⊙, and bulge Plummer scale bb = 0.3 kpc.

C.1.2. Phase Mixing

After a binary escapes a cluster, if the binary is sufficiently
small not to be destroyed by Galactic tides (i.e., if a ≲ 2 × 105

au), the binary evolves secularly under their influence (J. Heisler
& S. Tremaine 1986; C. Hamilton & R. R. Rafikov 2019a, 2019b;
E. Grishin & H. B. Perets 2022; C. Hamilton 2022). C. Hamilton
(2022) showed that the consequence of such evolution is a “phase
mixing” (PM) in the appropriate phase-space region. This secular
evolution is described by the Galactic-tide HamiltonianH, given
by (C. Hamilton & R. R. Rafikov 2019a, 2019b)

H

[( )( ) ]
( )

µ
=

× +

a

i i
8

2 3 1 3 cos 15 sin cos 2
C4

2 2

2 2 2 2

in the test-particle, quadrupole approximation, where κ is a
combination of the epicycle frequencies of the orbit of the
binary in the Galaxy, and Γ is a ratio encoding the tidal
perturbations from an axisymmetric tidal tensor. We use
Γ = 1/3 for concreteness, but our results are insensitive to the
precise value. Observe thatH is orbit-averaged, and conserves
the (normalized) ẑ component of the angular momentum
j icos 1z

2 , for the argument of the ascending node is
a cyclic coordinate. Thus, H describes a two-dimensional
phase space, parameterized by the eccentricity ε and the
argument of pericenter ω, and admits two constants of motion:
H itself, and jz.
If the initial distribution is f (a, ε), then PM implies that f is

“smeared out” along the contours of constant H( )j, z . So, in
the long-time limit, the final distribution is just f, averaged
appropriately over these contours, as shown by C. Hamilton
(2022) and S. Modak & C. Hamilton (2023); we sketch the
procedure here for completeness. Assuming that the initial
distribution f is independent of i, ω, and Ω—because triple
encounters are isotropic—we express f in terms of the
appropriate action variables, j 1 2 and jz, viz.

( ) ( ) ( )f j j
j

j
f a j,

1
, 1 , C5zA 2

2

(where we have suppressed the a dependence on the left) and
then calculate the resultant “energy” distribution, H( )f j,E z , as
explained in Equation (A1) of C. Hamilton (2022) (although it
is denoted f∞(w) there). The final distribution is then

H( ) ( ( ) ) ( )f j d dj f j j j, , , , C6
j

j

z E z z
0

2

where the proportionality coefficient is fixed by normalizing

( ) =f j dj 1
0

1
. Converting back to eccentricity yields that

the phase-mixed distribution of binaries is ( ) =f a,

( )/f 1 12 2 .

C.2. Cumulative Scatter

C. Hamilton & S. Modak (2024) present a powerful
framework that simultaneously evolves the SMA and eccen-
tricity of field binaries through the cumulative effect of many
scattering encounters—here shortened to “CS”—while tracking
their eventual disruption, should one occur. Unlike with the PM
mode of field evolution (Appendix C.1), we do not need to
include the probability of binary disruption en route from the
natal cluster (Appendix A.5) to the solar neighborhood as it
diffuses through the disk (Appendix B.1). Instead, samples
drawn by EMCEE are evolved in post-processing, removing
samples ending in disruption through CS.
Post-escape field evolution is governed by the Fokker–

Planck equation, with the binary samples evolved using the
same Monte Carlo method described in Section 3.4 of
C. Hamilton & S. Modak (2024). For the reader’s
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convenience, we rewrite their Euler–Maruyama update rules
here:

( )

( )
( ) ( )
( )

( )

( ) ( )

( ) ( )

/

/

= + = + = + = +
= +

= +

= =

= =

=

C7

a a a t t t R R v t

a A t D t

A t D t

A
v

Gm
a D

a
A A

A D A

v
G m

R
a

Gm

, , ,

,

,

7

3
,

4
7

,

5

7
1 2 ,

10

7
1 ,

16 2
ln

3
,

G G d

a a a

a
b

a a e

a a

p

MW
MW G

p

2 2 2

1 2 2

1 2
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2

where ( )a , 2 are the updated binary properties during time
step δt, mb = 1M⊙ is the total mass of the binary, mp = 0.5M⊙
is the average stellar mass, vd is the average radial diffusion
velocity of the binary—see also Equation (C2)—and (ξa, ξε)

are independent Gaussian random numbers with mean 0 and
variance 1.11

The term ρMW(RG) is the present-day stellar density of the
MW at Galactocentric radius, RG; the functional definition
may be found by taking the first derivative in R of
Equation (C3). Just as in Appendix C.1.1, we hold the disk
stellar density profile constant to simplify the calculation of
disk disruption and only evolve the binary assuming a circular
orbit in a smooth and continuous radial diffusion through the
disk to the solar neighborhood.
Numerical accuracy and efficiency is optimized by employ-

ing time regularization, calculating each time step to be 1% the
minimum of the “naive timescales” described in C. Hamilton
& S. Modak (2024). Expressed mathematically,

( )= ×t
a

A A
0.01 min , . C8

a

2

Finally, we include a fixed probability of binary disruption
due to diffusive interactions with giant molecular clouds
(GMC) in every time step. A simple approximation for the
GMC disruption rate may be found in J. Binney & S. Tremaine
(2008):

( ) ( )/
=

a 10 au

190Gyr
, C9GMC

4 3

where the expression has been simplified to the case of 1M⊙
binaries with a relative velocity dispersion between GMCs and

disk stars of ∼30 km s−1. The probability that a binary
evolving under CS survives being destroyed due to interactions
with GMCs in each time step is

( )=P e, GMC , C10d
tGMC

where δt is the regularized time step determined in
Equation (C8). Should a binary’s SMA increase beyond 1
pc, or a random, uniformly drawn number between 0 and 1 is
greater than Equation (C10), the binary is considered
destroyed and removed from the EMCEE samples.

Appendix D
The Galactic 3BBF Rate

Having assembled the creation, diffusion, and destruction
portions of the final distribution, we are finally in a position to
discuss subtleties of the total integration. The final equation,
our “Galactic 3BBF Rate,” (G3R) is the product of
Equations (A14), (A12), (A16), (B3), (B4), and (C2), built
with the numerous intermittent expressions. Written in
functional form, the G3R is

where = δl2/(3RG,sh) = 4.2 ×
10−4 is the fraction of a 1kpc thick disk annulus at RG,s =
8 kpc within a ±100 pc radius of the Sun, and the substitutions

˜=r r rt , ˜=dr r drt , ˜= cl , and ˜=d dcl are made for a
more convenient integration experience.
The above expression includes Pd,MW, but is only applicable

when evaluating the G3R with PM (Appendix C.1); when
using the CS prescription (Appendix C.2), it is removed.
Instead, the fraction of EMCEE samples eliminated in CS post-
processing serves as a reduction factor applied to the G3R.
The integration bounds are detailed in Table 3.

A number of additional constraints are applied to
Equation (D1),
setting it to 0 when triggered. These constraints include:

1. (˜ )N 20cl ; the validity of a Plummer model is
contingent to many bodies being present. We arbitrarily
select N = 20 as a break point for integration.

2. ( ) <a 1 0.1au; physical collisions and strong decay
by tidal forces before and after 3BBF would prevent tight
passages.

3. τMW − τcl − t < 0; this only occurs if the migration
timescale is larger than the time a binary has to migrate
to RG from RG by the present day.

Incorporating all stated prior conditions with Equation (D1),
the G3R is integrated over the entire parameter space using a
custom-written Monte Carlo integration scheme that divides
the parameter space into ∼100 subvolumes and draws a total
of 109 samples, resolving the integral to high precision. We
additionally employ EMCEE (D. Foreman-Mackey et al. 2013)
to uncover the underlying nine-dimensional distribution
function accompanied by the same restrictions quoted
above.

(D1)

11 Note that in C. Hamilton & S. Modak (2024), ε is the square of the binary
eccentricity, while this work employs ε as the eccentricity due to the symbolic
degeneracy with the Euler’s number.
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G3R Integration Bounds
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r̃ 0 1 the center of a cluster to its tidal boundary
˜ 0 1 the beginning of cluster evolution to dissolution
Mcl0 50M⊙ 106M⊙ an initial mass containing 100 bodies to a mass encompassing ≫99% of the parameter space
RG 0.5 kpc 20 kpc a region near the center of the MW to an arbitrarily large radius
RG 7.9 kpc 8.1 kpc the subset of final orbital radii within 100 pc of the Sun
t 0 Gyr 12 Gyr the entire lifetime of the MW
ε 0 1 all possible eccentricities
a 1 au 1 pc tight 1 au binaries to binaries as wide as the largest detected in Gaia (∼1 pc)
k 0 3 up to a final value of k arbitrarily large enough to encompass ≫99% of the parameter space
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