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Abstract

In this thesis we discuss the multi-matrix integral formulation of spin systems on
random planar graphs, as a discretised model of 2D Euclidean quantum gravity
coupled to matter.

We begin by extending a recent analysis of the g-states Potts model with p < ¢
allowed, equally weighted spins on a random lattice with a connected boundary. We
explore the (¢ < 4,p < ¢q) parameter space of the model, classify solutions in (g, p)
that yield finite-sheeted resolvents, and derive the associated critical exponents.
For the particular case of ¢ = 3 we find a new solution with p = 3/2, which we
conjecture to be the random lattice analogue of the New boundary condition.

Following this we study the Kramers-Wannier dual of the 3-state Potts model
on the random lattice. We explicitly construct the known boundary conditions and
show that the mixed boundary condition is dual to the New boundary condition,
in accordance with the fixed lattice identification. However, we find that the
mixed boundary condition of the dual theory, and the corresponding New boundary
condition are not described by conventional resolvents.

Finally, we formalise a combinatorial method for calculating the partition
function of the 3-states Potts model on a random planar lattice with various
boundary conditions imposed. We determine the p = 1,2 and 3 boundary conditions
via this technique, and discuss other types of boundary condition that may be
calculated, before turning our attention to the dilute Ising and dilute Potts models,

where we compute the p = 1 boundary condition.
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Chapter 1

Introduction

The field that this thesis falls into is quantum gravity, the study of potential
quantum descriptions of the gravitational field that would apply at high energies,
where such quantum effects cannot be ignored. Such a theory would be unnecessary
to describe most terrestrial phenomena, so why concern ourselves with it?

The twentieth century saw the advent of two revolutionary theories, quantum
mechanics and general relativity. Relativity transformed our understanding of space
and time, unifying them in the single concept of spacetime. In this framework,
spacetime can curve, and the effect of this curvature on particles is to be interpreted
as the force of gravity. Moreover, spacetime geometry is dynamic, being sourced by,
and responding to, matter via the Einstein field equations. All things considered,
general relativity is a classical theory that describes gravitational phenomena at large
scales, and has been vindicated many times over through successful experimental
and observational predictions.

Quantum mechanics, however, presides over the behaviour of microscopic
particles, and is a fundamentally probabilistic theory, contrary to the deterministic
laws of classical physics. Even though one may know the initial state of a system,
one can only compute the probability that the system ends up in a given final
state. Nevertheless, the framework has been remarkably successful at giving us a
firm and reliable understanding of atomic processes. By applying the principles
of quantum mechanics to fields, it was found that one could construct theories

compatible with Einstein’s special theory of relativity, a subset of general relativity
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in which the laws of physics are invariant under Lorentz transformations, as long
as gravitational interactions can be ignored. Within the framework of quantum
field theory the Standard Model of particle physics was constructed, which itself
has withstood decades of experimental scrutiny.

Each of these theories has its own domain of validity, where we believe them to
be fundamentally correct, but they seem to be incompatible. In general relativity,
matter is treated classically and the rules are deterministic, whereas in quantum
field theory particles obey probabilistic laws whilst the spacetime background is
fixed. However, we know that each of these frameworks are flawed. Under general
initial conditions, general relativity appears to break down, with singularities
inevitably forming in the form of black holes or the initial big bang singularity.
At such instances, one expects quantum mechanics to have an important effect.
Furthermore, the electromagnetic, weak and strong interactions have received a
unified description in the Standard Model, yet does not include gravity.

An early attempt at combining these two frameworks, called quantum field
theory in curved spacetime, tried to describe gravitational effects on matter by
treating matter quantum mechanically whilst keeping the background geometry
classical. The hope was that it might form an appropriate semi-classical regime for
the full theory, much like how, in the early days of quantum theory, calculations
were performed coupling matter to a classical electromagnetic field, and yielded
results in accordance with the full theory of quantum electrodynamics. However,
the discovery of Hawking radiation from black holes, perhaps the fundamental
achievement of the field, highlights the inconsistency between general relativity and
quantum mechanics by challenging the postulate of unitarity in quantum mechanics.

Unifying quantum mechanics and general relativity is a major challenge, but
since all particles interact gravitationally and obey the laws of quantum mechanics,
one expects a coherent framework which encompasses these. The search for this
framework is the main goal of quantum gravity research.

Quantum mechanics offers a procedure for constructing a quantum field theory

given a classical field theory, and so a natural first guess at constructing a quantum
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theory of gravity is to quantise general relativity. However, to do so, one must first
determine which underlying degrees of freedom are to be quantised. At this stage,
one can adopt several attitudes, leading to the many different areas of ongoing
research. It could be the case that the degrees of freedom observed in general
relativity are merely an effective description of a more fundamental set that can
be resolved at the microscopic scale. This is the position adopted by string theory,
where the fundamental degrees of freedom are extended objects, as opposed to
point-like particles. Another point of view is to adhere to the spacetime geometric
picture and try to quantise metric fluctuations. It has long been known that
quantum gravity in four dimensions is perturbatively non-renormalisable [1], and
one needs an infinite number of counterterms to remove divergences. This does not
preclude the asymptotic safety scenario, in which there exists an ultra-violet (UV)
fixed point, such that the theory is non-perturbatively renormalisable.

In this thesis, we will adopt an approach which sits somewhere in the middle
of these perspectives, and study the dynamical triangulation approach to two-
dimensional Euclidean quantum gravity coupled to matter systems. Dynamical
triangulations have the interpretation of a lattice regularisation of the gravitational
path integral, are inherently non-perturbative in nature, and admit powerful
computational tools in two-dimensions [2]. The hope is that, whilst the full four-
dimensional theory is still out of reach, one may be able to observe phenomena in
lower dimensions that could offer some insight into how the higher-dimensional theory
would operate. One could also consider dynamical triangulations as a regularisation
of the bosonic string embedded in a (potentially complicated) target space defined
by the matter model endowed upon it, which we now call minimal string theory. We
will be particularly interested in the study of boundary conditions of matter systems
when coupled to quantum gravity on surfaces with the topology of a disc, since
these, from a mathematical point of view, are the simplest geometries which support
such analysis. Another way of phrasing this would be that we will be interested in

studying disc amplitudes with a diverse array of implementable boundary conditions.
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This thesis will be organised as follows. In Chapter 2 we will review the dynamical
triangulation approach, introduce the machinery of random matrix models, and
the connection to the continuum physics of conformal field theory. In Chapter
3 we will introduce the g-states Potts model on random planar geometries. We
will construct the general solution for boundary conditions that can be employed
in the random matrix model using the saddle-point approximation, and explore
the scaling behaviour of the theory. Following this, in Chapter 4 we will turn
our attention to Kramers-Wannier duality. We will formulate the observables that
describe geometries with prescribed boundary conditions in both the dual and
original theory, and establish that they are in accordance with expected behaviour.
Finally, in Chapter 5 we will develop and employ the combinatorial method of
loop equations to compute the loop functions representing boundary conditions
in both the 3-states Potts model, and the dilute Potts model, before summarising

the key results of our investigation in Chapter 6.



Chapter 2

Review

2.1 2D Quantum Gravity

We begin by introducing the quantum gravity path integral. Let M be a two-
dimensional, closed, compact and connected orientable manifold of genus h. Then
we formally write the partition function of two-dimensional Euclidean quantum
gravity as the following functional integral,

Dg,, DX . .
z_ / L llA —SEH[g,G, Al-Snlg; X]_ 2.1
Z Vol(Diffy,) 2

The Einstein-Hilbert action is given by

Son = A [ 65 - 4736, [ #evar (2.2)

where A is the cosmological constant, G the gravitational (Newton) constant, g,
the metric and g its associated determinant, R is the Ricci scalar, and we integrate
over the manifold M. The matter sector, which we do not specify at this moment,
is represented by a set of fields X, and governed by the action Sy[g; X]. The
measure denotes integration over all geometries by integrating over all equivalence
classes of metrics under diffeomorphisms. This is formally indicated through the
quotient by the volume of the group of diffeomorphisms of M to counter the
overcounting of diffeomorphic geometries.

We note that from the outset we have chosen to work with a Euclidean partition
function, as opposed to a more phenomenologically relevant Lorentzian model.

The origin of this is the scenario where one tries to remedy the rapidly oscillating
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exponential phase of the Lorentzian Einstein-Hilbert action through a rotation to
Euclidean geometries where one can compute observables, in a similar manner to
the Wick rotation of quantum field theory. Whether, and how, one can perform
the analogous inverse Wick rotation is a non-trivial question which we will not
touch upon in this thesis. Instead, we regard the Euclidean path integral as a
statistical theory of geometries from the outset.

According to the Gauss-Bonnet theorem, we can express the last term in ([2.2))

in terms of a topological invariant, the Euler characteristic of M,

x(h) = 417T /M %€\ /gR = 2 — 2h. (2.3)

We may also identify the first term in (2.2)) as the area of M,

A= /M &2€.\/3. (2.4)

Hence the partition function for fixed topology is governed by the matter
action and the area of manifolds that are integrated over. To make sense of this
integral in the continuum perspective, one must properly define the measure and
gauge fix the functional integral, which we will postpone until the end of the chapter.

For geometries with b boundaries we supplement the Einstein-Hilbert action

with the following boundary action,

’ 1
Sv= 3N [ di = 5 [ d/ b (25)

where \; denotes the boundary cosmological constant, h; the determinant of the
induced metric, and k; the geodesic curvature associated with the i** boundary
component which we integrate over. The former terms can be identified with
the length of the i*" boundary component, while the latter can be interpreted as
Gibbons-Hawking-York boundary terms. Together with the last term in these
terms may be expressed, using the Gauss-Bonnet theorem, in terms of the Euler

characteristic for genus h manifolds with b boundaries

X(h,b) =2 —2h —b. (2.6)
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There are a number of observables that have been studied in the literature, such
as correlation functions of local operators and the dimension of spacetime [2]. In
this thesis, we will focus on the Hartle-Hawking wave functionals, dictated by the

modified Einstein-Hilbert action given by the sum of (2:2) and (2.5)[]

b

i=1
which describes two-dimensional universes with b boundaries, where L; denotes
the length of the i*" boundary component. In the simplest case with b = 1, this
essentially represents the sum over geometries with disc topology, and so at various
times we will call this observable the disc-function or the loop function. In the
rest of this chapter we will outline a means of computing these observables using
the technique of dynamical triangulations. We first review the triangulation of
manifolds using Regge calculus, followed by the combinatorial solution to the one-
loop function. We will then introduce random matrix models, as a convenient means
of capturing the combinatorics of summing over triangulations, and we discuss two
methods of solution, the saddle-point method and the loop equation method, in the
context of the one- and two-matrix models. We describe how one can endow discrete
geometries with spin systems using multi-matrix models, and how to describe the
various boundary conditions that one can employ. We then review 2D conformal
field theory, with emphasis on the boundary physics of systems that describe the
continuum physics of these discretised models, and we outline how they emerge

from gauge fixing the quantum gravity path integral.
2.2 Dynamical Triangulations

2.2.1 Discretisation

To regularise (2.1]) we must first construct a discrete lattice picture of the geometries
and express the action in a suitable form. This is captured by Regge calculus, which

provides a prescription for defining curvature on manifolds that discretises the

Tt is possible to consider higher derivative terms in the action. This is not necessary in
two-dimensions as the Einstein-Hilbert action yields a finite and renormalisable theory.
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Figure 2.1: Curvature generated by a number of triangles meeting at a vertex.

notion of parallel transport in a natural way [3]. The proposal originally envisioned
by Regge involved attempting to approximate and study specific manifolds via
discretisation, whereas we will be attempting a summation over all geometries.
We define a two-dimensional piecewise linear manifold as a simplicial complex
constructed from points, links, and triangles (equivalently 0-, 1- and 2-simplices)
such that the neighbourhood of each point is homeomorphic to a disc. Intuitively,
each simplicial complex is constructed by gluing together a collection of triangles
along their edges, and we can represent a given geometry by a suitable triangulation.
Such piecewise linear manifolds will serve as a discretisation of continuous manifolds.
Defining v, [, n as the number of vertices, links and triangles respectively, we can

express the Euler characteristic associated to each triangulation, T', as
x(h)=n—1+w, (2.8)

where h is the genus of the triangulation.

We can endow piecewise linear manifolds with a metric structure by assigning
lengths to the links, regarding triangles as flat in their interior. Therefore geodesics
between points are shortest distance paths along the edges in units of the assigned
link length. This metric is Euclidean within each triangle, and must be continuous
as one traverses the edge to an adjoining triangle. Since curvature is an intrinsic
quantity of the manifold, bending around an edge should not generate curvature.

Therefore curvature must reside at the vertices of the manifold. Referring to Fig[2.1]
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one can construct a discretised curvature invariant by understanding the notion
of deficit angles in the piecewise structure,

0; = 2w — Z ay, (2.9)

teT;

where ¢ denotes a vertex in the triangulation, T; denotes the collection of triangles
meeting at i, and a; are the corresponding angles at i. In triangulations of a
Euclidean space, the sum of angles meeting at a given vertex is 27, so the deficit
angle measures deviations from the flat geometry. The corresponding quantity
for continuous manifolds can be constructed by considering the parallel transport
of a vector about a point in the manifold. In this case the vector will undergo

a rotation through an angle given by,

0= 1 dA R, (2.10)
2 J

where 7" denotes a geodesic triangle on the two-dimensional surface. This motivates
the following discretised definition of the Ricci scalar

0;

Ri = 2571427

(2.11)

with the area of each triangle distributed equally among its three vertices, such
that each vertex is assigned an area
1
0A; = > A (2.12)
3 teT;
Hence, one can make the following identification between the continuous and

discretised descriptions
[aa—3>64,  [dAR > Y Roa; (2.13)
i=1 i=1

We now fix the triangle edge lengths to be given by a, which serves as the cutoff

for the theory, such that we are now dealing with triangulations by equilateral

triangles. The formulae (2.11)), (2.12) become

2
0A; = \1/2§a2nia Ri0A; = %(6 - ni)v (2‘14)
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where n; is the order of the vertex i. By rescaling a we have
> 6Ai=n, > SAR; =4dmy. (2.15)
= i=1

Therefore, we can write down a discretisation for the action (2.2)),

where p is an appropriately scaled bare cosmological constant.

Now that we have constructed a discretisation of the action, we must consider
the measure. The measure must describe summation over different equivalence
classes of metric structure. These equivalence classes are realised in the discrete
picture as triangulations that are non-isomorphic. For example, given two triangu-
lations that cannot be mapped onto each other by a relabelling of its constituent
vertices, one observes different local curvature assignments, and thus different
metric structures. Given a fixed topology and cutoff scale, the combinatorially
non-isomorphic triangulations are expected to form a grid of points in the space
of equivalence classes of metrics, and the hope is that this will become uniformly
dense when a — 0, realising the continuum measure. Thus, we can write down
the discretised partition function as follows,

—ST(M»G)
7 = ZZ|Aut | Zu(T), (2.17)

h TeT

where T is a suitable class of abstract triangulations, Aut(7") is the set of automor-
phisms of 7', and Z,,(T) is the appropriate discretised matter partition function
defined on the fixed triangulation 7. This can be further refined as follows

7= WGz, Z,=3" e N(h,n), (2.18)

h n=0

where A (h,n) is the number of non-isomorphic triangulations of genus A consisting
of n triangles. The benefit of organising the summation in this way is that, ignoring

matter contributions for the moment, the sum over triangulations of fixed topology

is exponentially bounded as a function of n, whereas the number of inequivalent
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triangulations of arbitrary topology grows factorially [4]. This is important when
it comes to discussing the continuum limit.

We can easily generalise this to determine regularised versions of the Hartle-
Hawking wave functionals:

W (g, Aty ey Ap) = 3 XBO/E S N em i NN (g, L), (2.19)

h lLyesly ™

where NV(h;n;ly, -+ ,1,) denotes the number of triangulations of topology h com-
posed of n triangles with b boundaries, where the length of the i'" boundary is [,
again suppressing matter contributions. Restricting to the single boundary case

and triangulations of S2, the disc function can be expressed as
Wolz,9) = > N(n;l)g"z""D), (2.20)
n,
where we have made the identifications
g=et, z=¢ (2.21)

This is a convenient form for what follows, where we will determine the one-loop

function combinatorially, and then using matrix model techniques.

2.2.2 Combinatorial solution

As we have seen, the problem of evaluating the gravitational path integral can be
replaced by the combinatorial problem of calculating the number of non-isomorphic
triangulations of fixed topology with a given number of triangles. So far we have
not specified what abstract class of triangulations we should use. For example, one
could consider the class of so-called regular triangulations, which are constrained
such that no two vertices in the same boundary component can be connected by
an interior link, single links cannot form a loop, and closed connected paths of
links of length one and two are excluded. This excludes a number of quite singular
structures, examples of which are presented in Fig[2.2]

We will instead choose a quite different set, the class of unrestricted triangulations.

These are the set of simplicial complexes, homeomorphic to surfaces with a given
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(b)

Figure 2.2: Examples of singular triangulations. Dashed lines indicate the identification
of vertices in the triangulation.

topology and number of holes, that can be obtained by successively gluing together a
collection of triangles and a collection of double links, where the links and triangles
can be glued onto the boundary of a complex at both vertices and along links
respectively. This is a much larger class of triangulations, and intuitively does not
seem to agree with the piecewise linear manifold structure we wish to simulate.
However, the presence of degenerate structures should not be important in the
continuum scaling limit, since these structures occur at the level of the cutoff.
Indeed, it can be shown that it does not matter whether one selects unrestricted
or regular triangulations, so long as they provide an identification of the topology
of the piecewise linear manifold they are meant to represent, as the same results
are obtained in the scaling limit [2].

In this section, we will study the genus zero disc function (2.20)), interpreted
as the generating function for two-dimensional universes with a single boundary.
Strictly speaking, we will compute the marked disc function, which is given by the
first derivative of the disc function with respect to z, and counts triangulations with
a marked point on the boundary. This leads to an overcount of the the number
of triangulations by distinguishing triangulations that are otherwise isomorphic
under rotations of the boundary. Henceforth, by an abuse of notation, we will
identify the marked disc function with .

To compute this object, we follow the prescription developed by Tutte [5]
and derive recursion relations for the number of triangulations, which leads to a
recursion relation for the one-loop function. Starting from a given triangulation

with n triangles and a k length boundary we remove a marked edge, resulting in a
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(-
GOS0

—>

(b)

Figure 2.3: The two decomposition outcomes from removing a marked edge.

number of smaller triangulations. The marked edge of the original triangulation

can be connected in one of two ways:

(i) to a triangle on the boundary. In this case removing the marked edge results
in a new triangulation which has one fewer triangles and one more boundary

edge.

(ii) to another boundary edge. In this case removing the marked edge removes
the other edge as well, and the triangulation is split into two triangulations

with the same number of triangles but two fewer boundary edges.

To make these moves precise, a convention should be adopted regarding the
resulting marked edge. We follow the convention adopted in [6]: in case (i), once
the original edge is removed we mark the edge oriented counterclockwise to the
original removed edge; and in case (ii) we mark the two edges adjacent to those
which were removed. This is illustrated in Fig[2.3] The recursion relation for the

number of marked triangulations is then given by
k=2 n
Nkin)=NE+Ln—-1)+> > NEmN(k—2—1;n—m). (2.22)
=0 m=0
The first term on the right hand side corresponds to case (i), where we have one
fewer triangles and one more boundary edge, and the second term corresponds to

case (ii), where we sum over two triangulations with n triangles and k& — 2 boundary

edges between them. To completely determine the number of triangulations this
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recursion relation needs to be supplemented with a boundary condition, which we
take to be N (0;n) = d,,0, i.e. that there is only one trivial triangulation.
We can connect this to the one-loop function by simply performing the sum

in (2.20). The final expression is given by

(z — g2 )Wol(z,9) — 1+ g(pi(9) + 2) = Wi(z, 9), (2.23)

where p1(g) is the sum over geometries with a single link boundary, and coefficient of
272 in the large z expansion of Wy(z). Therefore we find that the genus zero one-loop
function, as a function of z, satisfies an algebraic equation with one undetermined
constant. This is an observation that repeats itself for the systems studied in this
thesis, where we will attempt to find the algebraic curve that suitable one-loop
functions satisfy. From now on we will call this the spectral curve.

The coefficient p;(g) is fixed by the imposition of the algebraic genus zero
condition on the spectral curve. In this case, where Wy(z, g) has two sheets when
regarded as a multivalued complex function in z, this condition is equivalent to
requiring that Wy(z, g) has only two branch points. This is the one-cut assumption.
In practice, we can arrange this by demanding Wy(z, g) has the following form,

Wo(z,g) = ;<z — g2+ (97— 1- %(a +0))/(z —a)(z - b)). (2.24)

There are now two branch points located at a and b, and without loss of generality
we take b > a. These points may be determined by requiring lim, ., 2Wy(z,g) = 1,

which yields [4]

Fb—a)*=85(1-15), S=2Z(a+b), S—35%+25 =24" (2.25)

N @

There is more than one solution to these equations; this is fixed by demanding

b > a and requiring consistency with the g = 0 solution where b = —a = 2.
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2.2.3 Continuum limit

As we noted in Section 2.2.1, the sum of non-isomorphic triangulations of fixed

topology is exponentially bounded. For spherical topology, one can show [5]
Zy =Y e mrny»=3(1 4+ O(1/n)). (2.26)
n=1

where v, = —1/2 for pure gravity. For u < p,. the sum is dominated by contributions
with large numbers of triangles, n, and will not converge, while for p > u. large n
contributions are heavily suppressed. Therefore we see that the critical cosmological
constant g is the minimal value for which the sum is convergent.

The higher order moments of the area may be computed by taking derivatives

of Zy with respect to the cosmological constant, and these behave as follows:

(—1)™ dm 7, 1
A™Y = ~ ) 2.27
< > 7o d,um (,U/ — Mc)’ys—Q-‘rm ( )

These moments diverge as 1 — . for m > 3, indicating that large area surfaces will
dominate, and the onset of a continuous phase transition. We therefore introduce
a scaling parameter £ such that the physical area is given by Apnys = ne?, and

we define the scaling limit as
po—pe, €0, = (p— pe)/e fixed, (2.28)

where [i is a renormalised bulk cosmological constant. The exponent ~s, called
the string susceptibility, is a universal constant independent of the discretisation
procedure chosen, be it triangulations or general polygonulations. Hence it may be
used as a way of determining which universality class the continuum theory resides in.

To check whether this is the correct prescription for taking the continuum
limit, and that this generates a reparameterisation invariant theory, we should
compare these results with continuum calculations. We will discuss the continuum
theory at the end of this chapter, where we will demonstrate that the scaling of

the discrete partition function is consistent with the continuum. In anticipation of
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this, we note that near the critical point the fixed area partition function, given

by a Laplace transform of (2.26)), scales as
Zo(A) ~ A3, (2.29)

For general observables with boundaries, we assume the contribution of a finite
length loop or finite area surface should always be analytic in the associated
fugacities. Therefore nonanalytic contributions must arise from loops and surfaces
whose perimeter and area are infinite in lattice units. We turn this reasoning on its
head and determine the continuum limit more generally by isolating the nonanalytic
dependence of these observables. Continuum quantities are then calculated as
scaling functions in the limit .

For example, consider once more the pure gravity one-loop function ([2.24)).
We may identify the critical coupling g. by studying the functions p;(g), obtained
from the coefficient of z~(*)) in the large z expansion of Wy(z, ). By computing
their branch points one may determine the radius of convergence, and hence
ge- In practice these objects are polynomials in a, b, and therefore S, and so it
suffices to compute the radius of convergence of these simpler quantities as a
function of g, giving g. = 373/

The relation tells us that we should compute continuum quantities by
taking g = gce’EQﬁ, and taking ¢ — 0. However, this would yield geometries with
finite length boundaries in lattice units, which then become infinitesimal. We
have an extra fugacity for the boundary links, given by the boundary cosmological
constant, which should be tuned to its critical value in order to obtain continuous
geometries with a finite length macroscopic boundary. In analogy with this
is achieved through the scaling z = z.e*, where Z is represents the renormalised
boundary cosmological constant. z. will be given by the radius of convergence of

Wo(z,g), which may be identified with the branch point b(g.). Inserting these
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relations into ([2.24) gives

1371/4 ~1/2C€

2 33/4'u
te /2\/_~3/4<(C 4 \/@7) (g — \/@7—1)3/2) (2.30)

where we have introduced ¢ = 4y/7i2/(3 4+ V/3).

WO(gv /]) =

We define the scaling one-loop function to be the leading nonanalytic term
as ¢ — 0. This we take to correspond to the continuum marked disc partition
function, and it is universal, independent of discretisation chosen. Motivated by
this, we conjecture that in general the continuum disc function Wy(Z) is obtained

through an expansion of the form
Wo(z) = Wo(ze) + c162 4+ e 7, Wo(2) + -+, (2.31)

where ¢; and ¢y are non-universal constants.

2.3 Matrix Models
2.3.1 Basic notions

In the preceding section we demonstrated how one could determine the discretised
pure gravity partition function using combinatorial methods. Here we introduce
matrix models, which serve as a convenient means of implementing the counting
of unrestricted triangulations.

The random matrix models we consider furnish examples of the simplest form
of quantum field theory. Namely, they are zero-dimensional quantum field theories
where the fundamental degrees of freedom are N x N Hermitian matrices. As an

example, take the following one-matrix model path integral:
7 = /[dX]e’NTW(X), V(z) = =2* — 223, (2.32)

where X is an N x N Hermitian matrix, and [dX] denotes component-wise integra-
tion

[dX]= [ dRe(Xy)*, ][] dIm(X;)%,. (2.33)

1<a,b<N 1<a,b<N
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Figure 2.5: An example triangulation with the topology of the sphere.

We may interpret the terms of the perturbative expansion in the coupling
constant g about the Gaussian point with a Feynman graph expansion. The
Feynman rules are given in Fig[2.4] where the presence of upper and lower matrix
indices are represented by double lines. The subsequent Feynman graph expansion
of the free energy about the Gaussian point is thus given by a series of closed ribbon
graphs, which possess enough structure to associate with unrestricted triangulations.
This is seen by studying the dual graph expansion, which is obtained by associating
triangles to trivalent vertices, with sides identified when connected by a propagator,
as shown in Figf2.5| Each dual graph T, with [ links and n triangles comes

with a weight given by

N2—2h
- g". 2.34
Aut(D)]° (2:34)

Comparing with (2.18)), it is clear, with the identification

e/ =N, g=e*, (2.35)



2. Review 19

that the free energy of the partition function reproduces the discretised quantum
gravity partition function. Moreover, we note that we can organise the dual graph
expansion in a topological expansion, and in the limit N — oo the leading order
contribution to the free energy is dominated by h = 0 graphs, i.e. planar surfaces.
This limit is therefore called the planar limit.

The explicit choice of a cubic potential in led to triangulated surfaces.
We could instead consider discretisation by squares or higher order polygons by
considering potentials that are polynomials of the corresponding order. One may be
interested in considering general polygonulations in order to simplify calculations
by, for example, considering even potentials, for which correlators of odd numbers
of matrices vanish. As we shall discuss in the context of multi-matrix models,
another motivation for considering more general potentials may be to uncover
multi-critical behaviour in the continuum limit, beyond the critical point which
corresponds to pure gravity.

The technology of matrix models is particularly convenient when it comes
to the description of boundaries, as this is encoded in a natural observable of

interest, the resolvent function

W(z) = ]17 <Trz _1X> | (2.36)

We can express the large z expansion as
1 [o¢]
W(z) =+ ST (T X (2.37)
n=0

Considering the dual Feynman graph expansion of a given moment, say (Tr X™), it is
straightforward to see that it is given by a sum over surfaces with a length n boundary.
Hence the resolvent is the generating function for triangulations of surfaces with a
connected boundary, with a fugacity z associated to each boundary link. In fact
this observable coincides with the one-loop function in the planar limit.
Similarly, we can write down matrix model expressions for the other Hartle-

Hawking wave functionals (2.19)),

1 1
:Nb—2<T T > 2
W(Zly 7Zb) er _ X er N X comn. bl ( 38)
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where the subscript indicates the connected part of the expectation value. The
two expressions are related through the identifications (2.21)) and (2.35)), where
each z denotes the boundary cosmological component associated with the ith

component. With a general potential,
V(z) =52 =3 =) (2.39)
J

these can be obtained through repeated action of the loop insertion operator 2]

on the single boundary resolvent,

d > j d
= - 24
dV(z) ]231 2T dt; (240)

For the only non-zero coefficient is t3 = ¢g. In the power series expansion
of W (z), the operator d/dV (z') will act on the term g¢* to give 3kg"~1/2". This
may be interpreted as removing a triangle from the random graph it operates on,
and introducing a new boundary of length 3, with a new boundary cosmological
constant z’. The factor of k is a combinatorial factor representing the possibility
of replacing any of the k triangles on the random graph, and the factor of 3 is
introduced to count the possibilities of choosing the new marked link.

In the planar limit, can be expressed as the Stieltjes transform of the

eigenvalue density distribution of X,

p(A)
2=\

Wo(z) = lim W(z) :/ppp d\ z € C\supppx, (2.41)
su X

N—oo

where p(\) is defined by

o(A) = jlv <§;5(A - Ai)> | (2.42)

and {\;}¥, denotes the N eigenvalues of X. With this one can compute the

set of correlators

lim - (TrX™) — / 0. (2.43)

N—oo0 —o0
Hence, in random matrix theory, determining the resolvent allows one to extract a
wealth of information through the correlators of the theory. Moreover, the planar
resolvent forms one of the primary ingredients in computing higher order terms

in the topological expansion of the full loop function [7].
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2.3.2 Saddle-point method

To determine the resolvent, we can exploit the invariance of the path integral (2.32)

under the adjoint action of the unitary group,
X' = X' =U8XN0UY), UeUD). (2.44)

We use this to choose a parameterisation where X is diagonal. The measure factorises
into the product of the Haar measure for unitary matrices and an integration measure
for the eigenvalues. Performing the integral over the unitary matrices, we are left

with the following integral over the eigenvalues of X,
N N
Z = / T dXA2(N)e N Xt V), (2.45)
i=1

where A(\) = det;; X' is the Vandermonde determinant.
In the large N limit, the eigenvalue configurations that dominate the path integral
are those which minimise the effective potential. We can easily determine these by

varying an eigenvalue, resulting in the following set of saddle-point equations,

2 1
=3 =V'(\). (2.46)
N i )\1 - )\j

Multiplying (2.46) by 1/(\; — z) and summing over 4, we recover (2.23)), from which

one can compute the eigenvalue density distribution.

2.3.3 Loop equations

The method of loop equations involves exploiting the reparameterisation invariance
of the matrix model to generate constraints on the loop functions. They essentially
represent the Schwinger-Dyson equations of quantum field theory.

Consider an infinitesimal variation of the type
X = X =X +ef(X). (2.47)
To order ¢, this reparameterisation results in the following,

/ [dX](1 + eJ(X) + O(e?)) e NIV (X)=eK(X)+0() (2.48)
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where J(X) is the first order contribution from the Jacobian under the change
of variables, and K(X) is the first order contribution from the variation of the
potential. The constraint is achieved by demanding that the total variation of

the matrix integral vanishes to order €, giving
(J) = (K). (2.49)

The reparameterisations chosen are typically taken to be the loop function, hence
the term ‘loop equations’. Moreover, there is a one-to-one correspondence?| between
loop equations of the matrix model and the combinatorial recursion relations
previously described in Section 2.2.2.

The variation of the potential can always be computed in a straightforward
manner, but the variation of the Jacobian requires some care. One can prove [§]

that for reparameterisations of the form

B(X), (2.50)

the variation of the measure is given by

Z — Z —

J(X) = TI"<A(X) 1X>Tr< 1XB(X)> + contributions from A, B. (2.51)

The trace therefore splits into two traces containing the loop operator whenever
the reparameterisation involves a loop function that is not traced over. We call

this the ‘split’ rule. Furthermore, for reparameterisations of the form

F(X) = A(X)Tr (B(X)Z _1 X), (2.52)

the variation of the measure is given by

1
z—X

J(X)="Tr (A(X) B(X) > + contributions from A,B. (2.53)

z—X

Hence, we call this the ‘merge’ rule.

2This statement is not entirely obvious for general multi-matrix models. However this is the
case for the systems considered in this thesis. In particular we will derive the loop equations of the

3-state Potts model in Chapter 5, and present the combinatorial recursion relations in Appendix
A.
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By taking f(X) = 1/(z — X), and using the split rule, we find

1 1

=T T 2.54
J T —, (2.54)
and
1
K=NTr| V(X . 2.9
(o ty) .59
Using (2.49) the loop equation is then given by
1 1 1 V'(z) 1
— (T T = T — 2.
N2<rz—X 1rz—X> N <rz—X> Q). (2:56)

where Q(z) = %(%) is a polynomial in z. We can separate the left hand
side into contributions from connected and disconnected Feynman diagrams using
the prescription (TrATrB) = (TrA)(TrB) + (TrATrB)conn., giving

L W) = viewe) - o), (2.57)

W2(2) + E

where the second term on the left hand side represents the Hartle-Hawking wave
functional for universes with two boundaries (or two-loop function). Utilising the
topological expansion for both the one-loop function and the two-loop function
, we can take the large N limit of . The contribution of the two-loop
function is then suppressed, and we recover the spectral curve .

2.3.4 Adding matter to surfaces

The coupling of any matter fields to two-dimensional quantum gravity at the
discretised level is straightforward in principle - adopt a fixed lattice statistical
model representation of the matter partition function in . We will now
consider a simple example, the Ising model spin system.

The partition function is given by
Zn(T) = Y et o), (2.58)

{o}
where the spin degrees of freedom, o;, can take values in {41, —1}, and reside

at the centre of triangles, labelled by ¢, 7, in the triangulation 7" on which the
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model is defined. The angle brackets indicate that the sum is taken over nearest
neighbour pairs of spins.
It is possible to realise this partition function on random graphs by mapping

it onto the following two-matrix model,
Z = / [dX1][dXo)e NS(1Xe), (2.59)

where the action is of the form

S(X1, X2) = Vi(Xh) + Va(Xz) — X1 X, (2.60)
with potentials
1, letk k L, d2+1t;€ k
Vi(z) = =22+ > =2 Wa(z)=—z224 ) =2~ (2.61)
2 =k 2 =k

The potentials may be kept arbitrary, corresponding to any generic polygonulation
of two-dimensional manifolds.

Consider the case V; = V,, with t,,, = 0, m > 3. As in the case of the one-matrix
model, we can write down the Feynman rules and evaluate the free energy as a
dual graph expansion. We have two trivalent vertices corresponding to X; and X,
and hence any given triangulation in the dual graph expansion is composed of two
different types of triangle. Identifying each type of triangle with a distinct spin,
placed at the centre of the triangle in either the up or down orientation, we endow
a given triangulation with the spin system. The weighting for nearest neighbour

spins is realised by the quadratic part of the action, giving the propagator

1 c(t2)
<c(t2) 1 )5’”1’5150‘275% (2.62)

where ¢ is a function of ¢5, and the Kronecker delta operate on matrix indices,
while the 2 x 2 matrix refers to the spin indices, i.e. the matrices X; and Xs.
Therefore equivalent triangles are glued together with weight 1, whilst inequivalent
triangles are glued together with weight e=2% := ¢, giving the Boltzmann factor
one obtains on the fixed lattice .

The machinery of matrix models is particularly convenient for studying boundary

conditions of the Ising spin system. In this case the two integrable boundary



2. Review 25

conditions |9] are ‘fixed’, where spins are aligned at the boundary, and ‘free’,
where the spins are completely unconstrained. We can represent these through
the following two resolvents:

Wy, (2) = jlv <Trz _1X1> C Wan(2) = jlv <Tr — (Xi — > C263)

where the connection with the ‘fixed’” and ‘free’ boundary conditions, respectively,

is observed through the dual graph expansion. The resolvent

Wy (2) = 5 <Tr — Xi . X2)> | (2.64)

does not represent a physical boundary condition. This is further discussed in Chap-

ter 4.

The two functions , can be evaluated, in the planar limit, using the saddle-
point approach [10] and the method of loop equations [6]. The one-loop function
with fixed boundary conditions has been derived by a number of means [11-13].
The loop equation method devised in [12] is particularly powerful as it provides a
recursive procedure through which subleading terms in the topological expansion
of the one-loop function may be determined, and it may be derived independent
of the particular structure of the potentials Vi(x), Va(y). In this approach one
considers two infinitesimal reparameterisations:

1 Valy) = V5(Xe) 1

0Xy = 0X, = 2.
2 x_Xla 1 y—XQ [L'—X17 ( 65)
which yields the two loop equations
Wi(z)—1= 1<T ' wvix )> (2.66)
T x = N r.Z'—Xl 2 2 ) .
/ 1
L Vi) V)
r—X; z-—X; y— Xo
Vi(X1) V3 (y) — V3(Xo) 1 Vo (y) — V5(Xo)
N({Tr-t 2 2 ~T Xy-2 2 . (2
< rl’—Xl y—XQ rfL‘—Xl 2 y—XQ ( 67)

Retaining the planar terms in the large N limit, and taking y = V/(x) — W (z),

one obtains the spectral curve of the planar resolvent

E(z,y) =0, (2.68)
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where
E(z,y) = (V{(z) —y)(Va(y) — 2) — P(z,y) + 1, (2.69)

and P(z,y) is a polynomial of degree d; in x and dy in y. It contains low-level
correlators in the large z expansion of W (z), such as p;(g) in the pure gravity
spectral curve (2.23).

The coefficients of P(z,y) are determined through the genus zero condition,
which can be imposed in a number of ways. For example, in Section 2.2.2 we
stipulated that the planar resolvent possesses a certain number of branch points,
constraining the form of the discriminant . Similarly, we may enforce this
condition here through mandating that the resolvent possesses a certain branch
structure. Another method which is particularly useful for complicated spectral
curves involves noting that the genus zero condition is equivalent to the existence
of a rational parameterisation of the algebraic curve: z = X(s),y = Y(s), which
are single-valued functions on the punctured Riemann sphere. Following [12, |14]

a consistent parameterisation can be given for (2.68)),
dz (a3 ¥ al )
x:X(s):78+ZS—k, y:y(s):g—i-ZBjsj, (2.70)
k=0 7=0

where the coefficients are determined by demanding that the Laurent series expansion
about the poles reproduce the asymptotic expansion of the spectral curve.

As previously discussed in Section 2.2.3, the continuum limit is defined by
isolating the nonanalytic dependence of observables on the fugacities. In the pure
gravity case the only relevant fugacity was g, representing the bulk cosmological
constant, and consequently the continuum limit was defined by the critical value
of g and the scaling behaviour could be characterised by the critical exponent
vs = —1/2. For the Ising matrix model, the presence of two fugacities, (g, ¢), offers
the possibility of higher order critical behaviour. For arbitrary ¢, there exists a point
where ¢ is critical, corresponding to the pure gravity continuum limit, as in the
one-matrix model. However, there also exists a value of ¢ and ¢ for which both the
matter and geometry become critical. At this higher order point the confluence of

both matter and spacetime excitations shift the string susceptibility to v, = —1/3.
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Let us realise this explicitly, and compute the scaling one-loop function for

(2.68), with V; = V4, and t,,, = 0 for m > 3. The spectral curve is given by
(t2 — 1)

t3
N (t3 — 13+ 2ty — 2)

i3
where ¢; and ¢y depend only on the couplings. These are fixed through the

rational parameterisation, given by (2.70) for d; = dy = 2. The coefficients

o}y — (ty — 1)(2Py + 2y?) + (2% + y?) — ts2?y?

Ty + Cl(tg, tg)(l' + y) + Cg(tg, tg) = 0, (271)

of the rational parameterisation are determined by demanding they reproduce
the large @ asymptotic behaviour of the solutions of (2.71), y(z), on each sheet.
These expressions are quite large and so we shall not reproduce them here. The
critical point may be determined by requiring that sufficiently many derivatives
vanish, consistent with the expectation of higher order critical behaviour y ~
(z — 2.)%® where z, represents a branch point. This yields t5, = 2(1 + /7) and
l3c = V10, and we may then easily determine the branch point z, through the
rational parameterisation. We then use the prescription argued for in Section
2.2.3, taking the ¢ — 0 limit with t3 = tg,ce*EQ“ and r = z.e%*, but now holding
ty = ty.. Using we can identify the scaling function with v, = —1/3, which

is given, up to an overall factor, by
~ 4/3 4/3
W(z,p1) = p?? ((z+\/z2—1> / —|—(z— 22—1) />. (2.72)

For generic potentials in the one- and two- matrix models it is possible to
achieve a wider variety of multicritical behaviours, describing gravity interacting
with an array of different conformal matter. For the one-matrix model one can
achieve critical behaviour corresponding to conformal matter given by the (2m—1,2)
diagonal minimal models (nomenclature will be explained in the following section),
characterised by s = —1/m [15]. For the two-matrix model, sufficiently tuned
potentials can give critical behaviour corresponding to the (p,p’) diagonal minimal
models for arbitrary integers p,p’ [14]. The multicritical points of multi-matrix
models are less well-explored, hampered by issues with actually computing objects
like the planar resolvent. In this thesis we will focus on the latter problem for

the particular case of the Potts model.
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2.4 Conformal Field Theory
2.4.1 A brief overview

For statistical models of spin systems on fixed lattices, it is well known that at
a critical point, where the correlation length of spins diverges and one obtains
a continuous phase transition, the long range excitations of the theory can be
described by a scale invariant quantum field theory. In two-dimensions, such scale
invariance is enhanced to the larger symmetry group of conformal transformations.
This group may be characterised as the set of diffeomorphisms under which the
metric transforms by a scale factor, hence preserving angles, and in two-dimensions
the conformal group is infinite dimensional. This makes local conformal symmetry a
powerful tool in the analysis of quantum field theories, by allowing one to compute
correlation functions non-perturbatively, and even without a defined action. Here
we will outline some of the basic elements of two-dimensional conformal field theory
(CFT) relevant to the systems discussed in this thesis. A more complete treatment
of this subject may be found in |16} |17].

0 42!, two-dimensional conformal

Using complex coordinates z = 2% 4+-iz!, z = «
transformations may be identified with the set of holomorphic transformations
z — f(z). By observing the action of infinitesimal holomorphic transformations,

2 — 2+, €,2"L, on functions, one can deduce the algebra of the local conformal

group, called the Witt algebra,

Loy lm] = (0 — M) lpin, 1o = _ZnH&az' (2.73)

There is also an identical copy of the algebra describing antiholomorphic transfor-
mations, written in terms of a corresponding set of generators {l_n} When studying
the action of symmetry transformations on quantum states, one must consider
projective representations, since states in the Hilbert space differing by a scale
factor should be identified. This is equivalent to considering representations of

a centrally extended algebra. The unique central extension of the holomorphic
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Witt algebra is given by the Virasoro algebra,
(L, L] = (0 — m) Lypsm + 1£2n(n2 — )60, (2.74)

where ¢ is an extensive quantity denoting the central charge of the given CFT
under consideration.

In ordinary quantum field theory, one quantises on a constant time hypersurface
and the Hamiltonian, as the generator of time translations, allows one to connect
different time slices. In CFT, due to scale invariance, and the fact that we predom-
inantly work in Euclidean spacetimes, we may quantise on a surface of constant
radius, and take the Virasoro generator Ly, which generates scale transformations,
as the analogue of the Hamiltonian. To be completely precise, we take the sum
Lo + Ly up to a constant factor as the full Hamiltonian. This choice is called
radial quantisation. The origin is taken to correspond to the asymptotic past
and complex infinity corresponds to the asymptotic future. With this framework,
states in the asymptotic past are localised at the origin, and we can therefore
identify states with local operators. This is the state-operator correspondence,
and it allows us to work with either states or corresponding local fields in the
description of conformal field theories.

The set of states of a CFT must form a representation of the holomorphic
and antiholomorphic copies of the Virasoro algebra. For now we will consider
the holomorphic sector only, with the story playing out the same way for the
anitholomorphic sector. We label states by their eigenvalue under L, which we call
the conformal dimension. A primary state of conformal dimension A is a highest

weight state of a given representation, satisfying
Lo|A) =A|A), L,|A)=0,n>0. (2.75)

Repeated action of the generators L, for n < 0 produces descendant states with

ever increasing conformal dimension

Lo(La |A)) = (A = n)(L, |A)), (2.76)
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The primary state, together with its descendants, forms a highest weight repre-
sentation of the Virasoro algebra, called a Verma module. To find an irreducible
representation, one must quotient out any submodules generated by descendant
states that are also primary. Such descendant states are known as null or singular
states, and the presence of such states provides powerful constraints on the theory
by, for example, implying correlation functions satisfy certain partial differential

equations. Another necessary concept is the fusion product of two representations
Ri*R; =N, Ri, N }FeN, (2.77)
k

expressing the product of two representations, R;, R;, in terms of a sum of repre-
sentations. The complete set of fusion products between irreducible representations

of a given CFT is called the fusion algebra.

2.4.2 Minimal models

An important class of CFT are the minimal models. Specified by two coprime
integers p, p’, with p < p/, the (p,p’) minimal model is the CFT with central charge
_\2
c:l—GQL%Qj (2.78)
pp
and a finite number of primary states, with conformal weights given by the Kac for-

mula,

A — (p'r—ps)* = (v - p)27 (2.79)
’ 4pp’
where 1 < r < p,and 1 < s < p.

Each Verma module built from primary states with conformal dimension ([2.79))
has two null vectors, the confluence of which give rise to an infinite number of
descendant null vectors in the spectrum, and thus to an infinite number of constraints
on the correlators of the theory. This in turn leads to a significant truncation of
the fusion algebra, such that we only need to consider a finite set of primary
states for the algebra to be closed.

From these degenerate representations one can generate full conformal field

theories by combining holomorphic and antiholomorphic Verma modules. A
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particularly simple example is the A-series, or diagonal, minimal models, for which
the Hilbert space of states is given by the following tensor product of holomorphic

and antiholomorphic irreducible representations of conformal dimension ([2.79)),

1 p'—1p—1
- @ @Rrs ®Rrs (280)
r=1 s=1
This encompasses the critical and tricritical Ising models for (p/,p) = (4,3) and
(5,4) respectively. The states involved in the diagonal models are spinless, having
zero eigenvalue under the spin operator Ly — Ly.
A more complicated construction is given by the D-series minimal models, which

combine degenerate representations with conformal dimensions differing by integers,

and consequently possessing states with non-zero spin:

1p—1p 1
=5; @ DIR.I 69 D EBRH®RP (2.81)
r=21s=1 1<r<p’ 1s=1

r=4& 2 mod2

where =5 means r increases in steps of 2. This encompasses the critical and tricritical

Potts model for (p/,p) = (6,5) and (7,6) respectively.

2.4.3 Boundary conformal field theory

Physical systems usually have a finite number of conformally invariant and physically
realisable boundary states, corresponding to various boundary conditions imposed
on the lattice. We will now review the description of these boundaries in CF'T,
detailing the construction for diagonal theories, and discussing the boundary states
of various other systems, the 3-state Potts model in particular.

The canonical way of introducing a boundary is to fix it to be the real axis in the
complex plane Im(z) = 0. The CFT is then defined on the upper half plane (UHP).
The set of admissible diffeomorphisms, z — z + €(2), Z — z + €(2), must preserve
this boundary, and therefore implies that the holomorphic and antiholomorphic
transformations must coincide on the real axis, €(z) = €(z). Thus, the number of
generators is halved, with L, = L,,, but we are still left with an infinite-dimensional

copy of the local conformal group.
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To describe the construction of boundary states it is convenient to consider a
semi-annular domain on the UHP with inner and outer radii identified, and two
separate boundary configurations for z > 0 and z < 0 with Im(z) = 0, which we will
call @ and b. Equivalently, this may be regarded as a cylinder with different boundary
conditions at each end. This may be mapped to the finite strip via w = %Ln(z),
and subsequently mapped to the annulus under the mapping ¢ = exp (—2”#) The
annular geometry is useful since, under radial quantisation, it may be regarded
as a segment of the full complex plane, for which we have already discussed the
construction of states and representations.

The condition of conformal invariance in the annular geometry may be written

as the following constraint acting on the boundary state |a):
(L, — L_,)|a) = 0. (2.82)

Boundary states satisfying this condition are conformally invariant boundary states.

Solutions to this linear system are spanned by a set known as the Ishibashi states,

N =>"1in) @U|jk), (2.83)

where [j,n) is the n'! state in the Verma module j, |[j,n) is the corresponding

antiholomorphic state, and U is an anti-unitary operator satisfying
UL,=L,U, Uljn)=Ijn)". (2.84)

Thus we possess an Ishibashi state for each primary state in the theory, and any
linear combination of these also defines a conformally invariant boundary state.
However, the set of physical boundary states satisfies not only conformal invariance,
but some auxiliary constraints.

To proceed we define the following functions, known as characters,
Xi(q) = Trgho=/*, (2.85)

where the trace is taken over the entire set of states of a given Verma module j.

For g = %™ the set of characters associated with the minimal models transform
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amongst themselves under modular transformations. In particular, under 7 — —1/7,

. - _2in
xila) =>_Six;(@), q=e T, (2.86)
J
where the subscripts ¢, 7 label primary states and the modular S-matrix is given by
8 / / - / - /
Sirs),rs) = —/(—1)(T+5)(’" +) sin 7’ (p ,p ) sinss’ (=) ) (2.87)
pp p p

Moreover, Ishibashi states satisfy the following orthogonality condition,

(] (q2)EorEo=e/12) | 5)) = 6,,x;(q). (2.88)

Following Cardy [1§], the auxiliary relations determining the set of physical
boundary states may be found by using the constraints of modular invariance of
the partition function Z,. This may be computed in two different ways. We
may calculate it in the annular geometry with time flowing in the ‘L’ direction

and the boundary state |a) evolving into |b),
Zop = (0] (32) P11 fa) (2:89)

Equivalently, we may regard it as resulting from periodic time evolution on the
strip with boundary conditions |a) and |b). Then, if the Hilbert space decomposes

into irreducible representations as
Hap = Bin'yRi, 'y €N, (2.90)
then the partition function is given by
Zuy = 3w ila). (291)

We may then equate expressions (2.89) and (2.91]). Expanding (2.89) in Ishibashi
states, and using properties (2.86]) and (2.88)), we may identify the coefficients of

the characters, obtaining Cardy’s consistency conditions:

> Sign'ay, = (ali)) (1) (2.92)

This is a nonlinear constraint relating the coefficients of the boundary states |a) , |b),

with respect to the Ishibashi basis, to the integer multiplicities n’,;.
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For the minimal models (2.92) is solved by

@)=Y jg{mx

which automatically satisfies (2.92)) for a = I, and holds generally when the integer

(2.93)

multiplicities n’,, equal the fusion coefficients (2.77). Consider, for example, the
critical Ising model. This has three primary states: |I) with conformal weight 0, |€)

with weight 3, and |o) with weight %. The physical boundary states are then:

1

1 1

1) :ﬁ|l>>+ﬁ‘€>>+ﬁ‘a>>’ (2.94)
1 1 1

l€) ZE|I>>+E‘€>> = 5 lo)), (2.95)

o) =11)) = [e))- (2.96)

|I) and |e) are identified with the fixed spin boundary conditions since they differ
by the sign of the state corresponding to the spin field operator. The remaining

boundary state corresponds to the free boundary condition.

2.4.4 3-state Potts model

The 3-state Potts model on a fixed lattice is a generalisation of (2.58)), where the
spins of the spin system are allowed to occupy one of three different states. There

is a nearest neighbour interaction between these spins governed by the Hamiltonian
H = —JZ (S(Si, Sj), S; € {1, 2,3} (297)
(i.5)

We take the coupling constant J > 0, corresponding to ferromagnetic interactions.
The set of physical boundary states in the antiferromagnetic model were recently
discussed in [19).

The CFT describing the critical 3-state Potts model is the (6,5) D-series minimal
model , with central charge ¢ = 4/5. As the Hilbert space is non-diagonal, the
corresponding analysis required to construct the physical boundary states becomes
more complicated. However, this theory possesses a larger, infinite-dimensional

symmetry algebra, called the W3 algebra, of which the Virasoro algebra is a subset.
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This phenomenon may be regarded as arising due to the confluence of a spin-3 current
in the spectrum with the spin-2 current that generates conformal transformations
(the stress-energy tensor) [20]. The critical Potts model has another description
as a diagonal minimal model of this extended W3 algebra. Therefore the analysis
of the previous section still holds.

The bulk spectrum consists of four Verma modules with respect to the Wj
algebra, two of which occur twice. The primary states are labelled |I) with
conformal weight 0, |¢) with weight 2, [¢) , [¢T) with weight 2, and |0}, |oT) with
weight % For each of these states, one can construct corresponding W-Ishibashi
states, and construct six physical boundary states as linear combinations of them
using the Cardy construction. In [18] it was argued that the physical boundary
states |I),|1), [1T) represent fixed boundary conditions, and the states |e) , |} , |oT)
represent mixed boundary conditions, where two out of three available spin states
are permitted at the boundary.

These states give a complete set of physical boundary states that are invariant
under the W3 algebra, but they do not exhaust the set of conformally invariant
physical boundary states. For ¢ = 4/5 there are ten degenerate representations of
the Virasoro algebra, and thus ten Ishibashi states one could construct. Through
considering cylinder partition functions between W-boundary states and Virasoro
Ishibashi states, Affleck, Oshikawa and Saleur [21] discovered two more physical
boundary states violating W-symmetry. One represented free boundary conditions,
while the other they dubbed the ‘New’ boundary condition. They argued that the
New boundary condition may be understood as arising from free boundary conditions
on a fixed lattice with negative Boltzmann weight interactions between boundary
spins. It was subsequently proven that these exhaust the physical set of boundary
states in [22]. See 23] for a complete treatment using the Coulomb gas approach.

One of the main aims of this thesis is to realise these physical boundary states,
implemented through corresponding boundary conditions, on the random lattice.

In particular, we will return to the 3-state Potts model in Chapters 4 and 5.
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2.4.5 ¢-state Potts model

The g¢-state Potts model further generalises by allowing the spins to occupy
one of ¢ different states, s; € {1,2,...,¢q}. For ¢ = 2 and 3 we recover the Ising
model and the 3-state Potts model respectively. For ¢ > 4 the model has a first
order phase transition, and consequently there is no CF'T description. For ¢ = 1 and
4, one still obtains a continuous phase transition; the former may be identified with
the (3,2) minimal model [16], whereas the latter can be described as an orbifold of
the compactified free boson [24]. This ¢ =4 CFT is non-rational, and consequently
the discussion of boundary states in Section 2.4.3 does not apply.

It is possible to reformulate the fixed lattice description as a probability
distribution of random graphs living on the same fixed lattice. This is known
as the Fortuin-Kasteleyn cluster representation [25], and it allows one to generalise
the model to arbitrary values of ¢. In particular, one obtains a continuous phase
transition for 0 < ¢ < 4. Within this range there exists an infinite set of ¢’s for

which the central charge is of the form [26],

6
& m(m+1)’ q < —+ COs

T 1), m € N. (2.98)

m +
This central charge coincides with the unitary minimal models, although the
spectrum, which consists of a finite number of primary states, will only partially
overlap with that of the corresponding minimal model [27]. To the best of our
knowledge the Hilbert space and conformally invariant boundary states have not
been determined for arbitrary m. Remarkably, for general 0 < ¢ < 4, the spectrum of
primary states has been identified |28, [29], but the structure of the representations

and the fusion algebra are still largely unknown.

2.4.6 Dilute g-state Potts model

The dilute g-state Potts model on a fixed lattice is defined like the ordinary ¢-state
Potts model, except that we allow for vacant sites on the lattice, and the total
number of spins may fluctuate. The model is characterised by the Hamiltonian [30],

=Y titi(J 4+ 6(si, 85)) uZtl, si€{1,2,...,q}, (2.99)
(6,9)



2. Review 37

where the variable ¢; is 0 if the site ¢ is vacant and 1 otherwise, and p is a chemical
potential specifying the average number of occupied sites on the lattice. In contrast
to the g-state Potts model there is a second coupling, allowing for higher order
tricritical behaviour. We will discuss the specific cases of the ¢ = 2 (dilute Ising)
and ¢ = 3 (dilute Potts) models.

The tricritical point of the dilute Ising model is described by the tricritical
Ising CFT. This CFT is equivalent to the diagonal (5,4) minimal model CFT,
which possesses six primary states. We may therefore follow the analysis of Section
2.4.3 and determine the set of physical boundary states, which are in one-to-one
correspondence with the set of primary states. In [31, 32] it was argued that we
have the following identification between these states and boundary conditions

on the lattice:

Boundary condition fixed partially fixed | vacant | free
Boundary state 0),13/2) | |1/10),|3/5) | |7/16) | |3/80)

where we have labelled boundary states by the conformal weight of the primary
state they are associated with. Thus we find that, compared to the critical Ising
model, we obtain three additional boundary states, one where the boundary is
dominated by vacancies, and two for which the boundary possesses vacancies and
fixed spins, which we call partially fixed.

Similarly the tricritical point of the dilute Potts model is described by the
tricritical Potts CFT, which is equivalent to the (7,6) D-series minimal model.
The set of physical boundary states has been determined in [33]. In terms of
the lattice realisation, one still finds physical boundary states corresponding to
the fixed, mixed, free, and New boundary conditions. Like the tricritical Ising
model, one also finds additional boundary conditions coming from the admixture
of vacancies. These are three partially fixed and three partially mixed boundary

conditions, and a single pure vacancy state.
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2.4.7 Liouville theory

A model of particular relevance to 2D quantum gravity is the Liouville conformal

field theory. This is given by the following action,

1
Su= - [ 630,000 + QORI3] + dmpe™) (2.100)

where § is a fixed background metric, Q = b+ b~! is a background charge, and
the coupling b and bulk cosmological constant p are free parameters. The central
charge of the theory is given by ¢ = 1 + 6Q?.

In contrast to minimal models, Liouville theory is a non-rational CF'T with an

infinite number of primary states. In complex coordinates these are given by

|P) = lim VQ_H-P(Z)‘_/%_U;. 0), V,=:¢29E . (2.101)

z2,z—0 2

where states are labelled by the Liouville momentum parameter P. Since there is
a continuum of primary states the Hilbert space may be expressed as an integral
over a continuous set of irreducible representations, which is conventionally taken
to be diagonal.

One may impose a boundary condition on the Liouville field ¢ through the
addition of the following boundary term to (2.100)),

/ d¢ (QK¢ + MBeb¢> , (2.102)
M 2m

where d( denotes the line element along the boundary, K denotes the geodesic
curvature, and pp is the boundary cosmological constant. It is convenient to

parameterise up in terms of an auxiliary variable, o,
pup = Ccos2rbo, (Zsinwb® = p. (2.103)

As in the rational case, one may construct a physical boundary state to each
primary state. These were first identified in [34] using the boundary conformal

bootstrap, and are given by

o) = /OOO 4PV, (P)|P)), (2.104)
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_iP/bF(l + 2iPb)I'(1 + 2¢P/b)

U, (P) = (muy(b?)) 21 /4(—2in P)

cosdno P, (2.105)

where |P)) denotes the Ishibashi state corresponding to the primary state |P).
These are the FZZT boundary states of Liouville theory.

A different set of boundary conditions is described by the ZZ boundary states,
first computed in |35]. These states will play no significant role in this thesis. For a
more complete treatment of Liouville theory, see [36,|37]. Regarding boundary states

[38] provides a cogent discussion, particularly with respect to ZZ boundary states.

2.5 Liouville Gravity
2.5.1 Gauge fixing the 2D gravity path integral

Although an important theory in its own right, the role of conformal field theory in
this thesis is through its connection to the theory of dynamical triangulations, where
it facilitates the physical interpretation of various random lattice constructions. We
will outline the connection to the discretised theory through the path integral
approach to (2.1)).

As we noted, the Einstein-Hilbert action is particularly simple in two-dimensions
such that, if we fix the topology, which we always assume, the action depends only
upon the area of surfaces under consideration. A suitable diffeomorphism invariant
measure on the space of metric and matter configurations may be defined implicitly
through a metric on these configuration spaces, the details of which may be found
in [37, |39]. These measures are then further refined through restricting to the
conformal gauge, g = e?§ with fixed g, as first advocated in [40].

The reason for choosing conformal gauge is that, in two-dimensions, any metric
may be written as f*g = e?§(7), where f* represents a diffeomorphism, ¢ a Weyl
rescaling, and §(7) is a representative fiducial metric in the moduli space, the
space of metrics modulo diffeomorphisms and Weyl rescalings. We may therefore
recast the integration over general two-dimensional metrics as an integral over the

space of diffeomorphisms parameterised by some (, the space of Weyl rescalings
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parameterised by ¢, and the moduli space parameterised by T,
Dy, — d{DedrJ. (2.106)

As the action and measure are diffeomorphism invariant, we can complete the
integral over diffeomorphisms, which then factors out. The change of variables
introduces a Jacobian given by the Fadeev-Popov determinant [41], which can be

expressed as a functional integral over ghost fields

1
J = /Dbpcefsgh{bd, Sen = 5 /d2§\/§baﬁg5"vac0‘. (2.107)
T
The measures for ¢, the ghost sector, and the matter sector still depend implicitly

on the gauge fixed metric, and therefore on the field ¢. This dependence can

be made explicit through the relations

Doy X = e 5D, X, (2.108)

265,
D,o3bD,o5c = e~ 37 DybDye, (2.109)
Doy = e%Dgcb, (2.110)

where Sp, is given by the Liouville action (2.100]). Relations (2.108]), (2.109)) have

been derived through various methods [40]. The analysis for the Liouville measure
is more complicated as the associated metric defined on the space of configurations
depends implicitly upon ¢ itself [37]. By taking an ansatz for the final effective
action and using consistency principles to determine the relevant coefficients, it
was argued in [42, 43|, that the Liouville measure must transform in a similar way
to the matter and ghost measure, hence relation (2.110)).

After a suitable rescaling of the field ¢, the gauge fixed gravitational path

integral is given by
2, = / drD,¢DyhDycDy X exp (—Su[X. ] — Sulé, ] — Sanlbic,d]).  (2.111)

The final theory obtained is a full fledged conformal field theory consisting of
matter, Liouville, and ghost fields. They are coupled through the requirement

that the conformal anomaly vanishes:
exr+ ¢ — 26 = 0. (2.112)

The effective theory given by (2.111)) is known as Liouville gravity.
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2.5.2 Bulk and boundary spectrum

The physical observables of Liouville gravity are represented by the gravitationally

dressed matter states,

lim ccO)(z, 2)e2*¢=2) |0) | (2.113)

2,2
where ¢, ¢ are ghost fields and O); represents a matter field. The parameter «
is tuned so that, together, the net conformal weight of the matter and Liouville
operator is one in the holomorphic and antiholomorphic sectors. This is equivalent
to demanding that the operator is diffeomorphism invariant.

The physical Hilbert space of bulk states was determined by Lian and Zuckerman
[44] for the case where the matter sector is given by the diagonal minimal models.
Following the formalism of [45], the spectrum of physical states has also been
determined for the case where the matter sector is given by the diagonal W,
minimal models [46]. These generalise the previously discussed W3 minimal models.

The physical boundary states are constructed as a tensor product of boundary

states in the matter, Liouville, and ghost sectors
05A) = [N ar @ 10) pzzr ® |B>gh‘ (2.114)

Together these are called the FZZT-Cardy branes. They have been extensively
studied for the case of diagonal minimal matter |47, 4§].

In this thesis we study the marked disc amplitude with prescribed boundary
conditions, which is given by the first derivative of the disc partition function with
respect to the boundary cosmological constant, 9, Z9°. Following [47], this may

be computed for the (p/,p) diagonal minimal model by first calculating

9, 2% = lim (o5 A cce?™ |0), (2.115)

Z,Z2—
where, from ([2.100)), it can be seen that the derivative with respect to p corresponds
to the insertion of the operator (2.113)) for O, = I. This may then be integrated

with respect to p and differentiated with respect to up to obtain

W (o, p) = 0, 2% = (,/5)""* cosh (1") (2.116)

For (p/,p) = (5,4), this gives the scaling limit of the Ising one-loop function (2.72)).
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2.5.3 KPZ/DDK scaling

To cement the relationship between the discretised picture we first described and the
continuum approach, we compare how the partition function scales with area. In the
discretised theory, this scaling relation is given in terms of the string susceptibility
s by . In Liouville gravity, one must consider the fixed area partition function,
given by inserting a delta function constraint (A — [ d?¢y/ge??) in (2.111)). Under
a shift of the Liouville field ¢ — ¢ + In A/2b the entire partition function scales as

Z,(A) = A—Hx-12(1), (2.117)

where we use the Gauss-Bonnet theorem to evaluate the contribution from the action.
The background charge () may be determined from (2.112), and requiring
consistency with the semiclassical limit of Liouville theory, given by b — 0 when

ey — —0o0, fixes the coupling b. Finally using the definition of ~, in (2.29)), we find

e = 112<CM —1—/(enr — D)(ear — 25)). (2.118)
In the pure gravity scenario, with ¢y, = 0, this gives 7, = —1/2, consistent with
the scaling of the discretised model of Section 2.2.3. This formula is an example
of the KPZ/DDK relations [49].

More generally, these formulae relate the conformal dimension of spinless primary
states, corresponding to fixed lattice conformal field theories, and the analogous
states when the matter theory is coupled to Liouville gravity. Calculating the scaling
exponents of the partition function and correlation functions in the discretised theory
and comparing with the continuum theory gives implicit confirmation of both the
discretisation procedure adopted, and the prescription taken for constructing the
continuum limit. Thus, we may use the matrix model prescription to calculate

observables that may be difficult to compute in Liouville gravity.
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Boundary Conditions in the
g-state Potts Model

3.1 Overview

In the previous chapter, we explained how the one-matrix model with a cubic
potential formulates a discretisation of random surfaces , and how we may
consider the Ising spin system on random planar graphs via the two-matrix model
. With general polynomial potentials, we may use the multicritical points
of the one- and two-matrix models to study the diagonal (2m — 1,2) and (p,p’)
minimal models, respectively, coupled to gravity. These models are solvable in the
planar limit, and there are methods to compute subleading terms of the one-loop
and multi-loop functions to all orders in the large N expansion [12, |15, 50].

In order to consider more general spin systems coupled to gravity, we need
to study higher-order multi-matrix models. Unfortunately, as first pointed out
in [51], and later in [52], multi-matrix models containing more than 2 degrees
of freedom tend to be intractable. Those that can be solved use methods quite
specific to the particular form of the model, and do not generalise (see [53], |54]
cataloguing various solvable models).

In this chapter, we study properties of the planar one-loop function of the
g-states Potts model coupled to 2D discretised quantum gravity. We use the

multi-matrix model formulation

q q N X
z,= | H[dxi]e‘“(z“w i Xe%s) (3.1)
=1

43
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The X; are N x N Hermitian matrices, each representing one of the ¢ spin states, and
[dX;] denotes integration over all the independent components. The potential V'(z) =
U(z) — 2%/2, where U(z) = >}y t,2™/m, controls the type of polygonulation
of discrete 2-manifolds generated by the formal Feynman graph expansion in
{ta,t3,...}(we use n = 3, corresponding to triangulations).

At first, this model seems intractable. The non-trivial cycle of couplings between
matrices prevents simultaneous diagonalisation, so that some techniques that are
useful for single matrix models, such as orthogonal polynomials, are rendered
inadequate. However, due to the particular structure of this partition function,
it is in fact solvable. Kazakov [55] computed the solution for the case ¢ = 1 and
q = 0, and for ¢ = 2 it reduces to the well-known Ising model on a random lattice,
for which the one-loop function has been computed [13, |56]. Later, Daul and
Zinn-Justin computed the one-loop function corresponding to the fully magnetised
boundary condition on the spins, and associated critical exponents, for the ¢ = 3
case [57, 58]. For all allowed values of ¢, in the sense that one obtains finite-
sheeted resolvents, Eynard and Bonnet [59] subsequently computed the one-loop
function using a loop equation method.

In [60, 61], a formalism was developed to compute a larger set of loop amplitudes,
including auxiliary boundary conditions on Potts spins as well as the free and
partially magnetised conditions. This formulation was illustrated by application to
the ¢ = 1, 2, 3 Potts models and the known results reproduced. In this chapter we
show how to use these methods to develop systematically the loop amplitudes for
these boundary conditions at all allowed g¢-values, and compute the associated
critical exponents.

This chapter is organised as follows. In Section 2 we define the model and
observables of the theory. In Section 3 we outline the method of determining the
one-loop functions. In Section 4 we apply this construction to arbitrary ¢ and p,
giving the allowed values of each, along with the degree of the discriminant in each
case. In Section 5 we outline some consequences of the previous propositions on

the allowed one-loop functions, and derive the critical exponents of the general
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solution, and in Section 6 we discuss our results. The results of this chapter

have been reported in [62].

3.2 Defining the Model

We use the model defined by (3.1]) to describe the g-state Potts model on a random
planar lattice. We are interested in computing the correlation functions of matrices

corresponding to various boundary conditions. These are captured by the resolvents

1 1
Wi (2) = N <T1"Z_Z;];_1Xk> ’ (32)

where we use the S, symmetry of the model to identify the resolvent generated by
>i_1 X; with the resolvents generated by the >7_; X,(;) for all o € S;. Therefore,
only sums of matrices matter.

For W(;)(z) with arbitrary orderings of {X7,--- X}, the corresponding resolvent
generates discretised surfaces with a boundary composed of the permitted matrices.
Interpreting the matrices as spins, we find that the resolvents generate the Potts
model coupled to random surfaces with a single outer boundary (i.e. a disc for
genus zero surfaces), where the boundary admits a restricted subset of spins, given
by the matrices used to define the relevant resolvent. For example, the single matrix
resolvent, given by with p = 1, corresponds to the Potts model with a single
spin on the boundary, and this would give the fixed spin boundary condition in
the continuum CFT. In general, we map the resolvents onto the various conformal
boundary conditions admitted by the Potts model CFT.

As in the case of the one-matrix model, for a given Hermitian matrix X with
eigenvalues {z;}¥,, we define the large N eigenvalue density distribution

px(x) = lim E <Z d(z — xz)> : (3.3)

N—oo N =1

and the planar resolvent is then given by the Stieltjes transform

Wx(z) = / dpr(x), z & supp px. (3.4)
Supp px Z—T
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One then finds the eigenvalue density distribution by computing the discontinuity
of the genus zero resolvent along its compact (‘physical’) cut, and with this one
can compute various correlation functions in the same limit. We can analogously
define eigenvalue density distributions and planar resolvents for any of the other
resolvents given in .

For a given pair of Hermitian matrices X and Y, with eigenvalues {z;}3_, and

{yi}Y,, and a coupling given through the HCIZ integral formula [63} 64]

I =

1 det Nzpy
1 < Pkl € ) (3.5)

N\ T A@AE)

we associate a set of functions which we call G-functions, which we introduce
following [65]. Assuming (3.5 has a smooth large N limit such that it only depends

on the eigenvalue density distributions of X and Y, px and py respectively, we write

9 ¢
Oz 0px ()

I = ReG%(x) — Re Wx(z), (3.6)
where x is an eigenvalue of X. Furthermore we have
Re G (z) = Gx(2)o + Gx ()1, (3.7)

and similarly for Wx (z), where the subscript ‘0’ refers to the physical sheet, and
the subscript ‘1’ refers to an adjoining sheet, connected through a compact cut
along the real axis. The left hand side of is an entire function of  and has
no cuts on the support of px. We can therefore analytically continue to complex
values x — z and express the right hand side as functions defined on one sheet
(say ‘07). Equivalently, we may consider derivatives with respect to the eigenvalue
density distribution of Y, obtaining an expression in terms of a separate G-function,
Gy (z), and the resolvent Wy (z).

We therefore define the G-functions, for a pair of Hermitian matrices X and Y as

10
X _ Nzpy;
Gy(2) = N 0z n <1<‘%32N€ >yN:Z’ @ & supp pr (38)

10

Y - - Nzpy;
GX(Z) N N 0z n <1<§££N€ >xN=z’ : ¢ SUPP px; (39)
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where it is understood that one takes the derivative with respect to an eigenvalue
within the support of the relevant eigenvalue density distribution, here taken to
be the N*® eigenvalue, and then analytically continues the function away from
the support. These functions satisfy the property Gy (G%(2)) = z + O(1/N) [65].
Moreover, since the left hand side of is an entire function of the eigenvalue, the

G-function and associated resolvent have the same discontinuity across the real axis
G))E(Z)o — G‘;;(Z)l = Wy(Z)o — Wy(Z)l, (310)

GX(2)0 — Gx(2)1 = Wx(2)o — Wx(2)1.

In the following, we determine the resolvents of the model in terms of these G-

functions, to which they are related by an entire function.

3.3 One-Loop Functions: Key Results
In this section, we recall the principal results of [61], and establish the procedure
for determining the one-loop functions.
Lemma 3.3.1. Let h > 0 and abbreviate the integral transformations
i (X) = /R APy f(P)e~ 3 TPLNTP2X//e32h—1 (3.11)
(P) = [ dx F(X)eNTPX /1= (3.12)
where the subscripts below the integrals indicate the integration cycle for the corre-

sponding eigenvalues. Then, up to an overall factor, the partition function in (3.1)

can be written as

Zy = [ dPye $0- T ([N, (313
= [ X (e N[ (YK ()
= /]RdXO ( ﬁ /F dXiG_NTrU(Xi)

x4 [1] <X0 + QSinhhiXZ) (3.15)

x v_[1] (XO — 2sinh h zq: X)

i=p+1
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With these integral transforms, the coupling terms between matrices in the

action ({3.1]) can be decomposed into simpler expressions with the introduction of new

fiducial matrices. These new matrices, V1 — e=2"P, /1 — 2" P_, and X, couple
to separate sums of the original set of matrices, as well as each other. Note that the
parameter h is introduced alongside the auxiliary matrices P, and thus Z,; does not
depend on it. In [61] it was shown that as h — oo the resolvent of X is equivalent to
the resolvent of the sum of random matrices that P, couples to, and thus possesses

the required eigenvalue density distribution. This leads to the following result.

Proposition 3.3.2. Let the random matriz P, be defined as in Lemma 3.3.1, and
set Y =+/1—e2P,. Then for N — oo and h — oo, the spectral density of the
sum of p matrices, distributed according to (3.1)), is given by

1
27

P (2) (Ghy(2)0 = Gly(2)) (3.16)

where G, (2) is the functional inverse of
G ()0 = (2 = Wy (2)) + = E Wy (2o (3.17)

The label (p) refers to the sum of matrices being studied, i.e. if we take X,y =
S Xy, then Gy = G
This argument rests on the fact that these G-functions have the same cut
on the physical plane as the Wy (z) resolvents (3.10). Using the result of this
proposition, once we calculate the G-functions, we can determine the eigenvalue
density distribution, from which one can calculate the correlators of the theory.
To determine the G-functions, we use the saddle-point equation about the

eigenvalues for a given matrix in (3.1), say, X = X; for some i € {1,...,q}:
U'(z) = Wx(2)o + Gx(2)o- (3.18)

In analysing the p = 1 case for integer ¢, we assume Wx(z)y has an asymptotic
expansion such that lim, .. 2Wx(2)g = 1. This can be seen from the formal
definition of the resolvent (3.2)). Then, we can immediately infer from (3.18]) that

G5 (2)o has two sheets, connected by a semi-infinite square-root branch cut (taking
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U(z) to be cubic), which we denote Cy. Furthermore, Proposition 3.3.2 implies
that G55(2)o has at least two sheets connected by a compact cut, which we denote
CF. If the resulting branch structure does not terminate there, we can analytically
continue to the other sheets, and use Proposition 3.3.2 to write down expressions
for G¥(z) on all of its other sheets.

This derivation fixes the undetermined coefficients in the asymptotic expansion
of the resolvent Wx(z) by demanding that the G-functions have finitely many
sheets. Starting from the physical sheet, ‘0’, we analytically continue through
CF, to the next sheet, then C', to the sheet above, and repeating in this way, we
eventually reach a sheet on which there is no longer a branch cut through which

we can analytically continue the function to higher sheets.

3.4 The G-functions for arbitrary (p,q)

Proposition 3.4.1. The only values of q for which the p =1 generating function

can be described by an algebraic equation are given by
q=2(1+cosvm) € (0,4), (3.19)
where v =n/m, and n,m are coprime.

Proof. This result was first observed by Eynard and Bonnet for the one-loop function
in [59]. Here we establish it by computing the discontinuities across the branch
cuts of the generating function and determining the values of ¢ for which they

vanish. The analytic structure of G5 (2) is described in Figl3.1] Eliminating Wy (2),
between (3.17) and (3.10]), we have

Gy ()1 =z + (1 = )Gy (2)o + (¢ — 2)Wy (2)o. (3.20)
Sheet 1 is connected to sheet 0 by Cp. Circling C, gives us

G (2)e =24+ (1 — )G (2)—1 + (¢ — 2)Wy (2)o. (3.21)
Now we can eliminate Wy (z)o between the last two equations to get

Gy (2)2 = Gy ()1 + (¢ = D)(GY (2)0 — GF (2)-1)- (3.22)
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This demonstrates that we can generate all subsequent G55 (2)x with G55 (2)_1,01 as

initial data.

4 5 o
Ii((q -2)(@-D-1)5
3 ‘el O
i(q— Z)PI
2 O O

Ii(q —1)8
1 O
ip —— > Physical Cut
0 O

ié

O—0

-1

Figure 3.1: Analytic structure of G55 (2) for general ¢ for with a cubic potential.
Each horizontal line denotes a sheet of the function and each circle a branch cut. The
left-most circles represent Cr and the right-most represent Cy,. Branch cuts are labelled
by discontinuities between the upper and lower sheet.

Circling successively Cr, Cy, Cp, Cy, . .. gives

G¥(2)s = G (2)o+ (¢— D(GF(2)1 — G5 (2)-1)
G¥(z)s = G (z)a+ (¢ —1)(GF(2)2 — Gy (2)o)
Gy (2)s = Gy(z)a1+ (g —1)(Gy(2)s — Gy (2)) (3.23)

GY(2)k = G¥(2)k—s+ (0 —1)(Gy (2)k—2 — G¥ (2)K—4).

We note that this is a linear relationship amongst the G5 (2)gs, so we can read
off the identical relationship for the coefficients of the discontinuous parts, px
and 0y, across the finite and infinite cuts respectively. We further note that the
coefficient of any fixed power of z also satisfies the same equation — in particular
ag, the coefficient of the z itself, will be important later in the computation of the
discriminant.

From the above linear recursion relationship, we see that the pg, dx and ag,

defined above, all satisfy the difference equation

yr = (¢ — D(yx—2 — Yrx-4) + yx—6, K =6, (3.24)
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with appropriate initial data generated by the expressions {yo, y2,v4} for even K,
and {y1,ys,ys} for odd K. We can separate the solutions of this into those for
which K is an odd number and those for which K is even. The solutions of this

difference equation in the even case are of the form
yi = Axf/?, (3.25)

where A is a constant and z satisfies

2*—(qg—1)(2* —2)—-1=0, (3.26)
whose solutions are
r = 1,
r = i ;l—(q—Q)Q = * (3.27)

assuming g < 4.
If the functions are algebraic, there must be a sheet for which the discontinuous
parts px or dx vanish. Using the boundary conditions for the difference equation,

we have the following:

= 1 —(k+1) (p2(k+1) _q
P2k X i 5
Crp : { ’ a(a=4) ( ) k>1, (3.28)
P2k+1 = —P2k
— 1 (k+1) (. 2k+1 _
Co - Ok el (z = 1)(x b, k>1. (3.29)
dop—1 = —Oap

The vanishing of px or dx in (3.28]) (3.29) fixes = to be a root of unity whence,
using (3.27)), we find that ¢ must satisfy (3.19)) and hence that ¢ < 4. ]

Proposition 3.4.2. If 0 = vr = "% with n < m mutually prime, n = 1,3,... is

odd, and m may be even or odd. Then the allowed values of p are

sin (M +1)0

M=1,... -1 .
Sil’lM@ ) ’ , M ) (330)

p=1+

if the sheets terminate on a compact cut, and

sin (M + 2)0

-1, M=0,... -1 3.31
sin (M + 1) ome (331)

p=1+
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if the sheets terminate on an infinite cut. We denote this set of solutions Case 1.

If 0 = v = 2% with n < m mutually prime, n =2,4,...,m — 1 is even, then

the only allowed values of p are those for which the sheets terminate on a compact

cut:
sin (M +1)0
sin M@

We denote this set of solutions Case 2.

p=1+ M=1,...,m—1. (3.32)

Proof. Going back to (3.17)) and (3.10), we can eliminate Wy (z); between these

two equations, but keep p general, to find
GP(2)y = ];(z +GE(2)0 — G (2)1) + (1 - 25’) Wy (2)o. (3.33)
But Wy (z)g also appears in , so can be eliminated, and we obtain
(- 2)GP(2)o = (p—1)(2 = G¥(2h) + (g —p— )G (2)o- (3.34)

Note that ¢ = 2 has to be dealt with separately but one can show that the results

we will obtain are true even in that case. Circling Cr gives

(- 2)GP () = (p—1)(2 = G¥(2)o) + (g —p— 1)GF(2)1 - (3.35)
Note that formula (3.34) is trivially correct for p = 1 and that
(4= 9G¥ (2o = (g = p = Dz = GF(2h) + (0~ DG () (3.36)

= (g=2)2=(p—1)(2 = G¥(2)o) — (¢—p— DGy (2)
=(g-2)(2 =GP (2n),
which is the correct duality relationship between p and ¢ — p functions, observed in
[60].
Going back to and circling cuts in the sequence Cr,Cy,Cp,C, ...
generates sheets with positive labels, so following on from we have
(1-26P ()2 = (=1)(z = G¥(2)
(0-2)GP(2)s = (p—1)(z—G¥(2)
(q=2GP ()5 = (p—-1)(2=G¥(2)) +(a—p—1DG¥(2)s  (3.37)

(-G () = (-1 (2= G¥(2)xa) +(g—p— DG (2)x .
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Circling cuts in the sequence Cy, Cp, Cy, Cp, . .. generates sheets with negative

labels:

(-G () = (p—1)(2—G¥(2)) + (g —p— 1)GF(2)
(0—-2)GP(2)2 = (p—1)(2—G¥(2)s) + (g —p— 1)G¥(2)s

(-2GP(2) s = (p-1)(2=G¥(2l) +(a—p—1DG¥(z)  (3.38)

(4-2GV()-x = @=1(z = GF¥(rs1) + (=P~ DEF (2)x—s.

Note that, because the G5 (2) ks and yx o z all satisfy (3.24)), so do the Ggf)(z),K
and the only difference is the initial data. Therefore, all Ggf )(z)_ K can be expressed
as linear combinations of {z, G5 (2)_1,0.1}; and the coefficients, pg), (5&? and a%) of
the discontinuous parts and of z, respectively, can be found.

Using these relationships, it is straightforward to find that

(1 —p)sin M+ sin(M + 1)
P = g = —Prers (3.39)
2M+1 — in Lo - " Y2M+2» (3' 0)
sin 5
(1 —p)sin(M + 1)0 + sin M6
P(—p%M—1 = sin 0 = _p(—p%M—Qa (3.41)
(1 —p)sin(M + 2)0 + sin(M — 1)0
59’2)M = - = 1g 2 = _58)2)M—17 (3.42)
sin 5

for M =0,1,2,.... For the coefficients of z we get

o) _ —(p —2) cos 50 + (p — 1) cos(M + 3)0 — cos(M + 2)0

i 2sin %0 sin 6 ’
e = ol (3.43)
oy = o

with M =0,4+1,42---.

For general p the sheet structure can terminate: on an even positive label sheet

in which case pg% = 0; on an odd positive label sheet in which case 5&6)\3”1 = 0; on

an odd negative label sheet in which case p(_p% v—1 = 0; and on an even negative

label sheet in which case 5(_1’2) u = 0. Clearly, to be finite sheeted it must terminate
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on both a positive and a negative label sheet. The p’s and §’s have some general

properties which help in classifying everything:

(i) The absolute values of pg]’& etc. have period m in M. Therefore, we need only

consider 0 < M < m in determining whether Ggf)(z) is finite sheeted.

(ii) Note that if pg& = 0 then

() (1 —p)sin(m — M)# + sin(m — M — 1)
P_2(m-M-1)-1 — sin 0 )
_ (- p) sin(nm — M?;@sin(mr — (M + 1)9)7 (3.44)
i

= ()"l =0,

Similarly, if 5&’\)4 41 = 0 then 5(7"2)(7% a—1) = 0. Tt follows that, if the structure
terminates at a positive label sheet, it will also terminate at a negative label
sheet (though these results do not necessarily identify the lowest label sheet

on which the structure actually terminates).

(iii) In Case 2 observe that

() _ (_1)n/2(1 p)sin((M + 1)2F — 2% 4+ sin((M + 2)28 — %)
Petaren = sin )
— (_1)n/2(1 —p)sin((M 41— )27 +sin((M +2 — 3)%7)
sin 6 515
_ (_1)n/2(1 — p)sin((M — 2L + 1)25) 4 sin((M — 22 4 §)or)
sin ¢ :

But m is odd, so k = mT_l is an integer, and we find

Py = (Z1" 0y, (3.46)
and similarly, that
P(f%Mfl = (= )n/25 2(k—M)* (3.47)

It follows that termination on even or odd sheets generates the same set of p
values for which G@(z) is finite sheeted; whether it actually terminates on

an even or an odd sheet is determined by which one has lower label.
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3.41 Case 1: 0 = vr = "%, n < m are mutually prime,
n=1,3,...is odd, m may be even or odd

By properties (ii) it follows that all p values for which Ggf)(z) is finite sheeted are
given by pg]’\} =0, M > 0, or by 557]’\)“1 =0, M > 0, giving two sequences:

sin(M +1)6
p o= 14T =1 m—1 4
Sl p + sin M6 y ) m ) (3 8)
in(M + 2)6
Sy i p sin(M +5) M=0,. . .m-1, (3.49)

where Sy, for M = 1,...m — 1, terminates on sheet 2M, ie. 2,4,...,2(m — 1) and
Sy, for M =0,...m — 1, terminates on sheet 2M + 1, ie. 1,3,...,2m — 1.
Note that S7 and S5 are distinct, so we can find the negative label on which

they terminate by inserting the values of p from (3.48)) and (3.49)) respectively into
the expressions p%),,_, (41) and 6%),, (3-42) and solving for M’. This gives:

e« S;: M =1,...m—1 terminates on sheet —2(m — M) + 1,
e So: M =0,...m — 1 terminates on sheet —2(m — M — 1).

Note that for every allowed p there are exactly 2m sheets, the same as for p = 1,
which is always case M =m — 1 in 5].
Now we can show that S; # S, are distinct. If they were not, then we would

have for some M, M’

1
sin(M + 2)9 sin M'0 = sin(M + 5)0 sin(M'+1)8, (3.50)
= (2(M — M) +—1)€§; = o, (3.51)

which is a contradiction because n is odd.

3.4.2 Case 2: 0 =vr ="", n <m are mutually prime and

n=2,4,...,m—11is even

By properties (i) and (iii) it follows that all p values for which G{)(2) is finite
sheeted are given by pg’]’& =0, M > 0, so in this case there is only one sequence
given by

sin(M + 1)6

M=1,...m-—1. 52
sin M@’ SRRE (3.52)

p=1+
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Note that the special case p=1is M =m — 1.

m—+1

5. -.,m—1, that 5®) is zero for a lower

By property (iii) we see, for M =
labelled sheet than p® so for positive labels:

e M =1...7 terminates on sheet 2,
o« M= mT“ ...m — 1 terminates on sheet 2M — m.
Using property (i) we see that for negative labels:
« M =1...2 terminates on sheet —m + 2M + 1,
« M =" __m—1 terminates on sheet —2(m — M) + 1.

Note that for every allowed p there are exactly m sheets, the same as for p = 1.

]

Proposition 3.4.3. The degree of the discriminant of the G-functions, for all

values of (p,q), is given by

deg A(z) =2m((2m — 1) —m, (3.53)
in Case 1, and
1
deg A(z) =m(m —1) — §(m —1), (3.54)

in Case 2.

Proof. We can examine the ay (3.43)), the coefficient of z in the recurrence relation
for the G-functions, and determine the degree of the discriminant. We note the

following properties:

(i) First note that a_; = ap = 0 and that in general aspr1 = opr42 SO that

G (2)anrre — GX(2)anri1 X v/z + lower order terms.

(i) Now we prove that there are no other cases where ax = aks in the finite

sheet structure. For asps11 = aopry1 we require

cos(M + ;))9 = cos(M' + 2)9, (3.55)
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with M, M" = —1,...,m—2,in Case 1, or M, M' = —1,.. .,%(m—?)), in Case
2. The first possibility is that M = M’ 4+ m, if n is even, or M = M’ + 2m, if

n is odd; but then M falls outside the allowed range. The second possibility

is that
(M+;)9:2N7r—(M'+2)9, N=12..., (3.56)

so that
(M + M + 3)% — 2N. (3.57)

In Case 2 this is satisfied if M + M’ + 3 = m, which can only be true if
M = M’ = {(m — 3), which proves the result. In Case 1 this is satisfied if
M + M’ + 3 = 2m, which can only be true if one of M or M’ is m — 1, which

is out of range, and thus proves the result.

Now we can compute the leading power of z in the discriminant. In Case 1

2

A = T (G ek =G ) (3.38)
= "ﬁ (G§<Z)2M+2—G})f(z)2M+1)2 11 (fo(z)K—fo(z)K/)Q. (3.59)

M=—1 K'—K>1
So for 2m sheets we have m terms in the product giving a factor z, and 2m(2m —

1)/2 — m terms giving a factor 22. Therefore

degA(z) =2m(2m — 1) — m. (3.60)
In Case 2
NORS I CHORSHOME (3.61)
%(me) 9 2
= 1T (& @aue -G @) T (GF @ -G o) (3.62)

This time there are m sheets and we have %(m — 1) terms in the product giving a

factor z, and m(m —1)/2 — $(m — 1) terms giving a factor z%. Therefore

degA(2) = m(m — 1) — ;(m _). (3.63)

Next, we can examine the ag) and show that the degree of the discriminant is

the same as it is for p = 1 for all values of p for which Ggf)(z) is finite sheeted.
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(i)

(i)

(iii)

First note that a(_pf = a(()p) = 0 and that a(Lp) #0if L # 0,—1, as is easily
shown from ({3.43)), and that in general ag\)/[ 1= ag\)/[ 9, 50 that G(YP)(z)g Mo —

G§}’)(Z)QM+1 x /z + lower order terms.

It is straightforward to prove that there are no other cases where a(Lp) = a(L’i)

in the finite sheet structure. Setting oy, = al?, 1 and using (3.43)) gives

(3.64)

Using (3.48)),(3.49), or (3.52), as appropriate, and considering each in turn, it

can be shown there are no K # K’ and both in the physical range.

For a given ¢ the number of sheets for G\P)(z) is the same as for G (z) if p is
an allowed value as shown for Case 1 and Case 2. It follows from this, and (i)
and (ii) immediately above, that the degree of the discriminant is the same as

well.

]

Lastly, we outline what happens in the ¢ > 4 cases. Now the sheet structure

does not terminate, and so a solution cannot be written in terms of algebraic

functions. Nevertheless a solution can be obtained for the ¢ = 4, p = 1 function by

explicitly solving a double Riemann-Hilbert problem in terms of elliptic functions

[58]; one then finds that the value of p is unconstrained. In the case of ¢ > 4 we

find an ever increasing weighting for C'r and C,, which rules out any possibility

of algebraic solutions.

3.5 Properties of the General Solution

3.5.1 Allowed values of p

By construction, the general (¢, p) solution allows a p = 1 boundary resolvent

function. However, our results show that other integer values of p for a given allowed

value of ¢ are not necessarily allowed, even when p < gq. We observe the following:
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nm

", with n even, n < m mutually prime

(Case 2). From ([3.32)) this would imply

sin(M +1)0 20+1 7

— =0 = —,
sin M0 2M +12

(i) p = 2 is not allowed if § = vr =

(3.65)

which is a contradiction.

(ii) p =2 is allowed if = v7 = "% with n odd, n < m mutually prime (Case 1).
It appears in the series when Cr vanishes (3.30)) if m is odd, in which case
M = mT’l, and it appears in the series for C, (3.31)) if m is even, in which

caseM:%—l.

(iii) p = 3 is allowed only if ¢ = 3. We do not have a simple analytic proof of this,

but we have checked every case of ¢ = "= up to m = 170.

There are two further values of p which appear generically but are not in general inte-

gers:

(i) p = q is always allowed. For Case 1, set M = 0 in the C, series. For Case 2,

set M = mTH in the Cr series.

m

(ii) p = q/2 occurs for Case 1: if m is even set M = 7

in the CF series; if m is
odd set M = mT_l in the C4 series. It is not allowed for Case 2 as is easily

proved by contradiction.

3.5.2 Critical exponents

When we we have finite sheeted functions, the critical exponents can be computed
directly from the discriminant,
2
A@) =1 (GF )~ G¥(2);) (3.66)
i<j

We use the following lemma, adapted from [66].
Lemma 3.5.1. Let zy be a branch point of order p over zy, then the sum of orders
of all branch points over some z equals the multiplicity of zy as a root of the
discriminant. Thus, the sum of orders of all branch points in the finite part of the

Riemann surface equals the degree of the polynomial A(z).
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Proof. According to the theorem on symmetric functions, the discriminant is a
polynomial in z. Given a branch point of order p over z, then G55 (2) on p + 1

sheets will have the form
G})S(Z)l = Qo + b(Z — Zo)l/(p+1) + .- s (367)

where the different branches of the (p + 1) root correspond to different i. There

can also be other branch points over zy. For all of them ag will be different.

2 (p+l)p

The contribution of the branch point to the discriminant is (z — zo)?H1 2 =

(z — 20)P. ]

As we approach the critical point, the branch point of C,, merges with the
right-most branch point of C'r, which we denote z,. By hypothesis, at criticality
we have one central branch point, about which the function behaves as (z — z)"/*
for r,s € Z. The contribution of this branch point to the discriminant is then
(z — zo)% 2ici = (2 — 29) ="~V where n is the number of sheets this branch point
connects, which we assume to be the total number of sheets of G55 (). Meanwhile
we have contributions from the left-most branch point of Cr, about which we
obtain square-root behaviour. For a given n there will be (n — 2)/2 of these for
Case 1, and (n — 1)/2 for Case 2. By Lemma 3.5.1, in Case 1 the degree of

the discriminant will be given by

2m — 2

deg A(z) = ( ) + £2m(2m —1), (3.68)

while for Case 2, the degree of the discriminant will be given by

m—1

deg A(z) = <2> + gm(m —1), (3.69)

where m is defined as in Proposition 3.4.2.

From and in the preceding section we have the degree of the
discriminant, and this should not change as we vary the couplings of the model.
Comparing both, we find that the critical exponent in Case 1 is given by

_2m—1
 2m

, (3.70)

r
S
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and in Case 2 it is given by
-—=—, (3.71)

which depends only on the number of sheets of the function. The string exponent

is defined in terms of the resolvent as
Wiy (2 — 20) ~ (2 — 20)' 7. (3.72)

Due to the singular behaviour of Gz;) (z) about CF is the same as the behaviour
of W (2), and so we can relate our result for the former into a statement about
the latter. Therefore we recover the known results v, = —%, —%, —% forqg=1,2,3,
in agreement with the values found in [59].

It should, however, be noted that the string exponent appearing in (3.72) is
only certain to agree with the susceptibility defined by the KPZ/DDK relation
if the conformal field theory coupled to gravity is unitary. In the KPZ/DDK
relation the cosmological constant is taken as the coupling to the dressed identity
operator, whereas in the matrix model the scaling variable couples to the dressed

lowest dimension operator, which is not necessarily the identity for non-unitary

conformal field theories [15].

3.6 Discussion

We have classified all algebraic solutions for the one-loop function of the g-state Potts
model coupled to random planar graphs with p allowed spins on the boundary. We
found that there is a discrete series of allowed values of ¢ that admit a p = 1 boundary
condition, in agreement with the calculation of [59] using loop equations, and the
results of |67, 68| using separate methods. For each of these we then determined
the discrete series of allowed values of p, and we computed the discriminant of the
general solution, using it to analyse the critical behaviour of the theory, and finding
agreement with [59]. In the case of ¢ = 3 this results in another boundary condition
for p = 3/2, in addition to the usual p = 1,2, and 3 solutions. We conjecture that

this extra boundary condition may play the role of the New boundary condition
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that appears in the fixed lattice spin system, but we have not established such
a firm connection. Attempting to justify this statement motivates the following
chapter, where we study Kramers-Wannier duality on the random lattice.

There are a number of avenues of inquiry one may pursue regarding this work.
It would be interesting to calculate cylinder functions on the random lattice to
enable confirmation of our identification of boundary conditions, as in [69]. This
would require extending our results to higher order in topology and pushing beyond
the planar limit, as performed for the O(n) model in |70}, using the algebraic curves
found here as the starting point of the topological recursion procedure [50].

We would also like to understand the ¢/2 condition itself for general ¢, and
determine what it corresponds to physically, if anything. If it is not the New
boundary condition, then there is no apparent analogue on the fixed lattice.
Discrepancies between fixed lattice and random lattice results have been observed in
the past for the O(n) model; in the strong coupling regime, corresponding to n > 2
and central charge greater than one, new exotic critical points were discovered |71,
72| which were not known to exist on the flat lattice. The g-state Potts model
appears to be related to the O(n) model |59} 73] and so one might expect similar
features to be present in the former. We have found no new critical behaviour for
g < 4 in the (q,p) parameter space of the g-state Potts model on random planar
graphs, but we have not excluded an analogue of the new critical behaviour of the

O(n) model in the corresponding g > 4 strong coupling regime.



Chapter 4

Kramers-Wannier Duality on a
Random Lattice

In the previous chapter we found that for the particular case of the 3-state Potts
model, there are four allowed values for the boundary counting parameter, p =
1, 3/2, 2, 3. The integer values of p have a straightforward interpretation as resolvent
functions for which one, two, or three spin values are allowed at the boundary.
However the p = 3/2 case has no easy physical interpretation that is local in
terms of the microscopic theory.

As discussed in Chapter 2, the critical point of the 3-state Potts model on a
fixed lattice is described by a (6,5) D-series conformal field theory (CFT). Affleck
et al. [21] showed that there are eight physical boundary states in this case that
are invariant under boundary-preserving conformal transformations. Seven states
are accounted for by boundary conditions with a) fixed spins (three states), b)
mixed spins (three states), ¢) free spins (one state). The eighth state is called the
New boundary condition. The corresponding microscopic lattice picture involves
negative Boltzmann weights in the statistical spin model and lacks a simple intuitive
physical interpretation. We outline this result in Appendix C.

It is tempting to conjecture that the p = 3/2 state is, in the scaling limit,
the random lattice analogue of the New boundary condition. To confirm this,
or otherwise, would require the extension of our methods to compute cylinder
amplitudes. In this chapter we will take an alternative approach and explicitly

construct the one-loop function for the New boundary condition on the random

63
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(a) (b)

Figure 4.1: a) Ms: spins s, s’ living on the faces of T; b) My: the vertex in 7' when
all spins on the vertices of a triangle in T take the same value; ¢) Ms: the vertex in T'
for ¢ = 2 when all spins on the vertices of a triangle in 7" do not take the same value.

lattice, using the relationship between boundary conditions in the original model,
and boundary conditions in the Kramers-Wannier dual theory.

This chapter is organised as follows. We first revisit the Ising model and discuss
how one may construct the Kramers-Wannier dual on a random lattice in Section
4.1. Following this, we study the 3-state Potts model in Section 4.2. We construct
the Kramers-Wannier dual to the 3-state Potts matrix model, and construct the
one-loop functions corresponding to boundary conditions of the 3-state Potts model
in the dual theory. Using the relationship between boundary conditions in the
original model and the dual theory we study the New boundary condition, using the
mixed boundary condition of the dual theory, and discuss our findings in Section

4.3. The results of this chapter have been reported in [62].

4.1 Ising Model

Kramers-Wannier duality, originally described for the Ising model on flat lattices,
provides a relationship between the high-temperature and low-temperature expan-
sions of the partition function on a lattice and its dual respectively, see [74] for
a review. On random lattices Kramers-Wannier duality was first studied in [6,
75]. The situation is quite different from the flat lattice because the coordination
numbers of the two lattices are radically different; one is finite (three in the case

of the models considered in this thesis), while the other is unconstrained.
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In the graphs we have considered, the spins are located at the face of each
triangle in T, see Fig. . We associate weights 1 to an edge in the dual graph, T,
connecting identical spins, and e~2* to an edge connecting different spins. Starting
with the Ising model, ¢ = 2, these weights are reproduced by the quadratic term

in the matrix model action

1

SFTf(zl_ew(

X2+ X2 27X, X,) — %(Xf’ - X§)> : (4.1)

while the cubic term generates the vertices of T'; we refer to this model as Ms.
By redefining the couplings and scaling the matrices, we recover the form given
in for ¢ = 2.

In the dual theory, M, the Ising spins are located on the vertices of the
triangles, rather than the faces. These combinatorics can be described by a new

matrix model defined as follows:

(i) An edge connecting two vertices with the same spin carries weight 1, and is

represented by a matrix X in the dual lattice, see Fig4.Ip.

(ii) An edge connecting two vertices with opposite spins carries weight 6_23, and

is represented by a matrix W in the dual lattice, see Fig[.T.

(iii) There are two types of cubic vertex on the dual lattice corresponding to the

cases when the three spins on the surrounding triangle are equal or not, see

Figs[d.Ip & lc.

This leads to the action

A 1 e28 i
Sy = Tr<2X2 + 7W2 - g(X3 + 3XW2)>. (4.2)

Boundary configurations for the two models are different as shown in Fig[.2] In
M a boundary condition is given by the spin values on the vertices of triangles
lying on the boundary of 7T'; whereas in M the spins are specified on the vertex

of order one on the edge in 7' that is dual to the boundary edge of T.
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(2) )

Figure 4.2: Boundary spin configurations in a) Ms and b) Ma.

S, and S, are related by the change of variables [6]

A A A3
X—=-—==X1+Xy), W—-—(X1—-—Xy), §— —F=g, 4.3
\/5( 1 2) \/5( 1 2), g (4.3)

where

A= (1+e %), and tanh 3 = e~ 2. (4.4)

Note that the relationship between 5 and B is the same as for a fixed lattice. The
partition functions of My and M, are therefore equivalent but the relationship
is more subtle for graphs with boundaries.

The resolvent for the free boundary condition in My, W(3y(2), can be calculated
in the dual picture by computing the resolvent W (z), which describes the fized
boundary condition in M, with the action S. The two resolvents have the same
scaling properties as each other and as the fixed spin resolvent W(yy(z) [6]. Similarly
the resolvent Wiy (z), describing a boundary with alternating spins in M, is
equivalent in My to W, _x,(z) which describes a system with an applied imaginary
boundary magnetic field weighting the boundary spins by e*Zz. Note that this
resolvent allows only boundaries of length 0 mod 2, and has a different scaling

exponent from W(;(2); in fact the resolvent Wy, (z) where
Zo=1-a) X1 —(1+a)Xeg=W —aX (4.5)

can be computed explicitly [69, 76] and for « # 0 has the same scaling exponent as
Wa)(z), so we conclude that the boundary condition described by W is unstable in

the infra-red. This is also the case for the fixed lattice Ising model, and consistent
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with the fact that the fixed and free boundary conditions appear as Cardy states in

the c = % boundary CFT, but the alternating spin boundary condition does not [18].

4.2 3-state Potts Model

We can easily extend these ideas to the Potts model. The matrix model, M3, for

spins defined on the faces of the triangulations has action

3 3
83 = TI(IU;C)(Z ME — 2CM1M2 — 2CM1M3 - 2CM2M3) - %(Z Mf)), (46)
i=1 i=1
where
(I1—c¢) 1
= dec= ) 4.7
M) = Aot —2g ™= g1 (4.7)
The Boltzmann weights are then
A VI 1c %f Ok = Ol (4.8)
= if op # oy

as on the flat lattice.
To construct the dual matrix model, we map the spins on the faces of the
triangulation T to phase factors s € {1,w,w?} on the vertices of T', where w = ¢' 5,

To connect adjacent spins, we use the following matrices: U, which increases the

phase by %’T, U which increases the phase by 4%, and X which preserves the phase.
The X matrix has Boltzmann weight 1, since it connects identical spins, whereas
U and UT have Boltzmann weight eB , as they connect differing spins. Since the
change in phase is dependent on the direction in which we go along the edge, the
quadratic part of the action, that measures the contribution from neighbouring
vertices with different spins, must be proportional to UUT. The cubic vertices can
be derived by generalising Figs[d.1p & 1c to ¢ = 3. These considerations lead to

the following action for the dual model Mg

~ 1 A g . .. . .
S = ST(X? +2600U") - gX (UUT + UTU) — g(U3 +UB+ X%, (4.9)
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As in the Ising model, M3 and M are related through a linear transformation

of the matrix variables:

A A
X ="_(My+ My+ M), U=-"<(M +wMsy+w?>Ms), 4.10
\/§< 1 2 3) \/3( 1 2 3) ( )
A A3 1—c
Ut =2 (M + My + M), §="—g, A=4—"
\/§< 1 2 3) g \/§g 1+c
with
o1 (4.11)
ef —1’ '

the same relationship between temperature and dual temperature as for the flat
lattice. Note that both S; and S; inherit the permutation symmetry of the
original Potts model through permutations of {X;, X5, X3}, and the exchange
of U and UT respectively.

The loop functions we are interested in do not all have the same straightforward
form in the dual model. For the fixed spin boundary in Mg, all spins on the
boundary vertices are the same, see Figld.3h, which corresponds to the resolvent
W (z); this is equivalent by to the free boundary condition in Mj. The free
spin boundary condition in Mj has graphs of the form Figld.3¢ which correspond
to the resolvent Wy .yt (2); this is equivalent by to the fixed boundary
condition in Mj3. The mixed boundary condition in Ms, Fig., is expected to
be dual to the New boundary condition in M3. The generating function for these
graphs is slightly harder to construct. To ensure that, for example, only 1 and
w appear on the boundary, U can only be followed by X or U' and not another
U, and there must be an equal number of U and U' for periodicity. The loop

function that accounts for all these features is

1 1
mmdd:N<ﬁ@—M+Ufﬂm>' (4.12)

Using the matrix model technology available at the present moment we do not

know how to compute this function. However, we can justify that this is the

correct expression.
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(c)

Figure 4.3: Examples of diagrams corresponding to various boundary conditions in Ms;
a) Fixed spin, b) Mixed spin, c¢) Free spin.

1
«—> XZ \i
L

~

Figure 4.4: Example diagram in Mj corresponding to (Tr --- X1 X9 X9 X3 ---) with
associated boundary interactions represented by solid lines between the spins Xj.

In [21] it was argued that the New boundary condition corresponds to deleting
the Boltzmann weights (4.8)) for edges of the graph belonging to the boundary
and instead assigning the weightﬂ

Wiy = 1 lf o = Oy, (4 13)
—% if O 7§ agy.

For example, as shown in Fig[4.4] neighbouring spins on the boundary of a given
triangulation will contribute a factor of —1/2 when they differ and 1 when they

1See Appendix C, summarising the arguments that lead to this expression.
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are the same. Therefore the amplitude will possess a weight of (—1/2)? due to
the boundary interactions of this segment. This procedure is straightforward to

implement in Mg, and gives the loop function

1 1
Whiew(2) = N <Trz SX-1U- ;UT)> (4.14)

which, by (4.10)), is equivalent to the mixed boundary condition in Ms.

Similarly, it is possible to use the S5 symmetry to show that this implementation
holds when we map in Ms to Ms. To see this, we first note that the
asymptotic expansion of generates a restricted sum of length n words in
the free algebra generated by {X,U,U'}. We then map these allowed words using
to a weighted sum of words in the free algebra generated by {M;, My, M3}.
Permutation symmetry with respect to exchange of My, M3 means that only the
real part of the expectation value of these words contribute. This leads to the

following proposition.

Proposition 4.2.1. Under the mapping
X=> M, U= w'M,, U =3 WM, (4.15)
ocEA cEA cEA
the real part of the sum of allowed length n words in the free algebra generated by

{X,U, U} maps to the following sum of length n words in the free algebra generated
by {M17 M27 M3}7

M,

1 Yoy (1=0(0k,0k41))
) 1"'M0'n7 Op+1 = 01, (416)

A (—2

01, ,0n€A

where A = {1,2,3}.
Proof. Let W, be the sum of allowed length n words in {V,U,U'}. Then for n > 0,

W, = XW,_1 + Y UX*2UW,_,, (4.17)
k=2

where we take Wy = 1. Under (4.15]) we have

Wn: Z Cn<017"' 70n)Mal"'Ma

o1, 0n€A

(4.18)

n*
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The recurrence relation on the words can then be expressed as a recurrence relation
on the coefficients C, (o, - - 0y,),

Co(or, -+ ,00) = Cri(o9, - 04) + > w7 Cr_pp(Optr, - -+, On), (4.19)
k=2
where C1(0) = Cp = 1. We can now prove by induction that for n > 1 this

recurrence relation is equivalent td]
Co(or, -+ ,0n) = (1 + w7 2)Cp1(02, - -+, 0n). (4.20)
For n = 2 the recurrence relation gives

Cg(O’l, 0'2) = 01(0'2) + woliaQCO (421)

= (14+ w7 72)C1(029). (4.22)

Now assume the result holds up to some n = {. Then we must show that (4.19)) is
equivalent to (4.20)) for n = + 1. By repeatedly applying this hypothesis we find

w0'1—0'20l(0—27 ... ,Ul+l) = wol_aQCl_l(O'g, cee ,Ul+1) + WUI_Ugcl—l(037 T 7Ul+l)
(4.23)
= w201 (03, o1 + - F WG (4.24)
I+1
— Z wol_akCl+1—k(Gk+1’ ce 7Ul+1)- (425)
k=2

Hence the proposition holds for n = [ 4+ 1. Thus, since it also holds for n = 2, it is

true for all n. Using this result we can easily solve the recursion,

n—1
Cploy, -+ ,0,) = H(]__I_wo'k—o'k-‘rl)‘ (4.26)
k=1
By taking the real part of this, we recover (4.16]). n

Therefore we find that the mixed boundary condition in M is equivalent to a bound-
ary condition in M3 with the weights for spins on the boundary given by (4.13]).
It is interesting to examine the boundary conditions generated by Wy (z) and

Wyt (2); these are the Zg analogues of the boundary condition generated by Wy, (z)

2We would like to thank an anonymous contributor to Mathematics StackExchange for drawing
attention to this feature.
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in the Ising case. Evaluating the resolvent series expansion and using the underlying
S3 symmetry under exchange of the matrices shows that only boundaries of length
0 mod 3 appear, analogous to the appearance of boundaries of length 0 mod 2 in
Ww(z). Crucially, as we observed above, this boundary condition has a different
scaling dimension and flows to the free boundary condition under Z, symmetric
boundary perturbations [69]. We expect the same behaviour to hold for the
q = 3 case; as soon as a perturbation €X is added the restriction on boundary
length disappears and the boundary condition will flow to the free boundary

condition in the infra-red.

4.3 Discussion

In this chapter we examined the Kramers-Wannier dual theory for ¢ = 3, extending
the work of [6] for ¢ = 2, and showed that the relationship between boundary
conditions in the original and dual theories on a fixed lattice [22] extends to the
same statistical system on a random lattice. Within this framework we discovered
that there is one boundary condition in the original theory and the dual that is
not a simple resolvent, and we argued that this is the New boundary condition in
the original theory, and the mixed boundary condition in the dual.

Regarding ways we could extend this work, foremost would be calculating
resolvents in the dual theory explicitly. The matrix model is a mixed Hermitian-
complex matrix model, with a particular structure that has not been studied in the
literature. However, as the 3-state Potts matrix model is solvable, it is reasonable to
expect that the dual theory is also a solvable matrix model, and, in particular, that
its mixed boundary condition loop function can be computed. Computing
the dual loop functions would allow us to directly study their scaling behaviour,
and enable clear comparison with the loop functions of the original model. This
leads us to the topic of the next chapter, where we develop a combinatorial method

for computing planar resolvents.



Chapter 5

Boundary Conditions in the
3-state Potts Model

Since the work of Eynard and Bonnet [59], it has been known that the planar
resolvent, corresponding to the fixed spin boundary conditions of the 3-state Potts
model on random planar graphs, may be computed through the method of loop
equations. The work of Atkin, Niedner and Wheater [60], building on the saddle-
point approach of Daul [57], and subsequently Zinn-Justin [58], demonstrated that
the saddle-point method may be used to compute the planar eigenvalue density
distribution for the sum of p random matrices in the g-state Potts model, and
thus a wider variety of boundary conditions. As discussed in Chapter 2, the
method of loop equations has a direct combinatorial interpretation, expressing
the possible ways of decomposing random graphs after the removal of a marked
edge. Whether one could recover the results of [60] in this language is the the
question we seek to address in this chapter.

This chapter is organised as follows. In Section 5.1 we describe the formalism we
use to discuss loop equations for general multi-matrix models, which we subsequently
demonstrate for the particular case of the two-matrix model with a generic cubic
potential. In Section 5.2 we then describe an algorithm for computing and
systematically solving loop equations. We immediately apply this to the case
of the 3-state Potts model in Section 5.3, where we illustrate the algorithm in detail
for the p = 1 fixed spin resolvent. We then discuss the case of the p = 2 mixed and

p = 3 free boundary conditions, and describe general features of the spectral curve.

73
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Further to this, we discuss some non-standard boundary conditions, which includes
a case where the loop equation method fails. Finally, in Section 5.4 we consider the
case of the dilute Ising model, followed by the dilute 3-state Potts model in Section

5.5, before concluding with a discussion of some implications of our results.

5.1 Formalism

Consider a generic multi-matrix model in n Hermitian matrix degrees of freedom

X = {X;}?, of the form
Z = / [[ldxX;] e VTV, (5.1)
i=1

where V(X)) is a potential function which is a polynomial of degree d + 1 in the n
matrices of X, and depends on couplings {¢;}°,. We are interested in computing
the planar resolvent of a given matrix, say X = Xj.

Define the following resolvent functions with boundary insertions

W (2) = ;] <Tr;(w(X) Fa(X))- E X> , (5.2)

where w(X) is a word in the free algebra generated by X and w(X) the reversed word,
but with the constraint that X is not the first or last letter of the word. On the left
hand side we will proceed to label the resolvent functions by the indices labelling the

matrices that comprise the word w(X) for the sake of brevity. Hence, one may write

1 1 1
Wiz2,1,9)(2) = N <T1”2(X2X1X3 + X3X1X2)z — X> : (5.3)

Furthermore, we define the following trace correlation functions analogously,

D) = jlv <Tr;(w(X) + w(X))> . (5.4)

Define the level of a resolvent function of the form (5.2)) as the length of the
associated word, L(w(X)), such that, for example, (5.3) with L(XyX;X3) = 3
denotes a level-3 resolvent function. Similarly, we index trace correlation functions

of a given level by the set of words of appropriate length.
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The number of inequivalent trace correlation functions of a given level is generally
much smaller than the size of the corresponding set of words. Due to cyclicity
of the trace and symmetry under reversal of the word (which has been arranged
by construction in ), there is a Dy symmetry for the correlators, where Dy
is the dihedral group of order k. There may also be a global symmetry, G, of

the matrix model potential, given by
G ={g € Aut(X) : V(9(X)) = V(X)}. (5.5)

An example of this would be permutation symmetry amongst the matrix degrees
of freedom. Therefore, defining the set of irreducible trace correlation functions

of level k as P, we may write
P 2 X*/(Dy, x G). (5.6)

The number of inequivalent correlators is then given by the cardinality of this set.

Similarly we define the set of irreducible resolvent functions of level k as W;.
The number of independent resolvent functions is also constrained, although not
as severely as the correlation functions are. Define the operator A, acting on

resolvent functions as follows:
k L/ - k 1
AFWyx)(2) == ~ <Tr(X w(X) + w(X)X )> (5.7)
k
= Zka(x)(Z) — Z Zkilek—lw(X). (5.8)

We may omit words for which any sub-word consisting only of the matrix X adjoins

the loop operator (z — X)™!

, since these may be expressed in terms of the A
operator to a power given by the length of the adjoining sub-word in X, acting
on a lower-level resolvent function. Moreover, the presence of the loop operator
means that, relative to the correlation functions, the dihedral symmetry is reduced

as Dy — Zs, corresponding to symmetry under reversal of the words defining the

resolvent functions. Finally, having fixed X as the representative matrix of the
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loop operator, the defining word only respects the subgroup G’ C G, consisting of

elements g € Aut(X), where X = X\ X. Therefore we may write
Wi = (X x X2 x X)/(Zy x G). (5.9)

For example, consider a three-matrix model with matrix degrees of freedom
X1, Xo, X3, with a Zy symmetry under exchange of X; and Xs. Then for the
resolvent functions with respect to X, one would find W3 212.3) # W31,2,1,3), and
therefore the representative words comprise two distinct elements of Ws, whereas
the same words are identified in Ps as one has ps2123 = P31,2.1.3-

Loop equations are Schwinger-Dyson equations of the matrix model, expressing
the invariance of the matrix integral under infinitesimal reparameterisations X; —
X, + ¢0X,;. There is some freedom as to which variations one can consider. In
Chapter 2 we outlined one approach, specific to the two-matrix model, where one
studies reparameterisations using products of the resolvent operator (2.65). The

approach we adopt here is to consider variations of the form

5X, = w, (X)Z_leg(X) iy (X)—

w1 (X). (5.10)

One then evaluates the loop equation by equating the first order contribution
from the Jacobian, which may be computed using the split rule (2.51f), with the
contribution from the potential . These reparameterisations are manifestly
Hermitian, and the resulting constraints may be expressed in terms of the resolvent
functions and trace correlation functions .

We can classify loop equations by the level of their highest-level resolvent
functions. If V/(X) is degree d in , then level-£ loop equations are given by
(5.10) with L(wse) = k —d — L(w;). We can therefore define a corresponding

set of level k variations,

Vi = {(wi,w2) € Vi X Vi :m =k —d, -+ [(k — d)/2] }, (5.11)

'The degree will generally be different for variations corresponding to different X; € X.
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where V,, = X™ 1 x X and V,,, = X x X™ 1. That is, the words w; and wy are
constrained such that the letters in contact with the loop operator are in X. This
is so that the resulting loop equations are distinct from lower-level loop equations.

The key idea of the loop equation approach we adopt is to compute the Schwinger-
Dyson constraints for each matrix degree of freedom by a sufficiently large set of
variations. We aim to compute loop equations up to a certain level n.., which
denotes the level at which the number of algebraically independent constraints
outnumber the total number of independent resolvent functions present in the
constraints, and then eliminate the resolvent functions so that we obtain an algebraic
equation for the planar (level-0) resolvent. This may be regarded as a discrete version
of the approach outlined in Chapter 2, since one may expand the product of resolvent
operators as an infinite sum of words in matrices of arbitrary length multiplying
a single resolvent operator. It is hoped that this refined set of equations contains
more information than if one only considers a finite set of reparameterisations by

products of loop operators, allowing us to compute the planar resolvent.

5.1.1 The two-matrix model with generic cubic potential

To illustrate our formalism and demonstrate the strength of the loop equation
approach, let us consider the simple example of a two-matrix model with a generic

cubic potential:

V (M, M) =5 (M} + BMy — 2y M, M) (5.12)

o

(af —~?)
1

+ g(aMf + 3bM P Mo + 3dMy M3 + eM3).

This furnishes an example of a multi-matrix model which is not solvable through
any known saddle-point or orthogonal polynomial approach. In particular, the loop
equation method of Chapter 2 is not sufficient to compute the planar resolvent.
However, as first demonstrated in [6], one may compute the resolvent of this model

using our more granular loop equation strategy.
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For (5.12)) the following are the minimal set of reparameterisations:

1
SM; = ————, 5.13
Z—M1 ( )
SM; = M. h.c., 5.14
2 g e (5.14)
SM,; = M? h.c., 5.15
e VAR (5.15)

1
SM; = M, M,, (5.16)
Z — My

for i € {1,2}. Calculating the corresponding loop equations yields the following
relations, where the action of the A operator is given by (5.7) for k =1, i.e. Al = A,

and we suppress the z-dependence of the resolvent functionsﬂ:

YWo 9 aAW
W? = — W) + s — aA2W — 206AW, + ——— 5.17
(2,2)+72_a6 a 2+O¢ﬁ—72’ (5.17)
LWs 9 yAW
0=—el ——— — AW — 2dAWy + —— 5.18
e (2,2)%-065_72 2+”Y2—045’ (5.18)
W aAW.
WW, = =22 — alWy = bAW () = Wia2) = W + 5,
(5.19)
W AW
v ZM —bAMW, — dAW o) — dWa2) — Wiz + ;_;ﬁ,
(5.20)
W aAW,
WWeay =5 228 = ab*Wiaa) = bAWiaan) — Werza — Wiesan + 45— or»
(5.21)
W AW,
Wp2+ Ws _m o bA2W(2,2) - dAW(2,2) - dW(2,1,2,2) - 6W(2,2,2,2) + 772_(;’;7
(5.22)

aW, YW,
W22 = aﬁ (i’l/;Q) + 72 12’22 — (IW(2717172) — 2bW(2717272) — dW(2727272), (523)
:'YW(2,1,2) 5W(2,2,2) _

V-af  af -2

These are eight independent equations in eight unknowns which may be eliminated to

2W2 bW(Q’LLQ) — 2dW(27172’2) — 6W(27272’2). (524)

give a single algebraic equation for the resolvent W(z). This spectral curve is degree
4 in both the resolvent and the boundary cosmological constant. We can, at most,

tune the parameters of the model to achieve critical behaviour of the form W(z) ~

4/3

(z — z.)*?, which is characteristic of the critical Ising model universality class.

2Note that W is distinct from the resolvent W2y (3.2), which denotes the resolvent of the sum
of two matrices.
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5.2 General Strategy

In practice, for complicated multi-matrix models, one needs to consider a large
number of loop equations - on the order of hundreds for many of the highly symmetric
three-matrix models we will consider. Each of these encode a combinatorial relation
relating a random graph with prescribed boundary conditions to a different set of
random graphs with various boundary conditions when a marked edge has been
removed. Many of these are not independent, and so we need a systematic approach
for eliminating the higher-order resolvent functions.
For all v € V,, we obtain a corresponding loop equation, which we denote
> MU ({td Ap) Wu(2) + Ry | U W] =0, (5.25)
wEWY, n'<n

where R, denotes the remaining terms in the loop equation containing resolvent
functions with level m < n. The coefficient matrix 573) will generically depend
on resolvent functions of level m < [n/2], which has been suppressed in ([5.25)).
Starting with for level n = npyay, one may identify a linearly independent set
of constraints with respect to the level-n resolvent functions by using the Gaussian
elimination algorithm on (M)T. Gaussian elimination reduces (M)” to a
matrix, 7™, in row echelon form. The rows of (M™);; which form a linearly

independent basis are then the rows for which j € Z,, where
Z, = J{minj : 7Y = 0 v5}. (5.26)

One may then solve the linearly independent set of equations to express the level-
n resolvent functions in terms of lower order resolvent functions. Using these
expressions to remove the level-n resolvent functions from the remaining constraints,
one obtains a set of constraints linear in resolvent functions of top-level ny.c — 1,
which may include distinct loop equations from those computed using variations
v € V,_1. Together with for v € V,_..—1 we obtain an augmented set
of relations at level nax — 1.

We can then iterate this calculation, going from level n.c — 1 t0 Npax — 2, then

Nmax — 2 10 Nmax — 3, and so on. This procedure fails at a level, say m, where the
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level-m resolvent functions enter non-linearly in the loop equations. The critical
level at which this occurs is neg. = 5], as there are variations for which the

Jacobian contribution is quadratic in level-n.. resolvent functions.

5.3 3-state Potts Model

We now return to the Potts model for ¢ = 3. The 3-state Potts model on
random planar triangulations is given by the following matrix integral

Z= /ﬁ[dX.]e—NTr(zf_l @X%%X?—Xl){r&xg—xgxl) (5.27)

_ . , .
i=1

which possesses a global S3 symmetry. In this section we will demonstrate how
one can use the algorithm described in the previous section to compute the fixed-
spin one-loop function in detail, following which we we will discuss the mixed
and free boundary conditions. We then consider resolvents with unclear physical
interpretation, including an ‘odd’ boundary condition where the loop equations
close, and the U boundary condition of Chapter 4, which fails to be solvable
through this method. Details of the asymptotic expansion for the planar resolvents
for the fixed, mixed, and free boundary conditions, calculated using this method

may, be found in Appendix B.

5.3.1 Fixed boundary conditions

The problem of calculating the planar resolvent with fixed spin boundary conditions
has been addressed multiple times in the literature. It was first successfully solved
using loop equations by Eynard and Bonnet in [59]. They used reparameterisations
involving products of resolvent operators, similar to the variations considered
for the two-matrix model of Chapter 2, and were able to solve the resulting loop
equations for general values of ¢ for which the resolvent is described by an algebraic
function. This problem was also studied earlier by Bonnet [77] and Carroll et
al. [6] using loop equations in a similar manner to the approach we are using.
However, both failed to give a closed set of constraints that give the spectral curve.

In the former, a complete set of loop equations was not given due to considering
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an insufficient set of variations at each level, whereas the latter used an explicitly

combinatorial method to derive loop equations, but a closed set was not found as

they did not include variations of sufficiently high level.

With n,.« = 5 the total number of inequivalent loop equations is 64. Although

this is a closed and consistent system of polynomial equations, many of them are

not independent, and so to determine the spectral curve only a subset of these

is required. Using the elimination procedure described above we have identified

such a subset consisting of 20 loop equations which, to the best of our knowledge,

form a minimal closed set of constraints from which one may extract the resolvent.

These are given as follows, where we have again suppressed the z-dependence of

the resolvent functions, and we take W = W(2):

Z—Xl

t3sAPW + (ty — 1)AW — 2W, = W2

2. 5X1 = X2z—1X1 + h.c.

t3A2W2 -+ (tg - 1)AW2 - W(272) - W(Q}g) = WW2

= z—X1

t5Was + (ty — YWy — Wy — AW =0
4. 5X2 = XQXgﬁ + h.c.

130 Wiaz) + (t2 — )AW(a3) — Wiaaa) — Waaza = WWas)

5. 5X2 = X2z—1X1 + h.c.
tsWia2,2) + (t2 — 1)Wig2) — Wias) — AW, =W
6. 5X3 = XQz—le + h.c.

tsWiaa,3) + (ta = 1)Wig3) — Wig2) — AW, =0

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)
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7.

10.

11.

12.

13.

14.

15.

5X1 = X2X3X2 z—1X1 + h.c.

t3A2w(2,3,2) + (ta = 1)AW(a32) — Wia239) — Wias23 = WWasa (5.34)

0Xy = X3 Xy ¢ +hec.

tsWia232) + (t2 — 1)Wigz2) — Wia2,3 — AW a3y = piW (5.35)

- 0Xy = X1 Xo X3 2 + hee

t3A3W(273)+(t2—1)A2W(273)—W(2717273)—W(2,17372) = W(273)+WAW(2,3) (5.36)

5X2 = Xngﬁ + h.C.

tsWig23,3) + (t2 = 1)Wig23) — Wiz22) — AW(22) =0 (5.37)

0Xy = X1 X3 7% +hec.

tsWig133) + (t2 — D)Wia1,3 — Wig1,2) — AWy =0 (5.38)
5X) = Xyl X,
tsWign1,2) + (t2 = D)Wig12) — Wigo2) — Wiasa) = W22 (5.39)

5X1 = X2X1X3 zlel + h.c.

t3A2w(2,1,3) + (t2 — 1)AW(2,1,3) — W32 — W33 =piWa+ WWais)
(5.40)

5X1 = X2X1X2i + h.c.

t3A2W(2,1,2) + (ta = 1)AWa12) — Wiz 220 — Wia,23) = piWa + WWia 1 9
(5.41)

5X2 = XlXQﬁ + h.c.

tsWig1,2,2) + (t2 — 1)Wig12) — Wi213) — AWy =p W (5.42)
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16. 6X5 = Xgﬁx2
tsWiasz2) + (ta = 1)Wiag o) — Wiag2) — Wig12) =0 (5.43)
17. 6X5 = Xo Xy X, + hic.
tsWig22,23) + (ta = 1)Wia223) — Wiz1,23 — Wis2s) = 2Wias) (5.44)

18. 5X2 = X2X2 L X3 +hC

z—X1

tsWia2223) + (ta — 1)Wia223) — Wiz233) — W23 = W +01Ws (5.45)

19. 5X2 = XleﬁXg + h.c.

tsWign2,22) + (ta = D)Wia 109y — Wizn1,2) — Wia1,31) = piWa + AW, (5.46)

20. 5X2 = X2X1X2 zlel + h.c.

tsWia1 229 + (ta = 1) Wia100) = Wia1,2,3) — AW(a,1.2) = p12W + AW, (5.47)

In our terminology, ([5.28]) is a level-1 loop equation, equations (5.29), (5.30) are
level-2 loop equations, (5.31)), (5.32)) and (5.33)) are level-3 loop equations, equations
(5.34)-(5.43)) are level-4 and ([5.44) - (5.47)) are level-5 loop equations.

The only level-5 resolvent functions are Wz 92.23) and Wiz 1 229). Taking these

as a basis, the coefficient matrix is

1100
GNT _—
(MO = ¢, <O - 1). (5.48)

Since this is already in row echelon form, we do not need to implement Gaussian
elimination, and we can read off which equations form a linearly independent basis.
The first non-zero entry in the first row is the first column, corresponding to (|5.44)),

and the first non-zero entry in the second row is in the third column, corresponding

to (5.46). We may therefore use these to eliminate the level-5 resolvent functions
from (5.45) and (5.47)), yielding
W33 +Weoss) — Weses) — Weies +piWe — Wi =0, (5.49)

W(2,1,2,3) + AVV(2,1,2) - W(2,1,1,2) - W(2,1,3,2) + p(1,2)W —piWe = 0. (5-50)
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The augmented list of level-4 loop equations is then equations (5.34) - (5.43])
and (5.49), (5.50).

The set of level-4 resolvent functions is Wy 23.2), Wi23.23), W2,1,2,3), Wi(2,1,3,2),

Wa2.33), Wiei33), W2, W22 and Wizss0. The corresponding coefficient

matrix is
~1t 0 0 0 0 0 0 00 0 0
-1 0 0 00 0 0 0 00 -1 0
O 0 -1 000 0 —-10 0 —1 1
0 0 -1 000 -1 0020 0 -1
MHT=10 0 0 t3 0 0 0 0 0 0 1 0]. (5.51)
0 0 0 0t O -1 0 00 1 0
0 0 0 00t 0O 0 00 0 -1
00 0 00 0 0 —11t 0 0 0
00 0 00 0 0 0 0¢t; 0 0

Reduced to row echelon form we find that equations (5.34) - (5.41) and ({5.43])

form a linearly independent set. Eliminating the level-4 resolvent functions from

(5.42), (5.49) and (5.50) respectively, we obtain

(A7 + t3(ty — 1)A® — t3(1 + WA) Wz — (5507 + t3(t2 — 1)A

+ty—2— t3W)(W(271,3) + W(27172)) + Q(AQ + t3p1)WQ +pW =0, (552)

ty—1
<t3A2 F(ty— DA+ (215) — W) Wiasa) — (A% + (ty — DA = W)Wz 3
3

to — 2 1 1
( 253 )W(2,2,3) — W22 + <t3A3 + (ty — 1)A? — (W + ) A) Wias)

t3 t3

1 1
— *AW(QQ) — —p1W = O, (553)
ts t3

1 to+1
2<t3A2 + ('[Zz — 1) <A + t) ) - W> W(2,1,3) - << 2t ) + A) W(2,1,2)
3 3

1
;(W(mg) + W(27372)) — (t3A3 + (752 — 1)A2 —1- WA)W(273)
3
2 1
— | A%+ p1 = W | Wy —pioW =0. (5.54)
Therefore the augmented set of level-3 loop equations is (5.31) - (5.33) and
(5.52) - (5.54)).
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The level-3 resolvent functions are Ws 39y, Wi2,2,3), Wi2,2.2), Wi2,1,3), and Wiz 1,9).
We may eliminate these by repeating the same process as before. The coeffi-

cient matrix is

-10 0 0 == W
-1 0tz 0 =2 0
(MY =10 t3 0 0 —% W , (5.55)
0 0 0 2+a oz 209
3 3
0 0 0 24+a 0 —iHath
where
a =t3(z + W) —t32% — tatyz — ty. (5.56)

Through Gaussian elimination we identify equations (5.31]) - (5.33) and (5.52)),
(5.53) as a linearly independent set. We may then use these to eliminate the level-3

resolvent functions from to yield a single level-2 constraint. This expression
is quite large and so we shall not present it here.

We are then left with a system of 4 independent polynomial equations from
which we can eliminate W2y, Wi(23), and W, to yield a single algebraic equation
for the planar resolvent. The spectral curve is degree 8 in the boundary cosmological
constant z and degree 5 in W = W(yy(z), and the analytic structure is presented in
Fig. Sheets are labelled starting from the physical sheet, where lim, o, zW (z)o =
1, and wind upwards. Single vertical lines correspond to compact branch cuts, while
doubled lines correspond to semi-infinite cuts. The horizontal axis is taken to be
the z-plane, and so the right-most doubled lines denote branch cuts extending to
infinity. Additionally, branch cuts are labelled by discontinuities when traversing
from the lower sheet to the upper sheet.

In general, the final result will contain a number of trace correlation functions.
Many of these can be expressed in terms of a smaller set of correlation functions
through the use of loop equations. In this case, one considers variations of the
form but omits the loop operator component (z — X)~!, yielding constraints
on the correlation functions which may be solved in a manner similar to that

described for the resolvent functions.
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Figure 5.1: Analytic structure of W;)(z) in the 3-state Potts model.

In Appendix A we complete the calculation of the fixed-spin one-loop function
in the formalism of [6]. We demonstrate how one may compute the same loop
equations derived in this section using combinatorial arguments, independent of the
matrix integral , and therefore show the equivalence between the loop equation
approach for the multi-matrix model we described here, and the combinatorics

of coloured random planar graphs.

5.3.2 Mixed boundary conditions

To compute the planar resolvent for the mixed boundary condition we change the
basis of the matrix integral (5.27)) to M; = Xy + X3, My = X3+ Xy, M3 = X; + Xo.

Under this change of basis the potential becomes

3ty — 1)

V(My, M, My) = Tr<( S (ta + 1)

(M? + M3+ M3) — (M My + MyMs
t
+ M3M,) + gg(MfMQ + M?M; + M3 My + M; M;

+W%+Wm—wmmrwmmm)wm

The resulting potential retains the S3 permutation symmetry of (5.27)), but possesses
many more interaction terms. The choice of basis is arbitrary, one should be able
to reproduce the planar resolvent regardless of how we parameterised the potential.

In this case our goal is to compute

Wy (2) = N <Tr . —1M1> : (5.58)
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In contrast to the fixed-spin boundary condition, we are able to determine a
closed set of algebraic constraints on the planar resolvent only if we extend to level
Nmax = 0 loop equations. The increased number of terms in the potential relative
to results in a greater number of resolvent functions present in the loop
equations. There are |V5| = 64 possible variations one can consider and |Ws| = 54
resolvent functions up to level 5, but due to redundancies in the resulting system
of equations this is not enough to constrain the resolvent. Extending to level 6,
[Ws| = 144 and V| = 245. Once redundancies have been removed, these loop
equations do possess a closed system of equations. We have not determined a
minimal set of equations that form closed algebraic system of equations, and we
do not give the full set of constraints here.

The final expression for the spectral curve is degree 10 in the resolvent W, (2)
and degree 13 in the boundary cosmological constant z. At first glance, this
is rather surprising, as it was shown in [60] that the function Gé)(z), which
contains the information of the eigenvalue density distribution, satisfies a spectral
curve that is degree 5 in G%;)(z) and degree 6 in z. We now show how one can

reconcile these two observations.

5.3.3 Mixed boundary saddle-point solution

Under the change of variables X4 = X; + X, the potential ((5.27)) becomes

(tQ - 2) (tz — 1)
4 2

t
X2+ 2x3

t
X2+ 2X3 4 ;

V(Xi, X_, X3) = Tr< >

1
— X3 X, + Z(tQI + t3X+)XE>. (5.59)

We can integrate out the final Gaussian term in X_ using the following identity [73],

I= / dAe- T _ (TN i !
2NOV072 /36t B[y (b 1 by)

where [dA] = 1Y, dA;; [1;«; dReA; ;dlmA; ; and b; are the eigenvalues of B. Applied

(5.60)

to (5.59), one obtains

(tg—2) t (tg—1) t
—NTr <Q4X1+1§X1+22X§+§’X§—X3X+>
e

7 x / [dX][dX] (5.61)
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where B = t.I 4 t3X.

To calculate the saddle-point equations of , we follow the approach
described in Section 2.3.2 and exploit the U(N) symmetry of the matrix model
to diagonalise X; and Xj5. We set

Xy = Udiag ({M}Y,) U', X3 = Vdiag ({1;}}L, ), (5.62)

with U,V € U(N). We can then perform the unitary group integrals using the
HCIZ formula [63| 64]:
/ [dU]eNTXUYUY o E (5.63)
A(z)A(y) ‘
where [dU] is the normalised Haar measure, and the {y;}/X, and {z;}}_, are the
eigenvalues of the N x N Hermitian matrices Y and X respectively.
Consider first the saddle-point equation about the eigenvalues of X,. Diago-

nalising X, and evaluating the integral over the unitary group yields

,NTY(@XSJF%)@) N S PLERPY.

N A(N) det; eNAiri 127N
2o [laxi] [ T[an S0 detuse™ e
o A Vdet BT, (bi + b))
(5.64)
We may then write an effective potential for the eigenvalues of X,
N (t2 —2) 1 \
%ﬁ({)\l}i\il) = Z >\2 )\? - — Z log log det eV Ain;
- 4 12 N i N

+ ;V %log ((to + t3\;) + (to + tgx\j))>, (5.65)

Taking the variation with respect an eigenvalue );, and demanding that this be
zero in the large N limit, we find the following saddle-point equation, with \; — z:

ty o (t2—2)
15T

where W(y)(2) denotes the resolvent of X; + X, as in (3.2), and the G-function
is defined as in (3.8).

2t
2= We(2) + GXlx,(2) + W (=2 = %), (5.66)

The saddle-point equation about the eigenvalues of X3 is straightforward to com-

pute,

ts2? + (ty — 1)z = Wy (2) + GRT2(2), (5.67)



5. Boundary Conditions in the 3-state Potts Model 89

+2

O—»0
I
S

+1

Q0

0
ip

O+—0

-1

O—0
S

—2

Figure 5.2: Analytic structure of Gé)(z) in the 3-state Potts model.

where W(1)(2) is the single matrix resolvent . By comparing with one finds
Gly(z) = 2+ G2 (2). (5.68)
The spectral curve for Gé)(z) derived by Atkin et al. |60] satisfies the following,
Fay(z,Gly(2)) = Fu)(Glyy(2) — 2,Glyy(2)) = 0, (5.69)

and so, comparing both, we obtain the following relation,
Gé)(z) =Gy, (2) + 2 (5.70)

Using their result one can infer the analytic structure of Gé)(z), which is given

in Fig. Therefore, using (5.66)) and the branch structure of Gé)(z), we should
be able to determine the form of Wy (2).
Define U(z) = %322 + %z, and label the physical sheet ‘0’, such that the

saddle-point equation becomes

2ty
Wy (2)o + Wey (= 2 — g)0 + Gl (2)0 = U(2). (5.71)
Let W2)(2)o have a compact branch cut on the interval Cf = [a,b] (and thus
W(2)<— z— %)0 has a cut on Cj = [—b— %, —a — %]), and Gy (2) -1 have a cut

on Cf = [c¢, +00), as demonstrated in Fig[5.2l We take a,b,c € R and a < b < .
We now study the branch structure by analytically continuing through the various

branch cuts sequentially, and matching discontinuities.
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(i) First, analytically continuing through the physical cut C§ takes Wz (2)g —
W2)(2)1, and we get

2t
Wiy (2)1 + Gy (2) 1 + Wy (= 2 = ?;)0 = Ul(z), (5.72)

from which we can infer that W(s)(2); has a cut along Cy, Cy, and C%.
(ii) Analytically continuing through CT | we find
. 2,
Wia)(2)2 + Gy (2) 2 + Wiy ( — 2 = =) = U(2), (5.73)
and consequently Wy)(2), has a cut along Cy and CX.
(iii) Circling Cy,

2t
Wiy (2)s + Gy (2) 2 + Wy ( — 2 — T;)l = Ul(z), (5.74)

and so now we have a cut along C_,Cy,Cy, and CF..
(iv) Circling CF,

2t
Wiy (2)a + Gl (2) -1 + Wiy (— 2 — T;)l = U(2), (5.75)

which implies that 19 (2)4 has a cut along C_, Cy, and CF.

(v) If we circle Cy, Giy)(2)-1 = Gly)(2)o and W(Q)( —z— 2t2)1 — W(g)( —z—

s
2ty

N )0, which implies that we return to sheet W(9)(2)1, and that these two are

connected along Cj. Meanwhile, if we circle C_,
Wiy (2)s + Glop(2) 1+ Wiy (— 2= 22) = U(2), (5.76)
from which we deduce that Wy)(2)s has a cut along C and CL.
(vi) Circling CT,
v 2ty
Wiy (2)s + Gloy(2) 2 + Wiy (= 2 = ¥)2 =U(2), (5.77)

from which we infer that W) (z)e has branch cuts along C, Cf, and CX.
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(vii) At this point, if we circle C, Gé)(z)_g remains unchanged and W(2)( —z—
%)2 — W(g)( —z— %)1, which tells us that Wy)(2)s — W(2)(2)s. However,

if we circle Cy, we find

2t
Wiy (2)7 + Gy (2) 2 + Wy ( — 2 — ?32)3 = Ul(z), (5.78)
and so Wg)(2)7 has cuts along C, Cy, Cyf .
(viii) Circling C_ gives
. 2,
Wiy (2)s + Glgy(2) 2 + Wiy (= 2 — ¥)4 =U(2), (5.79)

and so W(s)(2)s has cuts along C, and Cyj. If we circle the latter, we find
W(g)( -z — 22)4 — W(g)( -z — QQ% and Gé)(z),z remains unchanged,

t3 t3

implying W2)(2)s = Wi2)(2)s.
(ix) Finally, if we circle Cy of Wig)(2)7
Wiy (2)o + Glgy(2) 2 + Wiy (= 2 — *)8 =U(2), (5.80)

which implies W2)(2)9 has a single cut along Cj, terminating the sheet

structure.

The entire analytic structure is depicted in Figl5.3]

We therefore find that the branch structure predicted by the loop equation
solution is in agreement with the solution found in [60]. Moreover, one may explicitly
compare the asymptotics of the resolvent on each sheet, given in Appendix B, and
see that it is in accord with the saddle-point solution on each sheet, using the

asymptotics of Gé)(z) given in [60].

5.3.4 Free boundary conditions

Let us choose a basis for the potential (5.27)) given by M; = X; + X + X3, My =

X1 — Xo+ X3, M3 = X; + Xo — X3. Then computing the resolvent corresponding
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Figure 5.3: Analytic structure of Wy)(z) in the 3-state Potts model.

to the free boundary condition, W(s(2), is equivalent to computing the planar

resolvent of the matrix M; with the following potential,

V(Ml, Mg, Mg) = TI'<

(ta —2)
4

23
4

M} + = (M3 + MZ — My My + My Ms
t
JMM+$WM+WM+W%

t
+W%—W%—W%H£W)®&)

As in the case of the mixed boundary condition, one must extend to level 6 to

find a complete set of constraints.

The model, as written, possesses a Zo symmetry relating My and M;3. However,

the correlators also possesses a further set of constraints, owing to their origin in

the 3-state Potts model, that are not manifest in (5.81). These are given by

Wa(z) = s AW (=), (5.82)

which is easily deduced by rewriting the terms in the original basis and imposing

the full S35 symmetry in the expectation value.
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Applying the elimination procedure and (5.82]), one can determine the spectral
curve for the free spin resolvent, given by an algebraic equation that is degree 5 in

z and degree 5 in the resolvent W(s)(z). Furthermore, with the relation
Glay(2) = 2z + Wiz (2), (5.83)

one recovers the spectral curve for Gé)(z) of Atkin et al. The analytic structure

of Ws)(z) is provided in Fig5.4]
5.3.5 An ‘odd’ boundary condition

Returning to ([5.81)), it is also possible to use the loop equation approach to calculate
the planar resolvent of M. We shall call this the ‘odd” boundary condition and
label the resolvent W’ (z). As with the free spin resolvent, there is a supplementary

constraint on the resolvent functions that is not manifest in the potential,
Wi(z) = 2W3(2) + A'W'(2), (5.84)

where the A’ is understood to correspond to insertions of the matrix M,. Once
again, we find ny,., = 6, and the resulting spectral curve is degree 14 in W'(z)
and degree 13 in z.

At the moment, it is unclear what the physical interpretation of this object
might be. It may be related to the Wx,_x,(2z) one-loop function of the Ising
model coupled to 2D gravity [69], but further study of the scaling limit would

be needed to demonstrate this.
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5.3.6 U boundary conditions

To study the U = X; + wX, + w?X3 boundary condition we choose the basis
U,U" and X = X; + X, + X3. The potential is equivalent to the action (4.9)

up to a scaling of the matrices,

ty — t t
(2 =3) yo , Loyt g(UUTX + XU'D)

VX, U UN)=T
(X, 0,07 r( 6 3

4 ;37()(3 LU+ (UT>3)>. (5.85)

The structure of the loop equations is quite simple, and one may expect Ny = 9,
as in the case of the fixed boundary condition. However, unlike the previous cases,
applying the algorithm to compute the resolvent of U does not result in a closed
system of equations, even if we consider loop equations of level 6. Instead, we obtain
a polynomial equation relating the resolvent and the level 1 loop function Wx (z).

We have extended this to level 7 and found that the system of equations still
does not close. With the relative simplicity of the potential, this strongly suggests

that this resolvent cannot be determined using our loop equation approach.

5.4 Dilute Ising Model

We now turn our attention to the dilute Ising model on random planar graphs,

given by the following matrix integral,
4 t q t t
Z — /[dY] H[dXi]e—NTr(%Y2+?OY3+Zi:1(%X?—i—%Xf’—YXi))7 (586)
=1

for ¢ = 2. For arbitrary ¢, this matrix integral represents the dilute g¢-state
Potts model, first studied by Zinn-Justin [58] using the saddle-point method. The
parameter ty determines the dilution of random graphs, i.e. the number of sites not
occupied by the spins {X;}7 ;. For t; = 0 the integral over Y may be evaluated,
and one recovers the ¢-state Potts model . The resolvent corresponding to
p = 1 fixed spin boundary conditions was computed for ¢ = 1,2, and 3, by means of
computing the auxiliary G-function (3.8) corresponding to Y-boundary conditions.

We will reproduce these results using the loop equation formalism.
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Figure 5.5: Analytic structure of Wy (z) in the dilute Ising model.

In this section, we will discuss the vacant, fixed, and free boundary conditions in
the dilute Ising model. As noted in Chapter 2, these boundary conditions represent
three out of the four fixed lattice realisations of the physical conformally invariant
boundary states. We have not determined the remaining ‘partially fixed’” boundary

condition, which we expect to be captured by the planar resolvent

W,r(2) = ]1[ <Tr z—(){}1+Y)> : (5.87)

5.4.1 Vacant boundary conditions

The boundary condition in which all the sites on the boundary are left vacant

is realised by the resolvent

Wy (2) = ;f (1v- ! =), (5.88)

This may be determined using the loop equation approach with n,., = 5, resulting
in a spectral curve that is degree 6 in z and degree 4 in Wy (z). The analytic

structure is presented in Figl5.5

5.4.2 Fixed boundary conditions

The fixed spin boundary condition, W;)(z), may be computed using loop equations
with nn.c = 5, resulting in a spectral curve that is degree 8 in z and degree 5 in
Wy(2). The analytic structure is presented in Figl5.6]

We note that when dilution is turned off we recover the spectral curve , as
expected. The introduction of vacancies fundamentally alters the analytic structure

of the Ising spectral curve from a curve that is degree 3 in the resolvent to a
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Figure 5.6: Analytic structure of W(;)(z) in the dilute Ising model.

degree 5 curve, and this allows one to generate even higher order critical behaviour.
It was argued in [58] that this extra structure admits a new critical point with
Vs = —%, which corresponds to the universality class of the ¢ = 7/10 tricritical

Ising model coupled to 2D gravity.

5.4.3 Free boundary conditions
To study the free boundary condition we choose the basis M; = X + Xy, My =
X7 — Xs, and calculate the planar resolvent of M;. The potential is given by

(M7 + M3)

1 t t
V(Y, My, My) = NTI"<2Y2 + gOY?’ + 12

t
+ é(Mf’ +3MM2) — YM1>. (5.89)

Extending to level ny.. = 6 we obtain a closed system of loop equations from
which we can compute the spectral curve. The final result is degree 10 in z and
degree 10 in Wy)(2). The analytic structure is identical to the mixed boundary
condition in the 3-state Potts model, Fig[5.3|

5.5 Dilute Potts Model

Finally, we consider the dilute Potts model on random planar graphs, given by
(5.86]) for ¢ = 3. In this section, we will discuss the vacant and fixed spin boundary

conditions, which we have calculated using the loop equation approach.
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5.5.1 Vacant boundary conditions

The vacant boundary condition Wy (z) may be calculated by extending to variations
of level ny.x = 7. The spectral curve is degree 10 in the boundary cosmological
constant z, and degree 6 in the resolvent Wy (z). The analytic structure is

presented in Fig[5.7

5.5.2 Fixed boundary conditions

The fixed boundary condition, W)(2), may also be calculated with 1., = 7. In
this case, the spectral curve is degree 16 in the boundary cosmological constant z
and degree 9 in the resolvent W)(2). The analytic structure is presented in Fig..

As with the dilute Ising model, one recovers the spectral curve of the critical Potts
model when the dilution is turned off. In [58] it was argued that the extra structure
generated by introducing dilution allows for a new critical point with v, = —é,

which corresponds to the universality class of the ¢ = 6/7 tricritical Potts model.

5.6 Discussion

In this chapter, we developed an algorithm for systematically computing and solving
the loop equations of general multi-matrix models, in the goal of finding the spectral
curve for the planar resolvent of a given matrix degree of freedom. We then focused

our attention on the 3-state Potts model, where we successfully computed the planar
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resolvents describing fixed, mixed, and free boundary conditions using this technique.
While the fixed and free boundary conditions were manifestly in agreement with
the literature, more care was required for the mixed boundary condition. Through
studying the analytic structure predicted by the saddle-point solution, we were
able to show that this too was consistent with the results of Atkin et al. We then
considered some non-standard resolvents, including a new ‘odd” boundary condition,
which was susceptible to the loop equation strategy, and a U boundary condition
which we were not able to solve. Following this, we discussed the dilute Ising and
Potts models, where we computed the resolvents corresponding to various boundary
conditions, in agreement with the results of Zinn-Justin.

There are many ways to continue this work. Our procedure is algorithmic in
nature and so it would be interesting to apply this to a wide variety of models for
which the planar resolvent is known or unknown. In the context of three-matrix
models more generally, it would be interesting to understand the criteria under
which a resolvent is calculable. As we have seen from our results, we were able to
calculate the planar resolvent for particular systems with full S3 symmetry under

interchange of the matrix degrees of freedom ([5.57)), and for systems where there is
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a residual Z, symmetry under the remaining degrees of freedom, with an auxiliary
condition reducing the number of level-1 resolvent functions . Determining
whether this can be elevated to a general principle governing solvability of correlators
in the three-matrix model would be an exciting challenge. One immediate offshoot
of this would be the calculation of planar resolvents describing boundary conditions
that interpolate between the fixed, mixed and free boundary states analogous
to |76, 78]. This would allow us to directly study the boundary renormalisation
group flow relating the different boundary states, which is expected to induce a
partial ordering of the spectrum of boundary states, conforming with the boundary
analogue of the c-theorem [79], which was first conjectured in [80], and subsequently
proven by Friedan and Konechny [81].

Another interesting avenue of research would be to investigate whether we
could generalise the algorithm developed in this chapter for a wider variety of
correlators and matrix models, such as the g-state Potts model where ¢ is taken to
be non-integer. This is possible for the simple example of the fixed-spin boundary
condition |77]. Whether we could do the same for general boundary conditions and
reproduce the saddle-point results of Chapter 3 is an open question. This would
provide further insight into the nature of the allowed G-functions and corresponding
boundary conditions in the g-state Potts model. It would also be useful for studying
the expression for the New boundary condition determined in Chapter 4, which is
given by a non-standard resolvent function that would not immediately be amenable
to calculation through the loop equation method devised in this chapter.

Finally, it would be fruitful to extend our work to the calculation of observables
in multi-matrix models beyond the planar limit. It is well known that the planar
resolvent forms the initial data for higher-genus and multi-boundary correlators
in the one- and two-matrix models |7}, 12, 50|, and that this may be extended
to certain multi-matrix models [70]. It would be interesting to see whether one
could reframe the method of loop equations for various boundary conditions in the
3-state Potts model such that one can calculate higher-order correlation functions

in an analogous topological recursion procedure. This would allow, for example,
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the computation of cylinder amplitudes for different boundary states, and might

provide valuable information as to how to interpret the results of Chapter 3.



Chapter 6

Summary

In this thesis, we have discussed the application of random matrix models to 2D
Euclidean quantum gravity coupled to matter described by spin systems. Working
firmly in the planar limit, we aimed to develop our understanding of boundary
conditions in the g-state Potts model on random planar graphs, and pursued this goal
along multiple lines of inquiry: we used the saddle-point method; we then turned
turned to the case of ¢ = 3, and considered Kramers-Wannier duality; and finally, we
developed and applied the loop equation method for general boundary conditions.

In Chapter 2, we gave a compressed review of many of the concepts relevant to
this work. We described how the quantum gravity path integral may be defined
via a lattice regularisation known as dynamical triangulations. We reviewed how
the one-loop function, describing 2D geometries with a single boundary, may be
computed using combinatorial and matrix model methods, and then described how
one may couple spin systems to random planar graphs using multi-matrix models.
We introduced and gave a brief overview of conformal field theory, which describes
the scaling limit of 2D statistical spin systems, devoting some attention to boundary
physics in various models. Following this, we tied these different models together
and introduced Liouville gravity, which describes the continuum limit of dynamical
triangulations, and surveyed some of its general features.

Subsequently, we introduced the topic of boundary conditions in the g-state
Potts model on random planar graphs in Chapter 3. We extended a recent analysis

of the one-loop function with p < ¢ allowed, equally weighted spins on the boundary

101
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and explored the (¢ < 4,p < ¢q) parameter space of finite-sheeted resolvents. We
reproduced the long-known result that the model possesses a p = 1 resolvent,
described by an algebraic function, for ¢ = 2 (1 + cos %ﬂ') with m,n coprime,
and computed the corresponding critical exponents. We discovered two distinct
sequences of solutions for generic p, depending on the values of m and n, one of
which contains p = 2 and p = ¢/2, while the other does not. In particular, we
found that for ¢ = 3, there is a corresponding a p = 3/2 boundary condition; we
conjectured that this new solution corresponds to the New boundary condition,
discovered on the flat lattice by Affleck, Oshikawa and Saleur.

In Chapter 4, in the hope of justifying this conjecture, we turned our attention
to Kramers-Wannier duality in the 3-state Potts model, wherein it is known that
the New boundary condition is dual to the Mixed boundary condition on the fixed
lattice. We constructed the Kramers-Wannier dual of the 3-state Potts model on
the random lattice, and explicitly constructed the known boundary conditions. In
particular, we were able to show that the mixed boundary condition is dual to a
boundary condition on dual graphs that corresponds to Affleck et al’s identification
of the New boundary condition on fixed lattices. However, we found that the mixed
boundary condition of the dual, and the corresponding New boundary condition
of the original theory were not described by conventional resolvents.

Finally, in Chapter 5, we addressed the question of calculating the one-loop
function with general boundary conditions using the combinatorial method of loop
equations for general multi-matrix models. Therein we developed a formalism
for studying these constraints, and we provided an algorithm for systematically
computing loop equations and solving them, in order to generate the spectral curve
describing the planar resolvent. We applied this technique to the 3-state Potts
model, where we successfully reproduced the p = 1,2, and 3 boundary conditions
found by Atkin, Niedner and Wheater. Motivated by this, we attempted to calculate
various other boundary conditions, in both the 3-state Potts model and the dilute
g-state Potts model. For the 3-state Potts model, we discovered a new boundary

condition, which we called the ‘odd” boundary condition, which could be calculated
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using our formalism, but whose physical interpretation is unclear. Moreover, we
appeared to find the limits of this technique, finding a complex boundary condition
that was not clearly susceptible to the loop equation strategy. As for the dilute
Ising and Potts models, we were successfully able to calculate the vacant and fixed
boundary conditions, reproducing the results of Zinn-Justin, and in the former
we also computed the free boundary condition.

Where do we go from here? As seen from the discussions in Sections 3.6, 4.3, and
5.6, our work has prompted a number of questions that warrant further investigation,
including the calculation of the remaining boundary conditions in the dilute Potts
model via saddle-point and loop equation methods, extending our methods to
study observables of higher genus, and, of course, understanding the New boundary
condition on the random lattice. The questions do not end there. Are there any
novel features to be found in the g > 4 region of the Potts model? Can we ascribe
a physical interpretation to the odd and p = ¢/2 boundary conditions? To what
extent can we carve out the space of calculable correlators in multi-matrix models
more generally? We have learned much about boundary conditions of the g-state
Potts model on random planar graphs, but our understanding is not yet complete.

In summary, we have furthered our understanding of the g-state Potts model
on random planar graphs, but there is a great deal left to work out, and more
avenues of inquiry to explore. It is the hope of the author that this thesis entices
the reader undertake this line of research, and further our understanding of spin

systems and boundary conditions on random planar graphs.
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Appendix A

Combinatorial Solution of the
3-state Potts Model

In this appendix, based on [82], we demonstrate the combinatorial computation of
the one-loop function in the 3-state Potts model with fixed-spin fully magnetised
boundary conditions, where all of the spins that lie on the boundary have the
same orientation. We denote this as

$w,9,¢) =Y N k)g*a'e, (A1)

k,l

where we sum over all inequivalent triangulations with k& triangles and [ boundary
links, with a spin X; € { Xy, X1, X2} lying at the centre of each triangle. The bulk
cosmological constant is parameterised by g, the boundary cosmological constant
by x, and ¢ denotes the Boltzmann weight for Potts spins, with v being the

total number of edges connecting unlike spins on the triangulation. We may

repackage (A.1)) as follows:
¢(x) =D palg, )", (A.2)
n=0

where we subsume the g and ¢ dependence of the one-loop function into the
coefficients p, (g, c), which then represent the disc amplitude for triangulations
endowed with the Potts spin system, with a boundary of length n. We will calculate
(A.2) using the formalism of [6], which builds on the combinatorial solution of the

two-matrix model 11}, 83|, and Tutte recursion [5].
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A given boundary condition is specified by the length of the boundary and
a string of labels denoting which spins are present and in which order they are
arranged on the boundary. For each Potts spin, X, this label is a conjugate fugacity,
which we denote x;. Choosing an orientation and a marked edge on a given boundary
configuration gives a simple way of ordering the boundary labels; starting with the
marked edge, go around the boundary via the prescribed orientation.

With this association, it is natural to treat the fugacities labelling a given bound-
ary configuration as non-commutative variables. Thus, boundary configurations
are associated with words generated by the free algebra of these non-commutative

variables. The generating function can be expressed as:

O = Z w(x07x17$2)pw(xo,x1,x2)<ga0)7 (AS)

w(zo,x1,22)
where Pu(zo,21,20) T€Presents the disc amplitude for triangulations with a boundary
condition specified by the word w(xg,z1,25). Note that if we restrict to words
in a single letter, this reduces to (A.2).
We define special derivative operators, A;. Acting from the left, these operate on
strings of free variables by annihilating words which start with a different variable

from x;, and otherwise removing the leading order z;,

Ai(w;f(xi)) = 045 f (). (A.4)

We also define right derivative operators,

f(xz)%k_z = 0i i f (i) (A.5)

These derivative operators have the physical interpretation of adding a boundary
segment to the generating function corresponding to the associated fugacity x; [6].
The generating function is constrained by geometric recursive relations. As in
the case of pure gravity, the effect of removing an edge of a given triangulation in
the generating function can give rise to multiple different triangulations. Two of the
four possible outcomes of removing a marked edge are detailed in Fig[2.3] A marked

edge corresponding to a spin X; of a given triangulation can be connected either
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to a triangle within the triangulation, or another edge, which can be associated
to either a different spin X, or the same spin. By assigning an operation to
each of these moves, we can write down the recursion relation for the generating
function as a generating equation.

Consider the first decomposition processes shown in Figf2.3a] By removing
an edge connected to a triangle, one generates a diagram where the length of
the boundary is increased by one and the new edges have a fugacity conjugate
to the spin on the removed triangle. In terms of the original diagram, this new
diagram comes with a weight g, due to the removed triangle, a weight ¢, due to the
Boltzmann weight between x; and x;, a factor of x;, due to the new marked edge,
and two factors of the derivative operator, A;, due to the removal of an edge of and
the addition of two new edges. Collected, this process results in a term chiA§<I> at
the level of the generating function (when i = j, there is no factor of ¢).

Now consider the second decomposition process. By removing an edge connected
to another edge, we generate a diagram consisting of two new triangulations with
the same number of boundary segments and two new marked edges corresponding
to the removed edges, accounting for the deleted spins. In terms of the original
diagram, we get a factor of ¢, due to the Boltzmann weight between z; and z;, a
factor z;® to account for the new diagram with the marked edge x;, and a term
x;® accounting for the second diagram with marked edge x;. Collected, these are
translated into cz;®x;® at the level of the generating function. When 7 = j the
Boltzmann weight for x; to itself is 1, and so the final term is x;®z;P.

Collecting all possible deconstruction processes that can occur, we can write

down the final generating equation,

O =1+ 20P (w0 + cxy + cx2) @ + g(w + a1 + c9) AFD
+ 219 (cxo + 71 + c2) ® + g(cxzo + 71 + ) ATD (A.6)

+ 2@ (e + 1 + T9) D + g(cxo + cxy + 32) ASD.
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This equation cannot be solved in general to obtain the generating function &
for all possible boundary conditions. We can, however, use this to generate a
complete set of loop equations for (A.2).

We first note that by taking derivatives of the generating equation, in the xg, 1,

and o directions, we can recast it as follows:
(14 ¢)A® + (26 — ¢ — 1)(Pag® + gAZD) = (AP + Ay ). (A7)

This expression is equivalent to the generating equation, but does not determine
the leading constant term in ®. We take this approach because it simplifies the
subsequent analysis and makes comparison with Schwinger-Dyson equations clear.

We can expand the generating function in xq, x5, giving a series in the fixed
spin generating functions, and the fixed spin generating function with boundary

insertions, as functions of x,

® =¢ + (21 4 x2)d1 + (a7 + 23) P11 + (201 + Tox2) DNoh1+
(X129 + To1) P12 + (ﬁ' + x%)¢111 + (12071 + T2T0T2) Pr01+ (A.8)
(Tox121 + ToT2%2) No11 + (Tox122 + ToT221) NoP12+

(12129 + ooy )P112 + (T1X2x1 + ToT1T2) D121 + (Tox1T1 + T1T2T2) P12 + -+ - .

The terms ¢, (0,1,2) denote the one-loop function summing over geometries with a
boundary carrying the single spin Xy and a boundary insertion, corresponding to
spins ordered as w(Xy, X1, X2). We use the permutation symmetry of the model
to arrange the labels so that the word w(0, 1,2) starts with 1. In this convention,
to isolate a given term of the expansion requires operating on ® with the reverse

string of derivative operators. For example,

Furthermore, when applying the derivative operator on the right hand side to

functions with cyclic symmetry (such as ®) it is equivalent to concatenating the
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right-hand set of operators with the operators on the left-hand side, but now as

right-acting operators. For example,
%
Aleq)AlAQ - AlAUAlAQq). (AlO)

This equivalence can be seen by applying this rule to the series expansion of
the generating function. It fails, however, for terms quadratic in the generating
function, since they are not cyclic.

By collecting each term in the expansion of the generating function within
the generating equation, we can identify constraints for the fixed spin amplitude.
There is no known way of demonstrating that any set of constraints we construct
results in a closed system of equations, and in principle we can continue to generate
constraints that we can’t solve to find the fixed spin amplitude.

We will proceed by computing a set of loop equations in the variable x,. We label
these by a corresponding string of variables in the expansion of the generating equa-
tion. For example, the loop equation labelled by w(xg, z1,x2)xo - - - xov(x0, 1, T2),
where w(zg, x1,22) and v(xg, z1,x2) are arbitrary words in xg, 1, and x5, will
correspond to operating on the generating function with w(Ag, Ay, Ag) on the left
and v(Ag, A1, Ay) on the right and setting x; and z5 to zero, thereby producing

an equation in zy only.
1. zg---xo: The leading order term in ([A.7)), after taking x1, zo — 0 is

(1+¢)Agp — (14 ¢ — 26 (200 + gAZP) = 2¢o,. (A.11)

2. x1x0 - - - ox1: Following this, we can extract the loop equation corresponding
to the string xyxq - - - xgry by operating on the left and right hand side of the

generating equation with A; and setting z1, x5 — 0,
(14 ¢)pror — (14 ¢ — 2¢2) (20d] + gdr001) = (P11 + P121)- (A.12)

3. x1xo---: We can also operate with A; on the left hand side only. However, this

operation is not Hermitian, in the sense that the resulting equation extracted
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does not necessarily contain expectation values of Hermitian matrices. This is
fixed by adding the conjugate operation, which is where we operate separately

F
with A; on the right hand side, and add the contributions together,

(1+ ) Aop1 — (1 + ¢ — 2¢°) (wopd1 + gAZP1) = c(P11 + d12). (A.13)

4. xomwyxo---: We can then look at mixed strings of the form xoxqizo--- (and

the conjugate string),

(1+¢)Aodr2 — (1 + ¢ — 2¢*) (xopP12 + gAGH12) = c(P121 + daz)), (A.14)

where the brackets in the subscript mean symmetrisation between the string

and the reversed string,

Ga22) = ;@5122 + ¢921). (A.15)

Crucially, the fact that terms like ¢199 and ¢99; do not arise independently,
but in the symmetrised combination above means we have a smaller set of

independent functions.
5. T1ToX1Tg- "+
(1+¢)Aodia1 — (14 ¢ — 2¢%) (zodPi21 + gAP121) = c(P1212 + D1121)). (A.16)
6. T1x9T2T0 - - :

(14 ¢)Dopro2 — (14 ¢ — 2¢%) (woddi02 + P11 + gAGD102) = c(P(1102) + P1201))-
(A.17)

7. X191 T " - - -

(14+c)Agpro1 — (1 +c— 202)($0¢¢101 +p1é1 + QA(2)¢101) = C(¢(1101) + ¢(1202))-
(A.18)

8. ToX1Toxg -

(14 ) A%p1a — (14 ¢ — 2¢°) (wopAora + b1z + gAFP12) = c(D(1201) + P(1202))-
(A.19)
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At each level of expansion it appears that we have new objects appearing,
implying that we can never arrive at a closed system of equations for the generating
function. However, we can appeal to the permutation symmetry of the model once
more, and construct loop equations by expanding around another variable, say, xs.
By permutation symmetry, any loop equation for the one-loop function in xs (and
boundary insertions given by words in the spins Xy, X7), can always be expressed

as a loop equation for the original generating function in x.

9. xy---x9: First, by expanding the generating equation in zs and setting

xo,r1 — 0, and using permutation symmetry, we find the following loop

equation,
¢ — (14 ¢ —2¢%)gp11 = cAgo. (A.20)
10. 292y - - - 2oxy:
(L4 ¢)pr121 — (14 ¢ — 2¢%) 91221 = c(P111 + d101)- (A.21)
11. 2@y~
(1+ )12 — (1 + ¢ —2¢*)gdaiz) = c(p11 + Dor). (A.22)
12. 2oxg-- -
(1+c)p11 — (1 +¢—2¢°) (¢ + ghin) = c(d12 + Doy ). (A.23)
13. zy@qas - -
(1+c)paz) — (14 ¢ —2c*)griae = c(Ppr11 + Do) (A.24)
14. zomqay - -
(1+ ¢)pro2 — (14 ¢ — 2¢*)g102) = c(Pro1 + Dgehr)- (A.25)
15. oxoTs - - -

(L+¢)pro1 — (1 + ¢ — 2¢*) (16 + gdion)) = c(bro2 + Djer). (A.26)
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16. x1zo29-- !
(14 ¢)p1a1 — (L4 ¢ — 2¢*)(p1d + gdizn) = c(daiz) + Dodr2).  (A.27)
17. zox129 - - - Toxp:
(14 ¢)Pazne) — (14 ¢ —2¢*) (2012 + gd(12222)) = c(D1212 + Pi202)).  (A.28)
18. 2129 - - Tox0T0:
(L14¢) 222 — (1+¢—26%) (P12 + P11+ gP12222)) = c(Pr122+ P1102)). (A.29)
19. zoxoxgzo---:
(1+0)dazin) — (1+c—2¢%) (P12 +p120+ gda2111)) = c(Pa202)+Dodi01). (A.30)
20. xproT1T2 -

(1+C)¢(1222)—(1+C—202)(¢12+p1¢1+9¢(12222)) = c(P1221 +Dod112)) (A.31)

This forms the closed system of equations which we can solve to find the algebraic
curve describing ¢. Moreover, the equations we have just described are in one-
to-one correspondence with the loop equations derived in Chapter 5 for the fixed
boundary condition resolvent W(y(z). We arrived at these constraints through
purely combinatorial arguments, and have thus demonstrated the equivalence
between the loop equations due to reparameterisations of the matrix integral

and the combinatorial recursion method.



Appendix B

Asymptotics

In this appendix we provide the asymptotic expansions for the resolvents of Chapter
5. Labelling of sheets corresponds to the figures describing the analytic structure
therein. Source code implementing these calculations may be found in the GitHub

repository [84].

B.1 3-state Potts Model

B.1.1 Fixed boundary conditions

The asymptotic behaviour of the planar resolvent W(y(z) is given by:

1
Wy ()0 = + O(?)

th—2  (tr—2)

2
Way(2)1 =tzz* + (ta — 1)z — oty 212 4 Y24 0737

ts At3°
_ th—2  (ta —2)?
Wiy (2)2 =t32” + (t2 — 1)z + 2t5 V22 4 2t3 + ( 24t3/2) V20277
3
th—2)  t3? (10t, — 1)
W a2 ( _ 1/2
s =tz g = B T
442 — 20ty — 1 1
. ( 2 ;/2 )Z—I/Q _ + 0(2—3/2)
322t 2
tr—2) (10t, — 1)
(1)(2)a =ts2” + 5 4T 2\/52 + Sty
(43— 20ty —1) ., 1

-1 —3/2
z — =2+ 0(z7)
322657 2
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B.1.2 Mixed boundary conditions

11/

The asymptotic behaviour of the planar resolvent W(s(z) is given by:

Wiy (2)o =21+ 0(277)

t32’2 (tg — 2)
Wig)(2)1 ==+ z =ty 37
4 2 8t3/

t322  (ty — 2 _ ty —1)2
W(g)(z)zz > +(2 )Z+t31/221/2+7<2 )Z

4 2 8t§/ 2

2
_ o212 + (2 —1) 12 L2 —

(1—4) (82 — (6 — 4i)ts + 1)

11,
va - - - O -3/2
5, 37 TOET
ty—1

1
2 -4, O(273/?

_ 2t
W(Q)(Z)g = —2z + (1 + Z>t3 1/221/2 — TQ
3

2t (1+1) (83

Wey(2)a = — 22— (1— i)ty /2512 = =2 —

— (64 4i)ty + 1)

~1/2 —3/2
24 O
832

2—1/2 + 0(2—3/2)

i3

% (1—1) (£

— (6 — 4i)ta + 1)

832

Wiay(2)s = = 22 = (L)t 251/ — =2

22 4 (’)(2’3/2)

t3 8t3/?
- 2t 1414) (t5 — (64 4i)ty + 1
Wig(2)s = — 22 + (1 — i)ty /2212 — Tz + CRIG 8]5(3/; Dt +1) + 02737
3 3
t322 1 —1/2 Sty +1 (15 —10t, +1) _
Wiy (2)7 =T+§(t2—6)z+2t3 1212 TR 2 3/ P
3 8ty
1
— izfl + O(273/?)
thQ 1 . —1/2 3t2 +1 Z(tQ - 10t2 + 1) _
Wiz)(2)s = T3 (ty — 6) z — ity /2212 — 9. — 712
3 8t
1
— 52_1 +0(z7%?)
Aty

B.1.3 Free boundary conditions

The asymptotic behaviour of the planar resolvent W(s)(z2) is given by:

W(g)(Z)() =71 + 0(2_2)

t ty — 3 1
Wiy (2)1 =§3z2 + (t2 5 )z + ~ +0(27%)
3i (18, —9)  3i(4t3 — 36ty +9) _ 1 _
%4 =_ _ 7 A2 _ 2 12 _ 2 -1 (432
@k =5t 8t sovsd® - gt TOET
Wisy () = — 3 3 p (1859 3i(4t3 — 3612 +9) 1 L 012
2 2\/§t§/2 8t 32\/5253/2 2
4 2
Wia)(2)s = — 3%~ t—g — 21+ 0(:7?)
3
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B.2 Dilute Ising Model

B.2.1 Vacant boundary conditions

The asymptotic behaviour of the planar resolvent Wy (z) is given by:

Wy(Z)() = -1 + O(Z_2>

to t2
Wy (2); =t — oty 212 -
v(2)1 =to2” + 2 +t3 4t3/2

1/2 1/2
Wy (2)g =to2? + 2 + 2t5 2212 4 3+4t3/2

2t
Wy (2)s =2t92* + 22 + t—2 — 21+ 0(z7?)

3

B.2.2 Fixed boundary conditions

71/2_’_0( 3/2)

—1/2 + 0(2—3/2)

The asymptotic behaviour of the planar resolvent W(y(z) is given by:

W(l) (Z)Q =271

+ Oz

1 1
W(l)( )1 —th +t22+t02 1/2+7

2 o2l 8t3/2t,
Wiy (2) a7 gz — oz V2 4 210 WZ 1/4 (t38t3/222t2)
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B.2.3 Free boundary conditions

The asymptotic behaviour of the planar resolvent W(s(2) is given by:

W(Q)(z)o =21+ O( _2)

W t 11 1

(2)(2) 1322 + = 2 t(l)/221/2 + 27150 o éto 3/2271/2 + 5271 + 0(273/2)
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Wy (z)g=—2""+0(z7?)
B.3 Dilute Potts Model

B.3.1 Vacant boundary conditions

The asymptotic behaviour of the planar resolvent Wy (z) is given by:

Wy(Z)() = -1 + 0(2_2)
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B.3.2 Fixed boundary conditions

The asymptotic behaviour of the planar resolvent W(y(z) is given by:

Wy (z)o =271+ 0(z7?)
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Appendix C

Negative Boltzmann Weights and
the New Boundary Condition

In this appendix we study the New boundary condition of Affleck, Oshikawa and
Saluer in the classical 3-state Potts model. We consider the 2D square lattice with
a spin attached to each vertex, which we express as phases 6; € {0, %’T, %’r}, and

a nearest neighbour interaction governed by the Hamiltonian

H=—-J) cos(b; —0;). (C.1)

(4,9
To study the boundary physics we introduce a boundary in the lattice, which we
may take to be along the x-axis. We can select for particular boundary conditions

on the spins that reside there by introducing a field interaction term at the boundary
Hp = —h)_cosb;, (C.2)
J

where h represents a boundary magnetic field, and we sum over spins attached
to the boundary.

For h — oo, only configurations with 6; = 0 generate non-negligible contributions
to the partition function, and so we may regard this limit as selecting the fixed
boundary condition, where all boundary spins are in the same orientation. One the
other hand, for h = 0, the spins are unconstrained, and we recover free boundary

conditions. Mixed boundary conditions may be achieved by taking h — —oo. In this

2 4

o, 3} generate equal non-negligible contributions

case, the boundary spins 60; € {

to the partition function, while 6; = 0 does not.
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To study the New boundary condition, we first discuss the dual spin system.

Following [85], it is convenient to introduce the discrete difference operator,

1—fls

where [i represents either the Z or ¢ directions in the lattice. To derive the dual

we expand each Boltzmann factor in the discrete Fourier series,
exp [J cos (A,0;)] AZ Ci(J) exp (ikA,0;). (C4)

The coefficients C(J) maybe obtained through the inverse discrete Fourier series,

2 2 2
Cr(J) = AD exp (J cos (Wl> mlk) (C.5)
= 3 3
where A is a constant of proportionality. To each link emanating from site i we
may associate a new variable ¢,; = %”kw- € {0, 2{, 4% called the bond variable.

Defining the dual coupling J as
e’ = C%(ﬁ(J), (C.6)

we may thus rewrite the partition function in terms of the bond variables as

y
Zo3 3 [T Clon e (o tuidhity) (1)

{6} {Pu} (v

—Z Z He‘]ws (@) exp ( GZA,@W), (C.8)
{6} {on} (v

_ZH€JCOS(¢H M¢N ’L)modZﬂ' : <09)
{¢} (W)

To move between lines (C.7) and (C.8)) we ignored boundary terms. Intuitively,
the delta function constraint is required to prevent the overcounting of the bond

variable. Explicitly, the constraint at the i*® site is
Adui = iy — Gasiee + P — gy = 0. (C.10)
Using ¢;.,—2 = —¢_z, this may also be expressed as

Gisi + O—zii + Ogi + O—g:i = 0. (C.11)
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We may solve (C.10)) by introducing new spin variables 6] € {0, %, 47} defined on

the vertices of the dual lattice. The constraint is then solved by taking
¢,u;i = 8;J,VAV97/;7 (C12)

where the indices on the left hand side refer to the original lattice sites, and the
indices on the right hand side refer to the dual lattice sites. The dual partition
function is then given by
Z x> e 08 (0=05), (C.13)
{0’}

We now consider a boundary running along the z-axis, with free boundary
conditions on the spins, and an interaction term between the boundary spins of
strength Jp. This translates into a boundary magnetic field acting on the Potts
spins in the dual picture . The dual field h may be determined by taking
the Fourier transform ((C.4) of the boundary Boltzmann weight,

2 )
pJBcos(Bubi) _ g 3 e%Aueiehms(%ﬂk), (C.14)
k=0
where B is another constant of proportionality. Considering the two cases where

the boundary spins are equal and unequal, this gives

3IB/2 _ el + 2e=h/2

m. (C.15)

As we previously discussed, the mixed boundary condition is selected by taking
h — —oo. As the mixed boundary is dual to the New boundary condition, this
implies that we obtain the New boundary condition by taking a boundary interaction

term with negative Boltzmann weights
e/B/2 = 9, (C.16)

Scaling the interaction, such that neighbouring spins with the same orientation
have Boltzmann weight 1, this gives a Boltzmann weight —1/2 for neighbouring

spins in distinct orientations.
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