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The topic of this thesis is the moduli theory of (parabolic) sheaves on stable curves. Using
geometric invariant theory (GIT), universal moduli spaces of semistable parabolic sheaves
on stable marked curves are constructed: ‘universal’ indicates that these are moduli spaces
of pairs where the underlying marked curve may vary as well as the parabolic sheaf (as in
the Pandharipande moduli space for pairs of stable curves and torsion-free sheaves without
augmentations).

As an intermediate step in this construction, we construct moduli spaces of semistable
parabolic sheaves on flat families of arbitrary projective schemes (of any dimension or sin-
gularity type): this is the technical core of this thesis. These moduli spaces are projective,
since they are constructed as GIT quotients of projective parameter spaces. The stability
condition for parabolic sheaves depends on a choice of polarisation and is derived from the
Hilbert-Mumford criterion. It is not quite the same as traditional stability with respect to
parabolic Hilbert polynomials, but it is closely related to it, and the resulting moduli spaces
are always compactifications of moduli of slope-stable parabolic sheaves. The construction

works over algebraically closed fields of arbitrary characteristic.
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Chapter 1

Introduction

The goal of this work is to construct ‘universal’ moduli of parabolic sheaves on stable
marked curves. Here, ‘universal’ is used in the sense of [Pan96|, i.e. for a moduli space of
pairs (X, F), where X varies in a particular class of support schemes (e.g. stable curves,
marked curves, polarised manifolds) and F varies in a specified class of bundles / sheaves

on X (e.g. semistable vector bundles, sheaves or parabolic sheaves).

1.1 Motivation

Consider the following class of moduli problems: the objects are pairs (C, ), where C'is a
stable (possibly marked) curve and £ is a torsion-free sheaf on C' (possibly equipped with
augmentations such as parabolic structures), and two pairs (C1, &1), (Ca, &) are equivalent
if there exists an isomorphism ¢ : Cy — Cs such that & and ¢*&; are S-equivalent. Such a
set-up is often called a universal moduli problem of (augmented) sheaves on stable curves,
i.e. ‘universal’ indicates that the underlying (marked) curves are allowed to vary as well as
the (augmented) sheaves.

A prototype of such a moduli construction is Pandharipande’s universal moduli space
U,(e,r) of semistable torsion-free sheaves (of uniform rank r and degree €) on stable curves
of genus ¢ [Pan96|: this is a projective variety mapping to Mg by the forgetful morphism,
and the fibre over [C] € M, is Mc(e,r)/Aut(C), where Mc(e,r) is the projective moduli
space of semistable torsion-free sheaves of uniform rank r and degree e on C'. The notion of
stability used by Pandharipande is slope-stability with the degree defined via the Riemann-
Roch formula and the rank of a torsion-free sheaf £ given by > ;wjrj, where r; is the rank
of £ on the irreducible component C; of C, and w; := degwc|c,. This is Seshadri’s
generalisation of slope to nodal curves in the case of canonical polarisation: cf. [Ses82]
for the first construction of M¢(e,r) in the case of a fixed nodal curve C' with arbitrary
polarisation. On curves, this is exactly equivalent to Gieseker-p-stability as used by Simpson

in his construction of moduli of semistable pure sheaves on arbitrary families of projective
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schemes [Sim94a], where the reduced Hilbert polynomial p is defined with respect to (a
power of) the canonical sheaf we (see lemma . In the rank 1 case, the moduli spaces
Mc (e, 1) are compactifications of the Jacobian of C; the first comprehensive study of these
was carried out by Oda and Seshadri [OS79], defining stability conditions depending on a
choice of ¢ € dC,(I',Z), i.e. a 0-boundary of the (oriented) dual graph I" of the curve C. In
fact, all these compactifications can be obtained as Simpson compactifications for suitable
polarisations of C: see |Ale96] for a comparison of the different approaches.

Universal moduli spaces are a natural framework in which to study deformations of M,
the moduli space of the corresponding (augmented) sheaves on a fixed smooth curve C,
as C' degenerates to a nodal curve, and in the case of plain torsion-free sheaves without
augmentations this approach has yielded interesting results on the geometry and topology
of M¢: for example, |[NR75| shows finiteness of the automorphism group of the moduli
space M¢ of stable bundles of coprime rank and degree and calculates H3(M¢, Z), whereas
|Gie84] uses degeneration methods to show the vanishing of the Chern classes ¢;(M¢) for
1 > 2g — 1, where M is the moduli space of stable rank 2, degree 1 bundles on a curve C
of genus g.

Furthermore, Pandharipande’s moduli space W can be thought of as a higher
rank version of (the stable locus of) the Hitchin systemﬂ it C' is a fixed smooth curve,
then the Hitchin morphism Ng(s,d) — A from the moduli space of semistable rank s,
degree d Higgs bundles on C' to the Hitchin base space (of characteristic polynomials for
the Higgs fields) is just a relative Jacobian of the family of spectral curves (which are
s : 1 covers of C constructed from the characteristic polynomials, see [BNR&9]), at least
over the regular base locus of the Hitchin fibration (i.e. A™8 the set of a € A whose
associated spectral curve C, is smooth). However, using compactified Jacobians, this may
be extended to the elliptic locus A°! (consisting of those a € A corresponding to integral
spectral curves C,). Compare this to the universal moduli space m: as the moduli
space M (e, 1) of torsion-free rank 1 degree e sheaves is a compactification of the Jacobian
Jac$, the fibration U,(e, 1) — M, is very similar to the Hitchin fibration, except that the
base space parametrises stable curves which are not necessarily obtained as covers of a fixed
curve. From this point of view, the universal moduli space of parabolic sheaves constructed
here can be regarded as a higher rank version of the parabolic Hitchin system. Of course,
there are limitations to this analogy, as there is no reason to expect the total space W
to have as rich a geometry as N¢(s,d) — Al which is hyperkihler and an algebraically
completely integrable Hamiltonian system. In addition, there is no interpretation of W
as a moduli space of (augmented) sheaves on a a single curve C' as there is for the total

space of the Hitchin system.

T am grateful to Dr Tam4s Hausel for pointing out this analogy.
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1.2 Construction method

The main result of this thesis is a construction of a universal moduli space Uy ,,(r, d, r}, o)
for semistable parabolic sheaves (of uniform rank r, degree d, flag type r} and parabolic
weights a) on stable marked curves (see chapter || for a precise statement). This moduli
space is again projective, maps to Mg,n by forgetting the parabolic sheaves, and its fibre
over a fixed stable marked curve C* := (C,z*) is just Pe«(r,d,r}, of)/Aut(C*) where
Po«(r,d,r%, o) is the moduli space of semistable parabolic sheaves (of the same numerical
type as before) on C*, and Aut(C*) consists of the automorphisms of C* as a marked
curve. In particular, our universal moduli space compactifies the moduli problem of pairs
(C*, EY) where C* € M,,, is a smooth marked curve and E} is a slope-stable parabolic
vector bundle of fixed rank, degree and flag type on C*, i.e. ‘universal’ refers to the fact
that the underlying marked curve varies as well as the parabolic bundle.

The method we employ is based on Pandharipande’s construction [Pan96]. Roughly
speaking, Pandharipande’s approach can be thought of as a method that takes two GIT
constructions as input: one for the moduli space of the underlying schemes which support
the bundles (these base schemes are stable curves in [Pan96]), and one for the moduli
space of sheaves on a fixed support scheme. Pandharipande then provides a framework
for bringing these constructions together to build a moduli space for the problem of pairs,
essentially by considering sheaves on fibres of Uy over H, where H is the parameter space
in the GIT construction for the support schemes (typically some subscheme of a suitable
Hilbert scheme) and Uy the universal family over it. The universal moduli space is then
constructed as the GIT quotient of some relative Quot scheme of Uy /H by a product of
special linear groups, one of which takes care of the redundancy introduced by rigidifying
the support schemes, whereas the other reflects the surplus information from rigidifying
the bundles or sheaves. A judicious choice of linearisation (weighting the factor of the
parameter space which encodes the support schemes heavily in comparison to the bundles
part of the parameter space) then allows Pandharipande in sections 7 and 8 of [Pan96| to
conclude that the points of the GIT quotient correspond to semistable torsion-free sheaves
on stable support schemes (curves), and that orbits correspond precisely to S-equivalence
classes of bundles modulo automorphisms of the curves. Thus, we may illustrate the above
remark that Pandharipande’s work takes two inputs into his framework to produce universal

moduli spaces as follows:
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Gieseker’s GI'T construction)
of M, (see subsection |3.1.2])

Pandharipande’s method of turning

the inputs into a single GIT problem

and choosing a suitable linearisation
(see section [3.3))

— Uy(e,r)

Pandharipande’s analysis of the
‘fibrewise GIT problem’ for sheaves on a
fixed stable curve (sections 2-6 of [Pan96|)

Here, one should note that the two inputs can be black-boxed — only very specific results
from the relevant GIT constructions are needed (essentially, a knowledge of the correct
parameter spaces, the group action, and the result characterising the GIT-(semi)stable
loci in the parameter space, together with the statement that the resulting GIT quotient
actually gives a coarse moduli space for the moduli problem under consideration). The
difference between the two inputs is that the construction of Hg requires no change, whereas
in order to incorporate the analysis of the moduli problem of uniform-rank-r pure sheaves on
a fixed stable curve, a small but important modification is necessary: stronger boundedness
results are required than those obtained by looking at a fixed curve. The parameters
involved in this part of the construction (a twisting parameter n exhibiting the sheaves F
as quotients of a fixed sheaf & = k(™ ® O(—n), allowing the sheaves F to be parametrised
by a suitable Quot scheme @,,, and a parameter m governing the linearisation of the SLp(;,)-
action on ),,) have to be chosen uniformly for all stable curves of genus g. This is the reason
why Pandharipande went through the analysis of this part of the problem himself — in the
constructions of moduli of sheaves on curves that were available to him (such as [Ses82|),
the parameters depended on the fixed curve under consideration: in other words, there
was no construction of moduli of semistable torsion-free sheaves on a family of curves yet.
However, such a construction was provided by Simpson in section 1 of [Sim94a| (actually,
this construction is vastly more general, producing moduli spaces of semistable pure sheaves
on any family of projective k-schemes of any dimension or singularity type).

Before trying to generalise [Pan96| to parabolic sheaves on marked curves, I studied
Simpson’s GIT construction and used it to replace what Pandharipande calls the ‘fibre-
wise GIT problem’ in his construction (sections 2-6 of [Pan96|), i.e. his analysis of the
moduli problem of uniform-rank-r pure sheaves on a fixed stable curve. There are several
reasons for this: Pandharipande’s method for this step (invented before the publication
of [Sim94a] and thus before Pandharipande was aware of Simpson’s ideas in detail) is a

little less transparent than Simpson’s (in particular, Pandharipande makes no mention of
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boundedness or m-regularity, even though these concepts essentially govern his construc-
tion from the background). More importantly, Simpson’s ideas generalise much more easily,
both to higher-dimensional support schemes (a possible future direction of generalisation of
[Pan96]), but also to bundles and sheaves with augmentations, such as parabolic structures.

How can we utilise Pandharipande’s framework for a construction of a universal moduli

space Uy, (r,d,rx, of) for semistable degree d, rank r, flag type 7}, weight o} parabolic
sheaves on (stable) n-pointed curves of genus g7 The input of Gieseker’s construction of Mg
in the above diagram has to be replaced by a GIT construction of Mgﬁn (such a construction
was recently given in [BS08|), and the input of the lower left-hand corner in the above
diagram needs to be replaced by a GIT construction of a moduli space P« (r,d, 5, of) of
semistable parabolic sheaves on a fixed marked curve C* = (C,z!,... 2"), or in fact a

version of Po«(r,d,r}, o) as C* varies in a flat family (parametrised by a Hilbert scheme:

) * )
this is because all parameters in the GIT construction for the lower left-hand corner in the
above diagram need to be uniform in varying curves). However, as far as I am aware there is

no general construction of a moduli space Po«(r, d, %, o) of semistable parabolic sheaves for

C* varying in a family (but some special cases of fixed but singular C* have been covered
before: Narasimhan and Ramadas [NR93| constructed moduli for semistable parabolic
sheaves of rank 2 on an irreducible nodal curve, and Sun extended this construction in
[Sun00] to higher rank and in [Sun03]| to reducible nodal curves, but working with a modified
stability condition different from the natural generalisation of parabolic semistability to
reducible curves which appears in our universal construction in chapters 4 and .

A construction of moduli for semistable parabolic sheaves on a flat family X — S of pro-
jective schemes of arbitrary dimension, based on Simpson’s moduli construction [Sim94al,
is more conceptual than an ad-hoc treatment of the curves case (and may be of independent
interest), so we cover the general situation in chapter , even if in chapter [5| we only require
the resulting moduli spaces for families of stable (in particular, at worst nodal) marked
curves. In fact, this ‘fibrewise’ construction of moduli of semistable parabolic sheaves on
flat families of arbitrary projective schemes (of any dimension and singularity type) is the
most technical and involved part of this thesis, taking up all of chapter [l See section
for a detailed discussion of previous work on related moduli spaces and an overview of the
technical steps needed. Section 4.9 gives the main results of this construction.

With this ‘fibrewise’ GIT problem solved, the relevant chart for the construction of

universal moduli of semistable parabolic sheaves on stable marked curves is then:
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aldwin-Swinarski’s GI
construction of Mg,

(see subsection |3.1.3])

T

Turning the inputs into a

single GIT problem and

choosing the right linearisation,t— Uy, (r, d, %, o)

following Pandharipande’s ideas
(see chapter [5)

oduli of semistable parabolid
sheaves on any fixed stable
marked curve with parameters
uniform for all curves
(see chapter [4)

This construction of Uy, (r,d, ¥, o) is completed in chapter [5, where we extend Pand-
haripande’s ideas of weighting the group actions appropriately, so that whenever C* is an
unstable marked curve, then a pair (C*, £) cannot be stable, no matter how well behaved

the parabolic sheaf &£ is.

1.3 Overview of contents and statement of originality

In chapter 2] I give a brief overview of what moduli problems in algebraic geometry are, how
they are approached, and how Geometric Invariant Theory (GIT) applied to Hilbert and
Quot schemes is a standard technique to solve them. This chapter is strictly introductory
in that I give very few proofs in it and review fairly classical material.

I also state the relevant results from GIT (section[2.2)) which are needed in later chapters.
Section introduces Hilbert and Quot schemes as the standard parameter spaces for GIT
constructions. I give a summary of their construction, but focus on the properties needed
in the later use of Hilb and Quot. In particular, the notions of boundedness and regularity
of sheaves, which play a central role in the later development, make a first appearance here.

None of the contents of chapter [2| are original — all results can be found in the literature,
only the presentation is mine.

Section is a rapid introduction to stable curves (with or without markings), their
basic properties, and the relevant GIT constructions by Gieseker and Baldwin-Swinarski.
As explained above, these constructions are black-boxed when they are later used in the
Pandharipande framework, so I restrict myself to listing the most basic steps of these
constructions and omit all their technicalities (for example, the Potential Stability Theorem
is not even mentioned in subsection .
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Section is then much longer and more detailed — since I use Simpson’s ideas ‘uni-
formly for all curves’ in the Pandharipande framework (and as my moduli construction for
parabolic sheaves is modelled on Simpson’s arguments), I review the construction in some
detail, explaining why all choices along the way can be made independently of which stable
curve we happen to work on. I also take the opportunity to collect some basic material on
pure and (semi)stable sheaves in section [3.2]

Section |3.3[in which I review Pandharipande’s construction [Pan96] is briefer again, not
least because the set-up was already introduced in subsection [3.2.3 but also because the
longest part of Pandharipande’s construction (sections 2-6 of [Pan96|) is taken up by the
‘fibrewise GIT problem’ which is replaced by section [3.2] in this thesis.

Most of chapter [3] is not original: in sections [3.1] and [3.3] I summarise GIT construc-
tions due to Gieseker, Baldwin-Swinarski and Pandharipande because they are relevant
to my goal of constructing universal moduli of parabolic sheaves, and again only the pre-
sentation is mine. The contents of section |3.2] are due to many contributors — the main
GIT construction is Simpson’s, of course. However, the comparison between Simpson’s
and Pandharipande’s stability conditions, especially lemmas [3.2.17] and [3.2.18] are my own

work. Moreover, the argument in subsection |3.2.4] extending Simpson’s GIT analysis from

@n (the closure of the locus of torsion-free sheaves) to the whole Quot scheme @, is original.

Chapter 4| describes the construction of projective moduli spaces of semistable parabolic
sheaves on a flat family X — S of arbitrary projective schemes (of any dimension or
singularity type). This is the technical heart of the thesis, and most of this chapter is
original: while the definitions of parabolic sheaves had been extended to this set-up before,
I am not aware of any construction of projective moduli for this situation. For a detailed
summary of previous work on moduli of parabolic sheaves, a discussion of the approach
taken in the construction presented here and a statement of the main results, see section .1}
The new ingredients needed for this construction were a boundedness result for semistable
parabolic sheaves on X/S, a construction of a projective parameter space built up from
Quot schemes, a suitable projective embedding and linearisation of the group action on
the parameter space, and a stability condition for parabolic sheaves that matches the GIT-
stability analysis arising from the Hilbert-Mumford criterion.

Chapter 5| finally completes the programme for the construction of universal moduli
of parabolic sheaves on stable curves which was described above. Using the same ideas in
relative GIT as Pandharipande did, we show that the GIT quotient of the Flag-Quot scheme
parametrising parabolic sheaves on the fibres of the universal family in Baldwin-Swinarski’s
construction of Hgyn gives the moduli space we were seeking. We should point out that
the ‘universal family’ in question is over a Hilbert scheme (used in the GIT construction
of the coarse moduli scheme M, ,,) instead of being the universal family over the DM stack

ﬂgyn. In fact, if we did work with DM stacks, then existence of the universal moduli space
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of parabolic sheaves on stable curves would follow directly from applying the results of
chapter || to the universal (stacky) curve over S = M,,,. However, we do not take this
approach, since Simpson’s construction for moduli of pure sheaves on the fibres of X/S
(and by extension also our construction for moduli of parabolic sheaves on the fibres of
X/S) do not apply directly to DM stacks as base S. (Possible complications requiring
further investigation involve questions of boundedness for sheaves on a family with stacky
base.) We do not work with stacks throughout this thesis — all moduli spaces are moduli
schemes, and all universal families are over fine moduli schemes (typically over the Hilbert

or Quot schemes serving as parameter spaces in GIT constructions).

1.4 Conventions

This introduction concludes with a few conventions concerning notation and terminology
that will be used throughout the thesis. Note that individual chapters and sections may
have special conventions, these will always be clearly announced. In particular, note sub-
section with conventions for chapter [4]

Convention 1.4.1. We will often be working in the category Sch/S of locally noetherian
schemes over S (where S is some fixed scheme, sometimes taken to be connected and of
finite type over an algebraically closed field k), and we will use the following shorthand
notations for base change: given X — S and S’ — S in Sch/S, the fibre product will be
denoted by X’ := X xg S’ (and similarly for double prime). For any coherent sheaf F
on X, its pullback to X’ will be denoted by F' (:= (pry)*F = (pr;) 'F Qo4 Os/, where
pr, is the projection X xg S" — X). Analogous notations will be used for base changing
X — Sand Fon X toT — S (i.e. Xy = X xgT and Fr, respectively). Finally, for
f: X — S proper (in particular for f projective), H (X /S, F) will denote the higher direct
image sheaf R’ f,(F) on S (following Simpson’s notation in [Sim94a|) — note especially that
H°(X/S,F) is just the direct image of F under f: X — S.

Convention 1.4.2. Throughout, we follow common notation in the literature in using the
sign (<)’ to denote ‘<’ when referring to semistable objects, and ‘<’ when referring to
stable objects, and similarly for ‘(>)’. This applies to both GIT-(semi)stable and p- or
slope-(semi)stable (parabolic) sheaves. Thus a statement like ‘if F is (semi)stable, then
B(<)C" should be read as ‘if F is semistable, then B < C, and if F is stable, then B < C".
In this context, note also that all inequalities between real (or rational) polynomials are
with respect to the lexicographic ordering, i.e. f < ¢ for polynomials f,g € Qz] is a
statement on the coefficients of the highest degree term where f and ¢ differ, and thus
f < g is equivalent to saying that f(m) < g(m) for all sufficiently large m € Z. This

implies that the leading coefficient of f is less than or equal to the leading coefficient of g,
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but the converse implication is not true: if f and g have the same leading coefficient, then
we cannot say whether f > ¢, f = g or f < g without having information on the other
coefficients of f and g. For example, 2z 4 1 is strictly less than 2x + 2 but strictly greater
than 2x — 1. (Two polynomials are equal if and only if all their coefficients are equal.)
Note also that in section we introduce a lexicographic ordering on polynomials in two

variables — see subsection [4.1.2] for more details on this.

Convention 1.4.3. We use the Grothendieck convention of parametrising quotients in-
stead of subspaces by the functors Grass and P; therefore we use the spaces Grass(V*)

(resp. P(V*)) when talking about subspaces of V.

Convention 1.4.4. Whenever given a morphism X — S and a point s € S, we will denote
by X, the scheme-theoretic fibre of X over s, i.e. X, := X Xgpec i(s) S Where Spec k(s) — S
is the inclusion of the point s. If F is any sheaf on X, then F, will denote the restriction of
F to the fibre X;: we write Fy := F|x, as short-hand for the pullback of F along Xy — X.
This should not be confused with a stalk of F, but if s € S and F is a sheaf on X, there

should be no danger of confusion.

Convention 1.4.5. Throughout, we follow a common abuse of notation in the literature
concerning vector bundles: given a fixed finite-dimensional k-vector space V' on a scheme
X over a field k, we let V ® Ox denote the trivial vector bundle on X with fibre V. The
main point here is that V' is not considered as a sheaf itself, and thus the tensor product
in V ® Ox (or more generally in all expressions V' ® W for a finite-dimensional k-vector
space V and a coherent Ox-module W) means ®j and not the tensor product of coherent
sheaves (i.e. not tensor product over Oy). For example, V ® Ox(—n), a notation that will
frequently appear from section [3.2| onwards, means the trivial vector bundle over X with
fibre V' twisted by —n.

In particular, V' does not mean the constant sheaf V on X (i.e. the sheaf that assigns
to each Zariski-open U C X the space V(U) of locally constant maps U — V'), which
would be more consistent with standard notation as in [Har77], for example. However, all
of this is a harmless abuse of notation as it should be understood that all our sheaves are
coherent Ox-modules (which we sometimes also refer to as ‘coherent sheaves’ by abuse of

terminology); therefore the constant sheaf will in general not feature in our discussion.

Convention 1.4.6. Unless explicitly stated otherwise, by a point of a scheme we will mean
a closed point, assumed to be a geometric (i.e. k-valued) point if we are working over an

algebraically closed field k.

Convention 1.4.7. Throughout this thesis, C and D will denote weak (i.e. not necessar-

ily proper) inclusions, unless explicitly stated otherwise. In particular, the flags forming
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quasi-parabolic structures in chapters [] and [§] may have weak inclusions, i.e. the chains of

subspaces or subsheaves need not be strictly decreasing.
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Chapter 2

Moduli spaces: general theory and
construction methods

In this chapter, we give a brief summary of the basic notions of moduli problems, and
we explain one of the fundamental strategies for constructing moduli spaces: the path to
coarse moduli spaces via geometric invariant theory (GIT), applied mainly to parameter
spaces obtained from Hilbert or Quot schemes. We do not discuss the alternative approach
of algebraic stacks as moduli spaces in much detail as all constructions in this thesis are for
moduli schemes (whenever moduli stacks exist, we consider the underlying coarse moduli
scheme). Basic references are the introductory [New78] (and the more compressed |[New09)
and [Kir01]) for both sections 2.1 and 2.2 and the foundational [MFK94] (together with
[Ses77] which extended the first edition of [Mum65b| to general ground fields) for the tech-
nical details skipped over in section . Other good references (especially on the interplay
between GIT and symplectic reduction) are [Tho06] and [Kir84]. For the construction of
Hilbert and Quot schemes in section , the original reference is [Gro62], and modern
accounts providing full details are given in [Nit05] and [HL97|; the latter and [Mum66]
are also very user-friendly guides to boundedness and Castelnuovo-Mumford regularity of

sheaves.

2.1 Moduli problems in algebraic geometry

Moduli problems in algebraic geometry are essentially classification problems: given a
collection A of geometric objects and an equivalence relation ~ on A, we would like to
describe the collection A/~ of equivalence classes, and not just as a set, but as a space
of some sort. In particular, we would like to study .4/~ geometrically — this reflects the
existence of geometric families of objects: small variations of objects in .4 should correspond
to nearby points in the space with underlying set A/~.

Formally, a moduli problem in algebraic geometry is set up like this: suppose the objects

in A are defined over a base scheme S and ~-equivalent objects lie over the same point

11



2.1 Moduli problems in algebraic geometry

in S (e.g. A could be the collection of all sheaves on the fibres of some morphism X — S
and ~ isomorphism of sheaves on the same fibre), where S is often taken to be of finite
type over an algebraically closed field k. Then we work throughout in the category Sch/S
of locally noetherian schemes over S. Given the basic ingredients A and ~, we define a
notion of families parametrised by T as well as equivalence of families parametrised by T
(also denoted by ~, abusing notation mildly) for any 7" — S in Sch/S. These concepts
should extend A and ~ in the sense that a family parametrised by a (geometric) point
s : Spec k — S should be the same thing as an element of A lying over s € S, and two
families parametrised by s : Spec k — S should be equivalent as families if and only if
they are equivalent under ~ as elements of A. A moduli functor is then any contravariant

functor F : Sch/S — Sets which is given on objects by
F(T) := {equivalence classes of families parametrised by T'},

i.e. as well as the information of families and their equivalence, we need a notion of pullback
of families along any morphism 7" — 7" in Sch/.S, where this pullback should be functorial
and respect equivalence of families. Basic examples of moduli functors are the functors
Hilb and Quot defined in section 2.3 and the moduli functor M, of smooth curves of
genus g over any fixed algebraically closed field k (in which case S = Spec k): this functor

is given on objects by

My(T) = {smooth proper morphisms C' — T of relative

dimension 1 with geometric fibres connected of genus g}/~ ,

where ~ is just isomorphism as schemes over T', and the pullback of the family C' — T along
a morphism 77 — T is the usual base change C" — T", i.e. the fibred product C" := C x4 T"
together with its projection to 7”. In a similar spirit, one defines the moduli functors of
stable curves, marked curves (see chapter [3| for both of these), vector bundles on a given

base, (augmented) sheaves on the fibres of a morphism X — S (see chapter {4), etc.

In an ideal case, the moduli functor F is represented by a scheme M € Sch/S, ie. F
is naturally isomorphic to Homg(—, M), where Homg denotes morphisms in Sch/S. If
such M exists, it is automatically unique up to unique isomorphism and we then call M a
fine moduli space for the moduli functor F or for the moduli problem (A, ~). Note that the
points of M lying over s € S then correspond to F(s : Spec k — S), i.e. the ~-equivalence
classes of A-objects lying over s € S. This explains in which sense a fine moduli space is
an answer to our question of how to put a geometric structure on the set of equivalence
classes.

Of course, there may be other schemes in Sch/.S whose geometric points also correspond

to A/~ (after all, there are lots of non-isomorphic schemes whose geometric points are in
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bijection to each other, e.g. Al and a plane cuspidal cubic, or a fat point and a reduced
point). However, in the spirit of the Yoneda lemma, there is more to fine moduli spaces
than this bijection: if M represents F, there is an element U € F(M) = Homg(M, M)
corresponding to the identity in Homg (M, M). This family parametrised by M is called
the universal family since it has the property that any family X parametrised by T is
equivalent to the pullback of U via a morphism f : 7" — M in Sch/S which is uniquely
determined by X: in terms of the geometric points, t € T is sent to f(t) := [X;], the point
of M corresponding to the equivalence class of X;, where X, is the object of A given by the
pullback of X along the inclusion ¢ : Spec k — T'. (The map f is sometimes referred to as
the classifying map of the family X.) In particular, morphisms into M correspond exactly

to families up to equivalence, and so the schematic structure of M is the best possible

for A/~.

However, existence of such M (and U) is often too much to ask for: for example, in the
common case of A being a class of abstract schemes over an algebraically closed field k,
families being (flat) morphisms with geometric fibres belonging to A, and ~ given by
isomorphism covering the identity on the base, any elements of A possessing non-trivial
automorphisms (of finite order) would automatically make a fine moduli space for F impos-
sible, and this is essentially the only obstruction to fine moduli spaces (see [Ser06], exam-
ple 2.6.13(i) and theorem 2.6.15): let Y € A be a quasi-projective scheme with non-trivial
finite automorphism group G C Aut(Y). We can then construct a family X — 7" which is
isotrivial (i.e. all fibres are isomorphic to each other, namely to Y') but non-trivial (i.e. not
isomorphic to the trivial family 7' x, Y — T'): let 77 be any quasi-projective scheme with
a free G-action and consider X’ :=T" x; Y with the diagonal G-action g - (¢,y) := (gt, gy)
which is still free. Now let X — T be defined as the quotient of the equivariant map
pry : X' = T by G, ie. X := X'/G and T := T'/G (both well-defined by freeness of the
respective G-actions) together with the map X — T induced by pry : 7" X, Y — T". Then
each fibre of X — T is isomorphic to Y, but as a family of schemes X — T is never trivial.

In particular, taking F to be the moduli functor M, of smooth curves of genus g > 2
and fixing Y = C' to be any curve with non-trivial automorphisms, the argument above
shows that there cannot be a scheme M (with a universal family U, say) representing the
moduli functor M: otherwise the image of 7" under the classifying map f : T — M of
the family X — T would be a single point [C] € M and so the family X — T would be
isomorphic to the pullback family f*U — T which is necessarily trivial as f is constant.
Thus, there is no hope for a fine moduli space of all smooth (or stable) curves, at least if ~
is global isomorphism of families.

The situation is much better when considering moduli problems of sub- (or quotient)

objects of a fixed object, e.g. subschemes of a fixed scheme (or quotient sheaves of a fixed
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sheaf): since isomorphisms of such objects must respect the embedding into the ambient
object (or the surjection from the fixed ambient object, respectively), the position of all
points of such sub-/quotient objects is fixed by the ambient object, and so the objects
of such moduli problems do not admit any non-trivial automorphisms (see section for
what are by far the most important examples of this kind: the Hilbert and Quot functors

and their fine moduli spaces).

What are the possible remedies when a moduli functor fails to be representable because
of automorphisms? Of course, one could exclude the offending objects from A, i.e. restrict
attention to objects without non-trivial automorphisms, but this is usually not very satis-
fying: those objects with automorphisms are often among the most interesting ones, and
moduli spaces of only automorphism-free objects tend to be non-complete. Instead, there
are two principal approaches to dealing with the non-existence of fine moduli spaces. One
is to weaken what we ask for: we may be able to obtain a scheme whose points correspond
to A/~ at the price of giving up universal families — this leads to coarse moduli spaces,
defined below. The other point of view is that the category Sch/S in which we tried (and
failed) to represent F is simply not large enough, and to study algebraic stacks instead of
schemes as a consequence.

There are many advantages to the second approach: stacks often record more infor-
mation (by their very definition, stacks remember automorphisms of individual objects
as well as the equivalence classes, and as a consequence moduli stacks behave very much
like fine moduli spaces, i.e. universal families are available) and they may be treated like
smooth spaces even when the corresponding schemes have finite quotient singularities. Fur-
thermore, coarse moduli schemes are usually constructed via GIT, thus they still require
‘bad’ (i.e. unstable) points of the moduli problem to be discarded and ~ to be replaced
on strictly semistable objects by a coarser equivalence relation, i.e. more objects of A than
previously intended are identified with each other — this is the notion of S-equivalence (this
GIT process will be discussed from page [17| onwards). In contrast, moduli stacks capture
all objects of A (no stability notion is required, even though imposing one may improve
the geometric properties of the stack) and exist almost by definition (if we take the route
to stacks as 2-functors from Sch/S to the 2-category of groupoids).

On the other hand, stacks require more machinery (in particular for sheaf cohomology
and deformation theory), and one technical advantage of coarse moduli schemes is that their
GIT construction usually equips them with an ample line bundle which may be difficult to
describe on the stack otherwise. In addition, showing that a given moduli stack is Deligne-
Mumford (or even just algebraic) requires an atlas which is often constructed just like the

parameter space for the associated coarse moduli scheme (see below).

14



Moduli spaces: general theory and construction methods

We will not discuss stacks in more detail here as the moduli spaces constructed in this
thesis will all be (coarse) moduli schemes. For definitions of stacks and a discussion of
their basic properties, good references are (in increasing order of sophistication and scope)
[Fan01], [GémO01], [BCE"], and [LMBO00]. Mumford’s classic paper [Mum65a] is also worth
reading: even though he does not mention stacks explicitly, he motivates their use, gives
an excellent explanation where they come from, and goes on to calculate the Picard group

of the moduli stack 9, ; of elliptic curves.

From now on, we concentate on coarse moduli spaces.

Definition 2.1.1. A coarse moduli space for F : Sch/S — Sets is a scheme M € Sch/S
together with a natural transformation ¥ : F — Homg(—, M) such that

(a) for every point s : Spec k — S, the map W¥(s : Spec k — ) is a bijection between
points of the fibre M, and F(s : Spec k — 5), the equivalence classes of A-objects
lying over s € S; and

(b) W satisfies a universal property with respect to natural transformations from F
to functors of points: for all N € Sch/S, every natural transformation ® : F —

Homg(—, N) factors uniquely through W.

The universal property (b) ensures that M, if it exists, is unique up to unique iso-
morphism. Note that every family parametrised by 7" € Sch/S induces a (classifying)
map 17" — M via ¥, but not conversely in general since ¥ is not required to be a natural
isomorphism.

The basic strategy to construct coarse moduli schemes is a two-step process in the
course of which we need to find notions of (semi)stability for the equivalence classes A/ ~:
we will not actually construct coarse moduli for (A, ~), but for the closely related moduli
problem (A%, ~g). Here, A% C A is the subcollection of semistable objects, and ~g is
an equivalence relation which agrees with ~ on the stable objects A* C A%, but will be
coarser than ~ on A**\ A°, the strictly semistable objects. Exactly which objects of A are

(semi)stable will be mainly determined by the second step of our process.

The first step is to rigidify the objects of the moduli problem (A, ~), i.e. remove any
automorphisms by adding extra data, e.g. embeddings of schemes into a fixed ambient
space. The aim is to construct a scheme X € Sch/S (ideally projective over S), sometimes
called a parameter space for the moduli problem, together with a family satisfying the local
universal property. We say that V' € F(X) has the local universal property for the moduli
functor F if for all 7" € Sch/S every family in F(T') is (Zariski) locally equivalent under ~
to the pullback of V' via some morphism to X, i.e. for any family W € F(T') and any point
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t € T, there is a neighbourhood U of ¢ in T such that W|y (the pullback of W via the
inclusion U < T') is equivalent to f*V where f: U — X is some (not necessarily unique)
morphism.

The parameter space X is usually constructed from appropriate Hilbert or Quot schemes
over S and will be a (fine!) moduli space for a rigidified version of our moduli problem.
However, if we want to ensure that X is not too big, i.e. of finite type over S, we often have
to cut down A by some semistability condition — in general, the collection of equivalence
classes may not be bounded. Let us consider a simple example of this phenomenon using
some of the concepts introduced in later sections: suppose A consists of all vector bundles
of fixed rank r > 2 and degree d on a smooth curve C of genus g > 2 over S := Spec k
and ~ is isomorphism of bundles. Then A4/~ is unbounded: choose a line bundle O¢(1) of
degree a > 0 and write P(m) for the Hilbert polynomial x(V(m)) = ram +d+r(1 — g) of
each V € A, then each V € A is isomorphic to a quotient of Og(—n)®F™ for sufficiently
large n € N, but taking V = O¢((d +n)z) ® Oc(—nz) ® OF 2 for any point z € C shows
that no n € N will do for all V' € A. This means that the equivalence classes A/~ may be
parametrised by

J Quotgy? (Oc(=n)*"™, P)

neN
but no subscheme of finite type over k will parametrise all V' € A. On the other hand, if we
restrict A to the slope-semistable vector bundles, a simple Riemann-Roch calculation shows
that n = % + 2 will work. For a precise definition of boundedness, see section
where we also introduce Hilbert and Quot schemes.

Returning to the general situation, suppose that we have replaced A by some bounded
subcollection A so that we have a parameter space X of finite type over S, with local
universal family V. Whatever geometric notion of (semi)stability we come up with in the
second step of the moduli construction, A% will be chosen as a subcollection of A In
particular, applying the local universal property to the inclusion of a point s € S shows
that for each semistable object A € A*® lying over s € S there should be some x € X,
such that V, ~ A, i.e. each equivalence class in 4%/~ will be represented by (at least) one
point of X. The converse will in general not hold: we often aim to get S-projective moduli
spaces, and for this purpose it is convenient to start with X projective over S (this is not
a necessary, but a sufficient condition as we will see in section . As a consequence, X
may parametrise some of the unstable objects A \ A% as well (since semistability tends to
be an open condition), but that is acceptable as long as X parametrises all the semistable
objects. In the example above, not all quotients of O¢(—n)®F™ parametrised by the Quot
scheme X = Quotgfﬂi(l)(oc(—n)@P () P) will be semistable vector bundles — these form an

open subscheme of X.

16



Moduli spaces: general theory and construction methods

The parameter space X will often come with an action by a linear algebraic group G
such that different rigidifications of the same equivalence class in A correspond to points
in a common G-orbit of X, i.e. the objects V, and V,, of A should be equivalent under ~
if and only if  and y lie in the same G-orbit in X (in particular, G acts along the fibres
of X — S, as ~ is assumed to respect fibres over S). In the example of semistable vector
bundles on a smooth curve C, any V is rigidified by a surjection Oc(—n)®F™ — V| and
our parameter space X = Quotgfﬂgl)(Oc(—n)@P(”),P) is acted upon by G = SLp(,y. In
another common case, if A consists of a class of abstract schemes which we rigidify by
embedding them into a fixed projective space PV, then X will be a Hilbert scheme of P,
with different embeddings identified by the action of G = SLyy; on X coming from the

linear G-action on PV.

The quotient of the parameter space by the group is then a strong candidate for the

moduli space — in fact, we have the following result:

Proposition 2.1.2 ([New78|, proposition 2.13). Suppose that V' € F(X) satisfies the local
universal property for the moduli functor F, and assume that a linear algebraic group G
acts on X so that any two closed points x and y of X lie in the same G-orbit if and only
if V, ~ V,. Then a coarse moduli space for F is exactly a categorical quotient of X by G

which is also an orbit space.

Here, a categorical quotient of a scheme X by a linear algebraic group G acting on X
is a G-invariant morphism ¢ : X — Y satisfying a universal property among G-invariant
morphisms from X (i.e. all G-invariant morphisms X — Z factor uniquely through ¢).
If ¢ sends distinct orbits to distinct points of Y, then we call (Y, @) an orbit space for the
G-action on X. Note that Y is then automatically an S-scheme and ¢ is an S-morphism,
since G was assumed to act along the fibres of X — S.

This raises the question of how to construct quotient schemes, or more precisely categor-
ical quotients — to address this problem (especially in the context of moduli constructions)
Mumford developed geometric invariant theory (GIT) in [Mum65b|, solving this question
provided that G is reductive. In this second step of constructing coarse moduli schemes,
the process of taking a GIT quotient of X by G, points that behave badly with respect
to the G-action (called ‘GIT-unstable’) need to be removed and the remaining points are
either ‘GIT-stable’ or ‘GIT-strictly semistable’. Deciding on GIT-(semi)stability of points
depends on a choice of linearisation, i.e. a choice of (S-relatively) very ample line bundle
on the parameter space together with an extension of the group action to this line bundle,
or equivalently an embedding of X into some projective space P% such that the G-action
extends to a linear action on P% (see section . The technical heart of many GIT-style

constructions of moduli spaces is to find a linearisation with respect to which objects of A
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corresponding to GIT-(semi)stable points of X (i.e. the points surviving in the quotient)
can be given a geometrically meaningful and interesting characterisation — this will then
serve as the notion of ‘(semi)stable objects’ A®)* of the moduli problem (A, ~). In par-
ticular, the choice of linearisation will affect what part of A we construct a moduli space
for. Effectively, a coarse moduli scheme can be seen as a patch of the moduli stack in the
background, where varying the linearisation used in the GIT construction changes which
part of the stack is seen by the scheme.

Finally, the GIT quotient of the stable points in X by G will be a coarse moduli
space (quasi-projective over S) for the ~-equivalence classes of stable objects A*, and the
GIT quotient of the semistable points in X by G will be a coarse moduli space of the
S-equivalence classes (not ~-classes!) of semistable objects A%. Here, two ~-equivalence
classes [V;],[V,] € A%/~ are called S-equivalent (written A ~g B with ‘S’ for Seshadri —
not to be confused with our base scheme S) if the closures of the orbits G(x) and G(y)
in the set of semistable points of X intersect, i.e. if and only if the orbits of x and y are
identified in the GIT quotient X//G — see section for more details on how orbits are
collapsed under a GIT quotient. (Note that this description of S-equivalence is fully on
the GIT side of the picture, and every moduli construction requires some work to find a
geometric interpretation of S-equivalence for strictly semistable objects of A.)

Even more is true: if the parameter space X is projective over S, then the quotient
of the semistable locus will be projective over S, giving a natural compactification of the
moduli space of stable objects. (If X is arbitrary, then the GIT quotient of the semistable
points will still be quasi-projective over S, but may not be projective over S.)

In the next section, we summarise the basic ideas of GIT and justify the claims above
about the connection between the GIT quotient of X by GG and coarse moduli spaces for the
original moduli problem. A description of Hilbert and Quot schemes, the basic parameter

spaces involved in such moduli constructions, is delayed to section [2.3]

2.2 Geometric invariant theory

Fix an algebraically closed field k, and take all schemes to be k-schemes of finite type for
now — we return to the relative situation of the previous section (X € Sch/S for some fixed
base scheme S) later. Throughout, G is a linear algebraic group over k, later assumed to
be reductive. Recall that G is said to be reductive if its radical is isomorphic to a direct
product of copies of the multiplicative group G,,. For linear algebraic groups over k = C,
this is the same as asking that all complex representations of G be completely reducible, i.e.
that they split into sums of irreducibles, or equivalently that there be a maximal compact
Lie subgroup K of G such that G = K¢ is its complexification, i.e. (Lie k) ®g C = LieG.
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We give a very brief outline of the basic ideas of GIT, but leave many details to [New78|
and [MFK94], see also [Tho06|.

Let X be a scheme with a G-action Gx X — X. The basic question motivating geometric
invariant theory (GIT) is how to construct a ‘good’ quotient scheme for this action with
properties to be clarified below, but after the discussion of the previous section, a good
quotient should at least be a categorical quotient of (some open subscheme of) X by G.
The naive thing to do is to look at the orbit space (i.e. the topological quotient) X/G.
However, this often fails to be a separated scheme (or worse, X/G may not even admit
any scheme structure making the projection X — X/G into a morphism). Indeed, if X
is a complex projective variety (a case of frequent interest), it is compact in the analytic
topology, but many linear algebraic groups G (including all reductive groups over k = C)
are not, and then any non-trivial G-action on X will not be proper. This leads to non-
closed orbits (with lower-dimensional orbits in their closure), so the topological quotient
cannot be separated. It turns out that just throwing away orbits of low dimension is not
in general good enough either. One of the simplest examples for this problem is the action
of G,, on A? given by X - (x,y) := (A, A\"'y). There are three kinds of orbits: firstly,
for each o € k* the conic {(z,y)|ry = a}, next, the punctured axes {(x,0)|z € k*} and
{(0,y)|y € k*}, and finally, the origin {(0,0)}. Thus, the orbit space is not separated, even
if we leave out the origin, as both punctured axes are limits of the conic orbits as a — 0
(so the topological quotient of A?\ (0,0) will be the punctured affine line with two copies
of the origin glued in). In order to get a categorical quotient, we have to combine all three
exceptional orbits into one point, giving A! as a categorical quotient of A? by G,, with
quotient map (x,y) — zy.

Recall that a categorical quotient of X by G is a G-invariant morphism of schemes
¢ : X — Y satisfying a universal property for G-invariant morphisms from X. Thus,
categorical quotients are necessarily unique up to unique isomorphism and are functorial,
but may not be geometrically meaningful: for the action of G,, on A" by scalar multipli-
cation, the origin lies in the closure of every other orbit, so every G,,-invariant morphism
on A" must be constant, thus there is no orbit space and the categorical quotient consists
of a point. Of course, the right thing to do in this example is to delete the origin (which
is GIT-unstable with respect to a well chosen linearisation), giving P"~! as a categorical
quotient and also an orbit space of G,, ~ A"~ {(0)}. This is a hint of the general picture:
we first need to understand which ‘bad’ orbits should be discarded before we can hope to

form a good quotient.
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An important special case of the general GIT quotient construction is when X is projec-
tive, so we concentrate on this case first. The general definitions for the case of possibly
non-projective X will follow from page 22| onwards. (In particular, note that for projective
X we take linearisations to be ample, whereas this requirement is dropped for general X.)

Suppose X is projective. As a first approximation, define a [linearisation of the G-
action on X to be an embedding X — P" into some projective space, together with an
extension of the G-action to a linear action on P, i.e. an embedding of X into P" and a
representation p : G — GL,;1 through which the action of G on X factors. Slightly more
generally, a linearisation is a choice of ample line bundle L — X (in the case that L is very
ample, this corresponds to the choice of embedding X <« P" via L = Opn(1)|x) and a lift
of the G-action to a linear action on L. Then the pair (X, L) corresponds to its graded
homogeneous coordinate ring
k[zo, ..., x,]

AL(X) =P H (X, L7 = i ,

k>0
where [y is the homogeneous ideal defining X as a subscheme of P", and the notation
Ap(X) indicates the dependence on the choice of L (or equivalently on the choice of em-
bedding X «— P").

The basic idea of GIT is now to consider the ring of G-invariants of X, i.e. the subring
AL (X)) of elements which are fixed by the G-action on A7 (X) induced from the G-action
on L or A", As Ap(X) is a finitely generated graded k-algebra, Ap(X)¢ is also a finitely
generated graded k-algebra if G is reductive (see below for further explanation of this
point). Replacing L by L®* for some k > 1, we may choose generators g, ..., 7; of degree 1
for Az (X)¢. Then we define the GIT quotient X//G (or, more accurately, X//.G if
we wish to emphasise the linearisation) to be the (polarised) projective subscheme of P!
corresponding to Ay (X)Y, i.e.

X//1G = Proj AL(X)? = Proj @ H(X, L¥*).
k>0
The inclusion Az(X)¢ C Ar(X) corresponds to a rational map X --+ X//G given by
x = [ro(x) o+ m(2))].

We then get the following commutative diagram:

) QR - X//1G (2.1)
U

X (L) U
U

X5(L) X5(L)/G

Here, X**(L) is the set of GIT-semistable points (with respect to L), precisely the open (but
not necessarily non-empty) subset of X where the rational map X --» X//.G is defined,
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i.e. semistable points are those points which the G-invariant sections of L can detect. The
elements of X*(L) are called GIT-stable points (with respect to L), and X*(L) is an open
subset of X*°(L) where X//,G is a geometric quotient, i.e. an orbit space. (Algebraically,
a semistable point x is defined to be stable if A;(X)“ separates orbits near x and the
stabiliser of x is finite.) The map X**(L) — X//.G is G-invariant (by construction of
X --» X//LG) and surjective, but may in general collapse distinct orbits in X to the same
point in X//,G, unless X*(L) = X*(L); this gives rise to the notion of S-equivalence
alluded to at the end of section 211

Topologically, (semi)stability may be characterised by picking a point Z € A™"! cover-
ing € X C P" (or equivalently a point Z € L in the fibre over z), then

x is semistable <= 0¢ G(7),

2.2
ris stable <= G(Z)=G(Z) in A" and 7 has finite stabiliser, (22)

where G(Z) is the G-orbit of Z, and finiteness of the stabiliser is equivalent to the orbit
of Z being of maximal dimension dim G. (For proofs of these claims, see proposition 4.7
and lemma 3.17 in [New78|, or proposition 2.1 in [New09|.) This description makes it
clear that (semi)stability depends on the choice of linearisation. A version of this topo-
logical characterisation that is easier to use in practice is given by the Hilbert-Mumford
numerical criterion whose key part is the result that (semi)stability for G' corresponds to
(semi)stability for all one-parameter subgroups G, of G simultaneously (see page [25).
Algebraically, the crucial step of the whole construction described above is that the ring
of invariants Ay (X) is finitely generated (a version of Hilbert’s 14th problem). This is
where reductivity of G comes into play: Nagata’s Theorem (see theorem 3.4 in [New78] for
a proof) says that the ring of invariants A is finitely generated for any rationa]ﬂ action of G
on a finitely generated k-algebra A, provided that G satisfies a technical condition: a linear
algebraic group G is said to be geometrically reductive over k = k if for every linear action
of G on k™ and every non-zero G-invariant point v € k™, there is an invariant homogeneous
polynomial f € klxy,...,z,] of degree > 1 such that f(v) # 0. At the time of the first
edition of [Mum65b| in 1965, it was only known that geometric reductivity is equivalent to
reductivity of GG if char k = 0; Mumford conjectured this to be true over algebraically closed
fields k of arbitrary characteristic, and the proof of Mumford’s Conjecture was completed
by Haboush [Hab75] in 1974. Using this result, Seshadri generalised GIT to reductive group

actions on schemes over algebraically closed fields of any characteristic [Ses77].

LA rational G-action on a k-algebra A is a G-action on A by k-algebra automorphisms, such that every
element of A is contained in a finite-dimensional subspace of A which is G-invariant and upon which G
acts by a representation. Any G-action on a projective X linearised by ample L gives rise to a rational
G-action on Ar(X).
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After this overview, let us briefly state the main results of GIT (for general X): through-
out, let k be a fixed algebraically closed field of arbitrary characteristic, let all schemes be
of finite type over k, let G be a reductive linear algebraic group over k acting on a k-scheme
X which is not necessarily projective. Even though the discussion above (in particular the
step of taking Proj of the G-invariant sections of L) really only applies to projective X and
ample L, a GIT quotient can be formed for arbitrary X and L by patching together quo-
tients of affine open subschemes. (The following results apply more generally to a reductive
group scheme over an arbitrary base S acting on an S-scheme X, but we state them for
simplicity in the absolute case S = Spec k: this is enough for our purposes because in the
relative situation X € Sch/S of section which we return to shortly, the same k-group
G acts on each fibre of X — §.)

Formally, a linearisation of the G-action is a choice of (not necessarily ample) line
bundle L on X together with a lift of the G-action on X to a G-action on L which is linear
on each fibre. (We often abuse terminology slightly and speak about ‘the linearisation
(given by) L’, suppressing mention of the lift of the G-action to L.) A point z € X is
said to be (GIT-)semistable with respect to the linearisation L if for some r € N there is
a G-invariant section f of L®" such that f(z) # 0 and X; := {x € X|f(z) # 0} is affine
(note that Xy is automatically affine if L is ample and X is projective, which is the most
interesting case for us). We call x € X (GIT-)stable with respect to the linearisation L if
dim G(z) = dim G (equivalently, if the stabiliser of x is finite) and if for some r € N there
is a G-invariant section f of L®" such that f(x) # 0, X is affine and the action of G on
Xy is closed. We usually just call points satisfying these definitions ‘GIT-(semi)stable with
respect to (G and) L’. Write X(®*(L) for the GIT-(semi)stable points with respect to L.
Recall that =,y € X*%(L) are called S-equivalent if G(z) N G(y) N X**(L) # 0. (Note that
two GIT-stable points x and y are S-equivalent if and only if their G-orbits agree, because
GIT-stability of a point x includes the requirement that the G-action on an open affine

invariant neighbourhood X of x be closed.) Then the formal version of diagram ([2.1)) is:

Theorem 2.2.1 ([MFK94], theorem 1.10 and remark just before converse 1.12; see [Ses77|
for proofs concerning projectivity and S-equivalence; also cf. [New78], theorems 3.21, 3.14,
and proposition 3.11). Given a k-scheme X of finite type, equipped with an action of a
reductive linear algebraic group G linearised by a line bundle L, a categorical quotient
¢ X*(L) —» Y of X*(L) by G exists. In fact, this is a good quotient, i.e. ¢ is a uniform
categorical quotient, an affine map, and Y is a quasi-projective k-scheme. Furthermore,
there is an open subscheme Y* of Y such that ¢=!(Y*) = X*(L) and (Y*, ¢) is a geometric
quotient, i.e. a good quotient which is also an orbit space of X*(L).

For two (strictly) semistable points z,y € X**(L), we have ¢(z) = ¢(y) if and only if =

and y are S-equivalent, i.e. the closed points of Y correspond to the closed orbits in X**(L)
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and for each z € X**(L) its image ¢(z) is the point of Y corresponding to the unique closed
orbit contained in G(z) N X*°(L).
If X is projective and L is ample, then Y = Proj @, HO(X,L®)% and thus Y is

projective.

We usually write X//G for Y, or X//,G if we wish to emphasise the linearisation with
respect to which the quotient is taken, and we often refer to X//,G as the GIT quotient
of X by G with respect to L, rather than the quotient of X*°(L).

The statement that ¢ : X*(L) — Y is a uniform categorical quotient means that for
all flat morphisms Y’ — Y the projection X**(L) xy Y' — Y’ is a categorical quotient for
the induced G-action. If this holds for all morphisms Y’ — Y, whether flat or not, then
we call Y a universal categorical quotient. In characteristic 0, the two notions coincide (see
[Ses77], remark 8), but in positive characteristic the GIT quotient will only be uniform
categorical.

Note also that this theorem explains why we emphasised the importance of a projective
parameter space X in section 2.1} then the GIT quotient serving as the moduli space is
automatically projective, provided we work with an ample linearisation L. (However, even
if X is not projective, it is sometimes possible to prove projectivity of the moduli space using
non-GIT techniques: most importantly in some moduli constructions for vector bundles
and sheaves using Langton’s method [Lan75|, see also 2.B in [HL97].) Given the very mild

assumptions on X, quasi-projectivity of the quotient Y in the general case may come as

a surprise, but note that X**(L) is automatically quasi-projective since L|yss() is ample
(this follows directly from the definition of semistability: for every z € X*(L) there is a
section f of L®" for some r € N so that (X*°(L)); is affine).

Observe that the correspondence between closed points of Y and S-equivalence classes
of semistable points in X can be refined: there is an intermediate locus X?*(L) between
X?*(L) and X*°(L), consisting of the GIT-polystable points, i.e. those semistable points
whose orbits are closed in X**(L). Then Y = XP5(L)/G is an orbit space: in every S-
equivalence class of semistable orbits, there is a unique polystable orbit. In our opening
example at the start of this section (G,, acting on A? with weights 1 and —1), the polystable
orbits were the conics {(z,y)|zy = a} and the origin. The punctured axes {(x,0)|x € k*}
and {(0,y)|y € k*} are semistable but not polystable, so the point 0 in the GIT quotient
A! = A?//G,, can be thought of as either corresponding to the S-equivalence class of all

three strictly semistable orbits, or as representing the unique strictly polystable orbit.
We now justify our claims at the end of section 2.1 about how GIT helps in constructing

a coarse moduli space for a moduli problem (A, ~). Recall that the situation of the last

section: S is a k-scheme of finite type, and our parameter space X is a scheme of finite
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2.2 Geometric invariant theory

type (possibly even projective) over S, with a reductive group G acting on X and the
morphism X — S being G-invariant. Our first goal is to show that GIT-(semi)stability

may be analysed fibrewise. A result in this direction is:

Proposition 2.2.2 ([MFK94|, theorem 1.19). Suppose V' and Z are k-schemes which G
acts on, and let L be a very ample line bundle on Z linearising the G-action. Suppose V'
is projective and f : V — Z is a G-invariant closed embedding. Then V* = f~1(Z*%) and
Ve = f71(Z*), where GIT-(semi)stability in V and Z are taken with respect to f*L and L,

respectively.

This result will be useful in all our GIT constructions, in particular when we linearise
group actions on Quot schemes via the Grothendieck embeddings into Grassmannians (see
section and chapter : then GIT-(semi)stability of a point in the Quot scheme will
be equivalent to GIT-(semi)stability of the same point considered in the Grassmannian.
The proposition also characterises GIT-(semi)stable points in the relative situation as the
GIT-(semi)stable points in the fibres:

Lemma 2.2.3. Suppose Z — T is projective and invariant for a G-action on Z linearised
by a relatively very ample line bundle L on Z. Then for every geometric point ¢t € T, the
GIT-(semi)stable points in the fibre Z; (with respect to the restricted line bundle L;) are
those which are GIT-(semi)stable in Z, i.e. (Z,)®)*(L,) = (Z®*(L)),.

Proof. This follows immediately from the previous proposition: take V = Z,. O

We can now justify the claim that the GI'T quotient of the parameter space X by G is

a coarse moduli space for (A%, ~g):

Theorem 2.2.4. Given a moduli problem (A, ~) with associated moduli functor F :
Sch/S — Sets, suppose that we have a parameter space X of finite type over S with local
universal family V' (for a bounded sub-collection AcC A) satisfying

Vo~ Vy = G(z) =G(y)

for some reductive group G acting on X (such that the morphism X — S is G-invariant).
Then the GIT quotient of X by G (with respect to any linearisation L) is a coarse moduli
scheme for S-equivalence classes of semistable objects of A and is projective over S'if X — §
is projective and L relatively very ample. Here, an object A € A is called (semi)stable if
A~ V, for x € X®)*(L), and semistable objects A, B € A are called S-equivalent if the

corresponding points of X are S-equivalent with respect to the G-action.
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This theorem now follows from combining theorem [2.2.1] with an easy generalisation
of proposition 2.1.2} the only modification needed in proposition [2.1.2] is that a coarse
moduli space for (A, ~g), where ~g is S-equivalence rather than the original ~, is exactly
a categorical quotient whose points correspond bijectively to S-equivalence classes of G-
orbits on X. The GIT quotient of X* (the locus of stable points in X)) is an open subscheme
of X//G which by proposition is a coarse moduli space for ~-classes of stable objects
of A: on stable objects, ~g is just ~, as the GIT quotient of the stable locus is an orbit
space. Finally, note that that the quotient X//,G is automatically an S-scheme (X — S
is G-invariant, so factors through the quotient X//,G) and if X — S is projective and L
very ample, then lemma implies that the fibre of X// G over s € S is just the GIT
quotient of X by GG which is projective by theorem [2.2.1

Of course, the notion of (semi)stability (as well as S-equivalence) depends on the GIT
set-up, i.e. the choice of parameter scheme X, the group action, and the linearisation L
involved in forming the GIT quotient. In particular, this leads to ‘variation of GIT’, one
of the most interesting aspects of geometric invariant theory: the study of how quotients
vary under change of linearisation, and the resulting problem of how moduli spaces for

different stability conditions relate to each other. For introductions to this topic, see
[Dol03], [Tha96], and [DHIS|.

Note that an analysis of GIT-(semi)stability for points in the parameter space is difficult
to carry out given the definitions above. For proper (in particular, for projective) X and
ample L, the situation is much-improved by the Hilbert-Mumford criterion: crucially, it
turns out that a point x € X is GIT-(semi)stable with respect to G and L if and only if it is
GIT-(semi)stable with respect to every one-parameter subgroup (1-PS) A : G,, - G and L,
and an analysis of (semi)stability for these is much simpler. Given a 1-PS A : G,,, — G and
x € X, define xy := lim;0 A(¢) - « (which exists by properness of X). The group A(G,,)
acts on the fibre L,, by a character of G,,, say t + " with weight r. Set u*(x,\) := —7.

Then, based on an idea of Hilbert, Mumford proves:

Theorem 2.2.5 ([MFK94], theorem 2.1). Given a proper k-scheme X equipped with an
action of a reductive linear algebraic group G linearised by an ample line bundle L, a point
r € X is GIT-(semi)stable with respect to G and L if and only if ul(xz, A\)(=)0 for all

non-zero one-parameter subgroups A of G.

This is just a concise way of saying that GIT-(semi)stability for G is equivalent to GIT-
(semi)stability for all 1-PS of G (which is a consequence of reductivity: this ensures that
G has enough 1-PS), and that (semi)stability for a 1-PS is easy to describe: u”(z, \)(=)0
is a statement about whether lim; .o A(¢) - T exists (if Z is any lift of x to L), and if it does,

whether it is non-zero; now use the topological description (2.2)) of (semi)stability.
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2.3 Hilbert and Quot schemes

Note that u” behaves well with respect to conjugation of 1-PS: we have ul(gz, \) =
puh(z, g7 \g) for any g € G, so we may always replace A\ by a convenient conjugate to

simplify calculations.

For a far more detailed description of the technical foundations of GIT, we refer the
reader to [New78| and [MFK94]. At the end of this section, we need to quote one result
about GIT on Grassmannians which will be required in later chapters, expressing the
Hilbert-Mumford criterion for the case of Grassmannians of the form Grass(V @ W,r).
Let k be an algebraically closed field, let V' and W be finite-dimensional k-vector spaces
and consider the Grassmannian of r-dimensional quotients of V®@W. The group SL(V') acts
naturally on Grass(V @ W, r), and the Pliicker embedding gives us a natural linearisation L
(corresponding to an SL(V')-equivariant projective embedding) — explicitly, the fibre of the
very ample line bundle L over a point of Grass(V ® W,r) corresponding to a quotient
VW — B — 0is given by A"B.

Proposition 2.2.6 (|Sim94a|, proposition 1.14). A point of Grass(V @ W, r) corresponding
to a quotient V@ W — B — 0 is GIT-(semi)stable for the SL(V')-action with respect to L

if and only if, for all non-zero proper subspaces U < V', we have
dim B - dim U(<) dim V - dim Im(U @ W)
where Im(U ® W) denotes the image of U@ W — V@ W — B.

Proof. The result follows from proposition 4.3 in [MFK94] — note that the signs are reversed

as Mumford considers the Grassmannian of subspaces, not quotients. O

2.3 Hilbert and Quot schemes

In |Gro62|, Grothendieck gave a construction of Hilbert and Quot schemes, the basic param-
eter spaces in algebraic geometry. As explained in section [2.1] the standard GIT approach
to moduli problems first requires a parameter space (i.e. a space parametrising a family
satisfying the local universal property) for a rigidified moduli problem such that the equiv-
alence classes we would like to classify are precisely the orbits for an action of a reductive
linear algebraic group on the parameter space. Rigidification means modifying the moduli
problem so that objects no longer have non-trivial automorphisms — this is usually achieved
by considering sub- or quotient objects of a fixed object, e.g. subschemes of a fixed ambient
scheme or quotient sheaves of a fixed sheaf, and these are parametrised by Hilbert and Quot
schemes. Thus, the significance of the particular moduli spaces discussed in this section is
that in most situations the parameter space in the first step of a GIT construction is given

by a suitable Hilbert or Quot scheme.
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Intimately related to the search for a parameter space in the first step of a moduli prob-
lem (A, ~) is the question of boundedness: is the collection A4 ‘too big’ to be parametrised,
or can we ‘bound’ it by a scheme of finite type? This and the twin notion of regularity
of sheaves is discussed in subsection 2.3.2} a lot of the notions and results about coherent
sheaves introduced there will be used frequently in later chapters.

We mainly follow [Nit05] for the construction of Hilbert and Quot schemes, except
that we will not worry about representing the Quot functor when X — S is only (quasi-)
projective in the sense of Grothendieck or Altman-Kleiman instead of the strictly stronger
standard notion of (quasi-)projectivity: if S is a noetherian scheme, Grothendieck calls a
morphism X — S (quasi-)projective if it factors into a (locally) closed embedding X —
P(E) followed by the projection P(£) — S for some coherent sheaf £ on §; Altman and
Kleiman call a morphism X — S of noetherian schemes strongly (quasi-)projective if the
same holds for a locally free sheaf & on X. This is still weaker than the usual notion of
(quasi-)projectivity as in [Har77], for example, where a morphism X — S of noetherian
schemes is called (quasi-)projective if it factors into a (locally) closed embedding X <
P% followed by the projection P% — S, and this is what we mean by (quasi-)projective
morphisms throughout.

We outline the key steps of the construction of Hilbert and Quot schemes for projective
X — S, but omit detailed proofs (which are all readily available in [Nit05], [HL97], [Gro62]
or [Ser06], for example), except in a few places where we wish to emphasise properties of
Quot schemes that are either not explicitly pointed out in [Nit05] or will be of particular
importance in later sections. Although it is not much harder, we will not explain what
additional arguments are needed to generalise the construction from projective to quasi-

projective X — S, since this case will not be needed in what follows.

2.3.1 The Hilbert and Quot functors

Let us first describe the moduli problems which are solved by Hilbert and Quot schemes.
Let S be a noetherian scheme; throughout section 2.3 we consider functors on the category
Sch/S of locally noetherian schemes over S. For each scheme X — S of finite type over S
and any coherent sheaf 7 on X, we define a moduli functor parametrising quotients of F
which are flat and have proper support over S. By thinking of subschemes of X in terms of
their ideal sheaves and the resulting quotients of Ox, we get a moduli functor parametrising
subschemes of X which are proper and flat over S as a special case. Recall convention [I.4.7]

for our notation used for base change.

Definition 2.3.1. Given a locally noetherian scheme T € Sch/S, a family of quotients
of F parametrised by T is a pair (£, q) where
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2.3 Hilbert and Quot schemes

(a) &€ is a coherent sheaf on X which is flat over 7" and whose (schematic) support is

proper over T'; and
(b) q: Fr — & is a surjective morphism of Ox_-modules.

Two families (€, q) and (£, ¢') parametrised by T are said to be equivalent if there is an

isomorphism &£ & £ making the diagram

Fr—2s¢€

| =
!
Fr—Ls g

commute — equivalently, (£,q) ~ (£,¢) if ker(q) = ker(q’). The equivalence class of (&, q)
will be denoted by [€, ¢], or sometimes by [q : Fr — £]. Then the pullback of [, ¢] under a
morphism 77 — T in Sch/S is well-defined (using that properness and flatness are preserved

by base-change and that tensor product is right exact), so we get a contravariant functor

Quotr,y/g:Sch/S —  Sets

T — {equivalence classes [€, ¢] of families parametrised by T},

i.e. a moduli functor in the sense of section 2.1 known as the Quot functor.

For a non-trivial base scheme S, this functor is sometimes also referred to as a relative
Quot functor of quotient sheaves on the fibres of X/S — see lemma and the preceding
discussion for a justification of this name. As a special case, note that for X = S the
flatness requirement is equivalent to quotients being locally free, and in this case Quot r,g/g
is known as the (relative) Grassmann functor Grassr,s. The representability of Grassg
is a simple consequence of the existence of vector space Grassmannians (with .S = Spec k):
see e.g. example 5.1.5(2) in [Nit05], or example 2.2.3 in [HL97]. In the other extreme case
of S = Spec Z (or S = Spec k, if we are working with respect to a fixed base field k), the
functor is called an absolute Quot functor.

Taking F = Oy, the basic correspondence Y C X «— Oy = Ox/Z between closed
subschemes Y and ideal sheaves Z C Ox shows that for any 7" € Sch/S the elements of
Quoty, /x/s(T) are the closed subschemes of Xr that are proper and flat over T In this
case the Quot functor is known as the Hilbert functor Hilbx,s := Quoty /x/g and we
refer to the elements of Hilby,s(T) as families of subschemes of X parametrised by T'.

It may sometimes be more natural to think in terms of subsheaves of a fixed sheaf, and
the definition of families and their equivalence shows that the data of the equivalence class
lq : Fr — &] is equivalent to giving the subsheaf ker(q) C Fr. However, we generally view
the elements of Quotz,y,s(T) as quotients to guarantee functoriality: tensor product is

right-exact, so pull-backs of quotient sheaves are quotient sheaves.
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Each Quot functor is stratified by Hilbert polynomials: if £ is a coherent sheaf of proper
support on a scheme Y of finite type over a field k, and L is a line bundle on Y, then the

Euler characteristic of the successive twists £(m) := € ® L®™ defines a function

X(E(m)) =Y (=1)'H(E(m))
i>0
which is a polynomial in m with rational coefficients, denoted by P(€,m). For a proof
that P(&) is rational polynomial in m (of degree equal to the dimension of Supp &), see
lemma 1.2.1 in [HL97] in the case of projective Y and very ample L (which is the situation
we will be interested in) or theorem B.7 in [Kle05] for the general case. Of course, there is
also a relative version of this concept: let Y — R be a finite type morphism of noetherian
schemes and M a line bundle on Y. Then given a coherent sheaf £ on Y whose schematic
support is proper over R, the restriction &, := |y, to the fibre over any r € R has a Hilbert
polynomial P, € Q[t] with respect to the line bundle M, := M|y, :
dim &,
Po(m) := x(E(m)) = Y (=1)" dimyy H'(Y,, £ © MP™).
i=0
If in addition & is flat over R and M is relatively very ample, then the map R — Q[¢]
given by r — P, is locally constant (|Gro63], proposition 7.9.11). Now apply this with
R=T ¢€5ch/S,Y = Xy and M = Ly in the same set-up as before — this shows that for
X — S a finite type morphism of noetherian schemes and L a relatively very ample line

bundle on X, the functor Quotr, y,¢ decomposes as

L,P
Quotr, x/s = H Quotf/X/S
PeQ[t]

where Quoté’/PX /g is the subfunctor of Quotz, x /g which associates to T € Sch /S the set

of [€, q] such that for each ¢t € T the Hilbert polynomial of & with respect to L; is P.
The Hilbert functor decomposes analogously with respect to any given very ample L:
the functor Hilbi’/]; = Quoté’f/ x/s sends T to the set of closed subschemes of X+ which
are proper and flat over T and whose fibres over T have Hilbert polynomial P with respect
to the restriction of Ly. Similarly, if X = S then the fibres are points, so the Hilbert
polynomial is just a number 7 (independent of L) and the Grassmann functor Grass’z g =

Quot?;;s /5 Maps T € Sch/S to the set of locally free rank r quotients of Fr.

The aim of this section is to show that if X — S is (quasi-)projective, L very ample,
and F a coherent quotient of Ox(v)®F for any v € Z and p € N, then the Quot functor
Quotg_.’/PX /g 1s representable, its fine moduli scheme Quotgf/s(}" , P) is (quasi-)projective

over S, and there is a natural embedding, known as the Grothendieck embedding, of Quot
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and Hilbert schemes into Grassmannians. (If X — S is projective and S Noetherian, then
the condition on F is vacuous: every coherent sheaf is a quotient of Ox(v)®? for some v
and p — this is a consequence of Serre vanishing and regularity, see subsection m)

At the heart of the construction — at least in the simplified version (due to Mumford,
Altman and Kleiman) which we discuss here — are two methods of projective geometry:
Castelnuovo-Mumford regularity and flattening stratifications. The concept of regularity
(see subsection is used to construct a natural embedding of Quot into an appropriate
Grassmann functor, and using flattening stratifications (theorem one may show
that this is a locally closed embedding. If X — S is projective, the valuative criterion for
properness then shows that the embedding is in fact closed, so we obtain a representing
scheme Quot which is a closed subscheme of the relevant Grassmannian, hence projective
(via Pliicker embeddings).

Before starting the construction, we note that Quot functors behave well under base
change, so if X’ — S and 7' on X’ are obtained from some F on X — S by base
change via some morphism f : S" — S, then proving representability of Quoté’/PX /s is
sufficient for representability of Quotg,’/PX, /50 Compatibility with base change also shows
the precise sense in which Quotf;}/s(]: , P) is relative to the base S: the relative Quot
scheme @ := Quotg(/s(}" , P), if it exists, comes equipped with a map 7 : @ — S down
to the base scheme, and the scheme-theoretic fibre 77!(s) over any point s € S is just
Quotfi /Spec k(s) (Fs, P), the Quot scheme of quotients of the restriction Fy to the fibre Xj.
Therefore, the relative Quot scheme of F on X/S is nothing other than the family of Quot
schemes of the restriction F, to the fibres X, and a point ¢ € @ of the relative Quot
scheme can be thought of as a point 7(q) = s of S together with a quotient of Fg on the
fibre X,. (As a special case, note that the fibre of a relative Grassmannian Grass(F) over
a k-point s € S is just the classical Grassmannian of rank r vector space quotients of Fy.)
Recall convention for base change notation.

Lemma 2.3.2. Given a morphism ¢ : 7' — S of noetherian schemes, write ® : Sch/T —
Sch/S for the covariant functor ®(f : R - T) = (¢o f: R — S). Let X — S be of finite
type, let F be a coherent sheaf on X and L a line bundle on X, and pick P € Q[t]. Then

we have a natural isomorphism

L,p ~ Ly,P
Quoty) /g0 P = Quoty’y (2.3)

of contravariant functors Sch/T" — Sets.
Therefore, if Quotfg/PX /s 18 represented by 7 : Quotgf/s(]: ,P) — S, then Quot

is also representable and

Lr,P
]'—T/XT/T

Quotg(/s(}", P) xgT = Quot?;/T(]:T, P), (2.4)
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a natural isomorphism as T-schemes with both schemes representing the same functor. In
particular, taking T' = Spec k(s) for any point s € S, this shows that 771(s) is isomorphic
to QUOtg(Z/spec k(s)(Fs: P) as a k(s)-scheme.

Proof. The isomorphism in ([2.3)) is trivial, noting that flatness and properness are preserved
by base change, and (2.4]) then follows formally from representability and the universal
property of fibred products. O

We conclude this subsection with an observation that, together with the previous
lemma, reduces the task of representing Quotyr, y,¢ to the absolute case S = Spec Z
and X = P". For formal categorical definitions of open and closed subfunctors, see sec-
tion VI.1.1 in [EHO0]. Note that if a functor F : Sch/S — Sets is represented by M € Sch/S,
then an open (closed, or locally closed) subfunctor of F is represented by an open (respec-

tively closed, locally closed) subscheme of M.

Lemma 2.3.3 (cf. [Nit05], lemma 5.17). Let X — S be a morphism of finite type between
noetherian schemes, let F € Coh(X), let L be a line bundle on X, and choose P € Q[t].

(a) For any v € Z, tensoring by L% gives a natural isomorphism between Quoté’/PX /s

and Quot?_.’(lzgl;]x/s, where P[v](m) := P(m + v).

(b) Let ¢ : X — Y be a closed embedding of noetherian schemes over S (compatible
with the maps to S). Then the natural transformation Quot;’/PX s Quotizé’/PY /s
given by considering sheaves £ on X as sheaves ¢,€ on Y (via extension by zero) is

a natural isomorphism.

(c) Let ¢ : F — G be a surjective homomorphism of coherent sheaves on X. Then the
induced natural transformation Quoté’/;( s Quoté’/PX /s is a closed embedding of

functors.

(d) In particular, if X — S is (quasi-)projective and L very ample, i.e. if X — S factors
through a (locally) closed embedding X < P§ (for some n) such that L = Opn(1)|x,

. Opn (1),P

and if Quot 08P Bn 7
quotient F of Ox(v)®P, the Quot functor QuotJLT’/PX /g is represented by a (locally)

is represented by @ (where P" := P%), then for any coherent

closed subscheme of ) x7 S.

Proof. Part (a) is clear: given T € Sch/S, tensoring Fr — & by L% gives F(v)r — E(v)
with x(£(v)(m)) = x(E(m+v)) = P(m+v), hence the natural transformation of the Quot
functors, which can clearly be inverted by tensoring with L3 ™".

Part (b) is also immediate: the extension-by-zero map Quotg_.’/PX 15(T) = Quoti:é’fy 15(T)
given by

lq: Fr — &l = [teq : (. F)1r = 1E]
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has restriction to X as inverse, i.e. Quot:é’fy/s(T) — Quot]Lr’/PX/S(T) given by

[q: (tuF)r = El = [17(q) : (L"1F)r = Fr — "E],

since any quotient sheaf of (v, F)r on Yr is necessarily supported on X7 < Yr.

Part (c) needs a little more unravelling: we are required to show that for every T' €
Sch/S and every [€,q] € Quot]L;/PX /s(T') there is a closed subscheme 7" C T' such that for
any U € Sch/T the pulled back homomorphism Fy; — &y factors through the pulled back
homomorphism ¢y : Fy — Gy if and only if the map U — T factors through the closed
embedding 7" < T'. This can be accomplished by taking the vanishing scheme for the map
of Ox-modules ker ¢ — F — &£ (cf. remark 5.9 in [Nit05]).

Finally, part (d) follows for projective X — S from (a)-(c): by (b), we may replace X
by P§. Lemma then implies that we may replace S by Spec Z, since P¢ = P} x S and
is obtained by base change from P%. By (a), we may take v = 0, and by (c), it then suffices

to prove representability for F = Oﬁ?f instead of a general quotient. If X — S is merely
Lix,P

bl /x/s

is an open subfunctor of Quot]LE’fY /g~ we omit the proof of this fact as we will only sketch

quasi-projective, we need a version of (b) for open subschemes X < Y: then Quo
the construction of Quot schemes for projective X — S. m

2.3.2 Boundedness and m-regularity

Good references for the material in this subsection are [Mum66| (lecture 14), [Kle71], [HL97]
(section 1.7), and [Nit05] (section 5.2).

Let X be a projective scheme over a field k and Ox (1) a very ample line bundle on X
(with respect to which all Hilbert polynomials are considered in the following). In order
to construct a moduli space of a collection of sheaves on X, we need to ensure that the
collection is not too big to be parametrised, i.e. that there is an algebraic family of sheaves
on X (parametrised by a scheme of finite type) which contains our collection. This idea is

captured by the notion of boundedness:

Definition 2.3.4 (e.g. [HLI7], definition 1.7.5). A collection § = {[F;]}ies of isomorphism
classes of coherent sheaves on X is called bounded if there is a k-scheme T of finite type
and a coherent sheaf 7 on X xy 7T such that § C {[F]| ¢ is a closed point in T}, where as

usual F; means the restriction of F to the fibre over t.

In most of the references for this section, the terminology used is ‘(bounded) families of
sheaves’. We deliberately try not to use ‘family’ in this purely set-theoretic sense of ‘collec-
tion’ in order to avoid confusion with the use of ‘family’ in moduli theory as in section [2.1]

In practice, we often talk about a collection of sheaves being bounded, suppressing mention
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of ‘isomorphism classes” — whenever considering boundedness questions, it is implicit that
sheaves are only considered up to isomorphism.

Note in particular that in a moduli problem of sheaves on X where a ‘family’ (in the
sense of moduli functors) is defined as a sheaf on X x T, any family of sheaves parametrised
by a k-scheme of finite type is bounded. A significant consequence of boundedness is that

it implies m-regularity for a uniform m:

Definition 2.3.5. Let m € Z. A coherent sheaf F on X is m-regular if
H'(X,F(m—14))=0 foralli>D0.
We say that F is reqular, or Castelnuovo-Mumford regular, if it is m-regular for some m.

Lemma 2.3.6. Given a collection of sheaves § = {[F;|}ic;r on X, the following are equiv-

alent:
(a) § is bounded.

(b) There exists m such that F; is m-regular for all ¢ € I, and the set {P(F;)}ier of
Hilbert polynomials is finite.

(c) There is a coherent Ox-module F surjecting onto JF; for all i € I, and the set
{P(F;)}ier of Hilbert polynomials is finite.

Proof. This is the special case S = Spec k of theorem below, which is proved in
[Kle71] (theorem 1.13). O

The point of regularity is revealed by the following lemma:
Lemma 2.3.7. If F is m-regular, then:
(a) F is m/-regular for all m’ > m, and in particular H*(X, F(m)) = 0 for all i > 0;
(b) F(m) is generated by its global sections; and

(c) for all n > 0 the natural multiplication maps H°(X,F(m)) ® H°(X,Ox(n)) —
H°(X,F(m + n)) are surjective.

Proof. [Mum66] (lecture 14) or [Kle71| (proposition 1.3). O

Note in particular that m-regularity gives us a vanishing theorem for the higher coho-
mology of F(m), so h°(F(m)) = x(F(m)), and by (b), we can recover F(m) from knowing
its global sections. This is one of the key ideas in the construction of the Quot scheme: if F
is m-regular, represent F(m) by the vector space H°(X, F(m)) which has fixed dimension

P(m), where P is the Hilbert polynomial of F. Since we can recover F(m) from its global
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sections, and F from F(m) by tensoring with Ox(—m), this allows us to embed the Quot
functor into an appropriate Grassmannian, provided that we can find a value of m that
works uniformly for all 7 which we are interested in. This is where boundedness comes to
our help: by Serre vanishing ([Har77], theorem II1.5.2), every coherent sheaf on a projective
scheme is m-regular for some m, but boundedness will allow us to choose such m uniformly.
Hence, boundedness theorems are at the heart of GIT constructions of moduli spaces for
a given class of sheaves (see chapter {4 for an example of this in practice) — boundedness is
the main technical result in what we identified in section [2.1] as the first step of a moduli

construction: the choice of a parameter scheme.

In our moduli constructions (both for parabolic sheaves on a family of projective schemes
X — S and for universal moduli of parabolic sheaves and marked curves) we will need to
work in a relative setting, and this requires versions of definition and lemma [2.3.6

adapted to the case of X defined over a scheme S:

Definition 2.3.8 (|Kle71], definition 1.12). Let S be a noetherian scheme and X an S-
scheme of finite type. Let § be a collection of classes of coherent sheaves on the fibres of
X/S, i.e. for each point s € S and each field extension K of k(s), we are given a collection
{[Frjlli € Jx C I} of isomorphism classes of coherent sheaves on the scheme X, and
for K and K’ two field extensions of the same k(s) one says that Fr ;, and Fg j, are in the
same class if there exist k(s)-homomorphisms of K, K’ into a common field extension K"
of k(s) such that Fg»j (:= Fkj, @x K"”) and Fkr j, are isomorphic over Xg». Then
the collection § is said to be bounded by a coherent sheaf F on Xr = X xg T, where T
is a scheme of finite type over S, if § is contained in the collection of classes of sheaves
{[F|It € T}, and F is called bounded if it is bounded by some F and T as above.

Theorem 2.3.9 ([Kle71], theorem 1.13). Let S be a noetherian scheme and X a projective
S-scheme equipped with an ample line bundle Ox (1) such that for all s € S the induced
line bundles Ox, (1) are generated by their global sections (this condition is automatically
satisfied if Ox(1) is relatively very ample). Let § be a collection of classes of coherent

sheaves on the fibres of X/S. Then the following are equivalent:

(a) § is bounded.

(b) There exists m such that every Fx ; € § is m-regular, and the set { P(Fk ;)| Fk,; € §}
of Hilbert polynomials (where the Hilbert polynomial P(Fk ;) is taken with respect
to Ox, (1), the base change of Ox (1) to Xg) is finite.

(c) There is a coherent Ox-module F such that every Fi ; € § is a quotient of Fx, and
the set { P(Fk,;)|Fk; € §} of Hilbert polynomials is finite.
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The basic result to guarantee m-regularity in the construction of Quot schemes is the

following theorem by Mumford:

Theorem 2.3.10. For all non-negative integers p and n, there is a polynomial F},, €
Zlto, ..., t,] such that for any field k (not necessarily algebraically closed, and of any
characteristic) and any coherent sheaf F on PP which is isomorphic to a subsheaf of Og?

and has Hilbert polynomial

F is m-regular where m = F, ,(ao, ..., a,).
Proof. See for example [Nit05], theorem 5.3, based on [Mum66|. O

Finally, we state general guidelines for dealing with sub- and quotient sheaves of sheaves
varying in a bounded collection — this will be useful in our GIT construction for moduli of
semistable parabolic sheaves in chapter [ We are getting slightly ahead of ourselves in as
far as this idea already uses the existence of Quot schemes which we are yet to justify in the
next section, but this section (whose results on the link between boundedness and regularity

are frequently quoted in later chapters) seems the best place to state this principle:

Proposition 2.3.11. Assume that X is a projective S-scheme, S is of finite type over an
algebraically closed field k, and Ox (1) is a relatively very ample line bundle. Suppose § is
a bounded collection of sheaves on the fibres of X /S, then:

(a) § may be bounded by the universal sheaf on a finite union ) of suitable Quot
schemes (in particular, § may be bounded by a sheaf which is flat over the parameter
scheme Q);

(b) if & is a collection of sub- (or quotient) sheaves of elements of § such that the elements

of & have only finitely many Hilbert polynomials, then & is also bounded.

Proof. A bounded family § is uniformly m-regular for some m, so in particular for every
F € § we have h°(F(m)) = P(F,m) and F(m) is generated by its global sections, so we
can write F as a quotient

Vin ® Ox(—m) — F

for V,, a fixed k-vector space of dimension h°(F(m)) = P(m). Hence, we can parametrise
the F € § by the universal sheaves associated to Qp := Quot?(ig(l)(‘/m ® Ox(—m), P) for
the finitely many polynomials P that occur as Hilbert polynomials P(F) for F € §: the
collection § is contained in {&,|¢ € Q}, where € is the universal sheaf on X xg Q with

Q@ :=]1p @p a scheme of finite type over S. This shows (a).
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For (b), use double Quot schemes, i.e. Quot schemes parametrising quotients (or sub-
sheaves) of the universal sheaf £: if & consists of quotients, then it is contained in
{G,lg € Q} where G is the universal sheaf on X¢ xg R = X xg R with

ol
R:= HQutXXj?Q £,p)

where p now ranges over the finitely many Hilbert polynomials that occur in &. O

Note that there are analogous versions of this result saying that standard operations
(such as tensor products of sheaves in two bounded families) preserve boundedness. In
addition, if § and & are any two bounded families of sheaves on the fibres of a proper
morphism X — S with noetherian base, then the collection of all kernels, cokernels and
images of morphisms F — G for all F € § and all G € & is bounded, and the collection of
all extension of F by G where F ranges over § and G ranges over & is bounded (|Gro62],
proposition 1.2).

We conclude this subsection with a specific result on subsheaves of a bounded collection
which will again be useful in chapter [d} these subsheaves are themselves bounded under
weaker conditions than stated in (b) above. In the statement of this result, we use the
terminology of pure and saturated sheaves — see section for the definition and basic

properties.

Proposition 2.3.12. Let S be a noetherian scheme, f : X — S a projective morphism
with a relatively very ample line bundle Ox (1), and § a bounded collection of purely d-
dimensional coherent sheaves on the fibres of X/S. Then consider a collection & whose
elements are saturated subsheaves G C F of elements F € §. Write the Hilbert polynomials

of G as @) @)
aq d , Ad—1
a T a—n™

Then & is a bounded family if the rational numbers a4_1(G) are bounded below for G € &.

=1 1 terms of lower order.

P(G,m) =

Proof. This is lemma 2.5 in [Gro62], where Grothendieck states the equivalent result for a
family of pure quotient sheaves F — & with a4_1(€) bounded above. Grothendieck also
assumes that the elements F € § are quotients of a fixed sheaf on X, but by theorem [2.3.9]
this can be arranged for every bounded family. O

2.3.3 Constructing fine moduli spaces for Hilb and Quot

The main theorem of section 2.3 is:
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Theorem 2.3.13. Let S be a noetherian scheme, f : X — S a (quasi-)projective morphism
with relatively very ample line bundle L (i.e. X — S factors through a closed embedding
X — IP§ for some n > 0 and L = Opx(1)|x), let F be a coherent quotient of Ox (v)®? for
some integers p > 0 and v, and let P € Q[t]. Then the functor QuotJLT’/PX /s is represented by

a (quasi-)projective S-scheme Quot X/S(]: , P), and it admits projective embeddings which

are compositions of Grothendieck embeddings
Um = Quotk o(F,P) — Grassg(OF" @ Sym™ O, P(m))

2.5
= Grassz (05" ® Sym™ O™ P(m)) x S (25)

(for all sufficiently large m) with the Pliicker embeddings of these Grassmannians. Fur-
thermore, the value of m > 0 to make 1, an embedding only depends on n, p and P, but
not on X, F or any other data.

Note that if f : X — S is projective, then the hypothesis on F is satisfied by every
coherent sheaf on X: by Serre vanishing, F is m-regular for some m, hence F(m) is
generated by global sections, so F is a quotient of H°(F(m)) ® Ox(—m) which we can
identify with Ox(—m)P™ as the higher cohomology of F(m) vanishes, where p is the
Hilbert polynomial of F with respect to Ox(1).

We now briefly sketch the main ideas of the proof for the case of projective X — S,
following [Nit05]. (Another good exposition of this may be found in section 2.2 of [HLI7|
with the extra hypothesis of S being of finite type over a field k, which is the case we will
be considering in later chapters.) Note first that by lemma , we may take S = Spec Z,
X =P" =P}, L = Op(l) and F = OgF. By theorem there exists mg (only
depending on p, n and P) such that for all 7" € Sch/S, all quotients q : Fr — £ on P},
(with fibrewise Hilbert polynomial P) and all points ¢ : Spec k < T, the sheaves F;,
& and G, (where G := ker(g)) are all mg-regular. In particular, by lemma [2.3.7] for all
m = myg the higher cohomology of F;(m), &(m) and G;(m) vanishes and these sheaves are
generated by their global sections. The Theorem on Cohomology and Base Change (see
theorem 5.10 in [Nit05] and |[Har77], section I11.12) then implies that ( fr).€(m) is a locally

free sheaf of rank P(m) which is a quotient of
(fr):Fr(m) = (}1).08(m) = OF @ Sym™OF",

thus we have a natural transformation

Opn P(m
wm Qu toﬂép/Pn/Z (T) — Grassogﬂlgs mo%n+1/z(T)

IE @%p €] = [(fr)ula(m) (f1):0z¢ (m) = (fr)E(m)].
This is in fact injective: by lemma (a) and Cohomology and Base Change again, we

(2.6)

have a short exact sequence

0= (fr).G(m) = (fr)«Fr(m) = (fr)«£(m) =0 (2.7)
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and a commutative diagram with exact rows:

0 —(fr)"(fr):G(m) —= (fr)"(fr):Fr(m) —= (fr)"(fr).E£(m) —=0 (2.8)

: | i

0——=G(m) Fr(m) E(m) ——0.

By lemma [2.3.7(c) the multiplication maps (fr).G(m)® (fr).O(m’ —m) — (fr).G(m) are
surjective for all m’ > m, so the sequence ([2.7)) induces an exact sequence

(fr)«G(m) ® (fr).O(m" —m) = (fr).Fr(m') = (fr).£(m') =0

for all m" > m. Thus, (fr).G(m) determines (fr).E(m’) for all m’ > m and hence & itself,
and as (fr).G(m) is the kernel of (fr).(q(m)), we see that the quotient sheaf ¢ : Fp — &

may be recovered from its image (fr).(¢(m)) in the Grassmannian.

The second step of the argument uses flattening stratifications to show that the natural
transformation 1, is relatively representable and so the Quot functor may be represented
by a locally closed subscheme of the Grassmannian. As flattening stratifications will be
useful for our moduli construction in chapter |4 we recall their existence theorem (due to
Grothendieck and Mumford):

Theorem 2.3.14. Let f : X — S be a projective morphism of noetherian schemes, let
Ox (1) be a relatively very ample line bundle on X and let F € Coh(X). Then the set of
Hilbert polynomials P(F;) of the restrictions of F to the fibres X, is finite, and for each
P € Q[t] there is a locally closed subscheme Sp C S whose points are those s € S such that
P(F,) = P. In particular, the underlying sets give a partition: |S| =[], |Sp|. Moreover,
the scheme structure on each Sp is uniquely determined by a universal property: given any
morphism 7" — S, the pull-back Fr to X7 = X xgT is T-flat if and only if the morphism
factors through [[,Sp < S. Finally, the (scheme-theoretic) stratification of S by Sp is
upper-semicontinuous: for each fixed polynomial P’ € Q[t], the union of strata []p. » Sp

is a closed subscheme of S.

In the proof of this theorem, the general case X — P¢% may be reduced to the case
n = 0: in Mumford’s words, the stratification Sp C S is constructed as the ‘greatest
common divisor’ of the flattening stratifications for the sheaves f,F (N +1) fori > 0 on S,
for some sufficiently large integer N. Now in the case n = 0, the sheaf F € Coh(.S) is S-flat
if and only if it is locally free, and the required stratification of S is obtained by taking

local presentations

0F Lo 08—~ Fly —0 (2.9)

38



Moduli spaces: general theory and construction methods

on open V C S, and then dimy Fs ® k(s) = e — 1k (¢45(s)) where (1) is the Oy-
valued matrix given by the morphism . As the rank of a matrix of functions is lower-
semicontinuous, dimy) Fs ® k(s) is upper-semicontinuous in s € S, giving rise to our
stratification in the case n = 0. In fact, as pointed out in [Ser06], the stratification obtained
this way arises from the Fitting ideals of F: let Fitt;(F) be the ideal sheaf locally defined
by the (e — k)-minors of the matrix (¢;;), and let Nj(F) denote the closed subscheme of S
defined by Fitt,(F). These definitions are independent of the choice of presentation as
they satisfy a universal property: given a morphism 7" — S, we have dimyy F, ® k(t) > k
for all t € T if and only if the morphism 7' — S factors through Ni(F) < S. Then
Se := Ne(F) \ Ney1(F) gives us the flattening stratification, and in particular this justifies
the last claim in the theorem: [[ .. S. = N (F) is a closed subscheme of S for each
fixed €’. For full details of the proof, see lecture 8 in [Mum66|, section 4.2 in [Ser06], and
theorem 5.13 in [Nit05].

Returning to the proof of theorem [2.3.13] the Grassmann functor which is the image
of the natural transformation ([2.6)) is representable by the classical Grassmannian scheme

G := CGrassz(O5F @ Sym™OF" ™ P(m)). Let
0— K — O @ Sym™O&" " - U — 0

be the tautological exact sequence on G, i.e. let U be the universal quotient sheaf param-
etrised by G and let K be the associated kernel. We want to identify a locally closed
subscheme () C G such that morphisms ¢ : T" — G factor through @ if and only if the
quotient sequence

0— ¢*K — OFF @ Sym™OF"™ — ¢*U — 0

on T is in the image of 1,,, and by diagram ([2.8)) this is equivalent to the cokernel of
* % * Dp m On+1 ©bp m dn+1
(fr) ¢"K — (fr)"O7" @ Sym™OF"™ — OP% ® Sym OP% (2.10)

being a T-flat coherent sheaf on X7 = P of Hilbert polynomial P. Thus, we may take ()
to be Gp, the locally closed subscheme of G given by the flattening stratification for the

cokernel of (2.10) with 7' = G.
This concludes the concludes our sketch of the construction of a locally closed subscheme
Quotk ¢(F, P) C Grassz (05" ®o, Sym™ O™, P(m)) x S
L,P

F/X/S"
be seen as a locally closed subscheme of

that represents Quot Note that via the Pliicker embeddings the Quot scheme can

P(m)
P| A (0" ®0, Sym™0O5") | x S,
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so Quotk /5(F, P) — S is quasi-projective (in particular separated and of finite type). If X
is actually projective over S, a standard application of the valuative criterion for properness
now shows the morphism Quotg(/s(]: ,P) — S to be proper, hence the embedding into

projective space over S given above is closed.

If f: X — S is projective and F is any coherent sheaf on X, then the restriction of the
Grothendieck embedding (2.6)) to the Quot scheme of F is

U Quotg(/s(}", Ox (1)) — Grassg(f.F(m), P(m)) (2.11)
which on fibres over any point s € S is given as
[q: Fy — &) — [HY(Fs(m)) — HY(E(m))]. (2.12)

Here, the quotient vector spaces [H°(Fy(m)) — H°(E(m))] lies in the classical Grassman-
nian Grass(H"(Fs(m)), P(m)) which is the fibre of Grassg(f.F(m), P(m)) over s € S.

Note that the Quot and Hilbert schemes constructed in this way really are fine moduli
spaces for Quot and Hilb, since the Grassmann functor is represented by the Grassmannian
scheme. In particular, Hilbert and Quot schemes have universal families which we will
frequently work with in later sections. For H a Hilbert scheme of curves (of some fixed
Hilbert polynomial) in PY, we often refer to the universal family as the ‘universal curve’:
this is the closed subscheme Uy of H x PY given by {([C],z)|z € C'}, which is projective
over H. Similarly, for a Quot scheme @ := Quotgg/s(]: ,P) — S the universal family is a
quotient sheaf Fy < &£ on X whose restriction to the fibre (Xg), = X for some point
q € Qs is the quotient F, — & parametrised by ¢q. We often refer to £ as the ‘“universal
sheaf” parametrised by Q.

40



Chapter 3

Moduli spaces: important examples

3.1 Moduli of stable (marked) curves

In this section, we collect some fundamental facts about nodal (marked) curves, and we
sketch very briefly GIT constructions of the moduli space of stable curves (due to Gieseker,
see [Gie82]) and the moduli space of stable marked curves (due to Baldwin and Swinarski,
[BS08]). We omit proofs completely in these GIT stories and do not enter into detailed
descriptions of the strategy for these constructions, either — the stability analysis is quite
delicate in each case, and a discussion of how to construct a suitable linearisation that
works would lead us too far astray. We can afford to focus on a very brief description of
the GIT set-up and a small number of key results from the two constructions, because we
will slot them into the framework of Pandharipande’s universal moduli constructions later
(see section and chapter [5) — we essentially black-box the presentations of Mg and Wgyn
as GIT quotients for the purpose of universal moduli of semistable sheaves on curves and
universal moduli of semistable parabolic sheaves on marked curves, respectively. For more
detailed discussions of M, and M, ,, and how they are constructed, see [HM98] and [Edi00]
for the former, and [Mor0§| for the latter.

Throughout this section, fix an algebraically closed field k of arbitrary characteristic.

3.1.1 Deligne-Mumford stable curves

We begin by defining (Deligne-Mumford) stable curves. They first came up in arithmetic
algebraic geometry in the context of reduction and (semi)stable models of curves (see
chapter 10 of [Liu02]) but achieved real prominence when Deligne and Mumford succeeded
(in [DM69)]) in giving a compactification M, of the moduli space of smooth curves of fixed
genus, where the boundary points are given a modular interpretation: they correspond

precisely to stable curves.

Definition 3.1.1. A Deligne-Mumford stable curve of genus g over k is a connected re-

duced projective 1-dimensional k-scheme C of arithmetic genus g (i.e. h'(C, O¢) = g) with
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all singularities (if there are any) being nodes and such that every non-singular rational
irreducible component of C' meets the other components of C' in at least three points and
such that every irreducible component of arithmetic genus 1 meets the other components
of C' in at least one point. Families of stable curves of genus g are defined to be proper
flat morphisms whose geometric fibres are stable curves of genus g, and two families are
equivalent if there is an isomorphism between them covering the identity on the base. This

defines the moduli functor ﬂg of stable curves.

Note that if g > 2, then connectedness ensures that every component of genus 1 must
meet the other components in at least one point. The condition on the number of spe-
cial points on rational and genus 1 components has the purpose of excluding positive-
dimensional (i.e. infinite) automorphism groups. It also has the pleasant consequence that
the dualising sheaf we is ample (in fact, this is equivalent to the given condition on the
number of nodes on components of genus 0 or 1), hence we have a canonical (up to taking
powers) polarisation for stable curves. If w%k is very ample and C' — PV is a projective
embedding such that Opn (1)|c = w&", it is a common abuse of terminology to refer to C
as pluricanonically (or k-canonically) embedded, in analogy with the canonical bundle Ko
of a smooth curve.

Following [HM9§|, chapter 3.A, we list a few important properties of we and the genus

formula for nodal curves:

Theorem 3.1.2. Let C be a complete nodal curve with h'(C,O¢) = g and let 7 : C—C
be its normalisation. Let y;,...,ys; be the nodes of C, and for each y; let z;,2; be the
two points in C lying over y;, i.e. 7~ (y;) = {zj,2;}. Let Ci,...,C, be the irreducible
components of C' and write g; for the geometric genus of C; (i.e. the genus hl(@-, O ) of
its normalisation C; obtained by ungluing all the nodes of C;). Let u = h%(C, O¢) be the

number of connected components of C'.

(a) The genus formula:

9=0 _g)+5—v+p (3.1)

i=1

(b) The dualising sheaf we can be defined explicitly as the subsheaf of 7. (wz(>_; 7 +25))
given by pushfowards of rational one-forms 7 satisfying Res,, (1) + Res.,(n) = 0 for
all j.

(¢) Riemann-Roch:
R°(C,E) = (rk E)(u—g) +deg E+h°(C,EY @ we) (3.2)
for any vector bundle £ on C.
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(d) Twe Zwa(Xo; 75+ 7).
(e) we is invertible (hence C' is Gorenstein).
(f) deg we =29 —2 and h°(C,we) = g.

(g) For an irreducible component C; of C' having &; points of intersection with C'\ C;,
we have deg welc, = 2h' (C;, Oc,) — 2+ §;, and this is positive for all 7 (equivalently,
we is ample) if and only if C satisfies the condition on the number of special points in
the definition of stability (i.e. J; > 3 whenever C; has arithmetic genus 0, and §; >
whenever C; has arithmetic genus 1), so a connected nodal curve of genus g > 2 is

stable if and only if we is ample.

(h) Let C be connected, then for any k > 3, w®k is very ample if and only if C' is stable.
If O is stable, then h%(C,wEF) = (2k — 1)(g — 1) and for all k > 2, h}(C,wE*) = 0.

Proof. For the genus formula in (a), consider the exact sequence

5
0—Oc¢— 1.0z — @kyj — 0,
j=1
where k,. denotes the rank 1 skyscraper sheaf at y;. Take the associated long exact sequence
in cohomology, observing that H*(C, O &) = H*(C,m,.0p) via the Leray spectral sequence
and that C decomposes into connected components as C = 1T, C’i. This yields

g:="h'C,00) = RhYC,0z) - h'(C, @ )+ h(C, @k — h(C,0z) + h°(C, O¢)
7j=1

= O g)+s—v+p

i=1
Note that this is exactly the geometric genus of a smoothing of C': consider the case k = C
and take a topological point of view; if instead of normalising C' we now turn all its nodes
(topologically) into ‘bottlenecks’, then we obtain a smooth (possibly disconnected) surface

whose genus can be calculated combinatorially (using the dual graph of C') as suggested in
[Vak03], giving the same result as (3.1)).
For a proof of (b), see [Har66|. The proof of (c) is as in the smooth case, noting that

ho(C,0) — h°(C,we) = h*(C,0) — h*(C,0) = — g.

Then (3.2)) for line bundles follows by an induction argument on the degree (see [Ser88])

and the higher rank version is deduced from this as in the smooth case.
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For (d), see [Liu02], lemma 10.3.12.
The remaining properties (e)-(h) are easy consequences of (a)-(d) — we only prove (g)

here: write w; := deg w¢

¢, and consider a component C; which has A; nodes joining C;
to itself (counted just once, not with multiplicity 2) and which meets C'\ C; in §; nodes.
Then the formula

w; = 2R (C;, O¢,) — 2 + 65, (3.3)

can be seen either directly from (b) or, following corollary 10.3.13 in |Liu02], using (d):
observing that 7*(wc|c;) also has degree w;, restrict the isomorphism in (d) to the smooth

connected curve C; to obtain:

w; = deg ™ (welc;) = deg (T"we)lg = deg wg Z xj + Z 2

j: .Z’jECi j ZjECi
= th(CZ,OCZ) _2+5z7

where the final step uses the genus formula (a) for the curve C;: the arithmetic genus of
C;is gi + A,

For the equivalence between positivity of degree on each irreducible component and
ampleness, see [Liu02|, proposition 7.5.5. The remaining statements in (g) are obvious,
except the transition from arithmetic to geometric genus of components: note that any
irreducible component of arithmetic genus 0 must be non-singular of geometric genus 0,
while a component of arithmetic genus 1 can only be singular if it is rational with one
node, and for a connected curve C' such a component C; can only fail the condition §; > 1

if C' = C}, contradicting the assumption g > 2. m

3.1.2 Gieseker’s GIT construction of Mg

Gieseker constructs the moduli space Mg, a projective coarse moduli space for the moduli
problem of families of stable curves up to isomorphism, for all ¢ > 2 via a GIT construction
in [Gie82]. As w&" is very ample for all k > 3, this pluricanonical embedding exhibits all
stable curves of genus g as subschemes of P, where N +1 = h%(C,wE") = (2k —1)(g — 1)
is given by Riemann-Roch. All curves embedded in this way have Hilbert polynomial
h(t) = k(29 — 2)t — g + 1 and are parametrised by H,, a locally closed subscheme of
the Hilbert scheme H, 4 of curves of degree d = 10(2g — 2) and genus g in PV. Here,
the subset H, is given by the points of H, 4 n corresponding to k-canonically embedded
non-degenerate DM-stable curves of genus g in PV. (Non-degeneracy means that C' is not
contained in a proper linear subspace of PV.) The scheme H, is a parameter space for a

rigidified version of M,: it may be thought of as parametrising the curves C' together with

44



Moduli spaces: important examples

an isomorphism kV*! = HO(C,w8F). Let Uy — H, be the universal family over H,, then
this family has the local universal property for the moduli functor M, of stable curves.
To remove the rigidification data, Gieseker considers the natural action by SLy.; on this
Hilbert scheme, linearised by some Grothendieck embedding JS. For our purposes, the

main result of |Gie82] is:

Theorem 3.1.3. For k = 10, there is some sy(g) such that for all s > so(g)
Dt Hya = Grass(H(BY, Opn (5)), h(s),

yields a linearisation @Z:L of the natural SLy;-action on Hy 4 v (where L is the determinant

line bundle on the Grassmannian) with respect to which
(a) H, is contained in the GIT-stable locus; and
(b) H, is closed in the GIT-semistable locus.

By (b), the GIT quotients H,//SLy1 and H,//SLyy1 agree (where H, is the closure
of H, in Hy4n), so H,//SLn+1 is projective, and by (a) there are no strictly semistable
points in this quotient, so the GIT-stable locus maps to a projective quotient. Gieseker
studies this GIT quotient H,//SLy11 (with respect to U, for s > s0(g)) and shows that
points in the Hilbert scheme are GIT-stable if and only if they represent stable curves.
Since H, has the local universal property for /Wg, theorem m then implies that the
quotient H,//SLyy1 gives a coarse moduli space M, for the moduli functor M, of stable
curves.

Even though w%k is already very ample on stable C' for £ > 3 (by theorem ,
Gieseker’s construction requires a sufficiently high pluricanonical polarisation (such as by

w& for k > 10) to avoid cuspidal (hence non-DM-stable) curves becoming GIT-stable.

3.1.3 The GIT construction of Mg,n by Baldwin-Swinarski

We now turn to curves with n marked points, also known as ‘n-pointed curves’.

Definition 3.1.4. A (Deligne-Mumford) prestable marked curve of genus g with n marked
points is a connected reduced projective 1-dimensional k-scheme C' of arithmetic genus g
(i.e. W'(C,O¢) = g) whose only singularities (if there are any at all) are nodes, together
with n distinct non-singular marked points z!, ..., 2". A (Deligne-Mumford) stable marked
curve of genus g with n marked points is a prestable marked curve such that every non-
singular rational irreducible component of C' has at least three special points and every
component of arithmetic genus 1 has at least one special point, where by special points we

mean nodes or marked points. A family of stable curves of genus g with n marked points
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is a proper flat morphism f : C' — B together with n sections o’ : B — C, such that the
n-pointed geometric fibres (f~1(b), ot (b),...,0™(b)) are stable marked curves of genus g.
Two families are equivalent if there is an isomorphism between them covering the identity
on the base and compatible with the sections. This defines the moduli functor M, ,, of

stable marked curves.

As in the previous section, the condition on the number of special points on various
components characterises stable marked curves as those prestable ones with finite auto-
morphism groups. In the context of marked curves, the most important sheaf to con-
sider is not the canonical sheaf we but a close cousin keeping track of the marked points:
L := wo(z' + -+ + ). This is the correct replacement for we if we wish to obtain a
characterisation of stable marked curves analogous to that of part (g) in theorem [3.1.2] i.e.
in terms of ampleness of L: note that the curve underlying a stable marked curve is not

necessarily stable itself, so we needs the twist incorporated in L.

Theorem 3.1.5. Let C be a complete nodal curve with h!'(C,O¢) = g and distinct non-
singular marked points z!,... 2" Then L := we(z! + -+ + 2™) has degree 2g — 2 +n. If

C is connected, then L is ample if and only if (C, 2!, ..., z") is stable.
Proof. Analogous to the proof of (f) and (g) in theorem [3.1.2] O

In [BS08], moduli spaces M, ,,(P",d) of stable maps (from prestable n-pointed genus g
curves into P” with degree d) are constructed via GIT, provided 2g — 2 +n + 3d > 1. We
describe the set-up of this construction only for the special case r = d = 0 which gives a
projective coarse moduli space ngn of stable n-pointed genus ¢ curves for 2g — 2 +n > 1.
For r = d = 0, the constructions of [BS08] work over any algebraically closed field k, or
indeed over Spec Z, as opposed to the case r > 0 where the description given in [BSO§]
relies on the base field being the complex numbers. (Baldwin shows in [BalO8] that the
construction can be modified to work over more general base fields even if r > 0.)

The set-up is similar to Gieseker’s approach discussed in subsection [3.1.2; given a
stable n-pointed curve (C,z!,...,2"), the line bundle L := we(z! + -+ + 2™) is ample
and takes the role of the canonical line bundle (where we is again the dualising sheaf, see
subsection. There exists a only depending on g and n such that L®® is very ample, so
C is a-canonically embedded into PY (where N +1 = h(C,L®?) = a(29—2+n) —g+1is
given by Riemann-Roch) as a subscheme with Hilbert polynomial p(t) = a(2g—2+4n)t—g+1.
(Similarly to the terminology for unpointed curves from subsection we call a pointed
curve C' C PV a-canonically embedded if Opn (1)|c & L®* = wE(az’ + -+ + az™).) All
such curves are parametrised by the Hilbert scheme H, .y of curves of genus g and degree
e = a(2g — 2 +n) in PY. To parametrise the marked points as well, we take the product

with n copies of PV, giving the projective scheme H, . x x (PY)" as a first parameter space.
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However, to guarantee that the marked points actually lie on the curves, we need to take

a closed subscheme I of H, .y X (PY)" defined by the relevant incidence relations:
I:= {(C,ZL‘l, s ’wn) € Hg,e,N X (]P)N)n | Vi l‘i € C}

The universal curve pr, : Uy — Hy . n (where pr; is the projection of Uy < H, . n X PN

onto H, . x) can be extended over H, . x x (PV)" by
(pry,idpnyn) : Ug x (PM)" — Hy oy x (PY)",
and we denote the restriction of this family to I by ¢ : Uy — [. Note that
U1 xPY — H,,.nx (PY)" x PV.
One may define sections o? : I — U; of ¢ by
o (Coxt,. 2™ = (O, 2t . 2", 2t e Uy,

making (¢ : Uy — I,0',... 0™) into the universal family of n-pointed genus g curves in
PV with Hilbert polynomial p.

Finally (corresponding to the passage from H, 4 n to H, in Gieseker’s construction, cf.
subsection , define J to be the locally closed subscheme of I consisting of all non-
degenerate prestable a-canonically embedded n-pointed curves of genus g. Let J be the
closure of J in the projective scheme I, and denote the restriction of the universal family
(¢ : U — I,o',...,0") to J by (¢ : Uy — J,ot,...,0"); we will work with this local
universal family for M, ,, in chapter

The group SLy acts diagonally on I, and both J and J are invariant subschemes. The
moduli space Hgyn is constructed as the GIT quotient .J//SLy.; with respect to a suitable
linearisation, and this is approached via the main GIT problem under consideration in
[BSO§|: the action of SLyq on I.

Baldwin and Swinarski define (see pp. 23-24 of [BS08]) very ample line bundles L,, s
on I by

7 (3.4)

where W, := AP HO(PY, Opx (m)), the map ¢, : Hyon < P(W,,) is is the composition
of the m-th Grothendieck embedding (see subsection [2.3.3]) with Pliicker embeddings, and
p; is the projection of H, . x x (PY)" onto the i-th PN-factor. As each of the factors of this

bundle is naturally linearised, L,,,, inherits a natural linearisation of the SLy_;-action.

L = ()" O, (1) © (R o (1))

For our purposes in chapter , the main results of [BS08| are then:

47



3.2 Moduli of semistable pure sheaves after Simpson

Theorem 3.1.6 (|BSO08|, theorem 6.3 and propositions 6.8, 6.9). There exist m, m/
(depending on g and n only) such that J*(L,.m) = J*(Ly) = J and such that
J // Lm,m,SLNH = ngn — i.e. we have the analogous results to theorem : with re-

spect to the linearisation given by L, .,

(a) J is contained in the GIT-stable locus (of I); and

(b) J is closed in the GIT-semistable locus (of I).

The same comments as for theorem apply: by (b), the GIT quotients J//SLy;1
and J//SLy41 agree, so J//SLy41 is projective, and by (a) there are no strictly semistable
points in this quotient, so the GI'T-stable locus maps to a projective quotient which Baldwin
and Swinarski show to be a coarse moduli space M, ,, for the moduli functor M, ,, of stable

marked curves.

3.2 Moduli of semistable pure sheaves after Simpson

After discussing moduli of (marked) curves (i.e. moduli for the base schemes occuring in
the universal moduli problems we are interested in) in the previous section, we now change
topic and shift our attention to the second ingredient of universal moduli constructions: the
‘fibrewise’ moduli problem, i.e. that of sheaves on a fixed base scheme. For now, we consider
sheaves without further structure (i.e. no parabolic structures involved yet), and the main
construction in this context is due to Simpson [Sim94a]; however, our later arguments for
moduli of parabolic sheaves (see chapter [4]) are also inspired by the arguments outlined in
this section. We first collect some basic notions and properties of pure and (semi)stable
sheaves in subsection before sketching the usual two-step process (described in section
of constructing their moduli: in subsection We discuss boundedness and regularity
issues leading to the existence of a parameter space. (We will build on these results in
chapter (4] when proving that the collection of semistable parabolic sheaves is bounded,
too.) Subsection then describes the GIT set-up for the second step of the construction;
here we pay particular attention to how Simpson’s set-up relates to Pandharipande’s set-up
[Pan96] for moduli of semistable torsion-free sheaves on a fixed stable curve (this is what
Pandharipande calls his ‘fibrewise GIT problem’) — one of our main motivations for this
section is to replace Pandharipande’s argument for the ‘fibrewise GIT construction’ with
Simpson’s argument. Finally, subsection [3.2.4] states the results of Simpson’s analysis of
GIT-(semi)stability, culminating in the construction of a coarse moduli space of semistable
sheaves as a GIT quotient.

The aim of Simpson’s paper [Sim94a] (and its second part [Sim94b]) is to describe the
moduli space Mg of representations of the fundamental group of a smooth projective vari-

ety X. An important aspect of this is the construction of Myg, the moduli space of vector
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bundles on X with an integrable connection, and Mp,, the moduli space of Higgs bundles
on X. It turns out that My and Mp, are homeomorphic, whereas Mg and Myr are biholo-
morphic (but not isomorphic in the algebraic category). Simpson exhibits these moduli
spaces as special cases of a general construction: he obtains moduli spaces of semistable
A-modules, a notion modelled on that of a D-module, for A a general sheaf of rings of dif-
ferential operators. In particular, taking A = Ox, the concept of A-modules just reduces to
coherent Ox-modules. However, Simpson gives a separate construction of the moduli space
of semistable coherent sheaves (on families of projective schemes) in section 1 of [Sim94al,
since this construction implies that the moduli space of semistable sheaves is projective, a
property that cannot be deduced from the general argument using A-modules. It is this
specific construction that we are interested in here. In a nutshell, Simpson extended the
class of schemes and sheaves for which a moduli space can be formed (previously, moduli
constructions were only available for torsion-free sheaves on smooth projective varieties,
whereas Simpson deals with pure sheaves on families of arbitrary projective schemes), and
he used a different linearisation in his construction, based on Grothendieck’s original em-
bedding of the Quot scheme into a single Grassmannian. This linearisation subsequently
became standard in moduli constructions for sheaves, replacing the previous method of
embedding the Quot scheme (that serves as a parameter space in GIT constructions for
such moduli spaces) into Gieseker spaces (see e.g. |Gie77)).

The reason we are interested in this construction is that it may be used to make Pand-
haripande’s construction of universal moduli of vector bundles on curves more transparent
(see section , and it makes a generalisation of Pandharipande’s results to universal mod-
uli of parabolic sheaves (and potentially to sheaves on higher-dimensional base schemes)
easier. We only need the right set-up to apply Simpson’s methods for our purposes: his
key result is that for coherent sheaves on a projective k-scheme X with Hilbert polyno-
mial P parametrised by a suitable Quot scheme (depending on a parameter n) and for
a suitable choice of linearisation L,, given by a Grothendieck embedding ), of the Quot
scheme into a Grassmannian, p-(semi)stability and GIT-(semi)stability agree, where the
parameters n and m only depend on X and P (cf. [Sim94a], theorem 1.19). On the face
of it (and as Pandharipande says in [Pan96|, albeit when [Sim94a] was only circulated in
preprint form), this is not quite good enough for Pandharipande’s framework for universal
moduli of sheaves on varying stable curves: in that case we need the parameters n and m
to be independent of the base curve X = C' varying in H,, an open subset of the Hilbert
scheme of curves of given genus and degree in some projective space (cf. subsection .
One might call this ‘uniform’ moduli of sheaves on stable curves, rather than ‘universal’
moduli: for now, we are still after moduli of sheaves on any fized stable curve as base,
but we want all parameters in the construction to be uniform across all (10-canonically

embedded) stable curves.
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This potential complication of achieving uniformity is already dealt with in (the final
version of) [Sim94a] as Simpson really considers sheaves on families of projective schemes:
he works with X — S, a projective morphism with codomain S any connected scheme of
finite type over k = C, and constructs moduli of semistable sheaves on the fibres of X — §
with fixed Hilbert polynomial. This allows us to obtain n and m that work uniformly
for all stable curves (10-canonically embedded in some fixed projective space) by applying
Simpson’s construction to semistable sheaves on X = Uy over S = H,, where Uy is the
universal curve over H,. We will explain this set-up in more detail in section [3.3, but the
idea is that semistable sheaves on Uy /H, correspond precisely to semistable sheaves on
curves C such that [C] € H,.

There is one aspect of Simpson’s construction to be modified before it can be used
for the universal moduli space of torsion-free sheaves on stable curves: Simpson works
with k = C throughout [Sim94a] and [Sim94b|; however the construction of the moduli
space for pure sheaves in section 1 of [Sim94a] is valid for any algebraically closed field
k of characteristic 0. We comment on the case of positive characteristic in subsection
3.2.2] where modifications are necessary — by results of Langer (see [Lan04a], [Lan04b|] and
[Lan04c|), the construction can be carried out in positive characteristic, too. Looking at
this generalisation is again motivated by our aim to simplify and extend Pandharipande’s
construction of universal moduli (which works over any algebraically closed field).

Throughout this section, unless stated otherwise, S is a connected separated scheme of
finite type over an algebraically closed field k, and X — S is a projective morphism with
a fixed very ample line bundle Ox(1).

3.2.1 Pure and (semi)stable sheaves

We briefly recall some basic notions on pure sheaves (see [HL97| for more details):

Definition 3.2.1. Let X be a noetherian scheme. The dimension of a coherent sheaf F
on X is the dimension of its support, i.e. dim F := dim Supp F. A coherent sheaf F is
called pure if for all non-zero proper coherent subsheaves £ C F we have dim &€ = dim F.
(Note that pure sheaves of top dimension dim F = dim X are generalisations of torsion-free
sheaves: the two notions coincide if X is integral.) The saturation of a subsheaf &€ C F
is the minimal subsheaf £%* C F containing £ such that F/£% is either zero or pure of
dimension dim F. Call a subsheaf & C F saturated if it is its own saturation (compare this

to the notion of ‘subbundle’ vs. ‘subsheaf’ for a locally free sheaf F).

Definition 3.2.2. Let X be a projective scheme over a field k, let Ox (1) be a very ample
line bundle on X and £ a coherent sheaf on X of dimension d. Then the Hilbert polynomial

of £ with respect to Ox(1) is given by the function m — x(€(m)) — see section 1.2 of
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[HL97] for a proof that this function is actually polynomial in m with rational coeffcients.
In fact, the degree of x(€(m)) is equal to d, and there exist integers ag(E), ..., aq(E) such
that

We often write P(£) for the Hilbert polynomial P(E,m) := x(£(m)). By Serre vanishing,
x(E(m)) = h°(E(m)) for all sufficiently large m, and in particular aq4(€) is positive if £ # 0.
The coefficient a4(€) is called the multiplicity of £, or sometimes by abuse of terminology
aq(€) is known as the rank of £ (with respect to Ox(1)). Thus the rank of a coherent
sheaf £ on X is non-zero whenever £ # 0, not just when dim & = dim X. Note that with
this definition, the rank of £ (as in [Sim94a], for example) depends on the polarisation
Ox (1) but is always integral, as opposed to the more customary definition (e.g. in [HLI7])
of rk € as aq(€)/aq(Ox). Write p(E) for agz_1(€)/aq(E) and call this the slope of £. This
number comes up as the highest interesting coefficient (up to the constant factor 1/(d—1)!)

in the reduced Hilbert polynomial po(E) := P(E)/aq(E) (which is defined for £ # 0).

Recall that the Hilbert polynomial is additive on short exact sequences, and observe
that every sheaf F has a non-negative Hilbert polynomial, i.e. P(F) > 0 (with respect to
the lexicographic ordering on Q[z]) — in particular, we can use this to relate the Hilbert

polynomial of a subsheaf and its saturation:

Lemma 3.2.3. Let F be a coherent sheaf on a projective k-scheme X, let d = dim F and
let £ C F be a subsheaf with saturation £5* C F. Then the Hilbert polynomials of £ and
&% are related by

P(&) < P(E™) and ay4(E) = aq(E%).

Proof. The first statement is true without the saturation hypothesis: whenever £ C £ we

have

0E—=E —=E/E—0,

thus
P& —PE)=PE/E) = 0.

The second statement is immediate from an explicit definition of £%* (following [HL97]) as

the kernel of the composition of surjections
F = FIE€ = (F/E)/Tar(F/E),

where for any sheaf G we denote by T, 1(G) the maximal subsheaf of G supported in

dimension d — 1. Then the short exact sequence
0— & - F— (F/E))Ty1(F/E) =0
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yields
P(F) = P(&*) = P((F/€)/Tar(F/€)) = P(F) = P(€) — P(Ty-1(F/€)),

so P(E%) — P(€) is a polynomial of degree at most d — 1, hence the degree d coefficients
of P(&%') and P(&) agree. O

For coherent sheaves, there are two important notions of stability:

Definition 3.2.4. A non-zero coherent sheaf F is p-(semi)stable (or Gieseker-(semi)stable)
if it is pure and if for any proper non-zero subsheaf & C F we have po(€)(<)po(F). Here,
we follow convention for the symbol (<) and in using the lexicographic ordering on
polynomials (and thus the statement f < g for two polynomials f, g € Q[t] is equivalent to
the condition f(n) < g(n) Vn > 0).

An equivalent condition for a coherent sheaf F of dimension d to be p-(semi)stable is
that
aq(F)P(E)(<)aa(€) P(F) (3:5)

for all proper subsheaves & C F. This is clearly the same definition, except that we avoid
explicit mention of purity, since purity is implicit in the modified definition: applying
to & = Ty_1(F), the maximal subsheaf of F of dimension < d — 1, we see that gives
us P(€) <0 (as aq(€) = 0 and a4(F) > 0), so &€ =0 and thus F is pure.

Definition 3.2.5. A coherent sheaf is - (semi)stable (or slope-(semi)stable) if it is pure and
for any proper non-zero subsheaf & C F we have u(€)(<)u(F). In general, the hypothesis of
purity is sometimes slightly weakened (see p. 26 of [HL97]), but for our purposes, certainly

when working over curves, restricting to pure sheaves is good enough.

Since py has leading term m?/d! for any sheaf of dimension d and pu/(d — 1)! is the
coefficient of m?~! in py, it is immediate that p-semistability implies p-semistability, and
p~stability implies p-stability. (This is because of the lexicographic ordering on polynomials
— see convention for an explanation of how an inequality between polynomials such
as po(€) < po(F) and an inequality between their degree d — 1 coefficients p(€) < u(F)
differ.)

Note that slope-(semi)stability is somewhat better behaved under standard operations
than p-(semi)stability: e.g. u(F(k)) = pu(F) + k for all F, so twisting by Ox(1) does not
change pu-(semi)stability of any sheaf. However, we work mainly with p-semistability as it
this stability condition for which Simpson constructs complete moduli spaces in arbitrary

dimensions.
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Definition 3.2.6. As for vector bundles, one has the Harder-Narasimhan filtration for any

pure sheaf F: the unique filtration
O=FCHhC--CFR=F (3.6)

such that the quotients F;/F; 1 of successive terms are p-semistable of pure dimension
d = dim F and such that po(F1/Fo) > po(Fo/F1) > -++ > po(Fi/Fr-1). (See [HLIT],
section 1.3, for proofs of existence and uniqueness.) One caveat is that there is an analogous
filtration with p-semistable terms, and this need not agree with the (p-)Harder-Narasimhan

filtration.

For a detailed overview of Harder-Narasimhan (HN) filtrations of pure sheaves, we refer
the reader to [HLI7]. In chapter [d] we will be using the p-HN filtration for some of our
boundedness arguments. In general, there is a second important class of filtrations for

coherent sheaves:

Definition 3.2.7. If F itself is p-semistable, then one can obtain a Jordan-Holder filtration
O=FCFHC---CF=F

such that all the successive quotients are p-stable of pure dimension d = dim F and have
reduced Hilbert polynomial po(F). This filtration is not unique, but the collection of its
Jordan-Hoélder factors (with multiplicities) is, i.e. gr(F) = @ F;/Fi_1 is unique up to
isomorphism (see [HL97|, section 1.5) — this is the usual Jordan-Hélder theorem applied to
the abelian category of p-semistable sheaves of fixed reduced Hilbert polynomial. Again,
there is an analogous filtration for p-semistable sheaves. Two p-semistable sheaves &£, F
with the same reduced Hilbert polynomial are called S-equivalent (or Seshadri-equivalent)

if gr(€) and gr(F) are isomorphic.

In this definition, we used an elementary observation: the category of p-semistable

sheaves of given dimension and reduced Hilbert polynomial is abelian.

Lemma 3.2.8. Fix any polynomial p € Q[t]. The category C of p-semistable sheaves with
reduced Hilbert polynomial p (together with the zero sheaf) is abelian.

Proof. The category C inherits the properties of an additive category from Coh(X). What
remains to be proved is that C has direct sums and in particular kernels and cokernels
of morphisms. These arguments are elementary, using that the (non-reduced) Hilbert
polynomial is additive, i.e. for short exact sequences 0 — F; — Fo — F3 — 0, we have
P(Fy) = P(F1) + P(F3) (and in particular also aq(Fz) = aq(F1) + aq(F3)). O

A direct consequence is:
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3.2 Moduli of semistable pure sheaves after Simpson

Lemma 3.2.9. Stable sheaves are simple, i.e. the only endomorphisms of a p-stable sheaf

are scalars.

Proof. Simpson ([Sim94a], pp. 55-56) gives a proof for this with C as his base field, but
exactly the same argument works over any algebraically closed field k: given a non-zero
endomorphism f of a p-stable sheaf F, ker f and coker f are zero: by the previous lemma,
if ker f is non-zero, then ker f has the same reduced Hilbert polynomial as F, contradicting
p-stability of F. Similarly, if coker f is non-zero, then pgy(coker f) = po(F), so

P(F) — P(coker f)  P(F)

polim f) = aq(F) — aq(coker f) a aq(F) = PolF): (3.7)

But since coker f # 0 implies im f & F, this again violates p-stability of F. Therefore
any non-zero f : F — F is an automorphism, thus End(F) is a finite-dimensional division
algebra D over k and so must be k itself: an element x € D \ k would generate a finite-

dimensional, thus algebraic, commutative field extension of k = k. O

Hence, p-stable sheaves do not have too many automorphisms, giving a first suggestion
of why this is a good class of sheaves to look at when trying to construct coarse moduli
spaces.

Finally, we pass to the relative situation: suppose S is a connected separated scheme
of finite type over Spec k, and consider X — S projective with a choice of very ample line
bundle Ox (1) made. Note then that for all closed points s € S, the scheme-theoretic fibre
X, is a projective scheme over Spec k with very ample line bundle Ox, (1), so the above
definitions can be applied to it. The definition of (semi)stability is extended to this set-up
by demanding flatness and (semi)stability in the above sense for the restriction to each
fibre:

Definition 3.2.10 ([Sim94a], p. 58). Given P € Q[t] of degree d, a p-(semi)stable sheaf F
on X/S with Hilbert polynomial P is a coherent sheaf F on X, flat over S, such that for
each closed point s € S the restriction of Fs of F to X, is p-(semi)stable and has Hilbert
polynomial P with respect to Ox_(1).

The notion of ‘p-(semi)stable sheaves on Xr /T’ for any T € Sch/S (recall conven-
tion on notation for base change) will play the role of families of sheaves on X/S
parametrised by 7', as we shall see at the start of subsection [3.2.3] For the rest of sec-
tion 3.2 (and when following [Sim94a]), the reader should take care to distinguish between
‘(p-semistable) sheaves on X/S” as defined above (these are actually sheaves on all of X,
i.e. families of sheaves on the family of projective schemes X — S) and ‘(p-semistable)
sheaves on the (geometric) fibres of X /S’ (which are sheaves on one particular member of

the family X — S) — also cf. definition [2.3.§
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3.2.2 Boundedness of the semistable sheaves

One of the key steps in Simpson’s construction is to show that the collection of p-semistable
sheaves F on the fibres of X over S with fixed Hilbert polynomial is bounded, and to deduce
upper bounds on the number of global sections of F (k) in terms of £ but independent of
F. Here, boundedness is in the relative sense of definition [2.3.8|

Definition 3.2.11. Given a pure sheaf £ on a projective k-scheme Y equipped with a very
ample line bundle Oy (1) (e.g. Y = Xj, a fibre of X — ), define the mazimal slope pimax(E)
to be the slope of the maximal slope-destabilising subsheaf of £ (i.e. the first term of its
pu-HN filtration) if £ is p-unstable, and pim.x(€) := u(€) if £ is p-semistable. Equivalently,

tmax(E) is the maximal slope of all non-zero subsheaves of £.

Using boundedness results for torsion-free sheaves due to Maruyama |[Mar81] in char-

acteristic 0, Simpson proves

Theorem 3.2.12 (|Sim94a|, theorem 1.1). Let X be projective over k, equipped with a
very ample line bundle Ox(1). Fix b € R. Given P € Q[t], the collection of pure sheaves
F on X having Hilbert polynomial P and satisfying pimax(€) < b is bounded. In particular,
taking b = p(F), we see that the collection of p-semistable sheaves on X with Hilbert
polynomial P is bounded.

From this, Simpson deduces what turns out to be a cornerstone for his own construction
and for how we use his ideas in later sections. Langer [LanO4a], |[Lan04b| subsequently
extended this result to arbitrary characteristic in order to construct moduli spaces for

semistable pure sheaves in this situation.

Theorem 3.2.13 ([Sim94a] corollary 1.6; [Lan04a] theorem 4.2). Let k be an algebraically
closed field of arbitrary characteristic, S a scheme of finite type over k and X — .S projective
with a very ample line bundle Ox(1). Let b € R and P € Qz], then the collection
of pure sheaves £ of dimension deg P on the fibres of X/S with Hilbert polynomial P
and fimax(€) < b is bounded (uniformly in s € S, i.e. in the sense of definition [2.3.8).
In particular, the collection of p-semistable sheaves on the fibres of X/S with Hilbert
polynomial P is bounded: take b = p(€) which is determined by P, and note that p-

semistability implies p-semistability.

This basic boundedness theorem for pure sheaves is needed to set up the GIT construc-
tion for moduli of pure sheaves on X/S. A second result required as a key tool in the GIT
construction (when identifying the GIT-(semi)stable loci in the Quot scheme with the loci
of p-(semi)stable sheaves) is a bound on the number of global sections of a sheaf in terms

of its maximal slope (sometimes known as the Le Potier-Simpson estimate) — we also state
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3.2 Moduli of semistable pure sheaves after Simpson

the more general version due to Langer (who extended the result to positive characteristic

and strengthened it in characteristic zero):

Theorem 3.2.14 ([Lan04c| corollary 3.4; [Sim94a] corollary 1.7). (a) For any algebraically
closed field k, any projective k-scheme Y equipped with a very ample line bundle

Oy (1) and any pure sheaf £ of dimension d on Y and multiplicity aq4(€) = r, we have

2 a1
Wy.E) < r.(“max(g)“jf(?"” 3 ) if fima (€) — 4 + 72 > 0
0 if:“maux( )_%+T2<0

where f(n) :=—14> 7,1 for n € N, so f(n) ~ Inn.

(b) Given integers r and d, there is an integer B satisfying the following: for any alge-
braically closed field k of arbitrary characteristic, any scheme S of finite type over k,
any X — S projective with a very ample line bundle Ox (1), any closed point s € S

and any purely d-dimensional sheaf £ on X with multiplicity a4(€) = r, we have

7 (pmax(E) +m+ B)?/d! if pnax(E) +m +B >0

0
e < { | (&) +m 4 B <0

for any m € Z.

Proof. Part (a) is corollary 3.4 of [Lan04c|. Part (b) is proved in [Sim94a| for characteristic
zero and for the case of p-semistable &, i.e. With fimax(E) = 1(€). The more general version
stated here follows from (a): for every fibre X, any £ on X, and arbitrary m € Z, we have
fimax(E(M)) = pmax(E) + m, so we can take the constant B to be [r* + f(r) + 4517 € N
(note that this depends on nothing but r and d, as required): then pi.x(€) + m+ B <0
implies fimax(€) +m + 1% — L <0, so

. ﬂmax(g) +m+ B .
R(X,, Em)) < ¢ M (”’ ( d 0 ) i pimax(E) +m+ B >0
0 lf/JJmax((c:)"’m—i‘BgO
< T(Nmax(g)“—m‘i‘B)d/d' lf,umax(g)‘i‘m‘{‘B}O
h 0 if,umax<5>+m+8<0,

as required. O

We will use both theorems [3.2.13] and [3.2.14] extensively in our construction of moduli

of semistable parabolic sheaves in chapter [4

56



Moduli spaces: important examples

3.2.3 Moduli of semistable sheaves on stable curves

As before, let S be a connected separated scheme of finite type over Spec k, let X — §
be projective, pick a very ample line bundle Ox (1), fix P € Q]t], and let d := deg P. The

moduli functor which Simpson investigates is

M(Ox, P):Sch/S — Sets
S" +— {p-semistable sheaves F on X'/S” with Hilbert polynomial P}/ ~,

where ~ is given by S-equivalence (see definition 3.2.7): F; ~ F» if and only if gr(F)
and gr(F3) are isomorphic. The pullback of families (in the sense of chapter [2)) is given
by the ordinary pullback of sheaves, making M(Ox, P) a moduli functor. To construct a
coarse moduli space M (Ox, P), i.e. an S-scheme universally corepresenting this functor,
Simpson sets up a suitable Quot scheme as parameter space (depending on a choice of
integer n telling us by how much to twist up our sheaves) with an action of SLp(,). He
then linearises the action via a Grothendieck embedding 1, (cf. subsection and
shows that for m and n large enough, any point of the Quot scheme is GIT-(semi)stable
if and only if the quotient sheaf F it corresponds to is p-semistable and the quotient map
it corresponds to gives an isomorphism between H°(X, F(n)) and a fixed vector space V.
We will ultimately want to take S = H, and X = Uy the universal curve over H, (see
subsection , but consider general X — S for now.

For a fixed large n € Z (to be chosen appropriately in the construction), set V := k"
and W := Ox(—n) and consider the relative Quot scheme @, = Quot%{s(l)(\/ ® W, P);
note that convention [1.4.5 applies with respect to the sheaf denoted by V ® W. For any
S’ € Sch/S, the S’-valued points of @), are the pairs (F, a) with F a coherent sheaf on X’
flat over S’ with F, having Hilbert polynomial P for every s € §', and a : (V @ W)" —
F a surjection. (See convention for the notation X', (V ® W)', etc.) Note that
this is equivalent to demanding that the sections in the image of the map V ® Og —
H°(X'/S', F(n)), induced from « : (V ® Ox(—n)) — F by first tensoring through by
Ox(n) and then pushing forward to S’, generate F(n). In particular, taking S" = Spec k(s)
for any closed point s € S, we can describe the k-points of ), lying over s € S as pairs
(F, ) where F is a coherent sheaf on X, with Hilbert polynomial P, and (by slight abuse
of language) v is a map V — H°(F(n)) whose image generates F(n).

By theorem the collection of p-semistable sheaves F on the fibres X, of X/S
with Hilbert polynomial P is bounded, hence such sheaves are n-regular for a uniform n
(theorem [2.3.9). Thus, by lemma [2.3.7, F(n) is generated by its global sections, so is a
quotient of HY(F(n)) x Ox,(—n). Using that n-regularity of F also implies vanishing of
higher cohomology (again by lemma [2.3.7), we may choose an isomorphism of H°(F(n))

with V' i.e. F occurs as a point of ), lying over s € S.
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3.2 Moduli of semistable pure sheaves after Simpson

By subsection there is M such that for all m > M we have an embedding 1, of
@, into a Grassmannian, given by a very ample line bundle L,,. The group SL(V) acts
on ), = Quoti/S(V ® W,Ox(1)) and the line bundle L,,, giving us a linearisation of
the action. For technical reasons (see lemma 1.17 of [Sim94a] and the preceding remark),
Simpson restricts attention to @n, the closure in @), of the set of points such that the
quotient sheaf F is pure. (Compare the passage from the full Quot scheme to its subscheme
() in section and the significance of this for lemma M) Then the main theorem in

Simpson’s GIT construction is:

Theorem 3.2.15 (cf. [Sim94a], theorem 1.19). Given an algebraically closed field k, a
connected separated k-scheme S of finite type, a projective S-scheme X with very ample
Ox(1), an integer d and a polynomial P of degree d, there exist ng and mq such that for all
n > ng and all m > myg the following holds: a point (F,a) in Q,, is GIT-(semi)stable for the
action of SL(V') with respect to the linearisation determined by the embedding ,, if and
only if F is p-(semi)stable of pure dimension d and o : V' — H°(F(n)) is an isomorphism.

Simpson’s construction as it stands requires char k = 0, but with the modifications
outlined in subsection [3.2.2] i.e. with Maruyama’s and Simpson’s boundedness results re-
placed by Langer’s in case of positive characteristic, Simpson’s construction goes through

for any k = k.

For the purposes of section , we would like to apply this result in the following set-up
(as in [Pan96]): work over any algebraically closed field k. Recall from subsection [3.1.2]
that any Deligne-Mumford stable curve C' of genus g > 2 may be embedded 10-canonically
(i.e. using w? where we is the dualising sheaf of C') into PY (where N = 10(2g —2) — g by
Riemann-Roch). If F is a sheaf of pure dimension 1 on C' and (1, . .., C, are the irreducible
components of C, then let r; be the rank (in the usual sense) of F at the generic point of
C; (i-e. the rank of the vector bundle F|(,ysm ), call (rq,...,r,) the multirank of F, and say
that F is of uniform rank r if r; = r for all 7.

Pandharipande works with the following definition of (semi)stability:

Definition 3.2.16 (|Pan96|, section 1.1). Let k be an algebraically closed field and C' a
DM-stable curve of genus g > 2. Let w; be the degree of the restriction of we to C;. A pure

sheaf F of dimension 1 and multirank (rq, ..., r,) has slope (in the sense of Pandharipande)

P o X(F)
2 (‘F) T lejriwi’

and F is u” -(semi)stable if it is pure of dimension 1 and for each non-zero proper subsheaf
& C F the inequality

(3.8)

P (ENQM”(F) (3.9)
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holds.

Note that this definition is just the standard definition (due to Seshadri) of slope in
the case of canonical polarisation (i.e. with respect to the dualising sheaf we). We will
see in lemma that for 10-canonically embedded curves, this is exactly the same as
slope (with respect to the very ample line bundle O¢(1) := wl?) in the sense of Simpson
as defined in subsection , except that Pandharipande does not adjust for using w¢?
instead of w¢, hence there will be a constant correction factor of 1/10. Of course, this
makes no difference to the notion of u-(semi)stability.

In order to compare the above definition to the (semi)stability condition which Simpson
works with, we first need to decompose pure sheaves of dimension 1 on DM-stable curve
into vector bundles and skyscraper components. This lemma is also of interest in its own

right as it gives us a more concrete geometric description of what these sheaves look like:

Lemma 3.2.17. Let k, C' and g be as in the definition above. Then for any pure sheaf F

of dimension 1 there is a short exact sequence

0—>F — @(Li)*Fi —-G—=0 (3.10)

i=1
where ¢; : C; < C'is the inclusion of an irreducible component, F; is a locally free sheaf on

C;, and G is a skyscraper sheaf supported in the set of nodes of C.

Proof. Let 7 : C' — C be the normalisation of C' and consider the pullback 7*F. Let F be
the quotient of 7*F by its torsion part:

0= (7" Fiors = 7 F = F = 0. (3.11)

Pushing this sequence down to C', we have

0 = m((T*"Fors) = T F — moF. (3.12)

Now as the direct image functor and the inverse image functor are adjoints (see [Har77],

p. 110), we have a natural isomorphism
Homo,, (F, m*F) = Home (7" F, 7 F), (3.13)

hence the identity map in Home_ (7*F, 7*F) corresponds to a natural morphism nz : 7 —
" F (the unit of the adjunction, applied to F). Comparing stalks at smooth points (using
that 7 is an isomorphism away from the singular points of (') shows that this natural map
has kernel supported in the set of nodes of C, hence ker nz is a zero-dimensional subsheaf
of F, so by purity of F we have kernr = 0. Composing nr with m,7*F — m.F from
(3.12)), we obtain a map f : F — m.F. But (7" F)iors) also has support contained in the
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set of nodes: since F is pure, its restriction to (C;)*™ is pure, hence torsion-free (as these
concepts coincide on integral schemes), so F, is a torsion-free O,-module at each smooth
point x € C. Now at each smooth point x € C the local ring O, is a regular Noetherian
local integral domain of dimension 1, hence a PID (see [AM69], proposition 9.2), so torsion-
freeness of F, implies freeness by the structure theorem of finitely generated modules over
PIDs. Therefore (7*F )i is supported in the set of points of C lying over nodes of C,
hence 7, ((7* F )tors) is supported on the nodes of C'. (Note that this also shows why F|(¢;)sm
is a vector bundle for each 7, as claimed before definition 3.2.16} since F, is free for each
smooth point x € C, every such # € C has an open neighbourhood U such that F|y is
locally free, i.e. F|(c,)sm is locally free for each i.)

Now since 7, ((7*F )tors) is supported on the nodes, shows that the map m.m*F —
T F is injective away from the nodes, and so the same holds for f. Again by purity of
F, the zero-dimensional subsheaf ker f C F must then be zero, so f is injective. But f
is also surjective away from the nodes (again because F|(c,)s is torsion-free), so setting

G := coker f, we obtain an exact sequence
0—F = mF—G—0. (3.14)

Now observe that m,F is of the form @;zl(bi)*ﬂ for some locally free sheaves F; on Cj,

and the assertion follows. O

Lemma 3.2.18. Let k, C' and ¢ be as in the definition above, and assume that C' is k-
canonically embedded for some integer k£ > 1, i.e. projectively embedded using the sections

of w&¥. Then we have
1
pF) = 1" () (315)
for any pure sheaf F of dimension 1 (where pu is the slope with respect to the ample line

bundle O¢(1) = w&), and hence a coherent sheaf on C' is p-(semi)stable if and only

if it is p-(semi)stable (in the sense of definition [3.2.5)), and this is equivalent to being

p-(semi)stable, where the (reduced) Hilbert polynomial is calculated with respect to wS".

Proof. We need to consider x(F(n)) = a1(F)n + ao(F) in order to determine p(F) =
ao(F) /a1 (F). Take a short exact sequence as given by lemma [3.2.17| and tensor it with
Oc<n):

0— F(n) — é(Lz)*E(n) — G(n) — 0.

Here, Fi(n) := F; @ Oc(n)|c,, and the fact that (B;_,(1:).F;) @ Oc(n) = @;_, (1) Fi(n)

can be verified by comparing stalks at an arbitrary point = € C;:
((ti)«F; ® Oc(n))e = (Fi)z ®oc, Oc(n)s
= (Fi): ®oc,, (Oc(n)|c;)s
= (i)« Fi(n))a-
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Now also note that G(n) = G: a skyscraper sheaf is not changed under tensor product with

an invertible sheaf. Then additivity of Euler characteristic gives us
X(F(n)) = x(G) + > _ x(Fi(n)),
and by applying Riemann-Roch to each of the locally free F;(n), we see that

ar(F)n+ag(F) = x(F®Oc(n))
= x(g>+Zx<E(n>>

= x(9) + Z deg(Fi(n)) +ri(1 = g).

Recall that r; was defined to be the rank of F at the generic point of C;, which is the same
as rk F; = rk F;(n). Calculating deg F;(n), we have
deg Fi(n) = deg F;+ (1k F;) - deg Oc(n)
= dl + nkwm,

C;

where d; := deg(F;) and the last equality follows from Og(1) = wS*, as we have assumed

that C' is k-canonically embedded. Therefore,

a1 (F)n + ao(F) = x(G) + Z (d; + nkwir; + (1 — ), (3.16)

and so

a(F) = kJZriwi, and
ao(F) = X(Q)+Zdi+n-(1—gi).

Thus,

i~

o(F)

a1 (F)
X(F(0))
kY riw;
1 x(F)
k>, riw;

= %up(f)-

This proves the first assertion. Since p and p? only differ by a constant positive factor,

wF) =

the second assertion follows immediately, and finally u-(semi)stability is equivalent to p-

(semi)stability in this situation since for sheaves F of pure dimension 1 we have
po(F,n) =n+ u(F),
hence for 0 # & & F we have u(€)(<L)u(F) if and only if po(E)(<L)po(F). O
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Hence, when working on k-canonically embedded stable curves, we shall switch between
the two definitions of slope freely, using appropriate notation (u or u”) to indicate which one
we refer to, and we shall drop any mention of p, 1 or uf when talking about (semi)stability
as all three notions coincide.

Given a pure sheaf F of dimension 1 and uniform rank r on a DM-stable curve C' of

genus g, define the degree of F by
e =deg(F) :=x(F)—r(1—g), (3.17)

extending the usual notion of degree for vector bundles. Now recall from subsection [3.1.2
that we embedded genus g > 2 DM-stable curves 10-canonically into PY where N =
10(2g — 2) — g. Let d = 10(2g — 2) and consider the Hilbert scheme H, 4y of genus g,
degree d curves in PY. Let H, C H,qn be the subset of non-degenerate 10-canonical
DM-stable curves of genus ¢ (this is a locally closed subscheme of H, 4 y). Given a rank
r > 1, a degree e and any curve C' € H,, the Hilbert polynomial of degree e, uniform

rank r, purely 1-dimensional sheaves F on C' with respect to Opn (1)|c = wi? is
for(n) = x(FRWE™) =e+7r(l—g)+r-10(29 — 2)n. (3.18)

This can be seen by the same argument as in the proof of lemma [3.2.18; given F, let F;
and G be as in lemma [3.2.17} then by (3.16]) with £ = 10 and r; = r for all i we have

fer(t) = x(G) + Z d; + 10tw;r + (1 — g;).
But by definition of e,
e+ (1= g) = X(F) = fer(0) = X(G) + > _di +7(1 = g.).
So in order to prove , we are left to show that
D wi=29-2 (3.19)
— but this follows from theorem [3.1.2] parts (g) and (a):

> wi = Y (20(Ci,Oc,) — 2+ 6)

(]

= ) (20i+240;, -2+ 6)

1

= 2((Zgi)+5—’/>

= 2(g—1),
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using the expression (3.3), 26 = >°,(2A; + 4;) by double-counting of all nodes, and the
genus formula for connected curves C; and C, respectively.

Now we can state the version of theorem needed for the ‘fibrewise GIT problem’
in section given C' € Hy, let

®10
C

Qq(C.b, f) = Quotg/speck(kb ® Oc, f), (3.20)

and as usual we have the Grothendieck embedding
Ui+ Qg(C.0, f) = Grass(f(m), (k* ® Sym™ (H°(C,w’)))") (3.21)

for all sufficiently large m (cf. subsection [2.3.3]). Composing with the Pliicker embedding,
Yy, gives us a linearisation of the SLy(k)-action on Q4(C, b, f).

Theorem 3.2.19 ([Pan96], theorem 2.1.1). Let g > 2 and r > 1 be integers. Then there
exist bounds e(g,r) and m(g,r, e) such that for each e > e(g,r) and each m > m(g,r,e)
and any curve C' with C' € H,, the following holds: a point (F,«) € Q4(C,b = f..(0), fer)
is GIT-(semi)stable for the action of SL;(k) with respect to the linearisation determined
by 1., if and only if F is (semi)stable of pure dimension 1 and the map « : k> — H°(C, F),

which is induced by the quotient map k® ® Or — F, is an isomorphism.

This is immediate from theorem [3.2.15/for X = C, S = Spec k, O¢(1) = wf?, and P =
fer, except that the bounds e(g, r) and m(g, r, ) (corresponding to ng and my, respectively)
are now uniform in C' € H,. Here, the choice of sufficiently high degree e corresponds to

the twisting parameter n in [Sim94a] in the following way: from (3.16)), we have

X(F(n) = x(Fews™)
= X(G)+ > di+ 10nwir +r(1 - g;)
= x(F)+10n- eri
= x(F)+ 10m’(2iq —2),

hence twisting by n (i.e. tensoring by w ™) gives a natural correspondence between (semi)stable,

uniform rank r, purely 1-dimensional sheaves of degrees e and e + 10nr(2g — 2):
e(F(n)) = x(F(n)—r(l—g) = x(F)+10nr(2g—2)—r(1—g) = e(F)+10nr(2g—2). (3.22)

Also note that b = fei10nr(2g-2),r(0) = e+7r(1—g)+10nr(29—2) = f.,(n), so bis determined
by n, once g, r and e are fixed.

Note that there are two slight differences between theorems |3.2.15[ (applied to X = C,
S = Spec k, Oc(1) = w®, and P = f.,) and [3.2.19 firstly, Simpson parametrises the
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sheaves F themselves, whereas Pandharipande’s Quot scheme parametrises F(n) for suffi-
ciently large n — this manifests itself in the choice of sheaf whose quotients are considered:
Pandharipande looks at quotients of k/» @ O (where P, := fei10nr(2g—2),r) With Hilbert
polynomial f.ii0nr(29—2),» While Simpson considers quotients of k"™ @ Oc(—n) (where
P := f.,) with Hilbert polynomial f., (note that, as seen above, P,(0) = P(n)). But as
tensoring by Oc(—n) gives a canonical SLp(,)(k)-equivariant isomorphism between those
Quot schemes, we may identify the two GIT problems. The second difference is that Simp-
son only looks at @n, the closure of the locus of pure sheaves in the Quot scheme (),, — this
is only for the sake of lemma 1.17 in [Sim94a] which states (in our sitatution on curves)
that for any sheaf F represented by a point of @,,, there is a sheaf F’ of pure dimension 1
with Hilbert polynomial P and an inclusion F/Fios < F'. The proof of this lemma given
in [Sim94a] might fail for F lying in irreducible components of @),, parametrising non-pure
sheaves (if any such components exist at all) which is why Simpson imposes the restriction
(F,a) € @n Simpson goes on to use this lemma when proving that GIT-(semi)stability
of (F,«) implies purity and (semi)stability of F and invertibility of «. However, for the
situation we need to consider (dim F = 1), we can do without this lemma (as we will show
below — see page @) allowing us to replace @n by @, throughout Simpson’s proof. Thus,
we may prove theorem by proving theorem [3.2.15, provided that we give bounds ny,
mgo which are uniform in C' € H,. We claim that a careful analysis of Simpson’s construc-
tion (together with one application of theorem to sheaves on fibres of Uy — H,,
where Uy is the universal curve over H,) in fact yields the uniform bounds required —
uniformity of the bounds would also be achieved by applying theorem directly to
X = Uy and S = H,, but since we want to replace @n by @, in passing from theorem
to theorem [3.2.19, we state the ingredients of the proof and give full detail where we

deviate from Simpson’s arguments.

3.2.4 Identification of the GIT-(semi)stable loci

This section sketches the proof of theorem [3.2.19] As explained at the end of subsection
3.2.3] we do so by proving theorem (with X = C, S = Spec k, O¢(1) = w?, and
P = f.,) together with the additional assertion that ny and mg may be chosen uniformly
in C' € Hy, and with @n replaced by Q.

We begin with n-regularity of all semistable sheaves on C, uniformly in C € H,:

Lemma 3.2.20. Let ¢ > 2, r > 1 and e > 1 be integers. Then there is an integer
n depending on g, r and e (but independent of C) such that for any C' € H,, every

semistable sheaf on €' with Hilbert polynomial f., is n-regular.

64



Moduli spaces: important examples

Proof. We can identify the collection
{s.s. sheaves on C' with Hilbert polynomial f., w.r.t. wyy = Opn(1)|c | C € H,}

with the collection of semistable sheaves on the fibres of Uy over closed points of H, with
Hilbert polynomial f,, (with respect to the line bundle pr5(Op~(1)) on Uy, where pr,
is the projection of Uy — H, x PV onto PV), but the latter collection is bounded by
an application of theorem to X = Uy, S = H, and Ox(1) = prj(Opn(1)). Then

uniform n-regularity follows by theorem [2.3.9] ]

We now state the key ingredients in Simpson’s proof of theorem (for X = C and
P = f.,) as given in [Sim94a], except that we adapt the statements using lemma
to make all choices of constants uniform in C' € H,. First recall that in the paragraph
immediately preceding theorem |3.2.15| we chose n such that semistable sheaves on C with
given Hilbert polynomial are n-regular, in order to parametrise them by a Quot scheme
Q, = Quotg/ck(l)(v ® Oc¢(—n), P); here and throughout this subsection, we set P := f.,
and V = k™ By virtue of lemma (together with lemma [2.3.6)), we can now pick
this n simultaneously for all C' € H, — call this value n;.

The second step towards choosing ny is a technical lemma whose proof we omit (but we

prove a parabolic analogue of this in full in chapter [4]in the higher-dimensional situation):

Lemma 3.2.21 (cf. [Sim94a], lemma 1.18). There exists ny (depending only on g, e and
r) such that for all C' € Hy, all n > ny and all semistable sheaves F on C' with Hilbert
polynomial P = f., the following is true: for all non-zero subsheaves & C F we have
M(Em) _ Pln)
a(€) T ai(F)
and if equality holds, then po(€) = po(F).

(3.23)

We now need to start choosing my, i.e. a suitable linearisation L,, (m > my), that
works for all C € H,:

Lemma 3.2.22 (cf. [Sim94a], lemma 1.15). Given n € N, there exists mi(n) € N (de-

pending only on g, e, r and n, but not on C') such that for all C' € H, and all m > my,

the following holds: suppose F is a quotient of V' ® O¢(—n) corresponding to a point of
10

Q.(C) = Quoté?k(V ® Oc(—n), P). For any non-zero subspace H C V, let Gy be the

subsheaf of F generated by H ® O¢(—n). Now suppose that for our given m € N and for

all 0 # H & V we have P(Gy,m) > 0 and
dim H o P(n)
P(G,m) "~ P(m)’
Then the point [F] of the Quot scheme is GIT-(semi)stable for the SLp,)(k)-action with

respect to L,,.
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There is a partial converse:

Lemma 3.2.23 (cf. lemma 1.16 in [Sim94a]). Given n € N, there exists ma(n) € N
(depending only on g, e, r and n, but not on C') such that for all C' € H, and all m > my(n),
the following holds: suppose F is a quotient of V' ® O¢(—n) corresponding to a point of
Qn = Quotg%/’l(V ® Oc(—n), P). For any non-zero subspace H C V, let Gy be the
subsheaf of F generated by H ® Oc(—n). Now suppose that [F] is GIT-semistable for
the SLp(,) (k)-action with respect to L,,. Then for all 0 # H C V we have a,(Gy) > 0,

dimGy = dim F =1, and
dim H . P(n)

al(gH) N Gl(]:)'

We will also need the following corollary of lemma |3.2.23

(3.24)

Corollary 3.2.24. Under the same hypotheses on F as in lemma(3.2.23and for m > ms(n),
let IC be any quotient of F. Then

(k) _ P(n)

O Zal (3.25)

Finally, we need the following cohomology bound for sheaves parametrised by our Quot

schemes @),

Lemma 3.2.25 (cf. [Pan96], lemma 3.1.1). Fix integers g > 2 and r > 1. For all C' € H,
(i.e. 10-canonically embedded DM stable curves of genus g), all e > 1 and all n > 1, we
have h'(C, F(n)) < (29 — 2)?rg for all F € Q,.

Proof. Recall that (by abuse of notation — see convention [1.4.5)) the sheaf V' ® O¢(—n)
denotes the trivial vector bundle of rank P(n) twisted by —n, i.e. k"™ @ Og(—n) is (non-

OP() 50 we have a surjection

canonically) isomorphic to O?P(n) ® Oc(—n) = Oc(—n)
Oc(—n)®PM — F — 0. Thus, 05" — F(n) — 0, i.e. F(n) is generated by its global
sections. But F € @, has Hilbert polynomial f, , with respect to w(?, so if F has multirank

(r1,...,7r,), then by comparing (3.16]) and (3.18]) we have
Z riw; = (29 — 2)r,
i=1

sor; < (29 —2)r for 1 < ¢ < v. Hence, F € @, has generic rank less than (29 — 2)r on
each irreducible component of C, and the same holds for our globally generated F(n): the
rank does not change by twisting up, as shown by (3.16)), for example. Thus, we have an

exact sequence
OS2 _ F(n) = T — 0
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where 7T is a sheaf of dimension 0, and v is the number of irreducible components of C'. The
associated long exact sequence in cohomology shows that h!(C, F(n)) < h1(C, OZ"?972)7),

Since cohomology commutes with direct sums, we have

RY(C, F(n)) v(2g — 2)r - K (C, O¢)

<
< (29 - 2)27“9,

because h!(C, O¢) = g (by definition of genus for a stable curve), and because w¢ is ample
and of degree 2g — 2 for a stable curve, so the number of components is bounded above by
v<29—2. O

With the previous five results in place, we can now put all the pieces together and
complete the proof of theorem [3.2.19} i.e. theorem [3.2.15 with mg and ng uniform in C' € H,
and valid for all of @,, (rather than just @n) We will choose ng and mgy as we go along.
Throughout, given n, assume that m(n) is sufficiently large so that the Grothendieck map

U, embeds @), into a Grassmannian.

{If’: Take [F, a] € @, (i.e. we have a quotient o : V®@O¢(—n) — F — 0 such that F has
Hilbert polynomial P with respect to O¢(1)) and assume that F is (semi)stable and the
map « : V — HY(F(n)) is an isomorphism; we are required to prove that [F,a] € Q, is
GIT-(semi)stable with respect to the linearisation determined by ,,. By lemma it
suffices to prove that there is m(n) such that for all m > m(n) and all non-zero subsheaves
G C F generated by a subspace of H(F(n)) (which is identified with V' via a), we have

h°(G(n))
P(G,m)

Now take n > ng := max(n;,ny) where ny is as in lemma [3.2.20, and ny is as given by
lemma(3.2.21} i.e. such that for all C', all semistable sheaves F on C' with Hilbert polynomial

P(n)
P(m)

(<) (3.26)

P, and all non-zero subsheaves G C F we have

10G(n) _ P(n)
(@) S a(F)

(3.27)

and if equality holds, then py(G) = po(F). But once n > max(ny, ny) is fixed, the collection

{G C F | G generated by a subspace of H°(F(n)), F semistable sheaf on C

(3.28)
with Hilbert polynomial P,C' € H,}

is bounded — this can either be shown by a double Quot scheme argument (proposition

2.3.11]), or we can bound this collection by @, x Grass(V*), where Grass(V*) is the total

Grassmannian of subspaces of V.
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In particular, the set of Hilbert polynomials P(G) for G in (3.28)) is finite, so we can
increase m(n) further such that for those G C F where we have strict inequality in ([3.27),
we get with strict inequality for all m > m(n). This completes the stable case, and
the case of non-critical G C F for strictly semistable F. If equality holds in , then
G C F is a critical subsheaf, i.e. po(G) = po(F). Thus, dividing the left-hand side of
by po(G,m) = P(G,m)/a;(G) and the right-hand side of by po(G, m) = po(F,m) =
P(m)/ai(F) gives with equality.

‘Only if”: Increase mg(n) further to be greater than my(n) as given by lemma , and
consider m > mgy(n). Take [F,a] € @, and assume that [F, o] € @, is GIT-(semi)stable
with respect to the linearisation determined by 1,,; we are required to prove that F is
(semi)stable and the map V — H°(F(n)) induced by « is an isomorphism. At this point,
Simpson quotes lemma 1.17 in [Sim94a] which is the reason why he needs to restrict to
F e @n To get rid of this restriction, we replace Simpson’s use of lemma 1.17 by an ad-hoc
argument that relies on the fact that our sheaves are based on curves (a careful analysis
of the following argument shows that the only form in which the hypothesis dim F =1 is
used repeatedly is the fact that the torsion subsheaf does not change under twisting, as it
is a skyscraper sheaf).

First, notice that by lemma [3.2.23] the map V — H°(F(n)) induced by o must be
injective for GIT-semistable [F, «]: suppose not, let H C V' be the non-zero kernel, then
Gy = 0, s0 a1(Gy) = 0 and we have a contradiction with lemma . Next, we show
that F must be pure and the map o : V — H°(F(n)) an isomorphism.

Suppose that F has a proper non-zero subsheaf G of dimension 0. Then G is generated
by global sections of F(n): as G(n) = G for a skyscraper sheaf and as F(n) is generated
by its global sections for any quotient F of V' ® Og(—n), we see that G is generated by
H°(F(n)) as H°(F(n)) generates F(n), D G(n), = G, for allz € C. Let G be the subspace
of H°(F(n)) that generates G; as G # 0, we also have G # 0. Now if the image of the map
a:V — H°(F(n)) meets G, then let H be the preimage of G in V| necessarily H # 0. In
the notation of lemma |3.2.23, we have Gy C G, so the assumption that dim G = 0 implies
dim Gy = 0 and hence contradicts GIT semistability of F by lemma [3.2.23] Therefore, for
all GIT-(semi)stable [F,a] € @, and all non-zero subsheaves G C F of dimension 0, we
see that the image of @ in H(F(n)) does not meet G D H(G(n)) = H°(G), so for all such
F and G we have

hO(G) < RO(F(n)) — dim (Im @) = R°(F(n)) — P(n) = h'(F(n)), (3.29)

using injectivity of « for dim (Im «) = P(n).
Now let F' := F/ Fiors, Where Fiops is the maximal subsheaf of F supported in dimension

< dim F = 1, hence Fi,; is a skyscraper sheaf and F/Fio is a pure sheaf of dimension 1
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with Hilbert polynomial P(F’ n) = x(F(n))—x(Fios(n)) = P(n)—h°(Fiors) = P(n)—c(F)
for some non-negative integer ¢(F), using that skyscraper sheaves are unchanged under

twisting. Now observe that
c(F) = h2(C, Fiors) < I (F(n)) < (29 —2)*rg

where the first inequality is by equation , and the second inequality follows from
lemma [3.2.25] Thus 0 < ¢(F) < (29 — 2)?rg and there are only finitely many c(F)
occurring for all C', n and F € Q,.

By corollary we have for any quotient 7' — G — 0:

1(G(n) _ P(n)
(@) ~ w(F)

since G is also a quotient of the GIT-semistable sheaf F € @,,. Since F' is pure, it has a

(3.30)

Harder-Narasimham filtration — for each F, let G be the last step in the Harder-Narasimham
filtration of F', i.e. the quotient of 7" with the smallest non-zero slope 1 = p(G). Taking

(3.30) together with theorem [3.2.14] applied to the sheaf G(n), we obtain

P(n) _ 1%(G(n))
7 < 0 (0) <u@G)+n+B (3.31)

for some integer B depending only on r but not on C', G or n. Since P is fixed, there is an

integer ¢ (independent of C', n and F) such that
P(n)
a1 (F)
for all n (e.g. ¢ := [aog(F)/a1(F)] will do). Then n—c < u(G)+n+ B, ie. u(G) > —B—c.
Thus we have shown that for all C, n and GIT-semistable F € @, all quotients of F’

have slope bounded below, hence all non-zero subsheaves of ' have slope bounded above

>n—c (3.32)

(independent of n). Recall that the F also have only finitely many different Hilbert
polynomials (namely P—c(F) where 0 < ¢(F) < (29—2)%rg), so by theorem|[3.2.13| (applied
with S = H, and X = Upy) the sheaves F’ vary in a bounded collection, independent of n.
In particular, we may increase ngy such that the F” are all ng-regular, and so for all n > ng
we have h%(F'(n)) = P(F',n) = P(n) — ¢(F) and F'(n) is generated by global sections.
Now applying corollary to the quotient F’ of F, we have
W(F(n) _ B(F () _ Pn)
ay(F) a(F) T a(F)
ie. P(n) < hO(F'(n)) = P(F',n) = P(n) — ¢(F) - hence ¢(F) = 0, so (for GIT-semistable
F € Q,) F = F' is pure and remains in a bounded collection independent of n. We also
have h°(F(n)) = P(n). Recall that at the start of the ‘only if” argument, we had shown

that a: V' — H°(F(n)) is injective, so by counting dimensions it is an isomorphism.

(3.33)
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We have shown that F is pure and « an isomorphism, it remains to show that F satisfies
the (semi)stability condition on subsheaves. Suppose there are any GIT-semistable but not
semistable F — for each such F choose a quotient corresponding to a destabilising subsheaf,

i.e. a quotient G of F such that
P(G) P

<
ai(G)  a(F)
— since the GIT-semistable F € @,, vary in a bounded collection (uniformly for all C' and

(3.34)

n) as seen above, and since we can choose the G to have only a finite number of Hilbert
polynomials (as the existence of a Harder-Narasimham filtration for pure F allows us to
pick G corresponding to maximal destabilising subsheaves, we conclude by proposition
that the G form a bounded collection, so we may increase ng such that for all n > ng

P(G,n) _ P(n)
() ~ a(F)

and also h°(G(n)) = P(G,n). But for GIT-semistable F, this contradicts corollary [3.2.24]
hence there are no GIT-semistable F that are unstable. This completes the ‘only if” case
for GIT-semistable F.

Suppose that there are GI'T-stable F € (),, which are strictly semistable. For each such
F, pick 0 # & ¢ F with po(€) = po(F). Writing V := k™ W = H°(Oc(m — n)),
B := H°(F(m)) and H := H°(E(n)) C H°(F(n)) =V, we apply proposition 2.2.6} as the
F remain in a bounded collection and as there are finitely many choices for P(£) (namely
a1(E)po(F) for 1 < a1(€) < ay(F)), by proposition the £ remain in a bounded

collection, so we may increase ng and mg further such that the £ and F are both ng- and

(3.35)

mo-regular. In particular, for all n > ngy and all m > my, £(m) is globally generated, hence
Im(H @ W) = H°(E(m)) (where Im(H ® W) is the image of H ® W in B), and
dim H h°(E(n))  P(E,n)  P(F,n) P(n)

W(Em))  R(Em)) PE,m) P(F.m) h(F(m)) (3.36)

(where the third equality uses po(E) = po(F)). Then

dim H _dimV
dimIm(H @ W)  dim B’

so by proposition [2.2.6] F maps under the Grothendieck embedding 1,,, to a point which is
not GIT-stable in the Grassmannian, hence by proposition F € Q, is not GIT-stable
in the Quot scheme, contradicting our hypothesis.

This concludes the proof of theorem [3.2.19|

Remark 3.2.26. The above proof of theorem [3.2.19 does not depend on the assumption
that the schemes C are 1-dimensional, except for the ad-hoc argument which allows us to
consider the GIT problem of SLp@) ™~ @, instead of SLp@) @n (recall that @n was
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defined as the closure of the set of points [F| € @, corresponding to pure sheaves F).
Indeed, theorem was proved by Simpson for families X — S of projective schemes
of arbitrary dimension and thus can be applied to give ‘uniform’ moduli of sheaves on base
schemes Y varying in a bounded family themselves: if the base schemes Y are embedded as
subschemes (with some fixed Hilbert polynomial i with respect to Opn (1)) of an ambient
space PV, i.e. if the Y range over points in some part H of a Hilbert scheme parametrising
subschemes of PV with Hilbert polynomial h, take S = H and X = Uy the universal
family over H. Then the collection of all semistable sheaves F on any Y € H with Hilbert
polynomial P (with respect to Opn (1)|x) is the same as the collection of semistable sheaves
on the fibres of Uy over closed points of H with Hilbert polynomial P with respect to
prs(Opn (1)), where pr, is the projection of the universal family Uy < H xPY to PV, Thus,
theorem can be applied directly to give an analogue of theorem for higher-
dimensional base schemes Y varying in H (and with constants ng and mg independent of
Y] e H).

Remark 3.2.27. The subscheme of @n corresponding to p-semistable sheaves £ and iso-
morphisms « (which by theorem is precisely the GIT-semistable locus of @n) satifies
the local universal property for the functor M(Ox, P), and the group action of SLp,) (k)
on the GIT-semistable locus of @n satisfies the condition of theorem , so Simpson’s
GIT quotient Q,//SL p(n)(k) (with respect to the linearisation determined by the embed-
ding ,,) gives the moduli space M (Ox, P) of semistable sheaves on X/S with Hilbert
polynomial P, a coarse moduli space for M(Ox, P) which is projective over S. In par-
ticular, Simpson identifies the points of the GIT quotient Q,//SL p(n)(k) (which a priori
correspond to S-equivalence classes in the sense of GIT, see section as the S-equivalence
classes (in the sense of Jordan-Hélder filtrations, see definition of semistable sheaves:
by theorem [2.2.1] this reduces to showing that the closures of the orbits of two semistable
sheaves Fi, F; in @, intersect if and only if gr(F;) = gr(F2), and Simpson proves this using
an argument from |Gie77): write F as an extension of some of its Jordan-Hélder factors,
then there is a family parametrised by A! which is isomorphic to F away from 0 € A and
isomorphic to the direct sum of the JH factors at 0. Repeating this process shows that the
orbit of gr(F) lies in the closure of the orbit of F, and is indeed a closed orbit.

3.3 Pandharipande’s universal moduli of sheaves on
stable curves

In this section, we explain Pandharipande’s construction of universal moduli spaces of slope-
semistable vector bundles (or torsion-free sheaves of uniform rank, to be more precise) on
stable curves. (We continue to use the notation introduced in subsection from page
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onwards.) Following |[Pan96|, we construct such spaces as GIT quotients of a suitable
relative Quot scheme by a product of two special linear groups, where one of the factors acts
on the bundles part of the problem only, whereas the other factor acts on curves as well as
bundles (via the bundle isomorphisms induced by isomorphisms of the curves). There are
two (related) aspects of [Pan96] which we modify: we replace Pandharipande’s treatment of
what he calls the ‘fibrewise GIT problem’ (i.e. his approach to studying SLpg,)y ~ Qn(C)
for a fixed curve C, where @Q,(C) is the same Quot scheme of a certain sheaf on C as
in the last section) by the Simpson-style construction of section , since this is more
suitable for generalisations. To do this, we change the (global and fibrewise) Quot schemes
used by Pandharipande slightly — this is for the sake of compatibility with section [3.2}
Pandharipande’s relative Quot scheme Q,(u, n, f) parametrises F(n) where F ranges over
the sheaves which we are interested in, whereas we use a Quot scheme Q% (depending on
a parameter n) that parametrises the sheaves F themselves (cf. the observations at the end
of subsection for why these two approaches are equivalent). Throughout this section,
we work over Spec k, where k is a fixed algebraically closed field of arbitrary characteristic.

In [Pan96], a compactification for the moduli problem of pairs (C, F) is given, where
F is a slope-semistable vector bundle (of degree e and rank r) on a non-singular curve C'
of genus g > 2. Specifically, Pandharipande constructs a projective variety m functo-
rially parametrising equivalence classes of slope-semistable pure 1-dimensional sheaves on

Deligne-Mumford stable curves of genus g > 2 satisfying the following:

e The set Uj(e,r) of equivalence classes of pairs (C, F), where C is a non-singular genus
g curve and F' is a slope-semistable vector bundle on C', corresponds functorially to

a dense open subset of Ug(e,r);

e U,(e,r) maps to M, (the moduli space of DM-stable curves) via a morphism 1 making

Uy(e,r)——=U,(e,r)

I

My————— Mg

commute, where U, (e, ) — M, is just the forgetful map (and M, is the moduli space

of smooth curves of genus g);

e for each [C] € M,, there is a natural isomorphism 7~ *([C]) = Mc(e,r)/Aut(C),
where M¢ (e, r) is the coarse moduli space of degree e, rank r slope-semistable vector

bundles up to S-equivalence on C. (Here, S-equivalence is defined using Jordan-
Holder filtrations, see definition [3.2.7])
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Recall from definition [3.2.16| that for a pure sheaf F of dimension 1 on a 10-canonically
embedded DM-stable curve C' of genus g > 2, Pandharipande defines the slope of F to be

P X(F)
F) = =<—— 3.37
W) = (337)
where w; is the degree of the restriction of the dualising sheaf we to C; (with Cy,...,C,

being the irreducible components of C') and the tuple (ry,...,r,) is called the multirank of
F (where 7; is the rank of F at the generic point of C;). As we have seen in lemma[3.2.18]
this is essentially the same as the slope of F (with respect to Oc(1) := Opn(1)|c = w,
where C' < PY is induced by wl?) in the sense of subsection , so as in subsections
and we shall continue to say that a purely 1-dimensional sheaf F on C' is (semi)stable
if satisfies any of the equivalent conditions of u-(semi)stability, u”-(semi)stability, or p-

(semi)stability.

3.3.1 The GIT set-up

As in subsections [3.2.3] and [3.2.4] let

e =deg(F) :=x(F)—r(1l—g). (3.38)

be the degree of purely 1-dimensional sheaves F of uniform rank r on a DM-stable curve
C of genus ¢g and let H, be the locally closed subscheme of H, 4y parametrising non-
degenerate 10-canonical DM-stable curves of genus g, where H, 4 v is the Hilbert scheme of
genus g, degree d = 10(2g — 2) curves in P, the projective space into which all DM-stable

curves of genus g are 10-canonically embedded. Let
for(n) =x(FRWE") =e+7r(1—g)+1-10(29 — 2)n (3.39)

be the Hilbert polynomial (with respect to Opn(1)|c = wl?) of degree e, uniform rank r,
purely 1-dimensional sheaves F on C for any C' € H, (see the argument following
for why this is the correct Hilbert polynomial). We often write P for f., (as the degree
e € Z and the uniform rank r > 1 will be fixed throughout section .

The compactified moduli space m is obtained via a GIT construction: First, the
problem is rigidified by adding isomorphisms kN1 — H°(C, wl) and k™ — HO(C, F(n))
(for sufficiently large n) to the data of pairs, where N = 10(2g — 2) — g by Riemann-Roch,
and P(n) = h°(F(n)), assuming that F(n) is generated by its global sections and that its
higher cohomology vanishes. For sufficiently large n, these assumptions are consequences
of semistability: the statement that all semistable sheaves of uniform rank r and degree e
are n-regular for some uniform n (lemma gives us just what we need.
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The parameter space for the rigidified pairs is given by the relative Quot scheme

Qi = Quotg " © Oy, (), P),

where Uy < H, x PV is the universal curve (i.e. the universal family over the Hilbert
scheme H, 4 n, restricted to the subset H, C Hy 4 ), and pr, is the projection of Uy onto
PN. Note that since Uy is projective over H,, theorem implies that QY is projective
over H,. Let 7 : Q"¢ — H, be the map given by the construction of the Quot scheme;
recall from lemma that the fibre of Q"® over C' € H, is the Quot scheme

Qu(C) = Quotdh) (k"™ @ Oc(—n), P),

for quotients on the curve C. By the results of section 2.3 we have the closed embedding
(Grothendieck embedding)

U : Qgig — Hy Xgpeck Grass(]kp(”) ® HO(P]{gva Opn (m — n)), P(m))
F = (2(FD, BO(Fm))
for all sufficiently large m, say m > my. Recall from subsection Gieseker’s (semi)stability

results for the Grothendieck embedding zZs of the Hilbert scheme H, 4y for sufficiently
large s: if s > so(g), then

Wby : Hyan — Grass(HO(BY, Opn (s)), h(s)),
is a linearisation of the natural SLy-action on H, 4 with respect to which
(a) H, is contained in the GIT-stable locus; and
(b) H, is closed in the GIT-semistable locus.

Here, h(s) := ds — g + 1 is the Hilbert polynomial of subschemes parametrised by Hy 4 n.
Composing v, with 125 x id (for s > s¢(g)) and with the relevant Pliicker embeddings,
we get an embedding

h(s) P(m)
Jom: Qe 5P| N\ HO®Y, Opx(s) | xP [ A (kP(”) ® HO(PY, Op (m — n))>

(3.40)
which makes it clear that the natural SLy, ;- and SLp,-actions commute on Q'ffg, hence
giving an action of SLy 41X SLp(,) on QY. Define Q, to be the subset of Q28 corresponding
to quotient sheaves F on curves C' such that F has uniform rank » on C' - this is an open
and closed subscheme (i.e. a union of connected components) of Q% (see lemma 8.1.1
of [Pan96]) and invariant under SLy4; X SLp(,). Then the object of study of this GIT

construction is the action of SLy; X SLp(,) on @,.
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The strategy for solving this GIT problem (due to Pandharipande) involves the following
steps: we begin with a result in abstract GIT giving a choice of linearisation of the SLy,1 X
SLp)-action for which @), is entirely contained in the SLy,i-stable locus and closed in
the SLy1-semistable locus — the trick here is to weight the curves part of the problem
heavily in comparison to the bundles part. This allows us to import Gieseker’s results
for the SLyi-action on H, from subsection Next, it is shown that with respect to
the same linearisation, the SLy;1 x SLp(,)-(semi)stable loci equal the SLp(,)-(semi)stable
loci, respectively (since SLp(,) only acts on the second factor in corresponding to
the bundles part, the weighting is irrelevant to the GIT problem for SLp(,) alone) — so by
choosing n and m large enough to apply the results of section to what Pandharipande
calls the ‘fibrewise GIT problem’, i.e. the action of SLp(,) on the fibre 771(C') = Q,(C) for
any fixed C' € H,, the (semi)stable loci can be identified. We replace Pandharipande’s own
study of the fibrewise problem, which takes up a large part of his construction (sections
2-6 of [Pan96]), by the procedure of section , as this makes generalisations to parabolic
sheaves (and possibly higher-dimensional base schemes) easier. We also note that the
last step of Pandharipande’s argument, where he uses results of Seshadri from [Ses82] to
characterise which points in the parameter space get identified in the quotient, can be
modified using Simpson’s ideas so that it also passes from curves to higher-dimensional

schemes.

3.3.2 Choice of suitable weights and construction of U,(e,r)

We first quote a result from section 7 of [Pan96| on the abstract GIT problem of a special
linear group acting on a product of projective spaces, allowing us to analyse the SLy,1-
action on @7, linearised by the embedding — note that SLp(,) only acts on one of
the projective spaces in . We omit the proof of this result, as it does not require
any change from that given in [Pan96|; however, we emphasise that this is the crucial tool
for universal moduli constructions, allowing us to bring together moduli constructions for
the base schemes (e.g. stable curves) with moduli constructions for sheaves (e.g. torsion-
free sheaves or parabolic sheaves on a fixed curve). Note that Hu has an alternative
approach to universal moduli constructions in [Hu96|, but this method only works over
k = C as it utilises the connection between GIT and symplectic geometry: Hu studies
GIT-(semi)stability via moment maps.

Let V., W, Z be finite-dimensional k-vector spaces. Given two homomorphisms

C:SL(V) — SL(Z)
and w:SL(V) — SL(W),



3.3 Pandharipande’s universal moduli of sheaves on stable curves

we have SL(V')-actions on P(W) and P(Z) together with natural linearisations. For the
induced SL(V')-action on P(Z) x P(W), the linearisations Op(z)(a) ® Opyy(b) are indexed
by (a,b) € Z2, (these are all ample linearisations since Pic(P(Z) x P(W)) = Z & Z).
Write pry, : P(Z) x P(W) — P(Z) for the projection onto the first factor, and use [a, b]
as a subscript to indicate the linearisation of P(Z) x P(W') with respect to which GIT-
(semi)stability is described (for the SL(V')-actions on P(Z) and P(W) individually, we use

the linearisations given by ¢ and w).

Proposition 3.3.1 ([Pan96|, propositions 7.1.1 and 7.1.2). There are integers k;({,w) and
kss(C,w) such that for all k > k;

prz (P(2)) C (P(Z) x P(W))jiy (3.41)

and for all k& > k,,
(P(Z) x P(W))ii 1y C pry' (P(Z)%). (3.42)

These facts are proved by Pandharipande via explicit calculations involving the Hilbert-
Mumford criterion and notions of stability depending on choices of parameters — the proof
is elementary, but takes up a few pages (see section 7 of [Pan96|). Note the simple but
elegant idea here: faced with a group action on a product of projective spaces, weighting
the linearisation heavily on the first factor means that pairs (z,w) € P(Z) x P(W) with z
stable are necessarily stable as pairs, and pairs (z,w) are automatically unstable whenever
z is unstable. In the present context, this is why Pandharipande’s universal moduli space
only includes pairs (C, E) with the underlying curves already DM-stable — if C' is not DM-
stable (hence not GIT-semistable in Gieseker’s construction, see part (a) of theorem [3.1.3),
then the pair cannot be stable, no matter how well behaved FE is.

Now, for the rest of this section, use the superscripts s and ss to denote GIT-(semi)stability
with respect to SLy1 XSLp(,), primed superscripts s’ and ss’ to indicate GI'T-(semi)stability
with respect to SLy,1, and double primes s” and ss” to denote GIT-(semi)stability with
respect to SLp(,,). Set s := s0(g) to be the constant from theorem needed to guarantee
that Gieseker’s GIT analysis of the linearisation given by the Grothendieck embedding 1),
holds. Pick m and n large enough so that theorem about the fibrewise GIT problem
holds, and let

h(s)
Z = [\ H'P", Opn(s))
P(m)
and W := /\ <]kp(") ® H(PY, Opn(m — n))),
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so SL(V') := SLy,1 acts on P(Z) x P(W) in the way described above. Let k := max(ks, k)
given by proposition for this set-up. Then we have

/

pr;' (P(2)*) C (B(Z) x (W), (3.43)
and (P(Z) x P(W))iy; C pry' (P(Z)™). (3.44)

From (a) in subsection we have H, C P(Z), so from (3.43)), we have
Qp, C Hy x P(W) C (P(Z) x P(W))j.yy- (3.45)

Condition (b) of subsection says that H, is closed in P(Z)*, so by continuity of
pry, Hy, x P(W) is closed in pr,'(P(Z)*"). But as Q7 is projective over H,, it is closed in
H, x P(W), thus closed in pr,'(P(Z)*), so in particular

Q;, is closed in (P(Z) x P(W))iy;, (3.46)

which is a subset of pr'(P(Z)**') by (3.44).
It follows immediately from the general definitions that if a point z is GIT-(semi)stable
with respect to an action by some group G, then it is GIT-(semi)stable with respect to any

subgroup H < G (and the same linearisation as for (), so

/

(P(Z) x PW))iyy € (P(Z) x P(W))E
which together with (3.46|) shows that
(Q;)f,f” is closed in (P(Z) x ]P’(W))f,fﬁl}. (3.47)

Hence, if we define
U(e7) = (@) //(SLasr % SLog). (3.49)

then Uy(e,r) is a projective k-scheme by |D and theorem m
This completes the first step of the plan mentioned at the end of subsection |3.3.1]

Pandharipande’s next step is the observation that the GIT-(semi)stable loci in @], with
respect to SLy41 X SLp(,) coincide with those for SLp(,): by the same general remark

about GIT-(semi)stability with respect to subgroups as above, we certainly have

1"

@)y € (@i (3.49)
and (QL)iy C (Qu)iy (3.50)

In fact, these are equalities, as Pandharipande proves in proposition 8.2.1 of [Pan96| by an
explicit application of the Hilbert-Mumford criterion using only (3.45]) — so in particular for

our universal moduli construction in chapter [5] these equalities also hold provided we have
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3.3 Pandharipande’s universal moduli of sheaves on stable curves

an analogue of . Together with theorem , this concludes the study of the GIT-
(semi)stable loci (for n > ng, m = my), showing that the points of (Q;;)f,j)f] are precisely the
[F,a] with F a purely 1-dimensional slope-(semi)stable quotient k™ @ Oc(—n) — F — 0
of uniform rank r and degree e on a DM-stable 10-canonical curve C' C PV of genus g,
and a : k™ @ H(C,Oc(—n)) — H°(C,F) an isomorphism. (Note that we are implicitly
using lemma here: the GIT-(semi)stable points in @ lying over C' € H, are the
exactly the GIT-(semi)stable points in Q7 (C), the fibre of Q! over C, and those are the
ones characterised by theorem .

It remains to identify the points of W in terms of the SLy; x SLp,-orbits on
(Qr)**. A simple argument of Pandharipande (pp. 456 — 457 of [Pan96|) shows that if
£ e (Qn)}iq lies in the closure of the SLyyi x SLp(,)-orbit of & € (Q7)f,), then the
SLy41-orbit of § intersects the closure of the SLp(,)-orbit of . But by Simpson’s results
for the fibrewise GIT problem (see remark , the closures of the SLp(,)-orbits of two
sheaves F7, Fo over the same curve C intersect if and only if F; and F, are S-equivalent
(Pandharipande quotes results of Seshadri in [Ses82] to get the same result, but these only
appear to be valid for curves, whereas Simpson’s arguments hold in arbitrary dimension),

so taking account of the SLy . -action as well, we arrive at the following result:

Theorem 3.3.2 ([Pan96|, theorem 8.2.1). The closed points of the projective k-scheme
W correspond to aut-equivalence classes of slope-semistable purely 1-dimensional
sheaves of uniform rank r and degree e on DM-stable curves of genus g, where two S-
equivalence classes of sheaves on the same curve C' are said to be aut-equivalent if they
differ by an automorphism of C', and the slope of a sheaf F on a (possibly reducible stable)
curve (' is given by , i.e. using the invertible canonical sheaf to define slope and
Hilbert polynomial (cf. lemma [3.2.18).

In particular, the fibre of U, (e, r) over any fixed curve [C] € M, is just Mc (e, r)/Aut(C)
where m is the moduli space of pure 1-dimensional (i.e. ‘torsion-free’) sheaves of

uniform rank r and degree e on C.

In section 9 of [Pan96|, Pandharipande completes the proof that m is a coarse
moduli space for the moduli problem of pairs under consideration (theorem 9.1.1 of [Pan96|
shows the required universal property, using that the Quot scheme @) clearly satisfies the
local universal property for families of pairs (C,F)). In the last sections of the paper,
some basic geometric properties (irreducibility and normality) of m are derived, and
it is shown that in the rank 1 case, Pandharipande’s coarse moduli space coincides with the

compactification of the universal Picard variety which had been obtained earlier in [Cap94].

78



Chapter 4

Moduli of parabolic sheaves on a
family of projective schemes

4.1 Background and overview

Parabolic bundles on smooth curves with marked points were introduced by Mehta and
Seshadri to extend the Narasimhan-Seshadri correspondence to open Riemann surfaces:
this classical correspondence states that for a smooth projective complex algebraic curve
(equivalently, a compact Riemann surface) C' of genus g > 2, isomorphism classes of uni-
tary representations of the fundamental group of C' correspond to S-equivalence classes
of semistable (holomorphic) degree 0 vector bundles on C', and the former are irreducible
whenever the latter are stable. Thinking about how to extend this theorem to the case
of non-compact Riemann surfaces C'\ {z',... 2"} led to the definition of parabolic bun-
dles [MS80]: a parabolic bundle E¥ on a smooth projective marked curve (C,z', ... 2") is
a vector bundle E on C together with a (partial) flag|

(') = F{(E) > F{(E) > -+~ > F,(B) =0 (4.1)

of subspaces in the fibre at each point 2 € C, and a collection of weights 0 < o} < --- <
O‘?i < 1 determining a notion of parabolic degree
n l;
par—deg E := deg E + Z Z o (dim Fj(E) — dim F}, | (E)) (4.2)
i=1 j=1
and thus a slope-stability condition for these objects. Mehta and Seshadri constructed mod-
uli spaces for parabolic bundles of fixed flag type (i.e. dimension vector for the flag), fixed
parabolic degree and parabolic weights, and showed that isomorphism classes of unitary

representations of 7 (C'\ {z!,...,2"}) with fixed holonomy around the punctures x’ given

'Recall convention inclusions denoted by C and D will be not necessarily strict, unless explictly
stated otherwise. In particular, we may have F/(E) = F},,(E) for some j in (4.1).
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by the oz;'- (with repetitions/multiplicities) correspond to S-equivalence classes of semistable
parabolic degree 0 bundles of weight Oé; (and flag type given by the multiplicities of the
aé) on (C,z', ..., 2"), and irreducibility of the representation corresponds to stability of
the parabolic bundle again.

The concept of parabolic bundles was subsequently extended to higher-dimensional
smooth projective varieties [Bho92|, [MY92], [Yok93] marked by divisors, and to arbitrary
projective schemes [[na00]. As in the moduli theory of sheaves without augmentations
[Sim94a], one needs to consider pure sheaves instead of vector bundles to obtain complete
moduli spaces when working on projective schemes of any dimension and singularity type.
The notion of parabolic structure generalises naturally to this context: given a projective
scheme X marked by an effective Cartier divisor D, a ‘parabolic sheaf’ means a pure
coherent sheaf £ (whose support may have strictly smaller dimension than X) such that
dim(D N Supp &) < dim Supp &, together with a filtration by subsheaves whose last term
is £(—D) and with a collection of parabolic weights (see definition [£.2.1). Among the
moduli constructions available to date, the most general (as far as the support schemes
are concerned) is Inaba’s moduli space [Ina00] of stable parabolic sheaves on a flat family
X — S of projective schemes (with a base S only assumed to be noetherian, not necessarily
over an algebraically closed field) marked by a single relative effective Cartier divisor.

In this chapter, we content ourselves with a flat family X — S of arbitrary projective
schemes with base S of finite type over an algebraically closed field k (of any characteris-
tic), but we allow markings by any finite number of divisors. The aim of this chapter is to
construct S-projective coarse moduli spaces for semistable parabolic sheaves (of fixed nu-
merical type, i.e. parabolic weights, Hilbert polynomial, and flag type) on such families. In
[Ina00], Inaba deals with stable parabolic sheaves only, giving a coarse moduli space which
is at best quasi-projective over S (even this is not clear as the moduli space is constructed
as an inductive limit of quasi-projective schemes). We extend and simplify Inaba’s method
by following some of the ideas in Simpson’s construction [Sim94a] of moduli of semistable
pure sheaves more closely and in particular by strengthening the boundedness results which
Inaba works with (and for this purpose we impose the extra assumption that S be finite
type over k).

More specifically, Inaba works with an auxiliary notion of e-stability: let X be a projec-
tive scheme polarised by a very ample line bundle Ox (1). Then [Ina00] calls a d-dimensional

parabolic sheaf e-stable if it is stable (i.e. pp-stable, where py is the reduced parabolic Hilbert

polynomial with respect to Ox (1), see definitions |4.3.1) and |4.3.4)) and if in addition its re-

striction to the intersection of any d—1 general divisors in the linear system |Ox (1)] satisfies
an modified slope-stability concept depending on e € Z. In [Ina00] only the collection of

e-stable parabolic sheaves of given numerical type is shown to be bounded. We strengthen
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this by proving that the collection of all semistable parabolic sheaves on X/S of fixed nu-
merical type is bounded (see section and hence can be parametrised by a Flag-Quot
scheme. The strategy for our boundedness result is to reduce the problem for parabolic
sheaves to that for the underlying coherent sheaves: we use intersection theory to show
that for all semistable parabolic sheaves of fixed numerical type the underlying coherent
sheaf has uniformly bounded p-Harder-Narasimhan type (i.e. the slope of all subsheaves
is bounded above uniformly for this collection), which by results of Simpson [Sim94a] and
Langer |[Lan04a] (for characteristic zero and p > 0, respectively) implies that the collection
of underlying coherent sheaves is bounded (see proposition and theorem for the
details of this argument).

The lack of a stronger boundedness statement results in an indirect construction of the
moduli space in [Ina00]: Inaba obtains a moduli space M€ of e-stable parabolic sheaves for
any e € Z~g as a GIT quotient and then shows that M := hgl M?¢ is a coarse moduli space
for stable parabolic sheaves. Our construction is a substantial simplification of this in that
the inductive limit argument (and the auxiliary concept of e-stability) is no longer needed:
instead, we find a suitable Flag-Quot scheme in section 4.6 as our parameter space for all
semistable parabolic sheaves of fixed numerical type on X/S. This parameter space (more
precisely, a subscheme of it) solves a rigidified version of the moduli problem: it classifies
parabolic sheaves arising as quotients of a fixed sheaf (or, equivalently, parabolic sheaves
Er with a rigidification of H°(E(m)) for sufficiently large m). To remove the rigidification
data, we consider a natural action by a special linear group on this Flag-Quot scheme
(which identifies points corresponding to isomorphic parabolic sheaves). We linearise this
action in section by embedding the Flag-Quot scheme into a product of Grassmannians
(using Grothendieck’s original projective embedding of the Quot scheme, as employed in
Simpson’s construction [Sim94a] of moduli of pure sheaves) and by choosing the weights of
the group action on these Grassmannians according to the parabolic weights. The resulting
GIT quotient is our moduli space, which is then automatically projective over S since it is
constructed as the quotient of a parameter space which is projective over S. For this reason,
our Flag-Quot scheme differs from the parameter space constructed in [Ina00]: we avoid
various open conditions imposed by Inaba (such as purity of the sheaf and vanishing of
higher cohomology) as we wish to work with a parameter space which is projective over S.

For this reason, our Flag-Quot scheme also parametrises some objects which are not
pure parabolic sheaves. Thus, our analysis of the GIT-(semi)stable locus in section 4.8/ must
demonstrate that a point of the Flag-Quot scheme is GIT-semistable only if the underlying
sheaf is actually pure. More significantly, avoiding open conditions in the construction of the
Flag-Quot scheme means that we need to choose our projective embedding of the Flag-Quot
scheme very carefully. As a result, the Hilbert-Mumford criterion for the Grassmannians

in which our Flag-Quot scheme is embedded gives rise to a stability condition for parabolic
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sheaves which differs from Inaba’s pg-stability: we need to work with a modified parabolic
Hilbert polynomial par—P, (definition and refer to the resulting stability condition
as po-stability. Even on smooth curves, this is not in general the same stability condition
as ordinary slope-stability, but it is less likely to produce strictly semistable objects, and
leads to compact moduli spaces even in higher dimensions. Whenever there are no strictly
slope-semistable objects, our new stability condition agrees with traditional slope-stability,
but we demonstrate in remark the difference between slope-stability and po-stability.

After having established the most suitable stability condition, we use the Hilbert-
Mumford criterion to identify the GIT-(semi)stable locus on the Flag-Quot scheme with
the locus of po-(semi)stable parabolic sheaves (the arguments involved are similar in spirit
to those in [Sim94a]). Inaba [Ina00] shows that stable parabolic sheaves are GIT-stable;
we also show the converse and extend the result to the semistable locus.

It is not clear in general how the strictly semistable orbits in the GIT quotient are
identified: 1 have not been able to prove that S-equivalence can be defined via graded ob-
jects associated to Jordan-Holder filtrations. Even for traditional py-stability of parabolic
sheaves, this is a little subtle but can be done: see proposition [4.4.3| where we show that
po-semistable pure parabolic sheaves of fixed parabolic Hilbert polynomials form an abelian
category. (Curiously, we can only prove this result under the assumption that the lowest
weight o is positive for at least one divisor D?, or alternatively assuming that the intersec-
tion of all the effective divisors D’ is empty.) However, our GIT quotient identifies orbits
of po-semistable parabolic sheaves with each other if their closures meet in the semistable
set. It would be desirable to have a more intrinsic description of this GIT-S-equivalence
purely in terms of filtrations of parabolic sheaves.

Throughout this chapter, we allow parabolic structures at any number of divisors. We
feel it is worth treating the general case: it has been argued in some of the previous moduli
constructions for parabolic sheaves that the categories of parabolic sheaves are equivalent
whether dealing with separate divisors D', ..., D™ or with a single divisor D = > | D".
However, this does not appear to be accurate: parabolic structures at the individual divisors
indeed give rise to a parabolic structure at D, but not conversely in general. This may be
illustrated most clearly in the case of vector bundles on a smooth curve marked by points
b,
distinct marked points (see remark for more details).

a parabolic structure at D := ' + -+ + 2" may involve ‘mixing’ of fibres over

4.1.1 Statement of main result

The set-up in this chapter is as follows: let X — S be a flat family of projective schemes
(parametrised by a connected scheme S of finite type over an algebraically closed field k

of any characteristic) marked by finitely many relative effective Cartier divisors D’ and
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polarised by a relatively very ample line bundle Ox(1). The main result (theorem
is: given a numerical polynomial H € Q[z] of any degree d < dim X/S (where dim X/S
is the constant dimension of the fibres of X — S) and numerical polynomials H} € Q]
of degree d — 1, there exists a coarse moduli space PH*’;{;E’/O;:’SS of ~-equivalence classes of
po-semistable pure d-dimensional parabolic sheaves on the fibres of X — S (with parabolic
structures at the D?, fixed Hilbert polynomial H and flag type H? with respect to Ox(1),
and rational parabolic weights «f). Here, by the ‘flag type’ of a parabolic structure on
a sheaf £ at a divisor D we mean the Hilbert polynomials H of the quotients £/F}(E)
where F}(E) are the coherent subsheaves of £ forming the quasi-parabolic structure on
& at D'. Furthermore, P[I){*’j{i’/og’ss is projective over S, and the equivalence relation ~
is S-equivalence induced by GIT. However, on p,-stable parabolic sheaves the equivalence
relation ~ is always isomorphism, and so PH*’J/LI)’E’/?’SS contains an open subscheme PH;I/T{;?/?’S

which is a coarse moduli space for isomorphism classes of stable parabolic sheaves.

4.1.2 Conventions and notation

Throughout this chapter, k is an algebraically closed field of any characteristic and all
schemes are assumed to be of finite type over k. By a point of a scheme we mean a closed
(and therefore geometric, i.e. closed k-valued) point unless stated otherwise, and for any
scheme T the phrase ‘¢ € T” includes the tacit statement that ¢ be a closed point of T
Similarly, by a fibre of a morphism f : X — S we will mean a geometric fibre (i.e. the
scheme-theoretic fibre over a closed k-point of S). We will frequently identify an effective
Cartier divisor and the associated locally principal closed subscheme. A relative effective
Cartier divisor on X/S is an effective Cartier divisor on X which is flat over S.

For X a projective scheme over k and £ a coherent sheaf on X, write h*(€) :=
dimy H*(X,€) and denote the Euler characteristic of & by x(€) := > (—1)*h*(&). If
Ox (1) is a very ample line bundle on X, abbreviate £(m) = £ ®o, Ox(1)®™ for any
integer m.

Given a polynomial f € Q[z] and an integer m, we write f[m] for the polynomial f
shifted by m, i.e. flm](z) := f(z + m). Recall also convention on the lexicographic
ordering for polynomials which is used throughout this chapter. Note that for ps-stability,
we employ a lexicographic ordering on polynomials with two coefficients: in Q|x,y] the
variable y is considered greater than z, so for example xy is strictly greater than 22, and
y? + xy is strictly greater than y? + 2°. See the discussion just before proposition
for details of this.

Frequently in this chapter, S will denote our base scheme (which is assumed to be con-
nected and of finite type over a fixed algebraically closed field k of arbitrary characteristic).
Given a morphism X — S and an element 7" of the category Sch/S of locally noetherian
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schemes over S, we denote the fibred product X xg T by Xp, and we write & for the
pull-back of a sheaf £ € Coh(X) to Xp. For any t € T', we write X, for the geometric fibre
of X7 over ¢, and for any 7T-flat coherent sheaf £ on X7, we write & for the restriction of
€ to the scheme X, i.e. & = €& ® k(t). If X is equipped with a relative effective Cartier
divisor D, we denote the induced relative effective Cartier divisor on X¢ by Dy, and write
D, for the (absolute) effective Cartier divisor on the scheme X;. If we are also given a
relatively very ample line bundle Ox(1) on X/S, we write Ox,(1) for the pull-back of
Ox (1) to X7, and Ox, (1) for its restriction to X;, and any (parabolic) Hilbert polynomials
of & are calculated with respect to Oy, (1). In particular, if F is a sheaf on a fibre X, then
F(m) is shorthand for F ®o,, Ox,(1)*™.

4.2 Preliminaries on parabolic sheaves

Recall the definitions and basic results on pure sheaves (subsection [3.2.1)): we work with
these throughout this chapter. In this section, we begin describing parabolic sheaves, and all
definitions following in this section are closely based on [MY92|, [Yok93] and [[na00], with
modifications concerning reference to more than one divisor. Throughout this section, let
X be a fixed projective scheme over an algebraically closed field k and D!, ..., D" effective

Cartier divisors (not necessarily reduced or distinct) on X.

Definition 4.2.1 (cf. [Ina00]). Let £ be a pure coherent Ox-module of dimension d such
that
dim(D" N Supp &) < dim Supp & (4.3)

for 1 < i < n (note that this condition is vacuous if we consider pure sheaves of top di-
mension, i.e. for d = dim X'). This is equivalent to requiring that no irreducible component
of Supp € be contained in the support of D’ (and so for all components Y of Supp &, the
divisor D does restrict to an effective Cartier divisor on Y unless D' NY = ().

A quasi-parabolic structure on € at D' is a ﬁltrationﬂ
E=F(E)DF(E) DD F 1 (E)=E(-D") (4.4)

by coherent sheaves, where £(—D?) is the image of the natural morphism EQOx(—D") — &
which is injective by purity of £ and the support assumption . A parabolic structure
on £ at D is a quasi-parabolic structure together with a sequence of real numbers 0 <
of < ah <--- < aj <1 called (parabolic) weights. Given these data, call [; the length

of the (quasi-)parabolic structure at D*. If the divisors D' are understood, we often omit

2Recall convention inclusions denoted by C and D will be not necessarily strict, unless explictly
stated otherwise. In particular, we may have F}(€) = F},,(€) for some j in (4.4). Also note that if
D% = D% we allow consideration of different filtrations F!1(£) and F?2(€) at this divisor.
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*
*

them from the notation by calling a triple (€, F¥(£), ) satisfying the conditions above
a parabolic sheaf on X. We sometimes also abbreviate such a triple by £ (this is not
ambiguous as £ can be given n filtrations by real numbers from which its flag structure at
each D' may be recovered — see remark [4.2.3). Thus, a parabolic sheaf £ = (€, F¥(£), a%)
consists of an underlying coherent sheaf £ assumed to be pure and satisfying the support
condition at each divisor D', together with a filtration F?(€) as in at each D',
and a weight sequence o' at each D'.

For the purposes of defining parabolic degree and parabolic Hilbert polynomials, it
is convenient to have a notation for the successive quotients in the filtration F!(€) for
each i: we sometimes write G%(&) for F}(£)/F;,,(E). We will see in definition m that «
should be regarded as weighting the quotient G; (&), explaining why we write the weight «

underneath the inclusion Fj(€) D F} () in expressions such as (4.5 and (4.6)).

=S

<

Note that since £(—D?) is equal to £ away from the divisor D?, we are really specifying
pi: just take the quotients of F?(€) by £(—D?). Thus, in the case

of X a smooth curve, D' given by a single marked point z;, and £ pure of dimension 1 (i.e.

a flag of subsheaves of £

locally free), the filtration F!(€) in € corresponds to a (partial) flag structure in the fibre
of the associated vector bundle at x; and we recover the classical notion (4.1]) of parabolic

structure.

Remark 4.2.2. Some previous papers on parabolic sheaves have restricted attention to
parabolic structures at a single divisor D, arguing that parabolic structures at effective
divisors D',..., D" can be combined to a single parabolic structure at D := > " | D"
given a filtration and weights

E = F(E) D> K& D> ... D ... D F,(&) = &-DY)

0 < o < o < ... < q < 1 (45)

at D' (for 1 < 7 < n), order the oz;'» in a single increasing sequence a4, (discarding any

repetitions) and then use the the filtrations at the divisors D’ to define a single filtration

E = F(E) D KE > ... D ... D Fu€ = &+-D)

0 < o < ay < ... < < 1 (4.6)

at D := )" D' by setting Fi(£) := N“, F} (€) where j; is minimal such that oy < o,
(and j; = l; + 1 if oy, > @] ).

This indeed produces a parabolic structure at D, and by restricting it to each divisor D!
we may recover the individual parabolic structure at D?. However, not every parabolic
structure at D = Y ' | D" arises from parabolic structures at the individual D*, and this is
why we insist on working with D', ... D" This problem is most clearly seen in the case

of locally free sheaves on a smooth curve X, equipped with parabolic structures at D = x;
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distinct points for ¢« = 1,2: for example, consider length 2 parabolic structures at x, zo,

with the same weights o; := ag- at both points, i.e.

€ = Fi(€) D F(E) > F(E) = &(—z)
0 < aq < ) < 1
for i = 1,2. Now let £ be the vector bundle whose sheaf of sections is £. As explained

before this remark, we may think of these parabolic structures as (partial) flags in the fibre
E(z;) as in (4.1)):

E(x;) = Fi(E) D F(E) > F(E) = 0

0 < o < Qg < 1. (4.7)

Then the method described above produces a single parabolic structure at the divisor
D = x1 + x5 which in turn is equivalent to a flag inside the direct sum of the fibres at z;
and x:
E(x) @ E(xs) = Fi(E) D Fy(E) D F3(E) = 0
0 < Qay < o < 1,
where Fy(E) = Fy(F) @ Fi(FE). However, not every parabolic structure as in arises
from separate flags at x1,xo: in the flag there might be ‘mixing’ between the

fibres at x; and xy if F5(F) does not decompose as a direct sum of subspaces of E(x;)

(4.8)

and E(x3). In fact, such structures where flags mix information about the fibres at several
marked points on a smooth curve (sometimes also known as generalised parabolic bundles,
first studied by Bhosle, see in particular [Bho99]), give normalisations and sometimes even
desingularisations of moduli spaces of (parabolic) sheaves on nodal curves C' via such
generalised parabolic bundles on the normalised curve C. On the other hand, if we wish to
keep the option of describing separate parabolic structures at marked points z; on curves
(as we do, particularly with a view to constructing universal moduli spaces for ‘classical’
parabolic sheaves on curves), we need to study separate parabolic structures at divisors

D! D",

goee ey

The method producing a single parabolic structure at D from separate parabolic struc-
tures at D? as explained above may seem a little cambersome, and indeed there is a cleaner
way to describe this procedure, using an interpretation of parabolic sheaves as (a particu-
lar class of) filtered sheaves — this idea originated in [Sim90] and was used in [MY92] and

[Ina00] to simplify the definitions of sub- and quotient objects, morphisms and parabolic

Hilbert polynomial (which we will also do, cf. definitions |4.2.4|and |4.3.1]), as well as proving

a useful tool in the homological algebra of parabolic sheaves [Yok95|:

Remark 4.2.3. Given an effective Cartier divisor D' on X, let (&, FY(£),al) be a sheaf
with parabolic structure at D’ as in definition [4.2.1] For all a € R, let

&, = F;(€)(~|a] D),
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where j is chosen such that of | < o — |a] < af, and af ,, := 1 and of := of, — 1. This

gives an R-indexed filtration

(t)e(u) €= JERD) = JE D DEDED ..,

keZ a€eR

where ¢; is the inclusion X \ D' < X. This filtration is
(a) decreasing: a < 3= &, D &,

(b) uniformly lower semi-continuous: for sufficiently small € > 0 (independent of «, once
of,...,qaj are fixed), we have £, _, = & for all @ € R (and in particular the filtration

has only finitely many terms when restricted to o € [0, 1]),
(¢) 1-periodic with twist — ®o, Ox(—D"): for all &« € R we have &', = E,(—D"), and
(d) centred at &, i.e. & = E.

Conversely, any filtration |J, .z £, of ey €(—kD?) which satisfies (a)-(d) is induced by
a unique parabolic structure on £ at D’ (thus, we may abbreviate the parabolic structure
(E,FH(E),al) by E! as all the parabolic data are encoded in the filtration £, and the whole
parabolic sheaf with its structures at all D’ is abbreviated to £*): note that for a € [0, 1],
we simply recover our original filtration with jump points determined by the weights:
' Fi&)=¢ if0<a<al

& =1 Fj€) if of | <a<aj, forall 2<j <1, (4.9)
Fla€)=&E(-D) ifo, <a<aj, =1

Setting &, = (., & defines a single parabolic structure on €& at D = Y"1 | D" from
which the individual parabolic structures may be recovered, and this matches the procedure
described in remark [£.2.2] but for the reasons explained above we will generally keep
working with separate parabolic structures £ at each D' and write £ as shorthand for
the parabolic sheaf with its structures £ at D!,... D"

The notion of filtered sheaf used here to rephrase the definition of a parabolic structure
is weakened in [Yok95| by only requiring a morphism Sé — &', not necessarily injective,
whenever o < . The merit of this generalisation is that it produces an abelian category,
whereas parabolic sheaves in the usual sense as above do not form an abelian category, by
the same argument showing that filtered groups do not form an abelian category (see I11.5.17
in [GMO3]): consider the identity map on a sheaf equipped with a relatively finer filtration
on the domain, this is a morphism with zero kernel and cokernel (in the sheaf-theoretic
sense) which is not an isomorphism of parabolic sheaves. However, parabolic kernels and
cokernels can be defined for morphisms between py-semistable parabolic sheaves having the

same parabolic Hilbert polynomial: see proposition [4.4.3]
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4.2 Preliminaries on parabolic sheaves

Fix effective Cartier divisors D!,..., D™ on a projective k-scheme X; in the following
definitions all parabolic structures will be with respect to these divisors and we will often
suppress mention of the D?.

We will freely switch between the two descriptions of a parabolic sheaf given in definition
and in remark [4.2.3] In particular, it is more convenient to write down parabolic
morphisms, sub- and quotient objects using the interpretation as a filtered sheaf, especially
when the domain and codomain have parabolic structures of different weights or even

lengths:

Definition 4.2.4 ([Yok93|, [Ina00]). Given parabolic sheaves £ and F;

* 7

a morphism of
Ox-modules f : & — F is said to be a parabolic homomorphism if f(E) C F. for all
a € [0,1] (hence for all @ > 0) and all 1 < i < n. (This looks slightly stronger — because
more continuous — than the discrete condition of preserving the filtrations, but note that
if the parabolic structures of £ and F! at D’ have the same length and weights, then this
just says that f(£7) C F; forall 1 <j <Il;+1.)

A parabolic subsheaf of Fr is a parabolic homomorphism £ — F which is injective
as a morphism & — F of Ox-modules (i.e. a parabolic sheaf £ with £ C F. for all real
a >0 and all 1 <i < n). Note that given a parabolic sheaf F* and any proper saturated
coherent subsheaf £ of F, then £ can be considered as a parabolic subsheaf by giving
it the induced parabolic structure: this is the maximal parabolic structure on £ making
it a parabolic subsheaf of F*. Concretely, put £ = F. N & for all real @ > 0 and all
1 < i < n, i.e. consider £ with the same weights as F and with the induced filtrations
Fl(€) := F}(F)NE& for each i. (The saturation hypothesis is required here to ensure that
F(=DHYN&=E&(-D").)

Similarly, a quotient parabolic sheaf of Fr is a parabolic homomorphism F} — Gr
which is surjective as a morphism F — G of Ox-modules. There is again a notion of
induced structure: given a parabolic sheaf F and any surjective morphism of O x-modules
f: F — G with G pure of dimension d = dim F, the induced parabolic structure on G is
the minimal parabolic structure making G a parabolic quotient of F*, i.e. G, := f(F!) for
all real @ > 0 and all 1 <7 < n. (Note that in this situation G automatically satisfies the
support condition in deﬁnition as JF surjects onto G, we have Supp G C Supp F,
and therefore dim(D? N Supp G) < dim(D? N Supp F) < dim F = dim G.)

Remark 4.2.5. The definition of parabolic sub- and quotient sheaves given above is that
of [Yok93], [Yok95| and [Ina00] which is weaker than that of [MS80] and [MY92]. However,
this will not affect the moduli spaces we construct: when testing (semi)stability, it suffices
to consider saturated subsheaves with the induced parabolic structure (as we will explain
in remark , and these always satisfy the original, stronger definition of parabolic

subsheaves.
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Definition 4.2.6 (|]MY92]). Suppose &}, F*, Gr are parabolic sheaves of the same dimen-
sion d (or possibly zero sheaves). Given parabolic homomorphisms £ — F and F} — G,
we say that

0=>& > F =G =0

is exact if
0—=& = F =G =0
is exact for all real @ > 0 and all 1 < i < n. This is equivalent to the underlying sequence

of sheaves

0=-E&—=F—=G—=0

being exact and in addition £ C F} and F; — G} having the induced parabolic structures.

Note that it makes sense to talk about the induced structure on £ as pure d-dimensionality
(or vanishing) of G = F /€ means that £ C F is saturated.

4.3 Stability notions

We continue with a projective scheme X over an algebraically closed field k, effective
Cartier divisors D', ..., D" on X, and we also fix a very ample line bundle Ox (1) on X. All
parabolic sheaves £ on X have parabolic structures at the D? and all Hilbert polynomials
will be with respect to Ox(1).

In order to talk about (semi)stable parabolic sheaves, we need suitable notions of Hilbert
polynomial and slope, taking account of the parabolic structure by involving the quotients
G; (&) of successive terms in the filtrations. Note that the following definitions bring the
weights o into the stability condition; thus, once the Hilbert polynomial of £ and the flag
type — i.e. the length [; of the quasi-parabolic structure at D’ and the Hilbert polynomials
of all quotients £/F ;(5) — are fixed, morally we may think of the sheaves equipped with
filtrations as the underlying objects of the moduli problem, whereas the choice of weights o
influences the stability condition and reflects a choice of linearisation in the ‘variation of
GIT’ point of view — see [BH95|, [Tha96|. (However, one should bear in mind that the
weights do play a second role once we simultaneously consider parabolic sheaves of varying
flag types — the weights influence the notion of parabolic morphism between quasi-parabolic
sheaves of different flag type, see definition [£.2.4, This is in contrast to the category of
quasi-parabolic sheaves of fixed flag type which may be considered independent of the

weights a;'- — here, only the stability condition will depend on the weights.)

Definition 4.3.1 (cf. [Ina00]). Let Ox(1) be a very ample line bundle on X. Then the
parabolic Hilbert polynomial of EF with respect to Ox(1) is defined to be

n

par-Ry(€5) i= 1> (P(é’(—Di)) £y a;iP<G;i<5>>> ,
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4.3 Stability notions

where P(F) = P(F,m) denotes the ordinary Hilbert polynomial x(F(m)) with respect
to Ox(1). As in the case of sheaves without additional structure, the correct invariant to
consider in the definition of (semi)stability is not this Hilbert polynomial but its reduced
form, i.e. the normalised version of par—FP,(&}) having leading term only depending on
d = dim &: define the reduced parabolic Hilbert polynomial of a non-zero parabolic sheaf £
to be

- o par-Fy(&F)
par—po (&) = —ad(é’) ,

where a,4(&) is the multiplicity of £ (see definition [3.2.2)).

The leading coefficient of par—FPy (&) is still a4(€)/d!, as the following lemma shows, so

par—pg is indeed normalised:

Lemma 4.3.2. Let £ be a parabolic sheaf of dimension d. Then par—Fy(E}) and P(E)

have the same leading terms, i.e. both are of degree d and have the form

aq(€)
d!

Proof. For each 1 < i < n, we have a short exact sequence

m® + terms of lower order.

0—=E&(-D") =& — Elpi — 0,
so by additivity of Hilbert polynomials

P(E(~DY) = P(E) — P(&

i)

and by the support assumption E|pi is a sheaf of dimension strictly less than d, so
the leading (degree d) terms of P(E(—D")) and P(£) agree.

Now for each 1 < j < I; the sheaves F}(€) and F},(€) coincide away from D', so the
quotient G%(&) is supported on D’ N Supp €. Thus, by (4.3) again, G%(£) has dimension
strictly less than d. Therefore, the P(G%(£)) do not contribute to the degree d term of

par-PoED) = > <P<5<—Df>> £y a;iP<G;i<f:>>>

=1

and so the leading term of par—Py(E}) equals

%Z (leading term of P(E(—D"),m)) = 4a(£) me. O

The definition of the parabolic Hilbert polynomial is easily rewritten in terms of the
filtrations £’ defined for each ¢ in remark 4.2.3}

par-FPy(EF) = Z/ (&) (4.10)
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since by we have
1 I;+1
/0 P(E)) da = ai P(F{(€)) + 3 (o — ai_)P(FI(€)
=2

where as before o ,, := 1.
li+1

Lemma 4.3.3. The parabolic Hilbert polynomial par—F, is additive on short exact se-

quences of parabolic sheaves.

Proof. Exactness of
0=>& > F =G —=0

is defined to mean that
0—=& —F. =G —0
is exact for all real @ > 0 and all 7. Using additivity of the ordinary Hilbert polynomial for

these sequences, the result now follows from (4.10)). m

Definition 4.3.4. A parabolic sheaf F} is po-(semi)stable if for every proper non-zero

*

parabolic subsheaf £ of F) we have

par—po(E7) (<)par—po(F}), (4.11)

where (<) means < for semistability and < for stability, and the inequality of polynomials
is with respect to the lexicographic ordering on coefficients, equivalent to requiring that
par—po(EF, m)(<)par—po(F;, m) for all sufficiently large m € Z. Recall from definition [4.3.1]
that par—pq is the reduced parabolic Hilbert polynomial. If £f is semistable but not stable,

we call it strictly po-semistable.

Remark 4.3.5. It suffices to check (4.11) for saturated subsheaves & C F carrying the
induced parabolic structure (cf. definition [4.2.4)): let £ C F! be any non-zero proper
parabolic subsheaf, write £ C F for the saturation of &€ C F, and let (€)% C Fr

be the induced parabolic structure on £%*. Then by maximality of the induced parabolic

structure, we have

(c/-é C (gsat)fl — gsat m‘/—_-;
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for all @« > 0 and all 1 < ¢ < n. Thus, P(&) < P((£%)!) and by lemma we have
aq(&) = aqg(E%), so using (4.10) we arrive at

ar— Py (EF
par-—po(&;) = par Fy(£:)

ad(é')
_1 2":/1 P(&)
n 4 aq(&)
(c/’sat
Z/ ad (C/’sat

= par—po((E)%).

//\

In particular, if par—po((E%)F)(<)par—po(FY), then par—po(EF)(<)par—po(F)).

As for sheaves without augmentations, we could also define stability for parabolic
sheaves with respect to parabolic slope instead of using the reduced parabolic Hilbert
polynomial as above. While these notions coincide in dimension 1, only pg-semistability
leads to complete moduli spaces in higher dimensions, at least on a smooth projective
variety (see |Yok93]). However, we still discuss the parabolic slope here as it plays a key
role in proving boundedness of the parabolic semistable sheaves of fixed numerical type

(see section , even if parabolic semistability is defined using the modifications of the

parabolic Hilbert polynomial which we introduce below (see definitions 4.3.9| and {4.3.11)).

Definition 4.3.6. Let £ be a parabolic sheaf of dimension d on X. The parabolic degree
of £* is given by the coefficient of m?=!/(d — 1)! in the parabolic Hilbert polynomial of £,

1.e.
n

par-deg(€) = %Z (adl(g(—Di)) + 2a;ad1(Gé(5>)> ’

i=1
where aq_; is as in definition i.e. the coefficient of m?~!/(d — 1)! in the (ordinary)
Hilbert polynomial. If £ # 0, its parabolic slope is

par—i(£7) := par-deg(€7)/aq(E),

and we call a parabolic sheaf F} slope-(semi)stable or p-(semi)stable if for every proper

*

non-zero parabolic subsheaf £ of F the relation

par—u(E;)(<)par—pu(Fy)
holds.

Note that the above definition of parabolic degree differs slightly from the definition
in [MY92] where ay_1(€) is used in place of ag_1(E(—D?)). As the following proposition
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shows, the difference between these two definitions of parabolic degree can be bounded,
and the choice we have made is more natural in that parabolic pg-semistability will im-
mediately imply parabolic slope-semistability. (In the case of parabolic vector bundles
on marked curves, the relation between our definition of parabolic slope and the tradi-
tional notion of parabolic slope derived from is analogous to the relation between
w(&) = ag_1(€)/aq(€) and deg E/rk E.)

The following proposition will be the key to our boundedness argument in section [4.5}

Proposition 4.3.7. The parabolic slope has the following properties:

(a) For any parabolic sheaf £, we have implications:

Er is po-semistable = £ is p-semistable,

Er is p-stable = &£ is py-stable.

(b) The parabolic slope can be rewritten as:
par—u(&Y) = Z / (&)

(c) Given a positive integer a € N, there is b € Q (only depending on a, d, the divisors
D' ..., D" and the polarisation Ox (1)) such that for all d-dimensional parabolic
sheaves & with multiplicity a4(€) < a, we have

n(E) — b < par—p(&) < p(€).

Proof. By lemma[4.3.2] both £ and all its non-zero parabolic subsheaves F have reduced
parabolic Hilbert polynomial with leading term m?/d!, and the coefficient of m4=1/(d —1)!
in par—po(€) is par—u(EF), so part (a) follows since po-(semi)stability is defined with respect
to the lexicographic ordering on polynomials.

Part (b) is an immediate consequence of (4.10), noting that as(€) = aq(E.) for all
a € [0,1] and all i: since € D &, D E(—D?) for all a € [0,1] and all 7, each & agrees with
& away from D' and their quotient is supported on D? N Supp £ which has dimension less
than or equal to d — 1 by the support assumption , thus the Hilbert polynomials of £
and & only differ in degree strictly less than d, and so a4(€) = aq(E').

Finally, for (c), note that by (b) we have

w(&) — par—p(&EF) = Z/ ag-1(E) —aq_ 1(8’)) da (4.12)

93



4.3 Stability notions

Now E(—D') C & C & for a € [0,1], so we have P(E(—D")) < P(EL) < P(E), but as
the Hilbert polynomials P(£(—D")), P(E!), and P(€) only differ in degree < d — 1, this
implies

a1 (E(-DY) < ag1(E1) < ag(€)
for all a € [0,1] and all i. Now (4.12)) yields

n

Z (ad—1(5) - ad_1(8(—Di))>, (4.13)

i=1

1

0 < pu(€) — par—pu(€) < e

S|

in particular showing one of the inequalities in (c).

For the other inequality in (c), we need to compare the Hilbert polynomials of £ and
E(—D?) using a little intersection theory: first, recall from [Ful98|, 18.3.6, the following
formula for Hilbert polynomials: for any coherent sheaf F on a complete n-dimensional

scheme Y and any line bundles L, ..., L, on Y, we have
®mq ®my - 1 k
XY, FRQL™ ®- - @ LX) = ZE Y(m1x1 + o mex) N Ty R(F),
k=0

where z; := c¢;(L;) is the first Chern class (defined as a graded degree —1 morphism
a(L)N—:AY — AY), and 1v : KoY — A.Yy is the generalised Riemann-Roch
homomorphism from the Grothendieck group of coherent sheaves to the rational group of
cycles modulo rational equivalence, and 7y (F) is the component of 7y (F) in A;Yp, the
group of k-dimensional cycles. (Recall also that fY —: AgYyp — Q is the degree map.)
Apply this formula to F = € on Y = Supp € with L; = Ox(1)|y, Ly = Ox(—D")|y,
my = m, and my zero or one, respectively — as both £ and £(—D") are supported on Y,

their Euler characteristics may be calculated on Y and we obtain:

m? J ma-1 i1
P(E,m) = T ), N1y q(€) + = /Y N1y a_1(E) + lower order terms,
PE(=D)m) =" [ 4 £
(E(=D"),m) = — v N7y.a(€)

d—1

m d—1 d—1
+ (d— 1)!</Y$ mTY7d—1(5)+/Y$ yﬂTY,d(5)> + L o. t.,

where z,y are the first Chern classes of Ox(1)|y and Ox(—D")|y, respectively. Thus, the

difference of the terms in degree d — 1 is
14 r(E) — aur(E(~DY)) = / 2y 0 ryal€).
Y

Now denote the (reduced schemes underlying the) irreducible components of Y by Y, for
1 < r < R, say — note that because £ is pure, its support Y must be pure of dimension

d, so that all Y, are d-dimensional, and thus A;Y is the free abelian group on the cycles
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[Y1],...,[Y,]. Hence there are n,(€) € Q such that 7y4(€) = .7 n,.(£)[Y,]. Recall that
Ty has the rational Chow group A,Yp = A.Y ®z Q as codomain, so a priori the n, are
rational numbers (in fact, n,(£) = lengthy | (&y,), but we will not need this observation
in the argument that follows).

Then we have

a41(€) — aur(E( an / YN[y

:i / 120 Y]

where we abuse notation by continuing to write z,y for the first Chern classes of Ox(1)
and Ox(—D?), even when restricted to Y,, and we write z := —y = ¢;(Ox(D?)).

In this expression, let b, := [, #*"'2 N [Y,], and observe that 2 N [Y;] = [D'|y,] by the
construction of Chern classes, so the term b, may be thought of as the degree of the divisor
D]y, with respect to Ox(1)]y,. Note that unless D' NY, = @ (in which case b, = 0), the
restriction D'|y, is genuinely a divisor on Y, by our support assumption and it is
exactly the intersection product D - Y.

Now even though the support scheme Y of £ may move around X, we can bound
the degree of its irreducible components Y,, and thus also the degree of the intersection
D' .Y, using the multiplicity a4(€): let P be the Hilbert polynomial of £. For sufficiently
large M, the sheaf £(M) is globally generated and has vanishing higher cohomology, so
hY(E(M)) = P(M) > 0. Any non-zero global section s € H(X,E(M)) gives a morphism
s:Ox — E(M). Let V := Supp s; as & is pure, so is E(M) and V must be purely d-
dimensional, a union of irreducible components of Y = Supp €. Since (M) is generated by
its global sections, for each component Y, of Y = Supp & there is a section s € H°(X, E(M))
such that Y, C Supp s =: V. Then s induces an injection Oy < E(M), and thus
P(Oy) < P(E(M)) = P[M], where we write P[M] for the polynomial P shifted by M,
i.e. P[M](m) = P(m + M). Note that the leading terms of P and P[M] agree and the
ordering on polynomials is lexicographic, so aq(Oy ), the degree of V' with respect to the
polarisation Ox (1), is bounded by a4,(E(M)) = aq(E), thus aq(Oy) < a. But ays(Oy) is the
sum of the positive integers ay(Oy,) for all r such that Y, C V. Thus, the degree aq4(Oy;)
of each irreducible component Y, of Y = Supp £ is bounded above by a, and since each
aq(Oy,) is positive, this also gives us a bound on the number of irreducible components of
Supp &: we have R < a

Returning to
b= [ 12 0%] = dego, (D' Vo)
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4.3 Stability notions

we may apply Bezout’s theorem ([Ful98], 8.4), after using the very ample line bundle Ox (1)

to embed X in a projective space PY: this gives a bound

br = degoxu)(Di) : degoxu)(Yr) = degox(1)<Di) -aq(Oy,) < degoX(U(Di) - a. (4.14)

Here, we have used that

dego, 1) (¥;) = / N Y] = aa(Oy,),
X

since Tx 4(Oy,) = [Y;] by theorem 18.3(5) in [Ful9g].

In particular, this shows that

aq—1(E) — ag_1( Zb n.(€ (4.15)

is a linear form in the parameters n,, where the number of terms R is bounded above by
a and each coefficient b, of the linear form is bounded uniformly by . To bound the
value of this linear form above, it is sufficient to show now that the n, vary in a bounded
subset of Q. Note that each n, must be non-negative as the leading coefficient of P(€|y;)
is

1 d 1 d

1 ) 2t = ) / Y.

Now consider n
a>aq(€) = / 2 N1y a(€) = an(ﬁ)/ 2N [Y,]
Y r=1 Yr

and recall that [} 23N [Y,] = aq(Oy,) are positive integers, as Ox(1) is very ample. Thus,
each n,. is bounded above by a, so for £ with a4(€) < a the possible values of the parameters
(n1(€),...,ngr(€)) form a bounded subset of QF: for all 1 < r < R we have 0 < n,.(€) < a.
Then for all such &, the linear form (4.15]) is bounded above, i.e. there is b; € Q such that

g1 (E) — ag_1(E(~ DY) < by, (4.16)

where the bound b; is independent of &, provided that a4(€) < a: explicitly, we may take

04-1(€) — aa-1(E(=D") = Y _brne(€)
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Finally, our assertion (c) in the proposition follows from (4.13)) and (4.16]) by taking

1

giving
(&) — par—p(E) %Z taal8) - adgg(g(_Di»
< %Z (002(6) — asr (E(-D)) <, m

=1

Note that the argument in (c) relating parabolic and ordinary slope simplifies signifi-
cantly in the case of smooth X and top-dimensional pure (i.e. torsion-free) £, as in [MY92)
and [Yok93]: then deg E(—D") =1k £ - deg Ox(—D") + deg &, where all degrees are taken
with respect to Ox(1). However, in our set-up the support scheme of £ is allowed to be

a subscheme of positive codimension moving around X and may indeed be reducible with

some, but not all of its components meeting D?, making the study of £|p: more subtle.

Finally, we now introduce two modifications of the parabolic Hilbert polynomial par—F,
which have no counterpart in [MY92], [Yok93| and |Ina00|: these definitions are really made
with the hindsight of the GIT analysis presented in section [4.8/ when they will be motivated.
First, we need to understand how the parabolic Hilbert polynomial of £’ is related to basic
numerical invariants of £ and &' : suppose £ has Hilbert polynomial H € Q|x] of degree d,
and £/F}(£) has Hilbert polynomial H; € Q[z] of degree d — 1 (for 1 < i < n and
2 <j <Ili+1). We often refer to (H, H}, o) as the numerical type of £ and we think of
the H} as the ‘flag type’ of the (quasi-)parabolic sheaf. Note that the numerical type of £F
determines its parabolic Hilbert polynomial (but not conversely, in general). We record

the precise relation here since it will be important in the analysis of GIT-(semi)stability

(section [4.8)):

Lemma 4.3.8. Given a parabolic sheaf £f of numerical type (H, H}, ), we have

n l;+1

par—Fy (& H——ZZEH’

=1 j=2

where € ;= o} —a_, for 2 < j <I; + 1 and where, as usual, o ,, := 1.
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Proof. Recall that F} | (€) = £(—D") and F{(£) = €. Thus,

par Po(ED) = - 3 ((ah PR (E) + 3 af [PF(E)) - P(F;H<e>>}>

i=1 j=1

LS (e + Yot — ol [PFE) - P<e>])
n l;+1
— P(€) - %Z > [P - PEE)]. m

We are now ready to define the first modification of the parabolic Hilbert polynomial
leading towards a stability condition corresponding to that provided by our GIT analysis
in sections [4.7] and .8

*
*

Definition 4.3.9. Given a parabolic sheaf £f of numerical type (H, H}, «f), we define

1 Ak
par-P(W; C &, x) .= PIW,z) — - € (4.17)

for any parabolic subsheaf W; C &, where ad_l(H;) denotes the leading coefficient of
H}/(d—1)! and €} is defined as in lemma 4.3.8 We write

par-p1(Wir C &) := par—-PL (W C &) /aq(W)

and we say that £ is p;-(semi)stable if for all non-zero parabolic subsheaves W} C £F we
have
par—py (W C £7)(<)par-—po(£7), (4.18)

where as usual this inequality of polynomials is with respect to the lexicographic ordering
in Q[z], equivalent to asking that par—p, (W} C EF, m)(<)par—po(EL, m) for all sufficiently
large m € Z.

Observe that the definition of par—P, (W; C £F) depends on both Wy and £, explaining

the notation, and note that for any parabolic sheaf £ we have
par—P; (EF C £F) = par—Fy(E)),

using lemma We examine the relation between parabolic pg-(semi)stability and p;-
(semi)stability:

Proposition 4.3.10. Let £ be a parabolic sheaf on X.
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(a) If & is parabolic po-(semi)stable and if for each i,j the coherent sheaf £/F}(E)
(supported on the divisor D?) is p-(semi)stable, then £ is parabolic p;-(semi)stable.

(b) The two leading coefficients (in degree d and degree d — 1) of par—Fy(W}) and
par—-P, (W} C &) agree for every subsheaf Wy C £F. In particular, we have im-

plications

&l is p-semistable = £ is p-semistable,

Er is p-stable = &£ is p;-stable.

(c) If X is a projective curve (not necessarily smooth or irreducible), then parabolic

po-(semi)stability and p;-(semi)stability agree.

Proof. For (a), it is enough to check that for a parabolic subsheaf Wr C & with the in-
duced parabolic structure F;(W) = F;(£) N W the criterion holds: this is since the
induced structure is maximal, so it minimises the quotients W/ F;(W), therefore maximis-
ing par-Py (W} C &£, x,y) among all parabolic structures of W. In this case, W/Fj(W) is
a subsheaf of £/F}(£), so p-(semi)stability of the coherent sheaf £/F;(E) gives

POVIEOW)
ag1(W/FIW)) "~ ag-1(H})’
hence
P e ) — P LSRN Gt W EOV)
par 1( « C *) - ( )_ E . : €5 ad71<Hzi) J
i=1 j=2 J
(SIPOW) = = 373 EPOV/EI(W)) = par- Py W)
i=1 j=2

where the last equality is just lemma applied to W;. Together with po-(semi)stability
of & this implies

par-P(W} C &), par—Fy(WY)

<)par—po(EL).

ad<W) ad(W) ( )p pO( )

For part (b) note that H} has degree d—1, so by (4.17)) the leading (degree d) coefficients
of par-PL (W} C &) and P(W) agree, and are thus equal to the leading coefficient of
par—Py(W;) by lemma[£.3.2] In degree d — 1, the definition ([{.17) gives

par-py(Wr C £F) =

(<)

L (W)

aqg_1(par-PL(W; C &) =a - — € - ag_(H!
d—1 1 ( d—1( ;]22] aar (1) i—1(H})
1 n l;+1
= a1 (W) = =~ > aar(W/Fj(W)) = par-deg(W2),
i=1 j=2
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where the last equality follows from lemma [4.3.8f The implications in (b) then follow
in the same way as proposition m(a): the parabolic slope is the highest non-trivial
coefficient of par—p;. This also immediately gives part (c): if dim X = 1 then both pp- and
p1-(semi)stability just reduce to parabolic slope-(semi)stability. ]

In particular, this proposition shows that in the widely studied case of parabolic sheaves
on curves, this stability notion agrees with the traditional one. Moreover, part (b) in
particular shows that any parabolic slope-stable £ is then also p;-stable, demonstrating
that the stability condition proposed here is not vacuous.

Note that the parabolic structure of W C £ only enters into p;-(semi)stability through
the degree d — 1 coefficient aq_,(W/F;(W)) of P(W/F}(W)). In higher dimension we
lose too much information this way, so we refine p;-(semi)stability further: everywhere
we see the leading coefficient of a Hilbert polynomial in (4.17]), we replace it by the full
Hilbert polynomial, but in a different variable y. The idea is that y takes values very large
compared to x, so terms of top degree in y dominate and hence may be thought of
as a truncation (or as the dominant terms in an asymptotic expansion) of the definition we

are about to give. This stability condition arises out of the GIT analysis in section [4.8]
Definition 4.3.11. Given a parabolic sheaf £ of numerical type (H, H},a}), define a

rational function in two variables x,y by

n l;+1

par-Po(W; C €, x,y) := POW, z) — %Z Z E;P<W§J2$)/V)’y) H(x) (4.19)

for any parabolic subsheaf W} C &, where eé is defined as in lemma m
We write POV C € )
* * par—i=s : C :7 T,y
par-po(Wi C X, z,y) ==
x(W(y))
and we say that £ is py-(semi)stable if for all non-zero parabolic subsheaves W} C &*
there is M € Z such that for all m > M there is K(m) € Z such that for all £k > K we

have

par—Fy(EF, m)
H(k)
observing that for any parabolic sheaf £ we have par-P,(Ef C EF, x,y) = par-Py(ES, x),

par-po(WZ C EX,m, k) (L) (4.20)

by lemma [4.3.8
As usual, this corresponds to asking for an inequality of polynomials with respect to a
lexicographic ordering: if we multiply out all denominators in (4.19)), the condition (4.20)
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is equivalent to

H(y) | xOW() [ Hity) - % S ExW/EEWw)Hix) [ Hiw)
i.j i.j (@:b)#(i.4) (4.21)
(SxW(y))par-Py (&7, x) H Hi(y),

where the inequality is with respect to the lexicographic ordering in Q[z,y| that regards y
as greater than z, i.e. y"ta/t > y2272 if i1 > iy, or if both i; = iy and j; > jo. This ordering
corresponds to the fact that is required to hold for sufficiently large values m of x
and for very large values k (depending on m) of y, i.e. in the asymptotic expansion the

terms of top degree in y dominate.
The following result shows that po-(semi)stability indeed refines p;-(semi)stability:

Proposition 4.3.12. For any parabolic sheaf £ on X we have implications

Er is po-semistable = £ is pj-semistable = £ is p-semistable,
Er is p-stable = & is p;-stable = & is po-stable.

Proof. Consider the terms in (4.21)) which are dominant under the lexicographic ordering,

i.e. the terms of top degree in y: these are

as(€) | xOV(@) TLoar () — = 3" dags W/ FV)Ei) T] o () | (4.22)

0] 0] (a,0)#(2,4)

on the left-hand side of the inequality, and

aq(W)par-Py(EF, z) H ag—1(H!) (4.23)

on the right-hand side of (4.21)). Thus, if weak inequality holds in (4.21)), then we have in

particular

a®) | xOV@) TLaaa(B) — = S aas W/ F OV H ) T] o)
2% 2% (a,b)#(4,5)

<ag(W)par-Po(&X, x) [ [ aa—1 (H})
(2]

which is just (4.18) with weak inequality. Conversely, strict inequality in (4.18|) says that
(4.22) is strictly less than (4.23)), implying that (4.21)) holds with strict inequality. This

proves the implications between p;- and po-(semi)stability, and the implications involving
slope-(semi)stability are part (b) of proposition [4.3.10 O
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In particular, this shows that any parabolic slope-stable £ is also ps-stable, guarantee-

ing non-emptyness of the moduli spaces we construct in this chapter.

Remark 4.3.13. Note that po-(semi)stability differs from the traditional notion of parabolic
(semi)stability on curves: if d = 1, then the Hilbert polynomials of all quotients £/F}(£)
and W/F}(W) are constants, in particular H}(y) = H}(z) and so these terms all cancel
from (4.21)) and the po-(semi)stability condition reads

(@(E)y + a0(£)) <a1<w>w Faw) = 3 e;‘-ao<W/F;<w>>)

i7j

(4.24)
(<) (a(W)y + ap(W)) <a1(5):v +ao(€) — % > 62@0(5/1’}(5))> :

.3
where the term in parentheses on the right-hand side is par—Fy (€}, ).

The top term is a;(€)a;(W)zy on both sides of (4.24). Recall that the next term is v,
followed by x, followed by the constants. Thus, py-semistability (4.24)) is equivalent to

(a) either
a(€) (ao(W) - %Z ez'-ao<W/F;<w>>) <a(W) (am - %Zez‘»aow/ﬂ?(e») ,

i.e. parabolic slope-stability with respect to W,
(b) or par—p(Wy) = par—u(€;) and
ag(€)ar(W) < ag(W)ai(€),
e pu(€) < pu(W) (sic!),
(¢) or par-u(W) = par-u(€) and p(W) = (€) and

0(€) <a0<w> oy e;ao<W/f7<w>>> < a(W) (aow) -y e;‘-ao<6/f7<s>>) ,

1,3 .3

1.e.

a0(W) Y €ao(E/FJ(E)) < ao(€E) Y eag(W/Fj(W)).

2% i,J
However, note that (c¢) does not actually impose an extra condition, given equality in

(a) and (b): if par-u(Wy) = par—u(&)) and u(W) = u(€), then we have

() (ao<w> -~y e;‘-ao<W/F;<w>>) = (W) (ao<5> -y e;ao<6/F;<5>>> ,

0] Y]
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as well as ag(E)ar (W) = ag(W)ay(E), implying

(€)Y SanW/FIW) = (W) Y lao(€/F(€)). (4.25)

Y] 1,J

Now if p(€) = (W) is non-zero, we have

and

so ([4.25]) is equivalent to

ao(€) Y esao(W/Fj(W W)Y €ao(E/F)(E
0,J 1]
i.e. condition (c) with equality. On the other hand, if (&) = (W) = 0, then ag(W) =
0 = ag(€), so we trivially have equality in (c) too.

In summary, po-semistability (4.24]) on curves is equivalent to
(i) par—p(W;) < par—pu(&5); or
(i) par-p(Wr) = par—u(€;) and p(€) < p(W) (sicl),

and po-stability is the same but with strict inequality p(€) < p(W) in (ii). Hence, po-
(semi)stability on curves (even smooth curves) is a refinement of slope-(semi)stability:
slope-stable £ are po-stable, conversely po-semistable £ are slope-semistable. The stability
conditions agree whenever there are no strictly slope-semistable parabolic sheaves, but in
general they will differ (and par—ps will produce fewer strictly semistable objects than
parabolic slope).

We give an example of how (ii) may occur with strict inequality, showing the difference
between the stability conditions: let X = P! and consider a divisor given by a single point
D=z Let £E=0(1) ® O; ® Oy (where O = Oy = O and the index serves to distinguish

the summands) with parabolic structure

(&) =
zya:(<>@agew@0%
F3(8) = E(—x),

=

and weights 0 < a1 < as < 1 such that ay = %+ a;. Let W = O(1) @ O, with the

induced parabolic structure F1(W) = W and Fo(W) = F3(W) = W(—xz). We claim that
par—u(W) = par—u(&) but p(W) > p(€):




4.4 Families in the relative setting

and
whereas
par—u(€) = — 1(5) (X(&) = (a2 = a1 )X(E/B2(E)) = (1 — ax)X(E/ B5(€)))
1 1
:§<4—§-2—(1—a2) 3)
and
par-u(W) = s (XOW) = (02 = 0 xOW/FoOW) = (1 = o OW/ W)
1
:§<3——-2—(1—a2)-2>

4.4 Families in the relative setting

We now leave the absolute situtation (of a projective scheme X over k) and consider from
here on the relative situation of a flat family of projective schemes: for the remainder of the
chapter, let S be a (connected) scheme of finite type over a fixed algebraically closed field k
and consider a flat family of projective schemes varying over the base S, i.e. let X — §
be a flat projective morphism. Pick a relatively very ample line bundle Ox (1) and relative
effective Cartier divisors D' (for 1 < i < n) on X. Let Sch/S be the category of locally
noetherian schemes over S, and recall the following conventions: for each 7" € Sch/S we
let Xr := X xgT. Given a closed k-point t € T, write X; for the fibre of X1 over ¢,
and for any T-flat £ € Coh(Xr), write & for the restriction of £ to the scheme X, i.e.
& = € ® k(t). The relative effective Cartier divisor on X7 induced by D" is denoted by
(D")7, and the (absolute) effective Cartier divisor on the scheme X; given by restriction of
(D")7 is denoted by (D"),. Similarly, we write Oy, (1) for the pull-back of Ox(1) to Xr,
and Oy, (1) for its restriction to X;.

The results of the previous sections will be applied to parabolic sheaves on the geometric
fibres of X0 — T or X — S.

The objects of our moduli problem in the relative set-up are families of (semistable)

parabolic sheaves on X/S parametrised by a scheme T' € Sch/S:

Definition 4.4.1 ([Ina00] definitions 1.9 and 1.10). For any T € Sch/S, a flat family of
parabolic sheaves on Xr/T (in the following also referred to as a ‘flat family’ on X7 /7)) is
a triple & := (&, FF(€), af) of

(a) a T-flat coherent sheaf £ on Xr,

104



Moduli of parabolic sheaves on a family of projective schemes

(b) for each 1 < i < n a filtration
E=F(&) D DF 4(€) =E(—(D)r)
by coherent sheaves such that for each i, j the quotient £/ F]’(S ) is T-flat, and
(¢) real numbers of with 0 < of <ah <--- <aj <1,

such that for all t € T the restriction of £} to X, is a parabolic sheaf as in definition[d.2.1] In
particular, & is pure and satisfies the support conditions with respect to the divisors
(DY), on X;. (Moreover, for all t € T' the morphisms & ® Ox,(—(D?);) — & are injective by
the support conditions, and using |Gro66], 11.3.7, this implies that £ ® Ox(—(D")r) — &

is injective for each i.)

Now fix numerical polynomials H, H; €Qz] (for1<i<nand2<j<I;+1), where
d := deg H and deg H} =d—1 for all 7, j. Then the basic moduli functor of interest in this

chapter is

Pargfj}i’/&é : Sch/S — Sets, (4.26)

defined by

Parg;ljf(’/aé(T) := {flat families & on X /T s.t. for all t € T the sheaf & has Hilbert
polynomial H and (£/F}(£)), has Hilbert polynomial H; for all i, j}/~,

where ~, tsomorphism of families over T, is defined by writing £ ~ Fr if there is a line
bundle L on 7" such that
& B0y, (bry) L= F

(ie. & R0y, (pry)*L = F via an isomorphism respecting the filtrations), where pr, : Xp =
X xgT — T is second projection.
This is a contravariant functor Sch/S — Sets: for any morphism g : 7" — T in Sch/S,

H,H} o X H,H} o H,H} o
Parp. ()e(g) : Parp, 6 (T) — ParD*/X/S(T’)

is just given by pull-back g*.

As in the absolute case, we often refer to (H, H},a}) as the numerical type of a flat
family &;.

The moduli functor for which we would like to construct a coarse moduli space is given
by first passing from Parg;lf)’t(’/og to the subfunctor of semistable parabolic sheaves on X/S,
and then from ~ to the coarser notion of S-equivalence. However, at this stage we have no
proof showing that Jordan-Holder filtrations are well-defined for po-semistable parabolic
families of fixed numerical type, so we postpone the definition of our moduli functor to

section [1.9) We do, however, have a proof demonstrating that py-semistable objects form
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an abelian category, hence admit Jordan-Holder filtrations. For this argument, we will
need to assume that

either o} > 0 for some i, or ﬂDi = (. (4.27)
Definition 4.4.2. A flat family £ on X7 /T is called (semi)stable if for each t € T the
parabolic sheaf given by restricting £ to X; is pe-(semi)stable as in definition where
the modified reduced parabolic Hilbert polynomial par—p, is taken with respect to Ox,(1).
Similarly, we may define a flat family to be po-(semi)stable if its restriction to each fibre is
po-(semi)stable.

Given a pg-semistable family £ on X7 /T, there is a filtration
E=JHYE) D IJHAE) D --- D IJHETHE) =0

by T-flat saturated subsheaves whose restriction at each ¢ € T yields a Jordan-Holder fil-
tration of (&), i.e. for each 1 < k < K the sheaf (JH*(E),/JH*™(&),)* with its induced

parabolic structure is parabolic pg-stable and has the same reduced parabolic Hilbert poly-

nomial as (&) This filtration is not unique, but the associated graded

K
gr(&7) == EPUHNE)/IH 1 (€)):
k=1
is unique up to isomorphism of families, i.e. up to ~-equivalence, by the Jordan-Holder
theorem.

Two po-semistable families £, Ff on Xp /T are then called S-equivalent if the graded
objects of their JH filtrations agree in families, i.e. if gr(€F) ~ gr(F;). If this holds, we
write £ ~g F. The ‘S’ in S-equivalence indicates that this notion is due to Seshadri (in
the case of vector bundles on smooth curves) and should not be confused with £ ~ F7 for
isomorphism of families over the base scheme S. However, observe that for stable families

S-equivalence reduces to isomorphism of families.

Note that we cannot apply the Jordan-Holder theorem directly to the category of all
parabolic sheaves (which is not abelian as we have seen in remark [4.2.3) to show that gr(€7)
is well-defined up to isomorphism in families; however, under the assumption the sub-
category of pg-semistable parabolic sheaves of fixed reduced parabolic Hilbert polynomial

is abelian and so the Jordan-Holder theorem does apply to it:

Proposition 4.4.3. Given P € R|z] and weight sequences o satisfying (4.27)), the po-
semistable parabolic sheaves on X1 /T of fixed reduced parabolic Hilbert polynomial P and
fixed parabolic weights o (together with the zero sheaf) form a full abelian subcategory

of the category of all parabolic sheaves on X7 /7.
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Proof. In this proof, ‘(semi)stable’ will mean poy-(semi)stable throughout.

Parabolic sheaves (of weight ) form an additive category; we need to show that the full
subcategory under consideration admits kernels, cokernels, and canonical decompositions of
morphisms, i.e. the isomorphism theorem identifying coimage and image of any morphism
holds. It suffices to prove these statements in the absolute case: let £f, F* be p-semistable
parabolic sheaves on X; with par—po(E}) = par—po(F;) = P, and write d := deg P for the
common dimension of £ and F.

Consider a parabolic homomorphism f : £ — F, i.e. a morphism f : &€ — F such
that f(&€) C F. for all 1 < i < n and all @ € [0,1]. The kernel of f as a morphism of

O-modules is a coherent subsheaf ker f C £ which inherits a unique parabolic structure:
(ker f): = (ker f) N &L

Note that this is the induced parabolic structure which is well-defined as ker f is a saturated
subsheaf of £: the quotient £/ ker f is isomorphic to im f, a subsheaf of F which is therefore
either zero or pure of dimension d = dim &.

By semistability of £F, we have par—po((ker f)5) < par—po(E}), and for the reverse
inequality, let (im f); be the image of f as a morphism of O-modules, equipped with the

induced structure as a parabolic quotient of £. Then
0— (ker f)f = & — (im f); — 0 (4.28)

is a short exact sequence of parabolic sheaves, so by lemma we have par-FPy(Ef) =
par—Fy((ker f)%) + par—Fo((im f)%), which by lemma implies aq4(€) = aq(ker f) +
aq(im f). These two equations together yield

e ey par Ryl(ker £)2)  par By(£2) — par By((im £)2)
par—po((ker f)) aq(ker f) aq(€E) — aqg(im f)

par-Io(&F)
ad(g) = par po(g*)a

where the inequality is a consequence of semistability of F:

par—Fy((im f)})
aq(im f)

This shows that par—po((ker f)r) = par—po(E) = P, and as any parabolic subsheaf of

= par-po((im f);) < par-po(F;) = par-po(E]) = %gg)

(ker f)% is a parabolic subsheaf of £, we see that (ker f)% is automatically semistable.
Defining the image of f as a parabolic homomorphism requires more caution: as the

example at the end of remark illustrates, a parabolic homomorphism f between ar-

bitrary parabolic sheaves need not be strict, i.e. the sheaf-theoretic image of f may be

equipped with two parabolic structures (the induced filtration as a subsheaf of F or as
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a quotient of &) which need not coincide, preventing a definition of parabolic image that
works in general. However, these parabolic structures do agree if £ and F} are both
semistable with par-p, = P and if holds: as above, let (im f); be the sheaf-
theoretic image im f, equipped with the induced structure making it a quotient parabolic
sheaf of &, i.e. (im f)!, := f(EL). Let (sat—im f)} be the saturation of im f as a sub-
sheaf of F, equipped with the induced structure making it a parabolic subsheaf of F}, i.e.
(sat-im f)! := (im f)*** N F’. Then the argument in remark shows that we have
(im f)!, C (sat-im f) for 1 <i < nand all « € [0,1], and as a4(im f) = a4((im f)') we

thus have

i oL ol im f)°) da
parpol(im 1) =y 3 [ PG ) d

N

G 2, Plem e @2
= par—po((sat—im f)}).

We claim that equality holds in par—po((im f)%) < par—po((sat—im f)}) if and only if im f is
a saturated subsheaf of F and the two induced parabolic structures agree: suppose equality
holds in (4.29)), then P((im f){) = P((sat-im f)%) for all i and for all a« > a} (since the
differences between successive weights are positive), and so (im f)!, = (sat—im f) for all
such a. In other words, the filtrations of im f and (im f)*** at each D' will agree from
the second term onwards, but we have not yet shown that the first terms, i.e. the sheaves
im f and (im f)** themselves, are equal. However, if af > 0 for some i, then we must also

have im f = (im f)®*' as their Hilbert polynomials now contribute with positive weight
to (4.29). On the other hand, we already know that

(im f)(=D") = (im )} = (sat-im )] = (im f)**(=D) (4.30)

for all 4, so im f and (im f)%* agree away from each divisor D*. If af = 0 for all 7, then by
(4.27) we have N;D* = ) and our claim is proved.
Now, by additivity of parabolic Hilbert polynomials in (4.28]), we have again

par-po((im f)7) = L1 o((im f)7)

aq(im f)
_ par-Fy(&F) — par-—Py((ker f)F)  par-Py(EF) N
N aq(&) — aq(ker f) T awlé) par-po(£7),

using that
par-Fy((ker £)2) _ par-FRy(é)
aq(ker f) aq(&)
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as shown above. On the other hand, par—py((sat—im f)}) < par—po(F;) by semistability of
Fr, s0

par—po(€7) = par-po((im f)I) < par-po((sat—im f)7) < par-—po(FI) = par-po(€7)

*

and we must have equality throughout, thus (im f); = (sat-im f); by the claim, and
par-po((im f)) = P. Viewing parabolic subsheaves of (im f)% as parabolic subsheaves of
F} shows that (im f); is then also semistable. Similar arguments show that the cokernel
of f may be equipped with a unique parabolic structure, and that this parabolic sheaf
is also semistable of reduced parabolic Hilbert polynomial P. Finally, the short exact
sequence gives the isomorphism theorem in our full subcategory, which is therefore

abelian. O

Remark 4.4.4. We had to impose assumption only to prove the claim that equality
in implies that im f is saturated — in the GIT construction of the moduli space, this
assumption will play no further role. We have no proof for the proposition above without
assuming , and indeed this reflects a similar phenomenon observed by Yokogawa and
Bhosle using different methods: in [Yok93], the moduli space of (po-)semistable parabolic
sheaves (on a family X — S of smooth projective schemes) is constructed as a GIT quo-
tient of a parameter space which is not projective over S, but a posteriori the moduli
space may be shown to be S-projective using Langton’s method [Lan75|, provided that the
lowest parabolic weight is positive. In [Bho99], Bhosle studies (in our language) purely 1-
dimensional parabolic sheaves on disconnected smooth curves C' with divisors D' = x; + z;,
where x; and z; are points on distinct components of C', and parabolic structures of length 2
at each D' with parabolic weights o = 1 for all ¢ and o} = « for all i, where o € [0,1).
Bhosle observes that if a = 0, then pg-semistable (or equivalently p-semistable) parabolic
sheaves of fixed parabolic slope do not form an abelian category: cokernels of morphisms

sat

between them may have torsion supported on J, D', i.e. im f and (im f)** may differ
on |J; D'. Thus, our alternative assumption that (), D* = ) would then not be enough to
give proposition [.4.3} but note that the situation of [Bho99] is not quite covered by our
assumptions as Bhosle allows the highest parabolic weight af to be 1: in our proof above,

having ozfi = 1 would mean that we could no longer conclude |D from equality in |D

Note that the subcategory considered in the proposition is noetherian and artinian,
and its simple objects are precisely the stable parabolic sheaves of par-p, = P, so any
po-semistable parabolic sheaf admits a JH filtration.

However, we are really interested in po-(semi)stability as this turns out to be the con-
dition matching GIT-(semi)stability in our construction in section . We will define the

relevant moduli functor in section [4.9]
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4.5 Boundedness of the semistable parabolic sheaves

4.5 Boundedness of the semistable parabolic sheaves

Every moduli construction via GIT begins with a boundedness result: we need to know that
the objects of our moduli problem may be parametrised by a scheme of finite type before
we can attempt to construct the moduli space as a GIT quotient (see subsection for
definitions and basic results on boundedness and Castelnuovo-Mumford regularity).

As explained in section [£.1} Inaba only shows that the parabolic e-stable sheaves of
fixed numerical type on X/S form a bounded collection (see section 2 of |Ina00]). Recall
from section that Inaba’s set-up is more general than ours: the base S is only assumed
to be noetherian, whereas we take .S to be of finite type over an algebraically closed field k.
Under this assumption, we obtain a boundedness result for all semistable parabolic sheaves
of fixed numerical type by reducing the problem to boundedness for the underlying pure
sheaves: using proposition we show that parabolic semistability of £F implies a bound
on the (non-parabolic) slope of all non-zero subsheaves of £, so the boundedness results of
Simpson and Langer for pure sheaves of bounded u-HN type (section apply.

We combine proposition with theorem to obtain the boundedness result
for semistable parabolic sheaves of given numerical type on X/S. Continue with the same

hypotheses and notation as in section 4.4}

Definition 4.5.1. Fix rational polynomials H and HJ’: (forl<i<nand2<j<I;+1),
where d := deg H and deg H} = d — 1, and weights a}. Then write F(H, H},a}) for the
collection of py-semistable parabolic sheaves £F on the fibres X of X/S with parabolic

structures at the divisors (D"), such that £* has numerical type (H, H}, o).

*
*

herent sheaves £ (on the fibres of X/S) admitting a parabolic structure such that £ €
F(H, Hf,af). This collection is bounded.

Theorem 4.5.2. Given numerical type (H, H}, «}), consider the collection of pure co-

Proof. Let £ € F(H, H}, %) be a py-semistable parabolic sheaf on X, say. We aim to
show that there is a constant b € R, independent of the choice of £ in F(H, H}, a), such
that p(F) < b for all non-zero subsheaves 7 C £. We may assume that F is saturated as
w(F) < p(F=Y) by lemma m Thus, we have the induced structure on F making it a
parabolic subsheaf F} of £F. Now aq(F) < aq(€), so by proposition we have b’ € Q
(only depending on d and a := a4(€), which are determined by H, and on the divisors

(D%),) such that
p(F) =V < parp(Fy) < p(F)
and p(&) =V < parp() < &),

The proof of proposition m shows us that b’ only depends on the divisors (D?), through

dego, (1)( (D?%),), and these degrees are bounded above as s ranges over S: by flatness of D?,
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the Hilbert polynomials of (D"), are locally constant in s € S. Thus, ' may be chosen
independent of s € S.
Proposition [4.3.12] tells us that £ is p-semistable, so par—u(F}) < par—u(EF). Thus,

u(F) < par—p(Fy) + b < par—p(E5) + b < p(€) +

and the result now follows from theorem [3.2.13| with b := u(€) + ¥', noting that both u(&)
and O’ are determined by H. O

4.6 Construction of the parameter space

It follows immediately from theorem that for all & € F(H, H}, a}) the underlying

sheaf € (on Xj, say) is m-regular for a uniform integer m:

Corollary 4.6.1. Given a numerical type (H, H}, a}), there is m € N such that for all

& € F(H H, o)
(a) £(m) is generated by its global sections;
(b) H*¥(E(m)) = 0 for all k > 0; and

(¢) the multiplication maps H°(E(m)) ® H°(Ox, (1)) — H°(E(m + 1)) are surjective for
all [ > 0.

Proof. Combine theorems [4.5.2] and [2.3.9 with lemma [2.3.7] O

Now (b) implies that h°(E(m)) = x(E(m)) = H(m), and thus by (a) each such £ may
be written as a quotient of V,, ® Ox_ (—m), where V,, is a fixed k-vector space of rank
H(m) (from here on, V,, ® — denotes V,,, ® —, i.e. V,, ® Ox is the trivial vector bundle
on X with fibre V,,). In other words, for all £ € F(H, H}, a}) the underlying sheaves &£

are parametrised by the relative Quot scheme
Quotgfs(l)(vm ® Ox(—m), H)

whose points correspond to triples [s, F, 3] of a point s € S and an isomorphism class
of a quotient 5 : V,, ® Ox,(—m) — F on X, having Hilbert polynomial H with respect
to Ox,(1). (Two quotients 5 and (" are considered isomorphic whenever ker 5 = ker /3'.)
Equivalently and sometimes more conveniently (this is Simpson’s interpretation [Sim94a]
of the Quot scheme), we may think of the points of this Quot scheme as corresponding to
triples [s, F,~| of a point s € S, a coherent sheaf F on X, having Hilbert polynomial H
with respect to Oy, (1), and a morphism v : V,, — H°(F(m)) whose image generates JF(m),
and two triples [s, F,v] and [s, F',+'] are equivalent if there is an isomorphism F = F’

compatible with v and +'.
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For reasons that will become clear in section (see lemma in particular), we
will not work with the entire Quot scheme but with a union of some of its irreducible

components: set
— Q,, = Quot&xV Ox(—m), H,d Ox ) Ox(—m),H) (431
Q Qm . QuOtX/S (Vm X X( m)? ) ) - QuOtX/S (Vm ® X( m)u ) ( 3 )

to be the closure of the open subscheme corresponding to purely d-dimensional quotients.
As Simpson states in [Sim94a], there may be a problem in the GIT analysis if the Quot
scheme has irreducible components all of whose points correspond to sheaves which are not
pure (it is not clear how to show such points are GIT-unstable — see lemma for how
this matters), so we discard these components (if they exist) now.

Note that this parameter space depends on a choice of m (and we write Q,, for Q
whenever we wish to emphasise this point): as & is also m/-regular for all m’ > m, we may
replace m by any m’ > m to get a different Quot scheme @),,,» which still parametrises all £
with £ € F(H, H}, o).

Recall the following basic properties of Quot schemes:

Lemma 4.6.2. Given 7' € Sch/S, a numerical polynomial P € Q[z] and a sheaf H €

Coh(X), there is an isomorphism

Ox,.(1
QuotXﬁT( )(HT, P)=T xg Quot?(fs(l)(ﬂ, P)
induced by a natural isomorphism of the respective Quot functors. Given P € Q[x] and a
surjection of coherent sheaves & — F on X, the Quot scheme Quot?(;‘s(l) (F, P) is naturally a

closed subscheme of Quotgfél)(g , P), induced by a closed embedding of the Quot functors.

Proof. These statements follow easily from the definition of the Quot functor, see lemma

2.39 and lemma 2.3.3] O

Starting from the Quot scheme @), we now build a scheme parametrising all £ €
F(H,H}, af), i.e. we incorporate the flag structures (our construction of the parameter
space is similar to Inaba’s argument, except that we avoid enforcing the various open
conditions of |Ina00]: we seek a parameter space which is projective over S to ensure
projectivity of the GIT quotient). Suppose & is a parabolic sheaf on X and consider the

quasi-parabolic structure at (D?):
E=F|(&) D Fy(E) D D F ,(E) =&E(—(D"),)
This is equivalent to a series of surjections

€= EJE(=(D").) = E[F 1 (E) » E[F(E) » E/F_4(E) —» - > E[F}(E)  (4.32)
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where the quotient £/F}(£) has Hilbert polynomial H} for 2 < j < [; + 1. Thus, we
may parametrise £ (as a quotient of V;, ® Ox,(—m)) and its quasi-parabolic structure at
(DY), by a Flag scheme built out of a series of Quot schemes (cf. [HLI7], section 2.A); for

2 < 7 < l; +1 we define schemes Sji- and X; (projective over SJ’) and a coherent S;»—ﬂat
sheaf #) € Coh(X}) inductively:

Base step: For j = [;+1, add the surjection & — £/F} | (£) to the data parametrised by
the scheme @) which already encodes the quotient V,,, ® Ox,(—m) — £. Note that this step
is not necessary from the point of view of parametrising the quasi-parabolic structure (4.32)
as F ,(€) is fixed to be £(—(D"),). However, recall from definition that the Hilbert
polynomial H, i 1 contributes to par—P (W} C &) for any parabolic subsheaf W} C &7, and
since P(£) does not determine P(E(—(D"),)), we need to encode this quotient £/F} ., (€)
in our Flag scheme in order to measure its contribution to (semi)stability of E.

First, restrict @ to a closed subscheme whose points over s € S correspond to sheaves
£ on X satisfying P(£(—(D"),)) > H — Hj ;: let £ be the universal quotient sheaf on
Xo = X x5 Q, and write (D")q for the Q-relative effective Cartier divisor on Xg induced
by D' C X. Let £(—(D?)q) be the image of the natural morphism € ® Ox,(—(D)g) — .
As X¢q — @Q is projective and as the pull-back Ox, (1) of Ox(1) is very ample, there exists
a flattening stratification for &£ (—(D")q) over Q: by theorem , there are finitely many
pairwise disjoint locally closed subschemes @), C @ whose union is (), such that ¢ € @,
if and only if the restriction of g(—(Di)Q) to (Xg), has Hilbert polynomial g, i.e. if and
only if ¢ corresponds to a triple [s, £,7] such that the sheaf £(—(D"),) on X, has Hilbert
polynomial g with respect to Ox,(1). The @, are uniquely determined (as schemes) by a
universal property they satisfy: the pull-back of & (—(D")q) via any S-morphism T — @Q is
flat if and only if the morphism factors through [ [ ; Qg = Q. Most importantly for us, for
each polynomial h, the union of strata [] goh (g, is a closed subscheme of Q.

Let h = H — Hj ,,, and set

Q = (J] @) %o Quoty. %y (€/E(~(D')g). Hi,.). (4.33)

g=h

where () is the Quot scheme 1) encoding £ as a quotient sheaf, and £ , Xo and (D%)g
are as in the previous paragraph. Equivalently, Q is the Quot scheme of € / £ (—(D%q) on
tile restriction of X — @ to the locus over the closed subscheme [ ] gon Qg C Q Therefore,
@ is projective over S (this map is the composition of the projective maps @ — [] goh @g

and Hg>h Qg — Q@ — S). The points of @ parametrise all sequences of surjections

Vin @ Ox,(=m) = € = E[E(=(D"),) = E/F;141(€) (4.34)
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with P() = H, P(£(—(D"),)) > H — H} , and P(£/F/_,(£)) = H_,. But since
E(—(D")s) C F} ,1(€) we must have

P(E(=(D"),)) < P(F} (€)= H — Hj ,y,

so equality must hold and we actually have £(—(D’),) = F/_,(€). Note that £ then also

satisfies the support conditions (4.3]): we have

dim ((Di)s N Supp 5) = dim Supp £/E(—(D"),) = deg H] ,, < deg H = dim Supp €.

(4.35)
Now set
Slii—&-l = Q’
Xzii+1 = (XQ)S;'Z_+l = Xq Xq Slii+1 =X Xg Slii—i-la
’Hfl 41 := the universal quotient sheaf on X ;.
Note that

Vin @ Oxg(=m) = € = E/E(—(D")g)
on Xg, so by lemma (and since | gon @y C Qs closed) we have a closed embedding

Shi1 = Q = Quoty % (Vi ® Oxo(—m), Hi 1) = Q x5 Quot i (Vi @ Ox (—m), Hj ).

Observe also that 7 ., is in particular a quotient of V;, ® OX;-.+1 (—m) on X/ ., and that
its restriction to the fibre of X f 41 Over a point s € S{’ 41 corresponding to a sequence (4.34])
is just E/F 1 (E).

Inductive step: Given 2 < j <[;+1, suppose X} — S} and H’ € Coh(X}) have already

been constructed, with S} parametrising sequences of surjections
Vin ® Ox,(=m) > € = E[E(=(D")s) = E/F} 1 (E) — -+ = E[F(E), (4.36)

with X? = X x g S%, and with H a quotient of V,, ® OX;;(—m). Furthermore, suppose that
H; is a universal sheaf whose restriction to the fibre of X} over a point s € Sj- corresponding

to a sequence is just £/F}(E).
Then set
. Oxi(1) =
Sj1 = Quot g, (M5 Hj_y),
Xjor =X X Sjoy = X xs Sy,

’Hj-_l := the universal quotient sheaf on X;_l.
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Now S;_l parametrises sequences
Vin @ Ox,(=m) = € = E/E(=(D"),) = E/F} 11(E) = -+ = E/Fj_4(€),

and by lemma we have a closed embedding

. Oxi (1) . . o) .
i1 Quot g, (Vi ® Oxs(—=m), Hj y) = ) x5 Quot 7! (Vi ® Ox(—m), H]_,).

This completes the inductive step of the construction.

In particular, Si is a parameter space for sheaves £ (as quotients of V,, ® Ox, (—m))
together with a quasi-parabolic structure (4.32)) at (D?),, and we have a closed embedding

S5 = QX5 Qj 4y Xs -+ Xg QY (4.37)

where QY := Quoty/s(Vin ® Ox(—m), HY).

Finally, we need to combine the S4 (for 1 <4 < n) into a single space parametrising £
and its quasi-parabolic structures at (D'),,...,(D"), simultaneously. Taking the naive
product of the S} cannot work as a point (s!,...,s") € S3 x---xS¥ corresponds to n quasi-
parabolic sheaves whose underlying coherent sheaves need not coincide. However, note that
each S% comes with a projective morphism to @ (the composition of with projection
to @) which in terms of the modular interpretation just corresponds to forgetting the quasi-
parabolic structure at (D), and only remembering the quotient [V,, @ Ox, (—m) — &].

Thus, we may take the fibred product of the S& over Q as our parameter space: set
F,, = Flag-Quot DX, (Vi ® Ox(—m), H, HY) == S} xq S3 xq -+ xq S5, (4.38)

where the subscript in F},, again denotes the dependence on the regularity parameter m.
This scheme represents a rigidification of the moduli functor (4.26)) we are interested in:
more precisely, for any 7' € Sch/S, the T-valued points of F,,, are in bijection with equiva-

lence classes of pairs [E}, 7], where

o &ris a T-flat sheaf £ on Xr (corresponding to a T-valued point in @,,, the closure of
the locus of points in the Quot scheme corresponding to pure sheaves) together with

a filtration
€= Fi(€) D Fi(€) 5+ > F,(€) = £(~(D')y) (4.39)

whose restriction to the fibre X; over any ¢ € T has Hilbert polynomial H and flag
type H} with respect to Ox, (1), i.e. P(&) = H and P((/F}(£));) = H}. This in-
cludes flat families of quasi-parabolic sheaves on X7 /T in the sense of definitions m
and [4.2.1] but also other objects which do not qualify as quasi-parabolic sheaves as &,
may not be pure. We will show in section that points of F},, not corresponding to

pure quasi-parabolic sheaves are GIT-unstable with respect to a suitable linearisation.
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e 7 is a morphism V,,, ® Or — (fr).€(m) whose image globally generates £(m), where
fr + Xpr — T is the base change of f : X — S. Again, section will show that

(EF,~) is GIT-unstable whenever ~ fails to be an isomorphism.

e [Er,v] and [F}, d] are equivalent if there is an isomorphism £ = F} compatible with

~ and 9.

In particular, points of F,, lying over s € S correspond to [EF,~] with £ a (not neces-
sarily pure) quasi-parabolic sheaf (corresponding to a point in @,,, the union of the pure
components of the Quot scheme) of type (H, H}) on X, such that £ satisfies the support
condition at each divisor by (4.35), and v : V;,, = H°(X,, £(m)) a morphism whose image
generates £(m).

4.7 Group action, linearisation and GIT on Grass-
mannians

We are now ready to set up the GIT construction that will result in the coarse moduli space
of semistable parabolic sheaves of type (H, H}, a}) on X/S: essentially, the problem is to
remove the rigidification data of the morphism ~ from F,,, and to do so we consider the
natural SL(V,,)-action on F}, factoring through the SL(V,,)-action on V,,. (Note that the
irreducible components of the Quot scheme which we selected in are preserved by
this group action: the components are determined by the sheaf £, whereas SL(V},,) acts on
the quotient map V,, ® Ox(—m) — & only.) The linearisation for this action will be based
on the projective embedding exhibited in Grothendieck’s original construction |Gro62] of
the Quot scheme and utilised to great effect in Simpson’s construction of moduli of pure
sheaves [Sim94a]: given projective f : X — S with very ample Ox (1), any H € Coh(X) and
P € Q[z], there are natural morphisms v, from the Quot scheme to a relative Grassmannian
(i.e. a Quot scheme of locally free quotients), and for sufficiently large k € N these are closed
embeddings. Explicitly, for any 7" € Sch/S, the morphism v, is given on T-valued points
by
Yt Quot TV (H, P)(T) —  Grasss(f.H(k), P(k))(T)
[(Hr — F] = [(fr)sHr(k) = (fr)F (k)]

and this is a closed embedding for k£ > 0: the sheaves H; (for all ¢ € T') and all quotients F;
and kernels ker(H; — JF;) form a bounded family, so are k-regular for k& > 0. Then
(fr)«F (k) is locally free of rank P(k), and the analogue of corollary [4.6.1](c) implies that
Yy, is an immersion: recall this construction from subsection [2.3.3

Taking T" — S to be the inclusion of a point s € S, this says that ¢, maps a quotient
sheaf [H, — F| to the vector space quotient [H°(H,(k)) - H°(F(k))] lying in the Grass-
mannian Grass(H°(H,(k)), P(k)) which is the fibre of Grassg(f.H(k), P(k)) over s € S.
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If k is sufficiently large so that f,#H(k) is locally free, then we have the Pliicker embed-
ding
Crassg(f.H(k), P(k)) < Ps(AT® £, H(E))
as a closed subscheme, and the corresponding ample line bundle on the relative Grassman-

nian is the determinant line bundle. Pulling back the determinant line bundle by v, we

obtain a very ample line bundle L; on Quotgfél)(’ﬂ, P) whose fibre at a point correspond-

ing to a quotient [H, — F] is AP®HO(X,, F(k)). In our case H = V,,, ® Ox(—m), so
SL(V,,) acts on Ly as it is the pull-back of

OPS(AP(k)Vm@)f*O(k—m)) (1)

and the action is compatible with the SL(V,,)-equivariant embedding ;. This is the
SL(V,,)-linearisation for the Quot scheme which Simpson works with in [Sim94a] and which
forms the basis for our linearisation of the SL(V},)-action on the Flag-Quot scheme F,.

By (4.37) and (4.38)), we have a closed embedding of F,, into a fibred product of Quot
schemes on X/S (all of which depend on m):

Fro = QX5 (Q 411 Xs++- X5 Q3) Xg -+ Xg (QF 11 X5+ x5 Q%) (4.40)

If we choose k sufficiently large (depending on m) to make ¢ a closed embedding for @
and all Q;, we arrive at a closed embedding of the Flag scheme into a product of relative

Grassmannians which we also denote by :
Uy Fr — Grg(m, k),
where

Grs(m, k) := Gr xg (Gr] 41 Xg -+ xgGry) Xg -+ xg (Gr] || Xg--- xgGrf), (4.41)
Gr := Grassg(V,, ® f.Ox(k —m), H(k)),
Gr! := Grasss(Vy, ® f.Ox(k —m), H(k)),

and f is our projective morphism X — S. Explicitly, a point of F}, (in the fibre over

s € S) corresponding to

{(vm ® Ox. (—m) — 5), (vm ® Ox, (—m) — 5/F;’(5)) | } (4.42)

Z7J

is mapped by v to

{(vm ® HO(Ox, (k= m)) —H°(£(k)) ),
(4.43)
(Vo0 (O, (= m)) = HYE/EHOW) |,

and ¢y, is clearly SL(V},)-equivariant.
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Remark 4.7.1. This differs from the embedding and linearisation chosen in [Ina00] where
Yy (for k > 0) is only applied to the Q-factor in (4.40)), while v, works for the open
subschemes of Q; into which Inaba’s flag scheme maps under 1} this is because of the
open conditions (see [Ina00], p. 125) enforced in the construction of the parameter space
(such as vanishing of the higher cohomology of £/F}(£)(m)). As a result, Inaba’s flag

scheme can be embedded in
Gr x5 (Grj 1 (m) Xg -+ xg Gry(m)) xg -+ xg (Gr} | 1(m) Xg - xg Gry(m)),
where

Gr := Grassg(V,, ® f.Ox(k —m), H(k)),
Gr!(m) := Grassg(V,, ® Os, Hj(m)),

J

using our notational conventions which differ slightly from [Ina00]. In particular, note that
a point (4.42)) of F,,, would be mapped to

[(vm ® H(Ox, (k —m)) — H'(E(K))). (Vin ® H(Ox,) — HO(S/F’;(E)(m))>iJ .

Note that in this expression the parabolic structures are twisted by m, rather than by &
as in (4.43). This explains the difference between Inaba’s criterion for GIT-(semi)stability
(proposition 3.3 in [[na00]) and our criterion below and the simpler linearisation weights
used by Inaba. Ultimately, this difference between the embeddings of the parameter space
leads to the different parabolic stability condition we arrive at. While one might regard
Inaba’s stability (which is parabolic pg-stability) as simpler than our notion of p,-stability,
we need to work with this more complicated notion — this is the price we pay for compact-
ifying the moduli space: for this purpose, it is essential to keep working with a projective

parameter space, embedded as a closed subscheme of Grassmannians.

Returning to our situation, we now describe the linearisation of the group action. As
Yy, embeds F, in a product Grg(m,k) of Grassmannians, there is a range of SL(V},)-
linearisations corresponding to different relative weightings of the factors in . Write
Oa:(1) and Oy (1) for the determinant line bundles on the factors of Grg(m, k). Given
positive rational numbers § and B; (which we occasionally refer to as the linearisation

weights), let
n li—‘rl

Ls g = Oar(B) @ Q) @) Oc (57, (4.44)
i=1 j=2

Ka

8.8

linearising the SL(V},)-action on Grg(m, k), and ¢,’;L?%i_ is our SL(V,,)-linearisation on F,

a Q-invertible sheaf on Grg(m, k). Then for a > 0, we have a very ample line bundle L
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(for suitable weights). By a mild abuse of language, we will refer to Lg 5: and 1) Lg gi as

the respective linearisations since the choice of a does not affect GIT-(semi)stability.
Before we state the numerical criterion for the SL(V},)-action on the product of Grass-
mannians, we recall that GIT-(semi)stability on F,,, and Grg(m, k) may be analysed fibre-
wise over S: this is lemma [2.2.3] Thus, as SL(V},,) preserves the fibres of F,,, and Grg(m, k)
over S, we may assume that S = Spec k when determining the GIT-(semi)stable loci, and

we will do so throughout the following section. Then Grg(m, k) reduces to
Gr(m, k) :==Grass(V,, ® H*(Ox(k —m)), H(k))
n l;+1

: , 4.45
xic [T T] Grass(Vin ® H*(Ox (k — m)), Hi(k)), (4.45)

i=1 j=2

a product of vector space Grassmannians over k.

Proposition 4.7.2. A point of Gr(m, k) corresponding to

{(Vm @ H(Ox(k = m)) = E), (Vi ® H(Ox (k = m)) - Ez:>1<’<” }

1/ a<i<ti1

is GIT-(semi)stable with respect to the SL(V/,)-linearisation L@ﬁ; given by ‘D if and

only if for all non-zero proper subspaces U < V,, we have

n l;+1 n l;+1
(51{(@ +Y % 5;H;(k)) - dim U(<)H(m) - (5 dimW + 3" 3" 8 dim W;‘), (4.46)
i=1 j=2 i=1 j=2

where W and W/ denote the image of U @ H(Ox(k — m)) in the quotient E and Ej,

respectively.

Proof. This is the Hilbert-Mumford criterion for products of Grassmannians: proposi-
tion 3.2 in [Ina00] proves this for integral linearisation weights. Our SL(V},)-linearisation
is given by L®® for a > 0 which has linearisation weights a8 and aﬁ}, so dividing all
terms by a gives the statement above. The result also follows from proposition m (the
version for a single Grassmannian, taking into account that V,, was defined as a k-vector
space of dimension H(m)), combined with the fact that the numerical stability function
p®(x, \) = Pic*™ V) (Gr(m, k)) — Z is a group homomorphism when considered as a func-
tion in SL(V},)-linearised line bundles (this is property ii) after definition 2.2 in [MFK94]),
i.e. for any point x € Gr(m, k) and any one-parameter subgroup A : G, — SL(V},) we have

L

0% (2, \) = /B#Oc;r(l)(ﬂc7 A) + Zﬁjﬂ 5z, N). U
2%

Recall from proposition that a point in F,,, is SL(V},)-(semi)stable with respect to
YiLg i if and only if its image under 1y, is SL(V,,)-semistable in Gr(m, k) with respect to
Lg gi- Thus, proposition applies to the analysis of GIT-(semi)stability in F,.
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4.8 The GIT-(semi)stable loci

Using the numerical stability criterion in proposition we now need to decide what
linearisation weights (3, B;- we should choose in . Let us try to motivate the choice of
weights we make: suppose the point [E, (Ef)] of Gr(m, k) considered in proposition m
lies in the image of ¢y : F,, < Gr(m, k), i.e. there is a point of F,,, corresponding to a (not
necessarily pure) parabolic sheaf £ together with a morphism ~ : V,, — HY(E(m)), such
that £ = H°(E(k)) and E} = H°(E/Fj(£)(k)). In this situation, note that any subspace
U < V,, considered in the GIT-stability criterion induces a parabolic subsheaf

W = im (U ® Ox(—m) — &)

of & (we will describe this in more detail in lemma [4.8.2). If k is sufficiently large (de-
pending on m), then dimW = RO(W(k)) = x(W(k)) and dim W} = RO(W/F}(W)(k)) =
x(W/ F]Z (W)(k)), where W, VVJZ are as in . If furthermore 7 is an isomorphism, then
dimU = h°(W(m)). Thus, the numerical criterion for GIT-(semi)stability with

respect to ZLB,B}- becomes
(BH k)4 32 B H3 () KOO () (<) H (m) - (Bx(OW () + 3 Bix W/ F;W)(K)) ) (4.47)

for sufficiently large k and all [E},~] € F,,, with « an isomorphism. Compare this with the
parabolic Hilbert polynomial

P :=par—Py (&) = par-Py(EF C &) = par—-P(EF C &)

calculated with respect to the parabolic weights o, which by by lemma equals

n ;41

1 oo
P=H-=3% > c&H (4.48)

i=1 j=2

where €, := of —a}_, and H = P(£), H; = P(£/F}(£)). Remembering that we must
choose [ and 5; to be positive rational numbers (possibly depending on m and k) to obtain
a very ample linearisation (which prevents us from choosing 6; = —e;'» /n, for example), a

comparison of (4.47) and (4.48) now suggests that we take

_ P(m)

6_ HE) 4.49

5 S .
7 n Hi(k)'

which gives us a linearisation (4.44)), provided all €} are rational, and because o] ., := 1

this is equivalent to all parabolic weights a being rational. (There is no loss of generality
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in this assumption: a variation of parabolic stability argument as in [MS80| shows that
the walls and chambers in the space of SL(V},)-linearisations are defined over Q, and by a
corresponding variation-of-GIT argument [Tha96| the weights of may be moved to rational
values without altering the (semi)stable objects.)

With these linearisation weights, (4.47) now reads

(P(m) + %Zeg‘ﬂ;(m)h%mm))

" i (4.50)
) - (e oviy + 3 S v )

1,J
for sufficiently large k and for all [E},~] € F},, with v an isomorphism. But the bracket-term
on the left-hand side is H(m) by (4.48)), giving

Hi(m) P(m)

HOVm) = 1 36XV EMENQ V) @5

as GIT-(semi)stability criterion, and this in fact motivates our definition [4.3.11] of po-
(semi)stability.

After this heuristic argument, we now formally identify the GIT-(semi)stable loci on F,

for the SL(V},,)-action with the linearisation above. Our goal is the following result:

*
*

Theorem 4.8.1. Fix a numerical type (H, H}, «
numbers. Then there exists M € N such that for all m > M there is K(m) so that for all
k> K, a point [}, 7] of the Flag-Quot scheme F,, is SL(V},)-(semi)stable with respect to
the linearisation w,’;Lﬁﬁ; and linearisation weights if and only if

) with all parabolic weights o rational

(a) &F is a po-(semi)stable parabolic sheaf (in particular £ is pure), and
(b) ~v: V, — H°(E(m)) is an isomorphism.

The key ingredients for the proof are proposition and theorem [3.2.14} the strategy
is similar to Simpson’s identification of the the GIT-(semi)stable loci on the Quot scheme
in his construction [Sim94a] of moduli for pure coherent sheaves on a projective scheme,
and we adapt his arguments to the parabolic situation.

Note that we will continue to simplify notation by assuming that S = Spec k when
analysing GIT-(semi)stability: as explained before proposition [4.7.2] the GIT-(semi)stable
loci of F,, are compatible with restricting to geometric fibres over S. The constants M
and K (m) chosen in the proof and the auxiliary lemmas are easily seen to be independent

of which fibre over S we deal with: the required results, such as the closed embedding
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Wy Fy = Grg(m, k) and k-regularity of certain bounded collections of sub- and quotient
sheaves, work uniformly on S.

Throughout this section, write P for the parabolic Hilbert polynomial determined by
(H,H}, o) as in (4.48), and given m € N we always take k(m) € N to be sufficiently large

so that ¢y : F,,, = Gr(m, k) is a closed embedding. We begin by interpreting proposition
if our weights are chosen as in (4.49)).

Lemma 4.8.2. Given m € N, there exists K;(m) € N such that for all £ > K; we have

the following criterion for GIT-(semi)stability: consider a point of F}, corresponding to

{(vm ® Ox(=m) » £), (Vi @ Ox(~m) - 5/5’;(5))2«[#1

1<i<n ]

and for any subspace U < V,, write W} for the (not necessarily pure) parabolic subsheaf
of £F generated by U, i.e. let W be the image of U ® Ox(—m) in &, and let W/F}(W)
be the image of U ® Ox(—m) in £/F}(E). Then the point of F,, corresponding to &£ is
SL(V},)-(semi)stable with respect to the linearisation 1/’;;[’5,6;3 with weights 3, 5} as in (4.49

if and only if for all non-zero proper subspaces U < V,,, we have

, W) 1= ., (W/F;(W)(k))
dlmU(é)P(m)%jLE;;ejHj(m)X 0 . (4.52)

Proof. This follows from proposition 4.7.2] in the same way as lemma 1.15 and 1.16 in
[Sim94a) follow from the Hilbert-Mumford criterion. We have given most of the argument
in our heuristic discussion of how the linearisation weights are chosen at the start of the
section, but we give the full argument here for the sake of completeness.

For all points & of Fy,, and all U < V,,, the sheaves W and W/F}(W) belong to a
bounded family (for fixed m): they may be parametrised by F), x Grass(V,"), a k-scheme
of finite type, where Grass(V,?) is the total Grassmannian of all subspaces of V;,,. Similarly,
the kernels

K< U®Ox(—m) » W

| | (4.53)
K! < U ® Ox(—m) - W/Fi(W)

belong to a bounded family, so we may choose K(m) such that all W, W/F}(W), K and
/C; are Ki-regular. In particular, for all £ > K;

(4.54)

and

hH(K(k)) = h'(K5(k)) = 0.
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Now write
W .= im (U ® HY(Ox(k —m)) — H'OW(k)) C HO(S(k:))>,
W= im (U @ H(Ox(k —m)) — H'(W/Fi(W)(k)) € H(E/F(€)())).
Twisting the short exact sequences by Ox (k) and taking cohomology yields
U® H(Ox(k—m)) — H'W(k)) — H' (K(k)) =0
and U @ HY(Ox(k—m)) — HOOV/Fi(W)(k)) — H'(K}(k)) =0,

so dim W = h°(W(k)) and dim W} = hO(W/F;(W)(k)). Using this together with (4.54)),
the GIT-stability criterion of proposition with weights (4.49)) becomes
e, .
(P(m) + ZejHj(m)> ~dim U
ij

P(m)

) - (Fehovay + 30 22

()

and the bracketed term on the left-hand side of this inequality is H(m) by (4.48)), giving

our result. O

H: .
X/ FI W) (k) )

Remark 4.8.3. Note that £ is not assumed to be pure in lemma [£.8.2 i.e. £ may not
be a parabolic sheaf in the strict sense. However, if £ is pure, then clearly all non-zero
subsheaves W C & are actually pure themselves, and therefore all W} in the statement of
the lemma are honest parabolic subsheaves of £.

Furthermore, all W C £ generated by subspaces U < V,,, have the induced parabolic
structure: W and W/Fj(W) are defined by the following diagram with commutative

squares:
Vin ® Ox(—m) £ S/FJ’(S)
U® (’)Jx(m) —»JV—»W/FVJ[(W)
Thus,

FJZ(W) :ker(W—>8/Fj(5)) :WOF;(S) (4.55)
and W/F;(W) — E/F;(£), so

XW/EF;(W)(k)) < X(E/F}(E)(k)) = Hj(k) (4.56)
for all sufficiently large k.

The result of the previous lemma has an important consequence for any [Ef,~] corre-

sponding to a GIT-semistable point of F,,:
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Lemma 4.8.4. Given m € N, there exists K3(m) € N such that for all £ > K3 we have the
following consequence of GIT-semistability: if a (not necessarily pure) parabolic sheaf £,

given as a quotient of V,,, ® Ox(—m), corresponds to a point of F), which is SL(V},)-

semistable with respect to the linearisation 9y Lg 5 with weights [, ﬂ; as in (4.49)), then for
]

all non-zero subspaces U < V,,, we have

n l+1 %

where W is the subsheaf of £ generated by U ® Ox(—m).
Under the same assumption of GIT-semistability for [£},v] € F,,, and k > K3, consider

any parabolic quotient sheaf £ — G¥ with induced parabolic structure. Then we have

n l;+1 ag 1 i
dim J > P(m) Eg; SIS i m ™ jg@()g», .

where J is the image of the map V,,, — H°(G(m)).
In particular, taking G = £ shows that v : V,,, — H°(E(m)) is injective if [EX,7] is
GIT-semistable with respect to QﬁZLﬁﬂ; for k > Ks.

Proof. This corresponds to lemma 1.16 in |[Sim94a] and follows from the Hilbert-Mumford
criterion in the same way: suppose (4.57) fails for a proper subspace U < V,,, i.e.

, agW) 1T ~<n |, ag (W/Fi(W))
dim U > P(m) aq(€) +E;ZQGJHj(m) ad—l(H;) :

Suppose dimW = d. Then a4(€)/d! and ayz(W)/d! are the leading coefficients of H and
P(W), respectively, while ag_i(W/F;(W))/(d — 1)! and aq_1(H})/(d — 1)! are the leading
coefficients of P(W/Fj(W)) and H}, respectively. Thus, there is K (m) € N such that for
all k > K

dim U > P(m)% + % ‘ EE;-H;(m)X(W/ﬁ((;/;})(k)). (4.59)

If dim W < d, then deg P(W) < deg H = d and we obtain the same conclusion ([1.59).

As U and W} range over bounded collections (parametrised by Grass(V,!) and F,, X
Grass(V)%), respectively), there is an integer K(m) € N such that for all U <V}, violating
([4.57), the statement holds. Take K3(m) to be the maximum of K (m) and K;(m)
as given by lemma then shows that the point [E},~] € F,, is GIT-unstable for
all k£ > K3, by lemma [£.8.2] This concludes the proof of the first statement.
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For the second statement of the lemma, consider a the quotient £ — G} with induced
parabolic structure. Let U < V,, be the kernel of the composition V,, — H°(E(m)) —
H°(G(m)), and let J be the image. Then

H(m) =dimV,, = dimU + dim J,
and if W C & is the subsheaf generated by U ® Ox(—m), then the composition
W—=&—»G
is zero, so P(W) < H — P(G) and in particular
ag(W) < aq(€) — aa(G). (4.60)

Furthermore, by remark 4.8.3, W} has the induced parabolic structure, so W/F; (W) injects
into £/F}(€). As G} has the induced quotient structure, we have well-defined maps

W/F;(W) = E[F}(E) - G/F(G)
whose composition is also zero, so
a1 (W/F;(W)) < aa1(E/F}(E)) = aa1(G/F}(9)) = as—1(H;) — aa—1(G/F}(G)). (4.61)
Therefore we have

dimJ = H(m) — dimU

> H(m) — P(m) “;;(SW)) - Z € H'(m) ““g_vl/gf)w)) (4.62)
= H(m) = Pm) = = S e Hi(m) + P(m g - San @d;flgf)g”

ag(G) 1= ;.. aa1(G/F(G))
m + ZjHj(m) aa ()

giving . Here, ) follows by ([.57), and (4.63)) uses (4.60) and (4.61).

Flnally, taklng g: = 8** yields

() 1§y Z:mad_1(5/F}'(5))
as(€) n i jH]( ) ad*l(HJZ:)

dimim vy = dim J > P(m) = H(m) = dimV,,,
showing injectivity of ~. O]
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Lemma 4.8.5. Fix a numerical type (H, H},a}). There is M, € N such that for all
m > M, there is Ky(m) € N so that for all £ > K, the following consequence of parabolic
po-semistability holds: for all [EF,~] € F,,, such that £} is py-semistable, and for all non-zero

proper parabolic subsheaves W) C £ generated by subspaces U < V,,, we have

1Z}WWMMWMWM%»< XW(k))

iﬂwmm—ﬁhjjj (k) \Hm)H%) (4.64)

If equality holds for any m > M, and any k > Ks(m), then equality holds for all m and k,

so in particular &} is strictly po-semistable.

Proof. This is a parabolic analogue of lemma 1.18 in [Sim94a]: the Le Potier-Simpson
estimate (theorem is a crucial ingredient in the parabolic case too.

We split the proof into several steps that trace the logical (even though not necessarily
the heuristically most natural) path towards choosing the constants My and K.

Step 1: Pick an integer A such that for all m > A

(m — A)/d! <

P(m). 4.65
—gPm) (1.65)
Note that a4(€) is determined by H and independent of £, and recall that P as given by
(4.48) is of degree d with leading term aq(£)m?/d!, so we can choose such A.

Step 2: There is an integer B such that for all r < a4(€), all s € S, and all p-semistable
coherent sheaves D on X of pure dimension d and multiplicity a,(D) = r, the following

holds:
0 if u(D)+m+B <0

r(u(D) +m+ B)¢/d! if n(D)+m+ B > 0.
For all non-negative integers r < a4(€), use theorem [3.2.14(b) to choose B(r) satisfying

this inequality for p-semistable sheaves of pure dimension d and multiplicity exactly r.

h%(X,, D(m)) < { (4.66)

Then observe that taking B to be the maximum of these finitely many B(r) does what we
want: for any semistable D of multiplicity r < aq(€), we have B(r) < B and so:

0 0 if u(D)+m+ B(r) <0
(X, Dim) - < { r(u(D) +m + B(r))4/d! if ZED%imiBgr; >0
0 if ((D)+m+B<0
{ max (0, r(u(D) + m + B)?/d!) if w(D)+m+ B >0
<{0 if (D)+m+ B <0
= | r(uw(D) +m+ B)/dY) if 1(D)+m+ B > 0.

Note that B only depends on d.

Step 3: By the proof of theorem 4.5.2} there is a constant b (determined by H only) such
that any po-semistable £ satisfies pimax(E) < b, where finax(€) is the slope of the maximal
slope-destabilising subsheaf of £ (i.e. the first term of its u-HN filtration).
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Pick C' = C(A, B,b,aq4(E)) > A such that for all non-negative integers r < a4(€), all
v < min(b,b — C) and all m > C we have

0 ifb+m+B<0
(r—1)(b+m+ B)¢/d! ifv<—-m—B<b p <r(m— A)?/d
(r—=1)(0b+m+ B)Y/d + (v+m+ B)¥/d ifv+m+B=>0

(4.67)

This is again a simple numerical relation: the first condition is automatically satisfied by

all m > C provided we choose C' > A. The second condition is
(r—=1)(m+b+ B)d/d! <r(m— A)d/d!

which, by comparing the leading terms in m, will be true for each of the finitely many
integers r and all sufficiently large m, say for m > C(r). Then take the maximum of
the C(r) for 0 < r < aq(€). Finally, the third and last condition is satisfied if for all
0<r<aq)

(r—1)(b+m+ B)/d +(b+m+B—0)/d <rim— A)/d,

using that v < b— C'. In this case, the degree d terms in m agree, so we compare the terms
of degree d — 1: on the left-hand side, this is

(r=1)(b+B)+b+B-C)m*»/(d—1!=(r(b+B)—C)m*'/(d—1)
which is less than the corresponding term on the right-hand side
—rAm®1/(d — 1)!

provided that r(b+ B) — C' < —rA, i.e. for C > r(b+ A+ B). So we only need to pick
C > aq4(&)(b+ B+ A) since r < aq(E).

Step 4: Pick any s € S, any py-semistable parabolic sheaf £ on X with type (H, H}, o)
and any non-zero parabolic subsheaf W; C &£f. By the proof of theorem [4.5.2] po-
semistability of £ implies that there is a constant b such that pi.(E) < b, where b is
determined by H only.

Let W, be the terms in the p-HN filtration of W, set D; := W;/W,_1 to be the p-

semistable quotient sheaves, put r; := a4(D;) and p; := pu(D;). We have
pi < p1 = p(Wr) < pmax () < b

for all 7, where the first inequality is due to the defining properties of the HN filtration, and
the second inequality follows by the definition of . (€), applied to the subsheaf Wy C £.
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We also have ) . r; = aq(W), so in particular 7; < aq(W) < aq(€) for all i. Then by (4.66)),

we have for all i:

0 , 0 if g +m+ B <0
WX, Dilm)) < { ri(s + m+ BYd! if i +m+ B >0, (4.68)
Let v := min;(p;) < b. Since
ROW(m)) =Y (" (Wi(m)) = h°(Wia(m)) < Y h°(Di(m)),
we obtain
0 0 if yy+m+B <0
W W(m)) < Z{ ri(pi +m+ B)/d if yy+m+B>0 } (4.69)
0 ifb+m+B<0
<< (agW) = 1)(b+m + B)?/d! ifr+m+B<0<b+m+B
(agqW) = 1)(b+m+ B)/d + (v +m+ B)¢/d! ifv+m+ B >0,
(4.70)

where the first line in holds because b+ m + B < 0 implies that pu; +m + B < 0 for
all 7 (as p; < b); the second line of is true because yu; + m+ B < b+m+ B for all i,
but v +m + B < 0 implies that at least one of the terms in (4.69) vanishes (and for that
term we have of course r; > 1); the third line of is finally obtained from the estimate
in the second line by adding the missing term (v +m + B)?/d! again.

Let My = C, where C' is given by step 3, and increase Ms to ensure that H;(m) >0
for all m > Ms;. Recall from the proof of lemma that for any fixed m > M, the
collection of parabolic subsheaves W} C & generated by subspaces U < V,, is bounded
by Fp, x Grass(V;), so the collection of Hilbert polynomials P(W) and P(W/F;(W)) for
the subsheaves under consideration is finite. Thus, we may pick Ky(m) € N so all these
Wy C & are Ky-regular, so in particular x(W/F;(W)(k)) > 0 for k > K. Increase Ko
further to ensure that H}(k) > 0 for all k > K.

We are now done for all parabolic subsheaves W} C £F with v(W) < b — C: for such
W, taking , , and together gives us
ag(W)
aq(€)
for all m > M,. Then increase Ky(m) further so that (for the finitely many Hilbert

hY(W(m)) < P(m)

polynomials P(W) occurring in our bounded collection of W) we have
< =—22P(m) (4.71)

for all m > M, and all k > Ky(m). After subtracting non-negative terms from the left-
hand side of (4.71]) we get the conclusion (4.64]) with strict inequality. However, this only
concludes the argument for parabolic subsheaves Wr C £F with v(W) < b—C.
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Step 5: We are left to deal with those subsheaves W; C &F with v(W) > b — C. The

collection of sheaves

{Wr | Wi C & for some po-semistable £ on some fibre X, with £ of type

4.72
(H,H}, o), with v(W) > b— C and with W C £ a saturated subsheaf } (4.72)

*

is bounded by proposition [2.3.12] since the sheaves £ admitting a ps-semistable parabolic
structure & of fixed type (H, H}, o) form a bounded collection by theorem [4.5.2] Strictly
speaking, this only shows that the underlying sheaves W vary in a bounded collection,
but we may assume that W} carries the induced parabolic substructure W; C &} as this
minimises the quotients W/F} (W), so it increases the left-hand side of .

Note that is bounded independent of m, as opposed to the collection considered
in the previous step. Then we may increase My further so that all elements W of
are My-regular, in particular we get h°(W(m)) = x(W(m)) for m > Ms.

By po-semistability of the sheaves £F in (4.72)), we have, for each polynomial par—P (W5, z, y)
of a parabolic sheaf W} in the set (£.72)), an integer M(W}) > M, such that for all
m = M(W;)

; e XOVIEIOW)(R))
V) = 2 3 6 i) SR < Pl s

n =—
1’7‘7

(4.73)

for all sufficiently large k, depending on m. But as is bounded, the set of Hilbert
polynomials of W and W/Fj(W) in is finite by theorem , and M(W}) only
depends on Wy through these Hilbert polynomials, so we may increase My and Ks(m)
further to get for all m > M, all k > K5 and all W} simultaneously. This gives the
desired conclusion for all Wi C £f as in (£.72).

Again because there are only finitely many Hilbert polynomials of W and W/F}(W)
to consider, we may increase M, and K so that if equality holds in for any m > M,
and any k£ > Ko, then the equality holds for all m and all k, i.e. the subsheaf W} makes
Er strictly po-semistable.

It remains to deal with the W} C &F with v(W) > b — C' which are not elements of
([@.72), i.e. the non-saturated W C €. We have h°(W(m)) < h®(Wt(m)) for all m, and
as before we may assume that WV carries the induced parabolic structure which minimises
the terms aq_1(W/F;(W)), so we get (4.64) for W} by the above argument for (W)
Finally, if equality holds in for W¥, then h°(W(m)) = h°(W***(m)). But by our
choice of My at the beginning of this step, W™ is Ms-regular. In particular, W (m) is
globally generated for m > My, so if h®(W(m)) = h°(W=(m)), then W = W and so
by the argument above equality holds in for Wr and all m, k. O

We will need the following lemma in order to prove that for each GIT-semistable

[EX,~] € F,,, the underlying sheaf £ is pure. This result is the only reason why we removed
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4.8 The GIT-(semi)stable loci

certain irreducible components from the full Quot scheme in (4.31)) when we constructed

our parameter space F,.

Lemma 4.8.6 (cf. lemma 1.17 in [Sim94a]). Given a (not necessarily pure) parabolic sheaf
Er corresponding to a point of F,,, there is a parabolic sheaf F} (in particular, F is pure)
with the same parabolic type (H, H}, o) and thus the same parabolic Hilbert polynomial
P as &, such that (£/T;_1(E))% injects into Fr. Here, T;_1(&) is the torsion subsheaf of £
(i.e. the maximal subsheaf supported in dimension < d), and the quotient (£/74-1(&))} is

pure of dimension d, hence carries the induced parabolic structure.

Proof. This is the parabolic analogue of lemma 1.17 in [Sim94a] which itself is based on
ideas of [Gie77]. Recall that @ was defined in as the Quot scheme with certain
irreducible components removed: those components whose points correspond to sheaves
which are not pure. The result Simpson proves is this: let £ be a sheaf corresponding to
a point of (). Then there is a pure sheaf F with Hilbert polynomial H and an injection
EJTy1(E) = F.

Simpson’s argument is very geometric, using the fact that [£] € @ cannot not be
‘too far’ from a pure sheaf, so we can deform it into one: take a curve C' in @) with a
distinguished point 0 € C' corresponding to £, and the generic point of C' mapping into the
open subscheme of () parametrising pure sheaves. Then we may take the universal sheaf
on X x C which restricts to £ on X x {0}. Restrict the universal sheaf to the complement
of the support of T, (&), push it forward to all of X x C', and restrict to X x {0} — this
gives the sheaf F whose existence is asserted. See [Sim94a] for the full details.

We can now easily adapt this to our parabolic situation: if £ corresponds to a point
of F,,, then & corresponds to a point of ). The quotient sheaf £/T,; 1(€) is pure of
dimension d, so we may give it the induced parabolic structure (£/T,_1(€))% as a quotient

of £ i.e.
F}(E)Tar(€)) := Fj(€)/(Tu=1(E) N F}(E)) = F}(E) [ Tur(F(E)).

Thus, we can apply Simpson’s result to FJ’(E /Ty-1(€)) too, embedding it in a pure sheaf
F!(F) of Hilbert polynomial equal to P(F}(£)) = H — Hj. But we can do this for all
1,7 simultaneously, following Simpson’s argument above — just take a curve C' in F},, with
distinguished point at £ and generic point in the locus of F},, parametrising pure parabolic
sheaves. As the torsion subsheaves of F/(£) are all contained in Ty_1(€), we can again
restrict the universal parabolic sheaf on X x C' away from the support of Ty_1(€), giving
us pure F as above equipped with a parabolic structure F; such that (£/Ty_1(E))r — Fr.
Finally, we check that the parabolic types of £ and F} agree: we already know that
P(F) = H, and for the quotients we have

P(F/Fj(F)) = H — P(F}(F)) = H - (H — Hj) = Hj,
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Moduli of parabolic sheaves on a family of projective schemes

as required. O

Proof of theorem[4.8.1. We begin by proving the ‘if’ part of the theorem: suppose that £F
is a po-(semi)stable parabolic sheaf (in particular, £ is pure) and v : V,, — H°(E(m)) an
isomorphism; we aim to show that the corresponding point of F,, is GIT-(semi)stable. By
lemma it suffices to show that there is K(m) > K;(m) such that for all £ > K and
all parabolic subsheaves W* C £ generated by non-zero proper subspaces U = H°(W(m))
of V,, 2 H°(E(m)), we have

v - + 5 e iom L < pany XOHED (g

But this is exactly ([£.64)), so take M = M, and K(m) = max(K;(m), K5(m)), where M,
and K»(m) are given by lemma [4.8.5] Thus, [£f,7] is GIT-semistable if £ is ps-semistable
and if v is an isomorphism. Now if [E},7] is a strlctly GIT-semistable point of F), with
respect to ¥y Lg 8t then equality must hold in for some globally generated W} C &
and the given values of m and k. But by lemma [{.8.5 this implies that & is strictly
po-semistable in this case. Taking the contrapositive, we see that [EF, ] is GIT-stable if £
is po-stable and if 7 is an isomorphism. This concludes the ‘if” part of the proof.

Now consider the ‘only if” statement of the theorem: increase K(m) so that K(m) >
K3(m) as given by lemma[.8.4 Let [£F,7] € F,, be a GIT-semistable point with respect
to wZLB,,B;. . Then lemma tells us that v must be injective.

We first show that &£ is pure: let T;_1(€) be the torsion subsheaf of £ and let F} be
as in lemma We aim to show that the collection of F} is bounded for all m > M
simultaneously. Since the type of F} is fixed to be (H, H}, o), by theorem it suffices
to show that the slope of any quotient of F is bounded below by a constant not depending
on m. To do so, we first increase M to guarantee H;(m) > 0forallm=> M.

As F is a pure sheaf, it admits a p-HN filtration. Let G be the last step in the u-HN
filtration of F, i.e. the quotient F — G of minimal slope, so v(F) = u(G) in the terminology
of the proof of lemma [4.8.5] Give G the induced parabolic structure to make it a quotient
Fr — Gr. Then by lemma [4.8.4] we have

R (G(m)) < dim J
ag(G) 7~ aq(9)

1 i ZZHZ @d—1(g/Ff(g)) 1

> P(m ad(c‘) aa(9) aq—1(Hj)
1
> P(m 0a() (4.75)

where J is the image of the map V,,, — H°(G(m)), and the last step uses the fact that
Hi(m) > 0 for m > M. But P(m)/aq(€) is a fixed polynomial (for all £F) with leading
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4.8 The GIT-(semi)stable loci

term m? /d!, so there is a constant C' and we may increase M such that for all m > M

P(m) _ (m—C)?
W) ” a

Together with (4.75)) this gives

R(G(m) _ (m—C)'
ad(g) - d!

for all m > M. On the other hand, by the Le Potier-Simpson estimate (theorem [3.2.14)),
we have a constant B, only depending on a4(G) and d, such that

l(u(g) +m+ B)! > —hoédg(g)).

d!
As a4(G) < aq(F) = aq(€), only finitely many values of a4(G) occur and we may choose

a single constant B that works for all G simultaneously. Then the last two inequalities
together imply that ©(G) > —B — C. This constant is independent of m, concluding the
proof of the claim that the parabolic sheaves F vary in a bounded family (uniformly for
all m).

As a consequence, we may increase M further so that all the F} are M-regular. Thus,

for m > M we have

W (F(m)) = H(m),
W(F/Fj(F)(m)) = Hj(m)
and F(m), F/Fj(F)(m) are globally generated

for all such F*. Now consider £/T;_1(€) — F, giving
H(m) = h’(F(m)) = h’(€/Ta-1(E)(m)).

Applying the conclusion (4.58) of lemma to the quotient G := £/Ty_1(€) equipped

with the induced parabolic structure, we have

aa-1(G/F}(9))
ad_l(Hj)

¢ H!(m)

0 aq(G)
H(G(m)) > P(m) 2

1 i pri
> P(m)+ =3 e Hj(m) = H(m) = h°(F(m)).
Z7.]
Given that G = £/T;_1(€) C F, this means that F(m) is generated by H(E/Ty_1(E)(m)),
so £/Ty-1(E) = F. But as £ and F have the same Hilbert polynomial by construction in
lemma [4.8.6} so T;_1(€) = 0 and & is pure.
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Note that this also shows that the sheaves £ = F vary in a bounded family uniformly

for all m, and

K (E(m)) = H(m),
W (E/F}(E)(m)) = Hj(m)

J

for all m > M and all GIT-semistable [£},~]. By lemma we already knew that the
map 7y : V,, — H°(E(m)) is injective for GIT-semistable [£Z,7], and by comparing the
dimensions it must now be an isomorphism.

We now show that & is po-(semi)stable if [Ef,7] € F,, is GIT-(semi)stable. If £} is
po-unstable, then there is F C £F such that

H(y)par-Py(F; C &, 2,y) > x(F(y))P(x) (4.76)

for x sufficiently large and y sufficiently large (depending on z). Since V,,, & H°(E(m)), we
may write F C EF as the image of U ® Ox(—m) — &F, where U := H°(F(m)).

By fixing one destabilising F} C & for each ps-unstable £F in our bounded family of
GIT-semistable parabolic sheaves, we may arrange for the F to vary in a bounded family
independent of m. Thus, we may increase M and K (m) further so that for all m > M we
have x(F(m)) = h°(F(m)) = dim U for all such F, and such that holds for x = m
and all y = k > K, i.e. we have

. 1 X(F/EHF) (k)
dlmU——Zej Hjl(k)

n

X(F(F))
H(k)

H(m) > P(m) (4.77)

2y
so lemma shows that [£f,7] € F,, could not have been GIT-semistable in the first
place.

Now take an element &£ of the bounded collection of GIT-semistable and strictly po-
semistable parabolic sheaves. Then there is a proper non-zero parabolic subsheaf F; C £
such that holds with equality, so by the same argument we may increase M and K
to obtain (4.77]) with equality. Then lemma m shows that [EF,v] € F,,, must be strictly
GIT-semistable.

]

4.9 Existence of the moduli space and its basic prop-
erties

We are still due to give a definition of the stable and semistable moduli functors. Recall

the definition (4.26]) of Parg;lg(’/aé.
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4.9 Existence of the moduli space and its basic properties

Definition 4.9.1. Given numerical polynomials H, H} € Q[z] (for 1 <i<nand 1 <j <
l;), where d := deg H and deg H} < d for all 7, j, let

Parg;lj;?/aé’s : Sch/S — Sets

* *
H7H* 3Oy

be the subfunctor of Par ). X5 of all stable flat families £ up to ~-equivalence, and let

Parg;lg(l/aé’ss : Sch/S — Sets

be defined by

Parg;7§57§’ss(T) ={& € Parg’;f}’fgfé(T) | £F is semistable}/ ~g

where S-equivalence & ~g F* of two families (parametrised by a scheme T') is defined by

Gz)NG(y)N (Fm(T))SS(w,:LBﬁ;) # (0, where G := SL(V},,)(T') acts on the T-valued points
of F},, as in sections and , and z,y € F,,,(T) correspond to £ and F, respectively.

Clearly, this definition of S-equivalence (which is just restating the definitions of section
is highly unsatisfactory and a more intrinsic definition is needed.

The main result of this chapter is:

Theorem 4.9.2. Fix an algebraically closed field k of arbitrary characteristic, a scheme
S of finite type over k, a flat projective morphism f : X — S of schemes, relative effective
Cartier divisors D', ..., D" on X, a relatively very ample line bundle Ox (1), and a numeri-
cal type (H, H}, o) with rational parabolic weights o} and polynomials H, H} € Q[x] such
that d := deg H and deg H; = d — 1. Then there exists a coarse moduli space PH;I/T{)*?/C;:’SS
of S-equivalence classes of py-semistable pure d-dimensional parabolic sheaves on the fibres
of X — S (with parabolic structures at the divisors D, Hilbert polynomial H and flag
type H} with respect to Ox(1), and parabolic p,-(semi)stability measured with respect to

the weights o). Furthermore, PH;%’E’/?’SS is projective over S. More precisely:

(a) The closed points of PH;J/LI):(’/%:’SS lying over s € S correspond exactly to S-equivalence

classes of py-semistable parabolic sheaves of type (H, H, ) on X, (where S-equivalence
is defined in the sense of GIT).

(b) There is an open subscheme PH;J/LI)’E’/C;’*"S whose closed points over s € S correspond

exactly to isomophism classes of po-stable parabolic sheaves of type (H, H, ) on X.

H,H:,CM:,SS 3 3 H,H:,QI,SS H,H:,O{:,S 3
(c) Pplix)s” s a coarse moduli space for the functor Pary,l Y™, and Ppl s is a

1 HzH:7a:75
coarse moduli space for Par/); X8

(d) The fibre of Pg*’j{):(’/oéz’ss over s € S is the coarse moduli space P(%Ii/c)“;j@ of S-

equivalence classes of po-semistable pure d-dimensional parabolic sheaves on the fibre
X, with parabolic structures at the divisors (D), ..., (D"),.
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Moduli of parabolic sheaves on a family of projective schemes

Proof. First, use corollary to choose M such that all p,-semistable sheaves £ of type
(H, H}, o) on the fibres of X — S are among the parabolic sheaves parametrised by points
of F,, for m > M. Then define the semistable (respectively stable) moduli space as the
GIT quotient (respectively orbit space)

H,H},0%,ss | SS/ )%
Ppix)s” = (Fm)™(UrLlggi)/ /SL(Vin)
PR = (Fn) (8 L i) /SL(Vin)

with weights 3, 5} as in and with m and k(m) sufficiently large, as determined by
theorem Since the morphism F,,, — S is projective and SL(V},)-invariant, and since
the line bundle ¢2Lﬁ,ﬁj (or more precisely some power of this Q-invertible sheaf) is very
ample, projectivity of the semistable quotient follows from GIT: see theorem [2.2.1]

Now statements (a) and (b) follow from theorems [2.2.1| and [4.8.1, For (c), note that

since the Flag-Quot scheme F,, is built from Quot schemes which themselves are fine

moduli spaces, there is a universal family U} on F), (universal for the rigidified moduli
problem described at the end of section . Now given any flat family £F of (semi)stable
parabolic sheaves on X /T for some T' € Sch/S, we first note that by corollary the
restriction of £ to any fibre X; is m-regular, so the family &}, together with a framing of
(fr)«E(m), is locally given by a pull-back of the universal family U} via some morphism
into F,,,, and by theorem in fact via some morphism into the GIT-(semi)stable locus
(Fy)®). Moreover, two points z,y € F,, lie in an SL(V},)-orbit if and only if the parabolic
sheaves (U,,); and (U,); are isomorphic, since any two framings of (U,,)} given by morphisms
Vi — H°(U,(m)) are related by an element of GL(V;,), but G,, C GL(V},) acts trivially
on the Flag scheme F,,, so the parabolic sheaves (U,); and (U,); are isomorphic if and only
if x,y € F,, lie in a common PGL(V},)-orbit, and the PGL(V,,)-orbits on F},, — Grg(m, k)
agree with the SL(V},)-orbits. (The reason we consider the SL(V,,)-action instead of the
PGL(V},)-action is that the latter is in general not linearisable. On the other hand, the
GL(V,,)-action is clearly linearisable, but all its stabilisers are infinite, so there would be
no stable points in the quotient.)

The GIT quotients (F,,)*//SL(V,,) and (F,)°/SL(V,,) are categorical quotients of the
corresponding parameter spaces, so by theorem we then have a natural transformation
from Parg;l;[;*(’/as:’ss to the functor of points of (F,,)*//SL(V,,), and a natural transforma-
gfﬁ(’;‘é’s to the the functor of points of (F,,)*/SL(V;,), and both transforma-
tions satisfy the universal property required for coarse moduli spaces (see definition .

tion from Par

Finally, statements (a) and (b) give us the bijections making the categorical quotients

H,H} af,ss H,H},ak,s . .
P,y and P,y ¢ into coarse moduli spaces:

D*/X/S D*/X/S
Parg;lj;(’;‘g’ss(Spec k) = Hom(Spec k, PH*?[X/OQSS)

H,H} af,s H,H} o ,s

Par),. 3" (Spec k) = Hom(Spec k, Ppl 3)g™)
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4.9 Existence of the moduli space and its basic properties

for any given closed point s : Spec k — S, so the categorical quotients Pg;f)’z’/f’ss and

H7H: 7a: 78
Pp; /X/S

Part (d) is immediate as the fibre of F},, over s € S is the Flag-Quot scheme for parabolic

are coarse moduli spaces.

sheaves on X, and the SL(V,)-action is fibrewise, so we may repeat the argument of (c)

for fixed s € S. O
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Chapter 5

Universal moduli of semistable
parabolic sheaves on stable marked
curves

We now finish the construction of a a projective coarse moduli space Uy, (r,d, %, ax) for
the problem of pairs ((C, 2!, ..., 2"), &), where (C, 2!, ..., 2") is a stable n-pointed curve
of genus g (with 29 +n > 3), and £ is a py-semistable parabolic torsion-free (i.e. purely
1-dimensional) sheaf over (C,z!,... "), where £ has uniform rank r on each irreducible

component of C', degree d, rational parabolic weights

flag type r} := rk £/F}(£), and parabolic structures at the divisors D’ := 2’ (no mixing
between fibres allowed).

For definitions and notation on stable curves, see section (particularly subsection
for marked curves), and for definitions, terminology and conventions about parabolic
sheaves, see chapter [ Fix an algebraically closed field k of arbitrary characteristic and
take all curves to be defined over k.

Given numerical type (r,d, 7%, o) as above, let us first convert this into the language

3Tk

of the last chapter: by the same argument as after (3.18]), combined with theorem [3.1.5]
we find that a torsion-free sheaf £ of uniform rank r and degree d on (C,!,..., z") has

Hilbert polynomial
H(t) = x(E@L?") =a(2g —2+n)rt +d+r(1 —g)

with respect to the very ample line bundle L®* defined in subsection [3.1.3] Similarly, we
find
H;(t) = x(E/Fj(&) ® L¥Y) =r;.

In analogy to Pandharipande’s universal moduli space for torsion-free sheaves on (un-

marked) curves as constructed in section our moduli space should map to Mg,n via
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the forgetful map n, and the fibre ' ([(C,z?,...,2™)]) over any smooth n-pointed curve
[(C,at, ... ,z")] € M,,, should be naturally isomorphic to

H,H} af,ss n
P:c*/C/Spec k/AUt((C7 xl’ R ))7

where Pﬁ’/lg/’;iisk is the coarse moduli space of uniform rank r, degree d, weight o, ps-
semistable parabolic vector bundles on C' up to (a suitable notion of) S-equivalence. These
latter spaces have been constructed in the last chapter.

The method of constructing our universal moduli spaces here is to follow the framework
of Pandharipande’s construction [Pan96], as outlined in the introduction, replacing the
input from Gieseker’s construction of M, by Baldwin-Swinarski’s construction of M, ,, and
substituting our GIT construction of moduli of semistable parabolic vector bundles on a flat
family of nodal curves for the ‘fibrewise GIT problem’ in [Pan96|. Pandharipande’s ideas
on relative GIT (proposition generalise easily to the following situation: consider a
reductive algebraic k-group G acting on proper k-schemes X and Y of finite type, with
M and L linearisations of the respective G-action. Use superscripts ‘(s)s’ to denote GIT-
(semi)stability with respect to the stated linearisation. Write pry : X x Y — X and
pry : X x Y — Y for the projections.

Proposition 5.1.1 (cf. proposition and also proposition 2.18 in [MFK94]). There
are integers by and by, such that for all b > b,

pry (X°(M)) C (X x Y)*(pryM®® @ pry. L) (5.1)
and for all b > b,
(X x Y)* (pry M®* @ pry L) C pry' (X**(M)). (5.2)

This is the same simple elegant idea used by Pandharipande in [Pan96] and mentioned
in [Mum65b| already: weighting the first factor of a product heavily means that a pair
(x,y) is automatically stable whenever x is, and (z,y) is unstable whenever z is. We
closely follow Pandharipande’s strategy in combining the two GIT actions.

Now return to our situation: recall the local universal family (¢ : Uy — J,ot,... o")
for Mg,n from section m The parameter space J is defined as a locally closed subscheme
of the incidence scheme

I— Hyon x (PV)"

which is acted upon diagonally by SLy; and linearised by (3.4)) — we call this linearisation
now M, for ease of notation. Call J the closure of J in I.
The local universal family ¢ : U; — J comes with sections o', so define for each 1 < i <

n an effective relative Cartier divisor D' on Uy locally by the equation z = o%(¢(z)): then
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Universal moduli of semistable parabolic sheaves on stable marked curves

the marked fibre of U; over a point of J which corresponds to a marked curve [C, z!, ... "]
is just this marked curve itself.

Apply the construction of the last chapter to X = U;, S = J and D' = (z = o'(¢(x))):
this gives us a Flag-Quot scheme F, which for sufficiently large m parametrises all the
(rigidified) parabolic sheaves on the fibres of U;/J with numerical type (H, H}). The Flag
scheme is acted upon by SL(V},), and by the construction of F, (section [4.6), there is a
SL(V},)-invariant morphism F,, — J. On the other hand, SLy; acts on the full Flag
scheme: the parabolic sheaves are acted on through curve automorphisms.

Before proceeding, we remove the connected components of F,,, corresponding to parabolic
sheaves of non-uniform rank (i.e. we discard any points of F, corresponding to pairs of a
reducible (marked) curve C' and a rigidified parabolic sheaf £ on C having different ranks
on the irreducible components of C'). This is compatible with both group actions: any
parabolic sheaf in the same SLyyq X SL(V,,)-orbit as [C,E}] will also be of non-uniform
rank.

The embedding . of the Flag-Quot scheme constructed in section 4.7 maps F;, into
J x Gr(m, k), where Gr(m, k) was the product of absolute Grassmannians given by (4.45).
On Gr(m, k) we had our linearisation Lggi as in :4.44.

Applying propositionto X =J, M asin (3.4), Y = Gr(m, k) (for sufficiently large
k as required by theorem and L := zp;‘;Lw, we obtain

pr; ! (J°(M)) C (J x Gr(m, k))*(pryM®® @ prégmml) (5.3)

m,k

and
(7 x Gr(m, B))* (1M © pr L) C pry' (7(0)) (54)

for b sufficiently large, where all (semi)stability is with respect to the SLy;-action only
(these are the symmetries of the curves which also act on the bundles). Now (5.3) together
with part (a) of theorem shows that

J x Gr(m, k) C (J x Gr(m, k))*(prsM®* @ DI Gr(mk) L) (5.5)

SO
F © (7 % Gr(m, K)) (015 M & prés L) (56)

and all points in our Flag-Quot scheme are SLy ;-stable.

On the other hand, by part (b) of theorem and (5.4), we see that J x Gr(m, k) is
closed in (J x Gr(m, k))* (prsM®" @ PTGy L)s SO Fy i closed in

(J x Gr(m, k))* (prsM®* @ P Gr(mi) L)
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as it is projective over J. If F}, is closed in the semistable locus for the SLy;-action, then
its semistable part with respect to the SLy ;1 x SL(V},)-action is in particular closed in the

semistable locus of J x Gr(m, k) for the product action, and we may define

Ug,n(rv d7 7":, Oé:) = m//SLN+1 X SL(Vm) (57)

with respect to the linearisation pr;M ®b pr*Gr(m’k)L for SLy,1 and the linearisation L
for SL(V,,). The quotient is necessarily a projective variety, and it now remains to show
that the (semi)stable points for the product action agree with the SL(V},)-(semi)stable
points, so that the points of the quotient correspond to pe-(semi)stable parabolic sheaves
(by theorem on stable curves. Firstly, it is clear that the GIT-(semi)stable points for
the SLy 11 x SL(V},)-action lie in the SL(V},)-(semi)stable locus (restriction to a subgroup
always preserves (semi)stability as we are just testing the Hilbert-Mumford criterion for
fewer one-parameter subgroups). However, using the same strategy as Pandharipande,

equality of these loci can be shown:

Proposition 5.1.2 (cf. proposition 8.2.1 in [Pan96|). A point of F}, is SL(V},)-(semi)stable
with respect to the linearisation L if and only if it is GIT-(semi)stable for the SLyi; X
SL(V;n)-action with respect to the linearisation (prM®" @ PTCor (k) L) [ P

The proof of this result is an explicit calculation using the Hilbert-Mumford criterion
as well as (5.5)) and (5.6). The key point is that all points of F,, are SLy;-stable, so the

numerical criterion shows that only SL(V,,)-(semi)stability matters.

Combining this result with theorem we see that a point of F}, corresponding
to a rigidified stable marked curve [C,x!,... 2"] € J and a rigidified parabolic sheaf
[Ex,9] on [C, 2!, ... 2" is SLy;1 x SL(V},)-(semi)stable with respect to the linearisation
(prsM® @ P ey L) F if and only if € is po-(semi)stable and v : Vi, — H°(E(m)) is
an isomorphism. It remains to explain how orbits in F), are identified with each other
in the GIT quotient (and this argument is also analogous to section 8 in [Pan96]): let
y = [D*, F;, 6] be a point of F, lying in the closure of the SLyy1 x SL(V,,)-orbit of
x = [C*,EF,v]. Pick a one-parameter subgroup A = (A1, \2) : G,, — SLyy; X SL(V},)
such that lim; ,o A(¢) - © = y. In particular, lim; .o A\1(¢) - [C*] = [D*] in J. By theorem
3.1.6(a), J is contained in the stable locus of the SLy-action, so [C*] and [D*] lie in a
common SLy;-orbit and the one-parameter subgroup A; may be extended over 0 to yield
A1(0) € SLy1 such that \(0) - [C*] = [D*].

On the other hand, the fibre of the Flag-Quot scheme F,, over the pointed curve C* is
projective, so the morphism u : G, — F,,,(C*) given by u(t) = Ao(t) - x also extends over
0. Write [G}, €] for the rigidified parabolic sheaf on C* given by u(0), noting that G may
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not equal £ since [G}, €] only lies in the closure of the SL(V},)-orbit of [E},~], rather than
in the orbit itself.

Write Ay - @ Gy, = Fyy, for the map given by ¢ +— A (¢) - u(t) (which also extends over
0 since both A; and p do). Then we have

)\1(O> ’ [C*v g:7 6] = )‘1(0) ’ M(O)

= (A1 - 1)(0)
= Tlim(\ (t) - Xo(t) - [C*, E5,7])

t—0

= lim(A(¢) - ) = .

t—0

Thus, [C*, G}, €] lies in the SLyj-orbit of y = [D*, F},0], so C* and D* are isomorphic
marked curves (and the corresponding element of SLy; is an automorphism of the marked
curve). By construction [C*,GZ €| also lies in the closure of the SL(V,,)-orbit of x =
[C*,EF,7], so x and y are identified in the SLy,; x SL(V,,)-quotient if and only if they
correspond to isomorphic marked curves C* = D* and the parabolic sheaf F} differs from
a parabolic sheaf G which is S-equivalent to £ by an automorphism of C™*.

Thus, we arrive at our main theorem:

Theorem 5.1.3. Let g and n be non-negative integers (such that 2g +n > 3), let r € N,
deZ,l; €N (for 1 < n), i € Zzo (for 1 <i<nand2<j<1l;) and let

0<a)<ah<--<ap <1

be rational numbers for 1 < i < n.
Then the projective GIT quotient Uy, (r,d,r¥, o) constructed in 1} with respect

T k)

to the linearisation (priM® @ PT¢yy(my L) | 18 @ coarse moduli space of aut-equivalence
classes of pairs [C*, £f] where C* = (C,x!,... z") is a stable n-marked curve of genus g,
and & is a po-semistable torsion-free parabolic sheaf (with parabolic structures F!(€) at
the marked points D' = z%) of uniform rank r on each component of C, degree d, flag
type rk £/F}(£) = r} and parabolic weights o at 2’. Here, [C*,&] and [D*, F}] are

aut-equivalent if there is an isomorphism ¢ : C* = D* of marked curves and &}, ¢* F are

S—equivalentﬂ parabolic sheaves on C*. Furthermore:

(a) There is a projective forgetful map n : U, (r,d,rs, a%) — M,,, whose fibre over a

marked curve C* is the coarse moduli space of pp-semistable parabolic sheaves (of

given numerical type) on C* up to S-equivalence, modulo the group of automorphisms
of C*.

Lin the sense of definition and theorem m
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(b) There is an open subscheme of U, ,(r,d, %, ar) whose closed points correspond to
aut-isomorphism classes of pairs [C*, ] where C* is a stable marked curve and &F
is a po-stable parabolic sheaf of given numerical type on C*, and two pairs [C*, E]
and [D*, F*] are aut-isomorphic if there is an isomorphism ¢ : C* = D* of marked

curves and &, ¢*F are isomorphic parabolic sheaves.

Proof. Most of these results follow from the arguments preceding the theorem in this chap-
ter, and from theorem m It only remains to justify that U,,(r,d,r}, of) is a coarse

moduli space and that its forgetful map 7 is projective. The former follows from the local

universal property of the Flag scheme F,,, (cf. the parallel argument in the proof of theorem
4.9.2)) together with the observation that two points of F,,, are in a common SLy 1 X SL(V,,,)-
orbit if and only if the underlying pairs [C*, E}] and [D*, F}] are aut-isomorphic.

The morphism 7 : Uy, (r,d, %, af) — M, arises from the SL(V;,)-invariant morphism
F,, — J, and since the latter is projective, the GIT quotient of F;, is also projective over

the GIT quotient of J (see theorem [2.2.1)). O
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