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1 Introduction

The AdS/CFT correspondence relates the cubic couplings βijk of bulk fields to the OPE
coefficient λijk of operators O in the dual conformal field theory (CFT). If the scaling
dimensions of these operators are related as ∆i = ∆j + ∆k + 2a for a = 0, 1, 2 . . . , then
λijk seemingly diverges even if βijk is finite, in which case we call βijk an extremal coupling
(for a = 0) or super-extremal (for a > 0) coupling. This divergence is related to mixing
between Oi and the composite operator : Oj□aOk: [1], such that CFT data of unmixed
operators are all finite as expected.

Some of the simplest models where extremal couplings occur are theories with half-
maximal supersymmetry where the bulk geometry has a singularity with a fixed point locus
given by super-Yang-Mills (SYM) on AdSd+1 × S3 with gauge group GF , which exist for
3 ≤ d ≤ 6, see e.g. [2] for a review. The dual CFTs have an R-symmetry group that includes
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an SU(2)R factor,1 and a flavor symmetry group SU(2)L × GF . The (d + 4)-dimensional
SYM fields can be KK reduced to give an infinite tower of gluon modes dual to scalar single
trace superprimaries with ∆ = ϵp for ϵ ≡ d−2

2 and p = 2, 3, . . . . These modes transform in
the adjoint of GF and the (p

2 − 1, p
2) of SU(2)L × SU(2)R.2 The graviton fields in the full

ambient spacetime of dimension D, which is either 11 for M-theory or 10 for string theory,
can also be compactified to give several towers of graviton modes. The tower we study in
this paper transforms in the ( r

2 − 1, r
2 − 1), have ∆ = ϵkr for kr = r, r + 2, r + 4, . . . , and are

singlets under GF . For instance, k2 = 2 corresponds to the (d+1)-dimensional graviton itself
that is dual to the protected stress tensor multiplet superprimary, while k2 > 2 are dual to
long multiplets. The cubic couplings βpqkr between two gluon modes and a graviton mode is
nonzero for r = |p− q|+ 2, . . . , p + q− 2, and is generically (super-)extremal, which is related
to mixing between the single trace graviton modes and double traces of gluon modes.

The cubic coupling can then be used to compute the contribution to gluon scattering
⟨22pp⟩ from a graviton exchange term MR, which gets contributions from the exchange of
graviton modes for all k2 = 2, 4, . . . in the direct channel and kp = p, p + 2, p + 4, . . . in
the cross channel. The flat space limit [3] of this AdS graviton exchange term is given by
a (d + 4)-dimensional flat space graviton exchange term [4]:

AR(s, t) ∼
∫

dD−d−4p⊥
(2π)D−d−4

[
δABδCD 1

p2⊥ − s
+ δACδBD 1

p2⊥ − u
+ δADδBC 1

p2⊥ − t

]
, (1.1)

where s, t, u are Mandelstam variables, A, B, C, D are adjoint indices for GF , and we integrate
over the transverse momentum between the (d + 4)-dimensional SYM and the ambient
spacetime D = 10, 11.

The cubic couplings and the resulting graviton exchange term were computed for the first
time in the d = 4 case in [5]. The bulk dual in this case is N D3 branes in type IIB string
theory probing various F-theory singularities [6, 7], with a low energy effective theory given by
supergravity on AdS5×S5 with certain singularities. The large N expansion of ⟨22pp⟩ is fixed
by the analytic bootstrap (i.e. crossing, analyticity, and the flat space limit) to take the form

M4d =MF 2

N
+ 1

N2

[
MR + MF 2|F 2(s, t) +

∑
i

biMF 4,i

]
+ O

(
N−2logN

)
, (1.2)

where MF 2 is the tree level gluon exchange given in [2], MF 2|F 2 is the 1-loop gluon exchange
term given in [8], and MF 4,i are contact terms with unknown coefficients bi due to higher
derivative corrections F 4.3 In this case AR in (1.1) is logarithmically divergent, just like the
flat space 1-loop gluon exchange term. After computing βpqkr , [5] found that the resulting
MR matched the expected AR in the flat space limit with the correct coefficient. The graviton
exchange term was then used to unmix the graviton modes and double traces of gluon modes
at order 1/N , which was particularly non-trivial due to the contribution of the MF 2 term.

1In d = 5, 6 this is the entire group, while in 4d there is an extra U(1) factor, and in 3d an extra SU(2)
factor, neither of which are relevant to the discussion in this paper.

2We denote irreps of SU(2)L × SU(2)R by their isospin.
3For p = 2, the bi were fixed using supersymmetric localization in [5, 9] for the unique F-theory com-

pactification where the complexified string coupling τ can take any value, and the dual CFT thus has a
Lagrangian.
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In this paper, we generalize this calculation to M-theory duals for d = 3, 6. The bulk
dual in the first case is N M2 branes probing a ℂ2/ℤNf

orbifold singularity [10–12], with
a low energy effective theory given by supergravity on AdS4 × S7/ℤNf

with fixed point
locus AdS4 × S3 [13–16]. The dual CFT is a 3d U(N) gauge theory coupled to an adjoint
hypermultiplet and Nf fundamental hypermultiplets with GF = SU(Nf ) [17, 18].4 The large
N expansion of ⟨22pp⟩ is fixed by analytic bootstrap to be5

M3d = MF 2

cJ
+

MF 2|F 2

c2J
+ MR

cT
+

MF 2|F 2|F 2

c3J
+ 1

N
3
2

∑
i

κiMD2F 4,i + O(N−3/2 logN) , (1.3)

where here cJ ∼
√

N and cT ∼ N3/2. The tree gluon exchange MF 2 was computed in [2],
while the 1-loop gluon exchange MF 2|F 2 is still unknown. The graviton exchange term MR

now appears at the same order in 1/N as the 2-loop gluon exchange MF 2|F 2|F 2 and the
MD2F 4,i contact terms. We compute βpqkr for this theory and use it to compute MR, which
matches the expected AR in the flat space limit. Note that AR is logarithmically divergent
just as in the 4d case, as can be seen from the four-dimensional transverse integral in (1.1),
except now it is the 2-loop gluon exchange that is also logarithmically divergent, while the
1-loop gluon exchange is not.

The bulk dual in the 6d case is N M5 branes probing an M9 end of the world brane [19, 20],
with a low energy effective theory given by supergravity on AdS7 × S4/ℤ2 with fixed point
locus AdS7 × S3. The dual CFT is a 6d (1, 0) CFT called E-string theory with GF = E8.
The large N expansion of ⟨22pp⟩ is fixed by analytic bootstrap to be

M6d = MF 2

cJ
+ MR

cT
+ O(N−10/3) , (1.4)

where here cJ ∼ N2 and cT ∼ N3. The tree gluon exchange MF 2 was computed in [2]. The
graviton exchange term MR is now the first correction to MF 2 , and there are no contact
term ambiguities at the same order in 1/N . We compute βpqkr for this theory and use it
to compute MR, which matches the expected AR in the flat space limit. Note that AR is
now finite, as can be seen from the one-dimensional transverse integral in (1.1), which is
related to the lack of contact term ambiguities in this case.

A key technical ingredient to our computation is a novel way of solving the Ward identities
that encode the constraints of superconformal symmetry on ⟨22pp⟩ in general 3 ≤ d ≤ 6 [21].
In even d, it was shown in the original paper that these constraints can be formally solved in
position space by a writing the correlator in terms of a certain differential operator acting on
an unconstrained function called the reduced correlator. This differential operator is well
defined in even d, where the reduced correlator has its own expansion in superconformal
blocks [21–23]. In odd d, however, the differential operator involves fractional derivatives. In

4The theory also has an extra U(1) flavor symmetry corresponding to monopole operators, but the gluon
modes we consider are invariant under this symmetry, and so it is not relevant to our study.

5Analytic bootstrap constraints also allow for a F 4 contact term that scales like N−7/6, but it was shown
in [4] for ⟨2222⟩ that localization constraints fix it to zero since no such term appears in the standard matrix
model expansion that appears in those constraints, which trivially extends to ⟨22pp⟩. These localization
constraints were also used to fix the N−3/2 logN terms for ⟨2222⟩, but they are insufficient to fix the general
⟨22pp⟩ case.
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this paper, following [24], we show how the differential operator can be made well defined in
any d by going to Mellin space. The resulting reduced correlator then has an expansion in
the Mellin space analogue of superblocks,6 which correspond to Witten exchange diagrams.
This expansion of the reduced correlator was essential in efficiently resumming the infinite
exchange diagrams that contribute to the graviton exchange term MR, and we expect should
be useful in other contexts.

The rest of this paper is organized as follows. In section 2 we consider the effective bulk
theory of 11d supergravity coupled to (d+4) dimensional SYM, and use this compute the bulk
couplings βpqkr for d = 3, 6. In section 3, we discuss constraints from superconformal symmetry
on ⟨22pp⟩, including our novel reduced correlator in Mellin space for general 3 ≤ d ≤ 6. In
section 4 we discuss gluon scattering ⟨22pp⟩ for d = 3, 6, including the graviton exchange
term and mixing between the graviton modes and double traces for d = 6. We conclude
in section 5 with a review of our results and a discussion of future directions. Technical
details of the calculations are given in the various appendices. We also include an attached
Mathematica notebook with certain lengthy equations in the supplementary material.

2 Extremal couplings in M-theory on AdS

To compute the bulk couplings in M-theory, we start by considering the eleven-dimensional
supergravity action7

S11 = 1
2κ2

∫
M11

(
R ⋆ 1− 1

2G4 ∧ ⋆ G4 +
1
6C3 ∧G4 ∧G4

)
, with G4 = dC3 , (2.1)

where R is the eleven-dimensional Ricci scalar, C3 is the 3-form field, and the gravitational
coupling is related to the eleven-dimensional Planck length in the standard way 2κ2 = (2π)8ℓ9p.
The particular geometries of interest have the following metrics

ds211 = L2
(
ds2AdSd+1 + ϵ−2 dsSn/ℤNf

)
, (2.2)

where d + 1+ n = 11 and we are interested in the following two cases: d = 3 with Nf generic,
and d = 6 with Nf = 2.8 The parameter ϵ fixes the difference in length scales between the
compact and non-compact spaces and was defined already in the introduction to equal

ϵ = d− 2
2 . (2.3)

Note that dsSn/ℤNf
is just the unit round metric on Sn subject to an orbifold we describe

below. We set L = 1 in all that follows. The background form field fluxes are

Gn = d

ϵn
volSn/ℤNf

←→ Gd+1 = d(−1)dvolAdSd+1 , (2.4)

where we write G7 = dC6 = ⋆G4 − 1
2C3 ∧ G4.

6For every multiplet except for the flavor multiplet, as we discuss in more detail in the main text.
7Our Hodge dual convention is such that for a p-form α we have (⋆α)a1...a11−p = 1

p! ϵb1...bpa1...a11−pαb1...bp

in terms of volume form ϵ1...11 =
√
−g. Note that ⋆2αp = −αp.

8In the d = 6 case Nf = 2 is not to be interpreted as a number of flavor multiplets in the field theory.
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Background κ2 g2YM cT cJ

AdS4 × S7/ℤNf
256

√
2π5

(Nf N)3/2
32

√
2π3

(Nf N)1/2
32
√

2Nf

π N3/2 +O(N1/2) 8
√

2Nf

π N1/2 +O(N0)

AdS7 × S4/ℤ2
π5

4(2N)3
2π5

(2N)2 1344N3 +O(N2) 60N2 +O(N)

Table 1. Summary of constants relevant for the AdSd+1 × Sn/ℤNf
backgrounds of interest.

Let us then describe the ℤNf
orbifold. We can view Sn as an S3 × Sn−4 fibration over

an interval, where the S3 shrinks at one end, and the Sn−4 at the other. Then ℤNf
acts

freely around the Sn−4 fibre, and so in particular has an S3 fixed point locus. Concretely,
we can take the metric

ds2Sn/ℤNf
= dθ2 + sin2 θ ds2S3 + cos2 θ ds2Sn−4/ℤNf

, (2.5)

where the metric on Sn−4/ℤNf
is locally just the unit round metric on Sn−4. The fixed

point locus is then at θ = π/2. Note that S0 = {±1} and so for the d = 6 case we can
only take a ℤ2 orbifold as mentioned above.

The isometries of the internal space are thus broken as

SO(n + 1)→ SU(2)L × SU(2)R ×H , (2.6)

where SO(4) ∼= SU(2)L × SU(2)R rotate the S3 while H ⊂ SO(n − 3) is the subgroup of
rotations of Sn−4 that is preserved by the orbifold. In particular for our d = 3 case the
ℤk acts along the Hopf fibre in Sn−4 = S3 and thus H = U(1) × SU(2) where the SU(2)
factor is the additional R-symmetry mentioned above, while the U(1) is a flavor symmetry.
Meanwhile for the d = 6 case H is trivial.

The value of the gravitational coupling κ in terms of the dual field theory rank N is
given in table 1, where recall we are setting the AdS radius L = 1. This is determined
by the flux quantisation condition

1
(2πlp)n−1

∫
Sn/ℤNf

Gn = N . (2.7)

These backgrounds harbour Yang-Mills degrees of freedom localised at the AdSd+1 × S3 fixed
point locus. The effective action describing these modes is

Sbrane =
1

g2YM
Tr
∫

AdSd+1×S3

(
− F ∧ ⋆d+4F + Cd ∧ F ∧ F

)
, (2.8)

where ⋆d+4 denotes the Hodge dual with respect to the pullback of the metric (2.2) to
AdSd+1 × S3, using the same conventions as above.

In the AdS4 case, g2YM (i.e. the inverse brane tension) was fixed in [4], and is given (in terms
of N) in table 1. Meanwhile in the AdS7 case we fix g2YM below using the relation between
g2YM and the flavor central charge cJ of the dual field theory, along with the independent
determination of cJ as a function of N in the field theory; the result is also given in table 1.

These degrees of freedom are understood in the d = 3 case as M2 branes sourcing a
KK-monopole, while in the d = 6 case they live on an end-of-the-world brane. We note

– 5 –



J
H
E
P
0
6
(
2
0
2
6
)
0
9
0

that the full Wess-Zumino terms in these effective actions take a more complicated form
than what we present in (2.8) [25–27], nevertheless this one term is the only relevant piece
that will play a role in our analysis.

2.1 Central charges

As a consistency check, let us verify that our bulk setup reproduces the known values of the
dual field theory central charges. These central charges are defined through the two-point
functions of their associated currents

⟨Tab(z)Tcd(0)⟩ =
Γ(d/2)2

4πd

cT

z2d

(
Ia(cId)b − trace

)
,〈

JA
a (z)JB

b (0)
〉
= Γ(d/2)2

4πd

cJ

z2(d−1) δABIab ,

(2.9)

where Iab = δab − 2 zazb
z2 . These central charges are related straightforwardly in the bulk to

the gravitational and Yang-Mills couplings by [28, 29]9

cT = 4πd/2Γ(d + 2)
(d− 1)Γ(d/2)3

Vol(Sn)
ϵnNf

1
κ2 , cJ = 2(d− 2)πd/2Γ(d)

Γ(d/2)3
Vol(S3)

ϵ3
1

g2YM
. (2.10)

For cT , we can then in both the AdS4 and AdS7 case plug in the value of κ2 in terms of N ,
as given in table 1, to determine cT at leading order at large N . The result is given in the
same table, and in both cases, precisely matches field theory results in [22] for AdS7 × S4/ℤ2
and [30]10 for AdS4 × S7/ℤNf

.
For cJ , in AdS4 we know g2YM (i.e. the inverse brane tension) independently in the bulk,

and so can plug this into (2.10) to determine the leading large N value of cJ . This matches
precisely the field theory result of [30]. Meanwhile in AdS7, we use the known value of cJ in
the field theory [22] to fix g2YM using (2.10), with the result given in table 1.

2.2 Cubic couplings

We now want to compute the bulk couplings βpqkr between the relevant Kaluza-Klein scalar
fields in AdSd+1. This calculation proceeds in a way analogous to that of [5]; as such, we
sketch the basic steps here, relegating full details to appendix A.

The first step is to identify the relevant fluctuations of the supergravity fields (g, C3).
Let us first forget about the orbifold and just consider the AdSd+1 × Sn background. The
task at hand then is to expand the action (2.1) in fluctuations around the given background.
Our interest is in fluctuations which give rise to scalar fields on AdSd+1 upon dimensional
reduction. The non-triviality comes in diagonalising the quadratic action of these fluctuations.
This problem was studied in detail for AdS4 × S7 in [31] and for AdS7 × S4 in [32], which we
review in some detail in our conventions in section A.1. In both cases, scalar fields in AdSd+1
are found to correspond to scalar spherical harmonics on Sn, which in turn are labelled
by an integer k. For each k, one in fact finds a pair of such scalar modes, but only one

9In these references the central charges are related to the effective (d+ 1)-dimensional couplings in the
bulk, which we here directly rewrote into their higher-dimensional counterparts coming from (2.1) and (2.8).

10Note we use the conventions of [22] for cT , and so in particular versus [4] we have cours
T = 3

2 c
theirs
T .
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gives rise after the orbifold to the superprimaries of interest, while the other gives rise to
superdescendents. For each11 k ≥ 2, the fluctuation we need then takes the form

δgµν = a1(k)gµνsk + a2(k)
(
∇µ∇ν −

1
d + 1gµν□AdS

)
sk ,

δgαβ = a3(k)gαβsk ,

δgµα = 0 ,

δGd+1
∣∣
AdSd+1

= a4(k)skvolAdSd+1 , (2.11)

where µ, ν, · · · = 1, . . . , d + 1 are indices in AdSd+1 and α, β, · · · = 1, . . . , n are indices in
Sn. In this expression, sk is a scalar spherical harmonic on Sn transforming in the traceless
symmetric rank k representation of SO(n + 1). The derivation of the functions ai(k) is
presented in appendix A.1, and their explicit form can be found in (A.16) and (A.17).

Plugging the fluctuation (2.11) into the supergravity action (2.1) we find at quadratic order

S = b(k)
∫

d11x
√
−g

(
−1
2∇µsk∇µsk −

1
2∆k(∆k − d)s2k

)
, (2.12)

where b(k) is background-dependent and given in (A.16) and (A.17), and we find the expected
dual scaling dimension

∆k = ϵk . (2.13)

The next step is to determine the fate of these excitations when we introduce the orbifold.
This amounts to decomposing the rank k traceless symmetric representation of SO(n + 1)
under the breaking (2.6). Furthermore, since the gluon modes at the fixed point are uncharged
under H and in the adjoint of GF , they can only admit cubic couplings with graviton modes
that are neutral under H. So let’s focus on these. The rank k representation then contains
a set of representations we denote kp where p with p = k + 2, k, k − 2, . . . , ending at p = 2
for k even or p = 3 for k odd. This mode kp transforms with isospins (p

2 − 1, p
2 − 1) under

SU(2)L × SU(2)R. The explicit expression for these harmonics is given in (A.34).
The third step is to determine the relevant excitations of the AdSd+1 × S3 worldvolume

Yang-Mills field A corresponding to the scalar gluon modes to which the supergravity
fluctuations described above couple. These modes transforms in the (p

2 − 1, p
2) and is given

by a rank p vector spherical harmonic on S3, described explicitly in (A.38).
We finally put all this together. Plugging into the action (2.8) the linear perturbations

of the metric, form field and gauge field, we arrive at the following answer for the cubic
couplings12

βpqkr
= κϵ(d−2)(d+n−1)

72Γ(n−1
2 )

√√√√ 2ϵnNf

Vol(Sn)
(p−1)(q−1)(r−1)

kr(kr−1)(dkr+n−1)
Γ(kr−r+n−1

2 )Γ(kr+r+n−3
2 )

Γ(kr−r+4
2 )Γ(kr+r+2

2 )

×Γ(p−1)Γ(q−1)Γ(r−1)(kr+p−q)(kr+q−p)(kr+p+q−n+1)(kr+p+q−2)
Γ
(

p+q−r
2

)
Γ
(

p−q+r
2

)
Γ
(

q−p+r
2

)
Γ
(

p+q+r−2
2

) . (2.14)

11For k = 0, 1 these modes are pure gauge.
12Precisely how these coupling are normalised is described in (A.51).
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Interestingly, we find that taking (d, n, ϵ) = (4, 5, 1) this result also reproduces the correct
corresponding cubic coupling in AdS5 × S5/ℤNf

computed in [5].13

To relate this cubic coupling directly to the boundary OPE coefficient one needs to
introduce a factor coming from the vertex integral in the bulk such that [29]

λijk = βijk

πd/2
√
C∆i

C∆j
C∆k

Γ(∆i+∆j−∆k

2 )Γ(∆k+∆i−∆j

2 )Γ(∆j+∆k−∆i

2 )Γ(∆i+∆j+∆k−d
2 )

2Γ(∆i)Γ(∆j)Γ(∆k)
,

(2.15)
where C∆ = Γ(∆)

2πd/2Γ(∆+1−d/2) . Note that this relation between bulk cubic couplings and
boundary OPE coefficients only holds in the non-extremal case as this expression otherwise
diverges. For future reference we will explicitly provide the expressions of the OPE coefficients
in the two cases of relevance to us. Namely, for AdS4 × S7/ℤNf

we find that

λd=3
pqkr

=
Γ(r−1)Γ

(
1
4(kr+p−q+4)

)
Γ
(
1
4(kr−p+q+4)

)
Γ
(
1
4(−kr+p+q)

)
Γ
(
1
2(kr+p+q+2)

)
Γ
(
1
2(p+q−r)

)
Γ
(
1
2(p−q+r)

)
Γ
(
1
2(−p+q+r)

)
Γ
(
1
2(p+q+r−2)

)
Γ
(
1
4(kr+p+q+4)

)
×1
4

(
1

2Nf N3

)1/4√(r−1)(kr−r+4)(kr+r+2)Γ(p)Γ(q)
π(kr+2)Γ(kr+1) +O(N−5/4), (2.16)

while for AdS7 × S4/ℤ2 instead we have that

λd=6
pqkr

= Γ(p)Γ(q)Γ(r−1)Γ(kr+p−q+1)Γ(kr−p+q+1)Γ(−kr+p+q)Γ(kr+p+q−1)
Γ(2kr)Γ(2p)Γ(2q)Γ

(
1
2(p+q−r)

)
Γ
(
1
2(p−q+r)

)
Γ
(
1
2(−p+q+r)

)
Γ
(
1
2(p+q+r−2)

)

× 1
2N3/2

√√√√√(2kr−1)(2p−1)(2q−1)(r−1)Γ
(
1
2(kr−r+3)

)
Γ
(
1
2(kr+r+1)

)
πkr(2kr+1)Γ

(
1
2(kr−r+4)

)
Γ
(
1
2(kr+r+2)

) +O(N−2). (2.17)

A consistency check can be found by taking p = q and k2 = 2, where it is expected that the
OPE coefficients squared are related to the central charge cT with a factor quadratic in p [33].14

Using the relation between N and cT for each theory as shown in table 1, we indeed find that

(λd=3
pp(k2=2))

2 = 6p2

cT
, and (λd=6

pp(k2=2))
2 = 42p2

5cT
, (2.18)

where the precise coefficients in each case matches the general formula [22], which we will
review in (3.12).15

3 Half-BPS four-point functions

Our main application of the cubic couplings we just computed is to scattering of gluons
and higher KK modes, which is dual to four point functions ⟨22pp⟩. Here, p denotes the

13This holds up to an overall constant related to the implementation of the orbifold number and length
scales.

14More generally, we have λ2
ϕϕT ∼ ∆2

ϕ/cT , where T is the stress tensor.
15To compare to the 3d results in [4] one has to take into account the different normalisation in cT as

mentioned above, and the fact that the relevant flavor tensor structure normalisation in [4] was taken to be
AABCD = 1

4δ
ABδCD, whereas we have chosen the unit normalisation as given in (3.2).
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scalar superprimary of a half-BPS operator with ∆ = ϵp and ϵ = d−2
2 in theories with

eight supercharges in spacetimes d = 3, 5, 6,16 which all have an SU(2)R subsector of their
R-symmetry. In this section, we will discuss general constraints on this correlator from the
superconformal algebra. We start by reviewing the superblock expansion following [22, 35–37].
We will then discuss how the constraints of superconformal symmetry can be solved by a
reduced correlator with its own block expansion, which was already known for d = 6 [22],
but is novel for d = 3, 5.

3.1 Setup

We consider half-BPS multiplets D[p], whose superprimary is the Lorentz scalar ϕA
p (y, ȳ, x)

with scaling dimension ∆ = ϵp, which transforms in the isospin p
2 irrep of SU(2)R with spinor

polarization y. For instance, p = 2 corresponds to the flavor multiplet. In the next section
we will consider theories whose flavor symmetry is SU(2)L × GF , so we also assume the
superprimary transforms in the adjoint 𝔤 of GF with index A = 1, . . . , dim(GF ), as well as
the isospin p

2 − 1 irrep of SU(2)L with spinor polarization ȳ.17 The conformal and global
symmetries restrict ⟨ϕ2ϕ2ϕpϕp⟩ (denoted as ⟨22pp⟩) to be

⟨ϕA
2 (y1, x1)ϕB

2 (y2, x2)ϕC
p (y3, ȳ3, x3)ϕD

p (y4, ȳ4, x4)⟩

= ⟨y1, y2⟩2⟨y3, y4⟩p⟨ȳ3, ȳ4⟩p−2

x4ϵ
12x

2pϵ
34

∑
r∈𝔤⊗𝔤

Gr(U, V ;α)P ABCD
r ,

⟨ϕA
2 (y1, x1)ϕB

p (y2, x2)ϕC
2 (y3, ȳ3, x3)ϕD

p (y4, ȳ4, x4)⟩

= x
(2−p)ϵ
24 ⟨y1, y2⟩1+

p
2 ⟨y3, y4⟩1+

p
2 ⟨ȳ2, ȳ4⟩p−2

x
(2+p)ϵ
12 x

(2+p)ϵ
34 x

(2−p)ϵ
13 ⟨y1, y3⟩

p
2−1⟨y2, y4⟩1−

p
2

∑
r∈𝔤⊗𝔤

G̃r(U, V ;α)P ABCD
r ,

(3.1)

where for later convenience we define both Gr in the ⟨22pp⟩ configuration and G̃r in the
⟨2p2p⟩ configuration. The projectors onto an irrep r of GF are normalized as18

P ABBA
r ̸=1 = dim(r) , P ABCD

1 = δABδCD , (3.2)

which are the only properties we will use in this work. The conformal cross ratios U, V and
the R-symmetry cross ratio α are defined as

U ≡ x⃗2
12x⃗

2
34

x⃗2
13x⃗

2
24
≡ zz̄ , V ≡ x⃗2

14x⃗
2
23

x⃗2
13x⃗

2
24
≡ (1− z)(1− z̄) , α = ⟨y1, y3⟩⟨y2, y4⟩

⟨y1, y2⟩⟨y3, y4⟩
. (3.3)

The four point functions are then related by crossing 1 ↔ 2 and 1 ↔ 3 as

GABCD(U, V, α) = GBACD(U/V, 1/V, 1− α) = U ϵ p+2
2 α

p+2
2 G̃ACBD(1/U, V/U, 1/α) , (3.4)

where for later convenience we wrote the GF indices explicitly, instead of in terms of projectors.
Note that when p = 2 we have G̃ = G, so there is an extra constraint on G.

16We do not discuss d = 4, because that theory has a protected subsector described by a two dimensional
chiral algebra [34], which makes it very different from the generic case.

17The analysis in this section only cares about the R-symmetry, so the other symmetries and their indices
just go along for the ride.

18Our normalization for the identity projector differs from [22] by factor of dim(GF ), which is chosen to
make formulae for OPE coefficients with graviton modes simpler in what follows.
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The constraints from superconformal symmetry are encoded by the Ward identities [35]

(z∂z − ϵα∂α)G(U, V ;α)
∣∣
α=z−1 = 0 , (3.5)

where z is defined as in (3.3), and G here stands for either Gr or G̃r in (3.1), and a similar
equation holds with z ↔ z̄. The Ward identities can be solved by expanding the correlators as

Gr(U, V, α) =
∑

𝔐∈D[2]×D[2]
λ22(𝔐,r)λpp(𝔐,r)𝔊𝔐(U, V, α) ,

G̃r(U, V, α) =
∑

𝔐∈D[2]×D[p]
λ2
2p(𝔐,r)𝔊̃𝔐(U, V, α) ,

(3.6)

where λ are OPE coefficients for each supermultiplet 𝔐 in GF irrep r. The superblocks
𝔊𝔐 can be expanded in conformal blocks as

𝔊𝔐(U, V, α) =
2∑

J=0

4∑
a=0

2∑
b=−2

Y2
J(α)fJ

∆+a,ℓ+bg
0,0
∆+a,ℓ+b(U, V ) ,

𝔊̃𝔐(U, V, α) =
p/2+1∑

J=p/2−1

4∑
a=0

2∑
b=−2

Yp
J(α)f

J
∆+a,ℓ+bg

ϵ(2−p),ϵ(2−p)
∆+a,ℓ+b (U, V ) ,

(3.7)

where g∆12,∆34
∆,ℓ (U, V ) are conformal blocks19 and Yp

J(α) are degree J polynomials20

Yp
J(α) =

α
p
2−1

(2J)!Γ
(
−p

2 + J + 2
)
Γ
(

p

2 + J

)
P

(0,p−2)
− p

2+J+1(2α− 1) , (3.8)

which correspond to isospin J irreps of SU(2)R. The coefficients f are given in [36], and take
a lengthy form.21 For instance, the top component is:

f
p/2+1
∆+2,ℓ = (∆− (p− 2)ϵ + ℓ)(−∆+ pϵ + ℓ)

(∆− pϵ + ℓ + 2)(−∆+ (p + 2)ϵ + ℓ− 2) . (3.9)

The multiplets that appear in each OPE are

D[2]×D[p] =
2∑

j=0
D[p + 2− 2j] +

2∑
j=1

∞∑
ℓ=0

B[p + 2− 2j]ℓ +
∞∑

ℓ=0

∑
∆

L[p− 2]∆,ℓ , (3.10)

and have the following scaling dimensions:

∆L[p] > ϵp + ℓ + µ , ∆B[p] = ϵp + ℓ + 2ϵ , ∆D[p] = ϵp , (3.11)

where µ = 2ϵ for d = 3 and µ = 4ϵ− 2 for d = 5, 6. For ⟨22pp⟩, the identity multiplet D[0]
and the stress tensor multiplet B[0]0 can only appear in the singlet irrep r = 1, the flavor

19We normalize our blocks such that limU→0,V →1 g∆,ℓ ∼ (1 − V )ℓU
∆−ℓ

2 .
20We normalize these polynomials as in [2] aside from an extra power of α

p
2 −1, such that both the α

p
2 −1

and α
p
2 +1 terms have unit coefficient.

21Our conventions are related to their as fJ
∆,ℓ,us = (−1)ℓ−ℓ0 Γ( d

2 +ℓ−1)Γ(d+ℓ0−2)
Γ( d

2 +ℓ0−1)Γ(d+ℓ−2)
aJf

J
∆,ℓ,theirs, where ℓ0 is the

spin of the superconformal primary and a p
2 −1 = 1, a p

2
= p

1−p
, a p

2 +1 = (p+2)(p+1)
p(p−1) for ⟨2p2p⟩ and the same

expressions with p = 2 for ⟨22pp⟩.
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multiplet D[2] can only appear in the adjoint r = adj, the D[4] and L[0] multiplets can
only appear in irreps in the symmetric product of two adjoints, while B[2]ℓ can only appear
in the antisymmetric product. Also, B[0]ℓ for ℓ > 0 correspond to spin ℓ + 2 higher spin
conserved currents that only exist for free theories. We normalize the OPE coefficients of
the identity and the conserved currents as [22]

λ2
ppD[0] = 1 , λ2

ppB[0]0 =
(

p

2

)2 4(2ϵ + 2)(2ϵ + 3)
2ϵ + 1

1
cT

, λ2
ppD[2] =

2ϵ + 1
ϵ

2h∨

cJ
, (3.12)

where h∨ is the dual Coxeter number, the central charges cT and cJ were defined in (2.9),
and the middle equation is consistent with (2.18).

We can in fact obtain all the superblocks of short multiplets by taking limits of long
multiplet superblocks as [22]:

D[p− 2] = lim
∆→(p−2)ϵ

L[p− 2]∆,0 ,

D[p] = lim
∆→pϵ−1

∆− pϵ + 1
∆− (p− 2)ϵ− 1L[p− 2]∆,−1 ,

D[p + 2] = lim
∆→(p+2)ϵ−2

(∆− pϵ + 2)(∆− (p + 2)ϵ + 2)
(∆− (p− 2)ϵ)(∆− pϵ) L[p− 2]∆,0 ,

B[p− 2]ℓ = lim
∆→pϵ+ℓ

L[p− 2]∆,ℓ ,

B[p]ℓ = lim
∆→(p+2)ϵ+ℓ−1

(ℓ + ϵ)(ℓ + ϵ + 1)(−∆+ ℓ + (p + 2)ϵ− 1)
(ℓ + 1)(ℓ + 2ϵ)(−∆+ ℓ + pϵ + 1) L[p− 2]∆,ℓ+1 .

(3.13)

Note that for D[p] the limit involves setting the spin of the long superblock superprimary
to negative one.

3.2 Reduced correlator

Instead of solving the Ward identities by expanding in superblocks, we can try to find an
exact solution. In position space, such a formal solution was found in [21], and takes the form

Gr(U, V, α) =U2ϵ∆ϵ [(V + U(α− 1)− 1)α + 1]Gr(U, V ) , (3.14)

where the differential operator ∆ϵ is defined as

Dϵ = U
∂2

∂U2 + V
∂2

∂V 2 + (U + V − 1) ∂2

∂U∂V
+ (1 + ϵ)

(
∂

∂U
+ ∂

∂V

)
,

∆ϵ = (Dϵ)ϵ−1U ϵ−1 .

(3.15)

The reduced correlator Gr(U, V ) now solves the Ward identities for any function of U, V ,
and also does not depend on α. The problem is that ∆ϵ is only well defined for even d,
as otherwise it contains fractional derivatives. In these cases, a superblock expansion for
Gr(U, V ) was given in d = 4 [23, 35] and d = 6 [22], and consists of just a single conformal
block for each supermultiplet.
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We will avoid the issue of fractional derivatives by working in Mellin space, following
the approach of [24]. We define the Mellin transforms of G and G̃ as

GABCD
conn (U, V, α) =

∫
dsdt

(4πi)2U
s
2 V

t−ϵ(p+2)
2 MABCD(s, t, α)

× Γ
[
2ϵ− s

2

]
Γ
[
pϵ− s

2

]
Γ
[(2 + p)ϵ− t

2

]2
Γ
[(2 + p)ϵ− u

2

]2
,

G̃ABCD
conn (U, V, α) =

∫
dsdt

(4πi)2U
s
2 V

t−ϵ(p+2)
2 M̃ABCD(s, t, α)

× Γ
[(2 + p)ϵ− s

2

]2
Γ
[(2 + p)ϵ− t

2

]2
Γ
[
2ϵ− u

2

]
Γ
[
pϵ− u

2

]
,

(3.16)

where s + t + u = 2ϵ(2 + p), the two integration contours include all poles in s, t but not u,
and we define the connected correlator by subtracting the disconnected correlator as

GABCD
conn (U,V,α)=GABCD(U,V,α)−

(
δABδCD+δ2,pU2ϵα2δACδBD+δ2,p

U2ϵ

V 2ϵ
(1−α)2δADδBC

)
, (3.17)

G̃ABCD
conn (U,V,α)=G̃ABCD(U,V,α)−

(
δ2,pδABδCD+Uϵ

p+2
2 α

p+2
2 δACδBD+δ2,p

Uϵ

V 2ϵ
(1−α)2δADδBC

)
.

The Mellin amplitudes then transform under crossing as

MABCD(s, t, α) = MBACD(s, u, 1− α) = α
p+2
2 M̃ACBD(u, t, 1/α) , (3.18)

which can be derived from the position space crossing in (3.4).
In appendix B, we show how the position space Ward identities (3.5) can be converted to

Mellin space and solved in terms of a reduced Mellin amplitude MABCD(s, t) as

MABCD(s, t, α) =
2∑

J=0
Y2

J(α)Dϵ
J(s, t)MABCD(s, t) ,

M̃ABCD(s, t, α) =
p/2+1∑

J=p/2−1
Yp

J(α)D̃
ϵ
J(s, t)M̃ABCD(s, t) ,

(3.19)

where Dϵ
J are polynomials in s, t multiplying shifts in s, t acting on MABCD(s, t), whose

explicit form is given in appendix B. The reduced Mellin amplitudes transform under
crossing as22

M(s, t) = M(s, ũ) = M̃(ũ, t) , (3.20)

where we define s + t + ũ = 2(pϵ + 2ϵ − 2).
We can consider an analogue of the block expansion in Mellin space, that is useful for

the strong coupling expansion we consider in the next section. While it is complicated to
write a single conformal block g∆12,∆34

∆,ℓ (U, V ) in Mellin space, one can define a function that
has the same poles in s as the block would have [38, 39]:

M∆12,∆34
∆,ℓ (s, t) =

∞∑
m=0

K∆1,∆2,∆3,∆4
∆,ℓ,m Q∆12,∆34

∆,ℓ,m (u−∆1 −∆4)
s− (∆− ℓ + 2m) , (3.21)

22When going from the ⟨22pp⟩ correlator to the ⟨2p2p⟩ correlator or vice-versa using the crossing relations
in reduced form, we must then use the correct operator, Dϵ

J or D̃ϵ
J , to return to the full expression.
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where explicit expressions for the prefactor K and the Mack polynomial Q are reviewed in
appendix B. This expression corresponds in AdSd+1 to a Witten exchange diagram for an
operator with the scaling dimension ∆ and spin ℓ. Note that the poles in s correspond to
the twist of the exchanged operator, where the sum over m corresponds to the conformal
descendants. One can then check if the combination of exchange diagrams corresponding
to a long superblock (3.7) in the full correlator can be written in terms of a reduced Mellin
amplitude M∆,ℓ using the difference operator in (3.19):

4∑
a=0

2∑
b=−2

fJ
∆+a,ℓ+bM

0,0
∆+a,ℓ+b(s, t) ≈ Dϵ

J(s, t)M∆,ℓ(s, t) ,

4∑
a=0

2∑
b=−2

fJ
∆+a,ℓ+bM

ϵ(2−p),ϵ(2−p)
∆+a,ℓ+b (s, t) ≈ D̃ϵ

J(s, t)M̃∆,ℓ(s, t) ,

(3.22)

where ≈ means that we ignore terms that are entire in s, and note that these equations
must be satisfied for all three values of J . In both cases we find a solution in terms of
a single exchange diagram

M∆,ℓ(s, t) =
∑
m=0

−f2
∆+2,ℓK

ϵp+1,ϵp+1,d−2,d−2
∆+2,ℓ,m Q2,0

∆+2,ℓ,m(ϵ(p + 2)− 4− s− t)
2(∆ + 2 + ℓ)(∆ + 2− ℓ− d)(s− (∆− ℓ)− 2m) ,

M̃∆,ℓ(s, t) =
∑
m=0

−f
p
2−1
∆+2,ℓK

d−2,ϵp,d−2,ϵp+2
∆+2,ℓ,m Q

2+ϵ(p−2),ϵ(p−2)
∆+2,ℓ,m (ϵ(p + 2)− 4− s− t)

2(∆− ϵp− ℓ)(∆− (p− 2)ϵ + ℓ)(s− (∆− ℓ)− 2m) ,

(3.23)

where the top component f is defined in (3.9), and it can be shown that each of these
expressions is equivalent when p = 2. Note that the right hand side almost resembles a
standard exchange diagram (3.21), except ∆ in the pole in s is shifted relative to K and Q

by two, and the superscripts of the latter do not align.
We can then obtain similar expressions for the short supermultiplets by taking the limits

in (3.13). The exception is the D[2] multiplet in ⟨22pp⟩ and the D[p] multiplet in ⟨2p2p⟩,
since the Mack polynomials are not defined for negative spin. In even d, this could be avoided
by taking the reduced correlator in position space for this superblock, which is defined for
negative spin, and explicitly taking the Mellin transform. But for odd d this cannot work,
which shows the limitation of the reduced correlator in this case, but thankfully will not
affect the graviton exchange diagram that we consider in the next section.

4 Gluon scattering in AdSd+1 × S3

We will now study the correlators ⟨22pp⟩ for d = 3, 6 in the large N expansion, where they are
holographically dual to gluon (and higher KK mode) scattering on AdSd+1 × S3 in M-theory.
For each d, we will start by reviewing the general form of the large N expansion as fixed from
the analytic bootstrap, including the leading gluon exchange diagram from [2]. We will then
use the cubic couplings from section 2 to compute the graviton exchange term, which takes
an especially simple form when written in terms of the reduced Mellin amplitude. We confirm
our results by taking the flat space limit and comparing to the known flat space amplitudes.
For the 6d case, we also perform the unmixing of the single and double trace operators.
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4.1 AdS4 × S3

We start by considering the d = 3 case, where ⟨22pp⟩ describes gluons scattering in M-theory
on AdS4 × S7/ℤNf

, which contains a ℂ2/ℤNf
orbifold singularity, with a fixed point locus of

AdS4 × S3. The flavor symmetry in this case includes GF = SU(Nf ). The analytic bootstrap
restricts the large N expansion to be (1.3) [2, 4], where cJ and cT are defined by (2.9) and
given in table 1. The leading term M2

F corresponds to a tree level gluon exchange diagram,
and takes the explicit form [2]23

MABCD
F 2 = 16Nf P ABCD

adj
(2α(−p + t + u− 2) + p− 2u + 2) 3F2

(
1
2 , 3−p

2 , 1−s
2 ; 32 , 3−s

2 ; 1
)

π5/2(s− 1)Γ
[

p−1
2

]
+ 16Nf P ADBC

adj
(1− α)Γ

[p
2
]
(2α(s− p)− p + 2u− 2) 3F2

(
1
2 , 1

2 , p−2t
4 ; p+1

2 , p−2t+4
4 ; 1

)
π2(2t− p)Γ

[
p−1
2

]
Γ
[

p+1
2

] (4.1)

− 16Nf P ACDB
adj

αΓ
[p
2
]
(2αp− 3p− 2(α− 1)s + 2t− 2) 3F2

(
1
2 , 1

2 , p−2u
4 ; p+1

2 , p−2u+4
4 ; 1

)
π2(2u− p)Γ

[
p−1
2

]
Γ
[

p+1
2

] ,

which has poles in s, t, u corresponding to the single trace operators in the flavor multiplet
D[2] with twist one and all their infinite descendants, as well as the cross channel multiplet
D[p] with twist p/2 and its infinite descendents. At large s, t it becomes

MABCD
F 2 ∼ 16Nf (u + sα)2

π2Γ(p/2)

[
P ADBC

adj
tu

−
P ABCD

adj
su

]
. (4.2)

None of the other terms shown in (1.3) have been computed yet. The 1-loop MF 2|F 2 gluon
exchange can be fixed from tree level data using the AdS unitarity method [40], and would have
poles for all double trace operators with integer twists above one. The 2-loop MF 2|F 2|F 2 gluon
exchange could in principle be fixed from tree and 1-loop data as discussed in the analogous
4d case in [41], and would have poles for both double and triple trace operators with integer
twists above one. The MD2F 4,i are contact terms from higher derivative corrections D2F 4,
and are polynomials in s, t, whose coefficients κi require inputs beyond the analytic bootstrap.

We will focus here on computing the tree level graviton exchange term MR. In the
direct channel, it gets contributions from scalars with scaling dimensions k2/2 = 1, 2, 3, . . . ,
where k2/2 = 1 corresponds to the stress tensor multiplet B[0]0 and k2/2 > 1 corresponds
to long multiplets in the singlet irrep of the flavor symmetry. The crossed channels gets
contributions from kp/2 = p/2, p/2 + 1, p/2 + 2, . . . , where again kp/2 = p/2 is a protected
multiplet B[p−2]0 and kp/2 > p are long multiplets. We can thus write the reduced correlator
graviton exchange as

MABCD
R (s, t) = cT

∑
k2

λ22k2λppk2Mk2,0(s, t)δABδCD

+ cT

∑
kp

λ2
p2kp

(
M̃kp,0(ũ, t)δACδBD + M̃kp,0(t, ũ)δADδBC

)
,

(4.3)

23In the notation of that paper, we use the longest root ψ2 = 2, the dual Coxeter number h∨ = Nf , and the
relation cABCD

s = ψ2h∨PABCD
adj .
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where we used the crossing equations (3.20) to relate the cross channels, and the factor of
cT is because we defined MR to multiply 1/cT in (1.3). Naively, the expressions for the
scalar exchange diagrams in (3.23) are only nonzero for k2 = 2 and kp = p, while the OPE
coefficients λ

(d=3)
pqkr

in (2.16) diverge for all the other values of kr. The resolution is that the
scalar exchange diagrams should be written directly in terms of the cubic couplings (2.14),
which are finite and nonzero for all values, which in practice is the same as cancelling the
zero from (3.23) with the infinity from (2.16). We thus find

MR=−
∞∑

∆=1,m=0

δABδCD

s−2m−∆
(2∆+1)Γ

(
∆+3
2

)
Γ
(
m+∆

2 +1
)
Γ
(
1
2(p+∆+1)

)
Γ
(
m− p

2+
∆
2 +1

)
π5/22−p−3Γ

(
∆
2

)
Γ(m+1)Γ(p−1)Γ

(
m+∆+ 3

2

)
Γ
(
1
2(∆+2−p)

)
−

∞∑
∆=p,m=0

(2∆+1)Γ
(
1
4(p+2∆+4)

)2
Γ
(
m− p

4+
∆
2 +

1
2

)
Γ
(
m− p

4+
∆
2 +

3
2

)
π5/22−p−3Γ(m+1)Γ(p−1)Γ

(
m+∆+ 3

2

)
Γ
(
1
4(−p+2∆+2)

)2
×
[

δACδBD

ũ−2m−∆+ δADδBC

t−2m−∆

]
. (4.4)

We can then perform the double sums by first converting to a single sum by considering the
finite number of contributions to a given pole in s, t, ũ, and then doing the single sum, where
here and in the following we only consider poles (not entire terms). We find

MR=−δABδCD

[ ∞∑
n=1

16(p−1)pcos
(πp

2
)
Γ
(
n− p

2−
1
2

)(
3F2

(
1,n− 3

2 ,n− p
2−

1
2 ;n,n+ 1

2 ;1
)
−1
)

π7/2(2n−3)(−2n+s+1)Γ(n)

+8
(
p2−1

)
sH−s

π2Γ
(p
2
) ]

+δACδBD

[4(p2−1)(p−2(ũ+1))H p
2−ũ−1

π2Γ
(p
2
) (4.5)

+
∞∑

n=1

16pΓ
(
n− 3

2

)
Γ
(
n+ 1

2

)
Γ
(p
2+1

)(
3F2

(
1,n− 3

2 ,n− 3
2 ;n,n+ p

2−
1
2 ;1
)
−1
)

π3(2n−3)Γ(n)Γ
(

p−1
2

)(
−2n− p

2+s+2
)
Γ
(
n+ p

2−
1
2

) ]
+crossed,

where the crossed term is obtained from the δACδBD term by swapping C, D and t, ũ. Note
that for odd p, only the first (p + 1)/2 terms in the sum over n are nonzero, due to the
terms cos(πp/2)Γ(n − p/2 − 1/2). The hypergeometric terms are subleading in the large
s, t limit, where we get

MABCD
R ∼ −8

(
p2 − 1

)
π2Γ

(p
2
) [

δABδCDs log(−s) + δACδBDũ log(−ũ) + δADδBCt log(−t)
]

. (4.6)

We can check our answer (4.5) by comparing to the flat space M-theory amplitude A(s, t)
using the flat space limit formula [3] for ⟨22pp⟩:

AABCD(s, t) = lim
L→∞

64π4L3

(u + sα)2Γ
(p
2
)
Γ
(p− 1

2
) ∫ dβ

2πi
eββ

1−p
2 MABCD

(
L2

2β
s,

L2

2β
t

)
, (4.7)

where in flat space we have s + t + u = 0. We normalized this formula so that applying (4.7)
to (4.2) and using the AdS/CFT dictionary in table 1 gives the flat space gluon exchange
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as computed in [4]:24

AF 2(s, t) = 2Nf g2YM

[
P ADBC

adj
tu

−
P ABCD

adj
su

]
. (4.8)

We can apply the flat space limit to (4.6) using the large s, t relation

M(s, t) ∼ ((p + 1) + 2t∂t + 2s∂s)M(s, t) , (4.9)

and the AdS/CFT dictionary in table 1 to match the flat space graviton amplitude [4]25

AR(s, t) = κ2Nf

2

∫
d4p⊥
(2π)4

[
δABδCD 1

p2⊥ − s
+ δACδBD 1

p2⊥ − u
+ δADδBC 1

p2⊥ − t

]

≈ −κ2Nf

32π2

[
δABδCDs log(−s) + δACδBDu log(−u) + δADδBCt log(−t)

]
,

(4.10)

where the ≈ denotes that we only consider logarithmic terms when we integrate over the
four transverse momenta between the seven-dimensional orbifold singularity and the ambient
11 dimensions.

We will not perform the unmixing of the single and double trace operators for this theory,
as there are other unknown terms in the large N expansion that are more leading.

4.2 AdS7 × S3

We next consider the d = 6 case, where ⟨22pp⟩ describes gluons scattering in M-theory on
AdS7 × S4/ℤ2 in the presence of an M9 brane, with a fixed point locus of AdS7 × S3. The
flavor symmetry in this case includes GF = E8. The analytic bootstrap restricts the large N

expansion to be (1.4), where cJ and cT are given in table 1. The leading term M2
F corresponds

to a tree level gluon exchange diagram, and takes the explicit form [2]26

MABCD
F 2 = −300P ABCD

adj
2(p(s− 4)− 3)(2(2α− 1)p− α(t + u− 8) + u− 4)

(2p− 3)! (s− 6) (s− 4)

+ 300P ADBC
adj

2(1− α)(p(−2p + t− 2) + 1)(−2(2α + 1)p + αs + u− 4)
(2p− 3)! (t− 2p) (t− 2p− 2)

− 300P ACDB
adj

2α(p(−2k + u− 2) + 1)(2(2α− 3)p− αs + s + t− 4)
(2p− 3)! (u− 2p) (u− 2p− 2) , (4.11)

which has poles in s, t, u corresponding to the single trace operators in the flavor multiplet
D[2] with twists 4, 6, as well as the cross channel multiplet D[p] with twists 2p, 2p + 2. The
amplitude simplifies in the reduced correlator (3.19), where it takes the form

MF 2 =
150P ABCD

adj (t− 2p)− 150P ADBC
adj (s− 4)

(s− 4)(2p− 3)!(t− 2p)(−2p + s + t− 4) , (4.12)

24In the notation of [4], we use the relation BABCD − BACDB = Nf

4 P
ABCD
adj and removed the overall

polarization factors as well as an overall factor of 4.
25In the notation of [4], we use the relation AABCD = 1

4δ
ABδCD and removed the overall polarization factors

as well as an overall factor of 4.
26In the notation of [2], we use the longest root ψ2 = 2, the dual Coxeter number h∨ = 30, and the relation

cABCD
s = ψ2h∨PABCD

adj .
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which at large s, t becomes

MABCD
F 2 ∼ 150

(2p− 3)!

[
P ADBC

adj
tu

−
P ABCD

adj
su

]
. (4.13)

The calculation of the tree level graviton exchange term MR is similar to the 3d case considered
above. The amplitude gets contributions in the direct channel from scalars with scaling
dimensions 2k2 = 4, 8, 12, . . . , where 2k2 = 4 corresponds to the stress tensor multiplet B[0]0
and 2k2 > 4 corresponds to long multiplets in the singlet irrep of the flavor symmetry. The
crossed channels gets contributions from 2kp = 2p, 2p+ 4, 2p+ 8, . . . , where again 2kp = 2p is
a protected multiplet B[p− 2]0 and 2kp > 2p are long multiplets. The amplitude takes the
same form (4.3) as in 3d, except the expressions for the OPE coefficients (2.17) and exchange
diagrams (3.23) are now different. After cancelling the zero in the exchange diagram with
the divergent OPE coefficient just as in 3d, we get the analogous double sum

MR=
∞∑

∆=4,m=0

−δABδCD

s−2m−∆
112(∆−1)Γ

(∆+2
4
)
Γ
(∆+6

4
)
Γ
(
m+∆

2 −2
)
Γ
( 1

2 (4p+∆−2)
)
Γ
(
m−2p+∆

2 +1
)

πΓ
(∆

4 −1
)
Γ
(∆

4
)
Γ(m+1)Γ(2p)Γ(2p−2)Γ(m+∆)Γ

(
−2p+∆

2 +1
)

+
∞∑

∆=2p,m=0

7(∆−1)22p+1pΓ
(
p+∆

2 +1
)
Γ
( 1

4 (2p+∆−2)
)
Γ
( 1

4 (2p+∆+2)
)
Γ
(
m−p+∆

2 −1
)
Γ
(
m−p+∆

2
)

πΓ(m+1)Γ(2p−2)Γ(2p+1)Γ(m+∆)Γ
( 1

2 (−2p+∆−2)
)
Γ
( 1

4 (∆−2p)
)
Γ
( 1

4 (−2p+∆+4)
)

×
[
−δACδBD

ũ−2m−∆+−δADδBC

t−2m−∆

]
. (4.14)

We can then perform the double sums by first converting to a single sum by considering
the finite number of contributions to a given pole in s, t, ũ, and then doing the single sum,
where again we only consider poles. While we did not find a general p formula, for the
lowest couple values of p we have

Mp=2
R =δABδCD 315

√
π(s−6)(s(7(s−26)s+1528)−4096)Γ

(
2− s

2
)

2048Γ
( 13

2 −
s
2
)

+δACδBD 315
√

π(ũ−6)(ũ(7(s−26)ũ+1528)−4096)Γ
(
2− ũ

2
)

2048Γ
( 13

2 −
ũ
2
) +crossed, (4.15)

Mp=3
R =δABδCD 147

√
π(6−s)(220·15−8252032s+1661840s2−162100s3+7700s4−143s5)Γ

(
2− s

2
)

262144Γ
( 17

2 −
s
2
)

−δACδBD 147
√

π(ũ−8)(2457600−885040ũ+116884ũ2−6732ũ3+143ũ4)Γ
(
3− ũ

2
)

131072Γ
( 17

2 −
ũ
2
) +crossed,

while we give several higher values of p in the attached Mathematica notebook in the
supplementary material. For general p, we find at large s, t:

MABCD
R ∼

7
√
2Γ
(
2p + 3

2

)
2Γ(2p)Γ(2p− 2)

[
δABδCD

√
−s

+ δACδBD

√
−u

+ δADδBC

√
−t

]
. (4.16)

We can check our answer (4.15) by comparing to the flat space M-theory amplitude A(s, t)
using the flat space limit formula [3] for ⟨22pp⟩:

AABCD(s,t)= lim
L→∞

12π5Γ(2p)Γ(2p−2)L2
∫

dβ

2πi
eββ1−2p(2(p+1)+s∂s+t∂t)MABCD

(
L2

2β
s,

L2

2β
t

)
,

(4.17)
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which is normalized so that applying (4.17) to (4.13) and using the AdS/CFT dictionary in
table 1 gives the flat space gluon exchange as computed in [4]:27

AF 2(s, t) = 60g2YM

[
P ADBC

adj
tu

−
P ABCD

adj
su

]
. (4.18)

We can apply the flat space limit to (4.16) using the AdS/CFT dictionary in table 1 to get
the expected flat space graviton amplitude

AR(s, t) = κ2
∫

dp⊥
2π

[
δABδCD 1

p2⊥ − s
+ δACδBD 1

p2⊥ − u
+ δADδBC 1

p2⊥ − t

]

= −κ2

2
[
δABδCD(−s)−

1
2 + δACδBD(−u)−

1
2 + δADδBC(−t)−

1
2
]

,

(4.19)

where compared to the 3d case (4.10) we have Nf = 2 because the ambient spacetime
is AdS7 × S4/ℤ2, and there is just a single transverse momentum relative to the 10d
worldvolume of the M9 brane.

4.3 Mixing in AdS7 × S3

Let us finally discuss operator mixing in the 6d theory. For simplicity let us focus on a
particular simple subset of operators. Namely, for each n = 2, 3, . . . consider the following
(n − 1) gluon double traces28

Φp =:ϕp□
2(p−2)ϕp :, p = 2, . . . n , (4.20)

all of which have engineering dimension ∆ = 4n and ℓ = 0, and we have contracted indices
such that they are all inert under GF × SU(2)L × SU(2)R. This is a shorthand notation; by
each of these operators, we mean the superprimary of a long multiplet built from two gluon
multiplets with these specified quantum numbers. Beyond the large N limit this (n− 1)-fold
degeneracy in the spectrum is lifted, and in particular one expects a non-trivial mixing
between the Φp, with mixing coefficients accessible by studying ⟨ppqq⟩. The new ingredient
here is that the (super-)extremal cubic couplings between the ϕp and the graviton modes
induces an additional mixing between Φp and the graviton single trace k2 = 2n. We denote
the superprimary of this long multiplet ρ2n. The mixing matrix M between these modes
is then an n × n real symmetric matrix defined by⟨ρ2n(x)ρ2n(y)⟩ ⟨ρ2n(x)Φq(y)⟩
⟨Φp(x) ρ2n(y)⟩ ⟨Φp(x)Φq(y)⟩

 = 1
|x− y|8n

[
𝟙n −N−3/2M log

(
|x− y|2

)
+O

(
N−2

) ]
,

(4.21)
where p, q = 2, . . . , n. The leading correction to ⟨ρ2n(x)ρ2n(y)⟩ comes from gluon and graviton
loops, both of which come at order N−2, and so M11 = 0. By viewing ⟨Φp(x) ρ2n(y)⟩ and
⟨Φp(x)Φq(y)⟩ as appropriate limits of 3- and 4-point functions, respectively, we see that the

27While [4] considered half-maximal 7d SYM, the answer is fixed by supersymmetry to be the same in other
dimensions. We convert their notation to ours just as in footnote 15.

28There are also double traces with ∆ = 4n+ 2, featuring an odd number of boxes, but these do not mix
with the graviton modes.
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leading correction to the former comes at order N−3/2, and to the latter at order N−2. In
particular Mpq = 0 for all p, q = 2, . . . , n, which indeed can be deduced from the structure
of the conformal block expansion of ⟨ppqq⟩ as explained below. And so the leading mixing
effect is between the graviton single trace ρ2n and each gluon double trace Φp, with mixing
amongst these double traces a subleading effect. This is in contrast to the AdS5 case [5]
in which these two effects enter at the same order.

The leading mixing is thus controlled by the non-zero elements M1p for p = 2, . . . , n. Let
us expand the OPE coefficient of the mixed operator Φp with ϕpϕp as

λppΦq = δpqλ
(0)
ppΦp

+O
( 1

N2

)
, (4.22)

where the leading term λ
(0)
ppΦp

is computable in generalised free field theory. Then at leading
order we see that the dimensions of only two operators O± are lifted, corresponding to the
two non-zero eigenvalues of M . Letting

|M | :=

√√√√ n∑
p=2

(M1p)2 , (4.23)

their dimensions are

∆± = 4n± 1
N3/2 |M |+O

( 1
N2

)
, (4.24)

while both have the same leading OPE coefficients,

λppO± = 1√
2

M1p

|M |
λ
(0)
ppΦp

+O
( 1

N1/2

)
. (4.25)

The zero eigenvalues of M correspond to the remaining (n − 2) unmixed operators Oa,
a = 3, . . . n. They all have dimensions

∆ = 4n +O
( 1

N2

)
, (4.26)

and we can choose a basis for them such that their leading OPE coefficients are

λ22Oa = M1a√
M2

12 + M2
1a

λ
(0)
22Φ2

+O
( 1

N1/2

)
, λbbOa = − δabM12√

M2
12 + M2

1a

λ
(0)
bbΦb

+O
( 1

N1/2

)
.

(4.27)
We finally need to explain how to determine the leading non-zero mixing coefficients M1p

for p = 2, . . . , n. They are accessible from the graviton exchange contribution to ⟨22pp⟩ by
virtue of the superblock expansion (3.6). If we write the singlet contribution to ⟨22pp⟩ as

G1(U,V ;α)=G
(0)
1 (U,V ;α)+ 1

N3/2G
(3/2)
1 (U,V ;α)+ 1

N2G
(2)
1 (U,V ;α)+ 1

N3G
(3)
1 (U,V ;α)+... ,

(4.28)
then the leading data we want is encoded in the leading logarithm terms in a small U

expansion of these terms as

G
(0)
1 (U, V ;α)|∆=4n,ℓ=0 = (v2 · vp)𝔊4n,ℓ=0(U, V, α) = δ2p(λ(0)

22Φ2
)2𝔊4n,ℓ=0(U, V, α)

G
(3/2)
1 (U, V ;α)|∆=4n,ℓ=0 =

1
2(logU)(v2 ·Mvp)𝔊4n,ℓ=0(U, V, α) + . . .

G
(3)
1 (U, V ;α)|∆=4n,ℓ=0 =

1
8(logU)2(v2 ·M2vp)𝔊4n,ℓ=0(U, V, α) + . . . , (4.29)
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where we have extracted the contribution from operators of engineering dimension ∆ = 4n

and spin ℓ = 0, and in each expression, the . . . denote terms with a lower power of (logU)
which contain higher order CFT data. Meanwhile vp is the n-component vector

(vp)1 = 0, (vp)q = δpqλ
(0)
ppΦp

. (4.30)

We have of course that29 G
(3/2)
1 (U, V ;α) = 0 identically, which we see just corresponds to the

fact that M2p = 0 for all p = 2, . . . , n. Meanwhile from G
(3)
1 (U, V ;α) we extract

M12M1p = (v2 ·M2vp)
λ
(0)
22Φ2

λ
(0)
ppΦp

, (4.31)

from which, given the GFFT OPE coefficients λ
(0)
ppΦp

, we can uniquely determine the M1p up
to an overall sign, which just corresponds to our ability to flip the sign ρ2n → −ρ2n.

Let us finally provide some explicit numbers for the lowest dimension case n = 2, so
∆ = 8. We find then

λ
(0)
22Φ2

=
√

2
3 , (4.32)

and

(v2 ·M2v2) =
15 dim 𝔤

14 = 1860
7 =⇒ M12 =

2790
7 , (4.33)

from which it follows that the two unmixed operators have scaling dimensions

∆± = 8±
√

2790
7

1
N3/2 +O

( 1
N2

)
, (4.34)

and OPE coefficients

λ22O± =
√

1
3 +O

( 1
N1/2

)
. (4.35)

5 Conclusion

In this paper, we computed the bulk couplings βpqkr between gluon KK modes p, q and graviton
KK modes kr for M-theory on AdS4 × S7/ℤNf

and AdS7 × S4/ℤ2. We then used these
couplings to compute the graviton exchange correction to the gluon correlators ⟨22pp⟩, and
matched these to the expected flat space limits. These corrections took a particularly simple
form as written in terms of the so-called reduced correlator solution to the superconformal
Ward identity, which we derived for CFTs with eight supercharges in general 3 ≤ d ≤ 6. We
also performed the unmixing of single and double trace operators in the AdS6 case, which
gives the leading large N correction to CFT data beyond the leading gluon exchange term.

Together with our previous work [5], we have now considered holographic theories with
eight supercharges with extremal couplings in every dimension except d = 5. The simplest
family of d = 5 holographic CFT are the Seiberg exceptional theories [42], which are USp(2N)

29Similarly, an absence of an N−3/2 logU term in ⟨ppqq⟩ confirms that Mpq = 0.
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gauge theories coupled to Nf ≤ 7 hypermultiplets in the fundamental and one hypermultiplet
in the antisymmetric. The bulk dual is engineered by N D4 branes and certain configurations
of D8 branes and an O8 orientifold in type IIA string theory, which at large N is described by
supergravity on a warped product of AdS6 and a hemisphere HS4 [43–45]. Due to the warping,
it is much more challenging to compute the bulk coupling between gravitons and gluons on
the D8. It would be particularly interesting to compute the graviton exchange contribution to
gluon scattering in this theory, as much like the 6d case considered in this paper, this is the
leading correction to gluon exchange at strong coupling, and has no contact term ambiguities.

One of the more general technical advances of this paper was a reduced correlator in
Mellin space for 3 ≤ d ≤ 6, which generalized the previously known position space reduced
correlator that was only valid in d = 4, 6 [21, 22]. In particular, we showed how exchange
diagrams for all superblocks can be written in the reduced correlator language, except for the
flavor multiplet in odd d. Since the gluon exchange term is related to the flavor multiplet,
this is why we were unable to write this term in the reduced correlator format for 3d. This is
likely related to the fact that the flavor multiplet is related to the long multiplet by a limit
where we take the spin to be negative, which has no obvious interpretation in Mellin space. If
one could overcome this problem, then one could perhaps look for an analogous position space
reduced correlator in odd d, which could drastically simplify numerical bootstrap studies.

In 3d, the graviton exchange correction was not the first correction to the gluon exchange
term at strong coupling, unlike the 6d case. Instead, the 1-loop gluon exchange term is more
leading. It would thus be interesting to compute this correction following the standard AdS
unitarity method [40], which has already been applied to 3d 1-loop terms with maximal
supersymmetry in [46, 47], as well as half-maximal 1-loop terms in 4d [8]. Hopefully this
term can be written in reduced correlator format, which should be drastically simpler than
the very complicated expressions in [46, 47]. Since we have such a reduced correlator for
general 3 ≤ d ≤ 6, it might even be possible to compute this 1-loop term as an analytic
function of d, which should interpolate to the known 4d result [8, 48].30

Finally, once we have computed the leading corrections to tree gluon exchange for all
3 ≤ d ≤ 6, one could see how these corrections compare to a numerical bootstrap study
at large but finite N . In particular, following a similar strategy as graviton scattering in
maximally supersymmetric theories [54], one can use the fact that corrections to tree gluon
exchange from either gravitons or 1-loop terms are sensitive to the precise KK spectrum,
which allows one to distinguish between the known holographic theories considered here, and
putative pure holographic theories with no higher KK modes. One can then check which
theory saturates the bound, and in particular if the pure theories saturate the bound as
was shown for the maximally supersymmetric case in [54].
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A Details of the computation of cubic couplings

This appendix provides supplementary material for the calculation of bulk cubic couplings,
summarised in section 2.2.

A.1 Diagonalisation of supergravity fluctuations

The first step is to diagonalise the scalar fluctuations arising from the background metric and
form fields, for which we can rely on the results in [31, 32, 55, 56]. The metric fluctuations can
be decomposed into scalars, vectors, and a symmetric tensor. Gauge fixing these fluctuations
we have that the relevant variations take the form31

δgµν = h′
µν + h′

d + 1gµν −
h

d− 1gµν , δgαβ = h′
αβ + h

n
gαβ , gαβh′

αβ = gµνh′
µν = 0 , (A.1)

where the h-fields can in turn be expanded into harmonics on the internal geometry. Merely
keeping the scalar harmonics these expansions are

h′
µν =

∑
Ik

hIk
µν(x)X Ik(y) , h′ =

∑
Ik

h′Ik(x)X Ik(y) , h =
∑
Ik

hIk(x)X Ik(y) , (A.2)

where
□SX Ik = −ϵ2k(k + n− 1)X Ik . (A.3)

In section 2.2 we provide relevant details on these harmonics, and their vector counter parts.
The eleven-dimensional Einstein equations along the AdS directions relate the two scalar
fluctuations such that

h′Ik(x) = 2
n

n + d− 1
d− 1 hIk(x) . (A.4)

After gauge fixing the fluctuations of the gauge potential Cn−1 we have that the only surviving
component relevant for our analysis takes the form

δCn−1 = ⋆Sn(da)Sn , where a =
∑
Ik

aIk(x)X Ik(y) . (A.5)

Plugging in the fluctuations into the Einstein equations one finds a system of coupled scalars
whose diagonalised form equals

□AdSsIk = ϵ2k(k − n + 1)sIk , □AdStIk = ϵ2(k + n− 1)(k + 2n− 2)tIk , (A.6)
31The h-dependent term in δgµν is a standard Weyl transformation that is imposed to simplify the Einstein

equations.
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where

hIk = n

3 (ksIk + (k + n− 1)tIk) , aIk = −2(n− 1)(d + n− 1)
6d2

(sIk − tIk) . (A.7)

Holographically, the scalars sIk and tIk correspond to superconformal primaries and their
descendents, with conformal dimensions

∆sIk = ϵk , ∆tIk = 2d + ϵk . (A.8)

Since we are only interested in the superconformal primary operators we will from now on
drop all tIk dependences. The associated quadratic action of the scalar modes equals

SsIk = b(k)ϵ−n
∫

dd+1x
√
−gd+1

(
−1
2sIk□sIk − 1

2m2
Ik
(sIk)2

)∫
dny
√

gSn(X Ik)2 , (A.9)

where
b(k) = 1

2κ2
9k(k − 1)(2k + n− 1)

d(dk + n− 1) , (A.10)

is the same function appearing in (2.12) and √gSn is the volume form on the unit round Sn.
So far, at quadratic order, we merely had to diagonalise the fluctuations coming from

h and a. At higher order in the fluctuations however there is a mixing between the spin-2
fluctuations h′

µν and the scalar fluctuations as well, to resolve this we can apply a non-linear
field redefinition

hIk
µν → ϕIk

µν +
(
∇µ∇ν −

1
d + 1gµν□AdS

)
φIk , (A.11)

where
φIkX Ik =

1
3d2 (d + n− 1)(dk + (d− 1)(n− 1))

−□S + (n−1)2(d−1)
d2 ϵ2

sIkX Ik . (A.12)

At cubic order one finds that indeed ϕIk
µν will be decoupled from sIk . Plugging back the scalar

fluctuations sk into the original form (A.1) we find the following simple expressions

δ(k)gµν = d + n− 1
6(dk + n− 1)ϵ2

(
∇µ∇ν −

1
d + 1gµν□AdS

)
sIk − k

n− 2
3(d + 1)gµνsIk ,

δ(k)gαβ = k

3 sIk .

Out of these fluctuations we can extract the coefficients introduced in (2.11) to take the form

a1(k) =
2− n

3(d + 1)k , a2(k) =
d + n− 1

6(dk + n− 1)ϵ2 , a3(k) =
1
3k . (A.13)

Finally, a4(k) is determined by starting with the fluctuation of Cn−1 and utilising the relation
G7 = ⋆G4 − 1

2C3 ∧ G4, out of which we deduce that

δGd+1
∣∣
AdSd+1

= (−1)d 3k(ϵk − d)
d

sk volAdSd+1 , (A.14)

and hence

a4(k) = (−1)d 3k(ϵk − d)
d

. (A.15)
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Specialising to the two main cases of interest we find that for AdS4 × S7/ℤNf

a1(k) = −
5
12k , a2(k) =

2
k + 2 , a3(k) =

1
3k , a4(k) = −

1
2k(k − 6) ,

b(k) = 1
κ2

k(k + 3)(k − 1)
k + 2 , (A.16)

while for AdS7 × S4/ℤ2 we have

a1(k) = −
2
21k , a2(k) =

1
8(2k + 1) , a3(k) =

1
3k , a4(k) = k(k − 3) ,

b(k) = 1
κ2

k(k − 1)(2k + 3)
4(2k + 1) . (A.17)

A.2 Geometric setup

It is helpful to view Sn as an embedded submanifold of ℝn+1, and use Cartesian coordinates
xa, a = 1, . . . , n + 1 on ℝn+1. Then, Sn is defined by the constraint

x2
1 + x2

2 + x2
3 + x2

4 = 1− ρ2, x2
5 + · · ·+ x2

n+1 = ρ2 , (A.18)

where the coordinate ρ goes over the range ρ ∈ [0, 1]. In this way, we realise Sn as a (singular)
S3 × Sn−4 fibration over an interval, where the S3 degenerates at one end of the interval,
and the Sn−4 at the other.

We are actually interested in an orbifold Sn/ℤk of Sn, where we identify points related
by a rotation that stabilises the origin in the ℝn−3 spanned by (x5, . . . , xn+1). It is clear then
that the fixed point locus of this orbifold action is the surface ρ = 0, which is just a unit S3.

The virtue of this formulation is that there is just one integral we will ever need. Namely,
if xA are Cartesian coordinates in ℝD+1 and SD is defined by xAxA = 1, then∫

SD
dΩD xA1xA2 . . . xA2m

= Vol(SD)
(D + 1)(D + 3) . . . (D + 2m− 1)

(
δA1A2 . . . δA2m−1A2m + all other contractions

)
= π(D+1)/2

2m−1Γ
(

D+1
2 + m

) (δA1A2 . . . δA2m−1A2m + all other contractions
)

. (A.19)

Let us present some special cases of this formula that we’ll use. Let i = 1, 2, 3, 4. Firstly
on Sn/ℤk we have that for each m = 1, 2, . . . and for any f(ρ),∫

Sn/ℤk

dΩp xi1xi2 . . . xi2mf(ρ)

= π(n+1)/2Lm[f ]
2m−2Γ(n−3

2 )Γ(m + 2)k
(
δi1i2 . . . δi2m−1i2m + all other contractions

)
, (A.20)

where

Lm[f ] =
∫ 1

0
dt tn−4(1− t2)m+1f(t) . (A.21)
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Secondly, now on the S3 fixed point locus, we have∫
S3

dΩ3 xi1xi2 . . . xi2m = π2

2m−1(m + 1)!
(
δi1i2 . . . δi2m−1i2m + all other contractions

)
. (A.22)

Finally, note that we ultimately want to describe our fields in terms of tensors of SU(2)L ×
SU(2)R rather than SO(4). For this purpose, it is useful to define

xᾱα = (σi)ᾱαxi , (A.23)

with ᾱ, β̄, . . . fundamental indices of SU(2)L, and α, β, . . . fundamental indices of SU(2)R. The
σi are the SO(4) (i.e. 4-dimensional Euclidean) Pauli matrices, (σi)ᾱα = (iσP

1 , iσP
2 , iσP

3 ,𝟙2)
in terms of the regular Pauli matrices σP

a . All we’ll really need to know about these is that

(σi)ᾱα(σi)β̄β = 2ϵᾱβ̄ϵαβ . (A.24)

We then straightforwardly rephrase the above integral identities as∫
Sn/ℤk

dΩ5 xᾱ1α1 . . . xᾱ2mα2mf(ρ2) (A.25)

= 4π(n+1)/2Lm[f ]
Γ(n−3

2 )Γ(m + 2)∆

(
ϵᾱ1ᾱ2ϵα1α2 . . . ϵᾱ2m−1ᾱ2mϵα2m−1α2m + all other contractions

)
,

on Sn/ℤk, and∫
S3

dΩ3 xᾱ1α1 . . . xᾱ2mα2m (A.26)

= 2π2

(m + 1)!
(
ϵᾱ1ᾱ2ϵα1α2 . . . ϵᾱ2m−1ᾱ2mϵα2m−1α2m + all other contractions

)
,

on S3.

A.3 Decomposition of graviton modes on orbifold

A scalar spherical harmonic sk on Sn of rank k takes the form

sk = sa1a2...ak
xa1xa2 . . . xak

, (A.27)

pulled back to Sn, where sa1...k is totally symmetric and traceless on any two indices, and
recall a = 1, . . . , n + 1.

Acting with the orbifold breaks

SO(n + 1) −→ SU(2)L × SU(2)R ×H , (A.28)

where SO(4) ∼= SU(2)L × SU(2)R rotates the xi, i = 1, 2, 3, 4 while H acts on the xI ,
I = 5, . . . , n + 1 and is the subgroup of SO(n− 3) preserved by the orbifold. This orbifold
then projects out certain linear combinations of components of sa1a2...ak

. From the remaining
components we need to build irreducible representations of SU(2)L × SU(2)R ×H.

Rather than doing this in full, note that the only graviton modes which can couple to gluon
modes on the branes at the fixed point locus are precisely those which do not vanish at ρ = 0.
It is simple to see that all such modes are uncharged under H . So let’s focus on these modes.
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Then, we find straightforwardly that the scalar spherical harmonic corresponding to
the operator kp is given by

kp : si1i2...ip−2xi1xi2 . . . xip−2(1− ρ2)(kp−p+2)/2 − (SO(n + 1) traces) , (A.29)

where here si1...ip−2 is symmetric and traceless on its SO(4) indices. Note that the rank n sym-
metric traceless representation of SO(4) is irreducible, and is nothing but the representation
(n
2 , n

2 ) of SU(2)L×SU(2)R. Thus, kp does indeed transform in the representation (p
2 −1, p

2 −1)
as required. As a consistency check, note that indeed the above formula makes sense only for

kp − (p− 2) = 0, 2, 4, . . . , (A.30)

and that for p = 2, 3 the first of these options corresponds to k2 = 0 and k3 = 1, respectively,
which as discussed above are pure gauge and so are thrown away. So we recover precisely
the expected ranges for p and kp.

To proceed, we will need to perform the removal of traces explicitly to get a closed form
for the mode in (A.29). There is a slick way to do this. It is easy to show that after removal
of traces, the mode will take the form

kp : si1i2...ip−2xi1xi2 . . . xip−2(1− ρ2)(kp−p+2)/2fkp

(
ρ2

1− ρ2

)
, (A.31)

for a degree (kp − p + 2)/2 polynomial fkp(x) we must determine. But the tracelessness
condition is just the statement that the mode satisfies the Laplace equation ∇2(. . . ) = 0 in
the ambient space ℝn+1. This implies that fkp(x) obeys

(kp − p + 2)(kp + p)fkp(x) + 2 (n− 3− 2kpx) f ′
kp
(x) + 4x(1 + x)f ′′

kp
(x) = 0 . (A.32)

The solution to this equation we want is given by

fkp(x) = 2F1

(
−kp + p

2 ,
p− kp − 2

2 ,
n− 3
2 ;−x

)
, (A.33)

which is indeed a polynomial of degree (kp − p + 2)/2. Using some hypergeometric identities,
we finally arrive at

s(kp)(x,y) (A.34)

= 1
N (kp)

sᾱ1...ᾱp−2,α1...αp−2(y)xᾱ1α1 . . .xᾱp−2αp−2 2F1

(
p+kp+n−3

2 ,
p−kp−2

2 ,
n−3
2 ;ρ2

)
,

where y are coordinates in AdSd+1. We have chosen to write everything in a manifestly
SU(2)L × SU(2)R covariant way. So, sᾱ1...ᾱp−2,α1...αp−2 is totally symmetric on both its
barred and unbarred indicies. N (kp) is a normalisation factor that is in place to ensure that
sᾱ1...ᾱp−2,α1...αp−2(y) is a canonically normalised scalar field in AdSd+1.

So now let’s fix the normalisation factor. Using the integral (A.25), we compute

N (kp)2 =
4π(n+1)/2Γ

(
n−3
2

)
Γ
(

kp−p+4
2

)
Γ
(

kp+p+2
2

)
b(kp)

ϵnk(p− 1)(2kp + n− 1)Γ
(

kp−p+n−1
2

)
Γ
(

kp+p+n−3
2

) , (A.35)
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where b(kp) is the function appearing in (2.12) and determined for the cases of interest
in (A.16) and (A.17). In arriving at this formula we’ve used the identity∫ 1

0
dt tn−4(1− t2)p−1

[
2F1

(
p + k + n− 3

2 ,
p− k − 2

2 ,
n− 3
2 ; t2

)]2

=
Γ
(

n−3
2

)2
Γ
(

k−p+4
2

)
Γ
(

k+p+2
2

)
(2k + n− 1)Γ

(
k−p+n−1

2

)
Γ
(

k+p+n−3
2

) . (A.36)

Finally, note that 2F1(. . . ; 0) and hence at the fixed point we have simply

s(kp)(x, y) = 1
N (kp)

sᾱ1...ᾱp−2,α1...αp−2(y)xᾱ1α1 . . . xᾱp−2αp−2 . (A.37)

A.4 Decomposition of gluon modes

We next consider the gluon modes. We once again adopt the strategy of working in a
Cartesian embedding space, so as to utilise (A.26).

These gluon modes are vector spherical harmonics on the S3 fixed point locus at ρ = 0. We
are interested in the modes transforming in the representation

(p
2 − 1, p

2
)

of SU(2)L× SU(2)R

for p = 2, 3, . . . , which have scaling dimension ∆p.
The relevant vector spherical harmonics as 1-forms in ℝ4 are then

Vp = 1
B(p)ϕᾱ1...ᾱp−2,βγα1...αp−2xᾱ1α1 . . . xᾱp−2αp−2

(
(σj)δ̄(β(σk)δ̄

γ)
)

xjdxk

= 1
B(p)ϕᾱ1...ᾱp−2,βγα1...αp−2xᾱ1α1 . . . xᾱp−2αp−2(σj)δ̄β(σk)δ̄

γxjdxk , (A.38)

where B(p) is a normalisation factor to ensure that the scalar field ϕᾱ1...ᾱp−2,α1...αp is
canonically-normalised in AdS5, which we will determine shortly. Note that in the first
line, the expression in brackets is nothing but the anti-self-dual ’t Hooft matrix, written in
a manifestly SU(2)R covariant form. In particular, one can check that(

(σi)δ̄(β(σj)δ̄
γ)
)
= −

(
(σj)δ̄(β(σi)δ̄

γ)
)
= −1

2ϵijkl

(
(σk)δ̄(β(σl)δ̄

γ)
)

, (A.39)

which will be vital when we come to compute the Wess-Zumino term. Note also that the
asymmetry here means that automatically Vp is tangent to S3, i.e. xi(Vp)i = 0.

So, to turn on the pth gluon mode, we simply set

A = V ∗
p , (A.40)

where V ∗
p is the pullback of Vp to S3. Next, we need a few useful facts about V ∗

p . Letting
a, b, . . . be abstract indices on S3, we have

∇b∇b(V ∗
p )a = (2− p2)(V ∗

p )a ,

ϵabc∇b(V ∗
p )c = −p(V ∗

p )a ,

∇a(V ∗
p )a = 0 , (A.41)
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where the volume form appearing in the second expression is that of the unit round 3-sphere,
and indeed all indices are raised and lowered using this unit round metric. The only other
thing we need is the expression for the inner product of pulled-back 1-forms,

gab(V ∗
p )a(V ∗

q )b

= (Vp)i(Vq)i (A.42)

= 2
B(p)B(q)ϕ

(p)
ᾱ1...ᾱp−2,γ1γ2α1...αp−2ϕ

(q)
β̄1...β̄q−2,

γ1γ2
β1...βq−2xᾱ1α1 . . . xᾱp−2αp−2xβ̄1β1 . . . xβ̄q−2βq−2 .

So we’re good to go. Let us first check the quadratic part of the gluon Lagrangian. We
compute up to quadratic order,

Tr
∫

S3

(
− F ∧ ⋆8F

)
= 1

B(p)2
8π2

(p− 1)Tr
(
− 1

2ϵ
∇µϕᾱ1...ᾱp−2,α1...αp∇µϕᾱ1...ᾱp−2,α1...αp

− ϵ

2p2ϕᾱ1...ᾱp−2,α1...αpϕᾱ1...ᾱp−2,α1...αp + . . .

)
volAdSd+1 , (A.43)

where we note the factors of ϵ coming from the metric on S3. We also then compute

Tr
∫

S3

(
Cd ∧ F ∧ F

)
= − d

B(p)2
4π2p

(p− 1)Tr
(

ϕᾱ1...ᾱp−2,α1...αpϕᾱ1...ᾱp−2,α1...αp + . . .

)
volAdSd+1 ,

(A.44)
where we’ve used (2.4).

We then have
1

g2YM
Tr
∫

S3

(
− F ∧ ⋆8F + Cd ∧ F ∧ F

)
= Tr

(
− 1

2∇µϕᾱ1...ᾱp−2,α1...αp∇µϕᾱ1...ᾱp−2,α1...αp (A.45)

− 1
2m2

pϕᾱ1...ᾱp−2,α1...αpϕᾱ1...ᾱp−2,α1...αp + . . .

)
volAdSd+1 ,

where

m2
p = ∆p(∆p − d), ∆p =

(
d− 2
2

)
p , (A.46)

as expected, and we have fixed the normalisation

B(p)2 = 1
g2YM

8π2

ϵ(p− 1) . (A.47)

A.5 Computation of cubic coupling

Let’s finally compute the cubic coupling. For certainty, the AdSd+1 action of the modes
we’re interested in up to cubic order is

S = Skin + Scubic . (A.48)
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The kinetic term is

Skin =
∫

AdSd+1

d5x
√

−gAdS

( ∞∑
p=2

∑
kp

(
−

1
2
∇µ(s(kp))ᾱ1...ᾱp−2,α1...αp−2∇

µ(s(kp))ᾱ1...ᾱp−2,α1...αp−2 (A.49)

−
1
2
∆kp (∆kp−d)(s(kp))ᾱ1...ᾱp−2,α1...αp−2 (s(kp))ᾱ1...ᾱp−2,α1...αp−2

)
+Tr

∑
p=2,3,...

(
−

1
2
∇µ(ϕ(p))ᾱ1...ᾱp−2,α1...αp∇µ(ϕ(p))ᾱ1...ᾱp−2,α1...αp

−
1
2
∆p(∆p−d)(ϕ(p))ᾱ1...ᾱp−2,α1...αp (ϕ(p))ᾱ1...ᾱp−2,α1...αp

))
,

where in the first line the sum over kp runs over the values

kp =
{

p, p + 2, p + 4, . . . p = 2, 3
p− 2, p, p + 2, . . . p > 3

, (A.50)

and the trace is over the flavor group.
Meanwhile, the cubic term is

Scubic=Tr
∫

AdSd+1

dd+1x
√
−gAdS

×

( ∞∑
p,q=2

∑
r

∑
kr

1
2βpqkr

(ϕ(p))ᾱ1...ᾱ(p+q−r−2)/2β̄1...β̄(p−q+r−2)/2,γδα1...α(p+q−r−2)/2β1...β(p−q+r−2)/2

×(ϕ(q))ᾱ1...ᾱ(p+q−r−2)/2
β̄(p−q+r)/2...β̄r−2,

γδα1...α(p+q−r−2)/2
β(p−q+r)/2...βr−2

×(s(kr))β̄1...β̄r−2,β1...βr−2

)
, (A.51)

where the sum over r runs over the values

r = |p− q|+ 2, |p− q|+ 4, . . . , p + q − 2 , (A.52)

and the sum over kr runs over the values (A.50). Then βpqkr receives contributions from
both the Yang-Mills and Wess-Zumino terms. These are[

Tr
∫ (
− F ∧ ⋆d+4F

)]
pqkr

= Tr
∫

dd+4x
√
−g

(
ϵkrpq(a3 − (d + 1)a1) s(kr)(V

∗
p )a(V ∗

q )a

+ ϵ−1 ((1− d)a1 − a3) s(kr)∇µ(V ∗
p )a∇µ(V ∗

q )a

+ 4ϵ−1a2∇µ∇νs(kr)∇
µ(V ∗

p )a∇ν(V ∗
q )a

− 4a2
d + 1ϵ−1∇µ∇µs(kr)∇

µ(V ∗
p )a∇µ(V ∗

q )a

)
, (A.53)

and[
Tr
∫ (

Cd ∧ F ∧ F
)]

pqkr

(A.54)

= Tr
∫

dd+4x
√
−g

(
2(−1)d+1a4

(
q(V ∗

q )a∇µs(kr)∇µ(V ∗
p )a + p(V ∗

p )a∇µs(kr)∇µ(V ∗
q )a

))
,
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where in each expression the volume form is that of the pullback to AdSd+1 × S3 of the
metric (2.2). To evaluate these term, we need a few identities. For scalar functions f1, f2, f3,
we have

∇µ∇νf1∇µf2∇νf3=
1
4
(
(□2f1)f2f3−f1(□2f2)f3−f1f2(□2f3)+2f1(□f2)(□f3)

)
+∇µ(...) ,

f1∇µf2∇µf3=
1
2
(
(□f1)f2f3−f1(□f2)f3−f1f2(□f3)

)
+∇µ(...) . (A.55)

The resulting expressions appear complicated, but undergo a remarkable simplification when
we plug in the values (A.16) or (A.17) for the relevant cases. In the end we find[

Tr
∫ (
− F ∧ ⋆8F + Cd ∧ F ∧ F

)]
pqkr

=
(
25−n(kr + p− q)(kr + q − p)(kr + p + q − 2)(kr + p + q − n + 1)

(d− 2)kr + 2

)

× Tr
∫

dd+4x
√
−g

(
s(kr)(V

∗
p )a(V ∗

q )a

)
. (A.56)

We finally substitute in the explicit forms of the graviton harmonics in (A.37) along with
the expression (A.42) for the contraction of two gluon modes, and perform the integral over
S3 using (A.26). The end result is the cubic coupling

βpqkr =
1

g2YMN (kr)B(p)B(q)

(
25−n(kr+p−q)(kr+q−p)(kr+p+q−2)(kr+p+q−n+1)

(d−2)kr+2

)

×

 4π2Γ(p−1)Γ(q−1)Γ(r−1)
Γ
(

p+q−r
2

)
Γ
(

r+p−q
2

)
Γ
(

r+q−p
2

)
Γ
(

r+p+q−2
2

)
 , (A.57)

where the expression in the final line comes from the integral over S3. Plugging in the
normalisation coefficients N (kr) from (A.35) and B(p) from (A.47) (which in particular kills
the dependence on g2YM), we land on the final answer (2.14).

B Exchange diagrams in Mellin space

In this appendix, we give the full details of the exchange Witten diagrams in Mellin space, and
how to write them as reduced blocks. We include many of the central results of this appendix
in the attached Mathematica notebook in the supplementary material. In particular, the
operators Dϵ

J , and D̃ϵ
J , as well as our expressions for the Mack polynomials, can be found

in this notebook.

B.1 Superconformal Ward identities in Mellin space

The superconformal Ward identities encode the action of the fermionic generators of the
superconformal group. In our conventions, they take a universal form in position space [21, 36]:

(z∂z − ϵα∂α)G(z, z̄;α)
∣∣∣∣∣
α= 1

z

= 0 , (B.1)
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along with a second equation given by inverting z ↔ z̄ above. In even dimensions, this
equation has a simple solution, of the form:

G(z, z̄;α) = fdisc(z, z̄;α) + R ◦H(z, z̄;α) , (B.2)

where fdisc is the disconnected contribution, R is a local differential operator and H is known
as a reduced amplitude. However, in odd dimensions, the operator R is non-local, and this
approach becomes difficult to work with.

After Mellin transforming the amplitude, however, the Ward identity always admits a
decomposition of this form, regardless of the dimension [24], and we are able to define a
reduced Mellin amplitude even in d = 3, 5.

In order to obtain the Ward identities in Mellin space, we follow [57]. First, we use
the chain rule to write:

z∂z = U∂U + V ∂V −
1

1− z
V ∂V , (B.3)

but do not evaluate the derivatives. We can then act with the α∂α derivative, and take
α → 1

z . Multiplying by za(1 − z), where a is the degree of G(z, z̄;α) as a polynomial in
α and adding the equation obtained by taking z ↔ z̄, we can always rewrite the resulting
expression in terms of integer powers of U, V, U∂U , V ∂V acting on G(z, z̄;α). Then, we can
use the following dictionary to rewrite these as operators in Mellin space, which follows from
our definition of the Mellin transform (3.16):

U∂U →
s

2 , V ∂V →
t−∆2 −∆3

2 ,

UmV n →
(∆1 +∆2 − s

2

)
m

(∆3 +∆4 − s

2

)
m

(∆1 +∆4 − t

2

)
n

(∆2 +∆3 − t

2

)
n

×
(∆1 +∆3 − u

2

)
−m−n

(∆2 +∆4 − u

2

)
−m−n

P−2m,−2n ,

(B.4)

where ∆i are the scaling dimensions of the four external operators, and we defined the shift
operator Pm,n, which acts on functions of s and t as:

Pm,nf(s, t) = f(s + m, t + n) . (B.5)

We now turn to the question of solving the Ward identities. In both ⟨22pp⟩ and ⟨2p2p⟩
correlators, we will see that the solutions are quadratic in α.32 In even dimensions, the
position space operator R in (B.2) is also quadratic in α, which means that the reduced
amplitudes have no dependence on the R-symmetry cross-ratio.

In order to solve the superconformal Ward identities in Mellin space, we assume that
there exists a similar object in Mellin space, an operator Dε

J which acts on any function
of s, t and gives a solution to the Ward identities. In order to find this operator, we will
follow the procedure of [24].

When translated into Mellin space, the position operators R in even dimensions are of the
form of shift operators with polynomial prefactors, so we assume that the answer is of this
form in all dimensions. We then note that shift operators are diagonalized by power laws, i.e.:

Pm,nXsY t = (XmY n)XsY t . (B.6)
32More precisely, in ⟨2p2p⟩ correlators, the solution is α

p
2 −1 multiplying something quadratic in α.
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Therefore, we start by assuming that there exists a function which solves the Ward identities
of the form:

FD(s, t;α) =
∑

a,b,m,n,J

λm,n,a,b,JXmY nsatbαJXsY t . (B.7)

Since this function is a polynomial in all relevant variables, multiplying the overall powers
XsY t, it is generally simple to find such solutions.

We choose the lowest-order solution to the Ward identities of the form above. Then, if
there exists an operator D with the desired properties, it will be the case that:

FD(s, t;α) =
∑

J

Dε
JαJXsY t . (B.8)

Since shift operators are diagonalized when acting on XsY t, it is easy to read off the form
of D from this single solution to the Ward identities:

Dϵ
J =

∑
a,b,m,n

λa,b,m,n,JsatbPm−N,n−N , (B.9)

where N is the largest combined power of X and Y in the solution above. We can then
show, using this definition, that

F (s, t;α) =
∑

J

Dϵ
JαJf(s, t) (B.10)

is always a solution to the Ward identities, for any function f(s, t), which proves that such
an operator D exists and takes this form.

This operator is not unique. In fact, it is only defined up to what is called a “Mellin
ambiguity” in [24], which is the right-multiplication of Dε

J by any operator independent of J .
Here, we choose to take the simplest choice of Dε

J with polynomial coefficients. The subtraction
of N from the shift operators is a choice of a Mellin ambiguity, an overall shift, which makes
all shift operators act in the negative direction, mirroring the solutions from position space.
With this choice of the ambiguity, we find the following operators for the ⟨22pp⟩ correlator:

Dϵ
0 = (−(p + 2)ϵ + s + t + 2)(−(p + 2)ϵ + s + t)2P0,0

+ (2pϵ− s)(−(p + 4)ϵ + s + t + 2)(−(p + 2)ϵ + s + t)P−2,0

+ ((p + 2)ϵ− t)(−(p + 4)ϵ + s + t + 2)(−(p + 2)ϵ + s + t)P0,−2 ,

Dϵ
1 = −(−(p + 2)ϵ + s + t)2(−(p + 2)ϵ + s + t + 2)P0,0

+ (t− (p + 2)ϵ)(−2(p + 2)ϵ + s + 2t)(−(p + 2)ϵ + s + t)P0,−2

+ (s− 2pϵ)(−(p + 2)ϵ + t + 4)(−(p + 2)ϵ + s + t)P−2,0

+ (s− 2pϵ)(t− (p + 2)ϵ)((p− 2)ϵ + s− t)P−2,−2

+ (s− 4ϵ)(−2pϵ + s− 2)(s− 2pϵ)P−4,0

+ ((p + 2)ϵ− t + 2)(t− (p + 2)ϵ)2P0,−4 ,

Dε
2 = (s− 2(ϵ + 1))(s− 2pϵ)((p + 2)ϵ− t)P−2,−2

+ (s− 2(ϵ + 1))(s− 2pϵ)(−(p + 2)ϵ + s + t)P−2,0

− ((s− 4ϵ)(−2pϵ + s− 2)(s− 2pϵ))P−4,0 .

(B.11)
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For the ⟨2p2p⟩ correlator, we have:

D̃ϵ
p
2−1 = (s + t− 4ϵ)(s + t− 4ϵ + 2)(−2pϵ + s + t)P0,0

+ ((p + 2)ϵ− s)(s + t− 4ϵ)(−2(p + 1)ϵ + s + t + 2)P−2,0

+ ((p + 2)ϵ− t)(s + t− 4ϵ)(−2(p + 1)ϵ + s + t + 2)P0,−2

D̃ϵ
p
2
= −(s + t− 4ϵ)(s + t− 4ϵ + 2)(−2pϵ + s + t)P0,0

+ ((p + 2)ϵ− s)((p + 2)ϵ− t− 4)(s + t− 4ϵ)P−2,0

+ (t− (p + 2)ϵ)(s + t− 4ϵ)(−(3p + 2)ϵ + s + 2t)P0,−2

+ (s− t)((p + 2)ϵ− s)((p + 2)ϵ− t)P−2,−2

+ (−(p + 2)ϵ + s− 2)(s− (p + 2)ϵ)2P−4,0

+ (t− (p + 2)ϵ)2((p + 2)ϵ− t + 2)P0,−4

D̃ϵ
p
2+1 = (pϵ− s + 2)((p + 2)ϵ− s)(s + t− 4ϵ)P−2,0

+ (pϵ− s + 2)((p + 2)ϵ− s)((p + 2)ϵ− t)P−2,−2

+ ((p + 2)ϵ− s + 2)(s− (p + 2)ϵ)2P−4,0 .

(B.12)

In the attached Mathematica notebook in the supplementary material, these operators can
be found both in the basis of powers of α, as in the last two equations, and in the basis
of the Yp

J(α), as in (3.19).

B.2 Mack polynomials

We conclude this appendix by giving our conventions for the Mack polynomials, from which
we build the bosonic exchange diagrams M∆12,∆34

∆,ℓ (s, t):

M∆12,∆34
∆,ℓ (s, t) =

∞∑
m=0

K∆1,∆2,∆3,∆4
∆,ℓ,m Q∆12,∆34

∆,ℓ,m (u−∆1 −∆4)
s− (∆− ℓ + 2m) , (B.13)

where

K∆1,∆2,∆3,∆4
∆,ℓ,m =− 21−ℓ(ℓ+τ−1)ℓΓ(2ℓ+τ)

Γ2
12Γ2

34m!Γ
(
−m− τ

2+
∆1
2 +∆2

2

)
Γ
(
−m− τ

2+
∆3
2 +∆4

2

)(
−d

2+ℓ+τ+1
)

m
(B.14)

and

Γ2
ab = Γ

(
ℓ + τ +∆a −∆b

2

)
Γ
(

ℓ + τ −∆a +∆b

2

)
, (B.15)
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and τ = ∆ − ℓ is the twist. For the polynomials Qa,b
∆,ℓ,m(u), we found the following repre-

sentation, which is a generalization of the result of [58], useful:

Qa,b
∆,ℓ,m(u)=

ℓ∑
k=0

ℓ−k∑
n=0

(−m)k

(
m+u+τ

2

)
n

µ(ℓ,k,n,τ,d,a,b) ,

µ(ℓ,k,n,τ,d,a,b)= 2ℓℓ!(−1)k+n+ℓΓ(ℓ+τ−1)(ℓ+τ−1)n

k!n!Γ(2ℓ+τ−1)(−k−n+ℓ)! (B.16)

×
(1
2(−a+b+d+2n−2)

)
k

(
−a

2+k+n+ τ

2

)
−k−n+ℓ

(
b

2+k+n+ τ

2

)
−k−n+ℓ

× 4F3

(
−k,3−d−n−ℓ,

2+a−d+τ

2 ,
2−b−d+τ

2 ; a−b−d

2 −k−n+2,2− d

2−ℓ,2−d+τ ;1
)

.
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