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Abstract

In this thesis, we consider a class of stochastic dynamics running backwards, so called backward

stochastic differential equations (BSDEs) in the literature. We demonstrate BSDEs can be refor-

mulated as functional differential equations defined on path spaces, and therefore solving BSDEs is

equivalent to solving the associated functional differential equations. With such observation we can

solve BSDEs on general filtered probability space satisfying the usual conditions, and in particular

without the requirement of the martingale representation. We further solve the above functional

differential equations numerically, and propose a numerical scheme based on the time discretization

and the Picard iteration. This in turn also helps us solve the associated BSDEs numerically.

In the second part of the thesis, we consider a class of BSDEs with quadratic growth (QBSDEs).

By using the functional differential equation approach introduced in this thesis and the idea of the

Cole-Hopf transformation, we first solve the scalar case of such QBSDEs on general filtered proba-

bility space satisfying the usual conditions. For a special class of QBSDE systems (not necessarily

scalar) in Brownian setting, we do not use such Cole-Hopf transformation at all, and instead intro-

duce the weak solution method, which is to use the strong solutions of forward backward stochastic

differential equations (FBSDEs) to construct the weak solutions of such QBSDE systems. Finally

we apply the weak solution method to a specific financial problem in the credit risk setting, where

we modify the Merton’s structural model for credit risk by using the idea of indifference pricing.

The valuation and the hedging strategy are characterized by a class of QBSDEs, which we solve by

the weak solution method.
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Chapter 1

Introduction

1.1 Backward stochastic differential equations (BSDEs)

Stochastic differential equations (SDEs) may be considered as dynamic systems perturbed by ran-

dom signals which are often modeled by Brownian motion. One important class of SDEs considered

in the literature are equations of Itô’s type such as

dXt = a(t,Xt)dt + σ(t,Xt)dBt, (1.1)

where B = (B1, · · · , Bd)T is a d-dimensional Brownian motion (The superscript T denotes matrix

transposition). a : R+ × Rn → Rn and σ : R+ × Rn → Rn×d are the coefficients satisfying certain

regularity conditions. Itô gave the meaning of the solutions to SDE (1.1) by developing a theory of

stochastic integration with respect to Brownian motion (so called Itô’s stochastic integration), and

obtained the solutions by specifying the data at a starting time T > 0.

Itô’s stochastic integration requires that the solution X must be adapted to the underlying

filtration generated by Brownian motion B (see [42] and [71]). We denote this filtration by {Ft}.
SDE (1.1) has to be interpreted as an integral equation:

Xt = XT +
∫ t

T

a(s,Xs)ds +
∫ t

T

σ(s,Xs)dBs.

If t ≥ T , the right hand side of the above equality is Ft-measurable, so it is possible to solve the

equation forwards. However if t ≤ T , then the right hand side of the above equality is only FT -

measurable, and it is not always possible to solve SDE (1.1) backwards. Therefore SDE (1.1) might

not be the correct form if one wants to solve the equations backwards.

On the other hand, nonlinear partial differential equations (PDEs) may give us some hints on

how to propose a correct form of SDEs running backwards. Inddeed, let us suppose Φ(t, x) is a

classical solution to the following reaction-diffusion equation:




∂tΦ +
1
2
∆Φ + f(t,Φ) = 0,

Φ(T, x) = φ(x), for (t, x) ∈ [0, T ]×Rd
(1.2)
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with f : [0, T ] × Rn → Rn and φ : Rd → Rn satisfying certain regularity conditions. By applying

Itô’s formula to the process Yt = Φ(t, Bt), we have

Yt = φ(BT )−
∫ T

t

{
∂tΦ(s,Bs) +

1
2
∆Φ(s,Bs)

}
ds−

∫ T

t

dMs

with

Mt =
∫ t

0

∇Φ(s,Bs)dBs.

Using that Φ(t, x) satisfies PDE (1.2), we further obtain that

Yt = φ(BT ) +
∫ T

t

f (s, Ys) ds−
∫ T

t

dMs.

This tells us that if we want to run the equation backwards, in order to force the solutions of SDE

being Ft-adapted, we need a martingale term to correct the equation. (It is M in our case.) On the

other hand, because we are in a Brownian filtration setting, according to martingale representation

theorem (see [42] and [71]), M can further be written as a stochastic integral of a predictable

representation process, denoted as Z, with respect to the Brownian motion B. In this way, we can

also include Zt in the coefficient f , which then becomes f(t, Yt, Zt). A solution to a SDE running

backwards should be a pair of processes (Y, M) or (Y, Z).

In the fundamental paper by Pardoux and Peng [62], the following type of SDEs were proposed

and solved: on a Brownian filtered probability space (Ω,F ,Ft,P), for a given FT -measurable random

variable ξ, they considered the equation:

Yt = ξ +
∫ T

t

f(s, Ys, Zs)ds−
∫ T

t

ZsdBs, (1.3)

which is called a backward stochastic differential equation, or BSDE for short. Here, the coeffi-

cient f(t, y, z) is called the driver of the BSDE, and it is assumed to be Lipschitz continuous in

(y, z) ∈ Rn × Rn×d. A solution to BSDE (1.3) is a pair of Ft-adapted processes (Y, Z). Next we

give a short literature review of BSDEs.

(1) Development of backward stochastic differential equations

Bismut [7] [8] [9] firstly discovered and derived a class of SDEs with given terminal data when he

used the Pontryagin maximum principle studying stochastic control problems. The equations in [7]

[8] [9], which are linear, were extended and developed to a general nonlinear case by Pardoux and

Peng [62] in the early 1990s. BSDE has become one of active areas in stochastic analysis since then.

Lots of efforts have been put to relax the conditions on the parameters of BSDEs. For example,

Lepeltier and San Martin [52] relaxed the Lipschitz condition on the driver and worked on BSDEs

with linear growth condition. Darling and Pardoux [20] extended the BSDE from constant ter-

minal time to a stopping time. Various subsequent advances were summarized in the monograph

[28], while the recent paper by El Karoui et al [26] is an updated summary of main results of BSDEs.
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(2) Forward-backward stochastic differential equations

It is natural to consider BSDEs coupled with SDEs, which are called forward-backward stochas-

tic differential equations (FBSDEs). Antonelli [1] is one of the first to consider FBSDEs. However

the driver of his FBSDEs does not involve the martingale representation part Z, and he could only

solve the equations with the time horizon small enough by employing the method of contraction

mapping. FBSDEs were further investigated by Ma et al [54], who developed the four-step-scheme

to solve the equations. They required the coefficients to be smooth enough in order to utilize the

PDE theory. Hu and Peng [39], Yong [75] and Peng and Wu [68] adapted the method of continuity

from the PDE theory, and solved FBSDEs with monotone coefficients. In [22] Delarue combined the

first two methods and solved FBSDEs globally with Lipschitz continuous assumptions on the coef-

ficients. Ma and Yong [55] is the first book to comprehensively study FBSDEs and their applications.

(3) Backward stochastic differential equations on general filtered probability space

Traditionally, BSDEs are always assumed to be defined on a probability space with Brownian

filtration. Tang and Li [74] are one of the first to study BSDEs with random jumps, and Barles et al

[4] discovered the connection between BSDEs with random jumps and a family of parabolic partial

integral differential equations. Rong [72] proved the existence and uniqueness of this class of BSDEs

under non-Lipschitz continuous assumption on the coefficients. The existence and uniqueness of

the solutions to a more general class of BSDEs on the filtered potability space satisfying the usual

conditions was proved by the author with Lyons and Qian in [49].

(4) Backward stochastic differential equations with quadratic growth

If the driver f(t, y, z) of BSDEs has at most quadratic growth with respect to z, the nature of

such stochastic equations completely changes. Such kind of BSDEs are usually called QBSDEs in the

literature. QBSDEs were firstly solved by Kobylanski [45] based on the Cole-Hopf transformation

adapted from the PDE theory. Her results were substantially developed and generalized by Briand

and Hu in [11] and [12], where they extended to the equations with unbounded terminal value and

convex driver, respectively. Later Morlais [60] generalized these results to the equations driven by

martingales instead of Brownian motion. However most of the existing results of QBSDEs are only

for the scalar case and heavily depend on the Cole-Hopf transformation. In [50] the author with

Lyons and Qian firstly attempted to solve QBSDE systems by using the weak solution method,

which does not employ the Cole-Hopf transformation.

(5) Reflected backward stochastic differential equations

El Karoui et al [27] introduced an obstacle to BSDEs such that the solution always stays above

such obstacle. This so called reflected BSDE was further developed to double reflected barriers with

Lipschitz continuous coefficients by Cvitanić and Karatzas [19], and by Hamadene et al [33] who

relaxed the Lipschitz continuous assumption.
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(6) Weak solutions of backward stochastic differential equations

Most of the existing literature concentrates on the solutions of BSDEs in the strong sense, i.e.

the equations must be solved on any given probability space. One of the first attempts to introduce

weak solutions for BSDEs was given by Buckdahn et al [13]. Buckdahn and Engelbert [14] further

proved the uniqueness of weak solutions. However the driver of these BSDEs does not involve the

martingale representation part Z. On the other hand, the notion of weak solutions for FBSDEs was

introduced by Antonelli and Ma [2], and further developed by Ma et al in [57] [58] by employing the

martingale problem approach. Recently the weak solution method was further investigated by the

author with Lyons and Qian in [50] by considering a nonlinear version of Girsanov’s transformation.

(7) Numerical solutions of backward stochastic differential equations

The early work of numerical solutions of BSDEs was basically based on the finite difference

method for PDEs, which is not so surprising because of the intrinsic link between BSDEs and PDEs;

see, for example, [24] and [53]. In [56], Ma and Zhang proved the path regularity of the martingale

representation part of the solutions to BSDEs, which motivated Zhang [81] and Bouchard and Touzi

[10] to develop the numerical algorithms for BSDEs based on the time discretization, which is in the

same spirit of numerical solutions to SDEs. For further developments in this direction see [5] [18] [32]

as well as the author’s recent paper [16] with Casserini, where we considered the time discretization

of functional differential equations associated to BSDEs.

(7) Applications of backward stochastic differential equations

The theory of backward stochastic differential equations has been found many applications in

nonlinear partial differential equations, stochastic control, and mathematical finance.

(7.1) Connection to nonlinear partial differential equations

By using the solution of BSDEs, Peng [67] firstly derived a probabilistic representation (Feynman-

Kac representation) for the solution of quasi-linear PDEs; see, also, Pardoux and Peng [63]. The

connection of BSDEs with random jumps to a class of parabolic partial integral differential equa-

tions was discovered by Barles et al [4]. Recently Cheridito et al [17] represented the solutions of

fully nonlinear PDEs by introducing a new class of BSDEs with second-order, so called second-order

BSDEs. On the other hand, the connection between stochastic PDEs and a class of BSDEs with

double noise, so called backward double stochastic differential equations (BDSDEs), was established

by Pardoux and Peng [64]. This connection was further investigated by Bally and Matoussi [3], and

was substantially developed by Zhao and Zhang [78] and [79].

(7.2) Connection to stochastic control problems
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To derive the maximum principle as a necessary condition for optimal control problems, it is

well known the associated adjoint equations must satisfy certain backward equations. For stochas-

tic control problems, the corresponding adjoint equations are stochastic rather than deterministic.

Indeed, Peng [66] established a general stochastic maximum principle by considering both first or-

der and second order adjoint equations. The connection of stochastic control and BSDEs was also

discussed by Quenez [70]. On the other hand, Kohlmann and Zhou [44] interpreted BSDEs as some

stochastic control problems. A systematic account of BSDEs with their applications in stochastic

control problems is summarized in the book [76] by Yong and Zhou.

(7.3) Applications to mathematical finance

In [25] Duffie and Epstein discovered a class of nonlinear BSDEs in their study of recursive

utilities. Later El Karoui et al [30] applied BSDEs to option pricing problems and provided a

general framework for the application of BSDEs in finance. In order to deal with constraints on

the portfolios, Rouge and El Karoui [73] introduced a class of QBSDEs into finance. Hu et al [38]

further studied this class of BSDEs in a more general setting. The application of BSDEs in credit

risk modeling was studied by Bielecki and Jeanblanc [6], while El Karoui et al [29] used reflected

BSDEs to study American option pricing problems. Finally, Cvitanić and Karatzas [19] applied such

BSDEs to analyze stochastic differential games.

1.2 Main contribution of this thesis

1.2.1 Two central ideas of the thesis

The work herein is based on two key ideas. To ease the presentation, we first demonstrate them

in a simple setting.

(1) Functional differential equation approach

Let (Ω,F ,Ft,P) be a filtered probability space satisfying the usual conditions. In this space,

consider a semimartingale, say (Yt)t∈[0,T ], with the following decomposition:

Yt = Mt − Vt, for t ∈ [0, T ],

where M is local martingale with respect to {Ft} and V is a finite variation process. If we further

know the terminal data of Y , say YT = ξ for some FT -measurable random variable ξ, then we also

have ξ = MT − VT . Therefore,
{

Yt = E[ξ + VT |Ft]− Vt,

Mt = E[ξ + VT |Ft], for t ∈ [0, T ].
(1.4)

The above relationship indicates that given the terminal data of a semimartingale, we can always

represent this semimartingale and its martingale part in terms of the associated finite variation part,
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i.e. Y and M are affine functionals of V . We will often write Y and M as Y (V ) and M(V ), when

we want to emphasize their dependency on V .

Before we apply the above fundamental observation to a specific BSDE setting, let us look at

such relationship from the potential theory point of view. For this, we first recall that for a given

domain D ⊂ Rd, a real-valued l.s.c function f is called superharmonic in D if it satisfies
∫

∂B(0,r)

f(x + y)σr(dy) ≤ f(x), for x ∈ D and r < dist(x, ∂D),

where σr is the measure on the surface of the ball ∂B(0, r), normalized to have total mass 1. The

function f is called harmonic if the equality holds. If f is superharmonic in D, then there exists a

unique positive Borel measure on D such that the following Riesz decomposition holds:

f(x) = h(x) + GDµ(x), for x ∈ D,

where h is harmonic in D and GDµ is the Green’s potential of µ on D, i.e. GDµ(x) =
∫

D
G(x, y)µ(dy)

with G(x, y) as the Green’s function of the Laplace equation in Rd. Given the boundary data of

such superharmonic function f , by the above Riesz decomposition, the Green’s potential GDµ is

often used to study f .

The probabilistic counterpart of the above Riesz decomposition is the Doob-Meyer decomposi-

tion. Indeed, for a supermartingale (Yt)t∈[0,T ] with càdlàg sample paths, the Doob-Meyer decom-

position says that there exists a unique increasing predictably measurable process V starting from

V0 = 0 such that M defined by Mt = Yt + Vt for t ∈ [0, T ] is a martingale. The above relationship

(1.4) we just established tells us exactly the same thing as in the potential theory: given the ter-

minal data of a supermartingale (which is a semimartingale) defined on [0, T ], we can study such

supermartingale by investigating the increasing predictably measurable process V .

Now we come back to the specific BSDE setting (1.3). We first observe that a solution to BSDE

(1.3) must be a special semimartingale, which admits a unique canonical decomposition. Therefore

it is natural to study BSDE (1.3) by investigating the equation that the finite variation part satisfies.

In the thesis we establish the equivalence between BSDE (1.3) and the following equation:

Vt =
∫ t

0

f(s, Y (V )s, Z(V )s)ds (1.5)

with 



Y (V )t = E[ξ + VT |Ft]− Vt,

∫ T

t

Z(V )sdBs = ξ + VT − E[ξ + VT |Ft].

Note that (1.5) is a functional differential equation defined on the path space. Due to this reason,

we will call our approach the functional differential equation approach, or the functional approach

for short, which explains the title of the thesis.
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The functional differential equation approach may be made independent of the use of martingale

representation, provided that one is willing to replace the predictable representation Z by a general

functional of V , thus free us from the requirement of Brownian filtration setting. We may consider

the correction martingale term M , rather than its predictable representation Z, as the part of

solutions. BSDE (1.3) is reformulated as
{

dYt = −f(t, Yt,L(M)t)dt + dMt,
YT = ξ

(1.6)

with L as a prescribed operator defined on the martingale space. The martingale representation

is then a special case of such operator L. BSDE (1.6) is the representative BSDE that we will

investigate in this thesis.

(2) Weak solution method

The solution to SDE (1.1) defined by Itô requires the solution exists on any given probability

space. It is also called the strong solution. Modern theory of stochastic processes has been widely

regarded as the theory of probability measures in Polish spaces (i.e. separable and complete) since

the fundamental work of Prohorov in 1950s. If we regard a stochastic process as a probability

distribution on sample path spaces, then there is no need to solve the equations on any given

probability space, and we can certainly choose a convenient one to work with. Therefore another

explanation of the solution to SDE (1.1) includes not only the stochastic process itself but also the

associated probability space, and such solution is usually called the weak solution.

For BSDEs, we can also introduce the definition of weak solutions analogous to that of SDEs,

which is nothing surprising. However, the essential point is how to utilize such a weak solution

method. In this thesis, we mainly apply such method to solve a special class of BSDEs whose driver

f(t, y, z) has at most quadratic growth with respect to z. In the literature, such kind of BSDEs are

called QBSDEs, as is was discussed in the last section.

Let us consider the following simple QBSDE, which is however sufficient to demonstrate our

essential idea of the weak solution method:
{

dYt = −{
At(Z1

t )2 + Bt(Z2
t )2

}
dt + Z1

t dW 1
t + Z2

t dW 2
t ,

YT = φ(W 1
T ,W 2

T ),
(1.7)

where W = (W 1,W 2) is a Brownian motion. Herein, (At)t∈[0,T ] and (Bt)t∈[0,T ] are two bounded

and deterministic functions, and φ(x1, x2) is Lipschitz continuous in (x1, x2) ∈ R2 and uniformly

bounded. Note that unless At = Bt, the Cole-Hopf transformation does not help us to deduce

the closed form solutions, though we know the solutions to (1.7) must exist by Kobylanski [45].

Nevertheless we can still approximate the solution by the Cole-Hopf transformation. In the author’s

paper [36] with Henderson, based on the Cole-Hopf transformation, we introduced the fractional-

step (prediction and correction) from numerical analysis to obtain the analytical approximation of

the solutions to QBSDEs which have the similar form to that of (1.7).
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Next, we look at (1.7) from another point of view. The basic idea is to use the strong solution of

an associated FBSDE to construct the weak solution of BSDE (1.7). Let us start with a Brownian

motion B = (B1, B2) on (Ω,F ,P) with the filtration {Ft} satisfying the usual conditions. Consider

the system 



dYt = Z1
t dB1

t + Z2
t dB2

t ,

YT = φ(X1
T , X2

T ),

dX1
t = AtZ

1
t dt + dB1

t ,

dX2
t = BtZ

2
t dt + dB2

t ,

(X1
0 , X2

0 ) = (0, 0).

(1.8)

Note that FBSDE (1.8) is linear, so the coefficients are Lipschitz continuous. We can use the

functional differential equation approach to solve the above (1.8), and obtain (Y, Z1, Z2). Using

such solution (Y, Z1, Z2), we define a new probability measure P by

dP
dQ

= E (N),

where E (N) is the Doléans-Dade exponential of N :

N = −
∫ ·

0

AsZ
1
s dB1

s −
∫ ·

0

BsZ
2
s dB2

s .

Under the new probability measure P, by Girsanov’s theorem, W = (W 1,W 2) given by





W 1
t = B1

t − [B1, N ]t = B1
t +

∫ t

0

AsZ
1
s ds

W 2
t = B2

t − [B2, N ]t = B2
t +

∫ t

0

BsZ
2
s ds

is a Brownian motion. Under the new probability measure P and with the new Brownian motion

W , let us rewrite the backward equation in (1.8) as

dYt = Z1
t (dW 1

t −AtZ
1
t dt) + Z2

t (dW 2
t −BtZ

2
t dt)

= −{
At(Z1

t )2 + Bt(Z2
t )2

}
dt + Z1

t dW 1
t + Z2

t dW 2
t

with YT = φ(W 1
T ,W 2

T ). Therefore, we used the strong solution of FBSDE (1.8) to construct the

weak solution of BSDE (1.7). Based on this weak solution method, we study the following QBSDE

system in the thesis:
{

dYt = −h(t, Yt, Zt)dt− Ztf(t, Yt, Zt)dt + ZtdWt,

YT = φ(WT ),
(1.9)

where W = (W 1, · · · ,W d)T is a d-dimensional Brownian motion starting from Px{W0 = x} = 1

for x ∈ Rd. The coefficients h(t, y, z) and f(t, y, z) are assumed to be Lipschitz continuous in

(y, z) ∈ Rn × Rn×d. The terminal data φ(x) is Lipschitz continuous in x ∈ Rd and uniformly

bounded.
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1.2.2 Thesis outline and future work

Since each chapter has its own introduction, we will not repeat them again here. Next, we only

outline the main structure of the thesis and highlight future research directions.

Chapter 2 is the core of this thesis. Firstly, we demonstrate our functional differential equation

approach by solving BSDEs on general filtered probability space. For the special linear case, we

derive closed form solution. Specific examples of BSDEs on general filtered probability space which

are not covered in the literature are also provided. Finally, we apply this approach to solve a family

of FBSDEs.

In Chapter 3 we consider the numerical solutions of the associated functional differential equations

based on time discretization. We solve a discretized time version of the functional differential

equation, and prove the convergence rate of the corresponding functional difference equation to the

functional differential equation. Finally we provide a numerical scheme based on Picard iteration.

In Chapter 4 we study QBSDEs using our functional differential approach. We prove the existence

of solutions to scalar QBSDEs on a general filtered probability space by using the idea of the Cole-

Hopf transformation and the functional differential equation approach. For a special class of QBSDE

systems (not necessarily scalar) in a Brownian setting, we use the strong solutions of FBSDEs to

construct the weak solutions of such QBSDE systems. Finally, we discuss the relationship between

the weak and strong solutions of QBSDEs.

In Chapter 5 we apply the weak solution method and concentrate on its application in finance.

In order to apply the weak solution method, we introduce the weak formulation of optimal portfolio

problems. We then modify the classical Merton’s structural model for credit risk by indifference

pricing, and deduce an associated QBSDE as the characterization of the corporate bond price and

the hedging strategy. The weak solution method is then employed to solve such QBSDE.

Finally, we provide in the Appendix some stochastic analysis tools particularly important to

us and used throughout the whole thesis. They include, among others, special semimartingales,

continuous BMO-martingales, Jacod-Yor’s martingale representation and regular conditional prob-

abilities.

In the PDE theory the regularity theory plays a central role. The regularity theory for BSDEs

should also be expected to be very important. Specific question includes: given the terminal data

which is driven by a SDE rather than a general random variable, can we say something about the

path regularity of the martingale representation part of the solutions, and space regularity of the

solutions? Both questions have positive answers under certain conditions. However in this thesis

all of the regularity results are only cited from the existing literature as lemmas without proof.

Specifically they are Lemma 2.15, 3.3, 3.4 and 4.14. Therefore the regularity theory of BSDEs could

be and should be one of the future work for the author.
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Chapter 2

A Functional Approach to BSDEs

2.1 Introduction

In this chapter, we present a new formulation of BSDEs and give a new approach to solve them.

Traditionally, the martingale (or predictable) representation plays a crucial role in formulating and

solving BSDEs, and this restricts the class of BSDEs one can solve, because the underlying filtered

probability space is implicitly required to preserve the martingale representation property. A well

known technique to prove the existence and uniqueness result is “applying Itô’s formula to Y 2
t ”,

which was pioneered by Pardoux and Peng in their fundamental paper [63].

We will show that BSDEs can be reformulated as functional differential equations defined on

the path spaces. Using this fundamental idea, we can solve a class of BSDEs defined on filtered

probability space satisfying the usual conditions, and in particular without the requirement of the

martingale representation property. Solving such general BSDEs is equivalent to solving the associ-

ated functional differential equations on the path spaces.

We start with defining the spaces that we will work on. Let (Ω,F ,Ft,P) be a filtered probability

space satisfying the usual conditions. For given T > 0, all of our processes are defined and considered

only within the interval [0, T ]. We define the following spaces:

(1) C([0, T ];Rd): the space of continuous and Ft-adapted processes (Vt)t∈[0,T ] valued in Rd such

that supt∈[0,T ] |Vt| ∈ L2(Ω,FT ,P), and endowed with the norm:

||V ||C[0,T ] = E

{
sup

t∈[0,T ]

|Vt|2
}1/2

.

(2) H2([0, T ];Rd): the space of continuous and square integrable martingales (Mt)t∈[0,T ] valued in

Rd, and endowed with H2-norm:

||M ||H2[0,T ] = E {[M, M ]T }1/2
.

By the Burkholder-Davis-Gundy inequality, || · ||H2[0,T ] is equivalent to the norm || · ||C[0,T ] for

martingales, and is also equivalent to L2
T -norm by Doob’s inequality. See Appendix A.2 for further

details.
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(3) S([0, T ];Rd): the space of Ft-adapted processes (Yt)t∈[0,T ] with càdlàg samples path valued in

Rd such that supt∈[0,T ] |Yt| ∈ L2(Ω,FT ,P), and endowed with the norm || · ||C[0,T ].

(4) M2([0, T ];Rd): the space of square integrable martingales with càdlàg sample path valued in

Rd together with the H2-norm, which is also equivalent to || · ||C[0,T ] and L2
T -norm.

(5) H2([0, T ];Rd): the space of predictably measurable processes Z endowed with the norm:

||Z||H2[0,T ] = E

{∫ T

0

|Zs|2ds

}1/2

.

An example in H2([0, T ];Rd) is the Ft-adapted process (Zt)t∈[0,T ] with càglàd samples paths such

that ||Z||H2[0,T ] < ∞. However, in general, there is no path regularity in H2([0, T ];Rd).

2.1.1 Main results of this chapter

We focus on solving BSDE of the following form in a fixed duration [0, T ]:
{

dYt = −f(t, Yt,L(M)t)dt + dMt,
YT = ξ

(2.1)

on a filtered probability space (Ω,F ,Ft,P) satisfying the usual conditions, where f : [0, T ] × Ω ×
Rn×Rm → Rn, given as the driver, is a Borel measurable function, ξ ∈ L2(Ω,FT ,P) is a Rn-valued

random variable given as the terminal data, and L is a prescribed operator, possibly nonlinear,

defined on the martingale space M2([0, T ];Rn) and valued in H2([0, T ];Rm) (or in S([0, T ];Rm)).

The detail definition of L will be presented in Section 2.2.

Definition 2.1 An adapted solution to BSDE (2.1) is a pair of processes (Y, M) ∈ S([0, T ];Rn)×
M2([0, T ];Rn), where Y is a Rn-valued special semimartingale with M as the martingale part of its

canonical decomposition, and satisfies

Yt = ξ +
∫ T

t

f(s, Ys,L(M)s)ds−
∫ T

t

dMs, for t ∈ [0, T ], a.s.. (2.2)

BSDE (2.1) is said to have a unique adapted solution if for any two adapted solutions (Y, M) and

(Ȳ , M̄), it must hold that

P{(Yt,Mt) = (Ȳt, M̄t), t ∈ [0, T ]} = 1.

We will often omit the term adapted if no confusion may arise. Now we describe our idea of how

to reformulate BSDE (2.1) in terms of a functional differential equation. Note that if (Y, M) is a

solution, then Y admits its canonical decomposition Yt = Mt − Vt, where V is its finite variation

part, which is predictably measurable and V0 = 0. In particular we have ξ = MT − VT . A simple

algebraic calculation gives the following crucial relationship:
{

Yt = E[ξ + VT |Ft]− Vt,

Mt = E[ξ + VT |Ft], for t ∈ [0, T ], a.s..
(2.3)
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Basically, (2.3) tells us that as long as we know the terminal data of a semimartingale Y , we can

always represent this semimartingale Y and its martingale part M in terms of its finite variation

part V , together with the terminal data ξ. When we want to emphasize the dependency of Y and M

on V , we will write Y (V ) and M(V ). The above fundamental observation motivates us to consider

the equation that the finite variation part V satisfies:

Vt =
∫ t

0

f(s, Y (V )s,L(M(V ))s)ds, for t ∈ [0, T ], a.s. (2.4)

with Y (V ) and M(V ) given by (2.3). Note that (2.4) is a functional differential equation defined on

the path space. We will consider its solutions in the path space C([0, T ];Rn). Its uniqueness can be

defined in an analogous way to Definition 2.1.

The next lemma shows that the solvability of BSDE (2.1) is equivalent to functional differential

equation (2.4) with the given initial value V0 = 0. Because of this, we will call our approach to solve

BSDEs the functional differential equation approach, or the functional approach for short. This also

explains the title of the thesis.

Lemma 2.2 BSDE (2.1) admits a unique adapted solution (Y, M) ∈ S([0, T ];Rn)×M2([0, T ];Rn)

iff functional differential equation (2.4) admits a unique solution V ∈ C([0, T ];Rn).

Proof. If (Y, M) is a solution to (2.1), by the canonical decomposition Yt = Mt− Vt, we obtain the

relationship (2.3). The integral equation (2.2) can be rewritten as

Mt − Vt = ξ +
∫ T

t

f(s, Ys,L(M)s)dt−
∫ T

t

dMs.

By taking conditional expectation with respect to Ft on both sides, we obtain

Mt − Vt = E[ξ|Ft] + E

[∫ T

t

f(s, Ys,L(M)s)ds|Ft

]

= E[ξ|Ft] + E

[∫ T

0

f(s, Ys,L(M)s)ds|Ft

]
−

∫ t

0

f(s, Ys,L(M)s)ds.

By the uniqueness of the canonical decomposition of Y , and by identifying the martingale parts and

finite variation parts of both sides, V must satisfy (2.4). Since Vt = Mt − Yt, we also have

||V ||C[0,T ] ≤ ||M ||C[0,T ] + ||Y ||C[0,T ] < ∞.

On the other hand, if V is a solution to (2.4), the first equation in (2.3) can be rewritten as

Yt = E[ξ + VT |Ft]− Vt

= Mt −
∫ t

0

f(s, Ys,L(M)s)ds,
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and thus (Y, M) must satisfy (2.2). By the relationship (2.3) again, we have

||M ||C[0,T ] = E

{
sup

t∈[0,T ]

|E[ξ + VT |Ft]|2
}1/2

≤ E

{
sup

t∈[0,T ]

E[|ξ + VT |2|Ft]

}1/2

≤ 2
√

E|ξ + VT |2

≤ 2
√

E|ξ|2 + 2||V ||C[0,T ] < ∞,

and

||Y ||C[0,T ] ≤ ||M ||C[0,T ] + ||V ||C[0,T ] < ∞.

To prove the uniqueness, if (2.1) admits a unique solution, and suppose V and V̄ are two solutions

of (2.4), then (Y, M) given by Y = Y (V ), M = M(V ) and (Ȳ , M̄) given by Y = Y (V̄ ), M = M(V̄ )

are two solutions to (2.1), which is a contraction.

On the other hand, if (2.4) admits a unique solution, and suppose (Y, M) and (Ȳ , M̄) are two

solutions of (2.1), denote V and V̄ as the finite variation parts of the canonical decomposition of Y

and Ȳ respectively. But then V and V̄ are two solutions to (2.4), which is a contraction.

By combining Lemma 2.2 with Theorem 2.5 in this chapter, we obtain the following theorem

which is the main result of this chapter:

Theorem 2.3 If the driver f satisfies the Lipschitz condition 2.1, the operator L satisfies the com-

patibility condition 2.2 (See Section 2.2 for the conditions 2.1 and 2.2), and ξ ∈ L2(Ω,FT ,P), then

BSDE (2.1) admits a unique adapted solution (Y, M) ∈ S([0, T ];Rn)×M2([0, T ];Rn).

The chapter is organized as follows. Section 2.2 is devoted to the solvability of functional differ-

ential equation (2.4). In Section 2.2.1, we prove the existence and uniqueness of solutions to (2.4).

Our strategy of the proof is we first solve the equation locally by fixed point arguments, and then

we obtain the global solution by shifting the paths of V .

Section 2.3 contains some applications of our functional differential equation approach. In Section

2.3.1 we derive the closed form solutions for linear functional differential equations. In Section 2.3.2

we provide some specific examples of the operator L, and we will see that the classical BSDE in the

literature is just a special form of our BSDE (2.1). Finally in Section 2.3.3 we extend our approach

to the BSDEs coupled with forward SDEs (FBSDEs).

The chapter is mainly adapted from the author’s paper [49] with Lyons and Qian, except Section

2.3.3, which is based on the author’s paper [50] with Lyons and Qian.
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2.2 BSDEs on general filtered probability space

2.2.1 Solving functional differential equations

In this subsection, we solve BSDE (2.1) by considering functional differential equation (2.4). We

first impose some conditions on the driver f and the operator L.

Condition 2.1 (Lipschitz) For any (y, z) ∈ Rn×Rm, the driver f(t, y, z) is predictably measurable

with f(·, 0, 0) ∈ H2([0, T ];Rn). Moreover there exists a constant C1 such that

|f(t, y, z)− f(t, ȳ, z̄)| ≤ C1(|y − ȳ|+ |z − z̄|)

for t ∈ [0, T ], y, ȳ ∈ Rn and z, z̄ ∈ Rm, a.s..

Next we give conditions for the operator L. Generally speaking, L must behave like a local

operator and only depend on the increment of martingales. As it is pointed out in [49], L must

satisfy Lipschitz continuity, differential property and local-in-time property.

Definition 2.4 For any subinterval [t1, t2] ⊂ [0, T ], define an operator L[t1,t2] : M2([t1, t2];Rn) →
H2([t1, t2];Rm) (or S([t1, t2];Rm)) such that

(1) L[t1,t2] is Lipschitz continuous, i.e. there exits a constant C2 such that

||L[t1,t2](M)− L[t1,t2](M̄)||H2[t1,t2] ≤ C2||M − M̄ ||C[t1,t2]

(or

||L[t1,t2](M)− L[t1,t2](M̄)||C[t1,t2] ≤ C2||M − M̄ ||C[t1,t2])

for M , M̄ ∈M2([t1, t2];Rn);

(2) for any Ft1-measurable random variable Vt1 ,

L[t1,t2](M)t = L[t1,t2](M − Vt1)t, for t ∈ [t1, t2].

The operator L is defined as following, which is based on the operator L[t1,t2] defined above,

Condition 2.2 (Compatibility) For a given partition π : 0 = t0 < t1 < · · · < tN−1 < tN = T with

the mesh:

|π| := max
1≤i≤N

|ti − ti−1| ≤ 1
16C2

1 (1 + C2)2
∧ 1,

the operator L : M2([0, T ];Rn) → H2([0, T ];Rm) (or S([0, T ];Rm)) satisfies the following condition:

for i = 1, · · · , N,

L(M)t = L[ti−1,ti](M)t, for t ∈ [ti−1, ti].
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Therefore the operator L may be better written as Lπ, if one wants to emphasize the dependency

of L on a particular partition π, and functional differential equation (2.4) in fact means

Vt =
∫ t

0

f(s, Y (V )s,L(M(V ))s)ds

=
i−1∑

j=1

∫ tj

tj−1

f
(
s, Y (V )s,L[tj−1,tj ](M(V ))s

)
ds

+
∫ t

ti−1

f
(
s, Y (V )s,L[ti−1,ti](M(V ))s

)
ds, for t ∈ [ti−1, ti], a.s.. (2.5)

Some specific examples of L are provided in Section 2.3.2. Next we state our main theorem of this

section, and the rest of the section is devoted to its proof.

Theorem 2.5 If the driver f satisfies Lipschitz condition 2.1, the operator L satisfies compatibility

condition 2.2, and ξ ∈ L2(Ω,FT ,P), then functional differential equation (2.4) admits a unique

solution V ∈ C([0, T ];Rn).

2.2.1.1 Local solution by fixed point argument

We consider functional differential equation (2.4) on the interval [τ, T ] with T − τ ≤ |π|. In other

words,

Vt =
∫ t

τ

f(s, Y (V )s,L(M(V ))s)ds, for t ∈ [τ, T ], a.s. (2.6)

with {
Y (V )t = E[ξ + VT |Ft]− Vt,

M(V )t = E[ξ + VT |Ft].

The nonlinear mapping defined by (2.6) is denoted by L, and we will prove L admits a unique

fixed point in C([τ, T ];Rn). Indeed, for any V ,V̄ ∈ C([τ, T ];Rn), we have

||L(V )− L(V̄ )||C[τ,T ] = E

{
sup

t∈[τ,T ]

|L(V )t − L(V̄ )t|2
}1/2

= E

{
sup

t∈[τ,T ]

∣∣∣∣
∫ t

τ

f(s, Y (V )s,L(M(V ))s)− f(s, Y (V̄ )s,L(M(V̄ ))s)ds

∣∣∣∣
2
}1/2

≤

√√√√E

(∫ T

τ

|f(s, Y (V )s,L(M(V ))s)− f(s, Y (V̄ )s,L(M(V̄ ))s)|ds

)2

≤
√

T − τ

√
E

∫ T

τ

∣∣f(s, Y (V )s,L(M(V ))s)− f(s, Y (V̄ )s,L(M(V̄ ))s)
∣∣2 ds

≤ C1

√
T − τ

√
E

∫ T

τ

(|Y (V )s − Y (V̄ )s|+ |L(M(V ))s − L(M(V̄ ))s|
)2

ds

≤ C1

√
T − τ

√
E

∫ T

τ

|Y (V )s − Y (V̄ )s|2ds

+ C1

√
T − τ

√
E

∫ T

τ

|L(M(V ))s − L(M(V̄ ))s|2ds.
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Note that
√

E

∫ T

τ

|Y (V )s − Y (V̄ )s|2ds =

√
E

∫ T

τ

∣∣E[VT − V̄T |Fs]− (Vs − V̄s)
∣∣2 ds

≤
√

E

∫ T

τ

∣∣E[VT − V̄T |Fs]
∣∣2 ds +

√
E

∫ T

τ

∣∣Vs − V̄s

∣∣2 ds

≤
√

E

∫ T

τ

∣∣VT − V̄T

∣∣2 ds +

√
E

∫ T

τ

∣∣Vs − V̄s

∣∣2 ds

≤ 2
√

T − τ ||V − V̄ ||C[τ,T ]

≤ 2||V − V̄ ||C[τ,T ].

Since s ∈ [τ, T ], by compatibility condition 2.2, L(M)s = L[τ,T ](M)s. If L[τ,T ] valued in H2([τ, T ];Rm),

√
E

∫ T

τ

|L(M(V ))s − L(M(V̄ ))s|2ds ≤ C2E

{
sup

t∈[τ,T ]

|M(V )t −M(V̄ )t|2
}1/2

= C2E

{
sup

t∈[τ,T ]

|E[VT − V̄T |Ft]|2
}1/2

≤ 2C2

√
E|VT − V̄T |2

≤ 2C2||V − V̄ ||C[τ,T ].

If L[τ,T ] valued in S([τ, T ];Rm), in analogy to the above estimate, we obtain

√
E

∫ T

τ

|L(M(V ))s − L(M(V̄ ))s|2ds ≤
√

T − τE

{
sup

t∈[τ,T ]

|L(M(V ))t − L(M(V̄ ))t|2
}1/2

≤ 2C2

√
T − τ ||V − V̄ ||C[τ,T ]

≤ 2C2||V − V̄ ||C[τ,T ].

Therefore,

||L(V )− L(V̄ )||C[τ,T ] ≤ C1

√
T − τ(2 + 2C2)||V − V̄ ||C[τ,T ]

≤ 1
2
||V − V̄ ||C[τ,T ].

Thus L is a contraction mapping on C([τ, T ];Rn), so it admits a unique fixed point in C([τ, T ];Rn).

The above result is summarized as the following lemma:

Lemma 2.6 If the driver f satisfies Lipschitz condition 2.1, the operator L satisfies compatibility

condition 2.2, and ξ ∈ L2(Ω,FT ,P), then functional differential equation (2.6) admits a unique

solution (Vt)t∈[τ,T ] ∈ C([τ, T ];Rn) provided T − τ ≤ |π|.
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2.2.1.2 Global solution by “shifting the paths”

We extend to the global solution of (2.4) in this subsection. We make the partition π of [0, T ]

according to the definition of operator L (See compatibility condition 2.2). Then for i = 1, · · · , N

and t ∈ [ti−1, ti], L(M)t = L[ti−1,ti](M)t.

We start with the last interval [tN−1, tN ] together with the data ξ, and consider the following

functional differential equation:

Vt =
∫ t

tN−1

f
(
s, Y (N)s,L[tN−1,tN ](M(N))s

)
ds, for t ∈ [tN−1, tN ], a.s.

with {
Y (N)t = E[ξ + VT |Ft]− Vt,

M(N)t = E[ξ + VT |Ft].

By Lemma 2.6, there exists a unique solution V (N) ∈ C([tN−1, tN ];Rn). We also obtain processes

Y (N)t and M(N)t for t ∈ [tN−1, tN ].

In general for 1 ≤ i ≤ N − 1, we repeat the same argument to each interval [ti−1, ti] together

with the data Y (i + 1)ti
, and consider the following functional differential equation:

Vt =
∫ t

ti−1

f
(
s, Y (i)s,L[ti−1,ti](M(i))s

)
ds, for t ∈ [ti−1, ti], a.s.

with {
Y (i)t = E[Y (i + 1)ti + Vti |Ft]− Vt,

M(i)t = E[Y (i + 1)ti + Vti |Ft].

Again by Lemma 2.6, there exists a unique solution V (i) ∈ C([ti−1, ti];Rn). We also obtain Y (i)t

and M(i)t for t ∈ [ti−1, ti].

Note however that naturally V (i) for i = 1, · · · , N are not the real solutions of (2.4) on the

corresponding interval [ti−1, ti], because they start with the initial value V (i)ti−1 = 0, but (2.4)

starts from Vti−1 ≡ Vti−1 on [ti−1, ti]. We need to shift the paths of V (i) accordingly in order to

match the starting point of the equation (2.4). For t ∈ [ti−1, ti], following the convention
∑0

j=1 = 0,

we define 



V̄t = V (i)t +
i−1∑

j=1

V (j)tj ,

Ȳt = Y (i)t,

M̄t = M(i)t +
i−1∑

j=1

V (j)tj .

(2.7)

Lemma 2.7 The finite variation process V̄ together with (Ȳ , M̄) defined by (2.7) satisfy the rela-

tionship (2.3). Moreover V̄ satisfies functional differential equation (2.4).

Proof. Note that (2.3) can be rewritten via the following iteration form:
{

Y (V )s = E[Y (V )ti
+ Vti

|Fs]− Vs,

M(V )s = E[Y (V )ti
+ Vti

|Fs]
(2.8)
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where s ∈ [ti−1, ti] and i = 1, · · · , N , with the terminal data Y (V )tN
= ξ.

By the definition of Ȳ , we have ȲtN
= Y (N)tN

= ξ. For i = 1, · · · , N and s ∈ [ti−1, ti],

Ȳs = Y (i)s

= E[Y (i + 1)ti + V (i)ti |Fs]− V (i)s

= E[Y (i + 1)ti
+ V (i)ti

+
i−1∑

j=1

V (j)tj
|Fs]− V (i)s −

i−1∑

j=1

V (j)tj

= E[Ȳti
+ V̄ti

|Fs]− V̄s,

where we used the fact
∑i−1

j=1 V (j)tj
is Fs-measurable. Likewise, we obtain

M̄s = M(i)s +
i−1∑

j=1

V (j)tj

= E[Y (i + 1)ti + V (i)ti |Fs] +
i−1∑

j=1

V (j)tj

= E[Y (i + 1)ti + V (i)ti +
i−1∑

j=1

V (j)tj |Fs]

= E[Ȳti
+ V̄ti

|Fs].

On the other hand, by the equation (2.5), (2.4) is equivalent to the following form:

Vt =
i−1∑

j=1

∫ tj

tj−1

f
(
s, Y (V )s,L[tj−1,tj ](M(V ))s

)
ds

+
∫ t

ti−1

f
(
s, Y (V )s,L[ti−1,ti](M(V ))s

)
ds, for t ∈ [ti−1, ti],

where (Y (V ),M(V )) is given by the iteration form (2.8), so we only need to verify V̄ satisfies the

above equation. Indeed, by the definition of V̄ , for i = 1, · · · , N and t ∈ [ti−1, ti], we obtain

V̄t =
i−1∑

j=1

V (j)tj
+ V (i)t

=
i−1∑

j=1

∫ tj

tj−1

f
(
s, Y (j)s,L[tj−1,tj ](M(j))s

)
ds +

∫ t

ti−1

f
(
s, Y (i)s,L[ti−1,ti](M(i))s

)
ds

=
i−1∑

j=1

∫ tj

tj−1

f
(
s, Ȳs,L[tj−1,tj ](M̄)s

)
ds +

∫ t

ti−1

f
(
s, Ȳs,L[ti−1,ti](M̄)s

)
ds,

where we used the conditions on the operator L. This completes the proof.

Lemma 2.8 If functional differential equation (2.4) admits a solution in C([0, T ];Rn), then the

solution must be unique.

Proof. Suppose that V 1 and V 2 are two different solutions to (2.4) with the same terminal data

ξ. Then, on the last interval [tN−1, tN ], V 1 satisfies

V 1
t = V 1

tN−1
+

∫ t

tN−1

f(s, Y (V 1)s,L(M(V 1))s)ds, for t ∈ [tN−1, tN ],
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while V 2 satisfies

V 2
t = V 2

tN−1
+

∫ t

tN−1

f(s, Y (V 2)s,L(M(V 2))s)ds, for t ∈ [tN−1, tN ].

If we define V̄ 1
t = V 1

t − V 1
tN−1

and V̄ 2
t = V 2

t − V 2
tN−1

, then by the compatibility condition 2.2 on the

operator L, both V̄ 1 and V̄ 2 satisfy

Vt =
∫ t

tN−1

f(s, Y (V )s,L(M(V ))s)ds, for t ∈ [tN−1, tN ],

which admits a unique solution V ∈ C([tN−1, tN ];Rn) by Lemma 2.6, so V̄ 1
t = V̄ 2

t for t ∈ [tN−1, tN ],

and

Y (V 1)tN−1 = Y (V̄ 1)tN−1 = Y (V̄ 2)tN−1 = Y (V 2)tN−1 .

Thus on the interval [tN−1, tN ], V 1 and V 2 are two solutions to (2.4) but still with the same data

Y (V 1)tN−1 = Y (V 2)tN−1 . We continue this procedure until to [0, t1]. Since V 1
0 = V 2

0 = 0, V̄ 1
t = V̄ 2

t

then implies V 1
t = V 2

t for t ∈ [0, t1], which is a contradiction.

2.3 Some examples of BSDEs

2.3.1 Linear functional differential equations

We first consider the following linear functional differential equation whose driver does not depend

on the operator L:

Vt =
∫ t

0

{A[E(ξ|Fs) + E(VT |Fs)− Vs] + C}ds, (2.9)

where A and C are two constants, and ξ ∈ L2(Ω,FT ,P). By Lemma 2.2, the above functional

differential equation is equivalent to the following linear BSDE:
{

dYt = −[AYt + C]dt + dMt,

YT = ξ.

Corollary 2.9 There exists a unique solution V ∈ C([0, T ];Rn) to functional differential equation

(2.9), which is given by

Vt =
∫ t

0

eA(T−s)[AE(ξ|Fs) + C]ds.

Moreover, the unique adapted solution (Y, M) ∈ S([0, T ];Rn) × M2([0, T ];Rn) to the associated

linear BSDE is given by

Yt = eA(T−t)E(ξ|Ft) +
∫ T

t

eA(T−s)Cds

and

Mt = eA(T−t)E(ξ|Ft) +
∫ T

0

eA(T−s)Cds

+
∫ t

0

eA(T−s)AE(ξ|Fs)ds.
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Proof. The basic idea is the variation of constants. First, consider the linear equation:
{

dV̄t −AV̄tdt = (AE[ξ|Ft] + C)dt,
V0 = 0,

the solution of which is

V̄t =
∫ t

0

e
∫ t

s
Adu(AE[ξ|Fs] + C)ds.

Now suppose that the solution to (2.9) has the form:

Vt = g(t)
∫ t

0

e
∫ t

s
Adu(AE[ξ|Fs] + C)ds

Differentiate Vt against t yields

dVt

dt
=

(
dg(t)
dt

+ Ag(t)
)

e
∫ t
0 Adu

∫ t

0

e−
∫ s
0 AduAE[ξ|Fs]ds

+ g(t)AE[ξ|Ft]

+
(

dg(t)
dt

+ Ag(t)
)

e
∫ t
0 Adu

∫ t

0

e−
∫ s
0 AduCds + g(t)C. (2.10)

On the other hand, substituting Vt into the right hand side of (2.9) and comparing it with (2.10),

we obtain the system of equations:

dg(t)
dt

+ Ag(t) = Ag(T )e
∫ T

t
Adu −Ag(t),

g(t) = 1 + g(T )e
∫ T
0 Adu

∫ T

t

e−
∫ s
0 AduAds,

and
(

dg(t)
dt

+ Ag(t)
)

e
∫ t
0 Adu

∫ t

0

e−
∫ s
0 AduCds + g(t)C

=Ag(T )e
∫ T
0 Adu

∫ T

0

e−
∫ s
0 AduCds−Ag(t)e

∫ t
0 Adu

∫ t

0

e−
∫ s
0 AduCds + C.

Solving the above system, we obtain

g(t) = e
∫ T

t
Adu

(
e
∫ T

t
Adu −

∫ T

t

Ae
∫ s

t
Aduds

)
= e

∫ T
t

Adu.

Therefore the solution to (2.9) is Vt = e
∫ T

t
AduV̄t, which is obviously in C([0, T ];Rn). Now given the

expression of V , (Y, M) can be obtained from the relationship (2.3).

The second linear case we consider is the linear BSDE with deterministic terminal data. Then

the BSDE reduces to an ODE, which is an important fact we will rely on when we use the comparison

principle in Chapter 4.

Corollary 2.10 Let (At)t∈[0,T ] and (Bt)t∈[0,T ] be two bounded and deterministic functions, and let

(Ct)t∈[0,T ] be a square integrable and deterministic function. If the operator L, besides satisfying
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compatibility condition 2.2, sends a constant martingale to zero, and if the terminal data is given as

a constant vector α ∈ Rn, then the following BSDE
{

dYt = −[AtYt + BtL(M)t + Ct]dt + dMt,

YT = α ∈ Rn
(2.11)

admits a unique adapted solution (Y, M). Moreover, the solution Y can be obtain by solving the

ODE:

Xt = α +
∫ T

t

(AsXs + Cs)ds

whose unique solution is give by Xt = α exp(
∫ T

t
Asds) +

∫ T

t
Cs exp(

∫ s

t
Audu)ds, and the solution M

is a constant martingale given by M ≡ X0.

Proof. First it is easy to verify (X, M) is an adapted solution to BSDE (2.11). By the existence

and uniqueness theorem 2.3, (X, M) is in fact the only candidate of the adapted solutions.

2.3.2 BSDEs associated with operator L

In this subsection we provide some specific examples of the operator L = Lπ (The superscript π

is to emphasize the dependency on the partition π). We first observe that since Lπ is constructed

based on L[ti−1,ti] for i = 1, · · · , N by the compatibility condition 2.2, we only need to specify

L[ti−1,ti].

Case (1) Define L1
[ti−1,ti]

: M2([ti−1, ti];Rn) →M2([ti−1, ti];Rn) ⊂ S([ti−1, ti];Rn) by

L1
[ti−1,ti]

(M)t = Mt −Mti−1

for M ∈M([0, T ];Rn) and t ∈ [ti−1, ti]. Then L1
[ti−1,ti]

obviously satisfies Definition 2.4 with C2 = 2.

So functional differential equation (2.4) (or (2.5)) turns out to be

Vt =
i−1∑

j=1

∫ tj

tj−1

f
(
s, Y (V )s,M(V )s −M(V )tj−1

)
ds

+
∫ t

ti−1

f
(
s, Y (V )s,M(V )s −M(V )ti−1

)
ds, for t ∈ [ti−1, ti], a.s.,

which is equivalent to the BSDE:

Yt = ξ +
N∑

j=i+1

∫ tj

tj−1

f
(
s, Ys,Ms −Mtj−1

)
ds

+
∫ ti

t

f
(
s, Ys,Ms −Mti−1

)
ds−

∫ T

t

dMs, for t ∈ [ti−1, ti], a.s..

Case (2) Define L2
[ti−1,ti]

: M2([ti−1, ti];Rn) → C([ti−1, ti];Rm) ⊂ S([ti−1, ti];Rm) by

L2
[ti−1,ti]

(M)t =
∫ t

ti−1

g(Ms −Mti−1)ds
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for M ∈ M2([0, T ];Rn), t ∈ [ti−1, ti], and g : Rn → Rm being a Lipschitz continuous function with

Lipschitz constant C3. Then, L2
[ti−1,ti]

satisfies Definition 2.4. Indeed for M , M̄ ∈M2([0, T ];Rn),

E



 sup

t∈[ti−1,ti]

∣∣∣∣∣
∫ t

ti−1

g(Ms −Mti−1)ds−
∫ t

ti−1

g(M̄s − M̄ti−1)ds

∣∣∣∣∣

2




1/2

≤ C3

√√√√E

(∫ ti

ti−1

|(Ms − M̄s)− (Mti−1 − M̄ti−1)|ds

)2

≤ C3

√
|π|

√
E

∫ ti

ti−1

|(Ms − M̄s)− (Mti−1 − M̄ti−1)|2ds

≤ 2C3|π|E
{

sup
t∈[ti−1,ti]

|Mt − M̄t|2
}1/2

,

so we can choose C2 = 2C3|π|. The functional differential equation (2.4) (or (2.5)) turns out to be

Vt =
i−1∑

j=1

∫ tj

tj−1

f

(
s, Y (V )s,

∫ s

tj−1

g(M(V )u −M(V )tj−1)du

)
ds

+
∫ t

ti−1

f

(
s, Y (V )s,

∫ s

ti−1

g(M(V )u −M(V )ti−1)du

)
ds, for t ∈ [ti−1, ti], a.s.,

which is equivalent to the following BSDE:

Yt = ξ +
N∑

j=i+1

∫ tj

tj−1

f

(
s, Ys,

∫ s

tj−1

g(Mu −Mtj−1)du

)
ds

+
∫ ti

t

f

(
s, Ys,

∫ s

ti−1

g(Mu −Mti−1)du

)
ds−

∫ T

t

dMs, for t ∈ [ti−1, ti], a.s..

Case (3) For M ∈ M2([0, T ];Rn), we define Mi
t = Mt −Mti−1 for t ∈ [ti−1, ti], and Mi

t = 0 for

t ∈ [0, ti−1]. So Mi is a shift of M , and

sup
t∈[0,ti]

|Mi
t|2 = sup

t∈[ti−1,ti]

|Mt −Mti−1 |2 ≤ 2 sup
t∈[ti−1,ti]

|Mt|2.

Define L3
[ti−1,ti]

: M2([ti−1, ti];Rn) → S([ti−1, ti];Rn) by

L3
[ti−1,ti]

(M)t =
√

[Mi,Mi]t

for M ∈M2([0, T ];Rn), t ∈ [ti−1, ti], and [·, ·] denotes the quadratic variation process. Then L3
[ti−1,ti]

satisfies Definition 2.4. Indeed, for M , M̄ ∈ M2([0, T ];Rn), according to Kunita-Watanabe’s in-

equality, we have

[M, M̄ ]t ≤
√

[M, M ]t
√

[M̄, M̄ ]t.
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It follows that
∣∣∣∣
√

[M, M ]t −
√

[M̄, M̄ ]t

∣∣∣∣ =

∣∣∣∣∣
[M, M ]t − [M̄, M̄ ]t√
[M, M ]t +

√
[M̄, M̄ ]t

∣∣∣∣∣

=

∣∣∣∣∣
[M − M̄,M ]t + [M̄, M − M̄ ]t√

[M, M ]t +
√

[M̄, M̄ ]t

∣∣∣∣∣

≤
√

[M − M̄,M − M̄ ]t,

and thus

E

{
sup

t∈[ti−1,ti]

∣∣∣∣
√

[Mi,Mi]t −
√

[M̄i, M̄i]t

∣∣∣∣
2
}1/2

≤ E

{
sup

t∈[ti−1,ti]

[Mi − M̄i,Mi − M̄i]t

}1/2

=
√

E[Mi − M̄i,Mi − M̄i]ti

≤ C4E

{
sup

t∈[0,ti]

|Mi
t − M̄i

t|2
}1/2

≤ 2C4E

{
sup

t∈[ti−1,ti]

|Mt − M̄t|2
}1/2

,

where C4 is the constant of Burkholder-Davis-Gundy inequality. Therefore we can choose C2 = 2C4,

and functional differential equation (2.4) (or (2.5)) reduces to be

Vt =
i−1∑

j=1

∫ tj

tj−1

f
(
s, Y (V )s,

√
[Mj(V ),Mj(V )]s

)
ds

+
∫ t

ti−1

f
(
s, Y (V )s,

√
[Mi(V ),Mi(V )]s

)
ds, for t ∈ [ti−1, ti], a.s.,

where Mi(V )s is defined in an obvious way: Mi(V )s = E[ξ+VT |Fs]−E[ξ+VT |Fti−1 ] for s ∈ [ti−1, ti],

and Mi(V )s = 0 for s ∈ [0, ti−1]. The above functional differential equation is equivalent to the

following BSDE:

Yt = ξ +
N∑

j=i+1

∫ tj

tj−1

f
(
s, Ys,

√
[Mj ,Mj ]s

)
ds

+
∫ ti

t

f
(
s, Ys,

√
[Mi,Mi]s

)
ds−

∫ T

t

dMs, for t ∈ [ti−1, ti], a.s..

Case (4) The following case is closely related to classical BSDEs considered in the literature.

Let X = (X1, · · · , Xd)T be a d-dimensional orthogonal martingale with each of its components

Xj ∈M2([0, T ];R) on (Ω,F ,P) with the natural filtration {FX
t } after augumentation. Let P be an

extremal point in M2({X}). Then by Theorem A.9, S({X}) = M2([0, T ];R). That is for any FX
t -

adapted martingale M = (M1, · · · ,Mn)T ∈ M2([0, T ];Rn), there exists a Rn×d-valued predictably

23



measurable process Z with

E{
n∑

i=1

d∑

j=1

∫ T

0

|Zij
s |2d[Xj , Xj ]s} < ∞

such that

Mt =
∫ t

0

ZsdXs, for t ∈ [0, T ].

We further assume the measure induced by the quadratic variation process [Xj , Xj ]t is equivalent

to the Lebesgue measure dt. This, in turn, implies

E{
n∑

i=1

d∑

j=1

∫ T

0

|Zij
s |2ds} ∼ E{

n∑

i=1

d∑

j=1

∫ T

0

|Zij
s |2d[Xj , Xj ]s} < ∞.

Define L4
[ti−1,ti]

: M2([ti−1, ti];Rn) → H2([ti−1, ti];Rn×d) by the martingale representation:

L4
[ti−1,ti]

(M)t = Zt

with Z being the martingale representation of M given by
∫ ti

ti−1

ZtdXt = Mti
−Mti−1 .

Note that L4
[ti−1,ti]

itself is a local operator, i.e. L4
[ti−1,ti]

(M)t depends only on (Ms)s∈[t,t+ε) for any

small ε > 0, and in particular is independent of the interval [ti−1, ti]. Therefore the operator L does

not depend on any particular partition π, and moreover, the functional differential equation (2.4)

(or (2.5)) turns out to be

Vt =
i−1∑

j=1

∫ tj

tj−1

f (s, Y (V )s, Z(V )s) ds

+
∫ t

ti−1

f (s, Y (V )s, Z(V )s) ds

=
∫ t

0

f (s, Y (V )s, Z(V )s) ds, for t ∈ [0, T ], a.s.,

where Z(V )s is defined obviously as
∫ T

t

Z(V )sdXs = ξ + VT − E[ξ + VT |Ft].

The associated BSDE is:

Yt = ξ +
N∑

j=i+1

∫ tj

tj−1

f (s, Ys, Zs) ds

+
∫ ti

t

f (s, Ys, Zs) ds−
∫ T

t

dMs

= ξ +
∫ T

t

f (s, Ys, Zs) ds−
∫ T

t

dMs, for t ∈ [0, T ], a.s..

We finish this subsection by summarizing the above examples of L in the following Corollary,

but for a Brownian filtration setting.
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Corollary 2.11 Let B = (B1, · · · , Bd)T be a d-dimensional Brownian motion on (Ω,F ,P) with the

natural filtration {FB
t } after augumentation. If the coefficients satisfy the conditions in Theorem 2.3,

then the following four types of BSDEs admits a unique adapted solution (Y, M) ∈ C([0, T ];Rn) ×
H2([0, T ];Rn) with M being represented by M =

∫ ·
0
ZsdBs,

Case (1)

Yt = ξ +
N∑

j=i+1

∫ tj

tj−1

f
(
s, Ys,Ms −Mtj−1

)
ds

+
∫ ti

t

f
(
s, Ys,Ms −Mti−1

)
ds−

∫ T

t

dMs, for t ∈ [ti−1, ti], a.s..

Case (2)

Yt = ξ +
N∑

j=i+1

∫ tj

tj−1

f

(
s, Ys,

∫ s

tj−1

g(Mu −Mtj−1)du

)
ds

+
∫ ti

t

f

(
s, Ys,

∫ s

ti−1

g(Mu −Mti−1)du

)
ds−

∫ T

t

dMs, for t ∈ [ti−1, ti], a.s..

Case (3)

Yt = ξ +
N∑

j=i+1

∫ tj

tj−1

f
(
s, Ys,

√
[Mj ,Mj ]s

)
ds

+
∫ ti

t

f
(
s, Ys,

√
[Mi,Mi]s

)
ds−

∫ T

t

dMs, for t ∈ [ti−1, ti], a.s..

Case (4)

Yt = ξ +
∫ T

t

f (s, Ys, Zs) ds−
∫ T

t

dMs, for t ∈ [0, T ], a.s..

In particular, for Case (4), we will call the martingale representation Z, rather than the martingale

M , the solution of BSDEs.

2.3.3 BSDEs coupled with forward SDEs

In this subsection, we apply our functional differential equation approach to the BSDEs coupled

with forward SDEs. In particular, we consider the FBSDE:




dYt = −h(t, Yt, Zt)dt + ZtdBt,

YT = φ(XT ),
dXt = f(t, Yt, Zt)dt + dBt,

X0 = x

(2.12)

defined on (Ω,F ,Ft,P) satisfying the usual conditions, on which B = (B1, · · · , Bd)T is a d-

dimensional Brownian motion. We impose the following conditions on the coefficients:
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Condition 2.3 (Lipschitz) The coefficients h : [0, T ]×Rn×Rn×d → Rn, f : [0, T ]×Rn×Rn×d → Rd

and φ : Rd → Rn are continuous. Moreover h, f and φ are Lipschitz continuous, i.e.




|h(t, y, z)− h(t, ȳ, z̄)| ≤ C5(|y − ȳ|+ |z − z̄|),
|f(t, y, z)− f(t, ȳ, z̄)| ≤ C5(|y − ȳ|+ |z − z̄|),
|φ(x)− φ(x̄)| ≤ C6|x− x̄|,

and φ is uniformly bounded,

sup
x∈Rd

|φ(x)| ≤ C6,

for t ∈ [0, T ], y, ȳ ∈ Rn, z, z̄ ∈ Rn×d and x, x̄ ∈ Rd.

As we already discussed in Chapter 1, there are usually three ways to solve FBSDEs: method

of contraction mapping, four-step scheme, and method of continuity. However most of them either

solve the equations locally or assume some regularity on the coefficients (e.g. smoothness and

monotonicity). In [22] Delarue combined the first two methods and solved FBSDEs globally with

Lipschitz continuous assumptions on the coefficients. The aim of this subsection is to apply our

functional differential equation approach to solve FBSDEs. This approach can help us really work

out the solution, and we believe it will benefit especially numerical solutions of FBSDEs, because a

usual obstacle to numerically solve FBSDEs is one needs to solve (Y, Z) backwards and X forwards

at the same time. But by introducing an associated functional differential equation, we can solve all

the components (Y, Z,X) in one direction altogether.

The main result of this subsection is the following theorem:

Theorem 2.12 If the coefficients satisfy Lipschitz condition 2.3, then there exists at least one

adapted solution (Y, Z) ∈ C([0, T ];Rn) × H2([0, T ];Rn×d), where Y is uniformly bounded, together

with the forward process X ∈ C([0, T ];Rn) of FBSDE (2.12).

Note that the Lipschitz condition 2.3 is only sufficient but not necessary. For example, h and

f can also depend on the forward process X, but needing some additional boundedness conditions

on X. On the other hand, the solution to (2.12) is in fact unique. However, we do not attempt to

such generalization, because the conclusion in Theorem 2.12, which be will be employed in Section

4.3 of Chapter 4, is enough for our purpose. Before proving Theorem 2.12, we recall the following

counterexample from Antonelli [1], which is in the spirit of Sturm-Liouville problems:

Proposition 2.13 If T = 3
4π and x 6= 0, then the following FBSDE does not admit any adapted

solution:




dYt = −Xtdt + ZtdBt,

YT = −XT ,

dXt = Ytdt + dBt,

X0 = x.
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Proof. Suppose that the above FBSDE admits an adapted solution (Y, Z,X). By taking the

expectation, y(t) := E(Yt) and x(t) := E(Xt) for t ∈ [0, T ] satisfy the equations:




dy(t) = −x(t)dt,

y(T ) = −x(T ),
dx(t) = y(t)dt,

x(0) = x.

Therefore, x(t) satisfies the Sturm-Liouville equation:
{

ẍ(t) + x(t) = 0,

x(0)− x = 0, ẋ(T ) + x(T ) = 0.

The general solution must be of the form x(t) = C7 cos t + C8 sin t, so x(0) = C7 and ẋ(T ) =

−C7 sinT + C8 cos T . If T = 3
4π, by the boundary conditions, we obtain that x = 0, which is a

contradiction.

To solve FBSDE (2.12), we consider the functional differential equation on [τ, T ]:

Vt =
∫ t

τ

h(s, Y (V, X)s, Z(V, X)s)ds, (2.13)

together with the forward process X:

Xt = x +
∫ t

τ

f(s, Y (V, X)s, Z(V, X)s)ds +
∫ t

τ

dBs, (2.14)

where

Y (V, X)t = E[φ(XT ) + VT |Ft]− Vt,∫ T

τ

Z(V, X)sdBs = φ(XT ) + VT − E[φ(XT ) + VT |Fτ ].

If the functional differential equation (2.13) (2.14) can be solved with τ = 0, then analogous

to the proof of Lemma 2.2, it is easy to verify (Y, Z,X) is a solution to (2.12). For the notation’s

simplicity, let’s denote Ψ = (V, X)T and F = (h, f)T . Then (2.13) (2.14) are simplified to:

Ψt = χx +
∫ t

τ

F (s, Y (Ψ)s, Z(Ψ)s)ds +
∫ t

τ

χ1dBs, (2.15)

where χx ∈ Rn+d with the first n components being 0 and next d components being x ∈ Rd. If the

solution to (2.15) exists for τ = 0, then the solution exists globally.

Lemma 2.14 If the coefficients satisfy Lipschitz condition 2.3, and τ satisfies

√
T − τ ≤ 1

8C5(1 + C6)
∧ 1,

then functional differential equation (2.15) admits a unique solution Ψ ∈ C([τ, T ];Rn+d).
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Proof. We denote the mapping defined by (2.15) by L. We first show that L : C([τ, T ];Rn+d) →
C([τ, T ];Rn+d). Indeed for Ψ ∈ C([τ, T ];Rn+d),

||L(Ψ)||C[τ,T ]

≤ |x|+

√√√√E

(∫ T

τ

|F (s, Y (Ψ)s, Z(Ψ)s)|ds

)2

+

√
E sup

τ≤t≤T
|
∫ t

τ

χ1dBs|2

≤ |x|+
√

T − τ

√√√√E

(∫ T

τ

|F (s, Y (Ψ)s, Z(Ψ)s)|2ds

)
+ 2

√
E|

∫ T

τ

χ1dBs|2

≤ |x|+ (C5

√
T − τ + 2d)

√∫ T

τ

(s2 ∨ 1)ds

+ C5

√
T − τ

√
E

∫ T

τ

|Y (Ψ)s|2ds + C5

√
T − τ

√
E

∫ T

τ

|Z(Ψ)s|2ds.

Note that
√

E

∫ T

τ

|Y (Ψ)s|2ds

≤
√

E

∫ T

τ

{E[φ(XT )|Fs]}2ds +

√
E

∫ T

τ

{E[VT |Fs]}2ds +

√
E

∫ T

τ

|Vs|2ds

≤
√∫ T

τ

E|φ(XT )|2ds +

√∫ T

τ

E|VT |2ds +

√∫ T

τ

E|Vs|2ds

≤
√

T − τ(2 + C6)||Ψ||C[τ,T ],

and by Itô’s isometry,
√

E

∫ T

τ

|Z(Ψ)s|2ds =

√√√√E

(∫ T

τ

Z(Ψ)sdBs

)2

≤
√

E|φ(XT )|2 +
√

E|VT |2 +
√

E {E[φ(XT )|Fτ ]}2

+
√

E {E[VT |Fτ ]}2

≤ (2 + 2C6)||Ψ||C[τ,T ].

Therefore, ||L(Ψ)||C[τ,T ] < ∞. Likewise, for Ψ,Ψ
′ ∈ C([τ, T ];Rn+d), we have

||L(Ψ)− L(Ψ
′
)||C[τ,T ]

≤ C5

√
T − τ

(√
T − τ(2 + C6) + 2 + 2C6

)
||Ψ−Ψ

′ ||C[τ,T ]

≤ 1
2
||Ψ−Ψ

′ ||C[τ,T ]

by the condition on τ . Hence the operator L defined by (2.15) is a contraction mapping on

C([τ, T ];Rn+d).

Next, we extend to the global solution on [0, T ] based on Lemma 2.14. To do this, we pursue

the bounded solutions of FBSDE (2.12). First, by the Markov property of equations, there exists
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a measurable function Φ such that Yt = Φ(t,Xt). By inspecting the proof for Lemma 2.14, we see

that the crucial step to extend to the global solution of (2.15) is that one needs a uniform estimate

for the gradient of Φ. We recall a regularity result from Delarue [23]:

Lemma 2.15 (Delarue [23]) Under Lipschitz condition 2.3 on the coefficients, there exists a mea-

surable Φ such that Yt = Φ(t,Xt). Moreover, there exists a constant C9 depending on the Lipschitz

constants C5 and C6, the bound of the terminal data, the dimension n and d, and the terminal time

T such that

|Φ(t, x)|, |∇xΦ(t, x)| ≤ C9, for (t, x) ∈ [0, T ]×Rd.

Using such constant C9, we consider a partition of [0, T ] by π : 0 = t0 < t1 < · · · < tN = T , with

the mesh |π| = max1≤i≤N |ti − ti−1| such that

√
|π| = 1

8C5(1 + C9)
∧ 1.

We start with [tN−1, tN ] and consider Ψ(N) = (V (N), X(N)tN−1,x)T such that

Ψ(N)t = χx +
∫ t

tN−1

F (s, Y (N)s, Z(N)s)ds +
∫ t

tN−1

χ1dBs

with

Y (N)t = E[φ(X(N)tN−1,x
T ) + V (N)T |Ft]− V (N)t,∫ T

tN−1

Z(N)sdBs = φ(X(N)tN−1,x
T ) + V (N)T

− E[φ(X(N)tN−1,x
T ) + V (N)T |FtN−1 ],

where we used the superscripts (tN−1, x) to emphasize X(N)tN−1,x starting from X(N)tN−1,x
tN−1

= x.

By Lemma 2.14, there exists a unique solution:

Ψ(N) = (V (N), X(N)tN−1,x)T ∈ C([tN−1, T ];Rn+d),

and we also get (Y (N), Z(N)). Moreover, there exists a measurable function ΦN−1 such that

Y (N)tN−1 = ΦN−1(tN−1, x) and by Lemma 2.15,

|∇xΦN−1(tN−1, x)| ≤ C9, for x ∈ Rd.

In general on [ti−1, ti] for 1 ≤ i ≤ N − 1, we consider Ψ(i) = (V (i), X(i)ti−1,x)T such that

Ψ(i)t = χx +
∫ t

ti−1

F (s, Y (i)s, Z(i)s)ds +
∫ t

ti−1

χ1dBs

with

Y (i)t = E[Φi(ti, X(i)ti−1,x
ti

) + V (i)ti
|Ft]− V (i)t,∫ ti

ti−1

Z(i)sdBs = Φi(ti, X(i)ti−1,x
ti

) + V (i)ti

− E[Φi(ti, X(i)ti−1,x
ti

) + V (i)ti
|Fti−1 ].
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Again by Lemma 2.14, we obtain that there exists a unique solution:

Ψ(i) = (V (i), X(i)ti−1,x)T ∈ C([ti−1, ti];Rn+d)

and we get (Y (i), Z(i)) as well. Moreover there exists a measurable function Φi−1 such that

Y (i)ti−1 = Φi−1(ti−1, x), and by Lemma 2.15,

|∇xΦi−1(ti−1, x)| ≤ C9, for x ∈ Rd.

We stress that (V (i), X(i)ti−1,x) for 1 ≤ i ≤ N are not the real solutions to (2.15) on the

corresponding time interval [ti−1, ti], because they start from

(V (i)ti−1 , X(i)ti−1,x
ti−1

) = (0, x).

Therefore, in order to match the starting points for the solution to (2.15) on each time interval

[ti−1, ti], we need to shift the paths of (V (i), X(i)ti−1,x) accordingly, which is in the same spirit of

Lemma 2.7.

Lemma 2.16 If the coefficients satisfy Lipschitz condition 2.3, then the global solution Ψ = (V, X)T

to (2.15) exists and is constructed as follows: for 1 ≤ i ≤ N ,

Vt = V (i)t +
i−1∑

j=1

V (j)tj
for ti−1 ≤ t ≤ ti,

where we follow the convention
∑0

j=1 = 0, and

Xt =





X(1)t0,x
t for t0 ≤ t ≤ t1;

X(2)t1,Xt1
t for t1 ≤ t ≤ t2;

· · ·
X(N)

tN−1,XtN−1
t for tN−1 ≤ t ≤ tN

with (Y, Z) being constructed as (Yt, Zt) = (Y (i)t, Z(i)t) for ti−1 ≤ t ≤ ti.

Proof. Since the proof is analogous to that of Lemma 2.7, we only present the main steps. To this

end, we need to show Ψ = (V, X)T with (Y, Z) satisfying (2.15) for τ = 0. Indeed, for t ∈ [tN−1, tN ],

by the definition of (V, X), we have

Vt − VtN−1 = V (N)t +
N−1∑

j=1

V (j)tj − V (N)tN−1 −
N−1∑

j=1

V (j)tj

=
∫ t

tN−1

h(s, Y (N)s, Z(N)s)ds,

and

Xt −XtN−1 = X(N)
tN−1,XtN−1
t −XtN−1

=
∫ t

tN−1

f(s, Y (N)s, Z(N)s)ds +
∫ t

tN−1

dBs,
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where

Y (N)t = E
[
φ

(
X(N)

tN−1,XtN−1
T

)
+ V (N)T |Ft

]
− V (N)t

= E


φ(XT ) + V (N)T +

N−1∑

j=1

V (j)tj
|Ft




− V (N)t −
N−1∑

j=1

V (j)tj

= E[φ(XT ) + VT |Ft]− Vt,

and
∫ T

tN−1

Z(N)sdBs = φ(X(N)
tN−1,XtN−1
T ) + V (N)T

− E
[
φ

(
X(N)

tN−1,XtN−1
T

)
+ V (N)T |FtN−1

]

= φ(XT ) + V (N)T +
N−1∑

j=1

V (j)tj

− E


φ(XT ) + V (N)T +

N−1∑

j=1

V (j)tj
|FtN−1




= φ(XT ) + VT − E[φ(XT ) + VT |FtN−1 ].

Hence (V, X) with (Y, Z) defined in the lemma satisfy (2.15) on [tN−1, tN ].

In general for 1 ≤ i ≤ N − 1, by the backward induction, it is easy to verify that Ψt = (Vt, Xt)

with (Yt, Zt) also satisfying (2.15) for t ∈ [ti−1, ti].
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Chapter 3

Time Discretization of Functional
Differential Equations

3.1 Introduction

In this chapter, we continue our study of functional differential equations introduced in the last

chapter and consider their numerical solutions. Since we already proved in Lemma 2.2 of the last

chapter that solving BSDEs is equivalent to solving the associated functional differential equations,

numerically solving functional differential equations also provides us with a numerical scheme for

the solutions of the associated BSDEs. Specifically, we consider the following functional differential

equation on (Ω,F ,P) with B = (B1, · · · , Bd)T being a Brownian motion with its natural filtration

{Ft} after augmentation: (The superscript T denotes matrix transposition.)

Vt =
∫ t

0

f(s, Y (V )s, Z(V )s)ds, for t ∈ [0, T ] (3.1)

with

Y (V )t = E[φ(XT ) + VT |Ft]− Vt,

M(V )t = E[φ(XT ) + VT |Ft],∫ T

t

Z(V )sdBs = M(V )T −M(V )t,

where X is driven by SDE:
{

dXt = a(t,Xt)dt + σ(t,Xt)dBt, for t ∈ [0, T ],
X0 = x.

As Lemma 2.2 in Chapter 2 shows, the above functional differential equation (3.1) is equivalent

to the classical BSDE considered in the literature:
{

dYt = −f(t, Yt, Zt)dt + ZtdBt,

YT = φ(XT ).
(3.2)

The conditions imposed on the coefficients are given as following:
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Condition 3.1 (Lipschitz) The coefficients f : [0, T ]×R×Rd → R, φ : Rm → R, a : [0, T ]×Rm →
Rm and σ : [0, T ]×Rm → Rm×d are continuous. Moreover there exists a constant C1 such that

|f(t, y, z)− f(t̄, ȳ, z̄)| ≤ C1(
√

t− t̄ + |y − ȳ|+ |z − z̄|)

for t, t̄ ∈ [0, T ], y, ȳ ∈ R and z, z̄ ∈ Rd. φ is Lipschitz continuous in x ∈ Rm with Lipschitz constant

C2, and a, σ are Lipschitz continuous in x ∈ Rm with Lipschitz constant C3.

One may wonder why we do not consider the general form of functional differential equation

(2.4) in Chapter 2. Actually at the moment we are unable to provide the numerical solutions of

the general form of functional differential equation (2.4) yet. Due to the operator L, (2.4) is not

defined locally, i.e. we can not solve it only based on the information within an infinitesimal time

interval. On the other hand, existing numerical methods are mainly based on time discretization,

which implicitly requires the equations must be defined locally. This is the main reason we can only

consider (3.1) at the moment.

We start by defining the space that we will work on. Let π : 0 = t0 < t1 < · · · < tN−1 < tN = T

be a partition of [0, T ], and let k be an integer between 0 and N .

(1) Cπ([tk, tN ];R): the space of predictably measurable random sequence (V π
ti

)k≤i≤N , i.e. V π
ti

is

Fti−1-measurable. (V π
ti

)k≤i≤N is valued in R and equipped with the following norm:

||V π||Cπ([tk,tN ];R) = max
k≤i≤N

√
E|V π

ti
|2.

3.1.1 Main results of this chapter

We first propose a discrete-time version of (3.1). To this end, let π : 0 = t0 < t1 < · · · < tN−1 <

tN = T be a partition of [0, T ] with the mesh:

|π| := max
1≤i≤N

|ti − ti−1|,

and denote ∆ti = ti − ti−1 and ∆Bti
= Bti

−Bti−1 for 1 ≤ i ≤ N .

Define the difference equation for the differential equation (3.1) as follows:

V π
ti

= V π
ti−1

+ f(ti−1, Y (V π)ti−1 , Z(V π)ti−1)∆ti (3.3)

for 1 ≤ i ≤ N and V π
0 = 0, where




Y (V π)ti−1 = E[φ(XT ) + V π
T |Fti−1 ]− V π

ti−1
,

Z(V π)ti−1 =
1

∆ti
E

[
(φ(XT ) + V π

T )(∆Bti
)T |Fti−1

]
.

If the difference equation (3.3) admits a unique solution, then it defines a sequence of predictably

measurable random variables (V π
ti

)0≤i≤N . The later arguments will rely on the predictability of

the sequence (V π
ti

)0≤i≤N . The Functional difference equation (3.3) is the main object that we will

investigate in this chapter.
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For our analysis, we also need a continuous-time approximation of V . For t ∈ [ti−1, ti], we use

the linear interpolation to define V π
t , i.e.

V π
t = V π

ti−1
+ f(ti−1, Y (V π)ti−1 , Z(V π)ti−1)(t− ti−1).

Based on such V π
t , we further define the corresponding continuous-time approximation (Y (V π), Z(V π))

of the solution to BSDE (3.2) as

Y (V π)t = E[φ(XT ) + V π
T |Ft]− V π

t ,

M(V π)t = E[φ(XT ) + V π
T |Ft], (3.4)

∫ ti

ti−1

Z(V π)sdBs = M(V π)ti −M(V π)ti−1 , for t ∈ [ti−1, ti].

Our main result of this chapter is the following theorem about the convergence rate of V π to V .

Theorem 3.1 If the coefficients satisfy Lipschitz condition 3.1, then there exits a constant C4,

only depending on the Lipschitz constants C1, C2 and C3, the time T , the initial value x and the

dimensions m and d, such that

sup
t∈[0,T ]

E{|V π
t − Vt|2} ≤ C4|π|

We call such kind of constant a generic constant, i.e. C = C(C1, C2, C3, T, x, m, d). Given the

above convergence rate result, we only need to solve the associated functional difference equation

(3.3), the solution of which will be used as the discrete-time approximation of the solution to func-

tional differential equation (3.1). When the mesh of the partition goes to zero, the discrete-time

approximation converges to the solution of functional difference equation (3.1). The way to solve

(3.3) is essentially a discrete-time version of the approach we presented in the last chapter. Since

such approach is constructive, it also provides us with a numerical scheme as a by-product. The

second main result of this chapter is the solvability of functional difference equation (3.3), which is

stated as the following theorem:

Theorem 3.2 If the coefficients satisfy Lipschitz condition 3.1, by choosing |π| small enough, func-

tional difference equation (3.3) admits a unique solution (V π
ti

)0≤i≤N ∈ Cπ([t0, tN ], R).

The chapter is organized as follows. Section 3.2 is devoted to the proof of Theorem 3.1. In

Section 3.2.1, we recall some regularity results from the existing literature of numerical solutions to

BSDEs. Section 3.2.2 gives the proof of Theorem 3.1.

We prove the existence and uniqueness Theorem 3.2 for functional difference equation (3.3) in

Section 3.3. The strategy of the proof is analogous to the proof of Theorem 2.5 in Chapter 2, i.e.

we first solve the equation locally by fixed point arguments, and then we obtain the global solution

by shifting the paths of V π. We conclude this chapter by proposing a numerical scheme for (3.3) in

Section 3.4 based on Picard iteration.

This chapter is mainly adapted from the author’s paper with Casserini [16].
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3.2 Discretizing functional differential equations

3.2.1 Some preliminary results

In [10] Bouchard and Touzi proposed the following numerical scheme to solve BSDE (3.2). For

a given partition π : 0 = t0 < t1 < · · · < tN−1 < tN = T of [0, T ], they defined the following

discrete-time approximation of BSDE (3.2):

Yπ
T = φ(XT ),

Yπ
ti−1

= E[Yπ
ti
|Fti−1 ] + f(ti−1,Yπ

ti−1
,Zπ

ti−1
)∆ti,

Zπ
ti−1

=
1

∆ti
E[Yπ

ti
(∆Bti)

T |Fti−1 ], for 1 ≤ i ≤ N.

For t ∈ [ti−1, ti], they further defined the continuous-time approximation (Yπ
t ,Zπ

t ) of the solution

to BSDE (3.2) by the linear interpolation:

Yπ
ti

= E[Yπ
ti
|Fti−1 ] +

∫ ti

ti−1

Zπ
s dBs,

Yπ
t = Yπ

ti−1
− f(ti−1,Yπ

ti−1
,Zπ

ti−1
)(t− ti−1) +

∫ t

ti−1

Zπ
s dBs.

In [10] the following convergence rate of (Yπ,Zπ) to the solution (Y, Z) of BSDE (3.2) was

proved:

Lemma 3.3 (Bouchard and Touzi [10]) If the coefficients satisfy Lipschitz condition 3.1, then there

exists a generic constant C5 such that

sup
t∈[0,T ]

E|Yπ
t − Yt|2 + E

∫ T

0

|Zπ
s − Zs|sds ≤ C5|π|.

Next we recall a result which is in fact motivated from proving the path regularity of the mar-

tingale representation Z. In [80], Zhang introduced an auxiliary process Z̄π in order to give the best

H2-approximation of the martingale representation Z at the partition points: for i = 1, · · · , N ,

Z̄π
ti−1

=
1

∆ti
E

[∫ ti

ti−1

Zsds|Fti−1

]
. (3.5)

Therefore we have

E

∫ ti

ti−1

|Zs − Z̄π
ti−1

|2ds = inf
η∈L2(Ω,Fti−1 ,P)

E

∫ ti

ti−1

|Zs − η|2ds

Lemma 3.4 (Zhang [80]) If the coefficients satisfy Lipschitz condition 3.1, then there exists a

generic constant C5 such that

sup
t∈[ti−1,ti]

E|Yti−1 − Yt|2 +
N∑

k=1

E

∫ tk

tk−1

|Z̄π
tk−1

− Zs|2ds ≤ C5|π|.
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3.2.2 Proof of the convergence rate

In this subsection we prove Theorem 3.1. The proof depends on the following lemmas:

Lemma 3.5 The pair (Y (V π), Z(V π)) defined by (3.4) as the continuous-time approximation of

the solution to BSDE (3.2) coincides with the solution pair of the discretization algorithm for BSDE

(3.2) proposed in [10], i.e.
{

Y (V π)t = Yπ
t , for t ∈ [0, T ] a.s.,

Z(V π)t = Zπ
t , for a.e. t ∈ [0, T ] a.s..

Proof. What we need to show is that (Y (V π), Z(V π)) also satisfies the discretization algorithm

defined by Bouchard and Touzi [10]. We first show that Y (V π)ti and Yπ
ti

coincide at all the partition

points for i = 0, 1, · · · , N and Z(V π)t = Zπ
t for a.e. t ∈ [0, T ], a.s.. Clearly,

Y (V π)T = E[φ(XT ) + VT |FT ]− VT = φ(XT ),

and by the predictability of the sequence (V π
ti

), for i = 1, · · · , N ,

Y (V π)ti−1 = E[φ(XT ) + V π
T |Fti−1 ]− V π

ti−1

= E[Y (V π)ti
+ V π

ti
|Fti−1 ]− V π

ti−1

= E[Y (V π)ti |Fti−1 ] + f(ti−1, Y (V π)ti−1 , Z(V π)ti−1)∆ti.

Using again the Fti−1-measurability of V π
ti

, we have

∫ ti

ti−1

Z(V π)sdBs = E[φ(XT ) + V π
T |Fti

]− E[φ(XT ) + V π
T |Fti−1 ]

= E[Y (V π)ti
+ V π

ti
|Fti

]− E[Y (V π)ti
+ V π

ti
|Fti−1 ]

= Y (V π)ti
− E[Y (V π)ti

|Fti−1 ].

Next we show that in fact Y (V π)t = Yπ
t for t ∈ [0, T ], a.s.. Indeed,

Y (V π)t = E[φ(XT ) + V π
T |Ft]− V π

t

= E[φ(XT ) + V π
T |Ft]− E[φ(XT ) + V π

T |Fti−1 ]

+ E[φ(XT ) + V π
T |Fti−1 ]− V π

ti−1
− f(ti−1, Y (V π)ti−1 , Z(V π)ti−1)(t− ti−1)

=
∫ t

ti−1

Z(V π)sdBs + Y (V π)ti−1 − f(ti−1, Y (V π)ti−1 , Z(V π)ti−1)(t− ti−1),

which complete the proof.

Therefore, by the above lemma and Lemma 3.3, we have

sup
t∈[0,T ]

E|Y (V π)t − Yt|2 + E

∫ T

0

|Z(V π)s − Zs|2ds ≤ C5|π|. (3.6)
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Next, we also introduce an auxiliary process in order to obtain the best H2-approximation of the

approximation process Z(V π) at the partition points: for 1 ≤ i ≤ N ,

Z̄(V π)ti−1 =
1

∆ti
E

[∫ ti

ti−1

Z(V π)sds|Fti−1

]
. (3.7)

Lemma 3.6 For 1 ≤ i ≤ N , Z(V π) and Z̄(V π) coincide at the partition points:

Z(V π)ti−1 = Z̄(V π)ti−1 .

Proof. By Itô’s isometry, for 1 ≤ i ≤ N ,

E

[∫ ti

ti−1

Z(V π)sds|Fti−1

]
= E

[∫ ti

ti−1

Z(V π)sdBs(∆Bti
)T |Fti−1

]
.

Recalling the definition of Z(V π)s, we have
∫ ti

ti−1
Z(V π)sdBs = M(V π)ti −M(V π)ti−1 , and by the

tower property of conditional expectation,

Z̄(V π)ti−1 =
1

∆ti
E

[(
M(V π)ti

−M(V π)ti−1

)
(∆Bti

)T |Fti−1

]

=
1

∆ti
E

[
M(V π)ti

(∆Bti
)T |Fti−1

]

=
1

∆ti
E

[
E[φ(XT ) + V π

T |Fti
](∆Bti

)T |Fti−1

]

=
1

∆ti
E

[
(φ(XT ) + V π

T )(∆Bti
)T |Fti−1

]

= Z(V π)ti−1 .

Before continuing the proof, we clarify several notations which may cause some confusion. In

this chapter, we use Z(V ) to represent the real solution of BSDE (3.2); Z̄(V )π to represent the

best H2-approximation of Z(V ); Z(V π) to represent the discrete-time approximation of Z(V ), and

Z̄(V π) to represent the best H2-approximation of Z(V π).

Next for s ∈ [ti−1, ti], we compare the real solution pair (Y (V )s, Z(V )s) defined by (3.1) and its

approximation (Y (V π)ti−1 , Z(V π)ti−1) defined by (3.3).

Lemma 3.7 For 1 ≤ i ≤ N , there exists a generic constant C5 such that

E

∫ ti

ti−1

|Y (V )s − Y (V π)ti−1 |2ds ≤ C5|π|2,

and

E

∫ ti

ti−1

|Z(V )s − Z(V π)ti−1 |2ds

≤ 2

{
E

∫ ti

ti−1

|Z(V )s − Z̄(V )π
ti−1

|2ds + E

∫ ti

ti−1

|Z(V )s − Z(V π)s|2ds

}
.
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Proof. To prove the first inequality we note that for s ∈ [ti−1, ti],

E|Y (V )s − Y (V π)ti−1 |2

≤ 2
{
E|Y (V )s − Y (V )ti−1 |2 + E|Y (V )ti−1 − Y (V π)ti−1 |2

}
.

By Lemma 3.4,

E|Y (V )s − Y (V )ti−1 |2 ≤ C5|π|,

and by (3.6),

E|Y (V )ti−1 − Y (V π)ti−1 |2 ≤ C5|π|,

the first conclusion then follows immediately. To prove the second inequality, we note that

E

∫ ti

ti−1

|Z(V )s − Z(V π)ti−1 |2ds

≤ 2

{
E

∫ ti

ti−1

|Z(V )s − Z̄(V )π
ti−1

|2ds + E

∫ ti

ti−1

|Z̄(V )π
ti−1

− Z(V π)ti−1 |2ds

}
.

By Lemma 3.6, Z(V π)ti−1 = Z̄(V π)ti−1 , so the second term of right hand side of the above inequality

reduces to

E

∫ ti

ti−1

|Z̄(V )π
ti−1

− Z̄(V π)ti−1 |2ds

= E

∫ ti

ti−1

∣∣∣∣∣
1

∆ti
E

[∫ ti

ti−1

Z(V )s − Z(V π)sds|Fti−1

]∣∣∣∣∣

2

ds

≤ 1
∆ti

E

(∫ ti

ti−1

|Z(V )s − Z(V π)s|ds

)2

≤ E

∫ ti

ti−1

|Z(V )s − Z(V π)s|2ds,

where we used Jensen’s inequality and Hölder’s inequality for the last two inequalities.

We are now ready to provide the proof of Theorem 3.1:

Proof of Theorem 3.1. For 1 ≤ i ≤ N and t ∈ [ti−1, ti], we have

E{|Vt − V π
t |2} − E{|Vti−1 − V π

ti−1
|2}

= 2E

∫ t

ti−1

(Vs − V π
s )

(
f(s, Y (V )s, Z(V )s)− f(ti−1, Y (V π)ti−1 , Z(V π)ti−1)

)
ds

≤ E

∫ t

ti−1

|Vs − V π
s |2 ds

+ E

∫ t

ti−1

∣∣f(s, Y (V )s, Z(V )s)− f(ti−1, Y (V π)ti−1 , Z(V π)ti−1)
∣∣2 ds

≤ E

∫ t

ti−1

|Vs − V π
s |2 ds + 3C1

∫ t

ti−1

(s− ti−1)ds + 3C1E

∫ t

ti−1

|Y (V )s − Y (V π)ti−1 |2ds

+ 3C1E

∫ t

ti−1

|Z(V )s − Z(V π)ti−1 |2ds, (3.8)

38



where we used the Lipschitz property of the driver f for the last inequality. Note that
∫ t

ti−1

(s− ti−1)ds ≤ |π|∆ti ≤ |π|2,

and by Lemma 3.7,

E

∫ t

ti−1

|Y (V )s − Y (V π)ti−1 |2ds + E

∫ t

ti−1

|Z(V )s − Z(V π)ti−1 |2ds

≤ C5|π|2 + 2

{
E

∫ ti

ti−1

|Z(V )s − Z̄(V )π
ti−1

|2ds + E

∫ ti

ti−1

|Z(V )s − Z(V π)s|2ds

}
.

Plugging in the above estimates in (3.8), we obtain

E{|Vt − V π
t |2} ≤ E

∫ t

ti−1

|Vs − V π
s |2 ds + E[|Vti−1 − V π

ti−1
|2]

+ C6

(
|π|2 + E

∫ ti

ti−1

|Z(V )s − Z̄(V )π
ti−1

|2ds + E

∫ ti

ti−1

|Z(V )s − Z(V π)s|2ds

)
.

By Gronwall’s inequality,

E{|Vt − V π
t |2} ≤ et−ti−1

{
E[|Vti−1 − V π

ti−1
|2]

+C6

(
|π|2 + E

∫ ti

ti−1

|Z(V )s − Z̄(V )π
ti−1

|2ds + E

∫ ti

ti−1

|Z(V )s − Z(V π)s|2ds

)}
(3.9)

for t ∈ [ti−1, ti]. In particular, the above is true for t = ti. Iterating the above inequality (3.9) and

using the fact that V0 = V π
0 = 0, we obtain

E{|Vti
− V π

ti
|2}

≤ e
∑i

k=1 ∆tkC6

(
i|π|2 +

i∑

k=1

E

∫ tk

tk−1

|Z(V )s − Z̄(V )π
tk−1

|2ds

+
i∑

k=1

E

∫ tk

tk−1

|Z(V )s − Z(V π)s|2ds

)
.

By Lemma 3.4,
N∑

k=1

E

∫ tk

tk−1

|Z(V )s − Z̄(V )π
tk−1

|2ds ≤ C5|π|,

and by (3.6),

N∑

k=1

E

∫ tk

tk−1

|Z(V )s − Z(V π)s|2ds = E

∫ T

0

|Z(V )s − Z(V π)s|2ds ≤ C5|π|,

so there exists a generic constant C7 such that

E{|Vti
− V π

ti
|2} ≤ C7|π|.

Finally, plugging in the above estimate into (3.9), we obtain

sup
0≤t≤T

E{|Vt − V π
t |2} ≤ e|π|

{
C7|π|+ C6(|π|2 + C5|π|+ C5|π|)

} ≤ C8|π|,

which competes the proof. ¥
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3.3 Solving functional difference equations

In this section we prove Theorem 3.2. The solution of functional difference equation (3.3) will

be used as the discrete-time approximation of the solution to functional differential equation (3.1).

The way to solve (3.3) is essentially a discrete-time version of the approach we presented in the last

chapter.

We consider the solution of functional difference equation (3.3) in the space Cπ([tk, tN ], R). The

following proof of the existence and uniqueness theorem 3.2 is noting but a discrete-time version of

the proof for Theorem 2.5 in Chapter 2. The strategy is we first prove the local existence by fixed

point arguments, and then extend to the global solution by shifting the path of V π. We first give

the following two auxiliary estimates.

Lemma 3.8 For any given partition π, and any given number k, 0 ≤ k ≤ N − 1, if V π and V̄ π are

two solutions of functional difference equation (3.3), then
√√√√√E




N∑

j=k+1

|Y (V π)tj−1 − Y (V̄ π)tj−1 |∆tj




2

≤ 2|π|(N − k) max
k≤i≤N

√
E|V π

ti
− V̄ π

ti
|2,

and
√√√√√E




N∑

j=k+1

|Z(V π)tj−1 − Z(V̄ π)tj−1 |∆tj




2

≤
√
|π|(N − k) max

k≤i≤N

√
E|V π

ti
− V̄ π

ti
|2.

Proof. To prove the first estimate, we use Minkowski’s inequality to obtain
√√√√√E




N∑

j=k+1

|Y (V π)tj−1 − Y (V̄ π)tj−1 |∆tj




2

≤
N∑

j=k+1

√
E

(|Y (V π)tj−1 − Y (V̄ π)tj−1 |∆tj
)2

≤ |π|
N∑

j=k+1

√
E

{
E(V π

T − V̄ π
T |Ftj−1) + V π

tj−1
− V̄ π

tj−1

}2

≤ |π|
N∑

j=k+1

√
E

{
E(V π

T − V̄ π
T |Ftj−1)

}2 + |π|
N∑

j=k+1

√
E(V π

tj−1
− V̄ π

tj−1
)2

≤ 2|π|(N − k) max
k≤i≤N

√
E|V π

ti
− V̄ π

ti
|2,
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where we used Jensen’s inequality for the last inequality. For the second estimate, we have
√√√√√E




N∑

j=k+1

|Z(V π)tj−1 − Z(V̄ π)tj−1 |∆tj




2

≤
N∑

j=k+1

√
E

(|Z(V π)tj−1 − Z(V̄ π)tj−1 |∆tj
)2

.

Recalling from the definition of Z(V π)tj−1 that Z(V π)tj−1 = E
[
(φ(XT ) + V π

T )(∆Btj
)T |Ftj−1

]
/∆tj ,

and moreover, by Itô’s isometry, we have

N∑

j=k+1

√
E

(|Z(V π)tj−1 − Z(V̄ π)tj−1 |∆tj
)2

=
N∑

j=k+1

√
E

{
E[(V π

T − V̄ π
T )(∆Btj

)T |Ftj−1 ]
}2

≤
N∑

j=k+1

√
E

{
(V π

T − V̄ π
T )2∆tj

}

≤
√
|π|(N − k) max

k≤i≤N

√
E|V π

ti
− V̄ π

ti
|2,

which completes the proof.

Given the above two estimates we prove the local existence of the difference equation (3.3).

Lemma 3.9 Given the partition π with
√
|π| ≤ 1

6C1
∧ 1, define the integer k by

k = N − 1
6C1

√
π

.

Then the difference equation (3.3) starting from V π
tk

= 0, i.e.

V π
ti

= V π
ti−1

+ f(ti−1, Y (V π)ti−1 , Z(V π)ti−1)∆ti

for k + 1 ≤ i ≤ N and V π
tk

= 0, where





Y (V π)ti−1 = E[φ(XT ) + V π
T |Fti−1 ]− V π

ti−1
,

Z(V π)ti−1 =
1

∆ti
E

[
(φ(XT ) + V π

T )(∆Bti
)T |Fti−1

]

admits a unique solution in Cπ([tk, tN ], R).

Proof. We first note that on [tk, tN ], by iterating the difference equation (3.3), we can define

the following mapping on Cπ([tk, tN ], R):

Lπ(V π)ti
:=

i∑

j=k+1

f(tj−1, Y (V π)tj−1 , Z(V π)tj−1)∆tj . (3.10)
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For any V π and V̄ π in Cπ([tk, tN ], R), by (3.10) we have

max
k≤i≤N

√
E|Lπ(V π)ti

− Lπ(V̄ π)ti
|2

≤

√√√√√E




N∑

j=k+1

|f(tj−1, Y (V π)tj−1 , Z(V π)tj−1)− f(tj−1, Y (V̄ π)tj−1 , Z(V̄ π)tj−1)|∆tj




2

≤ C1

√√√√√E




N∑

j=k+1

|Y (V π)tj−1 − Y (V̄ π)tj−1 |∆tj +
N∑

j=k+1

|Z(V π)tj−1 − Z(V̄ π)tj−1 |∆tj




2

≤ C1

√√√√√E




N∑

j=k+1

|Y (V π)tj−1 − Y (V̄ π)tj−1 |∆tj




2

+ C1

√√√√√E




N∑

j=k+1

|Z(V π)tj−1 − Z(V̄ π)tj−1 |∆tj




2

,

where we used the Lipschitz property of f in the last but one inequality. Then, by Lemma 3.8 and

the definition of k, we further have

max
k≤i≤N

√
E|Lπ(V π)ti − Lπ(V̄ π)ti |2

≤ 3C1

√
π(N − k) max

k≤i≤N

√
E|V π

ti
− V̄ π

ti
|2

≤ 1
2

max
k≤i≤N

√
E|V π

ti
− V̄ π

ti
|2.

Therefore the mapping Lπ : Cπ([tk, tN ], R) → Cπ([tk, tN ], R) defined by the difference equation (3.10)

is a contracting mapping, and thus admits a unique fixed point. We conclude that the functional

difference equation (3.3) starting from V π
tk

= 0 admits a unique solution in Cπ([tk, tN ], R).

The fact that k is independent of the terminal data φ allows us to extend the solution to the

whole interval [t0, tN ]. We are now in the position to prove Theorem 3.2. We rewrite functional

difference equation (3.3) as follows:

V π
ti

= Vti−1 + f(ti−1, Y (V π)ti−1 , Z(V π)ti−1)∆ti

=
i∑

j=1

f(tj−1, Y (V π)tj−1 , Z(V π)tj−1)∆tj (3.11)

with Y π and Zπ being defined iteratively,




Y (V π)ti−1 = E[Y (V π)ti + V π
ti
|Fti−1 ]− V π

ti−1
,

Z(V π)ti−1 =
1

∆ti
E

[
(Y (V π)ti + V π

ti
)(∆Bti)

T |Fti−1

]

=
1

∆ti
E

[
Y (V π)ti

(∆Bti
)T |Fti−1

]

for 1 ≤ i ≤ N and V π
0 = 0.
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Proof of Theorem 3.2. We choose the partition π and the integer k according to Lemma 3.9,

and in particular we let
√
|π| = 1

6C1
∧ 1 and k = N − 1.

We start with the difference equation (3.11) on the last interval [tN−1, tN ] with V π
tN−1

= 0. By

Lemma 3.9, (3.11) admits a unique solution V (N)π ∈ Cπ([tN−1, tN ];R), and, in particular, we obtain

V (N)π
tN

and

Y π
tN−1

= E
[
φ(XT ) + V (N)π

tN
|FtN−1

]
,

which is used as the data to solve the difference equation on [tN−2, tN−1].

In general, for 1 ≤ i ≤ N − 1, we consider the difference equation on the interval [ti−1, ti]:

V π
ti

= f(ti−1, Y
π
ti−1

, Zπ
ti−1

)∆ti (3.12)

with V π
ti−1

= 0, where





Y π
ti−1

= E[Y π
ti

+ V π
ti
|Fti−1 ],

Zπ
ti−1

=
1

∆ti
E

[(
Y π

ti
+ V π

ti

)
(∆Bti)

T |Fti−1

]

=
1

∆ti
E

[
Y π

ti
(∆Bti)

T |Fti−1

]
.

By Lemma 3.9 again, (3.12) admits a unique solution V (i)π ∈ Cπ([ti−1, ti];R), and, in particular,

we obtain V (i)π
ti

and

Y π
ti−1

= E[Y π
ti

+ V (i)π
ti
|Fti−1 ],

the later of which is used as the data to solve the difference equation on [ti−2, ti−1].

Next we shift the paths of V (i)π
ti

to construct the global solution of the difference equation (3.11).

V̄ π
ti

=
i∑

j=1

V (j)π
tj

, for 1 ≤ i ≤ N (3.13)

with Ȳ π
ti−1

= Y π
ti−1

and Z̄π
ti−1

= Zπ
ti−1

. If we can further prove such V̄ π with (Ȳ π, Z̄π) satisfy

functional difference equation (3.11) (or (3.3)), and moreover (3.11) admits a unique solution, then

we are done. In fact, for i = N , we have

V̄ π
tN

= V̄ π
tN−1

+ f(tN−1, Y
π
tN−1

, Zπ
tN−1

)∆tN

with

Y π
tN−1

= E[φ(XT ) + V (N)π
tN
|FtN−1 ]

= E


φ(XT ) + V (N)T

tN
+

N−1∑

j=1

V (j)π
tj
|FtN−1


−

N−1∑

j=1

V (j)π
tj

= E[φ(XT ) + V̄ π
tN
|FtN−1 ]− V̄ π

tN−1
,

43



and

Zπ
tN−1

=
1

∆ti
E

[(
φ(XT ) + V (N)π

tN

)
(∆BtN

)T |FtN−1

]

=
1

∆ti
E





φ(XT ) + V (N)π

tN
+

N−1∑

j=1

V (j)π
tj


 (∆BtN

)T |FtN−1




− 1
∆ti

E







N−1∑

j=1

V (j)π
tj


 (∆BtN

)T |FtN−1




=
1

∆ti
E

[(
φ(XT ) + V̄ π

tN

)
(∆BtN

)T |FtN−1

]
.

Therefore, V̄ π
tN

with (Ȳ π
tN−1

, Z̄π
tN−1

) satisfy (3.11).

In general, for 1 ≤ i ≤ N−1, by the backward induction, it is easy to verify V̄ π
ti

with (Ȳ π
ti−1

, Z̄π
ti−1

)

also satisfy (3.11).¥
We finish this section by proving the uniqueness of the solutions to (3.11), which is in the same

spirit of Lemma 2.8 in Chapter 2.

Lemma 3.10 If functional difference equation (3.11) (or (3.3)) admits a solution in Cπ([t0, tN ];R),

then the solution must be unique.

Proof. Suppose (V π,1
ti

)0≤i≤N and (V π,2
ti

)0≤i≤N are two different solutions to (3.11) with the

same terminal data φ(XT ). For k = 1, 2, we define

V̄ π,k
0 = 0; V̄ π,k

ti
= V π,k

ti
− V π,k

ti−1
for i = 1, · · · , N

Then on the last interval [tN−1, tN ], since (V π,k
ti

)0≤i≤N satisfies

V π,k
tN

= V π,k
tN−1

+ f(tN−1, Y (V π,k)tN−1 , Z(V π,k)tN−1)∆tN ,

with 



Y (V π,k)tN−1 = E[φ(XT ) + V π,k
tN

|FtN−1 ]− V π,k
tN−1

,

Z(V π,k)tN−1 =
1

∆tN
E

[
φ(XT )(∆BtN

)T |FtN−1

]
,

we deduce that V̄ π,k
tN

satisfies

V̄ π,k
tN

= f(tN−1, Y (V̄ π,k)tN−1 , Z(V̄ π,k)tN−1)∆tN

with 



Y (V̄ π,k)tN−1 = E[φ(XT ) + V̄ π,k
tN

|FtN−1 ],

Z(V̄ π,k)tN−1 =
1

∆tN
E

[
φ(XT )(∆BtN

)T |FtN−1

]
,

which admits a unique solution by Lemma 3.9, so V̄ π,1
tN

= V̄ π,2
tN

, and Y (V π,1)tN−1 = Y (V π,2)tN−1 .
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Next on the last but one interval [tN−2, tN−1], since the terminal data Y (V π,1)tN−1 = Y (V π,2)tN−1 ,

we can repeat the above argument to deduce that V̄ π,1
tN−1

= V̄ π,2
tN−1

, and therefore Y (V π,1)tN−2 =

Y (V π,2)tN−2 .

We continue this procedure until to the interval [0, t1]. Since V π,1
0 = V π,2

0 = 0, V̄ π,1
t1 = V̄ π,2

t1 then

implies V π,1
t1 = V π,2

t1 , which is a contradiction.

3.4 A numerical scheme by Picard iteration

Since the proof of Theorem 3.2 is constructive, it also provides us with a numerical scheme as a

by-product. In this section, we propose a numerical scheme to functional differential equation (3.1)

based on Picard iteration. Let π : 0 = t0 < t1 < · · · < tN−1 < tN = T be a partition of [0, T ]. For

1 ≤ i ≤ N , let Pi represent the total number of Picard iterations on the time interval [ti−1, ti].

Step (1) In the last interval [tN−1, tN ], we let V (N)π,1
tN

= 0, and for 1 ≤ q ≤ PN , define

V (N)π,q+1
tN

= f(tN−1, Y
π,q
tN−1

, Zπ,q
tN−1

)∆tN , (3.14)

where 



Y π,q
tN−1

= E[φ(XT )|FtN−1 ] + V (N)π,q
tN

,

Zπ,q
tN−1

=
1

∆ti
E

[
φ(XT )(∆BtN

)T |FtN−1

]
,

from which we obtain V (N)π,PN+1
tN

with (Y π,PN

tN−1
, Zπ,PN

tN−1
). Note that we need to compute 2 times

conditional expectations to achieve this, and in fact Zπ,PN

tN−1
= Zπ,q

tN−1
for 1 ≤ q ≤ PN .

Step (i) In [ti−1, ti] for 1 ≤ i ≤ N − 1, we let V (i)π,1
ti

= 0, and for 1 ≤ q ≤ Pi, define

V (i)π,q+1
ti

= f(ti−1, Y
π,q
ti−1

, Zπ,q
ti−1

)∆ti, (3.15)

where 



Y π,q
ti−1

= E[Y π,Pi+1
ti

|Fti−1 ] + V (i)π,q
ti

,

Zπ,q
ti−1

=
1

∆ti
E

[
Y

π,Pi+1
ti

(∆Bti
)T |Fti−1

]
,

from which we obtain V (i)π,Pi+1
ti

with (Y π,Pi

ti−1
, Zπ,Pi

ti−1
). Note that, to achieve this, we need to compute

2 times conditional expectations as well.

Step (N+1) Letting P (i) =
∑i

j=1 Pj , we define

V̄
π,P (i)
ti

=
i∑

j=1

V (j)π,Pj+1
tj

, for 1 ≤ i ≤ N (3.16)

with Ȳ π,Pi

ti−1
= Y π,Pi

ti−1
and Z̄π,Pi

ti−1
= Zπ,Pi

ti−1
as the approximation of functional difference equation (3.3).

Therefore we see that the above numerical algorithm needs to compute 2×N times conditional

expectations, and in order to obtain V̄
π,P (i)
ti

we need to do P (i) times Picard iterations. The main
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result of this section is the following theorem about the convergence rate of Picard sequence V̄
π,P (i)
ti

to V π
ti

:

Theorem 3.11 If the coefficients satisfy Lipschitz condition 3.1, by choosing π such that
√
|π| ≤

1
6C1

∧ 1, and defining the number of Picard iterations as

Pi = −3 log2(
√
|π|) + N − i + 1

for 1 ≤ i ≤ N , then the approximation sequence (3.16) converges to the solution V π of (3.3) with

the convergence rate:

max
1≤i≤N

√
E|V̄ π,P (i)

ti
− V π

ti
|2 ≤ C9

√
|π|

for a generic constant C9.

The proof uses the following lemmas.

Lemma 3.12 Let the partition π be such that
√
|π| ≤ 1

6C1
∧1. Then the Picard sequence V (i)π,Pi+1

ti

defined by (3.14) and (3.15) has the convergence rate:

√
E|V (i)π,Pi+1

ti
− V (i)π

ti
|2 ≤ 1

2Pi−1

{
C1T +

1
3

√
E|Y π,Pi+1

ti
|2

}
,

for 1 ≤ i ≤ N − 1, and

√
E|V (N)π,PN+1

tN
− V (N)π

tN
|2 ≤ 1

2PN−1

{
C1T +

1
3

√
E|φ(XT )|2

}
,

where V (i)π
ti

is given by (3.12).

Proof. First by Lemma 3.9, for any V (i)π and V̄ (i)π in Cπ([ti−1, ti], R) given by (3.12),

√
E|Lπ(V (i)π)ti − Lπ(V̄ (i)π)ti |2 ≤

1
2

√
E|V (i)π

ti
− V̄ (i)π

ti
|2,

and, therefore, for n ≥ 1, we have

√
E|V (i)π,Pi+1

ti
− V (i)π,Pi+1+n

ti
|2 ≤

n∑

j=1

√
E|V (i)π,Pi+j

ti
− V (i)π,Pi+1+j

ti
|2

≤
n∑

j=1

1
2Pi+j−1

√
E|V (i)π,1

ti
− V (i)π,2

ti
|2. (3.17)

Note that V (i)π,1
ti

= 0, and

V (i)π,2
ti

= f(ti−1, Y
π,1
ti−1

, Zπ,1
ti−1

)∆ti

with 



Y π,1
ti−1

= E[Y π,Pi+1
ti

|Fti−1 ],

Zπ,1
ti−1

=
1

∆ti
E

[
Y

π,Pi+1
ti

(∆Bti)
T |Fti−1

]
.
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Therefore using the same arguments as before we obtain
√

E|V (i)π,1
ti
− V (i)π,2

ti
|2

≤ C1

√
E |ti−1∆ti|2 + C1

√
E

(
|Y π,1

ti−1
|∆ti

)2

+ C1

√
E

(
|Zπ,1

ti−1
|∆ti

)2

≤ C1|π|T + C1|π|
√

E|Y π,Pi+1
ti

|2 + C1

√
|π|

√
E|Y π,Pi+1

ti
|2

≤ C1T +
1
3

√
E|Y π,Pi+1

ti
|2.

Letting n →∞ in (3.17), we obtain the convergence rate of V (i)π,Pi+1
ti

for 1 ≤ i ≤ N −1. The proof

for the case i = N follows along the similar arguments.

Lemma 3.13 Let the partition π be such that
√
|π| ≤ 1

6C1
∧ 1, for 1 ≤ i ≤ N − 1. Then Picard

sequence Y
π,Pi+1
ti

defined by (3.15) has the upper bound:
√

E|Y π,Pi+1
ti

|2 ≤ {
C1T + 2||Y π||Cπ([t0,tN ];R)

}
2N−i.

Proof. We first consider the case i = N − 1. Since

Y π,PN

tN−1
= E[Φ(XT )|FtN−1 ] + V (N)π,PN

tN
,

Y π
tN−1

= E[Φ(XT )|FtN−1 ] + V (N)π
tN

,

we have,
√

E|Y π,PN

tN−1
|2 ≤

√
E|Y π,PN

tN−1
− Y π

tN−1
|2 +

√
E|Y π

tN−1
|2

=
√

E|V (N)π,PN

tN
− V (N)π

tN
|2 +

√
E|Y π

tN−1
|2

≤ C1T +
√

E|φ(XT )|2 +
√

E|Y π
tN−1

|2

≤ C1T + 2||Y π||Cπ([t0,tN ];R),

where we used Lemma 3.12 in the last inequality. In general, for 1 ≤ i ≤ N − 2, we have
√

E|Y π,Pi+1
ti

|2

≤
√

E|Y π,Pi+1
ti

− Y π
ti
|2 +

√
E|Y π

ti
|2

=

√
E

∣∣∣E(Y π,Pi+2
ti+1

|Fti
) + V (i + 1)π,Pi+1

ti+1
− E(Y π

ti+1
|Fti

)− V (i + 1)π
ti+1

∣∣∣
2

+
√

E|Y π
ti
|2

≤
√

E|Y π,Pi+2
ti+1

− Y π
ti+1

|2 +
√

E|V (i + 1)π,Pi+1
ti+1

− V (i + 1)π
ti+1

|2 +
√

E|Y π
ti
|2

≤
√

E|Y π,Pi+2
ti+1

− Y π
ti+1

|2 + C1T +
√

E|Y π,Pi+2
ti+1

|2 +
√

E|Y π
ti
|2,

where we used Lemma 3.12 again in the last inequality. Therefore we obtain
√

E|Y π,Pi+1
ti

|2 ≤ 2
√

E|Y π,Pi+2
ti+1

|2 + C1T +
√

E|Y π
ti+1

|2 +
√

E|Y π
ti
|2

≤ 2
√

E|Y π,Pi+2
ti+1

|2 + C1T + 2||Y π||Cπ([t0,tN ];R).
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By iterating the above inequality, we deduce
√

E|Y π,Pi+1
ti

|2 ≤ {
C1T + 2||Y π||Cπ([t0,tN ];R)

}
2N−i.

We are now ready to provide the proof of Theorem 3.11.

Proof of Theorem 3.11. By the definition of V̄ π,P (i) and V̄ π, we have

max
1≤i≤N

√
E|V̄ π,P (i)

ti
− V̄ π

ti
|2 = max

1≤i≤N

√√√√√E

∣∣∣∣∣∣

i∑

j=1

V (j)π,Pj+1
tj

− V (j)π
tj

∣∣∣∣∣∣

2

=

√√√√√E

∣∣∣∣∣∣

N∑

j=1

V (j)π,Pj+1
tj

− V (j)π
tj

∣∣∣∣∣∣

2

≤ N max
1≤j≤N

√
E|V (j)π,Pj+1

tj
− V (j)π

tj
|2.

By Lemma 3.12 and Lemma 3.13, we obtain

√
E|V (j)π,Pj+1

tj
− V (j)π

tj
|2

≤ 1
2Pj−1

{
C1T +

1
3

{
C1T + 2||Y π||Cπ([t0,tN ];R)

}
2N−i

}
.

Note that by (3.6), we have

||Y π||Cπ([t0,tN ];R) ≤ sup
t∈[0,T ]

√
E|Y π

t |2

≤ sup
t∈[0,T ]

√
E|Y π

t − Yt|2 + sup
t∈[0,T ]

√
E|Yt|2

≤
√

C5|π|+ sup
t∈[0,T ]

√
E|Yt|2.

Therefore, there exists a generic constant C9 such that

√
E|V (j)π,Pj+1

tj
− V (j)π

tj
|2 ≤ C9

2N−j

2Pj−1
= C9|π| 32 ,

and we easily conclude. ¥
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Chapter 4

BSDEs with Quadratic Growth
(QBSDEs)

4.1 Introduction

In this chapter, we consider a class of BSDEs whose driver f(t, y, z) has at most quadratic

growth with respect to z. In the literature such class of BSDEs are usually called QBSDEs for

short. QBSDEs are intrinsically related to a class of quasilinear PDEs whose nonlinear terms have

quadratic growth with respect to the gradient of the solutions. A typical example is the so called

Burger’s equations in fluid mechanics, to which the Cole-Hopf transformation can be applied to

remove such special kind of nonlinearity. It is Kobylanski [45] who introduced the idea of the Cole-

Hopf transformation into QBSDEs and proved the existence of solutions to QBSDEs. QBSDEs

have found numerous applications in mathematical finance. For example, they appear naturally

when one wants to derive the value function for exponential utility maximization, to use the idea

of indifference pricing to hedge contingent claims written on non-tradeable assets, and to consider

the risk measure. In the next chapter, we will further discuss their applications in fiance, and in

particular in the context of credit risk modeling by indifference pricing.

We will prove the existence of solutions to scalar QBSDEs on a general filtered probability space

by using the idea of functional differential equation approach presented in Chapter 2 and the idea of

the Cole-Hopf transformation introduced by Kobylanski [45]. For a special class of QBSDE systems

(not necessarily scalar) in a Brownian setting, we will pursue another direction different from the

existing method for QBSDEs. Namely we do not use the Cole-Hopf transformation at all and do not

assume the underlying probability space and Brownian motion as any given. Instead, we work with

weak solutions of QBSDEs, which is the second subject investigated in this chapter. The advantage

of the weak solution method, as we will see in Section 4.3, is that it allows us to really work out the

solutions rather than proving the existence only.

We start by introducing the spaces that we will work on. Besides the spaces we have introduced

in Chapter 2, we further define the following space:
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(1) C∞([0, T ];Rd): the space of continuous and Ft-adapted processes (Yt)t∈[0,T ] valued in Rd such

that supt∈[0,T ] |Vt| ∈ L∞(Ω,FT ,P).

4.1.1 Main results of this chapter

In the first part of this chapter, we consider the following scalar BSDE in [0, T ]:
{

dYt = −f(t, Yt,L(M)t)dt + dMt,
YT = ξ

(4.1)

on a filtered probability space (Ω,F ,Ft,P) satisfying the usual conditions, where f : [0, T ]×Ω×R×
Rm → R satisfies quadratic growth condition 4.1 to be given in the following, ξ ∈ L∞(Ω,FT ,P),

and L satisfies compatibility condition 4.2, which is a stronger version of compatibility condition 2.2

introduced in Chapter 2. The solution to (4.1) is defined in the same manner as Definition 2.1 in

Chapter 2.

Condition 4.1 (Quadratic growth) For any (y, z) ∈ R × Rm, the driver f(t, y, z) is predictably

measurable with f(·, 0, 0) ∈ H2([0, T ];R). Moreover f(t, ·, ·) is continuous for t ∈ [0, T ], a.s., and

there exist constants C1 and C2 such that

|f(t, y, z)| ≤ C1(1 + |y|) + C2|z|2

for t ∈ [0, T ], y ∈ R and z ∈ Rm, a.s..

Definition 4.1 For any subinterval [t1, t2] ⊂ [0, T ], define an operator L[t1,t2] : H2([t1, t2];R) →
H2([t1, t2];Rm) such that

(1) L[t1,t2] is a linear and bounded operator, i.e. for α, ᾱ ∈ R and M , M̄ ∈ H2([t1, t2];R),

L[t1,t2](αM + ᾱM̄)t = αL[t1,t2](M)t + ᾱL[t1,t2](M̄)t, for t ∈ [t1, t2],

and there exists a constant C3 such that

||L[t1,t2](M)||H2[t1,t2] ≤ C3||M ||C[t1,t2];

(2) for any Ft1-measurable random variable Vt1 ,

L[t1,t2](M)t = L[t1,t2](M − Vt1)t, for t ∈ [t1, t2];

(3) for any nonnegative Ft-adapted process (Gt)t∈[t1,t2],

∫ t2

t1

Gs|L[t1,t2](M)s|2ds =
∫ t2

t1

Gsd[M, M ]s.

Clearly Definition 4.1 is a stronger version of Definition 2.4 in Chapter 2. The reason we introduce

the extra condition (3) is to handle the quadratic growth term in the driver of QBSDEs. We further

define the operator L based on the operator L[t1,t2] defined above:
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Condition 4.2 (Compatibility) For a given partition π : 0 = t0 < t1 < · · · < tN−1 < tN = T with

the mesh:

|π| := max
1≤i≤N

|ti − ti−1| ≤ 1
16C2

1 (1 + C2)2
∧ 1,

the operator L : H2([0, T ];R) → H2([0, T ];Rm) satisfies the condition: for i = 1, · · · , N,

L(M)t = L[ti−1,ti](M)t, for t ∈ [ti−1, ti].

Then by (3) in Definition 4.1, for any nonnegative Ft-adapted process (Gt)t∈[0,T ], we have

∫ T

0

Gt|L(M)t|2dt =
N∑

i=1

∫ ti

ti−1

Gt|L[ti−1,ti](M)t|2dt

=
N∑

i=1

∫ ti

ti−1

Gtd[M, M ]t =
∫ T

0

Gtd[M, M ]t.

Therefore an adapted solution to BSDE (4.1) is a pair of processes (Y, M) ∈ C∞([0, T ];R) ×
H2([0, T ];R), where Y is a real-valued continuous special semimartingale with M as the martingale

part of its canonical decomposition, such that

Yt = ξ +
∫ T

t

f (s, Ys,L(M)s) ds−
∫ T

t

dMs

= ξ +
N∑

j=i+1

∫ tj

tj−1

f
(
s, Ys,L[tj−1,tj ](M)s

)
ds

+
∫ ti

t

f
(
s, Ys,L[ti−1,ti](M)s

)
ds−

∫ T

t

dMs, for t ∈ [ti−1, ti], a.s..

A typical example of the operator L is the Brownian martingale representation which was presented

in Corollary 2.11, i.e. L(M)t = Zt. Then the above integral equation reduces to the classical BSDE

in the literature:

Yt = ξ +
∫ T

t

f(s, Ys, Zs)ds−
∫ T

t

dMs, for t ∈ [0, T ], a.s..

Our first main result of this chapter is the following existence theorem for BSDE (4.1):

Theorem 4.2 If the driver f satisfies quadratic growth condition 4.1, the operator L satisfies com-

patibility condition 4.2, and the terminal data ξ ∈ L∞(Ω,FT ,P), say |ξ| ≤ α, a.s., then BSDE (4.1)

admits at least one adapted solution (Y, M) ∈ C∞([0, T ];R)×H2([0, T ];R).

The proof is adapted from Kobylanski [45], which uses the idea of the Cole-Hopf transformation.

To illustrate this idea in a simple setting, let us first consider the following special case:

Yt = ξ +
∫ T

t

|L(M)s|2ds−
∫ T

t

dMs.

By making the transformation Xt = e2Yt , and using the conditions on the operator L, we have

Xt = e2ξ −
∫ T

t

2e2YtdMt,

51



which implies Xt = E[e2ξ|Ft]. Hence the solution is given by Yt = 1
2 log E[e2ξ|Ft] with M being the

martingale part of the canonical decomposition of Y .

So far, all the discussions are based on the assumption that the equations must be solved on any

given probability space. Nevertheless this requirement sometimes might be too strong. In the second

part of the thesis we will pursue the weak solutions for a special class of QBSDEs. Specifically, we

consider the following QBSDE system (not necessarily scalar):
{

dYt = −h(t, Yt, Zt)dt− Ztf(t, Yt, Zt)dt + ZtdWt,

YT = φ(WT ),
(4.2)

where W = (W 1, · · · ,W d)T is a d-dimensional Brownian motion starting from Px{W0 = x} = 1

for x ∈ Rd. The coefficients satisfy the following quadratic growth condition which is the same as

Lipschitz condition 2.3 in Chapter 2. However we call it quadratic growth condition here due to the

structure of the equation.

Condition 4.3 (Quadratic growth) The coefficients h : [0, T ]×Rn ×Rn×d → Rn, f : [0, T ]×Rn ×
Rn×d → Rd and φ : Rd → Rn are continuous. Moreover h and f are Lipschitz continuous in

(y, z) ∈ Rn × Rn×d with Lipschitz constant C4, φ is Lipschitz continuous in x ∈ Rd with Lipschitz

constant C5, and φ is uniformly bounded, say supx∈Rd |φ(x)| ≤ C5.

Because of the term with the coefficient f , the equation has at most quadratic growth, i.e. there

exists a constant C6 such that for any y ∈ Rn and z ∈ Rn×d,

|zf(t, y, z)| ≤ C6|z|(t + |y|+ |z|).

Note that the quadratic growth term in (4.2) is more special than the usual one considered in the

literature. However this special structure is enough to cover the most of QBSDE examples known in

mathematical finance, at least with some extra conditions added, as we will see in the next chapter.

Moreover, most of the existing results for QBSDEs are only for the scalar case n = 1. In this thesis

we extend to the high-dimensional QBSDE systems.

On the other hand, one may wonder why the terminal data has the special form φ(WT ). This

is only for the presentation’s simplicity. The results can be extended without difficulty to the case

φ(XT ) where X is driven by SDE:
{

dXt = a(t,Xt)dt + σ(t,Xt)dBt, for t ∈ [0, T ],
X0 = x.

with the coefficients a and σ satisfying certain regularity conditions.

In the following, we introduce the notion of weak solutions to the above BSDE (4.2), and when

we want to emphasize the difference, we will call the solutions we have previously considered the

strong solutions.
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Definition 4.3 A weak solution to BSDE (4.2) is a triple (Ω,F ,Px), {Ft} and (Y, ZPx

,W ) such

that

(1) (Ω,F ,Px) is a complete probability space with the filtration {Ft} satisfying the usual conditions;

(2) under such filtered probability space, Y, ZPx

and W are Ft-adapted. Moreover Y is a special

semimartingale, ZPx

is the predictable representation of Y under Px, and W is a Brownian motion

starting from Px{W0 = x} = 1;

(3) the increments {Wu −Wt : t ≤ u ≤ T} are independent of the σ-algebra Ft;

(4) the following integral equation holds:

Yt = φ(WT ) +
∫ T

t

h(s, Ys, Z
Px

s )ds +
∫ T

t

ZPx

s f(s, Ys, Z
Px

s )ds−
∫ T

t

ZPx

s dWs, for t ∈ [0, T ], a.s..

(4.3)

Before we proceed, we make some comments on the above definition. Firstly, the predictable

representation ZPx

means it is the predictable representation for the martingale part of the canonical

decomposition of the special semimartingale Y , and we use the superscript Px to emphasize the

dependency of the predictable representation on the probability measure Px.

Secondly, we should mention our definition of weak solutions is more related to Buckdahn et al

[13]. The filtration {Ft} plays an important role here. If Ft = FW
t , i.e. the filtration only generated

by the Brownian motion W augmented by the Px-null sets in F , the solution turns to be a strong

solution. In Ma and Zhang [57], such solution is also called a semi-strong solution. Actually the

smallest filtration for weak solutions is the filtration {FW,Y,Z
t } generated by W,Y, Z and satisfying

the usual conditions.

Thirdly, (3) automatically holds given the Brownian motion W and the filtration {Ft}. In fact

such condition simply means {Ft} consists, additionally to {FW
t }, only of independent experiments.

In Buckdahn et al [13], such condition is formulated in terms of martingales, i.e. any FW
t -martingale

must also be an Ft-martingale. In Kurtz [46], such kind of condition is also called the compatibility

constraint. (3) is extremely useful when we want to identify which weak solutions are really strong

solutions to QBSDEs.

In the following we will suppress the superscript x of Px for the notation’s simplicity, if no

confusion may arise. We describe our idea formally before presenting the existence theorem for

BSDE (4.2). The basic idea is using a strong solution of FBSDE to construct a weak solution of

QBSDE. Let us start with a Brownian motion B on (Ω,F ,Q) with the filtration {Ft} satisfying the

usual conditions and consider the following FBSDE:





dXt = f(t, Yt, Z
Q
t )dt + dBt,

X0 = x,

dYt = −h(t, Yt, Z
Q
t )dt + ZQ

t dBt,

YT = φ(XT ).

(4.4)
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Suppose FBSDE (4.4) admits a strong solution (X, Y, ZQ). Then define a new probability mea-

sure P by
dP
dQ

= E (N),

where E (N) is the Doléans-Dade exponential of N with

N = −
∫ ·

0

〈f(s, Ys, Z
Q
s ), dBs〉d.

Here, 〈·, ·〉d denotes the inner product in Rd. Under the new probability measure P, by Girsanov’s

theorem, B has the decomposition:

B = (B − [B,N ]) + [B,N ]

=
(

B +
∫ ·

0

f(s, Ys, Z
Q
s )ds

)
−

∫ ·

0

f(s, Ys, Z
Q
s )ds,

where B − [B,N ] = B +
∫ ·
0
f(s, Ys, Z

Q
s )ds is a martingale under P, and furthermore by Levy’s

characterization, it is in fact a Brownian motion under P. We further define W by W = x + B −
[B,N ]. Under the probability measure P and with the new Brownian motion W , let us rewrite the

backward equation in FBSDE (4.4) as

dYt = −h(t, Yt, Z
Q
t )dt− ZQ

t f(t, Yt, Z
Q
t )dt + ZQ

t dWt

with YT = φ(WT ). If we can prove ZQ = ZP, then triple (Ω,F ,P), {Ft} and (Y, ZP,W ) is just one

weak solution we want to find.

There are mainly three steps needed to be verified. The first step is to establish the invariance

property of the predictable representation under the change of probability measure, i.e. ZQ = ZP;

the second step is of course the solvability of FBSDE (4.4); the last step is to prove that the Doléans-

Dade exponential E (N) is a uniform-integrable martingale, in order to guarantee P is an equivalent

probability measure. Our second main result of this chapter is the following theorem:

Theorem 4.4 If the coefficients satisfy quadratic growth condition 4.3, then BSDE (4.2) admits at

least one weak solution (Ω,F ,P), {Ft} and (Y, ZP,W ).

The chapter is organized as follows. Section 4.2 is devoted to the proof of Theorem 4.2. In

section 4.2.1 we do some preparations by proving a version of comparison principle for BSDEs on

general filtered probability space, which is then employed to prove the existence result for BSDEs

with linear growth coefficients. With these preparations, we prove Theorem 4.2 in Section 4.2.2.

Section 4.3 is mainly about the weak solutions of BSDE (4.2). We prove the existence theorem 4.4

in Section 4.3.1. For the special case n = 1, i.e. the scalar version of BSDE (4.2), we use Girsanov’s

theorem reversely to prove the pathwise uniqueness of solutions. The celebrated Yamada-Watanabe

theorem then implies the weak solution we constructed is indeed the strong solution for the case

n = 1. The above results are presented in Section 4.3.2.
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Section 4.2 is based on [52] by Lepeltier and San Martin and [45] by Kobylanski, and adapted

in our setting of general filtered probability space. Section 4.3 is adapted from author’s paper [50]

with Lyons and Qian.

4.2 Existence of solutions to QBSDEs

4.2.1 BSDEs with linear growth coefficients

The arguments of in the section 4.2 heavily depend on the comparison principle for BSDEs on

general filtered probability space, so we first provide a version of comparison principle suitable to

later use.

The condition (3) in Definition 4.1 (or Condition 4.2) is in fact only used to control the quadratic

growth term in the driver of QBSDEs. Next we give a weaker version of the condition (3), which

will be used very often later.

(3)’ in Definition 4.1 (or Condition 4.2): For any nonnegative Ft-adapted process (Gt)t∈[t1,t2],

there exist constants C7 and C8 such that

C7

∫ t2

t1

Gs|L[t1,t2](M)s|2ds ≤
∫ t2

t1

Gsd[M, M ]s ≤ C8

∫ t2

t1

Gs|L[t1,t2](M)s|2ds,

and therefore the operator L also enjoys the same property: for any nonnegative Ft-adapted process

(Gt)t∈[0,T ],

C7

∫ T

0

Gs|L(M)s|2ds ≤
∫ T

0

Gsd[M, M ]s ≤ C8

∫ T

0

Gs|L(M)s|2ds.

Lemma 4.5 (Comparison principle) Let (f1, ξ1,L) and (f2, ξ2,L) be two parameter sets for BSDE

(4.1), where f1 is Lipschitz continuous in (y, z) ∈ R × Rm with Lipschitz constant C9 and f2 is

such that the associated BSDE admits an adapted solution, ξ1 and ξ2 are in L2(Ω,FT ,P), and L

satisfies compatibility condition 4.2 with (3) replaced by (3)′. Let (Y 1,M1) and (Y 2,M2) be the

corresponding solutions of the associated BSDEs. If δξ := ξ2 − ξ1 ≤ 0, a.s., and

f2(t, Y 2
t ,L(M2)t)− f1(t, Y 2

t ,L(M2)t) ≤ 0, for t ∈ [0, T ], a.s.,

then δYt := Y 2
t − Y 1

t ≤ 0, for t ∈ [0, T ], a.s..

Proof. The proof is a standard use of Itô-Tanaka’s formula. We apply Itô-Tanaka’s formula to

eαt(δY +
t )2 for some α, which is to be determined:

eαt(δY +
t )2 = eαT (δξ+)2 −

∫ T

t

eαsd(δY +
s )2 −

∫ T

t

αeαs(δY +
s )2ds

=eαT (δξ+)2 −
∫ T

t

2eαsδY +
s d(δY +

s )−
∫ T

t

eαsd[δY +, δY +]s −
∫ T

t

αeαs(δY +
s )2ds.
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By denoting L0 the local time of δY in 0, we have

d(δY +
s ) =1{δYs>0}d(δYs) +

1
2
dL0

s

=1{δYs>0}
{
f1(s, Y 1

s ,L(M1)s)− f2(s, Y 2
s ,L(M2)s)

}
ds + 1{δYs>0}d(δMs) +

1
2
dL0

s.

Note that the measure dL0
t is carried by the set {t : Yt = 0}. Therefore,

eαt(δY +
t )2 = eαT (δξ+)2 −

∫ T

t

2eαsδY +
s

{
f1(s, Y 1

s ,L(M1)s)− f2(s, Y 2
s ,L(M2)s)

}
ds

−
∫ T

t

2eαsδY +
s d(δMs)−

∫ T

t

eαs1{δYs>0}d[δM, δM ]s −
∫ T

t

αeαs(δY +
s )2ds. (4.5)

By compatibility condition 4.2 on the operator L, we have
∫ T

t

eαs1{δYs>0}d[δM, δM ]s ≥ C7

∫ T

t

eαs1{δYs>0}|δL(M)s|2ds,

and by the Lipschitz property of f1,

f1(s, Y 1
s ,L(M1)s)− f2(s, Y 2

s ,L(M2)s) ≥ f1(s, Y 1
s ,L(M1)s)− f1(s, Y 2

s ,L(M2)s)

≥ −C9{|δYs|+ |δL(M)s|}.

Hence taking expectation on both sides of (4.5), we have

E[eαt(δY +
t )2] ≤ eαT E[(δξ+)2]

+
∫ T

t

eαsE
{
2C9δY

+
s [|δYs|+ |δL(M)s|]− C71{δYs>0}|δL(M)s|2 − α(δY +

s )2
}

ds.

Choosing α large enough, say α > 2C9 + C2
9/C7, we obtain

2C9δY
+
s {|δYs|+ |δL(M)s|} − C71{δYs>0}|δL(M)s|2 − α(δY +

s )2 ≤ 0,

and noting that E[(δξ+)2] = 0, we obtain that δYt ≤ 0.

As the first application of the above comparison principle, we prove the existence result for

BSDEs with linear growth coefficients:

Theorem 4.6 If we assume that the following conditions are satisfied: (i) for any (y, z) ∈ R×Rm,

the driver f(t, y, z) is predictable measurable with f(·, 0, 0) ∈ H2([0, T ];R); moreover f(t, ·, ·) is

continuous, for t ∈ [0, T ], a.s., and there exists a constant C10 such that

|f(t, y, z)| ≤ C10(1 + |y|+ |z|)

for t ∈ [0, T ], y ∈ R and z ∈ Rm, a.s.; (ii) the operator L satisfies compatibility condition 4.2 with

(3) replaced by (3)′; (iii) the terminal data ξ ∈ L∞(Ω,FT ,P), say |ξ| ≤ α, a.s.. Then, BSDE (4.1)

admits at least one adapted solution (Y, M) ∈ C∞([0, T ];R)×H2([0, T ];R).
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Proof. The proof is adapted from Lepeltier and San Martin [52], which is based on the approx-

imation of the driver f by its inf-convolution: for n ≥ C10, let

fn(t, y, z) = inf
(ȳ,z̄)∈Q1+m

{f(t, ȳ, z̄) + n|y − ȳ|+ n|z − z̄|} .

We can show that: fn is still with linear growth, |fn(t, y, z)| ≤ C10(1 + |y| + |z|), fn is Lipschitz

continuous in (y, z) ∈ R × Rm with Lipschitz constant n, and fn is monotone increasing in n.

Moreover, fn(t, yn, zn) → f(t, y, z) as (yn, zn) → (y, z) for t ∈ [0, T ]. We refer to [52] for the proof.

We deduce from the existence and uniqueness theorem 2.3 in Chapter 2 that the BSDE:

Yt = ξ +
∫ T

t

fn(s, Ys,L(M)s)ds−
∫ T

t

dMs (4.6)

admits a unique adapted solution (Y n,Mn). Moreover, by the comparison principle lemma 4.5, Yn

is increasing and bounded, i.e.

Y t ≤ Y n
t ≤ Y n+1

t ≤ Ȳt, for t ∈ [0, T ], a.s.,

where Y is the solution to the linear BSDE:

Yt = −α−
∫ T

t

C10(1 + |Ys|+ |L(M)s|)ds−
∫ T

t

dMs,

and Ȳ is the solution to the linear BSDE:

Yt = α +
∫ T

t

C10(1 + |Ys|+ |L(M)s|)ds−
∫ T

t

dMs.

By the uniqueness of solutions to linear BSDEs (See Corollary 2.10), it is easy to deduce that

Y t = −αeC10(T−t) − (eC10(T−t) − 1) ≥ −(α + 1)eC10T ,

Ȳt = αeC10(T−t) + (eC10(T−t) − 1) ≤ (α + 1)eC10T .

Therefore, there exists a limit process Y which is bounded, and by Dominated Convergence Theorem,

the sequence Y n converges to Y under H2-norm:

lim
n→∞

E

∫ T

0

|Y n
t − Yt|2dt = 0.

Next, we prove the convergence of Mn in H2([0, T ];R). For n, p ≥ C10, we apply Itô’s formula

to some auxiliary function Φ(Y n
t − Y p

t ):

Φ(Y n
0 − Y p

0 )

=
∫ T

0

Φ
′
(Y n

t − Y p
t ){fn(t, Y n

t ,L(Mn)t)− fp(t, Y p
t ,L(Mp)t)}dt

−
∫ T

0

Φ
′
(Y n

t − Y p
t )d(Mn

t −Mp
t )−

∫ T

0

1
2
Φ
′′
(Y n

t − Y p
t )d[Mn −Mp,Mn −Mp]t.

57



We can choose Φ(x) = x2, and take expectation on both sides of the above equality, we obtain

||Mn −Mp||2C[0,T ]

≤ 2E

∫ T

0

(Y n
t − Y p

t ){fn(t, Y n
t ,L(Mn)t)− fp(t, Y p

t ,L(Mp)t)}dt

≤ 2

√
E

∫ T

0

|Y n
t − Y p

t |2dt

√
E

∫ T

0

|fn(t, Y n
t ,L(Mn)t)− fp(t, Y p

t ,L(Mp)t)|2 dt.

By the linear growth condition on fn, and uniform boundedness of Y n and L(Mn) under H2-norm

(independent of n), the second integral term of the above inequality is bounded by a constant C11

which is independent of n and p. Therefore

||Mn −Mp||2C[0,T ] ≤ 2C11||Y n − Y p||H2[0,T ],

i.e. Mn is a Cauchy sequence, and thus converges to M ∈ H2([0, T ];R).

Finally we show that the convergence of Y n
t to Yt is in fact uniform in t ∈ [0, T ], a.s., so the limit

process (Yt)t∈[0,T ] is continuous. Indeed, since Mn → M in H2([0, T ];R),

lim
n→∞

sup
t∈[0,T ]

|Mn
t −Mt| = 0, in probability,

and, thus, there exists a subsequence Mnk
t converging to Mt uniformly in t ∈ [0, T ], a.s.. On the

other hand, since L(Mn) → L(M) and Y n → Y under H2-norm, there exist subsequences, denoted

as L(Mnk) and Y nk such that

L(Mnk)t → L(M)t, and Y nk
t → Yt, for a.e. t ∈ [0, T ], a.s..

Then by the property of fnk and Dominated Convergence Theorem,
∫ T

0

|fnk(s, Y nk
s ,L(Mnk)s)|ds →

∫ T

0

|f(s, Ys,L(M)s)|ds, a.s.,

and Scheffé’s lemma implies

lim
k→∞

∫ T

0

|fnk(s, Y nk
s ,L(Mnk)s)− f(s, Ys,L(M)s)|ds = 0, a.s..

Therefore,

sup
t∈[0,T ]

|Y nk
t − Yt| ≤

∫ T

0

|fnk(s, Y nk
s ,L(Mnk)s)− f(s, Ys,L(M)s)|ds + sup

t∈[0,T ]

|
∫ T

t

d(Mnk
s −Ms)|,

from which we deduce Y nk
t → Yt uniformly in t ∈ [0, T ], a.s., so (Yt)t∈[0,T ] is continuous. On the

other hand, Y n
t is monotone increasing, so Dini’s theorem yields that the pointwise convergence of

Y n
t to Yt is in fact uniformly in t ∈ [0, T ], a.s.. Then, we can pass the limit in (4.6) and deduce that

(Y, M) is an adapted solution to (4.1).

We finish this subsection by verifying the uniform boundedness of Y n and L(Mn) under H2-

norm:
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Lemma 4.7 Both Y n and L(Mn) are uniformly bounded under H2-norm, i.e.

sup
n
||Y n||H2[0,T ] < ∞; sup

n
||L(Mn)||H2[0,T ] < ∞.

Proof. The first assertion is obvious. To prove the second one, we apply Itô’s formula to (Y n
t )2

which yields that

(Y n
t )2 = ξ2 +

∫ T

t

2Y n
s fn(s, Y n

s ,L(Mn)s)ds−
∫ T

t

2Y n
s dMn

s −
∫ T

t

d[Mn,Mn]s.

By taking expectation on both sides with t = 0, and using the linear growth condition on fn, we

obtain

E

∫ T

0

d[Mn,Mn]s ≤ E[ξ2] + 2C10E

∫ T

0

|Y n
s |2ds + 2C10E

∫ T

0

|Y n
s |(1 + |L(Mn)s|)ds

≤ E[ξ2] + 2C10E

∫ T

0

|Y n
s |2ds

+
C10

λ2
E

∫ T

0

|Y n
s |2ds + 2C10λ

2T + 2C10λ
2E

∫ T

0

|L(Mn)s|2ds,

where we used the elementary inequality 2ab ≤ a2/λ2 + λ2b2 in the last step. On the other hand,

by the compatibility condition 4.2 on the operator L,

E

∫ T

0

d[Mn,Mn]s ≥ C7E

∫ T

0

|L(Mn)s|2ds.

Therefore, we can choose λ small enough such that C7 − 2C10λ
2 > 0, and obtain

E

∫ T

0

|L(Mn)s|2ds ≤
E[ξ2] + (2 + 1/λ2)C10||Y n||2H2[0,T ] + 2C10λ

2T

C7 − 2C10λ2
.

4.2.2 Cole-Hopf transformation for QBSDEs

In this subsection, we prove Theorem 4.2 by mainly adapting the techniques of Kobylanski (2000).

The basic idea is to transform BSDE (4.1), which is hard to handle, to a new type of BSDE, which

is relatively easy to handle. To this end, let

Xt = e2C2Yt ,

then by Itô’s formula BSDE (4.1) becomes

Xt = e2C2ξ +
∫ T

t

2C2Xs

(
f

(
s,

lnXs

2C2
,L(M)s

)
ds− C2d[M, M ]s

)
−

∫ T

t

2C2XsdMs

= e2C2ξ +
∫ T

t

2C2Xs

(
f

(
s,

lnXs

2C2
,L(M)s

)
− C2|L(M)s|2

)
ds−

∫ T

t

2C2XsdMs,

where we used compatibility condition 4.2 on the operator L for the last equality. We further

truncate the above BSDE by considering:

Xt = e2C2ξ +
∫ T

t

2C2ψ(Xs)
(

f

(
s,

lnψ(Xs)
2C2

,L(M)s

)
− C2|L(M)s|2

)
ds−

∫ T

t

2C2ψ(Xs)dMs,

(4.7)
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where ψ : R → [A− ε, B + ε] is a mollifier given by

ψ(x) =





B + ε if x ≥ B + ε
x if A ≤ x ≤ B
A− ε if x ≤ A− ε
C∞ otherwise

with A and B being two positive constants to be determined. In fact, they will be chosen as the

lower and upper bounds of X later, so ψ(Xt) = Xt for t ∈ [0, T ].

If we further define

Zt =
∫ t

0

2C2ψ(Xs)dMs, for t ∈ [0, T ],

since M is the martingale part of the canonical decomposition of Y , M0 = Y0, and moreover,

Mt = Y0 +
∫ t

0

1
2C2ψ(Xs)

dZs.

Thus M is an affine functional of Z. Next we will show L(M) = L(M(Z)), as an operator defined

on Z, also satisfies compatibility condition 4.2 but with (3) replaced by (3)′. We first verify for i =

1, · · · , N , L[ti−1,ti] only depends on (Zt)t∈[ti−1,ti]. By (2) in Definition 4.1, for M ∈ H2([ti−1, ti];R),

L[ti−1,ti](M) = L[ti−1,ti](M −Mti−1)

= L[ti−1,ti]

(
Y0 +

∫ ·

0

1
2C2ψ(Xs)

dZs − Y0 −
∫ ti−1

0

1
2C2ψ(Xs)

dZs

)

= L[ti−1,ti]

(∫ ·

ti−1

1
2C2ψ(Xs)

dZs

)
.

Therefore we can define an operator L∗[ti−1,ti]
: H2([ti−1, ti];R) → H2([ti−1, ti];Rm) by

L∗[ti−1,ti]
(Z)t = L[ti−1,ti]

(∫ ·

ti−1

1
2C2ψ(Xs)

dZs

)

t

, for t ∈ [ti−1, ti]. (4.8)

Proposition 4.8 The operator L∗[ti−1,ti]
defined above satisfies Definition 4.1 but with (3) replaced

by (3)′.

Proof. For any (Zt)t∈[ti−1,ti] ∈ H2([ti−1, ti];R), we verify (1) (2) and (3)′ in Definition 4.1.

(1) L∗[ti−1,ti]
is obviously linear since L[ti−1,ti] is linear. To verify it is also a bounded operator, we

observe that

||L∗[ti−1,ti]
(Z)||2H2[ti−1,ti]

= E

∫ ti

ti−1

|L∗[ti−1,ti]
(Z)t|2dt

= E

∫ ti

ti−1

∣∣∣∣∣L[ti−1,ti]

(∫ ·

ti−1

1
2C2ψ(Xs)

dZs

)

t

∣∣∣∣∣

2

dt

= E

∫ ti

ti−1

d

[∫ ·

ti−1

1
2C2ψ(Xs)

dZs,

∫ ·

ti−1

1
2C2ψ(Xs)

dZs

]

t

= E

∫ ti

ti−1

1
4C2

2ψ(Xt)2
d[Z, Z]t

≤ 1
4C2

2 (A− ε)2
||Z||2C[ti−1,ti]

.
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(2) It is obvious L∗[ti−1,ti]
(Z − Vti−1) = L∗[ti−1,ti]

(Z) for any Ft1-measurable random variable Vt1 .

(3)′ For any nonnegative Ft-adapted process (Gt)t∈[ti−1,ti],

∫ ti

ti−1

Gt|L∗[ti−1,ti]
(Z)t|2dt =

∫ ti

ti−1

Gt

∣∣∣∣∣L[ti−1,ti]

(∫ ·

ti−1

1
2C2ψ(Xs)

dZs

)

t

∣∣∣∣∣

2

dt

=
∫ ti

ti−1

Gt

4C2
2ψ(Xt)2

d[Z, Z]t.

By the boundedness of ψ and nonnegativity of G, we obtain

4C2
2 (A− ε)2

∫ ti

ti−1

Gt|L∗[ti−1,ti]
(Z)t|2dt ≤

∫ ti

ti−1

Gtd[Z,Z]t ≤ 4C2
2 (B + ε)2

∫ ti

ti−1

Gt|L∗[ti−1,ti]
(Z)t|2dt.

(4.9)

Based on the operator L∗[ti−1,ti]
, we can further define an operator L∗ : H2([0, T ];R) → H2([0, T ];Rm)

in the same manner as compatibility condition 4.2. With all the above preparations, we rewrite

BSDE (4.7) as

Xt = e2C2ξ +
∫ T

t

2C2ψ(Xs)
(

f

(
s,

lnψ(Xs)
2C2

,L∗(Z)s

)
− C2|L∗(Z)s|2

)
ds−

∫ T

t

dZs. (4.10)

Note that the driver of BSDE (4.10), denoted as F (t,Xt,L∗(Z)t), satisfies the following condition:

− 2C2ψ(Xt)
(

C1 + C1
lnψ(Xt)

2C2

)
− 4C2

2 (B + ε)|L∗(Z)t|2

≤ F (t,Xt,L∗(Z)t) ≤ 2C2ψ(Xt)
(

C1 + C1
lnψ(Xt)

2C2

)
, for t ∈ [0, T ], a.s..

Next we approximate the driver F (t,Xt,L∗(Z)t) of BSDE (4.10) by using the sequence:

Fn(t,Xt,L∗(Z)t) =(1− ϕn(L∗(Z)t))
(

2C2ψ(Xt)
(

C1 + C1
lnψ(Xt)

2C2

))

+ ϕn(L∗(Z)t)F (t,Xt,L∗(Z)t),

where ϕn : Rm → [0, 1] is a mollifier given by

ϕn(x) =





1 if |x| ≤ n− 1
0 if |x| ≥ n
C∞ otherwise

The approximation driver Fn(t,Xt,L∗(Z)t) has the following properties:

Proposition 4.9 The approximation driver Fn(t,Xt,L∗(Z)t) is monotone decreasing, bounded and

continuous (so satisfying the conditions in Theorem 4.6). Moreover, for each ω ∈ Ω,

lim
n→∞

Fn(t,Xt,L∗(Z)t) = F (t,Xt,L∗(Z)t), for t ∈ [0, T ].

Proof. To prove Fn monotone decreasing, we note that for given n ≥ 1, if |L∗(Z)t| ≤ n− 1,

Fn(t,Xt,L∗(Z)t)− Fn+1(t,Xt,L∗(Z)t) = F (t,Xt,L∗(Z)t)− F (t,Xt,L∗(Z)t) = 0.
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If n− 1 < |L∗(Z)t| < n,

Fn(t,Xt,L∗(Z)t)− Fn+1(t,Xt,L∗(Z)t)

= (1− ϕn(L∗(Z)t))
(

2C2ψ(Xt)
(

C1 + C1
lnψ(Xt)

2C2

))

+ ϕn(L∗(Z)t)F (t,Xt,L∗(Z)t)− F (t,Xt,L∗(Z)t)

= (1− φ(L∗(Z)t))
(

2C2ψ(Xt)
(

C1 + C1
lnψ(Xt)

2C2

)
− F (t,Xt,L∗(Z)t)

)
≥ 0.

If |L∗(Z)t| ≥ n,

Fn(t,Xt,L∗(Z)t)− Fn+1(t,Xt,L∗(Z)t)

= 2C2ψ(Xt)
(

C1 + C1
lnψ(Xt)

2C2

)
− (1− φn+1(L∗(Z)t))

(
2C2ψ(Xt)

(
C1 + C1

lnψ(Xt)
2C2

))

− ϕn+1(L∗(Z)t)F (t,Xt,L∗(Z)t)

= ϕn+1(L∗(Z)t)
(

2C2ψ(Xt)
(

C1 + C1
lnψ(Xt)

2C2

)
− F (t,Xt,L∗(Z)t)

)
≥ 0.

To prove the boundedness of Fn, we note that for given n ≥ 1, if |L∗(Z)t| ≤ n− 1,

|Fn(t,Xt,L∗(Z)t)| = |F (t,Xt,L∗(Z)t)|

≤ 2C2ψ(Xt)
(

C1 + C1
lnψ(Xt)

2C2

)
+ 4C2

2 (B + ε)|L∗(Z)t|2

≤ 2C2(B + ε)
(

C1 + C1
ln(B + ε)

2C2

)
+ 4C2

2 (B + ε)(n− 1)2.

If n− 1 < |L∗(Z)t| < n,

|Fn(t,Xt,L∗(Z)t)| ≤ 2C2ψ(Xt)
(

C1 + C1
lnψ(Xt)

2C2

)
+ |F (t,Xt,L∗(Z)t)|

≤ 4C2(B + ε)
(

C1 + C1
ln(B + ε)

2C2

)
+ 4C2

2 (B + ε)n2.

If L∗(Z)t ≥ n,

|Fn(t,Xt,L∗(Z)t)| = 2C2ψ(Xt)
(

C1 + C1
lnψ(Xt)

2C2

)

≤ 2C2(B + ε)
(

C1 + C1
ln(B + ε)

2C2

)
.

The continuity follows from the conditions on the driver F and the definition of mollifiers φn and ψ.

It follows immediately from the definition of Fn that the sequence Fn converges to F pointwise.

By the above Proposition, Fn(t,Xt,L∗(Z)t) satisfies the condition:

− 2C2ψ(Xt)
(

C1 + C1
lnψ(Xt)

2C2

)
− 4C2

2 (B + ε)|L∗(Z)t|2

≤ Fn(t,Xt,L∗(Z)t) ≤ 2C2ψ(Xt)
(

C1 + C1
lnψ(Xt)

2C2

)
, for t ∈ [0, T ], a.s..
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Employing the approximation driver Fn, we use the following auxiliary sequence of BSDEs,

which are easy to handle, to approximate BSDE (4.10),

Xt = e2C2ξ +
∫ T

t

Fn(s,Xs,L∗(Z)s)ds−
∫ T

t

dZs. (4.11)

By Theorem 4.6, for each n, BSDE (4.11) admits an adapted solution (Xn, Zn). Moreover, by

comparison principle Lemma 4.5,

Xt ≤ Xn+1
t ≤ Xn

t ≤ Xt, for t ∈ [0, T ], a.s.,

where X is the solution of the BSDE:

Xt = e−2C2α −
∫ T

t

2C2ψ(Xs)
(

C1 + C1
lnψ(Xs)

2C2

)
+ 4C2

2 (B + ε)|L∗(Z)s|2ds−
∫ T

t

dZs,

and X is the solution of the BSDE:

Xt = e2C2α +
∫ T

t

2C2ψ(Xs)
(

C1 + C1
lnψ(Xs)

2C2

)
ds−

∫ T

t

dZs.

By Corollary 2.10 in Chapter 2, X and X can in fact be obtained by solving the ODEs:

Xt = e−2C2α −
∫ T

t

2C2Xs

(
C1 + C1

lnXs

2C2

)
ds,

and

Xt = e2C2α +
∫ T

t

2C2Xs

(
C1 + C1

lnXs

2C2

)
ds,

whose solutions are given by

Xt = e2C2[(1−α)e−C1(T−t)−1] ≥ e2C2[(1−α)e−C1T−1],

X̄t = e2C2[(1+α)eC1(T−t)−1] ≤ e2C2[(1+α)eC1T−1].

We then choose the lower bound A = e2C2[(1−α)e−C1T−1] and the upper bound B = e2C2[(1+α)eC1T−1].

Then ψ(Xt) = Xt for t ∈ [0, T ]. There exists a limit process X which is bounded, and by dominated

convergence theorem,

lim
n→∞

E

∫ T

0

|Xn
t −Xt|2dt = 0.

The rest of the proof follows from arguments similar to the ones used for the proof of Theorem

4.6, provided we have the following result about the convergence of the sequence Zn.

Lemma 4.10 The sequence Zn is Cauchy in H2([0, T ];R), and therefore, there exists a limit process

denoted by Z ∈ H2([0, T ];R).

Proof. First we prove that L∗(Zn) is bounded in H2([0, T ];Rm), which will give us a weak

convergence limit. The idea is the same as Lemma 4.7. Applying Itô’s formula to (Xn
t )2, we have

(Xn
t )2 = e4C2ξ +

∫ T

t

2Xn
s Fn(s,Xn

s ,L∗(Zn)s)ds−
∫ T

t

2Xn
s dZn

s −
∫ T

t

d[Zn, Zn]s.
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For t = 0, taking expectation on both sides, and using nonnegativity of Xn
s and the upper bound of

Fn, we obtain

E

∫ T

0

d[Zn, Zn]s ≤ E[e4C2ξ] + 4C2E

∫ T

0

(Xn
s )2

(
C1 + C1

lnXn
s

2C2

)
ds.

Because |Xn
s | ≤ X̄s ≤ B for s ∈ [0, T ], a.s., and |ξ| ≤ α, a.s., the right hand side of the above

inequality is uniformly bounded. Moreover, by the compatibility condition 4.2 on the operator L∗

(recalling (4.9) in Proposition 4.8), we have

E

∫ T

0

|L∗(Zn)t|2dt ≤ 1
4C2

2 (A− ε)2
E

∫ T

0

d[Zn, Zn]t.

Therefore, there exists a subsequence, still denoted by L∗(Zn), which converges weakly to a limit

process L∗(Z) in H2([0, T ];Rm).

Next we prove L∗(Zn) in fact converges to L∗(Z) in H2([0, T ];Rm). The idea is to find an

appropriate auxiliary function Ψ, which is in the same spirit of Theorem 4.6. For n ≤ p, applying

Itô’s formula to some auxiliary function Ψ(Xn
t −Xp

t ), and taking expectation, we have

E[Ψ(Xn
0 −Xp

0 )] + E

∫ T

0

1
2
Ψ′′(Xn

t −Xp
t )d[Zn − Zp, Zn − Zp]t

=E

∫ T

0

Ψ′(Xn
t −Xp

t ) {Fn(t,Xn
t ,L∗(Zn)t)− F p(t,Xp

t ,L∗(Zp)t)} dt (4.12)

If Ψ′′ ≥ 0, by the compatibility condition 4.2 on the operator L∗ ( (4.9) in Proposition 4.8), we have
∫ T

0

1
2
Ψ′′(Xn

t −Xp
t )d[Zn − Zp, Zn − Zp]t ≥ 4C2

2 (A− ε)2
∫ T

0

1
2
Ψ′′(Xn

t −Xp
t )|L∗(Zn − Zp)t|2dt

= C11

∫ T

0

1
2
Ψ′′(Xn

t −Xp
t )|L∗(Zn − Zp)t|2dt.

By using the upper bound of Fn and the lower bound of F p, we have

Fn(t,Xn
t ,L∗(Zn)t)− F p(t,Xp

t ,L∗(Zp)t)

≤ 2C2X
n
t

(
C1 + C1

lnXn
t

2C2

)
+ 2C2X

p
t

(
C1 + C1

lnXp
t

2C2

)
+ 4C2

2 (B + ε)|L∗(Zp)t|2

≤ C12 + C13|L∗(Zp)t|2

with C13 = 4C2
2 (B + ε), so if Ψ′ ≥ 0, again by the compatibility condition 4.2 on the operator L∗,

∫ T

0

Ψ′(Xn
t −Xp

t )
{
C12 + C13|L∗(Zp)t|2

}
dt

≤
∫ T

0

Ψ′(Xn
t −Xp

t )
{
C12 + 3C13|L∗(Zn − Zp)t|2 + 3C13|L∗(Zn − Z)t|2 + 3C13|L∗(Z)t|2

}
dt.

Therefore we obtain

E[Ψ(Xn
0 −Xp

0 )] + E

∫ T

0

(
1
2
C11Ψ′′ − 3C13Ψ′)(Xn

t −Xp
t )|L∗(Zn − Zp)t|2dt

≤ E

∫ T

0

3C13Ψ′(Xn
t −Xp

t )|L∗(Zn − Z)t|2dt

+ E

∫ T

0

Ψ′(Xn
t −Xp

t ){C12 + 3C13|L∗(Z)t|2}dt. (4.13)
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If we have the uniform boundedness of
{
( 1
2C11Ψ′′ − 3C13Ψ′)1/2(Xn

t −Xp
t )

}
t∈[0,T ]

in terms of p,

since L∗(Zn − Zp) converges weakly to L∗(Zn − Z) in H2([0, T ];Rm) as p →∞,
{

(
1
2
C11Ψ′′ − 3C13Ψ′)1/2(Xn

t −Xp
t )L∗(Zn − Zp)t

}

t∈[0,T ]

converges weakly to

{
(
1
2
C11Ψ′′ − 3C13Ψ′)1/2(Xn

t −Xt)L∗(Zn − Z)t

}

t∈[0,T ]

in H2([0, T ];Rm) as p →∞.

Hence using that ||u|| ≤ lim infp→∞ ||up|| if up converges weakly to u as p →∞, we deduce that

E

∫ T

0

(
1
2
C11Ψ′′ − 3C13Ψ′)(Xn

t −Xt)|L∗(Zn − Z)t|2dt

≤ lim inf
p→∞

E

∫ T

0

(
1
2
C11Ψ′′ − 3C13Ψ′)(Xn

t −Xp
t )|L∗(Zn − Zp)t|2dt. (4.14)

On the other hand, if we have the uniform boundedness of {Ψ′(Xn
t −Xp

t )}t∈[0,T ] in terms of p,

Dominated Convergence Theorem then implies that

lim
p→∞

E

∫ T

0

Ψ′(Xn
t −Xp

t )
{
3C13|L∗(Zn − Z)t|2 + C12 + 3C13|L∗(Z)t|2

}
dt

= E

∫ T

0

Ψ′(Xn
t −Xt)

{
3C13|L∗(Zn − Z)t|2 + C12 + 3C13|L∗(Z)t|2

}
dt. (4.15)

If Ψ ≥ 0, we let p →∞ in (4.13) and use the inequalities (4.14) and (4.15),

E

∫ T

0

(
1
2
C11Ψ′′ − 6C13Ψ′)(Xn

t −Xt)|L∗(Zn − Z)t|2dt

≤ E

∫ T

0

Ψ′(Xn
t −Xt){C12 + 3C13|L∗(Z)t|2}dt.

Now we can choose the auxiliary function:

Ψ(x) = exp
(

12C13

C11
x

)
− 12C13

C11
x− 1, for x ≥ 0,

so that 1
2C11Ψ′′ − 6C13Ψ′ = 72C2

13/C11, and Ψ,Ψ′,Ψ′′ ≥ 0. (Recall C11 = 4C2
2 (A − ε)2, C13 =

4C2
2 (B + ε).) Therefore L∗(Zn) converges to L∗(Z) in H2([0, T ];Rm). The convergence of Zn in

H2([0, T ];R) then follows from the compatibility condition 4.2.

4.3 Weak solutions of QBSDEs

4.3.1 Existence of weak solutions

In this subsection, we mainly consider weak solutions of BSDE (4.2), and prove the existence

Theorem 4.4. Different notions of uniqueness are also discussed.

As we already discussed in Section 4.1.1, there are mainly three steps needed to be verified

for the solving procedure. The first step is to establish the invariance property of the predictable

representation under the change of probability measure; the second step is the solvability of FBSDE

(4.4); the last step is to prove that the Doléans-Dade exponential E (N) is a uniform-integrable

martingale in order to guarantee P is an equivalent probability measure. We verify these three steps

next.
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4.3.1.1 Invariance property of martingale representation

The following proposition follows almost trivially but crucial to our results. It states that the

predictable representation of a special semimartingale is invariant under the equivalent change of

probability measure.

Proposition 4.11 Let B be a Brownian motion on (Ω,F ,Q) with the filtration {Ft} satisfying the

usual conditions. Let ZQ be the predictable representation of a special semimartingale Y under Q.

If define an equivalent probability measure P by dP
dQ = E (N) for some uniform integrable martingale

E (N), then ZP
t = ZQ

t for a.e. t ∈ [0, T ], a.s.

Proof. Under the probability measure Q, Y has the canonical decomposition Y = M − V with

M being a local martingale and V being a finite variation process, and moreover, M admits the

martingale representation:

Mt −M0 =
∫ t

0

ZQ
s dBs, for t ∈ [0, T ], a.s. (4.16)

for some predictably measurable process ZQ.

By Girsanov’s theorem, Y is still a special semimartingale under P but with the canonical

decomposition Y = M̄ − V̄ , where M̄ = M − [M, N ] is a martingale, and V̄ = M̄ − Y is a finite

variation process. We also have B̄ = B − [B,N ] as a Brownian motion under P. Hence under P,

(4.16) becomes

M̄t − M̄0 + [M, N ]t =
∫ t

0

ZQ
s dB̄s +

∫ t

0

ZQ
s d[B,N ]s, for t ∈ [0, T ], a.s..

Identifying the martingale parts and finite variation parts of the above equality, we must have

M̄t − M̄0 =
∫ t

0

ZQ
s dB̄s, for t ∈ [0, T ], a.s..

On the other hand, under P, we also have

M̄t − M̄0 =
∫ t

0

ZP
s dB̄s, for t ∈ [0, T ], a.s.

for some predictably measurable process ZP, so
∫ T

0

|ZP
s − ZQ

s |2ds = 0, a.s.,

we easily conclude.

Since the martingale representation usually determines the hedging (or replicating) strategy

in derivative valuation, a direct consequence of Proposition 4.11 is that the hedging strategy is

independent of the choice of equivalent (martingale) probability measures. Due to Proposition 4.11,

we will not emphasize the dependency of the martingale representation on the probability measure,

and will simply write it as Z from now on.
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4.3.1.2 Constructing weak solutions by strong solutions of FBSDEs

In this subsection we use strong solutions of FBSDEs to construct weak solutions of QBSDEs. We

start with a Brownian motion B on (Ω,F ,Q) with the filtration {Ft} satisfying the usual conditions

and consider FBSDE (4.4), i.e.




dXt = f(t, Yt, Zt)dt + dBt,

X0 = x,

dYt = −h(t, Yt, Zt)dt + ZtdBt,

YT = φ(XT ).

(4.17)

The solvability of FBSDE (4.17) has already been presented in Section 2.3.3 of Chapter 2. We

recall Theorem 2.12 of Chapter 2 as the following lemma for our convenience.

Lemma 4.12 If the coefficients satisfy quadratic growth condition 4.3, then there exists at least

one strong solution (Y, Z) ∈ C∞([0, T ];Rn) × H2([0, T ];Rn×d) together with the forward process

X ∈ C([0, T ];Rn) of FBSDE (4.17).

Based on the strong solution (Y, Z), we define a new probability measure P by

dP
dQ

= E (N),

where E (N) is the Doléans-Dade exponential of N with

N = −
∫ ·

0

〈f(s, Ys, Zs), dBs〉d,

where 〈·, ·〉d denotes the inner product in Rd. By Lemma 4.13 in the next subsection, we know P

is indeed an equivalent probability measure. Under the new probability measure P, by Girsanov’s

theorem, B has the following decomposition:

B = (B − [B,N ]) + [B,N ],

=
(

B +
∫ ·

0

f(s, Ys, Zs)ds

)
−

∫ ·

0

f(s, Ys, Zs)ds,

where B − [B,N ] = B +
∫ ·
0
f(s, Ys, Zs)ds is a martingale under P, and furthermore by Levy’s

characterization, it is in fact a Brownian motion under P. We further define W by W = x + B −
[B,N ]. Under the probability measure P and with the new Brownian motion W , we rewrite the

backward equation in FBSDE (4.17):

dYt = −h(t, Yt, Zt)dt− Ztf(t, Yt, Zt)dt + ZtdWt

with YT = φ(WT ). Therefore the triple (Ω,F ,P), {Ft} and (Y, Z,W ) is just one weak solution we

want to find.
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4.3.1.3 Uniformly integrability of stochastic exponential

In this subsection we verify that the Doléans-Dade exponential E (N) is a uniform-integrable

martingale. To prove this we need an appropriate martingale space. It turns out the correct

martingale space is BMO-martingale space. For the definition of BMO-martingales and further

details, we refer to Appendix A.2.

Lemma 4.13 If the coefficients satisfy quadratic growth condition 4.3, then

N = −
∫ ·

0

〈f(s, Ys, Zs), dBs〉d

is a BMO-martingale under Q, and therefore the Doléans-Dade exponential E (N) is a uniform-

integrable martingale under Q by Theorem A.5.

Proof. For any stopping time τ ≤ T , by Itô’s isometry and the linear growth condition

|f(t, y, z)| ≤ C4(t + |y|+ |z|), we obtain

sup
τ

E
[|NT −Nτ |2|Fτ

]

= sup
τ

E

[∫ T

τ

|f(t, Yt, Zt)|2dt | Fτ

]

≤ C2
4T 3 + 3C2

4 sup
τ

E

[∫ T

τ

|Yt|2dt | Fτ

]
+ 3C2

4 sup
τ

E

[∫ T

τ

|Zt|2dt | Fτ

]
, a.s.. (4.18)

Since Y is uniformly bounded, we only need to control the last term of (4.18). By applying Itô’s

formula to (Yt)2 and taking the conditional expectation on Fτ , we obtain

(Yτ )2 + E

[∫ T

τ

|Zt|2dt | Fτ

]

= E[φ(XT )2|Fτ ] + 2E

[∫ T

τ

〈Yt, h(t, Yt, Zt)〉ndt | Fτ

]

≤ M2 + λ2E

[∫ T

τ

|Yt|2dt | Fτ

]
+

1
λ2

E

[∫ T

τ

|h(t, Yt, Zt)|2dt | Fτ

]

≤ M2 + λ2E

[∫ T

τ

|Yt|2dt | Fτ

]
+

C2
4T 3

λ2
+

3C2
4

λ2
E

[∫ T

τ

|Yt|2dt | Fτ

]

+
3C2

4

λ2
E

[∫ T

τ

|Zt|2dt | Fτ

]
, a.s.,

where we used the elementary inequality 2ab ≤ λ2a2 + b2/λ2. By choosing λ large enough such that

1− 3C2
4/λ2 > 0, and by the unform boundedness of Y , we deduce that there exists a constant C14

independent of τ such that

sup
τ

E

[∫ T

τ

|Zt|2dt | Fτ

]
≤ C14, a.s.,

and the conclusion follows by plugging the above estimate into (4.18).
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4.3.2 Pathwise uniqueness and strong solutions for n = 1

As in the classical theory of SDEs there are several notions of uniqueness for solutions, there

are also different notions of uniqueness for the solutions to BSDEs. In this subsection, we discuss

different notions of uniqueness for BSDE (4.2) and their relationship.

4.3.2.1 Canonical setup for solutions of QBSDEs

In this subsection we interpret weak solutions to BSDE (4.2) as the canonical setup for stochastic

processes. For reasons which will become clear later on, we impose the following condition on the

coefficients, which is a stronger version of the quadratic growth condition 4.3.

Condition 4.4 (One-dimension) Quadratic growth condition 4.3 is assumed to be satisfied. More-

over, (i) n = 1, i.e. BSDE (4.2) is a scalar BSDE; (ii) F = F (t, z) with F = (h, f)T , i.e. both of

the coefficients h and f only depend on t and z; (iii) f j = f j(t, zj) for j = 1, · · · , d, i.e. there is no

mixture terms of z in f .

If we regard weak solutions as the canonical setup for stochastic processes, then the weak solution

we constructed in the last subsection for BSDE (4.2) can be regarded as a probability distribution on

some sample space ET . (See Appendix A.4 for ET .) Usually we need certain topological structure

on sample path space. From Definition 4.3 for weak solutions to BSDE (4.2), we know that Y and

W must be continuous. However it is not obvious at all that the predictable representation Z has

any path regularity. Fortunately, under the One-dimensional Condition 4.4, Imkeller and Dos Reis

[40] already did this job for us:

Lemma 4.14 (Imkeller and Dos Reis [40]) Under the One-dimensional Condition 4.4, there is a

continuous modification of Z for the solutions to BSDE (4.2).

Therefore we will choose such continuous version of Z from now on and our sample path space

will then be the space of continuous functions. By Wm we denote the space of continuous functions

C([0, T ];Rm). Define the coordinate mapping Xt : Wm → Rm by

Xt(x) = xt, for x ∈ Wm,

and on Wm, define the following σ-algebras:

BX
t = σ(xs : s ≤ t); BX

t̂
= σ(xu − xt : t ≤ u ≤ T );

and BX = ∨t∈[0,T ]BX
t . Obviously we have the relationship BX = BX

t ∨ BX
t̂

for any t ∈ [0, T ].

Now we can interpret weak solutions to BSDE (4.2) as the canonical setup for stochastic processes.

If the triple (Ω,F ,P), {Ft} and (Y, Z,W ) is a weak solution to BSDE (4.2), we define the image

measure of P under the mapping (Y, Z,W ) : Ω → W1+d ×Wd defined by

ω̄ 7→ (Y (ω̄), Z(ω̄),W (ω̄)) , for ω̄ ∈ Ω.
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In other words, P(Y,Z,W ) = P ◦ (Y, Z,W )−1. We let

(ET , ET ) =
(
W1+d ×Wd,BY ⊗ BZ ⊗ BW

P(Y,Z,W )
)

,

where BY ⊗ BZ ⊗ BW
P(Y,Z,W ) denotes the completion of BY ⊗ BZ ⊗ BW under P(Y,Z,W ). On

(ET , ET ,P(Y,Z,W )), we further define the filtration {ET
t } which is generated by σ((ys, zs), ωs : s ≤ t)

augmented by the P(Y,Z,W )-null sets in ET . Here we use ((y, z), w) to denote a generic element in

the sample path space ET . Then the triple (ET , ET ,P(Y,Z,W )), {ET
t } and ((y, z), w) is the weak

solution to BSDE (4.2), and under P(Y,Z,W ),

yt = φ(wT ) +
∫ T

t

h(s, zs)ds +
∫ T

t

d∑

j=1

zj
sf

j(s, zj
s)ds−

∫ T

t

d∑

j=1

zj
sdwj

s.

We can also introduce regular conditional probability, which is the main machinery we will employ

in the next subsection. We define the projection ΠW : ET → Wd by

ΠW ((y, z), w) = w, for ((y, z), w) ∈ ET .

Then the image measure of P(Y,Z,W ) under the projection ΠW is a Wiener measure on (Wd,BW ),

i.e. PW = P(Y,Z,W )◦Π−1
W . Because both ET and Wd are continuous function spaces, they are Polish

under the uniform topology. By Theorem A.12 there exists a unique regular conditional probability

for ET given the projection ΠW , which is a function Q{·|ω} : ET ×Wd → [0, 1] such that

(1) for ω ∈ Wd, Q{·|ω} is a probability measure on (ET , ET );

(2) for A ∈ ET , the map ω 7→ Q{A|ω} is BW -measurable;

(3) for A ∈ ET and B ∈ BW , we have

P(Y,Z,W )(A ∩B) =
∫

B

Q{A|ω}PW (dω);

and moreover, Q{·|ω} concentrates on the set {((y, z), w) ∈ ET : ΠW ((y, z), w) = w}, i.e. there

exists a PW -null set N such that

Q
{
((y, z), w) ∈ ET : ΠW ((y, z), w) = ω|ω}

= Q
{
W1+d × {ω}|ω}

= 1 for ω ∈ Wd\N.

Based on the canonical setup for weak solutions of BSDE (4.2), we can further define strong

solutions of BSDE (4.2) on such canonical setup. Herein we use the term strong solutions in order

to emphasize the difference between weak solutions and the solutions we have previously considered.

Definition 4.15 We say a function Φ = (ΦY ,ΦZ) : Wd → W1+d is a strong solution to BSDE

(4.2) if

ω 7→ Φ(ω), for ω ∈ Wd

is BW
t

PW

/BY
t ⊗BZ

t -measurable, where BW
t

PW

denotes the completion of BW
t under PW , and more-

over, on any given filtered probability space (Ω,F ,Ft,P) satisfying the usual conditions with a Brow-

nian motion W , the pair defined by (Yt, Zt) = (ΦY (Wt),ΦZ(Wt)) satisfies the integral equation (4.3).
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4.3.2.2 Yamada-Watanabe theorem

For a SDE, the celebrated Yamada-Watanabe theorem states that the weak existence and path-

wise uniqueness of the solutions to a SDE implies the existence of a strong solution, which is regarded

as one of the most powerful tools to prove a SDE possesses a strong solution. As Kurtz [46] pointed

out: strong solution is a consequence of measurable selection, and such result has little to do with

the equation, but really a consequence of the convexity of collections of the probability distributions

of solutions. If the compatibility constraint (See (3) in Definition 4.3) is satisfied, we will further

have the adapteness of solutions.

We will adapt the Yamada-Watanabe theorem for our setting in this subsection. First we give

two notions of uniqueness for BSDE (4.2).

Definition 4.16 (i) The weak solution to (4.2) is called unique in law if for any two weak solutions

(Ω,F ,P), {Ft}, (Y, Z,W ) and (Ω̄, F̄ , P̄), {F̄t}, (Ȳ , Z̄, W̄ ), the probability distributions of (Y, Z)

and (Ȳ , Z̄) are equal. i.e. P(Y,Z) = P̄(Ȳ ,Z̄).

(ii) The weak solution to (4.2) is called pathwise unique if for any two weak solutions (Y, Z)

and (Ȳ , Z̄) defined on the same probability space (Ω,F ,P) with the filtration {Ft} and the same

Brownian motion W , (Y, Z) is a continuous modification of (Ȳ , Z̄), i.e.

(Yt, Zt) = (Ȳt, Z̄t), for t ∈ [0, T ], a.s..

Then main result of this subsection is the following version of Yamada-Watanabe theorem:

Theorem 4.17 If the coefficients satisfy the One-dimensional Condition 4.4, then the weak solution

to (4.2) is also a strong solution, and such solution is pathwise unique.

First by employing Girsanov’s theorem, we have the following pathwise uniqueness of the solu-

tions, which proves the second conclusion of the above theorem.

Lemma 4.18 If the coefficients satisfy the One-dimensional Condition 4.4, then the weak solution

to (4.2) is pathwise unique.

Proof. Suppose (Y, Z) and (Ȳ , Z̄) are two weak solutions on (Ω,F ,P) with {Ft} and Brownian

motion W . By applying Itô’s formula to eαt(Yt − Ȳt)2 for some α to be determined, we obtain

eαt(Yt − Ȳt)2

=− 2
∫ T

t

eαs(Ys − Ȳs)d(Ys − Ȳs)−
∫ T

t

eαsd[Y − Ȳ , Y − Ȳ ]s −
∫ T

t

αeαs(Ys − Ȳs)2ds

= 2
∫ T

t

eαs(Ys − Ȳs)





d∑

j=1

(Zj
sf j(s, Zj

s)− Z̄j
sf j(s, Z̄j

s)) + (h(s, Zs)− h(s, Z̄s))



 ds

− 2
∫ T

t

eαs(Ys − Ȳs)
d∑

j=1

(Zj
s − Z̄j

s)dW j
s −

∫ T

t

eαs
d∑

j=1

|Zj
s − Z̄j

s |2ds−
∫ T

t

αeαs(Ys − Ȳs)2ds.

(4.19)
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Note that for s ∈ [0, T ], and zj , z̄j ∈ R for j = 1, · · · , d,

∣∣zjf j(s, zj)− z̄jf j(s, z̄j)
∣∣

≤ ∣∣zjf j(s, zj)− z̄jf j(s, zj)
∣∣ +

∣∣z̄jf j(s, zj)− z̄jf j(s, z̄j)
∣∣

≤ C4(T + |zj |)|zj − z̄j |+ C4|z̄j ||zj − z̄j |
≤ C4(T + |zj |+ |z̄j |)|zj − z̄j |.

Now if we set

βj
s =

Zj
sf j(s, Zj

s)− Z̄j
sf j(s, Z̄j

s)
Zj

s − Z̄j
s

, for s ∈ [0, T ],

when Zj
s − Z̄j

s 6= 0, and βj
s = 0 for s ∈ [0, T ] otherwise, then, there exists a constant C15 such that

|βj
s |2 ≤ C15(1+ |Zj

s |2 + |Z̄j
s |2). Using such βj , we define a new probability measure Q by dQ

dP = E (N)

where

N =
d∑

j=1

∫ ·

0

βj
sdW j

s ,

and under Q define a new Brownian motion B by B = W − [W,N ]. Then under the probability

measure Q, (4.19) reduces to

eαt(Yt − Ȳt)2

=− 2
∫ T

t

eαs(Ys − Ȳs)
d∑

j=1

(Zj
s − Z̄j

s)(dW j
s − βj

sds) + 2
∫ T

t

eαs(Ys − Ȳs)(h(s, Zs)− h(s, Z̄s))ds

−
∫ T

t

eαs
d∑

j=1

|Zj
s − Z̄j

s |2ds−
∫ T

t

αeαs(Ys − Ȳs)2ds

=− 2
∫ T

t

eαs(Ys − Ȳs)
d∑

j=1

(Zj
s − Z̄j

s)dBj
s + 2

∫ T

t

eαs(Ys − Ȳs)(h(s, Zs)− h(s, Z̄s))ds

−
∫ T

t

eαs
d∑

j=1

|Zj
s − Z̄j

s |2ds−
∫ T

t

αeαs(Ys − Ȳs)2ds.

By taking expectation under Q we have

EQ[eαt(Yt − Ȳt)2] = EQ

{∫ T

t

eαs2(Ys − Ȳs)(h(s, Zs)− h(s, Z̄s))ds

}

− EQ

{∫ T

t

eαs|Zs − Z̄s|2ds

}
− EQ

{∫ T

t

αeαs(Ys − Ȳs)2ds

}
.

By the elementary inequality 2ab ≤ λ2a2 + b2/λ2, we have

2(Ys − Ȳs)(h(s, Zs)− h(s, Z̄s)) ≤ λ2(Ys − Ȳs)2 +
C2

4

λ2
|Zs − Z̄s|2.

Choosing λ2 = α and α = 2C2
4 , we obtain

EQ[e2C2
4 t(Yt − Ȳt)2] ≤ −1

2
EQ

{∫ T

t

e2C2
4s|Zs − Z̄s|2ds

}
≤ 0.
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Therefore, Yt = Ȳt for t ∈ [0, T ], a.s., and Zt = Z̄t for a.e. t ∈ [0, T ], a.s.. Now the only step left is

to verify E (N) is a uniformly-integrable martingale. By theorem A.5, we only need to verify N is a

BMO-martingale under P. Indeed, for any stopping time τ ≤ T ,

E
{|NT −Nτ |2|Fτ

}
=

d∑

j=1

E

{∫ T

τ

|βj
s |2ds|Fτ

}

≤ C15E

{∫ T

τ

(d + |Zs|2 + |Z̄s|2)ds|Fτ

}
a.s..

The way to control the integral term involving Z and Z̄ has already been presented in the proof of

Lemma 4.13. Therefore Q defined above is indeed an equivalent probability measure.

Now we turn to the proof of Theorem 4.17. The basic idea has already been presented in Section

4.3.2.1: to transfer the structure of weak solutions such that W1+d becomes the sample path space

for (Y, Z) and Wd that for W . What allows us to carry it through is regular conditional probability.

Proof of Theorem 4.17 We first prove pathwise uniqueness implies uniqueness in law. Let

(Ω,F ,P), {Ft}, (Y, Z,W ) and (Ω̄, F̄ , P̄), {F̄t}, (Ȳ , Z̄, W̄ ) be two weak solutions. Let W1+d and

W̄1+d be two copies of C([0, T ];R) × C([0, T ];Rd). By using the regular conditional probability

Q{·|ω} and Q̄{·|ω}, we define a probability measure π on the probability space (Θ,B(Θ)) by

π ((dy, dz), (dȳ, dz̄), dω) = Q{(dy, dz)|ω}Q̄{(dȳ, dz̄)|ω}PW (dω)

where

(Θ,B(Θ)) =
(
W1+d × W̄1+d ×Wd,BY ⊗ BZ ⊗ BȲ ⊗ BZ̄ ⊗ BW

π)

with BY ⊗ BZ ⊗ BȲ ⊗ BZ̄ ⊗ BW
π

denoting the completion of BY ⊗BZ⊗BȲ ⊗BZ̄⊗BW under π. On

(Θ,B(Θ), π), we further define the filtration {Gt} which is generated by σ((ys, zs), (ȳs, z̄s), ωs : s ≤ t)

augmented by the π-null sets in B(Θ). Then under π and {Gt}, ω is still a Wiener process. In fact

by the compatibility constraint in Definition 4.3, we know BY
t ⊗ BZ

t is independent of BW
t̂

. It is

obvious BW
t is independent of BW

t̂
. Hence for At ∈ BY

t ⊗ BZ
t ,

Q{At|ω} = Q{At|ωt}.

Likewise we also have Q̄{Āt|ω} = Q̄{Āt|ωt} for Āt ∈ BȲ
t ⊗ BZ̄

t . Based on the above relationship,

for Bt ∈ BW
t , u ∈ [t, T ] and ξ ∈ Rd, we obtain

Eπ
[
ei〈ξ,ωu−ωt〉d1At1Āt

1Bt

]
=

∫

Bt

ei〈ξ,ωu−ωt〉dQ{At|ω}Q̄{Āt|ω}PW (dω)

=
∫

Bt

ei〈ξ,ωu−ωt〉dQ{At|ωt}Q̄{Āt|ωt}PW (dω)

=
∫

Wd

ei〈ξ,ωu−ωt〉dPW (dω)
∫

Bt

Q{At|ωt}Q̄{Āt|ωt}PW (dω)

=Eπ
[
ei〈ξ,ωu−ωt〉d

] ∫

Bt

Q{At|ω}Q̄{Āt|ω}PW (dω)

=Eπ
[
ei〈ξ,ωu−ωt〉d

]
π

(
At ∩ Āt ∩Bt

)
,
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and by the standard Dynkin arguments (see [42] and [71]), we deduce {ωu − ωt : t ≤ u ≤ T} is

independent of the σ-algebra Gt.

Therefore ((y, z), ω) and ((ȳ, z̄), ω) are two weak solutions on the same filtered probability space

(Θ,B(Θ), {Gt}, π). Pathwise uniqueness means

π ({(y, z), (ȳ, z̄), ω} ∈ Θ : (y, z) = (ȳ, z̄)) = 1, (4.20)

so for any A ∈ BY ⊗ BZ , the probability distribution P{ω̄ ∈ Ω : (Y (ω̄), Z(ω̄)) ∈ A} equals

π ({(y, z), (ȳ, z̄), ω} ∈ Θ : (y, z) ∈ A) = π ({(y, z), (ȳ, z̄), ω} ∈ Θ : (ȳ, z̄) ∈ A)

which is equal to the probability distribution P̄{ω̄ ∈ Ω̄ : (Ȳ (ω̄), Z̄(ω̄)) ∈ A}.
Now we prove the weak solution we constructed is in fact a strong solution. We, firstly, show

Q{·|ω} and Q̄{·|ω} assign full measure to the same singleton. By (4.20) and the definition of π, if

we define a set D = {((y, z), (y, z)) : (y, z) ∈ W1+d}, then
∫

Wd

∫

W1+d

∫

W1+d

1D((y, z), (ȳ, z̄))Q{(dy, dz)|ω}Q̄{(dȳ, dz̄)|ω}PW (dω) = 1.

Therefore, there exists a PW -null set N ∈ BW such that
∫

W1+d

∫

W1+d

1D((y, z), (ȳ, z̄))Q{(dy, dz)|ω}Q̄{(dȳ, dz̄)|ω} = 1, for ω ∈ Wd\N.

But this can only occur if there exists a BW
PW

/BY ⊗ BZ-measurable map Φ = (ΦY ,ΦZ) : Wd →
W1+d such that

Q{(dy, dz)|ω} = Q̄{(dy, dz)|ω} = δΦ(ω)((dy, dz)), for ω ∈ Wd\N.

It then follows that (y, z) = (ΦY (ω),ΦZ(ω)) for ω ∈ Wd\N . Recalling that the mapping ω 7→
Q{At|ω} is BW

t -measurable for At ∈ BY
t ⊗BZ

t , then by the standard Dynkin arguments used earlier,

Φ is in fact also BW
t

PW

/BY
t ⊗BZ

t -measurable. On any given filtered probability space (Ω,F ,Ft,P)

satisfying the usual conditions with W being a Brownian motion on it, we also have

ΦY (Wt) = φ(WT ) +
∫ T

t

h(s,ΦZ(Ws))ds

+
∫ T

t

d∑

j=1

ΦZ,j(Ws)f j(s,ΦZ,j(Ws))ds−
∫ T

t

d∑

j=1

ΦZ,j(Ws)dW j
s .

Hence Φ is a strong solution. ¥
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Chapter 5

QBSDEs and Credit Risk Modeling

5.1 Introduction

QBSDEs have found numerous applications in mathematical finance. For example, they appear

naturally when one wants to derive the value function for exponential utility maximization, to use

the idea of indifference pricing to hedge contingent claims written on non-tradeable assets, and to

consider the risk measure. We refer to the following papers and the reference therein for the examples

of QBSDEs in fiance: [6] [31] [36] [38] [60] and [73].

In this chapter we will further demonstrate the weak solution method to QBSDEs by considering

an example coming from credit risk modeling. Specifically, we will modify the Merton’s structural

model for credit risk by indifference pricing. Then QBSDEs appear naturally when we want to

characterize the indifference price and the associated hedging strategy. We emphasize the Cole-Hopf

transformation does not help us deduce the closed form solutions in our case, though by Theorem

4.2 in the last chapter we know the solutions to our QBSDE must exist. The advantage of our weak

solution method is that it allows us to really work out the solutions of QBSDEs rather than proving

the existence only.

Since indifference pricing plays a central role in this chapter, we start with a short review of the

indifference pricing literature. Indifference pricing is a pricing mechanism especially usefully when

the financial market is incomplete. It originates from optimal portfolio problems in incomplete

markets. Instead of choosing an equivalent martingale measure for the valuation of a derivative,

the mechanism is to find the price at which the buyer (or writer) of such derivative is indifferent

in terms of the maximum expected utilities of holding and of not holding that derivative. The

approach was initiated by Hodges and Neuberger [37] and further developed by Davis [21]. In [77]

Zariphopoulou made a crucial observation of the structure of the equations derived from optimal

portfolio problems in incomplete markets, and introduced the Cole-Hopf transformation to solve such

kind of problems. This is a crucial step to the development of indifference pricing. For example, by

applying the Cole-Hopf transformation, Henderson [35] provided the solutions for power utilities and
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exponential utilities respectively, in which the pricing formula for exponential utility was derived and

also expansions for the price under power utility. On the other hand, Musiela and Zariphopoulou

[61] also solved the indifference price explicitly for the exponential utility. For a general overview of

indifference pricing, we refer to the monograph [15].

5.1.1 Main results of this chapter

The main aim of this chapter is to demonstrate how the weak solution method introduced in

the last chapter can be applied to mathematical finance. The discussion is somehow intuitive and

formal, so none of this chapter’s results are formulated as theorems.

In Section 5.2, we propose the weak formulation of optimal portfolio problems, which is in

the same spirit of the weak formulation for stochastic control problems (See Yong and Zhou [76]).

Roughly speaking, instead of solving optimal portfolio problems on any given probability space,

we will choose a convenient probability space that we will work on. The reason why this might

work is that our objective of optimal portfolio problems is to maximize the expectation of a certain

random variable (the terminal wealth) that depends only on the probability distribution of the

processes involved. Therefore if the state equations (the wealth equations) on different probability

spaces have the same probability distribution, then we have more freedom in choosing a convenient

probability space to work with. Under the weak formulation, we can use weak solutions of QBSDEs

to characterize the value function and the optimal strategies of optimal portfolio problems.

In Section 5.3, we consider a specific financial problem in the setting of credit risk modeling.

The classical Merton’s structural model implicitly assumes the company’s assets, as the underlying

assets, are tradeable in the market. However in reality this can hardly be verified, as the company’s

asset value is only a concept on the company’s balance sheet. We modify the classical Merton’s

model by indifference pricing. The indifference price and the hedging strategy of the corporate bond

subject to credit risk are characterized by the weak solution of an associated QBSDE. We further

apply our weak solution method to really work out the solution of such QBSDE.

This chapter is mainly a continuation of the author’s transfer thesis [47]. Some of the results are

also taken from the author’s paper [48] with Jiang and [36] with Henderson. We should also mention

that our work are influenced by Bielecki and Jeanblanc [6], though they considered the credit risk

in a reduced-form setting.

5.2 Weak formulation of optimal portfolio problems

In this section we consider the weak formulation of optimal portfolio problems, which will be

used later to model the credit risk of corporate bonds.
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5.2.1 Basic assumptions and formulation

We first give the following assumptions for the optimal portfolio problem we want to consider.

Assumption 5.1 (model uncertainty)

Let (Ω,F ,P) be a complete probability space which is to be determined, and {Ft} be its asso-

ciated filtration satisfying the usual conditions, which is also to be determined.

Assumption 5.2 (the market)

The market is built with three assets: a risk-free bond with zero interest rate, a stock and

a corporate bond. The latter of the two are issued by a company. The stock price satisfies the

following SDE on the above given probability space:
{

dSt/St = µS
t dt + σS

t dWS
t + σ̄S

t dW̄t,
S0 = s,

(5.1)

while the price of the company’s asset value follows
{

dVt/Vt = µV
t dt + σV

t dWV
t + σ̄V

t dW̄t,
V0 = v

(5.2)

on the same given probability space. The process W = (WS ,WV , W̄ ) is a three-dimensional Brown-

ian motion to be determined. (Note that here W is not the continuous function space as in Chapter

4.) The market coefficients, µi, σi, σ̄i for i = S, V , are bounded and deterministic functions. The

stock can be traded in the market, while the company’s assets are non-tradeable, since the com-

pany’s asset value is only a concept on the company’s balance sheet.

Assumption 5.3 (the contract of the corporate bond)

The corporate bond’s maturity is T > 0. At time T , the bondholder (or called investor) will

get the face value F if no default happens up to T . If the company is unable to honor its liability,

the investor will take over the company and will get VT . Therefore the payoff of this contract is

min(VT , F ). We note that the payoff function is Lipschitz continuous and bounded.

Assumption 5.4 (the investor)

The investor has an exponential utility function depending on his/her terminal wealth, which

has the form:

U(x) = −e−γx, for x ∈ R,

where γ ≥ 0 representing the degree of the investor’s risk aversion.

Assumption 5.5 (the trading strategy)

The investor, with initial wealth x, invests in both the stock and the risk-free bond during the

time period [0, T ]. Let π be the amount of money invested in the stock. We assume π is taken from
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the following admissible set, which of course depends on the above given probability space.

Aad := {π : [0, T ]× Ω → R : π is Ft-adapted, self-financing and ||π||H2[0,T ] < ∞.}

We call π an admissible trading strategy if π ∈ Aad. The adapteness of π means the investor cannot

anticipate the future. π is self-financing means during the time period [0, T ], there is no extra money

flow out of and into his/her portfolio, and gains and losses are only obtained by trading the stock. π

is H2-finite in order to guarantee that there is no arbitrage. The dynamics of the investor’s wealth

process, denoted by Xx(π), follows
{

dXx
t (π) = πt(µS

t dt + σS
t dWS

t + σ̄S
t dW̄t),

Xx
0 (π) = x.

(5.3)

Assumption 5.6 (the cost functional)

The investor purchases the corporate bond with price C at time t = 0, and invests the rest of

the wealth x− C in the stock and the risk-free bond. During the investment horizon [0, T ], he/she

continuously trades the stock and the risk-free bond by the admissible trading strategy π. At time

t = T , he/she receives the total amount Xx−C
T (π) + min(VT , F ). The investor chooses the optimal

trading strategy to maximize the following cost functional:

sup
π∈Aad

EP
[
−e−γ(Xx−C

T (π)+min(VT ,F ))
]
.

Here we use the superscript P to emphasize the expectation is taken under the probability measure

P, which is to be determined.

Now we can give the definition of weak admissible trading strategy and the corresponding weak

formulation of optimal portfolio problem.

Definition 5.1 A triple (Ω,F ,P) {Ft} and (π,W) is called a weak admissible trading strategy if

(1) (Ω,F ,P) is a complete probability space with the filtration {Ft} satisfying the usual conditions;

(2) W is a Brownian motion, and the increment {Wu −Wt : t ≤ u ≤ T} must be independent of

σ-algebra Ft;

(3) π is taken from the admissible set Aad.

The set of all weak admissible trading strategies is denoted as AW
ad, and a generic element in such

weak admissible set AW
ad is denoted as Π. The investor decides the optimal weak admissible trading

strategy Π in order to maximize his/her cost functional:

sup
Π∈AW

ad

EP
[
−e−γ(Xx−C

T (π)+min(VT ,F ))
]
. (5.4)

If the above optimal portfolio problem (5.4) can be solved under any given filtered probability space

(Ω,F ,Ft,P) with the Brownian motion W, then we will not emphasize whether the formulation is
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weak or not, and (5.4) is simply written as: (without emphasizing the superscript P)

sup
π∈Aad

E
[
−e−γ(Xx−C

T (π)+min(VT ,F ))
]
.

Under the weak formulation, the solutions to SDE (5.1) and (5.2) can certainly be explained

as the weak solutions in the usual sense. However we need to explain (5.3) more carefully. The

following explanation is taken from Yong and Zhou [76]. Because the coefficients of (5.3) depend on

ω ∈ Ω explicitly through the admissible trading strategy π, the weak solution to (5.3) does not make

sense. On the other hand, (5.3) is not defined on any given probability space, so the strong solution

cannot be defined as well. A solution to (5.3) is explained as follows: for a given filtered probability

space (Ω,F ,Ft,P) with the pair (π,W) taken from the weak admissible set AW
ad, Xx−C(π) satisfies

the following integral equation:

Xx−C
t (π) = (x− C) +

∫ t

0

πsµ
S
s ds +

∫ t

0

πs

(
σS

s dWS
s + σ̄S

s dW̄s

)
.

The motivation of introducing the weak formulation of optimal portfolio problems is more from

mathematics rather than finance. Later we will employ martingale optimality principle to deduce an

associate QBSDE as the characterization of the optimal portfolio, and we will further apply the weak

solution method introduced in the last chapter to solve such QBSDE. So weak formulation serves

as an auxiliary but effective mathematical model aiming at ultimately solving optimal portfolio

problems. The reason why this might work is that the objective is to maximize the expectation

of a certain random variable that depends only on the probability distribution of the processes

involved. Therefore if the solutions to (5.3) on different probability spaces have the same probability

distribution, then we have more freedom in choosing a convenient probability space to work with,

and the probability space will be chosen from the weak solution of the associated QBSDE.

5.2.2 Characterization by martingale optimality principle

In order to find the value function for the optimal portfolio problem (5.4) and the optimal weak

admissible trading strategy Π, we apply the martingale optimality principle. The basic idea behind

is to find a stochastic process which is a martingale for the optimal control, but a supermartingale

for any other control. To realize this, we resort to an auxiliary process (Yt)t∈[0,T ], which will be

characterized by the weak solution of an associated QBSDE.

For a given filtered probability space (Ω,F ,Ft,P) with a three-dimensional Brownian motion

W = (WS ,WV , W̄ ), all of which are to be determined, we want to construct a family of stochastic

processes (−e−γ(Xx−C
t (π)+Yt))t∈[0,T ], indexed by π ∈ Aad, such that

(1) the process (−e−γ(Xx−C
t (π)+Yt))t∈[0,T ] is a supermartingale for any π ∈ Aad, and there exists an

optimal π∗ ∈ Aad such that (−e−γ(Xx−C
t (π∗)+Yt))t∈[0,T ] is a martingale;

(2) the auxiliary process (Yt)t∈[0,T ] has the terminal value YT = min(VT , F ).
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If such auxiliary process (Yt)t∈[0,T ] and the optimal π∗ exist, then we have

EP
[
−e−γ(Xx−C

T (π)+YT )
]
≤ −e−γ(x−C+Y0), for any π ∈ Aad,

and

EP
[
−e−γ(Xx−C

T (π∗)+YT )
]

= −e−γ(x−C+Y0), for optimal π∗ ∈ Aad.

Therefore

sup
π∈Aad

EP
[
−e−γ(Xx−C

T (π)+YT )
]

= EP
[
−e−γ(Xx−C

T (π∗)+YT )
]

= −e−γ(x−C+Y0).

Note that the filtered probability space (Ω,F ,Ft,P) and the Brownian motion W are still to be

determined. Next we use the weak solution of an associated QBSDE to characterize the auxiliary

processes Y and π∗, which also provides us with the filtered probability space (Ω,F ,Ft,P) and the

Brownian motion W.

Proposition 5.2 Let (Ω,F ,P), {Ft} and (Y,Z,W) (with Z = (ZV , Z̄)) be the weak solution to the

following QBSDE:

Yt = min(VT , F )−
∫ T

t

fsds−
∫ T

t

(ZV
s dWV

s + Z̄sdW̄s) (5.5)

with

ft =
γ

2
(ZV

t )2 +
γ

2
(σS

t )2

(σS
t )2 + (σ̄S

t )2

(
Z̄t +

µS
t σ̄S

t

γ(σS
t )2

)2

− (µS
t )2

2γ(σS
t )2

.

Then the value function of the optimal portfolio problem (5.4) is given by

sup
Π∈AW

ad

EP
[
−e−γ(Xx−C

T (π)+min(VT ,F ))
]

= −e−γ(x−C+Y0),

and the optimal weak admissible trading strategy Π∗ is the triple (Ω,F ,P), {Ft} and (π∗,W) with

π∗t = − σ̄S
t

(σS
t )2 + (σ̄S

t )2
Z̄t +

µS
t

γ[(σS
t )2 + (σ̄S

t )2]
. (5.6)

Proof. On a given filtered probability space (Ω,F ,Ft,P) with the Brownian motion W, we

suppose (Yt)t∈[0,T ] satisfies the following BSDE

Yt = min(VT , F )−
∫ T

t

fsds−
∫ T

t

(ZV
s dWV

s + Z̄sdW̄s),

where the driver f is to be determined. By applying Itô’s formula to e−γ(Xx−C
t (π)+Yt), we obtain

de−γ(Xx−C
t (π)+Yt)

= e−γ(Xx−C
t (π)+Yt)

{
−γ(dXx−C

t (π) + dYt) +
γ2

2
d[Xx−C(π) + Y, Xx−C(π) + Y ]t

}

= e−γ(Xx−C
t (π)+Yt)

{
−γµS

t πt − γft +
γ2

2
[
(σS

t )2π2
t + (σ̄S

t )2π2
t + (ZV

t )2 + (Z̄t)2 + 2σ̄S
t Z̄tπt

]}
dt

+ martingale term.
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Since (−e−γ(Xx−C
t (π)+Yt))t∈[0,T ] is a supermartingale for any π ∈ Aad, and a martingale for optimal

π∗ ∈ Aad, we must have

−γµS
t πt − γft +

γ2

2
[
(σS

t )2π2
t + (σ̄S

t )2π2
t + (ZV

t )2 + (Z̄t)2 + 2σ̄S
t Z̄tπt

] ≥ 0, for any π ∈ Aad,

and

−γµS
t π∗t − γft +

γ2

2
[
(σS

t )2(π∗t )2 + (σ̄S
t )2(π∗t )2 + (ZV

t )2 + (Z̄t)2 + 2σ̄S
t Z̄tπ

∗
t

]
= 0.

By rewriting the above inequalities, we need to find ft and π∗ such that

γ2

2
[(σS

t )2 + (σ̄S
t )2]

(
πt +

σ̄S
t

(σS
t )2 + (σ̄S

t )2
Z̄t − µS

t

γ[(σS
t )2 + (σ̄S

t )2]

)2

+
γ2

2
(ZV

t )2 +
γ2

2
(σS

t )2

(σS
t )2 + (σ̄S

t )2

(
Z̄t +

µS
t σ̄S

t

γ(σS
t )2

)2

− (µS
t )2

2(σS
t )2

− γft ≥ 0, for any π ∈ Aad,

and equality holds for optimal π∗. Therefore, we must have

ft =
γ

2
(ZV

t )2 +
γ

2
(σS

t )2

(σS
t )2 + (σ̄S

t )2

(
Z̄t +

µS
t σ̄S

t

γ(σS
t )2

)2

− (µS
t )2

2γ(σS
t )2

,

and

π∗t = − σ̄S
t

(σS
t )2 + (σ̄S

t )2
Z̄t +

µS
t

γ[(σS
t )2 + (σ̄S

t )2]
.

To finish this subsection, we use the martingale optimality principle to characterize the value

function for the above optimal portfolio problem (5.4) but without the extra payoff min(VT , F ). The

following is nothing new, but we present it here in order to compare the difference of constructing

the auxiliary process Y with and without the extra payoff min(VT , F ).

We are still under the Assumptions 5.1-5.5. However the cost functional in Assumption 5.6 is

replaced by the following

Assumption 5.6′ (the cost functional)

The investor does not purchase the corporate bond during the time period [0, T ]. At time t = 0,

the investor invests in both the stock and the risk-free bond, and during time period [0, T ] he/she

continuously trades them based on the admissible trading strategy π. At time t = T , he/she gets

the total amount Xx
T (π). He/she wants to maximize the following cost functional:

sup
π∈Aad

EP
[
−e−γXx

T (π)
]

(5.7)

on a filtered probability space (Ω,F ,Ft,P) with the Brownian motion W, both of which are to be

determined. If we use the weak formulation as in Definition 5.1, then (5.7) can be rewritten as

sup
Π∈AW

ad

EP
[
−e−γXx

T (π)
]
.
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Next we also apply the martingale optimality principle to find the value function for the opti-

mal portfolio problem (5.7). The idea is the same as before. For a given filtered probability space

(Ω,F ,Ft,P) with the Brownian motion W, we want to construct a family of stochastic processes

(−e−γ(Xx−C
t (π)+Ȳt))t∈[0,T ], indexed by π ∈ Aad, such that

(1) the process (−e−γ(Xx−C
t (π)+Ȳt))t∈[0,T ] is a supermartingale for any π ∈ Aad, and there exists an

optimal π̄∗ ∈ Aad such that (−e−γ(Xx−C
t (π̄∗)+Ȳt))t∈[0,T ] is a martingale;

(2) the process (Ȳt)t∈[0,T ] has the terminal value ȲT = 0.

If such an auxiliary process (Ȳt)t∈[0,T ] and the optimal π̄∗ exist, then we have

EP
[
−e−γXx

T (π)
]

= EP
[
−e−γ(Xx

T (π)+ȲT )
]
≤ −e−γ(x+Ȳ0), for any π ∈ Aad,

and

EP
[
−e−γXx

T (π̄∗)
]

= EP
[
−e−γ(Xx

T (π̄∗)+ȲT )
]

= −e−γ(x+Ȳ0), for optimal π̄∗ ∈ Aad.

Therefore,

sup
π∈Aad

EP
[
−e−γXx

T (π)
]

= EP
[
−e−γXx

T (π̄∗)
]

= −e−γ(x+Ȳ0).

To construct such an auxiliary process Ȳ , because its terminal data is deterministic ȲT = 0, by

Corollary 2.10 in Chapter 2, Ȳ should be expected to satisfy an ODE. We suppose

dȲt = f̄tdt with ȲT = 0,

where f̄t is to be determined. Applying Itô’s formula to e−γ(Xx−C
t (π)+Ȳt), we obtain

de−γ(Xx−C
t (π)+Ȳt)

= e−γ(Xx−C
t (π)+Ȳt)

{
−γ(dXx−C

t (π) + dȲt) +
γ2

2
d[Xx−C(π) + Ȳ ,Xx−C(π) + Ȳ ]t

}

= e−γ(Xx−C
t (π)+Ȳt)

{
−γµS

t πt − γf̄t +
γ2

2
[
(σS

t )2π2
t + (σ̄S

t )2π2
t

]}
dt

+ martingale term.

Since (−e−γ(Xx−C
t (π)+Ȳt))t∈[0,T ] is supermartingale for any π ∈ Aad, and a martingale for optimal

π̄∗ ∈ Aad, in analogy to the arguments in Proposition 5.2, we must have

γ2

2
[(σS

t )2 + (σ̄S
t )2]

(
πt − µS

t

γ[(σS
t )2 + (σ̄S

t )2]

)2

− (µS
t )2

2[(σS
t )2 + (σ̄S

t )2]
− γf̄t ≥ 0, for any π ∈ Aad,

with inequality holding for optimal π̄∗. Therefore,

f̄t = − (µS
t )2

2γ[(σS
t )2 + (σ̄S

t )2]
,
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and

π̄∗t =
µS

t

γ[(σS
t )2 + (σ̄S

t )2]
. (5.8)

In this case, we can solve Ȳ explicitly on any given probability space, so there is no need to emphasize

the weak formulation by the convention in Definition 5.1. In fact

Yt =
∫ T

t

(µS
s )2

2γ[(σS
s )2 + (σ̄S

s )2]
ds,

and the value function for the optimal portfolio problem (5.7) is: (without emphasizing the super-

script P)

sup
π∈Aad

E
[
−e−γXx

T (π)
]

= − exp

{
−γ

(
x +

∫ T

0

(µS
s )2

2γ[(σS
s )2 + (σ̄S

s )2]
ds

)}
. (5.9)

5.3 A modified structural model for credit risk

In this section we propose a modified Merton’s structural model based on the idea of indifference

pricing. The basic machinery we will employ is the weak formulation of optimal portfolio problems

and the weak solution method for QBSDEs.

5.3.1 Revisit of Merton’s model

The basis of structural models, which goes back to Merton [59], is built on the premise that

there exists a fundamental process V interpreted as the value of the company’s assets, which is in

fact a concept on the company’s balance sheet. The corporate bond is regarded as a contingent

claim written on the company’s assets, and the default is triggered if the company is under financial

distress, i.e. the company’s asset value V falls below its liability value. Therefore the no-arbitrage

argument might be applied to model credit risk. For a detail introduction of Merton’s model and

the related literature, we refer to the author’s transfer thesis [47], as well as the author’s paper [51]

with Ren.

There is an implicit, but critical, assumption in most of structural models, namely the uniqueness

of equivalent martingale measure. (See Appendix A.3 for the definition of martingale measures.)

Most of the literature on credit risk focuses on the pricing issues and postulates this assumption

without questioning it. However such assumption seems to make sense only if investors can trade

the company’s assets in the market. Since it is hard to define a meaningful process for company’s

asset value, let alone trade it in the market, the no-arbitrage argument is not sufficient to determine

a unique price. In other words, we cannot obtain the corporate bond price uniquely, because the

credit risk, which arises from the collapse of the firm’s asset value, cannot be hedged by the under-

lying. We want to relax the assumption of the uniqueness of equivalent martingale measure, and

modify Merton’s model by embedding it into the optimal portfolio problem in an incomplete market

framework.
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5.3.2 Modifying Merton’s model by indifference pricing

We apply the idea of indifference pricing to Merton’s model in this subsection. Roughly speaking,

the indifference price of the corporate bond is such that the investor is indifferent with and without

holding such corporate bond when he/she solves the optimal portfolio problem. We follow the

notations in Section 5.2.

Definition 5.3 The indifference price of the corporate bond issued by the company, denoted by C,

is such that the value functions for the optimal portfolio problems (5.4) and (5.7) coincide. That is

sup
Π∈AW

ad

EP
[
−e−γ(Xx−C

T (π)+min(VT ,F ))
]

= sup
π∈Aad

EP
[
−e−γXx

T (π)
]
,

where Π is taken from the weak admissible set AW
ad, i.e. the corresponding probability space also

needs to be determined, and π is taken from the admissible set Aad on the probability space which is

determined from Π∗.

The hedging strategy for such corporate bond is given by π∗ − π̄∗ on the probability space deter-

mined from Π∗, where π∗ is given by (5.6) and π̄∗ is given by (5.8).

For the properties of such indifference price and hedging strategy and how they can be related

to the classical Merton’s model, we refer to the author’s transfer thesis [47]. In the following we

concentrate on how to solve such indifference price C and the hedging strategy π∗ − π̄∗.

By Proposition 5.2, we know the value function of the optimal portfolio problem (5.4) has the

form

−e−γ(x−C+Y0),

and by (5.9), the value function for the optimal portfolio problem (5.7) is

− exp

{
−γ

(
x +

∫ T

0

(µS
s )2

2γ[(σS
s )2 + (σ̄S

s )2]
ds

)}
.

So the indifference price C is given by

C = Y0 −
∫ T

0

(µS
s )2

2γ[(σS
s )2 + (σ̄S

s )2]
ds,

and by (5.6) and (5.8), the hedging strategy π∗ − π̄∗ is given by

π∗ − π̄∗ = − σ̄S
t

(σS
t )2 + (σ̄S

t )2
Z̄t.

Hence constructing the indifference price of the corporate bond and its hedging strategy reduces

to find the weak solution of BSDE (5.5). Before presenting how to solve BSDE (5.5), we emphasize

that the Cole-Hopf transformation does not help us deduce the closed form solutions, though by

Theorem 4.2 we know the solutions to BSDE (5.5) must exist. The advantage of our weak solution

84



method is that it allows us to really work out the solution of BSDE (5.5) rather than proving the

existence only.

We use the strong solution of the following FBSDE (5.10) to construct the weak solution of

BSDE (5.5). We start with a Brownian motion B = (BS , BV , B̄) on (Ω,F ,Q) with the filtration

{Ft} satisfying the usual conditions, and consider the following FBSDE:




d lnVt =
{

µV
t −

1
2
[(σV

t )2 + (σ̄V
t )2]

}
dt− σV

t

γ

2
ZV

t dt

−σ̄V
t

{
γ(σS

t )2

2[(σS
t )2 + (σ̄S

t )2]
Z̄t +

µS
t σ̄S

t

(σS
t )2 + (σ̄S

t )2

}
dt + σV

t dBV
t + σ̄V

t dB̄t,

lnV0 = ln v,

dYt = − (µS
t )2

2γ[(σS
t )2 + (σ̄S

t )2]
dt + ZV

t dBV
t + Z̄tdB̄t,

YT = min(eln VT , F ).

(5.10)

Note that the above FBSDE (5.10) is linear, and moreover, its coefficients satisfy Lipschitz condition

2.3. Therefore, by Theorem 2.12, there exist (Y,Z) ∈ C∞([0, T ];R)×H2([0, T ];R2) with the forward

process (ln Vt)t∈[0,T ] ∈ C([0, T ];R).

Based on the solution (Y,Z), we define a new probability measure P by

dP
dQ

= E (N),

where E (N) is the Doléans-Dade exponential of N with

N =
∫ ·

0

γ

2
ZV

t dBV
t +

∫ ·

0

{
γ(σS

t )2

2[(σS
t )2 + (σ̄S

t )2]
Z̄t +

µS
t σ̄S

t

(σS
t )2 + (σ̄S

t )2

}
dB̄t.

By Lemma 4.13 in Chapter 4, we know that P is indeed an equivalent probability measure. Under

the new probability measure P, by Girsanov’s theorem, W = B− [B, N ] is a Brownian motion with




WS = BS ,

WV = BV −
∫ ·

0

γ

2
ZV

t dt,

W̄ = B̄ −
∫ ·

0

{
γ(σS

t )2

2[(σS
t )2 + (σ̄S

t )2]
Z̄t +

µS
t σ̄S

t

(σS
t )2 + (σ̄S

t )2

}
dt.

Under the probability measure P and with the Brownian motion W, we rewrite the backward

equation in FBSDE (5.10):

dYt =− (µS
t )2

2γ[(σS
t )2 + (σ̄S

t )2]
dt

+ ZV
t

(
dWV

t +
γ

2
ZV

t dt
)

+ Z̄t

(
dW̄t +

{
γ(σS

t )2

2[(σS
t )2 + (σ̄S

t )2]
Z̄t +

µS
t σ̄S

t

(σS
t )2 + (σ̄S

t )2

}
dt

)

=ftdt + ZV
t dWV

t + Z̄tdW̄t
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with YT = min(VT , F ), and rewrite the forward equation in FBSDE (5.10):

dVt/Vt = µV
t dt + σV

t dWV
t + σ̄V

t dW̄t.

Therefore the triple (Ω,F ,P), {Ft} and (Y,Z,W) is just one weak solution we want to find.

We conclude this section by summarizing the above results as the following proposition:

Proposition 5.4 Let Y and Z̄ be constructed from the weak solution of BSDE (5.5). Then, the

indifference price of the corporate bond offering payoff min(VT , F ) is given by

Y0 −
∫ T

0

(µS
s )2

2γ[(σS
s )2 + (σ̄S

s )2]
ds,

and the associated hedging strategy is given by

− σ̄S
t

(σS
t )2 + (σ̄S

t )2
Z̄t.
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Appendix A

Preliminaries of Stochastic
Analysis

In this appendix we recall some stochastic analysis tools that are particular important to us and

used throughout the thesis. For the general theory and its details we refer to [42] by Karatzas and

Shreve and [71] by Revuz and Yor .

A.1 Special semimartingales and canonical decomposition

Let (Ω,F ,Ft,P) be a filtered probability space which satisfies the usual conditions. That is

(Ω,F ,P) is a complete probability space, F0 contains all the P-null sets of F and Ft = Ft+, i.e. the

filtration {Ft} is right continuous. Any martingale on such (Ω,F ,Ft,P) has a modification whose

sample paths are right continuous with left limits, or simply called Càdlàg. So by a martingale, we

always mean a martingale which has Càdlàg sample paths. For given T > 0, all of our processes are

defined and considered only within the interval [0, T ].

Recall an Ft-adapted Càdlàg process Y is a semimartingale if there exists processes M and V

with V0 = 0 such that

Yt = Mt − Vt, (A.1)

where M is a local martingale and V is a finite variation process. If V is further predictably measur-

able, then Y is called a special semimartingale. The typical example of a special semimartingale is

a semimartingale with bounded jumps, i.e. |∆Yt| ≤ ε < ∞ for t ∈ [0, T ]. In particular, a continuous

semimartingale is a special semimartingale with both M and V being continuous.

For the special semimartingale Y , the above decomposition (A.1) is unique, which depends on

the following fact: (See Protter [69])

Proposition A.1 Let M be a local martingale with paths of finite variation. If M is predictably

measurable, then M must be a constant, i.e. Mt = M0 for t ∈ [0, T ].
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Now suppose the special semimartingale Y admits another decomposition Yt = Nt −At with N

being a local martingale and A being a predictably measurable finite variation process, then

Mt −Nt = Vt −At.

Therefore, V −A is a predictable measurable finite variation process which is also a local martingale.

Since V0 −A0 = 0, by Proposition A.1, we must have Vt = At for t ∈ [0, T ].

Definition A.2 If Y is a special semimartingale, then the unique decomposition Yt = Mt− Vt with

V0 = 0 and V being predictably measurable is called the canonical decomposition.

A.2 Continuous BMO-martingales

In this section we only consider continuous martingales. Let M be a continuous martingale. For

p ≥ 1, define the continuous martingale space Hp([0, T ];Rd) equipped with the Hp-norm:

||M ||Hp[0,T ] = E
{

[M, M ]p/2
T

}1/p

.

By the Burkholder-Davis-Gundy inequality, there exist constants C1 and C2 such that

C1||M ||Hp[0,T ] ≤ E

{
sup

t∈[0,T ]

|Mt|p
}1/p

≤ C2||M ||Hp[0,T ].

If furthermore p > 1, by Doob’s inequality, || · ||Hp[0,T ] is equivalent to the following Lp
T -norm:

||M ||Hp[0,T ] ∼ E [|MT |p]1/p
.

For p > 1, Hp([0, T ];Rd) is the dual space of Hq([0, T ];Rd), where q is the conjugate of p,

i.e. 1/p + 1/q = 1. However for p = 1, the dual space of H1([0, T ];Rd) is strictly larger than

H∞([0, T ];Rd), the class of all continuous martingales with bounded quadratic variation. In fact

the dual space of H1([0, T ];Rd) is BMO([0, T ];Rd). Let us first recall BMO-martingales.

Definition A.3 Let M ∈ H2([0, T ];Rd). Then M is called a BMO2-martingale if there exists a

constant C3 such that for any stopping time τ ≤ T , we have

E
{|MT −Mτ |2|Fτ

} ≤ C2
3 a.s.,

and the smallest C3 is defined to be the BMO2-norm. We define BMO2([0, T ];Rd) space by

BMO2([0, T ];Rd) = {M ∈ H2([0, T ];Rd) : ||M ||BMO2[0,T ] < ∞}.

Analogously, we can also define the BMOp([0, T ];Rd) space for any p ≥ 1, and all BMOp-norms

turn out to be equivalent to each other:
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Proposition A.4 There exists a constant C4 such that

||M ||BMO1[0,T ] ≤ ||M ||BMOp[0,T ] ≤ C4||M ||BMO1[0,T ]. (A.2)

Proof. The first inequality simply follows from Jensen’s inequality, while the second inequality

is deduced from the following John-Nirenberg inequality: (See He et al [34])

E
{

e|MT−Mτ ||Fτ

}
≤ 1

1− 4||M ||BMO1[0,T ]
a.s. (A.3)

for any stopping time τ ≤ T , if ||M ||BMO1[0,T ] ≤ 1
4 .

Now we define M̃ = M
8||M ||BMO1[0,T ]

. Since

||M̃ ||BMO1[0,T ] =
1
8

<
1
4
,

we can apply (A.3) to M̃ and obtain

E
{

e|M̃T−M̃τ ||Fτ

}
≤ 1

1− 4||M̃ ||BMO1[0,T ]

= 2 a.s..

So for any p ≥ 1,
E{|MT −Mτ |p|Fτ}
p!(8||M ||BMO1[0,T ])p

≤ 2 a.s.,

i.e. E{|MT −Mτ |p|Fτ}1/p ≤ 8 · 21/p(p!)1/p||M ||BMO1[0,T ], a.s..

Because of Proposition A.4, we will simply write BMO-martingales without specifying p in the

thesis. Next, we turn to the duality between H1([0, T ];Rd) and BMO([0, T ];Rd), which in fact

follows from the following Fefferman’s inequality: (See He et al [34])

E{[M, N ]T } ≤ C5||N ||BMO[0,T ]||M ||H1[0,T ].

We finish this section by a characterization result of BMO-martingales: (See Kazamaki [43])

Theorem A.5 M is a continuous BMO-martingale iff its Doléans-Dade exponential E(M) is a

uniformly integrable martingale satisfying the following reverse Hölder’s inequality:

E[E(M)p
T |Fτ ] ≤ C6E(M)p

τ a.s.

for some p > 1, where τ ≤ T is an arbitrary stopping time.

A.3 Jacod-Yor’s martingale representation

It is well known that the martingale (or predictable) representation is intimately related to

the geometry property of the probability measure P, i.e. P is an extremal point. We will recall

the Jacod-Yor’s martingale representation in this section. In analogy to H2([0, T ];Rd), we denote

M2([0, T ];Rd) the space of Rd-valued square integrable martingales with Càdlàg sample paths.
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Definition A.6 A closed subspace A of M2([0, T ];R) is called a stable space if (i) for any A ∈ F0

and any martingale M ∈ A, then M·1A ∈ A; (ii) for any stopping time τ ≤ T and any martingale

M ∈ A, then M·∧τ ∈ A.

The stable space is also stable under taking Itô’s integrals: (See Protter [69])

Proposition A.7 Let A be a closed subspace of M2([0, T ];R). Then, A is stable iff A is stable

under taking Itô’s integrals: for any orthogonal martingale M = (M1, · · · ,Md)T with M j ∈ A, and

Z being predictably measurable such that

E{
d∑

j=1

∫ T

0

|Zj
s |2d[M j ,M j ]s} < ∞,

then
∫ ·
0
ZsdMs ∈ A. (The superscript T denotes matrix transposition.)

For A ⊂M2([0, T ];R), we denote S(A) the stable subspace generated by A, i.e. the intersection

of all closed stable subspaces containing A. We want to identify a condition such that

S(A) = M2([0, T ];R), (A.4)

which means any martingale M ∈ M2([0, T ];R) can be represented by the elements in A. This

turns out to be closely related to the property of P. We first define the set of martingale measures

associated with A, denoted as M2(A). A probability measure Q ∈ M2(A) if (i) Q is absolutely

continuous with respect to P; (ii) Q = P on F0; (iii) for any M ∈ A, M is also a square integrable

martingale under Q.

Definition A.8 A probability measure P ∈M2(A) is called an extremal point ofM2(A) if whenever

P = λQ1 + (1− λ)Q2 for Q1,Q2 ∈M2(A) and λ ∈ [0, 1], then λ must be either 0 or 1.

The following Jacod-Yor’s martingale representation provides us with a condition such that (A.4)

holds:

Theorem A.9 (Jacod and Yor [41]) Let A be a subset of M2([0, T ];R) containing constant mar-

tingales. Then (A.4) holds iff P is an extremal point of M2(A).

A familiar example is the Brownian martingale representation. To see this, let B = (B1, · · · , Bd)T

be a d-dimensional Brownian motion on (Ω,F ,P) with the natural filtration {FB
t } after argumenta-

tion. Since [Bi, Bj ]t = δijt under any Q ∈M2({B}), M2({B}) = {P}, and the probability measure

P is the trivial extremal point of M2({B}). Therefore S({B}) = M2([0, T ];R), i.e. any Brownian

martingale M ∈M2([0, T ];R) can be represented by the Brownian motion B.
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A.4 Canonical setup and regular conditional probabilities

To finish this appendix we recall the definitions of canonical setup and regular conditional proba-

bilities. Let (Ω,F ,P) be a complete probability space, and let (E, E) be a measurable space. Define

ET to be the set of all functions from [0, T ] to E.

Let (Xt)t∈[0,T ] be a stochastic process with the state space (E, E) on (Ω,F ,P). It can be regarded

as a random variable with values in ET , which is called the sample path space. Indeed, for t ∈ [0, T ],

we define the coordinate mapping Xt : ET → E by

Xt(x) = x(t), for x ∈ ET .

and the σ-algebra ET by ET = σ{x(t) : t ∈ [0, T ]}. We define the probability distribution of

(Xt)t∈[0,T ] as the image measure of P under the mapping X : Ω → ET by ω 7→ X(ω) for ω ∈ Ω.

That is PX = P ◦X−1.

Definition A.10 Let (Xt)t∈[0,T ] be a stochastic process given as above. Then (ET , ET ,PX) together

with the coordinate mapping Xt (or the generic element x ∈ ET ) is called the canonical setup for

(Xt)t∈[0,T ].

One of the advantages of the above canonical setup is that it allows us to compare two differ-

ent stochastic processes, possibly defined on different probability spaces. Next we recall regular

conditional probabilities (or disintegration of probability measures).

Definition A.11 Let (Ω,F ,P) be a complete probability space, and let X be a measurable map from

this space to a measurable space (E, E) on which it induces an image measure of P by PX = P◦X−1.

Then a regular conditional probability for F given X is a function Q{·|x} : F ×E → [0, 1] such that

(1) for x ∈ E, Q{·|x} is a probability measure on (Ω,F);

(2) for A ∈ F , x 7→ Q{A|x} is E-measurable;

(3) for A ∈ F and B ∈ E, we have

P(A ∩X−1(B)) =
∫

B

Q{A|x}PX(dx).

We say the above regular conditional probability is unique if Q′{·|x} is another such, then there

exists a PX -null set N such that Q{A|x} = Q′{A|x} for A ∈ F and x ∈ E\N. If both Ω and E

have certain topological structure, then the regular conditional probabilities exist and are unique.

(See Parthasarathy [65])

Theorem A.12 If both Ω and E are Polish spaces (i.e. separable and complete), then there exists

a unique regular conditional probability for F given X, and moreover Q{·|x} concentrates on the set

{ω ∈ Ω : X(ω) = x}. That is there exists a PX-null set N such that

Q{ω ∈ Ω : X(ω) = x|x} = 1, for x ∈ E\N.
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[63] Pardoux, É. and Peng, S., Backward stochastic differential equations and quasilinear parabolic

partial differential equations, Stochastic partial differential equations and their applications

(Charlotte, NC, 1991), Lecture Notes in Control and Inform. Sci., 176, 1992, 200–217.
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