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Abstract

In this thesis, we consider a class of stochastic dynamics running backwards, so called backward
stochastic differential equations (BSDEs) in the literature. We demonstrate BSDEs can be refor-
mulated as functional differential equations defined on path spaces, and therefore solving BSDEs is
equivalent to solving the associated functional differential equations. With such observation we can
solve BSDEs on general filtered probability space satisfying the usual conditions, and in particular
without the requirement of the martingale representation. We further solve the above functional
differential equations numerically, and propose a numerical scheme based on the time discretization
and the Picard iteration. This in turn also helps us solve the associated BSDEs numerically.

In the second part of the thesis, we consider a class of BSDEs with quadratic growth (QBSDEs).
By using the functional differential equation approach introduced in this thesis and the idea of the
Cole-Hopf transformation, we first solve the scalar case of such QBSDEs on general filtered proba-
bility space satisfying the usual conditions. For a special class of QBSDE systems (not necessarily
scalar) in Brownian setting, we do not use such Cole-Hopf transformation at all, and instead intro-
duce the weak solution method, which is to use the strong solutions of forward backward stochastic
differential equations (FBSDEs) to construct the weak solutions of such QBSDE systems. Finally
we apply the weak solution method to a specific financial problem in the credit risk setting, where
we modify the Merton’s structural model for credit risk by using the idea of indifference pricing.
The valuation and the hedging strategy are characterized by a class of QBSDESs, which we solve by

the weak solution method.
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Chapter 1

Introduction

1.1 Backward stochastic differential equations (BSDEs)

Stochastic differential equations (SDEs) may be considered as dynamic systems perturbed by ran-
dom signals which are often modeled by Brownian motion. One important class of SDEs considered

in the literature are equations of Ito’s type such as
dXt = a(t,Xt)dt—FO'(t,Xt)dBt, (11)

where B = (B!,--- , B%)T is a d-dimensional Brownian motion (The superscript 7" denotes matrix
transposition). a : R x R" — R" and 0 : R x R® — R"*? are the coefficients satisfying certain
regularity conditions. Itd gave the meaning of the solutions to SDE (1.1) by developing a theory of
stochastic integration with respect to Brownian motion (so called It6’s stochastic integration), and
obtained the solutions by specifying the data at a starting time 7" > 0.

It0’s stochastic integration requires that the solution X must be adapted to the underlying
filtration generated by Brownian motion B (see [42] and [71]). We denote this filtration by {F:}.
SDE (1.1) has to be interpreted as an integral equation:

X, =Xp+ /ta(&Xs)ds + /tJ(S,XS)dBS.

T T

If ¢ > T, the right hand side of the above equality is F;-measurable, so it is possible to solve the

equation forwards. However if ¢ < T, then the right hand side of the above equality is only Fp-

measurable, and it is not always possible to solve SDE (1.1) backwards. Therefore SDE (1.1) might
not be the correct form if one wants to solve the equations backwards.

On the other hand, nonlinear partial differential equations (PDEs) may give us some hints on

how to propose a correct form of SDEs running backwards. Inddeed, let us suppose ®(t,z) is a

classical solution to the following reaction-diffusion equation:

0, + %A@ +f(t,®) =0,
O(T,z) = ¢(z), for (¢t,z) € [0,T] x R?



with f : [0,7] x R® — R" and ¢ : R? — R™ satisfying certain regularity conditions. By applying

Itd’s formula to the process Y; = ®(¢, B;), we have

T T
Y = ¢(Br) —/t {@q’(S»Bs) + ;M(S,Bs)}ds —/t dM,

with
t
Mt:/ V&(s, Bs)dBs.
0

Using that ®(¢, z) satisfies PDE (1.2), we further obtain that

T T
Vi=o(Bn)+ [ fvyds— [ a.

This tells us that if we want to run the equation backwards, in order to force the solutions of SDE
being Fi-adapted, we need a martingale term to correct the equation. (It is M in our case.) On the
other hand, because we are in a Brownian filtration setting, according to martingale representation
theorem (see [42] and [71]), M can further be written as a stochastic integral of a predictable
representation process, denoted as Z, with respect to the Brownian motion B. In this way, we can
also include Z; in the coefficient f, which then becomes f(¢,Y;, Z;). A solution to a SDE running
backwards should be a pair of processes (Y, M) or (Y, Z).

In the fundamental paper by Pardoux and Peng [62], the following type of SDEs were proposed
and solved: on a Brownian filtered probability space (Q, F, F, P), for a given Fr-measurable random

variable &, they considered the equation:

T T
Yi=¢ +/ f(s,Ys, Zs)ds — / ZsdBs, (1.3)
t t

which is called a backward stochastic differential equation, or BSDE for short. Here, the coeffi-
cient f(t,y,z) is called the driver of the BSDE, and it is assumed to be Lipschitz continuous in
(y,2) € R" x R4, A solution to BSDE (1.3) is a pair of F;-adapted processes (Y, Z). Next we

give a short literature review of BSDEs.

(1) Development of backward stochastic differential equations

Bismut [7] [8] [9] firstly discovered and derived a class of SDEs with given terminal data when he
used the Pontryagin maximum principle studying stochastic control problems. The equations in [7]
[8] [9], which are linear, were extended and developed to a general nonlinear case by Pardoux and
Peng [62] in the early 1990s. BSDE has become one of active areas in stochastic analysis since then.

Lots of efforts have been put to relax the conditions on the parameters of BSDEs. For example,
Lepeltier and San Martin [52] relaxed the Lipschitz condition on the driver and worked on BSDEs
with linear growth condition. Darling and Pardoux [20] extended the BSDE from constant ter-
minal time to a stopping time. Various subsequent advances were summarized in the monograph

[28], while the recent paper by El Karoui et al [26] is an updated summary of main results of BSDEs.



(2) Forward-backward stochastic differential equations

It is natural to consider BSDEs coupled with SDEs, which are called forward-backward stochas-
tic differential equations (FBSDEs). Antonelli [1] is one of the first to consider FBSDEs. However
the driver of his FBSDEs does not involve the martingale representation part Z, and he could only
solve the equations with the time horizon small enough by employing the method of contraction
mapping. FBSDEs were further investigated by Ma et al [54], who developed the four-step-scheme
to solve the equations. They required the coefficients to be smooth enough in order to utilize the
PDE theory. Hu and Peng [39], Yong [75] and Peng and Wu [68] adapted the method of continuity
from the PDE theory, and solved FBSDEs with monotone coefficients. In [22] Delarue combined the
first two methods and solved FBSDEs globally with Lipschitz continuous assumptions on the coef-

ficients. Ma and Yong [55] is the first book to comprehensively study FBSDEs and their applications.

(8) Backward stochastic differential equations on general filtered probability space

Traditionally, BSDEs are always assumed to be defined on a probability space with Brownian
filtration. Tang and Li [74] are one of the first to study BSDEs with random jumps, and Barles et al
[4] discovered the connection between BSDEs with random jumps and a family of parabolic partial
integral differential equations. Rong [72] proved the existence and uniqueness of this class of BSDEs
under non-Lipschitz continuous assumption on the coefficients. The existence and uniqueness of
the solutions to a more general class of BSDEs on the filtered potability space satisfying the usual

conditions was proved by the author with Lyons and Qian in [49].

(4) Backward stochastic differential equations with quadratic growth

If the driver f(t,y,z) of BSDEs has at most quadratic growth with respect to z, the nature of
such stochastic equations completely changes. Such kind of BSDEs are usually called QBSDEs in the
literature. QBSDEs were firstly solved by Kobylanski [45] based on the Cole-Hopf transformation
adapted from the PDE theory. Her results were substantially developed and generalized by Briand
and Hu in [11] and [12], where they extended to the equations with unbounded terminal value and
convex driver, respectively. Later Morlais [60] generalized these results to the equations driven by
martingales instead of Brownian motion. However most of the existing results of QBSDEs are only
for the scalar case and heavily depend on the Cole-Hopf transformation. In [50] the author with
Lyons and Qian firstly attempted to solve QBSDE systems by using the weak solution method,

which does not employ the Cole-Hopf transformation.

(5) Reflected backward stochastic differential equations

El Karoui et al [27] introduced an obstacle to BSDEs such that the solution always stays above
such obstacle. This so called reflected BSDE was further developed to double reflected barriers with
Lipschitz continuous coefficients by Cvitani¢ and Karatzas [19], and by Hamadene et al [33] who

relaxed the Lipschitz continuous assumption.



(6) Weak solutions of backward stochastic differential equations

Most of the existing literature concentrates on the solutions of BSDEs in the strong sense, i.e.
the equations must be solved on any given probability space. One of the first attempts to introduce
weak solutions for BSDEs was given by Buckdahn et al [13]. Buckdahn and Engelbert [14] further
proved the uniqueness of weak solutions. However the driver of these BSDEs does not involve the
martingale representation part Z. On the other hand, the notion of weak solutions for FBSDEs was
introduced by Antonelli and Ma [2], and further developed by Ma et al in [57] [58] by employing the
martingale problem approach. Recently the weak solution method was further investigated by the

author with Lyons and Qjian in [50] by considering a nonlinear version of Girsanov’s transformation.

(7) Numerical solutions of backward stochastic differential equations

The early work of numerical solutions of BSDEs was basically based on the finite difference
method for PDEs, which is not so surprising because of the intrinsic link between BSDEs and PDEs;
see, for example, [24] and [53]. In [56], Ma and Zhang proved the path regularity of the martingale
representation part of the solutions to BSDEs, which motivated Zhang [81] and Bouchard and Touzi
[10] to develop the numerical algorithms for BSDEs based on the time discretization, which is in the
same spirit of numerical solutions to SDEs. For further developments in this direction see [5] [18] [32]
as well as the author’s recent paper [16] with Casserini, where we considered the time discretization

of functional differential equations associated to BSDEs.

(7) Applications of backward stochastic differential equations
The theory of backward stochastic differential equations has been found many applications in

nonlinear partial differential equations, stochastic control, and mathematical finance.

(7.1) Connection to nonlinear partial differential equations

By using the solution of BSDEs, Peng [67] firstly derived a probabilistic representation (Feynman-
Kac representation) for the solution of quasi-linear PDEs; see, also, Pardoux and Peng [63]. The
connection of BSDEs with random jumps to a class of parabolic partial integral differential equa-
tions was discovered by Barles et al [4]. Recently Cheridito et al [17] represented the solutions of
fully nonlinear PDEs by introducing a new class of BSDEs with second-order, so called second-order
BSDEs. On the other hand, the connection between stochastic PDEs and a class of BSDEs with
double noise, so called backward double stochastic differential equations (BDSDEs), was established
by Pardoux and Peng [64]. This connection was further investigated by Bally and Matoussi [3], and
was substantially developed by Zhao and Zhang [78] and [79)].

(7.2) Connection to stochastic control problems



To derive the maximum principle as a necessary condition for optimal control problems, it is
well known the associated adjoint equations must satisfy certain backward equations. For stochas-
tic control problems, the corresponding adjoint equations are stochastic rather than deterministic.
Indeed, Peng [66] established a general stochastic maximum principle by considering both first or-
der and second order adjoint equations. The connection of stochastic control and BSDEs was also
discussed by Quenez [70]. On the other hand, Kohlmann and Zhou [44] interpreted BSDEs as some
stochastic control problems. A systematic account of BSDEs with their applications in stochastic

control problems is summarized in the book [76] by Yong and Zhou.

(7.3) Applications to mathematical finance

In [25] Duffie and Epstein discovered a class of nonlinear BSDEs in their study of recursive
utilities. Later El Karoui et al [30] applied BSDEs to option pricing problems and provided a
general framework for the application of BSDEs in finance. In order to deal with constraints on
the portfolios, Rouge and El Karoui [73] introduced a class of QBSDEs into finance. Hu et al [38]
further studied this class of BSDEs in a more general setting. The application of BSDEs in credit
risk modeling was studied by Bielecki and Jeanblanc [6], while El Karoui et al [29] used reflected
BSDEs to study American option pricing problems. Finally, Cvitani¢ and Karatzas [19] applied such

BSDEs to analyze stochastic differential games.

1.2 Main contribution of this thesis
1.2.1 Two central ideas of the thesis

The work herein is based on two key ideas. To ease the presentation, we first demonstrate them

in a simple setting.

(1) Functional differential equation approach
Let (Q,F,F;,P) be a filtered probability space satisfying the usual conditions. In this space,

consider a semimartingale, say (Y;):c[o,7], with the following decomposition:
Y, =M, -V, fortel0,T],

where M is local martingale with respect to {F;} and V is a finite variation process. If we further
know the terminal data of Y, say Y = & for some Fp-measurable random variable £, then we also

have £ = My — V. Therefore,

{ Y; = B[+ Vr|F] - Vi, (1.4)

M; = E[§ + Vr|F], for t € [0,T7.

The above relationship indicates that given the terminal data of a semimartingale, we can always

represent this semimartingale and its martingale part in terms of the associated finite variation part,



ie. Y and M are affine functionals of V. We will often write Y and M as Y(V) and M (V'), when
we want to emphasize their dependency on V.

Before we apply the above fundamental observation to a specific BSDE setting, let us look at
such relationship from the potential theory point of view. For this, we first recall that for a given

domain D C RY, a real-valued Ls.c function f is called superharmonic in D if it satisfies
/ flzx+y)or(dy) < f(x), forxz e D and r < dist(z,0D),
8B(0,r)

where o, is the measure on the surface of the ball 9B(0,r), normalized to have total mass 1. The
function f is called harmonic if the equality holds. If f is superharmonic in D, then there exists a

unique positive Borel measure on D such that the following Riesz decomposition holds:
f(x) =h(z)+ Gppu(x), forxz e D,

where h is harmonic in D and Gppu is the Green’s potential of pon D, i.e. Gpu(z) = [, G(z,y)pu(dy)
with G(z,y) as the Green’s function of the Laplace equation in R?. Given the boundary data of
such superharmonic function f, by the above Riesz decomposition, the Green’s potential Gpu is
often used to study f.

The probabilistic counterpart of the above Riesz decomposition is the Doob-Meyer decomposi-
tion. Indeed, for a supermartingale (Y;);c[o,r] With cadlag sample paths, the Doob-Meyer decom-
position says that there exists a unique increasing predictably measurable process V starting from
Vo = 0 such that M defined by M; = Y; + V, for ¢ € [0,T] is a martingale. The above relationship
(1.4) we just established tells us exactly the same thing as in the potential theory: given the ter-
minal data of a supermartingale (which is a semimartingale) defined on [0,T], we can study such
supermartingale by investigating the increasing predictably measurable process V.

Now we come back to the specific BSDE setting (1.3). We first observe that a solution to BSDE
(1.3) must be a special semimartingale, which admits a unique canonical decomposition. Therefore
it is natural to study BSDE (1.3) by investigating the equation that the finite variation part satisfies.
In the thesis we establish the equivalence between BSDE (1.3) and the following equation:

m:/ F(5,Y (V). Z(V),)ds (1.5)
0

with
Y(V) = E[§+ Vr|F] - Vi,

T
/ Z(V)sdBs = £+ Vi — E[€ + V| F.

Note that (1.5) is a functional differential equation defined on the path space. Due to this reason,
we will call our approach the functional differential equation approach, or the functional approach

for short, which explains the title of the thesis.



The functional differential equation approach may be made independent of the use of martingale
representation, provided that one is willing to replace the predictable representation Z by a general
functional of V', thus free us from the requirement of Brownian filtration setting. We may consider
the correction martingale term M, rather than its predictable representation Z, as the part of
solutions. BSDE (1.3) is reformulated as

{ dY, = — f(t, Yo, L(M),)dt + dM,, (1.6)

Yr=¢
with L as a prescribed operator defined on the martingale space. The martingale representation
is then a special case of such operator L. BSDE (1.6) is the representative BSDE that we will

investigate in this thesis.

(2) Weak solution method

The solution to SDE (1.1) defined by Itd requires the solution exists on any given probability
space. It is also called the strong solution. Modern theory of stochastic processes has been widely
regarded as the theory of probability measures in Polish spaces (i.e. separable and complete) since
the fundamental work of Prohorov in 1950s. If we regard a stochastic process as a probability
distribution on sample path spaces, then there is no need to solve the equations on any given
probability space, and we can certainly choose a convenient one to work with. Therefore another
explanation of the solution to SDE (1.1) includes not only the stochastic process itself but also the
associated probability space, and such solution is usually called the weak solution.

For BSDEs, we can also introduce the definition of weak solutions analogous to that of SDEs,
which is nothing surprising. However, the essential point is how to utilize such a weak solution
method. In this thesis, we mainly apply such method to solve a special class of BSDEs whose driver
f(t,y, 2) has at most quadratic growth with respect to z. In the literature, such kind of BSDEs are
called QBSDEs, as is was discussed in the last section.

Let us consider the following simple QBSDE, which is however sufficient to demonstrate our

essential idea of the weak solution method:

{ dYy = — {A((Z})? + By(Z3)*} dt + Z}dW} + ZEdWE, an

Yr = ¢(Wp, W3),

where W = (W', W?) is a Brownian motion. Herein, (A¢)sejo,r) and (Bi)iefo,r) are two bounded
and deterministic functions, and ¢(x!,x?) is Lipschitz continuous in (z!,z?) € R? and uniformly
bounded. Note that unless A; = By, the Cole-Hopf transformation does not help us to deduce
the closed form solutions, though we know the solutions to (1.7) must exist by Kobylanski [45].
Nevertheless we can still approximate the solution by the Cole-Hopf transformation. In the author’s
paper [36] with Henderson, based on the Cole-Hopf transformation, we introduced the fractional-

step (prediction and correction) from numerical analysis to obtain the analytical approximation of

the solutions to QBSDEs which have the similar form to that of (1.7).



Next, we look at (1.7) from another point of view. The basic idea is to use the strong solution of
an associated FBSDE to construct the weak solution of BSDE (1.7). Let us start with a Brownian
motion B = (B, B?) on (2, F,P) with the filtration {F;} satisfying the usual conditions. Consider

the system
dY, = Z}dB} + Z2dB2,

Yr = ¢(X7, X7),

dX} = A Z}dt + dBY, (1.8)
dX? = B,Z2dt + dB?,

(Xg,X3) = (0,0).

Note that FBSDE (1.8) is linear, so the coefficients are Lipschitz continuous. We can use the
functional differential equation approach to solve the above (1.8), and obtain (Y, Z!, Z%). Using
such solution (Y, Z', Z?), we define a new probability measure P by
a
dQ

where &(N) is the Doléans-Dade exponential of N:

&(N),

N = —/ A ZtdB! — / B,Z%dB2.
0 0
Under the new probability measure P, by Girsanov’s theorem, W = (W W?) given by

t
W} = B} — [B',N], = B} +/ A, Zlds
0

t
W2 = B? — [B?,N|; = B? +/ B,Z%ds
0

is a Brownian motion. Under the new probability measure P and with the new Brownian motion

W, let us rewrite the backward equation in (1.8) as

dY; = ZHdW} — Azl dt) + Z2(dW? — B, Z2dt)
= —{A(Z})* + B(Z})*} dt + Z} AW} + Z}dW}
with Y7 = ¢(W}h, W2). Therefore, we used the strong solution of FBSDE (1.8) to construct the

weak solution of BSDE (1.7). Based on this weak solution method, we study the following QBSDE

system in the thesis:

dYy = —h(t, Yy, Zy)dt — Zf (¢, Yy, Zy)dt + ZdWr, (1.9)
Yr = ¢(Wr), '
where W = (Wl ... W%T is a d-dimensional Brownian motion starting from P*{W, = 2} = 1

for z € RY. The coefficients h(t,y,z) and f(t,y,z) are assumed to be Lipschitz continuous in
(y,2) € R™ x R"*4, The terminal data ¢(x) is Lipschitz continuous in x € R? and uniformly

bounded.



1.2.2 Thesis outline and future work

Since each chapter has its own introduction, we will not repeat them again here. Next, we only
outline the main structure of the thesis and highlight future research directions.

Chapter 2 is the core of this thesis. Firstly, we demonstrate our functional differential equation
approach by solving BSDEs on general filtered probability space. For the special linear case, we
derive closed form solution. Specific examples of BSDEs on general filtered probability space which
are not covered in the literature are also provided. Finally, we apply this approach to solve a family
of FBSDEs.

In Chapter 3 we consider the numerical solutions of the associated functional differential equations
based on time discretization. We solve a discretized time version of the functional differential
equation, and prove the convergence rate of the corresponding functional difference equation to the
functional differential equation. Finally we provide a numerical scheme based on Picard iteration.

In Chapter 4 we study QBSDEs using our functional differential approach. We prove the existence
of solutions to scalar QBSDEs on a general filtered probability space by using the idea of the Cole-
Hopf transformation and the functional differential equation approach. For a special class of QBSDE
systems (not necessarily scalar) in a Brownian setting, we use the strong solutions of FBSDEs to
construct the weak solutions of such QBSDE systems. Finally, we discuss the relationship between
the weak and strong solutions of QBSDEs.

In Chapter 5 we apply the weak solution method and concentrate on its application in finance.
In order to apply the weak solution method, we introduce the weak formulation of optimal portfolio
problems. We then modify the classical Merton’s structural model for credit risk by indifference
pricing, and deduce an associated QBSDE as the characterization of the corporate bond price and
the hedging strategy. The weak solution method is then employed to solve such QBSDE.

Finally, we provide in the Appendix some stochastic analysis tools particularly important to
us and used throughout the whole thesis. They include, among others, special semimartingales,
continuous BM O-martingales, Jacod-Yor’s martingale representation and regular conditional prob-
abilities.

In the PDE theory the regularity theory plays a central role. The regularity theory for BSDEs
should also be expected to be very important. Specific question includes: given the terminal data
which is driven by a SDE rather than a general random variable, can we say something about the
path regularity of the martingale representation part of the solutions, and space regularity of the
solutions? Both questions have positive answers under certain conditions. However in this thesis
all of the regularity results are only cited from the existing literature as lemmas without proof.
Specifically they are Lemma 2.15, 3.3, 3.4 and 4.14. Therefore the regularity theory of BSDEs could

be and should be one of the future work for the author.



Chapter 2

A Functional Approach to BSDEs

2.1 Introduction

In this chapter, we present a new formulation of BSDEs and give a new approach to solve them.
Traditionally, the martingale (or predictable) representation plays a crucial role in formulating and
solving BSDEs, and this restricts the class of BSDEs one can solve, because the underlying filtered
probability space is implicitly required to preserve the martingale representation property. A well
known technique to prove the existence and uniqueness result is “applying Itd’s formula to Y;*”,
which was pioneered by Pardoux and Peng in their fundamental paper [63].

We will show that BSDEs can be reformulated as functional differential equations defined on
the path spaces. Using this fundamental idea, we can solve a class of BSDEs defined on filtered
probability space satisfying the usual conditions, and in particular without the requirement of the
martingale representation property. Solving such general BSDEs is equivalent to solving the associ-
ated functional differential equations on the path spaces.

We start with defining the spaces that we will work on. Let (2, F, 7, P) be a filtered probability
space satisfying the usual conditions. For given T' > 0, all of our processes are defined and considered
only within the interval [0,7]. We define the following spaces:

(1) C([0,T]; R%): the space of continuous and Fi-adapted processes (V;)icpo,7] valued in R? such
that sup,c(o.7) |Vi| € L*(2, Fr,P), and endowed with the norm:

1/2
Vleo,r) = E{ sup Vt|2} :
t€[0,T]
(2) H2([0,T]; R): the space of continuous and square integrable martingales (My);e(o,7] valued in
R, and endowed with H?-norm:

|M|h2p0.17 = E {[M, M]z}"/? .

By the Burkholder-Davis-Gundy inequality, || - ||32[0,7) is equivalent to the norm || - |[¢[o,r) for
martingales, and is also equivalent to L2--norm by Doob’s inequality. See Appendix A.2 for further

details.
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(3) S([0,T); RY): the space of F;-adapted processes (Yi)tepo, ) with cadlag samples path valued in
R? such that supseo,r |Yel € L?(Q, Fr,P), and endowed with the norm || - [|c[o,77-
(4) M2([0,T); R?): the space of square integrable martingales with cadlag sample path valued in
R? together with the H2-norm, which is also equivalent to || - l|cio,r) and LZ-norm.

(5) H2([0,T); R%): the space of predictably measurable processes Z endowed with the norm:

. 1/2
12|20, = E {/ |Zs|2d5} .
0

An example in H2([0,T]; R?) is the F;-adapted process (Zt)tejo, ) with caglad samples paths such

that || Z||g2[0,7) < co. However, in general, there is no path regularity in H2([0,T); RY).

2.1.1 Main results of this chapter

We focus on solving BSDE of the following form in a fixed duration [0, T7:

{ dYy = —f(t, Y, L(M))dt + dMy, (2.1)

Yr=¢
on a filtered probability space (92, F, F;, P) satisfying the usual conditions, where f : [0,T] x Q x
R"™ x R™ — R", given as the driver, is a Borel measurable function, £ € L?(Q, Fr, P) is a R"-valued
random variable given as the terminal data, and L is a prescribed operator, possibly nonlinear,
defined on the martingale space M?([0,T]; R") and valued in H?([0,T]; R™) (or in S([0,T]; R™)).
The detail definition of L will be presented in Section 2.2.

Definition 2.1 An adapted solution to BSDE (2.1) is a pair of processes (Y, M) € S([0,T]; R™) x
M2([0,T]; R™), where Y is a R™-valued special semimartingale with M as the martingale part of its

canonical decomposition, and satisfies
T T
Yi=¢ —|—/ f(s,Ys,L(M)s)ds —/ dMs, fortel0,T], a.s.. (2.2)
t t

BSDE (2.1) is said to have a unique adapted solution if for any two adapted solutions (Y, M) and
(Y, M), it must hold that
P{(Y;, My) = (Y3, My),t € [0,T]} = 1.

We will often omit the term adapted if no confusion may arise. Now we describe our idea of how
to reformulate BSDE (2.1) in terms of a functional differential equation. Note that if (Y, M) is a
solution, then Y admits its canonical decomposition Y; = M; — V;, where V is its finite variation
part, which is predictably measurable and V{; = 0. In particular we have £ = My — Vp. A simple

algebraic calculation gives the following crucial relationship:

{ Y, = E[¢ + Vol F] - Vi, (2.3)

M; = E[§ + Vr|F], for ¢t € [0,T], a.s..
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Basically, (2.3) tells us that as long as we know the terminal data of a semimartingale Y, we can
always represent this semimartingale Y and its martingale part M in terms of its finite variation
part V', together with the terminal data £&. When we want to emphasize the dependency of Y and M
on V, we will write Y (V) and M (V). The above fundamental observation motivates us to consider

the equation that the finite variation part V satisfies:
t
- / F(s, Y (V)o, L(M(V)).)ds, for t € [0,T], a.s. (2.4)
0

with Y (V) and M (V) given by (2.3). Note that (2.4) is a functional differential equation defined on
the path space. We will consider its solutions in the path space C([0,T]; R™). Its uniqueness can be
defined in an analogous way to Definition 2.1.

The next lemma shows that the solvability of BSDE (2.1) is equivalent to functional differential
equation (2.4) with the given initial value V5 = 0. Because of this, we will call our approach to solve
BSDEs the functional differential equation approach, or the functional approach for short. This also
explains the title of the thesis.

Lemma 2.2 BSDE (2.1) admits a unique adapted solution (Y, M) € S([0,T]; R™) x M2([0,T]; R™)
iff functional differential equation (2.4) admits a unique solution V € C([0,T]; R™).

Proof. If (Y, M) is a solution to (2.1), by the canonical decomposition Y; = M; — V;, we obtain the

relationship (2.3). The integral equation (2.2) can be rewritten as

T T
MthtzﬁJr/ f(s,Ys,L(M)S)dtf/ dM,.
t t

By taking conditional expectation with respect to F; on both sides, we obtain

My -V, = E[{| ]+ E

T
/t f(s,Y;,L(M)S)dsLE}

= E¢|F]+E

/ f<s,Ys,L<M>s>ds|ft] - / F(s,Ya, L(M),)ds.
0 0

By the uniqueness of the canonical decomposition of Y, and by identifying the martingale parts and

finite variation parts of both sides, V' must satisfy (2.4). Since V; = M; — Y, we also have
Ve, < IM]lefo, ) + 1Y Nlejo,r) < 0.
On the other hand, if V' is a solution to (2.4), the first equation in (2.3) can be rewritten as

Yy = E[{+ Vr|F] - Vi

= M; — /0 f(s, Y, L(M)s)ds,

12



and thus (Y, M) must satisfy (2.2). By the relationship (2.3) again, we have
1/2
[[M]leo,r) = E{ sup |E[¢ + VT]:tHQ}
t€[0,T]

1/2
< E{ sup E[|¢ + VTZIE]}
t€[0,T]

<2V E|E+ Vrf?
<2V EIE12 + 2[|[V]|eo.m) < o0,

and

1Y leo,r) < 1M ]|lco, ) + 11V e, < oo

To prove the uniqueness, if (2.1) admits a unique solution, and suppose V and V are two solutions
of (2.4), then (Y, M) given by Y =Y (V), M = M(V) and (Y, M) given by Y =Y (V), M = M(V)
are two solutions to (2.1), which is a contraction.

On the other hand, if (2.4) admits a unique solution, and suppose (Y, M) and (Y, M) are two
solutions of (2.1), denote V and V as the finite variation parts of the canonical decomposition of Y
and Y respectively. But then V and V are two solutions to (2.4), which is a contraction. m

By combining Lemma 2.2 with Theorem 2.5 in this chapter, we obtain the following theorem

which is the main result of this chapter:

Theorem 2.3 If the driver f satisfies the Lipschitz condition 2.1, the operator L satisfies the com-
patibility condition 2.2 (See Section 2.2 for the conditions 2.1 and 2.2), and & € L*(Q0, Fr,P), then
BSDE (2.1) admits a unique adapted solution (Y, M) € S([0,T]; R™) x M?([0,T]; R™).

The chapter is organized as follows. Section 2.2 is devoted to the solvability of functional differ-
ential equation (2.4). In Section 2.2.1, we prove the existence and uniqueness of solutions to (2.4).
Our strategy of the proof is we first solve the equation locally by fixed point arguments, and then
we obtain the global solution by shifting the paths of V.

Section 2.3 contains some applications of our functional differential equation approach. In Section
2.3.1 we derive the closed form solutions for linear functional differential equations. In Section 2.3.2
we provide some specific examples of the operator L, and we will see that the classical BSDE in the
literature is just a special form of our BSDE (2.1). Finally in Section 2.3.3 we extend our approach
to the BSDEs coupled with forward SDEs (FBSDEs).

The chapter is mainly adapted from the author’s paper [49] with Lyons and Qian, except Section
2.3.3, which is based on the author’s paper [50] with Lyons and Qian.
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2.2 BSDEs on general filtered probability space
2.2.1 Solving functional differential equations

In this subsection, we solve BSDE (2.1) by considering functional differential equation (2.4). We

first impose some conditions on the driver f and the operator L.

Condition 2.1 (Lipschitz) For any (y,z) € R™ x R™, the driver f(t,y, z) is predictably measurable
with f(-,0,0) € H%([0,T]; R™). Moreover there ezists a constant Cy such that

|f(t,y,Z) - f(t,yvzﬂ S Cl(|y - g| + ‘Z — 2|)
forte€[0,T], y,j € R" and z,Z € R™, a.s..

Next we give conditions for the operator L. Generally speaking, L must behave like a local
operator and only depend on the increment of martingales. As it is pointed out in [49], L must

satisfy Lipschitz continuity, differential property and local-in-time property.

Definition 2.4 For any subinterval [t1,t2] C [0,T), define an operator Ly, 4,1 : M?([t1, t2]; R™) —
H2([t1,ta]; R™) (or S([t1,t2]; R™)) such that

(1) Ly, 1, is Lipschitz continuous, i.e. there exits a constant Co such that
Lty 0] (M) = Lty ) (M) 211y 1] < Col|[M = M| 11, .10)
(or
||L[t1,t2](M) - L[tl,t2](M)HC[t1,t2] < CQHM - MHC[tl,tz])
for M, M € M?([ty,t2]; R");
(2) for any Fi,-measurable random variable Vi,
Lit, ) (M) = L, 1) (M — Vi, )¢, fort € [ty ta].
The operator L is defined as following, which is based on the operator Ly, ;,; defined above,

Condition 2.2 (Compatibility) For a given partition w: 0 =ty < t1 < -+ < tny_1 < ty =T with

the mesh:
1

tic1] € ——=57—~3

i 16C2(1 + Cy)2
the operator L : M?([0,T]); R™) — H?([0,T]; R™) (or S([0,T); R™)) satisfies the following condition:
fori=1,--- N,

|7| := max |t; — A1,
1<i<N

L(M); =Ly, , 1) (M),  fort € [tiy,ti].
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Therefore the operator L may be better written as L™, if one wants to emphasize the dependency

of L on a particular partition 7, and functional differential equation (2.4) in fact means

Ve [ 1y, ).
S
- Z/t (s Y(V)s, Ly, 1 (M(V)),) ds

t
—|—/ F(8,Y(V)s, L,y 4 (M(V))s)ds, fort € [ti—1,t], a.s.. (2.5)

ti—1
Some specific examples of L are provided in Section 2.3.2. Next we state our main theorem of this

section, and the rest of the section is devoted to its proof.

Theorem 2.5 If the driver f satisfies Lipschitz condition 2.1, the operator L satisfies compatibility
condition 2.2, and & € L*(Q, Fr,P), then functional differential equation (2.4) admits a unique
solution V € C([0,T]; R™).

2.2.1.1 Local solution by fixed point argument

We consider functional differential equation (2.4) on the interval [, T] with T'— 7 < |7|. In other

words,

v, = / F(s,Y (V) LIM(V))o)ds, for t € [7,T], a.s. (2.6)

with
Y(V)e = E[§+ Vr|FR] - Vi,
M(V)t = E[f + VT‘]:t]-

The nonlinear mapping defined by (2.6) is denoted by L, and we will prove L admits a unique
fixed point in C([r, T]; R"). Indeed, for any V.,V € C([r,T]; R™), we have

1/2
IL(V) = L(V)llepr ) = E{ sup |L(V); — L(V)t|2}

te[r,T)

sup
te[r,T)

T 2
< \IE (/ [f(5, Y (V)s, L(M(V))s) — f(s7Y(V)s,L(M(V))s)IdS>

/st s LM(V))s) = f(5,Y(V)s, L(M(V))s)ds

T
gm\/E / £, Y (V)e L(M(V)).) — f(s, Y (V)e, LOM(V)),)| ds

+OVT — T\/E/ IL(M(V))s — L(M(V))|?ds.
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Note that

T T
\/E/ |Y<v>s—Y<V>s|2ds=\/E/ [BIVr Vel = (Vi — Vo) ds
T = 2 T = |2
< E/ |E[Vr — V| F]|" ds + E/ Ve = Vi|" ds
T = 2 T — 12
< E/ \Vr = V| ds + E/ |V — Vi| " ds

<2VT — 7|V = Ve
<2V = Vet

Since s € [7, T, by compatibility condition 2.2, L(M ), = L, 77(M)s. If L 7 valued in H?([r,T]; R™),

1/2
\/ / —L(M(V))s|?ds < C2E {tes[upT] |M(V)e — M(V)f}

1/2
= CQE{ sup |E[Vp — VT]-}]|2}

te(r,T]

< 202\/E‘VT — VT‘Q

< 2G|V = Vllepr1)-

If Li; 7} valued in S([7, T]; R™), in analogy to the above estimate, we obtain

T 1/2
\/E/ IL(M(V))s = L(M(V))s|?ds < VT - 7E {tes[upT] IL(M(V)): — L(M(V))t2}

< 20,VT — 7|V = Ve
< 203/|lV = Ve, -

Therefore,

[IL(V) = L(V)leprmy < CiVT — 7(2+ 2C)||V = V|epr 1y
1 ~
< §||V = Vlletr,)-

Thus L is a contraction mapping on C([r, T]; R™), so it admits a unique fixed point in C([r, T]; R").

The above result is summarized as the following lemma:

Lemma 2.6 If the driver f satisfies Lipschitz condition 2.1, the operator L satisfies compatibility
condition 2.2, and & € L*(Q, Fr,P), then functional differential equation (2.6) admits a unique
solution (Vi)ierr1) € C([7, T]; R") provided T — 1 < |x].
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2.2.1.2 Global solution by “shifting the paths”

We extend to the global solution of (2.4) in this subsection. We make the partition 7 of [0, T
according to the definition of operator L (See compatibility condition 2.2). Then for i = 1,--- | N
and t € [t;_1,t;], L(M)¢ = Ly, _, ¢,)(M);.

We start with the last interval [ty_1,tn] together with the data £, and consider the following
functional differential equation:

V, = /tt I (s,Y(N)S,L[thl)tN](M(N))s) ds, forte€ [ty_1,tn], a.s.
No1
with
{ Y(N), = E[¢ + Vr|F] - Vi,
M(N); = E[§ + Vp|F].
By Lemma 2.6, there exists a unique solution V(N) € C([tx—1,tn]; R™). We also obtain processes
Y(N); and M(N), for t € [ty_1,tN].

In general for 1 < i < N — 1, we repeat the same argument to each interval [t;_1,%;] together

with the data Y (i 4+ 1)¢,, and consider the following functional differential equation:
Vi = /tt F(8,Y (i), L,y ¢ (M (3))s) ds,  for t € [ti—1,ts], a.s.
i1

with

Y (i) = E[Y (i + 1)1, + Vi, | 5] — Vi,
{ M(i)e = E[Y (i + 1), + Vi, [Fe.
Again by Lemma 2.6, there exists a unique solution V(i) € C([ti—1,t;]; R™). We also obtain Y (i),
and M (i), for t € [t;—1,1t;].
Note however that naturally V(i) for ¢ = 1,---, N are not the real solutions of (2.4) on the
corresponding interval [t;_1,t;], because they start with the initial value V'(i);, , = 0, but (2.4)

starts from Vi, , = Vi, , on [t;—1,t;]. We need to shift the paths of V(i) accordingly in order to

i—1

match the starting point of the equation (2.4). For ¢ € [t;_1,;], following the convention 22:1 =0,

we define i
Vi=V(@i)i+ > V(i
Y, =Y (i), J_; 1 (2.7)
Iy = M (i) + ZV(J)t]
j=1

Lemma 2.7 The finite variation process V together with (Y, M) defined by (2.7) satisfy the rela-
tionship (2.3). Moreover V satisfies functional differential equation (2.4).
Proof. Note that (2.3) can be rewritten via the following iteration form:

Y(V)s = EY(V)t, + Vi | Fs] = Vs,
M(V)s = E[Y V)i, + Vi, | ]

17



where s € [t;—1,t;] and i = 1,--- | N, with the terminal data Y(V);, = ¢&.
By the definition of Y, we have Y;, = Y(N)¢, =& Fori=1,--- ,N and s € [t;_1,t],

Y, = Y(i)s
= E[Y('L + 1)ti + V(i)t7,|-7:s] - V(i)s
=B (i+ 1) + V(i) + Y V)| F] = V(i) = D> V(i)
j=1 j=1

where we used the fact Z;;ll V(j)t, is Fs-measurable. Likewise, we obtain

M, = M(i), + 3 V),
j=1
=E[Y(i+1), +V() .7"]+2V(])tj
= E[Y i+ i, + V()i + Y V() 1)

= E[Y;, + Vi, | 7).

On the other hand, by the equation (2.5), (2.4) is equivalent to the following form:
izl
‘/t = Z/ f (Sa Y(V)Sa L[t]-,l,tj](M(V))s) ds
j=17ti—1

t
+/ (8, Y(V)s, L,y 4)(M(V))s) ds, for t € [ti1,t;],
ti—1

where (Y(V), M(V)) is given by the iteration form (2.8), so we only need to verify V satisfies the
above equation. Indeed, by the definition of V, for i = 1,--- , N and t € [t;_1,t;], we obtain

ZV

:Z/ mew<mw+/f@nmmmmwwws

ti—1

tj B B t B B
= Z/ f(svnvL[tj_l,tj](M)s) d8+/ f(s71/87L[tl 1,t ](M) )d
- ti_1

ti—1

where we used the conditions on the operator L. This completes the proof. m

Lemma 2.8 If functional differential equation (2.4) admits a solution in C([0,T]; R"™), then the

solution must be unique.

Proof. Suppose that V! and V2 are two different solutions to (2.4) with the same terminal data

€. Then, on the last interval [ty_1,ty], V! satisfies

t
V! V;v 1 / f(s, Y (V1) L(M(V?'))s)ds, fort € [tx—1,tn],

tN—1
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while V2 satisfies

t
Vi=V2 +/ f(5,Y(V?)g, L(M(V?),)ds, forte [ty_1,tn].

tnN—1
If we define V;! = V! —=V;1 _and V2 = V2 — V2, then by the compatibility condition 2.2 on the
operator L, both V! and V2 satisfy

Vi :/ f(s,Y(V)s,L(M(V))s)ds, fort€ [tx—1,tn],

tN—1

which admits a unique solution V € C([ty_1,tn]; R™) by Lemma 2.6, so Vi = V2 for t € [ty_1,tn],
and

Y(Vl)tN—l = Y(Vl)tN—l = Y(V2)tN—l = Y(V2)t1\771'

Thus on the interval [ty _1,tn], V! and V2 are two solutions to (2.4) but still with the same data

Y (V1) =Y (V?);,_,. We continue this procedure until to [0,#;]. Since V& = VZ =0, V,! = V2

tN—1

then implies V;' = V2 for t € [0,¢;], which is a contradiction. m

2.3 Some examples of BSDEs
2.3.1 Linear functional differential equations

We first consider the following linear functional differential equation whose driver does not depend
on the operator L:

where A and C are two constants, and & € L?(Q2, Fr,P). By Lemma 2.2, the above functional

differential equation is equivalent to the following linear BSDE:

dY, = —[AY; + Cdt + dM,,
Y = €.

Corollary 2.9 There exists a unique solution V € C([0,T]; R™) to functional differential equation
(2.9), which is given by
t
v, = / AT [AE(E[F,) + C)ds.
0
Moreover, the unique adapted solution (Y, M) € S([0,T]; R") x M2([0,T]; R") to the associated

linear BSDE is given by .
Y, = eATVE(E|R) + / AT Cds
t

and

T
M, = AT VE(E|F) + / AT =9 0ds
0

t
+ / eAT=9) AB(¢|F,)ds.
0
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Proof. The basic idea is the variation of constants. First, consider the linear equation:

dV; — AV,dt = (AE[¢|F] + C)dt,
‘/0 = Oa

the solution of which is

to
m:/ e A AR F) + C)ds.
0

Now suppose that the solution to (2.9) has the form:
t "t
Vi=glt) [ el At AR + C)ds
0

Differentiate V; against ¢ yields

dv, _ (dg(t) e adu 1~ 2 Adu
& <dt+Ag(t)> . /0 e~ 15 A A €| 7 ]ds
+9(t)AE[E| F]

t
+ (dilit) + Ag(t)) elo Ad“/ e Jo AduCds + g(1)C.
0

(2.10)

On the other hand, substituting V; into the right hand side of (2.9) and comparing it with (2.10),

we obtain the system of equations:

dsc]li(tt) + Ag(t) = Ag(T)eftT Adw — Ag(t),

- T T s
g(t) =1+ g(T)elo Ad“/ e~ Jo AduAds,

t

and

-t ¢ s
(dz(tt) + Ag(t)) elo Ad“/ e~ o ACds 4 g(t)C
0

T s "t ¢ s
=Ag(T)ef0T Ad“/ e~ o AduCds — Ag(t)elo Ad”/ e~ Jo AduCds + C.
0 0

Solving the above system, we obtain

t

T
g(t) = eli Adu (eftT Adu _ / Aelt Ad“ds) = el Adu,

Therefore the solution to (2.9) is V; = el Adu, which is obviously in C([0,T]; R™). Now given the

expression of V, (Y, M) can be obtained from the relationship (2.3). m

The second linear case we consider is the linear BSDE with deterministic terminal data. Then

the BSDE reduces to an ODE, which is an important fact we will rely on when we use the comparison

principle in Chapter 4.

Corollary 2.10 Let (At)iepo,r) and (Bt)iepo,r) be two bounded and deterministic functions, and let

(Ct)tepo,r) be a square integrable and deterministic function. If the operator L, besides satisfying
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compatibility condition 2.2, sends a constant martingale to zero, and if the terminal data is given as

a constant vector o € R™, then the following BSDE

(2.11)

dYy = —[AY: + B:L(M); + Cy]dt + d My,
Yr=a€R"

admits a unique adapted solution (Y, M). Moreover, the solution Y can be obtain by solving the
ODE:
T
X, =« +/ (AsXs + Cs)ds
t

whose unique solution is give by X; = aexp(ﬂT Asds) + ftT C, exp(ftS Aydu)ds, and the solution M

is a constant martingale given by M = Xj.

Proof. First it is easy to verify (X, M) is an adapted solution to BSDE (2.11). By the existence

and uniqueness theorem 2.3, (X, M) is in fact the only candidate of the adapted solutions. m

2.3.2 BSDEs associated with operator L

In this subsection we provide some specific examples of the operator L = L™ (The superscript 7
is to emphasize the dependency on the partition 7). We first observe that since L™ is constructed
based on L, 4, for @ = 1,--- N by the compatibility condition 2.2, we only need to specify

L[ti—lytl]'
Case (1) Define L%ti_l,ti] s M2([ti_y, ti]; RY) — M2([ti—y, ti]; R") € S([ti—1,t:); R™) by
L[lti,l,t,i](M)t = M; — Mti_l

for M € M([0,T); R") and t € [t;_1,t;]. Then L[ 1) Obviously satisfies Definition 2.4 with C5 = 2.
So functional differential equation (2.4) (or (2.5)) turns out to be

= Z / ) oo M(V), = M(V),,_,) ds

+/ f (s,Y(V)S,M(V)s — M(V)ti_l) ds, forté€ [t;_1,t;], a.s.,
ti—1

i—

which is equivalent to the BSDE:

Y =€+ Z/ (5, Ys, My = My, ) ds

Jj=i+1
t; T
+/ f(s,Ys, My — My,_,)ds —/ dMg, fort € [t;—1,t], a.s..
t t
Case (2) Define L[Qti,l,ti] s M2([ti1, ti]; R™) — C([tiz1, ti]; R™) € S([ti—1,t:]; R™) by
t
L[zti—hti](M)t = /t g(MS - Mti—1)d5
i—1
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for M € M?([0,T); R"), t € [ti—1,t;], and g : R® — R™ being a Lipschitz continuous function with

Lipschitz constant C3. Then, L[Qti, satisfies Definition 2.4. Indeed for M, M € M?([0,T]; R"),

15t4]
oy 1/2

t t
/ g(MS - Mti71)d3 - / g(Mé - Mti—l)ds

ti—1 ti—1

E sup
tE[t;—1,t;]

ti—1

2
t;
<Oy | E (/ (M, — M) — (My,_, — Mti_l)d5>

t; _ _
< Czy/ 7rI\/E/ [(Ms = M) — (My,_, — My,_,)?ds
ti—1

1/2
<203|7r|E{ sup |Mt_Mt|2} )

t€[ti—1,ti]
so we can choose Cy = 2C3|w|. The functional differential equation (2.4) (or (2.5)) turns out to be

Vi = N v f s,Y(V)s, ) (M(V)U—M(V)tj_l)du ds
S )

tj71

t S
—|—/ f (&Y(V)S,/ g(M V), — M(V)ti_l)du> ds, forte[t;—1,t], a.s.,
ti—1

ti—1
which is equivalent to the following BSDE:

N t; s
Vi=&6+ ) / f(s,Ys,/ g(Mu—Mtj_l)du> ds

j=i+17ti ti—1

t; s T
+/ f (s,YS,/ g(M,, — Mti_l)du> ds f/ dMs, fort € [ti—1,t;], a.s..
t t

ti—1

Case (3) For M € M?([0,T]; R"), we define M = My — M,, , for t € [t;_1,t;], and M¢ = 0 for
t € [0,t;_1]. So M is a shift of M, and

sup [Mi?= sup |M;— M, ,*<2 sup |M*
te[0,t;] teti—1,ti] te[ti—1,ts]

Define L, | 1« M?([ti—1, ;] R") — S([ti—1, t:]; R") by

L, | (M), = /[Mi, M7,

[ti—1,ts

for M € M?([0,T]; R"), t € [ti—1,t;], and [, ] denotes the quadratic variation process. Then L?ti,—l,ti]
satisfies Definition 2.4. Indeed, for M, M € M?([0,T]; R"), according to Kunita-Watanabe’s in-

[M, M)y < /M, M]\/[M, M];.

equality, we have
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It follows that

_‘[M—M,M]t (M, M — M,
VIM, M]; ++/[M, M],
S \/[M_ 7aM_M}ta
and thus
9y 1/2
E{ sup |y/IME M, — /N1, M,
te[ti—1,t4]
1/2
§E{ sup [Mi—l\_/[i,Mi—l\_/Ii]t}
tefti—1,t;]

= \/E[Mi — M, M? — M),

1/2
< C4ES sup M} —Mj|?
te(0,t;]

1/2
<204E sup | M; — M,|? ;
te[ti—1,ti]

where Cj is the constant of Burkholder-Davis-Gundy inequality. Therefore we can choose Co = 2CY,

and functional differential equation (2.4) (or (2.5)) reduces to be

Ve= zj/tt_ f (S,Y(V)w\/[Mf'(VLMi(V)]S) ds

+/ ¥ (s,Y(V)S,\/[Mi(V)7Mi(V)}S) ds, forte [ti_i,ti], a.s.,

ti—1
where M*(V), is defined in an obvious way: M*(V), = E[é+Vr|Fs|—E[é+Vr|Fy,_,] for s € [ti—1,ti],
and M‘(V)s = 0 for s € [0,¢;_1]. The above functional differential equation is equivalent to the
following BSDE:

i—er S /

j=i+1vti-

ti T
—|—/ f (&YS, \/[Mi,Mi}s> ds —/ dMg, fort € [t;_1,t;], a.s..
t t

f (SY [MJ',MJ']S) ds

Case (4) The following case is closely related to classical BSDEs considered in the literature.
Let X = (X',---,X%7 be a d-dimensional orthogonal martingale with each of its components
X7 € M?([0,T); R) on (2, F,P) with the natural filtration {F;* } after augumentation. Let P be an
extremal point in M?({X}). Then by Theorem A.9, S({X}) = M?([0,7T]; R). That is for any F;*-
adapted martingale M = (M*!,--- M™)T € M2(]0,T); R"), there exists a R"*%-valued predictably
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measurable process Z with

E{Z;z;/ |Z92d[X7, X7],} < o0

such that ,
M, :/ ZdX, fortel0,T].
0

We further assume the measure induced by the quadratic variation process [X7, X7]; is equivalent

to the Lebesgue measure dt. This, in turn, implies

E{ZZ/ |Z 2ds} ~ E{ZZ/ |Z92d[X7, X7],} < oc.

=1 j5=1 =1 j=1

Define Lﬁi_l e M2([ti1,t:]; R™) — H?([ti—1,t;]); R™?) by the martingale representation:
L, (M) = Zi

with Z being the martingale representation of M given by

ti
/ Zid Xy = — M, ,.
ti—1
Note that L? 4] itself is a local operator, i.e. L?t,v,,l.ti](M)t depends only on (Mj),et ¢+4e) for any
small € > 0, and in particular is independent of the interval [t;_1,t;]. Therefore the operator L does

not depend on any particular partition 7, and moreover, the functional differential equation (2.4)

(or (2.5)) turns out to be

V= Z / f (.Y (V)e, 2(V),) ds

+/ f(s,Y(V)s, Z(V)s)ds

i
t
= / f(s,Y(V)s,Z(V)s)ds, forte[0,T], a.s
0
where Z(V), is defined obviously as
T
| 201X, = ¢+ Vi - Bl 4Vl
t

The associated BSDE is:

Yo=¢+ Z " f(s.Ya 20 ds

j=i+1 tj-1

/ f(s,Ys, Zs) ds—/ dM;
—§+/ sts,Z)ds—/ dM, forte[0,T], a.s..
t

We finish this subsection by summarizing the above examples of L in the following Corollary,

but for a Brownian filtration setting.
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Corollary 2.11 Let B = (B',---, BY)T be a d-dimensional Brownian motion on (Q, F,P) with the
natural filtration {FPY after augumentation. If the coefficients satisfy the conditions in Theorem 2.3,
then the following four types of BSDEs admits a unique adapted solution (Y, M) € C([0,T]; R™) x
H2([0,T); R"™) with M being represented by M = [, Z,dBs,

Case (1)
Yi=¢+ Z / (5,Ye, My — M,y,_,)ds
Jj=i+1
t T
+/ f(s,YS,MS—MtFl)ds—/ dMg, fort € [ti—1,t], a.s..
t t
Case (2)
t]
Y, = ¢+ / f<s,Y g(My — My, )du) ds
j=it17ti-1 ti—1
T
+/ f (&YS,/ g(M,, — My, )du) ds—/ dMyg, fort € [ti—1,t], a.s..
t ti—1 t
Case (3)
Y= €+ Z/ 7 (5, Ye, /M7, M, ) dis
Jj=i+1
—|—/ f(s,YS,\/[Mi7Mi]S> ds—/ dMs, fort € [ti—1,t], a.s..
t t
Case (4)

T T
Y; :§—|—/ f(s,YS7ZS)ds—/ dMs, forte0,T], a.s..
t t

In particular, for Case (4), we will call the martingale representation Z, rather than the martingale

M, the solution of BSDEFEs.

2.3.3 BSDEs coupled with forward SDEs

In this subsection, we apply our functional differential equation approach to the BSDEs coupled

with forward SDEs. In particular, we consider the FBSDE:

dY; = —h(t,Ys, Z,)dt + Z:dB:,
Yr = ¢(Xr),

dXy = f(t,Yy, Zy)dt + dBy,
Xo==x

(2.12)

defined on (2, F,F;, P) satisfying the usual conditions, on which B = (B',--- BHT is a d-

dimensional Brownian motion. We impose the following conditions on the coefficients:
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Condition 2.3 (Lipschitz) The coefficients h : [0, T]x R* x R**% — R" f : [0, T]x R*x R"*¢ — R4

and ¢ : R* — R™ are continuous. Moreover h, f and ¢ are Lipschitz continuous, i.e.

and ¢ is uniformly bounded,

sup |¢(z)| < Cs,

z€R4

fort€[0,T], y, 5 € R, 2,2 € R"*? and z,7 € R%.

As we already discussed in Chapter 1, there are usually three ways to solve FBSDEs: method
of contraction mapping, four-step scheme, and method of continuity. However most of them either
solve the equations locally or assume some regularity on the coeflicients (e.g. smoothness and
monotonicity). In [22] Delarue combined the first two methods and solved FBSDEs globally with
Lipschitz continuous assumptions on the coefficients. The aim of this subsection is to apply our
functional differential equation approach to solve FBSDEs. This approach can help us really work
out the solution, and we believe it will benefit especially numerical solutions of FBSDEs, because a
usual obstacle to numerically solve FBSDEs is one needs to solve (Y, Z) backwards and X forwards
at the same time. But by introducing an associated functional differential equation, we can solve all
the components (Y, Z, X) in one direction altogether.

The main result of this subsection is the following theorem:

Theorem 2.12 If the coefficients satisfy Lipschitz condition 2.3, then there exists at least one
adapted solution (Y, Z) € C([0,T]; R™) x H%([0,T); R"*%), where Y is uniformly bounded, together
with the forward process X € C([0,T]; R") of FBSDE (2.12).

Note that the Lipschitz condition 2.3 is only sufficient but not necessary. For example, h and
f can also depend on the forward process X, but needing some additional boundedness conditions
on X. On the other hand, the solution to (2.12) is in fact unique. However, we do not attempt to
such generalization, because the conclusion in Theorem 2.12, which be will be employed in Section
4.3 of Chapter 4, is enough for our purpose. Before proving Theorem 2.12, we recall the following

counterexample from Antonelli [1], which is in the spirit of Sturm-Liouville problems:

Proposition 2.13 If T = %77 and x # 0, then the following FBSDE does not admit any adapted
solution:

d}ft == —Xtdt + thBt,

Yr = -Xr,
dX; = Ydt + dBy,
XO = XT.
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Proof. Suppose that the above FBSDE admits an adapted solution (Y, Z, X). By taking the
expectation, y(t) := E(Y;) and z(t) := E(X;) for t € [0,T] satisfy the equations:

dy(t) = —a(t)dt,
y(T) = —a(T),
da(t) = y(t)dt,
z(0) = x.

Therefore, x(t) satisfies the Sturm-Liouville equation:

Z(t) + x(t) = 0,
z(0)—x=0, &T)+=z(T)=0.
The general solution must be of the form z(t) = C;cost + Cssint, so z(0) = C7 and (T) =
—CysinT + CgcosT. If T = %7?, by the boundary conditions, we obtain that x = 0, which is a
contradiction. m

To solve FBSDE (2.12), we consider the functional differential equation on [r,T7:
¢
v, = / h(s, Y (V. X)., Z(V, X).)ds, (2.13)

together with the forward process X:

t t
Xt:x—i-/ f(s,Y(KX)S,Z(V,X)S)ds—&-/ dBs, (2.14)

T

where

Y (V,X) = E[¢(Xr) + Vr|F] = Vi,
T
[ 2v.X).8, = 6(xr) + Vi = Elo(Xr) + Vil 7.
If the functional differential equation (2.13) (2.14) can be solved with 7 = 0, then analogous

to the proof of Lemma 2.2, it is easy to verify (Y, Z, X) is a solution to (2.12). For the notation’s
simplicity, let’s denote ¥ = (V, X)T and F = (h, f)T. Then (2.13) (2.14) are simplified to:

¢ ¢
\Ilt:Xx—l—/ F(&Y(\II)S,Z(\IJ)S)ds—l—/ X1dBs, (2.15)

where y, € R""¢ with the first n components being 0 and next d components being € R?. If the

solution to (2.15) exists for 7 = 0, then the solution exists globally.

Lemma 2.14 If the coefficients satisfy Lipschitz condition 2.3, and T satisfies

1

T—-7< — i ————
"= 8C5(1+ Co)

A,

then functional differential equation (2.15) admits a unique solution ¥ € C([r,T]; R"*%).
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Proof. We denote the mapping defined by (2.15) by L. We first show that L : C([r,T]; R"*94) —
C([r,T); R"*+4). Indeed for ¥ € C([r, T]; R"+4),

(9 ler.

< Ja| + J E ( / |F(s,Y ()., Z<@>s>|ds> + ¢E sup | [ xadB,P
T T
< Ja] + VT — J E ( / |F(s,Y (), Z<W>s>|2ds> +2,/B| / x1dB, 2

T
< |z| + (CsVT — 7 + 2d) / (s2V1)ds

+csﬁ\/ / |2d.s+c5ﬁ\/ / 0),|2ds.

\/ / )s|?ds
T T
< \/E / {E[¢<XT>|fs1}2ds+\/E / {E[VTIFS]}2d8+\/E / Vi [2ds
< \//TE|¢(XT)2ds+\//TEVT2ds+\//TEVS|2ds

< VT =72+ Co)||¥| o1y

Note that

and by Ito’s isometry,

Je [ o ([ 7

< VEBXDE + VEVIE +\ E{Elp(Xr)| 7)Y

+\/ E{E[Vr| 7]}

< (2+2Co)| 19|l cr,1y-

Therefore, |[L(¥)||c(-,m) < co. Likewise, for ¥, ' e C([r, T); R"*%), we have

IL(®) — L(¥)[efr,7y

< CVT—7 (\/ﬁa +C6)+2+ 206) 19 = W'[epr.my
1 ’
< SIY =¥l

by the condition on 7. Hence the operator L defined by (2.15) is a contraction mapping on
C([r,T); R"*4). m
Next, we extend to the global solution on [0,7] based on Lemma 2.14. To do this, we pursue

the bounded solutions of FBSDE (2.12). First, by the Markov property of equations, there exists
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a measurable function ® such that Y; = ®(¢, X;). By inspecting the proof for Lemma 2.14, we see
that the crucial step to extend to the global solution of (2.15) is that one needs a uniform estimate

for the gradient of ®. We recall a regularity result from Delarue [23]:

Lemma 2.15 (Delarue [23]) Under Lipschitz condition 2.3 on the coefficients, there exists a mea-
surable ® such that Yy = ®(t, X¢). Moreover, there exists a constant Co depending on the Lipschitz
constants C5 and Cg, the bound of the terminal data, the dimension n and d, and the terminal time
T such that

|®(t,z)|, |V.®(t,x)| < Co, for (t,x) €[0,T] x R

Using such constant Cy, we consider a partition of [0,7] by m: 0=ty <t; < --- <ty =T, with

the mesh |7| = maxi<ij<n |t; — ¢;—1] such that

1
Vil ——— AL
I 8C5(1 + Cy) :

We start with [ty_1,¢y] and consider ¥(N) = (V(N), X (N)!~¥-12)T such that

t

U(N)y = xz + /t F(s,Y(N)s, Z(N)g)ds +/ x1dB,

with
Y(N); = E[g(X(N)F ") + V(N)p|F] — V(N),,
T
[ 2B = o)) + V()

tN—1

— Blg(X(N)Z ") + V(N) 7| Fr_, ],

tN—1,%

where we used the superscripts (ty_1,) to emphasize X (N)"*¥-** starting from X (N);~"!

= x.

By Lemma 2.14, there exists a unique solution:
V(N) = (V(N), X(N)™=10)T € C([tw-1, T); R"),

and we also get (Y/(N),Z(N)). Moreover, there exists a measurable function ®_; such that

Y(N)iy_, = Pn_1(tn—1,2) and by Lemma 2.15,

IVo®n_1(tny-1,2)| < Cy, forze R

In general on [t;_1,t;] for 1 <i < N — 1, we consider W(i) = (V (i), X (i)!-*)T such that
W(i)e = xo + /tt F(s, Y (i), Z(1)s)ds + /tt xidB,
i—1 i1
with
Y (i) = E[®;(ti, X (1)) ") + V()i | 7] = V (i),

/ti Z(i)sdBy = ®;(t:, X (i);7") + V(i)

ti—1

— Bl®i(ts, X (1)) + V(i)

ftifl]'
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Again by Lemma 2.14, we obtain that there exists a unique solution:
U(i) = (V(i), X (i) )T e C([ti—1, t;]; R*T9)

and we get (Y (i), Z(i)) as well. Moreover there exists a measurable function ®;_; such that

Y (i)¢,_, = ®i—1(ti—1,2), and by Lemma 2.15,

|V$(I)i_1(7fi_1,l‘)| < (g, forzxe Rd.

We stress that (V (i), X (¢)"-1%) for 1 < ¢ < N are not the real solutions to (2.15) on the

corresponding time interval [t;_1,t;], because they start from
- Nti—1,
(V(Z)ti—l ’ X(Z)t,;_i 96) = (07 :L’)

Therefore, in order to match the starting points for the solution to (2.15) on each time interval
[ti_1,t;], we need to shift the paths of (V (i), X (i)!-1:%) accordingly, which is in the same spirit of

Lemma 2.7.

Lemma 2.16 If the coefficients satisfy Lipschitz condition 2.3, then the global solution ¥ = (V, X)T

to (2.15) exists and is constructed as follows: for 1 <i < N,
i—1
Vi=V(i)+ Y V(i) fortiq<t<t,
j=1

where we follow the convention Z?Zl =0, and

X (1)" forty <t <ty;
X(2)n forty <t <t

Xt:

In—1, Xy

X(N)t forty_1 <t <ty
with (Y, Z) being constructed as (Yy, Zy) = (Y (), Z (1)) for ti—q <t <t;.
Proof. Since the proof is analogous to that of Lemma 2.7, we only present the main steps. To this

end, we need to show ¥ = (V, X)T with (Y, Z) satisfying (2.15) for 7 = 0. Indeed, for t € [txy_1,tn],
by the definition of (V, X), we have

N—-1 N—-1
Vi—Vie s =V + D Vi, = V(Wi = > Vs,
j=1 j=1
t
_ / h(s, Y (N)s, Z(N)s)ds,
tN—1

and



where

Y(N)e = E [¢ (X(N)7 5 + VNl F] - VN,

N-1
=FE |¢(X7)+V(N)r + V(5)e; | Fe
Jj=1
N-1
—V(N)e= ) Vi),
j=1

and
/t j Z(N)dB, = HX (N7 ) 4 V(N)r
7 — B o (X)) V(NI Fy
= (X7) + V(N)r + Ni Vi),
"~ N-1
— B |¢(X7) + V(N)r + 2; V (i)t 1Py

= ¢(X7) + Vr — E[¢(X7) + Vr|Fiy 4]

Hence (V, X) with (Y, Z) defined in the lemma satisfy (2.15) on [tny_1,tn].

In general for 1 < ¢ < N — 1, by the backward induction, it is easy to verify that ¥U; =

with (Y, Z;) also satisfying (2.15) for ¢ € [t;—1,t;]. =
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Chapter 3

Time Discretization of Functional
Differential Equations

3.1 Introduction

In this chapter, we continue our study of functional differential equations introduced in the last
chapter and consider their numerical solutions. Since we already proved in Lemma 2.2 of the last
chapter that solving BSDEs is equivalent to solving the associated functional differential equations,
numerically solving functional differential equations also provides us with a numerical scheme for
the solutions of the associated BSDEs. Specifically, we consider the following functional differential
equation on (2, F,P) with B = (B',---, BT being a Brownian motion with its natural filtration

{F:} after augmentation: (The superscript T denotes matrix transposition.)
t
v, = / Fs.Y(V)e, Z(V)o)ds, for t € [0,T] (3.1)
0
with

Y(V) = El¢p(Xr) + Vr|F] = Vi,
M(V) = E[¢(Xr) + Vr|F],

/T Z(V)sdBs = M(V)p — M(V),,

where X is driven by SDE:

dXt = a(t, Xt)dt + O'(t,Xt)dBt, fort € [O,T],
Xo =XT.

As Lemma 2.2 in Chapter 2 shows, the above functional differential equation (3.1) is equivalent

to the classical BSDE considered in the literature:

(3.2)

dYy = —f(t,Yy, Zy)dt + Z;dBy,
Yr = ¢(X7).

The conditions imposed on the coefficients are given as following:
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Condition 3.1 (Lipschitz) The coefficients f : [0,T)x Rx R* = R, ¢ : R™ — R, a:[0,T] x R™ —

R™ and o : [0,T] x R™ — R™*4 are continuous. Moreover there exists a constant Cy such that
|f(t,y,2) - f(fagaz)‘ < Cl(\/ t7t7+ |y7§| + |Z - 2‘)

fort,t €[0,T], y,y € R and 2,z € R%. ¢ is Lipschitz continuous in x € R™ with Lipschitz constant

Cs, and a, o are Lipschitz continuous in x € R™ with Lipschitz constant Cs.

One may wonder why we do not consider the general form of functional differential equation
(2.4) in Chapter 2. Actually at the moment we are unable to provide the numerical solutions of
the general form of functional differential equation (2.4) yet. Due to the operator L, (2.4) is not
defined locally, i.e. we can not solve it only based on the information within an infinitesimal time
interval. On the other hand, existing numerical methods are mainly based on time discretization,
which implicitly requires the equations must be defined locally. This is the main reason we can only
consider (3.1) at the moment.

We start by defining the space that we will work on. Let m: 0 =ty <t; < -+ - <tny_1 <ty =T
be a partition of [0, 7], and let k be an integer between 0 and N.

(1) C™([ty,tn]; R): the space of predictably measurable random sequence (V;7)r<i<n, i.e. V7 is

Fi,_,-measurable. (V7 )r<i<n is valued in R and equipped with the following norm:

V™ lex ([t tn]sR) = kgli%v\/EWtf 2.

3.1.1 Main results of this chapter

We first propose a discrete-time version of (3.1). To thisend, let 7 : 0 =1tg <t; < -+ <itny_1 <
ty =T be a partition of [0, 7] with the mesh:

|7T| = Imax |ti — ti,1|,
1<i<N
and denote At; =t;, —t;_1 and ABy, = By, — By, |, for 1 <i < N.
Define the difference equation for the differential equation (3.1) as follows:
VZT = ‘/tj,l + f(t’i—h Y(Vﬂ')ti—l’ Z(Vﬂp)ti71)Ati (33)

for 1 <¢ < N and VJ =0, where

Y(Vﬂ—)ti_l = E[QS(XT) + V’lzr|fti—1} - ‘/tzr_l?
1

Z(Vﬂ-)ti—l = At

If the difference equation (3.3) admits a unique solution, then it defines a sequence of predictably
measurable random variables (V7)o<i<ny. The later arguments will rely on the predictability of
the sequence (V;7)o<i<n. The Functional difference equation (3.3) is the main object that we will

investigate in this chapter.
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For our analysis, we also need a continuous-time approximation of V. For t € [t;_1,1;], we use

the linear interpolation to define V;™, i.e.
‘/tﬂ = ‘/t?,l + f(ti—17 Y(Vﬂ’)tif1 ) Z(Vﬂ)t¢71)(t - ti—l)'

Based on such V;™, we further define the corresponding continuous-time approximation (Y (V™), Z(V™))

of the solution to BSDE (3.2) as
Y (V™) = E[¢(X7) + V7 |F] =V,
M(V™); = E[¢(Xr) + V7 | Fi], (3.4)

t;
/ Z(V™)ydBy = M(V™Yy — M(V™),, ., fort € [ts 18],

tia

Our main result of this chapter is the following theorem about the convergence rate of V™ to V.
Theorem 3.1 If the coefficients satisfy Lipschitz condition 3.1, then there exits a constant Cy,
only depending on the Lipschitz constants Cy, Cy and Cs, the time T, the initial value x and the
dimensions m and d, such that

sup E{|[Vi" = Vi[*} < Cyln|
te[0,T)

We call such kind of constant a generic constant, i.e. C' = C(Cy,Cq,Cs,T,x,m,d). Given the
above convergence rate result, we only need to solve the associated functional difference equation
(3.3), the solution of which will be used as the discrete-time approximation of the solution to func-
tional differential equation (3.1). When the mesh of the partition goes to zero, the discrete-time
approximation converges to the solution of functional difference equation (3.1). The way to solve
(3.3) is essentially a discrete-time version of the approach we presented in the last chapter. Since
such approach is constructive, it also provides us with a numerical scheme as a by-product. The
second main result of this chapter is the solvability of functional difference equation (3.3), which is

stated as the following theorem:

Theorem 3.2 If the coefficients satisfy Lipschitz condition 3.1, by choosing |r| small enough, func-

tional difference equation (8.8) admits a unique solution (V;")o<i<n € C™([to,tn], R).

The chapter is organized as follows. Section 3.2 is devoted to the proof of Theorem 3.1. In
Section 3.2.1, we recall some regularity results from the existing literature of numerical solutions to
BSDEs. Section 3.2.2 gives the proof of Theorem 3.1.

We prove the existence and uniqueness Theorem 3.2 for functional difference equation (3.3) in
Section 3.3. The strategy of the proof is analogous to the proof of Theorem 2.5 in Chapter 2, i.e.
we first solve the equation locally by fixed point arguments, and then we obtain the global solution
by shifting the paths of V™. We conclude this chapter by proposing a numerical scheme for (3.3) in
Section 3.4 based on Picard iteration.

This chapter is mainly adapted from the author’s paper with Casserini [16].
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3.2 Discretizing functional differential equations
3.2.1 Some preliminary results

In [10] Bouchard and Touzi proposed the following numerical scheme to solve BSDE (3.2). For
a given partition 7 : 0 = tg < t; < -+ < ty_1 < txy = T of [0,7T], they defined the following

discrete-time approximation of BSDE (3.2):

Y7 = o(X7),
Y;ri_l = E[Yz“i|ftz—1] + f(tifleg_lvzg_l)Atia
1
Z; | = EE[YZ(ABti)T|]-‘ti_1], for 1 <i<N.

For t € [t;—1,t;], they further defined the continuous-time approximation (Y7,ZT) of the solution

to BSDE (3.2) by the linear interpolation:

ti
YZ = E[ij|fti71] —|—/ Z7dB;,

ti—1

t
Zr )t —ti1) +/ Z7dB,,

ti—1

Yi=YE = ftia, YT,

ti—1?

In [10] the following convergence rate of (Y™, Z™) to the solution (Y,Z) of BSDE (3.2) was

proved:

Lemma 3.3 (Bouchard and Touzi [10]) If the coefficients satisfy Lipschitz condition 3.1, then there

ezists a generic constant Cs such that

T
sup E[YT — V2 + E/ 27 — Z,|%ds < Cs|m.
t€[0,T) 0

Next we recall a result which is in fact motivated from proving the path regularity of the mar-

tingale representation Z. In [80], Zhang introduced an auxiliary process Z™ in order to give the best

H?-approximation of the martingale representation Z at the partition points: for i =1,--- , N,
_ 1 L
zr = EE /til Zsds|Fy, | - (3.5)

Therefore we have

t ti

E ’ |Zs_2g71|2ds: inf E |Zs—77|2ds
¢ neL2(Q,F;, ,,P)

ti—1 i—1 ti—1
Lemma 3.4 (Zhang [80]) If the coefficients satisfy Lipschitz condition 8.1, then there exists a
generic constant Cs such that

N th B
sup  E|Y;,_, —Yt|2+ZE/ \ZT | — Z|*ds < Cs|rl.
teti—1,ti] k=1 tr—1
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3.2.2 Proof of the convergence rate

In this subsection we prove Theorem 3.1. The proof depends on the following lemmas:

Lemma 3.5 The pair (Y (V™),Z(V7™)) defined by (3.4) as the continuous-time approzimation of
the solution to BSDE (3.2) coincides with the solution pair of the discretization algorithm for BSDE
(3.2) proposed in [10], i.e.

YV =Y], fortel0,T]a.s.,

Z(V™) =1ZT, forae.te[0,T] a.s.

Proof. What we need to show is that (Y (V™), Z(V™)) also satisfies the discretization algorithm

defined by Bouchard and Touzi [10]. We first show that Y (V™);, and Y7, coincide at all the partition
points for i =0,1,--- ,N and Z(V™); = ZT for a.e. t € [0,T], a.s.. Clearly,

Y(V™)r = El¢(X7) + Vr|Fr] = Vr = ¢(X7),
and by the predictability of the sequence (V/7), for i =1,--- | N,

Y(Vﬂ-)ti—l = E[¢(XT) + V77“T|'7:t1:—1] - VZT

-1

= E[Y(Vﬂ)tz + ‘/t?|fti—1] - ‘/tﬂ-

i—1

= E[Y(Vﬂ)tz |fti71] + f(ti—la Y(Vﬂ)t171 ) Z(Vﬂ-)tifl )Ati'
Using again the Fy,_,-measurability of V;T, we have

[ 2(rm.dB. = Elo(Xr) + VFIR) - Elo(Xr) + VEIF ]

ti—1

= E[Y(Vﬂ-)tl + ‘4?']:751} - E[Y(Vﬂ-)tl + Vvt? fti—l]

= Y(Vﬂ)tl - E[Y(Vﬂ-)tl

fti—l}'
Next we show that in fact Y (V™) = YT for t € [0,T], a.s.. Indeed,

Y(V™) = El¢(Xr) + Vi|F] = V"
= El¢(Xr) + V7| F] — E[p(Xr) + VF | Fe, )]
+ E[¢(XT) + Vizrlftifj - V;Tir,l - f(tiflv Y(V‘IT)tifl’ Z(Vﬂ.)ti—l)(t - tifl)

_ /t 2OV odBs +Y (Vs o — f(tiot, Y(V Ve s ZOV ) ) (E = ti),

ti—1
which complete the proof. m

Therefore, by the above lemma and Lemma 3.3, we have

T
sup E|Y (V™) — Vil? + E/ Z(V™)s — Z4|2ds < Cs|m]. (3.6)
t€[0,T] 0
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Next, we also introduce an auxiliary process in order to obtain the best H?2-approximation of the

approximation process Z (V™) at the partition points: for 1 <i < N,

- 1
Z(Vﬂ')ti—l = EE
i

ti—1

/ " Z(Vﬂ)sds|ft“] . (3.7)

Lemma 3.6 For 1 <i< N, Z(V™) and Z(V™) coincide at the partition points:
ZVT )ty = Z(V )ty
Proof. By Itd’s isometry, for 1 <i < N,
—E

t;
E / Z(V™)4dBs(AB:)T | Fi,

ti—1

ti
/ Z(V™)sds|Fr,_,

ti—1

Recalling the definition of Z(V™),, we have j:i:l Z(V™)sdBs = M(V™)y, — M(V™)s,_,, and by the
tower property of conditional expectation,

- 1
Z(Vﬂ-)ti—l = E

1
= AtlE [M(Vﬂ)ti(ABti)T|}—tif1]

E [(M(Vﬂ-)tl - M(Vﬂ-)ti—l) (ABti)T|fti—l]

N AltiE [El6(Xr) + VF|FL)AB)T | F, ]
- AltiE [(#(XT) + VF)AB)T|F ]
=Z(V™), ..

Before continuing the proof, we clarify several notations which may cause some confusion. In
this chapter, we use Z(V) to represent the real solution of BSDE (3.2); Z(V)™ to represent the
best H2-approximation of Z(V); Z(V™) to represent the discrete-time approximation of Z(V'), and
Z (V™) to represent the best H2-approximation of Z (V™).

Next for s € [t;—1,t;], we compare the real solution pair (Y (V),, Z(V)s) defined by (3.1) and its

approximation (Y(V™),, ,,Z(V™),_,) defined by (3.3).

Lemma 3.7 For 1 <i < N, there exists a generic constant Cs such that

t;
E / Y(V)e — Y(V7),_[Pds < Gl

ti—1

and
ti
E / Z(V)e — Z(V™),,_, Pds
ti—1

< 2{13/“ |Z(V)s Z(V);:12ds+E/ti |Z(V)s Z(V’T)S|2ds}.

ti—1 ti—1
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Proof. To prove the first inequality we note that for s € [t;—1,%;],

BIY(V)s =Y (V )i,

S2{EY(V)s =Y (V) s P+ EY (V)i =YV}

By Lemma 3.4,
BIY(V)s =Y (V)e,_,|* < Cslnl,

and by (3.6),
E|Y(V)fq—1 - Y(Vﬂ-)ti—1|2 < C5|7T|7

the first conclusion then follows immediately. To prove the second inequality, we note that

ti
E 1Z(V)s = Z(V™ )i, [Pds

ti—1
ti B t; _
<9 {E/ Z(V)s — Z(V)F|Pds + E/ 20— Z(V’T)t“|2ds} .
ti—1 ti—1

By Lemma 3.6, Z(V™);,_, = Z(V™),_,, so the second term of right hand side of the above inequality

reduces to

2

1
ds

At;

t;
E/|mepémews
ti—1
ti
FE / Z(V)S — Z(V”)Sdsfti_l‘|

k2
t;
E/
ti—1 ti—1

1 b . ’
A F (/t_ Z(V)s — Z(V )Sds>

ti
< E/ |Z(V)s — Z(V™),|?ds,

ti—1

IA

where we used Jensen’s inequality and Holder’s inequality for the last two inequalities. m

We are now ready to provide the proof of Theorem 3.1:
Proof of Theorem 3.1. For 1 <¢ < N and ¢ € [t;_1,t;], we have
E{|Vi =V} = B{IVa,., — Vi IP}
t

=2K (Vs =VI) (f(,Y(V)s, Z(V)s) = ftio1, Y (VT )ty Z(VT ),y ) ds

ti—1

t
<[ W-viPas
ti—1

+E/ (5. Y (V)a Z(V)0) = F(ir, Y (VY 2V, )| ds

ti—1
t t t
< E/ |V, — VS’T|2ds+3Cl/ (s — ti_l)ds+301E/ Y (V) =Y (V™) [ds
ti—1 ti—1 ti—1
t
+ 301E/ |1Z(V)s — Z(V™)e,_,|?ds, (3.8)
ti—1
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where we used the Lipschitz property of the driver f for the last inequality. Note that

t
/ (8 7ti_1)d8 S |’/T|Atl S |’/T‘2,

ti1

and by Lemma 3.7,
t t
E / Y(V)s —Y(V™),  [Pds + B / Z(V), — Z(V7™),, [Pds
ti—1 ti—1
t;

ti—1 ti—1

< C5|7r|2+2{E/ti |Z(V)s fZ(V)Z_1|2ds+E/ |Z(V)SZ(V“)52ds}.

Plugging in the above estimates in (3.8), we obtain

t
E{V,~V7y<E | |V,-V Pds+E[V,,_, - Vi |*]

ti—1
t; B ti
+Co <|7r|2 + E/ Z(V)s — Z(V); Pds + E/ Z(V), Z(V”)s|2ds> .
ti—1 ti—1
By Gronwall’s inequality,

B{Vi = V7 P} < e { BlVe, - Vi, )

t; ti
+Cs | |7]* + E Z(V)s — Z(V)T |*ds + E |Z(V)s — Z(V™)4|%ds (3.9)
‘. tl 1 ‘.

for t € [t;—1,t;]. In particular, the above is true for ¢t = t;. Iterating the above inequality (3.9) and
using the fact that Vp = V{7 = 0, we obtain

E{|Ve, = Vi I}

i L tk _
< Xio Aty <i|7r2 +3° E/ 1Z(V)s — Z(V)F_ |2ds
k=1

th—1
% th
+ZE/ \Z(V)s — Z(V™),|2ds | .
k=1 1
By Lemma 3.4,
N th B
ZE/ Z(V)s — Z(V);._[2ds < Cslxl,
k=1 k-1
and by (3.6),
N tr T
ZE/ |Z(V)s — Z(V™)s|?ds = E/ |Z(V)s — Z(V™)|?ds < Cs|m|,
k=1 Jte-1 0

so there exists a generic constant C7 such that
E{|Vs, = ViT I} < Crlal.
Finally, plugging in the above estimate into (3.9), we obtain
sup E{|V; — V[ |} < el™{Cr|n| + Cs(|n|* + Cs|n| + Cs|])} < Cslrl,

0<t<T

which competes the proof. W
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3.3 Solving functional difference equations

In this section we prove Theorem 3.2. The solution of functional difference equation (3.3) will
be used as the discrete-time approximation of the solution to functional differential equation (3.1).
The way to solve (3.3) is essentially a discrete-time version of the approach we presented in the last
chapter.

We consider the solution of functional difference equation (3.3) in the space C™([tx, tn], R). The
following proof of the existence and uniqueness theorem 3.2 is noting but a discrete-time version of
the proof for Theorem 2.5 in Chapter 2. The strategy is we first prove the local existence by fixed
point arguments, and then extend to the global solution by shifting the path of V™. We first give

the following two auxiliary estimates.

Lemma 3.8 For any given partition w, and any given number k, 0 <k < N —1, if V™ and V™ are

two solutions of functional difference equation (3.3), then

2

N
E Z |Y(V7T)tj71 - Y(V’T)tj71 ‘Atj
J=k+1

< 2fal(N — k) max \JEIV - V72,

and

2

N
E Z |Z(Vﬂ-)tj71 - Z(‘_/Tr)tj—l‘Atj
j=k+1

< _ T _ /T 2,
< VIR = 8 s /EIV V]

Proof. To prove the first estimate, we use Minkowski’s inequality to obtain

2
N
E Z ‘Y(Vﬂ-)tjfl - Y(Vﬂ)tj71|Atj
j=k+1
N = 2
< Y VEQrvm,, - Y, laL)
j=k+1
N - - 2
< |7T| Z \/E {E(VYZT - V’17“r|ftj71) + ‘/15?71 - ‘/157;71}
j=k+1
N - - N _
< ol 3 VE{EV - VilE, DY el Y BV, V)2
j=k+1 j=k+1

IN

20m|(N = k) max \/E|V,] — VTP,
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where we used Jensen’s inequality for the last inequality. For the second estimate, we have

2

N
E Z |Z(Vﬂ')tj71 - Z(Vﬂ-)tj—llAtj
j=k+1

< ¥ \/E (1Z(V7)ey, = Z(V),,_, | AL

j=k+1

Recalling from the definition of Z(V™),_, that Z(V™),,_, = E [(¢(Xr) + VF)(AB,)T|F,_,] /Aty

and moreover, by It6’s isometry, we have

N _ 2
3 \/E (1Z(V7)e,y = Z(VT)y,_, |ALy)

j=k+1
N+ — 2
= Y VE{E(VE - VE)(AB)TIF, )
j=k+1
N+ —
< > VE{vE-VERa)
j=k+1
<

VIFIN = ) max \/EIVE = VP2

which completes the proof. m

Given the above two estimates we prove the local existence of the difference equation (3.3).

Lemma 3.9 Given the partition © with \/|7| < ﬁ A1, define the integer k by

1
6CLy/T

Then the difference equation (3.3) starting from Vi =0, i.e.

k=N —

VZT = ‘/;5?_1 + f(ti—l’y(vﬂ-)ti_u Z(Vw)ti—l)Ati
fork+1<i<N anth: =0, where

Y(Vﬂ—)ti—l = E[¢(XT) + V’]7“r|ftri71] - ‘/;57;,1’
1
At;

Z(Vﬂ')tifl = E [(¢(XT) + VTE)(ABtl)T‘ftlfl:I
admits a unique solution in C™([ty,tn], R).

Proof. We first note that on [tx,tx], by iterating the difference equation (3.3), we can define
the following mapping on C™ ([tk, tn], R):

LYV ), = Y -, Y(V )i, Z(V7)y, ) At (3.10)
j=k+1
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For any V™ and V™ in C™([ty, tn], R), by (3.10) we have

max \/E|L”(V”)ti —Lm(V™),, |2

E<i<N
2
N — —
< E Z ‘f(tjflvy(vﬂ—)tj_uZ(Vﬂ)tj—l) _f(tjflvY(Vﬂ—)t]‘—lvz(vﬂ—)t]‘—lﬂAtj
j=k+1

2

N N
Cr B D WV )y, =Y (VD)o [AG + D0 1Z(V )y = Z(V7 )i, AL
j=k+1 j=k+1

IN

2

N
<G E| Y YV, —Y(V7), Al
j=k+1

2

N
+C1, | E Z |Z(Vﬂ)tj71 - Z(Vﬂ)tjfl‘Atj )
j=k+1

where we used the Lipschitz property of f in the last but one inequality. Then, by Lemma 3.8 and

the definition of k, we further have

2

max \/E\]L”(V’T)ti — L7V,

k<i<N

— T _ 1|2
3C1Vm(N — k) krgniaéqu/Eﬂ/ti Vi

1 -
< — max +/E|V] — V7|2
2 k<i<N i i

IN

Therefore the mapping L™ : C™([tx, tn], R) — C™([tr, tn], R) defined by the difference equation (3.10)
is a contracting mapping, and thus admits a unique fixed point. We conclude that the functional
difference equation (3.3) starting from V;7 = 0 admits a unique solution in C”([ty,tn], R). =

The fact that %k is independent of the terminal data ¢ allows us to extend the solution to the
whole interval [tg,tn]. We are now in the position to prove Theorem 3.2. We rewrite functional

difference equation (3.3) as follows:
VZT = ‘/751'71 + f(ti—lv Y(Vﬂ-)tif] ) Z(Vﬂp)twl)Ati
= > flti, YV, Z(VT ), )AL (3.11)
j=1

with Y7 and Z7 being defined iteratively,

Y(Vﬂ)ti,l = E[Y(Vﬂ')tl + Vvt:r '7:151'71} - ‘/t:rfl’
1

Z(Vﬂp)tz‘fl = At E [(Y(Vﬂ)ti + .Vi‘:r)(ABt’L)T‘ftlfl}
1

- AtiE[Y(Vﬂ)ti(ABti)T\fti_J

for1<¢< N and V7 =0.
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Proof of Theorem 3.2. We choose the partition 7 and the integer k according to Lemma 3.9,
and in particular we let \/|7| = % Aland k=N —1.
We start with the difference equation (3.11) on the last interval [ty _1,ty] with V™

., = 0. By
Lemma 3.9, (3.11) admits a unique solution V(N)™ € C™([tny—1,tn]; R), and, in particular, we obtain
V(N)F . and

tn

Yﬂ'

tN—1

= B [¢(X1) + V(N)T | Fiy ]

which is used as the data to solve the difference equation on [ty_o,tn—1].

In general, for 1 < i < N — 1, we consider the difference equation on the interval [t;_1,t;]:

Vi = f(tic1, YY |, 21 )AL (3.12)
with V,T_ =0, where
}/?577?——1 = E[}/t?+‘/ii7:|ftl—1]v
T 1 T T T
Zti,l = EE |:(}/tl + th) (ABtz) |fti—1:|
1 T T
= AtiE [}/tl (ABti) |]:ti—1i| .

By Lemma 3.9 again, (3.12) admits a unique solution V(i)™ € C™([t;—1,t;]; R), and, in particular,
we obtain V()7 and

Y7 = ENT + V()T |F,]

i—1
the later of which is used as the data to solve the difference equation on [t;_o,t;—1].

Next we shift the paths of V()] to construct the global solution of the difference equation (3.11).

VI=>"V()i, for1<i<N (3.13)

j=1

with V;™ =Y and Zf = ZT . If we can further prove such V™ with (Y™, Z™) satisfy

1

functional difference equation (3.11) (or (3.3)), and moreover (3.11) admits a unique solution, then

we are done. In fact, for i = N, we have

Vi =VE o+ -1, Y 2T ) Aty
with
Y;]Tv,l = E[¢(XT) + V(N)?N ‘ftN—l]
N—-1 N—-1
=E |¢(Xp) + VN, + Y VD Fras | = D VOIE
j=1 j=1

= E[¢(X1) + Vi | Fina] = VT,
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and

1
27, = 5 B (00X0) + VIV,) (AB)T 1 Fiy |
1 N—-1
=3 P || 6X0) + VNG, + STVO)E | (AB) | Fiy
7 =
1 N-1
S\ T T
AtZE ; V(])tj (ABtN) |ftN_1
- b (007 @]
At; tn N N-1
Therefore, V7 with (YT, ZT ) satisfy (3.11).

In general, for 1 <i < N—1, by the backward induction, it is easy to verify ‘7;” with (}_/2511, Z{:fl)
also satisfy (3.11).H
We finish this section by proving the uniqueness of the solutions to (3.11), which is in the same

spirit of Lemma 2.8 in Chapter 2.

Lemma 3.10 If functional difference equation (3.11) (or (3.3)) admits a solution in C™([to,tn]; R),

then the solution must be unique.

Proof. Suppose (Vt?’l)ogigjv and (V'J’Q)ogigN are two different solutions to (3.11) with the

same terminal data ¢(Xr). For k =1, 2, we define

ok ok k k ,
Vot =0; VP =V1" V" fori=1,--- N

i 1

Then on the last interval [ty_1,tx], since (Vg’k)ogigN satisfies

‘/g\;k = VtT}:;]jl + f(tN—l’ Y(Vw’k)tzvfu Z(mG)t}\rfﬂAtNa

with . )
Y(Vﬂ’k)tzv—l = E[d)(XT) + ‘/267;; |ftN—1} - ‘/t?;;_la
- 1
ZV™ ) in_ = mE [p(X7)(ABy )" | Fiy ] s

we deduce that V;]Tvk satisfies

‘7t7;1,k = f(tN—la Y(mG)tzvf1 ) Z(mG)thl)AtN

with — ok
YV, = ElB(Xr) + Vi P ),
- 1
2V )y = 5B [6(X0) (DB 1 Fiy ]
N

which admits a unique solution by Lemma 3.9, so Vt:i,l = ‘7&’2, and Y(V™),, , =Y (V™2), ..
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Next on the last but one interval [ty _o, x5 _1], since the terminal data Y (V™1),,_, = Y(V™?)

tN—1>

we can repeat the above argument to deduce that ‘7&: = ‘/;7;21, and therefore Y (V™1),, , =
Y(VF’Q)thr
We continue this procedure until to the interval [0,#,]. Since V"' = V™* =0, ‘—/;171 = 1_/,;;2 then

S 1 2 o -
implies V;7" = V7%, which is a contradiction. m

3.4 A numerical scheme by Picard iteration

Since the proof of Theorem 3.2 is constructive, it also provides us with a numerical scheme as a
by-product. In this section, we propose a numerical scheme to functional differential equation (3.1)
based on Picard iteration. Let m: 0 =ty < t; < --- < tny—_1 < ty = T be a partition of [0,7T]. For

1 <i < N, let P; represent the total number of Picard iterations on the time interval [t;_1,;].
Step (1) In the last interval [tx_1,tn], we let V(N)F) ' =0, and for 1 < ¢ < Py, define

V(NI = fltnon, Y0 200 ) Aty (3.14)

tn tnN—12 “iIN-1

where iy
}/;1\; ' E[ (XT)|‘7:tN 1]+V( )tN>
x 1
th\’rq 1 AtE [d)(XT)(ABtN)TLFtN_J ’
from which we obtain V() PN with (Y;ITVPiV,Z7T PN). Note that we need to compute 2 times

conditional expectations to achieve this, and in fact Z;"Y = Z72¢  for 1 < ¢ < Py.

Step (i) In [t;_1,t;] for 1 <i < N — 1, we let V(i )ﬂ,l =0, and for 1 < ¢ < P;, define

V(DT = f(to, Y, 20 ) A, (3.15)
where »
vt = BRI VAL,
u 1 7w, P;
Ztifl = EE [}/tL i (ABti)T|fti71 ’

from which we obtain V(i) Pitd with (Yt’:j A i) Note that, to achieve this, we need to compute

2 times conditional expectations as well.

Step (N+1) Letting P(i) = Z;zl P;, we define
AR ZV G, for1<i<N (3.16)

with Ytﬂ_}f = Yf_lf and Z; _Pl =7 ’_Pli as the approximation of functional difference equation (3.3).
Therefore we see that the above numerical algorithm needs to compute 2 x N times conditional

P(1)

expectations, and in order to obtain Vtﬂ we need to do P(i) times Picard iterations. The main
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result of this section is the following theorem about the convergence rate of Picard sequence Vt:r’P(i)

to V7

Theorem 3.11 If the coefficients satisfy Lipschitz condition 3.1, by choosing m such that +/|w| <

% A1, and defining the number of Picard iterations as

P, = —3logy(v/|m]) + N —i+1

or 1 < i < N, then the approzimation sequence (3. converges to the solution of (3.3) wi
1 <i <N, then th imati 3.16 to the solution V7 3.8) with

the convergence rate:

mee BV PO — Vi < G/

1<i<N

for a generic constant Cy.
The proof uses the following lemmas.

Lemma 3.12 Let the partition 7 be such that \/|7| < g5 A1. Then the Picard sequence V (i);; rEatl
defined by (3.14) and (3.15) has the convergence rate:

1 1 7T,Pi
2<2HJ{QT+3vai*W},

VEIVEEH — v

for1<i< N -1, and

71' N 1
VEVE S =V < g { T + 3 VBRI |

2PN—1

where V (i)7, is given by (3.12).

Proof. First by Lemma 3.9, for any V(i)™ and V(i)™ in C™([t;_1,t;], R) given by (3.12),

VEL (V) —Lr (V)P < 5y/BIVGE — VR,

and, therefore, for n > 1, we have

n
\/E|V m P+l ( )Z,Pi+1+n‘2 S Z \/E|V(Z)Z,PZ+] _ V(i):,’Pi+1+j|2

i

T2
= Z 2P Fi—1 \/E|V V(i ) 2, (3.17)
Note that V(4 )7r T =0, and

V(i)E? = fltioa, Y 20 )AL

ti—1) “ti—1

with . s
Y;firil = E[th:n 1Jr1‘~¢'15i71]7
T, 1 7, P;
Zt,;_ll = AtlE |:Y;,1 i (ABti)TLFti—l
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Therefore using the same arguments as before we obtain

VEVEL - VR

jgaﬁquAm2+QMEOKZLMOQ+Q Egzgmugz

< Cil|T + Culal\ B4 2 + Ol BV 2

1 < P
< 1T+ g\/E'|Y;i7P@+1|2.

Letting n — oo in (3.17), we obtain the convergence rate of V/(i);; Pitl for 1 <i < N —1. The proof

for the case i = N follows along the similar arguments. m

Lemma 3.13 Let the partition m be such that \/|r| < ﬁ A1, for 1 <i< N —1. Then Picard
sequence Y;;’Pi“ defined by (3.15) has the upper bound:

™, P; T —i
E|Y 12 < {OT 4+ 2/|Y ™ ler(toentsr § 2V
Proof. We first consider the case ¢ = N — 1. Since

Yﬂ"PN _E[ (XT)‘]:tN 1]+V( )ﬁPNa

tN—1

Y;Tzr\r 1_E[ XT)‘FtN 1]+V< )tN?

we have,

7, P, 7, P, /
\/E‘YI-SN_iV‘Q S \/E‘Yl-fN iv_ tN 1|2+ E| tN— 1|2

— JEVNETY — V(N \2+\/E| ZONE
<ClT+\/E|¢) XT |2+y/E| tN 1

< 1T + 2[[Y ™ |ex ([to,tw 15 R)

where we used Lemma 3.12 in the last inequality. In general, for 1 <i < N — 2, we have
< BT - v+ [E
¢ B|BOUT 1R + VG D5 = BOGE, 1R = V+ F
+/EIP
< \/E|Yt” AR P+ \/E\V + 1):’3“ —V(E+ 15, 2+ 4/ EIYT]?
< \/EIYZr L =YL P+ O BT 4+ EYPR,

where we used Lemma 3.12 again in the last inequality. Therefore we obtain

tit1

tit1

T, P; ™
<2/ BIY R+ O T + 201V en (ito,en)i )
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By iterating the above inequality, we deduce

Bl P 2 < LOT + 201V ™len(tto )iy 2V

We are now ready to provide the proof of Theorem 3.11.

Proof of Theorem 3.11. By the definition of V7P and V™, we have

7, P (1) T2 TP+l g
max VBV - Vi = max (| EYVOETT - VO

AT, P41 .
< 545 s 2'
nga;(N \/E|V (])t]. -V (J)tj|

By Lemma 3.12 and Lemma 3.13, we obtain

AT, P;+1 N
VEVGIDTH - v 2
1 1 »
< 551 {C1T+ 3 {OT + 27 len (to,0n3im) } 27 } :
Note that by (3.6), we have
HYWHC"([toJN];R) < sup \/E|}/1£7T|2
t€[0,T)
< sup VEVF VP + sup EGP
t€[0,T]

t€[0,T)

</ Cs|w|+ sup /E|Yi|%
te[0,7)

Therefore, there exists a generic constant Cg such that

N—j
TPl o 2 3
VEVOLP ™ = Vi) < Compy = ol

and we easily conclude. B
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Chapter 4

BSDEs with Quadratic Growth
(QBSDESs)

4.1 Introduction

In this chapter, we consider a class of BSDEs whose driver f(¢,y,2) has at most quadratic
growth with respect to z. In the literature such class of BSDEs are usually called QBSDEs for
short. QBSDEs are intrinsically related to a class of quasilinear PDEs whose nonlinear terms have
quadratic growth with respect to the gradient of the solutions. A typical example is the so called
Burger’s equations in fluid mechanics, to which the Cole-Hopf transformation can be applied to
remove such special kind of nonlinearity. It is Kobylanski [45] who introduced the idea of the Cole-
Hopf transformation into QBSDEs and proved the existence of solutions to QBSDEs. QBSDEs
have found numerous applications in mathematical finance. For example, they appear naturally
when one wants to derive the value function for exponential utility maximization, to use the idea
of indifference pricing to hedge contingent claims written on non-tradeable assets, and to consider
the risk measure. In the next chapter, we will further discuss their applications in fiance, and in
particular in the context of credit risk modeling by indifference pricing.

We will prove the existence of solutions to scalar QBSDEs on a general filtered probability space
by using the idea of functional differential equation approach presented in Chapter 2 and the idea of
the Cole-Hopf transformation introduced by Kobylanski [45]. For a special class of QBSDE systems
(not necessarily scalar) in a Brownian setting, we will pursue another direction different from the
existing method for QBSDEs. Namely we do not use the Cole-Hopf transformation at all and do not
assume the underlying probability space and Brownian motion as any given. Instead, we work with
weak solutions of QBSDEs, which is the second subject investigated in this chapter. The advantage
of the weak solution method, as we will see in Section 4.3, is that it allows us to really work out the
solutions rather than proving the existence only.

We start by introducing the spaces that we will work on. Besides the spaces we have introduced

in Chapter 2, we further define the following space:
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(1) ([0, T]; R%): the space of continuous and F;-adapted processes (Y;)iepo,7] valued in R? such
that sup,co. 77 [Vi| € L>(S2, Fr, P).

4.1.1 Main results of this chapter

In the first part of this chapter, we consider the following scalar BSDE in [0, T:

{ dY; = — f(t, Yo, L(M),)dt + dM,, (4.1)

Yr=¢
on a filtered probability space (2, F, F;, P) satisfying the usual conditions, where f : [0, T] x  x R X
R™ — R satisfies quadratic growth condition 4.1 to be given in the following, £ € L>*(Q, Fr,P),
and L satisfies compatibility condition 4.2, which is a stronger version of compatibility condition 2.2

introduced in Chapter 2. The solution to (4.1) is defined in the same manner as Definition 2.1 in

Chapter 2.

Condition 4.1 (Quadratic growth) For any (y,z) € R x R™, the driver f(t,y,z) is predictably
measurable with f(-,0,0) € H2([0,T]; R). Moreover f(t,-,-) is continuous for t € [0,T], a.s., and

there exist constants Cy and Cy such that
|f(t,y, 2)| < CL(1 + [yl) + Colz[?
fort€[0,T], y € R and z € R™, a.s..

Definition 4.1 For any subinterval [t1,t5] C [0,T), define an operator Ly, 1,1 : H?([t1,t2]; R) —
H2([t1,t2]; R™) such that
(1) Ly, 1, is a linear and bounded operator, i.e. for a,a € R and M, M € H%([t1,t2); R),

L, ) (M + aM); = oL, 4, (M) + dL[tlytg](M)t, fort € [t1,ta],
and there exists a constant Cs such that
Lty o) (M| E2(0 101 < CslIM ||eity 225
(2) for any Fi,-measurable random variable Vi,
Ly ) (M)e = Lyt 1) (M — Vi, )i, fort € [t1, t2];

(3) for any nonnegative Fy-adapted process (Gi)iet, ta)5
to ta
/ G| Lty 1) (M) ds = / Gd[M, M],.
t1 ty
Clearly Definition 4.1 is a stronger version of Definition 2.4 in Chapter 2. The reason we introduce
the extra condition (3) is to handle the quadratic growth term in the driver of QBSDEs. We further

define the operator L based on the operator Ly, ;) defined above:
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Condition 4.2 (Compatibility) For a given partition m : 0 = tg < t; < -+ <ty_1 <ty =T with

the mesh:
‘ 1
fial = 16C2(1 + Cy)2

the operator L : H?([0,T]; R) — H?([0,T]; R™) satisfies the condition: fori=1,- -

|7 == max t; — A,

L(M)t = L[ti—l,ti](M)h fOT’t c [tifhti]-

Then by (3) in Definition 4.1, for any nonnegative Fi-adapted process (Gt)ielo, 1), we have

t;
/ Gt|L | dt = / Gt‘L[ti—l’ti](M)tht
—1 Jti—1
N t; T
= Z/ th[M7 M}t = / th[M7 M]t
i=1"ti-1 0

Therefore an adapted solution to BSDE (4.1) is a pair of processes (Y, M) € C*([0,T]; R) x
H2([0,T); R), where Y is a real-valued continuous special semimartingale with M as the martingale

part of its canonical decomposition, such that

T T
n:5+/ f(&Ys,L(M)s)dsf/ dM,
t

=&+ Z / (5, Y5, Ly, 4, (M)s) ds
Jj=i+1
T

t;
+/ f (S,YS,L[chti](M)S) ds—/ dMs, fort € [ti—1,t;], a.s..
t

t
A typical example of the operator L is the Brownian martingale representation which was presented
in Corollary 2.11, i.e. L(M); = Z;. Then the above integral equation reduces to the classical BSDE

in the literature:
T T
Y; =&+ f(s,Ys,Zs)ds—/ dM, forte[0,T], a.s..
¢ t
Our first main result of this chapter is the following existence theorem for BSDE (4.1):

Theorem 4.2 If the driver f satisfies quadratic growth condition 4.1, the operator L satisfies com-
patibility condition 4.2, and the terminal data & € L>(Q, Fr,P), say |¢| < «, a.s., then BSDE (4.1)
admits at least one adapted solution (Y, M) € C=([0,T]; R) x H2([0,T]; R).

The proof is adapted from Kobylanski [45], which uses the idea of the Cole-Hopf transformation.

To illustrate this idea in a simple setting, let us first consider the following special case:

:f+/f |L<M>s|2ds—/tTdMs'

By making the transformation X; = ¢?¥*, and using the conditions on the operator L, we have

T
X =e* - / 2V d My,
t
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which implies X; = E[e*|7;]. Hence the solution is given by Y; = 1 log E[e?*|F;] with M being the
martingale part of the canonical decomposition of Y.

So far, all the discussions are based on the assumption that the equations must be solved on any
given probability space. Nevertheless this requirement sometimes might be too strong. In the second
part of the thesis we will pursue the weak solutions for a special class of QBSDEs. Specifically, we

consider the following QBSDE system (not necessarily scalar):

dY, = —h(t, Yy, Z,)dt — Z,f(t,Ys, Z)dt + Z,dW,, )
Yr = ¢(Wr), '
where W = (W1 ... W97 is a d-dimensional Brownian motion starting from P*{W, = z} = 1

for # € R?. The coefficients satisfy the following quadratic growth condition which is the same as
Lipschitz condition 2.3 in Chapter 2. However we call it quadratic growth condition here due to the

structure of the equation.

Condition 4.3 (Quadratic growth) The coefficients h : [0,T] x R" x R™*% — R™ f:[0,T] x R x
R4 — R and ¢ : R — R"™ are continuous. Moreover h and f are Lipschitz continuous in
(y,2) € R™ x R™ < with Lipschitz constant Cy, ¢ is Lipschitz continuous in x € R* with Lipschitz

constant Cs, and ¢ is uniformly bounded, say sup,cra |¢(z)| < Cs.

Because of the term with the coefficient f, the equation has at most quadratic growth, i.e. there

exists a constant Cy such that for any y € R™ and z € R"*?,
|2f(t,y,2)| < Co|2|(t + [y| + |2]).

Note that the quadratic growth term in (4.2) is more special than the usual one considered in the
literature. However this special structure is enough to cover the most of QBSDE examples known in
mathematical finance, at least with some extra conditions added, as we will see in the next chapter.
Moreover, most of the existing results for QBSDEs are only for the scalar case n = 1. In this thesis
we extend to the high-dimensional QBSDE systems.

On the other hand, one may wonder why the terminal data has the special form ¢(Wy). This
is only for the presentation’s simplicity. The results can be extended without difficulty to the case
¢(Xr1) where X is driven by SDE:

dX; = a(t, X;)dt + o(t, X¢)dBy, fort e [0,T],
{ Xg==x.
with the coefficients a and o satisfying certain regularity conditions.

In the following, we introduce the notion of weak solutions to the above BSDE (4.2), and when

we want to emphasize the difference, we will call the solutions we have previously considered the

strong solutions.
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Definition 4.3 A weak solution to BSDE (4.2) is a triple (Q, F,P®), {F} and (Y, Z%" W) such
that

(1) (Q, F,P%) is a complete probability space with the filtration {F;} satisfying the usual conditions;
(2) under such filtered probability space, Y, ZP" and W are Fi-adapted. Moreover Y is a special
semimartingale, Z¥" is the predictable representation of Y under P*, and W is a Brownian motion
starting from P*{Wy =z} = 1;

(3) the increments {W,, — Wy : t < u < T} are independent of the o-algebra Fy;

(4) the following integral equation holds:

T T T
Yt:¢(WT)+/ h(s,Y;,Zf””)ds+/ Zf”f(s,ys,zfm)ds—/ ZPaw,, forte[0,T), a.s..
t t t
(4.3)

Before we proceed, we make some comments on the above definition. Firstly, the predictable
representation Z¥" means it is the predictable representation for the martingale part of the canonical
decomposition of the special semimartingale Y, and we use the superscript P* to emphasize the
dependency of the predictable representation on the probability measure P*.

Secondly, we should mention our definition of weak solutions is more related to Buckdahn et al
[13]. The filtration {F;} plays an important role here. If F; = FV, i.e. the filtration only generated
by the Brownian motion W augmented by the P*-null sets in F, the solution turns to be a strong
solution. In Ma and Zhang [57], such solution is also called a semi-strong solution. Actually the
smallest filtration for weak solutions is the filtration {ftW’Y’Z} generated by WY, Z and satisfying
the usual conditions.

Thirdly, (3) automatically holds given the Brownian motion W and the filtration {F;}. In fact
such condition simply means {F;} consists, additionally to {F}V'}, only of independent experiments.
In Buckdahn et al [13], such condition is formulated in terms of martingales, i.e. any ¥ -martingale
must also be an F;-martingale. In Kurtz [46], such kind of condition is also called the compatibility
constraint. (3) is extremely useful when we want to identify which weak solutions are really strong
solutions to QBSDEs.

In the following we will suppress the superscript = of P* for the notation’s simplicity, if no
confusion may arise. We describe our idea formally before presenting the existence theorem for
BSDE (4.2). The basic idea is using a strong solution of FBSDE to construct a weak solution of
QBSDE. Let us start with a Brownian motion B on (2, F, Q) with the filtration {F;} satisfying the
usual conditions and consider the following FBSDE:

dX; = f(t,Ys, Z2)dt + dB,

Xo =z,

dY, = —h(t,Y;, Z2)dt + Z2dB,,
Yr = ¢(X7).

(4.4)
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Suppose FBSDE (4.4) admits a strong solution (X,Y, ZQ). Then define a new probability mea-
sure P by
dP

where &(N) is the Doléans-Dade exponential of N with

N == [ 1. 22, B

Here, (-,-)q denotes the inner product in R%. Under the new probability measure P, by Girsanov’s

theorem, B has the decomposition:
B = (B—[B,N])+ B, N]
= (B+/ f(s,YS,Z;Q)ds> —/ f(s,Ys, ZQ)ds,
0 0

where B — [B,N] = B+ [, f(s,Ys, ZQ)ds is a martingale under P, and furthermore by Levy’s
characterization, it is in fact a Brownian motion under P. We further define W by W =z + B —

[B, N]. Under the probability measure P and with the new Brownian motion W, let us rewrite the

backward equation in FBSDE (4.4) as
dYy = —h(t,Yy, ZR)dt — Z2f (L, Yy, Z2)dt + Z2dW,

with Y7 = ¢(Wr). If we can prove ZQ = Z¥, then triple (Q, F,P), {F;:} and (Y, ZF, W) is just one
weak solution we want to find.

There are mainly three steps needed to be verified. The first step is to establish the invariance
property of the predictable representation under the change of probability measure, i.e. ZQ = ZFP;
the second step is of course the solvability of FBSDE (4.4); the last step is to prove that the Doléans-
Dade exponential &(N) is a uniform-integrable martingale, in order to guarantee P is an equivalent

probability measure. Our second main result of this chapter is the following theorem:

Theorem 4.4 If the coefficients satisfy quadratic growth condition 4.3, then BSDE (4.2) admits at
least one weak solution (Q, F,P), {F;} and (Y, Z¥ W).

The chapter is organized as follows. Section 4.2 is devoted to the proof of Theorem 4.2. In
section 4.2.1 we do some preparations by proving a version of comparison principle for BSDEs on
general filtered probability space, which is then employed to prove the existence result for BSDEs
with linear growth coefficients. With these preparations, we prove Theorem 4.2 in Section 4.2.2.

Section 4.3 is mainly about the weak solutions of BSDE (4.2). We prove the existence theorem 4.4
in Section 4.3.1. For the special case n = 1, i.e. the scalar version of BSDE (4.2), we use Girsanov’s
theorem reversely to prove the pathwise uniqueness of solutions. The celebrated Yamada-Watanabe
theorem then implies the weak solution we constructed is indeed the strong solution for the case

n = 1. The above results are presented in Section 4.3.2.
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Section 4.2 is based on [52] by Lepeltier and San Martin and [45] by Kobylanski, and adapted
in our setting of general filtered probability space. Section 4.3 is adapted from author’s paper [50]
with Lyons and Qian.

4.2 Existence of solutions to QBSDEs
4.2.1 BSDEs with linear growth coefficients

The arguments of in the section 4.2 heavily depend on the comparison principle for BSDEs on
general filtered probability space, so we first provide a version of comparison principle suitable to
later use.

The condition (3) in Definition 4.1 (or Condition 4.2) is in fact only used to control the quadratic
growth term in the driver of QBSDEs. Next we give a weaker version of the condition (3), which

will be used very often later.

(3)’ in Definition 4.1 (or Condition 4.2): For any nonnegative Fi-adapted process (Gt)ieft, t.],

there exist constants C7 and Cys such that

to to 2
c, / GulLit, 1y (M), [2ds < / God[M, M], < Cy / GulLit, 1y (M), [2ds,
t1 ty t1

and therefore the operator L also enjoys the same property: for any nonnegative Fi-adapted process
(Gt)iejo,1)5
T T T
07/ G|L(M),2ds < / God[M, M), < 08/ GL|L(M), 2ds.
0 0 0

Lemma 4.5 (Comparison principle) Let (f1,61, L) and (f?,£2,L) be two parameter sets for BSDE
(4.1), where fl is Lipschitz continuous in (y,z) € R x R™ with Lipschitz constant Cy and f? is
such that the associated BSDE admits an adapted solution, &' and €2 are in L*(Q, Fr,P), and L
satisfies compatibility condition 4.2 with (3) replaced by (3)'. Let (Y, M') and (Y%, M?) be the
corresponding solutions of the associated BSDEs. If 6¢ := ¢2 — €1 <0, a.s., and

A YAL(M?),) — 1, YA L(M?),) <0, forte[0,T], a.s.,
then §Y; := Y2 =Y <0, forte[0,T], a.s..

Proof. The proof is a standard use of It6-Tanaka’s formula. We apply It6-Tanaka’s formula to

e®*(8Y,)? for some «, which is to be determined:
T T
Ot (5Y )2 = eoT (56+)2 — / (Y2 — / (e (5Y+)2ds
t t

T T T
=T (5e1)2 — / 2e**5Y Fd(6YH) — / e d[sY T, 6y ), — / e (§Y,)?ds.
t t

t
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By denoting L the local time of §Y in 0, we have
AGY") =1isv,503(8Y:) + 5L
=1gvis0p {1 (5. Yo, LMY)s) = f2(s, Y2, L(M),) s + 1isv. 0 d(0M) + %dLS.
Note that the measure dL? is carried by the set {t : ¥; = 0}. Therefore,

T
et (0Y;1)? = et (56T)? —/ 2e** Y {1 (s, Y, L(MY)s) — f2(s, Y2, L(M?),) } ds
t

T T T
- / 2655V d(5M,) — / ¢ 15y, >0 d6M, 5M], — / e (5YH)2ds.  (4.5)
t t t

By compatibility condition 4.2 on the operator L, we have

T T
/ ¢ Lsy, ooy dIOM, 6M], > Cy / € 13y, 0} |FL(M), [*ds,
t t

and by the Lipschitz property of f1,
Y LMY) ) = f2(5, Y L(M?)s) > f1(s, YL L(MY)) = f(s, Y, L(M?)s)
> —Co{|0Y] + [OL(M)s]}.
Hence taking expectation on both sides of (4.5), we have
Ele™(6Y;")%] < e*TE[(57)?]
+ /T e* B {2Cy8Y,"[|6Y;| 4 |0L(M),]] — Cr1isy, >0 |SL(M)s|* — a(6Y;F)*} ds.
t
Choosing « large enough, say a > 2Cq + C3/C7, we obtain
2C50Y,{[6Y;| + [0L(M)s|} — Crigsy, >0y [SL(M),|* — a(5Y;H)? <0,

and noting that E[(6¢7)?] = 0, we obtain that 6Y; < 0. m
As the first application of the above comparison principle, we prove the existence result for

BSDEs with linear growth coefficients:

Theorem 4.6 If we assume that the following conditions are satisfied: (i) for any (y,z) € R x R™,
the driver f(t,y,z) is predictable measurable with f(-,0,0) € H2([0,T); R); moreover f(t,-,-) is

continuous, for t € [0,T], a.s., and there exists a constant C1o such that
|f(ty,2)| < Cro(1 + Jy| + |2])

fort€[0,T], y € R and z € R™, a.s.; (i) the operator L satisfies compatibility condition 4.2 with
(3) replaced by (3)'; (iii) the terminal data & € L=(Q, Fr,P), say |§| < «, a.s.. Then, BSDE (4.1)
admits at least one adapted solution (Y, M) € C>=([0,T]; R) x H2([0,T]; R).
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Proof. The proof is adapted from Lepeltier and San Martin [52], which is based on the approx-

imation of the driver f by its inf-convolution: for n > Cyg, let

"(t,y,z) = inf t,y,2) +nly —y| +nlz—z|}.
frta) = it {7(65.5) + nly — gl + e - 2])

We can show that: f™ is still with linear growth, |f™(¢,y,2)| < Cio(1 + |y| + |2]), f™ is Lipschitz
continuous in (y,z) € R x R™ with Lipschitz constant n, and f™ is monotone increasing in n.
Moreover, f™(t,y", 2") — f(t,y,2) as (y",2") — (y, z) for ¢t € [0,T]. We refer to [52] for the proof.

We deduce from the existence and uniqueness theorem 2.3 in Chapter 2 that the BSDE:

T T
Yt:s+/t f"(s,Ys,uM)s)ds—/t dM, (4.6)

admits a unique adapted solution (Y™ M™). Moreover, by the comparison principle lemma 4.5, Y,

is increasing and bounded, i.e.

Y, <Y<Y/ <Y, fortel0,T], as.,

where Y is the solution to the linear BSDE:
T T
Y, = —a- / Cro(1 + [Ya| + [L(M),|)ds — / dM,,
t t
and Y is the solution to the linear BSDE:
T T
Y =a +/ Cro(1 + [Ya| + [L(M),|)ds — / dM,.
¢ t
By the uniqueness of solutions to linear BSDEs (See Corollary 2.10), it is easy to deduce that

Xt — _aeCw(T—t) _ (eC1o(T—t) _ 1) > _(a + 1)6010T,
<

}_/t — aeCu)(T—t) + (eCm(T—t) _ 1) (a+ 1)6010T.

Therefore, there exists a limit process Y which is bounded, and by Dominated Convergence Theorem,
the sequence Y™ converges to Y under H?-norm:

T
lim E [ |V —Y|?dt =0.

n—oo 0

Next, we prove the convergence of M™ in H?([0,T]; R). For n,p > Cyg, we apply Ito’s formula

to some auxiliary function ®(Y;* — Y}?):

(Vg - Yy

T
:/o ® (V" = YO (Y LM™),) — f7(¢ Y L(MP),) Yt

T T
’ 1 77
—/ P (Yt”—Ytp)d(Mt"—Mf)—/ 5@ (Y = YPYd[M™ — MP, M"™ — MP);.
0 0
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We can choose ®(x) = 22, and take expectation on both sides of the above equality, we obtain

||M™ — MP| 20 1
T
<2B | (Y -YO){f" (Y L(M™)e) — fP(, Y, L(MP),) }dt
0

T T
<2\/E/ |Yt’“b—Yt”Ith\/E / (Y L(M™),) — f2(8, VP L(MP),) [ dt.
0 0

By the linear growth condition on f”, and uniform boundedness of Y™ and L(M") under H2-norm
(independent of n), the second integral term of the above inequality is bounded by a constant Ci;

which is independent of n and p. Therefore
|M™ = MP|20. 7 < 200|[Y™ = YP|[g2p0.1),

i.e. M™ is a Cauchy sequence, and thus converges to M € H?([0,T]; R).
Finally we show that the convergence of Y, to Y; is in fact uniform in ¢ € [0, T}, a.s., so the limit
process (Y;)se(o,7) is continuous. Indeed, since M™ — M in H?([0,T]; R),

lim sup |M;"— M| =0, in probability,
n= (0,7

and, thus, there exists a subsequence M["* converging to M; uniformly in ¢ € [0,7], a.s.. On the
other hand, since L(M") — L(M) and Y — Y under H?-norm, there exist subsequences, denoted
as L(M™) and Y™ such that

L(M™), = L(M);, and Y =Y, fora.e. tel0,T], a.s.
Then by the property of f** and Dominated Convergence Theorem,

T T
/ \f"k(s,};"k,L(M"k)sﬂds — / |f(s,Ys,L(M)s)|ds, a.s.,
0 0

and Scheffé’s lemma implies
T
Jim Lf7% (s, Y2R L(M™),) — f(5,Ys, L(M),)|ds =0, a.s..
Therefore,

T T
sup [V ;| < / £ (s, YR L(M™),) = f(s, Yo L(M))|ds + sup | [ d(M* — M),
t€[0,T] 0 tel0,T] Jt

from which we deduce Y;"* — Y; uniformly in ¢t € [0,7], a.s., so (Y:)tejo,r) is continuous. On the
other hand, Y," is monotone increasing, so Dini’s theorem yields that the pointwise convergence of
Y,)" to Y} is in fact uniformly in ¢t € [0, 7], a.s.. Then, we can pass the limit in (4.6) and deduce that
(Y, M) is an adapted solution to (4.1). m

We finish this subsection by verifying the uniform boundedness of Y™ and L(M™) under H?-

norm:
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Lemma 4.7 Both Y™ and L(M™) are uniformly bounded under H?-norm, i.e.
sup HY"||H2[07T] < 00; sup ||L(M")||H2[O7T] < 00.

Proof. The first assertion is obvious. To prove the second one, we apply It6’s formula to (Y;*)?2

which yields that
T T T
(Y2 =¢2 +/ 27 (s, Y, L(M™)s)ds —/ 2V dM? —/ d[M"™, M™s.
t t t

By taking expectation on both sides with ¢ = 0, and using the linear growth condition on f", we

obtain

T T T
E/ d[M™, M™), < E[§2]+2010E/ |Y5"|2ds+2010E/ Y7 |(1+ |L(M™),|)ds
0 0 0

T
< E[¢?] +2010E/ Y |%ds
0

T T
+ %E/ Y7 2ds + 2C1o\*T + 2010)‘2E/ IL(M™),|*ds,
o 0

where we used the elementary inequality 2ab < a?/A\? + A2b? in the last step. On the other hand,
by the compatibility condition 4.2 on the operator L,

T T
E/ diM™, M™]| > C7E/ IL(M™)4|?ds.
0 0

Therefore, we can choose A small enough such that C7; — 2C19A2 > 0, and obtain
BE?] + (24 1/X)Col[Y" 320 77 + 2C10N°T
C7 —2C0\? '

T
E/ IL(M™),[?ds <
0

4.2.2 Cole-Hopf transformation for QBSDEs

In this subsection, we prove Theorem 4.2 by mainly adapting the techniques of Kobylanski (2000).
The basic idea is to transform BSDE (4.1), which is hard to handle, to a new type of BSDE, which
is relatively easy to handle. To this end, let

_ ,2C%Y;
Xt—e 2t7

then by It6’s formula BSDE (4.1) becomes

T InX T
X, = ¢202¢ +/ 205 X, (f (s ;T L(M)S) ds — Cad[M, M]S> - / 20, X M,
t 2 t

T T

In X,

_ (20€ +/ 205 X, (f (s IQIC,L(M)S) - 02|L(M)S|2> ds —/ 20, X dM,,
t 2 t

where we used compatibility condition 4.2 on the operator L for the last equality. We further

truncate the above BSDE by considering:

T T
X, = 2028 +/ 20,59 (X) (f (s, M(X“’),L(M)s> - CQ|L(M)52) ds 7/ 2059 (X)d M,

; 2C,
(4.7)
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where ¢ : R — [A — €, B + €] is a mollifier given by

B+e if z>B+e

T if A<x<B
(z) = A—e if < A—c¢

Cce otherwise

with A and B being two positive constants to be determined. In fact, they will be chosen as the
lower and upper bounds of X later, so ¢(X;) = X, for ¢t € [0,T].
If we further define

Z; = /Ot 2C9%(Xs)dMs, for t € [0,T],

since M is the martingale part of the canonical decomposition of Y, My = Yj, and moreover,

¢
1
M, =Y, ———dZ,.
=t [ ey
Thus M is an affine functional of Z. Next we will show L(M) = L(M(Z)), as an operator defined

on Z, also satisfies compatibility condition 4.2 but with (3) replaced by (3)’. We first verify for i =

1,--+,N, Ly, 4, only depends on (Z¢)seps, , ;- By (2) in Definition 4.1, for M € H?([ti—1,t:]; R),

ti—1,

L[ti—hti](M) = L[t'ifhti](M - Mti—l)

‘ 1 i1 1
= L. 1 Y. ——dZ, — Yy — ——dZ,
it ( °+/o 2059/(X,) 0 /o 205¢(X,) )

: 1
L — dz,|.
[tiz1.t:] </t11 202(X) >

o Bt )i R) — HP([tioa, ti]s R™) by

L[ti—hti}(z)t =L,y 0 (/t 1 2027/)(Xs)dzs> , forte[ti—1,t].
v t

\t,] defined above satisfies Definition 4.1 but with (3) replaced

Therefore we can define an operator L[*ti

(4.8)

Proposition 4.8 The operator L,
by (3).

Proof. For any (Z;)iet,_, ;) € H*([ti—1,ti]; R), we verify (1) (2) and (3)" in Definition 4.1.
(1) L>[kti_1,t7~,] is obviously linear since Ly, , ;) is linear. To verify it is also a bounded operator, we

observe that

1Lyt

I DNt E/ Ljs 0 (2)ef2dt

2
: 1
L S —
[tio1,ti] </t7:—1 2C2p(X) )t

t;
ti—1
. 1 . 1
dZS7/ —_dZ,
/tl 200X, 2000

t;
_E/

dt

‘ 1
B —— a7z
[ wcriere
1 2
S 4022(A — 6)2 HZHC[ti,l,ti]'
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(2) It is obvious Lrt'ifhti}(z Vi) = Lrti,hti](z) for any F;,-measurable random variable V;,.

(8)" For any nonnegative Fi-adapted process (Gi)icj,_, 4.5

: 1
L. ‘ —_dZ,
[tiv1,ti] </t11 2099(X) )t

d[Z, Z),.

2
dt

t;

ti
Gt|LFti—1,ti}(Z)t|2dt :/ Gt

ti—1 ti—1

_ / Gr
vy ACTY(X0)?

By the boundedness of ¥ and nonnegativity of G, we obtain

t; t; t;

AC2(A — €2 / GilL, (20t < / Gud[Z, Z]s < AC(B + ¢)? / GilL, (2
ti—1 ti—1 ti—1

(4.9)

Based on the operator L, we can further define an operator L* : H?([0,T]; R) — H?([0,T]; R™)

—1,t]?

in the same manner as compatibility condition 4.2. With all the above preparations, we rewrite

BSDE (4.7) as

X, = 2026 4 /tT 2059(X,) (f <s %,L*(Z)Q - CQL*(Z)S|2) ds — /tT dZ,.  (4.10)
Note that the driver of BSDE (4.10), denoted as F'(¢, X;,L*(Z),), satisfies the following condition:
—2020(Xy) (ca + Clm;/’éft)> —4C3(B + €)|[L*(2):)
< P, X0, L' (2),) < 205(Xy) (cl + clm;”éff)) L forte[0,7), aus.

Next we approximate the driver F(¢t, X;,L*(Z);) of BSDE (4.10) by using the sequence:

F™(t, Xy, L*(Z)y) =(1 — on(L*(Z)1)) (202‘”()@ <Cl + Cl%))

+en(LH(2)) F(t, Xi, L (2)1),

where ¢, : R™ — [0, 1] is a mollifier given by
1 if |z]<n-—1
en(x) =< 0 if x| >n

C* otherwise

The approximation driver F™ (¢, X;, L*(Z);) has the following properties:

Proposition 4.9 The approzimation driver F"(t, Xy, L*(Z):) is monotone decreasing, bounded and

continuous (so satisfying the conditions in Theorem 4.6). Moreover, for each w € €,
lim Fn(t, Xt7 L*(Z)t) = F(t, Xt7 L*(Z)t), fO’I" t e [07 T}

n—oo

Proof. To prove F™ monotone decreasing, we note that for given n > 1, if |L*(Z)| < n —1,
Fn(t,Xt, L*(Z)t) — Fn+1(t,Xt, L*(Z)t) - F(t,Xt, L*(Z)t) - F(t7Xt, L*(Z)t) - 0
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Ifn—1<|L*(2): <n,

F(t, Xy, L*(2);) — F™ T (t, X, L*(2);)
= (1= 0, (20) (262050 (1 + 2520 ) )
+on(L(2)0) F(t, Xo, L*(Z)e) — F(t, X4, L*(Z):)

= (1= oL (2)) (200(x0) (14 P50 ) - Pt X120 ) 20

If IL*(Z)¢| > n,

F"(t, X, L*(2)) — F" TN (t, X, L*(2):)
= 2Ca0(x) (G4 g0 ) = (1= a7 (20) (200003 (€1 + €M)

- ‘PnJrl(L*(Z)t)F(ta X, L*<Z)t)

— eun(U(2)0) (2020050 (€1 +

111 Q/J(Xt)
20,

) - F(t,Xt,L*(Z)t)> > 0.
To prove the boundedness of F™, we note that for given n > 1, if |[L*(Z);| <n — 1,

[E7 (8, X, LY (Z)0)| = [F (8, Xi, L (2):))]

lnw(Xt)
2C5

< 2055(X,) (cl e ) L ACA(B + L (2),]?

< 2Cy(B +¢) <C1 + C1ln(fc+e)> +4C3 (B +¢)(n —1)2
2
Ifn—1<|L*(2)] <n,
P00 T (2)0)] = 2000050) (€1 + o) (e X, L (20)

In(B +¢€)

<4C5(B +¢) <C1 + C4 5C.
2

) +4C3(B + e)n?

If L*(Z), > n,

2Cy
In(B + e)) '

[F"(t, X0, LY (2),)] = 2029(X4) (q +C mth))

<2C5(B+¢) (Cl + C4 20,

The continuity follows from the conditions on the driver F' and the definition of mollifiers ¢,, and .
It follows immediately from the definition of F'™ that the sequence F™ converges to I’ pointwise. m

By the above Proposition, F"(t, X, L*(Z);) satisfies the condition:

— 2099 (Xy) (Cl +C ln;béft)> - 4C§(B + €)|L*(Z)t|2

ln 1/1(Xt)
2C,

< F™(t, Xy, L*(Z)y) < 202 (Xy) <C1 +C4 ) , forte[0,7T], a.s
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Employing the approximation driver F™, we use the following auxiliary sequence of BSDEs,

which are easy to handle, to approximate BSDE (4.10),

T T
Xt:e2025+/ F"(s,Xs,L*(Z)S)dsf/ dZ,. (4.11)
t t

By Theorem 4.6, for each n, BSDE (4.11) admits an adapted solution (X™,Z™). Moreover, by

comparison principle Lemma 4.5,
X, < XM <XP <X, fortel0,T], as.,
where X is the solution of the BSDE:

T T
X, = e - [ aca(x,) (cl+clm;”éXs)> HICHB + L (2).Pds — [ dz.,
t 2 t

and X is the solution of the BSDE:

X, = 200 +/ 20o(X) (O + 0y B0 Ks) ds—/ dZ,.
t 202 t

By Corollary 2.10 in Chapter 2, X and X can in fact be obtained by solving the ODEs:

T
In X,
X = 67202& — / 202X3 (Ol +C; it > dS,
) 20,

and

T
In X
Xt = 6202a +/ 2CQXS Cl + Cl - dS,
; 205

whose solutions are given by

X, = e202[(1—a)e*01<T*t>—1] > 6202[(1—a)e*01T—1]

2t I

X, = 6202[(1"‘&)@01@7”—11 < 6202[(1+a)eclT—1]

We then choose the lower bound A = ¢2C2l1=)e™“*" =11 4nq the upper bound B = ¢2C2l(1+e)e“"-1],
Then ¢(X;) = X, for ¢t € [0,T]. There exists a limit process X which is bounded, and by dominated
convergence theorem,

T
lim E/ | X7 — X4|%dt = 0.
0

n—oo
The rest of the proof follows from arguments similar to the ones used for the proof of Theorem

4.6, provided we have the following result about the convergence of the sequence Z™.

Lemma 4.10 The sequence Z™ is Cauchy in H2([0,T); R), and therefore, there exists a limit process
denoted by Z € H*([0,T); R).

Proof. First we prove that L*(Z") is bounded in H?([0,T]; R™), which will give us a weak

convergence limit. The idea is the same as Lemma 4.7. Applying It6’s formula to (X[*)?, we have

T T T
(X])? = 03¢ +/ 2XIE™ (s, X" L*(Z"™),)ds —/ 2X"dZ" —/ [z, Z"s.
t t t
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For t = 0, taking expectation on both sides, and using nonnegativity of X7 and the upper bound of

F™ we obtain

T

T
In X7
E | d[z™ z™, gE[e402f]+402E/ (X™M2 0y + 0 =22 ) ds.
0 0 202

Because |X?| < X, < B for s € [0,T], a.s., and |¢| < a, a.s., the right hand side of the above

inequality is uniformly bounded. Moreover, by the compatibility condition 4.2 on the operator L*

(recalling (4.9) in Proposition 4.8), we have

T T
E/O IL*(Z™)|%dt < zxcgpi—e)zE/o d|z", z",.
Therefore, there exists a subsequence, still denoted by L*(Z™), which converges weakly to a limit
process L*(Z) in H%([0,T); R™).
Next we prove L*(Z") in fact converges to L*(Z) in H?([0,T]; R™). The idea is to find an
appropriate auxiliary function W, which is in the same spirit of Theorem 4.6. For n < p, applying

It6’s formula to some auxiliary function W(X? — X7?), and taking expectation, we have

T
1
E[U(Xy — XD)] + E/O SV (X = Xpyd[z" — 2. 2" — 27,

T
:E/ V(X[ — XP){F"(t, X[, L*(Z™),) — FP(t, XP L*(Z7),)} dt (4.12)

0
If 7 > 0, by the compatibility condition 4.2 on the operator L* ( (4.9) in Proposition 4.8), we have

T T
1 1
/ 5fo”(Xt” — XP)d[Z" — ZP, Z™ — ZP), > 403 (A — 6)2/ 5\11”()(;1 — XP)|L* (2" — ZP),|dt
0 0

T

1

= Cn / S V(X7 = XP)L (2" = 27),[dt.
0

By using the upper bound of F™ and the lower bound of F?, we have

Fr(, X7 L0(Z7)) = FP (8, X7 L5 (ZP))

In X7

2C5

In X7

2C,
< Cia + C13|L*(27), 2

< 20 XD <01 e ) + 205 X7 (cl +C ) +4C2(B + €)|L*(27),|?

with C13 = 4C3(B + ¢), so if ¥/ > 0, again by the compatibility condition 4.2 on the operator L*,
T
/ V'(X] — XF){Cra + C13|L*(Z7),|* } dt
0

T
g/ V(XP — XP) {Cra + 3C15|L7 (2" — ZP),? + 3Cs|L*(Z" — Z),[? + 3C15[L*(Z), )} dt.
0
Therefore we obtain

T
1
E[W(Xy — XD)] + E/ (5011\1/” —3C1Y ) (X! — XP)|L*(Z"™ — ZP),|dt
0
T
< E/ 3C1Y (X — XP)L*(Z2" — Z)|*dt
0

T
+E / V(X — XP){Chy + 3C15[L*(2),[?}dt. (4.13)
0
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If we have the uniform boundedness of {(3C11 9" — 303V )V/2(X] — Xf)}te[O,T] in terms of p,
since L*(Z™ — ZP) converges weakly to L*(Z" — Z) in H?([0,T]; R™) as p — o0,
1
{(2011\11” — 3C13 )YV (X! — XD (2" — Zp)t} o converges weakly to
teo,T

{(;cuqf” — 3C3 U)X - X,)LH (2" - Z)t} in H2([0,T]; R™) as p — oc.
te[0,T]

Hence using that ||u|| < liminf, ., ||uP|| if uP converges weakly to u as p — oo, we deduce that

T
1
b / (300" = 3CW)(X] — X)[L*(2" ~ Z),[ds
0
T
< lminf B [ (5000 = 3C1W)(X] = XP)L* (2" - Z7)i[dt. (4.14)
p—00 O

On the other hand, if we have the uniform boundedness of {¥'(X}" — X7)},c(o 7 in terms of p,

Dominated Convergence Theorem then implies that

T
Jim B V(X7 — XP){3C1s|L*(Z" — Z)i|” + C1z + 3C13|L*(2),* } dt
— 00 0
T
_ E/ V(X7 — X,) {3C13[L*(Z" — Z)o? + Cra + 3C13[L*(2), [} dt. (4.15)
0

If ¥ >0, we let p — oo in (4.13) and use the inequalities (4.14) and (4.15),

T
1
E/ (5011\1/” —6C13V ) (X[ — X )|L*(Z™ — Z)|?dt

0
T
<E [ U(X]—X){C+3Ci3|L*(Z).[*}dt.
0

Now we can choose the auxiliary function:

U(x) = exp (120?113 a:) — 12?33

so that 1C110” — 6C13V = 720%;/Chy, and U, ¥/, ¥” > 0. (Recall Cy; = 4C3(A —€)?, C13 =
4C3(B + €).) Therefore L*(Z") converges to L*(Z) in H?([0,T]; R™). The convergence of Z" in
H2([0, T]; R) then follows from the compatibility condition 4.2. m

z—1, forxz >0,

4.3 Weak solutions of QBSDEs
4.3.1 Existence of weak solutions

In this subsection, we mainly consider weak solutions of BSDE (4.2), and prove the existence
Theorem 4.4. Different notions of uniqueness are also discussed.

As we already discussed in Section 4.1.1, there are mainly three steps needed to be verified
for the solving procedure. The first step is to establish the invariance property of the predictable
representation under the change of probability measure; the second step is the solvability of FBSDE
(4.4); the last step is to prove that the Doléans-Dade exponential &(N) is a uniform-integrable
martingale in order to guarantee P is an equivalent probability measure. We verify these three steps

next.
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4.3.1.1 Invariance property of martingale representation

The following proposition follows almost trivially but crucial to our results. It states that the
predictable representation of a special semimartingale is invariant under the equivalent change of

probability measure.

Proposition 4.11 Let B be a Brownian motion on (2, F, Q) with the filtration {F;} satisfying the
usual conditions. Let ZQ be the predictable representation of a special semimartingale Y under Q.

If define an equivalent probability measure P by g—g = &(N) for some uniform integrable martingale

&(N), then ZP = Z2 for a.e. t € [0,T], a.s.

Proof. Under the probability measure Q, Y has the canonical decomposition Y = M — V with
M being a local martingale and V' being a finite variation process, and moreover, M admits the
martingale representation:

t
M; — My :/0 ZQdB,, fortec|0,T], a.s. (4.16)
for some predictably measurable process Z9.

By Girsanov’s theorem, Y is still a special semimartingale under P but with the canonical
decomposition Y = M — V, where M = M — [M, N] is a martingale, and V = M — Y is a finite
variation process. We also have B = B — [B, N| as a Brownian motion under P. Hence under P,
(4.16) becomes

t t
M, — My + [M, N], :/0 ZBdBS+/O ZQd|B,N],, forte[0,T], a.s..

Identifying the martingale parts and finite variation parts of the above equality, we must have
t
My — My = / ZQdB,, fortec[0,T], a.s..
0
On the other hand, under P, we also have
— — t —
M; — My = / ZPdB,, forte0,T], a.s.
0
for some predictably measurable process Z¥, so
T
/ |1ZP — Z9%ds =0, a.s.,
0

we easily conclude. m

Since the martingale representation usually determines the hedging (or replicating) strategy
in derivative valuation, a direct consequence of Proposition 4.11 is that the hedging strategy is
independent of the choice of equivalent (martingale) probability measures. Due to Proposition 4.11,
we will not emphasize the dependency of the martingale representation on the probability measure,

and will simply write it as Z from now on.
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4.3.1.2 Constructing weak solutions by strong solutions of FBSDEs

In this subsection we use strong solutions of FBSDESs to construct weak solutions of QBSDEs. We
start with a Brownian motion B on (Q, F, Q) with the filtration {F;} satisfying the usual conditions
and consider FBSDE (4.4), i.e.

dX; = f(t,Y,, Z,)dt + dB,,

XO =2,

(4.17)
d}/t - —h(t, }/t, Zt)dt + thBt,
Yr = ¢(Xr).

The solvability of FBSDE (4.17) has already been presented in Section 2.3.3 of Chapter 2. We

recall Theorem 2.12 of Chapter 2 as the following lemma for our convenience.

Lemma 4.12 If the coefficients satisfy quadratic growth condition 4.3, then there exists at least
one strong solution (Y,Z) € C>([0,T]; R™) x H?([0,T); R"*?) together with the forward process
X €C([0,T]; R™) of FBSDE (4.17).

Based on the strong solution (Y, Z), we define a new probability measure P by
dP
aQ

where &(N) is the Doléans-Dade exponential of N with

g(N)>

N=—- /0'<f<s,Ys, 2.),dB,)a,

where (-,-)4 denotes the inner product in R%. By Lemma 4.13 in the next subsection, we know P
is indeed an equivalent probability measure. Under the new probability measure P, by Girsanov’s

theorem, B has the following decomposition:

B = (B —[B,N])+ [B, NJ,

= (B—i—/. f(s7YS7ZS)ds> —/. f(s,Ys, Z4)ds,
0 0

where B — [B,N] = B + fo f(s,Ys, Z)ds is a martingale under P, and furthermore by Levy’s
characterization, it is in fact a Brownian motion under P. We further define W by W =« + B —
[B, N]. Under the probability measure P and with the new Brownian motion W, we rewrite the

backward equation in FBSDE (4.17):
dY, = —h(t, Yy, Z,)dt — Z,f(t, Ys, Z)dt + ZedW,

with Y7 = ¢(Wr). Therefore the triple (2, F,P), {F:} and (Y, Z, W) is just one weak solution we

want to find.
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4.3.1.3 Uniformly integrability of stochastic exponential

In this subsection we verify that the Doléans-Dade exponential &(N) is a uniform-integrable
martingale. To prove this we need an appropriate martingale space. It turns out the correct
martingale space is BM O-martingale space. For the definition of BM O-martingales and further

details, we refer to Appendix A.2.
Lemma 4.13 If the coefficients satisfy quadratic growth condition 4.3, then

N = —A.<f(S7Y5,ZS),st>d

is a BMO-martingale under Q, and therefore the Doléans-Dade exponential &(N) is a uniform-
integrable martingale under Q by Theorem A.5.

Proof. For any stopping time 7 < T, by Itd’s isometry and the linear growth condition

[£(t,y,2)| < Ca(t + [y| + [2]), we obtain

sup E [|[Np — N, |*| 7]

sup £
T

T
/ (4, Ve, Z)Pdt | ﬁ]

T
/ Y, 2t | 7,

Since Y is uniformly bounded, we only need to control the last term of (4.18). By applying Itd’s

IN

CiT? +3Cisup E

+3Cisup F

T
/|Zt2dt|]-"71, a.s.. (4.18)

formula to (Y;)? and taking the conditional expectation on F,, we obtain
T
/ | Zy|?dt | F;
.

T
/ (Yo, h(t, Ve, Z0))ndt |

(Y,)? +E

= E[¢(X1)*|F:] +2E

T T
1
§M2+)\2E/ \Vi|2dt | Fr +32F / |h(t,Yg,Zt)|2dt|fT]
T 23 2 T
C3T3  3C
< M?+NE / Vi |2dt| Fr | + ‘;2 T;E / |Yt|2dt|ﬁ]
302 T
+ T;E /T |Zt|2dt‘ .7:7—‘| s a.s.,

where we used the elementary inequality 2ab < A2a? + b?/\2. By choosing ) large enough such that
1 —3C3/A? > 0, and by the unform boundedness of Y, we deduce that there exists a constant C14

independent of 7 such that

sup F
T

T
/Zt|2dt|]-}1<0147 a.s.,

and the conclusion follows by plugging the above estimate into (4.18). m
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4.3.2 Pathwise uniqueness and strong solutions for n =1

As in the classical theory of SDEs there are several notions of uniqueness for solutions, there
are also different notions of uniqueness for the solutions to BSDEs. In this subsection, we discuss

different notions of uniqueness for BSDE (4.2) and their relationship.
4.3.2.1 Canonical setup for solutions of QBSDEs

In this subsection we interpret weak solutions to BSDE (4.2) as the canonical setup for stochastic
processes. For reasons which will become clear later on, we impose the following condition on the

coefficients, which is a stronger version of the quadratic growth condition 4.3.

Condition 4.4 (One-dimension) Quadratic growth condition 4.3 is assumed to be satisfied. More-
over, (i) n =1, i.e. BSDE (4.2) is a scalar BSDE; (ii) F = F(t,z) with F = (h, f)T, i.e. both of
the coefficients h and f only depend on t and z; (iii) f7 = fi(t,27) for j =1,--- ,d, i.e. there is no

mixture terms of z in f.

If we regard weak solutions as the canonical setup for stochastic processes, then the weak solution
we constructed in the last subsection for BSDE (4.2) can be regarded as a probability distribution on
some sample space ET. (See Appendix A.4 for ET.) Usually we need certain topological structure
on sample path space. From Definition 4.3 for weak solutions to BSDE (4.2), we know that ¥ and
W must be continuous. However it is not obvious at all that the predictable representation Z has
any path regularity. Fortunately, under the One-dimensional Condition 4.4, Imkeller and Dos Reis

[40] already did this job for us:

Lemma 4.14 (Imkeller and Dos Reis [40]) Under the One-dimensional Condition 4.4, there is a
continuous modification of Z for the solutions to BSDE (4.2).

Therefore we will choose such continuous version of Z from now on and our sample path space
will then be the space of continuous functions. By W™ we denote the space of continuous functions
C([0,T]; R™). Define the coordinate mapping X; : W™ — R™ by

Xi(z) =, forxe W™,
and on W™ define the following o-algebras:
BY¥ =o(xs: 5 < t); BEX:U(mu—xt:tSugT);

and BY = Viepo,nB;* . Obviously we have the relationship BX = BX v B}* for any ¢ € [0,T].

Now we can interpret weak solutions to BSDE (4.2) as the canonical setup for stochastic processes.
If the triple (Q,F,P), {F} and (Y, Z,W) is a weak solution to BSDE (4.2), we define the image
measure of P under the mapping (Y, Z, W) : Q@ — W1td x W9 defined by

5 (Y(@), 2(@),W(@)), for® e Q.
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In other words, Py, zw) =P o (Y, Z, W)~ We let
(B7,€7) = (W x Wi, BY 9 BZ o BV "),

where Wp(y’z’w) denotes the completion of BY @ BZ ® BY under Py zw). On
(BT, €T, Py, zw)), we further define the filtration {£]} which is generated by o((ys, zs),ws : 5 < t)
augmented by the Py 7 y)-null sets in ET. Here we use ((y,2),w) to denote a generic element in
the sample path space ET. Then the triple (ET,ET, Py zw)), {€]} and ((y,2),w) is the weak
solution to BSDE (4.2), and under Py, 7w,
T T d T d
yr = ¢(wr) +/ h(s, zs)ds —|—/t Zzgfj(S,zg)ds — / Zzgdwg
j=1 b=t

t

We can also introduce regular conditional probability, which is the main machinery we will employ

in the next subsection. We define the projection Iy : ET — W by
M ((y, 2), w) = w, for ((y,2),w) € E”.

Then the image measure of Py, 7 1) under the projection Ily, is a Wiener measure on (Wd, BW),
i.e. Py = Py 7w oIl Because both ET and W are continuous function spaces, they are Polish
under the uniform topology. By Theorem A.12 there exists a unique regular conditional probability
for £ given the projection Iy, which is a function Q{-|w} : ET x W? — [0, 1] such that

(1) for w € W9, Q{-|w} is a probability measure on (ET, £T);

(2) for A € €T the map w — Q{A|w} is BY -measurable;

(3) for A€ £T and B € BV, we have

Py (AN B) = /B QAW )Py (dw):

and moreover, Q{-|w} concentrates on the set {((y,2),w) € ET : Iy ((y, 2),w) = w}, i.e. there

exists a Py/-null set N such that
Q{((y,2),w) € E" : M ((y,2),w) =wlw} = Q{W' " x {w}w} =1 forwe WHN.

Based on the canonical setup for weak solutions of BSDE (4.2), we can further define strong
solutions of BSDE (4.2) on such canonical setup. Herein we use the term strong solutions in order

to emphasize the difference between weak solutions and the solutions we have previously considered.

Definition 4.15 We say a function ® = (®Y,®%) : W — WItd js ¢ strong solution to BSDE
(4-2) if
wi d(w), forwe W
P ——P
is BYY W/Bzf ® B -measurable, where B} " denotes the completion of BY under Py, and more-

over, on any gwen filtered probability space (2, F, Fy, P) satisfying the usual conditions with a Brow-
nian motion W, the pair defined by (Yi, Z;) = (®Y (W;), ®%(W;)) satisfies the integral equation (4.3).
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4.3.2.2 Yamada-Watanabe theorem

For a SDE, the celebrated Yamada-Watanabe theorem states that the weak existence and path-
wise uniqueness of the solutions to a SDE implies the existence of a strong solution, which is regarded
as one of the most powerful tools to prove a SDE possesses a strong solution. As Kurtz [46] pointed
out: strong solution is a consequence of measurable selection, and such result has little to do with
the equation, but really a consequence of the convexity of collections of the probability distributions
of solutions. If the compatibility constraint (See (3) in Definition 4.3) is satisfied, we will further
have the adapteness of solutions.

We will adapt the Yamada-Watanabe theorem for our setting in this subsection. First we give

two notions of uniqueness for BSDE (4.2).

Definition 4.16 (i) The weak solution to (4.2) is called unique in law if for any two weak solutions
(Q,F,P), {FR}, (Y, Z,W) and (Q,F,P), {F}, (Y,Z,W), the probability distributions of (Y, Z)
and (Y, Z) are equal. i.e. P,z = f’(yz).

(i) The weak solution to (4.2) is called pathwise unique if for any two weak solutions (Y, Z)
and (Y, Z) defined on the same probability space (2, F,P) with the filtration {F;} and the same

Brownian motion W, (Y, Z) is a continuous modification of (Y,Z), i.e
(szzt):(ﬁ72t)? fOTtG [07T]7 a.s
Then main result of this subsection is the following version of Yamada-Watanabe theorem:

Theorem 4.17 If the coefficients satisfy the One-dimensional Condition 4.4, then the weak solution

to (4.2) is also a strong solution, and such solution is pathwise unique.

First by employing Girsanov’s theorem, we have the following pathwise uniqueness of the solu-

tions, which proves the second conclusion of the above theorem.

Lemma 4.18 If the coefficients satisfy the One-dimensional Condition 4.4, then the weak solution
to (4.2) is pathwise unique.

Proof. Suppose (Y, Z) and (Y, Z) are two weak solutions on (£, F, P) with {7} and Brownian
motion W. By applying Ité’s formula to e®*(Y; — Y;)? for some « to be determined, we obtain
eat (Yrt _ E)Q

T T T
=_2/ easm_?s)d(ys—m—/ e‘“d[Y—Y,Y—Y]S—/ e (Y, — ¥,)2ds
t t t

T d
— 2/ VD (Zif7 (s, Z1) — Z1 (s, Z0)) + (h(s, Zs) — h(s, Zs)) ¢ ds
t J=1
T d T d ] o T B
72/ V) (2] - Z1)dwi - / e > |7 —Zg|2dsf/ e (Y, — Y,)%ds.
t i=1 t j=1 t

(4.19)
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Note that for s € [0,7], and 27,27 € Rfor j =1,--- ,d,

|27 f7(s,27) = 2 f (s, 2)|

IN

|27 7 (s,27) = 27 f(s,27)| + |2 f(5,27) = 27 (s, 7))

A

Cu(T + |27))|27 — 27| + Cy|7| |27 — 77|

< Ou(T + |22 + |27])] 7 — #2).

Now if we set o ‘ -
ng](87 Zg) — ng](& Zg)
7 - 73
when ZJ — ZJ # 0, and 32 = 0 for s € [0, T] otherwise, then, there exists a constant Cy5 such that

B = , for s e[0,T],
13112 < Ci5(1+|Z112+|Z1|?). Using such 37, we define a new probability measure Q by 3 99 — g(N)

where .
N=>" / BAW?
j=1"9

and under Q define a new Brownian motion B by B = W — [WW, N]. Then under the probability

measure Q, (4.19) reduces to

eat(yvt _ }7t)2

T d T
=_ Q/t e®s (Y, Z Y(dWI — Bids) + 2/t e (Ys = Y)(h(s, Zs) — h(s, Zs))ds

j=

=

T T
- / e’ Z |Z3 — Z9)?ds — / e (Y, — Ys)%ds
t = t

T d T
=_2/ (Y, — ¥,) S (71 — Z0)dB} +2/ € (Y, — V) (h(s, Zs) — h(s, Z2))ds
t t

j=1
—/ eaSZ|Zg - Zg\2ds—/ e (Y, — Y,)%ds.
t =1 t

By taking expectation under Q we have

T
EQUe!(Y; — T)?] = EQ {/ 52V, — V) (h(s, Zs) — h(s, Zs))ds}

T T
— E {/ e Zs — Zs2ds} — E° {/ ae (Vs — K)st}.
t t

By the elementary inequality 2ab < A2a? + b% /)2, we have

_ 2

Y.~ V) (h(s, Z2) — hs, Z2)) < X(Ye ~ Vo) + 112, 22

Choosing A\? = a and a = 2C3, we obtain
: Y 1 g 20%s 7 |2
EQ[e2%i(Y, — V)% < —iEQ / 28|z, — Z,’ds » <0
t
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Therefore, Y; = Y; for t € [0,T), a.s., and Z; = Z; for a.e. t € [0,T], a.s.. Now the only step left is
to verify &(N) is a uniformly-integrable martingale. By theorem A.5, we only need to verify N is a
BMO-martingale under P. Indeed, for any stopping time 7 < T,

d T 4
E{|Nr — N *|F} = ZE{/ |ﬁ£|2d8ﬂ}

j=1
T —
< 015E{/ (d+|Zs]* + |Zs|2)ds|}}} a.s..

The way to control the integral term involving Z and Z has already been presented in the proof of
Lemma 4.13. Therefore Q defined above is indeed an equivalent probability measure. m

Now we turn to the proof of Theorem 4.17. The basic idea has already been presented in Section
4.3.2.1: to transfer the structure of weak solutions such that W'+¢ becomes the sample path space

for (Y, Z) and W¢ that for W. What allows us to carry it through is regular conditional probability.

Proof of Theorem 4.17 We first prove pathwise uniqueness implies uniqueness in law. Let
(Q,F,P), {F}, (Y,Z,W) and (Q, F,P), {F}, (Y,Z,W) be two weak solutions. Let W4 and
W1itd he two copies of C([0,T]; R) x C([0,T]; R?). By using the regular conditional probability
Q{-|w} and Q{-|w}, we define a probability measure 7 on the probability space (0, B(©)) by

m ((dy, dz), (dy, dZ), dw) = Q{(dy, dz)|w}Q{(dy, dz)|w}Pw (dw)

where

(©,B(6)) = (W1+d x Wit x W4 BY @ BZ @ BY @ BZ ® BW“)

with BY ® BZ @ BY @ BZ @ BV denoting the completion of BY ® BZ @ BY ® BZ @ B" under 7. On
(©,B(0), ), we further define the filtration {G,} which is generated by o((ys, zs), (s, Zs),ws : § < t)
augmented by the m-null sets in B(0). Then under 7 and {G;}, w is still a Wiener process. In fact
by the compatibility constraint in Definition 4.3, we know BY ® B? is independent of B}/V. It is

obvious B}V is independent of BtW. Hence for A; € B} ® BZ,

Q{At|w} = Q{At‘wt}-

Likewise we also have Q{A|w} = Q{A;|w;} for A, € BY @ BZ. Based on the above relationship,
for B, € BV, u € [t,T] and ¢ € R%, we obtain

B [ty 15,15, = / ¢ Ewi=w)a QL A, lw} QL Ay [w} Py (dw)
By
_ / &= a QAL o YQ{ Ay we )Py (dw)
By
_ / (E@iw)a Py (d) / QA i} QL A, oy} Py (dw)
W By

=7 [eeemeie] [ QUALIQUALYPw ()

—E" [ez«s,wu—md] (AN AN By,
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and by the standard Dynkin arguments (see [42] and [71]), we deduce {w, —w: : t < u < T} is
independent of the o-algebra G;.
Therefore ((y, z),w) and ((7,Z),w) are two weak solutions on the same filtered probability space

(6,B(0), {G:}, 7). Pathwise uniqueness means
m™({(y,2),(%,2),w} €O : (y,2) = (3,2)) = 1, (4.20)
so for any A € BY @ BZ, the probability distribution P{w € Q : (Y(), Z(@)) € A} equals
T™({(y,2),(5,2),w} €O : (y,2) € A) =7 ({(y, 2), (¥, 2), w} € O : (y,2) € A)

which is equal to the probability distribution P{w € Q : (Y (@), Z(w)) € A}.
Now we prove the weak solution we constructed is in fact a strong solution. We, firstly, show

Q{ |w} and Q{:|w} assign full measure to the same singleton. By (4.20) and the definition of =, if
we define a set D = {((y, 2), (v, 2)) : (y, 2) € Wt4} then

Lol (w2, 52)Ql . o)) QA g, d) o} Py () = 1.
Wd Wl+d Wl+d
Therefore, there exists a Py-null set N € BY such that
[ o), 5. d)w}Ql(dg. d2)lw} =1, for w € WA,
Wit+d Jwi+d

—P
But this can only occur if there exists a BW W/BY ® BZ-measurable map ® = (Y, %) : W? —

Witd guch that

Q{(dy. dz)|w} = Q{(dy. d2)|w} = do) (dy.d2)). for w € WAN,

It then follows that (y,2) = (®Y (w), ®?(w)) for w € WY\ N. Recalling that the mapping w +

Q{A;|w} is B/Y -measurable for A; € B} ® BZ, then by the standard Dynkin arguments used earlier,
——P

® is in fact also B}Y v /BY @ BZ-measurable. On any given filtered probability space (Q, F, F;, P)

satisfying the usual conditions with W being a Brownian motion on it, we also have

T
Y (W) = ¢(WT)+/t h(s, ®%(W,))ds

OZI(W,) f (s, @49 (W,))ds — <I>ZJ AW,
Z

Hence @ is a strong solution. l

74



Chapter 5

QBSDEs and Credit Risk Modeling

5.1 Introduction

QBSDEs have found numerous applications in mathematical finance. For example, they appear
naturally when one wants to derive the value function for exponential utility maximization, to use
the idea of indifference pricing to hedge contingent claims written on non-tradeable assets, and to
consider the risk measure. We refer to the following papers and the reference therein for the examples
of QBSDEs in fiance: [6] [31] [36] [38] [60] and [73].

In this chapter we will further demonstrate the weak solution method to QBSDEs by considering
an example coming from credit risk modeling. Specifically, we will modify the Merton’s structural
model for credit risk by indifference pricing. Then QBSDEs appear naturally when we want to
characterize the indifference price and the associated hedging strategy. We emphasize the Cole-Hopf
transformation does not help us deduce the closed form solutions in our case, though by Theorem
4.2 in the last chapter we know the solutions to our QBSDE must exist. The advantage of our weak
solution method is that it allows us to really work out the solutions of QBSDEs rather than proving
the existence only.

Since indifference pricing plays a central role in this chapter, we start with a short review of the
indifference pricing literature. Indifference pricing is a pricing mechanism especially usefully when
the financial market is incomplete. It originates from optimal portfolio problems in incomplete
markets. Instead of choosing an equivalent martingale measure for the valuation of a derivative,
the mechanism is to find the price at which the buyer (or writer) of such derivative is indifferent
in terms of the maximum expected utilities of holding and of not holding that derivative. The
approach was initiated by Hodges and Neuberger [37] and further developed by Davis [21]. In [77]
Zariphopoulou made a crucial observation of the structure of the equations derived from optimal
portfolio problems in incomplete markets, and introduced the Cole-Hopf transformation to solve such
kind of problems. This is a crucial step to the development of indifference pricing. For example, by

applying the Cole-Hopf transformation, Henderson [35] provided the solutions for power utilities and
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exponential utilities respectively, in which the pricing formula for exponential utility was derived and
also expansions for the price under power utility. On the other hand, Musiela and Zariphopoulou
[61] also solved the indifference price explicitly for the exponential utility. For a general overview of

indifference pricing, we refer to the monograph [15].

5.1.1 Main results of this chapter

The main aim of this chapter is to demonstrate how the weak solution method introduced in
the last chapter can be applied to mathematical finance. The discussion is somehow intuitive and
formal, so none of this chapter’s results are formulated as theorems.

In Section 5.2, we propose the weak formulation of optimal portfolio problems, which is in
the same spirit of the weak formulation for stochastic control problems (See Yong and Zhou [76]).
Roughly speaking, instead of solving optimal portfolio problems on any given probability space,
we will choose a convenient probability space that we will work on. The reason why this might
work is that our objective of optimal portfolio problems is to maximize the expectation of a certain
random variable (the terminal wealth) that depends only on the probability distribution of the
processes involved. Therefore if the state equations (the wealth equations) on different probability
spaces have the same probability distribution, then we have more freedom in choosing a convenient
probability space to work with. Under the weak formulation, we can use weak solutions of QBSDEs
to characterize the value function and the optimal strategies of optimal portfolio problems.

In Section 5.3, we consider a specific financial problem in the setting of credit risk modeling.
The classical Merton’s structural model implicitly assumes the company’s assets, as the underlying
assets, are tradeable in the market. However in reality this can hardly be verified, as the company’s
asset value is only a concept on the company’s balance sheet. We modify the classical Merton’s
model by indifference pricing. The indifference price and the hedging strategy of the corporate bond
subject to credit risk are characterized by the weak solution of an associated QBSDE. We further
apply our weak solution method to really work out the solution of such QBSDE.

This chapter is mainly a continuation of the author’s transfer thesis [47]. Some of the results are
also taken from the author’s paper [48] with Jiang and [36] with Henderson. We should also mention
that our work are influenced by Bielecki and Jeanblanc [6], though they considered the credit risk

in a reduced-form setting.

5.2 Weak formulation of optimal portfolio problems

In this section we consider the weak formulation of optimal portfolio problems, which will be

used later to model the credit risk of corporate bonds.
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5.2.1 Basic assumptions and formulation

We first give the following assumptions for the optimal portfolio problem we want to consider.

Assumption 5.1 (model uncertainty)
Let (92, F,P) be a complete probability space which is to be determined, and {F;} be its asso-

ciated filtration satisfying the usual conditions, which is also to be determined.

Assumption 5.2 (the market)
The market is built with three assets: a risk-free bond with zero interest rate, a stock and
a corporate bond. The latter of the two are issued by a company. The stock price satisfies the

following SDE on the above given probability space:

dS;/ Sy = pPdt + 0P dWS + &7 dWy, (5.1)
SO =S, .
while the price of the company’s asset value follows
{ dVy)Vy = pf dt + o} dWY + &Y dWy, (5.2)
Vo= '

on the same given probability space. The process W = (W<, WV, W) is a three-dimensional Brown-
ian motion to be determined. (Note that here W is not the continuous function space as in Chapter
4.) The market coefficients, u’,o?, 5% for i = S, V, are bounded and deterministic functions. The
stock can be traded in the market, while the company’s assets are non-tradeable, since the com-

pany’s asset value is only a concept on the company’s balance sheet.

Assumption 5.3 (the contract of the corporate bond)

The corporate bond’s maturity is 7" > 0. At time T, the bondholder (or called investor) will
get the face value F if no default happens up to T'. If the company is unable to honor its liability,
the investor will take over the company and will get V. Therefore the payoff of this contract is

min(Vr, F'). We note that the payoff function is Lipschitz continuous and bounded.

Assumption 5.4 (the investor)
The investor has an exponential utility function depending on his/her terminal wealth, which
has the form:

U(x) =—e ", forx€R,

where v > 0 representing the degree of the investor’s risk aversion.

Assumption 5.5 (the trading strategy)
The investor, with initial wealth z, invests in both the stock and the risk-free bond during the

time period [0, 7. Let m be the amount of money invested in the stock. We assume 7 is taken from
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the following admissible set, which of course depends on the above given probability space.
Awg = {m:[0,T] x Q@ — R: 7 is Fi-adapted, self-financing and ||7||g20,7) < 00.}

We call 7 an admissible trading strategy if 7 € A,4. The adapteness of m means the investor cannot
anticipate the future. 7 is self-financing means during the time period [0, T], there is no extra money
flow out of and into his/her portfolio, and gains and losses are only obtained by trading the stock. 7
is H?-finite in order to guarantee that there is no arbitrage. The dynamics of the investor’s wealth
process, denoted by X*(r), follows

(5.3)

dXE(m) = m(pf dt + oP dWS + 57 dW,),
X§(m) =z.

Assumption 5.6 (the cost functional)

The investor purchases the corporate bond with price C at time ¢ = 0, and invests the rest of
the wealth  — C' in the stock and the risk-free bond. During the investment horizon [0, 7], he/she
continuously trades the stock and the risk-free bond by the admissible trading strategy «. At time
t = T, he/she receives the total amount X% (7) + min(Vz, F). The investor chooses the optimal
trading strategy to maximize the following cost functional:

sup EP [_e—v(x;*c<w>+min<vT,F>)} _
TE€Aad

Here we use the superscript P to emphasize the expectation is taken under the probability measure

P, which is to be determined.

Now we can give the definition of weak admissible trading strategy and the corresponding weak

formulation of optimal portfolio problem.

Definition 5.1 A triple (Q, F,P) {F,} and (7, W) is called a weak admissible trading strategy if
(1) (Q,F,P) is a complete probability space with the filtration {F:} satisfying the usual conditions;
(2) W is a Brownian motion, and the increment {W, — Wy : t <u < T} must be independent of
o-algebra Fy;
(3) 7 is taken from the admissible set Agq.

The set of all weak admissible trading strategies is denoted as AY,, and a generic element in such
weak admissible set AZ‘; is denoted as II. The investor decides the optimal weak admissible trading
strategy 11 in order to mazximize his/her cost functional:

sup EP |:_677(X;";—C(ﬂ)+min(VT,F))] . (54)
neAY,

If the above optimal portfolio problem (5.4) can be solved under any given filtered probability space

(Q,F, Ft,P) with the Brownian motion W, then we will not emphasize whether the formulation is
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weak or not, and (5.4) is simply written as: (without emphasizing the superscript P)
sup E [76—%)@‘0<w>+min<vT,F>>} ,
T€Aud

Under the weak formulation, the solutions to SDE (5.1) and (5.2) can certainly be explained
as the weak solutions in the usual sense. However we need to explain (5.3) more carefully. The
following explanation is taken from Yong and Zhou [76]. Because the coefficients of (5.3) depend on
w € Q explicitly through the admissible trading strategy 7, the weak solution to (5.3) does not make
sense. On the other hand, (5.3) is not defined on any given probability space, so the strong solution
cannot be defined as well. A solution to (5.3) is explained as follows: for a given filtered probability
space (Q, F, F;, P) with the pair (7, W) taken from the weak admissible set A%, X*~C () satisfies

the following integral equation:
t t B
X = -0+ [ mudis+ [ m (oSawS oS
0 0

The motivation of introducing the weak formulation of optimal portfolio problems is more from
mathematics rather than finance. Later we will employ martingale optimality principle to deduce an
associate QBSDE as the characterization of the optimal portfolio, and we will further apply the weak
solution method introduced in the last chapter to solve such QBSDE. So weak formulation serves
as an auxiliary but effective mathematical model aiming at ultimately solving optimal portfolio
problems. The reason why this might work is that the objective is to maximize the expectation
of a certain random variable that depends only on the probability distribution of the processes
involved. Therefore if the solutions to (5.3) on different probability spaces have the same probability
distribution, then we have more freedom in choosing a convenient probability space to work with,

and the probability space will be chosen from the weak solution of the associated QBSDE.

5.2.2 Characterization by martingale optimality principle

In order to find the value function for the optimal portfolio problem (5.4) and the optimal weak
admissible trading strategy II, we apply the martingale optimality principle. The basic idea behind
is to find a stochastic process which is a martingale for the optimal control, but a supermartingale
for any other control. To realize this, we resort to an auxiliary process (Y;)¢cjo, 7], which will be
characterized by the weak solution of an associated QBSDE.

For a given filtered probability space (92, F, F;, P) with a three-dimensional Brownian motion
W = (WS WV, W), all of which are to be determined, we want to construct a family of stochastic

processes (—e_'Y(Xffc(”HYt))te[o,T], indexed by 7 € Ayq, such that

(1) the process (—e_’Y(thfc(”)"’Yt))te[o’T] is a supermartingale for any m € A4, and there exists an
optimal 7* € Aqq such that (fe*V(Xffc(“*HYf))te[o’T] is a martingale;

(2) the auxiliary process (Y;).c[o,r] has the terminal value Y7 = min(Vr, F).
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If such auxiliary process (Y;):e[o,r) and the optimal 7* exist, then we have
EFP [—eiV(X;ic(“HYT)} < —eE=CHY0) - for any 7 € Agq,

and

EP {_e*'v(X%*C(“*HYT)] = —e@=CH0) " for optimal T € Aqgg.

)

Therefore

sup EP [_e—wX;*C(w)wT)} _ EP {_e—wo{;”(w*)wﬂ
T€Aqd
— _e1(@=C+Yo)
Note that the filtered probability space (2, F, F;, P) and the Brownian motion W are still to be
determined. Next we use the weak solution of an associated QBSDE to characterize the auxiliary
processes Y and 7*, which also provides us with the filtered probability space (£, F, F;, P) and the

Brownian motion W.

Proposition 5.2 Let (Q,F,P), {F} and (Y,Z, W) (withZ = (ZV,Z)) be the weak solution to the
following QBSDE:

Y, = min(Vp, F / fods —/ (Z2YawY + Z,dwy) (5.5)

with

_ v (af)? L T ()
7= 3 St (B ) e

Then the value function of the optimal portfolio problem (5.4) is given by
sup EFP _e—y(X;—C(Tr)+min(VT,F)):| _ _e—v(w—C-i-Yo)?
neAY,

and the optimal weak admissible trading strategy I1* is the triple (2, F,P), {F} and (xv*, W) with
=3 s
* ¢ 7 Mt
M, = — — Zt + — . (5'6)
' (07)? + (57)? (oP)? + (7))

Proof. On a given filtered probability space (2, F, F, P) with the Brownian motion W, we

suppose (Y;):e[o, 1) satisfies the following BSDE
Y, = min(Vp, F / fsds—/ (ZYdWY + Z,dWy),
where the driver f is to be determined. By applying 1t6’s formula to e*V(Xffc(“HYf), we obtain
de— (X~ (m+Y0)

_ 2
= (XY “(m)+Y1) {—’Y(dXtIC(W) +dY,) + %d[Xw—C(ﬂ_) —I—Y,XE_C(W) +Y]t}

z—C 2 — —
= O [t f+ (0902 @+ (2 (B + 295 2w

+ martingale term.
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Since (—e‘V(Xffc(”)"‘Y‘))te[O’T] is a supermartingale for any m € A,q4, and a martingale for optimal
7 € Aqq, we must have

2

—ypu T — yfi + % [(07)27f + (67)277 + (Z))? + (Z4)* + 267 Zymy] >0, for any 7 € Aqg,

and
2

* Y * — * 7 —Sr7 __*
—yu Ty = fet 5 [(00) () + (07) () + (2 + (2)° + 267 Zem;] = 0.

By rewriting the above inequalities, we need to find f; and 7* such that

12 o2 1+ (592 ( o7 7 i 2
9 [(07)" + (67) ]( t+ (09)2 + (55)2 'y[(ots)z—f—(ats)2])

and equality holds for optimal 7*. Therefore, we must have

2
fi = Z(ZtV)2_~_1 (05)2 (Z&‘F Uf f) _ (Mf)z
2 2 (07)? + (07)? v(af)? 2v(a7)?’
and
=S S
* O > Hy
Ty = — = Zy + — .
! (07)2 + (67)? Y(of)? + (a7)?
|

To finish this subsection, we use the martingale optimality principle to characterize the value
function for the above optimal portfolio problem (5.4) but without the extra payoff min(Vy, F'). The
following is nothing new, but we present it here in order to compare the difference of constructing
the auxiliary process Y with and without the extra payoff min(Vr, F).

We are still under the Assumptions 5.1-5.5. However the cost functional in Assumption 5.6 is

replaced by the following

Assumption 5.6' (the cost functional)

The investor does not purchase the corporate bond during the time period [0, T]. At time ¢t = 0,
the investor invests in both the stock and the risk-free bond, and during time period [0, T] he/she
continuously trades them based on the admissible trading strategy 7. At time ¢t = T, he/she gets
the total amount X7 (w). He/she wants to maximize the following cost functional:

sup EF {—eJ’X;(”)} (5.7)
TE€Aad
on a filtered probability space (2, F, F;, P) with the Brownian motion W, both of which are to be
determined. If we use the weak formulation as in Definition 5.1, then (5.7) can be rewritten as

sup EF {—e_'YX%(”)} .
neAY,
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Next we also apply the martingale optimality principle to find the value function for the opti-
mal portfolio problem (5.7). The idea is the same as before. For a given filtered probability space
(Q, F, F;,P) with the Brownian motion W, we want to construct a family of stochastic processes

(fe*V(Xffc(”)*Yt))te[o,T], indexed by 7 € A,q4, such that

1) the process eV (XTTEmAYY) tefo.7 1s a supermartingale for any 7w € A4, and there exists an
€[0,7] & y
optimal 7* € A,q such that (—e*V(th_C(ﬁ*H’?f))te[oj] is a martingale;

(2) the process (Y;)ic[o,7] has the terminal value Y7 = 0.
If such an auxiliary process (E)te[O,T] and the optimal 7* exist, then we have
E® [—e_"’X%(”)} = FE¥P [—e_W(X;”(”)"’YT)} < —e 1) for any 1 € Aga,
and
E® [—e‘"’xi(ﬁ*)] = E¥F [—e_W(X;(ﬁ*)"’YT)} = —6_7($+Y0), for optimal 7* € Agq.
Therefore,

sup EF [_Q*WX;(”)} — EP {_6*“/)(‘72(7_7*)}
TEAqd
— _eV(@t+Yo)

To construct such an auxiliary process Y, because its terminal data is deterministic Y7 = 0, by

Corollary 2.10 in Chapter 2, Y should be expected to satisfy an ODE. We suppose
dY, = f,dt with Y =0,
where f, is to be determined. Applying Ité’s formula to e*“f(Xtm_c(”)*Yt), we obtain
de— VX 9(m)+Y)

xTr— \ = 2 < < 7
= XM {—v(deC(W) +dY;) + LX) + ¥, X7 () + Y]t}

z—C Y, — 2
= 0 Lt i+ T (08 + 0]

+ martingale term.
Since (—e‘"’(th*C(’TH‘Yf))te[O’T] is supermartingale for any m € A4, and a martingale for optimal

T € Agqq, in analogy to the arguments in Proposition 5.2, we must have

¥2 wy 2 (1
70_82 5’32 Wt——t_ _t—__ :5_’ or any 7 ad>
7 [(o7) ”f”( 7[(0?)2+(0?)2]) o) 1 oryy =0 foranym e Auw

with inequality holding for optimal 7*. Therefore,




and
py
V(o) + (a9)?

In this case, we can solve Y explicitly on any given probability space, so there is no need to emphasize

(5.8)

e
Ty =

the weak formulation by the convention in Definition 5.1. In fact

B (3)?

T
Y= / N[0S + (5577

and the value function for the optimal portfolio problem (5.7) is: (without emphasizing the super-

ww Elerim] — o (o [ (13)? )
weAEdE[ ) p{ 7( +/0 05?2 + 597" )} (5.9)

5.3 A modified structural model for credit risk

ds,

script P)

In this section we propose a modified Merton’s structural model based on the idea of indifference
pricing. The basic machinery we will employ is the weak formulation of optimal portfolio problems

and the weak solution method for QBSDEs.

5.3.1 Revisit of Merton’s model

The basis of structural models, which goes back to Merton [59], is built on the premise that
there exists a fundamental process V interpreted as the value of the company’s assets, which is in
fact a concept on the company’s balance sheet. The corporate bond is regarded as a contingent
claim written on the company’s assets, and the default is triggered if the company is under financial
distress, i.e. the company’s asset value V falls below its liability value. Therefore the no-arbitrage
argument might be applied to model credit risk. For a detail introduction of Merton’s model and
the related literature, we refer to the author’s transfer thesis [47], as well as the author’s paper [51]
with Ren.

There is an implicit, but critical, assumption in most of structural models, namely the uniqueness
of equivalent martingale measure. (See Appendix A.3 for the definition of martingale measures.)
Most of the literature on credit risk focuses on the pricing issues and postulates this assumption
without questioning it. However such assumption seems to make sense only if investors can trade
the company’s assets in the market. Since it is hard to define a meaningful process for company’s
asset value, let alone trade it in the market, the no-arbitrage argument is not sufficient to determine
a unique price. In other words, we cannot obtain the corporate bond price uniquely, because the
credit risk, which arises from the collapse of the firm’s asset value, cannot be hedged by the under-
lying. We want to relax the assumption of the uniqueness of equivalent martingale measure, and
modify Merton’s model by embedding it into the optimal portfolio problem in an incomplete market

framework.
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5.3.2 Modifying Merton’s model by indifference pricing

We apply the idea of indifference pricing to Merton’s model in this subsection. Roughly speaking,
the indifference price of the corporate bond is such that the investor is indifferent with and without
holding such corporate bond when he/she solves the optimal portfolio problem. We follow the

notations in Section 5.2.

Definition 5.3 The indifference price of the corporate bond issued by the company, denoted by C,
is such that the value functions for the optimal portfolio problems (5.4) and (5.7) coincide. That is
sup EF [767~/(X;;*C(7r)+min(VT,F)) — sup EP {767yx;(w)]’

neAY, TE€AqLd
where 11 is taken from the weak admissible set A%, i.e. the corresponding probability space also
needs to be determined, and m is taken from the admissible set A,q on the probability space which is
determined from I1*.
The hedging strategy for such corporate bond is given by w* — & on the probability space deter-
mined from II*, where m* is given by (5.6) and ©* is given by (5.8).

For the properties of such indifference price and hedging strategy and how they can be related
to the classical Merton’s model, we refer to the author’s transfer thesis [47]. In the following we
concentrate on how to solve such indifference price C' and the hedging strategy n* — 7*.

By Proposition 5.2, we know the value function of the optimal portfolio problem (5.4) has the

form

_e—v(ﬂv—c'i‘yo)7

and by (5.9), the value function for the optimal portfolio problem (5.7) is

T (u)?
SO {7 ( + | e <a§>21d5> } |

So the indifference price C' is given by

[T (15)?
=% / (@S2 + (507

and by (5.6) and (5.8), the hedging strategy 7n* — 7* is given by

ds,

e
Ot

Hence constructing the indifference price of the corporate bond and its hedging strategy reduces
to find the weak solution of BSDE (5.5). Before presenting how to solve BSDE (5.5), we emphasize
that the Cole-Hopf transformation does not help us deduce the closed form solutions, though by

Theorem 4.2 we know the solutions to BSDE (5.5) must exist. The advantage of our weak solution
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method is that it allows us to really work out the solution of BSDE (5.5) rather than proving the
existence only.

We use the strong solution of the following FBSDE (5.10) to construct the weak solution of
BSDE (5.5). We start with a Brownian motion B = (B®, BV, B) on (Q,F, Q) with the filtration
{F:} satisfying the usual conditions, and consider the following FBSDE:

1
dnV, = {M}g_2[(0—;/)2+(atV)Q]}dt—athZtth
S\2 S5S
_Uv{ v(o7) 7, 4 Mo }dt+anBV+anB,

(S N R E ERN phe e
- (5.10)
dy; = - 5(“2?)2 —5-dt + 2} dB} + Z,;dB,

29[(07)? + (57)?]
Yr = min(e™V7, F).

Note that the above FBSDE (5.10) is linear, and moreover, its coefficients satisfy Lipschitz condition
2.3. Therefore, by Theorem 2.12, there exist (Y, Z) € C*°([0, T]; R) x H%([0, T]; R?) with the forward
process (InV;)iep0,7) € C([0,T]; R).
Based on the solution (Y, Z), we define a new probability measure P by
P _
dQ
where &(N) is the Doléans-Dade exponential of N with

YoV v ' v(of)? = pioy =
N/ZdB+/{ — Zi + — dB;.
A N () BN ) T R P EN S CI TN

By Lemma 4.13 in Chapter 4, we know that P is indeed an equivalent probability measure. Under

g(N)>

the new probability measure P, by Girsanov’s theorem, W = B — [B, N] is a Brownian motion with

WS:BS

WV =BV —/0 %Ztvdt,

: 52 S =3
= B v(o7) > Hi Oy }
W=B- Z + dt.
/0 {2[(05)2 + (@) (02 + (07)?
Under the probability measure P and with the Brownian motion W, we rewrite the backward

equation in FBSDE (5.10):

- (ug)?
M= lere e

S\2 S =5
2V (awY + XzVat) + zZ, (aw, i) Z Ht Tt dt
+ 2 (AWl + 52 dt)+ 2 (i 2wr)2+ @07 T (o 52

=fodt + Z) dW) + Z,dW,
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with Y7 = min(Vr, F), and rewrite the forward equation in FBSDE (5.10):
dVi)Vi = p) dt + o) dWY + &) dW;.

Therefore the triple (2, F,P), {F;} and (Y, Z, W) is just one weak solution we want to find.

We conclude this section by summarizing the above results as the following proposition:

Proposition 5.4 Let Y and Z be constructed from the weak solution of BSDE (5.5). Then, the
indifference price of the corporate bond offering payoff min(Vp, F) is given by

e (u)?
Yo / @S2 + (55)7] "

and the associated hedging strategy is given by
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Appendix A

Preliminaries of Stochastic
Analysis

In this appendix we recall some stochastic analysis tools that are particular important to us and
used throughout the thesis. For the general theory and its details we refer to [42] by Karatzas and
Shreve and [71] by Revuz and Yor .

A.1 Special semimartingales and canonical decomposition

Let (Q,F,F;,P) be a filtered probability space which satisfies the usual conditions. That is
(Q, F,P) is a complete probability space, Fy contains all the P-null sets of 7 and F; = F;4, i.e. the
filtration {F;} is right continuous. Any martingale on such (2, F, 7, P) has a modification whose
sample paths are right continuous with left limits, or simply called Cadlag. So by a martingale, we
always mean a martingale which has Cadlag sample paths. For given T > 0, all of our processes are
defined and considered only within the interval [0, 7.

Recall an F;-adapted Cadlag process Y is a semimartingale if there exists processes M and V'
with Vp = 0 such that

Y =M, — Vi, (A1)

where M is a local martingale and V' is a finite variation process. If V is further predictably measur-
able, then Y is called a special semimartingale. The typical example of a special semimartingale is
a semimartingale with bounded jumps, i.e. |[AY;| < e < oo for t € [0,T]. In particular, a continuous
semimartingale is a special semimartingale with both M and V being continuous.

For the special semimartingale Y, the above decomposition (A.1) is unique, which depends on

the following fact: (See Protter [69])

Proposition A.1 Let M be a local martingale with paths of finite variation. If M is predictably

measurable, then M must be a constant, i.e. My = My fort € [0,T].
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Now suppose the special semimartingale Y admits another decomposition Y; = Ny — A; with N

being a local martingale and A being a predictably measurable finite variation process, then
My — N, =V, — A,

Therefore, V' — A is a predictable measurable finite variation process which is also a local martingale.

Since Vy — Ag = 0, by Proposition A.1, we must have V, = A, for ¢t € [0,T].

Definition A.2 IfY is a special semimartingale, then the unique decomposition Yy = My — Vi with

Vo =0 and V being predictably measurable is called the canonical decomposition.

A.2 Continuous BMO-martingales

In this section we only consider continuous martingales. Let M be a continuous martingale. For

p > 1, define the continuous martingale space HP ([0, T]; R?) equipped with the HP-norm:
2 1/17
IMlyerto,r = B {[M, M2}

By the Burkholder-Davis-Gundy inequality, there exist constants C; and Cy such that

1/p
C1||[M||xrpo,1) < E{ sup Mt|p} < Col||M||nrpo,1)-
t€[0,T]
If furthermore p > 1, by Doob’s inequality, || - ||[o,r) is equivalent to the following Lf.-norm:
1Moo,y ~ B (| Mr ] 7

For p > 1, H?([0,T]; R?) is the dual space of H7([0,T]; R%), where ¢ is the conjugate of p,
ie. 1/p+1/g=1
H>([0,T]; R?), the class of all continuous martingales with bounded quadratic variation. In fact

the dual space of H([0,T]; R?) is BMO([0,T]; R?). Let us first recall BM O-martingales.

. However for p = 1, the dual space of H!([0,T]; RY) is strictly larger than

Definition A.3 Let M € H%([0,T); RY). Then M is called a BMOsy-martingale if there exists a

constant C3 such that for any stopping time T <T, we have
E{|Mr — M, |F;} <CF  as.,
and the smallest C3 is defined to be the BMOq-norm. We define BMO5([0,T); R%) space by
BMO([0,T]; RY) = {M € H*([0,T]; RY) : [|M|| a0, 0,11 < o0}

Analogously, we can also define the BMO,,([0,T]; R?) space for any p > 1, and all BM Op-norms

turn out to be equivalent to each other:
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Proposition A.4 There exists a constant Cy such that

[IM||Baro.o,1) < NIM||Baro, 0,1 < Cal|M||Baro,jo,1)- (A.2)

Proof. The first inequality simply follows from Jensen’s inequality, while the second inequality

is deduced from the following John-Nirenberg inequality: (See He et al [34])

1
5 { oMz, .7‘-7} < a.s. A3
{ | 1 —4||M||smo; 0,1 -

for any stopping time 7 < T, if |[M||gr0,0,77 < 1

o M :
Now we define M = SR Since
~ 1 1
M - <=
[|M||Barro,o,1) L
we can apply (A.3) to M and obtain
|V — NI, | 1
E{e =M \]—‘T} < § —2 as.
1 —4|[M||Bamo, 0.1

So for any p > 1,
E{|My — M |P|F-}

P (8I[M||Baro,jo,1))P
i.e. B{|Mr — M,|P|F - }/P < 8- 2Y/P(p)Y/P||M||grsoyo,1)s @-S.. W

<2 a.s.,

Because of Proposition A.4, we will simply write BM O-martingales without specifying p in the
thesis. Next, we turn to the duality between H!([0,7]; RY) and BMO([0,T]; R?), which in fact
follows from the following Fefferman’s inequality: (See He et al [34])

E{[M, Nlr} < Cs[|Nl|sarogo,r)l [ M]|#r 0,17
We finish this section by a characterization result of BMO-martingales: (See Kazamaki [43])

Theorem A.5 M is a continuous BMO-martingale iff its Doléans-Dade exponential E(M) is a

uniformly integrable martingale satisfying the following reverse Hélder’s inequality:
EE(M)5|F] < CeE(M)E  a.s.

for some p > 1, where T < T is an arbitrary stopping time.

A.3 Jacod-Yor’s martingale representation

It is well known that the martingale (or predictable) representation is intimately related to
the geometry property of the probability measure P, i.e. P is an extremal point. We will recall
the Jacod-Yor’s martingale representation in this section. In analogy to H2([0,7]; R%), we denote

M?2([0,T]; RY) the space of R?-valued square integrable martingales with Cadlag sample paths.
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Definition A.6 A closed subspace A of M?([0,T]; R) is called a stable space if (i) for any A € Fo
and any martingale M € A, then M.14 € A; (i1) for any stopping time 7 < T and any martingale
M e A, then M., € A.

The stable space is also stable under taking Ito’s integrals: (See Protter [69])

Proposition A.7 Let A be a closed subspace of M2([0,T]; R). Then, A is stable iff A is stable
under taking It6’s integrals: for any orthogonal martingale M = (M*,--- , MT with M7 € A, and
Z being predictably measurable such that

d T
B3 [ 128 AL <,
j=1

then fo ZsdMs € A. (The superscript T denotes matriz transposition.)

For A ¢ M?([0,T); R), we denote S(A) the stable subspace generated by A, i.e. the intersection

of all closed stable subspaces containing 4. We want to identify a condition such that
S(A) = M*([0,T]; R), (A.4)

which means any martingale M € M?2([0,T]; R) can be represented by the elements in A. This
turns out to be closely related to the property of P. We first define the set of martingale measures
associated with A, denoted as M?(A). A probability measure Q € M?(A) if (i) Q is absolutely
continuous with respect to P; (i) Q = P on Fy; (iii) for any M € A, M is also a square integrable

martingale under Q.

Definition A.8 A probability measure P € M?(A) is called an extremal point of M?(A) if whenever
P=XQ'+ (1 -))Q? for Q,Q? € M?(A) and ) € [0,1], then X\ must be either 0 or 1.

The following Jacod-Yor’s martingale representation provides us with a condition such that (A.4)

holds:

Theorem A.9 (Jacod and Yor [{1]) Let A be a subset of M?([0,T]; R) containing constant mar-
tingales. Then (A.4) holds iff P is an extremal point of M?(A).

A familiar example is the Brownian martingale representation. To see this, let B = (B*,--- , B)T
be a d-dimensional Brownian motion on (2, F, P) with the natural filtration {FF} after argumenta-
tion. Since [B?, BY]; = §;;t under any Q € M?({B}), M?({B}) = {P}, and the probability measure
P is the trivial extremal point of M?({B}). Therefore S({B}) = M?([0,T); R), i.e. any Brownian
martingale M € M?2([0,T]; R) can be represented by the Brownian motion B.
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A.4 Canonical setup and regular conditional probabilities

To finish this appendix we recall the definitions of canonical setup and regular conditional proba-
bilities. Let (£2, F,P) be a complete probability space, and let (E, ) be a measurable space. Define
ET to be the set of all functions from [0,77] to E.

Let (Xt)tef0,7) be a stochastic process with the state space (E, &) on (2, F, P). It can be regarded
as a random variable with values in ET, which is called the sample path space. Indeed, for ¢ € [0, T},

we define the coordinate mapping X; : ET — E by
Xi(z) = z(t), forzcET.

and the o-algebra &7 by €T = o{x(t) : t € [0,T]}. We define the probability distribution of
(Xt)telo,r) s the image measure of P under the mapping X : Q — E” by w — X(w) for w € Q.
That is Py =P o X1,

Definition A.10 Let (X¢)ic[o,1] be a stochastic process given as above. Then (ET,ET Px) together

with the coordinate mapping X; (or the generic element x € ET') is called the canonical setup for

(Xt)te[O,T] .

One of the advantages of the above canonical setup is that it allows us to compare two differ-
ent stochastic processes, possibly defined on different probability spaces. Next we recall regular

conditional probabilities (or disintegration of probability measures).

Definition A.11 Let (Q,F,P) be a complete probability space, and let X be a measurable map from
this space to a measurable space (E,E) on which it induces an image measure of P by Px = PoX 1.
Then a regular conditional probability for F given X is a function Q{-|z} : F x E — [0,1] such that
(1) for x € E, Q{:|z} is a probability measure on (2, F);

(2) for Ac F, x— Q{A|z} is E-measurable;

(3) for A€ F and B € &, we have

P(ANnX"YB)) = /B Q{A|z}Px(dx).

We say the above regular conditional probability is unique if Q’{-|z} is another such, then there
exists a Px-null set N such that Q{Alz} = Q'{4|z} for A € F and x € E\N. If both  and E
have certain topological structure, then the regular conditional probabilities exist and are unique.

(See Parthasarathy [65])

Theorem A.12 If both Q and E are Polish spaces (i.e. separable and complete), then there exists
a unique regular conditional probability for F given X, and moreover Q{-|x} concentrates on the set

{we Q: X(w) =x}. That is there exists a Px-null set N such that

Q{weQ: X(w)==z|z} =1, forxzecE\N.
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