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Abstract

Moduli spaces of complexes of sheaves
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A thesis submitted for the degree of Doctor of Philosophy, Trinity Term 2011

This thesis is on moduli spaces of complexes of sheaves and diagrams of such
moduli spaces. The objects in these diagrams are constructed as geometric invariant
theory quotients and the points in these quotients correspond to certain equivalence
classes of complexes. The morphisms in these diagrams are constructed by taking
direct sums with acyclic complexes. We then study the colimit of such a diagram and
in particular are interested in studying the images of quasi-isomorphic complexes in
the colimit.

As part of this thesis we construct categorical quotients of a group action on un-
stable strata appearing in a stratification associated to a complex projective scheme
with a reductive group action linearised by an ample line bundle. We study this
stratification for a closed subscheme of a quot scheme parametrising quotient sheaves
over a complex projective scheme and relate the Harder—-Narasimhan types of unsta-
ble sheaves with the unstable strata in the associated stratification. We also study
the stratification of a parameter space for complexes with respect to a linearisation
determined by certain stability parameters and show that a similar result holds in
this case.

The objects in these diagrams are indexed by different Harder—Narasimhan types
for complexes and are quotients of parameter schemes for complexes of this fixed
Harder—Narasimhan type. This quotient is given by a choice of linearisation of the
action and so the diagrams depend on these choices. We conjecture that these choices
can be made so that for any quasi-isomorphism between complexes representing points

in this diagram both complexes are identified in the colimit of this diagram.
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0.1. Introduction

0.1 Introduction

The initial idea behind this thesis was to construct a diagram in the category of
schemes whose objects are moduli spaces of S-equivalence classes of bounded com-
plexes of coherent algebraic sheaves over a fixed base scheme and whose morphisms
are given by taking direct sums with acyclic complexes. The idea was then to relate

the notion of equivalence in the colimit of this diagram with quasi-isomorphisms.

The objects in this diagram are constructed using geometric invariant theory
(GIT). We give only a brief summary of GIT now as greater details can be found
in Chapter 1. To construct a quotient of a scheme Y by the action of a group
scheme G in algebraic geometry is more complicated than just taking the topological
quotient; we need to ensure that the quotient is a scheme and the quotient map is
a morphism of schemes. Mumford’s GIT provides a way to obtain such a quotient
scheme and morphism under certain conditions. If the group is reductive and we
have a linearisation of the G-action (i.e. a lift of the G-action to a line bundle L over
Y'), then there is a GIT quotient scheme Y//; G which is a categorical quotient of an
open subscheme Y*¥(L) of semistable points in Y. The points in the complement of
the semistable set are known as unstable points and must be removed to obtain a
reasonable quotient. If the linearisation is ample, then topologically the GIT quotient
is the set of semistable points modulo S-equivalence: y and 3’ are S-equivalent if their

orbit closures meet in the semistable set.

Many moduli spaces in algebraic geometry are constructed as GIT quotients Y//G
where Y is a parameter space for some collection of algebro-geometric objects and
the G-orbits correspond to equivalence classes of these objects. For example, the
moduli space of semistable sheaves (in the sense of Gieseker [13]) with fixed Hilbert
polynomial is constructed as a GIT quotient of a closed subscheme Q of a quot scheme

by the action of a special linear group [13, 31, 40].
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An important GIT construction for us is the moduli spaces of semistable quiver
sheaves over a smooth integral complex projective scheme X due to Schmitt [39].
A quiver sheaf is a representation of a quiver in the category of coherent algebraic
sheaves, although Schmitt only deals with representations in the subcategory of tor-
sion free sheaves. A bounded complex of coherent algebraic sheaves is a representation

of a quiver

with relations imposed so that the composition of two consecutive morphisms is zero.
From now on we use the term complex to mean a bounded complex of torsion free
sheaves over X. As with any moduli problem we fix invariants P, a Hilbert polynomial
for each sheaf in the complex, and only parametrise semistable complexes. The
notion of semistability for complexes due to Schmitt is determined by a collection
of stability parameters which are used to define a weighted analogue of the reduced
Hilbert polynomial. A complex is semistable if every nonzero proper subcomplex has
weighted reduced Hilbert polynomial less than or equal to that of the complex. There
is a parameter space T = Tp for the semistable complexes and a reductive group
G = G'p acts on this parameter space such that the orbits correspond to isomorphism
classes of complexes. Schmitt uses the stability parameters to determine an ample
linearisation of the G-action such that GIT semistability corresponds to semistability
as defined above and then takes the GIT quotient to construct moduli spaces of

S-equivalence classes of complexes.

The moduli spaces of complexes constructed by Schmitt are not quite suitable for
our purposes as complexes with wildly different cohomology can be identified in these
moduli spaces. In an attempt to rectify this situation we instead take a quotient of a
subscheme of the parameter scheme ¥ such that all complexes parametrised by this

subscheme have cohomology sheaves of a certain type. This statement will be made
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more precise later on in this introduction, but first we discuss work on stratifications
of schemes with group actions due to Hesselink [17], Kempf and Ness [22] and Kirwan

[24].

Let Y be a nonsingular complex projective variety with an action by a reductive
group G and L be an ample linearisation of this action. Associated to this action and

linearisation there is a stratification

Y =1|]8s

BeB

into G-invariant locally closed subvarieties such that the open stratum is the GIT
semistable subvariety with respect to L (see [17, 22, 24]). The GIT quotient provides
a categorical quotient of the G-action on the semistable subscheme and we consider
the problem of constructing quotients of the G-action on the unstable strata. In this
thesis we find a canonical linearisation on a projective completion of each stratum
which can be used to obtain a categorical quotient of the G-action on that stratum.
Unfortunately, the categorical quotient has the disadvantage that in general there are
no stable points and so too many orbits are collapsed in this quotient. Instead we
suggest a perturbation of the canonical linearisation should be used to construct a
categorical quotient of an open subscheme of the unstable strata. We also note that
this can all be extended to a projective scheme Y which is G-equivariantly embedded
in an ambient projective space by intersecting the stratification of the projective space

with Y.

We are ultimately interested in understanding the strata occurring in the strat-
ification of the parameter space T for complexes associated to the linearisation for
a suitable choice of Schmitt stability parameters. As a first step in this direction
we study the stratification of the parameter scheme @Q for sheaves over a complex

projective scheme.
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Recall that every pure sheaf £ has a unique filtration by subsheaves

such that the successive quotients £ /£¢=1) are semistable with decreasing reduced
Hilbert polynomial. This filtration is called the Harder—Narasimhan filtration of £
and the Harder—Narasimhan type of £ is the tuple of Hilbert polynomials of the

successive quotients £® /£0-1),

Atiyah and Bott used Yang-Mills theory to stratify an infinite dimensional affine
space of unitary connections on a fixed smooth vector bundle over a Riemann surface
> and calculate the Betti numbers of moduli spaces of vector bundles over . The
stratification they obtained was a stratification by Harder—Narasimhan types of vector

bundles [3].

This gives us reason to believe that the strata in the stratification of @ should also
be related to Harder—Narasimhan types. By using the explicit algebraic descriptions
of the strata given in [24], we are able to show that this is the case. More precisely,
we prove that for a fixed nontrivial Harder—Narasimhan type the construction of the
parameter space for sheaves and its linearisation can be chosen so that all sheaves
with this Harder-Narasimhan type are parametrised by a subscheme of Q and that
this subscheme is a union of connected components of an unstable stratum in the

stratification of Q.

Before we can start to discuss the stratification we will consider for complexes
we need to choose a stability condition which is used to determine this stratifica-
tion. For any choice of stability parameters a complex of torsion free sheaves has a
Harder—Narasimhan filtration with respect to these parameters. We find a collection
of stability parameters indexed by a small positive rational parameter e such that

the Harder—Narasimhan filtration of a complex F. for € sufficiently small is given by
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refining the filtration

- Fic1 = Imdiy - 0 — 0 —

N N N

D

- Fio1 —  kerd; — 0o — 0 —

N N N

D)

+

- Fio1 — Fi — Imd; —

by the Harder-Narasimhan filtrations of the cohomology sheaves H(F.) and the
Harder—Narasimhan filtrations of the image sheaves Imd;. Therefore, the Harder—
Narasimhan type is given by 7 = (H,I) where H denotes the Harder—Narasimhan
types of the cohomology sheaves and I denotes the Harder—Narasimhan types of the
images. If two complexes have the same Harder—Narasimhan type with respect to
these conditions for € sufficiently small, then their cohomology sheaves have the same

Harder—Narasimhan types.

We use the stability conditions described above to obtain a stratification of a
projective completion T of the parameter space for complexes. For a nontrivial
Harder—Narasimhan type 7 we show that the set up can be chosen so that there
is a subscheme R, of the parameter space ¥ which parametrises complexes with this
Harder—Narasimhan type 7 and that this subscheme is the intersection of the pa-
rameter space with a union of connected components of an unstable stratum. The
subscheme R is invariant under the action of G p() where P(7) is the tuple of Hilbert
polynomials of the sheaves occurring in any complex with Harder—Narasimhan type
T.

The objects in our diagram of schemes should be quotients of the Gp(;)-action

on the subscheme R. for different Harder—Narasimhan types 7; such a quotient is
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given by a choice of linearisation. Recall that there is a canonical linearisation on
each unstable stratum which gives a categorical quotient of the G p(;)-action on that
stratum. In this case the quotient of R, obtained from the canonical linearisation
is isomorphic to the product of moduli spaces for the successive quotients in the
Harder—Narasimhan filtrations of the cohomology and image sheaves. In particular,

any complex £ with Harder—Narasimhan filtration

of type 7 is identified with the graded object @5@ / £V associated to this filtration
in this quotient. In general this will not be desirable and so we will instead want
to pick a perturbation L8 of this canonical linearisation. We actually work with a
slightly larger scheme R, than R, whose points parametrise complexes with higher

Harder—Narasimhan types than that specified by 7.

Given some starting data (a choice of perturbed linearisation for each Harder—
Narasimhan type) we construct a diagram in the category of schemes as follows.
Firstly we fix the Harder—Narasimhan types H of the cohomology sheaves. The
objects in this diagram are indexed by Harder—Narasimhan types 7 = (H,I) where
I is a collection of trivial Harder—-Narasimhan types for the images. The object
corresponding to 7 is the quotient M, = R, // cper G p(7). For any complex A. we can

define a morphism of parameter spaces

Tp = Tpipa)

corresponding to taking the direct sum with this fixed complex. For a Harder—

Narasimhan type 7 = (H, I) this restricts to a morphism
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where 7/ =7+ 7(A.). If A is acyclic and this descends to a morphism
My = R/} gy Gp(ry = Myt = R[] pres G

of the quotients, then this is a morphism in our diagram.

Finally, we consider the colimit of the above diagram. Suppose f : F. — G. is a
quasi-isomorphism between two complexes which represent points in this diagram. If
the perturbed linearisations are chosen in a compatible way so that there are direct
sum morphisms

®Cone(f @®Cone(idr.
M:(F) —QM; and Mg, %f}w;

in this diagram where 7/ = 7(F.)+7(Cone(f)) = 7(G.)+7(Cone(idr )), then we prove
that F. and G. are identified in the colimit of this diagram. We end by conjecturing
that one can choose the starting data so that this is possible for any such quasi-
isomorphism.

The layout of this thesis is as follows:

In Chapter 1 we review some general facts about geometric invariant theory.
We describe the standard constructions of affine and projective quotients, but also
describe a way to generalise these approaches in Section 1.6.

In Chapter 2 we describe a stratification of a complex projective scheme with a
reductive group action linearised by an ample line bundle (see [17, 22, 24]). We find
a canonical linearisation on a compactification of each unstable stratum which gives
a categorical quotient of the group action on that stratum (Proposition 2.2.8).

In Chapter 3 we apply the ideas of Chapter 2 to a closed subscheme @ of a quot
scheme parametrising quotient sheaves with fixed Hilbert polynomial over a complex
projective scheme. For a nontrivial Harder—Narasimhan type we show that there
is a scheme which parametrises all sheaves with this fixed Harder—Narasimhan type

and that this scheme is a union of connected components of an unstable stratum in
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the associated stratification of @ (Theorem 3.5.7). An earlier version of some of the
material in Chapters 2 and 3 was included in [18].

Chapter 4 is mostly a review of a construction due to Schmitt [39] for moduli
spaces of S-equivalence classes of complexes of semistable complexes. In Section 4.2
we calculate the fixed points and weights of C*-actions on the parameter space from
which this moduli space is constructed.

In Chapter 5 we study properties of the semistability conditions for complexes. We
show that there is a collection of stability conditions indexed by a rational parameter
0 < € << 1 such that the Harder—Narasimhan filtration of a complex with respect to
these conditions for € sufficiently small tells us about the cohomology sheaves of this
complex (Proposition 5.3.7).

In Chapter 6 we study the stratifications of a projective completion T of the
parameter space for complexes with respect to the linearisations determined by the
collection of stability parameters studied in Chapter 5. We show there is a scheme
parametrising complexes of a fixed nontrivial Harder—Narasimhan type which is the
intersection of the parameter scheme with a union of connected components of an
unstable stratum (Theorem 6.4.9).

In Chapter 7 we consider diagrams in the category of schemes which are con-
structed from some starting data. The objects are moduli spaces of S-equivalence
classes of complexes and the morphisms are given by taking direct sums with acyclic
complexes. We conjecture that this starting data can be chosen so for any quasi-
isomorphism between complexes representing points in this diagram both complexes

represent the same point in the colimit of this diagram.
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0.2 Notation and conventions

We use the word scheme (respectively variety) to mean algebraic scheme (respec-
tively algebraic variety) and the word sheaf to mean coherent algebraic sheaf unless
otherwise stated. The term point is used to mean geometric point unless otherwise
stated.

For a locally free sheaf £ on a scheme X, we define the dual of £ to be the locally
free sheaf

&Y = Homp, (£,0x).

If £ is a locally free sheaf on a scheme X, then we define the projective bundle
associated to £. to be

P(&) := Proj Sym(&Y).

If X is a scheme over a field k, then the points of P(£) correspond to punctured lines
through the origin in the fibres of £. If we view a finite dimensional k-vector space

V as a locally free sheaf over the point Spec k then

P(V) = (V- {0})/Gm

where G, := Spec k[t,t7!] is the multiplicative group scheme.

If X - Y and Z — Y are morphisms of schemes, then X Xy Z denotes the fibre
product of these schemes. Whereas if G is a group scheme and H C G is a subgroup
acting on a scheme X, then we let G xg X denote the quotient of G x X by the

diagonal action of H on the right on G and on the left on X.



Chapter 1

Geometric invariant theory

In this chapter we review standard results and constructions in GIT and moduli
theory to establish notation and conventions. The standard reference for GIT is [34]

and for a more elementary introduction see [33, 36, 41].

1.1 Moduli problems

Given a set of algebro-geometric objects 4 with an equivalence relation ~ on A
the aim of moduli theory is to provide a more geometric description of the set of
equivalence classes A/~. Recall that a moduli problem consists of more than just
the set A and equivalence relation ~; it requires the notion of families of objects in
A parametrised by a base scheme S and a lift of the equivalence relation to families.

We also require that

1) A family parametrised by a point is an object in .4 and the equivalence relation

over a point is just ~,

2) Given a family X parametrised by a scheme S and a morphism of schemes

p: T — S, there is a pullback family ¢*X parametrised by 7'

10
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This should all be functorial, so that a moduli problem is given by a contravariant
functor

M :Gch — Gets
S +— {families parametrised by S}/ ~

which is often referred to as the moduli functor. Recall the following definitions of

fine and coarse moduli spaces.

Definition 1.1.1. A scheme M is a fine moduli space if it represents a moduli functor
M, that is, M is isomorphic to the functor of points M = Hom(—, M) associated to

M.

This situation is ideal since we have a scheme structure on the set of equivalence
classes A/~ and a universal family U parametrised by M which corresponds to the
identity morphism on M. This family is universal in the sense that for any family
X parametrised by S there is a unique map ¢ : S — M such that p*U ~ X.
Unfortunately moduli functors are not always representable and so we may instead

look for a scheme which best approximates this.

Definition 1.1.2. A functor M : &¢ch — Gets is corepresented by a scheme M
if there is a natural transformation ¢ : M — M such that for all schemes Y and
natural transformations A : M — Y there is a unique morphism ¢ : M — Y such
that h = ¢pop. We say M is a coarse moduli space if it corepresents a moduli functor
M and for every algebraically closed field k£ the k-valued points of M are in bijection

with the equivalence classes A/~.

1.2 Construction of GIT quotients

We assume G is a linear algebraic group acting on a scheme X over an algebraically

closed field k of characteristic zero.

11



Chapter 1. Geometric invariant theory

Definition 1.2.1. A categorical quotient of X by G is a scheme Y and a G-invariant
morphism ¢ : X — Y with the following universal property. For each scheme Z and
G-invariant morphism ¢ : X — Z there is a unique morphism ¢’ : Y — Z such that
¢ = ¢' o ¢. If in addition, for each point y € Y the preimage ¢~!(y) is a single orbit,

then we call Y an orbit space.

Mumford’s GIT allows us to construct categorical quotients of an open subset of
X for actions by reductive groups. Recall that every linear algebraic group G has a

unique maximal connected normal solvable subgroup called the radical of G.

Definition 1.2.2. A linear algebraic group G over k is reductive if its radical is an

n

algebraic torus (G,,)".
A useful property of reductive groups is the following theorem of Nagata:

Theorem 1.2.3 (Nagata). Let G be a reductive group acting on a finitely generated

k-algebra R. Then the invariant subalgebra RC is a finitely generated k-algebra.

1.2.1 Affine quotients

Let G be a reductive group acting on an affine scheme X = Spec R over k. This
action induces an action of G on R and the inclusion R — R induces a morphism

¢: X =Y :=Spec RC.

Theorem 1.2.4. (/34], Theorem 1.1) Let G be a reductive group acting on an affine

scheme X . Then the above morphism ¢ : X — Y is a categorical quotient.

Remark 1.2.5. If X is an affine variety, then by Nagata’s Theorem the invariant
subalgebra R is a finitely generated k-algebra. Moreover, as R is a subalgebra of

R it has no nilpotents and so the categorical quotient Y is also an affine variety.

12



1.2. Construction of GIT quotients

1.2.2 Projective quotients

In order to construct a GIT quotient of a projective scheme X we need some extra
data. This is given by a lift of the G-action to an ample invertible sheaf on X; such

a choice is called a linearisation of the action.

Definition 1.2.6. Let # : L — X be a line bundle on X. A linearisation of the

action of G with respect to L is an action of G on L such that
i) Forall g € G and [ € L, we have w(g-1) =g - (1),
ii) For all z € X and g € G the map of fibres L, — Lg., is a linear map.

The linearisation is often also denoted by L. We say a linearisation L is (very) ample

if the invertible sheaf associated to L is (very) ample.

Remark 1.2.7. Let £ denote the invertible sheaf associated to the line bundle L;
then the notion of a linearisation of an action ¢ : G x X — X can be stated in terms
of sheaves as follows. Let mx : G x X — X denote the projection onto the second
factor and i : G x G — G denote the group action. A linearisation of the action with

respect to £ is an isomorphism

O:0"L - L

which satisfies the cocycle condition:

(b xidx)*® = m33P o (idg x 0)* P

where T3 : G X G x X — G x X is the projection onto the last two factors (see [34],

Definition 1.6).

Example 1.2.8. Let L = X X k be the trivial line bundle on a scheme X over k;

then a linearisation of a G-action on X with respect to L corresponds to a character

13
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X : G — Gy,. The character x defines a lift of the action to L by

g-(x,2)=(g9-2,x "(9)2)

where (z,z) € X x k. More generally, we can use a character x : G — G, to modify

any given linearisation L of a G-action on X by defining

g-(x,2)=(g9-2,x(9)g " 2)
forx € X and z € L,.

Example 1.2.9. There is a natural linearisation of the SL(n + 1, k) action on P" =

P(k" 1) with respect to £ = Opn (1) such that the induced action of G on

HO(]Pm, O]Pm(l)) — (knJrl)*

is dual to the natural SL(n + 1, k)-action on k"1,

The tensor product of two linearisations has a natural linearisation as does the
inverse of the invertible sheaf associated to a given linearisation; hence there is a

group of isomorphism classes of G-linearisations over X which is denoted PicG(X ).

Remark 1.2.10. Suppose that X is a projective scheme and L is a very ample
linearisation. There is an induced action of G on H°(X, L) such that the natural
evaluation map

HY(X,L)®, Ox — L

is G-equivariant and so induces a G-equivariant embedding

X = P(HY(X,L)").

14



1.2. Construction of GIT quotients

In this case we have a linear representation of G on H°(X, £)* and the action of G

on X is induced by the action of G on P(H°(X, £)*).

Now suppose X is projective and the linearisation £ is ample. The linearisation

induces an action of G on the space of sections H°(X, £®") and the invariant sections

P EO (X, )¢ c P H (X, L)

r>0 r>0
form a graded subalgebra. In this case the GIT quotient of X by G with respect
to the linearisation L is the projective scheme associated to the graded algebra of

invariant sections,

X//eG = Proj (P HO(X,£¥").

r>0
The inclusion of the subalgebra of invariant sections induces a rational map X --»
X//rG. This map is in fact a categorical quotient of the open subset of X on which
this map is a morphism. This motivates the definitions of (semi)stability with respect

to L:

Definition 1.2.11. Let G be a reductive group acting on a projective scheme X and

suppose we have an ample linearisation £ of the action.

1) A point z € X is semistable (with respect to £) if there is an invariant section
s € HOX,L%)E for some r > 0 such that s(z) # 0. The open subset of

semistable points with respect to £ is denoted X**(L).

2) A point x € X is stable (with respect to £) if dim G-z = dim G and there is an
invariant section s € HY(X, £L®")% for some r > 0 such that s(z) # 0 and the
action of G on X, := {x € X : s(z) # 0} is closed. The open subset of stable

points with respect to £ is denoted X*(L).

3) The points which are not semistable are called unstable.

15



Chapter 1. Geometric invariant theory

Theorem 1.2.12. (/3] Theorem 1.10) Let G be a reductive group acting on a pro-
jective scheme X and L be an ample linearisation of this action. Then there is a

projective GIT quotient

X//cG = Proj (P HO(X, L")

r>0

and an affine morphism

¢: X*%(L) — X//rG

which is a categorical quotient of X%(L) by G. Furthermore, there is an open subset
Y* C X//cG such that $~1(Y?®) = X*(L) and ¢ : X5(L) — Y* is an orbit space for
the G-action on X*(L).

We say two semistable points x and 2’ are S-equivalent if the orbit closures of x
and 2’ meet in the semistable subset X*¥(£). Then, topologically, the GIT quotient

is the semistable set modulo S-equivalence:

Proposition 1.2.13. Let x and x’ be points in X*5(L) such that ¢(x) = ¢(z’) then

x and 2’ are S-equivalent.

1.3 The Hilbert—Mumford criterion

To determine from first principles whether a point is stable, semistable or unsta-
ble can be difficult, but Mumford developed a numerical criterion to determine
(semi)stability known as the Hilbert—-Mumford criterion. This criterion involves
checking (semi)stability with respect to every one-parameter subgroup (1-PS) of G;
that is, every nontrivial homomorphism A : G, — G. In this section we follow the
original conventions of Mumford.

Suppose that X is embedded in P and the action is given by a representation

p:G— GL(n+1). A1-PS \:G,, — G induces a linear action of G,, on A"*! which

16



1.3. The Hilbert-Mumford criterion

we can diagonalise by choosing a basis e, ..., e, of A1 so that
)\(i) -e; =t"e; for r; € 7.

We call the r; the A-weights of this action on A", For x € X we can pick & €
A™ — {0} lying above this point and write & = Y " #;¢;. The action of A on z is
given by
n
At)- &= e .
i=0

We define the Hilbert-Mumford function p of x at A by

w(x, N) == max{—r; : T; # 0}.

More generally, suppose X is a projective scheme with a G-action and linearisation

L. If Ais a 1-PS of G and x € X, then the limit

fz%g%k(t) T

exists in X as X is proper. The limit T is fixed by the G,, action induced by A and

so GG, acts on the fibre Lz by a character ¢t — t". In this case we define

ph(a, ) =r

Remark 1.3.1. These definitions are consistent when X is a projective scheme and
L is a very ample linearisation. The linearisation gives rise to a G-equivariant embed-
ding X — P(H°(X, L)*) and the action is given by a linear representation of G on
HY(X,L)*. The action of a 1-PS X on HY(X, L)* is diagonalisable; therefore, there

is a basis s§,...,s5 of HY(X,L)* and integers 7y, ..., 7, such that A(t) - s} = t"is}.

17



Chapter 1. Geometric invariant theory

Then

pf(z,\) = max{—r; : &; # 0} = —min{r; : &; # 0}

is equal to the weight of the character acting on the fibre of L over the fixed point

limy_,0 A(¢) - @.

Theorem 1.3.2. (Hilbert-Mumford Criterion, [34] Theorem 2.1) Let G be a reductive
group scheme acting on a projective scheme X with respect to an ample linearisation

L. Then

r € X*(L) <= p*(x,\) >0 for all 1-PSs \ of G,

r € X5(X) <= puF(z,\) >0 for all 1-PSs \ of G.

If we are working over the complex numbers, then we can use the representation
theory of G to define the quantity p”(x, \). Suppose that L is very ample so that
we have a G-equivariant embedding X < P(V) where V = H°(X, L)*. For a fixed

maximal torus T of G we get a T-weight space decomposition of V'

V= Vi
XEX*(T)
where V,, = {v € V : g-v = x(9)v} and X*(T) = Hom(7,C*). The characters x
which index nonzero V, are called the T-weights of V. For x € X we can choose
v € V lying over this point and write v = ) v,. We define the T-state of « to be the

set

str(z) == {x : vy # 0}

and let convy(z) denote the convex hull of sty(z) in X*(T') ®z R. If we consider

instead the action of T on X and the associated linearisation L7 then for any 1-PS
Aof T

pET (2, \) = max{— < A, x >: x € stp(x)}

18
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where < A\, x > denotes the integer defined by x o A(t) = t<AX> . Therefore we have

a geometric condition for T-(semi)stability of z:
x € X**(Lt) <= 0 € convy(z),

x € X°(Lr) <= 0 € convy(x)°.

The (semi)stability of x under the maximal tori of G tells us the (semi)stability of =
under G because the 1-PSs of G correspond to the union of the 1-PSs of all maximal
tori of G. Therefore,

X*(L) = (] X**(Lx).
TCG

As any two maximal tori are conjugate and

n (g2, A) = pt (2,97 \g)
(see [34], §2.1) we have:

Corollary 1.3.3. (Hilbert-Mumford criterion)
x € X%(L) <= 0€convyp(g-z)forallg € G,

x € X°(L) <= 0 € convp(g-x)°forallg € G.

1.4 Instability in GIT

Let G be a reductive group scheme acting on a projective scheme X and suppose L is
an ample linearisation. If z € X — X*%(L) is unstable, then, by the Hilbert—-Mumford
criterion, there exists a 1-PS X such that pu*(z,A) < 0. In this section we describe

work of Kempf [21] on a natural class of one-parameter subgroups associated to such

19



Chapter 1. Geometric invariant theory

an unstable point.

Let T' be a maximal torus of G and W := Ng(T')/T be the Weyl group. We

denote the sets of 1-PS and characters of G by

X«(G) := Hom(G,,, G)

X*(G) := Hom(G, G,,).

Let <,> be a W-invariant inner product on X, (T)r := X,(T) ®zR. For any 1-PS A
of G there is a g € G such that g~ '\g is a 1-PS of T. Therefore, we define the norm

of the 1-PS A to be the norm of g='\g viewed as an element of X, (T)r

A == V< g7 Ag, g7 1Ag >.

Consider the function on X defined by
L
MY (z):= inf @)

xex.() [N

By [34], Proposition 2.17 this function takes finite values as L is ample. The Hilbert—

Mumford criterion can be rephrased as
r e X%(L) — MY (z)>0,
z e X5(L) = ML) >o.

Definition 1.4.1. If z is unstable with respect to L, then M*(z) < 0. Any 1-PS X

which achieves this minimum



1.5. GIT for non-ample linearisations

is said to be an adapted to x. We let A¥(x) denote the set of non-divisible 1-PSs

which are adapted to .

Definition 1.4.2. For any 1-PS X\ of G we define a parabolic subgroup
P()) = {g eqG: %in% M) gA(t™1) exists in G}
_)

of G.

The relationship between adapted 1-PSs and their associated parabolic is given

by the following theorem of Kempf.

Theorem 1.4.3. ([21] Theorem 6) Let G be a reductive group scheme acting on a
projective scheme X and suppose L is an ample linearisation. If v € X — X**(L) is

an unstable point, then
1) AE(z) is nonempty.
2) There is a parabolic subgroup PF such that PX = P(\) for all X € AP (z).

3) All elements of A¥(x) are conjugate to each other by elements of PL.

1.5 GIT for non-ample linearisations

In the above sections we were working with an ample linearisation of a reductive group
action on a scheme. In Mumford’s book on GIT [34] the case when the line bundle
is non-ample is discussed although most of the results use ample linearisations; for
example, we need an ample linearisation for useful results like the Hilbert—-Mumford
criterion. In this section we give a quick survey of the construction of GIT quotients

for arbitrary linearisations.

Definition 1.5.1. Let X be a scheme over k with an action by a reductive group G

and £ be a linearisation of this action.
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1) A point z € X is semistable (with respect to £) if there is an invariant section
s € H(X,L®)C for some r > 0 such that s(z) # 0 and X, = {z € X : s(x) #
0} is affine. The open subset of semistable points with respect to £ is denoted

X55(L).

2) A point x € X is stable (with respect to £) if dim G-z = dim G and there is an
invariant section s € HO(X, L% ) for some r > 0 such that s(z) # 0 and X,
is affine and the action of G on X, is closed. The open subset of stable points

with respect to £ is denoted X*(L).
3) The points which are not semistable are called unstable.

Remark 1.5.2. If X is projective and £ is ample, then this agrees with Definition

1.2.11 as X, is affine for any non-constant section.

In this case the GIT quotient is constructed by covering X by affine schemes and

gluing the GIT quotients of these affine schemes.

Theorem 1.5.3. ([34] Theorem 1.10) Let G be a reductive group acting on a scheme
X over k and L be a linearisation of this action. Then there is a quasi-projective
scheme X// G and an affine morphism ¢ : X*(L) — X// G which is a categorical
quotient of the G-action on X*¥(L). Furthermore, there is an open subset Y* C
X//cG such that ¢~ (Y?®) = X5(L) and ¢ : X5(L) — Y is an orbit space for the
G-action on X*(L).

1.6 Generalising GIT

So far in this chapter we have mostly focused on reductive group actions on projective
schemes with respect to ample linearisations. In this situation GIT works best, but
sometimes we may want to do GIT when we have either a non-reductive group or

a non-ample linearisation of the action. In Section 1.5 above we discussed the case
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1.6. Generalising GIT

when the linearisation is non-ample. Work of Doran and Kirwan [10] and others gives
constructions for non-reductive groups, but here we take a simplified point of view

which suffices for this thesis.

In this section we describe a method for constructing quotients in the following set
up. Suppose we have a quasi-projective scheme X with an action by a linear algebraic
group G and a G-equivariant projective completion X. Given a linearisation £ of the

G-action on X and a finitely generated graded subalgebra

Rc @ HUX, L)

r>0

of the algebra of invariant sections we define a generalised GIT quotient with respect

to (L, R) as follows. There is a rational morphism
X --» Proj R

which restricts to a morphism on the open subscheme X °° of naively semistable
points; that is, the points z € X for which there is a section o € Ry := ®,~oR, such

that o(x) # 0. Let X //(z g G denote the scheme theoretic image of the morphism
X" = ProjR.
The generalised GIT quotient of the G-action on X with respect to (£, R) is given by
X" Y//(,C,R)G‘

Remark 1.6.1. Note that:

1) In the case when X is projective and G is reductive and £ is ample we can pick

R to be the whole invariant subalgebra and then the generalised GIT quotient
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is the standard GIT quotient in the sense of Mumford.

2) If G is reductive and £ is not ample the generalised GIT quotient may differ
from Mumford’s GIT quotient discussed in Section 1.5. For example, if X is
projective and we take £ = Ox to be the trivial line bundle then Mumford’s

quotient is empty whereas the generalised GIT quotient is a point.

3) Note that the morphism to the generalised GIT quotient is no longer necessarily
surjective (this can be the case with non-reductive GIT when X is projective

and L is ample and R is the whole invariant subalgebra cf. [10]).

Ideally we want to choose R to be reasonably large subject to the condition that
it is finitely generated so that we have as many invariant sections as possible to

distinguish between orbits.

Remark 1.6.2. Suppose G is a (not necessarily reductive) subgroup of a reductive
group G which acts linearly on a projective scheme X with respect to an ample
linearisation £. If there is a G-equivariant morphism f : X — X such that f*£ and

L are isomorphic linearisations, then the image R of the induced map

@HO(X’EQZ)T)G N @HO(Y, £®T)G

r>0 r>0

is finitely generated and so the pair (£, R) defines a generalised linearisation on X.
Moreover, the generalised GIT quotient X //(z g)G is the closure of X" in the ordi-

nary GIT quotient X // £~C~¥.

1.7 Constructing moduli spaces via GIT

Suppose we have a moduli problem for which we can express the equivalence classes

as orbits of a reductive group action G on a scheme X. We want to know when
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the categorical quotient really is a moduli space; for this we need the local universal

property:

Definition 1.7.1. For a given moduli problem we say a family X parametrised by
a scheme S has the local universal property if for any family X’ parametrised by a
scheme S’ and point s € S’ there exists a neighbourhood U of s in S" and a morphism

¢ : U — S such that X'|y ~ ¢*X.

Proposition 1.7.2. ([36] Proposition 2.13) Suppose for a given moduli problem we
have a family X parametrised by a scheme S which has the local universal property.
Suppose also there is a reductive group G which acts on S so that s,t € S lie in the

same orbit if and only if Xy ~ Xy. Then:
1) Any coarse moduli space is a categorical quotient of S by G.

2) A categorical quotient of S by G is a coarse moduli space if and only if it is an

orbit space.
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Quotients of unstable

subschemes

Let X be a complex projective scheme and G be a complex reductive group acting
on X with respect to an ample linearisation £. The GIT quotient X//,G is a pro-
jective scheme which is a categorical quotient of an open subscheme X*° of X, whose
geometric points are semistable for the action of G with respect to £. Associated to
this action of G on X and linearisation there is a stratification {Sg : § € B} of X into
disjoint G-invariant locally closed subschemes, such that the open stratum is X*°(L)
[17, 22, 24].

In this chapter we consider the problem of finding quotients for the G-actions on
each unstable stratum Sy separately. For each $ € B we find a canonical linearisation
on a projective completion of the stratum Sz which in general is non-ample. In fact
this linearisation will be used as a generalised linearisation (see Section 1.6). The
subscheme of naively semistable points with respect to this canonical linearisation is
the stratum Spg itself and so we can use this linearisation to take a quotient of the G-
action on Sg. The generalised GIT quotient is a categorical quotient of the G-action

on Sg, but has the disadvantage that in general it has no stable points. To rectify
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2.1. Stratifications of projective varieties

this we suggest that a perturbation of the canonical linearisation should instead be

used to take the quotient.

2.1 Stratifications of projective varieties

In this section we state the results needed from [24] in the case when X is a nonsin-
gular complex projective variety. The stratification of X has both an algebraic and
symplectic description; for more details on symplectic geometry see [8, 30, 37, 41].
We will also be using standard results from the representation theory of Lie algebras;

good references for this are [7, 9, 11].

Let G be a complex reductive group acting linearly on a nonsingular complex
projective variety X with respect to an ample linearisation £. For the purposes of
GIT we can assume without loss of generality that £ is very ample, so that X is
embedded in projective space P" = P(H?(X, £)*) and the action of G is given by a
homomorphism p : G — GL(n + 1). As G is a complex reductive group, it is the
complexification of a maximal compact subgroup K. We can assume without loss of

generality that K acts unitarily on P™ via a representation p : K — U(n + 1).

Alternatively we can view X as a symplectic manifold with symplectic form w
inherited from the Ké&hler structure on P defined by the Fubini-Study metric. The
action of K on the symplectic manifold (X,w) is Hamiltonian and so if 8 = LieK,

then there is an associated moment map p : X — K" given by

l'*.i'*t
pl) = p <2m'|x*|\2>

where 2* € C""! lies over x € P" and p* : u(n + 1)* — £* is dual to Liep. The
symplectic analogue of the GIT quotient is the symplectic reduction u~1(0)/K of

Marsden and Weinstein [30]. A point x € X is semistable if and only if the closure of
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Chapter 2. Quotients of unstable subschemes

its G-orbit meets ;z~!(0). The inclusion of £ ~1(0) in X*° induces a homeomorphism
pH0)/K = X//G.

We fix an inner product on £ which is invariant under the adjoint action of K. The
norm square of the moment map ||u||? : X — R with respect to this inner product
induces a Morse-type stratification of X into G-invariant locally closed nonsingular

subvarieties

X=1]5s

BeB
where the indexing set B is a finite set of adjoint orbits in the Lie algebra K (or
equivalently a finite set of points in a fixed positive Weyl chamber t; in K). In

particular 0 € B indexes the open stratum Sy which is equal to the semistable subset
X5,
Remark 2.1.1. It is important to note that this stratification depends on the choice

of linearisation and the choice of invariant inner product on K.

The strata indexed by nonzero 8 € B have both algebraic and symplectic descrip-
tions given in [24]. In this thesis we concentrate on the algebraic description but add
some comments on the symplectic description. We fix a maximal torus 7" of K and
positive Weyl chamber t, in the Lie algebra t of T'. The restriction p|r : T — U(n+1)

is diagonalisable with weights
o, ..., an: T — St

If we identify the tangent space of S' at the identity with the line 27iR in the complex
plane, and identify 2miR with R, then by taking the derivative of the weights «; at
the identity we get elements of t* = t which we also denote by «;. The index set B is

defined in [24] to be the set of 8 € ty such that g is the closest point to zero of the
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2.1. Stratifications of projective varieties

convex hull in t of some nonempty subset of the set of weights {ap, ... a,}.

Remark 2.1.2. Since the set of weights {ao, ...} is invariant under the Weyl
group, the index set B can also be identified with the set of K-orbits in £ of closest

points to 0 of convex hulls of subsets of {ayp, ...}

Definition 2.1.3. For g € B we define subvarieties

Zg=X0{[wo: - :xy) €P"a; = 0if oy - B # |8}
and
i =0if oy - B < ||B||?and z; # 0
Yg:=XN< [xg:--:ay) €P": 1Al 7
for some 4 such that «; - 8 = ||]|?
of X.

Remark 2.1.4. These subvarieties have the following symplectic description. The
closed subvariety Zg is the set of critical points for the function pg(x) := p(z) - 8 on
which pg takes the value ||3]|? and Yj is the set of points in X whose path of steepest

descent under pg has limit in Zg.

There is an obvious surjection pg : Yz — Zg which is a retraction onto Zg. Let
Stabg be the stabiliser of S under the adjoint action of G on its Lie algebra g. The
closed subvariety Z3 is Stabf-invariant (see [24] §4.8) and the original linearisation
L restricts to a Stabj-linearisation on Zz. The rational weight 8 € t = t* defines a

character of Stabg which can be used to twist this linearisation.

Definition 2.1.5. Let zy be the GIT semistable subset for the Stabg action on Zg
linearised by £ twisted by the character defined by —3. Then define Y* := pEI(Z ES)
and Sg := GY;S.

29



Chapter 2. Quotients of unstable subschemes

Remark 2.1.6. The stratum Sz depends only on the adjoint orbit of 3, but in order

to define Zg we need to fix an element in that adjoint orbit.

Remark 2.1.7. We can restrict the moment map p to Zg and p— 3 is a moment map
for the Stabj action on Zg. The symplectic description of Z 5 is that it is the open
stratum for the Morse stratification of the function ||z — 3||? on Zs. The critical point
set of ||u||? is the disjoint union over 8 € B of the closed subsets Cz := K(ZzNu~*(B))
by [24], Lemma 3.15. Moreover, the stratum Sg is the set of points in X whose path

of steepest descent under ||u||? has a limit point in Cs.

For 8 € t; we define a parabolic subgroup
Pg:={geG: tlim exp(itf3) g exp(itB) ! exists in G}
——00

of G as in [24] §6. The subvarieties Y3* and Yj are Pg-invariant (see [24] Lemma

6.10) and by [24] Theorem 6.18 there is an isomorphism
S =G xp, Y5°.

Remark 2.1.8. This stratification can also be described in terms of the work of
Hesselink [17] and Kempf and Ness [22]. Recall from Section 1.4 that for each unstable
point & € X there is a collection /\L(:r) of adapted 1-PSs to x and a parabolic subgroup

P, of G which is equal to
P(\):={g€G:lim At)gA(t) ™! exists in G}
—

for any A € A%(z). The alternative stratification [17, 22] uses conjugacy classes of
1-PSs to stratify X and agrees with the stratification of X described above.
To relate these stratifications we can view [ as a rational weight in the sense

that there is a natural number m > 0 such that mg defines a 1-PS C* — T whose
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restriction to S — T has derivative at the identity
R 2 2miR 2 LieS! — ¢

sending 1 to mf3. For any rational 8 € tlet Ag : C* — T be the unique non-divisible
1-PS which is defined by ¢S for some positive rational number gq. Then if 3 is a

nonzero index the 1-PS Ag is adapted to every x € Yﬁss . Moreover, we have that

Py = P(Ag).

2.2 Quotients of the unstable subvarieties

Let B be a nonzero index for the stratification {Sg : § € B}. In this section we find a
canonical linearisation of the G-action on Sg. From the description Sg = G x p, Y3® we
see that a quotient of the G-action on Sg is equivalent to a quotient of the Pg-action

on Y. We note at this point that the parabolic group Pj is in general non-reductive.

We take a G-equivariant projective completion 35 of Sg given by
Sp =G xp, Y3CGxp, X

where Y} is the closure of Y5 in X. We construct a G-linearisation on this projective
completion which we call the canonical linearisation for reasons which become clear

towards the end of this chapter (cf. Proposition 2.2.8)
Remark 2.2.1. It is always the case that
Ys C XN {[wg:-:my) 2 =0if o - B < ||B]|*}

We often have equality here (for example when X = P™) but it might be the case, for
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example, that X N {[zg : - xy] : 2; = 0if a;; - B < ||B]|*} has connected components

which do not meet Yj.

Remark 2.2.2. It may be the case that Zg,Ys and Sz are disconnected (cf. [24]
§5), in which case we can, if we wish, refine the stratification by replacing Zg with
its connected components Zg ;, say, and setting Sg ; = GY;Z’. where Y% = pgl(ngj).
Then each Sg; will be a connected component of Sg (so long as Z G s nonempty).
In what follows we will work with S for simplicity of notation, but we could equally

well work with its connected components separately.

There is a natural isomorphism
GxPﬁX%G/PﬁxX

(9,2) = (9P, 9 )

and so we can construct new linearisations on 55 by restricting linearisations on
G xp, X = G/P3 x X to gg. The quotient G/Ps is a partial flag variety and

linearisations of the G-actions on such varieties are well understood.

2.2.1 Line bundles on partial flag varieties G/P

In this section we review the construction of line bundles on partial flag varieties; for
more detailed information see [26, 27, 28, 29]. We assume for the moment that G is
semisimple and simply connected. We fix sets of positive roots & C ® and simple
roots II. Let w; denote the fundamental dominant weight associated to a simple root

a;. If A =) a;w; is a dominant weight, then define

IIy:={a; €ll:q;, =0} CIL
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As we have fixed an invariant inner product on the Lie algebra R of the maximal
compact subgroup K of G, we can identify the Lie algebra t of our maximal torus T’
with its dual t*. In particular this defines a one-to-one correspondence between the
characters of T' and the one-parameter subgroups of 7. By abuse of notation we let A
also denote the corresponding one-parameter subgroup; then the parabolic subgroup

P()\) associated to the 1-PS X has associated simple roots
Hpy = {a; € I: —a;isaroot of P(\)} C I

and these sets agree, so that 1 = Ilpy).

A character x : Tc — C* extends to P(\) if and only if x - ¥ = 0 for all coroots
oV such that a € II p()- The weights naturally correspond to characters and the

character defined by A extends to P()\) since
A-af =a; =0 for all a; € Tlpy

by the definition of this set. We let A also denote the associated character of P(\) and
define a line bundle £(\) on G/P(\) to be the line bundle associated to the character
A7l that is,

L(A) =G xppC

!
G/P()\)

where (g, z) and (gp, \(p)z) are identified for all p € P(X). The sections of L(\) are

given by
H(G/P(\),L(\) ={f:G = C: f(gp) = A(p)f(g) forall g € G,p € P}

and the natural left G-action gives this vector space a G-module structure. Let V' (\)
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denote the representation of G of highest weight A. By the Borel-Weil-Bott theorem

[5], there is an isomorphism of G-modules

HO(G/P(\),L(\) = V(N)".

The line bundle £(\) is very ample if and only if
Ao =a; > 0forall oy ¢ Tp(y
which is clearly the case by definition of Iy = IIp(y). Thus there is an embedding
G/P(X) = P(H(G/P(X), L(N)") = P(V()))

which is the natural projective embedding of the partial flag variety G/P(A). More
concretely, let vyax denote the highest weight vector in V(\), so that vpax is an
eigenvector for the action of T" with eigenvalue A; then the embedding is given by the

inclusion of the orbit G - vyayx,

G/P(A) = PV(N)

gPO‘) = [g : UmaX]'

Remark 2.2.3. If G is a subgroup of GL(n) and the weight A is restricted from
GL(n) we can view the weight \ as an element of the dual of the Lie algebra of both
GL(n) and PGL(n) or equivalently SL(n). There are associated parabolics P(Agr)

and P(Agr), and the partial flag varieties for these two parabolics agree
GL(n)/P(AcL) = SL(n)/P(AsL)-

Since SL(n) is semisimple and simply connected there is a projective embedding of

34



2.2. Quotients of the unstable subvarieties

this partial flag variety into P(V (Agr,)) where V(Agr) is the representation of SL(n)
with highest weight Agr,. As G C GL(n) and P(A\) = GN P(A\gL) we have

G/P(X) € GL(n)/P(AaL) = SL(n)/P(AsL)-

Hence we can use this inclusion and the embedding of SL(n)/P(Asr,) described above

to obtain a projective embedding of G/P()\).

2.2.2 The canonical linearisation on gg

We can apply the above to the case when the parabolic subgroup is Pg = P(Ag) and
Ag is the 1-PS associated to 8 € t. The natural embedding of the partial flag variety

G/ Pg is thus given by the very ample line bundle £(Ag)
G/Ps — P(H'(G/Ps, L(Xg))*) = P(V(B)).

Unfortunately we actually need to twist by —f as we did in Definition 2.1.5 to con-

struct Z3*. Therefore we consider the non-ample linearisation £(A_3) on G/Pgs.

Definition 2.2.4. Let L3 be the G-linearisation on G//Pg x X given by the tensor
product of the pullbacks of £L(A_3) on G/Pg and £ on X to G/P3 x X. We let
L also denote the restriction of this linearisation to 55 and call this the canonical

linearisation on Sg.

Example 2.2.5. Consider G = SL(2, C) acting on the complex projective line X = P!
with respect to £ = Op1(1). The semistable set is empty and the action is transitive so
there will be one nonzero index in the stratification of X. We choose a maximal torus
T = {diag(t,t!) : t € S'}; then the weights of T" acting on C? are ap = a, 1 = o~ !
where

a:T —s St
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Chapter 2. Quotients of unstable subschemes

— t.
41

The Lie algebra of T is t =2 R and we pick the positive Weyl chamber t; which

contains a. Then § = « is an index for the stratification of X and we have that

Zy =25 =Yg =Y5 = {[1: 0]}

and Sg = X. The parabolic subgroup Py is the Borel subgroup of upper triangular

matrices and we have an isomorphism

G/Ps = P!
1

9P —g-
0

The very ample line bundle on G/ Pg defined by /3 is Op1 (1) and the line bundle defined
by — is Opi(—1). The canonical linearisation is given by restricting Opi (—1)®Op1 (1)
on P! x P! = G/P; x X to S5 = S5 = X. The morphism Sz — P' x P! is the
diagonal morphism and so the canonical linearisation on Sg = X is Lz = Op1. Note

that although L3 is not ample, it is globally generated.

As we saw in the example above, the canonical linearisation £z on 5”3 is not
necessarily ample. However it is still possible to use this linearisation to produce GIT
quotients, we just need to use the generalised notion of GIT of Section 1.6.

Instead of using the canonical linearisation Lg of the G-action on 5’5 we can
instead describe this canonical linearisation in terms of an ample linearisation of the
Pj action on Yg. Let x_g : P3 — C* denote the character associated to —3. Then
LX-8 is a Pg-linearisation on ?5 such that G x p; £X-¢ is the canonical linearisation

on S 3. Therefore we will also refer to the Ps-linearisation £X-# on ?3 as the canonical
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2.2. Quotients of the unstable subvarieties

linearisation and use Lg to denote this linearisation.

Lemma 2.2.6. We have an isomorphism of graded algebras

. G _
P HEO (S5, L5 =P HOYV 5, L5,
r>0 r>0
Proof. This follows immediately from the fact that 5’5 = G Xp, Y and the canon-
ical G-linearisation on 5’5 is equal to G xp, L where here Lz is the canonical Pg-

linearisation on ?/3. O

Although the canonical linearisation on ?5 is ample, the group P is not reductive

and so it is not immediate that the ring of invariant sections
0y ®r\P,
DH (Vs L5
r>0

is finitely generated. Luckily we can relate this canonical linearisation with an ample
linearisation of a reductive group action on Zz to show the ring of invariant sections

is finitely generated:

Lemma 2.2.7. Let Lg = LX-# be the canonical Pg-linearisation on ?5. Then the

algebra of invariant sections
R:=EH (Y5 L) =P H(S5 L5
r>0 r>0

is finitely generated.

Proof. Let A\g : C* — G be the 1-PS determined by the rational weight 3. Then
Ag(C*) C Pg and so

@HO(?B,E?T)PB C @HO(YQ,,C?T))\B(C*),
r>0 r>0
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Chapter 2. Quotients of unstable subschemes

The torus Ag(C*) acts on Y with respect to the canonical linearisation £z with

non-negative weights and zero weights exactly on Zg. Hence

@HO £®r Ag(C @HO £®r A3(C*) and

r>0 r>0

@HO £®7‘ Pg C @HO E@r)Stab,B ~ @HO 7£%§7’)Stabﬁ_

r>0 r>0 r>0
Let 0 € H(Zg, L5")%***% and consider pjo € HO(YQ,Egr)Stabﬁ where pg : Y3 — Zg
is the retraction defined by 5. We have that Pg = Stab3Ug where Ug is the unipotent

radical of Pg and there is a retraction gg : Pg — Stabg such that

ps(p-y) = as(p) - pp(y) (2.1)

for all y € Y and p € Pg. For p € Pg we can view the action by p as a morphism
from Yp to itself and let p* : HO(V3, [,?r) — H O(Yg,ﬁr‘?r) be the induced morphism

on cohomology. Then

p-pho = (psop o= (gs(p~") opp) o = p5(as(p) - o) = pho
as o is Stabg invariant. Therefore,

v T ~ r\Stab
P H Vs, L5 = HO (25, L5)3F.

r>0 r>0

As Stabf is reductive, the algebra of invariant sections

@ HO £®7‘ Stabg

r>0

is finitely generated. O
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2.2. Quotients of the unstable subvarieties

We can now use the pair (Lg, R) to give a generalised GIT quotient of 75 which

provides a quotient for the G-action on 5’5.

Proposition 2.2.8. The set of naively semistable points for the Pg-action on'Y g
with respect to (Lg, R) is equal to Y3®. Moreover, the generalised GIT quotient is

isomorphic to the GIT quotient of the Stabf3 action on Zg with respect to Lg := LX-6:
Sa// (£sr)G =Y 5//(c,.r)Ps = Proj(R) = Zg// c,Stabp.

Proof. By definition Z3 s the semistable subset for the Stabg action on Zg with
respect to Lz and so ng is contained in the naively semistable set for the Py action

on Y 3 by the proof of Lemma 2.2.7 above. The retraction
pg: Yg — Zﬂ

sends a point y in Y3 to its limit 7 under a 1-PS of Stabf3, and so ¥ is in the Pg-
orbit closure of y. Therefore, all points of Y§* are naively semistable as they contain
naively semistable points in their orbit closures and the naively semistable subscheme
is open. Conversely, if y € ?5 — Y} then y is not semistable for the Ag(C*) action and
hence is not naively semistable for the action of Pz. By the proof of Lemma 2.2.7

above

R @HO(ZB,L?T)Stabﬂ,

r>0
so that y € Y} is naively semistable if and only if ¥ € Zg is semistable for the Stabg

action; that is, y € Z gs. Moreover, we have an isomorphism
ProjR = Zg//,Stabfs

with the GIT quotient for the Stab-action on Zg. O
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Chapter 2. Quotients of unstable subschemes

Remark 2.2.9. Since the whole of the invariant subalgebra is finitely generated, we
drop the indexing by R and replace the notation g/j//(ﬁB’R)G = Y3//(£,,r) Ps with

Sﬁ//llgG = 75//£5P5‘

Proposition 2.2.10. The morphism Sg — Zp//,StabB is a categorical quotient of

the G-action on Sg.

Proof. As Sg = G xp, Y%, this is equivalent to showing that Y3* — Zs// c,StabB
is a categorical quotient of the Pg-action on Y. The Pg-invariance of the mor-
phism YJ* — Zg//r,Stab follows from (2.1) and the Stabj-invariance of Z§* —
Zg//c,StabB. If we have a Pg-invariant morphism f : Y3 — Y, then we need to
show this morphism factors through Zs//.,StabB. As f is Pg-invariant it is constant
on orbit closures and so f = f’Zf;S o pg. Since Z5° — Zg//r,Stabp is a categorical
quotient of the StabS-action on Z 3 and f]| z5 Z5 —=Yis Stabpg-invariant, there is a
morphism h : Zg//,Stabf — Y such that f| z3? is the composition of the categorical
quotient and h. Then we have a commutative diagram

bs

;e - Z§ ~ Z3// sStabp3

St

Y
and so the morphism f factors through Zg// ., Stabs. O

Remark 2.2.11. The generalised GIT quotient produced by the canonical lineari-
sation is a suitable quotient for the action of Stabs on Zgz although it does not
provide a satisfactory quotient of the G action on Sg unless Z3° = Yﬂss . As we saw
above every point y € Y5® is identified in this quotient with its projection to Z 5 via
pp : Y5® — Z3°. This means that the generalised GIT quotient will in general have
lower dimension than expected. In fact for any generalised linearisation such that Zg

is naively semistable we will have this problem. Therefore, in order to get a better
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2.3. Extending to projective schemes

quotient of Sg we need to find a G linearisation for which Z 5 1s unstable. We suggest

that using a perturbation of the canonical linearisation will give a better quotient.

Example 2.2.12. Consider G = SL(2,C) acting on the complex projective line
X = P! with respect to £ = Opi(1) as in Example 2.2.5. Then there is only one
index 8 and Sg = P!. The subvarieties Z, 8, 4 gs, Y and YB‘“S all coincide and are equal

to the point [1 : 0] in P!, In this case all sections are invariant
0 ®r\Stabf _
H®(Zp,L57)>F = C

and so the generalised GIT quotient of the G-action on 5’5 = S with respect to the

canonical linearisation is a point as expected.

2.3 Extending to projective schemes

In this section we extend the above constructions for nonsingular projective varieties
to the case when X is a closed subscheme of P™ and the action of G on X is given by
a linear representation G — GL(n + 1). For the G-action on the ambient projective
space we can define the subvarieties Zy and Yy® as before. We can also define
the closed subvariety Y5 of P and use the scheme structure on P" to give this the
reduced induced closed scheme structure as in [16], II Example 3.2.6. This gives
Sg =G xXp, ?/3 its scheme structure. Then the open subsets Sz C Sg and Yo C ?/3

get an induced scheme structure as open subsets of schemes. We have a stratification

P =| | Ss

BeB
into G-invariant locally closed subschemes and the morphism

G xp, Y58 = P"
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Chapter 2. Quotients of unstable subschemes

induced by the group action

G xp, P" — P"
is an isomorphism onto Sg.

To go from the stratification of the ambient projective space P" to a stratification
of X we intersect the above stratification by taking fibre products. For any subscheme
S of P we let

S(X) =8 xpn X

be the fibre product of X and S over P". Then Y 3(X) is a closed subscheme of X

and S*g(X) = G xp, Yp(X) is a projective completion of Sg(X). The morphism
G xp, YI¥(X) = X

is an isomorphism onto Sz(X) by using the universal property of the fibre product
Sp(X) and the fact that G' x p, Y;® = Sp for the ambient projective space. We have

a stratification

X =] 8s(x)

BeB
into G-invariant locally closed subschemes, but for some indices 5 we may have Sg(X)
is the empty stratum. We note at this point that this stratification can be refined by

taking connected components of Z3° (X) in the same way as it can for varieties.

We can also define the canonical linearisation on 5’@ in exactly the same way as
we do for varieties and this can be restricted to Sg(X ). In this situation we also have
that the generalised GIT quotient with respect to the canonical linearisation is a

categorical quotient of the G-action on Sg(X) and is isomorphic to the GIT quotient

Zp(X) /] £5Stabps
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2.3. Extending to projective schemes

of the Stabf-action on Z3(X) with respect to the linearisation £z = £X-5.
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Chapter 3

The stratification for sheaves

We apply the ideas of the previous chapter to moduli spaces of sheaves on a complex
projective scheme W. There is a well-known construction due to Simpson [40] of the
moduli space of semistable pure sheaves on W of fixed Hilbert polynomial as the GIT
quotient of a linear action of a special linear group G on a closed scheme Q of a quot
scheme which is G-equivariantly embedded in a projective space.

In this chapter we study the stratification of Q as in Section 2.1 and give a
description of the unstable strata. We show that the above construction can be
chosen so that elements of Q which parametrise sheaves of a fixed Harder-Narasimhan
type are a union of connected components of a stratum in this stratification. This
generalises the Yang-Mills stratification of Atiyah and Bott [3] for vector bundles over

a nonsingular projective curve (see also [25, 35]).

3.1 Simpson’s construction

Let W be a complex projective scheme with ample invertible sheaf O(1). We con-
sider the moduli problem of classifying pure coherent algebraic sheaves on W up to

isomorphism. Gieseker introduced a notion of semistability for sheaves in [13] and
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3.1. Simpson’s construction

constructed coarse moduli spaces of semistable torsion free sheaves in the case when
W is a smooth projective surface. Maruyama generalised this to torsion free sheaves
over integral smooth projective schemes in [31, 32]. Later Simpson [40] constructed
coarse moduli spaces of semistable pure sheaves on complex projective schemes. We
follow the more general construction of Simpson where the moduli space of semistable
pure sheaves of fixed Hilbert polynomial is constructed as a GIT quotient of a sub-
scheme () of a quot scheme by the action of a special linear group G. The linearisation
is given by using Grothendieck’s embedding of the quot scheme into a Grassmannian
and then using the Pliicker embedding of the Grassmannian into a projective space.

We fix a rational polynomial P € Q[x] of degree e which takes integer values when
x is integral. Then any sheaf which has Hilbert polynomial P will have support of
dimension e. Recall that a sheaf is pure of dimension e if its support has dimension e
and all its nonzero subsheaves have support of dimension e. We consider pure sheaves

of dimension e with Hilbert polynomial P calculated with respect to O(1).

Definition 3.1.1. Let F be a pure sheaf of dimension e over W. We define the
multiplicity of F to be r(F) = ela.(F) where a.(F) is the leading coefficient in the
Hilbert polynomial of F. If F is torsion free this is just the rank of F. The reduced
Hilbert polynomial of F is defined to be the quotient P(F)/r(F).

Definition 3.1.2. A sheaf F is semistable if it is pure and every nonzero subsheaf

F' C F satisfies
PF) _ P(F)
r(F) — r(F)

where the ordering on polynomials is given by lexicographic ordering of their coeffi-
cients. The sheaf is stable if the above inequality is strict for every proper nonzero

subsheaf. A semistable sheaf F has a Jordan—Holder filtration

OZfQCflC"'C.FS:f
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Chapter 3. The stratification for sheaves

where F;/F;_1 is stable with reduced Hilbert polynomial P(F)/r(F) for 1 <i < s.

This filtration is not in general canonical but the associated graded sheaf
S
Gr't(F) =P Fi/Fir
i=1

is canonically associated to F (up to isomorphism). Two semistable sheaves F and

G over W are S-equivalent if Gr/# (F) and Gr/#(G) are isomorphic.

Simpson shows that the semistable sheaves with Hilbert polynomial P are bounded
(see [40], Theorem 1.1), and hence we can choose n >> 0 so that all such sheaves
are n-regular. In particular this means that for any such sheaf F the evaluation map
H°(F(n)) ® O(—n) — F is surjective and the higher cohomology of F(n) vanishes;
i.e.,

HY(F(n)) =0 fori >0,

so that P(n) = P(F,n) = dim H(F(n)).

Let V' be a vector space of dimension P(n). The evaluation map for F and a
choice of isomorphism HY(F(n)) = V determine a point p: V ® O(—n) — F in the
quot scheme

Quot(V ® O(—n), P)

of quotients with Hilbert polynomial P of the sheaf V®@O(—n) on W. We consider the
open subscheme @) C Quot(V ®O(—n), P) consisting of quotients p : V@ O(—n) — F
such that F is pure of dimension e and H%(p(n)) : V. — HY(F(n)) is an isomorphism.
The group G := SL(V) acts on this quot scheme by acting on the vector space V, so

that g - p is the composition

1

g p:VeO(-n) L+ Veo(-n)

f

forge G and p: V®O(—n) — F in the quot scheme. The subscheme @ is preserved

by this action and the G-orbits correspond to isomorphism classes of sheaves.
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3.1. Simpson’s construction

Simpson considers a linearisation of this action given by an equivariant embedding
of the quot scheme Quot(V ® O(—n), P) into a Grassmannian. For m > n we let
H := H°(O(m—n)) and Gr(V ® H, P(m)) be the Grassmannian of P(m)-dimensional
quotients of the vector space V ® H. Grothendieck showed that for m >> n the
morphism

Quot(V ® O(—n), P) — Gr(V @ H, P(m))
p:VeO(-n) = F— Hp(m)): V& H — H°(F(m))

is an embedding. The Pliicker embedding
Gr(V @ H, P(m)) < P(A""™(V @ H))")

HO(p(m)) = [N H (p(m)]

then gives an embedding of Quot(V ®O(—n), P) in the projective space P((AF™)(V ®
H))*). Let @ denote the closure of Q in the quot scheme Quot(V ® O(—n), P) and
let U be the restriction to @ x W of the universal quotient sheaf on the quot scheme.
We let Ure) and 7y denote the projections from @ x W to Q and W. Then if m >> n
the higher cohomology groups H'(F(m)) for i > 0 all vanish for p: V. ® O(—n) — F
in Quot(V ® O(—n), P) and

£ = det(ng, (U ® 73y O(m))) (3.1)

is the ample invertible sheaf corresponding to the embedding of Q into the projective
space P((AP™)(V ® H))*) above. There is a natural lift of the G-action on @Q to
the universal quotient I and this gives an action of G on L; we let £ denote this

linearisation as well as the line bundle underlying it.

Theorem 3.1.3. ([40], Theorem 1.21) Let W be a projective scheme, e a positive
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Chapter 3. The stratification for sheaves

integer and P a Hilbert polynomial of degree e. If m >> n >> 0 the GIT quotient
Q// G is a coarse moduli space for S-equivalence classes of semistable sheaves of pure

dimension e with Hilbert polynomial P.

Remark 3.1.4. If W is a smooth integral projective complex scheme and we look
at pure sheaves of maximal dimension, i.e., torsion free sheaves, then we can instead
use the original linearisation due to Gieseker [13] of the SL(V')-action on Q. This
linearisation is given by an embedding of ) into a projective bundle over part of the
Picard scheme Pic(IW). Let R be the components of Pic(W) which contain det F for
a quotient sheaf V ® O(—n) — F in Q. The determinant of the universal quotient

sheaf U on @ is equivalent to a homomorphism
D:Q — R.
Let P be a Poincaré line bundle on R x W; then there is an isomorphism
det = (D x idw)*P ® ﬂ'%A (3.2)

where A is an invertible sheaf on Q.
Let m; and 7o be the projections from R x W to the first and second factors. We
can assume that n is sufficiently large so that the invertible sheaves in the image of

D : Q — R are all n-regular. Our assumptions on n ensure that the sheaf
W= (NV)Y @ (m1)(P @ (m2)"O(rn))

over R is locally free, where r is the rank determined by the top coefficient of P. Let
B := P(W) denote the projective bundle over R associated to VW. We construct a
morphism h : Q — B by showing there is an injective homomorphism AY — D*W

of sheaves over @) (as in [16], II Proposition 7.12 where the opposite convention for
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3.1. Simpson’s construction

projective bundles is used). Let
NV = 7z, (det(U) ® (Wg,xw)*(’)(rn))

be the rth exterior product of the universal quotient morphism on . This homo-

morphism and the isomorphism
P (det(Z/l) ® (WV@VW)*O(M)) ~ D* (1) (P ® (m2)*O(rn))

(defined by the isomorphism (3.2)) gives the injective homomorphism AY — D*W
defining the morphism h : Q — B.

The action of SL(V') on A"V defines a SL(V)-action on B such that the morphism
h : Q — B is SL(V)-equivariant with respect to this action. The scheme @ only
parametrises torsion free sheaves and so the class of a quotient sheaf V@ O(—n) — £
in @ is completely determined by the homomorphism A"V — H%(det(€)(rn)). Hence
h is injective on @ and A|g is ample relative to Pic(W).

The morphism hA maps semistable sheaves in @ to the semistable subscheme B*%*
for the SL(V)-action on B and the moduli space of semistable torsion free sheaves

over W is constructed as the GIT quotient of this action.

3.1.1 The Hilbert—Mumford function

In this section we calculate the Hilbert-Mumford function ;% (p, ) for a quotient sheaf
p:V ®O(-n) — Fin Q and a l-parameter subgroup A of G = SL(V'). Recall this
is equal to the weight of the C*-action induced by A on the fibre of £ over the fixed
point lim;_,o A(t) - p. Moreover, by the Hilbert—-Mumford criterion (see Section 1.3 for
more details) we know that p is a GIT semistable point if and only if ,uﬁ(p, A) >0
for all 1-PSs A of G.

First of all we make use of the fact that any 1-PS induces a decomposition of V'
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as a direct sum of weight spaces:

decompositions V = P, Vi
{ 1-PSs of SL(V) } —
such that > kdimV; =0

A — Vi i={veV At v=th}.

The relation Y kdim Vj, = 0 is required so that we get a 1-PS of the special linear
group as opposed to the general linear group. Such a decomposition determines a

filtration of V' given by
o CVop1 SV C Vo1 S0 ve
where V>, := @;>; V. There are only finitely many integers k such that Vj, # 0, say
k1> > kg

then if we let V) = V>r, we get a finite filtration 0 C VO c...c VO =V, In

particular we obtain a map

O:V(O) CV(U C ...CV(S) =V
1-PSs of SL(V)
— filtrations of V and integers k1 > - -+ > kg
A
such that 3 k; dim V@ /v (=1 = g

Let A be a 1-PS of G = SL(V) and p: V ® O(—n) — F be a point in Q. Then the

filtration of V' determined by A induces a filtration of F given by
0=FO0 cr) ... c F&) = F

where F) = p(V®) @ O(—n)). Let Fsj denote the image of Vor @ O(—n) under p

20



3.1. Simpson’s construction

for any integer k. Then p induces surjective morphisms
P Vi ® (’)(—n) — Fr = fzk/f2k+1

for each integer k; note that Fi and pj can only be nonzero if k = k; for some i with

1 < <s. We define

=P : PVico(-n) - F =P 7 (3.3)

keZ kEZ kEZ

which by [19], Lemma 4.4.3 is the fixed point lim;_,o A(¢) - p. We now have a formula

for the Hilbert—Mumford function.

Lemma 3.1.5. The Hilbert—Mumford function evaluated at a one-parameter subgroup
A of G = SL(V) for a point p: V @ O(—n) — F in Q is given by

s—1

pE(p,A) =D (ki — ki) <P(f(i)7m) — dim V'
=1

];’((7:)) >

where VO and FO are defined as above.

Proof. For this we follow the argument of [19], Lemma 4.4.4, but use a left action as
opposed to a right action. To calculate the value of the Hilbert-Mumford function
we need to calculate the weight of the C*-action on the fibre at p of the line bundle
L defined at (3.1). Since m >>n >> 0 we have H'(F(m)) = 0 for > 0 and the line
bundle

L = det(rg, (U @ mO(m)))

has fibre
det(HO(F(m)))* = AP0 HO(F(m))*

at p. The C*-action induced by A\ on pi has weight —k because A(t) - p is the
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composition

A1t
Ve@0(—n) L v @ 0(—n) — 2

T

and

)\_1(75) C UV = t_kvk for all vy, € V.

Therefore the weight of the C*-action on det H°(Fi(m)) is equal to —k times the
dimension of H°(Fj(m)), which is the value P(Fg,m) of the Hilbert polynomial
P(Fi) at m. The weight of the C*-action on the fibre of £ over p is equal to minus
the weight of the C*-action on a point in (AP (V @ H))* which lies over 7 and so

is equal to minus the sum of the weights of the C*-action on det H°(pj(m)):

pE(p, N) = kP (Fi,m) =Y kiP(F,,m).
k€EZ i=1

As X is a 1-PS of the special linear group, we have »_;_; k; dim V, = 0. Therefore,

£ = S i m) — dim P(m)
M (pv /\) = ;kl <P(fkn ) d Vki P(n))

= : @) m) — (i+1) 1) — dim @ P(m) im (i+1) P(m)
;&(P(F ,m) — P(FOD m) — dim V Py +dimY P(n)>

= <P(m) — dim V];(ZZ))) + i(k — kit1) (P(f@'), m) — dim V® P (m>>
=1

which gives the required result since dimV = P(n). O
Remark 3.1.6. In Remark 3.1.4 we saw that when W is smooth and integral and

e = dim W we can use the linearisation A due to Gieseker of the SL(V')-action on G.

The Hilbert—Mumford function with respect to Gieseker’s linearisation is given by

s s—1
(o, \) = Z kirk Fp, = Z(ki — kit1) (rk]:(i) — dim V(i)PZ)>
n
i=1 i=1
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where r denotes the rank determined by the leading coefficient of P. This calculation
is very similar to the above calculation and can be found in [13]. The main difference
is that under Gieseker’s linearisation the quotient sheaf  is embedded as H°(A"p(rn))
and the weight of the C*-action on H(A" py(rn)) is equal to —kry where 4, denotes

the rank of the quotient sheaf Fj.

3.2 The stratification and index set

We consider the group G = SL(V) acting on the closed subscheme @ of the quot
scheme Quot(V ® O(—n), P) with respect to the linearisation £ defined at (3.1), for
which the GIT quotient Q//,G is a coarse moduli space for S-equivalence classes of
semistable sheaves on W with Hilbert polynomial P. The linearisation £ defines a
G-equivariant embedding of @ in the projective space P(AP™(V @ H))*) = PN
and we can choose a Kihler structure on PV which is invariant under the maximal
compact subgroup SU (V) of G = SL(V). There is a moment map ju : PV — su(V)*
associated to this action and we use the Killing form on su(V') as an invariant inner
product to identify the lie algebra su(V') with its dual su(V)*. Then applying Morse
theory to ||u||? gives us a stratification of P which we can intersect with Q to get a

stratification

into G-invariant locally closed subschemes as in Section 2.3. We note at this point
that the strata Sg may not be connected and so may be stratified further into their
connected components (cf. Remark 2.2.2).

We can choose a basis of the fixed vector space V' of dimension P(n) and pick the
maximal torus 7' C SU(V') consisting of matrices which are diagonal with respect to
this basis. The Lie algebra t = Lie T consists of purely imaginary tracefree diagonal

matrices with respect to this basis. We choose a positive Weyl chamber t; C t given
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N a; € R such that Y a; =0
ty = ¢ idiag(aq, - - aadim(V)) :
and ay > ag > -+ > aqim(v)

The indexing set B for the stratification {Sg : § € B} can then be identified with a

finite set of points in t,.

3.3 Harder—Narasimhan filtrations

Any sheaf of pure dimension e over W has a canonical filtration by subsheaves whose
successive quotients are semistable with decreasing reduced Hilbert polynomials. This
filtration is known as the Harder—Narasimhan filtration due to the original existence
and uniqueness results of Harder and Narasimhan [15] for such filtrations of vector

bundles over smooth projective curves.

Definition 3.3.1. Let F be a pure sheaf; then its Harder—Narasimhan filtration is a
filtration

such that the successive quotients F() /F (i-1) are semistable with decreasing reduced

Hilbert polynomials

P(FW) . P(F®/F) s P(F®) ) Fs=1)
r(FDL) r(F@ /) FQ) r(Fs) /Fls=1)) "

We will denote by Gri¥ (F) the associated graded sheaf

Grf'N(F) = @@ FO/FOD.
i=1

We call the first sheaf F(1) appearing in the Harder—Narasimhan filtration the maxi-

mal destabilising subsheaf. The Harder—Narasimhan type of F is the tuple of Hilbert
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3.3. Harder—Narasimhan filtrations

polynomials of the successive quotients:
HN(F) := (P(FV), P(FO JFD), ..., P(FE) ) FE7D)).

For each point p: V ® O(—n) — F in ) we define the Harder—Narasimhan type of p

to be the Harder—Narasimhan type of F.

The different types of Harder—Narasimhan filtrations allow us to decompose the

points of @ into subsets of fixed Harder—Narasimhan type.

Definition 3.3.2. If 7 is a Harder—Narasimhan type, let R, C @ be the set of points
p:V®0O(—n) = F in Q such that F has Harder—Narasimhan type 7. Then we can

write () as
Q=||R-

Let 79 = (P) denote the trivial Harder-Narasimhan type; then R, contains only
semistable sheaves and so is equal to the set of points in the stratum Sy = Q°° by
[40] Theorem 1.21 (cf. Theorem 3.1.3). We want to give the subsets R, associated
to higher Harder—Narasimhan types 7 a geometric structure and relate this to the
higher strata Sg.

For the rest of this chapter we fix a nontrivial Harder—Narasimhan type 7 =
(P1,...,Ps), where Py, ..., Ps; are polynomials of degree e such that P;+---+Ps; = P.
We assume that there is a sheaf of pure dimension e over W with this Harder—

Narasimhan type so for n >> 0 the subset R, is nonempty.

Lemma 3.3.3. The set of sheaves of pure dimension e with Hilbert polynomial P

and Harder—Narasimhan type 7 is bounded.

Proof. This follows from a result of Simpson (see [40] Theorem 1.1) that a set of
sheaves on W of pure dimension e and Hilbert polynomial P is bounded if the slopes

of their subsheaves are bounded above by a fixed constant, where the slope of a sheaf

95



Chapter 3. The stratification for sheaves

is (up to multiplication by a positive constant) the second to top coefficient of its
reduced Hilbert polynomial. Any sheaf F with Harder—Narasimhan type 7 has a
maximal destabilising subsheaf F(!) with Hilbert polynomial P;, and all subsheaves
of F have reduced Hilbert polynomial less than or equal to the reduced Hilbert
polynomial of F M. Let 11 denote the slope of F (@), which depends only on the
polynomial Pj; then any subsheaf 7’ of F has slope less than or equal to p; and this

proves the result. O

This boundedness result means that we may assume n is chosen so that all pure
sheaves with Hilbert polynomial P and Harder—Narasimhan type 7 are n-regular, and
therefore are parametrised by Q. We may also assume that n is sufficiently large so
that all sheaves with Harder-Narasimhan type (P;,,..., P, ) for any 1 < i; < iy <
.++ < i < s are n-regular; in particular, the sheaves F(*) occurring in the Harder—

Narasimhan filtration of any sheaf F of Harder—Narasimhan type 7 are n-regular.

3.4 The index associated to a Harder—Narasimhan type

We want to show for a fixed Harder—Narasimhan type 7 = (Py,..., Ps) that R, is
contained in a stratum Sg(,) occurring in the stratification {Sg : 8 € B}. In fact
we will actually show that R, is a union of connected components of a stratum in
this stratification provided n and m are sufficiently large (for details see the proof of
Theorem 3.5.7). Firstly we need to find a candidate for the index 5 = 3(7) depending
on the information coming from the Harder—Narasimhan type 7. The definitions of
Zg and Yg, Z5° and Yj* are valid for any 8 € t and do not require 5 to belong to the
indexing set B, but Y;* is nonempty if and only if 5 € B. Therefore we can look for
a candidate 8 € t4, and if Y* is nonempty then this will imply that § is an index in
the stratification.

We assume n is sufficiently large so that all sheaves with Harder—Narasimhan
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3.4. The index associated to a Harder—Narasimhan type

type 7 are parametrised by Q. We choose a point p : V ® O(—n) — F in @ which

represents a sheaf F with Harder—Narasimhan type 7 and let

denote the Harder—Narasimhan filtration of . By Remark 2.1.8 rather than finding
B € t4 such that p belongs to Y3* we can look for a 1-PS Ag of G = SL(V) which
is adapted to p. We have seen that all 1-PSs give rise to filtrations of F and it is
reasonable to expect that a 1-PS which is adapted to p will give rise to the filtration
of F which is most responsible for its instability, namely its Harder—Narasimhan

filtration. With this in mind we let
VO = HO(p(n)) " (H*(FD(n)))

and choose a basis of V' (and corresponding maximal torus of G = SL(V)) by first

taking a basis of V(1| then extending to V) and so on. This gives us a decomposition

of V where V; = V® V(=1 We consider 1-PSs in G = SL(V) of the form

b1 Iy,

721y,

t/8 s IVS

where the weights 3; are decreasing 81 > --- > 5 and satisfy the relation
S . .
> B P(FD/FED n) = 0.
i=1

o7



Chapter 3. The stratification for sheaves

Remark 3.4.1. We may assume n is sufficiently large so that F®) and }'(i)/}"(i_l)

are n-regular for i = 1,...,s. Then F@(n) and F® /FE=1(n) have no higher coho-
mology and so we have that

Pi(n) = P(FO/FE=D pn) = dim V@ /v =D = dim V;

fori=1,...,s.
A nontrivial 1-PS A of GG is adapted to p if

1= (p, A)

[IA

is minimal among nontrivial 1-PSs of G. Therefore, we choose the weights (1,

cee /Bs)
to minimise the function

i (6~ fin) (PO, m) - PO, w3
JBr-ee o) = ER) 1/2
(Xii BEPi(n))Y

subject to the condition g(f1,--- ,fBs) :== Y i_; BiFP;(n) = 0.

We introduce a Lagrangian multiplier 7 and define

ABr, -+ Bssm) := f(Br,-- -, Bs) —ng(Br, -+, Bs);

then we look for solutions to

;ﬂA(ﬂl,'-.nﬁs;n):O fOI’j:l’...78
0 (3.4)
%A(ﬁh 758777) =0.

Note that for any a € Rsg we have that f(af1,---,a8s) = f(B1, -, Bs) and that

g(aﬁla"' 7a/88) =0 «— g(ﬁla 758) =0.
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3.4. The index associated to a Harder—Narasimhan type

It is easy to check that

(61,...,5s,n>_< ) B

provides a solution to the equations (3.4). Note that for m >> n >> 0 the weights

are decreasing

pr> > fs

because the reduced Hilbert polynomial of F; is strictly greater than that of Py by

definition of the Harder—Narasimhan filtration.

Definition 3.4.2. Let 7 = (Py,...,Ps) be a Harder-Narasimhan type such that
P =537, P. We define

_ 5 P(m)  Pi(m)
A== By T R
and
B - /8(7_) = Zdlag(/@b e 7/617627 T 7627 e 768 o ,85) € t+ (35)

where (; appears P;(n) times.

Remark 3.4.3. This rational weight 5(7) depends on n and m and will be written
as B(r,n,m) if it is necessary to make this dependence explicit. Note that if we have
two different Harder—Narasimhan types 7 = (P1,---,Ps) and 7/ = (PJ,---, P!) for
pure sheaves with Hilbert Polynomial P, then for certain values of n and m we may
have (7,n,m) = B(7',n,m) (for example, if P;(n) = P/(n) and P;(m) = P!/(m) for

1 < i < s). However, if m >> n >> 0 then the rational weights associated to two

different Harder—Narasimhan types will be distinct.

Remark 3.4.4. In Remarks 3.1.4 and 3.1.6 we discussed the linearisation due to

Gieseker when W is smooth and integral and we are looking at torsion free sheaves.
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Chapter 3. The stratification for sheaves

In exactly the same way as above we can calculate the rational weight 5 = 3(7)
corresponding to a Harder—Narasimhan type 7 for the linearisation used by Gieseker.

In this case we have

and

5(7—) :ﬁ:Zdlag(/Bh 7/617627”' 7627”' 768"'/85) et-i—

where (3; appears P;(n) times.

3.5 Describing components of Sg

As in the previous sections we fix a Harder—Narasimhan type 7 = (Py,..., Ps) and
define 8 = B(7) € t; as above. In this section we prove that § is an index for
the stratification of @ and also relate certain connected components of Ss to the set

R. C @ of points with Harder—Narasimhan type 7.

We have a decomposition V =V, @ --- @ V; of V into weight spaces for the 1-PS
Ag. By definition Z3 is the connected components of the fixed point locus of A\g(C*)
acting on @ on which this 1-PS acts with weight ||8||>. The fixed point locus of Ag

is well-known:

Lemma 3.5.1. If p: V ® O(—n) — F is a point in Q, then p is fived by the 1-PS

Ag if and only if F has a decomposition
F=F1® - DF;
and we also have a decomposition of the sheaf homomorphism

p=p1D- - Dps
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3.5. Describing components of Sg

where p; : V; @ O(—n) — F; lies in the quot scheme Quot(V; @ O(—n), P(F;)).

In particular, the fixed point locus of A\g(C*) acting on (@) decomposes into com-
ponents indexed by the tuple of Hilbert polynomials of the direct summands. Let
Qi == Quot(V; ® O(—n), P;) and consider

= {q € Quot(V® O(—n),P): q=®;_1¢q suchthat ¢; € Q;} X Q1 X -+ X Qs.

Corollary 3.5.2. The scheme F N Q is a union of connected components of Zg.

Proof. Clearly F' is a union of connected components of the fixed point locus of the
one-parameter subgroup Ag. By definition Z3 is the connected components of the
fixed point locus in @ such that A\g acts on points in the affine cone CN*! lying
over these components with weight ||3]|>. Let ¢ = ®{_,¢; be a point in F where
g : Vi ® O(—n) — & is a quotient sheaf in @);. The Hilbert-Mumford function
115 (q, Ag) is equal to the weight of the action of Ag on the fibre of £ over ¢; this is
equal to minus the weight of the A\g action on a point in CN*! lying over ¢. By direct

calculation we have

Mm

S|
3
~
2

18]1> = BIPi(n) =
=1

pat Pi(n P(n)
and
S S
P(m)? Pi(m)? 2
DY) (E,m) = P;(m) = — =
(a0 Zm ivm) ;5 ) ="y ~ 2 By — Al
which shows that F' N Q is a union of connected components of Z3. ]

The subscheme Zg is invariant under the subgroup of SL(V') which stabilises 3,

Stab = (H GL(%)) N SL(V).
=1
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Chapter 3. The stratification for sheaves

The original linearisation £ restricts to a Stab/3 linearisation on Zgz which we also

denote by L. Associated to —f is a character
X-p : Stabg — C*

(g1, gs) — Ty det g;

which we can use to twist the linearisation £; we let £X-8 denote this twisted lineari-

sation on Zg. By definition
ng - thabﬁ_ss(ﬁxfﬂ)

is the open subscheme of Zg whose geometric points are semistable for this Stabg3

action.

Lemma 3.5.3. The central subgroup
Z(StabB) = {(t1,...,ts) € (C*)* : Ii_ ¢/ = 1}

fizes every point of F' and so acts by a character xp : Z(Stab3) — C* on the fibres
of L over points of F where
—Bi Py
Xp(tn, ) = Tty P00,
Proof. There is a copy of C* C GL(V) acting trivially on each quot scheme Quot(V ®
O(—n), P). Since F' is isomorphic to a product of s quot schemes @; the centre
Z(Stabp) fixes each point ¢ = @¢; in F. Therefore, Z(Stab) acts on the fibre of L
at ¢ € I’ by a character xyp. To calculate this character we revisit the calculations of

Section 3.1.1 and generalise these calculations to larger torus actions. Let (¢1,...,%s)

be an element of this central subgroup then we consider its action on g. The di-
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3.5. Describing components of Sg

rect summand ¢; is multiplied by ¢; 1 and so det H%(g;(m)) is multiplied by ¢, Fi(m),

Therefore
S
P;
xp(ty, - ts) = Hti (m)
i=1
and since []t; = 1 we may rewrite this as

S (P ED _pm s
XF(tlg"' ,ts) :th (Pz( )P(m) Pi( )) :th B Pi(n)
i=1

=1

which completes the proof. O

Consider the subgroup

G =[] sLv)
i=1

of Stab.

Lemma 3.5.4. The semistable subscheme
s .= FStabﬁfsS(‘CX,B)

for the StabB action on F' with respect to LX=8 is equal to the semistable subscheme

for the G" action on F with respect to L.

Proof. There is a surjective group homomorphism

G’ x Z(Stabj) — Stabp

(g1, s gm)s (t1, oo ts)) = (g, - - -, tsgl)

whose kernel is a product of finite cyclic groups [[;_; Z/P;(n)Z. Therefore the reduc-
tive group Stabgf is the quotient of the product G’ x Z(Stab) by this product of the

finite cyclic groups of order P;(n). Since finite groups do not alter GIT semistability
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Chapter 3. The stratification for sheaves

we have that

[5s . FG’XZ(Stab,B)fSS(EX,ﬁ).

By Lemma 3.5.3 the centre Z(Stabf) fixes F' and acts on the fibres of £ over F'
by multiplication by the character xr. This character given in Lemma 3.5.3 is equal
to the character x_g : Stabg — C* defined by the weight 8. Since the linearisation
LX-# is the original linearisation £ twisted by the character x_g (see Example 1.2.8
for our conventions for such twists) the centre Z(Stab/3) acts trivially on the twisted
linearisation. Therefore the semistable set for the action of Stabg = G’ Z(Stabf) with

respect to £X-8 is equal to the semistable set for the G’ action with respect to £. [

Recall that we have an isomorphism of schemes

F2Q; x--xQs

where Q; = Quot(V; ® O(—n), ;). Let £; = det(mg,«(U; ® 7j;;O(m))) denote Simp-
son’s linearisation of the SL(V;)-action on @; where U; is the universal quotient sheaf
on this quot scheme. By [40], Theorem 1.19 provided n and m are sufficiently large

the points of the semistable subscheme
SL(V;)—
Q= QT (L)
are quotient sheaves ¢; : V; ® O(—n) — &; where &; is Gieseker semistable.

Proposition 3.5.5. Under the isomorphism F = Q1 X --- X Qs, the semistable set
F*%% for the StabB action on F with respect to LX-8 is isomorphic to the product of

the GIT semistable subschemes Q3°:

F¥=Q7 x - x Q.
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3.5. Describing components of Sg

Proof. Let ¢ = @& ,q; be a point in F' where ¢; : V; ® O(—n) — &; represents a

quotient sheaf in @);. By Lemma 3.5.4 we have that
5 — FG/fss(ﬁ)

where G’ = II{_,SL(V;) and so, by the Hilbert-Mumford criterion, ¢ is in F*** if and

only p“(g, ) > 0 for all 1-PSs X of G/,

Firstly suppose each ¢; is semistable for the SL(V;)-action. Then for any 1-PS
Ai : C* — SL(V;) we have

A 1-PS X of G’ corresponds to 1-PSs \; of SL(V;) for i = 1,--- ,s. By diagonalising

these 1-PS simultaneously we see that

and so q € F*5.

Conversely suppose there is an 1 < ¢ < s such that ¢; is unstable. Then there is
a 1-PS \; of SL(V;) such that

Let A = (A1, ,As) be a 1-PS of G’ where for j # i the 1-PS \;(t) = Iy, is trivial

and ); is the 1-PS above which destabilises g;; then this 1-PS destabilises ¢ as

15 (g, \) = pFi(gs, \i) < 0.

Therefore under the isomorphism

F2Q x-xQ,
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Chapter 3. The stratification for sheaves

the semistable subscheme F*® corresponds to the product of the semistable sub-

schemes Q3°. O

We can now relate the set R, consisting of points with Harder—Narasimhan type
7 to the stratum Sg where 8 = 3(7) is the rational weight given in Definition 3.5.
Recall that Sg = GY;* where Yj3* = pgl(ng) and pg : Y3 — Z3 is a retraction onto

Zg. We can also refine the strata by taking connected components:

Remark 3.5.6. Recall from Remark 3.1 that from the decomposition 23 =UZg;

into disjoint closed subsets we get similar decompositions Ygs = I_IYﬁssj and
S5 = ]6VE;
where Y55 = p ' (Z5)).

Let R; be the open subscheme of (; consisting of quotient sheaves ¢; : V; ®
O(—n) — &; which are pure of dimension e and such that H"(g;(n)) is an isomorphism.
Let R$® denote the semistable subscheme for the SL(V;)-action on R;. Then consider

the subschemes
28 = {a =01 (@ Vi® O(—n) = £) € RY")

ss ss ._ ,—Ll(ryss ss
of Z5* and Y73 := pg (Z(T)) of Y.

Theorem 3.5.7. Let 7 = (P,... Ps) be the Harder—Narasimhan type of a pure sheaf
of dimension e on W such that P = Py +---+ P,. Let B(7) = B(7,n,m) € t; be the

associated rational weight. Then if n and m are sufficiently large we have:

i) The rational weight B(7) is an index in the stratification {Sp : B € B} of Q

associated to the action of SL(V') with respect to the linearisation L.

i) Ry = GV,
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ii1) Ry is a union of connected components of Sp(r)-

Proof. By Lemma 3.3.3 we can choose n sufficiently large so all sheaves with Harder—
Narasimhan type 7 are parametrised by (). We assume n and m are sufficiently large
so for i = 1,...,s the points in Q* correspond to semistable sheaves. Let 5 = (1)
then for 7) it suffices to show that Y§* is nonempty. Let p: V @ O(—n) — F be the
quotient sheaf with Harder—Narasimhan type 7 which was used to define 3; then we
claim p € Y3%, or equivalently, pg(p) € Z§. Since

p:=pp(p) = HmAg(t) - p

we have that p := ®;_;p; represents the graded sheaf @©j_,F; associated to the
Harder—Narasimhan filtration of F. By definition of the Harder—Narasimhan fil-
tration the successive quotients F; are semistable and so each p; is a point in R}°.

Then by Proposition 3.5.5, p € Zisf) CF*NQcC ng.

Now suppose ¢ : V ® O(—n) — £ is a point in R;; then the Harder-Narasimhan

filtration of & gives rise to a filtration of V' by subspaces
W = H(q(n)) " (H(EW (n)).

We can choose g € G = SL(V) to be a change of basis matrix sending W to V(%

for each 4, which is possible since dim W® = dimV® = $"._. Pi(n). Then, by the

J<i
same argument as above, g - q € Y(STS) and so q € GY(STS)

Since R;” = R:* (cf. [40] Theorem 1.19) the subscheme Z

and so, by Corollary 3.5.2, Z(Sj) is a union of connected components of Z3. The

is closed in F** N Q

points of Yy = pEI(Zf_f)) are quotient sheaves ¢ : V ® O(—n) — F such that the
filtration 0 € V) ¢ ... V() = V used to define 3 induces the Harder—Narasimhan

filtration of . In particular, Y(STS) is contained in R, and since R, is G-invariant we
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have GY(STS) C R;. Therefore, we have R, = GY(STS) Since Z(Sj) is a union of connected
components of Z 5 we have that R, = GY(ST“s is a union of connected components of

Sp by Remark 3.5.6. ]

As Q and @ both depend on n and the strata Spg depend on both n and m, we
should really write Q(n) and Q(n) and Sg(n,m). We can intersect the stratification

{Ss(n,m) : B € B(n,m)} of Q(n) with Q(n) to obtain a stratification

Q)= || Ss(n,m)nQ(n)

BeB' (n,m)

where B'(n,m) C B(n,m) is the set of rational weights § whose associated stratum
Sg(n,m) meets Q(n). We are really interested in comparing this stratification of
Q(n) with the stratification of (n) by Harder-Narasimhan type. By Remark 3.4.3
we have that for two Harder—Narasimhan types 7 and 7’ of pure sheaves with Hilbert
polynomial P, the associated rational weights 3(7,n,m) and (7', n,m) will be dis-
tinct for m >> n >> 0. This leads us to consider the limit of the stratifications

{Sg(n,m)NQ(n): B € B'} of Q(n) as n and m tend to infinity which we write as

Qo) = || Ss(00) N Qo).

BEB!(o0)
In particular, we see:

Corollary 3.5.8. The limit of these stratifications as n and m tend to infinity

Q)= || Ss(c0) NQ(c0)
BEB (00)

agrees with the stratification by Harder—Narasimhan type.

Remark 3.5.9. In Remark 3.4.4 we defined a rational weight 3(7) for the linearisa-

tion used by Gieseker when W is smooth and integral and e = dim W. In this case an
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analogue of the above theorem also holds although this time we only have one integer

n to choose sufficiently large.

3.6 Some remarks on taking a quotient of the G-action

on R,

Since R, = GY(‘i‘“’) = G X Ps Y(STS) to take a quotient of the G-action on R, is equivalent
to taking a quotient of the Pg-action on Y(s:’) In Section 2.2.2 we studied a canonical
linearisation L3 of the Pg-action on a compactification ?5 of Y. This can be
restricted to the closure ?(T) of Y(STS) and the generalised GIT quotient with respect

to this canonical linearisation is
Y3 2sPs = Z3\ [ 25 P8 = Z(7) [ £5StabB.
The canonical linearisation Lg on Zg3 is equal to £LX-# and so by Lemma 3.5.4
Z(Sf)//gﬂStabﬁ = Z(Sf)//gG’

where G’ = II{_,SL(V;). Therefore, two sheaves F and £ with Harder-Narasimhan
type 7 are identified in this quotient if and only if the successive quotients in their
Harder—Narasimhan filtrations are S-equivalent in the usual sense; that is, the graded
objects associated to their Jordan—Holder filtrations are isomorphic. This is the
problem with the canonical quotient: the notion of S-equivalence is too weak. The
map

Ss

ps:Y(r) = ()

sends a quotient sheaf ¢ : V ® O(—n) — F to the graded quotient sheaf ®;_,¢;

associated to its Harder—Narasimhan filtration. Since this map corresponds to taking

69



Chapter 3. The stratification for sheaves

the limit under a 1-PS, the graded quotient sheaf pg(q) = ®;_,¢; is contained in the
orbit closure of ¢. So if pg(q) € Z(Sf) is semistable for any linearisation of this action
then ¢ will also be semistable (as the GIT semistable subscheme is open and pg(q) is
in the orbit closure of ¢) and both these points will be identified in the generalised
GIT quotient. As suggested in the previous chapter, we need to perturb the canonical

linearisation so that Z(Sj) is no longer semistable.
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Moduli spaces of complexes

Let X be a smooth integral projective scheme over the complex numbers and Ox (1)
be an ample invertible sheaf on X. From now on we use the term complex to mean a
bounded cochain complex of coherent sheaves and all complexes will be over X unless
otherwise stated.

In this chapter we describe a GIT construction due to Schmitt [39] of moduli
spaces of S-equivalence classes of semistable complexes. The notion of semistability
is determined by a choice of stability parameters and essentially comes from physics;
it is closely related to a notion of semistability coming from a Hitchin—Kobayashi
correspondence for quiver bundles due to Alvarez-Cénsul and Garcia-Prada [2]. The
notion of S-equivalence is weaker than isomorphism and arises from the GIT con-
struction of these moduli spaces.

The Hilbert—-Mumford criterion (see Section 1.3) allows us to study semistability
by studying one dimensional torus actions. In this chapter we calculate the weights
of such actions as this will be used later on to describe a Harder—Narasimhan type
stratification for complexes. We also construct a morphism corresponding to taking

the direct sum of two complexes which will also be used later in this thesis.

71



Chapter 4. Moduli spaces of complexes

Notation. For notational convenience we index the complexes at the bottom:

oo 81 > & = Ejr1 —

4.1 Moduli spaces of semistable complexes

We can view a complex of fixed length as a representation of a certain quiver with
relations in the category Coh X of coherent sheaves on X. To clarify what is meant by
a representation of a quiver in the category of coherent sheaves we give the following

definition:

Definition 4.1.1. A representation of a quiver @ = (V, A, h,t) with relations R in a

category A is:

i) For each vertex v € V', an object 4, € Ob(A),

ii) For each arrow a:u — v € A, a morphism f, : A, — A,
such that the morphisms f, satisfy the relations in R.

The classical case is when A is the category of vector spaces over a field k£ and
representations of a quiver in this category are simply called quiver representations.
Moduli spaces of semistable quiver representations have been constructed by King
[23] as GIT quotients where the notion of semistability is determined by a collection
of integers which are used to define the linearisation.

We are interested in the case when A = Coh X is the category of coherent sheaves
on X since studying moduli of complexes (up to isomorphism) is equivalent to study-

ing moduli of representations of the following quiver

Q= e N, .. ImTL
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4.1. Moduli spaces of semistable complexes

with the relations a; o a;_1 = 0 in the category of coherent sheaves. A representation
of a quiver ) in the subcategory of locally free sheaves is referred to as a @-bundle
and is often used to describe a vector bundle with additional structure.

There is a so-called vortex version of the Hitchin—Kobayashi correspondence for
quiver bundles due to Alvarez-Cénsul and Garcia-Prada [2]. The original Hitchin—
Kobayashi correspondence due to Uhlenbeck and Yau [42] relates the stability of a
vector bundle on a Riemann surface to the existence of a Hermitian-Einstein metric
on the bundle. The vortex version also relates stability of a quiver bundle to the
existence of Hermitian metrics satisfying certain gauge theoretic equations determined
by a collection of stability parameters. Moduli spaces of semistable quiver bundles
and torsion free quiver sheaves have been studied by Alvarez-Cénsul [1] and Schmitt
[38, 39] respectively. In this section we will describe and use a construction of moduli
of torsion free quiver sheaves due to Schmitt [39].

As with any moduli problem we start by fixing any invariants of isomorphism
classes of complexes. This is done by fixing the Hilbert polynomials of each of the
sheaves occurring in the complex with respect to Ox(1) by fixing a collection of
Hilbert polynomials P = (Py, ... P,,) of degree dim X. Note this fixes the length of
the complex and we have assumed for simplicity that the complex is zero outside of

the degrees 1 to m.

4.1.1 Semistability for complexes

The moduli spaces of complexes can only parametrise a certain collection of complexes
with invariants P and this collection is determined by a notion of (semi)stability.
Schmitt introduces a notion of (semi)stability for complexes which depends on a

collection of stability parameters (o, x) where

e 0= (01,...,0m) € 2T,
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e nN= (nlv"'anm) e@m’
e 0 is a positive rational polynomial such that degd = max(dim X — 1,0)
and we define x := 7.

Remark 4.1.2. There will be two points of view which we will take when it comes
to thinking about these stability parameters. Firstly, when we are thinking about
semistability of complexes with fixed invariants P, we will assume that the 7; satisfy
> miri = 0 where r; is the rank determined by the top coefficient of the Hilbert
polynomial P;. This condition is needed so we can define the linearisation of the
group action on the parameter space for complexes with invariants P. In fact 7 is
used to define a character of a product of general linear groups and this condition
ensures this character is trivial on the copy of C* which acts trivially on the parameter
space. Secondly, when we are thinking about semistability of complexes with varying
invariants (for example, when we want to study Harder—Narasimhan filtrations), we
will not impose this condition on 1. When we wish to emphasise the fact that we are
thinking of stability parameters in the first sense we will refer to these as stability
parameters for P. In Remark 4.1.5 we will see how to go between these points of

view.

Definition 4.1.3. The reduced Hilbert polynomial of a complex of torsion free

sheaves £ with respect to the parameters (g, x) is defined as

redson 2 0iP(&) — xitk &
Fox(&):= Yo oitk&

where P(&;) and rk &; are the Hilbert polynomial and rank of the sheaf & calculated
with respect to the ample line bundle Ox(1). We call this weighted analogue of the
reduced Hilbert polynomial the reduced Hilbert polynomial with respect to (g, x) or

simply the reduced Hilbert polynomial if the choice of stability parameters is clear.
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4.1. Moduli spaces of semistable complexes

The following definition is due to Schmitt [39] (see also [2, 6, 38]).

Definition 4.1.4. A nonzero complex €. is (g, X)—semistable if each sheaf &; is tor-
sion free and for any nonzero proper subcomplex F. C £ we have an inequality of
polynomials

red red
Prd(F) < Prd(E).

The ordering ‘<’ on polynomials is given by lexicographic ordering of the coefficients
of the polynomials; therefore P < @ if and only if P(z) < Q(z) for all z >> 0. We

say the complex is (g, x)-stable if this inequality is strict for all such subcomplexes.

Remark 4.1.5. Note that for any rational number C if we let ' = n—Co and x' =
dn’, then the notions of (g, x)-semistability and (o, x’)-semistability are equivalent.

In particular, for any invariants P if we let

C — Z:Zl 771'7”2'
Yy oiri’

then the stability parameters (o, x) are stability parameters for P;i.e., Y ", njr; = 0.

We will call (g, x’) the stability parameters for P associated to (g, x).

Remark 4.1.6. These stability conditions have many useful properties similar to
Mumford’s slope stability for vector bundles on curves and Gieseker’s reduced Hilbert
polynomial stability for coherent sheaves on projective schemes. As usual, these
notions of stability satisfy the see-saw property; that is, if we have a short exact
sequence of complexes

0—-&—-F —>G —0
then either
1) Py(€) < P(F) < Pr(G)),
2) P(E) > PRL(F) > Prd(G), or
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Chapter 4. Moduli spaces of complexes

3) ng(a) = ngg(f.) = ng(g_).

A useful consequence of this property is that if ¢ : £ — F. is a nonzero morphism of

(g, x)-semistable complexes then we have an inequality

red red
PQ?&(S') < Pg‘;(}f).

In particular we can use this property to construct Harder—Narasimhan filtrations
(see Definition 5.1.1) and Jordan-Holder filtrations for semistable complexes (see

Definition 4.1.15).

The moduli space of (g, x)-semistable complexes with Hilbert polynomials P is
constructed as a GIT quotient of a parameter scheme T = Tp by a reductive group.
The linearisation of this action is determined by the stability parameters. In this

section we carefully describe this GIT construction of Schmitt [39].

4.1.2 The parameter space

As we have fixed invariants P, we assume we have picked stability parameters (o, x)
for P so that y ;" mr; = 0. The set of sheaves occurring in a (o, X)-semistable
complex & with invariants P is bounded by the usual arguments (see [40], Theorem
1.1) and so we may choose n >> 0 so that all these sheaves are n-regular. Fix
a complex vector space V; of dimension P;(n) and let @; be the open subscheme of
Quot(V;®0x (—n), P;) parametrising torsion free quotient sheaves ¢; : V;@Ox (—n) —
&; such that H%(g;(n)) is an isomorphism. The parameter scheme ¥ is constructed as a
locally closed subscheme of a projective bundle ® over the product Q) := Q1 X -+ X Q.

Given a (g, x)-semistable complex £ with Hilbert polynomials P we can use the

evaluation maps

HO(&(n)) ® Ox(—n) = &
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4.1. Moduli spaces of semistable complexes

along with a choice of isomorphism V; = H%(&;(n)) to parametrise the ith sheaf
& by a point ¢; : V; ® Ox(—n) — & in Q;. The boundary maps of the complex

d; : & — &;+1 can be used to define a homomorphism
d: e, & — et &
Let V =@, V; and
Yi=d(n)o (®1¢(n)): Ve Ox — & &(n).

We construct a projective bundle ® which parametrises these homomorphisms ¢ and
a complex number (. We are only interested in studying the locus where ( = 1 so
that the points correspond to such homomorphisms; however, by introducing { we

compactify this set up.

QiXX

Let V; ® (757" )*Ox(—n) — U; denote the universal quotient on @; x X; then

if we pull this back to Q x X via m; : Q x X — ); x X and take the direct sum for

1=1,...,m, we get a universal quotient
I:Ve@rY ) ox(-n) U=l xU

where V = @, V;. Let p : @ x X — @ be the projection morphism and define

® :=P(R) to be the projective bundle over @ associated to the locally free sheaf
Ri=VY@p. (Ue @) 0xm) e 0q

on (). Note that here we need to assume n >> 0 so that R is locally free. Recall
that our convention is that the points of a projective bundle correspond to lines in

the fibres of the corresponding vector bundle. Let mp : ® — @ denote the projection
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map to @; then the tautological inclusion Op(—1) — 7HR over D splits into two

tautological homomorphisms:
bo : V®Op — 1hp, (u ® (ngx)*ox(n)) ® Op(1)

and

C;g : (9@ — O@(l)

A point of ® over a point (¢; : V; ® Ox(—n) — &), in @ is given (up to scalar
multiplication) by a homomorphism 9 : V — @™, H%(&;(n)) and a complex number
.

We can construct a closed subscheme ® of the projective bundle ® consisting of
points (q1,...,qm,[¢ : (]) where 1 factors through the quotient map @ ,q;(n), so
that 1 is constructed from a morphism d : &&; — ®E;. More precisely, let I be the

kernel of I'(n) : V ® Ogxx = U ® (W}%XX)*OX(n) and consider the composition

Thp K = V © Op — mhp,s (u ® mggxxroxm)) ® 0o

where the second map is the tautological map 5. Then for n >> 0 this is a homo-
morphism of locally free sheaves and we define ® to be the vanishing locus of this
homomorphism.

Let S = p,Hom(U,U); then the homomorphism p,I'(n) : V ® Og — p.(U @

(W%XX)*O x(n)) defines a homomorphism of sheaves
S =V epte @) 0xn)

over ). Let § ® Og — R be the homomorphism obtained from this homomorphism
and the identity homomorphism on Og. The following lemma follows immediately

from the construction of D.
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4.1. Moduli spaces of semistable complexes

Lemma 4.1.7. The restriction to ® of the tautological inclusion Op(—1) < THR
factors uniquely through the restriction to © of the homomorphism T5(S ® Og) —

o R. We call Op(—1)|5 — m5(S @ Og)l|z the tautological inclusion on D.

We may interpret the tautological inclusion on ® as two tautological morphisms

on® x X:
dg x Usx = Uz, x @ (15°%) 0 (1)l5, x
and
C@xX : O@xX - (WSXX)*OCD(D‘@XX
where Uy, v = (W8:§)*(U)|©X)<. Since U = @& 7*U;, we may write dy, =

(dij)px x where
(di )5+ U)oy = Ugux @ (g ") O (D5,
and (Ui)g, x = (ngﬂxx)gc)*(ui)‘@x)('
Definition 4.1.8. The parameter scheme ¥ is the subscheme of D defined by
i) (dij)lsxx =0if j #i+1,
i) (diit1)|lsxx o (di—1,i)|sxx =0,
iii) (lgxx # 0.

The first two conditions are closed conditions whereas the third condition is open

and so ¥ is a locally closed subscheme of .

Remark 4.1.9. Let ¢ : ¥ — ® denote the inclusion morphism; then the tautological
inclusion on ¥ is given by t*Op(—1) — t*715S where S is the sheaf p,Hom (U, U) over

Q.
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We will write points of T as (q1, . .., gm,d) where ¢; : V;@Ox(—n) — &; represents
a point in @; and d is given by d; : & — &;11 which satisfy d; od;—1 = 0. If we
wish to view z as a point of the projective bundle ©® we may instead write it as

(g1, -5 qm; [d(n) 0 DLy qi(n) = 1]).

Remark 4.1.10. The construction of the parameter scheme T depends on the choice
of n and the Hilbert polynomials P. We write Tp if we wish to emphasise its depen-

dence on the Hilbert polynomials.

4.1.3 The group action

For i =1,...,m we have fixed vector spaces V; of dimension P;(n). The group GL(V;)

acts on the scheme @); by

-1,
941 Vi®Ox(—n) 2=+ V;® Ox(—n)

where g € GL(V;) and ¢; represents a quotient sheaf in Q;.
The product II* , GL(V;) C GL(&#[,V;) acts on the parameter scheme T by acting
onV =",V ify: V — @™ H°E(n)) is a point in the parameter scheme T over

(q1,---,qm) € Q and g = (q1, ..., gm) € 2, GL(V;), then

g-p=1og™

which sits over (¢1-q1, ..., gm qm) € Q. If instead we consider Y= ®H(gi(n)) Loy :

V' — V then this action corresponds to conjugating 1/; by g; that is,

The orbits of this action on the parameter scheme T are in one-to-one correspondence
with isomorphism classes of complexes. Since a copy of C* = C*([y,,..., Iy, ) acts

trivially we can look at the action of (II;GL(V;))/C* on the parameter scheme. We
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4.1. Moduli spaces of semistable complexes

take a GIT quotient by a closely related group

G(a, P(n)) = ﬁGL(‘/i) N SL(e; V274) = (h1,-. hm) € [TGL(V7) :
=1 det(h1)7t - - - det(hy)o™ = 1

which maps with finite kernel onto (IL;GL(V;))/C*.

4.1.4 The associated decoration

The first part of the linearisation of this action on the parameter scheme ¥ is given by
embedding ¥ in another projective bundle B, over () which depends on the stability
parameters ¢. This embedding is given by associating to the boundary maps of a
given complex a decoration; that is, another homomorphism of sheaves on X which
depends on the stability parameters ¢ and a complex number (.

Let &£ be a complex of torsion free sheaves with Hilbert polynomials P; then
Schmitt associates to the boundary maps d; : & — &;41 of the complex £ and a

complex number ( a decoration
p=p(a): ()% — det(€)

where £ := EBSZ-@UZ' and r = > o;7;. In this section we explain how to associate such
a decoration to a given complex.

The boundary maps d; : & — &;41 define a homomorphism D = (D; ;) : € = &
by

77 ERT S E77 i j =i+ 1
Dij =

),

0 ifj#i+1.
Let U C X be the largest open set on which all of the sheaves &; are locally free. Since

these sheaves are torsion free and X is smooth the complement of U has codimension

at least two.
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The homomorphism D]y and complex number ¢ define a homomorphism
o : Hom (&|y, E|lv) ® Oy — Oy

(H,w) — tr(HD|y) + Cw

where tr : Hom(E|y, E|y) — O is the trace homomorphism.

Let R be a complex vector space of dimension r = >  o;r; where the positive
integers r; are the ranks determined by the top coefficients of the Hilbert polynomials
P;. The wedge product A" 'R ® R — A"R is a perfect pairing and so we have an
isomorphism

(AR @ AR = RY.

The vector space A" ' R® R is a direct summand of R®": the inclusion and projection
maps are given by
NT'R® R +— R®"
a1 N ANap_1 Qb — 1)‘ Z sign(o) a(1) @+ ® g1y @b

(T -1 oEY 1

AN NA1 @A — A1 Q- R .

We have isomorphisms
Hom(R,R) 2 R'®@R= (AN'R)V @ N 'R R

and so Hom(R, R) is a direct summand of (A"R)Y ® R®" and similarly the diagonal
C C Hom(R, R) is also a direct summand of (A"R)Y @ R®" . Therefore, we have a
decomposition

(A"R)Y ® (R®")¥? = Hom(R,R) ® C & Z.

The sheaf |y is locally free of rank r = > o;7; and so similarly there is a direct
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4.1. Moduli spaces of semistable complexes

sum decomposition of locally free sheaves
det(Ely)Y @ (E]57)®? =2 Hom(E|y, &) @ Oy @ Z.
Let
o1 :det(E]y)Y @ (EF7)P? — Oy

be the composition of the projection det(&]y)Y @ (£]97)%% - Hom(E|y, Ely) & Ou
with ¢ and let 7 : U — X denote the inclusion of the open subscheme U. The

decoration associated to the complex £. is the composition
p 1 (E9N)PP @ det(€)Y — (€7 @ det(Ely)Y) — juOu = Ox

where the first map is the natural map and the second map is j.¢1. The isomorphism
J«Ou = Ox follows from the fact that X is smooth and codim(X — U, X) > 2 (cf.
[31] Lemma 4.2).

Definition 4.1.11. Let z = (¢, . . ., gm, d) be a point in T where ¢; denotes a quotient
sheaf ¢; : V;®@ Ox(—n) — &;. Then the morphism d : ®&; — ®E; and complex number
¢ = 1 define a decoration ¢(d, 1) : (£¥7)®2 — det(&) as above where & = @7, The

decoration associated to z is the homomorphism
p(2) = o(d, 1) o ((9g77)%)*? : (BV;77)")*2 ® Ox(—rn) — det(€).

Remark 4.1.12. More generally given a point z = (q1,...,qm,[d : {]) € D we can

associate to this point a decoration which is defined up to scalar multiplication,
p(2) = p(d. Q) o ((®g7)*") 2 (BV77) )2 ® Ox(—rn) — det(€)

where ¢(d, ¢) is the decoration associated to the homomorphism d : &&; — ®E&; and
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complex number . Note that for a nonzero complex number ¢ we have ¢(cd, c() =

cp(d, ¢) and so the decoration is only defined up to scalar multiplication.

Let M = @™,V %%; then
Cp 1= ((ME)¥))Y @ p. (det(Uy) © (rF¥) Ox(rn))

is a locally free sheaf over @ provided n is sufficiently large. Let my, : B, = P(Cs) —

Q@ be the associated projective bundle over ). There is an action of
G =G(c,P(n)) = [[ GL(V;) N SL(M)
i=1

on B,: if g € G and ¢ lies over (qi,...,qm) in the projective bundle B,, then we
define g - ¢ to be the composition
-1

(Me)®2 L ()2 2, det(E)(rn).

The embedding h : T — B, is defined on points by

Z:(q17"'an7d)'_>(q1a'-'7Qm790(z))

where ¢(z) denotes the decoration associated this point. More precisely, by [16]
IT Proposition 7.12, constructing a morphism h : T — ‘B, is equivalent to giving
an invertible sheaf L over ¥, a morphism of schemes i : T — Q and an injective
homomorphism L — h*C, of sheaves over ¥ (note that the convention in [16] for
projective bundles is opposite to our convention).

The morphism h : T — B, is constructed by taking L = *Og(—1) where ¢ : T —
® is the inclusion and letting h = mpot: % — @ where mp : ® — (). The inclusion

defining A is given by the composition

*Op(—1) = myp Hom(U,U) — *15Cs
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4.1. Moduli spaces of semistable complexes

where the first homomorphism is the tautological inclusion on ¥ and the second
homomorphism corresponds to associating to a homomorphism d : &, — ®E; and
the complex number ( = 1 the decoration as defined above. Schmitt shows the
associated morphism h : ¥ — B, is G-equivariant, injective and proper (see [39]
Section 2.2). Therefore we can pullback a linearisation of the G-action on B, via h

to get a linearisation of the G-action on the parameter scheme ¥.

4.1.5 The linearisation

The linearisation of the G-action on B, used by Schmitt [39] is given by taking
another equivariant embedding of B, into a projective G-scheme B, and pulling
back a linearisation on B, to <.

For each quot scheme @; we use a Gieseker style embedding (cf. [13] and Remark
3.1.4) into a projective bundle B; over a union of connected components Pic(X); of
the Picard scheme of X. Let Pic(X); C Pic(X) be the union of the components of
the Picard scheme which contain the determinant of a sheaf & parametrised by Q;

and P; be a Poincaré line bundle on Pic(X); x X. Then there is an isomorphism

detU; = (D; x idx)*"P; ® p; A; (4.1)

where A; is an invertible sheaf on (); and p; : Q; x X — @Q; is the projection morphism
and D; : Q; — Pic(X); is the morphism defined by the family of line bundles det;
over (Q;. Let

Wi = (N"V;)Y @ (m})u(P; @ (n})* Ox (rin))

where 7} and 72 be the projections from Pic(X); x X to the first and second factors.
For n sufficiently large this sheaf is locally free and we let B; = P(W;) denote the
associated projective bundle. As we saw in Remark 3.1.4, there is an injective homo-

morphism AY — DiW; of sheaves over @); which defines an SL(V;)-equivariant and
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injective morphism h; : Q; — B;. Moreover, by modifying the choice of Poincaré bun-
dle P; we can assume that A; is very ample relative to Pic(X);. We let £; := Op, (1)
denote the natural SL(V;)-linearisation where the action on B; is described in Remark

3.1.4.

Let R := I | Pic(X); and P, := ®(xf1)*PP% where 7 : R x X — Pic(X); x X

is the projection. The sheaf
We = (M®)®)Y @ (7 ¥).(Pp @ (mF ¥ ) Ox (rn))

over R is locally free for n sufficiently large and so let B, = P(W;) denote the
associated projective bundle over R. A morphism A’ : B, — Bﬁl is constructed by
giving an invertible sheaf A on B, and an injective homomorphism A — W%UD*Wf!

where

D=D; X -+ xDp:Q— R.

We can use the isomorphisms (4.1) and the invertible sheaves A; to construct an
invertible sheaf

Ay = @, (13 )" AP (4.2)

over () such that

det(Uy) = (D x idx)* P, @ p* Ay (4.3)

We choose the invertible sheaf A to be ﬂ*%Ag and the injection A — w*%UD*Wé is

given by the tautological inclusion Og, (—1) — 73 C, and the isomorphism
pe (detlthy) © (x3¥) Ox(rn) ) 2= D* (). (Po @ (X Ox(rn)) @ Ag

defined by (4.3). The resulting morphism A’ : B, — B is G-equivariant and as

before we can ensure that £ = Op/(1) is very ample by choosing P, appropriately.

86



4.1. Moduli spaces of semistable complexes

We let £ also denote the natural linearisation of the G-action on By arising from the
G-action on Wj.
The morphisms h; : Q; — Pic(X); and b’ : B, — Bﬂ! constructed above define a

morphism

%U%Bg::le---mexBﬁ!

The composition of this morphism with the embedding h : T — B, of Section 4.1.4
defines a morphism H : ¥ — B, which is G-equivariant and injective (cf. [39], Section
2.1). The linearisation on ¥ is given by pulling back a linearisation on B, via the
equivariant and injective morphism H. If a = (a/,a1, -+ ,a.;,) is a tuple of positive

integers, then
Op(a) = 7, £(a) © 7, L1(ar) © -~ @ T, Lun(arn)

is a very ample linearisation on B, which can be modified by a character p : G — C*.
Schmitt uses the stability parameters ¢ and x and the invariants P to define the

positive integers a and the character p as follows. Let a; and a’ to be positive integers

<o ()

where P = > o;FP; and r = ) o;r;. This is possible as for sufficiently large n the

such that

right hand side is a positive rational number.

The rational numbers

cii=d [ai <:S((Z)) - 1) (p?n) B PZm)) a 1;;2(73;)}

can be used to define a character p : G — C* as follows. If the ¢; are all integral we

define

p((g1s---,9m)) = detgi* ... det g
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whose restriction to the centre
m
Z(G) = {(tl, coytm) € (C*)m . Htfi(n)% _ 1}
i=1

is p((t1, ... tm)) = Htfi(n)ci. If the ¢; are rational, then we can find the minimal
positive integer N such that ¢; N are all integers and then scale everything used in
the linearisation (that is, the positive integers a and a;) by N and define p using the

integers ¢; V.

Definition 4.1.13. The linearisation £ = £@X of the G-action on T determined
by the stability parameters (o, x) is equal to the pullback via H : T — B of the

linearisation Op(a) on B modified by p.

Remark 4.1.14. For simplicity in calculations we will often assume a’ = 1 since a’
is only introduced to ensure this tuple defining the linearisation is a tuple of integers
rather than a tuple of rational numbers. We will also ignore the scaling by N needed

if ¢; are not integral.

4.1.6 S-equivalence and moduli of (g, x)-semistable complexes

The moduli space of (g, x)-semistable complexes is constructed as a GIT quotient. A
GIT quotient identifies S-equivalent orbits; that is, those orbits whose closures meet
in the semistable locus. Therefore, we have to weaken the notion of equivalence from

isomorphism to S-equivalence:

Definition 4.1.15. A Jordan—Hoélder filtration of a (o, x)-semistable complex €. is a

filtration by subcomplexes

such that the quotients £/~ are (o, x)-stable with reduced Hilbert polynomials
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which satisfy
PR (/87 = Fa(€).

This filtration is in general not canonical but the associated graded object

k
(g0 (€)= @ gyt
=1

is canonically associated to £ up to isomorphism. We say two (g, x)-semistable

complexes are S-equivalent if their graded objects associated to their Jordan—Holder

filtrations with respect to (g, x) are isomorphic.

The proof of the existence of Jordan-Holder filtrations of (g, x)-semistable com-
plexes is given by modifying the proof of the existence statement for semistable
sheaves (for example, see [13]) in the appropriate way.

We are now able to state one of the main results of [39] for us: the existence
of moduli spaces of (g, x)-semistable complexes with invariants P. Recall there is

a parameter scheme ¥ for (g, x)-semistable complexes with invariants P which is
quasi-projective. There is a action of a reductive group G on ¥ such that the G-
orbits correspond to isomorphism classes of complexes. The stability parameters

(g, x) are used to determine a linearisation £ of this action.

Theorem 4.1.16. (/39], p3) Let X be a smooth integral projective scheme over the
complex numbers and let P = (P, ..., Py) be a tuple of Hilbert polynomials of degree
dim X. Let (g, x) be stability parameters for P; then there is a quasi-projective coarse

moduli space

M7 (X, P) = 5//G

for S-equivalence classes of (g, x)-semistable complexes over X with Hilbert polyno-

mials specified by P.
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4.2 Calculating the Hilbert—Mumford function

In the above section we described a construction of the moduli space of (g, x)-
semistable complexes of fixed invariants due to Schmitt [39]. The construction is

as a GIT quotient of a parameter scheme T = Tp by the action of

G = [[ GL(V)) n SL(e, V;**)
=1

with respect to a linearisation £ determined by the stability parameters.

In this section we calculate the Hilbert-Mumford function p*(z, \) for z € T and
A : C* — @G a one-parameter subgroup (1-PS) of G. In fact we will actually work
with a projective completion T of the parameter scheme (see Definition 4.2.1 below)
so that we can study the limits of points z under such one-parameter subgroups.
Some details of these calculations can be found in [39] Section 2.1, but we give some

additional details which will be needed for this thesis.

4.2.1 Limits of points under one-parameter subgroups

Let Q; denote the closure of @; in the quot scheme Quot(V; ® Ox(—n), P;) and
Q =Q x-xQ,, Then the projective bundle ® over @ extends to a projective
bundle over @ which we denote by ®. A point of ® is given by z = (q1, . - ., ¢m, [ : ¢])
where ¢; : V; ® Ox(—n) — & is in Q; and [¢ : (] is a nonzero class given by ¢ € C

and ¢ : V =@, V; — &, &i(n) defined up to scalar multiplication.

Definition 4.2.1. We define T to be the closed subscheme of ® consisting of points

z=1(q1,-..,qm,[¥ : (]) as above such that

i) The morphism 1 factors through &!”,¢;(n) : V. — &, &i(n); i.e., ¢ is defined

by a morphism d : ®*,& — ® ;.
ii) The morphism d = (d;; : & — &;) satisfies d;; = 0 unless j = i + 1 and
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4.2. Calculating the Hilbert—Mumford function

dijiv10di—1;=0fori=2,...,m—1.

These conditions are both closed as they are cut out by the vanishing locus of a
homomorphism of locally free sheaves (cf. the construction of the closed subscheme
D of ® in Section 4.1.2). The scheme ¥ is a projective completion of the parameter
scheme T and the group action and linearisation £ extend to T; therefore, we can
calculate the Hilbert-Mumford function for points in ¥.

Let A = (\1,...,A\m) be a one-parameter subgroup of G where \; : C* — GL(V;)
satisfy

det(A1)7t x -+ x det(Ay,)7™ = 1.

We have seen that a 1-PS of GL(V;) gives rise to a weight space decomposition of V;
indexed by a finite collection of integers k1 > --- > ks which we can use to filter V;. We
diagonalise each \; simultaneously so for each ¢ = 1,...,m there is a decomposition

Vi= EB;f:lVij (where we may have V/ = 0), and a filtration

OCV;(l)CV;(Q)C"'CV(S):‘/i

7

where Vi(j )—V'@...®V/ such that

(2

tkl _[vl
Ai(t) =

tks Ivis

Let z = (q1,---,qm,[d : ¢]) be a point in T and let
Z:=lmA(t) - 2z

denote the limit of z under the action of A\(¢) as t tends to zero. We may write this

point as Z = (G, - -, G, [d : ¢]). Then by [19] Lemma 4.4.3, the quotient sheaves are
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direct sums:
@ =lmAi(t) - gi = Djrq; : Dj V) @ Ox(—n) = ©F1&
where EZ are the successive quotients in the filtration
0ceM coice? =gV @ Ox(-n)) C---c P = ¢

induced by ;.
In the case when ( = 1, there are two possibilities: either the boundary maps
respect these filtrations (see case i) of Lemma 4.2.2 below) or they do not respect

these filtrations (see case iii) of Lemma 4.2.2 below).

Lemma 4.2.2. Let \ be a 1-PS of G as above with weights k1 > --- > ks. Let

z2=(q1,-..,qm,[d:(]) be a point in T and

z:=1limA(t) 2= (q1,---,qm, |d: (])

t—0

where §; are as above and d is given by d; : @jzlgg — @jzlgirl fori=1,...m—1

which satisfy d; o di_1 = 0. Then:

i) (Diagonal) If d;(E; )) C Ez(j_l fori=1,. —1and j =1,...5 and if either

¢ # 0 or there is an i and j such that d; 5(3 ) € 51—111 , then { = ¢ and

d; = @jzldg where d{ :Eij —>€i+1 fori=1,...,m.

i) (Strictly upper triangular) If ¢ = 0 and d; (5(])) cev!

i1 forizl coo,m—1

and j =1,...s, then { =0 and there is a N € Z~q such thatai(é’ )ﬂé'l 1=0

unless k; — kj = N

ii1) (Strictly lower triangular) If there is an i and j such that d;( SZ S,H_l, then
¢ =0 and there is a N € Zq such that di(Eg) NEL, =0 unless ky—kj =N

92



4.2. Calculating the Hilbert—Mumford function

Proof. For the purposes of this proof we assume that H°(g;(n)) is an isomorphism

for each ¢ so that rather than working with d; : & — &;41 we can work with
;= HY(giy1(n)) todi(n) o H(g;(n)) : Vi = Vig1.

If this were not the case we can use p; = d;o0¢q; : V; @ Ox(—n) — &;+1 and techniques

similar to that of [19] Lemma 4.4.3 to prove the result.

For ¢ = 1,...,m pick a basis of V; which is compatible with the filtration 0 C

v ... c Vi(s) = V; and write t; as a block matrix A = (az-l) with respect to this

(2

basis where aé-l : Vil — VZJJrl Then A acts by conjugation on A? and

aiy 15]“1_]“2%2 . tkl_ksails
. tha=h1 ab, abs o R a
At) - Al = 1. (4.4)
t'“s_klai,1 15”“3_’7‘7264),2 . at,

In case i) we have that for each i the corresponding matrix A’ is block upper
triangular and either ¢ # 0 or there is an 4 such that the matrix A° has a nonzero

diagonal entry aéj # 0. Then as k1 > --+ > kg the limit as ¢t — 0 is

ai, 0 0 0
0 ay 0 0
0 0 0
0 0 0 d

Therefore, { = ¢ and d; = @jzldg where d{ : 55 — 5z'j+1 is the quotient of Ei(j) — 5;_?1
by £0°D y gD,

In case i) we have that ¢ = 0 and for each i the corresponding matrix A’ is
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strictly upper triangular; i.e., aél = 0if j > [. Therefore, t only appears with positive
exponents in the versions of (4.4) fori =1,--- ;m — 1. Let N € Z~( be the smallest
exponent of ¢ appearing in these matrices; then since we are working projectively we
can multiply [A(t) -d : ¢ = 0] by t=V. As ¢t — 0, the limit is [d : 0] where d; are all
strictly upper triangular and Ei(é'ij )NEL, =0 unless k; — kj = N.

In case i7i) we know that there is an 4 such that the corresponding matrix A’
has a nonzero entry aé.l for j > [. Therefore, t appears with a negative exponent in
(4.4). Let N € Z¢ be the smallest exponent of ¢t appearing in the versions of (4.4)
fori=1,...,m —1; then we can multiply [A(t)-d : ¢] by =V to remove the negative
exponents. As t — 0, the limit is [d : 0] where d; are all strictly lower triangular and

Ei(gg)ﬂgfﬂz()unless ki —kj=N. 0

Definition 4.2.3. Let A be a 1-PS of G and z = (q1,- -+ , ¢m, [d : 1]) be a point in ¥.
We say A induces a filtration of z (or the corresponding complex £.) by subcomplexes
if the filtrations 0 C Si(l) cC - C Si(s) = &; induced by \; are compatible with the

boundary maps d;; that is, di(é’i(j )) - 51(1)1 for all 7 and j.
An important consequence of Lemma 4.2.2 is the following corollary:

Corollary 4.2.4. Let z = (q1,"** ,qm, [d : 1]) be a point of T parametrising a complex
E and X\ be a 1-PS of G. Then X induces a filtration of z by subcomplexes if and only

if limy_o A(£) - 2 € T.

4.2.2 The weight of C*-actions over fixed points

Let z = (q1,...,qm,[d : ¢]) be a point in T and A = (A1,..., \n) be a 1-PS of G;
then in this section we calculate the weight of this copy of C* acting on the fibre of
the linearisation £ over the fixed point Z := lim;_,o A(¢) - z which is by definition the
value p“(z, \) of the Hilbert-Mumford function p* evaluated at (z, ). Let ¢ = ()

denote the decoration associated to z (cf. Remark 4.1.12) then by construction of £
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4.2. Calculating the Hilbert—Mumford function

we have

PE(2 A) = 5 (0, ) + ) aip i (gi Ai) — p - A (4.5)
=1

where the rational numbers a; and the character p are defined in section 4.1.5. We

now calculate each of these quantities separately.

Lemma 4.2.5. Let A\; be a 1-PS of GL(V;) corresponding to a decomposition V; =
EB;f:lV;j and sequence of integers k1 > --- > kg as above. Let L; be the linearisation
of the SL(V;)-action on Q; defined in Section 4.1.5. Suppose q; : V; @ Ox(—n) = &

is a point in Q;, then

Lilg. \.) — ) J_ dj g_ T
1 (gis Ai) Zk] <rk51 dim V; Pz(”))

where SZ-U) = Qi(v;'(j) ® Ox(—n)) and & = Ei(j)/é'i(j_l).

Proof. By [19], Lemma 4.4.3 we know that
@ = lim Xi(1) - i = &1

where qg : Vij ® Ox(—n) — Sl-j is the quotient of ¢;| : V;(j) ® Ox(—n) — Si(j) by

Vi(j)
Gily - VI @ 0x(—n) —» VY.

The linearisation £; is a lift of the SL(V;)-action and so we should view \;(t) as
elements of SL(V;) as follows. We can associate to the 1-PS \; of GL(V;) a rational
1-PS M of SL(V;) by

tk/l Iv'l

ths Iys
where k; =k;j — (3] kydim V1)) Py(n).

The weight of the C*-action induced by X} on the fibre of £; over g; is calculated
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in [14]:

EiA/_S/j_S‘ J o oyiovd T
I (qz,/\i)—j;k:jrké’i—ij (rké’i dim V; B(n))

j=1

(cf. Remark 3.1.6). O

As above we let A = (A1,...,A\n) be a 1-PS of G which corresponds to integers
k1 > --- > ks and decompositions V; = @jzlvf . This induces a decomposition and
filtration of the vector space M = @7 V:*% . Let M7 = EB;”’;l(Vij)@‘”; then we get a

decomposition M = &7_; M J. The associated filtration is given by
0c MY c...c M® =n

where M©) = @m (V0@
Given an index I = (i1,...4,) € {1,...,s}*", welet M! = M- ..@ M Cc M®".

Then A(t) acts on M by multiplication by ¢ to the power of > k;n;(I) where
ni(I) = #{ig iy = jfor 1 <1 <r}.

Lemma 4.2.6. Let \ denote a 1-PS of G and z = (q1, ... ,qm, [d : ¢]) € T as above.

If ¢ denotes the decoration associated to z, then

/ ) 5 Ie{l,...,5}*" and thereisac € M/
1F (@, \) = —min { — E kjnj(1) :
j=1 such that (¢, 0) or ¢(0,¢) # 0

Furthermore, if z is a point in ¥ such that X\ induces a filtration of z by subcomplexes

then

1= (p,N) = ZS: i kjo;rk El-j

j=1i=1

where Eij are the successive quotients in the filtrations 0 C Ei(l) c.oc &Y= &

7

nduced by .
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4.2. Calculating the Hilbert—Mumford function

Proof. The first statement is simply the definition of the Hilbert—-Mumford function.
Suppose that z = (g1, ,qm, [d : 1]) is a point in ¥ representing a complex &. such
that A induces a filtration of £ by subcomplexes. By Lemma 4.2.2 and Corollary

4.2.4 the fixed point is

Z= (@ T [4,0) = lmA(H) -2 € T

where g; = @;ZI(qg VI ® Ox(—n) = &) and [d,{] = [®5_,d’,1]. By definition of

the Hilbert—Mumford function we have that
15 (o, ) = 15 (BN

where © denote the decoration associated to the fixed point Z. Since @ is fixed by
A(C*) we have
S
pE N =Y kny(I)
j=1

for any I € {1,...,5}*" such that there is an ¢ € M such that ®(c,0) # 0 or
©(0,¢) # 0. In order to find such an I we need to recall the construction of @ given
in Section 4.1.4. Let & = ©fL; ®I_, (E1)8%; then @ : (M®")®2 — HO(det(£)(rn))
is given by two components. The first component ; : M®" — H%(det(£)(rn)) is
defined using the morphism d and the second component @, : M®" — H(det(£)(rn))
is defined by the complex number ¢ = 1 viewed as a global section of Ox. The second

component is needed so that @ # 0 and so we know there is a ¢ € M®" such that

Pa(c) # 0.

l-E

As €ij (n) is generated by global sections we know that there are sections Si j

HO(E)(n)) for I =1,...77 ;= rk & such that

1

SN Asit £ 0 in HO(det(E9)(rin)).
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These sections for i = 1,...,m and j = 1,...,s define an element ¢ € M®" =
HO(E(n))®" (where s! ; appears o; times) and by reviewing the construction of this

/L‘?

decoration we see that $,(c) # 0. Then ¢ € M’ where nj(I) =Y, Uirf and

S m
1~ (@, ) = Z Z kjo;rk El-j

j=1i=1
as required. ]

Lemma 4.2.7. Let A denote a 1-PS of G as above and z = (q1,...,qm,|d : 1]) be
a point in T with associated decoration . If A does not induces a filtration of z by

subcomplexes, then there is a negative integer N = kj, — k;, such that

s m
/,LEI(QD, )\) = ZijO’i I‘kgf - N

j=1 i=1

where Sij are the successive quotients in the filtrations 0 C Ei(l) c.-c&¥ = &

)

induced by .

Proof. As X does not induce a filtration by subcomplexes, we are in case iii) of
Lemma 4.2.2 and the limit z = lim;_,o A(t) - z ¢ T. In fact there is N € Z( such that
EZ(SZ]) N SZ-ZH = 0 unless k; — k; = N. As d is nonzero, there are 1 < iy < m — 1 and

1 < j1 < jo < s such that Eio(é’i;) N &2

ior1 7 0. As in Lemma 4.2.6 above

pE (0, A) = 15 (@, 0) = kjni(I)
j=1

for any I € {1,...,s}*" for which there is an ¢ € M such that ®(c,0) # 0 or

#(0,¢) # 0.
Since ¢ = 0 the second component %, = 0 and so cannot be used to calculate the
Hilbert-Mumford function. Instead we use the fact that d;, (S,fol) N 85;)2 11 # 0. The

/ . . . 1 0 /
sheaf £/ (n) is generated by global sections and so there are sections s; ; € H"(E/ (n))
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4.2. Calculating the Hilbert—Mumford function

for i =1,...r :==1k&’ such that

(2 (2

rl . / j
Sij A A s;; #0 in HO(det (&) (rIn)).

We can pick these sections so that HO(EiO(n))(szlml) = 31104_17]2. Let ¢ € M®" =
(@:7HO(E] (n))®7%)®" to be the tensor product of the sl ; where s} ; appears o; + 1

times and st

io+1,j, appears o1 — 1 times and all other Sé,j appear o; times. By

carefully studying the construction of this decoration we see that @;(c) # 0 and

c € M! where
1+ O'Z"I”g ifj =51

ni(I) =9 -1+, 0] ifj = jo
> air{ otherwise.
Therefore
S m ) S m )
pE@A) =)0 kjoitkE] + kjy —ky, =YY kjoitk&] — N
j=1i=1 j=1i=1
aska—k:jl:N. ]

Proposition 4.2.8. Let A\ = (A1,..., \p) be a 1-PS of G which corresponds to in-
tegers k1 > --- > ks and decompositions V; = @;Zlvf fori =1,...,m as above.
Let z = (q1,...,qm,[d : 1]) be a point in T where q; represents a quotient sheaf

g Vi ® Ox(—n) — & and d represents the boundary maps. Then we have:

i) If X induces a filtration of z by subcomplexes, then
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i1) If A does not induce a filtration of z by subcomplexes, then

ML(Zv/\) = szﬂ <Ji£((:;)) + m) rké'ij - N

j=1i=1

where N 1is the negative integer given by Lemma 4.2.7.

Proof. By the formula (4.5) and the definition of p, we have

pE(2 ) = 1 (0, N + Y™ (g, X)) = Y kjeidim VY
i=1 j=1i=1

where a; and ¢; are rational numbers defined in Section 4.1.5. By Lemma 4.2.5 and

the definition of these rational numbers, we have

- X0 | (o 1) (s ~ i) ~ i) 9%

As \is a 1-PS of SL(@iV;@Ui)’

S m

Y kjoidim VY =0

j=1i=1

so that

o= ,U/L/(QO’A) +szj (UlT‘P;((TTLL)) — 0; +7]i> I‘kgzj

j=1i=1

Then i) and i) follow from Lemma 4.2.6 and Lemma 4.2.7 respectively. O

4.3 Direct sum constructions

Given P = (Py,...,Py) and P/ = (PJ,..., P},) two tuples of Hilbert polynomials, we

may construct the associated parameter schemes Tp and Tp as in Section 4.1.2. In
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this section we describe a morphism

TB X {ZB' — TBH

where P” = P + P’ which corresponds to taking the direct sum of two complexes. If
(q1,- -, Gm,d) (vespectively (qi,...,q,,,d")) denotes a point in Tp (respectively Tpr),

then their image under this morphism is the direct sum

(G, G ® g, dBd).

Suppose n >> 0; then for ¢ = 1,...m fix vector spaces V; (resp. V;) of dimension
P;(n) (resp. P/(n)) and define V" = V; & V! which has dimension P/"(n). We define
Q; to be the locally closed subscheme of the quot scheme Quot(V; ® Ox(—n), P;)
parametrising torsion free quotient sheaves ¢; : V; @ Ox (—n) — &; such that H%(g;(n))
is an isomorphism. Analogously we define subschemes @) of Quot(V) @ Ox(—n), P})
and Q7 of Quot(V/®@Ox(—n),P). Let Q := Q1 X -+ X Qm and Q' := Q) x--- X Q},
and Q" := QY x--- x Q.

Lemma 4.3.1. There is a III" ; GL(V;) x II7* | GL(V) -equivariant injective morphism
of schemes

6:QxQ > Q'

given by

(@)%, (@)i%e) = (¢ © 4)i%q

Proof. 1t is sufficient to construct for ¢ = 1,...m a morphism ¢; : Q; X Q; — Q7 which
is GL(V;) x GL(V/)-equivariant and injective. As the quot scheme is a fine moduli
space, giving a morphism ¢; : Q; x @, — Quot(V/ @ Ox(—n), P") is equivalent to

giving a family V; of quotient sheaves of V;” ® Ox(—n) with Hilbert polynomial P}

parametrised by Q; x Q%. Let U; (respectively U]) denote the universal quotient sheaf
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on @Q; x X (respectively @} x X) and let 7T;-k be the projection from @Q; x Q) x X to

the j* and k*® factors. Then
Vi = (mi3) Us & (m3) U

is a family of quotient sheaves parametrised by Q; x @} and so defines a morphism
bi Qi X QF = Quot(V/ ® Ox(—n), P/'). From the construction of this family V; we
see that this morphism corresponds to taking the direct sum of two quotient sheaves
and that the image of ¢; is contained in the open subscheme Q).

Two quotient sheaves represent the same point in a quot scheme if and only if their
kernels are equal; thus, if ¢;(¢;, q.) = ¢i(pi, p}) then ker g; = ker p; and ker ¢, = ker p}.
Hence, the morphism ¢; is injective. There is an inclusion of GL(V;) x GL(V}) into
GL(V}") and it is easy to verify that ¢; is equivariant with respect to the action of
GL(V;) x GL(V}). O

We recall the construction of the parameter scheme T = Tp from Section 4.1.2.
Let V = @], V; and consider the projective bundle ® = P(R) over () where

R=V"&p. (u ® (w?(XX)*Ox(nD ® Oq,

p:QxX — @ and U is the universal quotient sheaf on () x X. Then ¥ is the locally
closed subscheme of © defined in Section 4.1.2 consisting of points (qi, ..., qm,d)
where ¢; : V; ® Ox(—n) — &; represents a point in @Q); and d is given by d; : & — &1
satisfying d; o d;_1 = 0.

Let ¢ : ¥ — © denote the inclusion; then there is a tautological inclusion
FO0p(—1) = 1S

where 1 : © — @ denotes the projection map and S = p,Hom(U,U) (cf. Remark
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4.1.9). Analogously we define V' = @2, V/ and ¥ = Tp as a subscheme of the
projective bundle ®' = P(R’) over @’ which comes with a tautological inclusion

M Opi(—1) = *15,S'. We also define V" = @72 V" and T’ = Tpr as a subscheme

of the projective bundle ©” = P(R"”) over Q" where
'R” _ (V”)v ®p;/ (u// ® (W)Q(”XX)*O)((TL)) @ Og)

and p” : Q" x X — Q" and U"” is the universal quotient sheaf on Q" x X.

Consider the sheaves
T i=p.U® @) Ox(n)) and T =p,U @ (1% ) Ox(n)

over @ and Q'.

Lemma 4.3.2. Let ¢ : Q x Q' — Q" be the direct sum morphism of Lemma 4.5.1.

There are invertible sheaves C over Q and C' over Q' such that there is an isomorphism
¢*R// o (V//)V ® ((WgXQ/)*(T® C) @ (WCQQ/XQ/)*(T, ® C/)) @ OQxQ’-

of sheaves on Q x Q'. Moreover, the constant section 1 € HO((’)QXQ/) and the decom-

position V" =V & V' define an injective homomorphism
(Ve @) Teo)e (V) e @) (T ec)) = ¢R (46)

of sheaves over Q x Q'.

Proof. Recall from the proof of Lemma 4.3.1 that the morphism ¢ is equivalent to

the family

V = misU & misUd!
k:th

parametrised by @ x Q' where 7, is the projection from @ x Q' x X to the 7™ and
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factors and U (respectively U’) is the universal quotient sheaf on @ x X (respectively

Q' x X). Since the families of quotient sheaves V and (¢ x idx)*U" are equivalent,

there are invertible sheaves C over @ and C’ over @’ such that

(¢ x idx )" U" 2 7mi3(U @ p*C) & 55U @ p"*C').

By flat base change and (4.7) we have isomorphisms

69l (U@ (XY Ox()) = iz (6 x )" @ (1 X) Ox ()

= g, (iU © m3U') © (1T 0x () @ (7§ V) C @ ()

Similarly we have isomorphisms

manly (U © (1) Ox(m) = (G V) p. (U © (xF) Ox(m)

and

71_12*71_;3 (u/ & (ﬂ_g)(’xX)*OX(n)> ~ (Wg/XQ,)*p; (ul ® (W?(,XX)*OX(H)) )

Hence,

oR" = (V") & ((rg V(T @ C) @ (r& Y (T ©C)) © Ogur-

Note that VV®(778XX)*(T®C) and (V’)V®(778,IXX)*(T’®C’) are direct summands

of
V)Y @ ()T e e xg ) (T o))

and so the injective homomorphism of (4.6) is constructed by using the inclusion of
these direct summands. O
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Proposition 4.3.3. Let P = (P1,...,Py) and P' = (Py,..., P! be tuples of Hilbert

polynomials. Then there is a morphism of schemes
(O3 TB X ‘ZB — TBII
where P = P+ P', given by

D((qrs- s Gms @), (@15 U d)) = (B G- G D @ d B ).

Proof. We use the notation as above: let ¢ : © = Tp — D denote the inclusion into
the projective bundle and mp : ® = P(R) — @ the projection map (and use the
analogous notation for P’ and P”). Since T” is a subscheme of the projective bundle

D" =P(R") over Q", we first construct a morphism
®:TxT -

which is, by [16] II Proposition 7.12, equivalent to giving an invertible sheaf A over
¥ x ¥ and an injective homomorphism A — j*¢*R” of sheaves over ¥ x T’ where
¢:QxQ — Q" is the morphism defined in Lemma 4.3.1 and j : Tx ¥ — Q x Q' is

defined to be (19 o) X (mpr o). Let
A= (72T (0p(~1) @ THC) @ (72T ) * (Onr (—1) @ 15/ C')

where C and C’ are the invertible sheaves defined by Lemma 4.3.2. By Remark 4.1.9,

there is a tautological inclusion
FO0p(—1) = 'S
over ¥ where § = p,Hom(U,U) and a similar tautological inclusion over T. Therefore,
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there is an injective homomorphism

A i (@@ (Sec) o @G @) 0 ). (4.8)

The pushforward of the universal quotient
. QXX *
pl'(n) : V®Og = p(UR (7377 )" Ox(n))
defines an injective homomorphism

S—VVeT

over ) where 7 := p, (U ® (TrgXX)*OX(n)). Similarly using

P () : V! Og = p U/ @ (xF7¥) Ox (n))
we have an injective homomorphism
S/ — (V/)V ® 7—/

over @' where 7' := pl (U’ ® (W?(/XX)*O x(n)). By combining these homomorphisms

with (4.8) we have a homomorphism
A= (Ve add)Tege V) e@d ) (Tme).  (49)

We take the composition of (4.9) with the pullback via j of (4.6) to get the injective
homomorphism

A - j*¢*RN
which defines the morphism ® : ¥ x ¥ — ©”. From the construction of this homo-
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morphism (see also Lemma 4.3.2) we see that this morphism corresponds to taking

the direct sum and that its image is contained in T”. O

Remark 4.3.4. It is straight forward to check that & is injective. Consider the
groups G = II"" | GL(V;)/C* and G’ = II7* ,GL(V/) /C* which act on ¥ and ¥’; then

the morphism @ : T x ¥ — T constructed above is G x G’-equivariant.

Corollary 4.3.5. Given a finite number of tuples of Hilbert polynomials P? for j =

1,...,s there is a direct sum map
(I):fgl Xoeee X‘IBS —>‘3:Z§:1£j

extending the above construction which is equivariant and injective.
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Chapter 5

A study of stability conditions

for complexes

Let X be a smooth integral projective scheme over the complex numbers and Ox (1)
be an ample invertible sheaf on X as in the previous chapter. We continue to use
the term complex to mean bounded cochain complex of coherent sheaves over X. In
the last chapter we gave a notion of semistability for complexes due to Schmitt [39]

which depends on stability parameters (¢, x) where x = dn and
o 0= (01,...,0m) € 2,

e = (nlv"'anm) EQma
e ) is a positive rational polynomial such that degd = max(dim X — 1,0).

In this chapter we study these notions of stability for complexes in greater depth.
As we are now studying complexes with varying invariants we do not impose any
condition on 7. An important property of these stability conditions is that we can
describe any complex of torsion free sheaves as a finite sequence of extensions of

semistable complexes by studying its Harder—Narasimhan filtration. Note that the
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Harder—Narasimhan filtration of a complex depends on the stability parameters we
are using. We describe the notion of semistability when the complex is a sheaf and

also when we are working over the point X = Spec C.

We also describe a collection of stability conditions indexed by a small positive
rational number ¢ which can be used to study the cohomology sheaves of a given
complex. More precisely, the Harder—Narasimhan filtration of a complex of torsion
free sheaves with torsion free cohomology with respect to these notions of stability
(for € sufficiently small) tells us the Harder—Narasimhan filtration of the cohomology

sheaves (see Proposition 5.3.7 below).

5.1 Basic properties

In this section we study the basic properties of these stability conditions for complexes

such as the existence of Harder—Narasimhan filtrations.

5.1.1 Harder—Narasimhan filtrations of complexes

Given a choice of stability parameters (g, x) every complex of torsion free sheaves has

a maximal destabilising filtration known as the Harder—Narasimhan filtration of the

complex with respect to (g, x).

Definition 5.1.1. Let £ be a complex of torsion free sheaves and (g, x) be a fixed

stability condition. A Harder—Narasimhan filtration for £ with respect to (g, x) is a

filtration by subcomplexes

_ ¢ (1) (s) _
0.=60celc...ceW-¢

such that the successive quotients gv / £97Y are (g, x)-semistable and have decreas-
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Chapter 5. A study of stability conditions for complexes

ing reduced Hilbert polynomials with respect to (o, x)

predEy > predEe® ety > o> pred(el e ),

The Harder—Narasimhan filtration can be constructed inductively once we know

how to construct a maximal destabilising subcomplex:

Definition 5.1.2. Let £ be a complex of torsion free sheaves and (g, x) be a fixed
stability condition. A subcomplex £ C €. is a maximal destabilising subcomplex for

. with respect to (g, x) if

i) The complex &' is (g, x)-semistable and,

ii) For every subcomplex F. of £. such that £ C F. we have

red red
Prd(el) > PRd(F).

Following the original existence statement of Harder and Narasimhan [15] we have:

Lemma 5.1.3. A complex of torsion free sheaves has a unique maximal destabilising

subcomplex with respect to (o, x).

The first term £ in the Harder-Narasimhan filtration is given by the maximal
destabilising subcomplex. Then the second term is given by taking the preimage of

) via the quotient map £ — 5./5.(1).

the maximal destabilising subcomplex in £./ gt
In this manner the Harder—Narasimhan filtration is constructed inductively and so

we have:

Lemma 5.1.4. A complex of torsion free sheaves has a unique Harder—Narasimhan

filtration with respect to (o, x).
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5.1. Basic properties

Definition 5.1.5. Let £ be a complex of torsion free sheaves and (g, x) be stability
parameters. Let

0.=e0¢celg...ce—¢

denote the Harder-Narasimhan filtration of &£ with respect to (o, x). Then the
Harder—Narasimhan type of £ with respect to (g, x) is given by a s-tuple 7 =

(P!,--., P%) where P/ is the tuple of Hilbert polynomials of the complex gl / gl

Pl = pE? 1gu=y.

5.1.2 Relation to Gieseker semistability of sheaves

Suppose £. is a complex concentrated in only one degree so that & = 0 for all but
one i. Then £. is a shift of a sheaf £ over X and we can relate (g, x)-semistability of

this complex to Gieseker semistability of the corresponding sheaf.

Lemma 5.1.6. Let & = E[—k| be the shift of a torsion free sheaf. Then &. is a
(o, x)-semistable complex if and only if £ is a Gieseker semistable sheaf.
Proof. A subcomplex F. of £ is equivalent to a subsheaf F C £. The complex &. is

(o, x)-semistable if and only if for all 7 C £ we have an inequality

o P(F) — xx tk F oxP(€) — xprk €

Pred ) . < Pred ) =
X (7) otk F - oX (£) optk E ’
or equivalently,
P(F) _ P(€),
tk F — k&’
that is, the sheaf £ is Gieseker semistable. O
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Chapter 5. A study of stability conditions for complexes

5.1.3 Relation to quiver representations

If X = SpecC is a point, then a sheaf over X is a complex vector space and its Hilbert
polynomial and rank both coincide and are equal to the dimension of the vector space.
A complex &£ over X is a representation of an A,,-quiver with the obvious orientation
and relations in the category of complex vector spaces.

We fix a dimension vector d = (dy,--- ,dy,) for the vector spaces rather than a
tuple of polynomials and suppose that (g, x) be stability parameters for d so that
2211 n;d; = 0. Then if V. is a complex of vector spaces with dimension vector d,

Pred(v) _ M _
v Yo opdimV; -

a,X

and for a subcomplex W. C V.

Z;'Zl ag; dim WZ' ) Z?il ;i dim Wi —1_ 52:’;1 ;i dim Wi
2211 o; dim W; N Z:il o; dim W; '

red _
Pg& (W) =

In particular

Prd(w) < Ped(v) = Y i dimW; > 0.
=1

As the n; are rational numbers, there is a positive integer N such that Nn; € Z for
i=1,....,m. Let 6 = N(n1,...,nm) € Z™; then this is a stability parameter for

quiver representations in the sense of King [23].

Definition 5.1.7. A quiver representation V. is f-semistable if for all subrepresenta-

tions W. of V. we have ) ;" 0; dim W; > 0.

Lemma 5.1.8. Fiz a dimension vector d = (dy,--- ,dp) and let (o, x) be stability
parameters for d. A complex V. over X = Spec C with dimension vector d is (o, x)-

semistable if and only if it is 0-semistable as a quiver representation.
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5.2. Natural choices of stability

5.2 Natural choices of stability

In this section we study a few natural choices of the stability parameters (g, x).

Lemma 5.2.1. A complex of torsion free sheaves E. is (a,0)-semistable if and only

if ®&; is a Gieseker semistable sheaf.

Proof. Firstly suppose @©&; is Gieseker semistable with reduced Hilbert polynomial
P; then each & must be semistable with reduced Hilbert polynomial P. Let F. be a

subcomplex of £.; then by semistability of each & we have

iP(&)
zi:aiP(]-}) < Z:airkfip Zal k]—" Z wkg

Conversely suppose . is (o, 0)-semistable. We first show inductively that the

sheaves &; have reduced Hilbert polynomial equal to

red o Z?ll Ulp(gl)
Pi=Frp(&) = Yo oitk&

The image of each boundary map d; : & — &1 can be viewed as a subcomplex and
quotient complex of £ and so the nonzero images have reduced Hilbert polynomial P.
Similarly the nonzero kernels of the boundary maps have reduced Hilbert polynomial

less than or equal to P. By inductively using subcomplexes of the form
S ==& 1 —& —Imd; —0---

& — =& —kerdi—>0—0---

we can show that the reduced Hilbert polynomial of &; is less than or equal to P and

then by using the quotient complex

S ==& 126 =00
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Chapter 5. A study of stability conditions for complexes

we see that & has reduced Hilbert polynomial P.

As &; and Imd; both have reduced Hilbert polynomial P, the kernel of d; must
also have reduced Hilbert polynomial P by the see-saw property. Since ker d; and
Imd; are both subcomplexes of £ with the same reduced Hilbert polynomial as &.
with respect to (g, 0) these subcomplexes are also (g, 0)-semistable. By Lemma 5.1.6
the nonzero kernels and images of the boundary maps are Gieseker semistable. There

is a short exact sequence

0—kerd; - & — Imd; — 0

where the outer sheaves are semistable with reduced Hilbert polynomial P; therefore,
each &; is Gieseker semistable with reduced Hilbert polynomial P and so is their

direct sum &E;. O

Remark 5.2.2. In the case when y = 0 the boundary maps of the complex have no
impact on semistability. In fact to write down the Harder—Narasimhan filtration of
a complex with respect to such stability parameters we need only study the Harder—
Narasimhan filtrations of each sheaf in this complex. Given the maximal destabilising
subsheaf &/ of each sheaf & we construct the maximal destabilising subcomplex eW
of £ as follows. Let P be the maximal reduced Hilbert polynomial of the & and
define

o) & if P(&]) = Prké&]

=
0 otherwise.

This is actually a subcomplex of £. as there are no morphisms between two semistable
sheaves when the domain sheaf has strictly larger reduced Hilbert polynomial than

the codomain sheaf.

Lemma 5.2.3. Let & be a (1,(—1)!6)-semistable complex. Then for every even in-

teger i the boundary map d; : & — &1 1s zero.
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Proof. Let d; : & — &;4+1 denote the boundary maps of the complex. If d; is
nonzero, then Im d; is a subcomplex and quotient complex of £ and so by (1, (—1)%6)-

semistability of £ we have

P(Imd;) i+1 red

img, 0T = FGys(E)
and

P(Imdl) i red

Therefore, if d; is nonzero §(—1)* < 0. As § is positive, the even boundary maps must

all be zero. O

5.3 Notions of stability relating to cohomology

In this section we describe a collection of stability conditions indexed by a small
positive rational number € which can be used to study the cohomology sheaves of a
given complex. The stability parameters we are interested in are of the form (¢, x)
where ¢ is the constant vector and x = dn where 7; are strictly increasing rational
numbers. We see for a given complex with torsion free cohomology that for ¢ >
0 sufficiently small the Harder—Narasimhan filtration of this complex encodes the

Harder—Narasimhan filtration of each cohomology sheaf in this complex.

5.3.1 Stability with respect to (0, x)

In this section we take the limit as e tends to zero and study semistability with
respect to the parameters (0, x) where x = 07. This is a slight generalisation of the
parameters consider by Schmitt [39] where we now allow o; to be zero. Although
these generalised stability parameters will no longer define an ample linearisation on

the parameter space (cf. Definition 4.1.13), we can still study a corresponding notion
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Chapter 5. A study of stability conditions for complexes

of semistability. Rather than requiring an inequality of reduced Hilbert polynomials
we say that F. is (0, x)-semistable if it is a complex of torsion free sheaves and for all

nonzero proper subcomplexes £ we have

domirk & S domitk F;
Sork& T YrkF

If we look at (e, x)-semistability of F., then for subcomplexes €. we want an inequality

(- PE) =0 mrk&) (Yo wkF) < (X0 PF) =03 mrk F) (3 k)

and as € tends to zero we get the inequality required for (0, x)-semistability.

Lemma 5.3.1. Let n; < n;+1 for all integers i. A complex E. of torsion free sheaves
is (0, x)-semistable if and only if it is a shift of a torsion free sheaf or isomorphic to

a shift of the cone of the identity morphism on a torsion free sheaf.

Proof. Suppose £. is (0, x)-semistable. If for each ¢ the boundary map d; is zero, then
each nonzero sheaf & is a subcomplex and quotient complex simultaneously so by

semistability

Y mitk&
= Srk&

However as n; < ;41 this can only happen for one k so that £. is the shift of a torsion
free sheaf.

If there is a nonzero boundary map d; then the image of this boundary map can
be viewed as a quotient complex and a subcomplex so that

< > mitk&;

™S SSKE < Mht1- (5.1)

As the n; are strictly increasing this can only happen for one k, so this is the only

nonzero boundary map. If i # k,k+ 1 then n; # (O mirk &)/ (O rk&;) and so by the
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5.3. Notions of stability relating to cohomology

first part we see that & = 0. If

_ > nitk&; _ ek Ep + g1 vk Ep
" > 1k &; tk &, + 1k Epry

then 7 = Mg+1 and so the inequalities of (5.1) are strict. If dj is not injective, then

the kernel is a subcomplex and so by semistability

> nitk &
> =)
= TSNKE

Hence dj is injective. Similarly di must be surjective and so £ is isomorphic to a
shift of the cone on the identity morphism of a torsion free sheaf.
If £ is a shift of a torsion free sheaf &, then a subcomplex £’ of £ is just a

subsheaf and
YomirkE Y mirk&
Stkel  F T OSkE

If £ is isomorphic to a shift of the cone on the identity morphism of a torsion
free sheaf, then there is an integer k such that di is an isomorphism and & = 0
unless i = k or k+ 1. A subcomplex &’ of £. is either concentrated in degree k + 1 or

concentrated in degrees k and k + 1. In the first case we have

Z M: rk 5{ 7 > Nk rk (‘:k + MNk+1 rk 5k+1
StkE NS UK E k&

In the second case we have rk &, < k&) 41 and so

etk & + 1tk Epyy ik Ep + Mrr Tk S
rk & +rk5,’€+1 - rk & + 1k Ept1

In particular, £. is (0, x)-semistable. O

Lemma 5.3.2. Let n; < m;41 for all integers i and E. be a complex of torsion free

sheaves. Let k be the minimal integer for which & is nonzero. Then the mazimal
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Chapter 5. A study of stability conditions for complexes

destabilising subcomplex of E. with respect to (0,x) 1is
i) eW. v =>0—>kerdy, >0—>0—0—--- if kerd is nonzero,
i) eW . oo 3028 > Imd, -0—=0—---  ifkerdy is zero.

Proof. By Lemma 5.3.1 both of these complexes are (0, x)-semistable. Therefore in
order to prove that this gives the maximal destabilising subcomplex, we need to show

that if &Y € F c & then

S mirk F; S >oni rké’i(l)
YrkF T oyake®

As F. is not equal to S.(l), theset I :={i € Z: F, # Si(l)} is nonempty. Furthermore,
for all i € I as F; contains Ei(l) we must have that J; is nonzero.

Suppose that we are in the situation of case ¢). If k is a member of I, then
kerdy, C Fj, and as F. is a subcomplex we must have Fi 1 # 0 so that k+1 € I. As

the n; are strictly increasing we have
Nk 1K Fie + Mioge1 1k Frogr > 0o (tk Fie + 1k Frep).

If ¢ > K+ 1 and belongs to I we have n; rk F; > n, rk F; and so

Zmrk]—} > anrk}"i.

el el

Then since Ziﬂ itk F; = Ziﬂ i vk F; we see

kA ZmrkEi(l).
Zrk]—} Zrké‘-(l)

Suppose that we are in the situation of case i7) and so the first boundary morphism
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is injective. Then k ¢ I and so for all i € I we have

n; tk F; >

Nk +277k+1 Tk F.

Since

Mk + M1 Mk + Mkt1
Znirk}}>ZTrkE and Zmrk}"izzfrk}},
iel iel igl i¢l

we have

> nitk F; L + et _ >N rkgz-(l)
Tk Fi 2 m
> rké€

O

Remark 5.3.3. If £ has torsion free cohomology, then its Harder—-Narasimhan fil-
tration with respect to these stability parameters picks out the kernels and images of

the boundary maps successively:

eW . v —=0 — kerd, — 0 — 0 — 0---
N N N

E.(Q) =0 — Ex —  Imd, — 0 — 0---
N N N

e® . =0 = & — kerdgy1 —  0--- — 0
N N N

gW =0 = & - &k — Imdgyy — 0---

In particular every other successive quotient is a cohomology sheaf

Hl(g) = ker di/Im di—l-
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5.3.2 Semistability with respect to (¢, )

The stability parameters (0, x) used above are not Schmitt stability parameters and
so we consider a small perturbation of these parameters which are Schmitt stability
parameters. Let € be a small positive rational number and consider the stability pa-
rameters (¢, x) where x = én and 7 are strictly increasing. Strictly speaking, Schmitt
only allows integral values for o; and so we should instead think of the stability
parameters (1, x/€) as the notions of (e, x) -semistability and (1, x/€)-semistability

agree.

Lemma 5.3.4. Suppose E. is a complex for which there is an €y > 0 such that for
all positive rational € < € this complex is (¢, x)-semistable. Then . is either a shift
of a semistable torsion free sheaf or isomorphic to a shift of the cone on the identity

morphism of a semistable torsion free sheaf.

Proof. By studying the limit as € tends to zero we see that £. is (0, x)-semistable. By
Lemma 5.3.1 the complex &. is either a shift of a torsion free sheaf or isomorphic to
a shift of the cone on the identity morphism of a torsion free sheaf.

In the first case £ must be the shift of a torsion free semistable sheaf by Lemma
5.1.6. If £ is isomorphic to the cone on the identity morphism of a torsion free sheaf
F, then for any subsheaf 7' C F we can take the cone on the identity morphism of

this subsheaf as a subcomplex. By semistability we have for any 0 < € < ¢

LED) et men < LF) st
rk F’ 2 rk F 2

and so F is Gieseker semistable. O

Remark 5.3.5. Conversely, a shift of a semistable torsion free sheaf or a shift of a
cone on the identity morphism of a semistable torsion free sheaf is (¢, x)-semistable

for any € > 0.
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We now consider Harder-Narasimhan filtrations with respect to (e, x). Firstly
suppose we have a (0, x)-semistable complex then it is easy to determine the Harder—

Narasimhan filtration of this complex with respect to (e, x):

Lemma 5.3.6. Let & be a (0, x)-semistable complez.

i) If £ is a shift of a torsion free sheaf £, then the Harder—Narasimhan filtration

of €. with respect to (€, x) is the Harder—Narasimhan filtration of the sheaf £.

ii) If £ is isomorphic to the cone on the identity morphism of a torsion free sheaf
&, then the Harder-Narasimhan filtration of €. with respect to (e, x) is given by
taking cones on the identity morphism of each term in the Harder—Narasimhan

filtration of the sheaf €.

Let £ be a complex of torsion free sheaves with torsion free cohomology. We
have seen the Harder-Narasimhan filtration of £ with respect to (0,x) picks out
the successive kernels and images of each boundary map. The successive quotient
complexes in this filtration are either shifts of the cohomology sheaves H!(£.) or
isomorphic to shifts of cones on the identity morphism of the images of the boundary
morphisms d;.

In the following proposition we show that, provided e is sufficiently small, the
Harder-Narasimhan filtration of £ with respect to (g, x) is given by refining the
Harder-Narasimhan filtration of £ with respect to (0,x) by using the sheaves oc-
curring in the Harder—Narasimhan filtrations of the cohomology sheaves and image
sheaves.

We assume for simplicity that £ is a complex concentrated in degrees 1,...,m.
Let 0 C HY(E)D C ... € HY(E)®) = H(E) be the Harder Narasimhan filtration
of the ith cohomology sheaf and 0 C Im dl(l) C---ClIm dl(ti) = Imd; be the Harder—

Narasimhan filtration of the image sheaf Im d;.
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Fori=1,...,mand j=1,...,s we define a subcomplex AV ¢ by

& if k<1,
AZU) =9 7 Y HIE)D) i k=i,

where ; : kerd; — H'(E.).

Fori=1,...,m—1and j=1,...t we define a subcomplex B ¢ by

(

E if k<1,
B p Amd?) it k=i,

Im d if k=i+1,

0 it k>,

\
where p; : & — Imd;.

Proposition 5.3.7. Let n be strictly increasing and E. be a complex of torsion free
sheaves with torsion free cohomology. Then there is an €y > 0 such that for all
positive rational € < €y the Harder—Narasimhan filtration of E. with respect to (¢, x)

is the filtration
0c AW oAb c g e ght) - 20 c A

Proof. Let H'(E.)? (respectively Im dz) denote the successive quotient sheaves in the
Harder-Narasimhan filtration of H*(£.) (respectively Imd;). Then the successive
quotients in the above filtration are either shifts of H*(£.)7 or isomorphic to shifts of
the cone on the identity morphism of Im d{ . In particular, the successive quotients are
(€, x)-semistable by Remark 5.3.5. Therefore we just need to verify that the reduced
Hilbert polynomials of the successive quotients are strictly decreasing provided e is

sufficiently small. More precisely, we need to show that there is an ¢y such that for
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all 0 < € < ¢y we have

P(HY(ENY

6 POHE))
rtk HI(EN

P(H(E)?) 6
rk HI(E)s

—Om > R TAE R

- > > — . >

Pmd) om+m EP(Imdtf) _gmtm  POE)Y

“TkImd! 2 rk I " 2 Tk HI(E)!

— on2

and so on. Since we know the reduced Hilbert polynomials of the successive quo-
tients in the Harder—Narasimhan filtrations of the cohomology and image sheaves are

decreasing, it suffices to show for i = 1,...m — 1 that:

P(HY(E)®) P(Imd})  .m + i1
1) el gy, A
) xHwiE@)r " km dr! 07— and 652
P(Ilmd)  mi + nis1 PHTHEN .
€ ) > € . — OMiy1-
rkIm d;’ 2 rk HHL(E)!

As these inequalities involve polynomials we start by looking at the highest coeffi-
cients. We have equality for the top coefficients and so we next look at the second to
top coefficients. Let p(A) denote the second to top coefficient of the reduced Hilbert
polynomial of A which is, up to multiplication by a positive constant, the slope of A.

We assume for simplicity that ¢ is monic. For i =1,...,m — 1 let
M; = max {p(Im d}) — p(H (€)%), p(HLENY) = plImd)}

We can pick ¢y > 0 so that if M; > 0 then ¢y < (9,41 —7;)/2M;. Then if € < ¢y we

get strict inequalities in the second to top coefficients of (5.2). ]
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Chapter 6

Stratifications for complexes by

Harder—Narasimhan type

In the previous chapter we saw that every complex of torsion free sheaves has a unique
Harder—Narasimhan filtration with respect to a fixed notion of stability determined
by parameters (g, x). In particular we studied semistability and Harder-Narasimhan
filtrations with respect to (e,07) (or equivalently the associated Schmitt stability
parameters (1,6n/€)) where € > 0 is an arbitrarily small rational number, 7; are
strictly increasing rational numbers and ¢ is a positive rational polynomial such that
degd = max(dim X — 1,0). The Harder—Narasimhan filtration of a complex with
torsion free cohomology with respect to (¢, 0n) tells us about the Harder-Narasimhan
filtration of the cohomology sheaves of this complex provided € > 0 is chosen sufficient
small (see Proposition 5.3.7).

In Section 4.1 (see also [39]) we saw that the moduli space of (1, 07/¢)-semistable
complexes with fixed Hilbert polynomials P = (P, ..., Py,) is given by a GIT quotient

of a parameter space ¥ := Tp by a reductive group

G = I, GL(Py(n)) N SL(ZL, Pi(n)).
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This quotient is taken respect to a linearisation £ determined by the stability pa-
rameters (1,67/€) where 7 := n — (3_mri/ D7) are the stability parameters for
P associated to 7. In this chapter we consider an open subscheme Ttf of T which
parametrises complexes with torsion free cohomology. There is a stratification of the
closure of T/ associated to the linearisation of this action as in Sections 2.1 and
2.3 which we can intersect with T to get a stratification of this scheme. We fix a
Harder—Narasimhan type with respect to these parameters and show there is a scheme
which is a union of connected components of a stratum in this stratification of Tt/

which parametrises all complexes with this fixed Harder—Narasimhan type.

6.1 The stratification of the parameter scheme

As we are interested in points of ¥ which parametrise complexes with torsion free
cohomology, we consider an open subscheme Tt/ which parametrises such complexes.
We continue to use the notation of Section 4.1.2. Let ¢ : € — ® be the inclusion of T
into the projective bundle ® and (U;)sxx = (¢ o xidx)*(wgfx)g()*ui be the pullback

of the universal quotient sheaf on the quot scheme Q);. For i =1,...,m — 1 let
(di)zxx : Ui)axx = Uit1)axx @ (0 x idx)* (75 *)*Op (1)

be the tautological homomorphisms over ¥ x X which describe the boundary maps

of the complexes parametrised by ¥. Then
Hi := ker dZ/IIIl difl

is a family of sheaves over X parametrised by ¥ which describe the cohomology
sheaves of the complexes parametrised by T. By performing a flattening stratification

(see [19], Theorem 2.1.5) we can construct an open subscheme T¢ C T parametrising
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Chapter 6. Stratifications for complexes by Harder—Narasimhan type

complexes whose ith cohomology sheaf is torsion free. Then we define T to be the
intersection of these subschemes.

Let T be the projective completion of the parameter scheme as in Definition 4.2.1
and let ftf denote the closure of Tt/ in T. We shall work with the stratification
of the projective completion ftf as the stratification as described in Section 2.3 is
for projective schemes. The group action and linearisation £ extend to ftf and this
linearisation defines a G-equivariant embedding of this scheme into an ambient pro-
jective space. By intersecting the associated stratification of the ambient projective

space with ftf we get a stratification

=155 (6.1)
BeB

into G-invariant locally closed subschemes as in Section 2.3. Of course, we can inter-
sect this stratification with the parameter scheme T¢f. However, the strata occurring
in the stratification of projective schemes have nice descriptions (see Section 2.1) and
so we work with the projective completion.

By choosing a basis of the fixed vector space V; of dimension P;(n) we determine a
compact maximal torus T; of GL(V;) which consists of the matrices which are diagonal

with respect to this basis. We choose the positive Weyl chamber

(tz)+ = {z’diag(al, .. .adimvi) Lan Z e 2 adimvi}

in t; = Lie T;. The maximal tori T; of GL(V;) determine a maximal torus 7" of G and
the choices (t;)+ of positive Weyl chambers determine a positive Weyl chamber t in
t =LieT". The index set B for the stratification {Ss : § € B} is a finite set of points

in t+.
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6.2. Boundedness

6.2 Boundedness

In this section we give some boundedness results for complexes of fixed Harder—
Narasimhan type. The set of sheaves occurring in (g, x)-unstable complexes with

Hilbert polynomials P and fixed Harder—Narasimhan type 7 is bounded by the fol-

lowing lemma.

Lemma 6.2.1. Fix a choice of stability parameters (o, x) and a Harder-Narasimhan
type with respect to these parameters T = (Pl ... P%). Then the set of sheaves
occurring in a complex of torsion free sheaves with Harder—Narasimhan type T with

respect to (o, x) is bounded.

Proof. This follows from a result of Simpson (see [40] Theorem 1.1) which states that
a set of torsion free sheaves on X of fixed Hilbert polynomial is bounded if the slopes
of their subsheaves are bounded above by a fixed constant.

Recall that the slope of a sheaf is (up to multiplication by a positive constant)
the second to top coefficient in its reduced Hilbert polynomial. Let £ be a complex

with Harder-Narasimhan type 7; then for any subcomplex F. of £ we have

m  _ pl m 1
im1 Ol — 03 2y mir; _

R
m
din Ui’"il

red red o(1)y _ 2o
Prd(F) < Ped(elV) =

(1)

where £ is the maximal destabilising subcomplex of £ which has Hilbert polyno-

mials specified by P!. Suppose F is a subsheaf of & and consider the subcomplex
Fi 0= =20=2>F=Em— - —&En;

then we have an inequality of polynomials

oiP(F) = onitk F+ 30, C’J‘le —62 i 77]'7"]1‘ <R
otk F+ 300 047 T
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Chapter 6. Stratifications for complexes by Harder—Narasimhan type

The top coefficients agree and so looking at the second to top coefficients we have

deg(F) <5t°p - doitivt 77]‘7"]1' B Dot Ujdjl'
kF o \F k F o1k F
S o\ ST odh — 6P ST it (62)
1 j=i+193"; j=193% 5=1"1i";
S ST ]
o; T iy 04T

where djl. is (up to multiplication by a positive constant) the second to top coefficient
of le and §%P is (up to multiplication by a positive constant) the leading coefficient
of 9. Since the rank of F is bounded, it follows that the slope of subsheaves F C &;

are bounded. ]

Corollary 6.2.2. Let 7 = (P!,---, P%) be a Harder-Narasimhan type with respect
to (o, x). Then we can choose n sufficiently large so that for 1 <iy < --- <4y < s all

the sheaves occurring in a complex of torsion free sheaves with Harder—Narasimhan

type (P, --- , P") are n-regular.

6.3 The associated index

Let F. be a complex of torsion free sheaves with Hilbert polynomials given by P =
(Pi,...,Py). We assume that the cohomology sheaves of F. are torsion free and that
F. is not the shift of a semistable sheaf or the cone on the identity morphism of a
semistable sheaf. By Lemma 5.3.2 and Proposition 5.3.7, the Harder—Narasimhan
filtration of 7. with respect to (0, dn) picks out the cohomology and image sheaves of
this complex successively and if the rational parameter € > 0 is sufficiently small then
the Harder-Narasimhan filtration of F. with respect to (¢,dn) refines this filtration
by using the Harder—Narasimhan filtrations of the cohomology and image sheaves.
Let H*J denote the Hilbert polynomial of the jth successive quotient in the
HarderNarasimhan filtration 0 ¢ H*(F)M) < ... ¢ HF(F)) = HF(F) of the

kth cohomology sheaf and similarly let I®7 denote the Hilbert polynomial of the
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6.3. The associated index

jth successive quotient in the Harder—Narasimhan filtration 0 C Im dg) C - C
Im d,(f’“) = Imdj, of the kth image sheaf. We define H*J to be the vector of Hilbert
polynomials which is zero except in degree k where it is H%7 and I*7 to be the vector
of Hilbert polynomials which is zero except in degrees k and k + 1 where it is I*7.

For e sufficiently small the Harder-Narasimhan type of F. with respect to (e, 07) is
T=(H",. L YL I Y B , H™om)

which we abbreviate to 7 = (H, I) where H records all the information of the vectors
H"J and I records all the information of the vectors I%.

We assume € > 0 is sufficiently small so that Proposition 5.3.7 holds for the above
complex F. and that n is sufficiently large so that Lemma 6.2.1 and Corollary 6.2.2
hold for this Harder—Narasimhan type 7. In particular this means all complexes with

HarderNarasimhan type 7 are parametrised by Tt/.

Definition 6.3.1. Let R, denote the set of points in T/ which parametrise complexes

with Harder—Narasimhan type 7. Then we may write
T =| |R,
T

where the union is over all Harder—Narasimhan types.

In this section we associate to this nontrivial Harder-Narasimhan type 7 an index
B(7) and in the next section we show for n sufficiently large (depending on 7) that R,
is a union of connected components of Sg(-) N Ttf where Sp(7) is a stratum appearing
in the stratification defined at (6.1).

Let z = (q1,---,qm,d) be a point in Tt/ which parametrises the fixed complex
F. with Harder—Narasimhan type 7. By Remark 2.1.8, rather than looking for the

rational weight 5 = () such that z € Y;® we can equivalently look for a 1-PS Ag of
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Chapter 6. Stratifications for complexes by Harder—Narasimhan type

G which is adapted to z. As in the case of sheaves, we expect a 1-PS which is adapted

to z to induce the Harder-Narasimhan filtration of F. with respect to (¢, dn). Let
0C Al,(l) C...C A.la(sl) C Bl’(l) .. ‘B.lv(tl) C A27(1) C...C A.m,(sm) - F

denote the Harder-Narasimhan filtration of F. with respect to (¢, 7). For the con-
struction of the parameter scheme (see Section 4.1.2) we fixed vector spaces V; of
dimension P;(n). For ¢ = 1,...,m the Harder-Narasimhan filtration of F. induces

filtrations

0cvrhW e oyt cwt® o cwt® eyt 2y (6.3)

(2 7 3

of these vector spaces where

VRO = HO (g (n) " HO(APY) ()

K3 K3

and

Wi = HO (qi(n)) ™ BB ().

7

Let V"7 (respectively W;"”) denote the quotient of V; (respectively W) by the
previous vector space in this filtration. Note that by the construction of the Harder—

Narasimhan filtration (see Proposition 5.3.7) we have that Vlkj = 0 unless £ =4 and

Wik’j:Ounlessk::iork:i—l.

Given integers a; ; for K = 1,...,m and j = 1,...s; and integers b ; for k =

1,...,m—1and j =1,...t; which satisfy

i) ain > > a1 >big > > by >a1 > > Ay,

m i o mzl b . (6.4)
i) D ai;dim VY 23> by dim WY =0,
i=1 j=1 i=1 j=1
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6.3. The associated index

we can define a 1-PS A(a, b) of G as follows. Let A\(H)¥ : C* — GL(VF) be given by

ak1
t Ivik’l

ak. s
t ks Ivk,sk

i

where VF = @;’;ﬂ@k’j and let A(I)¥ : C* — GL(WF) be given by

br,1
t IWik,l

b
t7Fte ] g
Wit

where WF = EBt’“ W’” and by j = by j = 0. Then (a,b) define a 1-PS A(a,b) :=

7

(A, ..., Am) of G where

We want to pick (a,b) to minimise the (normalised) Hilbert-Mumford function

1 (2, Ma, b))
[[A(a, )|

subject to condition ii) of (6.4). For all pairs (a,b) the associated 1-PS A(a,b) of G

induces the Harder—Narasimhan filtration of F. and so by Proposition 4.2.8

£(z,A\(a, b)) ZZ ,J< Z ;)rkw’(f.)j

=1 j=1

mltl . 9. .
303y (2500 B ) v
n €

=1 j=1

(6.6)
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Chapter 6. Stratifications for complexes by Harder—Narasimhan type

where P = 3", Pand r =Y " r;.

Definition 6.3.2. For a Harder—Narasimhan type 7 = (H,I) as above we define

rational numbers (a,b) = (a,b)(7) by

1 <P(n) N ﬁi) rk(H"7)

ré(n) € ) Hii(n)

and

R L P(n) @ + fie1 \ tk(I%7)
g (rd(n) % >I”(n)

where rk(H%7) and rk(I%/) are the ranks determined by the leading coefficients of the

polynomials H*/ and I*7.

We have chosen (a, b) to be the rational numbers which minimise the normalised

Hilbert—Mumford function

Mﬁ(zv )‘(Qa b))
[[A\(a, b)|

subject to condition ii) of (6.4) where z € ¥ is the point which represents the complex
F. with Harder—Narasimhan type 7. The choice of € given by Proposition 5.3.7 ensures
that (a,b) also satisfy the inequalities i) of (6.4) for all sufficiently large n.

We choose a maximal torus 7; of the maximal compact subgroup U(V;) of GL(V;)
as follows. Take a basis of V; which is compatible with the filtration of V; defined
at (6.3) and define T; to be the maximal torus of U(V;) given by taking diagonal

matrices with respect to this basis. We pick the positive Weyl chamber
i = {idiag(a1,...,adimv;) € ti: a1 > - > aqimv; }-

Let T be the maximal torus of the maximal compact subgroup of G determined by
the maximal tori 7; and let t be the positive Weyl chamber associated to the t;, .

Definition 6.3.3. For a Harder-Narasimhan type 7 with respect to (¢, n) we define
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6.4. The stratum containing R,

B = B(7) € t; to be the point defined by the rational weights
Bi = idiag(bi—1,1, .-, 0i1,t; 1, Qi1 -+, Qis;5 b1 big,) € g

where a; ; appears H"J(n) times and by, ; appears I®7(n) times. This rational weight

defines a rational 1-PS Ag of G by Ag = A(a, b).

6.4 The stratum containing R

In this section we show that for e sufficiently small and n sufficiently large the rational
weight § = [(7) is an index for the stratification of T and that R, is a union of
connected components of Sg N <.

Let Zg and Yj denote the subschemes of the stratum Sz given in Definition
2.1.3. By definition Zg is equal to the union of the connected components of the
fixed point locus for the action of Az on T such that Mg acts with weight ||3][?
on these components. By Lemma 4.2.2 the fixed point locus decomposes into three
components: a diagonal component, a strictly upper triangular component and a
strictly lower triangular component. Each of these components decomposes further
in terms of the Hilbert polynomials of the direct summands of each sheaf in this
complex. We are interested in the component(s) of the diagonal part which may

contain the graded object

mo S m—1 s;
PP (Fy[-il & P P Conelid : Ind? — Imd?)[~i — 1]
i=1 j=1 i=1 j=1

associated to the Harder—Narasimhan filtration of the complex F. with respect to
(€,0m). Here [—] denotes the shift operator and Cone(id : A — A) is the acyclic
complex which is A in degrees -1 and 0 and zero elsewhere.

We consider a closed subscheme F{y 1y of el consisting of z = (q1,...,qm, [d : C])
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Chapter 6. Stratifications for complexes by Harder—Narasimhan type

such that

e we have a decomposition
ti—1

i 123
VAN i i
s=Pr "ePa’ePr
j=1 = =

where qf’j : Vj’j ® Ox(—n) — Ef’j is a point in Quot(Vii’j ® Ox(—n), Hf’j) and

pf’j W Ox(—n) — Qf’j is a point in Quot(Wik’j ® Ox(—n)

7

k.j
7I’L J)?
e d is given by d; = EBz-i:ldg where dg : g;ﬁj — Q’Zﬁl

Following the discussion above we have:

Lemma 6.4.1. F(y 1) is a union of connected components of the fized point locus of
Ag acting on ftf which is contained completely in the diagonal part of this fixed point

locus.

Remark 6.4.2. In Section 4.3 we described an injective and equivariant morphism
T: ‘Iﬂl,l X e X ‘Zﬂl,sl X (le‘l X -+ X ‘le,tl X Tﬂ2,1 X - X {Zﬁ"’hsm — %

which corresponds to taking the direct sum of complexes. When we restrict this
morphism to the open subschemes of these parameter schemes which parametrise

complexes with torsion free cohomology

IoTpga X X Tgisy X 3?10,1 X oo X T?lc,tl X Zgza X oo X Tgmsm — <t/

we see that the image of this restricted morphism is Fig )N T,
Lemma 6.4.3. The scheme T () := Fg N Tt is contained in Z3.

Proof. Let z = (q1,---,qm,[d : 1]) be a point of T(;); then ¢; and d; are direct sums
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6.4. The stratum containing R,

as above. By Proposition 4.2.8

(z,8) ZZQW <r Z ZZ> rk’HZ’j

=1 j=1

1t -
i mz: Z b; P(n) 77i + Nit1 ok [
& r n € i

=1 j=1

(6.7)

where the weights (a,b) are given in Definition 6.3.2. The weights (a, b) are scaled so
that ||8]|2 = —u*(2,As) and so this proves the lemma as —u“(z, Ag) is equal to the

weight of the action of Ag on a point in the affine cone which lies over z. O
Corollary 6.4.4. The scheme T ;) is a union of connected components of Zg N Ttf,

Let F be the union of connected components of Zz meeting ¥ (;); then F is a
closed subscheme of T which is completely contained in the diagonal part of Zg.

Consider the subgroup

m  S; m—1 t;
Stabg = | [T GL(V) x H H ) x GL(W//) | NnSL(&,V;)

i=1j=1
of G which is the stabiliser of 5 under the adjoint action.

Lemma 6.4.5. Stabg has a central subgroup

(uh9, wh) € (C7) 2 ()it
é — m S o m—1 t; o (68)
TTTTe ™00 [T T =1
i=1j=1 i=1 j=1

which fixes every point of F'. This subgroup acts on the fibre of L over any point of

F by a character xr : G — C* where xr(u, w*) is the product

m—1 tZ 9P +
zg 7.] (n) | MitMi41
HH iy H" et (3567 >+7).

i=1j5=1 =1 _]21
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Proof. The inclusion of G into Stabj is given by
(ui,j , w) (umjvj’j , wi’jIW;-,j 7 7JI i ).

Let 2 = (q1,.--,4m,[d : ¢]) be a point of F then we have a decomposition

VA Ol

A copy of C* acts trivially on each quot scheme and so the central subgroup G fixes
this quotient sheaf. The boundary maps determined by d also have a decomposition
d; = EBE-i:ld‘g where d] g; (SN ng s (u | wh) € G acts on both g I and QZ+1
by multiplication by w®’, the boundary maps are also fixed by the action of G.

To calculate the character yp : G — C* with which this torus acts we fix
(ut7 , w7) € G and calculate the weight of the action of this element on the fi-
bre over a point z € F. This is done by carefully modifying the calculations about

weights of C*-actions in Section 4.2 to general torus actions. O

Let £X-# denote the linearisation of the Stabg action on Zg given by twisting the
original linearisation £ by the character x_g associated to —/3. Recall that ng is the

GIT semistable set with respect to this linearisation. Consider the subgroup

m S m—1 t;
=[] TIstvi) = H H ) x GL(W//))) N SL(W7 @ W}7,))

i=1j=1

— {( 0] hw h;”frl) € Stabf : det ¢*/ = 1 and det hw det th = } .

Proposition 6.4.6. Let F' be the components of Zg which meet T (,); then we have

an equality of GIT semistable subschemes

FStabﬁfSS(ﬁx,g) _ FG/*SS(,C).
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6.4. The stratum containing R,

Proof. Let G be the central subgroup defined in Lemma 6.4.5; then there is a surjec-

tive homomorphism @ from Stabf to G given by
D(gi g, 27 R ) = ((det g9)P/HY ), (det W det i) P/ )

where D = H;’;lﬂji:lHi’j (n) x Hi”izlﬂzi:12li7j (n). The composition of the inclusion

of G into StabB with @ is a homomorphism G — G given by
(W, w) > ()P, (w9)P)
Therefore, ker & x G surjects onto Stabf with finite kernel and so

FStabB—SS([’X,ﬁ) _ err@xé—SS(ﬁx,ﬁ).

The restriction of the character x_g to the central subgroup G

m—1 t;
X5 ) U,J HH ,J —a; jH (n HH 6”21”()

i=1j=1

is equal to the character xz : G — C* defined in Lemma 6.4.5. As we are considering
the action of ker ® x G on F linearised by £X-8, the effects of the action of G and

the modification by the character corresponding to —f cancel so that
err@xé’—ss(ﬁx_g) — err@—ss(£>.
Then since G’ injects into ker ® with finite cokernel,
err P—ss (,C) _ FG’—ss (L)
which proves the proposition. O
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We are now ready to describe the semistable subscheme T(Sﬁ) = T?ﬁ?bﬁ T (LX-n)

for the Stabj-action on T,y with respect to LX-#. Recall from Remark 6.4.2 that we

have an isomorphism

~ ¢ t
Ty E T X X Tgsy X EIJIJ X - X SI{,H

X THQ,l X e X Tﬂm,Sm.

Proposition 6.4.7. Let 7 be a fized Harder-Narasimhan type with respect to (¢, 6n)
where 1 are strictly increasing rational numbers and let 3 = (1) be the associated

rational weight. Then for e > 0 sufficiently small and for n sufficiently large we have

ifﬁ) 2T X X T X TP X X T X T X X Tmesm

SS

T which

) is the subscheme of Typins (respectively Tt

where %5, 5 (respectively i

HbJ

parametrises (e,0m)-semistable complexes with Hilbert polynomials HY (respectively
li,j)_
Proof. Let e be sufficiently small so that the only (e, dn)-semistable complexes with

Hilbert polynomials I/ are isomorphic to cones on the identity morphism of a torsion

free semistable sheaf. Let n be sufficiently large so:

i) Gieseker semistability of a torsion free sheaf with Hilbert polynomial H%/ (re-
spectively I*7) is equivalent to GIT-semistability of a point in the relevant
quot scheme representing this sheaf with respect to the linearisation given by

Gieseker (see Section 4.1.5 and also [13]).

ii) For1 <i <m-—1and1 < j <t;, we have that (¢, 67)-semistability of a complex
with Hilbert polynomials I/ is equivalent to GIT semistability of a point in

%15 for the linearisation defined by these stability parameters.

iii) For i =1,...,m, we have 7; + eP(n)/ré(n) > 0 (this is possible as P and 0 are

both positive for large n and P is of greater degree than §).
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Let

be a point in T(,); that is, PR (ql ,[0 1]) is a point in Ty, corresponding to a
complex H"/ concentrated in degree i and y*/ = (pl \D; H[dj 1]) is a point in T,
corresponding to a complex T concentrated in degrees i and ¢ + 1. By Proposition

6.4.6, we have

Ss G’ —ss .
) =% " Ll

therefore, z is in (7, if and only if 1= (z,\) > 0 for every 1-PS X of G'.
Suppose that H and T are all (€,0m)-semistable, so ’H;J is a Gieseker semistable
sheaf and 7' is isomorphic to the cone on a semistable sheaf. A 1-PS X of G’ is given

by
e 1-PSs )\}f of SL(V;M) and
o 1-PSs X)? = (AP, Afy) of (GLOW,Y) x GL(W))) NSL(W}Y @ Wi)).

We diagonalise these 1-PSs simultaneously to get decreasing integers

> > Y

and decompositions VZ” = Vzlf Q- D Vlluj and similarly VVZ’j = WZf O D W;i
and Wiy = Wi, @ o WY

)

i such that

thm Iv_i,j
Ni (1) =

t'YuI i
Vi

and similarly for /\i’j . The corresponding filtrations of these vector spaces gives rise

to filtrations of the sheaves H, L L %7 and f J 71 and we let ’HZ’?{, Z ’J and I, denote

i+1,k
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the successive quotients. By Proposition 4.2.8 (see also Lemma 4.2.7)

m—1 t; u ~ ~
- P(n J ;g P(n J ;g
TCREDID I INT Kré( ) +Z> k21 + ( ) | ”“) rkI;ﬁLk}

P e (n) ré(n) € ©9)
m S u P(n) 771 i
5 3)3) A L ERA ET R
i=1 j=1 k=1

where N = 0 if A induces a filtration of each Z'7 by subcomplexes and otherwise

N =y, -7, <O0forsomel <[} <lp <u. As ”H::’j, IZ” and Ifjl are Gieseker

semistable, we have the following inequalities:

1) ka tkH;4 >0,
k=1
v i,j . I‘k IZ’] . i,j

Firstly suppose that A induces a filtration of z by subcomplexes. The choice of n

and the inequalities of (6.10) imply that

C I‘in’j molti v P(TL) . ij . 1,5
pe(z,A) 2 T (n) Z ZZ% [ré(n) (dlm Wi +dim Wi+1,k>

i . ij o T4l . i
+ ?dlmWi’k + . dlmWiH’k] .

As X induces a filtration by subcomplexes, we know that

dim(WZ’f STRRRNC Wf,}cj) < dim(WiZfl,l DD W?jzl,k)'

(3

Since Ay is a 1-PS of (GL(W;*/) x GL(W;?,)) N SL(W;* & W;/,), we know that the

i+1

weights satisfy a relation > j_; v (dim VV;,‘g + dim I/V;Jrjlk) = 0. It follows that
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> ey Yk dim WZJflk >0 and
r rk I%J ek (771‘4-1 —ﬁz) = . i
w-(z,A) > T () o Z% dim W, ;. > 0.
i=1 j=1 k=1

Now suppose that A does not induce a filtration of z by subcomplexes. Then we
still have

etk T + i vk I, ) = N

where N is a negative number depending on the ~y;. In this situation we can use the
ideas of [39], Theorem 1.7.1. As the set of sheaves occurring in these expressions is
bounded (cf. [39] Section 2.3), there is a positive constant K such that for all such

pairs (z, A) we have
V(i tk I + flipa 1k I)Y) ) > NK.

We pick C' > K and replace 77/e and ¢ with 77/eC and C9 in the definition of the
linearisation. Then

pF(z,\) > NK/C — N > 0. (6.11)

Conversely suppose there is a direct summand which is unstable. We claim that
there is a 1-PS A = ()\?Jj, )\ifj) of G’ which destabilises z so that p*(z,\) < 0. Firstly
suppose H;J is unstable for some (7, j); then there exists a subsheaf 7—[:{ C ’HZJ such

that -
HO(H;1(n))  H%(n)
— > —.
rk H;’] rk H*2

(6.12)

We construct a 1-PS A with three weights v1 > 79 = 0 > ~3. Let

Vi = HO(¢)7 (n) " HO (M1 (n)

(2
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and let Vllj be an orthogonal complement to Vzlf C VZ” . Define

. tNI i
tB3I1 i
viy

and define all the other parts of A to be trivial (the weights ~; should be chosen so

)\ZHJ has determinant 1). Then

e = (20 [Hw(n) rkHY — HO(H?’{(n))rkHW] <o0.
ro(n) € k b

Secondly suppose 7' is unstable with respect to (e, 0m); i.e., it is not isomorphic
to the cone on the identity map of a semistable sheaf. Let d : Iii Jy ijﬁl denote the
boundary morphism of this complex. If d = 0, then choose the 1-PS X\ to pick out
the subcomplex IZ J 5 0. For example, let \ have three weights 1 > 0 > —1 and let
the only nontrivial part be
tr

AP = (i,
then p“(z,A) < 0. If d # 0 but has nonzero kernel, then consider the reduced
Hilbert polynomial of this kernel. If the kernel has reduced Hilbert polynomial strictly
larger than Iii o , then choose A to pick out the subcomplex kerd — 0. If the kernel
has reduced Hilbert polynomial strictly smaller than Iii J , then choose A to pick out
the subcomplex 0 — Imd. If the kernel has reduced Hilbert polynomial equal to
I3 /rk I then choose A to pick out the subcomplex IZ 7 — Imd. In all three cases
we see that p“(z,\) < 0. If d is an isomorphism but Iii 7 is not Gieseker semistable,
then let If{ be its maximal destabilising subsheaf. A 1-PS which picks out the

subcomplex IZ{ — d(If{ ) will destabilise z. O
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Recall from Definition 2.1.3 that there is a subscheme Y3 C Sz and a retraction
pg - Yg — Zﬁ where

ps(y) = lim Ag(t) - y.

Lemma 6.4.8. Let F*° denote the connected components of 23" meeting ffﬁ); then

for € sufficiently small and n sufficiently large
P (F) 1Y = 3 (55

Proof. Let n and € be chosen as in Proposition 6.4.7. Let y € pgl(‘f‘(f)) so that
ps(y) = lim0 Ag(t)-y € T/NFs. Ify ¢ TV, then for all t # 0 we have A\g(t)-y ¢ T.
Then this would contradict the openness of Tt N F*5 in F as lim;_,¢ Ag(t) -y € Tt

Conversely suppose ¥ = (q1,...,qm,[d : 1]) € T and 2z = pp(y) € F*° where
gi : Vi@ Ox(—n) — F; and d is given by d; : F; — Fit1. The scheme F*¢ is contained
in the diagonal components of Z 3 therefore the 1-PS Ag induces a filtration of y by

subcomplexes and the associated graded point is
2= (®i2") ® (Bigy™)

where 247 = (qf’j ) and y" = (pﬁ’j,pﬁﬁl, [df : 1]) both represent complexes (cf. Lemma
4.2.2). By Proposition 6.4.6, the limit z is in the GIT semistable set for the action
of G’ on Zg with respect to £. We can apply the arguments used in the proof of

Proposition 6.4.7 to show that 27 € T, and yhl € zij‘ ]

We are now able to prove the main result of this chapter. Recall that X is a
smooth integral projective scheme over the complex numbers. We choose Schmitt
stability parameters (1, 07/€) for complexes over X where € > 0 is a rational number,
7; are strictly increasing rational numbers indexed by the integers and ¢ is a positive

rational polynomial such that degd = max(dim X — 1,0). Let 7 be a fixed Harder—
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Chapter 6. Stratifications for complexes by Harder—Narasimhan type

Narasimhan type with respect to (1,0n/¢) and 8 = 3(7) be the rational weight given
in Definition 6.3.3. Provided n is sufficiently large all complexes with this Harder—
Narasimhan type can be represented by points in the scheme T¢/. We defined R, to
be the set of points in T/ which parametrise complexes with this Harder-Narasimhan

type 7. There is an action of
G = I, GL(P(n)) N SL(EZ, Fi(n))

on this scheme and the stability parameters determine a linearisation £ of this ac-
tion. Associated to this action there is a stratification {Sg : § € B} of a projective

completion T/ indexed by a finite set B of rational weights.

Theorem 6.4.9. Let 7 be a fived Harder—-Narasimhan type with respect to (1,0m/€).

Then for € sufficiently small and n sufficiently large we have:
i) B = B(7) belongs to the index set B for the stratification {Sg : B € B} of ftf,
ii) Ry = Gpy'(332)) and,

iii) The subscheme R, = Gpgl(‘lfj)) of the parameter scheme S parametrising
complezxes with Harder—Narasimhan type T is a union of connected components

OfSﬁ N,

Proof. Suppose € is sufficiently small and n is sufficiently large as in Proposition
6.4.7. We defined § by fixing a point z = (q1,...,¢m,[d : 1]) € R; corresponding
to a complex F. with Harder-Narasimhan type 7. We claim that Z := pg(z) € Zg,s
which implies ). The 1-PS g induces the Harder-Narasimhan filtration of F. and
Z = limy 0 Ag(t) - 2 is the graded object associated to this filtration. By Proposition
6.4.7 it suffices to show that each direct summand in the associated graded object is

(1,6m/¢€)-semistable which follows by definition of the Harder-Narasimhan filtration.
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6.5. Constructing a quotient of the G-action on R,

In fact the above argument shows that pgl (‘Z‘Eﬁ)) C R; and since R; is G-invariant

SS

we have Gpgl( (T)) C R;. To show ii) suppose y = (q1,...,qm,[d : 1]) € R,

corresponds to a complex &£ with Harder—Narasimhan filtration
0 g 7_[1:(1) g . g H.l’(sl) g I.ly(l) .. .I.l’(tl) C 7_[27(1) g ... C Hmv(sm) — g

of type 7. Then this filtration induces a filtration of each vector space V; and we can
choose a change of basis matrix g which switches this filtration with the filtration of
V; given at (6.3) used to define 8. Then g-y € pgl(‘ffﬁ)) which proves ii).

Since F'** is a union of connected components of Z3, the scheme Gpigl(F %) is
a union of connected components of Sg. Therefore, Gplgl(F )N Tt/ is a union of

connected components of Sg N Ttf. By ii) and Lemma 6.4.8
R. =Gp3'(T33)) = Gpg ' (F)n !

which proves ii). ]

6.5 Constructing a quotient of the G-action on R,

Following Theorem 6.4.9 above, there is a scheme R, = Gp,g(lT) (T‘Z’f_)) parametrising
complexes of Harder-Narasimhan type 7 = (H, I) with respect to (¢, 6n) (provided e
and n are chosen appropriately). Moreover, R, = S, N Tt where S, = Gpgl(F %)
is a union of connected components of a stratum Sz occurring in the stratification
given at (6.1) and 8 = B(7) is the associated rational weight.

In Section 2.2.2 we constructed a projective completion 55 of this stratum and
a canonical linearisation Lg of the G-action on this completion. Recall that the
projective completion was equal to 5’5 =G Xp, 75 where ?g is the closure of Yﬁss in

ftf. Then the canonical linearisation is the pullback of the exterior tensor product
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Chapter 6. Stratifications for complexes by Harder—Narasimhan type

of the linearisation £ on T and L(A_p) on G/Pg via
N *tf
Sﬁ — G/P/B x T

[9,y] = (9P3,9 - y).

We also saw that the generalised GIT quotient of 5’5 with respect to the canonical
linearisation is a categorical quotient of the G-action on Sg and is isomorphic to the

GIT quotient

Z3// c;Stabs

of the Stabg-action on Zg linearised by Lg = LX-5.

We can do all of this with connected components of Sgz. Let S, denote the closure
of S; in 5’5. We can restrict the canonical linearisation to S’T - 5’5 and take the
generalised GIT quotient of S, with respect to Lg. This is a categorical quotient of
the G-action on S; and is isomorphic to the GIT quotient of Stabg acting on the
scheme F' with respect to L£g. As R. = 8. n% c S, is the non-vanishing locus
of an invariant section of the canonical linearisation, there is an open subscheme of
this GIT quotient which we denote by R // ;G which is a categorical quotient of the

G-action on R,. By Proposition 2.2.8 and Proposition 6.4.6,
R //2,G = Ty /] sStabB = Ty [/ G
Moreover, this is isomorphic to the product of GIT quotients
Ty /|G X -+ X Ty [/ Ggron X TH L) Gpa X -+ Tygmom | Gpgmosm.

Unfortunately, a complex 7. with Harder-Narasimhan type 7 with respect to (¢, én)

is identified with the graded object associated to its Harder—Narasimhan filtration in
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6.5. Constructing a quotient of the G-action on R,

this quotient (cf. Sections 2.2.2 and 3.6). Therefore, this quotient does not provide a
satisfactory quotient of the G-action on R;. Instead we want to find a perturbed lin-
carisation £2% on S, such that T(r) C Zp is unstable with respect to this linearisation
and then take the GIT quotient with respect to this perturbed linearisation.

There are several possible ways to perturb the canonical linearisation. Since the
canonical linearisation is defined by taking a tensor product of £(A_g) and L, we can
perturb either of these linearisations. For example, we can perturb the linearisation
L(A_p) on the partial flag variety by taking L(A_(g4epy) where 8’ € t; is a rational
weight and € > 0 is a small rational number. Alternatively, we can use a new
Schmitt linearisation on the parameter scheme which is a perturbation of the original

linearisation L .
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Chapter 7

Diagrams of moduli spaces of

complexes

Let X be a smooth integral projective scheme over the complex numbers. In the
previous chapters we have studied a collection of stability parameters (e, dn) where
0 < e << 1 is a rational parameter, n are strictly increasing rational numbers and
0 is a positive rational polynomial such that degd = max(dim X — 1,0). We have
seen that for a fixed Harder—-Narasimhan type 7 = (H,I) there is a subscheme R,
of the parameter scheme which parametrises complexes of this Harder—Narasimhan
type and there is a canonical linearisation which gives a categorical quotient of R, .
In this chapter we construct a diagram in the category of schemes from some
starting data. The starting data is given by choosing a perturbation of the canonical
linearisation for each Harder—Narasimhan type. The objects, indexed by Harder—
Narasimhan types 7, are quotients of the schemes R, defined at the end of Section
6.5 and the morphisms are given by taking direct sums with acyclic complexes. We
conjecture that this starting data can be chosen so for any quasi-isomorphism between
complexes representing points in this diagram both complexes represent the same

point in the colimit of this diagram.
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7.1. Diagrams and colimits

7.1 Diagrams and colimits

Since we are interested in studying quasi-isomorphism classes of complexes, we can
fix any invariants of complexes as objects in the derived category D°(X) of coherent
sheaves on X. For two complexes £ and F. to be quasi-isomorphic it is necessary that
their cohomology sheaves are isomorphic, so that they must have the same Harder—
Narasimhan type as sheaves. For each integer ¢ we fix a Harder—Narasimhan type
(HY) = (H,...  H%%) of a torsion free sheaf and we suppose that this type is
nonzero for only finitely many 4. As in the previous section we fix strictly increasing

rational numbers 1 and a positive polynomial ¢ of degree dim X — 1.

We can now describe the index category J for our diagram which also depends
on the starting data (a choice of perturbed linearisation for each Harder—Narasimhan
type). The objects of J are Harder—Narasimhan types 7 of complexes with torsion
free cohomology such that the image sheaf of each boundary morphism is semistable
(and thus has trivial Harder—Narasimhan type). More precisely, an object of J is a
tuple of polynomials 7 = (H,I) where H = (H");cz and I = (I');cz such that for all
1 we have

H' = (H", ... H")

is the fixed polynomials above and for all but finitely many i we have I’ = 0, otherwise
I' is a nonzero trivial Harder-Narasimhan type of a torsion free sheaf; i.e., a single

Hilbert polynomial.

In the previous chapter we saw that associated to such a Harder—Narasimhan type
T there is a parameter scheme Ttgf(T) and a subscheme R, C Ttg(ﬂ which parametrises
complexes of this Harder-Narasimhan type. In Section 6.5 we constructed a sub-
scheme ]%T of Tt/ which contains R, and this scheme is invariant under the reductive

group G = G p(). This scheme also parametrises complexes with Harder—Narasimhan

types higher than 7. Then if the perturbed linearisation is a nontrivial perturbation
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of the canonical linearisation we consider the GIT quotient
RP(L2) = My = Ry /]y Gy

and if the perturbed linearisation is equal to the canonical linearisation we consider

the generalised GIT quotient (see Section 1.6)
R, — M, := RT//LZE}."‘“GB(T)-

Remark 7.1.1. We may really need a more sophisticated notion of GIT quotient for
nontrivial perturbations if they are not ample, but this is beyond the scope of this

thesis.

Definition 7.1.2. For a complex &. with torsion free cohomology we let H(&.) denote
the Harder-Narasimhan types of the cohomology sheaves H!(€.) and I(E€.) denote the
Hilbert polynomials of the images of the boundary maps in this complex. Then we

define 7(&.) := (H(E.), L(E))).
Remark 7.1.3. If H(E.) = H, then 7(£.) is an object in J.

The morphisms in J are determined by the perturbed linearisations we fixed and
so this category depends on the choice of these perturbed linearisations. Let A. be
an acyclic complex of torsion free sheaves. Then for any object 7 in J if we choose

n and € appropriately, there is a morphism of parameter schemes

Tp(r) = Tp(rer(a))

corresponding to taking the direct sum with A. (see Section 4.3) and this restricts to

a morphism

gOf : RT — RT—&-T(A.)‘
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Definition 7.1.4. Let A. be an acyclic complex of torsion free sheaves and 7 be an

object in J. Then there is a morphism
A. .
o7 T =1+ 7(A)

in 7 if the image of the semistable scheme R5%(£P*") under ¢ is contained in the

semistable scheme Ri‘iT( A‘)(EE?:T( A.))'

Lemma 7.1.5. Let A. be an acyclic complex of torsion free sheaves and 7 = (H,I)

be an object in J. If this pair (1,.A.) defines a morphism
ot T s T+ 7(A)

in J, then there is a morphism of schemes
A My — M,y ()

given by taking the direct sum with this acyclic complex.

Proof. By Proposition 4.3.3, there is an equivariant and injective morphism
Tp(r) = Tp(rr(a))

corresponding to taking the direct sum with this acyclic complex. By construction of

~

R; this restricts to a morphism

gOf : RT — RT+T(A.)'

The assumption that the pair (7,.4.) defines a morphism in the diagram J means that

this morphism sends semistable points to semistable points; that is, this morphism
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preserves the semistable subschemes

P (R (L) © R ) (LY 4 )-

Therefore, the composition

RE(L2) = My yra)

T

is G p(y)-invariant and so by the universal property of the categorical quotient there
is an induced morphism

A My — M,y o).
O

Definition 7.1.6. Suppose that for each Harder—Narasimhan type 7 we have fixed
a choice of perturbed linearisation £2*. Let D := D(H,LY") : J — &ch be the

diagram given by

D(r) =M, forT € Ob(J)

D(¢f) =02 : My — M, (4.

Definition 7.1.7. A colimit of D is an object Dy, and a family of morphisms
0 : M; — Dy

such that for any morphism ¢ : 7 — 7 + 7(A.) we have a commutative triangle

oAl
M = HMryr(A)

k A/97+T(A>

Dlim

and this object is universal with respect to these properties.
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Remark 7.1.8. A colimit may not exist in the category of schemes but will exist
in an extension of this category which is closed under such colimits, namely the
category of ind-schemes. A thorough treatment of colimits and ind-schemes is given

by Kashiwara and Schapira in [20].

Consider two complexes F. and G. which correspond to points
[Fle M, and [G]€ M.

in the diagram D where 7 = 7(F.) and 7/ = 7(G.). These points are identified in the
colimit if and only if there is another object 7" in J and morphisms ¢ : 7 — 7"

and gbfu 7" = 7" in J such that
o2 ([F]) = @2(1G)

or, equivalently F. @ A. and G. ® A’ represent the same point in M, .

7.2 Quasi-isomorphism and equivalence in the colimit

Suppose f : F. = G. is a quasi-isomorphism and both these complexes correspond to
points

[F] € Myzyand [G] € M)

in the diagram D defined above. Then we want to compare the images of F. and G.

in the colimit Dy, described above.

Definition 7.2.1. Let f : 7. — G. be a morphism of complexes. Recall that the cone

of f is a complex C(f) whose sheaves are given by

C(f)i=Fit1® G
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and whose boundary maps are given by

drpy 0
fl1] dg.

de(yy =

There is an exact sequence of complexes
0—-G —C(f) = F[1] =0

where F.[1] is the shift of 7. defined by F;[1] = Fit1 and dz ;) = —dz. Furthermore
if f:F. — G. is a quasi-isomorphism, the cone C(f) is acyclic.

Let C(idf ) denote the cone on the identity morphism of F.; then both C(f) and
C(idz) are acyclic. If the perturbed linearisations are chosen in a compatible way so
that they preserve semistability, then we will have morphisms

c) .
- ry t Mrr) = Mr(z)ir(c(p))

and

C@dr.) .

gy Mgy = Mrg)ir(ciar))

in D corresponding to taking the direct sum with C'(f) and C(idz ) respectively.

Lemma 7.2.2. The morphisms @f((]{?) and @f((gié)r') described above have the same

codomain.

Proof. Since F. & C(f) and G. @ C(idx ) are both quasi-isomorphic to F. their co-
homology sheaves have the prescribed Harder-Narasimhan type 7(#H‘). For these
morphisms to have the same codomain we need to check that the image sheaves of
the boundary morphisms of F. & C(f) and G. @ C(idx ) have the same Hilbert poly-
nomial. Note that these complexes both consist of the same sheaves F; & Fir1 ® G;

but different boundary maps. We also know that the cohomology sheaves of these
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7.2. Quasi-isomorphism and equivalence in the colimit

complexes have the same Hilbert polynomials. Then, by looking at the short exact
sequences

0 = kerd’ g0y = Fi @ Fig1 © Gi = Imds g5y = 0

0 = Imdy y o gy = kerdz oo gy = HI(F) =0

and similar short exact sequences for G. @ C(id£ ), we can prove inductively that the
image sheaves of the boundary morphisms of these complexes also have the same

Hilbert polynomials. O

Ideally we want to show that these complexes represent the same point in

M:(g)+r(cldr)) = Mr(F)+r(c(f)-

Note that even when a GIT quotient is taken with respect to a non-ample linearisation,
two orbits whose closures meet in the GIT semistable set are identified in this GIT
quotient.

We consider a complex which is, up to sign, the cylinder on f. Let C. be the

complex with sheaves C; := F; & Fi+1 ® G; and boundary maps given by

de := 0 d]:_m 0
0 fl] dg

The inclusion G. < C. is a quasi-isomorphism (see [12] Lemma 2.2.1) and so the

cohomology sheaves of this complex have the specified Harder—Narasimhan types.
Proposition 7.2.3. The orbit closure of C. contains both F.®C(f) and G.®C(idr).

Proof. We define one-parameter subgroups A and )\ whose limits at infinity when

acting on the complex C. are C'(idx ) ® G. and F. & C(f) respectively.
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Before we define these 1-PSs we recall the group action on the parameter space.
Let n be sufficiently large so that everything of interest is m-regular. Let w; :=
dim H°(F;(n)) and v; := dim H%(G;(n)); then p; := dim HY((F; © Fiy1 © G;)(n)) =
w; + w;y+1 + v;. The groups GL(p;) act on the sheaves by acting on the quot schemes
Quot(CP @ Ox(—n), P(F;) + P(Fit1) + P(G;)). The subgroup C*I,, C GL(p;) acts
trivially on the quot scheme. As the complexes F. & C(f), C(idr) ¢ G. and C. all
have the same sheaves F; ® F; 11 ® G;, we want to look at elements of GL(p;) which

fix these sheaves. These elements look like

The group G := [[ GL(p;) acts on the boundary maps d; of a complex by acting by
conjugation on the maps H°(d;(n)).
We can define one-parameter subgroups A, N : C* — G by instead defining a

collection of 1-PSs A;, A, of GL(p;). We choose positive integers r and s and then

define
t" Ly, 0 0 171y, 0 0
Ai(t) == 0 t" Ly, 4 0 )‘;(t) = 0 Lo,y 0
0 0 t_SI’UZ‘ 0 0 tTIUi

Then the action is given by

HO(dF i(n)) idr. 0
A(t) - H(dg (n)) = 0 HO(dFp),4(n)) 0
0 =TI HO(fiy1(n)  HO(dg.i(n))
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and
H (dF. i(n)) idr 0
tliglo A(t) - H(dg (n)) = 0 HO(dgpy,4(n)) 0 )
0 0 H°(dg. i(n))
so the limit is G. & C(idr).
Similarly
HOdr () ¢ CHHdr, () 0
N(t) - H(dg (n)) = 0 H®(dzp1),4(n)) 0
0 HO(fir1(n)) H°(dg.i(n))
and
H(dF i(n)) 0 0
Jim X()- HO(d, () = 0 Hdrgu(m) 0
0 H°(fix1(n))  H(dg.i(n))
which corresponds to F. @ C(f). O

Corollary 7.2.4. Let f : F. — G. be a quasi-isomorphism of complezes representing
points in D. If we can pick the perturbed linearisations in a compatible way so that
there are morphisms @i(]_{)) and @f((gic'l)f') in D, then these complexes are identified in

the colimit of D.

Proof. Assuming the existence of these perturbed linearisations, to show that F. and
G. are identified in the colimit it suffices to show that F. ® C(f) and G. ® C(idx ) are

identified in the colimit. Since these complexes are both points in

M:(g)+r(cldr)) = Mr(F)+r(c(f))s
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it suffices to show that they both represent the same point. By Proposition 7.2.3,
there is a complex C. whose orbit closure contains both of these complexes. Since
the GIT semistable set is open, C. must also be semistable. Therefore the orbits of
F. @&C(f)and G. & C(idx ) and C. are all identified and so these complexes represent

the same point. ]

Therefore, to ensure F. and G. are identified in the quotient we need to be able
to pick the perturbed linearisations in a compatible way. Working forwards from the
initial object in this diagram corresponding to 79 := (H,0) we hope to be able to

choose these linearisations in a compatible way and so make the following conjecture.

Conjecture 7.2.5. There is a collection of perturbed linearisations L2 which define

a diagram D(H, LX) such that:
1) For each perturbed linearisation the GIT semistable set Rf_S(,cEer) s nonempty.

2) If f: F. — G. is a quasi-isomorphism between complexes representing points in

this diagram, then these complexes both represent the same point in the colimit.

Remark 7.2.6. Suppose for each Harder—Narasimhan type 7 we choose the trivial
perturbation; i.e., the canonical linearisation £3*" := Lg;) and take the generalised
GIT quotient which is a categorical quotient of R?55(£%") = R,. By definition of
D = D(H, £$"), a Harder—Narasimhan type 7 = (H, I) indexes an object in D if and
only if I is a collection of trivial Harder—Narasimhan types for the image sheaves of
the boundary morphisms. Suppose 7 is a Harder—-Narasimhan type which indexes an
object in D; then if £ has Harder—Narasimhan type 7 the image sheaves Im dé are
Gieseker semistable with reduced Hilbert polynomial I°/rk I. Let A. be an acyclic
complex of torsion free sheaves. By definition of D, there is a morphism 7 = (H,I) —
T4+ 7(A.) in D if and only if for every complex & with Harder—Narasimhan type 7

the direct sum & @ A. has Harder-Narasimhan type 7 + 7(.A.); that is, if and only if
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7.2. Quasi-isomorphism and equivalence in the colimit

for all such & the sheaf Imd% & Im df4_ is Gieseker semistable or equivalently Im di‘l‘
is Gieseker semistable with reduced Hilbert polynomial I°/rk I*. In this case the
colimit of the diagram is the product of moduli spaces for the successive quotients in

the Harder—Narasimhan filtration of each cohomology sheaf.

Example 7.2.7. We consider the most basic example when X = Spec C is a point.
Then a sheaf over X is just a complex vector space and its Hilbert polynomial and
rank are both equal to the dimension of this vector space. Therefore, the parameter
spaces are indexed by a tuple d of dimension vectors.

As every vector space has the same reduced Hilbert polynomial, every vector space
is automatically semistable and has trivial Harder—Narasimhan type. Therefore the
Harder—Narasimhan type 7 = (H, I) of any complex of vector spaces with respect to
(€,0m) is given by two collections of trivial Harder-Narasimhan types H = (H Niez
and I = (I');ez which give the dimension vectors of the cohomology sheaves and
image sheaves respectively. In particular this Harder—Narasimhan type indexes an
object in the diagram D(H, £L7).

If V. and W. are complexes of vector spaces which have the same dimension vec-
tor d; then these complexes are isomorphic if and only if their cohomology sheaves
are isomorphic. Therefore, the scheme R, parametrising complexes with Harder—
Narasimhan type 7 is a single G4()-orbit in the parameter scheme T4.;). Moreover,
the categorical quotient M; of the G 4,)-action on R, = R75(LS) is just a point. In
this case we do not have the problem of too many orbits being collapsed (see Section
6.5) and so there is no need to perturb the canonical linearisation.

Fix a dimension vector H for the cohomology and consider the associated diagram
D(H, L) : J — &ch. The objects in this diagram are points M, = Spec C
indexed by all Harder-Narasimhan types 7 = (H,I). In fact, every complex V. with
cohomology of dimension H is represented by a point M () in this diagram. For

any acyclic complex A. there is a morphism in this diagram M, — M., (4. as every
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vector space is semistable with the same reduced Hilbert polynomial (see Remark
7.2.6). If f: V. — W. is a quasi-isomorphism between complexes with cohomology
type H, then these complexes are both identified in the colimit (see Corollary 7.2.4).
Conversely if V. and W. are identified in the colimit then there are acyclic complexes
A. and A’ such that V. @ A. = W. @ A’; i.e., these complexes are quasi-isomorphic.
Therefore, the colimit of D is just the point Spec C and corresponds to the one

quasi-isomorphism class for complexes with cohomology of dimension vector H.

7.3 Concluding remarks

We end this thesis with some concluding remarks about the diagrams we were consid-
ering above. The starting data for these diagrams is a choice of perturbed linearisation
for each Harder—Narasimhan type 7. As we mentioned in Section 6.5, one possible way
to perturb the canonical linearisation on R, C G p(r) X py(r) T 2 Gpiry /Py x T is
by choosing a Schmitt linearisation £’ which is a perturbation of the original Schmitt
linearisation £ and taking the exterior tensor product of the linearisation £(A_g())
on Gp(y)/Pg(ry with L.

In fact we could extend the categories J which indexed the diagrams we were
considering to allow more than one choice of perturbed linearisation for each Harder—
Narasimhan type 7 and construct several different quotients of R, using these per-
turbed linearisations. The advantage of this approach would mean that there is a
greater chance of making the direct sum morphisms work and so there is a greater
chance of showing that quasi-isomorphic complexes are identified in the colimit.

Ideally we would like to find a choice of perturbed linearisation for each 7 such
that almost all complexes in R®*(£2?) are D(X)-indecomposable in the following

sense:

Definition 7.3.1. We say a complex F. is D(X)-decomposable if it is a direct sum of
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two non-acyclic complexes. Otherwise, we say the complex is D (X )-indecomposable.

Let D, C M, = R‘r//LECYGB(r) be the set of points corresponding to D(X)-
decomposable complexes and let U, be the complement in Rﬁs (LE") of the preimage
of D, under the quotient morphism

B35 (LPeT) = M,

T

The following definition is motivated by [4], Theorem 4.2.

Definition 7.3.2. We define an equivalence relation ~ on U, called S-equivalence:
x and y are S-equivalent (z ~ y) if there exists g and ¢’ € G, 1-PSs X and X of G
such that

. T / /
Hm A(t)ga = im X (t)g'y € Ur.

Lemma 7.3.3. Assume that 7 is the Harder—Narasimhan type for a non-acyclic
complex. If x and y are S-equivalent points in U, which represent complexes E. and

F. then these complexes are quasi-isomorphic.

Proof. By definition of S-equivalence there are elements g, ¢’ € G p(r) and 1-PSs A, N
of Gp(7) such that

z = lim A\(t)gz = lim A\(t)g'y € U,.
t—0 t—0

Let G. 2 £ be the complex corresponding to gx and H. = F. be the complex corre-
sponding to ¢’y. Then it suffices to show G. and H. are quasi-isomorphic.

Asze U, C RT, it corresponds to a complex too. Moreover, the 1-PS X induces
a filtration of G. by subcomplexes 0 C Q.m C - C Q.[t] = @. and z represents the
graded object G. := @§:1g7 associated to this filtration. Therefore by symmetry, it
suffices to prove that G. is quasi-isomorphic to the complex G. representing this limit

point z.
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By definition of U, we know that G. is D(X)-indecomposable and so there is
1 < j, < t such that G’ is not acyclic and all other direct summands are acyclic.
Then clearly G. is quasi-isomorphic to G and so it remains to prove that G%° is quasi-
isomorphic to G.. Note that g.[jo‘” is acyclic as it is built up by taking successive

extensions of acyclic complexes. We have a short exact sequence
0 — gho~tl  gbel  gio 5 ¢

and so g.UO] 5 G0 isa quasi-isomorphism. Similarly G./ gW is acyclic and since we

have a short exact sequence
0-¢ghl g - g./g.UO] — 0,

Q.[jo] — @. is a quasi-isomorphism. Therefore, G. is quasi-isomorphic to g?'o which

completes the proof. O

The ideal situation would be if U, = R*(£E*) and the perturbed linearisation
was ample as then topologically M, would just be U, modulo S-equivalence. Then by
the above lemma two S-equivalent complexes are actually quasi-isomorphic. However
if U, # R%(£2%) then more points will be identified as two points in U, may have

orbit closures which meet in the complement of U, in R55(£2).
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