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Abstract
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This thesis is on moduli spaces of complexes of sheaves and diagrams of such

moduli spaces. The objects in these diagrams are constructed as geometric invariant

theory quotients and the points in these quotients correspond to certain equivalence

classes of complexes. The morphisms in these diagrams are constructed by taking

direct sums with acyclic complexes. We then study the colimit of such a diagram and

in particular are interested in studying the images of quasi-isomorphic complexes in

the colimit.

As part of this thesis we construct categorical quotients of a group action on un-

stable strata appearing in a stratification associated to a complex projective scheme

with a reductive group action linearised by an ample line bundle. We study this

stratification for a closed subscheme of a quot scheme parametrising quotient sheaves

over a complex projective scheme and relate the Harder–Narasimhan types of unsta-

ble sheaves with the unstable strata in the associated stratification. We also study

the stratification of a parameter space for complexes with respect to a linearisation

determined by certain stability parameters and show that a similar result holds in

this case.

The objects in these diagrams are indexed by different Harder–Narasimhan types

for complexes and are quotients of parameter schemes for complexes of this fixed

Harder–Narasimhan type. This quotient is given by a choice of linearisation of the

action and so the diagrams depend on these choices. We conjecture that these choices

can be made so that for any quasi-isomorphism between complexes representing points

in this diagram both complexes are identified in the colimit of this diagram.
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0.1. Introduction

0.1 Introduction

The initial idea behind this thesis was to construct a diagram in the category of

schemes whose objects are moduli spaces of S-equivalence classes of bounded com-

plexes of coherent algebraic sheaves over a fixed base scheme and whose morphisms

are given by taking direct sums with acyclic complexes. The idea was then to relate

the notion of equivalence in the colimit of this diagram with quasi-isomorphisms.

The objects in this diagram are constructed using geometric invariant theory

(GIT). We give only a brief summary of GIT now as greater details can be found

in Chapter 1. To construct a quotient of a scheme Y by the action of a group

scheme G in algebraic geometry is more complicated than just taking the topological

quotient; we need to ensure that the quotient is a scheme and the quotient map is

a morphism of schemes. Mumford’s GIT provides a way to obtain such a quotient

scheme and morphism under certain conditions. If the group is reductive and we

have a linearisation of the G-action (i.e. a lift of the G-action to a line bundle L over

Y ), then there is a GIT quotient scheme Y//LG which is a categorical quotient of an

open subscheme Y ss(L) of semistable points in Y . The points in the complement of

the semistable set are known as unstable points and must be removed to obtain a

reasonable quotient. If the linearisation is ample, then topologically the GIT quotient

is the set of semistable points modulo S-equivalence: y and y′ are S-equivalent if their

orbit closures meet in the semistable set.

Many moduli spaces in algebraic geometry are constructed as GIT quotients Y//G

where Y is a parameter space for some collection of algebro-geometric objects and

the G-orbits correspond to equivalence classes of these objects. For example, the

moduli space of semistable sheaves (in the sense of Gieseker [13]) with fixed Hilbert

polynomial is constructed as a GIT quotient of a closed subscheme Q of a quot scheme

by the action of a special linear group [13, 31, 40].
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An important GIT construction for us is the moduli spaces of semistable quiver

sheaves over a smooth integral complex projective scheme X due to Schmitt [39].

A quiver sheaf is a representation of a quiver in the category of coherent algebraic

sheaves, although Schmitt only deals with representations in the subcategory of tor-

sion free sheaves. A bounded complex of coherent algebraic sheaves is a representation

of a quiver

• → • → • → · · · · · · → •

with relations imposed so that the composition of two consecutive morphisms is zero.

From now on we use the term complex to mean a bounded complex of torsion free

sheaves over X. As with any moduli problem we fix invariants P , a Hilbert polynomial

for each sheaf in the complex, and only parametrise semistable complexes. The

notion of semistability for complexes due to Schmitt is determined by a collection

of stability parameters which are used to define a weighted analogue of the reduced

Hilbert polynomial. A complex is semistable if every nonzero proper subcomplex has

weighted reduced Hilbert polynomial less than or equal to that of the complex. There

is a parameter space T = TP for the semistable complexes and a reductive group

G = GP acts on this parameter space such that the orbits correspond to isomorphism

classes of complexes. Schmitt uses the stability parameters to determine an ample

linearisation of the G-action such that GIT semistability corresponds to semistability

as defined above and then takes the GIT quotient to construct moduli spaces of

S-equivalence classes of complexes.

The moduli spaces of complexes constructed by Schmitt are not quite suitable for

our purposes as complexes with wildly different cohomology can be identified in these

moduli spaces. In an attempt to rectify this situation we instead take a quotient of a

subscheme of the parameter scheme T such that all complexes parametrised by this

subscheme have cohomology sheaves of a certain type. This statement will be made
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0.1. Introduction

more precise later on in this introduction, but first we discuss work on stratifications

of schemes with group actions due to Hesselink [17], Kempf and Ness [22] and Kirwan

[24].

Let Y be a nonsingular complex projective variety with an action by a reductive

group G and L be an ample linearisation of this action. Associated to this action and

linearisation there is a stratification

Y =
⊔
β∈B

Sβ

into G-invariant locally closed subvarieties such that the open stratum is the GIT

semistable subvariety with respect to L (see [17, 22, 24]). The GIT quotient provides

a categorical quotient of the G-action on the semistable subscheme and we consider

the problem of constructing quotients of the G-action on the unstable strata. In this

thesis we find a canonical linearisation on a projective completion of each stratum

which can be used to obtain a categorical quotient of the G-action on that stratum.

Unfortunately, the categorical quotient has the disadvantage that in general there are

no stable points and so too many orbits are collapsed in this quotient. Instead we

suggest a perturbation of the canonical linearisation should be used to construct a

categorical quotient of an open subscheme of the unstable strata. We also note that

this can all be extended to a projective scheme Y which is G-equivariantly embedded

in an ambient projective space by intersecting the stratification of the projective space

with Y .

We are ultimately interested in understanding the strata occurring in the strat-

ification of the parameter space T for complexes associated to the linearisation for

a suitable choice of Schmitt stability parameters. As a first step in this direction

we study the stratification of the parameter scheme Q for sheaves over a complex

projective scheme.

3
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Recall that every pure sheaf E has a unique filtration by subsheaves

0 = E(0) ( E(1) ( E(2) ( · · · · · · ( E(s) = E

such that the successive quotients E(i)/E(i−1) are semistable with decreasing reduced

Hilbert polynomial. This filtration is called the Harder–Narasimhan filtration of E

and the Harder–Narasimhan type of E is the tuple of Hilbert polynomials of the

successive quotients E(i)/E(i−1).

Atiyah and Bott used Yang-Mills theory to stratify an infinite dimensional affine

space of unitary connections on a fixed smooth vector bundle over a Riemann surface

Σ and calculate the Betti numbers of moduli spaces of vector bundles over Σ. The

stratification they obtained was a stratification by Harder–Narasimhan types of vector

bundles [3].

This gives us reason to believe that the strata in the stratification of Q should also

be related to Harder–Narasimhan types. By using the explicit algebraic descriptions

of the strata given in [24], we are able to show that this is the case. More precisely,

we prove that for a fixed nontrivial Harder–Narasimhan type the construction of the

parameter space for sheaves and its linearisation can be chosen so that all sheaves

with this Harder–Narasimhan type are parametrised by a subscheme of Q and that

this subscheme is a union of connected components of an unstable stratum in the

stratification of Q.

Before we can start to discuss the stratification we will consider for complexes

we need to choose a stability condition which is used to determine this stratifica-

tion. For any choice of stability parameters a complex of torsion free sheaves has a

Harder–Narasimhan filtration with respect to these parameters. We find a collection

of stability parameters indexed by a small positive rational parameter ε such that

the Harder–Narasimhan filtration of a complex F· for ε sufficiently small is given by

4



0.1. Introduction

refining the filtration

...
...

...
...

· · · → Fi−1 → Im di−1 → 0 → 0 → · · ·

∩ ∩ ∩ ∩

· · · → Fi−1 → ker di → 0 → 0 → · · ·

∩ ∩ ∩ ∩

· · · → Fi−1 → Fi → Im di → 0 → · · ·
...

...
...

...

by the Harder–Narasimhan filtrations of the cohomology sheaves Hi(F·) and the

Harder–Narasimhan filtrations of the image sheaves Im di. Therefore, the Harder–

Narasimhan type is given by τ = (H, I) where H denotes the Harder–Narasimhan

types of the cohomology sheaves and I denotes the Harder–Narasimhan types of the

images. If two complexes have the same Harder–Narasimhan type with respect to

these conditions for ε sufficiently small, then their cohomology sheaves have the same

Harder–Narasimhan types.

We use the stability conditions described above to obtain a stratification of a

projective completion T of the parameter space for complexes. For a nontrivial

Harder–Narasimhan type τ we show that the set up can be chosen so that there

is a subscheme Rτ of the parameter space T which parametrises complexes with this

Harder–Narasimhan type τ and that this subscheme is the intersection of the pa-

rameter space with a union of connected components of an unstable stratum. The

subscheme Rτ is invariant under the action of GP (τ) where P (τ) is the tuple of Hilbert

polynomials of the sheaves occurring in any complex with Harder–Narasimhan type

τ .

The objects in our diagram of schemes should be quotients of the GP (τ)-action

on the subscheme Rτ for different Harder–Narasimhan types τ ; such a quotient is

5
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given by a choice of linearisation. Recall that there is a canonical linearisation on

each unstable stratum which gives a categorical quotient of the GP (τ)-action on that

stratum. In this case the quotient of Rτ obtained from the canonical linearisation

is isomorphic to the product of moduli spaces for the successive quotients in the

Harder–Narasimhan filtrations of the cohomology and image sheaves. In particular,

any complex E· with Harder–Narasimhan filtration

0 = E(0)
· ( E(1)

· ( E(2)
· ( · · · · · · ( E(s)

· = E·

of type τ is identified with the graded object ⊕E(i)
· /E(i−1)

· associated to this filtration

in this quotient. In general this will not be desirable and so we will instead want

to pick a perturbation Lper
τ of this canonical linearisation. We actually work with a

slightly larger scheme R̂τ than Rτ whose points parametrise complexes with higher

Harder–Narasimhan types than that specified by τ .

Given some starting data (a choice of perturbed linearisation for each Harder–

Narasimhan type) we construct a diagram in the category of schemes as follows.

Firstly we fix the Harder–Narasimhan types H of the cohomology sheaves. The

objects in this diagram are indexed by Harder–Narasimhan types τ = (H, I) where

I is a collection of trivial Harder–Narasimhan types for the images. The object

corresponding to τ is the quotient Mτ = R̂τ//Lperτ
GP (τ). For any complex A· we can

define a morphism of parameter spaces

TP → TP+P (A·)

corresponding to taking the direct sum with this fixed complex. For a Harder–

Narasimhan type τ = (H, I) this restricts to a morphism

R̂τ → R̂τ ′

6
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where τ ′ = τ + τ(A·). If A· is acyclic and this descends to a morphism

Mτ = R̂τ//Lperτ
GP (τ) →Mτ ′ = R̂τ ′//Lper

τ ′
GP (τ ′)

of the quotients, then this is a morphism in our diagram.

Finally, we consider the colimit of the above diagram. Suppose f : F· → G· is a

quasi-isomorphism between two complexes which represent points in this diagram. If

the perturbed linearisations are chosen in a compatible way so that there are direct

sum morphisms

Mτ(F·) M ′τ and Mτ(G·) M ′τ
-

⊕Cone(f)
-

⊕Cone(idF· )

in this diagram where τ ′ = τ(F·)+τ(Cone(f)) = τ(G·)+τ(Cone(idF·)), then we prove

that F· and G· are identified in the colimit of this diagram. We end by conjecturing

that one can choose the starting data so that this is possible for any such quasi-

isomorphism.

The layout of this thesis is as follows:

In Chapter 1 we review some general facts about geometric invariant theory.

We describe the standard constructions of affine and projective quotients, but also

describe a way to generalise these approaches in Section 1.6.

In Chapter 2 we describe a stratification of a complex projective scheme with a

reductive group action linearised by an ample line bundle (see [17, 22, 24]). We find

a canonical linearisation on a compactification of each unstable stratum which gives

a categorical quotient of the group action on that stratum (Proposition 2.2.8).

In Chapter 3 we apply the ideas of Chapter 2 to a closed subscheme Q of a quot

scheme parametrising quotient sheaves with fixed Hilbert polynomial over a complex

projective scheme. For a nontrivial Harder–Narasimhan type we show that there

is a scheme which parametrises all sheaves with this fixed Harder–Narasimhan type

and that this scheme is a union of connected components of an unstable stratum in

7
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the associated stratification of Q (Theorem 3.5.7). An earlier version of some of the

material in Chapters 2 and 3 was included in [18].

Chapter 4 is mostly a review of a construction due to Schmitt [39] for moduli

spaces of S-equivalence classes of complexes of semistable complexes. In Section 4.2

we calculate the fixed points and weights of C∗-actions on the parameter space from

which this moduli space is constructed.

In Chapter 5 we study properties of the semistability conditions for complexes. We

show that there is a collection of stability conditions indexed by a rational parameter

0 < ε << 1 such that the Harder–Narasimhan filtration of a complex with respect to

these conditions for ε sufficiently small tells us about the cohomology sheaves of this

complex (Proposition 5.3.7).

In Chapter 6 we study the stratifications of a projective completion T of the

parameter space for complexes with respect to the linearisations determined by the

collection of stability parameters studied in Chapter 5. We show there is a scheme

parametrising complexes of a fixed nontrivial Harder–Narasimhan type which is the

intersection of the parameter scheme with a union of connected components of an

unstable stratum (Theorem 6.4.9).

In Chapter 7 we consider diagrams in the category of schemes which are con-

structed from some starting data. The objects are moduli spaces of S-equivalence

classes of complexes and the morphisms are given by taking direct sums with acyclic

complexes. We conjecture that this starting data can be chosen so for any quasi-

isomorphism between complexes representing points in this diagram both complexes

represent the same point in the colimit of this diagram.

8
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0.2 Notation and conventions

We use the word scheme (respectively variety) to mean algebraic scheme (respec-

tively algebraic variety) and the word sheaf to mean coherent algebraic sheaf unless

otherwise stated. The term point is used to mean geometric point unless otherwise

stated.

For a locally free sheaf E on a scheme X, we define the dual of E to be the locally

free sheaf

E∨ := HomOX (E ,OX).

If E is a locally free sheaf on a scheme X, then we define the projective bundle

associated to E· to be

P(E) := Proj Sym(E∨).

If X is a scheme over a field k, then the points of P(E) correspond to punctured lines

through the origin in the fibres of E . If we view a finite dimensional k-vector space

V as a locally free sheaf over the point Spec k then

P(V ) = (V − {0})/Gm

where Gm := Spec k[t, t−1] is the multiplicative group scheme.

If X → Y and Z → Y are morphisms of schemes, then X ×Y Z denotes the fibre

product of these schemes. Whereas if G is a group scheme and H ⊂ G is a subgroup

acting on a scheme X, then we let G ×H X denote the quotient of G × X by the

diagonal action of H on the right on G and on the left on X.

9



Chapter 1

Geometric invariant theory

In this chapter we review standard results and constructions in GIT and moduli

theory to establish notation and conventions. The standard reference for GIT is [34]

and for a more elementary introduction see [33, 36, 41].

1.1 Moduli problems

Given a set of algebro-geometric objects A with an equivalence relation ∼ on A

the aim of moduli theory is to provide a more geometric description of the set of

equivalence classes A/∼. Recall that a moduli problem consists of more than just

the set A and equivalence relation ∼; it requires the notion of families of objects in

A parametrised by a base scheme S and a lift of the equivalence relation to families.

We also require that

1) A family parametrised by a point is an object in A and the equivalence relation

over a point is just ∼,

2) Given a family X parametrised by a scheme S and a morphism of schemes

ϕ : T → S, there is a pullback family ϕ∗X parametrised by T .

10



1.2. Construction of GIT quotients

This should all be functorial, so that a moduli problem is given by a contravariant

functor

M : Sch −→ Sets

S 7→ {families parametrised by S}/ ∼

which is often referred to as the moduli functor. Recall the following definitions of

fine and coarse moduli spaces.

Definition 1.1.1. A scheme M is a fine moduli space if it represents a moduli functor

M; that is, M is isomorphic to the functor of points M = Hom(−,M) associated to

M .

This situation is ideal since we have a scheme structure on the set of equivalence

classes A/∼ and a universal family U parametrised by M which corresponds to the

identity morphism on M . This family is universal in the sense that for any family

X parametrised by S there is a unique map ϕ : S → M such that ϕ∗U ∼ X.

Unfortunately moduli functors are not always representable and so we may instead

look for a scheme which best approximates this.

Definition 1.1.2. A functor M : Sch → Sets is corepresented by a scheme M

if there is a natural transformation ϕ : M → M such that for all schemes Y and

natural transformations h : M → Y there is a unique morphism φ : M → Y such

that h = φ◦ϕ. We say M is a coarse moduli space if it corepresents a moduli functor

M and for every algebraically closed field k the k-valued points of M are in bijection

with the equivalence classes A/∼.

1.2 Construction of GIT quotients

We assume G is a linear algebraic group acting on a scheme X over an algebraically

closed field k of characteristic zero.

11



Chapter 1. Geometric invariant theory

Definition 1.2.1. A categorical quotient of X by G is a scheme Y and a G-invariant

morphism φ : X → Y with the following universal property. For each scheme Z and

G-invariant morphism ϕ : X → Z there is a unique morphism ϕ′ : Y → Z such that

ϕ = ϕ′ ◦ φ. If in addition, for each point y ∈ Y the preimage φ−1(y) is a single orbit,

then we call Y an orbit space.

Mumford’s GIT allows us to construct categorical quotients of an open subset of

X for actions by reductive groups. Recall that every linear algebraic group G has a

unique maximal connected normal solvable subgroup called the radical of G.

Definition 1.2.2. A linear algebraic group G over k is reductive if its radical is an

algebraic torus (Gm)n.

A useful property of reductive groups is the following theorem of Nagata:

Theorem 1.2.3 (Nagata). Let G be a reductive group acting on a finitely generated

k-algebra R. Then the invariant subalgebra RG is a finitely generated k-algebra.

1.2.1 Affine quotients

Let G be a reductive group acting on an affine scheme X = Spec R over k. This

action induces an action of G on R and the inclusion RG → R induces a morphism

φ : X → Y := SpecRG.

Theorem 1.2.4. ([34], Theorem 1.1) Let G be a reductive group acting on an affine

scheme X. Then the above morphism φ : X → Y is a categorical quotient.

Remark 1.2.5. If X is an affine variety, then by Nagata’s Theorem the invariant

subalgebra RG is a finitely generated k-algebra. Moreover, as RG is a subalgebra of

R it has no nilpotents and so the categorical quotient Y is also an affine variety.
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1.2. Construction of GIT quotients

1.2.2 Projective quotients

In order to construct a GIT quotient of a projective scheme X we need some extra

data. This is given by a lift of the G-action to an ample invertible sheaf on X; such

a choice is called a linearisation of the action.

Definition 1.2.6. Let π : L → X be a line bundle on X. A linearisation of the

action of G with respect to L is an action of G on L such that

i) For all g ∈ G and l ∈ L, we have π(g · l) = g · π(l),

ii) For all x ∈ X and g ∈ G the map of fibres Lx → Lg·x is a linear map.

The linearisation is often also denoted by L. We say a linearisation L is (very) ample

if the invertible sheaf associated to L is (very) ample.

Remark 1.2.7. Let L denote the invertible sheaf associated to the line bundle L;

then the notion of a linearisation of an action σ : G×X → X can be stated in terms

of sheaves as follows. Let πX : G × X → X denote the projection onto the second

factor and µ : G×G→ G denote the group action. A linearisation of the action with

respect to L is an isomorphism

Φ : σ∗L → π∗XL

which satisfies the cocycle condition:

(µ× idX)∗Φ = π∗23Φ ◦ (idG × σ)∗Φ

where π23 : G×G×X → G×X is the projection onto the last two factors (see [34],

Definition 1.6).

Example 1.2.8. Let L = X × k be the trivial line bundle on a scheme X over k;

then a linearisation of a G-action on X with respect to L corresponds to a character

13



Chapter 1. Geometric invariant theory

χ : G→ Gm. The character χ defines a lift of the action to L by

g · (x, z) = (g · x, χ−1(g)z)

where (x, z) ∈ X × k. More generally, we can use a character χ : G→ Gm to modify

any given linearisation L of a G-action on X by defining

g · (x, z) = (g · x, χ(g)g · z)

for x ∈ X and z ∈ Lx.

Example 1.2.9. There is a natural linearisation of the SL(n+ 1, k) action on Pn =

P(kn+1) with respect to L = OPn(1) such that the induced action of G on

H0(Pn,OPn(1)) = (kn+1)∗

is dual to the natural SL(n+ 1, k)-action on kn+1.

The tensor product of two linearisations has a natural linearisation as does the

inverse of the invertible sheaf associated to a given linearisation; hence there is a

group of isomorphism classes of G-linearisations over X which is denoted PicG(X).

Remark 1.2.10. Suppose that X is a projective scheme and L is a very ample

linearisation. There is an induced action of G on H0(X,L) such that the natural

evaluation map

H0(X,L)⊗k OX → L

is G-equivariant and so induces a G-equivariant embedding

X ↪→ P(H0(X,L)∗).

14



1.2. Construction of GIT quotients

In this case we have a linear representation of G on H0(X,L)∗ and the action of G

on X is induced by the action of G on P(H0(X,L)∗).

Now suppose X is projective and the linearisation L is ample. The linearisation

induces an action of G on the space of sections H0(X,L⊗r) and the invariant sections

⊕
r≥0

H0(X,L⊗r)G ⊂
⊕
r≥0

H0(X,L⊗r)

form a graded subalgebra. In this case the GIT quotient of X by G with respect

to the linearisation L is the projective scheme associated to the graded algebra of

invariant sections,

X//LG := Proj
⊕
r≥0

H0(X,L⊗r)G.

The inclusion of the subalgebra of invariant sections induces a rational map X 99K

X//LG. This map is in fact a categorical quotient of the open subset of X on which

this map is a morphism. This motivates the definitions of (semi)stability with respect

to L:

Definition 1.2.11. Let G be a reductive group acting on a projective scheme X and

suppose we have an ample linearisation L of the action.

1) A point x ∈ X is semistable (with respect to L) if there is an invariant section

s ∈ H0(X,L⊗r)G for some r > 0 such that s(x) 6= 0. The open subset of

semistable points with respect to L is denoted Xss(L).

2) A point x ∈ X is stable (with respect to L) if dim G ·x = dim G and there is an

invariant section s ∈ H0(X,L⊗r)G for some r > 0 such that s(x) 6= 0 and the

action of G on Xs := {x ∈ X : s(x) 6= 0} is closed. The open subset of stable

points with respect to L is denoted Xs(L).

3) The points which are not semistable are called unstable.

15
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Theorem 1.2.12. ([34] Theorem 1.10) Let G be a reductive group acting on a pro-

jective scheme X and L be an ample linearisation of this action. Then there is a

projective GIT quotient

X//LG = Proj
⊕
r≥0

H0(X,L⊗r)G

and an affine morphism

φ : Xss(L)→ X//LG

which is a categorical quotient of Xss(L) by G. Furthermore, there is an open subset

Y s ⊂ X//LG such that φ−1(Y s) = Xs(L) and φ : Xs(L) → Y s is an orbit space for

the G-action on Xs(L).

We say two semistable points x and x′ are S-equivalent if the orbit closures of x

and x′ meet in the semistable subset Xss(L). Then, topologically, the GIT quotient

is the semistable set modulo S-equivalence:

Proposition 1.2.13. Let x and x′ be points in Xss(L) such that φ(x) = φ(x′) then

x and x′ are S-equivalent.

1.3 The Hilbert–Mumford criterion

To determine from first principles whether a point is stable, semistable or unsta-

ble can be difficult, but Mumford developed a numerical criterion to determine

(semi)stability known as the Hilbert–Mumford criterion. This criterion involves

checking (semi)stability with respect to every one-parameter subgroup (1-PS) of G;

that is, every nontrivial homomorphism λ : Gm → G. In this section we follow the

original conventions of Mumford.

Suppose that X is embedded in Pn and the action is given by a representation

ρ : G→ GL(n+1). A 1-PS λ : Gm → G induces a linear action of Gm on An+1 which

16



1.3. The Hilbert–Mumford criterion

we can diagonalise by choosing a basis e0, ..., en of An+1 so that

λ(t) · ei = triei for ri ∈ Z.

We call the ri the λ-weights of this action on An+1. For x ∈ X we can pick x̂ ∈

An+1 − {0} lying above this point and write x̂ =
∑n

i=0 x̂iei. The action of λ on x is

given by

λ(t) · x̂ =
n∑
i=0

tri x̂iei .

We define the Hilbert-Mumford function µ of x at λ by

µ(x, λ) := max{−ri : x̂i 6= 0}.

More generally, suppose X is a projective scheme with a G-action and linearisation

L. If λ is a 1-PS of G and x ∈ X, then the limit

x = lim
t→0

λ(t) · x

exists in X as X is proper. The limit x is fixed by the Gm action induced by λ and

so Gm acts on the fibre Lx by a character t 7→ tr. In this case we define

µL(x, λ) := r

Remark 1.3.1. These definitions are consistent when X is a projective scheme and

L is a very ample linearisation. The linearisation gives rise to a G-equivariant embed-

ding X ↪→ P(H0(X,L)∗) and the action is given by a linear representation of G on

H0(X,L)∗. The action of a 1-PS λ on H0(X,L)∗ is diagonalisable; therefore, there

is a basis s∗0, . . . , s
∗
n of H0(X,L)∗ and integers r0, . . . , rn such that λ(t) · s∗i = tris∗i .

17



Chapter 1. Geometric invariant theory

Then

µL(x, λ) := max{−ri : x̂i 6= 0} = −min{ri : x̂i 6= 0}

is equal to the weight of the character acting on the fibre of L over the fixed point

limt→0 λ(t) · x.

Theorem 1.3.2. (Hilbert–Mumford Criterion, [34] Theorem 2.1) Let G be a reductive

group scheme acting on a projective scheme X with respect to an ample linearisation

L. Then

x ∈ Xss(L)⇐⇒ µL(x, λ) ≥ 0 for all 1-PSs λ of G,

x ∈ Xs(X)⇐⇒ µL(x, λ) > 0 for all 1-PSs λ of G.

If we are working over the complex numbers, then we can use the representation

theory of G to define the quantity µL(x, λ). Suppose that L is very ample so that

we have a G-equivariant embedding X ↪→ P(V ) where V = H0(X,L)∗. For a fixed

maximal torus T of G we get a T -weight space decomposition of V

V =
⊕

χ∈X∗(T )

Vχ

where Vχ = {v ∈ V : g · v = χ(g)v} and X∗(T ) = Hom(T,C∗). The characters χ

which index nonzero Vχ are called the T -weights of V . For x ∈ X we can choose

v ∈ V lying over this point and write v =
∑
vχ. We define the T -state of x to be the

set

stT (x) := {χ : vχ 6= 0}

and let convT (x) denote the convex hull of stT (x) in X∗(T ) ⊗Z R. If we consider

instead the action of T on X and the associated linearisation LT then for any 1-PS

λ of T

µLT (x, λ) = max{− < λ, χ >: χ ∈ stT (x)}

18
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where < λ, χ > denotes the integer defined by χ ◦ λ(t) = t<λ,χ>. Therefore we have

a geometric condition for T -(semi)stability of x:

x ∈ Xss(LT ) ⇐⇒ 0 ∈ convT (x),

x ∈ Xs(LT ) ⇐⇒ 0 ∈ convT (x)◦.

The (semi)stability of x under the maximal tori of G tells us the (semi)stability of x

under G because the 1-PSs of G correspond to the union of the 1-PSs of all maximal

tori of G. Therefore,

Xss(L) =
⋂
T⊂G

Xss(LT ).

As any two maximal tori are conjugate and

µL(g · x, λ) = µL(x, g−1λg)

(see [34], §2.1) we have:

Corollary 1.3.3. (Hilbert-Mumford criterion)

x ∈ Xss(L) ⇐⇒ 0 ∈ convT (g · x) for all g ∈ G,

x ∈ Xs(L) ⇐⇒ 0 ∈ convT (g · x)◦ for all g ∈ G.

1.4 Instability in GIT

Let G be a reductive group scheme acting on a projective scheme X and suppose L is

an ample linearisation. If x ∈ X−Xss(L) is unstable, then, by the Hilbert–Mumford

criterion, there exists a 1-PS λ such that µL(x, λ) < 0. In this section we describe

work of Kempf [21] on a natural class of one-parameter subgroups associated to such

19



Chapter 1. Geometric invariant theory

an unstable point.

Let T be a maximal torus of G and W := NG(T )/T be the Weyl group. We

denote the sets of 1-PS and characters of G by

X∗(G) := Hom(Gm, G)

X∗(G) := Hom(G,Gm).

Let <,> be a W -invariant inner product on X∗(T )R := X∗(T )⊗Z R. For any 1-PS λ

of G there is a g ∈ G such that g−1λg is a 1-PS of T . Therefore, we define the norm

of the 1-PS λ to be the norm of g−1λg viewed as an element of X∗(T )R

||λ|| :=
√
< g−1λg, g−1λg >.

Consider the function on X defined by

ML(x) := inf
λ∈X∗(G)

µL(x, λ)

||λ||
.

By [34], Proposition 2.17 this function takes finite values as L is ample. The Hilbert–

Mumford criterion can be rephrased as

x ∈ Xss(L) ⇐⇒ ML(x) ≥ 0,

x ∈ Xs(L) ⇐⇒ ML(x) > 0.

Definition 1.4.1. If x is unstable with respect to L, then ML(x) < 0. Any 1-PS λ

which achieves this minimum

µL(x, λ)

||λ||
= ML(x)
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1.5. GIT for non-ample linearisations

is said to be an adapted to x. We let ∧L(x) denote the set of non-divisible 1-PSs

which are adapted to x.

Definition 1.4.2. For any 1-PS λ of G we define a parabolic subgroup

P (λ) :=
{
g ∈ G : lim

t→0
λ(t)gλ(t−1) exists inG

}

of G.

The relationship between adapted 1-PSs and their associated parabolic is given

by the following theorem of Kempf.

Theorem 1.4.3. ([21] Theorem 6) Let G be a reductive group scheme acting on a

projective scheme X and suppose L is an ample linearisation. If x ∈ X −Xss(L) is

an unstable point, then

1) ∧L(x) is nonempty.

2) There is a parabolic subgroup PLx such that PLx = P (λ) for all λ ∈ ∧L(x).

3) All elements of ∧L(x) are conjugate to each other by elements of PLx .

1.5 GIT for non-ample linearisations

In the above sections we were working with an ample linearisation of a reductive group

action on a scheme. In Mumford’s book on GIT [34] the case when the line bundle

is non-ample is discussed although most of the results use ample linearisations; for

example, we need an ample linearisation for useful results like the Hilbert–Mumford

criterion. In this section we give a quick survey of the construction of GIT quotients

for arbitrary linearisations.

Definition 1.5.1. Let X be a scheme over k with an action by a reductive group G

and L be a linearisation of this action.
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1) A point x ∈ X is semistable (with respect to L) if there is an invariant section

s ∈ H0(X,L⊗r)G for some r ≥ 0 such that s(x) 6= 0 and Xs = {x ∈ X : s(x) 6=

0} is affine. The open subset of semistable points with respect to L is denoted

Xss(L).

2) A point x ∈ X is stable (with respect to L) if dim G ·x = dim G and there is an

invariant section s ∈ H0(X,L⊗r)G for some r ≥ 0 such that s(x) 6= 0 and Xs

is affine and the action of G on Xs is closed. The open subset of stable points

with respect to L is denoted Xs(L).

3) The points which are not semistable are called unstable.

Remark 1.5.2. If X is projective and L is ample, then this agrees with Definition

1.2.11 as Xs is affine for any non-constant section.

In this case the GIT quotient is constructed by covering X by affine schemes and

gluing the GIT quotients of these affine schemes.

Theorem 1.5.3. ([34] Theorem 1.10) Let G be a reductive group acting on a scheme

X over k and L be a linearisation of this action. Then there is a quasi-projective

scheme X//LG and an affine morphism φ : Xss(L) → X//LG which is a categorical

quotient of the G-action on Xss(L). Furthermore, there is an open subset Y s ⊂

X//LG such that φ−1(Y s) = Xs(L) and φ : Xs(L) → Y s is an orbit space for the

G-action on Xs(L).

1.6 Generalising GIT

So far in this chapter we have mostly focused on reductive group actions on projective

schemes with respect to ample linearisations. In this situation GIT works best, but

sometimes we may want to do GIT when we have either a non-reductive group or

a non-ample linearisation of the action. In Section 1.5 above we discussed the case
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1.6. Generalising GIT

when the linearisation is non-ample. Work of Doran and Kirwan [10] and others gives

constructions for non-reductive groups, but here we take a simplified point of view

which suffices for this thesis.

In this section we describe a method for constructing quotients in the following set

up. Suppose we have a quasi-projective scheme X with an action by a linear algebraic

group G and a G-equivariant projective completion X. Given a linearisation L of the

G-action on X and a finitely generated graded subalgebra

R ⊂
⊕
r≥0

H0(X,L⊗r)G

of the algebra of invariant sections we define a generalised GIT quotient with respect

to (L, R) as follows. There is a rational morphism

X 99K ProjR

which restricts to a morphism on the open subscheme X
nss

of naively semistable

points; that is, the points x ∈ X for which there is a section σ ∈ R+ := ⊕r>0Rr such

that σ(x) 6= 0. Let X//(L,R)G denote the scheme theoretic image of the morphism

X
nss → ProjR.

The generalised GIT quotient of the G-action on X with respect to (L, R) is given by

Xnss → X//(L,R)G.

Remark 1.6.1. Note that:

1) In the case when X is projective and G is reductive and L is ample we can pick

R to be the whole invariant subalgebra and then the generalised GIT quotient
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is the standard GIT quotient in the sense of Mumford.

2) If G is reductive and L is not ample the generalised GIT quotient may differ

from Mumford’s GIT quotient discussed in Section 1.5. For example, if X is

projective and we take L = OX to be the trivial line bundle then Mumford’s

quotient is empty whereas the generalised GIT quotient is a point.

3) Note that the morphism to the generalised GIT quotient is no longer necessarily

surjective (this can be the case with non-reductive GIT when X is projective

and L is ample and R is the whole invariant subalgebra cf. [10]).

Ideally we want to choose R to be reasonably large subject to the condition that

it is finitely generated so that we have as many invariant sections as possible to

distinguish between orbits.

Remark 1.6.2. Suppose G is a (not necessarily reductive) subgroup of a reductive

group G̃ which acts linearly on a projective scheme X̃ with respect to an ample

linearisation L̃. If there is a G-equivariant morphism f : X → X̃ such that f∗L̃ and

L are isomorphic linearisations, then the image R of the induced map

⊕
r≥0

H0(X̃, L̃⊗r)G̃ →
⊕
r≥0

H0(X,L⊗r)G

is finitely generated and so the pair (L, R) defines a generalised linearisation on X.

Moreover, the generalised GIT quotient X//(L,R)G is the closure of X
nss

in the ordi-

nary GIT quotient X̃//L̃G̃.

1.7 Constructing moduli spaces via GIT

Suppose we have a moduli problem for which we can express the equivalence classes

as orbits of a reductive group action G on a scheme X. We want to know when
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the categorical quotient really is a moduli space; for this we need the local universal

property:

Definition 1.7.1. For a given moduli problem we say a family X parametrised by

a scheme S has the local universal property if for any family X ′ parametrised by a

scheme S′ and point s ∈ S′ there exists a neighbourhood U of s in S′ and a morphism

φ : U → S such that X ′|U ∼ φ∗X.

Proposition 1.7.2. ([36] Proposition 2.13) Suppose for a given moduli problem we

have a family X parametrised by a scheme S which has the local universal property.

Suppose also there is a reductive group G which acts on S so that s, t ∈ S lie in the

same orbit if and only if Xs ∼ Xt. Then:

1) Any coarse moduli space is a categorical quotient of S by G.

2) A categorical quotient of S by G is a coarse moduli space if and only if it is an

orbit space.
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Quotients of unstable

subschemes

Let X be a complex projective scheme and G be a complex reductive group acting

on X with respect to an ample linearisation L. The GIT quotient X//LG is a pro-

jective scheme which is a categorical quotient of an open subscheme Xss of X, whose

geometric points are semistable for the action of G with respect to L. Associated to

this action of G on X and linearisation there is a stratification {Sβ : β ∈ B} of X into

disjoint G-invariant locally closed subschemes, such that the open stratum is Xss(L)

[17, 22, 24].

In this chapter we consider the problem of finding quotients for the G-actions on

each unstable stratum Sβ separately. For each β ∈ B we find a canonical linearisation

on a projective completion of the stratum Sβ which in general is non-ample. In fact

this linearisation will be used as a generalised linearisation (see Section 1.6). The

subscheme of naively semistable points with respect to this canonical linearisation is

the stratum Sβ itself and so we can use this linearisation to take a quotient of the G-

action on Sβ. The generalised GIT quotient is a categorical quotient of the G-action

on Sβ, but has the disadvantage that in general it has no stable points. To rectify
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this we suggest that a perturbation of the canonical linearisation should instead be

used to take the quotient.

2.1 Stratifications of projective varieties

In this section we state the results needed from [24] in the case when X is a nonsin-

gular complex projective variety. The stratification of X has both an algebraic and

symplectic description; for more details on symplectic geometry see [8, 30, 37, 41].

We will also be using standard results from the representation theory of Lie algebras;

good references for this are [7, 9, 11].

Let G be a complex reductive group acting linearly on a nonsingular complex

projective variety X with respect to an ample linearisation L. For the purposes of

GIT we can assume without loss of generality that L is very ample, so that X is

embedded in projective space Pn = P(H0(X,L)∗) and the action of G is given by a

homomorphism ρ : G → GL(n + 1). As G is a complex reductive group, it is the

complexification of a maximal compact subgroup K. We can assume without loss of

generality that K acts unitarily on Pn via a representation ρ : K → U(n+ 1).

Alternatively we can view X as a symplectic manifold with symplectic form ω

inherited from the Kähler structure on Pn defined by the Fubini-Study metric. The

action of K on the symplectic manifold (X,ω) is Hamiltonian and so if K = LieK,

then there is an associated moment map µ : X → K∗ given by

µ(x) := ρ∗
(

x?x̄?t

2πi||x?||2

)

where x? ∈ Cn+1 lies over x ∈ Pn and ρ∗ : u(n + 1)∗ → K∗ is dual to Lieρ. The

symplectic analogue of the GIT quotient is the symplectic reduction µ−1(0)/K of

Marsden and Weinstein [30]. A point x ∈ X is semistable if and only if the closure of
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its G-orbit meets µ−1(0). The inclusion of µ−1(0) in Xss induces a homeomorphism

µ−1(0)/K ∼= X//G.

We fix an inner product on K which is invariant under the adjoint action of K. The

norm square of the moment map ||µ||2 : X → R with respect to this inner product

induces a Morse-type stratification of X into G-invariant locally closed nonsingular

subvarieties

X =
⊔
β∈B

Sβ

where the indexing set B is a finite set of adjoint orbits in the Lie algebra K (or

equivalently a finite set of points in a fixed positive Weyl chamber t+ in K). In

particular 0 ∈ B indexes the open stratum S0 which is equal to the semistable subset

Xss.

Remark 2.1.1. It is important to note that this stratification depends on the choice

of linearisation and the choice of invariant inner product on K.

The strata indexed by nonzero β ∈ B have both algebraic and symplectic descrip-

tions given in [24]. In this thesis we concentrate on the algebraic description but add

some comments on the symplectic description. We fix a maximal torus T of K and

positive Weyl chamber t+ in the Lie algebra t of T . The restriction ρ|T : T → U(n+1)

is diagonalisable with weights

α0, . . . , αn : T → S1.

If we identify the tangent space of S1 at the identity with the line 2πiR in the complex

plane, and identify 2πiR with R, then by taking the derivative of the weights αi at

the identity we get elements of t∗ ∼= t which we also denote by αi. The index set B is

defined in [24] to be the set of β ∈ t+ such that β is the closest point to zero of the
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convex hull in t of some nonempty subset of the set of weights {α0, . . . αn}.

Remark 2.1.2. Since the set of weights {α0, . . . αn} is invariant under the Weyl

group, the index set B can also be identified with the set of K-orbits in K of closest

points to 0 of convex hulls of subsets of {α0, . . . αn}.

Definition 2.1.3. For β ∈ B we define subvarieties

Zβ := X ∩ {[x0 : · · · : xn] ∈ Pn : xi = 0 if αi · β 6= ||β||2}.

and

Yβ := X ∩

[x0 : · · · : xn] ∈ Pn :
xi = 0 if αi · β < ||β||2 and xi 6= 0

for some i such that αi · β = ||β||2


of X.

Remark 2.1.4. These subvarieties have the following symplectic description. The

closed subvariety Zβ is the set of critical points for the function µβ(x) := µ(x) · β on

which µβ takes the value ||β||2 and Yβ is the set of points in X whose path of steepest

descent under µβ has limit in Zβ.

There is an obvious surjection pβ : Yβ → Zβ which is a retraction onto Zβ. Let

Stabβ be the stabiliser of β under the adjoint action of G on its Lie algebra g. The

closed subvariety Zβ is Stabβ-invariant (see [24] §4.8) and the original linearisation

L restricts to a Stabβ-linearisation on Zβ. The rational weight β ∈ t ∼= t∗ defines a

character of Stabβ which can be used to twist this linearisation.

Definition 2.1.5. Let Zssβ be the GIT semistable subset for the Stabβ action on Zβ

linearised by L twisted by the character defined by −β. Then define Y ss
β := p−1

β (Zssβ )

and Sβ := GY ss
β .
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Remark 2.1.6. The stratum Sβ depends only on the adjoint orbit of β, but in order

to define Zβ we need to fix an element in that adjoint orbit.

Remark 2.1.7. We can restrict the moment map µ to Zβ and µ−β is a moment map

for the Stabβ action on Zβ. The symplectic description of Zssβ is that it is the open

stratum for the Morse stratification of the function ||µ−β||2 on Zβ. The critical point

set of ||µ||2 is the disjoint union over β ∈ B of the closed subsets Cβ := K(Zβ∩µ−1(β))

by [24], Lemma 3.15. Moreover, the stratum Sβ is the set of points in X whose path

of steepest descent under ||µ||2 has a limit point in Cβ.

For β ∈ t+ we define a parabolic subgroup

Pβ := {g ∈ G : lim
t→−∞

exp(itβ) g exp(itβ)−1 exists inG}

of G as in [24] §6. The subvarieties Y ss
β and Yβ are Pβ-invariant (see [24] Lemma

6.10) and by [24] Theorem 6.18 there is an isomorphism

Sβ ∼= G×Pβ Y
ss
β .

Remark 2.1.8. This stratification can also be described in terms of the work of

Hesselink [17] and Kempf and Ness [22]. Recall from Section 1.4 that for each unstable

point x ∈ X there is a collection ∧L(x) of adapted 1-PSs to x and a parabolic subgroup

Px of G which is equal to

P (λ) := {g ∈ G : lim
t→0

λ(t)gλ(t)−1 exists inG}

for any λ ∈ ∧L(x). The alternative stratification [17, 22] uses conjugacy classes of

1-PSs to stratify X and agrees with the stratification of X described above.

To relate these stratifications we can view β as a rational weight in the sense

that there is a natural number m > 0 such that mβ defines a 1-PS C∗ → TC whose
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restriction to S1 → T has derivative at the identity

R ∼= 2πiR ∼= LieS1 → t

sending 1 to mβ. For any rational β ∈ t let λβ : C∗ → TC be the unique non-divisible

1-PS which is defined by qβ for some positive rational number q. Then if β is a

nonzero index the 1-PS λβ is adapted to every x ∈ Y ss
β . Moreover, we have that

Pβ = P (λβ).

2.2 Quotients of the unstable subvarieties

Let β be a nonzero index for the stratification {Sβ : β ∈ B}. In this section we find a

canonical linearisation of the G-action on Sβ. From the description Sβ ∼= G×PβY ss
β we

see that a quotient of the G-action on Sβ is equivalent to a quotient of the Pβ-action

on Y ss
β . We note at this point that the parabolic group Pβ is in general non-reductive.

We take a G-equivariant projective completion Ŝβ of Sβ given by

Ŝβ := G×Pβ Yβ ⊂ G×Pβ X

where Yβ is the closure of Y ss
β in X. We construct a G-linearisation on this projective

completion which we call the canonical linearisation for reasons which become clear

towards the end of this chapter (cf. Proposition 2.2.8)

Remark 2.2.1. It is always the case that

Yβ ⊆ X ∩ {[x0 : · · · : xn] : xj = 0 if αj · β < ||β||2}.

We often have equality here (for example when X = Pn) but it might be the case, for
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example, that X ∩ {[x0 : · · ·xn] : xj = 0 if αj · β < ||β||2} has connected components

which do not meet Yβ.

Remark 2.2.2. It may be the case that Zβ, Yβ and Sβ are disconnected (cf. [24]

§5), in which case we can, if we wish, refine the stratification by replacing Zβ with

its connected components Zβ,j , say, and setting Sβ,j = GY ss
β,j where Y ss

β,j = p−1
β (Zssβ,j).

Then each Sβ,j will be a connected component of Sβ (so long as Zssβ,j is nonempty).

In what follows we will work with Sβ for simplicity of notation, but we could equally

well work with its connected components separately.

There is a natural isomorphism

G×Pβ X ∼= G/Pβ ×X

(g, x) 7→ (gPβ, g · x)

and so we can construct new linearisations on Ŝβ by restricting linearisations on

G ×Pβ X ∼= G/Pβ × X to Ŝβ. The quotient G/Pβ is a partial flag variety and

linearisations of the G-actions on such varieties are well understood.

2.2.1 Line bundles on partial flag varieties G/P

In this section we review the construction of line bundles on partial flag varieties; for

more detailed information see [26, 27, 28, 29]. We assume for the moment that G is

semisimple and simply connected. We fix sets of positive roots Φ+ ⊂ Φ and simple

roots Π. Let ωi denote the fundamental dominant weight associated to a simple root

αi. If λ =
∑
aiωi is a dominant weight, then define

Πλ := {αi ∈ Π : ai = 0} ⊂ Π.

32



2.2. Quotients of the unstable subvarieties

As we have fixed an invariant inner product on the Lie algebra K of the maximal

compact subgroup K of G, we can identify the Lie algebra t of our maximal torus T

with its dual t∗. In particular this defines a one-to-one correspondence between the

characters of T and the one-parameter subgroups of T . By abuse of notation we let λ

also denote the corresponding one-parameter subgroup; then the parabolic subgroup

P (λ) associated to the 1-PS λ has associated simple roots

ΠP (λ) := {αi ∈ Π : −αi is a root of P (λ)} ⊂ Π

and these sets agree, so that Πλ = ΠP (λ).

A character χ : TC → C∗ extends to P (λ) if and only if χ · α∨ = 0 for all coroots

α∨ such that α ∈ ΠP (λ). The weights naturally correspond to characters and the

character defined by λ extends to P (λ) since

λ · α∨i = ai = 0 for all αi ∈ ΠP (λ)

by the definition of this set. We let λ also denote the associated character of P (λ) and

define a line bundle L(λ) on G/P (λ) to be the line bundle associated to the character

λ−1; that is,

L(λ) := G×P (λ) C

↓

G/P (λ)

where (g, z) and (gp, λ(p)z) are identified for all p ∈ P (λ). The sections of L(λ) are

given by

H0(G/P (λ),L(λ)) = {f : G→ C : f(gp) = λ(p)f(g) for all g ∈ G, p ∈ P}

and the natural left G-action gives this vector space a G-module structure. Let V (λ)
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denote the representation of G of highest weight λ. By the Borel–Weil–Bott theorem

[5], there is an isomorphism of G-modules

H0(G/P (λ),L(λ)) ∼= V (λ)∗.

The line bundle L(λ) is very ample if and only if

λ · α∨i = ai > 0 for all αi /∈ ΠP (λ)

which is clearly the case by definition of Πλ = ΠP (λ). Thus there is an embedding

G/P (λ) ↪→ P(H0(G/P (λ),L(λ))∗) ∼= P(V (λ))

which is the natural projective embedding of the partial flag variety G/P (λ). More

concretely, let vmax denote the highest weight vector in V (λ), so that vmax is an

eigenvector for the action of T with eigenvalue λ; then the embedding is given by the

inclusion of the orbit G · vmax,

G/P (λ) ↪→ P(V (λ))

gP (λ) 7→ [g · vmax].

Remark 2.2.3. If G is a subgroup of GL(n) and the weight λ is restricted from

GL(n) we can view the weight λ as an element of the dual of the Lie algebra of both

GL(n) and PGL(n) or equivalently SL(n). There are associated parabolics P (λGL)

and P (λSL), and the partial flag varieties for these two parabolics agree

GL(n)/P (λGL) = SL(n)/P (λSL).

Since SL(n) is semisimple and simply connected there is a projective embedding of
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this partial flag variety into P(V (λSL)) where V (λSL) is the representation of SL(n)

with highest weight λSL. As G ⊂ GL(n) and P (λ) = G ∩ P (λGL) we have

G/P (λ) ⊆ GL(n)/P (λGL) = SL(n)/P (λSL).

Hence we can use this inclusion and the embedding of SL(n)/P (λSL) described above

to obtain a projective embedding of G/P (λ).

2.2.2 The canonical linearisation on Ŝβ

We can apply the above to the case when the parabolic subgroup is Pβ = P (λβ) and

λβ is the 1-PS associated to β ∈ t. The natural embedding of the partial flag variety

G/Pβ is thus given by the very ample line bundle L(λβ)

G/Pβ ↪→ P(H0(G/Pβ,L(λβ))∗) ∼= P(V (β)).

Unfortunately we actually need to twist by −β as we did in Definition 2.1.5 to con-

struct Zssβ . Therefore we consider the non-ample linearisation L(λ−β) on G/Pβ.

Definition 2.2.4. Let Lβ be the G-linearisation on G/Pβ ×X given by the tensor

product of the pullbacks of L(λ−β) on G/Pβ and L on X to G/Pβ × X. We let

Lβ also denote the restriction of this linearisation to Ŝβ and call this the canonical

linearisation on Ŝβ.

Example 2.2.5. ConsiderG = SL(2,C) acting on the complex projective lineX = P1

with respect to L = OP1(1). The semistable set is empty and the action is transitive so

there will be one nonzero index in the stratification of X. We choose a maximal torus

T = {diag(t, t−1) : t ∈ S1}; then the weights of T acting on C2 are α0 = α, α1 = α−1

where

α : T −→ S1
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 t

t−1

 7→ t.

The Lie algebra of T is t ∼= R and we pick the positive Weyl chamber t+ which

contains α. Then β = α is an index for the stratification of X and we have that

Zβ = Zssβ = Yβ = Y ss
β = {[1 : 0]}

and Sβ = X. The parabolic subgroup Pβ is the Borel subgroup of upper triangular

matrices and we have an isomorphism

G/Pβ ∼= P1

gPβ 7→ g ·

 1

0

 .

The very ample line bundle onG/Pβ defined by β isOP1(1) and the line bundle defined

by−β isOP1(−1). The canonical linearisation is given by restrictingOP1(−1)⊗OP1(1)

on P1 × P1 ∼= G/Pβ × X to Ŝβ ∼= Sβ = X. The morphism Sβ → P1 × P1 is the

diagonal morphism and so the canonical linearisation on Sβ = X is Lβ = OP1 . Note

that although Lβ is not ample, it is globally generated.

As we saw in the example above, the canonical linearisation Lβ on Ŝβ is not

necessarily ample. However it is still possible to use this linearisation to produce GIT

quotients, we just need to use the generalised notion of GIT of Section 1.6.

Instead of using the canonical linearisation Lβ of the G-action on Ŝβ we can

instead describe this canonical linearisation in terms of an ample linearisation of the

Pβ action on Y β. Let χ−β : Pβ → C∗ denote the character associated to −β. Then

Lχ−β is a Pβ-linearisation on Y β such that G×Pβ Lχ−β is the canonical linearisation

on Ŝβ. Therefore we will also refer to the Pβ-linearisation Lχ−β on Y β as the canonical
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linearisation and use Lβ to denote this linearisation.

Lemma 2.2.6. We have an isomorphism of graded algebras

⊕
r≥0

H0(Ŝβ,L⊗rβ )G ∼=
⊕
r≥0

H0(Y β,L⊗rβ )Pβ .

Proof. This follows immediately from the fact that Ŝβ = G ×Pβ Y β and the canon-

ical G-linearisation on Ŝβ is equal to G ×Pβ Lβ where here Lβ is the canonical Pβ-

linearisation on Y β.

Although the canonical linearisation on Y β is ample, the group Pβ is not reductive

and so it is not immediate that the ring of invariant sections

⊕
r≥0

H0(Y β,L⊗rβ )Pβ

is finitely generated. Luckily we can relate this canonical linearisation with an ample

linearisation of a reductive group action on Zβ to show the ring of invariant sections

is finitely generated:

Lemma 2.2.7. Let Lβ = Lχ−β be the canonical Pβ-linearisation on Y β. Then the

algebra of invariant sections

R :=
⊕
r≥0

H0(Y β,L⊗rβ )Pβ ∼=
⊕
r≥0

H0(Ŝβ,L⊗rβ )G

is finitely generated.

Proof. Let λβ : C∗ → G be the 1-PS determined by the rational weight β. Then

λβ(C∗) ⊂ Pβ and so

⊕
r≥0

H0(Y β,L⊗rβ )Pβ ⊂
⊕
r≥0

H0(Y β,L⊗rβ )λβ(C∗).
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The torus λβ(C∗) acts on Y β with respect to the canonical linearisation Lβ with

non-negative weights and zero weights exactly on Zβ. Hence

⊕
r≥0

H0(Y β,L⊗rβ )λβ(C∗) ∼=
⊕
r≥0

H0(Zβ,L⊗rβ )λβ(C∗) and

⊕
r≥0

H0(Y β,L⊗rβ )Pβ ⊂
⊕
r≥0

H0(Y β,L⊗rβ )Stabβ ∼=
⊕
r≥0

H0(Zβ,L⊗rβ )Stabβ.

Let σ ∈ H0(Zβ,L⊗rβ )Stabβ and consider p∗βσ ∈ H0(Yβ,L⊗rβ )Stabβ where pβ : Yβ → Zβ

is the retraction defined by β. We have that Pβ = StabβUβ where Uβ is the unipotent

radical of Pβ and there is a retraction qβ : Pβ → Stabβ such that

pβ(p · y) = qβ(p) · pβ(y) (2.1)

for all y ∈ Yβ and p ∈ Pβ. For p ∈ Pβ we can view the action by p as a morphism

from Yβ to itself and let p∗ : H0(Yβ,L⊗rβ ) → H0(Yβ,L⊗rβ ) be the induced morphism

on cohomology. Then

p · p∗βσ := (pβ ◦ p−1)∗σ = (qβ(p−1) ◦ pβ)∗σ = p∗β(qβ(p) · σ) = p∗βσ

as σ is Stabβ invariant. Therefore,

⊕
r≥0

H0(Y β,L⊗rβ )Pβ ∼=
⊕
r≥0

H0(Zβ,L⊗rβ )Stabβ.

As Stabβ is reductive, the algebra of invariant sections

⊕
r≥0

H0(Zβ,L⊗rβ )Stabβ

is finitely generated.
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We can now use the pair (Lβ, R) to give a generalised GIT quotient of Y β which

provides a quotient for the G-action on Ŝβ.

Proposition 2.2.8. The set of naively semistable points for the Pβ-action on Y β

with respect to (Lβ, R) is equal to Y ss
β . Moreover, the generalised GIT quotient is

isomorphic to the GIT quotient of the Stabβ action on Zβ with respect to Lβ := Lχ−β :

Ŝβ//(Lβ ,R)G = Y β//(Lβ ,R)Pβ := Proj(R) ∼= Zβ//LβStabβ.

Proof. By definition Zssβ is the semistable subset for the Stabβ action on Zβ with

respect to Lβ and so Zssβ is contained in the naively semistable set for the Pβ action

on Y β by the proof of Lemma 2.2.7 above. The retraction

pβ : Yβ → Zβ

sends a point y in Yβ to its limit y under a 1-PS of Stabβ, and so y is in the Pβ-

orbit closure of y. Therefore, all points of Y ss
β are naively semistable as they contain

naively semistable points in their orbit closures and the naively semistable subscheme

is open. Conversely, if y ∈ Y β−Yβ then y is not semistable for the λβ(C∗) action and

hence is not naively semistable for the action of Pβ. By the proof of Lemma 2.2.7

above

R ∼=
⊕
r≥0

H0(Zβ,L⊗rβ )Stabβ,

so that y ∈ Yβ is naively semistable if and only if y ∈ Zβ is semistable for the Stabβ

action; that is, y ∈ Zssβ . Moreover, we have an isomorphism

ProjR ∼= Zβ//LβStabβ

with the GIT quotient for the Stabβ-action on Zβ.
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Remark 2.2.9. Since the whole of the invariant subalgebra is finitely generated, we

drop the indexing by R and replace the notation Ŝβ//(Lβ ,R)G = Y β//(Lβ ,R)Pβ with

Ŝβ//LβG = Y β//LβPβ.

Proposition 2.2.10. The morphism Sβ → Zβ//LβStabβ is a categorical quotient of

the G-action on Sβ.

Proof. As Sβ ∼= G ×Pβ Y ss
β , this is equivalent to showing that Y ss

β → Zβ//LβStabβ

is a categorical quotient of the Pβ-action on Y ss
β . The Pβ-invariance of the mor-

phism Y ss
β → Zβ//LβStabβ follows from (2.1) and the Stabβ-invariance of Zssβ →

Zβ//LβStabβ. If we have a Pβ-invariant morphism f : Y ss
β → Y , then we need to

show this morphism factors through Zβ//LβStabβ. As f is Pβ-invariant it is constant

on orbit closures and so f = f |Zssβ ◦ pβ. Since Zssβ → Zβ//LβStabβ is a categorical

quotient of the Stabβ-action on Zssβ and f |Zssβ : Zssβ → Y is Stabβ-invariant, there is a

morphism h : Zβ//LβStabβ → Y such that f |Zssβ is the composition of the categorical

quotient and h. Then we have a commutative diagram

Y ss
β Zssβ Zβ//LβStabβ

Y

-
pβ

Q
Q
Q
Q
QQs

f

-

?

f |
�

�
�
�

��+
h

and so the morphism f factors through Zβ//LβStabβ.

Remark 2.2.11. The generalised GIT quotient produced by the canonical lineari-

sation is a suitable quotient for the action of Stabβ on Zβ although it does not

provide a satisfactory quotient of the G action on Sβ unless Zssβ = Y ss
β . As we saw

above every point y ∈ Y ss
β is identified in this quotient with its projection to Zssβ via

pβ : Y ss
β → Zssβ . This means that the generalised GIT quotient will in general have

lower dimension than expected. In fact for any generalised linearisation such that Zβ

is naively semistable we will have this problem. Therefore, in order to get a better
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quotient of Sβ we need to find a G linearisation for which Zssβ is unstable. We suggest

that using a perturbation of the canonical linearisation will give a better quotient.

Example 2.2.12. Consider G = SL(2,C) acting on the complex projective line

X = P1 with respect to L = OP1(1) as in Example 2.2.5. Then there is only one

index β and Sβ = P1. The subvarieties Zβ, Zssβ , Yβ and Y ss
β all coincide and are equal

to the point [1 : 0] in P1. In this case all sections are invariant

H0(Zβ,L⊗rβ )Stabβ = C

and so the generalised GIT quotient of the G-action on Ŝβ = Sβ with respect to the

canonical linearisation is a point as expected.

2.3 Extending to projective schemes

In this section we extend the above constructions for nonsingular projective varieties

to the case when X is a closed subscheme of Pn and the action of G on X is given by

a linear representation G → GL(n + 1). For the G-action on the ambient projective

space we can define the subvarieties Zssβ and Y ss
β as before. We can also define

the closed subvariety Y β of Pn and use the scheme structure on Pn to give this the

reduced induced closed scheme structure as in [16], II Example 3.2.6. This gives

Ŝβ := G×Pβ Y β its scheme structure. Then the open subsets Sβ ⊂ Ŝβ and Y ss
β ⊂ Y β

get an induced scheme structure as open subsets of schemes. We have a stratification

Pn =
⊔
β∈B

Sβ

into G-invariant locally closed subschemes and the morphism

G×Pβ Y
ss
β → Pn

41



Chapter 2. Quotients of unstable subschemes

induced by the group action

G×Pβ P
n → Pn

is an isomorphism onto Sβ.

To go from the stratification of the ambient projective space Pn to a stratification

of X we intersect the above stratification by taking fibre products. For any subscheme

S of Pn we let

S(X) := S ×Pn X

be the fibre product of X and S over Pn. Then Y β(X) is a closed subscheme of X

and Ŝβ(X) = G×Pβ Y β(X) is a projective completion of Sβ(X). The morphism

G×Pβ Y
ss
β (X)→ X

is an isomorphism onto Sβ(X) by using the universal property of the fibre product

Sβ(X) and the fact that G×Pβ Y ss
β
∼= Sβ for the ambient projective space. We have

a stratification

X =
⊔
β∈B

Sβ(X)

into G-invariant locally closed subschemes, but for some indices β we may have Sβ(X)

is the empty stratum. We note at this point that this stratification can be refined by

taking connected components of Zssβ (X) in the same way as it can for varieties.

We can also define the canonical linearisation on Ŝβ in exactly the same way as

we do for varieties and this can be restricted to Ŝβ(X). In this situation we also have

that the generalised GIT quotient with respect to the canonical linearisation is a

categorical quotient of the G-action on Sβ(X) and is isomorphic to the GIT quotient

Zβ(X)//LβStabβ
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of the Stabβ-action on Zβ(X) with respect to the linearisation Lβ = Lχ−β .
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The stratification for sheaves

We apply the ideas of the previous chapter to moduli spaces of sheaves on a complex

projective scheme W . There is a well-known construction due to Simpson [40] of the

moduli space of semistable pure sheaves on W of fixed Hilbert polynomial as the GIT

quotient of a linear action of a special linear group G on a closed scheme Q of a quot

scheme which is G-equivariantly embedded in a projective space.

In this chapter we study the stratification of Q as in Section 2.1 and give a

description of the unstable strata. We show that the above construction can be

chosen so that elements of Q which parametrise sheaves of a fixed Harder–Narasimhan

type are a union of connected components of a stratum in this stratification. This

generalises the Yang-Mills stratification of Atiyah and Bott [3] for vector bundles over

a nonsingular projective curve (see also [25, 35]).

3.1 Simpson’s construction

Let W be a complex projective scheme with ample invertible sheaf O(1). We con-

sider the moduli problem of classifying pure coherent algebraic sheaves on W up to

isomorphism. Gieseker introduced a notion of semistability for sheaves in [13] and
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constructed coarse moduli spaces of semistable torsion free sheaves in the case when

W is a smooth projective surface. Maruyama generalised this to torsion free sheaves

over integral smooth projective schemes in [31, 32]. Later Simpson [40] constructed

coarse moduli spaces of semistable pure sheaves on complex projective schemes. We

follow the more general construction of Simpson where the moduli space of semistable

pure sheaves of fixed Hilbert polynomial is constructed as a GIT quotient of a sub-

scheme Q of a quot scheme by the action of a special linear group G. The linearisation

is given by using Grothendieck’s embedding of the quot scheme into a Grassmannian

and then using the Plücker embedding of the Grassmannian into a projective space.

We fix a rational polynomial P ∈ Q[x] of degree e which takes integer values when

x is integral. Then any sheaf which has Hilbert polynomial P will have support of

dimension e. Recall that a sheaf is pure of dimension e if its support has dimension e

and all its nonzero subsheaves have support of dimension e. We consider pure sheaves

of dimension e with Hilbert polynomial P calculated with respect to O(1).

Definition 3.1.1. Let F be a pure sheaf of dimension e over W . We define the

multiplicity of F to be r(F) = e!ae(F) where ae(F) is the leading coefficient in the

Hilbert polynomial of F . If F is torsion free this is just the rank of F . The reduced

Hilbert polynomial of F is defined to be the quotient P (F)/r(F).

Definition 3.1.2. A sheaf F is semistable if it is pure and every nonzero subsheaf

F ′ ⊂ F satisfies

P (F ′)
r(F ′)

≤ P (F)

r(F)

where the ordering on polynomials is given by lexicographic ordering of their coeffi-

cients. The sheaf is stable if the above inequality is strict for every proper nonzero

subsheaf. A semistable sheaf F has a Jordan–Hölder filtration

0 = F0 ⊂ F1 ⊂ · · · ⊂ Fs = F
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where Fi/Fi−1 is stable with reduced Hilbert polynomial P (F)/r(F) for 1 ≤ i ≤ s.

This filtration is not in general canonical but the associated graded sheaf

GrJH(F) =
s⊕
i=1

Fi/Fi−1

is canonically associated to F (up to isomorphism). Two semistable sheaves F and

G over W are S-equivalent if GrJH(F) and GrJH(G) are isomorphic.

Simpson shows that the semistable sheaves with Hilbert polynomial P are bounded

(see [40], Theorem 1.1), and hence we can choose n >> 0 so that all such sheaves

are n-regular. In particular this means that for any such sheaf F the evaluation map

H0(F(n)) ⊗ O(−n) → F is surjective and the higher cohomology of F(n) vanishes;

i.e.,

H i(F(n)) = 0 for i > 0,

so that P (n) = P (F , n) = dimH0(F(n)).

Let V be a vector space of dimension P (n). The evaluation map for F and a

choice of isomorphism H0(F(n)) ∼= V determine a point ρ : V ⊗O(−n) → F in the

quot scheme

Quot(V ⊗O(−n), P )

of quotients with Hilbert polynomial P of the sheaf V ⊗O(−n) on W . We consider the

open subscheme Q ⊂ Quot(V ⊗O(−n), P ) consisting of quotients ρ : V ⊗O(−n)→ F

such that F is pure of dimension e and H0(ρ(n)) : V → H0(F(n)) is an isomorphism.

The group G := SL(V ) acts on this quot scheme by acting on the vector space V , so

that g · ρ is the composition

g · ρ : V ⊗O(−n) V ⊗O(−n) F-g−1· -ρ

for g ∈ G and ρ : V ⊗O(−n)→ F in the quot scheme. The subscheme Q is preserved

by this action and the G-orbits correspond to isomorphism classes of sheaves.
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Simpson considers a linearisation of this action given by an equivariant embedding

of the quot scheme Quot(V ⊗ O(−n), P ) into a Grassmannian. For m > n we let

H := H0(O(m−n)) and Gr(V ⊗H,P (m)) be the Grassmannian of P (m)-dimensional

quotients of the vector space V ⊗ H. Grothendieck showed that for m >> n the

morphism

Quot(V ⊗O(−n), P ) −→ Gr(V ⊗H,P (m))

ρ : V ⊗O(−n)→ F 7−→ H0(ρ(m)) : V ⊗H → H0(F(m))

is an embedding. The Plücker embedding

Gr(V ⊗H,P (m)) ↪→ P((∧P (m)(V ⊗H))∗)

H0(ρ(m)) 7→ [∧P (m)H0(ρ(m))]

then gives an embedding of Quot(V ⊗O(−n), P ) in the projective space P((∧P (m)(V ⊗

H))∗). Let Q denote the closure of Q in the quot scheme Quot(V ⊗ O(−n), P ) and

let U be the restriction to Q×W of the universal quotient sheaf on the quot scheme.

We let πQ and πW denote the projections from Q×W to Q and W . Then if m >> n

the higher cohomology groups H i(F(m)) for i > 0 all vanish for ρ : V ⊗O(−n)→ F

in Quot(V ⊗O(−n), P ) and

L = det(πQ∗(U ⊗ π
∗
WO(m))) (3.1)

is the ample invertible sheaf corresponding to the embedding of Q into the projective

space P((∧P (m)(V ⊗ H))∗) above. There is a natural lift of the G-action on Q to

the universal quotient U and this gives an action of G on L; we let L denote this

linearisation as well as the line bundle underlying it.

Theorem 3.1.3. ([40], Theorem 1.21) Let W be a projective scheme, e a positive
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integer and P a Hilbert polynomial of degree e. If m >> n >> 0 the GIT quotient

Q//LG is a coarse moduli space for S-equivalence classes of semistable sheaves of pure

dimension e with Hilbert polynomial P .

Remark 3.1.4. If W is a smooth integral projective complex scheme and we look

at pure sheaves of maximal dimension, i.e., torsion free sheaves, then we can instead

use the original linearisation due to Gieseker [13] of the SL(V )-action on Q. This

linearisation is given by an embedding of Q into a projective bundle over part of the

Picard scheme Pic(W ). Let R be the components of Pic(W ) which contain detF for

a quotient sheaf V ⊗ O(−n) → F in Q. The determinant of the universal quotient

sheaf U on Q is equivalent to a homomorphism

D : Q→ R.

Let P be a Poincaré line bundle on R×W ; then there is an isomorphism

detU ∼= (D × idW )∗P ⊗ π∗
Q
A (3.2)

where A is an invertible sheaf on Q.

Let π1 and π2 be the projections from R×W to the first and second factors. We

can assume that n is sufficiently large so that the invertible sheaves in the image of

D : Q→ R are all n-regular. Our assumptions on n ensure that the sheaf

W := (∧rV )∨ ⊗ (π1)∗(P ⊗ (π2)∗O(rn))

over R is locally free, where r is the rank determined by the top coefficient of P . Let

B := P(W) denote the projective bundle over R associated to W. We construct a

morphism h : Q → B by showing there is an injective homomorphism A∨ → D∗W

of sheaves over Q (as in [16], II Proposition 7.12 where the opposite convention for
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projective bundles is used). Let

∧rV → πQ∗

(
det(U)⊗ (πQ×WW )∗O(rn)

)

be the rth exterior product of the universal quotient morphism on Q. This homo-

morphism and the isomorphism

p∗

(
det(U)⊗ (πQ×WW )∗O(rn)

)
∼= D∗(π1)∗(P ⊗ (π2)∗O(rn))

(defined by the isomorphism (3.2)) gives the injective homomorphism A∨ → D∗W

defining the morphism h : Q→ B.

The action of SL(V ) on ∧rV defines a SL(V )-action on B such that the morphism

h : Q → B is SL(V )-equivariant with respect to this action. The scheme Q only

parametrises torsion free sheaves and so the class of a quotient sheaf V ⊗O(−n)→ E

in Q is completely determined by the homomorphism ∧rV → H0(det(E)(rn)). Hence

h is injective on Q and A|Q is ample relative to Pic(W ).

The morphism h maps semistable sheaves in Q to the semistable subscheme Bss

for the SL(V )-action on B and the moduli space of semistable torsion free sheaves

over W is constructed as the GIT quotient of this action.

3.1.1 The Hilbert–Mumford function

In this section we calculate the Hilbert-Mumford function µL(ρ, λ) for a quotient sheaf

ρ : V ⊗O(−n) → F in Q and a 1-parameter subgroup λ of G = SL(V ). Recall this

is equal to the weight of the C∗-action induced by λ on the fibre of L over the fixed

point limt→0 λ(t) ·ρ. Moreover, by the Hilbert–Mumford criterion (see Section 1.3 for

more details) we know that ρ is a GIT semistable point if and only if µL(ρ, λ) ≥ 0

for all 1-PSs λ of G.

First of all we make use of the fact that any 1-PS induces a decomposition of V
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as a direct sum of weight spaces:

{
1-PSs of SL(V )

}
←→

 decompositions V =
⊕

k∈Z Vk

such that
∑
k dimVk = 0


λ 7→ Vk := {v ∈ V : λ(t) · v = tkv}.

The relation
∑
k dimVk = 0 is required so that we get a 1-PS of the special linear

group as opposed to the general linear group. Such a decomposition determines a

filtration of V given by

· · · ⊆ V≥k+1 ⊆ V≥k ⊆ V≥k−1 ⊆ · · ·

where V≥k := ⊕l≥kVl. There are only finitely many integers k such that Vk 6= 0, say

k1 > · · · > ks;

then if we let V (i) = V≥ki we get a finite filtration 0 ⊂ V (1) ⊂ · · · ⊂ V (s) = V . In

particular we obtain a map

 1-PSs of SL(V )

λ

 −→


0 = V (0) ⊂ V (1) ⊂ · · · ⊂ V (s) = V

filtrations of V and integers k1 > · · · > ks

such that
∑
ki dimV (i)/V (i−1) = 0

 .

Let λ be a 1-PS of G = SL(V ) and ρ : V ⊗ O(−n) → F be a point in Q. Then the

filtration of V determined by λ induces a filtration of F given by

0 = F (0) ⊂ F (1) ⊂ · · · ⊂ F (s) = F

where F (i) = ρ(V (i) ⊗ O(−n)). Let F≥k denote the image of V≥k ⊗ O(−n) under ρ
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for any integer k. Then ρ induces surjective morphisms

ρk : Vk ⊗O(−n)→ Fk = F≥k/F≥k+1

for each integer k; note that Fk and ρk can only be nonzero if k = ki for some i with

1 ≤ i ≤ s. We define

ρ =
⊕
k∈Z

ρk :
⊕
k∈Z

Vk ⊗O(−n)→ F =
⊕
k∈Z
Fk (3.3)

which by [19], Lemma 4.4.3 is the fixed point limt→0 λ(t) · ρ. We now have a formula

for the Hilbert–Mumford function.

Lemma 3.1.5. The Hilbert–Mumford function evaluated at a one-parameter subgroup

λ of G = SL(V ) for a point ρ : V ⊗O(−n)→ F in Q is given by

µL(ρ, λ) =
s−1∑
i=1

(ki − ki+1)

(
P (F (i),m)− dimV (i)P (m)

P (n)

)

where V (i) and F (i) are defined as above.

Proof. For this we follow the argument of [19], Lemma 4.4.4, but use a left action as

opposed to a right action. To calculate the value of the Hilbert–Mumford function

we need to calculate the weight of the C∗-action on the fibre at ρ of the line bundle

L defined at (3.1). Since m >> n >> 0 we have H i(F(m)) = 0 for i > 0 and the line

bundle

L = det(πQ∗(U ⊗ π
∗
WO(m)))

has fibre

det(H0(F(m)))∗ = ∧P (m)H0(F(m))∗

at ρ. The C∗-action induced by λ on ρk has weight −k because λ(t) · ρk is the
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composition

Vk ⊗O(−n) Vk ⊗O(−n) Fk-
λ−1(t)

-ρk

and

λ−1(t) · vk = t−kvk for all vk ∈ Vk.

Therefore the weight of the C∗-action on detH0(Fk(m)) is equal to −k times the

dimension of H0(Fk(m)), which is the value P (Fk,m) of the Hilbert polynomial

P (Fk) at m. The weight of the C∗-action on the fibre of L over ρ is equal to minus

the weight of the C∗-action on a point in (∧P (m)(V ⊗H))∗ which lies over ρ and so

is equal to minus the sum of the weights of the C∗-action on detH0(ρk(m)):

µL(ρ, λ) =
∑
k∈Z

kP (Fk,m) =

s∑
i=1

kiP (Fki ,m).

As λ is a 1-PS of the special linear group, we have
∑s

i=1 ki dimVki = 0. Therefore,

µL(ρ, λ) =
s∑
i=1

ki

(
P (Fki ,m)− dimVki

P (m)

P (n)

)

=

s∑
i=1

ki

(
P (F (i),m)− P (F (i+1),m)− dimV (i)P (m)

P (n)
+ dimV (i+1)P (m)

P (n)

)

= ks

(
P (m)− dimV

P (m)

P (n)

)
+

s−1∑
i=1

(ki − ki+1)

(
P (F (i),m)− dimV (i)P (m)

P (n)

)
which gives the required result since dimV = P (n).

Remark 3.1.6. In Remark 3.1.4 we saw that when W is smooth and integral and

e = dimW we can use the linearisation A due to Gieseker of the SL(V )-action on G.

The Hilbert–Mumford function with respect to Gieseker’s linearisation is given by

µA(ρ, λ) =
s∑
i=1

ki rkFki =
s−1∑
i=1

(ki − ki+1)

(
rkF (i) − dimV (i) r

P (n)

)
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where r denotes the rank determined by the leading coefficient of P . This calculation

is very similar to the above calculation and can be found in [13]. The main difference

is that under Gieseker’s linearisation the quotient sheaf ρ is embedded as H0(∧rρ(rn))

and the weight of the C∗-action on H0(∧rkρk(rkn)) is equal to −krk where rk denotes

the rank of the quotient sheaf Fk.

3.2 The stratification and index set

We consider the group G = SL(V ) acting on the closed subscheme Q of the quot

scheme Quot(V ⊗O(−n), P ) with respect to the linearisation L defined at (3.1), for

which the GIT quotient Q//LG is a coarse moduli space for S-equivalence classes of

semistable sheaves on W with Hilbert polynomial P . The linearisation L defines a

G-equivariant embedding of Q in the projective space P((∧P (m)(V ⊗ H))∗) = PN

and we can choose a Kähler structure on PN which is invariant under the maximal

compact subgroup SU(V ) of G = SL(V ). There is a moment map µ : PN → su(V )∗

associated to this action and we use the Killing form on su(V ) as an invariant inner

product to identify the lie algebra su(V ) with its dual su(V )∗. Then applying Morse

theory to ||µ||2 gives us a stratification of PN which we can intersect with Q to get a

stratification

Q =
⊔
β∈B

Sβ

into G-invariant locally closed subschemes as in Section 2.3. We note at this point

that the strata Sβ may not be connected and so may be stratified further into their

connected components (cf. Remark 2.2.2).

We can choose a basis of the fixed vector space V of dimension P (n) and pick the

maximal torus T ⊂ SU(V ) consisting of matrices which are diagonal with respect to

this basis. The Lie algebra t = Lie T consists of purely imaginary tracefree diagonal

matrices with respect to this basis. We choose a positive Weyl chamber t+ ⊂ t given
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by

t+ =

idiag(a1, · · · , adim(V )) :
ai ∈ R such that

∑
ai = 0

and a1 ≥ a2 ≥ · · · ≥ adim(V )

 .

The indexing set B for the stratification {Sβ : β ∈ B} can then be identified with a

finite set of points in t+.

3.3 Harder–Narasimhan filtrations

Any sheaf of pure dimension e over W has a canonical filtration by subsheaves whose

successive quotients are semistable with decreasing reduced Hilbert polynomials. This

filtration is known as the Harder–Narasimhan filtration due to the original existence

and uniqueness results of Harder and Narasimhan [15] for such filtrations of vector

bundles over smooth projective curves.

Definition 3.3.1. Let F be a pure sheaf; then its Harder–Narasimhan filtration is a

filtration

0 = F (0) ( F (1) ( · · · ( F (s) = F

such that the successive quotients F (i)/F (i−1) are semistable with decreasing reduced

Hilbert polynomials

P (F (1))

r(F (1))
>
P (F (2)/F (1))

r(F (2)/F (1))
> · · · > P (F (s)/F (s−1))

r(F (s)/F (s−1))
.

We will denote by GrHN (F) the associated graded sheaf

GrHN (F) =

s⊕
i=1

F (i)/F (i−1).

We call the first sheaf F (1) appearing in the Harder–Narasimhan filtration the maxi-

mal destabilising subsheaf. The Harder–Narasimhan type of F is the tuple of Hilbert
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polynomials of the successive quotients:

HN(F) := (P (F (1)), P (F (2)/F (1)), · · · , P (F (s)/F (s−1))).

For each point ρ : V ⊗O(−n)→ F in Q we define the Harder–Narasimhan type of ρ

to be the Harder–Narasimhan type of F .

The different types of Harder–Narasimhan filtrations allow us to decompose the

points of Q into subsets of fixed Harder–Narasimhan type.

Definition 3.3.2. If τ is a Harder–Narasimhan type, let Rτ ⊆ Q be the set of points

ρ : V ⊗O(−n)→ F in Q such that F has Harder–Narasimhan type τ . Then we can

write Q as

Q =
⊔
τ

Rτ .

Let τ0 = (P ) denote the trivial Harder–Narasimhan type; then Rτ0 contains only

semistable sheaves and so is equal to the set of points in the stratum S0 = Q
ss

by

[40] Theorem 1.21 (cf. Theorem 3.1.3). We want to give the subsets Rτ associated

to higher Harder–Narasimhan types τ a geometric structure and relate this to the

higher strata Sβ.

For the rest of this chapter we fix a nontrivial Harder–Narasimhan type τ =

(P1, . . . , Ps), where P1, . . . , Ps are polynomials of degree e such that P1 + · · ·+Ps = P .

We assume that there is a sheaf of pure dimension e over W with this Harder–

Narasimhan type so for n >> 0 the subset Rτ is nonempty.

Lemma 3.3.3. The set of sheaves of pure dimension e with Hilbert polynomial P

and Harder–Narasimhan type τ is bounded.

Proof. This follows from a result of Simpson (see [40] Theorem 1.1) that a set of

sheaves on W of pure dimension e and Hilbert polynomial P is bounded if the slopes

of their subsheaves are bounded above by a fixed constant, where the slope of a sheaf
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is (up to multiplication by a positive constant) the second to top coefficient of its

reduced Hilbert polynomial. Any sheaf F with Harder–Narasimhan type τ has a

maximal destabilising subsheaf F (1) with Hilbert polynomial P1, and all subsheaves

of F have reduced Hilbert polynomial less than or equal to the reduced Hilbert

polynomial of F (1). Let µ1 denote the slope of F (1), which depends only on the

polynomial P1; then any subsheaf F ′ of F has slope less than or equal to µ1 and this

proves the result.

This boundedness result means that we may assume n is chosen so that all pure

sheaves with Hilbert polynomial P and Harder–Narasimhan type τ are n-regular, and

therefore are parametrised by Q. We may also assume that n is sufficiently large so

that all sheaves with Harder–Narasimhan type (Pi1 , . . . , Pik) for any 1 ≤ i1 < i2 <

· · · < ik ≤ s are n-regular; in particular, the sheaves F (i) occurring in the Harder–

Narasimhan filtration of any sheaf F of Harder–Narasimhan type τ are n-regular.

3.4 The index associated to a Harder–Narasimhan type

We want to show for a fixed Harder–Narasimhan type τ = (P1, . . . , Ps) that Rτ is

contained in a stratum Sβ(τ) occurring in the stratification {Sβ : β ∈ B}. In fact

we will actually show that Rτ is a union of connected components of a stratum in

this stratification provided n and m are sufficiently large (for details see the proof of

Theorem 3.5.7). Firstly we need to find a candidate for the index β = β(τ) depending

on the information coming from the Harder–Narasimhan type τ . The definitions of

Zβ and Yβ, Zssβ and Y ss
β are valid for any β ∈ t and do not require β to belong to the

indexing set B, but Y ss
β is nonempty if and only if β ∈ B. Therefore we can look for

a candidate β ∈ t+, and if Y ss
β is nonempty then this will imply that β is an index in

the stratification.

We assume n is sufficiently large so that all sheaves with Harder–Narasimhan
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type τ are parametrised by Q. We choose a point ρ : V ⊗ O(−n) → F in Q which

represents a sheaf F with Harder–Narasimhan type τ and let

0 = F (0) ( F (1) ( · · · ( F (s) = F

denote the Harder–Narasimhan filtration of F . By Remark 2.1.8 rather than finding

β ∈ t+ such that ρ belongs to Y ss
β we can look for a 1-PS λβ of G = SL(V ) which

is adapted to ρ. We have seen that all 1-PSs give rise to filtrations of F and it is

reasonable to expect that a 1-PS which is adapted to ρ will give rise to the filtration

of F which is most responsible for its instability, namely its Harder–Narasimhan

filtration. With this in mind we let

V (i) := H0(ρ(n))−1(H0(F (i)(n)))

and choose a basis of V (and corresponding maximal torus of G = SL(V )) by first

taking a basis of V (1), then extending to V (2) and so on. This gives us a decomposition

V = V1 ⊕ · · · ⊕ Vs

of V where Vi ∼= V (i)/V (i−1). We consider 1-PSs in G = SL(V ) of the form

λ(t) =



tβ1IV1

tβ2IV2
. . .

tβsIVs


where the weights βi are decreasing β1 > · · · > βs and satisfy the relation

s∑
i=1

βiP (F (i)/F (i−1), n) = 0.
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Remark 3.4.1. We may assume n is sufficiently large so that F (i) and F (i)/F (i−1)

are n-regular for i = 1, . . . , s. Then F (i)(n) and F (i)/F (i−1)(n) have no higher coho-

mology and so we have that

Pi(n) = P (F (i)/F (i−1), n) = dimV (i)/V (i−1) = dimVi

for i = 1, . . . , s.

A nontrivial 1-PS λ of G is adapted to ρ if

µL(ρ, λ)

||λ||

is minimal among nontrivial 1-PSs of G. Therefore, we choose the weights (β1, · · · , βs)

to minimise the function

f(β1, · · · , βs) :=

∑s−1
i=1 (βi − βi+1)

(
P (F (i),m)− P (F (i), n)P (m)

P (n)

)
(
∑s

i=1 β
2
i Pi(n))1/2

subject to the condition g(β1, · · · , βs) :=
∑s

i=1 βiPi(n) = 0.

We introduce a Lagrangian multiplier η and define

Λ(β1, · · · , βs, η) := f(β1, · · · , βs)− ηg(β1, · · · , βs);

then we look for solutions to

∂

∂βj
Λ(β1, · · · , βs, η) = 0 for j = 1, · · · , s

∂

∂η
Λ(β1, · · · , βs, η) = 0.

(3.4)

Note that for any a ∈ R>0 we have that f(aβ1, · · · , aβs) = f(β1, · · · , βs) and that

g(aβ1, · · · , aβs) = 0 ⇐⇒ g(β1, · · · , βs) = 0.
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It is easy to check that

(β1, . . . , βs, η) =

(
P (m)

P (n)
− P1(m)

P1(n)
, · · · , P (m)

P (n)
− Ps(m)

Ps(n)
, 0

)

provides a solution to the equations (3.4). Note that for m >> n >> 0 the weights

are decreasing

β1 > · · · > βs

because the reduced Hilbert polynomial of Pi is strictly greater than that of Pi+1 by

definition of the Harder–Narasimhan filtration.

Definition 3.4.2. Let τ = (P1, . . . , Ps) be a Harder–Narasimhan type such that

P =
∑s

i=1 Pi. We define

βi(τ) := βi =
P (m)

P (n)
− Pi(m)

Pi(n)

and

β = β(τ) := idiag(β1, · · · , β1, β2, · · · , β2, · · · , βs · · ·βs) ∈ t+ (3.5)

where βi appears Pi(n) times.

Remark 3.4.3. This rational weight β(τ) depends on n and m and will be written

as β(τ, n,m) if it is necessary to make this dependence explicit. Note that if we have

two different Harder–Narasimhan types τ = (P1, · · · , Ps) and τ ′ = (P ′1, · · · , P ′s) for

pure sheaves with Hilbert Polynomial P , then for certain values of n and m we may

have β(τ, n,m) = β(τ ′, n,m) (for example, if Pi(n) = P ′i (n) and Pi(m) = P ′i (m) for

1 ≤ i ≤ s). However, if m >> n >> 0 then the rational weights associated to two

different Harder–Narasimhan types will be distinct.

Remark 3.4.4. In Remarks 3.1.4 and 3.1.6 we discussed the linearisation due to

Gieseker when W is smooth and integral and we are looking at torsion free sheaves.
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In exactly the same way as above we can calculate the rational weight β = β(τ)

corresponding to a Harder–Narasimhan type τ for the linearisation used by Gieseker.

In this case we have

βi = βi(τ) :=
r

P (n)
− ri
Pi(n)

and

β(τ) := β = idiag(β1, · · · , β1, β2, · · · , β2, · · · , βs · · ·βs) ∈ t+

where βi appears Pi(n) times.

3.5 Describing components of Sβ

As in the previous sections we fix a Harder–Narasimhan type τ = (P1, . . . , Ps) and

define β = β(τ) ∈ t+ as above. In this section we prove that β is an index for

the stratification of Q and also relate certain connected components of Sβ to the set

Rτ ⊂ Q of points with Harder–Narasimhan type τ .

We have a decomposition V = V1 ⊕ · · · ⊕ Vs of V into weight spaces for the 1-PS

λβ. By definition Zβ is the connected components of the fixed point locus of λβ(C∗)

acting on Q on which this 1-PS acts with weight ||β||2. The fixed point locus of λβ

is well-known:

Lemma 3.5.1. If ρ : V ⊗ O(−n) → F is a point in Q, then ρ is fixed by the 1-PS

λβ if and only if F has a decomposition

F = F1 ⊕ · · · ⊕ Fs

and we also have a decomposition of the sheaf homomorphism

ρ = ρ1 ⊕ · · · ⊕ ρs
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where ρi : Vi ⊗O(−n)→ Fi lies in the quot scheme Quot(Vi ⊗O(−n), P (Fi)).

In particular, the fixed point locus of λβ(C∗) acting on Q decomposes into com-

ponents indexed by the tuple of Hilbert polynomials of the direct summands. Let

Qi := Quot(Vi ⊗O(−n), Pi) and consider

F = {q ∈ Quot(V ⊗O(−n), P ) : q = ⊕si=1qi such that qi ∈ Qi} ∼= Q1 × · · · ×Qs.

Corollary 3.5.2. The scheme F ∩Q is a union of connected components of Zβ.

Proof. Clearly F is a union of connected components of the fixed point locus of the

one-parameter subgroup λβ. By definition Zβ is the connected components of the

fixed point locus in Q such that λβ acts on points in the affine cone CN+1 lying

over these components with weight ||β||2. Let q = ⊕si=1qi be a point in F where

qi : Vi ⊗ O(−n) → Ei is a quotient sheaf in Qi. The Hilbert-Mumford function

µL(q, λβ) is equal to the weight of the action of λβ on the fibre of L over q; this is

equal to minus the weight of the λβ action on a point in CN+1 lying over q. By direct

calculation we have

||β||2 =

s∑
i=1

β2
i Pi(n) =

s∑
i=1

Pi(m)2

Pi(n)
− P (m)2

P (n)

and

µL(q, λβ) =

s∑
i=1

βiP (Ei,m) =

s∑
i=1

βiPi(m) =
P (m)2

P (n)
−

s∑
i=1

Pi(m)2

Pi(n)
= −||β||2

which shows that F ∩Q is a union of connected components of Zβ.

The subscheme Zβ is invariant under the subgroup of SL(V ) which stabilises β,

Stabβ =

(
s∏
i=1

GL(Vi)

)
∩ SL(V ).
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The original linearisation L restricts to a Stabβ linearisation on Zβ which we also

denote by L. Associated to −β is a character

χ−β : Stabβ → C∗

(g1, · · · , gs) 7→ Πs
i=1 det g−βii

which we can use to twist the linearisation L; we let Lχ−β denote this twisted lineari-

sation on Zβ. By definition

Zssβ := ZStabβ−ss
β (Lχ−β )

is the open subscheme of Zβ whose geometric points are semistable for this Stabβ

action.

Lemma 3.5.3. The central subgroup

Z(Stabβ) = {(t1, . . . , ts) ∈ (C∗)s : Πs
i=1t

Pi(n)
i = 1}

fixes every point of F and so acts by a character χF : Z(Stabβ) → C∗ on the fibres

of L over points of F where

χF (t1, · · · , ts) = Πs
i=1t

−βiPi(n)
i .

Proof. There is a copy of C∗ ⊂ GL(V ) acting trivially on each quot scheme Quot(V ⊗

O(−n), P ). Since F is isomorphic to a product of s quot schemes Qi the centre

Z(Stabβ) fixes each point q = ⊕qi in F . Therefore, Z(Stabβ) acts on the fibre of L

at q ∈ F by a character χF . To calculate this character we revisit the calculations of

Section 3.1.1 and generalise these calculations to larger torus actions. Let (t1, . . . , ts)

be an element of this central subgroup then we consider its action on q. The di-
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rect summand qi is multiplied by t−1
i and so detH0(qi(m)) is multiplied by t

−Pi(m)
i .

Therefore

χF (t1, · · · , ts) =

s∏
i=1

t
Pi(m)
i

and since
∏
t
Pi(n)
i = 1 we may rewrite this as

χF (t1, · · · , ts) =
s∏
i=1

t
−
(
Pi(n)

P (n)
P (m)

−Pi(m)
)

i =
s∏
i=1

t
−βiPi(n)
i

which completes the proof.

Consider the subgroup

G′ =

s∏
i=1

SL(Vi)

of Stabβ.

Lemma 3.5.4. The semistable subscheme

F ss := F Stabβ−ss(Lχ−β )

for the Stabβ action on F with respect to Lχ−β is equal to the semistable subscheme

for the G′ action on F with respect to L.

Proof. There is a surjective group homomorphism

G′ × Z(Stabβ)→ Stabβ

((g′1, . . . , g
′
m), (t1, . . . , ts)) 7→ (t1g

′
1, . . . , tsg

′
s)

whose kernel is a product of finite cyclic groups
∏s
i=1 Z/Pi(n)Z. Therefore the reduc-

tive group Stabβ is the quotient of the product G′×Z(Stabβ) by this product of the

finite cyclic groups of order Pi(n). Since finite groups do not alter GIT semistability
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we have that

F ss := FG
′×Z(Stabβ)−ss(Lχ−β ).

By Lemma 3.5.3 the centre Z(Stabβ) fixes F and acts on the fibres of L over F

by multiplication by the character χF . This character given in Lemma 3.5.3 is equal

to the character χ−β : Stabβ → C∗ defined by the weight β. Since the linearisation

Lχ−β is the original linearisation L twisted by the character χ−β (see Example 1.2.8

for our conventions for such twists) the centre Z(Stabβ) acts trivially on the twisted

linearisation. Therefore the semistable set for the action of Stabβ = G′Z(Stabβ) with

respect to Lχ−β is equal to the semistable set for the G′ action with respect to L.

Recall that we have an isomorphism of schemes

F ∼= Q1 × · · · ×Qs

where Qi = Quot(Vi ⊗O(−n), Pi). Let Li = det(πQi∗(Ui ⊗ π∗WO(m))) denote Simp-

son’s linearisation of the SL(Vi)-action on Qi where Ui is the universal quotient sheaf

on this quot scheme. By [40], Theorem 1.19 provided n and m are sufficiently large

the points of the semistable subscheme

Qssi := Q
SL(Vi)−ss
i (Li)

are quotient sheaves qi : Vi ⊗O(−n)→ Ei where Ei is Gieseker semistable.

Proposition 3.5.5. Under the isomorphism F ∼= Q1 × · · · × Qs, the semistable set

F ss for the Stabβ action on F with respect to Lχ−β is isomorphic to the product of

the GIT semistable subschemes Qssi :

F ss ∼= Qss1 × · · · ×Qsss .
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Proof. Let q = ⊕mi=1qi be a point in F where qi : Vi ⊗ O(−n) → Ei represents a

quotient sheaf in Qi. By Lemma 3.5.4 we have that

F ss = FG
′−ss(L)

where G′ = Πs
i=1SL(Vi) and so, by the Hilbert-Mumford criterion, q is in F ss if and

only µL(q, λ) ≥ 0 for all 1-PSs λ of G′,

Firstly suppose each qi is semistable for the SL(Vi)-action. Then for any 1-PS

λi : C∗ → SL(Vi) we have

µLi(qi, λi) ≥ 0.

A 1-PS λ of G′ corresponds to 1-PSs λi of SL(Vi) for i = 1, · · · , s. By diagonalising

these 1-PS simultaneously we see that

µL(q, λ) =
s∑
i=1

µLi(qi, λi) ≥ 0,

and so q ∈ F ss.

Conversely suppose there is an 1 ≤ i ≤ s such that qi is unstable. Then there is

a 1-PS λi of SL(Vi) such that

µLi(qi, λi) < 0.

Let λ = (λ1, · · · , λs) be a 1-PS of G′ where for j 6= i the 1-PS λj(t) = IVj is trivial

and λi is the 1-PS above which destabilises qi; then this 1-PS destabilises q as

µL(q, λ) = µLi(qi, λi) < 0.

Therefore under the isomorphism

F ∼= Q1 × · · · ×Qs
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Chapter 3. The stratification for sheaves

the semistable subscheme F ss corresponds to the product of the semistable sub-

schemes Qssi .

We can now relate the set Rτ consisting of points with Harder–Narasimhan type

τ to the stratum Sβ where β = β(τ) is the rational weight given in Definition 3.5.

Recall that Sβ = GY ss
β where Y ss

β = p−1
β (Zssβ ) and pβ : Yβ → Zβ is a retraction onto

Zβ. We can also refine the strata by taking connected components:

Remark 3.5.6. Recall from Remark 3.1 that from the decomposition Zssβ = tZβ,j

into disjoint closed subsets we get similar decompositions Y ss
β = tY ss

β,j and

Sβ =
⊔
GY ss

β,j

where Y ss
β,j = p−1

β (Zssβ,j).

Let Ri be the open subscheme of Qi consisting of quotient sheaves qi : Vi ⊗

O(−n)→ Ei which are pure of dimension e and such thatH0(qi(n)) is an isomorphism.

Let Rssi denote the semistable subscheme for the SL(Vi)-action on Ri. Then consider

the subschemes

Zss(τ) = {q = ⊕si=1qi : (qi : Vi ⊗O(−n)→ Ei) ∈ Rssi }

of Zssβ and Y ss
(τ) := p−1

β (Zss(τ)) of Y ss
β .

Theorem 3.5.7. Let τ = (P1, . . . Ps) be the Harder–Narasimhan type of a pure sheaf

of dimension e on W such that P = P1 + · · ·+ Ps. Let β(τ) = β(τ, n,m) ∈ t+ be the

associated rational weight. Then if n and m are sufficiently large we have:

i) The rational weight β(τ) is an index in the stratification {Sβ : β ∈ B} of Q

associated to the action of SL(V ) with respect to the linearisation L.

ii) Rτ = GY ss
(τ),
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iii) Rτ is a union of connected components of Sβ(τ).

Proof. By Lemma 3.3.3 we can choose n sufficiently large so all sheaves with Harder–

Narasimhan type τ are parametrised by Q. We assume n and m are sufficiently large

so for i = 1, . . . , s the points in Qssi correspond to semistable sheaves. Let β = β(τ)

then for i) it suffices to show that Y ss
β is nonempty. Let ρ : V ⊗O(−n)→ F be the

quotient sheaf with Harder–Narasimhan type τ which was used to define β; then we

claim ρ ∈ Y ss
β , or equivalently, pβ(ρ) ∈ Zssβ . Since

ρ := pβ(ρ) = lim
t→0

λβ(t) · ρ

we have that ρ := ⊕si=1ρi represents the graded sheaf ⊕si=1Fi associated to the

Harder–Narasimhan filtration of F . By definition of the Harder–Narasimhan fil-

tration the successive quotients Fi are semistable and so each ρi is a point in Rssi .

Then by Proposition 3.5.5, ρ ∈ Zss(τ) ⊂ F
ss ∩Q ⊂ Zssβ .

Now suppose q : V ⊗O(−n)→ E is a point in Rτ ; then the Harder–Narasimhan

filtration of E gives rise to a filtration of V by subspaces

W (i) = H0(q(n))−1(H0(E(i)(n)).

We can choose g ∈ G = SL(V ) to be a change of basis matrix sending W (i) to V (i)

for each i, which is possible since dimW (i) = dimV (i) =
∑

j≤i Pi(n). Then, by the

same argument as above, g · q ∈ Y ss
(τ) and so q ∈ GY ss

(τ).

Since R
ss
i = Rssi (cf. [40] Theorem 1.19) the subscheme Zss(τ) is closed in F ss ∩Q

and so, by Corollary 3.5.2, Zss(τ) is a union of connected components of Zssβ . The

points of Y ss
(τ) := p−1

β (Zss(τ)) are quotient sheaves q : V ⊗ O(−n) → F such that the

filtration 0 ⊂ V (1) ⊂ · · ·V (s) = V used to define β induces the Harder–Narasimhan

filtration of F . In particular, Y ss
(τ) is contained in Rτ and since Rτ is G-invariant we
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have GY ss
(τ) ⊂ Rτ . Therefore, we have Rτ = GY ss

(τ). Since Zss(τ) is a union of connected

components of Zssβ we have that Rτ = GY ss
(τ) is a union of connected components of

Sβ by Remark 3.5.6.

As Q and Q both depend on n and the strata Sβ depend on both n and m, we

should really write Q(n) and Q(n) and Sβ(n,m). We can intersect the stratification

{Sβ(n,m) : β ∈ B(n,m)} of Q(n) with Q(n) to obtain a stratification

Q(n) =
⊔

β∈B′(n,m)

Sβ(n,m) ∩Q(n)

where B′(n,m) ⊂ B(n,m) is the set of rational weights β whose associated stratum

Sβ(n,m) meets Q(n). We are really interested in comparing this stratification of

Q(n) with the stratification of Q(n) by Harder–Narasimhan type. By Remark 3.4.3

we have that for two Harder–Narasimhan types τ and τ ′ of pure sheaves with Hilbert

polynomial P , the associated rational weights β(τ, n,m) and β(τ ′, n,m) will be dis-

tinct for m >> n >> 0. This leads us to consider the limit of the stratifications

{Sβ(n,m) ∩Q(n) : β ∈ B′} of Q(n) as n and m tend to infinity which we write as

Q(∞) =
⊔

β∈B′(∞)

Sβ(∞) ∩Q(∞).

In particular, we see:

Corollary 3.5.8. The limit of these stratifications as n and m tend to infinity

Q(∞) =
⊔

β∈B′(∞)

Sβ(∞) ∩Q(∞)

agrees with the stratification by Harder–Narasimhan type.

Remark 3.5.9. In Remark 3.4.4 we defined a rational weight β(τ) for the linearisa-

tion used by Gieseker when W is smooth and integral and e = dimW . In this case an
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analogue of the above theorem also holds although this time we only have one integer

n to choose sufficiently large.

3.6 Some remarks on taking a quotient of the G-action

on Rτ

Since Rτ = GY ss
(τ)
∼= G×Pβ Y ss

(τ) to take a quotient of the G-action on Rτ is equivalent

to taking a quotient of the Pβ-action on Y ss
(τ). In Section 2.2.2 we studied a canonical

linearisation Lβ of the Pβ-action on a compactification Y β of Y ss
β . This can be

restricted to the closure Y (τ) of Y ss
(τ) and the generalised GIT quotient with respect

to this canonical linearisation is

Y ss
(τ)//LβPβ = Zss(τ)//LβPβ = Zss(τ)//LβStabβ.

The canonical linearisation Lβ on Zβ is equal to Lχ−β and so by Lemma 3.5.4

Zss(τ)//LβStabβ = Zss(τ)//LG
′

where G′ = Πs
i=1SL(Vi). Therefore, two sheaves F and E with Harder–Narasimhan

type τ are identified in this quotient if and only if the successive quotients in their

Harder–Narasimhan filtrations are S-equivalent in the usual sense; that is, the graded

objects associated to their Jordan–Hölder filtrations are isomorphic. This is the

problem with the canonical quotient: the notion of S-equivalence is too weak. The

map

pβ : Y ss
(τ) → Zss(τ)

sends a quotient sheaf q : V ⊗ O(−n) → F to the graded quotient sheaf ⊕si=1qi

associated to its Harder–Narasimhan filtration. Since this map corresponds to taking
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the limit under a 1-PS, the graded quotient sheaf pβ(q) = ⊕si=1qi is contained in the

orbit closure of q. So if pβ(q) ∈ Zss(τ) is semistable for any linearisation of this action

then q will also be semistable (as the GIT semistable subscheme is open and pβ(q) is

in the orbit closure of q) and both these points will be identified in the generalised

GIT quotient. As suggested in the previous chapter, we need to perturb the canonical

linearisation so that Zss(τ) is no longer semistable.
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Moduli spaces of complexes

Let X be a smooth integral projective scheme over the complex numbers and OX(1)

be an ample invertible sheaf on X. From now on we use the term complex to mean a

bounded cochain complex of coherent sheaves and all complexes will be over X unless

otherwise stated.

In this chapter we describe a GIT construction due to Schmitt [39] of moduli

spaces of S-equivalence classes of semistable complexes. The notion of semistability

is determined by a choice of stability parameters and essentially comes from physics;

it is closely related to a notion of semistability coming from a Hitchin–Kobayashi

correspondence for quiver bundles due to Álvarez-Cónsul and Garćıa-Prada [2]. The

notion of S-equivalence is weaker than isomorphism and arises from the GIT con-

struction of these moduli spaces.

The Hilbert–Mumford criterion (see Section 1.3) allows us to study semistability

by studying one dimensional torus actions. In this chapter we calculate the weights

of such actions as this will be used later on to describe a Harder–Narasimhan type

stratification for complexes. We also construct a morphism corresponding to taking

the direct sum of two complexes which will also be used later in this thesis.
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Chapter 4. Moduli spaces of complexes

Notation. For notational convenience we index the complexes at the bottom:

· · · → Ek−1 → Ek → Ek+1 → · · · .

4.1 Moduli spaces of semistable complexes

We can view a complex of fixed length as a representation of a certain quiver with

relations in the category CohX of coherent sheaves on X. To clarify what is meant by

a representation of a quiver in the category of coherent sheaves we give the following

definition:

Definition 4.1.1. A representation of a quiver Q = (V,A, h, t) with relations R in a

category A is:

i) For each vertex v ∈ V , an object Av ∈ Ob(A),

ii) For each arrow a : u→ v ∈ A, a morphism fa : Au → Av,

such that the morphisms fa satisfy the relations in R.

The classical case is when A is the category of vector spaces over a field k and

representations of a quiver in this category are simply called quiver representations.

Moduli spaces of semistable quiver representations have been constructed by King

[23] as GIT quotients where the notion of semistability is determined by a collection

of integers which are used to define the linearisation.

We are interested in the case when A = CohX is the category of coherent sheaves

on X since studying moduli of complexes (up to isomorphism) is equivalent to study-

ing moduli of representations of the following quiver

Q = • • · · · •-a1 - -
am−1
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with the relations ai ◦ ai−1 = 0 in the category of coherent sheaves. A representation

of a quiver Q in the subcategory of locally free sheaves is referred to as a Q-bundle

and is often used to describe a vector bundle with additional structure.

There is a so-called vortex version of the Hitchin–Kobayashi correspondence for

quiver bundles due to Álvarez-Cónsul and Garćıa-Prada [2]. The original Hitchin–

Kobayashi correspondence due to Uhlenbeck and Yau [42] relates the stability of a

vector bundle on a Riemann surface to the existence of a Hermitian-Einstein metric

on the bundle. The vortex version also relates stability of a quiver bundle to the

existence of Hermitian metrics satisfying certain gauge theoretic equations determined

by a collection of stability parameters. Moduli spaces of semistable quiver bundles

and torsion free quiver sheaves have been studied by Álvarez-Cónsul [1] and Schmitt

[38, 39] respectively. In this section we will describe and use a construction of moduli

of torsion free quiver sheaves due to Schmitt [39].

As with any moduli problem we start by fixing any invariants of isomorphism

classes of complexes. This is done by fixing the Hilbert polynomials of each of the

sheaves occurring in the complex with respect to OX(1) by fixing a collection of

Hilbert polynomials P = (P1, . . . Pm) of degree dimX. Note this fixes the length of

the complex and we have assumed for simplicity that the complex is zero outside of

the degrees 1 to m.

4.1.1 Semistability for complexes

The moduli spaces of complexes can only parametrise a certain collection of complexes

with invariants P and this collection is determined by a notion of (semi)stability.

Schmitt introduces a notion of (semi)stability for complexes which depends on a

collection of stability parameters (σ, χ) where

• σ = (σ1, . . . , σm) ∈ Zm>0,

73



Chapter 4. Moduli spaces of complexes

• η = (η1, . . . , ηm) ∈ Qm,

• δ is a positive rational polynomial such that deg δ = max(dimX − 1, 0)

and we define χ := δη.

Remark 4.1.2. There will be two points of view which we will take when it comes

to thinking about these stability parameters. Firstly, when we are thinking about

semistability of complexes with fixed invariants P , we will assume that the ηi satisfy∑
ηiri = 0 where ri is the rank determined by the top coefficient of the Hilbert

polynomial Pi. This condition is needed so we can define the linearisation of the

group action on the parameter space for complexes with invariants P . In fact η is

used to define a character of a product of general linear groups and this condition

ensures this character is trivial on the copy of C∗ which acts trivially on the parameter

space. Secondly, when we are thinking about semistability of complexes with varying

invariants (for example, when we want to study Harder–Narasimhan filtrations), we

will not impose this condition on η. When we wish to emphasise the fact that we are

thinking of stability parameters in the first sense we will refer to these as stability

parameters for P . In Remark 4.1.5 we will see how to go between these points of

view.

Definition 4.1.3. The reduced Hilbert polynomial of a complex of torsion free

sheaves E· with respect to the parameters (σ, χ) is defined as

P red
σ,χ(E·) :=

∑m
i=1 σiP (Ei)− χi rk Ei∑m

i=1 σi rk Ei

where P (Ei) and rk Ei are the Hilbert polynomial and rank of the sheaf Ei calculated

with respect to the ample line bundle OX(1). We call this weighted analogue of the

reduced Hilbert polynomial the reduced Hilbert polynomial with respect to (σ, χ) or

simply the reduced Hilbert polynomial if the choice of stability parameters is clear.
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The following definition is due to Schmitt [39] (see also [2, 6, 38]).

Definition 4.1.4. A nonzero complex E· is (σ, χ)-semistable if each sheaf Ei is tor-

sion free and for any nonzero proper subcomplex F· ⊂ E· we have an inequality of

polynomials

P red
σ,χ(F·) ≤ P red

σ,χ(E·).

The ordering ‘≤’ on polynomials is given by lexicographic ordering of the coefficients

of the polynomials; therefore P ≤ Q if and only if P (x) ≤ Q(x) for all x >> 0. We

say the complex is (σ, χ)-stable if this inequality is strict for all such subcomplexes.

Remark 4.1.5. Note that for any rational number C if we let η′ = η−Cσ and χ′ =

δη′, then the notions of (σ, χ)-semistability and (σ, χ′)-semistability are equivalent.

In particular, for any invariants P if we let

C =

∑m
i=1 ηiri∑m
i=1 σiri

,

then the stability parameters (σ, χ′) are stability parameters for P ; i.e.,
∑m

i=1 η
′
iri = 0.

We will call (σ, χ′) the stability parameters for P associated to (σ, χ).

Remark 4.1.6. These stability conditions have many useful properties similar to

Mumford’s slope stability for vector bundles on curves and Gieseker’s reduced Hilbert

polynomial stability for coherent sheaves on projective schemes. As usual, these

notions of stability satisfy the see-saw property; that is, if we have a short exact

sequence of complexes

0→ E· → F· → G· → 0

then either

1) P red
σ,χ(E·) < P red

σ,χ(F·) < P red
σ,χ(G·),

2) P red
σ,χ(E·) > P red

σ,χ(F·) > P red
σ,χ(G·), or
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3) P red
σ,χ(E·) = P red

σ,χ(F·) = P red
σ,χ(G·).

A useful consequence of this property is that if φ : E· → F· is a nonzero morphism of

(σ, χ)-semistable complexes then we have an inequality

P red
σ,χ(E·) ≤ P red

σ,χ(F·).

In particular we can use this property to construct Harder–Narasimhan filtrations

(see Definition 5.1.1) and Jordan–Hölder filtrations for semistable complexes (see

Definition 4.1.15).

The moduli space of (σ, χ)-semistable complexes with Hilbert polynomials P is

constructed as a GIT quotient of a parameter scheme T = TP by a reductive group.

The linearisation of this action is determined by the stability parameters. In this

section we carefully describe this GIT construction of Schmitt [39].

4.1.2 The parameter space

As we have fixed invariants P , we assume we have picked stability parameters (σ, χ)

for P so that
∑m

i=1 ηiri = 0. The set of sheaves occurring in a (σ, χ)-semistable

complex E· with invariants P is bounded by the usual arguments (see [40], Theorem

1.1) and so we may choose n >> 0 so that all these sheaves are n-regular. Fix

a complex vector space Vi of dimension Pi(n) and let Qi be the open subscheme of

Quot(Vi⊗OX(−n), Pi) parametrising torsion free quotient sheaves qi : Vi⊗OX(−n)→

Ei such that H0(qi(n)) is an isomorphism. The parameter scheme T is constructed as a

locally closed subscheme of a projective bundle D over the product Q := Q1×· · ·×Qm.

Given a (σ, χ)-semistable complex E· with Hilbert polynomials P we can use the

evaluation maps

H0(Ei(n))⊗OX(−n)→ Ei
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along with a choice of isomorphism Vi ∼= H0(Ei(n)) to parametrise the ith sheaf

Ei by a point qi : Vi ⊗ OX(−n) → Ei in Qi. The boundary maps of the complex

di : Ei → Ei+1 can be used to define a homomorphism

d : ⊕mi=1Ei → ⊕mi=1Ei.

Let V = ⊕mi=1Vi and

ψ := d(n) ◦ (⊕mi=1qi(n)) : V ⊗OX → ⊕mi=1Ei(n).

We construct a projective bundle D which parametrises these homomorphisms ψ and

a complex number ζ. We are only interested in studying the locus where ζ = 1 so

that the points correspond to such homomorphisms; however, by introducing ζ we

compactify this set up.

Let Vi ⊗ (πQi×XX )∗OX(−n) → Ui denote the universal quotient on Qi ×X; then

if we pull this back to Q×X via πi : Q×X → Qi ×X and take the direct sum for

i = 1, . . . ,m, we get a universal quotient

Γ : V ⊗ (πQ×XX )∗OX(−n)→ U = ⊕mi=1π
∗
i Ui

where V = ⊕mi=1Vi. Let p : Q × X → Q be the projection morphism and define

D := P(R) to be the projective bundle over Q associated to the locally free sheaf

R := V ∨ ⊗ p∗
(
U ⊗ (πQ×XX )∗OX(n)

)
⊕OQ

on Q. Note that here we need to assume n >> 0 so that R is locally free. Recall

that our convention is that the points of a projective bundle correspond to lines in

the fibres of the corresponding vector bundle. Let πD : D→ Q denote the projection
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map to Q; then the tautological inclusion OD(−1) ↪→ π∗DR over D splits into two

tautological homomorphisms:

ψD : V ⊗OD → π∗Dp∗

(
U ⊗ (πQ×XX )∗OX(n)

)
⊗OD(1)

and

ζD : OD → OD(1).

A point of D over a point (qi : Vi ⊗ OX(−n) → Ei)mi=1 in Q is given (up to scalar

multiplication) by a homomorphism ψ : V → ⊕mi=1H
0(Ei(n)) and a complex number

ζ.

We can construct a closed subscheme D̃ of the projective bundle D consisting of

points (q1, . . . , qm, [ψ : ζ]) where ψ factors through the quotient map ⊕mi=1qi(n), so

that ψ is constructed from a morphism d : ⊕Ei → ⊕Ei. More precisely, let K be the

kernel of Γ(n) : V ⊗OQ×X → U ⊗ (πQ×XX )∗OX(n) and consider the composition

π∗Dp∗K → V ⊗OD → π∗Dp∗

(
U ⊗ (πQ×XX )∗OX(n)

)
⊗OD

where the second map is the tautological map ψD. Then for n >> 0 this is a homo-

morphism of locally free sheaves and we define D̃ to be the vanishing locus of this

homomorphism.

Let S = p∗Hom(U ,U); then the homomorphism p∗Γ(n) : V ⊗ OQ → p∗(U ⊗

(πQ×XX )∗OX(n)) defines a homomorphism of sheaves

S → V ∨ ⊗ p∗(U ⊗ (πQ×XX )∗OX(n))

over Q. Let S ⊕ OQ → R be the homomorphism obtained from this homomorphism

and the identity homomorphism on OQ. The following lemma follows immediately

from the construction of D̃.
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Lemma 4.1.7. The restriction to D̃ of the tautological inclusion OD(−1) ↪→ π∗DR

factors uniquely through the restriction to D̃ of the homomorphism π∗D(S ⊕ OQ) →

π∗DR. We call OD(−1)|D̃ ↪→ π∗D(S ⊕OQ)|D̃ the tautological inclusion on D̃.

We may interpret the tautological inclusion on D̃ as two tautological morphisms

on D̃×X:

dD̃×X : UD̃×X → UD̃×X ⊗ (πD×XD )∗OD(1)|D̃×X

and

ζD̃×X : OD̃×X → (πD×XD )∗OD(1)|D̃×X

where UD̃×X := (πD×XQ×X )∗(U)|D̃×X . Since U = ⊕mi=1π
∗Ui, we may write dD̃×X =

(di,j)D̃×X where

(di,j)D̃×X : (Ui)D̃×X → (Uj)D̃×X ⊗ (πD×XD )∗OD(1)|D̃×X

and (Ui)D̃×X = (πD×XQi×X)∗(Ui)|D̃×X .

Definition 4.1.8. The parameter scheme T is the subscheme of D̃ defined by

i) (di,j)|T×X = 0 if j 6= i+ 1,

ii) (di,i+1)|T×X ◦ (di−1,i)|T×X = 0,

iii) ζ|T×X 6= 0.

The first two conditions are closed conditions whereas the third condition is open

and so T is a locally closed subscheme of D.

Remark 4.1.9. Let ι : T ↪→ D denote the inclusion morphism; then the tautological

inclusion on T is given by ι∗OD(−1) ↪→ ι∗π∗DS where S is the sheaf p∗Hom(U ,U) over

Q.
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We will write points of T as (q1, . . . , qm, d) where qi : Vi⊗OX(−n)→ Ei represents

a point in Qi and d is given by di : Ei → Ei+1 which satisfy di ◦ di−1 = 0. If we

wish to view z as a point of the projective bundle D we may instead write it as

(q1, . . . , qm, [d(n) ◦ ⊕mi=1qi(n) : 1]).

Remark 4.1.10. The construction of the parameter scheme T depends on the choice

of n and the Hilbert polynomials P . We write TP if we wish to emphasise its depen-

dence on the Hilbert polynomials.

4.1.3 The group action

For i = 1, . . . ,m we have fixed vector spaces Vi of dimension Pi(n). The group GL(Vi)

acts on the scheme Qi by

g · qi : Vi ⊗OX(−n) Vi ⊗OX(−n) Ei-g−1· -qi

where g ∈ GL(Vi) and qi represents a quotient sheaf in Qi.

The product Πm
i=1GL(Vi) ⊂ GL(⊕mi=1Vi) acts on the parameter scheme T by acting

on V := ⊕mi=1Vi: if ψ : V → ⊕mi=1H
0(Ei(n)) is a point in the parameter scheme T over

(q1, . . . , qm) ∈ Q and g = (q1, . . . , gm) ∈ Πm
i=1GL(Vi), then

g · ψ := ψ ◦ g−1

which sits over (g1 ·q1, . . . , gm ·qm) ∈ Q. If instead we consider ψ̃ := ⊕H0(qi(n))−1◦ψ :

V → V then this action corresponds to conjugating ψ̃ by g; that is,

g ◦ ψ̃ ◦ g−1 = g̃ · ψ.

The orbits of this action on the parameter scheme T are in one-to-one correspondence

with isomorphism classes of complexes. Since a copy of C∗ = C∗(IV1 , . . . , IVm) acts

trivially we can look at the action of (ΠiGL(Vi))/C∗ on the parameter scheme. We
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take a GIT quotient by a closely related group

G(σ, P (n)) =
m∏
i=1

GL(Vi) ∩ SL(⊕iV ⊕σii ) =

 (h1, . . . , hm) ∈
∏

GL(Vi) :

det(h1)σ1 · · · det(hm)σm = 1


which maps with finite kernel onto (ΠiGL(Vi))/C∗.

4.1.4 The associated decoration

The first part of the linearisation of this action on the parameter scheme T is given by

embedding T in another projective bundle Bσ over Q which depends on the stability

parameters σ. This embedding is given by associating to the boundary maps of a

given complex a decoration; that is, another homomorphism of sheaves on X which

depends on the stability parameters σ and a complex number ζ.

Let E· be a complex of torsion free sheaves with Hilbert polynomials P ; then

Schmitt associates to the boundary maps di : Ei → Ei+1 of the complex E· and a

complex number ζ a decoration

ϕ = ϕ(σ) : (E⊗r)⊕2 → det(E)

where E := ⊕E⊕σii and r =
∑
σiri. In this section we explain how to associate such

a decoration to a given complex.

The boundary maps di : Ei → Ei+1 define a homomorphism D = (Di,j) : E → E

by

Di,j =

 d
⊕σiσj
i : E⊕σii → E⊕σjj if j = i+ 1

0 if j 6= i+ 1.

Let U ⊂ X be the largest open set on which all of the sheaves Ei are locally free. Since

these sheaves are torsion free and X is smooth the complement of U has codimension

at least two.

81



Chapter 4. Moduli spaces of complexes

The homomorphism D|U and complex number ζ define a homomorphism

ϕ0 : Hom (E|U , E|U )⊕OU → OU

(H,w)→ tr(HD|U ) + ζw

where tr : Hom(E|U , E|U )→ OU is the trace homomorphism.

Let R be a complex vector space of dimension r =
∑
σiri where the positive

integers ri are the ranks determined by the top coefficients of the Hilbert polynomials

Pi. The wedge product ∧r−1R ⊗ R → ∧rR is a perfect pairing and so we have an

isomorphism

(∧rR)∨ ⊗ ∧r−1R ∼= R∨.

The vector space ∧r−1R⊗R is a direct summand of R⊗r: the inclusion and projection

maps are given by

∧r−1R⊗R←→ R⊗r

a1 ∧ · · · ∧ ar−1 ⊗ b→
1

(r − 1)!

∑
σ∈Σr−1

sign(σ) aσ(1) ⊗ · · · ⊗ aσ(r−1) ⊗ b

a1 ∧ · · · ∧ ar−1 ⊗ ar ← a1 ⊗ · · · ⊗ ar.

We have isomorphisms

Hom(R,R) ∼= R∨ ⊗R ∼= (∧rR)∨ ⊗ ∧r−1R⊗R

and so Hom(R,R) is a direct summand of (∧rR)∨ ⊗ R⊗r and similarly the diagonal

C ⊂ Hom(R,R) is also a direct summand of (∧rR)∨ ⊗ R⊗r . Therefore, we have a

decomposition

(∧rR)∨ ⊗ (R⊗r)⊕2 = Hom(R,R)⊕ C⊕ Z.

The sheaf E|U is locally free of rank r =
∑
σiri and so similarly there is a direct
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sum decomposition of locally free sheaves

det(E|U )∨ ⊗ (E|⊗rU )⊕2 ∼= Hom(E|U , E|U )⊕OU ⊕Z.

Let

ϕ1 : det(E|U )∨ ⊗ (E|⊗rU )⊕2 → OU

be the composition of the projection det(E|U )∨ ⊗ (E|⊗rU )⊕2 � Hom(E|U , E|U ) ⊕ OU

with ϕ0 and let j : U ↪→ X denote the inclusion of the open subscheme U . The

decoration associated to the complex E· is the composition

ϕ : (E⊗r)⊕2 ⊗ det(E)∨ → j∗((E|⊗rU )⊕2 ⊗ det(E|U )∨)→ j∗OU ∼= OX

where the first map is the natural map and the second map is j∗ϕ1. The isomorphism

j∗OU ∼= OX follows from the fact that X is smooth and codim(X − U,X) ≥ 2 (cf.

[31] Lemma 4.2).

Definition 4.1.11. Let z = (q1, . . . , qm, d) be a point in T where qi denotes a quotient

sheaf qi : Vi⊗OX(−n)→ Ei. Then the morphism d : ⊕Ei → ⊕Ei and complex number

ζ = 1 define a decoration ϕ(d, 1) : (E⊗r)⊕2 → det(E) as above where E = ⊕E⊕σii . The

decoration associated to z is the homomorphism

ϕ(z) = ϕ(d, 1) ◦ ((⊕q⊕σii )⊗r)⊕2 : ((⊕V ⊕σii )⊗r)⊕2 ⊗OX(−rn)→ det(E).

Remark 4.1.12. More generally given a point z = (q1, . . . , qm, [d : ζ]) ∈ D̃ we can

associate to this point a decoration which is defined up to scalar multiplication,

ϕ(z) = ϕ(d, ζ) ◦ ((⊕q⊕σii )⊗r)⊕2 : ((⊕V ⊕σii )⊗r)⊕2 ⊗OX(−rn)→ det(E)

where ϕ(d, ζ) is the decoration associated to the homomorphism d : ⊕Ei → ⊕Ei and
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complex number ζ. Note that for a nonzero complex number c we have ϕ(cd, cζ) =

cϕ(d, ζ) and so the decoration is only defined up to scalar multiplication.

Let M = ⊕mi=1V
⊕σi
i ; then

Cσ := ((M⊗r)⊕2))∨ ⊗ p∗
(

det(Uσ)⊗ (πQ×XX )∗OX(rn)
)

is a locally free sheaf over Q provided n is sufficiently large. Let πBσ : Bσ = P(Cσ)→

Q be the associated projective bundle over Q. There is an action of

G = G(σ, P (n)) =
m∏
i=1

GL(Vi) ∩ SL(M)

on Bσ: if g ∈ G and ϕ lies over (q1, . . . , qm) in the projective bundle Bσ, then we

define g · ϕ to be the composition

(M⊗r)⊕2 (M⊗r)⊕2 det(E)(rn).-g−1· -ϕ

The embedding h : T→ Bσ is defined on points by

z = (q1, . . . , qm, d) 7→ (q1, . . . , qm, ϕ(z))

where ϕ(z) denotes the decoration associated this point. More precisely, by [16]

II Proposition 7.12, constructing a morphism h : T → Bσ is equivalent to giving

an invertible sheaf L over T, a morphism of schemes h̃ : T → Q and an injective

homomorphism L → h̃∗Cσ of sheaves over T (note that the convention in [16] for

projective bundles is opposite to our convention).

The morphism h : T→ Bσ is constructed by taking L = ι∗OD(−1) where ι : T ↪→

D is the inclusion and letting h̃ = πD ◦ ι : T→ Q where πD : D→ Q. The inclusion

defining h is given by the composition

ι∗OD(−1)→ ι∗π∗Dp∗Hom(U ,U)→ ι∗π∗DCσ
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where the first homomorphism is the tautological inclusion on T and the second

homomorphism corresponds to associating to a homomorphism d : ⊕Ei → ⊕Ei and

the complex number ζ = 1 the decoration as defined above. Schmitt shows the

associated morphism h : T → Bσ is G-equivariant, injective and proper (see [39]

Section 2.2). Therefore we can pullback a linearisation of the G-action on Bσ via h

to get a linearisation of the G-action on the parameter scheme T.

4.1.5 The linearisation

The linearisation of the G-action on Bσ used by Schmitt [39] is given by taking

another equivariant embedding of Bσ into a projective G-scheme Bσ and pulling

back a linearisation on Bσ to T.

For each quot scheme Qi we use a Gieseker style embedding (cf. [13] and Remark

3.1.4) into a projective bundle Bi over a union of connected components Pic(X)i of

the Picard scheme of X. Let Pic(X)i ⊂ Pic(X) be the union of the components of

the Picard scheme which contain the determinant of a sheaf Ei parametrised by Qi

and Pi be a Poincaré line bundle on Pic(X)i ×X. Then there is an isomorphism

detUi ∼= (Di × idX)∗Pi ⊗ p∗iAi (4.1)

where Ai is an invertible sheaf on Qi and pi : Qi×X → Qi is the projection morphism

and Di : Qi → Pic(X)i is the morphism defined by the family of line bundles detUi

over Qi. Let

Wi := (∧riVi)∨ ⊗ (π1
i )∗(Pi ⊗ (π2

i )
∗OX(rin))

where π1
i and π2

i be the projections from Pic(X)i×X to the first and second factors.

For n sufficiently large this sheaf is locally free and we let Bi = P(Wi) denote the

associated projective bundle. As we saw in Remark 3.1.4, there is an injective homo-

morphism A∨i → D∗iWi of sheaves over Qi which defines an SL(Vi)-equivariant and
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injective morphism hi : Qi → Bi. Moreover, by modifying the choice of Poincaré bun-

dle Pi we can assume that Ai is very ample relative to Pic(X)i. We let Li := OBi(1)

denote the natural SL(Vi)-linearisation where the action on Bi is described in Remark

3.1.4.

Let R := Πm
i=1Pic(X)i and Pσ := ⊗(πRi )∗P⊗σii where πRi : R×X → Pic(X)i ×X

is the projection. The sheaf

W ′σ = ((M⊗r)⊕2)∨ ⊗ (πR×XR )∗(Pσ ⊗ (πR×XX )∗OX(rn))

over R is locally free for n sufficiently large and so let B′σ = P(W ′σ) denote the

associated projective bundle over R. A morphism h′ : Bσ → B′σ is constructed by

giving an invertible sheaf Λ on Bσ and an injective homomorphism Λ → π∗BσD
∗W ′σ

where

D = D1 × · · · ×Dm : Q→ R.

We can use the isomorphisms (4.1) and the invertible sheaves Ai to construct an

invertible sheaf

Aσ = ⊗mi=1(πQQi)
∗A⊗σii (4.2)

over Q such that

det(Uσ) ∼= (D × idX)∗Pσ ⊗ p∗Aσ. (4.3)

We choose the invertible sheaf Λ to be π∗BA∨σ and the injection Λ → π∗BσD
∗W ′σ is

given by the tautological inclusion OBσ(−1)→ π∗BσCσ and the isomorphism

p∗

(
det(Uσ)⊗ (πQ×XX )∗OX(rn)

)
∼= D∗(πR×XR )∗

(
Pσ ⊗ (πR×XX )∗OX(rn)

)
⊗Aσ

defined by (4.3). The resulting morphism h′ : Bσ → B′σ is G-equivariant and as

before we can ensure that L′ = OB′(1) is very ample by choosing Pσ appropriately.

86



4.1. Moduli spaces of semistable complexes

We let L′ also denote the natural linearisation of the G-action on B′σ arising from the

G-action on W ′σ.

The morphisms hi : Qi → Pic(X)i and h′ : Bσ → B′σ constructed above define a

morphism

Bσ → Bσ := B1 × · · · ×Bm ×B′σ.

The composition of this morphism with the embedding h : T → Bσ of Section 4.1.4

defines a morphism H : T→ Bσ which is G-equivariant and injective (cf. [39], Section

2.1). The linearisation on T is given by pulling back a linearisation on Bσ via the

equivariant and injective morphism H. If a = (a′, a1, · · · , am) is a tuple of positive

integers, then

OB(a) := π∗B′σL
′(a′)⊗ π∗B1

L1(a1)⊗ · · · ⊗ π∗BmLm(am)

is a very ample linearisation on Bσ which can be modified by a character ρ : G→ C∗.

Schmitt uses the stability parameters σ and χ and the invariants P to define the

positive integers a and the character ρ as follows. Let ai and a′ to be positive integers

such that

ai
a′

= σi

(
P (n)

rδ(n)
− 1

)
+ ηi

where P =
∑
σiPi and r =

∑
σiri. This is possible as for sufficiently large n the

right hand side is a positive rational number.

The rational numbers

ci := a′
[
σi

(
P (n)

rδ(n)
− 1

)(
r

P (n)
− ri
Pi(n)

)
− riηi
Pi(n)

]

can be used to define a character ρ : G → C∗ as follows. If the ci are all integral we

define

ρ((g1, . . . , gm)) = det gc11 . . . det gcmm
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whose restriction to the centre

Z(G) ∼= {(t1, . . . , tm) ∈ (C∗)m :

m∏
i=1

t
Pi(n)σi
i = 1}

is ρ((t1, . . . , tm)) =
∏
t
Pi(n)ci
i . If the ci are rational, then we can find the minimal

positive integer N such that ciN are all integers and then scale everything used in

the linearisation (that is, the positive integers a and ai) by N and define ρ using the

integers ciN .

Definition 4.1.13. The linearisation L = L(σ,χ) of the G-action on T determined

by the stability parameters (σ, χ) is equal to the pullback via H : T → B of the

linearisation OB(a) on B modified by ρ.

Remark 4.1.14. For simplicity in calculations we will often assume a′ = 1 since a′

is only introduced to ensure this tuple defining the linearisation is a tuple of integers

rather than a tuple of rational numbers. We will also ignore the scaling by N needed

if ci are not integral.

4.1.6 S-equivalence and moduli of (σ, χ)-semistable complexes

The moduli space of (σ, χ)-semistable complexes is constructed as a GIT quotient. A

GIT quotient identifies S-equivalent orbits; that is, those orbits whose closures meet

in the semistable locus. Therefore, we have to weaken the notion of equivalence from

isomorphism to S-equivalence:

Definition 4.1.15. A Jordan–Hölder filtration of a (σ, χ)-semistable complex E· is a

filtration by subcomplexes

0· = E0
· $ E1

· $ · · · $ Ek· = E·

such that the quotients E i· /E i−1
· are (σ, χ)-stable with reduced Hilbert polynomials

88



4.1. Moduli spaces of semistable complexes

which satisfy

P red
σ,χ(E i· /E i−1

· ) = P red
σ,χ(E·).

This filtration is in general not canonical but the associated graded object

gr(σ,χ)(E·) :=

k⊕
i=1

E i· /E i−1
·

is canonically associated to E· up to isomorphism. We say two (σ, χ)-semistable

complexes are S-equivalent if their graded objects associated to their Jordan–Hölder

filtrations with respect to (σ, χ) are isomorphic.

The proof of the existence of Jordan–Hölder filtrations of (σ, χ)-semistable com-

plexes is given by modifying the proof of the existence statement for semistable

sheaves (for example, see [13]) in the appropriate way.

We are now able to state one of the main results of [39] for us: the existence

of moduli spaces of (σ, χ)-semistable complexes with invariants P . Recall there is

a parameter scheme T for (σ, χ)-semistable complexes with invariants P which is

quasi-projective. There is a action of a reductive group G on T such that the G-

orbits correspond to isomorphism classes of complexes. The stability parameters

(σ, χ) are used to determine a linearisation L of this action.

Theorem 4.1.16. ([39], p3) Let X be a smooth integral projective scheme over the

complex numbers and let P = (P1, . . . , Pm) be a tuple of Hilbert polynomials of degree

dimX. Let (σ, χ) be stability parameters for P ; then there is a quasi-projective coarse

moduli space

M (σ,χ)−ss(X,P ) = T//LG

for S-equivalence classes of (σ, χ)-semistable complexes over X with Hilbert polyno-

mials specified by P .
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4.2 Calculating the Hilbert–Mumford function

In the above section we described a construction of the moduli space of (σ, χ)-

semistable complexes of fixed invariants due to Schmitt [39]. The construction is

as a GIT quotient of a parameter scheme T = TP by the action of

G :=
m∏
i=1

GL(Vi) ∩ SL(⊕mi=1V
⊕σi
i )

with respect to a linearisation L determined by the stability parameters.

In this section we calculate the Hilbert–Mumford function µL(z, λ) for z ∈ T and

λ : C∗ → G a one-parameter subgroup (1-PS) of G. In fact we will actually work

with a projective completion T of the parameter scheme (see Definition 4.2.1 below)

so that we can study the limits of points z under such one-parameter subgroups.

Some details of these calculations can be found in [39] Section 2.1, but we give some

additional details which will be needed for this thesis.

4.2.1 Limits of points under one-parameter subgroups

Let Qi denote the closure of Qi in the quot scheme Quot(Vi ⊗ OX(−n), Pi) and

Q = Q1 × · · · × Qm. Then the projective bundle D over Q extends to a projective

bundle over Q which we denote by D. A point of D is given by z = (q1, . . . , qm, [ψ : ζ])

where qi : Vi ⊗ OX(−n) → Ei is in Qi and [ψ : ζ] is a nonzero class given by ζ ∈ C

and ψ : V = ⊕mi=1Vi → ⊕mi=1Ei(n) defined up to scalar multiplication.

Definition 4.2.1. We define T to be the closed subscheme of D consisting of points

z = (q1, . . . , qm, [ψ : ζ]) as above such that

i) The morphism ψ factors through ⊕mi=1qi(n) : V → ⊕mi=1Ei(n); i.e., ψ is defined

by a morphism d : ⊕mi=1Ei → ⊕mi=1Ei.

ii) The morphism d = (di,j : Ei → Ej) satisfies di,j = 0 unless j = i + 1 and
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di,i+1 ◦ di−1,i = 0 for i = 2, . . . ,m− 1.

These conditions are both closed as they are cut out by the vanishing locus of a

homomorphism of locally free sheaves (cf. the construction of the closed subscheme

D̃ of D in Section 4.1.2). The scheme T is a projective completion of the parameter

scheme T and the group action and linearisation L extend to T; therefore, we can

calculate the Hilbert–Mumford function for points in T.

Let λ = (λ1, . . . , λm) be a one-parameter subgroup of G where λi : C∗ → GL(Vi)

satisfy

det(λ1)σ1 × · · · × det(λm)σm = 1.

We have seen that a 1-PS of GL(Vi) gives rise to a weight space decomposition of Vi

indexed by a finite collection of integers k1 > · · · > ks which we can use to filter Vi. We

diagonalise each λi simultaneously so for each i = 1, . . . ,m there is a decomposition

Vi = ⊕sj=1V
j
i (where we may have V j

i = 0), and a filtration

0 ⊂ V (1)
i ⊂ V (2)

i ⊂ · · · ⊂ V (s)
i = Vi

where V
(j)
i = V 1

i ⊕ · · · ⊕ V
j
i such that

λi(t) =


tk1IV 1

i

. . .

tksIV si

 .

Let z = (q1, . . . , qm, [d : ζ]) be a point in T and let

z := lim
t→0

λ(t) · z

denote the limit of z under the action of λ(t) as t tends to zero. We may write this

point as z = (q1, . . . , qm, [d : ζ]). Then by [19] Lemma 4.4.3, the quotient sheaves are
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direct sums:

qi = lim
t→0

λi(t) · qi = ⊕sj=1q
j
i : ⊕sj=1V

j
i ⊗OX(−n)→ ⊕sj=1E

j
i

where Eji are the successive quotients in the filtration

0 ⊂ E(1)
i ⊂ · · · ⊂ E(j)

i := qi(V
(j)
i ⊗OX(−n)) ⊂ · · · ⊂ E(s)

i = Ei

induced by λi.

In the case when ζ = 1, there are two possibilities: either the boundary maps

respect these filtrations (see case i) of Lemma 4.2.2 below) or they do not respect

these filtrations (see case iii) of Lemma 4.2.2 below).

Lemma 4.2.2. Let λ be a 1-PS of G as above with weights k1 > · · · > ks. Let

z = (q1, . . . , qm, [d : ζ]) be a point in T and

z := lim
t→0

λ(t) · z = (q1, . . . , qm, [d : ζ])

where qi are as above and d is given by di : ⊕sj=1E
j
i → ⊕sj=1E

j
i+1 for i = 1, . . .m − 1

which satisfy di ◦ di−1 = 0. Then:

i) (Diagonal) If di(E(j)
i ) ⊂ E(j)

i+1 for i = 1, . . . ,m − 1 and j = 1, . . . s and if either

ζ 6= 0 or there is an i and j such that di(E(j)
i ) * E(j−1)

i+1 , then ζ = ζ and

di = ⊕sj=1d
j
i where dji : Eji → E

j
i+1 for i = 1, . . . ,m.

ii) (Strictly upper triangular) If ζ = 0 and di(E(j)
i ) ⊂ E(j−1)

i+1 for i = 1, . . . ,m − 1

and j = 1, . . . s, then ζ = 0 and there is a N ∈ Z>0 such that di(Eji ) ∩ E li+1 = 0

unless kl − kj = N .

iii) (Strictly lower triangular) If there is an i and j such that di(E(j)
i ) * E(j)

i+1, then

ζ = 0 and there is a N ∈ Z<0 such that di(Eji ) ∩ E li+1 = 0 unless kl − kj = N .
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Proof. For the purposes of this proof we assume that H0(qi(n)) is an isomorphism

for each i so that rather than working with di : Ei → Ei+1 we can work with

ψ̃i := H0(qi+1(n))−1 ◦ di(n) ◦H0(qi(n)) : Vi → Vi+1.

If this were not the case we can use ϕi = di ◦ qi : Vi⊗OX(−n)→ Ei+1 and techniques

similar to that of [19] Lemma 4.4.3 to prove the result.

For i = 1, . . . ,m pick a basis of Vi which is compatible with the filtration 0 ⊂

V
(1)
i ⊂ · · · ⊂ V (s)

i = Vi and write ψ̃i as a block matrix Ai = (aijl) with respect to this

basis where aijl : V l
i → V j

i+1. Then λ acts by conjugation on Ai and

λ(t) ·Ai =



ai11 tk1−k2ai12 . . . tk1−ksai1s

tk2−k1ai21 ai22 . . . tk2−ksai2s
...

...
. . .

...

tks−k1ais1 tks−k2ais2 . . . aiss


. (4.4)

In case i) we have that for each i the corresponding matrix Ai is block upper

triangular and either ζ 6= 0 or there is an i such that the matrix Ai has a nonzero

diagonal entry aijj 6= 0. Then as k1 > · · · > ks the limit as t→ 0 is



ai11 0 0 0

0 ai22 0 0

0 0
. . . 0

0 0 0 aiss


.

Therefore, ζ = ζ and di = ⊕sj=1d
j
i where dji : Eji → E

j
i+1 is the quotient of E(j)

i → E
(j)
i+1

by E(j−1)
i → E(j−1)

i+1 .

In case ii) we have that ζ = 0 and for each i the corresponding matrix Ai is
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strictly upper triangular; i.e., aijl = 0 if j ≥ l. Therefore, t only appears with positive

exponents in the versions of (4.4) for i = 1, · · · ,m− 1. Let N ∈ Z>0 be the smallest

exponent of t appearing in these matrices; then since we are working projectively we

can multiply [λ(t) · d : ζ = 0] by t−N . As t → 0, the limit is [d : 0] where di are all

strictly upper triangular and di(Eji ) ∩ E li+1 = 0 unless kl − kj = N .

In case iii) we know that there is an i such that the corresponding matrix Ai

has a nonzero entry aijl for j > l. Therefore, t appears with a negative exponent in

(4.4). Let N ∈ Z<0 be the smallest exponent of t appearing in the versions of (4.4)

for i = 1, . . . ,m− 1; then we can multiply [λ(t) · d : ζ] by t−N to remove the negative

exponents. As t→ 0, the limit is [d : 0] where di are all strictly lower triangular and

di(Eji ) ∩ E li+1 = 0 unless kl − kj = N .

Definition 4.2.3. Let λ be a 1-PS of G and z = (q1, · · · , qm, [d : 1]) be a point in T.

We say λ induces a filtration of z (or the corresponding complex E·) by subcomplexes

if the filtrations 0 ⊂ E(1)
i ⊂ · · · ⊂ E(s)

i = Ei induced by λi are compatible with the

boundary maps di; that is, di(E(j)
i ) ⊂ E(j)

i+1 for all i and j.

An important consequence of Lemma 4.2.2 is the following corollary:

Corollary 4.2.4. Let z = (q1, · · · , qm, [d : 1]) be a point of T parametrising a complex

E· and λ be a 1-PS of G. Then λ induces a filtration of z by subcomplexes if and only

if limt→0 λ(t) · z ∈ T.

4.2.2 The weight of C∗-actions over fixed points

Let z = (q1, . . . , qm, [d : ζ]) be a point in T and λ = (λ1, . . . , λm) be a 1-PS of G;

then in this section we calculate the weight of this copy of C∗ acting on the fibre of

the linearisation L over the fixed point z := limt→0 λ(t) · z which is by definition the

value µL(z, λ) of the Hilbert–Mumford function µL evaluated at (z, λ). Let ϕ = ϕ(z)

denote the decoration associated to z (cf. Remark 4.1.12) then by construction of L
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we have

µL(z, λ) = µL
′
(ϕ, λ) +

m∑
i=1

aiµ
Li(qi, λi)− ρ · λ (4.5)

where the rational numbers ai and the character ρ are defined in section 4.1.5. We

now calculate each of these quantities separately.

Lemma 4.2.5. Let λi be a 1-PS of GL(Vi) corresponding to a decomposition Vi =

⊕sj=1V
j
i and sequence of integers k1 > · · · > ks as above. Let Li be the linearisation

of the SL(Vi)-action on Qi defined in Section 4.1.5. Suppose qi : Vi ⊗OX(−n) → Ei

is a point in Qi, then

µLi(qi, λi) =

s∑
j=1

kj

(
rk Eji − dimV j

i

ri
Pi(n)

)

where E(j)
i = qi(V

(j)
i ⊗OX(−n)) and Eji = E(j)

i /E(j−1)
i .

Proof. By [19], Lemma 4.4.3 we know that

qi := lim
t→0

λ′i(t) · qi = ⊕sj=1q
j
i

where qji : V j
i ⊗ OX(−n) → Eji is the quotient of qi|V (j)

i

: V
(j)
i ⊗ OX(−n) → E(j)

i by

qi|V (j−1)
i

: V
(j−1)
i ⊗OX(−n)→ E(j−1)

i .

The linearisation Li is a lift of the SL(Vi)-action and so we should view λi(t) as

elements of SL(Vi) as follows. We can associate to the 1-PS λi of GL(Vi) a rational

1-PS λ′i of SL(Vi) by

λ′i(t) =


tk
′
1IV 1

i

. . .

tk
′
sIV si


where k′j := kj − (

∑s
l=1 kl dimV l

i )/Pi(n).

The weight of the C∗-action induced by λ′i on the fibre of Li over qi is calculated
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in [14]:

µLi(qi, λ
′
i) =

s∑
j=1

k′j rk Eji =
s∑
j=1

kj

(
rk Eji − dimV j

i

ri
Pi(n)

)
(cf. Remark 3.1.6).

As above we let λ = (λ1, . . . , λm) be a 1-PS of G which corresponds to integers

k1 > · · · > ks and decompositions Vi = ⊕sj=1V
j
i . This induces a decomposition and

filtration of the vector space M = ⊕mi=1V
⊕σi
i . Let M j = ⊕mi=1(V j

i )⊕σi ; then we get a

decomposition M = ⊕sj=1M
j . The associated filtration is given by

0 ⊂M (1) ⊂ · · · ⊂M (s) = M

where M (j) = ⊕mi=1(V
(j)
i )⊕σi .

Given an index I = (i1, . . . ir) ∈ {1, . . . , s}×r, we let M I = M i1⊗· · ·⊗M ir ⊂M⊗r.

Then λ(t) acts on M I by multiplication by t to the power of
∑
kjnj(I) where

nj(I) = #{il : il = j for 1 ≤ l ≤ r}.

Lemma 4.2.6. Let λ denote a 1-PS of G and z = (q1, . . . , qm, [d : ζ]) ∈ T as above.

If ϕ denotes the decoration associated to z, then

µL
′
(ϕ, λ) = −min

−
s∑
j=1

kjnj(I) :
I ∈ {1, . . . , s}×r and there is a c ∈M I

such that ϕ(c, 0) or ϕ(0, c) 6= 0

 .

Furthermore, if z is a point in T such that λ induces a filtration of z by subcomplexes

then

µL
′
(ϕ, λ) =

s∑
j=1

m∑
i=1

kjσi rk Eji

where Eji are the successive quotients in the filtrations 0 ⊂ E(1)
i ⊂ · · · ⊂ E(s)

i = Ei

induced by λ.

96



4.2. Calculating the Hilbert–Mumford function

Proof. The first statement is simply the definition of the Hilbert–Mumford function.

Suppose that z = (q1, · · · , qm, [d : 1]) is a point in T representing a complex E· such

that λ induces a filtration of E· by subcomplexes. By Lemma 4.2.2 and Corollary

4.2.4 the fixed point is

z = (q1, . . . , qm, [d, ζ]) = lim
t→0

λ(t) · z ∈ T

where qi = ⊕sj=1(qji : V j
i ⊗ OX(−n) → Eji ) and [d, ζ] = [⊕sj=1d

j , 1]. By definition of

the Hilbert–Mumford function we have that

µL
′
(ϕ, λ) = µL

′
(ϕ, λ)

where ϕ denote the decoration associated to the fixed point z. Since ϕ is fixed by

λ(C∗) we have

µL
′
(ϕ, λ) =

s∑
j=1

kjnj(I)

for any I ∈ {1, . . . , s}×r such that there is an c ∈ M I such that ϕ(c, 0) 6= 0 or

ϕ(0, c) 6= 0. In order to find such an I we need to recall the construction of ϕ given

in Section 4.1.4. Let E = ⊕mi=1 ⊕sj=1 (Eji )⊕σi ; then ϕ : (M⊗r)⊕2 → H0(det(E)(rn))

is given by two components. The first component ϕ1 : M⊗r → H0(det(E)(rn)) is

defined using the morphism d and the second component ϕ2 : M⊗r → H0(det(E)(rn))

is defined by the complex number ζ = 1 viewed as a global section of OX . The second

component is needed so that ϕ 6= 0 and so we know there is a c ∈ M⊗r such that

ϕ2(c) 6= 0.

As Eji (n) is generated by global sections we know that there are sections sli,j ∈

H0(Eji (n)) for l = 1, . . . rji := rk Eji such that

s1
i,j ∧ · · · ∧ s

rji
i,j 6= 0 in H0(det(Eji )(rjin)).
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These sections for i = 1, . . . ,m and j = 1, . . . , s define an element c ∈ M⊗r ∼=

H0(E(n))⊗r (where sli,j appears σi times) and by reviewing the construction of this

decoration we see that ϕ2(c) 6= 0. Then c ∈M I where nj(I) =
∑

i σir
j
i and

µL
′
(ϕ, λ) =

s∑
j=1

m∑
i=1

kjσi rk Eji

as required.

Lemma 4.2.7. Let λ denote a 1-PS of G as above and z = (q1, . . . , qm, [d : 1]) be

a point in T with associated decoration ϕ. If λ does not induces a filtration of z by

subcomplexes, then there is a negative integer N = kj2 − kj1 such that

µL
′
(ϕ, λ) =

s∑
j=1

m∑
i=1

kjσi rk Eji −N

where Eji are the successive quotients in the filtrations 0 ⊂ E(1)
i ⊂ · · · ⊂ E(s)

i = Ei

induced by λ.

Proof. As λ does not induce a filtration by subcomplexes, we are in case iii) of

Lemma 4.2.2 and the limit z = limt→0 λ(t) · z /∈ T. In fact there is N ∈ Z<0 such that

di(Eji ) ∩ E li+1 = 0 unless kl − kj = N . As d is nonzero, there are 1 ≤ i0 ≤ m− 1 and

1 ≤ j1 < j2 ≤ s such that di0(Ej1i0 ) ∩ Ej2i0+1 6= 0. As in Lemma 4.2.6 above

µL
′
(ϕ, λ) = µL

′
(ϕ, λ) =

s∑
j=1

kjnj(I)

for any I ∈ {1, . . . , s}×r for which there is an c ∈ M I such that ϕ(c, 0) 6= 0 or

ϕ(0, c) 6= 0.

Since ζ = 0 the second component ϕ2 = 0 and so cannot be used to calculate the

Hilbert–Mumford function. Instead we use the fact that di0(Ej1i0 ) ∩ Ej2i0+1 6= 0. The

sheaf Eji (n) is generated by global sections and so there are sections sli,j ∈ H0(Eji (n))
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for l = 1, . . . rji := rk Eji such that

s1
i,j ∧ · · · ∧ s

rji
i,j 6= 0 in H0(det(Eji )(rjin)).

We can pick these sections so that H0(di0(n))(s1
i0,j1

) = s1
i0+1,j2

. Let c ∈ M⊗r ∼=

(⊕i,jH0(Eji (n))⊕σi)⊗r to be the tensor product of the sli,j where s1
i0,j1

appears σi + 1

times and s1
i0+1,j2

appears σi+1 − 1 times and all other sli,j appear σi times. By

carefully studying the construction of this decoration we see that ϕ1(c) 6= 0 and

c ∈M I where

nj(I) =


1 +

∑
i σir

j
i ifj = j1

−1 +
∑

i σir
j
i ifj = j2∑

i σir
j
i otherwise.

Therefore

µL
′
(ϕ, λ) =

s∑
j=1

m∑
i=1

kjσi rk Eji + kj1 − kj2 =
s∑
j=1

m∑
i=1

kjσi rk Eji −N

as kj2 − kj1 = N .

Proposition 4.2.8. Let λ = (λ1, . . . , λm) be a 1-PS of G which corresponds to in-

tegers k1 > · · · > ks and decompositions Vi = ⊕sj=1V
j
i for i = 1, . . . ,m as above.

Let z = (q1, . . . , qm, [d : 1]) be a point in T where qi represents a quotient sheaf

qi : Vi ⊗OX(−n)→ Ei and d represents the boundary maps. Then we have:

i) If λ induces a filtration of z by subcomplexes, then

µL(z, λ) =

s∑
j=1

m∑
i=1

kj

(
σi
P (n)

rδ(n)
+ ηi

)
rk Eji

where Eji = E(j)
i /E(j−1)

i and E(j)
i = qi(V

(j)
i ⊗OX(−n)).
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ii) If λ does not induce a filtration of z by subcomplexes, then

µL(z, λ) =

s∑
j=1

m∑
i=1

kj

(
σi
P (n)

rδ(n)
+ ηi

)
rk Eji −N

where N is the negative integer given by Lemma 4.2.7.

Proof. By the formula (4.5) and the definition of ρ, we have

µL(z, λ) = µL
′
(ϕ, λ) +

m∑
i=1

aiµ
Li(qi, λ

′
i)−

s∑
j=1

m∑
i=1

kjci dimV j
i

where ai and ci are rational numbers defined in Section 4.1.5. By Lemma 4.2.5 and

the definition of these rational numbers, we have

µ =µL
′
(ϕ, λ) +

∑∑
kj

(
σi
P (n)

rδ(n)
− σi + ηi

)(
rk Eji − dimV j

i

ri
Pi(n)

)
−
∑∑

kj

[
σi

(
P (n)

rδ(n)
− 1

)(
r

P (n)
− ri
Pi(n)

)
− riηi
Pi(n)

]
dimV j

i .

As λ is a 1-PS of SL(⊕iV ⊕σii ),

s∑
j=1

m∑
i=1

kjσi dimV j
i = 0

so that

µ = µL
′
(ϕ, λ) +

s∑
j=1

m∑
i=1

kj

(
σi
P (n)

rδ(n)
− σi + ηi

)
rk Eji .

Then i) and ii) follow from Lemma 4.2.6 and Lemma 4.2.7 respectively.

4.3 Direct sum constructions

Given P = (P1, . . . , Pm) and P ′ = (P ′1, . . . , P
′
m) two tuples of Hilbert polynomials, we

may construct the associated parameter schemes TP and TP ′ as in Section 4.1.2. In
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this section we describe a morphism

TP × TP ′ → TP ′′

where P ′′ = P + P ′ which corresponds to taking the direct sum of two complexes. If

(q1, . . . , qm, d) (respectively (q′1, . . . , q
′
m, d

′)) denotes a point in TP (respectively TP ′),

then their image under this morphism is the direct sum

(q1 ⊕ q′1, . . . , qm ⊕ q′m, d⊕ d′).

Suppose n >> 0; then for i = 1, . . .m fix vector spaces Vi (resp. V ′i ) of dimension

Pi(n) (resp. P ′i (n)) and define V ′′i = Vi ⊕ V ′i which has dimension P ′′i (n). We define

Qi to be the locally closed subscheme of the quot scheme Quot(Vi ⊗ OX(−n), Pi)

parametrising torsion free quotient sheaves qi : Vi⊗OX(−n)→ Ei such that H0(qi(n))

is an isomorphism. Analogously we define subschemes Q′i of Quot(V ′i ⊗OX(−n), P ′i )

and Q′′i of Quot(V ′′i ⊗OX(−n), P ′′i ). Let Q := Q1×· · ·×Qm and Q′ := Q′1×· · ·×Q′m

and Q′′ := Q′′1 × · · · ×Q′′m.

Lemma 4.3.1. There is a Πm
i=1GL(Vi)×Πm

i=1GL(V ′i )-equivariant injective morphism

of schemes

φ : Q×Q′ → Q′′

given by

((qi)
m
i=1, (q

′
i)
m
i=1) 7→ (qi ⊕ q′i)mi=1

Proof. It is sufficient to construct for i = 1, . . .m a morphism φi : Qi×Q′i → Q′′i which

is GL(Vi) × GL(V ′i )-equivariant and injective. As the quot scheme is a fine moduli

space, giving a morphism φi : Qi × Q′i → Quot(V ′′i ⊗ OX(−n), P ′′i ) is equivalent to

giving a family Vi of quotient sheaves of V ′′i ⊗ OX(−n) with Hilbert polynomial P ′′i

parametrised by Qi×Q′i. Let Ui (respectively U ′i) denote the universal quotient sheaf
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on Qi ×X (respectively Q′i ×X) and let πijk be the projection from Qi ×Q′i ×X to

the jth and kth factors. Then

Vi = (πi13)∗Ui ⊕ (πi23)∗U ′i

is a family of quotient sheaves parametrised by Qi × Q′i and so defines a morphism

φi : Qi ×Q′i → Quot(V ′′i ⊗OX(−n), P ′′i ). From the construction of this family Vi we

see that this morphism corresponds to taking the direct sum of two quotient sheaves

and that the image of φi is contained in the open subscheme Q′′i .

Two quotient sheaves represent the same point in a quot scheme if and only if their

kernels are equal; thus, if φi(qi, q
′
i) = φi(ρi, ρ

′
i) then ker qi = ker ρi and ker q′i = ker ρ′i.

Hence, the morphism φi is injective. There is an inclusion of GL(Vi) × GL(V ′i ) into

GL(V ′′i ) and it is easy to verify that φi is equivariant with respect to the action of

GL(Vi)×GL(V ′i ).

We recall the construction of the parameter scheme T = TP from Section 4.1.2.

Let V = ⊕mi=1Vi and consider the projective bundle D = P(R) over Q where

R = V ∨ ⊗ p∗
(
U ⊗ (πQ×XX )∗OX(n)

)
⊕OQ,

p : Q×X → Q and U is the universal quotient sheaf on Q×X. Then T is the locally

closed subscheme of D defined in Section 4.1.2 consisting of points (q1, . . . , qm, d)

where qi : Vi⊗OX(−n)→ Ei represents a point in Qi and d is given by di : Ei → Ei+1

satisfying di ◦ di−1 = 0.

Let ι : T ↪→ D denote the inclusion; then there is a tautological inclusion

ι∗OD(−1) ↪→ ι∗π∗DS

where πD : D → Q denotes the projection map and S = p∗Hom(U ,U) (cf. Remark
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4.1.9). Analogously we define V ′ = ⊕mi=1V
′
i and T′ = TP ′ as a subscheme of the

projective bundle D′ = P(R′) over Q′ which comes with a tautological inclusion

ι′∗OD′(−1) ↪→ ι′∗π∗D′S ′. We also define V ′′ = ⊕mi=1V
′′
i and T′′ = TP ′′ as a subscheme

of the projective bundle D′′ = P(R′′) over Q′′ where

R′′ = (V ′′)∨ ⊗ p′′∗
(
U ′′ ⊗ (πQ

′′×X
X )∗OX(n)

)
⊕O′′Q

and p′′ : Q′′ ×X → Q′′ and U ′′ is the universal quotient sheaf on Q′′ ×X.

Consider the sheaves

T := p∗(U ⊗ (πQ×XX )∗OX(n)) and T ′ := p′∗(U ′ ⊗ (πQ
′×X

X )∗OX(n))

over Q and Q′.

Lemma 4.3.2. Let φ : Q × Q′ → Q′′ be the direct sum morphism of Lemma 4.3.1.

There are invertible sheaves C over Q and C′ over Q′ such that there is an isomorphism

φ∗R′′ ∼= (V ′′)∨ ⊗
(

(πQ×Q
′

Q )∗(T ⊗ C)⊕ (πQ×Q
′

Q′ )∗(T ′ ⊗ C′)
)
⊕OQ×Q′ .

of sheaves on Q×Q′. Moreover, the constant section 1 ∈ H0(OQ×Q′) and the decom-

position V ′′ = V ⊕ V ′ define an injective homomorphism

(
V ∨ ⊗ (πQ×Q

′

Q )∗(T ⊗ C)
)
⊕
(

(V ′)∨ ⊗ (πQ×Q
′

Q′ )∗(T ′ ⊗ C′)
)
↪→ φ∗R′′ (4.6)

of sheaves over Q×Q′.

Proof. Recall from the proof of Lemma 4.3.1 that the morphism φ is equivalent to

the family

V = π∗13U ⊕ π∗23U ′

parametrised by Q×Q′ where πjk is the projection from Q×Q′×X to the jth and kth
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factors and U (respectively U ′) is the universal quotient sheaf on Q×X (respectively

Q′ ×X). Since the families of quotient sheaves V and (φ × idX)∗U ′′ are equivalent,

there are invertible sheaves C over Q and C′ over Q′ such that

(φ× idX)∗U ′′ ∼= π∗13(U ⊗ p∗C)⊕ π∗23(U ′ ⊗ p′∗C′). (4.7)

By flat base change and (4.7) we have isomorphisms

φ∗p′′∗

(
U ′′ ⊗ (πQ

′′×X
X )∗OX(n)

)
∼= π12∗

(
(φ× idX)∗U ′′ ⊗ (πQ×Q

′×X
X )∗OX(n)

)
∼= π12∗

(
(π∗13U ⊕ π∗23U ′)⊗ (πQ×Q

′×X
X )∗OX(n)

)
⊗ (πQ×Q

′

Q )∗C ⊗ (πQ×Q
′

Q′ )∗C′.

Similarly we have isomorphisms

π12∗π
∗
13

(
U ⊗ (πQ×XX )∗OX(n)

)
∼= (πQ×Q

′

Q )∗p∗

(
U ⊗ (πQ×XX )∗OX(n)

)

and

π12∗π
∗
23

(
U ′ ⊗ (πQ

′×X
X )∗OX(n)

)
∼= (πQ×Q

′

Q′ )∗p′∗

(
U ′ ⊗ (πQ

′×X
X )∗OX(n)

)
.

Hence,

φ∗R′′ ∼= (V ′′)∨ ⊗
(

(πQ×Q
′

Q )∗(T ⊗ C)⊕ (πQ×Q
′

Q′ )∗(T ′ ⊗ C′)
)
⊕OQ×Q′ .

Note that V ∨⊗(πQ×XQ )∗(T ⊗C) and (V ′)∨⊗(πQ
′×X

Q′ )∗(T ′⊗C′) are direct summands

of

(V ′′)∨ ⊗
(

(πQ×Q
′

Q )∗(T ⊗ C)⊕ (πQ×Q
′

Q′ )∗(T ′ ⊗ C′)
)

and so the injective homomorphism of (4.6) is constructed by using the inclusion of

these direct summands.
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Proposition 4.3.3. Let P = (P1, . . . , Pm) and P ′ = (P ′1, . . . , P
′
m) be tuples of Hilbert

polynomials. Then there is a morphism of schemes

Φ : TP × TP ′ → TP ′′

where P ′′ = P + P ′, given by

Φ((q1, . . . , qm, d), (q′1, . . . , q
′
m, d

′)) = (q1 ⊕ q′1, . . . , qm ⊕ q′m, d⊕ d′).

Proof. We use the notation as above: let ι : T = TP ↪→ D denote the inclusion into

the projective bundle and πD : D = P(R) → Q the projection map (and use the

analogous notation for P ′ and P ′′). Since T′′ is a subscheme of the projective bundle

D′′ = P(R′′) over Q′′, we first construct a morphism

Φ : T× T′ → D′′

which is, by [16] II Proposition 7.12, equivalent to giving an invertible sheaf Λ over

T × T′ and an injective homomorphism Λ → j∗φ∗R′′ of sheaves over T × T′ where

φ : Q×Q′ → Q′′ is the morphism defined in Lemma 4.3.1 and j : T×T′ → Q×Q′ is

defined to be (πD ◦ ι)× (πD′ ◦ ι′). Let

Λ := (πT×T
′

T )∗ι∗(OD(−1)⊗ π∗DC)⊗ (πT×T
′

T′ )∗ι′∗(OD′(−1)⊗ π∗D′C′)

where C and C′ are the invertible sheaves defined by Lemma 4.3.2. By Remark 4.1.9,

there is a tautological inclusion

ι∗OD(−1) ↪→ ι∗π∗DS

over T where S = p∗Hom(U ,U) and a similar tautological inclusion over T. Therefore,
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there is an injective homomorphism

Λ→ j∗
(

(πQ×Q
′

Q )∗(S ⊗ C)⊕ (πQ×Q
′

Q′ )∗(S ′ ⊗ C′)
)
. (4.8)

The pushforward of the universal quotient

p∗Γ(n) : V ⊗OQ → p∗(U ⊗ (πQ×XX )∗OX(n))

defines an injective homomorphism

S → V ∨ ⊗ T

over Q where T := p∗(U ⊗ (πQ×XX )∗OX(n)). Similarly using

p′∗Γ
′(n) : V ′ ⊗OQ → p∗(U ′ ⊗ (πQ

′×X
X )∗OX(n))

we have an injective homomorphism

S ′ → (V ′)∨ ⊗ T ′

over Q′ where T ′ := p′∗(U ′ ⊗ (πQ
′×X

X )∗OX(n)). By combining these homomorphisms

with (4.8) we have a homomorphism

Λ→ j∗
(
V ∨ ⊗ (πQ×Q

′

Q )∗(T ⊗ C)⊕ (V ′)∨ ⊗ (πQ×Q
′

Q′ )∗(T ′ ⊗ C′)
)
. (4.9)

We take the composition of (4.9) with the pullback via j of (4.6) to get the injective

homomorphism

Λ→ j∗φ∗R′′

which defines the morphism Φ : T × T′ → D′′. From the construction of this homo-
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morphism (see also Lemma 4.3.2) we see that this morphism corresponds to taking

the direct sum and that its image is contained in T′′.

Remark 4.3.4. It is straight forward to check that Φ is injective. Consider the

groups G = Πm
i=1GL(Vi)/C∗ and G′ = Πm

i=1GL(V ′i )/C∗ which act on T and T′; then

the morphism Φ : T× T′ → T′′ constructed above is G×G′-equivariant.

Corollary 4.3.5. Given a finite number of tuples of Hilbert polynomials P j for j =

1, . . . , s there is a direct sum map

Φ : TP 1 × · · · × TP s → T∑s
j=1 P

j

extending the above construction which is equivariant and injective.
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Chapter 5

A study of stability conditions

for complexes

Let X be a smooth integral projective scheme over the complex numbers and OX(1)

be an ample invertible sheaf on X as in the previous chapter. We continue to use

the term complex to mean bounded cochain complex of coherent sheaves over X. In

the last chapter we gave a notion of semistability for complexes due to Schmitt [39]

which depends on stability parameters (σ, χ) where χ = δη and

• σ = (σ1, . . . , σm) ∈ Zm>0,

• η = (η1, . . . , ηm) ∈ Qm,

• δ is a positive rational polynomial such that deg δ = max(dimX − 1, 0).

In this chapter we study these notions of stability for complexes in greater depth.

As we are now studying complexes with varying invariants we do not impose any

condition on η. An important property of these stability conditions is that we can

describe any complex of torsion free sheaves as a finite sequence of extensions of

semistable complexes by studying its Harder–Narasimhan filtration. Note that the
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Harder–Narasimhan filtration of a complex depends on the stability parameters we

are using. We describe the notion of semistability when the complex is a sheaf and

also when we are working over the point X = Spec C.

We also describe a collection of stability conditions indexed by a small positive

rational number ε which can be used to study the cohomology sheaves of a given

complex. More precisely, the Harder–Narasimhan filtration of a complex of torsion

free sheaves with torsion free cohomology with respect to these notions of stability

(for ε sufficiently small) tells us the Harder–Narasimhan filtration of the cohomology

sheaves (see Proposition 5.3.7 below).

5.1 Basic properties

In this section we study the basic properties of these stability conditions for complexes

such as the existence of Harder–Narasimhan filtrations.

5.1.1 Harder–Narasimhan filtrations of complexes

Given a choice of stability parameters (σ, χ) every complex of torsion free sheaves has

a maximal destabilising filtration known as the Harder–Narasimhan filtration of the

complex with respect to (σ, χ).

Definition 5.1.1. Let E· be a complex of torsion free sheaves and (σ, χ) be a fixed

stability condition. A Harder–Narasimhan filtration for E· with respect to (σ, χ) is a

filtration by subcomplexes

0· = E(0)
· $ E(1)

· $ · · · $ E(s)
· = E·

such that the successive quotients E(j)
· /E(j−1)

· are (σ, χ)-semistable and have decreas-
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Chapter 5. A study of stability conditions for complexes

ing reduced Hilbert polynomials with respect to (σ, χ)

P red
σ,χ(E(1)

· ) > P red
σ,χ(E(2)

· /E(1)
· ) > · · · > P red

σ,χ(E(s)
· /E(s−1)

· ).

The Harder–Narasimhan filtration can be constructed inductively once we know

how to construct a maximal destabilising subcomplex:

Definition 5.1.2. Let E· be a complex of torsion free sheaves and (σ, χ) be a fixed

stability condition. A subcomplex E ′· ⊂ E· is a maximal destabilising subcomplex for

E· with respect to (σ, χ) if

i) The complex E ′· is (σ, χ)-semistable and,

ii) For every subcomplex F· of E· such that E ′· ( F· we have

P red
σ,χ(E ′· ) > P red

σ,χ(F·).

Following the original existence statement of Harder and Narasimhan [15] we have:

Lemma 5.1.3. A complex of torsion free sheaves has a unique maximal destabilising

subcomplex with respect to (σ, χ).

The first term E(1)
· in the Harder–Narasimhan filtration is given by the maximal

destabilising subcomplex. Then the second term is given by taking the preimage of

the maximal destabilising subcomplex in E·/E(1)
· via the quotient map E· → E·/E(1)

· .

In this manner the Harder–Narasimhan filtration is constructed inductively and so

we have:

Lemma 5.1.4. A complex of torsion free sheaves has a unique Harder–Narasimhan

filtration with respect to (σ, χ).
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Definition 5.1.5. Let E· be a complex of torsion free sheaves and (σ, χ) be stability

parameters. Let

0· = E(0)
· $ E(1)

· $ · · · $ E(s)
· = E·

denote the Harder–Narasimhan filtration of E· with respect to (σ, χ). Then the

Harder–Narasimhan type of E· with respect to (σ, χ) is given by a s-tuple τ =

(P 1, · · · , P s) where P j is the tuple of Hilbert polynomials of the complex E(j)
· /E(j−1)

·

so that

P ji := P (E(j)
i /E(j−1)

i ).

5.1.2 Relation to Gieseker semistability of sheaves

Suppose E· is a complex concentrated in only one degree so that Ei = 0 for all but

one i. Then E· is a shift of a sheaf E over X and we can relate (σ, χ)-semistability of

this complex to Gieseker semistability of the corresponding sheaf.

Lemma 5.1.6. Let E· = E [−k] be the shift of a torsion free sheaf. Then E· is a

(σ, χ)-semistable complex if and only if E is a Gieseker semistable sheaf.

Proof. A subcomplex F· of E· is equivalent to a subsheaf F ⊂ E . The complex E· is

(σ, χ)-semistable if and only if for all F ⊂ E we have an inequality

P red
σ,χ(F·) :=

σkP (F)− χk rkF
σk rkF

≤ P red
σ,χ(E·) :=

σkP (E)− χk rk E
σk rk E

,

or equivalently,

P (F)

rkF
≤ P (E)

rk E
;

that is, the sheaf E is Gieseker semistable.
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5.1.3 Relation to quiver representations

If X = SpecC is a point, then a sheaf over X is a complex vector space and its Hilbert

polynomial and rank both coincide and are equal to the dimension of the vector space.

A complex E· over X is a representation of an Am-quiver with the obvious orientation

and relations in the category of complex vector spaces.

We fix a dimension vector d = (d1, · · · , dm) for the vector spaces rather than a

tuple of polynomials and suppose that (σ, χ) be stability parameters for d so that∑m
i=1 ηidi = 0. Then if V· is a complex of vector spaces with dimension vector d,

P red
σ,χ(V·) =

∑m
i=1 σi dimVi∑m
i=1 σi dimVi

= 1

and for a subcomplex W· ⊂ V·

P red
σ,χ(W·) =

∑m
i=1 σi dimWi − δ

∑m
i=1 ηi dimWi∑m

i=1 σi dimWi
= 1− δ

∑m
i=1 ηi dimWi∑m
i=1 σi dimWi

.

In particular

P red
σ,χ(W·) ≤ P red

σ,χ(V·) ⇐⇒
m∑
i=1

ηi dimWi ≥ 0.

As the ηi are rational numbers, there is a positive integer N such that Nηi ∈ Z for

i = 1, . . . ,m. Let θ = N(η1, . . . , ηm) ∈ Zm; then this is a stability parameter for

quiver representations in the sense of King [23].

Definition 5.1.7. A quiver representation V· is θ-semistable if for all subrepresenta-

tions W· of V· we have
∑m

i=1 θi dimWi ≥ 0.

Lemma 5.1.8. Fix a dimension vector d = (d1, · · · , dm) and let (σ, χ) be stability

parameters for d. A complex V· over X = Spec C with dimension vector d is (σ, χ)-

semistable if and only if it is θ-semistable as a quiver representation.
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5.2 Natural choices of stability

In this section we study a few natural choices of the stability parameters (σ, χ).

Lemma 5.2.1. A complex of torsion free sheaves E· is (σ, 0)-semistable if and only

if ⊕Ei is a Gieseker semistable sheaf.

Proof. Firstly suppose ⊕Ei is Gieseker semistable with reduced Hilbert polynomial

P ; then each Ei must be semistable with reduced Hilbert polynomial P . Let F· be a

subcomplex of E·; then by semistability of each Ei we have

∑
i

σiP (Fi) ≤
∑
i

σi rkFiP =
∑
i

σi rkFi
∑

i σiP (Ei)∑
i σi rk Ei

.

Conversely suppose E· is (σ, 0)-semistable. We first show inductively that the

sheaves Ei have reduced Hilbert polynomial equal to

P := P red
σ,0 (E·) =

∑m
i=1 σiP (Ei)∑m
i=1 σi rk Ei

.

The image of each boundary map di : Ei → Ei+1 can be viewed as a subcomplex and

quotient complex of E· and so the nonzero images have reduced Hilbert polynomial P .

Similarly the nonzero kernels of the boundary maps have reduced Hilbert polynomial

less than or equal to P . By inductively using subcomplexes of the form

E1 → · · · → Ei−1 → Ei → Im di → 0 · · ·

E1 → · · · → Ei−1 → ker di → 0→ 0 · · ·

we can show that the reduced Hilbert polynomial of Ei is less than or equal to P and

then by using the quotient complex

E1 → · · · → Ei−1 → Ei → 0→ 0 · · ·
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we see that Ei has reduced Hilbert polynomial P .

As Ei and Im di both have reduced Hilbert polynomial P , the kernel of di must

also have reduced Hilbert polynomial P by the see-saw property. Since ker di and

Im di are both subcomplexes of E· with the same reduced Hilbert polynomial as E·

with respect to (σ, 0) these subcomplexes are also (σ, 0)-semistable. By Lemma 5.1.6

the nonzero kernels and images of the boundary maps are Gieseker semistable. There

is a short exact sequence

0→ ker di → Ei → Im di → 0

where the outer sheaves are semistable with reduced Hilbert polynomial P ; therefore,

each Ei is Gieseker semistable with reduced Hilbert polynomial P and so is their

direct sum ⊕Ei.

Remark 5.2.2. In the case when χ = 0 the boundary maps of the complex have no

impact on semistability. In fact to write down the Harder–Narasimhan filtration of

a complex with respect to such stability parameters we need only study the Harder–

Narasimhan filtrations of each sheaf in this complex. Given the maximal destabilising

subsheaf E ′i of each sheaf Ei we construct the maximal destabilising subcomplex E(1)
·

of E· as follows. Let P be the maximal reduced Hilbert polynomial of the E ′i and

define

E(1)
i :=

 E
′
i if P (E ′i) = P rk E ′i

0 otherwise.

This is actually a subcomplex of E· as there are no morphisms between two semistable

sheaves when the domain sheaf has strictly larger reduced Hilbert polynomial than

the codomain sheaf.

Lemma 5.2.3. Let E· be a (1, (−1)iδ)-semistable complex. Then for every even in-

teger i the boundary map di : Ei → Ei+1 is zero.
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Proof. Let di : Ei → Ei+1 denote the boundary maps of the complex. If di is

nonzero, then Im di is a subcomplex and quotient complex of E· and so by (1, (−1)iδ)-

semistability of E· we have

P (Im di)

rk Im di
− δ(−1)i+1 ≤ P red

1,(−1)iδ(E·)

and

P (Im di)

rk Im di
− δ(−1)i ≥ P red

1,(−1)iδ(E·).

Therefore, if di is nonzero δ(−1)i ≤ 0. As δ is positive, the even boundary maps must

all be zero.

5.3 Notions of stability relating to cohomology

In this section we describe a collection of stability conditions indexed by a small

positive rational number ε which can be used to study the cohomology sheaves of a

given complex. The stability parameters we are interested in are of the form (ε, χ)

where ε is the constant vector and χ = δη where ηi are strictly increasing rational

numbers. We see for a given complex with torsion free cohomology that for ε >

0 sufficiently small the Harder–Narasimhan filtration of this complex encodes the

Harder–Narasimhan filtration of each cohomology sheaf in this complex.

5.3.1 Stability with respect to (0, χ)

In this section we take the limit as ε tends to zero and study semistability with

respect to the parameters (0, χ) where χ = δη. This is a slight generalisation of the

parameters consider by Schmitt [39] where we now allow σi to be zero. Although

these generalised stability parameters will no longer define an ample linearisation on

the parameter space (cf. Definition 4.1.13), we can still study a corresponding notion
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of semistability. Rather than requiring an inequality of reduced Hilbert polynomials

we say that F· is (0, χ)-semistable if it is a complex of torsion free sheaves and for all

nonzero proper subcomplexes E· we have

∑
ηi rk Ei∑
rk Ei

≥
∑
ηi rkFi∑
rkFi

.

If we look at (ε, χ)-semistability of F·, then for subcomplexes E· we want an inequality

(
ε
∑

P (Ei)− δ
∑

ηi rk Ei
)

(
∑

rkFi) ≤
(
ε
∑

P (Fi)− δ
∑

ηi rkFi
)

(
∑

rk Ei)

and as ε tends to zero we get the inequality required for (0, χ)-semistability.

Lemma 5.3.1. Let ηi < ηi+1 for all integers i. A complex E· of torsion free sheaves

is (0, χ)-semistable if and only if it is a shift of a torsion free sheaf or isomorphic to

a shift of the cone of the identity morphism on a torsion free sheaf.

Proof. Suppose E· is (0, χ)-semistable. If for each i the boundary map di is zero, then

each nonzero sheaf Ek is a subcomplex and quotient complex simultaneously so by

semistability

ηk =

∑
ηi rk Ei∑
rk Ei

.

However as ηi < ηi+1 this can only happen for one k so that E· is the shift of a torsion

free sheaf.

If there is a nonzero boundary map dk then the image of this boundary map can

be viewed as a quotient complex and a subcomplex so that

ηk ≤
∑
ηi rk Ei∑
rk Ei

≤ ηk+1. (5.1)

As the ηi are strictly increasing this can only happen for one k, so this is the only

nonzero boundary map. If i 6= k, k+ 1 then ηi 6= (
∑
ηi rk Ei)/(

∑
rk Ei) and so by the
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first part we see that Ei = 0. If

ηk =

∑
ηi rk Ei∑
rk Ei

=
ηk rk Ek + ηk+1 rk Ek+1

rk Ek + rk Ek+1
,

then ηk = ηk+1 and so the inequalities of (5.1) are strict. If dk is not injective, then

the kernel is a subcomplex and so by semistability

ηk ≥
∑
ηi rk Ei∑
rk Ei

.

Hence dk is injective. Similarly dk must be surjective and so E· is isomorphic to a

shift of the cone on the identity morphism of a torsion free sheaf.

If E· is a shift of a torsion free sheaf Ek, then a subcomplex E ′· of E· is just a

subsheaf and ∑
ηi rk E ′i∑
rk E ′i

= ηk =

∑
ηi rk Ei∑
rk Ei

.

If E· is isomorphic to a shift of the cone on the identity morphism of a torsion

free sheaf, then there is an integer k such that dk is an isomorphism and Ei = 0

unless i = k or k+ 1. A subcomplex E ′· of E· is either concentrated in degree k+ 1 or

concentrated in degrees k and k + 1. In the first case we have

∑
ηi rk E ′i∑
rk E ′i

= ηk+1 ≥
ηk rk Ek + ηk+1 rk Ek+1

rk Ek + rk Ek+1
.

In the second case we have rk E ′k ≤ rk E ′k+1 and so

ηk rk E ′k + ηk+1 rk E ′k+1

rk E ′k + rk E ′k+1

≥ ηk rk Ek + ηk+1 rk Ek+1

rk Ek + rk Ek+1
.

In particular, E· is (0, χ)-semistable.

Lemma 5.3.2. Let ηi < ηi+1 for all integers i and E· be a complex of torsion free

sheaves. Let k be the minimal integer for which Ek is nonzero. Then the maximal
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destabilising subcomplex of E· with respect to (0, χ) is

i) E(1)
· : · · · → 0→ ker dk → 0→ 0→ 0→ · · · if ker dk is nonzero,

ii) E(1)
· : · · · → 0→ Ek → Im dk → 0→ 0→ · · · if ker dk is zero.

Proof. By Lemma 5.3.1 both of these complexes are (0, χ)-semistable. Therefore in

order to prove that this gives the maximal destabilising subcomplex, we need to show

that if E(1)
· ( F· ⊂ E· then

∑
ηi rkFi∑
rkFi

>

∑
ηi rk E(1)

i∑
rk E(1)

i

.

As F· is not equal to E(1)
· , the set I := {i ∈ Z : Fi 6= E(1)

i } is nonempty. Furthermore,

for all i ∈ I as Fi contains E(1)
i we must have that Fi is nonzero.

Suppose that we are in the situation of case i). If k is a member of I, then

ker dk ( Fk and as F· is a subcomplex we must have Fk+1 6= 0 so that k + 1 ∈ I. As

the ηi are strictly increasing we have

ηk rkFk + ηk+1 rkFk+1 > ηk(rkFk + rkFk+1).

If i > k + 1 and belongs to I we have ηi rkFi > ηk rkFi and so

∑
i∈I

ηi rkFi >
∑
i∈I

ηk rkFi.

Then since
∑

i/∈I ηi rkFi =
∑

i/∈I ηk rkFi we see

∑
ηi rkFi∑
rkFi

> ηk =

∑
ηi rk E(1)

i∑
rk E(1)

i

.

Suppose that we are in the situation of case ii) and so the first boundary morphism
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is injective. Then k /∈ I and so for all i ∈ I we have

ηi rkFi >
ηk + ηk+1

2
rkFi.

Since

∑
i∈I

ηi rkFi >
∑
i∈I

ηk + ηk+1

2
rkFi and

∑
i/∈I

ηi rkFi ≥
∑
i/∈I

ηk + ηk+1

2
rkFi,

we have ∑
ηi rkFi∑
rkFi

>
ηk + ηk+1

2
=

∑
ηi rk E(1)

i∑
rk E(1)

i

.

Remark 5.3.3. If E· has torsion free cohomology, then its Harder–Narasimhan fil-

tration with respect to these stability parameters picks out the kernels and images of

the boundary maps successively:

E(1)
· : · · · → 0 → ker dk → 0 → 0 → 0 · · ·

∩ ∩ ∩

E(2)
· : · · · → 0 → Ek → Im dk → 0 → 0 · · ·

∩ ∩ ∩

E(3)
· : · · · → 0 → Ek → ker dk+1 → 0 · · · → 0

∩ ∩ ∩

E(4)
· : · · · → 0 → Ek → Ek+1 → Im dk+1 → 0 · · ·

...
...

...

In particular every other successive quotient is a cohomology sheaf

Hi(E·) = ker di/ Im di−1.
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5.3.2 Semistability with respect to (ε, χ)

The stability parameters (0, χ) used above are not Schmitt stability parameters and

so we consider a small perturbation of these parameters which are Schmitt stability

parameters. Let ε be a small positive rational number and consider the stability pa-

rameters (ε, χ) where χ = δη and η are strictly increasing. Strictly speaking, Schmitt

only allows integral values for σi and so we should instead think of the stability

parameters (1, χ/ε) as the notions of (ε, χ) -semistability and (1, χ/ε)-semistability

agree.

Lemma 5.3.4. Suppose E· is a complex for which there is an ε0 > 0 such that for

all positive rational ε < ε0 this complex is (ε, χ)-semistable. Then E· is either a shift

of a semistable torsion free sheaf or isomorphic to a shift of the cone on the identity

morphism of a semistable torsion free sheaf.

Proof. By studying the limit as ε tends to zero we see that E· is (0, χ)-semistable. By

Lemma 5.3.1 the complex E· is either a shift of a torsion free sheaf or isomorphic to

a shift of the cone on the identity morphism of a torsion free sheaf.

In the first case E· must be the shift of a torsion free semistable sheaf by Lemma

5.1.6. If E· is isomorphic to the cone on the identity morphism of a torsion free sheaf

F , then for any subsheaf F ′ ⊂ F we can take the cone on the identity morphism of

this subsheaf as a subcomplex. By semistability we have for any 0 < ε < ε0

ε
P (F ′)
rkF ′

− δ ηk + ηk+1

2
≤ εP (F)

rkF
− δ ηk + ηk+1

2

and so F is Gieseker semistable.

Remark 5.3.5. Conversely, a shift of a semistable torsion free sheaf or a shift of a

cone on the identity morphism of a semistable torsion free sheaf is (ε, χ)-semistable

for any ε > 0.
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We now consider Harder–Narasimhan filtrations with respect to (ε, χ). Firstly

suppose we have a (0, χ)-semistable complex then it is easy to determine the Harder–

Narasimhan filtration of this complex with respect to (ε, χ):

Lemma 5.3.6. Let E· be a (0, χ)-semistable complex.

i) If E· is a shift of a torsion free sheaf E, then the Harder–Narasimhan filtration

of E· with respect to (ε, χ) is the Harder–Narasimhan filtration of the sheaf E.

ii) If E· is isomorphic to the cone on the identity morphism of a torsion free sheaf

E, then the Harder–Narasimhan filtration of E· with respect to (ε, χ) is given by

taking cones on the identity morphism of each term in the Harder–Narasimhan

filtration of the sheaf E.

Let E· be a complex of torsion free sheaves with torsion free cohomology. We

have seen the Harder–Narasimhan filtration of E· with respect to (0, χ) picks out

the successive kernels and images of each boundary map. The successive quotient

complexes in this filtration are either shifts of the cohomology sheaves Hi(E·) or

isomorphic to shifts of cones on the identity morphism of the images of the boundary

morphisms di.

In the following proposition we show that, provided ε is sufficiently small, the

Harder–Narasimhan filtration of E· with respect to (ε, χ) is given by refining the

Harder–Narasimhan filtration of E· with respect to (0, χ) by using the sheaves oc-

curring in the Harder–Narasimhan filtrations of the cohomology sheaves and image

sheaves.

We assume for simplicity that E· is a complex concentrated in degrees 1, . . . ,m.

Let 0 ( Hi(E·)(1) ( · · · ( Hi(E·)(si) = Hi(E·) be the Harder–Narasimhan filtration

of the ith cohomology sheaf and 0 ( Im d
(1)
i ( · · · ( Im d

(ti)
i = Im di be the Harder–

Narasimhan filtration of the image sheaf Im di.
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For i = 1, . . . ,m and j = 1, . . . , si we define a subcomplex Ai,(j)· ⊂ E· by

Ai,(j)k =


Ek if k < i,

π−1
i (Hi(E·)(j)) if k = i,

0 if k > i,

where πi : ker di → Hi(E·).

For i = 1, . . . ,m− 1 and j = 1, . . . ti we define a subcomplex Bi,(j)· ⊂ E· by

Bi,(j)k =



Ek if k < i,

p−1
i (Im d

(j)
i ) if k = i,

Im d
(j)
i if k = i+ 1,

0 if k > i+ 1,

where pi : Ei → Im di.

Proposition 5.3.7. Let η be strictly increasing and E· be a complex of torsion free

sheaves with torsion free cohomology. Then there is an ε0 > 0 such that for all

positive rational ε < ε0 the Harder–Narasimhan filtration of E· with respect to (ε, χ)

is the filtration

0 ⊂ A1,(1)
· ⊂ · · · ⊂ A1,(s1)

· ⊂ B1,(1)
· ⊂ · · · ⊂ B1,(t1)

· ⊂ A2,(1)
· ⊂ · · · · · · ⊂ Am,(sm)

· .

Proof. Let Hi(E·)j (respectively Im dji ) denote the successive quotient sheaves in the

Harder–Narasimhan filtration of Hi(E·) (respectively Im di). Then the successive

quotients in the above filtration are either shifts of Hi(E·)j or isomorphic to shifts of

the cone on the identity morphism of Im dji . In particular, the successive quotients are

(ε, χ)-semistable by Remark 5.3.5. Therefore we just need to verify that the reduced

Hilbert polynomials of the successive quotients are strictly decreasing provided ε is

sufficiently small. More precisely, we need to show that there is an ε0 such that for
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all 0 < ε < ε0 we have

ε
P (H1(E·)1)

rkH1(E·)1
− δη1 > ε

P (H1(E·)2)

rkH1(E·)2
− δη1 > · · · > ε

P (H1(E·)s1)

rkH1(E·)s1
− δη1 >

ε
P (Im d1

1)

rk Im d1
1

− δ η1 + η2

2
> · · · > ε

P (Im dt11 )

rk Im dt11
− δ η1 + η2

2
> ε

P (H2(E·)1)

rkH1(E·)1
− δη2

and so on. Since we know the reduced Hilbert polynomials of the successive quo-

tients in the Harder–Narasimhan filtrations of the cohomology and image sheaves are

decreasing, it suffices to show for i = 1, . . .m− 1 that:

1) ε
P (Hi(E·)si)
rkHi(E·)si

− δηi > ε
P (Im d1

i )

rk Im d1
i

− δ ηi + ηi+1

2
and

2) ε
P (Im dtii )

rk Im dtii
− δ ηi + ηi+1

2
> ε

P (Hi+1(E·)1)

rkHi+1(E·)1
− δηi+1.

(5.2)

As these inequalities involve polynomials we start by looking at the highest coeffi-

cients. We have equality for the top coefficients and so we next look at the second to

top coefficients. Let µ(A) denote the second to top coefficient of the reduced Hilbert

polynomial of A which is, up to multiplication by a positive constant, the slope of A.

We assume for simplicity that δ is monic. For i = 1, . . . ,m− 1 let

Mi := max
{
µ(Im d1

i )− µ(Hi(E·)si), µ(Hi+1(E·)1)− µ(Im dtii )
}
.

We can pick ε0 > 0 so that if Mi > 0 then ε0 < (ηi+1 − ηi)/2Mi. Then if ε < ε0 we

get strict inequalities in the second to top coefficients of (5.2).
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Chapter 6

Stratifications for complexes by

Harder–Narasimhan type

In the previous chapter we saw that every complex of torsion free sheaves has a unique

Harder–Narasimhan filtration with respect to a fixed notion of stability determined

by parameters (σ, χ). In particular we studied semistability and Harder–Narasimhan

filtrations with respect to (ε, δη) (or equivalently the associated Schmitt stability

parameters (1, δη/ε)) where ε > 0 is an arbitrarily small rational number, ηi are

strictly increasing rational numbers and δ is a positive rational polynomial such that

deg δ = max(dimX − 1, 0). The Harder–Narasimhan filtration of a complex with

torsion free cohomology with respect to (ε, δη) tells us about the Harder–Narasimhan

filtration of the cohomology sheaves of this complex provided ε > 0 is chosen sufficient

small (see Proposition 5.3.7).

In Section 4.1 (see also [39]) we saw that the moduli space of (1, δη/ε)-semistable

complexes with fixed Hilbert polynomials P = (P1, . . . , Pm) is given by a GIT quotient

of a parameter space T := TP by a reductive group

G = Πm
i=1GL(Pi(n)) ∩ SL(Σm

i=1Pi(n)).
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6.1. The stratification of the parameter scheme

This quotient is taken respect to a linearisation L determined by the stability pa-

rameters (1, δη̃/ε) where η̃ := η − (
∑
ηiri/

∑
ri) are the stability parameters for

P associated to η. In this chapter we consider an open subscheme Ttf of T which

parametrises complexes with torsion free cohomology. There is a stratification of the

closure of Ttf associated to the linearisation of this action as in Sections 2.1 and

2.3 which we can intersect with Ttf to get a stratification of this scheme. We fix a

Harder–Narasimhan type with respect to these parameters and show there is a scheme

which is a union of connected components of a stratum in this stratification of Ttf

which parametrises all complexes with this fixed Harder–Narasimhan type.

6.1 The stratification of the parameter scheme

As we are interested in points of T which parametrise complexes with torsion free

cohomology, we consider an open subscheme Ttf which parametrises such complexes.

We continue to use the notation of Section 4.1.2. Let ι : T ↪→ D be the inclusion of T

into the projective bundle D and (Ui)T×X = (ι ◦ ×idX)∗(πD×XQi×X)∗Ui be the pullback

of the universal quotient sheaf on the quot scheme Qi. For i = 1, . . . ,m− 1 let

(di)T×X : (Ui)T×X → (Ui+1)T×X ⊗ (ι× idX)∗(πD×XD )∗OD(1)

be the tautological homomorphisms over T ×X which describe the boundary maps

of the complexes parametrised by T. Then

Hi := ker di/ Im di−1

is a family of sheaves over X parametrised by T which describe the cohomology

sheaves of the complexes parametrised by T. By performing a flattening stratification

(see [19], Theorem 2.1.5) we can construct an open subscheme Ti ⊂ T parametrising
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Chapter 6. Stratifications for complexes by Harder–Narasimhan type

complexes whose ith cohomology sheaf is torsion free. Then we define Ttf to be the

intersection of these subschemes.

Let T be the projective completion of the parameter scheme as in Definition 4.2.1

and let T
tf

denote the closure of Ttf in T. We shall work with the stratification

of the projective completion T
tf

as the stratification as described in Section 2.3 is

for projective schemes. The group action and linearisation L extend to T
tf

and this

linearisation defines a G-equivariant embedding of this scheme into an ambient pro-

jective space. By intersecting the associated stratification of the ambient projective

space with T
tf

we get a stratification

T
tf

=
⊔
β∈B

Sβ (6.1)

into G-invariant locally closed subschemes as in Section 2.3. Of course, we can inter-

sect this stratification with the parameter scheme Ttf . However, the strata occurring

in the stratification of projective schemes have nice descriptions (see Section 2.1) and

so we work with the projective completion.

By choosing a basis of the fixed vector space Vi of dimension Pi(n) we determine a

compact maximal torus Ti of GL(Vi) which consists of the matrices which are diagonal

with respect to this basis. We choose the positive Weyl chamber

(ti)+ := {idiag(a1, . . . adimVi) : a1 ≥ · · · ≥ adimVi}

in ti = Lie Ti. The maximal tori Ti of GL(Vi) determine a maximal torus T of G and

the choices (ti)+ of positive Weyl chambers determine a positive Weyl chamber t+ in

t =LieT . The index set B for the stratification {Sβ : β ∈ B} is a finite set of points

in t+.
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6.2. Boundedness

6.2 Boundedness

In this section we give some boundedness results for complexes of fixed Harder–

Narasimhan type. The set of sheaves occurring in (σ, χ)-unstable complexes with

Hilbert polynomials P and fixed Harder–Narasimhan type τ is bounded by the fol-

lowing lemma.

Lemma 6.2.1. Fix a choice of stability parameters (σ, χ) and a Harder–Narasimhan

type with respect to these parameters τ = (P 1, · · · , P s). Then the set of sheaves

occurring in a complex of torsion free sheaves with Harder–Narasimhan type τ with

respect to (σ, χ) is bounded.

Proof. This follows from a result of Simpson (see [40] Theorem 1.1) which states that

a set of torsion free sheaves on X of fixed Hilbert polynomial is bounded if the slopes

of their subsheaves are bounded above by a fixed constant.

Recall that the slope of a sheaf is (up to multiplication by a positive constant)

the second to top coefficient in its reduced Hilbert polynomial. Let E· be a complex

with Harder–Narasimhan type τ ; then for any subcomplex F· of E· we have

P red
σ,χ(F·) ≤ P red

σ,χ(E(1)
· ) =

∑m
i=1 σiP

1
i − δ

∑m
i=1 ηir

1
i∑m

i=1 σir
1
i

=: R

where E(1)
· is the maximal destabilising subcomplex of E· which has Hilbert polyno-

mials specified by P 1. Suppose F is a subsheaf of Ei and consider the subcomplex

F· : 0→ · · · → 0→ F → Ei+1 → · · · → Em;

then we have an inequality of polynomials

σiP (F)− δηi rkF +
∑m

j=i+1 σjP
1
j − δ

∑m
j=i+1 ηjr

1
j

σi rkF +
∑m

j=i+1 σjr
1
j

≤ R.
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The top coefficients agree and so looking at the second to top coefficients we have

deg(F)

rkF
≤δ

top

σi

(
ηi +

∑m
j=i+1 ηjr

1
j

rkF

)
−
∑m

j=i+1 σjd
1
j

σi rkF

+

(
1 +

∑m
j=i+1 σjr

1
j

σi rkF

)∑m
j=1 σjd

1
j − δtop

∑m
j=1 ηjr

1
j∑m

j=1 σjr
1
j

(6.2)

where d1
j is (up to multiplication by a positive constant) the second to top coefficient

of P 1
j and δtop is (up to multiplication by a positive constant) the leading coefficient

of δ. Since the rank of F is bounded, it follows that the slope of subsheaves F ⊂ Ei

are bounded.

Corollary 6.2.2. Let τ = (P 1, · · · , P s) be a Harder–Narasimhan type with respect

to (σ, χ). Then we can choose n sufficiently large so that for 1 ≤ i1 < · · · < ik ≤ s all

the sheaves occurring in a complex of torsion free sheaves with Harder–Narasimhan

type (P i1 , · · · , P ik) are n-regular.

6.3 The associated index

Let F· be a complex of torsion free sheaves with Hilbert polynomials given by P =

(P1, . . . , Pm). We assume that the cohomology sheaves of F· are torsion free and that

F· is not the shift of a semistable sheaf or the cone on the identity morphism of a

semistable sheaf. By Lemma 5.3.2 and Proposition 5.3.7, the Harder–Narasimhan

filtration of F· with respect to (0, δη) picks out the cohomology and image sheaves of

this complex successively and if the rational parameter ε > 0 is sufficiently small then

the Harder–Narasimhan filtration of F· with respect to (ε, δη) refines this filtration

by using the Harder–Narasimhan filtrations of the cohomology and image sheaves.

Let Hk,j denote the Hilbert polynomial of the jth successive quotient in the

Harder–Narasimhan filtration 0 ⊂ Hk(F·)(1) ⊂ · · · ⊂ Hk(F·)(sk) = Hk(F·) of the

kth cohomology sheaf and similarly let Ik,j denote the Hilbert polynomial of the
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6.3. The associated index

jth successive quotient in the Harder–Narasimhan filtration 0 ⊂ Im d
(1)
k ⊂ · · · ⊂

Im d
(tk)
k = Im dk of the kth image sheaf. We define Hk,j to be the vector of Hilbert

polynomials which is zero except in degree k where it is Hk,j and Ik,j to be the vector

of Hilbert polynomials which is zero except in degrees k and k + 1 where it is Ik,j .

For ε sufficiently small the Harder–Narasimhan type of F· with respect to (ε, δη) is

τ = (H1,1, . . . ,H1,s1 , I1,1, . . . , I1,t1 , H2,1, . . . . . . , Hm,sm)

which we abbreviate to τ = (H, I) where H records all the information of the vectors

Hk,j and I records all the information of the vectors Ik,j .

We assume ε > 0 is sufficiently small so that Proposition 5.3.7 holds for the above

complex F· and that n is sufficiently large so that Lemma 6.2.1 and Corollary 6.2.2

hold for this Harder–Narasimhan type τ . In particular this means all complexes with

Harder–Narasimhan type τ are parametrised by Ttf .

Definition 6.3.1. Let Rτ denote the set of points in Ttfwhich parametrise complexes

with Harder–Narasimhan type τ . Then we may write

Ttf =
⊔
τ

Rτ

where the union is over all Harder–Narasimhan types.

In this section we associate to this nontrivial Harder–Narasimhan type τ an index

β(τ) and in the next section we show for n sufficiently large (depending on τ) that Rτ

is a union of connected components of Sβ(τ) ∩Ttf where Sβ(τ) is a stratum appearing

in the stratification defined at (6.1).

Let z = (q1, . . . , qm, d) be a point in Ttf which parametrises the fixed complex

F· with Harder–Narasimhan type τ . By Remark 2.1.8, rather than looking for the

rational weight β = β(τ) such that z ∈ Y ss
β we can equivalently look for a 1-PS λβ of
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G which is adapted to z. As in the case of sheaves, we expect a 1-PS which is adapted

to z to induce the Harder–Narasimhan filtration of F· with respect to (ε, δη). Let

0 ( A1,(1)
· ( · · · ( A1,(s1)

· ( B1,(1)
· · · · B1,(t1)

· ( A2,(1)
· ( · · · ( Am,(sm)

· = F·

denote the Harder–Narasimhan filtration of F· with respect to (ε, δη). For the con-

struction of the parameter scheme (see Section 4.1.2) we fixed vector spaces Vi of

dimension Pi(n). For i = 1, . . . ,m the Harder–Narasimhan filtration of F· induces

filtrations

0 ⊂ V 1,(1)
i ⊂ · · · ⊂ V 1,(s1)

i ⊂W 1,(1)
i ⊂ · · · ⊂W 1,(t1)

i ⊂ · · · ⊂ V m,(sm)
i = Vi (6.3)

of these vector spaces where

V
k,(j)
i := H0(qi(n))−1H0(Ak,(j)i (n))

and

W
k,(j)
i := H0(qi(n))−1H0(Bk,(j)i (n)).

Let V k,j
i (respectively W k,j

i ) denote the quotient of V
k,(j)
i (respectively W

k,(j)
i ) by the

previous vector space in this filtration. Note that by the construction of the Harder–

Narasimhan filtration (see Proposition 5.3.7) we have that V k,j
i = 0 unless k = i and

W k,j
i = 0 unless k = i or k = i− 1.

Given integers ak,j for k = 1, . . . ,m and j = 1, . . . sk and integers bk,j for k =

1, . . . ,m− 1 and j = 1, . . . tk which satisfy

i) a1,1 > · · · > a1,s1 > b1,1 > · · · > b1,t1 > a2,1 > · · · > am,sm

ii)
m∑
i=1

si∑
j=1

ai,j dimV i,j
i + 2

m−1∑
i=1

ti∑
j=1

bi,j dimW i,j
i = 0,

(6.4)
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we can define a 1-PS λ(a, b) of G as follows. Let λ(H)ki : C∗ → GL(V k
i ) be given by

λ(H)ki (t) =


tak,1I

V k,1i

. . .

tak,sk I
V
k,sk
i


where V k

i = ⊕skj=1V
k,j
i and let λ(I)ki : C∗ → GL(W k

i ) be given by

λ(I)ki (t) =


tbk,1I

Wk,1
i

. . .

tbk,tk I
W
k,tk
i


where W k

i = ⊕tkj=1W
k,j
i and b0,j = bm,j = 0. Then (a, b) define a 1-PS λ(a, b) :=

(λ1, . . . , λm) of G where

λi(t) :=


λ(I)i−1

i (t)

λ(H)ii(t)

λ(I)ii(t)

 . (6.5)

We want to pick (a, b) to minimise the (normalised) Hilbert–Mumford function

µL(z, λ(a, b))

||λ(a, b)||

subject to condition ii) of (6.4). For all pairs (a, b) the associated 1-PS λ(a, b) of G

induces the Harder–Narasimhan filtration of F· and so by Proposition 4.2.8

µL(z, λ(a, b)) =

m∑
i=1

si∑
j=1

ai,j

(
P (n)

rδ(n)
+
η̃i
ε

)
rkHi(F·)j

+

m−1∑
i=1

ti∑
j=1

bi,j

(
2
P (n)

rδ(n)
+
η̃i + η̃i+1

ε

)
rk Im dji

(6.6)
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where P =
∑m

i=1 Pi and r =
∑m

i=1 ri.

Definition 6.3.2. For a Harder–Narasimhan type τ = (H, I) as above we define

rational numbers (a, b) = (a, b)(τ) by

ai,j :=
1

δ(n)
−
(
P (n)

rδ(n)
+
η̃i
ε

)
rk(H i,j)

H i,j(n)

and

bi,j :=
1

δ(n)
−
(
P (n)

rδ(n)
+
η̃i + η̃i+1

2ε

)
rk(Ii,j)

Ii,j(n)

where rk(H i,j) and rk(Ii,j) are the ranks determined by the leading coefficients of the

polynomials H i,j and Ii,j .

We have chosen (a, b) to be the rational numbers which minimise the normalised

Hilbert–Mumford function

µL(z, λ(a, b))

||λ(a, b)||

subject to condition ii) of (6.4) where z ∈ T is the point which represents the complex

F· with Harder–Narasimhan type τ . The choice of ε given by Proposition 5.3.7 ensures

that (a, b) also satisfy the inequalities i) of (6.4) for all sufficiently large n.

We choose a maximal torus Ti of the maximal compact subgroup U(Vi) of GL(Vi)

as follows. Take a basis of Vi which is compatible with the filtration of Vi defined

at (6.3) and define Ti to be the maximal torus of U(Vi) given by taking diagonal

matrices with respect to this basis. We pick the positive Weyl chamber

ti+ := {idiag(a1, . . . , adimVi) ∈ ti : a1 ≥ · · · ≥ adimVi}.

Let T be the maximal torus of the maximal compact subgroup of G determined by

the maximal tori Ti and let t+ be the positive Weyl chamber associated to the ti+.

Definition 6.3.3. For a Harder–Narasimhan type τ with respect to (ε, δη) we define
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β = β(τ) ∈ t+ to be the point defined by the rational weights

βi = idiag(bi−1,1, . . . , bi−1,ti−1 , ai,1 . . . , ai,si , bi,1 . . . bi,ti) ∈ ti+

where ai,j appears H i,j(n) times and bk,j appears Ik,j(n) times. This rational weight

defines a rational 1-PS λβ of G by λβ = λ(a, b).

6.4 The stratum containing Rτ

In this section we show that for ε sufficiently small and n sufficiently large the rational

weight β = β(τ) is an index for the stratification of T
tf

and that Rτ is a union of

connected components of Sβ ∩ T.

Let Zβ and Yβ denote the subschemes of the stratum Sβ given in Definition

2.1.3. By definition Zβ is equal to the union of the connected components of the

fixed point locus for the action of λβ on T
tf

such that λβ acts with weight ||β||2

on these components. By Lemma 4.2.2 the fixed point locus decomposes into three

components: a diagonal component, a strictly upper triangular component and a

strictly lower triangular component. Each of these components decomposes further

in terms of the Hilbert polynomials of the direct summands of each sheaf in this

complex. We are interested in the component(s) of the diagonal part which may

contain the graded object

m⊕
i=1

si⊕
j=1

Hi(F·)j [−i]⊕
m−1⊕
i=1

si⊕
j=1

Cone(id : Im dji → Im dji )[−i− 1]

associated to the Harder–Narasimhan filtration of the complex F· with respect to

(ε, δη). Here [−] denotes the shift operator and Cone(id :A → A) is the acyclic

complex which is A in degrees -1 and 0 and zero elsewhere.

We consider a closed subscheme F(H,I) of T
tf

consisting of z = (q1, . . . , qm, [d : ζ])
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such that

• we have a decomposition

qi =

ti−1⊕
j=1

pi−1,j
i ⊕

si⊕
j=1

qi,ji ⊕
ti⊕
j=1

pi,ji

where qi,ji : V i,j
i ⊗OX(−n)→ E i,ji is a point in Quot(V i,j

i ⊗OX(−n), H i,j
i ) and

pk,ji : W k,j
i ⊗OX(−n)→ Gk,ji is a point in Quot(W k,j

i ⊗OX(−n), Ik,ji ),

• d is given by di = ⊕tij=1d
j
i where dji : Gi,ji → G

i,j
i+1.

Following the discussion above we have:

Lemma 6.4.1. F(H,I) is a union of connected components of the fixed point locus of

λβ acting on T
tf

which is contained completely in the diagonal part of this fixed point

locus.

Remark 6.4.2. In Section 4.3 we described an injective and equivariant morphism

Γ : TH1,1 × · · · × TH1,s1 × TI1,1 × · · · × TI1,t1 × TH2,1 × · · · × THm,sm → T

which corresponds to taking the direct sum of complexes. When we restrict this

morphism to the open subschemes of these parameter schemes which parametrise

complexes with torsion free cohomology

Γ : TH1,1 × · · · × TH1,s1 × Ttf
I1,1
× · · · × Ttf

I1,t1
× TH2,1 × · · · × THm,sm → Ttf

we see that the image of this restricted morphism is F(H,I) ∩ Ttf .

Lemma 6.4.3. The scheme T(τ) := F(H,I) ∩ Ttf is contained in Zβ.

Proof. Let z = (q1, . . . , qm, [d : 1]) be a point of T(τ); then qi and di are direct sums
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as above. By Proposition 4.2.8

µL(z, λβ) =
m∑
i=1

si∑
j=1

ai,j

(
P (n)

rδ(n)
+
η̃i
ε

)
rkHi,ji

+

m−1∑
i=1

ti∑
j=1

bi,j

(
2
P (n)

rδ(n)
+
η̃i + η̃i+1

ε

)
rk Ii,ji

(6.7)

where the weights (a, b) are given in Definition 6.3.2. The weights (a, b) are scaled so

that ||β||2 = −µL(z, λβ) and so this proves the lemma as −µL(z, λβ) is equal to the

weight of the action of λβ on a point in the affine cone which lies over z.

Corollary 6.4.4. The scheme T(τ) is a union of connected components of Zβ ∩ Ttf .

Let F be the union of connected components of Zβ meeting T(τ); then F is a

closed subscheme of T
tf

which is completely contained in the diagonal part of Zβ.

Consider the subgroup

Stabβ =

 m∏
i=1

si∏
j=1

GL(V i,j
i )×

m−1∏
i=1

ti∏
j=1

GL(W i,j
i )×GL(W i,j

i+1)

 ∩ SL(⊕mi=1Vi)

of G which is the stabiliser of β under the adjoint action.

Lemma 6.4.5. Stabβ has a central subgroup

Ĝ =


(ui,j , wi,j) ∈ (C∗)

∑m
i=1 si × (C∗)

∑m−1
i=1 ti :

m∏
i=1

si∏
j=1

(ui,j)H
i,j(n) ×

m−1∏
i=1

ti∏
j=1

(wi,j)2Ii,j(n) = 1

 (6.8)

which fixes every point of F . This subgroup acts on the fibre of L over any point of

F by a character χF : Ĝ→ C∗ where χF (ui,j , wi,j) is the product

m∏
i=1

si∏
j=1

(ui,j)
rkHi,j

(
P (n)
rδ(n)

+
ηi
ε

) m−1∏
i=1

ti∏
j=1

(wi,j)
rk Ii,j

(
2P (n)
rδ(n)

+
ηi+ηi+1

ε

)
.
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Proof. The inclusion of Ĝ into Stabβ is given by

(ui,j , wi,j) 7→ (ui,jI
V i,ji

, wi,jI
W i,j
i
, wi,jI

W i,j
i+1

).

Let z = (q1, . . . , qm, [d : ζ]) be a point of F then we have a decomposition

qi =

si⊕
j=1

qi,ji ⊕
ti⊕
j=1

pi,ji ⊕
ti−1⊕
j=1

pi−1,j
i .

A copy of C∗ acts trivially on each quot scheme and so the central subgroup Ĝ fixes

this quotient sheaf. The boundary maps determined by d also have a decomposition

di = ⊕tij=1d
j
i where dji : Gi,ji → G

i,j
i+1. As (ui,j , wi,j) ∈ Ĝ acts on both Gi,ji and Gi,ji+1

by multiplication by wi,j , the boundary maps are also fixed by the action of Ĝ.

To calculate the character χF : Ĝ → C∗ with which this torus acts we fix

(ui,j , wi,j) ∈ Ĝ and calculate the weight of the action of this element on the fi-

bre over a point z ∈ F . This is done by carefully modifying the calculations about

weights of C∗-actions in Section 4.2 to general torus actions.

Let Lχ−β denote the linearisation of the Stabβ action on Zβ given by twisting the

original linearisation L by the character χ−β associated to −β. Recall that Zssβ is the

GIT semistable set with respect to this linearisation. Consider the subgroup

G′ :=
m∏
i=1

si∏
j=1

SL(V i,j
i )×

m−1∏
i=1

ti∏
j=1

(GL(W i,j
i )×GL(W i,j

i+1)) ∩ SL(W i,j
i ⊕W

i,j
i+1)

=
{

(gi,j , hi,ji , h
i,j
i+1) ∈ Stabβ : det gi,j = 1 and dethi,ji dethi,ji+1 = 1

}
.

Proposition 6.4.6. Let F be the components of Zβ which meet T(τ); then we have

an equality of GIT semistable subschemes

F Stabβ−ss(Lχ−β ) = FG
′−ss(L).
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Proof. Let Ĝ be the central subgroup defined in Lemma 6.4.5; then there is a surjec-

tive homomorphism Φ from Stabβ to Ĝ given by

Φ(gi,j , h
i,j
i , h

i,j
i+1) = ((det gi,j)D/H

i,j(n), (dethi,ji dethi,ji+1)D/2I
i,j(n))

where D = Πm
i=1Πsi

j=1H
i,j(n) × Πm−1

i=1 Πti
j=12Ii,j(n). The composition of the inclusion

of Ĝ into Stabβ with Φ is a homomorphism Ĝ→ Ĝ given by

(ui,j , wi,j) 7→ ((ui,j)D, (wi,j)D).

Therefore, ker Φ× Ĝ surjects onto Stabβ with finite kernel and so

F Stabβ−ss(Lχ−β ) = F ker Φ×Ĝ−ss(Lχ−β ).

The restriction of the character χ−β to the central subgroup Ĝ

χβ(ui,j , vi,j) =

m∏
i=1

si∏
j=1

(ui,j)−ai,jH
i,j(n) ×

m−1∏
i=1

ti∏
j=1

(wi,j)−bi,j2I
i,j(n)

is equal to the character χF : Ĝ→ C∗ defined in Lemma 6.4.5. As we are considering

the action of ker Φ × Ĝ on F linearised by Lχ−β , the effects of the action of Ĝ and

the modification by the character corresponding to −β cancel so that

F ker Φ×Ĝ−ss(Lχ−β ) = F ker Φ−ss(L).

Then since G′ injects into ker Φ with finite cokernel,

F ker Φ−ss(L) = FG
′−ss(L)

which proves the proposition.
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We are now ready to describe the semistable subscheme Tss(τ) := TStabβ−ss
(τ) (Lχ−β )

for the Stabβ-action on T(τ) with respect to Lχ−β . Recall from Remark 6.4.2 that we

have an isomorphism

T(τ)
∼= TH1,1 × · · · × TH1,s1 × Ttf

I1,1
× · · · × Ttf

I1,t1
× TH2,1 × · · · × THm,sm .

Proposition 6.4.7. Let τ be a fixed Harder–Narasimhan type with respect to (ε, δη)

where η are strictly increasing rational numbers and let β = β(τ) be the associated

rational weight. Then for ε > 0 sufficiently small and for n sufficiently large we have

Tss(τ)
∼= Tss

H1,1 × · · · × Tss
H1,s1 × Tss

I1,1
× · · · × Tss

I1,t1
× Tss

H2,1 × · · · × TssHm,sm

where Tss
Hi,j (respectively Tss

Ii,j
) is the subscheme of THi,j (respectively Ttf

Ii,j
) which

parametrises (ε, δη)-semistable complexes with Hilbert polynomials H i,j (respectively

Ii,j).

Proof. Let ε be sufficiently small so that the only (ε, δη)-semistable complexes with

Hilbert polynomials Ii,j are isomorphic to cones on the identity morphism of a torsion

free semistable sheaf. Let n be sufficiently large so:

i) Gieseker semistability of a torsion free sheaf with Hilbert polynomial H i,j (re-

spectively Ii,j) is equivalent to GIT-semistability of a point in the relevant

quot scheme representing this sheaf with respect to the linearisation given by

Gieseker (see Section 4.1.5 and also [13]).

ii) For 1 ≤ i ≤ m−1 and 1 ≤ j ≤ ti, we have that (ε, δη)-semistability of a complex

with Hilbert polynomials Ii,j is equivalent to GIT semistability of a point in

TIi,j for the linearisation defined by these stability parameters.

iii) For i = 1, . . . ,m, we have η̃i + εP (n)/rδ(n) > 0 (this is possible as P and δ are

both positive for large n and P is of greater degree than δ).
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Let

z =
m⊕
i=1

si⊕
j=1

zi,j ⊕
m−1⊕
i=1

ti⊕
j=1

yi,j

be a point in T(τ); that is, zi,j = (qi,ji , [0, 1]) is a point in THi,j corresponding to a

complex Hi,j· concentrated in degree i and yi,j = (pi,ji , p
i,j
i+1[dji , 1]) is a point in TIi,j

corresponding to a complex Ii,j· concentrated in degrees i and i+ 1. By Proposition

6.4.6, we have

Tss(τ) = TG
′−ss

(τ) (L|T(τ)
);

therefore, z is in Tss(τ) if and only if µL(z, λ) ≥ 0 for every 1-PS λ of G′.

Suppose thatHi,j· and Ii,j· are all (ε, δη)-semistable, soHi,ji is a Gieseker semistable

sheaf and Ii,j· is isomorphic to the cone on a semistable sheaf. A 1-PS λ of G′ is given

by

• 1-PSs λi,jH of SL(V i,j
i ) and

• 1-PSs λi,jI = (λi,jI,i, λ
i,j
I,i+1) of (GL(W i,j

i )×GL(W i,j
i+1)) ∩ SL(W i,j

i ⊕W
i,j
i+1).

We diagonalise these 1-PSs simultaneously to get decreasing integers

γ1 > · · · > γu

and decompositions V i,j
i = V i,j

i,1 ⊕ · · · ⊕ V
i,j
i,u and similarly W i,j

i = W i,j
i,1 ⊕ · · · ⊕W

i,j
i,u

and W i,j
i+1 = W i,j

i+1,1 ⊕ · · · ⊕W
i,j
i+1,u such that

λi,jH (t) =


tγ1I

V i,ji,1
. . .

tγuI
V i,ji,u


and similarly for λi,jI . The corresponding filtrations of these vector spaces gives rise

to filtrations of the sheaves Hi,ji , Ii,ji and Ii,ji+1 and we let Hi,ji,k, I
i,j
i,k and Ii,ji+1,k denote
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the successive quotients. By Proposition 4.2.8 (see also Lemma 4.2.7)

µL(z, λ) =

m−1∑
i=1

ti∑
j=1

u∑
k=1

γk

[(
P (n)

rδ(n)
+
η̃i
ε

)
rk Ii,ji,k +

(
P (n)

rδ(n)
+
η̃i+1

ε

)
rk Ii,ji+1,k

]

+

m∑
i=1

si∑
j=1

u∑
k=1

γk

(
P (n)

rδ(n)
+
η̃i
ε

)
rkHi,ji,k −N

(6.9)

where N = 0 if λ induces a filtration of each Ii,j· by subcomplexes and otherwise

N = γl2 − γl1 < 0 for some 1 ≤ l1 < l2 ≤ u. As Hi,ji , Ii,ji and Ii,ji+1 are Gieseker

semistable, we have the following inequalities:

1)

u∑
k=1

γk rkHi,ji,k ≥ 0,

2)

u∑
k=1

γk

(
rk Ii,ji,k −

rk Ii,j

Ii,j(n)
dimW i,j

i,k

)
≥ 0,

3)
u∑
k=1

γk

(
rk Ii,ji+1,k −

rk Ii,j

Ii,j(n)
dimW i,j

i+1,k

)
≥ 0.

(6.10)

Firstly suppose that λ induces a filtration of z by subcomplexes. The choice of n

and the inequalities of (6.10) imply that

µL(z, λ) ≥ rk Ii,j

Ii,j(n)

m−1∑
i=1

ti∑
j=1

u∑
k=1

γk

[
P (n)

rδ(n)

(
dimW i,j

i,k + dimW i,j
i+1,k

)
+
η̃i
ε

dimW i,j
i,k +

η̃i+1

ε
dimW i,j

i+1,k

]
.

As λ induces a filtration by subcomplexes, we know that

dim(W i,j
i,1 ⊕ · · · ⊕W

i,j
i,k ) ≤ dim(W i,j

i+1,1 ⊕ · · · ⊕W
i,j
i+1,k).

Since λi,jI is a 1-PS of (GL(W i,j
i )×GL(W i,j

i+1)) ∩ SL(W i,j
i ⊕W

i,j
i+1), we know that the

weights satisfy a relation
∑u

k=1 γk(dimW i,j
i,k + dimW i,j

i+1,k) = 0. It follows that
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∑u
k=1 γk dimW i,j

i+1,k ≥ 0 and

µL(z, λ) ≥ rk Ii,j

Ii,j(n)

m−1∑
i=1

ti∑
j=1

(η̃i+1 − η̃i)
ε

u∑
k=1

γk dimW i,j
i+1,k ≥ 0.

Now suppose that λ does not induce a filtration of z by subcomplexes. Then we

still have

µL(z, λ) ≥ 1

ε

m−1∑
i=1

ti∑
j=1

u∑
k=1

γk(η̃i rk Ii,ji,k + η̃i+1 rk Ii,ji+1,k)−N

where N is a negative number depending on the γk. In this situation we can use the

ideas of [39], Theorem 1.7.1. As the set of sheaves occurring in these expressions is

bounded (cf. [39] Section 2.3), there is a positive constant K such that for all such

pairs (z, λ) we have

1

ε

m−1∑
i=1

ti∑
j=1

u∑
k=1

γk(η̃i rk Ii,ji,k + η̃i+1 rk Ii,ji+1,k) ≥ NK.

We pick C > K and replace η̃/ε and δ with η̃/εC and Cδ in the definition of the

linearisation. Then

µL(z, λ) ≥ NK/C −N > 0. (6.11)

Conversely suppose there is a direct summand which is unstable. We claim that

there is a 1-PS λ = (λi,jH , λ
i,j
I ) of G′ which destabilises z so that µL(z, λ) < 0. Firstly

suppose Hi,ji is unstable for some (i, j); then there exists a subsheaf Hi,ji,1 ⊂ H
i,j
i such

that
H0(Hi,ji,1(n))

rkHi,ji,1
>
H i,j(n)

rkH i,j
. (6.12)

We construct a 1-PS λ with three weights γ1 > γ2 = 0 > γ3. Let

V i,j
i,1 = H0(qi,ji (n))−1H0(Hi,ji,1(n))
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and let V i,j
i,3 be an orthogonal complement to V i,j

i,1 ⊂ V
i,j
i . Define

λi,jH =

 tγ1I
V i,ji,1

tγ3I
V i,ji,3


and define all the other parts of λ to be trivial (the weights γi should be chosen so

λi,jH has determinant 1). Then

µL(z, λ) =

(
P (n)

rδ(n)
+
η̃i
ε

)[
H i,j(n) rkHi,ji,1 −H

0(Hi,ji,1(n)) rkH i,j
]
< 0.

Secondly suppose Ii,j· is unstable with respect to (ε, δη); i.e., it is not isomorphic

to the cone on the identity map of a semistable sheaf. Let d : Ii,ji → I
i,j
i+1 denote the

boundary morphism of this complex. If d = 0, then choose the 1-PS λ to pick out

the subcomplex Ii,ji → 0. For example, let λ have three weights 1 > 0 > −1 and let

the only nontrivial part be

λi,jI = (tI
W i,j
i
, t−1I

W i,j
i+1

);

then µL(z, λ) < 0. If d 6= 0 but has nonzero kernel, then consider the reduced

Hilbert polynomial of this kernel. If the kernel has reduced Hilbert polynomial strictly

larger than Ii,ji , then choose λ to pick out the subcomplex ker d → 0. If the kernel

has reduced Hilbert polynomial strictly smaller than Ii,ji , then choose λ to pick out

the subcomplex 0 → Im d. If the kernel has reduced Hilbert polynomial equal to

Ii,j/ rk Ii,j , then choose λ to pick out the subcomplex Ii,ji → Im d. In all three cases

we see that µL(z, λ) < 0. If d is an isomorphism but Ii,ji is not Gieseker semistable,

then let Ii,ji,1 be its maximal destabilising subsheaf. A 1-PS which picks out the

subcomplex Ii,ji,1 → d(Ii,ji,1) will destabilise z.
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Recall from Definition 2.1.3 that there is a subscheme Yβ ⊂ Sβ and a retraction

pβ : Yβ → Zβ where

pβ(y) = lim
t→0

λβ(t) · y.

Lemma 6.4.8. Let F ss denote the connected components of Zssβ meeting Tss(τ); then

for ε sufficiently small and n sufficiently large

p−1
β (F ss) ∩ Ttf = p−1

β (Tss(τ)).

Proof. Let n and ε be chosen as in Proposition 6.4.7. Let y ∈ p−1
β (Tss(τ)) so that

pβ(y) = limt→0 λβ(t)·y ∈ Ttf∩F ss. If y /∈ Ttf , then for all t 6= 0 we have λβ(t)·y /∈ Ttf .

Then this would contradict the openness of Ttf ∩F ss in F ss as limt→0 λβ(t) · y ∈ Ttf .

Conversely suppose y = (q1, . . . , qm, [d : 1]) ∈ Ttf and z = pβ(y) ∈ F ss where

qi : Vi⊗OX(−n)→ Fi and d is given by di : Fi → Fi+1. The scheme F ss is contained

in the diagonal components of Zssβ ; therefore the 1-PS λβ induces a filtration of y by

subcomplexes and the associated graded point is

z = (⊕i,jzi,j)⊕ (⊕i,jyi,j)

where zi,j = (qi,ji ) and yi,j = (pi,ji , p
i,j
i+1, [d

j
i : 1]) both represent complexes (cf. Lemma

4.2.2). By Proposition 6.4.6, the limit z is in the GIT semistable set for the action

of G′ on Zβ with respect to L. We can apply the arguments used in the proof of

Proposition 6.4.7 to show that zi,j ∈ Tss
Hi,j and yi,j ∈ Tss

Ii,j
.

We are now able to prove the main result of this chapter. Recall that X is a

smooth integral projective scheme over the complex numbers. We choose Schmitt

stability parameters (1, δη/ε) for complexes over X where ε > 0 is a rational number,

ηi are strictly increasing rational numbers indexed by the integers and δ is a positive

rational polynomial such that deg δ = max(dimX − 1, 0). Let τ be a fixed Harder–
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Narasimhan type with respect to (1, δη/ε) and β = β(τ) be the rational weight given

in Definition 6.3.3. Provided n is sufficiently large all complexes with this Harder–

Narasimhan type can be represented by points in the scheme Ttf . We defined Rτ to

be the set of points in Ttf which parametrise complexes with this Harder–Narasimhan

type τ . There is an action of

G = Πm
i=1GL(Pi(n)) ∩ SL(Σm

i=1Pi(n))

on this scheme and the stability parameters determine a linearisation L of this ac-

tion. Associated to this action there is a stratification {Sβ : β ∈ B} of a projective

completion T
tf

indexed by a finite set B of rational weights.

Theorem 6.4.9. Let τ be a fixed Harder–Narasimhan type with respect to (1, δη/ε).

Then for ε sufficiently small and n sufficiently large we have:

i) β = β(τ) belongs to the index set B for the stratification {Sβ : β ∈ B} of T
tf

,

ii) Rτ = Gp−1
β (Tss(τ)) and,

iii) The subscheme Rτ = Gp−1
β (Tss(τ)) of the parameter scheme Ttf parametrising

complexes with Harder–Narasimhan type τ is a union of connected components

of Sβ ∩ Ttf .

Proof. Suppose ε is sufficiently small and n is sufficiently large as in Proposition

6.4.7. We defined β by fixing a point z = (q1, . . . , qm, [d : 1]) ∈ Rτ corresponding

to a complex F· with Harder–Narasimhan type τ . We claim that z := pβ(z) ∈ Zssβ
which implies i). The 1-PS λβ induces the Harder–Narasimhan filtration of F· and

z = limt→0 λβ(t) · z is the graded object associated to this filtration. By Proposition

6.4.7 it suffices to show that each direct summand in the associated graded object is

(1, δη/ε)-semistable which follows by definition of the Harder–Narasimhan filtration.
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In fact the above argument shows that p−1
β (Tss(τ)) ⊂ Rτ and since Rτ is G-invariant

we have Gp−1
β (Tss(τ)) ⊂ Rτ . To show ii) suppose y = (q1, . . . , qm, [d : 1]) ∈ Rτ

corresponds to a complex E· with Harder–Narasimhan filtration

0 ( H1,(1)
· ( · · · ( H1,(s1)

· ( I1,(1)
· · · · I1,(t1)

· ( H2,(1)
· ( · · · ( Hm,(sm)

· = E·

of type τ . Then this filtration induces a filtration of each vector space Vi and we can

choose a change of basis matrix g which switches this filtration with the filtration of

Vi given at (6.3) used to define β. Then g · y ∈ p−1
β (Tss(τ)) which proves ii).

Since F ss is a union of connected components of Zssβ , the scheme Gp−1
β (F ss) is

a union of connected components of Sβ. Therefore, Gp−1
β (F ss) ∩ Ttf is a union of

connected components of Sβ ∩ Ttf . By ii) and Lemma 6.4.8

Rτ = Gp−1
β (Tss(τ)) = Gp−1

β (F ss) ∩ Ttf

which proves iii).

6.5 Constructing a quotient of the G-action on Rτ

Following Theorem 6.4.9 above, there is a scheme Rτ = Gp−1
β(τ)(T

ss
(τ)) parametrising

complexes of Harder–Narasimhan type τ = (H, I) with respect to (ε, δη) (provided ε

and n are chosen appropriately). Moreover, Rτ = Sτ ∩ Ttf where Sτ = Gp−1
β (F ss)

is a union of connected components of a stratum Sβ occurring in the stratification

given at (6.1) and β = β(τ) is the associated rational weight.

In Section 2.2.2 we constructed a projective completion Ŝβ of this stratum and

a canonical linearisation Lβ of the G-action on this completion. Recall that the

projective completion was equal to Ŝβ = G×Pβ Y β where Y β is the closure of Y ss
β in

T
tf

. Then the canonical linearisation is the pullback of the exterior tensor product
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of the linearisation L on T
tf

and L(λ−β) on G/Pβ via

Ŝβ → G/Pβ × T
tf

[g, y] 7→ (gPβ, g · y).

We also saw that the generalised GIT quotient of Ŝβ with respect to the canonical

linearisation is a categorical quotient of the G-action on Sβ and is isomorphic to the

GIT quotient

Zβ//LβStabβ

of the Stabβ-action on Zβ linearised by Lβ = Lχ−β .

We can do all of this with connected components of Sβ. Let Ŝτ denote the closure

of Sτ in Ŝβ. We can restrict the canonical linearisation to Ŝτ ⊂ Ŝβ and take the

generalised GIT quotient of Ŝτ with respect to Lβ. This is a categorical quotient of

the G-action on Sτ and is isomorphic to the GIT quotient of Stabβ acting on the

scheme F with respect to Lβ. As R̂τ := Ŝτ ∩ Ttf ⊂ Ŝτ is the non-vanishing locus

of an invariant section of the canonical linearisation, there is an open subscheme of

this GIT quotient which we denote by R̂τ//LβG which is a categorical quotient of the

G-action on Rτ . By Proposition 2.2.8 and Proposition 6.4.6,

R̂τ//LβG
∼= T(τ)//LβStabβ = T(τ)//LG

′.

Moreover, this is isomorphic to the product of GIT quotients

TH1,1//GH1,1 × · · · × TH1,s1//GH1,s1 × Ttf
I1,1

//GI1,1 × · · · × THm,sm//GHm,sm .

Unfortunately, a complex F· with Harder–Narasimhan type τ with respect to (ε, δη)

is identified with the graded object associated to its Harder–Narasimhan filtration in
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this quotient (cf. Sections 2.2.2 and 3.6). Therefore, this quotient does not provide a

satisfactory quotient of the G-action on R̂τ . Instead we want to find a perturbed lin-

earisation Lper
τ on Ŝτ such that T(τ) ⊂ Zβ is unstable with respect to this linearisation

and then take the GIT quotient with respect to this perturbed linearisation.

There are several possible ways to perturb the canonical linearisation. Since the

canonical linearisation is defined by taking a tensor product of L(λ−β) and L, we can

perturb either of these linearisations. For example, we can perturb the linearisation

L(λ−β) on the partial flag variety by taking L(λ−(β+ε′β′)) where β′ ∈ t+ is a rational

weight and ε′ > 0 is a small rational number. Alternatively, we can use a new

Schmitt linearisation on the parameter scheme which is a perturbation of the original

linearisation L .
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Chapter 7

Diagrams of moduli spaces of

complexes

Let X be a smooth integral projective scheme over the complex numbers. In the

previous chapters we have studied a collection of stability parameters (ε, δη) where

0 < ε << 1 is a rational parameter, η are strictly increasing rational numbers and

δ is a positive rational polynomial such that deg δ = max(dimX − 1, 0). We have

seen that for a fixed Harder–Narasimhan type τ = (H, I) there is a subscheme Rτ

of the parameter scheme which parametrises complexes of this Harder–Narasimhan

type and there is a canonical linearisation which gives a categorical quotient of Rτ .

In this chapter we construct a diagram in the category of schemes from some

starting data. The starting data is given by choosing a perturbation of the canonical

linearisation for each Harder–Narasimhan type. The objects, indexed by Harder–

Narasimhan types τ , are quotients of the schemes R̂τ defined at the end of Section

6.5 and the morphisms are given by taking direct sums with acyclic complexes. We

conjecture that this starting data can be chosen so for any quasi-isomorphism between

complexes representing points in this diagram both complexes represent the same

point in the colimit of this diagram.
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7.1 Diagrams and colimits

Since we are interested in studying quasi-isomorphism classes of complexes, we can

fix any invariants of complexes as objects in the derived category Db(X) of coherent

sheaves on X. For two complexes E· and F· to be quasi-isomorphic it is necessary that

their cohomology sheaves are isomorphic, so that they must have the same Harder–

Narasimhan type as sheaves. For each integer i we fix a Harder–Narasimhan type

τ(Hi) = (H i,1, . . . ,H i,si) of a torsion free sheaf and we suppose that this type is

nonzero for only finitely many i. As in the previous section we fix strictly increasing

rational numbers η and a positive polynomial δ of degree dimX − 1.

We can now describe the index category J for our diagram which also depends

on the starting data (a choice of perturbed linearisation for each Harder–Narasimhan

type). The objects of J are Harder–Narasimhan types τ of complexes with torsion

free cohomology such that the image sheaf of each boundary morphism is semistable

(and thus has trivial Harder–Narasimhan type). More precisely, an object of J is a

tuple of polynomials τ = (H, I) where H = (H i)i∈Z and I = (Ii)i∈Z such that for all

i we have

H i = (H i,1, . . . ,H i,si)

is the fixed polynomials above and for all but finitely many i we have Ii = 0, otherwise

Ii is a nonzero trivial Harder–Narasimhan type of a torsion free sheaf; i.e., a single

Hilbert polynomial.

In the previous chapter we saw that associated to such a Harder–Narasimhan type

τ there is a parameter scheme TtfP (τ) and a subscheme Rτ ⊂ TtfP (τ) which parametrises

complexes of this Harder–Narasimhan type. In Section 6.5 we constructed a sub-

scheme R̂τ of Ttf which contains Rτ and this scheme is invariant under the reductive

group G = GP (τ). This scheme also parametrises complexes with Harder–Narasimhan

types higher than τ . Then if the perturbed linearisation is a nontrivial perturbation
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of the canonical linearisation we consider the GIT quotient

R̂ssτ (Lper
τ )→Mτ := R̂τ//Lperτ

GP (τ)

and if the perturbed linearisation is equal to the canonical linearisation we consider

the generalised GIT quotient (see Section 1.6)

Rτ →Mτ := R̂τ//Lcanτ
GP (τ).

Remark 7.1.1. We may really need a more sophisticated notion of GIT quotient for

nontrivial perturbations if they are not ample, but this is beyond the scope of this

thesis.

Definition 7.1.2. For a complex E· with torsion free cohomology we let H(E·) denote

the Harder–Narasimhan types of the cohomology sheaves Hi(E·) and I(E·) denote the

Hilbert polynomials of the images of the boundary maps in this complex. Then we

define τ(E·) := (H(E·), I(E·)).

Remark 7.1.3. If H(E·) = H, then τ(E·) is an object in J .

The morphisms in J are determined by the perturbed linearisations we fixed and

so this category depends on the choice of these perturbed linearisations. Let A· be

an acyclic complex of torsion free sheaves. Then for any object τ in J if we choose

n and ε appropriately, there is a morphism of parameter schemes

TP (τ) → TP (τ+τ(A·))

corresponding to taking the direct sum with A· (see Section 4.3) and this restricts to

a morphism

ϕA·τ : R̂τ → R̂τ+τ(A·).
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Definition 7.1.4. Let A· be an acyclic complex of torsion free sheaves and τ be an

object in J . Then there is a morphism

φA·τ : τ → τ + τ(A·)

in J if the image of the semistable scheme R̂ssτ (Lper
τ ) under ϕA·τ is contained in the

semistable scheme R̂ssτ+τ(A·)(L
per
τ+τ(A·)).

Lemma 7.1.5. Let A· be an acyclic complex of torsion free sheaves and τ = (H, I)

be an object in J . If this pair (τ,A·) defines a morphism

φA·τ : τ → τ + τ(A·)

in J , then there is a morphism of schemes

ΦA·τ : Mτ →Mτ+τ(A·)

given by taking the direct sum with this acyclic complex.

Proof. By Proposition 4.3.3, there is an equivariant and injective morphism

TP (τ) → TP (τ+τ(A·))

corresponding to taking the direct sum with this acyclic complex. By construction of

R̂τ this restricts to a morphism

ϕA·τ : R̂τ → R̂τ+τ(A·).

The assumption that the pair (τ,A·) defines a morphism in the diagram J means that

this morphism sends semistable points to semistable points; that is, this morphism
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preserves the semistable subschemes

ϕA·τ (R̂ssτ (Lper
τ )) ⊂ R̂ssτ+τ(A·)(L

per
τ+τ(A·)).

Therefore, the composition

R̂ssτ (Lper
τ )→Mτ+τ(A·)

is GP (τ)-invariant and so by the universal property of the categorical quotient there

is an induced morphism

ΦA·τ : Mτ →Mτ+τ(A·).

Definition 7.1.6. Suppose that for each Harder–Narasimhan type τ we have fixed

a choice of perturbed linearisation Lper
τ . Let D := D(H,Lper

τ ) : J → Sch be the

diagram given by

D(τ) :=Mτ for τ ∈ Ob(J )

D(φA·τ ) :=ΦA·τ : Mτ →Mτ+τ(A·)).

Definition 7.1.7. A colimit of D is an object Dlim and a family of morphisms

θτ : Mτ → Dlim

such that for any morphism φA·τ : τ → τ + τ(A·) we have a commutative triangle

Mτ Mτ+τ(A·))

Dlim

Q
Q
QQsθτ

-ΦA·τ

�
�
�+ θτ+τ(A·)

and this object is universal with respect to these properties.
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Remark 7.1.8. A colimit may not exist in the category of schemes but will exist

in an extension of this category which is closed under such colimits, namely the

category of ind-schemes. A thorough treatment of colimits and ind-schemes is given

by Kashiwara and Schapira in [20].

Consider two complexes F· and G· which correspond to points

[F·] ∈Mτ and [G·] ∈Mτ ′

in the diagram D where τ = τ(F·) and τ ′ = τ(G·). These points are identified in the

colimit if and only if there is another object τ ′′ in J and morphisms φA·τ : τ → τ ′′

and φ
A′·
τ : τ ′ → τ ′′ in J such that

ΦA·τ ([F·]) = ΦA
′
·

τ ([G·])

or, equivalently F· ⊕A· and G· ⊕A′· represent the same point in Mτ ′′ .

7.2 Quasi-isomorphism and equivalence in the colimit

Suppose f : F· → G· is a quasi-isomorphism and both these complexes correspond to

points

[F·] ∈Mτ(F·) and [G·] ∈Mτ(G·)

in the diagram D defined above. Then we want to compare the images of F· and G·

in the colimit Dlim described above.

Definition 7.2.1. Let f : F· → G· be a morphism of complexes. Recall that the cone

of f is a complex C(f) whose sheaves are given by

C(f)i := Fi+1 ⊕ Gi
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and whose boundary maps are given by

dC(f) :=

 dF·[1] 0

f [1] dG·

 .

There is an exact sequence of complexes

0→ G· → C(f)→ F·[1]→ 0

where F·[1] is the shift of F· defined by Fi[1] = Fi+1 and dF·[1] = −dF· . Furthermore

if f : F· → G· is a quasi-isomorphism, the cone C(f) is acyclic.

Let C(idF·) denote the cone on the identity morphism of F·; then both C(f) and

C(idF·) are acyclic. If the perturbed linearisations are chosen in a compatible way so

that they preserve semistability, then we will have morphisms

Φ
C(f)
τ(F·) : Mτ(F·) →Mτ(F·)+τ(C(f))

and

Φ
C(idF· )
τ(G·) : Mτ(G·) →Mτ(G·)+τ(C(idF· ))

in D corresponding to taking the direct sum with C(f) and C(idF·) respectively.

Lemma 7.2.2. The morphisms Φ
C(f)
τ(F·) and Φ

C(idF· )
τ(G·) described above have the same

codomain.

Proof. Since F· ⊕ C(f) and G· ⊕ C(idF·) are both quasi-isomorphic to F· their co-

homology sheaves have the prescribed Harder–Narasimhan type τ(Hi). For these

morphisms to have the same codomain we need to check that the image sheaves of

the boundary morphisms of F· ⊕ C(f) and G· ⊕ C(idF·) have the same Hilbert poly-

nomial. Note that these complexes both consist of the same sheaves Fi ⊕ Fi+1 ⊕ Gi

but different boundary maps. We also know that the cohomology sheaves of these
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complexes have the same Hilbert polynomials. Then, by looking at the short exact

sequences

0→ ker diF·⊕C(f) → Fi ⊕Fi+1 ⊕ Gi → Im diF·⊕C(f) → 0

0→ Im di−1
F·⊕C(f) → ker diF·⊕C(f) → H

i(F·)→ 0

and similar short exact sequences for G· ⊕C(idF·), we can prove inductively that the

image sheaves of the boundary morphisms of these complexes also have the same

Hilbert polynomials.

Ideally we want to show that these complexes represent the same point in

Mτ(G·)+τ(C(idF· ))
= Mτ(F·)+τ(C(f)).

Note that even when a GIT quotient is taken with respect to a non-ample linearisation,

two orbits whose closures meet in the GIT semistable set are identified in this GIT

quotient.

We consider a complex which is, up to sign, the cylinder on f . Let C· be the

complex with sheaves Ci := Fi ⊕Fi+1 ⊕ Gi and boundary maps given by

dC· :=


dF· idF·[1] 0

0 dF·[1] 0

0 f [1] dG·

 .

The inclusion G· ↪→ C· is a quasi-isomorphism (see [12] Lemma 2.2.1) and so the

cohomology sheaves of this complex have the specified Harder–Narasimhan types.

Proposition 7.2.3. The orbit closure of C· contains both F·⊕C(f) and G·⊕C(idF·).

Proof. We define one-parameter subgroups λ and λ′ whose limits at infinity when

acting on the complex C· are C(idF·)⊕ G· and F· ⊕ C(f) respectively.
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Before we define these 1-PSs we recall the group action on the parameter space.

Let n be sufficiently large so that everything of interest is n-regular. Let wi :=

dimH0(Fi(n)) and vi := dimH0(Gi(n)); then pi := dimH0((Fi ⊕ Fi+1 ⊕ Gi)(n)) =

wi +wi+1 + vi. The groups GL(pi) act on the sheaves by acting on the quot schemes

Quot(Cpi ⊗OX(−n), P (Fi) + P (Fi+1) + P (Gi)). The subgroup C∗Ipi ⊂ GL(pi) acts

trivially on the quot scheme. As the complexes F· ⊕ C(f), C(idF·) ⊕ G· and C· all

have the same sheaves Fi ⊕ Fi+1 ⊕ Gi, we want to look at elements of GL(pi) which

fix these sheaves. These elements look like
aIwi 0 0

0 bIwi+1 0

0 0 cIvi

 ∈ GL(pi).

The group G :=
∏

GL(pi) acts on the boundary maps di of a complex by acting by

conjugation on the maps H0(di(n)).

We can define one-parameter subgroups λ, λ′ : C∗ → G by instead defining a

collection of 1-PSs λi, λ
′
i of GL(pi). We choose positive integers r and s and then

define

λi(t) :=


trIwi 0 0

0 trIwi+1 0

0 0 t−sIvi

 λ′i(t) :=


t−sIwi 0 0

0 trIwi+1 0

0 0 trIvi


Then the action is given by

λ(t) ·H0(diC·(n)) =


H0(dF·,i(n)) idF· 0

0 H0(dF·[1],i(n)) 0

0 t−(r+s)H0(fi+1(n)) H0(dG·,i(n))


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and

lim
t→∞

λ(t) ·H0(diC·(n)) =


H0(dF·,i(n)) idF· 0

0 H0(dF·[1],i(n)) 0

0 0 H0(dG·,i(n))

 ,

so the limit is G· ⊕ C(idF·).

Similarly

λ′(t) ·H0(diC·(n)) =


H0(dF·,i(n)) t−(r+s)H0(idFi+1(n)) 0

0 H0(dF·[1],i(n)) 0

0 H0(fi+1(n)) H0(dG·,i(n))


and

lim
t→∞

λ′(t) ·H0(diC·(n)) =


H0(dF·,i(n)) 0 0

0 H0(dF·[1],i(n)) 0

0 H0(fi+1(n)) H0(dG·,i(n))


which corresponds to F· ⊕ C(f).

Corollary 7.2.4. Let f : F· → G· be a quasi-isomorphism of complexes representing

points in D. If we can pick the perturbed linearisations in a compatible way so that

there are morphisms Φ
C(f)
τ(F·) and Φ

C(idF· )
τ(G·) in D, then these complexes are identified in

the colimit of D.

Proof. Assuming the existence of these perturbed linearisations, to show that F· and

G· are identified in the colimit it suffices to show that F·⊕C(f) and G·⊕C(idF·) are

identified in the colimit. Since these complexes are both points in

Mτ(G·)+τ(C(idF· ))
= Mτ(F·)+τ(C(f)),
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it suffices to show that they both represent the same point. By Proposition 7.2.3,

there is a complex C· whose orbit closure contains both of these complexes. Since

the GIT semistable set is open, C· must also be semistable. Therefore the orbits of

F·⊕C(f) and G·⊕C(idF·) and C· are all identified and so these complexes represent

the same point.

Therefore, to ensure F· and G· are identified in the quotient we need to be able

to pick the perturbed linearisations in a compatible way. Working forwards from the

initial object in this diagram corresponding to τ0 := (H, 0) we hope to be able to

choose these linearisations in a compatible way and so make the following conjecture.

Conjecture 7.2.5. There is a collection of perturbed linearisations Lper
τ which define

a diagram D(H,Lper
τ ) such that:

1) For each perturbed linearisation the GIT semistable set R̂ssτ (Lper
τ ) is nonempty.

2) If f : F· → G· is a quasi-isomorphism between complexes representing points in

this diagram, then these complexes both represent the same point in the colimit.

Remark 7.2.6. Suppose for each Harder–Narasimhan type τ we choose the trivial

perturbation; i.e., the canonical linearisation Lcan
τ := Lβ(τ) and take the generalised

GIT quotient which is a categorical quotient of R̂nssτ (Lcan
τ ) = Rτ . By definition of

D = D(H,Lcan
τ ), a Harder–Narasimhan type τ = (H, I) indexes an object in D if and

only if I is a collection of trivial Harder–Narasimhan types for the image sheaves of

the boundary morphisms. Suppose τ is a Harder–Narasimhan type which indexes an

object in D; then if E· has Harder–Narasimhan type τ the image sheaves Im diE· are

Gieseker semistable with reduced Hilbert polynomial Ii/ rk Ii. Let A· be an acyclic

complex of torsion free sheaves. By definition of D, there is a morphism τ = (H, I)→

τ + τ(A·) in D if and only if for every complex E· with Harder–Narasimhan type τ

the direct sum E· ⊕A· has Harder–Narasimhan type τ + τ(A·); that is, if and only if
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for all such E· the sheaf Im diE· ⊕ Im diA· is Gieseker semistable or equivalently Im diA·

is Gieseker semistable with reduced Hilbert polynomial Ii/ rk Ii. In this case the

colimit of the diagram is the product of moduli spaces for the successive quotients in

the Harder–Narasimhan filtration of each cohomology sheaf.

Example 7.2.7. We consider the most basic example when X = Spec C is a point.

Then a sheaf over X is just a complex vector space and its Hilbert polynomial and

rank are both equal to the dimension of this vector space. Therefore, the parameter

spaces are indexed by a tuple d of dimension vectors.

As every vector space has the same reduced Hilbert polynomial, every vector space

is automatically semistable and has trivial Harder–Narasimhan type. Therefore the

Harder–Narasimhan type τ = (H, I) of any complex of vector spaces with respect to

(ε, δη) is given by two collections of trivial Harder–Narasimhan types H = (H i)i∈Z

and I = (Ii)i∈Z which give the dimension vectors of the cohomology sheaves and

image sheaves respectively. In particular this Harder–Narasimhan type indexes an

object in the diagram D(H,Lper
τ ).

If V· and W· are complexes of vector spaces which have the same dimension vec-

tor d; then these complexes are isomorphic if and only if their cohomology sheaves

are isomorphic. Therefore, the scheme Rτ parametrising complexes with Harder–

Narasimhan type τ is a single Gd(τ)-orbit in the parameter scheme Td(τ). Moreover,

the categorical quotient Mτ of the Gd(τ)-action on Rτ = R̂nssτ (Lcan
τ ) is just a point. In

this case we do not have the problem of too many orbits being collapsed (see Section

6.5) and so there is no need to perturb the canonical linearisation.

Fix a dimension vector H for the cohomology and consider the associated diagram

D(H,Lcan
τ ) : J → Sch. The objects in this diagram are points Mτ = Spec C

indexed by all Harder–Narasimhan types τ = (H, I). In fact, every complex V· with

cohomology of dimension H is represented by a point Mτ(V·) in this diagram. For

any acyclic complex A· there is a morphism in this diagram Mτ →Mτ+τ(A·) as every
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vector space is semistable with the same reduced Hilbert polynomial (see Remark

7.2.6). If f : V· → W· is a quasi-isomorphism between complexes with cohomology

type H, then these complexes are both identified in the colimit (see Corollary 7.2.4).

Conversely if V· and W· are identified in the colimit then there are acyclic complexes

A· and A′· such that V· ⊕ A· ∼= W· ⊕ A′·; i.e., these complexes are quasi-isomorphic.

Therefore, the colimit of D is just the point Spec C and corresponds to the one

quasi-isomorphism class for complexes with cohomology of dimension vector H.

7.3 Concluding remarks

We end this thesis with some concluding remarks about the diagrams we were consid-

ering above. The starting data for these diagrams is a choice of perturbed linearisation

for each Harder–Narasimhan type τ . As we mentioned in Section 6.5, one possible way

to perturb the canonical linearisation on R̂τ ⊂ GP (τ)×Pβ(τ)T
tf ∼= GP (τ)/Pβ(τ)×Ttf is

by choosing a Schmitt linearisation L′ which is a perturbation of the original Schmitt

linearisation L and taking the exterior tensor product of the linearisation L(λ−β(τ))

on GP (τ)/Pβ(τ) with L′.

In fact we could extend the categories J which indexed the diagrams we were

considering to allow more than one choice of perturbed linearisation for each Harder–

Narasimhan type τ and construct several different quotients of R̂τ using these per-

turbed linearisations. The advantage of this approach would mean that there is a

greater chance of making the direct sum morphisms work and so there is a greater

chance of showing that quasi-isomorphic complexes are identified in the colimit.

Ideally we would like to find a choice of perturbed linearisation for each τ such

that almost all complexes in R̂ssτ (Lper
τ ) are D(X)-indecomposable in the following

sense:

Definition 7.3.1. We say a complex F· is D(X)-decomposable if it is a direct sum of
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two non-acyclic complexes. Otherwise, we say the complex is D(X)-indecomposable.

Let Dτ ⊂ Mτ = R̂τ//Lperτ
GP (τ) be the set of points corresponding to D(X)-

decomposable complexes and let Uτ be the complement in R̂ssτ (Lper
τ ) of the preimage

of Dτ under the quotient morphism

R̂ssτ (Lper
τ )→Mτ .

The following definition is motivated by [4], Theorem 4.2.

Definition 7.3.2. We define an equivalence relation ∼ on Uτ called S-equivalence:

x and y are S-equivalent (x ∼ y) if there exists g and g′ ∈ Gτ , 1-PSs λ and λ′ of Gτ

such that

lim
t→0

λ(t)gx = lim
t→0

λ′(t)g′y ∈ Uτ .

Lemma 7.3.3. Assume that τ is the Harder–Narasimhan type for a non-acyclic

complex. If x and y are S-equivalent points in Uτ which represent complexes E· and

F· then these complexes are quasi-isomorphic.

Proof. By definition of S-equivalence there are elements g, g′ ∈ GP (τ) and 1-PSs λ, λ′

of GP (τ) such that

z := lim
t→0

λ(t)gx = lim
t→0

λ(t)g′y ∈ Uτ .

Let G· ∼= E· be the complex corresponding to gx and H· ∼= F· be the complex corre-

sponding to g′y. Then it suffices to show G· and H· are quasi-isomorphic.

As z ∈ Uτ ⊂ R̂τ , it corresponds to a complex too. Moreover, the 1-PS λ induces

a filtration of G· by subcomplexes 0 ⊂ G[1]
· ⊂ · · · ⊂ G[t]

· = G· and z represents the

graded object G· := ⊕tj=1G
j
· associated to this filtration. Therefore by symmetry, it

suffices to prove that G· is quasi-isomorphic to the complex G· representing this limit

point z.
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By definition of Uτ we know that G· is D(X)-indecomposable and so there is

1 ≤ jo ≤ t such that Gj0· is not acyclic and all other direct summands are acyclic.

Then clearly G· is quasi-isomorphic to Gj0· and so it remains to prove that Gj0· is quasi-

isomorphic to G·. Note that G[j0−1]
· is acyclic as it is built up by taking successive

extensions of acyclic complexes. We have a short exact sequence

0→ G[j0−1]
· → G[j0]

· → Gj0· → 0

and so G[j0]
· → Gj0· is a quasi-isomorphism. Similarly G·/G[j0]

· is acyclic and since we

have a short exact sequence

0→ G[j0]
· → G· → G·/G[j0]

· → 0,

G[j0]
· → G· is a quasi-isomorphism. Therefore, G· is quasi-isomorphic to Gj0· which

completes the proof.

The ideal situation would be if Uτ = R̂ssτ (Lper
τ ) and the perturbed linearisation

was ample as then topologically Mτ would just be Uτ modulo S-equivalence. Then by

the above lemma two S-equivalent complexes are actually quasi-isomorphic. However

if Uτ 6= R̂ssτ (Lper
τ ) then more points will be identified as two points in Uτ may have

orbit closures which meet in the complement of Uτ in R̂ssτ (Lper
τ ).
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