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Abstract

In [7] Klainerman introduced the hyperboloidal method to prove
the global existence results for nonlinear Klein-Gordon equations
by using commuting vector fields. In this paper, we extend the
hyperboloidal method from Minkowski space to Lorentzian space-
times. This approach is developed in [15] for proving, under the
maximal foliation gauge, the global nonlinear stability of Minkowski
space for Einstein equations with massive scalar fields, which states
that, the sufficiently small data in a compact domain, surrounded
by a Schwarzschild metric, leads to a unique, globally hyperbolic,
smooth and geodesically complete solution to the Einstein Klein-
Gordon system.

In this paper, we set up the geometric framework of the intrinsic
hyperboloid approach in the curved spacetime. By performing a
thorough geometric comparison between the radial normal vector
field induced by the intrinsic hyperboloids and the canonical 9,.,
we manage to control the hyperboloids when they are close to their
asymptote, which is a light cone in the Schwarzschild zone. By
using such geometric information, we not only obtain the crucial
boundary information for running the energy method in [15], but
also prove that the intrinsic geometric quantities including the
Hawking mass all converge to their Schwarzschild values when
approaching the asymptote.

1. Introduction

We introduce the intrinsic hyperboloid approach in the dynamic,
Lorentzian spacetime. This approach is developed in [15] to prove,
under the maximal foliation gauge, the global stability of Minkowski
space for Einstein equations with massive scalar fields, which reads as
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with the stress-energy tensor!

1
T = 0u00,6 = 38 (877060056 + m?6?) . m=1,

where R, and R denote the Ricci curvature tensor and the scalar cur-
vature of the Lorenzian metric g respectively. Applying the conservation
law D#7,, = 0, which is due to the Bianchi identity, gives the Einstein
Klein-Gordon system

1
(1.1) Igﬂzam-%¢+?#gw&,

(1.2) Og¢ = m?o.

It is obvious that (R**! m, ¢ = 0), with m being Minkowski, trivially
solves the system. To construct nontrivial global solutions of (1.1)-(1.2),
it is natural to consider the Cauchy problems with the initial data set
being small perturbations of the trivial one.

We first briefly review the framework for studying the Cauchy prob-
lem of the Einstein equations. Let (M, g) be globally hyperbolic which
means that there is a Cauchy hypersurface, which is a spacelike hyper-
surface with the property that any causal curve intersects it at precisely
one point. This allows M to be foliated by the level surfaces ¥; of a
time function t. Let T be the future directed unit normal to ;. Let
be the second fundamental form of ¥; in M defined by

(1.3) n(X,7):=—-g(DxT,Z2), X,ZecT%,
where D denotes the covariant differentiation of g in M.
Let g be the induced metric of g on ;. We decompose
8,5 =nT + }/7

where n is the lapse function and Y € T3, is the shift vector field.
Assuming Y = 0, then the metric g can be written as

(1.4) g = —n’dt® + gijda:ida:j,

and the Einstein equations are equivalent to the evolution equations
(1.5) 0vgij = —2nm;;,

(1.6) omij = =V;Vin +n(=Rij + Rij + Trrmi; — 2mimy)

together with the constraint equations
(1.7) R— ’71"2 + (TI‘7I’)2 = 2Rt + R, Vjﬂ'ji — V,;Trr = Ry,

where Trmr := gij'n'ij is the mean curvature of ¥; in M, V denotes the
covariant differentiation of g, R;; and R are the Ricci curvature and the
scalar curvature of g on ¥;.

1We fix the convention that, in the Einstein summation convention, a Greek letter
is used for index taking values 0, 1,2, 3 and a little Latin letter is used for index taking
values 1,2, 3.



The maximal foliation gauge imposes
(1.8) Y=0 and Trr=0 on .
This implies n satisfies the elliptic equation
(1.9) Agn — ]7r|2n =nRrr on X,
and the second fundamental form 7 satisfies the Codazzi equation
(1.10) divr = Rp;, cuwlm=H,

where H is the magnetic part of the Weyl curvature, defined in (4.8).

The first proof of the global stability of Minkowski spacetime for
generic, asymptotically flat data is provided in the monumental work [1],
where the Einstein vacuum Bianchi equation is thoroughly and system-
atically treated. Heuristically, we regard the nonlinear wave equation
verifying the standard null condition as the vastly simplified model for
the Einsteinian Bianchi equation. Then (1.1)-(1.2) is a coupled system
between such nonlinear wave equations and the Klein-Gordon equation
in the Einsteinian background. Due to the presence of the massive
scalar field, the approach we introduce in this paper is to twist the
hyperboloidal energy method devised in the flat spacetime in [7] for
the Klein-Gordon equations to the Lorentzian spacetime, in the sense
of incorporating it to the intrinsic energy scheme devised in [1]. Such
generalization triggers fundamental changes to the geometry of the in-
trinsic framework in [1] for the Einstein equations, which by itself is very
challenging even merely for the vacuum case. Our approach is robust
for treating both the scalar field and the Einstein part of the equation
system. This will be fully confirmed in [15].

In what follows, we will use the linear Klein-Gordon equation to mo-
tivate the use of the intrinsic hyperboloids. To begin with, let us recall
some basics of the invariant vector fields for the free wave Op¢ = 0.2
We denote by Z a set of vector fields, which consists of the translation
Oy, the scaling vector field S = x#9,, and the generator of Lorentz group

(1.11) Q= 2,0, —2,0,, p,v=0,1,2,3 where z, = m,,z".

This set of vector fields is named as commuting vector fields due to the
fundamental property

(1.12) [Om, Z] = 0 or 20y,

with the second identity occurring only when Z = S.

In order to get the decay estimate (t + 1)|¢| < 1 by the energy ap-
proach, we rely on two ingredients: one is the boundedness of the energy
or the generalized energy; the other is the Klainerman-Sobolev inequal-

ity.

2We assume the initial data for ¢ have compact support.



4 QIAN WANG

The standard Klainerman-Sobolev inequality
1
(1.13) A+t =r)2[f] S NZE2f ()] L2

relies on the full set of Z derivatives, where r = (335, [2%[%)Y/2, (t) =
t+1 and Z(=™) f denotes the application of the differential operators in
Z to f up to m times. For the free wave equation Op,¢ = 0, by using
0, as a multiplier, one can obtain the conserved energy

3
(1.14) 1000t )2y + D 10u(t, )12 -
=1

By using the canonical Morawetz vector field, K = 2tS — (t2 —r?)d;, as
a multiplier, one can obtain the conserved generalized energy, which is
uniformly comparable for ¢ > 0 to

(1.15) 1Zo(t, M2y + 6 2 ge)-

In view of (1.12), one can see that (1.14) and (1.15) hold with ¢ replaced
by® Z™¢. These estimates together with (1.13) imply that

(116) O+ |t~ r)F|8] S 1 7506(0, | 2qes) S 1

which gives more information for ¢ than desired.
To see the difference in the treatment for the Klein-Gordon equation,
we consider the linear Klein-Gordon equation

(1.17) Om¢ =9

in the Minkowski spacetime. Due to (1.12) there holds [(Opym — 1), 5] =
20y, # 2(0m — 1). Thus the scaling vector field S can not be used as a
commuting vector field for (1.17). Similar to (1.14), we can obtain the
conserved energy

3
108, M T2gmsy + D 100 0(E, T2 rsy + 16 )17 rey
i=1

which stays conserved if ¢ is replaced by Z™¢ except Z = S. In
contrast to the case of the free wave, the boundedness of energy does
not hold for the full set of the commuting vector fields in Z. The
Klainerman-Sobolev inequality (1.13) can not be used directly. To
get the decay estimates for the Klein-Gordon equations, in [7] the
Klainerman-Sobolev inequality is applied on the canonical hyperboloids
H, = {t* — Z?Zl |z¢|> = p?} which are the surfaces orthogonal to S.
The Klainerman-Sobolev inequality on hyperboloids merely relies on
the Lorentz boosts {R; = t0,: + 2'0;,i = 1,2,3} which are commuting

3For a differential operator P, we use P™ f to mean the m-time application of P

to f.
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vector fields of (1.17) and tangent to the hyperboloids. By virtue of this
tool, the standard sharp decay estimate?
< Ha(SUR@)qb(o,))

(1.18)
(1) R0,
P L2(H,)

(1)219] S

can be derived from the boundedness of energies on hyperboloids. Thus,
in order to get the sharp decay for the solutions of (1.17), the same order
of commuting vector fields are applied and energies have to be controlled
up to one order higher compared with the free wave case. This coincides
with the case when we treat Klein-Gordon equation (1.2) coupled with
the Einstein Bianchi equations, for which (1.17) and the free wave are
the simplest toy models for each part.

We also observe that the two weighted multipliers, S and K, can
not be used to obtain bounded generalized energy for (1.17). This fact
together with the fact that the scaling S is not a commuting vector
field for (1.17), demonstrates that decomposing d¢ in terms of the null
frame {L = 0, + 0,,L = 0y — 0,} does not improve the decay along
the good direction L. This is another difference compared with the free
wave. Contributed by the commuting vector fields R, d¢ exhibits much
stronger decay along the tangential directions of Hl,; however, d¢ has
the weakest decay along B := %815 + % . = p~LS, the future directed
unit normal of H,. The weakest decay is much weaker than that a free
wave exhibits along its only bad direction L.

Figure 1(a) depicts the method in [7], where the data with compact
support in {r < R} are given at ¢t = 0. The energy argument is divided
into two steps. The first step is the local energy propagation from ¢t = 0
to the initial hyperboloidal slice H,,, with py =~ 1. The second step is
to propagate energy on hyperboloids H, from H,, to the last slice H,,,
in the region enclosed by a Minkowskian light cone as the boundary,
along which the solution varnishes due to finite speed of propagation.
This figure gives us the blue-print of treating the Einstein-Klein-Gordon
system.

In order to set up the Cauchy problem for the Einstein-Klein-Gordon
system (1.1)-(1.2) appropriately, to match with, in particular, the sce-
nario that the data for Klein-Gordon equation have compact support,
we consider the initial data set (go,mo, ¢[0]) for (1.1)-(1.2), which verify
the Einstein constraint equations (1.7) and ¢[0] is compactly supported
within By, the unit Euclidian ball. Outside of the co-centered Euclidean
ball of radius 2, there glues a surrounding Schwarzschild metric specified
at Theorem 4.6. See Figure 1(b). We will call the region with ¢ > 0, ex-
terior to the Schwarzschild outgoing light cone C3  as the Schwarzschild
zone Z°, where C; initiates from the Euclidean sphere {r = 2} with

L2(R3)

“The area element of H, is dpm, = Zdpgs.
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Figure 1

the value of 4, specified in Section 4.4. We still need to determine the
foliation of hyperboloids in the curved spacetime.

There are two options at this point. One way is based entirely on the
symmetry and geometry in Minkowski space. This method has been
developed in [8] and [9] for the Einstein equations under the wave coor-
dinates. The philosophy of the regime is to close the energy argument
without aiming at achieving sharp decay for geometric quantities. This
allows the stability result to be achieved within a much smaller frame-
work compared with [1]. However it is less precise on the asymptotic
behavior of the solution (see [8, Page 47]).

In this paper and [15], we take the other option which constructs
intrinsic hyperboloids adapted to the curved spacetimes. We not only
prove the global nonlinear stability, but also give a comprehensive, ana-
lytic, global-in-time depiction of the solution. The goal of this paper is
to introduce the geometric framework, which equips the nonlinear anal-
ysis with sets of tetrads, recovering the symmetry and playing the role of
coordinates, all of which are adapted to the dynamical spacetime. The
global existence of such tetrads will be justified simultaneously with the
quantitative depiction of the spacetime.

When setting up the geometric framework, it is necessary to discrim-
inate, among all the symmetry in the Minkowski space, the most crucial
geometric information that needs precision from those allowing error to
be controlled analytically. For this purpose, we run a simple energy
argument for

(1.19) Ogdp=¢
by taking the approach as in [8], that is to consider

(1.20) Og KMo = B¢ + [Og, K)o,



The error integral contributed by one term contained in the commutator
on the right hand side of (1.20) takes the form

o
/ / (B ref R=D2 36 DeR™ ¢ dp ,dp,
1 o —_—
er? €L?
where the deformation tensor is defined by
(1.21) X 7o = DaXp + DpX,

with D denoting the connection induced by the metric g. Here X = R
is the Lorentz boost in Minkowski space, 7% £ 0 since g is not
the Minkowski metric. With o, = B in 728 the derivative of
¢ contracted with this term is evaluated at the bad direction B along
which it does not decay strongly. Under local coordinates the expression
of B BB contains B derivatives of the metric g, paired with large
weights. The best decay for ()7BB expected by the approach from
[8] is below the borderline Ce/p for applying Gronwall inequality to
control energies. To salvage the energy argument, we construct a set
of approximate Lorentz boosts &% and the intrinsic hyperboloids H,,
adapted to the Einstein background, so that 7% = 0, where B
denotes the unit normal of the constructed foliation of hyperboloids.
These Z and B can be viewed as the corresponding replacements of R
and B in the curved spacetime. The construction of these % and 5
needs to preserve the following features:
1) [B,%) =0 and Z = {Z#;,i = 1,2,3} are tangent to H,,.
2) UpZ oM, exhausts the chronological future of an origin O, with the
origin to be appropriately chosen. All the hyperboloids are asymp-
totic to the outgoing light cone Cy emanating from O.

The origin O is chosen at t = —7T', which can be done due to the
local extension of the solution. We may choose T so that Cy intersects
{t = 0} outside of By. The freedom of such choice is fixed in Section 2,
which is crucial for the proof of the main results of this paper. We leave
the details of the constructions to Section 2-3. See Proposition 2.3 for
using the first feature to prove (%) s = 0 and more results on (D).

The geometric constructions equip us with the approximate Lorentz
boost, scaling, and translation vector fields. With them we can run
the commuting vector field approach to the Einstein Bianchi equations,
which can be viewed as an extension of the approach in [1], where the
regime is based on the construction of the rotation vector fields and the
intrinsic null cones. The task, in our situation, is much more involved,
due to the difficulties caused by the massive scalar field, the geometry
of the hyperboloids, as well as the complexity of the analytic control on
the Lorentz boosts. In what follows we focus on addressing the following
two basic issues.
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For the Weyl part of curvature, we will run the regime of Bel-
Robinson energies defined by the weighted multipliers S and K.
For closing the top order energy, we encounter the issue of requiring
higher order Z-energy for the massive scalar field. However, in order
to close the energy estimates, we have to control the energies of the
Weyl tensors and the massive scalar field, up to the same order in
terms of the Z-derivatives.

The intrinsic hyperboloids, in principle, are defined from the Minkowskian
counterparts by a global diffeomorphism, which needs to be justified
simultaneously with the proof of the global existence of the solu-
tion. In Minkowski space, the density of the foliation of the canoni-
cal hyperboloids approaches infinity near the causal boundary. The
control on the intrinsic foliation is considerably more delicate since,
analytically, terms of 1/p type appear frequently, with p — 0 when
approaching the causal boundary Cy.

To solve the first issue, it is crucial to use the Einstein Bianchi equations,
see Lemma 4.1, which allows us to perform the integration by parts when
treating the worst type of terms. We then take advantage of the null
forms in the Einstein Bianchi equations, together with the expected
strong decay from the scalar field. This enables the top order energies
to be closed at a sharp level. We will sketch briefly the energy scheme
in Section 4.

The second issue is connected to the set-up of the wave zone, the
region where we run the energy estimates. We have to take account of
the gravitational influence to the causal structure of the foliation of the
intrinsic hyperboloids. In this paper, we focus on controlling the intrin-
sic geometry of the chronological future Z+(O) for ¢t < 1 and for all ¢ in
the Schwarzschild zone. This geometric control is significant for deal-
ing with the problem of leakage, for demonstrating that a constructed
function is almost optical, and for justifying an excision procedure on
the wave zone for the energy scheme. These aspects will be explained
in the sequel.

In the Minkowskian set-up (Figure 1(a)), a light cone is used to cut
the family of hyperboloids, as the boundary of the wave zone. The
cone needs to be uniformly away from the asymptote. The set-up of
such boundary in the curved spacetime is more subtle. First of all, this
boundary should be chosen in the Schwarzschild region, to guarantee
the dynamical part of the solution is contained in its interior. It ought
to be a canonical Schwarzschild light cone 6505 for the ease of analysing
energy flux therein. More importantly, we need a function measuring
the “distance” from any point in the entire wave zone to Cy, which is
the asymptote of the hyperboloids. This nonnegative function needs to
be bounded uniformly away from zero in the wave zone, for the purpose

5The value of @g can be found in Section 4.4.



of running the energy estimates. This task intuitively could be achieved
if C  is spaced away uniformly from Cp in terms of a canonical optical
function in Z°.

In Lorentzian spacetime the light cones are usually characterized by
the level sets of an optical function u (see [1]) which is defined as the
solution of the eikonal equation

(1.22) g7 0, udsu = 0

with prescribed boundary or initial conditions. Then the optical func-
tion u naturally measures the distance to the causal boundary. To
obtain the information of u would require geometric controls on the
foliations of light cones C,. However, since such light cones are not
involved in our analysis, we do not use the actual optical function. In
our framework, H, conceptually replaces the role usually played by C,.
The geometric control on the hyperboloids H, lies at the core of our
analysis. To achieve the desired analytic feature, we choose p to be the
proper time to O, where p verifies the eikonal equation

g 0p05p = —1, p(O) = 0.

Throughout the chronological future (Z*(0), g), we define an alterative
function, still denoted by wu, which does not verify (1.22), yet taking the
role of measuring the distance to Cy. In particular, we can show that
this function w, vanishing on Cy, is sufficiently close to the canonical
optical function near Cy in Z°. To show such property, we perform in
Section 5 a full analytic comparison between the radial normal of the
Schwarzschild frame and the normal vector field on ¥, induced by the
foliation of the intrinsic hyperboloid U,S; ,. The main estimates are
established in Theorem 5.12 throughout Z* N {p < p.}, which is the
major building block of this paper. These estimates and their higher
order counterparts will be used in the main energy scheme in [15].
Next we address the issue of the leakage. Let p be a point inside the
wave zone, near the boundary C7 . The distance maximizing timelike
geodesic connecting p and O is not entirely contained in the wave zone.
See Figure 1(b). This phenomenon can be easily seen in Minkowski
space. In Minkowskian case the deformation tensors of the boosts van-
ish and the deformation tensor of the scaling vector field has a stan-
dard value. However, in the dynamical spacetime, deformation tensors
@) 7 and (97 need to be analyzed, which is done by integrating along
the aforementioned time-like geodesics with the help of the structure
equations which contain both the curvature components under the hy-
perboloidal frame and the second fundamental forms; see Section 3.2.
Whether the path of the integration is contained in the wave zone deter-
mines how to control the integrand. The geometric information outside
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of the wave zone can not be provided by the energy estimates. Such in-
formation is obtained simultaneously with the main estimates in Section
5 by geometric comparisons and bootstrap arguments.

Now we explain, as part of the energy scheme, the excision of a region
which is related to the so-called last slice of hyperboloids, denoted by
Hp,. As a standard method for proving global results of non-linear
dynamical problem, one can suppose a set of bootstrap assumptions
hold till certain maximal life-span. Due to various concerns, we set the
maximal life-span in terms of the proper time, labeled by p.. Once the
bootstrap assumptions can be improved for all p < p,, by the principle of
continuation, the solution and the quantitative control can be extended
beyond p.. The wave zone is a region which is enclosed by the initial slice
{t = 0}, the last slice H,, as well as the cone C;,- Consider the energy

estimates on Y, which are crucial for controlling (T)r. When ¢t >ty
where ¢, := min{t : S, 4,}, we no longer expect a regular subset of ¥;
within the wave zone to do the energy estimates (see Figure 2 in Section
4). The subset of wave zone with ¢t > ¢, will be excised for obtaining the
>-energy. This may lead to the loss of control of (T)7r in a region with
t large within the wave zone, which would fail the energy control on #,.
Our strategy is to show that the region of excision is fully contained in
75, where (T and other geometric quantities can be controlled by the
main estimates. This proof has to be done merely depending on local
energy estimate, and the assumption that the foliation of H, exists up
to p < p«, which is the case in this paper (see Section 6).

As the other application of the main estimates, we show that the
Hawking mass is convergent to the ADM mass of the surrounding Schwarzschild
metric along every hyperboloid.

Finally, we comment on the analysis of the intrinsic geometry in Z*.
This analysis is independent of the long-time energy estimates in the
wave zone. The idea is to use the transport equations to perform the
long-time geometric comparison. We define a set of quantities which
encode the deviation between the intrinsic and the extrinsic tetrads,
and derive the transport equations for them along well-chosen paths. In
order to prove the function u is almost optical, we uncover a series of
cancelations, contributed by the Schwarzschild metric and the structure
equations of the hyerboloidal foliation. It necessitates delicate bootstrap
arguments and weighted estimates® . The obtained main estimates are
crucial for the applications in Section 6-7.

The paper is organized as follows. In Sections 2-3 we carefully set
up the analytic framework of the foliation of intrinsic hyperboloids, and
provide the geometric construction of the intrinsic frame of the Lorentz
boosts, since such set-up and construction have never appeared in the
literature and has been used in [14]. In Section 4 we sketch the energy

5The primitive version of such weighted estimates can be seen in [11].
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scheme in the proof of global stability of Minkowski space for (1.1)-(1.2).
In Section 5, by assuming the foliation of the intrinsic hyperboloids and
the maximal foliation exist till the last slice of hyperboloid, we provide a
thorough depiction of the intrinsic geometry in the Schwarzschild zone,
presented in Theorem 5.12, as the main estimates of this paper. The
region considered there is the most sensitive region for having the geo-
metric control on hyperboloids. The set of main estimates depends
merely on local-in-time energy estimates and the smallness of the given
data on the initial maximal slice. We then give applications of the main
estimates. The one in Section 6 is to control the region of the excision.
In Section 7, we give the asymptotic behavior of the Hawking mass
along all hyperboloids.

2. Construction of the boost vector fields

By standard energy and iteration argument, we first solve the Cauchy
problem of EKG back to the past to certain fixed t < —T'. Let o be the
spacial origin of the given initial slice. We denote by I'(¢) the geodesic
through o with velocity —T, where T is the future-directed time-like
unit normal of the initial slice ¥y. The geodesic is extended (back-in-
time) within the radius of injectivity of o, intersecting {t = —T'} at
O. T is chosen so that the given Cauchy data at the initial slice is fully
contained in _#t(O)N{t = 0}, where _# T (O) denotes the causal future
of O@. Hence T depends on the size of the support of Cauchy data, and is
comparable to 1. To be more precise, T' is chosen such that Cy intersects
at t = 0 outside of By. Now by the shift of ' =t + T, as well as an
abuse of notation, ¢ = 0 at O and the initial data is prescribed at t = T,
according to the time coordinate after the shift.

We use ZT(0O) to denote the chronological future of O. Let iy be the
time-like radius of injectivity of O, which is defined to be the supremum
over all the values sg > 0 for which the exponential map

(2.1) expo : (0, V) = Tv(p), V€M

is a global diffeomorphism from (0, so) x Hj to its image in Z+(0), where

3
H; := {V = (VO VLYV (V)2 =) (V)P = 1}

=1

is the canonical hyperboloid in R3*! and Yy is the time-like geodesic
with Ty (0) = O and Y{,(0) = V. We use Z; (O) to denote the part of
Z1(0O) within the time-like radius of injectivity. In [15] we will prove
that the time-like radius of injectivity is +oo simultaneously when we
prove the global well-posedness for EKG, provided the Cauchy data is
sufficiently small. Thus we will have Z,7 (O) = Z7(0O) once this result is
established.
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For a point p in Z1(0), we use p to denote its geodesic distance to
O. Then p is a smooth function on Z (O) satisfying (Dp,Dp) = —1
with p(O) = 0. We introduce the vector field

(2.2) B = —Dp.

Then B is geodesic, i.e. DB = 0 and (B,B) = —1. Using this B we
define the lapse function b by

_ -1t
(2.3) (®.7) = b1

Let
Hy := expp(pHi).
Clearly {H,} are the level sets of p which give a foliation of Z;(O) in

terms of hyperboloids. Moreover, by the Gauss lemma we can see that
B is the future directed normal to H, and

(2.4) By = (dexpo) v (9p)

for any p € Z; (O), where (p, V) is the unique point in (0,4,) x H; such
that p = expp(pV).

Using B we may introduce the second fundament form k of H, defined
by

E(X,Y)=(Dx%B,Y)

where X,Y are vector fields tangent to H,. Clearly k is an H, tangent,
symmetric (0,2) tensor. We will use trk and k to denote the trace and
traceless part of k respectively. *

According to the expression of g, we can derive that the future di-
rected unit normal T of >; takes the form

(2.5) T =n"19,

This together with Dt = —n~29; and (2.3) implies that
b~ ln~1¢

(2.6) B(t) = (B,Dt) = — "

For future reference, we set

(2.7) = (b)(IT(0); 1= VB2 — P

According to the definition of Z; (0), for any p € Z,(O) there cor-
responds a unique (p, V) € (0,i,) x Hy with V = (V°, V1 V2 V3) such
that

(2.8) p = expo(pV).

"In general, for a H,-tangent symmetric 2-tensor F, with g the induced metric on
H,, its trace and traceless part can be defined by trF' = gij F;; and Fi]’ = Fjj— %tngij

respectively.
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We set

(2.9)

3
1+ z:(\/i)2 and y' = pV'fori=1,2,3.
i=1

Then {y*,u =0, -- 3} gives the geodesic normal coordinates for Z;} (O).

Lemma 2.1. For any V € H; there hold

b7

. T .
(2.10) lim ;(pV) =n(0), [l)li% -

(pV) =1, limb (pV)=n(0).
p—0 p—0

Proof. By using (2.3) we can consider the local expansion of b=t =
3D, (p*)T* at O as follows

PV + O(1%)
o

LV +0()

_ _ 1
b 't=b""t],+ iDy(Du(p2)T“)

= —(8uwT")|p PV — (T)ﬂ-lﬂ/
=74+ 0(7?),

where we employed [6, Page 50] to get %DyDﬂ(pQ)‘O = —g, (0). This
implies the second identity in (2.10). Similarly, for the function n='t =
3T (%) we have the local expansion

n~lt = %DV(T(#)) pV" 4+ O(7%) = D, (tT*Dyt)|,pV" + O(?)
@

Note that
D, (tT°Dyt) = (D, T*Dyt + T*D,Dyt) + T*DotD,t,
which, in view of (2.5), implies that
D, (tT*Dat)|,, = n"'Dyt|,, = —(n g T")|,,-

Therefore we can obtain n~'t = n=2(O)7 + O(72) which gives the first
identity in (2.10) as p — 0. The last identity follows as a consequence
of the first two. q.e.d.

2.1. Construction of the boost vector fields. Recall that in Min-
skowski space, in terms of the geodesic coordinates introduced by (2.9),
the boost vector fields are defined by

(2.11) Bi= o, +18;,  i=1,2,3.

Note that p = \/72 — 3% (y)? and 9, = %(7‘87— +9'9;). Tt is straight-
forward to show that

(e}

(2.12) 0,, %] =0, =123
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By using the exponential map to lift vector fields, this leads to introduce
boost vector fields

(2.13) B = (dexpo)v (%), i=1,2,3
defined on Z;7 (0).

Lemma 2.2. The boost vector fields %;, i = 1,2,3 are tangent to H,
and

(2.14) (B,%] =0, B(r)= %.
Proof. Since ,;Z’z are tangent to H, := pH; in the Minkowski space-

time, by the definition of H, and %;, we can conclude that %; are
tangent to H,. In view of (2.4), (2.13) and (2.12) we have

B, %] = [(dexpo)pv(ap)a (deXPO)pV(é’i)] = (dexpo),v ([8/”‘%"D =0

From the definition of 7 we can obtain ®8(7) = 7/p by direct calculation.
q.e.d.

Proposition 2.3. Let Z denote one of the boost vector fields Z;,
1=1,2,3. Then

(2.15) LA rp By =0, LAr(B %) =0.

Proof. We prove (2.15) by induction. First, we consider n = 0. By
using the first identity in (2.14), we can obtain

) 7r(B,B) = 2(DpZ,B) = 2(D4B,B) =0

and

Dy (B, %) = (D%, ) + Dy, Z,B) = (DB, %) — (Dy. B, %)

=k(Z,%;) — k(%;, Z) = 0.

Now consider n > 1. For a symmetric (0, 2) tensor F', suppose

F(B,8) =0, F(B,%;) =0,

we can obtain from the first equality in (2.14) that

(2.16) LrF(B,B) =Z(F(B,B)) —2F(L%B,5)=0

and

(2.17) LRF (B, %;) = Z(F(B,%;))— F(L%B,%;) — F (B, LyZ;) = 0.

Since each £€;) (#) 7 is still a symmetric (0, 2), H ,-tangent tensor, which
can be regarded as F, then (2.16) and (2.17) imply that (2.15) holds
for n 4+ 1. Thus the proof of Proposition 2.3 is complete by induction.
q.e.d.
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3. Intrinsic hyperboloids

We will use g to denote the induced metrics on ¥; and let V be the
covariant differentiation. It is known that
VH =11,,g""D",
where
oy =gy + T, Ty
denote the tensor of projection to 3.

Let Sy, := Xy NH,. Then for fixed t, {S;,}, gives a foliation of
Y. Let v be the induced metric on S;, and let Y be the associated
covariant differentiation. Since ‘B is normal to S; ,, we have
(3.1) g = d*dp® + yapdw’ dw®
where a is the lapse function given by a=! = |Vpl|,. By using (Dp, Dp) =
—1 and (2.3) we have

v 2 2 b2 2
—1=g"0up0up = —(T(p))” +|Vply = ——z Volg-

This shows that p < b~!'t on ¥; and the lapse function a is given by
- (b=11)2 — p?
a %= |Vp|3 = IR

Therefore o= = %, where

7 =+/b2t2 — p2.
Let N denote the outward unit normal of S; , in ;. Then, according
to (3.1) we have

Vp —1
(3.2) N=- =—a "0, onX.

IVl 8

Similarly let g be the induced metric on H, and let V be the corre-
sponding covariant differentiation. Then

VH = I:L,ng“"D”,

where II denotes the tensor of projection to H, given by

IL,;, = guy + B.,B,,.

Note that for fixed p, {S;,}: gives the radial foliation of H,. Since T is
normal to S; ,, we have

(3.3) g= |Zt|£2dt2 + yapdwadwp = (an)?dt* + yapdwsdwp
where for the second equality we used

(3.4 [ty = (an) "



16 QIAN WANG

The equation (3.4) follows from the fact
b~ 1n=1t\>
—n"? = (Dt,Dt) = g"0,td,t = —(B(t))*+|Vt[2 = — <p> +Vt[2

which also shows that ¢t > bp on H,. Let N denote the outward normal
vector field of S , in H,. Then

Vit
. N=—-= .
(3.5) =, anVt

According to (3.1) and (3.3), the volume form dyu, on ¥; and the
volume form dug on H, are given respectively by

dpg = ar/|y|dpdw, dug = any/|y|dtdw.

3.1. Decomposition of frames. Using T and N we define

(3.6) L=T+N, L=T-N.

It is easy to see that

Thus if {e4, A = 1,2} is an orthonormal frame on Sy ,, then {L, L,e4, A =
1,2} form a null frame.
We define a pair of functions

(3.7) wi=b"—7 w:=blt+r

which can be regarded as the counterparts for “¢t—r, t+r” in the Minkowski
spacetime. Due to the construction, there hold the two fundamental
facts:®
1) > 0in ZT(0). u = 0 if and only if p = 0, which holds only on
Co, the causal boundary of #1(0O).
2) Assuming b™! > C for some fixed constant C' > 0, ? any H,
is asymptotically approaching Cy as ¢ — oco. This can be seen by
using

(3.8) P’ =uu
and u > b~!t in Z+(0).
Lemma 3.1. There hold

b1t F P b1t
(3.9) B=""T+'N, N="T4+2'N,
p p p p
(3.10) 2pB = ul + uL, 2pN = uL — uL,
(3.11) pT=b 1B - 7N, pN=b tN — 5.

8From now on, for convenience, Z*(0O) is understood to be Z; (O).
9This property can be found in Proposition 4.17, which can be quickly proved.
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Proof. Since B is normal to S; , it can be decomposed using T and
N. The component along T follows directly from (2.3). By using (2.3)
and (3.2) we have

— (%8, Vp) = —B"I1,,DVp = B"B"(g,, + T,T,) = (B, B) + (B, T)?
b—22 — p2 B
:—1+<%,T>2:7p2 =a”%

This shows that (B,N) = a~! = 7#/p and hence the component along
N is obtained. We therefore obtain the decomposition of B in (3.9).
In view of (2.5), (2.6) and the decomposition of B, we have

—-1,,—1
(V4), = D t = Dyt +B,B(t) = —n~'T, + 2" s,

P

b_2t2 2 _lb_lt

—n 1 <(2p)TV + aNy>
p p

—1p -1
=n! (a_QTZ, + le,) .
p
This together with (3.5) shows the decomposition for N in (3.9).

By using (3.6) and (3.7) we obtain (3.10) from (3.9) directly. (3.11)
follows from (3.9) by a simple algebra. q.e.d.

Recall the definitions (1.3) and (1.21). With e;,i = 1,2,3 the or-
thonormal basis on T, there holds

(3.12) (T)ﬂ'(ei,ej) = —2m(ej, €5), (M7 (T, e;) = Vilogn.

Lemma 3.2. There hold
1

b1t
(3.13) (DpT,B) = —a 2NN + a (DT, N),
b—2¢? b1t
(3.14) (DpT,N) = > (DTT,N) — a NN,
b1t .
(3.15) (DT, eq) = (D1T,e4) —a T4,
F b1t
(3.16) B(F) = % +b 1t <a—11rNN — (DTT,N>> .

Proof. In view of (3.9), we have

-1

b1t 5 t
DTT,N> = —a “TNN+ a” (DTT,N).
p

<D%T, %> = CL_l <CL_1DNT =+

Similarly, by using (3.9) we can (3.14) and (3.15).
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To obtain (3.16), we may use 72 = (b~!)? — p?, (2.3) and DB =0
to derive that

27B(7) = B(72) = 2b~ 1B(b~1t) — 2pB(p) = —2b 1B (p(T,B)) — 2p

. b1t
=—-2p+2b 't —p(DgpT,B) + o)

This shows that

b2 —p> bt P bt
B(F) = ———— - 2L(DpT,B) = - - 2L (DyT, ).
pr P
In view of (3.13), we therefore obtain (3.16). q.e.d.

Lemma 3.3. There hold

b1t s
(3.17) N(b~'t)=p <a1kNN + 7NN ?<DTT, N)> :

(3.18) tY(b™) =7 (kan +TanN) .
(3.19) Y(7) =b 't (kay +TaN)

b1t . 1 3 b—2t?
N(r) = +b 1t <k‘NN + - (trk: — )) + TNN
p - 3 p
b 1t7
(3.20) - "(DrT,N).

Proof. By using (2.3), (3.9) and (3.11) we have

p 'N(b~'t) = =N ((B,T)) = —(Dy®B, T) — (Dy'T,B)
:tWNN - a1<DTT7N>> ,

=q ! <kNN +
p 'V a(b7t) = —(V 4B, T) — (DAT,*B)
= (DB, —a 'N) — (DAT,a 'N)

=q ! (k:AM-l-ﬂ'AN).

We therefore obtain (3.17) and (3.18). By using 72 = b™%t2 — p? we
have

FYF=b'2¥(b7!) and FN(7) = b tN(b't).

These two equations together with (3.18) and (3.17) show (3.19) and
(3.20); for deriving (3.20) we also used the fact kyy = kyy + strk.
q.e.d.
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Lemma 3.4. Letk =k — %g. Then

(3.21) T(u) =1+u(a 'kyn + (DrT,N)),

bt
(3.22) N(u) = —1+u <<DNT, N) - P kmv) ;
(3.23) N(b™') = % (bpltl%NN +7rNN> .

Proof. By using 7> = (b7 't)? — p? and (2.3) we obtain T(F) =
b:t (T(b~'t) —1). Thus, for u =b~'t — 7 we have

b1t b1t

(3.24) T(u) = (1 - — >T(b—1t) + —.

T r

In view of (2.3) and Lemma 3.1 we can derive that
T(b~'t) = ~T(p(B,T)) = ~T(p)(B, T) - p((DrB, T) + (B,DTT))
b-14)2 =2
! 5 r_ (r’fNNJr@_lMDTT,N))
p P
=1-p (aiQkM + CL71<DTT7 N)) .

Plugging this equation into (3.24) shows (3.21).
To see (3.22), from (3.9) we note that

(3.25) N(u) = a (%(u) _ b:tT(u)> .

In view of (2.3), (3.13) and (3.16) we have
B(u) = B(b~'t) — B(F) = —(B,T) — p(B, Dy T) — B(7)
U 1 b~ ltu
= — —ua TNN +
p
Combining this and (3.21) with (3.25), we obtain (3.22).
Finally, noting that N(p) = —|Vp| = —a™}, it follows from (2.3) and
Lemma 3.1 that
N(b™'t) = N(—p(®B,T)) = a (B, T) — p(DxB, T) — p(B,DNT)
b-'t | b7t

= — a —|—
P

(b7t
=r ’ kM—i-ﬂ‘NN

which together with the fact N(b~!t) = tN(b~!) shows (3.23). q.e.d.

(DT, N).

ThkNN + TINN

For future reference, we define

Oac = (VaN,ec), 0ac:=(ValN,ec)
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We use trf := VACQAC and Q =0 — %trﬁfy to denote the trace and

traceless part of 6 respectively. Similarly we use trf and 6 to denote the
trace and traceless part of 6 respectively.

Lemma 3.5. There hold

(3.26) (VNN ea) = —VY aloga — Y 4logn,
(3.27) (VNN,eq) = V4 loga,
b1t
(3.28) Yloga = — F (TaAN + kan) ,
b1t
(3.29) QAC’ = 7 kac + gﬂAC’;
b~! 2 b7t
(3.30) tr) = —— t§+§5’+7trl{: —
T T 3 T
R bt - 1 1
(3.31) 00 = —=(kac + 50vac) + g(ﬂ'AC — =7acd),
T 2 T 2
where § = IQ:M and 8 = —TNN.

Proof. (3.28) follows from (3.19) and a=! = 7/p, (3.29) can be de-
rived by using the first equation in (3.11), and (3.30), (3.31) are direct
consequences of (3.29) and glm;; = 0 in (1.8). In view of (3.4), we have
N(t) = (an)~!. Thus, by using e4(t) = 0 and (3.5) we have

Ya((an)™) = [ea, N)(t) = ([ea, N],Vt) = (an) (V4N — Vyea, N)
= —(an)" (Vyea, N) = (an) (VN ea)

which gives (3.26). (3.27) can be similarly proved. q.e.d.

3.2. Structure equations. For H,-tangent symmetric 2-tensors Fj;
and Gjj;, we set

(3.32) (F xG)ij = FlG); + F;G,

~ 1 1
(3.33) (FRF); = §(F * F)ij — g!F@QZ-j

which define two H,-tangent symmetric 2-tensors. We now derive the
following structure equations.
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Proposition 3.6.
(3.34)

flbfl = ~b71
<% + 2 p; ) (n—b 1) = _%a—leN 4+ 7 ; (DTT, N) + d,n,
(3.35)
-1, -1
B (log t) _bnm -t
T p
(3.36)
1 .
B(trk) + §(trk)2 = —Rpp — k- k,
(3.37)
2 1 2 .
B (trk: - 3) + - <trk - 3> =—= (trk: - 3) — Ry — |E|?,
p p p 3 p
(3.38)
N ) R ~ . n
D%kij + gtrkkij = —R%i%]‘ — k®Ek,
(3.39)
B(tr ) = 2% (trk: — f’)) ,
(3.40)

17 > 7 fa 2 7 >
D&B(j)ﬁ'ij + (k * (])ﬁ')w = 2,6%1{3” — gtl‘ (‘/2)71']{21']',
where Rgi%j = R%ig]’ — %R%%gij'

Proof. By using (2.6) we have

In view of (2.3) we then obtain
-1y gy (P _P P
B(—bl) =B (t<%,T>> — 2%, Dy1) + 3 (t> (B, T)

b—l
(B,DyT) — —(1—b n™h
p

SIS

which together with (3.13) then implies (3.34). (3.35) is an immediate
consequence of (2.6) and B(7) = 7 in (2.14).
Now we consider (3.39) and (3.40). Note that

@)

we can obtain Ly'”"/m;; = 2L4k;;. Hence

(341) D%(%)ﬂ'ij + kiic('%)ﬂ'cj + k;(gi)ﬂ'w = 2£gk‘w
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By taking trace of (3.41) and using E,@gij =— (('%))ﬂ)ij, we get
Dy <tr(’%)7r) + 2k g, = 2L ptrk + 2, ke

This shows D (tr'%)7) = 2L4trk which gives (3.39). Using (3.41) and
(3.39), we have

7 7 7 =~ 1 2
D%(—/?)frij =+ ]{Z.C(J)T(Cj =+ qu(g)mc =2Lyp (kij + 3tr/~cgij> — gﬁ%trk&.j

.9 ;
= 2Lyk;i; + gtrk : (‘j)’frij
which implies (3.40).
To obtain (3.36)—(3.38), we use the identity
(3.42) Dykij = —Raimj — kikij.

By taking the trace and traceless part of this identity we obtain (3.36)
and (3.38). (3.37) is a direct consequence of (3.36).

Finally we show (3.42). By using the boost vector field {%;}3_, de-
fined in (2.13), we first note that, in view of (2.14)

Dyk(%Z;i, Z;) = Bk(%i, Z;) — k(DsZ, Z;) — k(%;, D Z;)
— Bk(%s, B;) — k(D2 B, ;) — k(%:, Dz, B)
(3.43) = Bk(%i, R;) — 2k ki, .
For the first term, by using Dy = 0 and (2.14) again, we have
B (k(%;, Z;)) = B (DB, %;)) = (DsDy%,B,%Z;) + (Dy, B, DpZ;)
= (D%, (D%B) + R(B, %:)B + Dy %,B, %Z;) + (D%,B, DpZ;)
= (R(B, %:)B, %#;) + (D%,B,D%,B)
(3.44)
= Ry, w09, + ki kiz,
By combining (3.43) with (3.44), and using the fact that {Z;}3_, forms
a frame on T#H,, we can obtain (3.42). q.e.d.

3.3. Radial decompositions on hyperboloids. Let {e4} be an or-
thonormal frame on S; ,. We define ¢ , = (DN, e4). In view of (3.11),
we have

(DgN,ea) = —%D%T, eA)

which together with (3.15) shows that

(3.45) QA = — <b_~1t<DTT, ea) + (DNT, €A>> .

7
Note that (Dg/N,B) = (Dg N, N) = 0, we then have
(3.46) DgN* = (Aely.
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Let us define the projection tensor from spacetime to Sy ,,
VINV _ guz/ + %u%y o ﬂﬂﬁu-

By the definition of g, we have V[ij = gij — N'N’. For any spacetime
one form F*, we set

Vo Fa := 4Dy (FI'I,).

This definition can be similarly extended to H,-tangent symmetric two
tensor Fj;. For Fj;, we further define a 1-form and a scalar function by

Fyj = F;N', Fyn = FjN'N/.

Lemma 3.7.

(3.47) YsFac = (DsF)ac — Fncg, — FyaSe
(3.48) YsFnc = (DpF)ye + Féqu — Fange
(3.49) 9p(Fyn) = (D F)yy + 2FRC,

Proof. We have
VeFac = eixeéD%(E/j'V[?V[?/)
— chely (DuFuy Wi W — FuyDaN,N'W] — Foy D N,NTH ).
This implies (3.47) in view of (3.46). Moreover
VeFyne = eéD% (Fi/j/ﬂilmgl)
— ¢, (Do Foy NI + Fyy Dy N1 + Fyy N Dy I} )
= D Fye + Fac¢* = Fyy (DaN; N + N DaN’') ¢,

which gives (3.48) by using (3.46). (3.49) can be obtained similarly.
q.e.d.

As a consequence of (3.38) and Lemma 3.7, We can obtain the struc-
ture equations for components of k& under radial decomposition on H,,.

(3.50)

Opknn + %trkl%m = Gy = 2knal, — Rayay — (k®k) vy

(3.51)

Vishyo + 5thhye = Ge = hod , ~ kuné,, — Ruyme - (k8H)xo
(3.52)

. 2 . . . . o
Vskac + gtrkkAC =Gac = —kncC, —knal, — Rpasc — (k®k)ac.
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For convenience, we fix the convention that A denotes any elements in
{kij, trk — %}, and that A* denotes the 1-form kEna. Symbolically, the
last terms of (3.50)-(3.52) and (3.37) can be recast below

(353)  (k®k)nc=A- A", (k®k)ac, (kOk)nn, k2 =A- A

4. Energy scheme and preliminary estimates on hyperboloids

In this section, we outline the main steps of the energy scheme in [15]
and give a rough statement of the main theorem therein.

4.1. Bianchi equation of the spacetime. Let us start with deriving
the Einstein Bianchi equations for the EKG system, the equation system
of weyl curvature tensor that our energy scheme is based on.

We decompose Riemannian curvature in the spacetime (M,g) into
the Weyl curvature W and the part of Schouten tensor

1
(4‘1) S/ux = R,ul/ - gRguuy
with R the scalar curvature in (M, g),

1
(4'2) Wa,@wé = Raﬁwé - 7(ga7556 + gﬁdsa'y - gﬁvsaé - ga6557)~

2
We define the left and the right dual of a Weyl tensor ¥ to be
1 1
(43) *\Ijaﬁ'yé = 56065/“/\1/!“;5’ \Ij*ocﬁ'yé = §\Ilaé“jﬁl“/76'

It is a fact that the left and the right dual are equal since ¥ is a Weyl
tensor.

Lemma 4.1 (The Bianchi equations). For ¥ = W and *W, there
hold the Bianchi equations,

(4.4) D*Wagys = Tsrs  and D" Wapgs = "Tpas
where the Weyl currents J and *J are 3-tensor fields, verifying
1 N 1 .
(45) Tsns = 5(DySss = DsSpy)s "Tpys = 1€75(DpSp — DuSsy)
with
1
(4.6) Sop = DadDyé — Z8as(D"¢$Dy¢ - m?¢?).

Proof. (4.6) is an immediate consequence of (4.1) and (1.1). By using
W = W™, [D,e:] =0 and (4.3), we can obtain the second identity in
(4.5) from the first identity. It remains only to prove the first identity
in (4.5). In view of (4.2) we have

(4.7)
1
Tsvs = DRapgys — 3 (D, Sgs + g8sD*Say — 88, DSas — D5 Ssy) -
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By virtue of the contracted Bianchi identities
D°R,p5.5 = D,Rgs — DsRs,, D°Rpg; = %DﬁR,
we can obtain from (4.1) that D?Sgs = +DsR and
D*Rapys = D4 Sgs — DsSpy + é(DvR -gss — DsR - gy).

Substituting this identities into (4.7) shows the first identity in (4.5).
q.e.d.

We fix the convention that {e;,i = 1,2,3} denotes an orthonormal
frame on 3; and {e;,i = 1,2,3} denotes an orthonormal frame on #,.
With the tetrad {B,e;} of the hyperboloidal foliation and the tetrad
{T,e;} of the maximal foliation, we define for the weyl tensor W the
two sets of electric and magnetic decompositions

(4.8) By =Writj, Hy="Writj; E;; = Weinj, H;; = Weis;.
Lemma 4.2. With respect to the tetrad {B,e;} there hold

~ 1
(4.9) R;j =D;¢D;¢ — ggileéf’Dlﬁb,
~ 1~
(4.10) Rinjn = Eij - §Rij7 *Ri‘Bj% = ﬂij'

The same decomposition holds for E, H with respect to the tetrad {'T, e;}.

Proof. Recall that ﬁz’j = R;; — %Qijgm"Rmn, we can obtain (4.9)
from (1.1) directly. In view of (4.1), (4.2), (e;,B) = 0 and B,B) = —1,
we can derive that

1 1
Lij = Ripjw — 5(9,;Ros + gnaRij) — Ry,
1 1 1
= Ripjn — gginms - ggij(R%% +R) + §Rij
1 1 1
= Rimjs — gginms + Q(Rij - ggijgm”Rmn)-

Recall that ﬁi%j% = Rinjn — %ging% and we thus obtain the first
identity in (4.10).

To show the second identity in (4.10), we note that
€7 (8arySps + B35Sy — By Sas — BasSay) = 2€,,," Sps — 26#1,565,37-
Thus we can obtain from (4.2) that

*

uvys — *RMV’Y5 - (euu'yﬁsﬁé - EMVJBSBW)‘

This gives *Wymym = “Rymym — €, Sgm which shows *Rimsjm = H,;
by symmetrization. q.e.d.
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Corollary 4.3.
(4.11) divk = Vtrk — Ry;, curlk = —H.

Proof. We only need to check the second identity. By using [1, Page
10] we have

Vikjm — Vkim = —Rinpij.

Thus ¢, ”’ijm = —Rm%ijen%ij . By symmetrizing n,m we obtain
curl by, = —*Rymms which together with the second identity in (4.10)
shows curlk = —H. q.e.d.

Connected to the explicit formula for the Schouten tensor, we give a
lemma for future reference.

Lemma 4.4. Let S C M be a 2-D compact manifold, diffeomorphic
to S?. Let {L,L,es, A = 1,2} be a canonical null tetrad on S in the
sense that I and L are null vectors orthogonal to S satisfying (L,L) =
—2 and eq, A = 1,2 are orthonormal frame on S. Then the Gauss
curvature K on S satisfies the equation

1 1 1 1
(412) K+ Zt’r‘xt@ - §>ZACXAC = _EW(L7L7 H—ML) + §7ACSAC

where Sac denotes the angular component of the Schouten tensor, see
(4.6). Here x and x are the null second fundamental forms defined by
L and L respectively as follows,

XAB = <DA]L5 6B>; XAB - <DAL7 BB>, AvB — ]-72
Proof. Let v be the induced metric on S and let R4pcp be the cur-
vature tensor on S. By the Gauss equation we have
1 1
Rapcs = Rapes + §(XACKBD —XABX;p) §(XACXBD — X 45XCD)-
Note that Rapcp = (vacyps — vaByep) K, we obtain
1 1.1 .
§7AC'YBDRADCB =K+ §(§U“XUX — XACX AC)-
Note that, due to (4.2),
1
Wapccr = Rapcer — 5('YACSDC’ +pcrSac — YpeSacr — vacSpc)

which gives,
AC..DC’ AC__DC' DC
Yy Wapcer =¥y Rapcer — 77~ Sper-

Since [1, (7.3.3¢)] gives vACyPC Wapoer = —iW(L,L,L,L), we can
use the above equation to obtain (4.12). q.e.d.



27

Definition 4.5. Let {L,L,eq, A = 1,2} be a canonical null tetrad.
We define the null decomposition of a Weyl tensor ¥ by a set of canon-
ical null tetrad,

s 1

a(V)(ea,ep) = \I/W,,(;eff‘e%egeg); B(W)(ea) = 5\11,10756‘26%6%@3;
1 1
o(¥) = [Vappsefeieiels  o(¥) = "Tapaefe]eiel;
1 g
B(Y)(ea) = 5 Vursehefefels  a(P)(ea en) = Vusechieie]el;

where L = e4 and L = e3.

4.2. Energy for Klein-Gordon equation. We consider the geomet-
ric Klein-Gordon equation (1.2), i.e. Og¢p = m?¢. Recall the energy
momentum tensor @, [f] for (1.2) defined by

1
Quvlf] = 0uf0,f — 58uw(D° fDaf +m?f?).
This definition can be extended to a covariant 1-form F' as
1
Q/u/hé[F] = DuF’yDVF(S - iguu(DaF'yDani + m2F'yF5)

which is a covariant 4-tensor, symmetric pairwise with respect to the
indices (u,v) and (v,d). By virtue of the Riemannian metric hys :=
g5 + 2T, Ts we set

QMV[F] = h’yaQ,uuhlé[F]‘

The energy momentum tensors for higher order Lie derivatives of f and
F, with £ € N, can be defined as

;f)vm = d;‘)Dufdo?Duf
1
- 58w (gﬂ“ﬁ@QDp 29D, £+ w2l Ll f) ,

a YA l
O [F] = h*?(£)D,F. LD, Fy

1
- §g;u/ (gpgﬁgDpFaﬁngFﬁ + m2ﬁ(é)Fa£<;)Flg) .

For a smooth scalar function f and a covariant 1-form F', with Q, C
H, to be specified later, we set the energy current to be

PP = QuplfIT?, PR = QuplF)T".

&0’ = | PfBaduy (o) = [ PEBadny
Q, Q,
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Then for a solution ¢ of (1.2), we have
e’ = [ QB E R = [ QT By
Q, Q,

Casll = [ QT WD, EG (= | QT B)Dldry
p P

Energies ng(t),gém) (t),5d¢(t),8(g$) (t) on Uy C 3; can be similarly de-

fined, with the surface normal B replaced by T.

By using (3.10) and (3.6) we have

-1
QT B = 1 (WL + u(L)?) + 2 (TSP + ),
b1t

1
Q(T,B)[F] = - (uDLFf; +uDLF[) + = = (huy “DaF*DeF” + w?|FJj).

With the help of (3.10), we can derive that

1 |u+u

(w(Lf)* +u(Lf)?) ==
2

1 U—u

5 ((BS)* + (Nf)?) +2
P

(bw)

-1
(B +NFP) + (VA + ),

b1t
(D i + DNFIR) + == (hyuwy *“DAF*DF + w|F).

Bf- Nf}

= T (B + W1)) +

<N e

which, in view of # > 0 and p? = uu, implies

Q(T,B)[f] >

g

RN

Q(T,B)[F] >

4.3. Bel-Robinson Energy. Let U be a Weyl tensor and let Q(¥) be
the associated Bel-Robinson tensor defined by

QW)apys = \I'apwaﬁ P57+ *‘I’amo*q’ﬁ PsC.

Because g LxV,gy5 = X )WOW\IIOCBM;, the Lie derivative £Lx W is not nec-
essarily a Weyl tensor. However, the normalized Lie derivative £x ¥ g5

defined by
N 3 1
LxVogys = EX\I/Oég,yg + gtrﬂ'(X)\Ifaﬁfy(s 3 ((X)Trg\lf,ug-ya + (X)Trg\lfau,yg
+mb W a5 + ‘I’a/sw)
is a Weyl tensor ( see [1, Page 139]).

Let Uy C ¥; and €1, C H,, which will be further specified shortly.
For the Weyl part W of the Riemann curvature tensor Rqg,5 we now
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introduce for each integers m > 0 the following set of energies

W (p)? = / QLYW (S, S, T, B)dpy, m <3
; g

P

K () :/ QLW (K, T, T,B)du,, m<1
Q, =

£ (p)?

/ QLYIW)(S, S, 5,B)dug, m <2
(4.13) 2o
W ()2 = [ QULTIW)(S, 8, T, T)du,, m <2

Ut

Km? = [ oUWy (K, T, T, T)du,, m<1
U

()2 = [ QULIIW)(S, 8, 8, T)dpy, m <2
U

where S = pB and K; = 9(p/t)72L with 9 being a smooth function on
[0, 00) taking values in [0, 1] and
1 ifs<1/3,
d(s) = { 0 ifs>2/3.
For tensor fields F' we define the energy

SIFWP = [ QF(T. Thdu,
$NIH(O)
where ]
2[F|(T, T) = (DrF|} + kY gYD; F{D; Fy) .

We also record here the canonical Bel-Robson energy

EW)(t)? =/ QW|(T, T, T, T)dpu, %/ {|EP+|H|*}dpy-
NI H(O) 5:NZH(0)

4.4. A rough statement of the main theorem in [15] and the
sketch of the proof. We will give a brief statement of the result in [15].
We emphasize that the main result of this paper is included in Theorem
5.12 and Proposition 5.13. These results do not depend on the global
result and the long-time estimates stated below and in Theorem 4.12.
Instead they rely on Theorem 4.13, which can be proved in a rather
standard way (see [1], [10], [12]), together with a natural assumption
that the foliation of the hyperboloids exists till certain proper time p,.

Theorem 4.6 (The first statement of main theorem in [15]). Con-
sider the Einstein Klein-Gordon system (1.1)-(1.2) under the mazimal
foliation gauge (1.8). Let (go, ™o, @[T]) be a mazimal data set, which is
smooth and satisfying (1.7). Suppose that'® the data ¢[T] of the Klein-
Gordon equation (1.2) are compactly supported within By, the Fuclidean

10The existence of such data can be justified by [3] and [4].
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ball of radius 1 centered at origin on {t = T}. Suppose also that on
{t = T,r > 2} the metric g coincides with the Schwarzschild metric
which in terms of the polar coordinates (t,r,0,¢) given by

r—2M o r+4+2M
r+2M r—2M

and ® = 0. The data (go,mo, #[T]) is assumed to satisfy the smallness
condition

1057 (9015 = 03312y + IV ol | b2y + Q[T s + M < &

where H® denotes the Sobolev space W*2(R3) and ¢[T] = (¢(T, ), Opp(T, -

If ¢ > 0 is sufficiently small, then there exists a unique, globally
hyperbolic, smooth and geodesic complete solution (M, g, ¢) foliated with
level sets of a maximal time function t and level sets of a proper time p,
on which various sets of energy are controlled in terms of € as specified
in Theorem 4.12.

(4.14) g=— dr? + (r + 2M)%(d6? + sin? 0dp?)

REMARK 4.7. To obtain the results in Theorem 4.12 in wave zone,
we only need to propagate energies from H,, to the last slice H,, of
two-order less than the given data at the initial maximal slice.

4.4.1. Sketch of the main steps of the proof of Theorem 4.6.
We define

(4.15) at,r) =t —~(r),
where
y(r)=r+4MIn(r —2M), for r > 2M.

Consider t > T, for each R > 2 let C; denote the level set of 4 with
@ =T —~(R). This C;, which is called the schwarzschild cone, is a
ruled surface by the outgoing null geodesics initiating from {r = R,t =
T}. We use Int(C]) to denote the interior of the region enclosed by
C:. For the following exposition, we choose Ry = 5/2, Ri = 2, set
g = T — v(Ro), 1 = T — v(R), and consider C; and Int(C; ) for
t=0,1. Let p, be a large number. We set S, ; = C; N"H, and define

(4.16) t* =max{t: S, a0}, t«=min{t:S, 4}

Definition 4.8. 1) Given a set of points E, we use E to denote the
collection of time-like distance mazimizing geodesics connecting O

and every point in E. For convenience, we write E::{q}.
2) We define the wave zone by

If = Int(C5 ) N {p < purt > T}.

3) We define I to be a truncated communication zone, where

If = Int(Sy. 40) N {p < pu.t > T}.

~—
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4) We set Z° = ISF\Int(C;fLO) which is called the zone of leakage.
5) Theset Z° = ({t > T} NI (O)) \Int(C})) is called the Schwarzschild

zone.
6) We denote by Cy the outgoing light cone emanating from O.

REMARK 4.9. It is important to point out that for p € Z°, P n{t >

T} is fully contained in Z°. Indeed, because D is a timelike geodesic
reaching p, which has to be in the interior of the backward light cone
initiated at p. Such light cone is completely outside of Int(Cj ) due to
the finite speed of propagation.

Definition 4.10. For pg > 2T we define the region'!
(4.17) z* =1 n{p = po}
We can split Z+ as Z+ = Z" U Z%, where

7= | M |n{t<tynnCy),
POSPp<px

Zh= | M| n{t.<t<tInIn(Cy).
Po<Pp<px

In order to set up the energy scheme appropriately, we will rely on
the following property, which will be proved in Proposition 6.1.

Proposition 4.11. There holds Z* C Int(C3 )\Int(C3 ). Conse-
quently Z% C Z°.

Figure 2. Illustration of wave zone

Next, we sketch the main steps of the proof of Theorem 4.6 the details
will be given in [15]. We consider the initial data set given in Theorem
4.6, at the maximal level set ¢ = T', due to the trivial shift of time stated
at the beginning of Section 2.

"For convenience, we consider po = 2T, such that H,, can be proved to be fully
above t =T due to Proposition 4.17.
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Step 1: Local extension. Initiated from {t = T,r = ry > %},
we solve the Einstein-Klein-Gordon system backward to a certain time
t < 0 and forward to t = C*T with

(418) c*T > tmax(Spo,ﬁo)‘

Our choice of T is sufficiently large to guarantee'? 7(Xp N Cy) > 4.
We establish in Theorem 4.13 a set of energy estimates on >, with
0 < t < C*T for the Weyl tensor fields and the scalar fields. This
allows us to control the geometry of the hyperboloids H, in Z loc _
{0 < p < pp,0 <t <C*T}NZIT(O), see Proposition 4.14. The set
of energy estimates on H,, N far is used as the initial energies for the
energy scheme in Z+.

Step 2: Bootstrap assumptions. The goal of the energy scheme is
to control the Bel-Robinson energies for the Weyl part of the curvature
and the energies on the scalar field ¢. These are achieved by a delicate
bootstrap argument. For a fixed but arbitrary number p, > 0, we make
a set of bootstrap assumptions on various sets of energies in the wave
zone far up to the last slice H,,. The deformation tensors of T,*B and
the boost vector fields %,, a = 1,2,3, as the most crucial geometric
quantities that influence the propagation of energies, are also included
in the bootstrap assumptions and need to be proved simultaneously with
the energy estimates. We also assume the radius of injectivity verifies

Step 3: Boundedness theorem and the energy hierarchy. Es-
tablishing the boundedness theorem for various types of energies, un-
doubtedly, is the core part of the proof. The analysis is based on the
system (4.4) and (1.2). In the sequel, we only explain our strategy
in controlling the Weyl components, which already mirrors our treat-
ment for the massive scalar fields. As stated in Theorem 4.12, we will
establish the boundedness theorem for three types of energies on the
hyperboloids H, and the maximal slice 3; contained in ZT. The three
types of energies are called the standard energies, the Morawetz ener-
gies and the CMC energies respectively, which form an energy hierarchy.
There are two factors which need to be balanced when constructing the
hierarchy. One factor is the control in terms of weights, namely, the
scalar factors of p or ¢ paired to the Weyl components. These weights,
in particular, form the main factor that determines the rate of decay
for the Weyl components. The other factor is the control of the order
of derivatives. Among the three types of the energies, the standard en-
ergies give the control up to the third order derivatives for the Weyl
components. However, for certain components of the Weyl curvature
and of the deformation tensor (T)7r, the weights paired with do not pro-
vide sufficiently fast decay. To compensate such weakness, the other

2Here r(p) denotes the Euclidean distance of the point p to the center (¢, 0).
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two types of energies are created and bounded simultaneously with the
standard energies.

One difficulty we encounter quite often is due to the incompatibility
between the maximal frame and the hyperboloidal frame, which con-

stantly causes a loss of a weight of %, identical to a growth of t2 in

f(—]i- . The other difficulty, not surprisingly, comes from the fact that the
B derivative does not take weight. In both scenarios, certain weights,
being functions of ¢, p, can not be bounded together with derivatives of
either the Weyl components or the scalar field. To close the top order
standard energies, by using the Einstein Bianchi equations and the null
condition exhibited in the Weyl currents, we perform the integration by
part. Such procedure, technically very involved though, is also used for
closing other energy estimates. It gets the energy estimates closed at
a very sharp level, which maximizes the benefit due to the null forms
that the Einstein Bianchi equations exhibit under the intrinsic tetrad.

In the boundedness theorem, we control energies on all hyperboloidal
slices in Z T as well as on the part of maximal slices in Z°. In particular,
when tmin(H,,) <t < t., the set where we consider the Y-energies is
a family of annuli, with the inner boundary S; ,, and the outer bound-
ary Sia,- When t > t,, there is no such annuli region to obtain the
) energies. Hence the region Z* is excised from the wave zone, when
consider the energy control on maximal slices. However the energy ar-
gument in Z* relies on the control of ()7 throughout Z*. In the region
7, we will control (T)7 by combining energy estimates with the ellip-
tic estimates provided by the Codazzi equations (1.10). The Morawetz
type energies are particularly important for obtaining sufficient control
on M7z in Z°. Such energies are supposed to provide stronger control
in terms of the weights for the Weyl components, with a compromise
on the order of derivatives. In Z* the deformation tensor (T will be
controlled in a different way. In Proposition 4.11 we show Z! is con-
tained in the Schwarzschild zone. Then ()7 can be analysed by using
the information provided by the Schwarzschild metric and the geometric
comparison established in Theorem 5.12.

Step 4: Control of deformation tensors. The proof of the bound-
edness theorem for the three types of energies relies crucially on the con-
trol of the second fundamental form® k&, (T 7, P and their derivatives.
The control of all these deformation tensors are established simultane-
ous with all types of energy estimates, via a rather delicate bootstrap
argument.

1) To control (T)mj, we use the Morawetz energies, the Codazzi equa-
tion (1.10) and the Sobolev embedding on maximal slices. The

1309 is fully represented by k.
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control on the lapse function, which gives the control of (T, is
obtained by a set of elliptic estimates due to (1.9).
2) To control k;; and (%), we use the transport equations for k and
“r; see (3.36)-(3.40). To obtain stronger control on k;y and Py,
we use the Codazzi equation (4.11) on H, with the boundary Spﬂ;.

Step 5: Boundary value and control of the leakage. In order
to establish the long-time energy estimates inside the wave zone IA(;F en-
closed by C7 , we first need to derive two types of estimates on Weyl
curvature components in Z%. One is the bound of the curvature fluxes of
various types of energy momentums along the Schwarzschild cone C3 ,
which are as important as the bound on the initial data. The other type
is to control the Weyl components in the zone of leakage Z°. Such esti-
mates are crucially used for controlling the geometric quantities k& and
(?)r in the entire truncated communication zone ISF via the transport
equations. Both types of estimates are derived by brutal force. This
means that they are based on a comprehensive comparison between the
intrinsic hyperboloidal foliation with the canonical Schwarzschild geom-
etry in Z°. In Proposition 4.15, we provide the control of the 0-order
Weyl curvature components in Z%, which actually gives a set of very pre-
cise asymptotic behavior of the Weyl components when they approach
the null infinity of the light cone Cy along all the hyperboloids H,. More
and higher order estimates of these types are provided in [15].

Step 6: Completion of the geometric argument. Finally, we
extend the radius of injectivity beyond p,. This is based on the control
of curvature and k in ZT(O) for p < p.. The control of curvature is
obtained by the energy estimates in the wave zone and the geometric
comparison in Z° as explained in Step 5. The control of k relies on
the transport equations and the control on curvature. The local-in-time
estimates and long-time estimates in Z° for k are proved in Proposition
4.14 and Theorem 5.12.

Below we list the boundedness theorem and its consequence.

Theorem 4.12 (main theorem of [15]: results in wave zone). Let
the conditions in Theorem 4.6 hold. Consider the energies defined in
(4.13) with U; = Z° N'Yy and Q, = fg’ NH,. Then for pg < p < px and
T <t <ty with p, >0 a fized arbitrary large number and t. defined in
(4.16), there hold

1) the standard energy estimates:

WED (p) Sep®, WEI(1) S,

~

2) the CMC energy estimates:

S (p) Sep®e, FESI(t) S et
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3) the Morawetz energy estimates:
KED(p) Seps,  KED(1) S et
4) the energy estimates for ¢:

EV )+l Se £50) Sen®, €SV S et

where C > 0 is a universal constant'* .

5) In the sequel, we give results on the asymptotic behavior of the Weyl
components and the deformation tensors'® . There is a universal
constant ¢ > 0 such that for § = ce the following results hold
a) For the Weyl components in Definition 4.5 with W =W, we list

two sets of asymptotic behavior in the following table

a B (0,0) 5 a
sp‘st_lu_2 5p5t7%u7% 5p5t_2u_1 5p5t7%u7% 5,0575_3
Etflu_% 6t_%u*1 Et*QU_% Et_% et_g
b) For the scalar field ¢ there hold
(4.19) ()% |6,V Lo, 2 Lo| + (03 ~*|Lg| Se.

6) For D and k there hold the estimates

A 3
(4.20) sup to(h. it~ %) < 215
Qp p
(4.21) sup t%/%jﬂ‘ <e,
Qp
(4.22) sup t%Dn’ < et
U
(4.23) sup tu%(T)ﬂ'ij <et®,
Ut
(4.24) sup t%(T)ﬂ'jN) < et®,
Ut

Below we list the results concerning the local energy estimates.

4For universal constant, we mean the constant depends on the initial data in
Theorem 4.6

'5Norms are taken by the appropriate induced metrics, i.e. g for H,-tangent tensor
fields, g for %;-tangent tensor fields, the induced metric 4 on St,p for Sip-tangent
tensor.

10We may assume § < % which can be achieved because € can be sufficiently small.
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Theorem 4.13 (Local-in-time estimates). For 0 <t < C*T with the
fized constant C* specified in (4.18), there hold

(4.25) sup (T)T('ij, Dn,n—1| <e
NI+ (0)
and
EW](t) + EDEIR)(1) + £D=9¢](¢) S e,
which, together with the Sobolev embedding, implies give the following
estimates

(426) sup |D¢7 ¢, Roc,375| 5 £,
EtﬂI+(O)
where for the norm | - | of the Riemann curvature, we mean | - |p.

As a consequence of (4.26), we will prove the following result at the
end of this section.

Proposition 4.14. In Zt(O) N {t < C*T}, there hold

p 3 '
4.27 —(trk — —, k)| S e,
(1.27) M

(4.28) ’f@A <e.

As a complement of the corresponding set of estimates in Theorem
4.12, we will prove the following result in Section 5. It is worthy to point
out that the intrinsic null tetrad {L,L,es, A = 1,2} is not spherically
symmetric in Z%.

Proposition 4.15. In Z° N {p < ps} we haver ~t, a =a, B =f3
and o = 0. Moreover

4M
Graanp| SO 1B BIS e

All these null components are convergent to their schwarzschild value
relative to the standard null frame in Z5.17

4.5. Preliminary estimates on Hyperboloids. We first recall the
following simple transport lemma.

(429) |ayol Se(t)™", |o+

Lemma 4.16. 1) Suppose F is an H,-tangent tensor field verifying
the transport equation

(4.30) Dy F + %F = H-F+G,

where m € Z, G is a tensor field of the same type as F', and H is a
tensor field satisfying

p
(4.31) sup [ [H|(p,V)dp' 1, ¥Yp>p1 >0.
Vel Jpy

TFor the standard frame and the schwarzschild value, we refer the reader to
Lemma 5.14.
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(12— p2)1/2

)\/
: ) with constants A\, \' €

A
Then, for the weights v = (%) (
R, there holds

p
(4.32) " (wE)|(p, V) S lim vp™|F|(p, V) + / [P vG(p, V)dp'.

o1

2) The same result holds when Dy F is replaced by Vo F if F is tangent
to Stp; as well as when =3 in (4.30) is replaced by trk if (4.31) holds

for H= trk—%.

Proof. 1t follows by a standard ODE argument. See [1, Lemma 13.1.1]
and [13, Section 5. q.e.d.

Observe that along the geodesic Ty parametrized by p we have dt =

%’fltdp as well as d7 = Zdp. This implies that

2 t(p2,V) /
p(ﬂrvuﬁﬁmﬂ—L'p FOv () ar

(4.33) o (V) boln=ly
. 2 / / T(p2,V) / /)/ /
FOtv e = [ gy G
P1 T(p1,V) T
Proposition 4.17. 1) InZT(O)N{p < p.} there hold
(4.34) blnl, trr, L(V)=VO n—1]<e
p
2) InZT(O)N{p < ps} there hold
(4.35) )2 Pb' —n| Se,
t
(4.36) log . logn 1 (0)| e,
and
(4.37) bt —n| <elnlt)  in Z°0{p < p.}.

REMARK 4.18. To prove Proposition 4.14 and to establish the results
in Section 5 and 6, we only employ the results in Proposition 4.17 for
t < C*T or in Z*, which depends merely on Theorem 4.13.

Proof. We first note that |n — 1| < e can be obtained by integrating
along the integral curve of T and using (4.25), (4.22) and Tn = 0 in
7. 18

8The way presented here is for the purpose of completion in the framework of
this paper. The actual control on n are based on elliptic estimates coupled with the
control on j;.
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We next prove (4.34)-(4.36) in the region ZT(O) N {t < C*T'} by a
bootstrap argument. Because of (2.10), we may make the bootstrap
assumptions that in ZT(O) N {t < C*T'} there hold

t
(4.38) log — —logn™1(0)| < Ay,
T
Plb-in~t -1
(439) [y <
0 P
(4.40) b~ lnt — 1] < A,,

where Ag = 2¢pe with a universal constant ¢y > 0 to be specified. We
will improve these estimates with A replaced by $A¢. By (4.38), (4.40)
and n ~ 1 we have in ZT(0) N {t < C*T'} that

(4.41) t~r1, F<bltxt
We claim that in ZT(O) N {t < C*T'} there holds
(4.42) 7 Y b It —1)| S e
To see this, for the function f =n —b~! we may use (3.34) to obtain
(4.43) apf—i—jpr:Hf—FG,
where H = —% and
P b~
(4.44) G = —;a TNN + (DTT,N) + 8pn.

Noting that (2.10) implies f(O) = 0 and (4.39) implies fop |H|dp' < Ao,
we may apply Lemma 4.16 to obtain (4.42) if we can show

p
(4.45) p‘l/ PlGl(p, V)dp' S er.
0

Now we prove (4.45). In view of (3.9) and (4.41) we have
‘pﬁpn B ‘b_ltTn + 7N (n)

t t
By virtue of (4.44), (4.33) and (4.41), we then obtain
1 P / / / ol P 1
o [ 016160 v <[] (< b DR ) + 000
0 0
P Opn

t(p,V) e .
5/ (/ </\7rNN| + b~ \VNlogn|> + ;
o v\t t

where we used the fact that (DT, e;) = V,, logn. With the help of
(4.41), (4.46) and (4.25), we thus obtain (4.45). Consequently (4.42) is
proved in the region ZT(0) N {0 <t < C*T}.

(4.46)

< |Dn|.

dp’

> dt’,
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By (4.33), (4.42) and (4.41),

Plb—lp—1_1 7(p,V) b-1n-1-1

(4.47) / L / B =l g < re < 4T
0 P 0 T

Combining this estimate with (3.35) and (2.10), we can obtain

(4.48)

t
log — — log n_l(O)‘ < O Te.
T

Moreover, by (4.42) and (4.41) we have
(4.49) b~ In™! — 1] <er <C1Te

Thus, if we take Ag = 2¢pe with ¢g = C17T, then (4.48), (4.47), and
(4. 49) improve (4.38), (4.39) and (4.40) respectively with Ag replaced
by QAO

Combining the above estimate with (4.41) and n ~ 1, (4.34)-(4.36)
are proved for t < C*T

Next we prove the estimates (4.34)-(4.36) in the region with ¢ > C*T
Due to (4.48) and (4.49), we may make the bootstrap assumptions

(4.50) tr?’ﬂb In=t — 1] < Ay
(4.51) log ~ —logn H0O)| < A,.
T

for t > C*T', where Ay = 2c1e with a universal constant ¢; > 0 to be
specified. We will improve these two estimates by showing that Ag on
the right hand side can be replaced by %Ao. From (4.50), (4.51) and
the last estimate in (4.34), it follows that

(4.52) n~1, blxl t~r

For any p = expp(pV), with ¢ = expp(poV) C {t = T}, by integrating
along the geodesic from ¢ to p, we may use (4.50), (4.33) and (4.52) to
derive that

o ‘b =1 _ / p) —7+36
sy s [t < o
0

Thus, we may apply Lemma 4.16 to (4.43) with the weight v = 5 to
deduce that

P
(V) S e+ / 21GI(p, V)
PO

- t(p) , o
Se+ /T T bln-1¢

f/ , */b 1
—Fa/ 7TNN+

(4.54)

t(p)
S € +/ (7 (|mxens] + (DT, N)|) + [p0,n]) dt
T
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where we employed the first identity in (4.33), (4.52) and 7 < ¢'. In the
above derivation, we used the fact

7 f(po, V)| S e,
which is a consequence of (4.42) and (4.41). Now consider the right
hand side of (4.54) with the help of (4.46). Note that in I we can use
(4.22) and (4.24) and in Z° we have m = 0 and |Dn| < er=2 <e(t)=2.19
Hence we have
1
T V) S e+et)s™
which, in view of (4.52), shows that

(4.55) )23 b~ — | < Ce.

In particular in Z*, by repeating the bootstrap argument and using
Remark 4.9 we can obtain

()b~ —n| < elnt)

which is (4.37).

By using (3.35), (4.33), (4.52), (4.48), (4.55) and (4.37), we also have
(4.56)

¢ » toV) | p—1p-1 _ 1 P

log(;) —logn ((’))‘ Se —i—/T 7 T o T
Therefore, if we take Ag = 2Ce, then (4.55) and (4.56) improve (4.50)
and (4.51) respectively in 1. Similarly, we can obtain the same estimate
in Z° by using (4.37).

Finally, the first three estimates in (4.34) hold since (4.50) and (4.51)
have been proved in Zt(O) N {p < p,}. q.e.d.

dt' < Ce.

Proof of Proposition 4.14. In view of (4.26), (3.9) and b~! ~ 1 we have
for 0 <t < C*T that

(4.57) |2N0, 230, Y9, 0| S e

Due to the fact that ﬁmj% = Ripjs — %R%%gij, by virtue of (1.1),
(4.57), Lemma 3.1 and the curvature estimate in (4.26), we can obtain
for 0 <t < C*T that

(4.58) ‘(?)zﬁmcq«;, <§>2ﬁﬂ%ﬂ%a (B

2
p/\
t) Ry, ERM%C% Se

Note that by local expansion, along p= expp(pV) for V € H; we have
(see [6, Section 6.2])

DVSu(p) = g,ul/(p) + O(p2)

9The fact that r~' < (¢) 7' is explained in (5.4)
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which gives
3 .
(4.59) trk——, k—=0 asp—0.
p

We will prove (4.27) and (4.28) by a bootstrap argument. According to
(4.59), we may make bootstrap assumptions that

AC|
4.60 Eltrk —Zk)| < Ao,
(4.60) ‘t< p 0

(4.61) ea (expo(pV) < Ao, i V0 >3

for t < C*T', where Ay > 0 is a small number to be chosen. We then
show that

(4.62) ' (trk -z k:)' < O(A2 +9),

t
(4.63) ki ] C(A2 4 ¢), if VO >3

which improves (4.60) and (4.61) as long as we choose Ay = 4Ce < %
Then (4.27) is proved due to (4.62), which implies (4.28) for the case
V9 < 3. In the region where V0 = 5 >3 (4.28) holds true due to
(4.63).

Now we prove (4.62). Due to Proposition 4.17, we can obtain for
t < C*T that

(4.64) blx1, t~rT.

As a direct consequence of (4.60), for any p = expp(pV) with t(p) <
C*T we have

(4.65) /0 ’

since p < b7t < T due to (4.64). In view of (4.59) and (4.65), we may
apply Lemma 4.16 to (3.37) with H = —%(trk — %), v=2andm =2
to obtain

(4.66)
3 p A ! ;
" <trk - P)‘ S / (Rapss + |k|*)p'7'dp" < / (Rowss + )7 = 1t’dt/
0 0

3
trk — pl‘dpl SAO

t
< / (e + A2)dt' < (e + A2)E3
0
where we employed (4.64), (4.58) and (4.60). This implies that

(4.67) ‘f <trk— 2)‘ ST(e+A3) Se+ Al
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Similarly, by repeating the above argument, and using the transport
equation (3.38), the estimates in (4.58) and the initial condition (4.59)
we can derive that

’gl%’ Se+ A}

which gives the control on I;:Z»j in (4.62). Thus (4.62) is proved.

Next we prove (4.63). By using (4.35), (4.36) and the last estimate
in (4.34), we have [b™'L — 1| < e in Z"(O) N {t < C*T}. Thus for
sufficiently small e we have b=t > 2p along expy(pV) if t < C*T and
VY > 3. This implies 7 ~ ¢ therein. Hence, in view of (3.45) and (4.25),
we can obtain

(4.68) ¢ Se.

We now apply Lemma 4.16 to (3.52), with the help of (4.27) and (4.58).
Similar to (4.66), by integrating (3.51) along expy(pV) with V0 > 3
and using the initial condition in (4.59), it follows that

t
Plhaal £ [ 17 (€14 laval) - 4] + Renmal) .
0

By using (4.62), (4.58), (4.61) and (4.68), we can obtain 72|kya| <
(e + A2)t3 which implies (4.63). Thus the proof of Proposition 4.14 is
completed. q.e.d.

5. Radial comparison in 7°

In this section, we compare the canonical schwarzschild wave front
with the wave fronts formed by intersection in 3; by hyperboloids.

The core analysis will be radial comparisons which takes place in the
initial slice {¢ = T'} and in the Schwarzchild zone Z*. We will use the
parametrization (¢,r,w), where (1, w) denotes the polar coordinates with
w = (0, ) € S2. The Schwarzschild metric g in (4.14) can be written as

(5.1) g = —n2dt? + n72dr?® + (r + 2M)?(d6* + sin® Odp?),

where n? = :;g% Let T denote the Christoffel symbol of g. Direct
calculation shows that

oM oM
7 = 2 " = — -2
L Y ¥ S E A (R VO £
Iy = —(r —2M), I, =—(r—2M)sin*6.
The lapse function
(5.2) w := N(r),

is a crucial quantity for comparing the intrinsic radial normal N on ¥
with the Euclidean radial normal 9,. We will carry out the comparison
along Y7 from the center o. Then we will control the evolution of w in
Z* along all time-like geodesics initiating at {t = T, r > 2}.
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Recall the optical function @ defined in (4.15) in Section 4.4.1 whose
level sets C; are called the Schwarzchild cones. We also introduced CEO

and C3 . Let L be the null geodesic generator of C;, normalized by

A

L(t) =1. Then
(5.3) (Di, D) =0, L =09, +n%d,.
For (t,x) € Z*, it follows from (4.15) that
t<ar+2r, =T —~(2).
Since 0 < M < 1, by combining the above equation with (4.15) we have

2
5.4 -1 <
( ) " T t—um

, if (z,t) € Z°.

We first derive important equations for w. For a X; tangent vec-
torfield F', let F* be the component relative to the cartesian frame
O0yi,i = 1,2,3. We will lift and lower the index of a vector field by
Minkowsi metric, unless specified otherwise. Let

2
N:=0,=—0,.
r
We denote by (-,-)e and V the Euclidean metric and its connection
respectively. Inspired by [1, Page 416] and [2, Page 162], for N we have
the radial decomposition

(5.5) N =3%N +wN

where the vector field XN is tangent to the level set of r and is given by
YN* = 1IN with [IY = 6% — %=, By using (5.5) and (5.1) we have
in Z% that

(5.6) SN2 =1-n""w?
and
(5.7) Vr =n?d, = Vr 4+ wN.

Let hij = gij — 6;5. In view of (5.5), (5.1) and (5.7), it is straightforward
to see that

(5.8)  [ENP=1-w?—hNN, V2 =n?=w+|Vr2.

Similarly for the orthonormal frame {e4} in S;, C Z°, we can de-
compose as
(5.9) ea=Yea+ Yarh.
Using this equation we can obtain
n=22M

(510) €A logn = n_larnWAr = m

WA’I“.
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5.1. Structure equations for radial comparison.

Lemma 5.1. (i) In (M,g) there holds

, 1
(5.11) N(w) = —I'%  N"N"N; — (Vloga, N). + ;yzNyg.
(ii) In Z° there holds
2
12 SNE=(1-n2w?)—
(5.12) SN = (- )
and for any X;-tangent vector fields F' satisfying (F,N) = 0 there
holds
(5.13) (F,N)e = (F,¥r).
(iii) In Z* there hold
(5.14)
2M _ 2(r— M) _
N __ M e 2 AT M) 2 2y 1
@) = o™ © oot T @) " ValesaVan,
2M _ _ 2(r— M) _
Nin—w) = " =11l 2\ =M) -2 2
(n—w) (7“—|—2M)2n w(l—n""w) (7“+2M)2( n “w”)
(5.15)

+ Y sloga¥ 4r.
Proof. (i) Noting that @ = (N, N). and using (3.27), we have
N(w) = N((N, N)e) = n((N, N)) = (TaDN, V). + (N, V)
— (VNN = VN, V). + (VxN, M), + (N, T V),
= —T5,,N"N"N; — (Vloga,N)e + (N, VnDN)e.
For the last term, we further employ (5.5) to derive
(N, VNDN)e = (N, VentwyN)e = (N, VunN)e = (EN + @, Vv N)e
= (EN,VsnN)e =1 (SN, EN)..

Combining the above two equations we therefore obtain (5.11).
(ii) From (5.1) we can see that

(r+2M)?
N, = vt

This together with (5.6) shows (5.12). With the Schwarzschild metric
(5.1) in Z% and (F,N) = 0 we have
(F,N). = n2(F.N) = (F.n0,) = (F, &N + ¥r) = (£, ¥r)

which shows (5.13).
(iii) We first prove (5.14) using (5.11). In view of (5.5) we have

L .N"N'N; =I7 (wN™ +EN™)(wN" + EN")
=17, (@®N"N" + wEN"N" + wN"EN" + EN"EN") .
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For Schwarzchild metric in Z° we have I'},,, = 0 when m # n. Since
N = 0, and XN is tangent to the level set of r, we have I'],  XN™N™ =
0. Therefore

Il .N"N"N; =I7 (@’ N"N" + EN"EN").

Note that
D N7 =, =~ B e = L
we have

i, N"N"N, = —(rf%n—%Q T _TEM\EN@.

Combining this equation with (5.11) and using (5.13), (5.12) we thus
obtain (5.14). Finally, by using (5.6) we have

_ _w 2 2n~tewM
(5.16) N(n) =wlN(n) = 2n&n(n )= (CETITIE
This together with (5.14) shows (5.15). q.e.d.

Lemma 5.2. In the Schwarzschild zone Z° there hold
(5.17)

(n —w)r —uw

ﬁ(u) =(n—w)— uWArkAE + ukM + un(DtT,N),
r r—M
_ ol _T=M o -2.2
B(n —w) + p(r—|—2M)2< n~“w”)
(5.18)
_$ f +b_2t2(+ ) (_ )
= 20+ 200)? pw p= n+w)| (n—w).

Proof. We first prove (5.17). By using (5.7) we have in Z* that
(5.19) L =08,4n%), =nT +wN + Yr.
In view of (3.21), (3.22), (3.18) and (3.19), we can derive that

y b 1t.
Lu)=n—w+nu (ailkNN—i— <DTT,N>) — wu <7rNN+ kNN>
NN P

—u (kay +man) Y ar.

By using a=! = 7/p and u = b1t —7, this shows (5.17) since m;j; vanishes
in the schwarzschild zone Z°*.
We next prove (5.18). By definition of w we have

(5.20) T(w) = T(N(r)) = [T, NJr = (DrN* — DNT#), 1.
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Note that (DTN,N) = 0 and (DTN, T)
and (3.11) we also have

= —(N,DrT). By using (3.9)

(DTN, e4) = (Dr(a-a~'N), e4) = (aDp(B — b:tT),eA>
oDy es) - P DT e
— —(Dy'B,eq) — abp1t<DTT, ea)
=—kna — b_lt(DTT,eA>

Thus, it follows from (5.20) that
b1t
V.alognVar + (rnnw + wNaAY A7)

Tw = _kAﬂWAT —

This together with (5.15) gives
For—M

B(n — of =7 (1 p 2

(n— @)+ p(r+2M)2( nw)

<kANY7A7‘ +

1
WA logn¥ 47 — (TNNw + WNAWAV“))

@) +Y7Alogay7Ar> .

ntw(l-n

_|_ —_ -
p <(7“ +2M)?
By using (3.28), we can get the cancelation between the first and the

last term on the right hand side. Therefore
bt b~ 1t
Wlog nYr

T or—M 9 oy
r_2 71w(1 —nlw).

9 Lo m

(ﬂ'NNw + WNAW"")) + p (T+2M)2n
Since the the metric in Z® is Schwarzschild, we may use (5.10), (5.8)
q.e.d.

and the vanishing of mj; to obtain (5.18)
Lemma 5.3. In the Schwarzchild zone Z° there holds
<r n_1> + TN(logn)> (: - n_1>

()
r p\r p\r p
b—1t~ ~2

D + :Tp(n —w) — ;N(logn)

(5.21)
Proof. From Lemma 3.1 we have B(r) = %w. Combining this with
(3.16) gives
P F 3 b1t b1t
B <r> - (1 — Tw) + (aleN - <DTT,N)> .
r Tp T p
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Hence, by regrouping the terms we obtain

PN 1/ . P\ nf _, F\* &
B(-—n =—(n"—=]—-=(n" == -5 (w-n)
T p T p T T4p

b_1t<DTT,N)> .

Noting that, in view of Lemma 3.1 and 72 = (b~'#)2 — p?,

b~1¢)? b~1¢)? F
!(DTT, N) +9B(n ) = !Nlogn + ﬁN(n’l)
rp rp p
(242 (E-nt)) Ntiogn)
roop\r
which, combining with the above equation, shows (5.21). q.e.d.

5.2. Radial comparison on the initial slice. We will control n — w
and Yr by using (5.15) and (5.18). In order to use (5.18), we need to
consider the initial data for these geometric quantities in r > 2, which
will be understood by propagating ]Wr@ from o := (T,0) on the initial
slice {t = T'} along the radial normal N. In view of (5.2), we can easily
obtain the transport equation

1 R
WNWAT + itr QWAT = WAW - 9ACY707"-

By deriving an equation for ¥ 4o on the initial slice {t = T'} and using
the above equation we have the following result.

Lemma 5.4. In Z° N {t =T} there holds

1 2 ~ . R
WAw = 5 <tr9 — T) WAT + 9ACWCT + gj’z"ef4 (-V[j jF;-lNl]EVi)

1 :/ -/ -/ -/ Y
+ —gyich [hﬂ INj + (1 — @) (hJ IN; + N7'(1 4 @) + £NI )]
and consequently
w2 1 il §'j ' 5!
YNVar + = Var = ~gyweh [N, + (1 =) (W7 N; + 587 )|
(5.22) + ey <f]7[j j F;'.llee\fi) .
Proof. Note that w = Nije\fi, we have
Vaw = VaN'N) = gpoci 7 (9;N'N; + N9, 1N;)
= gy i’ (WjNiéVi - Fé‘le]eVi)
ey (N (W7 —07) 0,3 + N'FI0,Ny))

= gjye i’ (WjNi]eVi - Féle]eVi)
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+ gj/i/efé (Ni(hj/j ~ NN/ + ]yj/]yj)aj]e\]i + Nil;[jljﬁj]evi)
g (1 s 2 e il i
= gjlilex (2]7[J ]]6\7] <t1‘0 - T> + Q;Mj ]]e\[i - ]ZIJ ]F‘;lNl‘Ze\fl>
(5.23) + 1MW 4 1@
where
10 = gpe)NY (hﬂ"f — N/'NY + Jgfﬂ"]gﬂ') d;IN;,
1 ., ot .
1(2) = ;gjlile% (]7[] ]]e\fj + I;IJ ]N]‘) .
We will employ (5.5) to consider these two terms. For [ (1) we note that
0;Ni = 9;(%) = ;1L ;, Wi N7 = 0 and II;;N/ = ©N;. Therefore
1 . L L
10 =~ gpeiN' (hﬂ J— NI'NG 4 N J;N) I,
1 Ty 1 ,
= 7gj/i/671'4h] jEN] — 7<€A, N>N12Nl
r T
1 .
= 7gj/i/67;4h‘] JZN]
,

For I® we may use w = N/N; and (5.5) to obtain

1 ) ./ . . . .-
10 = ~gyih (977 = VNI, + IU N |

1 [ i’q i/ -/ ./ -
= —gypiea |(¢7 = )N+ N — NV oo + TP JNJ]

1 N .y . . "
= ;gj/i/ei‘ _hj Jjevj + ]e\fj — (]E\fj w + ZN.] )w+ ].;[‘7 jNJi|

1 A -/ .
= Zgpwels [WIN; + N7 (1 — =) + SN (1 — w)} .
r i
By substituting the above two formulaes into (5.23), we have
1

Yaw = gyiel [2 <tr9 - i) Mjlife\fi + é;'-lZIj"'Je\fi - V[j/jrélNl]eVi]
+ %gj/i/eﬁ [hj/jENj + hj/j]er + ]e\fj/(l — @)+ 3N (1 - w)] .
Using (5.9) and the fact that 6 is a S; ,-tangent tensor, we have
]e\fiﬂj/iei;gj'i/ = (ea, N)e =V ar, gj’i/efc;mjjlé;]yi = 0acYor.
Lemma 5.4 then follows by using (5.5) again. q.e.d.

On the initial slice {t = T'}, we use 7, to replace p, where the radial
parameter 7, is defined in (2.7). Then the induced metric on ZT(O) N
{t =T} can be written as

02
(5.24) a dr,? + yapdwtdw®,
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[e]
where a = % One has

o

(5.25) a1
which follows from (5.26) in the following result.
Lemma 5.5. In ZT(O) N {t =T} there holds

(5.26) ‘1 ~l<e
)
Proof. We first check that
(5.27) limsup |1 — T xe.
p—+p(0) T

Consider any point ¢ in a small neighborhood of o. In view of (3.1),
q = (p,w) with w € S%. Local expansion around o at ¢t = T takes the
form

(5.28) b™'t(p) = b™t(0) +9,(b~'t)(0)(p— p(0)) +O((p—p(0))*) --- .
Due to (3.2) and (3.23),
~0,(b7't) = b~ Mtknn + prNN.
As p — p(0), noting that b='t(o) = p(o)
—0,(b14)(0) = p(0) (Exx(0) + (o))

where N (0)(w) = N(0)(w) is a unit vector at the 7oY. By substituting
this equation into (5.28) and noting p(o) — p = r2/(p(0) + p), we obtain

2

b~'t(p) = (b~'t)(0) + p(0) (knn (o) + erN<o>>p((j}+p +0(rd).
Therefore
72
(b716%(p) = (b™'0)*(0)+2(b™10)* (o) (vav(0) +mn(0) - +O(1)

which implies, in view of (4.27), (4.25) and b~! ~ 1 in (4.34),
7 = r}|(p,w) S erf.

This shows (5.27).
We now show (5.26) by a bootstrap argument. According to (5.27)
we can make a bootstrap assumption

1 - 1‘ (p,W) < A07
Ty

(5.29)

where 0 < Ag < % is a small number to be chosen. We will show that

1 —1‘(p,w) < Ce

(5.30)
Ty
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with a universal constant C' > 0. We can choose Ag = 2Ce and thus
(5.30) improves (5.29).
In order to derive (5.30), we will use the fact
er? if p > b1t
-1, < b 3
(5.31) bt -t < { bl

er, if p< 25

which will be proved shortly. From (5.29) it follows that r, ~ 7. In view

of the definition of 7 and r, we have

b-242 _ 4,2

(5.32) Fery=
T+

t

Therefore, when p > bgl
(4.34) to obtain

, we may use (5.31), 7, ~ 7 and b~! ~ 1 in

b=t —t,
GRS

r—r

(bt +t,) Seblt+t,) e

Ty
and, when p < b_Tlt, we may use (5.31), 7, &= 7 and 7 ~ ¢ to obtain

T —r

—1
blt+t,
) ~

<e

~

Ty

Finally we prove (5.31). We may use (3.23) to obtain

bt
(5.33) N (bflt — tb) =r ( ) knn + 7TNN>
Ifp> b%lt, then by using (5.33), (4.27), (4.25) and (5.24) we have

-1 " / bt /
b t—tb‘(rb,w): T, ’ kM"""'M dTb
0

Ty .
S [ Gl + ) i 5 e

If p < b_Tlt, by using (4.35) in Proposition 4.17, the last estimate in

(4.25), and (2.10) we can obtain

b=t —t
PSR otk = D) - (7 (0(0) - n(T(O)] S e
This together with 7, ~ 7 ~ t shows that |b~1t — ¢,| < er,. q.e.d.

Now we employ Lemma 5.4 to obtain the control of ¥r and w on
{t=T}.

Proposition 5.6. Assume that on Z+(O) N {t =T} there hold
(5.34)

T+ |99 — 6] Se,
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and the bootstrap assumption

(5.35) ‘%—1‘ <%,
then on ZT(O) N {t =T} we have

(5.36) 2+ 1 S e
and

(5.37) ISN|. + [EN|, < e2.
Moreover, on Z° N {t =T} there holds

(5.38) 0<n—w<e.

The above result will be proved simultaneously with the result which
improves (5.35). The latter is presented in Proposition 5.9.
We first give some basics for Y7 and w on {t = T'}. Let h"/ = g —§%,
In view of
g9 0;r0;r = 90,05 + h 0ird;r

we have
(5.39) @ +|Yr|} =1+ h70ro;r.
Hence with |g¥ — §%| < ¢ sufficiently small there holds
(5.40) @ + |Vr|2 < 1.5.
Proposition 5.7. At the center o = (T,0) there holds
(5.41) timsup (1¥7r[2 + |= - 9(0,.0,) %) (a) S ¢
q—(T'0)

where the metric around o € X is written by Fuclidian polar coordi-
nates,

gijdxidxj = g(@r,ﬁr)dr2+ %AB dw?dw?
with% being the induced metric on St

We postpone the proof of Proposition 5.7 to the end of this subsection.

Proof of Proposition 5.6. Due to Proposition 5.7, we can make an aux-
iliary bootstrap assumption

(5.42) Vrly(a) < A3, Vae€ {t=T}NTHO)

where 0 < Ag < % is a small constant to be chosen. We will improve it
to be

(5.43) Yr|, < C <€ + A§>
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-

for some universal constant C' > 0. Then as long as C’sé < Ag <
1/(2y/C) and 0 < € < 1/4, we can obtain
1 1 1 1 3 1
Vrly < 3% +e3Af < 2ad.
We now prove (5.43). By (5.42), (5.39) and (5.40), we have
(5.44) 1-o?| SAo+e, @51, [1-w| SAg+e,

where we employed |g¥ — 67| < € in (5.34). Similarly, by using (5.8) we
have

(5.45) SN < (Ag +¢)2.
With G denoting the right hand side of (5.22), we now employ (5.2),
(5.22), (5.41), and a similar argument as Lemma 4.16 to obtain
1 [ o
Vr| < r/ (r|Gl+ Varw(l — w)) a dr}
0

1 (™ -
57~/0 o (I 77 (] 4 11— ] (1 ar] + [EN1L)) ) di]

where we employed (5.24) and (5.25). By using (5.35), (5.34), (5.44),
(5.42) and (5.45), we have

N|=

3
Vr| <e+ (Ag+¢) ((A0+5)%+A0> S A +e,

which gives (5.43) as desired. Thus (5.36) is proved. (5.37) follows
immediately as a consequence of (5.8) and (5.36). (5.38) follows as
consequence of (5.8) and (5.36). q.e.d.

Next, we will prove (5.35), which is a comparison estimate between
the Euclidean radius function r on the initial slice and the intrinsic
radius function r,. To begin with, we derive the following transport
equation.

Lemma 5.8. On ZT(O)N{t =T} there holds

(5.46) DO (ry — 1) = — — @ — — (|SN2 + SN N hy;) .
r T
Proof. We first employ (2.7) and Lemma 3.1 to obtain
p T
N =——N(p) = —.
() " (p) "

This together with (5.5) and (2.7) gives
@0,r, = N7, — SN#3,r, = — + NNPL9,p
Ty )
== _PyNig, =~ - LIyNiNdg,,
Ty Th Ty Ty P
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where we used (2.2) and (3.9) to obtain the last identity. By using (5.5)
again,

@O (ry — 1) = — — @ — —SN'NI (hyj + 0i;)
Ty Ty
=L @~ L (IN{(@N + BNY)5,; + NNy

Ty Ty

which gives (5.46) due to SN*NY§;; = 0. q.e.d.
Proposition 5.9. On the region Y1 NZ1(O) there hold
(5.47) -4 +|2-1se [F-nlse
T r r

Proof. By using (5.46), (5.37), (5.36) and (5.26), we have

r T
b_1’§T1/<
r 0

Due to 1 — L = "= 4 527 4 (T )" the above estimate and

T
(5.26) then shows that |1 — Z| < e. Hence the first estimate in (5.47)
is proved. This together with the last estimate in (4.25) implies (5.47)
immediately. q.e.d.

Corollary 5.10. On ZT(O)N Xy there hold
lu—(T—r)[Se,

lu—1a| Sein Z°.

f
— -1
T

+]w—1\+]2N2+\2N\6~\h|> dr <e

(5.48)

Proof. Using the definition of u we can write u — (t —r) =r — 7 +
(b~'t — t). Since Proposition 4.17 (1) implies 7 < b~1¢ < ¢, we have
from Proposition 5.9 that |r — 7| < eF < et. By using Proposition 4.17
with ¢ = T and |n(0) — 1| < € we also have

bl — ) < b~ — by + [b71(0,6) — n((0, )t + (0, ) — 1]t S e.
Therefore
lu— (T —7)| <|r—7+ b lt—t|<e
which shows the first inequality in (5.48). The second inequality in
(5.48) follows as a direct consequence. q.e.d.

Finally we prove Proposition 5.7. For this purpose, we will resort to
geodesic foliation in a neighborhood of o = (7,0). Let us first introduce
the geometric set-up.

On (X7, g), we denote the geodesic distance function by s, relative to
which the geodesic from o has unit velocity. Hence,

(5.49) gijviSVjS =1

Let ig > 0 be the radius of injectivity of o on Y7 and let B(o,¢€) be
the open geodesic ball with radius €, where 0 < € < i9. Then B(o,¢€) =
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Uo<s<eSs, where Sg denotes the level set of s. The metric g on B(o,€)
can be written as

(5.50) ds? + vy gdwdw®

where 7' is the induced metric on Ss and (w!,w?) are local coordinates
on S%. Clearly, Vs is the outward unit normal of the foliation of S,
which is denoted by N’. Due to (5.49) we have

(5.51) VN =0

For any ¢ € B(o,¢), there exists a unique distance minimizing geo-
desic T'(s) connecting ¢ to o. Noting that with
Ny := dilsf(o) with |Ng
we can write ¢ = expy(sNo). A point ¢ € B(o,€) can be regarded as a
point on St , with unit normal N as well as a point on S with the unit
normal N’ verifying N'|s—o = Np.
At any ¢ € B(o,¢), we introduce the following decomposition

(5.52) N =cospN' +Y

lg0) =1

™

where ¢ € [0, 5] and Y is a vectorfield tangent to Ss at ¢. By direct
checking, |Y'|, = sinp. Here cos¢ and Y at the center o are under-
stood as the limits when the point g approaches o along the geodesic
exp,(sNg) with s — 0.

Lemma 5.11. Let Ny € ToXr be any unit vector. Then there hold
(5.53)
1)
(

s 1 .
limsup (1 — cos p(expy(sNo))) = lim sup (1 — —(——= + kNN, +7rN0NO)> ,

s—0 s—0 r p(O)
(5.54) limsup (|[Y|? + (1 — cos¢)) (expy(sNo)) < e,
s—0
(5.55) ‘i - 1‘ <c  on B(o,e).
7

where s is the normalized geodesic distance to o verifying (5.49).

Proof. Let us first consider (5.53). For ¢ = exp,(sNy) consider

flq) = gcosgo = —V;sV'p.

We proceed by locally expanding round o the above function as follows,

(5.56) f(q) = f(0) + (Vrf)(0)s + O(s?).

Note that f(o) = 0 due to 7 = 0 at o. Now we calculate the term
(Vs f)(0). By using (5.51) we have

Vnf=-VnVis-Vip—VisVyVip=—N/VnxVip.
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Note that
D, V'p = D, (115D p)el, = eh, (Du(T* T + 05)D* p + 5D, DY p)
= —e.D,TT,B) + eéTaDuTa/Da/p + DMDalpHg,eiy
= —e/, D, T*(T,B) + DMDO‘/pHg,ea,
where for the last equality we used ¢/, T® = 0. Therefore, from the
above two equations we obtain

Vi f = NIN"(e, D, T*(T,B) - D, D plle;,)

b1t
= P 7TN/N/—|—<DN/%,N/>.

Hence
lim Vi f(expo (sNo)) = oy + (Do B, No)-

Combining this with (5.56) gives (5.53).
Now consider (5.55). We first prove there holds for a fixed constant
C > 0 that

(5.57) (1=Ce)r, <s< (14 Ce)r,

with the help of the argument in [1, (14.0.7.a)]. For ¢ = (r,,w) €
B(o,¢), in view of (5.24) and (5.52) we have
(5.58)

Th T o Th o T
s(q) = / O, sdry’ = / Vns adr, = / cos p a dr, < / a |pdry
0 0 0 0

where I' is the integral path of 0, with the angular variable w € S?
fixed. On the other hand, let I be the distance minimizing geodesic
connecting o to ¢. Then
(5.59) B
T B Th
s(q) :/ Vv sds’ :/ (32 —i—'yABdew )%|r/d7“b/ > / a lprdry’.
Ind 0 d’f‘b d’f‘b 0

By using (5.26), (5.58) and (5.59) we thus obtain (5.57). (5.55) can be
obtained by using (5.57), (5.26) and 2 — 1 = ri,,%b -1

Finally (5.54) can be obtained using (5.53), (4.27), (4.25), |Y|, =
sing and T =~ 1. q.e.d.

Proof of Proposition 5.7. We first introduce the decomposition of N’
with the Euclidian radial normal [V, in the same way as (5.5).

N' = w/]e\f + XN’
and
(5.60) @'(0) = (0, 0,) 2.
With the help of the above decomposition,
(5.61) @ =N(r) =cosN'(r) + Y(r) = cos o’ + Y (r).
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Note that, similar to (5.39) we have
@'+ |Y7/r|§ =1+ hY0;r0;r

where ¥ is the Levi-Civita connection of the induced metric v/ on Ss.
In view of (5.60) and (5.34), this implies

lim sup |Y7'r|§(expo(sNo)) Se
5—0

In view of Y (r) = V'r(Y), this together with (5.54) implies that
limsup |Y (r)|(expy(sNp)) < e.
s—=0

By combining this estimates with (5.54), (5.60) with (5.61), we can
obtain the second part in (5.41), due to

@ —g(By, 0) "2 = cos o(@' — gDy, 0) ")+ (cos p—1)g(Dy, D) "2 +Y (1),

With the help of (5.39), the other part follows as an immediate conse-
quence. q.e.d.

5.3. The intrinsic geometry in Z°. Next we give the main result of
this section, which lies in the core of analysis in this paper in Z°.

Theorem 5.12 (Main estimates). In Z° C Z7(0O), there hold t ~
rar and

(5.62) 0<n—w<e(t)™,

(5.63) V7| + |SN|g S €2 ()72,

(5.64) (2lkwal + 0| k- ) 5
(5.65) lu—1a| <e,

(5.66) ) %—nfl <e

where (t) =t + 1.

Proof. Let us make in Z*® the bootstrap assumptions

(5.67) lu—a| <10A¢t°,  Vit>T and @ < iy,
(5.68) ; Y <A, 0<n—w < At
(5.69) t'=9%p ‘(l%,trk - i)‘ < A,

where 0 < § < % and Cpe < Ag < ﬁ are small numbers to be chosen
later, here Cj is the universal constant in (5.38), (5.48), (4.27) and
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(5.47). n —w > 0 follows directly from the second identity in (5.8). To
complete the proof, we need to show

(5.70) lu— 1| < Ce2(Ag +22) + 6A¢T,
(5.71) 0<n—w<Cet™,
(5.72) t|- —nl < ce,
T
(5.73) tp|(k, trk — 2)‘ < Cle+ Ag?)

which are improvement over (5.67)- (5.69) whence choosing Ag = min{2Ce, 17-!}.
This choice can be achieved since we can choose € < %. Here the uni-
versal constant C' > Cp and ¢ is sufficiently small such that Ce? < %
With the completion of (5.70)-(5.73), we can obtain (5.62)-(5.66) except
the first estimate in (5.64). In the sequel, we prove (5.70)-(5.72).
For q € Z*%, q intersects {t = T'} at ¢/, which is in {r > 2} N Xp. We
will employ transport equations along the segment of ¢= {expy(pV)}
from ¢’ to ¢ with V' determined by ¢, and initial data given in Proposition
5.6 and Proposition 4.14. We will frequently employ in Z* the relations
(5.74) re~ifx~t, b lxl, taT, wrnal

which follow from Proposition 4.17, (5.68) and (5.4).
Let us employ (5.18) with the initial data given in (5.38) in Proposi-
tion 5.6. We can write (5.18) as

4
(5.75) B(n —w) + ;(n—w) = (Hi + H2)(n — w),
where
r r—M
Hy = - -2
! P p(r+2M)2n (n+ @),
2M 7 b—2¢?
Hy=— (L .
2 20 + 202 (pw—l— - (n+w)>

On X7 N Z* we can infer from (5.38) and 7 ~ T that

n—w) e, ift=T.
Thus, with ¢’ = expp(poV), by assuming

p
(5.76) [ ]+ |l i S Ao+

PO
we can apply Lemma 4.16 to H = Hy, Hy and v = (%)4 for the equation
(5.75) to obtain

(n—w) <t e~ t e

Here, to obtain the last inequality, we employed (5.74).
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It remains to prove (5.76) with the help of (5.68), (5.74) and 0 <
M < e. Using n? = (r — 2M)/(r + 2M) we can write

2F r—M dnr <F _1> r—M 4(r—4AM)M
n

(n—w)==~ 2 IME 2 d4ME

mn="r""_
! p r2—4M? p

r

By using r =~ r £ 2M and n = 1, we have

r -1

r

1
(5.77) s (

Similarly, we can bound Hy by

Mr t? Mr Mr M

|Ha| S . 51+ =55 - 2 ¥ g ~ o
p(r+2M) T p(r 4+ 2M) pr pr

Symbolically, this term has already appeared in Hy. Thus, it suffices to
consider only the types of terms in (5.77). By using (4.33), (5.74) and
the first assumption in (5.68), we have

|
(5.78) / L
PO P

Similarly,

P1 (M t 1 M
(vt < —— ([t (n—w))d
/pop,<r+<n w>) PN/Tb_ln_lt,<r+(” w>)

t
5(5+A0)/ =0 < o 1 A,
T

P
T,

t
1
; dp' < A / ——— (") 0dt' < Ay.

T b_ln_lt’

where we employed the second assumption in (5.68) as well. This ends
the proof of (5.76) and thus (5.71) is proved. (5.63) follows as a direct
consequence of (5.71), (5.6) and the second identity in (5.8).

Next we prove (5.70). Due to (5.67) we have

(5.79) w < g + 10A08°.

We consider Z° foliated by Ug<q,C;. For any point ¢ € Z°, we regard
q as a point in C; with @ uniquely determined by ¢. There is a unique
null geodesic I"(¢) on Cg, such that 4T = L, which intersects {t = T'}
at ¢’. Note that @ is invariant on C, with the help of Corollary 5.10 we

can obtain
(= ia)l = |(u - a)() + [ L(u— i |t
(n —w)F —uw

T
t

S/u
T P

t
(5.80) + Coe + / In — wldt.
T

< Coe +

WAT’ . kAE+TL<DTT,N> + ]%M

’ dt’
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From (5.71) it follows that

t ¢
/ In — w|dt’ < 5/ t=4dt’ < e.
T T

In order to treat the first term on the right hand side of (5.80), we will
rely on (5.69) to treat the terms on kyy,knya. By (5.63), p?> = uu and
p < t, we have

t t t

/ U|Y7A7"'k'AN|dt§5§/ ‘PkAN|Pt/_3dt/§5éA0/ =0 pdt’ < 3 .
T B T B T

Noting that Dn =~ 5 which can be obtained from (5.16), we may use

(5.79) and (5.74) to derive that

t ¢
/ un|(DTT,N)|dt' < 6/ r20dt < e.
T T

ut

Due to p? = uu and (5.74), we have ¢> ~ p. Thus by using (5.71) and
(5.69) we can obtain
- u(T 4 u)

t t
b " 0= ) < [ s 0 - e e [0t < e
T T

Since “—; = 2 we may use (5.69), (5.79) and (4.14) to derive that

t 4
t _
kNN’ dt’ < 2A¢ / U2 < AAGTO (g + 10A0TY),
o T U

where we used the property u > % which can be seen as follows. Indeed,

in view of the first assumption in (5.68), (4.14) and (4.37), we can derive,
with M sufficiently small so that n(2) > %, that

u:b_lt—l—f:(b_l—n)t+nt+n_1r+<T—n_1>r
r
2
>t (n+n*1§) —celnt — nl(o)t”
>t gn—i—in_l —celnt>§
- 10 10 8

where we used Ag < 75 < %g), the fact that n(r) is increasing and that

ce can be sufficiently small, we also employed (5.4) to obtain
r_t—1u - 1 t—-2 - 1

t 2t 2 2t 10°

Hence (5.70) is proved because @y = T—v(2) < T'—2 and 10A¢T° < 3T
due to T' > 5 and 4A¢T < 1.
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Next, we prove (5.72). Since 7NN in (5.21) vanishes since we consider
Z* only, we can rewrite (5.21) as

(5.81) B (: - n_1> + [1) <: - n_1> =—H (: — n_1> + G,

72 p n
G:@(n—w)—;N(logn), Hzp(

By using (4.33), (5.16), (5.74) and (5.68), we can derive that

, g e
|H |dp' §/ bflt/p/Nlogndt’+/ 7 (r —n_1> dp’
PO T PO

t P
(5.82) < / sy 2t + [ Aolp) M) Pdp < e + Ao
T PO

Next we consider the term G. Note that in Z° where u < 47 < T, we
can use (5.70) to obtain

Lo n_l) + rN(log n).
r p

(5.83) 0<uST+Ag+eS1.

Thus we may use u ~ t, r ~ t ~ 7 and (5.83) to infer that
(5.84)
12

p / t / max u
771 / 72 |Nlognldg’ < 77! / L INlognldt' S e™t Se/r
o T T Tt T

By using (5.74) and (5.62) we also have

t /

p ~2
(5.85) 71/ T’;—p(n —w)dp' < Tl/T bi—lt’ (n—w)dt' e/t
PO

Note that due to (5.47) and (5.74), we have 7|2 —n~1| <eon Z°NE7.
In view of (5.82)-(5.85), we may use Lemma 4.16 to obtain

r -

Se/T.
Lol S e/

By using 7 & t, we can obtain (5.72).

It remains to prove (5.73). This will rely on (5.71), (5.63) as the
consequence of (5.71), as well as (5.83) in Z°. We will divide the proof
into two steps: the first step is to control curvature components, which
is presented in Proposition 5.13; the second step is to use the obtained
estimates on curvature to control the second fundamental form k. q.e.d.

We will need the estimates on Weyl components in Z*° relative to the
intrinsic frame {B,N,e4q, A = 1,2}. We will first prove Proposition
4.15. The following result can follow as a consequence.
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Proposition 5.13. For allt > T in Z°

(5.86) [W(S,ea,S,ec)| <et2,
(5.87) p|W (B, ex, B, N)| <2t
1 A 5
(5.88) o= WLLLL =n"(1+0(5)).
More precisely
3
(5.89) o=n""p <1 +5 (n?w? - 1)) :

The above result is crucial to prove (5.64) in Theorem 5.12, which
is to control the geometry of the hyperboloidal foliation in Z°, where
the density of the level set is approaching co. We remark that (5.64),
together with the control of the second fundamental form k& on wave
zone will imply that the radius of conjugacy is +oo. The pointwise
bound on curvature components, combined with the result of radius of
conjugacy, implies that the radius of injectivity is +o00. The estimate
(5.64) is also crucial to justify the limit of Hawking mass exists, which
is the main result in Section 7.

Recalling L from (5.3), we define a pair of null frame

(5.90) L=08,+n%,., L=20 —n?,.

By using (5.1), we have (L, L) = —2n2. This implies {n~'L,n"'L,é1, A =
1,2} forms a canonical null tetrad in Z*, where {é4, A = 1,2} is an or-
thonormal frame on Sy 4.
Now using (5.90), we have
-1 -1

(5.91) T:”T(ﬁ+L), n@r:%(f/—i).
Let u =1 —n~'w. It then follows from (5.5) that
-1

L= nT {(2—M)L+ML} + 3N,
(5.92) 2

L="—|ul+(@-wi]-=N.
In Z°, by using (5.9) and (5.91), we have

1 A o

(5.93) eA=Yeq+ 5n—2y7Ar(L —L).

For future reference, let us also set
(5.94) u=n"t(b Ht+n'wr), u=n"'(b"'t—n"'wP).
By using (3.10) and (5.92),

(5.95) S=pB = (& L+a L) +FEN.

1
2
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To prove Proposition 4.15, we will employ the following properties of
curvature in Z° under the canonical null tetrad {n~'L,n"'L,é4, A =
1,2}.

Lemma 5.14. 1) Under the null decomposition in terms of n~ 1, =

ea,n 'L = es, in Z* the only nonvarnishing Weyl components in
the list of Definition 4.5 is ¢ := 1VV(L L. L L) which is given by

AM
(5.96) n~1p = NI
2) As direct consequences, by using [1, Page 149, (7.3.3c)| we have
I/V(éAJflL7 éB,n*II:) = —n*4@5AB,
(5.97) W(éa,ep,éc,ép) = —n"‘eapecpd,

W(éa,ép,éc,n 'L) = 0; W(éa,ép,éc,n ‘L) =0.

We will postpone the proof of (1) in the above lemma to Lemma 6.3
in the next section. Since it is a fact of the Schwartzchild metric itself,
the proof is independent of the intrinsic hyperboloidal frame, which also
means it is independent of any result in this section. In the sequel, we
will constantly use Lemma 5.14 without mentioning.

Proof of Proposition 4.15 and Proposition 5.13 . We first show (5.88).
We decompose g9 = iW(L,L,L,L) by using (5.92), the properties of
Weyl tensor W and Lemma 5.14,

40=W(L,L,L,L)

—W (”1 [(2 —u)ﬁ+uL} + ZN,E [uﬁ+ (2 - M)i} _ %N,

(5.98)
= I+ 21+ [T+ IV,

where

n—4

=W ((2 L+ pL,pl + (2= p)L, (2 — p) L + pL, pL + (2 —M)L) :
—1 —1

=W ul + (2 - u)L} SN,

n
w=w(zsn " _

)

(s
—
(

[

21 [,uL+ (2 —u)L} ,EN,n21 [(uﬁ+ (2 —M)ﬁD ,
-1
> |

(2= L+ pul] =N, " [(2—u)z+u£}>.
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By direct calculation, it is easy to see that

(5.99)
I= nl; (2= w*+u" =22 — p)’u®) W(L,L, L, L) = 4n =%,
Noting that
H+IV=W <"21 [(2 — )L+ ML] VSN, n YL+ L), 2N>
=n?W(L,5N,L,EN) = —n"*5|EN|2,
I+ III = IT+ 1V,

we obtain, in view of the above identities and (5.99) that

1
(5.100) o=n""1% <n_2w2 —5 (1- n_2w2)>

which together with (5.71) implies (5.88).

We now consider ay := W(L,ea,L,ec). We may use (5.92) and
(5.93) to replace L, e4 and ec and expand it. Due to the various
vanishing terms implied by Lemma 5.14 we have

apc=I1+ 1o+ I3+ Iy + I5 + g,

h—w (”_1 WL+ 2 W] 2n 29 ar(i - I,

2
-1 )

n-
2
W <n2 [ui +(2— u)L} ,Yea, nT [ML +(2- M)L] ,Eec> ;

n-1
2

[uf) +(2- M)L} ,Yeq, —2N, %n*QWCT(lA} — jl)) ;

[,uL—I—(2 ,u)jz] ln 2Vor- (L - L)>,

I
=

Li=W <2N 72V (L — L);[ﬁ+(2—u)i},260>7

W (—=XN,Xey, XN, Yec),
n N 1 N ~
Is=W (ZN, 5n—2y7Ar(L — L), %N, 5n—2y707«(L - L)> )

By straightforward manipulation we have

—6

=" (12202 — ) + (2— w)?) Yar¥erW(L, L, L, L) = n~ 5% ar¥or.

16
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By using Lemma 5.14, we can derive that

1 A A A N
I = Zn_?)VCT (2—p)W(L,Xea, L,XN) — pW(L,Xeas, L,¥XN)

1 . 1 _q.
= i(u —Dn %Y or(Xeys, N) = o 86wV oY 4t
By the similar argument we can obtain
1 4. 1 _ 4
Iy = =5 p(2 = wn~"6(Sea, Seo) = =5 (1 —n"*w)n~"§(Sea, Bec),
1 —5 4 1 —84 2
Iy = —1(2 — = p)n oY AT (EN, Yec) = QN oW YerY 4r,
Is = —n"19 (XN AZeq) - (BN AXec),
1 - - 1
Is = —in_‘lVAchrW(L, YN,L,¥N) = §n_6@Y7ATY70r|EN|2.
By using the above expressions for I;,7 = 1,...,6, we can obtain from

Theorem 5.12 the desired estimate on a given in (4.29).

For ayc := W(L,ea, L, ec) we may use the same argument for treat-
ing @40, which implies aac = Z?:l I;, where these I; can be easily
obtained from I; by swapping p with 2 — u, and changing >N to —3N.
Then it is clear that jzi =[; for : =1,---6. This shows that o = a and
thus we obtain the estimate on « in (4.29).

Next we consider §, := W (L,ea,L,L). By using (5.92) and (5.93),
we decompose 3 as follows

QQA:J1+J2+J3+J4+J5,

where
n=w (U ok + = W] gn W ar(E - b,
n; (2= w)L + pL] nzl [uﬁ+(2—u)i}> ,
Jy=W <n;1 {,u[: +(2- ,U,)L} ,2eq, 712_1 [Mﬁ—i— (2 - M)L} ,—EN) ,
Jy =W (”; [uﬁ r(2- M)L} Sea, ”; [(2 Wi+ ML} ,zzv) ,
Ji=W <—2N, —n72Y 4r(L — L), "; (2—p)L + ML} ,—EN) ,

Direct calculation shows that

1 A A
(5.101) J; = 1mf’(u — (2= )V arW(L,L,L,L) = —2n" @Y 4rp.



65

For Jy and Js, we first note that by using Lemma 5.14
-1
Jo+ 3 =W (TLQ [/LL +(2- /L)L:| ,EeA,nfl(L + L), —EN)

-2

n=2u - - n - .
= —“SEW(L,Zea, L EN) + “5—(u = )W (L, Zea, L, EN)
2 —
(5.102) = ‘%7%—4@(26 A EN) = —n 8oV 47

Similarly we can derive by using Lemma 5.14 that

nfl

1 o o ~ o
JitJs =W (—EN, 51 2V ar(b - L), "~ (L + D), —EN) — 0
Combining this with (5.101) and (5.102) we therefore obtain
3 _6_ .
(5.103) B,= —3n 6oV A7
which together with Theorem 5.12 shows the estimate on 8 in (4.29).
For 54 := %W(L, ea, L, L), we can use the similar argument to derive

that
264 =W(L,ea,L,L)

~1
= <n [(2 — )L+ ML} ,5n 2V ar(L - L),

—Ji—Js
= —3n"%wY 47o.

Indeed, by straightforward checking, the sum of the second and the
third term is the same as Jo + J3, and the first term equals J;. We also
employed Jy + J5 = 0 to get the last identity. This shows that § = (.
Finally we show that ¢ = 0. Recall 20e 40 = W34, we only need to
show Wycsq = 0. By using (5.92), (5.93) and Lemma 5.14 we have

Wacas = W(ea,ec, L, L) = 1+ 11+ 111,

where

1 .1 ..
I=W <2n_2Y7Ar(L - L), §n_2WCr(L — L),

n; [(Q—M)iﬂi} n; [uﬁ+(2—u)LD,
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1 . ! .
=W <ze,4, sn ?Ver(L- L), "7 [(2 Ay #L] +¥N,

n—l

== [ L+(2—M)L} —2N>,
1 92 S A nil £ A
=W (5n=*V ar(L - L), Be, = [(2 Ay #L] YN,

n-1 ~ A
- [NLJF 2 - u)L} - 2N> .
It is clear that I = 0. By direct calculation we have

1 A .
= n=*YerW <zeA, L1, ”7 {(2 — L+ ML} : —ZN)

1 N .
+ 5n 2V erW <2eA, L-1, ”7 [ML r(2- u)L} , —2N> —0
since W(EeA,f/ — L L+1L, ¥ N) = 0. By the same argument we can
show that III = 0. Hence o = 0.

Next, we prove (5.86) and (5.87). We note that by using (3.10)

u? u? p? 1
W(S,ea,S,ec) = YAt raac— 5 edac, pW(ea,B,N,B) = —Z(UQAJruﬁA)-
By using (5.83) in Z°,
(5.104) p? <t

we therefore conclude in Z° N {t > T}, by using the estimates in (4.29)
W (S, en,S,ec)| Set™3(t+e%*t72) Set?,
|pW (e, B, N,B)| et

as desired. Thus the proof is complete. q.e.d.

We will employ (3.50)-(3.52) to prove (5.73), which will be proved
simultaneously together with the stronger estimate in (5.64) for kn 4.

Proof of (5.64) and (5.73). We first note that for any point p in Z*, P
is fully contained in Z° when ¢ > T, due to Remark 4.9.
In view of (3.45) and t ~ 7 in (5.74), we have

(5.105) (| Settift>Tin Z°

since | Y logn| < e(t)~* due to (5.63), (5.9) and (4.14), as well as (P =
0, in Z°%.
In view of Proposition 5.13 and (5.104), there hold in Z*
0°Eac, PPEnn, pt?Encl S ()™
Combining this with Lemma 4.2 shows that

(5.106) |P*Ransn, PRaasc, pt’Rensc| S e(t)™2 in Z°.
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Here we used the fact that Z° is a vacuum region.
In order to prove (5.64) in Z%, for t > T', in view of Proposition 4.14,
we can make the following bootstrap assumptions

~

. 3 .
(5.107) ’tp(kNN,trk - ;, kAc),t2kﬂA < Agp.

As a direct consequence of (5.107), for any p in Z%, the integral along
P=expp(pV) from ¢ =p N{t = T}, where V € H;, we have

p
(5.108) /
p(q)

and

(5:009) [P (RER)w, 2(EER) ac, pt(RER) wa, PR < Ao2(t) 2,

3
trk — ,0" dp’ < Ay,

where the definition of ® can be found in (3.33), and (5.109) can be
obtained in view of the symbolic identities in (3.53) and (5.107). To
obtain (5.108), we also employed (4.33) and b,n ~ 1 in Z% due to
Proposition 4.17.

By using (5.105), (5.109) and (5.106), the terms in (3.50)-(3.52) verify

10°Grn, P*Gac, ptGal S (e + Ao?) ()2

We consider the transport equations (3.50)-(3.52), which symbolically
are recast below for H, tangent tensor fields

2
(5.110) VaF + §urk:F =G.

For any p € Z*, by using Lemma 4.16 (2), (4.33) and (5.108), we inte-

grate (3.50)-(3.52) along P. By virtue of b=t ~ 1, ¢t ~ 7 in (4.34), also
using Proposition 4.14, we can obtain

t
lpThNN| S €+ / P2 Gunldt’ < e+ Ag?,
T
) to,
lpThac| S e +/ 1P Gacldt' < e+ Ag?,
T
R t
knal S e+ / Pt Gualdt’ S e+ Ao
T

Similarly integrating (3.37) along P, with the help of (4.27) and (5.109),
gives

t
prtek =) St [ (Rl 4 ) a5 2+ A
T

where Rggs = 0 since Z° is a vacuum region.
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Due to t = 7, we can summarize the above four estimates as
. 3 . .
tp(km,trk — ;, kAc),tQkﬂA < C(E + A02).

With Ag = 3Ce and Ag < 5, (5.107) can be improved to be bounded
by %Ao, since C'(e + Ag?) < %AO holds in this situation. q.e.d.

6. On the region of excision

In this section, we will prove Proposition 4.11. For this purpose, we
consider the part on H,, contained in the schwarzschild zone, foliated
by the optical function @, where 1 < @ < @1. We will obtain Proposition
4.11 by proving the following result.

Proposition 6.1. Let t = |—é,|fs tdps with S = S, 4 and s the
induced metric on S. There holds

— 1
6.1 t) .= t—t| <ez.
(6.1) osc(t) :=max [t —1] S €3

Pyl Pyl

As a consequence, for p > T sufficiently large,

(6.2) tmax(spﬂl) < tmjn(sp@), Zf 1 <4 <.
If p < py, tu <t <t and 4 > 1, then
(6.3) (St,p) < U1.

Indeed, Proposition 4.11 follows from (6.3) immediately. In order to
derive the estimate (6.1), we use TV to denote the covariant derivative
on S, 5. Then

(6.4) gse(t) < TVl Lo (s, 5 diam (S, q)-

Therefore, we need to estimate ||Tvt||Loo(Spya) and diam(S, ;). For this
purpose, we first give the geometric set-up for the 4 foliation of the part
of H,, in the schwarzschild zone. We define

(6.5) L*=n"20,+0, and L°*=n"20,—0,.
Clearly, due to (5.90)

N

(6.6) L=n?L% L=n’L¢

Thus L%, L® form a null pair and (L*, L) = —2n~2. Moreover, one can
use (5.3) to show that DpsL® = 0.

We define the null second fundamental forms in terms of L® and L*
in Schwarzschild zone by

(6.7) X(XY) = (DxL%Y); x(X,Y)=(DxL"Y)
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for any S s-tangent vector fields X and Y. Similarly, we can introduce
the null second fundamental forms x and x relative to L and L. We

also introduce

—Va

|V

which are the lapse function and the radial normal of the u-foliation on
H,, respectively. We first prove the following result which includes the
estimate on |TY¢|.

(6.8) ta ' =(B,L*) and N =

Lemma 6.2. Let p be sufficiently large. There hold on H, N {1 <
4 <} that

(69) o =~ e ) b
(6.10) N = faL® — B,

(6.11) fo_ %‘ < ﬁ’

o 0 -7 S G

(6.13) Tyyt‘g < ;};

Proof. In what follows the metric g is actually the Schwarzchild met-
ric since we only consider the part of H, that is fully contained in the
schwarzschild zone. We will frequently use the facts

(6.14) vw>1 and pPP=wu>u>1 ifl<a<d,

where we used (5.65) with sufficiently small . By using (6.5), Lemma
3.1 and (5.7) we have

b~ 1t

ta = (B, 1% = <a_1N + n 1o, n 20, + 8r>
b1t
p

b1t
=a 'n"%(w—n)+ (al - > nt

bt

=a YN, 0,) + n =30, 0) = a ' T2N(r) — n

p
=a 'n"*(w—n) - n_lg,
p
where we used a~! = 7/p and u = b=t — 7 in the last step. This shows
(6.9).
Next, we prove (6.11). In view of (6.9) we have
fq— P 1
ul—Ln"(w—n)

IS
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According to (5.62) and n ~ 1, the term Zn~!(ew — n) is small for
sufficiently small € so that we can derive that

Ta:% (1+O<Zn1(w—n)>> =T+O<Z’;(w—n)).

Note that p/u? = u?/p®, u ~ t and 7 ~ t, we obtain (6.11) by using
(5.62) and (6.14).
Notice that

~Vi = -Di—B'D,aB = L* + (L*,B)B = L° — Ta™'B.

This together with the facts (B,8) = —1 and (L*, L*) = 0 implies that
|Va| = Ta=!. Therefore IN = TaL® —% which is (6.10). Hence, by virtue
of (2.6), (6.5), p*> = uu and u = b~ 't + 7, we obtain

(6.15)

b—l _1t ~
N (1) = TaZe(0) = B(0) = fan~? = 2L =72 (fa—22)

which together with (6.11) shows (6.12).
Finally, we consider the angular derivative '¥¢ which can be written
as

b1t

Yt =Dt +B1t)B - Nt)IN=n"1 (—T + %) —N(@#) N,

where for the second equality we used (2.5) and (2.6). Therefore

b1t b1t
(yt,1¥t) = n=2 <—T + B, —T +
p

%> + TN (t)?

1 BRI
— 2 V() (T + ==, ).

By using (2.3) and noting that (%8, IN) = 0 and (T, IN) = —n TN (), the
latter of which follows from (2.5), we have

('yt,Tyt) =n? <—1 + bpth) ~-N@®)? = n;“; — N ()2,

In view of (6.15), (6.11), n = 1 and 7 ~ t we obtain

o e e §2]-0(3)
which shows (6.13). wed.

Next we will derive the estimate on diam(S, ;) by estimating the
Gaussian curvature on S, ;. We start from a preliminary result which
includes a proof of Lemma 5.14(1).



71

Lemma 6.3. (i) The traceless parts of x and x vanish with the traces

given by

2 2
6.16 try = d try=-— .
(6.16) v MTOTXT oM
The Gaussian curvature K on S g verifies
(6.17) K= (r+2M)2

(ii) Relative to the null decomposition in terms ofﬁ,L, i Z° the only
nonvarnishing component of the Weyl tensor W is ¢ = %W(I:,L, ﬁ,L)
with

4M

n~16=—

Proof. (i) According to (5.1), the Gaussian curvature K on Sy 4 is a
constant which, by the Gauss-Bonnet theorem, is given by (6.17).

Let 7 be the induced metric on S; 3 and let p., be the associated area
form, we have

(6.18) lAL,u7 =n*trx pu, and L,uW = ”2“&/@-

Note that pu, = (r + 2M)?uge, one may use (6.18), (6.6), (6.5) and

n? = :;%% to derive (6.16) immediately. In particular, (6.16) implies

that

r—2M 1 r—2M

tr&z —m and itrx = m

(ii) Because g in Z° is a Schwarzchild matric, in terms of the canon-
ical null tetrad {n‘lﬁ,n_lL, éa, A =12} where {é4,A = 1,2} is the
orthonormal frame on Sy 4, all components of the Weyl tensor W in Def-
inition 4.5 vanish except 9. We may use (4.12) to determine g. In fact,
note that <L5,L> = -2 {LS,L, éa,A =1,2} also form a canonical null
tetrad on Sy 4, where {é A,fl = 1,2} is an orthonormal frame therein,
we may use (4.12) to obtain

(6.19)

[N

1. 4
ooy —n 4
2>§ 5 o

the source term in (4.12) disappears because Z° is a vacuum region.
Consequently, by using x = 0, (6.16), (6.17) and (6.19), we obtain
n~49 = —4AM/(r +2M)3. q.e.d.

Proposition 6.4. For 1 < 4 < a3 and T < p < py, let K and

diam(S,4) denote the Gaussian curvature and the diameter of S, q Te-
spectively. Then

1
K= —Etrxtrx—k

(6.20)
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and
(6.21) diam(Sp,a) S rmaX(Sp,ﬁ)v

where, in Schwartzchild zone, r(p) denotes the coordinate value of the
pointp = (t,r,w),w € S? in the standard polar coordinates, and Tmax (Sp,i)
denotes the mazimal value of r(p) over S, ;.

Proof. (6.21) follows from (6.20) as an application of Bonnet-Myers
theorem, see [5] for instance. Hence we only need to show (6.20). We
will use the Gauss equation (4.12). For this purpose S, ; is regarded
as a 2-sphere embedded in Z* with the normal vector fields 'L and TL
given by

(6.22) L=+ N="TaL*, TL=9-TN=28-TaL".
It is straightforward to see that
(L,L) = (TaL® 2B — TaL®) = —2.
Let {Te4, A = 1,2} be an orthonormal frame on Sp,a- Then {TL,TL,Tes, A =
1,2} form a canonical null tetrad. We define

Tac = (DTeATL,Te(,*), TXAC = <DTEATL7T€C>

We claim
1
(6.23) TXAC = §Ta trxydac.

To see (6.23), we will decompose {fe4}%_, in terms of L, L, {éa}%4_,,
where {é4}%_, is an orthonormal frame on S; ;.
Since (tes,TL) = 0, we have (fe4, L) = 0. Therefore we can decom-
pose Te uniquely as
feq=%tes + fL,
where f is a scalar function and Xfey is an St.a-tangent vector field.
Since {fe4}%_, is orthonormal, we have

Sac = (Tea,Tec) = <ET€A + fL,STec + fi> = <ET€A, ZT€C> :

Recall that DysL* = 0. We may use L = n?L® in (6.6) and Lemma
6.3(i) to derive that

Xac = ta(Dy,, L7, fec) = ta (D, L*, Sfec + /1)
—Tq <DETBAL5, ETec> = Ta)sg(ETeA, Ylee)
= %Tatr%dZTeA, ETec> = ;atr)sgé,qc

which shows (6.23).
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From (6.23) it follows that the traceless part of Ty vanishes. Com-
bining this with the vacuum property in Z%, we can infer from (4.12)
that

1 1
(6.24) K= —ZtrTxtrTX - ZW(TL, L, 1L, TL).

By using (6.22), the first identity in (5.95), Lemma 5.14 and (6.6), we
can see that

2
WL, tL L, TL) =4 (Ta) W(L*, B, L*,B)

—_

u L+ ul)+7EN, L, 5

o4 2 o 4 2
= <ua> W(LS7L, LS,L) —4 (uu) n4o.
p p

By using (5.94) for u, (6.11) for ta and (5.62) we deduce that

(wl+ul)+ FZN)

o

u;a =n ! (u+ (1 —n'w)F) <Z +0 <<,0)64<t>>)
= (o (59)) (o ()
=1+0(—) +o<;‘i).

Since uu = p? and u ~ t, it follows that

Therefore, we may use (6.25), (5.96) and M < € to deduce that
2 AL TL) f(— )2 = ——)=0(5).
626)  W(LILLID/( 5P =0 (—5) =0
Next we show that

ety g2 (&
(6.27) X p(r +2M) ¢ <<P><t>> '

By using (6.23) we have

TXAC = <DT6A(2% — TL),TeC> = 2k(Tea, Tec) — Txac
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In view of Lemma 6.3(i), (6.11), p> = uu, r ~ t and M < & we have

2 1 2 1 n €

2 “tatry = 2 — np 9]

p 2T r+2M(u+ <<p>3<t>>)
1
p

(- m) o ()

Recall that u = u + 27, we may use (5.66) and r ~ ¢ to obtain

2_11“ . :—nu—|—2(r—nr) € _ nu €
)2 T T o +O<<p><t>> p<r+2M>+O(<p><t>

Combining this with (6.28) and using the estimates tp|(k, trk—3/p)| < e
established in (5.64), we can obtain (6.27).
Note that (6.23) implies tr Ty = TatrTy. Therefore, by using (6.27),

(6.16) and (6.11), we derive

trty - trty 4 4n? 4n? ) fau N fa o €
r - ir = -
XXM T (r 1 2M)2 np ) T+ 2 \{p){®)

= (g © (e

(6.29) =0 <<p>€2<t>> .

Combining (6.24), (6.26), (6.29), ¢t ~ r, and noting that (6.14) implies
p? > u ~t, we finally obtain

n? n? e(r+2M) € n?
K= oane = rrane (O( 2 )+O(t)> = )
Thus (6.20) is proved. q.e.d.

Proof of Proposition 6.1. Due to (6.21) and ¢ ~ r in (5.74), we have
diam(S,4) S rmax(Sp,a) S tmax(Spa). Thus it follows from (6.4) and
(6.13) that
(6.30) (0% tolSpi)

. 0s¢(t) S tmax(Sp,a) 75 -

Sp,a * - <p>2

This implies that oscs, . () < Y%t max(Sp.0) and hence timax(Sya) ~
tmin(Sp,a) for sufficiently small . Thus u =~ t = tmax(Spa) on Spa,
combined with (6.14), imply that p? = uu > u ~ tmaz(Sp,a). We can
obtain from (6.30) that oscs, ,(t) < €1/2 which shows (6.1).

Next we prove (6.2). Let p € S, 4, be the point that ¢(p) achieves
the maximum on S, 3, and assume that p has the standard polar coor-
dinate (p, @1, wo) with wg € S2. Then for the point on S,.q with polar

).
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coordinate (p, 4, wp) we have
U1
(6.31) H(py s 00) — tamax(Spay ) = / TN () adi.
u
By using (6.12) and (6.11),
€

tot — 17 e ) =" e
o0 = (3 + 0t g) (715 + Ol =5+ 00

With 1 <u<u1 and (5.65), ehave()<u< 1, whlchglve%%%:
(£)? Z p* and hence Taf N (t) > cp? — O(e) for some universal constant

¢ > 0. It then follows from (6.31) that

(632)  tp,is0) — tmax(Span) = (cp” — O()) (i — ).
By using (6.1), we thus obtain

tmin(Sp.a) + O(£2) > (p, i,w0) = tmax(Spa,) + (ep? = O(e)) (i1 — ).

Hence we conclude that, for p > T and sufficient small ¢, there holds,
with 4 < 41, that tmin(Spa) > tmax(Sp,q,) which gives (6.2).

Finally we show (6.3). Recall that t, = tyin(Sp, 4,). With @ = 4 in
(6.2), it follows that

S

">t >t > tmax(sp*7ﬁ1)'

Due to (6.12), we have TN (¢) > 0. This implies on H,, t is a decreasing
function of 4. Therefore

ZAL(Stm*) <1 for ¢, <t <t*.
Further, by using (5.2) and (5.62) we have
N(#) = ~N( () =~/ (IN(r) = =0~ < 0

which implies that on ¥4, @ is an increasing function of p. Consequently,
for p < py and t, <t < t* we have u(S,) < 4(S;,p,) < @1 which shows
(6.3). q.e.d.

7. Hawking mass and Bondi mass

In this section, we introduce the Hawking mass on S; , = ¥; NH, in
Z%(0) and investigate the asymptotic behavior as t — oo.

1
Definition 7.1. Let r = (%)2. We define the Hawking mass

enclosed by a 2-surface Sy, to be

T 1
t (14— trytry | .
m(t, p) == 2<+16 TXTX)

If the Hawking mass m(t, p) tends to a limit M (p) as t — oo, this limit
is called the Bondi mass on H,.
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The main result of this section is the following.2°

Proposition 7.2. The Bondi mass M(p) is well-defined on each H,,
and

M(p) = 2M.
More precisely there exists ts(p) sufficiently large so that for allt > ts(p),
(7.1) m(t, p) = 2M + O(e2(t)™1).

We will rely on crucially the estimate of the Gaussian curvature K
on S;,. Let {e4, A = 1,2} be an orthonormal frame on S; ,. We may

apply (4.12) to the canonical null tetrad {L, L,e4, A = 1,2} to obtain
1 1. 1
(7.2) K + Z‘EI"XUX — jXackac = —e+ §7ACSACH

where o = %W(L,L, L, L) and, according to (4.6), the last term on the
right hand side, if non-vanishing, can be calculated as

Y€Sac = 7D adDeo — 1 (DH6D,6 — m*e?)
1, 2, 1
(7.3) = gm¢T+ 3|W>! +3D19DLo.

Lemma 7.3. Consider the region Z+(O). On S, there hold *!

—3435 0 THO

74 ~2K_1 < €<t> 2 'lnI ( ),
(74) pr-as{ W5 n L

~ 1

T e(t)"2t3 i IT(0)
7.5 -—-1| < ’
(75) ‘r ‘ ~ { e(t)~t n Z°
and
(7.6) ra~7, diam(S,) ST

Proof. We first prove (7.4). Recall that xac = (DaL,ec) and x , , =
(DaL,ec). By using (3.10) and L = 2T — L we have L = (pB — uT)
and L = (uT — pB). Therefore

I

U 1 - u
YAC = gk‘Ac+ —TpC = = <trk5Ac +kAc) + =Tac,
r r r 3 r

U 1 A U
X i = ~Lhac —Emac = =L (Strkbac + kac | — 2mac.
AC T T 7 \3 T

20The asymptotic behavior of Hawking mass along all hyperboloids does rely on
the global existence of the foliation of proper time.

21'We employ the result in the wave zone to indicate the difference on the rate of
convergence for various geometric quantities in different region.
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By taking the trace and the traceless part of x and x by the induced
metric y4c on St ,, we can obtain

2 2
77 trx=2(Ztek—8) + 26, trx=-L2(Ztk—d) - 25
r \ 3 T = r \ 3 T

and

IS

. A 1 1
xac =L (lac+ 20vac ) + = (mac — =6"7ac ) |
T 2 T 2

(7.8)
N P (3 1 u Ly
Xac=—= | kac+ ;6yac | + = | —mac + 56 vac |
T 2 T 2
where § = ]%M and §' = —wnN which were introduced in Lemma 3.5.

In order to proceed further, in Table 1 we list the decay estimates of
certain geometric quantities in the regions Z(0) and Z° respectively
which will be proved shortly.

It(0) zZ®
Prytry + 4 6<t>_%+35 g(t)~t

PRac - X ac | E2(t) 7100 | g2(¢) 2

0 e(t)y"2p% | e(t)3
’YACSAC E2 <t>—3+6 0
Table 1

By using (7.2), the decay estimates in Table 1, 7 <t and p < ¢, we
can obtain (7.4) immediately.

It remains to prove the estimates in Table 1.

By using (7.7), p> = uu and u + u = 2b~ !t it is straightforward to

derive that
2 U p (2 U
3 T 7\ 3 T

2 /92 202 o 2bltp, (2
= -5 (Strk—(S) +172(6/) - 5 (3trk—(5>

Use the symbol A defined at the end of Section 3.3, we can write

gtrk—ézg trk—§ +g—§:A—|—g.
3 3 p

Therefore, symbolically we have
2\ 2 2
Ptrytry = —p? <A+ p> + p? (6’)2 —2b ttp <A+ p) 5

— —4—4b 8 4 pA+Db pd A+ p* A A+ p* (6).

<D

trytry = [

=

P P
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By (4.20), (4.23) and (4.24), in (ZT(0) N {t > T})\Z?%, we have the

estimates

— 1 _
(7.9) LAl S ett) 70, O] S ett) 31, plDmyly < eft) /2.
For {t < T} NI (O), by using (4.25) and (4.27),

(7.10) plA| + | Pmyly S e
By (5.64) we have the improved estimates in Z*,
(7.11) plAl Se)™, Mmy =0

These estimates together with the fact b—! ~ 1 obtained in Proposition
4.17 show that

e(t)"z 9 in TH(0)

~2
trytry + 4] <
[P rxtrx + ’N{ (1) in Z° ’

as recorded in Table 1.
Next, by using (7.8) we can calculate x - ¥ as

XAC - X AC = 2 <kAc + 25’YAC) ) <—7TAC + 25'%0)

2b~ttp (. 1 1
+ P (kAc + 25’YAC> <_7TAC + 25/’7Ao>

which, in view of (3.12), can be written symbolically as
9. 2
PRacR ac = p’ <A2 + My ) +ptA- Dy,
By using (7.9)-(7.11), we can obtain

2,0\ —1466 i T+
9. . <) () in Z7(0),
(7.12) |7 XACXAC‘ ~ { 52<t>*2 in 7

For the term of g, by using (4.26) and Theorem 4.12 (5) and Propo-
sition 5.13, we have
)30 in ITT(0) N {b~'t < 3p},
lol SQ ) 3p%  inZH(O)N{b 1t > 3p},
ety in Z°.

In Z*® the Schouten tensor vanishes. Hence v4¢S,c = 0. By using
(7.3), (4.19) in Theorem 4.12 and (4.26), we can also obtain

V498 ac| S 273 in IH(0).

We thus obtain all the decay estimates in Table 1 and the proof of (7.4)
is completed.
Next we prove (7.5) and (7.6). By (7.4) and Bonnet-Myers theorem,
we have
diam(St,p) S Fmax(St,p)-
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Then we can obtain

(7.13) gsc(f) S diam(Sy,) sup |WH < Tmax(St,p) sup V7.
t,p

t,p t,p

We will use (3.19) to estimate |Y#|. To this end, we set (4 := kay+T AN-
By using the estimates (4.24), (4.20), (4.28) and (4.25) in Z7(O) and
the estimates (5.64) and (7.11) in Z°, we can obtain

<\<{s<t>3+35 in Z+(0)
~ o et) 2 in Z°

Thus, we may use (3.19) and b~! ~ 1 in Proposition 4.17 to derive that

_1 30 . +
s < ) ezt in Z7(0)
il s { ety™t  in z°
This, together with (7.13), implies that
(7.14) osc <f> < { e(t)"= ¥ in TH(0)

Sep \7) > () A

where 7 denotes the average of 7 over S;,. Note that, due to
which follows from (7.14),

==
%
—_

— 1| |7K].

=l

K =1 = |[PK -1+ | - K| S [PE -1+ ‘

In view of (7.4) and (7.14), we have

)"t in TH(0),

(7.15) W i 2o

#K—ﬂ§{5
£

. . 1 _ 1
Note that the Gauss-Bonnet Theorem implies 2 = 8ol fSt,p Kdp.,.

Therefore
7 1
— — / (?QK — 1) dpy| < sup ‘?QK - 1‘
r |St,ﬂ St,p St,p

which, combined with (7.15), implies

e(t)"2 30 in TH(0),
~ )t in Z*.
From this and (7.14) we can obtain (7.5). As an immediate consequence

of (7.5), we can obtain (7.6). Hence the proof of Lemma 7.3 is complete.
q.e.d.

We are ready to prove Proposition 7.2.
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Proof of Proposition 7.2. By using (7.2), the Gauss-Bonnet theorem and
the definition of m(t, p) we have
r

r 1 1 1 .0
- = 4 _ — . _ _ .
m(t, p) . ( T+ /S trxtrxdufy> - /S . <2x X —e+37 SAc> dpi

For t > tmax(Sp,a,), U decreases as t increases, due to (6.12) which gives
fN(t) > 0. This guarantees that Stp C Z° for t > tmax(Sp,a,). Since
Sac =01in Z%, we have

r 1
t — = v .y — di~.
m(t, p) & /SW<2X X @) [y

Noting that |S ,| = 47 (r)?, by using (7.6) and 7 ~ ¢ we have |S; ,| < t2.
Therefore, it follows from (7.12) that

tp

"”/s L R duy = O3

for ¢ > tmax(Spa,). Consequently, we may use (5.88) and (5.96) to
conclude for ¢t > t1ax(S,.4,) that

m(t,p) = O(e*t™ 1) — 87;7/5 n~tH(1+0(et™)

:TM/
2T S

where, for the second equality we used M < e. Recall that 7 ~ r ~ t
and n ~ 1, we may use (5.66) to obtain

1 r oM\ 3
——dp, = 3 - — d
/St (r+2M)3 oy /St T (n—I—f n + > My

7
P

1 _
mdﬂv + O(€2t 1),

t,p

P

- /s P (4 O(et™)  dy

P
- / (i) Bdp, + O(ct2).
St.p

Therefore

mit,p) = =0 [ ) Bdp, + 02 = 2 /

= (£>3du + 0™
2 Js,, 272 nr 7 '

By virtue of (7.5), (4.14) and M < e, we have

7;:_1:<711_1>+711<;_1>:O(8t1)'
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Consequently we can conclude that

1\ -3 _
t,p) = 1+0(@t™) “dp, + O(e* 1
mtp) = 5oz [ (14 0E™) s + 0
= M g Ot =2M + O(*t™)
272 St p 7
and the proof of Proposition 7.2 is therefore complete. q.e.d.
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