
Études in Holography

Krishnendu Ray

St John’s College

University of Oxford

A thesis submitted for the degree of

Doctor of Philosophy

Trinity 2024



Abstract

The holographic principle posits that a higher–dimensional system with gravity can be fully

described by a lower–dimensional “boundary” theory without gravity. This remarkable rela-

tionship has profound implications across physics, influencing fields from quantum gravity

and black hole thermodynamics to condensed matter physics and quantum information.

This thesis explores two specific problems within this broad domain.

The first part addresses the identification and counting of black hole microstates. Specif-

ically, we study the non-supersymmetric, asymptotically flat 2d black hole through its dual

c = 1 matrix quantum mechanics. Our central result is a novel bound state that dominates

the partition function in the double-scaling limit, providing an explicit dual description of

the black hole microstates.

The second part investigates open effective field theories of fermions interacting with

holographic baths. After establishing the case for using holography in studying open effec-

tive field theories, we introduce the gravitational Schwinger–Keldysh saddle (grSK saddle).

We then analyze Dirac fermions propagating in these backgrounds, demonstrating how this

leads to Fermi-Dirac statistics in the boundary theory. Our analysis reveals that the holo-

graphic Schwinger-Keldysh boundary conditions naturally select a unique combination of

modes consistent with fermionic KMS relations. Through evaluation of the bulk on-shell

action using these solutions, we derive an explicit expression for the probe fermion’s influ-

ence phase in a gradient expansion. We conclude by extending the holographic Schwinger-

Keldysh prescription to charged black branes, enabling the study of systems at both finite

temperature and chemical potential.
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Chapter 0

Prelude: An introduction and a

guide to this thesis

0.1 Holography: An invitation

In the vast landscape of modern theoretical physics, few ideas have been as dramatic and

striking as holography. Bridging the seemingly disparate realms of quantum gravity and

strongly coupled quantum field theories, it has emerged as a powerful framework for un-

derstanding not only some the deepest, most fundamental questions in physics, but also in

revealing its very intricate architecture.

The statement of the holographic principle is as elegant as it is profound: the complete

physics of a higher–dimensional system with gravity can be described by a lower–dimensional

“boundary” theory devoid of it. This principle finds its most concrete and celebrated

manifestation in the AdS/CFT (Anti–de Sitter/Conformal Field Theory) correspondence.

Proposed by Juan Maldacena in 1997 [113], this duality establishes a precise equivalence

between a gravitational theory in a (d + 1)–dimensional Anti–de Sitter spacetime and a

conformal field theory residing on its d–dimensional boundary. The implications of this

relationship are profound and far–reaching, influencing research across a wide spectrum of

physics, from quantum gravity and black hole thermodynamics to condensed matter physics,

quantum information and beyond.

This thesis explores two specific problems within this expansive domain of holography.

The first, Opus I, addresses a long–standing challenge in quantum gravity: identifying the
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microstates of black holes. This is accomplished through the application of the holographic

principle using a toy model known as the c = 1 matrix model. Opus II shifts our focus

to open quantum systems with fermionic degrees of freedom, a crucial step towards un-

derstanding more general non–equilibrium and open systems in condensed matter physics.

Here, we extend the standard holographic dictionary to encompass finite-temperature, real-

time quantum field theories. Although these two problems may appear distinct, both are

deeply rooted in holographic techniques, underscoring its remarkable ability to weave to-

gether different strands of physics.

Before delving into these specific quests, however, let’s take a moment to appreciate the

bigger picture. This chapter contains a whirlwind tour of the development of holography.

From its humble beginnings in the study of black holes to its current status as a cornerstone

of modern theoretical physics, we will see how this principle has not only revolutionized our

approach to some of the most challenging problems in physics but also opened up entirely

new avenues of inquiry. The holographic principle stands as a triumph of modern theoretical

physics, a shining testament to the power of abstract ideas in yielding concrete insights about

our universe’s fundamental nature. This detour is indeed well worth our time.

0.1.1 Historical origins: Black hole thermodynamics

The story of holography begins not in the realm of string theory, but in the fascinating

and enigmatic world of black holes. In the 1970s, a series of groundbreaking discoveries in

black hole physics set the stage for a revolutionary new understanding of the relationship

between gravity, quantum mechanics, and information.

Bekenstein–Hawking entropy

Our journey starts in 1972 with a bold proposal by Jacob Bekenstein, then a graduate

student working with John Wheeler at Princeton. Bekenstein suggested that black holes

should be attributed an entropy proportional to their horizon area [18]:

SBH = α
A

ℓ2P
. (1)

Here A is the horizon area, ℓP is the Planck length (the fundamental length scale in quantum

gravity), and α is a constant1. This proposal was not merely a mathematical curiosity; it

1In his seminal work [19] published the next year, he argued that α is approximately ln 2
8π

.
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was motivated by a deep physical principle –– the need to preserve the second law of

thermodynamics in processes involving black holes.

Bekenstein’s idea was revolutionary, but was unsurprisingly met with skepticism. In-

deed, at the time, black holes were primarily understood through classical general relativity.

In this framework, black holes were thought to be simple objects characterized by only a few

parameters (mass, angular momentum, and electric charge). How then could this simple

object, possess entropy, which is typically associated with a large number of microscopic

degrees of freedom?

In 1974, Stephen Hawking, building on Bekenstein’s work, made a discovery that would

shake the foundations of physics. Through a careful analysis, Hawking showed that black

holes are not eternally black –– they emit radiation [76]. This radiation, now known as

Hawking radiation, has a thermal spectrum with a temperature given by:

TH =
ℏ c3

8πGMkB

Where M is the black hole mass. This result not only confirmed Bekenstein’s notion of

black hole entropy but also fixed the constant α to be exactly 1/4, leading to the famous

Bekenstein-Hawking entropy formula2:

SBH =
A

4 ℓ2P
. (2)

While Hawking’s work provided a precise thermodynamic interpretation to the entropy of

black holes, it shed no light on its statistical origins. However, this elegant equation carried

a profound implication: the information content of a black hole is proportional not to its

volume, as one might naively expect, but to its surface area. As we will see, this area-scaling

of entropy would become a central tenet of the holographic principle.

The information paradox

While Hawking’s discovery of black hole radiation was a triumph, it also led to a profound

puzzle that would perplex physicists for decades: the information paradox. If a black hole

can evaporate completely through Hawking radiation, what happens to the information

about everything that fell into it? The laws of quantum mechanics insist that information

2In one of the more pleasing coincides in physics, the subscript “BH” can mean both “Beken-
stein–Hawking” and “black hole”.
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can never be truly lost - the evolution of quantum states is unitary, meaning that information

is preserved over time. Yet Hawking’s calculations suggested that the radiation emitted by

a black hole was purely thermal, carrying no information about the black hole’s history or

contents.

This paradox struck at the heart of the compatibility between quantum mechanics and

general relativity. It suggested that either quantum mechanics breaks down in the presence

of black holes, or our understanding of black hole evolution was incomplete.

0.1.2 The birth of the holographic principle

Black hole thermodynamics and the information paradox became a crucible for theoreti-

cal physics, challenging our most fundamental ideas about the nature of space, time, and

information. These challenges were particularly acute because they seemed to pit quan-

tum mechanics against general relativity –– two pillars of modern physics that had each

passed every experimental test with flying colors. In attempting to resolve these ideas, the

holographic principle was born.

’t Hooft’s proposal

Indeed, in 1993, Gerard ’t Hooft, a Dutch physicist known for his foundational work in

particle physics, proposed a radical solution to the information paradox [155]. ’t Hooft

suggested that the information about everything that falls into a black hole is not lost, but

rather encoded on its event horizon. This proposal was more than just a clever solution to

a thorny problem –– it was a fundamental reimagining of how information is stored in our

universe. In our everyday experience, the amount of information that can be stored in a

region of space scales with its volume –– a larger hard drive can store more data. However,

’t Hooft argued that the maximum amount of information that could be stored in any region

of space was proportional not to its volume, but to the area of its boundary. This deeply

counterintuitive concept would come to be known as the holographic principle.

Susskind’s formalization

Building on ’t Hooft’s insights, Leonard Susskind took the next crucial step. In his seminal

1994 paper [154], Susskind formalized the holographic principle, extending its implications

beyond black holes to asymptotically flat spacetimes and other geometries where a suitable

boundary could be defined. In particular, Susskind proposed that any theory of quantum

gravity must be describable by a theory living on the boundary of the spacetime, with at
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most one degree of freedom per Planck area. This formalization was both precise and far-

reaching, offering a tantalizing path towards reconciling quantum mechanics and gravity.

The holographic principle, as articulated by ’t Hooft and Susskind, suggested that the true

nature of reality might be found not in the bulk of spacetime, but on its boundaries.

The final run-up to AdS/CFT

In the lead–up to the formal proposal of the AdS/CFT correspondence, a series of crucial

developments emerged from studies of Dp–branes and their near–horizon geometries. Two

complementary descriptions of branes had emerged: one in terms of the gravitational fields

they produce, and another in terms of the quantum field theories living on their world-

volumes.

One line of investigation focused on five–branes near their extremal limit. The work of

Maldacena [112] and Strominger [116], provided concrete evidence that the world-volume

theory could capture detailed aspects of the gravitational physics, including quantum effects

like Hawking radiation. The fact that two very different descriptions –– one gravitational,

one field–theoretic –– could yield identical results was profound.

Perhaps the most significant contribution during this period was made by Igor Klebanov

in his 1997 paper, “World–volume approach to absorption by non–dilatonic branes” [97],

studying how scalar fields were absorbed by D3-branes. This work was further developed

with Steven Gubser [67], demonstrating an explicit connection between calculations done

in the world–volume theory and those done in the supergravity description.

Ultimately, the D3–brane case would prove especially fruitful. Here, the near–horizon

geometry was the product space AdS5 × S5, while the world–volume theory was a confor-

mal field theory. The mathematical consistency between these two descriptions hinted at

something profound: a possible exact equivalence between gravitational physics in the bulk

spacetime and quantum field theory on its boundary. These developments collectively built

the conceptual framework needed for a revolutionary insight. The growing evidence for such

“holographic” relationships between gravity and field theory would soon crystallize in Mal-

dacena’s AdS/CFT correspondence, leading to one of the most significant breakthroughs in

theoretical physics in the past half–century.

0.1.3 Interlude: Matrix models and string theory

While the holographic principle was taking shape, another line of research was developing

that would prove crucial to our understanding of holography: the study of matrix models in
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string theory. These models, which involve large N×N matrices, were originally introduced

in the context of two–dimensional quantum gravity and string theory.

Matrix models might seem far removed from the physics of black holes and holography,

but they would turn out to provide important insights into how lower–dimensional theories

can encode higher–dimensional physics. In these models, the path integral is expressed

in terms of matrix variables, and the large N limit often leads to emergent continuum

descriptions.

The c = 1 matrix model

One of the most notable and influential examples of matrix models is the c = 1 matrix model

[117, 163, 91, 93]. This model provides a non-perturbative formulation of two–dimensional

string theory, offering a simplified setting where many of the ideas of holography could be

explored with greater mathematical control. In the c = 1 model, a matrix quantum mechan-

ics system describes a theory of non–critical strings –– string theories in lower dimensions

that do not require the full machinery of critical string theory. This model represents a

string theory with a single space dimension and one time dimension, providing an ideal

testing ground for exploring the principles of holography in simpler settings.

The c = 1 matrix model is described by the action:

S =

ˆ
dt tr

(
1

2
(∂tM)2 − V (M)

)
, (3)

where M is an N × N Hermitian matrix and V (M) is typically a polynomial potential3.

While simple, as we will see, this action contains a universe of complexity.

Indeed, this model has a double-scaling limit : by carefully tuning the coupling constants

4 in V (M) as N → ∞, there is an emergent smooth spacetime that is dual to the discrete

matrix degrees of freedom. The matrix eigenvalues in the model can be interpreted as

the collective coordinates of the string degrees of freedom. The non-trivial dynamics of

these eigenvalues, including their potential interactions and configurations, encode the bulk

spacetime geometry. The c = 1 matrix model is significant because it provides an example

of a holographic duality in a low-dimensional setting. The matrix model captures both the

perturbative and non-perturbative aspects of the string theory, and its relative simplicity

allows for detailed analysis of questions related to spacetime, black holes, and quantum

gravity.

3More on this later (§1.2).
4This is described in more detail in §1.2.
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Perhaps most importantly, in the context of holography, the c = 1 matrix model helped

lay the conceptual groundwork for the broader and more sophisticated developments that

were to come. The ideas developed in the study of matrix models –– the emergence of

space and time from more fundamental degrees of freedom, the duality between different

descriptions of the same physics, the importance and the subtlety of large N limits –– were

all previews of the central ideas that would find expression in the AdS/CFT correspondence,

the most fully realized example of holography to date.

0.1.4 The AdS/CFT correspondence: Holography realized

The most concrete and influential realization of the holographic principle came in 1997 with

Juan Maldacena’s formulation of the AdS/CFT correspondence [113]. This breakthrough

provided a precise mathematical framework for holography and opened up new avenues for

studying strongly coupled quantum systems and quantum gravity.

Maldacena’s conjecture

Maldacena’s insight arose from considering a particular configuration of Dp–branes in string

theory. While the precise details of this construction are not important for our discussion5,

its upshot is. He was lead to conjecture a surprising equivalence between:

• Type IIB string theory on AdS5 × S5.

• N = 4 super Yang–Mills theory in 3 + 1 dimensions.

At first glance, these two theories could hardly seem more different. On one side, we have

a theory of quantum gravity in a five–dimensional anti–de Sitter (AdS) space, combined with

a five–dimensional sphere. On the other, we have a quantum field theory without gravity,

living in four–dimensional spacetime. Yet Maldacena argued that these two theories were,

in fact, different descriptions of the same underlying physics. More precisely, he conjectured

that these two theories are exactly equivalent descriptions of the same physical system.

The implications of this conjecture were staggering. It provided a concrete realization

of the holographic principle, showing how a theory of gravity in a higher–dimensional space

could be entirely equivalent to a non–gravitational theory living on its boundary. This

was the proverbial cosmic Rosetta Stone, allowing us to translate between the language of

gravity and the language of quantum fields.

5In the author’s opinion, the best review remains the canonical one: [2].
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The AdS/CFT Dictionary

Maldacena’s conjecture sparked a flurry of activity as physicists worked to flesh out the

details of this correspondence. The result was the AdS/CFT dictionary, a set of pre-

cise relationships between quantities in the bulk AdS space and their counterparts in the

boundary conformal field theory (CFT). This dictionary is a thing of beauty, revealing deep

connections between seemingly unrelated fields, and it is worth detailing some of its salient

features.

• The GKPW formula: Each field φ in the bulk AdS space corresponds to an op-

erator O in the boundary CFT. More specifically, the boundary value (φ0) of the

bulk field φ acts as a source for the operator O. This is summarized by the Gub-

ser–Klebanov–Polyakov–Witten (GKPW)[164, 65] relation, whose importance cannot

be overstated:

eWCFT[φ0] =
〈
exp

(ˆ
φ0O

)〉
CFT

= Zgravity[φ|∂AdS = φ0] . (4)

• Symmetries: The isometries of AdS5 × S5 correspond to the conformal and

R–symmetries of the N = 4 SYM theory. This correspondence of symmetries is a

key check on the duality and provides insight into how the symmetries of spacetime

emerge from the symmetries of the quantum field theory.

• Parameters: The parameters of the two theories are related in precise ways: λ =

g2YMN = (L/ℓs)
4, where λ is the ’t Hooft coupling, L is the AdS radius, and ℓs is the

string length. GN ∼ L8/N2, where GN is Newton’s constant in the bulk.

0.1.5 Highlights of holography

Since the discovery of the AdS/CFT correspondence, the field of holography has seen re-

markable progress, with numerous groundbreaking discoveries and applications. Here, we

highlight some of the most significant developments6 that have shaped our understanding

of holography and its implications for physics.

Holographic entanglement entropy

One of the most profound connections to emerge from holography is the relationship between

quantum entanglement in the boundary theory and geometry in the bulk. In 2006, Shinsei

6Any list of this nature comes with significant bias. This one is no different.
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Ryu and Tadashi Takayanagi proposed a formula that relates the entanglement entropy of

a region in the boundary CFT to the area of a minimal surface in the bulk AdS space:

S(A) =
Area (γA)

4GN
, (5)

where S(A) is the entanglement entropy of a region A in the CFT, γA is the minimal surface

in the bulk whose boundary coincides with the boundary of A, and GN is Newton’s constant

in the bulk7.

This remarkable result suggests that spacetime itself might emerge from quantum en-

tanglement, a concept that later led to the idea that “entanglement equals geometry” or

the “ER = EPR” proposal, put forth by Juan Maldacena and Leonard Susskind.

The RT formula has been generalized to include quantum corrections, leading to the

Quantum Extremal Surface (QES) formula [50, 46]:

S(A) = min
γ

[
Area (γ)

4GN
+ Sbulk(γ)

]
(6)

where Sbulk(γ) is the entanglement entropy of bulk quantum fields in the region enclosed

by γ. This quantum–corrected version plays a crucial role in recent discussions of the

information paradox, hinting at how information can escape from black holes in a manner

consistent with unitary evolution.

Holographic Quantum Error Correction

Building on the ideas of holographic entanglement, in 2015, Ahmed Almheiri, Xi Dong,

and Daniel Harlow [9] proposed that the bulk spacetime is encoded in the boundary CFT

in a redundant way, similar to how information is protected in a quantum error correcting

code. Specifically, they proposed that the mapping between bulk and boundary states can

be understood as an isometry V : HB → HC⊗Hψ, where HB is the bulk Hilbert space, HC
is the code subspace of the boundary Hilbert space, and Hψ represents the complementary

degrees of freedom.

The error correction perspective provides a natural explanation for several puzzling fea-

tures of AdS/CFT, such as the ability to reconstruct bulk operators from different boundary

regions (complementary recovery) and the absence of bulk operators that commute with

all local boundary operators (no bulk locality). Recent work has extended these ideas to

7Notice that this immediately generalizes 2 for these spacetimes.
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subregion duality, where a portion of the bulk can be reconstructed from a subset of the

boundary. This has led to the concept of “entanglement wedges” and their role in bulk

reconstruction, deepening our understanding of the structure of the bulk–boundary map.

Applications to Condensed Matter Physics

The power of holography extends far beyond formal theory and has found surprising applica-

tions in condensed matter physics, particularly in the study of strongly correlated systems.

The AdS/CFT correspondence also provides tools for studying quantum critical points and

non-Fermi liquids, systems that are notoriously difficult to analyze using traditional meth-

ods. Key developments include:

1. The KSS bound and fluid/gravity: The universal ratio of shear viscosity to

entropy density (η/s = ℏ/4πkB) for strongly coupled theories with gravity duals, con-

jectured in 2004 as a lower bound for all fluids [100]. This insight gained further sig-

nificance with the subsequent development of the fluid–gravity correspondence, which

demonstrated that Einstein equations in bulk AdS space reduce to Navier–Stokes

equations on the boundary in the long–wavelength limit [25]. This correspondence pro-

vides a systematic method to compute transport coefficients of strongly coupled field

theories using relatively straightforward gravitational techniques, offering a broader

theoretical framework that helped explain the universality observed in the KSS bound.

2. Strange metals: Strange metals are a class of materials that exhibit unusual elec-

tronic properties that fall outside the paradigm of Fermi liquid theory [41, 106]. Con-

structing gravitational duals of these systems and considering their low–energy be-

haviour explains many of their unusual characteristics, such as linear–in–temperature

resistivity and anomalous scaling of their spectral functions [74, 48].

3. Quantum many-body systems: Applying holographic techniques to study non-

equilibrium phenomena in quantum many–body systems [139], including quantum

phase transitions, quantum quenches, and thermalization processes [14, 107].

4. High-temperature superconductors: Introduced in [66, 72, 71], these models

describe a superconducting phase transition in the boundary theory by the formation

of a charged scalar hair on a black hole in the bulk. While these models may not

capture all details of real–world superconductors, they have provided valuable insights

into universal aspects of these systems, such as the ratio of the energy gap to the

critical temperature, which are in surprising agreement with experimental results for

certain classes of high–Tc superconductors.
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The information paradox

Unsurprisingly, holographic approaches have offered crucial insights into the black hole

information paradox. The AdS/CFT correspondence suggests that black hole evolution

should be unitary when viewed from the perspective of boundary theory, implying informa-

tion preservation. This has led to concrete proposals for how subtle correlations in Hawking

radiation might encode information about the black hole’s interior.

Recent holographic calculations have successfully reproduced the Page curve for black

hole evaporation, providing strong evidence for information preservation. These calculations

involve concepts like “islands” in the gravitational bulk, offering new perspectives on how

information escapes from black holes. The holographic quantum error correction framework

has further elucidated how bulk information can be redundantly encoded on the boundary,

suggesting mechanisms for how the black hole interior might be encoded on its horizon in

a way that is robust against local perturbations.

Despite these advances, challenges remain. While holography strongly suggests that

information is preserved, the precise details of how information is encoded in Hawking

radiation and how it can be extracted are still not fully understood. Additionally, extending

these insights to more realistic scenarios beyond Anti–de Sitter space remains an active area

of research.

0.1.6 Open questions

Holography in string theory represents one of the most profound and far–reaching ideas in

modern theoretical physics. From its origins in the study of black hole thermodynamics to

its realization in the AdS/CFT correspondence and beyond, the holographic principle has

continuously challenged and expanded our understanding of the most fundamental aspects

of reality.

Yet, for all its successes, holography also reminds us of how much we still have to learn.

The open questions in the field point to fundamental gaps in our understanding of quantum

mechanics, gravity, and their marriage. Here are some of them:

• Bulk reconstruction: How exactly does local bulk physics emerge from the bound-

ary theory? Can we reconstruct the experience of an observer falling into a black

hole from the CFT description? Recent work on quantum error correction and tensor

networks has provided some insights, but a complete understanding remains elusive.
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• Singularity resolution: Can holography help us resolve the long–standing puzzles

about spacetime singularities, both in cosmology and black hole physics? What hap-

pens at the center of a black hole in the holographic description?

• Non–perturbative quantum gravity: Can we find a complete, non–perturbative

formulation of quantum gravity through holographic principles? What are the funda-

mental degrees of freedom from which spacetime emerges?

• Entanglement and geometry: While the connection between entanglement and

geometry has been established, many questions remain. How exactly does geometry

emerge from entanglement? Can all aspects of spacetime be understood in terms of

quantum information?

• Holography beyond AdS/CFT: Are there other realizations of the holographic

principle beyond AdS/CFT? How general is the holographic principle, and what are

its limits? Can we extend holographic ideas beyond AdS to more realistic spacetimes,

including our own universe? What would a holographic description of de Sitter space

or asymptotically flat spacetimes look like?

As we continue to explore holography, we may find that the answers to these questions lead

us to an even deeper understanding of the nature of space, time, and quantum mechanics.

The journey of holography is a testament to the power of theoretical physics to uncover

deep truths about the universe. It shows how seemingly abstract mathematical ideas can

lead to profound physical insights, and at the same time, how deeply unified all of physics

is. It is for this reason, as we look to the future, beyond the ideas explored in this thesis,

holography promises to remain at the forefront of theoretical physics. Its ideas and tech-

niques will likely play a crucial role in our quest for a theory of quantum gravity and a

deeper understanding of the universe at its most fundamental level.

The holographic principle suggests that the universe may be far stranger and more

interconnected than we ever imagined. As we continue to unravel its implications, we may

find that the true nature of reality is more beautiful and surprising than we ever dared to

dream.

0.2 This thesis

Having embarked on this grand adventure exploring the development and history of holog-

raphy, we now return to the central ideas of this thesis. Here, we provide a brief guide, and

summarise our main results.
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This thesis is divided into two parts.

Opus I : Microstate counting and the c = 1 matrix model

The first part of this thesis deals with counting and identifying the microstates of black

holes. In §1, we identify the microstates of the non–supersymmetric, asymptotically flat 2d

black hole in the dual c = 1 matrix quantum mechanics. Our central result is a novel bound

state that can be considered an explicit dual of the black hole microstates that dominates

the partition function in the double–scaling limit. Pleasingly, this bound state is long–lived

and evaporates slowly, exactly like a black hole in asymptotically flat space would. This is

based on work that appeared in [3], and was done in collaboration with Dr. Amr Ahmadain,

Dr. Ronak Soni, and Alexander Frenkel.

Opus II : Open EFTs from holography

The second part of this thesis is dedicated to the study of open effective field theories of

fermions interacting with holographic baths.

In §2, we begin by making the case for using holography to study open effective field

theories. We then introduce the gravitational Schwinger–Keldysh saddle (grSK saddle), and

explain why they are particularly well–suited to the study of open effective theories. We

then detail the holographic dictionary for these geometries, with a focus on fermions.

In §3, we study Dirac fermions propagating in these backgrounds, solving for both their

ingoing (quasi–normal) and outgoing (Hawking) modes in a boundary gradient expansion.

Rather beautifully, we find that the holographic Schwinger–Keldysh boundary conditions

automatically select a unique combination of these modes consistent with fermionic KMS

relations. Evaluating the bulk on–shell action using these solutions, we obtain an explicit

expression for the influence phase of the probe fermion in a gradient expansion. This is based

on work that appeared in [110], and was done in collaboration with Dr. Akhil Sivakumar

and Prof. R. Loganayagam.

We then extend the holographic Schwinger–Keldysh prescription to charged black branes

in §4, with a view towards studying systems held at finite temperature and finite chemical

potential. We check our prescription using charged Dirac probe fields, solving the Dirac

equation in a boundary derivative expansion. Once again, we find that the correlators

derived using this prescription automatically satisfy the appropriate KMS relations with

Fermi–Dirac factors, including the chemical potential. This is based on work that appeared

in [109] and was done in collaboration with Dr. Akhil Sivakumar, Shivam K Sharma and

Prof. R. Loganayagam.

13



Opus I
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Chapter 1

Microstates of the 2d black hole.

1.1 Motivation

The fact that black holes have entropy has perhaps been the most significant discovery in

the study of quantum gravity. It is a piece of UV physics that we can observe in the IR.

In the 40 years since this discovery, however, there have been remarkably few examples in

which we understand the microstates that make up this entropy. Examples in which they

are understood in the bulk description are extremal maximally supersymmetric black holes

–– see [153] and its many follow–ups. There have been other proposals for how the entropy

might be carried by gravitational degrees of freedom, either through semi–classical “shell”

configurations [15] or stringy replacements of the classical geometry [120], though explicitly

constructing and counting these states remains challenging. There are also a larger class of

examples where there is some handle in a holographic description, e.g. BTZ black holes (via

the Cardy formula) [152], theories that admit quantum mechanical descriptions [12, 32, 43],

4d N = 4 SYM [31, 39, 21], 3d holographic theories [38], etc. Even in this second list, many

examples are supersymmetric and extremal.

This chapter adds an example to the second list. This is a two–dimensional, asymptoti-

cally flat black hole [117] with no supersymmetry that is held at a finite temperature. The

caveat, however, is this black hole is non–standard in that the physics in this background

is ‘stringy’ and its temperature cannot be varied. A lot is known about this solution ––

this two–dimensional black hole is dual to a one–dimensional matrix quantum mechanics

(MQM) system. The finite–temperature partition function of this MQM has been calculated

[91, 93] in the path integral formulation, and two candidates for the entropy and energy
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were found based on this path integral result in [92]. We review the salient features of this

model in §1.2.

We aim to go a step further than reproducing the Euclidean partition function in this

example –– rather than simply reproducing the entropy (a count of the microstates), we

explicitly list the black hole microstates. By this, we mean the following: The partition

function can of course be calculated by a trace over a Hilbert space,1

ZMQM(β) = tr e−βH =
∑

E ∈ spec(H)

e−βE . (1.1)

This partition sum, in the thermodynamic limit, is typically dominated by states of approx-

imately equal energy and can be written in the thermodynamic form,

ZMQM(β) ≈ eS(E)e−βE = tr(H=E) e
−βE , (1.2)

where S(E) is the entropy of the black hole. We have also rewritten this as a trace over a

restricted Hilbert space. ‘Listing’ the microstates of the black hole then, is to find another

characterization of this Hilbert space that doesn’t boil down to simply saying “all states

with the right energy and other charges.” There is also a subtlety that these are really

microstates of black hole spacetimes rather than black holes themselves; as we will see, we

must be careful to disambiguate the microstates of the black hole from states describing

exterior degrees of freedom. It should be noted that by this standard, only in some extremal

supersymmetric cases like [153] (and its follow–ups) have the microstates been listed; in the

N = 4 case, this has been done in [30].

In what follows, we describe this restricted Hilbert space in the dual MQM system. The

MQM has a PU(N) global symmetry, and the restricted Hilbert space turns out to be a

particular set of non–singlet irreducible representations of this symmetry, as first pointed

out in [63] (see [115, 55, 23] for other explicit investigations of the importance of these

non–singlet irreps). The set of irreps is determined by the mass of the black hole which,

as just mentioned, is related to the chemical potential. As we show in §1.3, the dimension

of this restricted Hilbert space matches one of the two candidates for the entropy found in

[92]. However, we also find that this entropy is the count of IR degrees of freedom that

decouple from bulk dynamics in the double–scaling limit. We argue that this decoupling

can be thought of as a ‘renormalisation’ in the double–scaling limit in §1.5.1, and provide

1It should be noted that the relevant ensemble in our case is grand canonical rather than canonical, and
so (1.1) and (1.2) are only schematic.
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a (speculative) pictorial description in §1.6.3. We thus argue that the actual entropy of the

black hole is a value much smaller than found in [92].

To actually describe the microstates of the black hole, we have to find the state of the

degrees of freedom that do participate in the bulk dynamics. We analyse the Schrödinger

equation to find this state, and find explicitly the state that dominates the grand canonical

partition function. It is a novel bound state that we call the ‘hole–in–the–world’ solution,

and we discuss this in §1.4.2. We argue that the properties of this state within quantum

mechanics match properties expected from the bulk dual in §1.6.1.

The plan of this chapter is as follows:

1. In §1.2, we review the duality between the black hole and the MQM system and what

is known about the free energy of the black hole.

2. In §1.3, we show that the degeneracy due to the PU(N) symmetry of the MQM

exactly reproduces one of the two candidates for the entropy found in [92]. As we

argue later in §1.5.2, while this points us the correct prescription, this prediction for

the entropy is incorrect.

3. The main section, §1.4, reproduces the energetic term in the partition function.

In §1.4.2, we identify an interesting state, which we call the ‘hole–in–the–world’ state,

with the right energy. We argue that it dominates the fixed-charge partition function

in the double–scaling limit in §1.4.3.

4. The contents of §1.5 deal with the grand canonical partition function calculated in

[93, 91]. In §1.5.1, we address whether the PU(N) symmetry should be gauged or not,

and argue that the passage from the ungauged to the gauged quantum mechanics can

be thought of as renormalisation in the double–scaling limit. Finally, we comment on

the entropy of the black hole in §1.5.2, and argue that its entropy is much smaller

than that found in [92].

5. We conclude with some speculations and discussion in §1.6. After a broad overview of

our results and their limitations, we discuss how the hole–in–the–world state matches

expectations about bulk physics in §1.6.1. §1.6.2 talks about the implications on the

phase structure of the theory. Finally, we provide a stringy picture for our analysis

in terms of the stretched strings of [115] in §1.6.3 and end by discussing a surprising

connection between our counting of states and Motzkin walks in §1.6.4.

Some notation: For this chapter alone, we use ι for the imaginary unit. The indices

i, j, k, l, etc. will be exclusively used to denote elements of {1 . . . N}.
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1.2 A review of the duality

The system we work with is the two–dimensional black hole with asymptotically flat bound-

ary conditions [117, 163]. It was argued in [91, 93] that this is dual to a quantum mechanical

system with a single matrix degree of freedom. Some introductions to this set of dualities

that we have found useful are [96, 59, 135, 8, 144, 141, 88]; a relatively short review is [91].

In this section, we outline the various models in this chain of dualities and summarise the

main results of [92].

The cigar is the two–dimensional Euclidean black hole geometry specified by the metric

and dilaton,

ds2 = kα′ dρ2 + tanh2 ρ dT 2, T ∼ T + 2π
√
kα′

and Φ = Φ0 − log cosh ρ . (1.3)

As a manifold, this is the group coset SL(2,C)
SU(2)

/
U(1). The inverse temperature and mass of

this black hole are

β = 2πR ≡ 2π
√
kα′, M =

1√
kα′

e−2Φ0 . (1.4)

Henceforth, apart from some crucial equations, we will set α′ = 1.

Figure 1.1: The cigar background
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Consider a string propagating on this background,2 with worldsheet action

Iws =
1

4πα′

ˆ
Σ
d2σ

[
Gµν(X) ∂Xµ ∂̄Xν +RΣ(X) Φ(X)

]
+ IWZW. (1.5)

Here, Gµν is the metric of the cigar, and IWZW is a Wess–Zumino–Witten term. RΣ is the

Ricci scalar of the worldsheet. The constant k is fixed by the requirement that the central

charge of this CFT be 26,

ccigar =
3k

k− 2
− 1 = 26 ⇒ k =

9

4
. (1.6)

This means that the 2d string theory has a black hole with a fixed temperature given by

β = 3π
√
α′, R =

3

2

√
α′. (1.7)

However, its mass can be varied freely.

1.2.1 From the cigar to the MQM

This black hole can be described by a matrix quantum mechanics (MQM) through a series

of dualities.

1. By FZZ duality [91, 93, 115], the cigar CFT is dual to the sine–Liouville model.

2. The sine–Liouville model is the zero cosmological constant limit of the sine– Gordon

model coupled to Liouville gravity.

3. The sine–Gordon model coupled to Liouville gravity is dual to an MQM with twisted

boundary conditions in a double–scaling limit.

The sine-Liouville model is the string theory with worldsheet action

IsL =
1

4πα′

ˆ
Σ̃

[(
∂T̃
)2

+ (∂ϕ)2 +QRΣ̃ ϕ+ z ebϕ cosRT̃

]
, T̃ ∼ T̃ + 2π

α′

R
(1.8)

The FZZ duality provides an identification between the fields and parameters in the

sine–Liouville and cigar CFTs. The fields Φ and ϕ can be identified in the region Φ, ϕ≫ 1

2It is clear that the cigar and the Lorentzian black hole as metric manifolds are related by an analytic
continuation. However, the relation between the string theories defined on the two backgrounds is rather
more subtle, as explained for example in [61].
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Figure 1.2: An illustration of the series of dualities that relate the cigar to the MQM.

(where the background is approximately just flat space with a linear dilaton, i.e. the weak-

coupling region). The fields T and T̃ are T–duals of each other; z is a chemical potential for

momentum ±1 excitations in the T̃ direction, and therefore winding ±1 excitations in the

T direction — its value is set by the mass z ∝M (2−R)/4. The central charge of this theory

is [143]

csL = 2 + 6Q2 . (1.9)

The Liouville–field dressing of any operator in the action with conformal dimension ∆

satisfies

b (Q− b) + ∆ = 1. (1.10)

The undressed sine–Liouville operator cosRT̃ has conformal dimension ∆ = R2. Matching

central charges across the FZZ duality then gives

Q = −1

b
=

1√
k− 2

R= 3
2−−−−−→ 2. (1.11)

Unlike the cigar, the target manifold in this case is an infinite cylinder, implying an ER =
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EPR duality [88].

An important and non–obvious point about the sine–Liouville theory is that it cannot

be studied in perturbation theory in z. This is because any non-zero z can be rescaled to

an O(1) number by shifting the dilaton ϕ,

zeb (ϕ−ϕ0) = z̃eb ϕ, z̃ ≡ ze−b ϕ0 . (1.12)

This shift also acts on the QRϕ term, and produces a topological term that can be thought

of as the string coupling. Thus, the sine–Liouville CFT is not perturbatively related to

Liouville theory, and it precisely this fact that makes it difficult to study.

There are two important differences between the sine–Liouville and cigar CFTs. Firstly,

the sine–Liouville CFT is on–shell (has csL = 26) for all R as long as Q = 2. Secondly, k→ 2

is a strong–coupling limit in the cigar CFT but a weak–coupling limit in the sine–Liouville

(since the dressing parameter, b tends to 0 in this limit). Since k = 9/4, we henceforth stick

to the sine–Liouville side of the duality.

Figure 1.3: The sine–Liouville theories dual to the cigar and the sine–Gordon theory that
can non–anomalously be a worldsheet theory only intersect at R = 3/2, when the cigar is
on–shell.

The sine–Gordon model coupled to gravity defines a string theory given by the world-

sheet action

IsG =
1

4πα′

ˆ
Σ̃

[
(∂T )2 + (∂ϕ)2 +QRΣ̃ ϕ+ µ e−2ϕ + ze(R−2)ϕ cosRT̃

]
. (1.13)

Here, we have T–dualised again to the T field in the kinetic part of the action, and added
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a cosmological constant for the Liouville sector. The µ → 0 limit of this theory is the

sine–Liouville model.3 The z → 0 limit of this theory is known as c = 1 string theory.

Once again, because of the presence of the dilaton, the manner in which we take these

perturbative limits is subtle. In sine–Gordon string theory, perturbation theory in z is valid

where z≪ µ, since the zero–mode of ϕ can’t be shifted while keeping µ constant. However,

we are interested in the opposite limit, where perturbation theory in µ is valid.

The sine–Gordon model is dual to a quantum mechanical model with one Hermitian

matrix degree of freedom,

IMQM =

ˆ
dt tr

[
Ẋ2 − V (X)

]
, V (X) = −1

2
X2 +

g

N
X4. (1.14)

A significant portion of the early literature on the subject uses a potential of the form,

V (X) = −X2/2 + g/
√
NX3; we use the quartic potential following the discussion in [141]

(see [45, 156] for the supersymmetric versions).

This action has a PU(N) = U(N)/U(1) = SU(N)/ZN global symmetry given by

X(t)→ U †X(t)U. (1.15)

Notice that the above transformation is the same for U and eιϕU , meaning that the symme-

try group is not the unitary group U(N) but the projective unitary group PU(N) –– as indi-

cated, this is nothing but U(N) quotiented by the overall phase mode. In terms of SU(N),

PU(N) is the quotient of SU(N) by its ZN centre, which exists because a phase rotation by

eιj2π/N , j = 0, 1 . . . N − 1 has determinant 1. As an example, PU(2) = SU(2)/Z2 = SO(3).

Some authors, like [115, 23, 24], gauge this symmetry while others, like [28, 91], don’t.

We will keep this symmetry global for the bulk of this paper; in §1.5.1 and §1.6.3, we argue

that there is nevertheless a sense in which the gauging ‘emerges.’

With these prerequisites in place, we are now in a position to precisely state the duality:

e−ZsG(R,µ,z) =

∞∑
N=0

e2πRµFN
ˆ
PU(N)

dΩ eNzb Re[trΩ]

ˆ
X(β)=Ω†X(0)Ω

e−
´ β
0 dt L(X,Ẋ)

∣∣∣∣∣
dsl

.

(1.16)

The subscript “dsl” is short for double–scaling limit. ZsG is the vacuum partition function

of the sine–Gordon model and e−ZsG is the partition function of the corresponding string

3Up to the fact that the dilaton dressing for the vortex term is now exp[(R− 2)ϕ] instead of
exp

[
−
√
R2 − 2ϕ

]
. It is easily checked that they agree at R = 3/2. The two different expressions corre-

spond to plugging in either Q = 2 or Q = 1/
√
k− 2 into (1.10).
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field theory. µF is a chemical potential for the size of the matrix, and zb for the non–trivial

representations of PU(N). At zb = 0, the Ω integral localises the MQM to the singlet sector

of this symmetry — this is dual to c = 1 string theory, which is just the sine–Gordon theory

at z = 0. µF is related to the Liouville cosmological constant, µ, in (1.13), and zb to the

fugacity for vortices, z; the precise relations involve some renormalisations.

Importantly, the duality only emerges in the double–scaling limit, which can be thought

of as a specific way of taking N → ∞. There are two different but equivalent pictures for

this limit, one based on Feynman diagrams and the other based on the Fermi statistics of the

eigenvalues of these matrices. We outline the main points of how this is to be understood;

more details can be found in the reviews listed at the beginning of this section.

In classic large N fashion, each Feynman diagram can be interpreted as a triangulation

of a 2d Riemann surface. Since the expansion in the coupling constant g has zero radius

of convergence,4 the series is asymptotic; near a critical value gc diagrams with O
(

1
gc−g

)
vertices dominate the sum. The double–scaling limit is the limit g → gc, N → ∞, with

N (gc − g) kept finite. In this limit, each diagram becomes a worldsheet and the sum over

diagrams becomes a sum over worldsheets; the constant parameter (after renormalisation)

becomes the Liouville cosmological constant µ. This is illustrated in figure 1.4a.

(a) A double–line Feynman diagram appropri-
ate to the MQM becomes a string worldsheet
in the double–scaling limit.

(b) The Fermi sea is made by filling up the
phase space up to a Fermi level. In the dou-
ble–scaling limit, the bottom of the well is at
∞.

Figure 1.4: The double–scaling limit.

The other equivalent picture for the double–scaling limit is as follows. In the ground

state, because of the PU(N) symmetry, we can focus on only the eigenvalues of the matrix

X. As we explain in §1.4.1, because of a Vandermonde determinant, these eigenvalues are

fermionic. In the vacuum, the N fermions fill up the potential up to a Fermi level, see figure

4This is most easily seen by considering the case g < 0.
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1.4b. The Fermi level grows monotonically with g up to a value gc where it becomes equal

to the local maximum at 0. We take the g → gc, N → ∞ keeping the Fermi level at some

finite value −µF ∼ O
(
N0
)
. This µF is the same as the chemical potential in (1.16), by

standard free fermion arguments. This free fermion theory becomes the dual string field

theory, with the direction given by the log of the eigenvalue being identified with the target

space spatial direction ϕ (i.e. dilaton), up to a non–local transformation that won’t be

important to us [144].

The renormalisation is controlled by Khnizhnik–Polyakov–Zamolodchikov (KPZ) [98]

dimensions; in particular, the sine–Liouville fugacity and the MQM fugacity are related as

z = zbN
2−R
2 . (1.17)

The relation between µ and µF , which are both renormalised quantities, is a non-universal

O(1) factor. Since we will carry out an MQM calculation, an important consistency check

for us will be that, along with this renormalisation, the sine–Liouville answer be independent

of N .

1.2.2 The free energy and thermodynamics

The matrix partition function can be calculated explicitly [91, 93], and the piece in the free

energy corresponding to the genus 0 partition function of the sine–Liouville model is

F (0) = −1

4
(2−R)2 z

4
2−R . (1.18)

Here, the mass is M ∼ z
4

2−R — it is taken to be large to suppress higher genus effects. On

the face of it, this is surprising, since it is a non–zero sphere partition function in string

theory. Usually, this vanishes because of the infinite volume of the conformal Killing group,

SL(2,C), on the sphere. In the cigar case, however, this result indicates that this volume

cancels with the volume of the SL(2,C) factor in the quotient [93].

There are two different approaches using this result to understand the thermodynamics,

as Kazakov and Tseytlin (henceforth, KT) argue [92]. Following the conventions laid out

in their paper, we will refer to them as the first and second interpretations.
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The first interpretation

1. The MQM free energy is the free energy corresponding to a grand canonical ensemble

for a dilaton current. The non–zero value of the free energy to corresponds entirely

to the charge term [57] and is proportional to (R− 3/2).5

2. R is varied while keeping the mass constant (i.e. varying z as a function of R).

This approach gives a free energy,

−βF1(R,M) = 2π

(
3

2
−R

)
M − R+R−1

24
logM . (1.19)

The entropy–energy relation is then,

S = 3πM . (1.20)

The vanishing of the leading term in the free energy is attributed to a Hagedorn phase

transition at this temperature, that exists for reasons similar to [133].

The second interpretation

1. The free energy is given by (1.18), without any subtractions.

2. The parameter z in the sine–Liouville model is interpreted as a chemical potential for

vortices. Thus R is varied while keeping z fixed, letting M vary as it wills. This is a

Gibbons–Hawking–type variation.

Given this, if we now consider the partition function for an ensemble of fixed, but equal

number of vortices and anti–vortices (required to keep the charge neutral), we see that this

can be represented by the contour integral given by:

exp
(
− β F2(k)

)
=

1

2πι

˛
dz

zk+1
F (0) . (1.21)

where F (0) is the sphere partition function that we previously defined, 1.18. Performing a

saddle point computation, which is justified for large k, we get,

−β F2(R, k) =

(
2− β

2π

)
k log

Λα′
√

k
+O (k) . (1.22)

5Equivalently, we can subtract off the vacuum free energy as in [92].

25



Here, Λ is a UV cutoff on the worldsheet with dimensions of inverse length, and k is related

to z and the mass (at leading order) as

k ≈ z
4

2−R ∝M . (1.23)

This is finite but large in the sine–Liouville theory, and so we have 1 ≪ k ≪ N in the

dual MQM. For energy and entropy (setting α′ = 1 again), it is natural to interpret the

β–independent term with the entropy and the β-dependent term with the mass. This gives,

M =
1

2π
k log

Λ√
k
, S = 4πM . (1.24)

We also note that we can identify Λα′ ∼ N based on the arguments of [140, 99].6

The authors of [92] concluded with the remark that the best way to decide between the

two interpretations would be to perform a microscopic calculation in the MQM. Note that

the difference between the two interpretations is not just a matter of convention or ensemble;

the relation between entropy and energy is a statement about the Hilbert space that is either

true or not, and we can check which one agrees with the Hilbert space structure. This is

what we do in the following sections. We find that the Hamiltonian analysis suggests that

the second interpretation is correct. In our analysis, we find a slowly evaporating metastable

bound state that looks like a black hole ––– while the energy of this state matches the KT

result, as we detail later, their prediction for the entropy is much too large.

1.3 Entropy in the ungauged model

In this section, we reproduce the entropy in the KT result (1.22) by assuming that the

PU(N) symmetry is a global symmetry rather than a gauge symmetry. This entropy was

originally calculated in [64], but we clarify some points and fill in some details. We present

two calculations, one in §1.3.1 and the other in §1.3.2, and find that they agree. The

calculation in §1.3.1 is quick and direct but badly motivated; the calculation presented in

§1.3.2, which is a version of the calculation in [64], is slightly longer but better motivated.

While we calculate the entropy of the ungauged MQM in this section, we will eventually

argue (in §1.5.2 and §1.6.3) that this entropy should not be considered the entropy of the

black hole but of some IR degrees of freedom that decouple in the double–scaling limit.

6[140, 99] find an expression very similar to this for the free energy, with Λ being a worldsheet cutoff. In
this case, the worldsheet cutoff is controlled by N .
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In particular, we will argue in §1.5.1 that in the double–scaling limit this symmetry is

effectively gauged and the large entropy we calculate here is therefore not relevant to bulk

physics. An important intermediate result in this section that retains its importance in the

gauged model is the fact that a single irrep, illustrated in figure 1.5, dominates the subspace

with a large number of adjoints. This result has also been found in [24].

1.3.1 The direct calculation

The direct calculation proceeds based on the simple observation that k is the charge con-

jugate to the fugacity for singlets and non–singlets, zb. Since the basic representation of

the symmetry in the model is an adjoint representation (1.15), the subspace with fixed k

is the one constructed out of k copies of the adjoint representation. The dimension of this

reducible representation, remembering to quotient by the symmetric group Sk because the

adjoints are indistinguishable, is

log dim
(
H⊗k

adj

/
Sk

)
≈ log

N2k

k!
≈ 2 k log

N√
k
. (1.25)

This is exactly the entropy in (1.22)!

1.3.2 Calculation using irreps

While we seem to have reproduced the KT entropy, we have no reason to believe that the

subspace whose dimension we just counted above is even approximately degenerate. Exact

degeneracy is, however, guaranteed within each irreducible representation of the PU(N)

group. We now proceed break up the fixed k subspace into irreps of PU(N) and compute

their dimensions — we will see that we find the same answer. Further, we show that the

mistake in [64] that was pointed out by [28] is subleading. Substantial parts of this section

are a re–iteration of the work in [64] as well as [118, 28] –– we present them here only so

that the calculation may be presented as a unified whole.

The irreps of U(N) are usually given by Young diagrams (YDs) with at most N rows.

Each box corresponds to a copy of the fundamental representation Hf ; boxes in the same

row are symmetrised and those in the same column are anti-symmetrised. We modify this

prescription, following [94, 95, 64], to also allow for ‘anti -boxes,’ which correspond to copies

of the anti–fundamental representation Hf̄ . An example irrep, using green to denote the
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anti–boxes, is

reg = . (1.26)

With these anti–boxes included, the conjugate representation is constructed by mirroring the

diagram along the horizontal axis. We can ensure that we are not over– or under–counting

by restricting the maximum number of rows to N/2.7

The irreps of PU(N) are then given by Young diagrams with an equal number of boxes

and anti–boxes. This equality ensures that the overall phase mode of U(N) acts trivially

in this irrep. So, for example, (1.26) has 3 extra anti–boxes compared to boxes — meaning

that it has charge (−3) under the phase mode, and it is therefore an invalid irrep of PU(N).

A valid irrep of PU(N) is

rPU(N)
eg = . (1.27)

As pointed out by [28], the authors of [64] erroneously imposed the stronger condition that

the irrep be self–conjugate, i.e. that the YD be symmetric under reflection.

Once again, the group PU(2) = SU(2)/Z2 makes for a simple example. In this case,

the fundamental is its own conjugate and so anti–boxes and boxes are identical. That there

are an equal number of boxes and anti–boxes is simply the requirement that there are an

even number of boxes; these are just the integer spin representations of SU(2), which are

well known to be the representations of SO(3).

States in the irrep are given by Young tableaux (YTs) — this is a filling in of the boxes

with numbers taken from {1, . . . , N} following a set of rules detailed in [94, 95]. Thus,

Hreg = span


∣∣∣∣∣ j3 j2 j1 i1 i2 i3 i4

j5 j4 i5 i6

j6

〉 ∣∣∣∣∣∣∣∣
ja, ia ∈ {1, . . . , N}

following the rules below.

 . (1.28)

The number in the (anti–) box denotes the corr esponding basis element in the (anti–)

fundamental representation. The rules can be found in [94, 95]; they follow more or less

directly from the fact that two boxes in the same row are symmetrised and two boxes in the

7More precisely, we have to restrict the sum of the number of rows and the number of anti–rows to be at
most N . The precise specification then depends on whether N is even or odd in the obvious way.
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same column are anti–symmetrised, along with the requirement that every basis element in

the irrep have only one associated YT. The two most important rules are

• R1: The entries in both boxes and anti–boxes increase from top to bottom.

• R2: The entries for boxes (anti–boxes) increase from right to left (left to right).

These follow from the fact that different YTs, e.g. 1 2 and 2 1 , would represent

the same state due to the (anti–)symmetrisation rules. Note that these two rules apply

separately to the boxes and the anti-boxes.

The new complication due to the presence of both boxes as well as anti–boxes is as

follows. The state
N∑
i=1

∣∣∣ i i
〉
∈ singlet. (1.29)

Any fundamental and any anti–fundamental can pair up into such a ‘trace.’ To define a

true irrep then, we need to project out such possibilities; [94, 95] use a third rule stating

that “If r(i) and r(̄i) are the lowest rows containing the indices i and ī, r(i) + r(̄i) ≤ i” to

deal with this subtlety; they exclude enough possible YTs that a trace is never possible but

keep enough so that the irrep space has the right dimension. We will not impose this rule,

and instead deal with the possibility of traces in a more explicit fashion, aided by the fact

that we are working in the limit of large N .

With all of this in place, let us return to the tensor product of k adjoints that we

considered in the previous section –– this can be broken up into a direct sum of irreps of

PU(N) with at most k boxes and k anti–boxes. For the moment, let us focus on the YDs

with exactly k boxes and anti–boxes. In the large N limit, each of these irreps, in turn,

can be written as a product of an irrep r1 with k boxes, and r̄2 with k anti–boxes. Let

us first calculate the dimension, i.e. the number of YTs, corresponding to the YD r1. A

useful trick to do this counting follows from a simple observation [64]: since the number of

potential labels is much larger than the number of boxes, repetitions are non–generic. Thus

the number of ways to choose the labels is just
(
N
k

)
. Such a Young tableau, constructed

out of numbers with a total ordering, is called a standard Young tableau (sYT) and labels a

state in an irrep of the symmetric group Sk. Letting d
Sk
r1 denote the dimension of this irrep

of Sk, we have

dim Hr1 =

(
N

k

)
dSk
r1 . (1.30)

Of course, the dimension dSk
r1 depends on the particular shape of the irrep of Sk. An explicit

verification of this trick can be found in [1]. Using the same argument for the anti–boxes,
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we find

dim Hr1⊗r̄2 =

(
N

k

)2

dSk
r1 d

Sk
r̄2 . (1.31)

Summing over all such irreps with k boxes, we find

∑
r1,r̄2 | k

dim Hr1⊗r̄2 =

(
N

k

)2
∑
r | k

dSk
r

2

. (1.32)

The sum is a standard result in combinatorics (e.g. see Theorem 8.26b in [6]) and the result

is called the kth telephone number. At large k, it is approximated by [162]

∑
r | k

dSk
r =

√
k! . (1.33)

The sum of dimensions of all PU(N) irreps with k boxes and k anti–boxes is thus

(
N

k

)2

k! ≈
(
N√

k

)2k

, (1.34)

reproducing again the result of §1.3.1.

Of course, it is not correct to sum over all irreps –— degeneracy is only guaranteed within

an irrep of PU(N), whereas we have counted the dimension of a reducible representation.

This is in fact the same unjustified step we took in §1.3.1. However, let us note something

simple: ∑
r | k

dSk
r

2

≈ k! = |Sk| =
∑
r | k

(
dSk
r

)2
. (1.35)

In other words, at large k, the dimension of the irrep of Sk has zero variance, indicating

that the sum is dominated by a single YD. This is an old result [108]; they found that the

dominant irrep is roughly a right isosceles triangle with somewhat concave sides i.e., the

longest column, row and anti–row have approximately
√
2 k boxes each. This irrep is shown

schematically in figure 1.5. This domination by a single diagram is why we were able to sum

over all irreps and still reproduce the entropy of (1.22). Another interesting consequence is

that our counting is actually valid in the regime 1 ≪ k ≪ N2 and not just 1 ≪ k ≪ N as

originally claimed.

Finally, let us deal with the possibility of traces; naively, the count above includes states

in smaller irreps since we didn’t project out traces. Since a trace causes the number of
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Figure 1.5: The shape of the YD that dominates the counting of states in the k≪ N phase.

(anti–)boxes in the YD to reduce by one, the counting above shows that the number of

these states is approximately (N/
√

k)2k−2 which is a factor of N2 smaller. Further, the

leading corrections in the count just given (from corrections to Stirling’s formula and the

approximation we made for the telephone number) is a factor of e# k, which is a correction

of O(k) in the entropy. Thus, the uncertainty from the shape of the YD (comparable to

the correction in the telephone number) dominates the uncertainty from the possibility of

traces.

Since both the boxes and anti–boxes are dominated by the same irrep, the dominant

irrep in the full counting is self–conjugate. This is why our result agrees with the counting

in [64] even though they restricted their count to only self–conjugate representations.

1.4 Energy

Having found that the dominant degenerate space with k boxes reproduces the entropy of

KT, we now calculate its energy. In §1.4.1, we decompose the Hilbert space in a useful way

and set up the Schrodinger equation problem that we will attempt to solve. To reproduce the

fixed–charge partition function (1.22), we proceed in two steps. First, in §1.4.2, assuming

that within a fixed k sector the canonical and microcanonical ensembles are equivalent, we

construct a state whose energy matches the KT energy; the construction of this state is

our central result. In §1.4.3, we justify this assumption, arguing that the two ensembles are

indeed equivalent within the sector.

Section 1.4.2 contains the central new result: the construction of a state when 1≪ k≪
N in the irrep that dominates the counting above whose energy matches that from (1.22)

on the nose. This state is a new, interesting bound state that has all the characteristics of

a black hole. We explore this facet, and argue that the dominance of such a bound state

is exactly what is needed for the MQM to be dual to the sine–Liouville string theory, in

§1.6.1.
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1.4.1 Decomposition of the Hilbert space

The Hilbert space of the MQM is

HMQM = span
{
|X⟩

∣∣∣X† = X
}
. (1.36)

We will first decompose this Hilbert space into its eigenvalue and angular directions and

then “Fourier transform” the angular directions using the Peter–Weyl theorem. This has

the nice benefit of isolating the action of the PU(N) symmetry.

We decompose the matrix X as

X(t) = U †(t) Λ(t)U(t)

s.t. Λij = λi δij , λi ∈ R, i > j ⇒ λi ≥ λj , U ∈ U(1)N\U(N) . (1.37)

As we will shortly detail, the conditions on the diagonal and unitary matrices are required

to make the decomposition uniquely defined –– we explain each of these in turn. First, the

eigenvalues need to be ordered since we can always rearrange them without changing X by

absorbing an element Pσ ∈ SN ∈ U(N) into U ,

U † ΛU = (PσU)† (PσΛP
†
σ) (PσU) . (1.38)

Thus, denoting the space of N ×N diagonal matrices by D(N), we require Λ ∈ D(N)/SN .
8

Similarly, the U(N) needs to be left–quotiented by U(1)N to account for the gauge symme-

try,

X = U † ΛU = U † e−ιΘ Λ eιΘ U , Θij = θi δij . (1.39)

The global symmetry (1.15) is given by a right–action on U , U → UV . There is also a

left–action, U → V U , which doesn’t commute with the Hamiltonian. The measure over the

space decomposes into

dN×NX =
dNλ dU

N ! [vol U(1)]N
∆(λ)2, ∆(λ) =

∏
i<j

(λi − λj) . (1.40)

The two terms in the denominator are the size of SN and the volume of U(1)N in the

8As we will clarify below, D(N)/SN is not a strictly correct description of the space of Λs.
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Haar measure; we will henceforth absorb them into normalisation factors. ∆(λ) is the

Vandermonde determinant, whose square is the Jacobian for this change of basis. Thus,

finally, we have

HMQM = HD(N)/SN

⊗
HU(1)N\U(N), (1.41)

where the two factors are spaces of normalisable functions over the respective spaces.

HD(N)/SN can be thought of as the space of wavefunctions on the subspace of RN sat-

isfying the ordering conditions. To extend it to all of RN , we need to contend with the

fact that permutation of eigenvalues also requires absorbing a left–action into the unitary,

meaning that the extension is therefore not independent of the state in the angular direc-

tions. However, since we are interested in the case 1 ≪ k ≪ N , we can forget about this

subtlety and extend it to RN as a symmetric wavefunction [55]. Furthermore, because the

inner product on these wavefunctions is

⟨ψ1|ψ2⟩ =
ˆ

dNλ ∆(λ)2 ψ∗
1(λ)ψ2(λ) , (1.42)

it is conventional to absorb a factor of ∆(λ) into the wavefunction to get completely anti-

symmetric wavefunctions (ignoring the angular directions) and a conventional measure for

the inner product.

As we will see, a significant part of the analysis will concern the angular part of the

Hilbert space, HU(1)N\U(N). This Hilbert space can be thought of as simply HU(N) specified

by a gauge constraint. To do so, we first parameterise the algebra u(N) in the weight

basis
{
Hi, Tij , T̃ij

∣∣ i, j ∈ {1, . . . N} , i < j
}
. In the fundamental representation, these basis

elements have the matrix representations

(Hi)kl = δkl δki ,

(Tij)kl = δki δlj + δli δkj ,(
T̃ij

)
kl
= −ι (δki δlj − δli δkj) . (1.43)

The generators Tij and T̃ij can respectively be thought of as the Pauli matrices σ1 and σ2

acting on the two–dimensional subspace corresponding to i, j. To each of these generators
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correspond two operators on HU(N), the left and right actions,

e
ι
[
αij T̂L

ij+β
ij ˆ̃TL

ij+γ
iĤL

i

]
|U⟩ =

∣∣∣eι[αijTij+β
ij T̃ij+γ

iHi]U
〉
,

e
ι
[
αij T̂R

ij+β
ij ˆ̃TR

ij+γ
iĤR

i

]
|U⟩ =

∣∣∣Ue−ι[αijTij+β
ij T̃ij+γ

iHi]
〉
. (1.44)

Now, the subspace HU(1)N\U(N) is given by

HU(1)N\U(N) =

{
|υ⟩ =

ˆ
dU υ(U) |U⟩

∣∣∣ υ (eιΘU) = υ(U)

}
=
{
|υ⟩ ∈ HU(N)

∣∣∣ ĤL
i |υ⟩ = 0

}
. (1.45)

The second equation arises from the fact that the change U → eιΘU is implemented by the

exponential of Θi Ĥi. We will refer to the gauge constraint as the zero–weight condition.

To implement this constraint, we use the Peter–Weyl theorem to go to the “Fourier

transformed” basis:

|r, α, β⟩ ≡
√
dr

ˆ
dU Dr

βα

(
U †
)
|U⟩ ,

|U⟩ =
∑
r

∑
α,β

√
drD

r
αβ(U) |r, α, β⟩ . (1.46)

Here, r is an irrep of U(N), usually represented by a YD. α, β are two different, unrelated

YTs filling in the YD corresponding to r.9 In theN = 2 case, with standard SU(2) notation,

the states are |j,m,m′⟩ and the coefficients are matrix elements of Wigner D–matrices. The

change of basis is unitary because of the orthogonality relations

ˆ
dU Dr

βα(U
†)Dr′

γδ(U) =
1

dr
δrr

′
δαγδβδ ,

∑
r

∑
α,β

drD
r
βα(U

†)Dr
αβ(U

′) = δ(U−1U ′).

(1.47)

The most useful fact about these states is that they ‘decouple’ the right and left actions;

9β should actually be considered a basis element in the conjugate irrep, but there is a canonical map and
so it can also be considered a YT of the same shape.
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denoting by V̂ L, V̂ R the left and right multiplications by V respectively, we have

V̂ L |r, α, β⟩ = |r, γ, β⟩Dr
γα(V )

V̂ R |r, α, β⟩ = Dr
βδ(V

†) |r, α, δ⟩ . (1.48)

Indeed, we see that the left and right actions act on the two indices (i.e. YTs) separately.

We remind the reader that the right action is a symmetry of the theory, and therefore the

YTs denoted by the β index here are the ones we counted in §1.3 (more correctly, in that

case r was an irrep of PU(N) — a restriction that we will impose presently).

In the Fourier–transformed basis, the zero–weight condition reads

ĤL
i |r, α, β⟩ = |r, γ, β⟩Dr

γα(Hi) = 0 . (1.49)

We can simultaneously diagonalise all the weights in Hr, and then just pick the zero–weight

subspace H(0)
r as the span of all α(0) that have all weights vanishing. Thus, we have

HU(1)N\U(N) =
⊕
r

H(0)
r ⊗Hr̄ = span

{∣∣∣r, α(0), β
〉}

. (1.50)

We emphasise that the zero–weight condition is a condition on the irreps of U(N) as well

as the states within the representations. In particular, there are irreps of U(N), like the

fundamental representation, that don’t contain any zero–weight states.

The set of irreps that contain zero–weight states are exactly the irreps of PU(N). We can

see this as follows: Hi annihilates every basis vector of the fundamental (anti–fundamental)

except the ith one where it takes the value 1 (−1). Thus, the zero–weight condition is simply

[94, 95]

∀i, ĤL
i |YT⟩ =

{
# i −# i

}
|YT⟩ = 0. (1.51)

This cannot vanish for all i unless the number of boxes and anti–boxes agree in the YD,

as was pointed out in [28]. This is an alternative way of deriving the restriction to irreps

of PU(N). This condition is actually stronger, and says that the boxes and the anti–boxes

have to carry the same set of labels.

To calculate the energy, we first decompose the classical Hamiltonian according to (1.37).
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This gives,

H = tr

(
1

2
Λ̇2 + V (Λ) +

1

2
[U̇U †,Λ]2

)
. (1.52)

Notice that the Hamiltonian contains U̇U † but not U †U̇ . The operator U̇U † generates a

change from the left —
(
1 + dt U̇U †

)
U = U + dt U̇ — whereas U †U̇ generates a change

from the right; the fact that the latter doesn’t appear in the action but the former does

is indicative of the fact that only the latter is a symmetry. We can now quantize this

Hamiltonian following the discussion above, by implementing the Fourier transform for the

angular part and explicitly working out the traces for the whole expression to produce:

H =
∑
i

[
− 1

2∆(λ)

∂2

∂λ2i
∆(λ) + V (λi)

]
+

1

4

∑
i<j

P0wt

T̂ 2
L,ij +

ˆ̃T 2
L,ij

(λi − λj)2
P0wt . (1.53)

Once again there are only left–action generators in the Hamiltonian, and the weight op-

erators don’t appear at all, since the weights are fixed by the gauge condition. P0wt is

an explicit projector onto the zero–weight subspace; this is necessary because T̂ 2
L,ij doesn’t

commute with it in arbitrary representations. We will drop the L subscript henceforth since

the right–acting operators don’t play a role at all. We will also drop the hats since only

the quantum operators appear in the following discussion. In what follows, we will find it

useful to define

Hns ≡
∑
i<j

Hij , Hij ≡
1

4

T 2
ij + T̃ 2

ij

(λi − λj)2
, (1.54)

where Hns is the Hamiltonian of the non–singlet sector.

The singlet sector, which is annihilated by Hns, is just N non–interacting fermions.

Denoting the ground state of this sector by |0⟩sing, its energy is is obtained by filling up N

levels of a Fermi sea of eigenvalues,10

E0 ∼ O(N2) . (1.55)

In comparison, Hns scales with k ≪ N2 and can thus be treated as a perturbation [118].

With Hns turned off, the Hamiltonian does not act on the angular directions at all, and

10We subtract off this zero–point energy in the double–scaling limit.
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there is a huge degenerate subspace, given (after dropping the right–action index) by

Hdegen = |0⟩sing ⊗ span
{∣∣∣r, α(0)

〉}
. (1.56)

Hns breaks this degeneracy, and we have to use the techniques of degenerate perturbation

theory. The perturbed energy levels are the eigenvalues of the operator PdegenHns Pdegen,

where Pdegen is the projector onto the degenerate subspace (1.56). Below, we will find that

this will not be enough to reproduce the KT partition function. However, this is nonetheless

a useful starting point.

The eigenvalue ground state is characterised by a phase space density function,

ρ(λ, pλ) =
1

2π
θ

(
EF −

p2λ
2
− V (λ)

)
. (1.57)

Integrating over momenta gives the eigenvalue density function,

ρ(λ) =
1

π

√
2EF − 2V (λ) ≈ 1

π

√
−2µF + λ2

λ≫
√
2µF−−−−−−→ λ

π
, (1.58)

where EF = −µF is the Fermi energy we mentioned in §1.2; the double scaling limit of

interest involves keeping µF ∼ O (1) as N →∞. Here, we have replaced the quartic part of

the potential by a wall at λc ∼ O
(√

N
)
, since the precise form of the cutoff doesn’t matter

in the large N limit. The number of eigenvalues between λ1 and λ2 is
´ λ2
λ1
ρ(λ) dλ –— the

eigenvalue density is then normalised as,

ˆ λc

√
2µF

ρ(λ) dλ = N . (1.59)

We will for many purposes drop the µF –dependence in what follows, reinstating it only

when necessary. Any expectation value in the ground state |0⟩sing is controlled by this

eigenvalue density –– thus, the projector Pdegen ensures that the part of Hns acting on the

eigenvalues is determined by this eigenvalue density.

Clearly then, the eigenvectors of PdegenHns Pdegen have the form [118] (dropping the

right–action indices)

|0, r, {w}⟩ = |0⟩sing ⊗
∑

wα(0)

∣∣∣r, α(0)
〉
. (1.60)
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The distribution over zero–weight states has to be found by solving the eigenvalue equation

Hns |0, r, {w}⟩ = ∆E |0, r, {w}⟩ . (1.61)

We proceed to do (approximately) this.

1.4.2 A state with the KT energy

We construct the state of interest in three steps. First, in §1.4.2 we review the calcula-

tion of the energy in the adjoint sector [118, 64, 28, 115]. We then argue that, at finite

N , a straightforward extension of these methods to a state with a gas of 1 ≪ k ≪ N

weakly–interacting adjoints gives an energy much higher than the KT value (1.22). This

failure to reproduce the KT energy arises from a trade–off between keeping the momenta

of each adjoint low and minimising the interactions between them; we find that reducing

one in a straightforward way increases the other. An important distinction in the approach

we take is that we keep N finite for much of the discussion, taking it to ∞ only at the end;

the state of interest is more clearly isolated at finite N .

We then show that a ‘liquid’ state in which we ‘clump’ these k adjoints together has

a much lower energy in §1.4.2; however, its energy is still higher than the KT value. We

describe this as a liquid state because although the adjoints have condensed together, there

is no appreciable barrier for one or more adjoints to ‘spill’ out and leave the clump.

To get the KT energy, it turns out that we need to ‘solidify’ this clump, i.e. make it so

that there is a large barrier for an adjoint to leave. We solidify it by modifying the eigenvalue

distribution in a radical way by creating a large O
(
k1/4

)
hole in it; since the Fermi surface

of the eigenvalue distribution is the spatial direction in the string theory, and since we

are positing breaking it up into two disconnected pieces, we call this a “hole–in–the–world

state.” This is a solid because any adjoint that wants to leave has to tunnel across the hole

in the world — this has a large cost and thus prevents adjoints from spilling out. This is

the content of §1.4.2.

A gas of adjoints

A single adjoint

We begin by reviewing the calculation in the adjoint (k = 1) sector [118, 64, 28, 115].

The zero-weight states are given by
∑

k wk

∣∣∣ k k
〉
, with

∑
k wk = 0. The action of the
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algebra generators on this state are (i < j)

Tij

∣∣∣ k k
〉
= (δik − δjk)

∣∣∣ i j
〉
+ (i↔ j) ,

T̃ij

∣∣∣ k k
〉
= ι (δik − δjk)

∣∣∣ i j
〉
− (i↔ j) ,

T 2
ij

∣∣∣ k k
〉
= T̃ 2

ij

∣∣∣ k k
〉
= 2 (δik − δjk)

∣∣∣ i i
〉
+ (i↔ j) . (1.62)

Thus, the eigenvalue equation becomes

∑
i ̸=j

wi − wj
(λi − λj)2

|0⟩sing ⊗
∣∣∣ i i

〉
= ∆E |0⟩sing ⊗

∑
k

wk

∣∣∣ k k
〉
. (1.63)

This can be rewritten as the integral equation

∆E w(λ) = P
ˆ λc

√
2µF

ρ(λ′)
w(λ)− w(λ′)
(λ− λ′)2

dλ′ s.t.

ˆ λc

√
2µF

dλ ρ(λ)w(λ) = 0 , (1.64)

where the P means that the integral is evaluated using a principal value prescription (which

follows from the i ̸= j in the sum). As pointed out in [115], it is useful to shift to the following

variables,

h(λ) ≡ ρ(λ)w(λ) and τ ≡ cosh−1 λ√
2µF

λ≫
√
2µF−−−−−−→ log

λ
√
µF

+ . . . . (1.65)

Matching the normalization condition (1.59) then gives, τc ∼ 1
2 log (N/µF ). The eigenvalue

equation becomes [115]

∆E h(τ) =
1

2

(
log

N

µF
− 2τ coth τ

)
h(τ)− 1

4π
P
ˆ 1

2
log(N/µF )

− 1
2
log(N/µF )

dτ ′
h(τ ′)

sinh2 τ−τ
′

2

. (1.66)

This last term can be thought of as a kinetic term, whereas the rest can be thought of as a

potential term. The kinetic term can be Fourier transformed to give

1√
2π3

(1 + πp cothπp)h(p). This eigenvalue equation was explicitly solved in [53]; we will

not use the details of this solution.

Taking λ≫ √µF , all the coths can be approximated by 1 and this Hamiltonian becomes
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Figure 1.6: A gas of adjoints. We have drawn an adjoint at eigenvalue λ as a purple dot
in the position in the Fermi sea where the corresponding eigenvalue is. By a gas, we mean
that the wavefunction approximately factorises into a product of wavefunctions of individual
adjoints. The wavefunction above each dot is placed to remind the reader that the adjoints
are not localised.

just

H1pt =
1

2π
log

N

λ2
+

1√
2π
|p̂|, (1.67)

where p̂ is the momentum operator that we defined implicitly by the Fourier transform of

the last term in (1.66), and we have gone back from τ to λ.

A gas of adjoints

We first consider states where the distribution of matrix eigenvalues is perturbatively close

to the singlet sector ground state, and where the adjoints are well–spread out and weakly

interacting, as in figure 1.6. More explicitly, consider the effect of T 2
ij + T̃ 2

ij on a state

with multiple fundamentals and anti–fundamentals. Because the Hamiltonian comes with

projectors onto the zero–weight subspace, we only consider the branches of the action that

result in terms within the zero–weight subspace.

We take YTs of size 2 as an example. Suppose we take the YT

i i j

j
. (1.68)

Defining

|Tij |2 =
T 2
ij + T̃ 2

ij

4
, (1.69)
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when k ̸= i, j we have

|Tik|2
∣∣∣∣∣ i i j

j

〉
=

∣∣∣∣∣ i i j

j

〉
−

∣∣∣∣∣ k k j

j

〉
,

|Tjk|2
∣∣∣∣∣ i i j

j

〉
=

∣∣∣∣∣ i i j

j

〉
−

∣∣∣∣∣ i i k

k

〉
.

(1.70)

In other words, we notice that the action of any generator that rotates an index appearing

within the YT to one not appearing within the YT decouples into independent action on

each box–antibox pair that share an index. We can therefore treat these terms as k copies

of H1pt in (1.67).

We now analyze the action of |Tij |2 where both indices i, j appear in the YT. For

simplicity, we first consider a YT where the boxes labeled i and j share neither a row nor

a column.

|Tij |2
∣∣∣∣∣ i k k i

j j

〉
=

∣∣∣∣∣ i k k i

j j

〉
−

∣∣∣∣∣ j k k j

j j

〉

+

∣∣∣∣∣ i k k i

j j

〉
−

∣∣∣∣∣ i k k i

i i

〉

+

∣∣∣∣∣ j k k i

i j

〉
+

∣∣∣∣∣ i k k j

j i

〉
.

(1.71)

Taking apart this equation, we see that the first two lines on the RHS correspond to the

H1pt action we would expect from |Tij |2 on the i boxes and the j boxes respectively. The

third line contains a new action — one that exchanges the i and j anti–boxes in the first

term and the i and j boxes in the second term. Thus, the last line is generated by an

exchange operator, which we denote sij , and suggests that the interaction term between

boxes is given by the ‘cross’ term

H× ≡
∑
i,j

sij
(λi − λj)2

(1.72)

We now check that this works for states where i and j share either a row or a column.
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Returning to two–box representations for simplicity, we find

|Tij |2
∣∣∣∣∣ i i

j j

〉
= 0 =

∣∣∣∣∣ i i

j j

〉
−

∣∣∣∣∣ j j

j j

〉
+

+

∣∣∣∣∣ i i

j j

〉
−

∣∣∣∣∣ i i

i i

〉
+

+

∣∣∣∣∣ j i

i j

〉
+

∣∣∣∣∣ i j

j i

〉
.

(1.73)

The LHS is equal to zero because the columns comprising the boxes and antiboxes are

singlets under rotations from i to j. The RHS is equal to zero due to the antisymmetry

properties of the YT states. States corresponding to YTs with two i’s/j’s in the same

column vanish, and the states appearing in the third row on the RHS cancel the first two

states of the first two lines due to the anti–symmetrisation. We may again decompose this

action into the sum of the H1pt action and an exchange operator, neither of which vanishes

separately. A similar analysis can be done for the other possible combinations we can have

of boxes sharing rows and columns, and we find that we may decompose the non–singlet

Hamiltonian into

Hns = Hdir +H×, (1.74)

where Hdir is the sum of k copies of H1pt, and H× is given by (1.72).

With this decomposition of the Hamiltonian in hand, we now search for wavefunctions

of the labels of the dominant representation (figure 1.5) that match the KT prediction for

the energy. We first present several general types of non–singlet excitation configurations

on the singlet saddle point eigenvalue distribution and demonstrate why they fail. Then, we

will resolve these confusions by showing that a certain class of states introduces a violent

deformation of the eigenvalue configuration which precisely lowers the energy enough to

match the KT result.

We first consider wavefunctions where the labels are taken to be well–separated, i.e.,

the maximum label that is allowed to appear in the YT is imax ≫ k — this allows us to

neglect the cross–term to leading order. This state can be likened to a gas of adjoints. Due

to the antisymmetrisation rules of the YT, we need at least O(
√

k) different labels for its

construction. Since τ takes values in a range of width logN , the spectrum of the momentum

operator p̂ has a spacing of O (1/ logN). Pauli exclusion then pushes labels up into states

with a typical momentum of at least p ∼ k1/2

logN . The energy of such a configuration then
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Figure 1.7: We can reduce the energy. at finite N , by clumping the adjoints together inside
the Fermi sea as shown here.

scales as

Ek =
k
2π

logN +O

(
k3/2

logN

)
. (1.75)

The leading term in the above expression comes from the ∝ logN term in Hdir (1.67).

The ∝ log λ2 term can be ignored because of a subtlety in the order with which we take

limits––for a fixed N , we populate the gas by choosing k (≪ N2) eigenvalues to label the

adjoints. We then take the large N limit, whilst keeping these labels fixed. Thus the

contribution from the ∝ log λ2 term does not scale with N and can be ignored to leading

order.

If we assume k1/2 ≤ O(logN) we can certainly find states with the KT energy where the

non–singlet excitations are spread out as described above.11 However, once k crosses this

bound, the kinetic energy on its own is much higher than the KT energy. Indeed, in the the

double–scaling limit of interest, k = O(N0) and so such a state likely exists. However, there

is nothing special about the state with energy (2π)−1k logN/
√

k and we have no reason to

believe it will dominate the partition function.

As a result, we are forced to look for other classes of states where the momentum and

interaction cancel each other (the potential energy is strictly positive and can’t cancel the

kinetic energy). This is what we turn to now.

Condensing the adjoints into a liquid

We now show how to use the interactions to cancel the large momentum contributions and

achieve a state with a much lower energy. Our strategy to do this is to kill significant subsets

11The minimum spreading required goes to the entire eigenvalue distribution as
√

k → logN .
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of the U(N) generators by considering states that are singlets under subgroups of U(N).

In analogy with the ‘gas’ of adjoints that we described described earlier, we think of this as

a ‘liquid’ solution, where the adjoints are clumped together as in Figure 1.7 but there is no

significant barrier against them ‘spilling out’ of the clump.12 This is an intermediate step

in our analysis –– as we will see, this reduces the energy but still gives a larger value than

the KT energy (1.22); this ‘liquid’ state never dominates the partition function and should

not be regarded as an intermediate phase.

The interaction term between a box–antibox pair with index i and one with index j

is the positive operator |Tij |2/ (λi − λj). Thus the way we minimise its contributions is to

construct a state that is annihilated by as many of the operators T , T̃ as possible. As a

start, we first consider YTs with all indices taken from the set {1, . . . , ν} — this ensures

that all the generators with both indices larger than ν kill the state. Further, as we explain

below, we can ensure this state is an U(ν) singlet — this results in all the generators with

both indices in {1, . . . , ν} also annihilating it. Thus, the state that we are after is a singlet

of the subgroup U(ν)× U(N − ν). We note that if we are interested in the approximately

isosceles YD that dominates the entropy, we need

ν ≥
√
2 k, (1.76)

since this is the size of the largest (anti–)column (see figure 1.5) and different boxes in a

column must have distinct indices (otherwise they can’t be anti–symmetrised).

Now we turn to constructing a U(ν) singlet. Such a singlet in the adjoint sector is simply

a trace over the subset of indices13,

|ν⟩ ≡ 1√
ν

ν∑
i=1

∣∣∣ i i
〉
. (1.77)

The state we are interested in is k copies of this U(ν) singlet (1.77), projected into the irrep

of interest.

That the state remains a U(ν) singlet after the projection is clear by the fact that the

generators act irreducibly within each irrep, and so the state can only be annihilated by

12Only a few adjoints can spill out without a high energy cost.
13This state isn’t exactly in the adjoint irrep –– for instance, it has a non–zero inner product with the

state 1N×N/
√
N , which is a U(N) singlet. However this inner product is

√
ν/N ≪ 1, and so we can safely

ignore this subtlety.
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any generator if each projection is; schematically, for any generator T we have

(
eιTadj

)⊗k |ψ⟩ =
⊕

r∈ adj⊗k

eιTr |ψ⟩ = 1 ⇒ TrPr |ψ⟩ = 0. (1.78)

Further, the projection is unnecessary, since we know from the discussion in §1.3.2 that

a single irrep dominates the tensor product of k adjoints. One can check using the same

techniques that the dimension of the zero–weight subspace of the dominant irrep is
(
N
k

)
·(√

k!
)2

= Nk, which is the dimension of k zero–weight adjoints. Thus, the the U(ν) ×
U(N − ν) singlet of interest is merely,

|ν, k⟩ ≡ |ν⟩⊗k =

(
1√
ν

ν∑
i=1

∣∣∣ i i
〉)⊗k

, (1.79)

and the liquid state is therefore given by,

|0l⟩ ≡ |ρ(λ)⟩ ⊗ |ν, k⟩ . (1.80)

Written in terms of YTs in the dominant irrep, this state is a uniform superposition

over all reflection–symmetric (i.e. self–conjugate) YTs with indices in {1, . . . , ν}.14

We can also check this last point explicitly by calculating the value of the second Casimir

and its standard deviation in the state. The second Casimir is

C2 =
∑
i<j

T 2
ij + T̃ 2

ij

2
+
∑
i

H2
i . (1.81)

The only generators that don’t annihilate the state are those with i < ν, j > ν; and each of

these can act on any of the 2k (anti–)boxes. Its expectation value in the state above is

⟨0l|C2 |0l⟩ =
2k
ν

∑
i≤ν, j>ν

1 ≈ 2kN +O(k ν). (1.82)

14A zero–weight state in any fixed irrep can also be written as a tensor T
i1...ik
iσ(1)...iσ(k)

where σ is a permutation

in Sk and the symmetry properties of the upper (lower) indices are dictated by the shape of the YD (anti–YD).
This tensor is the wavefunction on the space of YTs. The wavefunction of |ν, k⟩ is zero if any of the indices
i1 · · · ik is bigger than ν or if the permutation σ is not the identity element of Sk, and 1 (up to a normalisation)
otherwise.
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which can easily be checked to be the value of the Casimir in the dominant irrep of Figure

1.5, using standard formulae found in e.g. [85]. However, this is not enough; we must also

check the variance to make sure that it has a small spread in irreps. By a similar logic as

above, we find

⟨C2
2 ⟩l ≈ ⟨C2⟩2l (1.83)

and the variance is therefore subleading. All of this is concomitant with our result in §1.3

that one irrep dominates the product of many adjoints.

The expectation value of the non–singlet Hamiltonian in this state is

⟨Hns⟩l ≡ ⟨0l|Hns|0l⟩ =
1

νk

(
ν∑
i=1

〈
i i

∣∣∣)⊗k
1

4

∑
j<k

T 2
jk + T̃ 2

jk

(λj − λk)2

( ν∑
i′=1

∣∣∣ i′ i′
〉)⊗k

.

(1.84)

We need only consider the case when j < ν, k > ν, because the state is annihilated by all

the other generators. The action that contributes to this expectation value is the one where

both operators in each T 2 act on the same (anti–)box. This gives

⟨Hns⟩l =
k
ν

ν∑
j=1

N∑
k=ν+1

1

(λj − λk)2
=

k
ν

ˆ λν

0
dλ′
ˆ λN

λν+1

dλ
ρ(λ′) ρ(λ)

(λ− λ′)2
. (1.85)

Here, λi is the value of the ith eigenvalue, which is the solution of the equation

ˆ λi

0
ρ(λ) dλ = i. (1.86)

Let us plug in now the vacuum eigenvalue density ρ(λ) = λ/π. We find

⟨Hns⟩l =
k

2π2ν

[[
λλ′ +

(
λ2 + λ′2

)
log |λ− λ′|

]λν
0

]λc
λν+1

≈ k
2π2ν

{
−λν λν+1 + λ2ν log λc −

(
λ2ν + λ2ν+1

)
log(λν+1 − λν) + λ2ν+1 log λν+1

}
.

(1.87)

To simplify this further, we have to use the facts that λi =
√
2πi and λν+1 − λν ∼

√
π
ν in
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the vacuum eigenvalue density. Thus we find

⟨Hns⟩l =
k
2π

(
logN +

3

2
log k

)
+O(k). (1.88)

The UV divergence coming from λν+1 approaching λν , while of the same magnitude as the

subleading term in the KT energy, causes the subleading term to have the wrong sign. The

UV divergent term is the penultimate one −
(
λ2ν + λ2ν+1

)
log(λν+1 − λν); this is a positive

quantity because the argument of logarithm is small. This divergence is the last remnant

of the large kinetic energy discussed in the previous section, and it seems we cannot push

this contribution lower without drastically modifying the structure of the UV cutoff in the

emergent geometry.

In summary, in our efforts to use the interaction between the non–singlet excitations to

eliminate as many of the |Tij |2’s in the Hamiltonian as possible, we were forced to introduce

a sharp cutoff in the non–singlet distribution. This sharp cutoff functions as a domain wall

between a region dense with boxes and a region with no boxes, and the UV divergence can

then be thought of as a domain wall energy.

We have not been able to conclusively prove that there is no state in the unperturbed

eigenvalue distribution that matches the KT energy in the regime where k≫ logN . There

may still be room for careful interplay between the cross term and direct term in the

non–singlet Hamiltonian to cancel the large kinetic energies seemingly forced on us by

Pauli exclusion. However, the methods we have considered have not yielded a way past

this obstruction. In the next section we show how allowing the domain wall described

above to violently backreact on the background eigenvalue distribution, ripping a hole in

the emergent geometry, eliminates the UV divergences and lowers the energy to precisely

match the KT result.

Freezing the liquid by blowing up a hole in the world

We now show that there is always a bound state for 1≪ k≪ N2 — the same regime where

the entropy calculation is valid — whose energy matches the KT value (1.22). This state is

obtained by allowing the non–singlet excitations to backreact strongly on the eigenvalues,

creating a large gap in the eigenvalue distribution. Since the bulk spacetime on which

the string theory lives is formed by the eigenvalue Fermi sea (up to a non–local integral

transform), this configuration is like a hole in the world; we call it the hole–in–the–world
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state.15 Blowing up a hole in the world näıvely seems to be in contradiction with the string

theory, but we argue that this hole is exactly what is needed for a duality with sine–Liouville

string theory in §1.6.1.

The hole–in–the–world solution can be motivated by the following rearrangement of

(1.87)

Ens =
k

2π2ν

{
−λν λν+1 + λ2ν log λc − λ2ν log (λν+1 − λν)− λ2ν+1 log

(
1− λν

λν+1

)}
.

(1.89)

The last term here gave a large positive contribution to (1.88); to make it small and to have

the penultimate term yield the KT energy we only need

λν+1 − λν = λν · O(1) = k1/4 · O(1) =⇒ ⟨Hns⟩l 7−→
k
2π

log
N√

k
+O(k) . (1.90)

Here we’ve again taken ν = O
(√

k
)
and λν , λν+1 = O

(
k1/4

)
. The only problem is that this

is a radical change in the eigenvalue distribution, demanding that there are no eigenvalues for

an O(k1/4) region of eigenvalue space, as shown in figure 1.8. Denoting the new eigenvalue

distribution by ρn(λ), the hole–in–the–world state is given by,

|0⟩ ≡ |ρn(λ)⟩ ⊗ |ν, k⟩ . (1.91)

Of course, such a radical change to the state needs to be treated with care, checking

for other large contributions to the energy and carefully dealing with any new parameters

that may arise; this is what we turn to now. The remainder of this subsection is a technical

exercise in showing that all corrections to the energy in (1.90) are O (k). Readers interested

only in the main physics points may safely skip to §1.4.3.
15This might not be precisely a hole in the string theory, due to the non-local integral transformation

relating the eigenvalue and dilaton directions. However, as we discuss in §1.6.1, there are indications of
hole–like behaviour in the string side as well. We argue that the scattering and bound states of sine–Liouville
theory are excitations to the right and left of the hole respectively.
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Figure 1.8: A visual representation of the hole-in-the-world state, showing the new eigen-
value density (1.92). The coloured eigenvalue are host to non-singlet excitations and the
uncoloured ones are unoccupied. λν , λν+1, and λν+1 − λν are all O(k1/4). Here, we have
taken the double–scaling limit N →∞.

We now modify the eigenvalue density to

ρn(λ) =
1

π



λ+ n′(λ) 0 < λ < λ1

0 λ1 < λ < λ2

λ+ n(λ) λ > λ2

. (1.92)

The functions n, n′ are constrained by

ˆ λc

0
ρn(λ) dλ = N =⇒ λ22 − λ21

2
=

ˆ λ1

0
n′(λ) dλ+

ˆ λc

λ2

n(λ) dλ . (1.93)

We will minimise the energy over the parameters λ1, λ2 and the functions n, n′. We assume

that the maximum value of the eigenvalue λc =
√
2πN is not modified.

To calculate the energy of these contributions, we first review the calculation of the

energy in the singlet vacuum, using the phase space density as in (1.57). The eigenvalue

density is given by integrating over the momentum, and the energy by integrating the

Hamiltonian against this phase space density. Setting µF = 0, which we are now allowed

to do, the integral is over |p| ≤ λ.
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The energy difference between the new and the old eigenvalue distributions is

∆Eeig =
1

2π

ˆ λc

0
dλ · 2

ˆ πρn(λ)

πρ(λ)
dp

p2 − λ2

2
. (1.94)

The factor of 2 comes from the fact that we have to sum over both positive as well as

negative momenta. We find

∆Eeig =
1

2π

ˆ λ1

0
dλ n′2

(
n′

3
+ λ

)
+
λ42 − λ41
12π

+
1

2π

ˆ λc

λ2

dλ n2
(n
3
+ λ

)
. (1.95)

The term in the middle is the cost of scooping out the eigenvalues to create the hole — it

is a positive term because the original energy of these eigenvalues was negative.

The non–singlet energy with this new density of states is found by plugging in the new

density of states into (1.85). This gives

Ens ≡ ⟨0|Hns |0⟩ =
k
π2ν

ˆ λ1

0
dλ′
ˆ λc

λ2

dλ
(λ′ + n′) (λ+ n)

(λ− λ′)2
, ν =

ˆ λ1

0
ρn(λ) dλ . (1.96)

The n, n′–independent part was discussed in (1.90), modulo the fact that the scalings taken

there have not yet been justified. The n–dependent part of this is

Ens

∣∣
n
=

k
π2ν

ˆ λc

λ2

dλ n(λ)

[
log

(
1− λ1

λ

)
+

λ1
λ− λ1

]
+

k
π2ν

ˆ λ1

0
dλ′
ˆ λc

λ2

dλ
n(λ)n′(λ′)

(λ− λ′)2
,

(1.97)

and its n′–dependent part is

Ens

∣∣
n′ =

k
π2ν

ˆ λ1

0
dλ′ n′(λ′)

[
log

λc
λ2 − λ′

+
λ′

λ2 − λ′

]
+

k
π2ν

ˆ λ1

0
dλ′
ˆ λc

λ2

dλ
n(λ)n′(λ′)

(λ− λ′)2
.

(1.98)

Because of the large log λc ∼ logN term in (1.98), minimisation requires that we set

ˆ λ1

0
n′(λ′) dλ′ = 0 . (1.99)

In other words, all the eigenvalues we scooped out between λ1 and λ2 get sent to larger

eigenvalues — this makes sense since the repulsion wants to send them far away and there’s

a lot more space at larger eigenvalues. The ones to the left of the hole can move around
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but stay to the left of the hole. In particular, this means that

λ1 = λν =
√
2πν (1.100)

as was the case even in the old eigenvalue distribution.

To minimise the energy, we have to minimise the ‘action’

E = ∆Eeig + Ens −
α

2π

(ˆ λc

λ2

n(λ) dλ− λ22 − λ21
2

)
− α′

2π

ˆ λν

0
n′(λ′) dλ′ , (1.101)

where α, α′ are Lagrange multipliers. Setting δE/δn, δE/δn′ to 0 gives

n(λ) =
√
λ2 + α− β(λ)− λ ,

n′(λ′) =
√
λ′2 + α′ − β′(λ′)− λ′ , (1.102)

where

β(λ)

2π
=

k
π2ν

{
log

(
1− λ1

λ

)
+

λ1
λ− λ1

+

ˆ λ1

0
dλ′

n′(λ′)

(λ− λ′)2

}
,

β′(λ′)

2π
=

k
π2ν

{
− log

(
λ2 − λ′

)
+

λ′

λ2 − λ′
+

ˆ λc

λ2

dλ
n(λ)

(λ− λ′)2

}
. (1.103)

Now we have to plug in these solutions into the constraints to solve for the Lagrange

multipliers. The constraint for n is easier to deal with, because the integral has a large

IR region λ ≫ λ1,2. At large λ, the n′–dependent term in β is effectively proportional to´
dλ′ n′(λ′) = 0, up to corrections that scale with λ21/λ

2, and the 1/λ contributions from

the first two terms cancel each other, giving β(λ) ∼ k/ν · λ21/λ2. Thus, at large λ, we find

that n ∼ α/2λ. Plugging this back into the constraint to solve for α gives16

α =
λ22 − λ21
log λc

=⇒ n ≈ λ

{√
1− β(λ)

λ2
− 1

}
. (1.104)

Close to the hole, this quantity is negative and we have thus found that the non–singlet

16Here, we are assuming that logN ≫
√

k , consistent with our interest in the double–scaling limit. It can
be checked, by not dropping the α term in this equation, that this is not necessary for the main result of
this section to hold. We will use this fact in the discussion to follow.
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interaction pushes the eigenvalues away from the hole. Far away from the hole, it vanishes.

Since λ1/λ2 < 1, we expand in λ1/λ to find

β(λ)

2π
≈ k

2π2ν

λ21
λ2
, n ≈ − k

4π2ν

λ21
λ3

= − k
2πλ3

. (1.105)

Plugging this into (1.103) and expanding in λ′/λ2 gives

β′

2π
≈ − k

π2ν
log λ2 , n′ ≈

√
λ′2 + α′ +

k log λ2
π2ν

− λ′ . (1.106)

The constraint (1.99) can only be satisfied if

n′ = 0 . (1.107)

It is straightforward to plug (1.104) and (1.107) back into the energy (1.101) to find

E =
λ42 − λ41
12π

+ a
k2

ν2
λ41
λ42

+
k

2π2ν

[
−λ1 λ2 + λ21 log

λc
λ2 − λ1

− λ22 log
(
1− λ1

λ2

)]
. (1.108)

Here, a is an O(1) factor. To minimise with respect to λ2, we set the derivative with respect

to λ2 to 0, giving the equation (setting λ21 = 2πν and not keeping track of coefficients)17

0 = a1
k2

λ52
+ a2 λ

3
2 + a3

k√
ν
+ a4

k
λ2 − λ1

= O
(

k1/4
)

=⇒
√
ν , λ2 = O

(
k1/4

)
.

(1.109)

With this scaling the last three terms are all O(k3/4) and the first term is smaller. We can

now check with this scaling that the energy is

E =
k
2π

log
N√

k
+O(k) . (1.110)

Fluctuations in the energy

Since this is not an exact eigenstate, we should also check that it is an approximate eigenstate

of the Hamiltonian by calculating the standard deviation of the energy. Since the eigenvalue

sector is in a classical limit (which is why we could use the language of eigenvalue densities),

17We have dropped terms arising from the derivatives of the logarithms for brevity. Because we are only
interested in the scaling of λ2, it is easily checked that the addition of these terms don’t change the result.

52



it doesn’t contribute to the variance at leading order.

To calculate the variance due to the non–singlets, we first consider the action of the

non–singlet Hamiltonian on one copy of the U(ν) singlet, |ν⟩,

Hns |ν⟩ ≡
∣∣ν ′〉 = 1√

ν

∑
j≤ν,k>ν

∣∣∣ j j
〉
−
∣∣∣ k k

〉
(λj − λk)2

=
1√
ν


∑
j≤ν

∑
k>ν

1

(λj − λk)2︸ ︷︷ ︸
≡αj

∣∣∣ j j
〉
−
∑
k>ν

∑
j≤ν

1(
λj − λ2k

)
︸ ︷︷ ︸

≡βk

∣∣∣ k k
〉

.

(1.111)

Converting the αj and βk to integrals give,

αj =

ˆ λc

λν+1

dλ
ρn(λ)

(λ− λj)2
=

1

π

{
log

λc
λν+1 − λj

+
λj

λν+1 − λj

}
,

βk =

ˆ λν

0
dλ

ρn(λ)

(λ− λk)2
=

1

π

{
log

(
1− λν

λk

)
+

1

1− λν
λk

− 1

}
. (1.112)

Acting on the hole-in-the-world state |0⟩, the Hamiltonian gives

Hns |0⟩ = |ρn(λ)⟩ ⊗

(
k∑
r=1

|ν⟩⊗(r−1) ⊗
∣∣ν ′〉⊗ |ν⟩⊗(k−r)

)
. (1.113)

The expectation value of the Hamiltonian is

⟨Hns⟩ =
k
ν

∑
j

αj ≡ k ᾱ . (1.114)

Now we can calculate the two–point function of Hns

⟨0|H2
ns|0⟩ = ∥Hns |0⟩∥2 =

k
ν

∑
j

α2
j +

∑
k

β2k

+ 2

(
k
2

)
ᾱ2. (1.115)
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The first term proportional to k/ν is from the terms where both copies of Hns act on the

same adjoint, and the term proportional to
(
k
2

)
comes from the case when the two Hns’s act

on different adjoints. The variance is

⟨H2
ns⟩ − ⟨Hns⟩2 = k (α− ᾱ)2 + k

ν

N∑
k=ν+1

β2k . (1.116)

where the overline means the average over the first ν eigenvalues. The two terms can be

calculated, as always, by converting the sum into an integral

k (α− ᾱ)2 ∼ k
λ2ν
ν

= O(k) , (1.117)

k
ν

N∑
k=ν+1

β2k = O(k) , (1.118)

=⇒ ⟨H2
ns⟩ − ⟨Hns⟩2 = O(k) . (1.119)

Thus, the standard deviation is O
(√

k
)
, which is significantly smaller than both the

energy and the corrections to it that we have not kept track of. We can then safely conclude

that the hole–in–the–world state is an approximate eigenstate whose energy matches the

energy found by KT (1.22).

1.4.3 The fixed–charge partition function

We have isolated a particular bound–state within the dominant PU(N) irrep, so we have

picked one state out of a possible Nk.18 Further the considerations in §1.4.2 and §1.4.2

together provide some (inconclusive) evidence that this is more or less the lowest energy

state in the sector. However, our Hamiltonian derivation of the KT partition function is

not yet complete. This is because this state may not dominate the partition function, since

in general the interplay of energy and entropy can cause a higher energy state to dominate

the partition function.

The hole–in–the–world state has two free parameters that the analysis in §1.4.2 did not

fix, the position of the hole’s edges λ1, λ2 and the modification of the eigenvalue distribution

to its right n(λ). All we found was that the former is O
(
k1/4

)
and the latter has the

asymptotic form (1.104). Thus, the number of orthogonal hole–in–the–world states grows

18We have factored out the degeneracy discussed in §1.3. The number Nk can be derived by the argument
above (1.79).
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polynomially with k, giving an entropy ∼ log k (apart from the large entropy discussed in

§1.3). Thus, we have to check if there are any other states such that

S − 2πRE > −R k log
N√

k
+O(k) , 1 < R < 2 . (1.120)

The condition on R comes from the string theory [91, 93]. Since R is an O(1) number, all

we need to check is that the energy cost of excitations outweighs the entropy cost. There

are two sorts of states to check, excitations of the solid itself and states where we let all or

part of the solid evaporate into the large eigenvalue region.

There are roughly
√

k
k
states that are excitations of the solid. The count of states is the

dimension of k zero–weight U(ν) adjoints. Thus the entropic advantage here is ∼ k log k.

To calculate the energy cost, we use the result (1.107) that the eigenvalue distribution

doesn’t get modified within the solid. We start with the observation that compressing k

vortices into a region of size 1
4 log k in τ–space will lead to kinetic energies of order k3/2

log k .

We now evaluate the variance due to the interactions around this large kinetic energy by

noting that the exchange operators appearing in the numerators in the cross–term have

precisely one positive and one negative eigenvalue of unit magnitude. We therefore model a

generic contribution from the cross term as a random walk — each pair of boxes located at

eigenvalues i, j will randomly contribute either (λi − λj)−2 or −(λi − λj)−2 to the energy.

The number of steps in the random walk will be the number of pairs of boxes — k2/2. The

mean square of the step size is evaluated as

1

k

ˆ k1/4

0
λ dλ

ˆ k1/4

0
λ′ dλ′

1

(λ− λ′)4
≈ O(k1/4) . (1.121)

Here the 1/k factor comes from averaging over k pairs of eigenvalues inside the solid. The

random walk approximation therefore implies that the standard deviation in the cross–term

energy goes like

∆E× ∼ k · k1/8 ∼ O(k9/8) . (1.122)

Thus, we have determined that the typical energy in this class of states isO
(

k3/2

log k

)
±O(k9/8).

This dominates the entropic contribution to the free energy of O(k log k), showing the

ground state we have picked out indeed dominates the partition function.

We can perform a similar analysis if we allow the box labels to range over the entirety

of the eigenvalue range, from λ = 0 to λ =
√
2πN . There will be

(
N√

k

)k
such states, with

a typical energy of order k3/2

logN . The energy will again suppress the contribution from these
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states provided k logN ≪ k3/2

logN , i.e. when

k≫ logN. (1.123)

We saw a similar but stronger condition in §1.4.2 as the condition that there are no gas of

adjoints states with the KT value of the energy. Thus, we have found that the bound state

above genuinely dominates the partition function at k≫ logN .

Unfortunately, however, (1.123) is not satisfied in the double–scaling limit, where we

expect k ∼ z
4

2−R = O(N0). This is natural, since in the double–scaling limit the black hole

is not in a finite–volume box and so should evaporate, whereas when (1.123) is satisfied

there is a box with finite size relative to the black hole. However, as we argue in the following

section, the hole–in–the–world state is nevertheless metastable when k = O
(
N0
)
, with a

lifetime that grows polynomially in k.

Evaporation rate and the Page time of the black hole

Let us now calculate the lifetime of the state above in the double–scaling limit 1≪ k ∼ N0.

We will find that it grows polynomially in k, which, as we discuss in §1.5, we may consider

to be a renormalised mass .

The action of an infinitesimal amount of time–evolution on the state yields just a phase

with high probability, since it is an eigenstate, and with a small probability, a state where

one adjoint escapes, i.e.,

eιHnsϵ |ν, k⟩ = eιEnsϵ
√
1− r |ν, k⟩+ ιϵ

√
r |ν, k− 1⟩ ⊗ |free adjoint⟩ . (1.124)

There is also a slight rearranging of the adjoints within the solid, as given by the αj term in

(1.113); the branch where the adjoint escapes is the one proportional to the βks in the same

equation. We ignore the αj branch for simplicity of exposition, but the following discusion

is not modified by its inclusion.

The second branch in (1.124), where a single adjoint escapes, is illustrated in Figure

1.9. Because the hole–in–the–world state is an approximate eigenstate, the second branch

has a much smaller amplitude that we have denoted by
√
r. r, which we may call an escape
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rate, can be estimated straightforwardly to be19

r =
〈
H2

ns

〉
− ⟨Hns⟩2 ≈ k. (1.125)

The log of this escape rate can also be thought of as the imaginary part of the energy of the

state, and the lifetime of the state can be calculated using formulas for that of a resonance.

Figure 1.9: The evaporation process of the solid — an adjoint jumps out of the solid and
into the rest of the Fermi sea.

We adopt a more direct method here. Upon n steps of time–evolution, we find

(
eιHnsϵ

)n |ν, k⟩ = eιEnsnϵ (1− r)n/2 |ν, k⟩+ ιnϵ
√
r |ν, k− 1⟩ ⊗ |free adjoint⟩+O(ϵ2) . (1.126)

Thus, we see that the branch where a single adjoint has escaped has an O(1) amplitude

after time

tesc ∼ nϵ ∼
1√
r
∼ 1√

k
. (1.127)

The inverse of this quantity is the evaporation rate of the black hole. Notice that this calcu-

lation also agrees with the expectation that one may have from the energy-time uncertainty

relation, recalling that the energy width of this state is O(
√

k).

19Consider a Hamiltonian H =

(
a c
c∗ b

)
. After time-evolution by an infinitesimal time ϵ, the state |0⟩

evolves to eιHϵ |0⟩ = eιaϵ
(
1− ϵ2

2
|c|2

)
|0⟩ + ιϵc |1⟩. Comparing with (1.124), we see that r = |c|2. It is also

easy to verify that ⟨0|H2|0⟩ − ⟨0|H|0⟩2 = |c|2 in this two-state system.

57



Since there are k adjoints, the time for most of them to evaporate is

tPage ≈
ˆ k

1
dk′ tesc(k

′) ∼
√

k. (1.128)

We may consider this the Page time of this black hole.

The inclusion of a third branch in (1.124) corresponding to the αjs in (1.113) doesn’t

modify this discussion because it contributes to the variance at the same order, and so that

rearrangement of the adjoint distribution becomes important on the same time–scale.

1.5 From the fixed–charge to the grand canonical ensemble

The partition function that [91] calculate isn’t in the fixed–charge ensemble but in a grand

canonical ensemble,

Z(zb) =

ˆ
U(N)

dΩ eNzb[trΩ+trΩ†] Z(Ω) , (1.129)

where Z(Ω) is the partition function with twisted boundary conditions X(β) = Ω†X(0)Ω.

In this section, we verify that our results are consistent with theirs and attempt to shed

some light on the question of whether the PU(N) symmetry is gauged or not.20

Let us first assume that the PU(N) is a global symmetry and show that our results are

consistent with those of [91, 93]. Since the twisted partition function is a class function [28],

we can decompose it into fixed PU(N) irrep sectors as

Z(Ω) =
∑
r

χr (Ω)

dr
Zr. (1.130)

Here, the characters are normalised so that

χr(1) = dr,

ˆ
dΩ χr1(Ω)

∗ χr2(Ω) = δr1,r2 . (1.131)

20We thank Juan Maldacena for sharing some unpublished notes which directly inspired this section.
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The factors dr of the dimension of the irreps ensures that

Z(1) =
∑
r

Zr =
∑
r

trHr e
−βH = trH

(⊕
Hr

e−βH

)
= trH e

−βH , (1.132)

meaning that Z(1) is the trace over the entire Hilbert space and Zr is the trace over the

fixed–irrep Hilbert space Hr. Here, unlike in some earlier section, Hr is not the irrep Hilbert

space but the space of all states that transform in the irrep r — in a hydrogen atom where

the irreps are labelled by l, Hl is spanned by states with all n,m indices consistent with

l. This justification for the factor of dr is only sensible in the case that PU(N) is a global

symmetry. We now show that the fixed irrep partition function we have found results in

the partition function of [91] after the convolution (1.129) and a crucial renormalisation.

The first step is to expand the exponent

eNzb{trΩ+trΩ†} =
∞∑

k,k′=0

(Nzb)
k+k′

(k + k′)!

(
k + k′

k

)
(tr Ω)k

(
tr Ω†

)k′

. (1.133)

Using the fact that Z(Ω) is independent of the global phase mode of Ω (by definition), we

can integrate over it to find

ˆ
U(1)centre

eNzb{trΩ+trΩ†} =
∞∑

k=0

(Nzb)
2k

(k!)2
(
tr Ω′)k

(
tr Ω′†

)k
, (1.134)

where Ω′ is valued in PU(N). The integral over the phase mode is proportional to δk,k′ . So

we have, renaming Ω′ → Ω,

Z(zb) =
∑

k

(Nzb)
2k

k!2

ˆ
PU(N)

(tr Ω)k
(
tr Ω†

)k∑
r

χr(Ω)

dr
Zr . (1.135)

The next step is to do the Ω integral

1

dr1dr̄2

ˆ
U(N)

χf⊗k⊗f̄⊗k(Ω)χr1r̄2(Ω) . (1.136)

Notice that we are integrating over all of U(N) and not just PU(N) — because the integrand

is invariant and we aren’t keeping track of normalisations, this makes no difference. We

have also written the irrep r as the symmetrisation of an irrep r1 of the boxes and an irrep
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r̄2 of the anti-boxes. At leading order in large N , we can forget about the symmetrisation

and take the full irrep to be simply r1⊗ r̄2.21 Now, Schur–Weyl duality states that k copies

of the fundamental decomposes into irreps with k boxes in the YD with multiplicity d
(Sk)
r

equal to the dimension of the corresponding irrep of Sk. For the characters, this implies22

f⊗k =
⊕
r | k

rU(N) ⊗ rSk ⇒ χf⊗k =
∑

dSk
r χr . (1.137)

The symbol r | k denotes the restriction to representations with exactly k boxes. Thus, for

r1, r2 with k boxes each, we find

1

dr1dr̄2

ˆ
U(N)

χf⊗k⊗f̄⊗k(Ω)χr1r̄2(Ω) ≈
dSk
r1 d

Sk
r2

dr1dr2
≈
(
N

k

)−2

≈ (k!)2

N2k . (1.138)

Here, we’ve used (1.131) and (1.137) in the first equality and (1.30) in the second equality.

The first equality is only approximately true because we’re ignoring the possibility that

some pairs of fundamentals and anti–fundamentals could fuse to a singlet state.

The final partition function, plugging (1.138) into (1.135) and using the KT free energy,

is

Z(z) =
∑

k

z2k
b

∑
r1,r2 | k

Zr1r̄2 =
∑

k

z2k
b

(
N√

k

)(2−R)k

=
∑

k

(
zbN

2−R
2

)2k (√
k
)−(2−R)k

.

(1.139)

The quantity within the brackets is exactly the renormalised fugacity (1.17).23 Evaluating

the sum by saddle–point, we find exactly the answer (1.18) from [91] with z being the

renormalised fugacity.

Let us observe that we can define a renormalised fixed–charge partition function24

Zren,k =
(√

k
)(2+R)k

, Sren = 2k log
√

k , Eren = − k
2π

log
√

k , (1.140)

21At finite N , r1 ⊗ r̄2 contains irreps with fewer than k boxes as well.
22The fact that each irrep appears with such a multiplicity can be rephrased as the statement that we are

summing over irreps with a ‘Poissonised–Plancherel’ measure [24].
23We thank Juan Maldacena for pointing this out.
24This quantity was originally defined by Juan Maldacena in unpublished notes.
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which is dual to the renormalised fugacity z rather than the bare fugacity zb,

Z(z) =
∑

k

z2k

k!2
Zren,k . (1.141)

Comparing this with (1.135), it seems that Zren,k is a renormalised version of the fixed k

partition function
´
PU(N) (tr Ω)

k (tr Ω†)k
Z(Ω). We will return to this point in §1.5.1 and

§1.6.4.

1.5.1 Gauging as renormalisation

We finally address the difference between our approach and that of [115], which is the ques-

tion of whether the PU(N) symmetry should be gauged or not. We find that, even if we start

with the ungauged theory, a gauged description might still emerge after renormalisation in

the double–scaling limit.

To begin, we note that we can rewrite the twisted partition function Z(Ω) as the path

integral of a gauged theory,25

Z(Ω) =

ˆ
Peι

¸
A=Ω

[DX] [DA]′

vol (gauge)
e−S[X,A], (1.142)

The integral over A excludes the zero–mode, which is fixed. This is the same as the ungauged

twisted partition function, since for every A degree of freedom, i.e., the non–zero modes of

A, that we include in [DA], we introduce a corresponding constraint. The zero–mode of the

gauge field is just the twist.

Where the gauged and ungauged partition function differ is in the definition of the

fixed–irrep partition function. In the ungauged theory, it can naturally be defined as the

trace over a Hilbert space as in (1.132). In the gauged theory, however, the most sensible

definition is

Z(g)
r =

ˆ
[DX] [DA]
vol (gauge)

trr

(
Peι

¸
A
)
e−S[X,A]. (1.143)

We have reintroduced the integral over the zero–mode of A here. This was how the adjoint

partition function was defined in [115]. Comparing this with (1.130), we find that

Z(g)
r =

Zr
dr

dominant YD−−−−−−−−→ e
−R k log N√

k . (1.144)

25We thank Shiraz Minwalla for emphasising this fact to us.
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The partition function of [91, 93] is then

Z(zb) =
∞∑

k=0

(Nzb)
2k

k!2

ˆ
dΩ χf⊗k⊗f̄⊗k(Ω)

∑
r1,r2

χr1r̄2(Ω) e
−R k log N√

k . (1.145)

The Ω integral gives, as in (1.138),

∑
r1,r2

ˆ
dΩ χf⊗k⊗f̄⊗k(Ω)χr1r̄2 (Ω) ≈

∑
r1

d(Sk)
r1

∑
r2

d(Sk)
r2 ≈ k! . (1.146)

The sums are done as in §1.3.2, and we know from there that they are dominated by

one irrep. Thus, we see that the fixed k partition function has extra entropy of 2k log
√

k

compared to the fixed–irrep partition function, and that this entropy is entirely from the

multiplicity of the dominant irrep in the product of k adjoints.

Absorbing the powers of N to renormalise z, we see that the fixed–k partition function

in the gauged interpretation is

Z
(g)
k =

(√
k
)(2+R)k

= Zren,k, (1.147)

i.e. we get exactly the renormalised partition function defined in (1.140).

So we see that we can reproduce the result of [91, 93] from both the gauged as well

as the ungauged interpretations. Since the gauged entropy agrees with the renormalised

entropy defined in (1.140), we speculate that the passage from the ungauged theory to the

gauged one corresponds to a renormalisation in the double–scaling limit. We give pictorial

evidence for this speculation in §1.6.3. We leave further analysis of this difference to future

work.

1.5.2 Entropy of the black hole

Now, for the sake of clarity, we collect our results on the entropy. There are three important

partition functions: the fixed–irrep partition function, the fixed–charge partition function,

and the grand canonical partition function.

There are two versions of the fixed–irrep partition function: the gauged and the un-

gauged. The ungauged model has an entropy given by the log of the dimension of the

irrep dimension, as we found in §1.3; for the dominant irrep at a given k this entropy is

2 k logN/
√

k+O (k). The gauged fixed–irrep partition function (1.143), which is really the
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expectation value of a Wilson line wrapping the thermal circle, is the number of excitations

of the hole–in–the–world state that change the energy only at O (k). As discussed above

(1.120), this entropy is O (log k).26

For the fixed–charge partition function, there is a new contribution to the entropy from

the dominant irrep appearing with a certain multiplicity in the product of k adjoints. This

contribution is k log k, as we discuss around (1.146). The grand canonical ensemble is at

leading order equivalent to the fixed–k ensemble and so there is nothing new in this case.

As we have argued in sections 1.5.1 and 1.6.3, the ungauged entropy is dominated by IR

degrees of freedom that decouple from the bulk theory and thus shouldn’t count towards

the entropy of the black hole. The actual entropy of the black hole should be the log of the

number of states in the gauged theory in the sector with k adjoints,

SBH = k log k +O(k) . (1.148)

We prefer this answer over the number of states in the dominant irrep because to actually

see this state we would need to collapse k adjoints; we would see eS distinct bound states,

corresponding to the different permutations of the k adjoints that we collapsed.

1.6 Discussion

In this work, we have found a Hamiltonian derivation of the free energy of the 2d black

hole. The microstates of the black hole are dual to the subspace of k adjoints of the PU(N)

symmetry. The entropy can be calculated either directly in terms of k indistinguishable

adjoints or by counting the dimension of the irrep that dominates this tensor product.

The energy was calculated by a direct analysis of the Schrödinger equation, and finding

a non–trivial bound state that dominates the fixed–charge partition function. Since [92]

had two interpretations that resulted in different free energies, the final outcome is not

only that we have reproduced the free energy but that we have picked out one of these two

prescriptions.

Our main result, however, is the existence of a novel, long–lived bound state — the

hole–in–the–world state — that has properties very reminiscent of a black hole. We will

discuss further the ways in which the properties of this state match the two–dimensional

bulk description in §1.6.1, but we may also wonder about higher–dimensional black holes.

The purely two–dimensional black hole has the unsatisfactory property that, because k−2 is

26This is in agreement with unpublished results of Juan Maldacena.
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small, strings on this background are strongly coupled, because of which its black hole–like

nature is unclear. However, as discussed recently in [36] among others, the SL(2,R)k/U(1)

CFT when considered as a two–dimensional sector of a higher– dimensional string theory

can have k > 3 where it is weakly coupled. Further, the WZW model is believed to be

exactly dual to a sine–Liouville CFT at arbitrary k and so sine–Liouville theory is relevant

for the description of higher–dimensional black holes. While we have not verified that the

MQM description is relevant in this higher–dimensional setting, our result indicates that the

Lorentzian description of the microstates in the sine–Liouville CFT might be a condensate

of stretched strings similar to our hole–in–the–world state. In other words, we speculate

that this hole–in–the–world state points the way to a more general Lorentzian description

of the winding condensate that is believed to carry all the entropy of a black hole, see e.g.

[29].

Another important avenue to explore in the future is to obtain the stringy counterparts

of the black hole microstates we found in this paper on the bulk side, specifically on the

cigar, using the off–shell formulation of string theory presented in [4, 5].

In the rest of this section, we speculate on what our results might imply for the

string–theoretic interpretation of this system. First, in §1.6.1 we discuss aspects of our

central result — the hole-in-the-world state. We heuristically sketch out ways in which it

behaves like a black hole and the sine–Liouville string theory. We go on in §1.6.2 with a

short summary of the thermal phase structure of string theory, and what our results seem

to imply for the phase structure of the c = 1 theory. In §1.6.3, we present a natural ex-

tension of the string theory construction of [115] that seems consistent with our results; it

also provides some motivation for thinking of the passage from the ungauged MQM to the

gauged one as renormalisation in the double–scaling limit. Finally, in §1.6.4, we point out

that our count of states is related to a random walk model called the Motzkin walk model;

we speculate on the interpretation of this in string–theoretic terms.

1.6.1 Bulk properties of the ‘hole–in–the–world’ state

Since the spatial direction of the string theory target space is identified with the Fermi

surface, one might worry that a hole in the eigenvalue distribution shouldn’t be allowed

because it would cause a radical change on the string theory side. In this section, we argue

heuristically that the formation of the hole is dual to the passage from sine–Gordon theory

to sine–Liouville theory in the bulk.

In the usual duality between the singlet sector of the MQM and c = 1 string theory,

a probe closed string is dual to a particle–hole pair in the Fermi sea. In the bulk, such a
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string scatters off the tachyon wall — the µe−2ϕ term in the worldsheet action — and in

the MQM the particle–hole pair scatters off the edge of the Fermi sea at λ =
√
2µF . Thus,

the reflection amplitudes in both the bulk and the boundary are non–analytic in µ.

In the hole–in–the–world state, a particle–hole pair now scatters off the new edge of the

Fermi sea at k1/4 ∼ z
1

2−R — note that the z scaling is that found in (1.23). In sine–Gordon

theory, the worldsheet action contains a term
(
z

2
2−R e−2ϕ

)#
, much as it contains a term

µe−2ϕ. We see that the coefficient of e−2ϕ is exactly the square of the position of the edge

of the Fermi sea in both cases. Thus, it is plausible that scattering of closed strings at large

z and the scattering of particle–hole pairs in the hole state are non–analytic in the same

parameter z
2

2−R and are further exactly dual. For example, the leading non–analyticity of

the susceptibility at large z calculated in [93] is precisely log z
2

2−R . Such similarities between

µ and z
2

2−R can also be seen in the reflection coefficients, see e.g. [130, 132]. We leave a

detailed check of such a duality to future work.

More evidence of the duality with sine–Liouville can be seen in the excitations of the

solid itself. Since it is a compact region in the double–scaling limit, we expect that the

spectrum of these excitations is quantised. Further, we should not be able to excite the

eigenvalues without ‘carrying around’ the adjoints, since the adjoint index is associated with

the corresponding eigenvalue.

Sine–Liouville theory also has a spectrum of bound states in which momentum and

winding modes are excited together,

jN =
k|w| − |n|

2
−N ∈

(
1

2
,
k− 1

2

)
, N ∈ N,

hjnw = −j(j − 1)

k− 2
+

(n− kw)2

4k
h̄jnw = −j(j − 1)

k− 2
+

(n+ kw)2

4k
. (1.149)

Here, n counts momentum modes and w winding modes. The constraint on jN ensures that

momentum modes can’t be excited without winding modes. We can associate a momentum

mode with the eigenvalue and the winding mode with an adjoint. Thus, the constraint is

entirely analogous to what we expect from the solid.

Checking this duality by making the preceding statements precise is a promising avenue

of future work.

The Hole–in–the–World and black holes

The hole–in–the–world state bears several qualitative resemblances to black holes. The

state radiates into free particles –– because the interaction between adjoints falls off like
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1/(∆λ)2, an adjoint far away from the solid will behave to first order as a free particle.

As discussed in §1.4.3, the state radiates like a black hole at a slow rate, with a life-

time polynomially large in k. When considering the bound state in τ–space, which is

perhaps more natural from the perspective of the free adjoints, the size of the hole is al-

ways O (λν+1/λν) = O(1), while the size of the bound solid itself is O(log k). We can see

from the discussion in §1.4.2 that a configuration of free adjoints will only be energetically

favored when they are spread over a region ∆λ of size log∆λ ∼ ∆τ ∼ O(k1/2), which we

can interpret as a Schwarzschild radius. We note that both the evaporation time and this

effective radius are polynomial in the mass of the black hole. This distribution of scales in

τ–space is shown in Fig. 1.10:

Figure 1.10: A depiction of the eigenvalue distribution shown in Fig. 1.8, this time with
respect to τ ∼ log λ. We note that in τ -space, the hole-in-the-world’s size does not scale
with k. The disconnected solid of non-singlets is of size O(k), and its Schwarzschild radius
is of size O(k).

This radiation can furthermore be mined as the black hole radiates entirely. It would be

interesting to compare the resulting entanglement curve between the solid and the collected

radiation with the semiclassical Liouville calculation [26].

The bound state of eigenvalues further bears resemblance to bound D0-brane models

of black holes in BFSS, whose evaporation processes were considered in [22]. However,

in such models the bound states radiate due to a supersymmetry–induced cancellation of

strong attractive forces due to open strings stretching between the branes. Despite being

non–supersymmetric, this model reproduces similar behavior.
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1.6.2 Thermal phase transitions in string theory

In this subsection, we begin with a review of some of the classic results about the canonical

ensemble in string theory [140, 99, 13] and try to put the story reviewed in §1.2 into the

context of this literature. Finally, we attempt to physically interpret the fact that our

calculation picked out the second prescription of [92].

One of the first conclusions one can reach from the spectrum of closed string states is

that there’s a Hagedorn divergence in the one–loop partition function. This is because the

log of the density of states has the same asymptotic behaviour as the energy spectrum at

large dimension — both grow as
√
∆ where ∆ is the conformal dimension of the oscillators

(that of the full vertex operator must be 2). As a result, the partition function looks like

Z(β) ∼
ˆ

dE eβHEe−βE , (1.150)

where the first piece is the density of states and βH = 4π
√
α′ is the reciprocal of the

Hagedorn temperature TH ; at T > TH the exponent grows at large energies and the integral

diverges. Näıvely then, it appears as if string theory has a limiting temperature.

Further progress was made by [140, 99], who made a remarkable observation about this

temperature. The observation was that TH is exactly the temperature at which two things

happen:

1. The lowest winding mode of the string becomes massless. In the expansion of the

worldsheet field T (τ, σ) where T is the target space Euclidean time and τ, σ are world-

sheet coordinates,

T = T0 +
n

R
τ +mRσ + oscillators, (1.151)

the mode with no oscillators excited and n = 0,m = 1 is the lowest winding mode,

since it is the lowest mass–squared mode where a spatial circle of the string winds

around the cylinder. The corresponding vertex operator is eιR(TL−TR). Its mass de-

pends on R; at lower temperatures, it has m2 > 0 and at higher temperatures it has

m2 < 0.

This means that this mode becomes a winding tachyon at T > TH and so one should

think of the Hagedorn temperature as the location of a phase transition where this

tachyon condenses.

Of course, there is the question of whether the winding tachyon potential has a stable

minimum.
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Figure 1.11: A vortex is a hole that winds around the thermal circle.

2. The worldsheet undergoes a Berezinskii–Kousterlitz–Thouless (BKT) transition, see

e.g. [10] for an introduction, in which vortices get deconfined and proliferate.

From the stringy point–of–view, a vortex is just a hole that winds around the thermal

circle, see figure 1.11. Interestingly enough, since a vortex needs to have a core where

the derivatives diverge, this proliferation also introduces a worldsheet UV cutoff —

meaning that conformal invariance is broken on the worldsheet. Since conformal in-

variance was the main reason that the S2 partition function of string theory vanished,

this phase transition also causes the genus 0 partition function27 to become non–zero.

The fact that these happen at the same temperature is not terribly surprising, since the

insertion of a winding mode operator can equivalently be thought of as that of a vortex.28

The condensation of the winding tachyon, then, is just the proliferation of vortices.

Despite their equivalence, the BKT point of view has an important advantage: the

question of whether the winding tachyon potential has a stable minimum becomes the

question of whether the worldsheet theory above the BKT transition flows to a non–trivial

CFT when you add a fugacity for the winding mode operator, see figure 1 and subsequent

discussion in [140] for an exceptionally clear exposition. In R25 × S1, the answer is no;

there is a Jeans instability where, because of the infinite volume of space, the matter starts

“clumping” together.

In the c = 1 case, however, the answer is yes — the sine–Liouville theory is a non-trivial

CFT at a non–zero value of the fugacity z for R < 2. An important point here is that

the sine–Liouville theory cannot be studied perturbatively in z, see the discussion around

(1.12), which can be thought of as the fact that adding this term triggers a non–trivial RG

27As a pedantic point, we note that introducing holes causes the Euler characteristic to change but not
the genus.

28To see this, consider a small disc around a winding mode operator. Using the state-operator correspon-
dence and the fact that the state looks like (1.151) with n = 0,m = 1, the boundary of this disc winds
around the thermal circle. This is the same property that characterises a vortex.
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(a) The Landau-Ginzburg potentials m2ϕ2 +
uϕ4 for u > 0. There is only one minimum
for positive m2 (T < TH) and two minima at
negative m2 (T > TH) with a smooth transi-
tion.

(b) The potential m2ϕ2−uϕ4+vϕ6 for u, v >
0. The non-trivial minimum becomes the
true vacuum at positive m2 (T < TH). The
bottom-most line is the m2 = 0 (T = TH)
graph; we can see that there is nothing spe-
cial about the erstwhile Hagedorn tempera-
ture in this model. [13] argue that this is the
model that more closely describes string the-
ory in flat space, except that the transition
is to an unstable phase — we have chosen to
make the new phase stable in this cartoon for
simplicity.

Figure 1.12: A cartoon of how a first-order transition happens at a lower than expected
temperature. In both cases, increasing the temperature takes m2 from positive to negative.

flow to a new fixed point. This new fixed point, in turn, can be thought of as being dual to

our hole–in–the–world state. The fact that the arguments of [140, 99] predict the location

of the transition at R = 2
√
α′ in the c = 1 model was noted in [64].

An important point added by [13] was about the order of the transition. Since the

mass–squared of the winding mode goes smoothly to 0 and then negative values as tem-

perature is increased, the above discussion might lead one to conclude that the Hagedorn

transition is second or higher order.29 However, it turns out that the coupling between the

winding mode and the dilaton modifies the effective Landau-Ginzburg potential and the

transition is first order and, more importantly, it occurs at a lower temperature Tc < TH .

A simple cartoon for this can be seen in figure 1.12.

How do the two interpretations mentioned in §1.2 tie in to this discussion? Firstly, both

interpretations agree on the fact that there is an actual transition of c = 1 string theory

at the Hagedorn value R = 2.30 This is similar to figure 1.12a. The first interpretation,

however, posits a second Hagedorn transition at the black hole temperature R = 3/2 and

that is why the sphere free energy vanishes [91]. The free energy in the second interpretation

29It should be noted that BKT transitions are generically of infinite order.
30See [91] for a discussion of this transition in the context of the first interpretation.
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is completely analytic at the black hole temperature and so under this interpretation there

is only one phase transition for R ≥ 3/2.

Thus, our results imply that two–dimensional string theory has only one Hagedorn–type

phase transition, at the näıve Hagedorn temperature. Various arguments suggest another

phase transition at R = 1, and our results have no bearing on this question.

1.6.3 A stringy picture for the entropy

In this section, we attempt to understand the relation between the MQM and the stretched

strings of [115]. We will also find a natural picture for the renormalisation from the ungauged

MQM to the gauged one we noted in §1.5.1. This section is entirely speculative and we

hope to return to some of these ideas in more detail in future work.

We begin by going to the deep UV of the worldsheet, which is a Feynman diagram for

the MQM, as emphasised in §1.2. A Feynman diagram that corresponds to the genus 0

partition function in the adjoint sector is one with the topology of S2 and with two faces

that wind around the thermal circle in opposite ways. These two faces are the vortex and

the anti–vortex respectively, see figure 1.14a. For simplicity, we consider the case where the

vortices are the only non–trivial faces. The vortex and the anti–vortex have an index each,

which we call i, j respectively.

This is a cylinder diagram corresponding to the propagation of the matrix element Xij

around the circle. Using the eigenvalue decomposition, this matrix element can be written as(
U †)

ik
λk Ukj . The i, j indices are the right-action indices that carry the PU(N) symmetry

and the k index is the left–action index whose wavefunction is given by the eigenvalue

equation. In the double–scaling limit, k is kept at O(1) inside the solid, while i, j are

unconstrained and therefore typically of O(N).

Now, to give this Feynman diagram a Hamiltonian interpretation, we cut it at t = 0.

Remembering that the eigenvalue corresponds to the spatial direction in the string theory,

we can associate the cut loop at t = 0 to a string that goes from λi to λk and comes back to

λj , see figure 1.13c. In the double–scaling limit, this is an open string that comes in from

∞ to λk and goes back out — similar to the stretched string of [115].

In [115], the stretched string is anchored to an FZZT brane at ∞. However, in our

picture, the open string has two endpoints at different eigenvalues λi, λj , which one might

naively associate to two different branes. One way to make our picture consistent with that

of [115] would be to remember that i, j are summed over all O(N) values, which could be

consistent with the fact that an FZZT brane ranges over all values of the dilaton from some

ϕmin to∞. We caution the reader that this is a departure from the precise solution in [115],
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(a) The simplest Feynman diagram with
one vortex (blue) and one anti–vortex
(red). The point (t = 0) on the ther-
mal circle where we cut the diagram has
been indicated by a dashed line. The
corresponding propagator Xij has been
shown in black.

(b) A slightly more complicated Feyn-
man diagram with one vortex and one
anti–vortex. It has topologically trivial
faces that don’t wrap the thermal circle.
The face in the middle carries the index
k and the propagators adjoining it cor-
respond to the matrix elements Xik and
Xkj respectively.

(c) Our speculation for the stretched string interpretation of the pre-
vious Feynman diagrams at t = 0.

Figure 1.13: Feynman diagrams with one vortex and one anti-vortex.

were the two ends of the stretched string were at the same dilaton value (which is the same

eigenvalue, up to an integral transformation). Since the entropy count was a sum over the

different values that i, j could take, this suggests that the stringy picture for the entropy is

related to the length of the FZZT brane. The fact that the latter diverges is nothing but

the fact that the entropy depends on N and also diverges in the double–scaling limit.

Before moving on to the k = 2 case with two vortices, let us address how to think about

this when there are nF topologically trivial faces between the vortex and the anti–vortex,

as in figure 1.13b. Here, the matrix we have to diagonalise is (X1)ii1(X2)i2i3 ...(XnF+1)inF
i.

The rest of the discussion carries through at the low level of precision we have maintained

in this section.

Let us now look at the case of two vortices, which we can draw as in figure 1.14a. At

t = 0 we see two stretched strings; and two corresponding stretched strings at t = πR.

The entire discussion carries through for each string, with the small caveat that we can

exchange the two strings by shuffling the indices on the vortices. Therefore the number

of states passing through t = 0 is a factor of 2 less than what one might expect from two

stretched strings.

More generally, at arbitrary k, each stretched string should be thought of as an adjoint,

and the different stretched strings as indistinguishable. The number of states is therefore
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(a) A simple Feynman diagram with two vor-
tices and two anti–vortices. It has two faces
with no winding (one not visible), two with
winding 1 and two with winding −1.

(b) A stretched string interpretation of the
Feynman diagram to the left, at t = 0. There
is a similar situation on the other side of the
thermofield double, but the strings stretch
between different pairs of eigenvalues there
as can be read off from the dotted lines in
figure 1.14a.

Figure 1.14: Feynman diagrams with two vortices and two anti-vortices.

counted by the number of states in k indistinguishable copies of the adjoint — which was

exactly the counting we did in §1.3.1. Thus, the sine–Liouville model seems to directly

realise one of the two countings we have presented. We hope to return to these ideas and

make them precise in future work.

Further, the renormalised partition function (1.140), which we saw in §1.5.1 to be natural

for the gauged theory, has a natural interpretation here. This is because the entropy we

calculated in §1.3 corresponds to the number of places the open string can end, and the

indices at the edge of the open strings are infinitely far away in the double–scaling limit.

These indices thus shouldn’t matter very much for dynamics at finite distance, and so the

renormalisation associated to the double-scaling limit could be regarded as decoupling the

PU(N) global symmetry from the bulk dynamics by sending the objects charged under the

symmetry (the ends of the open strings) infinitely far away.

Finally, the major caveat about the pictures in this section is that, in this interpretation,

the stretched string seems to ‘jump’ across the hole in the world. This suggests that there

might be a more useful picture in the black hole phase. This is what we turn to now.

1.6.4 Motzkin walks

We end our discussion by describing another equivalent way of performing the entropy

calculation in 1.3.2 using a class of discrete random walks called Motzkin walks. As we

will explain, this allows us to draw a speculative but tantalizing connection between the

solutions of the cigar string theory and these random walks.
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First, some definitions. Let {e1, e2} be the standard basis of R2. A Motzkin walk (or

path) of length n is a continuous lattice path from (0, 0) to (n, 0) that never dips below the

x–axis created out of the following unit steps:

{e1} ∪ {e1 + e2, e1 − e2} . (1.152)

For obvious reasons, the above are often referred to as ‘flat’ steps, ‘up’ steps and ‘down’ steps

respectively. An example of a valid and an invalid Motzkin walks are illustrated in figure

1.15. The number of Motzkin walks of length n are counted by the nth Motzkin number, Tn.
These numbers appear while enumerating a host of other combinatorial objects — amongst

other things, Tn counts the number of non–intersecting chords that can be drawn between

n points on a circle, the number of grammatically allowed ways of placing left and right

parentheses, and spaces in a sentence and the number of configurations of a spin–1 chain

satisfying
∑m

i=1 S
z
i ≥ 0 for m < n and

∑n
i=1 S

z = 0. Given their prevalence then, it is

no surprise that these numbers have been quite extensively studied in the combinatorics

literature. For a more complete list of the different manifestations of Motzkin numbers and

a thorough discussion of their properties and relations, see [42].

Figure 1.15: A valid example (red) and an invalid example (gray) of an uncoloured Motzkin
walk.

In what follows, we will be interested in a higher dimensional generalization of the

Motzkin walk — for historical reasons, these extra dimensions are often referred to as

colours, and these generalized walks are called coloured Motzkin walks [47].31. Once again,

31Rather unhelpfully, there are two separate notions of a Motzkin walk with colour degrees of freedom
that appear in the literature. Unfortunately, despite sharing the same name, these two generalizations of
the Motzkin walk have very different properties and it is therefore important that a distinction is made for
our discussion. We will not describe the other generalization of the walk or the differences between the two
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let {e1, . . . es, es+1} be the standard basis of Rs+1. An s–coloured Motzkin walk is a lattice

path from (0, . . . , 0) to (n, 0, . . . , 0) that always remains in the positive ‘quadrant’ of Rs+1,

created out of the following unit steps,

{e1} ∪ {e1 + e2, e1 − e2} ∪

(
s⋃
i=2

{e1 − ei + ei+1, e1 + ei − ei+1}

)
. (1.153)

An example of a valid and an invalid 2–coloured Motzkin walks with ten steps are illustrated

in figure 1.16. We will denote the number of Motzkin walks of length n with at most s

colours by T sn . The constraint that the walker stay in the positive quadrant bounds the

maximum number of colours s by half the number of steps n/2.

Figure 1.16: A valid (red) and an invalid (gray) example of a 2-coloured Motzkin walk.

The relevance of these walks to our story begins with the highly non–trivial observation

that the number of sYTs with n boxes and at most 2s + 1 rows is also given by T sn .32

Indeed, the authors of [47] take this a step further and construct a bijection between the

two sets, assigning each Motzkin walk to a specific sYT. The complete bijection is rather

involved and will not be necessary for our present discussion. However, the mere existence

of such a map implies that we can reproduce everything we that have derived about the

string theory from the counting of the sYTs using these walks. In particular, the following

picture emerges:

1. Every state in the Hilbert space is assigned to two independent Motzkin walks — one

corresponding to the sYT for the boxes, and the other for the anti–boxes. Because the

symmetry group is PU(N), these two Motzkin walks have the same number of steps.

here, but only provide references for the interested reader. The generalization of the Motzkin walk that we
use is defined in [47]. The other generalisation of the coloured Motzkin walk appears in [126, 7].

32A slightly smaller set of walks can be associated to sYTs with 2s rows. As elsewhere in this paper, we
ignore all even-odd effects.
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In the gauged model, we may think of these two Motzkin walks as corresponding to

the state in the irrep of the Sk that permutes the adjoints.

2. Given a state with k steps, each of the two Motzkin walkers can explore any number

of the available dimensions. However, in strict analogy with what happens with the

sYTs, the dominant contribution to the entropy arises from the walks that explore

O(
√

k) dimensions.

3. If we now calculate the entropy of all the doubled Motzkin walks traversing k steps,

we see that this is exactly equal to the renormalized entropy (1.140), i.e.

Sren, k = 2 k log
√

k . (1.154)

In other words, the Motzkin walks appear to directly compute quantities associated

with the fixed–charge partition function in the gauged model, Zren, k.

Bolstered by this last observation, it is extremely tempting to ‘forget’ about the sYTs

entirely and attempt to draw a deeper and more direct connection between these Motzkin

walks and the string theory on the cigar background. This idea is not new — beginning

with the work of Horowitz and Polchinski [83], a common motif in various investigations

of string theory near the Hagedorn transition have involved drawing parallels with various

random walk models (see [101, 122, 123] and references therein). The Horowitz–Polchinski

solution (see [37] for a recent review) describes a self–gravitating gas of strings that then

condense into a single stretched string near the Hagedorn transition. The Euclidean picture

of this computation involves a condensate that winds around the thermal circle that grows

massless at the Hagedorn temperature — in a first quantized description, the path integral

for this field is just a sum over random walks.

A similar cartoon emerges while studying the Euclidean cigar. Near the Hagedorn

transition there is a winding condensate that is concentrated at the tip of the geometry.

More precisely, the profile of this winding mode is described by the Nambu–Goto action of

a string stretching from the tip of the cigar up to a particular radial distance. As the work

of [29] emphasize, it is this condensate that carries the entropy of this system. We suspect

that the Motzkin walks can provide a direct Hamiltonian realization of this entropy.

If this picture is true, it has two neat consequences. First, [60] draws a connection be-

tween the cigar random walks and ‘string bits’. These are fundamental point–like objects

first introduced in [157] in order to make the causality and stability of string theory man-

ifest — strings are then regarded as composite ‘multi–bit’ objects with a particular linear
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arrangement [158]. This would allows us to interpret each step of the Motzkin walk as an

individual bit. Secondly, the picture that we have drawn describes a repackaging of the

dynamics of a gas of strings (akin to dealing with multiple adjoints) into Motzkin walks

(which, like the sYTs are simply irreps with the correct number of boxes). In other words,

Schur–Weyl duality reorganises the physics of the system in a manner very reminiscent of

ER=EPR duality!

Of course, there is much work to be done before we can make this picture precise. To

begin with, here are some simple questions:

1. Why are there two Motzkin walks for each state?

2. What does the restriction of the walk to the positive quadrant of the Rs+1 mean from

the perspective of the string theory?

3. What do the dimensions (colours) correspond to in the string theory?

We don’t have satisfactory answers to these questions yet — we leave them here as launching

pads for future exploration.
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Chapter 2

The gravitational

Schwinger–Keldysh saddle and

fermionic open EFTs

2.1 Fermionic open EFTs and holography

Several strongly correlated electronic systems have been reported to show novel metallic

behaviour [68, 56, 139]. Their low energy physics cannot be captured by quasiparticle

excitations. These systems thus fall outside the standard Fermi–liquid paradigm and are

hence termed non–Fermi liquids. A distinct feature of these novel metals is that many of

them seem to undergo critical phase transitions at low temperatures, and are thus governed

by the fermionic cousins of the bosonic quantum phase transitions [138]. This motivates a

plausible origin of their unusual properties — the fermionic excitations in these systems are

thought to be interacting with a conformal sector leading to a quick decay of quasiparticles

and a breakdown of Fermi-liquid structure [160, 128, 104]. While many examples of this

type are known and well-studied, an overarching theoretical framework is not yet available.

Many fundamental questions about non–Fermi liquids remain unanswered. What is the

most efficient description of their long distance dynamics? What is the best characterisa-

tion of their low energy transport [151, 150]? We propose that a useful point of view to

characterise strongly correlated metallic phases of matter is via the effective theory of probe
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fermions propagating in these systems. After all, a universal experimental feature uniting

materials with or without quasiparticles is the fact that they can be probed by injecting

electrons into them (say in STM/ARPES type measurements). Since such probe electrons

often suffers inelastic scattering, decoherence and dissipation as they move through the ma-

terial, the effective theories for such probes should be understood from the perspective of

open effective field theories (open EFTs). Open EFTs describe the effective dynamics of a

collection of fields of interest (the system) interacting with a set of inaccessible fields (the

bath), after the latter fields are integrated out. Developing such a systematic framework is

especially necessary if we have to go beyond the lower point correlations (which characterise

conductivity etc.) and to include the physics of out–of–time ordered correlations.

In most cases, deriving open effective actions from a unitary microscopic theory is a

tricky exercise. This is because one usually lacks a good way to separate out the bath and

system degrees of freedom. To have a local effective action at some time scale τeff, it is

necessary that the correlators of the bath relax at a time scale τbath < τeff. This accords

with the intuition that the bath should ‘forget’ fast enough to let the system evolve in a

Markovian or local fashion. For generic baths, τbath decreases as the interaction coupling

increases; stronger coupling implies faster mixing of information and thus faster decay of

correlations. This indicates that non–Fermi liquids can be thought of as Markovian baths –

they lack long–lived quasiparticles and have a characteristic relaxation time of the order of

the inverse temperature, β [138, 165]. Therefore at time scales larger than β, the probe fields

interacting with them are described by local effective actions. When long–lived excitations

are present they show up as memory effects in the open EFT of the probe.

As mentioned above, the fermionic fields in novel metals are thought to be interacting

with some critical sector of the metallic system, leading to the the break down of the

conventional Fermi liquid description. A simple way to model such interactions is to couple

free fermions to a critical theory, like gapless bosons [79, 124, 111]. A major difficulty with

such models is that one has to carefully devise an expansion parameter giving a controlled

approximation of the strongly coupled dynamics, without losing its essential features giving

rise to the non–Fermi liquid behaviour.

Another class of toy models widely used to study strongly coupled critical systems is

based on holographic CFTs. Holographic models offer a great advantage over the field

theoretical ones as the former come with a natural perturbative description in terms of

the dual gravitational dynamics. The finite temperature states of these models are dual to

black brane backgrounds which dissipate and relax at a time scale of order β [82]. This in

turn fixes the relaxation time scale of the field theory, making them qualitatively similar to

the novel metals discussed above. The application of holographic techniques to fermionic
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systems have uncovered a rich variety of phases of Fermi liquid and non–Fermi liquid kinds

[75, 166]. Recent developments in real time holography (which we review below) make these

holographic models a good avenue to develop the open EFT perspective described above.

With these motivations, we initiate a study of fermionic open EFTs using holography.

The setup we consider is similar to the semi–holographic model pioneered by [51]: the

microscopic action consists of an external probe fermionic field ψ which couples to a holo-

graphic CFT at a finite temperature via a fermionic, single trace primary O. The open

effective action for ψ fields is then derived by integrating out the CFT bath in the real time

Schwinger–Keldysh path integral [52, 142] (see [136, 20, 90] for a textbook description). The

effect of bath fields are then encoded in the influence phase [52] added to the Schwinger–

Keldysh effective action of ψ. Our goal is to compute this influence phase holographically.

The fermionic single trace primary O is dual to a bulk Dirac field Ψ, and the influence phase

comes from evaluating the Dirac action on a field configuration of Ψ probing a ‘gravitational

Schwinger–Keldysh’ (grSK) geometry [146, 147, 159, 62, 34, 89].

The gravitational Schwinger–Keldysh saddle

We begin by reminding the reader that we still lack a systematic formalism to compute real

time SK path integrals in AdS/CFT. Over the last two decades, many prescriptions have

been proposed, gradually expanding the class of real time observables that can be computed

holographically –– complex contours played a foundational role in the early development

of these calculations. Perhaps the first seminal contribution came from Son and Starinets

[148], who showed that retarded Green’s functions in equilibrium CFTs could be computed

from ingoing quasi-normal modes on an AdS black brane. Their work established a precise

dictionary between bulk modes and boundary thermal correlators, laying the groundwork

for systematic real–time calculations in AdS/CFT. This framework was further illuminated

by Motl’s studies of quasi–normal modes in AdS black holes [125], which deepened our

understanding of black hole response functions through complex analytic methods.

This prescription was successfully generalized to near–equilibrium hydrodynamic config-

urations in the fluid–gravity correspondence (see [137, 84] and references therein). However,

extending beyond causal Green’s functions to compute other real time observables (encoding

the physics of fluctuations) proved challenging. The core difficulty on the gravitational side

lies in accounting for Hawking radiation and its interactions with the infalling modes. This

led researchers to approach the problem through analytical continuation from Euclidean or

eternal black brane computations [80, 149]. A particularly relevant example is the work of

Giecold [58], who studied a Dirac field probing an eternal black brane background.
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While these analytic continuation techniques have proven successful for computing cer-

tain classes of out–of–time ordered correlation functions in equilibrium [145], they fall short

of capturing the vast landscape of non-equilibrium, real time correlations computed by

generalized SK path integrals. These developments collectively motivated a new direction:

developing prescriptions that directly compute real time correlations in holography without

relying on analytic continuation gymnastics.

A pioneering development came from Skenderis and van Rees [146, 147, 159], who pro-

posed a doubled geometry that fills out the SK contour in the CFT (See Fig.2.3). Their

construction for thermal CFT states consists of two Schwarzchild black branes glued to-

gether along a common future horizon, providing a geometric realization of the SK contour.

The construction was further developed in subsequent works [105, 17, 16, 27], which clarified

the role of horizon gluing conditions in maintaining unitarity.

A parallel development came from Hartman and Maldacena [69], who employed a dou-

bled Lorentzian AdS geometry connected by a Euclidean section to study the evolution

of entanglement entropy. Their construction used two copies of the exterior black hole

geometry joined by an interior region and connected to a Euclidean cap, demonstrating

how such doubled geometries could be combined with complex extremal surfaces to probe

time–dependent quantities. This work showed both the power of complex contour meth-

ods and the utility of doubled geometric constructions in capturing real-time dynamics in

holography.

A significant improvement to the Skenderis–van Rees prescription came from Glorioso,

Crossley and Liu [62], who provided greater clarity to the horizon structure of these ge-

ometries. In the updated prescription, the horizon region is replaced by a “horizon cap”

interpolating between the two black brane exterior spacetimes. We discuss this geome-

try more elaborately in §2.3. Following [89], we refer to this geometry as gravitational

Schwinger-Keldysh saddle (grSK). For the interested reader, we have included a detailed

comparison between our adopted methods and previous approaches to real–time holography

in §2.1.1.
This Schwinger–Keldysh saddle has demonstrated its utility in deriving interacting open

effective actions for Brownian particles and scalar fields probing the CFT [34, 89], passing

various non-trivial checks at the interacting level. Our goal in this work is to extend these

ideas to fermionic fields to construct fermionic open EFTs.
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2.1.1 A comparison with previous methods

In this section, we provide a detailed comparison between the approach to real–time holog-

raphy presented in this chapter and previous attempts at such prescriptions. We will argue

that the grSK approach advocated here is better suited to study interacting systems and

questions involving out–of–equilibrium physics.

We begin by reminding the reader of the construction of thermofield double (TFD)

states in the (doubled) Hilbert space of our field theory. The TFD state is a particular

purification of the thermal state, with correlators generated via the the partition function,

ZTFD

[
ψ,ψ

]
≡ Tr

{
U [ψR, ψR] ρ

1
2
β U [ψL, ψL]

† ρ
1
2
β

}
. (2.1)

The above partition function should be contrasted with the expression for the Schwinger–

Keldysh partition function, (2.3). A quick way to appreciate the distinction between the

two constructions is to compare the time contours on which these two path integrals are

defined –– this is illustrated in (Fig.2.1). An early work of Maldacena [114] identified TFD

correlators with semi-classical gravity in the background of a maximally Kruskal extended

Schwarzchild–AdSd+1 black brane. Soon after, Herzog and Son [80] provided a precise

prescription for calculating TFD Green’s functions using this eternal black brane dual.

Giecold [58] later used this same prescription to derive 2–pt fermionic TFD correlation

functions of single trace primaries in the strongly couple N = 4 SYM plasma.

As we mentioned, the TFD construction is extremely useful if one is interested in the

properties of the field theory at thermal equilibrium. In order to obtain real–time response,

we have to then analytically continue these results to the Schwinger–Keldysh time con-

tour. Indeed, this is precisely the approach that authors of [80, 149, 58] take in order to

derive Schwinger–Keldysh correlators. In principle, this analytical continuation is possible

when there are no sources deforming the system away from equilibrium. However, when

one is interested in understanding systems in local equilibrium, or more generally out–of–

equilibrium, this analytical continuation proves to be much harder. This issue is particularly

relevant when we have to compute higher point real–time correlation functions, and is the

reason for the paucity of such calculations in the literature. Further, it is often the case that

analytical results from holographic computations are available only as boundary derivative

expansions — in these situations, such analytic continuations are inherently ambiguous.

Aside from the issue with analytical continuation, there is a more basic issue with cal-

culating higher point TFD correlators from holography. To appreciate this, recall how we

compute Euclidean higher point functions from AdS/CFT. We use the boundary–to–bulk
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propagators to evolve fields into the bulk from the sources set on the boundary. Then, we

use bulk local interaction vertices to convolve these fields — to get the relevant correlator,

one then has to integrate the position of this vertex over the entire Euclidean bulk man-

ifold. However, an analogous discussion for holographically computing higher point TFD

correlators is complicated by the presence of horizons in Lorentzian spacetimes — a priori,

it is not clear over what region(s) of the blackhole geometry one has to integrate these bulk

interaction vertices.

The authors of [17] provided a partial answer to this question, demonstrating that inte-

grating the bulk vertices over only the exterior regions of the eternal black brane correctly

reproduces the 3–pt functions of a scalar primary. Though appealing, note that this result

does not completely resolve the issue. A computation of 4–pt correlation functions and

higher would receive contributions from additional (Lorentzian) ‘Witten’ diagrams where

virtual excitations fall into the horizon. Such diagrams do not appear in the calculation of

3–pt functions. To the best of our knowledge, there has been no consistent proposal to deal

with these additional contributions.

Indeed, correctly treating infalling virtual excitations is also important when studying

loop corrections to bulk propagators1. As an example relevant to condensed matter theory,

consider [49], where the authors use holography to calculate the contribution to charge

conductivity from Fermi surfaces. As they detail in their paper, this requires computing the

fermionic one–loop corrections to the bulk photon propagator, the dominant contribution

to which arises when the fermionic loop goes into the horizon. Thus, correctly accounting

for virtual infalling excitations is at the heart of this calculation. However, the authors of

[49] circumvent this problem by adopting a refined analytical continuation to the real–time

domain. While this trick proves ample for their purposes, it is unsatisfying for two reasons.

Firstly, from the gravitational perspective, there is a loss of clarity in which blackhole

processes correspond to the real–time processes that occur in the field theory. Secondly,

while sufficient to determine the corrections to the 2–pt function they are interested in, it

is not clear how these calculations generalize to higher point functions.

For these reasons, it is useful and important to have a prescription that directly com-

putes Schwinger–Keldysh correlation functions from holography. As mentioned in §2.1, the
pioneering work of Skenderis and van Rees [146, 147, 159] was the first attempt at such a

dictionary. They argued that the Schwinger–Keldysh contour should be piece–wise extended

in to the bulk, augmenting the real–time segments of the boundary contour with Lorentzian

geometries and the imaginary–time segments with Euclidean geometries. These geometries

are glued along codimension–1 surfaces. The authors then developed a robust dictionary

1This would be necessary if we were interested in obtaining the 1/N corrections to the CFT correlators.
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Figure 2.1: A comparison of the Schwinger–Keldysh and the thermofield double time
contours. The endpoints of each of the two contours are identified, with the periodicity in
the imaginary time (Euclidean) direction being set by the inverse temperature, β.

that computes real–time correlation functions of operators in the probe limit, that passed

several checks. However, if we were to move past the probe limit and consider scenarios

when we have dynamically evolving geometries in the bulk, piecewise–smooth geometries

glued along their horizons pose a potential issue. It is in this regard that the modified

prescription put forth by Glorioso, Crossley and Liu [62] is significant. As we detailed in

§2.3.2, the authors propose a smooth geometry as the gravitational dual to the asymptotic

Schwinger–Keldysh contour, replacing the horizon region of the geometry by a ‘horizon cap’

that interpolates between the two copies of the AdS spacetime. It is this geometry that we

use to derive fermionic Schwinger–Keldysh correlation functions in this chapter.

2.1.2 A summary and an outline

We will pause here to quote the central physical result of this chapter followed by an outline.

A crucial check that our prescription does indeed reproduce the correct real time dynam-

ics of fermionic radiation is the derivation of the Fermi–Dirac function from the bulk. More

precisely, our answers should be consistent with the fermionic Kubo–Martin–Schwinger

[102, 119] conditions for SK correlators. Note that this is extremely non–trivial: after all in

the bulk we work completely classically and it is a priori not obvious at all how one then

derives Bose–Einstein or Fermi–Dirac statistics without any quantisation whatsoever. As

explained in [34, 89] this works in the bosonic examples as follows: the structure of grSK

saddles is such that the outgoing Hawking radiated modes behave as evanescent waves near

the horizon cap undergoing a Boltzmann–like suppression classically when compared across

the two exteriors. The horizon cap region is however completely transparent to the ingoing

quasi–normal modes. An interference between these two then results in the appearance of

the Bose–Einstein function in the classical calculation.
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As we will argue later in this work, for a field of spin s, the classical transmission

amplitude for the outgoing modes across the horizon cap is given by2,

e−βω+2πis . (2.2)

For integer s this reduces to the simple Boltzmann weight, whereas for half integer s we get

an additional phase factor of −1. This then leads to a destructive interference of the ingoing

and the outgoing modes, perfectly reproducing the Pauli exclusion felt by half–integer fields.

The classical physics of grSK saddles hence automatically reproduces the spin–statistics

relation implementing the Fermi–Dirac statistics of the boundary correlators!

Here is an outline of the rest of this work: we begin in §2.2 with a review of the

Schwinger–Keldysh formalism as applied to fermions, followed by a review of necessary

ideas from real time holography in §2.3. In particular, we introduce the grSK geometry

in detail §2.3.2. The main results of this work are then summarised in two sections: in

§3.1, we explain in detail the classical origin of Fermi–Dirac statistics when solving Dirac

equations in the grSK saddle. In §3.2, we give, for the first time, an explicit solution of the

Dirac equation in the black–brane background in a derivative expansion. We also describe

the structure of the ingoing quasi–normal modes and the outgoing Hawking modes as well

as the superposition of the two that satisfies the appropriate boundary conditions on the

grSK saddle.

In §4 we extend this geometry and prescription to computes real time correlators at

finite chemical potential in the dual CFT. We do this via a geometry made by stitching

two copies of RN–AdS black brane exteriors (referred to as the RN–SK saddle/geometry

henceforth) that generalises the grSK construction. This is detailed in §4.2. In §4.2, we
devise a method to write down the outgoing Hawking modes in this geometry when the

ingoing modes are known. We test this method in §4.3 using a probe Dirac field and once

again show that it indeed yields the correct Fermi–Dirac physics (as well as the correct

Kubo–Martin–Schwinger [102, 119] relations) at finite chemical potential. Finally, in §4.4
we derive an explicit solution to Dirac equation upto second order in boundary derivative

expansion and the corresponding influence functional.

Various technical computations are relegated to the appendices including the details

about spinors and gamma matrices in Appendix A.

2In the case of the charged black brane, there is an extra term proportional to the chemical potential in
the exponent.
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2.2 Fermions in the Schwinger–Keldysh formalism

In this section, we will review the Schwinger–Keldysh formalism below with an emphasis

on fermionic fields (see [136, 20, 90] for a textbook description).

Consider a unitary field theory which contains fermionic operators collectively denoted

as O. The SK generating functional is given by

ZSK

[
ψ,ψ

]
≡ Tr

{
U [ψR, ψR] ρinit U [ψL, ψL]

†
}
, (2.3)

where ρinit is the initial density matrix and ψR,L represent the sources for the fermionic

operator O on the right/left contour. Equivalently, we would like to think of ψR,L as probe

fermion fields coupling to the field theory under question. This provides an equivalent

interpretation of the above generating function as the influence function for this probe field

which encodes the effect of the environment.

The operator U is the unitary evolution operator deformed by the sources ψR,L. When

ρinit is thermal, the above generating function can be regarded as the path integral of the

field theory living on a complex time contour C, as shown in Fig.2.2. The part of the contour

indicating forward (backward) evolution in time is labeled CR (CL). CE corresponds to an

Euclidean evolution of length β and is a surrogate for the thermal circle. This part of the

contour prepares the thermal initial state.

When a Lagrangian description is available, we can write down a SK action defined by,

SSK ≡
‰

C

dtC dd−1x L[O] , (2.4)

where tC stands for the contour time on C and L[O] is the Lagrangian density of the field

theory. The corresponding SK generating functional can be schematically written as,

ZSK

[
ψ,ψ

]
=

ˆ
D[O,O] exp

i SSK + i

ˆ

C

dtC dd−1x
(
ψO +Oψ

) . (2.5)

Here D[O,O] schematically represents the path integral over the elementary fields out of

which the operators O,O are constructed.

It is convenient to distinguish between the operators supported on the segments CR and
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CL of the contour. We define,

O(tC ,x) ≡ OR(t,x) , ψ(tC ,x) ≡ ψR(t,x) , t = tC ; tC ∈MR

O(tC ,x) ≡ OL(t,x) , ψ(tC ,x) ≡ ψL(t,x) , t = 2tf − tC ; tC ∈ML

OR(tf ,x) ≡ OL(tf ,x) , ψR(tf ,x) ≡ ψL(tf ,x) ,

(2.6)

where tf is the future most or turning point on the contour. Once we adopt these new

variables, the time variable t can be identified with the physical time x0, and fields OR
and OL are field degrees of freedom corresponding to forward and backward temporal

evolutions respectively; they are identified at tf . The initial time configurations of these

fields are weighted by an Euclidean path integral on the segment CE which corresponds to

the preparation of the thermal initial state. This segment of the contour will play a largely

passive role in our story as we do not intend to source the fields there3.

The SK two–point functions are defined by,

SIJ(x, y) ≡ 1

i

δ

δψI(x)
i

δ

δψJ(y)
lnZ

∣∣∣∣
ψ=ψ=0

=

 SRR SRL

SLR SLL

 , (2.7)

where we follow the convention that Latin letters I, J = R,L denote contour indices and

Greek letters α, β are fermionic indices4. Since path integrals generate contour ordered

correlators, we have

SRRαβ (x, y) = ⟨TOα(x)Oβ(y)⟩ , SRLαβ (x, y) = − ⟨Oβ(y)Oα(x)⟩ ,

SLRαβ (x, y) = ⟨ Oα(x)Oβ(y)⟩ , SLLαβ (x, y) = ⟨T̂Oα(x)Oβ(y)⟩ .
(2.8)

Here T and T̂ denote the time ordering and anti–time ordering of the operators. The

additional negative sign on SRL comes from the Grassmann odd property of fermionic

operators.

3We will consider only the thermal initial state. Field insertions in the Euclidean segment correspond to
driving the thermal state out of equilibrium.

4We adopt these conventions for this section only. Further, we do not distinguishing between upper and
lower indices.
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The SK Green’s functions given above simplify further in the so called ‘Keldysh–rotated’

field basis, given by the average and difference of the R and L field variables5.

Oa =
1

2
(OR +OL) , Od = OR −OL .

Oa =
1

2

(
OR +OL

)
, Od = OR −OL .

(2.9)

Similarly, we define the average/difference sources,

ψa =
1

2
(ψR + ψL) , ψd = ψR − ψL .

ψa =
1

2

(
ψR + ψL

)
, ψd = ψR − ψL .

(2.10)

The Green’s function matrix, when expressed in the Keldysh basis becomes,

Saaαβ(x, y) =
1

2

〈[
Oα(x),Oβ(y)

]〉
, Sadαβ(x, y) = θ(x0 > y0)

〈{
Oα(x),Oβ(y)

}〉
,

Sddαβ(x, y) = 0 , Sdaαβ(x, y) = −θ(x0 < y0)
〈{
Oα(x),Oβ(y)

}〉
.

(2.11)

where,

Sij(x, y) ≡ ⟨Oi(x)Oj(y)⟩ , i, j = a, d . (2.12)

From the above we recognise the retarded and advanced Green’s functions as,

Sretαβ (x, y) ≡ Sadαβ(x, y) , Sadvαβ (x, y) ≡ Sdaαβ(x, y) . (2.13)

An important advantage of the Keldysh basis is the statement that the two point func-

tion Sddαβ(x, y) = 0. This can be traced to the fact that the correlations of difference operators

Od are generated by setting ψR = ψL in the original SK generating function (2.3). The

underlying unitarity and the cyclicity of trace then implies that the SK generating function

reduces to unity, demonstrating that any n-point correlation function of only difference

operators identically vanishes. This is the Schwinger–Keldysh collapse rule obeyed by SK

5Our convention here differs from that of [90] where the definitions of Oa and Od are interchanged.
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correlators. Since,

ψROR − ψLOL = ψaOd + ψdOa , (2.14)

this implies that the generating function of correlations never has a term with only ψas.

The third and last basis set we introduce is the retarded–advanced (RA) basis,

ψF̄ ≡ nFDω (ψR − ψL)− ψR , ψP̄ ≡ nFDω (ψR − ψL) , (2.15)

where we have defined the Fermi–Dirac factor,

nFDω =
1

1 + eβω
. (2.16)

The combination above (which differs slightly from the RA basis defined in say [40]) is

motivated by the analysis presented in [35]. This combination is chosen to make manifest

the Kubo–Martin–Schwinger [102, 119] relations arising from thermality and cyclicity of

trace. We will refer the reader to [35] for a complete description of such constraints on the

real time-correlators. For our purposes, it is sufficient to simply state the final result: the

SK collapse rules and the KMS conditions together imply that the generating function of

SK correlations can never have term with only ψP̄ s or terms with only ψF̄ s. All non-zero

terms have at least one ψP̄ and at least one ψF̄ . As we will see, these conditions arise

naturally in our analysis in the bulk. For two point functions in Keldysh basis, these two

conditions imply Sdd = 0, and in addition,

Saa =
(
1

2
− nFDω

)(
Sad − Sda

)
. (2.17)

2.3 The grSK geometry and open EFTs

As mentioned in §2.1, our goal is to construct an open effective field theory for a fermionic

probe field coupled to a thermal environment with a gravitational dual — we present the

framework for this computation in this section.

We first focus on the holographic thermal bath / environment, detailing a holographic

recipe for calculating its real–time correlators. This is done in three steps: in §2.3.1, we
quickly review the standard prescription for computing response functions for spinors from
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the AdS/CFT correspondence. We then introduce a complex two–sheeted geometry that

is the relevant gravitational dual of the asymptotic Schwinger–Keldysh contour in §2.3.2.
In §2.3.3, we describe how the usual AdS/CFT dictionary can be adapted to this new

geometry, allowing us to compute the SK generating function (which as we explained before

is equivalent to computing the open effective action for the fermionic probe).

2.3.1 Fermions in AdS/CFT

The discussion of the AdS/CFT correspondence for spinors that we present here closely

follows the original references on the subject [78, 77, 129, 86]. A large part of this short

review will be carried out in Euclidean space. At the very end, we will describe how to

move all our expressions back to the real–time domain, which is the starting point for the

discussion in §2.3.3.
We begin with the metric of an asymptotically Euclidean AdSd+1 spacetime,ME , writ-

ten out in the (Euclidean) Eddington–Finkelstein coordinates. We are interested in studying

a single free fermion living in this spacetime.

ds2 = gAB dxA dxB = gvEvE dv2E + 2 idvE dr + gij dx
i dxj (2.18)

gvEvE −−−→r→∞
r2 , gij −−−→

r→∞
r2 δij

Here vE is the advanced Euclidean Eddington–Finkelstein time and the AdS radius has

been set to unity. In addition to the coordinates and metric, we need to align the Gamma

matrices and spinors that we use to write down the Dirac action in this geometry. This

is done using a tetrad (tangent) frame, i.e., a set of (d + 1) linearly independent, smooth

1–form fields6 EaA that satisfy,

δabE
a
AE

b
B = gAB, (2.19)

where δab is the (d + 1) dimensional Euclidean metric. The Gamma matrices and spinor

fields are now defined with respect to this tangent frame. Collectively, these tetrads fix

6A word on notation: we use the uppercase alphabet (A,B, . . .) to denote abstract spacetime indices,
and the lowercase alphabet (a, b, . . .) to denote abstract tetrad frame indices. Field theory indices will be
denoted by (µ, ν, . . .). Whenever a particular value of a tetrad frame index is referred to, we will enclose it
within a parenthesis to distinguish it from the corresponding spacetime index.
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the orientations of these objects in the ambient spacetime — as an important example, the

spacetime Gamma matrices are defined as ΓA = ΓaEAa .

From (2.19) is clear that the choice of tangent frame is hardly unique, with different

frames leading to different equations of motion. For now, we leave our choice of tetrads

unspecified as our current discussion is independent of its details.

With these structures defined, the Euclidean action for a minimally coupled Dirac

fermion Ψ propagating in this spacetime is,

SE = −
ˆ
ME

dd+1x
√
g Ψ

(
ΓA∇A −m

)
Ψ+ S∂ME

, (2.20)

where Ψ = Ψ† Γ(vE),

∇A = ∂A +
1

4
ωabA Γab. (2.21)

where the ωabA are, in turn, the spin connection 1–forms. The action (2.20) is the sum of

two terms. The first is a bulk term that determines the equations of motion. The second

is a boundary term that does not alter the equations of motion. It is fixed by demanding

a well–posed variational principle for this system, and will play a crucial role in what is to

follow. More will be said about it soon.

As we mentioned in §0, the AdS/CFT correspondence posits an equivalence between a

dynamical theory of gravity on AdSd+1 (the bulk) and a d–dimensional CFT that lives on

the boundary of this spacetime. In this instance, the bulk fermionic field Ψ is mapped to

a fermionic operator O in the conformal field theory. The precise statement of the duality

relates the on–shell bulk action for the field Ψ with the generating functional for connected

correlation functions of O.

〈
exp

[ ˆ
ddx

(
ψO +Oψ

)]〉
CFT

= e−S
cl
E [ψ,ψ] (2.22)

Here SclE [ψ, ψ] is the on–shell action, which is computed by evaluating (2.20) on a classical

solution Ψ. The arguments of the on–shell action lets us know how this solution is selected:

in addition to being regular in the interior, Ψ must satisfy a suitable Dirichlet boundary

condition set by the boundary spinor ψ at r →∞. It is the interpretation of this boundary

condition that introduces two subtleties for fermions. First, the spinors Ψ and ψ belong
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to spacetimes with different dimensions, and therefore may have a different number of

components. Secondly, the Dirac equation that (2.20) gives rise to is a first order differential

equation; näıvely imposing a Dirichlet boundary condition on a solution to this equation

would fix it everywhere without guaranteeing its regularity in the interior. Of course,

these two issues are closely related to one another and have been carefully examined and

elucidated before, most notably in [86]. Here, we quickly summarize their prescription,

directing the reader to the extremely readable original work for further details.

As a preliminary step, it is useful to first split the spinor Ψ in terms of its eigenvalues

under the Γ(r) matrix.

Ψ = Ψ+ +Ψ− , Ψ± = P±Ψ. (2.23)

Using this decomposition in (2.20), one immediately sees that Ψ± are conjugate to one

another. The resolution is to demand the regularity of the solution Ψ in the interior of the

bulk geometry — this naturally allows us to apply Dirichlet boundary conditions on only

half the components of Ψ, i.e., either on Ψ+ or Ψ−.

This prescription neatly resolves the issue of Ψ and ψ having (in general) a different

number of components. Recall that the bulk spinor Ψ is a Dirac spinor (2.20). When

the dimension of the bulk geometry is odd (d + 1 = 2n + 1), we are free to decompose

the boundary Dirac spinors into Weyl spinors, which transform under the (Σ,Σ) matrices.

Correspondingly, we choose the bulk Gamma matrices7 as follows,

Γ(µ) =

 0 Σ(µ)

−Σ(µ)
0

 , Γ(r) =

1 0

0 −1

 . (2.24)

Importantly, the radial Gamma matrix Γ(r) and the chirality matrix of the boundary theory

coincide; with this identification the probe spinor ψ transforms as a d–dimensional Weyl

spinor. Thus when d+ 1 = 2n+ 1 , the bulk Dirac spinor Ψ is mapped to boundary Weyl

spinor primary O.
On the other hand, when the dimension of the bulk is even d + 1 = 2n, we make the

7The conventions that we adopt differ slightly from those used in [86]. Appendix A contains a detailed
discussion.
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following choice for our Gamma matrices,

Γ(µ) =

 0 γ(µ)

γ(µ) 0

 , Γ(r) =

1 0

0 −1

 . (2.25)

In this case, the boundary spinor ψ transforms as a Dirac spinor. Thus, when d+ 1 = 2n,

the bulk Dirac spinor Ψ is mapped to a boundary Dirac spinor O. In all cases then, the

number of components of the bulk Dirac spinor Ψ is always double that of the the boundary

spinor ψ and the operator O.
To figure out which to half of the spinor Ψ to provide Dirichlet boundary conditions, we

have to look at its asymptotic fall–offs near the AdS boundary. Solving the Dirac equation

arising from (2.20), we have,

lim
r→∞

Ψ+(r, k) = A+(k) r
− d

2
+m + B+(k) r

− d
2
−m−1

lim
r→∞

Ψ−(r, k) = A−(k) r
− d

2
−m + B−(k) r

− d
2
+m−1

(2.26)

Clearly, the transformation m ←→ −m exchanges Ψ+ and Ψ−, with A+ ←→ A− and

B+ ←→ B−. In what follows, we will choose m ≥ 0. This choice selects the fall-off with

coefficient A+ as the dominant contribution across all terms in (2.26) and should therefore

be set equal to the source ψ(k). This fixes the Dirichlet condition for Ψ that we seek, to

wit,

A+(k) = ψ(k) , lim
r→∞

r
d
2
−mΨ+ = ψ. (2.27)

Ergo, the conformal dimension ∆ of the boundary operator O is,

∆ =
d

2
+m. (2.28)

Knowing the Dirichlet condition for the bulk fermion Ψ, in turn, determines the bound-

ary term in the action (2.20). Having chosen to fix Ψ+ at the AdS boundary, we are

no longer free to vary Ψ−. As a result, the variation of SE shouldn’t contain any terms
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proportional to δΨ−. This can be arranged by choosing S∂ME
to be,

S∂ME
= −

ˆ
∂ME

ddx rd Ψ P−Ψ. (2.29)

We can now place the Dirac action (2.20) on–shell. Notice that the entire contribution

arises from the boundary term (2.29); the first term in (2.20) vanishes when evaluated on

a solution of the EOM. However, as can be seen from (2.26), this quantity has divergent

contributions if m > 1/2. The standard holographic prescription asks us to select only

the finite pieces from the on–shell action, which is the end result of a careful holographic

renormalization [11], i.e.,

SrenE [ψ, ψ] =
{
SclE [ψ, ψ]

}
r0

= −
ˆ
∂ME

ddx rd A+ A−. (2.30)

Using (2.22) we can now compute renormalized Euclidean correlation functions for O and

O. Of course, in order to generate retarded and advanced correlators, we would have to

analytically continue these results to real–time.

In order to generate Schwinger–Keldysh correlators we will upgrade the above discussion

to an appropriately ‘doubled’ version of an asymptotically AdS spacetime. While detailing

this prescription in §2.3.3, we will work directly in a Lorentzian spacetime, using the real–

time versions of the expressions presented here. These can be obtained by the following

analytic continuation,

vE → i v , δab → ηab , Γ(vE) → iΓ(v) , SE → −i S. (2.31)

2.3.2 The gravitational Schwinger–Keldysh saddle

As we had described in §2.2, the Schwinger–Keldysh contour for a thermal state is a complex

time path, travelling from t = 0 to t = T , looping back to t = 0 and proceeding to t = −iβ,
as illustrated in Fig.2.2. In order to have a holographic interpretation of this, we would like

to supplement the contour by a suitable bulk geometry, in a manner that the contour forms

a time–like codimension–1 boundary of the larger spacetime.

We begin by writing the asymptotically AdSd+1 black brane in ingoing Eddington–
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▶
◀

▼

t = tf
t = 0

t = −iβ

CE

CR

CL

Figure 2.2: The Schwinger–Keldysh complex time contour. The direction of the contour
is as indicated, with the forward and backward evolutions occuring along the sections CR
and CL, respectively. The length of the Euclidean time segment, CE , is determined by the
inverse temperature β.

Finkelstein coordinates.

ds2 = −r2 f(r) dv2 + 2dv dr + r2 dx2
d−1, f(r) = 1−

rdh
rd

(2.32)

Here rh is the radius of the horizon and the AdS radius has been set to unity. The temper-

ature of this black brane is given by,

β =
4π

d rh
(2.33)

In order to realize the Schwinger–Keldysh contour on the boundary theory, we promote

the coordinate r to a complex variable and select a suitable line in the complex plane as our

radial coordinate. The particular curve we choose is the following: we select two copies of a

line extending from the black hole horizon to infinity, each infinitesimally displaced in the

imaginary direction on either side of the real line. That is, one line extends from r = rh+ iϵ

to r =∞+ iϵ and the other extends from r = rh− iϵ to r =∞− iϵ. We then join these two

legs by a horizon cap – a smooth curve connecting the two points r = rh± iϵ, encircling the

point r = rh. For computational ease, it will prove convenient to terminate both these legs

at finite cut-offs, r = rc± iϵ. We will eventually take rc →∞ at the end of our calculations.

This is the radial contour for the full spacetime and is illustrated in Fig.2.3.

We will find it useful to utilise a different parametrization for the radial direction, dubbed

the mock tortoise coordinate ζ. This is defined by the differential equation,

dr

dζ
=
iβ

2
r2f(r) (2.34)
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⌞r
◀

▶

▼

Re ζ = 0

Re ζ = 1

rh
rc

rc + iε, ζ = 0

rc − iε, ζ = 1

Figure 2.3: The radial contour drawn on the complex r plane, at fixed v. The locations
of the two boundaries and the horizon have been indicated, along with the direction of the
contour. The red line denotes the branch cut beginning at the horizon.

This coordinate is not an analytic function of r on the entire complex plane, and instead

has a logarithmic branch point at r = rh, the zero of the emblackening factor f(r) –– we

choose the corresponding branch cut to traverse from r = rh to r =∞. With our choice of

normalization, the monodromy that ζ picks up around this branch is unity.

Evaluated on each leg of the radial contour described above, the mock tortoise coordinate

is a complex parameter, with an imaginary part running from 0 at the AdS boundary to∞
at the horizon. The real parts of the two legs differ by the monodromy around the horizon,

viz., unity. As a matter of convention, we choose its real part to vanish on the upper leg

of the contour, and set it to unity on the lower leg –– this can now be used to distinguish

between the two. Thus, the mock tortoise coordinate asymptotes to,

ζ(rc + iϵ) = 0, ζ(rc − iϵ) = 1 (2.35)

Indeed, the mock tortoise coordinate ζ can be immediately integrated in terms of r to give,

ζ + ζc =
i

2π

d

d− 1

(rh
r

)d−1

2F1

(
1, 1− 1

d
; 2− 1

d
;
rd

rdh

)
(2.36)

Here ζc is a constant chosen to set ζ(rc+ iϵ) = 0. A constant time slice of the mock tortoise

co-ordinate in the complex plane, along with our choice of branch cut is depicted in Fig.2.3.

When expressed in these coordinates, the metric reads,

ds2 = −r2 f dv2 + i β r2 f dζ dv + r2 dx2
d−1.

(2.37)
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Figure 2.4: Two perspectives of the two-sheeted complex grSK geometry. The left panel
displays the boundary thermal SK contour which is filled in the Euclidean portion by the
Euclidean black hole (cigar) geometry and in the Lorentzian section by two copies of the
exterior of a Lorentzian black hole spacetime. The right panel emphasize the smooth join
of the two sheets of the Lorentzian section.

The spacetime thus consists of two manifoldsML andMR (with Re ζ = 0, 1 respectively),

smoothly joined along their radial directions by the horizon cap. The advanced time v is

now identified with the time coordinate t on the boundary of this spacetime at r →∞± iϵ.
In order to make contact with the Schwinger– Keldysh contour, these two manifolds require

one further identification – each radially constant slice ofML andMR meets at the future

turning point, v → ∞. Thus, the sheets ML and MR are the bulk extensions of the CL
and CR regions of the Schwinger–Keldysh contour, respectively. This resulting geometry is

called the gravitational Schwinger–Keldysh saddle [89], and is illustrated in Fig.2.4.

A grSK involution isometry

To conclude our discussion of the geometry, we record a feature that will play an important

role in the analysis to follow. The gravitational Schwinger–Keldysh saddle is invariant under

the following involutive diffeomorphism,

v 7−→ iβζ − v, x 7−→ −x. (2.38)

It is immediately clear that the metric (2.37) is unchanged by this transformation. While it

is tempting to interpret this isometry as a PT reversal of the coordinates on the boundary
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of the spacetime, this isn’t quite correct: the transformation of the advanced Eddington–

Finkelstein time v depends on the radial coordinate, ζ. Indeed, these geometries do not

possess a time reversal symmetry, as we may have anticipated for a gravitational dual to a

non–equilibrium field theory. As noted by the authors of [34, 89], the above symmetry8 is

extremely useful for obtaining propagating solutions. In the following sections, we will ex-

ploit this involution extensively to construct Green’s functions that solve the Dirac equation

in the grSK geometry.

2.3.3 Open EFTs from holography

Finally, in order to derive the Schwinger–Keldysh generating functional for the operator O,
all that is left to do now is to lift the prescription in §2.3.1 to the grSK saddle. This is

easily done, switching coordinates, and writing the Lorentzian version of the action (2.20)

as a contour integral over the doubled geometry.

SΨ =

‰
dζ

ˆ
ddx
√
−g iΨ

(
ΓADA −m

)
Ψ+

ˆ
ddx rd iΨPζ−Ψ

∣∣∣∣∣
ζ=1

ζ=0

(2.39)

Notice that the boundary term is now evaluated at both the right and the left boundaries

of the grSK spacetime. The rest of the recipe proceeds analogously: we first need to solve

for the fermion Ψ in this spacetime. Crucially, we will now impose Dirichlet boundary

conditions at both the (right and left) boundaries of the grSK saddle,

lim
ζ→0

r
d
2
−m Pζ+Ψ = S0ψL , lim

ζ→1
r

d
2
−m Pζ+Ψ = S0ψR. (2.40)

In contrast to the situation in §2.3.1, such a solution will (in general) not be regular in the

interior of the grSK geometry, with branch–cuts at the horizon of the AdS black brane.

As we will see, these branch–cuts encode a lot of the physics of these systems and have

to be dealt with carefully. Having obtained a solution with these specifications, we can

now evaluate the action (2.39) on–shell, again selecting only its finite part to give us the

generating functional for renormalized Schwinger–Keldysh correlators of the boundary CFT,

ZSK [ψR, ψR, ψL, ψL]. Deriving the above generating functional is equivalent to deriving

the open effective field theory that we seek.

8In [34, 89], the authors do not flip the spatial co-ordinates x.
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Chapter 3

An open EFT for fermions from

holography

3.1 Classical origin of Fermi–Dirac statistics

Having outlined how to derive an open effective field theory using holographic methods,

the next task at hand is to study the dynamics of a fermionic field propagating in the bulk

geometry. As emphasized in the previous section the influence phase for the probe field

is obtained by taking the Dirac action on–shell — to do so, we have to solve the Dirac

equation in this spacetime, subject to the boundary conditions (2.40). This is what we turn

to now.

We organize this chapter as follows: we begin by introducing the Dirac equation for the

bulk fermion in §3.1.1. In §3.1.2, we then detail how to use the involutive diffeomorphism

(2.38) to ‘time–reverse’ solutions to this wave equation, allowing us to generate a full solution

once the solution satisfying the infalling boundary conditions is known. As an important

consequence, in §3.1.3 we will see how this leads to the correct statistics for this system.

Once these constructions have been laid out, we will move on to computing the infalling

boundary–to–bulk Green’s function. In general d, the Dirac wave equation is not known to

admit closed form solutions in these spacetimes. However, we can solve them in a gradient

expansion, i.e., determining them order by order in increasing powers of frequency and

momenta. This is carried out in §3.2.
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3.1.1 The Dirac equation.

In order to set up the Dirac equation in this geometry, we use the following tangent frame

[33],

E(v) =
r

2
dv − f

2
r
(
iβ dζ − dv

)
, E(ζ) =

r

2
dv +

f

2
r
(
iβ dζ − dv

)
, E(i) = r dxi .

(3.1)

These tetrads have two advantages. First, none of the components of the frame or their

derivates are badly behaved at the blackhole horizon. Second, there are no square roots of

the the emblackening factor f that appear. These features are of particular importance to

the grSK saddle because it involves an analytical continuation of the radial direction across

the future horizon — the above tangent frame is thus smooth on the whole spacetime. The

spin connection 1–forms corresponding to these tetrads are,

ω(v)(ζ) =
(
rf − 1

iβf

df

dζ

)
dv − iβ

2
rf dζ, ω(i)(v) = −

1− f
2

r dxi, ω(i)(ζ) =
1 + f

2
r dxi,

(3.2)

with all other components, not related by symmetry, vanishing. A little algebra then leads

us to the following Dirac equation,

[
Γ
(
∂ζ + iβ ∂v

)
+ Γ† f−1 ∂ζ +

iβ

2

(
Γ(i) ∂i −mr

)
+

1

2
Γ

d

dζ
log
(
rdf
)
+

1

2
Γ† f−1 d

dζ
log
(
rd
)]

Ψ = 0,

(3.3)

where we have introduced the matrices Γ and Γ† to keep expressions compact.

Γ =
1

2

(
Γ(ζ) + Γ(v)

)
=⇒ Γ† =

1

2

(
Γ(ζ) − Γ(v)

)
. (3.4)

We emphasize that by definition (2.34), both ∂ζ and f−1 ∂ζ are regular vector fields at the

future horizon. Consequently, despite initial appearances, both the spin connection 1–forms

and the Dirac equation are well defined along the holographic contour.
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As a final observation, we note that the metric components (2.37) are independent of

v and x. Thus, it is useful to perform a Fourier transformation with respect to these co-

ordinates, allowing these modes to decouple. We adopt the following shorthand for the

Fourier transform,

Ψ(v, ζ,x) =

ˆ
dω dd−1k

(2π)d
Ψ(ω, ζ,k) e−iωv+ik·x ≡

ˆ
k
Ψ(ω, ζ,k) eikx. (3.5)

The field Ψ(ω, ζ,k) is then easily seen to satisfy,

[
Γ
(
∂ζ + βω

)
+ Γ† f−1 ∂ζ −

β

2

(
Γ(i) ki + imr

)
+

1

2
Γ

d

dζ
log
(
rdf
)
+

1

2
Γ† f−1 d

dζ
log
(
rd
)]

Ψ = 0.

(3.6)

3.1.2 ‘Time–reversing’ solutions.

In the following sections, we will solve the above Dirac equation (3.6) for the boundary–to–

bulk Green’s function. As we will see, these propagators come in two types: an infalling

(retarded) propagator and an outgoing (advanced) one1, with the full boundary–to–bulk

Green’s function being a linear combination of the two. The involutive diffeomorphism

described at the end of §2.3.2 allows us to exploit this structure: using (2.38), we can

construct a map between infalling and outgoing solutions. Thus, once the infalling Green’s

function is known, the full boundary–to–bulk Green’s function can be immediately written

down.

This construction isn’t new — the utility of this symmetry for this very purpose was first

recognized and exploited by the authors of [34] in the context of a classical string probing

the grSK geometry, and later in [89] for a probe scalar field. In this section, we describe

how this construction works for the Dirac field. As we will see, this discussion contains

subtleties not present in the other two cases.

To begin with, let us consider the effect of the global coordinate transformation (GCT)

(2.38) on the Dirac operator (3.3) — it simply exchanges the derivatives ∂ζ ←→ ∂ζ + iβ ∂v,

and therefore does not leave the operator unchanged. This is to be expected — crucially,

the form of the Dirac equation depends both on our choice of coordinates and our choice of

tangent frame. While the isometry leaves the metric invariant, it has a non–trivial action

1The terms infalling and outgoing are used in reference to the radial direction of the geometry.
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on the space of 1–forms induced by its Jacobian J AB,

EaA −→ J B
A EaB , where J B

A =


−1 0 0

iβ 1 0

0 0 −1

 . (3.7)

In order to realize the involution (2.38) as a discrete symmetry of the Dirac equation,

we have to compensate for the above transformation of the tetrads by an appropriate linear

transformation of the tangent frame. In other words, we seek a matrix T ab that satisfies,

T ab J B
A EbB = EaA. (3.8)

This matrix equation is easily solved, giving,

T ab =


−1 0 0

0 1 0

0 0 −1




coshϑ sinhϑ 0

sinhϑ coshϑ 0

0 0 1

 , ϑ = log f. (3.9)

Thus, the linear transformation T is actually an idempotent local Lorentz transformation

(LLT) composed of a boost along (ζ) with rapidity parameter ϑ followed by a reflection of

the (v) and (x) axes. This LLT is an improper transformation when the dimension of the

bulk is even, and proper when its dimension is odd.

With the metric and the tetrads left invariant, the involution (2.38) can now be regarded

as a symmetry of the Dirac operator (3.3) — the lesson from the above calculation is that

this requires both the GCT as well a compensatory LLT.

Constructing outgoing solutions.

We are now in a position to construct the map between infalling and outgoing solutions.

Consider an infalling solution of (3.6), Ψin(ω, ζ,k). Drawing from our previous discussion,

in order to generate an outgoing solution from this, simply performing the coordinate trans-

formation (2.38) is not enough — the involution induces a linear transformation on spinor
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space that we have to undo by a compensatory transformation, T. Let us deal with these

two steps one by one. The effect of the GCT is given by,

Ψin(ω, ζ,k) 7−→ Ψin(−ω, ζ,−k) e−βωζ ≡ Ψrev(ω, ζ,k) e−βωζ , (3.10)

where we have defined the frequency reversed spinor, Ψrev(ω, ζ,k). The relevant linear

transformation in spinor space, T, is simply the LLT in spinor space that corresponds to

the Lorentz transformation T , to wit,

T = Γ(ζ) · exp
( ϑ
2
Γ(ζ) Γ(v)

)
=
√
f Γ +

√
f
−1

Γ†. (3.11)

Indeed, exactly like (3.9), this matrix is constructed out of two parts. The first factor,

exp
(
ϑ
2 Γ

(ζ) Γ(v)
)
, is a boost in spinor space along (ζ) with rapidity ϑ. This is then multiplied

by Γ(ζ), a matrix that anti-commutes with Γ(v) and all the Γ(i), accounting for the reflection

of the (v) and (x) directions. It is easily checked that the matrix T is idempotent.

Thus, combining the above, we are led to the following recipe: given an ingoing solution

Ψin(ω, ζ,k), we can construct an outgoing solution Ψout(ω, ζ,k) as follows,

Ψout(ω, ζ,k) = T ·Ψrev(ω, ζ,k) e−βωζ = T ·Ψin(−ω, ζ,−k) e−βωζ . (3.12)

The infalling solution Ψin(ω, ζ,k) is (by definition) regular at the future horizon of the black

brane. The above construction then implies that the outgoing solution is not smooth in

this region, with branch–cuts arising from the matrix T and the factor e−βωζ . This ties in

with our previous discussion in §2.3.3 — the full solution, which is an appropriate linear

combination of the infalling and outgoing solutions is not regular in the interior.

The validity of the above prescription for outgoing solutions is easily checked. Evaluating

Ψout(ω, ζ,k) on the Dirac operator (3.6), a short calculation demonstrates that this spinor

solves the wave equation if and only if Ψrev(ω, ζ,k) satisfies,

[
Γ
(
∂ζ − βω

)
+ Γ† f−1 ∂ζ +

β

2

(
Γ(i) ki − imr

)
+

1

2
Γ

d

dζ
log
(
rdf
)
+

1

2
Γ† f−1 d

dζ
log
(
rd
)]

Ψrev = 0.

(3.13)
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This is just the Dirac operator (3.6) with the signs of its frequency and momenta flipped.

By definition, Ψin(−ω, ζ,−k) = Ψrev(ω, ζ,k) is a solution to this equation.

3.1.3 The emergence of Fermi–Dirac statistics

Following the prescription described in Section 2.3.2, we can write the full solution of the

Dirac equation on the Schwinger Keldysh contour as,

Ψ(ζ, ω,k) = Sin(ζ, ω,k) c(ω,k) +
[√

f Γ +
1√
f

Γ†
]
Srev(ζ, ω,k) h(ω,k) e−βωζ . (3.14)

Here, c(ω,k) and h(ω,k) are (causal and Hawking) boundary spinors. Sin/rev(ζ, ω,k) are

the boundary to bulk Green’s functions, and,

Srev(ζ, ω,k) ≡ Sin(ζ,−ω,−k) . (3.15)

We now impose boundary conditions on this solution using the sources ψL(ω,k) and

ψR(ω,k) at the two conformal boundaries (r → rc ± iϵ) of the holographic SK contour.

lim
r→rc+iϵ

r
d
2
−m Pζ+Ψ = Pζ+ S0 ψL

lim
r→rc−iϵ

r
d
2
−m Pζ+Ψ = Pζ+ S0 ψR

(3.16)

Here, S0 is a constant matrix related to Sin/rev via,

lim
r→rc±iϵ

r
d
2
−m Sin = lim

r→rc±iϵ
r

d
2
−m Srev = S0 . (3.17)

Further, at these two boundaries,

lim
r→rc+iϵ

√
f = 1 , lim

r→rc−iϵ

√
f = −1 . (3.18)
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These boundary conditions immediately yield the following equations,

ψL(ω,k) = c(ω,k) + h(ω,k)

ψR(ω,k) = c(ω,k)− h(ω,k) e−βω
(3.19)

These, in turn, are readily solved to give the full solution,

Ψ(ζ, ω,k) = Sin(ζ, ω,k)
[
nFDω ψL +

(
1− nFDω

)
ψR

]
+
[√

f Γ +
1√
f

Γ†
]
Srev(ζ, ω,k)

[(
1− nFDω

) (
ψL − ψR

)]
e−βωζ .

(3.20)

Where nFDω is the familiar Fermi–Dirac factor (2.16). The solution can be alternately written

as,

Ψ(ζ, ω,k) = −Sin(ζ, ω,k) ψF̄ −
[√

f Γ +
1√
f

Γ†
]
Srev(ζ, ω,k) ψP̄ e

βω(1−ζ) , (3.21)

where we have again introduced the retarded–advaced basis,

ψF̄ = nFDω (ψR − ψL)− ψR , ψP̄ = nFDω (ψR − ψL) . (3.22)

We see that when the solution is written in terms of sources in the RA basis, the

two combinations of sources precisely multiply the ingoing/quasi–normal bulk–to–boundary

propagator and the outgoing bulk–to–boundary propagator respectively. This fact can be

exploited to argue why the generating function of correlations computed from the bulk

necessarily satisfy the SK collapse rules as well as KMS conditions, i.e., the statement that

the generating function cannot contain terms with only ψP̄ or terms with only ψF̄ .

The argument proceeds as follows: if we think of the contributions to the generation

function as arising from Witten diagrams on grSK contour, the terms under question are

either made entirely out of the ingoing propagators or made entirely out of the outgoing

propagators. A diagram made completely out of ingoing propagators is analytic on the

grSK contour and hence evaluates to zero, when the vertices are integrated all over the

grSK contour, viz., the left and right contributions cancel out. A diagram made completely

out of outgoing propagators is also analytic on the grSK contour: the branch cut due to
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ζ cancels by frequency conservation, while the square root branch cut cancels because any

non–zero fermionic correlator has an even number of operator insertions. Hence, by a similar

argument, terms with only ψP̄ cannot occur in the generating function. This argument is

a direct generalisation of a similar argument in the bosonic examples [34, 89].

Finally, in the Keldysh or average–difference basis (2.10) the solution above takes the

form,

Ψ(v, ζ,k) = Sin ψa −
{(

nFDω −
1

2

)
Sin + nFDω eβω(1−ζ)

[√
f Γ +

1√
f

Γ†
]
Srev

}
ψd . (3.23)

Having provided a derivation of the statistical factor for Dirac fermions, it is easy to

see how this argument generalises to arbitrary spins. The crucial fact in this regard is the

statement that the outgoing Hawking modes suffer a Boltzmann suppression as well as a

complex boost of rapidity 2πi when they pass through the horizon cap region. The rapidity

2πi arises by comparing the Lorentz boost factor T (3.9) across the horizon cap — the

factor 2πi is essentially the jump in the rapidity ϑ = ln f appearing in T . It is then clear

that for a field of spin s, the classical transmission amplitude for the outgoing modes across

the horizon cap is given by,

e−βω+2πis , (3.24)

As we argued in the introductory chapter to this Opus, for integer s this reduces to a

simple Boltzmann weight. For half integer s, on the other hand, we get an additional phase

factor of −1, which then leads to a destructive interference between the ingoing and the

outgoing modes, perfectly reproducing the Pauli exclusion felt by half–integer fields. The

classical physics of grSK saddles thus automatically reproduces the correct spin–statistics

relation for the boundary correlators.

3.2 Solution in gradient expansion

In this section, we will describe how the Dirac equation can be solved explicitly in a deriva-

tive expansion. We will begin by first discussing the massless case where the functions

involved are simpler and then generalise our discussion to the massive case.
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3.2.1 Massless gradient expansion

In the massless case, the most general ingoing solution compatible with rotational invariance

can be expanded in a derivative expansion as,

Ψ =
1

rd/2

{
1+ C(1)

a Ma∂v +D(1)
a Ma Γ(i)∂i + C(2)

a Ma∂2v

+D(2)
a Ma∂2i + F (2)

a Ma Γ(i)∂i∂v + . . .
}
S0 ψ .

(3.25)

Here ψ = ψ(v,x) is a (boundary) spinor that acs as the source at the boundary. S0 is

the leading order ingoing propagator (up to factor of r−
d
2 ) and satisfies,

ΓS0 = 0 . (3.26)

In the above ansatz,
{
C

(n)
a , D

(n)
a , F

(n)
a , . . .

}
are functions of the radial coordinate ζ and

Ma ∈ {1, Γ(ζ)}. Terms with Ma = Γ(v) can eliminated using (3.26).

The boundary conditions at infinity and the regularity condition at the horizon fix the

ingoing solution.

Ψin =
1

rd/2

{
1− iβ

2

(
H Γ(ζ) −H(0)

)
Γ(i) ∂i −

β2

2

[
H̃ Γ(ζ) − H̃(0)

]
Γ(i) ∂i∂v

+
β2

8

(
fH2 − fcH2

(0)

)
∂2i +

β2

4
H(0)

(
H Γ(ζ) −H(0)

)
∂2i

}
S0ψ .

(3.27)

Here, H and H̃ are functions defined by the differential equations and boundary conditions,

d

dζ
(H
√
f) =

√
f ,

d

dζ
(H̃
√
f) = H

√
f , H(0) = H(ζc) , H̃(0) = H̃(ζc) . (3.28)

All these functions are regular in ingoing coordinates. The function H can be explicitly

computed and is given by,

H(ζ) =
1

iπ
2F1

(
1

2
,
d− 1

d
;
3

2
; f(ζ)

)
⇒ H(0) = −

i

2
√
π

Γ(1/d)

Γ(d+2
2 d )

. (3.29)
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We also obtain the value for H̃(0) as,

H̃(0) = −
d cos πd

(d− 2)π
5
2

Γ

(
1

d

)
Γ

(
3d− 2

2d

)
3F2

(
1

2
,
1

2
,
d− 1

d
;
d+ 2

2d
,
3

2
; 1

)
d→2
= − 2

π2
G ,

(3.30)

where G is the Catalan’s constant.

Given this ingoing solution in derivative expansion, the solution on the full grSK contour

can be obtained from the expressions derived in the last section. In the a-d basis the solution,

up to second order in gradients, can be expressed as,

Ψ =
1

rd/2

{[
1+

β

2

(
H Γ(ζ) −H(0)

)
Γ(i)ki −

β2

2

(
H̃ Γ(ζ) − H̃(0)

)
Γ(i) ωki

− β2

4

(
H(0)

(
H Γ(ζ) −H(0)

)
+

1

2

(
fH2 −H2

(0)

))
k2

]
S0ψa

+
1

2

[
− Γ(ζ)

√
f

+
β

2

(
1+ (2ζ − 1)

Γ(ζ)

√
f

)
ω

+
β

2

(
H
√
f −H(0)

Γ(ζ)

√
f

)
Γ(i)ki +

β2

2
ζ(1− ζ) Γ

(ζ)

√
f
ω2

+
β2

8

(
2H(0)H

√
f +

(
fH2 − 3H2

(0)

) Γ(ζ)

√
f

)
k2

+
β2

4

(
2

(
H̃
√
f − H̃(0)

Γ(ζ)

√
f

)

+ (1− 2ζ)

(
H
√
f −H(0)

Γ(ζ)

√
f

)

+
(
H Γ(ζ) −H(0)

))
Γ(i) ωki

]
S0ψd

}
.

(3.31)

We shall now calculate the on-shell action using the above solution. It is given by a
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boundary term that evaluates to

rd Ψ̄Pζ−Ψ
∣∣∣∣ζ=1

ζ=0

= −ψa
(
γ0 + βH(0)γ

iki +
β2

2
H2

(0)γ
0k2 + β2H̃(0)γ

iωki

)
ψd

+ ψd

(
γ0 − βH(0)γ

iki +
β2

2
H2

(0)γ
0k2 + β2H̃(0)γ

iωki

)
ψa

+
1

2
ψd
(
βγ0ω

)
ψd ,

= ψdγ
0ψa − ψaγ0ψd +

βω

2
ψdγ

0ψd − βH(0)ki
(
ψdγ

iψa + ψaγ
iψd
)

− β2

2
H2

(0)k
2
(
ψaγ

0ψd − ψdγ0ψa
)
− β2H̃(0)ωki

(
ψaγ

iψd − ψdγiψa
)
.

(3.32)

In the RL basis we have,

rd Ψ̄Pζ−Ψ
∣∣∣∣ζ=1

ζ=0

=

(
1− β

2
ω

)
ψRγ

0ψL −
(
1 +

β

2
ω

)
ψLγ

0ψR

+
β

2
ψR
(
ωγ0 − 2H(0)γ

iki
)
ψR +

β

2
ψL
(
ωγ0 + 2H(0)γ

iki
)
ψL

+
β2

2
ψR

(
H2

(0)γ
0k2 + 2H̃(0)γ

iωki

)
ψL

− β2

2
ψL

(
H2

(0)γ
0k2 + 2H̃(0)γ

iωki

)
ψR .

(3.33)

We quote the corresponding expression in even boundary dimensions d = 2n is (check

Appendix A for Clifford algebra conventions)

rd Ψ̄Pζ−Ψ
∣∣∣∣ζ=1

ζ=0

= ψ†
aψd − ψ

†
dψa −

βω

2
ψ†
dψd + βH(0)

(
ψ†
aΣ

(i)kiψd + ψ†
dΣ

(i)kiψa

)
+
β2

2
ψ†
a

(
H2

(0)k
2 + 2ωkiH̃(0)Σ

(i)
)
ψd −

β2

2
ψ†
d

(
H2

(0)k
2 + 2ωkiH̃(0)Σ

(i)
)
ψa ,

= ψ†
L

(
1 +

βω

2

)
ψR − ψ†

R

(
1− βω

2

)
ψL

+
β

2
ψ†
R

(
2H(0)Σ

(i)ki − ω
)
ψR −

β

2
ψ†
L

(
2H(0)Σ

(i)ki + ω
)
ψL

+
β2

2
ψ†
L

(
H(0)k

2 + 2H̃(0)ωkiΣ
(i)
)
ψR −

β2

2
ψ†
R

(
H(0)k

2 + 2H̃(0)ωkiΣ
(i)
)
ψL

(3.34)
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3.2.2 Massive gradient expansion

In this section we will discuss the massive solution up to first order in derivative expan-

sion. Note that while writing the following solution, we have chosen the function
√
f to

assume positive values at the left boundary (the segment of contour with positive imaginary

radius). In contrast to the massless solution, the structure of the ingoing solution in this

case is more involved. While a direct derivative expansion results in somewhat intricate

differential equations even at first order in derivative expansion, we will show below that

simpler equations can be obtained by a judicious parametrisation of the relevant functions.

We will begin by writing the zeroth order ingoing solution for the massive case in the

form,

Ψ =
1

r
d
2

1

Nm

{
F+ +

F−√
f
Γ(ζ)

}
S0 ψ . (3.35)

The functions F+ and F− are in turn defined via a function F as,

F+ ≡
1

2

(
F +

1

F

)
, F− ≡

1

2

(
F − 1

F

)
, (3.36)

where the function F satisfies,

d

dζ
F = m

iβ

2
r
√
fF , F(ζh) = 1 . (3.37)

The above conditions fix F to be,

F =

(
1 +
√
f

1−
√
f

)m/d
. (3.38)

Nm is a normalisation constant given by,

Nm ≡ lim
r→∞

r−mF =
4

m
d

rmh
. (3.39)

Notice that across the horizon, F and F−1 are exchanged because the sign of the function
√
f reverses. This in turn reverses the sign of F− while the sign of F+ remains invariant.

Nevertheless, in the full zeroth order solution to the massive Dirac equation given above,
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no such square root branch cuts appear, thanks to the extra factor of
√
f multiplying F−.

At first order in derivatives we can write an ingoing solution of the form,

Ψ =
1

r
d
2

1

Nm

{(
F+ + F−

Γ(ζ)

√
f

)(
1 +

iβ

2
W+ ∂v +

iβ

2
K+ Γ(i)∂i

)

−

(
F− + F+

Γ(ζ)

√
f

)(
iβ

2
W− ∂v +

iβ

2
K− Γ(i)∂i

)}
S0ψ .

(3.40)

Here the functions W± and K± are solutions to the differential equations,

d

dζ
W+ = 2 (F−)

2 ,
d

dζ
W− = 2 F+F− ,

d

dζ
K+ = 2

√
fF+F− ,

d

dζ
K− =

√
f
(
(F+)

2 + (F−)
2
)
.

(3.41)

They are uniquely fixed by the boundary conditions

lim
ζ→0

(W+ −W−) = 0 , lim
ζ→0

(K+ −K−) = 0

lim
ζ→ζh

W− = 0 , lim
ζ→ζh

K− = 0 .

(3.42)

In the above, exactly like the functions at zeroth order, the functions with subscript ‘+’

remain the same as we traverse the horizon cap. The functions with subscript ‘−’, on the

other hand, pick up a minus sign because of a square root branch cut. We can write an

integral representation for W± and K± as,

W+(ζ) = 2

ˆ ζ

0
(F−)

2 dζ̂ − 2

ˆ ζh

0
F+F− dζ̂ ,

W−(ζ) =2

ˆ ζ

ζh

F+F− dζ̂ ,

K+(ζ) = 2

ˆ ζ

0

√
fF+F− dζ̂ − 2

ˆ ζh

0

√
f
(
(F+)

2 + (F−)
2
)
dζ̂ ,

K−(ζ) =

ˆ ζ

ζh

√
f
(
(F+)

2 + (F−)
2
)
dζ̂ .

(3.43)

The reader can check that these functions satisfy the differential equations and the horizon

jump conditions mentioned above.
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The W− and K− functions vanish at the horizon, as can be checked by computing the

following limits.

lim
ζ→ζh

1√
f
W−(ζ) = lim

ζ→ζh

1√
f

ˆ ζ

ζh

2 F+F−dζ̂ =
1

iπ

4

d
m ,

lim
ζ→ζh

1√
f
K−(ζ) = lim

ζ→ζh

1√
f

ˆ ζ

ζh

√
f
(
(F+)

2 + (F−)
2
)
dζ̂ =

1

iπ
.

(3.44)

As in the massless case, the solution on the grSK saddle can be obtained by using the

ingoing solution. In the a-d basis, we get (upto first order in derivatives),

Ψ =
1

r
d
2

1

Nm

{([
F+ +

F−√
f
Γ(ζ)

](
1 +

βω

2
W+ −

βki
2
K+ Γ(i)

)

−
[
F− +

F+√
f
Γ(ζ)

](
βω

2
W− −

βki
2
K− Γ(i)

))
S0ψa

− 1

2

([
F− +

F+√
f
Γ(ζ)

](
1 +

βω

2
(1− 2ζ −W+) +

βki
2
K+ Γ(i)

)

+

[
F+ +

F−√
f
Γ(ζ)

](
βω

2
(W− − 1)− βki

2
K− Γ(i)

))
S0ψd

}
(3.45)

In order to calculate the influence phase, we need to evaluate on–shell action with

appropriate counterterms. In order to do this, we need the boundary limit of the above

solution. We start by defining the following boundary limits of the functions,

lim
r→rc+iϵ

F = Fc , lim
r→rc+iϵ

W± =Wc , lim
r→rc+iϵ

K± = Kc ,

lim
r→rc−iϵ

F =
1

Fc
, lim

r→rc−iϵ
W± = ±Wc , lim

r→rc−iϵ
K± = ±Kc ,

(3.46)

More explicitly, we have,

Fc =
(
4
rdc
rdh

)|m|/d

=⇒ Nmrmc = Fc , (3.47)

In terms of this data, the boundary influence phase can be computed by evaluating the
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on–shell Dirac action using our solution. In the a-d basis, we obtain,

[
rdΨ̄Pζ−Ψ

]ζ=1

ζ=0

=

(
r2mh

16(m/d)

){
− ψ̄a

(
(1− βω Wc)γ

0 + βki Kcγi
)
ψd

+ ψ̄d
(
(1 + βωWc) γ

0 − βkiKcγi
)
ψa +

βω

2
ψ̄dγ

0ψd

}
.

(3.48)

The relevant finite coefficients are given by the series expansions involving incomplete Beta

functions (or digamma functions).

{ 4πi

16
m
d d
Wc

}
r0

= − 1

16
m
d

[
4

1
d
+1m

4m2 − 1
+

2

d

{
ψ

(
d+ 1− 2m

d

)
− ψ

(
d+ 1 + 2m

d

)}

−
∞∑
j=1

[
B

(
j,
2

d
,−1

)
− 2

2
d
−1 (−)j

j

]
1

B
(
j, 2d , 1

) 8m

4m2 − (1 + dj)2

]
{ 4πi

16
m
d d
Kc
}
r0

= 4
1−2m

d
Γ
(
1+2m
d

)
Γ
(
1−2m
d

)
d Γ

(
2
d

) .

(3.49)

This gives an explicit expression for the influence phase for any value of the mass of the

bulk Dirac fermion.
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Chapter 4

An open EFT for fermions at finite

density

4.1 Introduction

In the previous chapter, we showed that for probe Dirac fermions, the grSK geometry re-

produces the correct Fermi–Dirac statistical factors in real time correlations. This setup

can be used to compute the influence phase of an external fermion probing the dual CFT at

finite temperature. A natural generalisation of this work is to ask what happens if we con-

sider near–equilibrium states with finite density/chemical potential. Such a generalisation

is necessary to make contact with more realistic models of holographic condensed matter

[87, 74, 70, 121, 81, 44, 103, 127, 73, 166]. This is what we turn to now. As we will see,

on the gravitational side, the relevant physics involves a generalization of the grSK geome-

try to the RN–AdS black brane, and to consider its quasi–normal modes and its Hawking

radiation.

4.2 Hawking radiation in RN AdS backgrounds

In this section, we will describe how to construct Hawking modes in charged black branes

when the ingoing quasi–normal modes are known. We will assume that the ingoing solution

is naturally specified in ingoing Eddington–Finkelstein coordinates as an analytic function
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(possibly in a boundary derivative expansion as is the case, for example, in the fluid–gravity

correspondence [137, 84]). We will construct these Hawking modes using a bulk Z2 action

which is dual to a CPT transformation on the boundary CFT.

Let us begin with the Reissner–Nordström black brane solution in AdSd+1 written out

in ingoing Eddington–Finkelstein time and a mock tortoise coordinate, ζ:

ds2 = −r2 f dv2 + i β r2 f dv dζ + r2 dx2
d−1 ,

AM dxM = Av dv = −µ
(rh
r

)d−2
dv .

(4.1)

which is the solution of the Einstein-Maxwell bulk action, given by,

1

2κ2

ˆ
dd+1x

√
−g

[
R+ d(d− 1)− 1

g2
F

FMNFMN

]
, (4.2)

where gF is the gauge coupling constant and we have set the AdS radius to unity. Equiv-

alently, we can replace the description in terms of the metric to one in terms of a set of

orthonormal 1–forms [33, 110],

E(v) =
r

2
dv − f

2
r
(
iβ dζ − dv

)
, E(ζ) =

r

2
dv +

f

2
r
(
iβ dζ − dv

)
, E(i) = r dxi . (4.3)

In the above equations, f is the emblackening factor of the RN–AdS black brane, β is

its inverse Hawking temperature, rh its outer horizon radius, and µ its chemical potential.

These quantities are, in turn, given in terms of the mass parameter M and the charge

parameter Q of the black brane as,

f(r) ≡ 1 +
Q2

r2d−2
− M

rd
,

1

β
≡ d rh

4π

(
1− (d− 2)Q2

d r2d−2
h

)
, µ ≡ gF Q

rd−2
h

[
d− 1

2 (d− 2)

] 1
2

. (4.4)

The ADM mass densityM and the charge density Q are given by,

M =
(d− 1)M

2κ2
, Q =

√
2(d− 1)(d− 2)

gF κ
2

Q . (4.5)

The mock tortoise coordinate ζ is related to the standard radial coordinate r via the
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following differential equation,

dr

dζ
=
iβ

2
r2f(r) . (4.6)

Since the RHS has simple zeroes at the inner and outer horizons, the coordinate ζ, when

thought of as a complex function on the complex r plane, has these points (along with

infinity and other complex simple zeroes of f(r)) as branch points. We will define ζ by

taking a branch cut to extend from the outer horizon to the asymptotic boundary along the

real axis. We choose the inner horizon branch cut such that ζ is analytic in the real interval

between the two horizons (see Fig.2.3). The differential equation above then normalises ζ

such that it has a unit jump across the logarithmic branch cut. Without loss of generality,

we will take ζ(r = ∞ + iε) = 0. This condition along with the above differential equation

then uniquely defines ζ everywhere in the neighbourhood of r ∈ [rh,∞).

We define the RN–SK geometry as one constructed by taking the RN–AdS exterior

and replacing the radial interval extending from the outer horizon to infinity by a doubled

contour, as indicated in Fig.4.1. We then obtain a geometry with two copies of RN–AdS

exteriors smoothly stitched together by a ‘horizon cap’ region. This spacetime requires one

further identification — each radially constant slice must meet at the future turning point,

v →∞.

.

▲

▶

◀

▶

▼

Re ζ = 0

Re ζ = 1

rhrinth ∞

∞+ iε, ζ = 0

∞− iε, ζ = 1

Im r

Re r

Figure 4.1: The radial contour drawn on the complex r plane, at fixed v. The locations of the
two boundaries and the two horizons have been indicated.

Now that we have elaborated on the RN–SK geometry and its associated notation, let

us return to the question posed at the beginning of this section: given an ingoing solution

written in ingoing EF coordinates, how do we construct the outgoing Hawking modes? We
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will do this by exploiting the CPT symmetry of the boundary CFT which acts as,

v 7−→ −v , x 7−→ −x , (4.7)

in addition to a charge conjugation. The reader can quickly verify that the transformations

as written above do not preserve the RN–AdS solution given in (4.1) and (4.3). So how

then do we implement this symmetry on the RN–AdS solution?

The answer to this conundrum lies in the fact that, by the standard rules of AdS/CFT,

the boundary symmetries can always be composed with bulk gauge symmetries (since they

act trivially on the Hilbert space of states of the CFT). In this case, we combine the

boundary CPT transformation with bulk diffeomorphisms, local Lorentz transformations

and gauge transformations. In fact, the reader can check that the following transforma-

tions preserve the RN–AdS solution: we combine a charge conjugation AM 7→ −AM , a

diffeomorphism,

v 7−→ iβζ − v , x 7−→ −x , (4.8)

a gauge transformation,

Λ ≡ −iβ
ˆ ζ

0
dζ ′ Av(ζ ′) , (4.9)

and a non–orthochronous local Lorentz transformation,

T ab ≡


−1 0 0

0 1 0

0 0 −1




coshϑ sinhϑ 0

sinhϑ coshϑ 0

0 0 1

 , ϑ ≡ log f. (4.10)

The linear transformation T is an idempotent local Lorentz transformation (LLT) composed

of a boost along ζ with rapidity ϑ followed by a reflection of the v and x axes.

To check the invariance of the geometry, we will write the diffeomorphism in Eq.(4.8)
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in the form XA 7→ XB J A
B where,

J B
A ≡


−1 0 0

iβ 1 0

0 0 −1

 . (4.11)

The invariance is then the statement that

T ab J B
A EbB = EaA , −

(
J M
N AM + ∂NΛ

)
= AN , (4.12)

as can be readily checked.

It is instructive to unify these transformations by imagining the gauge field as descending

from a Kaluza–Klein reduction over a circle. Say there was an extra circle direction denoted

by φ, along which we have a 1–form, dφ + AN dXN , that is orthonormal to the set of 1–

forms, EaM dXM . The action of charge conjugation and gauge transformation in this picture

can then be thought of as the KK diffeomorphism φ 7→ Λ − φ (which extends J B
A to the

φ direction) along with a KK LLT that acts as a reflection along the φ axis (which extends

T ab to the φ direction). The mathematically inclined reader would recognise that we have

essentially given a description of the boundary CPT transformation as an automorphism

of the RN–AdS principle bundle.

Having implemented the boundary CPT in the bulk, we will now use this symmetry to

generate new solutions to the bulk field equations linearised about the RN–AdS background.

To see how this is done, let us begin with the simplest example of a complex scalar field

with charge q probing the RN–AdS black brane. In the Fourier domain, we can expand a

field configuration in terms of planar waves:

ˆ
dω dd−1k

(2π)d
Φ(q, ω, ζ,k) e−iωv+ik·x . (4.13)

Say this configuration solves the diffeomorphism/gauge covariant linear PDE in the bulk.

How do we use the Z2 we constructed above to get new solutions? The quickest way to

answer this is to use the KK (or the principal bundle) picture described above. To this

end, we think of the above field as drawn from a KK decomposition of a higher dimensional
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scalar field of the form,

∑
q∈Z

eiqφ
ˆ

dω dd−1k

(2π)d
Φ(q, ω, ζ,k) e−iωv+ik·x . (4.14)

The diffeomorphism/gauge covariant linear PDE can then be lifted to a PDE covariant under

higher dimensional diffeomorphisms. We perform a higher dimensional diffeomorphism

{v 7→ iβζ − v ,x 7→ −x , φ 7→ Λ− φ} on the Fourier domain expression given above. After

relabelling the sum/integrals, we obtain,

∑
q∈Z

eiqφ
ˆ

dω dd−1k

(2π)d
e−βωζ−iqΛ Φ(−q,−ω, ζ,−k) e−iωv+ik·x . (4.15)

The higher dimensional diffeomorphism covariance of the linear PDE then guarantees that

the map

Φ(q, ω, ζ,k) 7−→ e−βωζ−iqΛ Φ(−q,−ω, ζ,−k) (4.16)

generates new solutions. In fact, the pre–factor in the exponent shows that this map takes

ingoing solutions that are analytic in r to outgoing solutions which exhibit branch cuts. We

can thus generate the Hawking modes from quasi–normal modes via the map,

Φin(q, ω, ζ,k) 7−→ e−βωζ−iqΛ Φin(−q,−ω, ζ,−k) ≡ Φout(q, ω, ζ,k) . (4.17)

The extension to other fields is straightforward. As a pertinent example, let us consider

how this works for charged Dirac spinors. The main novelty in this case is the additional

action of LLTs on spinor indices. The complex boost given in (4.10) acts on spinor indices

via

T ≡ Γ(ζ) · exp
( ϑ
2
Γ(ζ) Γ(v)

)
=
√
f Γ +

1√
f

Γ† , (4.18)

where we have defined,

Γ ≡ 1

2

(
Γ(v) + Γ(ζ)

)
. (4.19)
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The Gamma matrix notation here is standard and our convention for the Clifford algebra is{
Γa,Γb

}
= 2 ηab 1, with a mostly positive signature ηab. The map from ingoing to outgoing

solutions, in this case, is given by,

Ψin(q, ω, ζ,k) 7−→ e−βωζ−iqΛ T ·Ψin(−q,−ω, ζ,−k) ≡ Ψout(q, ω, ζ,k) . (4.20)

In order to streamline the analysis that is to follow, we end this section with a discussion

of how the quantities that we have introduced behave as they traverse the horizon cap. As

noted before, the mock tortoise coordinate has a unit jump when it encircles r = rh. Noting

that the gauge field Av has the value −µ at the horizon, we see that the jump in e−iqΛ is

the fugacity of the boundary theory,

lim
ζ→0

e−iqΛ = 1, lim
ζ→1

e−iqΛ = eqβµ ≡ z . (4.21)

The rapidity parameter ϑ, on the other hand, has a jump of 2πi when it encircles the outer

horizon — this can be traced to the phase e2πi that the function f picks up around the

same path. As a result, every spinor index receives an additional ‘fermionic’ minus sign as it

crosses the horizon cap. For a field of spin s, one gains the statistical factor (−1)2se−βω+qβµ

which is identical to the factor gained in Euclidean path integrals as we traverse the thermal

circle. As we will argue below, this factor is crucial to how the RN–SK geometry gets the

physics of Hawking radiation right.

4.3 The Dirac equation

We will now apply the preceding slightly abstract discussion to the explicit example of a

Dirac equation in the RN–SK background. The action for a bulk Dirac spinor Ψ of charge

q and mass m living on the RN–SK geometry is given by,

SΨ =

‰
dζ

ˆ
ddx
√
−g iΨ

(
ΓM DM −m

)
Ψ+

ˆ
ddx iΨPζ−Ψ

∣∣∣∣∣
ζ=1

ζ=0

. (4.22)

This is an immediate generalization of the discussion in the previous chapter. Nonethe-

less, let us take a moment to explain each of the above terms. The first is the standard

bulk Dirac action, that fixes the equations of motion to be the Dirac equation in this curved
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spacetime. We have introduced above the covariant Dirac derivative,

DM ≡ ∂M − iqAM +
1

4
ωabMΓaΓb , (4.23)

where AM is the background gauge potential and ωabM are the spin–connection 1–forms

derived from Eq.(4.3).

The second term is a variational boundary term, added in to ensure that this action

admits a well–posed variational principle when the spinors satisfy semi–Dirichlet boundary

conditions [78, 129, 77, 86] (more will be said about this below). When the above action

is evaluated on–shell, the bulk term vanishes and only the boundary term contributes to

the final answer. Notice that the boundary term receives contributions from both the left

and right boundaries of the RN–SK saddle. As before, the operator Pζ− involved in the

definition of this term is one of two projection operators, defined as,

Pζ± ≡
1

2

(
1± Γ(ζ)

)
. (4.24)

The Dirac equation
(
ΓM DM −m

)
Ψ = 0, written out in the Fourier domain, takes the

following form:

{
Γ

(
∂ζ + βω + βqAv +

1

2
∂ζ ln f

)
+ Γ†f−1∂ζ −

β

2

(
Γ(i)ki + imr

)}(
r

d
2Ψ
)
= 0 . (4.25)

It can be explicitly checked that if Ψ(q, ω, ζ,k) solves this equation, applying the transfor-

mation described in (4.20) to it generates another solution of the same equation.

The relevant AdS/CFT boundary conditions are,

lim
ζ→0

r
d
2
−m Pζ+Ψ = Pζ+S0 ψL , lim

ζ→1
r

d
2
−m Pζ+Ψ = Pζ+S0 ψR . (4.26)

Here S0 is a constant boundary–to–bulk matrix [110]. It is defined in terms of the ingoing

boundary-to-bulk propagator Sin(ω, ζ,k) as,

S0 ≡ lim
ζ→0

r
d
2
−m Sin(ω, ζ,k) = lim

ζ→1
r

d
2
−m Sin(ω, ζ,k) . (4.27)

The above boundary conditions are a ‘doubled’ version of the standard semi–Dirichlet con-

ditions in AdS/CFT. These boundary conditions uniquely determine the solution on the
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RN–SK geometry.

To see this, we begin with the most general combination of ingoing and outgoing solu-

tions:

Ψ(q, ω, ζ,k) = −Sin(q, ω, ζ,k)ψF̄ (q, ω,k)− Sout(q, ω, ζ,k)ψP̄ (q, ω,k) e
β(ω−qµ) ,

= −Sin(q, ω, ζ,k)ψF̄ (q, ω,k)

− Srev(q, ω, ζ,k)ψP̄ (q, ω,k) e
βω(1−ζ)+iq(iβµ−Λ) .

(4.28)

Here, we have defined,

Srev(q, ω, ζ,k) ≡ Sin(−q,−ω, ζ,−k) , (4.29)

and we have used the Z2 action detailed in the last section to get the outgoing Hawking

solution.

The boundary conditions described above fix

ψF̄ ≡ nFDω (ψR − ψL)− ψR , ψP̄ ≡ nFDω (ψR − ψL) (4.30)

with

nFDω ≡ 1

eβ(ω−qµ) + 1
(4.31)

being the familiar Fermi–Dirac factor at finite chemical potential. We recognise here

the retarded–advanced basis (RA) for the boundary spinor sources [40, 35]. Thus, when

written in the RA basis, the two combinations of sources precisely multiply the ingo-

ing/quasi–normal bulk–to–boundary propagator and the outgoing bulk–to–boundary prop-

agator respectively. This is analogous to the corresponding statements at zero chemical

potential [149, 34, 89, 110].

As pointed out in the previous chapter, the above fact can be used to argue why the

generating function of correlations computed using our holographic prescription satisfy both

the Schwinger–Keldysh collapse rules as well as the KMS conditions, i.e., the generating

function cannot contain terms with only ψP̄ or terms with only ψF̄ . Exactly the same

argument is valid for the case of finite chemical potential presented here.
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Finally, in the Keldysh–rotated or average–difference basis, one gets,

Ψ(v, ζ,k) = Sin ψa −
{(

nFDω −
1

2

)
Sin + nFDω eβω(1−ζ)+iq(iβµ−Λ) T · Srev

}
ψd . (4.32)

This basis makes the Schwinger–Keldysh collapse rules manifest, i.e., there are no terms

in the generating function for boundary correlators that have only ψa terms. Equivalently,

correlation functions composed of only the difference operator Od vanish. As we will see in

§4.4, the influence phase that we derive for the open EFT precisely has this property.

4.4 Gradient expansion

In this section, we will find the solution to the Dirac equation in gradient expansion, gen-

eralizing the results §3 to charged black branes. We only consider the case of a massless

spinor field for simplicity.

We begin by writing the most general solution Ψ ≡ Ψ(v, ζ,x) in a gradient expansion,

compatible with rotational invariance as,

Ψ =
1

rd/2

{
1+ C(1)

a Ma∂v +D(1)
a MaΓ(i)∂i + C(2)

a Ma∂2v +D(2)
a Ma∂2i + . . .

}
S0 ψ (4.33)

where ψ ≡ ψ(v,x) is the boundary spinor acting as a source at the boundary. The functions

{C(i), D(j), . . . } are some unknown functions of the radial direction ζ. The matricesMa that

appear in the above equation belong to the set {1,Γ(ζ)} and in order to satisfy the Dirac

equation (4.25) at zero derivative order, we will fix S0 to be a constant matrix annihilated

by Γ, i.e., ΓS0 = 0.

The bulk–to–boundary Green’s function satisfying ingoing boundary conditions can be

computed by substituting the above ansatz into the Dirac equation and solving it order by

order in derivative expansion. In the Fourier domain we get an expression of the form,

Sin =
1

rd/2

{
1 +

β

2

(
H Γ(ζ) −H(0)

)
Γ(i) ki −

β2 ω

2

(
H̃ Γ(ζ) − H̃(0)

)
Γ(i) ki

−β
2 k2

8

(
f G2 − f(0)G2

(0)

)
− β2 k2Hc

4

(
H Γ(ζ) −H(0)

)
+ . . .

}
S0 .

(4.34)
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where k2 = kik
i and the subscript ‘(0)’ denotes the value of the functions at the conformal

boundary, ζ = 0. The unknown functions H, H̃, and G must satisfy the following radial

differential equations:

d

dζ

(
eiqΛ

√
f H

)
= eiqΛ

√
f ,

d

dζ

(
eiqΛ

√
f H̃

)
= eiqΛ

√
f H ,

d

dζ

(√
f G
)
=
√
f .

(4.35)

Since we want an ingoing solution, we take H, H̃, and G to be analytic at the outer horizon

which then implies that the functions
√
fH,
√
fH̃ and

√
fG should vanish at the outer

horizon. With this boundary condition specified, the above ODEs have a unique solution.

Given the above ingoing solution, the corresponding solution on the RN–SK geometry

follows by using the formulae derived in §4.3. We will end this section by quoting the result

for the influence phase in average–difference basis:

SIF[ψa, ψd] =

ˆ
ddx rd iΨPζ−Ψ

∣∣∣∣∣
ζ=1

ζ=0

=

ˆ
ddx i

{
ψa Sda ψd+ψd Sad ψa+ψd Saa ψd

}
(4.36)

where Sad, Sda, and Saa are the retarded, advanced and Keldysh Green’s functions respec-

tively. When the dimension of the boundary theory, d, is odd, their explicit forms are given

by,

Sad = γ(v) − βH(0) γ
(i)ki + β2ω γ(i)kiH̃(0) +

β2k2(H(0))
2

2
γ(v) + . . .

Sda = −

(
γ(v) + βH⋆

(0) γ
(i)ki + β2ω γ(i)kiH̃

⋆
(0) +

β2k2(H⋆
(0))

2

2
γ(v) + . . .

)

Saa = e γ(v) +
βω (1− e2)

2
γ(v) −

β2ω2
[
e (1− e2)

]
4

γ(v) +
eβ (H⋆

(0) −H(0))

2
γ(i)ki

+
β2ω

4
γ(i) ki

(
(1− e2)

(
H⋆

(0) −H(0)

)
+ 2 e (H̃⋆

(0) + H̃(0))

)

+
eβ2k2

[
(H⋆

(0))
2 +H2

(0)

]
4

γ(v) + . . .

(4.37)

where we have expanded the Fermi–Dirac factors in powers of ω and the superscript ‘⋆’

denotes the replacement q → −q in the arguments of the functions. We use the letter e to
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denote the ground state charge

e ≡ 1

1 + e−qβµ
− 1

1 + eqβµ
, (4.38)

which is the difference between the ground–state occupation of fermionic particles and anti–

particles. A similar set of expressions can be obtained d is even, as described in [110]. This

influence phase obeys the 2–point KMS relation which takes the following form in the a-d

basis,

Saa = 1

2

eβω − z
eβω + z

(
Sad − Sda

)
. (4.39)

In the limit ω,k→ 0, the influence phase has a very simple form,

SIF =

ˆ
ddx i

(
ψ†
aψd − ψ

†
dψa − eψ†

dψd

)
. (4.40)

Finally, in the limit of uncharged black branes or vanishing chemical potential (q, µ → 0),

all these Green’s functions and the influence phase match with the results derived in §3.2.
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Conclusion

Holography ranks among physics’ most captivating ideas, offering us a radical new lens

through which to view reality. What began as an elegant bridge between quantum gravity

and strongly coupled field theories has blossomed into a framework whose insights illuminate

corners of physics we never imagined it could reach. This thesis explores two distinct

applications that showcase not just holography’s power, but its remarkable ability to unveil

unexpected connections.

Our journey begins with one of quantum gravity’s most enduring mysteries: the nature

of black hole microstates. In §1, we examine the non-supersymmetric, asymptotically flat

2d black hole through its dual description in c = 1 matrix quantum mechanics. Our central

discovery is a novel bound state that serves as the explicit dual of black hole microstates,

dominating the partition function in the double scaling limit. Indeed, this state exhibits

precisely the behaviour that we would expect of a black hole in asymptotically flat space

–– it is a metastable entity and undergoes a gradual, steady evaporation.

The second part of our thesis explores holography’s remarkable utility in condensed mat-

ter physics. Here, we extend the AdS/CFT correspondence into new territory, developing

tools to study (fermionic) open effective field theories interacting with holographic baths.

In §2, we lay the groundwork for understanding open effective field theories through

holography. Central to this framework is the introduction of the gravitational Schwinger–

Keldysh saddle (grSK saddle), a bulk spacetime that proves remarkably well–suited for

probing open effective theories. Through careful development of the holographic dictionary

for these geometries, we build a bridge between bulk and boundary physics, with special

attention to fermionic systems.

In §3, we study Dirac fermions as propagating through these backgrounds and carefully

demonstrate how they lead to Fermi–Dirac statistics on the boundary theory. Indeed, the

holographic Schwinger–Keldysh boundary conditions naturally select exactly those mode

combinations that satisfy fermionic KMS relations. Finally, we derive an explicit expression

for the probe fermion’s influence phase through the evaluation of the bulk on–shell action.

Our investigation culminates in §4, where we extend all of our previous results to charged

black branes –– a crucial step toward modeling realistic condensed matter systems at finite

temperature and chemical potential.

These explorations, rich as they are, represent just two threads in holography’s vast

tapestry. The principle continues to reveal new connections and insights, exemplifying

theoretical physics at its most profound –– where mathematical elegance leads to deep

physical truth. As we look to the future, holography stands poised to play an ever more
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crucial role in our quest to understand quantum gravity and the fundamental nature of

reality itself. The insights it continues to yield suggest that the universe’s deepest structures

may be even more beautiful and surprising than we dare to imagine.
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Appendix A

Spinors and Clifford algebras:

conventions and representations

In this appendix, we delineate our conventions for the spinors and Clifford algebras used in

the main text. We organize our discussion from the perspective of the boundary conformal

field theory, first describing the conventions for the boundary spinors and boundary Gamma

/ Sigma matrices, and then explaining how the corresponding objects in the bulk are defined.

The exposition presented here and the choice of basis that we use differ slightly from the

standard references on the subject [86, 134, 161, 54, 131], but it is one that we find useful

for our purposes. Of course, none of the results quoted in the text depend on a particular

representation of these matrices.

A.1 Spinor and Clifford algebra conventions

The Gamma matrices that we use satisfy the Clifford algebra,

{
Γa, Γb

}
= 2 ηab 1, (A.1)

where ηab = diag (−1, +1, . . . , +1). In particular, the lone time–like Gamma matrix Γ(v)

squares to −1, while the space–like Gamma matrices are idempotent. We will always

choose Γ(v) to be anti–Hermitian and all the rest to be Hermitian. Recall that in a (d+1)–
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dimensional spacetime, these are 2k × 2k dimensional matrices, with k given by,

k =
⌊d+ 1

2

⌋
. (A.2)

Thus, the Dirac spinors in this spacetime also have 2k components. As we had noted

before, the bulk and boundary spinors can have a different number of components, depend-

ing on the dimension of the spacetime we are in. In this regard, we adopt the following

conventions: the spinors in the bulk will always be represented as Dirac spinors. When the

dimension of the boundary is odd, i.e., d = 2n+1, the spinors of the CFT are Dirac spinors

of dimension 2n. When the dimension of the boundary spacetime is even, i.e., d = 2n, we

will use Weyl spinors for the CFT, viz., chiral or anti–chiral spinors of dimension 2n−1. With

these choices, in every dimension the bulk spinors always have twice as many components

as the boundary spinors do.

We choose a basis for our Gamma matrices that plays well with the above conventions.

When d = 2n, the boundary spinors are Weyl spinors that transform under the covariant

Pauli (or Sigma) matrices (Σ,Σ) given by

Σ(µ) =
(
1, σ(i)

)
; Σ

(µ)
=
(
1,−σ(i)

)
. (A.3)

In turn, σi are the generalized Pauli matrices that satisfy,

{
σ(i), σ(j)

}
= 2 δ(i)(j) 1. (A.4)

Correspondingly, we choose the the Gamma matrices in the bulk to be,

Γ(ζ) =

1 0

0 −1

 , Γ(µ) =

 0 Σ(µ)

−Σ(µ)
0

 . (A.5)

It is easily checked that these Gamma matrices satisfy the Clifford algebra. Furthermore,

because the Sigma matrices are all Hermitian, Γ(v) is an anti–Hermitian matrix, while all

the rest are Hermitian. Finally, the ‘lightcone’ combinations of Gamma matrices Γ and Γ†

(3.4) and the constant bulk to boundary matrix S0 (3.17) that we introduced in the main
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text, read,

Γ =
1

2

(
Γ(v) + Γ(ζ)

)
=

1

2

 1 Σ(v)

−Σ(v) −1

 =
1

2

 1 1

−1 −1

 ,

Γ† =
1

2

(
Γ(v) − Γ(ζ)

)
=

1

2

 1 −Σ(v)

Σ
(v) −1

 =
1

2

1 −1

1 −1

 ,

S0 =

 1

−Σ(v)

 =

 1

−1

 .

(A.6)

When d = 2n − 1, the boundary spinors are Dirac spinors that transform under the

boundary Gamma matrices, which we will denote by γ(µ). In this case, the Gamma matrices

for the bulk spinor can be chosen to be,

Γ(ζ) =

1 0

0 −1

 , Γ(µ) =

 0 γ(µ)

γ(µ) 0

 . (A.7)

Once again, it is easy to see that the above Gamma matrices satisfy the Clifford algebra,

and that they inherit the correct Hermiticity properties from the boundary γ’s, i.e., Γ(v) is

an anti–Hermitian matrix, and the rest of the Γ(a) are Hermitian. In these dimensions, the

matrices Γ, Γ† and S0 then take the form,

Γ =
1

2

(
Γ(v) + Γ(ζ)

)
=

1

2

 1 γ(v)

γ(v) −1

 ,

Γ† =
1

2

(
Γ(v) − Γ(ζ)

)
=

1

2

 1 −γ(v)

−γ(v) −1

 ,

S0 =

 1

γ(v)

 .

(A.8)
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A.2 Pauli matrices and explicit representations

Having described how to construct the bulk Gamma matrices from the (Σ, Σ) and γ ma-

trices, we now turn to providing explicit representations for these boundary matrices. We

will do this using the generalized Pauli matrices.

As the name suggest, the generalized Pauli matrices are set of Hermitian matrices that

generalize the standard 2 × 2 Pauli matrices (τ1, τ2, τ3) to all odd dimensions. As we will

soon see, we can always choose them to be real and symmetric, or imaginary and anti–

symmetric. In p = 2n − 1 dimensions, they are 2n−1 × 2n−1 matrices that satisfy the

Euclidean Clifford algebra,

{
σ(i)p , σ(i)p

}
= 2 δ(i)(j) 1. (A.9)

We organize these matrices into four different classes depending on their dimension: p =

8k+ 1, p = 8k+ 3, p = 8k+ 5, p = 8k+ 7, and describe each of their explicit constructions

separately. In each case, we will build them out of the standard Pauli matrices (τ1, τ2, τ3).

p = 8k + 1

The very simplest case is of course p = 1, where the Pauli ‘matrix’ σ
(1)
1 is just the number

1. The next member of this family is p = 9, where all the Pauli matrices can be chosen to

real, symmetric matrices as follows,

σ
(1)
9 = τ1 ⊗ 1⊗ 1⊗ 1 ,

σ
(2)
9 = ε⊗ 1⊗ τ3 ⊗ ε , σ

(3)
9 = ε⊗ 1⊗ τ1 ⊗ ε,

σ
(4)
9 = ε⊗ τ3 ⊗ ε⊗ 1 , σ

(5)
9 = ε⊗ τ1 ⊗ ε⊗ 1,

σ
(6)
9 = ε⊗ ε⊗ 1⊗ τ3 , σ

(7)
9 = ε⊗ ε⊗ 1⊗ τ1,

σ
(8)
9 = ϵ⊗ ϵ⊗ ϵ⊗ ϵ , σ

(9)
9 = τ3 ⊗ 1⊗ 1⊗ 1.

(A.10)

We have adopted the shorthand ε = iτ2 to make the reality of these matrices manifest.

With the above two cases defined, we can now recursively define the rest of the members of
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this family.

σ
(i)
8k+9 = σ

(i)
9 ⊗

4k 1 , i ∈ {1, . . . , 8};

σ
(8+j)
8k+9 = σ

(9)
9 ⊗ σ

(j)
8k+1 , j ∈ {1, . . . , 8k + 1}.

(A.11)

p = 8k + 3

The matrices in these dimensions are defined as follows.

σ
(1)
8k+3 = τ1 ⊗4k 1 ,

σ
(2)
8k+3 = τ2 ⊗4k 1 ,

σ
(2+j)
8k+3 = τ3 ⊗ σ(j)8k+1 , j ∈ {1, . . . , 8k + 1}.

(A.12)

Unsurprisingly, when p = 3, these are just the standard Pauli matrices.

p = 8k + 5

These matrices can be written down as follows.

σ
(1)
8k+5 = i τ1 ⊗ ε⊗4k 1 ,

σ
(2)
8k+5 = i τ3 ⊗ ε⊗4k 1 ,

σ
(3)
8k+5 = ε⊗ ε⊗4k 1 ,

σ
(4)
8k+5 = 1⊗ τ3 ⊗

4k 1 ,

σ
(4+j)
8k+5 = 1⊗ τ1 ⊗ σ(j)8k+1 , j ∈ {1, . . . , 8k + 1}.

(A.13)

p = 8k + 7

All the matrices in these dimensions can be chosen to be purely imaginary and anti–
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symmetric.

σ
(1)
8k+7 = i1⊗ τ3 ⊗ ε⊗4k 1 ,

σ
(2)
8k+7 = i1⊗ τ1 ⊗ ε⊗4k 1 ,

σ
(3)
8k+7 = i τ3 ⊗ ε⊗ 1⊗4k 1 ,

σ
(4)
8k+7 = i τ1 ⊗ ε⊗ 1⊗4k 1 ,

σ
(5)
8k+7 = i ε⊗ 1⊗ τ3 ⊗4k 1 ,

σ
(6)
8k+7 = i ε⊗ 1⊗ τ1 ⊗4k 1 ,

σ
(6+j)
8k+7 = i ε⊗ ε⊗ ε⊗ σ(j)8k+1 , j ∈ {1, . . . , 8k + 1}.

(A.14)

With these matrices explicitly laid out, we can now construct the boundary matrices

in the AdS/CFT correspondence. For an even–dimensional boundary, d = 2n = p+ 1, the

Sigma matrices are constructed as,

Σ
(v)
d = Σ

(v)
d = 1

Σ
(i)
d = −Σ(i)

d = σ
(i)
d−1 , i ∈ {1, . . . , d− 1}

(A.15)

For an odd–dimensional boundary, d = 2n+1 = p+2, the boundary Gamma matrices can

be chosen as follows,

γ
(v)
d =

 0 1

−1 0



γ
(µ)
d =

 0 σ
(µ)
d−2

σ
(µ)
d−2 0

 , µ ∈ {v, 1, . . . , d− 2}

γ
(d−1)
d =

1 0

0 −1



(A.16)
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The corresponding matrices in the bulk can now be immediately constructed from our

previous discussion.
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