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Abstract

An orthomorphism of a finite group G is a bijection ¢: G — G such that g — g le(g)isalsoa bijection. In 1981,
Friedlander, Gordon, and Tannenbaum conjectured that when G is abelian, for any £ > 2 dividing |G| — 1, there
exists an orthomorphism of G fixing the identity and permuting the remaining elements as products of disjoint
k-cycles as long as the Sylow 2-subgroups of G are trivial or noncyclic. We prove this conjecture for all sufficiently
large groups.

1. Introduction

An orthomorphism of a finite group G is a bijection ¢: G — G such that g — g~ '¢(g) is also
bijective. Orthomorphisms have attracted much interest in recent years, not least due to their link
with Latin squares. The multiplication tables of groups with orthomorphisms yield Latin squares with
orthogonal mates, which in turn give useful constructions in design theory (see the book of Evans [15]
for an overview of the area). A fundamental conjecture in the area is the Hall-Paige conjecture [22]
which states that a group G admits an orthomorphism if and only if the product of all elements in the
group (in any order) belongs to the commutator subgroup (this property is henceforth referred to as the
Hall-Paige condition, and is equivalent to the Sylow 2-subgroups of G being trivial or noncyclic). For
abelian groups, the Hall-Paige condition simply means that the sum of all elements in the group is the
identity. The conjecture was confirmed by Wilcox [36], Evans [14], and Bray [8] in 2009. It is not too
difficult to see that the Hall-Paige condition is necessary, but the fact that it is also sufficient is quite
remarkable.

The proof of Wilcox, Evans and Bray has the disadvantage that it relies extensively on the classification
of finite simple groups. Recently, two new proofs of the Hall-Paige conjecture have been found which
do not rely on this classification, with the caveat that both proofs require the group to be sufficiently
large. On the other hand, both proofs strengthen the original statement of the Hall-Paige conjecture in
a distinct, novel direction. The first of these proofs is due to Eberhard, Manners, and Mrazovi¢ [12].
This proof uses tools from analytic number theory, and it yields a strikingly accurate asymptotic on the
number of orthomorphisms for groups with the Hall-Paige condition. The second proof is due to the
author and Pokrovskiy [30], and this proof has the advantage of finding orthomorphisms in random-
like subsets of groups. This flexibility turns out to be quite fruitful as demonstrated by the numerous
applications of the ‘random Hall-Paige conjecture’ given in [30].

The current paper is focused on a third way to strengthen the Hall-Paige conjecture, this time by
asserting the existence of orthomorphisms with specific cycle types. Recall that the cycle type of a
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permutation 7 encodes how many cycles of each length are present when 7 is written as a product of
disjoint cycles. For example, orthomorphisms that consist of a single cycle come up naturally in Ringel’s
resolution of the Heawood map colouring conjecture, which motivated Ringel to ask for a classification
of all groups with such orthomorphisms (see [34, 17, 2, 33]). Several other problems of a similar flavour
concerning ‘sequenceable groups’ were raised by numerous authors with the motivation to construct
Latin squares with additional properties (see [32] and Section 1.1.2 in [30]). There are also motivations
to study orthomorphisms with other cycle types. For example, orthomorphisms that are products of
disjoint 6-cycles give constructions such as ‘cyclic’ Steiner triple systems [25].

A unifying conjecture in the area was given by Friedlander, Gordon, and Tannenbaum in 1981 [16].

Conjecture 1.1 (The Friedlander—Gordon-Tannenbaum (FGT) conjecture, 1981). Let G be an abelian
group of order n satisfying the Hall-Paige condition. Suppose for some integer k > 2 that k divides n— 1.
Then, there exists an orthomorphism of G that fixes the identity element, and permutes the remaining
elements as products of disjoint cycles of length k.

The Hall-Paige conjecture is not very laborious to verify for abelian groups, and this was already
achieved by Hall and Paige when they posed their conjecture. The FGT conjecture, on the other hand, has
remained open for more than forty years. There are several partial results towards the FGT conjecture in
the literature. Friedlander, Gordon, and Tannenbaum themselves confirmed their conjecture for groups
of order at most 15, and abelian p-groups where p > 3 [16]. We refer the reader to [15] for a more
detailed overview (see also [5, 6, 35] for results about the very related concept of complete mappings).
We just remark that the k£ = 3 and the cyclic group case of the FGT conjecture is open, signifying the
difficulty of the problem. In this paper, we resolve the FGT conjecture for sufficiently large groups.

Theorem 1.2. The Friedlander—Gordon—Tannenbaum conjecture is true for all sufficiently large groups.

We use methods from probabilistic combinatorics, so our proof needs large groups just to get
concentration for some random variables with fairly simple distributions. We do not make this constant
explicit to make the presentation neater.

We verity the FGT conjecture by developing fairly general methods which can potentially be used to
shed light on many adjacent embedding problems with an algebraic flavour. As we explore in Section 7.1,
our methods seem adaptable for the study of graceful and harmonious graph labellings [18]. We delve
further into the proof in the next section, which serves as a skeleton for the paper and contains a bird’s
eye view of the proof of Theorem 1.2.

We make three further remarks.

Remark 1.3. At the time the FGT conjecture was posed, the Hall-Paige conjecture was known to be
true for abelian groups, but not in general, which perhaps explains why Conjecture 1.1 is concerned only
with abelian groups. Given the present work, it seems reasonable to suspect that the FGT conjecture can
be extended to nonabelian groups, perhaps even quasi-groups/Latin squares, which would generalise the
famous Ryser-Brualdi-Stein conjecture. We discuss this further in the concluding remarks, Section 7.

Remark 1.4. Our proof of Theorem 1.2 actually gives much more, and can be used to give many other
cycle types that can be realised via orthomorphisms. We discuss this further in Section 7.

Remark 1.5. A very related notion is that of a complete mapping, which is a permutation ¢ of a group
G such that g — g@(g) is also bijective. A group admits a complete mapping if and only if it admits an
orthomorphism, essentially because the map g — g~! is a bijection. Therefore, the Hall-Paige conjecture
is sometimes stated with respect to complete mappings instead of orthomorphisms. However, this
equivalence does not hold when we make restrictions on the cycle type. For example, in an abelian group,
there cannot be a complete mapping inducing any cycle of length 2, therefore the FGT conjecture does
not hold when orthomorphisms are replaced with complete mappings (for a more detailed discussion
of cycle types of complete mappings, see [5, 6]). However, some appropriate modification of the FGT
conjecture likely holds for complete mappings as well, and we discuss this further in Section 7. We
should also remark that, confusingly, orthomorphisms are called complete mappings in [16], but the
convention in the current paper seems to be standard following the book of Evans [15].
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2. Main theorem and overview of the proof
2.1. Definitions of key auxiliary graphs and hypergraphs

It is customary in combinatorics to rephrase statements such as Conjecture 1.1 in terms of finding
perfect matchings in hypergraphs, or finding rainbow structures in edge-coloured graphs, and we follow
this tradition in the current paper.

Given a group G of order n, we denote by EG the edge-coloured directed graph defined as follows.
V(Eg) =G, and E(I_()G) :={(a,b) € G X G: a #+ b}, and the colour of an edge (a, b) is the group
element ab~!. Given subsets V,C C G, by K, c[V; C] we denote the subgraph of K, G obtained by keeping
only the vertices in V, and the directed edges with colours in C. Occasionally, the following related defi-
nition will also be useful. Given multiple subsets Vi, V», ..., Vx C G, we denote by EG [Vi,Va, ..., Vi]
the edge-coloured directed graph with vertex set V; LU V> LI - - - L Vi (U indicates that we are taking a
disjoint union) and edge set consisting of edges of the form e = (v, w) € V; x Vi, (with colour vw™")
for some i € {1,2,...,k} (where k + 1 = 1). By I%G [Vi,Va,...,Vi; C], we denote the same graph
obtained by keeping only edges whose colour is in C.

Recall that a subgraph of an edge-coloured graph is called rainbow if all edges have distinct colours.
Given V,C C G, let H[V;C] be the 2k-uniform hypergraph on the vertex set V L C where v Ll ¢ is
an edge whenever v C V induces a rainbow directed cycle of length & in EG with the colour set of the
cycle being precisely c. Hi denotes Hi [G; G]. Sometimes we overload the terms vertex and colour by
referring to elements of V(H [V; C]) which come from V as vertices and those which come from C as
colours. The following observation is quite critical.

Observation 2.1. Assuming the ambient group G is abelian, if ¢ is the colour set of an edge in Hy, or
the colour set of some directed rainbow cycle in K¢ (of any length), then the sum of all the elements of
¢ must equal 0, that is, ¢ is a zero-sum set.

Proof. As in a directed c_ycle each vertex has one in-edge and one out-edge, when we take a sum of all
the colours of a cycle in K, each vertex appears twice, once positive, and once negative. The statement
follows. o

Given graphs H and G, we say that G contains an H-factor if there exists a collection of copies of H in
G that partition the vertex set of G. For example, a K»-factor in a graph is a perfect matching. Py denotes
adirected path of length k£ (meaning with k edges). ék denotes a directed cycle of length k (meaning with
k vertices and k edges). The following proposition follows from all the definitions presented thus far.

Proposition 2.2. Let G be a finite abelian group and let k be an integer with k > 2. The following are
equivalent.

o G admits an orthomorphism fixing the identity and permuting the remaining elements as products of
disjoint k-cycles.

o Kg [G\ {0}; G \ {0}] contains a rainbow ékfacton

o Hi[G \ {0}; G \ {0}] has a perfect matching.

We invite the reader to verify the above proposition. Thanks to Proposition 2.2, we can phrase our
main result in the language of hypergraph matchings in the next subsection.

2.2. Main theorem and its proof modulo key lemmas

The k = 2 case of Conjecture 1.1 is proven implicitly in [16], where the authors give orthomorphisms
of odd-order cyclic groups which are products of disjoint transpositions (see also [15] for a proof of the
k =2 case). The case of k > log'? n (the ‘high-girth case’), on the other hand, can be resolved by using
some tools from [30]. In fact, the k = n case (the Hamilton cycle case) was implicitly solved in [30]
already, and it turns out the method is general enough to handle cycles of length at least polylogarithmic
in n. We give the details for this in Section 6. We remark that for the methods of [30], this polylogarithmic
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lower bound on the cycle length is a hard barrier, essentially because any sorting network (see [4, 1])
must have depth at least logn (we discuss this in more detail later on). Hence, our main theorem is
concerned with the 3 < k < log' n case of the FGT conjecture.

We recall the following conventions before stating our main theorem. Recall that a p-random subset
of set § is one obtained by sampling each element of S independently with probability p. Similarly, we
say a collection of random sets Ry, ..., Ry C S is disjoint p-random if each element of S belongs to
each R; with probability p, and to none of the R; with probability 1 — pk, and these decisions are made
independently for each element of S. We reserve the letter n for the size of the ambient group throughout
the paper. When we say that an event holds ‘with high probability’, we mean that the probability of the
event approaches 1 as n tends to infinity.

Theorem 2.3 (Main theorem). There exists an absolute constant g,3 > 0 such that the following
holds. Let G be an abelian group of order n, let p > n™%23, and suppose k is some integer such that
3<k< log10 n. Let R\, Ry € G be p-random subsets, sampled independently. Then, the following
holds with high probability.

Let V,C C G be equal-sized subsets with [VAR,|,|CAR| < n®/*. Suppose k divides |V| (and thus,
|C|), and suppose Y, C =0 and 0 ¢ C. Then, Hy[V; C] has a perfect matching.

Theorem 2.3 turns into a deterministic statement when applied with p = 1. This statement, when
n is sufficiently large, implies Conjecture 1.1 (when 3 < k < log!® n, the ‘low-girth case’) by setting
V = C = G \ {0}. Theorem 2.3 can thus be interpreted as a randomised version of Conjecture 1.1.
As far as our proof method is concerned, it does not take extra work to prove Theorem 2.3 compared
to Conjecture 1.1. Theorem 2.3 also has further applications. Using its full strength, one can find
orthomorphisms with other cycle types, see Section 7 for more details.

2.2.1. Comparison with the random Hall-Paige conjecture

It is worth discussing how Theorem 2.3 is different from the main result in [30] (see Theorem 3.20 in
the current paper) and the applications given therein. The main result of [30], or the so-called random
Hall-Paige conjecture, is concerned with finding perfect matchings in hypergraphs whose vertices
are group elements, and edges are given by triples (a, b,c) where a + b + ¢ = 0. In comparison,
the hypergraph in Theorem 2.3, for example when & = 3, is defined by 6-tuples (a, b, ¢, d, e, f) where
a=d-e,b=e— f,c=f—d (note this implies in particular that a + b + ¢ = 0). With extra ideas,
it is sometimes possible to glue together simpler equations to deduce information about hypergraphs
with more complicated structure. For example, the random Hall-Paige conjecture guarantees existence
of perfect rainbow matchings in random subsets of I_()G. Collecting multiple disjoint random sets, and
finding rainbow matchings between them (using disjoint colour sets), we can build long rainbow path
forests in Eg. However, when the lengths of the rainbow paths approach k, we need to ‘stitch’ the
endpoints of these rainbow paths together in order to obtain k-cycles. It turns out that one can set aside
some structure in the beginning which allows us to stitch arbitrary endpoints together, using a specified
set of vertices and colours (see Lemma 6.18 from [30]). The catch is that for the stitching, we need to
use paths of length at least log . This barrier comes from, roughly speaking, the stitching process being
equivalent to running a sorting algorithm. Due to limitations on how many comparisons any sorting
algorithm has to make, there unfortunately is no room for improvement for this part of the argument,
and therefore we need novel ideas.

In fact, it turns out that when k is small (say £ = 3), the stitching statement we require (corresponding
to Lemma 6.1 when ¢ = 2) simply becomes false, in the sense that conditions coming from simply
summing elements together, as in the Hall-Paige conjecture, are not sufficient to characterise the
existence of the desired spanning structure. This is closely related to obstructions which arise in the
toroidal n-queens problem for which Bowtell and Keevash recently made a break-through [7]. We won’t
give much context for this problem here, mentioning only that the problem is about finding perfect
matchings in hypergraphs where edges are of the form (a, b,c,d) where ¢ = a+ b and d = a — b,
similar in spirit to the FGT conjecture. In order to characterise when such perfect matchings arise, even
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in cyclic groups, one needs a condition about the sum of squares in the group. This is in stark contrast
with both the Hall-Paige and FGT conjectures, where the obstructions can be expressed using only the
additive structure of the group in question.

2.2.2. Proof ideas

As outlined before, the low-girth case of the FGT conjecture is highly sensitive, and several novel ideas
are required compared to the random Hall-Paige conjecture from [30]. To illustrate just one specific
challenge we need to overcome, consider the following question: For which k-subsets C € G does H
have an edge with C as its colour set? Equivalently, which colour sets induce directed rainbow k-cycles
in I?G? This is highly relevant as a necessary condition for solving the FGT conjecture is coming up
with a partition of G \ {0} into such colour sets. It is not hard to see that we need that 3, C = 0 (see
Observation 2.1) and that 0 ¢ C. Further thought reveals that to find a directed rainbow k-cycle (and not
just a closed k-walk) in EG with colour set C, we need to be able to order C as (cy, ..., cx) such that
c1,c1+ca, c1+- - ¢ are all distinct. We call (cy, . . ., cx) a cycle-candidate if this property holds. Can
a zero-sum subset not containing 0 be ordered to be a cycle-candidate? It turns out that even for cyclic
groups of prime order, this is an open problem, posed initially by Ronald Graham in 1971. Surprisingly
little is known about this problem (see Problem 10 from [20], see also [3, 11, 10, 9]). For example, the
problem is already open for £ = 13 and cyclic groups of prime order.

Due to difficulties surrounding Graham’s problem, our understanding of the structure of sequences
yielding cycle-candidates is rather limited. A central aspect of our approach (which we believe translates
well to adjacent problems, see Section 7.1) capitalises on the fact that there is a rich and well-behaved
subset of cycle-candidates, namely, those which can be constructed by gluing together short, carefully
curated families of subsequences (see for example the definition of dissociable in Section 3.2, as well as
Lemma 3.27). A key tension in the proof is that the definitions of these building blocks need to be strong
enough so that when they are combined, they produce cycle-candidates, but also weak enough that they
exist in abundance throughout G. The latter need arises because we will have to construct absorbers for
these building blocks from the beginning (see Lemma 5.19), in order to have some flexibility in how we
use them towards the end of the proof.

Absorption is a general framework in probabilistic combinatorics designed to turn almost spanning
structures into fully spanning structures (see [29, 7, 27] for some recent breakthroughs using this
framework). The method has been developed immensely in the past decade, making it difficult to pinpoint
exactly what the absorption method is. However, the common denominator in all implementations of
the method is relying on the existence of small scale structures (gadgets) with various properties in
order to build a large scale, flexible structure. A relevant question is which small scale structures can
even be found in the host structure. Lemma 3.19 is a key tool we use in the current paper which gives
a general method to produce substructure patterns which exist in abundance throughout host structures
which are algebraically defined. We refer the reader to Figure | for examples of such patterns we work
with in the current paper.

We emphasise that this result is quite flexible (in particular, it is possible to extend Definition 3.10
with further sufficient conditions if a future problem requires a richer class of substructures). We refer
the reader to Section 7.1 for a discussion about a potential connection with the study of graceful and
harmonious labellings.

2.2.3. Proof of Theorem 2.3

For the rest of this section, we focus on Theorem 2.3, which is concerned with the ‘low-girth’ case of the
FGT conjecture. The key lemma used to prove Theorem 2.3 is the following, which states the existence
of an ‘absorber for zero-sum subsets’. Roughly speaking, this lemma states that random subsets contain
‘absorbers’ which have the ability to combine with any small enough set to produce matchings (we say
that the small set is ‘absorbed’), provided that this small set satisfies some straightforward necessary
conditions.
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Lemma 2.4 (Zero-sum absorption). There exist absolute constants € = €y4 > 0and K = K 4 > 1 with
eK < 10710 such that the following holds. Let 3 < k < log'®n, p > n™%. Let Ry, Ry € G be p-random
subsets, sampled independently. Let m € k - N with m < (p/klogn)Xn. Then, the following holds with
high probability.

Let U C G with |U| < n*>. Then, there exist V.C Ry \ U and C C Ry \ U with the following
property. For any V'CG\Vand C' C G\ Cwith [V'| = |C'| =m, 3" =0,0 ¢ C’, we have that
Ko [VUV’; CUC’] has a rainbow Cx ~factor, or equivalently, Hy [VUV’; CUC’] has a perfect matching.

To finish, we need a version of Rodl nibble that works with regular hypergraphs plus a few ‘junk
vertices’, which correspond to the leftover in the smaller random sets after the absorber is removed. The
following lemma encapsulates this idea.

Lemma 2.5. There exists an absolute constant €25 > 0 such that the following holds. Let G be an
abelian group of order n. Let 3 < k < log'®n, and let p > n=225. Let Ry and R, be p-random subsets
of G, sampled independently. The following holds with high probability.

For any Vp,Cp C G disjoint with Ry and R, (respectively) with n%°/'00 < |v,| = |V¢| <

1-1/108

8275p31’l/k100, Hi[R1 U Vp; Ry U Cp| contains a matching covering all but at most n vertices.

The proof of Lemma 2.5 comes down to establishing certain pseudorandomness properties of Hy.
Checking pseudorandomness in hypergraphs is notoriously tricky, for example see [23] for a useful
criterion for dense hypergraphs. Unfortunately, Hy is quite sparse, and potentially has large uniformity,
so [23] is not immediately useful in our set-up. For this reason, we have to put a fair bit of care into the
proof of Lemma 2.5.

We can now give the proof of our main theorem, assuming these two lemmas. We remark that often
in our proofs, we have random subsets R’ C R where R itself is a random subset of the group G. When
we say that R’ is a g-random subset, we always mean that R’ is a g-random subset of the group G, and
not of R.

Proof of Theorem 2.3. Pick a value of &7 3 such that 0 < £y3 < €2.4,82.5,1/Ky.4. Foreachi € {1,2},
partition R; into R(]) and sz) which are disjoint p;-random and p,-random sets respectively, where
p1 = (1/1000)&;. 5p4/k100 (and py = p — p1). We have that p; > n~°24 and p, > n®2S if g5 3 is small
enough. Select some m € k - N such that 10n!~ V10% <y < (p1/klogn)X24p (there exist such values
of m as 4K>4 < 107'%). With high probability, Lemma 2.4 holds with (R(l) R(l),pl,m) in place

of (R{, Ry, p,m) and Lemma 2.5 holds with (R(z) R(2),p2) in place of (Ry, Ry, p). Also with high
probability, the size of each random set is at most \/_ log n away from its expectation (by Chernoft’s
bound, see Lemma 3.1). With high probability, all of these properties hold simultaneously.

Now, fix random sets having all these properties and let V and C be given as in the statement of the
theorem. Set U := (R; \ V) U (R, \ C) noting |U| < 2rn3/*. Apply Lemma 2.4 to find absorbing subsets
Va C REI) \UCVand Cy C Rél) \ U C C which can combine with m-sized vertex-sets and m-sized
zero-sum colour-sets to produce perfect matchings. Note this implies in particular that [V4| = |C4|.

SetVp := (R(]> NV)\Vaand Cp := (R(l) NC)\ Cy,noting |Vp|, |Cp| < 3p1n (as this bounds from
above even the sizes of Rfl) and R;l)) and also note that 3p n < &2.5psn/k'% (using the definition of
p1 and that p, > p/2). Note also that |[Vp| — |Cp|| < 10n3/* so Vp and Cp are nearly equal sized!.
By an application of Lemma 2.5, we may deduce that Hy[Vp U (sz) NnV),Cp U (R;z) N C)] has a
matching M, covering all but at most 2n'~!/ 10° vertices2. Unmatch some edges of M so that the number
of leftover vertices V' := V' \ V(M) and colours C” := C \ V(M) are both equal to m (this is possible as

IThis holds because |V | = |Cal, V, R; and C, R, have small symmetric difference by assumption of the theorem, and we
assume the random sets deviate not so much from their expected size

2To see this, first delete < 10n3/4 elements from Cp or Vp so that |Vp | = |Cp |, add a minimal number o dummy elements
to both Vp and Cp so that their size at least n99%/1090 (but still at most £, 5 p3n /k190) and then we may find directly by
Lemma 2.5 a matching inside Hy [Vp U Rgz);CD U R§2>] leaving at most n1=1/10% uncovered vertices. All edges of this
matching exist also in Hg [Vp U (sz) NnNV);Cp U (Réz) N C)], with the exception of those edges incident on the (< 10n3/4)
vertices we deleted from Vp or Vo to balance the sets, the (< n9%/ 1000y dummy vertices added to Vp and Cp and the edges
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k divides |V|, |C|, m and |V4| = |C4|, and m is at least twice as large at the number of leftover vertices).
Note that the matching M| guarantees that all colours in C \ C’ admit a partition Cy, Cs, . . . where each
C; is the colour set of a rainbow cycle in I%(;, meaning that }; C; = 0 for each i (see Observation 2.1).
So we must have ), C \ C’ = 0 also. As Y, C = 0 by assumption, this implies that 3, C’ = 0, so we can
invoke the property coming from Lemma 2.4. This means that V' and C’ combine with V4 and C4 to
produce a matching, M>. M| U M, is then the desired perfect matching. o

2.3. Organisation of the rest of the paper

We collect some preliminary tools in Section 3. We have already broken up the task of proving
Theorem 2.3 into proving Lemma 2.5 and Lemma 2.4. The former is proved in Section 4 and the latter
is proved in Section 5. In Section 6, we show how the high-girth case of the FGT conjecture can be
derived from results from [30], as promised earlier on in this section. In Section 7, we discuss some
directions for future research.

3. Preliminaries
3.1. Probabilistic tools

3.1.1. Concentration inequalities
We need the following two basic concentration inequalities. We will refer to the following as Chernoff’s
bound.

Lemma 3.1 (Chernoff bound). Let X := 31", X; where (X;);e[m) is a sequence of independent indicator
random variables with P(X; = 1) = p;. Let E[X] = u. Then, for any 0 < vy < 1, we have that
P(X = ul = yu) < 2e77°5,

We use the following corollary of Chernoff’s bound often: that if R is a p-random subset of an
n-element set, then with high probability we have that |pn — |R|| < lognvn.

Sometimes the random variables we consider have slight dependencies. In this case, we rely on
Azuma’s inequality which we now cite. Given a product probability space Q = [];c[,] €2, a random
variable X : Q — R is called C-Lipschitz if | X (w) — X(w’)| £ C whenever w and w’ differ in at most
1-coordinate.

Lemma 3.2 (Azuma’s inequality). Let X be a C-Lipschitz random variable on a product probability
space with n coordinates. Then, for any t > 0,

2
P(|X —E(X)| > 1) < 2enc?.

3.1.2. Nibble-type lemmas
We say that a r-partite r-uniform hypergraph H is (y, p, n, k)-regular if every part has (1 +y)n vertices
and every vertex has degree (1 + y)pn*. For a 3-uniform 3-partite hypergraph H, vertices u, v and a
subset U C V(H), we define the pair degree of (u,v) into U as the number of vertices in U which
are in the neighbourhood of both u and v, that is, the number of vertices z in U such that there exists
y,w € V(H) such that {u, z, y} and {v, z, w} are both edges of H. A 3-uniform 3-partite hypergraph H
is (v, p, n)-typical if it is (y, p, n, 1)-regular and every pair of vertices u, v coming from the same part
has pair degree (1 +y)p’n into every other part of H. A hypergraph is linear if its maximum co-degree
at most 1.

The following nibble-type result due to Ehard, Glock, and Joos is convenient to use for our application
here.

incident on some vertex or colour of U which has size at most 2n3/4. Deleting such edges from the matching uncovers at most
3 . . - . .
12kn3/% 42099971000  y1=1/10° yertices as k < log!'®(n) and n is large, and this yields a matching of the desired form.
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Theorem 3.3 [13]. Suppose 6 € (0,1) and r € N with r > 2, and let € := §/50r2. Then there exists
Ag such that for all A > Ay, the following holds. Let H be an r-uniform hypergraph with A(H) < A
and A€ (H) < A9 as well as e(H) < exp(A ‘92). Suppose that W is a set of at most exp(A ‘92) weight
functions on E(H). Then, there exists a matching M in ‘H such that o(M) = (1 £ A™%)w(E(H))/A
forall w € W with w(E(H)) = maXecg (3) w(e)A*9.

Applying Theorem 3.3 with a single uniform weight function, we obtain the following.

Corollary 3.4. Let n be sufficiently large and let p > n~'/10000,

1. Let H be a 6-uniform 6-partite hypergraph on n vertices which is (n~°%', p, n,2)-regular with
maximum co-degree at most 10n. Then, H has a matching covering all but =17 vertices.
2. Foranyy > 0, every (v, 0, n)-regular linear tripartite hypergraph has a matching covering all but

at most n'~1/300 4 3yn vertices.

The below lemma allows us to incorporate some nonrandom vertices/colours into the nibble process.
It unfortunately does not directly imply Lemma 2.5, but it will be an important ingredient in its proof.
It was proved in [30, Lemma 6.20].

Lemma 3.5. There exists C = Cz5 > 10 sufficiently large so that the following holds. Let 1 /n < vy, and
let 1 > a,b,c > 1/1og n. Set m := max{an, bn, cn} and let ¢ € [0, 1] be such that 1/m < (€ /C and
¢ < min{a, b, c}/100. Suppose £ > m — m'™Y and setting (x,y,z) := (€ — an, € — bn,{ — cn), suppose
thatx +y < cnf/2, x+z7 < bnj/2 and y + z < an/2. Let A,B,C C G be a, b, c-random subsets of G
respectively, sampled with A and B disjoint, and C independent of A, B. Then, with probability at least
1 — 1/n*3 the following holds.

Let A’,B’,C' C G with |B\ B’|,|A\ A’|,|C\ C’| <n'™, (1-0)|C’| = |A’| = |B’| = L. Then, there
is a perfect directed C'-matching in KZ[A’, B'; C'].

3.2. Group theoretic tools

Given a sequence ¢ = (cy,¢2, ..., ck) of group elements, and another group element v, we define the
following sequences:

0 Pous(v,0) :=(v,v—ci,v—c1—Cpy...,V=C| —Cp—"+"—Ck)

o Pi(v,C) :=(v,v+ci,v+ci—cCay...,vtcCi+Cp+ -+ cg)

Observe that in I?G, P,y (v, C) denotes the vertex sequence obtained by starting a walk from v, and
following the out-edges given by the sequence ¢. P;,, (v, €) is analogous, except it follows the in-edges.

We call a sequence of group elements ¢ = (cy,¢2,...,cx) a path-candidate if the partial sums
2iefj ¢i for each j € [k] (including j = 0) are all distinct. Equivalently, all nonempty partial sums
(of consecutive elements) are nonzero. Observe that ¢ being a path-candidate simply means that for any
vertex v € G, the walks P, (v, c) and P;, (v, ¢) both give paths in KG.

We call a sequence of group elements ¢ = (cy, ¢, . . ., cx) a cycle-candidate if (cy, c2,...,ck-1) isa
path-candidate and 3¢ ¢} ¢; = 0. This means that Py, (v, ¢) and P;, (v, ¢) both give cycles (of length k)
in I?G-

We call a sequence of group elements rainbow if all coordinates are distinct. Notice that a necessary
condition for solving the FGT conjecture is a partition of G \ {0} into rainbow cycle-candidates, each
of length %.

The following two definitions only come up in the cover-down strategy for k > 10.

We call a collection of length k sequences dissociable if for any two distinct sequences ¢ =
(c1,¢2,...,¢ck) and b = (by,by,...,by) and j,j € [k], Zie[j] ci # ZiE[j/] b;. This means that
Pou:(v,©) and Py, (v, l;) are disjoint except on v. We call such a collection near-dissociable if the
previous property holds for each j, j* < k — 1 (or equivalently, the sequences obtained by removing the
last element from each tuple gives a dissociable family). This means that the corresponding directed
walks are disjoint except on the endpoints.
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We call two length k sequences (c1,¢3,...,ck) and b= (b1, by, ..., by) separable at distance d
if for all j, j" € [k], Xjepj) ¢i + Ziepjr) bi  {—d,d}. This means that for v and w where v —w = d,
Pou: (v, ©) and P;, (w, E) are disjoint (except potentially on v or w).

The following simple lemma is key to the gadget finding strategy presented in Section 3.2.1.

Lemma 3.6. Let G be abelian of order n. Then either the map x — 2x or the map x — 3x has an image
of size at least n'1?.

Proof. Denote by G the size of the image of the homomorphism x — k - x. Denote by ker(k) :=
{x € G : k- x = 0}. Note that ker(2) N ker(3) = {0}. Also, ker(2) + ker(3) is a subgroup of G of size
[ker(2)] - [ker(3)], so |ker(2)| - |ker(3)| < n, so one of ker(2) or ker(3) must be at most n'/2. By the first
isomorphism theorem, G = |G|/|ker(k)|, implying the claim. o

3.2.1. Finding gadgets
In this section, we refine some tools from Section 3.6 of [30] in order to prove Lemma 3.19, a versatile
tool to find small substructures in I?G.

By Fy, we denote the free abelian group on k generators, the free variables are denoted as vy, ..., vi
(recall that F, = Z%). G * F}, denotes the free product, and (G * F, k)ab denotes the abelianization
of the free product (recall that the abelianization G* of a group G is defined by the property that
any homomorphism G — H where H is abelian factors uniquely through G*). A word is simply an
element of (G * F;)®. As all groups G are abelian in this paper, (G * Fy)® = G x Fy, where the
latter denotes a direct product. However, the former perspective makes it clear that each word w can be
represented as

w=z1-vi+---+2k -V t+g

where each v; is a free variable, each z; is a (nonzero) integer, and g € G, and this representation is
unique up to reordering the summands. So w can also be viewed as an affine linear form G¥ — G.

A word w is constant if w € G, that is, w does not include any free variables. We say that z; is the
coefficient of v;. We say that w is linear in v; if z; € {1, —1}. We say that wis linear if each z; € {1, -1},
and w is not constant. That is, w is linear in each free variable, and there exists at least one free variable
in w. The length of a word is the sum 1 + Y |z;].

A homomorphism 7 : (G * F;)® — G is a projection if 7(g) = g for all g € G. We show two basic
properties of projections. We remind the reader that throughout, G is a finite abelian group of order n.

Lemma 3.7. For each function f : {vi,...,vk} — G, there is precisely one projection ny : (G *
Fi)® — G which agrees with f on {vy,...,vi}. In particular, there are precisely n* projections
(G * F)*® = G.

Proof. By the universal property of free abelian groups, there is a unique homomorphism g: Fy — G
which agrees with f on {vy,...,vg}. By the universal property of free products, there is a unique
homomorphism &: G * F, — G that agrees with g on Fy and with the identity homomorphism G — G.
As G is abelian, i can be written uniquely as 4 = h’ o p where p: (G * Fy) — (G * Fy )™ is the quotient

map, and i’: (G * F;)® — G is a projection that agrees with f on {vy, ..., v}. This gives the desired
one to one correspondence. O
Lemma 3.8. Let w € {vy,...,vi} be linear in some free variable v; and let g € G. Then there are

exactly n*= projections n : (G * F)® — G having n(w) = g.

Proof. Suppose that i = k, without loss of generality. By Lemma 3.7 there are exactly n*~! projections
7 : (G * Fr_1)® — G. For each such 7, we show that there is a unique projection 7’ that agrees with
7 and additionally has 7’ (w) = g. By linearity of w in v, the equation w = g rearranges into vy = h
for some i € (G * Fy)® and v, does not appear in h. So, 7’(w) = g is equivalent to 7’ (w) = 7’(g)
(as n’ is a projection) which is equivalent to 7’ (vy) = 7’ (h) (as « is a homomorphism). As 7’ agrees
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with 7 and i € (G * Fx_1)®, we have that 7’(vi) = n(h) € G. Therefore, 7’ has that 7’ (vy) = 7(h),
and n’(v;) = n(v;) for 1 <i < k. By Lemma 3.7, there is a unique projection with this property. m]

The following is a simple consequence of the previous lemma.

Lemma 3.9. Let S C (G * Fy)® be a set of elements which are each linear in at least one variable,
and let U C G. Then the number of projections nt : (G % Fx)®® — G for which n(S) intersects U is
< |S||Unk 1.

Definition 3.10. Let w, w’ € (G % F; ). We say that w and w’ are separable if any of the following hold.

(a) w’ —w is linear in some free variable v;. Note that this is equivalent to asking that there exists a free
variable v with coefficient z in w and 7z’ in w” and we have |z — 7’| = 1.

(b) The equation w = w’ rearranges into g = 0 for some nonzero group element g € G.

(c) The equation w = w’ rearranges into 3v; — 2v; = g for some group element g € G and distinct free
variables v; and v ;.

Definition 3.11. Let S C G * F,. We say that a homomorphism ¢ : (G * Fy)® — G, separates S if for
every separable w, w’ € S we have ¢(w) # ¢(w’).

Lemma 3.12. Let n > 10'%°. Let S C (G * Fy)® be a set of size < 1000. Then there are at most
|S|2nk=112 projections m : (G * Fi)® — G which do not separate S.

Proof. Letw and w’ be two separable words in S. We case on which of the conditions (a)/(b)/(c) makes
w and w’ separable, and count the projections which do not separate them in each case.

(a) In this case, m(w) = m(w’) is equivalent to 7(w — w’) = e (using that 7 is a homomorphism).
By Lemma 3.8, there are n*~! projections r satisfying this latter identity.

(b) We can rearrange 7(w) = m(w’) into n(g) = m(e) using that 7 is a homomorphism. The latter
implies that g = e using that & is a projection, which is a contradiction. Hence there can be no
projections 7 with 7 (w) = m(w’) in this case.

(c) Similarly to the previous cases, we can rearrange 7(w) = m(w’) into 37 (v;) — 2n(v;) = g. Using
Lemma 3.6, suppose first that x — 3x has at least n!/2 images, and suppose 7 also satisfies 77 (v )=
for some g’ € G, so we have 3n(v;) = g’ € G (where g”’ = g+2g’). Asx — 3x is ahomomorphism
(G is abelian) and has at least n'/? images, the preimage of g’” under the map x — 3x has size at most
n'/? (each nonempty preimage must have the same size in a group homomorphism). This means
7 (v;) must live in a set Ty of size at most n'/? assuming that 7(w) = 7(w’) and n(v;) =g’ Thus,
if 7(w) = m(w’), m must agree with one of n¥~'n'/2 functions f: {vi,...,vx} — G, meaning that
there are at most n~1/2 such projections, using Lemma 3.7. A symmetric argument works when

x — 2x has at least n'/? images.

As there are at most ("gl) pairs of separable words in S, the desired bound follows. m|

Lemma 3.13. Let n > 10'°, and let S C (G * F;)* be a set of at most 100 elements which are all
linear in at least one variable. Then, there are projections my,...,n, /10 which separate S and have
m1(8), ... 7,105 (S) disjoint.

Proof. Call aprojection good if it separates S. Let 7y, . . ., 1, be amaximal collection of good projections
with the sets 7;(S) being pairwise disjoint. Set 7 = 71 (S) U - - - U ,(S) noting |T| = |S|¢. For any good
projection 7, we must have 7(S) N T # () by maximality, so by Lemma 3.9, we have that there are at
most |S|(|S|1)n*~! = 10*n*~! good projections. On the other hand, there are at most |S|>n%~1/2 < nk/2
projections which are not good by Lemma 3.12, so there are at least n* /2 good projections (there are
n* projections total). Combining, we have n* /2 < 10*n*~!, meaning ¢ > n/(2 - 10%), as desired. O

Combining the previous lemma with a standard application of Chernoff’s bound, we obtain the
following. The different random sets are present in the statement as some words will represent vertices,
others will represent colours in our applications.
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Lemma 3.14. Let p > n~'/7%, Let Ry, Ry be p-random subset of G, sampled independently. With high
probability, the following holds.

Let S C (G * Fi)™ a set of < 100 elements which are each linear in at least one variable. Suppose
k < 20 and each word has length at most 20. Let S1 U S, = S be a partition of S. Let U C G with
|U| < p'®n/107. Then there is a projection rt : (G * F)*® — G which separates S, has n(S) N U = 0
and n(S1) € Ry and n(S3) C R,.

Proof. Note that there are at most 20 - 40°° - n words of length at most 20 in (G * Fj ) for some k < 20,
and thus at most 402197190 distinct choices for S. Fix some choice of S. We will show that the statement
holds for § with probability > 1 — ¢ 50 the desired statement holds for all S simultaneously by a
union bound.

Letrny, ..., m,; 05 be the projections separating S with disjoint images as guaranteed by Lemma 3.13.
For any of these projections, that 7(S;) C Ry and 7(S2) C R, is an event with probability at least p'%,
so the expected number 7 satisfying this property is p'®°n/10%, and further these events are mutually
independent over the various 7 as they are determined by whether disjoint sets of vertices are sampled
into R (or R»). Hence, that at least p'%n/10% of the  satisfy this property happens with probability at
least > 1 — ¢2(Y") by Chernoff’s bound (using that p > n~'/700),

Once this property is satisfied, any U € G can meet at most |U| distinct images of x (as the & are
disjoint), so for any |U| of size at most p'®n/107, we may find a 7 of the desired form, disjointly
with U. O

We now package everything we have so far into a lemma (Lemma 3.19) that fits nicely with our
application in the setting of K.

Definition 3.15. Given a group G, a pattern P is a directed (simple) graph equipped with a vertex and
edge labelling ¢ with the following properties.

1. ¢ maps vertices and edges to (G * F)® for some positive integer k.

2. Each vertex gets a distinct label via ¢ (i.e., ¢|v (p) is injective, but distinct edges can potentially
receive the same label)

3. If € € E(P) is a directed edge from v to w for v, w € V(P), we have that ¢(v) — ¢(w) = ¢(e).

In Figure | we have several examples of patterns. We can naturally view the edge-labels as colours,
hence each pattern can also be viewed as an edge-coloured graph.
A pairwise separable subset S is a subset where any two distinct words w and w’ are separable.

Definition 3.16. We call a pattern (P, ¢) well-distributed if the following two conditions hold.

1. The subsets (viewed as sets, not multisets) {¢(v): v € V(P)} and {¢(¢): € € E(P)} are both
pairwise separable subsets of G * F. (In particular, a two identical words, potentially both constants,
may appear as a label on two distinct edges.)

2. Each label is either a constant, or linear in at least one free variable.

3. There are at most 20 distinct free variables, and each label word has length at most 20.

Notice that we are not insisting that any ¢(v) and ¢ () are separable for a vertex v and edge €. This is
because in our applications vertex sets and colour sets are sampled independently, hence we don’t need
any separability properties.

Definition 3.17. A copy of a well-distributed pattern (P, ¢) is a subgraph S of Kc [V; C] such that there
exists a projection 7: (G * Fy)® — G (where k is the number of free variables used in ¢) with the
following properties.

1. 7 maps ¢[V(P)] (the vertex labels) to V(S) € V and ¢[E(P)] (the edge labels) to C.

2. mseparates ¢[V(P)] and x separates ¢ [ E (P)]. In particular, r is injective when restricted to ¢ [V (P)].

3. The edge (v, w) is a directed edge of S if and only if there is a directed edge from the vertex with the
label 771 (v) to the vertex with the label 7~ (w) in P.
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An edge-coloured directed graph isomorphism i between two edge-coloured simple directed
graphs G, G, is a graph isomorphism mapping vertices of G| to vertices of G, and mapping edges
(v,w) of Gy to (¥(v), ¥ (w)) that preserves the direction of each edge and respects colours. This means
that e; and e, of G| have the same colour if and only if ¥/ (e;) and ¥ (e,) have the same colour.

Observation 3.18. Let S be a copy of P. Then, there is an edge-coloured directed graph isomorphism i
between P and S. Furthermore, if x is the label of a vertex or colour of P, and x is a constant, ¥ (x) = x.

Proof. The projection m witnessing that S is a copy naturally corresponds to a y with the desired
properties, as 7 fixes elements of (G * Fi)® which are constants by definition of a projection. m]

The following is a consequence of the definition of well-distributed, copy, and applying Lemma 3.14
to Ry and R;.

Lemma 3.19. Let p > n~ /7% Let R and R, be p-random subsets of G, sampled independently. With
high probability, the following holds.

Let P be a well-distributed pattern with |V(P)| + |E(P)| < 100. Let U C G with |U| < p'®n/10".
Let V' and C’ be the set of labels of vertices and colours in P which are constants. Then, there is a copy
of Pin Kg[(R\U)UV"; (R \ U) U C’].

Proof. With high probability, R; and R satisfy the conclusion of Lemma 3.14. Fix such R; and R;.
Let P be a well-distributed pattern with |V (P)|+|E(P)| < 100 so we have that ¢ [V (P)|U¢[C(P)] :=
S (U indicates a disjoint union) has size at most 100. We may safely ignore the words that are constants in
@[V (P)] or [ C(P)] as then their presence in the target vertex/colour of Ko [(RIND)UV'; (R\U)UC’]
is guaranteed. Hence, we may assume all words are linear in at least one free variable by the definition of
well-distributed. We then apply the property from Lemma 3.14 (its hypotheses are satisfied by linearity
in at least one variable and item 3. of well-distributed) with S; = ¢[V(P)] and S» = ¢[C(P)] and
S =¢[V(P)]U@[C(P)]. This allows us to deduce that there exists a projection 7 of S mapping vertices
to Ry \ U and R, \ U separating S; and S,. The image of this projection naturally corresponds to a copy
by picking a subgraph keeping exactly the directed edges that were present in the pattern P (in order to
ensure item 3. of a copy). O

As an example application of the above result, we recommend the reader to inspect the proof of
Lemma 5.2.

3.2.2. Partitioning into sets with fixed sum

In this subsection, we prove some lemmas designed to ‘cover-down’ part of the absorption strategy.
See the proof overview for more context. For the reader interested in the k = 3 case, the k = 3 case of
Lemma 3.25 is all that is required, and this case follows directly from Lemma 3.21 (without having to
use Lemma 3.24). We cite the following three results from [30]. Recall that H;[X, Y, Z] denotes the
3-uniform hypergraph whose vertex set is a disjoint union of X,Y and Z, and (x,y,z) € X XY X Z is an
edge whenever x +y + 7 = 0.

The below is [30, Theorem 4.6] specialised to abelian groups.

Theorem 3.20. Let p > n~119"" Let G be an abelian group of order n. Let R', R> C G be disjoint
p-random subsets, and let R® C G be a p-random subset, sampled independently with R' and R>. Then,
with high probability, the following holds.

Let X, Y, Z be equal-sized subsets of G , G g, and G ¢ respectively, satisfying the following properties.

o [(RYURLURLA(XUY UZ)| < p'®n/log(n)'®”
o XX+XY+XZ=0
o Suppose that0 ¢ X UY U Z

Then, Hg[X,Y, Z] contains a perfect matching.

The following is a special case of [30, Lemma 6.25]
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Lemma 3.21. Let p > n~110 4nd 3 < k < 100. Let R be a p-random subset of an abelian group G.
With high probability the following holds.

Let X C G with |XAR| < plolon/log(n)1024, 0¢ X, XY X=0,and|X| =0 (mod k). Then, X can be
partitioned into zero-sum sets of size k.

The below is [30, Lemma 6.23].

Lemma 3.22. Let p > n~ /7% and let R be a p-random subset of an abelian group G. With high
probability the following holds.

Let € € [2logn/+n, p8%/10*1]. For any m with |m — pn| < en, g € G and Z with |Z| > m + 3,
IR\ Z| < en, there is a set R” C Z with |[R’| =m, |R’"AR| < 6en, and ), R’ = g.

We also deduce the following corollary.

Corollary 3.23. Let p > n™V/ 10 Let R be a p-random subset of an abelian group G. With high
probability the following holds.

Let X C G with | XAR| < p'°n/log(n)'%”. Leta € G.0 ¢ X, |X| = 0 (mod 4), ¥, X = (|X|/4) - .
Then, X can be partitioned into sets of size 4 with sum «.

Proof. Let Ry, Ry, R3, R4 be disjoint (p/4)-random subsets of G which partition R. Let S be a (p/4)-
random subset of G, sampled independently with the previous sets. Note that the set —S — « is also a
(p/4)-random subset of G, which is independent with the previous random sets (not including S). With
high probability, Theorem 3.20 holds with the sets (R}, R, S) and (R3, R4, —S — @), Lemma 3.22 holds
for each random set, and by Chernoff’s bound, each random set is within a n%¢ term of its expectation.

Let X € G be given. By Lemma 3.22, we can partition X into equal sized sets X1, X», X3, X4 such that
IX;:AR;| < p19"n/log(n)'®" and ¥, X, + ¥, X, = 0. This readily implies that 3 X3 + 3, X4 = (|X|/4) - @
by the sum condition on X. Similarly, via Lemma 3.22, we can fix a set S” with >, §' =0, |§’| = | X|/4,
and such that " has small symmetric difference with S. This implies that ) (-S" — @) = —(|X|/4) - «,
and also we have that —S” — @ has small symmetric difference with —S — @. Thus we have that
YXi+2X X+ S =0and ) X3+ >, X4+ 2 (=S’ —a) = 0. Also, we remark that S’ can be chosen
so that both S and —S’ — @ do not contain 0. So we can apply Theorem 3.20 twice to deduce that
both Hg[X1, X>2,S’] and Hg[X3, X4, —S” — @] has a perfect matching. For each s’ € S’, consider
the edges (x1,x2,s’) and (x4,x4, —s" — @) guaranteed by the two perfect matchings, and observe that
X1 +x2 + x3 + x4 = @. Combining 4-tuples of this form, we obtain the desired partition of X. O

For technical reasons, our absorption strategy for large k requires the assumption that £ > 10. This
leaves the case of 3 < k < 9 open. The previous lemmas already give us a way to partition sets into
k-sets which are zero sum in this regime. Once we have access to such a partition, a natural strategy
is to look for an ordering of the k-set yielding a cycle-candidate, in order to be able to perform the
cover-down step (see proof overview). We rely on the following result of Alspach and Liversidge to find
suitable orderings. Similar results for cyclic groups were obtained in [11, 24].

Lemma 3.24 (Alspach-Liversidge, [3], Corollary 5.2). Let G be any abelian group (not necessarily
finite). Let S € G be of size at most 9. with ), S = 0. Then, S admits an ordering yielding a rainbow
cycle-candidate if ), S = 0, and otherwise S admits an ordering yielding a rainbow path-candidate.

We can now prove the main lemma of this section.

Lemma 3.25. There exists an absolute constant €3 5 such that the following holds. Let3 < k < 9. Let G
be an abelian group of order n, let p > n= %325, Let R be a p-random subset of G. With high probability,
the following holds. Let R’ C G such that |R’"AR| < plolon/log(n)mB. Suppose k divides |R’| and that
0¢R.

1. Supposethat Y, R’ = 0. Then, R’ can be partitioned into k-tuples which are rainbow cycle-candidates.
2. Suppose that k = 4 and for some a € G \ {0}, >, R’ = (|R’|/k) - @. Then, R’ can be partitioned into
k-tuples which are rainbow path-candidates with sum .
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Proof. Choose some €35 < 10719 With high probability, Lemma 3.21 and Corollary 3.23 both hold
for R. Let R’ be given. For part (1), we apply Lemma 3.21 to partition R’ into k-sets which are zero-sum.
Then, Lemma 3.24 implies that each of these & sets can be ordered to obtain a rainbow cycle candidate,
as k < 9. For part (2), we apply Corollary 3.23 to partition into 4-tuples each with sum a. As a # 0, we
can order each tuple to be path-candidates by Lemma 3.24. This concludes the proof. O

3.2.3. Good families of colours
In this section we have some lemmas designed to deal with the £ > 10 case of the cover-down step.

Lemma 3.26. Let G be an abelian group of order n, let s € G \ {0} let T be the collection of k-tuples
(81»....8x) with 3 g; = s (note |T| = n*=1). Suppose n®" > k > 2 and n > 10'°. Let S be a subset
of G of size at most n/(20k). Then, all but at most n"*=' /4 tuples in T are all rainbow path-candidates
disjoint with S.

Proof. Ass # 0, we can count that there are at least (n—1)(n=2) - - - (n—k+1) > (n—k)*=! > n*=1/1.01
(using that k is small for the final inequality) path-candidates in 7.

If k > 3, by a direct counting we can see that there are at most k>nn*=3 < k?>n*~2 tuples in T with
two coordinates being equal. If £ = 2, using that G is an abelian group and s # 0, we see that there are
at most n/2 tuples (generously) in T with two coordinates being equal. In either case, all but n*~1/2
tuples in T are rainbow (using that n >> k).

For each g € G, there are at most kn*~? elements of T having g in some coordinate, here we used
that k > 2. So, there are at most |S|kn*2 < n¥=1/20 many tuples 7 not disjoint with Si.

We derive that there are at least nX~1/1.01 — n¥=1/2 — n¥=1/20 > n*~1/4 tuples in T satisfying all
the desired properties. O

Lemma 3.27. There exists some absolute constant C3 7 such that the following holds. Let G be an
abelian group of order n, let n > 10'9° and let k be a integer such that 10 < k < n%%l Then,
G contains two families Fg = Fg(k) and Sg = Sg(k) of disjoint tuples Fi, ..., FlnjkCs,,| and
S1, ... S|njkCs 4y | With the following properties.

(1) Each F; is of size 4 and has the same sum f = fg k.

(2) Each S; has the same size and sum s = sg k. In fact, |S;| =: zs € {2,3,4,5}.

(3) Each S; is a rainbow path candidate, and S¢ is near-dissociable.

(4) k—4—zgisdivisible by 4. Furthermore, set q := qg.x = —((k—4—-2z5)/4) f —s. We have that q # 0.

(5) Each F; can be partitioned into two tuples, F = (fi+’1, fl.+’2) and F; = (fi_’l, fl._’z), both of which
are rainbow path candidates. The resulting collection of F;' and F; are both dissociable. Also,
each F; is a rainbow path candidate, and Fg is near-dissociable.

(6) For each m € {0,1,2,...,k} andi € |n/kCs.27|, we have that .7-";r and F; are separable at a
distance q + mf.

Proof. Pick some zs between 2 and 5 so that k — 4 — zs is positive and divisible by 4, note that this is
possible as k > 10. Pick any f # 0. Pick some s sothat g+m - f # Oforanym € {0,1,2,...,k, k+ 1}
for ¢ := —((k — 4 — zs5)/4) f — 5. Indeed, there are 0.9n such choices of s, as k < n%-001,

Claim 3.27.1. We can find Sg satisfying (2) and (3).

Proof. Set k' = zg, recalling that k&’ > 2. Suppose that we have found a maximal family S satisfying
(2) and (3) and suppose that |Sg| < n/(kC) for some C. We will derive a contradiction for C sufficiently
large.

Let G be the collection of rainbow path candidate k’-tuples (g1, . . ., gx) wWith g1 +- - -+gx = s which
are disjoint with | Si (observing this set has size at most 51/(kC) by assumption). |G| > n*'~!/4 by
Lemma 3.26 (supposing C > 100). If for some 7 € G we have that S¢; becomes nondissociable upon
the addition of 7, there must exist some 7’ € Si j, j* € [k’ — 1] such that ;[ ;17 = Xjepj] i- There are
at most (n/kC)k’n¥'2 < n¥'~1/C such 7, meaning that there is a 7 € G that we can add to S without
breaking (2) and (3), a contradiction. |
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It remains to construct F¢. Suppose F¢ is a family of 4-tuples satisfying the properties with size at
most n/(kC) — 1 (where C is a sufficiently large constant). We will show that F can be extended.
Fix some f*, f~ € G \ {0} such that f* + f~ = f, and the following two properties hold.

1. For any F; € Fg we have that f*, f~ # >, 7; forany 7; C F;.
2. f*+f #xq+mfforanyme {0,1,... .k, k+1}.

Such f*, f~ with the first property exist as long as C > 50, as 3 7;* can take at most 20n/C distinct
values due to the assumption on the size of F. Such f*, f~ automatically satisfy the second property
asqg+m- f#0foranym € {0, 1,...k}.

Let F* denote the set of ordered triples with sum f* and F~ denote the set of ordered triples with
sum f~, noting |F*| = |F~| = n.

Claim 3.27.2. Suppose we delete all pairs from F € F* such that the collection F, U {F} fails to be
dissociable. This deletes at most 10n/C triples.

Proof. 1f for some F € F* we have that {#;"} U F is not dissociable, there must exist some F’" € F*
and j € {1,2} and j’ € {1,2} such that ;¢ F'(i) = X;e;) F(§). It cannot be that j = 2 by the first
property coming from our choice of f*. By the bound on | F|, there are at most 10n/C distinct values
the quantity ;c(;1 F'(i) =: w can take. For each such w, there is at most one F' € F* with F(1) = w.
This implies that in total there are at most the claimed number of pairs which make the corresponding
collection not dissociable. O

Claim 3.27.3. Suppose we delete all tuples from F € F* such that F and the 1-tuple (f~) are not
separable at a distance q + m - f for some m € {0, - -- , k}. This deletes at most 2k tuples.

Proof. If for some F € F* we have that F and (/™) are not separable at a distance g + m - f for some
J € {1,2}, then we must have Y;c(;) F(i) + f~ = (g +m - f) forsomem € {0,...,k}. Here, j = 21is
precluded by the second property of f* and f~. For each of the 2k possible values of +(g+m - ) — f~,
there exists at most one F € F* such that F(1) = =(¢ + m - f) — f~, which implies the claim. O

Claim 3.27.4. There are at least n/4 tuples in F* which are rainbow path-candidates and which contain
no coordinate F (i) also present in an element of Sg or F¢.

Proof. This is immediate by Lemma 3.26 and bounding | |J Sg U U Fgl. O

Claim 3.27.5. Deleting all tuples F € F* with F(1) = + Y, T; or F(2) = £ ), T; for some T; C F; € Fg,
we delete at most 80n/C elements.

Proof. There are at most 20n/C possible values for the quantity + >’ 7; by the upper bound on the size
of F¢. This implies the claim, as F(1) (and F(2)) is a distinct value for each F € F*. o

By the bounds coming from the claims, we can fix F,},,, to be a 2-tuple from F* which is a rainbow
path candidate disjoint with the earlier sets, keeps F* dissociable, and is separable with (f~) at a
distance g + m - f for each m < k.

Now, we perform the analogous steps for F~. Claim 3.27.2 and 3.27.4 (thinking of F},,, as an
element of F¢ to ensure disjointness) also hold when + is replaced by —, giving us at least n/5 potential
elements of F~ we can select while maintaining dissociability of F~, disjointness with previous tuples,
and rainbow path candidacy.

In addition, we delete the elements of F~ which are not separable with ., at a distance g +m f for
some m € {0,1,...,k}. Forany F € F~, it is already impossible for };c ;1 Frrew () + Zie[ ;] F(0) =
+(q+m - f) when j’ = 2 (by the property from Claim 3.27.3). When j’ = 1, note that +(g +m - f) —
2ielj] Fnew (i) can take at most 4k distinct values v, and we only need to delete at the at most 4k many
F € F~ with F(i) = v.

For each F € F~, consider the 4-tuple Fpew = (Foon (1), Fe (2), F(1), F(2)), and note that
this is always a rainbow sequence. If F € F~ makes Fg U {F,¢y } not near-dissociable, we delete
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F from F~. To count how many such F there are, suppose that for some F € Fg, we have that
Ziej1 F (@) = Xiepjr] Fnew (i) where j, j* € [3]. It is impossible that j* = 1 due to Claim 3.27.5 and
it is impossible that j* = 2 because of the first property of f*. Note there are at most 20n/C potential
values of };¢[;1 F (i) due to the bound on the size of F. This implies that for the relevant equality to
hold, F (1) needs to belong to a set of size 20n/C, so in this step we delete at most 20n/C elements from
F~. Similarly, if (F;\,,, (1), For.., (2), F(1), F(2)) is not a path candidate, it must be that a partial sum
of the sequence is 0. This partial sum cannot contain both of F (1) and F(2), as the whole sum is f # 0,
and F;,,, (2) # —F(1) = F(2) by Claim 3.27.5, and (F (1), F(2)) is a path candidate. But the partial
sum has to contain F(1), as (F;,,, (1), F,.,,, (2)) alone gives a path candidate. This means that at most 2
extra values of F (1) are forbidden if (F!,,, (1), F.,, (2), F(1), F(2)) is to be a rainbow path candidate.

Selecting C large, we can fix a value of F € F~ so that setting F,,,, = F, we successfully extend

new
Fa, as desired. |

4. Nibble with some determinism
In this section we give a proof of Lemma 2.5.

Observation 4.1. Let £ be an equation of the form +a + b + ¢ = 0. Let H be a tripartite hypergraph
obtained by taking three copies of some group G of order n, and letting (a,b,c) € G> be an edge
whenever it is a solution to £. Then, H is (0, 1, n)-typical.

Proof. For a proof for when £ is a + b + ¢ = 0, see Observation 3.3 in [30]. For other equations of this
form, the proof is essentially identical. O

Typical graphs have the following useful pseudorandomness property (see [30, Lemma 3.7]).

Lemma4.2. Let H = (A, B, C) be a tripartite linear hypergraph that is (0, 1, n)-typical. Let p > n~'/600

and let A’ C A be p-random. Then, with probability at least 1 — 1/n>, the following holds. For any
B’ C B, there are at most n°''° vertices ¢ € C with ey (A’, B, c) # p|B’| = n®/1°.

This allows us to deduce the following.

Lemma 4.3. Let p > n~'/%% and let X C G be p-random. Then, with probability at least 1 — 8/n>,
the following holds. For any Y C G, for all but at most 8n°/'° vertices g € G, and for each equation of
the form £ := +g + x + y = 0 (where g is a constant and x and y are free variables), we have that there
are p|Y| + n°' many (x,y) € X X Y such that x, y and g satisfy E.

Proof. Thanks to Observation 4.1, we can apply Lemma 4.2 to the corresponding hypergraph defined
by each of the 23 = 8 possible equations &, and with probability at least 1 — 8/n3, we ensure that
the conclusion of Lemma 4.2 holds for each of these hypergraphs. The desired statement follows
immediately. O

We say that g € G is generic if g # e and there are at most n'/? solutions to x> = g in G. Let N(G)
denote the set of nongeneric elements and note that [N(G)| < n'/2.

Observation 4.4. Let G be an abelian group of order n and let A C G be a multiset of order k. Consider
the sets A+g for each g € G. Then, at most kn~'/1 many such sets have more than n*/> many nongeneric
elements. Also, there are at most kn~'/10 sets A — g with more than n*/> many nongeneric elements.

Proof. There are < kn'/? tuples (a,g) € A x G where a + g is nongeneric. Let # be the number of
g € G such that there are > n3/5 many a € A such that a + g is nongeneric. Then, # - 35 < knl/z, o)
# < kn™'/1°, The same argument applies when + is replaced by —. O

Recall that given a fixed graph F, a packing of F in some other graph G is just a collection of vertex-
disjoint copies of F in G. When we talk about rainbow packings, we always mean that there is no colour
repetition in edges across all copies of F in the packing.
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Lemma 4.5. There exists an absolute constant £4.5 > 0 such that the following holds. Let p > n=%45. Let
G be a group of order n. Let V5, V3 C G be disjoint p-random, let Cy, Co, C3 C G be disjoint p-random,
sampled independently with V», V3. The following holds with probability at least 1 — 1/n>°.

Let Vi,V4 € G\ (V, UV3) with |Vi| = |V4] = (p £ 0", Let f: Vi — V4 be a bijection.
Then, IZG [V1, V2, V3, Va; C| contains a rainbow packing of at least pl-1/10° paths of length 3, directed
Vi = Vo = V3 = Vy, such that for all paths P in the packing and vi € Vi N V(ﬁ), we have that
f(vy) e VanV(P).

Proof. Each of the following holds with probability at least 1 — O (1/n?), thus they all simultaneously
hold with probability at least 1 — 1/n>®.

(1) Lemma 4.3 holds for X set to be each of V,, V3, Cy, C, and Cs.

(2) For each i, |V;], |C;i| = (p = n~%")n, by Chernoff’s bound.

(3) For every colour ¢ € G \ {0} and vertex pair v,w € G such that v — w — ¢ is generic, we have that
there exists (p* + n~%1)n many rainbow paths of length 3 directed v — V, — V3 — w with edge
colours (cy, ¢, ¢3) for some (cy, c3) € C; X C3. If v —w — ¢ is not generic, we have that there exists
at most (p* + n~%1)n such paths.

Proof. Consider all tuples (v,va,v3,w,cy,c,c3) where vp,v3,c1,¢3 € G, and v — vy = ¢y,
vp —v3 = c and v3—w = c3. There are n such tuples. Note ¢ +¢c3 = v—vo+v3—w = v—w—c which s
generic. This means for all but at most n!/2 tuples, ¢1 # ¢3. As ¢ # 0, for all tuples v, # v3. For each
of the n—n!/2 tuples where ¢| # c3, the probability of (v2, v3, ¢, c3) € VaxV3xCyxCs is p*. Letting
X denote the expected number of paths of the desired form, we obtain that E[X] = (p*+n~'/?)n. Fur-
ther, X is 2-Lipschitz, so the desired concentration follows from Azuma’s inequality. When v —w —c¢
is not generic, the same argument applies except we only have an upper bound on E[ X]. O

(4) For every pair of vertices v, w € G such that v —w is generic, we have that there exists (p> +n70%)n

many rainbow paths directed v — V3 — w with edge colours from C, X C3. If v — w is not generic,
we have that there exists at most (p> + n~%!)n such paths.

(5) For every pair of vertices v, w € G such that v —w is generic, we have that there exists (p> +n
many rainbow paths directed v — V, — w with edge colours from C; X C,. If v — w is not generic,
we have that there exists at most (p> + n~%!)n such paths.

—0.05)n

The proofs for (4) and (5) are essentially identical to the proof for (3), hence we omit them.

Now, suppose V; and C; all of the properties, and fix a bijection f: V| — V4. Let H be the hypergraph
consisting of edges (v, vz, V3, v4,¢1,¢2,¢3) € VI X Vo X V3 X V4 X C; X C; X C3 where vi — v = ¢y,
Vo) — V3 =3, v3 —vq = c3 and f(v1) = v4. Our goal is to find a matching covering all but n!~1/1000
vertices in this hypergraph. We sometimes refer to the edges of this hypergraph as paths. We will show
that there is a set S of < n'~1/19 vertices we can delete from 7 so that the resulting hypergraph H’ is
almost regular, that is, for all v € V(H), d(v) = (p° £ n~%)n?.

Towards that goal, set S to include

o the < 90n°/10 vertices of G coming from Lemma 4.3 applied with each of V5, V3, Cy, Ca, C3
o the < 2|V|n~ /10 < 219710 elements of G coming from Observation 4.4 applied with the multiset
{v—=f(v): v eV} andboth + and —

so we have |S| < 100n°/1°. We will show all vertices of A not in S have degree (p> + n=%%)n2. Since
S is small, this shows that S has the desired property. We consider several cases.

Letv, € Vi \ S, and set vg = f(v]) € V4 \ S. For all but n'/? many ¢, € Cp we have that v —w — ¢;
is generic. For such c,, we have by 3. that there are (p* + n~%")n paths passing through both v| and c;.
Combined with the bound on the size of C, coming from (2), this shows the desired upper and lower
bound on d(v;) because through the few ¢, such that v — w — ¢; is nongeneric, there exists at most 10n
paths passing through both v and ¢, giving in total O (n*/?) such paths.

Ifvg € V4 \ S, set vi = f~!(v4) and apply the result from the previous paragraph.
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Letc; € Cy \ S. From Lemma 4.3, we have that there exists pzn + n9/10 directed c1 coloured edges
from V; to Va. As ¢; ¢ S, for all but n3/° many v € Vi, v —w — ¢ is generic, and so for such v, we
have that (v — ¢;) — w is generic, so we can apply (4) to obtain that there exists (p* + n~%1)n paths to
f(v) passing through c¢;. Combined with the bound on |V;], this gives the desired bound on d(cy), as
the number of paths going through the ¢; such that v — w — ¢; is nongeneric is too small to influence
the count, as before.

Let ¢3 € C3\ S. This case follows by a symmetric argument with the ¢; € C \ S case, using (5) in
place of (4).

Letc, € G\ S. Let (v,w = f(v)) € V] X V;, and suppose that v — w — ¢; is generic. Then by (3)
there are (p* + n=%!)n paths passing through v, w, and ¢5. As ¢, ¢ S, we have that all but n3/> values
of v € V|, v —w — ¢ is generic. This, with the bound on |V;| implies the desired bound on d(c;), again
because there are few paths passing through ¢, with v — w — ¢, nongeneric.

So S has the desired properties, making 7’ almost-regular. Let '’ be the hypergraph obtained by
contracting v and f(v) to a single vertex for each v; € V). Note that as f is a bijection, and any edge
through v has to pass through f(v) as well, this does not change the regularity parameters of any of the
other vertices in H'. To see that this satisfies the hypotheses of Corollary 3.4(1), the only thing left to
check is the co-degree condition. This is equivalent to obtaining an upper bound on the number of tuples
(v1,Vv2,v3,Vv4,C1, 2, c3) € H where the values of 2 coordinates are fixed, and it is not the case that these
two coordinates are the first and the fourth (since the corresponding vertices have been contracted). This
means that we are counting solutions to a system of equations with 7 free variables and 6 independent
constraints, hence there are at most n such solutions. This gives the desired co-degree bound. Corollary
3.4(1) then gives the desired result. O

Proof of Lemma 2.5. Let n=1/19%0 < ¢ < &, 5p3/k'% be a rational number with denominator at most
n. We will show that with probability at least 1/n?, the statement holds for any Vp,Cp C G with
|Vp| = |Cp| = gn, the desired statement then follows by a union bound over the potential values of g.

Let p > n™ %25 where €, 5 is some constant such that 5 5 < &45.

Suppose first that k = 3. Let r = (p — 2¢)/3 and let Rfl),sz),Rf?’) be disjoint r, r and r + 2¢q
random (respectively) sets partitioning R;. Let R§1>,R§2),R§3),R§4),R§5) be disjoint ¢, ¢, r, r and
r-random (respectively) sets partitioning R,. Note that r > p/10 > n~%5 which checks that r is large
enough for the upcoming applications of the lemmas to be valid. With probability at least 1 — O(1/n>?),
Lemma 4.3 holds for Rél) and R;z) and Lemma 4.5 holds with (V,, V3) = (Rfl), Riz)) and (C1, 2, C3) =

(RS), R§4), Rés)) (noting these are all r-random sets, so r plays the role of p in the statement). Also,
by Chernoff’s bound the following holds for all cycle-candidate triples (a, b, ¢) simultaneously with
probability at least 1 — 1/n1%: there exists at least p3n/1000 vertex-disjoint 3-cycles in K¢ [Rf3)] with
colour sequence (a, b, c¢) (this holds with high probability by Lemma 3.19 as well, indeed see Lemma 5.2,
but here we cite Chernoff’s bound directly to obtain an explicit bound on the probability). Finally, with
probability at least 1 — 1/n'°, all random sets are at most n%® elements away from their expectations.
With probability at least 1 — 1/n? all of these properties hold simultaneously.

Now let Vp, Cp be given. Let Hg [R;l) , Réz) , Cp] denote the 3-partite 3-uniform hypergraph on the
indicated parts where triples are edges if and only if they are zero-sum. From Lemma 4.3 applied with
the equation g + x +y = 0, we have that all but n°%/1% vertices of Hg [Rél) , R;z) ,Cp] do not satisfy the
regularity hypothesis from Corollary 3.4(2). Deleting such vertices, we obtain a (n~%9, 4, gn)-regular
linear tripartite hypergraph, so Corollary 3.4(2) implies that all but n'~1/7% elements of Rél) U REQ) UCp
can be covered by disjoint zero-sum triples, denote these triples by 7, noting that | 7| = gn + n®7. If
necessary, delete at most one edge from 7 so that 0 is not used on any triple, meaning that the remaining
triples can be ordered to be cycle-candidates (see, for example, Lemma 3.24). Using the property of Rf)
repeatedly for each triple in 7, we can find a matching M saturating all triples in 7 (and nothing else)
in Hy [Rf); (U T]. Now, invoke Lemma 4.5 with V| = V4 = (R;3> \ V(M)) U Vp (noting V| then has
0.8 08 'so the application is valid) and f set to be the identity function.

size (r+2q—q—q)nxn’° =rnxn
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This gives that Hy [(Ril) U Riz) U RF) \V(M))UVp; Rf), R§4), R;S)] has a matching covering all but
10n!-1/19" vertices, say M». Then, M; U M, is the desired matching.

Union bounding over all potential values of g, we obtain that with high probability, for each g the
statement holds. This is sufficient to deduce the assertion, as gn is always an integer.

Now, suppose that k > 4. For each i € [k], and j € {1,2} let R;i) be a ((p + q)/k)-random set for
i >2and ((p+q)/k - g)-random set for i = 1, partitioning R;. Similarly to the k = 3 case, we will fix
some rational g < pn/k'® with denominator at most 7, and prove that the desired statement holds with
probability at least 1 — 1/n'-1,

With probability at least 1 — 1/n'-3, Lemma 3.5 holds for (4,B,C) = (R(i),RiHl),Rg)) with
¢ = ((p +q)/k)n for each i € [k — 3] (using that k is polylogarithmic in n for the union bound),
with y := n~107 and ¢ :=n~'2C5 and a, b, ¢ being the randomness parameters of (R(i), Ri”l), R;i)).
With probability at least 1 — 1/n'%, Lemma 4.5 holds with (V;,V5) = (R](k_l),REM), (C1,Ca,Cr) =
(Rék_z) , Rék_l), Rék)). With probability at least 1 — 1/n%, each random set is within n%-6 elements of its
expected size. With probability at least 1 — 1/n!-!, all these properties hold simultaneously.

Let Vp,Cp be given. Apply Lemma 3.5 with random sets (R%l),Riz),Rél)) and (A’,B’,C’) =
(Rfl) U VD,Rgz),Rél) U Cp) to find a matching that saturates all but n!=1/10" vertices. Continue
invoking Lemma 3.5 with corresponding random sets and (A’, B’,C’) = (R(i), R§i+1), R;i)) for each
i € [k —=3]\{l1}. In both of these applications, we may delete/add O(n®’®) elements from the
corresponding sets so that they have size precisely ¢ or ¢ + Lnl‘lo_sj (depending on whether they
are vertex or colours sets), so that the hypotheses of Lemma 3.5 are satisfied, and then if necessary
we can delete all edges passing through dummy vertices/colours. Deleting all vertices that fail to be
covered by one of the k — 3 matchings found via the previous applications of Lemma 3.5, we delete
at most kn'=1/10" < p1=1/(210) vertices. The remaining vertices form directed paths following sets
Rfl) — R}Q) — = Rfk_z). Let V) C R{l) and V4 C Rik_z) be the vertices used by these directed
paths, noting |Vi| = |V4|, and let f: Vi — V4 be the bijection induced by the two endpoints of each
directed path. Now, Lemma 4.5 allows us to complete all but n1=1/19° of these paths of length k — 3 into
a k-cycle using the remaining random sets, which gives the desired matching in . Union bounding
over the potential values of g, we obtain the desired result, as in the k = 3 case. O

5. Zero-sum absorption

In this section we prove Lemma 2.4. Throughout this section, whenever a constant C appears inside the
statement of a lemma, this should be read as “there is a sufficiently large absolute constant C so that the
statement holds with this value of C”.

5.1. Cover-down step: saturating vertices and colours

5.1.1. Covering vertices
The next lemma gives us a way to find edges of H that pass through a specific set of vertices.

Lemma 5.1. Let p > n /7% Ler 3 < k < lOglO n. Let Ry, Ry be p-random subsets of G sampled
independently. With high probability, the following holds.

1. Let U C G be a set with |U| < p>®n/Cs.1 (recall the convention set in the beginning of Section 5).
Let u,v € G be two vertices, not necessarily distinct. Let k’ be such that 2 < k' < k. Then, ifu # v,
there exists a rainbow path of length k’ directed from u to v in I_()G [(RiI\NU)U{u,v}; R\ U] If
u=vandk’ > 3, there exists a directed rainbow cycle of length k' using the vertex v.

2. LetU C G beasetwith |U| < p>®n/4Cs.1. LetV C G be a set of vertices with |V| < p3®n/(4kCs.y).
Then, Hi[(Ry \ U) UV; Ry \ U] has a matching saturating V where each matched edge uses exactly
one vertex from V.
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Proof. Fix alarge constant C > 107 and fix Cs.; > C. Fix some distinct vertices of EG, u and v. Fix
a set of n/10 triples (cy,x, cy) where u — x — v is a rainbow path of length 2 with edge sequence
(c1,¢2), and the resulting collection of x and {c, ¢} are both pairwise disjoint. Such a collection exists
because there are at least n/4 disjoint (cy, ¢) with ¢ # ¢ and ¢ to=u-v# 0 and G is an abelian
group By Chernoff’s bound, with exponentially high probability, KG[Ri U ) {u,v}; Ry] contains at least
p3n/10 such paths. By a union bound over all distinct « and v, we have that KG [RyU{u,v}; Ry] contains
at least pn/10 such paths for any choice of u and v with high probability. Call this property (x). Also,
Lemma 3.19 holds with high probability.

We claim that a stronger version of part (1) holds when k” € {2, 3}, with Cs ; replaced with C. For
k’ = 2, this already follows from the property () as each element of U (other than u or v) can eliminate
at most 1 path. We claim the £’ = 3 case follows from an application of Lemma 3.19. In the case that
u # v, we can see this by defining a pattern that is a directed path of length 3, first vertex labelled u,
last vertex labelled v, and colour sequence (cy, ¢z, u — v — ¢ — ¢3) (labelled in order of proximity to u)
where ¢y, ¢ are free variables (and u and v are constants). Note this implies that the vertex sequence
is (u,u — cy,u — ¢y — c2,v) (so that the third property in the definition of a pattern holds). This is a
well-defined pattern as each vertex gets a distinct label. Furthermore, the pattern is well-distributed. The
colours are separable by (a), u and v are separable by (b) (as u # v) and the rest of the vertex pairs are
separable by (a). Also, each label is either a constant, or linear in ¢ or ¢;. Then, Lemma 3.19 gives us a
copy of this pattern, which corresponds to the desired rainbow path thanks to Observation 3.18. In the
case that u = v, we can proceed similarly, this time using a pattern that is a directed cycle of length 3,
with colour sequence (¢, ¢z, —c| — ¢7) and vertex sequence (u,u — ¢y, u —c| — ¢2, u), where ¢y, ¢, are
free variables.

For larger k', (1) follows from repeated applications of the cases of k” € {2, 3}. Indeed, any directed
path/cycle of length > 4 can be broken up into directed paths of length 2 and 3. While iteratively
invoking (1) with &’ € {2,3}, we extend U at each step, in total adding at most k new elements
to U. As we know (1) holds with &’ € {2,3} with the smaller constant C, this reduction is valid, as
p°%n/Cs. 1+ k < 2p°®n/Cs; < p®®n/C (using that k is small and that C < Cs_;, respectively).

Now, let a U be given as in the part (2) of the statement, and include in U all vertices of V (without
relabelling). Given a vertex z € V, we can invoke part (1) with z = u = v to find a cycle of length k
using z. For the next iterations, we apply (1) adding to U the vertices we’ve used so far, which adds to
U at most k|V| < p**®n/(4Cs.;) elements. This means that U never exceeds a size of p>*n/Cs.; in any
of the iterations, making the applications of (1) valid. O

5.1.2. Covering colours: Small k
Lemma 5.2. Let p > n~ /7% Let k < 50. Let Ry be a p-random subset of G. With high probability, the
following holds.

Let S be a k-tuple which is a rainbow path candidate. Let U C G with |U| < 35On/C5 2. Then,
KG [R| \ U] contains a path with colour sequence S. Similarly, if S is a cycle candidate, KG [R;\ U]
contains a cycle with colour sequence S.

Proof. With high probability, Lemma 3.19 holds with R; (and R; set to be a p-random set independent
with R; — R, will not be relevant in the proof). Consider a pattern (as in Definition 3.15) consisting of
a directed path on k + 1 vertices, and label ith edge with c; and label the first vertex of the path with v
where v is a free variable. This is enough information to determine the label of the remaining k vertices:
the label of the ith vertex on the path for 2 < i < k + 1 has to be v — 3} . ;; ¢; for the pattern to be
well-defined (note also that each vertex gets a distinct label).

This pattern is well-distributed. For pairs of colours, separability follows by (b) as ¢; # ¢; when
i # j. For pairs of vertices, separability follows from (b) once again, this time using that S is a path-
candidate (recall being a path-candidate implies that all partial sums of S are nonzero). Also, all vertices
of this pattern are linear in at least one variable, namely, v. Also, all colours are constants. Therefore,
by Lemma 3.19, there exists a copy of this pattern in I?G [Ri\U, (R \ U)US], which corresponds to a
directed path in K G with S as its colour sequence. To justify this correspondence, recall Observation 3.18.
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If § was a cycle-candidate instead, an analogous argument works, this time starting with a pattern
that is a directed cycle of length &, with colour labels coming from S, and one of the vertices labelled
v which is a free variable. Separability of colours and vertices are by (b), using the definition of a
cycle-candidate. |

Our cover-down statement for small groups of colours is the following. The proof is omitted, it
follows easily by iteratively invoking Lemma 5.2.

Lemma 5.3. Let p > n= /7% Let 3 < k < 9. Let Ry be a p-random subset of G. With high probability,
the following holds.

Let C € G be a set of k€ colours, admitting a partition into tuples Cy, ..., Cy where each C; is a
rainbow cycle-candidate. Suppose € < p*®n/kCs.3. Then, H;[R) \U; C] contains a matching of size €.

5.1.3. Saturating colours: Large k
When k is large, the strategy in the previous section fails for two reasons. Firstly, assuming that the C;
are cycle-candidates as in Lemma 5.2 would be too much of an ask, as in general we do not have a good
way of finding orderings of zero-sum sets in this way (for k£ < 9, we get to assume this without loss of
generality, relying on Lemma 3.24). Even if we were able to find such orderings, there is a second issue
which is probabilistic which comes up only when k > logn. The issue is that the expected number of
k-cycles using a particular colour sequence contained in a p-random set is < p¥n — this is too small to
have any useful analogue of Lemma 3.19. Therefore, we pursue a more complicated strategy as follows.
Recall that the families g and Sg as well as the parameters gg i, fG .k, SG.x Were defined in
Lemma 3.27.

Lemma 5.4. Ler 10 < k < log10 n. Let G be a group of order n, where n is sufficiently large. The
following statements both hold.

1. Let v,w € G be distinct vertices withv —w = qG .k + m - fG. k for some natural m < k. Then, there
exists a family P of size > n/(kCs.4) of pairs of rainbow paths (P, P’) in I?G with the following
properties.

(a) Foreach (P,P’) € P, P starts on v, and P’ ends on w.
(b) Each pathin P is rainbow, pairwise colour disjoint, and pairwise vertex disjoint except on {v, w}.
(¢) Foreach (P,P") e P, C(P)UC(P’) € F¢

2. Let v,w € G be distinct vertices with v —w = s k. Then, there exists a family of rainbow paths P

of size > n/(kCs.4) in EG with the following properties.

(a) Foreach P € P, P starts on v, and P ends on w.

(b) Each path in'P is rainbow, pairwise colour disjoint, and pairwise vertex disjoint except on {v, w}.
(¢c) Foreach P € P, C(P) € Sg

Proof. We suppose Cs 4 is sufficiently large for the following calculations to go through.

Let P be a maximal family with properties 1(a), 1(b), and 1(c). Suppose |P| < n/(kCs.4). Supposing
that Cs 4 < C3.,7, there exists at least n/(2kC3.27) many F; € Fg which are unused by P. For each
such unused F; € Fg, consider the path P; with vertex sequence P, (v, }"l.+ ) and path P] with vertex
sequence P;,(w, F;) (these are defined in Section 3.2). Note that P; and P; are in fact paths as the
corresponding colour sequences are path-candidates by Lemma 3.27.

Also by Lemma 3.27, the paths P; and P/ are vertex disjoint except possibly on v and w, as F;" and
J; are separable at a distance g + m f. By the dissociability property coming from Lemma 3.27, for
each P;, Pj withi # j, P; and P; are vertex disjoint except on v, and similarly P;, P’, are vertex-disjoint
except on w. Using these two properties and assuming that Cs 4 < C3,7 we can find some 7 for which
F; is unused in P, (P;, P}) is vertex-disjoint with all vertices included in P (note there are at most
10n/kCs 4 such vertices), and V(P;) N V(P;) = 0, contradicting maximality of P.

Now, let P be a maximal family with properties 2(a), 2(b), and 2(c). Suppose |P| < n/(kCs.4).
Supposing that Cs 4 < C3 .27, there exists at least n/(2kC3 27) many S; € Sg which are unused by P.
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For each such unused S; € Sg, consider the path P; with vertex sequence P, (v, S;) which terminates
on vertex w as v —w = sgr = 2, S;. Note that P; is a rainbow path because S; is a rainbow path
candidate. Each P; uses a disjoint colour set as the S; are disjoint, and all vertices of the P;, save the
endpoints v and w are disjoint, by definition of near-dissociable. Now one such path P; has to internally
vertex-disjoint with all the paths in P, as the latter paths span at most 5n/(kCs4) < n/(2kCs.27)
vertices. This means that 7P can be extended, as desired. m]

Lemma 5.4 combined with Chernoft’s bound implies the following easily.

Lemma 5.5. Let p > n~'7% ler 10 < k < log'®n. Let Ry, Ry be p-random subsets of G sampled
independently. With high probability, the following holds.
Let U C G be a set with |U| < p°n/(kCs.s). Let v,w € G be distinct vertices.

1. Suppose v —w = gk +m - fG.k for some 0 < m < k. There exists some F € Fg such that
Ko [(R1\ U) U {v,w}; F] has two vertex disjoint rainbow directed paths of length 2, one directed
away from v, one directed into w. Furthermore, F is disjoint with U.

2. Suppose v —w = sG k. There exists some S € Sg such that I?G[(Rl \U) U {v,w};S] contains a
rainbow directed path (of length zs) from v to w. Furthermore, S is disjoint with U.

The next lemma summarises our cover-down strategy for large k. The proof simply iterates parts (1)
and (2) of Lemma 5.5, and this works due to properties acquired in Lemma 3.27.

Lemma 5.6. Let p > n~'7% Jer 10 < k < log'n. Let Ry, Ry be p-random subsets of G sampled
independently. With high probability, the following holds.

Let U C G be a set with |U| < p®Pn/(kCsg). Suppose € is some positive integer with £ <
P/ (k>Cs.¢). Let C C G be a set of 4€ colours admitting a partition into 4-tuples Cy, . .., C; where
each C; is a rainbow path candidate with sum qg k. Then, Hi[R1 \ U; (R \ U) U C] has a matching
saturating C, and the set of colours C* used on the matching other than C is closed under Fg and
SG. Moreover, C* uses exactly {(k — 4 — zs)/4 tuples from Fg and exactly € tuples from Sg. As a
consequence, the matching consists of exactly € edges of Hy.

Proof. Fix some large K and some Cs ¢ > K. With high probability, Lemma 5.5 and Lemma 5.2 both
hold.

We will first prove the statement when ¢ = 1 with Cs ¢ replaced with K (note this strengthens the
statement). Initialise U; = U, and for each i € {1,..., ¢}, do the following.

In I?G [R; \ U;; (R \ U;) U C], find a rainbow path Py with colours C; via Lemma 5.2. Note that
start(Pg) — end(Py) = qG.x + m - fc x for some natural m < k (in fact m = 0). For a natural i,
while k — |P;| > zs, apply Lemma 5.5(1) to extend P; into another rainbow path P;.| using a set
of 4 extra colours coming from an element of F (disjoint with U;). Note that this preserves that
start(P;+1) —end(Pit1) = gg.x + m - fg.x for some 0 < m < k. Update U;4; to include the new colours
and vertices used in P;4.

In at most k steps, this procedure yields a path P with k — |[E(P)| = zs due to the divisibility
conditions coming from Lemma 3.27, note also |U;| < |U| + 10i, so we add at most 10k new elements
to U throughout the process. At this point, we can apply Lemma 5.5(2) to complete P into a rainbow
cycle, say C, and therefore an edge of Hy. Also, observe that while building C, we used (k — 4 — z5)/4
tuples from F and one tuple from Sg.

When 2 < £ < p%n/(k*Cs.¢), we can repeat the above procedure for each of Cs, ..., Cy, at each
iteration including in U the set of at most 10k vertices and colours used in the previous step. This would
add at most 10k¢ < 10p®®n/kCs6 new elements to U, which means U will never exceed a size of
11p%%0%/kCs.6 < p®Pn/kK throughout the process. Hence at each step, we can invoke (the stronger
version of) the £ = 1 case. O
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5.2. Distributive absorption in H,

Definition 5.7. Let H be a hypergraph and let 7 = {Si,...,S;} be a family of subsets of V(H). We
say that a set of vertices Rm-absorbs F if for every subfamily F’ C F of size m, there is a hypergraph
matching whose vertex set is exactly R U Ug, e 7 Si.

We will build the desired absorbing structures by finding collections of small subgraphs with certain
properties. Each structure found in this section is formed by combining patterns coming from Figure 1.
Therefore, the following result is crucial, as it will allow us to use Lemma 3.19 numerous times
throughout the section (we remark that P (V) is excluded in the statement of the following lemma as
we treat this pattern separately).

Lemma 5.8. In Figure 1, all patterns depicted except for Pz (V) are well-defined patterns which are
well-distributed.

Proof. To remind the reader the definitions, let us check everything explicitly for Py (c1, ¢3). All vertices
and colours get labels as words in (G * F )ab, vertices get distinct labels, and for each of the three directed
edges e from v to w, we have that the label of ¢ is the difference of the labels of v and w. This verifies
that Py (cy,cp) is a well-defined pattern. All colour labels are linear in either c¢; or ¢ (or both), and
each vertex label is either the constant x, or linear in ¢, and of course there are at most 20 distinct free
variables and each label word has length at most 20. For any two distinct colour labels, there exists a
free variable (c; or c¢;) that exists in one label with coefficient +, and doesn’t exist in the other. This
means that the difference of the labels is linear in at least one free variable, checking (a). Same property
holds for the vertex labels as well. This verifies that P, (cy, ¢2) is a well-distributed pattern.

Generally, the definition of a pattern and the second and third part of the definition of well-distributed
is easy to verify by inspecting the figure, so we focus on checking pairwise separability for vertices and
colours (viewed as a set, not a multiset).

o Py ;(y,{1,£2). For this pattern and the next, we implicitly assume that x # z, making x and z
separable by (b). All other pairs of vertices are separable by (a). Except for the two pairs of colours
(26, -y —x,y— &) and (26, — y — z,z — £») which are separable by (c), all pairs of colours are
separable by (a).

P’ .(y, {1, (). This pattern is well-distributed as it is a strict subset of Py . (v, {1, {2).

P, (cy,cp). All pairs of vertices and colours are separable by (a).

P,(:” (c1, c2,c3). All pairs of vertices and colours are separable by (a).

P.(v,dy,d>). All pairs of vertices and colours are separable by (a).

O O O o

Hence, each pattern is well-distributed as desired. O

The following remark is crucial to keep in mind as we will make many references to Figure 1 in the
rest of the section.

Remark 5.9. On numerous occasions, we will consider multiple instances of the same pattern type in
Figure 1. For example, Py ./ (y’, {1, {2) refers to the pattern depicted in Figure 1 denoted Py (v, {1,¢2)
with y replaced with y’, zreplaced with z’, but £; and £, unchanged. So Py ; (v, {1, ¢2) and Py o (y’, {1, £2)
are different patterns with some overlap in the vertex and edge labels they receive.

5.2.1. Vertex-switchers

We first show how to 1-absorb a set of 2 vertices. We emphasise that when we say a vertex of Hy in this
section, we specifically mean a vertex which corresponds to a vertex of fg, as opposed to a colour of
I%G This is crucial, as in fact it is impossible to build a 1-absorber for a set of 2 vertices of H; which
correspond to colours of K. This follows from Observation 2.1.

Lemma 5.10. Let p > n~ 7%, Ler 3 < k < log'n. Let Ry, Ry be p-random subsets of G sampled
independently. With high probability, the following holds.
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Figure 1. Several patterns (see Definition 3.15) used in Section 5.2. Edge colours correspond to edge
labels, so for a collection of edges with the same colour, the label is written for only one of the edges.
Free variables are denoted in black letters, and elements of G are denoted in pink letters. The dashed
arrows indicate that after a copy of the pattern is found, a rainbow directed path (of the appropriate
length) between the indicated vertices will be found. For triples tiled with the diagonal lines, in the proof
we find a 2-absorber for the indicated vertices.

For any distinct vertices x, 7 € Hy and U C G with |U| < p>®n/Cs.10, Hi[(R1\U)U{x, z}, (R2\U)]
contains a subgraph of size at most 10k that 1-absorbs {x, z}.

Proof. With high probability, Lemma 3.19 and Lemma 5.1 both hold. Suppose first that k& = 3. Consider
the pattern P = Py ; (¥, {1, {2) from Figure 1. A copy of P can be found in K [(R; \U) U{x, z}, (R2\U)]
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by Lemma 3.19. Inspecting the two sets of matchings (the solid matching and the dashed matching)
in Figure 1 (top-left), we see that such a copy of P corresponds to a desired absorbing subgraph of
Hi[(Ry\U) U {x,z}, (Ry \ U)] of size < 30. Recall Observation 3.18 to justify this correspondence.
Suppose now that 4 < k < log'” . In this case consider a copy of the pattern P = P (y,01,0)
from Figure | given by Lemma 3.19. To complete the absorber, we need to find rainbow paths of size
k-2 > 2from{; toy—{; +x and from ¢, to y — £, + x (when we say {1, we mean the copy of the vertex
with the label ¢; in P;’ (. 1, {»), similarly for the other variables. We use this convention in the rest of
this section). Two applications of Lemma 5.1(1) allows us to find these paths. As in the previous case, the
solid matching and the dashed matching demonstrates that the desired absorption property holds. O

Chaining together gadgets which 1-absorb pairs as in the previous lemma, we can construct gadgets
which (s — 1)-absorb sets of size s.

Lemma 5.11. Let p > n™ /7% Ler3 < k < log10 n. Let Ry, Ry be p-random subsets of G sampled
independently. With high probability, the following holds.

Let S be a vertex-subset of size at most 100 and let U € G with |U| < p>'n/Cs.11. Then, there are
sets V' C Ry \ U and C' C Ry \ U of size < 10*k such that V' U C’(|S| — 1)-absorbs S in Hy.

Proof. With high probability, Lemma 5.10 holds.

Let S = {ay,...,ar} be given for some £ with 2 < £ < 100. For every i € {1,...,¢ — 1}, apply
Lemma 5.10 with (a,b) = (a;,ai41), each time finding a subgraph F; which 1-absorbs {a;,a;:1}
disjointly with U. By extending U in each application to include Fi, ..., F;_j, we can also ensure the
collection of F; are vertex and colour disjoint (except for elements of S). The union of the subgraphs F;
(i € [£]) now has the desired absorption property. For an illustration of the case when k = ¢ = 3, see
Figure 2 (left). ]

Now we show how to 1-absorb sets of size s < 100. For small k, essentially all the necessary ideas
are included in the previous two lemmas, however for large k we introduce some new ideas.

Lemma 5.12. Let p > n~"/7% and let 3 < k < log'n. Let Ry, Ry be p-random subsets of G sampled
independently. With high probability, the following holds.

Let S be a vertex-subset of size at most 100 and let U C G with |U| < p3*n/Cs.11, there are sets
V' C R \Uand C’ C Ry \ U of size < 108k? such that V' i C’'1-absorbs S in Hy.

Proof. With high probability, Lemma 3.19, Lemma 5.1 and Lemma 5.11 all hold. Denote S =
{ai,as,...,ar} where 2 < £ < 100.

Case 1: k € {3,4}. We write the details of the argument for k = 3, for k = 4 a proof can be obtained by
replacing Pg, (¢, c2) with P,(;:) (c1, ¢, ¢3) in the below argument? .

Consider a pattern Pg formed by the union of patterns P, (c, c2) foreachi € [£] (recall Remark 5.9).
This pattern is well-defined as the vertices of P, (c1, c2) and Py, (c1, ¢2) get different labels when i # j
(as a; # aj). To see that this pattern is well-distributed we only need to check vertices and edges
belonging to different copies, as each P, (ci, c2) is well-distributed by Lemma 5.8 already. There is
nothing to check with edge labels as they are all identical. Vertices in the same position in the triangle
are separable by (b) (this is as a; # a; when i # j), and vertices in different positions are separable by
(a). By Lemma 3.19, Pg admits a copy in Eg[(Rl \U) U S; Ry \ U], say Pg. For j € {2,3}, denote by
S, the vertices of F' é coming from copies of top vertices of P, (cy, c») and denote by S5 the vertices
coming from bottom vertices of P, (c1, ¢2) for each i € [¢]. Apply Lemma 5.11 first with S = S5, and
then S = S3, to find sets Ay and A3(|S| — 1)-absorbing S, and S3, respectively. We can also ensure
that Ay, A3 and F¢ are vertex and colour disjoint by extending U in each successive application of
Lemma 5.11. Now F, é U A, U A3 is the desired absorber. See Figure 2 for a demonstration of this when
¢ = 3, the boxes shaded with diagonal lines represent the sets S, and S3 which we can 2-absorb.

3The same argument works for each k = O (1), the reason why the second case exists is the range when k = Q(logn).
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Figure 2. On the left: A 2-absorber for the 3 vertices contained in boxes (from the proof of Lemma
5.10). Dashed versions of a coloured edge are to be interpreted as having a distinct colour. The matching
which absorbs the outer two vertices is indicated. On the right: The pattern Ps (from the proof of Lemma
5.12 Case 1) consisting of 3 copies of the pattern P(cy,c2) (€ = 3), and the sets S, and S3 shaded
with the diagonal lines. For the vertices covered with the diagonal lines we have a 2-absorber for the
indicated vertices. The union of these two 2-absorbers and the illustrated directed graph 1-absorbs the
3-vertices on the top row of the diagram.

N

Case 2: k > 5. We begin by the following observation which will help to motivate the choice of
parameters for the rest of the argument. We remind the reader that when we say d; + d, — 2v — a below,
what we mean is the copy of the vertex of P, (v, d, d>) with the label d| + dy — 2v — a, and similarly
for the other expressions.

Observation 5.13. Consider a copy P of P, (v, dy, d») from Figure 1. Let Q be a rainbow path of length
k —3 (recall k —3 > 2) from d; + d» — 2v — a to v + a, colour-disjoint with P, and vertex-disjoint
with P except on the endpoints. Let A be a set that 2-absorbs Y := {d} —v,dy —v+dy —a,dr — v}
(the column shaded by the diagonal lines), vertex and colour disjoint with P U Q, except on Y. Then,
PUAUQ\{a,di,d,}1-absorbs the vertex-triple {a, d;, d,} in Hy.

Proof. Letw € {a,d;, d>}. To find a matching in # that uses w and each of P U A U Q but not any of
{a,dy,d>} \ {w}, we start by matching the edge corresponding to the rainbow k-cycle using Q and the
(unique) 3-edge path in P using the vertex w, note this path also uses a unique vertex of Y. Using the
definition of A2-absorbing Y, there is a matching saturating A and exactly the two unused vertices of Y.
This matching combined with the matched edge corresponding to the k-cycle passing through w is the
desired matching in #; verifying the definition of 1-absorbing {a, di, d>}. m]

The previous observation essentially shows that we can find sets 1-absorbing triples, provided that 2
elements of the triples are free variables (it is important that d; and d» are free variables while ensuring
that P, (v, dy, d») is well distributed, and that dy + d» — 2v — a is linear in at least one variable). The
remainder of the proof is focused on using this property many times with carefully chosen sets of triples
to find subgraphs that 1-absorb sets of size at most 100 constants (not free variables). The following
observation motivates the choice of triples.

Observation 5.14. Consider a collection of sets {aj,de,di}, {a»,d\,d>}, {as,dr,d3}, ...,
{ae-1,d¢—p,de-1}, {ag, de-1}. Suppose for some a;, the set containing q; is deleted from the collection.
Then, there exists a choice of an element from each of the remaining sets in the collection so that overall
the chosen elements are precisely {dy,...,d¢-1}.

Proof. When i = 3, the correct choices are displayed in the below table.

ap ax a3 as -+ Ae-| Ag
de dy dy d3 -+ dpa dpy
dy dy d3 dy -+ dey
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For other values of i, one can similarly choose the value on the bottom row for the jth column where
J <1, and choose the value on the middle row for the jth column where j > i. )

Consider a pattern P formed by the union of patterns P,, := Py, (vi,de, d1), Pa, = Py, (v2,d1, d2),
Pg, = Pu(v3,d2,d3), ..., Pg, , = Pg, ,(ve-1,dp—2,de—1) (recall Remark 5.9). Formally, P is obtained
by taking the (disjoint) union of each of the graphs P,, and identifying together vertices which share
the same label (this identification step ensures that the second property in the definition of pattern is
satisfied, so P is indeed a well-defined pattern). We remark that the vertex/edge labels live in the set
(G * Fpr—1)™.

Claim 5.14.1. P is well-distributed.

Proof. Each P, (-, -, ) is well-distributed by Lemma 5.8, so we only need to check separability for pairs
of vertices and pairs of colours coming from different P, (-, -, -). For pairs of such colours, the word
corresponding to a label includes v; as a free variable for some 7, and the other label does not include
v;. This makes the pair separable by (a). Similarly, for pairs of vertices, if one of the words has a v; as
a free variable for some i, we have separability by (a). If this is not the case the pair of words could
be of the form (d;, d;) for some i and j. If i # j, we have separability by a, and otherwise, the words
are identical and in this case we do not need to check separability, as in the definition of the union we
identify such vertices together. The pair of words could also be of the form (d;,d; + d ;.1 —2v; — a;),
in which case either d;; or d ;. is different with d;, giving separability by a. Finally, pair of words could
also be of the form (d; + di+1 —2v; —a;,dj +djs1 —2v; — aj) where i and j are distinct, so we again
have separability by a. O

By Lemma 3.19, we can find a copy of P, say P’, in 12(; [R1\U; Ry \ U]. In addition, by Lemma 5.10
applied with {a, b} = {a¢, d¢-1}, we obtain a subgraph A which 1-absorbs {a¢, d¢—1}. By extending U
in this application, we can ensure A is disjoint with P’.

Recall that k — 3 > 2 by assumption. For each i € [£ — 1], apply Lemma 5.1 with u set to be the copy
of the rightmost vertex in P,, and v set to be the copy of the leftmost vertex in P, to find a rainbow
path of length k — 3 directed from u to v that does not clash with any of the forbidden colours or vertices
(see the dashed line in Figure 1). We can achieve this by iteratively invoking Lemma 5.1, extending U
at each step. Note that k < log'® n, so we never add more than 20010g!? n elements to U during this
process. Again, for each i € [£ — 1], apply Lemma 5.11 with S set the be the subset corresponding to
the copies of the 3 vertices of P,, which correspond to the column indicated with the dots to obtain a
subgraph A,, which 2-absorbs this subset. We can ensure that the collection of A, are pairwise disjoint
(except for the vertices corresponding to highlighted vertices plugged into ), and also disjoint with U,
again by extending U in each application of Lemma 5.11. By the bound coming from Lemma 5.11, we
never have to extend U by more than 10%k>¢ elements during this process.

Foreachi € [ - 1], let P}, be the copy of P,, combined with the path found by applying Lemma 5.1
and A,;, and let Z,, be the set of vertices corresponding to the copies of the vertices of P,; (the column
indicated by dots). The following is a rephrasing of Observation 5.13.

Observation 5.15. We have that P \ Z,, 1-absorbs Z,,.

Now, we claim that (| Py, \ §)UA is the desired absorber. To see this, let a; € S. We wish to show that
the vertices and colours of (U Py, \ §) UA U {a;} induce a perfect matching in H. To see this, first take a
perfect matching in (Py, \ Z,;) U{a;} (which exists by definition of 1-absorbing and Observation 5.15).

Now, from each set Z,; (for i # j) and {a¢,d¢-1} (coming from the 1-absorbing A), we can select
exactly one d - so that each d - (for each j’ € [£—1]) is selected precisely once, using Observation 5.14.
Using either Observation 5.15 or the 1-absorbing property of A, we can find a perfect matching of
(UP,, \S)UAU {a;} as required. O



28 A. Miiyesser

5.2.2. Colour-switchers
Lemma 5.16. Let p > n™ /7% Ler4 < k < log10 n. Let Ry, Ry be p-random subsets of G sampled
independently. With high probability, the following holds.

Leta € G, and s € Nwith2 < s < min{k — 2, 100}. Let S be a disjoint and near-dissociable family
of rainbow s-tuples of colours, each tuple sums to «, and each tuple is a path-candidate, and suppose
IS| < 100. Let U € G with |U| < p*®n/Cs.i6. Then, there are sets V' C Ry \ U and C’ C R, \ U of size
< 10"'k? such that V' U C"1-absorbs S in Hy.

Proof. With high probability, Lemma 3.19, Lemma 5.11 and Lemma 5.1 hold. Let S and U be given
as in the statement. Consider a pattern P constructed as follows. Take |S| directed paths, each of
length s, with the same start and end vertices, but internally vertex-disjoint. Label the start vertex
with the free variable v. Label the edges of the ith directed path with the ith s-tuple of S (counting
in order of proximity to v). Note this induces a labelling on each of the remaining vertices of P. This
labelling is well-defined on the end-vertex, because each tuple in S has the same sum, namely, a. In
particular, the end-vertex receives the label v — @. For an illustration of the pattern when s = 3 and
S ={(ey, e2,e3), (d1,ds,d3), (c1, c2,c3)}, inspect the bottom-right pattern in Figure 1.

Observation 5.17. P is well-distributed.

Proof. Each pair of colours is separable by b as distinct coordinates of elements of S are distinct, and
the elements of S are pairwise disjoint. We claim each pair of vertices is separable by b. For vertices
belonging to the same directed path, this follows as elements of S are path-candidates. For vertices
belonging to different directed paths, this follows as S is near-dissociable. O

Thus, we may apply Lemma 3.19 to find a copy of P, say P’, in KGR\ U; (R>\U)UlJS]. For each
i € [s—1],let P; denote the vertices of distance i from v, noting | P;| = |S| < 100. Apply Lemma 5.11 for
each P; to find (disjointly) sets P/ which |S| -1 absorb P;. Finally, noting that k—s > 2, apply Lemma 5.1
with u as the end-vertex of the path of length s from v, and v = v, and k” = k — s, to find a rainbow path
of length k — s. It is easy so see that the resulting structure has the desired absorption property. m]

5.2.3. Putting the gadgets together

So far we have lemmas allowing us to find sets 1-absorbing arbitrary sets of size < 100. How can we
go from to sets which can & absorb sets of size (1 + 8)h, where h and Bh are potentially linear in n?
The bipartite graph given in the next lemma gives us a nice collection of subsets of size at most 100
to 1-absorb, which together have the desired property. In this sense the utility of this bipartite graph is
similar in spirit to that of the sequence constructed in Observation 5.14 (which could be viewed as a
bipartite graph with maximum degree 3 with much weaker properties).

Lemma 5.18 (Montgomery, [28]). Let 0 < B < 1. There is a positive integer hg such that for every
h > hg there exists a bipartite graph K with maximum degree at most 100 and vertex classes X and
YUY with |X| =3h, |Y| =2h, |Y'| = h+ Bh so that the following holds. For any Yo C Y’ with |Yy| = h,
there is a perfect matching between X andY UY’.

Graphs produced by this lemma are called robustly matchable bipartite graphs.

Lemma 5.19. Ler p > n~'/7%, 3 < k < loglo n. Let Ry, Ry be p-random subsets of G sampled
independently. With high probability, the following holds.

Let0 < B < 1. Let h € N with \n < h < p*®n/Cs.19k>. Let U C G with |U| < n°/1%0_ Let ¥’ be
a subset of size (1 + B)h with one of the following forms.

1. Y’ C Hy is a vertex-subset of Hy.

2. Leta € G, and s € Nwith2 < s < min{k — 2,100}. Y’ is a disjoint and near-dissociable family
of s-tuples of colours of Hy where each tuple sums to a, and each tuple is a path-candidate (hence
a #0).

Then, there exists a set A C (R; U Ry) \ U of size < 10°k?3h where Ah-absorbs Y'.
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Proof. With high probability, Lemma 5.12 holds and R, has size at least 10h. Also, Lemma 3.19
holds.

We show how to prove part (1) of the statement using Lemma 5.12 first.

Let B, h, U, and Y’ be given. As h is sufficiently large, we can apply Lemma 5.18 to construct a
bipartite graph G with parameters 8 and & with vertex classes X and Y UY’. Here, we associate the given
set of vertices Y’ with the Y’ that denotes a set of vertices of G. We arbitrarily associate, disjointly with
Y’ and U, a subset of vertices of Hy from R, with Y (|Ry| > 104, so there is space to do this). Now,
each element x € X is linked, via the graph G, to a subset of vertices of 1 of size at most 100, that is,
the neighbourhood which we denote N (x). For each element of x € X, we will find a Ay C H; that
1-absorbs Ng(x), and the collection of A, we find will be disjoint except on elements of Y U Y’. The
property from Lemma 5.12 allows us to do this greedily, extending U with 10342 elements at each step,
adding to U at most

108k%1X| < 108k%3h < 3- 10342 p*Pn/(Cs.10k?) < 3-108p*n/Cs. 19

elements. Combined with the initial elements of U, this means that U never exceeds a size of p340n /Cs.12
if Cs. 19 is sufficiently large. This means that the applications of Lemma 5.12 are valid.

We claim that the union of the A, with Y have the desired absorption property. To see this, take
some subset Yy C Y’ of size h. In G, we have perfect matching f from X to Y U ¥;. For each A, use the
matching of A, U {f(x)} which exists by the absorption property of A,. These matchings together give
a matching of | J A, UY U Y, as required.

The proof for part (2) is essentially the same, using Lemma 5.16 instead. Note in this case we may
assume k > 4, otherwise there is no s for which we have to prove anything. Let 8, &, U, and Y’ be given
as a near-dissociable family of s-tuples (with an associated a and s > 2). As A is sufficiently large, we
can apply Lemma 5.18 to construct a bipartite graph G with parameters 8 and & with vertex classes X
and Y U Y’ (associate arbitrarily the elements of the two sets Y’ as before). Arbitrarily associate to ¥
disjoint s-tuples with the same structural properties as Y’, that is, near-dissociable and with sum @ # 0
(to find such tuples, as s < 100, we may represent such tuples as well-distributed patterns and use
Lemma 3.19). As before, each vertex x € X is associated to a subset of at most 100 many s-tuples, and
we may find a A, € Hy so that Ay 1-absorbers the s-tuples that appear in its neighbourhood in G. Via
Lemma 5.16, we may find the A, disjointly (except on Y U Y’). By a similar calculation, the union of
the A, with the s-tuples in Y has the desired property. O

5.3. Proof of Lemma 2.4

Now we combine the distributive absorption strategy with the cover-down strategy to give a proof of
Lemma 2.4. Recall the convention about random subsets of random sets given before the proof of
Theorem 2.3.

Proof. LetK = K, 4 > 1 be sufficiently large, and fix € = £ 4 < 1/K, so that in particular, eK < 10710
holds, and n~#24 is sufficiently large so that the upcoming randomness parameters are large enough that
the applications of the various lemmas are valid. Fix some p > n™%24.

Case 1: 3 < k < 9. Write p = p; + p» where ps = p>%/(10Cs.19k?). Partition R; into disjoint p;
and p,-random sets Rl.(l) and Rl.(z) for each i € [2]. Let R} C Rl.(2) be a r-random subset of G where
r = p>%/(1000Cs.19k>). With high probability, R%z) satisfies Lemma 5.3, R} satisfies Lemma 3.25 as

well as Lemma 3.22, (R7, R;) satisfies Lemma 5.1, and (Rf D s Rél)) satisfies Lemma 5.19 (the necessary
lower bounds for the corresponding randomness parameters in each of these applications is satisfied for
a small enough value of &£, 4). With high probability, the size of each random set is at most n°® logn
away from its expectation. All these properties hold simultaneously with high probability.

Now, let U C G with |U| < n#/5 | without relabelling, include 0 in U. By Lemma 3.22, we can find
a subset R3* C R} \ U using all but at most k elements of R} \ U such that 3} R3* = 0 and k divides
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|R3*|*. Set B and h so that they satisfy the two identities (1 + 8)h = |R§2) \ U] and gh = |[R*| (so
h= IREZ) \Ul-|R}| > y/n, and 0 < B < 1 by choice of r). Apply Lemma 5.19(1) with these values
of Band hand Y’ := Rgz) \ U to obtain an absorbing set A contained in R fl) U Rél) \ U (the necessary
upper bound of 4 < p*®n/Cs.19k? holds by definition of p1, p, (we simply need p| > p/2 > n~%24/2)
using also that each random set has size close to its expectation).

We claim now that A U R3* U (Riz) \ U) has the desired property (of V U C in the statement). To
see this, take V/,C’ C G with [V’| = |C’| = m as in the statement of the lemma. As m < r3®n/kCs;
(supposing K3 4 is sufficiently large), by Lemma 5.1(2), there exists a matching M of size exactly
m in Hy saturating V' and using exactly (k — 1)m vertices from R} \ U and km vertices from R3".
C” = C"U (R \ V(M,)) is a zero-sum set whose order is divisible by k with small symmetric
difference with R} (note that |[C”’| = m + |R3*| — km (which is a quantity divisible by k), so [C”AR]| <
10km +n¥5 < 10k(p/klogn)Kn + n*5 < r19°n/log(n)'%" supposing K is sufficiently large). Hence
C”” can be partitioned into k-sets which are cycle-candidates by Lemma 3.25(1). This partition allows
us to apply Lemma 5.35 to deduce that there exists a matching M, saturating the colours C”’ using
exactly |C"’| vertices from the set sz) \ U\ V(M,). Observe that in total we used exactly |R}*| = gh
vertices from R§2) \ U, and therefore the remaining vertices in sz) \ U combined with A admits a perfect
matching M3 by the absorption property of A. Then, M; U M, U M3 is the desired perfect matching of
AURF UV UC U RPN\ V),

Case 2: k > 10. Set 1 = p*°/(10'°Cs 10k?), g2 = (p = 1) /3, 7. = q1/1000k . Let R}V, R{Y, RYY,
R§4) be disjoint subsets of Ry, and g, g2, g2, g2-random, respectively. Let Ril’l),Ril’z) C R}l) be
r.-random and (g — r.)-random and disjoint. Let R}, Rél), Réz), Rf), R§4) be disjoint subsets of R,
and r, (q1 — r+), q2, q2 and gp-random, respectively.

With high probability, Lemma 5.1 holds for (Rfl’l) , R3), Lemma 3.25 holds for R}, Lemma 5.6 holds
for (Ril’z), Rél)), Lemma 5.19 holds for each of (Riz), R;z)), (R§3), R§3)), (Rf4), R§4)), Lemma 3.22
holds for R}, and the size of each random set is at most n%6logn away from its expectation. These
applications are valid supposing &3 4 is small enough, that is, p is large enough, just like in the previous
case.

Let U be given, as before, include 0 in U. Fix f to be the largest integer bounded above by |R; \ U]
with the property that f — (k — 1)m is divisible by 4. By Lemma 3.22, we can fix a f-subset R} € R;\U
using all but at most 4 vertices from the latter set such that 3’ R}* = ((f — (k — 1)m)/4) - gG « (recall
Lemma 3.27 for definition of g x, and here we can select € := n~ %% and m := |R; \ U| — 4 in the
application of Lemma 3.22).

Set 81 and hy be so that (1+81)h1 = [R" \ U] and B1hy = (k = )m +k(f — (k — 1)m) /4. Denote
by F(; the family of sets from Fg which are entirely contained in Rgl) \ U. Similarly, denote by S, the

family of sets from S which are entirely contained in Rél) \ U. Set 3, and h; so that (1+82)hy = | F[|
and Bohy = ((f — (k— 1)m)/4)(k — 4 — zs) /4 (recall this is an integer by Lemma 3.27). Set 83 and h3
so that (1 + B3)hs = |S;| and B3hs = (f — (k — 1)m)/4.

Apply Lemma 5.19(1) with (R@,Réz)) and Y’ = Ril) \ U with parameters (81, h;) to obtain a
set A (disjoint with U) with a vertex-absorption property. Apply Lemma 5.19(2) with (RP), RS))
and Y’ := }'(’; with parameters (82, h;) to obtain a set A, (disjoint with U and A;) with a colour-
absorption property. Similarly, apply Lemma 5.19(2) with (Rf4), R§4)) and Y’ := S, with parameters
(B3, h3) to obtain a set A3 (disjoint with U, A, and A;) with a colour-absorption property. For the
last two applications, we use that g and S¢ are near-dissociable, contain only path-candidates, and

4Lemma 3.22 can be applied for example with € = n~%-%1 (note k, |[U| <9 < n%/1), g =0,m = |R;\U| -k, Z = R;\U
5Note that the hypothesis £ < p*%n/kCs_3 because r = p3%0/(1000Cs.19k3.
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that k —2 > zs,4 as k > 10. These properties come from Lemma 3.27. For all three applications, the
necessary upper bound on % holds by definition of g, g> using that each random set has size close to
its expectation. The lower bounds on / and that 0 < 8 < 1 for the latter two applications follow from
lower bounds on the sizes of F; and S; which can be derived from Lemma 5.6 (this is done implicitly
in the rest of the argument).

We claim that A} U A, UA3 U RS U (Ril) \U)UU F; U S has the desired absorption property.
To see this, let V' and C’ be given as in the lemma. By Lemma 5.1(2), there exists a matching M,
in Hj saturating V' and using exactly (k — 1)m vertices from Ril’w \ U and km vertices from R}".
C'U (R} \V(M,;)) := C” then has size m + f — km = f — (k — 1)m which is divisible by 4 by choice of
the integer f. Furthermore, 3’ C”" = (|C”'|/4) - qG.x by the sum property on the set R}"*. Hence, C”’ can
be partitioned into 4-tuples with sum g x (recall this is not 0) which are path-candidates by Lemma
3.25(2) (as in the previous case, to check that C”” has small symmetric difference with R}*, recall that
K is sufficiently large). This partition of C”" allows us to apply Lemma 5.6 (with € = (f — (k — 1)m)/4)
to deduce that there exists a matching M, saturating C"’ using (exactly k€ = k(f — (k — 1)m) /4 many)
vertices from R§1’2) \ U and colours from Rél) \ U which are closed under the families F5 and S, and

hence also closed under the families F/; and S/; (as the colours come from the set Rél)). Lemma 5.6
also guarantees that M, uses {(k — 4 — z5)/4 elements of F/; and ¢ elements of S(;. Thus, there are

exactly A1 elements of R fl) \ U, h; elements of F., and h3 elements of S(’; that are unused by M; U M>,
so the leftovers of these sets combine with A}, A; and A3 (respectively) to produce perfect matchings,
say M3, My and Ms. Then, {;¢(s) M; is the desired matching. O

6. The high-girth case

In this section, we show how the high-girth case of the FGT conjecture follows by results from [30].

Lemma 6.1 [30]. Let 1/n < p < 1, let t be a positive integer between log’ (n) and log®(n), and let q
satisfy p = (t—1)q. Let G be an abelian group of order n. Let Vg, Vinia, Vena be disjoint random subsets
with Ver, Venaq-random and V,,iq p-random. Let C be a (q + p)-random subset, sampled independently
with the previous sets. Then, with high probability, the following holds.

Let V., V. . V.., be disjoint subsets of G, let C' be a subset of G, and let ¢ = |V . |/(t = 1).

Suppose all of the following hold.

1. For each random set R € {Vg;y, Vinidas Vena, C}, we have that |[RAR’| < n®®.
2. 2V =2V, =2C

3. e ¢ C' if G is an elementary abelian 2-group.

4 €= V]| = Vil = Vil (= 1) = [C'l /1

Then, given any bijection f: Vg, — V! ., we have that Kg [v:

str en str

U Ve’nd u V’;ﬁd; C’] has a rainbow

P;-factor where each path starts on some v € V. and ends on f(v) € V. .

Theorem 6.2. Let G be an abelian group of order n, where n is sufficiently large. Suppose k is some
integer such that k > log’ n, and k divides n — 1. Suppose Y, G = 0. Then, H; [G \ {0}; C \ {0}] has a
perfect matching.

10
Proof. If k < n'/19"" set s = k, otherwise set s = [log'® n].
Partition the group G into disjoint sets twice, independently, as Vi, ...,V and Cy, ..., Cs—; where

10
each set is (1/s)-random, noting 1/s > n~1/10"" in either case for n large. Set 1 := [log’ n].

Lemma 6.1 holds with high probability with #, Va0 = U <i<;—» Vi and C = Jp<;<;—» Vi. Lemma 3.5
holds with random sets (V;, V;11, C;) for each i (where indices are viewed in a cyclic order) and each
integer value of ¢ = n/s + n!~1/19" (we achieve this via a union bound over many applications of
Lemma 3.5). Also with high probability, all random sets are within n%-¢ elements of their expectations via
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Chernoff’s bound. By the probabilistic method, fix the random sets so they have all the aforementioned
properties.

10
Suppose first that k < n'/ 107 50 s = k. By the divisibility assumption and the property coming

from Chernoff’s bound, we can move O (n°7) elements between the sets V; without relabelling so that
each set V; has size exactly (n — 1)/k. Similarly, moving around at most O (n!~1%°) elements, we can
make sure each C; where i > ¢ — 1 has (n — 1)/k + |n1~1*| elements. Now, apply Lemma 3.5 (with
€ = (n — 1)/k) with the triples

(vt—l’ VI9CI—1), (vts Vt+19Ct)9 DR (Vk—la Vk, Ck—l)

to find rainbow matchings saturating the corresponding vertex sets (and missing LnHOSJ colours from
each C;,i > t — 1). Note that the union of the matchings found give a rainbow ﬁk_t factor where each
path is directed from V;_; to Vi. Now, we apply Lemma 6.1 with V;, = Vi and V,,,q = V,_, and C’
set to be the union of C and the (k — 7 + 1) Lnl_losj unused colours in each C;, i > f — 1. V,;;;4 remains
unchanged. All but the second hypothesis of Lemma 6.1 follow easily from our choice of sets. To see
that Y Vi, — XV, = >, C’, first note that X, V,_1 — >, Vi = >, C” where C” is all of the colours used via
applications of Lemma 3.5 (this comes from the fact that we have a rainbow directed path factor in I?G
where each path starts in V;_| and ends in V). As 3, G \ {0} = 0 by assumption, and C’' = G \ {0} \ C”,
the desired equality follows. Thus we can indeed apply Lemma 6.1. In our application, we set f to be
the bijection that maps the last endpoint of each Py to the first endpoint of the same directed path.
This allows us to complete each Py into a cycle of length &, giving us a cycle-factor that corresponds
to the desired matching in Hy.

10
Suppose now that k > n!/19"" 5o s = [log'®n]. If it was the case that s divides , then we can

proceed exactly like the previous case, with the only difference being in the choice of f in the previous
paragraph (we would choose f so that when the connecting paths are found we end up with a Cy-factor
as opposed to a Cs-factor). So suppose that r, the remainder when k is divided by s, is positive, noting
that r < s. We start by finding (n — 1) /k vertex/colour disjoint rainbow P, inKg, calling this collection

10
of paths P. Note this can be done greedily, and the resulting collection of paths occupies 2n!=1/10"

vertices, due to our assumption on k and s. Let P and P, denote collection of first endpoints of each of
the paths in P, respectively. We remove the vertices in P \ P, from the graph, and proceed exactly as in
the previous case to redistribute the sets so that they are of the right size, with the additional condition
that P, C V;_;. In the end, while applying Lemma 6.1, we set V4 to be (V;—; \ P2) U P;. We can then
select an appropriate bijection f so that after an application of Lemma 6.1, the resulting structure is a
c «-factor. O

7. Concluding remarks

In this section we outline some directions for further research.

7.1. Further applications in graph labelling

As alluded to previously, our methods are quite flexible and can potentially be used to make advances
on other embedding problems with an algebraic flavour. The language of graph labellings makes this
connection explicit. Suppose we have a graph T with m edges, and a set L of > m labels with some
algebraic structure. For example, when L is the cyclic group on m elements, a labelling of the vertices
of T with L is called a harmonious labelling if for each edge ¢ = {x, y} of T, we have that x + y
(mod m) is distinct. Similarly, if L is the first m positive integers, a vertex-labelling where for each
edge we have that |x — y| is distinct is called a graceful labelling. The famous harmonious tree and
the graceful tree conjectures respectively assert that all trees have harmonious and graceful labellings
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[21, 18]. Harmonious and graceful labellings are also heavily investigated for other classes of graphs
due to intimate connections with the theory of error correcting codes (here we refer the reader to [18]).

Section 2.1 establishes that the FGT conjecture can be framed as a problem about labelling the
vertices of a collection of vertex-disjoint directed cycles, where the edge labelling rule is a — b (if ab
is an edge of a directed cycle) within an abelian group G. We develop general methods for labellings
of short paths and cycles in the current paper, and it is likely that our methods could give well-behaved
labellings of other sparse structures build up of short paths and cycles.

For example, we would not expect that working with the labelling rule a + b (as opposed to a — b)
creates dramatic complications (see Remark 1.5), therefore our methods seem applicable to the study of
harmonious labellings. Harmonious labellings of various sparse graph classes (such as powers of paths,
which in particular contain collections of vertex-disjoint cycles) have been separately investigated, using
ad-hoc methods, and ‘few general results are known’ as Gallian notes in his survey [18]. We believe the
methods we develop here could be used as a unifying method to produce classes of harmonious graphs
(those graphs which admit harmonious labellings).

The connection with the study of graceful labellings is less direct, as the function (x,y) — |x — y|
over the integers behaves rather differently compared to the function x + y over the cyclic group. That
said, the function (x, y) — |x — y| still exhibits a lot of algebraic symmetry, hence there is potential for
our methods to be applicable.

7.2. Nonabelian groups, Latin squares, and Ryser’s conjecture

Now that the Friedlander—Gordon-Tannenbaum conjecture is verified, at least for sufficiently large
groups, we propose the following extension for general groups.

Conjecture 7.1. Let G be a sufficiently large group satisfying the Hall-Paige condition, and suppose
k > 3 and k divides n — 1. Then, there exists an orthomorphism of G that fixes the identity element, and
permutes the remaining elements of disjoint cycles of length k.

It is also sensible to replace orthomorphisms with complete mappings in the above conjecture, due
to the assumption that k > 3 (recall Remark 1.5 from the Introduction). One way of attacking the above
conjecture would be to try to combine the methods from this paper with the methods developed for
nonabelian groups in [30]. Also, we remark that in Section 6, we did not actually use that the group G
is abelian. Therefore, the above conjecture is true in the high-girth case.

More generally, we can turn our attention to Latin squares, which are also known as quasi-groups.
These objects can be described as n by n arrays filled with n symbols so that no symbol repeats in a row
or a column. For us, it will be more natural to view Latin squares in the following way (see the survey
by Pokrovskiy from [31] for a more detailed discussion). We first take a complete directed graph K,
with edges in both directions between all vertices and a loop at every vertex. We then equip this graph
with a proper edge-colouring using n colours. The most famous conjecture in the area is the following.

Conjecture 7.2 (Ryser’s conjecture). Suppose n is odd. Then, K, contains a rainbow spanning subgraph
where every vertex has in-degree and out-degree equal to one. Equivalently, K, can be packed with
directed cycles in a rainbow fashion.

In analogy with the Friedlander—Gordon—Tannenbaum conjecture, it makes sense to strengthen
Ryser’s conjecture to ask for cycles of specific lengths. There are numerous conjectures in this area
which focus on finding a single cycle which covers the entirety of the vertex set, which is analogous
to the k = n — 1 case of the Friedlander—Gordon—Tannenbaum conjecture. For more information about
these conjectures, we refer the reader to Pokrovskiy’s survey about rainbow subgraphs in [31] and a
recent paper by Gould and Kelly which includes a nice unifying conjecture [19]. We pose a conjecture
in the other extreme, where the cycle lengths are as small as possible. This is analogous to the k = 3
case of the Friedlander—Gordon-Tannenbaum conjecture.
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Conjecture 7.3. Let K,, be a complete graph properly coloured with n colours. Then, K,, contains a
rainbow subgraph which is a disjoint union of triangles covering all but at most C vertices, for some
absolute constant C.

We are not aware of any examples that would rule out the possibility that one can take C = 2 above.
In the other direction, one can prove a relaxed version of the above conjecture with C replaced with
n'=# for some & > 0 by using the Rodl nibble (see for example Corollary 3.4(1)). Improving this bound,
for example by replacing C with a polylogarithmic term, could be an interesting challenge, see [26] for
an analogous result in the setting of Ryser’s conjecture.

7.3. Other cycle types

To prove the FGT conjecture, we only used the p = 1 case of Theorem 2.3. Applying Theorem 2.3
with different values of p, we can derive that many other cycle types for orthomorphisms are possible.
Suppose for example that G is an abelian group of order n with the Hall-Paige property, n — 1 = 3k +4¢,
and we want to find an orthomorphism fixing the identity and permuting the remaining elements as k
many disjoint 3-cycles and ¢ many 4-cycles. Let’s also suppose for simplicity that k, £ = Q(n). Then,
we can partition the vertices of K¢ into a 3k /n-random set V| and 4¢/n-random set V,, and we can
partition the colours of K G into 3k /n-random set C| and 4¢/n-random set C,. With positive probability,
Theorem 2.3 holds with (V,C}), k = 3 and with (V,,C;), k = 4. We can then do a few exchanges
between the sets of vertices and colours so that they satisfy the divisibility condition as well as the sum
condition ), C| = )} C; = 0. Then, by Theorem 2.3 we obtain the desired cycle partition.

We can go further and ask the following question. Suppose that s1,s2,...,s; is a sequence of
integers where s; > 2 and )., s; = n — 1, and suppose that G is an abelian group with the Hall-Paige
property. When is it true that G has an orthomorphism fixing the identity and permuting the remaining
elements as cycles of lengths s, s2, . .., s;? Note that a necessary condition for the existence of such an
orthomorphism is a partition of G \ {0} into zero-sum sets of size s1, 52, . . ., 5; (recall Observation 2.1).
Characterising pairs of sequences s, 52, . . ., §; and abelian groups that admit such a partition is known
as Tannenbaum’s problem. This problem was solved for large groups in [30]. Perhaps the methods from
the current paper could be sufficient to solve the more general problem of characterising which cycle
types are feasible for orthomorphisms.

7.4. Other equations

As discussed in Section 2, there is a connection between the Hall-Paige conjecture, the FGT conjecture,
and toroidal version of the n-queens problem [7]. We can make this connection more formal as follows.
Suppose A is a £ X m matrix with integer entries, and G is an abelian group of order n. Can we find a
collection of n-many vectors v in G™ with A - v = (3g (meaning the {-dimensional O-vector) such that
for each i € {1,2,...,m}, the collection of ith coordinates of the vectors v is equal to G (i.e., contains
no repetitions). If this is possible, let us call the pair (A, G) matchable. This term is motivated by
the fact that we can equivalently phrase this as a hypergraph matching problem in m-partite m-uniform
hypergraphs where the edge set is governed by a collection of ¢ linear equations given by the matrix A.

For example, in the Hall-Paige conjecture, the corresponding matrix A is [[1,—1,—1]], in the k = 3
case of the FGT conjecture, the matrix is [[1,-1,0,-1,0,0],[0,1,-1,0,-1,0],[-1,0,1,0,0,-1]],
and in the n-queens problem, the matrix is [[1, 1, -1, 0], [1, —1, 0, —1]]. Characterising integer matrices
A and abelian groups G such that (A, G) is matchable is a natural unifying problem. This would be
interesting already when A consists only of {—1,0, 1}-entries.

7.5. Controlling the cycle type of both bijections

It is also natural to investigate the existence of orthomorphisms/complete mappings ¢ where one makes
a restriction on the cycle type of ¢ as well as the cycle type of the permutation g — g~'¢(g). Several
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partial results as well as open problems in this direction are given in [5, 6] by Bors and Wang. It would be
interesting to see if our methods can be adapted to address this more restrictive variant of the problem.
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