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Abstract: We propose a robust adaptive Model Predictive Control strategy with online
set-based estimation for constrained linear systems with unknown parameters and bounded
disturbances. A sample-based test applied to predicted trajectories is used to ensure convergence
of parameter estimates by enforcing a persistence of excitation condition on the closed loop
system. The control law robustly satisfies constraints and has guarantees of feasibility and
input-to-state stability. Convergence of parameter set estimates to the actual system parameter
vector is guaranteed under conditions on reachability and tightness of disturbance bounds.
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1. INTRODUCTION

Model Predictive Control (MPC) repeatedly solves a re-
ceding horizon optimisation problem to define a feedback
control law. Controller performance relies on model ac-
curacy, and mismatch between the controlled system and
its model can degrade performance (Mayne et al., 2000).
Various adaptive MPC algorithms have been proposed to
improve model accuracy by estimating model parameters
online. The control input of adaptive MPC has the dual
purpose of regulating the controlled system and providing
sufficient excitation to allow model identification.

Adaptive controllers rely on Persistent Excitation (PE)
conditions to ensure asymptotic identification of model
parameters (Narendra and Annaswamy, 1987), but com-
bining PE conditions with state and control constraints is
challenging (Mayne, 2014). Several MPC algorithms have
been developed with the aim of achieving both objectives.
A common approach includes additional constraints in the
MPC receding horizon optimisation problem. For example,
Genceli and Nikolaou (1996) impose an additional periodic
input constraint to guarantee a periodic persistently excit-
ing feedback law for FIR systems, but the proposed algo-
rithm has no guarantees of closed loop stability or conver-
gence. Marafioti et al. (2014) consider ARMA models and
formulate a PE constraint using past and current control
inputs. The proposed algorithm ensures a PE condition if
a periodic solution is found, but does not guarantee robust
constraint satisfaction.

An alternative approach uses controller performance mea-
sures to balance conflicting objectives of identifying model
parameters and regulating the system state. Lu et al.
(2021) propose an adaptive robust tube MPC formulation
for linear systems that includes a PE measure in the
predicted performance objective and suitably linearised
PE conditions as constraints. This algorithm is proven
to be recursively feasible and input-to-state stable, but it
does not guarantee satisfaction of a PE condition in closed
loop operation. Heirung et al. (2015) avoid a nonconvex

PE constraint by including an estimate of the parameter
error covariance matrix in the MPC cost function. The
optimisation problem is reformulated into a quadratically-
constrained quadratic programming (QCQP) problem but
recursive feasibility and stability were not proven. Simi-
larly, Weiss and Di Cairano (2014) include an information
functional of the predicted parameter error covariance
and enforce robust constraint satisfaction and stability by
selecting the control input from the Robust Admissible
Invariant (RAI) set, which results in a nonconvex optimi-
sation problem. However, in both of these approaches there
is no guarantee of persistently exciting control inputs.

Other methods of promoting persistence of excitation
in MPC have been proposed. Briiggemann and Bitmead
(2022) reformulate the PE condition as an algebraic con-
dition on a reference trajectory around a nominal equilib-
rium point. The algorithm ensures local convergence of the
state and the parameter estimates. However, the approach
does not guarantee robust satisfaction of state and control
constraints for all feasible initial conditions. Gonzalez et al.
(2014) achieve stability and satisfaction of a PE condition
using a switching control strategy. The algorithm drives
the system state into a pre-defined invariant region for
identification, within which an excitation signal is injected
into the control law. The proposed algorithm is only appli-
cable for open loop stable linear systems and the existence
of the target region is example-dependent.

In this paper we ensure (similarly to Lu and Cannon,
2022) persistence of excitation and recursive feasibility of
the MPC optimisation. However, unlike Lu and Cannon
(2022), additional constraints to enforce persistent exci-
tation are not included in the optimization because this
would require nonconvex constraints on control inputs.
Instead we propose a computationally tractable check on
the solution by using postulated values (or samples) of
unknown model parameters and disturbances to generate
sets of likely future trajectories and hence estimate the
amount of excitation in past and future trajectories. For
this check, persistence of excitation is evaluated over a
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single time-window rather than multiple windows. Each of
these innovations reduces computation relative to Lu and
Cannon (2022). For linear systems with uncertain param-
eters and bounded disturbances, the algorithm satisfies
constraints robustly and achieves input-to-state practical
stability (ISpS) while retaining computational tractability.

The paper is organised as follows. Section 2 summarises
the robust adaptive MPC formulation, explains set-based
parameter estimation method, and states conditions for
persistence of excitation. The sample-based check of a PE
condition applied to predicted trajectories is described in
Section 3, and Section 4 shows that the control strategy
ensures recursive feasibility, input-to-state practical sta-
bility and asymptotic parameter convergence. Section 5
illustrates the approach with a numerical example.

Notation: Z>o, Zso are the sets of non-negative and
positive integers, and Zp,, = {n € Z : p<n<q}.
The Euclidean norm is ||z|| and ||z||q = (z"Qz)'/2. The
identity matrix is Z, and A > 0 (or A > 0) indicates that
A is a positive semidefinite (positive definite) matrix. For
X, VYCR" AX ={Az: 2z e X}, XY ={z+y:x¢€
X,y € YV} and Co(X) is the convex hull of X. The value
of a variable y at the kth discrete time instant is denoted
yr and y|; denotes the value of yxi, predicted at time ¢.
Probabilities and expectations conditioned on the model
state x; are denoted P(-|z;) = Pu(-) and E(-|z;) = E.(-),
and P(+), E(-) are respectively equivalent to Po(-), Eq(-).

2. ADAPTIVE ROBUST MPC

Consider systems described by the uncertain linear model
Ti41 = A(G*)xt + B(@*)ut + F’Ll)t (1)
with state, control input and unknown disturbance z; €
R", u; € R™ and wy € R™ at discrete time ¢t € Z>g.
Here * € RP is an unknown parameter independent of ¢.
Assumption 1. (Disturbance). The disturbance sequence
{w, € W, t € Z>o} is independent and identically dis-
tributed (i.i.d.), with E(w;) = 0, E(wsw, ) = €,Z, €, > 0,
and W is a known compact and convex set.
Assumption 2. (Model parameters). (a). (A(0),B(#)) =

(AO7 Bo)-i-Zf:l(Ai, Bl)[(g]z for known (Al, Bl) 1€ Z[O,p]~

(b). ©¢ 3 6* is a polytopic initial parameter set estimate.
(c). (A(9),B(0)) is a reachable pair for all § € Oy.
(d). (A(6%),B(6*)) = (A(0), B(9)) if and only if 6 = 6*.

Starting from an initial set ©g, we recursively refine a
polytopic parameter set estimate O; = {0 : gl < p}
defined in terms of pu; € R™® and fixed [Ig € R"©*P,

2.1 Robust MPC

Consider a predicted control law parameterised at time ¢

in terms of decision variables v; = {vo|¢, ..., Un_1)t} as
Kz Viit, Kk € Zig N—
"y :{ k|t T Vk|t [0,N—1] )
ka” + Sk|t) k > N

where N is the MPC prediction horizon and the gain K
is such that z;11 € Co{Ak(0)z, 8 € ©p} is quadratically
stable with A () = A(0)+B(0) K. Here {sy;, k € Z>o} is
a zero-mean i.i.d. random sequence that is introduced into
the terminal control law to ensure persistent excitation,
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with s, € § for some known compact and convex set S,
and E(Sk\tsz-n) = esZ >0 for all k,t € Z>o.

We assume linear state and control input constraints:
xklt € X, U’klt € Z/[7 Vk 2 07 (3)
where X, U are given polytopic sets. To enforce these
constraints we define a terminal set X satisfying
Xr CX, KXroSCl, (4)
A ()X @ B()S® FW C Xr V0 € O (5)
To ensure satisfaction of (3) we construct a tube X,
Xi = { Xk, k € Zpo,n s
where the sets &, satisfy, for all 0 € O, k € Zjg ny_1),
Xk\t g Xa KXk|t S {Uk:\t} g Z/{, (6)
Ak (0) Xy © {B(O)vg)e} © FW C Xy, (7)
and the initial and terminal conditions
xt € Xojg,  AXnpe € X (8)
Remark 1. The sets comprising X; may be defined, for
example, as homothetic or fixed-complexity polytopic
sets (Lorenzen et al., 2019; Lu and Cannon, 2019). How-
ever, in the example of Section 5, we use ellipsoidal sets
Xy = {x € R™ ¢ (z— z1) " P(@ — zp)e) < Bje}, which
ensure favourable scaling of computation with n, when P
is computed offline and B; = {Bojs,...,On¢} and z; =
{20/¢s- -+, 2NnJ¢} are online decision variables.

We consider a nominal performance objective defined for
a given parameter vector 6; € ©; by the cost function
N—1
T (4,00, vi) = > UWdkpe, Ky + vige) + Vivie (e, 0)
k=0
with jjO\t = T, £k+1\t = AK(et)fkh + B(Gt)vk”, k e
Zjp,n—-1]- The stage cost I(-,-) and terminal cost Vi (-, 0¢)
are assumed to be positive definite quadratic functions
satisfying, for given 6; € ©; and all x € R"=,
VN‘t(Z‘,Ht) = VN‘t(AK(Ht)x,Ht) +l(£,KI‘) (9)
The nominal parameter vector 6; € ©; may be obtained
by projecting a least squares parameter estimate onto ©;
(Lorenzen et al., 2019) or by projecting 6;_; onto O:
0, = argmin [|6,_, — 0. (10)
O
A robust tube MPC law is determined by the solution, de-
noted (v, X?), of the problem of minimizing J(x¢, s, v¢)
over v; and X; subject to (6)-(8). This is the basis of the
algorithm defined in Section 3.

2.2 Set-based parameter estimate

Set membership identification uses information on u;_1, x4
and z;_1 to define a set A; of unfalsified model parameters
at time t. This is combined with the parameter set estimate
©;_1 to construct an updated estimate ©; as follows. The
linear dependence of the system model (1) on 8* implies
Tip1 = O(24, ue)0" + @(2r, us) + Fuy,
where ®; = & (x4, us) and ¢y = P(x¢,u;) are defined
(I)t = @(xt,ut) = [A1$t+Blut e Ap.’L't+BpUt] (11)
¢t = (ﬁ(xt,ut) = ont + Bout. (12)
A set of unfalsified parameters at time t given x;, x;_1,
ut—1, and the disturbance set W, is given by
At = {0 LTy — (bt—lg — ¢t—1 S FW}
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Using N, unfalsified sets, the minimum volume ©, satis-
fying @t ) ﬂT {-N, +1A7 N O is found by solving ne
convex programs to compute the update j;. This ensures
that 0* € ©, C ©;_; for all t € Zs (Lu et al., 2021).

2.8 Persistent excitation

The regressor ®; in (11) is persistently exciting (Narendra
and Annaswamy, 1987) if there exists a horizon N, and
scalar e > 0 such that Zt+N @Z@k > €oL for all t €
Z>p. In the current work, we define persistent excitation
using the requirement that there exists e3 > 0 and an

infinite sequence of time instants tg,¢1, ... such that
ti+N,—1
> bz el Vi€ Lo (13)
k=t;

We refer to the interval Zy, ;, 4 n,—1) as a PE window.

Assumption 3. (Tight disturbance bound). For all w® €
OW and any € > 0 the dlbturbance sequence {wg, wy, ...}
satisfies P{||w; — wP|| < €} > pu(e), for all t € Zx(, where
Pw(€) > 0 whenever € > 0.

The PE condition (13) ensures convergence of the param-
eter set ©; (see e.g. Lu and Cannon (2022) Lemma 1).

Lemma 2. Under Assumptions 1 and 3, if (13) holds and
N, < N,, then tlim 0O, = {6*} with probability 1 (w.p.1).
—00

3. PERSISTENCE OF EXCITATION CHECK

The PE condition (13) is not suitable to be included
directly as a constraint in the optimization of predicted
trajectories because it involves nonconvex quadratic ma-
trix inequalities. Instead, we impose (13) with a certain
level of statistical confidence using a sample-based check
applied to the solution of the MPC optimization. This
approach performs a comparison with a reference solution
that is known to satisfy the PE condition on average, and
adopts the reference as a fallback solution if the check fails.

Given the solution, (v¢,XY?), of the MPC optimization at
time ¢, we compare a measure of PE for v and a reference
solution v; over a set of samples of model parameters 6; €
©; and disturbance sequences w; = {wo|¢, ..., Wn_1¢} €
WH . The reference v; = {0t -+, On—1j¢}, is defined using
the solution vy{_; adopted at time ¢ — 1 and the random
input sy _qjs:

e = ”Z+1|t—17 k€ Zp,n-2
5N—1|t7 k=N-1.
Let Ctz) (9§ ’wo\t»-- wgv) 1|t) be a sample from the

uniform distribution on ©; x WY, and let {Ct e Ct(NS)}
denote a set of N, independent samples.. Correspondmg
predicted state and control sequences (xkl t,ukl t) for k €
Zio,N—1), are generated usmg

7@ (4) ()~ (@) (4)
Tt = = A0, ) k|t +B(0,")u Upe + ka\t’ (14)
~ (1) ~ (1)
U = ka\t + Ukt
and we set x,(jl)t = zp4t if £ <0 and a,(jli = upy¢ if £ <O0.

For a PE window starting at {+r with £ € Z;_n, 11, NN,
the associated PE matriz W, (vy, ng), W,E] ) is defined as

3
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K+N,—1

Z D :cklt,

We also allow the PE wmdow to extend beyond the first [V
time steps of the prediction horizon by defining vy; = sy
and w,(fi = w4 for all i € Zy y,) and all k> N in (14),
and defining

- (3) ® 0y,

U VtaCt uk|t) (L Uy

N-1

Up(vi, (1) = Y (g ) T R(E, )
k=k
Kk+N,—1
() ~()\NT (1) ~(i)
+ Z ENIt[q)(xkﬁt’uknt) (I)(xkﬁtvukﬁt)]
k=N

for k € Ziny_n,+1,n—1]- Here Eyi(-) denotes the expecta-
tion (conditioned on Z ;) that is obtained by marginalis-
ing over the distributions of sy, and wy¢ for k > N.

To perform the check, we compare §,,; and Sn‘t defined by
Ot = max d subject to W, (v7, Cti)) = 0L Vi € Zp N,
. N

g,ﬂt = max d subject to W, (v, (t(i)) = 0L Vi € Zp N,
€

(15)
The check is said to have failed if d,; < 0, and in this
case we redefine vy by setting its value to ¥,.

At each time t we propose to check a single PE window
with start time ¢ + x, and to decrease x by 1 at successive
time steps until Kk = —N,, 41, when it is reset to xk = N —1.
The overall strategy of Algorithm 1 is therefore to track
a PE window with a fixed start time as time advances
until the window contains only the past and current time
instants from ¢t — N, + 1 to t. We show in Sections 4 and 5
that this strategy ensures that the closed loop system has a
non-zero probability of satisfying the PE condition (13) at
least once every N + N, — 1 time steps, and therefore (13)
necessarily holds at an infinite number of time instants.

Algorithm 1 Adaptive MPC with sampled PE check

Offline: Compute X satisfying (4)-(5) and set k = N —1.
Online: At times t =0,1,...:

(a). Obtain the current state .

(b). Update ©; and 6;, and determine Vy; satisfying (9).
(c). Compute the solution (v9, X¢) of the convex program:

Play, 04, 6,) : J(24,0;,ve) s.b. (6)-(8).

minimise
v, Xt

Draw samples {¢(V), ... , (V)Y and compute Oty Sﬁ‘t.

Set v{ < Vv if 6,y < dx)¢ + € for a given threshold e.

Apply the control input u; = Kxy + vg‘ 4

If Kk > —N,+1set k < k—1, otherwise set kK + N—1.

(d).
(e).

Remark 3. The threshold € in step (d) is a positive value
used to distinguish non-zero minimum eigenvalues in (15)
from those that are zero to numerical precision.

Remark 4. The computational effort to find ,,; and S,ﬂt in
(15) is equivalent to determining the minimum eigenvalues
of 2N, positive semidefinite p X p matrices.

Remark 5. If the disturbance bound W is ellipsoidal and
the sets Ay, are ellipsoidal (as described in Remark 1),
then the update of ©; in step (b) and problem P in step
(c) become second-order conic programs (SOCPs).
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4. CLOSED LOOP SYSTEM PROPERTIES

The MPC optimisation (problem P in Algorithm 1) is by
construction feasible at all times ¢ > 0 if it is feasible at
t = 0 since ©; C ©;_ for all ¢t. In addition, the closed loop
system has the following input-to-state stability property
(see e.g. Theorem 1 and Corollary 1 of Lu et al. (2021)).

Proposition 6. (Stability). Under Assumptions 1 and 2,
the system (1) with Algorithm 1 is input-to-state practi-
cally stable (ISpS) (Limon et al., 2009, Def. 6) with respect
to an input defined by Fw; + B(0* )st, where s; = syi—n
for ¢ > N and s, = 0 for ¢ < IV, in the set of initial
conditions zq for which P(z, O, (90) is feasible.

A consequence of Proposition 6 (Limon et al., 2009; Lu
et al., 2021) is that a KL-function 7 and K-functions v, &
exist such that, for all ¢ € Z> and all feasible z,

el < nllzoll, ) + w(Teggf_l] [Fwr + B(07)s-|])

0, — 0*]).
+§(Te%3fu 16, — 607

4.1 Closed loop system persistence of excitation

This section considers the randomised check performed in
step (d) of Algorithm 1. We show that this procedure en-
sures that the closed loop system satisfies the PE condition
(13) using an approach that does not require knowledge of
the probability distribution of the disturbance w; or the
prior distribution of the unknown model parameters 6*.
To simplify notation, let d,;;(v) denote the minimum over
¢ € ©; x WH of the smallest eigenvalue of W, (v, ().

Lemma 7. If 6,y > 5,.;|t + ¢, then, for some p € [0, 1),

Pe{due(v9) > dyje(¥2)} > 1 - p™ (16)
Proof. The minimum eigenvalue of ‘I/;qt(Vt,Q is a Lips-
chitz continuous function of ¢ since {(A;, B;), i € Zpy p},
X, U, By and N, are by assumption bounded. Therefore
Oult = 5,.;|t + ¢ implies dy4(vy) > 5H‘t whenever Ct for
some i € Z n,) lies in a certain neighbourhood, N, of a
minimizing argument ¢; such that d;(vy) = ¥, (v7, ¢)
(where N depends on {(A;, B;), i € Zp )}, X, U, B¢, Ny,
and e, and N necessarlly has a non—empty 1nter10r) But
the samples (t , @ € Zp1,N,) are uniformly dlstrlbuted over
©; x WV, Denoting the probability that Ct lies outside
N as p, where p < 1 — vol{/\fﬂ (©; x W)}/ vol{©, x
WNY € [0,1), it follows that §t € N for one or more
index i € Zj; n,) with probability 1 — p~¢ Therefore (16)
must hold because 6N‘t > d(Ve). O

The following result demonstrates that the PE condition

(13) holds under Algorithm 1, and therefore that ©
converges to {#*} with probability 1 by Lemma 2.

Theorem 8. Suppose Assumptions 1 and 2 are satisfied
and N, > ng, then Algorithm 1 ensures that (13) holds at
an infinite number of instants tq, t1, ..., for some ep > 0.

Proof. For all € R? and any () € ©, x WV we have
N+N,—2

Enye[0TOn_ l\t(vtv
k=N—-1

= Y Exelllog, ag)ol?),
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where x](f‘t and uk‘)t are generated by (14) with vy, = sg)e.

Therefore, from Assumptions 2(c) and 2(d), and ©; C Oy,
€s > 0, and ON—1)t = SN—1Jt, it follows that €p > 0 exists
so that (e.g. see Lu and Cannon (2022), Thm. 3):

Enye[0T U n_11:(Ve,CD) 0] > ea 0] (17)

Hence the probability that the minimum eigenvalue of

Un_11¢(Ve,¢) forall ¢ € © xWH is no less than eg satisfies

]P)t [dN_l‘t(\Aft) > 6@] >« (18)

for some « € (0, 1]. This property of predicted trajectories

ensures the PE condition (13) because Algorithm 1 implies

Py [dn|t(vto) > dn\t({’t)] >1- € (0,1] (19)

(this follows from Lemma 7 if 0, > 6,€|t + € and from
Vi =V if 6, < 6,1‘,5 + €), and hence, for any 3 € (0, 1]

Pi[dyi(V1) > €a] > B = Pildi(v)) > en] > B(1—p™).
(20)
Furthermore, at time ¢, W, _y;11(Ve41,¢) and Wy (vE, C)
are identically distributed random variables for all x €
Zi_N,+1,N—1], S0 that, for any § € (0,1],
Pi[dep(v)) > €a] > B = Pi[du—1je41(Ves1) > €a] > B
(21)
Let Npe := N + N, — 1, starting from (18) and applying
(20)-(21) Ny, times, we obtain

Py [d Ny 114Ny (Vi n,. - €) 2 €8] = (1= pMe)rea

But 070 N, 1w, (V] )0 = 300 @8] for

all 0 € RP, where @y = P(@4qk, urtr) is the regressor

defined in (11) evaluated along the closed loop trajectories

of (1) under Algorithm 1. Therefore, for all § € RP,
N+N,—2

B S 1Bt = callF) = (1 p%) %0 > 0

k=N—1

Since this holds at ¢ = nlVp., n € Zs(, the PE condition

(13) must be satisfied at an infinite number of instants. O

5. NUMERICAL EXAMPLES

We consider a system with 3 unknown parameters, defined
by the following matrices in (1) and Assumption 2(a):

r1.08-012 0 0 0 —0.97 0 0
_ |-012-118 0 0 0 —0.78 0 0
(AOv BO’F) — | 0.36 0.990.70 0. 04]?[ 0 —0.44} [1.57 0]
[-2.19 —0.04 0.04 0.17J l-1.12 0.24 0 —0.49
3 1 0 0 —4 -7
_|-2-9 0 o0 -2 37 -2
(A1, B1) = | 23 76 _¢ —8:| x 10 [ 49] x 10
-3 1-8-8 5 8
r—7-4 0 0 ) 58 )
_ | 71 0 o0 -2 | -5 -
(A2, Ba) = | §_g5_10 7] x 1077, {_70} x 10
L4 0 2 1 82
248 8 8 i
_ |- -2| 7-5 -2
(A3,B3) = | "0 -5 —3 —7} x 10 [—3 —2} x 10
L6 8 8 1 10 5 -
and true parameter vector 8* = [—0.5 —0.152 0.44] . The

system constraints are ||2¢]|co < 1, [Jut]loo < 1, the cost
matrices are QQ = Zyx4, R = T2, and the disturbance
sequence {wg,wr,...} is uniformly distributed on W =
{weR?*: w'Pyw < 1} with P, = [238997] x 107,

This system satisfies Assumptions 1 and 2, but the struc-
ture of F' and the block-lower-triangular structure of Ag,
Ay, As and Ajz ensures that the system is not reachable
from the disturbance input w;. Therefore persistence of
excitation cannot be achieved through the action of the
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random disturbance w; alone, whereas u; may be made
persistently exciting with a suitably chosen control law.

A robust MPC law was used with ellipsoidal tubes bound-
ing predicted states. The terminal set is defined as a
robustly invariant ellipsoidal set X = {z : #T Pz < 1},
and the tube cross-sections Xy, = { : (x — z4) T P(w —
2g)t) < Brpey are defined using the same matrix P, with
{Bojts - - B¢} and {zop¢, ..., 2N} as decision variables
in problem P, where

Zr1)e = Ax (0)zk + B(0y)vk)e, k € Zjo n—1],

and 6; = argmingmaxgee, |0 — 0||. Simulations were
performed in Matlab on a 2.9 GHz Intel Core i7 pro-
cessor with 16 GB RAM. The offline MPC design steps
and the online optimisation in step (¢) of Algorithm 1
were formulated using Yalmip (Lofberg, 2019) and solved
using Mosek (MOSEK ApS, 2022). Identical sequences of
random disturbances were used in parallel tests of different
control strategies. By omitting step (d) from Algorithm 1
we obtain an adaptive robust MPC law without PE guar-
antees, and Algorithm 1 reduces to a robust MPC law with
a fixed parameter set if steps (b) and (d) are omitted.

10"

/!
JJF‘

Volume of estimated parameter set ©;
-
o
.

10—2 Iz ‘ 5
=y
—— Algorithm 1 without step (d) %7
—— Linear feedback |
——— Algorithm 1 q
10-3 1 1 I | S
0 100 200 300 400 500

Time step

Fig. 1. Parameter set volume vol(©;) for Algorithm 1 with
and without step (d), and linear feedback u; = K.

Figure 1 shows the volume of the estimated parameter
set with Algorithm 1 (with and without step (d)) and
with linear feedback. The model state switches to new
initial conditions at ¢ = 200 and ¢ = 400 in order to
illustrate the effect of transients, which could arise, for ex-
ample, after reference changes in tracking problems. Each
simulation was repeated with 30 disturbance sequences;
mean parameter set volumes are shown by solid lines
and ranges are shown by shaded regions. In agreement
with Lemma 2 and Theorem 8, Alg. 1 (blue) results in
parameter convergence, while the adaptive MPC law of
Alg. 1 without step (d) (red) and linear feedback (black)
are unable to improve their parameter estimates except
during the transient responses around ¢ = 200 and ¢ = 400.

The convergence rates of the estimated parameter sets in
Figure 1 are explained by the measures of persistence of
excitation shown in Figure 2. Here the closed loop PE
coeflicient at time ¢ is the largest scalar €; satisfying
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Fig. 2. Closed loop PE coefficients ¢; for Algorithm 1 with
and without step (d), and linear feedback u; = K.
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The solid lines show the values of €¢; averaged over 30
uncertainty realisations, and the shaded regions show the
ranges of values observed for ¢;. With the exception of
short periods following the times when the system switches
to a new initial condition, €, is typically orders of magni-
tude greater when step (d) is included in Algorithm 1, and
e; for linear feedback is effectively zero (within limits on
numerical precision). The threshold employed in step (d)
was € = 1079, the number samples used to compute Onlt
and 5K|t in Step (d) was N; = 20, the PE window length
was N,, = 5, and the MPC prediction horizon was N = 10.

The pink line in Figure 2 shows the value of eg, which
was defined in (17) as a lower bound on the minimum
eigenvalue of En[Wn_1¢(V¢,()] for all { € ©; x WwH.
For convenience we define €3 here by minimizing over Oy,
considering the contribution from sy, k > N, and neglect-
ing the contribution from the free response starting from
w1 The sequence {sg|¢, 8¢, - - -} is uniformly distributed
on S ={s:s'Pys <1} with P, = [§12 941¥] x 10*. The
values of ¢; for Algorithm 1 at times when xk = —N,, + 1
are shown by red circles in Figure 2. Clearly the empirical
expected value of €; at these times has a non-zero proba-
bility of exceeding €g, in agreement with Theorem 8.

To investigate the effectiveness of the PE check in Al-
gorithm 1 during transient responses, we now consider
switching between randomly chosen initial conditions at
intervals of 20 time steps. Figure 3 shows that Algorithm 1
with step (d) (in blue) ensures that the PE condition (13)
is met more reliably than either Algorithm 1 without step
(d) (red) or linear feedback (black). Here the PE check in
step (d) failed at 32% of time steps on average (reduced
from 84% in Figure 1) and linear feedback violated input
or state constraints at 25% of time steps.

To compare performance, we consider the cumulative cost
at time ¢, J; := Z};:O(HmkHzQ—i- |uk||%). Figure 4 shows the
evolution of J; in the first 20 times steps of Figure 3 while



8456
—— Algorithm 1 without step (d)
—— Linear feedback
——— Algorithm 1
102

_.
<
A

Closed loop PE paramecter ¢

Time step

Fig. 3. Closed loop PE coefficients ¢; for Algorithm 1 with
and without step (d), and linear feedback u; = K.

the parameter set is updated (dashed lines), and when
O, is frozen at the value of GO0y (solid lines). Comparing
the blue and red dashed lines, the cumulative cost rises
slightly faster when step (d) is included, indicating that the
guarantee of parameter convergence provided by step (d)
is obtained at the expense of slightly worse performance.
However, the solid lines show that the more accurate
parameter estimates obtained using Algorithm 1 with step
(d) provide improved cumulative costs since the range of
costs (shaded regions in Fig. 4), is smaller and the worst
case cost is reduced by 5%.
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Fig. 4. Closed loop cumulative cost J; for Algorithm 1 with
and without step (d). Dashed lines: during parameter
set estimation, Solid lines: constant parameter set.

Table 1. Mean {max} computation times (ms)

Model sizes and Alg. 1 parameters | step (b) step (¢) step (d)
(w, na, p) = (4,2,3) 12.0 12.9 47
(N, Ny, Ny) = (10, 5, 20) {14.3}  {17.2} {8.9}
(nz,nu,p) = (4,2,5) 22.0 132 177
(N, Ny, Ns) = (10,5, 20) {251}  {51.8}  {33.0}
(N, o, D) = (8, 3,5) 26.4 80.5 23.1
(N, Nu, Ns) = (20,10, 20) {338} {107.0}  {42.5}

Xiaonan Lu et al. / IFAC PapersOnLine 56-2 (2023) 8451-8456

The dependence of computation times on plant dimensions
and algorithm parameters for a randomly chosen set of
plant models is shown in Table 1.

6. CONCLUSIONS

An adaptive robust MPC algorithm is proposed, providing
a persistently exciting control law while robustly satisfy-
ing input and state constraints. Persistence of excitation
is ensured by a sample-based check on the solution of
the MPC optimisation problem, and by using a fallback
control law if this check fails. The approach provides is
computationally tractable and robustly stable.

REFERENCES

Briiggemann, S. and Bitmead, R.R. (2022). Forward-
looking persistent excitation in model predictive control.
Automatica, 136, 110033.

Genceli, H. and Nikolaou, M. (1996). New approach to
constrained predictive control with simultaneous model
identification. AICRE Journal, 42(10), 2857-2868.

Gonzalez, A., Ferramosca, A., Bustos, G., Marchetti, J.,
Fiacchini, M., and Odloak, D. (2014). Model predictive
control suitable for closed-loop re-identification. Sys-
tems € Control Letters, 69(1), 23-33.

Heirung, T., Foss, B., and Ydstie, B. (2015). MPC-based
dual control with online experiment design. Journal of
Process Control, 32, 64-76.

Limon, D., Alamo, T., Raimondo, D., Munoz de la Pena,
D., Bravo, J., Ferramosca, A., and Camacho, E. (2009).
Input-to-state stability: A unifying framework for robust
model predictive control. In Nonlinear Model Predictive
Control, LNCIS vol. 384. Springer.

Lotberg, J. (2019). Yalmip. https://yalmip.github.io.

Lorenzen, M., Cannon, M., and Allgéwer, F. (2019). Ro-
bust MPC with recursive model update. Automatica,
103, 467-471.

Lu, X. and Cannon, M. (2022). Robust adaptive model
predictive control with persistent excitation conditions.
https://arxiv.org/abs/arxiv:2211.09275 (submitted to
Automatica).

Lu, X., Cannon, M., and Koksal-Rivet, D. (2021). Robust
adaptive model predictive control: performance and
parameter estimation. Int. J. Robust and Nonlinear
Control, 31, 8703-8724.

Lu, X. and Cannon, M. (2019). Robust adaptive tube
model predictive control. American Control Conference,
3695-3701.

Marafioti, G., Bitmead, R.R., and Hovd, M. (2014). Persis-
tently exciting model predictive control. Int. J. Adaptive
Control and Signal Processing, 28(6), 536-552.

Mayne, D.Q., Rawlings, J., Rao, C., and Scokaert, P.
(2000). Constrained model predictive control: stability
and optimality. Automatica, 36, 789-814.

Mayne, D.Q. (2014). Model predictive control: Recent
developments and future promise. Automatica, 50(12),
2967-2986.

MOSEK ApS (2022). The MOSEK optimization toolbox
V10.0. https://www.mosek.com/documentation.

Narendra, K.S. and Annaswamy, A.M. (1987). Persistent
excitation in adaptive systems. Int. J. Control, 45, 127.

Weiss, A. and Di Cairano, S. (2014). Robust dual control
MPC with guaranteed constraint satisfaction. 53rd
IEEE Conference on Decision and Control, 6713-6718.



