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Abstract

We consider gradient-based optimisation of wide, shallow neural networks, where the output
of each hidden node is scaled by a positive parameter. The scaling parameters are non-
identical, differing from the classical Neural Tangent Kernel (NTK) parameterisation. We
prove that for large such neural networks, with high probability, gradient flow and gradient
descent converge to a global minimum and can learn features in some sense, unlike in the
NTK parameterisation. We perform experiments illustrating our theoretical results and
discuss the benefits of such scaling in terms of prunability and transfer learning.

1 Introduction

The training of neural networks typically involves the minimisation of a non-convex objective function.
However, first-order optimisation methods, such as gradient descent (GD) and its variants, often find solutions
with low training error. To gain a better understanding of this phenomenon, one fruitful direction of research
has been to analyse properties of GD training of over-parameterised, large-width neural networks; that is,
neural networks where the number m of hidden nodes in a given layer is very large. In particular, under a
“y/1/m” scaling of the hidden nodes, Jacot et al. (2018) have shown that, as the number of nodes m tends to
infinity, the solution obtained by GD achieves zero training error, and coincides with that of kernel regression
under a so-called limiting Neural Tangent Kernel (NTK). Under the same node scaling, called NTK scaling,
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quantitative theoretical guarantees for the global convergence and generalisation properties have then been
obtained for large (but finite) width neural networks (Du et al., 2019b;a; Oymak & Soltanolkotabi, 2020;
Arora et al., 2019a; Bartlett et al., 2021). However, it has been noted in a number of articles (Chizat et al.,
2019; Yang, 2019; Arora et al., 2019a; Yang & Hu, 2021) that under NTK scaling, feature learning does not
occur and GD training is performed in a lazy-training regime, in contrast with the typical feature-learning
regime exhibited in deep neural networks.

Main contributions. We investigate global convergence properties and feature learning in gradient-type
training of large-width feedforward neural networks (FFNNs) under a more general asymmetrical node scaling.
In particular, each hidden node j = 1,...,m has a fixed node-specific scaling /A, ; with

N
Z?:l Ak
where v € [0,1] and 1 > Xl > Xg > ... > 0 are nonnegative fixed scalars with Z;’;l Xj = 1. Note that
~v = 1 corresponds to the y/1/m NTK scaling. If v < 1, the node scaling is necessarily asymmetrical for

A =77+ (1= ) 1

large-width networks. Two typical examples of the scalars (););>1 are (a) A; = 672572 for all j > 1, and
(b) Mi=...=Ax =1/K and A\; =0 for all j > K, for a fixed K.

We consider a shallow FFNN with a smooth activation function and without bias, where the first layer weights
are trained via gradient flow or descent and empirical risk minimisation under the /5 loss. We show that,
under similar assumptions as in Du et al. (2019b;a) on the data, activation function, and initialisation, when
the number of hidden nodes m is sufficiently large: (i) if v > 0, the training error goes to 0 at a linear rate
with high probability; and (ii) feature learning (in the sense of the definitions given in Section 7.1) occurs if
and only if v < 1. We provide numerical experiments which illustrate the theoretical results and demonstrate
empirically that such node-scaling is also useful for pruning and for transfer learning.

Organisation of the paper. Section 2 discusses related work. Section 3 introduces the FFNN model
with asymmetrical node scaling, gradient flow or gradient descent updates, and the main assumptions on the
data, activation function, and initialisation. Section 4 discusses the properties of the NTK of such a model
at initialisation, and its infinite-width limit. Sections 5 and 6 derive our main results on the convergence
to a global minimum of gradient flow and gradient descent and sketch their proofs. Section 7 gives the
main results regarding feature learning. Section 8 describes our experiments on simulated and real datasets,
whose results illustrate our theoretical results and their potential applications. The Supplementary Material
contains detailed proofs, as well as results on additional convergence of gradient flow and feature learning
when using the ReLU activation function.

Notations. For an integer n > 1, let [n] = {1,...,n}. For a multivariate real-valued function f: R"™ — R,
the gradient V. f(v) is the n-dimensional column vector of partial derivatives Vy f(v) = (g,—fl(v), e (,;?U{ - (v)T
where v = (v1,...,v,)". For a square matrix B, we denote its minimum and maximum eigenvalues by
eignin(B) and eig, ... (B), respectively. For a vector v € R™, we write B = diag(v) for the n-by-n diagonal

matrix with B;; = v; for i € [n].

2 Related work

Large-width FFNNs. The analysis of large-width FFNNs goes back to Neal (1996) who showed the
connection between Gaussian processes and FFNNs in the large-width limit. Recent work has explored this
connection under varying assumptions (Matthews et al., 2018; Lee et al., 2018; Yang, 2019; Favaro et al.,
2020; Bracale et al., 2021; Lee et al., 2023; Jung et al., 2023).

Large-width FFNNs under NTK scaling. Following the seminal work of Jacot et al. (2018), a number
of articles have investigated the benefits of over-parameterisation for gradient descent training, with the
“1/4/m” NTK scaling (Arora et al., 2019b; Du et al., 2019b;a; Lee et al., 2019; Zou & Gu, 2019; Oymak &
Soltanolkotabi, 2020; Zou et al., 2020). Crucially, when the width of the network is large enough with respect
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to the size of the training set, the training loss converges to a global minimum at a linear rate under gradient
flow or gradient descent. However, under this symmetrical NTK scaling, the hidden-layer features do not
move significantly when the width is large, and the scaling has been coined lazy-training regime for this
reason (Chizat et al., 2019; Woodworth et al., 2020).

Large-width FFNNs under mean-field scaling. An alternative scaling is the “1/m” mean-field scaling
(Rotskoff & Vanden-Eijnden, 2018; Mei et al., 2018; 2019; Chizat et al., 2019; Sirignano & Spiliopoulos, 2020;
Ghorbani et al., 2020; Chen et al., 2021; Tao et al., 2021). This scaling is also equivalent, up to the so-called
abc-scaling symmetry (Yang & Hu, 2021), to the uP parameterisation of Yang & Hu (2021) in the case of
shallow networks. Feature learning is known to occur under this mean-field scaling. Also, Chizat & Bach
(2018) showed that under the same scaling, if the training of the model converges, it converges to a global
minimum.

Asymmetrical scaling in FFNNs. The idea of using asymmetrical scaling parameters in the context
of GD optimisation of deep FFNNs has been previously introduced by Wolinski et al. (2020). The focus of
Wolinski et al. (2020) was on the (empirical) usefulness in terms of pruning. Indeed, our experiments in
Section 8 are also in line with their findings. The work of Wolinski et al. (2020), however, only considered
asymmetrical scaling with v = 0 (no fixed part), and did not investigate global convergence properties under
such scaling. The properties of random FFNNs under random asymmetrical node scaling in the large-width
limit has also been considered by Lee et al. (2023); but this paper did not investigate the training properties
under gradient flow or gradient descent.

3 Problem setup

3.1 Statistical model

We consider a shallow FFNN with one hidden layer of m > 1 hidden nodes and a scalar output. To simplify
the analysis, we assume that there is no bias term. Let x € R? be some input vector, where d > 1 is the
input dimension. The model is defined as

m
fn(x; W) = Z VAm,jajo(Zi(x; W)) with Z;(x; W) = %W;—X for j € [m] (2)
j=1
where f,,(x; W) is the scalar output of the FENN, Z;(x; W) is the pre-activation of the j-th hidden node,
o : R — R is the activation function, w; € R? is the column vector of weights between node j of the hidden
layer and the input nodes, and a; € R is the weight between the hidden node j and the output node. The
Am,;’s for j € [m] are nonnegative scaling parameters for the hidden nodes. The parameters to be optimised
are contained in W which is an md-dimensional column vector (w{ ,...,w,)T. We assume that o admits a
derivative o”.

For n > 1, let o : R™ — R™ (resp. o’ : R™ — R"™) be the vector-valued multivariate function that applies the
real-valued function o (resp. o’) element-wise on each of the n input variables. To simplify the analysis, we
assume throughout this article that the output weights (a;);e[m] are randomly initialised and fixed afterwards:

a; ifiSUniform({fl, 1}), j>1 3)

This simplifying assumption is often made when analysing large shallow networks (see e.g. (Du et al., 2019b;
Bartlett et al., 2021)), and the analysis can also be extended to the case where both layers are trained. The
scaling parameters (A, ;) em] are fixed and parameterised as in Equation (1). By construction, we have
Am, > 0 and Z;nzl Am,; = 1 for all m > 1. Recall that the case v = 1 corresponds to NTK scaling. Also,
note that our model covers finite FFNNs: when

1/K ifj € [K]

=0 and A\ =
i an J {O otherwise
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for some K < m, the model becomes a finite network of width K. In the experiments, we will consider the

special case where (\;);>1 are the probability masses of a Zipf law:

~ 1 1

)\] C(]./Oé)]lﬁ’ .7 Z 1 (4)

for some a € (0,1), where ( is the Riemann zeta function. The parameter o tunes how quickly Xj decreases
with 7, smaller values corresponding to more rapid decrease and more asymmetry.

3.2 Training

Let Dy, = {(Xi, i) }icin) be the training dataset, where n > 1 is the number of observations. Let X denote
the n-by-d matrix whose ith row is xlT . We want to minimise the empirical risk under ¢5 loss. Consider the
objective function

n

Lin(W) = 5> (i = fnlxi; W))? (5)

which is non-convex in general. For a given dataset Dy, width m > 1, output weights (a;);e[m, and scaling
parameters (Am, j)jec[m], We aim to estimate the trainable parameters W by minimising L,,(W) using gradient
flow or gradient descent. Let W( be some initialisation. In gradient flow, (Wy);s¢ is the solution to the
following ordinary differential equation (ODE):

dW,
dt

with lim,_,o W, = Wj. Let wy; be the value of the parameter w; at time ¢, and define Z;;(x) = Z;(x; Wy).
Note that Vi, fm(x; W) = /An jajo’ (Z;(x; W)) - %x. Under gradient flow, for j € [m],

= —VwLn(W¢)

thj i - ) . . _ V )\m,jaj S . . / (- .
dt - (Z(yz - fm(xzawt))ijfm(X'L»Wt)) - (\/& ;(yz - fm(xzawt))o (Zt](xz>)xz> .

i=1

Thus, the derivatives associated with each hidden node j are scaled by /Ay, ;. For an input x € R?, the
output of the FFNN therefore satisfies the ODE

Pl (G oW T ) = (Z@i s W) O xz—;w») ,

i=1

where O, : R? x R? — R is the neural tangent kernel for the network f,,(x; W):

Om(x,x'; W) =

x'x &
T 2 A0 (206 W))a' (25 (s W)). (6)

The associated neural tangent Gram (NTG) matrix (:)m(X; W) is the n-by-n positive semi-definite matrix
whose (i, j)-th entry is ©,,(x;,x;; W). It takes the form

6, (X; W) = é ; Am,; diag <a' (X\/"gj )) XX diag (o" (ng )) . (7)

Gradient descent is a discretisation of gradient flow. Under gradient descent, the parameters are updated by

W, = W,_1 — gVwLm(W,_;) forallseN, (8)

where 7 > 0 is a learning rate. These updates give rise to the family (Ws)senugoy indexed by discrete time
steps s = 0,1,2,..., rather than continuous times ¢ > 0.
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3.3 Main assumptions

Throughout the paper, we assume that the activation function o satisfies the following standard condition:
for all random variables Z ~ N(0, s2) for some s > 0,

[Ez[0(Z)]| < o0 and 0<Ez[0(2)?] < o0 (9)
This assumption is made all the time, and so we do not mention its use explicitly in the paper.

The results of this article on global convergence and feature learning use several further assumptions. The
first set of these assumptions, which are mild and similar to other assumptions used in the literature, is on
the training dataset D, = {(Xi,¥:) }ie[n]-

Assumption 3.1 (Dataset). (a) All inputs are non-zero and have norms at most 1: 0 < [|x;]| < 1 for all
i >1. (b) For all i #4’ and ¢ € R, x; # ¢xy. (¢) There is C > 0 such that |y;| < C for all i > 1.

The next assumption concerns the activation function o. Standard activation functions (softplus, tanh,
sigmoid, swish) satisfy this assumption, but not the ReLU. However, some of our results, such as global
convergence of gradient flow and feature-learning results, also hold in the ReLU case, as shown in Appendix A
in the Supplementary Material.

Assumption 3.2 (Activation function). The activation function is analytic, with |¢/(z)| < 1 and |0”(z)] < M
for some M > 0, but it is not a polynomial.

The last assumption, which is standard, is on the initialisation of the weights.

Assumption 3.3 (Initialisation). For j € N, wy, YN (0,14), where 1, is the d-by-d identity matrix.

4 Neural Tangent Kernel at initialisation and its limit

Mean NTG at initialisation and its minimum eigenvalue. Let W be a random initialisation from
Assumption 3.3. Consider the mean NTK at initialisation

o* / —E[© I'W _XTX/]E / 1 T / 1 T ! 1
(x,x") = E [0, (x,x"; Wo)] = a_ {U (\/EW(HX) o (\/awmx)} ‘ (10)
The mean NTK, which is also, by the law of large numbers, the limiting NTK under 1/+/m scaling (Jacot
et al., 2018), does not depend on (A, ;);>1 nor m. Let 0*(X) = E[6,,(X; Wy)] be the associated n-by-n
mean NTG matrix at initialisation, whose (7, §)-th entry is ©*(x;,x;). Let K, = eig,...(0%(X)) be the
minimum eigenvalue of the mean NTG matrix at initialisation. This minimum eigenvalue plays an important
role in the analysis of global convergence properties in the lazy-training regime. Many authors (see e.g.
(El Karoui, 2010; Nguyen et al., 2021)) have shown that, under some assumptions on the data, activation
function, and initialisation, k,, is strictly positive or bounded away from zero. such a result, under the
Assumptions of Section 3.3.

Proposition 4.1 ((Du et al., 2019b, Theorem 3.1) and (Du et al., 2019a, Proposition F.1)). When Assump-
tions 3.1 to 3.3 hold, we have K, > 0.

Remark 4.2. Du et al. (2019b;a) make the assumption that each x; has unit norm. But their proof holds
under the less strict Assumption 3.1(a). The above proposition also holds if Assumption 3.2 is replaced by
the assumption that ¢ is the ReLU function.

Limiting NTG. To give some intuition, we now describe the limiting behaviour of the NTG, for a fixed
sample size n, as the width m goes to infinity. The proof, given in Appendix C in the Supplementary Material,
follows from the triangle inequality and the law of large numbers, together with |o’(z)| < 1and } ;5 A; = 1.

Proposition 4.3. Consider a sequence (wo;);>1 of %d random vectors distributed as in Assumption 3.3.
Suppose Assumption 3.2 holds. Then,

O (X; Wo) — 000 (X; W) (11)
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almost surely as m — 0o, where O, (X; W) = v0*(X) + (1 — ’y)(:)g,) (X; Wy), with @@(X;WO) being the
following random positive semi-definite matriz:

s S (o () (5 oo

Also, B[O (X; Wo)] = E[O) (X; Wy)] = 6*(X), and

E [[0c(X: Wo) — 8" (X)}] = Co(X)(1 = 7)2 "3 (13)
Jj=1
where || - || denotes the Frobenius norm, and Cy(X) > 0 is a positive constant equal to

3 () vl (Gt (i)
e ar|{ o | —=wy1X; |0 | —=Wgo1 X/ .
o d \/E 01 \/a 01

When v =1 (NTK scaling), the NTG converges to a constant matrix, and solutions obtained by gradient
flow coincide with that of kernel regression. Whenever v < 1, Proposition 4.3 shows that the NTG is random
at initialisation, even in the infinite-width limit, contrary to that of NTK scaling. As shown in Equation (13),
the departure from the symmetric regime, as measured by the total variance of the limiting random NTG,
can be quantified by the nonnegative constant (1 — )23 i>1 )\3 [0, 1]. When this constant is close to 0, we
approach the kernel regime, and increasing this value leads to a departure from the regime. The quantity
> i>1 )\? € (0,1] is always strictly positive. More rapid decrease of the \; as j increases will lead to higher

/\2 _ C(2/a)

values of ijl X? For example, when using the Zipf weights in Equation (4), we have Zj>1 i = ey

which decreases with «, as shown in Figure 1 in the Supplementary Material.

This section has described the behaviour of the NTG at initialisation in the infinite-width limit, and
has provided intuition on the node-scaling parameters. The next three sections contain results on global
convergence and feature learning properties of large, but finite, FFNNs under such asymmetrical scaling.

5 Global convergence analysis for gradient flow

Our global convergence theorem, which is given below, explains what happens during training via gradient
flow. Recall that &, is the minimum eigenvalue of the mean NTG matrix @*( ) at initialisation. Our
theorem says that with high probability, (i) the loss decays exponentially fast with respect to &, and training
time ¢, and (ii) the NTG and weights w; change, respectively, by

~ ~ n3 Z;nfl )\2 j ’I’L2 Z )\72n J n 1/2j
O (X; W) =6, (X5 Wo)[2 = O —— ’ d —wo,l| =0 | — | .
|| ( t) ( 0)H2 H%dS’YQ + KlndQ’)/ an Hwt] Woj H Hnd1/2’}/
Define -
C sup E o ( = )2 (14)
= ZNN s T .
! ¢€(0,1] (1 Vd |

Theorem 5.1. (Global convergence, gradient flow) Let ¢ € (0,1). Suppose Assumptions 3.1 to 3.3 hold, and
that

2nlog 22 2193 M2(C% 4 Cy) 2Yn*M?(C? +Cy)
knd K3 d3~26 ’ KL din26 ’
where C' is the bound on the y;’s in Assumption 3.1. Then, with probability at least 1 — J, the following
properties hold for allt > 0:
(a) €igyin(Om(X; Wy)) = 272
(b) Ln(Wy) < ei(wnnt)/QLm(WO);

v>0, and mZmax(
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Am.j 7 2 .
(¢) wij —wosll < 02 JEEED) for all j € [m);

~ ~ T3 M2(C2+C m 5,2 c240,)1/2 m
(@) 10m(XsW2) = By (X Wo)llz < (FHGFA a2, ) 4 (RSO0 3 02, ).

The above theorem implies that, whenever v > 0, the training error converges to 0 exponentially fast.
Additionally, the weight change is bounded by a factor /A, ; and the NTG change is bounded by a factor

\/m . We have (see Appendix B.2 in the Supplementary Material) that as m — oo,
Am,j — (1— W)Xj for all j > 1 and Z)\,Qn’j —(1—7)2 ZX?
j=1 j=1

If Xj > 0 (note that we necessarily have A > 0), the upper bound in (c) is therefore vanishing in the
infinite-width limit if and only if v = 1 (lazy-training regime). Similarly, the upper bound in (d) is vanishing
if and only if v = 1. Although we were not able to obtain matching lower bounds, we show in Section 7 that
feature learning arises whenever v < 1.

Remark 5.2. We make two comments on Theorem 5.1. First, although d represents the input dimension,
all the occurrences of d in the theorem, such as those in the lower bound of the width m, do not come
from the complexity of the input dimension. Instead, it comes from the fact that our model uses the 1/ Vd
scaling when computing the pre-activation values of the first layer. If this scalining were removed in our
model, the statement of the theorem would not include d (i.e., we would have the theorem with d set to 1).
Second, a result similar to Theorem 5.1 also holds for the ReLU activation function. See Theorem A.1 in the
Supplementary Material.

Sketch of the proof. We give here a sketch of the proof of Theorem 5.1 (and of Theorem A.1, its ReL.U
counterpart, in the Supplementary Material). The detailed proofs are given in Appendices F and G in the
Supplementary Material, with secondary lemmas given in Appendices D and E there. The structures of
the proofs of Theorems 5.1 and A.1 are similar to that of (Du et al., 2019b, Theorem 3.2), which showed
analogous results on the global convergence under NTK scaling. However, there are some key differences
which we highlight below.

Gradient flow converges to a global minimum of the objective function if the minimum eigenvalue of the
NTG matrix ©,,(X; W;) is bounded away from zero, for m sufficiently large, by some positive constant for
all t > 0. In the NTK scaling case (7 = 1), Du et al. (2019b) showed that the following is satisfied, for m
sufficiently large, with high probability: (i) the NTG matrix at initialisation is close to its mean, and the
minimum eigenvalue is close to that of the mean NTG, (ii) the weights wy; are nearly constant in time, which
implies that (iii) the NTG matrix is nearly constant in time, hence (iv) the minimum eigenvalue of the NTG
matrix at time ¢ is close to its value at initialisation, which is bounded away from zero.

However, in the case of asymmetrical node scaling (v < 1), none of the points (i-iv) holds. At initialisation,
the random NTG matrix may be significantly different from its mean. Additionally, both the weights and the
NTG matrix substantially change over time. This therefore requires a somewhat different approach that we
now describe.

1 2 5y m 5 1 2
Let AW = q/mand AL = (1 —9)A;)/ S, Ak, and note that A+ A2 = A, ;. For k e {1,2}, let
@ﬁ,’i) be the n-by-n symmetric positive semi-definite matrices defined by Equation (7), with A, ; replaced by
either qulj?j. Note that

~

O, (X;Wy) = O (X; W,) + 02 (X; W) (15)

m

with E[@%)(X; Wo)] = Ck (X).

The key idea of the proof is to use the above decomposition of the NTG matrix as a sum of two terms, and
to show that, while the second term may change over time, the first term is close to its mean at initialisation,
and does not change much over time. The important points of the proof are as follows. For large m, with
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high probability: (i) ol (X; W) is close to its mean ’y@*(X) and its minimum eigenvalue is therefore lower
bounded by (yk,)/2;

The important points of the proof are as follows. For large m, with high probability: (i) @%)(X;Wo) is
close to its mean 'yé*(X) and its minimum eigenvalue is therefore lower bounded by (vyk,)/2; (ii) while the
weights W, may change significantly over time, @%)(X; 'W,) remains nearly constant over time; (iii) as a
result, the minimum eigenvalue of oL (X; W) can be lower bounded by (vky,)/4; (iv) this implies that the
minimum eigenvalue of the overall NTG matrix (:)m(X; W,) is lower bounded by (vk,,)/4.

Since showing that the first part of the NTK/NTG in Equation (15) does not change in the limit of m — oo
is a key component of the proof, we give here an outline of it in the simplified case of d = 1 and o being
smooth. Let

@(1 (X X Wt = %Z Wt] Wtj /)

be the first part of the NTK. We have, over gradient flow,

o) (x,x'; W, 3 o
# _ xx/;; (xa (Wijx)o’ (wix') + x'0' (wW;x)o (W”X/)> dtt]
<o S|l
m dt

where the last inequality follows from the triangle inequality and Assumptions 3.1 and 3.2. Furthermore,

= ‘/)\m,j

n

D Wi — fn (503 W) (Z1j (x1))x;

i=1

< V m]Z|yz fm X17Wt)|
< VAmi2nLp(

where the first inequality follows from the triangle inequality and Assumptions 3.1 and 3.2, and the second
inequality follows from Cauchy-Schwarz. The change in the first part of the NTK is thus bounded by a
quantity involving - Z 1 \/Am,j- Under the scaling in Equation (1), - 7 1V Am,; —+ 0asm — oo
(see Appendix B.2 in the Supplementary Material). Hence, the change in the first part of the NTK/NTG
becomes asymptotically small as the width m increases. It is worth noting that for the full NTK, i.e.
the sum of both parts in Equation (15) a similar derivation leads to an upper bound of the order of

(;E ZJ 1V Am,;) Z]i ’ " . Due to the second term, this quantity does not converges to 0 as
k=1

m — oo, unless v = 1 (symmetrlc case).

thj
dt

6 Global convergence analysis for gradient descent

Let y € R™ be the vector of outputs (yi,...,¥,)' in the training dataset D, = {(xi, %) iepn).  For
each gradient-descent step s, let ugy € R™ be the outputs at step s based on the inputs in D,, that is,
Us = (fr(x1; W), ..o, frn(X0; W) . The following convergence theorem intuitively says that if the learning
rate 7, of gradient descent, is sufficiently small and the width of the network is large enough, then with high
probability, the training error of the network decays exponentially fast to 0. We remark that our node scaling
is independent of the learning rate 1. Thus, the only conditions on 7 in this work are in this section where
we extend our results from gradient flow to gradient descent.

Theorem 6.1. Consider 6 € (0,1). Suppose Assumptions 3.1 to 3.3 hold, and that v > 0, and

0 <1< mi 2 yh,d? Yind251/2
in | —
1 vEn  8n2 7 29/2p2M(C2 4 Cp)1/2
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where C' and Cy are from Assumption 3.1 and Equation (14). Let f = (1 — nyk,/2)'/2. If

> e (23n10g %" 25023 M2(C? + Cy) 2Y'n?ntM?(C? + Cl))

Knd knd3(1 — )25 k2d4(1 — )20
then with probability at least 1 — 9,

ly — usl|® < (1 —)®|ly — ugl|? for all s € NU {0}. (16)

Note that the condition on the learning rate requires n = O(v#,/n?). Thus, the best possible convergence
rate from the theorem is (1 — (9yk,/2)) = (1 — (Coy?k2 /n?)) for some constant Cy.

The proof is by induction on the gradient-descent step s, and is described in detail in Appendix H in the
Supplementary Material. It is similar to the proof of (Du et al., 2019a, Theorem 5.1), but the two proofs
differ significantly because, as in the case of gradient flow, the weights wy; and the Gram matrix @m(X; W)
change during gradient descent in our case, while they remain nearly constant in the case of (Du et al., 2019a).

7 Feature learning analysis

In this section, we present some results about feature learning. We focus on node scalings (A j);je[m of the
form in Equation (1), both asymmetrical (y < 1) and symmetrical (v = 1; that is, A, ; = 1/m), but we also
discuss alternative parameterisations such as mean-field and pP. For shallow neural networks trained by
gradient descent, mean-field and pP parameterisations are equivalent (Yang & Hu, 2021), and correspond to
node scalings A, ; = 1/m? and learning rate n = nom for some 79 > 0. We start with some definitions of
feature learning in the context of potentially asymmetric scalings, generalising existing definitions. We then
present feature learning results first under a linear activation function, and next under a general nonlinear
activation function.

7.1 Definitions

Definition 7.1 (Feature learning). Let (wq;);>1 be a sequence of random initialisations for nodes j > 1.
We will say that feature learning occurs during training if!

S (02506 W) — 07506 Wo)))

S A (o265 Wa) )

lim inf
m—00

>0 (17)

almost surely, or in probability, for some t € (0, 00] and x. Here t = oo refers to the case that the ratio in the
above inequality is the limit as ¢ tends to oc.

The left-hand-side quantity in Equation (17) corresponds to the relative change in the scaled m-dimensional
feature maps between time 0 and time ¢. Definition 7.1 matches the definitions of (Yang & Hu, 2021,
Definitions 3.5, H.2, H.9) or (Frei et al., 2023, Proposition 3.2) in the case of symmetrical NTK or mean-field
node scalings.

Remark 7.2. As already noted by (Yang & Hu, 2021, Remark H.10), Definition 7.1 is a relatively weak notion
of feature learning. It only requires a change in the feature map for some ¢ € (0, 00] and some x, and does
not relate to the relevance of the learn features for prediction. However, we show empirically in Section 8
that the feature learning property leads to better performances in terms of prunability and transfer learning.

The previous definition ensures that a change occurs in the feature map. However, it may still be the case
that the contributions from all the individual nodes remain asymptotically infinitesimally small, in such a

n (Yang & Hu, 2021), feature learning was defined in the large-width limits for stable and nontrivial parameterisations.
Nontrivial means that the neural network function f,, is not constant in time. Stable means that both the preactivations and
activations have ©(1) coordinates at initialisation and O(1) coordinates throughout training. Both of these properties are
satisfied by our model.
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way that there are no nodes representing important features in the network. This is problematic if one is
interested in pruning the nodes of the network, as we show theoretically for a linear activation in Section 7.2,
and empirically in Section 8. We introduce below the stronger definition of non-uniform feature learning.

Definition 7.3 (Non-uniform feature learning). Let (wq;);>1 be a sequence of random initialisations for
nodes j > 1. We will say that non-uniform feature learning occurs during training if

e e Aoy (0250 W0)) = 02506 Wo)))

S Ak (o245 Wo) )

lim inf
m—00

>0 (18)

almost surely or in probability, for some t € (0, 00| and x.

Note that non-uniform feature learning implies feature learning, but the converse does not hold. For instance,
feature learning holds under the mean-field parameterisation, but not non-uniform feature learning (see the
next subsection for an illustration with a linear activation).

7.2 Linear activation function

We now describe, with the following theorem, analytic results in the case of a linear activation function.
Although for fixed second-layer weights, the NTK does not change in this linear-activation case, the evolution
of the weights provides useful insights into the differences between the symmetrical and asymmetrical scalings
in terms of weight change.

Theorem 7.4. Assume that the activation function is o(z) = x, i.e., the identity map. Let (A, ;) be some
node scalings, not necessarily of the form (1)2. Let X = UDV" be a reduced singular value decomposition of
X, where U is an n x k matriz with orthonormal columns, D is a diagonal k x k matriz, V is a d X k matriz
with orthonormal columns, and k < min(n,d) is the rank of X. For all j € [m], the difference between the
solution of gradient descent® /flow Woo; and the initialisation wo; is given by

N A
%a’j(ﬂm - VV'35,) (19)

where By = Z;nzl VAm,jajwoj, and B, = VAVD~ Uy is the minimum-norm solution of

Wooj — W()j =

1 a2
\/aXBH :

1
argmax —||y —
8 2

The learnt function is
1 - 1
Fn(x; W) = ﬁxT D>V AmitiWeos | = ﬁxT (Boo +(Ia—VVT)By). (20)
j=1

The proof of this theorem is given in Appendix I.1.1 in the Supplementary Material.

Theorem 7.4 says that along the dimensions spanned by the data, the weight vector of a node j moves by a
quantity proportional to /A, ; towards the minimum-norm solution. The form of the learnt function in
Equation (20) implies that the contribution of each hidden node j to the function’s output is proportional to
\/Am,j0jWooj. The next theorem analyses the asymptotic behaviour of this contribution in the infinite-width
limit and the associated feature learning properties. It shows that, under the scaling of Equation (1), both
feature learning and non-uniform feature learning occur if and only if v < 1.

Theorem 7.5 (Feature learning - linear activation). Assume the setting of Theorem 7.4, and that Assump-
tion 3.3 holds.

2Note that we assume none of Assumptions 3.1 to 3.3 here.
3with a step-size less than d(D2,, Zk Am,k) "L, where Diax is the largest entry of D.

10
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e Under the node scalings (1), both feature learning (Definition 7.1) and non-uniform feature learning

(Definition 7.3) hold if and only if v < 1.

o Under the mean-field scaling, feature learning (Definition 7.1) holds, but non-uniform feature learning

(Definition 7.3) does not.

The contribution from the jth node is marginally normally distributed with

Am.,j Ao s
VA, Wooj ~ =t Mg (I — =22 VVT IIm>1and1<j<m.
i Woo N(ZkAm»kﬂow J ( d S Aok >) forallm>1and1<j<m

This implies that, under the mean-field scaling, contributions are asymptotically vanishing. Under the scaling
(1), we have

V Am,jaj Wooj SN ((1 - ’Y)Xjﬂou (1- ’Y)Xj (Id - (1= 'y)XjVVT)> as m — oo. (21)

As a result, if v < 1 and Xj > 0, the contribution from the jth node to the output is non-vanishing in the
infinite-width limit.

Before moving on to the case of the nonlinear activation function, we analyse the consequence of pruning
nodes of a linear network based on the scaling parameters A, j. The result of this analysis is given in the
following proposition, which shows the benefit of our asymmetric scaling in pruning.

Proposition 7.6. Assume the setting of Theorem 7.4, and that Assumption 3.3 holds. Assume also the node
scaling (1). Let p € (0,1). Consider the following pruned network that is obtained by keeping the | pm] hidden
nodes with largest scalings \p, ; and pruning the other nodes:

Lom] W Lom]

~ T x 1
(X Wog) = E A i0;—L— | = —xT E /A i @i W oo i
Jm.p( ) P J g J/d Nz < N J

Then, for all € > 0, we have the following bound on the pruning error:

Pr(‘fm’P(X§WOO)_fm(X§WOO)‘>5> < % (||/Boo||+\/a) Z Amyj |+ /d Z Am,j
c i>Lom] V' iStom

Since Zj>meJ Am,j = (1 —p) as m — oo, the above bound implies the following. If v =0 (no symmetric

part), then Pr(|fm7p(x;Woo) — fm(x;Woo)| > €) — 0 and so the network can be compressed to a smaller
network via pruning. Otherwise, the pruning error is controlled by the proportion of the symmetric part vy in
the infinite-width limit:

Jim Pr(|Fp (06 Wee) = fin (06 Woo) | > 2) < E'jg((mocnw&) V1= p)+ V(T =p)).

7.3 Nonlinear activation function

We now analyse feature learning in our model when the activation function is nonlinear. Our analysis assumes
the following two changes in our setup:

Assumption 7.7 (Zeroed initialisation). We assume the model has the following form:

fn(x; W) = ZvAm,jajU(Zj(X;W)) - Zv)\m,jaa‘cf(zj(x;wo))

That is, we subtract from the original model, a duplicate version whose parameters are set to Wy and are
unchanging throughout training. This is a commonly used simplification in theoretical analyses of neural
networks. It ensures that at initialisation, the model satisfies

fm(x; Wo) =0 for all x € R?.

11
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Assumption 7.8 (Random outputs). We regard the outputs yi,...,y, as random variables, so that the
probabilities in Equations (17) and (18) refer to the randomness of the outputs as well. We further assume
that y1,...,y, are independent and continuous (i.e., the distribution of y; has a density with respect to
Lebesgue measure), and that they are also independent from Wy and the a;’s. Note that we still treat
the inputs x1,...,x, as deterministic variables. This assumption is met if, for example, there exists a true
generating function f* such that y; = f*(x;) + €;(x;) where the ¢;(z;) are independent continuous noise
variables.

Our analysis on feature learning considers gradient descent with a learning rate n that does not depend on m
just as we did in Section 6. This is in contrast to parameterisations such as mean-field parameterisation where
the learning rate has a scaling dependent on m. However, let us note that key reasoning steps in our proofs
also apply to such m-dependent learning rates after minor modifications, allowing us to recover existing
feature-learning results as we will explain shortly after Theorem 7.9. The full proofs of all the theorems in
this subsection are given in Appendix I in the Supplementary Material. Also, the theorems in this subsection
have counterparts that hold for the ReLLU activation function. Appendix A.2 in the Supplementary Material
contains those feature-learning results for the ReLLU case.

We show that if the activation function is continuously differentiable and its derivative is always positive, as
in the case of sigmoid, then after the first gradient-descent step, (i) both feature learning and non-uniform
feature learning in Definitions 7.1 and 7.3 occur (Theorem 7.9) and (ii) the squared norm of each weight
vector w; changes almost surely by the amount Q()1) in the infinite-width limit (Theorem 7.10).

Theorem 7.9. Suppose that Assumptions 3.1, 8.3, 7.7 and 7.8 hold. Suppose also that v < 1 and that the
activation function o is continuously differentiable with o'(x) > 0 for all x € R. Let i € [n]. Then, both
feature learning and non-uniform feature learning occur after the first gradient-descent step with respect to
the input x; in the almost-sure sense, i.e., the following inequalities hold almost surely:

2

S g (02 W) — 0(Z (2 Wo)))
lim inf 5

m— o0 m

S A (0125 Wa)) )

2

maefm) Mg (02 (i W1)) = 01(Z; (i Wa)))

and lim inf

m—00 27:1 Am,j (U(ZJ(Xi; WO))>2

>0

> 0.

Sketch of the proof. Since non-uniform feature learning implies feature learning, we prove the former only.
The denominator Z;nzl Am.j(0(Z;(xi; Wy)))? in the condition for non-uniform feature learning converges to
a positive finite value almost surely as m tends to oo. Thus, it is enough to prove that

lim inf (max Am,j (0(Z;(%x;; W1)) — O’(Zj(Xl';Wo)))2> >0 almost surely,

m— 00 JE[mM]
which is implied by

lim inf (0(Z1 (xi; W1)) — 0(Z1(x;; Wo)))? > 0 almost surely. (22)

m—o0

Note that the limits from above are not redundant since Wy depends on m. The sufficient condition in
Equation (22) can be simplified further. The assumptions of the theorem allow us to use the inverse function
theorem to deduce that the condition in Equation (22) holds whenever

liminf (Z;(x;; W1) — Z1(x;; W))? > 0 almost surely. (23)

m—o0

12
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The majority of the detailed proof concerns proving the condition in Equation (23). To that end, we compute
the following m-independent lower bound: for all m,

(100 W1) —Zl<xi;wo>)2 = Do (Zyz (o (i )xixz«)f 21

=1

()

Then, we show that the right-hand side is almost surely positive, which implies the conclusion of the theorem.
The justification of this almost-sure positivity relies on Assumptions 3.1 and 7.8, the positivity of ¢/, and
the assumption that v < 1. Concretely, the assumption on ~ implies that n?(1 — y)\;/d?> > 0, while
Assumptions 3.1 and 7.8 and the positivity of ¢’ imply that the squared sum on the right-hand side is almost
surely a positive random variable.

We point out that the proof also reveals that if we were to allow the learning rate n to depend on m in a
particular way, then feature learning could occur even for v = 1 (although the condition for non-uniform
feature learning might fail). For instance, when n = /m and v = 1, Equation (24) still holds, and its
right-hand side is almost surely positive because 72X, 1/d> = 1/d? > 0. This almost-sure positivity and the
assumptions on ¢ then imply that

E[(0(Z1(xi; W1)) — 0(Z1(xi; Wo)))?] > 0, (26)
which in turn ensures that the condition for feature learning holds, i.e., almost surely,

L S A (0250 W) = (206 Wo)))® limtnsoe 5 5524 (0250505 W) = (25055 W)

e S A (0(Z (%1 W) - im0 o 921y 0(Z5(xi; W)

_ E[(0(Z1(xi; W1)) — 0(Z1(xi; Wo))) }

Elo(Z1(xi; Wy))?] >0

However, note that in this case, by (Yang & Hu, 2021, Theorem 3.3), the model becomes unstable and
could blow up (cf. the footnote regarding Equation (17)). Also, if n = m and we were to use 1/m? for
Am,;j (i.e., mean-field parameterisation), the essentially same argument would apply and lead to feature
learning, although such A,, ;’s are not covered by our setup. Just as before, Equation (24) would hold and its
right-hand side would be almost surely positive in this case, because n?\,, 1/d? = 1/d? > 0. This almost-sure
positivity implies the inequality in Equation (26), which then gives the condition for feature learning because
the lim inf formula in the definition of feature learning can be simplified to the same ratio of expectations as
the one before.

Theorem 7.10. Suppose Assumptions 3.1, 8.3, 7.7 and 7.8 hold. Suppose also that the activation function o
is continuously differentiable and satisfies o’ (x) > 0 for all x € R. Then, for all j, the following holds almost

surely:
g 5 (s (M) (262
YiYir | X; X0 o . (27)
d i=14'=1 vd v

In particular, if v < 1 and Xj > 0, then the lower bound is positive almost surely so that we have

hmlnf”th L(Wy) |t 0”

hmlanVWt L(Wy) ’t OH
with probability 1.

Sketch of the proof. The lower bound in Equation (27) is obtained by a relatively straightforward
calculation since the calculation of the gradient is simplified due to Assumption 7.7. The second part of the
theorem follows from the fact that when conditioned on wyg;, the absolute value on the right-hand side of
Equation (27) is a continuous random variable that depends only on the y;’s, and so it is strictly positive
with probability one.

13
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Figure 1: Results on simulated data. From left to right, 1) training risks, 2) differences in weight norms
| w:; — wo,|| with the j’s being those neurons which have maximal differences at the end of the training, 3)
differences in NTG matrices, and 4) minimum eigenvalues of NTG matrices.

8 Experiments

We use here a (smooth) swish activation function o(z) = z/(1 + e~ #). We obtained quantitatively similar
results with the ReLLU activation function; see Appendix L in the Supplementary Material.

8.1 Simulated data.
8.1.1 lllustration of the main results

We first illustrate our theory on simulated data.* We generate n = 100 observations where for i € [n], x;
is d = 50 dimensional and sampled uniformly on the unit sphere, and y; = %Z?:l sin(mx; ;) + €; where

g (0,1). We use the FFNN of Section 3.1, with the swish activation function, m = 2000 hidden nodes,
and A, ; as in Equations (1) and (4). We consider the four values (v, a) € {(1,—),(0.5,0.7),(0.2,0.5), (0,0.4) }.
For each setting, we run GD with a learning rate of 1.0 for 50 000 steps, which is repeated five times to get
average results. We summarise the results in Figure 1, which shows the training error and the evolution of
the weights, NTG, and minimum eigenvalue of the NTG as a function of the GD iterations. We see a clear
correspondence between the theory and the empirical results. For v > 0, GD achieves near-zero training
error. The minimum eigenvalue and training rates increase with v. For v = 1, we have the highest minimum
eigenvalue and the fastest training rate, but there is no/very little feature learning: the weights and the NTG
do not change significantly over the GD iterations. When v < 1, there is clear evidence of feature learning:
both the weights and the NTG change significantly over time; the smaller the v and «, the more feature
learning arises.

8.1.2 Improved generalization: Single ReLU experiment.

To illustrate the benefits of asymmetrical scaling, we consider here the scenario where the function to learn
is a single-unit ReLU, a setting known to be challenging for the lazy-training regime (Malach et al., 2021).
Consider the following data-generating process:

X ~ N(0,I4)
Y = owlX)

where wy = (1,..,1) € R? and ¢ is the ReLU activation function. In this experiment, we sample a training
dataset of n = 100 samples in dimension d = 10. As previously, we train fully connected neural networks
composed of a single hidden layer, with different node-scaling strategies. The width in all models is set to
P = 2000. The generalization error is computed on 5000 samples from the same single ReLU data-generating
process. All experiments are repeated 5 times, the training and testing datasets are resampled for each run.
The results are reported in Figure 2. We notice that at the end of the training, the error is near zero for all
scalings. Examining the error on the test set, one can see that, as expected, the symmetrical v =1 NTK
scaling generalizes poorly in this setting. The asymmetrical scalings, on the other hand, perform significantly

4The code can found at https://github.com/juho-lee/asymmetrical_scaling
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Figure 2: Results on simulated data from a single ReLU unit. Evolution of the training error (left) and test
error (right) as a function of the training iteration.

better, illustrating the benefits of this strategy in terms of generalization error. For completeness, we also
report the results using the standard pytorch initialization. We can see that in this setting of a sparse
generating process, the standard initialization also generalizes poorly compared to the asymmetrical model.

8.2 Real data
8.2.1 Regression

We also validate our model on four regression datasets from the UCI repository®: concrete ((n,d) = (1030,9)),
energy ((n,d)=(768,8)), airfoil ((n,d)=(1503,6)), and plant ((n,d)=(9568,4)). We split each dataset
into training (40%) , test (20%), and validation sets (40%), and use the validation set to test transfer learning.
We use the same parameters as for the simulated data, but train our FFNNs for 100 000 steps in each run.
To further highlight the presence of feature learning in our model, we test the transferability of features
learnt from our networks as follows. We first split the validation set into a held-out training set (50%) and a
test set (50%), and extract features of the held-out training set using the FFNNs trained on the original
training set. Features are taken to be the outputs of the hidden layers, so each data point in the validation
set is represented with a m = 2000 dimensional vector. Then, we sort feature dimensions with respect to
feature importance measured as (Am,;{|We;[|?) jepm) and use the top-k of these to train an external model. The
chosen external model is a FFNN with a single hidden layer having 64 neurons and ReLU activation, which
is trained for 5000 GD steps with a learning rate of 1.0. Our theory suggests that smaller v and « likely
lead to better transfer learning. A subset of our results appears in Figure 3; see Appendix K for additional
results. In line with the simulated data experiments, we observe a stronger presence of feature learning,
in terms of weight-norm changes and NTG changes, for smaller values of v and «. Also, we observe that
models with smaller values of v have lower risks when a small number of features are used for the transfer.
The interpretation is that those models are able to learn a sufficient number of representative features using
relatively fewer neurons.

8.2.2 Classification

We apply our model on two image classification tasks. The first is small-scale using the setting assumed in
our theory, while the second is larger-scale using a more realistic setting. In addition to the transferability
experiment described before, we test the prunability of the FFNNs. We gradually prune hidden nodes with
small feature importance and measure risks after pruning. Feature importance is measured as above. Our
theory suggests that models with smaller 4 and/or « values are likely to be more robust with respect to
pruning, as long as v < 1. Wolinski et al. (2020) had similar empirical findings on the benefits of asymmetrical
scaling for network pruning when v = 0.

Shttps://archive.ics.uci.edu/ml/datasets.php
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Figure 3: A subset of results for the regression experiments. From left to right, 1) training risks for dataset
concrete , 2) differences in weight norms ||w.; — wo;| with the j’s being the neurons having the maximal
difference at the end of the training for dataset energy, 3) differences in NTG matrices for dataset airfoil,
and 4) test risks of transferred models for dataset plant.
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Figure 4: A subset of results for MNIST dataset. From left to right, 1) training risks, 2) differences in weight
norms, 3) test accuracies of pruned models, and 4) test accuracies of transferred models.

MNIST. We take a subset of size 5000 from the MNIST dataset and train the same models used in the
previous experiments. We also test pruning and transfer learning, where we use an additional subset of size
5000 to train an external FFNN having a single hidden layer with 128 nodes. To match our theory, instead of
using cross-entropy loss, we use the MSE loss by treating one-hot class labels as continuous-valued targets.
The outputs of the models are 10 dimensional, so we compute the NTG matrices using only the first dimension
of the outputs. In general, we get similar results in line with our previous experiments. The pruning and
transfer learning results are displayed in Figure 4. For other results, see Figure 6 in the Supplementary
Material.

CIFAR. We consider a more challenging image classification task of CIFAR-10 and CIFAR-100. The
datasets have 60000 images with 50 000 for used training and the rest used for testing. There are, respectively,
10 and 100 different classes. We show the benefits of asymmetrical node scaling hold for this more challenging
problem. In many applications, one uses a large model pre-trained on a general task and then performs
fine-tuning or transfer learning to adapt it to the task at hand. We implement this approach on a ResNet-18
model, pre-trained on ImageNet data. With this model, we transform each original image to a vector of
dimension 512. We then train shallow FFNNs as described in Section 3.1, with m = 2000 and output
dimension 10 (resp. 100). This experiment differs from previous cases as 1) we use stochastic GD with a
mini-batch size of 64 instead of full batch GD; 2) we use cross-entropy loss instead of MSE; and 3) both layers
are trained. All experiments are run five times, with the learning rate 5.0. Figure 5 shows the pruning results
for the same four values of pairs (y, ) as above, for CIFAR-100. Similar results are obtained for CIFAR-10;
see Appendix K. Similar conclusions as before hold here, even though the theory does not apply directly.

9 Discussion, limitations and further work

We have shown that under an asymmetrical scaling of the nodes of a neural network, it is possible to achieve
both zero training error and feature learning, when the width of the neural network is sufficiently large. We
considered two definitions of feature learning. The first definition is a minor generalisation of the notion of
feature learning from (Yang & Hu, 2021), and it is defined as a change in the feature map. We proposed a
second definition, called non-uniform feature learning, which additionally requires that the contributions of
some individual nodes remain non-negligible in the asymptotic limit. We showed that under our asymmetric
scaling and additional conditions, both definitions hold, whereas for the standard NTK, neither does, and for
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Figure 5: Results for CIFAR-100. From left to right, 1) test risk through training, 2) differences in weight
norms ||wy; — wo,|| with the j’s being the neurons having the maximal difference at the end of training, 3)
test risks of pruned models, and 4) test accuracies of pruned models.

the mean field, only the standard definition holds. We demonstrate empirically that having non-uniform
feature learning is particularly important when we consider transfer learning and pruning. Our definitions of
feature learning relate to the change in the feature map. As already noted by (Yang & Hu, 2021), it is a
relatively weak definition of feature learning, as it does not connect the weight change with the generalisation
properties. Experimentally, we found that in some case (e.g. single ReLU), the asymmetrical, unpruned
network provides the best test error, while in others (MNIST and CIFAR), the unpruned symmetrical scaling
gave the best test accuracy. An interesting avenue of research is to investigate theoretically the generalisation
properties of such asymmetrical scaling. We note that the approaches used for the symmetric NTK (Arora
et al., 2019a), which rely on the limiting kernel, cannot be applied to our setting, due to the evolving kernel.

In this article, we have assumed an iid Gaussian initialisation for the weights (Assumption 3.3), which
is a standard assumption in the analysis of large-width neural networks (Du et al., 2019b;a; Oymak &
Soltanolkotabi, 2020; Nguyen et al., 2021). Our results rely on the fact that the minimum eigenvalue k,, of the
mean NTK at initialisation is strictly positive; this result was demonstrated by (Du et al., 2019a, Proposition
F.1) under the iid Gaussian initialisation. An interesting direction of research would be to investigate whether
the results derived in this paper hold under other, possibly non-iid, initialisation schemes. In particular, the
case of orthogonal initialisations would be of particular interest (Hu et al., 2020; Huang et al., 2021).

The asymmetrical parameterisation in Equation (1) is rather general, and only requires the X]‘ to be summable.
A natural default choice, taken in this article, is to take a power function o< j —1/a where 0 < a < 1. Other
parameterisations are also possible, such as A\; = 1/K for j = 1,..., K and 0 otherwise. One could also
choose other scalings such as (e — 1) exp(—3) or C/(jlog?(j + 1)).
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Abstract

This Supplementary Material is organised as follows. Appendix A presents additional results
on global convergence and feature learning when the activation function is the (non-smooth)
ReLU function. In particular, Theorem A.1 states conditions for the global convergence of
gradient flow in the ReLU case, and is similar to Theorem 5.1 (smooth case) in the main paper.
Appendix A.3 discusses some open problems in our framework when dealing with the ReLLU
activation function. Useful bounds and identities are presented in Appendix B. Appendix C
gives a proof of the proposition regarding the structure of the limiting NTG at initialisation
while Appendix D provides a secondary proposition regarding the minimum eigenvalue of
the NTG at initialisation. Appendix E states and proves secondary lemmas on gradient
flow dynamics. Appendix F and G give details of the main proof for global convergence of
gradient flow, respectively for the ReLU and smooth case. The proofs are rather short and
mostly build on the secondary lemmas and propositions of Appendices D and E. Appendix H
gives a detailed proof for global convergence of gradient descent in the smooth case. The
proof builds on results of convergence of gradient flow. Appendix I gives proofs of the
feature-learning results for the smooth case in Section 7, and Appendix J presents proofs of
the corresponding feature-learning results for the ReLU case in Appendix A.2. Appendix K
provides additional experiments to those of Section 8, under a smooth activation. Finally,
Appendix L provides detailed results on the same experiments as in Section 8, but with the
ReLU activation instead of the Swish activation function used in the main paper.



Published in Transactions on Machine Learning Research (02/2025)

Contents

A

Results for the ReLU activation function
A.1 Global convergence under gradient flow . . . . . . .. ... .. L Lo
A.2 Results on feature learning . . . . . . . ...

A3 DISCUSSION . . . . . . e

Useful bounds and identities
B.1 Matrix Chernoff inequalities . . . . . . . . . . . .. Lo

B.2 Some identities on (Amj)jefm] - =« « ¢+ ¢ 0 v e e e
Proof of Proposition 4.3 on the limiting NTG
Secondary Proposition - NTG at initialisation

Secondary Lemmas on gradient flow dynamics

E.1 Lemma on exponential decay of the empirical risk and scaling of the weight changes . . . . .
E.2 Lemma bounding the NTK change and minimum eigenvalue - ReLU case . . ... ... ...
E.3 Lemma on a sufficient condition for Theorem A.1 - ReLU case . ... ... .. ... .....
E.4 Lemma bounding the NTK change and minimum eigenvalue - Smooth activation case

E.5 Lemma on a sufficient condition for Theorem 5.1 - Smooth activation case . . . . . . . . . ..
Proof of Theorem A.1 on the global convergence of gradient flow (ReLU case)
Proof of Theorem 5.1 on the global convergence of gradient flow (smooth case)

Proof of Theorem 6.1 on the global convergence of gradient descent (smooth activation)
H.1 Sketch of the proof . . . . . . . . . .
H.2 Two key lemmas . . . . . . . . . o e e e
H.3 Proof of Theorem 6.1 . . . . . . . . .. . e

Proofs of the results of Section 7 on feature learning (smooth case)

I.1  Proofs of Section 7.2 (linear activation) . . . . ... ... ... ... ... . ... ...
[.L1.1  Proof of Theorem 7.4 . . . . . . . . . . e
1.1.2  Proof of Theorem 7.5 . . . . . . . . . .
1.1.3  Proof of Proposition 7.6 . . . . . . . . ...

1.2 Proofs of Section 7.3 (nonlinear activation) . . .. . ... ... ... ... . ... ...
[.2.1  Proof of Theorem 7.9 . . . . . . . . .. .
1.2.2  Proof of Theorem 7.10 . . . . . . . . . . . e

Proofs of the results of Appendix A.2 on feature learning (ReLU case)

N ot ot O

J

10
10
12
16
17
20

21

23

26
26
30



Published in Transactions on Machine Learning Research (02/2025)

J.1 Proof of Theorem A.2 . . . . . . . . .
J.2 Proof of Theorem A.4 . . . . . . . . e

K Additional experimental results (smooth activation)
K.1 Regression . . . . . . o . L e e
K.2 Classification . . . . . . . . . e

L Experimental results for the ReLU activation function
L1 Regression . . . . . . . . e e e
L.2 Classification . . . . . . . . . . . e e e e

M Visualisation of the learned features.

N Hyper-parameter transfer.

43
43
43

43
43
43

58

58



Published in Transactions on Machine Learning Research (02/2025)

List of Figures

© 00 N O Ot ke Ww N

e e e e e e T
S U e W NN = O

17

18

Py Xf asa function of o . . ... 9
Results for the concrete dataset (swish) . . . . . . .. ... .. L Lo L 44
Results for the energy dataset (swish) . . . . . . . . . ... ... L o 45
Results for the airfoil dataset (swish) . . . . .. ... ... ... ... . .. ... 46
Results for the plant dataset (swish) . . . . . .. .. ... .. L Lo 47
Results for the MNIST dataset (swish) . . . . . . . . . ... . ... . . .. .. ... ... 48
Results for the CIFAR-10 dataset (swish) . . . . . . . . ... ... . .. ... . ... .. 49
Results for the CIFAR-10 dataset (swish). Impact of the parameter v. . . . . ... ... ... 50
Results for the concrete dataset (ReLU) . . . . . ... ... ... ... ... . ..., 51
Results for the energy dataset (ReLU) . . . . . . . . . ... ... ... ... .. ... ... 52
Results for the airfoil dataset (ReLU) . . . . . . . . ... ... . . ... . 53
Results for the plant dataset (ReLU) . . . . . .. .. ... ... . . . ... ... .. 54
Results for the MNIST dataset (ReLU) . . . . . . ... ... .. ... .. . ... . ..... 55
Results for the CIFAR-10 dataset (ReLU) . . . . . . . . . . i 56
Results for the CIFAR-100 dataset (ReLU) . . . . . . . . . . ... . .. . .. ... .. 57

Visualisation of features for MNIST data. We use the top two PCA components to plot the
points on a 2D space. . . . ... oL e e 58

Visualisation of features learnt for the Cifarl0 experiment. The models are trained by taking
as input the hidden representation of a ResNet18 trained on ImageNet (first figure on the left).
We use the top two PCA components to plot the points on a 2D space. . . .. ... .. ... 58

Stability of the optimal learning rate as the width increases. Training error in terms of (top)
accuracy (bottom) cross-entropy for (left) standard parameterisation and (right) asymmetrical
parameterisation. . . . . . . . Lo Lo L L e 59



Published in Transactions on Machine Learning Research (02/2025)

A Results for the ReLU activation function

Although we assume a smooth activation function in the main text of the paper (Assumption 3.2), some
of the results remain true when we drop this assumption and use the ReLU activation function instead.
In this section, we explain these results for ReLU. Throughout the section, we assume a weak derivative
o'(z) = 1{z>0y of the ReLU activation function o.

A.1 Global convergence under gradient flow

Our global convergence theorem under gradient flow in the main text (Theorem 5.1) has a counterpart for
the ReLU case, which is given below. This counterpart says that when we train the network with the ReLU
activation, with high probability, the loss decays exponentially fast with respect to k,, and the training time
t, and the weights w;; and the NTG matrix respectively change by

1/2 2—m  3/2 3/2 m y3/2
O(n/\m’j> and O n ijl)\m’j+n ijl)\mJ

fo,,d1/2 Ko, d3/2 ni/2d5/4

Theorem A.1 (Global convergence, gradient flow, ReLU). Consider § € (0,1). Let Dy = /2C? + (2/d).
Assume Assumptions 3.1 and 3.3, and the use of the ReLU activation function. Also, assume v > 0 and

3 4
> max (2 nlogin 225p4p2 23576 D2 )

knd | kAd342557 16 d5A265
Then, with probability at least 1 — &, the following properties hold for all t > 0:
(Cl) eigmln((:j (X Wt)) > ’YNn 5
(b) Lpy(Wy) < e~ (mat)/2L, (W0)~
(¢) [we; — woj;ll < o 31}’2[’51/2\/ m,; for all j € [m];
o m \3/2 26p3/2pl/2 m  3/2
() 10X W0) = 8, (K Wo)lla < (s - 50 5 + (s siers -V Zim V).

The proof of the theorem is given in Appendix F, and uses Lemmas E.1 to E.3 and Proposition D.1.

The theorem guarantees that whenever v > 0, the training error converges to 0 exponentially fast. Also, it
implies that the weight change is bounded by a factor /A, j, and the NTG change is bounded by a factor

Z;”:l )\3/2 As we show in Appendix B.2, as m tends to oo,

Am,j = (1 — V)X]- for every j > 1, and Z)\gﬂ '7)3/2 ZX:;/Q.

Thus, when Xj > 0 (note that we necessarily have A; > 0), the upper bound in (c) is vanishing in the
infinite-width limit if and only if v = 1 (NTK regime); similarly, the upper bound in (d) is vanishing if and
only if v = 1. In fact, both feature learning and non-uniform feature learning in high-probability versions of
Definitions 7.1 and 7.3 occur whenever v < 1, as we will show in the next subsection.

A.2 Results on feature learning

We present feature-learning results for the ReLLU activation. The proofs of the theorems in this subsection
appear in Appendix J

We start with a result that corresponds to Theorem 7.9 in the smooth-activation case. The result says that if
v < 1 and the activation function is ReLU, then after the first step of gradient descent, both feature learning
and non-uniform feature learning occur in a slightly weaker sense than that of Definitions 7.1 and 7.3 where
we have substituted the almost-sure conditions with corresponding high-probability conditions.
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Theorem A.2. Suppose that Assumptions 3.1, 3.3, 7.7 and 7.8 hold. Suppose also that v <1 and that the
activation function o is ReLU. If \;, > 0, then with probability at least 1 — (1/2)*, the following inequalities
hold for all i € [n):

2

ST s (02565 W) — (2 W)
lim inf 5

m—oo m

S s (025 (xi W) )

2

- maxje[m]Am,j(a(zj(xi;wl))fa(zj(xi;wo)))

and lim in

Mo ity Amj (U(Zj(xi? WO)))2

>0 (S.1)

>0 (S.2)

As we mentioned already, the proof of Theorem A.2 appears in Appendix J. Here we explain the key steps
of the proof. Note that the condition for non-uniform feature learning in Equation (S.2) implies that for
feature learning in Equation (S.1). Thus, we focus on proving the former condition. The crux of proving the
condition in Equation (S.2) lies in the derivation of the following lower bound:

lim inf (max Am.j (J(Zj (xi5 W1)) — 0(Z;(xi; WO))>2>

m—oo \ jE[m]
s i J A= (1= ) (wyxi)?
= jelk] {wg;xi>0} d? ’ d

where c is a positive real-valued continuous random variable that depends only on the outputs y1,...,yn. In
particular, ¢ does not depend on Wy nor m, and moreover c? > 0 almost surely. The assumptions of the
theorem and the properties of ¢ imply that the above lower bound is strictly positive if WOzjz' > 0 for some j,
and this latter condition happens with probability at least 1 — (1/2)*, which gives the claim of the theorem.

Recall that by definition, Xl is always positive. Thus, Theorem A.2 implies that the inequalities in Equa-
tions (S.1) and (S.2) (which are the conditions for feature learning and non-uniform feature learning stated
in Definitions 7.1 and 7.3 excepting the almost-sure condition) hold with probability at least 1/2 for any
choice of the node-scaling parameters. Another immediate and perhaps more important consequence of the
theorem is that, if all the A;’s are positive, then both feature learning and non-uniform feature learning
occur, precisely in the sense of Definitions 7.1 and 7.3. This is because, in that case, the inequalities in
Equations (S.1) and (S.2) hold with probability at least 1 — (1/2)* for all k by Theorem A.2, but this implies
that both inequalities hold almost surely. The next corollary states this consequence more explicitly.

Corollary A.3. Suppose Assumptions 3.1, 5.3, 7.7 and 7.8 hold. Suppose also that v < 1 and that the
activation function o is ReLU. Let i € [n]. If \; > 0 for all j, the following inequalities hold almost surely:

Jj=

2
S s (02100 W) — 0(Zi(xi Wa))

lim inf

m—00 m 2
Zj:l Am,j <J(Zj(xi§ WO)))
2
MAaXje[m] Am,j (U(Zj (xi; W1)) — o(Z;(xi; Wo)))
and lim inf

mo0 S A (25 WO))>2

> 0.

Our next result about the ReLU activation function is a counterpart of Theorem 7.10 in the smooth-activation
case. It says that for all j, if v < 1 and A; > 0, then with probability at least 1/2, the first step of gradient
descent induces a non-zero change in the squared norm of the weight vector w; in the infinite-width limit.

The result also suggests that the change in the squared norm is proportional to A;.
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Theorem A.4. Suppose Assumptions 3.1, 3.8, 7.7 and 7.8 hold. Suppose also that the activation function o
is ReLU. Then, for all j, the following holds almost surely:

n n
+
Z Z YiYsr (Xi Xi/l{winZ()}l{wa—jinZO}> :

i=14'=1

lim inf || Y, L(W0)|,_ || > % (.3)

In particular, if v <1 and Xj > 0, then with probability at least 1/2, the above lower bound is positive so that
hmlanthJL W,) |t OH

A.3 Discussion

Theorem A.1 is the counterpart of Theorem 5.1 for the global convergence of gradient flow with the ReLU
activation function. Despite empirical evidence from Appendix L suggesting that similar convergence
results could potentially be applicable to GD in the ReLLU context, we have yet to substantiate this with
a comprehensive proof. The proof of the global convergence of GD with smooth activation provided in
Appendix H relies on a Taylor approximation. This necessitates the activation function o to be twice
differentiable. It is worth noting that, in the symmetric NTK case, the global convergence of GD with the
ReLU activation has been shown by Du et al. (2019b, Section 4). Their proof, however, critically relies on
the fact that the weights remain stationary throughout the iterations of GD, which is not the scenario we are
dealing with here when v > 0. As such, it remains a compelling open question to determine whether the
global convergence of GD can be proven within our specific framework when employing the ReLU activation
function.

B Useful bounds and identities

B.1 Matrix Chernoff inequalities

The following matrix bounds can be found in (Tropp, 2012).

Proposition B.1. Consider a finite sequence (X1, Xa, ..., X,) of independent, random, positive semi-definite
n X n matrices with eig, .. (X;) < R almost surely for all j € [p], for some R > 0. Define

p p
Mmin = eigmin Z E[X]} and Mmax = eigmax Z E[X
j=1

j=1

Then, for all § € [0,1),

p 6_6 Mmin/R R
Pr eigmin ZXJ < (]. — 5)Nmin <n |:(1_5)1_5:| < n6_5 Mmin/(QR).
j=1
Also, for all § > 0,
e pmas 52 2+6)R
Pr elgmax ZX 1 + (5)/.}/de S n |:(]_<{»6)1+5:| S ne Hmax/((2+6) )

B.2 Some identities on (A, ;);c(m

The following proposition summarises a number of useful properties on the scaling parameters defined by (1).
Proposition B.2. For allm > 1,

D> Amj =1, (S.4)

\/W < Z vV )\m,j < \/E (85)
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For everyr > 1, as m — o0,

m m

D A~ (AEEL-)T = (L= Y . (S.6)
Jj=1

j= J=1 Jj=1

Finally, we have, for all p € (0,1),

m
Jdim Y Ay =9(1-p). (S.7)
j=lem]+1

Proof. Equation (S.4) follows from the definition of A, ; as shown below:

ZAM=Z<ZL+(1—V) o >=7+(1—7)Z i =7+(l-7)=1

kazl Xk j=1 2?21 Xk

Jj=1 Jj=1

In Equation (S.5), the upper bound follows from Cauchy-Schwarz and Equation (S.4), and the lower bound
from the definition of A, ;:

m

\/Tmz;\/zgg A /.

For Equation (S.6), we note the following bounds on the sum of the A} . for all r > 1:

m,]

1/r 1/r
m m m

> () =X 0w < [ () |+ [ ()

Jj=1 Jj=1 Jj=1 Jj=1

where the second inequality uses the Minkowski inequality. But as m — oo, the term Z;.n:l()\

fyrm*(r’l) — 0. Furthermore, as m — oo,
S v 1—9) N 5
> (a2) = 3o (=) Y
m, m I \" J J
j=1 ! ( )‘k) j
because (3 ;54 M) = 1.
Finally, we prove Equation (S.7). For all p € (0,1), we have

m

Z )\md = M 4 (1 _ V)M

j=lpm)+1 " 2=

By sandwiching, 'Y(m%“'mj) — (1 — p). Additionally, the series Z;n:l Xj converges to 1. Thus, its tail
converges to 0 and 377" ., X — 0. O

Figure 1 shows the value of > i>1 X? = % as a function of «, when using Zipf weights Equation (4).

C Proof of Proposition 4.3 on the limiting NTG

This proposition holds also under the ReLU activation case. In what follows, we will give a proof that works
for both the smooth activation function and ReL.U.
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Figure 1: Value of Z . A% as a function of «a, where (Xj)jZI are defined as in Equation (4), As o — 1, it
converges to 0, which Corresponds to the kernel regime.

It is sufficient to look at the convergence of individual entries of the NTG matrix; that is, to show that, for
each pair 1 < 14,7 <n,

x; xy g -
O (x50 Wo) = 243 s (1) 02, Wo))o' (2,0 W)
Fll . (S.8)
+ B0 S 802 W' (2 0 W) )
k=1"k j=1
tends to
’Y@*(Xi7xi/)+ Xv Z/\ U XuWO)) ( j(xi/5w0)) (S,Q)

almost surely as m — oo. Using the fact that |0/(z)| < 1 and the triangle inequality, the modulus of the
difference between the RHS of Equation (S.8) and Equation (S.9) is upper bounded by

% % Za (% W0))o' (2, (xs Wo)) | = Elo’(Z1(xs3 Wo))o' (Z1(xir Wo))
d
+(1-7) < —1> At 2L A
Zj 1A Z J;‘l
-7 XZ ( |<Tlnz XzyWO)) ( (Xi’§WO))> — E[o"(Z1(xi; Wo))o' (21 (xir; Wo))]

which tends to 0 almost surely as m tends to infinity using the law of large numbers and the fact that

S = 1
D Secondary Proposition - NTG at initialisation

The following proposition is a corollary of Lemma 4 in (Oymak and Soltanolkotabi, 2020). It holds under
both the ReLLU and smooth activation cases. A proof is included for completeness.
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23 nlog{s

Proposition D.1. Let § € (0,1). Assume Assumptions 3.1 and 3.3, v > 0, and m > . Also, assume
that the activation function satisfies Assumption 3.2 or it is ReLU. Then, with pmbabzlzty at least 1-49,

€igmin (01 (X W) 2 eigin(BF)) (Xs W) > 17 > 0.

Proof. We follow here the proof of Lemma 4 in (Oymak and Soltanolkotabi, 2020).

~ 1 &
Om(X; W) =~ D A4

where

A; = diag(o’ (Xw;/Vd))XX " diag(o’ (Xw;/Vd)).

Let ©4)(X; W) = 15 A0 A4; = 257 | A, Note that eigyy, (Om(X; W)) > eigy, (0% (X; W) aus
and
E[O) (X; Wo)] = v0*(X)

where (:)*(X) is defined in Equation (10). We have, for all j > 1,

H‘AJ”2 = eigmax(Aj) < eigmax(diag(a/(ij/\/a))g) eigmax(XXT) < eigmax(XXT)

< trace(XXT) < n. (8.10)
At initialisation, Ay, As, ..., A,, are independent random matrices. Using matrix Chernoff inequalities (see
Proposition B.1), we obtain, for all € € [0,1),
Pr (eigmm((:)m(X;Wo)) <(1- 6)’}/Hn) < pe= € mAnd/(2n)
Let 6 € (0,1). Taking € = 1/2, we have that, if ";’;Zd > log %, then
Pr (eigmin(ém(X;Wo)) < %) < 4.
O

E Secondary Lemmas on gradient flow dynamics

The proof technique used to prove Theorems 5.1 and A.1 is similar to that of (Du et al., 2019b) (NTK
scaling). In particular, we provide in this section Lemmas similar to Lemmas 3.2, 3.3 and 3.4 in (Du et al.,
2019b), but adapted to our setting. Lemma E.1 is an adaptation of Lemma 3.3. Lemmas E.2 and E.4 are
adaptations of Lemma 3.2, respectively for the ReLU and smooth activation cases. Lemmas E.3 and E.5 are
adaptations of Lemma 3.4, respectively for the ReLU and smooth activation cases.

E.1 Lemma on exponential decay of the empirical risk and scaling of the weight changes

The following lemma is an adaptation of Lemma 3.3 of (Du et al., 2019b), and applies to both the ReLU and
smooth activation cases. It shows that, if the minimum eigenvalue of the NTG matrix is bounded away from
0, gradient flow converges to a global minimum exponentially fast. Recall that y = (y1,...,y,)’ € R™.

Lemma E.1. Lett >0 and ¢ > 0. Assume Assumption 3.1 and eigmin(ém(X; W,)) > % forall0 < s <t.
Also, assume that the activation function satisfies Assumption 3.2 or it is ReLU. Then,

L (W) < e " L (W),

10
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and for all j € [m],

nA'm,j

Amd |y — uol| 2
d Y — o <7

[wej — wojl| <
where Wy = (fr (x1; Wo), - .+, frn(Xn; Wo)) T € R™.

Proof. For 0 < s <t, write Uy = (frm(X1; Wy), ..., fm(Xn; Ws))T. We have

d

T = O (X: W) (y — uy).

It follows that

dL,,(Wy)

ds :7(y7us)—rém(x§ws)(y*us) < -

Using Gronwall’s inequality, we obtain
Lm(Wt) < e_cth(Wo).

For 0 < s <'t, using the Cauchy-Schwarz inequality, we get

dWSj
ds

2 ‘

I
>
SE
.
N/\
Il 3

d n
Zo/(Zsj<Xi))2<yi - fm(xi§ws))2> (Z mek>
Ao s n n d e
(3 s W) (L2

i=1 k=1

IN

n/\mvj
d

< n/\mJ
- d

< ly — usl|?

ly — uOHQefcs.

Integrating and using Minkowski’s integral inequality, we obtain

t
S‘/
0
n)\m j ‘ 5 /2
<2y gl [ el
0

n)\m,j H

d
— Wy,

d
ds 5

td
[wej — woj| = H/o 75 Weids

<

From now on, the proofs for the ReLLU and smooth-activation cases slightly differ.

11

(S.11)
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E.2 Lemma bounding the NTK change and minimum eigenvalue - ReLU case

The next lemma and its proof are similar to Lemma 3.2 in (Du et al., 2019b) and its proof. Recall that
0 < [|x;]| <1 for every i € [n], and the wy; are iid N(0,13).

Lemma E.2. Let § € (0,1), and ¢, ; > 0 for every j € [m]. Assume that Assumptions 3.1 and 3.3 holds
and the activation function is ReLU. Then, with probability at least 1 — 6, the following holds. For every
W= (w/,...,w})T, if it satisfies

62¢m, .
[wo; — wj|| < L for all j € [m],
we have
Pay S oy S n - k
|05 xiw) — 8 xwo) || < B3 A e+
j=1
and

eigyin (O (X5 W) > eig, (O (X; Wo)) — (S.12)

Proof. For k € [2], let

B (= W) R 5 R, ) (x; W) = i AB 4.0 (Z(x; W)).

m m

Define Vi £ (X; W) to be the n-by-(md) matrix whose i-th row is the md-dimensional row vector
(Vw fin (i W)
Note that for all k € [2],

H@ﬁf)(X;W) - @ﬁr’f)(X;Wo)‘L

= [[Tw £ 0 W)V £ (X W) T = T £ (X W) T £8 (X5 W) T

< | T £ W) = T £ 08 W) | (513

+2 vafv(yf)(X§W0)H2

Vw5 (X3 W) = Vaw £ (X; Wo) |

The justification of the inequality from above is given below (which is an expanded version of the three
equations (364-366) in (Bartlett et al., 2021)): for all n-by-(pd) matrices A and B,

447 - BET), = [ja-B)a+ )T + jas Ba-B)|
<5 (A= B+ BT, + A+ BYA-B)T],)
<5 (1A= Bl < [(4+B)T [, + 14+ Bly x (4= B)],)

= [|A=Blly x A+ Bl
<|[A=Blly x([A=B+ Bl +[Bl5)
< A= Blly x (I[A= By +2|Bll)-

Coming back to the inequality in Equation (S.13), we next bound the two terms vaﬁ%) (X; WO)Hz and
Hvar(if)(Xé W) — wav(rlf)(X;Wo)‘L there.

12
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We bound the first term as follows:

[ w06 wo) | < [[Fw st i wo | ZZHVW‘( (e Wo) |
- nyﬁn) o 2yt wap? L0
SIS < (5.14)
j=1

where 71 = v and 72 = 1 — 7. The second inequality uses the assumption that |0’/ (x)| < 1 for all x € R and
[x;]] <1 for all i € [n]. The third inequality follows from the fact that > 7" )\(k <Yt Amy =1

m]—

For the second term, we recall that Z;(x;; W) = %w}xi. Using this fact, we derive an upper bound for the
second term as follows:

[P 85086 w) Sy 50105 W)
< [FwsiP W) - Tw P x: WO)H?

-y [, £ 06 W) =V, 180 i W) |

i=1j=1
n m 2
X
=3 M.a; 5 10'(2,x W) = (2, x5 Wo))
i=1 j=1
1 n m
= DD Il A 1o (22 W) = o' (25 (i Wo)) (S.15)
i=1 j=1

In the rest of the proof, we will derive a probabilistic bound on the upper bound just obtained, and show the
conclusions claimed in the lemma.

For any € > 0, i € [n], and j € [m], we define the event
A; j(e) {3W7 s.it. |lwo; —w;|| < €and o (WJTXz) # U/(W()zji)} .

If this event happens, we have |w,;x;| < e. To see this, assume that A4; j(€) holds with w; as a witness of the
existential quantification, and note that since the norm of x; is at most 1,

[wojxi — W x| < [[wo; — wyl| [Ix]| <e.
If ngxi > 0, then ijxi < 0 and thus
wa—jxi <e—+ W;-rxi < €.
Alternatively, if WoTin <0, then ijxz- > 0 and thus
—W(—)I—J-Xi <e— w;rxi <e.

In both cases, we have the desired |w8—jxi| <e.

13
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Using the observation that we have just explained and the fact that wg,;x; ~ N(0,[|x]|*), we obtain, for a
random variable N ~ N(0, 1),

ng—eXP< ( <||xjf)2>/>

(S.16)

where the second inequality uses erf(z) < \/1 — exp(—(422)/7). Let W(Wy) be the constraint on W =
(wi,...,w,})T defined by

8 i
“m3’ for all §' € [m].

Then, for all £ = 1,2, we have

2
E| swp | Vw/d (X W) - Tw /i (X Wo)| ]
Wew(Wo) 2
1 n m " )
< = X; 2)\fn E sup o x;; W) — o' (Z;(xi; W )
d;;””,jww%ﬂ(( ) —o'(Z( 0))|
1 n m
< 22D IlPAL) Pr(3W € W(Wo) sit. o' (Z(xis W) # o' (Z;(xi Wo))
i=1 j=1
_1nm )\ P 3 t. <526m>j do' To. T T o
= ;g [l 1* r(3w; s.t. ||wo; — wy| yando (W, xi) # o' (Wo;Xi)
1 n m &
<3 DD IillPA Pr (A (8%em,/4))
i=1 j=1
(62/4) N~
< D S S o s
i=1 j=1
’I’L((52/4) m (k)
<= D AmiCm.j
j=1

The first inequality uses the bound in Equation (S.15), and the fourth inequality uses the inequality derived
in Equation (S.16).

14
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We bring together the bound on the expectation just shown and also the bounds proved in Equations (S.13)
and (S.14). Recalling that 3 = v and 2 = 1 — ~, we have

Bl sup 00 W) - 81X W)
Wev(Wy) 2
2
<E| sup |Vw /P0G W) - Vw /(X Wo)|
WET (W) 2
2B | sup ||V Wo) | [Tw A8 (36 W) - Tw £ (W) |
WeT (W) 2 2
2
<E| swp | Vw /DX W) - Vw (X Wo)|
WeT (W) 2
+2\/Q%E sup ‘waéf)(X§W) —wa,(,f)(X;WO)H
d Wew(Wo) 2
2
<E sup ‘waff)(X;W) — Vw ¥ (X§W0)H
Wew(Wo) 2

+ 24/ ﬁ’yk E sup
d WeT(Wo)

n(62/4) = (k) n n(62/4) — (k)
< d Z)\m’jcm,j +2 E’Yk T Z Am,jcm,j

Vw4 (X5 W) = T £ (X wij

The third inequality uses Jensen’s inequality, and the last uses the fact that §/2 > (6/2)2. Hence, for each
k = 1,2, by Markov inequality, we have, with probability at least 1 — (§/2),

2n

Ok (X- W) — %) (X- H < ®) . (k)
‘@m ( 7W) ®m ( 7W0> 5 = d;)‘m,jcm,]+ d \/%

sup m,jCm.j-

Wew(Wy)

By union bound, the conjunction of the above inequalities for the £ = 1 and k = 2 cases holds with probability
at least 1 — 4.

We prove the last remaining claim using the following lemma.

If A and B are real symmetric matrices, then
€igmin(A4) = eigyin(B) — A — Bll2,
which holds because
€igmin(A) = eiguin(B + (A — B)) = eigpy, (B) + eigyin(A — B)

> eigmin (B) - eigmax(B - A)
2 eignin(B) — | B — Allz = eigyn(B) — [[A = Bll2.

15
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Thus,
inf g (O (X; W
(el (B (X W)
> cigun (O (X Wo) = sup O (X: W) — 8L (X; Wo)|
Wew (W) 2

> eigin (O (X W) — dZ AD e+ 27

= eigmin(ég) (X7WO)) - 7 Zcmvj t -5
1

holds with probability at least 1 — 0. Equation (S.12) then follows from the fact that for all W,
Cigin (O (X; W) > eigyi, (B4 (X; W)). O

E.3 Lemma on a sufficient condition for Theorem A.1 - RelLU case
We now bring together the results from Proposition D.1 and Lemmas E.1 and E.2, and identify a sufficient
condition for Theorem A.1, which corresponds to the condition in Lemma 3.4 in (Du et al., 2019b).

Lemma E.3. Consider § € (0,1). Assume that Assumptions 3.1 and 3.3 hold, the activation function is
ReLU, and ¢y, > 0 for all j € [m]. Also, assume that v > 0 and

8nlog 4 8n 16202
m > max (dlin> i Zcm,j ) W ‘ Cm,j
j=1 j=1
Define
, o ’I’L/\md‘ 4 - (526m7j
R, —y Iy —uoll . and  Rm;=—c
If R;n’j < Ry, j for all j € [m] with probability at least 1 — 5, then on an event with probability at least 1 — 4,

we have that for all j € [m], Ry, ; < Ry, ; and the followmg properties also hold for all t > 0:

(a) Ciguin (O (X; W) > Lo
(b) Lm<Wt) < ei(wnnt)/QLm(WO);

(c) [[wij —wojl| < Ry, ; for all j € [m]; and

(4) [8m(Xs W) = B0 (X Wo)llz < 5 37 Ay, + 2%\ /557 Amjem -

Proof. Suppose R;n) j < Rm,; forall je [m] on some event A’ having probability at least 1 — g. Also, we
would like to instantiate Proposition D.1 and Lemma E.2 with 6/4, so that each of their claims holds with
probability at least 1 — % Let A be the intersection of A" with the event that the conjunction of the two
claims in Proposition D.1 and Lemma E.2 hold with §/4. By the union bound, A has probability at least
1 — 9. We will show that on the event A, the four claimed properties of the lemma hold.

It will be sufficient to show that
lws; —woj|| < Rp,; forall jem]ands>0. (S.17)

To see why doing so is sufficient, pick an arbitrary ¢g > 0, and assume the above inequality for all s > 0.
Then, by event A and Lemma E.2, for all 0 < s < tg, we have the following upper bound on the change of

16
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the Gram matrix from time 0 to s, and the following lower bound on the smallest eigenvalue of C:)m(X; W,):

6% W) - 8,05 W), < 3 6

and

eigmin(ém(x; WS)) Z eigmin(égrlz) (X7WO)) -

YEn  YEn 1 4n & 1 8n
> n = 22 -2
- 2 4 m  dky ]z:;cm’] +

> TEn  YEn _ Yhn

2 4 4

We now apply Lemma E.1 with ¢ being set to 15, which gives

Lin(Wy,) < e—(wnto)/2Lm(W0)

and

Am,j 4 ,
2omd |y —wol| — = R,,; forallj e [m].

o N <
[Weo5 — Wosl| < d NFin

We have just shown that all the four properties in the lemma hold for tg.

It remains to prove Equation (S.17) under the event A and the assumption that R, ; < Ry, ; for all j € [m]
holds on this event. Suppose that Equation (S.17) fails for some j € [m]. Let

t1 = inf {t | |[w; — wo;|| > Ry ; for some j € [m]}.
Then, by the continuity of w,; on ¢, we have
lws; — wo;ll < Rp; forallje[m]and 0<s<t

and for some jy € [m],
Hwtljo - WOjo” = Rm,jo~ (S.18>

Thus, by the argument that we gave in the previous paragraph, we have

W, — woy| < R;n’j for all j € [m].
In particular, [|wy,j, — woj, || < 1], ;- But this contradicts our assumption R, ; < Ry, j,- O
E.4 Lemma bounding the NTK change and minimum eigenvalue - Smooth activation case

We now give a version of Lemma E.2 for the smooth activation case (that is, under Assumption 3.2). The
proof of this version is similar to the one for Lemma 5 in (Oymak and Soltanolkotabi, 2020), and uses the
three equations (364-366) in (Bartlett et al., 2021).

17
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Lemma E.4. Assume that Assumptions 3.1 to 3.3 hold. Let ¢y, j > 0 for every j € [m]. Then, for any fized
W = (w{,...,w )T, if it satisfies

o
[wo; — wjll < 3” for all j € [m],
we have

nM? Nk o

H(:)En)(X W) — égf)(XJWO)H < Z)\(k?j [ for all k € [2]

9 = 42 m,jom,j
j=1
and
. N . A1) ’RMQ’}/ 2 nM’y U 2
elgmin(gm(x; W)) = elgmin(em (X7W0)) - 4d2m, m d3/2m1/2 Zcm,j . (819)
j= j=1

Note that this lemma has a deterministic conclusion, although its original counterpart (Lemma E.2) has a
probabilistic one.

Proof. The beginning part of the proof is essentially an abbreviated version of the beginning part of the proof
of Lemma E.2. This repetition is intended to help the reader by not forcing her or him to look at the proof of
Lemma E.2 beforehand.

For k € [2], let
FR (W) RS R, W) =3 ai0(Z;(x W),
j=1

and deﬁne Vw fn]f)(X;W) to be the n-by-(pd) matrix whose i-th row is the md-dimensional row vector
(Vw £l (i W) T

For all k € [2], we have
8% (% W) — 8% (x; W) |
— |[TW A (X5 W) V£ (X W) T = ' £ 100 (X5 W) T £ (X5 W) T
< [P 06 W) — w0 0 W) | (8.20)
2|V (X Wo) ||| 7w £ (X W) = Tw £ (X W) |
To see why this inequality holds, see the proof of Lemma E.2. We bound the two terms Hwa,(,]f) (X; WO)Hz
and vaﬁgf) (X; W) — waff)(X; Wo)H2 in Equation (S.20). We bound the first term as follows:

vafgf)(x;wo H vaf (X; Wo) H ZZHVwam XnWo)H
() | 2 |||
*ZZ/\ Zj(xis Wo))l” ——
1= 1] 1
<IN B
< d; my < S

18
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where v; = v and 9 = 1 — 4. The second inequality uses the assumption that |o/(z)| <1 for all z € R and
Ixi]] <1 for all 4 € [n]. The third inequality holds because Z )\(k?] < 23":1 Am,j = 1. For the second

term, we recall that |o”(x)| < M and so ¢’ is M-Lipschitz, and also that Z;(x;; W) = %W;Xi. Using these

facts, we derive an upper bound for the second term as follows:
2
| Vw10 (X W) = T £ (X W) |
2
< [T (X W) = Tw (X Wo)||

55 o s s

i=1j=1
n m 2
k X
=Y M a; 510" (Zi0xi W) = o (Z3(xi Wo))
i=1 j=1
1 n m k
= 2 Il DN [0 (Z5(xi: W) = 0 (2 (xi: W)
i=1 j=1
1 n m k
< YDA (25 (ki W) — o' (2 (x5 W)
i=1j=1
< 2o DA (v~ wop) T xi)
=1 j=1
TLM k
< ZM i Iw = w1
nM> (k) 2
S 4d2 . m,jan,j'
j=1

The second to last step uses the Cauchy-Schwartz inequality, and the last step uses our assumption that
[w; — wo,|| < <3 for all j € [m]. From the derived bounds on the first and second terms in the last line of
Equation (S.20), it follows that

k) (x. Ok) (x. k) 2 n nM? O | (k)
Hggn)(wi) _@gn)(X,Wo H2 < 42 ZAMJ mj E’yk 4d2 Am,jcgn,j
Jj=1
_ M~ 2
T 442 m,jm,j
Jj=1

Finally, as noted in the proof of Lemma E.2, we have

eigin (O (X5 W) > eig,, (B (X; W))
> ciguin (B0 (X; W) — |6 (Xs W) — B (X; Wo) | -

Thus,

o)

) ~ nM~y
m(Xvw)) > elgmin(ggrp (X; WO)) - 4d2 Z d3/2 1/2

eigmin(

19
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E.5 Lemma on a sufficient condition for Theorem 5.1 - Smooth activation case

We now give a version of Lemma E.3 for the smooth activation case (i.e., under Assumption 3.2). It brings
together the results from Proposition D.1 and Lemmas E.1 and E.4, and identifies a sufficient condition for
Theorem A.1, which corresponds to the condition in Lemma 3.4 in (Du et al., 2019b).

Lemma E.5. Assume that Assumptions 3.1 to 3.8 hold. Let ¢ € (0,1), and ¢y, ; > 0 for all j € [m]. Assume
that v > 0 and

8nlog 22 nM252 & An?2M252 &
mmax (SRS B S TS Y
j=1

dk, = 8d%k, d3k2 < - ]
=

For each j € [m], define

NAm j 4 0Cm.;
TJ ly — ol ’YTn and Ry ;= 3 ..

I
R, ;=

If Ry, ; < R j for all j € [m] with probability at least 1 — g, then on an event with probability at least 1 — 0,
we have that for all j € [m], Ry, ; < Ry, j and the following properties also hold for all t > 0:

(@) €iguin(Om(X; W) > 2n
(b) Liyn(Wy) < e”(mad)/2L, (Wo);

(c) [[wij —wosl| < Ry, ; for all j € [m]; and

~ ~ 262 m n m
(@) |8m (X5 W) — 00 (X; Wo)l2 < %5553 Y001 AmjCon j + g ) gt Amaih

Jj=1 Jj=1 m,j

Proof. The proof is very similar to that of Lemma E.3, although the concrete bounds in these proofs differ
due to the differences between Lemma E.2 and Lemma E.4.

Suppose R,, ; < R, ; for all j € [m] on some event A" having probability at least 1 — $. Also, we would like
to instantiate Proposition D.1 with §/2, so that its claim holds with probability at least 1 — g. Let A be the
intersection of A’ with the event that the claim in Proposition D.1 holds with §/2. By the union bound, A
has probability at least 1 — 4. We will show that on the event A, the four claimed properties of the lemma
hold.

It will be sufficient to show that
lwsj —woj|| < Ry,; forall s >0. (S.21)
To see why doing so is sufficient, pick an arbitrary ¢y > 0, and assume the above inequality for all s > 0.

Then, by the event A and Lemma E.4, for all 0 < s <o, we have the following upper bound on the change of
the Gram matrix from time 0 to s, and the following lower bound on the smallest eigenvalue of ©,,(X; W):

Hém(xé Ws) - ém(X7 WO)H2

IN

[8D (X W) — B (X Wo) |+ (02 (X W) - 62 (X; W) |
2 2
nM?2§? & 9 nMé U
S Gam 2o i + Ga7agars | 2 AmiCing
j=1 j=1
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and

. ~ . ~ nM?5%y - nMéy
Cigmin (Om (X5 W) > eigin (00 (X; W) — 1l Z C?n,j + YPEIEISSYE)
=

- Ve YEn [ 1 nMZ%6% N, 1 nM§
- — C . -
2 4 \'m 16d2k, — ™I ml/2 43/2k,
S Yhn Yk (L 1Y Yk
- 2 4 2 2 4

We now apply the version of Lemma E.1 for the analytic activation o, with { being set to 25=. This application
gives
L (Wy,) < e—(mnto)/2Lm(W0)

and

A 4
DA o || —— = R, forallj € [m].

C—woill <
Hwtoj WO]H— d Yhin

We have just shown that all the four properties in the lemma hold for tg.

It remains to prove Equation (S.21) under the event A. Suppose that Equation (S.21) fails for some j € [m].
Let
t1 = inf {t | ||w; — woj|| > Ry ; for some j € [m]}.

Then, by the continuity of w,; on ¢, we have
lwsj — woj|| < Ry; forall je[m]and 0<s<t

and for some jy € [m],
||Wt1j0 - Wojo” = Rm,jo~ (822)

Thus, by the argument that we gave in the previous paragraph, we have
Hthj — WOjH < R'/m,j for allj S [m}
In particular, [|wy,j, — woj, || < 1], ;- But this contradicts our assumption R, ; < Ry, j,- O

F Proof of Theorem A.1 on the global convergence of gradient flow (ReLU case)

The proof of Theorem A.1 essentially follows Lemma E.3, which itself follows from the secondary Proposi-
tion D.1 and Lemmas E.1 and E.2, derived in Appendices D and E. Pick § € (0,1). Let

1\ 2-5122
D= [n2(c2+2
\/n ( * d> v26%K2d

where C' is the assumed upper bound on the |y;|’s. Assume v > 0 and

< 8n log % snD\?> 162n2D\ >
M= max Knd "\ dk, )’ d?k2

and set ¢, ; as follows:

1 2-5122
g =V A \/" (€24 3) Zinga = Vowa P
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Note that
2 2 2 2
8N — 8nD i 8nD i
praPILLE :<dﬁ > 2V <<d/€ ) 2w |
<8nD>2 )
= m < m~,
dk,
and also that
2 2 2 2
16%n? & 162n2D “ 16%n2D
dzlii : Cm,j = ( d2,‘<;72,b ) : Z A7n,j < ( d2li721 ) ' Z)‘WJ -m
Jj=1 Jj=1 j=1
162n2D\ > <2
= m<m
d?k2
Thus,
8nlog 4 8N 16%n? &
m 2 max <d,€n> 5 dﬁ;n Jzz:l Cm,j 3 dT/{,?L ;Cm,j

As a result, we can now employ Lemma E.3. Thus, if we find an event A’ such that the probability of A’ is at
least 1 — (0/2) and under A’, we have R], ; < Ry, j, then the conclusion of Lemma E.3 holds. In particular,
we may further calculate conclusions (¢) and (d) of Lemma E.3 as

620m,j 52 1\ 25122
Hwtj - WOj” < Rimj < Rpj= 64 = 674 Y )\m,j -y n? <C2 + d) W

&n 1 2
- . 2 i N .
T kpdl/? \/ (O * d) V24 Am.j:

and

=1

~ N — 2V/2-n
m 5 t m 0)ll2 > > m,jCm,j - m,jCm,j
16 (X5 W) — 0, (X5 W) < dz + = > A
j=1 j=1
" 2 2
S,
= =~
_n 1 25122 & 3/2
d V265K2d L=
o

o2y L) 2512 /4
d) 4265k2d
5127’12 1 2 i 3/2
T (C”d%&'DmJ
j=1

1/4
LG 1y 2 NV
YRR d) 7255
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It remains to find such an event A’. Start by noting that

Ellly — uoll’] =Y (47 — 25iE[ fr (x5 Wo)] + E[fm (xi5 Wo)?))

-

o
Il
s

1 m
V=20 0+ E | 53 A (W50 LTz
j=1

|

N
Il
fa

1 m
v + gZ/\m’jE [(W;Xi)Ql{WIXiZO}
1 Jj=1

1
< 24 2.
n(C +d>

Thus, by Markov inequality, with probability at least 1 — (§/2),

ly — uol® < n <C2 + clz) %

M=

o
Il

Let A’ be the corresponding event for the above inequality. Then, under A’, we have

Ay — g —
A
d y 0 b

n

[ Ams 2 )2 4
< d n(C’ +d> 5

.42
el ) A

/ _
R, ;=

v20K2d

2 . 2 .
_ 0%Cmyj 0%Crn.j

R, ;.
128 64 J
Thus, A’ is the desired event.

G Proof of Theorem 5.1 on the global convergence of gradient flow (smooth case)

The proof of the theorem is similar to that of Theorem A.1. It derives from Lemma E.5, which itself follows
from the secondary Proposition D.1 and Lemmas E.1 and E.4, derived in Appendices D and E. Recall that

Cy = sup E[o(cz)?
c€(0,1]

where the expectation is taken over the real-valued random variable z with the distribution A(0,1/d). To see
that C is finite, note that since |o’(x)| < 1 for all z € R, we have

|o(cz) — o(0)| < ez for all ¢ € (0, 1].

Thus, for every c € (0,1],
o(0) — |ez| < o(cz) < o(0) + |cz|,

which implies that

Elo(c2)?) < 0(0)* + 2|0 (0)| - [e] - E[|2]] + ¢*E[2?]

<o
< 3(0)* +2(0(0)| - E[|2]] + E[z°].

As a result, E[o(cz)?] is bounded, so C is finite.
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Pick 6 € (0,1). Assume v > 0 and

> ma 8n Nog 2n 21003 M2 C? 4 C 2154 M2 C? + O
max — . .
= Knd &% ) K3 d3 24 ’ KEd4 24

and instantiate Lemma E.5 using the below ¢y, ;:

2 - 642
Cm,j = \/)\m,j . \/’I’L2 (02 + Cl) m
where C' is the assumed upper bound on the |y;|’s. Note that

252 M 252 M 642
nM?§ 2 - nM?$ Z<)\m}j'n2(02+cl) 264 )

2 m,j 2 25312
8d?k,, = 8d?k,, = v283K2d
nM?§% 2 2-642 &
T 8dr, (C* + 125%K2d Z msj
210302 o C?+Cy
K3 d3 ~¥24
and
4n?M?5% N, An?M?6% S 2 - 642
dBK% = Cm,j = d?’/i% Jz:; <)\m,j n (C + Cl) ’)/253;%721(1)
an?M3?5% 2-642 &
TRz " (C*+C) 126%k2d Z msj
B 215n4M2 " CQ +Cl
- kiad ~v26
Thus,

m > max

8nlog 2 nM?§? Z 9 4n2M252i 9
dk, = 8%k, m,jo d3K2 = 3J

This allows us to employ Lemma E.5. Hence, it is sufficient to find an event A’ such that the probability of

A’ is at least 1 — (0/2) and under A’, we have R, ; < Ry, ;. The desired conclusion then follows from the
conclusion of Lemma E.5, and the below calculations: if ||wy; — wo,|| < R}, ; and R}, ; < Ry, j, then

OC,
[Wij — wojll < Rm,; = %

0 2642
=3 VAmj \/n2 (C?2+ ) VZ52d

n 128(C? + 1)
Iindl/Z 725

= Am,] X
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and the upper bound on ||©,,(X; W) — ©,,,(X; Wy)||2 in the conclusion of Lemma E.5 can be rewritten to

10 (X; W) — 0, (X; Wo)|2

nM?262 \ nMé
]242 m,j mJ 23/2d3/2

Z/\m’jcgmj
Jj=1 j=1
nM?5% & ,(C?+Ch)2- 642>

4342 pt /\mvj <>‘m7jn 7253,4%61

nM§ | (C2 4 C1)2 - 642

_ 3M2i/\2 (C? +01) n*M |, 219(C2+Cy)
m,j :

2 J3 2 m,j 2
Ry, d Hnd =1 Y d

Note that

Elly —wol®] = Y (47 — 20:E[fm (i3 Wo)] + E[ frn (xi; Wo)?])

I

<
Il
-

y? — 2y1 -0 + E Z )\mJ'O'(Zj(Xi;Wo))Q
j=1

I

«
Il
—

yzz + Z >\m,j]E [U(Zj (Xi; WO))z}

1 j=1

<n(C*+0).

[
NE

.
Il

Thus, by Markov inequality, with probability at least 1 — (§/2),

ly —woll* < n (C* +C1)

SR N

Let A’ be the corresponding event for the above inequality. Then, under A’, we have

R’ n)\

4
. ly — uol| S

\/’I’L)\m] \/ CQ"—Cl
5 ’}/K,n
242
Y e

0Cm,j _ OCm.j
= M o T
16 8

= Rm,jc

Thus, A’ is the desired event.

H Proof of Theorem 6.1 on the global convergence of gradient descent (smooth
activation)

Our convergence proof follows the structure of the convergence proof of (Du et al., 2019a, Theorem 5.1) with
necessary modifications, which in particular account for the changing weights and Gram matrices in our
setup.
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H.1 Sketch of the proof

The proof is by induction on the number of gradient-update steps s. Here is a sketch of the proof for the
inductive case. We start by decomposing the error at step s + 1:

Iy = weia [l = [(y = us) = (Wer1 — u,)|?
= ”y - uS”2 - 2(y - uS)T(uerl - us) + ||us+1 - ]-ls”2
= lly — sl =2y —ws) T = 2(y — wo) T + [Jugss —ug)?, (S.23)

where I} = n(:)m (X; W) (y —us) and Iy = (us41 — us — I). We can then show that with high probability,
both the third and the fourth terms in Equation (S.23) are O(n?)|ly — us|?, so that the sum of these terms
can be bounded from above by (nvk,,/4)||y — us||? if 1 is sufficiently small. On the other hand, the second
term can be bounded using the minimum eigenvalue of the positive definite Gram matrix:

=20y — ) "I = (=20(y = u,) O (X W)y — )
< _2neigmin(ém(X§WS>)Hy - u3||2.

~

We will show that if the network is large enough, with high probability, —2n eig, ;, (0 (X; W)) in the above
upper bound is at most —3nyk,, /4. Putting all these together gives the required bound: with high probability,

Iy = el < ly = wl® = 20y = w) "h = 20y — w) T+ gy -

0%y
4

< (1= ) ly —

K s+1
< (1-15) 7 lly ol

K
usH2 4 Y En

<y —u* - 1y~

~

The step of upper-bounding —27 eig,;, (0. (X; Wy)) by —3nvk,/4 is where we have to account for the
changing weights and Gram matrix, and this is where the difference between our proof and that of (Du et al.,
2019a) lies.

As mentioned already, the Gram matrix C:)m(X; W) changes during gradient descent even when the network
is very wide, but we will show that despite these changes, its minimum eigenvalue remains lower-bounded by
3k, /8 with high probability. This can be done using the decomposition 0,, = oW + 8% in Equation (15)
from our proof sketch of the global convergence of gradient flow. At a high level, the reasoning goes like
this. The induction hypothesis implies that the weight change |w,; — wo,|| is O(y/Am, ;), which is small

enough to guarantee that @,(%) (X; W,/) remains almost constant during training for a large network. This, in
turn, implies that the minimum eigenvalue of @%)(X; W) is lower-bounded by 3v£,/8 with high probability.
Since €igpin (Om (X; Wy)) > eigmin(G,(}L)(X; W,)), we get the desired upper bound.

H.2 Two key lemmas

Before proving the theorem, we show two useful facts. Let u(W) be the n-dimensional vector
(frn(x1; W),y fn (X3 W))T
which consists of the network outputs on the training inputs under the parameters W. Note that for each

gradient-update step s € NU {0}, the vector u(Wy) is equal to us, the notation that we have been using in
the main text of the paper. We also define u/(W) to be the following n-by-m matrix:

du
! _
u(W)—a .
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~

For each s € NU {0}, let ©,,(s) = ©,,,(X; W,) and

dllt
arn

i-Vlsjtl = <us -

) = (0= 1B )

W, =W,

be the Euler discretisation of the gradient flow of the output. Here 1 > 0 is the learning rate.
Lemma H.1. For all W and j € [m],

Pa < Py - ugw).

Proof.

(w(W); —

i=1
) x vgay x 0! (25 S X
i) X m.iai X X
i’ T\ VA ) va

n

<y

"
Am,j

N

<

S

x> u(W)i = yil
i=1

m,j T

< ——=—lly —a(W)]|.

]

O

The next lemma gives an upper bound on ||y — us41||. As we will show shortly, this upper bound will play a
crucial role in the proof of Theorem 6.1.

Lemma H.2. Assume Assumptions 3.1 to 3.3. Then, for all s € NU {0}, we have

~ 202 Mn?/?

2,2
. nn
Iy = el < (1= 2neign @6 + 2y w4 T )y w20

d2

Proof. Write
Usy] — Ug = Ugy] — Ug + Usp — Ugh1-
—_— — ———
I, I

Then, we have

2 2
[y = usiill” = [[(y = us) = (a1 — )|

2
=y —us]® — 2y —us) '(
= [ly — wo[* =20y = we) "I = 2(y — w) "To + ugyr — uf*.

Us41 — us) + ||us+1 - U.3||2

Since the Gram matrix (:)m(s) is positive definite and 7 > 0, we have

(y—u) Iy = (y — wy) " (Wgyr — 1) = 0y — us) " O (s)(y — uy)
> neigmin(@nl(s)) ||y - usn2 .

We now get a bound on I,. Note that ©,, (s) = ul(u))" where u, = u'(W,) = Let

Ju
oW ’W:WS :

(W) = 2 V) S (W), il (W), = (W) (W) )
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and
Ly, (s) = Ly, (W),
Then,
L=us1—u,+ nu’s(u’S)T(us -y)
n
(= [ (W= )2 ) ) ()
=0
; T
_ / (W = (W, = r Ll (3)) ) L (5) dr
r=0
Also,
1L ()= || (i — wei)d, <Z|yl_u31|”uszH
=1
and

m T 2 2
=Y 2 o WsjiXi l[=* _ 1
N — A i @5 <=,
e j=1 7% (U ( Vd )) d — d

since »; Am,; = 1, a; € {—1,+1}, 0’ is 1-Lipschitz, and |x;|| < 1. Hence, by Cauchy-Schwarz,

R vn
L7 () < ﬁzm —ug| < Vi ly —us-
i=1

Let W, ) = W, — 7L/ (s). For j € [m], write w, ,); for the part of W, ,y going to the j-th node. Then,

for all i € [n],
W (WX () Il?
i = Weer) ZA mi va ) 7\ Va d

T 2 ||x;
< M? ZAmﬂ? ((Wsj ~ W(s;) Xz‘) H d2||
j=1

IN

M2
- S Mg W = Wisms|”

j=1

M? 2
< 7 IWe =Wl

The first inequality follows from the M -Lipschitz continuity of ¢’, and the next inequality from a; € {—1,1},
|Ix;:]| <1, and Cauchy-Schwartz. The last inequality uses the fact that > ;Am,j = 1. Finally, for all0 <r <,

vn

HWS‘ 7W(57)|| =r HL/ ( )” = 77\[ Hyf uGH
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Thus,

K ! ! T / 2
/ (usi —u (W(S,T))i) L. (s) dr)

2
d7’>

n 2
S = Wil Lol ar)

n n 2
nM+/n n
<> ([l =l oy — i ar)

(= W) L)

n
TH}’—usH4
2

20 /3/2
n“Mn
(T vl

As the upper bound depends quadratically on 7, we can choose it small enough for gradient descent to
converge, as we will show in the proof of Theorem 6.1 in the next subsection.

Recall that ||y — us1 1| can be expressed as the sum of four terms:

ly = westl® = lly = wll* =20y —uy) "I = 2(y = w,) "I + Jugrs — uy))*. (5.25)

Thus far, we have bounded the second and third terms on the RHS of Equation (S.25):

~

=2(y — uy) "I < ~2n€ignn (Om(s))ly — usl?,

2 2Mn3/2
2y - w) T < 2y - el < (2R y - wP).

These bounds lead to the first three terms in the claimed upper bound of Equation (S.24). It remains to get
an appropriate upper bound of the fourth term on the RHS of Equation (S.25).
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Using the bound on the derivative of the loss in Lemma H.1, we complete the proof:

n

||U-s+1 - U-s||2 = Z(u(erl)i - Usi)2

i=1

<.
I

n m )\m a
<2 | T e =l

=1 Jj=

m
1/ a;
(Z ||X12> > A ’j = [Wsiays = Wi

j=1

—

2

8W5j

<nx — Ug
> 7 [
2
n 2
< Ty =l { 3o
j=1
7]2n2 9
= o lly —u]

H.3 Proof of Theorem 6.1

Using the lemmas we have just shown, we will prove global convergence of gradient descent. Recall the
assumed bound C on |y;| for every ¢ > 1 in Assumption 3.1, and also

Cy = sup E[o(cz)?
c€(0,1]

where the expectation is taken over the real-valued random variable z distributed as N (0,1/d). As shown in
Appendix G, C is finite.

By the argument in Appendix G again, there exists an event F; such that F; happens with probability at
least 1 — (6/2) and conditioned on E7, we have

2
ly —wol| <4/n(C?+ 01)5-

Meanwhile, by Proposition D.1, there is an event Eo such that Es happens with probability at least 1 — (6/2)
and conditioned on E5, we have

(S.26)

N YEn
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Let F3 be the event that is the conjunction of F; and Fs. This event happens with probability at least 1 — 4,
and under this event, Equations (S.26) and (S.27) both hold.

Condition on E5. We prove the inequality in Equation (16) by induction on s. The base case of s = 0 is
immediate. To prove the inductive case, assume that s > 1, and that the inequality in Equation (16) holds
forall s/ =0,1,...,s — 1.

Let o = nykn/2 and B = (1 — a)/? and

c o nn 8)\m’j(02 + Cl)
e R od ‘

Then,

N, [ mPn? 8(C?T+ ) & N ( wPn® 8(CP+ ()
2 s = (1-p8)2 dd 2 Am _<(1—/3)2 od >

j=1 j=1

Note that for all j € [m],
s—1

[Wej = woill <D IW(ert1); — Wasl
s'=0

< W)
= Z H oW

s—1 B\ n
<D om Ty - e
s'=0

Am, T 3 o
<y 2 ST (1 ) Py
s'=0
Ui )‘m,]n _
< 5y Py — w
n Am,jn 9 g
= 1—ﬁ\/ d (C*+ )3
71)( - [8Xn ;(C?2+Ch)  Cmyj
27 1-p od 2

where the third inequality uses the bound shown in Lemma H.1, the fourth inequality follows from the
induction hypothesis, and the sixth inequality uses the bound in (S.26). Thus, by Lemma E.4 with ¢, ; from
above and the lower bound on the minimum eigenvalue in Equation (S.27), we have

Cigmin (O (5))

. ~(1 ] - nM~y Ui

> eiguin (05 (X; Wo)) — 4d2 Z + B D
= =1

_ Ykn [(nMPy [ pPn? 8(C* +Ch) nM-~ n?n2 8(C2+Ch)
2 4d?m \ (1 — B)2 5d d3/2m1/2\[ (1 - B)2 5d
_ e (2PRMPA(C2 £ ) VBImPMAy(C? 4+ O
) Bm(l— §)20 Em 21— f)s/z )
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Meanwhile, by Lemma H.2, the induction hypothesis, and Equation (S.26),

Iy — wsra®

2 Mn3/?

~ 772712 2
< (1 = 21 €1gin (Om(s)) + ———ly —usll + d2> [y — us|l

o)

. M2 Mn3/? . n?n?
< (1= 20citn (Bn(o0) + 2= (1 = )y = vl + ) Iy P

R 2 2M 3/2 2 2,2
< (1 = 2€ig 1 (O (5)) + (1= @)/ [n(C2 + C1) 5 + L7 ) Iy = .

Thus, we can complete the proof of this inductive case if we show that

. ~ 20> Mn?/? 2 2n? K
<2nelgmm<@m<s>> - e oS - T ) >

which is equivalent to

nMnS/Q
2

; o) 2 gn? gk,
. (O > s/2 2
elgmln( m(S)) = ( (1 Ol) n(C’ —+ 01)6 —+ 20 + 1 ) .

We will show this sufficient condition by proving the following stronger inequality (stronger because of the

~

lower bound on eig,;, (©,,(s)) that we have derived above):

YEn 2023 M?y(C? + Cy) V82 M~(C? + Cy)Y/?
2 d3m(1 - )20 d?m1/2(1 — 3)61/2

nMn3/? 5/2 2 % gk,
2( dQ (1704)/ n(02+01)5+ﬁ+7 3
which is equivalent to

Vi (2P0 MPy(C? + C1) | VB MAy(C? + Cy)'/2
1 2\ Bma—pw Pl 21— )51/
nMn3/2
d2

+

2 nn?
s/2
(1—0&) / n(02+01)6+%l2>

But the four summands on the RHS of the above inequality are at most &, /16 by the assumed upper bound
on 7, the assumed lower bound on m, and the fact that (1 — «) < 1. Thus, the inequality from above holds,
as desired.

I Proofs of the results of Section 7 on feature learning (smooth case)

1.1 Proofs of Section 7.2 (linear activation)
1.L1.1 Proof of Theorem 7.4
Consider a linear activation o(z) = z. The model is therefore defined as

1 m
m(X; W) = — VAW X.
f( ) \/a; IV

The objective function in Equation (5) can be written as

1
Lin(W) = 5lly — AW]J? (S.28)
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)T and A is the n x md matrix defined by
A\ /)\m’lale AU /)\m)mamx;r )
A= — : : = —=(B®X),
Vd o - Vd
VAm101X, . A/ Amm@mX,
where ® denotes the Kronecker product and B = (\/Am71a1 ... \/)\m,mam) € RY*™_ We sometimes view B
as a row vector and write BT to mean the corresponding m-dimensional (column) vector. Let

where y = (y1,-..,Yn

X =UDV'

be a reduced SVD of the data matrix X, where U is a n x k matrix with orthonormal columns, D is a
diagonal k£ x k matrix, V is a d x k matrix with orthonormal columns, and k& < min(n, d) is the rank of X.

Define
1

V = ———(B'®@V) e R,
m
Zj:l Am.j
Note that V’ has orthonormal columns as
1 m
(VHTV' = ST > Amjdi(VIV) = I
Zj:l m,J j=1
Therefore,
Zm:1 Am.j
A=U|[Y= _"p| V)T
Vd
is the reduced SVD of A, and
m m
AAT = LZZA’”J XX = L‘ZZA’”J uD?U".

If & < md, let V', be a matrix in R™Ax(md=k) that makes the md x md matrix (V', V') orthonormal;
otherwise, let V', be the md dimensional zero vector.

The solution of Equation (S.28) under gradient flow or gradient descent with the initialisation Wy is given by
Vd

A/ Zj )‘mﬁj

where (=)' is the Moore-Penrose inverse operator. Also,

W =Aly+ V| (V)W = VD Uy +V/ (V) TW,

Wi =V (V)TW, + V' (V) TW,.

From these facts, we can derive a formula that describes the changes in weights during the training based on
gradient flow or gradient descent:
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where By = 370, /A, ja;Wo; and
B = VdXly = Vd (VD 'UTy)

is the minimum-norm minimiser of 1|y — ﬁXﬂ |2, It follows that

o
maj(ﬂoo —VV'5)).

Wooj — WQj =

1.1.2 Proof of Theorem 7.5

First note that, under the scaling (1),
2 2 — 2
v T (1 By T
Z)\mk( (Zk(x; Wo))) — dIEKx W(n) } + > (X WOk)
almost surely as m — oo; hence the denominator in (17) is of order 1. Similarly, under the mean-field scaling,
(Ze(x; W L e (T we )
3 (ot Won) o GE[( 7w

almost surely as m — oo; hence the denominator in (17) is of order 1/m. For the numerator, from
Equation (19), we have

1 Z;nzl A

d or Amk)? (XT(BOO - VVTﬂo))2-

2

ZAM( (6 Wee)) = 0(Z,(x: W) =

Under the scaling (1), ﬁ =2 A = (1=7)?3,51 A}, Hence feature learning occurs if and
m 2

—1 7'm,j

only if v < 1. Under the mean-field scaling, (Zhﬁ = 1/m. Hence feature learning occurs. Additionally,
& Ak

as the (A, j);j>1 are ordered, we have

e A (2,66 W) — (2, (e Wa))) = max L 2ms (57(p__vvTp,))

ax — %
j=1,...,m L...,m d (Zk m, k)
2

A 1 ( T 2

=l (T8, —VVT ) .
d(Zk )\m,k)2 (/6 /BO)

Under the scaling (1), A2, ; = (1 — v)A1, with A; > 0, hence non-uniform feature learning occurs if and only

if v < 1. Under mean-field scaling, A2, ; /(37 Am.x)? = 1/m? = o(1/m), hence non-uniform feature learning

does not occur. Additionally, by Equation (19) in Theorem 7.4, we have

\/V,jajwooj =/ )\m,j(leOJ ka J (,300 - VVTﬁo)

m,

A A
= T)\’;k Boo — Vv’ Z VAm ke Wor | + v/ Am,j (Id Zk k)\ iVV > a;Wo;.
, Py m,

The right-hand side is the sum of two independent Gaussian random vectors, and is therefore a Gaus-
2

sian random vector, with mean == —(__ and covariance matrix (Z)\mﬁ(Zk Ak = Am,j) (VVT)2 4
k m,k k m,k
2
Amj | La — —mi VVT) = Am,j(la — =i VVT). The distributional convergence in Equation (21)

Zk Am &

then follows from Slutsky’s theorem.

Z)\mk

34



Published in Transactions on Machine Learning Research (02/2025)

1.1.3 Proof of Proposition 7.6

Using Markov and Cauchy-Schwarz inequalities,

Pr (’fm,p(x;Wm) - fm(x;Woo)’ > z—:) < l\);cli x E Z VAm,j0j W

7>Lpm]

Meanwhile, we have

> VAW

Jj>pm|
< Z Amj | Boo — vv’ Z Makwok + Z \/m (Id - )\m,jVVT) ajwWoj
Ji>lem] k#j i>lpm]
< 37 N (1Bl + [V Vsawwor| | +{| Y2 VA (Ta = Ay VVT) ajwo;
§>|pm)| ktj J>Llem]
Also,
2
E||vvT Z VAmrarwor||| < |E|||[VVT Z A kAW
k#j k#j
= /(1= A ) trace(VVT)
<V,
and
2
E Z v Aﬂ%j (Id — )\m}jVVT> a3 Woj < E Z v Aﬂ%j (Id — )\m,jVVT) a;Woj
J>Lem] Jj>lpm]
- \/ 3 A trace ((Id - Am,jVVT)Q)
Jj>Lpm]

By combining the above inequalities, we obtain the desired result:

o . x|
Pr ([ Fnp06 Wee) = S We)| > <) < 20 | (18] + V) P /dmzpmf’”’j
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1.2  Proofs of Section 7.3 (nonlinear activation)

1.2.1 Proof of Theorem 7.9

Our proof of Theorem 7.9 relies on the following observation on the linear combinations of continuous
independent real-valued random variables.

Lemma 1.1. Let zq,...,z, be independent continuous real-valued random variables. Let B C R be a finite
subset of the real numbers such that B # {0}. Then, almost surely,

min izi| > 0.

beB™\{0,...,0}

Proof. Denote S = B\ {0,...,0}. For any b = (by,....b,) € S, > i, b;z;, so that Pr(}_]_, bjz; = 0) = 0.

Hence, since S is finite,
n
o) o (9 {80
beS \(i=1

<>y Pr (i:lazzZ = 0)

bes i=1
=0.

szl

O

The proof also uses the our globally-made standard assumption that for every random variable Z ~ N(0, s?)
for some s > 0, the expectation E[o(Z)?] is finite and greater than 0.

Proof of Theorem 7.9. Since non-uniform feature learning implies feature learning, we prove the former
only. We start by showing that the denominator 37" | A, j(0(Z;(xs; Wy)))? in the condition for non-uniform
feature learning converges to a positive finite value almost surely as m tends to co. To see this, note

. “ m 1 3\'
A, > Amg ({20 Wo)))* =l ) (”' = W) o(2)(xi: Wo))?
j=1 j=1 §r=1 7
moq o0 37 Ao (Zi (%53 W))?
= |~ lim Z 0’( (X“WO)) + (1 _7). — 'Zj_l J ?i J(N 0))
m—00 j=1 m limy, 00 Zj’:l )‘j’
=7 Ezeno.xil2/a) [0(2)7] ZA o(Z; (%13 Wp))?.

The expectation in the first summand is positive and finite by our globally-made assumption on the activation
function 0. Also, the infinite sum in the second summand is positive almost surely because it is greater than
o (Zy(xi; Wo)) but Ao (Z1(xs; Wo))? is almost surely positive; A; > 0 and o(Z; (x;; W) is almost surely
non-zero due to the injectivity of o and the continuity of the random variable Z;(x; Wy). Furthermore, the
sum is almost surely finite as well, because its expectation is Ez. (o, |2 /a) [0(Z)?] which is finite by our
globally-made assumption on the activation function o. Thus, the limit of the denominator is positive and
finite almost surely.

Since the denominator in the condition of non-uniform feature learning converges to a positive finite value
almost surely, the condition holds if

lim inf (max Am,j (0(Z;(xi; W1)) — O'(Zj(XZ';WQ>))2> >0 almost surely. (5.29)

m— o0 JjE ['n'],]
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Note that the limit here is not redundant since W; depends on m. The new condition in Equation (S.29)
can be simplified further. It holds whenever

2
lim inf (Zl(xi;Wl) — Zl(Xi;WO)) > 0. (S.30)

m—o0

To see this, note that by the assumption of the theorem and the inverse function theorem, o' is a well-

defined continuous function and also that Z;(x;; Wy) does not depend on m. As a result, the inequality in
Equation (S.30) implies
2
lim inf (U(Zl(xi;Wl)) - O'(Zl(xi;wo))) >0, (S.31)

m—r o0
because otherwise some subsequence of (0(Z1(x;; W1)))m would converge to o(Z1(x;; Wy)) as m tends to
oo, but then by the continuity of o~!, the corresponding subsequence of (Z;(x;; W1)),, would converge to
Z1(x;; Wy), which contradicts Equation (S.30). Now using Equation (S.31), the assumption v > 0, and the
fact that Ay > 0, we can prove the condition in Equation (S.29) as follows:
2
lim inf max A, ; (O’(Zj(Xi; W1)) — o(Z;(x; WO))) > liminf \,, 1( (Z1(%:; W7)) — O’(Zl(Xi;WQ))>

m—00 jE€[m] m—»00

> liminf(1 — 'y)Xl (O'(Zl (xi; W1)) — o(Z1 (%33 Wo)))2

m—roo

> 0.

We now show that Equation (S.30) holds almost surely. Note that

2 wlTlxl- WOTlxi 2
(Zl(xi;W1)*Z1(Xz’;W0)) < Vi \/g>

= é (77 (kuL(Wt)‘t:O)TXi)2
2 W(—lJ—in’ X, X; ’
(e (%) )
= _n )‘m 1 i o W(—)rin/ XTX' 2
— ﬂ 7// z
ngxi’ T, i
(o () )

Since the lower bound from above does not depend on m, we have

lirrlri)iglof (Zl(xi;Wl) — Zl(Xi;Wo))2 > —r = <Z Yir ( (Wf}gl ) X;XZ‘>> .

i'=1

Since n?(1 — 'y)Xl /d? is positive, this lower bound is positive almost surely whenever the summation inside
the square is positive almost surely.

T
0j%i

Conditioning on wq; and noting that o’ (w\/a ) |xi]|?> > 0, we have by Lemma I.1 that almost surely

T
Wo,Xi/ T
i/ XX | > 0.

We may use this lemma since the y;/’s are independent from wo; and so their distributions are unaffected by
the conditioning. Now note that this almost-sure positivity of the summation holds regardless of which value
the conditioned wy; takes. Thus, the summation is positive almost surely without the conditioning. This
completes the proof.
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1.2.2  Proof of Theorem 7.10
The proof of the theorem uses the following lemma on quadratic combinations of continuous independent
random variables.

Lemma 1.2. Let z1,...,2, be continuous independent real-valued random variables. Let B be an n-by-n
real-valued matriz such that B;; # 0 for some i € [n]. Then, almost surely,

n n
E E 22y By

i=14'=1

> 0.

Proof. Let i € [n] such that B;; # 0. Then, when viewed as a polynomial on z;,

n n
DD IR
i=14'=1

is a quadratic polynomial with a non-zero coefficient for the term 22. As a result, the zero set of this

polynomial on z; has measure zero with respect to Lebesgue measure, that is, the Lebesgue measure of the set

{Zi Zn:zn:ZiZyBii/ :0} QR

i=1i=1
is zero (because the zero set of any analytic function has zero Lebesgue measure). Furthermore, z; is a
continuous random variable, and so we have

[ {Z Yy 7izy By = =0} ‘ {2 |'L €n ] ’L}}

As a result,
n n
r (Z > sisi B = 0) “E[Ls s s
i=1i=1
=E [E [1{2:;1 an/=1 27‘,2,-/3”/:0} ‘ {Zi’ | = [n], i £ ’L}:H
=E[0] = 0.
This proves the claim of the lemma. O

Proof of Theorem 7.10. We first compute a lower bound of the squared norm of the gradient, which does
not depend on m.

2
[ Faee, LW o | =

s ngxi X;
Vnajo Vd ) Vd
2
W X
Zyz < 0 l) X
- & ’
_ . W X;
2 ( de) ! Zyﬂ ( 0 )Xi
g d n T
(1= ZZZ (W XZ) /<W0J‘X1”
= yzyz/U g TikTq'k
d k=1i=14i=1 \/g \/&

,J

1
=1 ¢'=1
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Thus,

n o n T T

T , WOin , WOin/
E E YilYir | X; Xir0 o .
i=114'=1 < < \/g > < \/a

But by assumption, ((1 — fy)Xj)/d is positive. The other factor in the lower bound is also positive with
probability one. To see this, note that the y;’s in the factor are continuous independent random variables,
independent also from wyq;, and

liminf || s, L(W,)|,_ P > L2

m—oo d

T o\2

Wi X; .

;%0 (j >0 for all i € [n],
Vd

due to Assumption 3.1 and the assumption that ¢’ > 0. As a result, conditioned on wy;, by Lemma 1.2, the
factor is positive almost surely with respect to the conditional distributions of the y;’s, which are the same
as the original unconditional distributions of them due to the independence of the y;’s with respect to wy;.
Since this positivity holds regardless of which value wy; takes, it also holds without the conditioning on wy;.
This completes the proof.

J  Proofs of the results of Appendix A.2 on feature learning (ReLU case)

J.1 Proof of Theorem A.2

Our proof relies on a few lemmas.

Lemma J.1. Assume Assumption 7.7. If the activation function o is ReLU, we have

A M &
Wil = (-0 e s W) (05t
1=1 1=1

Proof. The lemma follows from a straightforward calculation using the fact that f,,(x; Wq) = 0 for all
x € R4, U

Lemma J.2. Assume Assumptions 3.1, 7.7 and 7.8. Then, we have that for all m, j € [m], and i € [n],

2 PR =92 (1))’
)\m,j (O'(Zj (Xi; Wl)) — (T(Zj (Xi; W()))) > 1{W;{7'X1‘20} - min { 7 J , ii )

where ¢ depends only on the inputs/outputs (in particular, not depending on m) and is almost surely strictly
positive (almost surely, with respect to the input/output).

Proof. Using Lemma J.1, we can compute

0(Z;j(xi; W1)) — 0(Z;(xi; Wo))
= 0(Z;(xi; W1)) — 0(Z;(xi; Wo))

T
1 )\mj zn: “(—l)—jxi
— - . — 2 q. 1 i1 X i —
7\ Va (WOJ g gy i 20}V ) x U( Vd

/=1

T

T n
B W, Xi VAmg ( T ) N\ W, Xi
=0 ( \/g +n d a; 1/2::1 l{ngxi/ >0y X Xi | Yir g \/Cj
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Denoting §; = ((11y/Am,ja;)/d) 325 _1 (1w x, 20X Xi)yir, we have that
Jor =
T T
WOin Woni
o +6; | —o
T T
Woni Wonz'
o +4; | —o

= 1{w0zjz'20} (1{w§jxi+\/ﬁai>o} 16| + 1{ngxi+\/35i<o}

lo(Z(xi; W1)) — 0(Z;(xi; Wo))| =

Z Lwg x>0}

Tx.
W, Xi

Vd

) |

We then get

2 . 2 (VV(—)rin)2
Am,j(a(zj(xi;wl))—a(Zj(xi;WO))) R

Now, notice that

n

2
2
n T
1{ngx120}6i2 = ﬁ)‘m,jl{ngxizo} (E : (l{w(—)rjxi/ZO}Xi’ xi) yi’)
/=1

2
n
= 2 Amiliw] x>0} il *y: + > (1{W0zji120}x;’rxi> Yir
i'e{1,...,n}\{i}

n 2
o)

=1
B={u-v|ue{0,1},ve {x/xi....x %} }

2
n .
2 i L iz0) (1&“2
where § = B™\ {0, ...,0} and B is given by

Note that the y;’s are continuous and independent random variables by Assumption 7.8. Thus, by Lemma 1.1,
with probability one,
n
Z biryir
=1

> 0.

¢ = min
besS

Putting everything together, we finally get

2 ) 7)202)\3” Dy -(w—'—-xi)2
)\m,j (O'(Z](XZ,Wl)) — O'(Z](X“W()))) 2 ]_{wg'jxizo} . mm{ d2 »J , J dOJ

2.2 272 Y T 2
. et =7)7A (=) (wo,xi)
Z Lwg,xi>0 'mm{ P a— jd ’ :

which concludes the proof. O

Proof of Theorem A.2. Note that the condition for non-uniform feature learning in Equation (S.2) implies
that for feature learning in Equation (S.1). Thus, we will prove only the former condition.

By our setup, we have that A1 > ... > Ay > (1 — 'y)Xk > 0 for all m. Also, by Lemma J.2, we have that
for 1 <j <k,

2 262(1 — )2X2 (1 — )N (wl.x;)?
Am,j(o—(zj(xi;wl))—o—(zj(xi;wo))) >1{ngxi20}.min{n (d2 VA (=) ;( 0;%i) }
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Thus, for all m > k,

J€[m]

max (Am,j (a(zj(xi;wl)) - o(Zj(xi;Wo)))2>

>max | 1 . min ne*(1 - 7)2X? (1- 'Y)Xj(wt—)rjxi)2
= epi) \{woxi>0} 2 ; y 7

which implies

lim inf (max (Am,j <O’(Zj(xi;wl)) - U(Zj(XiQWO)))2>)

m— 00 je[m]
2.2 252 Y T 2
. nc?(1—7) A (1- ’Y))‘j(WOin)
> . . .
= ieti (1{WLXi>0} mm{ P ’ d (5:32)

We will show that for all § € (0,1/2), with probability at least 1—(1/2-+8)*, the lower bound in Equation (S.32)
is positive and

0< > Amjo(Zi(xi; Wo))? < 0. (S.33)
j=1

This will prove the claim of the theorem.

Pick § € (0,1/2). Let E be the event {¢ > 0}. Then, Pr(E) =1 by Lemma I.1. Note that the first argument
of the minimum in the lower bound of Equation (S.32) is positive on the event E. Let € > 0 be a positive
constant such that

1
Pr(ngxi >e€) > 3~ ¢ for all j <k, (S.34)

which is possible since each w(—)'—jxi is a centred normal random variable with variance ||x;|*> > 0. Define

E% be the event U;?:l{w(—')—jxi > €}. Then, since wg;X;, ..., Wg,X; are independent and the lower bound in
Equation (S.34) holds, we have

Pr(ENE}) >1—(1/2+6)".

Now condition on E N Ej. Then, there exists some j < k such that ngxi > €. Thus, the lower bound in
Equation (S.32) is positive as shown below:

PR =)2R (1= )Ny (wpixi)?
Fe Mg xizo) R z

2.2 272 Y T 2
. Pt =7)7A (1 =) (woxi)
> 1{w§jx,-20} -mln{ e L Zl J
2.2(1 _ 2}2 NY L2
Zmin{nC(dgry) ]7(1 Zl))\je }

> 0.

Thus, with probability at least 1 — (1/2 + 6)*, we have

lim inf (max A j (a(zj(xi; Wh)) — o(Z;(xs; wo)))z) > 0.

m—00 jE[m]
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Also, under the same conditioning, we have

Z Mgt - 0(Zyr (%53 Wo))? 2 A j - 0(Z;(xi: Wo))

A

= 1{w;rxi20} ( ;rxl)
(1—7X

= d l{w x;>0} ( ;rxi)z
(L=7)N €2

- d

>0

Furthermore, without any conditioning, we have
Z >\m 77 O' X“ W())) o0

almost surely, because again without any conditioning, the usual expectation of the right-hand side of the

above inequality is finite as shown below:

Z/\mJ o

Xu WO

Thus, Equation (S.33) holds with probability at least 1 — (1/2+ §)*

J.2 Proof of Theorem A.4

/\J/]E

)

(Xza WO

. This completes the proof of the theorem.

We first compute a lower bound for the squared norm of the gradient, which does not depend on m.

| Vo, LW, [ =

a.]

S (- v)Ag
- d
_ 1=
d
_ (1 - ’Y))‘J
d
(1=
d

R T
=11’

Thus,

11m1nf||th]L (Wy) |t 0”

(ngm)
mjaj Nz
d

o 55)-

=1
B — i Yi i Xif
— Vd Vd

2
Xi

Vd

2

iya (WOJX’> , 2
. woiXi \ |, [ WX
33w () ("7

))

]
( Xi’l{ngxeo}l{waxuzo})‘ ~

n n
=1
n n

Zyiyl’ (X X l{w x1>0}1{w x/>0}>

i=114¢=1

)‘J
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But by assumption, the factor ((1 — fy)Xj) /d in the lower bound is always positive. The claim of the theorem
follows from the property that the other factor in the lower bound is also positive with probability at least
1/2. In the rest of the proof, we will show why this is so.

Note that
||xi||21{ngxi20} > 0.
if and only if WoTin > 0.
Condition on wg; and recall that the y;’s are continuous independent real-valued random variables which are

also independent from wyj;, thus their distributions are unaffected by the conditioning. If w(—)rjxi > 0, the

inequality
n n

DD v (XZT Xi'l{ngxizo}l{w;xi/zo})

=1 ¢'=1

>0

holds almost surely. Since w(—)rjxi holds with probability 1/2, the above inequality holds unconditionally with
probability at least 1/2, as desired.

K Additional experimental results (smooth activation)
We provide here additional results for the experiments described in Section 8.

K.1 Regression

In Figures 2, 3, 4 and 5 we respectively provide the detailed results for the datasets concrete, energy,
airfoil and plant.

K.2 Classification

We provide in Figure 6 detailed results for the MNIST dataset, and in Figure 7 results for the CIFAR-10
dataset. In Figure 8, we provide further details on the individual impact of the parameter v € [0, 1]. Recall
that the smaller the value of v, the more asymmetry is introduced, where v = 1 recovers the iid model. We
can see from the experiments that pruning performance is improved as v becomes smaller.

L Experimental results for the ReLU activation function

We provide here additional experimental results, as in Appendix K, but with a different activation function.
The experimental setting is the same as described in Section 8, except that the swish activation function is
replaced by the ReLLU function. Although our theory does not cover the convergence of GD with the RelL.U,
the experimental results obtained in this section are quantitatively similar to those obtained with the swish
function.

L.1 Regression

In Figures 9, 10, 11 and 12 we respectively provide detailed results for the datasets concrete, energy,
airfoil and plant.

L.2 Classification

We provide in Figures 13, 14 and 15 detailed results for respectively the MNIST, CIFAR10 and CIFAR100
experiments.
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Figure 2: Results for the concrete dataset (swish). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||[w;; — wo;|| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 3: Results for the energy dataset (swish). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w.; — wo;|| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 4: Results for the airfoil dataset (swish). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||[w; — wo;|| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 5: Results for the plant dataset (swish). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w,; — wo;|| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 6: Results for the MNIST dataset (swish). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w.; — wo;|| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
accuracies for pruning, 7) test accuracies for pruning, 8) training accuracies for transfer learning, and 9) test
accuracies for transfer learning.
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Figure 7: Results for the CIFAR-10 dataset (swish). From left to right and top to bottom, 1) test accuracies
through training, 2) differences in weight norms ||w; — wy;|| with j’s being the neurons having the maximum
difference at the end of the training, 3) test risks of the pruned models, and 4) test accuracies of the pruned

models.
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Figure 8: Results for the CIFAR-10 dataset (swish). Impact of the parameter v. From left to right and top to
bottom, 1) test accuracies through training, 2) differences in weight norms ||w;; — wo;|| with j’s being the
neurons having the maximum difference at the end of the training, 3) test risks of the pruned models, and 4)
test accuracies of the pruned models.
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Figure 9: Results for the concrete dataset (ReLU). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w;; — wy;|| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 10: Results for the energy dataset (ReLU). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w;; — wo;|| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 11: Results for the airfoil dataset (ReLU). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w,; — wy;|| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training

risks for transfer learning, and 7) test risks for transfer learning.
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Figure 12: Results for the plant dataset (ReLU). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||wy; — wo;|| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
risks for transfer learning, and 7) test risks for transfer learning.
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Figure 13: Results for the MNIST dataset (ReLU). From left to right and top to bottom, 1) training risks,
2) test risks, 3) differences in weight norms ||w,; — wy;|| with j’s being the neurons having the maximum
difference at the end of the training, 4) difference in NTG matrices, 5) minimum NTG eigenvalues, 6) training
accuracies for pruning, 7) test accuracies for pruning, 8) training accuracies for transfer learning, and 9) test

accuracies for transfer learning.
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Figure 14: Results for the CIFAR-10 dataset (ReLU). From left to right and top to bottom, 1) test accuracies
through training, 2) differences in weight norms ||w; — wy;|| with j’s being the neurons having the maximum
difference at the end of the training, 3) test risks of the pruned models, and 4) test accuracies of the pruned

models.
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Figure 15: Results for the CIFAR-100 dataset (ReLU). From left to right and top to bottom, 1) test accuracies
through training, 2) differences in weight norms ||w; — wq;|| with j’s being the neurons having the maximum

difference at the end of the training, 3) test risks of the pruned models, and 4) test accuracies of the pruned
models.
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Figure 16: Visualisation of features for MNIST data. We use the top two PCA components to plot the points
on a 2D space.
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Figure 17: Visualisation of features learnt for the Cifarl0 experiment. The models are trained by taking as
input the hidden representation of a ResNet18 trained on ImageNet (first figure on the left). We use the top
two PCA components to plot the points on a 2D space.

M Visualisation of the learned features.

This section aims at visualizing the main features learned in the MNIST and CIFAR experiments reported
in the main text. Inspired by (Yang and Hu, 2021), we plot the first two PCA components of the learned
features for MNIST (Figure 16) and CIFAR10 (Figure 17) datasets. For the MNIST dataset, as in (Yang
and Hu, 2021), the figures show that the features are quasi-random with the symmetric NTK setting, while
there is more separation under the asymmetric scaling. For the CIFAR10 experiment, which uses pre-trained
features on ImageNet, the features of the symmetric NTK are similar to those of the pre-trained features.
The features obtained by PCA better differentiates between the class.

N Hyper-parameter transfer.

When scaling-up neural networks, hyper-parameters tuning becomes prohibitively expensive. In practice, one
performs hyper-parameter optimization on a smaller version of the model, and uses (transfers) the found
values for training the larger model. However, this requires stability of the optimal parameters. As identified
in (Yang et al., 2022), the standard pytorch implementation is not stable as the width increases, which
can be a major challenge to scale-up models. In this section, we empirically show that the asymmetrical
parameterization enjoys stability of the optimal learning rate. We train FFNN with a single hidden layer
on Cifarl0 for different width P = 1024, 2048,4096. We compare the standard Pytorch parameterization
with the asymmetrical one (y = 0.2, & = 0.5). The results are reported in 18. As expected, in the standard
parameterization, the optimal learning rate shifts; as the width increases, the optimal learning rate becomes
smaller. On the other hand, with the asymmetrical scaling, the optimal learning rate remains stable as the
width increases
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Figure 18: Stability of the optimal learning rate as the width increases. Training error in terms of (top) accuracy
(bottom) cross-entropy for (left) standard parameterisation and (right) asymmetrical parameterisation.
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