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Abstract

An alternative to three existing types of mesh (structured grid, unstruc-
tured grid, and gridfree points) — general mesh — is proposed for Com-
putational Fluid Dynamics (CFD). It includes three existing ones and the
arbitrary mixing of mesh and points by using a unified framework. Different
from the traditional hybrid grid/gridfree methods requiring separate numer-
ical schemes for the respective grid and points zones, a unified numerical
scheme — general volume method — is developed for the general mesh to
discretize Navier-Stokes (NS) equations. This innovative scheme naturally
solves not only all three existing types of mesh but also the arbitrary mixing
of mesh and points without requiring interface treatment. Compared to the
existing grid and gridfree based computational methods, the general mesh
method is endowed by nature with both the geometric flexibility of points
(without geometric connectivity) and physical accuracy of mesh (with node
connectivity): 1. the meshing is as general, automated, efficient, and flexible
as gridfree points but the numerical solution becomes more stable and accu-
rate than the gridfree method; 2. the numerical scheme is as unified, compact,
accurate, and robust as the unstructured grid, whereas the meshing becomes
incredibly easier than the latter. Meanwhile, the proposed method is compre-
hensively validated by both low-speed and transonic high-Reynolds number
flows. Furthermore, the simulation of HIRENASD demonstrates the poten-
tial to improve the convergence by converting the low-quality mesh elements
into meshfree points.

Keywords: general mesh method, general volume method, unified
mesh/meshfree points, unstructured grid, Computational Fluid Dynamics
(CFD), Navier-Stokes (NS) equations
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Highlights:2

• An alternative to three existing types of mesh — general mesh — is3

proposed;4

• The general volume method is developed for the general mesh;5

• It naturally solves the arbitrary mixing of mesh and points without6

interface;7

• It is as unified and compact as the finite volume scheme of unstructured8

grid method;9

10

1. Introduction11

Experiments that are physically close to the ”real” flow that researchers12

expect. The accuracy depends on the experimental facility. Computational13

Fluid Dynamics (CFD) is a numerical approximation of real physics in com-14

puters. Its accuracy depends on the mesh size and quality and numerical15

methods. It frequently utilizes the Navier-Stokes (NS) equations as the basic16

governing equations of Newtonian fluids. These partial differential equations17

(PDEs) are so complicated that the numerical simulations are generally em-18

ployed to obtain the solutions. Thanks to the efforts of mathematicians and19

CFD researchers as well as the improvement of computer science, the CFD20

solutions have become more and more accurate and efficient. However, de-21

spite the remarkable success, it is still challenging to apply the CFD method22

to more and more complicated geometries.23

1.1. Traditional Numerical Methods24

At the moment, there exist only three types of mesh we frequently utilize25

in simulations. These are structured grid, unstructured grid, and gridfree26

points. The former two types belong to the geometric grid requiring topology27

connectivity, whereas the gridfree method abandons this constraint. Some28

researchers may think the gridfree points do not belong to the scope of mesh.29

From a mathematical point of view, it is considered as a special type of mesh30

in the framework of the general mesh. The respective numerical methods are31

briefly discussed below.32
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1.1.1. Grid-based Methods33

The popular spatial discretization methods based on a grid can be essen-34

tially classified into three categories: finite difference method, finite element35

method and finite volume method. The finite difference method is the old-36

est numerical method which has a simple algorithm and high computational37

efficiency. It is widely used in flow simulations [1–4]. The finite difference38

method is mainly applied to structured grid. Although there are similar nu-39

merical methods on unstructured grid, the algorithms are complex and the40

stability is poor.41

Different from the finite difference method, the finite element method can42

easily handle the unstructured grid. One of its most successful applications43

is computational solid dynamics (CSD). However, the application in CFD is44

not straightforward, because the discontinuousness of flow field will cause the45

challenge of stability. Zienkiewicz [5] introduced the finite element method46

for CFD. Besides, it must be mentioned that the discontinuous Galerkin (DG)47

methods [6–9] have greatly promoted the development of the finite element48

method for CFD applications.49

The finite volume method [10, 11] is remarkably successful because of the50

excellent balance between accuracy and robustness. It is the most popular51

method in CFD applications. Most of the well-known CFD codes are based52

on this method, such as NASA’s CFL3D and FUN3D, Boeing’s BCFD, DLR’s53

TAU, Rolls Royce’s HYDRA, Stanford’s SU2, OpenFOAM, and Fluent. The54

discretization method of the finite volume method is as flexible as that of the55

finite difference method of which the flow solution reconstruction is straight-56

forward. The meshing is as easy as that of the finite element method because57

it is suitable for both structured and unstructured grids. Moreover, based58

on the integral form of NS equations, the discretized equations can well pre-59

serve the conservation of the original PDEs. Therefore, the unstructured grid60

based finite volume methods are still fast developing [12–16].61

However, despite the considerable success of grid-based methods, the grid62

requiring node connectivity is challenging to generate the high-aspect-ratio63

prism in the boundary layer for the complicated geometries or those with64

large moving boundaries. Grid generation is also time-consuming if it re-65

quires repeated adjustment of meshing parameters in complicated configu-66

rations. Moreover, it can not inherently avoid the low-quality and negative-67

volume elements that result in stability and convergence problems.68
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1.1.2. Gridfree Methods69

Different from grid decomposition, the gridfree method is not constrained70

by the grid topology. Thus it is flexible to generate the discrete points for71

complex geometries and moving boundaries. Zhang [17] presented a gridfree72

method based on the least-squares method for the two-dimensional incom-73

pressible flow. It used the Gauss quadrature in the background cells. The74

boundary condition was enforced by the penalty method. A ‘local’ radial75

basis function (RBF) was used on a gridfree scheme [18] for the unsteady76

incompressible flow. The velocity and pressure were decoupled. The incom-77

pressible flow field is continuous in space which is convenient for flow solu-78

tion construction. Katz and Jameson [19] developed an edge-based gridfree79

method for compressible inviscid flow simulations. It used the grid-based re-80

construction, diffusion, and convergence acceleration schemes in the gridfree81

method. Wang and Periaux [20] proposed a gridfree method which used the82

artificial dissipation to solve the 2D Euler equation. The explicit five-stage83

Runge-Kutta scheme was employed in time marching.84

A gridfree method for viscous flow simulation was proposed by Munikr-85

ishna and Balakrishnan [21]. It projected the gridfree solver as a viable86

Cartesian grid methodology. It was used to calculate the viscous flow around87

2D multi-element airfoil. Namvar and Jahangirian [22] investigated the grid-88

free method for 2D compressible turbulent flows. The spatial derivatives89

were evaluated by the Taylor least squares method. Dehghan and Ab-90

baszadeh [23] developed a fast and efficient local gridfress method to solve91

shallow water equations. The proper orthogonal decomposition approach92

was utilized to construct the gridfree method. The results showed excellent93

efficiency. Jiang [24, 25] proposed an algebraic-volume gridfree method which94

was straightforward to implement in the traditional finite volume solver.95

Although points generation of gridfree method is much more flexible than96

grid-based methods, the corresponding numerical methods are not compa-97

rable to those of grid-based methods such as robustness and convergence of98

the simulation and accuracy of the solution. Few studies have applied the99

gridfree method to complicated configurations so far.100

1.1.3. Hybrid Grid/Gridfree Methods101

In order to further improve the flexibility & efficiency of unstructured102

grid generation and the numerical accuracy & robustness of gridfree method,103

the hybrid grid/gridfree method becomes a natural choice to avoid their re-104

spective weaknesses. The hybrid Cartesian grid and gridfree method for com-105
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pressible flows was proposed in [26]. A Cartesian grid was used as the baseline106

mesh to cover the computational domain, whereas the boundary surfaces were107

addressed using a gridfree method. The standard cell-centred finite volume108

formulation was utilized for the Cartesian grid while the dual least-squares109

approximation for the gridfree points. Fries and Matthies [27, 28] developed a110

coupled grid/gridfree method for the incompressible Navier-Stokes equations.111

A gridfree Galerkin method was established for the gridfree zone and the fi-112

nite element method for the grid zone. Different shape functions were applied113

for the corresponding methods. In order to simulate the high-Reynolds num-114

ber flow, Wang [29] proposed a hybrid gridfree and finite volume method. It115

employed the finite volume method for the grid zone in the boundary layer116

and the gridfree method for the points zone in the off-wall region.117

A hybrid Cartesian grid and gridfree method [30] was developed for tur-118

bulent flow calculations. Cartesian grid dominated the fluid domain, whereas119

the gridfree method was applied near the wall. It combined an off-wall Carte-120

sian grid solver and a near-wall gridfree solver. A coupled grid/gridfree121

scheme for boundary vibrations was proposed in [31]. The domain com-122

prised of near-wall gridfree points moving with the body and off-wall sta-123

tionary Cartesian grid. The arbitrary Lagrangian–Eulerian flow equations124

were solved by a local RBF in finite difference mode on the moving grid-125

free points. The flow equations in Eulerian formulation were solved by the126

traditional finite differencing on the stationary Cartesian grid. Jiang [25]127

presented a hybrid grid/gridfree method to solve store separation. The grid-128

free points zone solved by the algebraic-volume gridfree method was coupled129

with two grid zones solved by the cell-centred finite volume method.130

Although the approach of hybrid grid/gridfree methods can achieve some131

flexibility on the computational space subdivision, it causes the difficulty132

of numerical discretization and code implementation. This kind of hybrid133

methodology requires different numerical methods to deal with the relevant134

zones and needs special treatment for the interface between grid and gridfree135

zones. Compared to a single grid or gridfree method, this hybrid approach136

tremendously increases the difficulty and efforts to develop and maintain the137

CFD code that usually has a large scale.138

1.2. General Mesh Method139

Therefore, a new type of mesh — general mesh — is proposed to max-140

imize the respective advantages of grid-based method (physical accuracy of141
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numerical method) and gridfree method (geometric flexibility of mesh gener-142

ation) by an innovative strategy on both meshing and numerical aspects. It143

includes not only all three existing types of mesh (structured grid, unstruc-144

tured grid, and gridfree points) but also the arbitrary mixing of mesh and145

points by using a unified framework.146

Similar to the revolution from structured grid to unstructured one, gen-147

eral mesh requires a breakthrough of numerical method to solve all these148

much different types of mesh by using a unified scheme. Otherwise, the con-149

sequential numerical method becomes considerably complex like the hybrid150

grid/gridfree approaches and difficult to implement and maintain. Thus,151

based on the widely-used finite volume scheme [10, 11] and previous work152

of algebraic-volume gridfree method [24, 25], a general volume method is153

developed for general mesh.154

2. Definition of General Mesh155

Figure 1 (a) shows a 2D unstructured mesh. The nodes are connected156

to form elements. Each connectivity represents an edge that is depicted157

as a solid line. The topology connectivity is of great benefit to provide the158

geometric information for defining mathematical operators like the derivative.159

These operators are then applied to construct the numerical discretization160

of PDEs. For the vertex-based finite volume scheme, a control volume is161

constructed by the surrounding elements. In the figure, control volume m is162

geometrically closed by N(m) faces (edges in 2D) that is depicted by solid163

blue lines. The face area vector ∆Sm,p is shown in the blue solid arrow. Let164

node n represent the p-th neighbour of node m. Meanwhile, node m also165

contains N(m) neighbours, namely, n, n1, n2, n3, n4, and n5.166

Figure 1 (b) demonstrates an example of a point cloud. The virtual167

connectivity or virtual edge is shown as a dashed line. It is found that the168

vertex-based data structure of unstructured grid is suitable for point cloud as169

well. A point cloud is a set of N(m) contributors employed to reconstruct the170

flow solutions. As shown in the figure, m is the current meshfree point, and171

its contributors or neighbours are points n, n1, n2, n3, n4, and n5. According172

to the algebraic-volume meshfree method [24, 25], an algebraic volume is173

constructed by the point cloud. It is formed by N(m) algebraic faces shown174

in the dashed line. The p-th algebraic face has an algebraic area vector ∆S̃m,p175

illustrated in the dashed arrow.176
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The corresponding general mesh is depicted in Figure 1 (c). The meshing177

strategy published separately is that the mesh is adopted to decompose the178

entire computational domain, whereas the points are proposed to solve the179

negative-volume, low-quality, and invalid elements. Thus it is the arbitrary180

mixing of mesh and meshfree points, namely, a mesh nodes + (1−a) meshfree181

points with a ∈ [0, 1] representing the proportion. Both a = 1 and a = 0182

are allowed. The former represents a pure mesh with full node connectivity,183

whereas the latter stands for a pure meshfree points without any connectivity.184

In other words, general mesh inherently includes mesh, points and arbitrary185

mixing of both.186

Figure 1 (c) exhibits two general volumes of which control volume and187

algebraic volume naturally solve two types of mesh even at the interface,188

respectively. It is found that the interface does not require any extra treat-189

ment. The general mesh can use a unified data structure to solve both mesh190

and meshfree points. Namely, it is interface-free in the unified framework of191

general mesh such that meshfree points can appear anywhere like the words192

arbitrary mixing without any extra treatment.193

On the contrary, the widely-used hybrid grid/gridfree methods utilize194

the individual grid zone and meshfree zone. There exists an interface be-195

tween zones and it requires special treatment to exchange the information196

and maintain the accuracy and stability. Thus it is impossible to arbitrarily197

mix grid and gridfree points in this hybrid approach.198

3. General Volume Method199

3.1. Finite Volume Scheme for Mesh Nodes200

The paper will focus on a classic computational physics problem — nu-201

merical solution of Navier-Stokes (NS) equations which are of great interest202

in both scientific and engineering study. They are typical advection-diffusion203

equations which describe the motion of Newtonian fluid. The integral form204

of NS equations can be written as follows:205

∂

∂t

∫∫∫
Ω

QdV +

∫∫
∂Ω

F(Q) · ndS =

∫∫
∂Ω

Fvis(Q) · ndS (1)

where t is time. Ω and ∂Ω are the space and boundary of a discrete control206

volume respectively. n = (nx, ny, nz)
T stands for the unit outward-normal207

vector of ∂Ω. V is the volume (area in 2D) of Ω. S denotes the area (length208
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in 2D) of ∂Ω. The conservative flow variable vector Q, convective fluxes209

F(Q), and viscous fluxes Fvis(Q) are respectively given by210

Q =


ρ
ρu
ρv
ρw
ρe0

,F(Q)·n =


ρv · n

ρuv · n + Pnx
ρvv · n + Pny
ρwv · n + Pnz
(ρe0 + P )v · n

,Fvis(Q)·n =


0

τxxnx + τxyny + τxznz
τyxnx + τyyny + τyznz
τzxnx + τzyny + τzznz
σxnx + σyny + σznz


(2)

where ρ, P , and e0 denote the density, static pressure, and specific total211

energy per unit mass respectively. v stands for the velocity vector of which212

u, v, and w are the components. The viscous stress tensor reads:213 

τxx = 2(µ+ µt)
∂u
∂x
− 2

3
(µ+ µt)

(
∂u
∂x

+ ∂v
∂y

+ ∂w
∂z

)
τyy = 2(µ+ µt)

∂v
∂y
− 2

3
(µ+ µt)

(
∂u
∂x

+ ∂v
∂y

+ ∂w
∂z

)
τzz = 2(µ+ µt)

∂w
∂z
− 2

3
(µ+ µt)

(
∂u
∂x

+ ∂v
∂y

+ ∂w
∂z

)
τxy = τyx = (µ+ µt)

(
∂u
∂y

+ ∂v
∂x

)
τxz = τzx = (µ+ µt)

(
∂u
∂z

+ ∂w
∂x

)
τyz = τzy = (µ+ µt)

(
∂v
∂z

+ ∂w
∂y

)
(3)

And σx, σy, and σz are respectively given by214 
σx = uτxx + vτxy + wτxz + κ∂T

∂x

σy = uτyx + vτyy + wτyz + κ∂T
∂y

σz = uτzx + vτzy + wτzz + κ∂T
∂z

(4)

with κ representing the thermal conductivity coefficient215

κ =
γR

γ − 1

(
µ

Pr
+

µt
Prt

)
(5)

where Pr and Prt are the laminar and turbulent Prandtl numbers and their216

values are 0.72 and 0.9, respectively. T stands for the static temperature. γ217

is the ratio of specific heat coefficient. R represents the specific gas constant.218

µ and µt denote the molecular viscosity and turbulent viscosity, respectively.219

The former is calculated by Sutherland’s law, whereas the latter is solved by220
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an extra turbulent model, such as Spalart-Allmaras (SA) model [32], k − ω221

SST model [33], etc.222

A key feature of the finite volume scheme is the concept of control volume223

which is a geometric cell, such as line segments in 1D; triangle, quadrilateral,224

and polygon in 2D; tetrahedron, prism, pyramid, hexahedron, and polyhe-225

dron in 3D. The numerical schemes are designed and implemented over the226

closed faces of control volume to evaluate the integrals of the convective and227

viscous fluxes of NS equations. The control volume is created via the geo-228

metric information of mesh elements. It is identical with the mesh element229

in the cell-centred finite volume scheme, whereas the median-dual scheme230

is frequently employed in the vertex-based finite volume scheme. Figure 1231

(a) illustrates a 2D example of the median-dual vertex-based control vol-232

ume which is closed by the solid blue lines. It is formed by connecting the233

centroids, face- and edge-midpoints of all elements sharing the particular234

node. Moreover, the edge-based data structure is an efficient choice for the235

vertex-based finite volume scheme.236

For a polygonal control volume m depicted in Figure 1 (a) (polyhedron237

in 3D), the surface area integral of convective fluxes is discretized by238 ∫∫
∂Ω

F(Q) · ndS =
∑

p∈Ξ(m)

F(Qm,p) ·∆Sm,p (6)

and that of viscous fluxes is given by∫∫
∂Ω

Fvis(Q) · ndS =
∑

p∈Ξ(m)

Fvis(Qm,p) ·∆Sm,p (7)

where Qm,p stands for the vector of reconstructed flow solutions at the cen-239

troid of its p-th face. It represents the averaged value of face. Ξ(m) denotes240

the set of index for control volume m. ∆Sm,p denotes the area vector of the241

p-th face of control volume m. The vector ∆Sm,p = nm,p∆Sm,p with ∆Sm,p242

standing for the area of p-th face. Thus the finite volume discretization of243

NS Equations (1) can be expressed as follows:244

d(QmVm)

dt
+
∑

p∈Ξ(m)

F(Qm,p) ·∆Sm,p =
∑

p∈Ξ(m)

Fvis(Qm,p) ·∆Sm,p (8)

where Qm is the vector of conservative flow variables at the centroid of a245
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control volume. It represents the averaged value of control volume m. Vm is246

the volume of control volume m.247

In the discretization form (8), the surface integral is approximated by248

a summation of the fluxes crossing the faces of the control volume. The249

geometric parameters, such as faces set Ξ(m), volume Vm, and area vector250

∆Sm,p, are the key variables to construct the finite volume scheme. They are251

inherently contained in the geometric control volume created from the mesh252

elements surrounding node m. But they are not included in the meshfree253

points which do not have the geometric topology connectivity between points.254

Here the algebraic-volume meshfree method is employed to reconstruct these255

relevant parameters for the meshfree points.256

3.2. Algebraic Volume Scheme for Meshfree Points257

An algebraic-volume meshfree method was proposed in the previous work [24,258

25]. It is briefly introduced here with some modifications. The differential259

form of NS equations can be written as follows:260

∂Q

∂t
+

(
∂F

∂x
+
∂F

∂y
+
∂F

∂z

)
=

(
∂Fvis

∂x
+
∂Fvis

∂y
+
∂Fvis

∂z

)
(9)

Compared to Equation (8) of finite volume scheme, we can find that the face261

area vectors of control volume are equivalent to a transform matrix which262

converts face fluxes in the integral form into flux derivatives in the differential263

form. The face area vectors play a key role in the finite volume scheme. The264

algebraic-volume meshfree method proposes an effective way to construct265

this kind of transform matrix for the meshfree points.266

Suppose that the computational domain is decomposed by points. For267

point m illustrated in Figure 1 (b), the set of index for point m is Ξ̃(m). The268

symbol ∼ represents the difference from those of the finite volume scheme.269

The total number of neighbours is Nm. And Nm > d+1 with d is the number270

of dimensions. xm = (xm, ym, zm)T represents the coordinate of point m. The271

midpoint of point m and its p-th neighbor n is given by272

xm,p =
1

2
(xm + xn) (10)

The Taylor series expansion of midpoint fluxes Fm,p at point m is273

Fm,p = Fm +∇Fm · (xm,p − xm) + o(∆x)2, p ∈ Ξ̃(m) (11)
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For a viscous flow simulation, the high-aspect-ratio point distribution is usu-274

ally generated near the viscous wall. A weight ω is added to both sides of275

the equation to enhance the numerical accuracy in the solution of the inverse276

matrix. Neglecting the high order part o(∆x)2, we can obtain the linear277

equations for all Nm neighbors278

AmBm = Cm (12)

with the abbreviations given by279

Am =


ωm,1(xm,1 − xm) ωm,1(ym,1 − ym) ωm,1(zm,1 − zm) ωm,1

...
...

...
...

ωm,p(xm,p − xm) ωm,p(ym,p − ym) ωm,p(zm,p − zm) ωm,p
...

...
...

...
ωm,Nm(xm,Nm − xm) ωm,Nm(ym,Nm − ym) ωm,Nm(zm,Nm − zm) ωm,Nm


(13)

Bm =
[
∂Fm

∂x
∂Fm

∂y
∂Fm

∂z
Fm

]T
(14)

Cm =
[
ωm,1Fm,1 . . . ωm,pFm,p . . . ωm,NmFm,Nm

]T
(15)

The inverse of distance is chosen as the weight ω in the paper.280

The equation is solved by281

AT
mAmBm = AT

mCm (16)

It is the least-squares solution of Equation (12). If matrix AT
mAm is singular,282

point m is moved to avoid the issue. Thus we obtain the solution283

Bm = [(AT
mAm)−1AT

m]Cm (17)

Let ∆S̃im,p represent the p-th element of the i-th row of matrix [(AT
mAm)−1AT

m],284

where superscript i stands for the i-th row of the vector. We can obtain285

Bi
m =

∑
p∈Ξ̃(m)

Cm,p∆S̃
i
m,p (18)

According to the relation (14), the first three elements of vector Bm are the286

derivatives of flux. Therefore, we obtain the derivatives of flux at point m287
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
∂Fm

∂x
=
∑

p∈Ξ̃(m) ωm,pFm,p∆S̃
1
m,p

∂Fm

∂y
=
∑

p∈Ξ̃(m) ωm,pFm,p∆S̃
2
m,p

∂Fm

∂z
=
∑

p∈Ξ̃(m) ωm,pFm,p∆S̃
3
m,p

(19)

Let288

∆S̃m,p = ωm,p
[
∆S̃1

m,p ∆S̃2
m,p ∆S̃3

m,p

]T
(20)

We obtain the summation of derivatives of convective fluxes289

∂Fm

∂x
+
∂Fm

∂y
+
∂Fm

∂z
=
∑

p∈Ξ̃(m)

Fm,p ·∆S̃m,p (21)

Compared to the finite volume discretization (Equation (6)), we call the290

reconstructed vector ∆S̃m,p an algebraic area vector. Similarly, we can get291

the summation of derivatives of viscous fluxes292

∂Fvis

∂x
+
∂Fvis

∂y
+
∂Fvis

∂z
=
∑

p∈Ξ̃(m)

Fvis(Qm,p) ·∆S̃m,p (22)

Therefore, the discretization of differential form of NS Equations (9) by293

the algebraic-volume meshfree method is as follows294

d(QmṼm)

dt
+
∑

p∈Ξ̃(m)

F(Qm,p) ·∆S̃m,p =
∑

p∈Ξ̃(m)

Fvis(Qm,p) ·∆S̃m,p (23)

where Ṽm represents the ”volume” of algebraic volume, and Ṽm ≡ 1.295

3.3. General Volume Scheme for General Mesh296

It can be seen that there are no essential differences between the expres-297

sion of finite volume scheme (Equation (8)) and that of algebraic-volume298

meshfree method (Equation (23)). Therefore, the numerical discretization of299

NS equations can be written in a general form as follows:300

d(QmVm)

dt
+
∑

p∈Ξ (m)

F(Qm,p) ·∆Sm,p =
∑

p∈Ξ (m)

Fvis(Qm,p) ·∆Sm,p (24)

where the key symbols are given by301
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1. Ξ (m) represents the set of general faces. For a mesh node, it is the302

geometric faces set Ξ(m) of control volume; for a meshfree point, that303

represents the point cloud set Ξ̃(m).304

2. Vm denotes the ”volume” of general volume. For a mesh node, it is305

volume Vm of control volume calculated by the geometric formula; for306

a meshfree point, ”volume” Ṽm of algebraic volume is constant 1.307

3. ∆Sm,p stands for the general face area vector. For a mesh node, it is308

the geometric face area vector ∆Sm,p of control volume; for a meshfree309

point, the algebraic area vector ∆S̃m,p is solved by the weighted least-310

squares method.311

Furthermore, it is found that:312

• All these space-related parameters Ξ , V , and ∆S of general volume313

(arbitrary mixing of control volume and algebraic volume) are the fun-314

damental information only calculated once in the pre-processor of flow315

solver. The mesh-based information is obtained by the geometric for-316

mula, whereas the meshfree point employs the weighted least-squares317

reconstruction.318

• All those physics-related parameters (Q, t, F(Q), and Fvis(Q)) and319

numerical schemes of spatial and temporal discretization are the same320

for both mesh nodes and meshfree points of the general mesh. There-321

fore, the numerical discretization is as unified and compact as a single322

type of mesh. The resulting major CFD code is general.323

• The proposed numerical scheme does not need to treat the interface324

between mesh node and meshfree point exhibited in Figure 1 (c). The325

general volume naturally includes both control volume and algebraic326

volume. Thus the general volume scheme solves both without requiring327

any interface treatment.328

Equation (24) is the general volume scheme of NS equations. In this329

general form, a point cloud becomes a special ”mesh element” of which the330

traditional geometric information of control volume, such as face area vectors,331

is reconstructed by the weighted least-squares solution. It inherently includes332

both finite volume and meshfree method. It solves both mesh and meshfree333

points by a unified scheme. Furthermore, the incredible benefit is interface-334

free such that the mesh and points can be mixed arbitrarily.335
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Therefore, both data structure and numerical scheme are336

as unified and compact as unstructured grid. The general337

mesh can be defined as a new type of mesh that is more338

geometrically flexible.339

For comparison, the hybrid grid/gridfree method needs to deal with the340

interface of grid zone and gridfree zone such that it is impossible to arbitrarily341

mix grid nodes and gridfree points like the general mesh method. Both data342

structure and numerical scheme are not unified and thus make the hybrid343

method complicated.344

3.3.1. Discretization of the Convective Fluxes345

Because of the characteristics of convection, the discretization scheme of346

convective fluxes affects the stability significantly. It is evaluated by347

F(Qm,p) ·∆Sm,p = Fc(QL
m,p,Q

R
m,p) ·∆Sm,p (25)

where QL
m,p and QR

m,p represent the flow values of left- and right-hand sides348

of the general face, respectively. Fc stands for the numerical discretization349

scheme for the convective fluxes, such as central schemes with artificial dis-350

sipation [10], flux-vector splitting schemes (Van Leer’s [34], AUSM [35]),351

flux-difference splitting schemes (Roe’s [36]), and so on.352

It can only reach the first order if we directly take the flow solution of353

each general volume. To achieve the second-order approximation, we have354

to reconstruct the left- and right-hand flow solutions at the centre of general355

face. Assume that the solution is piecewise linearly distributed in each gen-356

eral volume. For a flow variable q, the values of left- and right-hand sides357

are extrapolated by358 {
qLm,p = qm + φm[∇qm · (xm,p − xm)]

qRm,p = qn + φn[∇qn · (xm,p − xn)]
(26)

where xm,p is the coordinate vector of face centre. xm stands for the coor-359

dinate vector of the centroid of general volume m. Subscript n represents360

the p-th neighbor of general volume m. φ is the limiter function. Its value361

should tend to be 1 in the smooth region and 0 in the discontinuous re-362

gion. Two popular limiters are adopted: Barth & Jespersen limiter [37] and363

Venkatakrishnan limiter [38]. ∇q stands for the gradient of variable q. It is364
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obtained either by the Green-Gauss method or by the weighted least-squares365

reconstruction [39]. The former is solved by366

∇qm =

∑
p∈Ξ (m) qm,p ·∆Sm,p

Vm
(27)

3.3.2. Discretization of the Viscous Fluxes367

The viscous fluxes are solved by the central difference scheme. The spatial368

derivatives of velocity and temperature on the general face are calculated by369

the weighted average method. Since the flow gradient of each general volume370

has been obtained with the calculation of convective fluxes, it is natural to371

evaluate the face gradient by averaging.372

∇qm,p =
1

2
(∇qm +∇qn) (28)

where n represents the p-th neighbor of control volume m. As mentioned373

in [40], this stencil may introduce the decoupling of the solution on quadri-374

lateral or hexahedral cells. Here the weighted average method combines two375

parts of values: averaged part ∇qavm,p and corrected part δ∇qcorm,p376

∇qm,p = ∇qavm,p · t⊥
t⊥

‖t⊥‖2 + δ∇qcorm,p (29)

where t⊥ stands for the vector perpendicular to the direction of corrected377

part. According to the study [41], we can get Table 1, where nm,p represents378

the outward face direction. The parameters listed in the table do not mean379

that each row has a correspondence relationship. Any combination of the380

averaged part and corrected one is feasible.381

4. Implicit Time-Marching Method382

The semi-discrete form of Equation (24) can be written as follows:383

d(QmVm)

dt
= −R̄(Qm) = −[R(Qm)−Rvis(Qm)] (30)

where R̄ is the residual of NS equations. R and Rvis represent the inviscid384

and viscous terms, respectively. Implicit discretization of the equation yields385

Vm
∆Qk+1

m

∆t
= −R̄(Qk+1

m ) (31)
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where k is the time step. ∆t is the time step size. And ∆Qk+1
m = Qk+1

m −Qk
m.386

Since the residual value is implicit, it is linearized by387

R̄(Qk+1
m ) ≈ R̄(Qk

m) + Ak
m∆Qk+1

m (32)

where A is the Jacobian matrix, A = ∂R̄/∂Q.388 
Ak
m = Ainv,k

m + Avis,k
m

Ainv,k
m =

∑
p∈Ξ (m)

∂Fk
m,p

∂Q
·∆Sm,p

Avis,k
m =

∑
p∈Ξ (m)

∂Fvis,k
m,p

∂Q
·∆Sm,p

(33)

Thus Equation (31) is rewritten as follows:389

Vm
∆t

∆Qk+1
m +

∑
p∈Ξ (m)

Ak
m,p∆Qk+1

m,p = −R̄(Qk
m) (34)

After temporal linearization, the previous implicit right-hand residual term390

becomes explicitly solved now.391

4.1. Flux Splitting of the Inviscid Term392

The maximum eigenvalue splitting scheme [42] is utilized for the Jacobian393

matrix Ainv
m394 {

Ainv,+
m =

Ainv
m +Iβλinv

m,p

2

Ainv,−
m =

Ainv
m −Iβλinv

m,p

2

(35)

where I is a 5 × 5 identity matrix (4 × 4 for 2D). β stands for a relaxation395

factor. λinvm,p represents the largest eigenvalue of Jacobian matrix396

λinvm,p = |vm,p ·∆Sm,p|+ cm,p ‖∆Sm,p‖ (36)

where cm,p denotes the speed of sound on the face. Thus we get the splitting397

scheme as follows:398

Ainv,k
m,p ∆Qk+1

m,p ≈ Ainv,k,+
m,p ∆Qk+1

m + Ainv,k,−
m,p ∆Qk+1

n (37)

Substituting into Equation (34), we obtain399

Vm
∆t

∆Qk+1
m +

∑
p∈Ξ (m)

(
Ainv,k,+
m,p ∆Qk+1

m + Ainv,k,−
m,p ∆Qk+1

n

)
= −R̄(Qk

m) (38)
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or400 Vm
∆t

I +
∑

p∈Ξ (m)

Ainv,k,+
m,p

∆Qk+1
m +

∑
p∈Ξ (m)

Ainv,k,−
m,p ∆Qk+1

n = −R̄(Qk
m) (39)

If the Jacobian matrix Ainv
m,p is calculated by the first-order precision, we have401 Vm

∆t
+
β

2

∑
p∈Ξ (m)

λinvm,p

∆Qk+1
m +

∑
p∈Ξ (m)

Ainv,k,−
m,p ∆Qk+1

n = −R̄
(
Qk
m

)
(40)

This equation is solved by multiple symmetric Gauss-Seidel iterations. Each402

iteration is operated as a pair of sweeps: one forward and one backward.403

4.2. Treatment of the Viscous Term404

The Jacobian matrix of the viscous term is relatively complex and difficult405

to solve accurately. In general, the viscous term has less influence on the406

convergence and stability of the simulation than the convection term. So407

only the effect of viscosity on the maximum eigenvalue is considered here408

λvism =

[
max

(
4

3ρm
,
γ

ρm

)](
µm
Pr

+
µt,m
Prt

)
(∆Sxm)2 + (∆Sym)2 + (∆Szm)2

Vm
(41)

where409 
∆Sxm = 1

2

∑
p∈Ξ (m) |∆Sx,m,p|

∆Sym = 1
2

∑
p∈Ξ (m) |∆Sy,m,p|

∆Szm = 1
2

∑
p∈Ξ (m) |∆Sz,m,p|

(42)

5. Results and Discussion410

The general mesh method is implemented in the in-house code GCfd [25]411

that originates from the cell-centred finite volume method and then is ex-412

tended to the gridfree method. First of all, it is verified and validated by413

the low-speed and transonic flows. The interface-free mixing of mesh and414

points is emphasized. And then, it is applied to improve the convergence of415

simulation. The low-quality elements are converted into points to improve416

the quality.417
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5.1. Verification and Validation418

The general mesh method is investigated by different mixing ideas of419

mesh nodes and meshfree points. A wing with a cross section of NACA0012420

airfoil and one-chord span is employed to comprehensively verify the proposed421

method. Two typical high-Reynolds number flows, namely, low speed and422

transonic, are simulated. The flow conditions of low speed are at Mach423

number (Ma) of 0.15, angle of attack (α) of 0◦, and Reynolds number (Re)424

of 6× 106. For the transonic flow, Mach number (Ma) is 0.775; the angle of425

attack (α) is 2.05◦; and Reynolds number (Re) is 107. The Roe’s scheme [36]426

is adopted for the simulation of low-speed flow, whereas AUSM [35] for the427

transonic flow solution. The Venkatakrishnan limiter [38] is applied in the428

simulations.429

The basic grid is 225×65 from NASA website [43]. It is extruded to gen-430

erate the 3D grid with 4 layers. The different general meshes are generated431

by converting part of mesh nodes into meshfree points for consistency com-432

parisons. Two types of mesh/meshfree unifying idea, namely, zonal meshing433

and fusion meshing, are utilized to obtain the general meshes. The former434

includes mesh zone and point zone such that the same type of mesh can con-435

nect well in the respective zones. The interface of two zones is emphasized436

in the investigation. The latter converts a certain percentage of mesh nodes437

into meshfree points. The mesh nodes and meshfree points are sufficiently438

mixed. The interface appears everywhere in order to further investigate the439

interface-free feature of general volume method. Each meshfree point cloud440

collects all the nodes which share the same mesh element with the particular441

point.442

5.1.1. Compared to Traditional Schemes443

The general volume scheme is verified in this section. Its results should444

be close to those of finite volume scheme when only mesh is used. Similarly,445

the results should be close to those of gridfree method when only points are446

utilized. The traditional grid is shown in Figure 2 (a) and gridfree points are447

exhibited in Figure 2 (b). The latter is converted from the grid nodes in order448

to keep consistent. The solutions obtained by the grid-based finite volume449

method are compared with those by general mesh method with 100% mesh450

and 0% points. Similarly, the solutions of gridfree method are compared with451

those of general mesh method with pure meshfree points.452

Figures 3 and 4 show the convergence history of maximum and average453

residuals for the low speed and transonic flow simulations, respectively. The454
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residual of the energy equation is compared. The finite volume results are455

based on the traditional vertex-based finite volume method. AV gridfree456

method represents the algebraic-volume gridfree method [25]. The corre-457

sponding general mesh method with pure mesh or points utilizes dashed458

curves. The flowfield is uniformly initialized by the farfield settings for all459

simulations. All methods converge well for both low speed and transonic460

high-Reynolds number flows. For both flow simulations, the convergence his-461

tory of general volume scheme with pure mesh is quite close to that of finite462

volume scheme. And it is close to that of AV gridfree method when only463

points are employed by the general mesh method. The slight difference of464

residuals is reasonable because of a slight difference in boundary treatment.465

Figures 5 and 6 exhibit the non-dimensional pressure solved by different466

methods for low-speed and transonic flows, respectively. The same scales of467

contour are applied in all the images of which use the same flow condition.468

The pressure contour shows almost the same results for both finite volume469

method and general mesh method with 100% mesh in the respective low-470

speed and transonic flows. The contour lines and shock wave width look the471

same between two numerical methods. Meanwhile, the pressure contour is472

also nearly the same for AV gridfree method and general mesh method with473

pure points in the respective flows.474

A detailed comparison is demonstrated in Figure 7. The surface pres-475

sure coefficients obtained by different numerical methods are compared. The476

results of general mesh with pure mesh (dashed curve) and finite volume477

method (solid curve) almost coincide for each flow condition. Those of gen-478

eral mesh with pure points (dashed curve) and gridfree method (solid curve)479

perform the excellent agreement as well.480

The results evidently verify that the proposed general mesh method achieves481

good consistency with the respective finite volume and gridfree methods. The482

numerical solutions are in good agreement between two relevant counterparts.483

5.1.2. Zonal General Meshing484

The zonal general mesh is demonstrated in Figures 8. The inner zone is485

defined by a rectangle of [x ∈ (−0.15, 1.15), y ∈ (−0.15, 0.15)]. The mesh486

nodes outside the rectangle are converted into points for the general mesh487

of inner mesh zone and outer point zone shown in Figure 8 (a). Similarly,488

the mesh nodes inside the rectangle are converted into points for the general489

mesh of outer mesh zone and inner point zone exhibited in Figure 8 (b).490

There exists a clear interface between two zones. Therefore, this section is491
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employed to investigate the feature of solved flow across the interface.492

Figures 9 and 10 show the convergence history of maximum and average493

residuals for the low speed and transonic flows, respectively. In the figure,494

”inner mesh & outer point” denotes that the inner zone is decomposed by495

mesh and the outer by meshfree points. ”inner point & outer mesh” indicates496

that the inner zone is decomposed by meshfree points and the outer by497

mesh. The flowfield is uniformly initialized by the farfield settings. All498

methods show good convergence for both low-speed and transonic flows. The499

convergence history of general volume scheme is quite close to each other for500

both zonal general meshes. It is similar to that of the finite volume scheme501

and slightly better than that of the gridfree method. The results indicate502

that the discontinuous shock wave does not affect the convergence of zonal503

general mesh even if there exists an interface between two types of mesh.504

Figures 11 and 12 present the solved non-dimensional pressure of the low505

speed and transonic flows, respectively. The results obtained by two general506

meshes look quite close and are very similar to those of finite volume and507

gridfree methods. Meanwhile, it is found that the pressure contour lines508

(depicted by black colour) across the irregular interface (shown in the red509

curve) between mesh zone and point zone are continuous. The close-up of510

the shock wave and relevant nodes/points is exhibited in the right top box511

of each sub-figure for transonic flow shown in Figure 12. The shock waves of512

both zonal meshing strategies are solved incredibly well across the interface513

of two zones by the interface-free general volume scheme. No oscillation is514

found on the contour lines.515

The comparison of surface pressure coefficients obtained by different meth-516

ods is demonstrated in Figure 13. The results are in good agreement with517

the measurement for the low-speed flow exhibited in Figure 13 (a). The com-518

putational surface pressure data coincide with each other. In order to show519

the resolution of computational results, the meshfree points that also repre-520

sent the distribution of mesh nodes for the respective methods are depicted as521

purple dots along the curve of gridfree method in Figure 13 (b). The compar-522

isons indicate that the shock wave is accurately captured within two nodes or523

points without any oscillation. The solutions obtained by both zonal meshes524

agree well with experimental data. They are very close to those solved by525

the finite volume method and better than those by the gridfree method.526

The comparisons indicate that the general mesh method with zonal mix-527

ing of mesh and points achieves the comparable accuracy and convergence528

speed with the finite volume method and performs better than the gridfree529
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method. Moreover, it does not require any treatment for the interface of two530

zones.531

5.1.3. Fusion General Meshing532

The zonal meshing treats the flow domain as two separate mesh/points533

zones. The results indicate that the general volume method successfully534

solves the interface between mesh zone and point zone without any oscilla-535

tions. Thus the test cases go further in this section. The general mesh is536

generated by the fusion mixing of mesh nodes and meshfree points such that537

they are sufficiently mixed together. The fusion general mesh is shown in538

Figure 14. The mesh nodes are converted into meshfree points through the539

value of node ID. For example, in the fusion meshing of 50% mesh nodes540

and 50% meshfree points shown in Figure 14 (b), the mesh nodes with odd541

IDs remain mesh connectivity, whereas those with even IDs are converted542

into meshfree points. The interface between mesh and point is not regular543

and appears everywhere. Therefore, the mesh nodes and meshfree points are544

arbitrarily mixed in this fusion meshing strategy.545

For the critical fusion of 50% mixing depicted in Figure 14 (b), the mesh546

nodes and meshfree points are connected with each other everywhere. Each547

node is surrounded by points and each point is surrounded by nodes (shown548

in the close-up of Figure 14 (b)). This particular meshing idea is employed to549

comprehensively demonstrate the extreme situation of general mesh and to550

intensively investigate the ability of the general volume scheme which solves551

the mesh node and meshfree point without any interface treatment. It should552

be noted that the number of points is only a small proportion of general mesh553

in most of the applications. Namely, situations such as Figures 14 (c) and554

(d) are more commonplace. On the contrary, the mixing of 1% mesh nodes555

and 99% meshfree points shown in Figure 14 (a) is only used to investigate556

the consistency of general volume method.557

The comparison of convergence histories of different methods is shown558

in Figures 15 and 16 for the low speed and transonic flows, respectively.559

Both the maximum and average residuals converge well for all four gen-560

eral meshes. They exhibit similar convergence speed as the traditional fi-561

nite volume method. The convergence is slightly better than that of the562

algebraic-volume gridfree method if only a small proportion of mesh nodes563

are converted into points. Figures 17 and 18 show the comparisons of non-564

dimensional pressure contour. Each tiny red dot represents a meshfree point565

that is converted from a mesh node. The solved flowfields are close to those566
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of the gridfree method shown before when the percentage of meshfree points567

is high. The flowfields are close to those of the finite volume method shown568

before when the percentage of meshfree points becomes low. The black con-569

tour lines are remarkably continuous even for the discontinuous flow such as570

the shock wave. The critical investigation — 50% fusion mixing — impres-571

sively demonstrates the interface-free feature of general mesh method which572

naturally solves two types of mesh together via the general volume method.573

Figure 19 compares the surface pressure coefficients obtained by differ-574

ent general meshes. The results of general meshes agree well with those of575

experiment, finite volume method, and gridfree method. For the low-speed576

flow shown in Figure 19 (a), the computational data agree remarkably well577

with each other and with experimental result as well. For the transonic flow578

exhibited in Figure 19 (b), the purple dots represent the meshfree points or579

mesh nodes on the airfoil surface. The result of 1% nodes and 99% points is580

close to that of the gridfree method. It becomes closer to that of the finite581

volume method when the proportion of points decreases.582

The comparisons indicate that the gridfree method is less accurate than583

the grid-based finite volume method. The results obtained by the general584

mesh method show good consistency. Moreover, it automatically solves the585

interface of mesh node and meshfree point. The obtained flow is accurate586

and oscillation is not observed.587

5.2. Application to Improve the Simulation588

It is difficult to generate a mesh of which each element can be guaranteed589

to achieve high quality. Those low-quality elements directly affect the con-590

vergence and accuracy of simulations. After a mesh is obtained, its quality591

is assessed and the nodes of low-quality elements are converted into mesh-592

free points. Here is an example which utilizes the general mesh method to593

improve the convergence of simulation.594

The configuration of HIgh REynolds Number AeroStructural Dynamics595

(HIRENASD) Project [44] is investigated. The sweptback angle of wing596

is 34◦, and the BAC3-11 airfoil is utilized in any sections. The wingspan597

is 1.28857m, reference length 0.3445m, and reference area 0.3926m2. The598

farfield of computational domain is one hundred times of reference length.599

The unstructured grid with high-aspect ratio prism is provided by the official600

website.601

The mesh is exhibited in Figure 20. The total number of grid elements is602

8 million, and the number of grid nodes 3 million. As shown in Figures 20 (c)603
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and (d), the grid is refined at the leading edge, trailing edge, and wing tip,604

etc. The results of this original grid solved by the traditional finite volume605

method are compared to those obtained by the general mesh method which606

converts the low-quality elements into meshfree points (shown in Figure 20607

(f)). The total number of meshfree points is around 3000 which is 0.1%608

of the entire general mesh. The image of converted points indicates that609

the mesh quality is difficult to improve at the leading edge, trailing edge,610

wing/fuselage junction, and wing tip even if it is a relatively simple config-611

uration. It usually requires mesh refinement in these high-curvature regions612

to better represent the geometry. Consequently, it becomes a challenge for613

the transition of volume mesh between these refined regions and the others.614

This fact also indicates that the general mesh has great potential to improve615

the simulations.616

The comparison of convergence histories of both methods is shown in617

Figure 21. The abbreviation ”Max.” and ”Av.” stand for the maximum618

and average residuals of the energy equation, respectively. ”Cl” and ”Cd”619

represent the lift and drag coefficients, respectively. The freestream Mach620

number (Ma) is 0.8 and the reference length based Reynolds number (Re)621

is 7 × 106. The angle of attack (α) is 1.5◦. Courant-Friedrichs-Lewy (CFL)622

number is 1 for both methods. The flow is uniformly initialized by the623

freestream condition. SA turbulence model is utilized in simulation. In the624

beginning, the residual convergence histories of both finite volume and gen-625

eral mesh methods are similar. Henceforth their difference becomes evident.626

Both the maximum and average residuals of the traditional finite volume627

method based on the original unstructured grid do not converge well due to628

the influence of low-quality elements. On the contrary, those of the general629

mesh method converge much better. From the comparison of Figure 21 (b),630

the convergence of aerodynamic force shows similar performance for both631

methods.632

The flowfield solved by the general mesh method is exhibited in Figure 22.633

The pressure contour on the boundary is compared in Figure 22 (a) where ”P”634

represents the non-dimensional pressure. The weak shock wave can be found635

on the top of supercritical wing. A slice of flowfield is shown in Figure 22 (b)636

where ”Ma” stands for the Mach number. The shock wave can be found near637

the upper surface. The boundary layer is also clearly demonstrated. A close-638

up shown on the right top side of Figure 22 (b) compares the obtained shock639

wave with the scale of mesh cells. The width of shock is sharply captured640

within two cells.641
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Figure 23 shows the comparison of surface pressure coefficients on differ-642

ent spanwise stations. ”C” represents the local chord. The results obtained643

by the finite volume and general mesh methods are in quite good agreement.644

They almost coincide on all the spanwise stations. The comparison indicates645

that the mesh quality is not too bad to affect the surface pressure obtained646

by the finite volume method because the geometry is relatively easy for mesh647

generation.648

6. Conclusions649

The general mesh method is proposed. It includes all three existing types650

of mesh and the arbitrary mixing of mesh and points. The mesh nodes651

and meshfree points are naturally solved by a unified numerical method —652

general volume scheme. The general mesh method has the respective advan-653

tages of physical accuracy of mesh and geometric flexibility of points. The654

numerical method is as unified and compact as the unstructured grid, but655

the meshing published separately becomes much more flexible. The meshing656

is as automated and flexible as the gridfree method, whereas the numerical657

solution becomes more accurate and robust. The general mesh method is658

well validated and the results show good agreement with experimental data.659

The impressive results obtained by the fusion mixing of mesh and points660

demonstrate the great potential of this interface-free scheme.661

Both low-speed and transonic high-Reynolds number flows of a wing with662

a cross section of NACA0012 airfoil are employed to investigate the general663

volume method. Both zonal and fusion general meshing strategies are utilized664

to convert part of mesh nodes into meshfree points. All the simulations665

show quite good convergence and accuracy. The interface-free benefit of666

general volume scheme is well demonstrated. Moreover, the comparisons667

indicate that both convergence and accuracy of the general mesh method668

are comparable to those of the traditional finite volume method and perform669

better than those of the gridfree method if only a small percentage of mesh670

nodes are converted into meshfree points.671

The low mesh quality elements significantly affect the convergence of sim-672

ulations. And it is difficult to generate a mesh of which each element achieves673

high quality. The general mesh method demonstrates the potential to im-674

prove the convergence of simulation in the case of HIRENASD which has675

a relatively simple geometry. The general mesh is generated by converting676

the nodes of low-quality elements into meshfree points. The finite volume677
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method based on the unstructured grid can not converge well, whereas the678

proposed general mesh method exhibits much better performance.679
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    a) Geometric control volume (solid blue lines)                 b) Algebraic volume (dashed blue lines) of point 

 

c) Schematic of the interface-free general volume method with control volume and algebraic volume 

Figure 1  2D examples of general volume for mesh and point 

 

 

Table 1  Values of averaged part and corrected part 
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a) Traditional grid with geometric elements 

   

b) Gridfree points without geometric connectivity 

Figure 2  Grid elements and gridfree points for a NACA0012 airfoil 

 

   

                a) Maximum residual                                   b) Average residual 

Figure 3  Convergence history of residuals, Ma=0.15, α=0o, Re=6×106 
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                 a) Maximum residual                                  b) Average residual 

Figure 4  Convergence history of residuals, Ma=0.775, α=2.05o, Re=107 

 

   

              a) Finite volume method                                b) AV gridfree method 

   

  c) General mesh method with 100% mesh & 0% point        d) General mesh method with 0% mesh & 100% point 

Figure 5  Comparison of the obtained flowfields, Ma=0.15, α=0o, Re=6×106 
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              a) Finite volume method                                b) AV gridfree method 

   

  c) General mesh method with 100% mesh & 0% point        d) General mesh method with 0% mesh & 100% point 

Figure 6  Comparison of the solved flowfields, Ma=0.775, α=2.05o, Re=107 

 

   

            a) Ma=0.15, α=0o, Re=6×106                           b) Ma=0.775, α=2.05o, Re=107 

Figure 7  Comparison of surface pressure coefficients obtained by different methods 
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a) Zonal general mesh with inner mesh zone & outer point zone 

 

b) Zonal general mesh with inner point zone & outer mesh zone 

Figure 8  Two zonal meshing methods for a NACA0012 airfoil 

 

   

                a) Maximum residual                                   b) Average residual 

Figure 9  Convergence history of residuals, Ma=0.15, α=0o, Re=6×106 
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                 a) Maximum residual                                  b) Average residual 

Figure 10  Convergence history of residuals, Ma=0.775, α=2.05o, Re=107 

 

 

   

              a) Finite volume method                                b) AV gridfree method 

   

  c) General mesh method with inner mesh & outer point       d) General mesh method with inner point & outer mesh 

Figure 11  Comparison of the obtained flowfields, Ma=0.15, α=0o, Re=6×106 
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              a) Finite volume method                                b) AV gridfree method 

   

  c) General mesh method with inner mesh & outer point       d) General mesh method with inner point & outer mesh 

Figure 12  Comparison of the solved flowfields, Ma=0.775, α=2.05o, Re=107 

 

 

 

   

            a) Ma=0.15, α=0o, Re=6×106                           b) Ma=0.775, α=2.05o, Re=107 

Figure 13  Comparison of surface pressure coefficients obtained by different methods 
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a) Fusion general mesh with 1% mesh & 99% point 

 

b) Fusion general mesh with 50% mesh & 50% point 

 

c) Fusion general mesh with 99% mesh & 1% point 

 

d) Fusion general mesh with 99.9% mesh & 0.1% point 

Figure 14  Different fusion general meshing methods for a NACA0012 airfoil 
37



 

 

   

                 a) Maximum residual                                   b) Average residual 

Figure 15  Convergence history of residuals, Ma=0.15, α=0o, Re=6×106 

 

 

   

                a) Maximum residual                                   b) Average residual 

Figure 16  Convergence history of residuals, Ma=0.775, α=2.05o, Re=107 
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              a) 1% mesh and 99% point                            b) 50% mesh and 50% point 

     

             c) 99% mesh and 1% point                           c) 99.9% mesh and 0.1% point 

Figure 17  Comparison of flowfields obtained by general meshes, Ma=0.15, α=0o, Re=6×106 

     

             a) 1% mesh and 99% point                            b) 50% mesh and 50% point 

     

             b) 99% mesh and 1% point                           c) 99.9% mesh and 0.1% point 

Figure 18  Comparison of flowfields obtained by general meshes, Ma=0.775, α=2.05o, Re=107 
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               a) Ma=0.15, α=0o, Re=6×106                         b) Ma=0.775, α=2.05o, Re=107 

Figure 19  Comparison of surface pressure coefficients obtained by different methods 
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              a) Computational domain                                 b) Surface grid 

     

          c) Close-up of wing/body junction                            d) Close of wing tip grid 

     

 e) Volume mesh with prismatic boundary layer elements          f) Mesh nodes (red) converted into meshfree points 

Figure 20  General mesh applied to improve the mesh quality for HIRENASD 
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                      a) Residual                                  b) Aerodynamic force 

Figure 21  Comparison of convergence histories for transonic flow, Ma=0.8, α=1.5o, Re=7×106 

 

 

 

 

 

   

           a) Nondimensional surface pressure                     b) Slice of flowfield (Mach number) 

Figure 22  Flowfield with shock wave and boundary layer obtained by general mesh method, 
Ma=0.8, α=1.5o, Re=7×106 
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                        a) 20%                                             b) 37% 

     

                        c) 49%                                             d) 68% 

     

                        e) 82%                                             f) 96% 

Figure 23  Comparison of pressure coefficient at different stations (normalized by local chord) 
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