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Computing the Hilbert transform and its inverse
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Abstract We construct a new method for approximating Hilbert transforms
and their inverse throughout the complex plane. Both problems can be
formulated as Riemann—Hilbert problems via Plemelj’s lemma. Using this
framework, we re-derive existing approaches for computing Hilbert trans-
forms over the real line and unit interval, with the added benefit that we can
compute the Hilbert transform in the complex plane. We then demonstrate
the power of this approach by generalizing to the half line. Combining two
half lines, we can compute the Hilbert transform of a more general class of
functions on the real line than is possible with existing methods.

Keywords Cauchy principal value integrals, Hilbert transform, Riemann—
Hilbert problems, singular integral equations, quadrature.

Oxford University Mathematical Institute
Numerical Analysis Group

24-29 St Giles’
Oxford, England OX1 3LB

E-mail: Sheehan.0Olver@sjc.ox.ac.uk November, 2009



1. Introduction

We consider the computation of the Hilbert transform

1 f()
Hrf(z) = —f 2, 1.1
rf(z) iy (1.1)
where I' is an oriented curve in the extended complex plane C, f : I' — C satisfies a Holder
condition and z € C, including the possibility of z lying on I' itself. We also consider the
inverse problem, i.e., finding a continuous function u : I' — C which satisfies

Hru(z) = f(z) for zel, (1.2)
or in other words, computing Hp ! f. In particular, we consider the case where I' is one of
the following domains (using T = [—m, 7) to denote the periodic interval):

unit circle U =¢l = {z:]z| =1},
real line R = (—o00,00),

unit interval I =(-1,1),

half line RT = (0,00).

We use the notation H when I' is clear from context.

There are many applications for the computation of (1.1) and (1.2), including computing
the analytic signal [11] and the Benjamin—Ono equation [5,20]. Our interest stems from
the numerical solution of gravity waves and the computation of solutions to matrix-valued
Riemann—Hilbert problems. Gravity wave flow over a step satisfies the equation [7]

1. t+0D
log q(t) = 3 logm — HR+6,

eq(t)’tq (t) = sin O(t).

The principal value integral in the Hilbert transform means that the solution to this equation
is global: we cannot time-step as in an ODE. If we attempt to solve this equation using an

iterative scheme, we invariably need to either compute H6 to determine ¢ from 6, or compute

t+b

1o to determine 6 from g.

Hlogq — % log

Matrix-valued Riemann-Hilbert problems can be used to solve nonlinear ordinary and
partial differential equations such as the nonlinear Schrodinger equation, the KdV equation
and Painlevé equations [9,10]. Such formulations have been used with great success to
determine the asymptotics of solutions, but, to the best of this author’s knowledge, have not
been used to compute solutions numerically. In Section 7 we describe a possible approach in
which the results of this paper can be utilized for computing the solutions to matrix-valued
Riemann—Hilbert problems, and hence to the solution of the associated nonlinear differential
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equations. To accomplish this, we need to compute not the Hilbert transform itself, but its
limit as z approaches I' from the left or right.

There are several existing methods for computing H f, with a recent review found in
[14]. The simplest method is to subtract out the singularity:

LI g [FOZTE) gy f

t— 2z t— =z

dt. (1.3)

The singularity in the first integral is now removable, hence — ignoring round-off error caused
by the removable singularity — it can be computed effectively using a standard quadrature
technique. The latter integral, on the other hand, is typically known in closed form. In
particular [16]:

| 11—z
——dt=1 fi I 14
][—1t—:v 11y O TED (14)
© 1
7[ ——dt = for yeR, (1.5)
oot—y

1
][U dt=ir for ze€U.

(We use the convention that = € I, y € R and z € U, and for functions, f : 1 — C,r: R — C
and g : U — C. When T is a general curve, we use z as the variable and f as the function.)
If Gaussian quadrature is used, each value of z for which we wish to evaluate the Hilbert

transform costs (’)(nz) operations [21]. Thus if we wish to compute the Hilbert transform

for n points in I', the total cost is O(n3>. On the other hand, for I' equal to R or U, the
method we develop takes only O(nlogn) operations to compute the solution at n points,
which is a considerable improvement. At each additional point, including z throughout the
complex plane, only an additional O(n) operations is required. On the unit interval we could
replace Gaussian quadrature with Clenshaw—Curtis quadrature [8] in (1.3), for a total cost of

O(n2 log n) operations. However, this still suffers from issues with removable singularities,

as well as issues with evaluation for x near the endpoints of 1 where the Hilbert transform
blows up.
Over the real line, the problem can be solved using the FFT by expanding f in terms of
the eigenfunctions of Hp, i.e., writing
e (1+iy)*

ry) = > CkW,

k=—o00

and applying the formulae

(1+iy)k
R iy

(1 +iy)k

H (1 _ iy)kJrl

= —isgnk for k # 0,
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1 = —isgn 1, . [23] (1~6)

H
Rl—iy 1 —1y

Similarly, on the interval I the formula
Hp—= = —Ui1 [14] (1.7)

can be utilized to compute Hf (by expanding f(x)v1 — x2 into Chebyshev T}, series) or
H~'f (by expanding f into Chebyshev U}, series). To compute Hyf efficiently for smooth
f, the formula

1 1+2z
HyTy(z) = ;Tk(e’lf) 10g(1

L
s i ““Z . (18)
o (2j4+1—2v '

can be used, where ¢, are defined so that

[k/2] o
Tp(z) = Y cpja™ 7,
§=0
or, equivalently,
coj =1,
2k=20=1 (1) k(k — j — 1)!
Chj = (=1)7k(k — ] ) k=1,2,.... [14]

(k= 25)! 7
Equations (1.6) and (1.7) can also be applied to compute the Hilbert transform globally
in O(nlogn) time and (1.8) in O<n3) time. Our approach is in some sense equivalent to
(1.6) throughout the complex plane, and (1.7) and (1.8) on I itself, though our version of
(1.8) requires only O(nlogn) operations at a single point and (’)(n2) operations globally.
Furthermore, the known expansion in terms of Chebyshev polynomials cannot be used for
x off the interval, whereas our approach can be used throughout the complex plane in a
numerically stable manner. Moreover, the additional terms in our equivalent to (1.8) can
be written in terms of Chebyshev series, not power series, making the method numerically
stable.

In the following section, we setup the computation of H in terms of the solution of a
Riemann—Hilbert problem. In Section 3 we construct our method for the circle, and describe
the rate of convergence, which is based on the standard FFT convergence theory. In Section 4
we construct the method for the real axis by mapping it to the circle. In Section 5 we use
the Chebyshev map to solve the Riemann-Hilbert problem on the interval. We can then

compute the semi-infinite Hilbert transform by mapping the half line to the interval. We
can combine the computation of two half lines to compute the Hilbert transform over the
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real line efficiently, even when the behaviour at +oo differ. This is unlike the method of
Section 4 and [23], which requires that the function has the same asymptotic series at both
+00 and —oo0.

2. Riemann—Hilbert problems and the Plemelj Lemma
To construct our method, we rewrite it as a Riemann—Hilbert problem.

Definition 2.1 Given a piecewise smooth oriented curve in the complex plane I' and z € '
not at any endpoint or discontinuity of I'; ®T(¢) is the limit of ®(p) as p — z with p lying
on the left of I'. Likewise, ®~(2) is the limit of y(p) as p — z with p lying on the right of I".
See [16] for a more detailed definition.

Problem 2.2 Suppose we are given a piecewise smooth oriented curve in the complex plane
I and b, f : I' — C which satisfy a Holder condition. Find a function ® which is analytic in
C\I" such that

O (2) +b(2)® (2) = f(2) for  zel and  ®(oc0) =0.

We use ®(00) to denote the limit ®(z) as 2z — oo from any direction, assuming it exists.
Likewise, when f is defined only on I' containing oo, we use f(oc) to denote the limit as
z — oo from any direction along I'.

In our case, b(x) will be either 1 or —1. The following theorem follows from Plemelj’s

lemma:

Theorem 2.3 [16] Let ' be a piecewise smooth oriented curve in the complex plane and
f:T'— C a function which satisfies a Holder condition. The function

B(z) = () = 5 |. 10 g

C2irJrt—z

is analytic in C\I' and satisfies ®(c0) = 0. Let z € I' such that z is not an endpoint or
discontinuity of I'. Then

and
O (2) + & (2) = —iHf(2).

The solution to the Riemann—Hilbert problem
T —d  =f and  P(c0) =0 (2.1)

is unique [16], hence solving this problem allows us to compute the Hilbert transform of f.

The solution to
T+ O = f and P(c0) =0 (2.2)
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is unique on closed curves (such as U and R), but not necessarily on open curves (such as I
and R™) without additional conditions imposed. However, if ® is a solution to (2.2), then it
has the property that the Hilbert transform of ®* — &~ is equal to f [16]. If T' = I, then we
can determine ® uniquely if we impose that it must be bounded at either +1. If the zeroth

Chebyshev coefficient of f is zero, then ® can ber uniquely determined by imposing that it
must be bounded at both +1.

Definition 2.4 We define Prf as the equivalency class of solutions to (2.2) and Mrf as
the solution to equation (2.1), namely

1
Mrf = gHrf :
i
When I is clear from context, we use P and M. We also use the notation
PEf=PfHr and MEf=(MfHE

In other words, computing M f allows us to compute the Hilbert transform of f through-
out the complex plane off I', and computing M* f allows us to compute the Hilbert transform
on I itself. Likewise, computing P* f allows us to compute H~'f on I'. Thus our primarily
goal is the computation of Pf, PXf, Mf and M*f.

When I' is a simple closed curve — such as the unit circle or real axis — we can regard
®* and &~ as independent analytic functions in the interior and exterior of the curve, see
Figure 1. Thus if ®* — &~ = f then ®* + (—=®~) = f. It follows that

Hlf=0T —(—07)=d" + &~ = —iHf.

Thus we can compute one from the other. This formula is equivalent to the well-known
identity

This is no longer the case when I' is either not closed or not simple.

There are existing methods for solving Riemann—Hilbert problems. One approach is
based on rewriting the Riemann-Hilbert problem as a principal value integral or singular
integral equation [17]. In our case, such an approach would return us to our original prob-
lem, hence is not useful. Another approach is the conjugation method [22], for solving a
Riemann-Hilbert problem of the form a(z)®*(z) + b(2)®~(z) = f(2) on closed curves. Our
approach is related to the conjugation method, however, since our Riemann—Hilbert prob-
lem has constant a and b, it is significantly simpler. Furthermore, unlike our approach, the
conjugation method has not been generalized to open curves such as the unit interval I.

3. The unit circle



Figure 1: Riemann—Hilbert problem on the circle.

We use the standard, counter-clockwise orientation for the unit circle, cf. Figure 1.
Consider a function g : U — C such that it is C'[U] and its first derivative has bounded
variation. Then its Fourier coefficients converge absolutely, and we can express ¢g in terms
of its Fourier series:

oo
g(ela) = > grelt? for 0eT.
k=—o00
Alternatively, we can express g in terms of its Laurent series:
- k
g(z)= > az".
k=—o00

If g is analytic in an annulus
1
Ap:{z:<|z|<p},
p

then this series is guaranteed to converge in A,. Otherwise, it will only converge on U. On
the other hand,

00 -1
gr=> 92" and g = Y g2t
k=0 k=—o00
are analytic in the interior and exterior of the unit disk, respectively, with ¢ = g+ + g— on

U. Therefore, we obtain:

Theorem 3.1 Suppose g : U — C is C![U] and its first derivative has bounded variation.
Then

Pae) = {570} I

1 for
—1 for

<1
>1 "

<1
> 1

z
z

z
z

and My(z) =Pg(z) {

In other words computing the Fourier series allows us to compute the solution to either
Riemann—Hilbert problem on the unit circle.



Computation of the Fourier series can be accomplished efficiently using the FFT. Denote
n evenly spaced points in T as

2 2 \'
0, = (—71',—71'4—77,...,7?— 7r>
n n
and n evenly spaced points in U as
T i w(2-1) | on(-2))
zZn = (21,...,2n) :elnz<—1,e17T n ) e n) )

The sample vector of g at the points z, is g = g(z,). Let

g = (0" \njapr- 286> Olnr1yj211)
so that

D21
gre
k=—|n/2]

takes the values g at t,,. Then

D2t
gn('z) = Z QI?Z

k=—[n/2]

interpolates g at z,: gn(zn) = g. The vector g can be written in terms of the trapezium
rule, or computed with O(nlogn) operations using the FFT.

We will express this transformation as an operator applied to g:

Definition 3.2 We denote the Laurent polynomial which takes the data g at the points z,
as

— (Z—LN/QJ,‘ ZL(nJrl)/?J—l)g - 3 gpat

ey

The nonnegative and negative components are denoted

. [(n+1)/2]-1 i - ~1 .
er(2) g= > gz"  and e (2) g= ) g
k=0 k="1n/2
We also will use g, = ey (z,) g and g = e_(z,)"g for the values these functions take

at z,. Both of these can be computed with O(nlogn) operations by applying the FFT to
compute g, dropping the non-negative/positive entries and applying the inverse FFT.
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The notation e(z) is chosen to emphasize that e(z;) g = ekTg, k=1,...,n. In practice,

e+ (z) can be evaluated efficiently and in a stable manner [12] using the barycentric formula

[6]:

n 2k T
T 2k=1 7z, €k 9+

er(z)'g= S A for z¢ z,,
=1 z2—z;

1

where e, is the kth basis vector of C". The function 3 maps a series in inverse polynomials to

a series in polynomials, and the values of the series at z,, to the values at 2z, = (21, 2, . . ., 22).
Applying this map and then the barycentric formula, we obtain

)T Z_flle

T n 2k T
€19- + Dk=2 ;=T €y k129

Zn Pk
k=1 %=1 —Zk

for z ¢ z,.

Replacing ¢ by its approximation e(z)'g, we can solve the Riemann-Hilbert problem
exactly:

Definition 3.3 We define approximate solutions to Pg and Mg as

e (2)'g for|z| <1

d
e (2)'g for|z| >1 ol

Paale) = Pe(:) g - {

Mag() = Pagls) { L o0

z

<1
zl>1"

For z € U, we obtain
Prg(z) =ex(z) 'g=e(z) g« and M;g(z) = +es(z) g = *e(z) g
Let u = lim,, o Ppg. From classical Fourier analysis, we know that
utuT = lim [Plg+Prg] = lim g, =g

Furthermore,
[(n+1)/2]-1
Png = Z ggzk
k=0
must converge to an analytic function inside the unit circle. Similarly, P, g converges to an
analytic function outside the unit circle. By uniqueness, we thus obtain Pg = u. For z € U,
we thus obtain the following approximations:

—iHg =iH g~ e(2) (g+ —g-).

By utilizing results for the convergence rate of Fourier series’, we find that the conver-
gence rate of the approximation depends on the smoothness of g:

8



e If g € C?[U] such that the pth derivative of g has bounded variation, then the rate of

convergence is algebraic, on the order of (’)(np“);

e If g € C*°[U], then the rate of convergence is superalgebraic;

e If g is analytic in an annulus A,, then the rate of convergence is geometric, on the order
of O (e_p”) ;

e If g is analytic everywhere, except the possible exceptions of zero and oo, then the rate
of convergence is supergeometric.

4. The real line

We now consider the computation of Mpr, where r(£o00) = 0. The Mobius transfor-
mation
1=z

R =
() =i

conformally maps the unit circle onto the real line with the interior of the circle mapped to
the upper half plane and the exterior mapped to the lower half plane. We can then project
7 onto the unit circle as g(z) = r(R(z)). Computing My;g and Pyyg allows us to compute

Mpr and PRr:

Theorem 4.1 Suppose that r is C'[R], its first derivative has bounded variation and r(y) ~
T O(y—lz) asy — £o0o. Let & = Myyg, for g(z) = r(R(z)). Then

_ 1 f 1
Mpr(y) = 2R () ~ 7 (-1) and Ppr(y) = Mpr) {1, RV

Proof:  The first hypothesis ensures that g is C![U] and its first derivative has bounded

variation. Let ¢(y) = ®(R™(y)) — ®T(—1). Note that, if & — &~ = r, then (® +¢)" —

(® + ¢)~ = r, and adding a constant to a function does not alter its analyticity. Thus,
Pt (y) =~ (y) = TR () — T (R () = 9(BR™(y)) = r(y)-

Furthermore, ®*(—1) — ® (—1) = g(—1) = r(00) = 0, hence, for y lying off R,

lim ¢(y) = liml@(z) —dT(-1)=0.

Yy—00 z——

Thus we know that Mpr = ¢.
Q.E.D.
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Figure 2: The maximum error in approximating the Hilbert transform of “@;3%1{‘?/ by (4.2) at the

points R(zy,).

Definition 4.2 Let r = r(R(z,)) = g(2,). We can define

e+(R_1(31/) Tr for|z] <1

)
—e_(R'(y)Tr for |z >1 —es(-1)'r,

My r(y) = Mge(R () Tr = {

1 for Rey > 1
PR 1Y) = MR, 1Y) { 1 forRey<1 -

For y € R, we define
Mg, () = [Fex (BT )T = e (=) ] r = e(R7' () (7 — el ),
P r(y) = lex (R ) Fes(=1)T|r = e(R7' (1)) (re F el ry).
If 7(+00) = r(—00) # 0, we can use the fact that H1 = 0, cf. (1.4), to compute
Hr = Hr — r(c0))].

Suppose that
p+1

rly) ~ > ok (4.1)

%
=1 Y

as y — +oo. Then, if r € CP[R], g € C?[U]. Thus if r € C*°[R] and has the same asymptotic
series at both +oo, then Mp . and Pg . converge superalgebraically.

As a numerical example, we consider the computation of the Hilbert transform of

() 1 4+ sechy
ry) = —5——
Y y*+1
In Figure 2, we compare
i (Mﬁé Mg nr) (4.2)
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with the Hilbert transform computed numerically using MATHEMATICA. MATHEMATICA has
a built-in principal value option to its NIntegrate routine, though how it accomplishes this
computation is undocumented (and drastically slower than the approach we have developed).
We did need to increase the working precision of NIntegrate to as much as 30 digits to
compare to the result obtained by (4.2).

5. The unit interval

We now consider the case of computing Py and Mj. Unlike the previous two cases, the

unit interval I = (—1,1) is not a simple closed curve, hence we cannot compute one from
the other. We will, however, compute both of these functions by mapping the associated
Riemann—Hilbert problems to the unit circle.

The Chebyshev map and Chebyshev series

The Chebyshev map
1 1

T =5 (4 2)

maps both the upper half circle Ul = {z €U :Im z > 0} and the lower half circle Ul =
{z €U :Im z <0} onto the unit interval, with the interior and exterior of the circle both
being mapped to C\I (z and % are mapped to the same point with zero and oo mapped to
o0). Let g(z) = f(T'(z)), which is equivalent to projecting f to both the upper and lower half

circles simultancously. Now on the unit circle g(e'?) = f(T'(e'?)) = f(cos#) is 27 periodic,
and if f € CP[—1,1] then f(cos®) € CP[T]. Furthermore, if f is analytic in the Chebyshev
ellipse

then g is analytic in the annulus A, [21].

Two one-sided inverses for T'(z) are

TN e) =27 Vo — 1Wr +1,

which map points in C\I to the interior and exterior of the circle, respectively. These satisfy

T(Ty(x)) = x. Furthermore, T !(z) = T‘% & Taking the standard branch cuts for the

square root, these inverses have a branch cut along I and are analytic elsewhere.

On the interval itself, with the standard choice of branch, T maps I onto U' and T

maps [ onto U However, since I lies on the branch cut of each of these functions, round-
off error can produce unreliable results if it introduces a nonzero imaginary part. Thus we
introduce two other choices for the inverse of T"

T{l(m):x—ki\/l—x\/l—kx and Tl_l(x):x—i\/l—x\/l—l—x.
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These functions have branch cuts along (—oo, —1) and (1, 00), thus are analytic for x € I. T}
maps the unit interval to the upper circle, with any perturbation above or below I mapping
to a perturbation above or below u'. Likewise, T| reliably maps I to the lower circle. We
also use the notation | in the same was as £ is used (we do not define any equivalent to F).

We denote the Chebyshev series of f as

f=> fTx

k=0

From classical Chebyshev polynomial theory, we know that
g0 = Jo. Ik = g-k = 5

Let f = f(xn) = (f(21), ..., f(xn-1), f(xn)) ', where

- 1 1 T
Ty = (z1,...,2) :<—1,cos7r<—1—|— >,...,COS7T<1— ),1)
n—1 n—1

are the n Chebyshev—Lobatto points. Then the sample of g at 2n — 2 evenly spaced points

on the circle is

g = g(zon-2) = f(cosban_2) = (f(x1),.... f(zn-1), f@n), f@n-1),..., f(22)) .

Because g is symmetric, we can use the fast cosine transform (FCT) in place of the FFT to
compute

A A A A T A A A A A
9= (91200 Gno1) = (Gnr 2019861 )
which gives us the approximate Chebshev series
. o . T X T
f:(f(zlafyv"'afg—:l) :(g8729?77292—1) :

The barycentric formula at Chebyshev—Lobatto points, i.e., the polynomial which takes the
given data at Chebyshev—Lobatto points, can be expressed in the following form:

T Zk 1m x lj:—
er(x) f= k T for x ¢ xy, (6]

Zk 1x xk

where the prime indicates that first and last entry of the sum are halved. It is true that

er(x)T f = e(T~'(x)) g for any choice of T~!. In this case, the barycentric formula is only
useful for z € I

Computation of Py

We begin with the case of computing Ppf. In this case, we have a choice of Ppf,
determined by its behaviour at 1. In the following theorem, if fy = 0 and ¢ = 0 then the
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solution is bounded at 1. Otherwise, we can prescribe that Ppf is bounded at either £1
(but not both) by choosing ¢ = F fo.

Theorem 5.1 Suppose f is C'[l] and its first derivative has bounded variation. Let g(z) =
f(T'(z2)) and ® = Pyyg. For constants ¢ € C,

popa) — PLE ) RTT@)  wfote

1f(z) = 2 2Vr+ 1V -1
For x €1,

7?ﬂ@:;®ﬂﬂﬂwﬂﬁr@ﬁ@»“¥%;%y

PLIa) = 3 |40 @) + 8 (1)~ 11 |
Proof:

It follows from the hypotheses that g is C'[U] and its first derivative has bounded vari-
ation. Let u = [®(T7'(2)) + ®(T=(x))]/2. As p approaches = € I from above, T (p)
approaches T () from the interior and T~!(p) approaches T T_l(x) from the exterior. As p
approaches I from below, ijl (p) approaches T{l (x) from the interior and 71 (p) approaches
Tfl(x) from the exterior. In other words,

2ut(z) = Q)J“(Tfl(x)) + @7(TT71($)) and 2u” (z) = ®+(T{1(x)) + CD*(Tfl(x)).

Combining the above with the fact that

(I (@) + @ (I H(2) = g(T7 (2)) = f(2),
(T (@) + 07 (T (@) = 9(T] H(2) = f(a),

we obtain
@)+ () = 5 [@F T @) + 0T @) + @ (T @) + @ (T a)
— f().

We have not quite computed Pp f:

o)== =5 7y
Let )
() Zfo ¢
2vVe + 1v/x —1



By the properties of the square root, we find that

. $f0+0 . $f0+c
and

_|_ —
xr) = —l——— x) =1l——.
v () Wi Vo) =i —s
Clearly, ¥ + 1~ = 0, whilst ¢(c0) = %. Thus u — ) decays at oo and satisfies
um YT uT —YT =ut u = f.
The fact that this expression includes all possible solutions which satisfy a Holder condition
follows from Section 84 in [16], which gives an expression for the class of all such solutions,
in terms of a contour integral.
Q.E.D.

We therefore obtain the following, stable approximation:

Definition 5.2 Let g = (f(21), ..., f(xn_1), f(zn), f(xn_1), ..., f(z2)) . If 2 € C\I and
¢ € C, then, we define

rfi+c

Praf () = ; e (T )T +e (T2 (@) T g — 5 =T

If x € I, then we define

P @) = 5 [es T @) 4 e (17 @) ] g + 10
Pr @) = 5 [es T @) + e (T @) ] g =i

As in the unit circle case, the convergence rate of this approximation is an immediate
consequence of the convergence of e(z) g to g. We omit the details, but it clearly depends
on the differentiability and analyticity of f(cosf). This is similar to the connection between

the convergence rate of Clenshaw-Curtis quadrature and the analyticity of f in £, [21].

T T T
For a vector g = (g1,...,92n—2) , let g, = (91,---,9n) and gr = (9n, -+ 92n-2,90) -
These are the values of g corresponding to the points of 2, lying in U| and Uy, respectively.

We could approximate i+, ! f by its values at Chebyshev points plus the unbounded term:

.félx—l—c

T/ — _
where g = (g*); and g& = (g*)|. However, g* are not necessarily symmetric, hence a

square root singularity is introduced upon projecting onto the interval. Thus (5.1) does not
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converge rapidly, unlike P;F f — P, f. On the other hand, the values of the bounded part at
the Chebyshev points themselves, which equal g; + gf -9, — gf , converge rapidly.

Computation of Myf

For g(z) = f(T'(2)), note that —g(z) sgnarg z is equivalent to projecting f to the lower
circle, and —f to the upper circle. If f(41) # 0, then g(z) sgn arg z has a jump at +1, hence
does not satisfy any Holder condition. Therefore, for now, we assume that f(+1) = 0. In a
similar manner to Theorem 5.1, we obtain the following result:

Theorem 5.3 Suppose that f(+1) = 0 and f is C'[I] and its first derivative has bounded
variation. Let g(z) = f(T(z)) and ® = —Myyg(z)sgnarg z. Then

(T (@) + (T ()

My f(z) = :
Furthermore, for x € 1,
(1t (11 -1 P
My fa) = (T <x>>;<1> (@) M fo) = (T} (a:))—;—CD (T =)
Proof:

Let u = [®(T 1 (x)) + ®(T=Y(x))]/2 and h(z) = —g(2) sgnarg z. Now

2ut(z) = (I>+(Tl_1(:v)) + <I>_(TT_1(93)) and 2u” (z) = CI)+(TT_1(ZU)) + <I>_(Tl_1(9:)).

Therefore

Furthermore,

since h is symmetric. Thus Myf = u.

Q.E.D.

Given the values of a function at Chebyshev-Lobatto points, we can successfully approx-
imate My and —iH:

Definition 5.4 Let § = (0, f(z2), ..., f(2n-1),0,—f(zn_1),....—f(x2)) . If z € C\[

then we define

My () = 5 [es(Te(@) —e ()] &

15



If x € 1, then we define

If f(z) = f(z)v/1— 22, then sgn6f(cosf)v1 — cos? = f(cosf)sinh, hence the differ-
entiability of g(z)sgnargz depends on the differentiability of }’ If the first p derivatives of
f vanish at both endpoints, then f(cos#) is C* at zero and m. Thus we still achieve superal-
gebraic convergence whenever f € C*°[—1, 1], and f and all its derivatives go to zero at the
endpoints.

It might seem odd that computing H ' is easier than computing H. This is the oppo-
site of the analytic development in [1,16], where the goal is to express the solution to the

Riemann—Hilbert problem as a contour integral. But this is a manifestation of (1.7), since, if
Ty

f is C*°[I], we can expand it in terms of the basis Uy and \/%7 in terms of the basis Tt

efficiently.

The formula (1.8) means that it is possible to compute Hf spectrally fast for the case
where f itself is C*°[I] as well, even when it does not go to zero at £1. We can find a related
formula for the computation of M f. We first solve the moment problem:

Lemma 5.5 Define

o(z) = 2 [arctanhz for [z <1
0N = arctanh% for [z2| > 1
(™57 21 gt (g 1 (mt1
p(m, z) = : = arctanh z — =z L7+ gzﬁ(z 1=+ LD’
o -1 2 2 2

where ¢ is the Lerch transcendental function [4]|. Then

Myyz" sgnarg z = i (2) for

Ym(2) = 7 [o(z) — o {bom 7 L) form <]

T

2 {zm+2L_27nJ+1¢(22,1,%+ {%D for m < 0
im

zm_QLmTHJ_lgf)(z_?, 1, % + {mTHD form >0

Proof:
Note that, for z € U,

2 1
Vi (2) =Yy (2) = = [arctanhz — arctanh } = sgnarg z,
im 2

16



Since arctanh% — 0 as z — o0, it follows that
Myysgnarg z = ().

A solution to the problem u™ — u~ = 2™ sgn arg z which does not respect the boundary
condition at oo is
2" Msgnarg z = 2" (2).

But we know that arctanh z has the following Taylor series:

2 5 AT

fanhz =24 — 4+ p ]2
arctanh z z+3—|—5—|—7—|— [2]

The terms up to O(2") can be written as u(m, z), where the expression in terms of ¢ follow
from its series definition.

Consider the case where m < 0. Now p(—m — 1,z) is at most an (—m — 1)-degree
polynomial, hence z™u(—m —1, z) decays as z — oo, and 1)y, is analytic at co. On the other
hand, by the definition of p,

arctanh z — u(—m —1,2) = (’)(z_m> , z—0

therefore 1, is also analytic at zero. Finally, for z € U,

2 1
R {arctanhz — pu(—=m — 1, 2z) — arctanh — + pu(—m — 1, 2)
i 2

2 1
= —2" {arctanh z — arctanh } = 2" sgn arg z.
i z

Therefore Mz sgnarg z = ¥, (2).

By the exact same logic, when m > 0, Mz" sgnarg z = ¢, (2).
Q.E.D.

Remark:  Though t,,(2) is the arctanh function plus a polynomial in z, for z off the unit
circle, ¥, (2) can potentially be computed more accurately and efficiently using methods to
compute ¢. One approach is to use the method developed in [3], or the built-in MATHEMAT-

ICA routine. Possibly, a more efficient and accurate method could be based on the integral
representation

1 00 ts—le—at
o - / dt.
(2,5,0) I'(s)Jo 1—ze™t

In our case this becomes, for s = % + LTHJ,
o0 —st 1 o0 —t
9 e e
, 1, :/ 7dt:—/ —Fdt.
¢(z S) 0 1— 22t sJo 1 —z2et/s
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As m becomes large, the integrand rapidly converges to one, and hence Gauss-Laguerre
quadrature is very effective. As it is outside the scope of this paper, we simply treat each ),
as a black box special function, which we compute to machine precision using the polynomial
representation with sufficient extra precision arithmetic.

Using this equation for the moments of f, we obtain the following;:

Theorem 5.6 If f is C![I] and its first derivative has bounded variation, then
1.
My (@) = =2 3 Ji [Un(T7 (@) + (T @) + §op( T (@) + op (T2 (@))]
k=0
1
Myf() ~ = oo f(=1) log(~2 — 1) ~ log?]

+i1r i Fr(=DF [k = 1,=1) + p(k, =1)],
k=0

Myf(2) ~ (1) log(e — 1) ~log2] + = >~ Jy ulk — 1,1) + (k. 1)
k=0

rx—1 217T

and, for x €1,

M f= 711 ,i] Pl (T (@) + g (T (@) + 05 (T (@) + 0, (T ()]
= —gf(x)arctanh Tl_l(x) (5.2)
+2117T gjo BT @8 (b, T @) + (k= 1,17 (@)
+T{1(x)k {,u(k;,Tfl(x)) —i—,u(k: — 1,TJ1(1:))H,
M f = —i gfo Fr [ (T (@) + g (T (@) + 0 (T (@) + 0 (T ()]
= —jrf(x)arctanh T{l(x) (5.3)
+2117T g P @8 (b, T @) + (k= 1,17 (@)
+TT_1(ar)k {,u(k:,Tl_l(x)) + ,u(k: - 1,Tf1(m))} }

Proof:

18



Let g(z) = f(T(2)). By expanding ¢ in terms of its Laurent series, we define

8(z) = —Myg(z)smargz = — 3 Gen(z).

k=—o00

Let ¢ = Ty (x). Then define

ua) = L@ LA @) 3 X [ + o)
- :O i [10(6) + (€ ™) +6i() + Yorl€ )
S ki'_oo Fi{2(6* + &) arctanh & — € [u(k,€) + lk — 1,67)]
+&F [k, &) + plk — 1,9} (5.4)
By the same logic as Theorem 5.3, we know that u satisfies u™ —u~ = f and u(o0) = 0. We

must demonstrate that u is also analytic off the unit interval.

We first prove that this sum does indeed converge. Because each 1 is analytic off the
unit circle, we know the partial sums must take their maximum on the unit circle. Using

(5.4) with & = Tl_l(x) # +1 and the fact that

; i Jul€F+ €74 = i FuTi(x) = f(x),
k=0 k=0

we obtain that u™ is equal to (5.2), assuming we can split the sum into two, or in other

words, as long as the sum converges absolutely. By the same logic, u™ is equivalent to (5.3),

subject to the same conditions.

From the summation definition of u, we know it takes its maximum at z = 1, so that,

for z € U,
| [k, 2) + k= 1,2)] + 278 [k, 2) + p(k — 1, 2)]|

I 1
+

<4 <2log(-1+2|~——1].

% g

Thus absolute convergence is assured whenever

5 \;k\log(_l Lo V‘Q”J)
k=0

converges. It is sufficient that fj = O(k’_z), which is true whenever f € C[I] with f’ having

bounded variation.
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Figure 3: The maximum error in approximating the Hilbert transform of e by 2i./\/l]1 n f over 200

evenly spaced points on circles of radii 2 (left graph, plain), 25 (left graph, dotted) and 50 (left
graph, dashed) and by I(M]—f . f+ Mi . f) at 200 evenly spaced points on the unit interval (right

graph).

We have yet to prove the behaviour of u at the endpoints. But the behaviour as x — 1
follows from (5.4) and the fact that

2arctanh T, (z) = log(1 + T (x)) — log(1 — T'7 1 (2))
~ log2 — log (\/2(:1: - 1)+ 0(x — 1))

1 1
~ log2 — §log2— 5 log |z — 1| +iarg(z — 1)]

_ log2 —log(z — 1)
- 5 _

Similar logic proves the expression as x — —1.

Q.E.D.

We thus obtain the following approximations:

Definition 5.7 For f = f(x,) and ¥ = (2¢0, Y1 + ¥—1,...,¥p—1 + ¥1_y), define

My, f =~ [T (@) + (= (@) F
and, for

un= (M(O, z_l), z {u(l, z_l) + (0, z_l)}, I {,u(n -1, z_l) + pu(n —2, z_l)D,

define

MY f =~ er(n)T farctanh T (@) + o [T @) + (T ()] £
M]inf = —jTeT(x)Tf arctanhTT_l(x) + 2; [M(Tfl(x)) + u(TT_l(ac))} f.
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Consider the Hilbert transform of e*, which we can find in closed form:
e$

—(Ei(1 — z) — Ei(—1 — 2))

™

Figure 3 demonstrates the effectiveness of approximating this function by 2iMy  f through-

out the complex plane and 1(/\/11_1" M f ) on the unit interval.

Note that p is a vector of polynomials, hence [H(Tfl(x)) +u(TT_1(a:))} f itself is a
polynomial. Depending on the application, it might be more suitable to represent this term
by its values at Chebyshev points. Denote the operator which shifts a vector to the left by
S, padding on the right by zeros. Determine the vector h such that

2 4 (n+1)/2 1

>«
I
[\
<.
|
—_
N
&
|
<

using the inverse discrete Cosine transform. Then

arctanh Tl_l(x) + arctanh TT_l(x)

17T

. 1
—lH]If ~ —2 eT(x)Tf + EGT(ZL’)T’L

This expression follows by rearranging the order of sums, using the definition of .

Constructing h requires (’)(nQ) operations, which is a higher order of operations than
Definition 5.7. Even so, it will still outperform the Gaussian and Clenshaw—Curtis quadrature

methods, which require (’)(n3) and (’)(n2 log n) operations, respectively, to determine H f at

., where we only require (’)(n2> operations. Moreover, these quadrature methods cannot

handle the blow-up near the endpoints of the integration interval.

6. Half line and real line revisited

We orient the half line Rt = [0, 00) from the origin to co. We can map the interval to
the half line using
14z
ol

H{(z)
We then obtain the following result:
Theorem 6.1 Suppose that r(y) = < + O(—) as y — oo and r is C'[R] and its first

1
y y?
derivative has bounded variation. Let f(x) = r(H(z)). Then,

Prir(y) = Prf(H ()
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and, for ® = Myf,
Mpr(y) = 2(HH(y)) — T (1),

Proof -
Let g(z) = f(T'(2)) = r(H(T(2))), » = Pyg and ® = Py f. Then, from Theorem 5.1,

by — PIE () + (T ()

We know that

and likewise, @~ (1) = 0. Therefore ®(H ~'(y)) vanishes at oo, and hence
Prir(y) = ®(H ' (y)).

Now consider the second part of the theorem, where now we define ® = Mpf. Since

f(1) = r(oc0) = 0, the logarithmic term in Theorem 5.6 vanishes, and we are left with

O = 7(0) = L3 Feluth~1,1) 4 05 1)
Therefore ® — ®T(1) goes to zero at one, and hence
Mpr(y) = 2(H ™} (y)) — (1)
Q.E.D.

We thus obtain the following approximations:

Definition 6.2 Let f(z) = r(H(x)). If y € C\R™, then define

P, (y) = P, f(H () and - Mps r(y) = My, f(H (1)) = —p() .
If y € RT, then define
PE () =P A(HT ) and M2, r(y) = M, F(H (1) — —p()f

Similar to Section 4, the convergence rate of this approximation depends on the differ-

entiability of f in RT, and the order of the asymptotic expansion of f at co.
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Computation over two half lines

Let q(y) = r(—y). Itis clear that Mp-7(y) = —Mp+q(—y), where R™ is oriented from

from —oo to zero. Because it is analytic everywhere off R™, Mﬁ% f—- MI_RJF f = 0 along

(—00,0). Likewise Mﬁé,f — MI?&,f =0 on (0,00). Therefore,

MRS = (Mp+ + Mp-)f.

Whereas Section 4 required that f had the same asymptotic series at +00 to obtain fast
convergence, by splitting the real line into two half lines, we can drop this requirement.
Furthermore, computation of MR:I: f only requires that f is Cl[Ri] and its first derivative

has bounded variation for each choice of + separately, hence does not require continuity at
ZEro.

There is one concern which must be addressed, however. We know that Mp f is bounded,

whereas Mp+ and Mp— have singularities at zero. But we find that 1 ) =—-1+2y+
O(yQ), therefore, for p(z) = r(—H(z)) and f(z) = r(H(x)),

—;CwM{PUﬂMk—LU+u%Jﬂ—Mk—LU—u%J”,
k=0
Mper(y) ~ = 5r(0)log(~y)
b S R L k= 1) 4k D] -l —1,1) — k1)),
k=0

k=0
_ 217Tr(0)(argy —arg(—y)) + - = ;r(o) { L g 5{2 / > b

Defining MRjnr(y) = _M]R*,nQ(_y)’ we obtain Mpr ~ MRjnr + Manr' This
approximation is more computationally intensive then the method proposed in Section 4: it

takes O(nQ) operations to compute at the 2n points +H (x,,), versus O(nlogn) operations
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Figure 4: The maximum error over the points R(z19) of (6.1) (left graph) and (4.2) (right graph).
Note that the value on the bottom axis corresponds to the total number of function evaluations.

to evaluate at the 2n points R(z,). However, it has the benefit of working with a more
general class of functions. For example, consider the function

) erf y
r(y) = )
Y y+1
Unlike the example in Section 4, this does not have the same asymptotic series at +oo.
Figure 4 demonstrates that, for » = r(H(x,)) and p = r(—H (xy,)),
+ —
(Mg, + My + Mo

,n

)r(z) for z <0

i (Mfm Mo+ MR_n> r(z) forz >0 (6.1)

2(p(1) = p(=1))(p —7) for 2 =0
is a super-algebraic convergent approximation of Hr, whereas (4.2) converges only alge-
braically.

Without delving into details, we note that this approach also applies to combination
of intervals, and even combination of intervals and half lines. Thus we can successfully
compute the Hilbert transform over R of any piecewise smooth function with finitely many
pieces. Moreover, this approach could potentially be used to construct an adaptive scheme
for computing the Hilbert transform.

7. Future work

The solution to the gravity wave equation is periodic as ¢ — oo, thus we need to compute
the oscillatory Hilbert transform

—iH[f(t)e91)].

An asymptotic expansion for such transforms was found in [24] and a method based on series
acceleration methods was constructed in [15]. In recent years, there has been significant

24



progress on the computation of oscillatory integrals of the form

1 .
/ Ft)e9 dqg,

-1

using asymptotic information as w — oo [13,19,18]. It remains to be seen if such methods
can be generalized for the oscillatory Hilbert transform.

Consider the matrix valued Riemann—Hilbert problem of finding an analytic function
® : C\I' — C™? such that

O (2) =P_(2)G(z) for zel, and ®(c0) =1, (7.1)
where G : I' — C%*?. This can be reformulated as an inhomogenuous linear equation:
LU=Uy -U_G=G—-1 U(oo) =0,

where ® = U + I. The linear operator £ maps functions analytic in C\I" to functions
defined in I'. But M can be viewed as a one-to-one map from I' to C\I". This applies
equally well to matrix-valued functions in a component-wise manner. Thus by combining
the two linear operators as LM, we obtain a linear operator that maps the class of Holder
continuous matrix-valued functions on I' to itself. Thus solving LMV = G — I on I means
that U = MV solves the original matrix-valued Riemann—Hilbert problem. Immediately,
this opens up the possibility of constructing spectral methods for solving (7.1).

A particular example is Painlevé 11, which can be expressed as a matrix-valued Riemann—
Hilbert problem on a domain consisting of six rays originating at zero:

{zeC:argz:g+g(k‘—1) for k:zl,...,(i}. [10]

For other Painlevé equations, the domain consists of a combination of circles, intervals, arcs
and rays. Just as we combined M on two half lines to determine M on the real axis,
we propose that it is possible to combine multiple half lines and circles to compute M on
such domains. We hope to apply this approach to computing the solutions to such Painlevé
transcendents in a future paper.
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