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Abstract

Understanding collective cell migration requires robust mathematical models that

effectively bridge the gap between individual cell behaviours and population-level

dynamics. This thesis develops and analyses a suite of mathematical models for

cell invasion into extracellular matrix (ECM), that are systematically derived from

individual-based frameworks to ensure consistency in the inclusion of key biological

mechanisms. Beginning with a single cell type, a volume-filling framework is intro-

duced that accounts for spatial constraints imposed by both cells and ECM. These

effects are incorporated coherently across all migration and proliferation processes to

investigate their influence on invasion speed and wave structure by comparison to

existing models in the literature. To further these insights, a variational principle

approach is developed through the lens of optimal control theory, that characterises a

new and improved lower bound on the speed of cell invasion in multi-species systems.

Building on the homogeneous foundation, the volume-filling model developed ini-

tially is then extended to incorporate phenotypic heterogeneity. Firstly, by intro-

ducing two distinct sub-populations: one specialising in movement and ECM degra-

dation, and the other in proliferation. Secondly, by replacing discrete phenotypes

with a continuum of states, allowing for a more flexible representation of phenotypic

variation across diverse biological contexts, including tumour invasion and immune

cell exhaustion. By exploring different environmentally-dependent phenotypic switch-

ing mechanisms, it is demonstrated that phenotypic switching fundamentally alters

both the cell invasion dynamics and the structure of the travelling fronts. Overall,

this work demonstrates the importance of systematically deriving population-level

models from their individual-based counterparts and reveals that phenotypic hetero-

geneity plays a crucial role in shaping migration patterns. These insights highlight

key features for consideration when modelling collective migration and help improve

our understanding of cell invasion and its broader biological implications.
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Chapter 1

Introduction

This introduction contains elements of a literature review completed in collaboration

with S. Johnson, E. Tsingos, Z. Bell, M. Berardi, M. Botticelli, Q. J. S. Braat, J.

Metzcar, M. Ruscone, Y. Yin and R. Shuttleworth regarding mathematical modelling

of the extracellular matrix. It has been published in Frontiers in Cell and Develop-

mental Biology [75]. The thesis author was first author of this review, held joint

responsibility for all aspects of the research, and worked solely on the material pre-

sented in this chapter.

1.1 Overview

Across all levels of biology, we observe collective behaviour—the coordinated dy-

namics of many interacting individuals producing patterns at the population level

[93, 113, 158, 227, 243]. Whether observed in ecological populations, microbial

colonies, or the cells that form tissues, coordinated dynamics arise from local in-

teractions between individuals and give rise to emergent patterns at the population

scale [303, 338]. These systems are inherently symbiotic, comprising at least two in-

terdependent components: a living species and the environment in which it resides.

In multicellular systems, collective cell migration is one of the clearest examples of

such behaviour. During embryonic development, wound repair, and tumour invasion,

groups of cells migrate cohesively by responding to a complex array of both intrinsic

and extrinsic mechanical and biochemical cues coming from other cells and their lo-

cal environment [284]. These interactions, which are often nonlinear, dynamic, and

bidirectional, allow cells to generate forces, remodel their micro-environment, and

coordinate their movement, thereby producing large-scale invasion into surrounding

tissue [5, 331].
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Cell migration plays a central role in development, regeneration, and disease pro-

gression [64]. As such, understanding how microscopic, individual cell-level processes

combine to generate macroscopic, tissue-level patterns of invasion is a central chal-

lenge in mathematical biology. Two main forms of collective cell migration are com-

monly distinguished [330]. Epithelial migration involves the coordinated motion of

continuous sheets of tightly packed cells that deform and move coherently, as in

wound closure [193, 284]. In this case, it is the intercellular junctions between cells

that transmit forces and maintain tissue integrity, enabling collective movement [95].

Mesenchymal migration, by contrast, describes the motion of loosely connected cells

moving in a more fluid and deformable manner, as seen during embryonic develop-

ment or tumour invasion [5, 284]. This thesis focuses on mesenchymal cell migration,

where groups of cells invade complex environments whilst interacting with neighbour-

ing cells and the substrate they sit within.

Experimental studies have shown that invasive tumour cells can lose their migra-

tory phenotype when placed in a non-invasive environment [161], and that leader–

follower roles in neural crest collectives can dynamically interchange depending on

cell positioning and local conditions [209, 211]. Such findings emphasise that feed-

back between cells and their environment is fundamental to understanding collective

migration.

In this thesis, the primary micro-environment that we will consider cells having

to encounter is the extracellular matrix (ECM). The ECM provides both a barrier to

movement and a substrate on which cells can exert forces in order to be able to move

[39, 75, 361]. Migrating cells extend protrusions, establish and release adhesions, pro-

liferate, and secrete matrix-degrading enzymes, all while responding to the structural

and biochemical cues encoded within the ECM. These coupled processes give rise to

invasion fronts whose qualitative behaviour resembles that of ecological colonisation

or classical reaction–diffusion waves [224].

Mathematical models provide a principled means of formalising this multi-scale

behaviour. They allow us to translate biological hypotheses into quantitative pre-

dictions, to test how simple interaction rules generate emergent collective behaviour,

and to bridge scales from individual cells to tissue-level organisation. Individual-based

models (IBMs) [249, 268] have the ability to capture stochastic movement, volume ex-

clusion, heterogeneity, and local environmental feedback directly [35, 216, 223], while

continuum models, typically formulated as partial differential equations (PDEs), de-

scribe the evolution of population densities at larger scales [16, 145, 195, 259]. Estab-

lishing a systematic connection between these descriptions through coarse-graining
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allows the resulting continuum equations to inherit mechanistic meaning from their

microscopic origins [128, 310]. Such connections are particularly valuable when seek-

ing analytical results, such as invasion speeds or front shapes, or when comparing

models against classical phenomenological frameworks.

The central aim of this thesis is to construct and analyse a hierarchy of continuum

models for collective cell invasion into ECM, each one derived systematically from an

underlying IBM. Beginning with a homogeneous population, we incorporate random

motility, proliferation, crowding effects, and ECM degradation in a consistent man-

ner. These models are then extended to incorporate discrete and continuous forms of

phenotypic heterogeneity. Travelling wave analysis is used throughout to link micro-

scopic processes to macroscopic invasion dynamics. As such, this thesis also develops

and presents a new optimal control approach to using the variational principle to find

the travelling wave speed of invading populations.

In the remainder of this introductory chapter, the biological context of the pro-

cesses modelled in this thesis is summarised, followed by a review of the mathematical

structures on which the subsequent chapters build.

1.2 Biological background

Collective movement is a pervasive feature of living systems at all scales and is perhaps

best understood when viewed through an ecological and evolutionary lens. One influ-

ential perspective on cancer was proposed by Nowell in 1976 which emphasised that

selection within tumours is driven by micro-environmental conditions, yielding in-

creasingly adapted subclones [240]. More broadly, Hanahan and Weinberg formalised

the set of cellular capabilities required for tumour progression as the “hallmarks of

cancer”, that include sustaining proliferation, resisting cell death, the acquisition of

invasive behaviour and the ability to metastasise [134, 135]. These ideas underscore

two points central to this thesis. Firstly, biological collectives can be modelled as

populations interacting with each other and their environment, and secondly, hetero-

geneity within the population and heterogeneity of the environment are fundamental

drivers of emergent behaviour [155].

Cell migration is fundamental to the formation, maintenance, and disruption of

tissue organisation [333]. Although cells may migrate individually, many contexts

involve coordinated motion by groups of cells [284]. Solid tissues (and solid tumours,

such as carcinomas, in particular) can be viewed as systems composed of at least two

interdependent compartments: the cellular compartment (cancer, stromal and normal
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cells) and the micro-environmental compartment (blood supply, pH, oxygen, ECM,

soluble factors) [115]. Mesenchymal invasion, in particular, provides a representative

setting in which cells move through complex, confining environments by exerting

forces on their surroundings and degrading the ECM in their path [5]. The dynamics

of such systems are typically governed by a small number of core processes: cell

motility, directed movement in response to environmental gradients, cell proliferation

and death, the creation of space through ECM degradation, and the spatial limitations

imposed by crowding and volume exclusion.

When these processes act together, populations of cells can expand into new ter-

ritory and form coherent invasion fronts. Even in simplified settings, the combined

action of random motility and proliferation is sufficient to generate constant-speed

travelling waves, as captured by the classical Fisher–KPP equation (described in more

detail in Section 1.3) [109, 174, 224]. The addition of environmental feedback, such

as local ECM degradation, introduces further layers of complexity and produces in-

vasion behaviour that depends on the structure, composition and properties of the

surrounding ECM [75, 216].

Cell motility. Cell motility lies at the heart of invasion. At the single-cell level,

movement arises from stochastic protrusion and retraction of the actin cytoskeleton,

the formation and turnover of adhesions, and fluctuations in intracellular signalling

[8, 185]. Over larger scales, these microscopic fluctuations manifest as an effectively

random component of motion. Although cells can exhibit more complex behaviours,

such as directed migration in response to chemical or mechanical gradients [110],

the focus of this thesis is on environments where stochastic motility is the domi-

nant mechanism driving dispersal into unoccupied regions. Experimental evidence

indicates that such random migration, when combined with the appropriate mecha-

nisms, such as cell population growth, can be sufficient to produce persistent invasion

fronts [64].

Cell proliferation. Cell proliferation is the second key driver of population expan-

sion. Through repeated cell cycles involving growth and division, cell populations

increase in density and exert pressure on surrounding tissue. Proliferation is regu-

lated by a variety of biochemical and mechanical cues, including nutrient availability,

physical confinement, and local cell density. In multicellular systems, these factors

vary spatially, producing heterogeneous proliferation rates across tissues or tumours

[117, 149, 188, 282]. Importantly, proliferation is also limited by available space: in
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crowded environments, cells may experience contact inhibition of proliferation, re-

flecting the fact that division requires sufficient free volume for daughter cells. This

space limitation motivates the volume-exclusion mechanisms incorporated into the

models developed in this thesis, in which both movement and growth slow down as

densities approach a maximal packing limit.

In many biological tissues, cell death acts alongside proliferation to regulate pop-

ulation size and composition [101, 148, 236, 365]. Although we often do not explicitly

represent complex cell death pathways, cell loss arises naturally through environmen-

tal feedback: when ECM density is high or space is restricted, cells may be unable

to divide or move into new regions, leading to stagnation or local decline. Further-

more, if the population exceeds the maximum capacity in a local neighbourhood, cell

death may begin to occur. These effects appear implicitly through the space-limiting

mechanisms described when considering the net proliferation of cells in isolation.

Cell-ECM interactions. A defining feature of mesenchymal invasion is the ability

of cells to remodel their environment. Most relevant in this thesis is the ECM, which

encompasses all biological components outside of cells. The ECM itself is a complex,

yet highly organised network of more than 150 different ECM-associated proteins,

collagen and other molecules that provides mechanical support and biochemical cues

to the surrounding cells, and varies with its location in an organism [39, 62, 141, 159,

254, 301, 367, 373]. As such, it has a range of complicated properties, including its

stiffness, porosity, elasticity and role during durotaxis [62, 74, 97, 136, 142, 179, 277,

349], that are hard to describe generally as they vary significantly between tissues. As

can surely be imagined, the resulting cell-ECM interactions modulate a vast number

of intracellular signalling pathways, which result in changes to migratory behaviour,

proliferation, and adhesion during cell migration [22, 137, 159, 222, 291, 364].

The intricate hierarchical architecture structure of the ECM involves collagen fi-

bres, cross-linking, and nonlinear mechanical behaviour (as described in Table 1.1

and the schematic in Figure 1.1 [75]), but this thesis aims to capture the high level

impacts of the ECM, and thus treats the ECM as a continuous scalar field that im-

pedes movement and proliferation, and that is degraded locally by cells [19]. This

coarse description, despite its simplicity, captures a key biological mechanism: cells

must create space by degrading the ECM in order to invade, and ECM density di-

rectly influences motility and growth [153, 230, 231, 346]. As such, these processes

are the focus of this thesis, and further information regarding the biochemical and

biomechanical properties of the ECM can be found elsewhere [62, 75, 111, 159, 222].
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Figure 1.1: Schematic representation of the major ECM compartments and their
components. Macromolecular components of ECM (size on the order of hundreds of
nanometres) are smaller than cells (size on the order of tens of micrometers). However,
many components, such as laminin and collagen, polymerize to form extended sheets
or fibres (size order ranging from tens of micrometers to a few millimetres). Small
molecules, such as cytokines, enzymes, or soluble factors, are not represented for
visual clarity [75].

Biologically, there are two complementary strategies that are used by migrat-

ing cells to overcome the physical barriers of the ECM. In protease-dependent inva-

sion, cells secrete or present matrix-degrading enzymes, including both soluble and

membrane-tethered matrix metalloproteinases (MMPs), which locally cleave collagen

and other matrix components to open paths for cell migration [49, 99, 346, 352].

Alternatively, protease-independent invasion exploits morphological and mechanical

plasticity to allow cells to deform and squeeze through pre-existing pores in the ECM

without extensive degradation. The ECM thus acts simultaneously as an impediment

to migration and as a consumable substrate whose loss facilitates invasion.

Cells commonly switch between these strategies depending on the ECM archi-
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tecture, confinement and protease availability. MMPs, particularly those that are

membrane bound and have a very small diffusivity [356], have been identified as the

key mediators of protease-dependent invasion in dense collagen matrices, indicating

circumstances where protease-dependent invasion can dominate and is necessary for

cancer invasion [152, 271, 288]. Given this, we focus solely on protease-dependent

invasion by membrane-bound MMPs, which dominate over diffusible MMPs, due to

their short-range action and fast degradation [261, 353], for the remainder of this

thesis.

These four processes—motility, proliferation, death, and ECM degradation—

operate within a finite spatial domain where physical crowding imposes strict con-

straints. Contact inhibition ensures that neither movement nor division can occur

when local densities approach a maximum packing threshold. The resulting effects

strongly influence invasion dynamics, particularly in systems where both cells and

ECM occupy appreciable volume. This thesis therefore focuses on incorporating

volume-filling constraints consistently across all mechanisms governing collective cell

migration, reflecting the biological reality that crowding affects not only division but

also the ability of cells to move and to degrade their surroundings.

Phenotypic heterogeneity. Finally, real tissues rarely consist of homogeneous

populations. Empirical studies have repeatedly observed spatial structuring linked to

different cell behaviours: for example, tumour peripheries often contain more prolifer-

ative and motile cells exhibiting glycolytic metabolism, whereas tumour cores contain

relatively quiescent cells with lower motility [117, 149, 188, 282], analogous to niche-

partitioning and invasion fronts observed in ecological systems [41]. The differences

in cell behaviours can arise as a result of genetic variation, epigenetic modifications,

or reversible phenotype switching. For example, throughout the human body, genet-

ically identical cells often evolve into distinct cell types with very different functions,

such as nerve cells for sensing, epithelial cells for lining, or stem cells for regeneration.

These emergent differences between cell phenotypes often determine an individual

cell’s fitness (such as their net growth) in a given local environment [248], and may

be either fixed or dynamic over time.

In a constant environment, a specialised phenotype may dominate, whereas vari-

able environments often favour strategies that mitigate risk. Experiments have sug-

gested that cells can transition between phenotypes depending on environmental con-

ditions, such as nutrient availability, ECM density, or mechanical confinement. For

example, cancer cells use the so-called ‘invasion-metastasis cascade’ to adapt their
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phenotype in evolving micro-environments [156, 157]. In general, there are two broad

strategies for cell phenotypic change that have been particularly well-studied.

Phenotypic plasticity allows individual cells to alter their phenotype in response to

sensed cues, improving their behaviour to best suit the local environment [325, 366].

However, cells do not have infinite ability to change phenotypic state [91], and thus

phenotypic plasticity is best suited to cells when cues are reliable and changes in the lo-

cal environment are predictable [143]. Examples include transitions between cell types

during development and epithelial–to–mesenchymal transitions (EMT) that change

adhesion, motility and invasive potential [130]. In cancer, reversible switches between

invasive/slow-proliferating and non-invasive/fast-proliferating states have been docu-

mented (e.g., melanoma) and are associated with therapy resistance [3, 132, 166].

On the other hand, bet-hedging as a strategy is used to spread risk across a pop-

ulation of cells by producing diverse offspring phenotypes irrespective of immediate

cues [238]. This may be advantageous when environmental fluctuations are irregu-

lar or unpredictable [65, 68, 126, 146, 265, 313]. Classic examples include bacterial

persistence under antibiotic stress [21], stochastic switching to enhance survival in

fluctuating nutrient conditions [1, 24, 44, 256, 295, 314, 339], and drug-resistant sub-

population formation during tumour development [180, 302].

Clearly, both phenotypic plasticity and bet-hedging strategies appear to play roles

in maintaining diverse phenotypes within invasive populations, allowing cells to re-

spond efficiently to fluctuating environments. Understanding how these adaptive

strategies interact with spatial structure and with cell motility is essential for ex-

plaining collective migration. This thesis further investigates the role of phenotypic

heterogeneity during cell migration by examining the impact of both discrete and

continuous phenotype structures, enabling a systematic comparison of how variations

in cell behaviour influence invasion speed, population composition, and wave front

morphology.

1.3 Mathematical background

Having established the biological basis of cell migration and ECM structure, this sec-

tion focuses on how these processes can be represented mathematically. Mathemati-

cal and computational models have long been used to describe biological phenomena

and to test hypotheses that are difficult to probe experimentally. They provide a

complementary means of investigation to laboratory studies, enabling exploration of
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parameter regimes, spatial and temporal scales, and mechanistic hypotheses that are

often inaccessible in vitro or in vivo.

Mathematical models of invasion span a wide spectrum of spatial and tempo-

ral scales. At the microscopic level, stochastic IBMs explicitly track the trajec-

tories of single cells and describe migration through rules that govern cell inter-

actions with one another and their environment [9, 72, 217, 336, 350, 357]. At

larger scales, deterministic continuum models describe the collective dynamics of

populations moving through tissue or extracellular environments containing chem-

ical attractants, adhesive substrates, or other cell types that influence migration

[11, 43, 59, 69, 76, 77, 116, 198, 202, 207, 212, 235, 261, 333]. Continuum mod-

els often take the form of systems of differential equations representing the dynamic

evolution of cell densities, and can be advantageous due to their ease of analytical

tractability and computational implementation.

In designing an experiment in a laboratory, careful selection of the appropriate

equipment and methodology must be used. This same principle applies to mathe-

matical modelling. There is no single “best” modelling framework: the most suitable

approach depends on the scientific question, the biological scale of interest, and the

level of detail required. Over the years, a variety of mathematical and computational

models have been used to explore the role of the ECM during cell migration [75]. An

overview of these is shown in Figure 1.2. The models developed in this thesis are con-

tinuum PDEs, but their formulation is grounded in detailed underlying IBMs. The

remainder of this section outlines the key mathematical ideas and existing literature

that underpin these approaches.

Discrete models. IBMs provide an explicit representation of individual cells as

discrete entities. Each agent moves, proliferates, interacts with neighbours, and mod-

ifies the ECM according to prescribed stochastic rules. A key strength of discrete

cell models is the capacity to incorporate heterogeneity naturally: each agent can

carry its own phenotypic label, an internal state, mutation history or stochastic de-

cision rule. This makes them indispensable for studying rare, stochastic events and

for deriving mechanistic hypotheses about how single-cell processes aggregate into

collective behaviour (e.g., leader–follower patterns) [11, 345].

Two broad classes of IBMs exist: lattice-based approaches (cellular automata,

lattice gas cellular automata, Cellular Potts Models) and off-lattice, force-based ap-

proaches (centre-based models, subcellular element models, boundary-tracking and

vertex models) [90, 217, 326]. Lattice-based approaches are often computationally
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Figure 1.2: There are many different mathematical modelling approaches to study-
ing ECM and cell–ECM interactions, ranging from continuum to discrete frameworks.
Continuum models describe the densities of cells and ECM components with either or-
dinary differential equations (ODEs), typically used to describe total population size
via a spatially-averaged density, or PDEs that often describe both the spatial distri-
bution and temporal evolution of a population density. On the other hand, discrete
frameworks, such as IBMs, represent biological components as separate, interacting
agents. IBMs can be further categorised as either lattice-based, where positions are
restricted to a finite set of points, or lattice-free, where positions lie in a continuous
range. In some cases, multiple modelling approaches are combined in a hybrid fashion
to balance the computational complexity of frameworks with many interacting agents
with the accuracy of their outputs. Mechanical models are a subset of models focused
on representing material properties such as stiffness and elasticity. Both continuum
and discrete mechanical models are utilised to study the mechanical interactions be-
tween cells and ECM [75].

simple to implement and interpret. Cellular automata and lattice-gas models track

occupancy and local state changes on a fixed grid and are therefore efficient for sim-

ulating large populations over long times [10, 11, 90, 139]. Off-lattice, force-based

models represent cells in continuous space and update the positions of the cells accord-
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ing to mechanical interactions (adhesion, repulsion, drag) and active motility forces.

Although these have been extremely valuable in understanding the role of packing,

jamming and mechanical feedback during cell invasion [150, 169, 217, 219, 250], and

in particular in exploring the role of collagen fibres, cross-linking, stiffness and orien-

tation in cell-ECM interactions [10, 11, 81, 129, 138, 251, 273, 280, 294, 297, 298], the

focus on forces makes off-lattice models less well-suited for the mechanisms studied

in this thesis. As such, we focus on on-lattice models.

Despite the choice of IBM, the principal limitations include the high computational

cost, the need to calibrate many parameters, and limited analytic tractability. To

overcome this when further analysis is required, IBMs have been used as the starting

point for coarse-graining procedures that yield continuum descriptions of a larger

population of cells.

Deriving continuum models from underlying discrete descriptions. Several

methods exist for deriving continuum equations from individual-based descriptions.

The approach used in this thesis follows a master-equation framework in which the

population-level density is obtained by coarse-graining the stochastic dynamics of

discrete agents [186, 257, 310, 311, 376]. In this setting, a mesoscopic balance law is

first constructed for the expected occupancy of discrete lattice sites, and a continuum

limit is obtained through Taylor expansion in the limit of small lattice spacing or large

population size. This procedure yields PDEs whose terms correspond directly to the

underlying microscopic rules: nonlinear diffusion emerges naturally from movement

restrictions, while reaction terms reflect proliferation or ECM degradation mecha-

nisms. The principal advantage of this approach is its mechanistic transparency. Each

term in the resulting equations retains a clear and interpretable link to an individual-

level process, in contrast to phenomenological models where nonlinearities are often

introduced heuristically without reference to microscopic behaviour. Moreover, this

class of derivation guarantees consistency between movement, growth, and environ-

mental interaction terms, ensuring that space-limiting effects are not inadvertently

incorporated into one part of the model but omitted from others.

Although coarse-graining a master equation provides a rigorous and intuitive route

to finding a continuum limit, it is only one approach among many. An alternative

and widely used framework is based on kinetic theory. In kinetic approaches, the

microscopic state of the system is described by a probability density over position

and velocity, typically governed by a Boltzmann, Fokker–Planck, or velocity-jump

equation [213, 214, 234]. Diffusion approximations or parabolic scalings then lead
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to macroscopic PDEs that resemble transport or reaction–diffusion equations. Such

formalisms have been particularly successful in modelling chemotaxis and movement

with velocity persistence, as in the classical derivation of the Keller–Segel model from

velocity-jump processes [162, 163, 260, 304]. Kinetic approaches excel when direc-

tional persistence, turning frequencies, or velocity-dependent interactions are central

to the dynamics. However, encoding strong short-range crowding or finite-volume ef-

fects within kinetic frameworks can be cumbersome, and closure approximations are

often required to handle multi-particle interactions. Furthermore, kinetic equations

are typically high-dimensional, and their reduction to tractable macroscopic models

may depend sensitively on the assumed scaling regime.

Statistical mechanics approaches provide a third route to deriving continuum lim-

its [2, 360]. These methods begin with numerous equations governing the joint dis-

tributions of increasing numbers of agents, before employing moment-closure approx-

imations, such as mean-field or pair-correlation closures, to truncate the represen-

tations. Such techniques are powerful for deriving complex nonlinear diffusion and

cross-diffusion systems, especially in contexts involving short-range interactions such

as volume exclusion, adhesion, or mechanical repulsion. By retaining explicit infor-

mation about pairwise correlations, these approaches can capture effects sometimes

overlooked, such as clustering or density-dependent motility. Their main limitation

lies in the necessity of choosing an appropriate closure; different closure schemes can

lead to quantitatively or even qualitatively different PDEs. Moreover, higher-order

closures quickly become analytically intractable, and their interpretation can be chal-

lenging when correlations are strong or spatial structure is complex.

A further class of methods relies on homogenisation and multiscale asymptotics

[86]. In these approaches, the continuum limit is obtained by identifying separate

spatial or temporal scales, for example, microscopic cell movement versus macro-

scopic invasion dynamics, and exploiting this scale separation to derive PDEs that

average over the finer scale structure. Homogenisation has been used extensively in

modelling transport in porous media, cell movement in heterogeneous environments,

and diffusion through periodically structured matrices [286]. These methods are par-

ticularly well suited when the microscopic environment contains repeated structure,

but their applicability depends on the existence of clear scale separation and may fail

in situations where there is local, highly complex ECM architecture.

Finally, variational frameworks offer powerful tools for deriving macroscopic equa-

tions from energetic or probabilistic principles. In this setting, many nonlinear dif-

fusion equations, including porous-medium and Fokker-Planck equations, arise as
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gradient flows in Wasserstein space [98, 205]. Such formulations provide insights into

stability, equilibrium structure, and dissipative properties. However, variational ap-

proaches are most naturally suited to problems that can be easily characterised as a

free-energy minimisation and may not readily incorporate processes such as prolifer-

ation or degradation without further detailed information.

Each of these methods has distinct strengths and limitations. Kinetic and statis-

tical mechanics approaches can capture directional persistence and pairwise correla-

tions more effectively than master equation methods, while homogenisation excels in

structured environments. Conversely, the master equation approach adopted in this

thesis is selected as it is particularly well suited to invasion processes driven by local

mechanisms including volume exclusion, proliferation, and ECM degradation. These

are all naturally expressed as probabilistic transitions on a lattice and coarse-grain

to produce continuum equations that preserve mechanistic clarity. Advantageously,

the method is also relatively straightforward to implement in one-dimension and the

resulting systems of equations are analytically tractable for travelling wave solutions.

Continuum models. When conducting studies at the tissue scale, both the cells

and individual ECM components are of a small size relative to the characteristic

length scale of tissue, and are often densely packed. Thus, in many cases, a contin-

uum framework for modelling spatially averaged behaviour at the cell scale and its

effects at the macroscopic scale of the tissue is appropriate. At tissue scales, fully con-

tinuum models describe cell populations as spatially continuous densities that evolve

in time, typically via PDEs [48]. Often these equations will be accompanied by an

equation describing the dynamics of an environmental feature (such as the ECM) over

time, which may take the form of a coupled ODE or PDE, depending on whether it

varies in space and/or time [151]. Continuum models are the natural choice when

population-level questions, such as the existence of patterning, or trying to quantify

the invasion speed, are central and when the population is sufficiently dense that

mean-field approximations are reasonable [107].

Continuum cell and ECM models typically include random motility (diffusion),

volume-filling and crowding, logistic proliferation, and ECM degradation [13, 60].

Some continuum models are exactly solvable [262], however, in more complex cases

where exact solutions cannot be obtained, there exists a suite of numerical techniques

to approximate solutions at a relatively low computational cost. In general, ODE

and PDE models are amenable to mathematical analysis, for example using boundary

layer techniques [106], or asymptotic methods [164], wherein the behaviour of a system
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under certain limits (for example, long-time behaviour) may be studied, as well as

standard travelling wave or stability analyses that yield macroscopic invasion laws

and conditions for pattern formation [69, 77, 100, 116].

The archetypal continuum model used to describe collective cell migration is the

Fisher–Kolmogorov–Pietrovskii–Piskunov (Fisher–KPP) equation. This was first pro-

posed in the context of the spread of an advantageous gene [109, 174], but has since

been well-studied and seen a broad spectrum of applications in the natural sciences:

most notably in cell biology [121, 196] and ecology [178, 242, 244]. This seminal

reaction–diffusion equation explicitly considers changes in cell density with respect

to space and time, and combines linear diffusion (random motility) alongside logistic

growth [109, 174, 196]. In one spatial dimension, the Fisher–KPP model takes the

form
∂u

∂t
= D

∂2u

∂x2
+ ru

(
1 − u

K

)
, x ∈ R, (1.1)

where u(x, t) is the cell density, D > 0 is the (constant) diffusion coefficient, r > 0

is the (constant) rate of proliferation and K > 0 is the (constant) carrying capacity.

When paired with compactly supported or exponentially decaying initial conditions

and boundary conditions connecting the state u = 1 and the state u = 0, then

this model exhibits constant profile, constant speed solutions, which can be analysed

using a process known as travelling wave analysis that seeks solutions of the form

u(x, t) = U(x − ct), where c is the constant travelling wave speed [51, 226]. In

doing this, an ODE is obtained describing the steady wave profile in a moving co-

ordinate frame. This reduction allows for the determination of wave speed (c ≥
2
√
Dr for Fisher–KPP), front structure, and parameter sensitivity [121], and has

been extended to incorporate directed movement in response to gradients: chemotaxis

(soluble cues), haptotaxis (ECM or adhesion gradients) or durotaxis (see, for example

[58, 116, 118, 145, 252, 307]).

Many biological invasion models extend the PDE structure by incorporating non-

linear diffusion to account for crowding [310], environmental coupling to describe

ECM dependence [43, 69], or multiple interacting species to represent phenotypic di-

versity [311, 321]. In the context of ECM modelling, continuum models have also been

extended to study the role of fibre orientation [54, 84, 96, 108, 245, 246, 251, 372],

MMPs for degrading fibre cross-links [11, 58, 237, 326, 356] in a variety of contexts,

and in modelling wound healing in particular [83, 184, 247, 258, 305]. They have

also been coupled to the invasion of cells to examine the role of haptotaxis [281],

haptokinesis [112], durotaxis [140, 167, 168], ECM-mediated cell proliferation [275],
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and ECM production and degradation [361]. However, as previously stated, these

mechanisms are beyond the scope of this thesis and further information can be found

elsewhere [58, 75, 118, 144, 304].

To capture phenotypic heterogeneity of cells, continuum models can be structured

by introducing a phenotypic variable that can be discrete (as in the case of the classic

Lotka-Volterra model [224, 263, 351]) [53, 63, 79, 105, 318] or continuous, whereby

population members exhibit a variety of behaviours to different degrees [37, 194].

These phenotypes may truly represent a number of different cell features, such as

age, motility, invasiveness or drug resistance, but may not always be easily measurable

experimentally.

In discretely structured phenotype models, phenotype change can be included by

introducing switching terms between the different sub-populations of cells [318]. Var-

ious models of this form have been developed as the continuum limit of an underlying

IBM. In particular, the model presented in [310, 311] demonstrates the impacts of

volume-filling effects on collective cell invasion of multiple species. Furthermore,

an example of an extended proliferation-invasion model of three interacting sub-

populations of glioblastoma cells is presented in [220], which includes cross-species

density-dependent diffusion terms, and takes account of volume-filling effects.

Alternatively, structured PDEs account for continuous trait distributions and their

dynamics under selection, mutation and environmentally dependent fitness [37, 189,

191, 194]. Such models link ecological and evolutionary dynamics and have been

used to study bet-hedging, EMT transitions, and therapy-driven selection in various

geometries and varying environmental conditions [189, 342].

The models analysed in this thesis exhibit both discrete and continuous phenotypic

structuring across a range of biological scenarios, as well as novel terms describing

volume-filling effects of the cells and the ECM. However, unlike some of the afore-

mentioned models, the terms in the models developed in this thesis always emerge

systematically from the coarse-grained IBM rather than being postulated in advance,

providing a deeper insight into how microscopic mechanisms influence macroscopic

invasion behaviour.

1.4 Thesis structure, scope and aims

As George Box famously stated, “all models are wrong, but some are useful” [40]. This

statement captures the philosophy that underpins this thesis: mathematical models

are simplified representations of reality whose value lies not in their precision but in
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their capacity to provide insight into complex systems. By embracing simplifications

deliberately, essential mechanisms that drive biological behaviour can be isolated and

studied to gain meaningful insights that guide both theory and experiment.

The central aim of this thesis is to derive and analyse mathematical models that

describe the collective migration of cells as they invade into ECM. In particular, we

develop new continuum limits of IBMs that incorporate key biological processes—

such as volume exclusion, phenotypic heterogeneity and environmental feedback—to

better understand how collective invasion emerges from individual cell interactions.

By systematically coarse-graining these discrete models, we obtain continuum formu-

lations that retain mechanistic consistency with their microscopic origins, enabling

direct comparison between individual- and population-level perspectives.

Throughout, the ECM is treated as an isotropic, scalar field whose density restricts

cell movement and proliferation, and is degraded locally by cells. Mechanical forces,

anisotropy, fibre alignment, and subcellular processes are not explicitly modelled, nor

are detailed biochemical signalling pathways. These simplifications are motivated by

the desire to retain a clear and mechanistically interpretable connection between the

individual-based rules and the resulting continuum equations. They also allow for a

rigorous analytical treatment using travelling wave methods.

The thesis begins in Chapter 2 with the derivation of a continuum model describing

a single homogeneous cell population invading into ECM. This model is constructed

by coarse-graining an IBM that consistently accounts for volume exclusion across

all mechanisms influencing migration, including random motility, proliferation and

degradation of the surrounding ECM. By analysing travelling wave solutions and their

dependence on key parameters such as the initial ECM density and the degradation

rate, we demonstrate how volume exclusion modifies invasion speed compared with

classical Fisher–KPP type formulations and other models in the literature that do

not explicitly consider the impact of volume exclusion [43, 69, 109]. Comparison

of analytical and numerical predictions reveals that linearisation of nonlinear effects

often underestimates the complexity of invasion dynamics, yet the new model still

recovers the qualitative behaviours of simpler, volume-filling-free frameworks in most

parameter regimes [69, 100, 224].

In Chapter 3, the wave speed of a travelling front is analysed using a variational

approach. Beginning with single species models, the variational principle [26, 27, 28,

320] is recast as an optimal control problem [176, 344], before being used to improve

the characterisation of the minimum bound for the travelling wave speed in a number

of canonical models [290, 306]. Thereafter, this analysis is extended to models of two
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interacting species which couple a parabolic PDE for one cell population with an ODE

describing the dynamics of another quantity, usually either another cell population,

chemical or local micro-environment [43, 69]. Using the optimal control framework, a

novel variational principle is derived for two-species reaction–diffusion equations and

a new, more accurate, lower bound on the travelling wave speed is found for models

of cell invasion into ECM described in Chapter 2.

Chapter 4 extends the coarse-graining modelling framework to account for cellular

heterogeneity by introducing two interacting sub-populations: one primarily motile

and degrading, the other primarily proliferative. This extension allows investigation

of the so-called ‘go-or-grow’ dichotomy, whereby cells alternate between invasive and

proliferative states. While previous studies have explored this concept phenomeno-

logically, most neglect the fact that cells can dynamically switch between phenotypic

states in response to environmental conditions. Here, we derive a continuum model for

two coupled cell populations with explicit phenotypic switching mechanisms, which

may be constant, stochastic or environment-dependent, and study how these affect

collective migration. By analysing the resulting travelling wave solutions, we identify

distinct invasion speeds and front compositions corresponding to different switching

dynamics, suggesting that macroscopic observables could, in principle, be used to

infer underlying cellular strategies.

The following chapter, Chapter 5, generalises the approach used in Chapter 4 to

a continuum of populations with many coexisting phenotypes. Starting from an IBM

consisting of N discrete sub-populations, we take the continuum limit as N → ∞ to

obtain a structured PDE describing invasion into a general local environment. This

formulation bridges the gap between discrete and continuous representations of phe-

notypic variability, allowing the study of populations that evolve smoothly across trait

space. To illustrate the versatility of the framework, it is then applied to several ex-

emplar biological scenarios, including T cell exhaustion, lineage differentiation during

population expansion, and, obviously, collective cell migration into ECM. These ex-

amples demonstrate how the same mathematical structure can be adapted to diverse

biological problems, highlighting the unifying nature of the methodology developed

in this thesis.

Finally, this thesis concludes in Chapter 6 with a discussion of the main findings,

as well as the limitations of the frameworks. Potential extensions and future work to

mediate these are also outlined.

Together, the chapters present a coherent modelling framework that progresses

from mechanistic individual-level rules, through systematically derived continuum
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equations, to analytical characterisation and questions of model identifiability. All

of the research presented here is theoretical in nature, encompassing model develop-

ment, analysis and simulation. Although some work was completed in collaboration

with researchers who are acknowledged at the outset of each chapter and in the as-

sociated publications [75, 76, 77, 79], my contribution lies in formulating consistent

mathematical frameworks for multi-scale invasion, developing the methods required

to study them (modelling and simulation), and interpreting their implications for col-

lective cell behaviour through detailed mathematical analysis. The work as a whole

emphasises that, while no model can capture biological reality in its entirety, careful

simplification—guided by biological relevance and analytical rigour—can yield models

that are not only useful but genuinely illuminating.
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ECM component Function ECM Location

Proteins

Fibril collagens, e.g.,
type I, II, III

Provides structural integrity and
strength to the tissue.

Interstitial ECM

Network-forming col-
lagen, e.g., type IV

Sheet-like ECM forms from fibres. Basement membrane

Elastin Provides tissue with elasticity
and load-bearing capabilities.

Interstitial ECM

Glycoproteins

Fibronectin Cross-links with ECM proteins,
influences cell adhesion and mi-
gration.

Interstitial ECM (also
found concentrated
near basement mem-
brane)

Laminin Forms a mesh-like network to aid
in cell adhesion and migration.

Basement membrane

Nidogen Promotes BM structural integrity
by facilitating laminin and colla-
gen type IV cross-linking.

Basement membrane

Proteoglycans Regulate ECM structure, e.g.,
perlecan, performing a simi-
lar role to nidogen, and sup-
ports cellular functions by storing
growth factors and other signal-
ing molecules.

Interstitial ECM and
Basement membrane

Enzymes

Lysyl oxidase (LOX) Mediates ECM structure, facili-
tating ECM protein cross-linking.

Interstitial ECM

Matrix metallopro-
teinases (MMPs)

Degrades ECM proteins such
as collagens, fibronectin and
laminin.

Interstitial ECM and
Basement membrane

Table 1.1: Table describing some of the major ECM components alongside their
functions and locations [75].
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Chapter 2

A coarse-grained model for cell
invasion into extracellular matrix

This work was completed in collaboration with T. Lorenzi, P. K. Maini and R. E.

Baker, and is published in Studies in Applied Mathematics [77]. The author was

responsible for all aspects of the research and writing presented in this chapter.

2.1 Introduction

Cell invasion is central to a variety of biological phenomena, playing a key role in

morphogenesis, tumour growth and tissue engineering. In many instances of cell in-

vasion, cells must migrate through ECM–a network of proteins and other molecules

that can impact collective cell movement by reducing the space available for migra-

tion [85, 253, 261].

A wide range of mathematical approaches have been used to model cell invasion

into ECM. These range from IBMs describing processes at the single-cell level to

PDE models that describe population-level cell density dynamics [124]. However, ex-

isting PDE models often take inconsistent approaches to incorporating volume-filling

effects—the fact that both cells and ECM occupy space, limiting movement and

proliferation. Some models [100] include volume-filling effects of ECM in the prolifer-

ation term but not in the motility term, while others incorporate crowding effects into

motility through phenomenological density-dependent diffusion [131, 202, 208, 300].

Crucially, these models are not always derived directly from explicit assumptions

at the single-cell level, making it unclear how different modelling choices affect the

resulting population-level dynamics.

This gap motivates the work in this chapter. The aim is to start from a cell-

level description of invasion into ECM, explicitly incorporating volume-filling effects
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in both cell motility and proliferation, and then to coarse-grain this to obtain the

corresponding PDE model. By beginning at the individual-cell level, we can ensure

a consistent treatment of volume-filling affects across both movement and growth

mechanisms, and can directly examine how specific single-cell assumptions shape the

emergent PDE.

In this chapter, we extend the methods in [310, 311] to develop an IBM for cell

invasion into ECM, taking into account volume-filling effects, where both cell motility

and proliferation are impacted by the presence of other cells or ECM components. We

make the simplifying assumption that space is the only factor limiting cell invasion,

whereas other models in the literature [12, 170] assume various other factors, such

as nutrient-limited growth [327]. By coarse-graining this model, a limiting PDE

description is formally derived and explored both analytically and numerically.

This framework allows us to carry out a systematic comparison between the

population-level behaviours observed in this model and those predicted by existing

simpler population-level models, including the classical Fisher–KPP model [109, 174]

and with ECM invasion models [69, 100]. Each of these simpler models can be recov-

ered from the model derived in this work by neglecting specific terms, such as those

capturing ECM volume-filling effects. By comparing qualitative and quantitative pre-

dictions across these models, we investigate to what extent different assumptions at

the cell-level influence the population-level description, and what this implies for the

interpretation and application of ECM invasion models in biological contexts.

2.2 The mathematical model

In this section, we begin by developing a simple one-dimensional, on-lattice, IBM of

cell invasion into ECM that incorporates cell motility and proliferation, degradation

of ECM, and volume-filling effects. We then coarse-grain this model to formally derive

a corresponding PDE model that comprises a system of coupled PDEs describing the

evolution of the densities of cells and ECM [45, 310].

2.2.1 Individual-based model

In the simplified setting of this model, cells are represented as discrete agents that

can proliferate and move on a one-dimensional uniform lattice, which constitutes the

spatial domain, and can also degrade the surrounding ECM, which is regarded as

being composed of discrete constitutive elements. The novel aspect of this model
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is the introduction of volume-filling effects, similar to the model described in [220],

which uses the methods described in [252], but extended to multiple populations [311].

Let the number of cells and ECM elements on lattice site i ∈ Z of width ∆ at time

t̃ ∈ R+ of realisation j = 1, 2, . . . , J of the model be denoted, respectively, by uji (t̃)

and mj
i (t̃). We assume that ECM elements have constant density and are chosen to

occupy a volume equal to that of a cell, such that at most N cells or ECM elements

occupy each lattice site.

The dynamics of the cells are governed by two mechanisms: proliferation, in which

a cell places a daughter cell into the same lattice site it occupies; and motility, whereby

cells can move to one of their two adjacent lattice sites. Moreover, ECM elements can

be degraded by cells in the same lattice site as them. To incorporate volume-filling

effects into the model, we prescribe that each lattice site has a maximum occupancy

level N [329] and assume that:

(A1) if a cell attempts a move to a neighbouring lattice site, the probability that the

move is successful decreases linearly with the occupancy level of the target site,

such that the probability of a successful move to a target site with occupancy

level N is zero;

(A2) if a cell attempts to proliferate, the probability of success decreases linearly

with the occupancy level of the site where the cell is located, such that the

probability of a successful proliferation event in a site with occupancy level N

is zero.

As such, we can now mathematically define the functions describing the probabilities

of movement and proliferation of cells.

Probability of cell movement. A cell attempts a movement in a time interval

[t, t + τ) with probability pm ∈ [0, 1], and the attempted movement from lattice site

i to either of the neighbouring lattice sites i ± 1 occurs with equal probability 1/2.

Using assumption (A1), we can define the probability of movement to the left, Tmj

i− (t̃),

or right, Tmj

i+ (t̃), during the time interval [t̃, t̃+ τ) of realisation j, as

Tmj

i± (t̃) =
pm
2

(
1 − uji±1(t̃) +mj

i±1(t̃)

N

)
. (2.1)
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Probability of cell proliferation. A cell in lattice site i attempts to proliferate

in time interval [t, t+ τ) with probability pp ∈ [0, 1]. If proliferation occurs, then the

cell places a daughter cell into the same lattice site as itself. Using assumption (A2),

we can define the probability of proliferation, T pj

i (t̃), during the time interval [t̃, t̃+τ)

of realisation j, as

T pj

i (t̃) = pp

(
1 − uji (t̃) +mj

i (t̃)

N

)
. (2.2)

In order to ensure that the probabilities Tmj

i± (t̃), T pj

i (t̃) ≥ 0 are well-defined, the

initial distributions of cells and ECM elements must be such that at most N cells

or ECM elements occupy each lattice site to begin with. Under the assumption

that the initial distributions of cells and ECM elements satisfy 0 ≤ uji (0) + mj
i (0) ≤

N for all j = 1, 2, . . . , J and i ∈ Z, the definitions for the probabilities of cell move-

ment and proliferation given by Equations (2.1) and (2.2) ensure that

0 ≤ uji (t̃) +mj
i (t̃) ≤ N for all j = 1, 2, . . . , J and i ∈ Z for any t̃ ∈ R+. (2.3)

Furthermore, we assume that cells degrade surrounding ECM only at a constant

rate. Hence, we may define the function describing the degradation of ECM.

Probability of ECM degradation. During the time interval [t̃, t̃+τ) of realisation

j, an element of ECM in lattice site i is degraded by a cell on the same lattice site with

probability pd ∈ [0, 1], such that the degradation per unit element of ECM, T dj

i (t̃), is

T dj

i (t̃) = pdu
j
i (t̃).

2.2.2 Corresponding coarse-grained model

In order to derive a coarse-grained description of the IBM, we introduce the average

occupancy of lattice site i at time t̃ by cells and ECM elements over J realisations of

the model, denoted, respectively, by

⟨ui(t̃)⟩ =
1

J

J∑
j=1

uji (t̃) and ⟨mi(t̃)⟩ =
1

J

J∑
j=1

mj
i (t̃).

Coarse-grained model of cell dynamics. We proceed to derive a coarse-grained

model by considering how the average occupancy in lattice site i changes during the

time interval [t̃, t̃+ τ). To do this, we use probabilistic approximations of the mean-

field type which are frequently used for the coarse-graining of IBMs and involve
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assuming independence of lattice site occupancies (see, for example, [257]). As such,

we can write

⟨ui(t̃+ τ)⟩ = ⟨ui(t̃)⟩

+
pm
2
⟨ui+1(t̃)⟩

(
1 − ⟨ui(t̃)⟩ + ⟨mi(t̃)⟩

N

)
+
pm
2
⟨ui−1(t̃)⟩

(
1 − ⟨ui(t̃)⟩ + ⟨mi(t̃)⟩

N

)
− pm

2
⟨ui(t̃)⟩

(
1 − ⟨ui+1(t̃)⟩ + ⟨mi+1(t̃)⟩

N

)
− pm

2
⟨ui(t̃)⟩

(
1 − ⟨ui−1(t̃)⟩ + ⟨mi−1(t̃)⟩

N

)
+ pp⟨ui(t̃)⟩

(
1 − ⟨ui(t̃)⟩ + ⟨mi(t̃)⟩

N

)
. (2.4)

Rearranging Equation (2.4) and dividing both sides by τ yields:

⟨ui(t̃+ τ)⟩ − ⟨ui(t̃)⟩
τ

=
pm∆2

2τ

[⟨ui−1(t̃)⟩ − 2⟨ui(t̃)⟩ + ⟨ui+1(t̃)⟩
∆2

]
+
pm∆2

2τN

[⟨ui(t̃)⟩(⟨mi−1(t̃)⟩ − 2⟨mi(t̃)⟩ + ⟨mi+1(t̃)⟩)
∆2

]
− pm∆2

2τN

[⟨mi(t̃)⟩(⟨ui−1(t̃)⟩ − 2⟨ui(t̃)⟩ + ⟨ui+1(t̃)⟩)
∆2

]
+
pp
τ
⟨ui(t̃)⟩

(
1 − ⟨ui(t̃)⟩ + ⟨mi(t̃)⟩

N

)
. (2.5)

We now divide both sides of Equation (2.5) by length scale ∆, perform a Taylor expan-

sion and take limits as ∆, τ → 0 to obtain a description of the cell density dynamics

in terms of the variables ũ(x̃, t̃) and m̃(x̃, t̃), that are the continuum counterparts of

⟨ui(t̃)⟩/∆ and ⟨mi(t̃)⟩/(µ̃∆) that represent, respectively, the number density of cells

and the density of ECM at position x̃ ∈ R and time t̃ ∈ (0,∞). The factor µ̃ can

be interpreted as the number of cells equivalent to a unit mass of ECM. It serves

as a conversion factor between the density of ECM—defined as mass of ECM per

unit volume—and the number density of ECM elements, which is given by µ̃m̃(x̃, t̃).

Under the assumptions

lim
∆,τ→0

pm∆2

2τ
= D̃, lim

τ→0

pp
τ

= r̃, lim
∆→0

N

∆
= K̃, (2.6)

we obtain the following PDE for the cell density ũ(x̃, t̃):

∂ũ

∂t̃
= D̃

∂

∂x̃

[(
1 − ũ+ µ̃m̃

K̃

)
∂ũ

∂x̃
+ ũ

∂

∂x̃

(
ũ+ µ̃m̃

K̃

)]
+ r̃ũ

(
1 − ũ+ µ̃m̃

K̃

)
, (2.7)
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where x̃ ∈ R and t̃ ∈ (0,∞). Note that the first term on the right-hand side of

Equation (2.7) describes the movement of cells down gradients in cell density, with

movement prevented by the presence of surrounding cells and ECM, as expected by

the introduction of volume-filling effects. The second term models the motion of cells

down the “total density gradient” of cells and ECM, ũ+ µ̃m̃. The third term captures

cell proliferation, which is also impacted by volume-filling effects. From Equation (2.7)

it is clear that the parameter D̃ ≥ 0, which is defined via Equation (2.6), can be

regarded as the diffusion coefficient of the cells in the absence of ECM, while the

parameters r̃ ≥ 0 and K̃ > 0, which are also defined via Equation (2.6), are the

intrinsic growth rate of the cell population, and the density corresponding to the

maximum occupancy level (i.e., the carrying capacity), respectively.

Coarse-grained model of ECM dynamics. Probabilistic approximations similar

to those underlying Equation (2.4) give the following conservation equation for the

evolution of ECM elements in lattice site i during the time interval [t̃, t̃+ τ):

⟨mi(t̃+ τ)⟩ = ⟨mi(t̃)⟩ − pd⟨ui(t̃)⟩⟨mi(t̃)⟩. (2.8)

Rearranging Equation (2.8), dividing by ∆ and τ and taking limits as ∆, τ → 0,

under the assumption

lim
∆,τ→0

pd∆

τ
= λ̃, (2.9)

we formally obtain the following differential equation for ECM density m̃(x̃, t̃):

∂m̃

∂t̃
= −λ̃m̃ũ, (2.10)

where x̃ ∈ R and t̃ ∈ (0,∞). Here, the parameter λ̃ ≥ 0 defined via Equation (2.9) is

the per cell degradation rate of ECM.

2.2.3 Non-dimensional coarse-grained model

To reduce the number of parameters in the model and to facilitate the following

analysis, we non-dimensionalise the mathematical model defined via Equations (2.7)

and (2.10) by the introduction of the following non-dimensional variables:

u =
ũ

K̃
, m =

µ̃m̃

K̃
, t = t̃r̃, x =

√
r̃

D̃
x̃.
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We obtain the following system of equations:

∂u

∂t
=

∂

∂x

[
(1 −m)

∂u

∂x
+ u

∂m

∂x

]
+ u(1 − u−m), (2.11)

∂m

∂t
= −λmu, (2.12)

where x ∈ R and t ∈ (0,∞). Here, the only remaining parameter is λ = λ̃K̃/r̃ ≥ 0,

which is interpreted as the rescaled ECM degradation rate. We complement the

model defined via Equations (2.11) and (2.12) with no flux boundary conditions for

Equation (2.11):

(1 −m)
∂u

∂x
+ u

∂m

∂x
= 0, (2.13)

at the ends of the domain x ∈ R and u → 0 as x → ∞. We also implement the

following initial conditions:

u(x, 0) = u0(x) ≥ 0, m(x, 0) = m0(x) ≥ 0, 0 ≤ u0(x) +m0(x) ≤ 1 ∀x ∈ R.
(2.14)

We note that by assuming at the single-cell level that both the presence of cells

and ECM elements impair the movement and proliferation of the cells, the resulting

population-level description for cell density evolution in Equation (2.11) exhibits a

number of differences to similar models without volume-filling effects that currently

exist in the literature and are summarised in Table 2.1.

Model
Volume-filling

Diffusion term
Volume-filling

Reaction termin movement in proliferation
by cells by ECM by cells by ECM

Colson [69] - + ∂
∂x

[
(1 −m)∂u

∂x

]
+ - u(1 − u)

Browning [43, 100] - + ∂
∂x

[
(1 −m)∂u

∂x

]
+ + u(1 − u−m)

Equations (2.11) and (2.12) + + ∂
∂x

[
(1 −m)∂u

∂x
+ u∂m

∂x

]
+ + u(1 − u−m)

Table 2.1: Description of the volume-filling effects of cells and ECM considered by
the models compared in this chapter.

For example, the model developed by Browning et al. [43] and studied by El

Hachem et al. in [100] does not consider volume-filling of cells to impair cell move-

ment, and therefore contains one less flux term, namely that accounting for movement

of cells down the “total density gradient”. This model can be recovered from Equa-

tion (2.11) by employing different underlying assumptions such that the probability of

movement depends on the average available space (where space is only filled by cells)
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between the target lattice site and the lattice site the cell occupies at time t̃. The

results of the models summarised in Table 2.1 are compared in detail in Section 2.6.

Model simplification when there is no ECM degradation. We observe that

when there is no ECM degradation (i.e., if λ = 0) and ECM is uniformly distributed

at t = 0 (i.e., if m(x, 0) ≡ m0 where m0 ∈ R+ with 0 ≤ m0 ≤ 1), the mathematical

model defined via Equations (2.11) and (2.12) simplifies to the following Fisher–KPP

model of cell dynamics [109]:

∂u

∂t
= (1 −m0)

∂2u

∂x2
+ u
(
1 −m0 − u

)
. (2.15)

2.3 Numerical methods

In later sections, we will show that the PDE model defined in Equations (2.11)

and (2.12) gives rise to travelling wave behaviours which can be analytically studied

using the corresponding ODE framework. First however, we detail the numerical

methods used to simulate the solutions to the before mentioned ODE and PDE equa-

tions studied in this chapter.

2.3.1 The ODE model

We numerically solve the system of ODEs (2.29)–(2.31) subject to the boundary con-

ditions (2.21)–(2.23) using Python’s built-in stiff solver scipy.integrate.ODE with

tolerance 10−15 and order 5. Convergence checks were completed by considering a

range of tolerances and time steps, ensuring that the parameters used for the simula-

tions produced solutions within known numerical error. In Figure 2.1, we numerically

solve Equations (2.29)–(2.31) with the initial condition (U, V,M) = (0.9,−0.01, 0.01)

for c = {1, 2(1 −m0), 3}, time step τ = 0.01, and final time t = 100.

2.3.2 The PDE model

Although the analytical travelling wave solution is defined on the real line, it is

necessary that numerical simulations are performed on a finite domain, due to com-

putational restrictions. As such, we simulate Equations (2.11) and (2.12) on a one-

dimensional spatial domain x ∈ [0, L], where L > 0 is chosen to be sufficiently large

to ensure that the travelling wave remains well separated from the domain bound-

aries over the duration of the simulation. Under this assumption, boundary effects

are negligible and the finite-domain problem provides an accurate approximation of
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the infinite-domain model. Accordingly, Equations (2.11) and (2.12) are solved nu-

merically subject to zero flux boundary conditions (2.13) in u at x = 0 and x = L

using the method of lines. The spatial domain is uniformly discretised with spacing

∆ = 0.1 between each of the q = 1, . . . , Q spatial points, and the following explicit

central difference scheme is used to discretise and approximate the nonlinear diffusion

terms [321]:

∂

∂x

[
D
∂a

∂x

]
q

≈ 1

2∆2

[
(Dq−1 +Dq)aq−1 − (Dq−1 + 2Dq +Dq+1)aq + (Dq +Dq+1)aq+1

]
,

(2.16)

where aq and Dq represent the value of a and D evaluated at the spatial point q,

respectively. Simulating the model described by Equations (2.11) and (2.12) requires

using the discretisation scheme in Equation (2.16) twice. For the first term with a

derivative in x, we use D = (1 −m) and a = u, and for the second term in the flux

D = u and a = m is employed.

This discretisation of Equations (2.11) and (2.12) results in a system of 2I time-

dependent ODEs, given by:

duq
dt

=
1

∆2

[
uq−1(1 −mq) + uq(mq+1 +mq−1 − 2) + uq+1(1 −mq)

]
+ uq(1 − uq −mq),

(2.17)

dmq

dt
= −λmquq, (2.18)

for 1 ≤ q ≤ Q − 1. To implement Neumann boundary conditions, we introduce the

ghost points x−1 and xQ+1 [221] and enforce zero flux across the boundary. We solve

the system of Equations (2.17) and (2.18) with zero flux boundary conditions using

the built-in Python solver scipy.integrate.solve ivp with the explicit Runge-

Kutta integration method of order 5 and time step τ = 1. Convergence checks were

completed by considering a range of tolerances, time and spatial steps.

For the simulations of the PDE systems in this work, we consider compactly

supported initial conditions (2.38) and (2.39) (see Section 2.4.2) with ψ = 1. In

Section 2.4.2.1 we use ξ = 10−7, γ = 0.1 and ϵ = 1 when considering compactly

supported initial conditions (2.40) and (2.41), and a = 0.1, γ = 0.1 and β = 10 for

non-compactly supported initial conditions (2.40) and (2.42).

2.4 Travelling wave analysis

We seek constant speed, constant profile travelling wave solutions of Equations (2.11)

and (2.12) by adopting the usual travelling wave co-ordinate z = x − ct. As such,
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we introduce the new variables u(x, t) = U(z) and m(x, t) = M(z) and require that

c > 0 is a constant so that the wave invades from left to right in the spatial domain.

By substituting the ansatz u(x, t) = U(z) and m(x, t) = M(z) in Equations (2.11)

and (2.12), we deduce that, if a travelling wave solution exists, then it must satisfy

d

dz

[
(1 −M)

dU

dz
+ U

dM

dz

]
+ c

dU

dz
+ U

(
1 − U −M

)
= 0, (2.19)

c
dM

dz
− λMU = 0, (2.20)

for −∞ < z < ∞. We also choose to implement the following boundary conditions,

that simulate biologically realistic scenarios where cells start at one end of the domain

exclusively and there is only ECM ahead of them:

U(z) → 1 as z → −∞, (2.21)

U(z) → 0 as z → ∞, (2.22)

M(z) → m0 as z → ∞. (2.23)

The ODE system (2.19) and (2.20) can be simplified further by expanding Equa-

tion (2.19) and using Equation (2.20) to substitute in d2M/dz2. We find that

(1 −M)
d2U

dz2
+ c

dU

dz
+U

[
(1 −M)−U

]
= −M

[
U

(
λU

c

)2

+
dU

dz

(
λU

c

)]
. (2.24)

Furthermore, it is notable that Equation (2.20), subject to the boundary con-

dition (2.23), has a semi-explicit solution. That is, if U(z) is known, then we can

evaluate M(z) as

M(z) = m0 exp

{
−λ
c

∫ ∞

z

U(s)ds

}
, (2.25)

which gives

M(z) → 0 as z → −∞, (2.26)

and M ≤ m0 for all z ∈ R.

Under the boundary condition U(z) → 0 as z → ∞ at the leading edge of the

travelling front (i.e., for z ∈ (ℓ,∞) with −∞ ≪ ℓ <∞ sufficiently large), we assume

that there is an exponential tail and, as such, we use the ansatz

U(z) ≈ exp {−αz} , (2.27)

with scaling constant 0 < α < ∞ for z ∈ (ℓ,∞). Inserting Equation (2.27) into

Equation (2.25) we find

M(z) ≈ m0 exp

{
− 1

α

(
λU(z)

c

)}
, (2.28)
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for z ∈ (ℓ,∞), which will become useful in analysing the travelling waves in asymp-

totic regimes (see Sections 2.5.1 and 2.5.2).

Moreover, writing dU/dz = V, we can rewrite Equations (2.19) and (2.20) as a

system of three first-order ODEs

dU

dz
= V, (2.29)

dV

dz
=

1

(1 −M)

[
− cV − λ

c
MUV − λ2

c2
MU3 − U(1 − U −M)

]
, (2.30)

dM

dz
=
λ

c
MU, (2.31)

with boundary conditions given by

U(z) → 1, V (z) → 0 and M(z) → 0 as z → −∞, (2.32)

U(z) → 0, V (z) → 0 and M(z) → m0 as z → ∞. (2.33)

2.4.1 Linear stability analysis

The system (2.29)–(2.31) with boundary conditions (2.32) and (2.33) has two equi-

librium points S1 = (1, 0, 0) and S2 = (0, 0,m0). We seek travelling wave solutions,

which are trajectories in the phase space that connect the spatially homogeneous

steady state S1 at z = −∞ to S2 at z = ∞ [82, 183, 225].

We first find the Jacobian of the linearised system (2.29)–(2.31). To do this, we

introduce the following combinations for simplicity

ν =
λ

c
, T =

1

1 −M
, W = MU,

so that the Jacobian is given by

J =

 0 1 0
T (M − 1 + 2U − 3ν2WU − νW ) −T

(
c+ νW

)
Y

νM 0 νU

 ,

where Y = UT (1 − ν2U2 − νV + T (U + M − 1 − ν2WU)) − T 2(cV + ν). Then the

Jacobian at S2 = (0, 0,m0) is given by

J(0,0,m0) =


0 1 0

m0 − 1

1 −m0

−c
1 −m0

0

λ

c
m0 0 0

 ,
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and the Jacobian at S1 = (1, 0, 0) is

J(1,0,0) =


0 1 0

1 −c 1 −
(
λ

c

)2

0 0
λ

c

 .

For (1, 0, 0), the eigenvalues are:

σ1 = λ/c, σ2,3 = (−c±
√
c2 + 4)/2,

which have associated eigenvectors

v1 =

(
c2 − λ2

c2(λ− 1) + λ2
,

λ(c2 − λ2)

c(c2(λ− 1) + λ2)
, 1

)T

, (2.34)

v2,3 =

(
c±

√
c2 + 4

2
, 0, 1

)T

. (2.35)

These indicate that (1, 0, 0) is a three-dimensional, hyperbolic, unstable saddle point

since it has one negative and two positive eigenvalues [14]. However, at (0, 0,m0) the

eigenvalues of the system are

σ1 = 0, σ2,3 =
−c±

√
c2 − 4(1 −m0)2

2(1 −m0)
,

showing that (0, 0,m0) is a non-hyperbolic, stable steady state, since one of these

eigenvalues has zero real part [359]. The corresponding eigenvectors at S2 are

w1 =
(
0, 0, 1

)T
, (2.36)

w2,3 =

(
c(c±

√
c2 − 4(1 −m0)2)

2λm0(m0 − 1)
,
c(c2 ± c

√
c2 − 4(1 −m0)2 − 2(1 −m0)

2)

2λm0(1 −m0)2
, 1

)T

.

(2.37)

In all cases, we use the index 2 to refer to the positive of the two choices, and 3 for

the negative. When c2−4(1−m0)
2 < 0, the steady state (0, 0,m0) is a stable spiral as

the eigenvalues have non-zero imaginary parts; however, when c2−4(1−m0)
2 > 0, the

steady state is a stable node. Since these equilibria’s stability can only be determined

for m0 ̸= 1, we continue our analysis assuming m0 ∈ [0, 1). In the case that the state

(0, 0,m0) is a stable spiral, U oscillates around this point on its approach and can

therefore take negative values, see Figure 2.1. However, when (0, 0,m0) is a stable

node, trajectories may exist between (1, 0, 0) and (0, 0,m0) that are contained entirely
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Figure 2.1: Phase plane plot of the ODE system (2.29)–(2.31), for different travelling
wave speeds, c, demonstrating the change from a stable spiral to a stable node as the
travelling wave speed exceeds cmin. The corresponding unstable eigenvector (light grey
dashed) given by Equation (2.35) and stable eigenvector (dark grey dashed) given by
Equation (2.37) are overlaid in the lower plots [82]. Further specifics of the parameter
values and the numerical methods used can be found in Section 2.3.

in the region of phase space defined by U ≥ 0, V ≤ 0 and M ≥ 0. This ensures non-

negativity of U and M , consistent with the PDE (which preserves non-negativity) and

the biological grounding of the model. This demonstrates the existence of a minimum

wave speed, cmin = 2(1 −m0), such that the dependent variables, U and M , remain

non-negative for all time.

2.4.2 Travelling wave solutions

From numerical simulations, we assume that the system (2.11) and (2.12) permits

travelling wave solutions connecting S1 = (1, 0, 0) and S2 = (0, 0,m0) for m0 ∈ [0, 1).

To explore this, we simulate Equations (2.11) and (2.12) subject to the following

initial conditions:

u(x, 0) =

{
1, if x < ψ,

0 if x ≥ ψ,
(2.38)

m(x, 0) =

{
0, if x < ψ,

m0 if x ≥ ψ,
(2.39)
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where 0 < ψ ≪ L represents the width of the initially invaded region at t = 0 and

m0 ∈ [0, 1] corresponds to the uninvaded density of ECM ahead of the cells.

Figure 2.2 shows that solutions of Equations (2.11) and (2.12) subject to the initial

conditions (2.38) and (2.39) converge to travelling wave profiles with c > 0 whereby

the cell density, u, decreases monotonically from one to zero and the ECM density,

m, increases monotonically from zero to m0. The numerical results in Figure 2.2 also

indicate that the speed of the travelling waves changes as the values of the parameters

λ and m0 are changed. This is illustrated in more detail in Figure 2.3, that shows

that when m0 ∈ (0, 1): if λ→ 0+ then the speed of the travelling waves converges to

c = 2 (1−m0); whereas if λ→ ∞ then the speed of the travelling waves converges to

c = 2.

Figure 2.2: Numerical solutions of Equations (2.11) and (2.12) subject to the initial
conditions (2.38) and (2.39), for m0 = 0.2 in the top row and m0 = 0.8 in the bottom
row, and for rescaled ECM degradation rates λ = 5, 50, 500. Cell densities are shown
in purple and ECM densities in orange at times t = 25, 50, 75, 100 from left to right.
Further specifics of the parameter values and the numerical methods used can be
found in Section 2.3.

The numerical results summarised by Figure 2.3 for m0 ∈ [0, 1) show similar

behaviours to that in [100], where volume-filling effects of cells are not included in

the cell movement term. However, a marked difference is observed for the case m0 = 1,

as discussed in the following section.

2.4.2.1 Numerical simulations for m0 = 1

By examining Figure 2.3 it is clear that when m0 = 1, the system (2.11) and (2.12)

subject to the initial conditions (2.38) and (2.39) does not permit travelling wave
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Figure 2.3: The relationship between the numerically estimated speed (solid lines) of
travelling wave solutions of Equations (2.11) and (2.12) subject to the initial condi-
tions (2.38) and (2.39) for a range of values of λ. The dashed lines in the plot on the
left highlight the value of 2(1−m0). The numerically estimated travelling wave speed
is obtained by tracing the point X(t) such that u(X(t), t) = 0.1. Further specifics of
the parameter values and the numerical methods used can be found in Section 2.3.

solutions. To investigate this further, we simulate the system (2.11) and (2.12) subject

to different initial conditions. In every case, we consider the initial condition for the

ECM density, m, given by

m(x, 0) =

{
m0 − u(x, 0), if m0 > 1 − γ,

m0, if m0 ≤ 1 − γ,
(2.40)

with 0 ≤ γ ≤ 1. When γ = 0, there are no cells initially, so we do not consider this

case going forward.

To explore the behaviours observed at m0 = 1, we consider two different options

for u(x, 0). First, we consider the compactly supported initial condition

u(x, 0) =

{
γ
(
1 − tanh(x

ϵ
)
)
, if γ

(
1 − tanh(x

ϵ
)
)
≥ ξ,

0, if γ
(
1 − tanh(x

ϵ
)
)
< ξ,

(2.41)

which models an initial population of cells at the far left of the domain that decays

to an entirely unpopulated region of cells towards the right of the domain. Here,

γ ∈ [0, 1] represents the maximum cell density at t = 0 and m0 ∈ [0, 1] corresponds to

the uninvaded density of ECM. Moreover, in the definition given by Equation (2.41),

the parameter ξ ∈ (0, 1] is used to control the tolerance below which the cell density

can be assumed, on a first approximation, to be zero, and ϵ > 0 represents the initial

width of the cell density profile. This is similar in structure to the initial conditions

considered earlier (Equation (2.38)), but now instead of a fully occupied region of cells
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(a) (b)

Figure 2.4: Numerical solutions to the system of Equations (2.11) and (2.12) subject
to the initial conditions (2.40) and (2.41) (panel (a)) or (2.40) and (2.42) (panel (b)),
for m0 = 1 and λ = 250. Cell densities are shown in purple and ECM densities
in orange at times t = 2, 4, 6, 8, 10, 12, 14, 16 (from left to right) in panel (a) and
times t = 25, 50, 75, 100 (from left to right) in panel (b). Note that the axis in the
plot in panel (a) is zoomed in on x ∈ [0, 5] to display the initial behaviour in the
transient region before invasion stops. Further specifics of the parameter values and
the numerical methods used for simulation can be found in Section 2.3.

in the back, the cell density smoothly decays to zero, leaving some available space

in the domain initially, allowing room for cell growth. As an alternative, we also

consider the following non-compactly supported initial condition for u(x, 0) (along

with m(x, 0) defined by Equation (2.40)), as used in [100],

u(x, 0) =

{
γ, x < β,

γ exp{−a(x− β)}, x ≥ β,
(2.42)

where β ∈ R is used to define a region where the cell density is initially constant

and equal to γ ∈ [0, 1], while the parameter a > 0 is used to prescribe the length

scale over which the cell density profile decays. We note that, since γ, m0 ∈ [0, 1],

the initial conditions (2.40)–(2.42) are such that the total density of cells and ECM

at t = 0 does not locally exceed the extreme value 1, which corresponds to complete

local saturation, i.e., u(x, 0) +m(x, 0) ≤ 1 for all x ∈ [0, L]. We also note that when

m0 = 0 the initial condition (2.40) reduces to the trivial initial condition m(x, 0) ≡ 0,

and that if γ = 0, then there are no cells to consider invading.

The numerical results in Figure 2.4(a), which complement the results summarised

in Figure 2.3, show that when m0 = 1 the system (2.11) and (2.12) subject to

the initial conditions with compactly supported cell density (2.41) cannot sustain

travelling wave solutions. In fact, invasion is entirely prevented beyond a point x∗,

that is the smallest x such that u(x, 0) = 0 for all x ≥ x∗. On the other hand, the

numerical results in Figure 2.4(b) demonstrate that travelling wave solutions can be
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sustained in the case where non-compactly supported initial conditions (2.42) in u

are considered.

This result is a direct consequence of the volume-filling effects incorporated in the

model. By considering an initial condition where m(x, 0) = 1 ahead of the invading

population, the invading cells cannot penetrate the region where u = 0, m = 1.

This is consistent with the underlying individual-based description, since cells can

only degrade ECM in the same lattice site as themselves. Indeed, by design, the

model (2.11) and (2.12) does not permit travelling waves under initial conditions

with compactly supported cell density and m0 = 1, as cells require available space

ahead of the wave for invasion. Thus, in regions initially devoid of cells, the ECM

cannot be degraded, preventing cell invasion. We acknowledge that this is a limitation

of the model proposed in this work, as we would expect that, at the very least, cells

could degrade ECM within their contact range, and this limit will be discussed in

more detail in Section 2.7. However, for now, we proceed by considering m0 ∈ [0, 1).

2.4.2.2 Travelling waves when no ECM is present

When we consider the case of no ECM ahead of the invading population of cells,

which is described by m0 = 0, the solutions to Equation (2.12) subject to the initial

condition (2.39) are such that m(x, t) ≡ 0 for all t ≥ 0. As such, the model (2.11)

and (2.12) simplifies to the Fisher–KPP model (1.1) with D = r = K = 1, that is

∂u

∂t
=
∂2u

∂x2
+ u (1 − u) . (2.43)

Consistent with this, numerical simulations indicate that when m0 = 0, the cell

density u converges to a travelling wave that decreases monotonically from one to

zero (results not shown for brevity), and travels with speed c = 2 (i.e., the minimal

speed of travelling wave solutions to the Fisher–KPP model (2.43)), see Figure 2.3.

2.4.2.3 Travelling wave profiles for λ→ 0+ and λ→ ∞

In order to better understand the behaviour of the travelling waves we now consider

the analytically tractable limits. For λ → 0+ and λ → ∞, we began by simulat-

ing solutions to Equations (2.11) and (2.12) subject to the initial conditions (2.38)

and (2.39) for very small and very large values of the rescaled ECM degradation

rate, λ.

Figure 2.5 shows a similar travelling wave profile for all three rescaled ECM degra-

dation rates considered, which is much steeper than those displayed in Figure 2.2.
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Figure 2.5: Travelling wave solutions of Equations (2.11) and (2.12) subject to the
initial conditions (2.38) and (2.39), for m0 = 0.2 in the top row and m0 = 0.8 in the
bottom row, and for rescaled ECM degradation rates λ = 104, 105, 106. Cell densities
are shown in purple and ECM densities in orange. Further specifics of the parameter
values and the numerical methods used can be found in Section 2.3.

We can also observe that for high λ values, there is no observable overlap between

the non-zero regions of the travelling wave in the cells and the ECM. This separation

is a result of extremely fast degradation rates allowing even a very small cell density

to quickly degrade any ECM in the same spatial location, and thus making room for

the cell density profile to evolve. It is also noticeable that, as before, the travelling

wave profile of the ECM is sharper when the initial ECM density, m0, is larger.

Alternatively, by considering very small rescaled ECM degradation rates, we can

see in Figure 2.6 that the travelling wave profile becomes much wider, especially for

λ = 10−3, where we observe a distinctive ‘corner’ in the solution where the cell density

decreases rapidly to zero. It also takes a much longer time for the full travelling wave

profile to evolve. By examining Figure 2.7, it becomes clear that as λ decreases, the

degradation of ECM becomes very slow, thus only allowing room for a small portion

of the total available space at the front of the wave to be filled by cells. Behind this

wave front, a very shallow travelling wave profile begins to appear.

2.5 Asymptotic analysis of the travelling wave speed

After observing disparities in the analytically predicted and numerically simulated

travelling wave speeds of the model given by Equations (2.11) and (2.12) (as shown in

Figure 2.3), we are particularly interested in investigating the dependence of travelling
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Figure 2.6: Travelling wave solutions of Equations (2.11) and (2.12) subject to the
initial conditions (2.38) and (2.39), for m0 = 0.2 in the top row and m0 = 0.8 in
the bottom row, and for rescaled ECM degradation rates λ = 10−3, 10−2, 10−1. Cell
densities are shown in purple and ECM densities in orange. Further specifics of the
parameter values and the numerical methods used can be found in Section 2.3.

wave solutions on the parameters λ, the rescaled ECM degradation rate, and m0, the

density of ECM far ahead of the wave. Having now clearly determined that the

minimum travelling wave speed decreases linearly as m0 increases, we now aim to

explore the relationship between the numerically estimated travelling wave speed and

the rescaled ECM degradation rate, λ.

Standard perturbation techniques were not successfully amenable when applied to

the travelling wave equations (2.19) and (2.20) in order to unveil how the travelling

wave speed depends on λ. As a result, we examine Figure 2.3 for clues as to how

to proceed. We immediately see that for sufficiently small λ it appears that the

numerically estimated travelling wave speed is independent of λ and matches the

speed predicted by standard travelling wave analysis. It can also be seen from the

contour plot in Figure 2.3 that for large values of λ, the speed converges to 2 for all

values of m0 ∈ [0, 1). Therefore, we proceed to investigate the limits corresponding

to slow and fast rescaled ECM degradation rates, λ → 0+ and λ → ∞, respectively,

using asymptotic analysis.
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Figure 2.7: Travelling wave solutions of Equations (2.11) and (2.12) subject to the
initial conditions (2.38) and (2.39), for m0 = 0.2 in the top row and m0 = 0.8 in
the bottom row, and for rescaled ECM degradation rates λ = 10−3, 10−2, 10−1. Cell
densities are shown in purple and ECM densities in orange, zoomed in on the evolved
travelling wave front, as shown in Figure 2.6. Further specifics of the parameter values
and the numerical methods used can be found in Section 2.3.

2.5.1 Formal asymptotic analysis for λ→ ∞
In the case of very large rates of ECM degradation, by considering the semi-explicit

solution for M in terms of U given by Equation (2.28), we see that

M(z) ≈ m0 exp

{
− 1

α

(
λU(z)

c

)}
→ 0 as λ→ ∞, (2.44)

for z ∈ (ℓ,∞) (see Figure 2.5 for the travelling wave profiles). In the asymptotic

regime λ→ ∞, substituting Equation (2.44) into Equation (2.24) and using the fact

that, since 0 ≤ U(z) < 1 for z ∈ (ℓ,∞) and dU(z)/dz ≈ −αU(z) for z ∈ (ℓ,∞) (cf.

the ansatz given by Equation (2.27)), the following asymptotic relation holds

m0 exp

{
− 1

α

(
λU(z)

c

)}[
U(z)

(
λU(z)

c

)2

+
dU(z)

dz

(
λU(z)

c

)]
→ 0 as λ→ ∞,

(2.45)

for z ∈ (ℓ,∞). Therefore

d2U(z)

dz2
+ c

dU(z)

dz
+ U(z)

(
1 − U(z)

)
≈ 0, (2.46)

for z ∈ (ℓ,∞). Hence, when λ → ∞ we expect U(z) at the leading edge of the

travelling front to behave, to a first approximation, as the solution to the Fisher–

KPP equation (Equation (2.43)) in travelling wave co-ordinates, for which cmin = 2.
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This result can also be observed numerically in the plot on the right of Figure 2.8. The

same behaviour is observed in similar models without volume-filling effects [69, 100],

demonstrating that the model in Equations (2.11) and (2.12) can be approximated,

to an extent, with any of these simpler models in the parameter regime λ → ∞, as

growth and diffusion are unrestricted by the ECM within a neighbourhood of the

travelling wave front.

Figure 2.8: Left: plot of the cell density, u, obtained through numerical simulations of
Equations (2.11) and (2.12) subject to the initial conditions (2.38) and (2.39) (solid
lines) for small values of λ, and numerical simulations of the Fisher–KPP model
(using Equation (2.15)) with rescaled coefficients (dashed black line) with t = 100 and
m0 = 0.6. Right: plot of the cell density, u, obtained through numerical simulations
of Equations (2.11) and (2.12) subject to the initial conditions (2.38) and (2.39)
(solid lines) for large values of λ, and numerical simulations of the Fisher–KPP model
(Equation (2.43)) (dashed black line) in the plot on the right for t = 50 and m0 = 0.4.
Qualitatively, the same behaviour is observed for all m0 ∈ [0, 1). Further specifics
of the parameter values and the numerical methods used for the simulations can be
found in Section 2.3.

2.5.2 Formal asymptotic analysis for λ→ 0+

Using Equation (2.28) it is clear that

M(z) ≈ m0 exp

{
− 1

α

(
λU(z)

c

)}
→ m0 as λ→ 0+, (2.47)

for z ∈ (ℓ,∞) (see Figures 2.6 and 2.7 for the travelling wave profiles).

In the asymptotic regime λ→ 0+, substituting Equation (2.47) into Equation (2.24)

and using the fact that, since 0 ≤ U(z) < 1 for z ∈ (ℓ,∞) and dU(z)/dz ≈ −αU(z)

for z ∈ (ℓ,∞) (cf. the ansatz given by Equation (2.27)), the following asymptotic

relation holds

m0 exp

{
− 1

α

(
λU(z)

c

)}[
U(z)

(
λU(z)

c

)2

+
dU(z)

dz

(
λU(z)

c

)]
→ 0 as λ→ 0+,

(2.48)
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for z ∈ (ℓ,∞). Considering again Equation (2.24) in the limit λ→ 0+, then we find

(1 −m0)
d2U(z)

dz2
+ c

dU(z)

dz
+ U(z)

[
(1 −m0) − U(z)

]
≈ 0, (2.49)

for z ∈ (ℓ,∞). Equation (2.49) is equivalent to the Fisher–KPP model in travelling

wave co-ordinates

D̂
d2Û

dz
+ ĉ

dÛ

dz
+ r̂Û

(
1 − Û

K̂

)
= 0, (2.50)

with D̂ = r̂ = K̂ = 1 − m0, with ĉmin = 2(1 − m0), as predicted earlier in Equa-

tion (2.15). An excellent match around the leading edge of the travelling wave front

between the travelling wave solution to the Fisher–KPP model (Equation (2.50) in

travelling wave co-ordinates) and Equations (2.11) and (2.12) for low values of the

rescaled ECM degradation rate can be seen in the plot on the left in Figure 2.8.

We now consider the region z ∈ (−∞, ℓ) by rescaling Equations (2.19) and (2.20)

using the new variable ϵ = zλ for ϵ ∈ (−∞, ℓλ], and rewriting U(z) = U(ϵ) and

M(z) = M(ϵ). The system of Equations (2.19) and (2.20) becomes

−cλdU

dϵ
= λ2

d

dϵ

[
(1 −M)

dU

dϵ
+ U

dM

dϵ

]
+ U(1 − U −M), (2.51)

λ
dM

dϵ
=
λ

c
MU. (2.52)

For λ→ 0+, we find from Equation (2.51) that U(ϵ)(1−U(ϵ)−M(ϵ)) = 0, so that for

ϵ ∈ (−∞, ℓλ] we have U(ϵ) = 1 −M(ϵ) since U(ϵ) → 1 as ϵ → −∞. By substitution

into Equation (2.52), we find

dM

dϵ
=
M(1 −M)

c
,

which, using the matching condition that M(ϵ = ℓλ) = m0, gives

M(ϵ) =
m0 exp{−(λℓ− ϵ)/c}

1 −m0 +m0 exp{−(λℓ− ϵ)/c} . (2.53)

Recalling that U(ϵ) = 1 −M(ϵ), we obtain

U(ϵ) =
1 −m0

1 −m0 +m0 exp{−(λℓ− ϵ)/c} , (2.54)

which tends to 1 as ϵ → −∞ and to 1 − m0 as ϵ → ℓλ. In the travelling wave

co-ordinate, z, Equation (2.54) can be written as

U(z) =
1 −m0

1 −m0 +m0 exp{−λ(ℓ− z)/c} , (2.55)
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for z ∈ (−∞, ℓ] and the solution to the Fisher–KPP model, as given by Equa-

tion (2.49), for z ∈ (ℓ,∞). In the travelling wave co-ordinate, z, the solution for

the wave profile of the ECM, given by Equation (2.53), is

M(z) =
m0 exp{−λ(ℓ− z)/c}

1 −m0 +m0 exp{−λ(ℓ− z)/c} , (2.56)

for z ∈ (−∞, ℓ], and M(z) = m0 for z ∈ (ℓ,∞), as given by Equation (2.47). An

excellent agreement between these analytical solutions and the numerical results can

be observed in Figure 2.9.

Figure 2.9: Numerical solutions of Equations (2.11) and (2.12) subject to the ini-
tial conditions (2.38) and (2.39), for m0 = 0.2 on the left and m0 = 0.8 on the
right with rescaled ECM degradation rate λ = 10−3 translated into the travelling
wave co-ordinate, z. Solid lines represent the cell and ECM densities from numerical
simulations in purple and orange, respectively. The Fisher–KPP solution (2.49) in
travelling wave co-ordinates is plotted as a dotted blue line. The solution M(z) = m0

is plotted in dotted black, and the analytical solutions given by Equations (2.55)
and (2.56) are plotted in dashed blue and black lines, respectively. Further specifics
of the parameter values and the numerical methods used can be found in Section 2.3.

Similar models, such as those described at the end of Section 2.4 that do not have

volume-filling effects taken into account, demonstrate qualitatively similar behaviour.

In all of these models, at very low rescaled ECM degradation rates we observe con-

vergence of the solutions to those of the Fisher–KPP model with rescaled parameters.

For models with the same cell proliferation term as in Equation (2.11), the rescaled

parameters are the same and the convergence has qualitatively similar behaviour, as

displayed in the plot on the left in Figure 2.8. As a result, in the limit of very small

rescaled ECM degradation rates, λ→ 0+, the model (2.11) and (2.12) can be simpli-

fied to that presented in [100], which neglects the volume-filling effects of cells upon

cell movement. This model can, in turn, be well approximated by the Fisher–KPP

model with rescaled parameters D̂ = r̂ = K̂ = 1 −m0. This result is consistent with
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predictions from standard travelling wave analysis. However, for the model presented

in [69], the parameters of the rescaled Fisher–KPP model to which the model con-

verges are, instead, D̂ = 1 −m0 and r̂ = K̂ = 1, which entails a higher cell carrying

capacity density since proliferation is not impacted by the surrounding ECM. See

Section 2.6 for a more detailed comparison. As such, the model (2.11) and (2.12) is

poorly approximated using the before-mentioned model simplifications, such as that

in [69], which have different underlying assumptions for cell proliferation. These dif-

ferences highlight the importance of fully laying out all of the model assumptions at

the single-cell level and then deriving the PDE model, so that the population-level

model fully captures behaviours associated with the underlying cell-level assumptions,

in all parameter regimes.

2.6 Comparing the impact of volume-filling effects

in models for cell invasion into ECM

This section systematically compares the PDE model derived in this work, which

incorporates volume-filling effects into both diffusion and proliferation of cells, with

simpler models in the literature (see Table 2.1 for a summary) where these effects are

only partially included or neglected entirely. By completing this comparison, we can

identify the consequences of consistently modelling volume exclusion at the population

level, and understand how model simplifications affect predictions of invasion speed.

The following model, proposed as a minimal model for tumour growth into ECM

in [69]:

∂u

∂t
=

∂

∂x

[
(1 −m)

∂u

∂x

]
+ u(1 − u), (2.57)

∂m

∂t
= −λmu, (2.58)

assumes cell motility to be impacted by the presence of surrounding ECM only and

that cell proliferation is impacted only by other cells, that is, the resource limiting

cell proliferation is not space. Another similar model is presented in [43] to describe

melanoma growth into skin and it is subsequently analysed in [100]. The model

can be interpreted to assume that cell motility is decreased by ECM, and that cell

proliferation is impacted by both other cells and ECM:

∂u

∂t
=

∂

∂x

[
(1 −m)

∂u

∂x

]
+ u(1 − u−m), (2.59)

∂m

∂t
= −λmu. (2.60)
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The model variables and parameters in both of the aforementioned models are inter-

preted in the same way as in the model presented in this chapter (Equations (2.11)

and (2.12)). They share the same equation governing ECM evolution (Equation (2.12)),

assuming that ECM degradation occurs at rate λ. However, the main difference

between the two is whether ECM also limits proliferation, and neither incorporate

volume exclusion effects of the total cell and ECM density in the motility term.

2.6.1 Travelling wave analysis

Comparing the travelling wave analysis in Section 2.4 to the travelling wave analy-

sis for Equations (2.59) and (2.60) shows that the additional motility-limiting term

present in the full model, Equations (2.11) and (2.12), is lost during linearisation,

yielding the same minimum wave speed as in [100]: cmin = 2(1 − m0). Following

the same methods, the Colson model, Equations (2.57) and (2.58), yields cmin =

2
√

1 −m0 [69].

As such, all volume-filling effects encoded solely in the nonlinear flux terms (within

this suite of models) have no effect on the predicted minimum travelling wave speed,

as they are all identical after linearisation. However, alterations to the net prolifera-

tion terms do significantly impact the minimum travelling wave speeds predicted by

standard travelling wave analysis. In either case, the minimum wave speed recovered

using linear stability analysis does not (for all parameter values) accurately predict

the minimum travelling wave speed observed when the full nonlinear PDE system is

simulated—a point explored further in later sections.

2.6.2 Numerical comparison

We are particularly interested in comparing the population-level behaviours of the

PDE model for cell invasion into ECM presented in this work, which incorporates

volume-filling effects into both the diffusion and proliferation of cells, to the simpler

models without these volume-filling effects, presented in the literature. By looking at

Figure 2.10, we can draw the following conclusions: all three models produce travelling

wave solutions with a speed c ≥ cmin, where cmin is the minimum speed predicted by

standard travelling wave analysis. In fact, all of these speeds are dependent on both

the initial density of ECM ahead of the wave, m0, and the rescaled ECM degradation

rate, λ. The two models with the same reaction (growth) terms, depending on both

cell and ECM preventing growth (Equations (2.11) and (2.12) and the Browning

model [43, 100]), predict the same travelling wave speed cmin = 2(1 − m0), that
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is achieved numerically for λ → 0+. However, the model in Equations (2.57) and

(2.58) presented in [69] predicts a speed cmin = 2
√

1 −m0, that is also revealed for

λ→ 0+. As a result, the behaviours observed in these models for small rescaled ECM

degradation rates λ can be reproduced by studying a Fisher–KPP model with the

appropriate parameters. In the same manner, by looking at Figure 2.10, it is clear

that all three models produce travelling waves with speed c → 2− as λ → ∞. The

behaviours observed here can be studied by considering the standard Fisher–KPP

model (2.43) with all parameters equal to unity. The Fisher–KPP model (2.43) is

also a suitable model simplification for all three systems when m0 = 0.

Figure 2.10: The relationship between the numerically estimated speed of travelling
wave solutions to the system (2.57) and (2.58) on the left (blue), (2.59) and (2.60)
in the middle (green) and (2.11) and (2.12) on the right (red), subject to the initial
conditions (2.38) and (2.39). The numerically estimated travelling wave speed is
obtained by tracing the point X(t) such that u(X(t), t) = 0.1. Further specifics of the
parameter values and the numerical methods used can be found in Section 2.3.

The transition between the two asymptotic regions is yet to be fully characterised

for any of these models, but it is clear that c is a monotonic, increasing function of

λ and m0 for all of the models. The threshold value of λ above which the travelling

wave speed begins to diverge from the analytically predicted minimum value is similar

between models, depends on m0, and increases as more volume-filling effects are

included. Consistent with intuition, invasion is slower when volume exclusion acts on

more aspects of cell behaviour (left to right in Figure 2.10).

The most marked qualitative difference is that the model in Equations (2.11)

and (2.12) does not permit travelling waves from compactly supported initial u when

m0 = 1, because volume exclusion prevents cell invasion into regions already fully

occupied by ECM. Other models [69, 100] do not bound the total density of cells and

ECM above and therefore, for the parameters explored in this work, the cells can

invade into a region where u = 0, m = 1, thus exhibiting travelling wave solutions

even with compactly supported initial conditions.
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For non-compactly supported initial data, results match those of the model de-

scribed by Equations (2.59) and (2.60) (Section 2.4.2.1). Thus, the Browning model

provides a useful qualitative simplification of the model presented in this chapter

when m0 ∈ [0, 1), while the Fisher–KPP model accurately captures the asymptotic

behaviour for λ→ 0+, λ→ ∞, and m0 = 0.

2.7 Discussion

In this chapter we studied a model for cell invasion into the surrounding ECM, fo-

cusing primarily on its travelling wave solutions. A key contribution of this work is

the systematic derivation of the continuum PDE model directly from an underlying

IBM that captures individual-level cell behaviours. In contrast to many previous

approaches, which often adapt or assume pre-existing PDE forms to fit specific bio-

logical contexts, the derivation presented here ensures that volume-filling effects are

consistently incorporated across all mechanisms—namely cell proliferation, diffusion,

and ECM degradation. Existing models in the literature frequently treat volume ex-

clusion only partially or heuristically, often neglecting its potential impact on one or

more of these processes. By contrast, the approach presented in this chapter provides

a unified framework grounded in the underlying microscopic dynamics.

By considering numerical solutions of the PDE model (2.11) and (2.12), we have

been able to demonstrate a complex relationship between the travelling wave speed,

c, the density of ECM far ahead of the wave of cells, m0, and the rescaled ECM degra-

dation rate, λ. Partial relationships between these parameters in asymptotic regimes

of interest have been established, including that c→ 2(1 −m0) as λ→ 0+, and that

c→ 2− as λ→ ∞. A good agreement with the Fisher–KPP model has been demon-

strated in the case where λ → ∞, and we showed that the impacts of introducing

volume-filling effects of cells to reduce cell movement (in comparison to the model in

[100]) are minimal. As such, the Fisher–KPP model provides a suitable model sim-

plification to reproduce the qualitative behaviours of the system in the case of a large

ECM degradation rate, λ̃, compared to the proliferation rate, r̃. Since λ = λ̃K̃/r̃,

the results equivalently suggest that as K̃ → ∞ the system can be well described

by the Fisher–KPP model. In this model, the speed of the invasion front is given

by cmin = 2. For λ → 0+, which is representative of very large rescaled proliferation

rates compared to the rescaled ECM degradation rates, or extremely small carrying

capacities, the system can be studied by considering the simplification to a rescaled

Fisher–KPP model (2.49). In this case, travelling waves are observed for m ∈ [0, 1),
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but the speed of the invasion front is now given by cmin = 2(1−m0). Converting back

to dimensional variables, as with the Fisher–KPP model, the analytically predicted

travelling wave speed increases with the cell proliferation rate, but with a more com-

plicated relationship for the regions of parameter space corresponding to where the

relationship between the travelling wave speed and rescaled ECM degradation rate is

not yet well established.

It is also clear that qualitatively similar results are observed between this new

model with volume-filling, and previously studied models outside this framework, as

described by Table 2.1, in all cases where m0 ∈ [0, 1). Therefore, it could be said that

the model originally proposed in [43] provides a good model simplification for any case

where m0 ∈ [0, 1). In the case where m0 = 1, the region that is initially uninvaded by

cells is full with ECM, such that proliferation and movement of cells into this region

is entirely prevented. Thus volume-filling effects prevent diffusion, so cells require

space ahead of the wave front in order to invade the domain. This result provides the

starkest difference between the model developed in this work and those previously

studied elsewhere [69, 100]. It is observed that in the case of compactly-supported

initial cell density, cell invasion cannot occur into the region where m(x, 0) = 1 and

u(x, 0) = 0, and thus pinning occurs and travelling waves cannot form [348]. It is

biologically reasonable to assume that an invading cell population might have zero

density far ahead of the invading front. However it is important to note that the

model considered here is a very simplistic model for cell invasion into ECM, and if

further biological complications, such as the secretion of diffusible MMPs by cells

to degrade and remodel ECM, were introduced then these phenomenological results

would no longer be observed [261].

It can therefore be concluded that there exist simpler models for cell invasion

into ECM, such as [69, 100, 109], that are defined by similar guiding principles and

can be used to reproduce the qualitative behaviours of the travelling waves observed

in the model presented in this work. Analysis of these systems confirms that the

qualitative model predictions are conserved, and therefore the simpler models can be

used in future studies to reduce computational complexity and render the resulting

PDE model more analytically tractable. The disadvantage, however, is that in order

to use these models to infer parameter values from data, extra steps would be required

to validate whether the correct model has been selected. For example, analysis of cell

trajectories can help infer the cell-cell interactions underlying the motility mechanism,

and distinguish between the suite of models with qualitatively similar behaviours

[38, 285, 312]. Our results reveal that the reaction term significantly impacts the

47



travelling wave speed for small and intermediate values of λ and thus it could be used

to inform model development.
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Chapter 3

An optimal control approach to
nonlinear wave speed selection

This work was completed in collaboration with C. Falcó and R. E. Baker. C. Falcó and

the author developed the optimal control approach and application to Fisher–Stefan

models in tandem, however all other aspects of the research and writing presented in

this chapter were completed by the author.

3.1 Introduction

As observed throughout this thesis, reaction–diffusion equations have long served

as a powerful and widely-used mathematical framework for modelling the collective

movement of populations. These models typically take the form of PDEs with density-

dependent reaction and diffusion terms, enabling a detailed description of both the

spatial and temporal evolution of a population across a variety of biological contexts.

A hallmark feature of such models is the emergence of travelling wave solutions

that maintain a fixed profile while propagating at a constant speed. These travelling

waves have become central to our theoretical understanding of diverse biological pro-

cesses, from wound healing to tumour invasion, and species migration. In many of

these settings, the wave connects an unstable steady state (e.g., uncolonised space)

to a stable steady state (e.g., an established population), providing a natural mathe-

matical description of an invasion front.

One of the seminal examples is the classical Fisher–KPP model (1.1). Along with

its many extensions, the Fisher–KPP model illustrates how adapting the reaction and

diffusion terms can substantially alter the speed, shape and structure of propagating

waves [77, 109, 174, 224]. Considerable analytical effort has focused on understanding

the influence of the various nonlinearities in these equations, with recent work yielding
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increasingly refined existence and predicted wave speed results [36, 69, 87, 100, 121,

133, 147, 196, 198, 290, 318, 374].

Several complementary perspectives have emerged to explain how travelling wave

speeds are selected, each with its own strengths and limitations. A foundational view-

point uses the linear marginal stability criterion, which identifies the travelling wave

with the steepest permissible exponential decay into the unstable state [337]. While

this criterion provides an elegant and computable prediction, it relies on linearisation

around the leading edge and therefore cannot account for cases where nonlinear inter-

actions in the bulk of the wave influence the selected speed. To address this limitation,

Benguria and Depassier introduced a variational method for wave speed selection, ini-

tially for nonlinear reaction terms [27, 28] and later extended to incorporate nonlinear

diffusion [30]. Their approach generates rigorous upper and lower bounds on the ad-

missible wave speeds and, crucially, provides a selection criterion identifying when

the minimal admissible speed is indeed the realised one [26]. Hadeler and Rothe [133]

clarified that, under suitable conditions, the asymptotic propagation speed can co-

incide with the linearly predicted value, even when the variational upper and lower

bounds do not match. These results highlight cases where the linear and nonlinear

speed selection criteria actually coincide. Though broadly undeveloped thereafter,

more recent studies, such as that of Stokes et al. [320], have since extended these

ideas by systematically analysing how density-dependent diffusion shapes both trav-

elling wave existence and speed, thereby revealing parameter regimes where nonlinear

diffusion either reinforces or invalidates predictions from earlier linear or variational

theories.

Taken together, these developments establish a rich set of tools for analysing trav-

elling waves in single-species systems, yet they also expose a notable gap: most clas-

sical speed-selection principles—including both the marginal stability criterion and

the Benguria–Depassier variational framework—are formulated for scalar equations.

However, many biological invasion processes, including those developed and studied

in Chapter 2, fundamentally involve interactions between multiple populations (for

example, cells and ECM). Extending our theory to determine travelling wave speed

selection in these multi-species systems is therefore essential for connecting mecha-

nistic models of collective migration with the analytical insights that have proved so

valuable in the single-species setting.

This chapter addresses precisely this gap. Establishing a tractable lower bound

for the wave speed in multi-species systems is particularly important for biological

applications where numerical simulations suggest nonlinear wave speed selection but
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analytic tools are lacking. A generalisation of the variational method therefore pro-

vides both conceptual insight and practical predictive power.

In this chapter, we extend the variational approach to systems of reaction–diffusion

equations, aiming to understand how wave speed selection manifests in multi-species

models of collective migration. We begin in Section 3.2 by revisiting the classical

variational principle for a single species, before reconsidering it through the lens of

optimal control theory. We then apply the resulting perspective to a number of

examples in the literature before developing an optimal control approach for finding

the travelling wave speed in models involving two interacting species. Finally, we

use this new framework to obtain an improved lower bound for the travelling wave

speed in systems describing cells invading into ECM, including some of those seen in

Chapter 2.

3.2 A variational principle for one-species models

In this section, the goal is to introduce and justify the variational principle used

to derive lower bounds on travelling wave speeds in one-species reaction–diffusion

models. This scalar setting serves two purposes: first, it establishes the analytical

framework that we later generalise to systems of equations; and second, it provides

a benchmark against which we can assess how speed-selection mechanisms change

when additional biological interactions are incorporated.

Following the approach by Benguria and Deppasier [27] and later developments

such as those in [320], we begin by formulating a variational principle for the speed

of one-species invading fronts. These are particular solutions to general reaction–

diffusion equations of the form

∂ρ

∂t
=

∂

∂x

(
D(ρ)

∂ρ

∂x

)
+ f(ρ) , (3.1)

where ρ = ρ(x, t) describes the density of the invading species, D(ρ) > 0 describes

a density-dependent diffusivity, and f(ρ) is a reaction term, often modelling net

proliferation. The domain is x ∈ R and t > 0. We assume f(0) = f(1) = 0 to ensure

we have biologically meaningful steady states. Equation (3.1) is complemented by

the boundary conditions{
ρ(x, t) → 1 as x→ −∞,

ρ(x, t) → 0 as x→ +∞,
for all t ≥ 0.

51



The aim in what follows is threefold: to derive an inequality that produces a

lower bound on the admissible wave speeds; to show how appropriate choices of test

functions recover and improve classical predictions such as the linear speed; and to

establish that this bound is sharp by demonstrating the existence of a test function

that attains equality, thereby confirming that the formulation is indeed a variational

principle. This structure mirrors the approach we will later extend to multi-species

models.

To prepare for the variational characterisation, we first rewrite the PDE in travel-

ling wave co-ordinates, which reduces the problem to a system of ODEs. To do this,

we look for a monotonically decreasing function of z = x − ct that joins the state

u = 1 to the state u = 0 with constant travelling wave speed c ≥ 0. Hence, we look

for a solution of the form ρ(x, t) = u(x − ct), with u(−∞) = 1 and u(+∞) = 0. In

travelling wave co-ordinates, and denoting du/dz = −v, Equation (3.1) becomes the

following system of ODEs

du

dz
= −v ,

d

dz
(D(u)v) = −cv + f(u) , (3.2)

with u(z) → 1 as z → −∞, u(z) → 0 as z → ∞, v ≥ 0, and v(z) → 0 as z → ±∞.

While, in general, monotonicity of travelling wave profiles is not guaranteed for all

choices of D(u) and f(u), it has been rigorously established for a range of biologically

relevant models, including the classical Fisher–KPP equation and the Porous–Fisher

model [18, 171, 290], upon which this thesis focuses, and is a crucial assumption for

the success of the variational principle in selecting the travelling wave speed. This

reformulation makes explicit the relationship between the profile, u(z), and the flux,

v(z), which is essential for the subsequent optimisation argument. Monotonicity is

thereafter not merely a technical assumption: it enables us to treat v(z) as a function

of u(z) and thus to convert the ODE system back into a scalar equation that is

amenable to the variational approach. Without this structure, the derivation that

follows would not be valid.

As such, it is therefore essential to determine, a priori, whether there are travelling

wave solutions, and if they are monotonic. To do this, the system can be solved

numerically to test if the resultant solutions satisfy these hypotheses, but it is essential

to note that this is by no means rigorous, and intended only to indicate whether use

of this method might be justified.

52



Assuming that monotonic travelling waves exist in all of the systems considered

hereafter, we focus solely on the case where the travelling wave solutions u(z) are

monotonically decreasing with z (i.e., du/dz < 0), such that v(z) = −du/dz > 0 can

be rewritten as a function of u(z), noting that v(u = 0) = v(u = 1) = 0. Using the

chain rule to expand the left-hand side of Equation (3.2), we obtain

v(u)
d

du
(D(u)v(u)) = cv(u) − f(u) . (3.3)

The next step introduces a positive test function φ(u) for u ∈ [0, 1], following the

classical variational framework. This manipulation converts the differential equation

given in Equation (3.3) into an integral identity, from which a lower bound on c can

be extracted. Multiplying Equation (3.3) by D(u)φ(u), where φ(u) is the smooth

test function with ϕ(u) = −dφ/du > 0, and integrating by parts with respect to u,

we find∫ 1

0

[
−1

2
ϕ(u)D(u)2v(u)2 + cv(u)D(u)φ(u)

]
du =

∫ 1

0

D(u)f(u)φ(u) du . (3.4)

Interpreting the left-hand side of the integrand in Equation (3.4) as a quadratic

polynomial in v reveals a natural inequality:

−1

2
ϕ(u)D(u)2v(u)2 + cv(u)D(u)φ(u) ≤ c2φ(u)2

2ϕ(u)
. (3.5)

This step transforms the integral identity into a bound that holds for all admissible

test functions. Equality in Equation (3.5) is only attained when

v(u) = v∗(u) :=
cφ(u)

D(u)ϕ(u)
. (3.6)

Inserting the bound in Equation (3.5) into Equation (3.4) yields a family of lower

bounds on the wave speed, indexed by the choice of test function:

c2 ≥ 2
∫ 1

0
D(u)f(u)φ(u) du∫ 1

0
φ(u)2/ϕ(u) du

. (3.7)

This bound on the travelling wave speed (Equation (3.7)) holds for all smooth test

functions φ(u) with φ′(u) = −ϕ(u). The remainder of this section shows how to

optimise these bounds.

To make the bound explicit, we now select a convenient one-parameter family of

test functions, φβ(u) = ((1 − u)/u)β, for β ∈ [0, 2). This choice, previously used in
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[26, 320], balances analytical tractability with the ability to capture the asymptotic

behaviour near the steady states. Using this test function, we find

1

2
c2 ≥ sup

β∈[0,2)
F (β), with F (β) = β

∫ 1

0
D(u)f(u)u−β(1 − u)β du

B(2 − β, 2 + β)
. (3.8)

Equation (3.8) uses B(x, y)—the Beta function—which is defined by the integral

B(x, y) =

∫ 1

0

tx−1(1 − t)y−1dt, (3.9)

where x and y are complex numbers with positive real parts. Equation (3.9) defines a

symmetric function, such that B(x, y) = B(y, x), and is closely related to the Gamma

function, Γ(z), through the relationship

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
, (3.10)

where the Gamma function is defined as

Γ(z) =

∫ ∞

0

tz−1e−tdt,

where z is a complex number with positive real part.

To confirm that the inequality in Equation (3.8) defines a genuine variational

principle, we must also show that there exists a test function, φ = φ̂ (and corre-

spondingly, ϕ = ϕ̂) for which the bound is attained. This requires analysing the

asymptotic behaviour of the travelling wave profile near u = 0 and u = 1 and verify-

ing that the corresponding integrals converge. Equality in Equation (3.7) is attained

(as per Equation (3.6)) when

v =
cφ̂(u)

D(u)ϕ̂(u)
= − cφ̂(u)

D(u)φ̂′(u)
, (3.11)

where ′ = d/du. Equation (3.11) can then be integrated to obtain

φ̂(u) = exp

{
− c

∫ u

ū

dq

D(q)v(q)

}
, (3.12)

for some ū ∈ (0, 1). Clearly φ̂ > 0 and is monotonically decreasing. Recalling Equa-

tion (3.3), which can be rewritten as

d

du

(
D(u)v(u)

)
− c+

f(u)

v(u)
= 0,
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we can employ the change of variables p(u) = D(u)v(u), inspired by the denominator

in the exponent in Equation (3.12), to obtain

p(u)
d

du
p(u) − cp(u) +D(u)f(u) = 0. (3.13)

In order to ensure convergence of φ̂(u) across all of u ∈ [0, 1], we must then analyse

the asymptotic behaviour of Equation (3.13) as u→ 0+ and u→ 1− [29].

To establish convergence, we begin by considering a linear analysis around the

endpoint u = 0. Near u = 0, we can use linear expansions to write f(u) ∼ f ′(0)u and

D(u) ∼ D(0), since f(0) = 0 and D(0) ̸= 0. Given that we are interested in smooth

fronted travelling wave solutions, we employ the ansatz p(u) = αu, where α is the

positive root of m2 − cm+D(0)f ′(0) = 0. We find that

c ≥ 2
√
D(0)f ′(0) = cL,

in order for α to be real. Hereon in, cL is the travelling wave speed predicted by linear

stability analysis. If we now substitute p(u) = αu into Equation (3.12), we find

φ̂(u) = exp

{
− c

α

∫ u

ū

dq

q

}
,

which when solved gives φ̂ = (u/ū)−c/α. We note here that we most often choose

ū = u(z → −∞) = 1, giving φ̂ = u−c/α. This result therefore ensures that all

integrals in Equation (3.7) converge as long as c/α < 2.

Now consider the linear analysis around the endpoint u = 1. Define the new

variable, s, as s = 1 − u. Using Taylor series expansions, f(u) ∼ f ′(1)(u − 1) =

−f ′(1)s and D(u) ∼ D(1). Allowing p(u) = r(1 − u) = rs and employing this

ansatz in Equation (3.13) then, following the same methods as before, we find that

for ū = 1, φ̂ = (1 − u)c/r with r as the positive root of the auxiliary equation

r2 + cr + f ′(1)D(1) = 0, giving

r =
−c+

√
c2 − 4D(1)f ′(1)

2
.

As such, the integrals in the functional (3.8) must converge at u = 1 because c/r > 0

and does not restrict the speed. This is sufficient to show convergence of all of the

integrals across the entire domain [0, 1] for an attainable test function φ̂, such that

Equation (3.8), does in fact define a variational principle.
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3.2.1 An optimal control interpretation

The variational principle above, which was originally derived by Benguria and De-

passier [26, 27, 28], can alternatively be viewed through the lens of an optimal control

problem. In this reinterpretation, the travelling wave variable u ∈ [0, 1] serves as the

independent variable, whilst the local flux, given by v(u) = −du/dz > 0, is the con-

trol variable. The idea is to recast the inequality leading to the speed bound as an

optimisation problem in which one seeks the control v(u) that makes this inequality

as tight as possible.

In the optimal-control viewpoint, instead of bounding the left-hand side of Equa-

tion (3.4), we treat it as a functional to be minimised:

Ic[v] =

∫ 1

0

[
−1

2
ϕ(u)D(u)2v2(u) + cD(u)φ(u)v(u)

]
du. (3.14)

The rationale is as follows. For any admissible profile v(u), the integral identity forces

Ic[v] to take the fixed value
∫ 1

0
D(u)f(u)φ(u) du. However, among all controls that

satisfy the ODE in Equation (3.3), there is one—denoted by v∗ in the derivation in

Section 3.2—for which the quadratic expression is tightest, i.e., when the inequality

used in deriving the speed bound becomes an equality. Identifying this optimal flux

is therefore equivalent to solving an optimisation problem: finding the control that

minimises Ic[v] subject to the dynamical equation. Therefore, the functional, Ic[v],

appears naturally as the quantity whose minimisation reproduces the variational prin-

ciple, and the speed bound follows by rearranging the resulting inequality.

Analogous to the co-state variable in Pontryagin’s minimum principle, we can

introduce the adjoint variable ω(u) that allows us to enforce the constraint in Equa-

tion (3.3) in a weak sense. Defining the Hamiltonian as

H(u, v, ω) = −ϕ(u)

2
D2(u)v2(u) + cv(u)D(u)φ(u)

+ ω

[
cv(u) − f(u) − v(u)

d

du
(D(u)v(u))

]
, (3.15)

Pontryagin’s minimum principle [176] states that for an optimal trajectory (v∗, ω),

the Hamiltonian must satisfy

∂H

∂v
= 0,

dω

du
= −∂H

∂u
,

and that v∗ minimises H pointwise in v.

Enforcing the constraint given in Equation (3.3) in Equation (3.15) gives

H(u, v, ω) = −ϕ(u)

2
D2(u)v2(u) + cv(u)D(u)φ(u),
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which, when computing the derivative with respect to v, gives

∂H

∂v
= −ϕ(u)D2(u)v(u) + cD(u)φ(u) = 0. (3.16)

The solution of Equation (3.16) is then

v(u) = v∗ =
cφ(u)

D(u)ϕ(u)
,

which agrees with the condition given in Equation (3.6) derived in the variational

argument above. As such, we can conclude that the pointwise minimiser of the func-

tional (3.14) satisfies the same optimality condition as the control problem, and hence

the one-species variational principle is indeed an optimality system. This equivalent

optimal control interpretation aids us in developing a new lower bound on the trav-

elling wave speed in coupled systems of equations with cross-dependence.

3.2.2 A model of epidermal wound healing

We now apply this variational approach to find a lower bound on the travelling wave

speed in a number of biological examples from the literature. First, we consider a

generalised, non-dimensional equation which can be used to study wound healing and

other applications [306]. The governing reaction–diffusion equation takes the form

∂ρ

∂t
=

∂

∂x

(
ρm

∂ρ

∂x

)
+ ρ(1 − ρn), (3.17)

for positive integers m, n. This is an example of the well-studied Porous–Fisher

equation, with Richards’ growth terms [87, 362]. We want to apply the variational

principle to estimate the wave speed, using D(u) = um, and f(u) = u(1 − un).

Recalling Equation (3.8), F (β) can be calculated explicitly, using the relationship

between the Beta and Gamma functions as described in Equation (3.10), as

F (β) =
β

B(2 − β, 2 + β)

∫ 1

0

um−β+1(1 − u)β(1 − un)du

=
β

B(2 − β, 2 + β)

∫ 1

0

[
um−β+1(1 − u)β − um+n−β+1(1 − u)β

]
du

=
β

B(2 − β, 2 + β)

[
B(m− β + 2, β + 1) − B(m+ n− β + 1, β + 1)

]

=
6β

(1 + β)Γ(2 − β)

[
Γ(m− β + 2)

Γ(m+ 3)
− Γ(m+ n− β + 2)

Γ(m+ n+ 3)

]
. (3.18)
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Figure 3.1: Plot of the numerically estimated minimum travelling wave speed (solid
lines) and the minimum travelling wave speed of Equation (3.17) predicted using the
variational principle with F (β) found in Equation (3.18) (dashed lines) against n
(left-hand side) and m (right-hand side). The numerically estimated travelling wave
speed is obtained by tracing the point X(t) such that u(X(t), t) = 0.1.

Taking the expression for F (β) from Equation (3.18) and evaluating the supremum

in Equation (3.8) gives a new lower bound on the travelling wave speed, c, which

cannot be evaluated explicitly, but is plotted numerically in Figure 3.1.

Several key features are apparent in Figure 3.1. First, across all parameter regimes

shown, the variational principle provides a strict lower bound, with the dashed curves

always lying below the numerically observed minimum travelling wave speeds. The

bound is tightest when the diffusion is closest to linear, i.e., for small values of m,

and when the reaction term is closest to logistic growth, i.e., for small values of n. In

these regimes, the wave profile behaves more similarly to the Fisher–KPP equation,

for which the variational bound is known to be exact. Furthermore, as m increases,

the diffusion exhibits a stronger degeneracy, leading to a sharper wave front. In this

limit, the variational bound underestimates the travelling wave speed more strongly

as the impact of the diffusion term increases. A similar trend occurs when n increases:

the reaction term becomes more strongly nonlinear, moving the system away from

the Fisher–KPP regime in which the variational bound is sharp. In both cases, the

gap between the dashed and solid curves reflects precisely the departure from the

classical marginal-stability scenario that underpins the variational method.

These trends motivate a closer examination of the special case n = 1 (i.e., the

Porous–Fisher equation), for which the variational expression simplifies substantially

and exact analytical results are available for several integer values of m. When n = 1,
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we employ Equation (3.8) to find

F (β) = β
B(m+ 2 − β, 2 + β)

B(2 − β, 2 + β)
= β

Γ(4)

Γ(4 +m)

Γ(2 − β +m)

Γ(2 − β)
, (3.19)

which can be solved explicitly for small integer values of m, as F (β) is a low-order

polynomial in β. For instance, we recover the known values of the travelling wave

speed when m = 0 and m = 1. For m = 0, Equation (3.19) reduces to F (β) = β, and

thus we find c ≥ 2 by Equation (3.8) (a.k.a. the Fisher–KPP travelling wave speed).

For m = 1, using the fact that Γ(z + 1) = zΓ(z), we see

F (β) = β
Γ(4)

Γ(5)

Γ(3 − β)

Γ(2 − β)
=
β(2 − β)

4
,

such that c ≥ 1/
√

2. The case m = 2 also admits an explicit solution that exploits

the identity

F (β) = β
Γ(4)

Γ(6)

Γ(4 − β)

Γ(2 − β)
=
β(3 − β)(2 − β)

20
,

which has a maximum at β = −(
√

7−5)/3, that when substituted into Equation (3.8)

gives c ≥
√

(10 + 7
√

7)/270. The next example illustrates a contrasting scenario: a

pushed-wave regime where the variational principle becomes exact.

3.2.3 A model with degenerate density-dependent diffusion
and the Allee effect

In this example we consider a degenerate, parabolic reaction–diffusion equation,

adapted from that studied in [290] to demonstrate how the variational approach can

be used to estimate the travelling wave speed when the Allee effect is present [317].

The governing equation takes the form

∂ρ

∂t
=

∂

∂x

((
αρ+ ρ2

) ∂ρ
∂x

)
+ ρ(1 − ρ)(ρ− a), (3.20)

such that we are considering an equation of the form of Equation (3.1) with D(ρ) =

αρ + ρ2 and f(ρ) = ρ(1 − ρ)(ρ − a) where α > 0 and a ∈ [0, 0.5]. Employing the
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variational principle in Equation (3.8), we find

F (β) =
β

B(2 − β, 2 + β)

∫ 1

0

(αu+ u2)(u− a)u1−β(1 − u)β+1 du

=
β

B(2 − β, 2 + β)

∫ 1

0

[
αu3−β(1 − u)β+1 + u4−β(1 − u)β+1

− aαu2−β(1 − u)β+1 − au3−β(1 − u)β+1
]
du

=
β

B(2 − β, 2 + β)

[
(α− a)B(4 − β, β + 2) +B(5 − β, β + 2)

− αaB(3 − β, β + 2)
]

=
β

120Γ(2 − β)
[6(α− a)Γ(4 − β) + Γ(5 − β) − 30αaΓ(3 − β)]

=
β(2 − β)

120
[(3 − β)(4 − β + 6(α− a)) − 30αa] , (3.21)

where the recursion formula Γ(n) = (n−1)! is used to simplify the Gamma functions.

Employing Equation (3.21) in the expression for the minimum travelling wave speed

given in Equation (3.8), we numerically solve for the supremum and find a very good

prediction of the numerically observed travelling wave speed, which can be observed

in Figure 3.2.

Figure 3.2: Plot of the numerically estimated minimum travelling wave speed (solid
lines) and the minimum travelling wave speed of Equation (3.20) derived using the
variational principle with F (β) found in Equation (3.21) (dashed lines) as a function
of α (left-hand side) and a (right-hand side). The numerically estimated travelling
wave speed is obtained by tracing the point X(t) such that u(X(t), t) = 0.1.

It is notable that the accuracy of the variational bound in this example is markedly

higher than in the previous Porous–Fisher type case, and indeed becomes exact
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throughout parameter space. This improvement is not accidental: it reflects key

structural differences introduced by the Allee effect. When f(u) = ρ(1 − ρ)(ρ − a),

the reaction term no longer exhibits logistic behaviour and the classical marginal-

stability mechanism—where the wave speed is determined solely by the linearisation

near u = 0—is replaced by a pushed-wave regime in which the entire interior of the

wave profile contributes to speed selection. The variational approach presented in this

chapter, although applicable to all types of waves, often has the best performance for

pushed waves, where other methods like perturbation analysis are less successful due

to the nonlinearities inherent in the system. In the case of pushed waves, the op-

timal test function reproduces the correct wave profile exactly, and the variational

inequality becomes an equality.

In biological terms, the Allee effect suppresses growth at low densities, shifting

the leading-edge dynamics away from the small u asymptotics that the variational

principle relies on, and thus, in turn, reduces the accuracy of the variational bound. As

a consequence, the variational method captures the dominant nonlinear contributions,

producing a near-exact estimate across the full parameter ranges of α and a, as shown

in Figure 3.2.

3.2.4 The Fisher–Stefan model

In this example, the variational principle is adapted to study a well-known moving

boundary problem, the Fisher–Stefan model, which is described by

∂ρ

∂t
=
∂2ρ

∂x2
+ ρ(1 − ρ), for x < s(t), (3.22)

and

ρ = 0,
ds

dt
= −κ∂ρ

∂x
, at x = s(t) , (3.23)

where κ ≥ 0 is a parameter that controls the speed of the moving boundary.

By fixing the moving boundary at z = 0, we can use the travelling wave ansatz,

z = x− s(t) = x− ct with ρ(x, t) = u(z), to obtain

d2u

dz2
+ c

du

dz
+ u(1 − u) = 0, (3.24)

u(0) = 0,
d

dz
u(0) = − c

κ
.

As in the previous sections, expressing v(u) = −du/dz as a function of u, and inte-

grating Equation (3.24) against a test function, φ(u), we obtain∫ 1

0

(
−1

2
ϕ(u)v2(u) + cv(u)φ(u)

)
du+

c2φ(0)

2κ2
=

∫ 1

0

u(1 − u)φ(u) du ,
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where we used that v(0) = c/κ. Using the same argument as previously shown on

the second order polynomial in v, we obtain the bound

1

2
c2 ≥

∫ 1

0
u(1 − u)φ(u) du

φ(0)/κ2 +
∫ 1

0
φ2(u)/ϕ(u) du

,

with equality when

v(u) =
cφ(u)

ϕ(u)
.

Here

φ(u) ∝ exp

{
−
∫ u

0

c dq

v(q)

}
,

which gives the condition

φ(0) = ϕ(0)/κ ,

in order to satisfy the moving boundary condition as described in Equation (3.24).

If we now assume that ϕ(u) = −φ′(u) and κφ(0) = ϕ(0), then

1

2
c2 = sup

φ(u)

∫ 1

0
u(1 − u)φ(u) du

φ(0)/κ2 +
∫ 1

0
φ2(u)/ϕ(u) du

.

Since we can assume without loss of generality that φ(0) = φ̃(0) = 1, the simplest

possible test function we could employ that satisfies these bounds and ensures that

κφ(0) = ϕ(0) is φ(u) = e−κu. Using this, we find

1

2
c2 ≥

∫ 1

0
u(1 − u)e−κu du

1/κ2 +
∫ 1

0
e−κu/κ du

=
κ− 2 + e−κ(2 + κ)

κ(2 − e−κ)
. (3.25)

Equation (3.25) therefore provides a lower bound for the speed that is valid for all

κ > 0; however, the quality of this bound degenerates as κ → +∞ (see Figure 3.3,

where it is notable that the bound tends to one in the limit κ → ∞ while the speed

should actually tend to two [206]). Other test functions were employed, however no

improvement on the prediction could be found (results not shown).

The degeneration of the bound in the limit κ → ∞ is not just a shortcoming

of the chosen test function, but reflects a fundamental limitation of the variational

formulation in this regime. As κ increases, the influence of the Stefan boundary

condition weakens and the Fisher–Stefan model approaches the classical Fisher–KPP

equation, for which the travelling wave speed is selected by linear marginal stability

at the leading edge.

The variational principle employed here encodes the moving boundary condition

through constraints on admissible test functions at u = 0. In the limit κ→ ∞, these
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Figure 3.3: Plot of numerically simulated minimum travelling wave speed of the
Fisher–Stefan model given by Equations (3.22) and (3.23) (solid lines) and analytically
calculated travelling wave speed using the variational principle in Equation (3.25)
(dashed lines) as a function of κ. The numerically estimated travelling wave speed is
obtained by tracing the point X(t) such that u(X(t), t) = 0.1.

constraints degenerate, and the class of admissible test functions no longer captures

the linearised dynamics governing speed selection. As a consequence, the resulting

bound saturates at a value strictly below the true wave speed c = 2.

This observation highlights that, while the variational approach yields a rigorous

and informative lower bound for all κ > 0, it is most effective when wave speed

selection is governed by nonlinear or boundary effects. Recovering the Fisher–KPP

speed in the large κ limit using these techniques would require a reformulation of the

variational principle that explicitly incorporates the linear leading edge behaviour in

this asymptotic regime, which lies beyond the scope of the present work.

3.3 An optimal control approach to two-species

models

In general, for models of two or more species, it is difficult to obtain an explicit

variational principle due to the complex interactions present between two-species.

As such, in this section, we instead demonstrate how to exploit the optimal control

approach to uncover a lower bound for the minimum travelling wave speed, which

improves the lower bound on the travelling wave speed found using linear stability

analysis (as in Chapter 2) and is particularly useful in some specific parameter regimes
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where a more accurate bound on the travelling wave speed makes further analytical

insights possible.

One may ask how this approach provides additional information beyond direct

numerical simulation of the original PDE system. While simulations can estimate

travelling wave speeds for fixed parameter values, they do not yield rigorous bounds,

nor do they clarify how specific mechanisms, such as cross-diffusion or species cou-

pling, contribute to speed selection. The optimal control formulation developed here

instead produces a computable lower bound on the wave speed that holds indepen-

dently of numerical discretisation and initial data. Moreover, by expressing the prob-

lem in terms of a control variable and an associated adjoint system, this framework

exposes how the second species influences the effective propagation dynamics of the

first. This is particularly valuable in parameter regimes where linear stability analy-

sis is inaccurate and where direct simulation becomes computationally demanding or

opaque.

To begin, we describe this process for a general model of the form

∂ρ1
∂t

=
∂

∂x

(
D(ρ1, ρ2)

∂ρ1
∂x

)
+ f(ρ1, ρ2) , (3.26)

∂ρ2
∂t

= g(ρ1, ρ2) , (3.27)

where there are cross-species density-dependent diffusion and reaction terms. The

boundary conditions are given by{
ρ1(x, t) → 1, ρ2(x, t) → 0, as x→ −∞,

ρ1(x, t) → 0, ρ2(x, t) → ν, as x→ +∞,

and, as before, we have that D(ρ1, ρ2) ≥ 0 is the density-dependent diffusivity, and

f(ρ1, ρ2) and g(ρ1, ρ2) are the reaction terms, with f(1, ρ2) = f(0, ρ2) = 0 and

g(ρ1, 0) = 0.

As in the one-species setting, the variational approach relies on reducing the PDE

to an ODE system along a travelling wave profile. This reduction requires that the

primary population u1(z) is monotone. For general two-species systems, monotonicity

is not guaranteed a priori ; however, in the classes of models considered later in this

chapter (e.g., ECM degradation systems), numerical simulations in Chapter 2 con-

sistently show monotone wave profiles, justifying this assumption. In more complex

systems where oscillatory or non-monotone waves may arise, the reduction would fail

and the variational principle would no longer apply.
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Now, to make further progress, we look to rewrite ρ1 as a monotonically decreasing

function of z = x − ct, which defines ρ1(x, t) = u1(x − ct) and ρ2(x, t) = u2(x − ct)

for constant c ≥ 0. This gives the boundary conditions{
u1(z) → 1, u2(z) → 0, as z → −∞,

u1(z) → 0, u2(z) → ν, as z → ∞.

In travelling wave co-ordinates where we denote du1/dz = −v, we have the system

du1
dz

= −v,
d

dz
(D(u1, u2)v) = f(u1, u2) − cv,

du2
dz

= −1

c
g(u1, u2).

As before, if we can assume that u1 and u2 are monotonic, then we can rewrite

v(z) = v(u1(z)) = v(u1) and u2(z) = u2(u1(z)) = u2(u1) to remove the z dependence,

which gives

v
d

du1
(D(u1, u2)v) = cv − f(u1, u2), (3.28)

v
du2
du1

=
1

c
g(u1, u2). (3.29)

Multiplying Equation (3.28) by D(u1, u2) and a test function φ(u1) that satisfies

φ(0) = φ(1) = 0 and φ′(u1) = −ϕ(u1), we can integrate by parts to obtain∫ 1

0

[
−1

2
ϕ(u1)D(u1, u2)

2v(u1)
2 + cv(u1)D(u1, u2)φ(u1)

]
du1 (3.30)

=

∫ 1

0

D(u1, u2)f(u1, u2)φ(u1) du1 ,

where u2 satisfies Equation (3.29).

To make progress, we now reformulate the problem within the framework of opti-

mal control theory. To do this, we consider u1 as the independent variable, v(u1) > 0

to be the control, and the profile of the second species to be the state that we are

trying to minimise. In this sense, introducing an adjoint variable and applying Pon-

tryagin’s minimum principle yields a simpler set of first-order optimality conditions.

In the single-species case studied in Section 3.2.1, the constraint on the system was

algebraic (in that it could be explicitly solved), whereas for two-species, the con-

straint now introduces an ODE for u2(u1), requiring the use of the full Pontryagin

system [176].
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To proceed, we first denote the solution to Equation (3.29) by U2[v](u1) for a

particular v(u1). Thereafter, we define D[v](u1) = D(u1,U2[v](u1)), F [v](u1) =

f(u1,U2[v](u1)) and G[v](u1) = g(u1,U2[v](u1)).

Recalling Equation (3.30), the following integral identity∫ 1

0

{
−D[v](u1)F [v](u1)φ(u1) + cD[v](u1)φ(u1)v(u1) −

1

2
D[v]2(u1)v

2(u1)ϕ(u1)

}
du1

= 0 , (3.31)

serves as a starting point to construct the lower bound on the travelling wave speed.

In particular, we define

Ic[v] =

∫ 1

0

[
−1

2
ϕ(u1)D[v]2(u1)v

2(u1) + cv(u1)D[v](u1)φ

]
du1 , (3.32)

such that, if we look for v∗ such that

v∗ = arg min
v

Ic[v] ,

subject to

dU2

du1
[v](u1) =

G[v](u1)

cv(u1)
, U2[v](0) = 0, and U2[v](1) = ν,

then all possible positive solutions v∗ satisfying these constraints are admissible solu-

tions.

To address this constrained minimisation problem, we introduce the adjoint vari-

able, ω(u1), and define the Hamiltonian

H(u1,U2[v](u1), v, ω) = −ϕ(u1)

2
D[v]2(u1)v

2(u1) + cv(u1)D[v](u1)φ(u1)

+
ω(u1)G[v](u1)

cv(u1)
.

Pontryagin’s minimum principle implies that v∗ minimises the Hamiltonian pointwise,

i.e., ∂H/∂v = 0, together with the adjoint equation dω/du1 = −∂H/∂U2 and the

state ODE [176]. The adjoint equation satisfies

dω

du1
= v(u1)

∂D
∂U2

[v](u1)
[
ϕ(u1)v(u1)D[v](u1) − cφ(u1)

]
− ω(u1)

cv(u1)

∂G
∂U2

[v](u1),

with homogeneous endpoint conditions for ω, because both endpoints of U2[v](u1) are

fixed. The stationarity condition ∂H/∂v = 0 gives

−ϕ(u1)D2[v](u1)v
3(u1) + cD[v](u1)φ(u1)v

2(u1) −
ω(u1)G[v](u1)

c
= 0, (3.33)
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which implicitly determines v∗ as the positive real root of this cubic equation. Al-

though this expression (Equation (3.33)) cannot generally be solved in closed form, it

can be evaluated numerically or approximated in particular parameter regimes. Sub-

stituting v∗ and the corresponding U2[v](u1) into Equation (3.31), yields a condition

that provides a computable lower bound for the travelling wave speed, c.

In order to improve the lower bound for the travelling wave speed that is found

in Chapter 2, we now restrict our attention to a particularly relevant class of models

where ρ2 denotes a density field which gets degraded by the first species, such that

g(ρ1, ρ2) ∝ −ρ1ρ2. For example, when g(ρ1, ρ2) = −λρ1ρ2, we have the explicit

solution

U2[v](u1) = ν exp

{
−λ
c

∫ u

0

q dq

v(q)

}
, (3.34)

and bounds on the travelling wave speed, c, can be obtained numerically.

In contrast to numerical simulation, which must be repeated for each parameter

set, the optimal control framework provides a systematic way to explore how changes

in coupling strength or degradation rates alter the admissible range of travelling wave

speeds. As such, the approach complements numerical experiments by providing both

analytical structure and quantitative guarantees.

3.3.1 From the optimal control formulation to a variational
approximation

The full optimality system described in Section 3.3 couples the control variable, v(u1),

the secondary state, U2[v](u1), and the adjoint, ω(u1), through a set of nonlinear first-

order equations. In general, this system may only be solved numerically. However, in

many parameter regimes the coupling term involving the adjoint, and the feedback of

U2[v](u1) onto the diffusivity and reaction terms enter only as higher-order corrections

during linearisation. This occurs because the feedback of U2[v](u1) onto the wave front

is mediated only through smooth, multiplicative factors in D[v](u1) and F [v](u1)

during Taylor series expansions. When the coupling parameter (e.g., λ in G[v](u1))

is small, for example, the induced variations in U2[v](u1) remain O(λ) over the entire

front since U2[v](u1) ∈ [0, 1]. As a result, the adjoint equation introduces only O(λ)

corrections to the optimality condition. In particular, the terms involving the adjoint

ω(u1), which account for the sensitivity of U2[v](u1) to variations in the control,

contribute only higher-order corrections and are therefore neglected at leading order.

In this limit, the leading-order stationarity condition reduces to the same pointwise

minimisation that underlies the one-species variational principle.
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Crucially, even in the two-species setting, Ic[v] retains the same concave quadratic

dependence on the control v. Thus, the pointwise bound used in the one-species

derivation (completing the square) still holds, regardless of the presence of the dy-

namical constraint relating u1 and U2[v](u1). The resulting bound is

Ic[v] ≤ c2

2

∫ 1

0

φ2(u1)

ϕ(u1)
du1.

Furthermore, recalling the integral identity in Equation (3.30), this bound on Ic[v]

subsequently gives

1

2
c2 ≥

∫ 1

0
D[v](u1)F [v](u1)φ(u1) du1∫ 1

0
φ(u1)2/ϕ(u1) du1

, (3.35)

with ϕ(u) = −φ′(u), and where equality is only achieved when

v∗ =
cφ(u1)

D[v](u1)ϕ(u1)
. (3.36)

We now have a potentially analytically tractable lower bound on the travelling wave

speed, representing the leading-order variational approximation of the full optimal

control problem, obtained by neglecting the adjoint-dependent terms in the station-

arity condition that arise from the non-local dependence of U2[v](u1) on the control.

This approximation is valid when coupling effects enter only as higher-order correc-

tions, for example when cross-species interactions are weak or vary smoothly across

the wave front.

To show this is an equivalent variational principle, all that remains is to demon-

strate the existence of a test function φ(u1) = φ̂(u1) for which equality holds. The

same condition for equality holds in the two-species case (Equation (3.36)) as it did

for one-species (see Equation (3.11)), which integrates to give

φ̂(u1) = exp

{
− c

∫ u1

0

dq

D[v](q)v(q)

}
. (3.37)

If U2[v](u1) is single-valued and smooth, and D[v](u1) and v(u1) are continuous and

bounded away from zero for u ∈ [0, 1], then provided that ϕ(u1) = −φ′(u1) does not

vanish on (0, 1) (equivalently φ(u1) is strictly monotone), then the integrand in Equa-

tion (3.37) is continuous on (0, 1) and integrable on [0, 1]. As such, Equation (3.35)

is indeed a variational principle.

Again, as in the one-species case, we may choose any admissible one-parameter

family of test functions and find the supremum with respect to that parameter to

obtain a lower bound on the travelling wave speed. However, unlike the one-species
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setting, this optimisation problem must now be carried out subject to a dynamic con-

straint. Each test function induces an ODE for U2[v](u1) (Equation (3.39)), and the

solution of this ODE depends on the wave speed c. As a result, the variational bound

is no longer a maximisation problem that can be solved analytically, but instead is a

coupled problem in which both U2[v](u1) and the wave speed, c, must be determined

numerically.

As before, we proceed by using the family of test functions given by φβ(u1) =

((1 − u1)/u1)
β. This family is a natural choice for several reasons: (i) it has the

correct monotonic behaviour and asymptotic structure near the endpoints; (ii) for

β ∈ [0, 2), these functions guarantee the convergence of all integrals appearing in the

variational bound, avoiding singularities introduced by the degeneracy of the diffusion

or the reaction terms; and (iii) the dependence on a single parameter β allows the

optimisation problem to remain computationally tractable, even though U2[v](u1)

must now be determined dynamically. Employing this family of test functions, we

obtain the bound
1

2
c2 ≥ sup

β∈[0,2)
Gc(β), (3.38)

with

Gc(β) = β

∫ 1

0
D[v](u1)F [v](u1)u

−β
1 (1 − u1)

β du1

B(2 − β, 2 + β)
,

where U2 is subject to
dU2

du1
=
β

c2
G[v](u1)D[v](u1)

u1(1 − u1)
. (3.39)

In order to simplify notation in the following applications, we define

N(β) =

∫ 1

0

D[v](u1)F [v](u1)u
−β
1 (1 − u1)

β du1 , (3.40)

such that

Gc(β) = β
N(β)

B(2 − β, 2 + β)
.

3.3.2 A criterion for nonlinear wave speed selection

Now that we understand how to better characterise the travelling wave speed for

nonlinear coupled systems of equations, we now want to extend the results of [27,

320] to provide a criterion to evaluate, in advance, whether the speed is selected

nonlinearly, i.e., whether c > 2
√
f ′(0)D(0) in the case of a single-species model.

Since the minimal admissible wave speed is determined by c2 = 2 sup0≤β<2Gc(β),

and since the linearly predicted (pulled) speed corresponds to the boundary value
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β = 2, nonlinear (pushed) selection occurs precisely when the supremum of Gc is

attained at some interior point β < 2. A sufficient and necessary local condition for

this is that Gc(β) increases as β decreases from two, i.e.,

d

dβ
Gc(β)

∣∣∣∣
β=2−

< 0.

Our goal is therefore to evaluate this derivative explicitly and obtain a criterion

expressed directly in terms of the nonlinear diffusion and reaction terms.

We first focus on N(β) as given in Equation (3.40). If we define R[v](u1) =

F [v](u1)/u1 and P [v](u1) = D[v](u1)R[v](u1), we can rewrite N(β) as

N(β) =

∫ 1

0

P [v](u1)u
(1−β)
1 (1 − u1)

βdu1

= P [v](0)

∫ 1

0

u
(1−β)
1 (1 − u1)

βdu1 +

∫ 1

0

(
P [v](u1) − P [v](0)

)
u
(1−β)
1 (1 − u1)

βdu1

= P [v](0)B(2 − β, 1 + β) +

∫ 1

0

(
P [v](u1) − P [v](0)

)
u
(1−β)
1 (1 − u1)

βdu1.

If we then introduce ϵ = 2 − β and consider the limit ϵ→ 0+ (i.e., β → 2), then

N(2 − ϵ) = P [v](0)B(ϵ, 3 − ϵ) +

∫ 1

0

(
P [v](u1) − P [v](0)

)
u
(ϵ−1)
1 (1 − u1)

(2−ϵ)du1

= P [v](0)
[1

ϵ
− 3

2
+ O(ϵ)

]
+

∫ 1

0

(
P [v](u1) − P [v](0)

)
u−1
1 (1 − u1)

2eϵ log(u1)−ϵ log(1−u1)du1,

using expansions of the beta function around small ϵ. Expanding the exponential

similarly, we find to O(1):

N(2 − ϵ) = P [v](0)
[1

ϵ
− 3

2

]
+

∫ 1

0

(
P [v](u1) − P [v](0)

)
u−1
1 (1 − u1)

2du1.

Substituting this into Gc(β), we obtain to first order

Gc(2 − ϵ) = (2 − ϵ)

P [v](0)
[1

ϵ
− 3

2

]
+
∫ 1

0

(
P [v](u1) − P [v](0)

)
u−1
1 (1 − u1)

2du1

B(ϵ, 4 − ϵ)

= (2 − ϵ)

P [v](0)
[1

ϵ
− 3

2

]
+
∫ 1

0

(
P [v](u1) − P [v](0)

)
u−1
1 (1 − u1)

2du1

1

ϵ
− 11

6

= (2 − ϵ)
P [v](0) +N0ϵ

1 − 11
6
ϵ

,
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where

N0 =

∫ 1

0

(
P [v](u1) − P [v](0)

)
u−1
1 (1 − u1)

2du1 −
3

2
P [v](0). (3.41)

Then, expanding the denominator, we find

Gc(2 − ϵ) = 2P [v](0) +

(
2N0 +

8

3
P [v](0)

)
ϵ+ O(ϵ2). (3.42)

Since ϵ = 2− β > 0, the expansion in Equation (3.42) shows that Gc(β) increases

as β decreases from two if and only if 2N0 + 8/3P [v](0) > 0. Equivalently,

N0 > −4

3
P [v](0).

Recalling the definition of N0 in Equation (3.41), this condition can be written ex-

plicitly as∫ 1

0

(
P [v](u1) − P [v](0)

)
u−1
1 (1 − u1)

2du1 ≥
1

6
P [v](0)

=
1

6
D[v](0)

∂

∂u1
F [v](u1)|u1=0. (3.43)

Condition (3.43) provides a sufficient criterion for nonlinear (pushed) wave speed

selection in both two-species and single-species reaction–diffusion systems. When it

is satisfied, the supremum of Gc(β) is attained at some β < 2, and hence the selected

wave speed strictly exceeds the linearly predicted value.

Consider D(u) = u + δ and f(u) = u(1 − u), as studied in [320]. In this case,

P (u) = (u+ δ)(1 − u) and P (0) = δ. Substituting into the criterion (3.43) gives∫ 1

0

u(1 − u− δ)(1 − u)2 du ≥ 1

6
δ,

which holds if and only if δ < 1/2. Hence the criterion correctly predicts nonlinear

wave speed selection for δ < 1/2, in agreement with the results of [320].

3.3.3 Application to models of cell invasion into ECM

We now employ the derived framework to improve the estimated travelling wave speed

in the class of models studied in Section 2.6. The models of focus (Equations (2.57)

and (2.58), and Equations (2.59) and (2.60)) describe collective cell migration into

ECM governed by the following dynamical system

∂ρ1
∂t

=
∂

∂x

(
(1 − ρ2)

∂ρ1
∂x

)
+ f(ρ1, ρ2) , (3.44)

∂ρ2
∂t

= −λρ1ρ2 , (3.45)
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where f(0, ρ2) = 0 and f(1, ρ2) = 0. The boundary conditions are given by{
ρ1(x, t) → 1, ρ2(x, t) → 0, as x→ −∞,

ρ1(x, t) → 0, ρ2(x, t) → ν, as x→ +∞,

for 0 ≤ ν ≤ 1.

We consider two different reaction terms. Firstly, fC(ρ1, ρ2) = fC(ρ1) = ρ1(1−ρ1)
as described in [69]. Secondly, we consider fB(ρ1, ρ2) = ρ1(1 − ρ1 − ρ2) as detailed

in [43, 100]. For both models, numerical simulations and the analysis in Section 2.6

shows that the system exhibits travelling waves that attain the linearly predicted

wave speed (2
√

1 − ν when f = fC , and 2(1 − ν) when f = fB) for small values

of the ECM degradation rate, λ ≤ λ∗(ν), only, where λ∗(ν) is the critical ECM

degradation rate such that the linearly predicted and numerically observed travelling

wave speeds coincide for λ ≤ λ∗(ν). For λ > λ∗(ν), the numerically estimated wave

speed shows significant deviations from the linearly selected travelling wave speed

and the critical value of the degradation rate, λ∗(ν), seems to follow a monotonically

increasing relationship with ν as ν → 1 (see Figure 2.3).

Recalling the travelling wave analysis, we can translate the system into the mono-

tone wave co-ordinate z = x − ct, which gives ρ1(x, t) = u1(x − ct) = u1(z) and

ρ2(x, t) = u2(x− ct) = u2(z) that are described by

d

dz

(
(1 − u2)

du1
dz

)
+ c

du1
dz

+ f(u1) = 0, (3.46)

c
du2
dz

− λu2u1 = 0. (3.47)

The boundary conditions of this system now read{
u1(z) → 1, u2(z) → 0, as z → −∞,

u1(z) → 0, u2(z) → ν, as z → +∞.

Following the optimal control approach described in Section 3.3, we introduce the

variable v(u1) = −du1/dz, that gives the integral identity∫ 1

0

(1 − u2)
(
− u1(1 − u1)φ− 1

2
ϕ(1 − u2)v

2 + cvφ
)

du1 = 0, (3.48)

and define the cost for this system (Equations (3.46) and (3.47) subject to fC(u1) =

u1(1 − u1)) as

IC [v] =

∫ 1

0

(1−u2)
(
− 1

2
ϕ(1−u2)v2 +cvφ

)
du1 =

∫ 1

0

(1−u2)u1(1−u1)φ du1, (3.49)
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subject to
du2
du1

= −λu1u2
cv

, u2(0) = ν and u2(1) = 0, (3.50)

where we now consider all of the variables as functions of u1 only for ease. Introducing

the adjoint variable ω(u1), we have the adjoint equation defined by

dω

du1
= v(cφ− 1

2
ϕv(1 − u2)) −

λu1ω

c
, (3.51)

and the state equation for stationarity, as described by Equation (3.33), given by

−ϕ(1 − u2)
2v3 + c(1 − u2)φv

2 +
λ

c
ωu2u1 = 0. (3.52)

Together, Equations (3.50)–(3.52) define the constraints on the optimal control prob-

lem which seeks to satisfy the integral identity given by Equation (3.48).

If we now consider a weak coupling between the PDE and ODE governing dy-

namics, in the sense that variations in the secondary state induce only higher-order

corrections to the diffusion and reaction terms, then the adjoint-dependent contribu-

tions to the optimality condition are not dominant. In this regime, the leading-order

behaviour of the wave speed is captured by the variational approximation described

by Equation (3.38). We first need to solve the ODE described in Equation (3.39) for

fC(u1, u2) = u1(1 − u1) and D(u1, u2) = 1 − u2:

du2
du1

= −λβ
c2
u2(1 − u2)

1 − u1
.

Rearranging and integrating gives

u2(u1) =
ν(1 − u1)

λβ

c2

ν(1 − u1)
λβ

c2 + 1 − ν
. (3.53)

The ODE for u2(u1) is well-posed on [0, 1] and v(u1) > 0, ensuring a unique smooth

solution for each c and β.

For fC(u1, u2) = u1(1−u1) and D(u1, u2) = 1−u2, we use Equation (3.53) to find

that Equation (3.40) becomes

NC(β) =

∫ 1

0

u1−β
1 (1 − u1)

1+β

ν
1−ν

(1 − u1)
λβ

c2 + 1
du1, (3.54)

and the lower bound on the travelling wave speed can be subsequently be found by

solving

1

2
c2 ≥ sup

β∈[0,2)
β

NC(β)

B(2 − β, 2 + β)
. (3.55)
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Fig. 3.4A shows the result of numerically solving Equation (3.55) for the lower bound

on the travelling wave speed, c, which, when compared to the linearly predicted

travelling wave speed, clinear ≥ 2
√

1 − ν (horizontal lines that match the speed in

Figure 3.4A for small λ → 0+), demonstrates a vast improvement. To the best of

our knowledge, the linear travelling wave speed is the current best estimate of the

speed of invasion in the literature, so the prediction derived in this chapter using the

variational approach drastically improves the lower bound on the wave speed.

In the case when the reaction terms for the first species also depend on the den-

sity of the second species, as described by fB(u1, u2) = u1(1 − u1 − u2), then Equa-

tions (3.50), (3.51) and (3.52) still hold, but instead we have a cost functional defined

by

IB[v] =

∫ 1

0

(1− u2)
(
− u1(1− u1)φ− 1

2
ϕ(1− u2)v

2 + cvφ
)

du1 =

∫ 1

0

−u21(1− u1)du1.

(3.56)

In the case when λ is small, so that the system is only weakly coupled, the adjoint

contributions to the stationarity equation are very small, and we can again take a vari-

ational approach to find the travelling wave speed. The solution to Equation (3.39)

is given by Equation (3.53), and thus

NB(β) =

∫ 1

0

(1 − u2(u1))(1 − u1 − u2(u1))u
1−β
1 (1 − u1)

β du1,

=

∫ 1

0

u1−β
1 (1 − u1)

β − u2−β
1 (1 − u1)

β − A(1 − u1)
(1 − β)(1 − u1)

β+η

(1 + A(1 − u1)η)2
, (3.57)

where we have defined A = ν/(1 − ν) and η = λβ/c2. Substituting NB(β) into equa-

tion (3.38) gives the travelling wave speed plotted by the dashed line in Figure 3.4B,

which again provides a vast improvement on that predicted by linear stability analysis,

namely c ≥ 2(1 − ν).

3.3.4 Extension to models with taxis terms

Benguria et al. have, more recently, considered the addition of advection terms in the

governing equations and their impact on the resulting travelling wave speed [30]. As

is natural, we therefore present a simple extension to the results in Section 3.3.1 that

is applicable to populations undergoing taxis, or following the gradient of external
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A) B)

Figure 3.4: Plot of numerically simulated minimum travelling wave speed (solid lines)
and analytically calculated travelling wave speed of Equations (3.44) and (3.45) using
the variational principle (Equation (3.38), dashed lines) with NC(β) as calculated in
Equation (3.54) (left-hand side) and NB(β) as calculated in Equation (3.57) (right-
hand side) for various initial ECM densities ν ≥ 0. The numerically estimated trav-
elling wave speed is obtained by tracing the point X(t) such that u1(X(t), t) = 0.1.

signals, for example, chemicals or substrates. The model of interest will take the form

∂ρ1
∂t

=
∂

∂x

(
D(ρ1, ρ2)

∂ρ1
∂x

− χ(ρ1, ρ2)
∂ρ2
∂x

)
+ f(ρ1, ρ2) , (3.58)

∂ρ2
∂t

= g(ρ1, ρ2) , (3.59)

where the boundary conditions of the system are given by{
ρ1(x, t) → ρ1,−, ρ2(x, t) → ρ2,−, as x→ −∞,

ρ1(x, t) → ρ1,+, ρ2(x, t) → ρ2,+, as x→ +∞,

This model differs from the previously studied simple reaction–diffusion system by

the inclusion of an advection term in Equation (3.58).

For a right-moving travelling wave with c > 0 to exist, the boundary states

ρ1,−, ρ2,− and ρ1,+, ρ2,+ must be ordered so that the invaded state lies to the left,

as z → −∞, and the uninvaded state to the right, as z → ∞. That is, we require

f(ρ1,+, ρ2,+) = 0 with d/dρ1(f(ρ1,+, ρ2,+)) > 0 to ensure instability ahead of the

front, and f(ρ1,−, ρ2,−) = 0 with d/dρ1(f(ρ1,−, ρ2,−)) < 0 to ensure stability behind

the front. These sign conditions guarantee invasion from the stable state toward the

unstable one, forcing the wave to propagate with positive speed.

Therefore, for D(ρ1, ρ2) ≥ 0 the density-dependent diffusivity, χ(ρ1, ρ2) ≥ 0 the

tactic sensitivity, and f(ρ1, ρ2) and g(ρ1, ρ2) the reaction terms, we can then seek a
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monotonically decreasing function of z = x − ct, defining ρ1(x, t) = u1(x − ct) and

ρ2(x, t) = u2(x− ct), where{
u1(z) → ρ1,−, u2(z) → ρ2,−, as z → −∞,

u1(z) → ρ1,+, u2(z) → ρ2,+, as z → ∞.

If we consider a weak coupling between the external cue and the population of inter-

est, we can again follow the variational principal approach detailed in Section 3.3.1

(a natural simplification of the optimal control framework detailed in Section 3.3).

Namely, setting du1/dz = −v, we have

du1
dz

= −v,
d

dz

(
D(u1, u2)v + χ(u1, u2)

du2
dz

)
= f(u1, u2) − cv,

du2
dz

= −1

c
g(u1, u2).

If we replace all instances of D(u1, u2)v by D(u1, u2)v + χ(u1, u2)du2/dz in Equa-

tions (3.28)–(3.35), we can show the existence of a variational principle for taxis-style

models. Excluding these computations for brevity, we find

1

2
c2 ≥

∫ 1

0
f(u1, u2(u1))φ(u1)

(
D(u1, u2) − χ(u1, u2)

du2

du1

)
du1∫ 1

0
φ(u1)2/ϕ(u1) du1

,

with ϕ(u1) = −φ′(u1), as long as

du2
du1

=

ϕ(u1)

(
D(u1, u2) − χ(u1, u2)

du2

du1

)
g(u1, u2)

c2φ(u1)
. (3.60)

The same test functions and proof can be used to show that this is indeed a variational

principle. However due to lack of relevant examples in the literature, this method

is not shown to be applied to any models in this thesis, but instead detailed here

to demonstrate the utility and wider applicability of the approach to these models,

where they do indeed exist.

3.4 Discussion

In this chapter, a unified framework for understanding travelling wave speed selection

in nonlinear reaction–diffusion systems has been developed by recasting the classical
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variational approach within the language of optimal control theory [26, 27, 28, 176].

This interpretation reveals that the standard one-species variational principle is a par-

ticularly tractable instance of a more general control problem, in which the travelling

wave profile plays the role of a state, the local flux acts as the control, and the speed

emerges as the optimal value that satisfies a stationarity condition. One immediate

benefit of this perspective is conceptual: it exposes the variational principle as the

outcome of a pointwise minimisation of an associated Hamiltonian, rather than as

an algebraic manipulation tailored to scalar PDEs. More importantly, this viewpoint

provides a natural route to generalising the theory to coupled systems, where the

traditional variational arguments are not explicitly solvable.

By exploiting this optimal control formulation, it is shown how a tractable vari-

ational approximation can be obtained for two-species systems in regimes where the

coupling between species’ is either weak or sufficiently smooth across the wave front.

The resulting lower bounds are a substantial improvement on those predicted by

linear stability analysis, particularly in models where nonlinearities in the diffusion

or in cross-species interactions play a decisive role in wave speed selection. In the

context of cell invasion into ECM, these refined bounds allow for continued analytic

progress in parameter regimes where numerical simulations have long indicated non-

linear selection but where no analytical estimates were previously available [69, 100].

The resulting bounds capture key qualitative trends, such as the increasing impact

of nonlinear effects as the degradation rate increases, or the shift in the onset of

nonlinear selection as the initial ECM density varies.

The examples considered in this chapter demonstrate that the method is flex-

ible enough to incorporate distinct biological mechanisms, ranging from density-

dependent mobility, to the Allee effect with a fixed wave speed, to moving-boundary

problems such as the Fisher–Stefan model. In every case, the approach provides ei-

ther an exact variational principle (for one-species equations) or an approximate but

effective lower bound (for multi-species models), and these predictions can be easily

determined using numerical methods. The extension to chemotactic systems further

reveals that the general structure of the theory is robust: the inclusion of taxis terms

modifies the effective flux but does not fundamentally alter the variational architec-

ture.

Despite the breadth of these results, the method still has limitations, reducing

its applicability. The core assumption throughout this chapter is the existence of a

monotonic travelling wave with a fixed profile and constant speed, which allows the

reduction of the PDE system to an ODE in the travelling wave co-ordinate, z, and the
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subsequent recasting of the main species variable, u, as a spatial parameter. When

the travelling wave does not have a constant speed or is non-monotonic, this reduction

fails and the variational principle ceases to hold. Similarly, the two-species variational

approximation relies on a weak-coupling or slowly varying second species coupling

assumption such that the adjoint contributions in the optimal control framework

can be considered negligible. As such, this ensures that the adjoint terms arising in

the full optimality system may be treated as higher order corrections. In regimes

where the coupling is strong, where reaction terms generate sharp internal layers, or

where diffusion coefficients depend sensitively on the second species, this validity of

the approximation may deteriorate. Relatedly, the lower bounds obtained for multi-

species systems are not expected to be tight, and in certain parameter regions the

approximation may only capture the correct qualitative dependence on parameters

rather than providing an approximate prediction of the selected speed.

These limitations indicate natural directions for future research. The optimal con-

trol formulation provides a template that could, with further development, accom-

modate more general travelling waves or systems with multiple interacting controls.

Instead of relying on weak coupling or slowly varying assumptions, this optimal con-

trol problem may be able to be solved explicitly, thus finding an exact wave speed

prediction in the two-species case. For multi-species systems, the most promising

route likely involves asymptotic analysis of the full optimality system in singular

regimes, allowing the adjoint contributions to be incorporated rather than neglected.

Finally, the structure uncovered here may prove compatible with data-driven ap-

proaches. Since the variational principle relates the travelling wave speed to explicit

integral quantities, it potentially offers a means to benchmark or regularise machine-

learned PDE models, particularly when the underlying biological mechanisms give

rise to nonlinear speed selection [20, 46, 278, 287].

In summary, the optimal control interpretation presented in this chapter clarifies

why the classical one-species variational principle works so effectively, and presents a

systematic approach for extending these ideas beyond the one-species setting. In the

context of biological applications, the framework developed here provides new analytic

tools for understanding invasion dynamics in heterogeneous environments and for

identifying precisely when nonlinear interactions dominate the spread. Although the

method is not universally applicable, it significantly broadens the range of systems

for which rigorous or semi-rigorous estimates of the travelling wave speed can be

obtained, and it lays the groundwork for future analysis of multi-species models in

mathematical biology.
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Chapter 4

Phenotypic switching and its
impact on cell migration under the
‘go-or-grow’ hypothesis

This work, entitled “Phenotypic switching mechanisms determine the structure of cell

migration into extracellular matrix under the ‘go-or-grow’ hypothesis”, was completed

in collaboration with K. J. Painter, T. Lorenzi, P. K. Maini and R. E. Baker and is

published in Mathematical Biosciences [79]. The author was responsible for all aspects

of the research and writing presented in this chapter.

4.1 Introduction

Phenotypic heterogeneity profoundly impacts tumour behaviour and is a hallmark

feature driving post-treatment recurrence [322]. Collective cell migration, which can

be crucial in understanding various stages of tumour progression, often involves dis-

tinct cell phenotypes with varying motility and proliferative capacities [122, 123].

Mathematical approaches to studying these processes often involve models formu-

lated as reaction–diffusion equations with phenotypic structuring [192, 194], where

cells are assumed to undergo random, undirected movement and grow logistically to

some maximum capacity, similar to the classical Fisher–KPP model [109, 174].

It is often observed experimentally that individual cells are either proliferative or

motile [175], but not both [50], representing a trade-off known as the ‘go-or-grow’ hy-

pothesis [173, 264]. Numerous mathematical models have been proposed to study the

migration-proliferation dichotomy of a phenotypically structured population of cells,

such as those that simulate glioblastoma growth [120]. Models of this nature con-

sider various phenotypic switching mechanisms, derive analytical expressions for the
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minimum travelling wave speed of the migrating front [82, 121, 318, 334], or include

more complex nonlinear diffusion terms [70]. Crucially, however, cell phenotypes and

their functions are fundamentally dependent on external cues, such as contact with

neighbouring cells or interactions with the ECM [34, 73, 356]. Despite the increasing

evidence for phenotypically structured cell populations, few studies have included the

role of the ECM in models for cell migration under the go-or-grow hypothesis, to

consider how it might affect the phenotypic structure of invading fronts and their

speed. Furthermore, despite several experimental results supporting the existence of

leader and follower cell sub-populations during collective cell migration [210, 377],

other findings do not support such hypotheses [114, 347], possibly due to the use of

different cell types or experimental conditions.

To investigate the role of the ECM in cell migration further, this work compares a

model of a homogeneous population of generalist cells that can proliferate, move and

degrade ECM (as introduced in Chapter 2) to a model of a heterogeneous population

comprising two sub-populations of specialist cells that can either move and degrade

ECM, or proliferate. This continuum model for the dynamics of two distinct cell phe-

notypes and the ECM is derived from first principles (as the limit of an underlying

IBM) to accurately account for individual cell mechanisms at the population level.

A number of different possible phenotypic switching mechanisms are considered, in-

cluding random switching and both cell- and ECM- dependent switches, to explore

their impact on the speed and phenotypic structure of invading cell populations.

In Section 4.2, we begin by describing the underlying assumptions of the models

we study. We start by reviewing the details of the model for a population of homo-

geneous generalist cells in one spatial dimension that was first derived in Chapter 2.

Subsequently, we extend this model to a heterogeneous population comprising two

distinct sub-populations of specialist cells that can either move and degrade ECM

or proliferate, in order to introduce phenotypic heterogeneity into the cell popula-

tion (see Section 4.2.2). In Section 4.3, the solutions of these models are studied

numerically for a variety of different phenotypic switching functions. We find that

specialist cell populations with the ability to switch phenotype may invade faster than

a generalist cell population, and that the choice of phenotypic switching mechanism

drastically impacts the phenotypic structure of migrating cell fronts, such that the

leading cell sub-population differs between switching functions.
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4.2 The mathematical models

It is well-known that cells move in response to gradients in local cell volume fractions,

and in response to nearby environmental features, such as the ECM, by haptotaxis,

for example [4]. Many mathematical models have been developed that include non-

linear terms to describe these processes, and non-local reaction terms to describe the

proliferation of cells to fill the surrounding available space [43, 119].

To invade into surrounding healthy tissues, many tumours must overcome phys-

ical barriers to migration, such as the ECM. In order to do this, tumour cells have

developed the ability to remodel, reorient and degrade elements of the ECM [187, 361]

through the production of specific matrix degrading enzymes, such as MMPs, that

act in very close proximity to their cell of origin before decaying [59, 165, 319]. Since

the timescale of ECM degradation is much longer than the timescale of intermedi-

ate processes, such as MMP decay, we employ the simplifying assumption that cells

directly degrade the ECM [261]. In this chapter, we will investigate the simplest

possible problem—that of the role of phenotypic heterogeneity in cell invasion into

an ECM that is devoid of cells.

In this section, we present two deterministic, continuum models for cell migration

into ECM that have been derived by coarse-graining their underlying IBMs to give

rise to a corresponding population-level description (see schematic in Figure 4.1).

The first model considers a homogeneous generalist cell population invading into

ECM, as is often studied in standard models for collective cell migration [251], and

builds on similar models for cell migration into ECM studied in [69, 100]. This

model was presented in Chapter 2, but is recapitulated here in order to facilitate

robust comparisons. Then, to investigate heterogeneity, we introduce a second model

describing a population of specialist cells consisting of two distinct phenotypes, in

line with evidence supporting the existence of separate proliferating and migrating

populations [175]. This model extends those presented in [63, 264, 292] to include the

ECM and its degradation by cells, as well as volume-filling effects.

4.2.1 An adapted model for homogeneous ‘generalist’ cell in-
vasion into ECM

As seen in Chapter 2, previous models considered cell migration into ECM without

heterogeneity or volume-filling assumptions [69, 100]; these models comprised two

coupled differential equations with nonlinear cross-dependent diffusion and logistic

growth. The differential equation model for generalist cells considered here describes
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Figure 4.1: Schematic representation of the model for a homogeneous generalist pop-
ulation of cells (green), and the model for a heterogeneous specialist population of
cells (purple: ECM degraders and moving cells, blue: proliferative cells).

the evolution of cell and ECM densities under volume-filling assumptions, where the

movement and proliferation of cells is reduced in higher volume fraction regions. This

model [77] was derived in Chapter 2 from an underlying one-dimensional, on-lattice,

IBM, where its travelling wave solutions were studied.

To motivate later comparisons with a heterogeneous cell population, we

re-introduce this model here with non-dimensional weightings of the cells towards

proliferation, θG,P ∈ [0, 1], degradation of ECM, θG,D ∈ [0, 1], and movement, (1 −
θG,D − θG,P ) ∈ [0, 1], that distribute a cells’ weighting across different functions. The

non-dimensional volume fractions of the generalist cell population and correspond-

ing ECM are denoted as uG(x, t) and mG(x, t), respectively, and their dynamics are

governed by the following system:

∂uG
∂t

= (1 − θG,P − θG,D)
∂

∂x

[(
1 − uG −mG

)∂uG
∂x

+ uG
∂

∂x

(
uG +mG

)]
+ θG,PuG(1 − uG −mG), (4.1)

∂mG

∂t
= −θG,DλGmGuG, (4.2)

where x ∈ R and t ≥ 0. The first term inside the square brackets on the right-

hand side of Equation (4.1) models the undirected movement (i.e., diffusion) of the
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generalist cells, where this movement is prevented by the presence of other cells and

ECM. The second term inside the square brackets models movement of the cells down

the gradient of the total volume fraction of both cells and ECM, uG + mG, whereas

the last (reaction) term describes proliferation of cells. The parameter λG ∈ R+ is the

rescaled ECM degradation rate and when λG = 0 this model simplifies to a Fisher–

KPP model with appropriately rescaled parameters [77]. We employ the following

initial conditions:

uG(x, 0) =

{
1, if x < α,

0, if x ≥ α,
(4.3)

mG(x, 0) =

{
0, if x < α,

m0, if x ≥ α,
(4.4)

where m0 ∈ [0, 1) corresponds to the volume fraction of ECM ahead of the cells, and

α ∈ R defines the edge of the region initially occupied by the cells. We complement

this model with the following boundary conditions: uG and ∂uG/∂x → 0 as x → ∞.

In Chapter 2 and other previous works [69], we saw that under these conditions,

travelling wave solutions can be observed, whose speeds depend on the initial volume

fraction of ECM ahead of the invading wave of cells and the ECM degradation rate

[69, 77]. Examples of these solutions, and their numerically estimated travelling wave

speeds as the parameters θG,D and θG,P vary, are shown in Figure 4.2.

4.2.2 A model for heterogeneous cell invasion into ECM

In this section, we develop a simple one-dimensional model of two distinct cell pheno-

types invading into ECM, in the presence of volume-filling effects, such that motility

and proliferation of the cells is reduced in regions of space that are more highly oc-

cupied by other cells and ECM. Volume-filling effects warrant being accounted for in

this way since research shows that cells and ECM both regulate cell movement and

proliferation [92, 241, 354, 369]. This model derivation follows directly from the ideas

in Chapter 2 extended to multiple cell sub-populations, and uses mean-field assump-

tion ideas [257] from multi-species exclusion processes [311]. Following the go-or-grow

assumption studied in [139, 318], we consider a phenotypic trade-off between cells that

are degrading the ECM and migrating, and those that are proliferating, where those

that proliferate do not move. We then coarse-grain this model to formally derive a

corresponding PDE model that comprises a system of coupled differential equations

for the densities of cells and ECM.
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Figure 4.2: Plots of the travelling wave profile of the system (4.1) and (4.2) subject
to the initial conditions for the cells as in Equation (4.3) and for the ECM as in
Equation (4.4) for different values of θG,D and θG,P and translated into the travelling
wave co-ordinate, z = x− cGt, where cG is the numerically estimated travelling wave
speed. The far right shows the contour plot of the numerically observed travelling
wave speeds as we vary θG,D and θG,P . The initial ECM volume fraction ahead of the
cells is m0 = 0.5, the ECM degradation rate is λ = 1, and α = 1 across all simulations.
The parameter grid used for simulations in the contour plot was equally spaced at 0.05
intervals, forming a steep contour around the edge of the triangle where a travelling
wave with positive speed quickly emerges when either of the parameters exceeds zero.
For more information regarding the numerical methods used see Section 4.3.1.

4.2.2.1 Individual-based model

We begin with a one-dimensional, on-lattice IBM of two distinct cell phenotypes

invading into ECM. In this model, cells are represented as discrete individuals with

finite volume. We consider cells that have the ability to change phenotypic state, that

move randomly on a one-dimensional uniform lattice, which constitutes the spatial

domain, that proliferate, and that degrade the surrounding ECM, which is composed

of discrete elements of the same volume as the cells.

Let the number of cells of phenotype i = {1, 2} and ECM elements in lattice site

j = 1, . . . , J of width ∆, at time t̃ ∈ R+ of realisation r = 1, . . . , R of the model be

denoted by uri,j(t̃) and mr
j(t̃), respectively.

Occupancy level of the lattice sites In order to incorporate volume-filling effects

into the model, we prescribe that each lattice site has a maximum total occupancy

level of N cells and ECM elements, so that

0 ≤
2∑

i=1

uri,j(t̃) +mr
j(t̃) ≤ N.
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Probability of cell movement A cell with phenotype i will attempt a movement

event in a time step τ with probability pi,m ∈ [0, 1], whereby the attempted movement

from lattice site j to either of the neighbouring lattice sites j ± 1 occurs with equal

probability 1/2. We assume that the probability of a successful move decreases lin-

early with the occupancy level of the target site, such that it is zero when the target

site is full, and one when it is empty. Hence, we define the probability of a movement

to the left, T i,mr

j− (t̃), or right, T i,mr

j+ (t̃), in [t̃, t̃+ τ) of realisation r as

T i,mr

j± (t̃) =
pi,m
2

(
1 −

∑2
i=1 u

r
i,j±1(t̃) +mr

j±1(t̃)

N

)
.

Zero flux boundary conditions are implemented such that any attempted move outside

of the spatial domain is aborted.

Probability of cell proliferation A cell with phenotype i in lattice site j attempts

a proliferation event, placing a daughter cell of equal size into the same lattice site,

during time step τ with probability pi,p ∈ [0, 1]. We assume that the probability of

a successful proliferation event, where one cell is replaced by two daughter cells with

the same heritable phenotypic state as the parent cell, decreases linearly with the oc-

cupancy level of the lattice site, such that the probability of a successful proliferation

event, T i,pr

j (t̃), in time interval [t̃, t̃+ τ) of realisation r of the model is

T i,pr

j (t̃) = pi,p

(
1 −

∑2
i=1 u

r
i,j(t̃) +mr

j(t̃)

N

)
.

Probability of cell phenotype change During time interval [t̃, t̃+τ) of realisation

r of the model, a cell with phenotype i will change to phenotype l (i ̸= l) with

probability

fi→l

(
ur1,j(t̃), u

r
2,j(t̃), m

r
j(t̃)
)
,

where fi→l : R3
+ → [0, 1].

Probability of ECM degradation During the time interval [t̃, t̃+τ) of realisation

r, an element of ECM in lattice site j is degraded by cells with phenotype i in the

same lattice site with a probability pi,d ∈ [0, 1]. Therefore the overall degradation rate

per unit element of ECM by cells with phenotype i, T i,dr

j (t̃), is

T i,dr

j (t̃) = pi,du
r
i,j(t̃).
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4.2.2.2 Coarse-grained model

To derive a coarse-grained description of the IBM, we introduce the average occupancy

of each lattice site j by cells of type i = {1, 2} and ECM at time t̃ over R total

realisations of the model as

⟨ui,j(t̃)⟩ =
1

R

R∑
r=1

uri,j(t̃) and ⟨mj(t̃)⟩ =
1

R

R∑
r=1

mr
j(t̃).

Coarse-grained model of cell dynamics We write a conservation equation using

mean-field approximations and independence of lattice sites by considering changes

in the average occupancy in the lattice site j during the time interval [t̃, t̃+τ) to give:

⟨ui,j(t̃+ τ)⟩ = ⟨ui,j(t̃)⟩ +
pi,m
2

⟨ui,j+1(t̃)⟩
(

1 −
∑2

i=1⟨ui,j(t̃)⟩ + ⟨mj(t̃)⟩
N

)
+
pi,m
2

⟨ui,j−1(t̃)⟩
(

1 −
∑2

i=1⟨ui,j(t̃)⟩ + ⟨mj(t̃)⟩
N

)
− pi,m

2
⟨ui,j(t̃)⟩

(
1 −

∑2
i=1⟨ui,j+1(t̃)⟩ + ⟨mj+1(t̃)⟩

N

)
− pi,m

2
⟨ui,j(t̃)⟩

(
1 −

∑2
i=1⟨ui,j−1(t̃)⟩ + ⟨mj−1(t̃)⟩

N

)
+ pi,p⟨ui,j(t̃)⟩

(
1 −

∑2
i=1⟨ui,j(t̃)⟩ + ⟨mj(t̃)⟩

N

)
− fi→l

(
⟨u1,j(t̃)⟩, ⟨u2,j(t̃)⟩, ⟨mj(t̃)⟩

)
⟨ui,j(t̃)⟩

+ fl→i

(
⟨u1,j(t̃)⟩, ⟨u2,j(t̃)⟩, ⟨mj(t̃)⟩

)
⟨ul,j(t̃)⟩. (4.5)
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Rearranging Equation (4.5), and dividing by τ , we find

⟨ui,j(t̃+ τ)⟩ − ⟨ui,j(t̃)⟩
τ

=
pi,m∆2

2τ

(
1 −

∑2
i=1⟨ui,j(t̃)⟩ + ⟨mj(t̃)⟩

N

)[⟨ui,j+1(t̃)⟩ − 2⟨ui,j(t̃)⟩ + ⟨ui,j−1(t̃)⟩
∆2

]

+
pi,m∆2

2τ
⟨ui,j(t̃)⟩ ×

1

∆2

[( 2∑
i=1

⟨ui,j+1(t̃)⟩ + ⟨mj+1(t̃)⟩
)

− 2
( 2∑

i=1

⟨ui,j(t̃)⟩ + ⟨mj(t̃)⟩
)

+
( 2∑

i=1

⟨ui,j−1(t̃)⟩ + ⟨mj−1(t̃)⟩
)]

+
pi,p
τ

⟨ui,j(t̃)⟩
(

1 −
∑2

i=1⟨ui,j(t̃)⟩ + ⟨mj(t̃)⟩
N

)
− 1

τ
fi→l

(
⟨u1,j(t̃)⟩, ⟨u2,j(t̃)⟩, ⟨mj(t̃)⟩

)
⟨ui,j(t̃)⟩

+
1

τ
fl→i

(
⟨u1,j(t̃)⟩, ⟨u2,j(t̃)⟩, ⟨mj(t̃)⟩

)
⟨ul,j(t̃)⟩. (4.6)

Dividing Equation (4.6) by ∆ and Taylor expanding both sides, before taking limits

as ∆, τ → 0, we obtain a description for cell density dynamics in terms of variables

ũi(x̃, t̃) and m̃(x̃, t̃), which are the continuum equivalents of the number density of

cells, ⟨ui,j(t̃)⟩/∆, and the density of ECM, ⟨mj(t̃)⟩/(µ̃∆), at x̃ ∈ R, t̃ ∈ R+, respec-

tively, where µ̃ represents the number of cells equivalent to a unit mass of ECM and

serves as a conversion factor between the density of ECM, as defined by mass of ECM

per unit volume, and the number density of ECM elements, given by µ̃m̃(x̃, t̃). Under

the following scalings:

lim
∆→0

N

∆
= K̃, lim

τ→0

pi,p
τ

= r̃i, lim
∆,τ→0

pi,m∆2

τ
= D̃i,

lim
τ→0

1

τ
fi→l

(
⟨u1,j(t̃)⟩, ⟨u2,j(t̃)⟩, ⟨mj(t̃)⟩

)
= γ̃il(ũ1, ũ2, m̃),
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for all i, l = {1, 2}, i ̸= l, we find

∂ũi

∂t̃
= D̃i

[(
1 −

∑2
i=1 ũi + µ̃m̃

K̃

)
∂2ũi
∂x̃2

+ ũi
∂2

∂x̃2

(∑2
i=1 ũi + µ̃m̃

K̃

)]

+ r̃iũi

(
1 −

∑2
i=1 ũi + µ̃m̃

K̃

)
− γ̃il(ũ1, ũ2, m̃)ũi + γ̃li(ũ1, ũ2, m̃)ũl,

= D̃i
∂

∂x̃

[(
1 −

∑2
i=1 ũi + µ̃m̃

K̃

)
∂ũi
∂x̃

+ ũi
∂

∂x̃

(∑2
i=1 ũi + µ̃m̃

K̃

)]

+ r̃iũi

(
1 −

∑2
i=1 ũi + µ̃m̃

K̃

)
− γ̃il(ũ1, ũ2, m̃)ũi + γ̃li(ũ1, ũ2, m̃)ũl,

where x̃ ∈ R and t̃ ∈ R+.

Coarse-grained model of ECM dynamics In the same way, using probabilistic

assumptions of mean-field type, we can write the following conservation equation for

the evolution of ECM elements in a lattice site j over the time interval [t̃, t̃+ τ):

⟨mj(t̃+ τ)⟩ = ⟨mj(t̃)⟩ −
2∑

i=1

pi,d⟨ui,j(t̃)⟩⟨mj(t̃)⟩. (4.7)

By rearranging Equation (4.7), dividing by ∆ and τ and taking limits as ∆, τ → 0

under the scaling

λ̃i = lim
∆,τ→0

∆pi,d
τ

,

we obtain the following differential equation governing the dynamics of ECM density

m̃(x̃, t̃) over time:

∂m̃

∂t̃
= −

2∑
i=1

λ̃im̃ũi,

where x̃ ∈ R and t̃ ∈ R+. The parameter λ̃i ≥ 0 describes the degradation rate of

ECM per cell in phenotypic state i.

Full system of equations For phenotypes i = {1, 2}, i ̸= l, the full system of

equations at population level is given by

∂ũi

∂t̃
= D̃i

∂

∂x̃

[(
1 −

∑2
i=1 ũi + µ̃m̃

K̃

)
∂ũi
∂x̃

+ ũi
∂

∂x̃

(∑2
i=1 ũi + µ̃m̃

K̃

)]

+ r̃iũi

(
1 −

∑2
i=1 ũi + µ̃m̃

K̃

)
− γ̃il(ũ1, ũ2, m̃)ũi + γ̃li(ũ1, ũ2, m̃)ũl,

∂m̃

∂t̃
= −

2∑
i=1

λ̃im̃ũi.

88



4.2.2.3 Two populations of ‘specialist’ cells

Now consider the case where cells in phenotypic state 1 can move and degrade ECM

only, and cells in phenotypic state 2 are only able to proliferate, following the go-or-

grow hypothesis [139]. We write λ̃i as the rate of ECM degradation and r̃i as the

proliferation rate of cells in phenotypic state i and assume

λ̃2 = 0, r̃1 = 0, D̃2 = 0, λ̃1 ∈ R+ and r̃2 ∈ R+.

Without loss of generality, we assume that cells have a total weighting to distribute

across the mechanisms governing the cells’ migration, irrelevant of their phenotypic

state. As such, we introduce θS,D ∈ [0, 1] to describe the weighting of cells in pheno-

typic state 1 towards degrading ECM, and (1−θS,D) describes the remaining weighting

for movement.

Under the aforementioned assumptions, the following system of differential equa-

tions describes the evolution of cell and ECM densities over time:

∂ũ1

∂t̃
= (1 − θS,D)D̃1

∂

∂x̃

[(
1 −

∑2
i=1 ũi + µ̃m̃

K

)
∂ũ1
∂x̃

+ ũ1
∂

∂x̃

(∑2
i=1 ũi + µ̃m̃

K

)]
+ ũ2γ̃21(ũ1, ũ2, m̃) − ũ1γ̃12(ũ1, ũ2, m̃), (4.8)

∂ũ2

∂t̃
= r̃2ũ2

(
1 −

∑2
i=1 ũi + µ̃m̃

K

)
− ũ2γ̃21(ũ1, ũ2, m̃) + ũ1γ̃12(ũ1, ũ2, m̃), (4.9)

∂m̃

∂t̃
= −θS,Dλ̃1m̃ũ1, (4.10)

where the diffusion coefficient of cells of type 1 is given by D̃1 ∈ R+, the switching

between cell phenotypic states p ∈ {1, 2} is given by the functions

γ̃12 : R3
+ → R+ and γ̃21 : R3

+ → R+,

where γ̃12 represents the rate of switching from phenotypic state 1 to 2, and γ̃21

represents the rate of switching from phenotypic state 2 to 1, θS,D ∈ [0, 1] is the

weighting of cells in phenotypic state 1 to degrade ECM, and λ̃1 ∈ R is the ECM

degradation rate by cells in phenotypic state 1 and x̃ ∈ R.

4.2.2.4 Non-dimensionalised model

Without loss of generality, we introduce the following non-dimensional variables:

x =

√
r̃2

D̃1

x̃, t = r̃2t̃, u1 =
ũ1
K
, u2 =

ũ2
K
, m =

µm̃

K
,
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alongside the following non-dimensional form of the switching functions

γ12 = γ12(u1, u2,m) =
1

r̃2
γ̃12(ũ1, ũ2, m̃),

γ21 = γ21(u1, u2,m) =
1

r̃2
γ̃21(ũ1, ũ2, m̃),

which, substituting into Equations (4.8)–(4.10), yields the non-dimensional system

∂u1
∂t

= (1 − θS,D)
∂

∂x

[(
1 − u1 − u2 −m

)∂u1
∂x

+ u1
∂

∂x

(
u1 + u2 +m

)]
+ u2γ21(u1, u2,m) − u1γ12(u1, u2,m),

∂u2
∂t

= u2
(
1 − u1 − u2 −m

)
(4.11)

− u2γ21(u1, u2,m) + u1γ12(u1, u2,m), (4.12)

∂m

∂t
= −θS,Dλmu1, (4.13)

where we have introduced the non-dimensional parameter

λ =
λ̃1K

r̃2
,

representing the rescaled ECM degradation rate, noting that θS,D ∈ [0, 1] is already

a dimensionless parameter.

Similar to the generalist model, the first term inside the square brackets in Equa-

tion (4.11) captures undirected movement (i.e., diffusion) of the cells in phenotypic

state 1, inhibited by the presence of other cells and ECM, and the second term inside

the square brackets describes the movement of cells in phenotypic state 1 down the

gradient in the total volume fraction of cells and ECM. The first term on the right-

hand side of Equation (4.12) describes the growth of cells in phenotypic state 2, as

limited by the presence of other cells and ECM. The single term on the right-hand

side of Equation (4.13) describes degradation of ECM by cells in phenotypic state 1.

We consider a number of phenotypic switching functions that incorporate different

types of behaviour with a view to understanding their impact on the speed of cell

invasion as well as on the structure of the invading wave.

Phenotypic switching functions The phenotypic switching functions we con-

sider, γ12(u1, u2,m) and γ21(u1, u2,m), are listed in Table 4.1. The first is constant

switching, at rate s ∈ R+, between the two sub-populations. It is important to note

that when s = 0 there is no switching between the phenotypic states; in this case the

90



model does not permit travelling wave solutions and invasion is not observed. The

second, ECM-dependent phenotypic switching, entails cells switching from pheno-

typic state 1 (2) to phenotypic state 2 (1) at a rate that decreases (increases) linearly

with ECM volume fraction, and describes a higher rate of switching to the ECM

degrading phenotypic state in regions of higher ECM volume fractions. The third,

space-dependent phenotypic switching, is defined such that the rate of switching from

phenotypic state 1 (2) to phenotypic state 2 (1) increases (decreases) with the avail-

able space, 1 − u1 − u2 − m. Finally, cell-dependent phenotypic switching assumes

that only the total cell volume fraction impacts switching, with the ECM playing no

direct role in driving phenotypic switching. Note that, since 0 ≤ u1 + u2 +m ≤ 1, all

the switching functions given in Table 4.1 are non-negative.

Name γ12(u1, u2,m) γ21(u1, u2,m)

Constant s s
ECM-dependent s(1 −m) sm
Space-dependent s(1 − u1 − u2 −m) s(u1 + u2 +m)
Cell-dependent s(1 − u1 − u2) s(u1 + u2)

Table 4.1: Table listing the phenotypic switching functions considered in this work.

In order to satisfy the boundary conditions of the coarse-grained continuum model,

we implement that u1 → 0 and ∂u1/∂x → 0 as x → ∞. For consistency with the

volume-filling assumptions of the model, we also initially assume that

ui(x, 0) =

{
0.5, if x < α,

0, if x ≥ α,
(4.14)

for i ∈ {1, 2}. The initial conditions for the ECM volume fraction, m(x, 0), are

prescribed by Equation (4.4), where α and m0 have the same interpretation as in

Section 4.2.1. The spatially homogeneous steady states of the system are found in

Appendix A.1. Furthermore, we note here that the system (4.11)–(4.13) and the

system (4.1) and (4.2) are solved numerically on the domain x ∈ [0, L], where L is

chosen differently between simulations to be sufficiently large such that convergence

in the travelling wave speed is observed, and the boundary conditions do not have

an effect (see Section 4.3.1). For more information on the method for the numerical

calculation of the travelling wave speed, c, for each simulation, see Section 4.3.1, and

note that the solutions in Figures 4.3, 4.5 and 4.7 are translated into the travelling

wave co-ordinate z = x− ct.
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4.3 Numerical exploration of invasion dynamics

In this section, we use numerical simulations to investigate how the models introduced

in Section 4.2 give rise to travelling wave solutions and how the speed and structure

of these waves depend on phenotypic heterogeneity and environmental context. We

begin by outlining the numerical methods employed to solve the system and to es-

timate invasion speeds (Section 4.3.1). We then compare the migration behaviour

of homogeneous generalist populations with that of heterogeneous specialist popu-

lations under constant phenotypic switching. Subsequently, we extend the analysis

to consider environmentally-dependent switching mechanisms, examining how cues

from the ECM, spatial availability, or local cell density influence the organisation of

invading fronts. Finally, we explore the impact of key biological and environmen-

tal parameters on the invasion speed, identifying the regimes in which phenotypic

heterogeneity enhances or hinders migration.

4.3.1 Numerical methods

The system (4.11)–(4.13) subject to the boundary conditions and initial conditions

for the cells as in Equation (4.14), and for the ECM as in Equation (4.4), are solved

numerically using the method of lines on a one-dimensional spatial domain x ∈ [0, L],

where L > 200 is chosen to be sufficiently large to remove the impact of the boundary

conditions and enable convergence to a constant speed, constant profile travelling

wave solution.

To employ the method of lines, the spatial domain is uniformly discretised into Q

spatial points, with separation h. An explicit central differencing scheme, as described

in [321], is then employed to solve the system, taking the following form:

∂

∂x

[
D
∂a

∂x

]
≈ 1

2h2

[
(Dq−1 +Dq)aq−1 + (Di +Dq+1)aq+1 − (Dq−1 + 2Dq +Dq+1)aq

]
,

where aq represents the value of the function a at the spatial point xq. The sys-

tem (4.11)–(4.13) can then be re-written as a system of 3QODEs, solved by simulating

ghost points x−1 and xQ+1 outside of the initial spatial domain, as described in [221].

The remaining system of equations, which has been discretised in space, is then solved

numerically in python using the built-in solver scipy.integrate.solve ivp with the

explicit Runge-Kutta integration method of order 5 and time step ∆t = 0.1.

To estimate the wave speeds numerically, for each time point that we save a

solution, we interpolate to find X(t) such that

u1(X(t), t) + u2(X(t), t) = y∗ ∈ (0, 1),
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where we choose y∗ = 0.1 and then calculate

cestimated(t, t+ ∆t) =
X(t+ ∆t) −X(t)

∆t
.

When the calculated wave speeds are observed to have converged to a constant speed,

such that the difference between two subsequent measurements is of an order smaller

than the order of error of the numerical scheme, we record this as the travelling wave

speed estimated numerically.

4.3.2 Comparing the migration speed of the generalist and
specialist population with constant phenotypic switch-
ing

In reality, many different cell types are known to co-operate to create robust migra-

tion, often through the emergence of leader and follower cell phenotypes. For example,

in neural crest cell migration, the leader and follower phenotypes generate streams of

invading cells [204, 209, 210], whilst during angiogenesis, tip and stalk cells aid in the

branching process [52]. To investigate whether robust cell invasion can be observed

in a phenotypically heterogeneous specialist population, we explore the dynamics of

Equations (4.11)–(4.13), first in the case of constant switching, at rate s > 0.

In this case, travelling wave solutions can be observed in the ECM and cell vol-

ume fractions, where the two sub-populations of cell types are well mixed along the

invading front (see the top row of Figure 4.3). The bottom row of Figure 4.3 shows

the difference between the numerically estimated travelling wave speed of a homoge-

neous generalist population, cG, and a heterogeneous specialist population, cS, such

that green indicates regions of parameter space where the travelling wave speed of

the heterogeneous cell population exceeds that of the homogeneous counterpart. The

numerically estimated travelling wave speeds cG and cS are computed as described

in Section 4.3.1. The maximum observed speed from either cell population in these

model simulations was 0.5, when θG,P = 0.5, θG,D = 0 and m0 < 1, and thus the dif-

ferences between the travelling wave speeds of the homogeneous and heterogeneous

populations are observed to be of the same order of magnitude as the numerically

estimated travelling wave speeds. We find that specialist cell populations with con-

stant, phenotypic switching have a faster travelling wave speed in all cases except

when generalists heavily weight their abilities towards cell motility, rather than ECM

degradation. However, it is important to note that the maximum possible travelling

wave speed for the two models is the same, as explained later in Section 4.4.3.
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Figure 4.3: The top row shows plots of the travelling wave profile of the system
of Equations (4.11)–(4.13) subject to the initial conditions for the cells as in Equa-
tion (4.14) and for the ECM as in Equation (4.4) for different values of θS,D for the
case of constant switching (see Table 4.1) and translated into the travelling wave
co-ordinate, z = x− cSt, where cS is the numerically estimated travelling wave speed
of the specialised, heterogeneous population. The bottom row shows contour plots
displaying the difference between the numerically observed travelling wave speed of
the homogeneous generalist population, cG, as given by system (4.1) and (4.2) subject
to the initial conditions (4.3) and (4.4), and the speed of the heterogeneous specialist
population, cS, as defined by the system (4.11)–(4.13) subject to the initial condi-
tions for the cells as in Equation (4.14) and for the ECM as in Equation (4.4). The
regions coloured in pink display the parameter regimes where the difference between
the travelling wave speeds, cG − cS, is positive, meaning generalist cells invade faster
than specialists, and regions are coloured in green when this difference is negative
(i.e., cS > cG). The dashed black line is plotted at cG = cS. The initial ECM vol-
ume fraction ahead of the cells is m0 = 0.5, the ECM degradation rate is λ = 1,
the switching rate is s = 1, and α = 1 across all simulations. For more information
regarding the numerical methods used see Section 4.3.1.

4.3.3 The impact of environmentally-dependent phenotypic
switching functions on migrating fronts

In reality, cells are able to sense their environment and neighbouring cells, which

can both provide cues for directed migration. Variations in the surrounding cells and
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environment can also cause phenotypic changes within cells that affect their behaviour

[89] and thus we extend our study of the heterogeneous specialist population of cells

to consider the impact of ECM-, space- and cell-dependent phenotypic switching

functions, as defined in Table 4.1.

ECM-dependent switching We first consider the scenario where cells are able

to sense the volume fraction of surrounding ECM which then influences the rate of

phenotypic switching. In this case, we find that spatial heterogeneity appears within

the travelling wave front (see Figure 4.4). Instead of a well-mixed population of

cells that degrade and proliferate throughout the invading wave (as is observed for

constant phenotypic switching between heterogeneous specialist populations, or for

homogeneous generalist populations) we find that the cells in phenotypic state 1 (i.e.,

the ECM degraders) concentrate at the wave front in the form of a travelling pulse,

whereas the bulk of the invading wave is filled by a travelling front of proliferative

cells in phenotypic state 2.

Space-dependent switching In line with the volume-filling principles underlying

this model (i.e., the fact that cells are unable to move or proliferate in a region that

has no available space), we introduce phenotypic switching from phenotypic state 1

(ECM degrader) to phenotypic state 2 (proliferator) at an increasing rate as available

space increases (see Table 4.1). By inspecting Figure 4.4 it is clear that the bulk of

the travelling wave consists of cells in phenotypic state 1, whereas cells in phenotypic

state 2 concentrate at the migrating front, which is opposite to what is observed for

ECM-dependent switching. As a result, there is increased ECM degradation due to

a larger proportion of cells in phenotypic state 1, and we see a sharper transition

between m = 0 and m = m0 in the travelling wave as compared to constant, or

ECM-dependent, switching (see Figure 4.4).

Cell-dependent switching When cells change phenotypic state according to the

cell-dependent phenotypic switching function defined in Table 4.1, a qualitatively

similar cell distribution is observed as in the space-dependent switching case, with

proliferating cells (phenotypic state 2) at the migrating front and ECM-degrading

cells (phenotypic state 1) in the bulk. Subtle differences between the travelling wave

profile for ECM- and space-dependent switching can be observed in Figure 4.4, includ-

ing a higher maximum volume fraction of proliferating cells and a steeper travelling
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Figure 4.4: Plots showing the proportion of cells in each phenotypic state and their
position in the travelling wave when simulating the system (4.11)–(4.13) subject to
the initial conditions for the cells as in Equation (4.14) and for the ECM as in Equa-
tion (4.4) and translated into the travelling wave co-ordinate, z = x− ct, where c is
the numerically estimated travelling wave speed, for each of the phenotypic switching
functions in Table 4.1. In the first column, we show zoomed in profiles at the front
of the travelling wave. In the second column, we show the full travelling wave profile,
with each constituent shaded. In all plots, the initial ECM volume fraction ahead of
the cells is m0 = 0.5 and the ECM degradation rate is λ = 1. The width of the region
initially invaded by cells is α = 1, the weighting of specialists towards degradation
is θS,D = 0.5 and the switching rate for all functions is s = 1. For more information
regarding the numerical methods used see Section 4.3.1.
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wave front in both ECM and total cell volume fractions.

Figure 4.5: Schematics demonstrating the possible cell distributions in the travelling
waves observed in this numerical study. Note that there are subtle differences between
space- and cell-dependent switching, namely that proliferating cells lead the wave of
invasion in isolation during cell-dependent switching.

Overall, it is clear that constant speed travelling wave solutions can be observed

for the system (4.11)–(4.13) subject to any of the switching functions described in

Table 4.1. Furthermore, the functional form of phenotypic switching mechanism

chosen influences the distribution of cell phenotypic states within the travelling wave,

as schematised in Figure 4.5.

4.3.4 Exploring the influence of model parameters on migra-
tion speed

We now analyse how variations in the model parameters impact the numerically

observed travelling wave speed, and determine whether similar trends are observed

in the generalist and specialist cell populations. In particular, we will consider:

• manipulations of biological parameters specific to the cells, such as the pheno-

typic switching rate and ECM degradation rate;

• manipulations of the environmental conditions, specifically the ECM volume

fraction ahead of the invading wave.
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4.3.4.1 Manipulations of cell parameters
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Figure 4.6: The numerically estimated speed of travelling wave solutions of the sys-
tem (4.11)–(4.13) subject to the initial conditions for the cells in Equation (4.14) and
for the ECM in Equation (4.4), with cell-dependent phenotypic switching (see Ta-
ble 4.1), as a function of the phenotypic switching rate, s, and the rescaled ECM degra-
dation rate, λ. The numerically estimated travelling wave speed was calculated for all
combinations of values of λ, s ∈ {1, 2.5, 5, 7.5, 10, 25, 50, 75, 100, 250, 500, 750, 1000}.
The initial ECM volume fraction ahead of the cells is m0 = 0.5, the weighting of the
specialists towards degrading ECM is θS,D = 0.5 and α = 1. For more information
regarding the numerical methods used see Section 4.3.1.

Variations in the phenotypic switching rate Numerical simulations suggest

that variations in the magnitude of the switching rate generally have a small impact on

the cell migration speed when we employ constant, ECM- or space-dependent switch-

ing (for further details, see Appendix A.2, where phenotypic switching at different

rates in either direction is also considered). However, when considering cell-dependent

switching we find that changing the size of the switching rate has a significant impact

on the speed of invasion. Figure 4.6 reveals that for low values of the ECM degrada-

tion rate, λ, the travelling wave speed increases as the switching rate, s, decreases and

the wave front becomes smoother (see Figure 4.7). However, for sufficiently large λ,

ECM degradation dominates over phenotypic switching to determine the travelling

wave speed, and the maximum invasion speed is reached when s = 1. The opti-
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mal switching rate, in terms of the fastest speed of invasion, is found analytically in

Section 4.4.3.

When considering fast phenotypic switching, following ideas in Chapter 2, we can

formally find expressions for the travelling wave speed in asymptotic regimes of the

ECM degradation rate, λ → 0+ and λ → ∞, that match the wave speed observed

in numerical solutions to Equations (4.11)–(4.13) subject to the initial conditions for

the cells in Equation (4.14) and for the ECM in Equation (4.4). This will be explored

in more detail in Section 4.4.

Despite the phenotypic switching rate, s, having little quantitative impact on the

travelling wave speed for most moderate parameter values across most phenotypic

switching mechanisms considered, changing s does significantly impact the distribu-

tion of cells within the travelling wave front in all cases. By looking at the top row

of Figure 4.7, when we have constant phenotypic switching, we see that increasing

the switching rate balances the proportion of cells throughout the wave. As the

phenotypic switching rate decreases, however, there is a larger proportion of cells in

phenotypic state 2 at the front of the wave, and a wider travelling wave profile. For

ECM-dependent switching, increasing the switching rate increases the proportion of

cells in phenotypic state 1 at the wave front, and concentrates them to the front, lead-

ing to sharper travelling wave profiles. Alternatively, for space- and cell-dependent

phenotypic switching mechanisms, increasing the switching rate reduces the volume

fraction of cells in phenotypic state 2. This reduction is larger with space-dependent

phenotypic switching. Qualitatively, the travelling wave profiles for space- and cell-

dependent switching are almost identical (see the bottom two rows of Figure 4.7),

and increasing the switching rate decreases the maximum volume fraction of cells in

phenotypic state 2 at the front of the wave, shortening the tail of the travelling pulse

and leading to sharper travelling wave profiles in the total volume fraction of cells.

Variations in ECM degradation rate In the model of a homogeneous cell type

invading into ECM (as defined by Equations (4.1) and (4.2) in Chapter 2), the shape

and speed of the travelling wave changes as the ECM degradation rate varies. Rela-

tionships between the rescaled ECM degradation rate in asymptotic regions and trav-

elling wave speed were established in Chapter 2 for the fully non-dimensional model,

without weightings, and it was shown that c → 2− as λ → ∞ and c → 2(1 −m0) as

λ→ 0+ [77].

By inspecting Figure 4.8, we can see that for specialist cell populations, across

all the switching functions that we consider in this work, an increase in the ECM
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Figure 4.7: Travelling wave profiles of the solutions of the specialist system (4.11)–
(4.13) subject to the initial conditions for the cells in Equation (4.14) and for the ECM
in Equation (4.4), plotted as a function of the travelling wave variable z = x − ct,
where c is the numerically observed constant travelling wave speed. These solutions
show that changing the switching rate changes the distribution of the cell phenotypes
within the invading wave front. Here, the initial ECM volume fraction ahead of the
cells is m0 = 0.5, the ECM degradation rate is λ = 1, the weighting of the specialists
towards degrading ECM is θS,D = 0.5 and The width of the region initially invaded
by cells is α = 1 in all cases. For more information regarding the numerical methods
used see Section 4.3.1. 100



degradation rate leads to an increase in the numerically estimated travelling wave

speed when ECM degradation rates are above a critical value. We also see that as

λ→ ∞ there is convergence in the travelling wave speed observed for constant, space-

dependent and cell-dependent switching mechanisms, but to different specific values.

In Section 4.4, we perform formal analysis of the system (4.11)–(4.13) for general

switching rates that can differ in either direction. In the particular case where the

switching rate is the same in either direction, we show analytically in Section 4.4

that, in the fast phenotypic switching regime, c→ (1−m0)
√

1 − θS,D as λ→ 0+ and

c →
√

1 − θS,D as λ → ∞ for constant phenotypic switching. Convergence of the

numerically estimated travelling wave speed to these values can be seen in Figure 4.9

in Section 4.4. In contrast to the other switching functions, ECM-dependent switching

is far less sensitive to changes in ECM degradation rates at low initial ECM volume

fractions ahead of the cells, and convergence of the travelling wave speed to a constant

value is not observed within the parameter ranges considered in this work.

From a biological perspective, the limit λ→ ∞ is relevant in describing cells in an

aggressive tumour that have a very high ability to degrade ECM, which may enable

them to invade much faster. Alternatively, for a sufficiently small product θS,Dλ,

specialist cells in phenotypic state 1 should focus more of their ability on movement

(i.e., decrease θS,D) in order to increase migration speed, since a small change in

the ECM degradation rate alone, when below some threshold value, will minimally

impact the migration speed.

4.3.4.2 Manipulations of the environmental conditions

For a generalist cell population, it can be shown analytically and numerically that the

speed of the travelling wave of migrating cells increases as the initial ECM volume

fraction ahead of the cells decreases [77]. Specifically, for small ECM degradation

rates (i.e., λ→ 0+), there is a linear relationship between the travelling wave speed,

cG = 2(1 −m0)
√
θG,P (1 − θG,D − θG,P ),

and the initial volume fraction of ECM ahead of the wave, m0 ∈ [0, 1).

Examining Figure 4.8, it is clear that, across all four phenotypic switching func-

tions considered, the speed of the travelling wave of the specialist cell population

increases as the initial ECM volume fraction ahead of the cells decreases. Biologi-

cally, a lower ECM volume fraction corresponds to a less densely packed region of

ECM ahead of the cells which facilitates faster cell invasion.
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Figure 4.8: Plots summarising the relationship between the numerically estimated
speed of travelling wave solutions of Equations (4.11)–(4.13) subject to the initial
conditions for the cells in Equation (4.14) and for the ECM in Equation (4.4), the
initial volume fraction of ECM ahead of the cells, m0 ∈ {0, 0.05, 0.1, . . . , 0.95, 1}, and
ECM degradation rate, λ ∈ {10−2, 10−1, . . . , 102, 103}. Here, the weighting of the
specialists towards degrading ECM is θS,D = 0.5, the switching rate is s = 1 and
α = 1 in all cases. For more information regarding the numerical methods used see
Section 4.3.1.
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4.4 Travelling wave analysis in the fast phenotypic

switching regime

To explore the travelling wave speed at extreme parameter values, we consider a

regime where phenotypic switching is faster than cell motility and proliferation. To

do this, we study the following rescaled model with variables u1ϵ , u2ϵ and mϵ ∈ [0, 1]

as before

∂u1ϵ
∂t

= (1 − θS,D)
∂

∂x

[(
1 − u1ϵ − u2ϵ −mϵ

)∂u1
∂x

+ u1ϵ
∂

∂x

(
u1ϵ + u2ϵ +mϵ

)]
+

1

ϵ
u2ϵγ21(u1ϵ , u2ϵ ,mϵ) −

1

ϵ
u1ϵγ12(u1ϵ , u2ϵ ,mϵ),

∂u2ϵ
∂t

= θS,Pu2ϵ
(
1 − u1ϵ − u2ϵ −mϵ

)
− 1

ϵ
u2ϵγ21(u1ϵ , u2ϵ ,mϵ) +

1

ϵ
u1ϵγ12(u1ϵ , u2ϵ ,mϵ),

∂mϵ

∂t
= −θS,Dλmu1ϵ ,

where ϵ ≪ 1, x ∈ R and t ∈ R+. Here, λ ∈ R+ remains as the rescaled rate of

ECM degradation by cells in phenotypic state 1, whilst θS,D ∈ [0, 1] describes the

weighting of cells in phenotypic state 1 towards degrading ECM, θS,P = 1 describes

the weighting of cells in phenotypic state 2 towards proliferation, and

γ12 : R3
+ → R+ and γ21 : R3

+ → R+,

are the same non-dimensional phenotypic switching functions as in earlier parts of

this chapter.

Simulations reveal that the model admits constant profile, constant speed travel-

ling wave solutions, so we introduce the travelling wave ansatz

Uiϵ(z) = Uiϵ(x− ct) = uiϵ(x, t),

Mϵ(z) = Mϵ(x− ct) = mϵ(x, t),
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for i = {1, 2}, where c ∈ R+, that satisfy the following system of ODEs:

−cdU1ϵ

dz
= (1 − θS,D)

d

dz

[
(1 − U1ϵ − U2ϵ −Mϵ)

dU1ϵ

dz
+ U1ϵ

d

dz
(U1ϵ + U2ϵ +Mϵ)

]
− 1

ϵ
U1ϵγ12(U1ϵ , U2ϵ ,Mϵ) +

1

ϵ
U2ϵγ21(U1ϵ , U2ϵ ,Mϵ), (4.15)

−cdU2ϵ

dz
= U2ϵ(1 − U1ϵ − U2ϵ −Mϵ)

+
1

ϵ
U1ϵγ12(U1ϵ , U2ϵ ,Mϵ) −

1

ϵ
U2ϵγ21(U1ϵ , U2ϵ ,Mϵ), (4.16)

−cdMϵ

dz
= −λθS,DU1ϵMϵ. (4.17)

Combining Equations (4.15) and (4.16) we find that the total cell volume fraction

Uϵ(z) = U1ϵ(z) + U2ϵ(z),

satisfies the ODE

−cdUϵ

dz
= (1−θS,D)

d

dz

[
(1−Uϵ−Mϵ)

dU1ϵ

dz
+U1ϵ

d

dz
(Uϵ+Mϵ)

]
+U2ϵ(1−Uϵ−Mϵ), (4.18)

for z ∈ R. We now consider constant phenotypic switching given by

γ12(u1ϵ , u2ϵ ,mϵ) = s12 ≥ 0 and γ21(u1ϵ , u2ϵ ,mϵ) = s21 ≥ 0,

and look for an analytical expression for the travelling wave speed in asymptotic

regions of λ, following the ideas in [77].

By considering the asymptotic expansions around Uϵ, U1ϵ , U2ϵ and Mϵ such that

the leading-order terms are given by U, U1, U2 and M , respectively, then as ϵ → 0+

we formally find, from Equations (4.15) and (4.16), that

Ui(z) = ωiU, (4.19)

where

ω1 =
s21

s12 + s21
,

ω2 =
s12

s12 + s21
.

By substitution, Equation (4.18) becomes

−cdU

dz
= ω1(1 − θS,D)

d

dz

[
(1 − U −M)

dU

dz
+ U

d

dz
(U +M)

]
+ ω2U(1 − U −M),
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which can be expanded and written as

ω1(1 − θS,D)(1 −M)
d2U

dz2
+ c

dU

dz
+ ω2U(1 − U −M) = −ω1(1 − θS,D)U

d2M

dz2
. (4.20)

Furthermore, Equation (4.17) can be written as

c
dM

dz
= λθS,Dω1UM, (4.21)

which yields

d2M

dz2
=
λθS,Dω1

c

(
U

dM

dz
+M

dU

dz

)
=
λθS,Dω1

c

(
λθS,Dω1

c
MU2 +M

dU

dz

)
. (4.22)

Substituting Equation (4.22) into Equation (4.20) we find

ω1(1 − θS,D)(1 −M)
d2U

dz2
+ c

dU

dz
+ ω2U(1 − U −M)

= −λθS,Dω
2
1(1 − θS,D)

c
MU

[
λθS,Dω1

c
U2 +

dU

dz

]
. (4.23)

Moreover, solving Equation (4.21) subject to the boundary condition M(z) → m0 as

z → ∞, where m0 ∈ [0, 1], gives

M(z) = m0 exp

{
− λθS,Dω1

c

∫ ∞

z

U(s)ds

}
. (4.24)

Under the boundary conditions Ui(z) → 0 as z → ∞ for i = 1, 2 we have U(z) → 0

as z → ∞. At the migrating front of the travelling wave (i.e., for z ∈ (ℓ,∞) with

1 ≪ ℓ <∞), we can use the ansatz

U(z) ≈ exp
{
− βz

}
,

where β ∈ (0,∞) to give

M(z) = m0 exp

{
− λθS,Dω1

βc
U(z)

}
, (4.25)

for z ∈ (ℓ,∞).
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4.4.1 Formal asymptotic analysis for λ→ 0+

Using Equation (4.25), it is clear that

M(z) ≈ m0 exp

{
− λθS,Dω1

βc
U(z)

}
→ m0 as λ→ 0+, (4.26)

for z ∈ (ℓ,∞). In the asymptotic regime λ→ 0+, since 0 < U(z) < 1 and dU(z)/dz ≈
−βU(z) for z ∈ (ℓ,∞), substituting Equation (4.26) into the right-hand side of

Equation (4.23) entails

−λθS,Dω
2
1(1 − θS,D)

c
U(z)m0 exp

{
− λθS,Dω1

βc
U(z)

}[
λθS,Dω1

c
U2(z) +

dU(z)

dz

]
→ 0,

as λ→ 0+ for z ∈ (ℓ,∞). Formally, we find from the left-hand side of Equation (4.23)

that

ω1(1 − θS,D)(1 −M)
d2U

dz2
+ c

dU

dz
+ ω2U(1 − U −M) ≈ 0, (4.27)

for z ∈ (ℓ,∞). We notice that Equation (4.27) is equivalent to the Fisher–KPP model

[109, 174] in travelling wave co-ordinates:

D̃
d2Ũ(z)

dz2
+ c̃

dŨ

dz
+ r̃Ũ

(
1 − Ũ

K̃

)
= 0, (4.28)

where we have D̃ = ω1(1 − θS,D)(1 −m0), r̃ = ω2(1 −m0) and K̃ = (1 −m0). This

correctly predicts (see Figure 4.9), as λ→ 0+, a minimum travelling wave speed given

by

cmin = 2(1 −m0)
√
ω1ω2(1 − θS,D), (4.29)

which can be observed in Figure 4.9 to agree with the numerically estimated wave

speed for the system (4.11)–(4.13) when λ→ 0+.

4.4.2 Formal asymptotic analysis for λ→ ∞
Revisiting the semi-explicit solution for M given by Equation (4.25), we find

M(z) ≈ m0 exp

{
− λθS,Dω1

βc
U(z)

}
→ 0 as λ→ ∞, (4.30)

for z ∈ (ℓ,∞). In the asymptotic regime λ→ ∞, since 0 < U(z) < 1 and dU(z)/dz ≈
−βU(z) for z ∈ (ℓ,∞), substituting Equation (4.30) into the right-hand side of

Equation (4.23) shows that

−λθS,Dω
2
1(1 − θS,D)

c
U(z)m0 exp

{
− λθS,Dω1

βc
U(z)

}[
λθS,Dω1

c
U2(z) +

dU(z)

dz

]
→ 0,
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as λ → ∞ for z ∈ (ℓ,∞). Looking at the left-hand side of Equation (4.23) we then

find

ω1(1 − θS,D)
d2U

dz2
+ c

dU

dz
+ ω2U(1 − U) ≈ 0, (4.31)

for z ∈ (ℓ,∞). In this case, Equation (4.31) is equivalent to the Fisher–KPP model

(see Equation (4.28)) with parameters D̃ = ω1(1− θS,D), r̃ = ω2 and K̃ = 1, so when

λ→ ∞ we have

cmin = 2
√
ω1ω2(1 − θS,D). (4.32)

Figure 4.10 visually demonstrates that the shape of the travelling wave of the system

(4.11)–(4.13) converges as λ→ ∞ to the shape of the travelling wave solution of the

Fisher–KPP model (see Equation (4.28)) with parameters D̃ = ω1(1 − θS,D), r̃ = ω2

and K̃ = 1 as λ→ ∞.
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Figure 4.9: Plot showing the analytically predicted minimum travelling wave speed,
cana, and the numerically estimated travelling wave speed, csim, of solutions of the
system (4.11)–(4.13) subject to the initial conditions for the cells as in Equation (4.14),
and for the ECM as in Equation (4.4), for very low ECM degradation rates, λ→ 0+,
and various initial ECM volume fractions ahead of the cells, m0, in fast phenotypic
switching regimes (defined by s12 = s21 = s = 104). m0 took values between 0 and 1
inclusive, and simulations were run at 0.05 intervals in ECM density. The numerically
estimated travelling wave speeds plotted in green (three curves) are for simulations
with λ = {10−2, 10−3, 10−4}, while the analytical wave speeds plotted in red are given
by Equation (4.29). The weighting of specialists towards degradation is θS,D = 0.5
and α = 1 across all simulations. For more information regarding the numerical
methods used see Section 4.3.1.
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4.4.3 Maximising the travelling wave speed

In both λ→ 0+ and λ→ ∞ regimes, the travelling wave speeds, determined by Equa-

tion (4.29) and Equation (4.32), respectively, are maximised when ω1ω2 is maximised.

By considering

ω1ω2 =
s12s21

(s12 + s21)2
, (4.33)

and differentiating twice with respect to s12, it is clear that

max(ω1ω2) = 0.25, (4.34)

which is obtained when s12 = s21. As such, we can conclude that the travelling wave

speed is always maximised in these limits when phenotypic switching between states 1

and 2 occurs at the same rate in either direction. Intuitively, we believe this is due to

a balance between both diffusivity and growth required between the two populations

in order to invade at an optimum speed.

70 75 80 85 90 95 100 105

x

0.0

0.2

0.4

0.6

0.8

1.0

T
ot

al
ce

ll
vo

lu
m

e
fr

ac
ti

on

λ

103

104

105

Figure 4.10: Plot of the total cell volume fraction obtained through numerical simu-
lations of Equations (4.11)–(4.13) with constant phenotypic switching (see Table 4.1)
subject to the initial conditions for the cells as in Equation (4.14) and for the ECM
as in Equation (4.4), for large values of λ (solid lines), and numerical simulations of
the Fisher–KPP model given by Equation (4.31) (dashed red line). In all simulations,
solutions are shown at t = 100 and the initial ECM volume fraction ahead of the cells
is m0 = 0.1. The width of the region initially invaded by cells is α = 1, the weighting
of specialists towards degradation is θS,D = 0.1 and the switching rate for all functions
is s = λ. Qualitatively, the same behaviour is observed for all m0 ∈ [0, 1). For more
information regarding the numerical methods used see Section 4.3.1.
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4.5 Discussion

Recently, population heterogeneity has been recognised as an important driver of

collective cell migration and has attracted significant attention [341]. Here, we have

extended the model for a homogeneous generalist population of cells migrating into

ECM developed in Chapter 2 to explicitly incorporate phenotypic heterogeneity under

the migration-proliferation dichotomy. We considered how distinct phenotypic switch-

ing mechanisms impact population structure, and the dependence of the travelling

wave speed on different biological parameters. Specifically, we considered constant

switching, ECM-dependent switching, space-dependent switching and cell-dependent

switching.

Initially, we compared a homogeneous cell population to a heterogeneous cell

population without phenotypic switching. In this case, it is clear that a specialist cell

population without the ability to change its phenotypic state can never outcompete

a generalist cell population as the model does not admit travelling wave solutions.

Conversely, analysis of the model for a specialist cell population invading into ECM

that includes phenotypic switching shows that a heterogeneous cell population can

produce travelling waves of invasion with a faster speed than homogeneous generalist

populations that weight their ability towards movement. Moreover, we confirmed

that the travelling wave speed in the specialist model, irrespective of the phenotypic

switching mechanism, depends qualitatively on the ECM degradation rate and initial

ECM volume fraction ahead of the cells in the same manner as for the generalist

model.

This work considers phenotypic switching that is equal in either direction, and in

this case the travelling wave speed is shown to be independent of the switching rate for

constant, ECM- and space-dependent switching. When asymmetric switching rates

are considered, both switching rates impact the speed and distribution of phenotypes

in the invading cell population (see Appendix A.2 and Section 4.4). In the case of

cell-dependent switching, increasing the switching rate decreases the travelling wave

speed.

Biologically, there exist a number of factors that could drive phenotypic switching.

For example, direct contact between cell surfaces, or contact on the cell surface from

molecules released by neighbouring cells or ECM, which provide information about

surrounding cell and ECM volume fractions, might cause phenotypic change [332,

274]. This work demonstrates that the mechanism determining the form of phenotypic

switching function has a profound impact on the phenotypic structure of the invading

109



cell population. When there is no environmental dependence, a well-mixed population

of cells invades into ECM, with the ratio of cells in phenotypic state 1 (moving and

degrading cells) to phenotypic state 2 (proliferative cells) in the bulk being determined

by the ratio between the switching rates. In ECM-dependent switching models, ECM

degrading cells in phenotypic state 1 occupy the migrating front, with proliferating

cells in the bulk, as observed in many examples of leader-follower dynamics [175] where

both sub-populations play an important role in driving cell invasion. Space- and cell-

dependent switching models exhibit the opposite distribution, with proliferating cells

leading the way, as observed in vivo and in vitro in melanoma spheroid growth, where

proliferative clusters form on the outer edges of a larger bulk cluster consisting of

migratory cells [50]. This could be favourable for the population, for example, if there

are lower energetic requirements for proliferation in low volume cell density regions.

A further extension of this work would be to consider a general switching function

combining the influence of both available space and ECM, to find critical parameter

values that determine the transition between the degraders or the proliferators leading

the invasive population.

The speed of invasion of a cell population alone does not necessarily allow us to

distinguish the mechanisms governing collective cell migration. In the case of space-

and cell-dependent switching, changing the phenotypic switching rate and observing

the changes in the resulting travelling wave speed may indeed be sufficient to dis-

tinguish between the two switching mechanisms, where differences in the travelling

wave profile are otherwise very subtle. However, in other cases, the spatial structure

of each cell sub-population within an invading wave might provide further insights.

For instance, examination of a detailed population profile from a tissue biopsy in the

direction of migration could be used as a predictive tool to distinguish the mechanism

underlying cell phenotypic switching which could, in turn, be used to help develop

therapeutic treatments. Moreover, if such a biopsy revealed cells in one phenotypic

state only at the front of the invading wave, this may indicate that the rate of phe-

notypic switching in one direction far exceeds the rate of phenotypic switching in the

opposite direction. For example, in the case of ECM-dependent switching, a popula-

tion of primarily ECM-degrading cells observed at the migrating front would suggest

that phenotypic switching from proliferative to degrading phenotypic state is much

faster than from degrading to proliferative. Simulations in Appendix A.2 simulta-

neously revealed a trade-off between population structuring and the travelling wave

speed, such that when a single population leads the migrating front, the invasion

speed is reduced. This suggests that both the spatial profile and speed of invasion
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(measured experimentally using the distance travelled over a given time) are required

to distinguish the underlying phenotypic switching mechanisms and that further pos-

sible therapeutic treatments could be developed to slow tumour growth by preventing

switching in one direction, or to speed up wound healing or developmental processes

by initiating symmetrical switching.

In conclusion, understanding the phenotypic structure of invading cellular collec-

tives is an important objective, attracting significant research over recent years. The

model presented in this study, whilst clearly simple, provides compelling insights as-

sociated with the speed and structure of heterogeneous cell invasion into ECM under

various phenotypic switching mechanisms, and provides a basis for more complex and

detailed model development and analysis in the future.
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Chapter 5

A model of a continuum of cell
phenotypes invading into the local
environment

This work was completed in collaboration with P. K. Maini and R. E. Baker and is

published in the Bulletin of Mathematical Biology [76]. The author was responsible

for all aspects of the research and writing presented in this chapter.

5.1 Introduction

As seen in Chapter 4, when there are a discrete set of known cell phenotypes with

distinct behaviours, it may be most appropriate to model the phenotypic state as a

discrete variable, typically using integer values. However, when there are numerous

(or potentially infinite) phenotypes with incremental differences or smoothly transi-

tioning behaviours between them, then a continuously structured phenotype model

might be more pertinent. In this case, the resulting evolution equation for the cell

population density often takes the form of a non-local reaction–diffusion equation

[17, 31, 191], or a non-local advection–reaction–diffusion equation [56, 57, 192].

One critical issue arises when these non-local continuum models describing a con-

tinuous phenotype are constructed phenomenologically, without derivation from an

underlying IBM. In such cases, we may not fully understand the biological signifi-

cance of the terms within the model, especially in realising their connection to the

behaviours of the individual cells and their interactions with the local environment,

leaving the meaning of various terms in the model ambiguous. Moreover, we may

unknowingly be making intrinsic assumptions about cell behaviour that could be

invalid.
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This chapter, therefore, focuses on constructing a general continuum model that

is explicitly derived from the individual-based behaviours of the cells and their in-

teractions with their surrounding environment. The underlying IBM has a discrete

structure in time, physical space and phenotype, whereas the resulting PDE found

by taking appropriate limits has continuously structured space, time and phenotype

variables. This approach ensures that each term in the resulting continuum model

has a well-defined interpretation in relation to the underlying cell dynamics, providing

clarity and a deeper understanding of the biological processes being modelled. This

chapter, however, is not concerned with a detailed quantitative comparison between

individual- and population-level models as this is already well explored elsewhere in

the literature [15, 48, 66, 190, 191, 195, 228, 229, 293, 316].

As such, we hereafter present a methodology for deriving a continuously structured

PDE model for general cell migration into the local environment that is derived

from an underlying IBM that takes into account the individual interactions between

cells and their local environment. Using this approach, the model’s applicability

to various biological scenarios is demonstrated, highlighting the flexibility of this

general framework and the consistent, coherent connections between the microscale

behaviours captured in the IBM and the macroscale descriptions in the resulting

PDE model. For the purposes of the derivation of the continuum model, cell invasion

into the local environment is chosen in general, but due to this generality, the local

environment could be replaced by a variety of substances, such as neighbouring tissues

or organs, a tissue engineering scaffold or a wound, during healing. The applications

in this chapter are carefully selected to illustrate a wide range of cell behaviours by

employing different functional forms that describe the probabilities of movement in

both physical and phenotypic spaces, as well as the behaviours governing proliferation

at the individual-based level. However these applications were not chosen with the

aim to provide detailed biological insights at this stage.

5.2 The individual-based model

In order to incorporate microscopic descriptions of the interactions occurring be-

tween cells and their local environment, we formulate a one-dimensional phenotype-

structured, on-lattice, IBM for collective cell migration.

In this model, the cells are represented as individual, discrete agents and we

assume that the features of the local environment we are interested in, such as the

ECM or other cell types, occupy some finite volume in a limited space. In order to
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fit in with the individual-based framework, we therefore choose to model the local

environment as being composed of individual, discrete elements of the same finite

volume as the cells. Depending on the phenotype of the individual cell, and the

number of cells and elements of the local environment in the same lattice site, each

individual cell has a capacity to undergo random, undirected movement, heritable

phenotypic changes and proliferation, that can be adapted to the specific biological

application of interest by employing appropriate individual-based rules to describe

these changes. Furthermore, we assume that each individual cell can also interact

with the surrounding environment, and that the cell’s capacity to impact their local

environment depends on the phenotype of the cell.

Considering a one-dimensional spatial domain, we allow the cells and the local

environment to be distributed in the region x ∈ [Xmin, Xmax]. We describe the pheno-

typic state of each individual cell on a one-dimensional domain through a structured

variable y ∈ [Ymin, Ymax]. We discretise the time variable t ∈ R+, as th = h∆t with

h ∈ N and ∆t ∈ R+, we discretise the spatial variable into an integer number of lattice

sites xi = Xmin + ∆x(i− 1) for ∆x ∈ R+ and i = 1, . . . , Nx + 1, and we discretise the

phenotype variable using yj = Ymin + ∆y(j − 1) for ∆y ∈ R+ and j = 1, . . . , Ny + 1.

In this case, ∆t,∆x,∆y ∈ R+ are the time-, space- and phenotype-steps, respectively.

We introduce the dependent variable nj
i (th) ∈ N0 to model the number of cells

that occupy position xi × yj ∈ [Xmin, Xmax] × [Ymin, Ymax] on the lattice at time th,

where N0 represents the natural numbers, including zero. Then, we define the total

cell number at a spatial position xi at time th as Ni(th) =
∑Ny+1

j=1 nj
i (th) ∈ N0 and

the number of elements of the local environment at spatial position xi at time th is

denoted by ei(th) ∈ N0.

5.2.1 Modelling the dynamics of the cells

We denote by p(n, e, th) the joint probability that the number of cells in spatial

position xi in phenotypic state yj (for i = 1, . . . , Nx + 1 and j = 1, . . . , Ny + 1) at

time th (h ∈ R) is given by n = ([n1
1, . . . , n

1
Nx+1], . . . , [n

Ny+1
1 , . . . , n

Ny+1
Nx+1]) and that the

number of discrete, constitutive elements of the local environment in spatial position

xi for i = 1, . . . , Nx + 1 is given by e = [e1, . . . , eNx+1].

Between a time step th and th+1 (equivalently described by th + ∆t), each cell in

phenotypic state yj ∈ [Ymin, Ymax] at position xi ∈ [Xmin, Xmax] can undergo random

movement, heritable phenotypic changes and cell proliferation independently of time

and according to the following assumptions in this section. We note here that we

write nj
i (th) as nj

i and ei(th) as ei for simplicity going forward.
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5.2.1.1 Random cell movement

We model cell movement in space as an on-lattice, biased random walk between

neighbouring lattice sites. We assume the probability of cell movement can depend

on a number of factors, such as the local environment or the phenotype of the cell,

but it is easy to relax or vary these assumptions to consider other variables of interest.

In particular, we introduce the following two changes in state vector that describe

movement to the left or right in physical space of a single cell in phenotypic state yj

into position xi±1 from position xi:

Lm
i,j : [nj

1, . . . , n
j
i−1, n

j
i , . . . , n

j
Nx+1] −→ [nj

1, . . . , n
j
i−1 + 1, nj

i − 1, . . . , nj
Nx+1],

for i = 2, . . . , Nx + 1, j = 1, . . . , Ny + 1,

Rm
i,j : [nj

1, . . . , n
j
i , n

j
i+1, . . . , n

j
Nx+1] −→ [nj

1, . . . , n
j
i − 1, nj

i+1 + 1, . . . , nj
Nx+1],

for i = 1, . . . , Nx, j = 1, . . . , Ny + 1,

where Lm
i,j, R

m
i,j : NNx+1 → NNx+1. We assume that the probability of cell movement

depends on the phenotype of the cell and on the number of cells and elements of

the local environment in the target site, rather than the lattice site that they are

currently in. As such, we define the probability of movement to the left, to spatial

position xi−1 from xi, during a single time step ∆t, as

β−(j,Ni−1, ei−1) ∈ [0, 1], i = 2, . . . , Nx + 1, j = 1, . . . , Ny + 1,

and the probability of movement to the right, to spatial position xi+1 from xi, during

a single time step ∆t, as described by the change to the state vector Rm
i,j, as

β+(j,Ni+1, ei+1) ∈ [0, 1], i = 1, . . . , Nx, j = 1, . . . , Ny + 1,

which both depend on the phenotypic state of the cell, j, the number of elements of the

local environment and the total number of cells in the target site. In order to ensure

that cells cannot move to a physical site “outside of the domain” x ∈ [Xmin, Xmax],

we assume that cells cannot move left out of site i = 1, or right out of site i = Nx +1,

so that β−(j,N0, e0) = 0 and β+(j,NNx+2, eNx+2) = 0. For i = 1, . . . , Nx + 1, j =

1, . . . , Ny + 1, cells remain in their current site (i.e., do not move) with probability

1 − β+(j,Ni+1, ei+1) − β−(j,Ni−1, ei−1) ∈ [0, 1].
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5.2.1.2 Cell proliferation

In order to model cell proliferation, we assume that a dividing cell is instantaneously

replaced by two identical cells of equal volume to one another and the parent cell,

such that the daughter cells inherit the spatial position and phenotypic state of the

parent cell. As such, the corresponding change in state vector during a time step ∆t

can be written as

Gi,j : [nj
1, . . . , n

j
i , . . . , n

j
Nx+1] −→ [nj

1, . . . , n
j
i − 1, . . . , nj

Nx+1],

for i = 1, . . . , Nx + 1, j = 1, . . . , Ny + 1.

To represent phenotype-dependent cell proliferation, we assume that the probability

of a proliferation event is dependent on the phenotypic state of the cell, and the total

number of cells and elements of the local environment in the same physical site as

the cell that is dividing. Therefore, we define the probability that a cell in site i with

phenotype j proliferates during time step ∆t as

γ(j,Ni, ei) ∈ [0, 1], i = 1, . . . , Nx + 1, j = 1, . . . , Ny + 1.

The probability of a cell not undergoing proliferation during a time step ∆t can then

be written as

1 − γ(j,Ni, ei) ∈ [0, 1], i = 1, . . . , Nx + 1, j = 1, . . . , Ny + 1.

5.2.1.3 Cell phenotypic changes

During a single time step, ∆t, we model transitions in phenotype space from state yj

to yj±1 via the following changes in state vectors:

Dp
i,j : [n1

i , . . . , n
j−1
i , nj

i , . . . , n
Ny+1
i ] −→ [n1

i , . . . , n
j−1
i + 1, nj

i − 1, . . . , n
Ny+1
i ],

for i = 1, . . . , Nx + 1, j = 1, . . . , Ny + 1,

Up
i,j : [n1

i , . . . , n
j
i , n

j+1
i , . . . , n

Ny+1
i ] −→ [n1

i , . . . , n
j
i − 1, nj+1

i + 1, . . . , n
Ny+1
i ],

for i = 1, . . . , Nx + 1, j = 1, . . . , Ny + 1,

where Dp
i,j, U

p
i,j : NNy+1 → NNy+1. A cell in site i transitions from phenotypic state yj

to yj+1 during time step ∆t with a probability that depends on the phenotypic state

of the cell and the total number of cells and elements of the local environment in

site i. Therefore, we can write that this transition, described by the change in state

vector Up
i,j, occurs with a probability

µ+(j,Ni, ei) ∈ [0, 1], i = 1, . . . , Nx + 1, j = 1, . . . , Ny + 1.
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Similarly, a cell in site i transitions from phenotypic state yj to yj−1 during time step

∆t with a probability that depends on the phenotypic state of the cell and the total

number of cells and elements of the local environment in site i. Therefore, we can

write that this transition, described by the change in state vector Dp
i,j, occurs with

probability

µ−(j,Ni, ei) ∈ [0, 1], i = 1, . . . , Nx + 1, j = 1, . . . , Ny + 1.

In order to ensure cells cannot transition to phenotypic states “outside of the domain”

yj ∈ [Ymin, Ymax], we implement µ−(1, Ni, ei) = 0 and µ+(Ny + 1, Ni, ei) = 0. Taking

this into consideration, the probability that a cell in phenotypic state yj and spatial

position xi will not change phenotype during a time step ∆t is given by

1 − µ+(j,Ni, ei) − µ−(j,Ni, ei) ∈ [0, 1], i = 1, . . . , Nx + 1, j = 1, . . . , Ny + 1.

5.2.2 Modelling the dynamics of the local environment

We model degradation of elements of the local environment through contact with cells

in the same physical site. Other cell-environment interactions, such as haptotaxis,

or environmental changes such as production by cells, could also be considered here.

The same methodology as presented in these sections can be followed to determine

the corresponding population-level PDE. In particular, the change in state vector

Hi : NNx+1 → NNx+1 describes degradation of an element of the local environment in

spatial position xi as

Hi : [e1, . . . , ei, . . . , eNx+1] −→ [e1, . . . , ei + 1, . . . , eNx+1], i = 1, . . . , Nx + 1.

We assume that the probability of degradation of an element of the local environment

during time step ∆t depends on the number of cells in each phenotypic state j in the

same spatial position xi. As such, we define the probability of a cell in site i of

phenotype j degrading an element of the local environment during a time step ∆t as

λ(j, nj
i ) ∈ [0, 1], i = 1, . . . , Nx + 1, j = 1, . . . , Ny + 1.

5.3 Formal derivation of the corresponding contin-

uum model

In order to derive the corresponding continuum model describing the dynamics of the

entire population of cells and the local environment over time, we now coarse-grain
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this IBM. Assuming that the probability of two or more events occurring in time step

∆t is sufficiently small that it can be ignored, the master equation, which describes

the evolution of the probability density over time, is given by

∆t
∂

∂t
p(n, e, th) + O(∆2

t )

=
Nx+1∑
i=1

Ny∑
j=1

µ−(j + 1, Ni, ei)
{

(nj+1
i + 1)p(Up

i,jn, e, th) − nj+1
i p(n, e, th)

}
+

Nx+1∑
i=1

Ny+1∑
j=2

µ+(j − 1, Ni, ei)
{

(nj−1
i + 1)p(Dp

i,jn, e, th) − nj−1
i p(n, e, th)

}
+

Nx∑
i=1

Ny+1∑
j=1

β−(j,Ni, ei)
{

(nj
i+1 + 1)p(Rm

i,jn, e, th) − nj
i+1p(n, e, th)

}
+

Nx+1∑
i=2

Ny+1∑
j=1

β+(j,Ni, ei)
{

(nj
i−1 + 1)p(Lm

i,jn, e, th) − nj
i−1p(n, e, th)

}
+

Nx+1∑
i=1

Ny+1∑
j=1

{
γ(j,Ni − 1, ei)(n

j
i − 1)p(Gi,jn, e, th) − γ(j,Ni, ei)n

j
ip(n, e, th)

}
+

Nx+1∑
i=1

Ny+1∑
j=1

λ(j, nj
i ) {(ei + 1)p(n, Hie, th) − eip(n, e, th)} . (5.1)

Briefly, the first two lines on the right-hand side correspond to changes in the pheno-

typic state of the cell, the second two correspond to changes in the physical position

of the cell, the penultimate line describes proliferation of the cell and the final line

describes degradation of the local environment.

5.3.1 Equation for the cell density

As is standard in the literature, we define the ensemble average for the function, f , of

the number of cells at position i = 1, . . . , Nx+1 in state j = 1, . . . , Ny +1 and number

of elements of local environment in lattice site i = 1, . . . , Nx + 1 in the following way:

⟨f(nj
i , ei)⟩ =

∑
n

∑
e

f(nj
i , ei)p(n, e, th). (5.2)

Now, returning to Equation (5.1), we multiply by nq
s, where s = 1, . . . , Nx + 1 and

q = 1, . . . , Ny + 1, and take the sum over the vectors n and e. We note that the final

term in Equation (5.1) corresponds to the evolution of the number of elements of the

local environment, and does not contribute to the cell dynamics. Then, to begin with,
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we consider only the first remaining term on the right-hand side, which we denote

I =
∑
n

∑
e

nq
s

Nx+1∑
i=1

Ny∑
j=1

µ−(j + 1, Ni, ei)
{

(nj+1
i + 1)p(Up

j n, e, th) − nj+1
i p(n, e, th)

}
.

To continue, we must now consider the following cases in turn:

• I1: i ̸= s, j ̸= q, q − 1;

• I2: i ̸= s and j = q;

• I3: i ̸= s and j = q − 1;

• I4: i = s and j ̸= q, q − 1;

• I5: i = s and j = q;

• I6: i = s and j = q − 1.

We begin with the case I1 where i ̸= s and j ̸= q, q − 1. In this scenario, we find

I1 =
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

Ny∑
j=1,

j ̸=q,q−1

µ−(j + 1, Ni, ei)
{

(nj+1
i + 1)p(Up

j n, e, th) − nj+1
i p(n, e, th)

}

=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

Ny∑
j=1,

j ̸=q,q−1

µ−(j + 1, Ni, ei)×

{
(nj+1

i + 1)p([n1
i , . . . , n

j
i − 1, nj+1

i + 1, . . . , n
Ny+1
i ], e, th) − nj+1

i p(n, e, th)
}
.

Under the change of variables n̄j
i = nj

i − 1 and n̄j+1
i = nj+1

i + 1 in the first term, we

have that

I1 =
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

Ny∑
j=1,

j ̸=q,q−1

µ−(j + 1, Ni, ei)×

{
n̄j+1
i p([n1

i , . . . , n̄
j
i , n̄

j+1
i , . . . , n

Ny+1
i ], e, th) − nj+1

i p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

Ny∑
j=1,

j ̸=q,q−1

µ−(j + 1, Ni, ei)
{
nj+1
i p(n, e, th) − nj+1

i p(n, e, th)
}

= 0,

where we can arbitrarily drop the bars after the change of variables. We will do this

throughout what follows.
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Next, we consider the case where i ̸= s and j = q, and apply the same change of

variables argument (with n̄q
i = nq

i − 1 and n̄q+1
i = nq+1

i + 1) so that

I2 =
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

µ−(q + 1, Ni, ei)×

{
(nq+1

i + 1)p([n1
i , . . . , n

q
i − 1, nq+1

i + 1, . . . , n
Ny+1
i ], e, th) − nq+1

i p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

µ−(q + 1, Ni, ei)×

{
n̄q+1
i p([n1

i , . . . , n̄
q
i , n̄

q+1
i , . . . , n

Ny+1
i ], e, th) − nq+1

i p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

µ−(q + 1, Ni, ei)
{
nq+1
i p(n, e, th) − nq+1

i p(n, e, th)
}

= 0.

Finally we consider the last case for i ̸= s, namely, where j = q − 1. Once again,

by changing the variables using n̄q−1
i = nq−1

i − 1 and n̄q
i = nq

i + 1, we have

I3 =
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

µ−(q,Ni, ei)×

{
(nq

i + 1)p([n1
i , . . . , n

q−1
i − 1, nq

i + 1, . . . , n
Ny+1
i ], e, th) − nq

ip(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

µ−(q,Ni, ei)×

{
n̄q
ip([n

1
i , . . . , n̄

q−1
i , n̄q

i , . . . , n
Ny+1
i ], e, th) − nq

ip(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

µ−(q,Ni, ei)
{
nq
ip(n, e, th) − nq

ip(n, e, th)
}

= 0.

As such, we can see that there are no contributions arising from the terms for which

i ̸= s.

Now we can consider the case where i = s. First off, we consider j ̸= q, q− 1, and
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apply the change of variables n̄j
s = nj

s − 1 and n̄j+1
s = nj+1

s + 1:

I4 =
∑
n

∑
e

nq
s

Ny∑
j=1,

j ̸=q,q−1

µ−(j + 1, Ns, es)×

{
(nj+1

s + 1)p([n1
s, . . . , n

j
s − 1, nj+1

s + 1, . . . , nNy+1
s ], e, th) − nj+1

s p(n, e, th)
}

=
∑
n

∑
e

nq
s

Ny∑
j=1,

j ̸=q,q−1

µ−(j + 1, Ns, es)×

{
n̄j+1
s p([n1

s, . . . , n̄
j
s, n̄

j+1
s , . . . , nNy+1

s ], e, th) − nj+1
s p(n, e, th)

}
=
∑
n

∑
e

nq
s

Ny∑
j=1,

j ̸=q,q−1

µ−(j + 1, Ns, es)
{
nj+1
s p(n, e, th) − nj+1

s p(n, e, th)
}

= 0.

Then, considering i = s and j = q, we see that

I5 =
∑
n

∑
e

nq
sµ−(q + 1, Ns, es)×{

(nq+1
s + 1)p([n1

s, . . . , n
q
s − 1, nq+1

s + 1, . . . , nNy+1
s ], e, th) − nq+1

s p(n, e, th)
}
.

Now we want to separate the terms and apply the change of variables n̄q
s = nq

s − 1

and n̄q+1
s = nq+1

s + 1 in the first term to see

I5 =
∑
n

∑
e

µ−(q + 1, Ns, es)×{
nq
s(n

q+1
s + 1)p([n1

s, . . . , n
q
s − 1, nq+1

s + 1, . . . , nNy+1
s ], e, th)

− nq
sn

q+1
s p(n, e, th)

}
=
∑
n

∑
e

µ−(q + 1, Ns, es)×{
(n̄q

s + 1)n̄q+1
s p([n1

s, . . . , n̄
q
s, n̄

q+1
s , . . . , nNy+1

s ], e, th) − nq
sn

q+1
s p(n, e, th)

}
=
∑
n

∑
e

µ−(q + 1, Ns, es)
{
nq+1
s (nq

s + 1)p(n, e, th) − nq
sn

q+1
s p(n, e, th)

}
=
∑
n

∑
e

µ−(q + 1, Ns, es)n
q+1
s p(n, e, th)

= ⟨µ−(q + 1, Ns, es)n
q+1
s ⟩.

Finally, considering the case when i = s and j = q − 1 we have

I6 =
∑
n

∑
e

nq
sµ−(q,Ns, es)×{

(nq
s + 1)p([n1

s, . . . , n
q−1
s − 1, nq

s + 1, . . . , nNy+1
s ], e, th) − nq

sp(n, e, th)
}
.
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Separating out the two terms and applying the change of variables n̄q
s = nq

s + 1 and

n̄q−1
s = nq−1

s − 1 and then dropping the bars in the first term, we see

I6 =
∑
n

∑
e

µ−(q,Ns, es)×{
nq
s(n

q
s + 1)p([n1

s, . . . , n
q−1
s − 1, nq

s + 1, . . . , nNy+1
s ], e, th) − nq

sn
q
sp(n, e, th)

}
=
∑
n

∑
e

µ−(q,Ns, es)×{
(n̄q

s − 1)n̄q
sp([n

1
s, . . . , n̄

q−1
s , n̄q

s, . . . , n
Ny+1
s ], e, th) − nq

sn
q
sp(n, e, th)

}
=
∑
n

∑
e

µ−(q,Ns, es)
{
nq
s(n

q
s − 1)p(n, e, th) − (nq

s)
2p(n, e, th)

}
= −

∑
n

∑
e

µ−(q,Ns, es)n
q
sp(n, e, th)

= −⟨µ−(q,Ns, es)n
q
s⟩.

Putting these all back together, we find that

I = I1 + I2 + I3 + I4 + I5 + I6

= ⟨µ−(q + 1, Ns, es)n
q+1
s ⟩ − ⟨µ−(q,Ns, es)n

q
s⟩.

Now we repeat this process for the second term in Equation (5.1), which we call J :

J =
∑
n

∑
e

nq
s

Nx+1∑
i=1

Ny+1∑
j=2

µ+(j − 1, Ni, ei)
{

(nj−1
i + 1)p(Dp

i,jn, e, th) − nj−1
i p(n, e, th)

}
,

= J1 + J2 + J3 + J4 + J5 + J6

and consider the six cases: J1, . . . , J6 (defined in the same way as before) where we

have i = s, i ̸= s, j = q, j = q+1, and j ̸= q, q+1. Starting with i ̸= s and j ̸= q, q+1
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we see, using the change of variables n̄j
i = nj

i − 1 and n̄j−1
i = nj−1

i + 1, that we have

J1 =
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

Ny+1∑
j=2,

j ̸=q,q−1

µ+(j − 1, Ni, ei)
{

(nj−1
i + 1)p(Dp

i,jn, e, th) − nj−1
i p(n, e, th)

}

=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

Ny+1∑
j=2,

j ̸=q,q−1

µ+(j − 1, Ni, ei)×

{
(nj−1

i + 1)p([n1
i , . . . , n

j−1
i + 1, nj

i − 1, . . . , n
Ny+1
i ], e, th) − nj−1

i p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

Ny+1∑
j=2,

j ̸=q,q−1

µ+(j − 1, Ni, ei)×

{
n̄j−1
i p([n1

i , . . . , n̄
j−1
i , n̄j

i , . . . , n
Ny+1
i ], e, th) − nj−1

i p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

Ny+1∑
j=2,

j ̸=q,q−1

µ+(j − 1, Ni, ei)
{
nj−1
i p(n, e, th) − nj−1

i p(n, e, th)
}

= 0.

Next, we consider the case when i ̸= s and j = q, and apply the same change of

variables argument (with n̄q
i = nq

i − 1 and n̄q−1
i = nq−1

i + 1) to the first term:

J2 =
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

µ+(q − 1, Ni, ei)×

{
(nq−1

i + 1)p([n1
i , . . . , n

q−1
i + 1, nq

i − 1, . . . , n
Ny+1
i ], e, th) − nq−1

i p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

µ+(q − 1, Ni, ei)×

{
n̄q−1
i p([n1

i , . . . , n̄
q−1
i , n̄q

i , . . . , n
Ny+1
i ], e, th) − nq−1

i p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

µ+(q − 1, Ni, ei)
{
nq−1
i p(n, e, th) − nq−1

i p(n, e, th)
}

= 0.

Finally we consider the last remaining situation when i ̸= s, where j = q + 1. Once
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again, by changing the variables using n̄q+1
i = nq+1

i − 1 and n̄q
i = nq

i + 1, we have

J3 =
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

µ+(q,Ni, ei)×

{
(nq

i + 1)p([n1
i , . . . , n

q
i + 1, nq+1

i − 1, . . . , n
Ny+1
i ], e, th) − nq

ip(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

µ+(q,Ni, ei)
{
n̄q
ip([n

1
i , . . . , n̄

q
i , n̄

q+1
i , . . . , n

Ny+1
i ], e, th)

− nq
ip(n, e, th)

}
=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

µ+(q,Ni, ei) {nq
ip(n, e, th) − nq

ip(n, e, th)}

= 0.

As such, we can see that there are no contributions arising from the terms when i ̸= s.

Now we can consider the case where i = s. First, we consider j ̸= q, q + 1, and

apply the change of variables n̄j
s = nj

s − 1 and n̄j−1
s = nj−1

s + 1:

J4 =
∑
n

∑
e

nq
s

Ny+1∑
j=2,

j ̸=q,q−1

µ+(j − 1, Ns, es)×

{
(nj−1

s + 1)p([n1
s, . . . , n

j−1
s + 1, nj

s − 1, . . . , nNy+1
s ], e, th) − nj−1

s p(n, e, th)
}

=
∑
n

∑
e

nq
s

Ny+1∑
j=2,

j ̸=q,q−1

µ+(j − 1, Ns, es)×

{
n̄j−1
s p([n1

s, . . . , n̄
j−1
s , n̄j

s, . . . , n
Ny+1
s ], e, th) − nj−1

s p(n, e, th)
}

=
∑
n

∑
e

nq
s

Ny+1∑
j=2,

j ̸=q,q−1

µ+(j − 1, Ns, es)
{
nj−1
s p(n, e, th) − nj−1

s p(n, e, th)
}

= 0.

Then, considering the case when i = s and j = q, we see that applying the change of
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variables n̄q
s = nq

s − 1 and n̄q−1
s = nq−1

s + 1 in the first term, we have

J5 =
∑
n

∑
e

nq
sµ+(q − 1, Ns, es)×{

(nq−1
s + 1)p([n1

s, . . . , n
q−1
s + 1, nq

s − 1, . . . , nNy+1
s ], e, th) − nq−1

s p(n, e, th)
}

=
∑
n

∑
e

µ+(q − 1, Ns, es)×{
nq
s(n

q−1
s + 1)p([n1

s, . . . , n
q−1
s + 1, nq

s − 1, . . . , nNy+1
s ], e, th)

− nq
sn

q−1
s p(n, e, th)

}
=
∑
n

∑
e

µ+(q − 1, Ns, es)×{
(n̄q

s + 1)n̄q−1
s p([n1

s, . . . , n̄
q−1
s , n̄q

s, . . . , n
Ny+1
s ], e, th) − nq

sn
q−1
s p(n, e, th)

}
=
∑
n

∑
e

µ+(q − 1, Ns, es)
{
nq−1
s (nq

s + 1)p(n, e, th) − nq
sn

q−1
s p(n, e, th)

}
=
∑
n

∑
e

µ+(q − 1, Ns, es)n
q−1
s p(n, e, th)

= ⟨µ+(q − 1, Ns, es)n
q−1
s ⟩.

Finally, considering the case when i = s and j = q + 1 we consider term J6. Using

the change of variables n̄q
s = nq

s + 1 and n̄q+1
s = nq+1

s − 1 and then dropping the bars

in the first term, we see that

J6 =
∑
n

∑
e

nq
sµ+(q,Ns, es)×{

(nq
s + 1)p([n1

s, . . . , n
q
s + 1, nq+1

s − 1, . . . , nNy+1
s ], e, th) − nq

sp(n, e, th)
}

=
∑
n

∑
e

µ+(q,Ns, es)×{
nq
s(n

q
s + 1)p([n1

s, . . . , n
q
s + 1, nq+1

s − 1, . . . , nNy+1
s ], e, th) − nq

sn
q
sp(n, e, th)

}
=
∑
n

∑
e

µ+(q,Ns, es)×{
(n̄q

s − 1)n̄q
sp([n

1
s, . . . , n̄

q
s, n̄

q+1
s , . . . , nNy+1

s ], e, th) − nq
sn

q
sp(n, e, th)

}
=
∑
n

∑
e

µ+(q,Ns, es)
{
nq
s(n

q
s − 1)p(n, e, th) − (nq

s)
2p(n, e, th)

}
= −

∑
n

∑
e

µ+(q,Ns, es)n
q
sp(n, e, th)

= −⟨µ+(q,Ns, es)n
q
s⟩.

Putting these all back together, it is clear that

J = J1 + J2 + J3 + J4 + J5 + J6

= ⟨µ+(q − 1, Ns, es)n
q−1
s ⟩ − ⟨µ+(q,Ns, es)n

q
s⟩.
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Next, we consider the terms modelling movement in physical space in time step

∆t. Returning to Equation (5.1), we look first at the third term on the right-hand

side, which we call K. For this term, we once again consider the cases j = q, j ̸=
q, i = s, i = s− 1 and i ̸= s, s− 1 in turn, so

K =
∑
n

∑
e

nq
s

Nx∑
i=1

Ny+1∑
j=1

β−(j,Ni, ei)
{

(nj
i+1 + 1)p(Rm

i,jn, e, th) − nj
i+1p(n, e, th)

}
= K1 +K2 +K3 +K4 +K5 +K6.

Considering first the case where j ̸= q and i ̸= s, s − 1, and applying the change of

variables n̄j
i = nj

i − 1 and n̄j
i+1 = nj

i+1 + 1 and dropping the bars, we have

K1 =
∑
n

∑
e

nq
s

Nx∑
i=1,

i ̸=s,s−1

Ny+1∑
j=1,
j ̸=q

β−(j,Ni, ei)×

{
(nj

i+1 + 1)p([nj
1, . . . , n

j
i − 1, nj

i+1 + 1, . . . , nj
Nx+1], e, th) − nj

i+1p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx∑
i=1,

i ̸=s,s−1

Ny+1∑
j=1,
j ̸=q

β−(j,Ni, ei)×

{
n̄j
i+1p([n

j
1, . . . , n̄

j
i , n̄

j
i+1, . . . , n

j
Nx+1], e, th) − nj

i+1p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx∑
i=1,

i ̸=s,s−1

Ny+1∑
j=1,
j ̸=q

β−(j,Ni, ei)
{
nj
i+1p(n, e, th) − nj

i+1p(n, e, th)
}

= 0.

Now consider j ̸= q with i = s. Applying the change of variables n̄j
s = nj

s − 1 and

n̄j
s+1 = nj

s+1 + 1 and dropping the bars, we have

K2 =
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

β−(j,Ns, es)×

{
(nj

s+1 + 1)p([nj
1, . . . , n

j
s − 1, nj

s+1 + 1, . . . , nj
Nx+1], e, th) − nj

s+1p(n, e, th)
}

=
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

β−(j,Ns, es)×

{
n̄j
s+1p([n

j
1, . . . , n̄

j
s, n̄

j
s+1, . . . , n

j
Nx+1], e, th) − nj

s+1p(n, e, th)
}

=
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

β−(j,Ns, es)
{
nj
s+1p(n, e, th) − nj

s+1p(n, e, th)
}

= 0.
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Next we look at j ̸= q with i = s− 1. If we apply the change of variables in the first

term and drop the bars (n̄j
s = nj

s + 1 and n̄j
s−1 = nj

s−1 − 1), we have

K3 =
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

β−(j,Ns−1, es−1)×

{
(nj

s + 1)p([nj
1, . . . , n

j
s−1 − 1, nj

s + 1, . . . , nj
Nx+1], e, th) − nj

sp(n, e, th)
}

=
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

β−(j,Ns−1, es−1)×

{
n̄j
sp([n

j
1, . . . , n̄

j
s−1, n̄

j
s, . . . , n

j
Nx+1], e, th) − nj

sp(n, e, th)
}

=
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

β−(j,Ns−1, es−1)
{
nj
sp(n, e, th) − nj

sp(n, e, th)
}

= 0.

Now we consider the three cases when j = q. First, when i ̸= s, s − 1, we apply the

change of variables n̄q
i = nq

i − 1 and n̄q
i+1 = nq

i+1 + 1 and dropping the bars, we have

K4 =
∑
n

∑
e

nq
s

Nx∑
i=1,

i ̸=s,s−1

β−(q,Ni, ei)×

{
(nq

i+1 + 1)p([nq
1, . . . , n

q
i − 1, nq

i+1 + 1, . . . , nq
Nx+1], e, th) − nq

i+1p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx∑
i=1,

i ̸=s,s−1

β−(q,Ni, ei)×

{
n̄q
i+1p([n

q
1, . . . , n̄

q
i , n̄

q
i+1, . . . , n

q
Nx+1], e, th) − nq

i+1p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx∑
i=1,

i ̸=s,s−1

β−(q,Ni, ei)
{
nq
i+1p(n, e, th) − nq

i+1p(n, e, th)
}

= 0.

Now consider i = s and the change of variables n̄q
s = nq

s − 1 and n̄q
s+1 = nq

s+1 + 1 to

127



give

K5 =
∑
n

∑
e

nq
sβ−(q,Ns, es)×{

(nq
s+1 + 1)p([nq

1, . . . , n
q
s − 1, nq

s+1 + 1, . . . , nq
Nx+1], e, th) − nq

s+1p(n, e, th)
}

=
∑
n

∑
e

β−(q,Ns, es)×{
(n̄q

s + 1)n̄q
s+1p([n

q
1, . . . , n̄

q
s, n̄

q
s+1, . . . , n

q
Nx+1], e, th) − nq

sn
q
s+1p(n, e, th)

}
=
∑
n

∑
e

β−(q,Ns, es)
{

(nq
s + 1)nq

s+1p(n, e, th) − nq
sn

q
s+1p(n, e, th)

}
=
∑
n

∑
e

β−(q,Ns, es)n
q
s+1p(n, e, th)

= ⟨β−(q,Ns, es)n
q
s+1⟩.

Finally, consider i = s−1 with the change of variables n̄q
s−1 = nq

s−1−1 and n̄q
s = nq

s+1

to give

K6 =
∑
n

∑
e

nq
sβ−(q,Ns−1, es−1)×{

(nq
s + 1)p([nq

1, . . . , n
q
s−1 − 1, nq

s + 1, . . . , nq
Nx+1], e, th) − nq

sp(n, e, th)
}

=
∑
n

∑
e

β−(q,Ns−1, es−1)×{
(n̄q

s − 1)n̄q
sp([n

q
1, . . . , n̄

q
s−1, n̄

q
s, . . . , n

q
Nx+1], e, th) − nq

sn
q
sp(n, e, th)

}
=
∑
n

∑
e

β−(q,Ns−1, es−1) {(nq
s − 1)nq

sp(n, e, th) − nq
sn

q
sp(n, e, th)}

= −
∑
n

∑
e

β−(q,Ns−1, es−1)n
q
sp(n, e, th)

= −⟨β−(q,Ns−1, es−1)n
q
s⟩.

Bringing back together these terms, we have

K = K1 +K2 +K3 +K4 +K5 +K6

= ⟨β−(q,Ns, es)n
q
s+1⟩ − ⟨β−(q,Ns−1, es−1)n

q
s⟩.

For the second movement term, we repeat this process, by breaking it down into six

cases, defined by j = q, j ̸= q, i = s, i = s+ 1 and i ̸= s, s+ 1:

L =
∑
n

∑
e

nq
s

Nx+1∑
i=2

Ny+1∑
j=1

β+(j,Ni, ei)
{

(nj
i−1 + 1)p(Lm

i,jn, e, th) − nj
i−1p(n, e, th)

}
= L1 + L2 + L3 + L4 + L5 + L6.
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We start by considering j ̸= q and i ̸= s, s+ 1. Employing the change of variables

n̄j
i = nj

i − 1 and n̄j
i−1 = nj

i−1 + 1 and dropping the bars, we have

L1 =
∑
n

∑
e

nq
s

Nx∑
i=1,

i ̸=s,s+1

Ny+1∑
j=1,
j ̸=q

β+(j,Ni, ei)×

{
(nj

i−1 + 1)p([nj
1, . . . , n

j
i−1 + 1, nj

i − 1, . . . , nj
Nx+1], e, th) − nj

i−1p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx∑
i=1,

i ̸=s,s+1

Ny+1∑
j=1,
j ̸=q

β+(j,Ni, ei)×

{
n̄j
i−1p([n

j
1, . . . , n̄

j
i−1, n̄

j
i , . . . , n

j
Nx+1], e, th) − nj

i−1p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx∑
i=1,

i ̸=s,s+1

Ny+1∑
j=1,
j ̸=q

β+(j,Ni, ei)
{
nj
i−1p(n, e, th) − nj

i−1p(n, e, th)
}

= 0.

Now consider j ̸= q with i = s. Then, applying the change of variables n̄j
s = nj

s − 1

and n̄j
s−1 = nj

s−1 + 1 and dropping the bars, we have

L2 =
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

β+(j,Ns, es)×

{
(nj

s−1 + 1)p([nj
1, . . . , n

j
s−1 + 1, nj

s − 1, . . . , nj
Nx+1], e, th) − nj

s+1p(n, e, th)
}

=
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

β+(j,Ns, es)×

{
n̄j
s−1p([n

j
1, . . . , n̄

j
s−1, n̄

j
s, . . . , n

j
Nx+1], e, th) − nj

s−1p(n, e, th)
}

=
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

β+(j,Ns, es)
{
nj
s+1p(n, e, th) − nj

s−1p(n, e, th)
}

= 0.

Next we look at j ̸= q with i = s+ 1. If we apply the change of variables in the first
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term and drop the bars (n̄j
s = nj

s + 1 and n̄j
s+1 = nj

s+1 − 1), we have

L3 =
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

β+(j,Ns−1, es−1)×

{
(nj

s + 1)p([nj
1, . . . , n

j
s + 1, nj

s+1 − 1, . . . , nj
Nx+1], e, th) − nj

sp(n, e, th)
}

=
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

β+(j,Ns−1, es−1)×

{
n̄j
sp([n

j
1, . . . , n̄

j
s, n̄

j
s+1, . . . , n

j
Nx+1], e, th) − nj

sp(n, e, th)
}

=
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

β+(j,Ns−1, es−1)
{
nj
sp(n, e, th) − nj

sp(n, e, th)
}

= 0.

Now we consider the three cases when j = q. First, when i ̸= s, s + 1, applying the

change of variables n̄q
i = nq

i − 1 and n̄q
i−1 = nq

i−1 + 1 and dropping the bars, we have

L4 =
∑
n

∑
e

nq
s

Nx∑
i=1,

i ̸=s,s−1

β+(q,Ni, ei)×

{
(nq

i−1 + 1)p([nq
1, . . . , n

q
i−1 + 1, nq

i − 1, . . . , nq
Nx+1], e, th) − nq

i−1p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx∑
i=1,

i ̸=s,s−1

β+(q,Ni, ei)×

{
n̄q
i−1p([n

q
1, . . . , n̄

q
i−1, n̄

q
i , . . . , n

q
Nx+1], e, th) − nq

i−1p(n, e, th)
}

=
∑
n

∑
e

nq
s

Nx∑
i=1,

i ̸=s,s−1

β+(q,Ni, ei)
{
nq
i−1p(n, e, th) − nq

i−1p(n, e, th)
}

= 0.
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Now for i = s and the change of variables n̄q
s = nq

s − 1 and n̄q
s−1 = nq

s−1 + 1, we have

L5 =
∑
n

∑
e

nq
sβ+(q,Ns, es)×{

(nq
s−1 + 1)p([nq

1, . . . , n
q
s−1 + 1, nq

s − 1, . . . , nq
Nx+1], e, th) − nq

s−1p(n, e, th)
}

=
∑
n

∑
e

β+(q,Ns, es)×{
(n̄q

s + 1)n̄q
s−1p([n

q
1, . . . , n̄

q
s−1, n̄

q
s, . . . , n

q
Nx+1], e, th) − nq

sn
q
sp(n, e, th)

}
=
∑
n

∑
e

β+(q,Ns, es)
{

(nq
s + 1)nq

s−1p(n, e, th) − nq
sn

q
s−1p(n, e, th)

}
=
∑
n

∑
e

β+(q,Ns, es)n
q
s−1p(n, e, th)

= ⟨β+(q,Ns, es)n
q
s−1⟩.

Finally, for i = s + 1 with the change of variables n̄q
s+1 = nq

s+1 − 1 and n̄q
s = nq

s + 1,

we have

L6 =
∑
n

∑
e

nq
sβ+(q,Ns+1, es+1)×{

(nq
s + 1)p([nq

1, . . . , n
q
s + 1, nq

s+1 − 1, . . . , nq
Nx+1], e, th) − nq

sp(n, e, th)
}

=
∑
n

∑
e

β+(q,Ns+1, es+1)×{
(n̄q

s − 1)n̄q
sp([n

q
1, . . . , n̄

q
s, n̄

q
s+1, . . . , n

q
Nx+1], e, th) − nq

sn
q
sp(n, e, th)

}
=
∑
n

∑
e

β+(q,Ns+1, es+1) {(nq
s − 1)nq

sp(n, e, th) − nq
sn

q
sp(n, e, th)}

= −
∑
n

∑
e

β+(q,Ns+1, es+1)n
q
sp(n, e, th)

= −⟨β+(q,Ns+1, es+1)n
q
s⟩.

Bringing back together these terms, we have

L = L1 + L2 + L3 + L4 + L5 + L6

= ⟨β+(q,Ns, es)n
q
s−1⟩ − ⟨β+(q,Ns+1, es+1)n

q
s⟩.

Finally, we must consider the last term in Equation (5.1) (ignoring the degradation
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terms, which do not contribute to cell dynamics)

M =
∑
n

∑
e

nq
s

Nx+1∑
i=1

Ny+1∑
j=1

{
γ(j,Ni − 1, ei)(n

j
i − 1)p(Gi,jn, e, th)

− γ(j,Ni, ei)n
j
ip(n, e, th)

}
=
∑
n

∑
e

nq
s

Nx+1∑
i=1

Ny+1∑
j=1

{
γ(j,Ni − 1, ei)(n

j
i − 1)p([nj

1, . . . , n
j
i − 1, . . . , nj

Nx+1], e, th)

− γ(j,Ni, ei)n
j
ip(n, e, th)

}
,

= M1 +M2 +M3 +M4.

Again we consider the cases i = s, i ̸= s, j = q, j ̸= q. First, begin with i ̸= s and

j ̸= q, and use the change of variable n̄j
i = nj

i − 1, noticing that Ni − 1 becomes N̄i

when we change the variable. Dropping the bars gives

M1 =
∑
n

∑
e

nq
s

Nx+1∑
i=1

Ny+1∑
j=1

{
γ(j,Ni − 1, ei)(n

j
i − 1)p([nj

1, . . . , n
j
i − 1, . . . , nj

Nx+1], e, th)

− γ(j,Ni, ei)n
j
ip(n, e, th)

}
=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

Ny+1∑
j=1,
j ̸=q

{
γ(j, N̄i, ei)n̄i

jp([nj
1, . . . , n̄

j
i , . . . , n

j
Nx+1], e, th)

− γ(j,Ni, ei)n
j
ip(n, e, th)

}
=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

Ny+1∑
j=1,
j ̸=q

γ(j,Ni, ei)
{
nj
ip(n, e, th) − nj

ip(n, e, th)
}

= 0.

Now consider i ̸= s and j = q. Using the change of variable n̄q
i = nq

i − 1, along with
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the newly defined N̄i, before dropping the bars we have

M2 =
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

{
γ(q,Ni − 1, ei)(n

q
i − 1)p([nq

1, . . . , n
q
i − 1, . . . , nq

Nx+1], e, th)

− γ(q,Ni, ei)n
q
ip(n, e, th)

}
=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

{
γ(q, N̄i, ei)n̄

q
ip([n

q
1, . . . , n̄

q
i , . . . , n

q
Nx+1], e, th)

− γ(q,Ni, ei)n
q
ip(n, e, th)

}
=
∑
n

∑
e

nq
s

Nx+1∑
i=1,
i ̸=s

γ(q,Ni, ei) {nq
ip(n, e, th) − nq

ip(n, e, th)}

= 0.

Now take i = s and consider j ̸= q. Using the following change of variables, n̄j
s = nj

s−1

and N̄s = Ns − 1, we see that

M3 =
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

{
γ(j,Ns − 1, es)(n

j
s − 1)p([nj

1, . . . , n
j
s − 1, . . . , nj

Nx+1], e, th)

− γ(j,Ns, es)n
j
sp(n, e, th)

}
=
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

{
γ(j, N̄s, es)n̄

j
sp([n

j
1, . . . , n̄

j
s, . . . , n

j
Nx+1], e, th)

− γ(j,Ns, es)n
j
sp(n, e, th)

}
=
∑
n

∑
e

nq
s

Ny+1∑
j=1,
j ̸=q

γ(j,Ns, es)
{
nj
sp(n, e, th) − nj

sp(n, e, th)
}

= 0.

Finally, consider i = s and j = q with the change of variable n̄q
s = nq

s − 1 along with
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N̄s in the second term, and then drop the bars to give

M4 =
∑
n

∑
e

nq
s

{
γ(q,Ns − 1, es)(n

q
s − 1)p([nq

1, . . . , n
q
s − 1, . . . , nq

Nx+1], e, th)

− γ(q,Ns, es)n
q
sp(n, e, th)

}
=
∑
n

∑
e

{
γ(q, N̄s, es)n̄

q
s(n̄

q
s + 1)p([nq

1, . . . , n̄
q
s, . . . , n

q
Nx+1], e, th)

− γ(q,Ns, es)(n
q
s)

2p(n, e, th)
}

=
∑
n

∑
e

nq
sγ(q,Ns, es)p(n, e, th)

= ⟨γ(q,Ns, es)n
q
s⟩.

Combining all of these calculations, we can rewrite the master equation, Equa-

tion (5.1), as

∂

∂t
⟨nq

s⟩ =
1

∆t

⟨β+(q,Ns, es)n
q
s−1⟩ +

1

∆t

⟨β−(q,Ns, es)n
q
s+1⟩

− 1

∆t

⟨β−(q,Ns−1, es−1)n
q
s⟩ −

1

∆t

⟨β+(q,Ns+1, es+1)n
q
s⟩

+
1

∆t

⟨µ+(q − 1, Ns, es)n
q−1
s ⟩ +

1

∆t

⟨µ−(q + 1, Ns, es)n
q+1
s ⟩

− 1

∆t

⟨µ+(q,Ns, es)n
q
s⟩ −

1

∆t

⟨µ−(q,Ns, es)n
q
s⟩

+
1

∆t

⟨γ(q,Ns, es)n
q
s⟩. (5.3)

This mean equation is related to a PDE model in the appropriate limits as ∆x → 0,

∆y → 0 and ∆t → 0 simultaneously, and the discrete values of ⟨nj
i (th)⟩ and ⟨ei(th)⟩

are written in terms of the continuous variables n(x, y, t) and e(x, t), describing the

cell and local environment density, respectively, along with

ρ(x, t) =

∫ y=Ymax

y=Ymin

n(x, y, t)dy,

describing the total cell density. Equation (5.3) can be rewritten as follows, using
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mean-field approximations correct to O(∆t),

∂n(x, y, t)

∂t
=

1

∆t

β+(y, ρ(x, t), e(x, t))n(x− ∆x, y, t)

+
1

∆t

β−(y, ρ(x, t), e(x, t))n(x+ ∆x, y, t)

− 1

∆t

β−(y, ρ(x− ∆x, t), e(x− ∆x, t))n(x, y, t)

− 1

∆t

β+(y, ρ(x+ ∆x, t), e(x+ ∆x, t))n(x, y, t)

+
1

∆t

µ+(y − ∆y, ρ(x, t), e(x, t))n(x, y − ∆y, t)

+
1

∆t

µ−(y + ∆y, ρ(x, t), e(x, t))n(x, y + ∆y, t)

− 1

∆t

µ+(y, ρ(x, t), e(x, t))n(x, y, t)

− 1

∆t

µ−(y, ρ(x, t), e(x, t))n(x, y, t)

+
1

∆t

γ(y, ρ(x, t), e(x, t))n(x, y, t). (5.4)

Then, we can employ Taylor series expansions in Equation (5.4) and take limits to
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give

∂n(x, y, t)

∂t
=

1

∆t

β+(y, ρ(x, t), e(x, t))

[
n(x, y, t) − ∆x

∂

∂x
n(x, y, t) +

∆2
x

2

∂2

∂x2
n(x, y, t)

]

+
1

∆t

β−(y, ρ(x, t), e(x, t))

[
n(x, y, t) + ∆x

∂

∂x
n(x, y, t) +

∆2
x

2

∂2

∂x2
n(x, y, t)

]

− 1

∆t

[
β−(y, ρ, e) − ∆x

∂

∂x
β−(y, ρ, e) +

∆2
x

2

∂2

∂x2
β−(y, ρ, e)

]
n(x, y, t)

− 1

∆t

[
β+(y, ρ, e) + ∆x

∂

∂x
β+(y, ρ, e) +

∆2
x

2

∂2

∂x2
β+(y, ρ, e)

]
n(x, y, t)

+
1

∆t

[
µ+(y, ρ, e) − ∆y

∂

∂y
µ+(y, ρ, e) +

∆2
y

2

∂2

∂y2
µ+(y, ρ, e)

]
×[

n(x, y, t) − ∆y
∂

∂y
n(x, y, t) +

∆2
y

2

∂2

∂y2
n(x, y, t)

]

+
1

∆t

[
µ−(y, ρ, e) + ∆y

∂

∂y
µ−(y, ρ, e) +

∆2
y

2

∂2

∂y2
µ−(y, ρ, e)

]
×[

n(x, y, t) + ∆y
∂

∂y
n(x, y, t) +

∆2
y

2

∂2

∂y2
n(x, y, t)

]
− 1

∆t

µ+(y, ρ(x, t), e(x, t))n(x, y, t) − 1

∆t

µ−(y, ρ(x, t), e(x, t))n(x, y, t)

+
1

∆t

γ(y, ρ(x, t), e(x, t))n(x, y, t) + O(∆3
x) + O(∆3

y) + O(∆2
t ).

Rearranging and collecting terms, we obtain

∂

∂t
n(x, y, t) =

∆x

∆t

∂

∂x

(
(β−(y, ρ(x, t), e(x, t)) − β+(y, ρ(x, t), e(x, t)))n

)
+

∆2
x

2∆t

∂

∂x

((
β− (y, ρ(x, t), e(x, t)) + β+ (y, ρ(x, t), e(x, t))

) ∂
∂x
n(x, y, t)

− n(x, y, t)
∂

∂x

(
β− (y, ρ(x, t), e(x, t))

+ β+ (y, ρ(x, t), e(x, t))
))

+
∆y

∆t

∂

∂y

((
µ− (y, ρ(x, t), e(x, t)) − µ+ (y, ρ(x, t), e(x, t))

)
n(x, y, t)

)
+

∆2
y

2∆t

∂2

∂y2

((
µ− (y, ρ(x, t), e(x, t)) + µ+ (y, ρ(x, t), e(x, t))

)
n(x, y, t)

)
+

1

∆t

γ (y, ρ(x, t), e(x, t))n(x, y, t).
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We take the parabolic limit as ∆x, ∆y, ∆t → 0 simultaneously (assuming n(x, y, t) ∼
O(1), and the associated constraints on the functions are satisfied), and define

lim
∆x,∆t→0

∆x

∆t

(
β−(y, ρ(x, t), e(x, t)) − β+(y, ρ(x, t), e(x, t))

)
= vm(y, ρ(x, t), e(x, t)),

(5.5)

lim
∆x,∆t→0

∆2
x

2∆t

(
β−(y, ρ(x, t), e(x, t)) + β+(y, ρ(x, t), e(x, t))

)
= Dm(y, ρ(x, t), e(x, t)),

(5.6)

lim
∆y ,∆t→0

∆y

∆t

(
µ− (y, ρ(x, t), e(x, t)) − µ+ (y, ρ(x, t), e(x, t))

)
= vp(y, ρ(x, t), e(x, t)),

(5.7)

lim
∆y ,∆t→0

∆2
y

2∆t

(
µ− (y, ρ(x, t), e(x, t)) + µ+ (y, ρ(x, t), e(x, t))

)
= Dp(y, ρ(x, t), e(x, t)),

(5.8)

lim
∆t→0

1

∆t

γ (y, ρ(x, t), e(x, t)) = r(y, ρ(x, t), e(x, t)).

(5.9)

The final equation for the evolution of the cell density is therefore given by

∂

∂t
n(x, y, t) =

∂

∂x

(
vm(y, ρ(x, t), e(x, t))n

)
+

∂

∂x

(
Dm (y, ρ(x, t), e(x, t))

∂

∂x
n(x, y, t)

− n(x, y, t)
∂

∂x
Dm (y, ρ(x, t), e(x, t))

)
+

∂

∂y
(vp (y, ρ(x, t), e(x, t))n(x, y, t))

+
∂2

∂y2
(Dp (y, ρ(x, t), e(x, t))n(x, y, t))

+ r (y, ρ(x, t), e(x, t))n(x, y, t). (5.10)

The differential equation governing the cell population evolution over time is comple-

mented with the initial condition

n(x, y, 0) = n0(x, y), (5.11)

and boundary conditions that we define in the following section.

5.3.1.1 Model equations on the boundaries

We can repeat the above analysis for the boundaries of physical and phenotype space

in order to retrieve the boundary equations. We note here that when looking at the

137



boundaries for the cell equation, all terms involving change in the number of elements

of the local environment provide no contribution and can be ignored hereon in.

Boundary condition at x = Xmin. Revisiting Equation (5.1) to derive the equa-

tion on the left-most lattice site, we multiply by nq
1 and sum over all possible states

n and e:

∆t

∑
n

∑
e

nq
1

∂

∂t
p(n, e, th) + O(∆2

t )

=
∑
n

∑
e

nq
1

Nx+1∑
i=1

Ny∑
j=1

µ−(j + 1, Ni, ei)
{

(nj+1
i + 1)p(Up

i,jn, e, th) − nj+1
i p(n, e, th)

}
+
∑
n

∑
e

nq
1

Nx+1∑
i=1

Ny+1∑
j=2

µ+(j − 1, Ni, ei)
{

(nj−1
i + 1)p(Dp

i,jn, e, th) − nj−1
i p(n, e, th)

}
+
∑
n

∑
e

nq
1

Nx∑
i=1

Ny+1∑
j=1

β−(j,Ni, ei)
{

(nj
i+1 + 1)p(Rm

i,jn, e, th) − nj
i+1p(n, e, th)

}
+
∑
n

∑
e

nq
1

Nx+1∑
i=2

Ny+1∑
j=1

β+(j,Ni, ei)
{

(nj
i−1 + 1)p(Lm

i,jn, e, th) − nj
i−1p(n, e, th)

}
+
∑
n

∑
e

nq
1

Nx+1∑
i=1

Ny+1∑
j=1

{
γ(j,Ni − 1, ei)(n

j
i − 1)p(Gi,jn, e, th)

− γ(j,Ni, ei)n
j
ip(n, e, th)

}
.

(5.12)

From earlier working, we know that the terms describing movement in physical space

only give non-zero contributions for certain choices of j. As such, we only consider

these going forward. Starting by considering the first term on the right-hand side

of Equation (5.12), we consider the non-zero contributions from the cases j = q and

j = q − 1. Using j = q:

∑
n

∑
e

nq
1

Nx+1∑
i=1

µ−(q + 1, Ni, ei)
{

(nq+1
i + 1)p(Up

i,qn, e, th) − nq+1
i p(n, e, th)

}
=
∑
n

∑
e

nq
1

Nx+1∑
i=1

µ−(q + 1, Ni, ei)×{
(nq+1

i + 1)p([n1
i , . . . , n

q
i − 1, nq+1

i + 1, . . . , n
Ny+1
i ], e, th) − nq+1

i p(n, e, th)
}
.

(5.13)

As per previous calculations, the only contributions here will come from terms where

i = 1. Looking at these, we see that if we employ the change of variables n̄q+1
1 =
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nq+1
1 + 1 and n̄q

1 = nq
1 − 1 in the first term, then we can rewrite the right-hand side of

Equation (5.13) as∑
n

∑
e

µ−(q + 1, N1, e1)×{
n̄q+1
1 (n̄q

1 + 1)p([n1
1, . . . , n̄

q
1, n̄

q+1
1 , . . . , n

Ny+1
1 ], e, th) − nq

1n
q+1
1 p(n, e, th)

}
=
∑
n

∑
e

µ−(q + 1, N1, e1)
{
nq+1
1 (nq

1 + 1)p(n, e, th) − nq
1n

q+1
1 p(n, e, th)

}
=
∑
n

∑
e

µ−(q + 1, N1, e1)n
q+1
1 p(n, e, th)

= ⟨µ−(q + 1, N1, e1)n
q+1
1 ⟩.

Using j = q−1 and i = 1, with the change of variables n̄q−1
1 = nq−1

1 −1 and n̄q
1 = nq

1+1

in the first term of Equation (5.12), then we have∑
n

∑
e

nq
1µ−(q,N1, e1)×{
(nq

1 + 1)p([n1
1, . . . , n

q−1
1 − 1, nq

1 + 1, . . . , n
Ny+1
1 ], e, th) − nq

1p(n, e, th)
}

=
∑
n

∑
e

µ−(q,N1, e1)×{
n̄q
1(n̄

q
1 − 1)p([n1

1, . . . , n̄
q−1
1 , n̄q

1, . . . , n
Ny+1
1 ], e, th) − nq

1n
q
1p(n, e, th)

}
=
∑
n

∑
e

µ−(q,N1, e1)
{
nq
1(n

q
1 − 1)p(n, e, th) − nq

1n
q
1p(n, e, th)

}
= −

∑
n

∑
e

µ−(q,N1, e1)n
q
1p(n, e, th)

= −⟨µ−(q,N1, e1)n
q
1⟩.

Considering the second term of Equation (5.12), we need to consider the cases j = q

and j = q + 1, for i = 1. For i = 1 and j = q, using the change of variables
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n̄q−1
1 = nq−1

1 + 1 and n̄q
1 = nq

1 − 1 we have∑
n

∑
e

nq
1µ+(q − 1, N1, e1)

{
(nq−1

1 + 1)p(Dp
1,qn, e, th) − nq−1

1 p(n, e, th)
}

=
∑
n

∑
e

nq
1µ+(q − 1, N1, e1)×{

(nq−1
1 + 1)p([n1

1, . . . , n
q−1
1 + 1, nq

1 − 1, . . . , n
Ny+1
1 ], e, th) − nq−1

1 p(n, e, th)
}

=
∑
n

∑
e

µ+(q − 1, N1, e1)×{
n̄q−1
1 (n̄q

1 + 1)p([n1
1, . . . , n̄

q−1
1 , n̄q

1, . . . , n
Ny+1
1 ], e, th) − nq

1n
q−1
1 p(n, e, th)

}
=
∑
n

∑
e

µ+(q − 1, N1, e1)
{
nq−1
1 (nq

1 + 1)p(n, e, th) − nq
1n

q−1
1 p(n, e, th)

}
=
∑
n

∑
e

µ+(q − 1, N1, e1)n
q−1
1 p(n, e, th)

= ⟨µ+(q − 1, N1, e1)n
q−1
1 ⟩.

For the case j = q + 1 and i = 1, the change of variables n̄q+1
1 = nq+1

1 − 1 and

n̄q
1 = nq

1 + 1 gives∑
n

∑
e

nq
1µ+(q,N1, e1)

{
(nq

1 + 1)p(Dp
1,qn, e, th) − nq

1p(n, e, th)
}

=
∑
n

∑
e

nq
1µ+(q,N1, e1)×{

(nq
1 + 1)p([n1

1, . . . , n
q
1 + 1, nq+1

1 − 1, . . . , n
Ny+1
1 ], e, th) − nq

1p(n, e, th)
}

=
∑
n

∑
e

µ+(q,N1, e1)×{
n̄q
1(n̄

q
1 − 1)p([n1

1, . . . , n̄
q
1, n̄

q+1
1 , . . . , n

Ny+1
1 ], e, th) − nq

1n
q
1p(n, e, th)

}
=
∑
n

∑
e

µ+(q,N1, e1) {nq
1(n

q
1 − 1)p(n, e, th) − nq

1n
q
1p(n, e, th)}

= −
∑
n

∑
e

µ+(q,N1, e1)n
q
1p(n, e, th)

= −⟨µ+(q,N1, e1)n
q
1⟩.

Now, looking at the third term of Equation (5.12), which governs movement in phys-

ical space, for j = q we have∑
n

∑
e

nq
1

Nx∑
i=1

β−(q,Ni, ei)
{

(nq
i+1 + 1)p(Rm

i,qn, e, th) − nq
i+1p(n, e, th)

}
=
∑
n

∑
e

nq
1

Nx∑
i=1

β−(q,Ni, ei)×{
(nq

i+1 + 1)p([nq
1, . . . , n

q
i − 1, nq

i+1 + 1, . . . , nq
Nx+1], e, th) − nq

i+1p(n, e, th)
}
,
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which only produces non-zero contributions when i = 1, namely,∑
n

∑
e

nq
1β−(q,N1, e1)

{
(nq

2 + 1)p([nq
1 − 1, nq

2 + 1, . . . , nq
Nx+1], e, th) − nq

2p(n, e, th)
}

=
∑
n

∑
e

β−(q,N1, e1)
{

(n̄q
1 + 1)n̄q

2p([n̄
q
1, n̄

q
2, . . . , n

q
Nx+1], e, th) − nq

1n
q
2p(n, e, th)

}
=
∑
n

∑
e

β−(q,N1, e1) {(nq
1 + 1)nq

2p(n, e, th) − nq
1n

q
2p(n, e, th)}

=
∑
n

∑
e

β−(q,N1, e1)n
q
2p(n, e, th)

= ⟨β−(q,N1, e1)n
q
2⟩,

where we used the change of variables n̄q
1 = nq

1−1 and n̄q
2 = nq

2 +1, and then dropped

the bars. Next, this argument can be repeated for j = q and i = 2 in the fourth

term of Equation (5.12) (chosen such that i − 1 = 1, and recalling that terms with

i > 2 will give zero contributions), using the change of variables n̄q
1 = nq

1 + 1 and

n̄q
2 = nq

2 − 1:∑
n

∑
e

nq
1β+(q,N2, e2)

{
(nq

1 + 1)p(Lm
2,qn, e, th) − nq

1p(n, e, th)
}

=
∑
n

∑
e

nq
1β+(q,N2, e2)×{

(nq
1 + 1)p([nq

1 + 1, nq
2 − 1, . . . , nq

Nx+1], e, th) − nq
1p(n, e, th)

}
=
∑
n

∑
e

β+(q,N2, e2)
{
n̄q
1(n̄

q
1 − 1)p([n̄q

1, n̄
q
2, . . . , n

q
Nx+1], e, th) − nq

1n
q
1p(n, e, th)

}
=
∑
n

∑
e

β+(q,N2, e2) {nq
1(n

q
1 − 1)p(n, e, th) − nq

1n
q
1p(n, e, th)}

= −
∑
n

∑
e

β+(q,N2, e2)n
q
1p(n, e, th)

= −⟨β+(q,N2, e2)n
q
1⟩.

Now, finally, we look at the last term on the right-hand side of Equation (5.12) which

has only non-zero contributions when j = q and i = 1:∑
n

∑
e

nq
1 {γ(q,N1 − 1, e1)(n

q
1 − 1)p(G1,qn, e, th) − nq

1γ(q,N1, e1)p(n, e, th)}

=
∑
n

∑
e

nq
1

{
γ(q,N1 − 1, e1)(n

q
1 − 1)p([nq

1 − 1, . . . , nq
Nx+1], e, th)

− nq
1γ(q,N1, e1)p(n, e, th)

}
. (5.14)
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Using the change of variable n̄q
1 = nq

1 − 1 in the second term of Equation (5.14) we

have∑
n

∑
e

{
n̄q
1(n̄

q
1 + 1)γ(q, N̄1, e1)n̄

q
1p([n̄

q
1, . . . , n

q
Nx+1], e, th) − (nq

1)
2γ(q,N1, e1)p(n, e, th)

}
=
∑
n

∑
e

{
nq
1(n

q
1 + 1)γ(q,N1, e1)n

q
1p(n, e, th) − (nq

1)
2γ(q,N1, e1)p(n, e, th)

}
=
∑
n

∑
e

γ(q,N1, e1)n
q
1p(n, e, th)

= ⟨γ(q,N1, e1)n
q
1⟩.

Recompiling these simplified terms, the equation for cell evolution on the left-hand

boundary in physical space becomes

∂

∂t
⟨nq

1⟩ =
1

∆t

⟨µ−(q + 1, N1, e1)n
q+1
1 ⟩ +

1

∆t

⟨µ+(q − 1, N1, e1)n
q−1
1 ⟩

− 1

∆t

⟨µ−(q,N1, e1)n
q
1⟩ −

1

∆t

⟨µ+(q,N1, e1)n
q
1⟩

+
1

∆t

⟨β−(q,N1, e1)n
q
2⟩ −

1

∆t

⟨β+(q,N2, e2)n
q
1⟩ +

1

∆t

⟨γ(q,N1, e1)n
q
1⟩. (5.15)

Now we wish to find the continuum equivalent of this equation. Recalling the

continuum equivalents of the dependent variables, and employing Taylor series ex-

pansions around x = Xmin, we can rewrite Equation (5.15) as (dropping the dependent

variables for simplicity)

∆t
∂n

∂t
=

(
µ− + ∆y

∂µ−

∂y
+

∆2
y

2

∂2µ−

∂y2
+ . . .

)(
n+ ∆y

∂n

∂y
+

∆2
y

2

∂2n

∂y2
+ . . .

)
+

(
µ+ − ∆y

∂µ+

∂y
+

∆2
y

2

∂2µ+

∂y2
+ . . .

)(
n− ∆y

∂n

∂y
+

∆2
y

2

∂2n

∂y2
+ . . .

)
− µ+n− µ−n+ γn+ β−

(
n+ ∆x

∂n

∂x
+

∆2
x

2

∂2n

∂x2
+ . . .

)
− n

(
β+ + ∆x

∂β+
∂x

+
∆2

x

2

∂2β+
∂x2

+ . . .

)
,

at x = Xmin, so that we have

∂n

∂t
=

∆y

∆t

∂

∂y
((µ− − µ+)n) +

∆2
y

2∆t

∂2

∂y2
((µ− + µ+)n) +

1

∆t

n (β− − β+)

+
∆x

∆t

(
β−
∂n

∂x
− n

∂β+
∂x

)
+

∆2
x

2∆t

(
β−
∂2n

∂x2
− n

∂2β+
∂x2

)
+

1

∆t

γn. (5.16)

Recalling Equations (5.5)–(5.9) such that

β± =
Dm∆t

∆2
x

∓ vm∆t

2∆x

, (5.17)
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in the limit ∆x,∆t → 0, then Equation (5.16) can be rewritten (ignoring higher order

corrections) as

∂n

∂t
=

∂

∂y
(vpn) +

∂2

∂y2
(Dpn) +

1

∆x

vmn+
1

2
vm

∂n

∂x
+

1

∆x

Dm∂n

∂x

− 1

∆x

n
∂

∂x
Dm − 1

2
n
∂

∂x
vm +

1

2
Dm∂

2n

∂x2
− 1

2
n
∂2

∂x2
Dm + rn.

In order to prevent blow-up of terms in the limit ∆x → 0, we require

vmn+Dm∂n

∂x
− n

∂

∂x
Dm = 0 at x = Xmin.

As such, we have no flux of cells out of the physical space boundary at x = Xmin.

Boundary condition at x = Xmax. Revisiting Equation (5.1) to find the equation

for the right-hand lattice site in physical space we multiply by nq
Nx+1 and sum over

all possible states n and e to give

∆t

∑
n

∑
e

nq
Nx+1

∂

∂t
p(n, e, th) =

∑
n

∑
e

nq
Nx+1

Nx+1∑
i=1

Ny∑
j=1

µ−(j + 1, Ni, ei)
{

(nj+1
i + 1)p(Up

i,jn, e, th) − nj+1
i p(n, e, th)

}
+
∑
n

∑
e

nq
Nx+1

Nx+1∑
i=1

Ny+1∑
j=2

µ+(j − 1, Ni, ei)
{

(nj−1
i + 1)p(Dp

i,jn, e, th)

− nj−1
i p(n, e, th)

}
+
∑
n

∑
e

nq
Nx+1

Nx∑
i=1

Ny+1∑
j=1

β−(j,Ni, ei)
{

(nj
i+1 + 1)p(Rm

i,jn, e, th) − nj
i+1p(n, e, th)

}
+
∑
n

∑
e

nq
Nx+1

Nx+1∑
i=2

Ny+1∑
j=1

β+(j,Ni, ei)
{

(nj
i−1 + 1)p(Lm

i,jn, e, th) − nj
i−1p(n, e, th)

}
+
∑
n

∑
e

nq
Nx+1

Nx+1∑
i=1

Ny+1∑
j=1

{
γ(j,Ni − 1, ei)(n

j
i − 1)p(Gi,jn, e, th)

− γ(j,Ni, ei)n
j
ip(n, e, th)

}
.

(5.18)

Now we can repeat the analysis from the previous section, where we considered the

action on the boundary x = Xmin, for x = Xmax. In the first two terms on the right-

hand side of Equation (5.18), we are interested in the i = Nx terms only. In the first
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term, we need to consider the cases j = q and j = q − 1. First, looking at j = q and

using the change of variables n̄q+1
Nx+1 = nq+1

Nx+1 + 1 and n̄q
Nx+1 = nq

Nx+1 − 1 gives∑
n

∑
e

nq
Nx+1µ−(q + 1, NNx+1, eNx+1)

{
(nq+1

Nx+1 + 1)p(Up
Nx+1,qn, e, th)

− nq+1
Nx+1p(n, e, th)

}
=
∑
n

∑
e

nq
Nx+1µ−(q + 1, NNx+1, eNx+1)×{

(nq+1
Nx+1 + 1)p([n1

Nx+1, . . . , n
q
Nx+1 − 1, nq+1

Nx+1 + 1, . . . , n
Ny+1
Nx+1], e, th)

− nq+1
Nx+1p(n, e, th)

}
=
∑
n

∑
e

µ−(q + 1, NNx+1, eNx+1)×{
n̄q+1
Nx+1(n̄

q
Nx+1 + 1)p([n1

Nx+1, . . . , n̄
q
Nx+1, n̄

q+1
Nx+1, . . . , n

Ny+1
Nx+1], e, th)

− nq
Nx+1n

q+1
Nx+1p(n, e, th)

}
=
∑
n

∑
e

µ−(q + 1, NNx+1, eNx+1)
{
nq+1
Nx+1(n

q
Nx+1 + 1)p(n, e, th)

− nq
Nx+1n

q+1
Nx+1p(n, e, th)

}
=
∑
n

∑
e

µ−(q + 1, NNx+1, eNx+1)n
q+1
Nx+1p(n, e, th)

= ⟨µ−(q + 1, NNx+1, eNx+1)n
q+1
Nx+1⟩.

Using j = q and i = Nx + 1, with the change of variables n̄q−1
Nx+1 = nq−1

Nx+1 − 1 and

n̄q
Nx+1 = nq

Nx+1 + 1 in the first term, then we have∑
n

∑
e

nq
Nx+1µ−(q,NNx+1, eNx+1)×{
(nq

Nx+1 + 1)p([n1
Nx+1, . . . , n

q−1
Nx+1 − 1, nq

Nx+1 + 1, . . . , n
Ny+1
Nx+1], e, th)

− nq
Nx+1p(n, e, th)

}
=
∑
n

∑
e

µ−(q,NNx+1, eNx+1)×{
n̄q
Nx+1(n̄

q
Nx+1 − 1)p([n1

Nx+1, . . . , n̄
q−1
Nx+1, n̄

q
Nx+1, . . . , n

Ny+1
Nx+1], e, th)

− nq
Nx+1n

q
Nx+1p(n, e, th)

}
=
∑
n

∑
e

µ−(q,NNx+1, eNx+1)
{
nq
Nx+1(n

q
Nx+1 − 1)p(n, e, th)

− nq
Nx+1n

q
Nx+1p(n, e, th)

}
= −

∑
n

∑
e

µ−(q,NNx+1, eNx+1)n
q
Nx+1p(n, e, th)

= −⟨µ−(q,NNx+1, eNx+1)n
q
Nx+1⟩.
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For the second term, we need to consider j = q and j = q + 1 whilst maintaining

i = Nx + 1. For i = Nx + 1 and j = q, whilst using the change of variables n̄q−1
Nx+1 =

nq−1
Nx+1 + 1 and n̄q

Nx+1 = nq
Nx+1 − 1 we have∑

n

∑
e

nq
Nx+1µ+(q − 1, NNx+1, eNx+1)

{
(nq−1

Nx+1 + 1)p(Dp
Nx+1,qn, e, th)

− nq−1
Nx+1p(n, e, th)

}
=
∑
n

∑
e

nq
Nx+1µ+(q − 1, NNx+1, eNx+1)×{

(nq−1
Nx+1 + 1)p([n1

Nx+1, . . . , n
q−1
Nx+1 + 1, nq

Nx+1 − 1, . . . , n
Ny+1
Nx+1], e, th)

− nq−1
Nx+1p(n, e, th)

}
=
∑
n

∑
e

µ+(q − 1, NNx+1, eNx+1)×{
n̄q−1
Nx+1(n̄

q
Nx+1 + 1)p([n1

Nx+1, . . . , n̄
q−1
Nx+1, n̄

q
Nx+1, . . . , n

Ny+1
Nx+1], e, th)

− nq
Nx+1n

q−1
Nx+1p(n, e, th)

}
=
∑
n

∑
e

µ+(q − 1, NNx+1, eNx+1)
{
nq−1
Nx+1(n

q
Nx+1 + 1)p(n, e, th)

− nq
Nx+1n

q−1
Nx+1p(n, e, th)

}
=
∑
n

∑
e

µ+(q − 1, NNx+1, eNx+1)n
q−1
Nx+1p(n, e, th)

= ⟨µ+(q − 1, NNx+1, eNx+1)n
q−1
Nx+1⟩.
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Now looking at j = q+ 1 and i = Nx, the change of variables n̄q+1
Nx+1 = nq+1

Nx+1 − 1 and

n̄q
Nx+1 = nq

Nx+1 + 1 gives∑
n

∑
e

nq
Nx+1µ+(q,NNx+1, eNx+1)

{
(nq

Nx+1 + 1)p(Dp
Nx+1,qn, e, th) − nq

Nx+1p(n, e, th)
}

=
∑
n

∑
e

nq
Nx+1µ+(q,NNx+1, eNx+1)×{

(nq
Nx+1 + 1)p([n1

Nx+1, . . . , n
q
Nx+1 + 1, nq+1

Nx+1 − 1, . . . , n
Ny+1
Nx+1], e, th)

− nq
Nx+1p(n, e, th)

}
=
∑
n

∑
e

µ+(q,NNx+1, eNx+1)×{
n̄q
Nx+1(n̄

q
Nx+1 − 1)p([n1

Nx+1, . . . , n̄
q
Nx+1, n̄

q+1
Nx+1, . . . , n

Ny+1
Nx+1], e, th)

− nq
Nx+1n

q
Nx+1p(n, e, th)

}
=
∑
n

∑
e

µ+(q,NNx+1, eNx+1)
{
nq
Nx+1(n

q
Nx+1 − 1)p(n, e, th)

− nq
Nx+1n

q
Nx+1p(n, e, th)

}
= −

∑
n

∑
e

µ+(q,NNx+1, eNx+1)n
q
Nx+1p(n, e, th)

= −⟨µ+(q,NNx+1, eNx+1)n
q
Nx+1⟩.

Next, we want to consider the movement terms in physical space. In these cases,

we will only have non-zero contributions when j = q. Looking at the first term,

we will have contributions only when i = Nx. Then, using the change of variables
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n̄q
Nx+1 = nq

Nx+1 + 1 and n̄q
Nx

= nq
Nx

− 1 and dropping the bars, we arrive at∑
n

∑
e

nq
Nx+1β−(q,NNx , eNx)

{
(nq

Nx+1 + 1)p(Rm
Nx,qn, e, th) − nq

Nx+1p(n, e, th)
}

=
∑
n

∑
e

nq
Nx+1β−(q,NNx , eNx)×{

(nq
Nx+1 + 1)p([nq

1, . . . , n
q
Nx

− 1, nq
Nx+1 + 1], e, th) − nq

Nx+1p(n, e, th)
}

=
∑
n

∑
e

nq
Nx
β−(q,NNx , eNx)×{

(nq
Nx+1 + 1)p([nq

1, . . . , n
q
Nx

− 1, nq
Nx+1 + 1], e, th) − nq

Nx+1p(n, e, th)
}
,

=
∑
n

∑
e

β−(q,NNx , eNx)×{
(n̄q

Nx
− 1)n̄q

Nx+1p([n
q
1, . . . , n̄

q
Nx
, n̄q

Nx+1], e, th) − nq
Nx
nq
Nx+1p(n, e, th)

}
=
∑
n

∑
e

β−(q,NNx , eNx)×{
(nq

Nx
− 1)nq

Nx+1p(n, e, th) − nq
Nx
nq
Nx+1p(n, e, th)

}
= −

∑
n

∑
e

β−(q,NNx , eNx)nq
Nx+1p(n, e, th)

= −⟨β−(q,NNx , eNx)nq
Nx+1⟩.

We can repeat this for j = q and i = Nx + 1 in the fourth term of Equation (5.18),

using the change of variables n̄q
Nx+1 = nq

Nx+1 − 1 and n̄q
Nx

= nq
Nx

+ 1 to give∑
n

∑
e

nq
Nx+1β+(q,NNx+1, eNx+1)

{
(nq

Nx
+ 1)p(Lm

Nx,qn, e, th) − nq
Nx
p(n, e, th)

}
,

=
∑
n

∑
e

nq
Nx+1β+(q,NNx+1, eNx+1)×{

(nq
Nx

+ 1)p([nq
1, . . . , n

q
Nx

+ 1, nq
Nx+1 − 1], e, th) − nq

Nx
p(n, e, th)

}
=
∑
n

∑
e

β+(q,NNx+1, eNx+1)×{
n̄q
Nx

(n̄q
Nx+1 + 1)p([nq

1, . . . , n̄
q
Nx
, n̄q

Nx+1], e, th) − nq
Nx+1n

q
Nx
p(n, e, th)

}
=
∑
n

∑
e

β+(q,NNx+1, eNx+1)
{
nq
Nx

(nq
Nx+1 + 1)p(n, e, th) − nq

Nx
nq
Nx+1p(n, e, th)

}
=
∑
n

∑
e

β+(q,NNx+1, eNx+1)n
q
Nx
p(n, e, th)

= ⟨β+(q,NNx+1, eNx+1)n
q
Nx
⟩.

The final term on right-hand side of Equation (5.18) has non-zero contributions when

j = q and i = Nx + 1 only. We employ the change of variable n̄q
Nx+1 = nq

Nx+1 − 1 in
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the second term to give∑
n

∑
e

nq
Nx+1{γ(q,NNx+1 − 1, eNx+1)(n

q
Nx+1 − 1)p(GNx+1,qn, e, th)

− nq
Nx+1γ(q,NNx+1, eNx+1)p(n, e, th)}

=
∑
n

∑
e

nq
Nx+1

{
γ(q,NNx+1 − 1, eNx+1)(n

q
Nx+1 − 1)p([nq

1, . . . , n
q
Nx+1 − 1], e, th)

− nq
Nx+1γ(q,NNx+1, eNx+1)p(n, e, th)

}
=
∑
n

∑
e

{
γ(q, ¯NNx+1, eNx+1)(n̄

q
Nx+1 − 1)n̄q

Nx+1p([n
q
1, . . . , n̄

q
Nx+1], e, th)

− γ(q,NNx+1, eNx+1)(n
q
Nx+1)

2p(n, e, th)
}

=
∑
n

∑
e

γ(q,NNx+1, eNx+1)
{

(nq
Nx+1 − 1)nq

Nx+1p(n, e, th) − (nq
Nx+1)

2p(n, e, th)
}

=
∑
n

∑
e

γ(q,NNx+1, eNx+1)n
q
Nx+1p(n, e, th)

= ⟨γ(q,NNx+1, eNx+1)n
q
Nx+1⟩.

Putting these together, the equation for cell evolution on the right-hand boundary in

physical space becomes

∂

∂t
⟨nq

Nx+1⟩ =
1

∆t

⟨µ−(q + 1, NNx+1, eNx+1)n
q+1
Nx+1⟩ +

1

∆t

⟨µ+(q − 1, NNx+1, eNx+1)n
q−1
Nx+1⟩

− 1

∆t

⟨µ−(q,NNx+1, eNx+1)n
q
Nx+1⟩ −

1

∆t

⟨µ+(q,NNx+1, eNx+1)n
q
Nx+1⟩

+
1

∆t

⟨β+(q,NNx+1, eNx+1)n
q
Nx
⟩ − 1

∆t

⟨β−(q,NNx , eNx)nq
Nx+1⟩

+
1

∆t

⟨γ(q,NNx+1, eNx+1)n
q
Nx+1⟩. (5.19)

Now we want to find the continuum limit of Equation (5.19). Recalling the contin-

uum equivalents of the dependent variables whilst employing Taylor series expansions

around x = Xmax, we can rewrite Equation (5.19) as (dropping the dependent vari-

ables for simplicity)

∆t
∂n

∂t
=

(
µ− + ∆y

∂µ−

∂y
+

∆2
y

2

∂2µ−

∂y2
+ . . .

)(
n+ ∆y

∂n

∂y
+

∆2
y

2

∂2n

∂y2
+ . . .

)
+

(
µ+ − ∆y

∂µ+

∂y
+

∆2
y

2

∂2µ+

∂y2
+ . . .

)(
n− ∆y

∂n

∂y
+

∆2
y

2

∂2n

∂y2
+ . . .

)
− µ+n− µ−n+ γn+ β+

(
n− ∆x

∂n

∂x
+

∆2
x

2

∂2n

∂x2
+ . . .

)
− n

(
β− − ∆x

∂β−
∂x

+
∆2

x

2

∂2β−
∂x2

+ . . .

)
,
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at x = Xmax so that

∂n

∂t
=

∆y

∆t

∂

∂y
((µ− − µ+)n) +

∆2
y

2∆t

∂2

∂y2
((µ− + µ+)n) − 1

∆t

n (β− − β+)

− ∆x

∆t

(
β+
∂n

∂x
− n

∂β−
∂x

)
+

∆2
x

2∆t

(
β+
∂2n

∂x2
− n

∂2β−
∂x2

)
+

1

∆t

γn. (5.20)

Recalling Equations (5.5)–(5.9) and (5.17), then Equation (5.20) can be rewritten

(ignoring higher order corrections) as

∂n

∂t
=

∂

∂y
(vpn) +

∂2

∂y2
(Dpn) − 1

∆x

vmn+
1

2
vm

∂n

∂x
− 1

∆x

Dm∂n

∂x

+
1

∆x

n
∂

∂x
Dm − 1

2
n
∂

∂x
vm +

1

2
Dm∂

2n

∂x2
− 1

2
n
∂2

∂x2
Dm + rn.

In order to prevent blow-up of terms in the limit ∆x → 0, we require

−vmn−Dm∂n

∂x
+ n

∂

∂x
Dm = 0 at x = Xmax.

As such, we also have a no flux condition for the cells out of the physical space

boundary at x = Xmax.

Boundary condition at y = Ymin. Returning to Equation (5.1), we seek an equa-

tion for the evolution of the cell number on the left-most lattice site in phenotype

space, i.e., at y1. To find this, we multiply Equation (5.1) by n1
s and sum over all

149



possible states n and e to give

∆t

∑
n

∑
e

n1
s

∂

∂t
p(n, e, th) + O(∆2

t )

=
∑
n

∑
e

n1
s

Nx+1∑
i=1

Ny∑
j=1

µ−(j + 1, Ni, ei)×{
(nj+1

i + 1)p(Up
i,jn, e, th) − nj+1

i p(n, e, th)
}

+
∑
n

∑
e

n1
s

Nx+1∑
i=1

Ny+1∑
j=2

µ+(j − 1, Ni, ei)×{
(nj−1

i + 1)p(Dp
i,jn, e, th) − nj−1

i p(n, e, th)
}

+
∑
n

∑
e

n1
s

Nx∑
i=1

Ny+1∑
j=1

β−(j,Ni, ei)
{

(nj
i+1 + 1)p(Rm

i,jn, e, th) − nj
i+1p(n, e, th)

}
+
∑
n

∑
e

n1
s

Nx+1∑
i=2

Ny+1∑
j=1

β+(j,Ni, ei)
{

(nj
i−1 + 1)p(Lm

i,jn, e, th) − nj
i−1p(n, e, th)

}
+
∑
n

∑
e

n1
s

Nx+1∑
i=1

Ny+1∑
j=1

{
γ(j,Ni − 1, ei)(n

j
i − 1)p(Gi,jn, e, th)

− γ(j,Ni, ei)n
j
ip(n, e, th)

}
.

(5.21)

Using the same methods as on the boundaries in physical space, we can change

variables in each term to find an equation for the evolution of cell number. Consider

the first term on the right-hand side. The non-zero contributions come from when

j = 1 and i = s. In the second term, the non-zero terms are for j = 2 and i = s. The

third term gives non-zero contributions when j = 1 and i = s or i = s − 1. In the

fourth term, there are non-zero contributions when j = 1 and i = s or i = s+ 1. The

final term produces non-zero contributions only when i = s and j = 1. Employing
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this knowledge, Equation (5.21) becomes

∆t

∑
n

∑
e

n1
s

∂

∂t
p(n, e, th) + O(∆2

t )

=
∑
n

∑
e

n1
sµ−(2, Ns, es)

{
(n2

s + 1)p(Up
s,1n, e, th) − n2

sp(n, e, th)
}

+
∑
n

∑
e

n1
sµ+(1, Ns, es)

{
(n1

s + 1)p(Dp
s,2n, e, th) − n1

sp(n, e, th)
}

+
∑
n

∑
e

n1
s

∑
i=s,s−1

β−(1, Ni, ei)
{

(n1
i+1 + 1)p(Rm

i,1n, e, th) − n1
i+1p(n, e, th)

}
+
∑
n

∑
e

n1
s

∑
i=s,s+1

β+(1, Ni, ei)
{

(n1
i−1 + 1)p(Lm

i,1n, e, th) − n1
i−1p(n, e, th)

}
+
∑
n

∑
e

n1
sγ(1, Ns, es)

{
n1
sp(n, e, th) − (n1

s + 1)p(Gs,1n, e, th)
}
. (5.22)

The first term can be rewritten using the change of variables n̄2
s = n2

s + 1 and n̄1
s =

n1
s − 1 to give∑

n

∑
e

n1
sµ−(2, Ns, es)

{
(n2

s + 1)p(Up
s,1n, e, th) − nNy+1

s p(n, e, th)
}

=
∑
n

∑
e

n1
sµ−(2, Ns, es)×{

(n2
s + 1)p([n1

s − 1, n2
s + 1, . . . nNy+1

s ], e, th) − n2
sp(n, e, th)

}
=
∑
n

∑
e

µ−(2, Ns, es)×{
n̄2
s(n̄

1
s + 1)p([n̄1

s, n̄
2
s, . . . , n̄

Ny+1
s ], e, th) − n2

sn
1
sp(n, e, th)

}
=
∑
n

∑
e

µ−(2, Ns, es)
{
n2
s(n

1
s + 1)p(n, e, th) − n1

sn
2
sp(n, e, th)

}
=
∑
n

∑
e

µ−(2, Ns, es)n
2
sp(n, e, th)

= ⟨µ−(2, Ns, es)n
2
s⟩.

The second term in the right-hand side of Equation (5.22) can then be rewritten as
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the following (using n̄2
s = n2

s − 1 and n̄1
s = n1

s + 1):∑
n

∑
e

n1
sµ+(1, Ns, es)

{
(n1

s + 1)p(Dp
s,1n, e, th) − n1

sp(n, e, th)
}

=
∑
n

∑
e

n1
sµ+(1, Ns, es)×{

(n1
s + 1)p([n1

s + 1, n2
s − 1, . . . , nNy+1

s ], e, th) − n1
sp(n, e, th)

}
=
∑
n

∑
e

µ+(1, Ns, es)×{
n̄1
s(n̄

1
s − 1)p([n̄1

s, n̄
2
s, . . . , n

Ny
s ], e, th) − n1

sn
1
sp(n, e, th)

}
=
∑
n

∑
e

µ+(1, Ns, es)
{
n1
s(n

2
s + 1)p(n, e, th) − n1

sn
1
sp(n, e, th)

}
= −

∑
n

∑
e

µ+(1, Ns, es)n
1
sp(n, e, th)

= −⟨µ+(1, Ns, es)n
1
s⟩.

The contributions from the terms describing movement in physical space are the same

as in Equation (5.3) with j = 1 and the growth terms are also the same as those in

Equation (5.3) with i = s and j = 1. Putting these together gives

∂

∂t
⟨n1

s⟩ =
1

∆t

⟨µ−(2, Ns, es)n
2
s⟩ −

1

∆t

⟨µ+(1, Ns, es)n
1
s⟩

+
1

∆t

⟨β+(1, Ns, es)n
1
s−1⟩ +

1

∆t

⟨β−(1, Ns, es)n
1
s+1⟩

− 1

∆t

⟨β−(1, Ns−1, es−1)n
1
s⟩ −

1

∆t

⟨β+(1, Ns+1, es+1)n
1
s⟩

+
1

∆t

⟨γ(1, Ns, es)n
1
s⟩. (5.23)

Then, in the limit ∆x,∆y,∆t → 0 Equation (5.23) can be rewritten at y = Ymin
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as follows:

∂

∂t
n(x, y, t) =

1

∆t

β+(y, ρ(x, t), e(x, t))n(x− ∆x, y, t)

+
1

∆t

β−(y, ρ(x, t), e(x, t))n(x+ ∆x, y, t)

− 1

∆t

β−(y, ρ(x− ∆x, t), e(x− ∆x, t))n(x, y, t)

− 1

∆t

β+(y, ρ(x+ ∆x, t), e(x+ ∆x, t))n(x, y, t)

+
1

∆t

µ−(y + ∆y, ρ(x, t), e(x, t))n(x, y + ∆y, t)

− 1

∆t

µ+(y, ρ(x, t), e(x, t))n(x, y, t)

+
1

∆t

γ(y, ρ(x, t), e(x, t))n(x, y, t).
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Employing the aforementioned Taylor expansions, we find

∂

∂t
n(x, y, t) =

1

∆t

β+(y, ρ(x, t), e(x, t))×[
n(x, y, t) − ∆x

∂

∂x
n(x, y, t) +

∆2
x

2

∂2

∂x2
n(x, y, t)

]
+

1

∆t

β−(y, ρ(x, t), e(x, t))×[
n(x, y, t) + ∆x

∂

∂x
n(x, y, t) +

∆2
x

2

∂2

∂x2
n(x, y, t)

]
− 1

∆t

n(x, y, t)×[
β−(y, ρ(x, t), e(x, t)) − ∆x

∂

∂x
β−(y, ρ(x, t), e(x, t)

+
∆2

x

2

∂2

∂x2
β−(y, ρ(x, t), e(x, t)

]
− 1

∆t

n(x, y, t)×[
β+(y, ρ(x, t), e(x, t)) + ∆x

∂

∂x
β+(y, ρ(x, t), e(x, t)

+
∆2

x

2

∂2

∂x2
β+(y, ρ(x, t), e(x, t)

]

+
1

∆t

[
n(x, y, t) + ∆y

∂

∂y
n(x, y, t) +

∆2
y

2

∂2

∂y2
n(x, y, t)

]
×[

µ−(y, ρ(x, t), e(x, t)) + ∆y
∂

∂y
µ−(y, ρ(x, t), e(x, t)

+
∆2

y

2

∂2

∂y2
µ−(y, ρ(x, t), e(x, t)

]
− 1

∆t

µ+(y, ρ(x, t), e(x, t))n(x, y, t)

+
1

∆t

γ(y, ρ(x, t), e(x, t))n(x, y, t).

This can be rewritten as (dropping the dependent variables for simplicity)

∂n

∂t
=

1

∆t

(µ− − µ+)n+
∆y

∆t

∂

∂y
(µ−n) +

∆2
y

2∆t

∂2

∂y2
(µ−n) +

∆x

∆t

∂

∂x

(
(β− − β+)n

)
+

∆2
x

2∆t

∂

∂x

(
(β− + β+)

∂n

∂x
− n

∂

∂x
(β− + β+)

)
+

1

∆t

γn, (5.24)
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at y = Ymin. Recalling Equations (5.5)–(5.9) such that

µ± =
Dp∆t

∆2
y

∓ vp∆t

2∆y

, (5.25)

in the limit ∆y,∆t → 0. Then Equation (5.24) can be rewritten (ignoring higher

order corrections) as

∂n

∂t
=

1

∆y

vpn+
∂

∂y

(
1

2
vpn+

1

∆y

Dpn

)
+

1

2

∂2

∂y2
(Dpn) +

∂

∂x
(vmn)

+
∂

∂x

(
Dm∂n

∂x
− n

∂

∂x
Dm

)
+ rn.

Therefore, in order to prevent blow-up of terms at y = Ymin, we require that

vpn+
∂

∂y
(Dpn) = 0 at y = Ymin.

Boundary condition at y = Ymax. Returning to Equation (5.1), we seek an equa-

tion for the evolution of the cell number on the upper most lattice site in phenotype

space, corresponding to the site yNy+1. To find this, we multiply Equation (5.1) by

n
Ny+1
s and sum over all possible states n and e gives

∆t

∑
n

∑
e

nNy+1
s

∂

∂t
p(n, e, th) =

∑
n

∑
e

nNy+1
s

Nx+1∑
i=1

Ny∑
j=1

µ−(j + 1, Ni, ei)
{

(nj+1
i + 1)p(Up

i,jn, e, th) − nj+1
i p(n, e, th)

}
+
∑
n

∑
e

nNy+1
s

Nx+1∑
i=1

Ny+1∑
j=2

µ+(j − 1, Ni, ei)
{

(nj−1
i + 1)p(Dp

i,jn, e, th)

− nj−1
i p(n, e, th)

}
+
∑
n

∑
e

nNy+1
s

Nx∑
i=1

Ny+1∑
j=1

β−(j,Ni, ei)
{

(nj
i+1 + 1)p(Rm

i,jn, e, th) − nj
i+1p(n, e, th)

}
+
∑
n

∑
e

nNy+1
s

Nx+1∑
i=2

Ny+1∑
j=1

β+(j,Ni, ei)
{

(nj
i−1 + 1)p(Lm

i,jn, e, th) − nj
i−1p(n, e, th)

}
+
∑
n

∑
e

nNy+1
s

Nx+1∑
i=1

Ny+1∑
j=1

γ(j,Ni, ei){γ(j,Ni − 1, ei)(n
j
i − 1)p(Gi,jn, e, th)

− γ(j,Ni, ei)n
j
ip(n, e, th)}.

(5.26)
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Using the same methods as on the boundaries in physical space, we can change

variables in each term to find an equation for the evolution of cell number. Consider

first the first term on the right-hand side. From previous analysis, we know that the

only non-zero contributions come from when j = Ny and i = s. In the second term,

the non-zero terms are j = Ny + 1 and i = s. The third term gives contributions

when j = Ny + 1 and i = s or i = s − 1. In the fourth term, there are non-zero

contributions when j = Ny + 1 and i = s or i = s + 1. The final term produces

non-zero contributions only when i = s and j = Ny + 1. Thus, Equation (5.26) can

be written as

∆t

∑
n

∑
e

nNy+1
s

∂

∂t
p(n, e, th) =∑

n

∑
e

nNy+1
s µ−(Ny + 1, Ns, es)

{
(nNy+1

s + 1)p(Up
s,Ny

n, e, th) − nNy+1
s p(n, e, th)

}
+
∑
n

∑
e

nNy+1
s µ+(Ny, Ns, es)

{
(nNy

s + 1)p(Dp
s,Ny+1n, e, th) − nNy

s p(n, e, th)
}

+
∑
n

∑
e

nNy+1
s

∑
i=s,s−1

β−(Ny + 1, Ni, ei)
{

(n
Ny+1
i+1 + 1)p(Rm

i,Ny+1n, e, th)

− n
Ny+1
i+1 p(n, e, th)

}
+
∑
n

∑
e

nNy+1
s

∑
i=s,s+1

β+(Ny + 1, Ni, ei)
{

(n
Ny+1
i−1 + 1)p(Lm

i,Ny+1n, e, th)

− n
Ny+1
i−1 p(n, e, th)

}
+
∑
n

∑
e

nNy+1
s {γ(Ny + 1, Ns − 1, es)(n

Ny+1
s − 1)p(Gs,Ny+1n, e, th)

− γ(Ny + 1, Ns, es)n
Ny+1
s p(n, e, th)}. (5.27)
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The first term in Equation (5.27) can be rewritten using the change of variables

(n̄
Ny+1
s = n

Ny+1
s + 1 and n̄

Ny
s = n

Ny
s − 1) in the following way:∑

n

∑
e

nNy+1
s µ−(Ny + 1, Ns, es)

{
(nNy+1

s + 1)p(Up
s,Ny

n, e, th) − nNy+1
s p(n, e, th)

}
=
∑
n

∑
e

nNy+1
s µ−(Ny + 1, Ns, es)×{

(nNy+1
s + 1)p([n1

s, . . . , n
Ny
s − 1, nNy+1

s − 1], e, th) − nNy+1
s p(n, e, th)

}
=
∑
n

∑
e

µ−(Ny + 1, Ns, es)×{
n̄Ny+1
s (n̄Ny+1

s − 1)p([n1
s, . . . , n̄

Ny
s , n̄Ny+1

s ], e, th) − nNy+1
s nNy+1

s p(n, e, th)
}

=
∑
n

∑
e

µ−(Ny + 1, Ns, es)
{
nNy+1
s (nNy+1

s − 1)p(n, e, th)

− nNy+1
s nNy+1

s p(n, e, th)
}

= −
∑
n

∑
e

µ−(Ny + 1, Ns, es)n
Ny+1
s p(n, e, th)

= −⟨µ−(Ny + 1, Ns, es)n
Ny+1
s ⟩.

The second term in Equation (5.27) can then be rewritten as the following (using

n̄
Ny+1
s = n

Ny+1
s − 1 and n̄

Ny
s = n

Ny
s + 1):∑

n

∑
e

nNy+1
s µ+(Ny, Ns, es)

{
(nNy

s + 1)p(Dp
s,Ny+1n, e, th) − nNy

s p(n, e, th)
}

=
∑
n

∑
e

nNy+1
s µ+(Ny, Ns, es)×{

(nNy
s + 1)p([n1

s, . . . , n
Ny
s + 1, nNy+1

s − 1], e, th) − nNy
s p(n, e, th)

}
=
∑
n

∑
e

µ+(Ny, Ns, es)×{
n̄Ny
s (n̄Ny+1

s + 1)p([n1
s, . . . , n̄

Ny
s , n̄Ny+1

s ], e, th) − nNy
s nNy+1

s p(n, e, th)
}

=
∑
n

∑
e

µ+(Ny, Ns, es)×{
nNy
s (nNy+1

s + 1)p(n, e, th) − nNy
s nNy+1

s p(n, e, th)
}

=
∑
n

∑
e

µ+(Ny, Ns, es)n
Ny
s p(n, e, th)

= ⟨µ+(Ny, Ns, es)n
Ny
s ⟩.

The contributions from the terms describing movement in physical space are the same

as in the main body Equation (5.3) where j = Ny. This is also true for the growth
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terms with i = s and j = Ny. Putting these together, we have

∂

∂t
⟨nNy+1

s ⟩ =
1

∆t

⟨µ+(Ny, Ns, es)n
Ny
s ⟩ − 1

∆t

⟨µ−(Ny + 1, Ns, es)n
Ny+1
s ⟩

+
1

∆t

⟨β+(Ny + 1, Ns, es)n
Ny+1
s−1 ⟩ +

1

∆t

⟨β−(Ny + 1, Ns, es)n
Ny+1
s+1 ⟩

− 1

∆t

⟨β−(Ny + 1, Ns−1, es−1)n
Ny+1
s ⟩

− 1

∆t

⟨β+(Ny + 1, Ns+1, es+1)n
Ny+1
s ⟩

+
1

∆t

⟨γ(Ny + 1, Ns, es)n
Ny+1
s ⟩. (5.28)

We can take the limit ∆x,∆y,∆t → 0, such that Equation (5.28) can be rewritten as

the following at y = Ymax:

∂

∂t
n(x, y, t) =

1

∆t

β+(y, ρ(x, t), e(x, t))n(x− ∆x, y, t)

+
1

∆t

β−(y, ρ(x, t), e(x, t))n(x+ ∆x, y, t)

− 1

∆t

β−(y, ρ(x− ∆x, t), e(x− ∆x, t))n(x, y, t)

− 1

∆t

β+(y, ρ(x+ ∆x, t), e(x+ ∆x, t))n(x, y, t)

+
1

∆t

µ+(y − ∆y, ρ(x, t), e(x, t))n(x, y − ∆y, t)

− 1

∆t

µ−(y, ρ(x, t), e(x, t))n(x, y, t)

+
1

∆t

γ(y, ρ(x, t), e(x, t))n(x, y, t).
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Using Taylor series expansions, we find

∂

∂t
n(x, y, t) =

1

∆t

β+(y, ρ(x, t), e(x, t))×[
n(x, y, t) − ∆x

∂

∂x
n(x, y, t) +

∆2
x

2

∂2

∂x2
n(x, y, t)

]
+

1

∆t

β−(y, ρ(x, t), e(x, t))×[
n(x, y, t) + ∆x

∂

∂x
n(x, y, t) +

∆2
x

2

∂2

∂x2
n(x, y, t)

]
− 1

∆t

n(x, y, t)×[
β−(y, ρ(x, t), e(x, t)) − ∆x

∂

∂x
β−(y, ρ(x, t), e(x, t)

+
∆2

x

2

∂2

∂x2
β−(y, ρ(x, t), e(x, t)

]
− 1

∆t

n(x, y, t)×[
β+(y, ρ(x, t), e(x, t)) + ∆x

∂

∂x
β+(y, ρ(x, t), e(x, t)

+
∆2

x

2

∂2

∂x2
β+(y, ρ(x, t), e(x, t)

]

+
1

∆t

[
n(x, y, t) − ∆y

∂

∂y
n(x, y, t) +

∆2
y

2

∂2

∂y2
n(x, y, t)

]
×[

µ+(y, ρ(x, t), e(x, t)) − ∆y
∂

∂y
µ+(y, ρ(x, t), e(x, t)

+
∆2

y

2

∂2

∂y2
µ+(y, ρ(x, t), e(x, t)

]
− 1

∆t

µ−(y, ρ(x, t), e(x, t))n(x, y, t)

+
1

∆t

γ(y, ρ(x, t), e(x, t))n(x, y, t).

Now, dropping the dependent variables for simplicity, we find

∂n

∂t
= − 1

∆t

(µ− − µ+)n− ∆y

∆t

∂

∂y
(µ+n) +

∆2
y

2∆t

∂2

∂y2
(µ+n) +

∆x

∆t

∂

∂x

(
(β− − β+)n

)
+

∆2
x

2∆t

∂

∂x

(
(β− + β+)

∂n

∂x
− n

∂

∂x
(β− + β+)

)
+

1

∆t

γn, (5.29)
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at y = Ymax. Recalling Equations (5.5)–(5.9) and (5.25), then Equation (5.29) can be

rewritten (ignoring higher order corrections) as

∂n

∂t
= − 1

∆y

vpn+
∂

∂y

(
1

2
vpn− 1

∆y

Dpn

)
+

1

2

∂2

∂y2
(Dpn) +

∂

∂x
(vmn)

+
∂

∂x

(
Dm∂n

∂x
− n

∂

∂x
Dm

)
+ rn.

Therefore, in order to prevent blow-up of terms at y = Ymax, we require

−vpn− ∂

∂y
(Dpn) = 0 at y = Ymax.

Complete set of boundary conditions for Equation (5.10). In summary, to

complement the continuum equation (5.10) there are zero flux boundary conditions

at x = Xmin, Xmax and y = Ymin, Ymax, given by

vmn+Dm∂n

∂x
− n

∂Dm

∂x
= 0 at x = Xmin, (5.30)

−vmn−Dm∂n

∂x
+ n

∂Dm

∂x
= 0 at x = Xmax. (5.31)

on the physical domain and

vpn+
∂

∂y
(Dpn) = 0 at y = Ymin, (5.32)

−vpn− ∂

∂y
(Dpn) = 0 at y = Ymax, (5.33)

at the ends of the phenotype domain. The differences in the boundary conditions in

phenotype and physical space are observed as a result of the different assumptions un-

derlying the movement probabilities in each space. In physical space, the probability

of movement depends on the surrounding number of cells and elements of the local

environment in the target site, whereas the probability of movement in phenotype

space depends on the number of cells and elements of the local environment in the

same site as the cell of interest (at the individual cell level).

5.3.2 Equation for the density of the local environment

Following the assumptions outlined in Section 5.2 and the methodology above, we can

review the master equation (5.1) describing the evolution of the number of elements

of the local environment at position xi, denoted ei, and multiply by es and sum over

160



all possible states e and n to give∑
e

∑
n

es∆t
∂

∂t
p(n, e, th)

=
∑
e

∑
n

es

Nx+1∑
i=1

Ny+1∑
j=1

λ(j, nj
i ) {(ei + 1)p(n, Hie, th) − eip(n, e, th)}

=
∑
e

∑
n

es

Nx+1∑
i=1

Ny+1∑
j=1

λ(j, nj
i )
{

(ei + 1)p(n, [e1, . . . , ei + 1, . . . , eNx+1], th)

− eip(n, e, th)
}
,

recalling that contributions from the terms describing cell dynamics sum to zero. Now

we consider two cases: i = s and i ̸= s. First, consider i ̸= s and use the change of

variables ēi = ei + 1 in the second term, and then drop the bars to give

∑
e

∑
n

es

Nx+1∑
i=1,
i ̸=s

Ny+1∑
j=1

λ(j, nj
i ) {(ei + 1)p(n, [e1, . . . , ei + 1, . . . , eNx+1], th) − eip(n, e, th)}

=
∑
e

∑
n

es

Nx+1∑
i=1,
i ̸=s

Ny+1∑
j=1

λ(j, nj
i ) {ēip(n, [e1, . . . , ēi, . . . , eNx+1], th) − eip(n, e, th)}

=
∑
e

∑
n

es

Nx+1∑
i=1,
i ̸=s

Ny+1∑
j=1

λ(j, nj
i ) {eip(n, e, th) − eip(n, e, th)}

= 0.

Now consider the case when i = s and use the change of variables ēs = es + 1 to give

∑
e

∑
n

Ny+1∑
j=1

esλ(j, nj
s) {(es + 1)p(n, [e1, . . . , es + 1, . . . , eNx+1], th) − esp(n, e, th)}

=
∑
e

∑
n

Ny+1∑
j=1

λ(j, nj
s)
{
ēs(ēs − 1)p(n, [e1, . . . , ēs, . . . , eNx+1], e, th) − e2sp(n, e, th)

}
=
∑
e

∑
n

Ny+1∑
j=1

esλ(j, nj
s) {(es − 1)p(n, e, th) − esp(n, e, th)}

= −
∑
e

∑
n

Ny+1∑
j=1

λ(j, nj
s)esp(n, e, th)

= −
Ny+1∑
j=1

⟨λ(j, nj
s)es⟩.
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Putting this together, we arrive at

∆t
∂

∂t
⟨es⟩ = −

Ny+1∑
j=1

⟨λ(j, nj
s)es⟩. (5.34)

Defining

lim
∆t→0

1

∆t

λ(y, n(x, y, t)) = ν(y, n(x, y, t)),

which we can substitute into Equation (5.34), rearrange and take limits as

∆x,∆y,∆t → 0, we find that the differential equation for the density of the local

environment, e(x, t), is given by

∂

∂t
e(x, t) = −

∫ y=Ymax

y=Ymin

ν(y, n(x, y, t))e(x, t)dy. (5.35)

No boundary conditions are required for this equation, however the corresponding

initial condition is

e(x, 0) = e0(x). (5.36)

Now that we have derived the coarse-grained model in full (Equations (5.10),

(5.11), (5.30)–(5.35) and (5.36)), we present a series of applications that demon-

strate the utility of this framework through the choice of specific functional forms for

vm (y, ρ(x, t), e(x, t)), Dm (y, ρ(x, t), e(x, t)), vp (y, ρ(x, t), e(x, t)), Dp (y, ρ(x, t), e(x, t)),

r (y, ρ(x, t), e(x, t)) and ν(y, n(x, y, t)). We will assume in this chapter that all move-

ment in physical space is undirected, and therefore we take β+(y, ρ(x, t), e(x, t)) =

β−(y, ρ(x, t), e(x, t), such that vm = 0 hereon in. Nevertheless, the general form of

the governing equations is retained, so that the framework can be readily adapted

and generalised to cases involving directed movement or other specific applications.

5.4 Broad spectrum applications in mathematical

biology

In this section, we showcase the versatility of the PDE modelling framework given

by Equations (5.10), (5.11), (5.30)–(5.35) and (5.36) by applying it to several exem-

plar biological scenarios. These applications demonstrate how the PDE framework

effectively captures emergent population-level dynamics across diverse biological con-

texts. By considering a range of different underlying characteristics and interaction

rules (prescribed in Appendix B.1), we showcase the ability of these models to encode

complex behaviours while maintaining analytical and computational tractability.
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5.4.1 Simulation methods

The deterministic, continuum counterpart of the IBM described in Section 5.2 is

given by the PDEs in Equations (5.10) and (5.35), with boundary conditions given in

Equations (5.30)–(5.33) and initial conditions given in Equations (5.11) and (5.36).

To solve this system numerically, we use an advection–diffusion–reaction (A–DR)

scheme that discretises the spatial variable x using a central finite difference stencil

modified from Chapter 2, employing ghost points to enforce the zero flux boundary

conditions. In the phenotypic axis, y, we use a finite volume scheme, which divides

the axis into Ny +1 sites of equal width. The advective component is controlled using

the Koren limiter [177]. The resulting system of ODEs takes the following form

dnj
i

dt
=

((Dm)ji+1 + (Dm)ji )(n
j
i+1 − nj

i ) − ((Dm)ji + (Dm)ji−1)(n
j
i − nj

i−1)

2∆x2

+
nj+1
i − 2nj

i + nj−1
i

∆y2
(Dp)ji + Ai,j + nj

ir(ȳj, Ni, ei)

for i = 1, . . . , Nx + 1, and j = 1, . . . , Ny + 1, with appropriate substitutions at the

boundary terms and with

Ni =
∑
j

nj
i∆y,

(Dm)ji = Dm(ȳj, Ni, ei),

(Dp)ji = Dp(ȳj, Ni, ei),

ȳj = mean of yj and yj+1,

Ai,j = flux-limited advection in y.

The advection term in the y-direction is discretised using a slope-limited upwind

scheme and can be written as(
∂

∂y
(vpn)

)j

i

≈ F
j+1/2
i − F

j−1/2
i

∆y
,

where F
j+1/2
i is the numerical flux across the interface between phenotypic points yj

and yj+1, given by

F
j+1/2
i =

{
(vp)

j+1/2
i nj,+

i if (vp)
j+1/2
i > 0,

(vp)
j+1/2
i nj+1,−

i if (vp)
j+1/2
i ≤ 0,
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which is calculated using

Rj
i =

nj+1
i − nj

i

nj
i − nj−1

i

,

nj,+
i = nj

i +
1

2
ϕ(Rj

i )(n
j+1
i − nj

i ),

nj+1,−
i = nj+1

i − 1

2
ϕ(1/Rj

i )(n
j+1
i − nj

i ).

Alongside this, to simulate the evolution of the density of the local environment, as

described by Equation (5.35), we use a finite difference scheme, with a summation to

approximate the integral, which can be written as

dei
dt

= −ei
∑
j

ν(ȳj, n
j
i )∆y.

The resulting system of ODEs is then integrated in time using python’s in-built

ODE solver scipy.integrate.solve ivp with the explicit Runge-Kutta integration

method of order 5 and time step ∆t = 0.1. The phenotype step is ∆y = 0.02 and the

spatial step is ∆x = 0.1. Where constant speed, constant profile travelling waves are

observed, the speed is estimated numerically by saving the solution at each time point,

interpolating to find the critical spatial position x∗ such that ρ(x∗, t) = 0.1 and then

calculating the difference between two sequential critical spatial points and dividing

by the time step between them. At each spatial position, the mean phenotype is

obtained by computing the density-weighted sum of phenotypes and normalising by

the total local density. Code is available for all computations at the following GitHub

repository: https://github.com/beckycrossley/cont_phen.

5.4.2 Phenotypic structuring during population expansion

Understanding how cell populations expand and evolve is a fundamental question in

biology, particularly in contexts such as tumour growth, microbial colony expansion,

and tissue development. A key aspect of these processes is tracking cell lineages

to uncover how phenotypic traits propagate and shape population dynamics over

time. In this section, we demonstrate how the modelling framework developed in

this chapter provides a convenient and effective approach for studying such lineage

dynamics within an evolving population. Specifically, we consider a phenotypically

structured population of homogeneous cells (i.e., cells that share the same underlying

behaviour but are distinguishable by a phenotypic marker) to gain deeper insights

into how individual lineages contribute to the overall invasion process. By analysing
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the spatio-temporal evolution of the phenotypic structure as the population spreads,

we highlight how this approach enables the systematic tracking of cell lineages during

population expansion.

Previous studies, such as those by [200, 340], have investigated similar population

dynamics using coupled differential and stage-structured integrodifference equations

[201], with further extensions incorporating trade-offs between reproductive and dis-

persal abilities [199]. While these approaches offer valuable insights into structured

population dynamics, they rely on discrete phenotypic stages, which may limit the

resolution of evolutionary and ecological interactions.

In contrast, this work provides a more nuanced perspective by modelling the evo-

lution of a continuously structured phenotype, y ∈ [0, 1], over space, x ≥ 0, and time,

t ≥ 0. This allows for a finer representation of phenotypic variation and subsequent

exploration of its role during population expansion, whilst, in this example, ignoring

the impact of the environment. Specifically, we describe the spatio-temporal evolution

of the cell population, n(x, y, t), using the following governing equation:

∂

∂t
n(x, y, t) =

∂2

∂x2
n(x, y, t) + r (ρ(x, t))n(x, y, t). (5.37)

As in [200], we study Equation (5.37) subject to two different functions describing

net cell proliferation:

rK(y, ρ(x, t)) = 1 − ρ(x, t), (5.38)

for Fisher–KPP type invasion (pulled waves) and

rA(y, ρ(x, t)) = (1 − ρ(x, t))(ρ(x, t) − p∗), (5.39)

for the Allee effect, with p∗ ∈ (0, 1/2) (corresponding to pushed waves), where

ρ(x, t) =
∫ y=1

y=0
n(x, y, t)dy. The individual-based functions underlying these contin-

uum equations can be found in Appendix B.1.1. We compliment this setup with an

initial condition that ensures initial phenotypic structuring of the population, which

can then be tracked over time. Specifically, we take

u0(x, y) =

{
1 if x = 5y,

0 otherwise.
(5.40)

Recalling that cells in this case are homogeneous in phenotype and behaviour, and

thus the phenotypic variable y ∈ [0, 1] is used purely to label cells as they evolve, we

can see that Figure 5.1 shows the phenotypic structure of the population of cells as

165



0 20 40 60 80 100

0.0

0.2

0.4

0.6

0.8

1.0

D
en

si
ty

(a) Initial condition (t = 0)
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(c) Allee case (p∗ = 0.05, t = 120)
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Figure 5.1: Evolution of the phenotypic structure of cells in Equation (5.37) subject
to various growth terms. (a) The initial distribution of the cells with different phe-
notypes. (b) The spatial structure of the invading wave subject to the Fisher–KPP
growth term (Equation (5.38)). Results in (c) and (d) show the spatial structure of
the invading wave subject to the Allee effect (Equation (5.39)).
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they invade, subject to the aforementioned growth terms (Equation (5.38) and Equa-

tion (5.39)). Specifically, Figure 5.1(b) shows the spatial structure of Equation (5.37)

with the Fisher–KPP growth term (Equation (5.38)). As invasion progresses, the

leading edge of the expanding population is dominated by cells that originated from

the rightmost part of the initial distribution, with phenotypes closer to y = 1. Over

time, the density of these dominant phenotypes increases and, due to diffusion, cells

with these traits spread backward, integrating into the bulk of the population.

This is a form of what is known as surfing [172]—a phenomenon well-studied in

the context of drifting genetic mutations in expanding populations. Surfing occurs

when areas of low cell density allow space for increased growth, such as along the

invading front (see Figure 5.1) [103].

The structure observed in the case of the Fisher–KPP type growth is often de-

scribed as a ‘vertical pattern’ [200], which indicates that the total population is com-

posed of different underlying phenotypes at different points in space, demonstrating

a high level of spatial structuring. However, we see that even in a continuously struc-

tured cell population, it is those cells with the phenotypes that were nearest the

front of the initial distribution of cells that dominate during population expansion.

The lower phenotypes, which began at the rear of the invading population, primarily

remain there and diminish in size over time and increasing space.

Alternatively, if we now consider the case of Allee growth (Equation (5.39)) in

Equation (5.37), then the numerical results in Figure 5.1 display a different pattern

of invasion. As the cells invade, a much larger proportion of all of the initially present

phenotypes remain present in the travelling wave front at later times, and throughout

the bulk of the invading population. As in the Fisher–KPP case, the cells in the

right-most portion of the initial population, with phenotypes near unity, contribute

the largest portions to the wave. However, with the addition of the Allee effect,

there now exist contributions from all initially present phenotypic states throughout

the wave. This is because the Allee effect introduces a dependency on the total local

population density, which means cells at the leading edge, in areas of low density, have

reduced proliferation, preventing them from rapidly outcompeting other phenotypes

within the cell bulk. We note that by increasing the strength of the Allee effect, by

taking p∗ closer to 1/2, the proportion of all of the phenotypes present in the wave

becomes closer to one another (equalises). The spatial pattern observed in this case is

described as ‘horizontal’ as it does not differ in space, but still shows high phenotypic

variation in the front [283].
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These structural differences at the wave front agree with those observed by [283]

who consider a similar system but with discrete, rather than continuous, phenotypes.

These results indicate that the lineage structure of an invading wave could potentially

be used to distinguish between the underlying growth mechanisms of the cell popu-

lations. It is also notable that the speed of cell invasion subject to the Allee effect

(Equation (5.39)) is significantly slower than the speed of invasion in the Fisher–KPP

case (Equation (5.38)). As such, although the Allee effect maintains diversity across

the travelling wave front, it also decreases the speed of invasion in doing so, and so a

trade-off is observed between diversity maintenance and speed of population invasion,

which favours faster invasion for a weaker Allee effect.

5.4.3 A go-or-grow model of cells invading into ECM

In this section, we apply the aforementioned system of Equations (5.10)–(5.33), (5.35)

and (5.36) to a general model for collective cell migration into ECM, exploring how

individual cell-level properties give rise to emergent population-level behaviours. By

examining the interactions between cells and their environment at a population-level,

we aim to uncover the underlying individual cell-ECM mechanisms that drive large-

scale migration patterns and spatial organization, providing insight into how cell

processes shape collective movement in biological systems.

In this work, we aim to model the fundamental trade-off in energetic costs as-

sociated with motility and proliferation, known as the ‘go-or-grow’ hypothesis [139],

while also incorporating the role of ECM degradation by migrating cells. Our goal

is to use this framework to bridge the gap between individual-cell behaviours and

emergent population-level dynamics.

In earlier chapters, we captured this trade-off by considering only two discrete

phenotypes [79]. However, biological evidence strongly supports the existence of a

continuum of phenotypes rather than a simple dichotomy [25, 50]. By extending prior

work to a continuously structured phenotypic model, we provide a more biologically

realistic representation of go-or-grow dynamics, allowing us to explore how individual-

level decision-making translates into large-scale invasion patterns.

We model the cells, denoted n(x, y, t), as able to move, proliferate and degrade

the ECM, e(x, t). To model the trade-off between ECM degradation, motility and

proliferation, we assume that cells with a larger value of the phenotype variable, y ∈
[0, 1], have higher proliferative potential but lower motility and lower ECM degrading

potential whilst, in comparison, cells with a lower value of the phenotypic variable y

correspond to those with higher motility and higher ECM degrading potential, but
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lower proliferative potential. Therefore, cells with phenotype y = 0 degrade ECM

most rapidly and are the most motile, but they are unable to proliferate. On the other

hand, cells with phenotype y = 1 are the most proliferative, but cannot degrade ECM

or move. As in Chapter 4, we implement a linear relationship between the phenotype

of the cells and the associated ability to degrade ECM, move and proliferate.

The initial functions describing the probabilities of transitions in the IBM under-

lying these continuum equations can be found in Appendix B.1.2. Hereon in, we focus

on the corresponding continuum functions stated below.

Following the volume exclusion principles described in earlier chapters, we assume

that the probability of a cell moving randomly in physical space linearly decreases

as the occupancy of space increases. As described earlier, we also introduce the

assumption that the probability of a cell moving randomly increases as the phenotype

of the cell decreases. As such, the function describing movement in physical space

can be written as

Dm(y, ρ(x, t), e(x, t)) = (1 − y)

(
1 − ρ(x, t) + e(x, t)

κ

)
,

where κ > 0 is the total available density for cells and ECM, known as the carrying

capacity. Similarly, for all cells, the probability of cell proliferation linearly decreases

as the space around the cell fills with other cells and ECM, but it also decreases as

the phenotype decreases, such that

r(y, ρ(x, t), e(x, t)) = y

(
1 − ρ(x, t) + e(x, t)

κ

)
.

Furthermore, we assume that the degradation rate of the ECM is proportional to the

density of surrounding cells and decreases as the phenotype of the cells increases. We

write this as

ν(y, n(x, y, t)) = (1 − y)n(x, y, t).

One major challenge in understanding the cell phenotype dynamics during inva-

sion is the lack of direct experimental observations, as visualising phenotypic transi-

tions in real time is extremely difficult. As a result, there is limited guidance in the

literature on the appropriate mathematical forms for these transitions, leaving a key

gap in the understanding of how phenotype-dependent behaviours shape collective

migration.

This issue relates to the final undetermined functions in Equations (5.10) and (5.35),

that describe the transitions between cell phenotypes. In this section, we system-

atically investigate the effects of different density-dependent phenotypic transition
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rules, µ±(y, ρ(x, t), e(x, t)), along with their associated drift and diffusion terms,

vp(y, ρ(x, t), e(x, t)) andDp(y, ρ(x, t), e(x, t)), respectively, as summarised in Table 5.1.

By exploring how the invasion dynamics change under different assumptions, we aim

to determine whether population-level (and therefore potentially more observable)

behaviours can provide insight into the underlying, unobservable phenotypic struc-

tures, offering a potential approach for inferring hidden biological mechanisms from

macroscopic invasion patterns.

Phenotypic drift µ−(y, ρ, e) µ+(y, ρ, e) vp(y, ρ, e) Dp(y, ρ, e)

Cell-dependent
ρ

κ
1 − ρ

κ
2
ρ

κ
− 1 1

ECM-dependent
e

κ
1 − e

κ
2
e

κ
− 1 1

Space-dependent
ρ+ e

κ
1 − ρ+ e

κ
2
ρ+ e

κ
− 1 1

Table 5.1: The functions employed in Equation (5.10) describing the probabilities
of transitions up and down in phenotype space, resulting in the phenotypic drift,
vp(y, ρ(x, t), e(x, t)), and phenotypic diffusion, Dp(y, ρ(x, t), e(x, t)), functions shown.

We investigate three phenotypic drift mechanisms influencing cell transitions:

firstly, cell-dependent drift, where cells shift toward more motile phenotypes at higher

cell densities; next, ECM-dependent drift, where cells adopt more ECM-degrading

phenotypes as ECM density increases; and finally, space-dependent drift, where cells

become more proliferative as available space increases. Each drift term is bounded

between zero and one, which is consistent with the constraints placed on the total cell

and ECM density. By comparing these mechanisms for phenotype change, we assess

how different environment- and density-dependent phenotypic transitions shape the

structure of the migrating cell front.

We simulate this system of Equations (5.10) and (5.33)–(5.36) subject to the

following non-compactly supported initial conditions for the cells and step initial

conditions for the ECM:

n0(x, y) =
exp (−100(x2 + y2))

max
(∫ Xmax

Xmin
exp (−100(x2 + y2)) dx

) , (5.41)

e0(x) =

{
0 if n0(x, y) > 0.001,

0.5 otherwise.
(5.42)
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(b) Cell-dependent drift
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(c) ECM-dependent drift
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(d) Space-dependent drift
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Figure 5.2: Evolution of the phenotypic structure of cells in Equations (5.10)
and (5.35) subject to various phenotypic drift terms, with the corresponding ECM
density shown as a dashed grey line. (a) The initial distribution of the ECM and
the cells with different phenotypes. (b) The spatial structure of the invading wave
subject to cell-dependent phenotypic drift. (c) The spatial structure of the invading
wave subject to ECM-dependent phenotypic drift. (d) The spatial structure of the
invading wave subject to space-dependent phenotypic drift. Results in (b), (c) and
(d) are all plotted at time t = 30 and simulations are carried out with κ = 1. See
Table 5.1 for explicit forms of the phenotypic drift terms.
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Figure 5.3: Evolution of the mean phenotype of the cells in Equations (5.10)
and (5.35) subject to various phenotypic drift terms, with the corresponding ECM
density shown as a dashed grey line. Results are all plotted at time t = 30 and simu-
lations are carried out with κ = 1. See Table 5.1 for explicit forms of the phenotypic
drift terms.

By examining the simulation results shown in Figure 5.2 we can see that, for a

fully mixed initial population of cells, the phenotypic drift terms considered produce

travelling wave solutions with similar, constant speeds of invasion.

In the case of cell-dependent phenotypic drift, we notice that there is a higher

density of cells with lower phenotypes, which correspond to more motile and ECM

degrading but less proliferative cells, in the bulk of the wave. At the front, we see

a higher proportion of more proliferative and immobile cells, which are able to di-

vide into the available space. As such, in the bulk of the wave the mean phenotype

remains the same but, as x increases, we observe a gradual increase in mean pheno-

type at the wave front where extremely low cell densities induce cells to switch to a

proliferative phenotype (see Figure 5.3). Very similar patterning is observed in the

space-dependent phenotypic drift case, with a more gradual change in phenotype at

the front of the travelling wave. In this context, this model predicts that the density

of the ECM has minimal impact on the phenotypic structure of the invading wave.

However, when examining ECM-dependent phenotypic drift in Figure 5.2(c), we

notice that the cells with higher phenotypes, corresponding to less motile and less

degrading but more proliferative, now constitute a larger proportion of the population

behind the invading front. Compared to cell- or space-dependent phenotypic drift,

the mean phenotype of cells in the bulk is significantly higher. However, at the front

of the invading wave in the ECM-dependent case, we see a larger proportion of cells

with low phenotypes, namely, cells that have a higher ability to degrade the ECM

and move into the subsequently available space.
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As a result of the phenotypic structures developed when the system is subject to

different phenotypic drift functions, the spatial structure of the individual phenotypes

within the invading wave could be used to better understand the underlying mecha-

nisms governing phenotypic transitions during collective cell migration into ECM.

5.4.4 T cell exhaustion

We now demonstrate the applicability of the framework to T cell exhaustion, starting

from an individual-based description of the underlying dynamics. This approach

systematically coarse-grains the underlying cell processes, ensuring that the resulting

PDEs are not merely phenomenological but instead retain a direct mechanistic link to

individual cell properties. Specifically, we incorporate a T cell population with varying

levels of exhaustion invading into a tumour, and examine the role of phenotype-

dependent drift in shaping its exhaustion dynamics. This application highlights how

the framework developed in this chapter can be adapted to capture complex immune

responses while preserving biologically meaningful connections between individual-

and population-level behaviour.

T cells are a key component of the immune system, with an important role to

play in locating and attacking tumour cells [355]. When space is available, T cells

will infiltrate into the tumour where they kill malignant cells by releasing cytotoxic

enzymes. During the sustained activation of T cells required to combat and restrict

further growth of a tumour, T cells will differentiate and eventually “exhaust” [368].

This occurs as a result of continued exposure to the antigens of the tumour cells

and, as T cells exhaust, their effector functions reduce [33, 67]. Exhaustion results

in diminished cytokine production, impaired proliferation and reduced motility in

the T cells [218]. Completely exhausted T cells are no longer able to move or grow

[358], and have impaired toxicity, which reduces their ability to kill off tumour cells

[154]. Furthermore, T cells will die much faster the more exhausted they are [358].

Understanding the dynamics of the T cells as they infiltrate a tumour and their

exhaustion during this process is crucial to developing treatments for tumours, and

so we develop a mathematical model to gain further insights.

As such, after applying the T cell-specific IBM functions described in the Ap-

pendix B.1.3 to the coarse-graining process, we investigate the spatio-temporal evo-

lution of T cell density, denoted T (x, y, t), invading into a population of tumour cells,

with density denoted by C(x, t). Similarly to before, we define ρ(x, t) as

ρ(x, t) =

∫ y=Ymax

y=Ymin

T (x, y, t)dy.
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In this application, the phenotype of the cells, y ∈ [0, 1], represents the exhaustion

of the T cells. As such, T cells with phenotype y = 1 are näıve, and are able to move

freely and randomly in physical space, whilst also attacking nearby tumour cells and

dividing [279, 363]. However, T cells with phenotype y = 0 are considered exhausted,

or terminally-differentiated memory T cells, which are considered to be in a resting

state [315, 335]. The resulting model takes the following form:

∂

∂t
T (x, y, t) =

∂

∂x

(
Dm
(
y, ρ(x, t), C(x, t)

) ∂
∂x
T (x, y, t)

− T (x, y, t)
∂

∂x
Dm
(
y, ρ(x, t), C(x, t)

))
+

∂

∂y

(
vp
(
y, ρ(x, t), C(x, t)

)
T (x, y, t)

)
+

∂2

∂y2

(
Dp
(
y, ρ(x, t), C(x, t)

)
T (x, y, t)

)
+ r
(
y, ρ(x, t), C(x, t)

)
T (x, y, t), (5.43)

where the net proliferation of the T cells, which depends on the exhaustion of the T

cells and the available surrounding space for growth, can be described by

r(y, ρ(x, t), C(x, t)) = γ1y

(
1 − ρ(x, t) + C(x, t)

κ

)
− γ0(1 − y),

where γ1 ≥ 0 describes the growth rate, and γ0 ≥ 0 describes the death rate of the T

cells. κ > 0 is the carrying capacity for the cells, as described in Section 5.4.3.

T cell movement in physical space is assumed to be random and undirected, but it

is prevented by the presence of other T cells or tumour cells (in line with the volume-

filling assumptions described in Section 5.4.3). As such, diffusion in physical space is

given by

Dm(y, ρ(x, t), C(x, t)) = y

(
1 − ρ(x, t) + C(x, t)

κ

)
,

which describes a higher diffusion rate for T cells with a higher phenotype.

Furthermore, we wish to model the phenotypic transitions of the T cells, or how

exhausted the T cells become as they move, grow and interact with tumour cells.

We have already assumed that the higher the phenotype of a T cell, the higher its

probability of moving and growing, and this in turn will exhaust it. We also know that

the tumour cells can be killed by the T cells, which we assume will further exhaust

the T cells at a rate proportional to the number of interactions they have with the

surrounding tumour cells. Therefore, we model the drift in phenotype space as

vp(y, ρ(x, t), C(x, t)) = y(k1 + k2C(x, t)),
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where k1, k2 ≥ 0 describe the exhaustion rate of the T cells as a result of movement

and growth, and as a result of interactions with the tumour cells, respectively. We

allow for some small randomness in the exhaustion levels of the T cells by including

a diffusive term in phenotype space of the form

Dp(y, ρ(x, t), C(x, t)) = ε≪ 1.

It is well-known that tumour cells are also mobile and able to grow [324]. As such,

we can derive an equation similar to Equation (5.35) for the dynamics of tumour cells

which also includes terms describing random movement and proliferation terms, and

are derived in the same manner as those in Equation (5.10). The resulting equation

governing the evolution of the density of the tumour cells in space, x ≥ 0, and time,

t ≥ 0, is therefore given by

∂

∂t
C(x, t) =

∂

∂x

(
DC
(
ρ(x, t), C(x, t)

) ∂
∂x
C(x, t)

− C(x, t)
∂

∂x
DC
(
ρ(x, t), C(x, t)

))
−
∫ y=1

y=0

ν(y, T (x, y, t))C(x, t)dy + g(ρ(x, t), C(x, t))C(x, t). (5.44)

We note here that the term DC(ρ(x, t), C(x, t)) behaves similarly to

Dm(y, ρ(x, t), C(x, t)) and that g(ρ(x, t), C(x, t)) behaves like the growth term in the

previous application, but without the phenotype dependence. We have also assumed

here that the tumour cells are homogeneous, which simplifies the equations and facili-

tates the analysis that follows, focusing on T cell phenotypic dependence/exhaustion.

Assuming that the motility and proliferation of tumour cells is restricted in regions

of high cell density, we take

g(ρ(x, t), C(x, t)) = rC

(
1 − ρ(x, t) + C(x, t)

κ

)
,

DC(ρ(x, t), C(x, t)) = 1 − ρ(x, t) + C(x, t)

κ
,

with rC ≥ 0 describing the growth rate of the tumour cells. Finally, T cells with a

higher phenotype are less exhausted, and therefore kill tumour cells at a higher rate.

As such, we write

ν(y, T (x, y, t)) = λ̄yT (x, y, t),

where λ̄ ≥ 0 describes the rate of degradation of the tumour cells by the T cells, or

the toxicity of the T cells on the tumour.
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We simulate Equations (5.43) and (5.44) subject to the following initial conditions:

T0(x, y) =
exp (−100(x2 + (y − 1)2))

max
(∫ Xmax

Xmin
exp (−100(x2 + (y − 1)2)) dx

) , (5.45)

C0(x) =

{
0 if n0(x, y) > 0.001,

0.5 otherwise.
(5.46)

Examining Figure 5.4 it is clear that two main invasion behaviours are exhibited,

depending on the parameters of the system. The first, which can be observed in Fig-

ure 5.4(b) and Figure 5.4(c), shows T cells that attack the tumour cells and produce

travelling wave type profiles that invade through the tumour cells into the domain,

killing off the tumour as they do so.

In these simulations, altering the parameters of the system, namely the exhaustion

rate of the T cells, leads to a range of different predicted behaviours. The initial

population of T cells were näıve. As such, the phenotypic structure of the invading

wave of T cells with a lower exhaustion rate consisted of a larger range of phenotypes

of cells (see Figure 5.4(b)). Consequently, the invading wave retains cells with a

high phenotype. Comparatively, by increasing the exhaustion rate of the T cells,

a travelling wave of invasion can still be observed (see Figure 5.4(c), for example),

but with a much more restricted set of phenotypes in the bulk of the wave. The

very front of the wave contains T cells with higher phenotypes that are the least

exhausted, but the total density of T cells invading into the tumour cells is decreased,

and subsequently, so is the invasion speed.

In another scenario, whereby the growth of the tumour cells exceeds the degrada-

tion of the tumour cells by the T cells, results similar to those in Figure 5.4(d) are

found, where the T cells exhaust extremely quickly as a result of a high number of

interactions with tumour cells. This continued exposure quickly exhausts the T cells,

which, in turn, increases death and creates available space for subsequent colonization

by the tumour cells. In Figure 5.4(d), all of the T cells have died and we observe that

the tumour cells (plotted as a dashed grey line) have grown to fill the entire domain,

which they have already occupied in its entirety far ahead of the location of the initial

population of T cells.

Complete exhaustion and death of the T cells can also be observed by decreasing

the diffusion coefficient of the T cells, increasing (decreasing) the death (growth)

rate of the T cells, decreasing the toxicity of the T cells or increasing the growth or

motility rates of the tumour cells. In all of these cases, the tumour cells will eradicate

the T cells and growth of the tumour to fill the available space will be observed.

176



0 1 2

0.0

0.2

0.4

0.6

0.8

1.0

D
en

si
ty

(a) Initial condition

0 20 40 60

0.0

0.2

0.4

0.6

0.8

1.0

(b) k1 = k2 = 0.1

0 5 10 15 20

x

0.0

0.2

0.4

0.6

0.8

1.0

D
en

si
ty

(c) k1 = k2 = 0.5

0 5 10 15 20

x

0.0

0.2

0.4

0.6

0.8

1.0

(d) k1 = k2 = 1.0

0.0 0.2 0.4 0.6 0.8 1.0
Phenotype

Figure 5.4: Evolution of the phenotypic structure of a population of T cells invading
into a population of tumour cells, as described in Equations (5.43) and (5.44) subject
to various exhaustion rates, with the corresponding tumour cell density shown as a
dashed grey line. (a) The initial distribution of the cells. Results in (b), (c) and (d)
show the spatial structure of the invading wave subject to exhaustion rates k1 = k2 =
0.1, 0.5 and 1.0, respectively. Solutions are plotted at t = 50, and simulations are
carried out with ε = 0.01, γ0 = 1, γ1 = 10, rC = 0.1, κ = 1, and λ̄ = 10.

177



This is an example of competitive exclusion [321]. The opposite effects on each of

these parameters provides examples of when the T cells are able to either completely

eradicate or prevent further growth of the tumour cells. These behaviours have been

observed experimentally [296] and thus the modelling results shown in this work

could provide useful insights into developing treatments for tumours in the future,

once biologically realistic parameter sets are identified.

5.5 Discussion

In conclusion, numerous biological processes can be described in a simple way by

considering phenotypically structured cell populations. Yet, general frameworks for

modelling this, built from vastly adaptable underlying individual-based principles,

are largely understudied [343]. In this chapter, we have demonstrated how to derive

a general model for phenotypically structured cell migration from the underlying

individual-based processes, that can be used to reproduce a variety of results in the

literature, whilst modelling a continuum of phenotypes.

Whilst we have illustrated that the general modelling framework is easily adapt-

able and can be applied to a range of biological systems considering spatial invasion

of structured populations, we highlight the need for adaptation of the underlying

assumptions to the specific modelling question of interest. For instance, the contin-

uum model derived in this work employed distinctly different boundary conditions

in the physical and phenotypic domains. These differences arose from the varying

assumptions about the processes governing movement in each domain. However,

these conditions can be straightforwardly modified through analogous derivations.

We therefore stress that this work represents an important first step towards gener-

alising this modelling approach.

In changing the form of the phenotypic drift terms, care must also be taken to

ensure that the limits taken in moving from the IBM to the continuum model are

satisfied. For reaction–diffusion models with drift terms, the impact of these scalings

and quantitative comparisons between the individual-based and resulting continuum

models in such limits are well-studied in the literature [190, 195].

Overall, when simulation results from a particular biological scenario present

vastly different phenotypically structured solutions, this general modelling framework

could provide a useful tool for developing understanding of the mechanisms underly-

ing heterogeneity during migration, such as the bet-hedging strategies observed as a

result of environmental pressures in [7]. The framework presented in this work has
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been derived from descriptions of interactions at an individual-based level and can

be easily adapted to investigate a variety of biological applications. As a result, the

versatility of this tool could help us understand the role of heterogeneity in a wide

range of circumstances and its resulting insights could ultimately be used to help

inform subsequent important treatment decisions [61].
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Chapter 6

Discussion

The central aim of this thesis is to investigate how phenotypic heterogeneity—in

particular, heterogeneous cell behaviour emerging from environmental cues, intrinsic

stochasticity, and phenotypic switching—shapes the spatial structure of invading cell

populations. Understanding the complicated interplay between these factors in deter-

mining the role and importance of phenotypic heterogeneity in a variety of contexts

remains a cornerstone problem in mathematical biology, and has direct relevance to

applications including wound healing, immunological invasion, and tumour growth.

The work presented in this thesis contributes new analytical tools, original mathemat-

ical models, and novel mechanistic insights into how heterogeneous cell populations

migrate and interact with their environment.

One key theme is the development of models in which population-level behaviour

arises from phenotypic choice: cells may, for example, change motility, or modulate

their interaction with the ECM, and these changes influence the emerging population

dynamics in non-trivial ways. By combining individual-based descriptions, continuum

analysis, numerical simulations and variational methods, the chapters in this thesis

collectively demonstrate how differences at the microscopic or mesoscopic scale can

be rigorously linked to macroscopic observations such as travelling wave speeds, wave

profiles, and front stability.

In the following sections, an overview of the main contributions of each chapter

is presented, highlighting how they build on one another, maintaining the same key

drivers: continuum models should be robustly derived from underlying individual-

based rules, and models should be compared to one another to establish the key

differences between them and when mechanisms are superfluous. In Section 6.2,

additional work beyond the scope of, but relevant to the thesis are briefly highlighted.

Thereafter, Section 6.3 outlines several natural future research directions, including

extensions of the modelling framework, additional biological mechanisms that could
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be incorporated, and opportunities to validate the models with experimental data.

This final chapter then concludes by reflecting on the broader implications of this

work in future mathematical modelling of collective cell migration.

6.1 Summary of research in this thesis

Chapter 2 develops continuum limits for collective cell invasion into ECM by deriva-

tion from underlying individual-based rules. The resulting model and subsequent

analysis reveals how nonlinear diffusion, substrate degradation, and environmental

feedback collectively determine the minimal travelling wave speed. This work estab-

lishes that the ECM does not merely slow or redirect movement, it fundamentally

alters the mechanism and ability for wave propagation. Depending on the relative

timescales of ECM degradation and cell proliferation, the system either exhibits lin-

early selected or nonlinearly selected travelling waves, and by comparison to existing

models in the literature, the work reveals where suitable model simplifications exist

and when they can be used. Furthermore, this chapter also highlights how the initial

ECM density can influence the selected wave speed, a feature that is absent from

classical single species models, such as the Fisher–KPP model.

Chapter 3 introduces an optimal control formulation of wave speed selection, be-

fore extending the classical Benguria–Depassier variational method to systems of re-

action–diffusion equations. The extension of the variational approach to a system

of equations results in the establishment of new lower bounds for invasion speeds in

two-species models, including some of the key systems involving ECM degradation

that are studied in Chapter 2. The resulting framework clarifies when nonlinearities

in either the diffusion or reaction terms are strong enough to drive nonlinear wave

speed selection, and provides a new analytical structure to make progress in quan-

tifying this, where previously only numerical exploration had been possible. In the

setting describing collective cell invasion into ECM, the approach yielded new, tighter

lower bounds that significantly outperform the predictions from linear theory. These

new lower bounds match numerical simulations more closely than previous analytical

results, particularly when ECM degradation rates are high.

Chapter 4 then turns to focus on understanding the role of cell phenotypes in

mathematical models. The aim is to examine how switching between two states

alters the collective invasion dynamics. Using on-lattice IBMs and continuum ap-

proximations, Chapter 4 shows that different switching mechanisms, including ECM-

dependent, density-dependent, or space-dependent, produce qualitatively distinct
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wave profiles and variations in the composition of the cell population at the wave

front. From this it becomes clear that the phenotypic structure of the invading pop-

ulation may act as a fingerprint, indicating the underlying switching rules in the

population. This observation suggests a potential inverse problem: in suitable ex-

periments, it may be possible to infer the switching mechanisms in the population

directly from the phenotypic distribution of cells throughout the wave front.

Finally, Chapter 5 extends the modelling framework in Chapter 4 to a pheno-

typically structured PDE system, where phenotype evolves continuously alongside

space and time. This approach allows the description of more complex biological

scenarios, such as go-or-grow behaviour or T cell exhaustion during tumour infiltra-

tion. Although simplified biological assumptions were adopted for tractability, the

chapter demonstrates that a mechanistic, individual-based derivation can yield rich

structured PDE systems that remain analytically and computationally tractable.

Collectively, these chapters show that phenotypic heterogeneity and environmental

feedbacks can dramatically reshape invasion dynamics, and that combining variational

analysis, continuum modelling, and individual-based simulations offers a powerful

route to understanding these effects.

6.2 Additional work

During the course of developing the work in this thesis, several additional research

projects and collaborations emerged. While not central to the main narrative of

this thesis, these projects inform aspects of the modelling and analysis, and they

demonstrate broader applicability of the ideas developed here. For completeness, the

following sections briefly summarise a selection of these published related works.

6.2.1 Existence theory for models of cell invasion into ECM

After deriving the continuum model describing volume-filling migration of cells into

ECM in Chapter 2, it became clear that no existence theory had been developed

for models of this sort: coupling a nonlinear parabolic reaction–diffusion PDE with

a monotonically increasing ODE solution in both the reaction and diffusion terms,

despite existing work studying the solvability of models describing cancer invading

into ECM [375] and inflammation during multiple sclerosis [104]. To address the

before mentioned gap in the literature, we established an existence result for weak

solutions under natural domain constraints 0 ≤ u,m ≤ 1 and 0 ≤ u+m ≤ 1.
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To do this, we constructed a time-discrete regularised approximation by deriv-

ing entropy type and conditional regularity estimates that, when combined, yield

compactness and H1 control, despite the presence of the ODE. The approximation

exploits the partial gradient flow structure of the governing equations in order to

overcome the non-regularising nature of the ODE, and subsequently demonstrates

the existence of weak solutions for the first model that this thesis develops [47].

Figure 6.1: Plots of solutions to system (2.11) and (2.12) subject to zero flux boundary
conditions and step initial conditions for the cells (blue, plotted only on the right half
of the plots) and random initial data for the ECM, smoothed using a Gaussian filter
with σ = 5 (red, plotted only on the left half of the plots). Results are symmetric,
hence plotted in this way. Plots are shown subject to ECM degradation rates λ =
1, 10 at times t = 0, 2, 4, 6, 8.

Furthermore, in this work, travelling wave fronts were simulated and observed

in both one and two dimensions, that were then used to explore the impact of het-

erogeneity in the surrounding ECM concentration. As in one dimension, the same

travelling wave speeds were observed despite non-homogeneous ECM concentrations

(see Figure 6.1 for example).

In summary, this work provides a rigorous existence theory for the class of cell–

ECM models studied throughout this thesis and justifies the well-posedness of the

continuum limits derived from the agent-based model, as well as developing a general

analytical strategy for combining entropy methods with tailored time-discretisation

to handle new PDE–ODE couplings.

This work was completed in collaboration with M. Schmidtchen and J.-F. Pietschmann

and is published in the Journal of Differential Equations [80] as:

“Crossley RM, Pietschmann JF, Schmidtchen M. Existence of weak solutions for a
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volume-filling model of cell invasion into extracellular matrix. Journal of Differential

Equations. 428:721-46. 2025.”

6.2.2 The impact of electrotaxis on cell-cell interactions

Besides physical constraints, chemical, magnetic and electric fields are all also known

to impact cell migration properties. In another work, the role of external electric

fields is investigated, in particular, considering their impact on cell–cell interactions.

Using automated segmentation, tracking, and quantification of contact locations on

the cell surface, this study analyses pairwise interactions of human corneal epithelial

cells under control conditions and during electrotaxis [272].

The results show that while the frequency and duration of contacts are largely

unchanged, the behavioural outcomes after a cell–cell collision, specifically the con-

tact inhibition of locomotion and velocity alignment of the cells, are dramatically

impacted by the electric field. Distinct zones on the cell membrane are mapped

out, which under normal conditions produce characteristic repulsion or alignment

responses. When an electric field is applied, these zones are spatially shifted or

functionally altered. The outcomes demonstrate that electrotaxis affects not only

single-cell polarity and directionality, which has previously been well-studied in the

literature, but also fundamentally alters the outcomes of short-range physical inter-

actions between cells, potentially leading to modified collective migration patterns.

More broadly, the framework developed in this study provides a general method for

quantifying and classifying cell–cell interaction rules in different environments, com-

plementing the themes of this thesis on how external cues shape population-level

invasion behaviours.

This work was completed in collaboration with S. F. Martina-Perez and is pub-

lished in Biophysical Journal [78] as:

“Crossley RM, Martina-Perez SF. Electrotaxis disrupts patterns of cell-cell interac-

tions of human corneal epithelial cells in vitro. Biophysical Journal. 124(8):1245-54.

2025”

6.2.3 Travelling waves in a minimal ‘go-or-grow’ model of
cell invasion

As discussed in Chapter 4, the go-or-grow hypothesis suggests that certain cells un-

dergo reversible phenotypic changes between a migratory and proliferative pheno-

types. To make progress on the analysis of the travelling waves observed in these
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scenarios, in this work we study the simplest possible model that captures this phe-

nomenon. This model involves linear diffusion of the migrating population and lo-

gistic growth of the proliferative population, alongside a general density-dependent

switching rate between the two states.

The study shows that, in the fast switching regime, the two population system for-

mally reduces to a single reaction–diffusion equation with effective density-dependent

diffusion and proliferation, thereby linking heterogeneous go-or-grow models with

classic single-species nonlinear diffusion equations. Using this connection, we per-

form a detailed travelling wave analysis, deriving a dispersion relation that provides a

lower bound on the invasion speed. A key result is that the minimum predicted travel-

ling wave speed in the heterogeneous model is always bounded above by the minimum

travelling wave speed of the Fisher–KPP model, and for biologically relevant switching

functions (such as when switching into the proliferative state vanishes at zero den-

sity), the minimal wave speed cannot be attained, explaining discrepancies between

previously observed analytical predictions and numerical simulations. Numerical re-

sults across a range of switching forms confirm these analytical insights and highlight

regimes in which nonlinear switching causes deviations from linear theory. Over-

all, this work establishes a rigorous mathematical link between phenotype-structured

invasion models and single-population PDEs, clarifying how switching rules shape

macroscopic invasion speed, justifying the discrepancies observed between the linearly

predicted and numerically observed wave speeds in Chapters 2 and 4, and motivating

the work in Chapter 3.

This work was completed in collaboration with C. Falcó and R. E. Baker and is

published in Applied Mathematics Letters [105] as:

“Falcó C, Crossley RM, Baker RE. Travelling waves in a minimal go-or-grow model

of cell invasion. Applied Mathematics Letters. 158:109209. 2024.”

6.2.4 Identifiability of phenotypic adaptation

In reality, the extent of phenotypic heterogeneity in a system may be identified di-

rectly from biological data. To investigate this, we examine the identifiability of

phenotypic plasticity in cancer from low-cell-count proliferation assays. A stochastic

IBM of cell adaptation is developed, whereby cells adapt along a continuous phe-

notypic axis between drug-sensitive and drug-resistant states. The dynamics of the

phenotype change are governed by a deterministic drift term, which depends on the

presence of treatment with a drug, and stochastic diffusion, representing spontaneous

phenotype change. By exploiting the relationship between this stochastic model and
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its associated Fokker–Planck PDE and chemical master equation, the study builds

a likelihood framework that rigorously accounts for intrinsic noise. Using synthetic

data under multiple experimental designs, we show that while proliferation rate and

adaptation velocity are practically identifiable, the variance in the phenotype between

cells is not identifiable from population-level observations, such as total cell counts

or proliferation markers. Moreover, we demonstrate that population-level data alone

cannot distinguish whether resistance arises from a binary switch between discrete

states or from a continuum of phenotypes. Instead, both mechanisms generated in-

distinguishable cell count trajectories. Only finely grained data involving exact cell

birth or death times (which is rarely available experimentally) contained sufficient in-

formation to recover the parameter governing random heterogeneity. These findings

provide important guidance for the design of future experiments probing phenotypic

plasticity, and show that simple homogeneous ODE models may be more appropriate

for adequately describing population-level behaviour in many settings.

This work was completed in collaboration with A. P. Browning, C. Villa, P. K. Maini,

A. L. Jenner, T. Cassidy and S. Hamis and is published in PLOS Computational Bi-

ology [42] as:

“Browning AP, Crossley RM, Villa C, Maini PK, Jenner AL, Cassidy T, Hamis S.

Identifiability of phenotypic adaptation from low-cell-count experiments and a stochas-

tic model. PLoS Computational Biology. 21(6):e1013202. 2025.”

6.2.5 Optimal control of heterogeneous cell populations

In another piece of complementary work, a general optimal control framework for

treating heterogeneous cell populations with combination drug therapies is developed

and analysed. In this situation, the complexity arises as multiple drugs interact with

one another synergistically and act on multiple phenotypically distinct cell types.

This work focuses on a broad class of ODE models describing cell population growth

and death and the actions of the drugs. Using Pontryagin’s Minimum Principle, we

derive explicit optimality conditions for these systems and show how nonlinear inter-

actions modify classical regulatory solutions. The framework is then applied to three

biologically grounded case studies: a two-population model of cervical cancer which

is treated with cisplatin and paclitaxel; a neuroblastoma model featuring three cell

types with complex differentiation pathways mediated by chemotherapy, signalling

pathways and drug interactions; and a formulation for controlling proportions of cell

types, rather than individual cell numbers, which is particularly relevant to engineered

systems. In both biological cases, optimal dosing is shown to outperform constant
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drug administration, particularly in low-toxicity regimes. We also reveal distinct

regions of parameter space that generated qualitatively different optimal treatment

strategies.

Overall, this work demonstrates how optimal control can aid in the design of time-

varying, synergistic drug schedules, which are essential for biomedical treatments

of systems containing multiple cell types. It also provides a flexible mathematical

template for personalised treatment design in heterogeneous tissues for the future.

This work was completed in collaboration with S. F. Martina-Perez, S. W. S. John-

son, J. C. Kasemeier-Kulesa, P. M. Kulesa and R. E. Baker and is published in the

Bulletin of Mathematical Biology [203] as:

“Martina-Perez SF, Johnson SW, Crossley RM, Kasemeier JC, Kulesa PM, Baker

RE. Optimal control in combination therapy for heterogeneous cell populations with

drug synergies. Bulletin of Mathematical Biology. 87:159. 2025”

6.3 Perspectives and future directions

During the development of this thesis, several open questions and avenues for further

investigation, both mathematically and biologically, have been identified. While the

models presented here capture a number of key features of collective cell migration in-

cluding nonlinear diffusion, phenotypic switching, and cell–environment interactions,

they also highlight mechanisms that remain unexplored or only partially understood.

In what follows, several directions in which the present work could be extended,

refined, or connected more closely to experimental systems are outlined. These per-

spectives are by no means exhaustive, but are chosen to represent the most promising

opportunities for deepening our understanding of how heterogeneous cell populations

migrate, interact with their surroundings, and give rise to the rich dynamics observed

in biological tissues.

6.3.1 Model assumptions and biological extensions

Across Chapters 2, 4 and 5, the models developed all assume that cells experience

purely diffusive movement. This movement is then considered to be modulated either

by the presence of ECM or other cells around the cell, or the phenotype of the cell,

without explicitly including any migratory support from the ECM fibres, other than

in a volume-filling capacity. Haptotaxis, the movement of cells along a gradient

in adhesive substrates, such as the ECM, is a well-studied biological mechanism. In

future developments, haptotaxis could be included in the models to improve biological
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realism, and, by explicitly modelling ECM fibres and their alignment, the migration

of cells as a result of contact guidance can also be modelled.

In the IBM, several other assumptions could be relaxed. For example, processes

such as proliferation and ECM degradation are currently restricted to impacting only

the lattice site occupied by the cell. In reality, ECM degradation often also occurs

when cells secrete matrix degrading enzymes that diffuse in the extracellular space,

and may not be membrane-bound. Introducing non-local ECM degradation kernels

could therefore offer a route to more realistic biological modelling and may likely

result in a different continuum formulation and varied simulation outcomes, such as

continued wave propagation even when m0 = 1.

Employing a different modelling framework, such as a hybrid or force-based model,

may allow for changes in cell proliferation, physical ECM cross-linking and remod-

elling, or mechanical interactions to be incorporated. Allowing ECM density to evolve

through elastic deformation, or cross-linking [197] may reveal regimes where mechan-

ical resistance dominates over biochemical cues. Further chemicals secreted by cells

or present in the local environment could also be included as diffusible PDEs, in order

to study the impact of chemotaxis on cells during their migration [289].

In the specialist population model developed in Chapter 4, it is often unclear

how to compare between the models with different phenotypic switching functions.

This suggests a further extension of this work to include energetic costs governing

proliferation, movement, ECM degradation and phenotypic switching between states

that allows for a more biologically conclusive investigation of which form of phenotypic

switching function generates the highest rate of cell invasion.

6.3.2 Dimensionality and spatial structure

All of the models developed in Chapters 2, 4 and 5 were primarily analysed in one

spatial dimension. Extending these results to two or three dimensions raises several

new questions. In higher dimensions, invading fronts may display instabilities, that,

in some scenarios, could lead to “fingering” or pattern formation, which has been

observed in models of invasion into ECM [13, 55] or during tumour expansion when

cells have heterogeneous motility [94, 189]. Analysing front stability in the ECM-

driven invasion models derived here could reveal whether similar instabilities arise

spontaneously or only under particular parameter regimes.

The phenotypically structured PDE of Chapter 5 also naturally accommodates

additional phenotype dimensions, such as separating proliferation rate from motility,

or introducing metabolic state, cell size, or receptor expression. Such extensions would
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allow the modelling of richer experimental systems, including tumour spheroids where

both spatial and phenotypic heterogeneity are essential features.

6.3.3 Travelling wave analysis

The travelling wave speeds observed in Chapters 2 and 4 reveal rich behaviours not

present in classical Fisher–KPP type waves. The interplay between ECM degradation

and cell movement suggests transitions between pulled, pushed, and semi-pushed

waves, as described in recent ecological literature [32, 348]. This is likely due to

the nonlinear cross-species dynamics that vary in strength for different parameter

values. Quantifying these transitions formally would require studying how the ratio

of observed wave speeds to linear predictions varies with parameters, and examining

whether the wave profile develops characteristic signatures of pushed or semi-pushed

behaviour.

In the model presented in Chapter 2, there is an opportunity to apply boundary

layer theory and asymptotic analysis to arrive at an expression for the full travelling

wave profile at long times when the rescaled ECM degradation rate λ→ 0+. A further

analytical challenge arises in determining the critical value λc in the before-mentioned

models, where λc represents the critical value of the parameter that separates linear

from nonlinear wave speed selection in models describing collective cell migration

into ECM. Numerical simulations, together with the analysis in Chapter 3, strongly

suggest that the transition depends sensitively on the initial ECM density. Future

work could involve the use of basins of attraction, boundary layer theory or matched

asymptotics near the leading edge to provide the tools to derive explicit formulae

for the speed c(λ,m0) depending on the rescaled ECM degradation rate, λ, and the

initial ECM density, m0, and the critical value, λc. If possible, this knowledge could

then further aid an investigation using perturbation methods into the shape of the

wave front for intermediate values of λ.

The idea of a criterion for nonlinear wave speed selection could also be investigated

further, in general. An analytical framework diagnosing parameter regimes whereby

a PDE should be expected to travel at the speed predicted by linear analysis could be

vital for future researchers validating their numerical models and provide genuinely

valuable analytical insights. Furthermore, the optimal control approach to predicting

the minimum travelling wave speed in taxis-based systems should be validated against

numerical simulations and data, before further being expanded into systems of two or

more species including other terms such as cross-dependent diffusion in both species.
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6.3.4 Model validation

Tailoring the models developed in this thesis to specific biological systems presents a

natural next step. Validation would involve estimating model parameters, comparing

predicted wave speeds and profiles to experimental measurements, and determining

which switching rules or ECM interactions most accurately match tissue-level obser-

vations. Histological data could be used to infer phenotypic distributions across the

wave front, potentially allowing the inverse use of the results of Chapter 4: predicting

switching mechanisms from observed population structure [308].

For the structured PDE model in Chapter 5, detailed biological data are needed to

parameterise phenotype evolution, particularly in systems such as T cell exhaustion,

where the biological meaning of “exhaustion level” remains debated [33]. The mod-

elling framework offers a starting point, but substantial empirical work is required to

identify appropriate switching, proliferation, and motility functions.

6.3.5 Learning models from data

Throughout this thesis, the continuum models studied were derived from their un-

derlying individual-based equivalents. Whilst achievable, this process is not always

straightforward and relies on sensible choices of limits, parameters and functions to

ensure closure at the boundaries, amongst other technical requirements. Thankfully,

over recent years, advancements in experimental biology have led to an increase in

data, which is of higher resolution and quality than ever before. As a result, new

techniques are being developed to learn the most appropriate mathematical models

directly from the data [20, 309].

These techniques range from sparse regression [46, 215, 287], where the experimen-

tal observations are used to approximate derivatives in space and time, before being

matched to the best fitting terms in a library of candidates to form a full PDE de-

scription of the data; to neural network based techniques including universal differen-

tial equations (UDEs) [88, 267, 266, 276], physics-informed neural networks (PINNs)

[6, 23, 160, 255, 269, 270, 278, 323, 328, 370, 371], and, more recently, biologically-

informed neural networks (BINNs) [102, 127, 125, 181, 182, 233, 232, 299]. In UDEs, a

neural network component is trained within a differential equation, whereas in PINNs

and BINNs, a chosen model structure is imposed as a soft constraint and multiple

networks are used to learn the solution and the functions within the corresponding

PDE. As such, all of the continuum models developed and studied during this the-

sis are amenable to these methods and could potentially be recovered directly from
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data. This suggests the opportunity to learn functional forms of switching rates, diffu-

sion coefficients, or phenotype evolution directly from complex spatio–temporal data,

followed by the potential to resolve long-term modelling debates, such as those sur-

rounding the go-or-grow hypothesis in cancer [71, 114, 347]. In BINNs, the variational

and optimal control formulations of the wave speed could be integrated to provide

structural constraints or priors for these learning approaches when travelling waves

are exhibited, and therefore allow opportunities to bridge mechanistic modelling with

modern inference techniques.

6.4 Closing remarks

This thesis explored the role of heterogeneity in reshaping and governing the collective

movement of cells. By deriving new continuum limits, formulating a variational and

optimal control framework for wave speed selection, and analysing both discrete and

structured PDE models, this thesis has elucidated that seemingly subtle microscopic

features can produce strikingly different macroscopic effects, and vice versa. Across

the chapters, the recurring theme is that population-level behaviour relies heavily

on the complex interplay between individual cells, their phenotypes and their inter-

actions with the local environment. This thesis as a whole has demonstrated that

mathematical models grounded in mechanistic principles provide a rigorous way to

uncover this relationship and transparently compare models and methodologies from

throughout the literature.

The models, tools and approaches developed in this thesis ultimately open path-

ways to richer biological modelling, deeper analytical understanding, and a more

direct connection to experimental data across a variety of contexts. In doing so,

the thesis lays conceptual and methodological foundations for future work on cell

migration, phenotypic evolution, and the mathematics of invasion processes.
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Appendix A

Appendix for Chapter 4

A.1 Spatially homogeneous steady states

In this section, we perform a steady state analysis for the system (4.11)-(4.13) sub-

ject to each of the phenotypic switching functions listed in Table 4.1. Since we are

interested in travelling wave solutions, we seek spatially homogeneous steady states.

For all phenotypic switching mechanisms we consider, the spatially homogeneous

steady states satisfy

u2(1 − u1 − u2 −m) = 0, (A.1)

mu1 = 0. (A.2)

Equation (A.2) implies that either m = 0, or u1 = 0, and Equation (A.1) gives u2 = 0

or u1 + u2 +m = 1.

A.1.1 Constant switching

For the case that γ12(u1, u2, m) = γ21(u1, u2, m) = s, the spatially homogeneous

steady states of the system (4.11)-(4.13) also satisfy

−u1 + u2 = 0,

and the continuum of spatially homogeneous steady states is given by

A1 := (u∗1, u
∗
2, m

∗) = (0, 0, m̄),

A2 := (u∗1, u
∗
2, m

∗) =

(
ū1, ū2, 0

)
,

where ū1, ū2, m̄ ∈ [0, 1], prescribed by initial conditions, and ū1 = ū2 = 0.5 (see

Section A.2 for values of ū1 and ū2 when switching rates differ in either direction. The
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steady state A1 describes the case with no cells present and only ECM. Alternatively,

A2 describes a mixed population of cells, and no ECM, where the ratio between cells

in phenotypic state 1 and 2 is determined by the phenotypic switching rates in either

direction (see Figure A.1).

A.1.2 ECM-dependent switching

When we consider ECM-dependent switching, we find that the spatially homogeneous

steady states must satisfy Equations (A.1) and (A.2) along with

−u1(1 −m) + u2m = 0.

By the same arguments as before, the resulting steady states are given by

B1 := (u∗1, u
∗
2, m

∗) = (0, 0, m̄),

B2 := (u∗1, u
∗
2, m

∗) = (0, 1, 0).

Once again, the steady state described by no cells and only ECM (far ahead of the

travelling wave) is given by B1, but now B2 describes a steady state consisting only

of cells in phenotypic state 2.

A.1.3 Space-dependent switching

By considering phenotypic switching dependent on available space, the spatially ho-

mogeneous steady states satisfy

−su1(1 − u1 − u2 −m) + su2(u1 + u2 +m) = 0,

such that the spatially homogeneous steady states are given by

C1 := (u∗1, u
∗
2, m

∗) = (0, 0, m̄), (A.3)

C2 := (u∗1, u
∗
2, m

∗) = (1, 0, 0). (A.4)

C1 is the same steady state described for constant and ECM-dependent switching,

where only ECM is present. C2 represents a steady state with only cells in phenotypic

state 1, and no cells in phenotypic state 2 or ECM present.
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A.1.4 Cell-dependent switching

Finally, the spatially homogeneous steady states under cell-dependent phenotypic

switching satisfy Equations (A.1) and (A.2) and

−su1(1 − u1 − u2) + su2(u1 + u2) = 0,

to give the spatially homogeneous steady states, C1 and C2 (see Equations (A.3) and (A.4)),

that are the same as those observed under space-dependent switching.

A.2 Distinct switching rates in either direction

In this section, we investigate the system (4.11)-(4.13) subject to the phenotypic

switching functions listed in Table A.1 with different switching rates in either di-

rection, such that cells in phenotypic state 1 switch to phenotypic state 2 at rate

s12 ∈ R+ and, equivalently, cells in phenotypic state 2 switch to phenotypic state 1

at a rate given by s21 ∈ R+. Since there is limited evidence that distinctly different

switching rates are biologically relevant [239], we only briefly discuss some of the main

results for s12 ̸= s21 in this section to demonstrate the impact of these parameters on

the model solutions.

Name γ12(u1, u2,m) γ21(u1, u2,m)

Constant switching s12 s21
ECM-dependent switching s12(1 −m) s21m
Space-dependent switching s12(1 − u1 − u2 −m) s21(u1 + u2 +m)
Cell-dependent switching s12(1 − u1 − u2) s21(u1 + u2)

Table A.1: Table listing the phenotypic switching functions.

Figure A.1 shows that, in the case of constant switching, the ratio between the

phenotypic switching rates, s12 and s21, directly determines the ratio between the

volume fraction of cells in phenotypic states 1 and 2 in the bulk of the migrating cell

population, as described in A.1.1. For s12, s21 ∈ [0, 1] the relationship between the

travelling wave speed and these parameters is symmetrical around s12 = s21, which

is the maximum speed observed numerically and predicted analytically in the fast

phenotypic switching regime (see Section 4.4.3).

Furthermore, changes in the individual switching rates also impact the travelling

wave profile and speed of migration. For example, when considering ECM-dependent
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Figure A.1: Plot demonstrating the relationship between the ratio of the switching
rates, s12 and s21, and the ratio between the volume fraction of the two cell sub-
populations behind the wave front, u1/u2 when simulating the system (4.11)-(4.13)
subject to the initial conditions for the cells as in Equation (4.14), and for the ECM as
in Equation (4.4), subject to constant phenotypic switching (see Table 4.1). This plot
was produced by running simulations under a variety of switching rates and plotting
the ratio between the resulting cell sub-population densities behind the wave front.
The initial ECM volume fraction ahead of the cells is m0 = 0.5, the ECM degradation
rate is λ = 1, and the width of the region initially invaded by migrating cells is α = 1
across all simulations. For more information regarding the numerical methods used
see Section 4.3.1.
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Figure A.2: Travelling wave profiles of the solutions of Equations (4.11)-(4.13) sub-
ject to the initial conditions for the cells as in Equation (4.14), and for the ECM as
in Equation (4.4), plotted as a function of the travelling wave variable z = x − ct,
where c is the numerically observed travelling wave speed. These solutions demon-
strate that changing the switching rate in one direction leads to one sub-population
dominating the migrating front. For ECM-dependent switching, the switching rate
from phenotypic state 1 to 2 is s12 = 1 and the switching rate from phenotypic state
2 to 1 is s21 = 10. For space- and cell-dependent switching, the switching rate from
phenotypic state 1 to 2 is s12 = 10 and the switching rate from phenotypic state 2
to 1 is s21 = 1. The initial ECM volume fraction ahead of the cells is m0 = 0.5, the
ECM degradation rate is λ = 1, the weighting of the specialists towards degrading
ECM is θS,D = 0.5 and the width of the region initially invaded by migrating cells is
α = 1 in all cases. For more information regarding the numerical methods used see
Section 4.3.1.

switching, although increasing the switching rate from phenotypic state 2 to pheno-

typic state 1 decreases the travelling wave speed, it also changes the distribution of

cells in the migrating front such that the front of the travelling wave is dominated by

degrading cells in phenotypic state 1, ahead of a mixed region of cells in both states,

and the bulk of proliferating cells remains in the rear (see Figure A.2).

A similar result can be observed in Figure A.2 for space-dependent switching and

cell-dependent switching. In these cases, increasing the switching rate from pheno-

typic state 1 to phenotypic state 2 causes a leading population of cells in phenotypic

state 2 at the front of the travelling wave. In all cases, the greater the difference be-

tween the switching rates, the larger and more concentrated this proportion of leader

cells are.
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Appendix B

Appendix for Chapter 5

B.1 Individual-based model functions

B.1.1 Phenotypic structuring during range expansion

As per the rules described in Section 5.2, we can write functions to describe the

movement and growth of cells over time. In particular, noting that in this case we

have homogeneous cells, with constant random movement in all directions, then we

can write

β±(j,Ni±1, ei±1) = 1.

Furthermore, when considering Fisher–KPP-type invasion, we know that cells grow

faster in areas with higher amounts of available space, which can be modelled as

γK(j,Ni) = 1 − Ni

κ
,

whereas, with the addition of the Allee effect, we instead have

γA(j,Ni) =

(
1 − Ni

κ

)
(Ni − p∗),

with p∗ ∈ (0, 1/2) and κ > 0 describing the maximum total number of cells that can

fit in any single site. Implementing these functional forms during the coarse-graining

process described in Section 5.3, absorbing constants in the continuum limit and

rescaling as appropriate, the resulting continuum equation is given by Equation (5.37)

with functions (5.38) and (5.39).

B.1.2 A go-or-grow model of cells invading into ECM

When describing cells moving into ECM, we know that volume filling constraints will

affect the movement in physical space. In fact, as space decreases, cells have less space
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in which to move. Furthermore, we implement a continuum of cell phenotypes in this

case, such that cells in phenotypic state j = Ymax are the most proliferative, but

least motile and degrading cells. As such, the individual-based functions describing

movement in physical space can be written as

β±(j,Ni±1, ei±1) = (1 − j)

(
1 − Ni±1 + ei±1

κ

)
,

where κ > 0 is the total number of available sites for cells and ECM elements, known

as the carrying capacity.

Cells are able to proliferate more rapidly when there is a larger amount of available

space, and when they occupy a phenotypic state with higher values. As such, we have

that

γ(j,Ni, ei) = j

(
1 − Ni + ei

κ

)
.

Alternatively, it is cells in a lower phenotypic state, j, that degrade the surrounding

ECM at a higher rate. The corresponding function to describe this is given by

λ(j, nj
i ) = (1 − j)nj

i .

In Section 5.4.3, we consider a number of different functions to describe movement

in phenotypic space. The first phenotypic drift term we consider is cell-dependent

drift, where cells transition into a phenotypic state with lower values at an increasing

rate in regions with more cells present. The second phenotypic drift term we eval-

uate considers the role of the ECM in determining phenotypic transitions. In this

case, cells transition to phenotypic states with lower values as the number of ECM

elements in the same physical site increases. Finally we consider space-dependent

phenotype transitions such that cells move into phenotypic sites with higher values

at an increasing rate as the available space in the same physical site increases. These

options are all described in Table B.1.

Implementing the individual-based functions described above during the coarse-

graining process, absorbing parameters and rescaling gives the resulting continuum

equations and functions as stated in Section 5.4.3 of the main text.

B.1.3 T cell exhaustion

In the case where we consider T cell exhaustion, we are simulating both T cells and

tumour cells. Both the T cells and tumour cells can move and grow, whilst T cells

have a further variable, exhaustion, attached to them, and they are able to kill off

the tumour cells.
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Phenotypic
drift

µ−(j,Ni, ei) µ+(j,Ni, ei)

Cell-dependent
Ni

κ
1 − Ni

κ

ECM-
dependent

ei
κ

1 − ei
κ

Space-
dependent

Ni + ei
κ

1 − Ni + ei
κ

Table B.1: Table listing the individual-based functions used during coarse-graining,
that correspond to those continuum equivalents described in Table 5.1. The functions
shown describe the probabilities of transitions up and down the phenotype space,
µ+(j,Ni, ei) and µ−(j,Ni, ei), respectively.

The movement of both the tumour cells and T cells is subject to volume exclusion,

but also depends on the exhaustion level of the cells for the T cells. As such, we can

write that the individual-based functions describing the movement of the T cells are

given by

β±(j,Ni±1, ei±1) = j

(
1 − Ni±1 + ei±1

κ

)
,

where κ > 0 is the carrying capacity of each physical site, i. Alternatively, the

movement of the tumour cells does not depend on the phenotype of the cells. For

some rate r̄± ≥ 0, describing the movement of the tumour cells, we can write

r±(Ni±1, ei±1) = r̄±

(
1 − Ni±1 + ei±1

κ

)
,

which coarse grains to become the function given by DC(ρ(x, t), C(x, t)) in the main

text, using the same method as for Dm(y, ρ(x, t), C(x, t)).

T cells are able to divide and produce a daughter cell in the same phenotypic and

physical site at a rate described by γ1 ≥ 0. However the rate of reproduction depends

on available space and is also greater for less exhausted cells, in a phenotypic state with

higher values. T cells can also die at a rate γ0 ≥ 0 which increases as they exhaust.

As such, the function describing the net growth of the T cells at an individual-level

is given by

γ(j,Ni, ei) = γ1j

(
1 − Ni + ei

κ

)
− γ0(1 − j).
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Concurrently, the probability of tumour cell proliferation increases with the avail-

able space. This probability behaves in a similar manner to γ(j,Ni) in the previous

application, but without phenotype dependence. As such, we write

b(Ni, ei) = 1 − Ni + ei
κ

.

This term coarse grains to become the function given by g(ρ(x, t), C(x, t)) in the main

text, using the same method as for r(y, ρ(x, t), C(x, t)).

T cells exhaust as a result of interactions with (being in the same site as) tumour

cells. They also naturally exhaust. Both of these occur faster when a cell is less

exhausted (in a higher phenotypic state). To implement this, we write that the

probability of cells moving up or down in phenotype space can be written as

µ±(j, ei) =
1

2
(1 ± jk1 ± jk2ei) ,

where k1, k2 ≥ 0 describe the exhaustion rate of the T cells as a result of movement

and growth, and as a result of interactions with the tumour cells, respectively.

Finally, tumour cells die (and are removed from their site) as a result of interac-

tions with T cells in the same physical site at a rate λ̃ ≥ 0. The individual-based

description of this is given by

λ(j, nj
i ) = λ̃jnj

i .

Using these functions in a coarse-graining process similar to that in Section 5.3

and rescaling as appropriate, we find that the resulting system of equations is given by

Equations (5.43) and (5.44), with continuum functions as described in Section 5.4.4.
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Cell migration or cytokinesis and proliferation? – revisiting the “go or grow”

hypothesis in cancer cells in vitro. Experimental Cell Research, 319(20):3094–

3103, 2013.

[115] R. A. Gatenby. Population ecology issues in tumor growth. Cancer Research,

51(10):2542–2547, 1991.

[116] R. A. Gatenby and E. T. Gawlinski. A reaction–diffusion model of cancer

invasion. Cancer Research, 56(24):5745–5753, 1996.

[117] R. A. Gatenby, E. T. Gawlinski, A. F. Gmitro, B. Kaylor, and R. J. Gillies.

Acid-mediated tumor invasion: A multidisciplinary study. Cancer Research,

66(10):5216–5223, 2006.

[118] A. Gerisch and M. A. J. Chaplain. Mathematical modelling of cancer cell inva-

sion of tissue: Local and non-local models and the effect of adhesion. Journal

of Theoretical Biology, 250(4):684–704, 2008.

[119] A. Gerisch and M. A. J. Chaplain. Mathematical modelling of cancer cell

invasion of tissue: local and non-local models and the effect of adhesion. Journal

of Theoretical Biology, 250(4):684–704, 2008.

[120] P. Gerlee and S. Nelander. The impact of phenotypic switching on glioblastoma

growth and invasion. PLOS Computational Biology, 8(6):e1002556, 2012.

[121] P. Gerlee and S. Nelander. Travelling wave analysis of a mathematical model

of glioblastoma growth. Mathematical Biosciences, 276:75–81, 2016.

[122] A. Giese, L. Kluwe, B. Laube, H. Meissner, M. E. Berens, and M. Westphal.

Migration of human glioma cells on myelin. Neurosurgery, 38(4):755–764, 1996.

[123] A. Giese, M. A. Loo, N. Tran, D. Haskett, S. W. Coons, and M. E. Berens.

Dichotomy of astrocytoma migration and proliferation. International Journal

of Cancer, 67(2):275–282, 1996.

212
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