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Abstract

T2K is a long-baseline neutrino oscillation experiment designed to perform
precision measurements of the neutrino oscillation parameters sin2 θ23, sin2 θ13,
and ∆m2

32, as well as constrain the CP-violating phase δCP. It performs these
measurements by propagating a neutrino beam of average energy 0.6 GeV,
produced at the J-PARC facility in Tokai, along a 295 km baseline to Super-
Kamiokande (often referred to as Super-K or SK). The unoscillated beam is
measured by a suite of near detectors 280 m downstream of the target, and the
oscillated spectra are measured at Super-K.

This thesis details constraints on the oscillation parameters measured by T2K
from a joint fit to near and far-detector data using a Bayesian Markov chain Monte
Carlo method. The results of two fits are reported, firstly fitting to T2K data only,
and then applying an external constraint on sin2 θ13 from reactor experiments.

When fitting to T2K data only, the best-fit points and 68% credible inter-
vals for the oscillation parameters are: sin2 θ23 = 0.488+0.057

−0.018, ∆m2
32 = 2.51 ×

10−3 eV2 with a range of [2.43, 2.57] ∪ [−2.58,−2.51], sin2 θ13 = 0.0235+0.0056
−0.0031,

δCP = −1.92+1.17
−0.84.

When applying an external reactor constraint to sin2 θ13, the best-fit points
and 68% credible intervals are: sin2 θ23 = 0.531+0.028

−0.044, ∆m2
32 = 2.51 × 10−3 eV2

with a range of [2.42, 2.58] ∪ [−2.56,−2.53], sin2 θ13 = 0.0221 ± 0.0007, δCP =

−1.84+0.83
−0.74. CP-conserving values of both the CP-violating phase δCP and the

Jarlskog invariant are excluded at the 90% significance level.
Current oscillation parameter measurements are limited by statistical uncer-

tainties. However, future measurements made at next-generation long-baseline
experiments are anticipated to be limited by systematic uncertainties. It is
therefore vital that work is carried out to better understand neutrino interaction
cross sections, which currently represent a significant source of the total sys-
tematic uncertainty in oscillation parameter measurements. This thesis presents
the development of two sets of novel interaction uncertainties for current and
future experiments.

First, parameters were developed at T2K to describe sizeable model differ-
ences seen in the low-energy transfer region. These parameters were further
motivated by an alternative model study that demonstrated a significant bias



in ∆m2
32, which was the largest contribution to the total systematic uncertainty

for this parameter. This thesis demonstrates that the newly developed system-
atic uncertainties significantly reduce this bias and improve the flexibility and
robustness of T2K’s interaction model.

Finally, this thesis presents new interaction uncertainties that modify the
nuclear ground state, developed especially for the Deep Underground Neutrino
Experiment (DUNE), a next-generation long-baseline experiment. Benefiting
from much higher statistics and improved detector resolution, it is anticipated
that DUNE will have a strong sensitivity to nuclear effects, which are currently
poorly understood. It is demonstrated that mis-modelling the nuclear ground
state may lead to biases in oscillation parameter measurements.
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1
Introduction

One of the greatest unsolved problems in physics is the origin of the observed

matter-antimatter asymmetry. According to our understanding, when the Uni-

verse began with the Big Bang, equal amounts of matter and antimatter were

expected to have been created. If this were the case, the matter and antimatter

would have annihilated into pure energy, and the Universe would be a rather

boring place. However, what we observe today is a matter-dominated universe.

Where did all of the antimatter go? Stated differently, why are we all here?

In 1967, Andrei Sakharov proposed three necessary conditions that must

be met to explain the observed matter-antimatter asymmetry, known as the

Sakharov conditions [1]. One of these conditions is the violation of CP symmetry,

which can be interpreted as a fundamental distinction in the laws of physics

between matter and antimatter.

CP violation is allowed in the Standard Model and indeed has been exper-

imentally observed in the quark sector. However, the amount of CP violation

that has been measured is far from sufficient in explaining the matter-antimatter

asymmetry we observe in the Universe. Therefore, there must be additional

sources of CP asymmetry beyond the Standard Model.

Neutrino mixing offers an interesting gateway into investigating CP violation

in the leptonic sector. Compared to the hadronic sector, a significantly higher

1
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amount of CP violation is still possible in neutrino mixing. Indeed, if maximal

CP violation occurs in neutrino oscillations, the degree of CP violation would

be approximately a thousand times greater than that observed in the hadronic

sector. Neutrino mixing is typically described using the PMNS parameterisa-

tion, where the effect of CP violation is encoded in the CP-violating phase δCP.

The determination of the value of δCP is perhaps the most important question

experimental neutrino physics must address. Furthermore, a measurement of δCP

which violates CP symmetry may have profound implications for understanding

the matter-antimatter asymmetry in the Universe1.

T2K is a current-generation long-baseline neutrino oscillation experiment

located in Japan [2]. It was designed to make precision measurements of the

PMNS parameters sin2 θ23 and sin2 θ13, the mass-squared splitting ∆m2
32, and

constrain the CP-violating phase δCP. Using a beam composed predominantly

of muon neutrinos (νµ) or antineutrinos (ν̄µ), it constrains the PMNS parameters

by measuring two distinct oscillation channels: the disappearance of muon

neutrinos, and the appearance of electron neutrinos. This thesis presents the

latest and most robust set of oscillation parameter constraints from the T2K

experiment, currently representing a world-leading measurement of the oscil-

lation parameters.

Current neutrino oscillation parameter measurements are limited by statistics.

However, next-generation long-baseline experiments such as DUNE [3] and

Hyper-K [4] are anticipated to be limited by systematic uncertainties. The

modelling of neutrino interactions is likely to be a dominant component of the

total systematic uncertainty, therefore improving our understanding of neutrino

interactions is of critical importance if future-generation experiments are to

achieve their physics goals. This thesis presents the development of novel inter-

action uncertainties designed for both current and next-generation experiments.

1CP violation in left-handed neutrinos may suggest the presence of CP violation in the decays
of their heavier right-handed counterparts, which would result in a lepton asymmetry. Through
processes far beyond the scope of this thesis, this can be converted into a Baryon asymmetry.
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Systematic uncertainty paramterisations were designed and implemented in

the T2K oscillation analysis framework to describe sizeable model differences

in events where neutrinos transfer relatively small amounts of energy to the

target nucleon. Model variations in this kinematic region caused a large bias

on T2K’s measurement of ∆m2
32 and was the dominant contribution to its total

systematic uncertainty. These parameters utilised regularisation techniques to

ensure smooth, physical responses across kinematic bins.

Looking ahead to the DUNE experiment, new systematic parameters were

designed to specifically target and model the nuclear ground state. With its

utilisation of advanced detector technologies and unprecedented statistics, DUNE

is anticipated to have significant constraining power for studying nuclear effects,

which are currently poorly understood. Mis-modelling the nuclear ground state

can lead to biases in oscillation parameter measurements, therefore introducing

appropriate systematic uncertainties that can modify the nuclear ground state

will form an important component of future oscillation analyses.

This thesis presents the most robust oscillation parameter constraints made

by any oscillation experiment to date, but also looks towards the forthcoming

precision era of oscillation physics, and what is required to ensure that next-

generation experiments achieve their physics objectives.

Chapter 2 presents an overview of the field of neutrino physics. It discusses

the discovery of the neutrino and its position within the Standard Model of

particle physics, and details the theory underpinning neutrino oscillations. Fur-

thermore, the chapter explores neutrino interactions and provides an overview of

the different types of neutrino experiments. The chapter concludes by presenting

the current status of neutrino physics and addresses the significant open questions

that remain to be answered in the field.

Chapter 3 describes the T2K experiment, including the neutrino beamline,

and the near and far detectors. The simulation techniques used are also briefly

discussed, as well as the upcoming T2K near-detector upgrade.
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Chapter 4 presents the statistical framework that underpins the primary

result of this thesis, which is a Bayesian oscillation analysis. The chapter pro-

vides a brief overview of Bayesian inference and Markov chain Monte Carlo

methods, as well as detailing how parameter constraints are extracted from

the posterior distribution.

Chapter 5 provides an overview of the oscillation analysis strategy, the near

and far-detector samples and the systematic uncertainties considered. Monte

Carlo predictions at the far detector are presented, and validations performed

before proceeding to data fits are also discussed. The final oscillation parameter

constraints are then presented in chapter 6.

Chapter 7 presents the development and implementation of novel system-

atic parameters designed to address the largest component of the systematic

uncertainty on the ∆m2
32 constraint presented in chapter 6. This chapter also

describes the implementation of new interaction uncertainties at the DUNE

experiment, specifically designed and tailored for the next generation of long-

baseline experiments.

To conclude, the results and implications of the work presented in this thesis

are discussed in chapter 8. A short outlook on the future of experimental neutrino

physics is also given.



2
Neutrino Physics

Soon after postulating the existence of a tiny, neutral particle in 1930 [5], Wolfgang

Pauli said: "I have done a terrible thing, I have postulated a particle that cannot

be detected". Coined the neutrino by Enrico Fermi, Pauli’s postulation was finally

detected in 1956 by Clyde Cowan and Frederick Reines [6]. Throughout the latter

half of the 20th century, there was a signifcant increase in both experimental

and theoretical reaearch into the neutrino. The discovery of neutrino oscillations

by the Super-Kamiokande collaboration in 1998 [7] further spurred interest in

neutrinos as the field advanced into the 21st century. Long predicted and believed

to be massless, this result demonstrated the non-zero, finite mass of the neutrino;

overnight, the field of neutrino physics ventured beyond the Standard Model.

This chapter provides an overview of key developments in the field of

neutrino physics. Section 2.1 will describe the discovery of the neutrino and

its representation within the Standard Model of particle physics. Section 2.2 will

detail the theoretical description of oscillations, while section 2.3 will discuss

neutrino interaction physics and its impact on oscillation measurements. Finally,

section 2.4 will provide an overview of neutrino oscillation experiments and the

current status and understanding of neutrino oscillations.

5
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2.1 Discovery of The Neutrino

In the early 20th century, the only known fundamental particles were the proton

and the electron. Around this time in 1914, James Chadwick was studying

the energy spectrum of electrons produced in β decay [8], which was assumed

to be a two-body decay in which an isotope X decays into an isotope Y via

the emission of an electron:

A
ZX → A

Z+1Y + e− . (2.1)

For known isotopes X and Y, the energy of the outgoing electron can be

calculated exactly using relativistic kinematics and the conservation of energy

and momentum. Therefore, the spectra Chadwick expected to measure was

a single line at an energy

Ee =
m2

X − m2
Y + m2

e
2mX

, (2.2)

where mX and mY are the masses of isotopes X and Y respectively, and me is

the mass of the electron. However, Chadwick measured a continuous energy

spectrum, with an endpoint of energy given by equation 2.2 [8].

The apparent violation of energy, momentum and angular momentum conser-

vation in β decay led Pauli to postulate the existence of a neutral, spin-1/2 particle

with very low mass which he called the ‘neutron’ [5]. Prospects of discovering

such a low-mass particle seemed poor, nevertheless, Pauli’s elegant solution

was expanded upon by Enrico Fermi, who constructed a theoretical description

of β decay assuming the existence of Pauli’s new particle [9]. Two years after

Pauli predicted the existence of a new particle, James Chadwick discovered

the more massive nucleon we are familiar with today: the neutron [10]. This

led Fermi to rename Pauli’s particle, coining the term neutrino (meaning ‘little

neutral one’). Fermi’s work now described β decay as a three-body process,

including the (electron anti)neutrino:

A
ZX → A

Z+1Y + e− + ν̄e . (2.3)
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Figure 2.1: A schematic diagram of the experiment performed by Cowan and Reines.
Figure from [11].

As well as providing a more accurate description of β decay, Fermi theory

also predicted a process known as inverse beta decay (IBD), in which a free

(anti)neutrino interacts with a proton, producing a positron and a neutron:

ν̄e + p → e+ + n . (2.4)

The likelihood for such an interaction to take place is very small, with a predicted

cross section of 10−44 cm2. Still, IBD’s unique interaction signature provided

optimism to those seeking an indirect detection of Pauli’s elusive neutrino.

The neutrino remained long undetected until 1956, when Clyde Cowan and

Frederick Reines conducted an experiment aiming to detect the interaction of

a (electron anti)neutrino with water molecules, taking advantage of the large

antineutrino flux from a nearby nuclear reactor [6, 11]. Their experiment consisted

of two water tanks doped with cadmium chloride (CdCl2) sandwiched between

three liquid scintillator detectors. A schematic diagram of the experiment is

shown in figure 2.1.

The pair were searching for the coincidence of two distinct signals. First,

a positron annihilates with an electron in the water, emitting two prompt 0.51
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MeV gamma rays. Second, a free neutron is captured by the cadmium nucleus

to form an excited state which then decays (after ∼ 5µs) via the emission of

a de-excitation gamma ray. The experiment ran for a total of 1371 hours, and

the neutrino signal was greater than twenty times the accidental background

rate associated with the detector. The existence of Pauli’s (anti)neutrino had

finally been experimentally verified.

A few years later in 1962, Lederman, Schwartz and Steinberger performed an

experiment at Brookhaven National Laboratory measuring neutrino interactions

in a 10-ton aluminium spark chamber [12]. They aimed to investigate whether

neutrinos emitted from charged-pion decays exhibited differences from those

generated in β decays, as had been hypothesised by Bruno Pontecorvo [13]. In

what was the world’s first conventional accelerator neutrino beam, and highly

analogous to the T2K beam described in section 3.1, 15 GeV protons struck a

beryllium target producing mostly charged pions. These pions subsequently

decayed to form a collimated beam of (muon) neutrinos. The experiment found

that when these neutrinos interacted, only muons were produced. This led to

the conclusion that νµ and νe were distinct particles.

After the discovery of the charm quark in 1974 [14, 15], quarks and leptons

could be neatly organised into two distinct generations. This was until a series

of experiments were performed by Perl et al. between 1974 and 1977 using

the SPEAR electron-positron collider at the Stanford Linear Accelerator Center

(SLAC). They observed 64 events at centre-of-mass energies of around 4 GeV

of the form e+ + e− → e± + µ∓ + missing energy, in which no other charged

particles or photons were detected [16]. These events were consistent with the

pair production and subsequent decay of a new, heavier lepton: the τ.

Following the trend observed in the preceding two generations, there was

an underlying expectation that the τ lepton would be accompanied by its corre-

sponding tau neutrino ντ. This recurrent sequence within particle generations

found representation within the Standard Model of particle physics.
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Figure 2.2: The constituent particles of the Standard Model. Figure from [17]

The Standard Model (SM) describes how elementary particles undergo in-

teractions governed by three of the four known fundamental forces of nature,

mediated by particles called gauge bosons. The forces and their respective

gauge bosons are the strong interaction (gluon, g), the electromagnetic interaction

(photon, γ), and the weak interaction (W±/Z0). Gravity is notably not included

within the Standard Model, though on the sub-atomic scale, the effect of gravity

compared with the other fundamental forces is negligible. These forces govern the

behaviour of fermions, which are spin-1/2 particles that can be further classified

into quarks and leptons. There are six quarks paired within three generations:

up and down (u, d), charm and strange (c, s) and top and bottom (t, b). The

first quark in each pair (u, c, t) carries +2
3 charge, while the second quark (d,

s, b) carries -1
3 charge. Quarks also carry colour charge and therefore feel the
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Figure 2.3: Measurements of the hadron production cross section near the Z0 resonance.
Each curve indicates the predicted cross section for two, three and four active neutrino
generations compared with combined data from the ALEPH, DELPHI, L3, and OPAL
experiments. Figure from [19].

strong interaction. Due to colour confinement, quarks must combine to form

colourless objects bound by the strong force, such as baryons (qqq) and mesons

(qq̄). Similarly, there are three lepton generations (or flavours): electron (e, νe),

muon (µ, νµ), and tau (τ, ντ). Leptons possess zero colour charge and therefore do

not interact via the strong force. All fundamental particles in the Standard Model

receive their mass by interacting with the Higgs field, the simplest manifestation

of which is the corresponding Higgs boson, discovered at CERN in 2012 [18]. The

constituent particles of the Standard Model are given in figure 2.2.

In the Standard Model, neutrinos are chargeless, colourless and massless

leptons, and therefore only interact via the weak force. The tau neutrino had

yet to be discovered when the Standard Model was under construction, but its

existence was heavily suggested both by symmetry arguments and precision

measurements of the decay width of the Z0 boson. When it decays, the Z0 boson

can produce any SM fermion and its antiparticle (excluding the top), therefore
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the total decay width can be written as

ΓZ = 3ΓZ→l−l+ + ∑
q

ΓZ→qq̄ + NνΓZ→νν̄ , (2.5)

where ΓZ→l−l+ , ΓZ→qq̄ and ΓZ→νν̄ are the partial widths for decays to charged

leptons, hadrons and neutrino-antineutrino pairs respectively, and Nν is the

number of active neutrino generations. ΓZ, ΓZ→ll̄ and ΓZ→qq̄ can be obtained

directly from experiment, while ΓZ→νν̄ can be predicted using the Standard

Model. A combined fit to data from experiments operating at the electron-

positron colliders SLC and LEP gives Nν = 2.9840 ± 0.0082, consistent with

three active neutrino generations, as shown in figure 2.3. It should be noted

that this measurement exclusively probes the number of neutrino flavours that

couple to the Z0, so does not include possible sterile or heavy neutrino species.

In 2000, the ντ was finally discovered by the DONUT collaboration where they

observed tracks consistent with τ decays originating from charged-current ντ

scattering in a nuclear emulsion [20].

2.2 Neutrino Oscillation Theory

Neutrino oscillations are a manifestation of the mixing between a neutrino’s

flavour and mass eigenstates. Neutrinos are created and interact via the weak

force in well-defined flavour eigenstates defined by their charged lepton partner,

|να⟩, where α ∈ {e, µ, τ}. Since neutrinos possess non-zero mass, there must also

exist some set of mass eigenstates, |νi⟩, where i ∈ {1, 2, 3, ...}, each with mass mi.

The flavour state |να⟩ of a neutrino can be expressed as a quantum superposition

of its mass eigenstates |νi⟩, related by a leptonic mixing matrix U:

|να⟩ = ∑
i

U∗
αi |νi⟩ . (2.6)

U is commonly referred to as the PMNS (Pontecorvo–Maki–Nakagawa–Sakata)

matrix [13, 21], the leptonic equivalent of the CKM quark-mixing matrix. The

size and parameterisation of U depends on the system being described. For
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example, when considering only two neutrino flavours (as in section 2.2.2), U

is a 2 × 2 matrix parameterised by one mixing angle θ1. Analogously, one can

move beyond the 3ν framework to investigate potential sterile neutrino states.

In this case, U would be a square matrix of size 3 + N, where N represents the

number of sterile neutrino states.

Within the framework of the Standard Model, there are three distinct neutrino

flavour eigenstates να. These states must be mutually orthogonal, otherwise,

interactions where lepton flavour number is violated would be observed, such as

W+ → µ+νe. Similarly, the neutrino mass eigenstates νi must also be orthogonal

as they are eigenstates of the free particle Hamiltonian. If there are only three

neutrino mass eigenstates (as our current understanding suggests), it follows

that U must be a unitary 3 × 3 matrix [22]. The work done in this thesis implicity

assumes that U fulfils this unitarity condition.

Assuming three neutrino flavour eigenstates, U can be written as

U =

Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3

 , (2.7)

where row α indicates the linear combination of neutrino mass eigenstates νi that

couples to the charged lepton α, and column i indicates the linear combination

of flavour eigenstates να that comprise the mass eigenstate νi.

The PMNS matrix can be paramterised in terms of three mixing angles θ12,

θ13, and θ23 and three complex phases δCP, α1 and α2 [23]:

U =

1 0 0
0 c23 s23
0 −s23 c23


︸ ︷︷ ︸

Atmospheric

 c13 0 s13e−iδCP

0 1 0
−s13eiδCP 0 c13


︸ ︷︷ ︸

Reactor/Accelerator

 c12 s12 0
−s12 c12 0

0 0 1


︸ ︷︷ ︸

Solar

eiα1/2 0 0
0 eiα2/2 0
0 0 1


︸ ︷︷ ︸

Majorana

,

(2.8)

where cij ≡ cos θij and sij ≡ sin θij. The form of U in equation 2.8 is purely a con-

vention. It helpfully separates the oscillation parameters into sub-matrices, each

1Assuming U is unitary.



2. Neutrino Physics 13

making substantial contributions to different types of oscillation experiments.

The first matrix contains only θ23, which dominantly contributes to oscillations

seen in atmospheric neutrinos (νµ → ντ). The second matrix includes θ13 and

δCP, with the former largely governing short-baseline oscillations observed at

reactor experiments, and the latter encoding the level of CP violation present

within the neutrino sector, with δCP = 0 or ±π indicating CP conservation.

The third matrix only contains θ12, which dominates oscillations seen in solar

neutrinos (νe → νµ). If neutrinos are Majorana particles, meaning neutrinos are

their own antiparticle, there are also two additional Majorana phases α1 and

α2, which are included here for completeness. Whether neutrinos are Dirac or

Majorana is an open question in neutrino physics and is unable to be answered

by oscillation experiments due to the cancellation of the Majorana phases when

oscillation probabilities are calculated.

2.2.1 Oscillation Probability Calculation

Neutrino oscillation experiments consist of propagating neutrinos of a known

flavour state, denoted as α, over a long distance (or ‘baseline’) L, and then re-

measuring their flavour state, denoted as β. A schematic of such a neutrino

oscillation can be found in figure 2.4.

Such experiments make inferences about the PMNS parameters by consider-

ing the oscillation probability. To calculate the probability that a neutrino created

with flavour α is detected in flavour state β after travelling a distance L, denoted

as P(να → νβ), the eigenstate of the neutrino at t = 0 can be written as

|να(0)⟩ = ∑
i

U∗
αi |νi⟩ . (2.9)

The time evolution of the mass eigenstate |νi⟩ obeys the Schrödinger equation2

i
∂

∂t
|νi(t)⟩ = H |νi(t)⟩ . (2.10)

2Natural units (h̄ = c = 1) are used throughout this thesis
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Figure 2.4: Schematic of neutrino oscillaton in vacuum. A neutrino created with flavour
α propagates over a distance L and oscillates into flavour β. ‘Amp’ corresponds the
amplitude A, and ‘Prop(νi)’ denotes the propagator. Figure from [23].

Therefore, the neutrino mass eigenstate can be expressed as a plane wave

|νi(t)⟩ = e−i(Eit− p⃗·⃗x) |νi⟩ . (2.11)

The time evolution of the flavour state of the neutrino can be computed by

combining equation 2.9 and 2.11 to give

|να(t)⟩ = ∑
i

U∗
αi e−i(Eit− p⃗i·x⃗i) |νi⟩ , (2.12)

where Ei is the energy of neutrino mass eigenstate |νi⟩, and p⃗i and x⃗i are its

momentum and position vectors respectively. Next, the Hermitian conjugate of

equation 2.6 is used to construct the β flavour state vector

⟨νβ| = ∑
j

Uβj ⟨νj| . (2.13)

By taking the inner product of equation 2.13 with equation 2.12, the amplitude

for a neutrino to change flavour from να to νβ can be calculated, denoted as
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A(να → νβ), can be calculated as

A(να → νβ) = ⟨νβ|να(t)⟩

= ∑
i

∑
j

U∗
αiUβj e−i(Eit− p⃗i·x⃗i) ⟨νj|νi⟩

= ∑
i

U∗
αiUβi e−i(Eit− p⃗i·x⃗i) ,

(2.14)

where the mutual orthogonality of the neutrino mass eigenstates has been

utlised, ⟨νj|νi⟩ = δij.

The phase factor in equation 2.14 can be simplified by first evaluating its

value in the lab frame as

Eit − p⃗i · x⃗i = Eit − | p⃗i|L , (2.15)

where t is the time taken for a neutrino to travel a distance L, and Ei and p⃗i are

the energy and momentum of eigenstate |νi⟩ respectively. As neutrino masses

are known to be very small (mν < 0.8 eV at 90% CL [24]) the momentum can

be approximated by

| p⃗i| =
√

E2
i − m2

i ≈ Ei −
m2

i
2E

. (2.16)

Therefore equation 2.15 can be re-written as

Eit − p⃗i · x⃗i ≈ E(t − L) +
m2

i
2E

L , (2.17)

where each neutrino mass eigenstate is assumed to have a common energy

E. Equation 2.17 can be further simplified by ignoring the factor E(t − L) as

it’s common to all mass eigenstates. Using this result the amplitude given in

equation 2.14 can be written as

A(να → νβ) = ∑
i

U∗
αiUβi e−im2

i
L

2E . (2.18)

Finally, squaring the amplitude in equation 2.18 gives the oscillation probability

P(να → νβ), expressed as

P(να → νβ) = δαβ − 4 ∑
i>j

ℜ
(

U∗
αiUβiUαjU∗

βj

)
sin2

(
∆m2

ijL

4E

)

+ (−) 2 ∑
i>j

ℑ
(

U∗
αiUβiUαjU∗

βj

)
sin

(
∆m2

ijL

2E

)
,

(2.19)
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where ∆m2
ij = m2

i − m2
j , and the negative sign is for the case of antineutrino

oscillations. This derivation largely followed approaches found in [23] and [25], a

more detailed derivation and discussion of neutrino oscillation probabilities

can be found in [26].

There are several important consequences worth noting when analysing

equation 2.19:3

• If neutrinos are massless (as predicted by the Standard Model), ∆m2
ij = 0,

meaning the flavour changing (i.e. α ̸= β) probability is zero. Therefore,

observation of oscillations both implied and required massive neutrinos.

• Oscillation probabilities are dependent on the mass-squared splitting be-

tween mass eigenstates. This means neutrino oscillation experiments have

no sensitivity to the absolute mass scale of the neutrino. However, they

do have sensitivity to the ordering (or hierarchy) of the mass states4, the

two possibilities referred to as normal (m3 > m1) or inverted (m3 < m1)

ordering. The orderings of the mass eigenstates and their respective flavour

contents are shown in figure 2.5.

• Using equation 2.19 and the unitarity of U, one can show that

∑
β

P(να → νβ) = 1 , (2.20)

where β sums over all neutrino flavours, including the original flavour

α. This demonstrates that total neutrino flux is conserved, with flavour

changes causing redistributions of its composite flavours.

• Including the implicit extra factors of h̄ and c, the argument of the sin2 term

of equation 2.19 can be written as

∆m2
ijL

4E
= 1.27∆m2

ij(eV2)
L(km)

E(GeV)
. (2.21)

3List adapted from [23]
4Though it is possible to measure the mass ordering using the imaginary part of equation 2.19,

most oscillation experiments use matter effects to perform such a measurement. Matter effects
are described in section 2.2.3.
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For oscillations to be measurable by experiments, sin2(x) should be of the

order 1, meaning O(x) ∼ π/2, where x = 1.27∆m2
ij(eV2) L(km)

E(GeV)
. Conse-

quently, oscillation experiments need to carefully choose L and E to achieve

sensitivity to the desired mass-squared splitting. A given experiment with a

baseline L km and energy E GeV will be sensitive to neutrino mass-squared

splittings down to ∼
(

L(km)
E(GeV)

)−1
. For example, T2K has a baseline of 295

km and a peak neutrino energy of 0.6 GeV, and is therefore sensitive to

∆m2
ij ∼ O(10−3eV2).

• Of particular interest to long-baseline oscillation experiments, the oscillation

probability for neutrinos and antineutrinos is different if U is complex. If it

was found that P(να → νβ) ̸= P(ν̄α → ν̄β), this would indicate a violation

of CP symmetry in the leptonic sector. Such a result would have important

consequences and implications for particle physics. So far, CP asymmetry

has only been detected in the quark sector [27], and is not large enough

to explain the matter-antimatter asymmetry seen in the universe today.

Measuring CP violation in neutrino interactions may provide a solution to

this problem.

2.2.2 Two Flavour Approximation

There are several scenarios in neutrino oscillation physics where it is both useful

and entirely appropriate to approximate only two neutrino mass and flavour

eigenstates, denoted as {ν1, ν2} and {να, νβ} respectively. Notable cases that are

dominated by a single oscillation channel include solar (νe ↔ νµ) and atmospheric

(νµ ↔ ντ) neutrino oscillations. In this case, there is only one mass-squared

splitting, ∆m2 ≡ m2
2 − m2

1, and the mixing matrix is simply a 2× 2 rotation matrix

U =

(
cos θ sin θ
− sin θ cos θ

)
, (2.22)
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Figure 2.5: Neutrino mass eigenstates and their flavour contents for normal ordering
(left) and inverted ordering (right). Figure from [28].

parameterised by a single mixing angle θ. Using this definition for U the

oscillation probability in equation 2.19 can be further simplified to

P(να → νβ) = sin2 2θ sin2
(

∆m2L
4E

)
, (2.23)

and using the total law of probability, the survival probability can be written as

P(να → να) = 1 − sin2 2θ sin2
(

∆m2L
4E

)
. (2.24)

Note, since U is a real matrix, equation 2.23 also applies to antineutrino oscilla-

tions. Therefore, CP violation in neutrino oscillations requires three flavour eigen-

states.

2.2.3 Matter Effects

So far, our oscillation probability calculations have assumed that neutrinos prop-

agate through a vacuum. However, often in oscillation experiments, neutrinos

are travelling in the presence of matter. This alters the Hamiltonian of the system

H = Hvac. + V , (2.25)
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Figure 2.6: Feynman diagram for coherent forward neutrino scattering via charged-
current (left) and neutral-current (right) exchange. Figure from [31]

where Hvac. is the Hamiltonian for oscillations in vacuum, and V is the added

potential due to neutrinos undergoing coherent forward scattering with particles

within the matter. In the Standard Model, a neutrino can coherent forward

scatter by exchanging either a W or Z boson. In normal matter, only protons,

neutrons and electrons are present. Consequently, when interacting within

matter, all neutrino flavours can undergo neutral current interactions, while

only electron neutrinos can interact via W exchange. Feynman diagrams for these

processes are shown in figure 2.6. Because all neutrino flavours experience a

potential due to the weak neutral current, the overall oscillation probability is

unaffected. Therefore, only the potential due to the charged-current scattering of

electron neutrinos needs to be considered when calculating neutrino oscillation

probabilities. The impact due to the presence of matter on oscillation probabilities

was first considered by L. Wolfenstein [29], and further expanded upon in the

context of solar neutrinos by S. Mikheev and A. Smirnov [30].

It can be shown [25] that the additional potential V experienced by electron

neutrinos can be written as

V = ± 2GFNe , (2.26)

where the positive (negative) sign corresponds to neutrinos (antineutrinos), GF is

the Fermi constant, and Ne is the number of electrons per unit volume. Through
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further derivation, detailed in [23], it is possible to show that the Hamiltonian

for two-flavour neutrino oscillations in matter can be expressed as

H =
∆m2

4E

(
−(cos 2θ − A) sin 2θ

sin 2θ (cos 2θ − A)

)
, (2.27)

where the parameter A quantifies the significance of the matter effect relative

to the mass-squared splitting and is defined as

A =
2
√

2GFNeE
∆m2 . (2.28)

Matter effects have the following implications on neutrino oscillation prob-

ability measurements:

1. The additional potential (see equation 2.26) felt due to the presence of

matter is positive for neutrinos but negative for antineutrinos. This means

matter effects will create an asymmetry between neutrino and antineutrino

oscillations resembling actual CP violation. Consequently, it is important to

correctly separate these two effects when attempting to measure true CP

violation in neutrinos.

2. The strength of the matter effect (see equation 2.28) is dependent on the sign

of the mass splitting ∆m2. It is therefore possible to use the matter effect to

identify the normal or inverted ordering of the neutrino mass states.

3. The strength of the matter effect scales with neutrino energy E, and therefore

has different impacts on different neutrino oscillation experiments. At T2K’s

neutrino energies, the matter effect has a very small impact on oscillation

probabilities. However, future experiments such as DUNE, which has a

much longer baseline of 1300 km and peak neutrino energies of ∼ 2.5 GeV,

will observe a considerably stronger matter effect [3].

The impact of matter effects on oscillation probabilities, assuming the two-flavour

approximation, as well as the impact of the sign of ∆m2, is shown in figure 2.7.

The analysis presented in this thesis uses the Prob3++ software package [32] to
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Figure 2.7: Comparison of the two-flavour approximation vacuum and matter survival
probability P(νe → νe), assuming a mixing angle α = 22.5◦, a baseline L = 5000km, and
Ne = 2NA. Figure from [34].

calculate oscillation probabilities. The matter effect is fully taken into account,

assuming an average matter density of 2.6 gcm−3 [33].

2.2.4 Oscillations at T2K

T2K and other long-baseline neutrino experiments look for neutrino oscilla-

tions in two main channels: muon (anti)neutrino disappearance and electron

(anti)neutrino appearance. Neglecting higher order terms and matter effects,

their oscillation probabilities are given by
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P(νµ(ν̄µ) → νµ(ν̄µ)) = 1−4 cos2 θ13 sin2 θ23

× (1 − cos2 θ13 sin2 θ23) sin2

(
∆m2

32L
4E

)
,

(2.29)

P(νµ(ν̄µ) → νe(ν̄e)) = sin2 θ13 sin2 θ23 sin2

(
∆m2

32L
4E

)

− (+)
1.27∆m2

21L
E

8JCP sin2

(
∆m2

32L
4E

)
,

(2.30)

where negative and positive signs in equation 2.30 are used to denote neutrino

and antineutrino oscillation probabilities respectively. Figure 2.8 shows both os-

cillation probabilities superimposed on the T2K neutrino flux. The disappearance

probability, shown in equation 2.29, is identical for neutrino and antineutrino

oscillations. In contrast, the appearance probability, shown in equation 2.30, is

different for neutrinos and antineutrinos, giving rise to CP violation. The CP-

violating term of equation 2.30 contains JCP, known as the Jarlskog invariant

[35]. The Jarlskog invariant, originally used to study CP violation in the quarks,

provides a convention-independent measure of CP violation in the neutrino

sector. Assuming the PMNS parameterisation, it can be written as

JCP = s13c2
13s12c12s23c23 sin δCP , (2.31)

where sij ≡ sin θij and cij ≡ θij.

Assuming values for the PMNS parameters quoted in the latest global fits

[27], the current maximum value for the Jarlskog invariant in the neutrino mixing

sector is J Max
CP = 0.03. This is several orders of magnitudes larger than the

corresponding value in the quark sector, where J Quarks
CP = (3.00+0.15

−0.09) × 10−5.

An accurate measurement of this quantity would therefore have significant

implications for the matter-anti-matter asymmetry problem, where it is well-

established that the observed level of CP violation in the hadronic sector is

unable to fully explain the asymmetry.
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2.3 Neutrino Interactions

The fundamental calculation involved in a neutrino oscillation analysis is the

comparison of the data measured at the far detector with a prediction. This pre-

diction is the output of a detailed analysis of the unoscillated neutrino spectrum

at the near detector, and extrapolating this to the far detector. Ideally, an exact

measurement of the neutrino flux at the near and far detector could be performed

to extract the oscillation probability, but in reality what experiments measure is

a complex product of flux, cross-section and detector effects. The near detector

can be used to constrain the systematic effects at the far detector. The ratio of

the number of electron-like events at the far-detector (NFD
e ) to the number of

muon-like events at the near detector (NND
µ ) can be written as

NFD
e (Erec)

NND
µ (Erec)

=

∫
Pνµ→νe(Eν) · ΦND

µ (Eν) · FND→FD(Eν) · σe(Eν) · SFD
e (Eν, Erec) dEν∫

ΦND
µ (Eν) · σµ(Eν) · SND

µ (Eν, Erec) dEν

, (2.32)

where ΦND
µ is the flux of muon-neutrinos at the near detector, F is the near to

far detector flux extrapolation, σe/µ is the electron/muon-neutrino cross section,

and SFD/ND
e/µ is the relation of reconstructed (Erec) to true (Eν) neutrino energy

and the impact of detector effects. Additionaly, Pνµ→νe(Eν) is the probability
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for a νµ to oscillate to a νe. The quantities in equation 2.32 do not cancel fully,

therefore if precision measurements of the neutrino oscillation parameters are to

be made, each term must be well understood. Of particular importance to the

work presented in this thesis is the understanding of neutrino interaction uncer-

tainties, which currently account for a large proportion of the total uncertainty

on measurements of the oscillation parameters [37].

2.3.1 Interaction Types

Standard Model neutrino interactions can be divided into two broad categories:

charged current (CC) and neutral current (NC). Example Feynman diagrams for

these interactions are shown in figure 2.9. CC interactions involve an incoming

neutrino interacting within the nucleus and producing a charged lepton of the

same flavour as the incoming neutrino. Conversely, NC interactions result in

only a neutrino in the leptonic final state. These interactions can be divided

further into their specific interaction modes:

• Quasi-elastic (QE) scattering - a neutrino interacts with an individual

nucleon inside the nucleus producing a lepton and a single nucleon at the

interaction vertex

• Multinucleon processes (2p2h) - similar to QE scattering, but instead the

neutrino interacts with a correlated pair of nucleons inside the nucleus

• Resonance production (RES) - a neutrino interacts with a nucleon and

produces a Baryonic resonant state (often a ∆)

• Deep inelastic scattering (DIS) - the neutrino interaction resolves quark

structure within the struck nucleon

Figure 2.10 shows the predicted cross sections for each interaction mode as a

function of neutrino energy, and the Feynman diagrams for CCQE, CCRES and

CCDIS interactions are illustrated in figure 2.11. At T2K energies, CCQE and 2p2h

interactions are most probable, though there are important contributions at higher
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Figure 2.9: Feynman diagrams for charged-current (left) and neutral-current (right)
neutrino/antineutrino interactions.

energies from CCRES and CCDIS events. This is somewhat fortunate as CCQE

interactions are simpler and much better understood. However, in anticipation of

future experiments such as DUNE and its higher energy neutrino beam, achieving

a more comprehensive understanding of CCRES and CCDIS interactions will be

important for making precise measurements of the oscillation parameters.

2.3.2 Nuclear Effects and Final State Interactions

A neutrino’s oscillation probability depends, among other factors, on its true

energy, commonly written as Eν. As neutrino energy cannot be directly mea-

sured experimentally, precise calculations of oscillation probabilities rely on the

accurate reconstruction of the neutrino energy from final-state particles. This

process would be relatively straightforward if neutrinos were interacting with

just free nucleon targets, however, all current neutrino oscillation experiments

include nuclear targets. This leads to complications when reconstructing the

true neutrino energy.

Bound nucleons within a nuclear target are not stationary. Instead, they

possess some unknown momenta due to Fermi motion [39]. The initial energy

and momenta of nucleons in the nuclear ground state are not experimentally

accessible and instead need to be theoretically modelled. Models commonly
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Figure 2.10: Simulated T2K νµ cross section on water broken down by interaction mode.
The νµ flux at the far detector is shown as a white line, and the shaded region shows the
unoscillated νµ flux seen at the near detector. Figure from [38].

n

W
d
d
u

p
u
d
u

lνl
−

(a) CCQE

p

W
d
u
u

p
u
u
u

d
u
u

u
d

lνl

π+

Δ++

−

(b) CCRES

lνl

W

N
N

−

hadrons

(c) CCDIS

Figure 2.11: Feynman diagrams for CCQE, CCRES and CCDIS neutrino interactions.



2. Neutrino Physics 27

chosen by oscillation experiments include Fermi gas-based models, where the

nucleus is considered to be a Fermi gas of non-interacting nucleons, and the

Benhar spectral function (SF) model, where the energy and momenta of nucleons

are distributed in a more realistic shell-like structure [40]. The SF model also

incorporates short-range correlations (SRC), which account for around 20% of

nucleons in the nuclear ground state [41]. SRCs are strongly-correlated pairs of

nucleons with high momentum. When neutrinos interact with these pairs, it

results in the presence of two nucleons in the final state [42].

Particles produced during a neutrino interaction at the interaction vertex must

then leave the nucleus. During this process, they can undergo further scatters

that modify their kinematics or produce additional particles. These processes are

known as final state interactions (FSI), and a diagram illustrating such interactions

is presented in figure 2.12. Mis-modelling FSI can lead to the mis-reconstruction

of events. For example, consider a CCRES event in which a charged pion is

produced but then subsequently absorbed within the nucleus. The pion would

not escape the nucleus and hence never be detected, leading to the event instead

being classified as CCQE. This holds significance in oscillation experiments since

it could lead to the inaccurate reconstruction of neutrino energy, which would

result in an incorrect calculation of the oscillation probability.

2.4 Neutrino Oscillation Experiments

There are many natural and artificial sources of neutrinos, some of which provide

opportunities to study neutrino oscillations and make precision measurements of

the PMNS parameters. Experiments studying neutrino oscillations are typically

categorised based on the origin of the neutrinos they study. The primary types of

experiments include those focusing on solar, reactor, atmospheric and accelerator

neutrinos. This section will explore significant experiments and results from

each of these categories.
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Figure 2.12: Schematic of Final State Interactions (FSI). Figure from [43].

2.4.1 Solar Experiments

Neutrinos are produced in the cores of stars through a variety of nuclear fusion

reactions. In the Sun, the proton-proton (pp) chain dominates over other fusion

processes, and the energy spectra of the neutrinos from the pp chain are shown

in figure 2.13. Standard Solar models (SSMs) are theoretical descriptions of the

structure and behaviour of the Sun, and of particular importance to the study of

neutrinos are the models developed by Bahcall and collaborators, which were

used to compute the expected flux of solar neutrinos at the Earth’s surface [44].

The solar neutrino flux was first measured by Ray Davis’s groundbreaking

Homestake experiment [46]. They utilised the inverse β-decay reaction νe +

37Cl → 37Ar + e− to detect electron neutrinos originating from within the Sun.

The neutrino energy threshold for this interaction to occur is Eth
ν = 0.814 MeV,

therefore they mostly detected higher energy neutrinos originating from 8B

decays. The experiment measured a solar neutrino rate that was approximately

three times smaller than predicted by the SSM, a discrepancy of more than
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Figure 2.13: Energy spectra of neutrino fluxes from the pp chain, as predicted by the
standard solar model. The energy ranges explored by different solar neutrino experiments
are specified. For continuous sources, the differential flux is measured in cm−2s−1MeV−1,
while for line sources, the flux is in cm−2s−1. The percentages represent theoretical
uncertainties in the flux values. Figure from [45].

3σ [31]. This disagreement between experimental observations and theoretical

predictions became known as the ‘solar neutrino problem’.

This discrepancy was reinforced in the years that followed, first by the

Kamiokande-II experiment in 1989 [47], then by the gallium-based experiments

GALLEX [48] and SAGE [49] in the 1990s, all of which measured a solar neutrino

flux of around half the rate predicted by the SSM. The gallium-based results

were especially significant due to their much lower neutrino energy threshold

of Eth
ν = 0.233 MeV, therefore allowing them to probe lower energy pp chain

neutrinos which had lower flux uncertainties.

By the late 1990s, the solar neutrino problem had been firmly established.

Early efforts to reconcile the inconsistency between theory and experiment

proposed that the SSM might be inaccurate, though progress in helioseismology

raised doubts about this proposition [50]. An alternative explanation had been

proposed a year prior to Davis’ Homestake experiment by Pontecorvo, who
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postulated that solar electron neutrinos were undergoing oscillations into muon

neutrinos [51].

The resolution to the solar neutrino problem was provided by the Sudbury

Neutrino Observatory (SNO) experiment in 2002 [52]. In contrast to previous

experiments, SNO was able to measure both the total flux of solar neutrinos

across all flavours as well as the flux of electron neutrinos. SNO observed 8B

solar neutrinos through the reactions

CC: νe + d → p + p + e−

NC: να + d → p + n + να

ES: να + e− → να + e− ,

(2.33)

where d is deuterium and α = {e, µ, τ}. The CC reaction is sensitive only to

νe, while the NC reaction is equally sensitive to all active neutrino flavours.

While elastic scattering (ES) is sensitive to all neutrino flavours, its sensitivity is

significantly enhanced for νe as νe + e− can proceed either via W or Z exchange,

whereas only the latter is possible for νµ and ντ. SNO was able to confirm

the deficit of electron neutrinos observed in previous experiments and also

measured a total solar neutrino flux that was consistent with the standard solar

model. SNO’s results, shown in Figure 2.14, demonstrated that the solar neutrino

problem arose due to νe oscillations.

2.4.2 Reactor Experiments

Reactor neutrinos are produced from the β decays of neutron-rich isotopes

formed in nuclear fission reactors. Reactor neutrinos are exclusively electron

antineutrinos and possess a relatively low mean energy of around 3 MeV. ν̄e can be

detected through inverse β decay, detailed in equation 2.4. Reactor experiments

can only search for the disappearance of ν̄e; they cannot search for an appearance

signal since the neutrino energy is insufficient to produce µ or τ leptons. The

survival probability for a reactor ν̄e can be written as [54]
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Figure 2.14: SNO’s measurements of the νe flux (ϕe) and the combined νµ and ντ flux
(ϕµτ) from the three neutrino reactions outlined in equation 2.33. The SNO measurements
are shown by each solid band, and the intersections of these bands with the axes indicate
the ±1σ errors. The dashed diagonal band represents the total 8B flux predicted by the
standard solar model [53]. Figure from [52].

P(ν̄e → ν̄e) = 1 − cos4 θ13 sin2 2θ12 sin2

(
∆m2

21L
4E

)
− sin2 2θ13 sin2

(
∆m2

32L
4E

)
.

(2.34)

By examining equation 2.34, it can be observed that reactor neutrino oscilla-

tions happen on two different distance scales. Measurements of reactor neutrino

oscillations over distances of O(100) km are sensitive to the solar parameters

θ12 and ∆m2
21, while over distances of O(1) km they are sensitive to the mixing

angle θ13. The ν̄e survival probability is shown in figure 2.15.

KamLAND is a reactor neutrino experiment located at the Kamioka Observa-

tory in Japan [55]. It was designed to detect ν̄e from several nuclear reactors across

Japan, with a flux-weighted average distance of 180 km and an energy spectrum

peaking at ∼ 4 MeV. Together, this meant that KamLAND was mostly sensitive
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Figure 2.15: The ν̄e survival probability as a function of the baseline L, assuming 3 MeV
antineutrinos and θ13 = 10◦. Figure from [54].

Figure 2.16: The 90% and 99% confidence regions for the solar parameters obtained
from solar neutrino experiments (black lines), KamLAND (blue lines), and a combined
analysis (coloured regions). Figure from [56].

to the solar oscillation parameters θ12 and ∆m2
21. Combining KamLAND’s

measurements with constraints from solar neutrino experiments yields the most

precise determination of the solar oscillation parameters, illustrated in figure 2.16.

The mixing angle θ13 remained largely unknown throughout the 2000s, and a
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Figure 2.17: A primary cosmic ray interacts in the atmosphere to produce pions, which
subsequently decay to produce muons and neutrinos. Figure from [31].

range of new reactor experiments with shorter baselines had been proposed to

precisely determine its value. The value of θ13 had significant consequences for

the future direction of neutrino physics, as CP violation in neutrino oscillations

would only be detectable if θ13 was measured to be non-zero. The Daya Bay [57],

Double Chooz [58], and RENO [59] experiments were constructed and relied

upon the cancellation of systematic uncertainties at their respective near and

far detectors to achieve sub-percent-level systematics [60]. Most recently, Daya

Bay measured sin2 2θ13 = 0.0851 ± 0.0024, which is currently the most precise

measurement of θ13 [57]. Interestingly, despite being the last mixing angle to

be determined, θ13 is now the most precisely known. Due to their superior

sensitivity, constraints on θ13 from reactor experiments are often used by long-

baseline experiments to improve their measurements of δCP.

2.4.3 Atmospheric Experiments

Atmospheric neutrinos are created via interactions of cosmic rays with nuclei in

the Earth’s atmosphere. These interactions, illustrated in figure 2.17, produce

mesons (mostly pions) which subsequently decay to produce neutrinos:



2. Neutrino Physics 34

π+ → µ+νµ , π− → µ−ν̄µ ,

µ+ → e+νeν̄µ , µ− → e−ν̄eνµ .
(2.35)

From observing the multiplicities of neutrinos in the interactions in equation

2.35, one would expect the total muon neutrino flux to be double the total electron

neutrino flux. However, measurements from the IMB [61] and Kamiokande

[62] experiments implied a ratio significantly smaller than predicted. This

disagreement became known as the atmospheric neutrino anomaly.

The anomaly would later be resolved in 1998 by the Super-Kamiokande

collaboration [7]. Their results confirmed the deficit seen in prior experiments

and further demonstrated that the presence of neutrino oscillations provided

an excellent description of the data. Measurements of the muon-to-electron

flavour ratio from multiple atmospheric neutrino experiments are shown in

figure 2.18. Super-Kamiokande’s result was jointly awarded the 2015 Nobel

Prize in Physics alongside the SNO collaboration for confirming the existence

of neutrino oscillations and demonstrating the non-zero mass of the neutrino.

Oscillation parameter constraints from atmospheric neutrino experiments are

shown alongside accelerator neutrino experiments in section 2.4.4.

2.4.4 Accelerator Experiments

Accelerator neutrino experiments were designed and constructed to make pre-

cision measurements of the neutrino mixing parameters, most notably the CP-

violating phase δCP. Accelerator experiments use artificial neutrino sources pro-

duced by impinging accelerated protons onto a target, which produces charged

mesons that subsequently decay into mostly muon-type neutrinos. A predomi-

nantly νµ or ν̄µ beam can be attained by focusing positive or negatively charged

mesons, respectively.

Accelerator neutrino experiments can be categorised according to their base-

line. Short-baseline experiments (L ∼ 1 km), such as the SBND programme at

Fermilab [64], often make dedicated measurements of neutrino cross sections
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Figure 2.18: Measurements of the double muon-to-electron flavour ratio comparing data
to MC prediction from several atmospheric neutrino experiments. The inner and outer
error bars signify statistical and statistical + systematic errors respectively. Figure from
[63].

and search for oscillations beyond the standard 3ν framework. Long-baseline

experiments (L ∼ 102−3 km), such as the T2K [37] and NOvA [65] experiments,

are primarily dedicated to making precision measurements of the neutrino

mixing parameters. Long-baseline experiments typically consist of a near and far

detector. The near detector measures the unoscillated neutrino beam, helping to

constrain neutrino interaction and flux uncertainties. The far detector measures

the oscillated neutrino flux and, combined with near-detector predictions, is used

to obtain oscillation parameter constraints.

Long-baseline experiments are sensitive to the oscillation parameters ∆m2
32,

sin2 θ23, sin2 θ13 and δCP. Constraints from past and present accelerator and

atmospheric neutrino experiments are shown in figures 2.19 and 2.20. Notably,

all experiments find similar constraints for the disappearance parameters sin2 θ23

and ∆m2
32, but there is a small tension between T2K and NOvA’s δCP constraint,

assuming normal ordering.
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Normal Ordering Inverted Ordering

Best fit ± 1σ 3σ range Best fit ± 1σ 3σ range

sin2 θ12 0.303+0.012
−0.012 0.270 – 0.341 0.303+0.012

−0.012 0.270 – 0.341

sin2 θ13 [×10−3] 22.25+0.56
−0.59 20.52 – 23.98 22.23+0.58

−0.58 20.48 – 24.16

sin2 θ23 0.451+0.019
−0.016 0.408 – 0.603 0.569+0.016

−0.021 0.412 – 0.613

δCP [◦] 232+36
−26 144 – 350 276+22

−29 194 – 344

∆m2
21 [×10−5 eV2] 7.41+0.21

−0.20 6.82 – 8.03 7.41+0.21
−0.20 6.82 – 8.03

∆m2
32 [×10−3 eV2] 2.507+0.026

−0.027 2.427 – 2.590 -2.486+0.025
−0.028 -2.570 – -2.406

Table 2.1: PMNS parameter constraints from a fit to global data as of November 2022.
Table adapted from [71, 72].

Current measurements of the oscillation parameters, particularly δCP, are

largely dominated by statistical uncertainties. Next-generation experiments,

such as Hyper-K [4] and DUNE [70], will be able to make much more precise

measurements of the PMNS parameters, benefiting from much greater statistics.

2.5 Current Status and Open Questions

The neutrino mixing parameters have been measured to varying levels of preci-

sion by many different types of neutrino experiments. A global fit to available

data, including the best-fit points and the 1/3σ errors, is shown in table 2.1.

Parameters measured by solar and reactor experiments, namely θ12, θ13 and

∆m2
21, as well as the atmospheric mass-squared splitting ∆m2

32, are relatively

well-constrained. However, despite the rapid development within the field

of neutrino physics, many significant questions remain unanswered. Several

of these are discussed below.

1. Are neutrinos Dirac or Majorana particles? The answer to this question

would have significant implications for the origin and mechanism of neu-

trino masses. Neutrino oscillation experiments are not sensitive to the
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Majorana phases of the PMNS matrix, so this question is being researched

by neutrinoless double beta decay experiments.

2. In most oscillation analyses, it is assumed that there are only three neutrino

flavour and mass eigenstates, related through the unitary PMNS matrix.

Measurements that suggested the PMNS matrix to be non-unitary would

provide indirect evidence of additional neutrino flavour and mass eigen-

states, which would have implications for neutrino mass mechanisms and

dark matter searches.

3. Both the absolute neutrino mass scale and the ordering of the neutrino

mass eigenstates are undetermined. The KATRIN experiment has been

able to place an upper limit of 0.8 eV on the neutrino mass by precisely

measuring the end-point of the tritium β-decay spectrum [24]. The neutrino

mass ordering is expected to be determined by next-generation reactor and

long-baseline experiments.

4. Constraints from current oscillation experiments [37, 65] indicate two

statistically degenerate solutions for sin2 θ23, which deviate from the max-

imal mixing value of 0.5. These two solutions are referred to as upper-

octant (sin2 θ23 > 0.5) and lower-octant (sin2 θ23 < 0.5) respectively. Next-

generation long-baseline experiments are anticipated to resolve the octant.

This is an important question to answer as it carries significant implications

for neutrino mass and mixing models [73].

5. Most relevant for this thesis is the determination of the CP-violating phase

δCP. A statistically significant measurement of CP violation in the leptonic

sector could have significant consequences that help to understand and

explain the matter-anti-matter asymmetry observed in the Universe. The

primary physics goal of next-generation long-baseline experiments is the

precise determination of δCP.



3
The T2K Experiment

The Tokai-to-Kamioka (T2K) experiment is a long-baseline neutrino oscillation

experiment located in Japan [2]. T2K’s neutrino beam is created at the Japan

Proton Accelerator Research Complex (J-PARC) by impinging 30 GeV protons

on a graphite target. The resulting charged mesons are focused by a series of

magnetic horns to produce a predominantly muon neutrino or antineutrino beam.

The neutrino beam is measured 280 m downstream of the target by a suite of

near detectors, and again at 295 km by the far detector, Super-Kamiokande.

T2K measures neutrino oscillations via two channels: muon (anti)neutrino

disappearance, and electron (anti)neutrino appearance. A schematic of the T2K

experiment is shown in figure 3.1.

T2K’s physics goals include the precise determination of the oscillation pa-

rameters θ23, θ13 and ∆m2
32, and to constrain the CP-violating phase δCP. Using

Figure 3.1: Schematic of the T2K experiment. Figure from [2].

39
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its suite of near detectors, T2K also performs world-leading neutrino cross-

section measurements.

This chapter discusses aspects of T2K’s experimental setup that are most rele-

vant for oscillation and interaction physics. Section 3.1 describes the production

of the neutrino beam. Sections 3.2.1 and 3.2.2 describe the near detectors INGRID

and ND280 respectively, while section 3.2.3 briefly discusses the upcoming ND280

upgrade. Section 3.3 describes the far detector, Super-Kamiokande. Finally,

section 3.4 provides a brief overview of the simulation packages employed at

the near and far detectors.

3.1 The T2K Beam

The J-PARC facility consists of three accelerators: a linear accelerator (LINAC),

a rapid-cycling synchrotron (RSC) and a main ring (MR) synchrotron [2]. To

produce the proton beam, H− ions are accelerated to 400 MeV and converted

into H+ ions by charge-stripping foils. These protons are further accelerated to

3 GeV in the RSC, before being injected into the MR where they are accelerated

to kinetic energies of 30 GeV.

Proton spills accelerated in the MR are then extracted into the T2K beamline,

with each beam spill consisting of eight proton bunches. The neutrino beamline

consists of a primary and secondary beamline, as illustrated in figure 3.2. First,

the primary beamline is used to direct the extracted proton beam toward Kamioka

(Super-K), and a series of magnets are used to tune the proton beam to minimise

beam loss and ensure stable neutrino beam production.

Upon entry into the secondary beamline, illustrated in figure 3.3, the proton

beam impinges on a graphite target, producing charged mesons (mostly pions

and kaons). These charged mesons are focused by three magnetic horns [74]

and enter the decay volume, where they decay to produce neutrinos. The target

is a 91.4 cm (1.9 interaction lengths) long, 2.6 cm diameter graphite rod. The

proton beam produces a large amount of heat when interacting with the target,

so helium gas is used to provide cooling.
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Figure 3.2: Schematic of the T2K primary and secondary beamlines and their respective
components. Figure from [2].

Figure 3.3: Schematic of the secondary beamline. Figure from [75].

The first magnetic horn, in which the target sits, collects the charged mesons

produced at the target, and the second and third horns focus the mesons into

a beam. The focused mesons then enter a decay volume, where they decay to

produce muon neutrinos and antineutrinos:

π+ → µ+νµ , K+ → µ+νµ , (ν − mode)

π− → µ−ν̄µ , K− → µ−ν̄µ . (ν̄ − mode)

Other flavours of neutrinos are also produced, albeit far less often, via the

following processes:
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(b) ν̄-mode

Figure 3.4: Neutrino flux prediction at the far detector split by neutrino flavour. Figure
from [76].

K+ → π0e+νe , µ+ → e+νeν̄µ .

The magnetic horns can be configured in such a way as to focus positively

(negatively) charged mesons, yielding a neutrino (antineutrino) enhanced beam.

These running modes are called ‘forward horn current’ (FHC, +250 kA) and

‘reverse horn current’ (RHC, -250 kA) respectively. In this thesis, the terms

’neutrino mode’ and FHC, as well as ’antineutrino mode’ and RHC, will be

used interchangeably.

Whether running in neutrino or antineutrino mode there will be some level

of wrong-sign contamination (ν in ν̄ or ν̄ in ν); neither beam mode will result

in a purely neutrino or antineutrino beam. The neutrino flavour components of

each beam mode are shown in figure 3.4. It can be observed that the wrong-sign

background is much larger in RHC beam mode than in FHC beam mode.

At the end of the decay volume sits the beam dump, which consists of 75

tons of graphite. This stops and absorbs all hadrons and muons below ∼5 GeV.

Muons above this threshold are detected by the muon monitor which consists

of two different detector arrays: ionisation chambers and silicon photodiodes.
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[76].

The muon monitor is used to monitor and constrain the neutrino beam intensity

and direction on a bunch-by-bunch basis.

One of T2K’s near detectors and the far detector are positioned at a 2.5◦ off-

axis angle relative to the neutrino beam, taking advantage of the kinematics

of two-body decays. As the vast majority of neutrinos in the beam originate

from the two-body decays of charged pions (π → µν), the neutrino energy

can be calculated to be

Eν =
m2

π − m2
µ

2(Eπ − pπ cos θνπ)
, (3.1)

where Eν is the neutrino energy, Eπ, pπ and mπ are the pion’s energy, momentum

and mass respectively, mµ is the muon mass, and θνπ is the angle of the emitted

neutrino with respect to the pion direction. As θνπ increases, the neutrino energy
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spectrum narrows, as shown in figure 3.5. An off-axis angle of 2.5◦ results in

a peak neutrino energy of 0.6 GeV, which is directly aligned with the muon-

neutrino oscillation probability maximum. This yields several advantages, in-

cluding reduced high-energy backgrounds and an increased likelihood of CCQE

interactions occurring, which are considerably better understood theoretically.

3.2 The T2K Near Detectors

The unoscillated neutrino beam is measured by a suite of near detectors 280

metres downstream of the target. The near detectors are primarily used to

monitor the neutrino beam, make precision neutrino cross-section measurements

and predict the number of neutrinos that will be observed at the far detector.

T2K uses two near detectors: INGRID and ND280.

3.2.1 INGRID

The Interactive Neutrino GRID (INGRID) is a neutrino detector that lies on axis,

and is used to monitor the neutrino beam direction and profile [77]. The detec-

tor samples the beam spill-by-spill and consists of fourteen identical modules

arranged as a cross, the centre of which corresponds to the centre of the neutrino

beam. INGRID’s configuration and an exploded view of an individual INGRID

module are shown in figure 3.6.

Each INGRID module consists of a sandwich structure of nine iron plates

of 6.5 cm thickness and eleven tracking scintillator planes of 1 cm thickness.

These are surrounded by veto scintillator planes that reject interactions that occur

outside of the module. Each module’s fiducial mass is 7.1 tonnes and exposes

a 1.24 × 1.24 m2 area facing the beam [37]. Additionally, a proton module is

used to efficiently detect muons together with protons generated from neutrino

interactions within the module, enabling the measurement of the charged-current

quasi-elastic cross section on carbon. The proton module is placed at the centre

of the INGRID configuration.
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1.5m

Designed
beam center

(a) INGRID. Figure from [76].

(b) An exploded view of an INGRID detector
module. The veto planes (black) are shown
surrounding the iron and and tracking planes.
Figure from [2].

Figure 3.6: The INGRID near detector.

INGRID’s measurement of the neutrino beam direction is of significant impor-

tance to the determination of the off-axis angle, and consequently, the energy of

the neutrino beam at the far detector. A 1 mrad deviation in the beam direction

corresponds to a 2% shift in the peak neutrino energy at the far detector [78].

INGRID can measure the beam direction with an accuracy exceeding 0.4 mrad,

well within the design goal of 1 mrad.

3.2.2 ND280

The unoscillated neutrino flux (primarily νµ/ν̄µ) is measured by ND280, the off-

axis near detector situated 280 m from the target. ND280 measures the neutrino

energy spectrum, flavour components and interaction rates of the unoscillated

beam, all of which are used to reduce flux and cross-section uncertainties, as well

as predict the oscillated spectra at the far detector [2]. ND280 is a magnetised,

composite detector composed of several sub-detectors, as shown in figure 3.7.

The technologies and design purpose of each sub-detector are discussed in the

subsequent sections.
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Figure 3.7: An exploded view of ND280 and its sub-detectors. Figure from [2].

3.2.2.1 The π0 Detector

The most upstream sub-detector in ND280 is the π0 detector (PØD), designed

to measure neutral current interactions of the form νµ + N → νµ + N + π0

on a water target [79]. Neutral current interactions with a π0 in the final state

(NC1π0) are a dominant background to νe appearance, therefore to make accurate

measurements of the CP-violating phase δCP, it is important to measure this

background at the near detector.

The PØD’s water target is divided into an upstream and central section which

comprise alternating scintillator planes, water bags and brass sheets. At the

front and rear sections of the PØD sit the upstream and central electromagnetic

calorimeters (ECals) respectively, both consisting of alternating scintillator planes

and lead sheets. The ECals allow for better containment of electromagnetic
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Figure 3.8: Schematic of the PØD. In the orientation, the neutrino beam traverses left to
right. Figure from [79].

showers and serve as a veto region to reject particles originating from interactions

outside the PØD. A schematic of the PØD is shown in figure 3.8.

3.2.2.2 Fine-Grained Detectors

The tracking region of ND280 consists of two fine-grained detectors (FGDs) posi-

tioned between three time projection chambers (TPCs). The FGDs [80] provide

target mass for neutrinos interacting within ND280, as well as the capability to

track charged particles close to the interaction vertex. The dimensions of each

FGD are 2300 mm × 2400 mm × 365 mm (width × height × depth), and each

contains a target mass of 1.1 tonnes.

The most upstream FGD, referred to as FGD1, consists of 30 layers of 192

scintillator bars orientated sequentially in the horizontal and vertical directions.

A reflective coating covers each scintillator bar, and a wavelength shifting (WLS)

fibre passes through its centre and is read out from one end by a multi-pixel

photon counter (MPPC).
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Figure 3.9: The total deposited energy plotted against track range for particles stopping
in FGD1. The 2D plot shows stopping particles from neutrino beam data, and the curves
show the MC predictions for protons, muons and pions. Figure from [80].

Downstream of FGD1 sits FGD2, which contains seven plastic scintillator

layers (identical to those found in FGD1) separated by six 2.5 cm thick layers

of water. A water target at the near detector aids in constraining the predicted

event rate at the far detector, which also utilises a water target.

The FGDs are also able to reconstruct particle tracks and perform particle

identification (PID). Tracks that are fully contained within the FGD are primarily

lower momentum particles, and the total deposited energy and track length

can be used to distinguish between protons, pions and muons. This method

is demonstrated in figure 3.9, which illustrates the total deposited energy as a

function of track length for different charged particles. Furthermore, TPC tracks

must be matched with FGD tracks to determine the primary interaction vertex.

3.2.2.3 Time Projection Chambers

ND280’s three TPCs [81], which alternate with the two FGDs, have identical

designs and fulfil three essential roles at the near detector [2]. Firstly, the

TPC’s excellent 3D imaging capabilities can be utilised to construct high-purity

samples targeting different types of neutrino interactions. Secondly, as ND280

is embedded within a magnetic field, it is possible to measure the momenta of
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Figure 3.10: A simplified schematic of ND280 TPC design. Figure from [81].

charged particles, allowing for the calculation of the event rate of the unoscillated

neutrino flux at the near detector as a function of reconstructed neutrino energy.

Lastly, particle identification can be performed by utilising measurements of

charged particle’s momenta and ionisation loss.

Each TPC consists of an inner box that contains an argon-based drift gas

and an outer box that contains CO2, which acts as an insulator. The outer box

is grounded, while the panels of the inner box have a copper strip pattern,

which combined with a central cathode panel provides a uniform electric field

aligned with the magnetic field. A simplified design of an individual TPC

can be found in figure 3.10.

When a charged particle travels through a TPC, they ionise electrons in the

gas that drift away from the central cathode towards the readout planes of the

inner box, where the electrons are multiplied and sampled with bulk micromegas

detectors [82]. 3D particle paths can be reconstructed using the arrival time

and positions of the signals.

Particle identification can be performed in the TPCs by measuring the energy

loss per unit distance, dE/dx. The energy loss as a function of momentum

is shown for positively and negatively charged particles in figure 3.11. Mea-

surements of dE/dx have a resolution of 7.8 ± 0.2%, meaning the probability
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(a) Positive particles (b) Negative particles

Figure 3.11: Energy loss in one of T2K’s TPCs as a function of particle momentum for (a)
positive and (b) negative particles. Data, plotted as a 2D histogram, is shown alongside
MC predictions for muons, electrons, protons and pions. Figures from [81].

Figure 3.12: An ND280 event display of a CC interaction in FGD1. Figure from [76].

of misidentifying a muon as an electron is 0.2% for muons with a momentum

below 1 GeV. This resolution exceeds the prior design requirement of 10%. A

typical event display that utlises information from both the FGDs and TPCs

can be seen in figure 3.12.

3.2.2.4 Electromagnetic Calorimeter

The inner detectors (PØD, TPCs, FGDs) of ND280 are surrounded by the elec-

tromagnetic calorimeter (ECal) [83]. It was designed to complement the inner
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detectors in full event reconstruction, utilising its near-hermetic coverage of the

inner detector volume. A photon showers’ energy and directionality can be

determined, which aids in electron-muon-pion separation and the reconstruction

of π0s produced outside of the PØD. The ECal consists of three sections: the

PØD ECal, the barrel ECal, and the downstream ECal. The PØD ECal is used

to tag particles exiting the PØD, while the barrel and downstream (tracker)

ECals complement the inner tracking detectors in fully reconstructing tracks

and showers that exit the region.

3.2.2.5 The Magnet and Side Muon Range Detectors

ND280’s sub-detectors sit within the refurbished CERN UA1/NOMAD dipole

magnet. The magnet, which operates at a current of 2.7 kA, generates a uniform

magnetic field of 0.2 T. The presence of a magnetic field allows for precision

measurements of charged particle’s momenta, as well as being able to determine

the sign of charged particles. The former is important for reconstructing the

neutrino energy, while the latter allows for the discrimination of neutrino and

antineutrino events.

The outermost component of ND280 is the side muon range detector (SMRD),

which consists of 440 scintillator modules and is situated in the air gaps of the

magnet’s return yoke [84]. The SMRD can measure the momentum of high-

angle muons generated from neutrino interactions within the detector and also

operates as a cosmic trigger signal, which is important for the calibration of

the ND280 detector.

3.2.3 T2K Near Detector Upgrade

As part of the second phase of the T2K experiment, the ND280 detector is

undergoing extensive upgrades. As part of the upgrade, the PØD is being

replaced by a new scintillator detector, the Super-FGD (SFGD), sandwiched

between two High-Angle TPCs (HA-TPCs). Both the SFGD and HA-TPCs will

be surrounded by six time of flight (TOF) planes to determine track direction
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Figure 3.13: Schematic of the upgraded ND280 detector. The new Super-FGD (grey) and
High-Angle TPCs (brown) sit in the upstream portion of the detector. The downstream
portion contains the existing FGDs (green) and TPCs (orange). Figure from [85].

Figure 3.14: Muon angular acceptance (left) and proton tracking efficiency (right) for the
current and upgraded ND280 detector.

and improve PID [85]. A schematic of the upgraded ND280 detector is shown

in figure 3.13.

Several analysis improvements are expected as a result of the near-detector

upgrade. First, with the SFGD’s high granularity, much lower proton tracking

thresholds and higher tracking efficiency are anticipated. The HA-TPCs will

also greatly improve the angle coverage for muons produced in CC events, with

nearly 4π coverage expected for muons detected in the TPC or stopping in the

SFGD. Furthermore, the overall target mass will increase by a factor of two with

the addition of the SFGD. The upgraded detector’s performance is compared

to the current ND280 detector in figure 3.14.
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Figure 3.15: The Super-Kamiokande detector. Figure from [87].

3.3 The T2K Far Detector - Super Kamiokande

T2K uses Super-Kamiokande (SK) [86] as its far detector, located 295 km away

from the near detectors. SK is a 50 kton water Cherenkov detector and measures

the oscillated neutrino flux, specifically looking for the appearance of electron

(anti)neutrinos and the disappearance of muon (anti)neutrinos. The SK detector

comprises a cylindrical tank (39 m in diameter, 42 m tall), divided into an inner

(ID) and outer (OD) detector. The ID is equipped with 11,129 inward-facing

photo-multiplier tubes (PMTs), each with a diameter of 50 cm, yielding around

40% photo coverage. The OD, which primarily acts as a cosmic-ray veto, has

1,885 20 cm-diameter outward-facing PMTs.

SK can detect neutrino interactions by measuring the Cherenkov light pro-

duced by charged particles that are above the Cherenkov threshold. Separation

between muon/electron (anti)neutrino events is primarily determined by the

’fuzziness’ of the Cherenkov ring. Muons produce sharp, well-defined rings in

the detector, while electrons largely create fuzzy rings due to their tendency to

produce electromagnetic showers. An example of a muon and electron event is

shown in figure 3.16. Tau leptons are not observed at SK as the neutrino beam

energy is well below the threshold for tau production.
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(a) µ-like event (b) e-like event

Figure 3.16: SK event displays. Figures from [76].

At T2K energies, CCQE events dominate and SK’s excellent e/µ separation

allows for signal events to be separated into muon-like and electron-like samples.

However, it is important to be cautious of potential backgrounds caused by other

types of neutrino interactions. One example is resonant pion production, where a

neutrino interacting with a nucleus causes a resonance (normally a ∆ baryon) to

be formed which subsequently decays into a pion-nucleon pair. However, if the

charged pion produced is below Cherenkov threshold, it will not be reconstructed

at the far detector, and the event topology will be identical to a CCQE event.

These events form an irreducible background to CCQE interactions in single-

ring events at the far detector. Additionally, NC interactions at the far detector

may produce neutral pions, which subsequently decay into two photons which

Compton scatter and produce electron-positron pairs. If one of Cherenkov rings

from the photons are not fully reconstructed or they overlap, these events may

imitate electron-like CCQE events. These types of events are especially important

to measuring the CP-violating phase, δCP. Extensive work is performed at ND280

to measure the cross sections of the aforementioned interaction modes, and

ND280 data is used directly in the oscillation analysis to update the far detector

prediction and better understand the potential backgrounds to the signal events.
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3.4 Simulation

Neutrino interactions at both the near and far detectors are simulated using

the NEUT neutrino interaction generator, described in detail in [38]. CCQE

interactions are modelled using a spectral function [40], which provides a realistic

shell-model-based description of the nuclear ground state based largely on

electron-scattering measurements. 2p2h interactions are described using the

Valencia model [88], with the nuclear ground state for such interactions modelled

as a local Fermi gas. Single-pion production events in NEUT are described

using the Rein-Seghal model [89], but with improvements to the nucleon axial

form factors [90, 91]. Multi-pion production and DIS interactions use the Bodek-

Yang model [92, 93], and Pion FSI are described by a semi-classical intranuclear

cascade model [94], tuned to π − A scattering data.

The neutrino flux is simulated using several software packages. Hadronic

interactions inside the target and baffle are simulated using FLUKA 2011.2

[95, 96], and these particles are then propogated through to their eventual

decay into neutrinos using JNUBEAM (based on GEANT3 [97]). Hadronic re-

interactions are simulated using GCALOR [98], which shows good consistency

with external hadron production data. ND280 and INGRID are simulated using

GEANT4 [99], while the electronics are simulated using elecSim, a custom-written

software package. The SK detector simulation uses the SKDETSIM package,

based on GEANT3.



4
Bayesian Inference and Markov Chain

Monte Carlo

The oscillation parameter constraints presented in this thesis are calculated assum-

ing a Bayesian view of statistics. A Markov chain Monte Carlo (MCMC) method

is used to explore the parameter space, construct a probability distribution of

the model parameters, and extract parameter estimations and uncertainties.

This chapter will provide an overview of Bayesian inference and a theoretical

description of the relevant MCMC methods.

Section 4.1 will provide an introduction to Bayesian statistics, while section

4.2 will detail the MCMC method employed in this analysis. Section 4.3 will

discuss how it is ensured Markov chains used in this analysis have converged

and are well-behaved. Finally, section 4.4 will describe how information about

the model parameters is extracted from the posterior distribution.

4.1 Bayesian Inference

The fundamental objective of any experiment is to constrain a set of model

parameters, θ⃗, using the data it collects, D. In a Bayesian framework, a full

probability model of the data and model parameters can be constructed, known

56
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as the joint probability distribution. The joint probability distribution, P(D, θ⃗),

can be written as

P(D, θ⃗) = L(D|⃗θ) · π(⃗θ) , (4.1)

where L(D|⃗θ) represents the likelihood of measuring the data given a set of

model parameter values, and π(⃗θ) is the prior term, which encodes all previous

knowledge, including external constraints, about the model parameters.

To extract parameter estimations and uncertainties in a Bayesian analysis,

it is first necessary to construct the posterior distribution, labelled as P (⃗θ|D).

Using Bayes’ theorem, the posterior distribution can be calculated from the

joint probability distribution

P (⃗θ|D) =
L(D|⃗θ) · π(⃗θ)∫
L(D|⃗θ) · π(⃗θ) d⃗θ

. (4.2)

Once the posterior is calculated, estimates and uncertainties for all model

parameters can be extracted from it. The denominator of equation 4.2 is often

quite complex to evaluate1, therefore its calculation is omitted in this analysis

and the posterior is calculated up to some normalisation constant. This is

entirely sufficient as all posterior distributions presented in this thesis have

been normalised to area one.

4.2 Markov Chain Monte Carlo

MCMC methods are a widely used and effective way of building up a set of

points proportional to the posterior distribution. A Markov chain carries out a

semi-random walk through the parameter space, building up a set of discrete

points whose density is proportional to the posterior distribution. The chain starts

in a region of parameter space where each parameter is assigned a random value

drawn from its prior distribution. Following this, the chain will start to explore

the parameter space. As the starting position of the chain is drawn randomly

1For the oscillation analysis presented in chapter 6, this would be a 791-dimensional integral.
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from the prior distribution, the chain will likely start in a low-probability region

of parameter space. But, as the chain progresses, it will eventually converge

upon the stationary distribution. This means the chain has converged upon the

posterior distribution, and at each step after this point, it is sampling from the

true posterior distribution. For a Markov chain to have a stationary distribution,

it needs to satisfy the three ‘regularity’ conditions:

1. Irreducibility - the chain has a non-zero probability of reaching all other

potential states

2. Recurrence - once the stationary distribution has been reached, all subse-

quent samples are drawn from this distribution

3. Aperiodicity - the chain must not be periodic

A more detailed discussion of Markov chains can be found in [100, 101].

To ensure the Markov chains satisfy the above conditions, the well-established

Metropolis-Hastings algorithm [102, 103] is used to explore the parameter space

and sample the posterior. The Metropolis-Hastings algorithm is as follows:

1. Initlisation - Following step n, the Markov chain is at a specific point in

parameter space, denoted as current step θ⃗n

2. Step proposal - A new step ⃗θn+1 is generated from a symmetric proposal

function centered on current step θ⃗n, labelled as q( ⃗θn+1|θ⃗n)

3. Acceptance probability - The acceptance probability α is calculated using

the formula

α(θ⃗n, ⃗θn+1) = min

(
1,
P( ⃗θn+1|D)q(θ⃗n| ⃗θn+1)

P(θ⃗n|D)q( ⃗θn+1|θ⃗n)

)
. (4.3)

As the proposal function is symmetric, q( ⃗θn+1|θ⃗n) = q(θ⃗n| ⃗θn+1), the accep-

tance probability can be simplified to the minimum of one or the ratio of the
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posterior probabilities at the current and proposed step. Therfore, equation

4.3 can be rewritten as

α(θ⃗n, ⃗θn+1) = min

(
1,
P( ⃗θn+1|D)

P(θ⃗n|D)

)
. (4.4)

4. Accept or reject - A random number r is generated from a uniform distribu-

tion between 0 and 1. If r < α, the step is accepted and the chain is now at

point ⃗θn+1 in parameter space. Otherwise, the step is rejected and the chain

remains at θ⃗n.

5. Repeat - this process repeats until the desired number of steps is reached

The Metropolis-Hastings algorithm ensures that steps within regions of higher

probability are always accepted, but due to the semi-random nature of step four,

steps with lower probabilities can also be accepted. For results presented in

this thesis, several hundred Markov chains are run in parallel. As each Markov

chain is statistically independent (assuming they have reached the stationary

distribution), they can be combined to reduce the MC statistical error and improve

parameter estimates.

4.3 Diagnostics

The Metropolis-Hastings algorithm ensures a Markov chain satisfies the three

regularity conditions, and therefore will eventually converge upon the stationary

distribution. However, it does not necessarily guarantee that this convergence

will occur quickly or efficiently. Markov chains used in this analysis have

undergone tuning and several diagnostics tests to ensure that they are behaving

as expected and converging in a reasonable amount of time.

4.3.1 Step Size Tuning

Every Markov chain starts at a random point in parameter space, often far away

from the desired stationary distribution. A new step is proposed using the
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proposal function q( ⃗θn+1|θ⃗n), which is a Gaussian distribution centred on the

current step. The width of the proposal function, commonly referred to as the

’step size’, can be tuned to increase the speed at which the chain reaches the

stationary distribution. These step sizes need to be carefully chosen as their

values can drastically impact the behaviour of the Markov chain.

The potential consequences of untuned step sizes are illustrated in figure 4.1,

which shows three Markov chains with step sizes of 0.5, 0.1 and 10 respectively.

Despite sharing the same stationary distribution - a standard normal distribution

N(0, 1) - their behaviours vary significantly. In case (a), the chain quickly

converges upon the stationary distribution and explores a wide area of the

parameter space. In case (b), the step size is far too small, and while the rate of

acceptance is very high, it would take a very long time to adequately explore

the parameter space. Conversely, case (c) hasfar too large a step size and a very

low acceptance due to the proposition of steps far outside of the high likelihood

region of parameter space. Similarly to case (b), the chain in case (c) would also

require a large number of steps to reliably explore the parameter space.

Figure 4.1 illustrates the importance of tuning parameter step sizes to ensure

the chains converge as quickly and efficiently as possible.

4.3.2 Autocorrelations

Although step sizes can be easily tuned to achieve an optimal acceptance proba-

bility, it is also important to consider step-to-step correlations by measuring

a quantity known as autocorrelation. Autocorrelation is a measure of how

correlated a step is with another step in the chain and acts as a metric for how

many independent samples the chain is drawing from the stationary distribution.

The autocorrelation rl for parameter Y can be calculated using the the function

rl =
∑N−l

i=1 (Yi − Ŷ)(Yi+l − Ŷ)

∑N
i (Yi − Ŷ)2

, (4.5)

where Yi is the value of parameter Y at step i, Ŷ is the mean of parameter Y and

N is the total number of steps in the Markov chain. The lag, denoted as l, is the
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Figure 4.1: 500 iterations from Markov chains with stationary distribution N(0, 1) and
Gaussian proposal functions with step sizes (a) 0.5, (b) 0.1, and (c) 10. Figure from [100].

number of steps beyond the current step i that is considered when computing

the autocorrelation. Stated differently, equation 4.5 measures the correlation

between step i and step i + l.

In T2K oscillation analyses, the a priori objective is to achieve an autocor-

relation of below 0.2 after a lag of 30,000 steps for all fit parameters, and the

step sizes are tuned accordingly to fulfil this condition. Figure 4.2 shows the

autocorrelation function for a cross-section and flux parameter. The cross-section

and flux parameters are described in section 5.3.
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Figure 4.2: The autocorrelation function for two oscillation analysis fit parameters up to
a lag of 25,000.

4.3.3 Burn-in

Markov chains often start far away from the high probability density regions of

parameter space, therefore it typically requires some time for the chain to con-

verge upon the stationary distribution. This period of exploration is commonly

referred to as the ‘burn-in’ period. These steps must be discarded before making

parameter estimations since they do not represent samples from the posterior

distribution. Figure 4.3 illustrates the burn-in period for a typical Bayesian

oscillation analysis fit. It can be observed that the log-likelihood function changes

rapidly during the first 80,000 steps, but soon stabilises, indicating the chain

has reached the stationary distribution. A burn-in cut of 60,000 was found to

be sufficient for the data fits presented in chapter 6.

4.4 The Posterior Distribution

The fundamental outcome of a Bayesian analysis is the posterior probability

distribution, which contains information about all of the model parameters. In

this analysis, the posterior is a 791-dimensional distribution, which is problematic

to visualise or meaningfully interpret. To construct best-fit point estimates and
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Figure 4.3: The negative log-likelihood (LLH) of several Markov chains from an Asimov
fit plotted against the number of steps. The burn-in cut was chosen to be 80,000 steps.

uncertainties of the parameters of interest - sin2 θ23, sin2 θ13, ∆m2
32 and δCP - it is

necessary to construct the marginal posterior distribution.

4.4.1 Marginalisation of Nuisance Parameters

Marginalisation allows for the posterior to be projected onto fewer dimensions

whilst retaining the uncertainty introduced by nuisance parameters. In this anal-

ysis, nuisance parameters include cross-section, flux and detector uncertainties,

as well as the solar oscillation parameters, to which T2K has very little sensitivity.

Whilst these parameters are important in their own right, from the point of view

of an oscillation analysis, there is little interest in making statistical statements

about each of these nuisance parameters. However, their correlations with the

oscillation parameters and their uncertainties must be taken into account when

making statistical statements about the oscillation parameters. Marginalisation

ensures the effects of nuisance parameters are properly handled.

The posterior distribution is often marginalised to one or two dimensions to

make statistical statements about the oscillation parameters. Consider parame-

ters of interest β⃗ and all other parameters θ⃗, then the marginalised posterior

distribution is given by
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P(β⃗|D) =
∫

P(β⃗|⃗θ)P (⃗θ|D)d⃗θ . (4.6)

The marginalised posterior distribution can then be used to make best-fit

point estimates and construct credible intervals for the parameters of interest.

4.4.2 Best-fit Point Estimates and Uncertainties

After computing the marginal posterior distribution, best-fit point estimations

and uncertainties for the parameters of interest can be calculated. The mode of the

marginal posterior distribution is used as the best-fit point, commonly referred

to as the highest posterior density (HPD) point. Uncertainties on parameters are

given by constructing Bayesian credible intervals from the marginalised posterior

distribution. The α% credible interval will satisfy the integral

∫ β2

β1

P(β|D)dβ = α , (4.7)

where P(β|D) is the marginal posterior distribution for parameter of interest β.

Credible intervals presented in this thesis are defined such that the α% credible

interval contains the most probable points that represent α% of the marginal

posterior probability. In this thesis, the 68%, 90% and 99% credible intervals for

the oscillation parameters are typically presented. An example of the 1D and

2D marginal posterior distributions for sin2 θ23 and the cross-section parameter

MQE
A

2 is shown in figure 4.4. The 68% credible intervals are also drawn overlaid

on the 1D marginal posterior distributions.

The binned marginal posterior probability can be interpreted as a likelihood

function to calculate Frequentist-style confidence intervals. The point of max-

imum likelihood is defined to be the maximum of the posterior distribution,

Lmax, and each bin of the marginal posterior also has a likelihood Lbin. These

likelihoods are simply the value of the posterior distribution in a specific bin. A

∆χ2 curve can then be computed by iterating through each bin and calculating

2MQE
A is the axial mass term in the axial form factor, and is the dominant interaction parameter

for CCQE interactions.
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Figure 4.4: The 1D and 2D marginal posterior distributions for the parameters sin2 θ23

and MQE
A . The 68% credible intervals are drawn on the 1D distributions.

∆χ2 = −2 ln
(
Lbin

Lmax

)
. (4.8)

After converting the posterior to a ∆χ2 distribution, confidence intervals

can be extracted and compared to other T2K oscillation analysis groups as a

validation exercise.

Best-fit point estimations and uncertainties for parameters of interest can differ

depending on the number of dimensions over which the posterior is marginalised.

This phenomenon, known as marginalisation effects, is illustrated in figure 4.5. It

can be observed that the best-fit point for the δCP parameter is different depending

on whether the posterior is marginalised onto one or two dimensions. This is

very likely to happen in oscillation fits due to the non-Gaussian nature of many of

the model parameters. For example, both δCP and sin2 θ23 exhibit non-Gaussian

behaviour, and many cross-section parameters have physical boundaries they

are forbidden from entering, causing asymmetries in their marginal posterior

distributions. Although these effects may seem to resemble biases in the fit, it’s
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Figure 4.5: An example of how the point estimation for a parameter can change due
to marginalisation effects. In (a), the posterior distribution is marginalised onto one
dimension, where a best-fit point δCP = -1.76 is extracted. In (b), the posterior is instead
marginalised onto two dimensions, and a best-fit point of δCP = -1.59 is found.

important to recognise that they are genuine manifestations of the marginal

posterior distribution.

In this thesis, the best-fit points for the oscillation parameters are calculated us-

ing the 2D disappearance (sin2 θ23, ∆m2
32) and appearance (sin2 θ13, δCP) marginal

posterior distributions, and the credible intervals are constructed from the 1D

marginal posterior distributions.

4.4.3 Alternative Priors

The posterior distribution is proportional to the likelihood function L(D|⃗θ)

multiplied by a prior π(⃗θ). The prior term contains all presumed/past knowledge

about a parameter. For the oscillation analysis presented later in this thesis, flat

(uninformative) priors are assumed on all the oscillation parameters T2K has

sensitivity to, namely: sin2 θ23, sin2 θ13, ∆m2
32 and δCP.

An advantageous feature of Markov chains and Bayesian analyses is that

because the posterior probability is proportional to a prior multiplied by the

likelihood, it is possible to simply reweight the original posterior according

to a different prior. The method to reweight a Markov chain is as follows:

consider a probability function P(x), and an equivalent probability function with
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a different parameterisation Q(y). There must exist a variable transformation

y = y(x) where P(x) and Q(y) are equivalent probability distributions, which

is equivalent to writing

Q(y) = P(x(y))
dx
dy

. (4.9)

If P(x) is a uniform distribution, such as a flat prior, equation 4.9 can be simplified

to

Q(y) ∝
dx
dy

, (4.10)

up to a normalisation constant. In equation 4.10, y is the original parametrisation

of the prior, and x represents the new parameterisation that is to be tested. As

the posterior is proportional to the prior, Q(y) must be evaluated for every

accepted step in the Markov chain and the posterior is then reweighted by

the value of this function.

For a statistical statement about the oscillation parameters to be significant, it

must be robust to alternative prior testing. The impact of alternative prior testing

on the results of this thesis is shown in section 6.5.

4.4.4 Bayes Factors

As well as constructing point estimates and credible intervals, it is also possible

to quantify the data’s preference for one model over another. This is encapsulated

in a quantity known as the Bayes factor. The Bayes factor can be derived by

considering the posterior odds ratio of one model Mi over another model Mj:

P(Mi|D)

P(Mj|D)
=

L(D|Mi)

L(D|Mj)

π(Mi)

π(Mj)
= Bij

π(Mi)

π(Mj)
. (4.11)

The Bayes factor Bij can therefore be interpreted as the relative likelihood

of two models given the observed data. In the case of equal prior probabilities,

the Bayes factor is equal to the posterior odds. Bayes factors can be interpreted

using table 4.1, developed by Kass and Raftery [104] based on work completed

by Jeffreys [105].
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log10 Bij Bij Strength of evidence
0 to 0.5 1 to 3.2 Not worth more than a bare mention
0.5 to 1 3.2 to 10 Substantial
1 to 2 10 to 100 Strong

>2 >100 Decisive

Table 4.1: The Kass-Raferty scale [104] for interpreting Bayes factors, based on work
completed by Jeffreys [105]



5
Oscillation Analysis: Framework

This chapter will describe the MaCh3 analysis framework that underpins all

oscillation results presented in this thesis. T2K’s oscillation analysis is naturally

quite developed and mature due to the runtime of the experiment, therefore

this work is both adapted from and builds upon previous results presented in

internal technical notes and past theses [106, 107].

Section 5.1 will describe the broad analysis strategy, and section 5.2 will

describe the event selection and samples at the near and far detector. Section 5.3

will discuss the systematic uncertainties that enter the oscillation fit, while section

5.4 will present pre-fit MC predictions for each far detector sample. Finally, the

results of fitter validation studies will be presented in section 5.5.

5.1 Analysis Strategy

Oscillation parameter constraints are obtained by performing a binned joint fit

of ND280 and SK data using a Bayesian Markov chain Monte Carlo method.

Using protons-on-target (POT) as a metric for the amount of data collected, the

SK data comprises 19.7× 1020 POT in neutrino (FHC) beam mode and 16.3× 1020

POT in antineutrino (RHC) beam mode. The near-detector fit is performed using

ND280 data corresponding to 11.5× 1020 POT in FHC and 8.3× 1020 POT in RHC

69
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beam modes respectively. The data and Monte Carlo prediction are compared

bin-by-bin using the likelihood and prior terms

− ln(L) =
ND280bins

∑
i

NND,p
i (⃗b, x⃗, d⃗)− NND,d

i + NND,d
i ln

(
NND,d

i /NND,p
i (⃗b, x⃗, d⃗)

)
+

(βi − 1)2

2σ2
βi

+
SKbins
∑

i
NSK,p

i (⃗b, x⃗, s⃗kd, o⃗)− NSK,d
i + NSK,d

i ln
(

NSK,d
i /NSK,p

i (⃗b, x⃗, s⃗kd, o⃗)
)

+
1
2

osc
∑

i

osc
∑

j
∆oi(V−1

o )i,j∆oj +
1
2

fluxpars

∑
i

fluxpars

∑
j

∆bi(V−1
b )i,j∆bj (5.1)

+
1
2

xsecpars

∑
i

xsecpars

∑
j

∆xi(V−1
x )i,j∆xj +

1
2

ND280det
∑

i

ND280det
∑

j
∆di(V−1

d )i,j∆dj

+
1
2

SKdet
∑

i

SKdet
∑

j
∆skdi(V−1

skd )i,j∆skdj ,

where Vi,j are the covariance matrices acting as constraints on the systematic

parameters, with labels b for the ND280 and SK flux parameters (split by horn

current and neutrino flavour at production), x for cross section, d and skd

for ND280 and SK detector systematics respectively, and o for the oscillation

parameters. NND,p
i and NSK,p

i denotes the number of predicted events from

the Monte Carlo in bin i for ND280 or SK respectively, given the values of the

systematic parameters. NND,d
i and NSK,d

i denotes the number of observed data

events in bin i at ND280 and SK respectively. Furthermore, as MC generation

is inherently a random process, there is an underlying uncertainty in the MC

prediction. Therefore, βi and σβi are parameters that correct the likelihood

expression to account for the effects of MC statistical uncertainties. This correction

only applies to ND samples, as the low number of data events at the far detector

is expected to result in small MC statistical uncertainties. This method is fully

described in [108].

The likelihood expression in equation 5.1 is calculated at each step in the

Markov chain during the Metropolis-Hastings algorithm calculation, and the

prior terms encode external constraints and enter through the values assigned

in the covariance matrices.

As in any Bayesian analysis, it is necessary to choose well-informed priors

for all model parameters. A prior encodes all previous and assumed knowledge



5. Oscillation Analysis: Framework 71

about a parameter. Gaussian priors are used for all systematic parameters,

and for the oscillation parameters sin2 θ12 and ∆m2
21, to which T2K has little

sensitivity. Flat priors are assigned bounded by their physically allowed values

to sin2 θ23, ∆m2
32 and δCP, meaning no prior knowledge is assumed regarding

these parameters. For sin2 θ13, the prior may be flat (referred to as ‘T2K-only’) or

Gaussian according to the measurement of this parameter by reactor neutrino

experiments in the latest PDG release [109]: sin2 θ13 = 0.0220 ± 0.0007 (referred

to as ‘T2K + reactor’ or ‘T2K + RC’). Additionally, a prior is used for the mass

ordering, where the probabilities for normal (NO) and inverted (IO) ordering

are equal: P(NO) = P(IO) = 0.5. This is encoded as the sign of ∆m2
32, where

in each step of the Markov chain there is a 50% probability for the proposal

function to switch sign/ordering.

Further, to ensure the Markov chain properly samples each octant of sin2 θ23

efficiently, an explicit octant flipping mechanism was implemented. At each step

of the chain there is a 50% probability to switch to the opposite octant, mirrored

around the point of maximal disappearance. This point can be determined

by differentiating the disappearance oscillation probability formula written in

equation 2.29 with respect to sin2 θ23:

∂

∂ sin2 θ23
P(νµ(ν̄µ) → νµ(ν̄µ)) = −4 cos2 θ13 + 8 cos4 θ13 sin2 θ23

0 = −4 cos2 θ13 + 8 cos4 θ13 sin2 θ23

⇒ sin2 θ23 =
1

2(1 − sin2 θ13)
.

(5.2)

Evaluating equation 5.2 using the PDG constraint for sin2 θ13 yields a point

of maximal disappearance of sin2 θ23 = 0.51121. It is necessary to switch octant

about this point to ensure that the chain moves to an area of parameter space

with equal neutrino mixing probability. This technique is necessary due to the

non-Gaussian nature of the posterior probability of sin2 θ23, and the region of

1Note that the exact value of maximal disappearance will vary depending on the assumptions
made in its calculation, which may vary across long-baseline oscillation experiments.
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Figure 5.1: A comparison of two Asimov fits performed where the Asimov point is set
to sin2 θ23 = 0.45. It can be seen that when θ23 mixing is enabled (blue) the chain more
thoroughly explores each octant.

low probability which separates the two octants. This makes it difficult for

the Markov chain to regularly cross this point of parameter space, therefore an

explicit mechanism was implemented to counter this. The effect of this mixing

mechanism on the sin2 θ23 marginal posterior is shown in figure 5.1. All fits

presented in this thesis have the octant flipping mechanism enabled.

5.2 Event Selection

5.2.1 ND280

The ND280 samples are designed to target charged-current νµ or ν̄µ events

originating in the fiducial volume of FGD1 or FDG2 that produce interaction

products that are measured in at least one of the TPCs. Detailed information
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regarding the ND280 data selections can be found in [110, 111], and the selections

are summarised below.

To enter the broad CC-inclusive selection, each event must fulfil the following

general selection criteria2:

• Event quality – only events that occur within the timeframe of a beam spill

are selected.

• Total multiplicity – the event contains at least one reconstructed track

crossing one of the TPCs.

• Track quality and fiducial volume – the event’s reconstructed vertex is

within the FGD’s fiducial volume (FV). The FV is chosen to minimise the

number of events where the reconstructed vertex lies within the FGDs,

but the true interaction vertex is located outside. Furthermore, only tracks

with more than 18 clusters are selected to reject short tracks, which are less

reliably reconstructed in the TPCs.

• Upstream background veto – an event is rejected if the second highest

momentum track has a start position of at least 150 mm upstream of the

muon candidate. This cut is designed to prevent a single track with a large

scatter from being mis-reconstructed as two separate tracks.

• Broken track – If an event contains at least one reconstructed FGD-only

track, the initial position of the muon candidate track must be less than 425

mm from the upstream edge of the FGD. This cut vetos events in which

a single track has been erroneously split into two separate tracks due to

mis-reconstruction.

• Muon PID – The highest momentum (positive or negative) track in the TPC

is classified as a muon.
2List adapted from [111]
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The CC-inclusive selection can then be further divided into samples based

on the multiplicity of final state particles.

FHC samples are constructed by considering the presence of photons, protons

and pions in the final state. Proton-tagged samples help to better probe CCQE

and 2p2h interactions, while photon-tagged samples aid in measuring neutral

pion production. Photon and proton tagging is a recent addition to T2K analyses

and is fully described in [111]. Charged pions are identified via secondary

tracks which are distinct from the muon candidate, after which TPC or FGD PID

information is utilised to distinguish them. The secondary tracks are required

to occur within the same time as the muon candidate, and must originate from

the same FGD FV. Candidate pions tracks in the TPC are identified by measuring

the dE/dx of the track. If the candidate pion was contained within the FGD,

FGD information can be utilised to perform PID. Additionally, for pion tracks

that are too short to register hits in the FGDs, Michel electron tagging can serve

as an alternative method of PID. It should be noted that photon and proton

tagging is only used in the FHC samples. A summary of the ND280 samples

used in this analysis is shown in table 5.1.

The selection process for RHC samples is largely similar to FHC samples, and

further details can be found in [110]. Due to the increased wrong-sign component

in the RHC beam mode, additional RHC νµ samples are included which are

specifically aimed at this component. These samples are important to include in

near-detector analyses due to the far detector’s inability to distinguish between

neutrino and antineutrino events.

5.2.2 Super-Kamiokande

Selections at the far detector are made based on the topology of the Cherenkov

rings produced when a neutrino interacts inside the detector. Both the data and

MC are divided into six samples, detailed in table 5.2.

The νµCC1π sample is a recent addition to T2K analyses, which yields a

statistical increase of 38% in FHC µ-like data. However, it should be noted that
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All Reconstructed Events
↙ ↓ ↘

FHC νµ CC-Inclusive RHC ν̄µ CC-Inclusive RHC νµ CC-Inclusive
(FGD1 & FGD2) (FGD1 & FGD2) (FGD1 & FGD2)

↓ ↓ ↓
CC0π-0p-0γ CC0π CC0π
CC0π-Np-0γ CC1π− CC1π+

CC1π+-0γ CC-Other CC-Other
CC-Other-0γ
CC-Photon

Table 5.1: ND280 samples. Table adapted from [112].

SK sample Ring topology

FHC 1Rµ
single muon-like ring with fewer than two decay electrons

in FHC mode

FHC νµCC1π
one muon-like ring and a delayed electron-like ring, along

with up to two further rings from a charged pion,
depending on its final state and secondary interactions

FHC 1Re single electron-like ring with zero decay electrons in FHC
mode

FHC 1Re1de
single electron-like ring and a further electron-like ring

originating from an invisible (below Cherenkov threshold)
charged pion decay

RHC 1Rµ
single muon-like ring with fewer than two decay electrons

in RHC mode

RHC 1Re single electron-like ring with zero decay electrons in RHC
mode

Table 5.2: The six SK samples and their respective Cherenkov ring topologies.

due to the relatively high reconstructed neutrino energy of this sample, which

predominantly sits above the oscillation maximum, significant improvements to

oscillation parameter measurements are not expected. Despite this, the addition

of this sample provides an opportunity to test the consistency of the cross-section

and flux model at higher neutrino energies.

Interactions within the SK detector are reconstructed using the fiTQun algo-

rithm [113]. FiTQun employs a maximum-likelihood approach to reconstruct

particle IDs and kinematics using PMT hit charge and time information. Fol-
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lowing reconstruction, distinct event selection criteria need to be met for each

of the far-detector samples. These differ based on topology but are identical

for FHC and RHC events. Detailed information and motivation regarding the

selection criteria for each far-detector sample can be found in [114, 115] and

the criteria are summarised below.

For the 1Rµ samples, the selection criteria are:

• Fully contained – the event must be fully reconstructed within the fiducial

volume.

• Ring topology – fiTQun must find only one ring in the first sub-event3 and

identify it as muon-like.

• Momentum – the reconstructed muon momentum must be greater than

200 MeV.

• Decay electrons – fewer than two decay electrons are observed.

• 2D π+ cut – the event must pass the cut ln(Lπ/Lµ) < 0.15 × pµ which is

designed to reduce the background from NC1π+ events.

For the 1Re samples, the selection criteria are:

• Fully contained – the event must be fully reconstructed within the fiducial

volume.

• Ring topology – fiTQun must find only one ring in the first sub-event and

identify it as electron-like.

• Visible energy – the visible energy (Evis) is greater than 100 MeV.

• Decay electrons – zero decay electrons are detected.

• Neutrino energy – reconstructed neutrino energy (Erec
ν ) is less than 1250

MeV
3A sub-event refers to particle interactions within the detector that occur within a short time

window of O(10µs).
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• π0 rejection – the event must pass the cut ln(Lπ0/Le) < 175 − 0.875 × mγγ

which is designed to reduce the background from NC1π0 events.

The selection criteria for the FHC 1Re1de sample is largely identical to FHC

1Re but with the modified requirement of detecting one decay electron instead of

zero.

The new νµCC1π sample has the following selection criteria:

• Fully contained – the event must be fully reconstructed within the fiducial

volume.

• Ring topology – fiTQun must find greater than one ring in the first sub-

event, or the number of decay electrons in the event is greater than one.

• Decay electrons – one or two decay electrons are detected, depending on

the number of rings found by fiTQun.

• 2D likelihood cuts – the two primary rings must not be identified as

electron-like. This is done by applying 2D likelihood cuts comparing the

nominal particle hypothesis (e.g. ππ) to alternative particle hypotheses (e.g.

eπ+ or ee).

• Energy loss – for events where only one decay electron is identified, the sum

of the energy loss must be greater than 300 MeV. This rejects a significant

proportion of the NC1π+ background which suffers from large interaction

and detector systematic uncertainties.

A schematic of a νµCC1π event is shown in figure 5.2.

Oscillation probabilities depend on the true neutrino energy, which must be

reconstructed from detector measurements. The topology of the event and the

kinematics of the outgoing lepton determine the reconstructed neutrino energy

for each sample. For the FHC and RHC 1Rµ and 1Re events, it is assumed that the

event was a CCQE interaction on a stationary bound nucleon. The reconstructed

neutrino energy for a neutrino interacting with a bound neutron is given by
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Figure 5.2: Schematic illustration of a νµCC1π event at SK. Figure from [116].

Erec
ν =

(mn − Eb)El − m2
l /2 + mnEb − E2

b/2 + (m2
p − m2

n)/2
mn − Eb − El + pl cos θbeam

, (5.3)

where mp, mn, and ml are the proton, neutron, and lepton masses respectively.

Eb is the binding energy of the neutron, El, is the outgoing lepton energy, pl is

the lepton momentum, and cos θbeam is the cosine of the angle of the outgoing

lepton with respect to the incoming neutrino beam direction.

The quasi-elastic assumption is no longer valid for both the FHC νµCC1π and

FHC 1Re1de samples. In this case, the outgoing baryon is assumed to be a ∆++

rather than a proton. The formula for the reconstructed neutrino energy becomes

Erec
ν =

2mpEl + m2
∆++ − m2

p − m2
l

2(mp − El + pl cos θbeam)
, (5.4)

where m∆++ is the ∆++ resonance mass.

Additionally, a correction is applied to pl for MC events to account for the

effect of Coulomb interactions between the outgoing charged lepton and the

charged nucleus [117].

The muon-like samples are fitted in reconstructed neutrino energy, while the

electron-like samples are fitted in both reconstructed neutrino energy and the

angle between the outgoing lepton and the incoming neutrino, θ. This is to allow
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for better discrimination between electron neutrinos and antineutrinos, with

the cross section for antineutrinos creating a more forward distribution for the

outgoing lepton. The binning for each sample is as follows:

• µ-like samples: 50 MeV-width bins from 0 to 3 GeV, after which the bin

edges are: 3.25, 3.5, 3.75, 4, 4.5, 5.0, 5.5, 6.0, 7.0, 8.0, 9.0, 10.0 and 30 GeV.

• e-like samples: uniform 50 MeV-width bins with a reconstructed energy cut

at 1.25 GeV. The θ binning has uniform binning of 10◦-width bins from 0◦

to 140◦ and one bin for 140◦–180◦.

During an oscillation fit, MC events are subject to momentum shifts due to

binding energy and Coulomb corrections, which are described in section 5.3. This

may cause events that initially pass the selection cuts to migrate out of selection, or

conversely, events above these kinematic boundaries may migrate into selection.

In previous analyses, events were only able to shift out of selection, and events

that initially fell outside of the kinematic selections were not included in the

fit. In this analysis, a small number of events above/below the aforementioned

sample kinematic cuts are included in the MC and are therefore able to enter

the selection. To ensure these events receive the correct cross-section responses,

they also enter the spline calculation, described in section 5.3.2. This method of

handling events around kinematic boundaries is a new addition to this analysis

and was found to have no significant impact on the oscillation results, as was

anticipated. Nevertheless, the capacity for events to migrate across kinematic

boundaries provides a more sophisticated description of events within these

regions of phase space.

The total number of data events in each far-detector sample is given in table 5.3.

Additionally, figure 5.3 shows the number of events plotted against reconstructed

neutrino energy for each sample.
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Selection POT Number of data events

FHC 1Rµ 19.644 × 1020 318

FHC νµCC1π 135

FHC 1Re 94

FHC 1Re1d.e 14

RHC 1Rµ 16.34556 × 1020 137

RHC 1Re 16

Table 5.3: The total number of data events in each SK sample.
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Figure 5.3: The number of data events per bin plotted against reconstructed neutrino
energy for each SK sample.
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5.3 Systematic Errors

5.3.1 Flux

A robust prediction of the neutrino flux is essential to making precision mea-

surements of the oscillation parameters. The flux model used in the oscilla-

tion analysis presented in this thesis is described in detail in [118] and will

be summarised below.

The leading source of uncertainty on the neutrino flux is the modelling of

hadronic interactions of protons impinging on the neutrino production target.

Other sources of uncertainty include the proton beam profile and off-axis angle,

the horn current and magnetic field, the beamline alignment, modelling of the

graphite target, and the number of protons in the proton beam. A recent update

to the flux tuning includes the use of NA61/SHINE T2K replica target data

[119], which resulted in a significant decrease in the flux uncertainty due to

hadronic interactions, especially at higher energies (1 ∼ 2 GeV) where kaons

start to dominate. The total flux uncertainty and its individual contributions for

muon neutrinos and antineutrinos at ND280 and SK for a neutrino-mode and

antineutrino-mode beam respectively are shown in figure 5.4.

The flux uncertainty parameters in the oscillation analysis are implemented

as bin-content normalisations that can vary the flux prediction in each bin of true

neutrino energy. There are separate parameters for each beam mode (FHC or

RHC), neutrino flavour (νµ, νe, ν̄µ, ν̄e) and detector (SK or ND280). This results

in a total of 100 flux parameters: 50 for ND280 and 50 for SK. The prior (pre-fit)

covariance matrix for the flux parameters is shown in figure 5.5.

5.3.2 Cross Section

A key component of the oscillation analysis is the oscillation probability calcu-

lation, which depends on the true neutrino energy. Detectors can reconstruct

quantities such as neutrino energy and lepton momentum, but this reconstruction

assumes an interaction model. If the model is incorrect, event kinematics will be
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Figure 5.4: Total flux uncertainty for FHC νµ and RHC ν̄µ at ND280 (top row) and SK
(bottom row). Individual sources of uncertainty are also plotted. Φ × Eν (grey shaded
region) represents the unoscillated nominal flux. Figure from [118].

incorrectly reconstructed, which may lead to biases in the oscillation measure-

ments. Therefore, as discussed in section 2.3, a thorough and well-understood

neutrino interaction model is of critical importance to the oscillation analysis.

In the oscillation analysis presented here, there are 74 cross-section systematic

parameters (dials) which can be broadly categorised into three main types:

• Normalisation – parameters that impact all events of a particular interaction

channel or neutrino flavour in the same way, independent of energy; each

event is weighted by the same value.

• Shape – parameters that affect events with different energies and kinematics

differently. To construct an event’s response to these parameters, weights

are pre-calculated at discrete parameter positions and interpolated between

using a spline (a cubic function).
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Figure 5.5: The flux covariance matrix used in the oscillation analysis. The axis labels
indicate the detector, horn current and neutrino flavour each parameter corresponds to.

• Functional shift – parameters that cause shifts in an event’s kinematic

variables. These are calculated event-by-event during the fit.

The implementation of shape parameters differs between the near and far

detector. At ND280, each event receives a spline for each cross-section parameter

that impacts the event. At SK, events are binned in true and reconstructed

neutrino energy (and θ for e-like samples), and splines are calculated from the

average cross-section weight for each parameter in every kinematic bin.

The neutrino interaction model used in the oscillation analysis is built and

recommended by T2K’s Neutrino Interactions Working Group (NIWG). A full

description of the motivation, design and implementation of the interaction

model can be found in [120]. The cross-section parameters that are used in
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the oscillation analysis are listed in table 5.4, and the pre-fit covariance matrix

is shown in figure 5.7. The cross-section model will be described below, with

parameters categorised according to the specific areas of the interaction model

they were developed for. There is a focus on parameters affecting charged-

current quasi-elastic (CCQE) interactions, where newly developed uncertainty

parameters to describe such interactions are further discussed in chapter 7.

CCQE interactions and nuclear ground state

• Axial mass – neutrino-nucleon CCQE interactions are governed by three

nucleon form factors: electric, magnetic and axial. The electric and mag-

netic components are well-constrained by electron-scattering experiments

[121]. The axial form factor dominates neutrino-nucleon interactions and is

commonly parameterised as a dipole form

FA(Q2) =
gA(

1 + Q2

MQE2
A

)2 , (5.5)

where FA is the axial form factor, Q2 is the squared four-momentum transfer,

and gA is the overall normalisation which is well-known from β-decay

experiments [31]. Thus, the only uncertainty in the axial form factor is the

axial mass: MQE
A . The prior value of 1.03 GeV is chosen to be consistent

with bubble chamber experimental data [122].

• Spectral function – an interaction model is built on top of the nuclear

ground state, which describes the initial energy and momenta of nucleons

within the nucleus. For CCQE interactions, this is a spectral function,

introduced in section 2.3.2. The spectral function is a 2D distribution

that encodes the probability of finding a nucleon with some particular

momentum and removal energy (Ermv), which is the energy required to

remove the nucleon from the nuclear potential. It should be noted that

removal energy may also be referred to interchangeably as ‘missing energy’
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(Emiss)4. The 2D spectral function distributions for both carbon and oxygen

are shown in figure 5.6. There are 12 parameters in total to modify the

shape of the spectral function: 5 for carbon and 7 for oxygen. These can

modify both the mean-field (MF) region of the spectral function in which the

shells are located, as well as the short-range correlations (SRC) contribution,

which accounts for pairs of correlated nucleons with momentum higher

than the Fermi momentum.

• Pauli blocking – when neutrinos interact with nucleons within the nucleus,

it transfers energy and momentum to the nucleon with which it interacts.

The struck nucleon may then transition to a higher energy state, but as

nucleons are fermions, these states may already be occupied, rendering

them inaccessible. This phenomenon is known as Pauli blocking. Four

parameters are included to modify the Fermi surface, which is a Fermi

gas-inspired approach to modelling the effect of Pauli blocking. These

parameters are split by neutrino or antineutrino and target nucleus (carbon

or oxygen).

• Optical potential – as the spectral function model is built on top of the

plane wave impulse approximation (PWIA), parameters are included to

account for FSI effects that distort the outgoing wave function. This effect

is most prominent at low energy and momentum transfer (q0 and q3).

• Binding energy – during a CCQE interaction, struck nucleons are liberated

from the nuclear potential in which they sit. The energy required to do this is

referred to as the binding energy. Accurately describing the binding energy

is important for oscillation analyses as it directly impacts the reconstructed

neutrino energy. The correction due to binding energy is applied directly to

an event’s reconstructed energy and is calculated as

(∆Ermv)ν,T = δν,T + α(mq3 + c) , (5.6)
4Though used interchangeably, there is a subtle difference between the two. Removal energy

is the physical quantity related to the nuclear ground state, while missing energy is the physical
observable, which is not identical to removal energy due to the effects of FSI.
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Figure 5.6: The 2D spectral function for carbon (left) and oxygen (right) in NEUT. The
shell-like structure of the nucleus can be observed in the dark regions indicating a higher
probability of finding a nucleon. The white lines indicate the separation between the
mean-field (Em < 100 MeV & pm < 300 MeV) and short-range correlations (Em > 100
MeV & pm > 300 MeV) regions. Figure from [120].

where (∆Ermv)ν,T is the binding energy correction for neutrinos or antineu-

trinos on target nucleus T (carbon or oxygen), δν,T is the value of one of the

four binding energy parameters, and m and c are constants derived from a

fit to external data [120]. α controls the strength of the q3-dependent part of

the binding energy correction. Along with Coulomb corrections, binding

energy corrections may cause events to migrate between analysis bins.

2p2h/Multi-nucleon Interactions

• Normalisation – two normalisation parameters modify the 2p2h cross

section separately for neutrinos and antineutrinos. An additional normali-

sation parameter models the uncertainty on the extrapolation of carbon to

oxygen nuclei.

• Pair fraction – 2p2h interactions can involve either nn or pn pairs, and

a dial is implemented to modify the ratio of pn to nn pairs. This dial

was motivated by the addition of new proton-tagged samples at the near

detector, which may bring sensitivity to the ratio of nn to pn pairs.



5. Oscillation Analysis: Framework 87

• Shape – four dials separated by nucleon pair type and neutrino or antineu-

trino interactions alter the shape of the 2p2h cross section by modifying

the ratio of events between two regions of q0 − q3 phase space. This is

motivated by theoretical uncertainties relating to the Valencia model [88].

• Energy dependence – energy-dependent parameters are added to account

for the shape differences between different 2p2h models. There are four

parameters in total, one for each low/high (below or above 600 MeV) and

neutrino/antineutrino combination.

Resonant Interactions

• Axial mass – analogously to CCQE interactions, MRES
A is the axial mass for

resonant interactions. C5
A is the normalisation of the axial form factor.

• Non-resonant background – two dials control the uncertainty due to non-

resonant backgrounds to the CCRES cross section. The low pπ parameter

models the uncertainty due to low-momentum pions below Cherenkov

threshold at SK.

• RS ∆ decay – this parameter interpolates between two different model pre-

dictions for the outgoing pion and nucleon kinematics. Lepton kinematics

are unaffected.

• Neutral pion production – motivated by photon-tagged samples at the

near detector, two normalisation parameters were introduced to model π0

production in resonant interactions.

• Binding energy – four parameters are implemented to model binding

energy for resonant interactions on carbon or oxygen and for neutrino or

antineutrino interactions.
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Final State Interactions

• FSI dials – six parameters modify the probabilities of different pion-FSI

processes occuring, examples of which include charge exchange and absorp-

tion. A semi-classical intranuclear cascade model is used to describe pion

FSI, tuned to π − A scattering data [123]. A parameter to model nucleon

FSI is also included.

Miscellaneous

• DIS – four parameters model multi-pion production, including the Bodek-

Yang (BY) parameterisation [93] and pion multiplicity. There is also BY

correction dial for DIS events, and two normalisation parameters for DIS

neutrino and antineutrino events. Lastly, a parameter is implemented to

model rarer interactions such as CC1K, CC1γ and CC1η.

• Coherent – there are two normalisation parameters for coherent interactions

on oxygen and carbon. Coherent interactions are when a neutrino scatters

on the nucleus as a whole rather than individual nucleons.

• Neutral current – three normalisation parameters model the uncertainty of

NC events at both the near and far detectors, with a specific dial to describe

NC1γ events, which are the dominant background to electron neutrino

appearance measurements at SK.

• Coulomb corrections – the momentum of negatively (positively) charged

leptons produced in CC interactions will be increased (decreased) due to

the electrostatic repulsion (attraction) between the charged lepton and the

remnant nucleus. This momentum shift is applied on an event-by-event

basis to MC events and varies depending on whether the neutrino interacts

with a carbon or oxygen nucleus.

• CC normalisation – coulomb interactions involving the outgoing lepton and

nucleus can modify the total CC cross section, therefore two normalisation
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Figure 5.7: The cross-section prior uncertainty covariance matrix used in the oscillation
analysis.

dials are implemented to cover this uncertainty for CC events in the region

of 300 – 600 MeV.

• νe/ν̄e cross section – two normalisation parameters model the uncertaintiy

for the difference between νe (ν̄e) and νµ (ν̄µ) cross sections. This is important

as only νµ measurements at ND280 are used to predict the expected event

rate at SK, which includes νe interactions.

5.3.3 Near Detector Systematics

ND280 detector systematics account for the uncertainties introduced by, for

example, the detection efficiency of each sub-detector, kinematic reconstruc-
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Parameter Validity Range Generated Value Prior Value Prior Error Type Unit
MQE

A all 1.21 1.03 0.06 shape GeV
Q2 norm 0.25-0.50 GeV2 all 1 1 0.11 norm. —
Q2 norm 0.50-1.00 GeV2 all 1 1 0.18 norm. —
Q2 norm > 1.00 GeV2 all 1 1 0.4 norm. —

PShell MF Norm C all 0 0 0.2 shape —
SShell MF Norm C all 0 0 0.35 shape —

SRC Norm C all 1 1 2 shape —
PShell MF PMiss C all 0 0 1 shape —
SShell MF PMiss C all 0 0 1 shape —

P1 2Shell MF Norm O all 0 0 0.2 shape —
P3 2Shell MF Norm O all 0 0 0.45 shape —

SShell MF Norm O all 0 0 0.75 shape —
SRC Norm O all 1 1 2 shape —

P1 2Shell MF PMiss O all 0 0 1 shape —
P3 2Shell MF PMiss O all 0 0 1 shape —

SShell MF PMiss O all 0 0 1 shape —
Pauli Blocking C ν all 0 0 1 shape —
Pauli Blocking O ν all 0 0 1 shape —
Pauli Blocking C ν̄ all 0 0 1 shape —
Pauli Blocking O ν̄ all 0 0 1 shape —
Optical Potential C 0–1 0 0 1 shape —
Optical Potential O 0–1 0 0 1 shape —

Eb C ν -10–15 0 2 6 function MeV
Eb C ν̄ -10–15 0 0 6 function MeV
Eb O ν -10–15 0 4 6 function MeV
Eb O ν̄ -10–15 0 0 6 function MeV
α q3 0–1 0 0 1 function —

2p2h norm ν > 0 1 1 1 norm. —
2p2h norm ν̄ > 0 1 1 1 norm. —

2p2h norm CtoO > 0 1 1 0.2 norm. —
2p2h Edep low Eν 0–1 1 1 1 shape —
2p2h Edep high Eν 0–1 1 1 1 shape —
2p2h Edep low Eν̄ 0–1 1 1 1 shape —
2p2h Edep high Eν̄ 0–1 1 1 1 shape —

PN-NN Shape -1–1 0 0 0.33 shape —
2p2h shape C np -1–1 0 0 1 shape —
2p2h shape C NN -1–1 0 0 1 shape —
2p2h shape O np -1–1 0 0 1 shape —
2p2h shape O NN -1–1 0 0 1 shape —

C5
A all 1.01 0.96 0.15 shape —

MRES
A all 0.95 1.07 0.15 shape —

I- 1
2 bkg. low pπ all 1.3 0.96 1.3 shape —

I- 1
2 bkg. all 1.3 0.96 0.27 shape —

RES Eb C νµ 0–25 0 25 25 shape —
RES Eb 0 νµ 0–25 0 25 25 shape —
RES Eb C ν̄µ 0–25 0 25 25 shape —
RES Eb O ν̄µ 0–25 0 25 25 shape —

RS Delta Decay 0–1 1 1 1 shape —
SPP Pi0 numu all 1 1 0.3 norm —

SPP Pi0 numubar all 1 1 0.3 norm —
π-FSI QE low E all 1.069 1.069 0.313 shape —
π-FSI QE high E all 1.824 1.824 0.859 shape —

π-FSI Hadron production all 1.002 1.002 1.101 shape —
π-FSI Absoprtion all 1.404 1.404 0.432 shape —

π-FSI Charge Exchange low E all 0.697 0.697 0.305 shape —
π-FSI Charge Exchange high E all 1.8 1.8 0.288 shape —

Nucleon FSI -1–1 0 0 0.3 shape —
MPi Multi TotXsec all 0 0 1 shape —

MPi BY Vector all 0 0 1 shape —
MPi BY Axial all 0 0 1 shape —

MPi Multiplicity shape all 0 0 1 shape —
CC BY DIS all 0 0 1 shape —

CC DIS MultiPi ν > 0 1 1 0.035 norm —
CC DIS MultiPi ν̄ > 0 1 1 0.065 norm —

CC Misc. > 0 1 1 1 norm. —
CC Coh. C > 0 1 1 0.3 norm. —
CC Coh. O > 0 1 1 0.3 norm. —
NC Coh. > 0 1 1 0.3 norm. —
NC 1γ > 0 1 1 1 norm. —

NC other near > 0 1 1 0.3 norm. —
NC other far > 0 1 1 0.3 norm. —
CC norm ν > 0 1 1 0.02 norm. —
CC norm ν̄ > 0 1 1 0.01 norm. —

νe νµ > 0 1 1 0.0282843 norm. —
ν̄e ν̄µ > 0 1 1 0.0282843 norm. —

Table 5.4: A summary of the cross-section parameters used in this analysis.
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tion and magnetic field distortions in the TPCs. ND280 detector systematics

are included in the fit via a covariance matrix, where each row and column

corresponds to a specific analysis bin for each data sample. The matrix is

calculated by simultaneously varying all parameters across 2000 simulations,

which results in an event distribution for each analysis bin. Initially, there are 4952

bins/parameters, which would be computationally inefficient to include in a full

oscillation analysis fit. Therefore, neighbouring bins with similar distributions

are merged, reducing the size of the covariance matrix to 552. Thus, there are

552 bin-content normalisation parameters in that oscillation fit that model the

ND280 systematic. Detailed information on the ND280 detector systematics

can be found in [110, 111].

5.3.4 Far Detector Systematics

SK detector systematics model the uncertainty due to the mis-reconstruction

of events at the far detector. To calculate the detector systematics, SK’s large

atmospheric neutrino dataset is utilised and compared to MC predictions using

a Markov chain Monte Carlo. SK detector uncertainties enter the oscillation fit

in the form of a covariance matrix, which contains 57 bin-content normalisation

parameters, with each parameter representing a reconstructed energy bin for a

specific far-detector topology. A momentum-scale uncertainty of 2.13% is also

included in the covariance matrix. The SK detector matrix is provided by the T2K-

SK working group, and detailed information on the procedure for calculating

SK detector uncertainties can be found in [124].

Uncertainties due to pion secondary interactions (SI) and photo-nuclear (PN)

effects are also included in the total SK detector covariance matrix. The uncertain-

ties due to SI+PN are calculated by measuring the change in the predicted events

in each bin when considering different amounts of SI and PN. The uncertainty

due to PN effects is only applied to 1Re samples as they may cause π0s to be

mid-identified as νe appearance signal events. A 100% uncertainty is assumed on

the absorption of photons produced from π0 decays. The procedure of calculating
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Figure 5.8: The full SK detector covariance matrix used in the oscillation analysis.
The dashed lines separate parameters for different SK samples. The momentum-scale
parameter is appended to this matrix and has a value of 2.13%.

the SI+PN error matrix is fully described in [117]. Further, it’s important to note

that pion FSI errors are absent from the SI+PN matrix. This is because parameters

exist within the cross-section model that specifically address this uncertainty.

These parameters are constrained at ND280 and propagated to SK.

The full SK detector matrix, including uncertainties from SI+PN effects, is

shown in figure 5.8.

5.4 Far Detector Monte Carlo Predictions

The raw SK Monte Carlo production files used in this analysis are provided by the

T2K-SK group. To calculate the predicted event rate and spectra at the far detector,
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several weights need to be applied to the MC. These weights are as follows:

• POT – weights are applied to scale the MC production to the amount of

collected data. This weight is applied before the fit and is provided by the

T2K-SK working group.

• Flux – weights are applied at the pre-fit stage to tune the MC to the

flux prediction [118]. These weights are provided by the beam group in

histograms binned in true neutrino energy. Flux weights can also be applied

event-by-event during the fit via the flux covariance matrix.

• Cross section – each event receives a weight related to the cross-section

model. Cross-section weights are also applied during the fit via the cross-

section covariance matrix.

• SK detector – events receive weights related to SK detector systematics.

These can vary during the fit and enter through the SK detector covariance

matrix.

• Oscillation – oscillation weights are applied on an event-by-event basis to

generate the predicted spectra at SK.

By applying all of the above weights it is then possible to calculate the

predicted oscillated and unoscillated pre-fit spectra at the far detector. During the

re-weighting of the MC, the cross-section and flux parameters take their best-fit

values from a standalone near-detector fit performed by Beam And ND280 Flux

extrapolation task Force (BANFF) group. This is an analysis choice made to provide

consistency between the multiple oscillation fitters within T2K. Furthermore,

when calculating the pre-fit spectra at SK, a set of oscillation parameters must

be chosen to calculate oscillation weights. This assumed set of parameters is

known as the ‘Asimov A22’ set and is based on T2K’s previous best-fit values

for the oscillation parameters and further inputs from the Particle Data Group

[27]. The Asimov A22 set is given in table 5.5.
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Osc. parameter Asimov A22 value

sin2 θ12 0.307

sin2 θ23 0.561

sin2 θ13 0.0220

∆m2
12 7.53 × 10−5

∆m2
23 2.494 × 10−3

δCP -1.601

Table 5.5: The Asimov A22 oscillation parameter set.

The unoscillated and oscillated event rates and far-detector spectra are shown

in table 5.6 and figure 5.9 respectively. Additionally, figure 5.10 displays each pre-

dicted µ-like far-detector sample’s oscillated spectra broken down by interaction

mode, and figure 5.11 shows the equivalent for the e-like samples.

SK sample Unosc. event rate Osc. event rate Data

FHC 1Rµ 1670.14 378.73 318

RHC 1Rµ 465.10 144.75 137

FHC 1Re 20.43 102.54 94

RHC 1Re 6.45 17.33 16

FHC νµCC1π 245.82 116.49 135

FHC 1Re1de 3.15 10.02 14

Table 5.6: Predicted unoscillated and oscillated event rates for each SK sample compared
with the number of data events.

5.4.1 Systematic Errors on SK Prediction

The post-fit systematic uncertainty introduced on the predictions at SK for the

µ-like and e-like samples can be seen in tables 5.7 and 5.8 respectively. The

distribution is computed by randomly sampling steps from a Markov chain and

reweighting the nominal event prediction based on the parameter values at the

chosen step. The uncertainty is then calculated to be the RMS of the event rate

distribution. Uncertainties introduced from each part of the model are calculated

by varying individual subsets of parameters while fixing other parameters to
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Figure 5.9: The oscillated (blue) and unoscillated (red) predicted spectra for each SK
sample binned in reconstructed neutrino energy.

their prior values. When performing this procedure, correlations between the

varied and fixed parameters are removed. Therefore it is not expected that the

sum of the individual components in quadrature will be equal to the total error.

Parameters that are unconstrained at the near detector are given separately, which

are the energy-dependent 2p2h parameters, the non-resonant low-momentum

pion background parameter and the neutral-current far-detector parameters. The

total systematic uncertainty is given with and without oscillations. It can be

seen that the oscillation parameters introduce a significant uncertainty on the

expected rate of the e-like samples.
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Figure 5.10: Predicted oscillated spectra for the µ-like far-detector samples broken down
by interaction mode.
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Figure 5.11: Predicted oscillated spectra for the e-like far-detector samples broken down
by interaction mode.
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Error source FHC 1Rµ RHC 1Rµ FHC νµCC1π

Flux 2.45% 2.81% 2.65%
Cross section 3.34% 4.53% 3.29%

Cross section (ND const.) 2.45% 2.35% 2.14%
2p2h Edep 0.46% 0.47% 0.06%

IsoBkg Low-pπ 0.45% 3.20% 1.28%
σ(νe), σ(ν̄e) 0.00% 0.00% 0.00%

NC γ 0.00% 0.00% 0.00%
NC Other SK 0.21% 0.20% 1.00%

Flux × cross-section 2.40% 3.77% 2.57%
Flux × cross-section (ND const.) 2.45% 2.34% 2.14%

SK det 1.84% 1.59% 3.61%
Total Syst. 2.79% 3.84% 4.14%

Total Inc. Osc. 3.02% 3.85% 4.27%

Table 5.7: Systematic error contributions on the event rates for the SK µ-like samples.

Error source FHC 1Re RHC 1Re FHC 1Re1de

Flux 2.70% 3.00% 2.73%
Cross section 4.44% 5.08% 4.58%

Cross section (ND const.) 3.75% 3.55% 4.01%
2p2h Edep 0.20% 0.22% 0.03%

IsoBkg Low-pπ 0.08% 2.79% 0.08%
σ(νe), σ(ν̄e) 2.56% 1.48% 2.58%

NC γ 1.24% 2.08% 0.00%
NC Other SK 0.17% 0.34% 0.77%

Flux × cross-section 3.73% 4.50% 4.04%
Flux × cross-section (ND const.) 3.75% 3.55% 4.01%

SK det 2.97% 3.52% 11.38%
Total Syst. 4.81% 5.80% 12.09%

Total Inc. Osc. 9.04% 14.60% 13.72%

Table 5.8: Systematic error contributions on the event rates for the SK e-like samples.
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Sample MaCh3 PTheta % Difference
FHC 1Rµ 378.725 378.693 0.01
RHC 1Rµ 144.749 144.913 0.11

FHC νµCC1π 116.486 116.617 0.11
FHC 1Re 102.543 102.612 0.07
RHC 1Re 17.330 17.331 0.00

FHC 1Re1de 10.024 10.010 0.14

Table 5.9: A comparison of the predicted oscillated event rate for each SK sample between
MaCh3 and PTheta.

5.5 Fitter Validations and Asimov Fits

Several validation tests are performed before analysing data fits to ensure the

systematic parameters and associated fitter machinery have been implemented

as intended. MaCh3 compares its results with PTheta [67], the other primary

oscillation parameter fitter on T2K. MaCh3 and PTheta differ in many ways,

including choice of sample binning, treatment of the near detector, overall

statistical approach and primary results. Therefore, a comparison of our results

(when appropriate) at each stage of the analysis is a useful tool for ensuring

each fitter is behaving as expected.

5.5.1 Pre-fit Validations

Before running any fits, the two primary methods of validating the fitter are event

rates and systematic variation comparisons. Table 5.9 shows a comparison of the

predicted far-detector event rates between MaCh3 and PTheta, with both fitters

using the BANFF near-detector fit for the cross-section and flux parameters. The

agreement between MaCh3 and PTheta is better than 0.14%.

The effect of varying individual systematic parameters is studied by looking at

systematic variations. All far-detector parameters are varied by ±1σ and ±3σ (or

other specified points where appropriate) separately to see the effect on each SK

selection. Figure 5.12 shows an example of such a comparison between MaCh3

and PTheta for the MQE
A and MRES

A cross-section parameters.
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Figure 5.12: A comparison between MaCh3 and PTheta of the ratio of the resulting
spectra when varying MQE

A (left) and MRES
A (right) relative to the nominal spectra for the

FHC 1Rµ sample.

Additionally, a scan was conducted to examine the behaviour of the log-

likelihood (LLH) function around key values of the oscillation parameters sin2 θ23,

sin2 θ13, ∆m2
32, and δCP. As the negative of the LLH function is minimised during

a data fit, valuable insights can be gleaned when analysing the LLH function

around the expected best-fit points. To perform the scan, first, an Asimov fake

far-detector dataset is constructed by setting the oscillation parameters to their

Asimov A22 values and fixing the systematic parameters at their prior values.

The content of every bin in the Asimov dataset is set exactly equal to the PMNS

prediction, with no statistical fluctuations. In other words, the far-detector MC

prediction is the ‘data’. Therefore, if the output of the fit is not what was input,

this indicates a potential problem with the fitter and cannot be attributed to

statistical fluctuations. To perform the LLH scan, one must iterate over bins in

the 2D oscillation parameter space, with the oscillation parameters in the MC

set to the central values of each bin. The LLH function is then computed for this

Asimov ‘data’ and MC combination and the result is plotted as 2D histograms

in oscillation parameter space.

The outcomes of each LLH scan are shown in figures 5.13 and 5.14 for the

parameter spaces of sin2 θ13 − δCP and sin2 θ23 − ∆m2
32, respectively. In both

figures, a red cross signifies the input oscillation parameter values, while a white

triangle marks the minimum bin, denoted as ‘MaCh3 best fit’. Both figures show
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Figure 5.13: Asimov LLH scan in sin2 θ13 − δCP. The point of the minimum LLH is the
same as the input values, as expected.
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Figure 5.14: Asimov LLH scan in sin2 θ23 − ∆m2
32. The point of the minimum LLH is the

same as the input values, as expected.

the input and minimum LLH points are positioned identically, indicating the

correct identification of the best-fit point by the likelihood calculation. This

suggests there is no bias in the oscillation parameters in the fit.
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5.5.2 Asimov Fits

The main purpose of performing Asimov fits is to test a fitter’s robustness and

sensitivity. Both MaCh3 and PTheta construct the far-detector Asimov data

using cross-section and flux parameter best-fit values from the BANFF near-

detector fit. However, each fitter’s handling of the near detector does differ.

In a PTheta Asimov fit, the near-detector constraint is the BANFF constraint.

However, MaCh3 performs a joint fit to ND280 data and SK Asimov data, where

the MaCh3 near-detector machinery fits the near-detector parameters. This may

lead to apparent biases if the MaCh3 ND-only fit and BANFF do not predict

the same far-detector spectra. The Asimov fits presented in this section were

performed with the oscillation parameters set to their Asimov A22 values.

In each MaCh3-PTheta comparison, two different PTheta results are shown.

Contours labelled ‘PTheta’ are PTheta’s nominal result, while those labelled

‘PTheta, MaCh3-like’ are results from a PTheta fit using identical SK sample

binning to MaCh3, and applying constraints from a MaCh3 near-detector fit.

Figure 5.15 shows 2D contour comparisons between MaCh3 and PTheta

Asimov fits for both normal and inverted ordering, without applying the reactor

constraint. When comparing the disappearance contours, MaCh3 finds a more

maximal constraint in sin2 θ23 when compared to PTheta, but this difference is

resolved when PTheta performs a ‘MaCh3-like’ fit. The appearance results are

in good agreement, with small differences observed at large values of sin2 θ13,

which are again resolved when PTheta performs a ‘MaCh3-like’ fit.

Figure 5.16 shows a comparison of the 1D ∆χ2 distribution for sin2 θ23. Here

it can be seen that the MaCh3 and ‘PTheta, MaCh3-like’ fits deviate away from

the best-fit point found by the nominal PTheta fit, and also do not reach a local

minimum at the Asimov point of sin2 θ23 = 0.561. This is due to MaCh3 fitting

BANFF-predicted far-detector spectra with a MaCh3 ND-only constraint. As

anticipated, if the BANFF and MaCh3 near-detector fitters do not predict the

same far-detector spectra, this difference will be absorbed in the far-detector

side of the fit, usually by shifting the oscillation parameters. However, it is
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Figure 5.15: Comparison of the Asimov A22 oscillation parameter contours between
MaCh3 and PTheta, without applying the reactor constraint. Disappearance and
appearance results are displayed in the top and bottom rows, respectively, while normal
and inverted orderings are depicted in the left and right columns.

worth highlighting that a potential weakness of the BANFF near-detector fit

is that it assumes all parameters are Gaussian. This is required to propagate

constraints via a covariance matrix. This assumption can be problematic as some

nuisance parameters are known to be non-Gaussian, for example, due to physical

boundaries in parameter space. Therefore, a MaCh3 near-detector data fit is likely

to be more accurate as it does not rely on this assumption.

To be satisfied that deviations from the Asimov point seen in figure 5.16 are

due to differences in the far-detector predictions, Asimov fits were performed in

MaCh3 with the far-detector ‘data’ set to prediction made by a MaCh3 ND-only

fit. This is then compared with the standard Asimov fit in figure 5.17. It can be

seen that when the Asimov data is set to the MaCh3 ND’s prediction, the fitter

can successfully output the input Asimov point.
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6
Oscillation Analysis: Results

This chapter presents the results of a joint fit to ND280 and SK data using the

analysis framework described in chapter 5. Two sets of results are presented: one

using T2K data only (denoted ‘T2K-only’), and another utilising an additional

constraint on sin2 θ13 from reactor neutrino experiments (denoted ‘T2K + reactor’

or ‘T2K + RC’). Only a T2K-only fit is performed, with the resulting posterior

distribution reweighted to apply the external reactor constraint from the PDG:

sin2 θ13 = 0.0220 ± 0.0007 [109]. The results presented in this thesis are T2K’s

latest and most robust oscillation result and were first presented at the Neutrino

2022 conference [125]. The analysis utilises all near and far-detector data that

was available at the time and includes several analysis improvements including

updated near-detector selections, a new far-detector sample, and a more sophis-

ticated flux and cross-section model. The accumulated POT and beam power

for each data run is shown in figure 6.1. All parameter constraints are calculated

from a Markov chain with 188 million steps.

Goodness-of-fit tests are described in section 6.1, with constraints on the

oscillation parameters and the Jarlskog invariant in sections 6.2 and 6.3. A

comparison to the previous T2K result is presented in section 6.4, while alternative

oscillation parameter priors are tested in section 6.5. Finally, alternative model

105
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Figure 6.1: The accumulated POT, beam power and time for each data run. Whether the
beam was configured to run in neutrino or antineutrino mode is also illustrated. Figure
from [76].

studies are discussed in section 6.6, and a summary of the oscillation results

is presented in section 6.7.

6.1 Goodness-of-fit Tests

6.1.1 Posterior Predictive Method

A useful metric to gauge how well the fit describes the data is to calculate the

posterior distribution as a function of reconstructed neutrino energy for each

far-detector sample. This prediction can then easily be compared to the data. This

is done using the posterior predictive method, which generates a far-detector

predicted spectrum as a function of reconstructed neutrino energy by sampling

directly from the posterior distribution. The method is as follows:

1. Choose a suitable number of samples (or ‘throws’), N to draw from the

Markov chain. In this analysis, N = 2500.

2. For each bin in the energy spectrum, calculate a prediction for the event

rate assuming a set of parameter values from each of the N throws. This
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results in an event rate distribution in each bin.

3. Fit a Gaussian to the distribution in each bin. The mean of the Gaussian is

the predicted event rate in that bin, and the 1σ error is calculated by taking

the RMS of the distribution in each bin.

The posterior predicted spectra for each SK sample using a T2K + reactor

fit are shown in figure 6.2.

6.1.2 Goodness-of-fit Metrics

Once the oscillation fit has been performed it is useful and necessary to quantify

how well the fit describes the data by performing a goodness-of-fit test. This is

done by calculating a posterior predictive p-value. The significance level was set

to 5% prior to the analysis being performed, meaning that any model with a p-

value higher than 5% is considered to provide a good fit to the data. The method

to calculate the posterior predictive p-value, outlined fully in [126], is as follows1:

1. For each of the 2500 points sampled from the posterior, construct a far-

detector fake data set by reweighting the MC according to the parameter

values drawn from the Markov chain

2. Apply a Poisson fluctuation to each MC bin in the far detector fake data

prediction according to its bin contents

3. Calculate the χ2 test statistic between the Poisson fluctuated prediction and

the far-detector fake data, denoted as χ2(fake data)

4. Calculate the χ2 test statistic between the observed data and the far-detector

fake data, denoted as χ2(data)

5. Plot the two test statistics in a 2D histogram and calculate the p-value, which

will be the proportion of samples for which χ2(data) < χ2(fake data)

1List adapted from [127]
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Figure 6.2: Posterior predictive spectra for all SK samples. Each plot shows the best fit of
the event rate distribution in each bin (blue), the 1σ error band (red), with data (black)
overlaid.
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Figure 6.3: The χ2 between the data and each MC sample (χ2data) plotted against the χ2

between the fake data set and the MC sample (χ2fake data), for a T2K-only data fit (left)
and a T2K + reactor fit (right).

The χ2 test statistic for a sample with observed events ni and predicted

events λi is defined as

χ2 = −2 lnL = −2
N

∑
i

[
ni ln

ni

λi
+ λi − ni

]
, (6.1)

where the sum runs over every bin in each of the six SK samples. This method is

referred to as a ‘shape-based’ test as it compares data to an MC prediction bin-by-

bin, rather than considering just the total number of events. Figure 6.3 shows the

distribution of the χ2(fake data) and χ2(data) for each of the 2500 Markov chain

samples for both a T2K-only and T2K + reactor fit. As discussed, the p-value is

the number of samples for which χ2(data) < χ2(fake data), which corresponds

to the total number of points below the diagonal y = x line in figure 6.3.

In a Bayesian framework, the posterior predictive p-value is more broadly

defined as the probability that, given the data, a future observation is as or more

extreme (as measured by some test variable, in this case, the p-value) than the

data [128]. In general, a higher posterior predictive p-value indicates better

agreement between the model and data. This method yields a p-value of 84%

for a T2K-only fit and 86% for a T2K + reactor fit.

In addition to the method outlined above, a p-value calculation is also per-

formed where each ‘bin’ is the total number of events in each SK sample, referred

to as the ‘rate-based’ p-value. This approach treats the data and MC as a set of
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T2K-only T2K + reactor

Sample Shape-based Rate-based Shape-based Rate-based

FHC 1Rµ 0.30 0.02 0.32 0.02

FHC 1Re 0.12 0.51 0.13 0.52

FHC νµCC1π 0.96 0.30 0.96 0.31

FHC 1Re1de 0.89 0.26 0.88 0.27

RHC 1Rµ 0.84 0.66 0.84 0.65

RHC 1Re 0.66 0.39 0.64 0.39

Total 0.84 0.10 0.86 0.09

Table 6.1: Posterior predictive p-values calculated from both a T2K-only and T2K +
reactor fit for each far-detector sample, quoted separately for a bin-by-bin (shape-based)
and total rate (rate-based) χ2 calculation.

counting measurements. The test statistic is of an identical form to equation 6.1,

except that each SK sample is treated as one bin. This method yields a p-value

of 10% for a T2K-only fit and 9% for a T2K + reactor fit. Further, the shape and

rate-based p-values are quoted separately for each SK sample for a T2K-only

and T2K + reactor fit in table 6.1.

When computing the p-values for individual samples, the FHC 1Rµ sample

yields a p-value of 0.02 when using the rate-based method, which is below

the pre-defined significance level of 0.05. However, when performing multiple

hypothesis tests, it is important to take into account the ‘Look Elsewhere Effect’.

This is a phenomenon where an apparently statistically significant observation

may have appeared by chance due to the large size of the parameter space being

explored and the high number of statistical tests being performed2. The look

elsewhere effect is more generally known in statistics as the ‘Many comparisons

problem’. A more detailed discussion about this effect can be found in Ref. [129].

When performing multiple statistical tests, the family-wise error-rate (FWER)

(the probability of wrongly rejecting the null hypothesis) increases. If m statistical

tests are performed, with a pre-defined statistical significance level of α (5% in

2Often, these two factors are interconnected as a large parameter space normally requires a
higher number of statistical tests.
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this analysis), the FWER is written as

FWER = 1 − (1 − α)m . (6.2)

For a fixed statistical significance level, it can be seen from Equation 6.2

that the FWER increases with the number of statistical tests being performed.

In the case of the goodness-of-fit tests presented here, when the by-sample p-

values are computed, six statistical tests are performed. This gives a FWER

of 26.5%. To account for the look elsewhere effect, a p-value is considered to

represent disagreement between a model and the data sample only if it is below

the Bonferroni-corrected significance level, given by

αB =
α

m
=

0.05
6

= 0.008 . (6.3)

Comparing the sample p-values in Table 6.1 with the Bonferroni-corrected

statistical significance level, it is concluded that all samples, both individually

and collectively, demonstrate no indication of any disagreement between the

model predictions and the data.

6.2 Oscillation Parameter Constrains

This section presents constraints on the oscillation parameters that T2K has

sensitivity to: sin2 θ23, ∆m2
32, sin2 θ13 and δCP. sin2 θ23 and ∆m2

32 are known and

referred to as ‘disappearance’ parameters, as they are mostly constrained by the

observation of an absence of muon neutrinos at the far detector. Analogously,

sin2 θ13 and δCP are known as ‘appearance’ parameters, as they are (mostly)

constrained by the observation of electron neutrinos. The 68/90/99% credible

intervals are presented for both the one and two-dimensional marginalised

posterior distributions. Disappearance and appearance parameter constraints are

analysed separately in sections 6.2.1 and 6.2.2 respectively. All one-dimensional

posterior probability distributions have been normalised to 1.
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6.2.1 Disappearance parameters

Figure 6.4 shows the 2D marginal posterior distribution for the disappearance

parameters, with and without applying the external reactor constraint. Figure

6.5 shows their corresponding 1D marginal posteriors. Additionally, the best-fit

points and credible intervals for each disappearance parameter for a T2K-only

and T2K + reactor fit are shown in tables 6.2 and 6.3 respectively. In the T2K-only

fit, a lower-octant best-fit point for sin2 θ23 is found, though both octants are

within the 68% credible interval. A small preference for normal ordering is also

found. When applying the reactor constraint, the fit now prefers the upper octant

and has an increased preference for normal ordering.

The posterior probabilities for mass ordering and octant preference can be

found in tables 6.4 and 6.5 for the T2K-only and T2K + reactor fits respectively.

Model preference can be quantified by calculating the Bayes factor, as introduced

in section 4.4.4. In this analysis, it is simply the ratio of the total posterior

probability of one model over another. Performing this calculation for a T2K-

only fit yields Bayes factors of B(NO/IO) = 1.70, indicating a slight preference

for normal ordering, and for octant preference, it found that B(UO/LO) =

1.38. Repeating the procedure for the T2K + reactor fit yields B(NO/IO) =

2.70 and B(UO/LO) = 2.23. Fitting with the reactor constraint increases the

preference for normal ordering and upper octant, though it should be noted

that when comparing to the Kass-Raferty scale in table 4.1, these Bayes factors

are not statistically significant.

T2K-only sin2 θ23 ∆m2
32 [×10−3eV2]

2D best fit 0.488 2.51

68% C.I. (1σ) range 0.470 – 0.545 -2.58 – -2.51 ∪ 2.43 – 2.57

90% C.I. range 0.455 – 0.564 -2.62 – -2.47 ∪ 2.40 – 2.60

95.4% (2σ) C.I. range 0.448 – 0.575 -2.65 – -2.45 ∪ 2.38 – 2.62

Table 6.2: Best-fit values and 1D credible interval ranges for the disappearance parame-
ters from a T2K-only data fit. The 2D best-fit values are taken from the mode of the 2D
sin2 θ23 − ∆m2

32 marginal posterior distribution.
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Figure 6.4: 2D sin2 θ23-∆m2
32 marginal posterior distribution and credible intervals, from

a T2K-only data fit (left) and a T2K + reactor data fit (right).
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Figure 6.5: 1D marginal posterior distribution and credible intervals for the disappear-
ance parameters from a T2K-only data fit (left) and a T2K + reactor (right) data fit. Both
mass orderings are marginalised.
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T2K-only sin2 θ23 < 0.5 sin2 θ23 > 0.5 Sum

NO (∆m2
32 > 0) 0.26 0.37 0.63

IO (∆m2
32 < 0) 0.16 0.21 0.37

Sum 0.42 0.58 1.00

Table 6.4: Total posterior probabilities for normal and inverted mass orderings, as well
as upper and lower octants, extracted from a T2K-only data fit.

T2K + reactor sin2 θ23 < 0.5 sin2 θ23 > 0.5 Sum

NO (∆m2
32 > 0) 0.24 0.49 0.73

IO (∆m2
32 < 0) 0.07 0.20 0.27

Sum 0.31 0.69 1.00

Table 6.5: Total posterior probabilities for normal and inverted mass orderings, as well
as upper and lower octants, extracted from a T2K + reactor data fit.

T2K + reactor sin2 θ23 ∆m2
32 [×10−3eV2]

2D best fit 0.531 2.51

68% C.I. (1σ) range 0.489 – 0.560 -2.56 – -2.53 ∪ 2.42 – 2.58

90% C.I. range 0.466 – 0.571 -2.61 – -2.48 ∪ 2.39 – 2.60

95.4% (2σ) C.I. range 0.455 – 0.579 -2.63 – -2.45 ∪ 2.38 – 2.62

Table 6.3: Best-fit values and 1D credible interval ranges for the disappearance parame-
ters from a T2K + reactor data fit. The 2D best-fit values are taken from the mode of the
2D sin2 θ23 − ∆m2

32 marginal posterior distributions.

6.2.2 Appearance parameters

Figure 6.6 shows the 2D marginal posterior distribution for the appearance

parameters, with and without applying the external reactor constraint. Figure

6.7 shows their corresponding 1D marginal posteriors. Additionally, the best-fit

points and credible intervals for each appearance parameter for a T2K-only and

T2K + reactor fit are shown in tables 6.6 and 6.7 respectively. Good agreement

is found between T2K’s constraint on sin2 θ13 and the external constraint from

reactor experiments. An increase in sensitivity to δCP is observed when applying

the reactor constraint, where the T2K + reactor fit excludes CP-conserving
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Figure 6.6: 2D sin2 θ13-δCP marginal posterior distribution and credible intervals, from a
T2K-only data fit (left) and a T2K + reactor data fit (right). The PDG reactor constraint 1σ
region is shown as a shaded region. Both mass orderings are marginalised.

values of δCP from the 90% credible interval. Note the log scale on the 1D

posterior probability distributions for δCP shown in Figure 6.7. This is to aid

visualisation of the disfavoured regions of parameter space around δCP ∼ π/2.

Further, the irregularities in the posterior distribution in this region are due

to the reweighting procedure. A useful property of Markov chains is that the

final posterior distribution can be reweighted to apply different priors; this

procedure is entirely equivalent to running a new fit. However, doing so results

in weights close to 0 in highly disfavoured regions of parameter space, meaning a

smaller number of accepted steps and larger statistical fluctuations. This problem

would be mitigated with a longer Markov chain, however for this analysis,

only parameter constraints up to 3σ are desired. As is the case for all marginal

posteriors presented in this report, the distributions are stable enough to make

parameter conclusions at this level.
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Figure 6.7: 1D marginal posterior distribution and credible intervals for the appearance
parameters from a T2K-only data fit (left) and a T2K + reactor (right) data fit. Both mass
orderings are marginalised.

T2K-only sin2 θ13 δCP

2D best fit 0.0235 -1.92

68% C.I. (1σ) range 0.0204 – 0.0291 -2.76 – -0.75

90% C.I. range 0.0181 – 0.0325 -π – -0.13 & 2.95 – π

95.4% (2σ) C.I. range 0.0173 – 0.0348 -π – 0.19 & 2.58 – π

Table 6.6: Best-fit values and 1D credible interval ranges for the appearance parameters
from the T2K-only data fit. The 2D best-fit values are taken from the mode of the 2D
sin2 θ13 − δCP marginal posterior distribution.
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T2K + reactor sin2 θ13 δCP

2D best fit 0.0221 −1.84

68% C.I. (1σ) range 0.0214 – 0.0227 -2.58 – -1.01

90% C.I. range 0.0210 – 0.0232 -3.02 – -0.50

95.4% (2σ) C.I. range 0.0207 – 0.0234 -π – -0.25 & 3.08 – π

Table 6.7: Best-fit values and 1D credible interval ranges for the appearance parameters
from the T2K + reactor data fit. The 2D best-fit values are taken from the mode of the 2D
sin2 θ13 − δCP marginal posterior distribution.

6.3 Jarlskog Invariant

As discussed in section 2.2.4, the Jarlskog invariant [35], JCP, can be calculated

to quantify the amount of CP violation in the neutrino sector. Non-zero values

for JCP indicate CP violation and JCP = 0 indicates CP conservation. Assuming

the PMNS parameterisation for the neutrino mixing matrix as in equation 2.31,

the Jarlskog invariant can be written as JCP = s13c2
13s12c12s23c23 sin δCP, where

sij ≡ sin θij and cij ≡ θij.

A constraint for JCP can be extracted by calculating the Jarlskog invariant for

each accepted step in the Markov chain. Figure 6.8 shows the 1D marginalised

posterior distribution for the Jarlskog invariant when imposing a flat prior in δCP,

or a flat prior in sin δCP. Notably JCP = 0, implying CP-conservation, is excluded

at the 90% significance level in both cases. This is a conservative statement as

JCP > 0 would also indicate CP violation.

6.4 Comparison to Previous T2K Results

As discussed, there have been a number of improvements made to the entire

oscillation analysis framework since the previous T2K result [37]. These include

a new far-detector sample, updated near-detector selections, and a new neutrino

flux and cross-section model. Figure 6.9 shows the 2D disappearance and

appearance credible interval contours for a T2K-only and T2K + reactor fit

compared with T2K’s previous results. A slight shift in the best-fit point for ∆m2
32
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Figure 6.8: Comparison of the 1D marginalised posterior distribution for the Jarlskog
invariant using either a prior flat in δCP (blue), or a prior flat in sin δCP (orange).

is observed, moving towards a slightly higher value. The best-fit point of sin2 θ23

also moves towards the point of maximal mixing. For the appearance contours,

the constraint on δCP remains largely unchanged, and sin2 θ13 is observed to move

closer to the PDG reactor constraint. Both sets of results are highly consistent

with each other, as expected.

6.5 Effect of Alternative Priors

As discussed in section 4.4.3, the posterior probability is proportional to the

likelihood multiplied by a prior. In this analysis, flat priors are chosen for all of

the oscillation parameters T2K has sensitivity to. The next natural question to

ask is, how should a particular prior be parameterised? For example, one could

choose a prior flat in sin2 θ13, or just θ13 itself3.

3This may be viewed as an exciting flexibility or infuriating shortcoming of Bayesian analyses,
depending on your overall outlook on life.
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Figure 6.9: 2D disappearance (top row) and apperance (bottom row) marginal posterior
distribution and credible intervals for the previous T2K result (orange) and this thesis
(blue). Both T2K-only (left column) and T2K + reactor (right column) data fits are shown.
Both mass orderings are marginalised.

It is important to test alternative parameterisations of priors as they may alter

the statistical statements that can be made about the oscillation parameters. If

the constraint from the data is strong, the choice of prior is expected to have little

effect on the outcome of the analysis. However, for parameters that suffer from

weaker constraints from the data, the choice of prior is expected to have a larger

effect. It is therefore important to test that statistical statements made about the

oscillation parameters are robust to changes in priors.

The CP-violating phase δCP is an important parameter to investigate alter-
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native priors as the data constraint is weaker compared to the other oscillation

parameters, and its measurement has significant consequences for the wider par-

ticle physics community. Alternative priors can be tested by simply reweighting

the posterior distribution, the method for which is outlined in equations 4.9 and

4.10. To illustrate this method further, consider the case in which a prior that is

flat in x = sin δCP is to be applied instead of y = δCP. Following the established

method, each step in the Markov chain must reweighted according to the function

Q(y) ∝
dx
dy

=
d

dy
(sin(y)) = cos(y) . (6.4)

Figure 6.10 shows a comparison of the 1D marginal posterior distribution

for δCP using the standard prior (flat in δCP), and the alternative flat priors in

sin δCP (6.10a) and cos δCP (6.10b). The posterior probability is clearly affected

by the choice of prior, and a striking difference is seen when applying a prior

flat in sin δCP, with the heavily-favoured region of δCP parameter space now

acquiring a posterior probability of zero. This is fundamentally a consequence

of reweighting to the alternative prior, where at δCP = −π/2 the reweighting

function, cos(δCP), is exactly 0. This apparent inconsistency can be resolved

when plotting the posterior as a function of sin δCP, as shown in figure 6.11.

Here, sin δCP = −1, corresponding to δCP = −π/2, is highly favoured and 0 is

excluded at the 90% credible interval. Therefore, it can be concluded that CP

violation is observed at the 90% significance level independent of the choice of

prior. It can be further concluded that the difference seen in figure 6.10a is just

a consequence of the prior reweighting procedure, and plotting the posterior

with an alternative prior in an unsuitable convention.

An investigation into the impact of alternative priors is a critical component of

any sound Bayesian analysis; parameter inferences should be robust to alternative,

suitable prior parameterisations. If there are significant changes in results when

testing a new prior, this is an indication of a weak data constraint. In this

analysis, alternative priors have a non-significant impact on the conclusions

made about the oscillation parameters.
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Figure 6.10: The effect of reweighting to an alternate prior parameterisation on the 1D
marginal posterior distributions and 1/2σ credible intervals for the δCP parameter.
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Figure 6.11: 1D marginal posterior distribution and credible intervals from a T2K +
reactor constraint fit with a flat prior in sin δCP imposed, plotted against the value of
sin δCP.
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6.6 Alternative Model Studies

An important aspect of the oscillation analysis is the testing of alternative cross-

section models beyond the recommendations made by the NIWG [120]. This

process is referred to within T2K as ‘fake data studies’ (FDS). Many different

models exist that provide a good description of neutrino interactions, but no

one model can adequately describe all neutrino cross-section data. Therefore,

such studies aim to test the robustness of the analysis and identify any biases

that may have been introduced by the choice of interaction model. Fake data

studies performed for this analysis are fully described in [130] and parts relevant

to the work in this thesis will be summarised below.

There are several steps in performing a fake data study, which are as follows:

1. Motivation – First, a set of alternative models of interest must be decided

upon. These are primarily motivated by new additions made to the analysis.

For example, with the addition of the new far-detector νµCC1π sample,

extra pion-production-focused studies were added to gauge the potential

impact of mis-modelling this sample.

2. Define a metric – Next, a metric needs to be defined to assess the impact of

an alternative model study. In T2K FDS, the primary bias metric is defined

as the fractional change in the centre of the 2σ intervals between an Asimov

fit and the fake data fit, ∆2σ = x̄2σ
Asimov − x̄2σ

FDS, compared to the Asimov fit

1σ systematic interval, 1σsyst. [130]. This metric can be written as

Bsyst.
x =

∆2σ

1σsyst.
. (6.5)

3. Specify criteria – Once a metric has been defined, it’s necessary to define

a criterion that, if met, suitable action needs to be taken. For the ∆m2
32

parameter, which is the main parameter of interest for the FDS described in

chapter 7, the criterion for further action is
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|Bsyst.
x | > 0.5 , (6.6)

which can be interpreted as the alternative model introducing a bias in

∆m2
32 that is greater than 50% of the size of the 1σ systematic interval.

4. Construct fake data – Next, the fake data sets at the near and far detectors

need to be constructed. This is done by generating the predicted spectra at

ND280 and SK when fixing all cross-section parameters at their prior means

(see table 5.4), and on top of this applying a correction for the alternative

model prediction. Alternative models are encoded as separate parameters

within the NIWG framework.

5. Oscillation fit – Finally, a full oscillation fit is run using the constructed

fake data sets. Oscillation parameter constraints can then be calculated and

compared to the nominal Asimov fit, and the metric defined in equation 6.5

can be evaluated to check for any significant biases.

Historically, the modelling of nuclear effects in CCQE interactions has consti-

tuted one of the largest contributions to the systematic uncertainty in past T2K

oscillation analyses. A particular alternative model of interest is the Hartree-

Fock Continuum Random Phase Approximation (HF-CRPA) [131, 132], which

has been highly successful in describing electron scattering data and produces

significantly different predictions for the neutrino cross section in regions of

low-energy transfer (ω) [133, 134].

A fake data study was performed to assess the impact of the alternative HF-

CRPA model prediction on the oscillation analysis results presented here. In this

study, the criterion in equation 6.6 was met, with HF-CRPA introducing a bias

of 85% on ∆m2
32, or in terms of the metric defined in equation 6.5, |Bsyst.

∆m2
32
| = 0.85.

Figure 6.12 illustrates this bias by comparing the nominal Asimov contour for

∆m2
32 to the result of the fake data study. To account for this potential bias,

the ∆m2
32 posterior (which fortunately is rather Gaussian-like) was manually
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Figure 6.12: 1D likelihood surface for ∆m2
32 for normal (solid line) and inverted (dashed)

ordering for the HF-CRPA FDS (orange) and nominal Asimov A22 fit (blue). The scaled
Asimov contour (dark blue) can be safely ignored for the context of this thesis.

smeared to include the effects of this potential mis-modelling. This smearing

involves manually increasing the width of the posterior distribution of ∆m2
32

so that the bias is now contained within the 68% interval. This effect on the

∆m2
32 posterior is shown in figure 6.13. All oscillation results presented in this

chapter include this smearing of ∆m2
32.

Though smearing the ∆m2
32 posterior ensures the bias introduced when using

the HF-CRPA model is correctly accounted for, it would be far more ideal if

the uncertainty model was able to correctly account for this without the need

for smearing. This motivates the work presented in chapter 7, where new

systematic parameters were designed and implemented into the interaction

model to introduce more freedom in the low-energy transfer region, where the HF-

CRPA model prediction varies most significantly when compared to the NEUT SF.
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Figure 6.13: 1D marginal posterior for ∆m2
32 before (orange) and after (blue) smearing

due to alternative model studies.

6.7 Summary of Oscillation Results

The results presented in this chapter represent T2K’s most accurate and robust

measurement of the oscillation parameters to date. A number of notable im-

provements were made compared to T2K’s previous results [37], including the

addition of a new far-detector sample [115], updated near-detector selections

[111], enhancements to the neutrino interaction uncertainty model [120], and

improved flux constraints from replica target NA61/SHINE data [112]. New

additions to the MaCh3 analysis framework include allowing events to migrate

in and out of samples, and the explicit θ23 octant-mixing mechanism.

A summary of the best-fit points and credible intervals for the oscillation

parameters can be found in tables 6.8 and 6.9 for a T2K-only and T2K + reactor fit

respectively. The best-fit points for each parameter are calculated from the 2D

disappearance and appearance marginal posteriors, and the credible intervals

are extracted from the 1D marginal posteriors. Flat/uninformative priors are
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T2K-only sin2 θ23 ∆m2
32[×10−3eV2] sin2 θ13 δCP

Best-fit 0.488 2.51 0.0235 -1.92

68% C.I. 0.470 – 0.545
-2.58 – -2.51

∪ 2.43 – 2.57
0.0204 – 0.0291 -2.76 – -0.75

90% C.I. 0.455 – 0.564
-2.62 – -2.47

∪ 2.40 – 2.60
0.0181 – 0.0325

-π – -0.13

∪ 2.95 – π

Table 6.8: Best-fit points and credible intervals for the oscillation parameters extracted
from a T2K-only data fit.

T2K + RC sin2 θ23 ∆m2
32[×10−3eV2] sin2 θ13 δCP

Best-fit 0.531 2.51 0.0221 -1.84

68% C.I. 0.489 – 0.560
-2.56 – -2.53

∪ 2.42 – 2.58
0.0214 – 0.0227 -2.58 – -1.01

90% C.I. 0.466 – 0.571
-2.61 – -2.48

∪ 2.39 – 2.60
0.0210 – 0.0232 -3.02 – -0.50

Table 6.9: Best-fit points and credible intervals for the oscillation parameters extracted
from a T2K + reactor data fit.

applied in the form of the fitted parameter (e.g. flat in δCP). Alternative sets of

priors have been tested and the constraints are robust.

Analysing the disappearance parameters, a slight preference for the upper

octant of sin2 θ23 and normal mass ordering is found, with Bayes factors of

B(UO/LO) = 2.23 and B(NO/IO) = 2.70 respectively. These Bayes factors are

deemed not to be statistically significant when compared to the Kass-Raferty

scale given in table 4.1.

When applying the external constraint on sin2 θ13 from reactor experiments

[109], CP-conserving values of δCP are excluded from the 90% credible inter-

val. Additionally, a Jarlskog invariant JCP = 0 (implying CP-conservation) is

excluded from the 90% credible interval.



7
Novel Interaction Uncertainties at T2K

and DUNE

This chapter extends upon the oscillation results presented in chapter 6 with the

addition of new systematic parameters to address oscillation parameter biases

found during alternative model studies. New parameters were motivated and

designed to introduce more freedom in the region of low-energy transfer, where

models produce largely different predictions for the neutrino cross section. These

new parameters were then implemented into the MaCh3 framework to isolate

their effects on the oscillation fit. It is hoped that the introduction of additional

freedoms will alleviate the bias seen in ∆m2
32 during the CRPA alternative model

study. As this was the dominant contribution to the systematic uncertainty for

∆m2
32, the cross-section model must be suitably expanded to resolve this bias.

The motivation and design of the new parameters will be discussed in section

7.1, and their implementation into MaCh3 and the subsequent impact on the

HF-CRPA alternative model study will be presented in section 7.2. Finally, new

systematic parameters designed for the next-generation neutrino experiment,

DUNE, will be presented in section 7.3.

127
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7.1 Low-Energy Transfer Systematics at T2K

7.1.1 Motivation

As discussed in section 3.4, NEUT uses the Benhar spectral function to model

the nuclear ground state. This relies on the plane wave impulse approximation

(PWIA), which assumes the incoming neutrino interacts with a single, non-

relativistic nucleon, and the outgoing nucleon wavefunction does not experience

the nuclear potential. Therefore, the PWIA does not include the effects of nucleon-

nucleon correlations, nor does it model the impact of FSI on the cross section of

the primary scatter1. These shortcomings are most impactful for interactions with

low-energy transfer (ω) for two primary reasons. Firstly, for low-ω interactions,

the W boson has an effectively longer wavelength, meaning it is more sensitive

to nucleon-nucleon correlations and lower energy nuclear physics processes.

Furthermore, during such interactions, the energy of the outgoing nucleon

is more likely to be affected by the nuclear potential due to their respective

comparable values.

Often, corrections are applied to PWIA models to account for these shortcom-

ings, including random phase approximation (RPA) [135] and optical potential

corrections [136]. RPA correlations are built on top of a local Fermi gas (LFG)

model and account for the effect of nucleon-nucleon correlations on the single-

particle wavefunction. Optical potential corrections take into account the effects

of final-state interactions between the struck nucleon and residual nucleus.

There are alternative nuclear ground state models that include the necessary

physics that is lacking in the PWIA. The HF-CRPA model [131, 132] is expected

to be a more robust method of describing the nuclear ground state due to its

foundations in a realistic nuclear model (Hartree-Fock), and its success in re-

producing giant nuclear resonances at low-energy transfer, as well as being

well-validated against electron scattering data [132]. The foundation of the

HF-CRPA model is the Hatree-Fock method, which utilises a self-consistent
1It may be expected that such secondary processes are quantum mechanically coupled to the

primary process.
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mean-field approach to calculate the bound-state wavefunctions of the nucleus

assuming a realistic nuclear potential [137]. CRPA corrections are then applied

to the HF model predictions to account for long-range correlations between

nucleons. Furthermore, the CRPA model uses the same nuclear potential as the

HF model, making the entire calculation self-consistent. Due to its strong physics

foundation and success in describing electron scattering data, the HF-CRPA

model is highly relevant to T2K analyses.

As discussed in section 6.6, the HF-CRPA alternative model study demon-

strated a significant bias in ∆m2
32, approaching 100% of the systematic error

budget on this measurement. This motivated the introduction of additional

freedoms that can describe the sizeable model variations observed in the low-

energy transfer region. Figure 7.1 shows the predictions for the T2K νµ flux-

averaged cross section from several models binned in ω. Large model differences

are observed in the two lowest ω bins, and good model agreement is seen at

higher ω, where the assumptions made in the PWIA are more valid.

7.1.2 Parameter Design

As discussed, the PWIA does not account for nucleon-nucleon correlations

and it contains no description of the impact of FSI on the primary scattering

cross section. Therefore, two sets of parameters were designed to address the

limitations of the PWIA, modelling an ‘RPA-like’ effect and an ‘FSI-like’ effect.

Each parameter is designed to interpolate between two models. For model

interpolation parameters, if the parameter value is 0, an event receives a weight

of 1, whereas if the parameter value is 1, an event receives a weight equal to the

ratio of the two model predictions. For parameter values between 0 and 1 or

greater than 1, linear interpolation is used to calculate the cross-section weight.

The models used for each parameter set are outlined below:

1. RPA – the ‘RPA-like’ parameters interpolate between the Hartree-Fock

plane wave (HF-PW) model and the CRPA-PW model. This applies a CRPA
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Figure 7.1: Predictions of the differential cross section for the CRPA (blue), Hartree-Fock
(purple) and spectral function (yellow) models. The dashed lines indicate the plane-wave
assumption being used. Differences between the models are most significant at low ω.

correction to the HF-PW model and contains no description of FSI as both

models assume a plane wave for the outgoing nucleon wavefunction.

2. FSI – the ‘FSI-like’ parameters interpolate between the HF-PW model and

the HF model. This applies an FSI correction to the HF-PW model by

distorting the outgoing nucleon wavefunction.

The ratios between each respective set of models for both the RPA and FSI

parameters are shown in figure 7.2.

The dials are then granulated by the region of energy transfer (ω) they affect.

Three bins of ω were chosen: 0.05 − 0.1 GeV, 0.1 − 0.2 GeV, and > 0.2 GeV.

The number of bins was chosen to be three to limit the total number of new

parameters being added to the oscillation analysis. During the implementation

of these new parameters, it was observed that areas of phase space at higher

four-momentum transfer squared (Q2) were receiving enhancements to the cross
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(a) RPA parameters (b) FSI parameters

Figure 7.2: The ratio between the predicted cross section for each model for the RPA
parameters (left) and the FSI parameters (right). The predictions are binned in energy
transfer ω and momentum transfer q3.

section. As these parameters are purposely designed to suppress the cross section,

all weights were capped at 1. This unexpected enhancement at higher values

of Q2 was found to be due to an error in the reweighting code. Once this error

had been fixed, the parameters behaved as expected. Due to the time constraints

of this analysis, the fits presented here include the ad hoc weight cap. However,

studies within T2K demonstrate that fixing the reweighting code error removes

the unexpected enhancements. Therefore, the fits presented here are expected

to be largely similar to fits run without the weight cap. Furthermore, weights

calculated at higher values of Q2 may be less accurate as the non-relativistic

approximations made in the HF and CRPA models would start to break down.

Finally, the parameters are split by neutrino flavour (neutrino or antineutrino)

and target nucleus (carbon or oxygen). This results in 24 new parameters.

Since separate parameters vary the cross section in different regions of ω, it

is important to ensure parameter variations are smooth on a bin-by-bin basis. It

would be unphysical to have no correction in the lowest ω bin and a full model

correction in the neighbouring bin. Following the method outlined in [138], this

smoothness condition can be implemented in the form of correlations between

the individual parameters by adding a regularisation term to the (inverted)



7. Novel Interaction Uncertainties at T2K and DUNE 132

covariance matrix

C̃−1(τ) = C̃−1
d + C̃−1

τ =

1 0 0
0 1 0
0 0 1

+ τ

 1 −1 0
−1 2 −1
0 −1 1

 , (7.1)

where C̃−1
d represents each parameter’s prior 1σ uncertainties (which are all set

to one) and C̃−1
τ is a smoothness matrix with regularisation strength τ which

penalises large differences in the parameter variations between neighbouring

bins. Values of τ ≳ 20 would apply strong bin-to-bin correlations, while τ ≲ 0.1

would yield very weak correlations. Methods employed to inform a suitable

choice of τ are described in section 7.1.3.

The covariance matrix in equation 7.1 needs to be inverted and later used

in the MaCh3 framework to ensure the parameter correlations are taken into

account during the oscillation fit. However, performing this inversion for a

general value of τ leads to the parameter’s prior uncertainties being less than

one. For example, if τ = 1, the covariance matrix is

C̃(τ = 1) =

0.63 0.25 0.13
0.25 0.5 0.25
0.13 0.25 0.63

 . (7.2)

Whatever the value of τ, it is desired to cover the models involved in both

the RPA and FSI dials at 1σ. Therefore a correction is applied to the covariance

matrix that fixes the diagonal elements to 1 and alters the off-diagonal elements

accordingly to retain the same correlations between bins. This means the prior

uncertainties of the parameters are independent of τ, but their respective cor-

relations very much are impacted by τ. This was deemed acceptable as the

physical motivation for smoothness in the variations between bins is encoded

in the correlations, which are retained. This correction simply allows for the

parameters to contain the full model variation within their 1σ uncertainty band

at any value of τ.
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Figure 7.3: Nominal (black) and reweighted (blue) NEUT-generated event rate distri-
butions binned in ω for the RPA-C-ν (left) and FSI-C-ν (right) parameters. Both sets of
parameters cause a suppression at low ω, as anticipated.

7.1.3 Parameter Behaviour

Before performing studies to decide upon the optimal regularisation strength

it is first necessary to confirm the new parameters are affecting the relevant

kinematic distributions as expected. The dials were originally motivated by the

strong suppression seen in the cross section at low ω for the HF-CRPA model. A

suppression is expected when comparing the model predictions of CPRA-PW

to HF-PW and HF to HF-PW, and indeed observing the ratios of the models

in figure 7.2, strong suppressions are observed at low ω and q3, with more

suppression expected for the FSI dials. This was tested at the NEUT level by

applying weights to NEUT-generated events with all dials set to 1 for a specific

physics effect and target-flavour combination. As expected, suppression in the

overall generated event rate was observed at low ω. For example, figure 7.3 shows

the effects of the RPA and FSI carbon-target neutrino-interaction parameters on

the generated event rate binned in ω.

As an initial test to inform a choice of τ, a large number of toy parameter

variations were generated by throwing from the covariance matrix for a specified

τ. NEUT was then used to generate events and predict the ω distribution for

each variation, and the distribution of ω predictions was plotted for multiple
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Figure 7.4: 2D distribution of ω bin predictions from all toy dial variations for low and
high regularisation strengths. Various models of interest are overlaid.

values of τ and compared to a set of well-motivated models. The results of

performing this procedure for two extreme values of the regularisation strength

τ are the distributions shown in figure 7.4.

The impacts of regularisation become evident when examining the 2D ω

distributions in figures 7.4c and 7.4d. These distributions indicate that a high

regularisation would be preferable to provide good coverage of the models,

but without resulting in over-coverage. However, when viewing the lower ω
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bin distributions in figures 7.4a and 7.4b, the effects of regularisation are less

evident, and indeed the distributions suggest a very low regularisation would be

needed to provide coverage of the models. This was to be expected as the model

predictions exhibit more significant divergence at very low-energy transfers.

This test ultimately proved unhelpful when deciding on a specific value

for τ. It was therefore decided to investigate the impact of the regularisation

within the MaCh3 framework, and these studies are described in section 7.2.1.

Nevertheless, it is evident that neither extremely low nor extremely high values

of τ are beneficial for all regions of ω. Therefore, more moderate values of τ

(2, 5 and 10) were tested within MaCh3.

7.2 Impact on Oscillation Analysis

7.2.1 Validations and Regularisation Strength

Once the parameters had been implemented into the MaCh3 framework, studies

were performed to validate that the dials were behaving as expected. First, the

parameters were varied individually to test their impact on the near-detector

samples. An example of several parameter variations on a few of the ND samples

is shown in figure 7.5. As expected, suppression is seen mostly in the low-

momentum, forward-going region, which corresponds to events with low ω.

Next, log-likelihood scans were performed for each parameter at several

regularisation strengths: τ = {2, 5, 10}. The scans performed at the near detector

follow an identical method to the LLH scans outlined in section 5.5.1. Two

Asimov data sets are constructed with all fit parameters set to their prior values.

Then, in one of the Asimov data sets, each parameter is modified and the resulting

change in the LLH (-2LLH) between the two sets is computed. The impact of the

regularisation can be seen in the penalty term contribution to the total LLH, as

shown in figure 7.6. It is observed that for the most well-constrained parameters

(e.g. FSI-C-ν-0), the penalty term does not affect the total LLH, as expected
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Figure 7.5: Ratio of the nominal and reweighted near-detector sample spectra when
varying several of the new low-ω parameters. The samples are binned in 2D pµ − cos θµ

phase space. All parameter variations are a +1σ shift, meaning the parameters are set to
1. Suppression of the cross section is observed as expected.
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(a) RPA-O-ν̄-2: LLH Penalty Term
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Figure 7.6: LLH scans for the RPA-O-ν̄-2 and FSI-C-ν-0 parameters. These parameters
illustrate the extreme cases of the impact of regularisation. Both the penalty term and
total LLH are shown for each regularisation strength tested.

when the constraint from the Asimov data is so strong. However, for less well-

constrained parameters (e.g. RPA-O-ν̄-2), the effect of the regularisation does

impact the total LLH as the penalty term is of comparable size to the sample LLH.

To further investigate the impact of regularisation strengths on parame-

ter behaviour during the fitting process, a near-detector data fit was run for

each regularisation strength tested. The parameter constraints and LLH were

then compared.
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The posterior distributions extracted from the near-detector data fits for each

regularisation strength are shown in figures 7.7 and 7.8 for the RPA and FSI

parameters respectively. Overall, the behaviour of the parameters across the

tested values of τ is similar, with the largest differences between τ = 2 and

τ = {5, 10}. The posterior distributions for parameters with strong constraints

from Asimov data (e.g. RPA-C-ν-0 and FSI-C-ν-0) show minimal differences

between each fit, as expected.

Finally, figure 7.9 shows a comparison of the LLH from each fit. Again, very

small differences were observed when comparing the LLH from each fit. It

was therefore concluded that the exact choice of τ is unlikely to have a tangible

effect on the full oscillation analysis.

After establishing that the exact value of τ has a minimal effect on parameter

behaviour and constraints, Markov chain diagnostics were used to inform a

choice for τ. The autocorrelations were found to be largely similar for all parame-

ters across the three fits, but the acceptance probability for the τ = 2 fit was found

to be 15%, while for τ = {5, 10} the acceptance probability is only 9%. Therefore,

τ = 2 was chosen as the regularisation strength for the subsequent oscillation fits.

This τ will be used for the alternative model study presented in section 7.2.2 as

well as T2K’s next full oscillation analysis, where these parameters are the main

addition to the updated interaction model. The prior correlation matrix for the

parameters is shown in figure 7.10. There are zero correlations between the RPA

and FSI parameters as they represent very different physical effects. Within the

RPA and FSI parameter groups, correlations from the regularisation are included

and extrapolated from individual target-flavour groups by assuming a correlation

of 0.6 for carbon/oxygen and neutrino/antineutrino interactions. 0.6 was chosen

as correlations are expected between carbon and oxygen interactions, and the

addition of four nucleons should not drastically impact the effect of RPA and FSI

corrections. Further studies should be carried out in future analyses to calculate

a more physically-motivated calculation for the target-flavour correlation.
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Figure 7.7: The posterior distributions for each RPA parameter for regularisation
strengths 2 (orange), 5 (blue) and 10 (violet).
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(a) FSI-C-ν and ν̄ parameters
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Figure 7.8: The posterior distributions for each FSI parameter for regularisation strengths
2 (orange), 5 (blue) and 10 (violet).
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Figure 7.9: The LLH for each near-detector data fit for regularisation strengths 2 (orange),
5 (blue) and 10 (violet).
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Figure 7.10: The prior correlation matrix for the RPA/FSI parameters for a regularisation
strength τ = 2.
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7.2.2 Effect on HF-CRPA Fake Data Study Bias

The parameters described in this chapter were designed to introduce appropriate

freedom to the interaction model to cover the wide model variations seen in the

low-energy transfer region. They were motivated by the near 100% bias seen

in the systematic uncertainty budget for ∆m2
32 when performing the HF-CRPA

alternative model study for T2K’s latest oscillation analysis. To test whether these

parameters help to resolve this bias, the alternative model study must be re-run.

Following the steps outlined in section 6.6, fake data sets were constructed for

the near and far detectors using the HF-CRPA model prediction. These fake data

sets were then used as inputs for a near and far-detector joint Asimov fit. Also,

the optical potential parameters from the 2022 interaction model were removed

as they share largely similar physics motivations to the new FSI parameters

presented here. If the new parameters introduce the necessary freedom to the

interaction model as was intended, there should be little differences between

the constraints of a nominal Asimov fit2 and the HF-CRPA fake-data fit. This

would mean the interaction model has sufficient flexibility and robustness to

describe the predictions of the HF-CRPA model.

Figure 7.11 compares the constraints on ∆m2
32 from a nominal Asimov fit

and the HF-CRPA fake-data fit. Comparing the posteriors, a small shift in the

best-fit value for ∆m2
32 is observed, but the credible intervals exhibit considerable

overlap. This suggests the addition of new systematic parameters has added

the necessary flexibility to the interaction model, allowing it to describe the

model differences seen in the low-energy transfer region. This can be confirmed

by re-calculating the fake-data study metric Bsyst.
∆m2

32
given in equation 6.5 and

comparing it to the criterion in equation 6.6. When performing this calculation,

it is found that |Bsyst.
∆m2

32
| = 0.44, which is below the criterion for further action,

such as smearing, to be taken.

2Here, a nominal Asimov fit refers to fitting near and far-detector Asimov data that was
constructed using the parameter prior values specified in table 5.4.
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Figure 7.11: A comparison of the constraint on ∆m2
32 between a nominal Asimov fit

(orange) and the HF-CRPA fake data study (blue).

Additionally, the posterior distributions for the RPA and FSI parameters from

both fits are shown in figures 7.12 and 7.13 respectively. The constraints on

the RPA parameters are largely similar between the two fits. However, the FSI

parameters shift to higher values in the HF-CRPA fake-data fit. This is good as

it means the oscillation fit uses the new parameters to describe the HF-CRPA

model prediction rather than shifting the oscillation parameters.

This work has demonstrated that the addition of novel, physically-motivated

parameters, specifically designed to address large model differences at low-

energy transfer, has successfully resolved the bias observed in the HF-CRPA fake

data study. This bias constituted the largest contribution to the total systematic

uncertainty in the measurement of ∆m2
32 presented in chapter 6. These parameters

will be utilised in subsequent T2K analyses and will form an important part of the

interaction uncertainty model. It is important to mention that alternative model

studies are typically performed using the PTheta fitting framework rather than

MaCh3. However, due to the extensive validations carried out between the two
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Figure 7.12: The posterior distributions for each RPA parameter from the nominal Asimov
fit (orange) and HF-CRPA fake-data fit (blue).
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(a) FSI-C-ν and ν̄ parameters
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Figure 7.13: The posterior distributions for each FSI parameter from the nominal Asimov
fit (orange) and HF-CRPA fake-data fit (blue).
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Figure 7.14: Schematic of the DUNE experiment. Figure from [3].

fitting groups, it is anticipated that the resolution demonstrated here will also

apply to future T2K studies conducted using PTheta. For further refinement of

these parameters, potential improvements include establishing a more physically

motivated correlation between targets and flavours and conducting further

investigations into the impact of the regularisation condition.

7.3 Removal Energy Systematics at DUNE

The Deep Underground Neutrino Experiment (DUNE) is a next-generation

long-baseline neutrino oscillation experiment [3]. A schematic of the DUNE

experiment setup is shown in figure 7.14. It has a broad physics programme,

including high-precision measurements of the oscillation parameters, determi-

nation of the mass ordering, broader tests of the PMNS parameterisation and

searching for BSM physics.

7.3.1 The DUNE Experiment

DUNE will utilise liquid argon time projection chamber (LArTPC) technology and

a high-intensity broadband neutrino beam to achieve its physics aims. Compared

to T2K, DUNE will operate at much higher energies, with average neutrino

energies of around 2.5 GeV, and has a much longer baseline of 1285 km. The

experimental setup for a typical LArTPC is shown in figure 7.15.

When a neutrino interacts with an argon atom in the TPC, secondary charged

particles are produced which cause ionisation electrons to be emitted. These
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Figure 7.15: Schematic diagram of a LArTPC detector. Figure from [139].

30 cm Run 3493 Event 27435, October 23rd, 2015

Figure 7.16: LArTPC event display from the MicroBooNE experiment. This event is
likely to be a CCQE interaction, with the longest track being a muon, and the short track
being a proton. Figure from [140].

electrons are then drifted toward the wire readout planes by a uniform electric

field. Therefore, as charged particles propagate through the chamber, they create

ionisation tracks which are recorded by the readout planes. As well as ionisation

electrons, scintillation light is also emitted during the excitation and ionisation

of argon atoms. This light can be used to trigger the start of an event. As

such, LArTPCs can produce high-resolution images of neutrino interactions, an

example of which can be seen in figure 7.16.
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7.3.2 Motivation

With its utilisation of LArTPC detectors and unprecedented statistics3, DUNE

holds great promise for advancing our understanding of neutrino interactions. In

addition, the DUNE near detectors will be able to exploit calorimetric information

to accurately reconstruct the neutrino energy and also benefit from low tracking

thresholds for charged hadrons. As a result, the DUNE near detectors possess

significant constraining power for studying nuclear effects.

Modelling neutrino interactions involves estimating the struck nucleon’s

initial energy and momentum, which will be referred to throughout this section

as the removal energy (Emiss) and momentum (pmiss). These estimations originate

from nuclear models, which all predict different energy-momenta distributions.

Choosing a suitable nuclear model is critically important for experiments as the

entire interaction uncertainty model is built around this base model. The ideal nu-

clear model for DUNE’s physics requirements needs to be physically motivated,

capable of predicting lepton and hadron kinematics, easily reweightable, and

perhaps most importantly, available in neutrino interaction generators. Taking

into account these requirements, a local Fermi gas (LFG) model was chosen as the

nuclear ground state model, with two physically-motivated modifications. First,

the LFG as implemented in GENIE [141] had a fixed nucleon removal energy,

which drastically limits the amount of phase space available. This was expanded

by re-calculating the removal energy for a fixed nucleon momentum using

energy-momentum conservation. Second, a correlated tail region was added

to extend phase space coverage to the short-range correlations (SRC) region.

SRC accounts for pairs of correlated nucleons with momentum higher than

the Fermi momentum. This is an important region to have sufficient coverage

as it possesses a high level of model disagreement. The nuclear ground state

Emiss − pmiss distributions after each modification are shown in figure 7.17.

3To provide further context, there are just 700 events across all T2K far-detector samples,
whereas the DUNE far detectors are expected to observe 10,000 events over seven years.
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(c) Add correlated tail region

Figure 7.17: Emisss − pmiss distributions for (a) the base GENIE LFG model, (b) recalcu-
lating Emiss, and (c) adding the correlated tail region (Emiss < 10 MeV). There are no FSI
effects present in these distributions.

As the nuclear ground state model provides values for the struck nucleon’s

energy and momentum, the choice of the nuclear model directly impacts neutrino

energy reconstruction. If an interaction model does not possess sufficient freedom

to alter the chosen ground state model, it may lead to biases in the oscillation

parameter measurements4.

4Of course, if you choose the correct nuclear ground state model, you need not worry. However,
I’m not sure this exists yet.
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7.3.3 New Systematic Parameters

To introduce appropriate freedom for the interaction uncertainty model to modify

the nuclear ground state, several new systematic parameters were developed

that affect different regions of the removal energy spectrum. Three systematic

parameters were implemented into DUNE’s cross-section reweighting tools,

and are described below.

1. xcorr. tail – this parameter modifies the strength of the correlated tail region,

which is defined as events with Emiss < 10 MeV. Events in this region

receive a weight (w) that either enhances (w > 1) or suppresses (w < 1)

the correlated tail. The parameter has range xcorr. tail > 0, and the weight is

equal to the value of the parameter, w = xcorr. tail.

2. xmean – this parameter increases or decreases the mean of the removal

energy spectrum, and only affects events with Emiss > 10 MeV. The weight

for each event is given by the formula w = 1 + xmean · Emiss[GeV]. Any

negative weights are capped at 0. xmean can be positive or negative, cor-

responding to an increase or decrease in the mean of the removal energy

distribution.

3. xshift peak – this parameter shifts the peak of the removal energy distribution

and introduces more physically-motivated, shell-like behaviour. Each

event receives a weight w = 1 + xshift peak · cos(0.1π · Emiss[MeV]), where

xshift peak ≥ 0. Weights cannot be negative and are capped at 0.2 to avoid

discontinuities in the removal energy spectrum at Emiss ∼ 10 MeV. The

parameter only affects events with Emiss > 10 MeV.

To investigate the impact of each parameter, events were generated using

the GENIE event generator and weights were calculated when varying each

parameter through a reasonable range. The nominal and reweighted removal

energy spectra were then plotted for each parameter variation, as shown in figure

7.18. Each parameter has the desired effect on the removal energy distribution.
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Figure 7.18: The removal energy distribution after varying each of the missing energy
parameters. The means of the distributions are also listed, and each distribution is
renormalised to conserve the total cross section. The expected effects are observed in the
distributions.

7.3.4 Impact on Oscillation Analyses

After validating the effects of the new parameters on the nuclear ground state,

their impact on typical oscillation analysis observables was investigated.

First, given our choice of nuclear ground state model, the expected changes are

observed in the transverse momentum imbalance distribution, shown in figure

7.19a. The transverse momentum imbalance, dpT, is the momentum imbalance in
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the transverse plane5, and is one of the single-transverse kinematic imbalance

variables [39]. In the absence of nuclear effects, dpT would be zero. Therefore,

modifying the nuclear ground state should cause measurable distortions in the dpT

spectrum, and indeed that is seen. Further, 7.19b shows that when shifting the

mean of the removal energy spectrum by approximately 10 MeV, a direct impact

on the neutrino energy reconstruction bias of a similar magnitude is observed.

On the scale of DUNE neutrino energies, this may seem small, but DUNE’s LAr

detectors will be able to resolve such small energy differences. It is therefore

important that such biases are correctly accounted for in the interaction model.

Additionally, as the neutrino energy reconstruction is affected, mis-modelling the

nuclear ground state will also impact oscillation parameter measurements. This

may have an especially noticeable effect at DUNE’s second oscillation maximum,

which sits at a much lower neutrino energy of 0.8 − 1 GeV.

Figure 7.20 shows the effect of varying the xcorr. tail and xmean parameters

on the reconstructed inelasticity (yrec) and reconstructed neutrino energy (Erec)

distributions respectively. Inelasticity is defined as the fraction of the recon-

structed neutrino energy attributed to the hadronic system. Erec and yrec are of

particular importance as they were the kinematic variables used for the previous

DUNE oscillation analysis. As illustrated in figures 7.20a and 7.20b, modifications

to the nuclear ground state have no impact on these distributions. Therefore,

no obvious biases would be detected during an oscillation fit when observing

more traditional ‘fit’ variables, despite a clear bias being present, as shown

in figure 7.19b.

The development of physically motivated and appropriate interaction uncer-

tainties to describe the ground state nuclear model will therefore be critically

important as oscillation parameter measurements move into the precision era.

The parameters presented here have been developed especially for DUNE-era

statistics and measurements and will form an important part of the interaction

uncertainty model for the next DUNE oscillation analysis.

5Wow, who would have thought it?
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Figure 7.19: The impact of xcorr. tail and xmean variations on the transverse momentum
imbalance (left) and reconstructed neutrino energy bias (right) distributions respectively.
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Figure 7.20: The impact of xcorr. tail and xmean variations on the reconstructed inelasticity
(left) and reconstructed neutrino energy (right) distributions respectively.
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Conclusions and Outlook

This thesis has presented the latest oscillation parameter constraints from the

T2K experiment and has also described the development and implementation of

novel neutrino interaction uncertainties at current and future-generation long-

baseline experiments.

A Bayesian Markov chain Monte Carlo method was used to extract oscillation

parameter constraints at the T2K experiment. These are T2K’s most robust

measurements to date, and this set of results also includes many notable analysis

framework improvements. A new far-detector sample was added [115], as well

as expanded near-detector selections [111]. Furthermore, a more robust and

physically motivated neutrino interaction uncertainty model was used [120],

and NA61/SHINE replica target data was utlised to improve constraints on

the neutrino flux [112].

When applying an external constraint on sin2 θ13 from reactor experiments,

CP-conserving values of the CP-violating phase δCP and the Jarlskog invariant

JCP are excluded from the 90% credible interval. A slight preference for normal

mass ordering and the upper octant of sin2 θ23 is also found.

When performing alternative model studies to test the flexibility of the

interaction model used in the oscillation analysis, a significant bias on ∆m2
32

was discovered when fitting the predictions of the HF-CRPA model. This bias

154
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approached 100% of the total systematic uncertainty on ∆m2
32 and prompted

additional manual smearing of the ∆m2
32 credible intervals to account for this

bias. The HF-CRPA model predicts a significantly different neutrino cross section

at low energy transfer. Consequently, a new set of interaction uncertainty pa-

rameters was designed and implemented into the oscillation analysis framework

to specifically account for these variations.

When re-performing the HF-CRPA alternative model study with the newly

developed interaction uncertainty parameters, the bias on ∆m2
32 is found to

be lower than the criteria for further action to be taken, and half that of the

original bias from the previous oscillation analysis. The introduction of new

systematic parameters to describe large model variations at low energy transfer

has therefore added the necessary flexibility to the interaction model so it can

properly describe HF-CRPA model predictions.

The final section of this thesis presents the development of novel neutrino

interaction uncertainties specifically designed for next-generation long-baseline

experiments such as DUNE. These new parameters modify the nuclear ground

state model and are motivated by the low tracking thresholds for charged

hadrons in the DUNE near detectors, as well as their ability to use calorimetric

information to accurately reconstruct the neutrino energy. It is demonstrated

that mis-modelling the nuclear ground state may lead to biases in oscillation

parameter measurements.

Measurements at current-generation long-baseline oscillation experiments are

limited by statistical uncertainties. However, next-generation experiments such

as DUNE and Hyper-K will be limited by systematic uncertainties. With neutrino

interaction uncertainties currently representing a significant component of the

total systematic uncertainty, further work and additional neutrino cross-section

measurements are required to improve our understanding of neutrino interac-

tions if next-generation experiments are to achieve their physics objectives.
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