
Multiscale analysis of thermomechanical stresses in double wall 

transpiration cooling systems for gas turbine blades 

Christos Skamniotis, Matthew Courtis, Alan C.F. Cocks 

Department of Engineering Science, University of Oxford, Parks Road,  

Oxford OX7 6DP, UK 

 

ABSTRACT 

Double wall transpiration cooling (DWTC) is a new technology that allows the gas turbine inlet 

temperatures to be increased beyond current levels to promote higher engine efficiency. DWTC 

systems consist of outer hot and inner cooler walls, connected by pedestals, which contain film 

cooling and impingement holes, respectively. In order to employ these new systems, an evaluation 

of the stresses that drive fatigue and ratchetting at critical stress raisers is essential. We present a 

modelling framework which combines Computational Fluid Dynamics (CFD)-heat transfer 

solutions for the temperature field in DWTC systems, with theoretical and Finite Element (FE) 

elastic solutions for the thermal (T) stress and centrifugal (CF) stress fields. We demonstrate that 

uniaxial tensile CF loading causes much higher stress concentration factors (SCF) at cooling holes 

and wall-connecting pedestals than the thermally induced biaxial stresses. A theoretical framework 

is developed, supported by FE studies, that captures the dependence of the SCF on important 

geometric parameters, such as wall thicknesses, pedestal height and hole size, spacing and 

inclination angle, which provides important information for the optimisation of these systems. A 

key observation of relevance to both conventional and non-conventional turbine blade designs, is 

that the superposition of tensile CF stresses to compressive T stresses is beneficial for the 

performance at the critical film hole features; for double wall blades, however, the superposition 

degrades the performance at impingement holes and pedestals, as in these locations the T stresses 



are also tensile. These stresses can be balanced by using an optimal wall thickness ratio. Our elastic 

solutions can be readily used in analyses for predicting structural ratchet boundaries based on 

shakedown theory and the local cyclic strain range that drives thermomechanical fatigue in DWTC 

systems.  

 

Keywords: cooling holes, low cycle fatigue, thermal stresses, centrifugal stresses, stress 

concentration. 

Nomenclature 

Abbreviations  

DWTC = double wall transpiration cooling 

TIT = turbine inlet temperature 

LCF = low cycle fatigue 

FE = Finite elements 

CFD = computational fluid dynamics 

ICC = internal convective cooling 

T = thermal loading/stress 

CF = centrifugal loading/stress 

2D = two-dimensional 

3D = three-dimensional 

SCF = stress concentration factor 

MPC = multipoint constraint ABAQUS subroutine 

UDISP = user defined displacement ABAQUS subroutine  

Symbols 

Thermal 

ℎ∞ = external heat flux (W/m²) 



𝜂𝑓 = film cooling effectiveness 

𝛼𝑡 = turbulent thermal diffusivity (m²/s) 

𝜉𝑑𝑒𝑐𝑎𝑦 = characteristic film decay length (m) 

𝑇∞ = hot gas mainstream flow temperature (°C) 

𝑇𝑐𝑜𝑜𝑙𝑎𝑛𝑡 = coolant temperature entering the impingement hole (°C) 

𝑇𝑚𝑎𝑥 = maximum temperature at outer hot wall surface (°C) 

𝑇𝑚𝑒𝑑ℎ
= temperature at inner hot wall surface (°C) 

𝑇𝑚𝑒𝑑𝑐
= temperature at inner cool wall surface (°C) 

𝑇𝑚𝑖𝑛 = minimum temperature at outer cool wall surface (°C) 

𝑇0 = room temperature (°C) 

𝛥𝑇 = thermal difference (°C) 

Structural 

𝐿 = component length (mm) 

𝑅𝑡𝑖𝑝 = blade tip radius with respect to axis of rotation (mm) 

𝑡 = wall thickness (mm) 

𝐴 = cross-sectional area (mm²) 

𝑉 = volume (mm3) 

𝐻 = pedestal height/wall spacing (mm) 

𝐻𝑐 = distance between wall mid-planes (mm) 

𝑅 = radius of geometric curvature (mm) 

𝑆 = pedestal spacing (mm) 

𝑍 = pedestal centreline distance (mm) 

𝐷 = diameter (mm) 

𝜌 = fillet radius (mm) 

𝛾 = film hole inclination (°) 

Material 



𝐸 = Elastic Modulus (MPa) 

𝜈 = Poisson’s ratio 

𝜌 = density (tn/mm³) 

𝑎 = thermal expansion coefficient (1/°C) 

𝑘 = thermal conductivity (W/m∙°C) 

Mechanical 

𝕄 = blowing ratio 

𝚟∞= hot gas mainstream flow velocity (m/s) 

𝚟𝑓𝑖𝑙𝑚 = coolant exit velocity at film hole (m/s) 

𝑚̇𝑐𝑜𝑜𝑙𝑎𝑛𝑡 = coolant mass flow rate (kg/s) 

𝜔 = angular velocity (rad/sec) 

𝑑𝑚 = infinitesimal mass (tn) 

𝑝𝑠,𝑜𝑢𝑡𝑙𝑒𝑡 = external pressure used in aerothermal CFD analysis (MPa)  

𝑝 = gas pressure in turbine blade used in stress analysis (MPa) 

𝐹 = external force (N) 

𝒩 = internal membrane force (N) 

𝑁 = internal membrane force per unit length (N/mm) 

𝑀 = internal bending moment per unit length (N∙mm/mm) 

𝜅 = bending curvature (mm-1) 

𝐼 = second moment of area (mm4) 

𝜀 = strain 

𝜎 = uniaxial (Cauchy) stress or maximum absolute principal stress (MPa) 

𝜎𝑗 = stress component (MPa) in 𝑗 direction (MPa) 

𝜎1 = maximum principal stress (MPa) 

𝜎2 = medium principal stress (MPa) 

𝜎3 = minimum principal stress (MPa) 



 

Accents 

̅  = normalised quantity  

Subscripts 

ℎ𝑤𝑎𝑙𝑙 = outer (hot) layer property 

𝑐𝑤𝑎𝑙𝑙 = inner (cooler) layer property 

ped = pedestal property 

𝜉 = streamwise direction  

𝜁 = spanwise direction 

𝑦 = position through wall thickness (mm) 

𝜃 = circumferential axis/direction  

𝑧 = longitudinal axis/direction 

𝑟 = radial axis/direction 

𝑥 = x direction  

𝑦 = y direction 

𝑧 = z direction 

 

 

1. Introduction 

      Increasing the gas turbine inlet temperature (TIT) beyond current values promises substantial 

efficiency benefits in jet engine and power plant applications [3], thus addressing the timely need for 

lower carbon dioxide emissions [4] and lower travel costs. Compared to the advances arising from 

thermal barrier coatings, metal alloys and manufacturing, the evolution of cooling technologies so 

far has marked the most important impact on the continuously increasing TIT over the last 60 years 

[5, 6].  



     Double wall transpiration cooling (DWTC) is a new system that promises to continue the increase 

of TIT in engines by reducing the heat flux into metallic components more effectively than current 

systems [7]. Its implementation in high pressure gas turbine blades is of great importance, because 

the fuel efficiency and specific power output of engines rely heavily on the temperatures that these 

components can withstand [5]. An idealised DWTC system is depicted in Fig 1a, along with its 

periodically repeating unit cell in Fig 1b. The outstanding cooling effectiveness and convective 

efficiency of DWTC owes to the synergy of [8, 9]: 

- external film cooling through inclined holes in the outer hot wall of the component,  

- internal impingement cooling by the use of impingement holes in an inner cool wall,  

- heat conduction from the hot wall to the cool wall through the connecting pedestals.   

    Key challenges for incorporating DWTC into real engines is: the maintenance of adequate coolant 

flow with minimum turbine stage efficiency losses [10]; the production of the required film 

distribution with minimum mixing with the mainstream flow [11]; the manufacturing of intricate 

architectures [11, 12]; and the design against creep-fatigue failure [13].  

    Although the research relating directly to these is very recent, a wealth of relevant literature is 

available, particularly concerning the general concept of film cooling [11, 14]. This literature has 

mainly dealt with either the aerothermal aspects of film cooling related to the flow of fluids around 

film holes to determine surface temperatures and heat conduction coefficients or mechanical aspects 

related to deformation and damage development, particularly around the film holes. Aerothermal 

studies have taken into account coolant-mainstream gas interactions [15, 16], turbulence and vorticity 

production [17, 18], crossflow orientation effects [19], and the effect of hole shape, spacing [19-21] 

and surface roughness [22]. The evaluation of mechanical performance general centres on prediction 

of damage development and failure under creep-fatigue conditions [23-26] informed by based on 

thermal-elastic stress analysis [27] and informed by thermomechanical fatigue and creep rupture 

experiments [25, 26, 28, 29]. More recently, crystal plasticity Finite Element (FE) modelling 



approaches have been employed [23, 30] which take into account the effect of crystallographic 

orientation on deformation and damage [24]. 

    Recent studies of DWTC systems, have built on this body of research. Murray et al [2] have 

developed an decoupled conjugate method which provides the film cooling effectiveness distribution 

and the steady state temperature field through studies of representative DWTC geometries. The 

efficiency of the computational method arises from the fact that only the internal coolant flow is 

simulated using Computational Fluid Dynamics (CFD), with empirical correlations and film 

superposition used to compensate for the external cooling. Murray et al [7] have also developed a 

new experimental facility that reproduces closely the Re and Biot numbers seen during engine 

conditions and uses infrared thermography to measure cooling effectiveness; the results agreed with 

those predicted by the decoupled conjugate method [2]. Ngetich et al [31] utilised the same conjugate 

method to determine the transpiration cooling performance of a large scale double wall turbine blade 

model in terms of a two-dimensional film cooling effectiveness distribution. The merit of the 

approach is that it allows for a rapid evaluation of the film effectiveness and blade external 

temperature distributions as well as of the coolant mass flow consumption. Elmukashfi et al [32] 

explored the thermoelastic stress field in simple double wall elements, including the effect of cooling 

parameters, i.e. Re and Biot number, and perturbations of the temperature field, on peak stresses. 

     In contrast to the aerothermal aspects of DWTC, systematic studies of the mechanical 

performance is limited to a few recent studies [12, 32-34], mainly conducted by the authors. These 

studies indicate that DWTC systems can experience severe thermal stresses [34] as significant stress 

concentration factors (SCF) occur at holes and pedestals [12]. Values of SCF ≈ 4 at the acute wedge 

(Fig 1b) of inclined film holes have been shown to cause severe local cyclic plasticity and low cycle 

fatigue failure (LCF) [13]. This phenomenon is enhanced by the sharp reduction in yield strength of 

nickel alloys at temperatures 𝑇 > 800 oC [35]. It was suggested in [13] that LCF is not an issue for 

internal stress raisers i.e. the inner pedestal-wall fillets and impingement holes (see Fig 1b), as these 



experience temperatures 𝑇 < 800 oC. It was therefore concluded that LCF at film holes is the most 

important failure process [13] and that performance can be optimised via local geometric changes, 

i.e. by altering the hole inclination-shape-size to reduce the SCF [12], and through global changes, 

i.e. reducing the cool wall thickness to lower the nominal compressive stresses at the film hole [13], 

at the cost of increasing tensile stresses at internal features. Those recommendations, however, should 

be interpreted with caution due to the following reasons:  

- In [34] it was assumed that a thermal gradient develops only across the outer hot wall. The 

thermal gradient which in practise occurs across the pedestal [7], will enhance the wall 

temperature mismatch, increasing the thermal stresses in both walls. Reducing the cool wall 

thickness could then overly increase the stress at internal features.   

- Centrifugal (CF) loading has been ignored so far [12, 32-34], despite its significance in turbine 

blades [36]. Since CF loading is generally tensile, the thermally (T) induced compressive film 

hole stresses can eventually reduce and the tensile stresses at internal features may increase.  

The above trade-off that can arise under combined T-CF loading is analysed here by superposing CF 

T stresses for a range of geometric and T-CF loading combinations.  Both full-scale double wall 

blade geometries and repeating models extracted from these geometries are considered; this will 

allow us to answer the following questions. 

1. How are T stresses influenced by first and high order variations of the temperature field in 

realistic DWTC systems? 

2. How severe are CF stresses compared to T stresses in high pressure double wall blades? 

3. How does the presence of pedestals and holes influence CF stresses? 

4. What load-displacement boundary conditions should be used when analysing a repeating block 

of a double wall blade? 

5. What are the options for optimising a DWTC blade for a particular T-CF loading condition. 



    This paper is the first to analyse combined thermal and centrifugal stresses in double wall 

geometries using realistic temperature distributions, based on those determined using the decoupled 

conjugate method of Murray et al [2]. We limit our consideration to isotropic elastic material 

behaviour. This allows us to develop analytical and FE solutions that provide information about how 

stresses change when key geometric parameters and details of the temperature field and centrifugal 

loading are changed.  This type of information is important for the design of new DWTC systems, 

where geometries and operating conditions often need to be simultaneously optimised. A key 

consideration in design is the creep-fatigue performance of the system, which requires an 

understanding of the cyclic plastic and creep response of the material. Despite these features of the 

material response missing from the calculations presented here, strategies have been established for 

incorporating these effects into structural integrity assessments which employ elastic calculations of 

the type described here as a major input [13, 37]. Thus, the elastic calculations presented here provide 

an important stepping-stone to evaluating performance and optimising blade design. We recognise 

that for single crystal blades, anisotropy and crystallographic effects can be important. To date, this 

has only been explored for conventional single wall blades without holes, with the main focus on 

crystallographic orientation effects [38] and creep-fatigue driven crystallographic slip mechanisms 

[39-42], while also taking into account the transient thermomechanical loading response [43-45]. The 

aim of the approach and simplifications adopted here is to provide important physical insights into 

the response of these new double wall systems and in the process answer questions 1-5 above. The 

benefits and implications of these idealisation are discussed in Section 6.  

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1. (a) A double wall transpiration cooling (DWTC) system adapted from [2]; cooling 

features are indicated. (b) Repeating unit cell and mesh used in FE analysis, with idealised 

temperature field and dimensions denoted. 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. (a) CFD model used for aerothermal analysis of the system in Fig 1, with boundary conditions 

denoted. (b) Coolant flow migration patterns at a symmetry plane; regions of convective cooling are indicated 

from A to F. (c) Steady state temperature field obtained from the aerothermal analysis; two characteristic 

repeating unit cells corresponding to the upstream and downstream regions used in thermal stress analysis are 

indicated. (d-e) Real temperature fields for the two characteristic unit cells. (e'-d') Idealised temperature fields 

in the unit cells in (d-e). (f-g)-(f'-g') Maximum absolute principal stress, 𝜎 = 𝑚𝑎𝑥ۦȁ𝜎1ȁ, ȁ𝜎2ȁ, ȁ𝜎3ȁۧ, fields 

corresponding to the temperature fields of (d-e)-(d'-e').     



 

 

 

 

 

 

 

 

 

2. Temperature and thermal stress fields 

2.1 Outline   

   In this section we determine the aerothermal response of the DWTC system of Fig 1a, along with 

the associated steady state temperature field. The temperature field is then idealised and used in an 

FE thermal stress analysis to identify the features that dictate critical thermal stresses.  

 

2.2 Aerothermal calculations 

     To determine the steady state temperature field shown in Fig 2c we employ the decoupled 

conjugate technique developed by Murray et al. [10], which consists of three major steps:  

Table 2. Contribution of each geometric feature of Fig 2b to the total internal convection cooling.  

 

Table 1. Parameters used in the study. 

 



1) a computational Fluid Dynamics (CFD) simulation using the repeating block model in Fig 2a, 

2) the processing of CFD results through empirical correlations proposed by Goldstein [46] and 

Sellers [47], 

3) the determination of boundary conditions for performing an FE heat transfer simulation.  

The details of each step are provided in Appendix A. Geometric dimensions for the CFD model of 

Fig 2a are given in Fig 1b and tabulated in Table 1, along with the boundary values used in the 

simulations. Fig 2b shows the steady state coolant velocity vectors at the symmetry plane and Table 

2 shows the percentage contribution of each feature to the total internal convective cooling (ICC).  

     A small fraction of ICC is observed (Table 2) to occur along the impingement hole and outer cool 

wall surfaces (respectively denoted as E and F in Fig 2b). The impingement jet travels across the 

inner cavity and stagnates on the inner surface of the outer hot wall (denoted as B in Fig 2b); the flow 

is then directed radially in the form of lateral jets parallel to the wall surface. The latter contributes 

51% of the total ICC (Table 2). The lateral jets are obstructed by the pedestals (denoted as C in Fig 

2c) and they migrate towards the film holes. The film holes contribute both to the total ICC (14 % - 

Table 2) and to the reduction of the external heat flux, as evidenced in Fig 2c by the reduced external 

metal temperatures adjacent to the film holes and the overall reduction of temperature from the 

upstream to the downstream region of the domain.  

 

2.3 Temperature field idealisation 

    We consider the temperature fields shown in Figs 2d-e for unit cells of the upstream and 

downstream regions of the array (see Fig 2c). The cool wall essentially experiences a constant 

temperature, whereas thermal gradients exist along the pedestals and across the hot wall. These are 

classified as 1st order features of the temperature field. The thermal gradient varies with in-plane 

position, since the film effectiveness decreases with distance from the film holes. This is classified 

as a 2nd order feature of the temperature field and it becomes more pronounced for the unit cell of the 



upstream region in Fig 2d where there is no coolant film superposition. Film superposition gives rise 

to a 3rd order feature in that the average temperature in a unit cell decreases along the downstream 

direction (Figs 2d-e).  

    FE thermal stress analysis is performed not only for the ‘real’ temperature fields in Figs 2d-e, but 

also for the corresponding idealised temperature fields shown in Figs 2d’-e’; these are the fields that 

occur by applying the computed average temperature uniformly over each of the four wall surfaces 

in Figs 2d-e. These temperatures are 𝑇𝑚𝑎𝑥 = 1071 °C, 𝑇𝑚𝑒𝑑ℎ
= 954 °C, 𝑇𝑚𝑒𝑑𝑐

= 790 °C, 𝑇𝑚𝑖𝑛 = 

780 °C (denoted in Fig 1b) for Fig 2d and 𝑇𝑚𝑎𝑥 = 1038 °C, 𝑇𝑚𝑒𝑑ℎ
= 940 °C, 𝑇𝑚𝑒𝑑𝑐

= 784 °C, 

𝑇𝑚𝑖𝑛 = 772 °C for Fig 2e. These give the average thermal differences, 𝛥𝑇ℎ𝑤𝑎𝑙𝑙 = 𝑇𝑚𝑎𝑥 − 𝑇𝑚𝑒𝑑ℎ
, 

𝛥𝑇𝑝𝑒𝑑 = 𝑇𝑚𝑒𝑑ℎ
− 𝑇𝑚𝑒𝑑𝑐

 and 𝛥𝑇𝑐𝑤𝑎𝑙𝑙 = 𝑇𝑚𝑒𝑑𝑐
−  𝑇𝑚𝑖𝑛 across the hot wall, the pedestal and the cool 

wall, respectively (see Fig 3a); note that 𝛥𝑇𝑐𝑤𝑎𝑙𝑙 is negligible in both Figs 2d-e. 

 

2.4 Thermal stress field calculations 

     The details of the FE thermal stress analysis are given in Appendix B, the material model 

parameters are given in Table 1 and the results (maximum absolute principal stresses, 𝜎 =

maxۦȁ𝜎1ȁ, ȁ𝜎2ȁ, ȁ𝜎3ȁۧ are shown in Figs 2f-g, f'-g'. A common feature in these figures is that the cool 

wall effectively experiences pure tension, the hot wall undergoes combined compression and 

bending, and the critical stress locations are the outer acute wedge-vertex of the film hole (peak 

compressive stress), the impingement hole (peak tensile stress) and the inner pedestal fillets. The 

above thee critical stresses do not change significantly between the real and the idealised temperature 

profiles, not only for the unit cell of the downstream region (compare Fig 2g with Fig 2g') but also 

for the unit cell of the upstream region (compare Fig 2f with Fig 2f'). This suggests that peak stresses 

are dictated by the 1st order features of the temperature field and that the 2nd order features are much 

less significant. This is consistent with the study by Elmukashfi et al [32] on simple double wall 

geometries without features.  



     A second observation is that peak stresses are generally higher in the upstream region (Figs 2f-f') 

compared to the downstream region (Figs 2g-g'). This is explained by the fact that for Figs 2f-f’ we 

compute an average global gradient, 𝛥𝑇 = 𝛥𝑇ℎ𝑤𝑎𝑙𝑙 + 𝛥𝑇𝑝𝑒𝑑 + 𝛥𝑇𝑐𝑤𝑎𝑙𝑙 = 291 °C, in which the 

contribution of the thermal difference through the hot wall is 𝛥𝑇̅̅̅̅
ℎ𝑤𝑎𝑙𝑙 = 𝛥𝑇ℎ𝑤𝑎𝑙𝑙/𝛥𝑇 = 0.4, whereas 

in Figs 2g-g' 𝛥𝑇 = 266 °C and 𝛥𝑇̅̅̅̅
ℎ𝑤𝑎𝑙𝑙 = 0.37. This indicates that not only the average temperature 

in the system changes in the downstream direction, but also the thermal difference distributions in 

the system. To explore how these distributions influence stresses, throughout the rest of this study 

we will use fixed 𝑇𝑚𝑎𝑥 = 1038 °C, 𝛥𝑇 = 266 °C, 𝛥𝑇̅̅̅̅
𝑐𝑤𝑎𝑙𝑙 = 0.045 and only vary the critical 

𝛥𝑇̅̅̅̅
𝑝𝑒𝑑/𝛥𝑇̅̅̅̅

ℎ𝑤𝑎𝑙𝑙 ratio, i.e. the proportion of the temperature drop along the pedestal compared to that 

across the outer hot wall. 

 

3. Loading of turbine blade 

3.1 Outline   

    This section now applies the idealised temperature field in Fig 2e' to the FE double wall blade 

model of Fig 3. This will allow us to assess the relevance of the results for the unit cell of Fig 2e' to 

stresses experienced in the turbine blade. In addition to thermal loading, we also analyse separately 

the cases of centrifugal (CF) loading, rotary acceleration loading and gas pressure loading. We then 

assess the severity of each loading type in double wall blade systems. Details of the blade geometry 

construction and boundary conditions are given in Appendix C; the results (maximum absolute 

principal stresses, 𝜎 = 𝑚𝑎𝑥ۦȁ𝜎1ȁ, ȁ𝜎2ȁ, ȁ𝜎3ȁۧ) are summarised in Fig 4. 

 

3.1 Turbine blade stresses   

     Thermal (T) loading generally leads to much higher stress magnitudes compared to CF and P 

loading, with P stresses being the least severe (compare Figs 4c,f,i). Rotary acceleration was found 



to cause maximum stresses of only ~10 MPa (not shown) in the vicinity of the external blade root 

fillet of the leading ledge region, despite the extreme angular acceleration, 𝜔̇ = 858.5 rad/s2 used. 

This is expected in the sense that in contrast to the tensile CF stresses which scale with 𝜔2, bending 

stresses due to rotary acceleration scale with 𝜔̇, for which 𝜔̇ << 𝜔2. The stress field observed at a 

cross-section cut at 1/4 of the blade wall length 𝐿 under T loading (Figs 4c) agrees with the 

corresponding nominal stress field shown earlier for the unit cell (Fig 2g') in that the hot wall 

undergoes (biaxial) bending and membrane compression and the cool wall experiences pure (biaxial) 

tension.  

    Thermal stresses in the hot wall decrease near the leading and the trailing edges (see Figs 4a-c), 

since these regions are not coupled with the inner cool wall here. This result should be interpreted 

with caution, since here we have considered simplified thermal loading conditions based on 

prescribed constant temperatures on each wall surface. In practise, the temperature field is more 

complex [48] for three main reasons: a) the heat flux onto the metal inherently increases at the leading 

edge and trailing edge regions and decreases at the blade suction side [49]; b) the film cooling 

effectiveness varies with the streamwise position, 𝜉, in the blade due to the variation of external gas 

pressure (Fig 4k) and curvature of the external blade surface [31]; and c) the absence of an inner cool 

wall, and thus impingement cooling, at regions near the trailing edge. Ngetich et al [48] reported an 

increase in the external metal temperature (here referred as 𝑇𝑚𝑎𝑥) near the leading edge and trailing 

edge regions as a result of the above effects. Although, external metal temperatures as a function of 

𝜉 are available in [31] for double wall blades, there is currently no information on the variation of 

internal temperatures, e.g. the inner wall temperature, 𝑇𝑐𝑤𝑎𝑙𝑙 (see Fig 3c). The difference between 

𝑇𝑚𝑎𝑥 and 𝑇𝑐𝑤𝑎𝑙𝑙 plays a major role in determining the thermal stresses. This explains why we have 

chosen to use the idealised temperature field here for the scope of comparing T, CF and P stresses.  

     In contrast to T loading, under pure CF loading and pure P loading the stresses increase from zero 

at the blade tip to a maximum at the root (Figs 4d-e, 4g-h). CF loading causes only tensile stresses in 



the walls (Fig 4f) which decrease in the cross-sectional regions away from the x axis (also reported 

in [44]), as in these regions the body forces are inclined to the cross-sectional x-y plane. The bending 

nature of P loading is evidenced by the compressive and tensile stresses at the suction and pressure 

sides of the blade, respectively (Figs 4g-i) and by the fact that these stresses are largely localised at 

the external blade root fillet. The latter experiences the highest stresses (upper/lower bounds for each 

contour bar in Figs 4a,d,g) for all the three loading types T, CF, P. Note, however, that conventional 

turbine blades have a variable wall thickness profile (taper), especially along the spanwise direction, 

𝑧, such that the taper ratio, 𝐴𝑡𝑖𝑝/𝐴𝑟𝑜𝑜𝑡, of the cross-sectional area between the root and the tip regions 

lies within 1/3 < 𝐴𝑡𝑖𝑝/𝐴𝑟𝑜𝑜𝑡 < 1/4 [36]; the cross-sectional shape also varies with 𝑧. As a rule of 

thumb, the critical stresses at the external blade root fillet have been assumed to reduce to 2/3 of the 

stresses for a constant wall thickness [36]. Hence, incorporation of the 𝐴𝑡𝑖𝑝/𝐴𝑟𝑜𝑜𝑡 ratio into the 

current double wall blade is expected to reduce the peak stresses in the external blade root fillet in 

Figs 4a-b, 4d-e and 4g-h, for all the three loading types. This implies that for the current double wall 

blade, where stresses due to P loading (P stresses) are already low, these stresses can be potentially 

eliminated by optimising the wall thickness profiles. A geometric twist of the blade cross-section 

about the z axis (specified in [1]) is also often used to mitigate P stresses (and CF stresses) [50].  

    Note, however, that the low P stresses in Figs 4g-i are specific to the wall thicknesses, 𝑡, rib 

thickness and wall spacing of 1 mm, and can increase for larger blade wall lengths, 𝐿 [50, 51]. Here 

we are interested in the sensitivity with respect to 𝑡 and therefore we obtain the solutions in Fig 5 for 

the case of cool wall (and rib) thickness reduced by half i.e. 0.5 mm and the extreme case of single 

wall blade. Evidently P stresses in Fig 5a increase noticeably compared to Fig 4i (1 mm wall 

thicknesses) with the increase being more significant for the single wall blade (Fig 5d compared with 

Fig 4i), where the flexural stiffness is reduced. Simulations for 1 mm wall thicknesses and a wall 

spacing of 1.5 mm (instead of the 1 mm used in Fig 4i) caused an increase of peak P stresses (not 

shown), since increasing the wall spacing/pedestal height (for fixed outer blade profile) reduces the 



contribution of the inner wall to the flexural stiffness. In contrast to P stresses, CF stresses display a 

minor dependence upon the wall thicknesses. Thermal stresses are instead very sensitive to the wall 

thickness ratio, 𝑡𝑐/𝑡ℎ (compare Fig 5c with Fig 5f and Fig 4c), in line with our previous studies [12, 

33, 34].  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. (a-b) FE double wall turbine blade model; external blade surface profile reproduced from [1]. (c) Blade 

cross section with local radii of curvatures, thermo-mechanical loading features and blade orientation with 

respect to the engine axis denoted; pink lines denote change in radius of curvature; blue regions represent the 

connection of walls with pedestals.  

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. Turbine blade stress field under thermal (T) loading (a-c), centrifugal (CF) loading (d-f) and gas 

pressure (P) loading (g-i). (k) shows the gas pressure distribution and (c), (f), (i) show stresses at the blade cross-

section cut denoted in (a). Maximum absolute principal stresses are used in the contours. Maximum absolute 

principal stress, 𝜎 = 𝑚𝑎𝑥ۦȁ𝜎1ȁ, ȁ𝜎2ȁ, ȁ𝜎3ȁۧ, contours are used. 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. Nominal stresses in DWTC systems 

4.1 Outline   

    In this section we develop theoretical-FE solutions for nominal stresses in 2D and 3D idealised 

double wall geometries with discrete pedestals, where T loading and CF loading occur 

Figure 5. Stress field at the turbine cross-section cut denoted in Fig 4a for gas pressure (P) loading (a), thermal 

(T) loading (b) and centrifugal (CF) loading (c) for a wall thickness ratio 𝑡𝑐/𝑡ℎ = 0.5. Corresponding stresses 

for a single wall turbine blade are shown in (d-f). Maximum absolute principal stress, 𝜎 = 𝑚𝑎𝑥ۦȁ𝜎1ȁ, ȁ𝜎2ȁ, ȁ𝜎3ȁۧ, 

contours are used. 

 



simultaneously. These solutions provide an understanding of the relationship between stress and 

geometry and help identify the boundary conditions that should be applied in a repeating block in 

order to capture the CF-T loading response of a turbine blade. Once the boundary conditions are 

justified, we then examine the nominal stress field in the unit cell of 1b. 

 

4.2 General solution for 2D flat walls 

    We first examine the 2D plane stress model in Fig 6a, mounted at one end (left) and rotating with 

velocity, 𝜔 (rad/s), about the engine axis (parallel to the z axis and located virtually at point C); the 

latter is at distance, 𝑅𝑡𝑖𝑝, from the free end/tip. The temperatures 𝑇𝑚𝑎𝑥 > 𝑇𝑚𝑒𝑑ℎ
> 𝑇𝑚𝑒𝑑𝑐

> 𝑇𝑚𝑖𝑛 

apply uniformly along the body length, 𝐿, giving average wall temperatures, 𝑇ℎ = 0.5(𝑇𝑚𝑎𝑥 +

𝑇𝑚𝑒𝑑ℎ
), 𝑇𝑐 = 0.5(𝑇𝑚𝑒𝑑𝑐

+  𝑇𝑚𝑖𝑛). 𝑡ℎ, 𝑡𝑐 are the wall thicknesses and 𝑍, 𝑆, 𝐻, 𝐷𝑝𝑒𝑑 denote pedestal 

distance, spacing, height and diameter (𝑍 = 𝑆 + 𝐷𝑝𝑒𝑑). Because 𝑡ℎ + 𝑡𝑐 + 𝐻 << 𝑅𝑡𝑖𝑝 here, the 

centrifugal force vectors, 𝑑𝐹𝑦, are negligible, such that for an infinitesimal mass, 𝑑𝑚, at distance, 𝑟, 

from C the relation 𝑑𝐹𝑥 ≈ 𝑑𝐹 = 𝑑𝑚 𝑟 𝜔2 holds. The stresses at a position, 𝑅𝑥, where perturbation 

effects from the pedestals and the end condition diminish, are determined by:  

 

Kinematics 

𝜅ℎ = 𝜅𝑐 = 𝜅  →   
𝑀ℎ

𝐸𝐼ℎ
+

𝑎𝛥𝑇ℎ𝑤𝑎𝑙𝑙

𝑡ℎ
=

𝑀𝑐

𝐸𝐼𝑐
+

𝑎𝛥𝑇ℎ𝑐𝑜𝑜𝑙

𝑡ℎ
    (𝑎) 

𝜀ℎ̅ − 𝜀𝑐̅ = 𝐻𝑐𝜅  → 
𝑁ℎ

𝐸𝑡ℎ
+ 𝑎(𝑇ℎ − 𝑇𝑐) −

𝑁𝑐

𝐸𝑡𝑐
= 𝐻𝑐

𝑀𝑐

𝐸𝐼𝑐
  (𝑏) 

(1) 

Equilibrium 

(forces)  𝑁ℎ + 𝑁𝑐 = 𝐹ℎ𝑤𝑎𝑙𝑙 + 𝐹𝑐𝑤𝑎𝑙𝑙 + 𝐹𝑝𝑒𝑑    (𝑐) 

(moments)  𝑀ℎ + 𝑀𝑐 + 𝑁𝑐𝐻𝑐 = −𝐻𝑐𝐹𝑐𝑤𝑎𝑙𝑙 − 0.5(𝐻 + 𝑡ℎ)𝐹𝑝𝑒𝑑  (𝑑) 



where 𝜅ℎ, 𝜅𝑐, are the total bending curvatures of the walls, 𝜀ℎ̅, 𝜀𝑐̅ are the membrane strains (at mid-

plane of each wall), 𝐻𝑐 = 𝐻 + 0.5(𝑡ℎ + 𝑡𝑐) is the wall mid-plane separation of the walls, 𝑀ℎ, 𝑀𝑐 are 

the (internal) bending moments per unit length, 𝑁ℎ, 𝑁𝑐, are the (internal) membrane forces per unit 

length, 𝐼ℎ, 𝐼𝑐 are the second moments of areas per unit length, 𝐹ℎ𝑤𝑎𝑙𝑙, 𝐹𝑐𝑤𝑎𝑙𝑙 are the (external) CF 

forces generated at 𝑅𝑥 due to the inertia of each wall corresponding to a length, 𝐿𝑥 = 𝑅𝑡𝑖𝑝 − 𝑅𝑥, and 

𝐹𝑝𝑒𝑑 is the CF force due to the inertia of the pedestals. The CF forces are deduced as:  

𝐹𝑤𝑎𝑙𝑙 = ∫ 𝑑𝑚 𝑟 𝜔2𝑑𝑟

𝑅𝑡𝑖𝑝

𝑅𝑥

= 𝜌 𝜔2𝐴𝑤𝑎𝑙𝑙 𝐿̃𝑥         (𝑎) 

(2) 

𝐹𝑝𝑒𝑑 = 𝜌 𝜔2 𝑉𝑝𝑒𝑑  ∑ 𝑅𝑝𝑒𝑑𝑖

𝑛

𝑖=1

 = 𝜌 𝜔2𝑉𝑝𝑒𝑑  {
𝐿𝑥

𝑍
[𝑅𝑡𝑖𝑝 + 0.5(𝑍 − 𝐿𝑥)]}   (𝑏) 

where 𝐿̃𝑥 = 𝐿𝑥(𝑅𝑡𝑖𝑝  −  0.5𝐿𝑥) is a length factor, 𝐴𝑤𝑎𝑙𝑙 is the hot or cool wall cross-sectional area, 

𝑉𝑝𝑒𝑑 is the volume of each pedestal, 𝑅𝑝𝑒𝑑𝑖
 is the distance of the centre of each pedestal from C and 

𝑛 is the total number of pedestals within the length 𝐿𝑥. The final form of Eq (2b) is derived by 

considering:  

∑ 𝑅𝑝𝑒𝑑𝑖

𝑛

𝑖=1

= 𝑛(𝑅𝑡𝑖𝑝  −  𝐿𝑥) + 𝑆 ∑ 𝑖

𝑛

𝑖=1

= 𝑛(𝑅𝑡𝑖𝑝  −  𝐿𝑥) + 0.5 𝑆[𝑛(𝑛 + 1)]                               (3) 

with 𝑛 = 𝐿𝑥/𝑆. The nominal stresses, 𝜎(𝑦̂) as a function of through thickness position, 𝑦̂, in each 

wall are found by substituting the solution of Eqs (1) in terms of 𝑁ℎ, 𝑁𝑐, 𝑀ℎ, 𝑀𝑐 into the classical 

beam equation, 𝜎(𝑦̂) = 𝑀𝑦̂/𝐼 + 𝑁/𝑡.  

    As mentioned in the introduction, our previous 2D thermal stress analysis [33] assumed that 

𝛥𝑇𝑝𝑒𝑑 = 𝑇𝑚𝑒𝑑ℎ
− 𝑇𝑚𝑒𝑑𝑐

= 0 and that  𝛥𝑇𝑐𝑤𝑎𝑙𝑙 = 𝑇𝑚𝑒𝑑𝑐
−  𝑇𝑚𝑖𝑛 = 0 and indicated that in such cases 

the hot wall experiences much higher stresses than the cool wall [33]. For the more realistic case here 

(𝛥𝑇𝑝𝑒𝑑 ≠ 0, 𝛥𝑇𝑐𝑤𝑎𝑙𝑙 ≠ 0) the thermal stress field is more complex, as it not only depends on 𝑡𝑐/𝑡ℎ 



and 𝐻 but also on the fractional contributions 𝛥𝑇̅̅̅̅
ℎ𝑤𝑎𝑙𝑙, 𝛥𝑇̅̅̅̅

𝑝𝑒𝑑, 𝛥𝑇̅̅̅̅
𝑐𝑤𝑎𝑙𝑙. Application of thermal 

loading according to Table 1 gives the thermal FE stresses shown in Fig 6b; these stresses are notably 

higher in the cool wall, contrary to our previous analysis for 𝛥𝑇𝑝𝑒𝑑 = 𝛥𝑇𝑐𝑤𝑎𝑙𝑙 = 0 [33]; the result 

agrees exactly with the new theoretical solution in Eqs (1) (not shown). CF loading includes the 

additional effect that the CF stresses carried by the walls increase with pedestal height, 𝐻, and/or 

pedestal diameter, 𝐷𝑝𝑒𝑑, and/or narrower pedestal distances 𝑍. In addition, Eq (1d) implies that for 

𝑡𝑐 ≠ 𝑡ℎ the bending moment, 0.5(𝐻 + 𝑡ℎ)𝐹𝑝𝑒𝑑, caused by the inertia of the pedestals will cause 

bending of the system. This is indeed evidenced by the FE solution for CF loading shown in Fig 6c 

based on the CF loading values in Table 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6. (a) 2D idealisation of flat double walls with thermal (T) and centrifugal (CF) loading and dimensions 

denoted; dashed lines denote cuts across the thickness of the system; C represents the centre of rotation. Stress 

fields under T loading and CF loading are shown in (b-c), respectively; (c) highlights that bending of the 

system occurs for CF loading due to different wall thicknesses. Maximum absolute principal stress, 𝜎 =

𝑚𝑎𝑥ۦȁ𝜎1ȁ, ȁ𝜎2ȁ, ȁ𝜎3ȁۧ, contours are used. 



    All the above indicate that several effects need to be considered when minimising stresses through 

changing geometry for combined T-CF loading. Most of the effects however arise in the general case 

of flat walls with free ends where non-zero wall rotations can occur [34], which is not the case in a 

turbine blade [34].  

 

4.3  Solution for 3D cylindrical walls 

    We now analyse a particular 3D case of more relevance to the turbine blade of Fig 3, which consists 

of cylindrical double walls [34] with sufficient length and constant external radius of curvature, 𝑅. 

Fig 7a depicts a cylindrical segment/strip of this configuration (a ratio 𝑅/𝑡ℎ = 7.5 is used to resemble 

the blade suction side curvature in Fig 3c) and Fig 7b shows the repeating unit cell; combined T-CF 

loading here occurs in a similar manner to Fig 6a. Here the 𝑧-rotations of the walls are prevented by 

cyclic symmetry, i.e. zero 𝜃-displacements at planes 𝜃̅ = 0 and 𝜃̅ = 1, and the 𝜃-rotations are also 

prevented along almost the entire length, 𝐿. The latter owes to the fact that 𝜃-rotations would 

inevitably imply radial 𝑟 −deflections and therefore hoop strains; the high resistance of the geometry 

against these hoop strains only allows them to occur (along with 𝜃-rotations) near the cylindrical tip 

(near 𝑅𝑡𝑖𝑝 in Fig 7a) [52], which is a local effect and does not correspond to a region of interest (CF 

stresses are zero at the tip). The above conditions of zero wall rotations are evidenced in the FE 

solutions of Fig 7c-d for pure T loading and pure CF loading, respectively. In these solutions we 

constrain only 𝑧-displacements at the 𝑟 − 𝜃 plane, to avoid localised 𝑟-deflections that would occur 

if fixed boundary conditions were applied (depending on the 𝑅/𝑡ℎ ratio), which would complicate 

the stress field near position 𝑅𝑥 (see Fig 7a). 

    By updating the kinematic equations (Eqs (1a-b)) to account for the Poisson’s ratio, 𝜈, effect and 

by postulating zero total bending curvatures, the theoretical 2D solution (Eqs (1)) for flat walls, based 

on classical beam theory, can be extended into an approximate 3D solution for cylindrical walls, 

based on flat plate theory; the solution is provided in Appendix D [34]. The solution is exact for flat 



systems (and cylindrical systems of 𝑅/𝑡 → ∞) and remains an accurate approximation for cylindrical 

systems of low curvature, i.e. 𝑅/𝑡 > 20 [34]. At lower 𝑅/𝑡, the variation of nominal stresses along 

the wall planes and the non-linearity in the through thickness stress distributions become important 

[34], and therefore the solution is no longer accurate. The theoretical solution is therefore useful in 

highlighting the 1st order features of the response for flat walls with constrained rotations, and the 

way in which the external CF forces are applied. A key element of the solution for this study is that 

the inertia of pedestals adds a CF force, 𝐹𝑝𝑒𝑑, to the walls, whereas a CF force, 𝐹ℎ𝑜𝑙𝑒𝑠, must be 

deducted to account for the presence of film and impingement holes. 

     Prior to calculating 𝐹ℎ𝑜𝑙𝑒𝑠, we first verify that by determining analytically the force, 𝐹𝑤𝑎𝑙𝑙𝑠 + 𝐹𝑝𝑒𝑑, 

at a given location, 𝑅𝑥, in Fig 7a and then applying it as a boundary condition in the unit cell (Fig 

7b), we obtain the same FE stress field as using the large scale model (Fig 7a) for the corresponding 

𝑅𝑥 location. By using 𝑉𝑝𝑒𝑑 = 0.25 𝜋𝐻𝐷𝑝𝑒𝑑
2 in Eq (2b) and using Eq (2a) for both walls, we get 

𝐹𝑤𝑎𝑙𝑙𝑠 + 𝐹𝑝𝑒𝑑 = 𝜌 𝜔2𝐿̃𝑥𝐴𝑤𝑎𝑙𝑙𝑠 + 𝜌 𝜔2𝑉𝑝𝑒𝑑  
𝐿𝑥

𝑍
(𝑅𝑡𝑖𝑝 + 0.5(𝑍 − 𝐿𝑥)). Normalising this total force by 

𝐴𝑤𝑎𝑙𝑙𝑠 gives the CF stress, 𝜎𝐶𝐹 , which we apply as a normal surface traction uniformly at the 𝑧̅ = 1 

plane in Fig 7e (CF loading parameters are given in Table 1); the latter corresponds to  1/4 of the unit 

cell in Fig 7b and involves zero 𝜃-displacements at the 𝜃̅ = 0 and 𝜃̅ = 1 planes and zero 𝑧-

displacements at the 𝑧̅ = 1 plane. We also apply the inertial forces associated with the mass of the 

unit cell of Fig 7e itself.  Indeed, the stress field in Fig 7e is practically the same as the stress field 

surrounding the fifth pedestal in Fig 7d, for which the calculations were performed. This agreement 

adds credibility to the analysis and indicates that the details of T-CF stresses can be conveniently 

assessed by using repeating block models. 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 7. (a) 3D cylindrical double wall FE model with thermal (T) and centrifugal (CF) loading and dimensions; 

a segment of the cyclically symmetric geometry is used. (b) Repeating unit cell of the geometry in (a), with detailed 

dimensions. Stress fields under thermal loading and centrifugal loading are shown in (c-d), respectively. (e) shows 

stresses in a unit cell due to 𝑧-tractions applied on the wall cross-sections to simulate centrifugal loading. 

Geometric parameters and thermal-centrifugal loading parameters for Fig 7c are given in Table 1; CF loading in 

Fig 7d involves 𝑡𝑐 = 0.5𝑡ℎ, 𝐻 = 2𝑡ℎ and 𝑡ℎ = 1mm. Maximum absolute principal stress, 𝜎 =

𝑚𝑎𝑥ۦȁ𝜎1ȁ, ȁ𝜎2ȁ, ȁ𝜎3ȁۧ, contours are used. 



4.4  Solution for the 3D flat unit cell 

    We now analyse the details of the stress field for the unit cell of Fig 1b. The flat geometry used 

here allows for an understanding of the detailed nominal stress characteristics and stress 

concentrations with greater ease than cylindrical geometries. This is because the theoretical solution 

in Appendix D gives the same nominal wall stresses with the FE model in Fig 1b (without holes), 

provided that the wall rotations at the boundaries of the FE model are constrained and that the 𝜃 axis 

in Appendix D is equivalent to the 𝑥 axis in Fig 1b. 

    The nominal stresses in the 𝑧 direction at each wall surface of Fig 1b read: 

𝜎𝑇𝑚𝑎𝑥 𝑧
=

0.5𝐸𝑎𝛥𝑇

1 − 𝜈
[−𝛥𝑇̅̅̅̅

ℎ𝑤𝑎𝑙𝑙 − 𝑡𝑐̅(𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 + 1)]       + (𝜌 + 𝜌∗) 𝜔2𝐿̃𝑥        (𝑎) 

 

𝜎𝑇𝑚𝑒𝑑ℎ 𝑧
=

0.5𝐸𝑎𝛥𝑇

1 − 𝜈
[𝛥𝑇̅̅̅̅

ℎ𝑤𝑎𝑙𝑙 − 𝑡𝑐̅(𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 + 1)]      + (𝜌 + 𝜌∗) 𝜔2𝐿̃𝑥          (𝑏) 

(4) 

𝜎𝑇𝑚𝑒𝑑𝑐 𝑧
=

0.5𝐸𝑎𝛥𝑇

1 − 𝜈
[−𝛥𝑇̅̅̅̅

𝑐𝑤𝑎𝑙𝑙 + 𝑡ℎ̅(𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 + 1)]      + (𝜌 + 𝜌∗) 𝜔2𝐿̃𝑥       (𝑐) 

 

𝜎𝑇𝑚𝑖𝑛𝑧
=

0.5𝐸𝑎𝛥𝑇

1 − 𝜈
[𝛥𝑇̅̅̅̅

𝑐𝑤𝑎𝑙𝑙 + 𝑡ℎ̅(𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 + 1)]       + (𝜌 + 𝜌∗) 𝜔2𝐿̃𝑥           (𝑑) 

where 𝑡ℎ̅ = 𝑡ℎ/(𝑡𝑐 + 𝑡ℎ) and 𝑡𝑐̅ = 𝑡𝑐/(𝑡𝑐 + 𝑡ℎ) are the contributions of hot and cool wall thicknesses 

to the total thickness, 𝑡𝑐 + 𝑡ℎ, and 𝜌∗ is an ‘equivalent’ density determined by 𝜌∗𝜔2𝐿̃𝑥 = (𝐹𝑝𝑒𝑑 −

𝐹ℎ𝑜𝑙𝑒𝑠)/4𝑠(𝑡ℎ + 𝑡𝑐), which induces an increase or decrease in CF stresses depending on the total 

volume of pedestals in comparison to the total volume of holes in the system. The calculation of 𝐹𝑝𝑒𝑑 

and 𝐹ℎ𝑜𝑙𝑒𝑠 for the model of Fig 1b is given in Appendix E. The corresponding 𝜃-stresses are given 

by Eqs (4a-c) without the (𝜌 + 𝜌∗) 𝜔2𝐿̃𝑥 terms. This implies that: 

a) for flat walls the nominal stresses are determined by the superposition of equibiaxial thermal (T) 

stresses with uniaxial CF stresses along the 𝑧 axis, 



b) for combined CF-T loading, |𝜎𝑇𝑚𝑎𝑥 𝑧
| < |𝜎𝑇𝑚𝑎𝑥𝜃

| always occurs at the outer surface of the hot 

wall hole and 𝜎𝑇𝑚𝑒𝑑𝑐 𝑧
> 𝜎𝑇𝑚𝑒𝑑𝑐 𝜃

 always holds at the inner surface of the cool wall. 

The latter is on the grounds that T stresses in the outer surface of the hot wall are always compressive 

(see Eq (4a)) and thus reduce in the 𝑧 direction due to tensile CF loading, whereas T stresses in the 

inner surface of the cool wall are practically always tensile and increase further with CF loading 

along the z axis. The maximum tensile T stresses occur at the outer surface of the cool wall (where 

𝑇𝑚𝑖𝑛 occurs) whereas Eq (4b) indicates that T stresses at the hot wall inner surface will be 

compressive for high 𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 and/or high 𝑡𝑐̅ values and tensile when 𝛥𝑇̅̅̅̅

ℎ𝑤𝑎𝑙𝑙 dominates over 𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 

and/or at low 𝑡𝑐̅. We can also identify the crucial effect that by reducing 𝑡𝑐̅, and thus increasing 𝑡ℎ̅, 

less severe compressive T stresses occur at the hot wall outer surface (Eq (4a)) and higher tensile T 

stresses at the cool wall surfaces (Eqs (4c-d)). The fact that all the above key effects are immediately 

identified by an observation of Eqs (4) is one of the merits of the theoretical solution in Appendix D.  

    For clarity, we also plot the FE solution for the T stress field in Figs 8a-b. The FE model here uses 

1/8 of Fig 1b. The T loading conditions are given in Table 1 and we apply zero 𝑥-displacements at 

𝑥̅ = 0, zero 𝑧-displacements at 𝑧̅ = 1, common 𝑧-displacements at 𝑧̅ = 0 and common 𝑥-

displacements at 𝑥̅ = 1 (see Fig 8a). For CF loading we apply uniformly a 𝑧-traction of 

(𝜌 + 𝜌∗) 𝜔2𝐿̃𝑥 at the cross-sections of the walls, at 𝑧̅ = 0 (dashed regions in Fig 8b). This assumes 

that the inertia of the pedestals that are present in the unit cell (Fig 8b) have a minor influence on 

stresses. This is indeed true, since an independent FE analysis of a unit cell with a full pedestal under 

CF stresses induced by the inertia of the unit cell itself, shows a peak stress of only 16 MPa in Fig 

8c; here we use zero 𝑥-displacements at 𝑥̅ = 0, zero 𝑧-displacements at 𝑧̅ = 0, common 𝑧-

displacements at 𝑧̅ = 1 and common 𝑥-displacements at 𝑥̅ = 0, whereas inertia forces are based on 

the parameters of Table 1. For these parameters the small stress value is indeed expected; for 



example, a crude calculation of the shear stress, 𝜏, along each pedestal-wall intersectional area, 𝐴𝑝𝑒𝑑, 

gives 𝜏 = 𝜌 𝜔2𝑉𝑝𝑒𝑑𝑅𝑡𝑖𝑝/2𝐴𝑝𝑒𝑑 = 1.3 MPa. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Peak stresses in DWTC systems  

5.1 Outline   

     Following the verification of boundary conditions and the understanding of nominal stresses, this 

section will now examine how the stresses are magnified locally at holes and pedestals by a stress 

concentration factor, SCF. The latter is defined here as the ratio of actual stress in the vicinity of the 

feature divided by the nominal stress at the corresponding location when the feature is absent. The 

sensitivity of peak stresses to the wall thickness ratio and the T-CF loading conditions are 

investigated.   

Figure 8. (a) 3D flat double wall FE model with thermal (T) and kinematic boundary conditions denoted, along 

with dimensions; the model corresponds to 1/8 of Fig 1b without holes. (b) Maximum absolute principal stress, 

𝜎 = 𝑚𝑎𝑥ۦȁ𝜎1ȁ, ȁ𝜎2ȁ, ȁ𝜎3ȁۧ, contours, normalised by the thermal loading factor, 𝐸𝑎𝛥𝑇/(1 − 𝜈). (c) Stresses in a 

full-pedestal unit cell due to centrifugal forces associated with the inertia of the unit cell.  

 



5.2 The stress concentration factor   

    The peak stress, 𝜎, in the vicinity of a hole or pedestal is given by the superposition:  

𝜎 = 𝜎𝑇SCFT + 𝜎𝐶𝐹SCFCF                                                                  (5) 

where 𝜎𝑇, SCFT denote the nominal stress and stress concentration factor for pure T loading, whereas  

𝜎𝐶𝐹 , SCFCF are the corresponding values for CF loading (𝜎𝐶𝐹 = (𝜌 + 𝜌∗) 𝜔2𝐿̃𝑥). SCFT and SCFCF 

are different here because T loading is equibiaxial i.e. stress state, 𝜎𝜃/𝜎𝑧 = 1, whereas CF is uniaxial 

i.e. 𝜎𝜃/𝜎𝑧 = 0. To demonstrate the high sensitivity of SCF with respect to 𝜎𝜃/𝜎𝑧, we use the FE 

model in Fig 8b to compare maximum SCFCF and SCFT values at the inner pedestal fillet for a range 

of pedestal diameters, 𝐷𝑝𝑒𝑑/𝑡ℎ, and fillet radii, 𝜌𝑝𝑒𝑑/𝑡ℎ (fixed 𝑡ℎ = 𝑡𝑐 = 𝐻 = 1 mm). Fig 9a shows 

that always SCFCF > SCFT and that both SCFCF and SCFT decrease with 𝜌𝑝𝑒𝑑/𝑡ℎ and increase with 

𝐷𝑝𝑒𝑑/𝑡ℎ, in agreement with [33]. When 𝜎𝜃/𝜎𝑧 = 1 (T loading) the max SCFT is observed to apply 

uniformly along the circumference of the pedestal fillet, whereas when 𝜎𝜃/𝜎𝑧 = 0 (CF loading), the 

max SCFCF is confined within a small region of the circumference (at the 𝑧̅ = 1 plane of Fig 8b). This 

explains why SCFCF > SCFT and suggests that CF loading and T loading alone give the upper and 

lower bounds of SCF.  

    To verify this, we examine whether the SCF for any combination of T-CF loading obeys the linear 

relation:   

SCF = (SCFT − SCFCF) 𝜎𝜃/𝜎𝑧 + SCFCF                                                  (6) 

where here 𝜎𝜃/𝜎𝑧 is that for the inner cool wall surface (as this is relevant to the inner pedestal fillet), 

and is given by:  

𝜎𝜃/𝜎𝑧 = 𝜎𝑇𝑚𝑒𝑑𝑐 𝜃
/𝜎𝑇𝑚𝑒𝑑𝑐 𝑧

=
0.5 [−𝛥𝑇̅̅̅̅

𝑐𝑤𝑎𝑙𝑙 + 𝑡ℎ̅(𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 + 1)]  

0.5 [−𝛥𝑇̅̅̅̅
𝑐𝑤𝑎𝑙𝑙 + 𝑡ℎ̅(𝛥𝑇̅̅̅̅

𝑝𝑒𝑑 + 1)] +
1
𝜆

                       (7) 

where, 𝜆, quantifies the severity of T loading with respect to CF loading according to: 

𝜆 =
𝐸𝑎𝛥𝑇/(1 − 𝜈)

(𝜌 + 𝜌∗) 𝜔2𝐿̃𝑥

                                                                       (8) 



 

By applying Eq (7) for two values of 𝜆 (7.1 and 1.77) and using Eq (6) along with known values of 

SCFCF and SCFT from Fig 9a, and then multiplying SCF with 𝜎𝑇𝑚𝑒𝑑𝑐 𝑧
 defined by Eq (4c), we obtain 

the dashed curves in Fig 9(b). These curves agree closely with the direct FE solution for combined 

T-CF loading, adding validity to Eq (6).  

     In addition to the strong SCF−𝜎𝜃/𝜎𝑧 relation, the SCF also depends on the contributions of 

membrane forces and bending moments to the critical nominal stress in the vicinity of a surface, 

quantified here by the stress distribution factor, 𝜎/𝜎, which normalises the average nominal thermal 

stress through the wall, 𝜎, by the nominal thermal surface stress, 𝜎. The analytical expression of 𝜎/𝜎 

for each wall surface of Fig 1b is provided in Appendix F, along with an explanation of the theoretical 

range, ∞ < 𝜎/𝜎 < −∞. The practical range of 𝜎/𝜎 here is quite narrow. For the thermal loading 

parameters of Table 1 we get (𝜎𝜃/𝜎𝜃)𝑇𝑚𝑎𝑥
= 0.68 (combined compression with bending), 

(𝜎𝑧/𝜎𝑧)𝑇𝑚𝑒𝑑𝑐
= 1.06 and (𝜎̅𝑧/𝜎𝑧)𝑇𝑚𝑖𝑛

=0.95 (tension with negligible bending), since the thermal 

gradient across the cool wall is negligible, i.e. 𝛥𝑇̅̅̅̅
𝑐𝑤𝑎𝑙𝑙 = 0.045. For 𝛥𝑇̅̅̅̅

𝑝𝑒𝑑 = 1 (and thus 𝛥𝑇̅̅̅̅
ℎ𝑤𝑎𝑙𝑙 =

0) we get 𝜎𝜃/𝜎𝜃 = −1 (pure compression) always and for 𝛥𝑇̅̅̅̅
ℎ𝑤𝑎𝑙𝑙 = 1 (and thus 𝛥𝑇̅̅̅̅

𝑝𝑒𝑑 = 0), 𝜎𝜃/𝜎𝜃 

depends on 𝑡𝑐̅. When 𝑡𝑐̅ → ∞, 𝜎𝜃/𝜎𝜃 = −1, regardless of 𝛥𝑇̅̅̅̅
𝑝𝑒𝑑/𝛥𝑇̅̅̅̅

ℎ𝑤𝑎𝑙𝑙.  

    Bending here occurs only under T loading and therefore the factor, 𝜎/𝜎, influences only SCFT. 

We can now use the same approach as in Eq (6) and assume that the SCFT − 𝜎/𝜎 relation obeys the 

linear form: 

SCFT =
(SCFT2

− SCFT1
)

(𝜎/𝜎)2 − (𝜎̅/𝜎)1

(𝜎̅/𝜎 − (𝜎/𝜎)1) + SCFT1
                                        (9) 

where the SCFT1
 and SCFT2

 values are obtained by two FE simulations of T loading for different 

(𝜎/𝜎)1 and (𝜎/𝜎)2 i.e. different values of  𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 (or equivalently different 𝛥𝑇̅̅̅̅

𝑝𝑒𝑑/𝛥𝑇̅̅̅̅
ℎ𝑤𝑎𝑙𝑙). These 

values are given in Table 3 for the four critical locations of the system, along with SCFCF values 

obtained by an additional FE simulation under CF loading alone. Table 3 shows that (𝜎̅𝜃/𝜎𝜃)𝑇𝑚𝑎𝑥
= 



0.35 gives SCFfilmT
= 3.71, whereas (𝜎𝜃/𝜎𝜃)𝑇𝑚𝑎𝑥

= 0.79 leads to SCFfilmT
= 4.57, highlighting that 

increasing the membrane force increases the max SCF at the outer acute wedge-vertex of the film 

hole.  

     Using Eq (9) with the values of Table 3, and then feeding the resulting value of SCFT together 

with SCFCF from Table 3 into Eq (6) to give the overall SCF and combining this with the nominal 

thermal stresses, 𝜎𝑇, and CF stress, 𝜎𝐶𝐹  (from Eq (4)), we can predict peak stresses. Predictions can 

be made for any combination of the three critical parameters of the problem −  𝜆, 𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 (or 

equivalently the ratio 𝛥𝑇̅̅̅̅
𝑝𝑒𝑑/𝛥𝑇̅̅̅̅

ℎ𝑤𝑎𝑙𝑙 since 𝛥𝑇̅̅̅̅
𝑐𝑤𝑎𝑙𝑙 = 0.045 is fixed), and 𝑡𝑐/𝑡ℎ (or equivalently the 

ratios 𝑡𝑐̅, 𝑡ℎ̅). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 9. (a) FE solutions for SCF at the inner pedestal fillet of the model of Fig 8a versus pedestal fillet radius 

ratio for varying pedestal diameter ratios, for pure centrifugal (CF) and pure thermal (T) loading, respectively; 

pedestal spacing, 𝑆, which is changed together with 𝐷𝑝𝑒𝑑 according to 𝑆 = 𝐷𝑝𝑒𝑑. (b) FE solutions and Eq (6) 

predictions for SCF at the same location for two centrifugal-thermal loading combinations, corresponding to 

factors, 𝜆 = 1.69 and 𝜆 = 6.77. 



 

 

 

 

 

 

 

5.3  FE-theoretical solutions for peak stresses  

    The accuracy of the framework of Section 5.2 is assessed in Fig 10, by comparing the predictions 

of Eq (5) against direct FE solutions for combinations of 𝜆, 𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 and 𝑡𝑐/𝑡ℎ; characteristic FE stress 

fields are illustrated in Figs 11-12. Fig 12 shows a close overall agreement between Eq (5) and FE 

results. Some discrepancies between the FE result and Eq (5) arise from the fact that the SCF at the 

impingement hole and pedestal changes slightly with 𝑡𝑐, whereas we only used three reference SCF 

values for each location in Eq (5) (taken for 𝑡𝑐/𝑡ℎ = 0.5), for the purpose of the theoretical analysis. 

Both calculations highlight the linear variation of stresses with 𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 for fixed 𝜆 and 𝑡𝑐/𝑡ℎ, which 

can be explained by Eqs (5, F1, 9). Eq (5) provides conservative predictions only in Figs 12c,f,i, 

which corresponds to extreme CF loading corresponding here to 𝜔 = 16378 rpm and a blade tip 

velocity of 2 Mach based on a fixed 𝑅𝑡𝑖𝑝 = 400 mm.  

    Weight should be given to the practical case of combined T-CF loading with 𝜆 > 6.48 (Figs 

10b,e,h), associated with 𝜔 = 857.5 rad/s (equivalent to 8188 rpm and tip velocity of 1 Mach). Here 

the nominal CF stresses, 𝜎𝐶𝐹 = (𝜌 + 𝜌∗) 𝜔2𝐿̃𝑥, increase from 111 MPa for 𝑡𝑐/𝑡ℎ = 1 up to 115 MPa 

for 𝑡𝑐/𝑡ℎ = 0.2. Note that since 𝜌∗ decreases with 𝑡ℎ + 𝑡𝑐 (Section 4.4), 𝜆 increases with 𝑡𝑐/𝑡ℎ (Eq 

(8)) due to the inertia of features; however, the effect on 𝜎𝐶𝐹  is evidently small. A key trend in Figs 

10b,e,h is that low 𝑡𝑐/𝑡ℎ, and/or an enhanced 𝛥𝑇̅̅̅̅
𝑝𝑒𝑑, both reduce compression at the outer acute 

wedge-vertex of the film hole at the cost of increasing the tension at internal features, i.e. the 

Table 3. Reference SCF values for pure thermal (T) and pure centrifugal (CF) loading. 

 



impingement hole and inner pedestal fillet; the same effects occurs for pure T loading (Figs 10a,d,g). 

The increase of tensile stresses at the internal features due to reducing 𝑡𝑐/𝑡ℎ and/or increasing 𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 

is dominated by the increase of nominal tensile stresses. This is because the fixed small value of 

𝛥𝑇̅̅̅̅
𝑐𝑤𝑎𝑙𝑙 = 0.045 used here implies that pure tension always dominates in the cool wall i.e. 𝜎/𝜎 ≈ 1 

(explained in Section 5.2.1). On the other hand, the reduction of compression at the outer acute 

wedge-vertex of the film hole due to reducing 𝑡𝑐/𝑡ℎ and/or increasing 𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 is largely due to the 

reduction of SCFfilm, along with the decrease of nominal compressive stresses.  

     For both the cases of pure T loading (Figs 10a,d,g) and T-CF loading for 𝜆 > 6.48 (Figs 10b,e,h), 

the critical stress at the inner acute wedge-vertex of the film hole switches from compression to 

tension with increasing 𝛥𝑇̅̅̅̅
𝑝𝑒𝑑. For the particular case of 𝑡𝑐/𝑡ℎ = 0.2 in Fig 10h, the maximum 

compressive stress occurs at the outer film hole rim between the acute wedge-vertex and the elliptical 

co-vertex, as indicated in Fig 12a; this occurs due to the much higher nominal stresses in the 𝑥 

direction (𝜃 direction for cylindrical walls) compared to the 𝑧 direction. Such nominal stress states 

are beneficial to performance because the SCF at the film hole rim decreases from its maximum 

value at the acute wedge-vertex to a minimum value at the elliptical co-vertex; these effects have 

been explored in [12]. For the extreme of 𝜆 < 1.69 (Figs 10c,f,i), the effects of CF loading on the 

resulting SCF and nominal stresses dominate, i.e. all the critical stresses become tensile (also shown 

in Fig 11d).   

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 10. FE solutions and Eq (5) predictions for peak stresses at features for varying wall thickness ratio, 

𝑡𝑐/𝑡ℎ, and thermal difference contribution, 𝛥𝑇̅̅̅̅
𝑝𝑒𝑑, for three situations: thermal loading (a),(d),(g), thermal 

loading combined with mild centrifugal loading (b),(e),(h), and thermal loading combined with extreme 

centrifugal loading (c),(f),(i). Maximum absolute principal stresses, 𝜎 = maxۦȁ𝜎1ȁ, ȁ𝜎2ȁ, ȁ𝜎3ȁۧ, normalised by the 

thermal loading factor, 𝐸𝑎𝛥𝑇/(1 − 𝜈), are used.  



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11. (a-b) Stress field in the unit cell of Fig 1b under pure thermal (T) and pure centrifugal (CF) loading, 

respectively (for the parameters of Table 1). (c-d) Stress field for two thermal-centrifugal loading combinations, 

corresponding to 𝜔 = 8188 rpm (c) and 𝜔 = 16378 rpm (d). CF loading involves a uniform traction at the wall 

sections of the 𝑧̅ = 0 plane (as described for Fig 8b in Section 4.4); we apply a traction that is slightly higher 

than the nominal traction, (𝜌 + 𝜌∗) 𝜔2𝐿̃𝑥, since the cross-sectional areas of the holes at z̅ = 0 reduces the area 

through which the CF load is transmitted. The locations and the values of the critical stresses at holes and 

pedestals are denoted. Maximum absolute principal stresses, 𝜎 = maxۦȁ𝜎1ȁ, ȁ𝜎2ȁ, ȁ𝜎3ȁۧ, normalised by the 

thermal loading factor, 𝐸𝑎𝛥𝑇/(1 − 𝜈), are used, except for (b) where we normalise over (𝜌 + 𝜌∗) 𝜔2𝐿̃𝑥. 

Figure 12. Stress field for the two thermal-centrifugal (T-CF) loading combinations used in Figs 11c-d, when 

the unit cell has a wall thickness ratio, 𝑡𝑐/𝑡ℎ = 0.2 (thin cool wall); the locations and the values of the critical 

stresses at holes are denoted. Maximum absolute principal stresses, 𝜎 = maxۦȁ𝜎1ȁ, ȁ𝜎2ȁ, ȁ𝜎3ȁۧ, normalised by the 

thermal loading factor, 𝐸𝑎𝛥𝑇/(1 − 𝜈), are used. 

 



6 Discussion 

     We now provide an evaluation of all our results and discuss their significance. We have shown 

that high stress concentration factors (SCFs) can occur at the cooling holes of double wall 

transpiration cooled blades, particularly at the large film hole angles considered here, where typical 

values of 4 and 7 occur under pure thermal (T) loading and pure centrifugal (CF) loading (Table 1). 

Impingement holes are transverse to the wall and thus the SCF ranges approximately between the 

classical theoretical values of 2 and 3, for equi-biaxial and uniaxial loading, respectively (Table 1). 

For well-rounded pedestal fillets the SCF falls within the lower range of 1.5 < SCF < 2 (Fig 9). As 

shown recently [13], the high stresses at inclined film holes imply severe local plastic-creep 

deformation and thus generate concerns with respect to fatigue in the low cycle regime (LCF).  

    Section 5.3 highlights a key trade-off for double wall systems, in that by reducing the wall 

thickness ratio, 𝑡𝑐/𝑡ℎ, critical stresses at the film hole reduce at the cost of increasing stresses at 

internal features, i.e. impingement holes and pedestal transitions. For pure T loading, the tensile 

stresses at the inner features are less severe than the compressive stresses at the film hole, such that 

a low 𝑡𝑐/𝑡ℎ will likely improve the overall integrity. If severe CF loading is superimposed, and a thin 

cool wall is used, the compressive film hole stress can eventually take very small values, but the 

performance at inner features will degrade. These suggestions, however, are based on the assumption 

that the two loading types apply in-phase. During a typical flight cycle, the peak T and CF stresses 

might occur at different stages of the cycle [44], on the basis that there may exist a time delay for 

steady state temperature field to build-up compared to the increase of rpm of the engine.  It is also 

important to note that CF stresses vary from zero to a maximum value along the length of a turbine 

blade, implying that a wide range of T-CF combinations occur along the component. 

    It can reasonably be assumed that the above trends identified for flat repeating block geometries 

will generally hold for highly curved systems. The latter, however, are expected to involve an 

additional effect in that the wall with the smallest circumference will experience higher membrane 



𝜃 −stresses under T loading (with strains being proportional to 𝑅ℎ/𝑅𝑐 – Appendix D). This will 

influence the trade-off between stresses at the hole rim and the internal features, depending on 

whether the hot temperature is applied on a convex outer surface (suction side of blade in Fig 3c) or 

on a concave outer surface (pressure side of blade in Fig 3c). This will be explored in more detail in 

a later study.  

    A decision on the optimal 𝑡𝑐/𝑡ℎ ratio requires further analysis in the creep-plastic regime, in order 

to determine the inelastic cyclic strain range, 𝛥𝜀, experienced in the vicinity of a feature and then 

relate this to the number of cycles for fatigue crack initiation, 𝑁𝑓, based on an empirical Coffin-

Manson relationship [13]. An accurate evaluation of 𝛥𝜀 can be performed through traditional 

inelastic FE cycle-by-cycle analysis [13] or by modern, intelligent methods that determine the 

structural cyclic state directly [53]. Simultaneously, however, the elastic stress solutions presented 

here can be readily used in computationally efficient Neuber type schemes (local strain approach) 

[13] to determine 𝛥𝜀 and thus predict 𝑁𝑓 for the critical locations of the double wall system, over a 

range of loading and geometric combinations. Generally, the higher the elastic stress, the higher the 

local strain range and the shorter the fatigue life; nevertheless, the relationship between the fictitious 

elastic stress and local strain range can be complex, as it is influenced by a number of inelastic 

material properties, including the sharp yield stress reduction of nickel alloys beyond a temperature 

of 800 °C [35] and the exponential increase of creep strain rate with temperature [54] in the same 

regime. These properties have been shown to cause a drastic increase in local strain range for a given 

fictitious elastic stress. This is not a concern here for the impingement hole and inner pedestal fillet 

which experience temperatures less than 800 °C, but it is of major concern for the outer rim of the 

film hole where temperatures of ~ 1000 °C are typically experienced [31, 55]; the reduction of fatigue 

strength at these temperatures [56] should also be considered. This strongly suggests that attention 

should generally be given to the performance at the outer rim of the film hole, particularly at the 



concave outer surface of the blade (high pressure side) for which film hole stresses are predicted here 

to be high. 

   The optimisation of the ratio 𝑡𝑐/𝑡ℎ should also be informed by ratchet limit state analysis. The 

current problem here displays some features of the classical Bree plate problem [57], where the plate 

can ratchet (incrementally collapse) when the T-CF loading conditions lie beyond the ratchet 

boundary, leading to premature failure. The Bree problem is simple (cylindrical plate with a through 

thickness thermal gradient that cycles with time and a non-cycling in-plane traction loading) such 

that the ratchet boundary can be determined analytically with ease [57, 58]. However, the actual 

problem here is more complex as it additionally involves two interacting plates with holes and a 

temperature mismatch, a temperature dependent yield strength, significant creep in the hot wall and 

the traction (CF loading) also cycling with time. In this case, the ratchet boundaries can be determined 

numerically through modern schemes, such as the Linear Matching Method [53], which uses the 

elastic stress field solutions into search algorithms for the residual stress field and iterative algorithms 

based on shakedown theorems [59]. Nevertheless, geometric and material model idealisations can be 

used to simultaneously obtain analytical expressions for the ratchet boundary, by using directly the 

analytical elastic solutions presented here within classical [60] and extended [61] shakedown 

theorems. Such solutions will provide physical insight into the ratchet mechanisms that occur in these 

new double wall systems and the sensitivity of the ratchet boundary with respect to the 𝑡𝑐/𝑡ℎ ratio. 

Again, all the above highlight the utility and importance of the currently presented elastic solutions 

in design.   

    In later design stages, one needs to consider a number of geometric features in addition to the 𝑡𝑐/𝑡ℎ 

ratio, including global features such as pedestal spacing, and local features such as hole shape and 

size. In our previous study [12] we showed that a narrower pedestal spacing decreases the SCF at 

holes due to hole-hole and hole-pedestal interaction effects. A further decrease can be achieved by 

manipulating the shape of the film hole and reducing its inclination. However, these results, together 



with the new results presented here, should be interpreted with caution. Modern turbine blades consist 

of single crystal Nickel alloys, which display orthotropic properties [5]. Therefore, highly porous 

systems with more dense arrays of holes and pedestals may activate slip mechanisms along 

crystallographic planes of the FCC lattice, eventually degrading fatigue performance. In this regard, 

additional parameters of the stress field need to be considered near features, such as the critical 

resolved shear stress/strain [23, 25, 26, 39, 41]. However, the main implications of thermal and 

centrifugal loading, the role of wall thickness ratio and other structural kinematic effects reported 

here are not expected to change for anisotropic systems. Similarly, the directional dependence of 

thermal and elastic properties [62] and their dependence upon temperature [63] are not expected to 

alter the main phenomena and trends observed here. The study presented here builds the foundation 

for studying how anisotropy of thermal, elastic and inelastic properties influence the stress state and 

therefore integrity of the system. 

 

7 Conclusions  

    We have characterised temperature and stress fields in new double wall transpiration cooled gas 

turbine blades, with the aim of increasing substantially the efficiency of future turbomachines. The 

relationship between geometry, temperature field and stress field is studied and explained and the 

implications for the optimal design of double walled systems is evaluated. The study demonstrates 

that low cycle fatigue (LCF) due to superimposed thermal (T) and centrifugal (CF) stresses at cooling 

holes is a major concern in these systems. Stresses due to gas pressure are found to be less important. 

     Our aerothermal CFD results show that the new systems experience significant temperature 

gradients across the hot outer-wall thickness and down the length of the pedestals. This results in a 

severe temperature mismatch between the walls, and as a result significant compression and tension 

in the hot and cool walls, respectively. These primary characteristics are found to dictate the thermal 

stresses. The role of second order characteristics, such as the temperature variation along the plane 



of the hot wall due to coolant film superposition, is found to be less significant. Thus, it is 

demonstrated that using idealised temperature fields can be a useful strategy in conceptual design.  

     The kinematic constraints involved in the new double wall blade design imply that thermally 

induced stresses are strongly biaxial and change depending on whether the thermal gradient through 

the hot wall thickness or through the pedestal height dominates, and are sensitive to the wall thickness 

ratio; a thinner cool wall reduces the peak compressive stresses at the film cooling holes, but increases 

tensile stresses at internal features, i.e. the impingement holes and the pedestals.  

    These effects for pure T loading also apply when uniaxial CF stresses are superimposed; the 

additional effect under combined T-CF loading is an increase in tensile stresses at internal features 

and a reduction in the compressive film hole stress. Thus, in-phase combined loading can be 

beneficial to fatigue at film holes and detrimental to performance at internal features. Therefore, the 

optimal geometry may differ for different combinations of T-CF loading. It is demonstrated that all 

the above effects can be identified in a straightforward manner, through developing analytical 

expressions for the stress based on classical plate theory. Theoretical considerations are also found 

useful in providing further physical insight into the way the stress concentration factor (SCF) in the 

vicinity of features depends on the details of the nominal stress field.  

     In terms of design recommendations, film holes are suggested to be more critical for fatigue than 

internal features, both due to the higher stresses and to the drastic reduction of yield strength and 

fatigue strength of nickel alloys at high near surface temperatures (of the order of 1100 °C) 

experienced in practice. However, a full assessment of these structural-material effects requires 

solutions for the local stress-strain cyclic state in the creep-plastic regime as well as 

shakedown/ratchet limit solutions. Such assessments can make direct use of the elastic solutions 

developed here, which highlights the significance of the present study for the design of both 

conventional blades and the new double wall blades considered here.  

 



Appendix A – Details of the aerothermal analysis of Section 2.1 

A1. Steps 1-3 

The aerothermal analysis employed to generate the results described in Section 2.1 consists of three 

major steps: 

1. The CFD analysis (Fig 2a) only considers the internal flow of the coolant, i.e. the external flow 

is not simulated. It employs the following boundary conditions: hot mainstream flow temperature, 

𝑇∞, velocity, 𝚟∞, pressure, 𝑝∞; external heat flux, ℎ∞; original coolant temperature, 𝑇𝑐𝑜𝑜𝑙𝑎𝑛𝑡, and 

coolant mass flow rate, 𝑚̇𝑐𝑜𝑜𝑙𝑎𝑛𝑡. 

2. The CFD analysis provides the coolant exit velocity at the film hole, 𝚟𝑓𝑖𝑙𝑚, and thus, the blowing 

ratio, 𝕄 = 𝜌𝑓𝑖𝑙𝑚𝚟𝑓𝑖𝑙𝑚/𝜌∞𝚟∞ (𝜌𝑓𝑖𝑙𝑚 = 12.8 kg/m3, 𝜌∞ = 7.1 kg/m3), which are used in the 

empirical correlation proposed by Goldstein [46]:  

𝜂̆𝑓𝑖
(𝜉, 𝜁) =

𝕄𝚟𝑓𝑖𝑙𝑚𝐷𝑓𝑖𝑙𝑚

8 𝛼𝑡 (
𝜉

𝐷𝑓𝑖𝑙𝑚
+ 𝜉𝑑𝑒𝑐𝑎𝑦)

exp [(
𝜁

0.05𝜉𝑑𝑒𝑐𝑎𝑦 + 0.6
)

𝑐2

]                                   (𝐴1)  

to predict the fictitious film effectiveness field, 𝜂̆𝑓𝑖
(𝜉, 𝜁), along a hypothetical outer hot wall 

surface that contains a single film hole of diameter, 𝐷𝑓𝑖𝑙𝑚, and inclination, 𝛾 = 60°, to the surface 

normal, with respect to the local streamwise and spanwise positions, 𝜉 and 𝜁 measured from the 

centre of the hole (see Fig 2c). The turbulent thermal diffusivity, 𝛼𝑡 = 146 m²/s, the function, 𝑐1 =

0.05𝜉𝑑𝑒𝑐𝑎𝑦 + 0.6,  the constant, 𝑐2 = 1.485, and the position, 𝜉𝑑𝑒𝑐𝑎𝑦 = 1.7426, at which film 

effectiveness becomes 0.5 along the film centreline, i.e. 𝜂̆𝑓𝑖
(𝜉𝑑𝑒𝑐𝑎𝑦, 0) = 0.5, are taken from [10], 

for the specific blowing ratio, 𝕄 = 0.3, that is found to occur here for the inclination, 𝛾 = 60°. 

The resulting value of 𝜂̆𝑓𝑖
(𝜉, 𝜁), together with the coolant temperature at the film hole exit, 𝑇𝑓𝑖𝑙𝑚, 

provided by CFD, are used to compute the actual film effectiveness: 

𝜂𝑓𝑖
(𝜉, 𝜁) = 𝜂̆𝑓𝑖

(𝜉, 𝜁)
𝑇∞ − 𝑇𝑓𝑖𝑙𝑚

𝑇∞ − 𝑇𝑐𝑜𝑜𝑙𝑎𝑛𝑡
                                                           (𝐴2) 



for a single, independent film. This is used in the superposition relation proposed by Sellers [47] 

to compute the effectiveness field: 

𝜂𝑓(𝑥, 𝑧) = 1 − ∏ ( 1 − 𝜂𝑓,𝑖 (𝑥, 𝑧))

𝑛

𝑖=1

                                                          (𝐴3) 

for an array of 𝑛 films, with respect to the global streamwise and spanwise positions, 𝑥, 𝑧, shown 

in Fig 2c, where (𝜂𝑓𝑖
(𝜉, 𝜁) in Eq (A2) is expressed as 𝜂𝑓,𝑖 (𝑥, 𝑧)). The adiabatic temperature field, 

𝑇̆𝑚𝑎𝑥(𝑥, 𝑧), along the outer hot wall surface associated with the array of films is then determined 

from: 

𝜂𝑓(𝑥, 𝑧) =
𝑇∞ − 𝑇̆𝑚𝑎𝑥(𝑥, 𝑧)

𝑇∞ − 𝑇𝑓𝑖𝑙𝑚

𝑇∞ − 𝑇𝑓𝑖𝑙𝑚

𝑇∞ − 𝑇𝑐𝑜𝑜𝑙𝑎𝑛𝑡
                                                      (𝐴4) 

3. The calculated 𝑇̆𝑚𝑎𝑥(𝑥, 𝑧) field for the hot outer wall surface, together with the uniform external 

heat flux, ℎ∞, are then used to determine an external heat transfer coefficient field for the entire 

hot outer wall surface of the array in Fig 2c. In the same manner, the CFD results of the coolant 

temperature field and the heat flux field throughout the internal surfaces of Fig 2a are used to 

determine an internal heat transfer coefficient field, which is then repeated for each unit cell of 

the array in Fig 2c. The internal-external heat transfer coefficient fields are used as boundary 

conditions in an FE convective-conductive heat transfer simulation that finally determines the 

steady state temperature field in Fig 2c. 

 

A2. Details of CFD analysis 

     The commercial solvers ANSYS Fluent v19.1 and ANSYS mechanical were used for the CFD 

and FE analyses. An unstructured CFD mesh was used, with fifteen prism layers along the fluid-solid 

interfaces with an overall height of 0.1 mm and a growth rate of 1.2; the suitability of this mesh is 

based on a preliminary mesh dependence study using volume-weighted mass flow as a metric. The 

CFD solver is pressure-based and relies on the k-𝜖 turbulence model, with an enhanced wall function 



and thermal effects enabled. Air is treated as an ideal gas for the fluid domain with thermal 

conductivity and viscosity evaluated by the kinetic theory and the Sutherland method, respectively. 

A3. Discussion on the analysis assumptions  

    Our film mixture calculations rely on the temperature of the coolant at the film hole exit, calculated 

from the CFD analysis of the internal flow. Therefore, the heat pickup in the film holes is taken into 

account. The fact that the CFD analysis is internal, i.e. does not account for film protection, implies 

that the temperature of the coolant at the film hole exit is overestimated, leading to conservative 

results for the film cooling effectiveness and the steady state temperature field. This suggests that, 

strictly, the temperature boundary conditions used in the FE thermal analysis should not be adiabatic. 

The same strategy has been used in [64] and is preferred here over a strategy that uses a full CFD 

domain for both the internal and external flow, since it provides slightly more conservative results 

than the actual case, in a cost-effective manner.’ 

 

Appendix B – Details of the FE analysis of Section 2.3 

    The ABAQUS Implicit FE scheme is used for an isotropic elastic-thermal material model with 

parameters taken from [63] for the CMSX-4 alloy at 700 °C in the 〈001〉 crystal orientation; these 

include Young’s Modulus, 𝐸 = 100 GPa, Poisson’s ratio, 𝜈 = 0.4, thermal expansion coefficient, 

𝑎 = 17.4×10-6 /°C and conductivity, 𝑘 = 19.4 W/m°C. The mesh of Fig 2b consists of approximately 

2.6×105 8-node hexahedral elements (ABAQUS code: C3D8T) and 8.5×104 4-node tetrahedral 

elements (C3D4T) corresponding to the film holes; 25 elements span the wall thicknesses. We 

consider boundary conditions consistent with our earlier studies in simpler double wall geometries 

[12, 34], where we showed that pedestals impose rigid kinematic coupling between the two walls, 

such that the thermoelastic in-plane extension of the walls must be the same and that the walls cannot 

rotate despite the presence of thermal gradients. These conditions are satisfied here in Fig 1b by 

enforcing zero 𝑧-displacements at the 𝑧̅ = 0 symmetry plane, common 𝑧 −displacement for all nodes 



at the 𝑧̅ = 1 symmetry plane and periodic boundary conditions at the 𝑥̅ = 0 and 𝑥̅ = 1 boundary 

planes. These boundary conditions and the temperature fields are respectively applied via the 

ABAQUS MPC and UDSIP subroutines. The periodic boundary conditions ensure that the 𝑥̅ = 0, 

𝑥̅ = 1 planes in Fig 1b distort identically under thermal loading, i.e. the stress field at these planes is 

common. While this occurs for the idealised temperature fields (see stress contours in Figs 2f’-g’), it 

cannot occur for the real temperature fields used here, as these are non-periodic (Figs 2f-g). However, 

this does not compromise the accuracy of the solution at critical hole and pedestal locations away 

from the periodic planes. 

 

Appendix C – Details of the FE turbine blade model of Section 3 

     The outer surface profile is produced based on x-y coordinates taken from the report by Thulin et 

al [1] for the root cross-section of a single wall, high pressure gas turbine blade. The internal features 

i.e. inner wall, spacing between the walls and inner wall ribs (see Fig 3b) are constructed in 

accordance with the double wall blade geometry reported by Ngetich [31]. The thickness of the walls, 

the ribs and the wall spacing is 1 mm; the blade is of length, 𝐿 = 60 mm (see Fig 3b). Details of the 

geometry construction are available in our earlier work [34], where we used a simplified version of 

the blade model. The new configuration here additionally involves a cap of 1mm thickness near the 

blade tip (see Fig 3b), a rectangular platform (44 x 48 (mm) – see Fig 3b), an external root fillet 

between the outer wall the and the platform of radius 𝜌𝑏 = 3 mm, and a fir-tree (40 mm height x 40 

mm length – see Fig 3a). Inner fillets between the walls and the platform are of 0.5 mm radius. The 

platform, fillets and fir-tree features are used here to eliminate unphysical constraint of the walls near 

the blade root, particularly during thermal loading. Their exact geometry is chosen arbitrarily since 

the current focus is on stresses generated in the core wall regions, away from the vicinity of the blade 

root. The mesh consists of approximately 4×105 8-node hexahedral elements (ABAQUS code: 



C3D8T) corresponding to the walls (with 25 elements across the wall thicknesses) and 105 4-node 

tetrahedral elements (C3D4T). 

    Zero y-displacements and z-displacements are prescribed on the lateral fir-tree surfaces (denoted 

in blue – Fig 3a) and zero x-displacement is prescribed on the front fir-tree surface (denoted in red – 

Fig 3a). The blue margins in Fig 3c represent the regions where the walls are coupled with pedestals 

according to [31]; coupling is modelled by applying a ‘tie’ kinematic constraint, i.e. zero relative x, 

y, z displacements between each node at the inner hot wall surface and its adjacent node at the inner 

cool wall surface. Thermal loading involves the temperatures, 𝑇𝑚𝑎𝑥 = 1038 °C, 𝑇𝑚𝑒𝑑ℎ
= 940 °C and 

𝑇𝑐𝑤𝑎𝑙𝑙 = 778 °C, applied uniformly along the streamwise, 𝜉, and spanwise, 𝑧, directions of the blade. 

Centrifugal loading is applied in the form of nodal forces throughout the geometry (Fig 3a); each 

nodal force scales with the nodal ‘mass’ calculated for a material density 𝜌 = 8.7 tn/mm3, the angular 

velocity, 𝜔 = 858.5 rad/s (= 8188 rpm) and the distance of the node from the centre of the engine 

axis is denoted in Fig 3c; the latter is parallel to the x axis and has a distance, 𝑅𝑡𝑖𝑝 = 400 mm, from 

the xyz origin (see Fig 3b). The 𝜔 value is chosen such that a tip speed  v𝑡𝑖𝑝 = 𝑅𝑡𝑖𝑝 𝜔 = 343 m/s 

(= 1 Mach); these conditions are consistent with [1] for this particular turbine blade. Loading due to 

rotary acceleration, 𝜔̇, is also considered by using an extreme value, 𝜔̇ = 858.5 rad/s2. Gas pressure 

distribution data are also taken from [1] to prescribe normal tractions, 𝑝(𝜉), on the external surface 

of the hot wall (indicated in Fig 3c); Fig 4a shows the 𝑝(𝜉) distribution, normalised over the turbine 

entry pressure, 𝑝𝐼𝑁 = 1.32 MPa; 𝑝(𝜉) is assumed to be constant along 𝑧. 

 

Appendix D – Theoretical 3D solution for the cylindrical walls of Section 4.3 

Kinematics 

𝜅ℎ𝜃
= 𝜅ℎ𝑧

= 0 →  
𝑀ℎ𝜃

𝐸𝐼ℎ
− 𝜈

𝑀ℎ𝑧

𝐸𝐼ℎ
=

𝑀ℎ𝑧

𝐸𝐼ℎ
− 𝜈

𝑀ℎ𝜃

𝐸𝐼ℎ
= −

𝑎𝛥𝑇ℎ𝑤𝑎𝑙𝑙

𝑡ℎ
 (𝑎) 



𝜅𝑐𝜃
= 𝜅𝑐𝑧

= 0 →
𝑀𝑐𝜃

𝐸𝐼𝑐
− 𝜈

𝑀𝑐𝑧

𝐸𝐼𝑐
=

𝑀𝑐𝑧

𝐸𝐼𝑐
− 𝜈

𝑀𝑐𝜃

𝐸𝐼𝑐
= − 

𝑎𝛥𝑇ℎ𝑤𝑎𝑙𝑙

𝑡𝑐
 (𝑏) 

𝜀ℎ̅𝑧
= 𝜀𝑐̅𝑧

  → 
𝒩ℎ𝑧

𝐸𝑡ℎ𝑠ℎ
− 𝜈

𝑁ℎ𝜃

𝐸𝑡ℎ
+ 𝑎(𝑇ℎ − 𝑇𝑐) =

𝒩𝑐𝑧

𝐸𝑡𝑐𝑠𝑐
− 𝜈

𝑁𝑐𝜃

𝐸𝑡𝑐
   (𝑐) 

(𝐷1) 

𝜀ℎ̅𝜃
𝑅ℎ = 𝜀𝑐̅𝜃

𝑅𝑐   → (
𝑁ℎ𝜃

𝐸𝑡ℎ
− 𝜈

𝒩ℎ𝑧

𝐸𝑡ℎ𝑠ℎ
+ 𝑎(𝑇ℎ − 𝑇𝑐)) 𝑅ℎ = (

𝑁𝑐𝜃

𝐸𝑡𝑐
− 𝜈

𝒩𝑐𝑧

𝐸𝑡𝑐𝑠𝑐
) 𝑅𝑐    (𝑑) 

Equilibrium 

(forces)  𝑁ℎ𝜃
+ 𝑁𝑐𝜃

= 0    (𝑒) 

(forces)  𝒩ℎ𝑧
+ 𝒩𝑐𝑧

= 𝐹𝑤𝑎𝑙𝑙𝑠 + 𝐹𝑝𝑒𝑑 − 𝐹ℎ𝑜𝑙𝑒𝑠   (𝑓) 

𝜃, 𝑧 denote bending curvature/moment and membrane strain/force components in the 𝜃 and 𝑧 

directions, 𝑅ℎ = 𝑅 − 0.5𝑡ℎ and 𝑅𝑐 = 𝑅 − 𝑡ℎ − 𝐻 − 0.5𝑡𝑐 are the radii of curvature at the midplane 

of the hot and cool walls, respectively (see Fig 7b), whereas 𝑠ℎ = 𝑅ℎ𝑍/(𝑅 − 𝑡ℎ) and 𝑠𝑐 = 𝑅𝑐𝑍/(𝑅 −

𝑡ℎ) are the wall arc-lengths of the unit cell in Fig 7b in the 𝜃 direction. Eqs (D1a-b) account for the 

fact that the total bending curvatures in each wall are zero, whereas Eq (D1d) accounts for the 

proportionality of wall membrane strains in the  𝜃 direction with respect to the ratio, 𝑅ℎ/𝑅𝑐. The 

bending moments (and second moment of areas) and membrane forces, 𝑁ℎ𝜃
, 𝑁𝑐𝜃

, are per unit length; 

this is not true for 𝒩ℎ𝑧
, 𝒩𝑐𝑧

, since in the z direction we necessarily use the arc-lengths 𝑠ℎ, 𝑠𝑐 to define 

the total wall cross-sectional area, 𝐴𝑤𝑎𝑙𝑙𝑠 = 𝑡ℎ𝑠ℎ + 𝑡𝑐𝑠𝑐, that carries the added force related to the 

pedestals, 𝐹𝑝𝑒𝑑, and the deducted force, 𝐹ℎ𝑜𝑙𝑒𝑠, related to the holes. The application of Eq (D1) for 

the model of Fig 1b requires replacing 𝑠ℎ and 𝑠𝑐 with 4𝑠ℎ and 4𝑠𝑐. 

 

Appendix E – Calculation of 𝑭𝒑𝒆𝒅 and 𝑭𝒉𝒐𝒍𝒆𝒔 forces of Section 4.4 

     In contrast to the full population of pedestals in Fig 7a-b, the pedestals in Fig 1b are periodically 

absent to accommodate holes. Two planes exist where the pedestals are repeated every 𝑍, defined in 



Fig 7b, and three planes where pedestals are repeated every 2𝑍. Film and impingement holes are 

repeated every 4𝑍 in an equivalent of two planes of the unit cell (two boundary planes where the 

holes are cut and the middle plane where the holes are not cut - see Fig 1b). In this case, Eqs (2) lead 

to:  

𝐹𝑤𝑎𝑙𝑙𝑠 = 𝜌 𝜔2𝐿̃𝑥 4 (𝑡ℎ𝑠ℎ + 𝑡𝑐𝑠𝑐)          (𝑎) 

𝐹𝑝𝑒𝑑 = 𝜌 𝜔2𝑉𝑝𝑒𝑑 {2
𝐿𝑥

𝑍
(𝑅𝑡𝑖𝑝 + 0.5(𝑍 − 𝐿𝑥)) + 3

𝐿𝑥

2𝑍
(𝑅𝑡𝑖𝑝 + 0.5(2𝑍 − 𝐿𝑥))}    (𝑏)                  (𝐸1) 

𝐹ℎ𝑜𝑙𝑒𝑠 = 2𝜌 𝜔2(𝑉𝑖𝑚𝑝 + 𝑉𝑓𝑖𝑙𝑚)  {
𝐿𝑥

4𝑍
(𝑅𝑡𝑖𝑝 + 0.5(4𝑍 − 𝐿𝑥))}          (𝑐) 

where 𝑉𝑓𝑖𝑙𝑚, 𝑉𝑖𝑚𝑝 are the film and impingement hole volumes. Cutting a circular hole of diameter, 

𝐷𝑓𝑖𝑙𝑚, through the hot wall at an angle, 𝛾, to the surface normal, produces an elliptical intersection 

with major diameter, 𝔻𝑓𝑖𝑙𝑚 = 𝐷𝑓𝑖𝑙𝑚/𝑐𝑜𝑠𝛾, and a hole axial length, ℓ𝑓𝑖𝑙𝑚 = 𝑡ℎ/𝑐𝑜𝑠𝛾. This leads to 

𝑉𝑓𝑖𝑙𝑚 = 0.25𝜋𝑡ℎ𝐷𝑓𝑖𝑙𝑚
2/𝑐𝑜𝑠2𝛾 and 𝑉𝑖𝑚𝑝 = 0.25𝜋𝑡𝑐𝐷𝑖𝑚𝑝

2 (for Fig 1b 𝑉𝑖𝑚𝑝 = 𝑉𝑝𝑒𝑑 since 𝐻 = 𝑡𝑐 = 

𝐷𝑓𝑖𝑙𝑚 = 𝐷𝑖𝑚𝑝 = 𝐷𝑝𝑒𝑑  = 1mm). For 𝛾 = 60° (Fig 1b) we get 𝑉𝑓𝑖𝑙𝑚/𝑉𝑝𝑒𝑑 = 4, suggesting that the 

reduction of inertia in DWTC systems by the film holes is significant. Indeed, although in Figs 1a-b 

the pedestals are repeated 6 times more frequently than holes (the unit cell in Fig 1b contains a total 

of 6 pedestals and only a total of one film and one impingement hole), we obtain a ratio 𝐹ℎ𝑜𝑙𝑒𝑠/𝐹𝑝𝑒𝑑 = 

0.72. As a result, the ratio 𝐹𝑝𝑒𝑑/𝐹𝑤𝑎𝑙𝑙𝑠 = 0.024 is low. For pedestals of square cross-section with 

𝐷𝑝𝑒𝑑 = 1 mm side length, Eqs (3a-b) give 𝐹𝑝𝑒𝑑/𝐹𝑤𝑎𝑙𝑙𝑠 = 0.048 and if the height increases to the 

extreme value, 𝐻 = 2 mm, the ratio becomes 0.16. These estimations indicate that the pedestals do 

not increase significantly the CF stresses carried by the walls.   

 

Appendix F – Expressions for the factor 𝝈̅/𝝈 of Section 5.2 

(𝜎/𝜎)𝑇𝑚𝑎𝑥
=

0.5 (𝜎𝑇𝑚𝑎𝑥𝜃
+ 𝜎𝑇𝑚𝑒𝑑ℎ 𝜃

)

𝜎𝑇𝑚𝑎𝑥 𝜃

=  
𝑡𝑐̅(𝛥𝑇̅̅̅̅

𝑝𝑒𝑑 + 1)

𝑡𝑐̅(𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 + 1) + 𝛥𝑇̅̅̅̅

ℎ𝑤𝑎𝑙𝑙

                    (𝑎) 



(𝜎/𝜎)𝑇𝑚𝑒𝑑ℎ
=

0.5 (𝜎𝑇𝑚𝑎𝑥 𝜃
+ 𝜎𝑇𝑚𝑒𝑑ℎ 𝜃

)

𝜎𝑇𝑚𝑒𝑑ℎ 𝜃

=  
𝑡𝑐̅(𝛥𝑇̅̅̅̅

𝑝𝑒𝑑 + 1)

𝑡𝑐̅(𝛥𝑇̅̅̅̅
𝑝𝑒𝑑 + 1) − 𝛥𝑇̅̅̅̅

ℎ𝑤𝑎𝑙𝑙

                  (𝑏) 

(𝐹1) 

(𝜎/𝜎)𝑇𝑚𝑒𝑑𝑐
=

0.5 (𝜎𝑇𝑚𝑒𝑑𝑐 𝑧
+ 𝜎𝑇𝑚𝑖𝑛 𝑧

)

𝜎𝑇𝑚𝑒𝑑𝑐 𝑧

=
2𝑡ℎ̅(𝛥𝑇̅̅̅̅

𝑝𝑒𝑑 + 1)

 2 [−𝛥𝑇̅̅̅̅
𝑐𝑤𝑎𝑙𝑙 + 𝑡ℎ̅(𝛥𝑇̅̅̅̅

𝑝𝑒𝑑 + 1)]
         (𝑐) 

(𝜎̅/𝜎)𝑇𝑚𝑖𝑛
=

0.5 (𝜎𝑇𝑚𝑒𝑑𝑐 𝑧
+ 𝜎𝑇𝑚𝑖𝑛𝑧

)

𝜎𝑇𝑚𝑖𝑛𝑧

=
2𝑡ℎ̅(𝛥𝑇̅̅̅̅

𝑝𝑒𝑑 + 1)

 2 [𝛥𝑇̅̅ ̅̅
𝑐𝑤𝑎𝑙𝑙 + 𝑡ℎ̅(𝛥𝑇̅̅̅̅

𝑝𝑒𝑑 + 1)]
              (𝑑) 

In the possible range, ∞ < 𝜎/𝜎 < −∞, we can distinguish the regimes:   

• −∞ < 𝜎/𝜎 < 0 when 𝜎 ∙ 𝜎 < 0 due to the membrane force decreasing the magnitude of the in-

plane stress at the surface, 𝜎 (determined from a combination of bending moment and membrane 

force), 

• 𝜎/𝜎 = 0 when 𝜎 = 0 (pure bending), 

• 0 < 𝜎/𝜎 < 1 when 𝜎 ∙ 𝜎 > 0 and the bending moment increases the magnitude of the stress at 

the surface, 𝜎 (again determined by a combination of bending moment and membrane force), 

• 𝜎/𝜎 = 1 when 𝜎 = 𝜎 (zero bending), 

• 1 < 𝜎/𝜎 < ∞ when 𝜎 ∙ 𝜎 > 0 and the bending moment decreases the magnitude of the surface 

stress, 𝜎 (again from a combination of bending moment and membrane force). 
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