
Scalable Bayesian regression utilising

marginal information

Tristan Daniel Gray-Davies

Supervisor: Prof. Chris Holmes

Department of Statistics

University of Oxford

This dissertation is submitted for the degree of

Doctor of Philosophy

Christ Church July 2017





I should like to dedicate this thesis to my family.





Declaration

Some work in this thesis is the product of a collaborative effort. Specifically:

• Chapter 2 is joint work with Stephen Walker and my supervisor Chris Holmes

• Chapter 3 is joint work with Francois Caron and Chris Holmes, which has been

published in the Electronic Journal of Statistics (Gray-Davies et al., 2016)

• Chapter 4 is joint work with James Watson, Luis Nieto-Barajas and Chris Holmes

Tristan Daniel Gray-Davies

July 2017





Acknowledgements

I thoroughly enjoyed my time spent in Oxford at the Department of Statistics, and should

like to thank the people who supported me throughout my time here.

First of all, I sincerely thank my supervisor, Chris Holmes. His enthusiasm, creativity

and originality opened up many interesting questions and ideas. He taught me a great deal

over the course of my DPhil, and provided thoughtful guidance throughout. I particularly

appreciate his openness and friendliness, which made the experience all the more enjoyable.

I am also very grateful to my collaborators, Francois Caron, Stephen Walker and Luis

Nieto-Barajas for their help, and for being a pleasure to work with. I would especially like to

thank Stephen Walker for his warm hospitality during my visit to the University of Texas at

Austin.

In the department, I benefited greatly from the support and company of the Holmes group.

I’d particularly like to thank my friends who helped me throughout: James Watson, Aimee

Taylor, George Nicholson, Louis Aslett, Pierre Jacob and Jeremy Heng.

At Christ Church, I’ve been lucky enough to have met some great friends who have been

a huge part of my student experience: Chris Lander, Alexandra Schultz, Tristan Smart, Alex

Drong, Luke Lewis and Kate Roll. Thanks also to the Landers for giving me a place to stay

in the final stages.

Above all, I should like to thank my parents for all their care, love and support over the

years.





Abstract

This thesis explores approaches to regression that utilise the treatment of covariates as random

variables. The distribution of covariates, along with the conditional regression model Y | X ,

define the joint model over (Y,X), and in particular, the marginal distribution of the response

Y . This marginal distribution provides a vehicle for the incorporation of prior information, as

well as external, marginal data. The marginal distribution of the response provides a means of

parameterisation that can yield scalable inference, simple prior elicitation, and, in the case of

survival analysis, the complete treatment of truncated data. In many cases, this information

can be utilised without need to specify a model for X .

Chapter 2 considers the application of Bayesian linear regression where large marginal

datasets are available, but the collection of response and covariate data together is limited

to a small dataset. These marginal datasets can be used to estimate the marginal means and

variances of Y and X , which impose two constraints on the parameters of the linear regression

model. We define a joint prior over covariate effects and the conditional variance σ2 via

a parameter transformation, which allows us to guarantee these marginal constraints are

met. This provides a computationally efficient means of incorporating marginal information,

useful when incorporation via the imputation of missing values may be implausible. The

resulting prior and posterior have rich dependence structures that have a natural “analysis

of variance” interpretation, due to the constraint on the total marginal variance of Y . The

concept of “marginal coherence” is introduced, whereby competing models place the same

prior on the marginal mean and variance of the response. Our marginally constrained prior
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can be extended by placing priors on the marginal variances, in order to perform variable

selection in a marginally coherent fashion.

Chapter 3 constructs a Bayesian nonparametric regression model parameterised in terms

of FY , the marginal distribution of the response. This naturally allows the incorporation of

marginal data, and provides a natural means of specifying a prior distribution for a regression

model. The construction is such that the distribution of the ordering of the response, given

covariates, takes the form of the Plackett-Luce model for ranks. This facilitates a natural

composite likelihood approximation that decomposes the likelihood into a term for the

marginal response data, and a term for the probability of the observed ranking. This can

be viewed as a extension to the partial likelihood for proportional hazards models. This

convenient form leads to simple approximate posterior inference, which circumvents the

need to perform MCMC, allowing scalability to large datasets. We apply the model to a US

Census dataset with over 1,300,000 data points and more than 100 covariates, where the

nonparametric prior is able to capture the highly non-standard distribution of incomes.

Chapter 4 explores the analysis of randomised clinical trial (RCT) data for subgroup

analysis, where interest lies in the optimal allocation of treatment D(X), based on covariates.

Standard analyses build a conditional model Y | X ,T for the response, given treatment

and covariates, which can be used to deduce the optimal treatment rule. We show that

the treatment of covariates as random facilitates direct testing of a treatment rule, without

the need to specify a conditional model. This provides a robust, efficient, and easy-to-use

methodology for testing treatment rules. This nonparametric testing approach is used as a

splitting criteria in a random-forest methodology for the exploratory analysis of subgroups.

The model introduced in Chapter 3 is applied in the context of subgroup analysis, providing

a Bayesian nonparametric analogue to this approach: where inference is based only on the

order of the data, circumventing the requirement to specify a full data-generating model.

Both approaches to subgroup analysis are applied to data from an AIDS Clinical Trial.



Table of contents

1 Introduction 1

1.1 Statistical fundamentals . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Nonparametric statistics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2.1 Bayesian Nonparametrics . . . . . . . . . . . . . . . . . . . . . . 5

1.3 Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.3.1 Survival analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.4 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2 Constrained marginal variance priors for linear regression 17

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2 Bayesian linear model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2.1 As a missing data problem . . . . . . . . . . . . . . . . . . . . . . 22

2.3 Fixed marginal variance prior . . . . . . . . . . . . . . . . . . . . . . . . . 24

2.3.1 In conjunction with sparsity priors . . . . . . . . . . . . . . . . . . 31

2.4 Marginal coherence in variable selection . . . . . . . . . . . . . . . . . . . 36

2.5 Illustrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.5.1 Simulation example . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.5.2 US Census application . . . . . . . . . . . . . . . . . . . . . . . . 49

2.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55



xii Table of contents

3 A Scalable Bayesian Nonparametric regression model 59

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.2 Bayesian nonparametric regression . . . . . . . . . . . . . . . . . . . . . . 60

3.2.1 Semiparametric regression . . . . . . . . . . . . . . . . . . . . . . 61

3.2.2 Nonparametric regression . . . . . . . . . . . . . . . . . . . . . . 63

3.3 The statistical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.4 Approximations for posterior inference and prediction . . . . . . . . . . . . 70

3.4.1 Asymptotics for the marginal composite posteriors . . . . . . . . . 72

3.4.2 Posterior predictive . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.4.3 Connection to proportional hazards . . . . . . . . . . . . . . . . . 74

3.5 Illustrations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.5.1 Simulation example . . . . . . . . . . . . . . . . . . . . . . . . . 78

3.5.2 US Census application . . . . . . . . . . . . . . . . . . . . . . . . 82

3.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

4 Model-free testing for subgroup analysis 91

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

4.2 Subgroup Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

4.2.1 Testing for treatment heterogeneity . . . . . . . . . . . . . . . . . 95

4.2.2 Exploratory methods . . . . . . . . . . . . . . . . . . . . . . . . . 97

4.3 Testing treatment rules . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

4.3.1 Multiple testing issues . . . . . . . . . . . . . . . . . . . . . . . . 106

4.4 Random forests of treatment trees . . . . . . . . . . . . . . . . . . . . . . 110

4.4.1 Comparison study with OWL . . . . . . . . . . . . . . . . . . . . 114

4.4.2 AIDS Clinical Trials Group Study . . . . . . . . . . . . . . . . . . 117

4.5 Bayesian approach to subgroup analysis . . . . . . . . . . . . . . . . . . . 124

4.5.1 AIDS Clinical Trial application . . . . . . . . . . . . . . . . . . . 125



Table of contents xiii

4.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

5 Discussion 133

References 137

Appendix A Posterior predication for Chapter 3 145





Chapter 1

Introduction

1.1 Statistical fundamentals

Central to the study of statistics is the notion of a probability model. Data y is treated as an

observation of a random variable Y , which is assumed to be randomly generated according

to an unknown probability distribution FY . Within this model-based approach, the data

y are used to make inferences about the unknown probability distribution FY . Learning

about the data-generating mechanism allows the statistician to answer fundamental questions

regarding the processes underlying data generation, and the prediction of data yet to be seen.

A common setup is the following: a dataset {yi}n
i=1 consists of n observations of random

variables {Yi}n
i=1, where each Yi is independently distributed according to the probability

distribution FY . A first step of parametric inference is to make assumptions regarding the

form of this distribution, representing our statistical model. For example, if {yi}n
i=1 represent

independent arrival times, it may be appropriate to assume that the distribution of each Yi is

exponential, that is Yi ∼ Exp(θ), where θ represents the rate parameter of the exponential

distribution. More generally, θ can represent a vector of parameters associated with a

parametric family. In this example we "model" the real-world data-generating procedure

by assuming that each datum is independently exponentially distributed with the same rate
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parameter θ , which is unknown. In theory, the model should be chosen to best represent

the structural and distributional properties the statistician deems most appropriate, given the

nature of the data. In practice, additional factors such the associated computational task and

the interpretability of parameters become a large part of the model choice.

A model constitutes an incomplete specification of the data generating mechanism, with

the final piece in this case being the value of the parameter θ . The remaining task is to make

inferences about this parameter θ , given the available data {yi}n
i=1. In our example, given

the task to identify FY , the statistical model limits the search from the space of all possible

distributions to the subspace associated with exponential distributions, which can be indexed

by the rate parameter θ . The likelihood plays a key role in this inferential procedure, in our

example:

L(θ : {yi}n
i=1) =

n

∏
i=1

θ exp(−θyi).

Frequentist statistical analysis centres around the maximum likelihood estimate θ̂(y), the

value of θ that maximises this likelihood function given the data, informally, the parameter

value under which the observed data is most probable. This point estimate of the unknown pa-

rameter value θ represents a “best guess”, which comes with attractive asymptotic guarantees.

In contrast, the aim of the Bayesian statistician is to provide a full description of uncertainty

surrounding the value of θ . This is achieved via the representation of the subjective uncer-

tainty surrounding the value of θ in terms of a “posterior distribution”. Mathematically,

the parameter is treated as a random variable with a distribution that reflects subjective

uncertainty of the parameter value. A “prior” distribution π(·) represents the uncertainty

surrounding the value of θ before the data has been seen. In light of the data, our beliefs are

updated to reflect any information gained from the data. This process of updating beliefs,

given data, is achieved by the application of Bayes’ rule:

π(θ | y) =
π(θ)L(θ ;y)∫
θ

L(θ ;y)π(θ)
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whereby the information in the data elegantly transforms our prior distribution into a posterior

distribution that represents our updated subjective beliefs about θ in light of the data. In

practice, this calculation is not always tractable, in which case, rather than the calculation of

a posterior distribution, a sample {θ j}M
j=1 from the posterior distribution can be generated

using Markov Chain Monte Carlo (MCMC), a numerical technique for generating random

samples from a distribution. The posterior probability measure can then be approximated by

the Monte Carlo measure: ∑
M
j=1 δθ j . The posterior distribution is a rich, complete description

of uncertainty surrounding the parameter value, which provides a means for propagating this

uncertainty for the purposes of prediction and decision-making.

A common objection to Bayesian statistics is the need to specify a prior distribution,

which can be viewed as a burden in cases where little is known about the distribution of

the data. In cases where there is a lot of information available regarding the distribution

in question, the prior provides a convenient means of incorporating all known information

to bear on the problem. In cases where there is less known about the distribution of the

data, the prior should reflect this level of subjective uncertainty. A maximum-likelihood

analysis does not require the specification of a prior distribution for parameters, but is not

free of assumptions. The specification of a model is built on the premise of ruling out all

distributions other than a small parametric family of distributions. Indeed, in our example,

this represents the strong assumption that the data is exponentially distributed. The prior in a

Bayesian analysis simply reflects beliefs of the relative plausibility of the parameter value. It

is useful to think of a prior on a parameter as simply a convenient means of placing a prior

over the space of possible distributions from which the data is generated. Constructing an

exponential model, with a prior on the rate parameter, is a convenient means of placing all

prior mass onto the subspace of all models corresponding to exponential distributions, with

mass distributed among this subset of distributions in accordance with the prior on the rate

parameter. I would argue that a claim of complete ignorance of a parameter value a priori in
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a parametric model is inconsistent with the ability to assume that the distribution belongs to

a parametric family. A lot is asked of the Bayesian statistician, but the posterior distribution

represents a rich reward.

1.2 Nonparametric statistics

Nonparametric statistical methods are motivated by the desire to move away from strict

distributional assumptions associated with parametric models. Frequentist nonparametric

statistics covers a broad range of methods for applications such as testing, estimation,

confidence intervals and regression. Wasserman (2006) serves as a useful resource for many

such methods. An elegant, historic category of these methods are nonparametric hypothesis

tests, which utilise symmetries and often rankings of the data, circumventing the need to

specify a model. An example of such a model-free method is the Mann-Whitney-U test

(Mann & Whitney, 1947) for the stochastic ordering of the distributions of two samples.

Given samples {yi}n
i=1 and {z j}m

j=1 of independent observations of random variables {Yi}n
i=1

and {Z j}m
j=1, under the null hypothesis

H0 : P(Y > Z) = P(Z > Y )

(or under the stronger null hypothesis that the distributions are equal) a datum from sample 1

is as likely to be greater than a datum from sample 2 as it is to be the smaller of the two. The

alternative hypothesis H1 is chosen as appropriate, under which these probabilities are not

equal. Let R denote the sum of the ranks of {yi}n
i=1 in the pooled sample {{yi}n

i=1,{zi}m
j=1},

where a rank of 1 denotes the smallest value. Then, under H0, the distribution of:

U = R− n(n+1)
2
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is known, so a p-value can be calculated to test H0 against H1. The point of note is that

this procedure makes no assumptions regarding the distribution of the data, rather utilising

the form of the null hypothesis to construct a suitable test statistic. As a result, very few

assumptions are required, and such methods are safeguarded against model-misspecification.

In addition, rank-based methods provide further robustness against outliers, as ranks reduce

the effect of extreme values. However, these tests have very limited scope, providing a tool

for specific questions in certain applications.

1.2.1 Bayesian Nonparametrics

Classical nonparametric statistics limit assumptions made about the distribution of the data,

in some cases leaving the distribution completely unspecified. In contrast, Bayesian statistics

is fundamentally model-based. The model provides a means for capturing information in

the data through the likelihood, which allows the updating of beliefs surrounding the model

via Bayes’ rule. As such, Bayesian analysis cannot be model-free. In a Bayesian setting,

“nonparametric” describes the use of priors over large, often infinite-dimensional parameter

spaces (see Hjort et al., 2010, for a thorough introduction). This provides a large support,

which “casts a wide net” and aims to capture as many distributions as possible. This large

prior support is the Bayesian analogue of limiting distributional assumptions. The appeal of

such priors is the flexibility offered by such a large support over the space of distributions,

allowing for a wide range of possible distributions to be captured by such priors. The large

support safeguards against model misspecification, and provides robustness to outliers, as the

high number of degrees of freedom reduces the effect of outliers.

Rather than expressing uncertainty regarding the data-generating mechanism via a prior

on a finite-dimensional parameter, nonparametric priors directly define a distribution over

distributions. As such, nonparametric priors are often conveniently defined in terms of the

construction of a random distribution via a stochastic process. The Pólya tree provides



6 Introduction

an intuitive example of nonparametric priors for distributions FY with support on R, via

the construction of a random probability measure (Ferguson, 1974; Lavine, 1992, 1994;

Mauldin et al., 1992). R can be recursively bisected ad infinitum to define a sequence of

nested partitions of R. It is convenient to use the language of “trees” to describe this nested

sequence of partitions, where each level of the tree defines a partition of R. A distribution

can be characterised in terms of the allocation of probability mass to elements of the partition

of R defined by every level of the tree. This provides a natural means of constructing a

random probability measure, via a random allocation of probability mass at each level of

the tree, which is consistent across levels. Formally, a Pólya tree prior is defined as follows:

Let εεε = (ε1, . . . ,εk) ∈ Ek = {0,1}k, and define a sequence of embedded partitions of R by

Γk = {Bεεε : {ε ∈ Ek}, where the Bεεε are defined recursively, such that Bεεε0∪Bεεε1 = Bεεε . Now let

E∗ =∪k≥1Ek, the set of all countable sequences of zeros and ones, and let A = {αεεε : εεε ∈E∗}

be a set of nonnegative real numbers. Then, a random probability measure P is a Pólya

tree process with respect to Γ = {Γk : k ≥ 1} and A (which we denote by P ∼ PT(Γ,A )) if

P(Bεεε0 | Bεεε)∼ Beta(αεεε0,αεεε1), independently for all εεε ∈ E∗. Typically, the recursive partition

is generated with respect to a base probability measure P0 by splitting the space by the

quantiles P−1
0 ( k

2m ) at level m. An example of A is the sequence defined by αε = cmr at level

m, where r = 2 provides almost-sure absolute continuity of the random measure P. Posterior

updating, given an observation y ∼ P, can simply be viewed as a sequence of Bernoulli

observations as we observe the path down the tree corresponding to the observation y. Since

the relative probability mass at each split has a beta distributed prior, the update of these

parameters is conjugate, leading to the posterior distribution: P | y ∼ PT(Γ,A ∗), where:

α
∗
ε =


αε , if y /∈ Bε

αε +1, if y ∈ Bε
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Given a dataset of size n, this is simply extended by induction. This conjugacy property

aids posterior computation. For example, posterior predictive sampling is achieved using

a simple algorithm that cascades down the tree. At stage m we set εm = 0 with probabil-

ity P(Bε1:(m−1)0 | Bε1:(m−1)), a random beta-distributed probability Beta(αε1:(m−1)0,αε1:(m−1)1),

otherwise setting εm = 1. This is repeated until either a pre-specified truncation level is

reached, or until the subset Bε contains no data. In either case, we can draw from the posterior

predictive by sampling from the base measure P0, restricted to Bε . The Pólya tree provides

a computationally tractable prior with convenient specification through the base measure

P0, with infinite dimensionality providing flexibility to capture a wide range of possible

distributions. A drawback of the prior is the dependence on the somewhat arbitrary partition

structure, which effects the prior as well as posterior updating. Mixtures of Pólya trees -

constructed by mixing over the base measure - mitigate this issue somewhat, reducing the

dependence on the partition structure.

The most widely-used and influential prior in Bayesian nonparametrics is the Dirichlet

Process prior (Ferguson, 1974). The Dirichlet process is a probability distribution on

probability measures that induces finite-dimensional Dirichlet distributions on finite partitions

of the sample space of the random measure. Formally, given a finite (base) measure α on

a Polish space Ψ, a random measure P on Ψ is a Dirichlet process if, for every finite

measurable partition {B1, . . . ,Bk} of Ψ, (P(B1), . . . ,P(Bk)) is Dirichlet distributed with

parameters (α(B1), . . . ,α(Bk)). P is distributed according to a Dirichlet process with base

measure α , denoted by P ∼ Dα .

From this we can deduce some elementary properties of the Dirichlet process. First,

the mass assigned to any set A is Beta(α(A),α(Ac)) distributed, so E[P(A)] = α(A)
α(A)+α(Ac) =

G(A), where G is the normalised measure given by G(A) = α(A)
α(Φ) . Letting M := α(Ψ),

it is common to parameterise the Dirichlet process in terms of G and M, as Y ∼ P and

P ∼ DP(M,G) (a natural alternative notation), implies that X ∼ G, marginally. Like the
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Pólya tree, the Dirichlet process is a conjugate prior given i.i.d data from an unknown

distribution. Formally, if Y1, . . . ,Yn ∼ P with P ∼ Dα , then P | Y1, . . . ,Yn ∼ Dα+∑
n
i=1 δYi

. This

makes the DP a highly convenient prior, computationally.

Draws from a Dirichlet process prior are almost surely discrete probability measures. In

fact, a draw from the DP can be constructed via a “stick-breaking” process (Sethuraman,

1994) as follows:

P =
∞

∑
i=1

Viδθi, θi ∼ G, Vi =

[
i−1

∏
j=1

(1−S j)

]
Si, Si ∼ Beta(1,M).

The stick-breaking interpretation is that starting with a stick of length 1, representing proba-

bility mass, the stick is broken randomly at the point S1 ∼ Beta(1,M) and this probability

mass is assigned to a random draw θ1 ∼ G from the base measure. This process is repeated,

splitting the remaining stick of probability mass of length 1−S1 by the proportion S2 and

assigning this probability to another draw from the base measure, θ2. This stick-breaking

repeated ad infinitum, distributing the probability mass among points drawn from the base

measure.

The discreteness of draws from the Dirichlet process results in ties in data generated

from the random distribution. Specifically, given data Y1, . . . ,Yn ∼ P, where P ∼ DP(M,G),

the predictive distribution of Yn+1 | Y1, . . . ,Yn is given by the so-called Pólya urn scheme

(Blackwell & MacQueen, 1973):

Yn+1 | Y1, . . . ,Yn ∼
M

M+n
G+

n

∑
i=1

1
M+n

δYi

whereby new observations duplicate previous observations with probability proportional to

the frequency of the observation, otherwise taking a value drawn from the base probability

measure G. As with the Pólya tree, this prediction is a trivial computation as a result of
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conjugacy of the prior. These properties provide insight into properties of the Dirichlet

process, and the associated posterior behaviour.

The discreteness of draws from the Dirichlet process will not be appropriate in applica-

tions where the distribution of interest is thought to be continuous. In such applications, it

is possible to use the Dirichlet process prior as a mixing measure for the parameters of a

parametric distribution, resulting in an infinite mixture model. A popular class of model is

the Dirichlet Process Mixture (Lo, 1984), whereby a Dirichlet process prior is placed on

the distribution of the parameters of a parametric family. The result is an “infinite mixture

model”. Precisely:

fY (y) =
∫

K(y|θ)dP(θ)

P ∼ DP(M,G)

where K is the density of the chosen parametric family. Since draws from a Dirichlet Process

are almost surely atomic measures, there is positive probability of observations sharing a

parameter value given the random measure P, with groupings distributed in accordance with

the Pólya urn scheme. The result is an effect of clustering within a sample, with a random,

limitless number of clusters. This has proved to be an extremely popular model as it models

heterogeneity within a sample well, and is highly flexible, with large support. Efficient

MCMC schemes (Escobar & West, 1995; MacEachern & Müller, 1998; Neal, 2000) have

lead to the widespread use of the Dirichlet Process Mixture (DPM) in density estimation.

1.3 Regression

Regression analysis is the investigation of the relationship between a variable of interest

Y and other “covariates”, predictive variables X1, . . . ,Xp. Interest lies in the nature of

the relationship, the identification and analysis of important predictive variables, and the
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prediction of new Y ∗ given new covariate values x∗1, . . . ,x
∗
p. As such, it is natural to consider

the conditional distribution of Y | X = x, as this describes the nature of the dependence

of Y on X and allows predictions to be made of the response, given specific covariate

values. Mathematically, a regression model is a set of conditional distributions fx(y;θ1),

parameterised by θ1, the object of statistical interest. A prior π1(·) on θ1 reflects uncertainty

of the parameter value before the observation of the data. Then, given data {yi,xi}n
i=1, the

posterior distribution reflects the updated beliefs about θ1. The posterior can then be used to

calculate probabilities relating to covariate effects, inform decision-making and to calculate

the posterior predictive distribution of the response Y ∗ given covariate value x∗:

p(y∗ | x∗,{yi,xi}n
i=1) =

∫
θ1

fx∗(y∗ | θ1)π1(θ1 | {yi,xi}n
i=1)dθ1.

Typically, rather than specifying a joint model for (Y,X1, . . . ,Xp), the covariates are treated

as fixed, despite actually being random in many applications. This is justified using the

following likelihood argument. Given a dataset {yi,xi}n
i=1, treating covariates as fixed gives

us the likelihood:

L(θ1;{yi,xi}n
i=1) =

n

∏
i=1

fxi(yi;θ1).

If we were to treat X as random variables, with density g(x;θ2), our likelihood becomes:

L(θ1,θ2;{yi,xi}n
i=1) =

n

∏
i=1

fxi(yi;θ1)g(xi;θ2) = L(θ1;{yi,xi}n
i=1)

n

∏
i=1

g(xi;θ2).
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Therefore, if independent priors π1 and π2 are placed on θ1 and θ2, the joint posterior will

factorise into an independent posterior for θ1 and θ2 as follows:

π(θ1,θ2 | {yi,xi}n
i=1) ∝ π1(θ1)π2(θ2)L(θ1,θ2;{yi,xi}n

i=1)

= π1(θ1)π2(θ2)
n

∏
i=1

fxi(yi;θ1)g(xi;θ2)

= [π1(θ1)L(θ1;{yi,xi}n
i=1)][π2(θ2)L(θ2;{yi,xi}n

i=1)]

∝ π1(θ1 | {yi,xi}n
i=1)π2(θ2 | {xi}n

i=1)

leading to the same posterior for θ1 as when X is treated as fixed. Inference for θ1, and

therefore prediction via the posterior predictive p(y∗ | x∗,{yi,xi}n
i=1) =

∫
θ1

fx∗(y∗ | θ1)π1(θ1 |

{yi,xi}n
i=1)dθ1, is not dependent on the treatment of X as random or fixed. In this sense, a

full regression analysis can be done without consideration of the distribution of the covariates.

However, by treating the covariates as fixed, our regression model is simply a set of condi-

tional distributions for Y given different values of X , rather than a full joint distribution. As a

result, the marginal distribution of Y , upon integrating out X , is not defined. By treating X as

random variables, our conditional model fx(y;θ1) for Y implies a marginal distribution for Y ,

given by: f (y;θ1,θ2) =
∫

x fx(y;θ1)g(x;θ2)dx. This thesis explores approaches to regression

that utilise the marginal distribution of the response, which is not possible when covariates

are treated as fixed.

1.3.1 Survival analysis

A fascinating subset of regression models can be found in the rich literature of survival

analysis. The response Y ≥ 0 denotes a positive waiting time until an event. Commonly,

applications are in a medical setting, where this represents time until death, but Y can

represent time until a disease onset, time until remission, or more generally any waiting-

time, such as time until the failure of a mechanical object. Missing data, in the form of
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censoring and truncation of the response, is common in such applications. As a consequence

of the positivity of the response, survival models are commonly parameterised differently

to standard regression models. The typical approach to defining a regression model - via

a conditional mean and an error term - will not guarantee positive values for Y , so is

inappropriate. As a result, rather than parameterisation in terms of probability density and

distribution functions, survival models are typically defined in terms of hazard and survivor

functions. The survivor function S(y) = P(Y > y) returns the probability that the event occurs

after the time y. The hazard function (or hazard rate) is defined as an “age-specific failure

rate”:

h(y) = limδ→0
P(y ≤ Y < y+δ | y ≤ Y )

δ

The hazard function is key to the interpretation of many survival models. For example, if

Y is exponentially distributed, its hazard function is constant, so the probability of failure

within a small interval, given survival until that point, is fixed. The cumulative hazard is

defined as the integral of the hazard function: H(y) =
∫ y

0 h(u)du. From these definitions we

can deduce further relationships between the hazard function and density function. By the

rules of conditional probability, we have:

h(y) =
f (y)
S(y)

so

h(y) =−S
′
(y)

S(y)
=−d(log(S(y)))

dy

since S(0) = 1, gives us

S(y) = exp{−H(y)}

and, therefore

f (y) = h(y)exp{−H(y)}.
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This provides a simple expression for the likelihood in terms of hazard functions. Censoring

and truncation are easily incorporated to the likelihood, with right censored data (observations

corresponding to {Y ≥ y}) contributing exp{−H(y)} and left truncated data (observations

corresponding to {Y = y |Y ≥ yt}) contributing h(y)exp{−(H(y)−H(yt))} to the likelihood.

Regression models in survival analysis are constructed via hazard functions hx(y) indexed

by covariates, rather than density functions fx(y). The accelerated failure time model is built

on the premise that the effect of a covariate is to accelerate (or decelerate) the lifetime by a

constant. This is achieved by setting:

hx(y) = λ (x)h0(λ (x)y)

which implies

Sx(y) = S0(λ (x)y).

where S0(·) and h0(·) are called the baseline survivor function and baseline hazard function,

the survivor and hazard functions corresponding to an individual with x = 0. λ (x) ≥ 0 is

simply a positive function of x, commonly taken to be λ (x) = exp(βx), which determines

the degree of acceleration, as a function of x. The most popular model in survival analysis is

Cox’s proportional hazards model (Cox, 1972), which has over 41,000 citations at the time

of writing. Simply, the model specifies:

hx(y) = λ (x)h0(t).

That is, at any time, the instantaneous failure rate for an individual is proportional to the rate

corresponding to an individual with x = 0, where the constant is a function of the covariate x.

A consequence of this definition is that the probability of an individual having an event before

another individual is given by λ (x1)
λ (x1)+λ (x2)

, and importantly does not depend on h0. Therefore,

if primary interest lies in covariate effect, rather than the distribution of the response, the
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probability of the observed ranking provides a “partial likelihood”, that only depends on λ .

By essentially transforming the data into ranks from event times, this allows circumvention

of the specification of the form of h0, in what is referred to as a “semiparametric” approach.

The partial likelihood is robust in the sense that the use of ranks safeguards against outliers,

and also in the sense that the partial likelihood holds for any baseline hazard h0. The simple

form makes maximum (partial) likelihood inference straightforward and computationally

efficient. The proportional hazard model serves as an excellent example of a model popular

on the basis of computation and robustness, rather than purely for modeling considerations.

1.4 Motivation

We have seen that there are a number of approaches to any statistical task. I believe the

Bayesian paradigm provides a complete, descriptive analysis, via the reporting of the posterior

distribution. In any model-based approach, the statistical model represents the majority of the

assumptions associated with the statistical process; as such, I believe that a prior distribution

is a reasonable requirement for a statistical analysis. However, there are specific statistical

questions that may be addresses without need to build a full model for the data. Where

applicable, I feel that nonparametric hypothesis tests provide a valid alternative to a model-

based approach. This thesis explores the use of Bayesian parametric, Bayesian nonparametric

and frequentist nonparametric approaches. I believe that each of these provides a powerful

tool for the analysis of data, the merits of which will depend on the application.

The central theme of this thesis is the treatment of covariates X as random variables within

a regression context. We show how this facilitates the definition of the marginal distribution

of Y upon integrating out covariates. In many applications, this marginal distribution is highly

interpretable and provides a vehicle for the incorporation of prior information. Chapter 2

explores the incorporation of known marginal means and variances of Y and X into a prior for

linear regression. The known marginal means and variances induce a condition that contains
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all parameters, leading to a rich joint structure in the prior and posterior. In the absence of

large marginal datasets, this framework can still be used with a prior on unknown marginal

moments, in order to incorporate the natural dependence structure. We show how treatment

of X as random variables raises the notion of “marginal coherence” in the context of variable

selection, which is satisfied when each model assigns the same distribution to the sample

mean and variance of the response.

In Chapter 3, treatment of covariates as random allows the construction of a Bayesian

nonparametric regression model which is parameterised in terms of the marginal distribution

of Y . This facilitates a composite likelihood approximation that can be viewed as an extension

of the partial likelihood for the proportional hazards model, which provides scalable compu-

tation that aids the application of Bayesian nonparametric priors in a regression context on

a large scale. In addition, we show how this approach aids inference for covariates effects,

given truncated data.

Finally, Chapter 4 explores the area of subgroup analysis: the task of using data from a

randomised clinical trial to identifying an optimal treatment rule D : X → T , which allocates

treatment (T ) on the basis of covariates. Treatment of the covariates as random allows

direct consideration of the distribution of the response under a treatment rule Y | T = D(X),

which we show can be tested against treatment at random. This approach allows complete

circumvention of the specification of a statistical model. This provides a robust and simple

alternative to the standard two-step approach that first constructs a conditional model for

the response Y | X = x,T = t, and then uses the fit of this model to determine a course of

treatment D.





Chapter 2

Constrained marginal variance priors

for linear regression

2.1 Introduction

This chapter examines linear regression where the marginal means and variances of both Y

and X are known. Potential applications might include regression within a large population,

where separate records for each of Y and X are common, but their collection together is

limited to a small dataset. This situation is increasingly common in the age of “big data”, with

the availability of large population-wide data repositories, such as the UK Biobank1 and the

US census2. However, this information about marginal distributions is seldom incorporated

into analysis, despite Bayesian statistics providing the opportunity to incorporate this prior

information. This is because the treatment of covariates as non-random leaves these marginal

distributions undefined. We propose a joint prior over regression coefficients and the noise

variance that incorporates constraints imposed by the marginal means and variances. This is

done via a simple parameter transformation that results in a prior defined over the parameter

1http://www.ukbiobank.ac.uk/
2http://www.census.gov/programs-surveys/acs/data/pums.html

http://www.ukbiobank.ac.uk/
http://www.census.gov/programs-surveys/acs/data/pums.html
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subspace that satisfies the parameter constraint. This leads to a richly structured prior across

the parameters and the noise variance which is easy to specify in terms of relative magnitudes

of variance components. The notion of “marginal coherence” is introduced in the context of

hypothesis testing, whereby each competing model is constrained to place the same prior

on the marginal mean and variance of the response. This is achieved by placing priors on

the unknown marginal response mean and variance and applying the marginally constrained

prior conditional on these values. We apply the marginally constrained priors to a simulation

example and a small subset of the US census data, where the remainder of the data is used to

estimate marginal means and variances.

2.2 Bayesian linear model

In theory, Bayesian analysis of the linear model is incredibly simple. A conditional model for

the response Y ∈R, given covariates X ∈Rp is specified in terms of parameters α,β1, . . . ,βp

and σ2 as follows:

Y | X ,α,β1, . . . ,βp,σ
2 ∼ N(α +

p

∑
j=1

β jX j,σ
2)

commonly expressed in the form:

Y = α +
p

∑
j=1

β jX j + ε

where ε ∼ N(0,σ2). A dataset of size n consists of a vector y of size n and a matrix of

covariates x of size n× p, where row j contains the covariates corresponding to y j. It is

typical to treat x as fixed, giving the likelihood:

L(α,β1:p,σ
2) =

n

∏
i=1

1√
2πσ2

exp(−
(yi −α −∑

p
j=1 xi, jβ j)

2

2σ2 )
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If x is treated as random, it would be natural to parameterise its distribution with parameters

independent of those used for the conditional distribution of Y | X . In this case, treating

covariates as random results in the likelihood being multiplied by a term that does not contain

(α,β1:p, σ2); therefore, inference for these parameters is identical to that when x is treated

as fixed, justifying this common practice.

All that remains is for the investigator to express prior beliefs about the model parameters

in the form of a prior distribution p(α,β1:p,σ
2). The prior offers the opportunity to incor-

porate all available information about parameters in a coherent way; however, in practice,

a small number of priors are overwhelmingly popular. Textbook Bayesian analyses of the

linear model (for example: Box & Tiao, 2011; Broemeling, 1984; Gelman et al., 2014) are

dominated by conjugate priors. The posterior distributions corresponding to conjugate priors

for α,β ,σ2, given regression data, take the same form as the prior. As such, posteriors can

be reported analytically, without need for significant computation. An additional benefit

to conjugate priors is that the effect of the prior on the posterior is clear, providing a good

introduction to the Bayesian approach. For the remainder of this review, β is extended to

include α as the first element, with the matrix xxx adjusted to include a column of 1s as the

first column accordingly.

A common “noninformative” prior is given by:

p(βββ ,σ2) ∝ σ
−2.

This is the product of a “flat” prior on βββ and a Jeffreys prior on σ2. Clearly this is improper,

as its integral is infinite; however, the resulting posterior is proper for n > p. The motivation

behind this prior is to provide as little information as possible in the prior, for use in the

complete absence of prior information. No value of βββ is any more likely than any other in our

prior. The posterior marginal for σ2 takes the form of a scaled inverse-χ2, and conditional

on σ2, βββ is normally distributed in the posterior.
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The conjugate normal-inverse-gamma prior with hyperparameters (µµµ,Σ,a,b) takes the

form:

p(βββ ,σ2) = |Σ|−
1
2 (2π)−

p
2

ba

Γ(a)
(

1
σ2 )

p
2+a+1 exp(−2b+(βββ −µµµ)T Σ−1(βββ −µµµ)

2σ2 )

Which leads to the convenient factorisation:

σ
2 | a,b ∼ Γ

−1(a,b)

βββ | σ
2,µµµ,Σ ∼ N(µµµ,σ2

Σ
−1)

A common approach is to let Σ = vvvIp, so each β j | σ2 ∼ N(µ j,σ
2v j) independently. From

here, specification is completed by fixing µ,{v}p+1
j=1 ,a and b. In the interests of scientific

reporting, µ = 0 is a common default choice. vvv can be specified to reflect any information

regarding the relative magnitudes of covariate effects.

Contained in this family of conjugate priors is Zellner’s g-prior (Zellner, 1986), corre-

sponding to the case where Σ = g−1(XT X), which offers tractability in calculation of Bayes

factors. The prior covariance matrix is equal to a scalar g multiplied by the covariance

matrix of the maximum likelihood estimator β̂ , which depends on the data only through the

covariates, given σ2.

A greater diversity of priors can be found in problems concerning sparsity. In such

applications, usually with large p, there is prior belief that many of the covariate effects are

zero. To reflect this, Park & Casella (2008) use a conditional Laplace prior for regression

coefficients as follows:

p(σ2) ∝ σ
−2

p(βββ | σ
2) =

p+1

∏
j=1

λ

2σ
exp(

−λ |β j|
σ

).
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A popular alternative approach to model sparsity is the family of scale mixture of normals

(see Polson & Scott, 2010, for a comprehensive review). Particular examples include the

horseshoe prior (Carvalho et al., 2010), given by:

p(σ2) ∝ σ
−2

τ | σ ∼ C+(0,σ)

λ j | τ ∼ C+(0,τ) j = 1, . . . , p+1

β j | λ j ∼ N(0,λ 2
j ) j = 1, . . . , p+1

where C+(0,a) denotes a standard half-Cauchy distribution with scale parameter a. In this

setup, each β j is mixed over its own λ j. This allows a greater diversity of β j values than

afforded by a standard prior. Similarly, the normal-gamma prior (Griffin & Brown, 2010) is

given by:

p(σ2) ∝ σ
−2

λ j ∼ Γ(a,b) j = 1, . . . , p+1

β j | λ j ∼ N(0,λ 2
j ) j = 1, . . . , p+1.

Griffin & Brown (2010) provide interpretation of hyperparameters, showing that large values

of a result in more even coefficients, with small a encouraging a diversity of covariate effects,

resulting in the majority of the regression variation being attributed to a small number of

coefficients. This provides an intuitive means for incorporating prior information about the

expected spread of covariate effects.

Conjugacy simplifies posterior analysis, but it is easy to lose sight of the fact that the

prior is supposed to reflect subjective uncertainty in the parameter values. Robert (2007)

notes "attacks on g-priors hardly ever consider its major drawback, namely, that its choice is
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not based on prior information". Gelman (2008) also expresses skepticism that these priors

represent actual prior beliefs “What a coincidence that, of all the infinite variety of priors that

could be chosen, it always seems to be the normal, gamma, beta, etc., that turn out to be the

right choices?”. Jordan (2011), states "Elicitation remains a major source of open problems".

The problem is that the nature of prior information has to be assessed on a case-by-case

basis. These priors provide a way to specify the mean and variance of parameters in the

prior, and it could be argued that practitioners are unlikely to have any more information

than this. However, the treatment of covariates as deterministic has led to the oversight of

the existence of the marginal distribution of Y , when covariates are in fact random. We

consider marginal data as a common source of prior information in modern statistics, with the

increased availability of population-level data such as the UK Biobank. A simple example of

this is the analysis of heritability of height, where there is plenty of population-wide height

data available, but the collection of parent and child height together is limited to smaller

datasets. This chapter explores how information regarding marginal means and variances can

be incorporated into a linear regression analysis in a coherent and principled way. When these

marginal moments are known, they provide a simple parameter constraint. A transformation

of parameters allows us to specify a prior such that this constraint is satisfied, leading to

a highly structured prior with interpretable behaviour. Before exploring such priors, it is

important to understand the standard analysis of marginal data.

2.2.1 As a missing data problem

In a general regression setting, let f (y | x,θ1) denote the conditional density for Yi | Xi = x,

parameterised by θ1. Xi are random variables with density g(x | θ2) parameterised by θ2.

Each paired observation (yi,xi) is independent and identically distributed. This implies a
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marginal distribution for Yi, by integrating out Xi:

f (y | θ1,θ2) =
∫

x
f (y | x,θ1)g(x | θ2)dx

which is parameterised by both θ1 and θ2. A prior p(θ1,θ2) is specified, and in addition

to our usual paired data {yi,xi}n
i=1, unpaired, marginal datasets {y∗i }M

i=1 and {x†
i }N

i=1 are

available. The complete data available takes the following form:



y∗1 /0
...

...

y∗M /0

/0 x†
1

...
...

/0 x†
N

y1 x1

...
...

yn xn


The likelihood for (θ1,θ2) has the form:

L(θ1,θ2;{yi,xi}n
i=1,{y∗i }M

i=1,{x†
i }

N
i=1) =

[
M

∏
i=1

∫
x

f (y∗i | x,θ1)g(x | θ2)dx][
n

∏
i=1

f (yi | xi;θ1)g(xi | θ2)][
N

∏
i=1

g(x†
i | θ2)]

Direct posterior inference will be difficult as a result of the integral in the likelihood. A

common solution is to treat the problem as one of missing data. {Y †
i }M

i=1 and {X∗
i }N

i=1 are

missing, so we now perform inference on θ1,θ2,{Y †
i }M

i=1 and {X∗
i }N

i=1. Practically, this is

simple within a Gibbs sampler, where missing values are “imputed”, given current parameter

values, followed by parameter values being updated given the full imputed dataset.
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We are concerned with applications where marginal datasets are very large, making

imputation computationally demanding. In addition, the requirement to specify a full model

for possibly high-dimensional covariates can prove a difficult task.

Recently, Chatterjee et al. (2016) outlined a constrained maximum likelihood approach

to incorporating summary level information from external data sources. This approach shares

the motivations of the approach we consider, but within a frequentist maximum likelihood

framework.

2.3 Fixed marginal variance prior

Consider linear regression when the following marginal quantities are well-known: E[Yi],

Var[Yi], E[Xi, j], Var[Xi, j], and Cov[Xi, j,Xi,k]. This information would typically come from

massive population-wide marginal datasets of Y and X . This marginal information can be

leveraged into a prior in the linear regression analysis of a smaller paired dataset {yi,xi}n
i=1.

As a pre-processing step, covariates can be normalised so that E[Xi, j] = 0 and Var[Xi, j] = 1

for all j, in order to simplify notation and isolate the mean of Y . Treatment of categorical

variables is covered in detail in Section 2.5.2. Let’s introduce the notation for the known

quantities:

E[Yi] = µ0

Var[Yi] = σ
2
0

Cov[Xi, j,Xi,k] = ρ j,k

(2.1)

The task is to incorporate this known information into a a simple linear model:

Yi = α +
p

∑
j=1

Xi, jβ j + εi (2.2)



2.3 Fixed marginal variance prior 25

where εi ∼ N(0,σ2).

The linear model, along with the known covariate covariance structure implies the

following marginal moments for Y :

E[Yi | α,β ,σ ] = α

Var[Yi | α,β ,σ ] =
p

∑
j=1

β
2
j +2 ∑

1≤l
∑

l<m≤p
βlβmCov(Xi,l,Xi,m)+σ

2
(2.3)

Matching these theoretical moments with the known moments from marginal population

data gives us the constraints:

µ0 = α (2.4)

σ
2
0 =

p

∑
j=1

β
2
j +2 ∑

1≤l
∑

l<m≤p
βlβmρl,m +σ

2 (2.5)

The first constraint fixes α . With this in mind, it is convenient to centre Y as a pre-

processing step, giving α = 0; as such, α is omitted henceforth. This highlights a benefit to

centering covariates X : we are now simply left with one constraint.

The second constraint is more complex, as it involves all remaining parameters β1, . . . ,βp,σ
2.

The aim is to specify a prior that will guarantee this condition is met. The key to achieving

this is to note that multiplying β1, . . . ,βp and σ by a constant c scales the implied marginal

variance by a factor of c2, as each term in the sum is either a squared parameter, or a product

of two parameters. This makes it easy to see that we can meet the condition simply by

scaling the parameters together appropriately. To do this we introduce unscaled parameters

(θ1, . . . ,θp,φ
2), then transform them into (β1, . . . ,βp,σ

2) in a way that the condition is met.

This approach to parameter construction is similar to that in Gelman et al. (1996), where a

transformation of parameters ensures a parameter sum constraint in a toxicology application

where total blood flow is related to blood flow within different compartments of the body.
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Formally define our parameters (β1, . . . ,βp,σ
2) as a transformation of (θ1, . . . ,θp,φ

2)

by:

βk = σ0
θk√

∑
p
j=1 θ 2

j +2∑1≤l ∑l<m≤p θlθmρl,m +φ 2

σ
2 = σ

2
0

φ 2

∑
p
j=1 θ 2

j +2∑1≤l ∑l<m≤p θlθmρl,m +φ 2

(2.6)

With this construction, we have:

p

∑
j=1

β
2
j +2 ∑

1≤l
∑

l<m≤p
βlβmρl,m +σ

2

= σ
2
0

∑
p
j=1 θ 2

j +2∑1≤l ∑l<m≤p θlθmρl,m +φ 2

∑
p
j=1 θ 2

j +2∑1≤l ∑l<m≤p θlθmρl,m +φ 2

= σ
2
0

Therefore, placing a prior on p(θ1, . . . ,θp,φ
2) implies a prior on β1, . . . ,βp,σ

2 which

satisfies the marginal variance constraint. The induced prior is given by:

p(θ1(β1, . . . ,βp,σ
2), . . . ,θp(β1, . . . ,βp,σ

2),φ 2(β1, . . . ,βp,σ
2))|

δ (β1, . . . ,βp,σ
2)

δ (θ1, . . . ,θp,φ 2)
|

Rather than deal with calculation of the implied prior, it is simpler to proceed with inference

via MCMC on θ1, . . . ,θp,φ
2. The output constitutes of a posterior sample of θ1, . . . ,θp,φ

2

which can simply be transformed into the parameters of interest β1, . . . ,βp,σ
2 to provide a

posterior sample. The log likelihood for θ1, . . . ,θp,φ
2 is simply calculated by substituting

for β1, . . . ,βp,σ
2 into our Gaussian likelihood:
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− n
2

logσ
2
0 φ

2 +
n
2

log[
p

∑
j=1

θ
2
j +2 ∑

1≤l
∑

l<m≤p
θlθmρl,m +φ

2]

−
∑

n
i=1(yi −∑

p
k=1

xi,kσ0θk√
∑

p
j=1 θ 2

j +2∑1≤l ∑l<m≤p θlθmρl,m+φ 2
)2

2σ2
0 φ 2

∑
p
j=1 θ 2

j +2∑1≤l ∑l<m≤p θlθmρl,m+φ 2

or, alternatively:

− n
2

logσ
2
0 φ

2 +
n
2

log[
p

∑
j=1

θ
2
j +2 ∑

1≤l
∑

l<m≤p
θlθmρl,m +φ

2]

−
∑

n
i=1(yi

√
∑

p
j=1 θ 2

j +2∑1≤l ∑l<m≤p θlθmρl,m +φ 2 −∑
p
k=1 xi,kσ0θk)

2

2σ2
0 φ 2

For example, define a prior over θ1, . . . ,θp,φ :

θk ∼ N(µk,s2
k) k = 1, . . . , p

φ
2 ∼ Γ

−1(a,b).
(2.7)

Consider the case where µµµ = 0, which is commonplace on the basis of neutrality in scientific

reporting. Then,

−βk = σ0
−θk√

∑
p
j=1 θ 2

j +2∑1≤l ∑l<m≤p θlθmρl,m +φ 2

d
= σ0

−(−θk)√
∑

p
j=1(−θ j)2 +2∑1≤l ∑l<m≤p(−θl)(−θm)ρl,m +φ 2

= βk
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Fig. 2.1 Marginal priors induced by Equation 2.7 with independent covariates, σ2
0 = 10,µ =

0,a = 2,b = 1, p = 3 for s2 = 0.25,0.5 and 1.5 in red, blue and green respectively

So symmetry of θ around 0 implies symmetry of β around 0, giving E[β ] = 0. Similarly,

it is clear that multiplying each of θ1, . . . ,θp,φ by a constant c will have no effect on

β1, . . . ,βp,σ
2 as the constant c will cancel in the fraction. Multiplying these parameters by a

constant c is equivalent to giving them the prior:

θk ∼ N(0,s2
kc2) k = 1, . . . , p (2.8)

φ
2 ∼ Γ

−1(a,bc2). (2.9)

Therefore, this prior induces the same prior for β1, . . . ,βp,σ
2 for any constant c. This

suggests that the important thing to consider when specifying a prior becomes the relative

magnitudes of the parameters, rather than their absolute magnitudes. Figure 2.1 shows

the prior marginals for β1 and σ2 for different variances of θ , with the prior for φ 2 fixed.

Clearly when the prior variance of θ is small relative to φ 2, β becomes more concentrated

around 0 and the prior for σ2 shifts to make up the unexplained variance. Similarly, when

the prior variance for θ becomes large, more of the variation in Y becomes attributable to
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variance in the covariates, resulting in the prior putting more mass on smaller σ2 values.

In fact, a good heuristic for specifying the prior for θ1, . . . ,θp,φ is to treat them as if

Y | X ,θθθ ,φ 2 ∼ N(Xθθθ ,φ 2); that is to ignore the transformation, and then let the transformation

incorporate the desired joint distribution. In this case the marginal response variance would be

given by ∑
p
j=1 θ 2

j +2∑1≤l ∑l<m≤p θlθmρl,m +φ 2, which under our prior has expected value

∑
p
j=1 s2

j +
b

a−1 . So, under the unconstrained prior, the expectation of the marginal response

variance decomposes into a sum of terms corresponding to each parameter. A prior belief

in the relative degrees of variance explained by noise, and each covariate, can be translated

into hyperparameters with this expression in mind; this mirrors the parameter interpretation

of normal-gamma priors explained in Griffin & Brown (2010). This decomposition does

not hold for the transformed parameters, but it serves as a guideline for assigning relative

magnitudes in the prior.

Though in the prior each θ j and φ 2 are independent, the transformation will restrict

β1, . . . ,βp,σ
2 to the subspace where the marginal variance constraint holds, leading to a

strong dependence structure, as seen in Figure 2.2. The dependence between β1 and σ2 when

using the constrained priors is clear, in contrast to an independent prior.

The incorporation of the marginal constraints introduces an analysis of variance (ANOVA)

interpretation. In this context, the interpretation of ε changes from that of a “noise” variable

to one that explains the variance in Y unexplained by X . The conjugate prior in Figure 2.2

seems particularly inappropriate in this context, as larger values of σ2 are associated in larger

absolute values of β . In the simplest case, where covariates are uncorrelated, the marginal

variance becomes: Var(Y | β ,σ2) = ∑
p
j=1 β 2 +σ2. In this case we have a very simple and

interpretable decomposition of the variation in Y into: variation attributable to each covariate,

and additional variation. In the more general case, this interpretation becomes clouded by

the covariance terms: variance can no longer be attributed to a covariate, as the covariance

terms cannot be attributed to a single covariate. If there are blocks of covariates that are
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Fig. 2.2 Joint prior for (β1,σ
2) under the marginal constraint σ2

0 = 10 as in Figure 2.1 with
s2 = 1.5 (top left),compared to the corresponding untransformed independent prior (bottom
right), the conjugate prior (top right) and the constrained prior with s2 = 0.5 (bottom left)
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only correlated within blocks, we can consider variance as attributable to each block. For

example, in heritability, where covariates are genetic and environmental, it is common to

create experiments in such a way that genetic covariates are independent of environmental

covariates, which are each independent of the noise. Then the variance sum decomposes

into terms involving genetics, environment, and noise. Hertability is then defined as the

proportion of the total variance attributable to genetics. In such applications it is natural to

think of the total variance as fixed, with interest being in the nature of the decomposition. It

is useful to bear in mind this analysis of variance interpretation when analyzing properties of

the prior and posterior.

2.3.1 In conjunction with sparsity priors

So far, we have only considered normal priors for θ within the context of the constrained

marginal prior. In certain applications, it is known a priori that only a small subset of β are

non-zero. This has led to the popularity of sparsity priors such as the Bayesian Lasso (Park

& Casella, 2008), the horseshoe (Carvalho et al., 2010) and normal-gamma priors (Griffin &

Brown, 2010); Polson & Scott (2010) contains a thorough review of such approaches. These

priors allow for greater diversity of covariate effects than standard priors, accounting for

both large and near-zero effects. We consider the application of such priors to θθθ within a

marginally constrained prior. θ j being close to zero should result in a corresponding β j close

to zero, so we might expect to inherit some properties from the sparsity prior on θ . Following

Tibshirani (1996), the ability of sparsity priors to induce “shrinkage” - where smaller β̂ are

pulled to zero more than for larger values of β̂ - has been of particular interest. Since the

marginally constrained prior is joint over (β ,σ2), standard results cannot be applied in this

context. As such, examination of the “shrinkage factor” is beyond the scope of this thesis.

Rather, we show qualitatively that a sparsity prior on θ leads to many intuitive properties of
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Fig. 2.3 Priors for β1 (left) and σ2 (right) using a Laplace prior on θ with 3, 10 and 50
covariates in red, blue and green respectively.

the implied prior on β . For simplicity, in the examples in this section, covariates are assumed

to be independent and the marginal variance is known to be 10.

First, consider a Laplace prior for θ in the cases p = 3,10 and 50:

θk ∼ Laplace(0,2) k = 1, . . . , p

φ
2 ∼ Γ

−1(2,1).
(2.10)

In the context of the ANOVA interpretation, it becomes clear how the addition of more

covariates should effect the constrained prior. As more potential sources of variation are

introduced, the magnitude of each must fall in order to satisfy the variance constraint. In

practice, in the presence of large numbers of covariates, it is common to reduce the prior

variance of the parameters, for example in genetics. This is a natural consequence of the

marginal constraint, as Figure 2.3 displays. Intuitively, as the number of covariates increases,

each covariate effect, and the noise variance, must fall to satisfy the constraint. The shape of

the β prior can be seen to mimic the shape of the Laplace, when compared to the use of a

Gaussian prior on θ in Figure 2.1.
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Next, we examine the use of the normal-gamma prior, as its parameterization leads to

a natural prior specification within the context of a marginally constrained prior. Standard

implementation of the prior is as follows:

p(σ2) ∝ σ
−2

λ j ∼ Γ(a,b) j = 1, . . . , p+1

β j | λ j ∼ N(0,λ 2
j ) j = 1, . . . , p+1.

Griffin & Brown (2010) examine the marginal variance of the response, given hyperparame-

ters λ1, . . . ,λp:

Var[Y | λλλ ,σ2] =
p

∑
j=1

λ j +σ
2

where, as usual, we assume Y has been centred to give α = 0, and covariates have been

centred and scaled to have 0 expectation and variance 1. Note that this marginal variance

is different in nature to the marginal variance Var[Y | βββ ,σ2] used in the marginal constraint.

Var[Y | βββ ,σ2] conditions on βββ , which gives an expression for the marginal variance in a

sample of the response. Here, we instead condition on hyperparameters, effectively taking

the expectation of the marginal variance under the prior on β | λ (since Y has expectation

0). Since the priors for each β j are independent, β jβkCov(X j,Xk) has expectation 0. This

marginal variance can be used to inform hyperparameter specification. In particular, Griffin

& Brown (2010) note that λk
∑

p
j=1 λ j

- which can be interpreted as the proportion of regression

variability attributable to x j - follows a Dir(a, . . . ,a) distribution. As such, the distribution

of the proportions of variation attributable to each covariate is governed by a. Large a will

result in similar proportions of variation attributable to each covariate, whereas small a

results in the majority of variation being attributable to a small number of covariates. This

provides an interpretable way to specify prior information of this form. Here we apply this

prior to parameters θ and inspect the behaviour induced on the transformed parameters β .
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Prior distributions implied by normal−gamma prior 
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Fig. 2.4 Marginal priors for β1 given by the normal-gamma prior in equation 2.11 for a = 1
(blue) and a = 0.3 (red).

Concretely, we use the prior:

φ
2 ∼ Γ

−1(2,5)

λ j ∼ Γ(a,1) j = 1, . . . , p

θ j | λ j ∼ N(0,λ 2
j ) j = 1, . . . , p.

(2.11)

with (β ,σ2) defined by equation 2.6.

Figure 2.4 shows the implied marginal prior for β1 for a = 1 and a = 0.3. This prior

places large mass near 0, but also allows for larger values of β . Clearly a = 0.3 leads to

increased support close to zero, further supported by Figure 2.5, which shows the joint prior

distribution of (β1,β2) for a = 1 and a = 0.3. This joint prior has a similar form to the use of

sparsity priors in a regular setting. One key feature of the normal-gamma prior is the tendency

to generate β that are either large, or close to zero, in contrast to a normal prior with fixed

variance. Figure 2.6 shows the distribution of β 2
1

∑
p
j=1 β 2

j
- the proportion of non-noise variance

in Y attributable to the first covariate - using constrained normal-gamma priors with a = 1
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Fig. 2.5 Joint priors for (β1,β2) given by the normal-gamma prior in equation 2.11 for a = 1
(left) and a = 0.3 (right).

and a = 0.3 in contrast to the constrained prior with θ ∼ N(0,1). This is done in the case of

few covariates (p = 3) and for many covariates (p = 20). Normal-gamma priors for θ result

in a more skewed distribution of variance explained by each parameter. In the more extreme

case of a = 0.3, this proportion is highly likely to be very low or represent a significant

proportion of the variation attributable to covariates. When p = 3, this is rather extreme,

with a relatively high probability that nearly all variation is explained by one covariate. As p

increases to 20, the proportion naturally decreases, as there are more sources of covariate

variation. Nonetheless, in each case the normal-gamma prior leads to more extreme values

of this proportion than a standard normal prior. The effect of a is similar to that when

used in an unconstrained normal-gamma prior, with smaller a leading to fewer sources of

covariate variation. This should be tuned in accordance with prior beliefs about the number

of predictive covariates. Given this hyperparameter, b and the distribution of φ 2 should be set

to reflect any beliefs in the proportion of variation explained by parameters relative to noise.
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Fig. 2.6 Distribution of the variation due to the first covariate, as a proportion of the total
variation due to covariates, for p = 3 (left) and p = 20 (right) using the standard normal prior
(blue) compared to the normal-gamma prior with a = 1 (green) and a = 0.3 (red).

2.4 Marginal coherence in variable selection

A common aim of a linear regression analysis is the identification of the subset of covariates

that have an effect on the response. As mentioned in section 2.3.1, sparsity priors are often

employed to shrink small estimated covariate effects to near 0 in order to determine the

covariates with significant effect. Another approach is the use of “spike and slab” priors

(Mitchell & Beauchamp, 1988), where each regression parameter is a mixture of a standard

prior and a point mass at 0:

p(β j) = z jN(β j | 0,τ j)+(1− z j)δβ j=0

where p(z j = 1) = w specifies the probability that β j = 0. The resulting posterior provides

the probability of inclusion of each parameter in the model. The problem can alternatively be

framed in terms of multiple hypotheses, where each hypotheses corresponds to a different

model. In the case of linear regression, each hypotheses is defined by the subset of covariates
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contained in the model. See Chipman et al. (2001) for a comprehensive review. This

section is concerned with coherence in the specification multiple hypotheses in the context

of linear regression. In particular, we examine a property “marginal coherence”, which is

defined as the equality in distribution of the marginal mean and variance of Y across each

hypothesis. This is achieved via an application of marginally constrained priors and leads to

an interpretable change in prior as more covariates are included in the model.

Start by considering a very simple model selection application: Y represents a clinical

response in a drug trial, for example red blood cell count. X is a binary variable, taking the

value 1 if the patient is assigned the drug, and X = 0 if the patient is assigned to a placebo.

Interest lies in the effectiveness of the drug, formally, in the choice of hypothesis:

H0 : Y ∼ N(α(0),σ (0)2
)

H1 : Y ∼ N(α(1)+Xβ ,σ (1)2
)

When forming such hypotheses, the superscript is often omitted, but care must be taken

to consider the interpretation of each parameter within the context of the corresponding

hypothesis. In a Bayesian framework, priors are placed on each parameter to reflect prior

beliefs under each hypothesis. It is important to consider if these prior beliefs are correctly

represented within each hypothesis. The hypotheses result in the following conditional means

and variances:

E[Y | X = x,α(0),H0] = α
(0)

E[Y | X = x,α(1),β (1),H1] = α
(1)+β

(1)x

Var[Y | X = x,α(0),H0] = σ
(0)2

Var[Y | X = x,α(1),β (1),H1] = σ
(1)2

.
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Placing priors on these parameters induces a prior distribution on each of these conditional

moments. Within the context of the drug trial, it seems natural to have fixed beliefs about

the conditional distribution of the red blood cell count of an individual given the placebo,

regardless of hypothesis. The presence or absence of drug effect should have no bearing

on the distribution of red blood cell count among patients not given the drug. Since the

conditional distributions are Gaussian, it is enough to match means and variances to reflect

this belief; using identical priors for (α(0),σ (0)2
) and (α(1),σ (1)2

) achieves this, resulting in

the equality of the conditional expectations and variances of the response given X = 0 across

each hypothesis. In some sense, the hypotheses are now “conditionally coherent” (for X = 0).

Of course, the conditional expectations given X = 1 differ in this case. The hypotheses can be

made “conditionally coherent” for any one choice of X = x0 for a given x0; the requirement

of the priors is α(0) d
= α(1)+β (1)x0, where x0 is the value of interest. The simplest way to

achieve this is to shift the covariate so that X = 0 corresponds to the value of interest; then,

conditional upon X = 0, the response distribution is invariant to change of hypothesis. The

extension to multiple hypotheses and covariates is natural, where X j = 0 for j = 1, . . . , p.

This highlights the care required to express prior beliefs across hypotheses in a coherent

fashion: if X = 1 for the treated, but now X =−1 (rather than X = 0) for the placebo, using

the same priors for α and σ2 across hypotheses will result in inconsistency in the prior

distributions for the mean blood cell count for patients not taking the drug between the two

hypotheses. This drug trial example clearly calls for equality of this distribution between

hypotheses of drug effect, so it is appropriate to use X = 0 to correspond to the placebo, or

to specify priors such that α(0) d
= α(1)+β (1)x0, where x0 is the value of X corresponding

to the placebo. However, this does not represent all applications: take an example of the

same regression model where now Y corresponds to height and X corresponds to hours

of sleep per night, where the dataset corresponds to adult males sampled from the UK

population. In this case, rather than equality of conditional means and variances given a
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particular value of X , it seems natural to instead fix the marginal expectation and variance

across hypotheses. Intuitively, one might believe that the mean and variance of the height

of UK males is invariant to hypotheses regarding the effect of sleep, and wish to reflect this

in the prior. Rather than a sleep effect introducing variation in heights, any sleep effect is

thought to explain variation observed in heights. This raises the question of a potential notion

of “marginal coherence”, which we define as when the marginal expectation and variance

of Y (integrating out X) is given the same prior distribution across hypotheses. (Note that

the marginal distribution of Y depends on the distribution of X , so is no longer Gaussian in

general). Therefore, equating means and variances does not result in the same distribution.,

but nonetheless, equality of mean and variance in the prior is a natural requirement of a

cohere. The hypotheses imply the following properties of the marginal response:

E[Y | α
(0),H0] = α

(0)

E[Y |,α(1),β (1),H1] = α
(1)+β

(1)E[X ]

Var[Y | α
(0),H0] = σ

(0)2

Var[Y | X = 0,α(1),β (1),H1] = β
(1)2

Var[X ]+σ
(1)2

The simplest way to equate the marginal mean is to centre covariates to give E[X ] = 0. Then

simply placing the same prior on α(0) and α(1) achieves this. In order to equate the marginal

variances, clearly σ (0)2
and σ (1)2

must be treated differently to one another, as Var[X ] ̸= 0.

The task is to specify priors for σ (0)2
and (β ,σ (1)2

) that equate the marginal variances in

distribution. To achieve this, the marginally constrained prior of the previous section can be

applied with a prior placed on the now unknown marginal response variance, σ2
0 . This is

presented in the general variable selection setup.

Given response Y and p covariates in a vector X , interest lies in the choice of hypothesis,

where each hypothesis corresponds to the assertion that only a subset of these covariates have
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non-zero effects, denoted by a vector of 1s and 0s, γ . For example, if p = 5, γ = (0,1,0,0,1)

corresponds to the hypothesis that the only non-zero β are β2 and β5. Let Xγ denote the

vector of covariates restricted to just the covariates where γ j = 1. The maximum number of

hypotheses in this setup is 2p, with one hypothesis for each possible value of γ , where each

hypothesis takes the form:

Hγ : Y ∼ N(α(γ)+Xγβ
(γ),σ (γ)2

)

where β (γ) is a column vector of parameters of length ∑
p
j=1 γ j. It is important to note that

these parameters are different between hypotheses, despite possibly misleading notation.

For example, β (1,0,0,0,0) is not the same parameter as the first value of the vector β (1,1,1,1,1).

Intuitively, the coefficient of a covariate is interpreted as the change in response given a

unit change, with all other covariates fixed. Clearly, this definition depends on the nature of

the other covariates contained in the model, so should be treated as such. It shall become

apparent that different treatment of these parameters is a requirement of marginal coherence.

First, priors are set for parameters common to each hypothesis. For each γ , the prior for Hγ

is given by:

α
(γ) ∼ pα

σ
(γ)
0

2
∼ p

σ2
0

θ
(γ) ∼ p

θ (γ)

φ
(γ)2

∼ p
φ (γ)2

β
(γ) =

σ
(γ)
0 θ (γ)√

θ (γ)T
Σxθ (γ)+φ (γ)2

σ
(γ)2

=
σ
(γ)
0

2
φ (γ)2

θ (γ)T
Σxθ (γ)+φ (γ)2 .



2.4 Marginal coherence in variable selection 41

From the previous section:

E[Y | Hγ ,α
(γ),β (γ),σ (γ)2

]∼ pα

Var[Y | Hγ ,α
(γ),β (γ),σ (γ)2

]∼ p
σ2

0
.

Using this construction, the prior distributions for these values is the same under all hy-

potheses, satisfying our definition of “marginal coherence” in expectation and variance.

This holds for any choice of priors, so it is convenient to simplify the prior distributions,

setting p
θ (γ)(θ (γ)) = ∏

|γ|
j=1 pθ (θ

(γ)
j ) and p

φ (γ)2 = pφ 2 . To complete the prior, P(Hγ) must be

specified for each γ .

To ease the burden of notation, consider a simple nested hypothesis example:

H0 : Y ∼ N(α(0),σ (0)2
)

H1 : Y ∼ N(α(1)+β
(1)
1 X1,σ

(1)2
)

...

Hp : Y ∼ N(α(p)+
p

∑
j=1

β
(p)
j X j,σ

(p)2
)

where covariates are centered about their mean, scaled to have unit variance and are known

to be independent, for simplicity. A typical analysis might drop all superscripts and place

priors on each parameter:

α ∼ N(0,1)

β j ∼ N(0,1) j = 1, . . . , p

σ
2 ∼ χ

2(1)

In this toy example the non-standard χ2 prior for variance is used for analytical tractability.
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Fig. 2.7 Distribution of the marginal variance of Y induced by standard priors for Hk for
k = 0,1,2,3,4 in black, red, blue, green and yellow respectively. Under the marginally
coherent prior all hypotheses induce the blue prior.

A marginally coherent approach specifies priors by placing a χ2(3) prior on the marginal

response variance:

α
(k) ∼ N(0,1)

σ
(k)
0

2
∼ χ

2(3)

θ
(k)
j ∼ N(0,1) j = 1, . . . , p

φ
(k)2

∼ χ
2(1)

β
(k) =

σ
(k)
0 θ (k)√

θ (k)T
ΣX θ (k)+φ (k)2

σ
(k)2

=
σ
(k)
0

2
φ (k)2

θ (k)T
Σxθ (k)+φ (k)2 .

Both approaches result in a N(0,1) prior on the marginal variance of Y (because covariates

are centred at their means), but the traditional approach results in a χ2(k+1) prior on the

marginal variance of Y given Hk. Figure 2.7 shows this inconsistency between hypotheses
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Fig. 2.8 Prior marginals for β1 (left) and σ2 (right) using the marginally coherent prior given
H1 (red), H4 (green) and the corresponding prior for all hypotheses in the standard setting
(blue).

using the traditional approach. In contrast, the marginally coherent prior allows us to specify

the common distribution, in this case set at a compromise between the distributions seen in

the traditional approach. A result of this is a change in the prior distributions of β and σ2

parameters between hypotheses, compared to the fixed priors traditionally used. Figure 2.8

shows this property, which has the same “decomposition of variance” interpretation as the

constrained marginal variance prior in section 2.3. The β1 prior under H1 has higher variance

than under the higher dimensional H4, as there are fewer potential sources of variation. The

prior even becomes multi-modal with modes either side of zero, in order to explain the

variance expected in the population. Even if Y ’s marginal distribution is not of particular

interest, if prior beliefs are such that hypotheses should not change this marginal distribution,

a standard prior is misspecified. Practically, this could mean parameter variance being

inflated in higher-dimensional models and deflated variance for lower-dimensional models,

compared to what a marginally coherent prior would reflect, as seen in Figure 2.8.
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2.5 Illustrations

2.5.1 Simulation example

In this section the marginally constrained prior is applied to a simulated dataset of size

n = 200. There are three covariates, which are mean-zero, multivariate Gaussian random

variables with covariance matrix given by:


1 0.3 −0.2

0.3 1 0.5

−0.2 0.5 1


.

The response is given by:

Yi = β1Xi,1 +β2Xi,2 +β3Xi,3 + εi

where εi ∼ N(0,σ2); β1 = 1;β2 = 2;β3 = −0.4; and σ2 = 2. This implies a marginal

response variance of 7.7. Assume this variance is known a priori, along with the covariance

structure of X .

The prior on θ1, . . . ,θp,φ
2 is given by:

θ j ∼ N(0,0.5) j = 1,2,3

φ
2 ∼ Γ

−1(2,1).

The choice of hyperparameters reflects a belief that variation due to “noise" is about twice

that of from any one covariate, with each covariate treated equally, as E[φ 2] = 2E[θ 2
1 ]. Of

course, in practice, this specification would reflect prior belief in the relative magnitudes of

effects, possibly simulating from the prior to produce a plot similar to Figure 2.1, aiding this
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Fig. 2.9 Marginal priors for β1 (left) and σ2 (right) under marginal constraint σ2
0 = 7.7

choice. Using the known marginal variance σ2
0 and covariate covariance matrix, these are

transformed into the parameters of interest β1, . . . ,βp,σ
2, as shown in Figure 2.9, which is

similar - but not identical - to the blue prior in Figure 2.1, due to the difference in covariate

covariance. Clearly the marginal prior for each β is non-Gaussian after the transformation

and σ2 is bounded by the known marginal variance.

The covariance structure of the covariates has an interesting effect on the corresponding

β : as Xi,1 and Xi,2 are positively correlated, as β1 increases and is positive, the probability that

β2 is negative increases; effectively in order to ensure the 2ρ1,2β1β2 term is negative, which

dampens the increase in β 2
1 . Alternatively, the negative ρ1,3 results in increased probability

that β1 and β3 share the same sign. Figure 2.10 displays this structure, which mimics

the nature of the dependence when using the g-prior. However, two major differences are

highlighted between these priors: firstly, the g-prior has heavy Gaussian tails not present in

the constrained prior, which are essentially truncated by the constraint; and secondly, the

shaded plots provide a visualisation of the three-dimensional dependence between β1,β2 and

σ2. As expected, in the constrained prior, large absolute values of β1 and β3 result in small
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Fig. 2.10 Joint prior of (β1,β3) (top left) and (β1,β2) shaded by σ2 (top right) with the
marginal constraint (top left). Joint g-prior for (β1,β3) (bottom left) and (β1,β2) shaded by
σ2 (bottom right).
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values of σ2, with larger values found when their absolute values are small. The opposite

relationship found in the g-prior is a direct consequence of the definition.

Posterior Simulation

Posterior sampling is simple using random walk metropolis. The simulated data is analyzed

using the marginal constraint prior, and using the corresponding prior without the parameter

transformation, with adjusted hyperparameters to reflect similar prior marginals using both

approaches. With n = 200, the likelihood is dominant enough to result in similar marginal

posteriors for each parameter β1,β2,β3,σ
2 using both priors. However, Figure 2.11 displays

how the dependence structure from the marginally constrained prior transfer into the posterior,

resulting in a structure not seen in a traditional analysis. The joint posterior of β1,β2 shaded

by σ2 demonstrates a posterior dependence structure similar to that in the prior, shown in

Figure 2.10. This utilisation of the extra marginal information should aid prediction.

The hyperparameters used in the independent prior were manually tuned to best match the

constrained prior to aid comparison. This is required because the marginally constrained prior

automatically scales the prior to have support that is in accordance with the known marginal

variance. This raises an interesting point regarding the scale of the prior: we’ve established

that priors 2.8 are equivalent for any choice of c, where a standard independent prior is clearly

not robust to this form of misspecification, which in extreme cases can have a hugely harmful

effect on the posterior. The conjugate prior is also robust to this misspecification in the sense

that if the true parameter values are all significantly larger than in the prior, information is

shared between the parameters through the built in dependence between σ2 and β .
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Fig. 2.11 Joint posterior of (β1,β2) shaded by σ2 using the constrained prior (top left) and
an independent prior with µ = 0,s2 = 1,a = 5,b = 15 (top right). Joint posterior of (β2,σ

2)
using the constrained prior (bottom left) and the independent prior (bottom right) with the
red dot corresponding to the correct parameter value.
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2.5.2 US Census application

In this section the constrained marginal variance prior is applied to a subset of the US census

data3 for personal annual income. The response is given by annual income in US dollars,

which we predict using covariates: marital status, quarter of birth, age, gender, average hours

worked per week and weeks worked per year. We split the data into: a marginal Y dataset

{y†
i }

500,000
i=1 , a marginal X dataset{x∗i }

500,000
i=1 , and joint data {yi,xi}n

i=1 for both n = 50 and

n = 200. Marginal means and variances are estimated using these marginal datasets, which

are then used to define a marginally constrained prior for the linear regression analysis of the

small joint dataset.

The categorical variable quarter of birth takes 4 values, each corresponding to a quarter of

the calendar year. The categorical variable for marital status takes 5 values, corresponding to:

married, widowed, divorced, separated, and never married. Rather than a standard dummy

coding scheme, the requirement of centred covariates motivates the use of an alternative

coding scheme. A variant of effects coding provides centered dummy variables with natural

interpretation (see, e.g. Cohen et al., 2013, Chapter 8 for an introduction to coding schemes

for categorical variables). One value of the categorical variable is used as a reference level,

then each other value of the categorical variable is given a corresponding dummy variable,

which takes one of three values: one corresponding to the value itself, another corresponding

to the reference level, and the value 0, taken otherwise. We wish to choose these values based

on the estimated distribution of the categorical variable from the marginal X data in order

for each dummy variable to have mean 0. For example, marital status takes 5 values, with

probabilities p1, p2, p3, p4 and p5 respectively, which are estimated from the marginal data.

Never married (x = 5) is chosen as a baseline, so there are 4 dummy variables, which we

denote by e1,e2,e3 and e4. Then, for j = 1,2,3,4:

3http://www.census.gov/acs/www/data_documentation/pums_data/

http://www.census.gov/acs/www/data_documentation/pums_data/
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e j =


a j, if x = j

b j, if x = 5

0, otherwise

.

In order to ensure E[e j] = 0, we must have b j =−a j
p j
p5

; the choice of a j determines the

variance of e j. Throughout, we have scaled covariates to have variance 1 in order to ease

notation; however, in the case of categorical variables, this can hinder parameter interpretation.

The parameter β j corresponds to the change in mean response for a unit change in e j. If

all e j have unit variance, the a j will differ, resulting in differing interpretations for β js. By

fixing the value of a j for all values of j, all effects for each (non-reference) value of the

categorical variable will be on the same scale. Concretely, we use the coding in Table 2.1,

so that each variable has mean 0, each parameter is on the same scale, and the variance of the

first dummy variable is 1.

Table 2.1 Coding for categorical variables

Variable value e1 e2 e3 e4

1 p5
p1

√
p1

p5 p1+p2
5

0 0 0

2 0 p5
p1

√
p1

p5 p1+p2
5

0 0

3 0 0 p5
p1

√
p1

p5 p1+p2
5

0

4 0 0 0 p5
p1

√
p1

p5 p1+p2
5

5 −
√

p1
p5 p1+p2

5
− p2

p1

√
p1

p5 p1+p2
5

− p3
p1

√
p1

p5 p1+p2
5

− p4
p1

√
p1

p5 p1+p2
5

All other covariates are centered and scaled in the usual way. Denote by Σx the covariance

matrix of X estimated using {x∗i }
500,000
i=1 , after covariates are coded and scaled appropriately.

Using the marginal dataset {y†
i }

500,000
i=1 , the mean and variance of Y are estimated to be

$49,000 and 3.7×109. This is used to center Y to have mean 0, and for the sake of numerical



2.5 Illustrations 51

stability, is scaled to have variance 1. The standard linear model is given by:

Yi ∼ N(α +
11

∑
j=1

Xi, jβ j,σ
2).

We compare analysis using an independent prior:

α ∼ N(0,0.12)

β j ∼ N(0,0.12) j = 1, . . . ,11

σ
2 ∼ Γ

−1(2,1).

and the marginally constrained prior, where σ2
0 = 1:

α = 0

θ j ∼ N(0,0.12) j = 1, . . . ,11

φ
2 ∼ Γ

−1(2,1)

βββ =
θθθ√

θθθ
T

ΣX θθθ +φ 2

σ
2 =

φ 2

θθθ
T

Σxθθθ +φ 2
.

Priors for non-variance parameters are mean 0 for neutrality. The variance of 0.12 was

chosen to reflect a belief that the change in salary for unit change in any covariate is in the

interval (−$12,000,$12,000) = (−0.2
√

3.7×109,0.2
√

3.7×109) with probability 0.95.

This seems reasonable given the standardisation of covariates. The same prior was used for α

to reflect a 0.95 probability that the average salary is in the interval ($37,000,$61,000). The

prior for the variance is chosen to have mean 0.8, corresponding to 80% of the variation in Y

being unexplained by covariates, in expectation. For the marginally constrained prior, we use

the heuristic of placing the standard independent prior on (θθθ ,φ 2). Figure 2.12 displays the



52 Constrained marginal variance priors for linear regression

Prior distributions for β

β

F
re

qu
en

cy

−1.5 −1.0 −0.5 0.0 0.5 1.0 1.5

0
50

00
10

00
0

15
00

0
20

00
0

Prior distributions for σ2

σ2

F
re

qu
en

cy
0 1 2 3 4

0
10

00
0

20
00

0
30

00
0

40
00

0
50

00
0

60
00

0

Fig. 2.12 Priors for β1 (left) and σ2 (right) under marginally constrained prior (red) and an
independent prior (blue).

priors for β1 and σ2 under the independent and marginally constrained priors. The marginal

priors for β1 are similar, with the constrained prior more tight around 0. However, there is a

stark contrast between the priors for σ2. The marginally constrained prior is similar to the

independent prior constrained to be on the interval [0,1]. The “known” marginal variance of

1 constitutes an upper bound for σ2, as highlighted by the constrained prior. In contrast, the

independent prior is far more flat, with a tail supporting values over 3.

Figure 2.13 shows the joint prior distribution of the covariate effects corresponding to

weeks worked a year and hours worked a week, shaded by σ2, using both the constrained and

the independent priors. Since these covariates are positively correlated (ρ10,11 = 0.34), the

corresponding covariate effects are negatively correlated in the constrained prior. In addition,

there is a clear dependence on σ2, with large absolute values of covariate effects correspond-

ing to lower σ2. The independent prior naturally does not exhibit any structure of this kind.

Figure 2.14 shows how this translates into the posterior (for n = 200). Both posteriors now

have negative correlation between β10 and β11, but while there is no dependence on σ2 when

using the independent prior, there is a very clear structure in the constrained posterior. As we
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Fig. 2.13 Joint priors for covariate effects corresponding to hours worked a week (β10) and
weeks worked a year (β11) under the constrained prior (left) and the independent prior (right),
shaded by the prior for σ2.

have seen, larger covariate effects result in smaller σ2 as there is less residual variance to

explain.

Now we examine the posteriors using both priors for both n= 50 and n= 200. Figure 2.15

shows how the posterior for σ2 under the constraint supports higher values than under the

independent prior, despite the independent prior supporting higher values. It would seem

that the small (n = 50) dataset has lower variation than that seen in the marginal dataset

{y†
i }

500,000
i=1 . There is simply more information incorporated into the constrained posterior,

which is apparent from this posterior, where the standard posterior seems to indicate a smaller

variance than one would expect, given the marginal variance. For the larger dataset, the

posteriors start to converge, and both support higher values of σ2 than in the smaller dataset.

There is a clear trend in the marginal posteriors for covariate effects. Given the smaller

dataset, the constrained posteriors have a higher variance, and modes further from 0 than the

corresponding independent posteriors. It seems that the large marginal variation is being

spread around the covariate effects. There is not much evidence in the small dataset for
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Fig. 2.14 Joint posteriors, given data of size n = 200, for covariate effects corresponding to
hours worked a week (β10) and weeks worked a year (β11) under the constrained prior (left)
and the independent prior (right), shaded by the posterior for σ2.
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Fig. 2.15 Posteriors for σ2 given data of size n = 50 (left) and n = 200 (right), under the
marginally constrained prior (red) and the independent prior (blue).
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Posterior distributions (n = 50) for age
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Fig. 2.16 Posteriors for the effect of age.

significant deviation of these effects from 0, but the constrained prior must account for the

known variation, leading to larger supported absolute values of covariate effects. Using

the larger dataset, the likelihood starts to dominate and the posteriors become very similar.

In addition, this larger dataset seems to provide sufficient evidence of covariate effects to

satisfy the constrained model. There is one exception to this trend: the covariate effect

corresponding to “widowed”, a rare value of the “marital status” categorical variable, which

has no direct observations in the n = 50 dataset. The posterior under both priors is diffuse,

due to lack of information, but in this case the constrained prior is more tight around zero, as

in the prior.

2.6 Discussion

We have seen the impact of incorporating marginal information through a constraint on

the implied marginal mean and variance in the linear model. One particularly compelling

aspect is the strong, intuitive dependence structure gained through such a constraint, which

should aid prediction accuracy. In the absence of marginal response data, the prior provides a
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Posterior distributions (n = 50) for 1st quarter
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Fig. 2.17 Posteriors for the effect of age.

Posterior distributions (n = 50) for gender
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Fig. 2.18 Posteriors for the effect of quarter of birth.
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Posterior distributions (n = 50) for hours worked
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Fig. 2.19 Posteriors for the effect of hours worked per week.

Posterior distributions (n = 50) for widowed
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Fig. 2.20 Posterior for the categorical variable indicating that the individual is widowed
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means of specifying priors for variable selection that are marginally coherent. Fundamentally,

when suitable, large marginal datasets are available, the constraint incorporates a great deal

of information, reducing the dimensionality of the model space by 2; however, care must

be taken to ensure the marginal data corresponds to the same population as the joint data

of interest. In the case of the US census data, a normal model is essentially misspecified,

due to lack of negative values and heavy tales of the true distribution. In the face of such

misspecification, the use of marginal constraints only further restricts the model space,

accentuating any major misspecification. This lack of normality might be the cause of

inflated covariate effects in this example, as there is more variance in the sample than can be

explained by the linear model. In such cases, it is more appropriate to turn to larger classes of

models to avoid misspecification; Bayesian nonparametrics provides such a class of flexible

models. In the next chapter we explore a Bayesian nonparametric regression model that

is constructed using the full marginal distribution of Y , enabling simple incorporation of

marginal data into the flexible model.



Chapter 3

A Scalable Bayesian Nonparametric

regression model

3.1 Introduction

Bayesian nonparametric regression offers a flexible and robust way of modeling the depen-

dence between covariates x ∈ X and a response variable Y ∈ R by using models with larger

support than their parametric counterparts. Nonparametric statistical models are motivated

by robustness and their ability to capture effects such as outliers, strong nonlinearities or

multimodalities, whilst providing probabilistic measures of predictive uncertainty. These

models allow complexity to grow with the data size. However, as a result, Bayesian non-

parametric regression models are often computationally demanding, posing a problem for

application to massive datasets. This chapter aims to address this issue in part, by developing

a regression model that lends itself to a useful composite likelihood approximation that

enables application on a massive scale. Building on Chapter 2, treating covariates as random

variables allows specification of the conditional model in terms of the marginal distribution

of the response FY and covariate effects β . The model is constructed in such a way that the

ranking of responses, given covariates x, has closed form. This allows approximation of
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the full likelihood by a convenient factorisation in terms of the marginal distribution of Y

and the distribution of the ordering of Y , given covariates. Inclusion of marginal Y and X

data becomes trivial given the form of this composite likelihood. The model can be viewed

as a re-parameterisation of the proportional hazards model that is marginally coherent in a

stronger sense than introduced in Chapter 2, as the marginal distribution of the response is

independent of covariate parameters. This lends to a natural extension of the partial likelihood

that includes the marginal distribution of the response, allowing efficient computation of the

whole model. The form of the model allows easy incorporation of extra information related to

covariate bias, given truncated data. The chapter is organised as follows: Section 3.2 provides

background on approaches to nonparametric regression, Section 3.3 describes the proposed

model, the marginal composite likelihood approach for scalable inference is presented in

Section 3.4, and Section 3.5 presents some results of this approach on simulated data and on

the US Census dataset.

3.2 Bayesian nonparametric regression

There are many existing approaches to nonparametric regression. The vast majority of

approaches directly specify the conditional distribution Y | X = x of the response, given

covariates. These methods can be broadly categorised as follows: methods that allow for

a flexible relationship between the covariates and the response; methods that allow for a

flexible conditional distribution for the response, given covariates; and approaches that allow

for flexibility of both the conditional distribution and the covariate-response relationship.

The first group of models can be thought of as “mean-function methods". This class of model

assumes that the model can be expressed in the form:

y = f (x)+ ε

where ε has a standard (often Gaussian) distribution. The function f is the object of

interest, which in the classical literature is estimated using several methods such as Kernel
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smoothing (Gasser & Müller, 1984), spline smoothing (Craven & Wahba, 1978) and Lowess

(Cleveland, 1979). Bayesian approaches place a prior on the function f . Such approaches

include Gaussian processes (see e.g. Rasmussen, 2006), basis function representations such as

splines or kernels (Denison et al., 2002; Müller & Quintana, 2004), wavelets (see Vidakovic,

2009, for a review) and Bayesian regression trees (Chipman et al., 2010).

3.2.1 Semiparametric regression

While many mean-function methods can be considered semiparametric, this section reviews

semiparametric models where the conditional distribution of the response, given covariates,

has a nonparametric form. Many of the models used for survival analysis fall into this

category; the most popular of which is the Cox proportional hazards model (Cox, 1972).

Simply, the model specifies:

hx(y) = λ (x)h0(y)

where h0(.) is called the “baseline hazard", the hazard function corresponding to an

individual with x = 0. λ (x) is simply a function of x, commonly taken to be λ (x) = exp(βx).

Classical analysis of the proportional hazards model uses a “partial likelihood", rather than

the full likelihood; this is motivated by the desire to make inferences for β when the baseline

hazard function h0 is completely unknown. Within the context of survival analysis, it is

convenient to use the language of event times to describe the response. Let t1 < t2 < .. . < tn

denote the ordered event times, and let l j = ∑
n
i=1 iI[yi = t j] be the label of the individual that

has an event at time t j. As a principle for deriving the partial likelihood, Cox notes that “In

the absence of knowledge of h0(.), the ti can provide little or no information about β , for

their distribution will depend heavily on h0."; as such, the partial likelihood uses {l j}n
j=1 as

the data for inference on β . Given that there is an event at time t1, the probability of l1 = j -
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that this event corresponds to individual j - is exactly a ratio of hazard functions evaluated at

t1:

h j(t1)
∑

n
k=1 hk(t1)

=
λ j

∑
n
k=1 λk

.

For each subsequent observation, all that changes is that the sum in the denominator only

contains individuals that have not yet had an event; this set of individuals is denoted R( j) at

time t j. Given an ordering l, the partial likelihood becomes:

n

∏
i=1

λli

∑ j≥i λl j

=
n

∏
i=1

exp{xliβ}
∑ j∈R(i) exp{xl jβ}

This likelihood has a closed form, independent of h0, allowing inference for β without

consideration of h0, as desired. This has become the standard analysis of survival data in

practice, due to the simplicity and specific interest in covariate effects.

This partial likelihood has been applied in a Bayesian context, giving a partial posterior

for β where h0 is ignored (Bissiri et al., 2016; Carlin et al., 1995; Raftery et al., 1995;

Ritter & Tanner, 1992); however, this is the exception to the rule, with Bayesian analysis of

proportional hazards models rarely utilising the form of the partial likelihood. Instead, it is

typical to deal with the full likelihood in order to model h0 (or alternatively H0) and β . This

enables a full posterior analysis, including posterior prediction. Specifically, a parametric

prior is placed on the coefficients β and a nonparametric prior on the baseline cumulative

hazard function (Aslanidou et al., 1998; Hjort, 1990; Ibrahim et al., 2001, 1999; Kalbfleisch,

1978). In particular, Kalbfleisch (1978) introduced the use of the Gamma process prior

on the baseline hazard and later Hjort (1990) introduced the Beta process prior. These

nonparametric priors for H0 or h0 can capture very flexible conditional distributions for the

response, but there is some restriction imposed on the covariate-response relationship through

the proportional hazards assumption. A potential issue with this parameterisation is that h0



3.2 Bayesian nonparametric regression 63

corresponds to the hazards for an individual with x = 0, which might prove a difficult object

upon which to specify prior beliefs.

Alternatively, Pólya trees have been used as a prior for a “baseline" distribution function

in such models. Initially, Walker & Mallick (1999) used Pólya trees for a prior on the

error distribution in an accelerated failure time model in log form, as in Ying et al. (1995),

which results in a linear regression form. Hanson & Johnson (2002) then used a mixture of

Pólya trees for a prior on the error term in a linear regression model. Later Hanson (2006)

outlined inference methods for using mixtures of Pólya trees in multiple standard regression

models, such as generalised linear mixed models, the proportional hazards model, and the

proportional odds model.

3.2.2 Nonparametric regression

MacEachern (1999) introduced the Dependent Dirichlet Process (DDP): a probability model

over the set of distributions FX := {Fx : x ∈ X }, which is indexed by covariates x in the

covariate space X . This is done in such a way that, marginally, each Fx has a Dirichlet

Process prior, and these random distributions are dependent across the covariate space. This is

achieved by constructing the random distributions by the Sethuraman stick-breaking process

(Sethuraman, 1994) in parallel, letting the weights and locations depend on x. MacEachern

(1999) emphasised the “single p" case, where only the locations are allowed to depend on x,

and the weights are fixed across different values of x:

Fx =
∞

∑
h=1

phδ (θh,x), for each x ∈ X

where θh,X =
{

θh,x : x ∈ X
}

represents a stochastic process for each h. These stochastic

processes are independent and identically distributed. The result is that, marginally, each Fx

has a DP prior with base measure F0x, where F0x represents the distribution of θh,x induced
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by the stochastic process θh,X . The dependence between these random measures is also

dictated by the stochastic process θh,X . This general probability model for constructing a

collection of dependent random measures has given rise to many special cases that result in

interesting models.

Griffin & Steel (2006) proposed another method of manipulating the Sethuraman stick-

breaking process in order to incorporate covariates into the Dirichlet Process. The stick-

breaking process is governed by the relationship pi =Vi ∏
i−1
j=1(1−Vj), where Vi ∼ Beta(1,α).

The random vectors V and θ together define the random distribution F . Changing the order

π of these vectors will result in a different distribution F∗, since this will change the pi

defined by the process, changing the weights associated with each atom θi, the positions

of which are unchanged. Allowing the ordering π(x) to depend on x allows us to define a

probability model over a family of dependent random distributions FX , as before. Since

atoms that appear earlier in the order of the stick-breaking representation are typically

assigned higher mass, similarity in the orderings π(x1) and π(x2) will imply similarity

between the generated distributions Fx1 and Fx2 . The form of the ordering process {π(x)}x∈X

defines this dependence.

Dunson et al. (2007) defines the Weighted Mixture of Dirichlet Processes prior to

introduce covariates. Given data {y1:n,x1:n}, a prior distribution over FX is defined by:

Fx =
n

∑
j=1

b j(x)F∗
x j
, F∗

x j
∼ DP(αF0), for j = 1, . . . ,n. ∀x ∈ X

Where b(x) = (b1(x), . . . ,bn(x)) is a weight function b : X → Pn, where Pn denotes

the n-dimensional probability simplex. Each bi depends on the respective xi. The model

assigns a Dirichlet process to each observation, and subsequent observations are drawn from

a mixture of these Dirichlet Processes, with weights dependent on similarities between the

covariate of the subsequent observation and the observed covariates. A form of the weight

function is suggested to be of the form b j(x) = exp(∥x− x j∥2) re-weighted and normalised.
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Thus, observations will cluster together according to this metric on the covariate space. This

results in a generalisation of the Blackwell & MacQueen (1973) Pólya Urn scheme, where

the conditional distribution on clusters depends on the covariate similarity as well as the

usual dependence on the population of each cluster.

Dunson & Park (2008) defines the general class of Kernel Stick-Breaking processes as a

probability model for FX . The process is defined as follows:

Fx =
∞

∑
h=1

ph,xF∗
h ph,x =Vh K(x,Zh)

h−1

∏
l=1

(1−Vl K(x,Zl))

Vh ∼ Be(ah,bh) F∗
h ∼ Q Zh ∼ H

where H is a probability measure on the covariate space X , Q is a probability measure

on the space of distribution functions on the domain of y, and K : X ×X → [0,1] is a

kernel function. If x1 is similar to x2, then the weights K(x1,Zh), for each h, will be similar

to the weights K(x2,Zh), meaning that Fx1 and Fx2 will allocate similar weights to the F∗
h .

This results in dependence between the random distributions. In the special case where

F∗
h = δθh where θh ∼ F0, and when K(x,z) = 1 ∀(x,z), the process reduces to a standard

Dirichlet Process with base measure F0. Relaxing the assumption on K gives a version of

the Dependent Dirichlet Process. Assuming that K(x,z) = 1∀(x,z) and that Q is a Dirichlet

Process measure, results in a Dirichlet Process mixture of Dirichlet processes. Dunson & Park

(2008) provide a generalised Pólya Urn scheme corresponding to the Kernel Stick-Breaking

process.

In a similar fashion to the construction of Dependent Dirichlet Processes, Trippa et al.

(2011) define a class of random probability distributions using Pólya trees. They first define

what they call a Multivariate Beta process for dependent Beta random variables; these

dependent Beta random variables are used to couple Pólya trees by using these random
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variables in the construction of the Pólya tree. The result is a class of dependent random

distributions that can be indexed by covariates for use in a regression setting. This model,

and an extension using mixtures of Pólya trees are applied to lung cancer data.

These regression models are all constructed via the conditional distribution Y | X = x. An

alternative approach to regression is to model the covariates and the response (Y,X) jointly,

as outlined in Müller et al. (1996); this approach can capture both flexible conditional distri-

butions and a flexible covariate-response relationship, so falls into the fully nonparametric

category of models. Issues with high dimensional covariates are raised and addressed by

Wade et al. (2014).

A major drawback of current Bayesian methods for semiparametric or nonparametric

regression is that many methods do not scale well with the number of samples and/or with

the dimensionality of the covariates. This chapter proposes a joint Bayesian nonparametric

regression model FX ,Y that affords an approximation which can scale easily to large data

applications. The model is parameterised in terms of the marginal distributions of the

response FY and covariates FX , and then a conditional regression model that utilises the two

marginal distributions, governed by a function λβ parameterised by β ,

FX ∼ PX (3.1)

FY ∼ PY (3.2)

β ∼ πβ (3.3)

where PX and PY are nonparametric priors over probability distributions and λβ : X → R+

is some parametric regression function of the covariates that characterises the dependence

between covariates and response. The parameterisation is similar to that found in copula

models (see e.g. Nelsen, 2013); however, rather than constructing dependence between X and

Y by a joint distribution C(FY (Y ),FX(X)), our construction forms a conditional distribution

for FY (Y ) | X . This formulation is simpler and more intuitive in a regression setting. Using
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latent exponential variables, we are able to specify a Plackett-Luce model (Luce, 1959;

Plackett, 1975) for the order of FY (Y ) (and therefore Y ), given covariates X . The positive

function λβ tunes the stochastic ordering of the responses, given the covariates, such that

the ratio λβ (Xi)/
(
λβ (Xi)+λβ (X j)

)
represents the conditional probability Pr(Yi <Yj|Xi,X j).

This property is similar to that found in probabilistic index models (Thas et al., 2012). There

is therefore a natural interpretation of the parameters: λβ tunes the relative ordering of the

responses at different covariate values, and FY sets the marginal distribution of the responses.

This strong interpretability is an important feature as it provides a good vehicle for specifying

prior beliefs.

For inference, we propose to use a marginal composite likelihood approach, splitting the

likelihood into a component for the ranking probability, and a component for the marginal

density for the response; this approach is somewhat similar to the extended rank likelihood

for copula estimation in multivariate analysis (D. Hoff, 2007; Murray et al., 2013). However,

since our construction leads to a closed-form Plackett-Luce rank distribution, this allows the

model to scale to large data applications and allows for the use of standard existing software

for Bayesian nonparametric density estimation and Plackett-Luce ranking estimation. As

an illustration, we show an application of our approach to a US Census dataset, with over

1,300,000 data points and more than 100 covariates. Code is provided to allow replication of

these results 1.

3.3 The statistical model

Let (Xi,Yi), i = 1, . . . ,n be the covariates and responses, and let λβ : X → R+ denote the

regression function. To build the dependence we introduce a latent random variable Zi that is

1http://www.http://www.stats.ox.ac.uk/~tgdavies

http://www.http://www.stats.ox.ac.uk/~tgdavies
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Fig. 3.1 Illustration of the latent variable used to capture the regression dependence. In (a)
we show the distribution of the conditional latent variable, Z, at various points in X assuming
a log-linear dependence. In (b) we see the corresponding predictive distributions using a
Gaussian mixture model for the marginal, FY , shown as the black line. The points in Z shown
in (a) are mapped to the points in Y shown in (b) where the ordering is preserved

used to capture the underlying relative level of the response via,

Zi | Xi = xi ∼ Exp(λβ (xi)) (3.4)

where Exp(a) denotes the standard exponential distribution of rate a.

The model can be summarised as follows, for i = 1, . . . ,n

Xi
iid∼ FX (3.5)

Zi | Xi,β
ind∼ Exp(λβ (Xi)) (3.6)

Yi = F−1
Y (FZ(Zi)) (3.7)

where

FZ(z) =
∫
X

FZ|X=x(z)dFX(x)

=
∫
X

(
1− e−λβ (x)z

)
dFX(x).
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By construction, FZ(Zi) is marginally uniformly distributed on [0,1]; as a result, Yi =

F−1
Y (FZ(Zi)) is marginally distributed according to FY . The construction via the inverse

probability integral transform of a probability integral transform, is similar to that of a

Gaussian copula model (see e.g. Song, 2000). A copula C specifies the joint distribution

function of (FY (Y ),FX(X)) in order to define a dependence structure between Y and X .

However, here the regression function λβ - which controls the rate of the exponential random

variable Z - defines this relationship. Figure 3.1 shows the correspondence between the

conditional exponential random variables, Z |X , shown in Figure 3.1(a) for differing covariate

values, and the resulting conditional response distributions in 3.1(b), where the marginal FY is

a Gaussian mixture model shown as the black line. We can see visually that the distributions

in 3.1(b) are stochastically ordered under the model. The colored points shown in (a) are

mapped to the points shown in (b), where again, ordering is preserved.

As FY and FZ are cumulative density functions, F−1
Y ◦FZ is a monotonically increasing

function and

P(Yi ≤ Yj) = P(Zi ≤ Z j) =
λβ (xi)

λβ (xi)+λβ (x j)
.

This clarifies the role of the regression function. More generally, given an ordering ν =

(ν1, . . . ,νn) (a permutation of {1,2, . . . ,n}), we have:

P(Yν1 ≤ Yν2, . . . ,≤ Yνn) = P(Zν1 ≤ Zν2, . . . ,≤ Zνn) =
n

∏
i=1

λβ (xνi)

∑ j≥i λβ (xν j)
.

The above model is the Plackett-Luce model (Luce, 1959; Plackett, 1975) - popular in the

ranking literature - which also corresponds to the partial likelihood used for Cox proportional

hazards models (Cox, 1972).

The conditional distribution function can be expressed as:

FY |X=x(y) = 1− exp[−λβ (x)F
−1
Z (FY (y))].
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Given λβ , the random variables Y | X = x are stochastically ordered, a property inherited

from the latent exponential variables Z. For x1,x2 such that λβ (x1)≥ λβ (x2)

FY |X=x1(y)≤ FY |X=x2(y) ∀y ∈ R.

If FY has a density with respect to Lebesgue measure, fY , then we can use a change of

variables to calculate the conditional density as follows:

fY |X=x(y) = fY (y)
fZ|X=x(z(y))

fZ(z(y))

= fY (y)
fZ|X=x(F

−1
Z (FY (y)))

fZ(F−1
Z (FY (y)))

= fY (y)
λβ (x)exp[−λβ (x)F

−1
Z (FY (y))]∫

X λβ (x′)exp[−λβ (x′)F
−1
Z (FY (y))]dFX(x′)

.

We end the construction of the model by assuming a prior over the finite-dimensional

parameter β and a Bayesian nonparametric prior over the marginal distributions FX and FY :

β ∼ πβ (3.8)

FY ∼ PY (3.9)

FX ∼ PX (3.10)

where πβ is some parametric prior, and PX and PY may be a Dirichlet process mixture or a

Pólya tree prior, as described in the introduction 1.2.1.

3.4 Approximations for posterior inference and prediction

Assume that both FX and FY admit a density with respect to Lebesgue measure, noted fX and

fY . The unknown quantities for our regression model are therefore ( fY ,β , fX). Given data
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(x1:n,y1:n), where x1:n = (x1, . . . ,xn) and y1:n = (y1, . . . ,yn), we have the following likelihood:

L( fY ,β , fX ;(x1:n,y1:n)) =

n

∏
i=1

fY (yi)
λβ (xi)exp[−λβ (xi)F−1

Z (FY (yi))]∫
X λβ (x′)exp[−λβ (x′)F

−1
Z (FY (yi))]dFX(x′)

fX(xi). (3.11)

Inference could proceed using numerical methods such as MCMC but for large datasets

this is cumbersome. Hence we consider here a Bayesian composite marginal likelihood

approach (Cox & Reid, 2004; Lindsay, 1988; Pauli et al., 2011; Ribatet et al., 2012; Varin

et al., 2011) that we show offers computational tractability and the use of standard Bayesian

methods. Define y∗1:n to be y1:n ordered from lowest to highest, and let ν1:n = (ν1, . . . ,νn)

be a vector representing the order of y1:n, so that y∗i = yνi . Then we can re-write our data

{y1:n,x1:n} equivalently as {y∗1:n,ν1:n,x1:n}. Now, let LC denote the composite marginal

likelihood based on {y∗1:n} and {ν1:n,x1:n}; that is, the product of the likelihood terms

associated with each of these observations:

LC( fY ,β , fX ;{y1:n,x1:n}) = L( fY ,β , fX ;{y∗1:n})×L( fY ,β , fX ;{ν1:n,x1:n})

= n!

[
n

∏
i=1

fY (yi)

]
×

[
n

∏
i=1

λβ (xνi)

∑ j≥i λβ (xν j)

]
×

[
n

∏
i=1

fX(xi)

]
. (3.12)

We can see that this composite likelihood approach factors the likelihood into separate

terms involving fY ,β and fX , leading to the following pseudo posterior distribution:

πC( fY ,β , fX | {y1:n,x1:n}) = πC( fY | y⋆1:n)πC( fX | x1:n)πC(β | ν1:n,x1:n) (3.13)

Inference over the parameters fY ,β , fX can thus be carried out independently under the

composite likelihood approach. Standard software for Bayesian nonparametric univariate

density estimation can be used for fY and fX , and software for fitting Plackett-Luce/Cox

proportional hazard can be used for fitting β to facilitate a Laplace approximation. Overall,
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the advantages of the approximate composite likelihood approach include computational

tractability and scalable inference using standard software, hence good numerical repro-

ducibility, and high interpretability as the components in the composite likelihood have

explicit form and meaning. This latter point aids in prior elicitation as it allows the analyst to

separate out and represent their beliefs on the marginal distributions, which are simpler to

specify than the full conditionals, and then consider the dependence given the marginals.

The Bayesian composite likelihood approach has attracted some attention over recent

years (Pauli et al., 2011; Ribatet et al., 2012; Varin et al., 2011). In particular, Ribatet et al.

(2012) considered two adjustments to the marginal likelihood approach in order to retain

some of the desirable properties of the usual likelihood. However, their adjustments apply

to a specific form of composite likelihood, where it factorises as a product of composite

likelihoods for each observation: Ltotal
c (y | θ) = ∏

n
i=1 Lc(yi | θ), where Lc(yi | θ) is the

composite likelihood for observation i. Our composite likelihood approach does not fit in

this framework, as we do not have this product form over the observations, and we cannot

therefore apply the adjustments suggested by Ribatet et al. (2012).

3.4.1 Asymptotics for the marginal composite posteriors

Consider first the pseudo-posterior for fY :

πC( fY | {y1:n,x1:n}) ∝ π( fY )LC( fY ;{y1:n,x1:n})

∝ π( fY )
n

∏
i=1

fY (yi).

So, our pseudo-posterior is exactly the posterior based on the i.i.d sample {y1:n}, where

y1:n ∼ FY . This is the standard setting for posterior inference, so we can apply consistency

results from Bayesian nonparametric inference for FY , see for example Ghosal & Van der

Vaart (2013). The same is true for fX . Now consider the log-linear form for λ : λ (x) =
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exp(−βx). Then, we have the pseudo-posterior:

πC(β | {y1:n,x1:n}) ∝ π(β )LC(β ;{y1:n,x1:n})

∝ π(β )
n

∏
i=1

eβxνi

∑ j≥i eβxν j
.

This is exactly the posterior considered by Kim (2006) in a different setting where a Bernstein-

Von Mises theorem is proven, which can be applied here.

3.4.2 Posterior predictive

We can use simulation methods such as MCMC to easily generate samples {F( j)
Y ,β ( j)}m

j=1

from the pseudo-posterior (3.13); the predictive distribution can then be approximated by:

p(y′ | x′,{y1:n,x1:n})≃
1
m

m

∑
j=1

p(y′ | x′,β ( j),F( j)
Y ).

To simulate from this distribution, we can use the forward generating process of our

model, given X = x′:

Z′ | X ′ = x′ ∼ Exp (λβ (x
′)) (3.14)

Y ′ = F−1
Y (FZ(Z′)). (3.15)

In many applications, modeling FX might be cumbersome, and not the primary object of

interest. In this case we propose to use an empirical Bayes approach by setting FX = F̂X at

the empirical CDF. So, to generate a posterior predictive sample, given a posterior sample

{F( j)
Y ,β ( j)}m

j=1, Equation 3.15 becomes:

Y ′( j) = F−1( j)
Y

(
1− 1

n

n

∑
i=1

e
−Z′( j)λ

β ( j)(xi)

)
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where we note that Z′( j) is conditional on X ′ = x′, and the CDF inversion is tractable,

depending on the form of FY . Some particular examples are discussed in the appendix. The

Pólya tree serves as a convenient prior for FY , since this CDF inversion can be simulated

directly, without sampling the entirety of F( j)
Y .

3.4.3 Connection to proportional hazards

This section shows how our model can be viewed as a re-parameterisation of the proportional

hazards model that is marginally coherent, and lends to a natural extension of the partial

likelihood to include all model parameters. The survivor function implied for our model is

given by:

P(Y > y | X = x) = P(F−1
Y (FZ(Zi))> y | X = x)

= P(Zi > F−1
Z (FY (y)) | X = x)

= exp{−λβ (x) F−1
Z (FY (y))}

Therefore, the cumulative hazard is given by:

Hx(y) = λβ (x)F
−1
Z (FY (y))

implying proportional hazards, and a correspondence between the baseline hazard and FY . We

argue that parameterisation in terms of FY provides a natural vehicle for prior information, in

contrast to the baseline cumulative hazard function. Furthermore, our construction facilitates

the incorporation of marginal Y data, which would be difficult within a standard proportional

hazards model. In addition, let’s explore the nature of the use of the partial likelihood (Cox,

1972), when viewed as an approximate model assumption. The use of the probability of the

ordering of Y as the likelihood for β equates to the conditional independence assumption:

Y ⊥⊥ X | ν , where β parameterises the relationship between X and Y . This is exactly the
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conditional independence used in the composite likelihood (Equation 3.12); in this sense, our

composite likelihood uses the same approximation as the traditional partial likelihood. By

facilitating a natural factorisation of the likelihood into the partial likelihood and a term for

the marginal response, parameterisation in terms of FY gives a simple approximate likelihood

for all parameters in the model, rather than just β . When parameterised in terms of H0 or

h0, there is no such approximate likelihood for all parameters, so inference must use the full

likelihood, which can be cumbersome for large datasets. Another effect of constructing the

model via the marginal distribution for the response, is that any variable selection priors will

be marginally coherent, in the sense that the marginal distribution of Y is the same for each

subset of variables; a stronger coherence than defined for means and variances in Chapter 2.

This is because the construction guarantees that FY is independent of β .

In the next section we discuss the incorporation of truncated and censored data. We shall

see that treatment of the covariates as random provides an additional term in the likelihood

that depends on β compared to an analysis in which covariates are treated as fixed. The fact

that FY is independent of β in our model allows simple calculation of this term, enabling the

incorporation of this additional information. The downside to our approach is the requirement

to model X ; however, as we have seen, this only need enter at the stage of prediction.

Censored and truncated data

Censored and truncated data are common in survival analysis. Truncated data is observed

subject to a condition, such as delayed entry into a study. If an individual enters the study

at time s, and has an event at time y, the contribution to the likelihood is given by fY (y)
1−FY (s)

,

the density of Y conditional that Y ≥ s. Censored data constitute inexact observations, for

example, that the time is within an interval, rather than a specific observed event time.

Commonly, this takes the form of right censoring, the observation that Y > c, where c is the

time that the individual left the study. The contribution to the likelihood in this example is
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1−FY (c), the probability that Y exceeds this censoring value. In a regression setting, since

covariates x are typically treated as fixed, the likelihood corresponding to a left truncated

datum is given by:

L(θ ;y | x) = fY |X(y | {Y > s},x;θ)

=
fY |X(y | x;θ)

1−FY |X(s | x;θ)

(3.16)

where θ parameterises the conditional density fY |X(y | x). The likelihood for other forms

of truncation can be calculated in a similar way. However, intuitively, in the delayed-entry

example, there may be information in the distribution of the covariates. Covariates of left

truncated data are not sampled from the population covariate distribution, rather, they are

subject to a survival bias, which depends on θ . Concretely,

L(θ ;y,x) = fY,X(y,x | {Y > s};θ)

=
fY |X(y,x;θ)

1−FY (s;θ)

=
fY |X(y | x;θ) fX(x)

1−FY (s;θ)
.

(3.17)

The ratio of these two likelihoods is simply fX(x | Y > s), by Bayes’ rule. This matches

our intuition: treating covariates as fixed ignores the survival bias in the covariate sample.

The likelihood 3.17 has been previously explored by Bergeron et al. (2012), who employ

a joint modeling approach to calculate the maximum likelihood estimator with covariates

treated as random. However, this complete likelihood has seen limited use as a result of the

requirement to model X . However, using our model, the FY (s;θ) term depends only on FY ,

not on β . As a result, the likelihood for a sample with left truncation times {si}n
i=1 is simply

given by:

L( fY ,β , fX ;{xi,yi,si}n
i=1) =

L( fY ,β , fX ;{xi,yi}n
i=1)

∏
n
i=1 1−FY (si)
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Therefore, we can again apply the composite likelihood approximation, resulting in the

approximate likelihood:

LC( fY ,β , fX ;{y1:n,x1:n,s1:n}) =
LC( fY ,β , fX ;{y1:n,x1:n,s1:n})

∏
n
i=1 1−FY (si)

= n!

[
n

∏
i=1

fY (yi)

1−FY (si)

]
×

[
n

∏
i=1

λβ (xνi)

∑ j≥i λβ (xν j)

]
×

[
n

∏
i=1

fX(xi)

]
.

That is, FY is updated on the basis of a truncated sample, but β is updated based on the

non-truncated observations. Therefore, if interest lies in β , inference can proceed for β

without specification of a prior for FY or FX using this full partial likelihood. This is in

contrast to the standard treatment of truncated data (for example, Cox & Oakes, 1984; Klein

& Moeschberger, 2005), where the partial likelihood is adjusted for truncation. Quite simply,

this covariate bias term cancels out the standard truncation adjustment, leaving us with the

standard non-truncated likelihood. The use of our model allows more information to be

incorporated into the likelihood, through the term for the covariate bias, without need to

specify FX or FY .

Censoring is incorporated in a way in which is consistent with the standard treatment of

censored data (e.g. Klein & Moeschberger, 2005). Censored observations contribute to a

partial, rather than full ordering ν , and FY is updated on the basis of censored observations

{Y > c}, contributing 1−FY (c) to the likelihood. The composite likelihood for β in this

case matches the partial likelihood in the proportional hazard model with censoring.

3.5 Illustrations

In this section we apply our method to two examples. The first is a simulation example where

we generate from a multi-modal conditional and explore the ability of our method to fit the
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Fig. 3.2 (a) Data simulated from the model with mixture of three Gaussians marginal
distribution for Y . (b) 80% highest posterior density intervals of the predictive distribution at
each value of x.

data. The second is a large real-world application in the regression analysis of US Census

data.

3.5.1 Simulation example

In this section we apply the model to a dataset simulated from our model to consider how

well we can recover known dependence. The marginal distribution of Y is set to a mixture

of three Gaussian distributions, with means 3, 9 and 15, standard deviations of 2, 0.5 and 1

with mixture weights of 0.5, 0.2 and 0.3 respectively. β is set to 0.25, with λβ (x) = exp(βx).

X ∼ Unif(0,20) and n = 500. The data is shown in Figure 3.2(a).

Clearly any type of linear or non-linear regression with a parametric noise distribution

will be inappropriate here. The conditional distribution of Y given x is multi-modal, rendering

many popular regression models inappropriate.
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We compared our approach to a linear dependent Dirichlet process mixture of normals

(LDDPM) (De Iorio et al., 2004), using the R package DPpackage (Jara, 2007; Jara et al.,

2011). This model specifies that:

Yi | xi ∼
∫

N(yi;xiβ ,σ
2)G(dβ ,dσ

2)

G | α,µb,sb ∼ DP(α,G0)

where G0 = N(µb,sb)Γ(τ1/2,τ2/2) and

sb | ν ,ψ ∼ IW (ν ,ψ)

with α = 1,µb = (9,0)T ,ν = 4,τ1 = 1,τ2 = 2,ψ =
(

1 0
0 1

)
and sb =

(
36 0
0 36

)
.

We apply our model, modeling the marginal as a Dirichlet Process mixture of Gaussian

distributions using α = 1 and a normal-inverted-Wishart distribution for the base measure.

That is, our base measure G0(µ,σ
2) = N(µ | µ1,

σ2

κ1
)IW (σ2 | ν1,ψ1), where µ1 = 9,κ1 =

0.5,ν1 = 4 and ψ1 = 1. A Gaussian prior centered at 0 with unit variance is used for β .

In Figure 3.2(b) the simulated data is shown, with the 80% highest posterior density

(HPD) intervals of the predictive distribution at each value of x. Qualitatively, we see that the

model can capture the nonlinearities in the data and demonstrates the flexibility to model the

multi-modal conditional response. In Figure 3.3 we show the predictive marginal, F̂Y and the

posterior distribution for β . Clearly the marginal distribution for Y is very well recovered

from the data. This parameterisation of the model in terms of the marginal distribution for

the response allows this to be estimated from the complete dataset, without reliance on other

aspects of the model. The strength of information available is apparent in the quality of the

fit to the sampling distribution. The posterior for the parameter β shows reasonable support

around the true value, being slightly pulled towards 0 by the prior.
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Fig. 3.3 (a) The posterior predictive marginal for y under our model in blue, compared to the
actual sampling distribution in black. (b) The posterior distribution for β , compared to the
true value of 0.25 marked in red.
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Fig. 3.4 Predictive densities for (a) x = 5 and (b) x = 12. The true predictive is shown in
black, the predictive distributions under our model in blue, and the predictive under the linear
DDP mixture in green.
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We can further inspect how these come together in the posterior predictive conditional

distribution for Y given x. Consider this distribution for x = 5 and x = 12, for both our model

and the linear DDP mixture model, as shown in Figure 3.4. Again, our model provides a

reasonable fit. The predictive distribution is not as accurate as the marginal distribution for Y ,

but this is to be expected, since the conditional distribution is a product of the whole model,

compounding uncertainties from both β and the marginal distribution for y. Nonetheless,

the fit is good and noticeably better than the flexible linear DDP mixture, as you would

expect, given that the sampling distribution is within the support of our model. Concretely,

the L1-distance between the estimated conditional and the true conditional distribution can

be calculated in each case. When x = 5 the distance to our prediction is 0.00869, whereas

the distance to the linear DDP is 0.0214, and when x = 12 the distance to our prediction is

0.0127 and the distance to the linear DDP is 0.0146.

A point of note is that these posterior predictive plots are smoothed kernel density

estimates of MCMC samples. Therefore, Gaussian shapes are slightly exaggerated. Whilst

not entirely clear from the plot, both our predictive and the sampling distribution comprise

of slightly skewed Gaussian distributions, since the conditional distribution is the marginal

distribution for Y weighted across the quantiles.

To illustrate that the model is capable of modeling a range of distributions, we consider

data sampled from a Gaussian linear model. The covariates are simulated uniformly on

[0,10], with Y ∼ N(3+2x,2) and n = 300. We use our model, modeling the marginal for

Y with a Pólya tree prior whose partition is set on a Gaussian distribution with mean 12.5

and standard deviation 6, and αε1...εm = m2. A Gaussian prior centered at 0 with variance

8 is used for for β . The posterior predictive 80% HPD intervals display a reasonable fit

of the linear data, shown in Figure 3.5. The variance seems slightly inflated, but this is a

consequence of the large support of the model.
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Fig. 3.5 Simulated data from a linear model with Gaussian residuals (black dots). 80% HDP
intervals of the predictive distribution of our model at each value of x are represented in blue,
and true HDP interval in black

3.5.2 US Census application

We apply the methodology to a regression task using US census data2 for personal annual

income.

We use the American Community Survey data from 2013, which comprises of responses

to questions on the survey given to a 1% sample of the US population. Since we are

interested in income, the subset of 1,371,401 employed civilians over the age of 16 is used.

We have used a relevant, linearly independent subset of the data as covariates, excluding

highly informative questions such as occupation, which would almost completely explain the

response. This leaves 15 explanatory variables, 10 of which are categorical variables, some

of which have many levels. The result is a 1,371,401×114 design matrix.

The covariates are: US state (Texas as a baseline), age, class of worker (employee of

private for-profit company as a baseline), travel time to work, means of transportation to

work (works from home as a baseline), language other than English spoken at home (none as

2http://www.census.gov/acs/www/data_documentation/pums_data/

http://www.census.gov/acs/www/data_documentation/pums_data/
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Fig. 3.6 Histograms of annual income on different scales. Right hand plot is zoomed in on
incomes up to 120,000.

a baseline), marital status (married as a baseline), educational attainment (regular high school

diploma as a baseline), gender (male as a baseline), hours worked a week, weeks worked last

year, disability status (without a disability as a baseline), quarter of birth (first quarter as a

baseline), and world area of birth (United States of America as a baseline).

The levels of annual income shown in Figure 3.6 can be seen to be heavy tailed, which

requires a flexible model to capture. Another noticeable feature of the data is that the income

levels are discontinuous, with large spikes in frequency at particular income levels. This could

in part be due to standardised salary structures resulting in certain salary levels becoming

common. This motivates the use of a nonparametric approach as it is difficult to imagine how

a parametric density could conditionally capture the features shown in Figure (3.6). However,

standard Bayesian nonparametric models simply cannot be applied to a problem of this scale.

Attempting to apply existing methods in this literature, such as the linear dependent Dirichlet

process mixture, failed to run due to the dimensionality and scale of the data.
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For the analysis, we consider both the empirical distribution function and a Pólya tree

prior for the marginal distribution of y. The partition of the Pólya tree is set on the quantiles

of a Gaussian distribution with mean 35,000 and standard deviation 20,000, and αε1...εm = m2.

We use a log-linear regression function λ (x) = exp(βx) and place independent Gaussian

priors with mean 0 and unit variance on the coefficients in β .

Predictive performance

We compare the out-of-sample predictive performance of our model with four competing

non-Bayesian approaches namely, a standard linear regression model, a median regression

model ,a LASSO and random forests3. For our model we investigated three distinct priors

for the marginal distribution of the response: a Pólya tree centred on a Gaussian, a Pólya tree

centred on a Laplace, and an empirical Bayes approach using the empirical CDF. To compare

methods we use repeated random subsets of 1000 test samples and train each model on the

remaining data, with 10 repeats. Predictive accuracy is judged by mean squared-error (MSE),

mean absolute error (MAE) and qualitatively via a qq-plot. To create the qq-plots we compute

the predictive distribution function F(y | x) evaluated at the observed value for each of these

test samples. Under the assumption that we have a perfect predictive distribution, these

values should be independent uniform random variables. A deviation from this distribution

implies a mis-match of the posterior predictive and the actual distribution. We are unable

to apply this approach to the median regression model, as it does not provide a predictive

distribution and would require fitting the model for a large number of quantiles. In the case

of the linear model we used maximum likelihood estimates for prediction, rather than a fully

Bayesian approach. With such a large dataset the strength of any reasonable default prior

would be significantly diminished, so this should mimic a Bayesian approach well.

3These models were fitted in R using the functions lm, rq (from the quantreg package), lars (from the lars
package) and randomForest (from the randomForest package). For the random forest only 50 trees were used
to ease the computational burden. For LASSO the regularisation parameter was chosen using cv.lars. Default
settings were used for each.
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Table 3.1 Mean out-of-sample prediction errors with standard deviation of this error after 10
repetitions

Mean square error (109) Mean absolute error(104)
Empirical model* 2.79±0.51 2.44±0.15
Pólya tree (Gaussian)* 2.81±0.64 2.41±0.16
Pólya tree (Laplace)* 2.71±0.52 2.44±0.14
Linear model 2.66±0.59 2.67±0.16
LASSO 2.99±0.65 2.81±0.16
Median regression 2.99±0.68 2.48±0.17
Random Forests 2.44±0.52 2.36±0.15

Summary statistics of predictive fit are shown in Table 3.1. Perhaps unsurprisingly on

such a large data set the linear model targeting the conditional mean does well of the on MSE

but this is at the expense of the median under MAE. In addition, studying the predictive qq-

plot in Figure 3.7b shows the inadequacy of the linear model to provide calibrated predictions.

The LASSO performs relatively poorly, suggesting that most covariates are influential for

prediction. The median regression, as expected, provides relative accuracy on the MAE, but

does so at the expense of MSE; in addition, as mentioned above, suffers from the lack of

a fully predictive model. The Bayesian nonparametric methods perform relatively well on

both summary measures, with perhaps that based on the Laplace marginal showing greatest

accuracy. Random Forests is the best performer for both measures of estimating the mean.

This is to be expected, as the method provides very flexible model for the mean. However,

the random forest does not provide a flexible conditional distribution for the response, which

is Gaussian. In Figure 3.7a we show the predictive qq-plot from this model, demonstrating

that the full predictive distribution is captured well. These diagnostics suggest that even

non-linear regression models with parametric noise would not provide a satisfactory fit for

the data, since the unusual conditional distribution of the response cannot be captured by

such models. Even the flexible random forest methodology assumes Gaussian noise, so

also falls short in this respect. This highlights the benefit of our nonparametric approach, in
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Fig. 3.7 qq-plots (a) under our model using the empirical distribution for Y , (b) our model
with a Laplace-centered Pólya tree prior for FY , and (c) using a standard linear model.

the ability to capture wide classes of distributions. This ability to capture the conditional

distribution should lead to more accurate prediction.

We next consider inference for covariate effects. In order to gain a measure of the

relevance of each covariate we quantified the concentration of the posterior probability

measure away from the prior “null” centring of β j = 0. To do this we estimated the Bayesian

sign-probability from the posterior marginal for each covariate as,

PrSign j = max
[∫

β<0
π(β j | ·)dβ ,

∫
β>0

π(β j | ·)dβ

]
(3.18)

where π(β j | ·) is the posterior marginal for β j. This measures the relative tail area in the

posterior marginal laying to the left or right of 0. A large value of PrSign suggests there is

strong evidence against β j = 0. In certain respects this is akin to a Bayesian marginal version

of a p-value, and is trivially calculated from MCMC output, or from normal approximations

to the posterior distribution. Table 3.2 shows the most relevant covariates as ranked by this

measure.

Unsurprisingly, hours worked a week and weeks worked last year show high certainty

of a positive effect on income. After these, educational achievement measured via degrees

unsurprisingly imply higher earnings compared to the regular high school diploma. Since
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Table 3.2 Top covariate parameters ranked by (3.18): the log posterior probability of the
parameter being a different sign to the posterior mean. A negative parameter value has a
positive effect on income.

Log probability of different sign Posterior mean

Hours worked a week −1.1×105 -0.044
Weeks worked last year −1.0×105 -0.045
Bachelor’s degree −4.2×104 -0.80
Master’s degree −4.16×104 -1.0
Professional degree −2.7×104 -1.4
Age −2.6×104 -0.018
Female −1.8×104 0.35
Doctorate degree −1.5×104 -1.2
Never Married −1.3×104 0.37
Associate’s degree −6.5×103 -0.39
Travel time to work −3.2×103 -0.0035
1 or more years of college credit −2.0×103 -0.18
Self employed (incorporated) −2.0×103 -0.30
Grade 11 in school −1.8×103 0.38
Walks to work −1.5×103 0.36
Disabled −1.3×103 0.19

these are part of the same variable, it is simple to compare the effects due to these degrees.

Despite Bachelor’s degree providing the most certainty of a positive effect, a further profes-

sional degree beyond a Bachelor’s degree has the highest posterior mean effect. The ranking

in Table 3.2 reflects the greater evidence in the data for a non-zero Bachelor effect, due to

a much higher number of observations of those with Bachelor’s degrees, and hence lower

variance in the effect size compared with those with a higher degree. There is also strong

evidence for female workers earning less than their male counterparts, as well as increasing

income with age and even travel time to work.

Finally, we show it is simple to provide the full posterior predictive distribution of

annual income of somebody in the test sample, using the Pólya tree model. We choose, as

a hypothetical person, a 57 year old female from North Carolina, who is self employed,

married, who works from home, speaks English at home, went to college but for less than



88 A Scalable Bayesian Nonparametric regression model

Annual income in Dollars

F
re

qu
en

cy

0 20000 40000 60000 80000 100000 120000

0
10

0
20

0
30

0
40

0
50

0

Fig. 3.8 Posterior predictive distribution using a Pólya tree for the marginal distribution,
zoomed in on incomes up to 120,000

a year, who usually works 30 hours a week for 43.5 weeks last year, and was born in the

first quarter of the year in the USA. The structure and shape of the posterior predictive,

represented in Figure 3.8, match that of the marginal distribution for Y in the data, just on a

narrower range.

3.6 Discussion

We introduced a Bayesian semiparametric regression model that is designed to scale to

large data applications. In doing so we make use of an interpretable model for ranks, via

a Plackett-Luce copula method, and nonparametric density models for the marginals. We

used a composite marginal likelihood approximation that leads to a number of advantages. It

affords computationally tractability, aids in the interpretation of the model, and makes prior

specification explicit on known objects.

The key to the scalability of the method is the use of the composite likelihood approxima-

tion, which splits the inference into two simpler tasks. The use of the Laplace approximation
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for the covariate effect and the Pólya tree for the marginal response allow for fast posterior

inference, without requiring any MCMC sampling methods. In fact, sampling methods are

only used for prediction, which is by far the slowest part of the inference procedure.

Going forward, it would be interesting to see if theoretical bounds on the approximation

error as a function of sample size could be derived. It may also be possible to apply results

such as those found in Kim (2006) to provide further guarantees of asymptotic behaviour

such as properties of the predictive distribution. In addition, it would be interesting to explore

non-linear models for the regression function λ (x), such as those based on a random forests

methodology. In fact, random forests applied to the US Census dataset (with restricted node

size to enable application to this scale) gives a highly competitive MSE to our tested models.

This is likely because random forests is able to capture interaction terms between covariates,

which seem highly plausible a priori in this particular dataset. It should be interesting to

incorporate such flexibility into a Bayesian nonparametric approach using Plackett-Luce

regression functions.





Chapter 4

Model-free testing for subgroup analysis

4.1 Introduction

This chapter considers the analysis of two-arm randomised clinical trial data, with the aim of

identifying the optimal allocation of treatment based on covariates X . In the medical literature,

this is typically posed as a regression problem, where heterogeneity of treatment effect is

identified via testing interaction terms in a regression model (for example, Assmann et al.,

2000; Brookes et al., 2004). In order to safeguard against false-positive results associated with

multiple testing, it has been recommended that every proposed subgroup should correspond

to a pre-specified, clinically motivated hypothesis. However, in the statistical literature, many

exploratory methods for the post hoc analysis of RCT data have been proposed, motivated

by potentially large gains in efficiency of treatment. For example, in a study where genetic

data is available, there are unlikely to be a small number of clinically-derived potential

subgroups. In such an application, careful post hoc analysis could serve as an important

hypothesis generation tool. Typically, such exploratory approaches build a conditional model

for the response Y | X = x,T = t, given covariates and treatment status, and use this to

determine optimal treatment allocation (Foster et al., 2011; Qian & Murphy, 2011). More

recently, Zhao et al. (2012) and later Zhou et al. (2015), proposed a direct approach of
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optimizing the expected response under a treatment rule D, a function that maps covariates

to treatment allocation. By directly considering E[Y | T = D(X)], it is possible to estimate

optimal treatment allocation without specifying a conditional model Y | X = x,T = t. The

appeal of this is to safeguard against model misspecification by making minimal model

assumptions. This robustness is especially important in the context of subgroup analysis,

as model misspecification can lead to spurious results, which are a major concern in an

exploratory analysis. There are additionally a number of practical benefits to a model-free

approach, such as ease of implementation and reproducibility. However, the “Outcome

weighted learning” (OWL) approach has calibration issues, namely that a uniform shift of

the response will change the eventual allocation of treatment of the algorithm. This produces

a bias towards an allocation of treatment matching the observed treatment allocation when

the response is positive. This issue is addressed by “residual weighted learning” (RWL)

(Zhou et al., 2015), where OWL is applied to the residuals of a linear regression model for

Y | X . As a result, the approach is no longer model-free. Following OWL, and the work

in the previous chapters, we believe there are substantial benefits to be made by framing

the problem in terms of Y | T = D(X), the marginal distribution of the response under a

treatment rule D, rather than the full conditional distribution of the response Y | X = x,T = t.

Framed directly in terms of the treatment rule D, subgroup analysis is naturally stated as a

testing problem. Given a proposed treatment rule D, RCT data can be viewed in terms of

two samples: one sample of individuals treated in accordance with D and one sample of

individuals treated in accordance with the “mirror rule” Dc, that assigns opposite treatment.

By symmetry, the size of these two samples are equal, in distribution, if the RCT is balanced.

Therefore, it is possible to test for a difference between the distribution of the response under

D and under Dc using a simple two-sample test. We show that this is equivalent to testing D

against treatment at random, a natural null hypothesis. This allows us to fully circumvent the

modeling stage and directly test the efficacy of treatment rules using nonparametric tests such
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as the Mann-Whitney-U test for ranks. In addition to testing proposed treatment rules, this

nonparametric approach can be extended to exploratory subgroup analysis. The test statistic

of the nonparametric tests for treatment rules can be used as as a splitting criteria in a random

forest of “treatment trees”, which provides a flexible means for the exploratory proposal

and evaluation of treatment rules. We introduce the notion of “selective logging” - the

forest-level analogue of pruning - to combat issues associated with combining decision rules

with covariate subsampling. Permutation methods can be used to correcting for associated

multiple testing, resulting in a complete, robust, easy-to-use, model-free methodology for

exploratory subgroup analysis. We propose that any subgroups found this way should provide

motivation for future trials, rather than used as evidence to guide future treatment. Section 4.5

explores the application of an extension of the Bayesian nonparametric model introduced in

Chapter 3 to subgroup analysis, providing a Bayesian analogue of the frequentist approach.

Both approaches are applied to AIDS clinical trial data, leading to similar findings regarding

the efficacy of treatment in subgroups.

As in the previous chapters, treatment of covariates as random variables allows us to

define marginal distributions where covariates are integrated out. In previous chapters, this

provides a means to define the marginal distribution of the response, which can be used

to elicit prior information into a regression model. In the subgroup analysis setting, the

treatment of X as random allows direct consideration of Y | T = D(X), the distribution of

the response under a treatment rule. We argue that this is the quantity of interest, and that

conditional models simply provide a proxy tool for the analysis of this distribution.

4.2 Subgroup Analysis

A two-arm randomised controlled clinical trial (RCT) is an experiment designed to investigate

the efficacy of a clinical intervention. In our canonical two-arm example, patients are

randomly split into two groups, where one group is given experimental treatment and the
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other “control” group is given standard care. Randomisation addresses bias issues associated

with the potential dependence between treatment and covariates in observational studies; this

allows causal relationships to be inferred. As such, RCTs are now standard, and their use is

widespread in clinical and pharmaceutical research. (See Matthews, 2006, for a thorough

introduction to RCTs). Increasingly, interest lies in the identification of a “subgroup” of

the population that will benefit from treatment. Of phase III oncology RCTs conducted

from 2011 to 2013, 85% were reported with a subgroup analysis (Zhang et al., 2015). The

ultimate aim of such an analysis is to provide personalised treatment to individuals based on

covariates. This is already the case in the treatment of some cancers, where therapy type is

determined by gene expression (Van’t Veer & Bernards, 2008). However, subgroup analysis

poses many problems, including a lack of a unified framework in applications, and issues

with multiple testing. We hope to address these issues in part by posing the problem as one

of the hypothesis testing of treatment rules. This allows us to use model-free methods that

can be widely-used.

We consider RCT data of the form {Yi,Xi,Ti}n
i=1. Yi ∈R denotes the response of individual

i, the primary outcome of interest. Ti ∈ {0,1} is an indicator of treatment, taking the value 1

if individual i is in the experimental arm, and the value 0 if individual i is in the control group.

Xi ∈ Rp is a vector of covariates, which may be predictive of Y . A standard analysis of RCT

data is concerned with the effect of treatment T on the response Y , possibly incorporating

X to increase power. A subgroup analysis is ultimately concerned with the identification of

a treatment rule D that assigns a treatment status, given a covariate value D : Rp → {0,1}.

Additionally, in the interest of scientific reporting, we believe that it is important to be

able to associate a level of evidence in favour of any proposed treatment rule, such as a

p-value. However, if the same data are used to determine the optimal treatment rule as those

used to calculate each p-value or Bayes factor, this introduces a clear bias, rendering these

uninterpretable. Therefore, multiple testing issues must be given careful consideration.



4.2 Subgroup Analysis 95

4.2.1 Testing for treatment heterogeneity

In the medical literature, the problem is framed in terms of the detection of heterogeneity of

treatment effect. This is often done via interaction tests in regression models (Assmann et al.,

2000; Brookes et al., 2004; Rothwell, 2005; Sun et al., 2012; Zhang et al., 2015). Consider

a “subgroup” A, defined as a subset of the covariate space Rp. To test for a difference in

treatment effect for X ∈ A and X ∈ Ac, one specifies a conditional model for the response

Y | X ,T given covariates and treatment, for example:

Y = α +Xβ +T γ +T I{X ∈ A}θ + ε (4.1)

where I is the indicator function. Testing for a difference of effect for X ∈ A and X ∈ Ac

amounts to testing the hypothesis H0 : θ = 0. Extension to logistic regression, generalized

linear regression and Cox proportional hazards is simple. The p-value associated with this

test indicates a level of evidence in favour of this heterogeneity. Identification of treatment

heterogeneity, together with the estimated global treatment effect can be used to inform

an optimal allocation of treatment. It is important to note that treatment heterogeneity is a

necessary, but not sufficient condition for heterogeneity in optimal treatment allocation. This

important point seems often ignored - p-values associated with interaction terms measure

certainty of treatment heterogeneity, rather than relative efficacy of treatment. It is important

to distinguish between “crossover” interactions (Gail & Simon, 1985) - where in this context,

interaction results in a difference in optimal treatment - and “non-crossover” interactions,

where despite treatment heterogeneity, one treatment is universally optimal. An appropriate

test for optimality of treatment in the subgroup A should take the form H0 : θ + γ = 0, which

tests the net benefit of treatment for X ∈ A. Figure 4.1 illustrates this with point with toy

examples. In the case that the first case, the interaction term results in a change in optimal
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Fig. 4.1 Plots of response y given covariate x for experimental treatment (crosses) and
standard treatment (circles) for two toy examples. Left, the interaction between treatment
and x results in treating only those with x > 0 as the optimal course of treatment (red). Right,
there is an interaction between treatment and x, but placebo for all patients is nonetheless the
optimal treatment rule (red).

treatment, whereas in the second case, the negative global treatment effect is strong enough

to negate the interaction effect.

Subgroup analysis has become a divisive topic on the basis of issues of multiple-testing.

Rothwell (2005) recommends skepticism when interpreting the results of post hoc analysis

of clinical trial data, instead suggesting a conservative approach. He proposed guidelines for

subgroup analysis, interpretation and reporting. Importantly, Rothwell proposes that a small

number of subgroups should be proposed in advance of the trial, on the basis of clinical input.

Then, significance values calculated using interaction tests for each proposed subgroup should

be reported, in order to eliminate publication bias. Following these proposals, Sun et al.

(2012) conducted a systematic review of the analysis subgroups in RCTs in 2007, finding

that very few adhered to the proposed criteria of credibility. In particular, “About two thirds

of subgroup analyses associated with claims were not clearly prespecified”. Similarly, in a

study of the reporting of subgroup analysis in oncology between 2011 and 2013, Zhang et al.
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(2015) found that analyses were “neither uniform nor complete”. Following this, Altman

(2015) recommended editors require authors to adhere to relevant reporting guidelines, in

order to reduce the risk of publishing misleading results.

Yet, despite these proposals, there is clearly demand for a rigorous post hoc analysis of

RCT data due to potentially large gains in efficiency of treatment. Accounting for multiple

testing via cross-validation, or permutation methods, represents an important aspect of any

such analysis, which are outlined in Section 4.3.1. We stress that any potential subgroups

found this way should provide motivation for future trials, rather than used as evidence to

guide future treatment.

4.2.2 Exploratory methods

Many methods for exploratory subgroup analysis have been proposed in the statistical

literature. The vast majority of approaches are model-based, where a conditional model

is specified for the response Y | X = x,T = t, given treatment and covariates. Once such

a model is fitted, the output can be used to determine which covariate values will benefit

from treatment. For example, to determine optimal treatment for an individual with X = x0,

one would compare the conditional means: E[Y | X = x0,T = 0] and E[Y | X = x0,T = 1].

Any such model must include some potential interaction between X and T in order to

model heterogeneity of treatment effect. Qian & Murphy (2011) use L1-penalised least

squares to estimate these conditional expectations, and from this derive an estimate for the

optimal treatment rule D0 : X → {0,1} that assigns optimal treatment for each covariate

value. Bounds are derived for the difference between the mean response under the estimated

and optimal treatment rules.

Cai et al. (2011) use a 2-stage procedure, where first they fit a generalized linear model

to estimate the conditional mean of the response separately for the control group and for

the treated. The difference between the estimated means provides a parametric estimate
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for the benefit of treatment at each covariate value. The covariate space is then split into

regions with similar parametrically estimated benefit, and the benefit of treatment is estimated

nonparametrically as a function of this parametric estimate. Matsouaka et al. (2014) take a

similar approach in order to provide robustness to misspecification of the parametric model.

Tree-based methods such as classification and regression trees (Breiman et al., 1984),

and random forests (Breiman, 2001) have proven particularly popular methods as they

allow for interaction and are able to capture potential subgroups via a recursive partitioning

of the covariate space. Foster et al. (2011) apply such an approach to binary response

data, forming a predictive model for P(Y = 1 | X ,T ) using a random forest taking as input

(X ,T,XI{T = 0},XI{T = 1}). This fits a standard predictive random forest, which is used

to calculate an estimate of the distribution of the response for each datum under treatment and

no treatment, formally P(Y = 1 | X = xi,T = 0) and P(Y = 1 | X = xi,T = 1). The difference

in this probability, defined as Zi := P(Y = 1 | X = xi,T = 1)−P(Y = 1 | X = xi,T = 0), is

regarded as the treatment effect. A second regression tree is then fitted with Z as the response

and X as covariates, in order to determine subsets of the covariate space corresponding to

benefit of treatment above a pre-specified level.

Su et al. (2009) use an “interaction tree” approach, where the splitting criterion in the

regression tree is the p-value of a test for interaction between treatment and the indicator

variable I{X j < c}, where the proposed split is at the value c on the jth covariate. A fitted tree

then divides the covariate space recursively on the basis of the presence of interaction effects.

In the context of a drug trial, the fitted tree identifies subsets of the covariate space that

have constant treatment effects. This output could then be used together with an estimation

of the treatment effect in each subset in order to determine a subgroup that benefits from

treatment. However, this second stage highlights the fact that interactions are not the same as

a difference in optimal treatment. In the context of subgroup analysis, we are only interested

in crossover interactions, those that lead to a difference in optimal treatment. The analysis
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of wages via interaction trees (Su et al., 2009) serves as an example of when the majority

of detected iterations are non-crossover, which would be of little interest within a subgroup

analysis.

Ruberg et al. (2010) use random forests regression on the control group, where each

tree splits the covariate space into subgroups that differentiate the response in the control

group. These are then used as proposed subgroups, where treatment effect is tested against

placebo. However, by generating potential subgroups via analysis of only the control group,

it is possible to miss treatment heterogeneity within a subgroup of the covariate space that

has no primary effect. For example, a genetic marker may not be predictive of the response

in the control group, and therefore none of the subgroups generated by the random forest

would split on the genetic marker. If treatment results in a benefit for one genotype at this

marker, but a detriment to the others, treatment could be deemed ineffective as it is never

tested separately for different genotypes.

All of these approaches essentially split the task of finding optimal treatment into two

stages: the data-generating procedure is modeled, and this model fit is used to determine

an optimal treatment rule. Zhao et al. (2012) forgo the modeling stage and attempt to

directly optimize the treatment rule in a technique called “Outcome weighted learning”

(OWL). Rather than trying to estimate the conditional expectation E[Y | X ,T ], this approach

considers the expectation of the response under a treatment rule ED[Y ] = E[Y | T = D(X)],

where D : Rp → {0,1} maps covariates to treatment. Following the derivation of Qian &

Murphy (2011), this expectation is expressed in the form:

E[Y | T = D(X)] = E[2Y I{T = D(X)}]

when treatment is given to half of the patients in the RCT. Interest lies in the function D

that maximises this expectation. Zhao et al. (2012) approximate this expectation using the
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empirical distribution, and attempts to maximise:

1
n

n

∑
i=1

YiI{Ti = sign( f (Xi))} (4.2)

where the treatment rule D(x) is represented as sign( f (X)) for some function f . To combat

nonconvexity of the identity function this is then approximated by a hinge loss, the task

becomes to minimise:

1
n

n

∑
i=1

Yi max (1−Ti sign( f (Xi)),0)+λn|| f ||2.

where || f || is some norm for the function f and λn is a parameter that penalises complexity

of f . This optimisation is achieved using support vector machine techniques. However, there

is a problem with approximating the expectation using the empirical distribution. It is easy to

see that, when Y are all positive, Equation 4.2 is maximised by assigning the same treatment

as seen in the data. Similarly, if Y is negative, this is maximised by giving the opposite

treatment to that seen in the data. The complexity penalty prevents a trivial matching of

observed and assigned treatments, but a bias is still present. This calibration issue is tackled

by first regressing the covariates on the response and proceeding with the residuals, which

are centered. This is called “Residual weighted learning” (Zhou et al., 2015). In this sense,

even taking this direct approach, the requirement of calibration necessitates the construction

of a regression model.

We aim to build on this approach of direct consideration of the distribution of the

response under a treatment rule, in effect marginalising out covariates. This can allow us to

circumvent a conditional statistical model, and safeguard from the associated potential for

misspecification.
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4.3 Testing treatment rules

Following the direct approach of Zhao et al. (2012), we frame the question of subgroup

analysis in terms of treatment rules D : Rp →{0,1} that map the covariate space to treatment

assignment. Cost of treatment is easily incorporated within this framework by using a

cost-adjusted response: Yi := Y clinical
i − κTi. This is a simple pre-processing step, where

any monetary cost is converted onto the response scale κ . First, we present a simple

nonparametric test for testing a treatment rule D against its mirror rule Dc, the rule that

assigns the opposite treatment in every case. This is shown to be equivalent to testing against

treatment at random, a natural null rule when there is no established optimal course of

treatment. The test is simple to adapt to the case where there is a current preferred course of

treatment. This approach provides a simple and intuitive test that can be entirely model-free,

resulting in robustness to misspecification. As with residual weighted learning, it is possible

to first regress Y on X and use the following tests on the residuals rather than the response.

This comes at the cost of making modeling assumptions, but when X are predictive of the

response, this will result in increased power. We argue that the testing of treatment rules

answers a more appropriate question than interaction tests, as they directly test the efficacy

of a proposed treatment rule, rather than testing model parameters which are then combined

to determine a treatment rule. This point is highlighted by the possibility of non-uniqueness

of optimal treatment rules. Figure 4.2 shows a simple example of this, where both “treat all”

and “treat if and only if x > 0.5”, are optimal. This displays the lack of importance of the

exact interaction region, and highlights the fact that finding interactions answers a different

question to that posed when conducting subgroup analysis.

First note that there is a one-to-one correspondence between treatment rules and sub-

groups via the simple definition DA(X) := I{X ∈ A}. DA is the treatment rule that assigns

treatment if and only if covariates are contained in the subgroup A. Thus, any proposed

subgroup can instead be viewed as the corresponding treatment rule. Given RCT data of the
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Fig. 4.2 Crosses represent treatment and circles represent no treatment. In this example it is
optimal to treat those with x > 0.5. Any treatment rule that satisfies this criterion is optimal,
such as: the rule to treat all (red points in the left panel), and the rule to only treat those with
x > 0.5 (red points in the right panel).

form data of the form {Xi,Yi,Ti}n
i=1, interest lies in testing the efficacy of a treatment rule D.

A natural measure of this is the probability of treatment benefit under D, defined by:

αD := P(Y D > Y )+
1
2
P(Y D = Y )

=
∫

X
P(Y D > Y | X)+

1
2
P(Y D = Y | X)π(dX)

where π denotes the covariate distribution, Y denotes the response under randomisation and

Y D denotes the response under the treatment rule D. Values of αD greater than 0.5 indicate

that the treatment rule is better than a randomised treatment. Randomised treatment provides

a good reference point where there is no established treatment rule.

Since treatment at random treats in accordance with any rule D (that is, Ti = D(Xi)) with

probability 1
2 and in accordance with Dc (Ti = Dc(Xi)) with probability 1

2 , D is better than

random if and only of it is better than Dc. This argument is key to our approach, and allows
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Fig. 4.3 Crosses represent treatment and circles represent no treatment. For subgroups
A1 := {X ≤ 0.25} (left) and A2 := {X ≤ 0.25} (right), data can be split into two samples:
those treated in accordance with DAi (blue) and Dc

Ai
(red).

the definition of hypotheses regarding αD, the probability of benefit under D, in terms of

hypothesis comparing D and its mirror Dc.

For each individual in a sample, for a given treatment rule D, either Ti = D(Xi), or

Ti = Dc(Xi). Therefore, we have two samples: one sample of responses under the treatment

rule D, and one sample under the treatment rule Dc. This is illustrated by a toy example

in Figure 4.3 for the subgroups {X ≤ 0.25} and {X ≤ 0.25}. Since treatment is typically

administered to half of the patients at random, the sizes of these samples have the same

distribution, and so, on average, are of equal size. Given these two samples {yD} | T = D(X)

and {yDc} | T = Dc(X) of size n1 and n2, we can perform a simple test to test for a difference

in the distribution of the two samples. Motivated by robustness, we use a Mann-Whitney-U

test, which has test statistics given by:

U =
n

∑
i=1

RiI{Ti = D(Xi)}
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where Ri represents the rank (1 corresponding to the lowest value) of Yi within the sample

{Yj}n
j=1. The distribution of this statistic is known under the null hypothesis:

H0 : P(Y D > Y Dc
)+

1
2
P(Y D = Y Dc

) = 0.5

where Y D denotes the response under treatment in accordance with the treatment rule D. The

one-sided alternative hypothesis is given by:

H1 : P(Y D > Y Dc
)+

1
2
P(Y D = Y Dc

)> 0.5

We can relate these hypotheses to the probability of treatment benefit under D, αD:

αD =P(Y D > Y )+
1
2
P(Y D = Y )

=P[T = D(X)]

(
P[Y D > Y | T = D(X)]+

1
2
P[Y D = Y | T = D(X)]

)
+

P[T ̸= D(X)]

(
P[Y D > Y | T ̸= D(X)]+

1
2
P[Y D = Y | T ̸= D(X)]

)
=

1
2
(0+

1
2
)+

1
2

(
P[Y D > Y Dc

]+
1
2
P[Y D = Y Dc

]

)
=

1
4
+

1
2

(
P[Y D > Y Dc

]+
1
2
P[Y D = Y Dc

]

)

That is, we can equivalently write our hypotheses as:

H0 : αD = 0.5

H1 : αD > 0.5

Therefore, testing for treatment benefit of a treatment rule D versus randomisation is achieved

via a simple Mann-Whitney-U test of those treated in accordance with D versus those treated
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in accordance with the mirror rule Dc. A similar argument can be applied for the use of

alternative two-sample tests. For example, the null hypothesis can be formulated using

expectations as follows:

H0 : E[Y D −Y ] = 0.

Similarly, we have:

E[Y D −Y ] =E[Y D −Y | T = D(X)]P[T = D(X)]+

E[Y D −Y | T ̸= D(X)]P[T ̸= D(X)]

=
1
2
E[Y D −Y Dc

].

So, H0 is equivalent to H0 : E[Y D −Y Dc
] = 0, which can be tested for example using a

t-test. In general, the Mann-Whitney-U test is recommended due to being a model-free

nonparametric test, but a suitable test can be chosen by context. For example, when the

response constitutes survival data with truncation and censoring, the log-rank test may

provide a suitable nonparametric test.

The above relates the test of samples under a treatment rule D against a sample under

Dc, to a test of D against randomised treatment. In some contexts, there will be a current

preferred treatment rule (for example, when the treatment is expensive, a natural preferred

course of treatment would be to not treat at all), and comparison to treatment at random is

inappropriate. In this case, let D∗ denote the preferred treatment rule, the standard against

which other treatment rules are to be tested. To compare a treatment rule D to D∗, it is

important to note where the treatments differ; AD ̸=D∗ := {X ∈ Rp : D(X) ̸= D∗(X)} defines

the subset of the covariate space where the treatment rules differ. D is better (or worse) than

D∗ if and only if it is better (or worse) on the subspace AD ̸=D∗ , since the treatment rules are

identical elsewhere. Therefore, it is natural to pose a hypothesis test in terms of a difference
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of effect on the subspace AD̸=D∗ . Our hypotheses become:

H0 : αD−D∗ = 0.5

H1 : αD−D∗ > 0.5

where:

αD−D∗ := P(Y D > Y D∗ | X ∈ AD ̸=D∗)+
1
2
P(Y D∗ = Y D | X ∈ AD ̸=D∗).

Alternatively, for a test of difference of means, we now have:

H0 : E(Y D −Y D∗ | X ∈ AD ̸=D∗) = 0

H1 : E(Y D −Y D∗ | X ∈ AD ̸=D∗)> 0.

Again, this is simply a two-sample test of D against its mirror, after restricting the data to

where D differs from D∗, that is, where Xi ∈ AD ̸=D∗ . A natural consequence of this is that

there is reduced confidence in benefit of a treatment rule when the two treatment rules are

similar, differing only on a small subsample of the data.

4.3.1 Multiple testing issues

The p-values that come from these tests of treatment rules only have a valid interpretation

if the treatment rules are proposed in advance, in small number, as described by Rothwell

(2005). However, the exploratory methods outlined in section REF provide a means for

generating subgroups (and therefore, treatment rules) from RCT data. Since the data have

been used to identify these treatment rules, the p-value from a test using the same RCT data

will not be uniformly distributed, so loses interpretation. One simple solution is to split

the RCT data into “training” data and “test” data. Exploratory methods can be used on the



4.3 Testing treatment rules 107

training data to identify a potential treatment rule, the validity of which can be tested using

our simple test on the test data. Since different data are used to generate the treatment rule

and test it, the p-value is valid. However, RCTs are often expensive, and as a result, small.

Small datasets will result in test datasets too small to generate enough power to test the

treatment rule effectively. An alternative approach is to use permutation methods to calibrate

the p-value (see e.g. Davison & Hinkley, 1997, chapter 4.3). The idea is to generate datasets

from the null hypothesis via permutation of some aspects of the data. Then the exploratory

procedure is used to generate a treatment rule based for each dataset. A p-value is then

calculated for each treatment rule on its respective dataset. This gives us an approximate

distribution for p-values under multiple-testing, which can be used to adjust our p-value onto

the usual scale. So far, the null hypothesis has not fully specified, so generation of data under

the null in some cases requires additional information. We shall explore what assumptions

are necessary in each case.

We wish to generate data under the null, but the null hypothesis is different for the test

of each treatment rule; therefore, we generate data from a “global null”, that is, a null that

satisfies the null hypothesis corresponding to every possible treatment rule D. It is easy to see

that the “sharp null” corresponding to the assumption of no treatment effect will satisfy each

H0, since all treatment rules become equivalent. Permuting the values of Ti generates datasets

under this null, where any relationship between Y and T is lost, but any relationship between

Y and X is kept intact. Lee & Rubin (2015) use such a procedure in the context of subgroup

analysis to generate counterfactual data under this null to correct for multiple testing. This

null hypothesis of no treatment effect is appropriate when there is no clear default treatment

rule, as deviation from this null results in disparity between the performance of treatment

rules, implying that some rules are better than others. The procedure is simply:

• Apply the exploratory method on the data {Y,T,X}, to get an estimate D0 of the

optimal treatment rule.
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• Calculate a p-value p0 for the test of H0 : αD0 = 0.5 against H1 : αD0 > 0.5, using the

data {Y,T,X}.

• For j = 1, . . . ,M:

– Generate v j, a random permutation of (1, . . . ,n)

– Apply the exploratory method on the data {Y,Tv j ,X}, to get an estimate D j of

the optimal treatment rule.

– Calculate a p-value p j for the test of H0 : αD j = 0.5 against H1 : αD j > 0.5, using

the data {Y,Tv j ,X}.

• 1
M ∑

M
j=1 I{p0 > p j} gives a corrected p-value for H0 : αD0 = 0.5 against H1 : αD0 > 0.5.

Where Tv denotes the vector of treatment (T1, . . . ,Tn) re-ordered according to the permu-

tation v. The procedure essentially estimates the distribution of p-values attained using this

method of exploration followed by testing, under the assumption of no treatment effect. This

is used to calculate a corrected p-value that is uniformly distributed under this assumption.

When there is a current preferred treatment rule, it is inappropriate to generate under

the assumption of no treatment effect, as this preference implies a perceived difference

between the treated and control groups. In order to generate data under the assumption that

the optimal treatment rule is D∗, one would have to assume a conditional model for Y that

is consistent with D∗ being optimal. Datasets generated from this model could be used as

before to calculate the distribution of p-values under multiple testing. The construction of

such a model will depend on the beliefs surrounding the currently preferred treatment rule,

and such an approach is highly sensitive to model choice. However, in a specific case, it is

possible to augment the permutation method to generate data under a suitable null, rather

than specifying a full model. This is the case where treatment is expensive, so the a priori

preferred treatment rule is to not treat anyone, that is D∗(X) = 0 ∀X . Recall that we have

been using a cost-adjusted response Yi := Y clinical
i −κTi, where κ is the cost of treatment on
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the scale of the clinical response. A natural null might be that treatment has no effect on

Y clinical, so the cost κ makes not treating an optimal treatment rule. It is easy to generate

under such a null, by using the clinical response, permuting treatments and then adjusting to

the cost-adjusted response based on the permuted treatment. Under this sampling scheme,

any Y dependence on X is preserved, the treatment cost is incorporated and clinical response

is independent of treatment. A treatment rule is estimated via exploration on each dataset,

which is then tested against D∗. To clarify, the procedure becomes:

• Apply the exploratory method on the data {Y,T,X}, to get an estimate D0 of the

optimal treatment rule.

• Calculate a p-value p0 for the test of H0 : αD0−D∗ = 0.5 against H1 : αD0−D∗ > 0.5,

using the data {Y,T,X}.

• For j = 1, . . . ,M:

– Generate v j, a random permutation of (1, . . . ,n)

– Apply the exploratory method on the data {Y + κ(Tv j − T ),Tv j ,X}, to get an

estimate D j of the optimal treatment rule.

– Calculate a p-value p j for the test of H0 : αD j−D∗ = 0.5 against H1 : αD j−D∗ > 0.5,

using the data {Y +κ(Tv j −T ),Tv j ,X}.

• 1
M ∑

M
j=1 I{p0 > p j} gives a corrected p-value for H0 : αD0−D∗ = 0.5 against H1 :

αD0−D∗ > 0.5.

These permutation methods allow calculation of valid p-values for the validity of treat-

ment rules proposed via an exploratory analysis of the data. In each case, the permutation

method makes minimal assumptions about the data-generating procedure.
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4.4 Random forests of treatment trees

In this section, we propose an exploratory method for finding an optimal treatment rule, based

on the use of nonparametric tests for treatment rules, as outlined in section 4.3. The idea is

to test large number of treatment rules using the RCT data, choosing the treatment rule that

gives the most significant p-value for a test of benefit of treatment. The space of treatment

rules is explored via recursive partitioning of the covariate space, as in classification and

regression trees. Throughout, we shall use the Mann-Whitney-U test, but as before, any

two-sample test (log rank test, t-test) can be used. As before, if there is thought to be a strong

primary effect of X on the response, regressing X on Y first and proceeding with the residuals

will increase the power to detect treatment heterogeneity. Of course, in this case the approach

is no longer model-free.

Decision trees provide a means of recursively partitioning a covariate space. Classification

and regression trees (see e.g. Breiman et al., 1984) are a popular machine-learning tool,

where a prediction model is fitted within each partition of a decision tree. Each partition is

chosen on the basis of a splitting criterion, for example in regression a reduction in the sum

of squared errors. The recursive partitioning allows a complex structure between covariate

and response. In other settings, Su et al. (2009) (interaction trees) and Ishwaran et al. (2008)

(survival forests) have used decision trees in a non-standard fashion, using an interaction

test statistic and a log-rank test statistic respectively as a splitting criteria. Decision trees

provide a natural way to construct treatment rules, where a treatment is assigned to each

partition. The tests for treatment rules in section 4.3 provide a natural splitting criterion,

constructing “treatment trees” in a similar way to the trees in Ishwaran et al. (2008) and Su

et al. (2009). However, the use of treatment rule tests avoids splits corresponding to “non

crossover” interactions, that would be present in interaction trees, which are not of interest

when determining an optimal treatment rule.
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Random forests (Breiman, 2001) are an ensemble method that uses a “forest” of decision

trees; each tree is trained using a bootstrapped sample of the data and a subset of covariates.

In a regression setting, the collection of regression trees is utilized by averaging over the

predictions of each tree. Similarly, in a classification setting, the classification of the forest is

simply the most popular classification among the constituent trees. The central idea is that

each tree will have low bias but high variance, with trees in the forest having low pairwise

correlation. The aggregation of these into a forest should therefore have low bias and low

variance (Friedman et al., 2001, chapter 15). In the same way, we aggregate treatment trees

constructed using nonparametric tests in order to construct a consensus treatment rule with

low bias and low variance. In addition, “selective logging” is introduced as a forest-level

analogue of “pruning”, which combats potential issues with covariate sub-sampling. First,

we address the construction of trees for treatment rules, and then describe how these are

assembled into a forest.

Given data {Y,X ,T}n
i=1, a treatment tree is constructed as follows. For every covariate, a

split is proposed at each quintile of the covariate sample. Each split represents two treatment

rules: treat to the right, or treat to the left. Concretely, denote the split k on covariate j by q j,k,

and the corresponding two treatment rules: D(X) = I{X j < q j,k} and Dc(X) = I{X j ≥ q j,k}.

Visually, for each covariate, we generate a sequence of rules, as illustrated by Figure 4.3.

This gives us a total of 10 potential treatment rules for each covariate. Add to these the

constant treatment rules: D(X) = 1 and D(X) = 0. Then, for each treatment rule D, calculate

the test statistic:

U =
n

∑
i=1

RiI{Ti = D(Xi)}

where Ri represents the rank (1 corresponding to the lowest value) of Yi within the sample

{Yj}n
j=1. That is, at split k on covariate j, we calculate:

U =
n

∑
i=1

RiI{Ti = I{Xi, j < q j,k}}.
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Then calculate the corresponding p-value associated with the one-sided alternative hypothesis.

The split corresponding to the lowest p-value is then chosen, with children nodes being passed

the data to the left and the right of the split, respectively. If the lowest p-value is above

some pre-specified value pcutoff, or if the lowest p-value corresponds to either D(X) = 1

or D(X) = 0, no split is made. In addition, each tested rule must result in a two-sample

test above a pre-specified size mintest, and must split the data into child nodes above a pre-

specified size minchild. This procedure is iterated on each child node until no split is made, or

until a pre-specified maximum depth D is reached. Once constructed, the tree represents a

treatment rule where each leaf node is assigned treatment according to that chosen by the

parent splitting rule. If the tree is just a root, treatment is simply D(X) = 1 or D(X) = 0,

determined by the lowest p-value.

As with the standard extension to random forests, a forest comprises of N trees trained

on a bootstrapped subsample of the data with a random subsample of Q covariates, where

N and Q are pre-specified. Since each tree is trained on a bootstrapped subsample of the

data, the remaining data can be used to test the treatment rule corresponding to the tree. This

is a form of cross-validation, since different data is used to train and test the rule. As such,

each tree is associated with a p-value. Given a “selective logging” parameter J ∈ {1, . . . ,N}

(a pre-specified constant), the final forest is given by the J trees with the lowest p-values.

Finally, this forest is used to define a treatment rule by the consensus of the constituent trees.

That is, given a forest F = {DTj}J
j=1, where DTj is the jth decision tree, the forest rule is

given by: F(X) = I{∑
J
j=1 DTj(X)> 0.5}.

The reasoning behind this final selective logging step is illustrated by the following simple

example. Consider a case where there are 50 covariates, where only one binary covariate X1

produces treatment heterogeneity, where X = 0 results in a slightly harmful treatment effect

and X = 1 results in a hugely beneficial treatment effect. Then, for all trees that contain

X1 (after covariate sub-sampling) the treatment rule should be D(X) = I{X1 = 1}. For all



4.4 Random forests of treatment trees 113

trees that do not contain X1, treatment will be universally better than no treatment, since the

benefit for X = 1 is larger than the detriment for X = 0 (a case where X = 1 is more frequent

than X = 0 represents a similar example of this effect). As such, these trees should give the

treatment rule D(X) = 1. If the number of covariates to be sub-sampled, Q is small enough,

this would result in the rule D(X) = I{X1 = 1} being “washed out” by the more frequent

D(X) = 1. As a result, the forest would assign treatment to those with X1 = 0 despite every

tree containing X1 assigning the opposite. Selective logging combats this problem, since the

forest is now comprised of a subset of trees associated with better treatment, in this case the

trees containing X1. As such, J and Q should be specified with this in mind. If Q is small

relative to the total number of covariates p, J should accordingly be small relative to the total

number of trees N. As a rule-of-thumb, note that approximately (Q
p )

2 of the trees will contain

a particular pair of covariates. So, in order to not wash out any covariate interaction, one

might wish to specify J = N(Q
p )

2. However, the use of data out of the “bag” corresponding

to each tree to determine inclusion of the tree will create higher pairwise correlation between

trees than found in a standard random forest. As such, there is something of a balancing act,

where selective logging is most important in high-dimensional applications, where the effect

of covariate sub-sampling is more pronounced.

As with standard random forest algorithms, it can be difficult to interpret or visualise

the output in high dimensions, in contrast to a single tree. However, there are some simple

techniques that can aid interpretation. The relative importance of covariates is difficult to

measure concretely, but the number of trees in the forest that contain a split on a given

covariate provides a reasonable indication of the relevance of the covariate. Alternatively, the

average p-value associated with trees that contain a split on a given covariate can be used to

order covariates by importance. Once important covariates have been identified, heat-map

plots of ∑
J
j=1 DTj(X) can be made by varying X in two dimensions with the other dimensions
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fixed. Heat-maps over important covariates can provide an indication of the treatment rule

boundary; an example of this visualisation is given in the next section.

4.4.1 Comparison study with OWL

In this section we compare performance of our random forest algorithm with that of OWL

(Zhao et al., 2012) using examples found in the original paper. The authors kindly provided

software to implement OWL using a linear kernel function. The examples each have a highly

complex optimal treatment rule, which serves to illustrate the limitations of our algorithm.

In practice, it is highly implausible that optimal rules should take such a form, but it is

interesting to observe to what extent tree structures and a linear kernel can approximate such

rules.

The covariate X space is 50 dimensional, with each element being independently uni-

formly distributed on the interval [−1,1]. In contrast to our standard notation, the treatment

T takes values in {−1,1} uniformly. Given treatment Ti and covariate Xi, the conditional

distribution of the response is given by:

Yi | Xi,Ti ∼ N(1+2Xi,1 +Xi,2 +0.5Xi,3 + f (Xi,Ti),1)

where for each example, the treatment effect is given by:

1. f (X ,T ) = 0.442(1−X1 −X2)T

2. f (X ,T ) = (X2 −0.25X2
1 −1)T

3. f (X ,T ) = (0.5−X2
1 −X2

2 )(X
2
1 +X2

2 −0.3)T

Clearly, the response only depends on the first three covariates - X1,X2 and X2 - with the

treatment effect only depending on X1 and X2. Therefore, the optimal treatment rule is simply

a function of the covariates X1 and X2. A dataset of size 250 is sampled, and both OWL and



4.4 Random forests of treatment trees 115

our algorithm are applied. The random forest is parameterized as follows: D = 4 (maximum

tree depth), Q = 25 (number of covariates used by each tree), N = 1000 (initial number of

trees), J = 500 (number of trees after selective logging), pcutoff = 0.1 (threshold p-value

required to split).

The results are visualised by plotting the fitted treatments of points on a 50× 50 grid

of points on [−1,1]2 (the values of X1 and X2), with a random vector for the remaining 48

covariates. The random forest fit is visualised by plotting ∑
J
j=1 DTj(X) for each X value.

Since treatment takes the value 1 or −1, values greater than 0 will be given treatment 1 and

values below 0 will be given treatment −1. The sign of the fitted linear kernel function

indicates the treatment given by OWL. Figure 4.4 displays the fits alongside the true optimal

treatment rule, where red corresponds to treatment 1 and blue corresponds to treatment −1.

Clearly OWL fits the first example very well, with our algorithm picking up the optimal

treatment rule, but struggling to fit it using a mixture of tree structures. This is as expected, as

OWL optimizes over such linear treatment rules. In the second example, both OWL and the

random forest identify that −1 is the best treatment for the majority, with some high X2 value

individuals being assigned treatment 1; our methods seems to perform better here, picking

up a larger portion of this region. Clearly, the limiting factor in both cases is the inability to

fit a parabola with a linear function or using a “grid” structure. In the final example, both

OWL and our algorithm assign treatment −1 to each individual in the plot. Neither the linear

kernel or the average of trees is able to capture the ring. This highlights the limitations of

both approaches, but we would argue that these examples represent extreme scenarios and

are not representative of biological applications, that would likely take much simpler forms.

It is possible to calculate a p-value for the test of each treatment rule against its mirror.

These use the same data as was used to train the treatment rules, so do not constitute calibrated

p-values. Rather they provide a relative source of evidence in favour of a treatment rule

versus treatment at random. As such, these can be used to compare the fits of our algorithm
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Fig. 4.4 Each row corresponds to a different data-generating model, with the first column
indicating the optimal treatment rule, the second column the average treatment allocation
among trees in the random forest and the third column the treatment rule output of OWL.
Red corresponds to treatment 1 and blue treatment −1. The consensus forest treatment rule
takes the value 1 when the tree average treatment is positive and −1 when the average is
negative.
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with OWL in each example. In the first example, the OWL rule gives a p-value of 8.5×10−16

compared with 1.1×10−4 for the random forest, indicating a far better OWL fit, supporting

the qualitative observations from Figure 4.4. In the second example, the OWL treatment rule

gives a p-value of 10−11, compared to 1.7×10−13 for the random forest, indicating a slightly

better fit by our algorithm, in accordance with our observations. For the third example, the

plots would seem to indicate equality of the treatment rules; however, these are the treatment

rules for a random value of X3, . . . ,X50. Over the entire covariate space, the two rules both

assign a mixture of treatment 1 and −1 (though, dominated by −1). The resulting p-values of

these treatment rules are 5.8×10−12 for OWL and 1.8×10−14 for the random forest. Again,

the random forest provides a slightly better fit. All things considered, performance of the two

algorithms is comparable on these particular examples, with OWL performing particularly

well in the linear case.

4.4.2 AIDS Clinical Trials Group Study

In this section we apply the developed methodology to AIDS Clinical Trials Group Study

(ACTG 320) data which is publicly available1. The data is from a double-blind, placebo-

controlled trial stratified by initial CD4 count, where each of the 1151 patients were randomly

assigned one of two daily treatment regimes: a two-drug regimen of lamivudine (3TC) with

idovudine (ZDV) or stavudine (d5T); or the three-drug regime also containing indinavir

(IDV). We group these into those who received IDV treatment and those who did not receive

IDV. The trial was designed to test for the effect of IDV on the time to development of AIDS

or death (disease-free survival time). The response Y is censored survival data, with 96 events

and 1055 censored observations. We consider the exploratory analysis of optimal treatment

rules with our random forest algorithm using the binary, ordinal, continuous covariates:

1https://www.umass.edu/statdata/statdata/data/
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gender, IV drug use history, Hemophilia, Karnofsky Performance Scale, baseline CD4 count,

prior ZDV use and age at enrollment, as specified in Table 4.1.

Table 4.1 ACTF 320 Covariates

Variable name Variable type Variable coding/Units
Gender Binary 1 = Male
IV drug use history Ordinal 0 = Never

1 = Previously
2 = Currently

Hemophilia Binary 1 = Hemophiliac
Karnofsky Performance Scale Ordinal 0 = Normal activity not possible

1 = Normal activity with effort
2 = Normal activity possible
3 = Normal

Baseline CD4 count Continuous Cells/milliliter
Prior ZDV use Continuous Months
Age at Enrollment Continuous Years

Following such a trial, the natural first-step is to test for treatment effect. Within our

framework, this is simply the test of the treatment rule D(X) = 1 versus the treatment rule

D(X) = 0. Since the response consists of censored survival data, we use the Log-Rank

test. The resulting p-value is 0.00117, indicating highly significant evidence in favour of

treatment resulting in an increase in disease-free survival time. With high levels of censoring,

the Kaplan–Meier plot of estimated survivor functions provides a means of visualising the

distribution of the response. Figure 4.5 shows these estimates for treated and non-treated

individuals, supporting the hypothesis of a treatment effect. The ACTG study was in fact

stopped early as a result of the strong evidence of efficacy of IDV. However, there is still

the potential for a superior treatment rule. With the evidence of treatment effect in mind, it

would be desirable to test the treatment rule output of our random forest algorithm against

the “treat all” treatment rule D(X) = 1. Accounting for multiple testing for such a test does

not fall within standard permutation methods (see Section 4.3.1), and would require model
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Fig. 4.5 Kaplan–Meier estimates of survivor functions under treatment (red) and no treatment
(blue).

assumptions to be made in order to generate data under such a null hypothesis. With this in

mind, we turn to cross-validation, fitting our random forest on a random “training” subset of

the data of size 700, using the remaining 451 datum to test the generated treatment rule.

We apply our random forest with D = 2 (maximum tree depth), Q = 4 (number of

covariates used by each tree), N = 300 (initial number of trees), J = 100 (number of trees

after selective logging), pcutoff = 0.025 (threshold p-value required to split). The tree depth

is set with respect to the small number of covariates, and a relatively low cutoff is chosen

to avoid over-fitting of the data. Let RF(X) denote the treatment rule corresponding to

the consensus of our fitted random forest. When applied to the individuals in the study,

RF assigns treatment to 996 of the 1151 individuals in the study; this would be expected,

following evidence of a strong global treatment effect. We can examine the fit of RF by

looking at the variables that appear in the most trees in the forest. The two most important

variables appear to be prior ZDV use and age, appearing in 35% and 23% of trees respectively.

The next most important variable was gender, in only 16% of trees, with all other variables

in at most 5% of trees. We can examine the fit visually via a sequence of pairs plots of the

treatment assignment of RF for each individual in the study, where in each plot the axes are

a pair of the most important variables. Figure 4.6 displays the assignment of treatment under
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RF in this way using the three most important variables. The majority are given treatment,

but a small subgroup benefit from no treatment. This subgroup seems to correspond to

individuals with fewer than 20 months prior ZDV use and ages in the range 0−30, along

with some with low prior ZDV use at higher ages. The Log-Rank test tests the efficacy of

the RF treatment rule versus random on the test data gives a p-value of 0.036, indicating

that the rule is significantly better than treatment at random. We would expect this in the

context of this particular trial as treatment seems to have a global effect, so any rule that treats

the vast majority of individuals should be effective relative to randomisation. Therefore,

the more appropriate question is: is RF better than the “treat all” rule? Again, we use a

Log-Rank test on the test data, resulting in a p-value of 0.87, indicating there is not enough

evidence to reject the “treat all” rule in favour of RF . Our analysis would conclude with a

recommendation of treatment to all, in accordance with the original findings.

In many cases there is a cost associated with treatment; in some cases, this is monetary, but

in others the cost is in terms of quality of life, due to, for example, side-effects of treatment.

This is often incorporated by using quality-adjusted life-years (QALYs), (Zeckhauser &

Shepard, 1976), rather than survival time. Here we consider a case where treatment results

in a reduction of quality of life by a factor of 0.5; that is, one year of treatment-free life

is equivalent to two years of life with treatment. (Note that this is purely for illustration,

and is not based on the effects of treatment using IDV). We define the response Y QALY
i =

Y ×0.5Ti , with censored data {Yi > yi} treated in the same way: {Y QALY
i > yi ×0.5Ti}, since

{Y QALY
i > yi×0.5Ti} ⇐⇒ {Yi > yi}. Again, it is natural to first test the efficacy of treatment

using a Log-Rank test. This time, the p-value is 0.43; insignificant evidence to indicate

a benefit of blanket treatment. In contrast to using the unadjusted response, this time we

have no a priori preferred treatment rule following what is, essentially, a failed trial; this

represents a typical application of exploratory subgroup analysis. The QALY factor of 0.5

was chosen to reflect such a scenario. In this case, we are interested in any treatment rule that
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Fig. 4.6 Random forest assignment of treatment to individuals in the study, where those
recommended IDV treatment are in red and those recommended no treatment in blue.
Individuals treated in the study are represented with crosses with those not given IDV
represented with circles.
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Fig. 4.7 Random forest assignment of treatment to individuals in the QALY study, where
those recommended IDV treatment are in red and those recommended no treatment in
blue. Individuals treated in the study are represented with crosses with those not given IDV
represented with circles. The clear trend is the recommendation of treatment to those with
more than approximately 17 months prior ZDV use.

is significantly better than treatment at random. Multiple testing is accounted for in this case

using permutation methods, so this time we use the entire dataset to train our random forest

algorithm. Again, we apply our random forest algorithm using the same parameterization.

We asses variable importance simply by counting the number of trees in the forest containing

a split on a given variable. 95% of the trees split on prior ZDV use, 1% of trees split on

Karnofsky Performance Scale, and no trees split on any of the other variables. This indicates

a clear-cut treatment rule that is essentially a decision tree with a single split, on Prior ZDV

use. The average value of this split is 17.7, indicating that the corresponding treatment rule

is approximately the rule that treats only the individuals with more than 17.7 months of prior

ZDV use. Figure 4.7 shows the allocation of treatment recommended by RF to individuals

in the study, sorted by age and prior ZDV use, confirming the nature of the treatment rule.

We wish to test RF versus its mirror rule RFc, equivalent to testing the null hypothesis

that the distribution of Y QALY - the quality-of-life adjusted response - under RF is the same as
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Fig. 4.8 Kaplan-Meier estimates of survivor functions of those treated in accordance with
RF (red) and those not treated in accordance with RF (blue).

that under treatment at random. The p-value for this test is 2.4×10−4; however, this clearly

needs calibration due to multiple testing. To do this, we simply permute the treatment vector,

as this generates data under the assumption that treatment has no influence on Y QALY . This is

a natural null hypothesis under the assumption that any gain in longevity due to treatment

is counterbalanced by the effect on quality of life; this certainly seems reasonable with the

lack of any a priori preferred treatment rule. The random forest is applied to each of 100

permuted datasets, each giving a corresponding p-value. 2 of these p-values are smaller

than our p-value of 2.4×10−4, resulting in a corrected p-value of 0.02, and a rejection of

the null hypothesis that the distribution of quality-adjusted lifetime is equal under treatment

according to RF and under randomisation.

Figure 4.8 shows the estimated survival functions for individuals treated in accordance

with RF , and those treated in accordance with RFc, indicating a clear benefit of treatment

under RF . This example highlights the potential advantage of exploratory subgroup analysis

when applied with careful consideration to multiple-testing issues. In practice, if such a

quality-of-life adjustment was appropriate, this analysis would motivate the construction of a
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new trial to confirm the efficacy of the RF treatment rule to treat only those with more than

17.7 months prior ZDV use.

4.5 Bayesian approach to subgroup analysis

Throughout, we have considered a frequentist nonparametric testing approach to sub-

group analysis, motivated by the desire to circumvent model specification and associ-

ated assumptions. Here, we present a Bayesian alternative, based on the application of

the nonparametric model in Section 3. This model is parameterised in terms of: the

marginal distribution of the response, and a parameter β j for each covariate x j. We con-

duct a subgroup analysis via the specification of a model Mk corresponding to each po-

tential subgroup Ak. Each subgroup is incorporated by extending the covariate matrix

to include an indicator for treatment in accordance with the associated treatment rule.

For each “subgroup” A of the covariate space, there are two associated treatment rules:

DA(X) := I{X ∈ A}, and the mirror rule Dc
A(X) := I{X ̸∈ A}= DAc(X). Define the variable

Si,A := I{{Xi ∈ A∩Ti = 1}∪{Xi ̸∈ A∩Ti = 0}}, which takes the value 1 if individual i is

treated in accordance with DA, and 0 if treated in accordance with DAc . For model Mk, we

include the vector SAk in the covariate matrix, where positive values of β indicate DAc
k

is

preferable, and negative values indicate DAk is preferable. As such, we only include one

subgroup for each {A,Ac} pair, as consideration of one covers the analysis of both.

We consider a subset of the subgroups defined by trees of depth 2, namely: subgroups

of the form: {Xi, j ≤ c j,k} and all combinations of two such splits on different covariates.

This represents the subset of trees of depth 2 that have the same split in both branches of the

second level of the tree. This greatly reduces the search space, which aids computation, whilst

still enabling the capture of interactions. The “level 0” subgroup is simply X , inducing

the treatment rules D(X) = 1 (treat everyone) and D(X) = 0 (treat no one). The “level 1”

subgroups are of the form {Xi, j ≤ c j,k}, where c j,k is the kth quintile of covariate j. The
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hyperplanes Xi, j = b and Xi,l = c split the covariate space into 4 subspaces; each of which

defines a subgroup, as does the “diagonal”, defined by {[Xi, j ≤ b∩Xi, j ≤ c]∪ [Xi, j > b∩Xi, j >

c]}. These constitute the subgroups at level 2. All other subsets generated by Xi, j = b and

Xi,l = c are either complements of these, or are subgroups contained in level 0 or level 1.

For each model, the same priors are used for FX and FY , which we do not specify. Rather

attention is focused on β and γ , the covariate and treatment rule effects. For model Mk, we

define:

λ (X ,S) = exp{Xβ +SAkγ}

where SAk is the vector containing Si,Ak := I{{Xi ∈ Ak ∩Ti = 1}∪{Xi ̸∈ Ak ∩Ti = 0}} for

i = 1, . . . ,n. β and γ are given mean 0 Gaussian priors, and the model specification is

completed via the allocation of prior probability to each model Mk.

4.5.1 AIDS Clinical Trial application

We apply this Bayesian nonparametric approach to the AIDS Clinical Trial Study Group

data analysed in Section 4.4.2 using the model-free approach. As described in the previous

section, a model is defined for each subgroup Ak, a subset of trees of depth 2. We set the

prior probability of each model via:

P0[Level 0 tree] = 0.9

P0[Level 1 tree] = 0.05

P0[Level 2 tree] = 0.05

where each tree within a level is given equal mass. As before, we consider splits on the

quintiles of each continuous covariate, and splits on each value of ordinal covariates. The

result is 1 level 0 tree, 19 level 1 trees and 745 level 2 trees. Therefore, the prior probability
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for the model corresponding to a particular level 2 tree is 0.05× 1
745 = 1

14900 . Clearly the

Bayesian approach provides a natural means for the correction of “multiple testing” through

the prior. Within each model, we use the prior:

β j ∼ N(0,4) j = 1, . . . ,7

γ ∼ N(0,0.5)

As we would expect the impact of treatment to be of smaller magnitude than primary covariate

effects. Since all models have the same prior for FY and FX , the independent form of the

composite likelihood allows us to proceed with inference based solely on (β ,γ), using the

partial likelihood term corresponding to the probability of the observed (partial) ranking.

The posterior distributions of covariate effects within each model can be approximated using

a Laplace approximation, which is simply computed using the output of a suitable ridge

regression fit2 - which mimics our Gaussian prior - to calculate the MAP and the matrix of

second derivatives of the posterior at this point. For each k, this gives us an approximation

q(k)Laplace(β ,γ | Mk) of the posterior of (β ,γ) under Mk:

q(k)Laplace(β ,γ)≈ p(β ,γ | {yi,xi, ti,ci}n
i=1,Mk)

2using the “coxph” function in the R “survival” package
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Importance weights diagnostic
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Fig. 4.9 Histogram of the sample of normalised importance weights (×M) for the approxi-
mation of the marginal likelihood. Efficient importance sampling is associated with these
weights being close to 1, as is the case here.

This approximation can be used to calculate the marginal (composite) likelihood under each

model Mk via importance sampling (see e.g. Ripley, 2009) as follows:

LC(Mk;{yi,xi, ti,ci}n
i=1) =

∫
β ,γ

LC(β ,γ,Mk;{yi,xi, ti,ci}n
i=1)p(β ,γ | Mk)dβdγ

=
∫

β ,γ
q(k)Laplace(β ,γ | Mk)

LC(β ,γ,Mk;{yi,xi, ti,ci}n
i=1)p(β ,γ | Mk)

q(k)Laplace(β ,γ | Mk)
dβdγ

= E
q(k)Laplace

LC(β ,γ,Mk;{yi,xi, ti,ci}n
i=1)p(β ,γ | Mk)

q(k)Laplace(β ,γ | Mk)


≈ 1

M

M

∑
r=1

LC(βr,γr,Mk;{yi,xi, ti,ci}n
i=1)p(βr,γr | Mk)

q(k)Laplace(βr,γr | Mk)

where {βr,γr}M
r=1 is a sample from q(k)Laplace.

The accuracy of this approximation can be examined via examination of the “impor-

tance weights” wr =
LC(βr,γr,Mk;{yi,xi,ti,ci}n

i=1)p(βr,γr|Mk)

q(k)Laplace(βr,γr|Mk)
. A popular diagnostic is to plot the

normalized weights wNorm
r := wr

∑
M
t=1 wt

, multiplied by M, which should concentrate around 1,
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as illustrated by Figure 4.9 in our importance sampling for the level 0 model M1. Another

diagnostic is to calculate the “effective sample size”, given by
(
∑

M
r=1(w

Norm
r )2)−1 (Kong

et al., 1994). In the approximation for M1, an importance sample of size M = 500 results in

an effective sample size of 498, indicating the importance sampler is extremely efficient, and

that the Laplace approximation provides a extremely good approximation of the posterior.

We use this technique to calculate the marginal likelihood for each model, the results of

which are displayed in Figure 4.10. The marginal likelihood under the level 0 model ranks

fairly highly, with the split on the second quintile of the 6th covariate (months of prior ZDV)

having the largest marginal likelihood of level 1 models, and the highest overall likelihood

given by a level 2 model. Our results can be summarised by the posterior distribution over

models. The posterior places 0.9 probability on the level 0 model and 0.02 probability on

the model with subgroup {X6 ≤ 16}, that is, those with fewer than 16 months prior ZDV

treatment. All other models have posterior probabilities less than 0.01. The posterior for γ

within the level 0 model puts the majority of mass on negative values of γ , indicating a benefit

to treatment of all. The posterior for γ within the {X6 ≤ 16} model places the majority of

mass on positive values of γ , indicating that treatment of this subgroup is associated with

lower response values. As such, the corresponding treatment rule is to treat if {X6 > 16}.

This posterior represent a wealth of support for the “treat all” rule supporting the findings of

the treatment trees approach.

As before, we consider a hypothetical scenario where treatment halves the quality of life.

We conduct our analysis using the response Y QALY
i := Y × 0.5Ti in the same way. We use

the same subgroup models, as well as the same prior for (β ,γ). Figure 4.11 displays the

marginal likelihoods under each model. It is immediately apparent that the level 0 model

ranks lower in terms of marginal likelihood than in the non-adjusted analysis. Of the level

1 models, the two models with splits on the 2nd and 3rd quintiles of covariate 6 (months

of prior ZDV) have much higher likelihoods than other models, ranking highly out of level
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Fig. 4.10 Left, marginal log-likelihoods of level 1 models, separated by splitting covariate
and ordered within covariate by split point. Right, the ordered marginal log-likelihoods of
level 2 models. The red line denotes the marginal log-likelihood of the level 0 model.

2 models. The posterior distribution over models this time spreads mass among a number

of potential models. The models with most posterior mass correspond to the following

subgroups:

• X with probability 0.32

• {X6 ≤ 27} with probability 0.21

• {X6 ≤ 16} with probability 0.17

• {X5 > 15,X6 ≤ 27} with probability 0.06

• {X5 ≤ 98,X6 > 16} with probability 0.01.

All other models have posterior probability less than 0.01. The distribution of the sign

of γ in each case dictates the treatment rule associated with each subgroup. The resulting

treatment rules are given by:

• D(X) = 1
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Fig. 4.11 Marginal log-likelihoods for the QALY example. Left, marginal log-likelihoods of
level 1 models, separated by splitting covariate and ordered within covariate by split point.
Right, the ordered marginal log-likelihoods of level 2 models. The red line denotes the
marginal log-likelihood of the level 0 model.

• D(X) = I{X6 > 27}

• D(X) = I{X6 > 16}

• D(X) = I{X5 ≤ 15,X6 > 27}

• D(X) = I{X5 ≤ 98,X6 > 16}

We see that the “treat all” rule is the rule with highest posterior mass, but multiple models

advocate similar treatment rules, mainly of just the subgroup {X6 > 16}. This analysis of the

QALY response results in similar findings to the treatment trees analysis, though reported in

a different format. Both methods conclude to treat the majority of patients, despite the QALY

adjustment, and identify the subgroup corresponding to individuals with longer periods of

previous ZDV treatment as certainly benefiting from treatment.
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4.6 Discussion

This chapter has developed two methodologies for subgroup analysis, one based on non-

parametric tests and random forests, the other using the Bayesian nonparametric model

of Chapter 3. The key defining feature of these approaches is the focus on the treatment

rule D(X), rather than the effect of treatment. The treatment trees methodology provides a

scalable, model-free approach, which should be easy to replicate on account of the ease of

use. The Bayesian approach circumvents modeling of the distributions of Y and X , rather,

effectively modeling the distribution of the ranks of Y within the sample. The posterior distri-

bution over models represents a highly informative report of beliefs, which automatically

accounts for multiple testing through the prior. The two methodologies provide alternative

approaches, the suitability of which will depend on the amount of prior information available.





Chapter 5

Discussion

This thesis has investigated approaches to various topics in regression that utilise the treatment

of covariates as random variables. In particular, we have used the marginal distribution of the

response as a way to incorporate prior information, ease prior specification and to improve

computation. I believe the convenient standard treatment of covariates as fixed can lead to

oversight of potential sources of data, prior information and model interpretation.

Chapter 2 introduced a joint prior for the parameters in the Bayesian linear model

that constrains the marginal means and variance of the response. This provides a means for

incorporating very large marginal datasets that would otherwise be computationally infeasible

to include via imputation. The ability to incorporate marginal data is not immediately apparent

within a framework where the covariates are treated as fixed, leading to the oversight of

this form of analysis. The joint prior has a rich, interpretable structure through the fixed

marginal variance constraint. In addition, this constraint automatically calibrates the prior. We

quantitatively explored the behaviour of sparsity priors using our parameter transformation,

where this calibration and structure might prove particularly useful. The constraint on the

marginal variance of the response could provide a useful tool for the controlling of covariate

effects in high-dimensional applications. The development of theoretical guarantees of

sparsity induction in the transformed prior represents an interesting line of future work.
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There are many potential extensions to other classes of models, such as generalised linear

models and non-linear regression. The extent to which marginal data provides information

is related to the form of the response. For example, in logistic regression, the maximum

possible information available would be the population-wide incidence probability, which

would enforce just one constraint within a similar methodology. A multinomial or ordinal

response could potentially provide large amounts of marginal information. Another possible

extension of the work in Chapter 2 is the investigation of asymptotic theory of variable

and model selection using a marginally coherent approach when compared to a marginally

incoherent approach. Since marginally incoherent priors specify different priors for the

marginal variance, it is intuitive that one of these priors will be closer to reality than the

other, introducing a bias. Therefore, we may expect gains by using a marginally coherent

alternative, where this bias is eliminated. It would also be interesting to explore Lindley’s

paradox within our framework of marginally coherent priors, where “flat” priors would be

placed on the untransformed parameters. The marginal constraint may provide a way to

specify a flat prior over parameters that circumvents the associated bias towards the smaller

model, since the transformation would bound this flat prior over the space of parameters of

interest.

Chapter 3 introduced a Bayesian nonparametric regression model via a construction

parameterised in terms of FY . In practice, this serves as a useful vehicle for prior information

and external marginal data. The parameterisation leads to a convenient composite likelihood

approximation that allows scalable computation, providing a method to utlise Bayesian

nonparametric priors for density estimation within a regression framework. One limitation

of the model in current form is the use of the regression function λ (x) = exp(Xβ ). This

limits flexibility of the covariate-response relationship, restricting any covariate effect to

be monotone. We saw the detrimental effect this can have in the US Census application,

where the flexibility of the covariate-response relationship in the random forests methodology
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provides a superior fit of the conditional mean. This can be achieved within our model by

using basis functions or tree structures in the definition of λ , similar to that used in the

application of the model to subgroup analysis.

We explored how the model can be used to analyse truncated and censored survival data,

using the composite likelihood; however, full posterior inference in this case is only possible

if the posterior for FY can be calculated, given truncated and censored data. One natural

approach to combat this is to parameterise the model in terms of the marginal hazard hY or

marginal cumulative hazard HY , in conjunction with a Beta or Gamma process prior. In this

setting, sampling schemes are available for posterior sampling, given truncated and censored

data. The use of the composite likelihood would allow scalability of such a model to large

survival datasets.

Chapter 4 utilised the treatment of covariates as random variables to test treatment rules

Y | D(X) = T , where covariates are marginalised. This facilitated the use of simple two-

sample tests for a treatment rule D versus its mirror rule Dc, providing a robust, scalable and

model-free approach to subgroup analysis. We explored a Bayesian approach by using our

regression model from Chapter 3. In this Bayesian approach, we define a model for a number

of potential subgroups, defined using a subset of trees of depth 2. A true analogue of our

testing trees approach would define each model using a forest, rather than a tree structure. To

do this, one could look to adapt the Bayesian additive regression trees approach to subgroup

analysis. It would also be interesting to conduct a full decision-theoretic analysis of subgroups

using this approach, where the space of actions represents the space of treatment rules, and

the loss function is related to the distribution of the response under such a treatment rule. A

treatment rule is chosen to minimise the expected posterior loss, using our Bayesian model.

This approach provides a full incorporation of the posterior into the choice of treatment rule,

but represents a significant computational task. It would be interesting to explore how this

could be implemented in a computationally efficient, scalable manner.
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Appendix A

Posterior predication for Chapter 3

Here we provide additional information on the simulation from the predictive distribution for

the Bayesian nonparametric model in Chapter 3, which depends on the choice of the prior

for FY .

It might be the case that n is so large that simply using the empirical CDF is a reasonable

approximation for an empirical Bayes approach. In this case, the inversion of the cdf becomes

trivial, and MCMC is only required for the β posterior sample.

• Simulate β ( j) from the pseudo posterior

• Z′ ∼ Exp(λ
β ( j)(x′))

• Calculate u( j) := 1− 1
n ∑

n
i=1 e

−Z′λ
β ( j)(xi)

• Set Y ′( j) = y(⌈nu( j)⌉)

An alternative approach might be to use a Bayesian Bootstrap on FY . This works out

similarly to using the empirical CDF, but we must simulate the Dirichlet weights for each of

the atoms. The sampling scheme becomes:

• Simulate β ( j) from the pseudo posterior
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• Sample Z′ ∼ Exp(λ
β ( j)(x′))

• Calculate u( j) := 1− 1
n ∑

n
i=1 e

−Z′λ
β ( j)(xi)

• Simulate (W1,W2, . . . ,Wn)∼ Dirichlet(1,1, . . . ,1)

• Set Y ′( j) = y(min{k:∑k
i=1 Wi≥u( j)})

For Pólya tree priors, under our composite likelihood scheme, the posterior for FY is also

a Pólya tree, due to conjugacy of the Pólya tree prior. Simulation then proceeds as follows:

• Simulate β ( j) from the pseudo posterior

• Z′ ∼ Exp(λ
β ( j)(x′))

• Calculate u( j) := 1− 1
n ∑

n
i=1 e

−Z′λ
β ( j)(xi)

Then all we need to calculate is F−1( j)
Y (u( j)). Pólya trees make this easy. A sample from

a Pólya tree distribution is a random probability measure, which is constructed by assigning

random masses to each branch in a partition tree of the space. So, given the first partition

point in the tree, we can simply generate the random mass either side of this point, and

trivially deduce which branch F−1( j)
Y (u( j)) lies in. We repeat this process down the tree until

we reach the truncation point often used when using Pólya trees.

Formally, given a Pólya tree truncated at level M, let a0 = 0,B0 = 1,ε0 = /0 and for k

from 1 to M:

• θεk0 ∼ Beta(αεk0,αεk1)

• if u ∈ [ak,θk(bk−1 −ak−1)+ak−1]

– εk = εk−10

– ak = ak−1
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– bk = ak−1 +θk(bk−1 −ak−1)

• Otherwise

– εk = εk−11

– ak = ak−1 +θk(bk−1 −ak−1)

– bk = ak−1

When applying Dirichlet Process Mixture models the difficulty here becomes the inver-

sion of FY , since this has no closed form. A simple Monte Carlo approximation can be used

to approximate this inversion for each posterior sample.

• Simulate β ( j) from the pseudo posterior

• Sample Z′ ∼ Exp(λ
β ( j)(x′))

• Simulate F( j)
Y from the pseudo posterior

• Simulate Y ′( j)
k ∼ F( j)

Y for k = 1, . . . ,N

• Calculate u( j) := 1− 1
n ∑

n
i=1 e

−Z′λ
β ( j)(xi)

• Set Y ′( j) = Y ′( j)
(⌈Nu( j)⌉)
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