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Abstract

A.J. Cameron D.Phil. 

University College Trinity Term, 1989

A Bayesian Approach to Optimal Sensor Placement

By "intelligently" locating a sensor with respect to its environment it is possi­ 

ble to minimize the number of sensing operations required to perform many tasks. 

This is particularly important for sensing media which provide only "sparse" data, 

such as tactile sensors and sonar. In this thesis, a system is described which uses 

the principles of statistical decision theory to determine the optimal sensing lo­ 

cations to perform recognition and localization operations. The system uses a 

Bayesian approach to utilize any prior object information (including object mod­ 

els or previously-acquired sensory data) in choosing the sensing locations.
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Chapter 1

Introduction

1.1 Sensing and Robotics

The Concise Oxford Dictionary defines a robot as an "apparently human au­ 

tomaton, intelligent and obedient, but impersonal machine" [47]. Although some 

aspects of this definition bear more relation to the android robots depicted in 

science fiction than those found in industry and research laboratories, it is the 

attempt to bestow machines with intelligent (or flexible) behaviour, which char­ 

acterizes the field of robotics.

In order to be able to perform operations intelligently, robots will need to be 

able to perceive their environment, and react accordingly. Tasks such as nav­ 

igating in a cluttered environment, identifying and selecting objects randomly 

scattered on a conveyer belt, and manipulating unfamiliar objects, represent the 

type of functions that it is hoped that robots will be able to perform reliably. 

The ability to function in an unstructured environment, however, requires the



robot to make decisions in real-time, rather than simply performing a sequence 

of predetermined operations. This adaptability characteristic is an important as­ 

pect of intelligence. To perform such tasks, the robot must be able to sense its 

environment before it can respond to it. A popular definition of robotics is "the 

intelligent connection of perception to action" [9]. This perception will rely on 

detailed information provided by a range of sensor systems.

The interaction of separate subsystems performing different roles leads to the 

concept of a robot system. A typical robot system will consist of actuators for act­ 

ing in or on the robot's environment, sensors to obtain knowledge about the state 

of the actuator and the environment, a controller and drivers to move the mech­ 

anism and sensors, and a reasoning system to select suitable actions in response 

to sensory inputs [16]. Without sensing, there is no function for the reasoning 

system, and the resulting apparatus is no more than a reprogrammable machine.

It has been recognized by many researchers that mounting a single sensor on 

a robot in a passive mode will not provide sufficient data to give it the percep­ 

tual abilities necessary to perform everyday tasks. Just as humans rely on five 

sensors (sight, hearing, touch, taste and smell), so truly-flexible robots will need 

to respond to a range of sensory modalities. This leads to the problem of multi- 

sensor fusion which has been the subject of much recent sensor research. (See, 

for example, [1,16,45].)

Another method by which the sensory power can be increased is to control and 

position the sensors actively during data acquisition. This is a method commonly 

used by humans and other animals to extract data from the environment. Eyes



can be refocussed and redirected, and fingers can explore along chosen paths 

to obtain desired sensory information. 1 In robotics, by changing the location, 

orientation and focus of a camera, a different - and perhaps more informative - 

view will be obtained. Such sensor control is termed "active" sensing and has 

application to almost all sensing media. The strategies required for "intelligent" 

active sensing are the subject of this thesis.

1.2 Characteristics of different sensing media

Many different sensing media have been implemented in robotics, including vi­ 

sion, tactile sensing, force sensing, sonar, radar, infra-red sensing, and other range 

sensors. These robot sensors can be characterized as performing one of two roles 

- internal monitoring of the state of the robot (such as joint angle measurement, 

or joint torques), or external sensing of the robot's environment. The external 

sensing media can in turn be divided into contact and non-contact sensors, ac­ 

cording to the nature of their interaction with the object they are sensing [19]. 

An alternative division of the external sensors (although along similar lines) is 

proposed by Beni et al. [5], who characterize sensors as performing two basic 

functions: acquiring an object; and (once the target object has been acquired) 

inspecting and guiding manipulation of the object. In general, they claim, the

1 A significant amount of robotics research has been devoted to an analysis of 
human exploratory haptic movements, with a view to understanding the strate­ 
gies by which humans collect tactile data. A physiological study of active human 
touch is provided in [21], and various interpretations of the relevance of human 
motion strategies to robotics are provided by Bajcsy [4], Klatzky et al. [37], Holler- 
bach [34] and Stansfield [43,44].



sensors used for acquisition are non-contact sensors, and those used for inspection 

and manipulation contact the object.

Another classification of external sensors is proposed in this thesis, based on 

the nature of the data that the sensor returns from the environment. If the field 

of view of the sensor is generally larger than the sensed object of interest (as is 

often the case in robot vision), with the result that the whole object can be sensed 

at any one instant, then this type of sensor will be termed a "dense" sensor. On 

the other hand, if the scope of the sensor is, in general, smaller than the object 

of interest (as is often the case with contact sensors), with the result that the 

sensor must be repositioned to accumulate information about the sensed object, 

then the sensor will be termed a "sparse" sensor. The type of data processing 

that is required for sparse sensory data is fundamentally different from that used 

for dense data.

For "dense" sensors, processing generally involves intensive analysis of a single 

image (or set of data) to extract the desired information. For "sparse" sensors, 

there will generally be significantly less information present in a given data set, 

and hence even intensive processing is unlikely to extract sufficient information 

to perform a recognition task. (Another way of understanding this distinction, is 

that each instance of sparse sensory data will, on its own, be underconstrained 

for the task at hand.) 2

2 Although sparse data cannot be handled by the pattern recognition techniques 
often applied to dense data, it is possible to process a large array of dense data 
using "sparse techniques" by considering sparse patches of the dense data. This 
is an approach that has been used in vision, where attention is focussed on small 
patches of data, and recognition is performed on the basis of these sparse regions.
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An important feature of many such sensing systems, where only a small portion 

of the object of interest can be sensed at any instant, is the necessity of relocating 

the sensor to build up a model of the object. Typical systems include tactile 

sensing, sonar and range sensing systems. Some robot vision systems also return 

sparse data. One example is the field of object recognition in the presence of 

overlapped objects, where identification must be performed on the basis of data 

returned from unobscured portions of the object of interest. Another situation is 

where the camera is relatively close to the object and only a small portion of the 

object fills the camera's field of view at any one instant.

It is this class of sensors, which rely on relocation or redirection to accumulate 

sufficient data for a given task, that are dealt with in this thesis.

1.3 Outline

This thesis investigates the problem of acquiring information using sensors which 

provide only sparse data, and was motivated by previous research into tactile 

sensors, described in [13,14]. In particular, the problem of processing tactile 

sensor data, and choosing optimal sensing locations in this field were addressed. 

(An initial investigation of these topics was reported in [12].) In this thesis, the 

approach is generalized for all sparse sensing media, and strategies are proposed 

for relocating a sensor to accumulate information optimally.

The approach taken to determine optimum placement strategies is to apply

(See, for example, [48,25].)



Bayesian statistical decision theory to the choice of sensing actions. This approach 

makes optimal use of any prior information, which for sensing tasks may include 

object models, previous sensory data, and any preconceptions about the likelihood 

of different alternatives.

Chapter 2 describes previous approaches to object recognition and localiza­ 

tion from sparse data. As most of the work on this problem has been from the 

perspective of tactile sensing, this field receives the most attention. The merits of 

previous approaches are discussed and the merit of a statistical approach and 

intelligent sensor placement are advocated. In particular, the interpretation 

tree approach, which has proved popular for this task, is described and discussed.

Chapter 3 provides a brief introduction to statistical decision theory and the 

Bayes decision principle. It also introduces the important concepts of state and 

prior information functions and the utility function. The manner in which these 

concepts can be applied to sensor placement problems in robotics are described.

Chapter 4 introduces a function termed the probabilistic membership function 

(PMF). This function was developed to perform the role of a prior information 

function in the decision strategy. The PMF contains all the information about 

object location that is currently possessed utilizing object models (which may 

be uncertain) and previous sensory data (which may also be uncertain). The 

derivation of this function is described and several examples given.

Chapter 5 deals with utility functions. The utility function assigns a value to 

information obtained in response to a given sensory action. As the aim of statis­ 

tical decision theory is to choose the action that maximizes (in some statistical

10



sense) the utility function, this function is determined by the nature of the task 

to be performed. Several utility functions are proposed for typical sensory tasks.

Chapter 6 shows how the current information about the likelihoods of alterna­ 

tive interpretations can be represented in a probabilistic interpretation tree. This 

enables an ordering to be placed on the admissible interpretations at any stage 

of the recognition process. As uncertainty in sensor data may never enable the 

object to be identified with absolute certainty, this ordering is important for arriv­ 

ing at a conclusion within a finite time. The techniques of sequential analysis are 

also introduced as a method for determining when a solution to the recognition 

problem can be concluded within previously-stated error bounds.

Chapter 7 describes several implementations of the ideas presented in Chap­ 

ters 3 to 6. All the implementations involve a "sparse data" object recognition 

system consisting of a camera with restricted field of view mounted on a robot 

arm. Specific implementations addressed include location sensing and path sens­ 

ing, and efficient methods are developed and tested to reduce significantly the 

processing time required to select the sensor placement strategy. The results 

of the implementations are presented in support of the theory developed in the 

preceding chapters.

Further work and refinements are described in Chapter 8. In particular, the 

generalizations of the theory necessary to deal with three dimensional sensing 

problems are discussed. No hardware was available to test these techniques, 

however, theoretically, they differ only slightly from the two-dimensional methods. 

Differences result from more degrees of uncertainty in the feature uncertainty

11



functions in three dimensions, which require attention, particularly to remove 

rotational uncertainty, and an increase in the number of parameters which are 

required to specify the sensing action. This chapter also includes an analysis of 

the implementations performed, and the limitations exposed by the experimental 

work. Remaining problems are discussed, and finally a summary of the major 

contributions of this work is presented.

12



Chapter 2

Sparse Sensing and Object

Recognition

2.1 Background

The problem of using data from sparse sensing media has been studied most 

intensively for tactile sensors. Although all researchers are not in agreement about 

the characteristics that will be possessed by tactile sensors when they become 

readily available to the robotics community, it is accepted that in most sensing 

situations, the contact area between the sensor and sensed object will be small 

in relation to the object's size [31,28,30,29]. Hence the sensory data will be 

sparse, and most algorithms proposed for using tactile data have recognized the 

characteristic that several sensory actions will be required to accumulate sufficient 

information to perform a given task. (An exception is the work of Hillis [32,33], 

which assumed a large tactile sensor sensing small planar objects, such as washers

13



and screw heads, such that the whole object could be sensed at any one instant. 

Hillis used pattern recognition techniques to determine the identity and location 

of the sensed object from a given set, however these techniques cannot be applied 

to situations where a sensory "image" of the whole object is not available.)

Several other researchers have also addressed the problem of fusing the sparse 

data provided by such systems, and using it to perform tasks such as object 

recognition, localization and path planning. The approach adopted by different 

researchers has depended to a large extent upon the nature of the data they 

assumed would be provided by the tactile sensor.

Much of the work on tactile object recognition has envisaged tactile sensors 

working in conjunction with machine vision [1,3,45]. In these cases, the tactile 

device was intended to perform the role of confirming previously acquired visual 

data, or resolving between interpretations proposed by the visual data. In either 

event, the tactile sensing was directed to obtain specific data by the visual data. 

Thus the sensing was guided, however there was little uncertainty in the location 

of the object, as the location was strongly constrained by the prior (visual) data.

Gaston and Lozano-Perez [20] and Crimson and Lozano-Perez [26] addressed 

the problem of a tactile sensor working independently of other sensors. They 

assumed that the tactile sensor would only be capable of returning the location of 

a single point of contact between the sensor and object, and the direction of the 

normal to the object's surface at this point. Their algorithm for object recognition 

involves the construction of an interpretation tree for each object in the object set 

(as described in Section 2.2), whereby each sensed point is assigned to each face of

14



the object model, and local constraints are used to cull inadmissible combinations 

of points and faces from the tree.

The concept of a sensor returning only a point contact with the sensed object 

represents the most extreme form of "sparse" data. 1 Other researchers have 

assumed that a tactile sensor will be able to return data from a small contact 

region. This results in small patches of "dense" data and raises the possibility of 

detecting geometric surface features such as edges, corners and holes. It may be 

that more sophisticated processing is required to extract these sensed features, 

however, it is still assumed that the size of the sensed patch is small in relation 

to the sensed object, and hence that relocation is still required.

Browse [11] assumed tactile sensory data from a contact region, and consid­ 

ered the constraints imposed upon possible object locations by detecting specific 

features. As more data is acquired, fewer interpretations are admissible, until the 

object is eventually identified and localized.

It has been recognized by several researchers that object features can play an 

important role in object recognition. The ability of a specific feature to constrain 

an object interpretation has been termed its saliency and has been utilized in rec­ 

ognizing visually-occluded objects by Turney, Mudge and Volz [48]. The work of 

Bolles and Cain [8] also uses certain object features as a focal point for recognizing 

and locating partially-visible objects. There is a similarity between the problems 

of occluded visual data and other sensing methods in which the whole object

1 There is some contradiction here in the assumptions of Crimson and Lozano- 
Perez in that the ability to measure the surface normal at a point implies the 
ability to sense over a region of finite extent.

15



cannot be sensed at any instant, and it is necessary to base any conclusions on 

data from certain subsets of the object. (This similarity has also been recognized 

by Crimson and Lozano-Perez who have applied their sparse data techniques to 

the problem of localization on the basis of occluded visual data [25]).

Both the sparse techniques of Crimson and Lozano-Perez and the saliency 

methods of Turney, Mudge and Volz have merit depending on the nature of the 

sensory data. Stein [46] has developed a method of combining these techniques 

to utilize optimally any sensory data that is available for the task of recognizing 

occluded objects. This ability to use all data in an optimal manner is seen as an 

important goal of a sensing system, and is one that we set out to achieve with 

the systems described in this thesis.

2.2 Interpretation trees and their limitations

The concept of the interpretation tree (IT) as a tool for object recognition was 

introduced by Gaston and Lozano-Perez [20] and Crimson and Lozano-Perez [26] 

and has since been used for this task by several other researchers (including 

Ellis [17] and Schneiter [41]). In this section the generation of the IT is described, 

along with its application to object recognition.

Consider the task of identifying a two-dimensional object from a set of n poly­ 

gons, Oj, having &j sides each. (The treatment of the three-dimensional problem 

is similar, with faces performing the role of sides [26].) Once the first sensed point 

is obtained, an IT is generated for each object with the root node of each tree

16



having ej descendants. This first level represents each possible interpretation for 

the first sensed point, which can (in the absence of any other information) be 

interpreted as any object edge. When a second sensed point is obtained, a second 

level is added to the tree with each of the tj branches of the first level sprouting 

into 6j branches at the second level. Thus, after two sensed points, there are 

a total of (ej)2 branches for each object Oj, corresponding to different pairings 

of sensed points and object edges. After / sensed points, the total number of 

possible interpretations will have multiplied to ]Cj=i( ejX-

In practice, almost all of the interpretations will be inconsistent with the 

sensed data. By considering local constraints between pairs of sensed points, 

branches and whole sub-trees can be pruned. One such local constraint is the 

distance between the sensed points compared with the possible range of distances 

between points lying on the designated sides of the object model. This leads to a 

significant reduction in the number of possible interpretations.

A common misunderstanding of the IT is that it is a search tree (as is com­ 

monly used in some Artificial Intelligence tasks [40,51]). As the IT can only be 

constructed in a breadth-wise manner, there is no possibility of pursuing specific 

branches in seeking solutions to a given problem. The IT simply displays the cur­ 

rent status of knowledge about possible interpretations and provides no assistance 

in determining sensing strategies.

One draw-back of the interpretation tree approach (as it has been used up 

until now) is that it places no ordering upon the admissible interpretations. Pair­ 

ings of sensed points and object edges are judged either admissible or they are

17



culled, and no information is provided regarding the relative likelihood of different 

interpretations until only one remains.

The approach taken in this thesis is to maintain probabilistic estimates of 

confidence in different interpretations. In the presence of uncertain information, 

it may never be possible to cull the interpretation tree down to only one branch, 

however the use of probabilistic measures and sequential analysis enables a con­ 

clusion to be achieved within stated confidence levels. As more sensory data 

becomes available the prior information function can be updated using Bayes' 

rule, to provide the current probabilities for the admissible interpretations, and 

also to act as the prior information for the next sensory stage. This gives rise 

to the concept of a probabilistic interpretation tree, which is discussed further in 

Chapter 6.

Another limitation of the IT (as applied by Crimson and Lozano-Perez) is 

that it makes no provision for the failure to detect the object with a given sensory 

action, although such an outcome can provide equally strong constraints on the 

possible interpretations. The only data which is interpreted corresponds to point 

detection of edges. The approach taken in this thesis is that all available data 

should be integrated (whether it be from non-detection, edges, corners, or other 

features) and utilized maximally in the recognition task.

18



2.3 "Intelligent" sensor placement

All systems that have been proposed to perform object recognition or localization 

using sparse sensory data have acknowledged that data must be accumulated 

from several locations by repositioning the sensor. Few, however, have proposed 

strategies for selecting the sensing locations or directions. Although it is clear that 

judicious placement of the sensor will reduce the number of sensing operations 

required and the quantity of data to be processed, most systems have settled for 

random sensor placement. This is despite the fact that many researchers have 

indicated the desirability of guided-sensing [11,20,26].

The need to relocate the sensor also arises in other sensing applications where 

the characteristics of the sensing medium are such that the problem of recon­ 

structing object information from the sensory data is under-constrained. Exam­ 

ples of this are the photoelastic tactile sensor developed by the author [13,14] and 

two-dimensional robot vision. It is envisaged that guided sensing would also find 

applications in these areas.

The attempts that have been made at selecting optimal sensing locations (in­ 

cluding those by Crimson [23,22,24], Schneiter [41,42] and Ellis [17]) rely on ran­ 

dom sensing to remove all but a finite number of admissible interpretations and 

locations, and then use guided sensing to help discriminate between the remaining 

cases. No attempts have been made to guide the sensor during the early sensing 

stages when uncertainties with regard to localization within a continuous range 

may result in infinitely many interpretations of the sensory data. Benefits of in-
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creased speed and reduced data storage stand to be gained by guiding the sensing 

from the first sensed point rather than only guiding the latter stages.

This is the problem that is specifically addressed in this thesis: How to choose 

the optimal sensing action to solve a recognition, localization or navigation prob­ 

lem, making proper use of any previous sensory data, knowledge of object models, 

and prior expectations of the result.

It is anticipated that the techniques chosen should be equally applicable at 

any stage of the sensing process. As this problem basically represents a choice 

over a set of sensing actions, the natural manner in which to consider this choice 

is as a decision problem. In particular, a statistical decision theoretic approach 

is advocated and described in this work, the fundamentals of which are described 

in the next section.
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Chapter 3

Statistical Decision Theory

3.1 Introduction

Statistical decision theory formalizes the problem of taking optimal actions with 

uncertain information. This problem is encountered not only in science, but even 

in routine decisions faced by everyone in their daily lives. Tasks such as choos­ 

ing the quickest route when commuting to work or choosing the best savings 

investment, involve uncertainty in factors such as traffic or future economic con­ 

ditions, which cannot be known at the time of the decision, and yet which play 

an important role in determining the merit of the decision taken. The application 

of statistics to decision problems has enabled the uncertainty to be assigned a 

measure, and alternative actions to be compared quantitatively. This has led to 

the study of statistical decision theory which has found wide application in the 

past fifty years, particularly in the study of economics, and which has led to the 

development of new and related fields, including game theory.
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The terminology used in this chapter, and throughout this thesis, has been 

adapted from that used by Berger [6], however, some aspects are also drawn form 

other texts on statistical decision theory including Blackwell and Girshick [7], De 

Groot [15] and Wald [50].

There are four basic elements of statistical decision theory which must be 

defined in order to analyze any given problem. These are:

1. the state of the environment, or the state of nature, termed 0;

2. the decision to be made, or action, termed a;

3. a utility function, dependent on 6 and a, termed £7(0, a);

4. a prior information function on 0, termed ?r(0).

Uncertainty in the state of nature leads to uncertainty as to the optimal action. 

This is due to the dependence of the outcome of the action on the (only partly 

known) state. If the state of nature were known exactly, the decision problem 

would be trivial, as the merits of alternative actions could be compared for the 

known state. It is because the action must be chosen without complete knowledge 

of the state, and hence without complete knowledge of the outcome of the action, 

that a decision problem arises.

The action is the control that can be exercised upon the outcome of the event. 

Different actions lead to different outcomes for a given state of nature. The aim 

of statistical decision theory is to choose the action which optimizes (in some 

statistical sense) the outcome, when the actual state of nature is only partly

22



known. In some cases, the required action may be simply to nominate a value for 

the state 0. This class of problems is known as estimation problems.

A key element of statistical decision theory is the utility function U(0, a) which 

assigns a value to the outcome of the action, a, when the state of nature is 6. 

These utility functions will often be chosen subjectively, but aim to reflect the 

merit of the chosen action for the given state of nature. The most desirable action 

is that which maximizes U(9,a) when the state of nature is 9. If 0 were known 

the optimal action could be simply determined from the utility function for the 

known state.

Any information that is possessed about the state can be represented by a 

prior information function, TT(^). Information contained in TT(#) is seldom precise 

and may even be subjective. The function TT(#) is most commonly a probability 

density on 0. Thus, if a problem situation can assume only a finite number of 

discrete states, then the probability of state 0, occurring is 7r(0,). If, on the other 

hand, there is some continuum of possible states, then the probability of the 

actual state being within a subset A of the admissible states is

A)= I v
J A

Often in statistical decision theory there is also data (often termed z) which 

is acquired before a decision is made. This data is dependent in some manner 

on the state 0 and hence is used to ascertain some indication of the value of 0 

to reduce uncertainty in the decision. The class of problems in which no data is 

acquired, and the action is chosen purely on the basis of the prior information
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about 6 (contained in ?r(0)) are termed "no data" problems.

The method by which the action is chosen is called the decision principle. 

Different decision principles determine the manner in which information about 

the state of nature is applied in attempting to maximize the utility function over 

the possible actions. The decision principle pursued in this thesis is the Bayes 

principle, which is described and justified in the following section.

3.2 Bayes' Decision Principle

The two most important principles in decision theory are the Bayes' principle and 

the minimax principle.

The Bayes' approach attempts to make maximum use of any prior information 

about the state of nature, as provided by the function, TT(#). This is achieved by 

weighting the utility function by ?r(0) to obtain the expectation of the utility over 

6. Thus the Bayes decision is the action a which maximizes the Bayes' risk given

by1

r(x,a) = E'[U(0,a)] = j^^B,0)1^(6^6 (3.1)

As the state is unknown, it is impossible to claim that any decision principle 

will nominate the optimal action (ie. that action which maximizes the decision 

function) at any given stage. The aim of the Bayes approach is to nominate

1 It is common to define the Bayes risk, r, as the expectation of the loss function 
(as opposed to utility). When dealing with utility functions, the term payoff 
function, denoted /9, has been proposed by Hager [27] as the expectation of the 
utility over the prior distribution of states. In this thesis, however, we will refer 
to the risk as the expectation of the utility as defined in Equation 3.1.
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actions that will "on average" result in the highest utility. Thus if a sequence of 

actions were to be taken over a period of time, it could be anticipated the Bayes 

approach would result in a higher sum of utilities than any other principle.

The minimax approach attempts to maximize the utility, assuming the least 

favourable state of nature. Minimax techniques have their basis in the field of 

game theory, where the aim is to outwit an intelligent adversary. It is expected 

that the opponent will have pursued actions that lead to the least favourable state 

for the player (as a loss for the player corresponds to a gain for the opponent). 

Similarly, the optimal action must be chosen by the player with a view to mini­ 

mizing the utility of the opponent's subsequent actions. Applying these concepts 

leads to the formulation of the minimax action as the action a which maximizes 

the utility, when the state 0 takes the value that minimizes the function U(0, a) 

for each a. Thus the value of the utility will be maxa ming[U(0, a)]. 2 The minimax 

principle attempts to protect against the worst case outcomes, represented by very 

low utilities. These can result using the Bayes approach (although they should 

be statistically rare), however such actions are eliminated using the minimax ap­ 

proach as having low values of mine\U(0,a)\. This leads to a very conservative 

strategy, which neglects potentially lucrative actions, if there is a small chance of 

a significant loss.

When dealing with uncertainty in nature, where there is no intelligent adver­ 

sary, there is less argument for the minimax approach. The loss associated with

2 The name minimax has its origins in analysis using loss functions, where 
the optimal action is the one which minimizes the maximum loss given by 
mina max0[L(0, a)], and hence the name minimax.
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worst case outcomes can be represented appropriately by a well-chosen utility 

function, no matter how devastating the loss may be. In this case, to adopt a 

minimax approach, and hence assume the worst possible state of nature, is not 

only pessimistic, but pays little regard to any prior information.

Critics of the Bayesian approach cite its dependence on subjective measures of 

prior information. Clearly choosing a different prior information function will lead 

to. a different risk function in Equation (3.1) and hence result in an alternative 

"optimal" action. Any decision principle will, however, make some assumption 

about the unknown state of nature. The minimax principle assumes the least 

favourable state, and various non-information prior distributions (see Berger [6]) 

assume equal likelihood of all states. If the prior information function provides 

a more accurate measure of the perceived distribution of states (which it should 

by definition) then it would seem to be sub-optimal not to use it. The minimax 

approach does guard against the worst case, however, it will be out-performed on 

average by the Bayesian approach.

For the sensing problems addressed in this thesis, there is no intelligent adver­ 

sary, but only uncertainty due to incomplete information, which can be described 

quantitatively. For this reason, the Bayes' principle is pursued exclusively in this 

thesis, and for these applications it can be relied upon, on average, to return 

higher utilities.
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3.3 Application to "intelligent" sensor placement

The sensor placement problem involves uncertainty in the identity and/or location 

of the sensed object. The decision that must be made is to choose the optimal 

sensing action to remove or reduce these uncertainties. To apply the concepts of 

statistical decision theory it is necessary to define the basic elements: the state, 

6\ the action, a; the utility function, £7(0, a); and the prior information function,

The action, a, to be taken is the specification of the sensing action, which 

will involve nominating a location at which to sense or selecting a sensing path. 

Thus, when choosing the optimal action, the choice that must be made is at which 

location or along which path to sense. (Whether sensing is at a location or along 

a path will depend on the nature of the sensor, discussed in later chapters.)

The outcome of the action will depend on the state of nature. For the sensing 

problem addressed here, the outcome will depend on the identity and location of 

the object in the workspace. If the object occupies the region of space that lies 

within the scope of the sensor, then (assuming a perfect sensor) it will be detected. 

A simple representation of the state of nature, 0, is a two- valued membership 

(or characteristic) function on the sensing space, corresponding to the presence 

or absence of the object. If the sensor has the capability to detect and identify 

specific object features, it will be shown in Chapter 4 that more sophisticated state 

functions can be generated indicating the presence of given identifiable object 

features.
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Note that the approach taken here is not to consider the decision problem 

as an estimation problem, as the action modelled by a is not an estimation of 

the state, but a choice of sensing action. (An estimation problem approach is 

proposed by Hager [27].)

In the sensor placement problem, the optimal action aims to reduce uncer­ 

tainty in the object's identity or location, and hence to constrain maximally the 

object model. Thus the utility function, U(9, a), must embody the constraint that 

derives from detecting the state 0 when performing the sensing action a. For the 

problem of object recognition, the detection of (or failure to detect) the object 

at a location which allows its identity to be uniquely determined will correspond 

to a maximum value of the utility function. Conversely, detection of the sensed 

object along a path which provides no new information (such as sensing where 

detection is assured for all admissible objects) will have a minimum utility. The 

value of the utility function may be subjective, but will depend on the specific 

sensing problem, and on the particular set of objects to be recognized.

The prior information function, ?r(#), must contain any knowledge that is 

possessed about the state. For the sensor placement problem, this consists of 

any current knowledge of the likelihood of sensing the object at a particular 

location, based on any knowledge of the object shapes, the location of previously- 

sensed points, and any preconceptions about the likely identity or location of 

the object. Given that the state can be described by a two-valued membership 

function, a probabilistic membership function (PMF) is proposed in this thesis 

to provide an appropriate formulation for the prior information function. The

28



PMF indicates the estimated likelihood of the sensed object occupying a given 

location within the sensing space, by assuming values in the range [0,1], with a 

value of zero corresponding to certainty that the object is not present, and a value 

of one indicating certain presence. Any uncertainties due to sensor uncertainty 

can also be incorporated into the PMF. It will be shown in Chapter 4 that more 

sophisticated PMFs can be generated corresponding to the likelihood of detecting 

given identifiable object features.

The approach taken in this thesis is to consider the decision problem as a "no 

data" problem. This is despite the fact that data collected at any stage of the 

sensing process does influence the selection of the next sensing action. Instead of 

considering the sensory data to be data in the decision theoretic terminology, it is 

used to update the prior information function at each stage, and the updated prior 

information function is used solely to represent the state, and hence determine 

the next sensing action. This difference is only representational, as the problem 

could be formulated other than as a "no data" problem, however this approach 

was chosen as it was desired to update the prior function at each stage in any 

case, and these methods led to fewer computations at each stage.

In Chapter 4, a probabilistic membership function is developed which de­ 

scribes the likelihood of sensing the object in response to a given sensing action. 

In Chapter 5, utility functions are discussed and various examples proposed for 

particular sensing tasks. As described in this section, the functions proposed are 

functions of the sensing action (the action a), and the presence or absence of the 

object (or a given feature) at that location (the two-valued state 0). The functions
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are chosen with an aim to assigning high utility to those combinations of action 

and state which result in a reduction in uncertainty for the task at hand.
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Chapter 4

Probabilistic Membership

Functions

4.1 Introduction

When a sensor contacts an object, the position and/or pose of the object is 

constrained. If a recognizable feature, such as an edge or corner, is detected, a 

tighter constraint is obtained, and this can be tightened further by considering the 

sensory data in conjunction with data from other locations. Most importantly, 

once the first sensed point has been obtained, the knowledge of the shape of the 

object can be used to guide the subsequent search for further contact points. In 

this chapter, it is shown how knowledge of the object shape together with the 

location of a sensed point (and any other information from the point, including 

local surface normal) can be used to determine the probability of sensing the 

object with each sensing action. The function describing these probabilities will
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be termed the probabilistic membership function (or PMF).

The analyses presented in this chapter deal with two dimensional functions. 

The generalization of these methods to three dimensions is discussed in Chapter 8.

The use of a characteristic function to represent the two-dimensional model 

of an object is described by Horn [35]. The model is assigned a "home" location 

in the Cartesian coordinate system, and values of one or zero are assigned to 

each coordinate position depending on whether or not the model occupies that 

location.

In this thesis, more general membership functions are used which are not 

necessarily defined in Cartesian space. The coordinate system chosen is dependent 

on the sensing mechanism of the sensor used. If, for example, the sensor is capable 

of detecting the presence or absence of the object at a given location in Cartesian 

space, then this would be the natural coordinate system to use for the membership 

function. Consider, however, a sonar system which can be directed to sense along 

a path described by polar coordinates (r, 8} in the horizontal plane. What is of 

interest here is the probability of sensing the object with this sensor action, and 

hence it is natural to express the membership function in polar coordinates (ie. 

as a function of the sensor action). Note that in this case it is necessary to know 

not whether the object is located at a given point, but whether it intersects a 

sensing ray described by the given parameters. The probability of this event can 

also be readily described by an appropriate definition of the PMF.

This chapter deals initially with the probabilistic membership functions in 

Cartesian coordinates, as would be useful for evaluating the likelihood of detecting
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an object at a particular location. Methods of generating and updating these 

functions are explained together with examples. These methods assume that it 

is possible to sense the workspace at point locations. In practice, the sensor will 

almost always be of finite extent (even if it returns a single value), and the effects 

of finite sensor size on the generation and application of the PMFs are discussed 

in Section 4.4.

Some sensor systems may be able to extract more detailed information from 

the sensed location than simply the presence or absence of the object. If the sensor 

can, for example, detect and measure edges and corners, then it will obviously 

make for more powerful sensing strategies to take account of these abilities of the 

sensor. To do so it will be necessary to generate expectations for detecting given 

features at each point in the coordinate space. These functions will be termed 

feature PMFs and are discussed in Section 4.5.

Finally, the alternative sensing capability of sensing along a path instead of at a 

location is addressed, and its effect upon the probabilistic membership functions 

that will be appropriate. Methods of generating and updating PMFs in these 

situations are described in Section 4.6.

4.2 Generating PMFs

In a two-dimensional domain, the model of an object o may be described by a 

membership function O(x,y) (associated with a "home" placement for the object, 

usually at the origin of the coordinate system). If the shape of o is completely
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known, O(x,y) is defined by

1 if (x,y) G o 
O(x,y) = <

0 otherwise
t,

If the object shape is not completely known, a value can be assigned to O(x,y) 

that represents the confidence that (x, y) G o, subject to the conditions

0<O(x,y)<l V(x,y)

and

/ / 0(x, y) dx dy — area of o (or its expected value)

The accuracy of the data supplied by the sensor can also be modelled [16,38]. 

The function S(x,y) will be used to represent the uncertainty in any data returned 

by the sensor. S(x, y) is a probability density function and satisfies the conditions

S(x,y)>0 V(x,y)

and

/ / S(x,y)dxdy = 1

For a perfect sensor (one which returns data with no uncertainty), S(z,y) = 

£(x,y). All data returned by the sensor should be convolved with 5(x,y) to take 

correct account of the inherent limitations of the sensor.

In addition to uncertainties introduced by the sensor, any attempts to deter­ 

mine accurately the position and pose of the sensed object are also affected by 

uncertainty in the relative position of the sensor and object, which in turn depend 

on the shape of the sensed feature. For example, if a corner is sensed, the loca­ 

tion of the object may be completely determined. However, if an edge is detected
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without one of its endpoints, there will be uncertainty in the object's position in 

the direction parallel to the edge. If a point within the boundaries of the object 

is sensed without detecting an edge, there will be uncertainty in three degrees of 

freedom (two translational and one rotational). This "feature uncertainty" can 

be represented by a distribution function F(x,y) satisfying

and

JjF(x,y)dxdy - I

For the cases of corner and edge mentioned above, F(x,y) will, in general, be 

represented by a delta function and a uniform distribution in one variable respec­ 

tively.

Once contact has been established with a particular feature of the object, the 

object model can be transformed to align the corresponding feature on the model 

with the sensed point. This gives rise to a new function O'(z,y) describing the 

transformed model. To incorporate the uncertainty in the object's location, the 

model must be convolved with the sensor and feature uncertainty functions. Thus 

a new "blurred" object model, II(a;,y), is obtained, representing the probability 

of sensing the object at each location in the workspace. 1

x, y) = O'(x, y) * F(x, y) * 5(x, y)

1 Throughout this thesis the symbol * will be used to represent the convolution 
integral

a(x, y) * 6(x, y) = Jj a(x - p, y - rj)b(p, rj) dp, drj
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This function will be termed the probabilistic membership function (PMF) and 

has the same properties as the characteristic function, O(x,y), namely (see Ap­ 

pendix A):

0<n(x,y)<l V(x,y)

and

/ / II dx dy = area of o

n(x, y) represents the probability of the location (x, y] lying within the bound­ 

ary of the object, taking into account uncertainties in the sensed data and object 

model.

Some examples follow, showing how the PMF can be generated from the mem­ 

bership function of an object.

4.2.1 Example 1: A symmetric object

Consider a square of side length / as shown in Figure 4.1. The characteristic 

function for the square is2

r

I if 0 < x < I and 0 < y < I 
O(x,y) = <

0 otherwise

It will be assumed that the shape is sensed by a sensor which has no uncer­ 

tainty, so

S(x,y) = 6(x,y)

2 The specification of O(x,y) is unique only up to arbitrary translations and 
rotations of the model or coordinate system.
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!0

Figure 4.1: Object characteristic function.

Now assume that contact is made with an edge of the square at the point 

, t/o) with the edge lying parallel to the x-axis of the coordinate system. As the

object is completely symmetric, the sensed edge can be associated with any model 

edge. For simplicity, it will be associated with the model edge whose endpoints 

are (0,0) and (/,0).

The sensed point could be any point lying on the chosen model edge. This 

uncertainty in relative position of the sensed point to the feature is described 

by the feature uncertainty function. Assume the sensed point (x0 , yo) has been 

associated with the midpoint of the edge in the model, the point (//2,0). The 

resulting transformed model function would be3

O'(x, y) = 0(x - x0 + //2, y - y0 )

The actual position of the sensed point could with equal probability be located 

anywhere within a range of values ±1/2 of this location. In this case, an appro­ 

priate formulation for this function is a uniform distribution in the x-dimension,

3 Any arbitrariness in the choice of the model location is removed by the trans­ 
formation matching the characteristic function to the sensory data. The resultant 
transformed model O' is independent of the coordinate system chosen to define 
O.
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1/1

-V2 0 V2 x 

Figure 4.2: Feature uncertainty function.

1/1

0 1 x 

Figure 4.3: Alternative feature uncertainty function.

as shown in Figure 4.2.

Alternatively, the sensed point may be associated with one of the endpoints 

of the modelled edge, say the point (0,0). This would give rise to a different 

transformed model function

O'(z, y) = O(x - XQ, y - y0)

In this case, the uncertainty in the x -value is within the range 0 to +/ of the chosen 

value. Again this distribution is uniform and the resulting feature uncertainty 

function is shown in Figure 4.3.

Irrespective of which point is used, the resulting function H(x,y) is not af­

fected.

= 0'(x,y)*F(x,y)*S(x,y)
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xo-1 xo xo+1 x

Figure 4.4: Cross-section of probabilistic membership function.

-1

Figure 4.5: Plan view of probabilistic membership function. 

= 0'(x,y)*F(x,y)

O'(x - \i, y - r))F(v, 77) d/j. drj

[i
l/l I O(x -x0 -n,y- Jo

rift
r l/l I J -i

0

- p., y — y0 ) dp

if y < yo, or y > y0 + /, or x < x0 — /, or x > X Q

1   ̂ j2- if yo < y < yo + / and XQ — I < x < x0

if y0 < y < y0 4. / and X 0 < X < X0 + I

A cross-section of H(x, yi) along the x-dimension for y0 ^ yi ^ yo + / is given 

in Figure 4.4. A plan view of the regions of this function is given in Figure 4.5.

As would be expected, the probability of sensing the object again at (x 0 ,
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side 3

side 5

side 4 4 x

Figure 4.6: Object model (or membership function).

is one (assuming a perfect sensor). The probability decreases in the x-direction 

with distance from x0 until it becomes zero, when the distance from the sensed 

point is greater than the side-length, /. Thus the results obtained are consistent 

with reasonable expectations.

4.2.2 Example 2: An asymmetric object

Consider a right -triangle with sides of length 3, 4 and 5 units respectively. A 

possible "home" location is shown in Figure 4.6 for the object giving rise to the

characteristic function

1 if 0 < y < 3 and 0 < z < 4(1 - y/3) 

0 otherwise

As in the previous example it is assumed that the sensor is perfect, and that 

detection of an edge occurs at the point (x0 , yo)> with the detected edge lying 

parallel to the z-axis of the coordinate system. The form of O'(x, y) and F(x,y) 

will depend on which edge is associated with the sensed point, and hence the 

three edges must be treated as separate cases.
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Consider first associating the sensed point with the side of length 4 (termed 

side 4). For the following calculations, the sensed point shall be associated with 

the left-hand-most point of the edge (although it was seen in the previous exam­ 

ple that any point can be chosen by an appropriate formulation of the feature 

uncertainty function).

Hence O'(x,y) can be calculated.

O'(x,y) =
1 if yo < y < yo + 3 and x0 < x < x 0 + 4(1 -

0 otherwise

The feature uncertainty function is given by

, 4)(x) ify =

0 otherwise

Now nst<fe4(x,y) can be calculated:

= O'(x,y)*F3ide4(x,y)* S(x,y)

= O'(x,y)*Fside4(x,y)

O'(x - n, y - , 77) dn dt)

0

— Xr

if y < yo, or y > y0 + 3,

or x < x0 - 4, or x > x0 + 4(1 -

if yo < y < yo + 3 and x 0 - 4 < x < x0 -

if yo < y < yo + 3 and x 0 - < x < x 0

I _ l^ai _ £^0. if y0 < y < y0 + 3 and x 0 < x < x0 + 4 - 

A cross-section along the x-dimension of this function is plotted in Figure 4.7,

and a plan view of the various regions is shown in Figure 4.8.
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i-(y-yo)/3

xo-4 xo-4(y-yo)/3 xo xo+4-4(y-yo)/3 

Figure 4.7: Cross-section of PMF for side 4.

T
I I
i

-4
4 x

Figure 4.8: Plan view of PMF for side 4.

Similar calculations associating the sensed point with the other two sides can 

be performed. For the side of length 3 (side 3), the transformed model is shown

in Figure 4.9 and the resulting transformed object model is

O'(x,y) =
1 if yo < y < yo + 4 and x0 +

0 otherwise

<x<x0

The feature uncertainty function is

U(0,3)(x) if</ = 0 

0 otherwise

Now, H3ide 3(2, y) can be calculated:
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(xo+3,yo+4)

side 5 side 4

(xo.yo) (xo+3,yo)

Figure 4.9: Object model for contact on side 3.

l-(y-yo)/4

xo-3+3(y-yo)/4 xo xo+3(y-yo)/4 xo+3

Figure 4.10: Cross-section of PMF for side 3.

0 if y < yo, or y > y0 -f 4,

or x < XQ - 3(1 - ^), or x > X Q + 3

if 4 and x0 - 3(1 - x

1 _ 1

-I _ X—XC
1 3

< y < yo + 4 and x 0 < x < x0 +

< < 4 and x 0 + 3^ < x < x 0 + 3

The x-cross-section of this function is plotted in Figure 4.10.

For the side of length 5 (side 5) the transformed object model is shown in 

Figure 4.11. For this case

O'(x,y)= <
1 if yo < y < yo + 2.4 and z0 + 3.2*=ja. < x < XQ + 5 _

0 otherwise
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(xo+3.2,yo+2.4)

side 4 side 3

(xo,yo) side5 (xo+5,yo)

Figure 4.11: Object model for contact on side 5.

The feature uncertainty function is

0

tS)(x) ify = 0

otherwise

Now H 3 ide 5(2, y) can be calculated:

f
= / Jo

0 if y < yo, or y > y0 + 2.4,

or x < x0 - 5 -f 3.2 *=f- or x > x0 + 5 -

and x 0 - 5

1 _1 2.4 < y < yo + 2.4

and *0 - l.SJ^f < x < x0 + 3.2

if yo < y < yo + 2.4

and xQ + 3.2*=f- < x < x 0 + 5 - 1. 

The x-cross-section of this function is plotted in Figure 4.12.

To obtain the total probability of the object being present at a particular 

location in the workspace, without any knowledge of which edge has been con­ 

tacted, the functions obtained for the three sides must be combined. The total
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l-(y-yo)/2.4

xo-1.8(y-yo)/2.4 xo+5-1.8(y-yo)/2.4

xo-5+3.2(y-yO)/2.4 xo+3.2(y-yo)/2.4

Figure 4.12: Probabilistic membership function for side 5.

probability is evaluated as follows:

z, y) = 3) naWe 3(x, y) 4) x, y)

To evaluate the probability of the sensed side having a particular identity (in the 

absence of any other information), we assume that the probability, P(side n), is 

proportional to the length, n, of the side.

Thus the probability for each side is the ratio of the side length to the perimeter 

of the object. For the triangle considered in this example

P(side 3) = 1/4, P(side 4) = 1/3, P(side 5) = 5/12

This leads to the more complex PMF whose regions are plotted in Figure 4.13. 

Taking a sample cross-section along the line y = 1 (as indicated in Figure 4.13) 

results in the function plotted in Figure 4.14.

Using these methods, the likelihood of detecting the object at any point in 

space the be determined, without any knowledge of which edge was initially 

sensed. Clearly, knowledge of which edge had in fact been sensed would lead 

to a simpler formulation of the PMF.
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Figure 4.13: Plan view of resultant PMF.

-11/3 -9/4 -3/4
-4 -4/3

Figure 4.14: Cross-section of resultant PMF.
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Figure 4.15: Object characteristic function.

4.2.3 Example 3: Automatic Generation for a Concave 

Object

This section considers the PMF for a more complex object. Rather than deriving 

analytically an expression for this function, automatically generated plots are 

displayed showing the PMFs for each contact side.

Consider the concave object shown in Figure 4.15. It has eight sides, and as 

there is no rotational symmetry for the object, each must be considered separately 

in generating the PMF.

The PMFs generated automatically for each side are shown in Figures 4.16 

to 4.23. The plots use a grey-scale to indicate likelihood of detection, with black 

indicating certain detection (PMF value of one), and white indicating no prospect 

of detection (PMF value of zero). The overall PMF (obtained by obtaining a sum 

of the side PMFs each weighted according to the length of the corresponding 

side), is shown in Figure 4.24.

The figures demonstrate how the PMFs explicitly represent the shape of the
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Figure 4.16: PMF for side 1.

y

Figure 4.17: PMF for side 2. 

object, blurred by uncertainty along the designated contact edge.

The automatic generation of the PMF is readily performed from a list of vertex 

coordinates representing the object model. As the objects become more complex, 

the amount of processing and data storage required to compute the PMF increase 

linearly with the number of sides, (ie. The algorithm used to generate the PMF 

autonmatically is only O(n) complex with respect to the number of sides n.) It is 

shown in Section 7.4 that it is, in fact, not necessary to evaluate the PMF at all 

points in the sensing space, but only at a finite number of locations. This leads
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Figure 4.18: PMF for side 3.

Figure 4.19: PMF for side 4.

Figure 4.20: PMF for side 5.
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Figure 4.21: PMF for side 6.

Figure 4.22: PMF for side 7.

Figure 4.23: PMF for side 8.
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Figure 4.24: Resultant PMF.

to a significant reduction in processing time and data storage requirements, as is 

discussed in Chapter 7.

4.3 Updating PMFs

As has been shown in the previous section, the only data required to construct a 

PMF is a model of the sensed object and the location of a sensed object feature. 

However, as data from more sensed points becomes available, it must be used to 

update the PMF, so that the function accurately represents the knowledge of the 

workspace.

One appealing solution to this problem would be to generate a PMF for each 

sensed point and combine them. In practice however, this proves to be non-trivial, 

and requires knowledge of the object's features.

Consider the case of a square of side-length / whose edge has been sensed at 

two locations, separated by a distance d. It was seen in Subsection 4.2.1 that the 

resulting PMFs can be represented graphically as shown in Figure 4.25.
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d-1

Figure 4.25: Probabilistic membership functions.

To determine the appropriate PMF which represents the information provided 

by both sensed points, the feature uncertainty functions for the two locations 

relative to the sensed point at (x0 ,y0 ) must De considered. (Figure 4.26.)

Interpreting these functions, it can be deduced that the combined uncertainty 

in the feature's position is given by the intersection of the two uncertainty ranges 

and can be represented by the uniform distribution ?7( cf ) /)(x), shown in Figure 4.27.

Convolving this function with the object model function gives the PMF shown 

in Figure 4.28.

This function cannot be obtained directly from the two single-point PMFs 

shown earlier. It is also necessary to reconstruct the feature uncertainty func­ 

tions to take account cf locations at which no feature is detected (and hence 

have no associated PMF although they constrain the object's position) and also 

observations of different features, such as interiors (which do not provide strong 

constraints on the object location by themselves, but do so in combination with
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Figure 4.26: Feature uncertainty functions.

1/1-d

d 1 x

Figure 4.27: Updated feature uncertainty function.

d-1 0

Figure 4.28: Updated probabilistic membership function.
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a sensed edge).

A robust method is required for integrating information provided by further 

sensed points, to update the feature uncertainty function.

Consider again the example of sensing a square where the initial sensed point 

was an edge contact. Thus the feature uncertainty function is as shown in Fig­ 

ure 4.3. In being convolved with this function, the object model O'(x — //, y) is 

integrated with respect to n as IJL varies in the (admissible) range (0, /). Consider 

an arbitrary location in the sensing space (#i,yi). Now, unless TL(xi,yi) is zero 

or one, then there is uncertainty as to whether or not the object is present at this 

location. What this means is that some admissible interpretations assigning the 

sensory data to the object model give rise to the object being present at (xi, yi) 

whilst other admissible interpretations do not. This is represented by the function 

Q'(XI — /^,yi) taking the value zero for some subset of values of ^ in (0, /), and 

the value one for the remainder.

Once sensor data has been acquired at (xi, y\) and the actual value of the state 

at (xi,yi) determined, those values of n which predicted the wrong state can be 

rejected. This leads to a smaller range of \JL corresponding to reduced uncertainty 

as more sensory data is acquired, as would be expected. The admissible range 

of // consists only of those values that are consistent with all of the sensory data 

obtained thus far. A uniform distribution on the remaining acceptable values of 

fi can be assumed, producing the new feature uncertainty function.
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4.4 Effect of finite sensor size

All the analysis carried out thus far, has assumed that it is possible to obtain 

sensory information at a given point in the workspace. Due to the finite sensing 

area of all sensors, this is never true in practice, nor is it always desirable. Often 

by sensing over a finite area in a single action, more information can be acquired, 

enabling characteristic point features, such as corners, to be detected, which would 

not be possible with a point sensor. As corners are often salient features of an 

object set (as discussed in Section 5.4), they may play an important role in the 

sensor placement strategy. It will be clear that in these instances, uncertainty is 

reduced (and hence sensing power increased) as the sensor scope increases.

By sensing over a finite area, the sensing is effectively being performed at many 

adjacent points simultaneously. This gives rise to a different PMF than is obtained 

by sensing at a single point. It was seen in the previous section that sensor data 

from different sensor locations combine to alter the feature uncertainty function, 

F. It is to be expected that the feature uncertainty function due to sensing over 

a finite area is the same as that due to sensing at point locations spread over the 

same sensing area. No effect on the object model, O, or the sensor uncertainty 

function, 5, arise due to the finite size of the sensor. 4 Hence the probabilistic

4 It may be expected that altering a property of the sensor, such as its size, 
would have an effect on the function 5. 5, however, is the sensor uncertainty 
function, and models the accuracy of (or the confidence in) the sensor data. F, on 
the other hand, is the feature uncertainty function, and represents the uncertainty 
in the location of the model due to the properties of the sensed feature and the 
manner in which it is sensed.
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membership function, II, can be computed as before

n = o' * F * s

where F is the only quantity that has altered. This is demonstrated in the example 

given at the end of this section.

Finite sensor size also affects the manner in which PMFs can be interpreted 

for subsequent sensing actions. As the PMF represents the likelihood of detecting 

the object at each point in the sensing space, a sensor of finite extent will ef­ 

fectively sense at several points concurrently, each of which may have a different 

value. Careful consideration must be given to the true expectation of sensing the 

object at a given location, given that the sensor will actually return data from 

a finite area surrounding the point. Often the true expectation will simply be 

the maximum of the PMF values within the sensor's scope however this may not 

always be the case.

To address this issue thoroughly, it is again necessary to go back to the feature 

uncertainty functions to determine which range of uncertainty values gives rise to 

detection at each point within the scope of the sensor. The union of these ranges 

should then be convolved with the object model to give rise to a new probabilistic 

sensing function representing the likelihood of sensing the object when the sensor 

is placed at a given location, and hence its scope takes in a known region.

Often the PMF will be linearly increasing (or decreasing) over a region with 

distance from a sensed point. (See, for example, Figure 4.31.) In this case, 

the range of uncertainty values giving rise to the point of highest probability
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Figure 4.29: Sensor data and possible object locations.

within the sensed region, contains the uncertainty range for all the points of 

lower probability. In this case, the likelihood of sensing the object within the 

scope of the sensor, is indeed equal to the maximum value of the PMF within this

region.

Example

Consider a sensor with a square sensing area of small, but finite, extent.

It is assumed that the edge (without an endpoint) of an object of length / 

has been sensed by a sensor of dimensions 2s by 2s. The sensor output is as 

shown in Figure 4.29, together with possible locations of the object. The range 

of possible locations of the sensor along the edge is only (5, / — 3), as if the middle 

of the sensor was located within s of an endpoint of the edge, a corner would 

have been detected. This leads to the feature uncertainty function along the 

dimension parallel to the sensed edge as shown in Figure 4.30. Assuming no 

sensor uncertainty (5(x,y) = 8(x, y)), the resulting PMF along this dimension is 

as plotted in Figure 4.31.

Note that the PMF obtained is equivalent to that obtained by sensing with a
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Figure 4.30: Feature uncertainty function.
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Figure 4.31: Probabilistic membership function.

point sensor at points displaced by ±5 from the midpoint of the sensor.

4.5 Feature PMFs

The PMFs discussed thus far have represented the probability of detecting the 

sensed object at a given location in the workspace. If the sensor is capable of 

detecting features (such as edges or corners) then it may be useful to represent 

the probability of detecting a given identifiable feature at a given location in the 

workspace. In this way it is possible to generate PMFs for each feature of interest 

and use this information in evaluating potential sensing locations.

Because features such as edges and corners represent point discontinuities of 

the object's characteristic function, they exist only at point locations in space 

and have no finite extent. The possibility of detecting such "point" features using
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Figure 4.32: Characteristic function of an edge.

a sensor which can only sense at points in space is zero everywhere. In practice, 

however, most sensors have a finite field of view, and further, the ability to detect 

edge or corner features implies a finite scope. Hence, although the PMF for 

an edge or corner may be zero at all points the probability of detecting these 

features over a given range (in this case, the scope of the sensor) may be non-zero 

(much like a pdf). It is clear that the probability of detecting these features will 

vary with the scope of the sensor used. Their effect on sensing strategy will be 

more significant for sensors of relatively large scope, and less significant for more 

"point-like" sensors.

The method of generation of PMFs for each feature of interest is as for the 

object PMFs described in Section 4.2. A model of each feature is developed to 

fill the role of the object characteristic function used previously. In this case the 

functions may have zero area, taking non-zero values at only a finite number of 

locations.

Consider, for example, the characteristic function for the edge of a square 

shown in Figure 4.32.

59



The feature characteristic function can be described as

1 if x = I and 0 < y < / 

0 otherwise 

The PMF can be obtained in the standard manner.

H(x, y) = O'(x, y) * F(x, y) * 5(z, y)

If this edge is not parallel to the direction of uncertainty (as defined by the 

slope of the first sensed edge) then the PMF will be zero everywhere, as previously 

explained. However, because of the capabilities of a sensor of finite scope to sense 

over a region (and hence an infinite number of points) concurrently, the likelihood 

of sensing the object with a given sensing action, need not be zero.

Consider a sensor of finite scope, with dimension s in the direction of un­ 

certainty, attempting to detect an edge which is not parallel to the direction of 

uncertainty. If the uncertainty range is [w,u], then the location of the edge is 

unknown within this range. If sensing for the edge is performed at a location 

such that the whole scope of the sensor includes only points which are feasible 

locations for the edge (ie. the scope of the sensor lies completely within the uncer­ 

tainty range of the edge), the probability of detection will be ^^. As anticipated, 

the probability is proportional to the sensor scope, and hence would be zero for 

a point sensor (s =0).

On the other hand, if the direction of uncertainty is parallel to the edge of 

interest, as would be the case if we were interested in the probability of detecting 

again the first sensed edge, then the PMF may take non-zero values. For the case
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of the first edge, the PMF would simply correspond to the cross-section of the 

object PMF along the line y = 0. The effects of finite sensor size in this case 

would be as discussed in Section 4.4.

4.6 Path sensing

All the PMFs considered so far have measured the likelihood of the presence of the 

object at a given location in the sensing space. This information is most desirable 

if a choice must be made between alternative locations at which to sense. Some 

sensors, however, do not sense at a specified location, but can only be directed to 

sense along a specified path. This is true of many non-contact sensors including 

sonar, radar, vision, and infra-red light. It may also be true of contact sensors, 

including tactile sensing, which may be able to track along a given path until an 

object is encountered.

The major difference between this situation and that described previously, is 

the relative position of the sensor to the objects of interest. To enable "location" 

sensing or "probing", it is implicitly assumed that the path along which the 

sensing occurs is not parallel to the plane in which the objects lie. Hence there is 

only one point of intersection between the sensing ray and the workspace which 

enables sensing to be performed at this location. With path sensing, it is assumed 

that the sensing ray lies in the same plane as the objects to be sensed. Hence, 

the intersection between the ray and the workspace includes the whole path of 

the ray, and all points along this path are sensed concurrently.
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In practice data will usually be returned from the point of intersection between 

ray and object that is closest to the ray's source. For this reason, it is impossible to 

sense within the interior of an object, and only boundary features can be detected. 

Thus the whole of the sensing strategy will need to be formulated on the basis 

of detecting object edges and corners. The advantage of sensing along a path 

is that there will be non-zero probabilities for detecting point features (such as 

edges and corners) as sensing is actually being performed over a range of locations 

concurrently (just as if using a location sensor with a finite scope). Hence sensing 

can be performed for point features lying within a certain uncertainty range.

In three dimensional problems, it is almost always only possible to detect the 

boundaries of a sensed object. The most natural way to model these situations is 

by considering the path sensing approach. For this reason, the approach outlined 

in this section, may have greater application to the generalization of the active 

sensing methods to three dimensional problems. (See Section 8.2.)

In generating probabilistic membership functions for path sensing, it is neces­ 

sary to define carefully the sensing action - in this case the ray along which the 

sensing will be performed. The sensing ray will be defined by the polar coordi­ 

nates, (r, 0}, describing the perpendicular distance of the ray from the origin of 

the workspace, and the angle of inclination of the ray relative to the workspace 

Cartesian coordinate system respectively. (See Figure 4.33.)

It is necessary to define the direction of the ray to avoid ambiguity, as we 

will be interested in determining the point of intersection of the ray with the 

sensed object, closest to the ray's source. For this purpose r is defined to have
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Figure 4.33: Definition of polar coordinates.

a positive or negative sign depending on whether the origin lies to the right or 

left of the directed ray respectively when viewed along the direction of the ray, 

and 9 is defined to lie in the range from 0 to 2w indicating the ray's direction. 

Thus the rays defined by (r, 9} and (— r, 9 + TT) will be collinear but have different 

orientations.

In determining the likelihood of sensing an object along the path defined by

,#), it is natural to begin with a model of the object and a range of uncer­

tainties, as used previously for the location sensing case. In this case feature 

characteristic functions for edges and corners will be relevant in the place of ob­ 

ject characteristic functions, as it will be these features that may be sensed. The 

feature characteristic functions and uncertainty ranges may take the same form 

as was developed previously, however, there is no benefit to be gained by con­ 

volving them to obtain the likelihood of the object being present at each point
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in space. Combining such point likelihoods along the sensing path proves to be 

a non-trivial task, and requires knowledge of the geometry of the sensed object. 

Instead, it is possible to work directly with the feature models and uncertainty 

ranges to determine the PMF in polar coordinates. An algorithm for performing 

these calculations is presented in Appendix C. This algorithm was used in the 

location sensing implementation described in Section 7.3. As the object models 

become more complex, the processing and data storage required to compute the 

PMF using this method increase with the square of the number of model sides, 

(ie. Given n sides, the complexity of the computation is O(n2 ). This is in com­ 

parison with the algorithm used to determine the PMF for location sensing which 

is only O(n) complex.)

Once a measure of the likelihood of sensing each identifiable feature has been 

obtained as a function of the ray parameters (r, 0), this PMF can be used in the 

same manner as those generated for location sensing. Considerations of the effects 

of finite sensor size on path sensing PMFs are again relevant for the same reasons 

as discussed in Section 4.4.
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Chapter 5

Utility and Discrimination

Functions

5.1 Nature of utility functions

As was discussed in Chapter 3, one of the vital elements of decision theory is a 

utility function which enables the merits of different actions to be compared for 

a particular state of the environment. Because of their importance to decision 

theory, utility functions have been studied extensively. This has led to the de­ 

velopment of techniques which can be applied to specific situations to develop 

appropriate utility functions. Some of these methods are explained in Berger [6], 

De Groot [15], Blackwell and Girshick [7], Wald [50] and Jones [36]. Despite the 

existence of such methods, there is still considerable subjectivity involved in the 

selection of a utility function.

For the tasks of object recognition and localization, there is no obvious metric
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that can be applied to the outcome of a particular sensing action. To enable 

a quantitative analysis to be performed, it is necessary to develop an ordering 

on the desirability of particular outcomes, and attempt to discern a relationship 

between the action and state and their desirability. This relationship can then be 

used to determine the utility of arbitrary combinations of action and state. This 

is the approach adopted in this chapter.

Our approach is based on the observation that a good sensing location is, 

or rather was in retrospect, one which enabled the object to be recognized or 

localized. A poor location was one which (in retrospect) provided no new infor­ 

mation. Thus utility functions are proposed which provide some measure of the 

ability of the sensing location to discriminate between possible object identities 

or locations. What is really required is some measure of the distance remaining 

(perhaps measured in the minimum number of sensing points required) to the 

completion of the task. Attempts at developing this measure are described in the 

next section.

Once the utility functions have been obtained, the Bayes decision principle 

requires that they be weighted according to the prior distribution of the states to 

determine the optimal action. In this section, the weighted utility value (usually 

termed the Bayes risk when dealing with loss as opposed to utility) will be termed 

the discrimination function. 1 This function depends only on the alternative sens­ 

ing actions and can be used to discriminate between them (hence its name). The 

optimal sensing action is that action which maximizes the discrimination function.

Hager [27] has termed this function the payoff function.
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It will be assumed throughout this chapter that the state of the environ­ 

ment can be described by a characteristic function on the workspace, representing 

the presence or absence of the object at each location. The prior knowledge of 

the characteristic function is the probabilistic membership function described in 

Chapter 4.

The next section presents several examples of the generation of utility func­ 

tions (and the resulting discrimination functions) to demonstrate the proposed 

approach. We argue that the proposed utility criteria lead to good sensing strate­ 

gies, as demonstrated by the implementations described in Chapter 7.

In Section 5.4 salient features and their role in object recognition are discussed. 

It is shown that well-chosen utility functions will implicitly favour the detection 

of salient features, and hence that by employing a decision theoretic approach to 

object recognition, it is not necessary to deal with salient features as a special 

class.

Finally Section 5.5 considers the Artificial Intelligence technique of "look- 

ahead search" and its application to the problem of determining the optimal 

sensing action.

5.2 Examples

Several examples of utility functions are presented in this section, demonstrating 

how they may be constructed in practice.

The first five examples deal with the object recognition problem in increasing
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levels of complexity. It is assumed in Examples 5.2.1 and 5.2.2 that the object 

recognition task is to be performed between two objects on the basis of binary 

contact data from a sensor. In Examples 5.2.3 and 5.2.4, the object set is general­ 

ized to contain n objects. Finally in Example 5.2.5, a utility function is proposed 

for the situation in which a sensor can detect and identify a set of k features, and 

the system can utilize this data to recognize the sensed object from a known set 

of n objects.

In Example 5.2.6, the localization problem is addressed for a known object 

which must be localized on the basis of binary contact data.

All the utility functions proposed here are applicable irrespective of the sensing 

action available or the coordinate system in which the probabilistic membership 

functions are described. They are suitable for both location sensing and path 

sensing systems.

5.2.1 The two-object set (Case 1)

Consider the task of identifying the sensed object from a set of two objects, 

{oiiOz}- The utility function is a function of two variables: the sensing location, 

(x, y) (the action); and whether or not the object is present at the sensing location 

(the state or outcome). It will be assumed that the sensor used returns only binary 

contact data from the sensed object and hence that the state can be described by 

a two-valued function: detection — 0 (object not present at the sensing location) 

and detection = 1 (object present).

If a location (XQ, yo) exists at which detection of the object will enable its

68



identity to be deduced as o\, then the utility function should have a high value 

for (x 0 , J/o) and detection = 1. Similarly, if a location (zi,t/i) exists at which 

detection of the object implies its identity is not o\ then the utility function 

should also be high for (xi, y\) and detection = 1. These two situations represent 

extreme values (ie. zero and one) of the function

P(object = Oi\detection = 1) 

As it may be assumed (in the absence of any other information) that

P(object = G!) = P(object = o2 ) = 1/2 

detection of the object at a location where

P(object — Oi\detection = 1) = 1/2

suggests, in retrospect, a poor choice of sensing location.

Failure to detect an object can be just as important and useful as detecting the 

object. If the object is not detected at a location where P(object — o^\detection — 

0) has an extreme value, then this information can be used to deduce the object's 

identity.

In the two object case, it is only necessary to test the hypothesis that the 

object's identity is 01, as rejection of this hypothesis implies that the object is o2 . 

As

P(object = o\\state) = 1 — P(object = O2\state)

then extreme values of P(object = o2 \state) correspond to extreme values of 

P(object = o\\state).
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Consider the following as a useful utility function.

U(state,(x, y)) = \2P(oi\state)(x,y) — 1| (5-1)

This function attains its maximum value of 1 when P(oi\state) = 0 or 1 and 

attains its minimum value of 0 when P(o\\state) = 1/2 (no information). 

To evaluate the function P(oi\state) we use Bayes' Theorem.

_ P(state\ol ) P(OI) 
~~ P(state) '

P(state\oi) P(OI)
P(state\ol ) P(O!) + P(state\o2 ) P(o2 )

The functions P(detection — l|0i) and P(detection = 1)02) are simply the 

PMFs (II) for the objects QI and o% as discussed in Chapter 4. As

P (detection = 0) = 1 — P(detection = 1)

the functions P (detection = 0|oi) and P (detection = 0\o2 ) are given by the 

functions (1 — II) for QI and o2 respectively.

Thus the value of the utility function, t/(x,y), can be readily calculated for 

each point in the workspace using the probabilistic membership function tech­ 

niques described in Chapter 4.

The utility function by itself, however, does not contain sufficient information 

to enable the optimal sensing location to be determined. Applying the Bayes 

decision principle, it is also necessary to take into account any prior informa­ 

tion regarding the distribution of states. The desired location is the one which 

maximizes the discrimination function,

D(x,y) — V {detection = l,(x,y))P (detection = 1)
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+ U(detection = 0, (x, y)) P(detection = 0)

By expanding P(state) in terms of conditional probabilities and using Equa­ 

tion (5.1), the discrimination function can be expanded and simplified (see Ap­ 

pendix B.I) to obtain the result

D(x, y) = \UOI P(OI ) - n02 p(o2 )| + |(i - n01 )p( 0l ) - (i - n02 )p(o2 )| (5.2)

When P(OI) = Pfa) = 1/2, as will be the case for the first sensed point (in 

the absence of any other information)

£>=|II0l (x,y) - noa (x,y)|

Hence for this task, the first guided sensing location should be the location 

at which the difference between the probabilistic membership functions is great­ 

est. Subsequent sensing points can be determined by evaluating and maximizing 

Equation (5.2) over all potential sensing locations, for updated values of P(OI) 

and P(o2 ).

5.2.2 The two-object set (Case 2)

This example deals with the same problem described in the previous subsection 

but proposes an alternative utility function. This is intended to emphasize the 

subjectivity of the choice involved in selecting an appropriate utility function, as 

both will be seen to be based on "reasonable" criteria, however they will give rise 

to different discrimination functions, and hence advise different sensing strategies. 

Again the task will be to identify the sensed object from a set of two objects, 

i, 02}* on * ne Das is °f binary contact data from the sensed object. The state can
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again be described by a two-valued function: detection — 0 (object not present 

at the sensing location) and detection = I (object present). 

Consider the following function as a utility function.

U(state,(x,y)) = ^(o^state^x.y) - P( Ol )\ + \P(o2 \state)(x , y) - P(oa)|

= 2\P(o1 \state)(x,y)-P(ol )\ (5.3)

This function attains its maximum value when the a posteriori expectation of the 

object's identity being QI (P(oi\state}} differs greatest from the a priori expec­ 

tation (P(0i)), and attains its minimum value of zero when the expectations are 

the same (no new information).

By expanding Equation (5.3) using Bayes' Rule and weighting the function 

over the prior expectation on the states, the discrimination function can be ex­ 

panded and simplified (see Appendix B.2) to obtain the result

D(x,y) oc |noi (z,y) - noa (x,y)| (5.4)

Hence for this task, the optimal sensing location is the location at which the 

difference between the probabilistic membership functions is greatest. (Hence 

the same first sensing location is proposed by this utility function as for the 

function discussed in the previous section.) This location is determined easily and 

corresponds with an intuitive sense of the characteristics of the optimal sensing 

location.

If we sense at a location where there is a high probability of detecting the 

object if it is of a given identity, but a low probability if it is of the other identity, 

we can expect the outcome to influence our expectations significantly. Clearly, if
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the object is detected, our expectation of it being the first object will be strength­ 

ened at the expense of the second object. Conversely, non-detection will favour 

our expectation of the second object.

On the other hand, we can expect to acquire little information at locations 

where we have a similar expectation of detection for both objects. There is no 

point in sensing at a location where detection is assured for both objects, as the 

expectations will not be altered by the sensory data. The same will be true at 

locations where non-detection is assured.

5.2.3 The n-object set (Case 1)

Consider the task of identifying a sensed object from a set of n candidates 

{°ii °2i '•-•> °n}- The utility function that is sought will be a function of the prospec­ 

tive sensing location and the (unknown) state at that location. An appropriate 

function is one which will return a high value for those values of location and state, 

where the detection of the given state at the given location is sufficient to deduce 

the identity of the sensed object. More formally, high values of U(state, (a:,y)) 

would occur at locations where P(ok\state) was high for one of the objects, ojt-

Pursuing the same reasoning as was adopted in Example 5.2.1, a worthwhile 

sensing location (in retrospect) is one which gives rise to a posteriori expectations 

which differ significantly from the initial "no information" probability values. For 

the n-object identification problem, the initial expectations of the objects may be 

assumed (in the absence of any other information) to be
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This suggests the following utility function

U(state, (x, y)) = Y^ |n

This function attains its maximum value of 2n — 2 when P(ot ) = 1 for some object 

o,, and (hence) -P(oj) = 0 for all the other n — 1 objects in the set. It attains its 

minimum value of zero, when P(o\) = P(o<2) = ... = P(on ) = 1/n

Evaluating the discrimination function for this utility function by considering 

its expectation over all the possible states leads to the result (see Appendix B.3)

D = E E (n,, PM - n0l p(0,)) |
» j

+E IE (i - n,,)p(oo - (i - u0l )p( 0j )} | (5.5)

This result is very similar to that obtained in Equation (5.2) for the two object 

case. Indeed the form of Equation (5.2) can be readily obtained from this result 

by setting n = 2. (See Appendix B.3.)

For the case when P(OI) = -P(02) = ••• = P(°n) — l/n (as rnay occur when 

the first decision is to be made), it is shown in Appendix B.3 that Equation (5.5) 

simplifies to

« 3

Thus the optimal sensing location in this case is the location at which a sum 

of the differences between object PMFs is maximized. This result has the same 

intuitive appeal as those obtained in the previous examples.
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5.2.4 The n-object set (Case 2)

This example deals with the same problem described in the previous subsection 

but proposes an alternative utility function. 

The proposed function is

U(state, (x, y)) = ]T \P(0i \state) - P(o,-)| (5.6)
t

where P(oi) represents the current expectation of the sensed object's identity be­ 

ing ot . This function assigns a high value to sensing situations which drastically 

alter the expectations of the object's identity, and no value to those situations 

which do not alter the expectations (as such locations provide no new informa­ 

tion). This is the same reasoning which led to the utility function proposed in 

Example 5.2.2 for the two-object problem.

Repeating the analysis performed for the previous examples to determine the 

discrimination function corresponding to Equation (5.6) gives (see Appendix B.4)

,.)l £ (Pfo) (n0| - n0j )) | )
3 I

D = 2 p(o,.)l Pfo) n0| - n0j | (5.7)
' V 3 I

As all the probabilities necessary to evaluate this function are well-known, the 

discrimination function can be evaluated at all possible sensing locations and the 

location which maximizes its value chosen as the best next sensing location.

For the case when n = 2 this result simplifies to that obtained in Equation (5.4) 

for the two object case. (See Appendix B.4.)
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5.2.5 Multiple object states

Consider the n-object recognition problem described by the previous example, 

with the added complexity that there are more than two states which may be 

returned by the sensor. It will be assumed that there are k different features that 

the sensor can identify uniquely, each of which representing a possible sensing 

outcome at each location. These will in turn be represented by a set of k possible 

sensing states.

The same utility function can be employed in this case as in Example 5.2.4:

U (state, (x, y)) = £ \P(Oi \state] - P(ot )\ (5.8)
t

In this case however, there are several states over which to average the utility 

function in order to determine the discrimination function. In this event

D(x, y) = £ (U (statek , (x, y)) P(statek )) (5.9) 
k

Substituting Equation (5.8) into Equation (5.9) gives (see Appendix B.5)

(P(*tatek\0i) - P(3tatek \oj )))\ (5.10) 
* «

The conditional probabilities P(statek \Oi) are functions of the sensing action, 

and represent the likelihood of detecting the feature k at any location (or along 

any path) given that the identity of the object is o,-. These functions are the 

feature probabilistic membership functions for feature k and object o, described 

in Section 4.5. Hence the discrimination function is readily evaluated, and is 

a function of the difference between feature PMFs, in a similar manner to the 

discrimination functions obtained in the previous examples.
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It is interesting to consider this situation, when the task is to discriminate 

between only two objects on the basis of k possible sensing states. Setting n = 2 

in Equation (5.10) gives (see Appendix B.5)

D = 2 P(oi) P(o2 ) £ |P(a*ate fc |oi) - P(statek \oi)\ (5.11)
A:

This result is exactly the same as that obtained in Example 5.2.2, except that 

the sum is performed over the k possible sensing states, rather than over two 

possible states. Setting k = 2 in Equation (5.11) gives rise to Equation (5.4).

Again the optimal sensing location is the location at which the difference 

between the probabilistic membership functions is greatest, satisfying the intuitive 

arguments presented earlier.

5.2.6 Localizing an object

Consider the problem of localizing a single object, whose shape is known. This 

requires constraining the feature uncertainty function to be a delta function.

Hence detection of (or failure to detect) the object at a location which signif­ 

icantly reduces the spread of the feature uncertainty function should give a high 

value for the utility function. Sensing at locations which have no effect on the 

position uncertainty should give low values.

Generally, if the object is detected at a location at which there was an a 

priori low probability of detection, there will be considerable reduction in the un­ 

certainty in its position. This is because locations with a low a priori probability 

correspond to a small portion of the uncertainty range giving rise to detection at
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that point. If the object is detected at such a point, its uncertainty range can be 

constrained to that small subset of values which supported the observed sensory 

outcome. Such a situation will result in a high utility value. This suggests the 

utility function

U(detection •-= 1, (x, y)) = 1 — P(detection = l)(x, y)

Similarly, failure to detect the object at a location at which there is a high 

probability of detection will result in a high utility value. This suggests the 

following utility function.

U(detection = 0, (x,y)) = P(detection =

= n(x,y)

Combining these results leads to the discrimination function,

D = U(detection = 0) P(detection = 0)

+ U(detection = 1) P (detection = 1)

= n(i-n) + (i-n)n 

= 2n(i-n)

The form of this quadratic function is well-known and attains its maximum 

value when II = 1/2. Hence, for the example of the the square of side-length 

/, whose PMF was found in Subsection 3.1, the optimal location for sensing to 

localize the object, is to sense at a location removed a distance 1/2 along the
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direction of the edge from the first sensed point. This is the expected result 

for constraining the position of the object with the minimum number of sensing 

locations.

5.3 Discussion of Examples

The two utility functions proposed for each of the object recognition tasks un­ 

derline the notion that several functions may be appropriate for a given task. In 

implementing object recognition systems using these functions (see Chapter 7) 

several features were observed which led us to favour one method over the other.

The problems arising with the methods described in Case 1 (Examples 5.2.1 

and 5.2.3) are probably best identified by way of an example.

Consider the problem of discriminating between three objects on the basis of 

binary contact data. Assume also that sufficient data has been collected to elimi­ 

nate one object as a possible interpretation of the object and that the probabilities 

for the remaining interpretations are equal. Therefore

= l/2, P(o2 ) = l/2, P(o3) = 0

According to the Case 1 reasoning, in evaluating potential sensing locations, 

the utility function is constructed so that it favours combinations of location and 

sensing outcome which lead to a posteriori expectations for the objects which 

differ most from the initial "no information" state

= l/3, P(o2 ) = l/3, P(o3 ) =

79



Consider two locations one of which is certain to give rise to the a posteriori 

expectations

P(oi) = 0.35, P(o2 ) = 0.65, P(o3 ) = 0

and the other which is certain to produce the following a posterior expectations

P(o1 ) = l/2, P(o2 ) = l/2, P(o3 ) = 0

Given that the eventual aim is to obtain the situation where P(o,) = 1 for 

object QI or o2 , the first of these outcomes represents a significant step forward 

towards identifying the sensed object, whilst the second location represents no 

improvement on the current knowledge. In fact the second set of expectations 

would result if we sensed at a point at which the state was already known, which 

would clearly be a pointless exercise. There is no doubt that the first alternative 

is the preferable location at which to sense.

In spite of this, the utility of both situations is the same using the methods of 

Case 1. For the first location

U = ^\3P(oi\state)-l\
i

= |3 x 0.65 - 1| + |3 x 0.35 - 1| + |3 x 0

= 0.95 + 0.05 + 1

= 2

For the other location

U =

= |3 x 0.5 - 1| + |3 x 0.5 - 1| + |3 x 0 - 1
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= 0.5 + 0.5 + 1 

= 2

In the light of this example, this utility function was deemed inappropriate 

in achieving the goals of this task, as it was possible for the system to continue 

to choose the same location indefinitely, and hence reach a point at which it no 

longer collected useful information. For this reason, it was seen as desirable that 

utility function should assign zero utility to any outcome which does not alter the 

current expectations. This was the motivation for the utility functions described 

in Case 2 (Examples 5.2.2 and 5.2.4).

The limitation of the Case 1 approach, described in this section, does not 

occur for the two-object recognition problem, but only for problems involving 

larger sets of objects. In spite of this the Case 2 approach was preferred in the 

implementations, even if the object set contained only two models, because it 

occurs as a simplification of the more general n-object utility function which was 

employed (see Example 5.2.4).

The other advantage of the Case 2 approach is the simpler calculations in­ 

volved in computing the optimal sensing location. This can be seen by comparing 

the discrimination functions given by Equations (5.5) and (5.7) for the Case 1 

and Case 2 approaches respectively. In that the utility functions chosen may 

not be "exact" in any measurable sense, there is some argument for choosing a 

utility function which gives rise to a simple discrimination function, in preference 

to a more complicated function, provided that the simple function results in a
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''salient 

feature

object 1 object 2

Figure 5.1: Object set with a salient feature.

"reasonable" sensing strategy.

5.4 Salient features

It has been recognized by several researchers that specific object features can play 

an important role in discriminating between particular sets of objects. The extent 

to which a specific feature constrains object interpretation has been termed its 

saliency and has been utilized in recognizing visually-occluded objects by Turney, 

Mudge & Volz [48]. Such features have much in common with the "seeds of 

perception" proposed by Brady [10] to describe the constraining power of data 

from particular locations upon visual processes. The work of Bolles & Cain [8] 

also uses certain object features as a focal point for recognizing and locating 

partially-visible objects.

As an illustration of a salient feature, consider the two object models shown 

in Figure 5.1.

The two models are identical except for the small protrusion on object 2. 

Given an object from this set, it is necessary either to detect this protrusion, or
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object 1 object 2

Figure 5.2: Object set with a different salient feature.

else prove that it is not present, in order to identify the object with certainty. In 

that it is the distinguishing feature between the two objects, the protrusion is 

said to have high saliency, or to be a salient feature for the set.

Salient features are a function of the set, not the individual object on which 

they appear. In a different object set, the protrusion may not be a salient feature, 

as, for example, in the set shown in Figure 5.2.

Clearly, salient features must be detected (or eliminated) to identify objects, 

and hence should play an important role in a guided sensing strategy. We claim 

that it is not necessary to make special provision for salient features in the utility 

function in order to ensure that they are effectively utilized in the sensing strat­ 

egy. Instead, it is only necessary to ensure that the salient feature is adequately 

represented by a feature PMF, and a well-chosen utility function will automati­ 

cally utilize the saliency of the feature. It is not necessary to identify the feature 

to the system as having high saliency, as this will be discerned by the system.

Consider again the object set represented by Figure 5.1. An appropriate repre­ 

sentation for the salient feature in this case need not be the whole protrusion, but

83



may be, for example, the concave vertex, of which there are two for object 2 but 

none for object 1. If the feature PMFs are generated for this vertex for object 1 

and object 2, they will be zero everywhere for object 1, but non-zero at some lo­ 

cations for object 2. Recall the discrimination function obtained in Example 5.2.5 

for the problem of discriminating between two objects on the basis of k features.

D = 2P(ol )P(o2 )Y,\P(statek \o1 ) - P(statek \o2 )\
k

The optimal sensing location is the one at which the sum of differences be­ 

tween the feature PMFs is greatest. Consider the contribution of the PMFs for 

the concave vertex. This will be greatest at that location where the expectation of 

detecting the feature (for object 2) is greatest, as this will represent the greatest 

difference from the object 1 expectation for this feature, which is zero everywhere. 

Thus the system will attempt implicitly to seek out the salient feature to deter­ 

mine its presence, without having received any information as to the saliency of 

particular features. The system effectively identifies salient features on the basis 

of their PMFs.

5.5 Look-ahead search

A common technique in Artificial Intelligence and Game Theory for determin­ 

ing the optimal action in the presence of uncertainty is to consider the long term 

effects of the alternative moves between which a choice must be made, by consider­ 

ing the accumulated effect of several moves. This technique is termed "look-ahead 

search" [40,51]. It would appear that this approach has application to the sensing
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problem.

To demonstrate the application of these techniques, consider the problem of 

traversing a maze, every time a junction is encountered a choice must be made 

as to which path to take. Assuming that the various paths are not signposted 

to indicate the shortest distance along them to the goal, some heuristic must be 

applied to aid in the choice - perhaps the path will be chosen that heads in the 

perceived direction of the goal. This short-sighted guess as to the correct path 

may be proven wrong by dead ends or changes in path direction, which are just 

out of sight. If it were possible to look further ahead, a better choice may be 

made. Indeed, if a map were available, it would be possible to look ahead for 

each path to determine the optimal one.

Assume that it were possible to see beyond the choice at hand to the next 

junction along each path. Applying the same heuristic to each second junction 

to determine their worth is more likely to provide an accurate measure of which 

path to choose at the first junction. Clearly, the path should be chosen at the first 

junction which leads to the second junction from which emerges what appears to 

be the best path at this stage. This is called a two-ply search [40]. Looking ahead 

to a further junction would result in a three-ply search, and so on.

Attempting to apply these techniques to the sensor placement problem, it 

is clear that the decision to be made in this case is which sensory action to 

pursue. The goal in this case is the recognition of the sensed object. It may 

be at some stage of the recognition process that it is not possible to recognize 

the sensed object on the basis of data from one further sensing location. It may
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however be possible to recognize the object on the basis of two points, if the 

first is chosen appropriately. This suggests a strong argument for a look ahead 

search. Considering the outcome of combinations of two (or more) sensing actions 

should lead to a more efficient sensing strategy. If it were possible to perform an 

unlimited stage look ahead search, then the optimal strategy could be exactly 

determined.

A significant problem arises, however, in attempting a look ahead search over 

the space of possible sensing action, due to the size of the branching factor at each 

stage. As the space is continuous, there is a choice between an infinite number 

of sensing actions at the first stage, each of which leads to an infinite choice at 

the second stage, and so on. It is clearly not possible to evaluate the utility of 

the combination of all of these alternative sensing actions. Unless the number of 

choices can be reduced to a finite number, it will not be possible to perform a 

look ahead analysis.

The only alternative to this problem, is to provide an accurate measure of 

the distance form the goal at each stage of the search process. Considering again 

the example of traversing a maze, it is clear that a look ahead search will not be 

necessary if each of the alternative paths is accurately signposted indicating the 

distance to the goal.

The same will be true of the sensing problem. If an accurate measure exists of 

the amount of sensing remaining to identify the object, then there will be no need 

to look ahead. The role of the utility function is to provide this measure. The 

more accurate the utility function in evaluating the merit of each combination
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of sensing action and (unknown) state, the more efficient will be the generated 

sensing strategy. If the utility function provides an exact measure, then the 

resulting strategy will be justifiably optimal.

87



Chapter 6

Representing uncertainty

6.1 Sequential analysis

In previous chapters, analysis has been presented showing how sequential sensing 

actions can be chosen (on the basis of a statistical decision theoretic analysis), 

to perform a desired task. At the same time, it is necessary to monitor the 

progress towards accomplishing the task, and to determine when a solution has 

been obtained. The decision of when to cease gathering more sensory data, and 

propose a result, is arrived at using the sequential techniques first proposed by 

Wald [49]. Statisticians often refer to these techniques as experimental design, 

as the choice is essentially how much data to collect (ie. what size of statistical 

experiment should be performed), on the basis of which a decision shall be made. 

Sequential analysis ties in closely with the approach to object recognition 

developed in this thesis thus far. The experimental design of acquiring data and 

then updating expectations and choosing the next sensing action represents a



typical sequential design, and hence the problem of determining the endpoint for 

the experiment provides a natural application for sequential techniques.

The terminology adopted in this chapter follows closely that used by Wald. 

The aim of a statistical experiment is considered to be the testing of a set of 

hypotheses. After each sample is taken, there is a choice between three alternative 

responses for each hypothesis. These are either to accept the hypothesis, reject 

the hypothesis, or defer judgement pending further samples.

In general, it may not be possible to state with certainty whether or not a 

given hypothesis is true from a finite amount of data. However, using statistical 

techniques, it will be possible to specify at each stage the perceived likelihood of 

the truth of each hypothesis, and thus to specify the probability that a chosen 

decision is incorrect.

Associated with any decision, there are two possible types of error: rejection of 

the hypothesis when it is true (called an error of the first kind, whose probability 

is denoted by a); and acceptance of the hypothesis when it is not true (called an 

error of the second kind, whose probability is denoted by /3). It is common in 

sequential analysis to specify the acceptable errors beforehand, and to continue 

acquiring more data, until a decision can be made for which a and j3 fall within 

the stated bounds.

In the present case, the task of identifying an object can be considered as the 

testing of a hypothesis regarding the object's identity. For the problem of discrim­ 

inating between n objects known to the system, there may be n hypotheses, each 

stating: "the identity of the object is object n". Clearly these hypotheses are not
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independent as the acceptance of one hypothesis will imply the rejection of all the 

others. The approach taken in this thesis is to maintain a probability measure for 

each object in the model set representing the likelihood that it corresponds to the 

sensed object. As the aim is to propose the identity of the sensed object, there is 

more concern with errors of the second kind, /?, (ie. accepting a hypothesis as to 

the object's identity when it is not true), although it is clear that such an error 

implies in turn an error of the first kind for one of the other hypotheses. Once a 

value of ft has been specified, then as soon as the probability of one of the models 

exceeds 1 — /?, that model can be accepted as the identity of the object within 

the stipulated error bounds. It is possible to incorporate the error bound a by 

removing from the set of admissible objects, those whose probabilities fall below 

a. As the termination of the experiment only occurs with the acceptance of an 

identity for the object, errors of the first kind (as measured by a) are not applied 

in the implementations described in Chapter 7. This approach seems reasonable 

as the expectation of unlikely objects may rise above the a threshold with the 

incorporation of further sensory data (which is being gathered in any event if the 

object has not yet been identified).

The only reason for proposing different values for a and ft would be if it 

were more damaging to commit one type of error than the other. Consider the 

problem of recognizing an object from the set {oi,o2 } and assume that there is a 

large penalty associated with identifying the object as o\ when it is actually o2 , 

but only a small penalty associated with identifying the object as 02 when it is 

really QI. In such a situation, it would be advisable to set a very tight bound on
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errors of the second kind (ie. a small value for /?), but a slacker bound on errors 

of the first kind (ie. not such a small value for a). In this case, larger errors in 

rejecting HI (where HI is the hypothesis: "the object is GI") incorrectly will be 

more readily tolerated than errors in accepting H\.

An important component of sequential analysis which is not treated in this 

thesis is the cost of experimentation, or for our applications, the cost of sensing. 

(See Berger [6] for a thorough treatment of this topic.) To reduce the uncertainty 

in some sensing situations, it may be possible to continue acquiring data indefi­ 

nitely to further refine the accuracy of the object models. However, it is generally 

desirable to reach a conclusion within constraints of time and computational de­ 

mands. The cost of experimentation is a method of weighing the additional time 

and computational resources required to extract and process an additional set of 

sensory data, against the expected information content of the data that will be 

obtained, which is described by the utility function. This leads to a more general 

"overall" utility function, composed of the difference between the utility and the 

cost functions at each stage of sensing. The general sequential analysis strategy 

is to continue sensing whilst the expectation of the utility function exceeds the 

cost of experimentation (ie. the "overall" utility function is positive.)

Because the implementations dealt with in this thesis required strategies with 

very few sensing actions to achieve the experimental goal, the cost of experimenta­ 

tion was never felt to be significant in comparison to the utility of the information 

that stood to be gained by acquiring more data, prior to the experimental goal 

being realized. For this reason, the cost of experimentation was not treated ex-
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plicitly in the decision theoretic analysis.

Although, no explicit allowance was made for cost of sensing, by utilizing the 

admissible error bounds (a and /?) there is a recognition that a stage will be 

reached at which sufficient accuracy has been obtained, and there is no justifi­ 

cation in obtaining further data. If there was no cost associated with sensing, 

then there would be no reason to conclude an experiment before error bounds 

of zero could guaranteed, as there is nothing to be lost by obtaining more data. 

Thus, the application of error bounds, implicitly recognizes the cost of sensing, 

and plays a similar role in terminating the experiment.

The application of these principles to the sensing problem are demonstrated 

in an example at the end of this chapter.

6.2 The probabilistic interpretation tree

The application of an interpretation tree as a tool in model-based object recog­ 

nition was proposed by Gaston and Lozano-Perez [20] and Crimson and Lozano- 

Perez [26] and has since found widespread application for this task. (The inter­ 

pretation tree is described and discussed in Section 2.2.)

One of the limitations of this approach to object recognition (discussed in Sec­ 

tion 2.2) is that it places no ordering on the admissible interpretations of sensory 

data to object models at each stage of the sensing process. On the basis of each 

set of sensory data, potential assignments of object models to sensory data are 

either retained or culled for the interpretation tree, until only one interpretation
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remains. No measure is proposed to gauge the likelihood of the remaining models, 

prior to identification of the object.

In using the techniques of sequential analysis discussed in the previous section, 

it is assumed that it is possible to provide a probabilistic measure of the relative 

likelihood of different models after the processing of each sensory point. These a 

posteriori probabilities can be associated with each branch of the interpretation 

tree and updated as more data is acquired to provide the desired ordering on 

alternative interpretations.

The method by which the a posteriori probabilities are obtained is by the 

application of Bayes Theorem to the conditional probabilities of detection (the 

probabilistic membership functions) utilized in determining the sensing strategy. 

Because the techniques proposed to determine the sensing action at each stage 

enable the conditional probabilities of sensing specific features to be calculated, 

these probabilities can be used after sensing has taken place to assign an expecta­ 

tion to each interpretation. The probabilistic membership functions measure the 

conditional likelihood of sensing a given feature given the identity of the object. 

Applying Bayes theorem gives:

«, , . , /. x P( featurelobjecti] P( object; P(objectt \feature) = _ r , , ± ' . . . x „, \. (6.1) v J u ' EjP(feature\objectj )P(objectj ) v '

Thus the probability estimate for each object can be updated to the conditional 

probability by inserting the conditional probabilities of detection in the above 

formula (for P(feature\objectj)).

One advantage of this method is that it is possible to utilize the constraints
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imposed by failing to sense an object at a given location, which cannot be eas­ 

ily integrated into the standard interpretation tree approach. Using probabilistic 

techniques, these constraints are reflected both in the updated feature uncertainty 

function (described in Section 4.3) and in the a posteriori probabilities for each 

object. Just as it is possible to state the likelihood of detecting any given feature 

(conditional on the object's identity) at each stage of the sensing process, it is 

also possible to determine the likelihood of not detecting the object. These prob­ 

abilistic values for non-detection can be used in the same manner as PMFs for 

detection (effectively by treating non-detection as a feature) to update the proba­ 

bilities of each object. In this manner the weightings applied to each branch in the 

interpretation tree can be adjusted although the object has not been contacted.

Most importantly, at each stage of the process, the probabilistic method pro­ 

vides information regarding the current probabilities of each interpretation from 

the admissible set. Thus if for some reason it is not possible to acquire more 

sensory information, it is still possible to make some statement as to current 

expectations of alternative interpretations. Using the method of Crimson and 

Lozano-Perez, no information is offered as to the relative likelihoods of different 

interpretations - either an interpretation is admissible or it has been pruned from 

the tree. However, by introducing expectations, the possible interpretations can 

be ranked according to their likelihood at any stage of the sensing process, and a 

hypothesis accepted or rejected with some known probability of error.

To compare the two approaches, consider the task of discriminating between 

the two objects shown in Figure 6.1, assuming the edge of the object has been
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object 1 object 2

3d

Figure 6.1: Object shapes.

Figure 6.2: Sensory data, 

sensed at two locations as shown in Figure 6.2.

The possible interpretations for the two objects are shown in Figure 6.3 su­ 

perimposed on the sensory data.

It is clear that a range of locations of object 2 could give rise to detection at 

the two points as shown. However, to detect object 1 at both locations would 

require contacting the object very close to its vertices. On the basis of the first 

sensed point (which it would be initially assumed could be lying anywhere along 

the edge of either object), it would be considered a very unlikely event to sense 

object 1 again at a distance d removed from this point. Detection would however 

be quite likely for object 2, as a large range of possible interpretations of this

object would give rise to detection at the second point, 
object 1 object 2

f f

Figure 6.3: Possible object interpretations.
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On the evidence of these two sensed points, it is most likely that the sensed 

object is object 2. This would be reflected in the a posteriori probabilities of the 

two objects (obtained using Equation(G.l)). However, as both objects do give rise 

to possible interpretations, neither would be culled from the interpretation tree 

using the approach of Crimson and Lozano-Perez, and it would be impossible to 

reach any conclusion with respect to the object's probable identity on the basis 

of these two points.

In the following example, an application of these techniques is demonstrated 

for the problem of recognizing an object from a two-object set.

6.3 Example: The two object set

Consider the problem of recognizing the sensed object from a set of two objects 

{01,02}, described in Subsection 5.2.2. Applying Wald's terminology, an appro­ 

priate hypothesis for this task would be HI: "the sensed object is Oi" . In this 

case, it is not necessary to propose a second hypothesis, H^: "the sensed object 

is o2 " as this simply corresponds to the negation of H\. It has already been 

seen in Subsection 5.2.2 that the proposed sensing location at each stage of the 

sensing process is the location which maximizes the difference in the probabilistic 

membership functions:

After sensing it will have been determined whether or not the object is present
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at the chosen location. The a posteriori probability can then be calculated. 1

= P(oi\state)

P(state\0i) P(OI)
P(s*a*e|oi)P(oi) + P(state\o2 ) P(o2 ) 

If the a priori probabilities for the two objects are equal

P(0l ) = P(o2 ) = 1/2

then this equation simplifies to

P(state\0i)
P(state\oi) + P(state\o2 )

if detection = 1.,
T 1*02

if detection = 0

Assume that the error bounds a and (3 are considered acceptable for errors of 

the first and second kinds respectively. Then if

the hypothesis can be accepted, and the object can be identified as o\. 

Alternatively, if

< a

then HI can be rejected and the object can be identified as o2 . 

If

a<P'(0l )< 1 -(3

1 The symbol P' is used to denote the a posteriori probabilities in order to 
distinguish them from the a priori probabilities P.
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no decision can be reached and more data should be obtained.

If the object cannot be identified (within the stipulated error bounds) on 

the basis of the latest set of data, another cycle of data collection and analysis 

must be performed. Firstly the PMF must be updated using the techniques 

described in Section 4.3, and the discrimination function recalculated. Sensing 

can again be performed at the optimal location, and the a posteriori probabilities 

calculated using Equation (6.1). This procedure can be repeated until the a 

posteriori probabilities fall within the acceptable bounds, when a decision can be 

made.
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Chapter 7

Implementations

7.1 Introduction

Several experiments were conducted to test the principles described in this thesis. 

The task chosen to investigate the performance of the sensor placement strategies 

was a "sparse data" object recognition system. It is important to note that the 

scope of the implementations was to test the active sensing strategies and not 

the sensing and object recognition systems. Hence, in the implementations, the 

sensing tasks were constrained so that the limitations of the sensing system did 

not obscure the behaviour of the sensor placement strategies.

As the motivation for the work described in this thesis was the "sparse data" 

problems encountered in tactile sensing, the initial intention was to implement 

an "intelligent" tactile sensing system. Limitations in currently available tactile 

sensors and the need for fine force control (not present on the robots available to 

perform the implementations) to implement effectively a tactile sensing system,
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led to the abandonment of this plan. Notwithstanding the unavailability of the 

necessary hardware, it was felt that to test effectively a sensor placement sys­ 

tem, it was desirable to have a robust sensing system. The problems addressed 

by the implementations were those concerned with sensing strategy, not sensory 

data acquisition and low level data processing. Hence an attempt was made 

to design implementations for which reliable sensory data was readily available 

and presented no difficulties to process. Two-dimensional vision was chosen as a 

modality which satisfied these requirements, and for which the necessary hard­ 

ware was available. To simplify the low level processing requirements, the objects 

to be sensed were chosen as black shapes, silhouetted against a white background, 

providing a binary vision scenario.

For all the experiments, the sensing system consisted of a CCD array cam­ 

era mounted on a PUMA 560 robot arm. The camera was directed downwards 

onto a horizontal workspace, and restricted to move in the plane parallel to the 

workspace, under the control of the PUMA robot controller. The camera's field 

of view was restricted so that it could only sense a small segment of the shape at 

any instant and had to be repositioned several times to accumulate sufficient data 

to uniquely identify the sensed shape. (This was to achieve the characteristic of 

"sparse" sensory data.) The configuration of the robot, camera and workspace 

were as shown in Figure 7.1.

The task addressed was to identify a two-dimensional polygonal shape in the 

sensing workspace from a set of models known to the system. The shapes could be 

either convex or concave, and of arbitrary complexity. The nature of the problem
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Figure 7.1: Configuration of the experimental equipment.

was strictly two-dimensional, and no three-dimensional issues were addressed. 

This was due mainly to the nature of the available hardware.

The images obtained by the camera were stored and low level image processing 

performed by a Datacube vision processing system mounted on the VME bus of 

a Sun Microsystems workstation. Higher level image interpretation and active 

sensing strategy planning were performed on the Sun workstation. All algorithms 

were implemented in the C programming language, and executed under the UNIX 

operating system. Motion commands were communicated to the PUMA controller 

in the VAL-I programming language by the Sun over a serial interface. The 

connections between the various components of hardware are shown in Figure 7.2.

The method of operation was that the robot would move to a specified loca-
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Figure 7.2: Connections between the hardware components.

tion; the camera would acquire an image at that location; the image would be 

stored and processed by the Datacube; the Sun workstation would interpret the 

processed image and identify the sensed object or determine the optimal sensing 

location; a command would be sent by the Sun to the PUMA controller initiating 

a move to the chosen location; and the cycle would continue. Hence, the feed­ 

back loop was completely closed and the system could perform active sensing and 

recognition tasks independently of human intervention. Because of the nature 

of the operating systems used by the workstation and the robot controller, and 

because of significant delays introduced by the serial link between these devices, 

the feedback control was not performed continuously in real-time, resulting in 

a static period while image processing and strategy planning were performed, 

between each discrete robot motion.
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Two simplifications were applied to all the experiments. Firstly, any uncer­ 

tainty in the data returned by the camera was not considered. Thus the sensor 

data was assumed to be perfect, corresponding to a delta function as the sensor 

uncertainty function (5(x,y) = 6(x,y)). Secondly, the camera's field of view was 

always kept sufficiently small (relative to the size of the objects) so that the effects 

of finite sensor size (as described in Section 4.4) were not significant.

7.2 Location sensing

The four implementations described in this chapter are distinguished by:

• the manner in which data is acquired from the workspace;

• the type of information extracted from the sensory data;

• the method of modelling used to describe the shapes and workspace (grid- 

based maps or analytic representations);

• whether the sensing strategy is computed on- or off-line.

For the first implementation, the sensor could be positioned at a chosen co­ 

ordinate location and could obtain data from a small, but finite, area at that 

location. Thus the sensor is capable of "probing" the workspace to detect the 

object, and may return data from inside or outside the object's boundaries.

The information provided by the sensor was processed to provide a single 

bit, indicating whether or not the object has been sensed by the probe. (An 

exception is the first sensed point, at which the data was processed as described
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below.) This binary detection capability is weaker than the ability to identify and 

measure object features (such as edges and corners) at each sensed region.

The first task that must be performed is to obtain a first contact location with 

the object in the workspace. This is achieved by incrementally tracking the sensor 

in from an extremity of the workspace and acquiring images until the boundary 

of the object is detected. The data from this location is processed to determine 

the slope of the edge or the presence (and included angle) of a corner. Once 

contact has been made, powerful constraints limit the possible placements of the 

shape, and the probabilistic membership functions and utility functions described 

in Chapters 4 and 5 can be readily evaluated. If a corner has been detected only 

a finite number of admissible interpretations exist, which match the sensory data 

to the object models. If an edge is detected, there is uncertainty in only one 

direction (parallel to the edge) as to the object's location.

The method of modelling used in this experiment was to describe the workspace 

by an occupancy grid. Similarly, grid-based models were generated to describe the 

shapes and the uncertainty ranges (or feature uncertainty functions). To deter­ 

mine the best next sensing location, it is necessary to evaluate the discrimination 

function at every point in the workspace grid, and identify the location at which 

the function attains its maximum value. The convolutions necessary to evaluate 

the PMF (as described in Chapter 4) are easily and rapidly performed using the 

Datacube once the workspace, object models and uncertainty ranges have been 

tessellated.
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After sensory data has been obtained at a given location, the uncertainty 

ranges are updated and the discrimination function is re-evaluated at each point 

in the workspace grid. The sensing strategy is thus determined on-line, as the 

next sensing location is calculated sequentially with the collection of data at a 

new sensing point.

The algorithm for this implementation is given in Algorithm 1. The first 

four steps of the pseudo-code describe the initialization routines followed by the 

system, including reading the object set from a database, intializing the robot, 

and searching for the first contact point. (The algorithms describing the search 

for and processing of the first contact point are described later.) Once the first 

contact has been obtained, the system enters a loop which it follows until the 

object is identified. This loop includes: updating the uncertainty range for each 

admissible contact side; evaluating the PMFs and determining the next sensing 

location; and obtaining data from the proposed location. (Steps 7 to 11 of the 

pseudo-code.) Each time a new set of data is obtained, the object probabilities are 

updated, and, when the object can be identified within the required confidence 

bounds (ie. one of the updated probabilities is within some margin of one) , the 

loop is exited. Otherwise, the uncertainty ranges are again updated and the cycle 

continues.

The algorithm for the initial contact search is given in Algorithm 2. The search 

involves moving the sensor to an extremity of the workspace and then commencing 

a loop involving alternately stepping the sensor along a chosen trajectory and 

acquiring images. From each image a pixel histogram is obtained. If the image

105



Identify:

1. Read in object models, translate and rotate models to align 
with robot-centred coordinate system, check for symmetry, fill 
object model grids, and calculate the side length and angle 
sizes.

2. Initialize and calibrate the robot.

3. Search for and process the first contact point.

4. Calculate the object and contact side probabilities.

5. If the object is not identified:

6. Repeat:

7. Update the uncertainty ranges.

8. Convolve the object model with the corresponding 
uncertainty range to obtain PMFs.

9. Evaluate the discrimination function at all grid 
locations, and determine the maximum point as the 
optimal sensing location.

10. Move to and acquire data from the optimal location.

11. Update the object and contact side probabilities.

12. Until the object is identified.

13. Return identity of object.

Algorithm 1: Location sensing for object identification.
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consists of a significant number of "black' and "white" pixels, it is processed to 

determine the presence of an edge or corner. If such a feature is detected, the loop 

is exited, and the describing qualities of the feature are returned to the recognition 

algorithm.

The algorithm used to determine the presence of an edge or corner in an image 

is listed in Algorithm 3. The algorithm uses a Sobel operator to determine points 

of local discontinuity in the image, and forms a "chain" of connected points of high 

discontinuity. A long chain is taken to indicate a section of the object's boundary. 

The chain is broken into a set of connected segments using the algorithm of 

Pavlidis [39]. This approach initially considers the straight segment defined by the 

endpoints of the chain. If the chain deviates significantly from the segment, the 

chain is split at the point which deviates most, and the attention of the algorithm 

is then focussed on the two sub-chains thus formed. If the chain consists of only 

one straight segment, the feature is interpreted as an edge, and if more than one 

segment is present, a corner is returned. For the case of an edge, the slope is 

measured, and for a corner the included angle is determined.

An example of the information supplied by the implemented system whilst 

operating is shown in Figure 7.3.

This system was successful in identifying the shapes present in the workspace, 

in what was felt to be an efficient manner with regard to the number of sensing 

actions. The number of sensing locations required to discriminate between a set of 

objects clearly depends on the number of objects and their similarity. The increase 

in the average number of sensing locations required to identify the object with
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Search(starting location, trajectory):

1. Move to starting location.

2. Repeat:

3. Acquire image.

4. Obtain binary histogram of pixels.

5. If there are greater than some threshold number of both 
{ 'black'' and '' white'' pixels in the image:

6. Process image to extract edge or corner features.

7. If edge or corner is detected of greater than some 
predetermined length:

8. Break.

9. Step one frame dimension along trajectory.

10. Until sensor is outside predetermined workspace bounds.

11. If edge or corner has been detected of required length:

12. Return location of sensor, type of contact (edge or
corner) and describing features (edge slope or corner 
angle).

13. Else: (if no object has edge or corner has been detected 
along chosen trajectory)

14. Call search again with a different starting location and 
trajectory.

Algorithm 2: Search for the first contact point.
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Process(image):

1. Convolve image with Sobel operator in x- and y-directions.

2. For (i = 0; i < number of rows; ++i):

3. For (j » 0; j < number of columns; ++j):

4. If x-convolution or y-convolution at pixel(i,j) 
exceeds a predetermined threshold value:

5. Start a chain.

6. Repeat:

7. Add pixel(i,j) to chain.

8. Set pixel(i,j) = 0.

9. Consider adjacent pixels (in tangent
direction of edge) and set (i,j) to the 
pixel with the greatest convolution 
value (in direction consistent with 
previous data).

10. Until convolution value at pixel(i,j) is less
than the threshold.

11. If chain is longest obtained thus far:

12. Set longest chain = current chain.

13. If length of longest chain is less than predetermined length:

14. Return null value.

15. Else:

16. Apply Pavlidis algorithm to break chain into 
straight line segments.

17. If there is only one segment in the chain:

18. Return value for a line, and measure of slope.

19. If two segments:

20. Return value for a corner, and measure of included
angle.

Algorithm 3: Processing to determine edge or corner contact.
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increasing number of admissible objects in the set, was observed to be less than a 

linear relationship. Although it was rarely possible to discriminate between two 

objects on the basis of two sensory points, it was usually possible to discriminate 

between n objects on the basis of n points, once n was of the order of five or 

greater. Clearly more points are required to identify between objects which are 

of very similar size and shape. An example of a typical strategy generated by the 

system for this problem is analyzed in Section 7.6.

The main problem with this implementation of the system was that it was felt 

to be slow in determining each sequential action, particularly if many objects or 

complex objects were present in the model set. There is also an implicit trade-off 

between speed and accuracy for a system such as this, which utilizes occupancy 

grids, as coarser tessellations of the workspace result in faster determination of the 

sensing strategy at a cost of reduced spatial resolution. An analytic solution to 

maximizing the discrimination function would overcome this limitation, however 

such a solution is not readily available. The difficulties involved in finding such a 

solution and an attempt to overcome these limitations are described in Section 7.4.

7.3 Path sensing

In the second implementation, it was assumed that data could be acquired by 

tracking the sensor along a given trajectory from an extremity of the workspace, 

until contact is made with the object (or until another extremity of the workspace 

is reached). This approach was intended to model "beam-type" sensors such as
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sonar, radar or infra-red light which can only sense along a given direction and 

not at a given point in Cartesian space. Tactile sensors may also operate in this 

manner if they are used to provide feedback in controlling the closing grasp of an 

actuator on an object.

Because of the nature of the data acquisition, the sensor will only ever obtain 

data from the boundary of the sensed object - it is impossible to sense within 

the object's interior. We assumed that we could compute the presence of object 

edges or corners within the sensor's scope, and measure their slopes or angles of 

inclusion respectively. This provides stronger constraints than the simpler sensor, 

modelled in the previous implementation, which can only detect the presence or 

absence of the object at each location. Clearly, to return features such as the 

slopes of edges, it is necessary to sense over a finite field of view. The ability 

to identify given features (corners and edges) enables them to be used in active 

sensing and recognition. From the object models and sensory data, PMFs can 

be generated for each identifiable object feature; in this case, edges with slopes 

within certain ranges and corners with certain ranges of interior angle. The PMF 

for each feature can then be included in the utility function. (The advantages of 

this capability were described in Section 5.4.) The saliency, or constraining power 

of each feature is implicitly utilized by the system, and salient features are sought 

by the sensing strategy.

Grid-based models were again used to describe the space of possible actions. In 

this case, however, the space does not correspond to the Cartesian space describing 

location in the workspace. Instead, each possible sensing path is described by the
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polar coordinates as denned previously in Section 4.6. As we are interested in 

determining the probabilities of sensing given object features in response to each 

sensory action, and evaluating the merit of each alternative action, both the 

PMFs and the utility functions need to be described in this coordinate system. 

This is again done exhaustively, with the discrimination function being evaluated 

at each point in the sensing-space grid. In this case, the convolution capabilities 

of the Datacube are of no advantage, as the PMFs in the sensing space coordinate 

system do not correspond to simple convolutions of object models and uncertainty 

ranges. The calculation of the PMFs in this coordinate system is described in 

Appendix C.

The algorithms for this implementation are essentially the same as those shown 

in Algorithms 1 to 3. The main differences are that there is no initial need to 

fill an object model grid, as the PMFs cannot be evaluated by convolving object 

models with the uncertainty functions, but must be determined point-by-point 

from the corner coordinates of the object models (as provided by the database of 

object models). Also, there is no need to translate and rotate the object models 

at this stage of the computation. In this case the coordinate system is referenced 

to fixed axes in space (which define the sensing coordinates (r,0)). Once the first 

sensed point is obtained it is necessary to rotate and translate the object models 

to align with the sensory data. These differences are revealed in the algorithm 

for the path sensing implementation, which is given in Algorithm 4. There are 

no changes in the search and processing algorithms (Algorithms 2 and 3).

As with the previous implementation, the sensing strategy was successful in
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Identify:

1. Read in object models and determine the a priori object 
probabilities.

2. Initialize and calibrate the robot.

3. Search for and process the first contact point, and translate 
and rotate models to align with the sensory data.

4. Update the object and contact side probabilities.

5. If the object is not identified:

6. Repeat:

7. Update the uncertainty ranges.

8. Evaluate the PMFs at all points in the sensing space

9. Evaluate the discrimination function at all grid 
locations, and determine the maximum point as the 
optimal sensing location.

10. Move to and acquire data from the optimal location.

11. Update the object and contact side probabilities.

12. Until the object is identified.

13. Return identity of object.

Algorithm 4: Path sensing for object identification.
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identifying the object in the workspace. It was, however, significantly slower than 

the first experiment in determining each sequential action, because of the more 

complicated calculations that had to be performed for each possible sensing action, 

with no assistance from the parallel processing capabilities of the Datacube.

The added capability engendered by the multiple PMFs (one for each object 

edge) was apparent in the sensing strategies chosen, and led to more efficient 

strategies with regard to the number of sensing actions. Fewer sensing actions 

were required to discriminate between given sets of objects using this system than 

using the system described in the previous implementation. In general, fewer 

sensing actions were required to identify the object than the number of objects 

present in the set, with significantly fewer required as the number of objects 

increased (ie. the relationship between objects and sensing actions was markedly 

less than linear.)

As an example of the strategies made available through the ability to dis­ 

criminate specific features, consider the trivial case of discriminating between the 

square and triangle shown in Figure 7.4. If it is possible to discriminate the slope 

of the edge contacted, and generate PMFs for each edge, then path 1 can be 

guaranteed to provide sufficient data to identify the object. In this case

P(slope = 12Q\object = object l)(path 1) = 1 

P(slope = 90\object = object 2)(path 2) = 1

and path 1 is an optimal sensing path for the recognition task.
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path 2

Figure 7.4: Alternative sensing strategies. 

If, however, only binary contact information is available

P(contact\object = object l)(path 1) = 1 

P(contact\object = object 2)(path 2) = 1

and path 1 is a poor strategy. In this case, a better option would be path 2, 

which has different probabilities of detection for each of the objects, and hence 

will give rise to different a posteriori probabilities for the two objects. With only 

binary contact data available, identification cannot be guaranteed on the basis of 

one further sensing action.

7.4 Efficient strategy generation

One limitation of grid-based modelling approaches is the implicit tradeoff between 

accuracy and speed of processing, as was discussed in Section 7.2.

To determine the best sensing action to pursue, it is necessary to compare 

the merits of all the alternative actions, of which there will be infinitely many.
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Dividing the space of sensing actions (which is of finite dimensions) into a grid, 

and evaluating the discrimination function at all points in the the grid, is one 

attempt to overcome the problem of comparing an infinite number of options.

A preferable solution would be to obtain an analytic expression for the max­ 

imum of the discrimination function. This would provide an exact solution for 

the best sensing action for the cost of only one computation, as opposed to the 

inexact solution provided currently by evaluating the discrimination function at 

every point in a grid. Problems arise in finding an exact solution because of the 

nature of the discrimination function.

The discrimination function is a combination of the PMFs, which are them­ 

selves convolutions of the object models and feature uncertainty functions, nei­ 

ther of which are continuous functions. Determining the maximum value involves 

differentiating and solving the discrimination function, which, considering the in­ 

tegral functions involved with the convolutions, proves to be a non-trivial problem 

to implement on a digital computer.

Some insight into a possible solution is gained by observing the typical cross- 

sectional form of a PMF for sensing in Cartesian space as shown in Figure 7.5.

The important characteristic is that the PMFs consist of straight-line seg­ 

ments, and the same is true if a y- cross -sect ion of the PMF is considered. In 

fact, for this problem, the PMF in two dimensions consists of planar segments in 

space, and, as the discrimination function is a linear combination of such PMFs, 

it becomes apparent that the maximum for the discrimination function will occur 

at a corner point of the PMF. This suggests that the only points at which it is
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Figure 7.5: Typical cross-sectional form of a PMF.
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Figure 7.6: Two-dimensional plot of a PMF.

necessary to evaluate the discrimination function is at the corner points of all of 

the PMFs - of which there are only a finite number. A plot showing the lines of 

discontinuous slope for a typical PMF is shown in Figure 7.6, corresponding to 

an equilateral triangle of side length d, whose edge has been sensed at the origin 

of the coordinate system.

Noting that the function varies linearly along the lines of discontinuous slope, 

it can be further deduced that the maximum will occur at one of the corner points 

of the plot. These corner points in turn correspond to the vertices of the object
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model transformed by the limit values of the uncertainty range. For example, in 

the plot shown, the uncertainty range in the direction of the x-axis is [— d, 0] and 

the corner points of the model are (0,0), (0,d) and (c//2, \/3c//2). This gives rise 

to the six corner points in the PMF (two of which are concurrent): (—cf, 0), (0,0), 

(-d/2, v/3d/2), (0,0), (0,<f) and (d/2,V5d/2).

The problem of determining the optimal location at which to sense has been 

simplified from an infinite search, to comparing the merits of a finite set of lo­ 

cations, readily calculable from the object models and uncertainty ranges. This 

enables an exact solution to be found on a digital computer in a finite time.

The algorithm used to implement this strategy is given in Algorithm 5. In the 

same manner as Algorithms 1 and 4, this algorithm undertakes an initialization 

routine consisting of reading the object models from a database, initializing the 

robot, and searching for and processing the first contact point (steps 1 to 4 of the 

pseudo-code). In this case, it is not necessary to obtain grid occupancy models 

for the objects, uncertainty ranges or PMFs. A loop is then entered in which the 

discrimination function is evaluated at potential maximal points (ie. those points 

corresponding to the transformed vertices of the object model), and further data 

is obtained from the resulting maximum. This algorithm has complexity of O(n2 ) 

in determining the optimal sensing location for an object set consisting of n sides. 

It is, however, still considerably faster than the previous algorithms (which were 

O(n)) providing n is not extremely large, as it is not necessary to evaluate the 

discrimination function at every point is a grid.

These techniques were applied to the binary information, location sensor de-
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Identify:

1. Read in object models, translate and rotate models to
robot-based coordinate system, evaluate side-lengths and angle 
sizes and check for symmetries.

2. Initialize and calibrate the robot.

3. Search for and process the first contact point.

4. Evaluate the object and contact side probabilities, and the 
uncertainty ranges.

5. If the object is not identified:

6. Repeat:

7. Update the uncertainty ranges and contact side 
probabilities.

8. Evaluate the discrimination function at all possible 
maximum locations, and determine the maximum point as 
the optimal sensing location.

9. Move to and acquire data from the optimal location.

10. Update the object probabilities.

11. Until the object is identified.

12. Return identity of object.

Algorithm 5: Efficient location sensing for object identification.
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scribed in the first implementation. The strategies were again generated on-line 

in this implementation, but the speed improvements were significant. Actual sav­ 

ings over the first implementation are dependent on the specific model set and the 

coarseness of the grid used in the first implementation. However, for some imple­ 

mentations (such as that described in Section 7.6) that had required a processing 

time between each robot motion of over thirty seconds using the grid-based ap­ 

proach, the typical delay using the techniques described in this section was less 

than five seconds.

7.5 Off-line strategy generation

The significant reductions in processing time and data storage requirements pro­ 

vided by the methods described in the previous section suggested the possibility 

of generating the complete sensing strategy off-line, before any sensing has been 

performed. As generation of a complete strategy involves determining optimal 

sensing locations for all possible sensing outcomes (almost all of which would not 

be required for a specific identification task), off-line computation had been previ­ 

ously considered too computationally time-consuming and too demanding on the 

amount of data storage required. Using the techniques of Section 7.4 presented 

the opportunity to generate and investigate complete strategies.

A suitable representation for the complete strategy is a strategy tree, where 

each node represents a sensing location and each branch leading from a node 

corresponds to a different sensing outcome at that location. Once the tree has

121



been generated, sensing can be performed and the next sensing location can be 

"looked-up" from the tree by following the appropriate branch corresponding to 

the sensed data.

The programme flow of the system for this implementation is shown in Algo­ 

rithms 6 and 7. The algorithms generate the strategy tree recursively, by expand­ 

ing each node, for each possible sensing outcome. Algorithm 6 consists of two 

parts: the off-line strategy generation; and the on-line sensing and recognition. 

The on-line recognition is similar to that presented in Algorithm 5, except that, 

in this case, it is only necessary to look-up the next sensing location from the 

strategy tree once sensory data has been obtained.

Algorithm 7 shows the data structures and recursive routines used to generate 

each node of the strategy tree. Each node has associated with it a sensing location, 

uncertainty ranges and object probabilities corresponding to that stage of the 

sensing process. If an object probability falls within some margin of one (so 

that the object can be identified), a flag is set to prevent the expansion of this 

node. Hence this node represents an end point for the strategy corresponding to 

recognition of the object. Expansion of the tree continues until all branches are 

terminated by nodes corresponding to end states.

Off-line generation also makes it possible to display and analyze complete 

sensing strategies. This provides an insight into the moves pursued by the robot 

and also the number of locations necessary to identify an object, both on average 

and in the worst case. To provide an understanding of the automatically generated 

strategy, and the reasoning behind the choice of each sensing location, a sample
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Off-line strategy generation:

1. Read in object models, and determine the a priori object 
probabilities.

2. Generate strategy tree. 

Identify:

1. Initialize and calibrate the robot.

2. Search for the first contact point.

3. Obtain optimal first move from the node of the strategy tree.

4. Repeat:

5. Move to and acquire data from the optimal location.

6. Look up new optimal location in strategy tree (by tracing 
branch from current location corresponding to acquired 
data.)

7. Until object is identified (ie. a node of the tree is 
encountered).

Algorithm 6: Object identification with off-line strategy generation.
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Generate tree:

struct node { 
int node_mimber; 
boolean stop;
float object.probabilities;
float contact_side_probabilities (for each object); 
float uncertainty_ranges (for each object); 
float sensing_location (x,y); 
struct node *det, *ndet (branches); 

*root;

1. Assume edge contact, determine object.probabilities,
contact_side_probabilities, uncertainty range and assign these 
values to root->object_probabilities 
root->contact_side_probabilities and root->uncertainty_ranges.

2. Call generate_next_layer(root).

3. Call recursively_grow_tree(root)

Algorithm 7 (continued over): Generation of strategy tree.

strategy generated by the system to discriminate between a set of shapes, is 

described in Section 7.6.

As there was no processing performed on-line, this system was the fastest of the 

four implementations, (not considering the time required for off-line processing). 

The strategies generated by this system were the same as those generated by the 

first and third implementations.

7.6 Analysis of a sensing strategy

Consider the task of sensing to discriminate between the shapes shown in Fig­ 

ure 7.7. The strategy tree generated automatically for this task by the system is 

shown in Figure 7.8. The coordinate locations referred to in the tree are relative
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generate_next_layer(leaf) : 
struct node *leaf;

1. Evaluate discrimination function at potential maximum points 
(using leaf->obj ect.probabilities,
leaf->contact_side_probabilities, and leaf->uncertainty ranges 
to determine the optimal next sensing location and set 
leaf->sensing_location to the optimal location.

2. Assume contact at optimal sensing location, determine a 
posteriori object probabilities and assign these to 
leaf->det->object_probabilities. If the object is identified 
at this stage (ie. one of the object probabilities is within 
some error margin of 1) set leaf->det->stop. If 
(!leaf->det->stop) determine and assign values to 
leaf->det->contact_side_probabilities and 
leaf ->det->uncertainty_ranges.

3. Assume no contact at optimal sensing location, determine a 
posteriori object probabilities and assign these to 
leaf->ndet->object_probabilities. If the object is identified 
at this stage set leaf->ndet->stop. If (!leaf->ndet->stop) 
determine and assign values to 
leaf->det->contact_side_probabilities and 
leaf ->det->uncertainty_ranges.

recursively_grow_tree(leaf ) : 
struct node *leaf;

1. If (!leaf->det->stop):

2. generate_next.layer (leaf->det) .

3. recursively_grow_tree(leaf->det).

4. If (!leaf->ndet->stop):

5. generate_next _layer (leaf->ndet) .

6. recursively_grow_tree(leaf->ndet).

Algorithm 7 (cont): Generation of strategy tree.
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Figure 7.7: Object set. 

to a coordinate system referenced to the first sensing location (located at (0,0)).

This example was chosen because it demonstrates the full range of capabilities 

of the location sensing strategy described in Sections 7.2, 7.4 and 7.5. The model 

set is chosen to include both convex and concave objects; simple and complex 

objects (such as object 1); objects that are similar but differ slightly in size 

(object 2 and object 5); and objects that are dissimilar in size to others in the set 

(object 4).

To make some allowance for finite sensor scope, the system chooses locations 

a small distance (in this case 1 unit) from potential object edges, to ensure that 

sensing will take place either inside or outside the object's boundaries.

The root node of the sensor corresponds to the first sensed point. It is assumed
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Figure 7.8: A typical strategy tree.
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Figure 7.9: Definition of coordinate system.

that this point represents an edge contact with the object. This point and the 

sensed edge define the coordinate system used in the strategy. This system is 

defined by Figure 7.9.

The point contact is the origin of the system, and an inwardly directed normal 

to the object surface at this point constitutes the y-axis. The x-axis is then defined 

in the normal right-handed sensed with respect to the y-axis.

As data from the first sensed point is assumed known, there is only one branch 

leading from the root node. In other words, the location of the second sensing 

point is predefined, relative to the first contact location. An analysis of this choice 

of location and the subsequent ones chosen can now be performed.

Node 0: Sense at (0,99)

After the first sensed point has been obtained, the strategy chosen by the system 

is to sense next at the point (0,99).

If the object is not detected at this location, it cannot be either object 2 

or object 5, both of which would be certain to be detected at this point. The 

remaining admissible interpretations would be object 1, object 3 and object 4.
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Note that certain interpretations assigning sides of object 1 to the first sensed 

point can be excluded on the basis of this data, and the uncertainty ranges for 

other sides, and for the sides of object 3, are restricted.

To discriminate between these remaining interpretations the sensor proposes 

sensing at the location (0,49) described in Node 2.

If the object is detected at (0,99), it is clearly not object 4. Further, it is highly 

unlikely to be object 3, whose admissible uncertainty range is severely restricted 

by detection at this point. Certain assignments of edges of object 1 to the first 

sensed point can also be excluded. To reduce the uncertainty in object identity 

further the next sensed point suggested for this case is (0,101) [Node 1].

Node 2: Sense at (0,49)

The location (0,49) is chosen to test the hypothesis that the object is object 4, 

which is the prime candidate after the first two sensed points, as no restrictions 

on its range were imposed by the failure to detect at (0,99).

Clearly failure to detect at (0,49) will remove object 4 as a candidate. It 

will also severely restrict the possible placements of object 3, and leave object 1 

and object 3 as the only remaining interpretations. To resolve between these 

alternatives, the system proposes sensing at (0,-61) [Node 14].

On the other hand, detection at (0,49) will strengthen confidence in object 4 

as the correct interpretation, but does not leave it as the sole candidate. In this 

case, object 1 can be eliminated as all interpretations of object 1 that would be 

consistent with the initial sensed point and detection here, imply detection at
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(0,99), which has already been discounted. Thus the remaining interpretations 

are object 3 and object 4, and the automatically generated strategy is to sense at 

(0,51) [Node 13] to discriminate between them.

Node 14: Sense at (0,-61)

Sensing below the z-axis is an attempt to identify the object as object 1, as this is 

the only concave object, and hence the only object that may exist in this region. 

Hence, detection here will enable the object to be identified as object 1.

Failure to detect will eliminate several possible interpretations of object 1, and 

will increase the expectation of object 3. These two interpretations remain and 

the next point proposed to discriminate them is (-60,19) [Node 22].

Node 22: Sense at (-60,19)

Due to the restrictions placed on the possible range of locations of object 1 pro­ 

posed by the previous sensory data, it is no longer possible for this object to be 

present at this location. On the other hand, previous restrictions on the location 

range of object 3 have made this a strongly probable location at which to sense 

this object (although not certain).

Detection at this point implies the object is object 3. Failure to detect con­ 

strains the locations the locations of both significantly that they can be discrim­ 

inated by a single point, namely (60,19) [Node 24].
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Node 24: Sense at (60,19)

By this stage the object models for the two remaining interpretations are restricted 

to very small ranges of uncertainty. At this location, detection is assured for 

object 3 and impossible for object 1.

Hence, detection at this point implies that the object is object 3; failure to 

detect implies that it is object 1.

Node 13: Sense at (0,51)

At this stage the remaining admissible interpretations for the sensed object are 

object 3 and object 4.

Clearly, object 4, (which has a height of 50 units) cannot be present at both 

(0,0) and (0,51). Thus detection at this point implies that the object is the 

triangle, object 3.

However, detection of object 3 is not assured at this point, and hence failure 

to detect does not identify the object. In this case, the next proposed sensing 

point is (-50,1) [Node 16].

Node 16: Sense at (-50,1)

As the width of the small square represented by object 4 is only 50 units, it 

is impossible to detect it at both the origin and (-50,1). Hence, this location, 

just beyond the admissible range for object 4, is chosen as a sensing location 

as it corresponds to the point of maximum probability of detecting object 3 for
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which there is no possibility of detecting object 4. This corresponds to the sensor 

strategy of sensing at the point corresponding to the maximum difference in the 

PMFs for the two objects.

If the object is detected at this location, it must be object 3. If no detection 

occurs, further sensing is necessary at (50,1) [Node 18].

Node 18: Sense at (50,1)

Consideration of the PMF for the triangle object 3 before sensing was performed 

at (-50,1) [Node 16], would reveal that if the identity of the object was object 3 it 

must be present at either (50,1) or (-50,1), corresponding to the two admissible 

uncertainty ranges at that stage. As one of these ranges has been eliminated by 

sensing at (-50,1), the point corresponds to a certain detection location if the 

object is indeed object 3.

For the same reasons as discussed at Node 16, it is impossible for the small 

square object 4 to be present at (50,1).

Hence detection of the object is guaranteed by sensing at this location: If the 

object is detected it must be object 3; if it is not detected it must be object 4.

Node 1: Sense at (0,101)

If the first sensed point (at (0,99)) results in the detection of the object, four ad­ 

missible interpretations remain, namely: object 1, object 2, object 3 and object 5. 

The simplest of these to test for is object 5, which is certain to be detected at 

(0,101), whilst none of the other objects can be detected at this point. This is
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indeed the next point nominated by the system. If detection occurs here, the 

object must be object 5; if detection does not occur, the object can be one of 

object 1, object 2 and object 3 and the next sensing location proposed in this 

event is (0,41) [Node 4].

Node 4: Sense at (0,41)

Previous sensor data has constrained the uncertainty in location of the triangle 

object 3 such that it is certain of being detected at (0,41). The same is true of 

the square object 2. Hence, the only admissible object at this stage which is not 

assured of detection at his location is object 1, which because of its concavity, 

may be sensed at (0,0) and (0,99) without necessitating detection at (0,41).

If the object is not sensed at (0,41), its identity must be object 1. If detection 

does occur however, all three objects (object 1, object 2 and object 3) are still 

admissible. To aid in their identification, the next proposed location is (20,79) 

[Node 5].

Node 5: Sense at (20,79)

Previous sensory data has confined the PMFs of object 1 and object 3 sufficiently 

that they are both by this stage zero at this location. The only object that 

will give rise to detection at this location (and in fact has a high expectation of 

detection) is object 2. This object is also the most likely interpretation of the 

sensory data thus far, having all its initial potential interpretations admissible to 

all the subsequent sensory data. Thus there is a reasonably high probability of
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detection (and hence identification) of the object at his location.

If the object is detected at (20,79), it must be object 2. If no detection occurs, 

there are still three admissible objects and little progress has been made (other 

than to reduce the range of uncertainty of object 2). The next proposed sensing 

location in this case is (-60,21) [Node 8].

Node 8: Sense at (-60,21)

If the square object 2 was not present at (20,79) it must be present at (-60,21). 

However, neither of the other admissible objects can be detected here.

Hence, if the object is detected at (-60,21), it can be identified as object 2. If no 

detection occurs, only object 1 and object 3 remain, and they can be discriminated 

by sensing at (20,21) [Node 10].

Node 10: Sense at (20,21)

By this stage, the respective locations of the two objects have been reasonably 

accurately determined. At his location, it is known that the triangle object 3 is 

certain to be detected, whilst object 1 is certain not to be detected.

Thus, detection at this point implies that the object is object 3; otherwise it 

must be object 1.
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7.7 Discussion

All the experiments performed led to the sensed object being correctly identified 

by the system. This, however, can also be achieved with unguided sensing systems, 

which obtain data in a random manner, until sufficient information has been 

acquired to recognize the object. The aim of the work described here, was to 

develop systems that perform the recognition task in an optimally efficient fashion. 

Specifically the objective was to recognize the object on the basis of the minimum 

number of sensing actions.

On all occasions the chosen strategies survived the scrutiny of human "com­ 

mon sense", in that we were unable to justify an alternative sensing action to 

that generated automatically at any stage of the process. Unfortunately, no the­ 

ory has been devised to analyze the optimality of the strategies chosen. However, 

the strategies can always be justified statistically. This ability to explain each step 

of the sensing process as being preferable to any alternative action, implies that 

the strategy is optimal, providing that the PMFs are accurate and the utility 

functions are themselves accurate measures. As the utility functions are subjec­ 

tive, it does not follow that the chosen strategies are optimal, however it seems 

clear that well-justified utility functions will result in good sensing strategies. The 

justification for the utility function used in the implementations described in this 

chapter was given in Chapter 5.

The methods described in Section 7.4 to enable efficient strategy generation 

are an important step in justifying the use of guided sensing over random data
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acquisition. To be truly cost effective, the processing time required to generate 

the sensing strategy must be small in relation to the saving in time spent on 

additional sensing actions. This sensing action time includes time spent relocating 

the sensor, acquiring data, processing the data, and updating of models. Clearly, 

these will vary between specific actions. For example, for the implementations 

described in this chapter, there were significant delays in sensing (of the order of 

seconds), mainly involved with relocating the sensor and robot arm. In this case, 

spending several seconds on calculating an efficient strategy, which will reduce 

the number of arm movements, appears well-justified - however, spending tens of 

seconds on the strategy, as with the implementations described in Sections 7.2 and 

7.3, does not. It is also possible to imagine situations where data acquisition is 

fast and efficient, and the time spent on strategy planning may seem unnecessary.

Further, the savings in the number of sensory actions to be anticipated from 

guided sensing are dependent on the particular objects present in the object set. A 

set of objects which differ only by a small feature, may benefit greatly from guided 

sensing to quickly track down the salient feature, as such a feature may elude 

detection by random methods. On the other hand, a set of markedly different 

objects may be swiftly identified without any guided sensing strategy.

Unfortunately, it was difficult to apply the methods of Section 7.4 to the path 

sensing problem of Section 7.3. This was due to the nature of the PMF in the polar 

coordinate system. It was shown in Section 7.4 that the linearity of the PMFs 

in the x- and y-dimensions enables the investigation of only a finite number of 

points as potential maximums of the discrimination function. Although the PMF
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in polar coordinates is linear in the r-dimension, it is not linear with 0. Some other 

method is required to determine the maximum of the discrimination function as 

a function of 0. Ideas that offer promise include some form of segmented search, 

or a numerical estimation method.
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Chapter 8

Conclusions and further work

8.1 Analysis of implementations

The implementations described in Chapter 7 supported the viability of using a 

statistical decision theoretic approach to develop an active sensing strategy. To be 

truly useful it must be demonstrated that there are real savings (in time or some 

other cost) associated with pursuing an intelligent data acquisition approach. If 

the amount of processing time required to determine the optimal sensing actions 

is significantly greater than the savings in time obtained by the reduced number 

of sensing locations necessary, then this approach may be unjustifiable. (An 

exception may be where it is desired to reduce the amount of sensory interaction, 

to avoid damaging a fragile environment.)

For this reason the implementations addressed in Sections 7.4 and 7.5 were 

particularly significant, as they tested methods which offered substantial reduc­ 

tions in the amount of processing required at each stage of the intelligent sensing
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process. In particular, the fourth implementation (Section 7.5), because it uti­ 

lized off-line strategy generation, required only a tree look-up to determine each 

subsequent sensing action, and hence could be expected to be as fast between 

each sensing action as a random sensing strategy, with the obvious benefit of an 

anticipated reduction in the required number of sensing actions.

It would be desirable to have some theory describing the expected saving (in 

number of sensing actions) that can be anticipated by using a guided sensing strat­ 

egy in comparison with random data acquisition. Such a measure is necessary to 

enable a quantitative analysis to be performed of the merit of applying these tech­ 

niques to a specific sensing problem. Apart from the observation that the savings 

will depend on the specific model set, and the "unguided strategy" available, no 

appropriate theory has been proposed. An appropriate theory would have to be 

statistical in nature, to take into account the relative location of the object to 

the first sensed point, which will also affect the number of actions necessary to 

identify the sensed object in any particular instance.

In general, it can be concluded that guided sensing is likely to prove most 

beneficial in the following applications:

• Where the acquisition or processing of sensory data is relatively time-consuming;

• Where the objects in the admissible set are very similar in size or shape;

• Where the environment is fragile and is potentially damaged by each sensing 

action.
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8.2 Sensing in Three Dimensions

8.2.1 Introduction

All the theory developed in this thesis has been restricted to two-dimensions. 

There is no theoretical difficulty in extending these principles to three-dimensional 

problems, however, a naive extension will result in a significant increase in data 

processing requirements, and it is unlikely that the much greater time required 

to generate the optimal sensing strategy will be justifiable.

The increase in data processing is due to more degrees of uncertainty in the 

relative location of the sensor to the object, and more parameters to be specified 

in selecting the optimal sensing action. The greater uncertainty in the relative 

position of the sensor and object leads to more degrees of uncertainty represented 

by the feature uncertainty functions. This results in more intensive computations 

to determine the object probability maps in three dimensions, however, the same 

utility functions and sequential analysis will be appropriate once the PMFs have 

been determined. Hence no discussion in this section is directed at the utility 

functions or sequential techniques as these do not differ between the two and 

three dimensional treatments.

It was discussed in Chapter 4 how the number of dimensions in which there is 

uncertainty after contact between a sensor and an object depends on the nature 

of the contact. If a vertex has been detected, the location of the object may be 

accurately specified. If an edge of the object has been located (this is the case 

primarily addressed in the two dimensional analysis), there is uncertainty along
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the direction of the contact edge. When dealing with three dimensional objects, 

it is most likely that the first point of contact will be on a face of the object, 

resulting in three degrees of uncertainty: two translational and one rotational.

Another problem of addressing the sensor placement problem in three dimen­ 

sional space is the increase in parameters necessary to specify uniquely the sensing 

action. In three dimensions, it is more natural to consider only the path sensing 

paradigm discussed in Chapter 4. (This is because it is impossible to sense at a 

location without actually moving the sensor to the desired location, and this will 

not be possible if the specified position is within the interior of the object. The 

only reason that location sensing was possible in two dimensional space, without 

concern for the path, was that it was possible to direct the sensor to the desired 

location from outside the plane of interest. It is clearly not possible to sense in 

three dimensional space from outside of that space.) Assuming that sensing paths 

are restricted to rays, it requires four parameters to characterize a line in three 

dimensions, and hence the choice of sensing action must be maximized in a four 

dimensional sensor action space.

Thus, although an uncertainty map can be developed for the location of the 

object in three dimensional space, a four dimensional map is necessary to define 

the PMF in sensing space coordinates. It can be argued that in sensing the surface 

of an object the problem is in essence only two dimensional as object surfaces can 

be readily mapped into two-dimensional space. This argument considers only the 

contact point between the sensing ray and the surfaces and neglects the approach 

directions of the rays, which will be important, particularly if it is intended to
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sense concave objects possessing occluded faces. This four dimensional analysis 

clearly requires much greater data storage and processing time.

Different strategies may be proposed if the sensor were allowed to track in 

a given direction to detect an edge. Once an edge has been detected there is 

only uncertainty in the relative locations of the sensor and the object along the 

direction parallel to the sensed edge. All the analysis in this thesis, however, 

has relied on minimizing the number of sensing actions. (An exception has been 

in obtaining the first contact point when there has been no prior information 

to guide the search.) Sensor tracking will by nature involve continuous sensing 

(often approximated by discrete sensing at incremental steps) and hence multiple 

discrete sensing actions. To maintain consistency with the previous approach, 

the technique of tracking until an edge is encountered is not advocated here as a 

method of reducing the uncertainty to the same levels (one degree of translational 

uncertainty) already dealt with in the two dimensional analysis.

In the following subsection, it will be assumed that the only three dimensional 

objects that can be encountered are polyhedral objects, which have been initially 

contacted on a planar face.

The constraints imposed by sensing objects of arbitrary shape are discussed 

in Subsection 8.2.3.

8.2.2 Contacting a planar face

Once a face of a polyhedral object has been contacted, the general location of the 

object in space has been ascertained, and bounds upon its translational position
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can be established. However there is complete uncertainty about the rotation 

between the available model and the sensed object about the normal vector to 

the sensed surface. Hence, although some strategy can be developed about the 

distance to sense from the current location, the chosen direction relative to the 

normal vector at the first contact point must be arbitrary.

As there is complete uncertainty in the location of the object with respect 

to rotation about the surface normal, the uncertainty map of the location of the 

object will be completely symmetrical in this dimension (say 0). Hence (as it 

has no effect on the determination of the probability of detection) it is possi­ 

ble to neglect this parameter completely and define an uncertainty map in two 

variables: distance form the first sensed point in the tangent plane of the sur­ 

face; and perpendicular distance from this plane. This symmetry can also reduce 

the dimensionality of the problem in path sensing coordinates, as rays which are 

equivalent under a transformation about the normal vector, will give rise to the 

same probabilities of detection. Hence, by defining an appropriate coordinate 

system, the four dimensional path sensing problem can be reduced to a three 

dimensional choice over alternative actions.

Clearly as more data is acquired, only certain ranges of 0 will be consistent 

with the sensory data. At this stage, the problem will revert to the more general 

three dimensional case, with a decision over four parameters necessary to define 

the optimal sensing action.
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8.2.3 Objects of arbitrary shape

In the previous subsection, strategies were discussed to reduce the three degrees 

of uncertainty present when a polyhedral object is contacted on a planar face. 

Three represents the maximum number of degrees of uncertainty that can result 

when the surface of a three-dimensional object is encountered, however, for some 

non-planar faces, the number of degrees of uncertainty may be lower.

In particular, if a face has different measures of curvature along two axes in the 

tangent plane at the point of contact, then (assuming that the sensor employed 

can discern the curvature1 ) these axes can be aligned with the corresponding 

axes in the object model to remove the degree of rotational uncertainty. Hence, 

in these cases there are only two degrees of uncertainty,2 and the position of 

the object in space is much more accurately known. (In this subsection, we will 

only deal with faces which have constant curvature relative to some coordinate 

system.)

An example of such a face is the curved face of a cylinder, whose curvature 

around its axis is equal to 1/r (where r is the radius of the cylinder), but has 

zero curvature along its length.3 An example of a curved face with three degrees

1 As curvature is a property of the second derivative of the object surface, the 
ability to discern curvature at a point implies the ability to sense over a finite 
surface area around the point of contact. This regional sensing may be performed 
at one instant by a sensor array, or sequentially by accumulating point samples
from the surrounding area.

2 For a curved surface, the two degrees of uncertainty will not in actual fact 
be translational, but those corresponding to axes of non-zero curvature will be 
rotational about the centre of curvature (ie. the point which subtends the arc of
local curvature.)

3 The curvature of a curve y = y(x) is given (see Faux and Pratt [18]) by the
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of uncertainty is the face of a sphere, which has curvature equal to 1/r (where r 

is the radius of the sphere) relative to all axes in its tangent plane.

Not only will different axes of curvature reduce uncertainty in the location of 

the sensed object, but the ability to detect local curvature of a surface will in itself 

be an aid in identifying the object [2]. Just as edges of different slope were seen 

to aid in identification in the two dimensional implementations (see Section 7.3), 

it is clear that curvature will exhibit saliency in three dimensional recognition 

problems.

8.2.4 Conclusions

The application of the decision theoretic principles to three dimensional problems 

is an ongoing area of our research, and the results and ideas discussed here are 

only preliminary. No opportunity has yet been taken to test these concepts with 

an implementation.

Despite the difficulties of increased dimensionality that occurs in three dimen­ 

sions, it is felt that by developing a theory that is sympathetic to the particular 

sensor used, the problem will reduce in complexity. For example, it may not 

be possible to specify all four configuration parameters for the specific sensor at 

hand, and hence the dimensionality of the problem will be reduced. Alternatively, 

if the object set consists only of convex objects, the direction of approach to a

formula (1 + y")3'2
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face of a particular sensing action may not be important, and it may be possible 

to describe each sensing action by its point of contact with the plane in which the 

face lies.

These are aspects which we hope to investigate further in the future.

8.3 Refinements and generalization of techniques

The most significant work that needs to be done with the approach described in 

this thesis is to develop and then to apply and test the theory proposed in the 

previous section for three dimensional sensing problems. Such an experiment will 

require a contact sensor or a range sensor with a narrow field of view, which can 

be relocated in a three dimensional workspace.4 This was beyond the capabilities 

of any hardware available for this project.

Work is also required to determine a less arbitrary approach to generating
i

appropriate utility functions for a given task, along with methods of comparing 

proposed utility functions and defining and measuring their "optimality". The 

subjective nature of the utility functions appears to preclude the existence of a 

single optimal utility function for a task, but it is hoped that general guidelines 

can be established defining appropriate features for such functions.

Finally an analysis is desirable, as discussed in Section 8.1, providing a statis­ 

tical analysis of the expected reduction in sensing actions obtained by employing

4 As the object to be sensed will almost certainly be resting on a planar surface, 
it is probably only necessary for the sensor to be located in a three-dimensional 
half-space.
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a particular utility function with a given object set as compared to a known 

unguided strategy.

8.4 Significant contributions

In conclusion, it is appropriate to itemize the significant contributions of the work 

described in this thesis to the field of robotic sensing. (In fact, it is hoped that 

the techniques developed here will find application in sensing problems outside of 

the area of robotics.)

1. The major contribution is a structured, mathematical approach to the prob­ 

lem of optimal sensor placement. Rather than acquiring sensory data at a 

random location, the described method evaluates all possible sensing loca­ 

tions for their ability to constrain the model uncertainties, and senses at the 

chosen location. After sensory data has been acquired, it is used to update 

all expectations about the sensing environment, which can then be used to 

order possible interpretations, and as prior information in chosing the next 

sensing location.

These techniques should have particular application in systems in which 

the sensory data is inherently "sparse" and multiple sensory operations are 

required. Such sensory systems include tactile sensing and sonar, and po­ 

tential tasks include object identification and localization, and robot navi­ 

gation.
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This problem has generally been neglected by previous researchers or treated 

in an ad hoc fashion. In this thesis, established mathematical principles 

of Bayesian decision theory are adapted to the problem of sensing in an 

uncertain environment, leading to justifiable sensing strategies. Further, 

these principles have been implemented on a robot sensing system, and 

found to be viable in practice.

Although further theoretical analysis is required in some areas (providing a 

greater understanding of the likely economies in number of sensing actions 

for a given set of objects that can be anticipated using guided sensing, and 

a less subjective generation of utility functions leading to a more objective 

strategy), the work described in this thesis provides a groundwork on which 

this further analysis can be based.

2. The second major contribution is the representation of uncertainty at each 

stage of the sensing process. This representation can be explained in terms 

of the probabilistic interpretation tree described in Chapter 6. Previous re­ 

searchers have generally chosen to classify potential interpretations of sensor 

data to object models as either admissible or inadmissible. By generating 

expectations of alternative sensing outcomes (necessary for the strategy gen­ 

eration process) it is possible to update and maintain probabilistic measures 

of alternative interpretations. This in turn allows the techniques of sequen­ 

tial analysis to be applied to the sensing problem, and allows conclusions to 

be given within stated error bounds.
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The techniques of strategy generation and interpretation representation de­ 

scribed here, are independent but share a significant amount of computation.
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Appendix A

Properties of the PMF

When S(x,y) = £(x,y), the defining equation for the probabilistic membership 

function in Cartesian space becomes:

Expanding the convolution gives

<

= 1 (as F is a pdf)

Therefore,

n(x,y)<l V(x,y)
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Also,

z, y) > 0 V(x, y) (as O' and F are strictly non-negative)

Thus,

0<n(z,y)< 1 V(z,y)

Integrating II over the whole space:

/ / Tl(x,y)dxdy - 11 O'(x,y) * F(x,y)dx dy

~ II [II °'^X ~ /Z ' y ~ 7?^^' ̂  d^ dri \ dx dy 

= JJ \JJ O'(x - //, y - 77) dx dy I F(>, 77) c?^ c?r;

= / / [area of o] -F(//, r])dfj. drj

= [area of o] F(fji^r])dfidrj

= area of o

Thus the probabilistic membership function, II, satisfies the same conditions 

as the same conditions as the object model, O, and can be considered as an 

"uncertain" model of the object.
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Appendix B

Evaluation of discrimination

functions

B.I Recognition from a two-object set (Case 1)

Consider the proposed utility function for the task of identifying an object from 

the set {o1? 0-2}'.

U(state, (x,y)) = |2 P^state) - l|

The discrimination function (assuming only two sensing states) is:

D(x,y) = U(detection = I, (x,y))P (detection = 1)

+ U(detection = 0, (x, y)) P(detection = 0)

Consider the term,

U(state, (x, y)) P(state) 

= \2P(oi\state) - 11 P(state)
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_ q<e)
P(state) 

= \2P(state\ol )P(ol ) - P(state)\ (as P(state) > 0 always)

= \2P(state\ol )P(ol ) - (P(state\ol ) P^) + P(state\o2 ) P(o2 ))| 

= \P(state\0l ) P(O!) - P(state\o2 ) P(o2 )|

Substituting into the discrimination function,

D = U(detection = 1, (x,y)) P (detection = 1)

+ U(detection = 0,(x,y)) P(detection = 0) 

= |P(de*ec<z'on = l|o1 )P(o1 ) - P(detection = l|o2 )P(o2 )| 

+ \P(detection = 0|oi) P(O!) - P(detection = 0|o2 ) P(o2 )|

= |n01 p(0l ) - n02 p(o2 )| + |(i - n01 )p(o!) - (i - n02 )p(o2 )|

then

D = |n01 p(0l ) - n02 p(o2 )| + |(i - n01 )p(o!) - (i - n02 )p(o2 )|

= |i/2n01 -i/2n02 | + |i/2(i-n01 )- 1/2(1 -n02 )|

= i/2|n01 - n02 | + i/2|(i - n01 ) - (i - n02 )|

= |n01 -n02 |

B.2 Recognition from a two-object set (Case 2)

Consider the proposed utility function for the task of identifying an object from 

the set {o1? o2 }:

U(state, (x,y))
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= \P(oi\statc) - P(oi)\ + \P(o2 \state) - P(o2 )|

- P(oi)\ + |(1 - P(0l \state)) - (1 -

The discrimination function (assuming only two sensing states) is:

= U(detection = 1, (z,y))P (detection = 1) 

+ U (detection = 0, (x, y)) P(detection = 0)

consider the term,

= 2 IP^Istafe) - P(OI)| P(state)

(by Bayes Rule)

\P(state\Oi) - P(state)\ 

(as P(state) and P(O!) > 0 always) 

= 2P(oi)\P(state\oi) - (P(state\oi) P(OI) + P(state\o2 ) P(o2 ))|

= 2 P(OI) P(o2 ) |P(5<a<e|oi) - P(5tate|o2 )| (as P(o2 ) > 0 always)

L 02 I

Using this result to evaluate the discrimination function:

D — U(detection = 1, (x, y)) P(detection = 1)

+ U (detection = 0, (x,y)) P(detection = 0)

= 2p(o1 )p(o2 )|n01 -noa | + 2p(o1 )p(o2 )|n01 -n02
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= 4p(o1 )p(o2 )|n01 -n02 | (B.I)

As P(o\] and P(o^} are constant over (x,y), it follows that:

D(x,y) oc |noi (ar,y) - II02 (z,y)|

and the optimal sensing location will be the value of (z,y) where the difference 

between the PMFs for the two objects is greatest.

B.3 Recognition from an n-object set (Case 1)

Consider the proposed utility function for the task of identifying an object from 

the set {GI, o2 , ...,on }:

U(state, (x, y)) = ^ \n P(o{\state) —
t

The discrimination function (assuming only two sensing states) is:

£>(x,y) = U(detection = 1, (x,y}}P (detection = 1)

+ U (detection = 0, (z, y)) P(detection = 0)

Consider the term,

U(state,(x,y))P(state)

= ^(\nP(oi\state)-l\P(state))
i

= f P( S taie\oi )P(oi) _ e) 
^ \' P(state)

\n P(state\0i) P(oi) - P(state)\(as P(state) > 0 always)
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\n P(state\0i
3

I Y^(P(state\Oi) P(ot )) - £ (P(state\0j ) P( Oj ))
j j

= E I E (P(state\0i) P(oi) - P(state\ 0j ) P( Oj

Using this result to evaluate the discrimination function

D = U(detection = I, (x, y)) P (detection = 1)

+ V '(detection — 0, (x, y)) P(detection = 0)

E (P(detection = l|o,-) P(o,-) - P(detection = l\Oj) P(OJ)) \ 

E (P(detection = 0|oi) P(o,-) - P(detection = Q\OJ) P(OJ))
i 3

E I E (n

= E I E (n<>. P(«) - n<,, P(»j
» j

+ E IE ((i - n,,)/1^) - (i - n
* 3

If P(OI) = P(o2 ) = ... = P(on) = 1/n then

E I E (HO, PM - n0j p(o,-))
* 3

= E I E (n»< V" - n,; i/n)

= i/n EIE (n* - n.,) I +1/» EIE (-n». + n.,
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If n = 2

D =
« 3

= |n01 P(OI ) - n02 p(o2 )| + |n02 p(o2 ) - n01 P(OI )\ 

+I(i-n01 )p(o1 )-(i-n02 )p(o2 )|

+I(i-n02 )p(02)-(i-n01 )p(o1 )| 

= 2 |n01 P(0l ) - n02 p(o2 )| + 2 |(i - n01 ) p( 0l ) - (i - n02

which is of the same form as the same result obtained earlier in Appendix B.I.

B.4 Recognition from an n-object set (Case 2)

A suitable utility function for the task of identifying an object from the set 

{01, o2 , ..., on } has been proposed as:

U (state, (x,y)) = £ \P( 0i \state) - P(Oi )\
i

The discrimination function (assuming only two sensing states) is:

D(x,y) — U(detection = I, (x,y))P (detection = 1)

4- U(detection = 0, (#, y)) P(detection = 0)

Consider:

U(state, (#, y)) P(state)

P(state)
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= £ (\P(oi\state) - P(oi)\ P(state))

£ (P(oi) \P(state\0i) - P(state)\)
i

(as P(state) and P(o,-) > 0 always)

E

= E

= E P(<>i)\ E (^(^) (P(*tate\0i) - P(state\0j ))) \

Using this result to evaluate the discrimination function:

D = U(detection = 1, (x, y)) P (detection = 1)

4- £/ (detection = 0, (x,y)) P(detection = 0) 

= E P(oOlE(P(°.;)(-P( c?etec^on = 1 I°«) ~ P(detection =

E P(°i)\ E (P(°J) (P(detection = 0|ot-) - P(detection =

+£ p(oi)\ £ (P(O,-) ((i - nj - (i - n0; )))
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This function can be readily evaluated, and consists of a sum of the difference 

of probabilistic membership functions. 

Ifn = 2

D =

= 2p(o1 )|P(o2 )(n01 -

(as P(OI) and P(o2 ) > 0 always)

= 4P(0l )p(o2 )|n01 -n02 |

which is the same result as was obtained earlier in Appendix B.2.

B.5 Recognition on the basis of multiple states

A suitable utility function for the task of identifying an object from the set 

{oi,o2 , ...,on } has been proposed as:

U(state, (x,y)) = £ \P(oi\state) - P(o,-)|
t

Consider the situation where there are more than two states which may occur 

at a given location in the sensing space. In this case the discrimination function 

is given by:

x,y) = '£(U(statekj (x,y))P(statek ))
k
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It was shown in Section B.4 that

U(statek , (x, y)) P(statek )

= E \P(oi)\(P(oj)(P(3tatek \oi )-P(statek \oj )))

Using this result to evaluate the discrimination function:

D = ^2(U(statek ,(x,y))P(statek ))
k

= EE P(oi)\^(P(oj )(P(statek \oi)-P(statek \oj )))\ (B.2)

Consider the two object case described in Section B.2. Expanding Equa­ 

tion (B.2) about i for i = {1,2} gives:

* \ •'

= ^2(P(ol )\P(o2 )(P(statek \ol ) - P(statek \o2 )) \ 
k
+P(o2 )\P(ol )(P(statek \o2 ) - P(statek \ Ol )) |)

= E (PM P(o2 )\P(statek \ 0l ) - P(statek \o2 )\ 
k

+P(o1 )P(o2 )\P(statek \o2 ) - P (state k \ Ol )\)

= E (PM P(o2 )\P(statek \ 0l ) - P(statek \o2 )\ 
k

+P(oi)P(o2)\P(8tatek \ol ) - P(statek \o2 )\)

- P(statek \o2 )\) 

2 P(0l ) P(o2 ) E \P(statek \ 0l ) -

In this case P(statek \Oi) is the feature PMF for object o, for the feature repre­ 

sented by statek . The form of this equation is simply the same as that represented
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in Equation (B.I) summed over k states (as opposed to the two states addressed 

by Equation (B.I)).
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Appendix C

Probabilistic membership values 

for path sensing

Consider a shape whose location in space is uncertain in one dimension. The 

direction and magnitude of the uncertainty are assumed to be known, and can be 

described by a range in the x and y components as (Ax, Ay). Hence the range of 

possible locations of each vertex are known, and the shape can be represented as 

shown in Figure C.I.

Consider the edge designated as edge 1 in the diagram. The uncertainty in 

the location of the endpoints of this edge are such that one must lie between 

(#i> y\) an<i (^1 4- Ax, yi 4- Ay) and the other must lie between (x2 , y2 ) and (x2 + 

Ax, y2 + Ay). The slope of the edge is fixed, however, so that fixing one end-point 

determines the other. To determine the probabilistic membership function for 

this edge in polar coordinates, it is necessary to know what is the likelihood of 

contacting this side, with a directed ray described by the coordinates (r,9).
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(x2+dx,y2+dy)

edge 1

' (xl+dx,yl+dy)

Figure C.I: Uncertainty map for the shape.

One approach is to consider the point of intersection of the ray with the 

uncertainty ranges for each end-point as shown in Figure C.2.

If, for example, the ray contacts with the line connecting (xi,yi) and

Ax, ?/i + Ay) to the right of (xi-f Ax, yi-f Ay) and similarly for the other endpoint, 

then there will be no possibility of the ray contacting the edge, irrespective of the 

location of the edge within its uncertainty range. This situation is represented by 

ray 1 in the diagram. The same result will hold if the two endpoint uncertainty 

lines are contacted to the left of (xi,yi) and (#2^2) respectively. (See ray 2.)

Consider the situation depicted by ray 3 and ray 4, where the ray intersects 

with one line to the right of its admissible uncertainty range, and to the left 

of the admissible range for the other. In this case contact with edge 1 will be 

guaranteed provided that the ray is incident on edge 1 from the exterior of the 

object. Thus ray 3 will contact edge 1, whereas ray 4 will not. (As ray 3 and
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(x2+dx,y2+dy)
ray 3

ray 4 ray 5

ray 1

ray 2

Figure C.2: Sensing rays within the workspace.
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ray 4 represent the same line in space, this example underlines the importance of 

carefully defining the coordinate system (r, 6) used to describe the rays, so that 

there is no ambiguity in direction., as discussed in Section 4.6.)

If contact is made with one line within its admissible range, contact may result 

between the ray and the edge for some subset of the range of possible locations 

of the shape. This will result in a probabilistic membership value between zero 

and one. The particular value will indicate the proportion of the uncertainty 

range which would give rise to contact. Consider ray 5, which intersects the 

range of possible values for the first vertex one third of the way from (xi,yi) to 

(xi + Ax, yi + Ay), and passes to the left of (x 2 , y2 ). It is clear that if the edge 1 

lies between (xi + Ax, yi + Ay) and (x2 + Ax, y2 + Ay) there will be no contact 

between the ray and the edge. The same will be true of two thirds of the possible 

locations of edge 1. If however the edge is located between (xi, yi) and (x 2 , y^}, or 

immediately to the right of this location, contact will result. Thus the probability 

of contact (or value of the PMF) for this ray will be 1/3.

The method used to determine the values of the probabilistic membership 

function, were to find a normalized, parametrized form of the uncertainty lines 

for each vertex in a single variable, say £, with t = 0 corresponding to one limit of 

the admissible range and t = 1 to the other. The values of t corresponding to the 

points of intersection of the ray defined by (r, 0) with both lines were determined, 

and values of t below zero or above one were set to zero and one respectively. The 

expectation of detection (and hence the value for the PMF at the point (r,0) in 

sensing space) then corresponded to the difference between the two values of t,
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taking care to observe the direction requirement mentioned earlier.

This algorithm is readily implemented, and provides a reliable measure of the 

relevant probabilities sought.
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