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Abstract

Quantum computing is a rapidly advancing field that, if fully realized, promises
to be revolutionary for applications including drug discovery, optimization, and
cryptography. However, the challenges remaining to achieve this dream are con-
siderable. Today’s quantum computers (and those the foreseeable near future) are
plagued by limited system sizes, decoherence, faulty operations, and a variety of
other issues that have thus far inhibited quantum advantage on genuinely useful
problems. While others pursue the ultimate goal of fully-fault-tolerant quantum
computing, this thesis is about learning to live with these limitations, and to
extract useful information from imperfect, noisy devices with no or limited quantum
error correction. In this thesis, I introduce new algorithms that are resilient to
these effects, study protocols that can best compensate for them, and probe the
boundaries between quantum and classical systems.

This thesis spans three rather distinct topics in quantum technology: the use
of imperfect quantum computers to study quantum systems; classically-efficient
simulation of quantum devices; and quantum sensing in the presence of noise.
I introduce new protocols and algorithms for each of these areas, and support
them with both mathematical study and computer simulations. Broadly speaking,
the contributions of this thesis are as follows. I introduce a new algorithm for
resource-efficient estimation of excitation energies in quantum systems, studying
its near-term applicability and scalability. I develop a new method for computing
thermal properties of quantum systems on quantum computers, which appears
particularly applicable to the early-fault-tolerant era, and expands upon previous
approaches in both the resources required and the systems it can be applied to. I
introduce a new classical simulation framework for variational quantum algorithms,
expanding the domain of classically simulable problems in quantum computing,
and demonstrate its application to archetypal problems in variational quantum
computing and quantum machine learning. Finally, I compare protocols that
compensate for the presence of noise in quantum sensing, showing that learning-

based techniques are particularly promising.
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In the beginning the Universe was created. This has
made a lot of people very angry and been widely
regarded as a bad move.

— Douglas Adams, The Restaurant at the End of the

Universe (1]
Introduction
Contents
1.1 Quantum computing: the promises|. . . . ... ... .. 1
1.2 Quantum computing: the reality| . . . . ... ... ... 5
1.3 Quantum sensingf. . . . . . . .« v v v v v v v v v v v oo 7

1.1 Quantum computing: the promises

Digital computing rests on a solid theoretical foundation. Drawing upon seminal
works such as Turing’s universal model of classical computation [2], the principles of
Boolean algebra [3], and Shannon’s application of these to logic circuits [4], scientists
and mathematicians of the early 20th century reasonably believed they knew what
a computer was in the abstract sense. Building upon these foundations, the theory
of computational complexity emerged [5, 6], providing a rigorous framework for
understanding the inherent difficulty of computational problems. In the decades
that followed, computing took physical form: from early electromechanical systems,
to vacuum tube computers, to the silicon-based integrated circuits through which I
now write this thesis, various physical systems manifested the abstract notion

of ‘computation’.
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Another scientific revolution was underway in the early 20th century: while
mathematicians laid the foundations of computing, physicists were uncovering
the strange and counterintuitive world of quantum mechanics. Computation is
a physical process, and the systems that implement it are subject to the laws of
physics. If a computer can leverage the core quantum principles of superposition,
entanglement and interference, what effect might this have on its computational
capabilities? This question led Benioff to extend the notion of Turing machines to
a quantum-mechanical generalization [7]. The idea of quantum computing truly
took off with Feynman’s famous conjecture that a quantum-mechanical computer
could efficiently simulate quantum systems [§], later proven by Lloyd [9]. Since
classically representing an entangled quantum system requires an amount of memory
exponential in the number of constituents, it seemed hopeful that a computer based
on quantum mechanics could prove useful. Our universe is quantum-mechanical,
we have much to gain scientifically by modelling it, and surely quantum problems
require quantum solutions?

These ideas quickly developed into a theory of universal quantum compu-
tation [10], and by 1992 Deutsch and Jozsa had identified a class of problems
which could be solved exponentially faster on a quantum computer compared
to a classical computer [11]. While there was some doubt as to whether such
problems were practically relevant, this was quickly extinguished by Shor’s discovery
of a polynomial-time quantum algorithm for factoring integers [12]. The Rivest-
Shamir-Adleman (RSA) cryptosystem [13], which relies on the presumed exponential
classical difficulty of integer factoring |14], was now vulnerable to quantum attack.
A range of other quantum algorithms and subroutines with asymptotic speedups
relative to their classical counterparts soon followed, including Grover’s algorithm for
unstructured search problems [15], the quantum Fourier transform (QFT) |16, |17,
quantum phase estimation (QPE) |16, |18], and quantum amplitude estimation [19].
As T discuss in Chapter [2 quantum phase estimation is particularly useful for
computing eigenvalues and eigenstates of Hamiltonians [20} 21]. Not only is this

useful for modelling physical quantum systems, but a number of optimization
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problems can be encoded in the ground state of Hamiltonians [22-24], rendering
it a powerful tool for many other problems. For modelling quantum systems, a
vast range of quantum algorithms for simulating dynamics of quantum systems
have emerged, including Trotterization [25], linear combination of unitaries [26],
qubitization [27], quantum signal processing [28|, and variational methods [29].
Even non-unitary open quantum systems now have a variety of quantum algorithms
available to simulate their dynamics [30]. This has fuelled considerable excitement
for applications in chemistry, materials science, and condensed matter physics.
Although the discovery of new elementary subroutines for quantum algorithms has
slowed, there have been a few notable exceptions since the turn of the millennium,
such as the Harrow-Hassidim-Lloyd algorithm (HHL) for solving linear systems [31],
the quantum singular value transform [32], and the generalizations that follow
from it [33]. Overall, we have a rich toolbox of quantum subroutines that can be
combined in various ways to achieve quantum speedups; today there are many
known quantum algorithms for a broad range of applications [34, |35].

This realization that computation is a physical — and therefore quantum-
mechanical — process stands to enormously broaden the bounds of what is
computable. Unfortunately, this tantalizing realization must be tempered by the
gruelling realities of the physical world in which we hope to implement it. While the
advantages of the algorithms discussed above would be undeniable in an isolated
quantum system, the real world is noisy, and one cannot build a truly isolated
quantum device. Quantum states are extremely fragile, and even the slightest
interaction with an incoherent environment can destroy the entanglement required
for quantum algorithmic speedups. This phenomenon, known as decoherence, limits
the time over which quantum information can be stored and manipulated, and
therefore the depth of quantum circuits that can be executed. Just as the promise of
quantum computing became appealing, it was shown that this could limit quantum
algorithmic advantages [36], sparking caution and debate as to whether quantum
computing could ever be practical [37, 38]. Although careful engineering can reduce

these errors, they cannot be eliminated entirely.
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Early classical computers were error-prone, and classical error-correcting codes
were developed to mitigate this [39], whereby information is stored redundantly so
that errors can be detected and corrected. These classical error correction schemes
cannot be directly applied to quantum memory, since it is more complicated: not
only can quantum states suffer phase-flip as well as bit-flip errors, but quantum
superpositions cannot be measured without collapsing them, preventing one from
directly comparing the states of redundant physical qubits. Nonetheless, early
quantum error correction (QEC) schemes were developed [40H43], which similarly
encode a logical qubit in multiple fault-prone physical qubits. In these error-
correcting schemes, one measures non-destructive error syndromes on ancillary
qubits in such a way that errors can be detected and corrected without collapsing the
state via full measurement. For example, the simplest QEC code is the three-qubit
bit-flip code, where a qubit’s basis state is encoded in the subspace of the three-qubit
Hilbert space spanned by |000) and |111); a single bit-flip error can be identified and
corrected by parity-check measurements on the three physical qubits, which do not
destroy the quantum information. Today, the theory of QEC codes is a mature field
with a broad range of sophisticated codes available, with surface codes in particular
being a leading candidate for scalable fault-tolerant quantum computing [44} 45].

The battle against the deleterious effects of noise in quantum computers seems,
at least in theory, winnable. In a practical setting, one would expect the correcting
operations themselves to be noisy, and perhaps fear that this would compromise
QEC schemes — but fault-tolerance can still be achieved in this case [46]. More
importantly however, the threshold theorem shows that, provided that the error
rate of the physical qubits is below a certain threshold, arbitrarily long quantum
computations can be executed with arbitrarily low error rates by concatenating
QEC codes [47H51]. Therefore, the dream of fault-tolerant quantum computing is

not a Sisyphean task, but one with a clear victory condition.
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1.2 Quantum computing: the reality

Fault-tolerant quantum computing may not be a Sisyphean task, but the boulder has
yet a long way to climb. Today, several different types of quantum hardware vie for
dominance. Particularly promising recent results have been seen in superconducting
qubits [52, 53], trapped ions [54], and neutral atoms [55], and other notable platforms
include photonic systems [56] and silicon architectures [57]. Although impressive
progress has been made in the past few years in implementing error correction and
logical qubits in a variety of different quantum hardware platforms [54} |55, 58-62], it
is only in the past few months that the first instances of sub-threshold error correction
have been reported for the surface code [53]. Implementing fault-tolerant quantum
computing is an extremely challenging task, requiring high-fidelity entangling gates,
topologies compatible with the code in question, mid-circuit measurements, and
classical infrastructure such as decoders [63]. At least for the time being, we must
learn to live with the noise, and question what can be achieved in spite of it.
Perhaps there is some reason to be hopeful. Today’s best quantum computers
have tens to hundreds of qubits, two-qubit gate fidelities on the order of 1073, and
greatly varying qubit topologies (e.g nearest-neighbour architectures in supercon-
ducting devices, or all-to-all connectivity in some ion traps). This state of affairs
is most commonly known as the Noisy Intemediate-Scale Quantum (NISQ) era,
coined by Preskill in 2018 |64]; the nature of algorithms in this era is characterized
by small to modest system sizes, shallow circuits, and careful coping strategies for
the significant limitations of these devices (see Section [2.3). While noise destroys
the coherence that is necessary for quantum advantage, these devices can still
produce and manipulate non-negligibly entangled quantum states, albeit with
circuit depths falling far short of the requirements for the algorithms discussed in
Section [I.1} Claims of experimental quantum advantage on contrived sampling
problems [65], while initially defeated [66, [67], have recently been strengthened on
newer devices |53 68, 69]. It seems that the quantum devices we have in hand

are capable of doing something that classical computers cannot. Clearly, we are
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able to explore something of the exponential richness of multipartite Hilbert spaces,
so can we do anything wseful with this?

Caution would be warranted in answering this question. Bold claims of quantum
advantage on useful problems (Trotterized simulation of an Ising model) have
been made recently [52], but amusingly were refuted within days by classical
simulations [70H72|, with numerous other approaches soon following |73-77] including
one executed on a Commodore 64 [78]. Given that even tens of Trotter steps
for a modest-sized, hardware-tailored Hamiltonian proved too deep to achieve a
genuine quantum advantage on today’s devices [52, [70H78], an orthogonal approach
relying upon shallow circuits is likely needed if we are to ever extract value from
NISQ devices. Most proposals for doing so are based upon variational quantum
algorithms [79], which are hybrid quantum-classical algorithms that repeatedly
execute a parametrized quantum circuit on a quantum processing unit (QPU),
and use numerical optimzation techniques to tune its parameters on a classical
computer. Much of this thesis is concerned with these: I review the applications,
pitfalls and limitations in the literature in Chapter [2| and apply them in various
parts of Chapters [3 [4] and [f

While error correction is beyond the capabilities of NISQ devices, not all is lost.
In addition to the ongoing march of hardware improvements and error suppression
via control techniques, one can also consider the possibility of error mitigation. Such
techniques aim to compensate for the effects of noise in quantum computations
without actually directly reducing the logical error rate, and often reduce the effect
of errors rather than eliminate them entirely. These are an invaluable tool in the
NISQ era, and I review the relevant literature more closely in Chapter [2]

With experimental demonstrations of QEC continuing to breach new mile-
stones [53-55), H8-62], including early demonstrations of sub-threshold error correc-
tion [53], the horizon of the NISQ era is already in view. Indeed, as I discuss in
Chapters [2] and 5] the looming spectre of classical simulability threatens variational
quantum computing as a whole, throwing the pursuit of quantum advantage on

NISQ systems into question. As hardware improves, we should soon expect to
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enter the era of early fault-tolerant quantum computing [80, 81], where systems
with small numbers of sub-threshold error-corrected logical qubits can conduct
computations with logical error rates lower than the underlying physical error rates
(e.g. error rates on the order of 107% may be achievable). In the early fault-tolerant
era, unitaries will likely be constructed from small universal gate sets such as the
Clifford+T" set [82H84], with errors in computation originating from approximation
of certain gates rather than the underlying errors in the physical qubits. For example,
the T" gate (which, in combination with Clifford gates, is universal for quantum
computation) will likely be implemented using T-gate gadgets [85], bottlenecked
by magic state distillation [86].

These eras of quantum computing are the key context for this thesis. Chap-
ters and [6] are predominantly concerned with implementation in the NISQ
era, while Chapter {4 focuses chiefly on early-fault-tolerant implementation (with a
brief adaptation to the NISQ context). Nonetheless, the barriers between eras of
quantum computing are not always so clear-cut, and I anticipate that the techniques
of Chapters [3] [4] and [p] in particular will remain useful even into the era of fully-

fault-tolerant quantum computing, should we be lucky enough to ever see it arrive.

1.3 Quantum sensing

Most of this thesis is concerned with the use of quantum systems for processing
information — that is, quantum computing — but there is also great promise in
using them for acquiring information. Broadly speaking, the field of quantum sensing
is concerned with using quantum systems, properties or phenomena to perform
measurements of physical quantities. Indeed, this is an extremely broad definition,
and one could reasonably argue about what is, and is not, a quantum sensor. In
some sub-communities, merely using quantized energy levels of a system to measure
a physical quantity (e.g. atomic clocks [87]), or using wavelike coherent quantum
properties (e.g. thermal-source atom interferometry [88, [89]) would be considered
to be quantum sensing. However, this thesis is grounded in the conventions of

quantum computing, where entanglement is king; for the purposes of this thesis, I
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consider a quantum sensor to be a device that exploits entanglement to measure
a physical quantity with greater precision than is possible classically. ‘Quantum
sensors’ satisfying these less restrictive definitions are beyond the scope of this
thesis, but nonetheless underpin the current frontiers of sensing capabilities. A
comprehensive review thereof can be found in Ref. [90] (see discussion of type-I
and type-II quantum sensors).

The tremendous progress in state-of-the-art technologies for quantum control
has not only enabled the development of quantum computers, but also opened
up the exciting possibility of using entangled quantum systems for high-precision
measurements [90H97]. To see why entanglement is a veritable resource for sensing,
note that the precision of a measurement of some parameter 6 is limited by the

quantum Cramér-Rao bound as

1
A > — 11
= NFalp 1) (1)

where N independent repetitions (shots) are conducted, and Fg(p, H) is the quantum
Fisher information (QFI) of the probe state p with respect to the Hamiltonian H
that encodes the parameter . The QFI is a measure of the probe state’s sensitivity

to 6, can be used to quantify its metrological usefulness, and is formally defined as

Falp. ) =25 -0 G IR (1.2

where );, |j) are corresponding eigenvalues and eigenvectors of the probe state p,
and the summation only includes terms such that A\; + A, > 0. While the sensitivity
is inversely proportional to the number of repetitions, the QFI is influenced by
entanglement: if the probe state consists of n unentangled qubits, it is well known

that the attainable precision is bounded as

1
2
> — .
Ae_Nn (1.3)

Equation is known as the standard quantum limit (SQL), and is the best
precision achievable by a classical (unentangled) probe state. When the probe

state is allowed to be entangled, the bound is instead

1
A%9 >
- an’

(1.4)
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known as the Heisenberg limit (HL), which allows asymptotically (in n) better
precision than the SQL. Although better bounds are attainable when the encoding
Hamiltonian H contains interaction terms [93], this is beyond the scope of this
thesis as I only consider local magnetic-field-like Hamiltonians for metrological
purposes. Another interesting subtlety is that several of the assumptions underlying
the derivation of the quantum Cramér-Rao bound are not well justified in the limit
of very few shots. In that regime, alternate metrics such as probably approximately
correct (PAC) metrology may be more appropriate [98]. Nonetheless, the relevant
results of this thesis are in the regime where the quantum Cramér-Rao bound is well
justified, and therefore I use the SQL and HL as a point of comparison throughout.

Clearly, the presence of the QFI in the quantum Cramér-Rao bound tells us
of the importance of creating and maintaining entanglement for quantum sensing.
As T outlined (in a quantum computing context) in Section this is a daunting
task plagued by the inherent noise from environmental interactions. Despite recent
advances in the implementation of QEC [53-55, [58-62], an enormous amount of work
remains to make scalable sub-threshold error correction practical. Consequently,
all quantum sensing schemes for the foreseeable future will be afflicted by noise,
which is no less dangerous in a quantum sensing context: it is well known that noise
hinders a probe state’s capability as a sensor [99-102], and that even the smallest
noise levels make it impossible to reach the HL. This creates a pressing need for
quantum sensing protocols that account for, mitigate, or otherwise acknowledge

the presence of noise. Chapter [6] is a response to this need.
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Following the general introduction to the field in Chapter [T, I now present a
summary of more specialized topics in the literature. Quantum computing and
quantum sensing are extremely active fields, and a broad overview of even very
shallow depth would greatly exceed the scope of this thesis. Because the chapters
of this thesis relate to several rather distinct sub-fields of quantum computing and

quantum sensing, this review focuses closely on aspects of the literature that are

10
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directly related to the work I present in this thesis.

2.1 Simulating quantum devices

With quantum computing currently in the limited state outlined in Section [1.2]
our study of quantum devices must currently be conducted using analytical tools
and classical computers. Since analytic study can be extremely challenging, and
typically requires simplifying assumptions that may not hold in practice, it is
critical to develop the capability to simulate quantum devices numerically on
classical computers. Even in the era of fully-fault-tolerant quantum computing,
classical simulation would still remain a valuable tool for developing, benchmarking
and validating quantum algorithms. Of particular value is the ability to ‘peek
under the hood’ of quantum dynamics, viewing individual quantum amplitudes,
inner products, probabilities, non-physical quantities, simultaneous measurements
of non-commuting observables, and other features that would not be practical to
access on a real quantum device (or would require many repeated circuit executions).
Furthermore, classical simulation allows one to explore regimes independent of the
physical realities of the quantum device, such as differing noise models, error rates,
and connectivity constraints. In this section, I briefly outline the aspects of classical
simulation that are relevant to the work presented in this thesis.

The most conceptually straightforward method of simulating a quantum device
is to directly simulate its state vector. An n-qubit pure state [i)) can be written
in some basis {|j)} as

n—1
W)= > ¢li). (2.1)

j=0
where the ¢; € C are the amplitudes of the state in this basis. By storing the
vector of 2" complex amplitudes J = [cg,...,Ccom_1]|T, one can evolve the state under
unitary transformations and track its dynamics. This approach, which I refer to
as ‘state-vector simulation’ throughout this thesis, is the most general method of
simulating a quantum device without noise. In the presence of noise (assumed

throughout this thesis to be representable as a completely-positive-trace-preserving
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map, or quantum channel), one may instead need to represent the full density
operator p of the system, which in the same basis may be written
an_127—1
p=2 D pikli) (Kl (2.2)
j=0 k=0
where the p;, are the elements of the density matrix. While one should be aware
of the difference between the abstract density operator on the Hilbert space and
its basis-dependent matrix representation, I will use the terms ‘density operator’
and ‘density matrix’ interchangeably throughout this thesis, as is common in the
literature, and it should be inferred from context which is relevant. It should
also be noted that some noisy quantum channels can be simulated using state-
vector methods and Monte Carlo sampling of unravellings of the quantum channel,
although this technique is not employed in this thesis. A great deal of work has
been done on optimizing state-vector and density-matrix simulation. With modern
software, one can easily leverage highly-optimized implementations with interfaces
in high-level languages, taking full advantage of modern computing facilities such
as distributed computing and GPU acceleration. Two such examples are the
QuEST library [103] and its QuESTIlink frontend for Mathematica [104], used in
Chapters , , and @ and TensorFlow Quantum [105], used in tandem with g-sim
in Chapter [5] For the purposes of this thesis, however, exact classical simulation of
quantum systems is merely a tool as well as a point of reference for the specialized
classical simulation methods of Chapter )] An excellent introduction to several
facets of exact classical simulation of quantum computers can be found in Ref. [106].
This approach to classical simulation is termed strong simulation — in contrast to
weak simulation, which computes limited properties such as samples or averages for
(possibly limited sets of) expectation values, strong simulation allows one to obtain
the full probability distributions for all possible measurement outcomes.
If we can simulate quantum computers exactly on classical computers, then why
bother building them at all? The answer, of course, lies in the exponential resources
required for exact state-vector or density-matrix simulation. For n qubits, the state

vector requires 2" complex amplitudes to be stored (2.1)), and the density matrix
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requires 22" complex amplitudes . Assuming double-precision floating-point
computer arithmetic (as is commonplace in most implementations), an n-qubit
state vector requires ~ 2" 2°GB of computer memory, while an n-qubit density
matrix requires ~ 22"~26GB[| Due to this exponential scaling, these exact methods
are considered to be ‘classically inefficient’: storing the state vector for a mere
30-qubit pure state would entirely saturate the memory of the device on which I
write this thesis, and by 52 qubits a pure state vector would exceed the memory
of the world’s (current) largest supercomputing cluster. In contrast, specialized
classical simulation methods may, under certain constraints or approximations, have
computational resource requirements scaling only polynomially in the system size.
These simulations are deemed ‘classically efficient’ or ‘scalable’, and are critical
for much of this thesis. In Figure 2.1 I compare the memory requirements for
a selection of methods discussed in this section.

A classic example is the case of stabilizer states, which can be efficiently simulated
on a classical computer (the Gottesman-Knill theorem [107,108]). One can efficiently
simulate the action of Clifford circuits on stabilizer states, since the n-qubit Clifford
group is the normalizer of the n-qubit Pauli group (i.e. conjugation of a Pauli string
by an element of the Clifford group yields another Pauli string). This formalism can
even be extended by doping the circuit with a small number of T" gates, although
the complexity will grow exponentially in the number of T" gates. Here the nature
of efficient classical simulation is clear: in order to obtain polynomial scaling,
constraints must be placed upon the quantum system, in this case the restriction
to stabilizer inputs and Clifford circuits.

Although classical simulation methods sometimes arise from gates forming
discrete structures (e.g. the Clifford group), there are efficient methods that arise
from continuous structures as well. For example, some systems have underlying

free-fermion mappings, allowing their continuous dynamics to be simplified in terms

!'Note that for state-vector simulation, when computing the action of local gates, one does
not need to represent the full 2 x 2" matrix for a unitary U, but instead can simply apply
O(2™) operations to the state vector [106]. Since most quantum algorithms are decomposed into
elementary gates, this typically allows simulation on the order of the Hilbert space dimension,
rather than that of the operators acting upon it.
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Figure 2.1: Computer memory requirements for various classical simulation
methods. I plot the memory requirements (assuming double-precision floating point
arithmetic) for a range of classical simulation schemes in gigabytes on a logarithmic
scale. Exact simulation with state vectors (solid blue) and density matrices (dotted blue)
requires resources exponential in n, making them not a scalable a approach. g-sim, the
method I develop in Chapter [5] is an exact method of weak simulation, and its actual
memory footprint for a particular benchmarking problem (outlined in Section scales
polynomially in n (orange). In contrast to the other methods depicted here, the system
state (classical representation) is a negligible contribution to the memory footprint, most
of which is comprised of algebra adjoint representations. MPS methods with capped bond
dimension y are an approximate simulation method, with memory footprint polynomial
in n and exponential in x. I plot the memory requirements for y = 16 (green dashed),
X = 256 (red dashed), and x = 4096 (purple dashed). Stabilizer-state simulation is an
exact simulation method, with memory footprint polynomial in n and exponential in the
number of T" gates. I plot the memory requirements for 0 (brown dotted), 10 (pink dotted),
and 20 (grey dotted) T gates, assuming a (4n? + 2n)-bit tableau [107] that doubles in size
with each T gate. Along the memory axis, I note a number of key reference points for
scale: the memory of a typical modern laptop (16GB), a single node of the Oxford ARC
facility (384GB), the total memory of all nodes in the Oxford ARC facility (117TB), the
total memory of the world’s most powerful supercomputer (48PB), and an estimate of
the total storage media capacity of the world (33ZB).
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of these mappings. These methods [109, 110], now typically known as fermionic
linear optics (FLO), and the very closely related methods for simulating matchgate
circuits [111], serve as another example of exact efficient classical simulation arising
from restricted sets of allowable transformations. Closely related — but still
distinct — is the work of Somma on classical simulation of quantum circuits via
the DLA |112, |113] using Wick’s theorem, which I generalize in Chapter [5| to
develop the g-sim framework. A deeper discussion of the nature of these methods
will be provided in Chapter [5

In addition to constraints on operations, measurements and initial states, one
may also be able to leverage approximations to obtain efficient classical simulation.
Depending on the method, these approximations may be controlled or uncontrolled.
The most popular class of approximate methods are tensor network methods, which
typically rewrite a quantum state as a contraction of tensors. Although in full
generality a tensor-contraction representation of a quantum state will have the
same complexity, under certain conditions the representation may allow for one
to selectively discard parts of the tensor network which are of lesser importance.
For example, in matrix-product state (MPS) methods, the state is written as
a contraction of tensors at each qubit site, and the ‘bond dimension’ x of the
indices joining these (in general exponential in n) may be constrained for states
with low entanglement. For weakly-entangled input states and log(n)-depth local
circuits, this can lead to efficient classical simulability. I provide a more detailed
introduction to MPS methods in Section [3.2.2] and introductory resources may
also be found in Refs. [114-116].

There is a continuing ‘arms race’ between quantum methods and advanced
classical simulations. As the size of real quantum computers now exceeds the
capabilities of state-vector simulation, it is crucial to obtain faithful, large-scale
classical simulation results to serve as a ground truth for comparison. This is not
only important for verification and benchmarking [117, [118], but scalable classical
simulations can also power auxiliary tools for quantum computing — for example,

to provide exact inputs for learning-based error mitigation strategies [119-122]. It
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has also typically been the case that claims of quantum advantage are challenged by
classical simulations. As I discussed in Section in the case of random sampling
experiments used to claim the earliest circuit-based quantum advantage, initial
claims of quantum advantage [65] were refuted by classical simulations [66, 67],
which themselves provided key benchmarks to shore up later quantum attempts |68,
69]. For practical problems, initial claims of quantum advantage by IBM on a
practical simulation problem [52] were rapidly refuted by classical simulations
achieving the same tasks |[70H7§|, and one can only assume that the duel does not
end there. It is not overly optimistic to say that classical and quantum methods
inspire, challenge and motivate each other: bold claims of experimental quantum
advantage invite challenge and provide a well-defined moving target for classical
simulation methods to defeat, while the most advanced classical simulations provide
benchmarks that experimentalists must cross to justify the ‘quantum-ness’ of their
attempts. As I summarized in Section [2.2.3] classical simulability also threatens
the entire field of variational computing via its link to trainability, a connection
which I explore in Chapter [5]

The interplay between classical and quantum methods is not merely limited to
rivalry and one-upmanship, however. It is not uncommon that this competition
leads to the emergence of quantum-inspired classical methods, which leverage
the insights of quantum algorithms to develop new classical algorithms (e.g. by
dequantization). These include dequantized algorithms for linear algebra and
machine learning [123-126], MPS approaches to the classical Fourier transform based
on the QFT [127], and a range of other machine learning tasks [128]. Interpolating
between classical machine learning and QML, it is now also understood that
classical machine learning algorithms equipped with data from quantum computers
can outperform their purely classical counterparts [129-133], and it is currently
suspected that efficient classical simulations of quantum algorithms will play a key
role in this capability [134} 135] due to the alignment of their quantum-mechanical
structure and the quantum sources of data. Far less common, but still extant, are

classical-inspired quantum methods, where an efficient classical simulation technique
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is used as the basis for an improved quantum algorithm. One such example is the
recent work by Somma et al. on ‘shadow Hamiltonian simulation’ [136], which
utilizes a simulation algorithm similar to the classical framework of g-sim (Chapter[5)),
but with amplitudes stored in the register of a QPU.

In summary, classical simulations of quantum computers are not merely a useful
tool for developing quantum algorithms, but a friendly adversary in the race for
quantum advantage, a source of inspiration for new classical and quantum algorithms,

and a key component in understanding the boundaries of ‘quantum-ness’

2.2 Variational quantum algorithms

2.2.1 Methods

Variational techniques have been a popular tool in studying quantum systems
since well before the conception of quantum computers. With the variational
method, one seeks to approximate the ground state of some Hamiltonian H by
optimizing parameters in a trial state |¢(c)), where a € RY is a set of variational
parameters. One typically attempts to find a parameter configuration a, that
minimizes the Hamiltonian expectation value

. — arg i (@) H [1(00)
TR e (e)

which provides an upper bound on the ground state energy of H by the variational

(2.3)

theorem. For small problems, it may be possible to compute a, analytically,
but otherwise one typically resorts to numerical optimization techniques. If the
ansatz is sufficiently capable of representing the ground state (for example, by
building phenomenological insight into its functional form), then the optimized
upper bound may be reasonably tight, and therefore the method may yield a good
approximation to the true ground state.

These principles can be translated to a quantum computer, leading to the
extremely popular field of variational quantum algorithms (VQAs), reviews of
which can be found in Refs. [79} [135, [137]. As I outline in Section [2.4.1] ground

state preparation on a fault-tolerant device can be achieved via QPE [20, 21].



2. Background 18

Unfortunately, this requires deep circuits and many high-fidelity controlled oper-
ations, placing practical implementation well beyond the reach of current flawed
quantum devices. In an attempt to develop an approximate alternative, Peruzzo et
al. proposed the variational quantum eigensolver (VQE) |138], a hybrid quantum-
classical implementation of the variational method. In this scheme, one employs a
parametrized quantum circuit (PQC) U(0) = Ux(0y) ... Uy(01) (known as an ansatz
throughout this thesis) to prepare a trial state [1)(0)) = U(0)|0) on a QPU, where
|0) is some (normalized) fiducial input state (usually the n-qubit computational zero
state [0)*™). Here, the @ = (fy,...,0y) are a set of real-valued classical parameters
that can be optimized over. Throughout this thesis, I will restrict my attention to
fixed ansatz structures with rotation gates U;(6;) = exp(—i6,G;) for some Hermitian
generator G, although non-parametrized gates and adaptive ansatze are also
possible [139-142]. Even though the Hilbert space will be exponentially large in the
system size n, and thus expectation values will not be classically tractable in general,
one can compute Hamiltonian expectation values £(0) = (0| UT(8)HU(0)|0) on
a quantum computer. One may then use a classical optimization algorithm to

minimize £(0) with respect to 6, attempting to find
0. = argmin £(0). (2.4)
0

This forms a hybrid quantum-classical loop, whereby a QPU is used to evaluate
the objective function £(0), and these quantum evaluations are fed to a classical
optimization algorithm on a classical coprocessor at each iterative step to find new
parameters 0 that will decrease the objective function, informing the next values of
0 used to query the QPU for £(0). Crucially, individual evaluations of £(0) (and
even its gradient [143-145]) merely require preparation and measurement of U(6),
rather than the deep, error-sensitive circuits required for QPE. Furthermore, the
state of the hybrid algorithm is stored entirely in classical parameters 6, allowing
progress towards the ground state to be ‘saved’ in spite of the poor coherence
times of NISQ devices. As I describe in Section [2.2.2] this is a versatile tool that

can be used as a building block for a variety of applications beyond ground-state



2. Background 19

(a) Parametrized quantum circuit

o
v
it
®
=

Update il Measure
parameters observables

+ : %5 %if% ]

‘ 2 \(—

(d) Classical optimization  (c) Loss landscape

.
A\

o
Ny

£(6) Y
<€ £(0) =3 [, (T[p(0)0;))

J
(b) Loss function

Classical co-processing

Figure 2.2: Schematic depiction of a variational quantum algorithm. This
graphic depicts the typical features of a variational quantum algorithm. (a) A quantum
circuit with classical parameters 6;, depicted here as tunable dials, is used as the core
of the porcedure and repeatedly evaluated at different parameter values. (b) Measuring
observables in the state prepared by the ansatz allows one to construct a scalar loss
function £(0). (c) The scalar loss function £(6) forms an optimization landscape, which
can in general be highly nontrivial and must be navigated with iterative numerical methods.
(d) Using a classical optimizer, one can determine the next set of parameters with which
to execute the circuit, aiming to reduce the loss £(8).

preparation, and has been a basis for a majority of proposals for advantage with
NISQ systems. In Figure [2.2] T depict the essential features of a VQA.

While one can optimize a VQA with any black-box classical optimization
algorithm for multivariate scalar functions, there are a range of specialized methods
that can further enhance this. This simplest approach is, of course, to feed £(8)
to a gradient-free or gradient-based classical optimizer. However,
leveraging the quantum-mechanical structure of the problem can prove advantageous.

For example, one can use variational methods to approximate imaginary-time
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evolution [146], which drives the state towards the ground state of the evolving
Hamiltonian (outlined in depth in Section . Ultimately, this is essentially
transformation of the optimization landscape to a more ‘natural’ form, and is
essentially equivalent to a quantum generalization [147, [148] of a method from
classical machine learning known as natural gradient [149]. Another problem-inspired
approach is to leverage the local trigonometric polynomial form of typical VQA loss
functions [150, [151], determining a locally valid approximation to the landscape
through which the optimizer can classically ‘jump’. A particularly relevant approach
to this thesis (leveraged in Chapter [4)) is the CoVaR method |152], which exploits the
fact that covariances (OH)—(O)(H) for arbitrary observables O vanish in eigenstates
of the Hamiltonian H. By using classical shadows (outlined in Section [2.5) to
efficiently estimate a large number of constraints, and using Levenberg-Marquadt
optimization to search for their shared roots, this method is particularly performant
for shot-frugal VQA optimization when initialized near an eigenstate.

Early excitement surrounding VQAs was grounded in the intuition that some
of the computational ‘hardness’ might be offloaded from the QPU to the classical
coprocessor, while still retaining the power of evaluating objective functions in the
exponentially large Hilbert space. Assuming that the variational ansatz is sufficiently
expressive to contain a good solution, and the classical optimization algorithm
succeeds in finding it, one might expect that a VQA would prove useful. However,
there is trouble in paradise — not only are these two very generous assumptions, but
they are in fact often directly at odds with one another. As I detail in Section [2.2.3]
recent work by the community — including my own work outlined in Chapter |5 —

has revealed the looming spectre of limitations that appear to be fundamental.

2.2.2 Applications

The volume of proposed applications of VQAs is truly vast; I do not give a
comprehensive list here, but instead provide a brief overview of some of those most
relevant to this thesis or popular in the literature. More comprehensive overviews

can be found in relevant review papers [79,|137]. In addition to ground states via
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VQE [138], VQAs have been proposed to study excitations in quantum systems.
These include the approximation of excited states |152-160] and the calculation
of Green’s functions [161-165]; I discuss these in more detail in Section
as they are relevant background for Chapters [3] and [4 There have also been a
range of proposals for using VQAs to solve linear algebra problems, including
matrix-vector multiplication [166| |167] and solving linear systems [166/169] (i.c.
a variational alternative to the HHL algorithm). In quantum sensing, variational
techniques have been constructed to prepare the best possible probe state and
measurement protocol [170-181].

A particularly popular variational technique is the quantum approximate opti-
mization algorithm (QAOA) |23], which is a variational algorithm for the solution
of combinatorial optimization problems. In essence, the method encodes the
combinatorial optimization problem as a Hamiltonian whose ground state encodes
the solution, and then uses VQE-like techniques to approximate this ground state.
A recent (and much more comprehensive) review of QAOA can be found in [24];
here I describe the method in brief, as applied to its most popular target problem,
the maximum cut (MaxCut) problem. Given a graph G with edges £ and vertices
V', the maximum cut (MaxCut) problem is to find a partition of V into two sets
S and T' that maximizes the number of edges e € I/ having endpoints in both S
and 7. Encoding a partition as a bitstring z € {0, 1}, its fitness for the MaxCut

problem can be quantified by the approximation ratio r defined as

C(z)

argmax, C(z)’

Clz)= Y zn(l—2). (2.5)

(m,l)eE

r(z) =

For general graph problems, finding an exact MaxCut solution is known to be
NP-hard [182]. However, the Goemans-Williamson (GW) algorithm [183] allows
one to efficiently find an approximation with a ratio of at least rqw ~ 0.878. To
obtain quantum advantage with QAOA, one must at least outperform this threshold.
QAOA recasts a MaxCut problem as a VQE problem, where the goal is to find

the ground state of the phase Hamiltonian

Ho=5 Y (ooi — 1) (26)

(m,\)eE
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that depends on the underlying graph G. To prepare such a ground state, one

applies a circuit
p . .
U(B,7) = [] e mtve-mila, (2.7)
m=1

where Hy, = Y7, 07 is the miring Hamiltonian, applied to an initial state |-+) ",
By optimizing the variational parameters (8 and «) to minimize the expectation
value (+|*" U (B,~v)HpU(B,7)|+)*" and measuring the resulting state in the
computational basis, one may construct approximate solutions to MaxCut. In
correspondence to Equation the approximation ratio of the solution generated
by QAOA is defined as

(T U B ) HaU(B,7) |[4)"
r(B7) = (Vas] o [s) 7 (28)

where |1gs) is the ground state of the Hamiltonian Hg. Although optimal
parameters can be identified for p = 1 [184], optimizing them for larger depth
(where improved solutions can be found) remains a challenge. Indeed, several
works show that general problem instances are likely to experience unfavorable
optimization landscapes in the absence of any special underlying structure [185,
186]. There is therefore a compelling need to find better initialization strategies
for deep-circuit QAOA, which I address in Chapter [5

Two closely related applications are also important for this thesis: dynamics of
quantum systems, and unitary synthesis / quantum compilation. Novel approaches
to, and applications of, both are found in Chapters [3] [ and [0} Simulating the
time evolution of quantum systems is a very high-value problem. A range of
methods have been proposed for this, including those based upon McLachlan’s
variational principle [29, 187], recompiling Trotter steps [188-193|, variational fast-
forwarding [188) 194], and learning-based techniques [192]. These approaches are not
limited to unitary dynamics, and variants of these methods targeting Lindbladian
evolution of open quantum systems have been proposed [167]. While this is typically
for a fixed input state, a more general problem is that of unitary synthesis, wherein

one attempts to find a circuit approximating some target unitary V' (in the case
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of dynamics, the time-evolution operator V = e /). Variational techniques for
unitary synthesis [142} 1955197 typically involve a Hilbert-Schmidt test, by which

one seeks to minimize the loss function

Lust(U(8),V) = 1 — d12| Te(UH (V)2 (2.9)

thus ensuring that the ansatz U(@) is close to the target unitary V' (up to a possible
global phase). Of particular note is the learning-based approach of Caro et al. [197],
who prove results relating to out-of-distribution generalization for learning unknown
unitaries. Notably, these results allow one to learn the action of a unitary on a broad
class of entangled states having trained on a training set of just product states.

At this point, I note an important distinction. Learning-based techniques using
quantum computers, broadly known as quantum machine learning (QML), often
(but do not always) use VQA methods as their backbone. As this thesis is not
concerned with non-variational QML methods, I refer to VQAs and QML somewhat
interchangeably throughout. Nonetheless, it is important to note that non-QML
VQAs (e.g. VQE [138]) are problem-focused, typically aiming to solve a defined
problem and utilizing fixed input states, whereas QML problems are data-focused,
typically aiming to learn some property from a training dataset (and possibly
generalizing this property to unseen test data). While a full accounting of variational
QML applications is beyond the scope of this thesis, notable applications include
autoencoders |198-200], generative models [201-204], and supervised learning [143,
205/-207|, the latter of which I explore further in Chapter . More complete reviews
can be found in Refs. [208-210).

2.2.3 Barren plateaus, trainability, and simulability

The early study of VQAs was fuelled by an unchecked optimism, which was then
tempered by the discovery of the barren plateau phenomenon. A comprehensive
modern review of the topic can be found in Ref. [135], but I nonetheless provide an
overview here. Early attempts at VQAs typically used random circuits, since they

are simple, can be constructed in a hardware-efficient manner, and were heuristically
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expected to have good expressibility. McClean et al. observed that for a wide class
of reasonable random ansatz circuits, the gradient of the loss function vanishes
exponentially on average in the system size, attributing to the approximate unitary
2-design characteristic of these random circuits [211]. For the purposes of this thesis,

this is captured formally in the following definition.

Definition 1 (Barren plateau). Consider a VQA constructed from a PQC U(0),
and a training set S consisting of initial state and measurement operator pairs

(p;, O;). Let the loss function L£(0) be defined as

LO)=1c > ¢Te|[U®O)UN(6)0;]. (2.10)
S| (pj,05)€S
The VQA is said to exhibit a barren plateau if for all 8, € 0, the variance of the

gradient of its loss function vanishes exponentially in system size n, i.e.
Varg[0,L£(0)] < O(b™) (2.11)

for some constant b > 1, and where the subscript indicates that the variance is taken

with respect to 6.

Since observables in quantum computers are measured statistically by repeated
sampling, this exponentially-flat loss landscape structure means that gradient-based
optimization methods require exponentially many circuit repetitions. In modern
parlance, these circuits are therefore said to be untrainable, since the exponential
scaling of required circuit repetitions precludes efficient scaling of the method
(that is, estimating an observable to precision ¢ requires O(1/¢?) shots, and the
observables in question vanish at an exponential rate).

Further investigation into the barren plateau phenomenon quickly revealed
that it is not limited to random circuits. Until recently, the causes of barren
plateaus were attributed to a ‘zoo’ of distinct phenomena. Barren plateaus were
independently attributed to circuit expressivity [212, 213| (that is, the relative
proportion of accessible states in Hilbert space), entanglement [214-216], globality

of cost functions [217], hardware noise [218], and choice of target problem [219].
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In each of these cases, there was seemingly little commonality between the causes
of barren plateaus, and it was unclear whether this ‘zoo’ of phenomena could be
unified in a single framework. Today, the picture is mostly unified, but many
ingredients are needed to compose the full story.

One such ingredient is the connection between barren plateaus and other
landscape features. While a barren plateau consists of a loss landscape that is
exponentially flat on average, a narrow gorge is an exponentially-narrow well around
a minimum in a VQA optimization landscape [217]. These phenomena concern
the gradients of loss functions — as for the loss functions themselves, another
relevant feature is cost concentration, where the loss function itself is concentrated
around the mean value. It was shown in Ref. [220] that these three features are
equivalentﬂ Consequently, barren plateaus can be diagnosed by considering loss
function differences, which is mathematically substantially easier than gradient
variances . A closely related unfortunate realization is that one cannot
circumvent the problem of vanishing gradients by using gradient-free optimizers [221],
since these optimizers will still require exponentially many circuit repetitions to
choose a viable search direction. Furthermore, the links between barren plateaus
and exponential loss concentration also connects this to analogous phenomena
in quantum kernel methods [222].

Major progress in understanding the barren plateau phenomenon was achieved
with the realization that it is intimately connected to quantum optimal control
theory [213] 223, 224], wherein one seeks to optimize the dynamics of a quantum
system by applying time-dependent controls. The dynamical Lie group (DLG) G of
a Hamiltonian with time-dependent controls (or equivalently in this case, a PQC
U(0)) is the set of all unitaries that can be realized by such a system. A formal
introduction to these tools is given in Chapter[5] but for now it suffices to think of the

dynamical Lie algebra (DLA) g as the vector space formed by a set of anti-Hermitian

2Tt should be noted that Definition [1| is the standard definition that has appeared throughout
most of the literature, and allows for well-behaved deviations from exponential flatness like
narrow gorges. However, more recently Definition [T has been known as a ‘probabilistic’ barren
plateau [135], in contrast to deterministic barren plateaus induced by noise [218], which truly
flatten the entire landscape. The distinction is important, but not relevant to this thesis.
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generators for G. The DLA dimension dim(g) effectively quantifies the expressivity
of a PQC — a low dim(g) means a smaller manifold of unitaries realizable by U(8),
whereas a full-rank DLA with dim(g) = 2*"~! (i.e. g = su(2")) indicates that the
PQC can realize any unitary on the n-qubit Hilbert space. These tools originate
from quantum optimal control theory, and are invaluable in the study of VQAs.
Miscellaneous applications of the DLA in VQAs include overparametrization [225],
quantifying the privacy of QML models [226], and classical simulation (Chapter [5)).
Crucially for the understanding of barren plateaus, Larocca et al. conjectured
that expressibility-induced barren plateaus are a consequence of the DLA being
‘too large’ [213]: very expressive anséitze have a large DLA dimension dim(g),
to which the gradient variance can be directly connected. Indeed, ansatze with
dim(g) € poly(n) are provably free of barren plateaus [227, 228] (unless induced
by other factors, such as noise [218] or global cost functions [217]); meaning that
circuits with certain highly-symmetric structures, such as matchgates [111] and
permutation-equivariant circuits [229], can be efficiently trained. More recently,
two papers submitted days apart [227, 228] (mostly) unified the zoo of barren
plateau phenomena in terms of the DLA, showing that it alone can account for
barren plateaus induced by circuit expressivity, entangled input states, global cost
functions, and some types of noise. This showcases the primacy of the DLA as a
tool for studying VQAs and QML, which I will use extensively in Chapter [5 of this
thesis. Further generalizations are underway — recently, some of these results were
extended to ansatze for which the Lie-algebraic framework is less apropriate using
a framework based on Jordan algebras [230], and generalized notions of globality
have yielded more nuanced insights [231].

A variety of other architectures that are provably barren-plateau-free have also
been identified. These include shallow hardware efficient ansétze [217], quantum
convolutional neural networks [232], U(1)-equivariant systems [233], some quantum
generative models [234} |235], and circuits with small-angle initializations [236{238].
It is important to question the extent to which the constraints of these problem

structures limit their prospects of a quantum advantage. At the end of Section [2.2.1]
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I hinted that expressivity and trainability of VQAs were at odds with one another,
which becomes clear in the Lie-algebraic context of expressibility-induced barren
plateaus: to achieve a quantum advantage one simultaneously desires a low dim(g)
for trainability, but a high dim(g) for circuit expressivity. This was an early clue that
barren plateaus could be understood as a ‘curse of dimensionality’, the implications
of which go far deeper than a mere expressibility-trainability tradeoff. Supposing a
loss function of the form in Equation the terms evaluated on the quantum
processor are of the form Tr [U (0)pU T(0)0} for some input state p and observable O.
These may therefore be written as a Hilbert-Schmidt inner product (p(0), O), where
p(0) = U(0)pUT(0) is the ansatz-evolved state. As explained in Ref [135], optimizing
the loss function is then equivalent to trying to anti-align two exponentially large
vectors via their inner product, which is inherently troublesome as this will on
average be exponentially small and concentrated, yielding a barren plateau. Barren
plateaus are then typically provably absent when some special structure leads to
more careful alignment between p(8) and O, such as a low-expressivity U (@) limiting
movement in Hilbert space (small dim(g)), and not-too-entangled input states and
local observables leading the inner product to depend on some effective subspace,
preventing it from being drowned out by the exponential Hilbert space dimension.

Worryingly, this seems at odds with the motivation for VQAs in the first place:
carefully constraining the problem to avoid exploring large portions of Hilbert
space or high entanglement would intuitively seem to drain it of the non-trivial
‘quantum-ness’ that one hoped to exploit in the first place. Such problems of
restricted structure are often efficiently simulable on a classical computer, negating
any prospect of quantum advantage. This hints at a deeper connection between
trainability and classical simulability of VQAs, which was more carefully outlined by
Cerezo et al. in Ref. [134], leading to a dramatic shift in how the community thinks
about VQAs. While it has not yet been proven that trainability and simulability
are equivalent in general, it has been observed that not only is every known barren-
plateau-free architecture classically simulable, but also that in each of these cases, the

method of classical simulation is related to the same mathematical tools used to prove
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the absence of barren plateaus. For example, quantum convolutional neural networks
can be proven barren-plateau-free using a tensor-network formalism [232], and can
be classically simulated using tensor-network methods |134} 239]. Another example
observed by Ref. [134] was my own work presented in this thesis: circuits with low
expressivity can be proven barren-plateau-free using Lie-algebraic methods [213],
and in Chapter [5| I use these same methods to develop a simulation method that is
efficient on a classical computer for these circuits. The link between trainability
and simulability is arguably the most pressing issue in VQAs — should it prove
absolute, this would necessitate an orthogonal approach. In the meantime, while
barren plateaus may never be fully eliminated, a range of techniques are being

explored to mitigate their effects [240].

2.2.4 Trainability beyond barren plateaus

The literature on trainability of VQAs has been predominantly focused on barren
plateaus, and with good reason: if one cannot even obtain the gradients or loss
differences efficiently in the first place, then the question of how to effectively use
them for classical optimization is moot. Nonetheless, even if one can defeat barren
plateaus and efficiently compute gradients, this leaves a host of other issues to
be addressed in VQA trainability. In essence, barren plateaus are the dominant
difficulties for the QPU when training a VQA, but there are also challenges for
the classical coprocessor which I address here. Classical optimization tasks can
be extremely difficult, and the classical component of VQAs are no exception
— indeed, training VQAs is in general NP-hard [241]. In practice, the issue is
that VQA optimization landscapes can be plagued with many poor-quality local
minima [242-244]. The complicated nature of iterative optimization algorithms
makes analytic study extremely challenging, and thus when compared with the
barren plateau problem, far less is known about this side of trainability [135].
Nonetheless, it is known that some conditions lead to favourable optimization
landscapes. To this end, a particularly desirable phenomenon is overparametrization.

In classical machine learning, overparametrization is a phenomenon arising when



2. Background 29

using a neural network with a capacity larger than necessary to represent the distribu-
tion of the training data. Although one may naively expect this to lead to overfitting
and optimization challenges, it can lead to improved performance [245-247| and
even provable convergence [248] 249|. Larocca et al. generalized this to VQAs (and
by extension variational QML) in Ref. [225], showing that overparametrization of a
VQA is provably attained when one has N, > M, parameters, where M, < dim(g)
is a threshold that depends on the DLA dimension of the PQC. This proof relies
upon the same Lie-algebraic tools mentioned in the previous for the study of barren
plateaus 213} 227, 228|, which I also leverage for classical simulation in Chapter .
When a VQA crosses the overparametrization threshold M., spurious local minima
disappear (e.g. they become saddle points which can be escaped from), leading
to assurances of optimizability. I utilize this phenomenon throughout Chapter [5]
and analyze it in Section [5.4.1] at previously unattained system sizes beyond the
reach of state-vector simulation methods.

Another appealing avenue for improving trainability is the use of pre-training,
also known as a warm start. Although the optimization landscape of a VQA may
be a perilous field of poor-quality local minima overall, there is some hope that
with the right heuristic, one may be able to initialize the optimization close to a
good minimum and find it even if there was little hope of doing so from a random
initialization. Furthermore, pre-training can potentially mitigate barren plateaus
— although the landscape may be exponentially flat on average, one may be able
to initialize sufficiently close to a narrow gorge [220] to obtain sufficiently large
gradients. While this mitigation of barren plateaus is a trait shared with some
small-parameter initialization strategies 236238} 250], in those cases it is typically
unlikely that a good minimum will be found near the initialization point. In contrast,
when successful, pre-training can be advantageous for both aspects of trainability
(barren plateaus and successfully navigating the optimization landscape). A broad
range of pre-training strategies have been trialled, with many showing early promise
in numerical simulations [207} [251-262]; in Chapter I utilize my ‘g-sim’ framework

to develop new pre-training strategies for VQE and QAOA.
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Understanding pre-training is of particular relevance for variational quantum
dynamics. When one initializes the ansatz close to the identity and seeks to recompile
small dynamical steps one at a time (as is the case in Refs. [189-191] and Chapter [4)),
the optimization is effectively warm-started. Provided the timestep At is sufficiently
small, the initial evolution step will be close to the identity (near which the ansatz
is initialized), and provided that the previous step was well-optimized, the total
time-evolution unitary at the next step will be close to the ansatz. In Ref [263], Puig
et al. identify key caveats in this approach: while one can construct conditions under
which the optimization is guaranteed to find the adiabatic minimum, it is possible
for the true minimum to ‘jump’ from the adiabatic minimum between timesteps.
In some cases, a ‘fertile valley’ in optimization space connects the two, allowing
the variational approximation to continue to track the dynamics accurately (to the
best of its expressive power). It is currently poorly understood what conditions
are needed for this, leaving open the question of whether variational dynamics can

be used to obtain some degree of quantum advantage.

2.3 Quantum error mitigation

To squeeze maximal value out of NISQ devices, it is prudent not only to design
compatible algorithms, but to also attempt to reduce the impact of inherent flaws
in these devices. Of course, the ideal way to do so would be via QEC, but even
the most advanced experimental demonstrations of QEC are not sufficient for
practical computations [53} 5, 5862, [264] — QEC is extremely daunting, requiring
low base hardware error rates, fast and numerous mid-circuit measurements, real-
time classical decoding, and a host of other challenges. Clearly, in the NISQ era,
less demanding alternative strategies are required. A weaker, but profoundly more
permissive alternative is quantum error mitigation, wherein one attempts to mitigate
the impact of errors by post-processing measurement outcomes of an ensemble of
circuit runs at the same (or higher) noise level inherent to the platform, rather than
trying to directly reduce the error rate itself. In contrast to QEC, error mitigation

does not improve the quantum coherence of individual quantum states or circuit
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runs, but rather combines an ensemble of noisy outputs in a way that reduces the
impact of noise on the final result. A comprehensive recent review of quantum error
mitigation going well beyond the treatment of this section can be found in Ref. [265].

The earliest quantum error mitigation technique, and most relevant to this
thesis, is zero-noise extrapolation (ZNE) [29, 266]. While reducing the fault
rate A of a quantum circuit requires either QEC or engineering improvements,
it is often straightforward to increase the fault rate. This could be by repeating
idempotent gates such that noisy resolutions of the identity are inserted (e.g.
composing three noisy CNOTs is equivalent to one noisy CNOT with triple the
fault rate), known as unitary folding [267], or by hardware-specific manipulations
like pulse stretching [268]. In any case, taking A\ to be the base fault rate of the
hardware, by measuring an observable Tr[Op,| (where the subscript in p, indicates
the dependence of the quantum register’s state on the fault rate) at a range of
boosted fault rates A\ > )y and extrapolating the resulting curve to A = 0, one can
obtain an estimate of the noiseless observable Tr[Opg|. There is some flexibility
in the choice of extrapolation technique — simply fitting an exponential curve
can prove particularly effective for Markovian noise [269, 270], while Richardson
extrapolation has been shown to more accurately estimate the noiseless value
when the noise and system size are small [266], can be applied independently of
the underlying noise model, and has provably optimal node spacings [270] that
minimize the number of needed hyperparameters. For the latter reasons, I restrict
my attention to Richardson extrapolation in this thesis.

Another popular error mitigation technique is probabilistic error cancellation
(PEC) |266, 271} 272]. In PEC, one notes that a noiseless expectation value can be
written as a linear combination of noisy expectation values, where the coefficients are
determined by tomography [271] or by a learning-based approach [272]. Remarkably,
this enables one to fully cancel out the noise-induced bias, albeit at the significant
expense of a sampling overhead that grows exponentially in the circuit fault rate
A. The two methods discussed thus far neatly illustrate the difference between

passive and active error mitigation techniques — while passive techniques such
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as ZNE rely entirely on postprocessing, active techniques like PEC apply more
invasive techniques like alterations to the circuit across repetitions or simultaneous
use of multiple state copies.

Beyond these demonstrative examples, numerous other error mitigation tech-
niques have arisen in the literature. One can exploit known constraints on the state,
such as symmetries [273] 274] — while this bears some similarity to the checks used
to construct QEC syndromes (e.g. parity checks), it is a less demanding protocol
as it requires only post-hoc detection of errors, omitting their contribution rather
than correcting them and retaining that circuit execution’s contribution to the
final result. Most quantum algorithms target the preparation of a pure state, and
by exploiting purity constraints one can also mitigate errors, a practice known as
virtual distillation [275] or error suprression by derangement [276]. In eigenstate
preparation problems, one can combine multiple solution attempts via a technique
known as subspace expansion [277, [278], whereby one constructs a low-dimensional
subspace spanned by approximate solutions, which can be diagonalized to identify
superior solutions consisting of linear combinations of the approximate ones. Finally,
learning-based error mitigation techniques use classical machine learning techniques
to attempt to learn the inverse map between noisy and ideal circuits [119-122], where
the training data consists of measurements from the target device and their noiseless
counterparts, typically computed using efficient classical simulation methods (see
Section [2.1)). Quantum error mitigation is a diverse field, and I again refer the
interested reader to the treatment of Ref. [265] for a complete review.

A common feature of all error mitigation techniques is the overhead of additional
resource requirements, typically circuit repetitions (shots). Consider an N-shot
estimator Oy of some expectation value O. The overall faithfulness of this estimator

is typically quantified via the mean-squared error (MSE)

MSE[Oy] =E Oy — 0)’] =E [0y - O] +E[0}] ~E[0n]",  (212)

(Bias[On])2 Var[On]
where the bias quantifies the systematic error of the estimator, and the variance

quantifies the random error (i.e. the spread of possible predictions). At a fixed
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Figure 2.3: Bias-variance tradeoff in quantum error mitigation. A cartoon
depiction of the bias-variance tradeoff in quantum error mitigation. The unmitigated
estimator (blue) has comparatively low variance, leading to a narrower distribution than
the error-mitigated estimator (orange). However, at the cost of larger variance, the
error-mitigated estimator has reduced (but not eliminated) bias, being closer to the true
value (red). Such an alteration to the estimator may in principle increase, decrease, or
leave unchanged the MSE; ascertaining this in a sensing context is part of the goal of
Chapter @

shot budget N, using an error-mitigated estimator typically reduces the bias at
the cost of increasing the variance, the so called bias-variance tradeoff of quantum
error mitigation. This is depicted in Figure 2.3 and its relevance to quantum
sensing is the subject of Chapter [0}

One must also take care when claiming quantum advantage from error-mitigated
computations. Not only does error mitigation come with unfavourable repitition
overheads (e.g. the exponential measurement overheads of PEC) that can negate
asymptotic improvements in runtime, but the presence of noise itself can lead to
classical simulability. In addition to the classical simulation techniques discussed
in Section [2.1| some approximate simulation techniques are classically efficient
for sufficiently noisy circuits [279] — for example, schemes can be devised that
exploit the tendency of noise to strongly suppress non-local correlations. Indeed, it
has been noted that any circuit for which error mitigation scales efficiently with

the amount of noise must also be classically simulable [280]. At least one of the
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aforementioned classical simulations of IBM’s ‘quantum utility’ experiment [52]
exploited properties of the noise to achieve efficient simulation [76].

Although error mitigation usually appears in a quantum computing context, its
relevance to this thesis is mostly in the context of quantum sensing. Since noise
is as much of an affliction for quantum sensing as it is for quantum computing,
why not port the tools used to compensate for the flaws of NISQ computers to
noisy quantum sensors? This is a comparatively under-explored avenue of research.
While there has been work suggesting some potential for active error mitigation
techniques in quantum sensing [281-284], there has been no such evidence in
favour of passive techniques, and in fact slight evidence to the contrary [285].
Chapter [0] is dedicated to resolving this gap in the literature, contrasting ZNE
to learning-based inference techniques [286] to critically assess the potential of

error mitigation in quantum sensing.

2.4 Calculating spectral properties of Hamilto-
nians

2.4.1 Quantum phase estimation

Perhaps the most promising application of quantum computers is the study of
quantum systems. As we learn early in our study of quantum mechanics, the
most important properties of a quantum system are encoded in the eigenstates
and eigenvalues of its Hamiltonian. A vast range of methods have been developed
to leverage quantum computers in computing these, either directly or indirectly.
The most fundamental method, to which all others must be compared, is the
QPE algorithm |16} |18]. Given an eigenstate [¢)) of a unitary operator U with
eigenvalue e? such that H [1)) = € [¢), QPE allows one to estimate 6 to precision
e using O(1/e) queries to U. This is accomplished via the circuit in Figure [2.4]
whereby one resolves the eigenphase of the n-qubit system (lower subregister) to
B bits of estimation precision (upper subregister). Following the application of
Hadamard gates to the estimation subregister, the composite system’s state is

0) = |[¢) ® 212,26 Y1b) /v/2B, where |b) indicates the computational basis state
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Figure 2.4: Standard circuit for quantum phase estimation (QPE). Controlled-
time-evolution operations imprint phases corresponding to each of B bits of binary
precision in the estimation subregister, each corresponding to a binary digit of the desired
eigenphase. An inverse QFT on the estimation subregister then transforms these imprinted
phases to the actual binary representation of the eigenphase in the computational basis,
which can then be directly measured.

corresponding to the binary bitstring of the integer b. Now, applying a controlled-
U?" gate to the system subregister (controlled on the m-th qubit) for each qubit
m in the estimation subregister, each bitstring in the superposition accumulates

a phase proportional to its place value, yielding

¢2_B Z (e ) @ b)) . (2.13)

If one then applies an inverse QFT, clearly from the form of Equation this
results in the state |U) = [¢) @ |#), where |#) is the binary representation of 6 to
B bits of precision. Measuring the estimation subregister in the computational
basis then yields the binary representation of 6 to precision B — if # is not exactly
representable to B bits of precision, as is usually the case, then this may be a
superposition with highest weight in the closest rounded value.

It should be noted immediately that QPE is not a practical algorithm in the
NISQ era, since the operation of the controlled-U?" gates require deep circuits (with
a depth growing exponentially in the bits of precision B). Nonetheless, it remains an
appealing target in the pursuit of fully-fault-tolerant quantum computing, and forms
a fundamental building block for many other quantum algorithms. In particular,

consider relaxing the assumption that the input state |¢) is an eigenstate of U, and
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is instead a general state [1)) = >, ¢; [¢;) where |1);) are the eigenstates of U. By
linearity, the QPE algorithm will yield the superposition Y, ¢; [¢;)®16;), where §; are
the eigenphases of the |1);), and measuring the estimation subregister will yield the
eigenphase 0, with probability |c;|?. Furthermore, upon measurement, the system
subregister will collapse to the corresponding eigenstate |t);.), allowing one to prepare
the system in the eigenstate corresponding to the measured eigenphase. Given
some Hamiltonian H, QPE can therefore be used to estimate the eigenphases of H
and prepare the corresponding eigenstates [20, 21| by applying quantum simulation
—iHt

algorithms to implement the necessary controlled-e gates, since H and its

time-evolution unitaries e *#* share the same eigenstates. In addition to modelling
physical systems, this can be used to solve a variety of optimization problems that
can be encoded in synthetic Hamiltonians [22-24] (modulo the below restrictions).

The ability to prepare an eigenstate |1;) assumes an initial state |1) that has
a strong overlap with |¢;). As I discuss in Chapter [3| one might attempt to
realize this with adiabatic state preparation [21], system-related approximations
(such as Hartree-Fock states in quantum chemistry), or variational approximations.
Nonetheless, obtaining good initial states is a challenging task in general which
can bottleneck even fault-tolerant protocols [287], which is a consequence of the
exponential hardness of finding ground states of general Hamiltonians, even with
quantum resources [288]. Good initial state overlap is critical to the shadow

spectroscopy techniques I present in Chapter |3 though not to the methods for

computing the density of states I develop in Chapter [

2.4.2 Variants of phase estimation

Studying the spectral properties of Hamiltonians is one of the most desired applica-
tions of quantum computing — numerous methods exist, and I will not attempt to
cover them all. Nonetheless, I will outline some of the more relevant examples. QPE
requires very deep circuits, but very few measurements (i.e. few circuit repetitions).

One can vary this tradeoff — in the simplest case, a Hadamard test can determine
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eigenphases with shallower circuits, but instead with the constraint of being shot-
noise-limited (i.e. requiring O(1/€*) samples to get an estimate to precision e,
as opposed to just O(1/e) queries to U for QPE). Interpolating between these
extremes, one could also estimate each binary bit of the eigenphase separately,
starting from the least significant bit, using a method known as iterative phase
estimation [289]. Other variants of phase estimation have differences including
randomized measurements [290], Bayesian approaches to tracking likely values of the
phase [291], methods based on random walks [292], measurement schemes enhanced
by machine learning [293], and adaptive precision in the Hamiltonian [294], to
name just a few.

Of particular relevance to this thesis are methods that rely upon the Loschmidt
echo (1] e |y)) (i.e. the overlap of some initial state |¢) with its time-evolved
counterpart e~ ¢))), with the earliest such approach being that of Somma et
al. [295]. Typically, the Loschmidt echo is measured by a Hadamard test (i.e.
controlled-e ~*#* with a single ancilla); as shall become apparent in Chapter , when
measured for a range of times ¢, the Fourier transform of this signal provides initial-
state-dependent information about the Hamiltonian spectrum. Variants of these
approaches can be suitable for NISQ and early-fault-tolerant settings [296], although
typically still require controlled time evolution. Furthermore, when combined with
sophisticated classical signal processing techniques to efficiently extract information

from the signal, these Loschmidt-echo-based methods can form the basis for so-

called ‘statistical phase estimation’ methods [297-299].

2.4.3 Thermal properties

Quantities like the Loschmidt echo contain information not only about individual
eigenvalues, but also other spectral properties. When supplied with an initial
state with strong support on particular eigenstates, these methods can target the
corresponding individual eigenstates; in contrast, I develop a related method in
Chapter (4] that uses completely random initial states to compute the density of

states (DOS) of Hamiltonians (and thus equilibrium thermal properties). Since
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the DOS is a central object in statistical mechanics, estimating it is a key task in
materials science, condensed matter physics and quantum chemistry. A broad range
of classical techniques to estimate the DOS exist [300-303], but it is well known
that computing it is a computationally hard problem in general [304]. Given the
exponential computational resources required for quantum simulation in general, it is
desirable to develop quantum algorithms for DOS estimation, for which fault-tolerant
algorithms have been proposed [305]. Nonetheless, since quantum simulation of
some systems seems feasible in the NISQ and early-fault-tolerant eras, it seems
prudent to develop algorithms for DOS estimation that can be run on these devices.
Early work in this direction has mainly involved Monte Carlo methods utilizing time
evolution [306-308| (typically for the Loschmidt echo), or porting classical kernel
polynomial methods [300] to quantum computers [309]. These methods typically
require rather complicated initial state sampling, such as unitary 2- or 3-designs.
Fortunately, these methods can be refined to require only trivial initial states (e.g.
random bit-flips) with no reduction in performance, as I demonstrate in Chapter .

In addition, the DOS calculations in Refs. [306-309] were only demonstrated
on simple spin models, and lack the ability to be restricted to specific subspaces
of Hilbert space. Because thermal properties in the canonical and grand canonical
ensembles depend upon the DOS on fixed-number subspaces, useful physical
information about fermionic and bosonic systems cannot be extracted from these
methods. Since the constituents of matter are fermions, almost all ab initio quantum
models of genuine utility in applied fields like chemistry and materials science will
have a fermionic component with a Fock space of variable particle number —
therefore, useful applications of the above methods will require adapting them to
subspaces of Hilbert space. Presently, computing the DOS of fermionic Hamiltonians
on NISQ or early-fault-tolerant devices would require one to first compute Green’s
functions (from which the DOS can then be obtained). While analytic methods
can successfully approximate these in the regime of perturbative interactions [310,
311], for strongly-correlated systems in general one would likely require quantum

resources. Although variational approaches exist for this task |[L61H165], these
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methods typically require explicit preparation of ground and/or excited states of the
Hamiltonian, which is a highly non-trivial problem in general. In a variational setting,
this is extremely dependent on the ability of the ansatz and optimizer to prepare
these eigenstates, which as discussed in Section is a challenging task. Similarly,
proposed VQAs to explicitly prepare thermal states [312-314] are entirely dependent
on expressibility and trainability. Basing near-term DOS calculations on simple
time evolution is a clear alternative to circumvent these challenges for fermionic
systems; the methods I develop in Chapter |4] overcome these challenges by adapting

simple time-evolution-based methods [306-308| to subspaces of Hilbert space.

2.4.4 Excited states

Although QPE and related methods can be used to prepare excited states (assuming
sufficient initial state overlap), the deep circuits involved render this impractical in
the NISQ era. VQE, with its approach of minimizing the energy, cannot prepare
excited states. Nonetheless, many VQAs have been proposed for excited states. One
of the best-known approaches is variational quantum deflation [153, [154], wherein
one solves a ground-state VQE problem, then projects out the (approximate) found
ground state to prepare the eigenstate of next smallest value, and so on. This
can be used to prepare low-lying eigenstates, but since each eigenstate depends on
the approximation of the previous ones via the projection, the method increases
in cost and decreases in fidelity for each successive eigenstate. Another method
known as subspace-search VQE [155] attempts to find low-lying eigenstates by
supplying orthogonal input states to the variational ansatz (since unitary operations
preserve orthogonality), constructing a low-energy subspace of the Hamiltonian in
which approximate eigenstates can be found. A particularly simple approach is a
variational implementation [156] of the folded-spectrum method [315], whereby one
instead variationally minimizes ((H — \)?), where ) is a hyperparameter that sets
the target energy (i.e. the method should converge to the eigenenergy nearest to \).

Another distinct approach to targeting low-lying excitations adapts the venerable
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‘equations-of-motion method’ from nuclear physics [316], based upon classical
equations of motion for excitation operators, to the context of VQAs [157] 158].

Some variational methods do not necessarily target excited states, but rather
converge to the ‘closest’ eigenstate. The variance-VQE algorithm [159] seeks
to variationally minimize the energy variance (H?) — (H)?, which vanishes if
and only if the system is in an eigenstate of the Hamiltonian H. Similarly, the
CoVaR method [152] uses root-finding methods to simultaneously minimize generic
covariances (HO)—(H)(O) for random observables O; given an appropriate operator
pool this is also a sufficient condition for an eigenstate. In both cases, if initialized
sufficiently close in parameter space to an eigenstate (even if it is not the ground
state), the methods may converge to it. In existing studies, it appears that CoVaR
typically converges much faster than variance-VQE. More directly, CoVaR has
also recently been used to intentionally prepare excited states by adiabatically

deforming between trivial and target Hamiltonians [160].

2.4.5 Eigenvalue gaps

Although eigenvalue estimation is an undeniably high-value target problem, in
some cases, one might instead only need to know the Hamiltonian eigenvalue
differences, or gaps, of a system. In chemistry, the gaps of a Hamiltonian might
reveal the photochemical properties of a molecule via the frequencies of its low-lying
excitations [317]. In materials science, much can be learned about the elctronic
properties of materials via their band gaps, and classical methods are inaccurate for
systems with strong quantum correlations [318]. In adiabatic quantum computing,
the timescales for annealing schedules must be determined based on low-lying gaps,
which can generally be difficult to determine [319]. Clearly these are important
quantities to compute, and in each of these cases, one requires only the eigenvalue
differences, and not the eigenvalues themselves or the ability to explicitly prepare
the eigenstates in quantum memory. This is a profoundly more permissive task,

and one can potentially devise more efficient methods within these constraints.
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Existing literature is somewhat limited to this end. While some approaches
have proposed methods based on Fourier analysis of observable signals, such an
approach requires good initial state overlap with the eigenstates in question and
is highly dependent on the choice of measurement (see Section for a more
detailed explanation of this). Existing studies along these lines are often limited in
their applicability due to these factors: some assume very specific (and generally
hard) state preparation [320} 321], while others circumvent this via quantum
annealing [322] (which is highly dependent on the minimum gap of the intermediate
Hamiltonians). Another approach is the randomized gap estimation framework
of Zintchenko and Wiebe [323], although this requires approximate Haar-random
unitary operations, which can be challenging to realize. There is great potential
to expand upon these methods, and therefore in Chapter [3] I introduce a NISQ-
compatible method for estimating eigenvalue gaps that utilizes classical shadows

(see Section [2.1)) to overcome the issue of observable choice.

2.5 Classical shadows

2.5.1 Outline

Thus far in this chapter, it has been clear that one must weigh measurement resources
just as seriously as computational (gate) requirements in quantum computing. In
Section [2.3] T discussed how one can exactly cancel out errors with PEC at the
cost of exponential measurement overhead; in Section the tradeoff was clear in
the difference between QPE (deep circuits, few measurements) and the Hadamard
test (shallower circuits, many measurements). Circuit repetitions cost time, and
the difference between a practical and impractical quantum protocol can often
come down to frugality in measurement resources. Recently, a popular approach
to efficient measurement has arisen in the form of classical shadows, introduced by
Huang et al. [324] and refining upon earlier (but less practical) shadow tomography
techniques by Aaronson [325].

The classical shadows protocol begins with the following observation. Suppose

one has an n-qubit quantum state p and applies a random unitary U to it as
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p — UtpU. Measuring p in the computational basis would yield an n-bit classical
bitstring b € {0, 1}", where I will use |b) to denote the corresponding computational
basis state |b) = |b)) ® --- @ |b,) where b = [b; ---b,]". The average (over both
the random unitary and the measurement outcomes) may, by linearity, be thought

of as a ‘measurement’ channel M, where
M(p) =E [Ut]b) (b U] (2.14)

If the ensemble of unitary transformations U is tomographically complete, then
M is invertible (although M ™! is not physical, since it is not completely positive).

Thus, one may write
p=E M (UT|b) b U)]. (2.15)

Although the presence of M1 (U o) (b| U ) inside the average in Eq. is simply
an application of linearity, the implications of this are powerful. Suppose now that
in addition to being drawn from a tomographically complete ensemble, the unitaries
U are also efficiently simulable on a classical computer for computational basis states
(this is readily achieved for some ensembles, as I discussed in Section [2.1)). Then
the inverse-mapped (unphysical) snapshot M ™1 (U o) (b| U ) may be computed

efficiently on a classical computer. This defines the following sampling procedure:

1. Sample a random unitary U; from a tomographically complete ensemble that

is classically simulable on computational basis states.

2. Construct the state p, apply the unitary as p — UjT pUj, and measure the state

in the computational basis to sample a bitstring 51.

3. Compute the snapshot p; = M™! (UjT |b) (b Uj> using an efficient classical

simulation method.

Repeating this procedure N times yields a set of N snapshots S(p, N) = {p;}7*,

known as a ‘classical shadow’, explicitly defined as

S(p ) = (MU (1) (b1 Us) (2.16)

N
j=1"
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In principle, one can then use these snapshots to estimate an expectation value
Tr[Op] of an observable O by averaging individual snapshot expectations Tr[Op;],
which can be computed classically. Crucially, the classical shadows protocol is
independent of the observable O, and one may choose the observable to be estimated
post hoc, after the measurement resources to construct the shadow have been
expended. However, while observables will be faithfully reproduced in the limit
N — o0, their convergence rate with respect to N will depend on the ensemble of

unitaries U; and the choice of O. I explore this further in the following section.

2.5.2 Convergence and unitary ensembles

The convergence rate of the classical shadows protocol is highly dependent on the
observables being estimated and the choice of tomographically complete unitary
ensemble. Huang et al. show that to estimate M observables Tr[O;p], ..., Tr[Onp]

to additive error €, one requires a number of snapshots N scaling as
N > O (log(M) max 04l uaon /) (2.17)

where the definition of the ‘shadow norm’ ||O;|shadow depends on the unitary
ensemble. For example, in the case of random Pauli rotations (used throughout
this thesis), the shadow norm is bounded as ||O;]|%u400 < 47]|Oi]|%,, where ¢ is the
locality of the operator; this improves to [|O;]|3.q00 < 37/|Os||% if O; is a tensor
product of k single-qubit observables (as is the case in all the applications I present
in this thesis). If random Clifford measurements are used, the shadow norm depends
on the Hilbert-Schmidt norm Tr[O?]. In the NISQ era, where circuit depth and
connectivity is at a premium, this leads to a tradeoff. More sophisticated ensembles
can result in a more powerful estimator (via the different shadow norm), but may
be more difficult to implement on NISQ devices. For example, while the shadow
norm for Clifford measurements is more favourable than for Pauli measurements,
the latter requires only a depth-1 circuit of single-qubit gates, while the former

requires a depth of O(nlog(n)) on fully-connected topologies [326] (and possibly

more on restricted topologies, which are common on NISQ devices). There is
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therefore a pressing need for NISQ applications that make effective use of many
local observables, which I address in Chapter [3]

Classical shadow protocols have drawn much attention in the last few years,
leading to many further developments. The degree of freedom in choosing the
tomographically complete unitary ensemble, for example, has led to variants tailored
to different classical simulation schemes, each of which has different convergence
properties that may be more suited to particular measurements. Some examples
include refinements to the Clifford-based protocol [327] or interpolation between the
Pauli and Clifford protocols [328], methods based on free-fermion techniques [329)
and matchgates [330, 331], and tensor-network-based methods [332].



The dark fire will not avail you, flame of Udin. Go
back to the Shadow!

— Gandalf, The Fellowship of the Ring |333]

Algorithmic shadow spectroscopy

The research in this chapter was conducted collaboratively with Hans Chan, Richard
Meister, and Balint Koczor. Following a core idea and scope conceived by Bdlint,
the research team consisting of me, Richard and Hans performed analysis and jointly
developed a full methodology. Fach of us investigated the algorithm in a different
era of quantum computing, with my unique contributions being the application to
NISQ systems and study of scalability with tensor network methods. The project
led to the published paper of Ref. ; in places where I use text verbatim from
that manuscript, I am the original author of that text. The scope of this chapter is

constrained to the overall methodology and my specific contributions.

Contents
B.1 Methodsl........... .. ... L 0o 46
B.1.1 Classical shadows. . . . . .. . ... ... ... ..... 48
[3.1.2  Signal postprocessing| . . . . ... .. ... ... ... 49
[3.1.3  Summary and resource requirements| . . . . . . ... .. 54
|3.1.4 Robustness to gate noise|. . . . . . . ... ... ... .. 55
3.2 Scalability| . . . . . ... ... . . 00 0000, 57
[3.2.1 Analyticmodel| . . . . . ... oo oL o8
[3.2.2  Veritying scalability with tensor network simulations| . . 60
3.3 Application to near-term problems|. . . . ... ... .. 65
[3.3.1  Variational dynamics|. . . . . ... ... ... L. 66
13.3.2  Demonstration of variational shadow spectroscopy] . . . 67
B4 Conclusions| . . . .. ... ... o ool 70



3. Algorithmic shadow spectroscopy 46

In Chapters [I] and [2| T described a range of cases where using a quantum
computer to prepare eigenstates and compute eigenvalues of Hamiltonians could be
useful. Placing further constraints on the problem, in Section [2.4.5] I considered
the case where one is instead interested in the eigenvalue differences of a system.
As T detail there, this could prove valuable for photochemistry [317], materials
science [318], and quantum annealing [319]. Being a profoundly more permissive
task, there is significant appeal in devising methods within these constraints that
are more efficient, and therefore may have more plausible prospects in the NISQ
era. However, existing literature on this particular problem is limited, leaving a
compelling opportunity to develop new methods for eigenvalue gap estimation. In
this chapter, I outline a resource-efficient method for estimating these gaps using
only uncontrolled time evolution and few measurements on a quantum computer. In
Section [3.1], T detail the novel method of shadow spectroscopy, which utilizes recent
advances in efficient measurement techniques (classical shadows, Section , simple
time evolution, and classical signal postprocessing to efficiently estimate eigenenergy
differences. Following this, I study the scalability of the method in Section [3.2]
using an analytic model and tensor network simulations. Taking the protocol
to the NISQ era, in Section [3.3] I consider the use of variational time-evolution
techniques to perform shadow spectroscopy, demonstrating its applicability with
noisy simulations comparable to current quantum computers. Finally, in Section 3.4

I discuss the broader implications of this chapter.

3.1 Methods

Our approach to computing eigenenergy differences begins with the following simple
observation. Consider some d-dimensional (typically d = 2" for n qubits) Hamilto-

nian H with eigenstates H |¢;) = Ej |1;), for which we wish to compute the low-lying
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eigenenergy differences, and an observable O. Its expectation value evolves as

S(t) = @) Od(t) = %:CjckOjk exp(i(Ej — Ex)t), (3.1)

where ¢; = (;]¢(0)) and O, = (¢;| O |¢y) are the coefficients of the initial state
and matrix elements of the observable in the energy eigenbasis, respectively. We
note that the observable oscillates in time, with a frequency determined by the
energy differences AE;;, = |E; — Ej|. In principle, one could therefore extract the
eigenenergy differences by selecting an appropriate observable O, measuring (O(t))
at multiple (discrete) times t, and performing a Fourier analysis of the resulting
time series. However, in practice this is not so straightforward. Since expectation
values on quantum computers are estimated statistically using circuit repetitions
(shots), resolving oscillations in S(#) of amplitude O(e) requires O(1/€?) shots. The
amplitude of individual oscillations (corresponding to eigenenergy differences AE;y)
in S(t) is given by |¢;|*|ck|*|Ojx| (see Eq. , which may in principle be small or
even zero. For randomly chosen states and observables, this amplitude will vanish
exponentially in the system size, leading to an exponentially-poor scaling of the
signal-to-noise ratio (SNR). While one may be able to heuristically choose observables
on a case-by-case basis that yield better SNR, this is not a generalizable approach.

Any method based on this observation must therefore account for two factors:

1. The initial state must have significant overlap with the relevant (low-lying)

eigenstates of the Hamiltonian, such that |¢;|?|ck|? is not small.

2. The eigenbasis matrix elements O, of the chosen observable(s) must be large

for the relevant transitions.

The first factor is critical to most eigenvalue estimation methods, and ensuring
good support in eigenstates is even relevant for fully fault-tolerant methods such
as QPE [20]. T describe a NISQ-compatible approach to this in Section (as
well as alluding to other approaches in Section . The second factor has, to the
best of my knowledge, not been addressed satisfactorily in the literature. In the

remainder of Section [3.1] T outline a method that systematically addresses this issue
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by using classical shadow techniques to efficiently estimate fluctuations in all local

observables, and identify the statistically significant signals among these.

3.1.1 Classical shadows

As outlined above, in order to efficiently obtain a signal with good SNR that
is characteristic of the eigenenergy differences, I first utilize classical shadows
to estimate all g-local observables at a range of evolution times. I outlined the
fundamentals of classical shadows in Section[2.5] and here I elaborate on the practical
implementation for the purposes of shadow spectroscopy. Although essentially any
variant of classical shadows may be useful for shadow spectroscopy (each variant
giving efficient access to a different characteristic set of observables), many of these
variants are not practical for NISQ devices. For example, while choosing U to
be random n-qubit Clifford operations in Equation leads to a more powerful
estimator, this requires O(n?/log(n)) entangling gates to implement [324]. In
contrast, the far simpler choice of U being a random single-qubit Clifford rotation
(that is, a random rotation into the x, y, or z basis per qubit) requires only n single-
qubit gates with depth 1, making its resource cost trivial. While this constrains one
to g-local observables, as shown in the remainder of this chapter, this is sufficient for
the purposes of shadow spectroscopy, since strong fluctuations will be observed in
some local observables (though we will not, and need not, know a priori which ones).

Therefore, within this chapter, I utilize this simpler form, and outline its practical
implementation in this section. At every sample time ¢, a number of snapshots Ng
are sampled. Each of these snapshots is produced as follows. First, prepare the
state p = [1(t)) (¢(t)| on the quantum computer, using the chosen time-evolution
method. Next, separately for each qubit m, randomly choose between the z, y or z
bases with uniform probability. Rotate into the appropriate basis for measurement:
if the x basis is chosen, apply a Hadamard gate; if the y basis is chosen, apply a
Hadamard gate followed by an ST gate; if the z basis is chosen, do nothing. Measure

the state in the computational basis, and record the outcome (following the rotation,

x
m?

this is equivalent to measuring %, o¥ , or o7, respectively). Store the measured
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bitstrings in a vector gj € {0,1}", where j € {1,..., Ng} indexes the snapshots, and
record the choice of measurement basis in a vector 73]- € {z,y, z}". This information
constitutes the classical shadow of Equation [2.16] After collecting the shadow, one
may wish to estimate an expectation value of a g-local Pauli string O = [],,c7 o
where v,, € {z,y,2} and Z is a set of ¢ < g qubit indices. Although the inverse
mapping of the measurement basis rotation can trivially be performed on a classical
computer, for Pauli shadows there is an even simpler probabilistic interpretation. If

a measurement basis not matching the ¢ indices in Z is chosen, then
M (U] by (b1 U3) = 0, (3.2)

and therefore the contribution to the expectation value is zero. Consequently, one
needs only count the instances that the measurement basis matches the subset of ¢
indices in the Pauli string, and the expectation value is estimated as

O~ 11 (), 3.

Ns iHmer /™

Here, one counts the number of times the measurement basis actually (by chance)
matches the Pauli string on the ¢ indices of interest, and divides by the expected
number of times this should occur in Ng snapshots. As noted in Section [2.5.2] this
has merely a logarithmic sample complexity, and is therefore an extremely efficient
method for estimating a large quantity of observables. In the section that follows, I
detail the signal processing techniques that can be used to exploit the redundancy

of this large dataset to efficiently extract eigenenergy differences.

3.1.2 Signal postprocessing

By simulating time evolution according to the system’s Hamiltonian on a quantum
computer, one can prepare the state |¢)(¢)) at any desired time ¢. Typically, one
would prepare the state at a series of Ny discrete times t = n;At, where n; €
{1,..., Nr} indexes these timesteps. Utilizing the shadow tomography techniques
outlined in Section [3.1.1], one can therefore efficiently obtain a set of N, temporal

signals consisting of expectation values of g-local Pauli observables P*), denoted as
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where & (nr) is the shot noise error in the estimate of the k-th observable at
each timestep ny. Each signal contains information about the eigenenergy dif-
ferences , and naively, one might expect that a simple averaging of signals
>k Sk(npAt) would yield a more resolvable combined signal. However, noting
the functional form of Eq. 3.1}, one can see that the oscillations of the individual

signals will not be in phase, since

Se(nr) = S |esa P exp (i ((B; — E)nrdt + éip)) + Ex(nr),  (35)

jl

where ¢y = arg(c;fcle(k)) is an observable-dependent (and initial state-dependent)
phase, depending on the phase of the matrix elements Pj(lk ) = (1] P® |a;) of the
corresponding Pauli observable. Since these phases will differ between observables,
a naive averaging of signals will sum over oscillations that are not in phase, leading
to destructive interference and a reduction in the SNR. A successful approach
must therefore combine the signals in a way that identifies the strongest shared
frequency components of the signals, while accounting for the fact that they will
be relatively out of phase. Done correctly, this will suppress the shot noise in
the individual signals, since the noise is uncorrelated between observables, while
the oscilliatory signal is correlated (albeit possibly out of phase). This allows the
individual (possibly very noisy) signals to be combined in a way that leverages the
redundancy in the data to strongly suppress the noise, making very effective use of
the large number of local observables that can be simultaneously estimated with a
single classical shadow. In the remainder of this section, I outline the postprocessing
used to extract eigenenergy differences from these signals. First, the temporal
signals are standardized such that they have zero mean and unit variance, as

Sk(nr) — p;
O ’
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where p; and o; are the sample mean and standard deviation of j-th signal,

respectively, given by

e = - 3 Silnr) (37)
%:¢gzwmm—w2 (33)

One would expect a priori that many of these signals would be overwhelmed by
shot noise due to small O,,, for the n, m corresponding to states with good support
in the initial state. Consequently, the next step is to filter out signals fx(nr)
that are statistically indistinguishable from noise. Various options exist, but in
this chapter I use the Ljung-Box test [335, |336] for signal rejection. This is a
statistical test that determines whether a time series has a statistically significant
nonzero autocorrelation. Since the temporal signals are expected to be temporally
correlated due to the oscillations in Eq. [3.1} and the shot noise in the dynamics is
inherently Markovian, the Ljung-Box test can be used to identify signals that are
likely to contain a significant signal. Its output for each signal is a p-value, which
is the probability that the observed autocorrelations are due to random chance;
the threshold p-value above which to reject signals is a hyperparameter for this
protocol. This step is highly parallelizable: both the signal generation from the
classical shadow S(p; N) and the Ljung-Box test can be completely parallelized
into NN, separate instances, each of complexity O(Nr).

Next, the N’ remaining signals are combined into a ‘data matrix’ D € RNo*Nr
whose rows are the remaining standardized signals fy(nr) and columns index the

timesteps nr, such that its matrix elements are

(D)im = fi(m). (3.9)

Although the individual signals are statistically likely to contain a resolvable signal,
on an individual basis they will in practice be burdened by a large amount of shot

noise. Next, one may wish to identify a temporal signal v(ny) that is characteristic



3. Algorithmic shadow spectroscopy 52

of the oscillations across the entire set of signals. Denoting the L? inner product
between it and a signal fi(nr) as
(v, fi) = > _v(ng) fe(nr), (3.10)
nr
one may wish to find a signal v(ny) that maximizes the average overlap with

all signals, such that

[[vlla=1 0 k=1

1 Y
v = arg max (N’ > K, fk>\2> , (3.11)

Manipulating the maximand of Eq. one finds that

1 N, ) 1 N! [ Nr Nr
N kgl (v, fi)|” = N = (; v(nr) fe(nr) ;T:v(mT)fk(mT)) (3.12)

= ZT: v(nr) (]\1,, Zo: fk(nT)fk(mT)> v(mr) (3.13)

nr,mr o k=1

(C)’ﬂTmT:(DTD/Nc/))nTmT
=v'Cv, (3.14)

where we have used the fact that the signals are real, and defined the square matrix
C € RNVt given by C = DTD/N!. Consequently, the dominant eigenvector of
C is the signal v(ny) that maximizes the average overlap with all signals .
Notably, since the dimension of C' is indepdendent of the number of signals /N, this
step represents a reduction in dimensionality. This procedure is essentially equivalent
to a principal component analysis (PCA) of the signals, and in PCA terminology,
C is the ‘covariance matrix’, and v(nr) is the ‘first principal component’ of the
signals, which accounts for the largest amount of variance in the data. Stopping
here and performing a Fourier analysis of v(ny) can in practice yield a quality
spectrum, but one can improve upon this by incorporating higher-order principal
components of the data. In practice, one chooses some cutoff ¢ and incorporates the
first ¢ principal components vy, ..., v, — in the results presented in this chapter,

I typically use ¢ = 4. This can be most usefully incorporated by performing a
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spectral cross-correlation analysis. The cross-correlation of two principal component
signals vi(nr) and v;(nr) is given by the convolution
NT—mT—l
Xkl(mT) = Z vk(nT + mT)vl(nT). (315)
np=1

One then discrete Fourier transforms each cross-correlation, obtaining a frequency-

dependent cross-correlation matrix
[ X (nw)]k = F[Xu](n), (3.16)

where n,, indexes the Fourier frequencies conjugate to the evolution times npAt. If
the signals were infinitely long and free of shot noise, then these matrix elements

would simply be products of the individual Fourier transforms, as
[X (120)]r o< [Flug] (no)]" x Flo](nw), (3.17)

and consequently the matrices X (n,,) would be rank-one, with a single nonzero singu-
lar value

Mnw) = Y1 F v ()P, (3.18)

k

giving the summed spectral density of the principal components. Since the signals
will always be finite and noisy, a singular value decomposition (SVD) of the matrix
will instead allow one to estimate the ideal noise-free spectral density. For the

final postprocessing step, one constructs the signal
I(ny,) = AM(nw), (3.19)

where A;(n,) is the largest singular value of X (n,). This yields a frequency-
dependent signal with pronounced peaks at the eigenvalue differences for eigenstates
with good initial state support, incorporating the redundant information from the

many local signals that are cheaply extracted from a single classical shadow.
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3.1.3 Summary and resource requirements

With the individual steps of algorithmic shadow spectroscopy now outlined in detail,

I present a brief summary of the steps involved, as well as their resource complexities.

1. Measure observables: Using the classical shadows protocol outlined in Sec-
tion [3.1.1], estimate the expectation values of up-to-g-local Pauli strings at Nr
timesteps. For a fixed error scale, this has sample complexity O(Nplog(N,)),

where N, € poly(n).

2. Filter significant signals: Using a Ljung-Box test, reject signals that
are statistically indistinguishable from noise. Although this has a classical
complexity of O(N,Nr), the tests are parallelizable into N, separate instances

of O(Nr) complexity.

3. Assemble data matrix: Arrange the N/ remaining signals into a data

matrix D, which has a complexity of O(N.Nr).

4. Dimensionality reduction: Compute the data matrix C = DTD/N!,
which has a complexity of O(N2ZN!) due to rectangular matrix multiplication.
This is the determining step for the overall asymtpotic complexity, as it is the

bottleneck for classical processing.

5. Principal component analysis: Compute the eigenvalues and eigenvectors

of C, which has a complexity of O(N2) using standard algorithmsE]

6. Fourier transform: Compute the discrete Fourier transforms of the ¢ most
dominant eigenvectors, which has a complexity of O(cNrlog(Nr)) using the
fast Fourier transform [338] (parallelizable into ¢ instances of complexity

O(Nrlog(N7))).

In theory, the complexity is O(NY%), where w < 2.371552 is the matrix multiplication
constant [337]. In practice, due to constant overheads in asymptotically-optimal matrix
multiplication algorithms, the complexity is O(N2).
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7. Spectral cross-correlation: Construct (and perform an SVD of) the spectral
cross-correlation matrix at each of the Ny frequencies. This has a complexity

of O(Nrc?), parallelizable into N instances of complexity O(c?).

In Figure (a), this process is summarized visually in a flowchart. I also depict an
example of the mathematical objects obtained during the procedure for a 6-qubit
disordered Heisenberg chain (3.33)), showing the data matrix D (Figure [3.1|(b)),
covariance matrix C' (Figure [3.1)c)), and resulting spectrum I(E) (Figure [3.1(d)).

3.1.4 Robustness to gate noise

In practice, shadow spectroscopy is extremely robust to gate noise. First, recall
that most archetypal incoherent noise models (e.g. depolarizing, bit-flip, dephasing)
admit a probabilistic interpretation [339]. Given an intended unitary gate operation
U, (the j-th gate in some circuit), its noisy counterpart ®;(p) with fault probability
p consists of the ideal operation U with probability 1 — p, and some erroneous

operation ®.., with probability p as
®;(p) = (1 — p)U;pU] + pPer (U;pU]). (3.20)

In a v-gate quantum circuit, the channel of the noisy circuit then admits the

probabilistic form

(I)y ©--+0 (I)l(p) = 1pPideal T (1 - n)perh (321)

where 1 = (1 — p)” is the probability that all gates executed correctly, pe, is an
error state that is composed of a mixture of all error events in the circuit, and
Pideal = Uy . .. UlpUlT .. UVT is the ideal output. A vast range of error models can be
transformed to admit this representation via e.g. Pauli twirling procedures (340}, 341],
and so this is generally a reasonable assumption. Per the below theorem, this results

in a convenient form for the time-dependent signals utilized in shadow spectroscopy.

Theorem 1. Suppose that the series of time-evolved states p(t,) used to compute

time-dependent observable signals are prepared via noisy quantum circuits admitting
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Figure 3.1: Walkthrough of algorithmic shadow spectroscopy. (a) A flowchart
depicting the shadow spectroscopy process. Having prepared an initial state with good
support in the relevant eigenstates, one applies uncontrolled time evolution, measuring
a classical shadow at each sampled time ¢. These shadows, consisting of classical data,
are then used on a classical computer to estimate the expectation values of all local
observables at each time. These are filtered by statistical significance, composed into
a data matrix, and a principal component analysis is performed. Finally, a spectral
cross-correlation yields the shadow spectrum, whose peaks correspond to the desired gaps.
(b) The data matrix D for a 6-qubit disordered Heisenberg chain , with np = 200
timesteps and signals with p < 0.02 under the Ljung-Box test retained. Here, N} < Np
since the system is small, but for larger systems one may expect N, > Np. (c¢) The
covariance matrix C. Note that this has dimension N7 x N7, and will be the same size
regardless of the number of signals used. (d) The resulting shadow spectrum I(E), with
one peak corresponding to the gap between the ground state and first excited state of the
system.
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the form in Equation|3.21l Then the noisy time-dependent signals (expected values

of Pauli strings Py) will admit the form
S (nr) = nSk(nr) + (1 —n)Wi(nr), (3.22)

where Wi (nr) = Tr[per(nr) Py] is an error signal, and n depends on circuit depth
(i.e. it will be a constant for the variational approach of Section and nyp-
dependent for most other methods). Furthermore, the error signal can be bounded

as

Wi(nr) < llperr(nr) — 1/d||1. (3.23)

Theorem [1] is proven by my collaborator Balint in Appendix C of our full
manuscript [334]. Since the Fourier transform is linear, Equation m guarantees
that the shadow spectrum will be a linear combination of the ideal spectrum and
some additive artefacts, which are bounded in size based on how close the error
model is to totally white noise . Crucially, these additive artefacts do not
shift the peaks of the spectrum. Furthermore, so long as the circuit error rate is
relatively low, Theorem (1] also implies that the peak intensity will be at worst
slightly shrunk, with no broadening of the peak line shape. One can therefore
expect that shadow spectroscopy will still robustly produce accurate peaks, even in
the presence of mild to moderate hardware noise. In Section [3.3.2] I corroborate

these claims of noise robustness with numerical evidence.

3.2 Scalability

For a quantum algorithm to be truly useful, it must be scalable. In this section,
I consider the scalability of shadow spectroscopy from both an analytic and

numerical perspective.
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3.2.1 Analytic model

I first note that two metrics for scalability should be considered: the spectral
resolution, and the SNR of the peaks. With regard to the former, shadow
spectroscopy achieves Heisenberg-limited scaling: that is, to resolve an energy gap A,
a total evolution time of 7"~ 1/A is required. Consequently, the shot requirements
will also scale as ~ 1/A. Although this is superior to the shot-noise-limited scaling
achieved by methods such as VQE, it may not be efficient for very small gaps. In
strongly-correlated systems, low-lying eigenstates may concentrate exponentially
close. In such cases, the resource scaling to resolve these near-degenerate gaps will
be exponential, and therefore not efficient. Nonetheless, resolving these gaps is
still exponentially difficult for other methods, even for QPE [20, [21]. I cautiously
note that shadow spectroscopy will only prove efficient for gapped systems where
the gap closes at worst polynomially in the system size.

The situation is far more promising with regard to the scaling of SNR. Both
analytic evidence (this section) and numerical evidence (Section suggest that
the SNR will improve with system size due to the redundancy in the data, even at
fixed total shot budget. First, consider the mean squared spectrum (MSS) given by

MSS [, ] = ]\1[ S | Fu(ng) 2, (3.24)

0 k=1
where the Fi(n) = F[fi](n,) are the Fourier transforms of the standardized
signals. This is a simpler quantity than the full spectrum I(n,,) obtained from the
postprocessing procedures of Section [3.1.2] lending itself more readily to simple
analytic study. Nonetheless, it produces a spectrum characteristic of the energy
eigenvalue differences, and may be used as a worst-case proxy, since the full
postprocessing strategy will only improve upon this. From Equation (3.1} one
can infer that the individual signals fx(nr) will be a sum of sinusoids of the
form Iy, cos(wpeak Atny + @), where wpear is the relevant eigenenergy difference
and ¢ is a transition-dependent, observable-dependent phase shift. The peak

intensity will therefore be given by

MSS [wpeak] = C N7 T2, (3.25)
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where C' is some O(1) constant that may depend on the choice of Fourier window,
and 12 = &+ Zk I? is the average intensity of the peaks. However, in practice the
signal is burdened by shot noise, which for a modest number of shots can already
be well approximated by a normally distributed random variable. Since the Fourier
transform of normally distributed noise is also normally distributed, each point
in the individual frequency-spaced signals may be written as Fi(n) + &(n). In

this case, the expected peak intensity will be given by

E (MSS [wpeaid]) = 57 jngE [(CNrIi + Ex(wpear))?] (3.26)
0 k=1
= CNpI? 4 €, (3.27)

where Var[€,(n)] = €2. Far away from the peak centre at some whus, where the

ideal signal is near zero, one encounters a constant expected noise base

1 X

Em%mm:ﬁszmmmwza (3.28)

0 k=1

Given this (expected) constant baseline, the SNR is determined by its variance, given

by

o 264
Var (MSS [wpeax]) = N02 kz:l\/ar [5k Whase) } = N (3.29)
Combining these yields an SNR
SNR o NyNgI2\/N,, (3.30)

where I have assumed a standard shot noise scaling e = O(1/4/Ng). As the system
size n increases, the number of available observables N, will increase polynomially
at fixed shot noise € for only a logarithmic increase in Ng [324]. Although I? can
be strongly system-dependent, so long as the average g-local observable intensity
does not shrink asympotically faster than v/IV,, this suggests the SNR will improve
with system size. My collaborator Balint affirmed this numerically at small system
sizes using exact diagonalization [334]; in the section that follows, I verify this at

much larger system sizes using tensor network simulations.
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3.2.2 Verifying scalability with tensor network simulations

While the simple analytic study of Section suggests that the SNR of shadow
spectroscopy should improve with system size, it is important to verify this
numerically. However, as discussed in Section [2.1} exact numerical simulation of
quantum circuits scales exponentially in n for full-state methods, and is impractical
beyond a few tens of qubits. My collaborator’s initial simulations using full-state
methods hinted at good scaling, but were limited to n < 14, and ideally the scaling
behaviour at system sizes well beyond the reach of exact classical methods should
be assessed. For this purpose, I simulate shadow spectroscopy at scale, using MPS
methods — namely the time-evolving block-decimation (TEBD) algorithm [114]. A
full outline of tensor network methods is well beyond the scope of this thesis — the
interested reader may refer to a number of introductory resources [114-116], and
I provide a very brief introduction to MPS methods here. Note that an n-qubit
quantum state |¢), whose amplitudes can be written as a rank-n tensor 71"

can be written as a matrix product state (MPS)

wm...an — Z AgllAaz Aas o Aan—1 AUn (331)

alo” Toeas Qp—20p—1" "Qp—1"
a1...00p—1

where the full-state tensor has been decomposed into a product of n — 2 rank-3

tensors A%

Q10

and 2 rank-2 tensors AZ! and A2 . This product is depicted
in tensor diagram notation in Figure (a). Note that this is a fully general
decomposition; while the physical indices o; € {0, 1} have dimension 2, the bond
indices o; € {1,...,D;} can in general have exponential dimension D; (their
maximum dimension grows exponentially in distance from the edge of the chain).
Because of this, the largest of these dimensions x = max; D; is known as the bond
dimension, and determines the size in memory of the MPS. The bond dimension
x is closely linked with the level of entanglement; indeed, an unentangled product
state will have y = 1. Weakly entangled states can be approximated by efficient

MPS representations by discarding the least relevant components and truncating
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the bond dimension. Any bond can be written in a useful form using a singular

value decomposition (SVD) of the tensor, since

Q1057 a0 Bajt17

AD AT =S UT AV (3.32)
B

depicted diagramatically in Figure (b) The A\g > 0 are singular values, and one
can ‘compress’ an MPS by discarding the smallest singular values beneath some
cutoff esyp (or alternatively an absolute truncation of the bond dimension y, though
this is an uncontrolled approximation). Furthermore, note that single-qubit gates do
not increase bond dimension, since they act on only one physical index o; and thus
can be absorbed into the corresponding tensor Ad)_,a,. Similarly, local entangling
gates will increase the bond dimension only locally, depicted diagramatically in
Figure [3.2c). In the TEBD algorithm, the state is stored as a MPS, and time
evolution under a local Hamiltonian is Trotterized into a series of local gates. When
entangling gates are applied, the bond dimension will grow (e.g. it will double for
2-qubit gates), but one then applies MPS compression up to some tolerance esyp,
leading to slow growth of y so long as the dynamics are not too strongly entangling.

Using these methods, I am able to simulate large system sizes well beyond
the capabilities of exact diagonalization to confirm that our approach is scalable
(as long as a sufficiently good initial state can be provided), by verifying that an
increasing system size improves the performance of our approach. As an example

system, I choose the Heisenberg chain, whose Hamiltonian is
n—1 n
H: _JZEJ '&j+1+Zh]’O’j. (333)
Jj=1 J

Here ¢; = [J;”, cr;-/, UJZ-] is a vector of Pauli z, y and z matrices on the jth qubit, J
is a coupling constant, and h; € [—h, h] is sampled from a uniform distribution
(for disorder strength h). This Hamiltonian is relevant in studies of many-body
localization and self-thermalization 342, 343|, but its phase transitions remain
poorly understood due to the difficulty of solving the model on a classical computer at

larger coupling J. Therefore, efficiently probing the spectral gap of this model with

shadow spectroscopy may help enhance understanding of key many-body quantum
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Figure 3.2: Diagrammatic representation of MPS methods. These diagrams
depict tensor-network equalities from Section [3.2.2] in standard tensor diagram form:
boxes depict individual tensors, internal lines joining tensors indicate indices that are
summed over, and external lines indicate free indices in the resulting composite tensor.
Physical indices are represented by solid lines, and bond indices by dashed lines. (a)
Representation of Equation [3:31} A general n-qubit quantum state represented by tensor
1?t-%n can in general be decomposed into a product of n — 2 rank-3 tensors and 2
rank-2 tensors, each featuring one physical index o; and internal ‘bond’ indices «;. (b)
Representation of Equation The product of two tensors in the MPS representation
can be rewritten via the SVD as a a product of three tensors, the middle of which is a
diagonal matrix of singular values (hence the repeated index f; in the diagram). Note
that 8; < aj, since some of the singular values may be exactly zero; in practice, one may
compress by discarding small singular values. (c) Representation of applying a (2-qubit)
local entangling gate to the relevant tensors in a MPS. The bond dimension may grow
by a factor of 2 such that 8; = 2«;, but can be compressed down with an SVD if the
dynamics are not too entangling.

phenomena. In particular, for NISQ systems, this system has been identified
as a key model for achieving early quantum advantage due to its combination
of hardware-friendly definition and non-trivial physics . This will prove of
particular relevance in Section where I will utilize it to demonstrate a NISQ-
friendly variant of shadow spectroscopy.

In the remainder of this section, I consider the disordered Heisenberg spin chain

with random site-dependent magnetic fields (Equation [3.33)) at a relatively small
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coupling J = 0.01 (h = 1). In this limit, the system can straightforwardly be
initialized with a good initial state in the following way. In the limit J — 0, the
Hamiltonian is analytically solvable (as it has only on-site terms), with a state given
by a bitstring |b). Here the j-th bit b; of the bitstring |b) is obtained as

0 h;<0
b = i< (3.34)
1 h;>0

The first excited state can then be obtained by flipping the [-th bit in this bitstring,
where [ corresponds to the absolute smallest on-site energy term [ = arg ming |hg|.
Thus, an equal superposition of the first and excited states is simply created by
applying a Hadamard gate to the ground state as H;|b). Given that the bond
dimension grows exponentially with J7T', where T is the total simulation time,
choosing a significantly larger coupling J would push this into a regime where
quantum computers can outperform classical computational techniques, and beyond
the realm of tractable tensor network simulation. Furthermore, since the J = 0
system is analytically solvable, the correctness of the spectral peaks can be verified
at beyond-exact-diagonalization system sizes by standard (Rayleigh-Schrodinger)
perturbation theory. In summary, the choice of a weak coupling J is intentional,
and facilitates this analysis, since (a) a good approximate initial state can be chosen,
(b) the state accumulates only modest bond dimension, and (c¢) veracity of peak
positions can be verified perturbatively.

In each simulation I initialize the initial state vector H, |b) as an MPS with bond
dimension x = 1 (i.e., a product state), and evolve it with the TEBD algorithm [114].
I perform this evolution using the TEBD implementation in the QUIMB Python

package, using a Trotter step size

p 1/k
At — Trotter > 7 3.35
(e (3:39)

where €Tyoter 1S an error tolerance, T' is the total evolution time, a k-th order
Trotter decomposition is used, and ||H||r is the Frobenius norm of the Hamiltonian
(equivalent to the sum of squares of its Pauli coefficients). I set a desired precision

€Trotter = 1073 and use k = 4. At each time step, I compress the state by performing
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Figure 3.3: Logarithmic intensity shadow spectra of a disordered Heisenberg
spin chain (J = 0.01) up to N = 100 qubits verifying the scalability of our
approach. A fixed input state is used, consisting of an equal-weight superposition of the
ground state and first excited state of the J = 0 problem. Shadow spectra are computed
for system sizes n € {10, 25, 50,100} using synthetic shot noise equivalent to Ng = 100
snapshots per timestep. At N = 10 qubits, the spectral peak matches the energy gap
between the ground state and first excited state obtained from exact diagonalization
(vertical solid orange line). At system sizes beyond the reach of exact diagonalization, I
compare the peaks to second-order perturbation theory (vertical dashed lines), observing
peaks corresponding to the gap between the ground and first excited states (orange), and
at N = 100 an additional peak corresponding to the gap between ground and second
excited states (green). Crucially, the standard deviation of the baseline decreases with an
increasing number of qubits N (i.e. SNR increases with V) supporting the scalability
of shadow spectroscopy — at a fixed number of snapshots Ng, peaks become more
distinguishable from noise at larger system sizes due to the increased number of available
signals.

a singular-value decomposition at each bond, and discarding all singular values
below a threshold esyp. This cutoff hyperparameter is chosen to be egyp = 107
for the simulations presented here. In this way, I obtain a series of time-evolved
MPS states as required for shadow spectroscopy, which I then use to compute
time-dependent expectation values for all up-to-g-local Pauli strings (here ¢ = 3)
by applying the appropriate tensor contractions. I introduce synthetic shot noise
to the signals by adding Gaussian random numbers of standard deviation 1/v/Ng
to all observables. I assume Ng = 100 shots per timestep, a comparatively very
constrained budget for which Gaussian noise is nonetheless typically a very good
approximation of shot noise in practice. I conduct simulations up to n = 100 qubits,
noting that n = 50 qubits is already well beyond the capabilities of what one could

ever simulate exactly on a classical computer. Although at these system sizes one
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obtains a very large number of time-dependent signals (e.g., the number of up to
3-local Pauli observables for n = 100 is 4,410,750), the postprocessing protocol
remains tractable on a laptop computer. I reject signals with p > 0.01 under a
Ljung-Box test, and then perform the postprocessing detailed in Section to
generate the shadow spectra. This analysis is performed for system sizes up to
n = 100 qubits, generating the spectra depicted in Figure |3.3|

To identify the shadow spectrum peaks, I compare the observed peaks to
results from exact diagonalization (only at n = 10) and to second-order Rayleigh-
Schrodinger perturbation theory (n € {25,50,100}). Apart from a small visible
inaccuracy in the green dashed line (where perturbation theory is less accurate for
the higher excited states) I observe very good agreement, as expected. I reiterate
that the choice of a perturbative regime was deliberate to allow peak identification,
i.e., for a weak coupling J, the actual values found by shadow spectroscopy are
close to the perturbative prediction, but do not exactly agree. Finally, I confirm
that the SNRs of the spectral peaks indeed increase with the number of qubits n,
providing further numerical evidence that shadow spectroscopy remains scalable
at system sizes that would warrant a genuine quantum advantage in the strong-
coupling regime. With both numerical (exact and tensor-network) and analytic
evidence supporting the scalability of shadow spectroscopy, I now proceed to explore

its applications to near-term problems.

3.3 Application to near-term problems

As outlined in Section [I.2] the constraints of the NISQ era severely limit the type
of algorithms that can be executed on near-term quantum computers. In particular,
the limited coherence times and gate fidelities of current devices constrain circuit
depth, rendering it impossible to simulate time evolution to the timescales required
to resolve energy gaps to a good resolution. Indeed, applying even 20 Trotter
steps for modestly-sized Ising systems is currently regarded as state-of-the-art for
quantum simulation [52]. Instead, in the NISQ era, it can be more practical to use

ansatz-based variational quantum simulation, which was discussed in my literature
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review (Section [2.2.2)). In this section, I briefly outline the relevant aspects of
this method (Section [3.3.1)), and demonstrate its use for shadow spectroscopy of
the disordered Heisenberg chain (Section |3.3.2]).

3.3.1 Variational dynamics

This section makes use of the original approach to variational dynamics introduced
in Ref. [29], in contrast to the more advanced method I subsequently developed in
Chapter[d While the methods outlined in this section may require significantly more
shots than the shadow spectroscopy protocol itself, it seems likely that by combining
the two methods, one could still perform shadow spectroscopy with only logarithmic
shot cost, since the methods I outline in Chapter 4| also make use of classical shadows.

In this approach to variational dynamics, one uses a fiducial input state |0) and
a PQC U(0), such that the state of a system at time ¢ is given by |¢(t)) = U(6;) |0)
for time-dependent parameters 8;. At each timestep of duration At, one must
find the optimal parameters 8, that minimize the distance between the variational
state and the true time-evolved state such that U(6;.a) |0) ~ e *HALU(0,) |0).
For a non-trivial problem and shallow ansatz, it will not be possible to exactly
construct arbitrary states in the dynamics, and so this is achieved by projecting
the evolution onto the subspace of expressible states using a variational principle.
While several choices of variational principle exist [187], here I use the McLachlan
variational principle. The authors of Ref. [29] present quantum circuits which
allow one to compute the matrix elements

A, 20O 0](6)
00, 00y,

_ 0[¥(6))
Cj = T@H 1(6)) - (3.36)

Crucially, these matrices are small, having dimensions equal to the number of
variational parameters rather than the full (exponential dimension) Hilbert space.

These form the linear system given by McLachlan’s principle as

zkj Re(A;z)(0); = Im(C}). (3.37)
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One could then update the parameters with Euler’s rule as (6;:a+); = (0:);+(0);At.
However, in practice, the metric tensor A will often be ill-conditioned due to
degeneracies in parameter space, and so I apply Tikhonov regularization (ridge

regression) by instead computing
6 = argmin |C — Ao|* + A @], (3.38)
¢

thus regularizing the problem. For the Heisenberg chain studied in this section,
I find that a regularization hyperparameter A = 10~* and a timestep At = 1072
is sufficient to keep the fidelities with respect to the true dynamical state above
99%. I note also that McLachlan’s principle minimizes the distance between the
ideal state and its variational approximation with respect to the L? norm, and
therefore the given forms of the metric tensor and gradient vector do not
account for the possibility of a global phase mismatch. Even though observables are
global-phase-invariant, the derivatives of the state with respect to the variational
parameters are not, which can lead to a very different metric tensor A, thus resulting
in incorrect dynamics. This can be corrected by including a ‘virtual’ global phase
parameter in the ansatz, which is equivalent to including the global phase correction
terms in the linear system [187].

A Wick-rotated form of these dynamics yields an approximation of imaginary
time evolution, allowing the estimation of ground states. This is known as variational
imaginary time evolution, or quantum natural gradient [146-14§|, and is essentially
VQE augmented with information about the shape of the optimization landscape.
This procedure is identical to the one described, except the linear system in
question is instead

; Re(A;1)(0)r = — Re(C)). (3.39)

3.3.2 Demonstration of variational shadow spectroscopy

Using the variational approach described above, I now present a demonstration

of shadow spectroscopy within NISQ constraints. I consider the same Heisenberg



3. Algorithmic shadow spectroscopy 68

spin chain with random site-dependent magnetic fields as in the tensor-network
simulations (3.33)), albeit at a smaller system size (n = 6) since full-density-matrix
simulations are required. For the variational ansatz U(0), I use L = 5 layers of the
ansatz structure depicted in Figure (a), which is amenable to the requirements
of the NISQ era due to its local connectivity and relatively shallow depth. Per the
discussion of Section [3.1] it is crucial to have an initial state with high overlap with
both the ground state and low-lying excited states. To achieve this, a (intentionally)
partially-converged VQE can be used. To produce the initial state for the dynamics, I
initialize U (@) from uniform random parameters, and begin iteratively minimizing its
energy with the imaginary time evolution protocol detailed at the end of Section|3.3.1]
However, I intentionally terminate the algorithm before complete convergence is
attained, resulting in parameter values @ that strongly, but not perfectly, overlap
with the ground state, with its most dominant other components being low-lying
excited states. An example of these overlaps is given in the inset of Figure [3.4(b).
The advantage of these near-converged initial states is that a majority overlap with
the ground state guarantees strong signals that correspond to energy differences
between the ground state and the excited states, but not between the excited states
themselves. In principle, one could even assign peaks to specific low-lying excitations
by repeating shadow spectroscopy on initial states of varying convergence levels
and comparing peak amplitudes.

In Figure 3.4b) (blue line) I numerically simulate variational time evolution
circuits in Ny = 1000 time steps and perform shadow spectroscopy by estimating
up to 3-local Pauli operators (3 batches of Ng = 50 snapshots used in each step).
Here, the shot noise is included by explicitly simulating the snapshot procedure
outlined in Section and therefore has the correct distribution for classical
shadows. The circuit simulations use exact density matrices, and are implemented
in QuEST [103] using the QuESTIlink framework [104]. Furthermore, to capture
the limitations of NISQ devices, the circuit simulations are burdened by a noise

level comparable to presently available devices: each two-qubit gate is accompanied
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Figure 3.4: Simulated and experimental shadow spectroscopy on a 6-qubit
NISQ system. (a) A single layer of the hardware-efficient ansatz used for variational
dynamics of the disordered Heisenberg chain. (b) Shadow spectra of the 6-qubit disordered
Heisenberg chain. A noisy simulation of the variational dynamics (blue) reveals a strong
peak corresponding to the gap between the ground state and first excited state, and a less
intense peak corresponding to the gap between the ground state and third excited state.
In contrast, the experimental spectrum (orange) obtained from the IBM Jakarta QPU has
a fainter primary peak, and an entirely suppressed (beyond shot-noise) secondary peak.
In both cases, the spectra have the same error (2.8 x 1073) in the gap estimate. Inset:
overlaps |(1,]1)(0))|? between the initial variational state |/(0)) and eigenstates |t,).

by a two-qubit depolarizing noise map described by the channel

16 A v v e v
}.(p) = (1 - 15) p+ G Y ol olpotolt. (3.40)

vi,vo€{l,x,y,z}
The two-qubit gates are burdened with an error rate e; = 1073, and each single-
qubit gate is accompanied by a single-qubit depolarizing noise map of error rate
€1 = 0.25¢5. Indeed, the spectrum in Figure (b) reveals that peaks corresponding
to low-lying excitations are accurately resolved in a highly NISQ-friendly manner
using shallow quantum circuits and very few shots.

I highlight that expected values of only 3-local Pauli strings were used. Local
operators are a particularly appropriate choice for problems of this type, since in
translation-invariant, gapped Hamiltonians of spin systems the intensity |(1x|O;|1)|
is an exponentially decreasing function of the locality of O; [345].

As my simulations demonstrate the feasibility of this protocol on current devices,

it is natural to attempt to apply it on actual quantum hardware. Using the circuits
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I prepared (classically) by the above methods, my collaborator executed these
circuits on the 7-qubit IBM Jakarta quantum computer using the same budget
of snapshots as in my simulations. Further details of the implementation of this
hardware experiment are provided in Appendix H of our full manuscript [334].
The experimental shadow spectrum obtained from this hardware experiment is
also depicted in Figure [3.4b) (orange line). It clearly resolves the main peak and
achieves the same precision in predicting the energy gap as the simulated variational
algorithm without using any error mitigation techniques, as one would expect from
the gate error robustness outlined in Section[3.1.4] However, the faint secondary peak

is suppressed by hardware noise, and is not resolvable against the shot-noise floor.

3.4 Conclusions

In this chapter, I have introduced shadow spectroscopy, a novel method for evaluating
energy gaps in the spectrum of a Hamiltonian using a quantum computer.
Before drawing full conclusions, it is crucial to note that shadow spectroscopy
is more versatile than the applications I have presented here, which are limited
to my unique contributions to our full manuscript [334]. In this chapter, I have
outlined the method itself, as well as tensor-network and NISQ simulations of
shadow spectroscopy — nonetheless, it is a versatile tool that extends beyond the
NISQ era and can be applied in every era of quantum computing. We anticipate
that shadow spectroscopy will also find utility on both early-fault-tolerant and
fully-fault-tolerant quantum computers. For the former, my collaborator Richard
studied its use for the evaluation of gaps in the Fermi-Hubbard model under early-
fault-tolerant assumptions, finding promising performance and introducing a novel
method for mitigating the effect of algorithmic errors on the peak positions. For
the latter, my collaborator Hans studied the application of shadow spectroscopy
to chemical systems in the fully-fault-tolerant era, demonstrating the evaluation
of low-lying gaps in the spectrum of methylene. I encourage the interested reader

to consult their work for a full picture of shadow spectroscopy.
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Throughout this chapter, I mostly motivated shadow spectroscopy as a solution to
the problem of evaluating Hamiltonian spectrum gaps. However, in the development
of quantum algorithms, solutions often precede problems, and this provides an
alternate perspective on the usefulness of shadow spectroscopy. The classical shadow
techniques outlined in Section [324] caused enormous excitement in the field: the
ability to extract information about a huge number of observables to fixed additive
error using only O(log(n)) measurements is an enormously appealing prospect, and
is a very efficient use of (typically limited) measurement resources. Holding such a
powerful hammer in hand begs the question: what nails can we hit with it? When
is it useful to extract many (or indeed all) g-local observables cheaply? This pairs
conveniently with our observation that the amplitude of oscillations in observable
signals (O) is proportional to the eigenbasis matrix elements (1;| O |)y), which we
cannot know a priori. If one does not know which observables will have significant
signals, then one can gain a competitive edge over similar methods by measuring
as many as possible as efficiently as possible with classical shadows, and using
judicious classical postprocessing to filter out noise and exploit redundancy in the
signals. Shadow spectroscopy is therefore not only a useful new tool for probing
low-lying transition energies in quantum systems, but a compelling answer to the
pertinent question ‘what are classical shadows good for?".

In addition to efficiently utilizing quantum measurement resources and exploiting
the underlying redundancy in observable signals, shadow spectroscopy is advan-
tageous in its use of uncontrolled time evolution. Most related methods require
that time evolution be controlled on one or more ancilla qubits, adding additional
overhead and gate connectivity requirements. QPE requires B ancillary qubits
for B bits of precision, and methods based on Loschmidt echoes require at least
one ancillary qubit for a Hadamard test. In contrast, shadow spectroscopy does
not require ancillary qubits and can be executed using regular uncontrolled time
evolution, requiring only initial state preparation, time evolution, and measurement
in arbitrary Pauli bases (i.e. single-qubit Pauli rotations). Not only does this reduce

the resources required to perform shadow spectroscopy in a gate-based quantum
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computer, but it also raises the possibility of performing shadow spectroscopy
on analog quantum simulators which lack universal operations. Analog quantum
simulators, particularly those based on ultracold atoms, have achieved remarkable
results recently [346], and shadow spectroscopy could be a valuable addition to their
capabilities. Furthermore, operating a gate-based quantum computer (e.g. a trapped-
ion device) in an analog fashion to simulate a hardware-tailored Hamiltonian and
making appropriate measurements [347] could prove to be a fruitful platform
for shadow spectroscopy.

One key limitation of shadow spectroscopy is the requirement that the initial
state has a significant overlap with the relevant eigenstates of the Hamiltonian.
Depending on the system in question, there are a variety of methods that one could
use to attempt to prepare such an initial state. In the case of the variational variant
of shadow spectroscopy I presented in Section I used partially-converged VQE
to prepare such a state — an appealing prospect, since this potentially turns the
tendency of VQE to get ‘stuck’ in local minima into an advantage. For some systems,
a problem-specific choice of initial state may be easily constructed. For example,
my collaborator Hans considered Hartree-Fock states (which can be calculated
classically and then efficiently prepared in linear depth using Givens rotations [348|
349]) as the foundation for initial states for shadow spectroscopy on chemical
Hamiltonians. Heuristically, one expects that such classical approximations will
have a reasonable overlap with the ground state, except perhaps in cases where the
system is very strongly correlated. One could also consider methods like adiabatic
state preparation, which are commonly employed in other quantum algorithms
that depend on initial state overlap [21]. This limitation is not unique to shadow
spectroscopy, and even fully-fault-tolerant eigenstate calculations with QPE require
good overlap with the target state, as I discussed in Section [2.4.1] Thus, I still
anticipate that shadow spectroscopy will compare well to QPE in the near-to-mid
term future, and will be a useful addition to the toolbox for studying quantum

systems on quantum computers.
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Overall, this chapter has shown that quantum simulation techniques can be
of great utility in evaluating gaps in the spectrum of a Hamiltonian. In the
following chapter, I explore how related techniques can be employed to evaluate
more structured aspects of the spectrum (namely, the density of states), and therefore

evaluate thermodynamic properties of quantum systems using a quantum computer.



Now it is our turn to study statistical mechanics.

— D.L. Goodstein, States of Matter [350]

Direct estimation of the density of states
for fermionic systems

I conducted the research in this chapter, supervised by Bdlint Koczor. FExpanding
upon a core idea conceived by Bdlint, I developed a full framework and methodology
which led to the preprint of Ref. , which this chapter closely follows. We
worked together on the analytic results, and all numerical results were solely my
work. Text from the published manuscript is used verbatim in places — in these

cases I am the original author of this text.
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In Chapter [3], I showed how frequency-space information from signals obtained
by time evolution on a quantum computer can reveal useful properties of a
Hamiltonian’s spectrum. Another valuable property related to a Hamiltonian’s
spectrum is the density of states (DOS), a central object in statistical mechanics
which is a distribution for the density of eigenstates as a function of energy, and
can be used to compute equilibrium thermodynamic properties of quantum systems
(see formal definitions in Section . As T outlined in Section , computing
the DOS is a known computationally hard problem [304] for which quantum
computers may provide an advantage, and a range of fault-tolerant [305] and
nearer-term algorithms |161-165| 306-309] have been proposed for its (direct or
indirect) estimation. The latter can be broadly grouped into two categories: those
based on time evolution |306{308] (or related Hamiltonian moments [309]) and
a Hadamard test, which are not explicitly compatible with fermionic systems;
and those based on first computing Green’s functions [161-165], which typically
depend on expensive ground and excited state preparation (which can in general
be exponentially hard [28§]). Indeed, in Chapter , the greatest bottleneck to
our methods was initial state preparation.

Fortunately, this need not be the case here, and in this chapter I bridge this
gap, combining the simplicity of random-state Hadamard-test methods with the
utility of fermionic systems. Using a conceptually simple approach based on time
evolution and extremely simple initial states, I introduce several key innovations
that significantly improve the practicality and extend the generality of previous
techniques. First, this approach allows one to compute the DOS on any subspace
of the full Hilbert space for which a basis can be prepared, which crucially includes
fermionic subspaces of fixed number. Second, this approach applies time evolution
to very simple random initial states — as simple as random bit-flips — representing
a major improvement compared to techniques using more demanding random

initializations, such as 2- and 3-design circuits [306-309| 323|. Third, one uses a
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simple windowed Fourier transform to estimate the DOS up to a broadening of lines,
allowing for clear tradeoffs between resolution in the DOS and evolution duration,
and providing high levels of robustness to algorithmic and hardware errors.

I summarize basic preliminaries from statistical mechanics in Section [4.1], and
build upon these in Section [f.2]to derive the key analytic results for this new protocol.
Supporting my work with detailed numerical simulations, I study the convergence
of different sampling protocols in Section [£.3] In Section [4.4] T numerically study
the robustness of the approach against algorithmic (Trotter) errors and hardware
noise in an early-fault-tolerant setting, finding surprising resilience in both. Finally,
I consider a variational variant of the approach for NISQ applications in Section [£.5]
introducing a new variational technique for time evolution, and draw conclusions

from my work in Section [4.6]

4.1 Preliminaries

In this chapter, I outline novel quantum algorithms to estimate thermal properties
of quantum systems at finite temperature. Therefore, I first review the relevant

thermodynamic definitions and quantities.

4.1.1 Physical systems of constant particle number

I first consider a d-dimensional quantum system on a Hilbert space H with a
Hamiltonian H defined only for a fixed number of particles, such as a spin chain. The
key thermodynamic quantity required to determine equilibrium thermal properties
in the canonical ensemble (i.e., equilibrium with a thermal reservoir at inverse

temperature () is the partition function, which is defined as
Z(B) = Tr[e*ﬁH}
- / dEePEg(E). (4.1)

Here g(FE) is the DOS, which is defined as a series of Dirac delta distributions

at the Hamiltonian eigenenergies as

9(E) = 3 0(E — E). (42)
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The DOS is thus a central quantity as it allows one to determine Z(f3), and
therefore any further equilibrium thermodynamic property — for example, the
internal energy is obtained as U(f8) = —0d(log Z)/0/. In this chapter, I outline
new quantum algorithms for estimating g(£) that improve upon and generalise
related algorithms introduced by prior works [161H165, [306-309]. A review of other

related approaches is given in Section [2.4.3]

4.1.2 Physical systems of variable particle number

Many physical systems encountered in practice are defined on Hilbert spaces
that simultaneously accommodate multiple, varying particle numbers, typically
with fermionic or bosonic exchange properties. For example, ab initio models in
quantum chemistry are defined on Fock spaces that accommodate varying numbers
of electrons, with an n-mode fermionic system partitioning into n + 1 subspaces of
fixed particle number. Thus for such systems, applying the conventional expression
for the DOS in Equation would simultaneously contain information about
system configurations of multiple particle numbers. For such systems, the central
object we seek instead is the density of states gj/(F) on a fixed-particle-number

subspace of the full Hilbert space

k

gu(E) = kXM: O(E — Ernm), (4.3)

=1

where the subscript M indicates correspondence to the subspace of M total particles.
Here I have assumed that the system’s Hamiltonian H commutes with a total number
operator N as [H, N] = 0, such that eigenstates |k, m) can be labelled by a quantum
number k € S, within a fixed subspace of total particle number m (here S,, collects
all indices that belong to the same particle number). This object can be used to
compute the density of states in both the canonical ensemble (thermal equilibrium
with a thermal reservoir at inverse temperature ) and the grand canonical ensemble

(thermal equilibrium with a thermal and particle reservoir at inverse temperature g

and chemical potential p). First, consider the canonical-ensemble partition function
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for a fixed particle number, defined as

- / dEe P gy (E). (4.4)

Indeed, this closely resembles Equation but the trace only includes eigenstates
contained in the subspace of particle number M as Try/[-] = Yycs,, (k, M| - |k, M).
The subspace DOS may also be used to compute the partition function in the

grand canonical ensemble, given by

Z(B,p) =Tr [e’B(H’“N)]

=" MZ(B), (4.5)

which is a weighted sum of canonical partition functions at varying particle number
M, weighted by powers of the fugacity z = e®*. Therefore, in both the canonical
and grand canonical ensembles, determining the subspace density of states gu(F)
is sufficient to access all equilibrium thermal properties. The methods presented in
this chapter represent, to the best of my knowledge, the first quantum algorithms
capable of doing so without prohibitively expensive eigenstate preparation routines.
Throughout this chapter, as an archetypal example of a fermionic many-body
Hamiltonian, I will refer to the Fermi-Hubbard model, whose Hamiltonian is

H=-J > (c;[,ckg + C};:O,Cjo—) + UanTnﬂ. (4.6)

(4,k),0 J

Here ¢, (cl,) is the fermionic annihilation (creation) operator for site j and spin

jo
o€ {4}, njo = C;-'O.Cjo- is the spin-density operator for spin ¢ on site 7, and
(7, k) indicates summation over neighbouring sites. This system is depicted in
Figure (a). Since [H, N| = 0 for total number N = ",(nj +nyy), its eigenstates
have well-defined total number M. In Figure (b), [ illustrate the subspace density
of states gy (F) at a varying M for a particular instance of the Fermi-Hubbard
Hamiltonian (although not actually required for the algorithm as discussed in

Section [4.2.3.1], for convenient normalization of variables I rescale the Hamiltonian

such that its maximum/minimum eigenvalues are +1).
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Figure 4.1: The Fermi-Hubbard model and its fixed-particle-number DOS. (a)
The Fermi-Hubbard model describes spinful fermions hopping between nearest-neighbour
sites (assumed throughout this chapter to be on a grid topology, as depicted here) with
hopping integral J. Opposite-spin fermions can occupy the same site with interaction
energy U, but the Pauli exclusion principle forbids same-spin fermions from doing so,
imposing a maximum particle number M. Graphic adapted from Ref. . (b) I
cumulatively plot the subspace DOS ga/(E) (up to a broadening of lines discussed in
Section for a (3 x 2) open-boundary grid Fermi-Hubbard model with J = —1,
U = 2 for a series of different particle numbers M. Each M has a different DOS (different
colours) and a different normalization factor |S| which has important implications for
computing the partition function Z;(f5) or the grand canonical partition function Z(8, ).
Here, M = 6 is the most populous subspace.

4.2 Results

In this section, I outline the foundations and analytic details of our approach to
computing the DOS. Much like the shadow spectroscopy technique explored in
Chapter [3 our approach is based on a Fourier analysis of temporal signals obtained
from time evolution on a quantum computer. Therefore, the Fourier transform of
the DOS (FDOS) will be relevant throughout, which I define below for systems
of fixed particle number. A generalization to systems of variable particle number

will be explored in Section [4.2.1.2

Statement 1. For physical systems with fixed particle number, the FDOS G(t) :=

Flg(E)](t) can be computed as the trace of the time-evolution operator as

Git)=—=Tr {6_””]. (4.7)
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Proof.

/ O; dEe P y(E) (4.8)
> et (4.9)
Tr[e~ 1], (4.10)

where I have used the unitary, angular-frequency convention for the Fourier transform
and the DOS definition of Equation I note that for all time signals in this work,
G(t =0) = d/v2m and G(—t) = (G(t))*, so only forward time evolution is required.

It follows that the DOS can be reconstructed via an inverse Fourier transform as

o(E) = FUGW)(E) = \/127 JREEE) (4.11)

]

4.2.1 Estimating the FDOS using DQC1 circuits
4.2.1.1 One Clean Qubit (DQC1) computation

Equation [4.7/ may be rewritten in terms of the maximally mixed state ppa., = 1/d as

d
ﬁ Tr [pmaxe

Several related, prior works [306-308] estimate the FDOS based on the above

G(t) = —iH, (4.12)

equation, by sampling random pure initial states (since the average of all random
initial basis states is the maximally mixed state). To derive new results in the
following sections, it is essential here to consider another approach, whereby the
FDOS can be computed using a purification of the maximally mixed state [352].
When H is an n-qubit Hamiltonian, one adds an n-qubit ancillary register and
creates Bell pairs between the two registers as illustrated in Figure [£.2)(a) — indeed,
the reduced density matrix of the main register is the maximally mixed state,
while the composite system is in a pure state. One then performs a Hadamard
test, with the time evolution operator controlled on an ancilla qubit, and thereby

deterministically encoding the FDOS into the ancilla qubit’s amplitude. Similar
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Figure 4.2: Quantum circuits for evaluating the FDOS. (a) DQC1 circuits: First,
setting V to be the Hadamard transform H®" allows one to estimate the FDOS over the
entire Hilbert space as relevant for Section This creates Bell pairs between the two
registers such that the reduced density matrix of the lower, main register is maximally
mixed — as in standard DQC1 computations. Second, setting V to be a circuit that
prepares a uniform superposition |S|~1/2 Y7, |1:) allows one to estimate the FDOS Gis(t)
on a subspace (Section spanned by {|¢k)}res. I detail an efficient construction
of V for fermionic Hamiltonians in Section (b) Alternatively, the FDOS can
be estimated by random state sampling methods outlined in Section Here the
main register is initialised in a randomly chosen initial state and and thus the need for a
second register to prepare a maximally mixed state is eliminated entirely. The random
intialisation circuit ¥ can be extremely simple — even random single-qubit bit-flips suffice,
and we explore further variants in Section The real (imaginary) parts of the FDOS
are encoded as the ancilla probability by setting W=H (W=S"H).

circuits have been investigated in the literature in the context of the one clean qubit
model (DQC1) [353], and therefore I will henceforth refer to the approach as a DQC1
computation. Finally, repeatedly measuring the ancilla qubit allows one to estimate
the FDOS under standard shot noise scaling. In a fully fault-tolerant setting, one
could also apply amplitude estimation to obtain a fundamentally improved precision

— albeit at the cost of a significantly increased circuit depth.

4.2.1.2 Modified DQC1 computation for general subspaces

Consider now a subspace spanned by a set of energy eigenstates {|/x) }res (e.g.

those with fixed particle number). The density of states projected onto this
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subspace is given by

9s(E) =Y _0(E — Ey), (4.13)

and its FDOS Gs(t) = Flgs(E)](t) can be computed straightforwardly on a

quantum computer as follows.

Result 1. The subspace FDOS Gs(t) can be computed via a simple modification to
the DQC1 protocol depicted in Figure (a), whereby one replaces the Hadamard
transform with a sub-circuit ¥V that produces a uniform superposition of all orthogonal

states {|¢;) } in the subspace (in any basis).

Proof. Denoting the projection onto this subspace as Ps, one has

Gs(t) = Flas(B(®) = = [ dBgs(E)e ™ (4.14)
1 —iEt
= 7 % e (4.15)
1 —iHt
Sy [Ps(e™)] (4.16)
_ Bl pShe™ ], (4.17)

V2T

8) = LS cs|wn) (¥r] is the maximally mixed state on the subspace. Since

where pio) = 5

(S)

max

= ﬁ Y ies |@;) (¢;] for any orthonormal basis {|#;)} of the subspace (where
S’ denotes the collection of indices in this basis), the result follows in analogy to

the full-Hilbert-space case. O

The complexity of constructing the circuit V may strongly depend on the
simulated physical system. However, for the pivotal case of fermionic systems
under the Jordan-Wigner encoding — one of the most prolific target problems
in quantum simulation — one can construct these circuits explicitly. For these
systems, computational basis states have well-defined particle number equal to
their Hamming weight; the uniform superposition of fixed-Hamming-weight states
is known as a Dicke state, and indeed V must be a Dicke-state preparation circuit.
Fortunately, this can be implemented in O(n) depth [354]. Indeed, as I show

in the following section, the protocol can be performed by randomly preparing
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individual initial states spanning the subspace, rather than their uniform mixture
— a substantially easier task. This approach can therefore be used to estimate
the DOS on any subspace for which the basis states can be efficiently prepared.
This may be useful when considering symmetries and conserved quantities other
than particle number — for example, magnetic properties of a system might be

elucidated by comparing the DOS on subspaces of fixed total spin my.

4.2.2 Estimating the FDOS via random-state initialization

Computing the FDOS via the circuit in Figure (a) requires 2n+1 qubits for
an n-qubit Hamiltonian and potentially a state-preparation circuit of depth O(n).
Similarly, previous works considered Monte Carlo importance sampling meth-
ods [306-308| or approximating higher-order 3-design random circuits [309] — where
the latter similarly introduces additional circuit depth. In contrast, I now present an
approach that only requires one ancillary qubit and introduces negligible overhead
in circuit depth. This is achieved via random-state sampling, utilizing a very

straightforward 1-design construction.

Statement 2. Suppose we randomly choose from a unitary 1-design {U;}; according
to the probability distribution p;, therefore obtaining a spherical 1-design in the states
|p;) = U;|0). Defining a random variable in terms of these random states given by

their Loschmidt echoes at fized time t
L(t) = {gil e [0:) = (6:(0)|x(1)), (4.18)
then one may construct an unbiased estimator of the FDOS
G(t) = d(2m)~? L(1), (4.19)

such that E {é(t)} =G(t).
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Proof. Expanding the expected value one obtains

1
\ 2T
1 —iHt
= on zi:pi (¢i] e | i) (4.21)

Gt)/d=E [ (] i |¢i>] (4.20)

- Sn e 6) (0] (422)

_L T e—z‘Ht TT. T
R [ ;PZUZI(D (0] Uzl, (4.23)

where I have used linearity and basis-invariance of trace in the last step. By

definition a 1-design recovers Haar-random averages in the first moment, and thus

1 —iHt
G(t)/d :mTr{e LU|O> <0|UTdU] (4.24)

:\/12_7T Tr [e_thpmaX} , (425)

where I have used that the integration over the Haar measure yields the maximally

mixed state ppax. ]

I note that L(¢) is the overlap between initial random state |¢;) and its time-
evolved counterpart |¢;(t)) = e ! |¢;), and can therefore be computed via the
standard Hadamard test circuit in Figure [1.2|(b).

This conveniently replaces the initialization to the maximally mixed state in
Figure [4.2|(a) with initialization to |¢;) via the random circuit ¥, reducing the
required number of qubits from 2n+1 to n+1. Furthermore, Statement 2] implies
that unitary 1-design circuits are sufficient and allows one to forgo the significantly
more complex random circuits that approximate higher moments of the Haar
distribution used in previous works [306-309, |323].

Indeed, constructing a 1-design can be extremely straightforward. One such
construction consists of applying bitflips with 50% probability to the individual
qubits that are initialized to the computational zero state, and thus {U;} = {1, X }®"
and p; = 1/2". 1 numerically explore further 1-designs in Section , such as

continuous SU(2)®" rotations, and confirm that the choice of 1-design does not
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affect the convergence or shot requirements (so long as a new sampling circuit
is utilized for each circuit repetition).

As mentioned in Section [2.4.3] most ab initio models of genuine utility will have
a fermionic and/or bosonic component. This necessitates computing the FDOS on
subspaces of fixed number (Section , which in turn requires one to sample
states uniformly within the relevant subspace. Although I assumed a 1-design
property in Statement [2| to emphasize how this chapter’s approach improves upon
previous 2- and 3-design constructions [306(-309, |323], even less structure than a
1-design is sufficient. This observation also enables the present approach to be

easily generalized to subspaces of fixed particle number.

Statement 3. Statement@ holds for any set of states |¢;) and probabilities p; that
satisfy > pi |0i) (il = pmaz- This allows one to naturally generalise the previous
results to subspaces without requiring 1-design properties. In particular, given a set
of states within the subspace {|1x) }res and a probability distribution p; that satisfy
the property

Z pi|di) (o] = Pr(%)x, (4.26)

kes
then estimating the Loschmidt echo of randomly chosen initial states zg(t) =

(¢;| et |p;) yields the unbiased estimator for the FDOS as
Gs(t) = |8](2m) 72 Ls(t), (4.27)
such that E |Gs(t)| = Ls(t).

Proof. One can re-prove Statement 2] by starting the same way up to Equation [4.22]

and then move the summation inside the trace as

Glt)/d = o= S Tele 160 (0] (4.28)

= e S nlo) A (4.2

By applying >, p; |¢:) (¢i] = pmax one obtains the desired expression, without the

need to assume uniform probabilities as in Statment [2 For the subspace approach,
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one assumes the property >, p; |¢:) (¢| = pS), thus obtaining the analogous

expression for Gg(t). O

Recall again that for fermionic Hamiltonians under the Jordan-Wigner encoding,
computational basis states have well-defined particle number M equal to their
Hamming weight. It therfore follows Statement [3| that the set of computational
basis states {|k)}res of fixed Hamming weight M sampled uniformly (p; = |S|™!)
is sufficient to estimate the FDOS on a subspace of fixed particle number M.
More generally, one could also initialize in a state of fixed particle number and
randomly apply number-conserving transformations, such as matchgates [330], to
obtain a desired set of random initial states.

Finally, I remark that the above sampling approaches are efficient, since they

admit a standard shot-noise scaling.

Statement 4. The number of samples required to estimate Gs(t)/|S| in Statement[5
(for the full Hilbert space S = H and |S| = d) to precision € is upper-bounded as
N, < (2m)~te 2. Similarly, repeatedly measuring the ancilla qubit in the DQC1
circuit (Figure[4.9(a)) achieves the same bound.

Proof. The variance of the estimator is given by
Var[G(t)/|S]) = (2r) " Var [L(1)] < (2m) ' E[|L(1)P] (4.30)

and given that |L(¢)]? < 1 it follows that Var[G(t)/|S|] < (27)~!. Thus, the
number of samples required to estimate G(t)/|S| to precision € is upper bounded

through the variance of the mean estimator as N, < (27) e 2. O

Importantly, the random initial state sampling approach in Figure (b) achieves
the same sample complexity as the DQC1 circuits in Figure (a), and therefore
can be substituted for no additional cost (other than potential challenges in varying
the executed circuit each shot, which I address in Section . Although the
maximally-mixed-state formulation is a theoretical convenience that is useful for
proofs, explicitly preparing a maximally-mixed state on near-term devices is a

challenging prospect that has hindered similar protocols [352]. In contrast, trivial
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single-qubit operations (i.e. bit-flips) are sufficient for this chapter’s approach,
rendering the impact of improper state preparation negligible (e.g. preparation
of states of correct particle number is assured to within single-qubit gate fidelity).
Nonetheless, there may be advantages to using the more complex DQCI circuits in
a fault-tolerant setting. For example, one could apply amplitude estimation |19
to the DQCI circuits to estimate the ancillary probability, which would enable
a fundamentally improved time complexity, such that the runtime is O(e™'). In
exchange, however, the circuit depth becomes similarly O(e~1), which would prove

significantly more challenging for NISQ and early-fault-tolerant devices.

4.2.3 Reconstructing the DOS

In the previous sections, I detailed how to estimate the FDOS at a fixed time ¢
using a quantum computer. Formally, the DOS can be written as the inverse Fourier
transform of the FDOS as in Equation [4.11] but with finite resources, a quantum
computer can only estimate G(t) at discrete time intervals, and up to some finite
time. In the section that follows, I discuss the practicalities of this truncation, and

how this can be directly linked to the estimation of equilibrium thermal properties.

4.2.3.1 Windowed time evolution

In this chapter, thermal properties are computed via a signal G(t) (which may
or may not be on a subspace), which is computed in discrete steps of At. As
outlined in the above sections, a (discrete) inverse Fourier transform can then be
used to obtain the DOS ¢(F). To avoid spectral leakage causing distortion in
the estimate of g(F£), it is prudent to use a Fourier window function [355], which
I denote as W, (t) (where o is some characteristic temporal width). The inverse

convolution theorem then guarantees
FHW,()G()] = wi/6(E)  g(B), (4.31)

where * denotes convolution f(E) * h(E) = [def(e)h(E — €) and w0 (E) =

FHW,(#)](E) is the inverse Fourier transform of the window function. I note
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that for typical choices of window function, w;/,(£) is a point-spread function
with characteristic energy width 1/0, and therefore Equation represents the
evaluation of the DOS up to a broadening of lines (i.e. ‘blurring’ of the DOS).

I henceforth refer to
J°(F) = wl/a(E) * g(F) (4.32)

as the resolution-limited DOS. While a broad range of window functions are available
in the literature that make different tradeoffs [356], in this chapter I will consider a

standard Gaussian window of width ¢ and unit normalisation [dEw;/,(E) =1 as

W, (t) = \/12_7? exp<—2’i2). (4.33)

The sole exception to this will be the ‘natural’” window induced by noise in
Section m To illustrate the effect of the window function (in particular, its
temporal width o), in Figure 4.3[(a) I plot subspace FDOS signals for a Fermi-
Hubbard Hamiltonian for increasing Gaussian window widths o. In Figure [4.3|(b),
one can see how this blurs out spectral features in the resulting resolution-limited
DOS g§(F) reconstructions.

In complete generality, the resolution of the DOS improves with an increasing
window width o. However, it requires longer-duration time evolution to evaluate
G(t), as resolving spectral features in the DOS to an energy scale AE = O(1/0)
necessitates evolution up to a timescale O(c). Since required circuit depths will
typically increase with the duration of time evolution, there is a trade-off between
the resolution of the DOS and the required resources (e.g. coherence times). This
is indeed the main limitation of this chapter’s approach, as time evolution can be
relatively challenging even for relatively short timescales using NIS(Q) and early
fault-tolerant devices. Nonetheless, even relatively shallow circuits can be very
useful in estimating certain thermodynamic properties: for example, it may be
possible to determine qualitative features with short temporal widnow widths, such

as inspecting the DOS for the presence of an insulator gap.
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Figure 4.3: Effects of finite simulation length. I study a (3 x 2) grid Fermi-
Hubbard model with open boundary conditions, nearest-neighbour couplings, J = —1 and
U = 2, and assuming the fixed-number subspace M = 6. (a) The FDOS Gg(t) (black)
is estimated using a quantum computer and allows reconstruction of the DOS gg(E)
through an inverse Fourier transform. As detailed in Section to cap the total time
evolution length, the signal is multiplied in post-processing by a Gaussian Fourier window
W (t) of temporal width o = 180 (blue), o = 60 (orange), and ¢ = 20 (green) — shaded
regions represent the amplitude of the window function. (b) Different resolution-limited
DOS §?(E) are obtained from each signal in (a): wider temporal window width (e.g.
blue, o = 180) leads to finer-resolution spectral features while shorter time evolutions
(e.g. green, o = 20) blur out spectral features. (c) The partition function Zg(T") from
Equation is estimated for increasing temperatures 7' = 1/ using the resolution-limited
DOS §°(E) from (b) — the shaded grey region represents the true partition function.
Low-temperature physics imposes stricter requirements on the duration of dynamics:
shorter temporal window widths (green and orange) yield poorer approximations at low
temperatures due to the concentration of the Boltzmann factor e ?F at low energies. In
contrast, the inset illustrates that even short-time dynamics can be sufficient for accurate
prediction of higher temperature properties.

I also highlight that unlike kernel polynomial methods [300, 309|, there is no
requirement to rescale the Hamiltonian such that its spectrum lies in a certain range,
which would require some prior knowledge of the spectrum to reliably perform.
Instead, the range and resolution of energies are determined by the duration of
dynamics t,.x and the sampling period At. In particular, sampling ¢ in G(t) via

a uniform grid of N; = t,,./At points yields a uniform grid of energies between

s 2 T . : . :
- T A and <;; the range of energies can then be increased by decreasing At,

while the spectral resolution can be improved by increasing the duration of evolution.
Alternatively, rather than uniformly sampling ¢ in G(t), one could estimate

the windowed Fourier transform in Equation [£.31] by Monte Carlo importance
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sampling methods. In this approach, one samples the FDOS G(£) at random times £
which are drawn from a probability distribution P(t) = W, (t)/{ /%, dtW,(t)}. This
approach leads to the same spectral resolution limits and to the same shot-noise
properties, since FDOS is still evaluated by shot-noise-limited sampling. However,
an advantage of this Monte-Carlo approach is that it allows evaluation of §7(F) for
a continuous F in principle, as opposed to the specific frequencies obtained from a
discrete Fourier transform at the fixed time points. This approach of importance
sampling from a window function is commonly applied in other Fourier-limited

methods for computing spectral properties [297].

4.2.4 Directly estimating thermodynamic properties

Once the resolution-limited DOS is obtained with the methods of the previous
section, one can use it to estimate thermodynamic properties via Equation 4.4 In
Figure [4.3(c) I illustrate that a relatively short temporal window width o does
not significantly hinder estimating thermodynamic properties at relatively high
temperatures (small § via T = 1/f3), since it primarily leads to inaccuracies at
low temperatures (large ). This is of course expected from Equation , since
for lower temperatures (larger 3) the Boltzmann factor e ?¥ becomes more evenly
spread out in F leading to a diminished relevance of small fluctuations in the
density of states when calculating Z(0).

However, as I now show, thermodynamic properties in the canonical ensemble
define effective window functions, which may be combined with importance sampling
to directly compute these properties. Provided one can evolve the system to the
sampled times, this eliminates approximations due to convolution in the resolution-

limited DOS. Formally, thermodynamic properties are estimated via the integral

F(8) = [ f:(B)g(B) dE, (434)

where f3(E) is a function that encodes the desired property. For example, one may
directly compute the partition function F'(3) = Z(8) by setting fs(FE) = e ¥ or
the internal energy F(8) = U(f) by setting fs(E) = Ee PE.
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To directly estimate thermal equilibrium properties without first going via the
DOS, note that Parseval’s theorem allows one to apply the Fourier transform to

both functions without changing the result of the integral as

F(8) = [ FUEN®GE) at. (4:35)

This expression can be estimated using importance sampling: one randomly chooses

times 7 according to the probability density function

 FE))
PO = = ar e

which can be straightforwardly computed numerically and for relatively simple

(4.36)

functions fz(F) analytically. I highlight that a potential difficulty may be that
the Fourier transform F[fz(E)]|(t) has a long tail, e.g., the function may decrease
asymptotically as O(1/t) for increasing ¢, in which case large evolution times  may

be required beyond capabilities of near-term hardware.

4.3 Random state sampling requirements

In Section [£.2.2] T concluded that the random initial state sampling approach in
Figure [4.2(b) allows one to compute the FDOS using a comparable number of
shots (circuit repetitions) as the more complex DQC1 circuits in Figure [4.2)(a).
Here I numerically compare this procedure when estimating the FDOS using the

following four different sampling methods:
» measuring the ancilla qubit in DQCT1 circuits

« exact Haar-random initial state sampling (which would be exponentially

expensive)

T

me

z

—i0m,10 me

—i0m 20 —i0m 305,

o product state sampling by single-qubit rotations e

on each qubit m with randomly chosen 6,, ; (Euler angles)

o computational basis state sampling by uniform randomly applying bitflips

{1, X} to each qubit on the computational zero state
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The focus in this section is to confirm convergence of the different approaches
and verify that they indeed yield the same result (up to possibly slightly different
behaviour when state preparation circuits are repeated, discussed below). In doing
so, I confirm that these methods require only very simple initial states, circumventing
the need for complicated initial-state preparation used in e.g. QPE, which may
be a bottleneck for some high-utility problems [287], or the expensive and error-
prone process of explicitly preparing a maximally-mixed state, which limits the
applicability of some related protocols [352].

Since some of the above random sampling methods are ill-defined for subspace
methods, in this section I choose the disordered Heisenberg chain as a
benchmark model, and estimate the DOS in the full Hilbert space. As a metric

for comparison, I define the error in the approximated DOS as

(fo)=1— LI (4.37)

(f: )57, 97)

where (f,g9) = [dEf(E)g(F) is the L? inner product, and f(E) is the density

of states estimated using N, shots.
Here, I compare the performance of different sampling methods using exact
time evolution — I investigate the effect of algorithmic errors and gate noise in

later sections (Sections |4.4.1] [4.4.2] and 4.5.2). In Figure I plot the error

€(f, o) for a range of total per-timestep shot budgets Ny, and indeed confirm that
all techniques admit standard shot noise scaling as expected from Statement [4]
Although not visible on this plot, one should expect the error €(f, o) to eventually
plateau, since I cap the maximal allowed time in G(t¢) in the signal-processing
approach as detailed in Section [£.2.3.1]

Figure [4.4] illustrates that the DQCI1 method and all three random-state
sampling methods achieve the same performance, so long as a new random initial
state is supplied for each shot when sampling random initial states (blue curves).
Indeed, there is no advantage in using complex random sampling methods (such as
approximate 2-designs [309)]), since simple 1-design sampling (e.g. bit-flip sampling)

achieves the same performance when a new initial state can be supplied for each shot.
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Figure 4.4: Comparison of random initial-state sampling methods. Error ¢(f, o)
as a function of per-timestep shot budget Ns in the DOS of a Heisenberg model
(h=1,J =1,n = 12), obtained using different random sampling methods (Haar-random,
single-qubit continuous rotations, and random bit flips). Coloured lines represent that the
same random initial state was reused N, times, since loading a new circuit is expensive
on most hardware platforms and thus multiple repetitions of a single circuit are desirable.
Lower dark grey shaded regions represent the errors obtained by DQC1 computation via
the circuit of Figure (a), whereas the light grey shaded area represents completely
random noise. Parallel lines in the above log-log plots confirm standard shot-noise scaling
N = O(e?) from Statement [4] for all techniques, i.e. performances are only different
by constant absolute factors, and the DQC1 and random initial-state sampling methods
coincide as expected when N, = 1. For larger values of N,, the more uniform random
sampling methods perform slightly better, however they may require more complex
initialisation circuits — the single-qubit, random Euler angle approach is likely to be the
most practical one. Confidence intervals are too small to visualize on this plot.
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However in practice, on most quantum hardware platforms it is expensive to
load a different circuit at each repetition, i.e. it is more efficient to ‘bunch’ shots
together by repeatedly sampling the same initial state, and thus changing the
circuit every N, shots. In this case, the total shot budget is Ny = N, x N, where
Ny random initial states are sampled. Figure (orange, green, red) illustrates
the performance when an initial random state is resued N, > 1 times. One can
clearly see that Haar-random sampling performance are almost uncompromised
for up to N, = 103, while random Euler-angle single-qubit sampling admits a
moderately increased shot noise as N, increases at fixed N,. In contrast, shot noise
in bit-flip sampling is significantly increased for an increasing N,. This illustrates
that random-state sampling methods that sample the Hilbert space more uniformly
can be advantageous when sampling circuits are repeated, as they may require fewer
samples. Single-qubit Euler-angle sampling appears to be a particularly pragmatic
alternative here, since it requires only single-qubit rotations but is more robust
to repeated sampling circuits than simple bit-flips.

The motivation for studying the convergence in a non-fermionic (fixed-particle-
number) model was the larger range of random-state sampling methods available,
since methods like the random Euler-angle sampling do not preserve fermion number.
This allowed me to showcase how uniformity in state sampling affects the impact of
circuit repetitions N,, but analogous results can be shown for fermionic problems.
To do so, I perform the same sampling task on a Fermi-Hubbard model . As
in the rest of this chapter, I utilize a (3 x 2) grid Fermi-Hubbard model with
open boundary conditions, nearest-neighbour coupling, and parameters J = —1,
U = 2. The DOS is computed with a window width ¢ = 60 (relative to the
rescaling described in Section . Sampling is performed (a) with the modified
fermionic-subspace DQC1 approach of Section , and (b) with fixed-Hamming-
weight bit-flip sampling as outlined in Section [£.2.2] The results are depicted in
Figure 4.5, again confirming that both sampling methods admit the same standard
shot-noise-limited scaling, but this time for a fermionic problem. Beyond this

simple bit-flip sampling approach, I anticipate that more uniform sampling could
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Figure 4.5: Convergence of sampling methods for fermionic problems. I plot the
error €(f, o) as a function of per-timestep shot budget Ny in the DOS of a Fermi-Hubbard
model using the modified DQC1 approach for fermionic subspaces (lower dark grey
shaded region) and bit-flip initial state sampling at fixed Hamming weight (blue line).
The upper light grey shaded area represents the error that would be obtained from a
random white-noise signal. As expected, the errors for the fermionic-subspace DQC1
approach and the random-state-sampling approach coincide, again confirming that both
sampling methods admit standard shot-noise scaling N, = O(e~2). The behaviour is
overall analogous to that of the non-fermionic problem in Figure [£.4] Confidence intervals
are too small to visualize on this plot.

be obtained by e.g. initializing in a state of definite number and applying random
(number-conserving) matchgate circuits , yielding the benefits of more uniform
sampling methods seen in Section [4.3] when N, > 1.

To further explore this intuition that more uniform random-state sampling is
advantageous when randomly-sampled initial states are repeated, I consider the
use of a layered hardware-efficient ansatz circuit structure to generate random
initial states by randomly sampling ansatz parameters. The circuit, depicted
in Figure a), consists of L layers each consisting of X-Y-Z rotations (Tait-
Bryan angles), followed by nearest-neighbour ZZ couplings. It is well known
that this circuit structure generates a full-rank Lie algebra (see Chapter |5| for a
deeper discussion on Lie algebras and quantum circuits), and thus generates an

e-approximate 2-design with layers L oc log(1/¢) [213]. Consequently, varying L
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Figure 4.6: Effect of initial-state-preparation circuit depth on DOS error.
(a) Structure of an ansatz layer for random initial state sampling, per the circuit in
Figure Each layer consists of arbitrary single-qubit rotations (parametrized by Tait-
Bryan angles) and nearest-neighbour ZZ rotations. (b) Error €(f, o) in the estimated DOS
for an increasing number of layers L, at three different sampling circuit repetitions N, €
{1,10,10%}. Shaded bars represent bootstrapped 95% confidence intervals. Increasing L
interpolates between the 1-design and 2-design limits, the latter of which leads to reduced
impact of sampling circuit repetition. Indeed, this confirms that more uniform random
sampling of the Hilbert space is preferable when reusing initialisation circuits (N, > 1).

should vary between the 1-design and 2-design limits. In Figure [4.6[b), I compare
the error €(f, o) achieved for N, = 10* shots per timestep at varying layer count
L, for three different sample repetition numbers NN,. As expected, in the limit of

many layers L the three schemes converge to nearly the same error €(f, o).

4.4 Applicability in the early-fault-tolerant era

In Section [I.2] T alluded to the dawn of the early fault-tolerant era of quantum
computing, where small numbers of error-corrected logical qubits can conduct simple
computations. In this era, simple algorithms for dynamics such as Trotterization
are likely to be feasible, and computations will be bottlenecked by algorithmic
error (due to discretization of time evolution) and gate noise (originating from
imperfect application of T' gates, rather than the underlying errors in entangling
gates themselves). This state of affairs is very promising for the methods of this
chapter, and thus in this section I conduct numerical simulations to investigate

the praticality of this chapter’s methods in an early fault-tolerant setting. By
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performing explicit simulations of these protocols, I demonstrate a high degree of

robustness to both algorithmic error (Section 4.4.1)) and gate noise (Section [4.4.2)).

4.4.1 Resilience to algorithmic error

While simulating time evolution is possibly the most natural application of quantum
computers, these simulations are only approximate due to algorithmic errors. In
this section, I implement Trotterized time evolution and investigate the effect of
these algorithmic errors on the DOS in the subspace of particle number M = 6
as g¢(E). In doing so, I demonstrate surprising levels of robustness to algorithmic
error — even with low-fidelity evolution, a reasonably accurate estimate of the
DOS can be obtained.

I consider the Fermi-Hubbard model (whose Hamiltonian is given in Equation
for a (3 x 2) grid with open boundary conditions, nearest-neighbour coupling, and
parameters J = —1, U = 2. | map the Hamiltonian to qubits via a Jordan-Wigner
encoding and rescale the spectrum as outlined in Section to finally obtain
H =3, H,. The time evolution under this Hamiltonian can be implemented

via a first-order Trotterization as

U(At) = exp <—iAt Z Hm>
= [[exp(—iH,,At) + O(A?), (4.38)

whereby all O(At?) contributions are neglected. Controlled time evolution is
then implemented by applying controlled variants of the individual local gates
as [0), (0], ® 1 + (1), (1|, ® exp(—iH,,At), where |0),, |1), denote ancilla states
— the resulting controlled-Pauli operations can be straightfowardly implemented
in the manner outlined in Section 1.4.2]

I first compare the fidelity of the ideal dynamics to the Trotterized dynamics
via the unitary fidelity
t/At

Tr lexp(iHt) [ [] exp(—iHnAL)|.

s=1 m

1
«Erotter(t) = E
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Figure 4.7: Effect of algorithmic error on DOS calculations. Top left: The DOS
(solid line) of the M = 6 subspace of a 3 x 2 grid Fermi-Hubbard model (J = —1, U = 2)
is a surprisingly accurate reproduction of the exact DOS (shaded grey region) despite
very significant Trotter error, i.e., the unitary fidelity Firotter(f) (solid blue line, bottom
left panel) of the time evolution operator decays rapidly relative to the timescale set
by the Fourier window (shaded region, bottom panel). Even with levels of Trotter error
that would be too significant for most applications, the spectral content of the FDOS
G(t) remains accurate enough to correctly resolve the DOS. Top right: For a more
systematic study, I compare five different Trotter steps At € {5/2,5/4,5/8,5/16,5/32}
and depict the rate at which the unitary fidelity Firotter(t) decays for each timestep
At. Bottom middle: Using these timesteps At, I compare the error €(f,o) in the
estimated DOS across a range of window widths o. As expected, larger window widths o
require shorter timesteps At, since these incorporate the effect of the signal G(t) at later
times ¢ where the accumulated effect of algorithmic error is greater. This is necessary to
resolve more detailed spectral features, since the relevant spectral resolution is AE ~ 1/0.
Bottom right: With respect to the timescale of the corresponding Fourier windows
(solid lines) and windowed signals (transparent lines), the unitary fidelity Firotter(f) decays
non-negligibly, further confirming that our method is successful even with very significant
algorithmic Trotter error.
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For fixed timestep At, this leads to an exponential drop in the fidelity as a function
of total simulation time ¢, which is depicted for various At in Figure [4.7|top right).

I consider the modified DQC1 protocol outlined in Section assuming the
main register is in an initial maximally mixed state on the subspace of M = 6
(which can be efficiently prepared via O(n)-depth Dicke state circuits) and the
ancilla is in the |0), state. In Figure [4.7)(top left), I show the evaluation of g¢(E) for
At = 2.5 and a window width of ¢ = 250. Despite the very poor fidelity of Trotter
simulation, with Fiyotter(t) in Figure (bottom left) almost immediately dropping
below 0.5 and further decaying quickly relative to the the window timescale o,
I find that the DOS is reproduced to a surprisingly good level of accuracy. In
fact, by comparing the individually resolved peaks in Figure (top left, black
vs grey lines) at the highest and lowest energies, it is clear that the Trotter error
merely shifts the peaks to the left and right but does not significantly affect their
peak heights. This can be understood analytically by noting that Trotterization
implements time evolution under an effective Hamiltonian with a perturbative error
term. By the Baker-Campbell-Hausdorff formula, this effective Hamiltonian can
be written as Heg = H + AtP + O(At?), where the perturbation operator P is
composed of nested commutators between the individual Hamiltonian terms (i.e.
terms of the Hamiltonian Lie algebra — see Chapter . Consequently, since the
energies observed in the ancillary signal of controlled Trotterization are eigenvalues

of H.g, their deviation will be bounded as
AEy, < At||Plo + O(AF). (4.39)

These shifts can indeed be observed in Figure [4.7 (top left), since the Fourier window
has a fine width 1/0 < AFE}), narrower than the energy shifts. This illustrates
that in practice, one should rather choose a convolution window (and hence total
time evolution length) such that 1/0 > AF}), in which case the energy shifts due
to Trotter error would not be resolvable. As there is no practical motivation to
evolve longer than O(o) satsifying this condition, it is clear that the Trotter error

effectively limits the achievable resolution, and reducing it (via smaller A¢ and/or
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higher-order product formulae) is necessary to achieve finer spectral resolution,
which I now investigate further. In Figure 4.7[(bottom middle), I compare the
error €(f, o) achieved in the approximate DOS for varying window widths o €
{250, 500, 1000, 2000}, across a range of time-steps At € {5/2,5/4,5/8,5/16,5/32}.
Here one can see another aspect to the relationship between window width and
spectral resolution — as noted in Section [4.2.3.1] resolving spectral features in the
DOS to an energy scale AE = O(1/0) necessitates evolution up to a timescale
O(o). However, accumulated algorithmic errors will increase in severity at larger
t, necessitating smaller time-steps for accurate dynamics at later t. Nonetheless, I
still find that the algorithmic error requirements are quite forgiving. Comparing
the decay in unitary fidelities for these time-steps (Figure [4.7(top right)) to the
timescales of the chosen window widths (Figure[4.7[(bottom right)), one can see again
that reasonably accurate determination of the DOS is possible even with fidelities
that decay fast within the window timescale o, demonstrating the robustness of

our scheme to Trotter error in particular.

4.4.2 Resilience to gate noise

While algorithmic errors in the previous section can be suppressed through increasing
circuit depths, hardware and gate noise pose inherent limitations on the achievable
circuit depths. In this section, I consider the effect of gate noise on the Trotterized
methods studied in Section [4.4.1], for a simulated early fault-tolerant device. I
assume that in an early fault-tolerant setting the dominant source of error will be the
imperfect implementation of continuous rotations (due to the relatively high cost of
T gates, e.g. due to imperfect magic state distillation). To model this numerically, I
employ a modified version of the relevant error model in Ref. [334]. The high cost of
magic state distillation in an early-fault-tolerant setting forces one to use short-depth
Clifford+T sequences, which can be well approximated by an effective depolarizing
noise model [357], which may be mitigated through more advanced techniques [358].

Following the example of the previous section, time-evolution is implemented via a
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first-order Trotterization (4.38)), which for controlled evolution of the Fermi-Hubbard

model (4.6) under a Jordan-Wigner mapping generates terms of the form
0), (0], ® 1+ |1), (1] ® exp(—iAtoy o, .07 10%), (4.40)

with v € {x,y, z}. The Coulomb terms of the Hubbard Hamiltonian act on a single
site ¢ = j, and the hopping terms generate more general terms of the form in
Equation [4.40] Furthermore, the ¢* terms sandwiched between qubits ¢ and j in
the hopping terms can be removed by introducing a network of fermionic SwAP
(FswAP) gates, which only consists of local gates of depth O(Nz) 348, 1359, [360].
I do not explicitly model this, instead using it to assume an error model where
local depolarizing noise of probability A is applied to the ancilla and qubits 7 and j
for every controlled Pauli rotation. I parametrize this in terms of a total circuit
error rate § = ANgates, Where the Trotter circuit contains Ngaes error-susceptible
gates due to imperfect application of T gates.

The effect of this noise can be well understood in terms of the Fourier window
functions outlined in Section [4.2.3.1] Since the logical qubits are effectively afflicted
with Pauli noise ([357], 358]), the state fidelity exponentially decays with increasing
circuit depth to a very good approximation [361]. This acts as an effective

exponentially-decaying Fourier window applied to the temporal signals G(t) as

1 t
W, (t) = Ton exp <_10g(2)0’>’ (4.41)

where the normalization has been chosen such that F~1[W,(¢)](E) = ﬂ((l%é‘gigi))‘éim

is unit-normalized, ensuring correct normalization of the DOS. The effective window
width o is determined by the strength of depolarizing noise and circuit structure.
Consequently, gate imperfections in Trotter circuits yield a broadening of spectral
features and a reduction in spectral resolution AFE. This is not an unusual limitation
— for most applications, the maximum number of gates is typically limited by the
fact that £ = NgatesA must not significantly exceed 1 [361], which imposes a limit

on the duration of dynamics, and indeed imposes a limit on the best achievable
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Figure 4.8: Effect of hardware noise on DOS estimation. I compute the error
€(f,o) in the DOS of a 3 x 2 grid Fermi-Hubbard model (J = —1, U = 2) for Gg(t)
computed under the influence of an early fault-tolerant noise model at a range of different
circuit error rates £ € {1/4,1/2,1,2,4}. (a) I compare the estimated DOS (computed
with fixed window width o = 80, black dotted line) to the ideal DOS that would be
obtained with a perfect signal at window width ¢’. Under the influence of noise, the error
is minimized at a value of ¢’ = o7, smaller than o, which decreases with increasing
error rate £. This is due to the broadening-of-lines effect of gate noise. (b) Gate
imperfections result in a natural effective exponential windowing. I compute the DOS
using no additional windowing in postprocessing, and compare to the ideal DOS for an
exponential window for a range of widths ¢’. At each noise level, the (noise-induced,
effective) window width o}, that minimizes the error is larger than the corresponding
optimal window width o} obtained in (a) for the same dynamics, demonstrating the
‘natural” windowing induced by depolarizing noise in the dynamics. (c) Comparison of the
DOS at differing error rates for Gaussian windowing (top) and no additional windowing
(bottom). Increasing the error rate of the Trotter circuit leads to a broadening of lines in
the DOS.

spectral resolution. Further reducing per-gate imperfections A in early fault-tolerant
systems will allow for an increased spectral resolution.

In Figure [4.8(a), I estimate the DOS at five different circuit error rates £ €
{0.25,0.5,1.0,2.0,4.0}, and plot the deviation €(f, o) from the ideal windowed DOS
using a range of different window widths ¢’. The unique minimum of the curves

identifies the window width ¢’ . that is most representative of the decay rate in

post

the noisy DOS reconstructions, and indeed o}, decreases as one increases &.

In Figure [4.8(b), I compute the DOS with no additional windowing, relying

only on the effective windowing introduced by gate imperfections, and compare
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this to the ideal DOS with exponential window from Equation applied for

increasing widths ¢’. Again, the unique minimum of the curves identifies the width

ES
nat

o* . that is most representative of the noisy evolution, which in contrast to the

previous example is naturally induced by gate noise. Similarly, o7, decreases with
¢. However, this window width is larger than that of the minimum in Figure [4.8(a),
indicating that spectral information may be lost by additional windowing. While
some additional windowing will be required in the presence of shot noise, the noise

level should be taken into account when choosing a window width for postprocessing,

since there will be a natural windowing effect due to gate noise.

4.5 Applicability in the NISQ era

Error correction on current-generation devices is not yet of a sufficient scale to
be useful for quantum dynamics. In the NISQ era, one must contend with the
underlying hardware errors of the physical gates themselves, which are typically
too severe even for simple dynamics methods like Trotterization — applying even
as few as 20 Trotter steps for modestly-sized Ising systems is at the edge of current
capabilities [52]. Much like in Chapter , I apply ansatz-based variational methods
to attempt to circumvent these circuit depth limitations. In Section [4.5.1]I introduce
a new method for variational dynamics, with notable advantages compared to the
method of Li et al. [29] which I used in Chapter [3| I then demonstrate numerically
in Section [.5.2] how this method can be used in tandem with the DOS estimation
methods of this chapter to compute thermal properties of a Heisenberg model in

the presence of realistic noise for the NISQ era.

4.5.1 Variational dynamics via classical shadows and co-
variance root-finding

In Section [3.3] I outlined the approach to variational dynamics introduced by Li
et al. [29] and applied it to shadow spectroscopy. However, this approach requires
one to compute the metric tensor for the ansatz (Equation [3.36]), which requires a

very large number of samples and can be sensitive to noise. Additionally, the Li
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Figure 4.9: Circuits for variational dynamics compilation. The depicted circuits
enable approximate recompilation of a Trotter step V applied to some dynamical state
U(6:)V |0), (a) such that U(0y1 )V |0) = VU(6:)¥ |0) including global phase or (b) such
that U(0,a¢) ¥ |0) ~ eV U (6,)V |0) for arbitrary global phase difference ¢. In both cases,
the state produced by the depicted circuit minimizes the compilation Hamiltonian
for the desired values of 8, ¢, enabling variational optimization at each time step. I use
the CoVaR optimizer [152] to train circuit parameters.

method is sensitive to degeneracies in parameter space, requiring regularization,
and it is difficult to ascertain how well-converged the optimization is. In contrast,
methods based on recompiling Trotter steps [189-191] can be far simpler, using
simple gradient methods on a cost function defined by an optimization ‘Hamiltonian’
(see e.g. Equation . Furthermore, the minimum value of this cost function
is usually analytically known, providing a proxy to ascertain how well-converged
each step is relative to the fiducial dynamics.

There is scope to refine this further. Although cheaper than computing the
metric tensor, the gradient computation in these methods is still expensive, and
it would be desirable to utilize e.g. the shot-frugal classical shadows approaches
summarized in Section[2.1} Since variational dynamics provides a natural warm-start
for each optimization step [263], this method also benefits from optimization methods
that are particularly more performant than competitors when initialized near a
good minimum. Both of these properties align well with the CoVaR method [152],
and therefore my novel approach to variational dynamics is as follows. Given a
PQC U(0) and an initial state 1)) (produced by some sampling circuit ¥ such
that 1)) = ¥ |0)), I seek to find parameters ; such that U(6;) [1)) ~ e "H |1)).

That is, U(6;) should approximately reproduce the effects of time evolution on
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a specific initial state 1), including the correct global phase. This is a stronger
requirement than typical variational dynamics schemes [29, [188, [189| 191} [207]
due to the global phase requirement, but a much more permissive requirement
than full unitary compilation U(6;) ~ =", which would require the effects of
time evolution to be reproduced on all initial states. Much like Refs. [189, [191],
this approach relies upon recompilation of Trotter steps. At t = 0, one initializes
the parameters 6;,—o such that U(0) = 1 (typically this is 8,—9 = 0). Then, for
each subsequent step, given parameters 8, at some time ¢, one attempts to find

parameters for the next time t + At such that

U(Brrad) [9) = V(AU (1) [¢) (4.42)

where V (At) ~ e A% is a Trotter step over time At, and global phase is accounted
for in the (approximate) equality. This can be accomplished by applying the circuit
depicted in Figure[1.9(a), and variationally minimizing the compilation Hamiltonian

n+1

Hcomp = - Z UJZ' (443>
j=1

with respect to 6;,a;. The global phase is accounted for by the n + 1th (ancilla)
qubit. In cases where global phase is unimportant, one could instead apply
the circuit in Figure [£.9(b), which does not require controlled evolution on an

ancilla, and thus Heomp = "_,0%. Therefore, this approach can be directly

T =17

compared to the Trotter recompilation methods of Refs. [189-192]. The optimization
steps of such methods can be relatively costly, relying on either SWAP tests or
gradient computation with parameter-shift rules [189-191] which can have highly
unfavourable sampling costs.

I circumvent these difficulties by training the circuits with the CoVariance Root
finding (CoVaR) approach introduced in Ref. [152]. This allows very shot-frugal
optimization of variational dynamics: not only does this not require a SWAP test or
expensive gradient computation, but since only covariances of local observables are

necessary, each step can be performed simply by measuring a classical shadow [324],

necessitating a sample complexity that is merely logarithmic in n for fixed observable
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Figure 4.10: Recompiling Trotter steps with CoVaR. (a) I recompile a single
Trotter step of At = 0.2 for the Heisenberg chain , with parameters as studied in
Section m (n = 6 spins, disorder h = 1, coupling J = 1) and 40 CoVaR steps (one
classical shadow required each). I compare the compilation energy (Hcomp), the covariance
norm || f||?, and the step infidelity 1—Fy. The covariance norm || f||? is directly minimized
by the method, which leads here to a strict decrease in infidelity 1 — Fy. However, even
though it strictly improves fidelity, this optimization takes a path through parameter
space that briefly increases energy (Hcomp), which would not occur when training by
gradient descent. (b) A single layer of the hardware-efficient ansatz used for variational
approximation of dynamics in (a) and Section

locality. Furthermore, since At will typically be chosen to be small (such that the
Trotter approximation holds), 8; and 6, ; will be close to each other in parameter
space. This ensures that CoVaR is initialized in the a vicinity of the solution,
where it performs best |[152], and also may help circumvent the barren plateaus
that plague variational methods in general (Section .

In addition to the shot-frugality of classical shadows and the effectiveness of
CoVaR for warm-started problems, this approach has another advantage: it can
escape local minima in the optimization landscape that gradient-based methods
would get trapped in. In Figure 4.10(a) I compare, for recompilation of a single
Trotter step, the compilation ‘energy’ (Heomp), the covariance vector norm || f]|?
(where f is a vector of covariances (O;Oy) — (O;)(Oy) of 3-local observables O;), and
the step fidelity Fp = | (| UT(0)V (AL)U(6;) [1b) |?, where V (At) is a second-order
Trotter step over time At. The CoVaR method directly minimizes || f||?, which also
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leads to direct reduction of the infidelity 1 — fy. However, this includes an increase
in the compilation energy (Hcomp), taking a path in parameter space that improves
fidelity which gradient-based methods would not take due to the energy increase. I
note that at large system sizes, the local observables O; included in f should be
chosen randomly at each step [152], but at small system sizes it remains tractable
to use all 3-local observables. In Figure [£.10(b), I depict the hardware-efficient
ansatz used for variational dynamics throughout this section. Throughout this
section, to approximate the dynamics I use this method to recompile second-order
Trotter steps of size At = 0.2 using 25 steps, each corresponding to a change of
parameters and new classical shadow.

As noted before, this method can be used for global-phase-insensitive recom-
pilation of dynamics (as studied in Refs. [29, 188, (189, |191, [207]) using the
circuit structure of Figure [1.9(b). For the purposes of this chapter, I perform
the optimization noiselessly on a classical computer, but I anticipate that this
approach may be a competitive method of variationally approximating dynamics in
general due to the shot-frugal classical shadows approach. At the time of writing
this thesis, I have commenced a deeper investigation into this method, which I

hope may lead to a further paper.

4.5.2 Demonstrating noisy variational DOS estimation

In this section, I utilize the variational dynamics method outlined in the previous
section to demonstrate a NISQ-compatible variant of this chapter’s techniques.
Since the goal is to demonstrate the technique under realistic conditions for current-
generation quantum hardware, I now outline a suitable noise model (which I also
utilize in Chapter |§] to model noisy preparation of a metrological probe state).
Since this chapter’s methods require controlled time-evolution, the overwhelm-
ing majority of gates for the circuits of Section are 2-qubit (from on-site
Hamiltonian terms) or 3-qubit (from coupling Hamiltonian terms) gates. This error
model burdens these multi-qubit gates with noise as follows. First, I note that

although simulating controlled evolution under the Heisenberg Hamiltonian ([3.33))
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Figure 4.11: Decomposition of controlled multi-qubit Pauli rotations. Decom-
position of a controlled-Pauli-XX rotation, whereby the entire operation can be controlled
by controlling one single-qubit Pauli-Z rotation. The Pauli product is conjugated by
single-qubit gates and CNOTs which map it to a single Pauli Z observable, about which
a phase rotation is applied. This can be straightforwardly generalized to any controlled
multi-qubit Pauli rotation using conjugation by appropriate single-qubit transfomations
and CNQOTs, but always can be controlled via one single-qubit Pauli-Z rotation.

requires 3-qubit gates (controlled multi-qubit Pauli rotations), these can be easily
be decomposed into 1- and 2-qubit gates by the structure outlined in Figure |4.11
Therefore, when applying controlled coupling terms, I apply a 2-qubit error channel
between the two target qubits and a (different, pairing-dependent) two-qubit error
channel between the ancilla and the nearest target qubit. Since qubit connectivity
varies greatly between architectures, I do not explicitly model it here.

Each distinct pair of qubits has a unique error model, in order to capture
the effects of differing calibration properties of each qubit. The error models are
drawn from a realistic noise model that was learned directly from a 127-qubit
IBM Eagle processor in Ref. [52]. The noise models are of the sparse Pauli-
Lindblad form outlined in Ref. [272]. Each channel is generated by a site-dependent
Lindbladian L,,, where

En(p) = exp (L] (0); Ln() = Ao 3 Yom(Py- BL—=1-1) (4.44)

kek
for 7, > 0, and where )\q is an overall multiplier of the base noise level and K
is the set of 2-qubit Pauli operators for the qubits acted upon by the entangling
gate. This corresponds to a diagonal Pauli transfer matrix with diagonal terms
fi = eexcwr + (1 — wg)(=1)9% | where wy, = (1 + e 2**)/2 and (a,b) is the

binary symplectic product

(a,b) = {0 when [P,, P,] =0, (4.45)

1 when {F,, P} =0.
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One can easily write this in Kraus operator form
M) =26l ). (4.46)
J

by the Walsh-Hadamard type transform

o= 3 S (-)I (4.47)

In the numerical simulations of this section (and later Chapter @, I generate the
Kraus-operator forms of these noise channels for a given noise level A and apply
these directly to the density matrix after each entangling gate. Different vy, are
chosen for each qubit pairing m, sampled randomly from a set of amplitudes learned
directly from CNOT processes at different sites in a 127-qubit IBM Eagle device [52).

I now use this noise model to illustrate the performance of this chapter’s methods
using variational techniques in the NISQ era. All Loschmidt echoes used in the
following calculation are evaluated under the effect of the above noise model, which
is parametrized by a base noise multiplier \g, where \y = 1 corresponds to noise
levels comparable to current-generation hardware. I denote the combined channel
containing both the circuit U(0) and hardware noise as Uy : D(H) — D(H).

For this numerical experiment, I consider dynamics of the Heisenberg model
in Equation [3.33| at n = 6, for disorder strength h = 1 and coupling J = 1. This
model has been identified as a strong candidate for early quantum advantage [342,
344], and scaled up to much larger system sizes would likely represent a genuinely
non-trivial quantum task. I consider 100 initial states {|i;)}1% sampled randomly
from single-qubit rotations (uniform random FEuler angles), and using the new
variational method of Section , compute approximate angles 6, s such that
U(6;5) [ths) ~ et 1)) for each s and relevant time ¢. I consider 60 timesteps of
At = 0.2, evaluating each Loschmidt echo with shot noise of N, = 200 shots per
time step (100 shots each for real and imaginary parts). For the ansatz circuit, I
use the hardware-efficient ansatz depicted in Figure [£.10|b).

In Figure 4.12] T compare this variational evaluation of the DOS for noise
rates \g € {1,1/2,1/10}. T compare the approximations to the DOS obtained in
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Figure 4.12: Calculating density of states with noisy variational quantum
dynamics. (a) I demonstrate a NISQ-friendly variant of our methods by calculating
the DOS of a Heisenberg model with disordered magnetic fields (n =26, h=1,
J = 1) in the presence of hardware noise, using variational quantum dynamics. I do
not rescale the Hamiltonian, and use a window width of o = 2.5, leading to the ideal
DOS depicted by the shaded grey region. 100 randomly sampled initial states are evolved
with variational methods and used to estimate G(t) at a per-timestep shot budget of
N, = 10* (N, = 100), which in the absence of noise replicates the DOS with only minor
defects (dotted black line). I compare the DOS obtained at varying overall noise levels A,
resolving the DOS to good fidelity at \g = 1/10. (b) A comparison of the noisy fidelities
Froisy(t) for the underlying dynamics of the 100 randomly-sampled states, at each noise
level.

Figure [1.12{a), finding that although noise comparable to current devices (Ag = 1)
is too severe for the requirements of controlled evolution, by Ay = 1/10 one can
reproduce a reasonable approximation of the DOS. This suggests that our methods
may become more viable on NISQ devices with modestly increasing 2-qubit gate

fidelity. In Figure M(b), I plot the state-to-state fidelities

Tr[pideal (t)pactual(t)]y (448)

SH

-Fnoisy (t) =

where pigeal(t) = e |1h,) (1] et is the ideal evolved state and pacpual(t) =

uet,s(

Vs) (1g]) is the actual state obtained from the noisy ansatz — indeed, the
two most severe noise rates that fail to produce a good DOS have very low

fidelities (Froisy(t) < 0.5).
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4.6 Conclusions

In this chapter, I introduced a range of new techniques for estimating thermodynamic
properties of quantum systems using quantum computers. This is achieved via
the DOS, whose Fourier transform (the FDOS) is computed via controlled real-
time evolution on a quantum computer. Throughout this chapter, I introduced
a framework of new and improved methods to estimate the FDOS. Notably, I
introduced a method to compute the DOS not only on the full Hilbert space, but
also on Hilbert subspaces, which per Section is a necessary requirement to
compute thermal properties of any fermionic system. Since the constituents of
matter are fermions, this is a crucial step: nearly all ab initio quantum models of
genuine real-world relevance will have a fermionic component. I also introduced
deterministic circuits that enable one to directly sample the FDOS without resorting
to random sampling methods as in Refs. [306-309, 323]. With regard to random
sampling, I detailed a broad range of circuits that enable direct sampling of the
FDOS, greatly improving on previous unitary 2- and 3-design methods by showing
how very simple 1-design initialization circuits could be used. Indeed, even sampling
as simple as random bit-flips was shown to be equivalent to more uniform methods
when a different circuit was sampled per shot, and I demonstrated the effect of
random circuit uniformity on the convergence rate when sampling circuits are
repeated. I also detailed how one can directly estimate thermodynamic quantities
using these methods via importance sampling of the FDOS.

By simulating this novel approach in a broad range of numerical experiments,
I demonstrated its robustness to a number of practical factors. In addition to
the aforementioned study of sampling and shot noise, I demonstrated surprising
levels of robustness to algorithmic and gate errors that are encountered in early
fault-tolerant quantum computers. In the case of algorithmic error, the structure of
Trotter error shifts peaks in the DOS by a timestep-dependent amount, meaning
that estimation of the DOS up to some commensurate spectral resolution is still
robust. In the case of gate error, the effective noise from imperfect T' gates leads

to an effective additional windowing of the DOS, which results in a broadening of
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spectral features rather than complete failure of the method. I then introduced
a novel approach to variational dynamics that uses the CoVaR method [152] to
train parameters of a variational circuit, and demonstrated how this may enable
our methods to be adapted to flawed devices in the NISQ era.

A range of further extensions and generalizations of the work in this chapter are
possible. Although I concluded that the random initial state sampling approach
(Figure [4.2[b)) has the same sample complexity scaling as the more complex DQC1
circuits in Figure (a), there may be advantages to using the latter in certain
circumstances. As presented in this chapter, both approaches are fundamentally
shot-noise-limited. Although the state preparation circuits are simpler in the case
of random initial state sampling, in a mature fault-tolerant setting where one
can apply very deep controlled operations, it would be possible to use amplitude
estimation [19] to asymptotically improve the scaling of the method. While we have
presented the work in this chapter in the context of NISQ and early-fault-tolerant
systems, it nonetheless represents a strong foundation for future fault-tolerant
methods. I anticipate that this target problem will remain compelling well into
the fault-tolerant era, as the DOS enables one to probe key thermal equilibrium
properties of systems that can be simulated on a quantum computer, and computing
it is in general a computationally hard problem [304].

In the nearer term, there are several clear avenues to enhance the algorithm.
Compared the the shadow spectroscopy approach I introduced in Chapter [3|
implementing the methods of this chapter is more challenging due to the requirement
of controlled time evolution. This requires more entangling operations, more
qubit connectivity, and burdens the ancilla (from which the entire FDOS signal is
extracted) with noise from all time evolution operations. While this is a common
feature of related methods [163, 306-309], there has recently been interest in
overcoming this [362, [363]. The DQC1 circuit approach is directly compatible with
the techniques of Ref. [362], by which one estimates the phase of the Loschmidt
echoes via its imaginary-time logarithm, and this would enable one to estimate

the FDOS using only real and imaginary time evolutions (albeit at significantly
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increased shot cost). I also note the possibility of introducing novel error mitigation
techniques related to the hyperparameters of this chapter’s methods. For example,
when directly estimating observables via the methods of Section [£.2.4], one could
potentially estimate the observable at several different window widths and use
extrapolation to estimate the observable’s true value at 0 — oo. My collaborator
on the work of Chapter [3]investigated a similar method for mitigating Trotter errors
in shadow spectroscopy, finding it to be highly successful [334].

Throughout this chapter and Chapter [3, when considering application of our
methods to the NISQ era, I have utilized ansatz-based variational methods. As
outlined in the relevant section of my literature review (Section [2.2.3), there is
a great deal of emerging skepticism in the community about the utility of these
methods, due to the seemingly fundamental connections between trainability and
simulability. The authors of Ref. [134] observe that in every known case where
a VQA provably lacks a barren plateau (Definition , not only is the problem
efficiently classically simulable, but the method of classical simulation relies upon
the same mathematical tools used to prove the absence of barren plateaus. One such
connection they observe was my own work on Lie-algebraic classical simulations for

variational quantum computing, which I present in the following chapter.
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g-sim: Lie-algebraic classical simulations
for variational quantum computing

The research in this chapter was conducted jointly with Martin Larocca, Lukasz
Cincio, Marco Cerezo, and Frédéric Sauvage and led to the preprint of Ref. ,
which this chapter closely follows. I led the project as first author, supervised by
Fred and Marco. Following a core observation conceived by Marco, Martin and
Fred, I significantly expanded upon the analytic framework and methodology, and
conducted all investigations myself. Text from the published manuscript is used

verbatim in places — in these cases I am the original author of this text.

Contents

B Frameworkl . . ... .. . . e e 115
b.1.1  Foundationsl. . . . . .. ... .. ... o L 117

b.1.2  Lietheory|. . . . . ... ... ... ... 0. 119

5.1.3  g-sim principles| . . . . . ... ... o oL 122

[5.1.4  Generalization to operators not supported by g| . . . . . 130

[5.27 Guidelines for efficient implementation] . ... ... .. 132
h.2.1 FEfficient evolutionl . . . ... ... ... ... ... ... 133

[9.2.2  Sparsity of adjoint representation|. . . . . . . . ... .. 135

[5.2.3  Efficient calculation and eigendecomposition of Pauli- |

| basis adjoint representations| . . . . ... ... ... .. 137
[5.3 Scalability and demonstration| . . . . . ... ... .... 138
9.3.1  Scalability of g-sim| . . . . .. ... 000000 138

9.3.2 A polynomial-sized Lie algebra] . . . . . ... ... ... 140

9.3.3  Example simulation task{. . . . . ... ... ... 141

114



5. Lie-algebraic classical simulations for variational quantum computing 115

h.3.4  Resource benchmarkl . . . . . .. ... ... ... ..., 144
[5.4 Applications|. . . . . ... ... .. . 0 0000, 146
[>.4.1 Characterizing VQAs| . . . . .. ... ... ... ... 147
[5.4.2  Pre-training quantum circuits| . . . . . . . . ... .. .. 151
[>.4.3  Circuit synthesis| . . . . . . .. ... ... ... ..., 158
[5.4.4 Supervised quantum machine learning| . . . . . . . . .. 170
6.5 Conclusionsl . . . . . ... . i i e 174
[5.5.1 Scope for tuture work{ . . .. ... ... ... ... .. 176

Throughout Chapters [3]and [4 I have utilized variational methods in the hopes
of creating NISQ-compatible variants of my algorithms. But the spectre of the
trainability-simulability connection (Section looms large over all efforts
in variational quantum computing. This chapter involves a deeper dive into

this connection: using the same Lie-algebraic tools that mostly account for the

barren plateau phenomenon [213, 225, 227, 228], I construct a framework for

classical simulation of VQAs, which I call ‘g-sim’. I present a theoretical framework
(Section , present practical guidelines for efficient implementation , discuss
scalability, benchmarking and a novel demonstration exceeding the capabilities of
competing methods (Section , and apply it to a broad variety of paradigmatic
tasks in variational quantum computing (Section . Specifically, I employ g-sim
to train and optimize parametrized quantum circuits, study trainability phenomena
at beyond-state-vector-simulation system sizes, design enhanced parameter initial-
ization strategies, solve tasks of quantum circuit synthesis, and train a quantum
phase classifier. The results of this chapter were later used as a key ingredient in
the trainability-simulability connection famously conjectured in Ref. , and form
a key part of the ongoing conversations in the community about the foundations

of variational quantum computing.

5.1 Framework

In Section [2.1] T outlined the role of efficient classical simulations in the development
of quantum technology. Between the development of large-scale quantum algorithms,

challenging claims of quantum advantage 67, 78|, techniques to learn from
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quantum data [134} [135], randomized benchmarking |117] 118], and training learning-
based error mitigation strategies [119-122] it is clear that any novel method for
scalable classical simulations will find a practical use. Classical simulations can also
teach us about the nature of quantum complexity, an essential pursuit in the study
of quantum information. The existence of a scalable classical simulation method
typically reveals a distinct way in which a system can be not truly quantum, lacking
the full exponential complexity of quantum dynamics (whether by a restriction
in initial states, operations performed, or observables measured). In terms of the
methods already discussed in this thesis, MPS methods reveal the importance
of entanglement in quantum complexity [114], stabilizer simulations reveal how
even highly-entangled states can lack complexity in the absence of a complete gate
set [107, [108], and free-fermion methods demonstrate the importance of hidden
symmetries and transformations in the system [109, 110]. One approach to classical
simulation that has existed for nearly two decades yet seen little use in the quantum
computing community is the role of the underlying Lie-algebraic structure of
quantum dynamics [112} |113]. These methods recast quantum dynamics in terms of
the underlying DLA g; since they scale in the dimension of the DLA dim(g) rather
than the full Hilbert space dimension 2", such simulations become scalable whenever
dim(g) grows polynomially with the system size n (i.e., dim(g) € O(poly(n))). In
this section, I present a modernized and extended framework for this approach,
which I call g-sim. Building upon a context for these methods (Section , I
first provide a pedagogical review of relevant aspects of Lie theory (Section . I
then present the mathematical framework for g-sim (Section , proving a range
of theoretical results. Although the core principles of the framework build upon the
well-known results of Somma [112, [113], I further generalize Somma’s theoretical
results in a number of ways. Furthermore, as the results of Refs. [112, |113] pre-
date much of the quantum computing literature, the work of this chapter also
serves to modernize its presentation in line with the current quantum computing
community’s needs. The theoretical generalizations introduced in this chapter

include differentiability of the dynamics for optimization, the ability to simulate



5. Lie-algebraic classical simulations for variational quantum computing 117

(a) - o (b) a U@ Z?.Ez; Zufgi () -épplicatious U
/ N 21 az 21 22 - A
® E l ] h 2= - 2 : o .
it Cemeop ;
Lie algebra g Structure Constants “ Dynamical© . Pretraining o
A v < ou” Naive (") Cefttest SR
TR o] U(t) x5 E - %;?D
@ - Tr[ S m] A= 1@+ ol +--- i c1(6) @ + c2(6) W+ "+, Compilation
| — - S
Tr[ 4 ] O(poly(dim(g)) . o %mm Optimization
Classical Description g-sim A .

Figure 5.1: Theoretical framework and applications of g-sim. (a) The essential
ingredients for g-sim. First, one needs a description of the Lie algebra g associated with
the possible unitary dynamics. In this diagram, the basis elements of g are depicted as a
collection of black geometric shapes. Next, one needs to know how these elements couple
to each other under the unitary dynamics. This is determined entirely by the structure
constants . The final requirement is a ‘classical description’ of the input state, i.e. a
vector of expectation values with respect to the basis elements of g. (b) Comparison of
naive and Lie-algebraic approaches to quantum dynamics in the Heisenberg picture. In
the naive approach, an observable A is viewed as a linear operator acting on an n-qubit
Hilbert space H, with dim(?) = 2". The observable is represented as a 2" x 2" matrix
whose coefficients evolve according to the von Neumann equation of motion, and thus
the approach always scales as ©(4™) and is not classically scalable. In the Lie-algebraic
approach, the observable is instead viewed as a linear combination of distinct basis terms
in g (here depicted as black geometric shapes), whose coefficients couple to each other
over time via the structure constants. Whenever dim(g) € O(poly(n)), g-sim yields a
scalable classical simulation framework. (c¢) Summary of the potential applications of
g-sim. These efficient classical simulations have utility in simulation and optimization of
quantum systems, including pre-training of VQA or QML problems, compiling unitary
processes to compact quantum circuits, and characterizing QML optimization landscapes.

non-unitary quantum channels, extension to general Lie-group-invariant subspaces,
and compatability with arbitrary (mixed) input states. In particular, the latter
enables me to conduct a simulation which, to the best of my knowledge, is not
possible with any other known simulation method (Section [5.3.3).

I present a high-level overview of the theoretical framework and applications

of this chapter in Figure [5.1]

5.1.1 Foundations

Throughout this chapter, I consider a qubit system acted upon by quantum circuits
(i.e. discrete gate operations). However, this framework straightforwardly generalizes
to continuous-time quantum evolution (see Appendices A.5 and B.3 of our full
manuscript [207]), as well as to higher-dimensional qudit systems or even infinite-

dimension bosonic systems [365].
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With this scope in mind, throughout this chapter I will study a system of n
qubits with an associated Hilbert space H = (C*)®" of dimension d = 2". In

particular, I consider dynamics determined by unitaries of the form

L K )
U@) =IJ IJ e "', (5.1)
I=1k=1

where the @ = (011, ...,0Lk) are real-valued classical parameters, and the H; are
the Hermitian gate generators of the circuit. This structure is repeated over L
layers. While Equation is of the layered form common for PQCs in VQA
applications, it can also accomodate unitaries with fixed gates (by fixing some of
the parameters 6;) or non-periodic structure (by setting L = 1) and essentially
allows for arbitrary unitary circuits. It is a helpful representation for two reasons: it
is mathematically convenient since it aligns with the frameworks of Refs. [213] 225],
and I will predominantly be concerned with applications in VQAs and quantum
simulation, where layered circuits are commonplace.

Throughout this chapter I consider tasks of (weak) simulation and optimization
of quantum circuits. Given a desired observable O, an initial state p, and a
circuit U(8), simulation consists of evaluating the expectation value of O for the
evolved state p©™)(8) = U(0)p ™ UT(0). That is, for the purposes of this chapter,

‘simulation’ refers to evaluating quantities of the form
(0(8)) = Tx[0U(0)p™U(0)] = Tr|0p ()] (5.2)

In Section [2.2] I detailed how VQA applications require one to optimize the system’s
parameters 8 to minimize a loss function that is typically composed of expectation
values of the form in Equation The loss function is typically a function of
one of more expectation values O; (e.g. the energy of a Hamiltonian is a linear
combination of these) evaluated for a single state (e.g. VQE [138]) or a dataset of
multiple states (e.g. QML applications [210]). In most cases, optimization of circuit
parameters utilizes gradients of the form 9p(O(8)) [143H145, |366], and therefore the

ability to compute these efficiently will also be crucial throughout this chapter.
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5.1.2 Lie theory

This chapter relies upon the theory of Lie groups and Lie algebras; in this section, I
provide a brief review of the relevant concepts and definitions. This introduction
is far from comprehensive, and the interested reader could refer to standard intro-
ductory textbooks [367, [368|, treatments focused on quantum control theory [369,
370], or closely related prior work using Lie-algebraic tools to assess trainability
of VQAs [213] 225].

The dynamics and expressiveness of a quantum circuit are characterized by

its dynamical Lie algebra, defined as follows:

Definition 2 (Dynamical Lie algebra). Consider an ansatz of the form in Equa-
tion[5.1] Its dynamical Lie algebra g is defined as the vector space spanned by all
the possible nested commutators of {iH,...,iHg}. That is,

g = spang ({iH,...,1Hg}),, C su(2"), (5.3)

where (S),;, denotes the Lie closure of S, i.e., the set of elements obtained by
repeatedly taking the commutator between elements in S until no new linearly
independent elements are obtained. I denote as G, (with o = 1,...,dim(g)) the

Hermitian operators such that {iGy}a forms a Schmidt-orthonormal basis of g.

The dynamical Lie algebra g is a Lie subalgebra of the special unitary Lie
algebra su(2"), the space of linear anti-Hermitian operators acting on the n-qubit
system. An observable A is supported by the algebra whenever 1A € g, i.e., whenever
A can be expanded in the basis of observables {G,},. In this chapter, I mostly
work with algebras whose bases can be constructed analytically (or at least are
subalgebras of such algebras), although in general cases one can compute the Lie
closure numerically [213] [370].

Using the dynamical Lie algebra, one can construct the extremely useful
dynamical Lie group, which characterizes the expressiveness of quantum circuits

of the form in Equation [5.1], and is defined as follows:
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Definition 3 (Dynamical Lie group). The dynamical Lie group G of a circuit of
the form FEquation|5.1| is determined by its dynamical Lie algebra g and defined as

G=e"={e", iAdcgl (5.4)

Crucially, the dynamical Lie group G corresponds to all possible unitaries that
can be implemented by circuits of the form in Equation [5.1] That is, for every
V' € G there exists (at least) one choice of parameter values 6 for a sufficiently
large, but finite, number of layers L such that U(@) = V [369]. By its nature,
G contains an uncountably infinite number of elements. However, this can be
more manageably parametrized by noting that g fully determines the group G of
unitaries that can be realized, and one can therefore define their dimensions in
correspondence as dim(G) (as a smooth differentiable manifold) = dim(g). With
these objects defined, I note that Heisenberg-like evolution will involve the adjoint
action of elements of G on elements of g, in the form O — UTOU for O € ig and
U € G. The methods of this chapter exploit the fact that the Lie algebra is closed

under the adjoint action of its associated Lie group (that is, UTOU € ig), as below.

Lemma 1 (Action of a group operation). Suppose U € G and {iGa}ii;nl(g) forms a

Schmidt-orthonormal basis of g. Then defining G!, = UTG,U for any G, one has
iG!, € g, and thus

Gix = UTGQU = ZuaﬁGg, (55)
B

with Uap € C.

A proof is given in Appendix Since this chapter’s techniques rely upon
recasting quantum dynamics in terms of the Lie algebra g and the Lie group
g, it is not enough to merely have closure: one must also understand how their
elements act dynamically (i.e. what element of g the adjoint action produces). This
is characterized how the elements of the algebra transform under commutation
with elements of g (due to the Baker-Campbell-Hausdorff formula), and under

conjugation with elements of G. Since a (matrix) Lie algebra g is closed under
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nested commutation, its commutation relations are fully characterized by the

algebra’s structure constants f.; = Tr[iG, [iG, 1G]] € R, through

dim(g
[iGa,i1Gs) = Zi)fgﬁiGV' (5.6)
A=
A careful inspection of Equation hints at the seed of this chapter’s techniques:
even though the operators G, are 2" x 2"-dimensional matrices, there are less
thanﬂ dim(g)? structure constants that fully characterize the system’s dynamics.
If dim(g) < 2", then recasting the dynamics in terms of the Lie algebra g and
its structure constants fgﬂ can be scalable even if the full-Hilbert-space approach
is not. Doing so requires the tools of representation theory, and in particular

the following definition:

Definition 4 (Adjoint representation of g). Given an operator iG in the basis of
g, its adjoint representation is obtained via the map <I>gd - g — RAm(@)xdim(e) g7 g

defined by

(cpgd@c;w))aﬁ = fl; = Tt[iG, [iGa, iG] - (5.7)

If the underlying algebra is compact and the basis observables G, are Schmidt-
orthonormal, then the adjoint representation is faithful [112] (i.e. the map ®, is
injective). The adjoint representation is linear, and therefore Definition 4| implies
that knowledge of the adjoint representations of the dim(g) basis observables is
sufficient to obtain the representations of any element of g. That is, for any
A =Y, (w)yGy (with w € R¥™®) supported by the algebra, it follows that
DA) = Yo (w)a B (C).

It is the Lie group G that determines the dynamics, and so this creates a

foundation to construct its adjoint representation:

IThe structure constant tensor fgﬂ is antisymmetric under exchange of « and 8 due to
commutator properties.



5. Lie-algebraic classical simulations for variational quantum computing 122

Definition 5 (Adjoint representation of G). The adjoint representation of the
dynamical Lie algebra g induces the adjoint representation @é‘d of the dynamical Lie
group G. This representation is a linear map @éd . G = GL(RY™(9)) ¢ Rdim(g)xdim(g)

from the group G to the group of invertible linear operators GIL(R¥™®)) " defined as

PLUU = ) = e, (5.8)
for alliA € g (or any U € G), and with A = Pad(A).

I now show that the adjoint action of a unitary U € G on some element of g
is characterized by the adjoint representation ®39, also known as the Hadamard

lemma [365].

Lemma 2 (Adjoint representation of unitary evolution). Suppose once again that
Uedgd, {Z’Ga}ii;nl(g) forms a Schmidt-orthonormal basis of g, and consider results

of the group operations defined in Equation[5.5 Then the corresponding matriz

elements uqap are those of the adjoint representation of U,

tas = (@3(0)) (5.9)

oa,B.

A proof is given in Appendix [A.2] As I detail in the following section, these
adjoint representations therefore allow one to perform (Heisenberg) evolution of
any operator in the algebra under the action of any U € G with a time complexity

scaling with O(poly(dim(g))) as opposed to ©(4").

5.1.3 g-sim principles

In this section I present the main results which comprise the foundation of g-sim
including simulations with observables supported by g (Section , simulations
with observables that are products of terms supported by g (Section ,
gradient-based optimization (Section , and the simulation of non-unitary
quantum channels (Section [5.1.3.4). Later sections will extend this framework to

more general Lie-group-invariant subspaces and circuit compilation cost functions.
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5.1.3.1 Simulation with observables supported by g

I begin by considering simulation problems where the observable of interest is
supported by the Lie algebra: that is, the evaluation of Equation [5.2] when O € ig.
Here, it is convenient to define dim(g)-dimensional vectors of expectation values

(in/out)

that captures the description of the states p over the basis observables G,:

(e@n/out)) = Tr [Gap(in/ °“t>]. (5.10)

«

I refer to these vectors e®™/°") as classical representations of the state pir/ou)

These classical representations evolve as follows.

Result 2 (Simulation of observables in the algebra). Consider a circuit of the
form in Equation [5.1, and let O be an observable with support in ig such that
O = Y (w)yGy for w € RI™O)  Then, given an input classical representation
in)

e™  one can compute

(0()) = w - e, (5.11)

with the output classical representation obtained as
L K .
e(out) — (H H elGZka> . e(ll’l)’ (512>
I=1k=1

where Hy, = ®2(Hy).
Proof. Result [2] follows trivially from Lemmas [I] and O

I note that while Result [2| follows the approach of Somma 112, |113] in spirit
and proof method, it differs subtly in that it allows for arbitrary initial states for
which the classical representation is known, whereas the results of Ref. [112] only
accommodate the highest-weight states of the algebra as initial states. Result
indicates that, in order to compute (O(8)), it suffices to have a decomposition of O
in the algebra, the adjoint representations Hj, of the gate generators, and the vector
of expectation values of the basis observables {G, }, for the input state. I stress that
although Equation strongly resembles unitary evolution in the Hilbert space H,

(in/out)

it differs subtly. The classical representation vectors e are not Hilbert-space
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state vectors in the usual sense, but vectors of expectation values of observables,
and consequently the phases (signs) are indeed physical. Since the H}, are purely
imaginary Hermitian matrices, the gate representations e~0mHi gre real-valued,
and describe linear coupling between observables induced by unitary evolution.
An immediate consequence of Result |2]is that one could compute expectation
values of observables supported by the algebra with a time complexity scaling as
O(LK dim(g)?). However, using the novel guidelines for efficiency presented later
in Section [5.2.1] T was able to reduce the asymptotic complexity required by a factor
of dim(g) compared to Refs. [112} [113]. This leads to my first main theoretical

contribution, which improves on the time complexity of g-sim.

Theorem 2. Computing expectation values of observables supported by the algebra
using g-sim has a time complexity in O(LK dim(g)?) for circuits of the form in

Equation (5.1

Proof. The proof follows constructively from Algorithm [I| (presented later in

Section [5.2.1)). ]

5.1.3.2 Simulation with products of observables supported by g

Here, 1 consider the task of simulating the expectation values of products of
observables supported by the Lie algebra, and first focus on simulating correlators
of the form (OWO?(9)) = Tr[OU(O)p(in)UT(O)} for OW 0 € ig, even when
OWO®? ¢ g. For these, I define a (dim(g) x dim(g))-dimensional matrix of
expectation values (a second-order classical representation) that captures the

description of the states p{®/°") over products of the basis observables
(B0/om), 5 = Tr|GaGap™/ )] . (5.13)
These second-order classical representations evolve according to the following result.

Result 3 (Simulation of product of two operators in the algebra). Consider a circuit

of the form in Equatz’on and let O and OP be observables with support in
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ig such that O = ¥, (wM),G, and O®) = 3 5(w®)sG5 for w, w? € RImO).

Then, given E®™  one can compute

(0(1)0(2)(0)) — (,w(l))T N HCTIOR (5.14)

with the superscript T denoting the matrix transpose, and with the matriz of output
expectation values obtained as

T

L K , Ko
Elout) _ (H H elazka> E(in) (H H €l9lka> ) (5.15)

1=1k=1 I=1k=1

A proof is given in Appendix [A.3] I note once again that while this result is
similar to that of Ref. [112,113], I have again constructed it in such a way that it
accommodates arbitrary initial states with a known classical representation. Com-

bining Results 2] and [3] we can simulate expectation values of observables of the form

dim(g) dim(g)
0= 3> (w)aGo + ) (W®)5,G5G, (5.16)
a=1 By=1

for w1 € RI™® and W@ ¢ Rdim@xdim) Ty Section [5.2.1} will T show how
matrix exponentiation can be removed as the computational bottleneck. Thus, at
this point it is worth mentioning that evolution of observables (Result [2]) involves
only matrix-vector multiplication, whilst evolution of correlators (Result is
more expensive as it requires matrix-matrix multiplication. This can be made

precise by the following corollary.

Corollary 1. Computing expectation values of products of observables supported
by the algebra using g-sim has a time complezity in O(LK dim(g)*), where w <
2.371552 is the matriz multiplication constant [337].

As noted in Chapter [3] for practical implementations matrix multiplication will
be closer to the naive algorithm (w = 3), since substantially better asymptotic
complexities are obtained via galactic algorithms. Going further, g-sim can be
extended to compute expectation values of correlators of any order (i.e., M-th
order correlator OV ... O™)). However, simulating an M-th order correlator for
)*)

an arbitrary initial state involves an O(dim(g tensor contraction that becomes

impractical for large-order M, as noted below.
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Figure 5.2: Tensor contractions for g-sim evolution. Tensor diagrams for the
contractions required to compute dynamics with g-sim at first order (G, ), second order
(GayGay), third order (Go, GayGasy), and arbitrary M-th order (Go, ... Ga,,)-

Remark 1 (Generalization to higher-order correlators). By following the approach
of the proof of Result @ (taking the correlator expectation value, erpanding the
channel, using trace cyclicity and inserting identities, applying Lemma @), these
results generalize straightforwardly to Mth order correlators (G, - ..Ga,, ). The
evolution requires contraction of an M -th order tensor as depicted in Fig. which

is naively O(dim(g)?™). Thus, despite being classically efficient up to fizred M,
computing high-order correlators quickly becomes impractical as M increases. For

this chapter’s applications, I require only M < 2.

However, I note that for certain initial states, the evaluation of higher-order
correlators can be simplified. Given an initial generalized coherent state (highest-
weight state of g), one may factorize the M-th order correlator (G, ...Gy,,)
using Wick’s theorem, resulting in a highly simplified matrix product form for
the correlator tensor that can be evaluated more efficiently. This method is outlined

in Appendix F of Ref. |112].
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5.1.3.3 Evaluation of gradients

As discussed in Section [2.2] in addition to simulating parametrized quantum circuits,
in a variational quantum computing setting one aims to optimize the parameters to
minimize a loss function. In order to benefit from gradient-based training schemes
one needs to efficiently compute derivatives of observable expectation values with
respect to the circuit parameters.

Since these techniques were originally envisioned for simulating fixed unitary
dynamics and not for their optimization, there were no existing methods using
g-sim-like methods to compute partial derivatives. However, the evolution in
Equation can be easily differentiated analytically. Naively, this would lead to
a time complexity of O(L?K dim(g)?) to compute the gradient of an observable,
which although polynomially scaling would be sufficiently complicated to preclude
many of the applications in Section [5.4, However, using the refined approaches for

efficient implementation in Section the complexity can be reduced:

Theorem 3 (Gradient calculations in g-sim). Computing the gradient of the
expectation value of an observable supported by the algebra using g-sim has a time

complexity in O(LK dim(g)?) for circuits of the form in Equation .

Proof. The proof follows constructively from Algorithm [2| (presented later in

Section |5.2.1)). O

5.1.3.4 Simulation of non-unitary quantum channels

Given that much of variational quantum computing is aimed at the NISQ era,
the ability to include noise in g-sim simulations is extremely desirable. In the
treatment I have given thus far, the framework has been entirely unitary, greatly
limiting the types of error that can be captured. One possibility is variation in the
gate parameters 6y, in Equation [5.1} over- and under-rotations can be captured
by perturbing the angles 6;, — 0, + €, and fluctuations or uncertainties in gate
rotations can be captured by averaging over realizations of this. Nonetheless, a

useful model of noise in quantum computers will typically require the simulation
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of non-unitary quantum channels, which I bring within the scope of g-sim in
this section. Although a straightforward extension of g-sim to mixed-unitary
channels composed of unitaries in G is obvious (one could simply replace U - U with
S EmUn - Ul in Equation and all proofs would still hold), this restricts the
available noise channels to those generated by g, which is highly restrictive for most
dim(g) € poly(n) algebras. A less obvious, but much more general construction is

possible. Its construction is based on the normalizer of g, defined as follows:

Definition 6 (Normalizer of g). Given a DLA g, its normalizer N(g) is is the set

of all operators that leave the subspace invariant under conjugation:
N(g)={Ae€DH)|ATXAcg, VX € g}, (5.17)
where D(H) is the set of bounded linear operators on the Hilbert space H.

It follows trivially from Lemma [l| that G C N(g), but there can (and typically
will) be elements of of the normalizer N(g) that are not in G, which enables
simulation of more general processes than just mixed-unitary channels composed
of elements of G. Consider now a noisy channel form A of the quantum circuit in

Equation , where each gate is followed by a (possibly unique) noise channel

A=OmAyolhy), with Uy(-) :=U, - Ul and U, = e “mfln  (518)
where I have replaced the layer and generator indices with a combined index m

for notational clarity. Each noise channel can be written in the form
An() =Y By EL,, (5.19)

where the E,, are the Kraus operators of the channel and thus ), E;mE&m =1.
In the case where all E,,, € N(g), then g has closure under the action of each
A,, and thus the full noisy channel A. Therefore, its conjugation effects can be

entirely captured by an adjoint representation:
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Definition 7 (Adjoint representation of N(g)). Given a normalizer element A €
N(g), its adjoint representation is obtained via the map @ﬁ,‘%g) : N(g) > Rdim(g)xdim(g)

and is defined by
Ad
((I)N(g) (A)) 38

«

= Tr[GaATG4A. (5.20)

By linearity in Equation [5.20), it follows trivially that @?,‘%g) (Am) =53, @?,‘%g) (Esm)-

These ingredients are sufficient to simulate the noisy channel A using g-sim, as

detailed in the following theorem.

Theorem 4 (Noisy simulation of observables in the algebra). Consider a noisy
circuit of the form in Equation for which all Kraus operators Es,, are in the
normalizer N(g). Under the application of this circuit, the classical representation

e epolves as
el = (H ity <Am>e”m*’”) e, (5.21)

where H,, = @Sd(Hm) and @%‘%g) (Am) =X, @%‘%Q)(Es,m).

Proof. Consider the circuit gate-by-gate. The action of the unitary component
e~ “mHn follows from Theorem , so it suffices to consider the action of the noise
channel A,,. Taking p to be the state immediately prior to applying the noise
channel, the a-th component of the classical representation immediately after

applying the noise channel is
(€)a = Tr[An(p)Ga| = - Tr|pEl ,,GoFam|, (5.22)

where I have used linearity and trace cyclicity after expanding the channel in
its Kraus form (5.19). By assumption E;,, € N(g), therefore it follows that
Es,mGaE;m = > 3dapsGpg for some coefficients dng,. Identifying these coef-
ficients via the adjoint representation as dogs = Tr{GgEs,mGaEi’m} =
(@%‘%Q)(Es,m))aﬁ, the action of the per-gate noise channel A,, follows linearly. The
full noisy circuit evolution is then obtained by composing the per-gate evolutions

over m, yielding Equation [5.2I] and concluding the proof. O
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Result [3]and Theorem [3|also generalize straightforwardly in this manner, allowing
one to compute correlators and gradients under noisy evolution. At this point, the
question arises of which Kraus operators will be contained in N(g), and whether
their adjoint representations can be efficiently computed. Many algebras
of interest admit a Pauli basis (a full classification is given in Ref. [371]), which

fortunately leads to the following corollary.

Corollary 2 (Simulation of arbitrary Pauli noise channels). Suppose the chosen
basis of g is a Pauli basis (i.e. the G, are Pauli strings) and dim(g) € poly(n).

Then one can efficiently simulate any Pauli noise channel in g-sim.

Proof. Conjugating an n-qubit Pauli operator by another n-qubit Pauli operator
results in a sign flip at most, satisfying the requirements of Theorem [d] Furthermore,
the adjoint representations of the Kraus operators admit a poly(n) number
of elements, each of which can be computed efficiently according to the Gottesman-

Knill theorem [107] [10§]. O

As noted previously, a very general class of noise processes can be twirled to this
form [340} 341]. Indeed, Pauli noise channels have proven sufficiently descriptive
for real NISQ-era quantum devices that they have enabled highly effective error

mitigation techniques [52, 272].

5.1.4 Generalization to operators not supported by g

The presentation of g-sim in this chapter has thus far been restricted to the
simulation of observables supported by g and products thereof. More generally, one
might wish to include observables outside of the algebra entirely. This seems, at
first, too lofty a goal: computing the action A — UAUT, even for U € G where
the underlying dim(g) € poly(n), would naively scale as O(2?"). Yet, some further
generalization can be achieved by exploiting the structure of G to partition operator

space into manageable, smaller invariant subspaces, per the following definition.
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Definition 8 (G-invariant subspace). Given an operator space L, a subspace Ly C L

is said to be G-invariant if
UAU' € £,,YA € L) and VYV € G. (5.23)

Furthermore, Ly is said to be irreducible (thus dubbed an ‘irrep’) when there exists

no non-trivial £, C Ly that is also G-invariant.

Since, for the purposes of this thesis, G is a compact group acting on a finite
dimensional space, it follows that operator space can be decomposed into a direct
sum of irreps, as

L=EP L, (5.24)

A
If one has dim(g) € poly(n), and an irrep with dimension dim(L,) € poly(n),
then one can efficiently simulate the action of U € G on observables in £,. This

is formalized in the following theorem.

Theorem 5. Let {BY) AL be g Schmidt-orthnormal basis of Ly. Let P2 be a

a=1

generalization of the adjoint representation (5.7)) to G-invariant subspaces, whereby

«

(CIDf‘\d(iG,Y))aﬁ = 2y =By [iG,,iBY]]. (5.25)

Then the corresponding classical representation (ei;/out) evolves under the action of

Uegas
e = exp (10} (K)) - €, (5.26)

where U = & for some Hermitian generator K.

We present a proof in the recent revision of our manuscript [207]. All results
presented in this chapter can be generalized from observables supported by g to those
supported by G-invariant subspaces in this manner. For example, noisy simulation
in the manner of Theorem 4| can be extended to the normalizers of any (tractable
dimension) £,. We have recently completed a full revision of our paper that
reframes all of these results in terms of general G-invariant subspaces; regrettably,

this was completed too recently to be fully included in the scope of this thesis, and
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the remainder of this chapter will follow the treatment of our original manuscript.
Nonetheless, the extension of g-sim to general G-invariant subspaces greatly expands
the class of observables that can be studied, significantly maturing our Lie-algebraic

simulation framework between the seminal work of Somma [112, [113].

5.2 (Guidelines for efficient implementation

The g-sim framework outlined in Section allows scalable classical simulations
of noisy and noiseless circuits for a variety of classes of observables and their
gradients, whenever dim(g) € O(poly(n)). While I have already presented a variety
of generalizations upon the work of Somma [112, 113], another contribution of this
chapter is to improve upon the prior asymptotic complexity as well as provide
guidelines for practical computer implementation. The main improvements detailed

in this section are as follows:

e Pre-computing eigendecompositions of gate generator adjoint representations
reduces the time complexity of g-sim evolution from O(dim(g)?) to O(dim(g)?).
Further combining this with reverse-mode differentiation [372] reduces the time
complexity of gradient calculations from O(L?K?dim(g)?) to O(LK dim(g)?)
G.2.1).

o Relevant matrices are extremely sparse when g has a Pauli basis, allowing

speedups by use of sparse methods, even for subalgebras whose generators

are not sparse ((5.2.2).

o Eigendecompositions of gates with Pauli generators can be computed in
just O(dim(g)) in the representation of a Pauli basis, instead of the usual

O(dim(g)?) (5.2.3).

In practice, I found that these optimizations significantly accelerated my simulations;

without them, most of the applications of Section would not have been possible.
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5.2.1 Efficient evolution
5.2.1.1 Observables

Evaluating each of the LK terms e "Hr appearing in Eq. (5.12)) of the simulation
routine has time complexity scaling as O(dim(g)?) using standard matrix exponen-
tiation routines (assuming the matrix multiplication constant w = 3). However,

given the full-rank eigendecompositions
Hy = Qidiag(el, ... e™ONQT (5.27)

of the (adjoint representation of the) gate generators Hj, the action of these

parametrized gates is given as

. _— () .o (dim(g))
(I)éd(e—zer) _ delag(e ife, e i, 0

)Q;. (5.28)

which can be applied to a vector e € R with O(dim(g)?) time complexity.
Notably, these decompositions only need to be performed once per algebra and per
gate generator used, the number of which is typically no more than linear in the sys-
tem size n. Pre-computing these eigendecompositions naively scales as O(dim(g)?),
however, in Section [5.2.3] I detail a procedure by which the eigendecompositions
for go can be computed in just O(dim(g)). I provide an explicit algorithm for

simulation incorporating these pre-computed eigendecompositions in Algorithm
5.2.1.2 Gradients

In Section[5.1.3.3] I highlighted the importance of computing gradients of expectation
values with respect to the circuit parameters using g-sim. Here, I improve upon
the time complexity of doing so. Differentiating Equation (5.11)) with respect

to 6,,, one finds

(V{0 = L0 _ 7 (a% afgz(e))> el (5.29)

where one may compute

025(U(9))

5 = —i (Upprar Hy O | (5.30)
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Algorithm 1 Efficient evolution of observable expectation values using g-sim.

Input: Circuit parameters @, input observables e™ | circuit generator eigendecom-
positions (Eq. (5.28)) Q) and 629)
e(out) — e(in)
for/in1,...,L do
forminl,...,M do
elout) . Q{e(out)
for gin 1,...,dim(g) do
(e(out))g — efileeLg)(e(out))g
end for
e(out) — le(ou‘c)
end for
end for
Output: Vector e®™ of basis observables in g
Asymptotic complexity: O(M dim(g)?)

out

where U,, = e vHoe=00—1Hy1 ..e*waﬁ“, m is a combined index for [ and k,
and M = LK. Naively evaluating Eq. requires O(M?) matrix-vector
multiplications (each O(dim(g)?)), however by exploiting a recurrent property
of the gradients, one may compute the gradient with only O(M) matrix-vector
multiplications (i.e., with the same asymptotic complexity as simulating the circuit
in the first place). This procedure, which follows the ‘reverse-mode’ gradient
calculation of Ref. [372] in conjunction with the efficient spectral approach of
Algorithm [I], is outlined in Algorithm [2] For all gradient-based optimizations in
this chapter, I use the L-BFGS-B algorithm: although this does approximate the
Hessian, it requires only the first-order gradient as input.
Higher order derivatives can also be computed, such as the Hessian

0%(0)

= 8(9ja(9k = —hT0k+1:NI_{k0j;kFIj01;j6(in). (531)

(Va{O)n

However, since the circuit generators Hj, are typically non-invertible, Algorithm
cannot be generalized to evaluate Equation and higher-order derivatives.
Although still polynomial in complexity, evaluating a P-th order gradient for

P > 2 will be a factor O(M?) slower than efficiently evaluating the gradient.
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Algorithm 2 Calculating gradients in g-sim.

Input: Circuit 6, input expectation value vector e™ circuit generator adjoint
representations H, and eigendecompositions Qy, 61(4;9) , coefficients w of observable
O
A Ue™ > Use the main loop of Algorithm
¢ +—w
(Vo(O)ar < —ip" Hy
for min N,...,2 do

A QA

¢ < Qo

for gin 1,...,dim(g) do
Ay < eifmeil )\
by < et g,

end for

A+ QT

¢+ Q9 _

(Vo(O)) o1 + —ipT H, A

end for
Output: Gradient vector Vy(O)
Asymptotic complexity: O(M dim(g)?)

5.2.2 Sparsity of adjoint representation

When the relevant basis of g consists of Pauli strings and the gate generators are
also Pauli strings, the adjoint representations H; of the gate generators and their
corresponding parametrized gates are of an extremely sparse form, having fewer
than 2dim(g) nonzero entries per (dim(g) x dim(g))-dimensional matrix. Thus,
substantial speedups can be obtained by leveraging sparse linear algebra libraries.
This is the case for most, but not all, simulations presented in this chapter.

However, I sometimes must apply gates whose generators are not Pauli strings,

. n—1 , . n—1 ., .
such as e~ 25=1 777+ for VQE on the LTFIM (Sec. [5.4.2.2)), or e~ 2jm1 7%

Y

for QAOA (Sec. [5.4.2.3)). For gates like these, the adjoint representation of the

generator does not admit an efficient sparse representation, and will in general be
dense. Figure depicts this difference in sparsity.

For gates not generated by single Pauli strings, but rather sums of commuting
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Figure 5.3: Sparsity of gates generated by Pauli strings versus general
gates. I plot sparsity maps for the eigenvector matrix Q where CIDAd(eXp(—iGH ) =
Qdiag(e—0<" . ”He(dlm(G)))QT for H = 070§ (left) and H = Y7 02 02 | (right),
for a system of n = 8 qubits. Black entries in the map indicate non-zero matrix elements,
and white entries indicate zero elements (up to machine precision). The gate exp(—ifoo3)
has a sparse eigenvector matrix since it is generated by a single Pauli string, whereas the
gate exp(—i0 Y 5, 0%,0% 1) has a dense eigenvector matrix since it is generated by a
sum of Pauli strings.

Pauli strings, one can factorize the gate and still use sparse methods. For example,

n—1

71927 1 959741 = H e_ZQUJUHI (532)
j=1
. — sparse
— (Déd< i3] o g+1> = H e-z@@ (o5 U]'H) (5.33)
j=1

dense
since the adjoint representation is a Lie algebra homomorphism. However, in such
cases the dense nature of the eigenvector matrix can make GPU-accelerated dense
linear algebra methods highly appealing. For example, I compared these different
approaches in my implementation of g-sim on the typical hardware available to
me at the Oxford ARC facility (a single core of an Intel Xeon Platinum 8268 for
CPU methods vs a NVIDIA Tesla V100 for GPU methods). I found that for
systems with sparse gates only, GPU acceleration provided an overall speedup of a
factor of 3-5 versus a single CPU core, whereas for systems with dense gates, GPU
acceleration provided an overall speedup of a factor of 60-100. The choice of sparse

or dense methods and CPU or GPU hardware must be made judiciously depending
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on problem type and the need for parallelizability; I use a careful mixture of both

in the applications section of this chapter (Section [5.4]).

5.2.3 Efficient calculation and eigendecomposition of Pauli-
basis adjoint representations

It is often the case that algebraic methods for quantum dynamics are bottlenecked
by the evaluation of structure constants. Even when the structure constants
can be evaluated in polynomial time, it is common for the polynomial degree to
be sufficiently high that computation remains impractical for even modest-sized
systems [373]. Furthermore, expensive manipulations of the adjoint representations,
such as the eigendecompositions needed to circumvent matrix exponentiation
(Algorithm , can add a drastic up-front cost to simulations even if they only need
to be performed once per algebra. Fortunately, I devised highly efficient methods
to compute certain adjoint representations and their eigendecompositions.
Executing g-sim requires one to compute the adjoint representations (Defini-

tion {4]) of the gate generators Hj, given by
(ﬁk)aﬁ — —Tr[Hy [Ga, G4 . (5.34)

Naively computing an adjoint representation via Equation would scale as
O(dim(g)?). However, if the basis operators G, of g are Pauli strings

Go=Q o™, Sam € {7,y, 2}, (5.35)

as is the case for the algebra used predominantly throughout this chapter ([5.38]),
and Hy is also a Pauli string, then for fixed k and « (8), Equation has a
nonzero value for at most one value of 5 (a). That is, each row and column have at
most one nonzero entry. Thus, one can construct the adjoint representation for Hj,
in just O(dim(g)) by iterating over o € {1,...,dim(g)}, inverting Equation to
find the Pauli string o such that Tr[Hy[G,, o]] (which is possible since Hy and G,
are Pauli strings), checking if 0 = G for some § (which can be done in O(n) by

using a hashmap), and populating the corresponding element if so.
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Similarly, although naively computing the eigendecomposition (5.27)) would
be O(dim(g)?), one may compute it in just O(dim(g)) in the case where the Hj
and G, are Pauli strings. Since the H,. are Hermitian and at most one element
of each row/column is nonzero, the adjoint representations take the form (up to

some permutation of rows and columns)
B (dim(g)—dim(ker(Hy)))/2 dim(ker(Hy))/2 -
H, =2 P a’| @ b o, (5.36)
mi=1 mao=1

where the factor of 2 originates from the Pauli commutation relations, and ¥ =

0
Since the eigendecomposition of ¥ is known, one may compute the eigendecom-

[(Z) _21 and 0 = [8 8] are the Pauli Y matrix and the zero matrix, respectively.

position of Hj, in O(dim(g)) by iterating over the &, summands, populating the
corresponding eigenvectors and eigenvalues, and using any set of vectors spanning

ker(Hy) as the remaining eigenvectors with zero eigenvalues.

5.3 Scalability and demonstration

In this section, I demonstrate the capabilities of g-sim and contrast it to related
simulation techniques. First, I collect and summarize the conditions for its scalability
in Section To facilitate this scalability, in Section [5.3.2]T introduce the algebra
of interest gy that forms the basis of many of the later applications. Next, in
Section [5.3.3] I report results for noiseless and noisy simulations for a system of
n = 200 qubits and discuss its advantages relative to related free-fermion methods.
This is followed by a numerical benchmarking procedure in Section [5.3.4] to more

systematically verify polynomial resource scalings.

5.3.1 Scalability of g-sim

As outlined in Section [5.1] g-sim recasts quantum evolution as linear algebra
problems on vectors in R1™(®) and matrices in R4™(@)xdim(g) While these techniques
can be applied to any quantum system, most dynamical Lie algebras have dimension
dim(g) € ©(4™) (since randomly sampled anti-Hermitian operators are known to

generate the whole special unitary algebra su(d) [374]), and thus this framework
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does not in general yield an asymptotic advantage. Nonetheless, there are special
cases where dim(g) € O(poly(n)), such that g-sim can be used to perform classically
efficient simulations despite the exponential dimension of H.

For convenience, I explicitly reiterate the conditions required for classically

efficient simulations via g-sim.

1. The Lie closure of the gate generators must lead to an algebra g with dim(g) €
O(poly(n)).

2. One must know a Schmidt-orthonormal basis of g, as well as the structure

constants.

3. Observables of interest must be supported by g or products of terms in g up

to some fixed order M.

4. The expectation values of the basis elements, or their products up to some

fixed order M, over the initial state must be known.

Some brief comments regarding these requirements are warranted. First, recall
that while most evolutions lead to exponentially sized algebras, there are special
cases where the algebra grows polynomially with the number of qubits. These
include systems with permutation symmetries [229] 373, |375] and systems with free-
fermion mappings [213} |376], even when the explicit construction of the free-fermion
mapping is very complicated or not known at all. One must also construct, or
obtain, the structure constants: for go, the methods of Section [5.2.3] enable one to
compute all of the structure constants with time complexity scaling as O(n?*), and
for permutation-symmetric systems the authors of Ref. [373] present an algorithm
to compute the structure constants with time complexity scaling as O(n”). In
the sections that follow, I consider a free-fermion-mappable model (Equation
where dim(g) € O(n?), and where all the structure constants can be obtained
with a time complexity of O(n%). Finally, I note that the expectation values of
the basis elements (or their products) can be efficiently computed on a classical

computer for certain families of initial states, e.g., product states, stabilizer states,
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or the so-called highest weight states [112]. For more general input states, one can
always estimate these expectation values by using a quantum computer, preparing
p and making measurements. For this reason, g-sim is in the complexity class
CSIMqg as defined by Ref. [134], whereas the framework of Somma [112| [113] is in
the complexity class CSIM. Either way, the procedure yields a form of “classical

description” [373] of the input state that one can act upon with g-sim.

5.3.2 A polynomial-sized Lie algebra

As a specific example of an algebra with dim(g) € poly(n), throughout the remainder
of this chapter’s demonstrations I consider a special model with free-fermion
mappings, and thus dim(g) € O(n?). The algebra under consideration is given by
o - v n—1 - _Z\N
pV=2,y Lie

As shown in Ref. [377], a basis for gq is given by the set of Pauli strings
i{0},0f0%,0l0!,0f0c],o0lot |1 <i<j<n}, (5.38)

where I use the notation A/ZEJ = A;07,,---07_1B;. This algebra is a representation
of s0(2n), and hence its dimension is dim(gy) = n(2n — 1) [377, 378]. All the
representation elements can be obtained with a time complexity of O(n®); in
the GitHub repository of Ref. [379] I report these basis elements as well as their
pre-computed structure constants.

Finally, I note that the expectation values of the basis elements (or their
products) can be efficiently computed on a classical computer for certain families
of initial states, e.g., product states, stabilizer states, or the so-called highest
weight states [112]. Interestingly, as I explore in the following section, this can
potentially include initial states that are magic states for the class of circuits
under consideration [380} [381], allowing g-sim to evolve some initial states that
typical free-fermionic methods cannot. For more general input states, one can
always estimate these expectation values by using a quantum computer, preparing
in)

pi™ and making measurements on all the algebra basis elements (i.e. it is in
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the complexity class CSIMqg [134]). In any case, this procedure yields a form of
classical description of the input state that g-sim can use.

Furthermore, the subalgebras of gy, encompass many other models of interest:

o The Hamiltonian algebra for the XY model with open boundary conditions
and free coefficients forms a proper subalgebra gxy C go with dim(gxy) =

n(n — 1) [382], given by
gxy = spang <({z 07y ) ({z dol i 1)>L . (5.39)

o The Hamiltonian algebra for the transverse field Ising model (TFIM) with
open boundary conditions and non-free coupling coefficients forms a proper

subalgebra grrny C go with dim(gremy) = n? [378], given by

gTFIM = Spalg < ( Z o} g+1) U (2 zn: 0;7’) > . (5.40)

1€

o For a path graph P, on n vertices, the circuit of the quantum approximate

optimization algorithm [23] has an associated algebra

n—1 n
0QAOA,p, = Spalg < (z > O'JZ»O'JZ-_H) U (z > 0;”) > : (5.41)
j=1 j=1 L

which is isomorphic to the one of the TFIM, gqaoa,r, = grrmv. The two are
related by a Hadamard transform. The algebras for the cycle graph C,, and
complete graph K, are also of polynomial size [37§].

5.3.3 Example simulation task

To demonstrate the power of g-sim, I first showcase its application to a quantum
simulation task which, to the best of my knowledge, would not be possible with
any other known classical simulation method. 1 seek to simulate the dynamics
of the transverse field XY (TFXY) model with random magnetic fields, whose
Hamiltonian reads

n—1

Hypxy = Y (070, +0lal, )+ > bjo?, (5.42)
j=1 =
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where the coefficients b; are randomly drawn from a Gaussian distribution N(0,£?).
Hamiltonian dynamics in g-sim can be implemented either by directly exponentiating
the adjoint representation of the Hamiltonian or by simulating an appropriate
quantum circuit . Here, I apply the latter so that I can also demonstrate the
noisy simulation techniques of Section by inserting noise channels between
gates. In each case, I apply a first-order Trotterization of the dynamics with
a total of 300 Trotter steps.
In the first demonstration, I initialize the system in the magic state

~ [10000) + |0011) + [1100) + e [1111)]=""*

|w> 2 )

(5.43)

for n = 200 qubits, computing the dynamics of the observables in igg. Although this
is a magic state for free-fermion circuits [380], the g-sim classical representation can
be trivially computed, as it is a product state between 4-qubit subspaces. I emphasize
that this demonstration highlights the differences between g-sim and methods based
upon FLO or Wick’s theorem. This initial state has fermionic linear optical extent
growing exponentially in n [381], and would therefore be intractable with these
methods. To the best of my knowledge, the methods of this chapter are the only
known means capable of classically simulating these dynamics at this system size.

In Figure (a) I depict the dynamics of this system in the absence of noise,
showing the propagation of correlations across the system by plotting the (0;-’0;” 1)
correlators. Despite being intractable with competing methods, this simulation
was completed in 16 minutes on a single CPU core. In Figure (b), I repeat this
simulation under the presence of noise using the methods outlined in Section [5.1.3.4}

Following every entangling gate, I apply a random 2-qubit Pauli noise channel

p— (L =p)p+ wy,.,07'07p a0} (5.44)
vy,vo€{l,z,y,z}
(v1,v2)#(1,1)
-1
Wi, =P Curn Z Culwhs (545)
Vi,uéE{l,z,y,z}
W] wh)#(L1)

where the ¢,, ,, ~ U(0,1) are uniformly distributed random variables. For the

simulation depicted here, I choose an overall per-gate fault probability of p = 3x 1074



5. Lie-algebraic classical simulations for variational quantum computing 148

-6
_— x107° smaller —
L e _?Xm_n

-2 0 2

(a)

175

150

=
Do
ot

100

Site number j
[ ~J
o ot
y @
(0707 41)

[\~
(2

-2 0 b
(b)

0.08
0.06
0.04
0.02
0.00
—0.02
—0.04
—0.06

- = = —0.08

0 100 200 300 400 500 600 0 100 200 300 400 500 600

Time ¢ Time ¢

Figure 5.4: Noiseless and noisy dynamics of a 200-qubit magic state using
g-sim. I simulate the Trotterized dynamics of an initial magic state (5.43)) under a TFXY

spin-chain Hamiltonian (5.42)), for n = 200 qubits and 7 = 2.81 using g-sim. To illustrate

the dynamics, I depict here correlators of the form (o¥0%, ). (a) Simulating the dynamics

in the absence of noise, one can see that the correlations propagate across the chain. This
simulation ran in 16 minutes on a single CPU core. Inset: Small oscillations in the
correlators reach the far end of the chain, confirming that the light cone of the dynamics
reaches from the first to last qubit. (b) Including random noise in the dynamics (random
2-qubit Pauli channels after each entangling gate with a fault probability of 3 x 10~%),
one can see that the dissipation weakens the correlations by 6 orders of magnitude, and
qualitatively changes the form of the oscillations.

Under the presence of noise, the correlations dissipate, although are not entirely
eliminated: oscillations can still be seen at the far end of the chain, albeit 6 orders
of magnitude smaller. This highlights the exact nature of g-sim — many other
methods for efficient classical simulation of noisy dynamics would be unlikely to
capture this, as a common strategy involves truncating low-weight contributions to
the dynamics that are mostly consumed by noise . An exact classical simulation
method supporting arbitrary Pauli noise channels is comparatively unusual, making
g-sim a valuable addition to the growing arsenal of classical simulation techniques.

When performing simulations with gy, one might be inclined to think of g-sim
as effectively being the same as FLO — after all, FLO works due to the poly(n) size

of the underlying Lie algebra. Nonetheless, the ability to perform these simulations
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highlights that despite the similarities, g-sim with go is a distinct method from FLO.
These methods have different scope, each being able to compute properties that the
other cannot, and are fundamentally different methods with different limitations.
g-sim therefore represents a genuinely new addition to the toolbox of classical

simulation methods, even when applied to systems with free-fermion mappings.

5.3.4 Resource benchmark

With a non-trivial application of g-sim demonstrated, I now consider its performance
and scalability more systematically with a benchmarking task, aiming to verify
its polynomial resource scaling numerically. For all benchmark computations, I
take the circuits U(0) to be composed of a single layer of gates generated by
the set of operators (U%,,:x’y{ofa;-’ﬂ ;‘;11) U{0o3}},, where o (with p = z,y, 2)
denotes the Pauli operators acting on the j-th qubit. In Figure [5.5(a), I depict
the circuit for n = 3.

For the benchmarking task, I evaluate expectation values of random observables
in the algebra gy for the state obtained by applying U (@), with parameters uniformly
sampled in the interval [0,27], to an input state p™ = ]0)(0]*". Since all the
elements of the basis of gy (given in Equation are Pauli operators, one can
trivially compute the expectation values in e(™:

Tr[pinG}: 1 lf Gazaj(jzl,...,n) . (546)
“ 0 otherwise

In Figure p.5(b), I show benchmark results in terms of memory requirements.
The memory requirements for state vectors are computed assuming double-precision
arithmetic on a 2"-dimensional Hilbert space H. Meanwhile, the memory require-
ments for g-sim are computed by profiling the actual memory footprint of the
observable vector e and algebra data (adjoint representations of generators Hj, and
their eigendecompositions). A further comparison of these memory requirements
to other methods, such as tensor-network methods, was depicted previously in
Figure 2.1} As expected, it can clearly be seen that memory requirements scale

as §2(2") for state vector methods, and as O(poly(n)) for g-sim.
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Figure 5.5: Performance benchmarks of g-sim. (a) Circuit used for the benchmark
at n = 3 qubits. The set of generators are presented in Equation Here, Rz denotes
a rotation about the Z axis, and R, a rotation generated by the Pauli operator o#c”. 1
compare the memory (b) and compute time (c) requirements for state vector simulations
(blue) and g-sim (orange) for the unitary shown in panel (a).

As for the computational benchmarks, these are computed on a single CPU core
of an Intel Xeon Platinum 8268 at the Oxford ARC facility — using TensorFlow
Quantum [105] for state vector methods, and my efficient Python implementation
for g-sim. I stress that unlike tensor network methods (see Section for an
elaboration), the time complexity of applying a gate is independent of circuit
depth, so I report timings per gate. I collect these timings using the timeit
Python package in batches of repeated simulations (to minimize the influence of
measurement distortion due to environmental factors) and average over batches. I
bootstrap 95% confidence intervals on these averages, but they are too small to be
visualized. In Figure (C), I show the results of these compute time benchmarks,
where it can be seen that the compute time again scales exponentially in n for
state vector methods, but only polynomially for g-sim. The exponential scaling

of state-vector simulations makes simulations with n > 34 qubits infeasible on a
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single node at the Oxford ARC facility. However, using g-sim I am able to simulate
systems of up to 200 qubits, and likely beyond, on a single CPU core.

These demonstrations highlight the capabilities and scalability of the g-sim
framework, and in particular its differences and advantages relative to similar
methods. In the section that follows, I proceed explore its application to archetypal

practical problems in variational quantum computing.

5.4 Applications

Having presented the framework for g-sim, I now explore its application to practical
problems. These include a study of the landscape of VQAs highlighting the
overparametrization phenomenon (Section , designing improved initialization
of quantum circuits parameters (Section , unitary synthesis and quantum
compilation (Section , and demonstration of the training of a quantum-phase
classifier (Section . Collectively, these illustrate the breadth of applications
that can be addressed with g-sim within the context of variational quantum
computing. Furthermore, the work of Section [5.4.3 further distinguishes the
theoretical framework of g-sim from that of Refs. [112, [113], as these tools had
not previously been extended to quantum compilation.

I note that in all cases, I implement g-sim based on either gy or subalgebras
g C go obtained by removing some of the generators from Equation [5.37] In each
section, I specify which subalgebra of gy I will be working with, but the simulation
itself is always performed using the full go algebra (as its given basis is a Pauli basis,
leading to the benefits outlined in Section . I further remark that by definition,
I will always be simulating circuits composed of single- and two-qubit gates with
local connectivity — that is, circuits that could be implemented on most quantum
hardware without incurring large compilation overhead. Since many variational

ansitze are utilized throughout this section, I summarize them all in Table [5.1]
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Applications g-sim efficient Ansatz layer
E
1) Benchmarking (5.2.1) - - -
E TFXY VQE '; Rxx(01,4) Ry (01.5) Ry x(01) Ryy(017)
Random compilation (5.4.3.3)) Yes 1 1 1 I ] [ [ [
> . Ryx(0is) | | Rxy(6i0)| | Ryx(®ia0)| | Ryy(6in)
5 Phase classifier (5.4.4) ] L] L] L] [
<]
Il
Rz(011) H
> 8 Rxx ()| | Ryv(0us)
o] L; Dynamics compilation (5.4.3.5) Yes Ro(00) L L L L
= Rxx(016) Ryy(0i7)
= ; 0 - L
> < LTFIM pre-training (5.4.2.2)
E > Yes
&
= .
= -
E E LTFIM pre-training (5.4.2.2) No " e Hc"” e }—{(ﬁ«man }_
=
¥
3 E QAOA pre-training (5.4.2.3) For Hg € {Pn,Cn}
cg
17}
<8
!
3 EE QAOA pre-training (5.4.2.3) For Hg € {P,,Ch} _/”_{(;mm(, }_{hfanp“ }_{(ﬁ,a,n‘\, }_
c &

Table 5.1: Layers of all variational ansdtze used in this chapter, with reference to their
applications, whether or not they are classically efficient in g-sim (for simulating dynamics
of observables supported by g), and circuit diagrams for single layers of each ansatz. In
diagrams where individual qubits are depicted, the example layer is given for n = 3 for
diagrammatic compactness.

5.4.1 Characterizing VQAs

In Section [2.2] T discussed how VQAs aim to enable near-term quantum advantage
by means of a hybrid quantum-classical training loop, where some of the problem
difficulty is offloaded to an optimization problem on a classical co-processor. Even
in the absence of barren plateaus, however, the optimization problem can be
difficult due to the presence of local minima, saddle points, and other optimization
challenges, and is an NP-hard classical problem in general [241]. Much remains
to be learned about the scalability of VQAs, but analytic study of optimization
landscapes is difficult and limited in scope, while computational study is hindered by
the exponential resource costs of state vector simulation (see Section[2.1)). Therefore,
scalable classical simulations — including, but not limited to g-sim — allow one to
characterize trainability of VQAs at system sizes that would otherwise be intractable.
A previous study has used free-fermion simulations for this purpose [383], but using

g-sim expands the set of systems that can be studied. As a warm-up problem, in
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this section I demonstrate the onset of overparametrization in VQE problems for

the transverse field XY model at up to n = 50 qubits.

5.4.1.1 Overparametrization in VQE

In Section [2.2.4] T discussed the phenomenon of overparametrization in VQAs. In
Ref. [225], it was shown that the model capacity of circuits of the form in Equation[5.1]
can be quantified by dim(g). In turn, overparametrization is characterized by a
‘computational phase transition’ happening at a critical number of parameters
Nt < dim(g), below which the circuit is hard to train and above which it
becomes easy to train. Exact values of this critical threshold Némt) are state-
dependent [225], and often hard to assess analytically as they rely on the conjugation
relationship between the initial state and the Lie algebra g of the circuit. Thus,
exact details of this phenomenon are best probed numerically. However, initial
numerical demonstrations of the phenomenon were only provided for systems of

2-10 qubits [225]. Here I use g-sim to demonstrate the phenomenon in problems of

up to 50 qubits, which is well beyond the reach of exact state vector simulations.

5.4.1.2 Simulation results

To probe overparametrization, I consider a VQE task where the goal is to prepare
the ground state of the TFXY model (5.42)). As an ansatz for U(8) I consider
a Hamiltonian variational ansatz [384] [385] of the form in Equation [5.1] with
gate generators taken from the set {0707, ,,0%0%,,};2{ U{o7}7_,. This ansatz is
depicted in Table 5.1 One can see by inspection that the dynamical Lie algebra
associated with this set of generators is precisely go in Equation [5.37 such that the
structure constants reported in my GitHub repository [379] can be used. Given
that dim(gy) = n(2n — 1) and the gates in U(@) can be parallelized, it follows
that overparametrization is achievable with linear circuit depth. To solve the
VQE problem, the parameters are optimized using the L-BFGS algorithm with the

gradient evaluated according to Algorithm [2| to minimize the energy

Errxy(6) = (0] UT<9)HTFXYU(0) 0). (5.47)
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Figure 5.6: Overparametrization in large system sizes. (a) Convergence traces
at n = 50 qubits of the approximate training error erpxy(@). (b) The probability of
converging to erpxy < 107* for uniform random initialization of @ as measured by 50
samples, at varied circuit depths, with corresponding number of parameters N, reported
as a fraction of dim(gp), and for n ranging from 20 to 50 qubits.

Note that the measurement operator Hrpxy is, by definition, fully supported within
go- Moreover, since the initial state is the all-zero state (for which Pauli expectation
values are trivial to compute), one can use the results in Equation to construct
the vector ™. Per the summary in Section , this means that all the ingredients
for g-sim are in place, and the problem can be efficiently simulated.

For each of the system sizes probed, from n = 20 to 50 qubits, I perform
optimization over circuits with a varied number of layers L chosen to result in
a number N, of circuit parameters spanning the range [1,dim(g)]|, and random
magnetic field amplitude & = 0.1. In each case, optimizations are repeated over 50
randomized initial parameter values and fields. Results of this numerical experiment
are reported in Figure[5.6] To illustrate the difference in under- and overparametrized
optimization, I display all the optimization traces at a fixed system size of n = 50
qubits in Figure (a). There, I observe the convergence behavior of the approximate
training error etpxy(60) = (ETrxy(0) — Emin)/ || Hrrxy||ns,, where Eyi, is the lowest
energy discovered by VQE across all depths and || - [|us, = || - ||us/2" for || - ||us the

Hilbert-Schmidt norm (i.e., I normalize the training error relative to the energy scale
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of the Hamiltonian). The optimization traces exhibit a clear change in the hardness
of the optimization problem as the depth of the circuits is varied. Below a critical
threshold of L = 6 layers, one can see severe trainability issues where none of the
optimization manages to converge to the ground state energy. However, for circuits
with L > 6 layers a sudden transition to trainability is observed and solutions
converge towards the minimum energy. This phase transition in computational
complexity indicates the onset of overparametrization [225].

With a specific instance of overparametrization observed, I proceed to study
the phenomenon more systematically across system sizes. In Figure (b), I study
this phenomenon across varying system sizes n, from 20 to 50 qubits, and report
the probability of convergence to erpxy < 107* as a function of the number of
circuit parameters in units of dim(gg). I observe that the transition to the trainable
region (large convergence probability) occurs consistently across all system sizes
at ngcrit) ~ 0.3dim(g) irrespective of n. This supports the analytic results of
Ref. [225], and demonstrates the phenomenon of overparametrization at system
sizes beyond what could be simulated with state vector simulations. Overall,
analysis of VQA trainability at scales exceeding the capability of state-vector
simulations, that requires repetitions over many optimizations and many circuit
sizes, is made possible by g-sim.

In addition to serving as a warm-up problem to demonstrate g-sim, over-
parametrization is crucial throughout the remainder of this work. It is provably
achieved for circuits with N, > dim(g) parameters, and thus the tractably over-
parmeterizable models are those with dim(g) € O(poly(n)). In cases where the
relevant loss function depends entirely on observables supported by the algebra of the
circuit (e.g., VQE with Hamiltonian variational ansatz [384-387] or QAOA), circuits
overparametrizable in polynomial depth are exactly those that can be efficiently
simulated with g-sim. Hence, this phenomenon ensures that for any problem that is
efficiently simulable in g-sim, one can guarantee good trainability using a circuit of
only polynomial gate-count. Crucially, this ensures a correctly trained prior model

for my pre-training scheme (Sec. , the ability to efficiently approximately
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compile unitaries in G to linear-depth circuits (Section [5.4.3]), and good trainability
of QML models (Section |5.4.4)).

5.4.2 Pre-training quantum circuits

Although overparametrization guarantees trainability from arbitrary initial pa-
rameter values, in general cases where dim(g) € ©(4") (i.e., cases where g-sim is
no longer scalable) it does not result in a scalable strategy: trying to access the
overparametrized regime would require constructing and training exponentially
deep circuits, which is intractable for large problem sizes. Nonetheless, we need not
have good trainability from arbitrary initial parameters for a successful strategy
— it may be the case that with an adequate choice of initial parameters, one
could still successfully train an underparametrized circuit. Furthermore, efficient
trainability requires the ability to efficiently compute gradients, and therefore in
either regime one must consider the impact of barren plateaus. Similarly, however,
barren plateaus indicate exponentially vanishing gradients on average, but do
not imply that the entire optimization landscape is exponentially flat (in fact,
probabilistic barren plateaus are always accompanied by ‘narrow gorges’ in which
minima are surrounded by regions of large gradient [220]). Hence, improvement in
the trainability of quantum circuits — in both the geometry of the optimization
landscape and the mitigation of barren plateaus — can be achieved by means of
‘pre-training’ or ‘warm-starting’ an ansatz such that its initial parameter values
are sufficiently close to the optimal solution.

In this section, I demonstrate the use of g-sim for the initialization of VQAs,
contributing to the growing body of techniques for warm-starting VQAs [251-263].
The central idea (expanded in Section is to perform pre-training on a related
auxiliary problem that induces a scalable Lie algebra, and to transfer the resulting
solution as initial parameters for the circuit addressing the full (non-classically-
simulable) target problem. The full problem, now warm-started with problem-
informed parameters, can then be trained further on a quantum device. One should

expect that the closer the auxiliary problem is to the target one, the more efficient
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such a transfer will be. As a first example (Section , I study ground state
preparation of the longitudinal-transverse field Ising model (LTFIM), pre-trained
by first solving the transverse field Ising model (TFIM) efficiently using g-sim. The
LTFIM only differs from the TFIM by a few additional generators (the longitudinal
fields) and I find substantial improvement both in terms of the fidelity of the
ground states prepared and the magnitude of the initial gradients when utilizing pre-
training. More surprisingly, I also show that in optimization problems with QAOA
(Section , for which target and auxiliary tasks differ substantially, improved

performance can still be achieved over a majority of (but not all) problem instances.

5.4.2.1 Pre-training strategy with g-sim

I consider again here a VQE task where the goal is to prepare the ground state
of an Hamiltonian H that can be decomposed as H = >, c;h;, where c; are real
valued coefficients. The Hamiltonian Lie algebra is defined as guarget = ({2 })1Lie
— that is, it is the algebra generated by the individual terms in H. The goal is to
construct a circuit U(0) to prepare the ground state of H, whose gate generators
are some elements of @arges-

In the following sections, I will assume that dim(garget) ¢ O(poly(n)) (else
the full VQE problem could be efficiently simulated with g-sim), meaning that
U(0) should not be constructed from a generating set of giarget- Hence, the

scheme is as follows:

1. Identify a subset of the operators in igarget (denoted as {hy}y) such that their
Lie closure gaux = ({ihi})Lie, is a subalgebra gaux C Grarget With dim(gaux) €
O(poly(n)). Construct a proxy Hamiltonian H,u = >, cxhg. As the examples

below will reveal, the choice of ¢, is informed by the task at hand.

2. On a classical computer, use g-sim to solve VQE on H,, using an ansatz
generated by terms of g.. and with a number of parameters allowing for

overparametrization.



5. Lie-algebraic classical simulations for variational quantum computing 155

3. Extend the trained ansatz with new gates generated by (some) of the terms

N Grarget \ Jaux- Lhese new gates are initialized to the identity.

4. On a quantum computer, solve the VQE for H starting from the ansatz

constructed in step 3.

Although presented in the context of VQE, this warm-starting strategy could be
utilized as-is for QML problems, so long as the classical representations of the

training states have been obtained.
5.4.2.2 Pre-training VQE for the LTFIM

The LTFIM is a paradigmatic spin-chain model providing a prototypical example
of a quantum phase transition. Its Hamiltonian is given by

n—1 n n
Hurena = oo D, 05051 +he Y 0i +hy Y oF, (5.48)
j=1 =1

7j=1

where hgy, b, h, € R. It is well known that the algebra giarget Obtained from the
terms in Hyrppy has exponential dimension grremy € ©(4") [213]. This renders
it intractable in g-sim, induces a barren plateau for deep Hamiltonian variational
circuits [213], and precludes efficient overparametrization [225|, thus making appli-
cation of VQE to identify the ground state of Equation highly non-trivial.
Instead, by dropping the longitudinal field terms in Hyrppy one can obtain

the TFIM Hamiltonian, given by

n—1 n
Hrpng = hag D 0505+ h. Y 07 (5.49)
j=1 j=1

Notably, taking the Lie closure of the terms in Hrppy one obtains g.ux C go-
Thus, this successfully identifies a subset of operators in igiareet leading to a an
algebra whose dimension is in O(poly(n)), making it overparametrizable [225]
and classically tractable in g-sim.

I now apply the pre-training strategy to ground state preparations of Hyrpmg.
Following Section , I begin by constructing an ansatz with L = dim(g,) and

gates generated by terms appearing in Hrpp:

dim(go)

H 6*191 1 Z] 1 ] J+1 —i6;,2 Z?:l UJZ' . (550)
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I initialize the parameters of the ansatz with uniform random values, and train
them to prepare the ground state of Hrppy using g-sim. Note that since the
dynamical Lie algebra g,,x associated with Equation is a subalgebra of g, I
use the structure constants I pre-computed for go. This can be seen by noting that
e SO L A H;L_l e~ 195951 and that each gate generator is an element
o707, of go. As the generators in this case are sums of Pauli strings, simulating
this efficiently is best done using the dense methods outlined in Section [5.2.2]
Once the parameters in Equation [5.50] are trained to prepare the ground state
of Hrpmv, I modify the circuit by inserting new gates generated by the remaining
term of Hyrpiv, yielding the ansatz
dim(go)

Ue,¢) = ] [ i1 30 0Tty il D o

=1

_z¢l j=1 f:| (551)

The new gates are then initialized to the identity by setting ¢ = (0,0, ...), while
the other gates retain their pre-trained values. Finally, I proceed by training
the full ansatz of Equation to minimize the expectation value of Hirpmv.
Since dim(grrriv) € ©(4"), this last step must be performed using state vector
simulations (I use TensorFlow Quantum [105]), thus limiting the system sizes that
can be probed to those described in Section

In Figure I report a comparison of the pre-training strategy discussed versus
uniform random initialization of the circuit parameters, for Hamiltonians with
h. = —1 and hy; = 1. As can be seen in Figures 5.7|(a, b), pre-training yields
improvements by several orders of magnitude in terms of the error

<O| UT(07 ¢)HLTFIMU(07 ¢) |0> - Emin
|| Hurrm || ms,

€LTFIM<07 d)) = y (552)

where F,;, is the ground state energy of Hyrpnv obtained by exact diagonalization.
In Figure [5.7[(a), I compare these errors as a function of the longitudinal field
strength |h,|. The prepared state resulting from the pre-training strategy (with
errors depicted as an orange dashed line) becomes a poorer approximation to the

ground state as |h,| increases, and even sometimes at par with random initialization
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Figure 5.7: Pre-training VQE for the LTFIM using g-sim. (a, b) Mean training
error eprrv (6, @) (Equation for VQE with random initialization (blue) and pre-
trained with g-sim (orange), (a) at n = 12 qubits and varying longitudinal field strengths
h; and (b) at field strength h, = —1.0 and varying system sizes n. Dashed lines represent
initial ansatz configurations, while solid lines represent trained ansétze. (¢, d) Comparison
of gradient variances at varying system size n and longitudinal field strengths h, for
(c) uniform random parameter initialization and (d) g-sim pre-training. Shaded bars
represent bootstrapped 95% confidence intervals.

(blue dashed line). Still, after the final step of optimization (with errors depicted
as plain lines) I find that pre-training consistently enables accurate ground state
preparation of Hyrppy. Across all the values of h, studied, one can see that the
pre-training strategy is the most favorable initialization. In Figure b), I report
final errors scaling with the system size n, noting that the randomly initialized
circuits quickly become untrainable as n increases while the pre-trained ansatz
only exhibits mild decline in trainability.

In addition to these improved training errors, I observe a mitigation of the

barren plateau effect. Due to the exponential dimension of grrrny, in the case of
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random initialization one can guarantee gradient variance scaling as [213]

1
Varg,g [0s,,cLrrma (0, @)] € O (2n> 7 (5.53)

thus necessitating ©(2") circuit repetitions to distinguish small gradient values from
statistical shot noise. I verify this numerically in Figure (c) which, over varied
values of the field h,, showcases exponentially vanishing gradients. However, in the
case of g-sim pre-training, one can see in Figure (d) that the gradient variances
vanish at a much slower rate in n, effectively mitigating appearance of the barren

plateau effect and thus extending the scalability of VQE on this system.

5.4.2.3 Pre-training QAOA

As I reviewed in Section 2.2.2] the quantum approximate optimization algorithm
(QAOA) is a VQA that attempts to solve combinatorial optimization problems [23].
In this section, I consider its use to approximate solutions of MaxCut problems.
It has been reported that for most choices of target graph G, the Lie algebra g
associated with Equation [2.7| will have dim(g) € ©(2") [213, |378|. Hence, to apply
this pre-training strategy, one needs to identify an algebra with polynomial dimension
that is related to the original problem. For the circuit of Equation [2.7] for n vertices
this is known to be the case for the path graph G = P,, cycle graph G = C,, and
complete graph G = K, [378]. For the purposes of this chapter, I focus on the path
graph P,, for which the Lie algebra gqaoa,p, = span({iHp,,iHys})vLi is such that
(up to a change of basis, where the Pauli ¢ and ¢ are interchanged) gqaoa.r, C 9o,
and therefore has dim(gqaoa.p,) € O(poly(n)). Hence, I again use the structure
constants of go, and start by training such circuit for p = dim(gqaoa,p,)-

The pre-trained parameters 8 and -« can then be used to initialize the modified

ansatz
Ualex, B.) = T e et =it (5.54)
=1

for any general graph G # P,, with the new parameters initialized to a = (0,0, ...).

I then train the parameters a, B, v to minimize the expectation value of Hg — in
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Figure 5.8: Pre-training QAOA using g-sim. Performances of QAOA on MaxCut
at n = 16 qubits for the standard randomly-initialized QAOA ansatz (blue), the modified
randomly-initialized ansatz (orange), and the modified ansatz pre-trained with g-sim
(green). Comparisons are made across ensembles of 200 random 3-regular graphs (left
panels) and 200 Erdos-Réyni graphs with edge probability pr = 0.3 (right panels).
I compare (a) the mean approximation ratios r (shaded bars are bootstrapped 95%
confidence intervals), (b) individual training trajectories, and (c) the fraction of solutions
outperforming the GW threshold (horizontal dashed black line).

a scalable approach, one would use a quantum device for this step, however for ease
of modelling I again perform this step with TensorFlow Quantum [105].

I study this pre-training procedure at n = 16 qubits on random 3-regular
graphs and Erdos-Rényi graphs with edge probability pr = 0.3. I present the
results of this numerical experiment in Figure [5.8) showing that pre-training
significantly outperforms randomly-initialized QAOA circuits. In terms of the
mean approximation ratio r (Figure[5.8|(a)), both randomly-initialized strategies

vastly under-perform the GW threshold rqw (horizontal dashed line), while the pre-
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training strategy achieves comparable average performance. More strikingly, when
looking at details of the approximation ratios r of the individual graph problems
(Figure[5.§(b)), I find that a majority of individual graphs achieve an approximation
ratio r > rgw, and the rest for which it is at par with random initialization.
Overall, the fraction of solutions that improve on the GW threshold (Fig-
ure [5.8(c)) converges to 72.5% for 3-regular graphs, and 66.5% for pp = 0.3
Erdos-Rényi graphs. On the other hand, no randomly-initialized circuits achieved
better than this threshold. This suggests that g-sim pre-training is advantageous
for QAOA on a substantial fraction of random graphs, even with this relatively
crude initialization strategy. Further improvements could likely be achieved by more
carefully aligning the path graph P, along GG, adaptively transforming the ansatz

and cost, or resorting to another polynomially-size algebra for the pre-training.

5.4.3 Circuit synthesis

Until now, I have been concerned exclusively with tasks of state-preparation. I
now address more difficult problems of unitary compilation. In this section, I seek
to use g-sim to identify the parameters of an ansatz circuit U(6) € G of the form
in Equation to implement a target unitary V' € G. Although this section’s
methods require both the target and circuit to belong to a unitary Lie group whose
associated Lie algebra is of polynomial dimension, there is still a clear purpose
to this task. While naive applications of g-sim are restricted to certain initial
states and observables, circuit synthesis enables one to surpass this. Using the
methods of this section, one could use g-sim to classically compile any unitary
in G to a polynomial-gate-count circuit, and then implement it on a quantum
computer to evaluate the evolution of any observable or state, even those not
supported by g. More generally, the unitary to be synthesized could be part of a
larger protocol such that the initial state or observable may not even be known
beforehand. While some applications of g-sim (e.g. supervised QML as outlined in
Section require classical representations of states (and therefore may require

some data to be collected from a quantum device), the methods of this section are
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entirely classical. Finally, I note that there may be utility in compiling random
unitaries corresponding to polynomially sized Lie algebras, as sampling from the
output of some of these circuits have strong hardness guarantees that can be used
for compelling demonstrations of quantum advantage [388|.

I outline the scheme for unitary compilation with g-sim in Section [5.4.3.1]
I then probe its convergence properties for random targets in Section [5.4.3.3]
displaying polynomial optimization resource requirements. However, as discussed in
Section [5.4.3.4] given that this is grounded in a representation-theoretic framework,
issues of faithfulness in adjoint mappings can complicate compilation procedures.
I present and demonstrate a strategy to overcome this. With these tools in hand,
I demonstrate a highly practical use of unitary compilation with g-sim: refining

circuits to outperform naive Trotterization for dynamical evolution in Section [5.4.3.5|

5.4.3.1 Variational compilation of unitaries in g-sim

In Section [2.2.2] T described variational circuit compilation, wherein one typically
seeks to train the parameters of an ansatz circuit U(0) to approximate some target
unitary V. Existing techniques for compiling variational circuits to target unitaries
usually seek to minimize the Hilbert-Schmidt test cost function (Equation ,
which has computational complexity with O(2?") and is not classically scalable
in general. Utilizing this would require evaluation on a quantum computer for
even modest system sizes. In pre-existing frameworks, evaluation of Equation [2.9
would typically rely on the Hilbert-Schmidt test [196] |389] or on estimation via
random-state sampling [192,|197]. In any case, these assume that one can implement
the target V' on the compiling device in the first place, which is often unrealistic: if
one already has a quantum computer capable of implementing V', then the need
for variational compilation is often moot.

In contrast, given a description of V' € ¢ with dimension of the associated
Lie algebra dim(g) € O(poly(n)), the present approach to compilation can be

performed entirely on a classical computer with O(poly(n)) resources. To that
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intent, I propose the loss function

£(U(0).V) = 5 [0(0) = Vs
—1- Jimio) Re |Tr(U"(0)V)], (5.55)

where || - ||us is the Hilbert-Schmidt norm and U (8) = ®34(U(0)), V = ®54(V)
are the adjoint representations of U(0) and V, respectively.

Intuitively, £, measures how accurately U(@) approximates the evolution of
the expectation values (G,,) under evolution by V for all initial states. Although
the Hilbert-Schmidt loss Lyst, in Equation [2.9] and its adjoint-space counterpart
Ly are similar in form, I highlight that £, is sensitive to global phase differences
between U () and V| whereas Lygr is not sensitive to global phase differences
between U(0) and V. This is because global phase differences in the full Hilbert
space are nonphysical, whereas global phase differences in the adjoint representation
correspond to a sign flip on all basis observables, which is indeed physical. As I
discuss in Section [5.4.3.4] related subtleties can compromise our ability to perform
faithful compilation if not handled carefully. I defer this point for now, first assessing
convergence of optimizations with the loss in Equation for random target

unitaries in Section [5.4.3.3] and resolving the faithfulness issue in Section [5.4.3.4]

5.4.3.2 Compilation cost function gradients

Throughout this thesis, the importance of gradient-based optimization of VQAs has
been clear. For unitary compilation with g-sim, the use of gradient-based optimizers
requires the efficient calculation of 0Ly/00,,; in this section, I outline how this can

be done efficiently. Differentiating Equation [5.55| one obtains

ge{: - diri(g) I [T [V Ui as Hn U] | (5.56)

where I have used properties of the ansatz structure (5.1), and UL, = UIUL,, ... UL.
Noting that the matrix terms in Equation have the same recurrent form as
Equation one may compute the full gradient vector in O(N dim(g)?) by a
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straightforward modification of Algorithm [2| (with matrix-matrix multiplication
instead of matrix-vector multiplication).

For efficient implementation, care should be taken with the order of operations
when evaluating Equations and [5.56, particularly endeavouring to avoid any
dense-dense matrix multiplication. For example, in Equation [5.56 one should store
the products (Ups1.m)TV and Uy, as dense matrices, use sparse representations
of the U,, when applying the iterative step in Algorithm 7 and use sparse
representations of H,, when evaluating each element of the gradient. I found
that with this order of operations, the evaluation is substantially accelerated by
the use of sparse-dense matrix multiplication algorithms, and further improved
by the use of GPU acceleration (e.g. SpDM with cuSPARSE). Finally, the trace
in Equation of the product of two dense matrices (VTUmH: v and ﬂmﬁl:m)

can be evaluated in a dense O(dim(g)?) operation as

Tr [‘_/Tl_]m.i_l:M-EIml_]l:m} = Z [((ﬁm"rl:m)T‘_/) © ('Hml_jlzm)}
ap

i (5.57)

where o denotes the Hadamard product. This avoids costly O(dim(g)3) dense-
dense matrix multiplication entirely, which would otherwise be by far the most

expensive operation in this procedure.

5.4.3.3 Compiling random unitaries

I first benchmark my compilation scheme against random unitaries in Gy = €%,
which is the most general and demanding task for this scheme. Any unitary in

G may be written in the form
V= e*iTZa(lﬁ)aGa, (5.58)

where I fix |@|a = 1 such that T parametrizes the duration of the effective
corresponding dynamics. To generate the weights uniformly, I sample a matrix from
a Haar distribution over the orthogonal group O(dim(w)) and set the weight vector
w equal to one of its columns (potentially padding with zeros to account for elements

of the basis not present in the sum). In general, Equation involves highly
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Figure 5.9: Scaling properties of circuit compilation with g-sim. I compare the
mean number of iterations to converge to a loss (defined in Equation Ly <1073 for
random target unitaries (defined in Equation with varied levels of locality, including
2-local and global generators. Shaded bars depict bootstrapped 95% confidence intervals.
(a) Results for varying duration 7" at n = 20 qubits. (b) Results for varying system size
n at duration T' = 10. In both cases, the scaling of the iterations number is found to be
polynomial in n and T'.

non-local interactions, since many elements of gy are non-local Pauli strings (see
Equation . By excluding greater-than-k-local G, from Equation one can
also refine study to the highly relevant case of k-local Hamiltonian dynamics, and I
consider compilation of unitaries based on both local and nonlocal interactions.
I test this scheme by compiling global and 2-local dynamics, both with the 2-local
ansatz of Figure[5.5(a). I build the ansatz with L = [2dim(g)/K ]| layers where K is
the number of generators, which is guaranteed to be overparametrized. In Figure|5.9,
I show that the compilation of random unitaries V' € Gy performs and scales well.
At a fixed n = 20 qubits (Figure [5.9(a)), the convergence requirements (measured
as the number of optimization iterations required for convergence to a fixed error
tolerance) plateau to a constant value irrespective of T, suggesting that my approach
allows fixed-circuit-depth Hamiltonian simulation for arbitrary evolution time. I
note that fixed-depth dynamics were obtained in Ref. [382] on related systems,
but with different methods (based on an explicit Cartan diagonalization) and only
targeting local dynamics. At fixed T' = 10 (Figure[5.9|(b)), the number of steps to
converge appears constant in n for 2-local targets, and polynomial in n for global

targets. However, for smaller values of T, a different convergence behavior is seen
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Figure 5.10: Compiling short-duration dynamics for global Hamiltonians. For
a system of n = 20 qubits, I train an overparametrized (27-layer) ansatz to minimize L,
with a target unitary generated by a normalized global Hamiltonian. At larger values of
T, the expected exponential convergence is observed. At T ~ 1, a transition is observed
to a regime with poorer trainability.

when compiling global dynamics. After a brief initial period where £; vanishes
exponentially in the number of iterations, a transition to very slow convergence
is observed. This is demonstrated in Figure [5.10f We have not yet been able to
determine an explanation for this phenomenon — it is highly counter-intuitive, since
one would expect a priori that longer-duration global dynamics would be the most
difficult to capture with a local ansatz, yet that appears to be easy in comparison.
Overall, this demonstrates that the methods I have introduced can efficiently
minimize the loss £, on an overparametrized ansatz for a diverse range of random
unitaries in Gy with varying locality, system size n, and dynamics duration T,
providing a strong foundation for my compilation scheme. In the following section,
I turn my attention to the faithfulness of this compilation scheme — under what

conditions is minimizing £y sufficient to faithfully compile a target unitary V7

5.4.3.4 Faithfulness of compilation

Although I observed consistent convergence of the training with respect to the

adjoint cost function £, (Figure [5.9)), one should question whether minimizing £,
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is sufficient for unitary compilation. It can be seen from Equation that £,
is a faithful loss function for unitary training iff q)éd is a faithful representation.
This is not guaranteed, and to understand why, first note the definition of the

center of a group Z(G) of G:

Definition 9 (Center of a group). The center Z(G) of a group G is the subset of G

that simultaneously commutes with all elements of G. That is,
Z(G)={Weg|VUeg WU=UW}. (5.59)

Using this definition, one can prove that the group adjoint representation @éd

need not be faithful even if the algebra representation q)gd is.

Statement 5 (Faithfulness of CIDSd.). Suppose that @éd is an adjoint representation
of a dynamical Lie group G, induced by a faithful adjoint representation <I)gd of
the corresponding dynamical Lie algebra g. Then, CI>éd is faithful if and only if the
center of G is trivial, i.e., Z(G) = {1}.

Proof. The forward direction can be proven by contradiction. Suppose that the
center of G is trivial, and CIDéd is not faithful. Then, there exists U,V € G with
U # €V for all 6 such that ®54(U) = ®34(V). However, since the adjoint
representation is a homomorphism, it follows that ®34(U~'V) = ®54(1). By
assumption, UV ! # ¢?1 for all §, and since its adjoint representation is the identity
it follows that the generator of UV ! is a nontrivial element of G which commutes
with all elements of G. Consequently, UV ™! € Z(G), which is a contradiction and
proves the forward direction. Similarly, for the backward direction, let W € Z(G)

be a nontrivial element of the center of G. Then, for any U € G, it follows that
PG (WU) = 2 (UW) = @5(U), (5.60)

where the last step used the fact that @3¢ is a homomorphism and that W € Z(G).

Therefore, it follows that @éd is not faithful, completing the proof. n
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Figure 5.11: Successfully compiling circuits in an algebra with non-trivial
group center elements. (a) Although the classical loss function L£4(U(6),V) can be
efficiently minimized (Figure , this is a necessary but insufficient condition to minimize
the Hilbert-Schmidt loss function LygT, and thus to faithfully compile a target unitary
V. We train a linear-depth ansatz U(0) (see Fig. |5.5(a)) initialized with uniform random
parameters to minimize L£4(U(6),V) at T =1 and n = 10. Although Ly is successfully
minimized in all instances (top panel), Lygr is only minimized in approximately half
the instances, and rather mazimized otherwise (middle panel). In all cases where the
compilation fails, the optimized ansatz instead approximates (¢2)®"V (bottom panel).
(b) The scheme outlined in Sec. successfully rectifies this issue. The ansatz is
initialized at @ = 0, and compiled to a sequence of intermediate targets V,,, corresponding
to increased t,, from 0 to T (bottom panel), with the parameters obtained from compiling
a target used to initialize the next . For sufficiently small time steps At,,, successfully
minimizing £y (top panel) ensures minimization of Lyst (middle panel) and thus faithful
compilation of the final target V.

Thus, faithful representation @gd of the Lie algebra does not guarantee faithful
representation @éd of the Lie group: one must determine the center of the group
Z(G), and account for its presence in the compilation scheme. For W € Z(G), in
the adjoint representation one cannot distinguish V' from WV since @éd(W) =
®34(1). Throughout this chapter I mostly use go, which is indeed afflicted by
this: the algebra gg itself is centerless, but the corresponding group center is
Z (%) = {(c*)®", 1} (up to global phase).

This issue indeed manifests seen in my numerics. In the first row of Figure|5.11{(a),



5. Lie-algebraic classical simulations for variational quantum computing 166

I report systematic success in minimizing £y. However, as can be distinguished
by the full Hilbert-Schmidt loss function Lygr, only half of the optimizations
yield the correct target V' while the other half rather yield the unitary (o*)®"V
(second and third row), which is indistinguishable in the adjoint representation.
To guarantee successful compilation of V', one must either ensure convergence to
the manifold of correct solutions, or be able to flag when an error has occurred
such that it could be corrected (i.e. by applying an additional unitary (o*)®"). I
now detail a strategy achieving the former.

Any unitary target V € G may be written in the form V = e 7 with iH € g
as in Equation [5.58 Rather than directly aiming for the compilation of V, I
consider a family of intermediary targets V,,, = e~' for increasing steps t,, €
[0,T], with ¢ty = 0. I then solve the corresponding compilation problems 6,, =
arg ming L4(U(0),V,,,) sequentially, with € initialized to 6,,_, at each step. For
sufficiently small At,, = t,, — t,,_1, it is expected that no jump between solution
manifolds will occur: in the limit of small At, this is asymptotically guaranteed.
Crucially, given that V; = 1, one can ensure initialization in the correct manifold
by setting 8y = 0 such that U(6y) = 1 (rather than (0%)®"). I confirm viability
of the proposed scheme numerically, via the numerical experiment depicted in
Figure [5.11|(b). For all the random unitaries V assessed, the optimization concludes
with parameters accurately replicating the desired target, as evidenced by the low
values of Lygt(U(0),V) < 1075, This demonstrates that faithful compilation is

possible even when the cost function £, is not faithful, ensuring that compilation

with g-sim can lead to robust and reliable unitary synthesis.

5.4.3.5 Application to dynamical simulation

As demonstrated in Section given a Hamiltonian supported by a Lie algebra
g with dim(g) € O(poly(n)), my scheme enables compilation in polynomial-depth
circuits of the corresponding time-evolution operators. This allows the study
of dynamics of observables not supported by g-sim and arbitrary states, which

are in general not classically tractable. Here I demonstrate the utility of this
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scheme by synthesizing circuits for the Hamiltonian time-evolution of the TFXY
spin chain (5.42) with open boundary conditions and random local magnetic
fields b; drawn from N(0,&?). This Hamiltonian supports the phenomenon of
Anderson localization [390], and has previously been utilized to demonstrate related
compilation techniques based on Cartan decomposition [382].

I seek to train an ansatz U(6;,) to approximate V;, = e “mHTrXY at a range of

discrete times t,, € [0,200]. For each t,,, the ansatz has a structure

L rn—1

U(8) = ] | T] e owmviiusetunmriels
=1 Lj=1
n . n 2
T 2 %} . (5.61)
j=1

One can verify that the dynamical Lie algebra associated with this circuit is again go
as defined in Equation meaning that I can again utilize the structure constants
I have already pre-computed. At this point I note that while U(8) has the exact
same structure as that of a first-order Trotterization of any of the V, unitaries,
each term of the Hamiltonian is associated with an independent trainable parameter
in U(0). This fact is important, since U(0) is not trying to learn a Trotterized
version of V;_, but the ezact unitary V;_ at time ¢,,. In fact, because I use g-sim,
I do not need to ever perform a Trotterization of the target unitary, as V;  can
be compiled exactly for all evolution times t,,. This is due to the fact that one
can efficiently compute the adjoint representation CDg‘d(Vtm) = e~ itm®g (Hrrxy) op
a classical computer, using matrix exponentiation of the dim(g) x dim(g) matrix
@gd(HTFXY). This is advantageous compared to variational compilation schemes for
time evolution that necessitate the target to be implementable on a quantum device
in the first place: as I stated earlier, if one can already implement the target unitary,
then the need for variational compilation is much more tenuous. In contrast, other
unitary variational compilation schemes often approximate the target by means
of a Trotter approximation [188-193], which therefore introduces approximation
errors to the target before the recompilation procedure has even begun.

For the sake of concreteness, I focus on the dynamics of a single-spin-flip

initial state [JTTTTTT) for n = 12 qubits. In the absence of a magnetic field
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Figure 5.12: Compiling Hamiltonian dynamics with g-sim. Dynamics of a
single-spin-flip excitation in a TFXY spin chain (Equation with n = 12) in the
absence of magnetic fields (§ = 0, left panels) and with random fields inducing Anderson
localization (£ = 4, right panels). The exact dynamics (blue) is compared to the dynamics
yielded by our compilation scheme (orange X), and first-order Trotterization (green
Y). The compilation scheme accurately showcases Anderson localization, reproducing
the RMS position V'N? of the excitation (a) with low errors (b), while Trotterization
quickly diverges beyond small simulation times. Furthermore, comparison of the compiled
unitaries to the exact time-evolution operators by means of the Hilbert-Schmidt test
Lust, show small errors at all times (c), guaranteeing faithful dynamics of all observables.

(b; = 0 for all j) this excitation diffuses throughout the system, but a disordered
field (£ > 0) restricts this diffusion (this is known Anderson localization [390] in
condensed matter literature). Following the example of Ref. , I study the
position operator for the excitation

1 - o7

N=yi-ni (5.62)

Jj=1

whose moments provide a key signature of Anderson localization. In particular, for
this system the p-th moment (|N|P) admits a time-independent upper bound [382,

391]. I note that N2 is expressible as a linear combination of elements in the
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algebra (o7

%) and product of elements in the algebra (0307 ), and thus is precisely

397
of the form in Equation [5.16] Moreover, given that the algebra is composed of
Pauli operators, and since the initial state is separable, one can readily compute
the entries of the vector e™ and the matrix E(™. Hence, the p = 2 moment
can be efficiently computed with g-sim. Higher-order moments can be computed
(Remark , albeit with complexity growing exponentially in p. Furthermore, I
stress that my choice of a classically-tractable system size (n = 12 qubits) is
purely to enable me to compute the loss Lyst(U(6;,, ), V;,,) for exact verification
of correct unitary compilation. In general, my scheme can achieve compilation at
larger system sizes (e.g., n = 50 qubits in Fig. , although verifying faithfulness
would require quantum resources (one can typically detect manifold jumping on
a quantum device using only implementations of the ansatz U(@), rather than
the full target V;, , so this is viable).

I compile the time-evolution operators for the case of no magnetic field (£ = 0)
and of a disordered magnetic field ({ = 4) with a Hamiltonian renormalized as
Hrpxy — Wf;{% to eliminate any norm dependence of the dynamics. The
ansatz is determined by Equation [5.61] and is composed of L = 17 layers, which
is overparametrized to ensure trainability. In line with the strategy previously
discussed, the circuit is first initialized with 8;, = 0, and thereafter initialized
with 6,  according to the parameters found in the ¢,,_; step of optimization. In
Figure I report a comparison between the compiled dynamics and a first-order
Trotterization at the same depth (i.e. identical circuit structure with 0, = t/L).

I find that, despite using identical circuit structures, my scheme outperforms

Trotterization by several orders of magnitude. Looking at the dynamics of the

A

position operator \/ N2 (Figure |5.12(a)), one can see that Trotterization fails to

reproduce results beyond ¢ ~ 60, while my scheme continues to track them accurately
at all times t,, considered, with errors smaller than 1075 (Figure [5.12|(b)). More
generally, I find that the compiled unitaries accurately reflect the true time-evolution
with Lust(U(6), Vi) < 107 (Figure [5.12[(c)), thus guaranteeing that the compiled

circuits can faithfully reproduce the dynamics of all observables, not just those
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supported by g and products thereof. Furthermore, the errors entailed by the
compiled circuit do not appear to vary substantially in the duration of the dynamics
(fixed-depth simulation is known to be possible for dim(g) € poly(n) models [382]).
Overall, this shows that for time-evolution operators whose associated Lie algebra
g has dim(g) € O(poly(n)), my g-sim compilation scheme can determine a much

more efficient circuit implementation than standard Trotterization.

5.4.4 Supervised quantum machine learning

As a final demonstration, I employ g-sim for the training of a quantum-phase
classifier, showcasing its applicability in the context of QML. Despite being trained
fully classically on tractable states, such a classifier could then be employed to classify
unknown quantum states on a quantum device. Provided that useful classifiers
can be constructed in G with dim(g) € poly(n) and classical representations are
sampled for nontrivial states, such schemes could find utility in real experiments.
Additionally, in the spirit of Section [5.4.2] the g-sim framework could form the basis

of approximate quantum models that are then refined on a quantum computer.
5.4.4.1 General framework

In general problems of supervised QML, one assumes repeated access to a training
dataset S = {(ps, ys)}, consisting of N pairs of states p, together with labels
ys = F(ps) that have been assigned by an unknown underlying function F. The
task is to learn parameters 0 of a function hg, with the aim of approximating F'
as accurately as possible. Upon successful training, it should then be possible to
accurately infer the labels of previously unseen states.

As is typical in QML tasks, in this section I consider a model hg that relies on
the expectation value of an observable O after application of a circuit U(@). That
is, the cost function will be of the form lg(ps) = Tr {OU (0)psU T(0)}. Training then
relies upon minimization of a mean-squared error loss function for classification,

defined here as

£(0) =+ 3 (.~ bolp.))” (5.63)
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5.4.4.2 Training a binary quantum-phase classifier

For this numerical study, 1 apply the g-sim framework to the classification of
ground states across a phase transition of the TFIM , at system size n = 50
qubits (well beyond the reach of exact state-vector methods). I consider parameters
hy, hee € ]0,1] in order to focus on a single phase transition (binary classification).
For h,/h., > 1, the ground state is in the disordered phase, while for h,/h,, <1
it is in the antiferromagnetic phase. Furthermore, to ensure that the problem is
non-trivial, I ‘disguise’ the TFIM according to a random V' € G (Equation m
with 7" = 10) such that

Hdisguised = VHTFIMVT- (564)

To generate the training and test datasets, I start by randomly sampling values of h,
and h,, and assign labels ys = —1 (+1) to Hamiltonian parameters corresponding
to the disordered (antiferromagnetic) phase. Each set of parameters corresponds to
a distinct instance of Hrppy and, for each of them, I take the corresponding state p;
to be the (approximate) ground state of this Hamiltonian instance. A g-sim classical
representation of p, consists of the vector of expectation values (el®), = Tr[psGal.
Since exact diagonalization is intractable for n = 50 qubits, to compute these, I use
VQE in g-sim with an overparametrized ansatz to obtain a circuit U(8) such that
ps = U(6)]0) (0]*" UT(8). Due to overparametrization, this is guaranteed to produce
a good approximation of the ground state, with convergence as L. — co: to ensure
good ground states, I train states on a fixed Hamiltonian with varying L, selecting
an L large enough to ensure convergence. I then compute the classical representation
e®) by applying Equation to a classical representation of the computational
zero state (Equation . Finally, I transform this classical representation of the
ground state of Hrppv to the corresponding ‘disguised’ ground state of Hgisguised DY
applying V to it. This procedure is repeated to generate a training dataset of 200
labeled states, equally divided in the two phases. To evaluate the performances of

the classifier, I apply the same procedure to create a separate test dataset with the
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Figure 5.13: Supervised QML with a classically-efficient circuit. (a) Label
assignments from a 50-qubit classifier on a training dataset of disguised TFIM ground
states for 7' = 10 (details in the main text), across the disordered-antiferromagnetic phase
transition. The classifier is trained to minimize the loss function in Equation (b)
Inference on a new set of data drawn from the same distribution. The model achieves
100% classification accuracy on the test dataset.

same number of states; these have not been seen by the optimizer during training
and therefore represent a genuine test of its in-distribution generalization.

The classifier is realized by L = 21 layers of the 2-local ansatz in Equation [5.61]
and a measurement observable O = o7 € igo. I train the classifier classically using
g-sim to minimize the loss function in Equation [5.63|over the training dataset. Once
the parameters are trained, I assess accuracy of the classifier on the test dataset.

Given trained parameters 8%, to perform inference I assign inferred labels as
he-(ps) = sgn(le-(ps)) € V. (5.65)

I depict the results of this numerical experiment in Figure [5.13|(a), showing that
for this problem the classifier achieves 100% classification accuracy on the new
data. Consistent classification accuracy is also verified across multiple random
instances of the unitary disguise V', thus demonstrating successful application of
g-sim to a supervised QML problem.

Once the classifier is trained, obtaining a set of optimal parameters 6%, one

should question how it can most efficiently be used for inference. For a standard
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quantum-circuit-based classifier, the only efficient option would be to apply the
unitary U, = U(0*) to the unknown state on a quantum computer, measure
the operator O = of, and assign a label according to Equation [5.65 For a
classifier based on g-sim, when dim(g) € poly(n), the structure of the algebra and
limited coupling between observables allows for a different approach. Although
Result [2| was framed as an evolution of expectation values, it can equivalently
be seen as an (Heisenberg) evolution of the observable operator itself. Given
the adjoint representation U, = ®44(U,) of the trained circuit (computed in

g-sim), and a description of the observable O € ig as the vector w such that

O = Y (w),G,, one can write
dim(g) B
O :=UloU, = Y (w')aGa, with w' =w"U,. (5.66)
a=1

Hence, one recovers the classifier outputs as a weighted sum of the expectation
values of the observables G, which is only poly(n) in size. Therefore, one can
efficiently determine the classifier output by measuring the expectation values of a
polynomial number of observables, without ever needing to apply the full unitary
U.. This represents a substantial saving in circuit depth, albeit at increased (still
polynomial) measurement cost. Depending on the characteristics of the quantum
device at hand (i.e. measurement versus gate fidelity and cycle times), one approach
may be preferred to another. In the conclusions to this chapter (Section , I
discuss the implications of the circuit-based approach; here, I expand upon the
measurement-based approach.

For the measurement-based approach, one may reduce the amount of measure-
ments required further by pruning the model (i.e. approximating Equation ({5.66]
with a much smaller subset of the terms involved). For instance, this could
be achieved by discarding terms corresponding to small weights |(w'),| < § for
some threshold ¢, or by discarding greater-than-k-local terms. In particular, the
latter could be combined with classical shadows (Section by means of random
measurements (rather than direct measurements of expectation values of all the

(), ensuring small approximation error by bounded locality.
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Figure 5.14: Comparison of exact label inferences to their 2-local approxi-
mation. I compare the exact inferred labels of the TFIM phase classifier on an unseen
training dataset to a 2-local approximation. The 2-local approximation still achieves
100% classification accuracy, although fg(p) changes less rapidly near the phase transition,
indicating increased perplexity of the classifier at the phase boundary.

To further study the effect of such locality pruning, I compare the accuracy
of a trained classifier to its 2-local approximation, for an undisguised (7" = 0)
TFIM of n = 50 qubits. As can be seen in Figure [5.14] despite slight differences in
the output of the models, the approximated classifier retains full accuracy (with
100% of the testing data correctly classified) that can be explained by the high
locality of the TFIM order parameters. It is likely that this approach can be refined
further by carefully adapting the choice of classical shadow procedure to the data
or the classifier architecture. For example, due to the free-fermionic structure
of this classifier, further improved results may be obtained using matchgate- or

free-fermion-based variants of classical shadows [329-331].

5.5 Conclusions

Efficient classical simulations of quantum circuits are a critical tool in scaling towards

quantum advantage. In this chapter, I have introduced g-sim, a classical simulation
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and optimization framework that relies on the Lie-algebraic structure of the circuits.
Basing my approach on older, relatively under-utilized tools for Lie-algebraic
simulation of quantum dynamics [112} [113], I adapted the presentation of these
techniques to the needs of the modern quantum computing community. I further
generalized these techniques to relax the conditions for efficient simulation, improved
upon the asymptotic complexity of circuit-based simulations, provided guidelines
for efficient computer implementation, and modified the framework to accommodate
general input states. In doing the latter, I performed a simulation task which is
not possible with any other known technique. By introducing circuit optimization
to this framework, I enabled the scalable classical study of paradigmatic examples
relevant for variational quantum computing, demonstrating utility in studying
scaling behaviors of VQA problems, improving trainability and mitigating barren
plateaus via classical pre-training, and implementing supervised QML problems.
Furthermore, I expanded the framework of g-sim to include compilation and circuit
synthesis, which is a novel direction for simulation schemes of this type. By
constructing and optimizing a circuit fidelity cost function that can be computed
entirely in g-sim, I demonstrated that one can synthesize linear-depth circuits for
unitary transformations in €. Compiling such rotations has already proven to be of
great utility to the community, with e.g. the use of Givens rotation decomposition to
prepare Hartree-Fock states with linear circuit depth [348,[349]. However, g-sim does
not necessarily require an underlying free-fermion structure, and therefore expands
the class of compilable transformations to include any system corresponding to a
poly(n)-dimensional algebra, such as systems with permutation symmetries [373].

Prior to this work, variational circuits with dim(g) € poly(n) seemed highly
promising: being provably barren-plateau-free |213| and efficiently overparametriz-
able [225], they are trainable from the perspective of both acquiring gradients
and navigating the optimization landscape. The ability to classically simulate
these circuits is, admittedly, disappointing for variational quantum computing.
Nonetheless, this chapter represents an important pillar of the ongoing effort to

understand the connections between trainability and simulability in variational
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quantum computing [134]. By understanding the structures that prevent a quantum
advantage, the community’s efforts in variational quantum computing can be

better focused.

5.5.1 Scope for future work

To date, Lie-algebraic considerations have been pivotal in many topics of quantum
science including quantum error correction [392, |393], controllability of quantum
systems 369, 370, |394-396], efficient measurements [397], dynamical simulations [377,
398], and studying trainability properties of parametrized quantum circuits [213|
225|227, 228]. This chapter has demonstrated further utility in existing applications
(dynamical simulations and studying trainability properties), and expanded this list
to include classical pre-training of VQAs, efficient circuit compilation, and supervised
QML. T anticipate that the g-sim framework will be a useful tool with which others in
the community can further expand this list, a process which has already begun [226].

One promising prospective application is quantum error mitigation (see Sec-
tion [2.3| for a brief overview). In particular, learning-based QEM methods |119-122]
require access to pairs of noisy circuit outputs (obtained from quantum hardware)
and corresponding noiseless outputs (obtained from classically-efficient simulation
techniques) in order to learn a function mapping noisy outputs to their correct
noiseless values. Since g-sim can lead to classically-efficient simulation of circuits
that are distinct from these existing methods, it can expand upon the range of
noiseless training data available, and likely further facilitate these methods.

In a similar vein, g-sim has potential applications in the context of randomized
benchmarking [117]. The greatest limitation in quantum computing is the effect
of hardware errors in computations, both coherent and incoherent. There is
thus a pressing need to comprehensively characterize the type and magnitude
of errors present on quantum hardware. One approach to this is randomized
benchmarking, which compares outputs of random gate sequences of increasing
length to known expected results without resorting to standard process tomography.

Recent work [118] has investigated the use of matchgate circuits for randomized
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benchmarking. Matchgates are closely related to gg, and the underlying simulation
schemes have much in common with g-sim. Much like the case of error mitigation,
g-sim could be used to generate benchmarking data for non-matchgate circuits,
expanding the scope of these techniques.

I also note the opportunity to further improve the compilation scheme in
Section [5.4.3] Although its performance appears competitive with the Cartan
decomposition approach of Ref. [382], one disadvantage is that my approach requires
re-optimization at each time step, whereas the former requires only one optimization.
I believe that this limitation could be overcome by using a variational fast-forwarding
ansatz [188], which should work since the diagonalization unitary must necessarily
be in G. Furthermore, my scheme could trivially be extended to the compilation of
evolution unitaries for time-dependent Hamiltonians. In the case of Hamiltonians
with periodic Floquet driving, it should even be possible to construct a fast-
forwardable solution, which to the best of my knowledge would not be possible
with Cartan decomposition methods.

Lastly — but perhaps most promisingly — one should carefully consider the
role of g-sim in the future of supervised QML. Even if the trainability-simulability
connections proves so fundamental as to make variational QML pointless on quantum
computers, there is still scope for usefulness. I have already noted that classical
machine learning algorithms equipped with data from quantum computers can
outperform their purely classical counterparts [129-133]. It seems reasonable
to suspect that such classical machine learning algorithms would benefit from
inductive biases that take into account quantum-mechanical structure, and building
dequantized QML algorithms from g-sim would be a natural way to incorporate
this. Furthermore, since g-sim directly simulates the action of a quantum circuit,
one can decide based on needs and context whether to execute the circuit classically
or quantumly. Given the substantial complexities of actually implementing a hybrid
quantum-classical loop (and the effect of noise inhibiting trainability [218] 399]),
training on a classical device is highly desirable. However, once trained classically on

a quantum device, the model can be deployed on a quantum computer for inference
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(essentially the opposite of the scheme considered at the end of Section .
Although performing inference in g-sim requires only O(poly(n)) shots (since one
needs to compute a classical representation), performing it on a quantum device
would likely require only O(1) shots. Therefore, quantum training with classical
deployment could prove to drastically reduce the measurement overheads required
in these tasks, and could provide practical advantages in inference even in cases
where there is provably no quantum advantage in learning.

A particularly important context where measurement overheads must be carefully
accounted for is quantum sensing. In the following chapter, I study the application
of quantum error mitigation and learning-based methods to quantum sensing,
carefully accounting for the effects of measurement overheads when considering

their practicality on a finite shot budget.



I know what you’re thinking. ‘Did he fire six shots
or only five?” Well, to tell you the truth, in all this
excitement, I've kinda lost track myself.

— Harry Callahan, Dirty Harry [400]

More buck-per-shot: Why learning trumps
mitigation in noisy quantum sensing

The research in this chapter was conducted jointly with Aroosa Ijaz, Cinthia Huerta
Alderete, Frédéric Sauvage, Lukasz Cincio, and Marco Cerezo, and led to the
published paper of Ref , which this chapter closely follows. Following a core
idea conceived by Marco, I led the project as senior author, significantly expanding
the framework and methodology. Aroosa, Marco, Cinthia and I worked together
on the anaytic derivations of error bounds, and the numerical simulations and
bounds comparisons were solely my work. In places where text from the published

manuscript is used verbatim, I am the original author of this text.
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Thus far in this thesis, I have explored a range of topics relating to the prospects
of using entangled quantum states to perform computations more efficiently than
any classical device. In Section [1.3] T also outlined how entangled quantum states
can in principle be used to perform high-precision measurements better than any
classical device. In the absence of entanglement, parameter measurement is limited
by the SQL (Equation , but allowing for entanglement leads to the better bound
of the HL. (Equation . Much like quantum computing, quantum sensing is
plagued by the deleterious effects of noise, which hinders a probe state’s capability
as a sensor . Indeed, the similarities to quantum computing might be the
source of solutions as well, since much of the wealth of techniques developed for
quantum computing can be repurposed for quantum sensing. In Section 2.2.2] T
mentioned how VQA techniques have been proposed to prepare optimized probe
states and measurement protocols [170H181], and in Section 2.3 I discussed how
error mitigation techniques have been considered for quantum sensing [281}-285).
This chapter is concerned with the latter: while there is some promise for active
error mitigation techniques in quantum sensing , there has been almost no
work on passive error mitigation for sensing, and existing work on the matter |285|
considers mostly single-qubit Ramsey interferometry (i.e. unentangled and thus
not ‘quantum sensing’ by the definition of Section and does not consider
asymptotic scalings relative to the SQL and HL.

This leaves a gap in the literature that can be addressed by a careful comparative
study of different sensing protocol errors, relative to the all-important SQL and HL.
In this chapter, I study whether investing shots in error mitigation, learning-based

inference techniques [286], or combinations thereof, can genuinely improve the
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Noiseless sensor

Error mitigation Currently impractical
Inference

Noisy quantum sensor Noisy quantum sensor

Does not outperform SQL Can outperform SQL

Figure 6.1: Summary of this chapter’s results. This chapter considers a noisy
quantum sensing task, under the assumption that error correction is not available. I study
whether the use of error-mitigation techniques (specifically ZNE) and inference tools can
be used to improve the sensor’s performance. This chapter’s results show that in order to
beat the SQL, pre-characterization of the system’s response is a necessary condition.

sensitivity of a noisy quantum sensor on a constrained shot budget. The latter is a
crucial point: in quantum sensing, as in quantum computing, shots are a precious
resource, as one can see from the presence of the shot budget NV in the denominator
of the quantum Cramér-Rao bound , and infinite shots can lead to infinite
precision. Since error mitigation and learning-based inference techniques both incur
a shot overhead, one must take great care to ensure that any shot not being used
for sensing is actually leading to some metrological improvement. This chapter
critically assesses this via a detailed bias-variance error analysis — in the case
of ZNE, I show that the inherent bias-variance tradeoff (see Section leads to
worse performance, regardless of existing knowledge about the system. I ultimately
conclude that pre-characterizing a quantum sensor via inference techniques leads to
the best performance — and in fact, within the regimes of analytic and numerical
study presented in this chapter, is the only strategy capable of gaining a quantum
advantage. Since pre-characterization requires a stable response function between
the pre-characterization and sensing phases, this chapter unveils that stability
is a crucial (but often overlooked) criterion for a useful quantum sensor. This

conclusion is summarized in Figure [6.1]
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The chapter is structured as follows. In Section [6.1] I outline our framework
and assumptions for an archetypal noisy quantum sensing task. In Section [6.2] T
present our analytic derivations of error bounds for various sensing protocols, and
directly compare them in an indicative example. Moving beyond idealized noise
models, in Section I simulate these protocols explicitly under realistic noise
models learned from a real quantum device, supporting our analytic study with
numerical evidence. I then draw conclusions from our study in Section [6.4] yielding

clear insights for the comparative value of these protocols.

6.1 Framework

In this section, I outline the definitions and tools that underpin this chapter. I
begin by introducing a rather general framework for quantum sensing with noise-
afflicted operations, and then demonstrate explicitly with a simple toy model how
noise can compromise a quantum sensor. Following this, I review basics of ZNE
and learning-based inference techniques for sensing [286], the tools which will be

comparatively studied throughout this chapter.

6.1.1 Noisy-state quantum sensing

Throughout this chapter, I consider a setting wherein one attempts to use a quantum
sensor afflicted by noise to learn a single unknown parameter a encoded into a probe
state by some external field. To initialize the system, one prepares a probe state p
by applying a noisy state preparation channel £, (where A parametrizes the overall
fault rate such that A\ = 0 indicates a noiseless operation) to a fiducial n-qubit
input state pi, (taken throughout this chapter to be the computational zero state).
In general, the action of £, will be extremely difficult to determine, since it can
induce complicated operations on an exponentially-sized Hilbert space. Realistic
noise channels are extremely difficult to model, and even in the noiseless case
A > 0, the action of non-trivial unitary probe state preparation channels may not be
analytically tractable (e.g. heuristically /variationally trained probe states [170H181]).

Since the mapping between measurements and the encoded parameter (i.e. the
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response function, see Equation will typically not be known analytically, one
must choose between a variety of strategies to compensate. These include simplifying
assumptions (our so-called ‘naive’ protocol), error mitigation techniques, or learning-
based inference techniques, all of which I will evaluate and compare in this chapter.

Once prepared via the channel &), the probe state is then allowed to interact
with an external field that encodes an unknown parameter « in the probe state

through the action of a Hamiltonian
H = aHgqq. (6.1)
Consequently, the parameter encoding channel is
So(p) = e pet?™, (6.2)

where 6 is a phase imprinted on the state by the interaction. Here, I note that
most theoretical treatments of quantum metrology conflate # and «, but this is not
sufficient for this chapter. For now, it suffices to say that by measuring the phase 6,
one can usually obtain information about the parameter «. For instance, in the
simplest case, one has 6 = o1 where T is the interrogation time. In Section [6.1.6
I discuss how additional effects can lead to more intricate relations between the
parameter o and its imprinted phase 6, and how this affects our results.

Finally, with the parameter encoded, one sends the state through a noisy pre-
measurement channel D), after which one computes the expectation value of some
suitable observable O from which the parameter @ might be inferred. I note that
this framework is more general than it may appear: since Sy is invertible as written,
any noise that acts during the interrogation step can be incorporated into D,
(as can measurement-related errors, or any other noise which acts during or after
interrogation). Also, much like the state preparation noise, analytically obtaining D)
for any A # 0 can be difficult (typically requiring expensive full-process tomography).

Determining an optimal measurement O is therefore usually done heuristically.
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Combining all of these ingredients, one obtains the system’s (noise-dependent)

response function Ry (6), given by
Ry(0) = Tr[Dy 0 Sy 0 Ex(pin)O). (6.3)

Throughout this chapter, I denote the unknown phase of interest that one aims
to estimate (or ‘target phase’) as 6*. Since in all practical settings the response
to the external field is estimated via N shots (i.e. N repetitions per the quantum
Cramer-Rao bound (1.1))), I will use R to indicate an N-shot-limited response. Once
one obtains a measurement of this N-shot-limited response Ry (6*), one must invert

it via the response function to obtain an estimate é*, given by
0* = Ry (RA(07)). (6.4)

Before proceeding, it is important to remark on four underlying assumptions required

to achieve useful sensing with this general framework:

1. One must have a precise knowledge of the system-environment interaction,

i.e. the parameter encoding mechanism S.

2. One must be able to identify (and prepare, via £,) a suitable probe state,

with a level of metrological usefulness defined by its QFI Fg(p, H).
3. Given this probe state, one must determine a suitable measurement procedure.

4. Having selected a probe state and measurement procedure, one must charac-
terize the response function R, (6), such that the inversion in Equation

can be performed.

For many metrological tasks, such as magnetometry, the first assumption is quite
reasonable. There is some subtlety to the second and third assumptions. Although
in the absence of hardware noise, one can find analytic schemes where the HL is
saturated [402-404], determining optimal probe states is far more challenging in
the presence of noise, and highly dependent on the structure of the noise itself.

Furthermore, while a large QFI F(p, H) tells us that there ezists a measurement
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that is metrologically useful, it tells us nothing about what that measurement
actually is. In practice, satisying the second and third assumptions might be
done by using constructions known to work well in the noiseless case, applying a
system-dependent heuristic, or using variational techniques to optimize the probe
state and measurement |170-181]. In this chapter, I rely upon the former method;
determining metrologically optimal measurement and probe state protocols is
beyond the scope of this investigation.

The fourth and final assumption is perhaps the most overlooked in standard
treatments of quantum metrology, and this chapter mostly deals with the subtleties
of satisfying it. To determine the inverse resonse R, ', one must be able to evaluate
Equation for a range of # values. Although one may be able to determine the
functional form of Ry! analytically for some probe states and measurements, when
one considers general noise models, state preparation channels and measurements,
this is a computationally hard task that cannot in general be expected to be
classically tractable. One approach considered in this chapter is to use model-
agnostic, inference-based learning techniques [286] to learn the response function
efficiently from a set of noisy measurements. Although outlined in Ref. [286] for
fixed error bounds, their all-important asymptotic scaling versus the SQL and
HL had not been studied prior to this work. Another approach is to use error
mitigation techniques, such as ZNE, to attempt to drive the measurement Ry (6*)
closer to the noiseless response Ry(0*) (assuming that one actually knows the
noiseless response). Both approaches are summarized in the latter part of this
section. An additional concern is the fact that the response function R, (#) will not
in general be an invertible function, and must be constrained to a fixed domain
— this point is addressed in Section [6.1.6]

With a sensing protocol and response function defined, one should then be
concerned with the sensitivity of parameter estimation — that is, the preicision
to which the unknown phase 6* can be estimated. A local linearization leads to

the error propagation formula [405]

2% _ AZR)(6%) B A%R)\(0%)
A= (g RA(0)]o=p+)>  N(9pRA(0)]p=p+)?’ (6.5)
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where A20* denotes the variance of the estimated phase, the variance of the response
function depends on the number of shots N as A%R,(0*) = A2R)(0*)/N, and the
inherent quantum variance of the response is A2Ry(6*) = Tr[D, o Sg= 0 Ex(pin) O] —
Tr[Dy 0 Spr 0 Ex(pin)O]°. Throughout this chapter, for notational compactness I
denote partial derivatives with the shorthand 0,(-) = 9(-)/06.

6.1.2 An illustrative toy model

This rather general framework becomes clearer upon considering a simple toy model,
which explicitly illustrates the effects of noise on a quantum sensor. Consider
a magnetometry task, wherein one aims to use an n-qubit sensor to estimate
the value a of an unknown magnetic field, encoded via a channel Sy(p) (6.2),
per the Hamiltonian

H —

a;. (6.6)

«
2~

J
Assuming that the dominant source of noise is in entangled probe state preparation,
one may take D, to be the identity map. Targeting a Greenberger-Horne-Zeilinger
(GHZ) probe state such that in the noiseless case & (pim) = |GHZ)(GHZ| with
|GHZ) = %(\O)@m 4 [1)®™), then in the absence of noise a metrologically optimal
measurement is the parity operator O = X®". To see this, one can substitute these
components into Equation , from which one obtains the response function R(6) =
cos(nd); substituting this into Equation yields A2%0 = ﬁ, which is the HL.
Including noise in this model compromises the sensitivity of the protocol. For
the simplest possible noise model, let £, consist of a unitary GHZ state preparation
channel composed with a global depolarizing channel acting on all qubits with
probability py (parametrized as py = 1 — e~ such that X is a fault rate). Clearly,
the parameter-encoded state will then by given by
Sy 0 Ex(pin) = (1 — p2)Se(pim) + 321211. (6.7)

Since parity measurement vanishes in the maximally mixed state, it follows that

A?Ry(0) =1 — (1 — py)?cos?(nh) and |9sRx(0)| = (1 — px)n|sin(nd)|. Combining
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these, overall the sensitivity is given by

1 2px —p?\
A%) = + )
Nn? = Nn2(1— p))? sinz(nﬁ*)’ (6.8)

where the first term corresponds to the noiseless limit of the HL, but the second,
noise-induced term is strictly positive for any p, > 0, indicating that this toy-model
sensor will always be worse than the HL in the presence of noise. Indeed, this noise-
induced term can even be large enough such that the overall precision is worse than
the SQL, negating all advantage from quantum entanglement (and even causing the
system to fail to meet my definition of a ‘quantum sensor’ in Section . Here, the
two-fold detrimental effect of noise is clear: not only does it spread the state more
across the eigenvalues of O, increasing the inherent quantum variance A%R)(6*) on
the numerator, but it also flattens the response function, reducing the derivative
on the denominator. Both factors contribute to the overall loss of precision, and
will prove important in the analysis of Section Although these results assumed
a global depolarizing noise model, they generalize straightforwardly to a range of
noise models which have the maximally mixed state as their fixed point [406, 407].
With the detrimental effects of noise in quantum sensing now illustrated, I elaborate

upon the methods that may be considered to counteract them.

6.1.3 Zero-noise extrapolation

6.1.3.1 The method

As outlined in Section [2.3] zero-noise extrapolation (ZNE) is among the earliest
quantum error mitigation techniques, and relies upon the extrapolation of an
observable at various boosted noise levels, such that a fitting function can be
used to extrapolate to the zero-noise limit. For reasons explained there, I focus
on Richardson extrapolation, where polynomial interpolation is used to perform
the extrapolation. I now review the basics of Richardson extrapolation in the
context and notation of this chapter. Given a base noise level A and a desired
observable — in this case, the noiseless response function R(6*) evaluated at the

target phase §* — the experimenter evaluates the response at m + 1 distinct
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noise levels (ignoring for now the limited shot cost, which will be discussed in the
following section). These noise levels, or ‘nodes’, are parametrized as \; = ;A\,
where z; € [1,00) are the noise amplification factors, with zy = 1 yielding the base
noise level \g = A. Given this set of points {);, R, (0")}],, there exists a unique

polynomial interpolant of degree m that passes through all of these points [408].
Writing this polynomial in the Lagrange basis

A= g
6= 1 =25, (6.9)
’ 0<kk]}<'m )\] - )\k

one can write the interpolant in noise level A as
RA(0%) = > Ry, (67)0;(N). (6.10)
=0

Here, one is mostly interested in the zero-noise limit A — 0. Defining the zero-
noise extrapolation coefficients v; = ¢;(A = 0), the error-mitigated response
Ry(0*) is given by

Ry (0) =D _ 7Ry, (67). (6.11)

j=0

Now, it is important to note that the inexactness of Equation [6.10[is due to the use
of a finite m-th degree polynomial — assuming a well-behaved function in A, one
could write the response exactly in terms of its Taylor series about A = 0. Thus,

the bias induced by this truncation is of order O(A™*1), and
Ru(0%) = R(0%) + O(\™). (6.12)

For sufficiently small A (which holds well even for noise sources considered relatively
high by the standards of modern devices), this can be used to estimate an error

bound, as we do in Section [6.2

6.1.3.2 The shot cost

In the preceding section, I ignored the shot cost of evaluating the response at each
noise level. Of course, the point of this chapter is that any estimated observables

on a quantum device will be limited by a finite shot budget N, the magnitude
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of which may vary greatly across hardware types. The performance of the error
mitigation scheme can be greatly influenced by the allocation of this shot budget
across the m + 1 noise nodes. However, it is shown in Ref. [409] that the optimal
shot distribution is given by

N; =N inﬂ, (6.13)

§=0 |’Yj ‘

where N; is the shot allocation at each noise level );, and the total budget N has
been divided such that >77", N; = N. Denoting the corresponding shot-limited
expectation values at these noise levels as E,\j(Q*, N;), the shot-limited zero-noise-

extrapolated estimate of the response at 8* comes from Lagrange interpolation

of the set {\;, Ry, (6%, N;)}7, yielding
EM(Q*,N) :Z’YJRAJ(Q*,NJ> (614)
=0

Since ZNE attempts to denoise the parameter estimate by estimating the noiseless re-
sponse to the external field, one should invert it accordingly as * = R~ (R (6%, N)).
One could attempt to devise a more faithful inversion of the error-mitigated response,
but as we show in Section [6.2] the shot investment required to do so renders this
pointless. Note that to estimate the phase, one must assume that the noiseless
response function R(f) is known, which may not be practical for very complicated
probe states. In Figure [6.2] I illustrate the process of how ZNE may be applied to
a noisy quantum sensor. In later sections, I evaluate whether ZNE can be expected
to improve the sensitivity of parameter estimation when the overall shot budget

is fixed, and compare it to alternative protocols.

6.1.4 Hyperparameter optimization

There are many choices to be made when implementing ZNE including extrapolation
method, node spacing, and number of nodes. Having already selected Richardson
extrapolation, one has many degrees of freedom in the choices of nodes, and some
choices will not be performant. These may be enforced by system constraints

(e.g. the use of unitary folding requires integer node spacing) or otherwise chosen
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Figure 6.2: Using zero-noise extrapolation for noisy quantum sensing. Here I
illustrate the use of ZNE to mitigate errors in a GHZ-state magnetometry task. (a) The
ideal response function is R(#) = cos(nf) (blue). When realistic noise is included in state
preparation, a noisy response function Ry (f) (orange) of smaller amplitude and differing
periodicity is obtained. Applying ZNE to the noisy response function yields an imperfect
approximation Ry (0, N) (green) of the ideal response function. (b) Fixing the phase at
0 = 0*, a zero-noise estimate Rys(6*, N) is computed by evaluating the noisy response
function at multiple boosted noise levels (black nodes) and computing a polynomial
interpolant (mean result red dashed line, shaded bars represent 95% confidence intervals).
Noise nodes and shots are allocated as described in Section Inset: The optimal
measurement distribution of Equation [6.13]allocates significantly more shots to lower-noise
nodes (since they influence the zero-noise estimate more), leading to comparatively lower
variance. (c) The zero-noise-extrapolated response function Rps(6, N) can be determined
for any value of 6 with the shot budget N by applying the procedure shown in (b),
resulting in the curve depicted in (a).

to optimize performance. In this chapter, I consider Richardson extrapolation

with tilted Chebyshev nodes

in2(_J =
Sin (n+12)
1

" (71— 1), (6.15)
S1n ( )

n+1 2
which have been proven to minimize variance for a given number of nodes; a thorough

CCJ:l—f-

investigation of the optimization of Richardson extrapolation for ZNE is given in
Ref. [270]. Fixing the node spacing in this manner leaves two hyperparameters: the

number of nodes (extrapolation order) m, and the position x; of the first boosted
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node. To ensure ZNE is given a fair comparison in this chapter, it is crucial to
choose good values of these hyperparameters. However, the optimal choice of
hyperparameters depends heavily on noise model and overall shot budget. As it
is expensive and impractical to re-optimize the hyperparameters for every new
shot budget and noise profile, I select values that are performant across a range
of typical conditions in the regimes studied. Since it may be difficult a priori to
operate the sensor in its region of maximal sensitivity (see Section , it is
crucial to optimize for good performance of ZNE across the entire response function.

Therefore, I quantify the performance of ZNE by the objective function
_ 2m _
(B Rar) = E| [0 |R(0) ~ R0 (6.16)
0

generating Rj(0) from shot-limited estimates of response functions generated
with the IBM device noise model used for numerics in Section (and also in
Section [£.5.2). In Figure [6.3] T plot the objective function €, (R, Ras) across
a range of overall shot budgets, base noise levels, and hyperparameter choices.
Although the optimum hyperparameters depend on noise profile and shot budget,
I find that setting x1 = 1.75 and m = 4 yields good performance for a variety

of scenarios typical for this chapter.

6.1.5 Learning-based inference methods

6.1.5.1 The method

As detailed in Section [6.1.1], one of the primary challenges in paramter estimation
with noisy quantum sensors is the fact that for general noise models, even for very
simple probe states the functional form of the noisy response Ry (#) will not be known.
To address this issue, the authors of Ref. [286] proposed a learning-based inference
method to approximately learn the noisy response function using relatively few
measurements (i.e. without performing process tomography or learning the structure
of the noise itself). Within the context of the framework outlined in Section
(which is built upon that of Ref. [286]), this method is applicable when the external
field Hamiltonian takes the form H = Y3, h; with h? =1 and [hy, hy] = 0 for all j
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Figure 6.3: Choosing hyperparameters for ZNE. I plot the error in the overall
mitigated response function €, ,,(R, Rys) versus the first boosted node position z; at
varying node counts m, for a range of different base noise levels Ag and overall shot budgets
Njy. Confidence intervals are too small to visualize. Qualitatively, one can observe that
higher shot budgets and higher noise levels lead to optima at lower z;.

and k. For many practical physical quantities of interest, this is not a particularly
strong assumption. As shown in Ref. [286], under these conditions the noisy response

function R, (6) takes the form of an n-th degree trigonometric polynomial:
RA(0) = [as cos(s8) + by sin(sh)] + c. (6.17)
s=1
By estimating the noisy response at 2n + 1 distinct phases {6}, one can use
trigonometric interpolation methods to learn the coefficients ag, by, ¢ — much like
how for ZNE, polynomial interpolation methods were used to approximate the
response function at differing noise levels. The chief differences here are that (a)

we are learning a function in the phase 6, not the noise level A and (b) fortunately,

the response function is mathematically guaranteed to take the same form as the
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interpolant itself (whereas ZNE truncates the series at order O(A™*1)). Analogously
to the polynomial interpolation in Section m, given 2n+ 1 nodes {0, Ry(0;) }2"1,
there exists a unique trigonometric polynomial interpolant of degree n that passes

through all of these points [408]. Solving the linear system

¢
ar
1 ... cos(nb) sin(f;) ... sin(nb) ' XCh
1 ... cos(nf sin(6 ... sin(né AL
L (" 2) 1n€ 2) . 111(.71 2) Qn| = : , (6.18)
: : : : i _
1 ... cos(nbopy1) sin(bopi1) ... sin(nba,iq) .1 R (O2n+1)
b

one learns the inferred coefficients ag, by, ¢, forming the inferred noisy response

function Ry(6) given by
n ~
R\(0) = [a cos(sb) + by sin(sh)] + ¢. (6.19)
s=1

Since the interpolant and noisy response function are mathematically guaranteed to
take the same form, we would have exactly Ry(#) = R\(6) if not for shot noise, the
effect of which will be discussed in the following section. Crucially, this inference
method does not require exhaustive noise characterization (e.g. process tomography),
but only knowledge of its effect on the response function — a substantially less
demanding requirement. In realistic scenarios where the system’s dynamics are not
easily accessible (or cannot be characterized at all), this is a far less demanding
method to satisfy the fourth assumption of Section [6.1.1] Furthermore, this requires

very few assumptions about the probe state, measurement scheme, or noise process,

leading to far broader applicability than error-mitigated approaches.
6.1.5.2 The shot cost

Of course, the data used to learn the response function is shot-limited, with a total
shot budget N; divided amongst the 2n + 1 nodes. Throughout this chapter, where
the inference budget itself is relevant, I include it in the notation as RA(Q, Np),
indicating that a finite-sample inference training set {0x, B (6x, Ni) 12t was used.

Here, Ny, is the individual shot allocation to the k-th node, where 3"t N, = Ni;
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Figure 6.4: The effect of shot budget on response function inference. Here I
illustrate the inference of a response function for a 5-qubit system following the noise
model of Section m at varying inference shot budgets N;. (Top) Evaluating exactly
R (0x) at 2n+ 1 nodes 0 (black dots) and performing trigonometric interpolation exactly
recovers the noisy response function Ry (6) (black dashed line). In practice, one has a
limited inference shot budget Ny = (2n + 1) Ny and obtains Ng-shot estimated Ry (6, Ny)
(black error bars indicate uncertainty at Ny = 2 x 103, orange dots indicate a single
realization of sampling at this inference budget). Performing trigonometric interpolation
yields an approximate inferred response function Ry (#, Nj) (orange line). (Bottom) I
compare the inferred response function on a single fringe at four inference budgets, where
colored dots again represent single realizations of inference nodes, the black dashed line is
the exact response R)(#), and shaded regions represent the uncertainty of the inferred
response function. The error in inference clearly decreases with increasing Nj.

for the purposes of this chapter, I take a uniform allocation N, = N;/(2n + 1)
which was heuristically found to be the most performant. This effect of shot budget
on the accuracy of the response function inference is illustrated in Figure [6.4]
One can also choose different node spacings (assuming they lead to an invertible
Vandermonde-like matrix in Equation — well-conditioned linear systems
lead to better approximation, and the approximation error is minimized for a
uniform spacing (i.e. for the 2m-periodic response functions encountered in this
chapter, 6,41 — 0; = 2n/(2n + 1)).

Once a response function has been inferred, one can use it for parameter

estimation. Throughout this chapter, I denote the estimation budget as Ng: one
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measures Ry (0%, Ng), and obtains a parameter estimate by inverting it through the
inferred response function as 0* = Ry (R, (0*, Ng)) (assuming invertibility, which
I address in Section . In contrast to other methods, there are now two shot
budgets: the inference budget Ny, used to learn the response function (independent
of the external field or the target phase #*) and the estimation budget Ng, used
to make a measurement to be inverted with this learned response function. The
total shot budget is then N = N; + Ng, although there are important subtleties to
this division: the estimation step requires the sensor to be exposed to the target
field, but the inference step does not. Having performed inference once, one could
in principle perform parameter estimation on many different fields, reusing this
response function. Therefore, assuming the noise model does not drift significantly
on the relevant timescale (i.e. the sensor is ‘stable’), one can treat inference as a
pre-characterization process for the sensor, in which case one can consider the entire
shot budget to be allocated to estimation as Ny = N when comparing to other
methods. In order to make a fair comparison, and to understand the importance of

pre-characterization, I consider both of these protocols throughout this chapter.

6.1.6 Parameter measurement via phase measurement

In Section I mentioned that most treatments conflate the field strength
parameter o and the phase it imprints #*. While these are closely related, one
obtains an estimate of 6* from an experiment, and must then use this to inform
an estimate of «, the actual quantity of interest. For a practical, experimentally-
relevant treatment, one must carefully account for this distinction, since failing to
do so can have drastic impacts on the apparent sensitivity arising from theoretical
analysis. Given that the simple case of GHZ-state mangetometry with parity
measurements already showcases some of the key issues, I begin by evaluating this
case. In the simplest case, « is related to the imprinted phase as 8* = aT. Next,
note that since the response function is periodic (R(0) = cos(nf) = R(6 + 27 /n)),
it is not invertible over its whole domain [0, 27]. Without further restrictions, one

cannot even uniquely map expectation values to phases, let alone phases to field
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strengths. To resolve this, one needs to restrict to some domain 6 € [fin, Omax]
over which Ry (f) is bijective. Therefore, estimating the phase as 6* = Ry *(R\(6*))
only allows us to obtain a value of #* which can be used, at best, to determine the
remainder of a7’ modulo 27 /n. This illustrates the fact that a quantum sensor,
on its own, cannot unequivocally determine «.

Since most quantum sensors measure some sort of phase information, which
is inherently periodic, the best use of such a sensor is to refine a prior, but
comparatively cruder knowledge of the parameter. That is, quantum sensors can
reduce the error in the determination of a given parameter for which one has a
prior estimate oo, usually obtained by classical means. Indeed, having access
t0 Qprior €nables one to determine suitable Oy, and Ohax, and thus successfully
perform the response function inversion. Generally, when noise is accounted for,
the period of the function might change (e.g. in the case of GHZ magnetometry, the
symmetry of individual response function fringes will be broken) and the sensitivity
A%0 of the sensor can vary with 6 [286]. In this case, one needs to determine the
domain over which the response will be inverted, as well as guarantee that the
sensor is tuned as close to the point of optimal sensitivity as possible. If knowledge
of the functional form of the response function is available (e.g. because one has
used inference techniques for pre-characterization), then one can identify its most
sensitive region , and intentionally imprint an additional phase 6y, to shift
the sensor towards that highly sensitive region, if required. The target phase would
then become 0* = T + 6y,;,s. Physically, this could correspond to the application
of continuous rotation gates, or the application of a bias field or frequency chirp
as seen in quantum sensing experiments [410, [411].

This additional phase 6,;,s used to tune the sensor to its optimal sensitivity
will typically depend on the prior estimate oo, and therefore the modelling of
this chapter must make assumptions regarding how well the field is already known.
Throughout this work, I assume that whenever an N-shot quantum measurement
protocol is executed, it is initialized with an optimal /N-shot classical measurement

Qprior that saturates the SQL (i.e. the best possible result without entanglement has
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already been achieved, such that I directly assess whether entanglement is providing
an advantage). Due to the (classical) measurement uncertainty in oo, the target
phase for the quantum sensing protocol will have an innate randomness, and I
acknowledge this fact by introducing the phase random variable ©*. Additionally,
in practice one will not be able to apply 6y.s to arbitrary precision and will at
best be limited by e.g. the resolution of the digital-to-analog converter used in
the control system, leading to some rounding error eg. Combining these effects,
I assume that for a single run of any sensing protocol, the target phase is drawn
from a normal distribution as

. 1
0" ~ N (apriorT + ‘gbias + €, .ZVTL) ) (62())

where the rounding error is eg = 27/2P for B bits of precision, and we assume a
precision B = 10 throughout (which is a generous assumption for rotation gates
on even late-NISQ hardware [412]). I emphasize that the randomness of this
distribution originates entirely from uncertainty in the classical prior measurement,
and not instability in the field itself, which I do not model. Crucially, each run
of a quantum sensing protocol will be conditioned on a particular value of ©*
drawn from this distribution, requiring me to consider expected values over this

distribution in Section [6.2] and Monte Carlo sampling thereof in Section [6.3]

6.2 Analytic estimates of error bounds

In this section, I present different noisy quantum sensing protocols based on error
mitigation, inference, and combinations thereof. I depict the different protocols, and
the conditions under which they are relevant, in Figure[6.5] The goal is to derive and
compare error bounds for each protocol, yielding qualitative insight into whether or
not they are performant, and why. These bounds also enable a back-of-the-envelope,
shot-for-shot comparison of the protocols, providing basic insight to their relative
performance — this is then refined by numerical simulations in Section [6.3]

I begin with definitions used to quantify error. There are multiple independent

sources of randomness in this framework — the combined shot budget of naive
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Figure 6.5: Flowchart of the protocols studied in this chapter. This flowchart
explains the connection between the different sensing protocols presented in Section [6.2]
outlining the choices and conditions leading to each protocol, as well as whether I find
evidence that the protocol can provide an advantage by outperforming the SQL.

©)

and error-mitigated protocols, the potentially separate inference and estimation
budgets of inference-based protocols (Section , and the classical randomness
of the prior measurement (Section . Therefore, a standard definition of MSE
(Equation will not suffice, since a single stochastic average [E cannot capture
the subtlety of how these sources of randomness interact. I build upon the approach
of Refs. [178-180], defining the conditional mean squared error (CMSE) for a

phase estimate 0% as
CMSE[0*]0"] = Ey [(0" — 07| ©* = 0"], (6.21)

where as the name implies, this error is conditioned on a paticular value of the
phase random variable ©* such that ©* assumes a value of 8* from its sample space.
The CMSE can be thought of as the mean error for a single run of a quantum
sensing protocol, conditioned on a particular value of the classical prior estimate

used to bootstrap it. The average Ey indicates averaging over multiple runs of
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phase estimation (with each run having an N-shot budget). To determine the
average performance over all classical priors, and therefore fully incorporate the
effect of the prior classical measurement on the accuracy of the quantum sensing

protocol, I define the Bayesian mean squared error (BMSE) as

BMSE[("] = Ee- [CMSE[§*[6"]] (6.22)

- / d6* Pe- (6*) CMSE[§*|6],

where Eg- indicates an average over possible random values of the target phase
and Pg- is its probability density (for the purposes of this chapter, ©* is normally
distributed as in Equation (6.20))). I emphasize that in this framework, the CMSE
is itself a random variable and a function of ©*, whilst the BMSE is a posterior
mean-squared error accounting for all sources of randomness in the protocol (both
that of the prior classical initialization and the shot noise realizations in the quantum
sensing protocol). Therefore, the BMSE quantifies the overall performance of a
sensing protocol via a single number, enabling useful comparisons. This is also a
metrologically informative quantity, since minimizing the BMSE guarantees that
one can asymptotically approach the Cramér-Rao bound [413]. In the remainder of
Section[6.2] our derivations will fix the value of ©* at some deterministic but arbitrary
0* and derive the CMSE for each considered protocol, which can then be averaged
for a particular shot budget to numerically obtain the BMSE for comparison.

I note also that the CMSE, much like the standard definition of MSE ,

decomposes into variance and bias terms as

2

CMSE[§*]0"] = Ex [(6" — Ex[07167))?] +<EN 6*(6*] — 9*) . (6.23)
N———
Vary [0%|6%] Biasy [0*|0*]

This is proven by my collaborator in Appendix D1 of our full manuscript [401].
Therefore, throughout the derivations below, I focus on keeping track of these
individual contributions, such that the impact of the (conditional) bias-variance
tradeoff can be qualitatively understood. Furthermore, these derivations assume

that the additional conditions for inference (commuting Hamiltonian terms with
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|0]l« < 1) are satisfied, and that the point of optimal sensitivity is relatively
close to the point of maximum response function gradient (as is the case in many

practical sensing scenarios [410]).

6.2.1 Noise-aware noisy quantum sensing

The first protocol considered is an idealized one, where the functional form of the
noisy response R,(#) is perfectly known, and N shots are used to estimate the
response at the target phase *, which is then inverted via this known response.
This could arise in the unlikely scenario where the noise model and probe state are
sufficiently simple to derive the response analytically. More importantly for this
chapter, this protocol is also the idealized limit of pre-characterized inference (i.e.
the limit N; — oo, Ng = N for the protocol in Section , whereby one assumes
that the response function has been perfectly inferred and all errors are incurred
due to shot limits in the estimation step. Conditioned on a target phase ©* = 6%,
the phase estimate is therefore given by 6* = Ry *(R\(6*,N)). The conditional
bias is exactly zero, and the conditional variance is given by the error propagation
formula (Equation [6.5), leading to a CMSE of
A?R,\(6%)
(0o RA(0)|o=0-)?
2 *
>SN

——————
Var y [0*]6*]

CMSE[0*|0*] = ¥

(6.24)

where the bound in the second line comes from noting the Lipschitz constant of

R,(0) on the relevant invertible domain

L>\ = sup |89R)\<9)| (625)
e [emin ﬁmax]

Since by assumption ||Ol|s < 1, it follows that L, € ©(n) — this is proven by my

collaborator in Appendix D2 of our full manuscript [401].
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6.2.2 Naive noisy quantum sensing

Of course, as outlined in Section [6.1.1} it is usually impractical to assume that
the functional form of the noisy response R)(6) is known. Furthermore, if one
were to wrongly assume the response’s functional form, even slightly, this would
induce a bias. In this setting, we assume that noise acts during the sensing
process, but the noisy response R, (6) is not known, and instead one naively inverts
an N-shot estimated R,(6*, N) via the noiseless response function R(6) (which
might be known analytically for simple probe states, e.g. the GHZ state). This
setting can also model the case where one wrongly assumes a functional form for
the noisy response by substituting R(#) with the incorrectly assumed form. The
phase estimated by this protocol is 6* = R~ (R, (6%, N)), leading to not only a

(conditional) variance, but also a (conditional) bias

Biasy[0*6] =

B[R (0", V)] — Rﬁ(RA(e*,N»].

A lower bound on this bias can be computed using a local linearization, yielding

. RA(G*,N)—R(H*)H
Biasy [67|60%] = |E
i N[ 09 R(0) o=~
0*) — R(6*
L
where
L= sup |0pR(0)] (6.27)

Ge[eminyemax]

is the Lipschitz constant of the noiseless R(#), in analogy to Equation|6.25, Much like
the previous protocol, the variance is given by the error propagation formula (6.5,
leading to a CMSE of

. A2R,(6%) IRA(6) — R(6%)] \
* * > . .
CMSE[R"|0] 2 =75 + - (6.28)
Var y[0*|0*] Biasy [0*|0*]

A few remarks on the form of this bound are warranted. The numerator of
the variance term depends on the noisy R,(f), since this originates from the

inherent quantum variance, where the noisy response is measured. However, the
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denominator depends on the noiseless R(6), since it measures the spread caused by
the inversion, which is performed with the noiseless response. More importantly,
however, the bias term does not depend on the overall shot budget, imposing a
hard limit on the sensitivity of this protocol; I show later in Section that

this renders it metrologically unuseful.

6.2.3 Noisy sensing mitigated by zero-noise extrapolation

In the previous section, an ultimate limit on the precision was imposed by the
mismatch between the noisy response function R, (f) and the noiseless response
function R(#). Such a bias cannot be entirely eliminated without knowledge of
Ry (0), which will incur a resource cost. In the following section we will consider
this cost; here, we consider the use of error mitigation techniques to reduce the bias
when one does not know R, (¢). The most obvious protocol would be to use ZNE to
obtain an N-shot mitigated estimate of the noiseless response at the target phase
of interest Ry;(0*, N), and then use the noiseless response function for inversion.
Thus, for this protocol, the phase estimate is §* = R (R, (0%, N)). By noting
the truncation in Equation and assuming that (m + 1)-th order contribution

is nonzero (as it usually will be), then we have
Ry (0%) = R(6%) + ©(\™1), (6.29)

by which we bound the bias of this protocol as

e Ry (0", N) — R(60)
Biasy[0*|0%] = ‘EN [ NG H (6.30)
o [Rar(67) — R(6%)|

- L
Clearly, Biasy[0*|0%] € Q (A™+!/L), indicating that this protocol has reduced the
bias from ©(\) in the naive unmitigated case (Section to Q(A™). However,
this does not come for free, as we now show via a corresponding increase in the
variance term — the inherent bias-variance tradeoff of error mitigation methods

discussed in Section rears its head. We compute this variance term as

ARy (6%, N)
(09 R(0)]p=p-)*’

Vary[0*]07] = (6.31)
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where the variance in the N-shot mitigated response is given by

A*Ry (0, N f: w, (6.32)

J

which follows straightforwardly by taking the variance of Equation [6.11] Clearly,
this shows that the variance A?Ry,(6*, N) directly depends on both the choice
of noise levels A\; and the relative allocation of shot budget to each noise level
— intuitively, this makes sense as choosing excessively noisy nodes or allocating
too few shots to the most important nodes will compromise performance. If A is
overall relatively small, as is typical in most settings (and furthermore assumed
by the polynomial truncation in the Richardson extrapolation formalism), one can
approximate the variance at each node as being equal (i.e. A*R) (6*) = A*R,(6%));
this is proven by my collaborator in Appendix D3 of our full manuscript [401]. This
enables a further simplification of Equation [6.32] such that

m * 2 A2 *
SR 2= 3 0>:AA]zV~zA<9>7

(6.33)

where in the last step we have used the optimal shot allocation N; = N|v;|/ 372 ;]
of [270] (see Section [6.1.3.2]) and defined the ‘sampling overhead’

A=yl (6.34)
j=0

Comparing this to the noise-aware protocol (Equation [6.24), we see that the
variance of the error-mitigated protocol is larger by a factor of A? (since, by
construction, A > 1). Combining bias and variance terms, the conditional error

for this protocol is lower bounded by

A A2A2R,(07) ATV
CMSE[0™10"] 2 —75— + | @l 3 (639
—_— —
Var v [0*|6*] Biasy [0*|6*]

6.2.4 Inference-based noisy sensing

In the previous two sections, I outlined protocols where one needs to use the

noiseless response, as knowledge about the noisy one is unavailable. Not only is it
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prudent to deal with the inherent bias of this mismatch between response functions
by attempting to learn the noisy response, but this may be necessary anyway if
one uses a complicated probe state for which even the noiseless response function
cannot be tractably determined, such as a variational probe state [170-181]. I
now present our derivations of the error for a scheme where one approximately
learns the noisy response via inference techniques (Section at the cost of some
quantum resources. The phase estimate in this protocol will be §* = Ry ' (R, (6%, N)),
where Ry(6) is the inferred response function. This estimate will therefore not
only depend on variance originating from uncertainty in the response estimation
R,(0%, Ng), but also a bias term due to the accuracy of inference — that is, it
will depend on |Ry(#) — Rx(#, Ny)|.

Our derivation of error bounds begins with the observation that the inferred
response function Ry (6, Nj) is a random variable, since it is constructed from a set
of random variables — that is, the observations at each inference node Ry (6, Ny)
have an uncertainty of A%2Ry(6))/N, which propagates to the inferred function.
A resulting error bound (in absolute terms, for individual protocol runs) for the

inferred response is given by Ref. [286], which I review below.

Theorem 6. Let Ry(0) be the exact noisy response function, and Ry(0y, N;) be
the shot-limited response observations at each inference node. Let Ry(0, Ny) be the

trigonometric polynomial approximation to Ry(0) obtained from a single realization

of {0k, Ba(0k, Ni.) }2" ! wia the inference scheme of Section where Ny, shots are
used per inference node such that Y3 Ny = N;. Defining the mazimum sampling
error as

€ = max |R>\(91€) — F)\(Qk, Nk)|, (636)
0 {0k}

then we have that for all 0, the inference error is upper bounded as
|RA(8) — Rx(6, Np)| < 5elog(n). (6.37)

Proof sketch: Note that Ry(6) and Ry(#, N;) are both n-degree trigonometric
polynomials, and therefore so is their difference Ry(6) — Rx(6, N;). Write the
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difference in this form, and upper-bound using the general bound on trigonometric
interpolation errors [414]. The full proof is given in Appendix IV of Ref. [286]. O

This result may be used to proceed. Per Theorem [0, we know that the error
in the inferred response is upper-bounded by 5¢log(n), where € is the maximum
sampling error in any inference node. This is the form of the error bounds given in
Ref. [286], but this maximum sampling error € will vary across different protocol runs,
which is an issue given that this chapter is concerned with obtaining comparable
bounds averaged over protocol runs. Consequently, using €,,., to denote the largest
possible sampling error in the noisy responses in any run, then with high probability

(in the sense of Hoeffding’s theorem) we have

A N
€max = Max[e] & max M (6.38)

0,01} vV Ng

By construction, this bounds (with high probability) the maximum uncertainty

in the inferred response in any run as
|RA(0) — Ra(0, N1)| < Sémax log(n). (6.39)

Noting that Equation depends on the per-node inference budgets N, via
Equation [6.38], it is clear that the inference error can be reduced by increasing Ny;
one can further straightforwardly derive from this that the noise-aware protocol
is obtained in the limit N; — oo, as I have previously claimed. Now, I note that
these error bounds are in terms of some error €,,, on an absolute scale, which
depends on the shot budget N; — one will typically wish to choose N; such that
the inference error is below some threshold, which hopefully scales asymptotically
at the same rate as the HL. Such a threshold is provided in Ref. [286], which I
summarize below; in the analysis that follows, I will apply this result to study

asymptotic behaviour, taking it beyond its original scope.

Corollary 3. To ensure with a (constant) high probability that the inference error
does not exceed 6§, for all 0, the number of shots Ny used at any 0y should satisfy
Ny € Q(le )y,
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Proof sketch: Consider the sampling error |Ry(0x) — Rx(0x, Ni)| at a single
inference point 6. First bound the probability that this error exceeds a threshold e
using Hoeffding’s inequality. Then, use Boole’s inequality to bound the probability
that any of the 2n+ 1 sampling errors (one per 6;) exceed e. Finally, use Theorem |§|
to relate the sampling error to inference error, which results in

50log®(n) log[(4n + 2)/al

N > 52

(6.40)

for some small constant failure probability a. The full proof is given in Appendix V
of Ref. [286]. O

With this, we are able to derive the error bounds for the phase estimate itself.
Let F' be a function-valued random variable representing the inferred function
(whose randomness comes from the shot noise at each inference node), and condition
on ©* = 0* (i.e. a single realization of the prior classical protocol). Conditioning on
a particular F' = f from the distribution (i.e. taking a single realization of these
shot-limited samples at the 2n 4 1 nodes used to construct Ry(6)), the BMSE

follows from the generalized law of total expectation as [415]

BMSE[§"] = Ee- [Ey, [Ew, [(6" — 0%)

0, f] \ 0], (6.41)

where E, represents an average over multiple realizations of the response function
inference step, and Ey, represents an average over multiple realizations of the
parameter estimation step. This total error can again be decomposed into conditional
bias and variance terms, which we now bound in terms of €,,,, — while the somewhat
arbitrary €., will appear in our final bounds, I will use the scaling from Corollary
to evaluate the bounds numerically when comparing all protocols in Section [6.2.6] I
note that this approach considers the worst-case performance (whereas most other
bounds in this section are average-case), but this is a necessity required to achieve
simple, comparable bounds with clear qualitative meaning. Ultimately, this remains
a fair comparison, since even with this relative handicap the inference-based protocol
proves more performant than its competitors, and our analytic work is supported

by numerical study of actual average error bounds in Section [6.3]
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Beginning with the (worst-case) conditional bias, we have

o f]| o] - o (6.42)

|

Bias[0"|0] = Ex, [Ex, |0"
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where in the last line, we assumed the maximum possible inference error in the

(99]%)\(9) e

numerator and that (%RA(H) ~ Ly holds near the point of maximal slope since
the inference error will be comparatively small. As one would expect, the bias
originates from how well the inferred response function approximates the noisy
response function, and can be decreased by increasing N; (which will decrease

€max)- Lhe conditional variance follows accordingly as

Var[0*|0*] = Ey, {VarNE [é*

0*,f] ‘ 0*} +VarNI [ENE [é*

0. f] ] 0], (6.43)

the first term of which can be lower bounded as
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while the second term is lower bounded as
. AR
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z <L§>2 (6.46)

Considering these three error sources qualitatively, the bias (6.42]) represents the

worst-case error due to imperfect inference of the response function, the first
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term of the variance represents the error induced by both shot noise and
inherent quantum variance in probing the target field, and the second term of the
variance (6.46) represents the worst-case error in sensitivity due to fluctuations
in the inferred function. Combining these sources, our worst-case lower bound
on the CMSE is
. 2 2
CMSE[(*|67] 2 Aj\iﬁg )4 <5Ema"Llfg(”>> +< Ex, [5;%(")] > . (6.47)

N
Var[0*]0%] Bias[0*|6*]

6.2.5 Inference-based noisy sensing mitigated by zero-noise
extrapolation

In previous sections, we showed that applying ZNE to quantum sensing can reduce
— but not eliminate — bias, at the cost of increased variance. Since this bias
places an ultimate limit on the efficacy of error-mitigation-based protocols due
to the inherent mismatch between the inverting R(#) and the actual Ry (6), it is
reasonable to question whether the protocol might be refined by combining error
mitigation with inference-based techniques — that is, by using the techniques of
Section to infer the ‘true’ error-mitigated response function, using ZNE to
evaluate each inference node. In doing so, one would replace the bias with one
determined only by the mismatch of Ry (#) and some inferred Ry (6), i.e. limited
by the shot noise in the inference step in the same manner as Section [6.2.4] For this
protocol, the phase is estimated as 6* = Ry} (Rar(0%, Ng)). Our derivation of error
bounds rely upon the assumption that Rj;(#) is also a trigonometric polynomial of
degree n; unlike Ry)(#), there is no mathematical guarantee of this. Since I find in
Section that this protocol is not performant, this strong assumption is not
of concern — since failing to meet it would only make it worse.

My collaborator derives an error bound for this case in our full manuscript [401],
in much the same manner as we did for the previous four protocols above. General-

izing Theorem [] to the error-mitigated response using Bernstein’s inequality [416],
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deriving a corollary analogous to Corollary [3| for this case, and following our

approach from Section [6.2.4] one obtains the CMSE bound

NAPRy(6) <5xmaxlog(n>>2 N (EM [5>2 log(n)] )2, (6.48)

CMSE[0*]0"] >

NgL? L?
Var[f*|0%] Bias[0*|0%]
where
O €{0k}

is the largest sampling error across nodes for a set of mitigated response in a single

inference protocol run (analogous to e in Equation [6.36]), and

_ AAR)(0k)
Xmax = Max[x] & max ——=

ore{6e}  / Ng

is, with high probability, the largest possible such sampling error in any run

(6.50)

(analogous to €,y in Equation . I note the appearance of the error-mitigation
sampling overhead A in all three terms, originating from the use of ZNE to mitigate
the noisy estimate (for the first varaince term) and the use of ZNE to compute the
inference nodes (in the bias term and second variance term). Directly comparing
the error bound of the error-mitigated, inference-based protocol to that of the
unmitigated inference-based protocol , it is obvious that the functional form is
essentially the same, but boosted by a factor of A on each term. Therefore, the shots
invested in this combination of error mitigation and inference are ultimately wasted,
since the attempt to eliminate the remaining bias in error mitigation results in an

overhead a factor of A% worse than simply accepting the noise and using inference.

6.2.6 Comparison of error bounds

Having derived error bounds for the different protocols considered, I am now in a
position to make an approximate comparison between them. Importantly, I note
that the goal here is to gain intuition for which methods lead to the best performance
(in terms of error versus system size n) as well as about their relative sensitivities.
Throughout this section, I assume that the global-depolarizing noise presented in

Section [6.1.2] acts throughout the sensing scheme. For convenience, recall the five



6. Why learning trumps mitigation in noisy quantum sensing 210

protocols studied above (see also Figure to determine when each should be
used): noise-aware noisy sensing (Section , naive noisy sensing (Section ,
error-mitigated sensing (Section , inference-based sensing (Section ,
and error-mitigated, inference-based sensing (Section . Then, in the case of
inference-based sensing, I further consider two cases: a case where the sensor is only
operated at the time of parameter estimation (thus total shot budget N = Ng+ Nj),
and the ‘pre-characterized’ case described in Section with Ng = N (i.e. all
budgeted shots are expended for parameter estimation) and some prior shot budget
N; has already been expended to characterize the response function. Here, I set
N; = Cpe X n X N, where the constant Cl,. is the ‘pre-characterization overhead"
In this section I use Cpe = 100, but I note that this is a significant overestimate
(due to the worst-case nature of the error bound derived in Section which is
very unfavourable compared to the average-case behaviour), and a substantially
lower overhead will be found to be sufficient in the numerical study of Section [6.3]

In Figure [6.6] I compare the analytical error bounds of all protocols versus the
system size n. I provide a summary of the exact expressions used to evaluate these
in Appendix [B] under the assumption of depolarizing noise. I use a shot budget
of N o n? log(n)g, in line with the requirements to achieve Heisenberg-like scaling
with an inferred response function (see Corollary . Additionally, I apply a noise
scaling of A = 0.1y/n. Crucially, I note that all protocols that lack knowledge of
the system’s noisy response function fail to outperform the SQL, highlighting the
importance of pre-characterization in achieving tangible advantage from entangled
probe states. As expected, the noise-aware sensing protocol (blue) is the best-
performing protocol, as it reaches sub-SQL errors within the considered parameter
regime. In contrast, naive noisy sensing (red) has the overall worst performance due
to its large bias, highlighting the importance of either learning a good approximation
of the noisy response function (e.g. via inference) or ensuring the measurement
approximately obeys a known noiseless response function (e.g. error mitigation or
full error correction). Crucially, the error-mitigated protocol (orange) and noisy

inference-based sensing (solid green) protocols also fail to outperform the SQL. T
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Figure 6.6: Comparison of analytically estimated error bounds. I analytically
estimate the errors (BMSE) of all protocols considered in Section (top panel),
comparing errors to the SQL and the HL. I assume that all protocols are initialized with
prior knowledge at the SQL, as outlined in Section I further assume a shot-budget
scaling of N o n?log(n)® (bottom panel), and a noise scaling of A = 0.1y/n.

also note that error-mitigated inference (brown) is not performant, as predicted in
Section[6.2.5] Although it eventually outperforms sensing with error mitigation alone
(orange) at larger system sizes where the bias of ZNE is a bottleneck, its performance
falls well short of the SQL and is always worse than noisy inference-based sensing
(green). Overall, in the realistic scenario where one does not know Ry(#), then the
only protocol to outperform the SQL here is pre-characterized inference (purple).

Dividing the error into bias and variance terms enables additional insight into
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Figure 6.7: Individual error contributions in parameter estimation. I show the
different terms that affect the error estimations of Figure (a) I compare naive noisy
sensing (red) to error-mitigated sensing (orange). Solid lines indicate bias terms, and
dashed lines indicate variance terms. (b) I compare inference-based sensing (green) to
pre-characterized, inference-based sensing (purple). Solid lines indicate error originating
from the inference protocol (this includes both bias and inference variance), while dashed
lines indicate estimation variance.

the limiting sources of error in each protocol, and the trade-offs involved. As shown
in Figure [6.7(a), I observe the bias-variance trade-off inherent to error mitigation
methods (see Section , which ultimately limits the effectiveness of ZNE for sensing
applications. In Figure (b), I plot inference error (Equation and estimation
variance error (Equation [6.44)). Here, one can see that pre-characterization greatly
reduces the error in the dominant terms of inference-based sensing. Furthermore, I
note that in contrast to error mitigation, there is no trade-off associated with this im-
provement: all error terms are diminished by the application of pre-characterization,
including bias. This provides an intuitive explanation for the comparatively good
performance of pre-characterized inference methods.

I emphasize that the error comparisons of this subsection are intended only as a
back-of-the-envelope, approximate, intuition for the factors affecting the performance
of these protocols. In particular, as stated previously (and further outlined in
Appendix , the error of inference-based sensing is particularly overestimated.
However, as I will show in the next section, in numerical simulations including

realistic noise, the errors achieved via inference are much smaller.
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6.3 Numerical experiments

In the previous section, I presented our analytically derived error bounds for the
considered quantum sensing protocols, enabling a back-of-the-envelope comparison
of the performance for every scheme. While such analysis provides useful insight,
one can only draw limited conclusions from such worst-case studies (e.g. the errors in
inference-based protocols are substantially overestimated). Furthermore, the results
plotted in Section [6.2.6| are based on a simple global-depolarizing noise model. Such
an oversimplified noise model preserves the cosine shape of the response function
(merely reducing its amplitude), whereas more general and realistic noise models
can significantly change the functional form of the noisy response function Ry(0),
introducing shifts, breaking the symmetry of invertible regions and creating vast
differences in sensitivity between them [286]. Inference-based sensing protocols are
particularly well-equipped to deal with these more complex situations. It is therefore
prudent to compare the considered protocols on more realistic noise models that
capture essential features of response functions encountered on real hardware, which
cannot be evaluated analytically. Therefore, in this section I support our analytic
results with numerical experiments, explicitly simulating parameter estimation
protocols for a noisy GHZ magnetometry task. In all cases I explicitly follow the
procedures defined in Section e.g. for ZNE I explicitly evaluate shot-limited
estimates at each noise level and perform Richardson extrapolation (using the
hyperparameters selected in Section , and for inference I fully construct the
inferred response function Ry (6) by solving Equation at each random realization
of the inference step. For every protocol studied in this section, I compute the BMSE
by direct Monte Carlo sampling of the definition in Equations and [6.22] In this
section, I restrict my attention to noise-aware sensing (Section, error-mitigated
sensing (Section , and inference-based sensing (Section , excluding other

protocols that were demonstrated to perform poorly in Section [6.2.6]
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Figure 6.8: GHZ state preparation channel for numerical experiments. To
prepare a GHZ state using linear-chain CNOT connectivity, I apply a Hadamard at the
center of the chain, followed by CNOTs outwards in a ladder fashion. Each CNOT is
accompanied by a noise channel &,,()\), which can be site-dependent.

6.3.1 Noise models

Noise is explicitly included in every simulation in this section. In all numerical
experiments, I consider noisy preparation of an n-qubit GHZ probe state. I assume
linear-chain CNOT connectivity and consider the standard preparation circuit
involving one Hadamard gate (applied at the center of the chain) and n — 1 CNOT
gates. Each two-qubit gate is accompanied by a CPTP channel &,,()\) implementing
decoherence, and I allow the channels associated with each site to differ in general
to model device calibration effects. This state-preparation channel is depicted
in Figure where the noise channel &,,()\) is context-dependent. Whenever
studying a system that is sufficiently small for full-density-matrix simulations, I
utilize a realistic NISQ noise model with coefficients learned from IBM’s Eagle
processor — this noise model was outlined in Section and was also used
for the NISQ simulations in Chapter [4]

When showing the scaling behaviour in system size n, a simpler model is
necessary, since full-density-matrix simulations are infeasible for even modest n

(see Figure [2.1). In this simplified model, two-qubit gates in state preparation
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are accompanied by a local two-qubit depolarizing noise of fault probability p.

Writing the m-qubit GHZ state as pﬁSHZ), after applying a Hadamard, the state is

ngHZ) @ (]0) (0})®™~1. Applying a CNOT followed by a two-qubit depolarizing

channel, the state becomes

1 ne
(1= A 55 ) @ (10} (0D (6:51)
Applying the second CNOT and depolarizing channel yields

(15 o (1= ) o7 @ s @ (00} 00] + [11) (1] ) (0) {0))*"

92
(6.52)

and so forth. Iterating this yields a state
(1—p)" " pCHD 4 (6.53)

where the remaining terms are maximally mixed on the subspace of at least one
qubit, and thus have zero contribution to the parity measurement X®". The

noisy response function is thus

R(0) = Tx[(1 = p)" ™" (e7 23T (722 X = (1= p)" " cos(nf)
(6.54)
Unlike the more realistic model of Section [4.5.2] this yields a simple exponential
reduction of fringe contrast, and all fringes are identical (that is, due to symmetry

in the error model the response function has a period of 27 /n, not 2).

6.3.2 Numerical comparison of errors across varying regimes

The relative performance of the quantum sensing protocols under consideration
could in principle depend on properties of the system such as system size, noise
level, and shot budget. Here, I use numerical experiments to compare protocol
errors across varied regimes, ultimately strengthening the previous conclusions
that ZNE typically will not outperform the SQL. As such, in the absence of a
priori knowledge of the noise model or the response function, only pre-characterized
inference can reliably outperform the SQL (and thus obtain actual benefits from

quantum entanglement). These numerical experiments are depicted in Figure
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Figure 6.9: Numerical experiments for magnetometry protocols. (a) I consider
the scaling of protocol errors in system size (top panel), with shot budget scaling N o
n? log(n)3 (bottom panel). This experiment is conducted with the local-depolarizing error
model outlined in Section at per-gate fault probability p = 9 x 1073. (b) Scaling of
protocol errors with the shot budget, at fixed system size n = 9 and base noise rate This
experiment is conducted with the IBM Eagle error model outlined in Section 2l (c)
Scaling of protocol errors with base noise rate, at fixed system size n = 9 and shot budget
N =5 x 10*. This experiment is conducted with the IBM Eagle noise model outlined in
Section @ Confidence intervals in all figures are too small to visualize.

In Figure[6.9(a),

system sizes. Since the comparison reaches system sizes well beyond what could be

I compare the numerically computed protocol errors at varying

simulated with full-density-matrix methods, I utilize the local-depolarizing error
model of Section wherein every CNOT in state preparation induces local
2-qubit depolarizing noise at per-gate fault probability p = 9 x 1073, Once again, to
ensure Heisenberg-like scaling in the inference-based protocol, I use a shot budget
scaling of N o< n? log(n)g. Qualitatively, these numerical results can be compared
to those obtained from the analytical error bounds in Section 6| (Figure [6.6} .

A similar ordering of curves is obtained: ZNE and inference-based sensing fail

to outperform the SQL at any system size, but pre-characterized inference does
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outperform the SQL. However, as previously suspected, I find that inference-based
sensing is overall more performant than the analytic estimates would suggest since
they pessimistically assume upper bounds are saturated in inference error. In
contrast to Figure , inference (without pre-characterization) strictly outperforms
ZNE here, although it still does not outperform the SQL. Encouragingly, pre-
characterized inference outperforms the SQL with a much lower overhead — here,
similar performance is obtained with only Cp, = 1 (versus Cp = 100 in the
analytic estimates of Section . Overall, I find that the qualitative intuition
of our analytic error estimates was sound, but inference performs better than one
may have believed from the worst-case analytical bounds alone.

While the scaling in n is most important here (i.e. SQL vs HL), it is also
crucial to verify that these results are not an artifact of a particular regime —
e.g. one may naively expect that ZNE would perform relatively better at a larger
shot budget N (where the effect of increased variance is lower) or at a lower
base noise level. Furthermore, real experimental noise models will typically differ
significantly from the idealized depolarizing models already considered [286]. T
therefore perform further numerical experiments, using a realistic noise model based
on real current-generation hardware. Noise is simulated using full Kraus maps
applied in a density-matrix simulator, with a noise model based on data learned
from IBM’s Eagle processor (see Section with the base noise rate boosted by
a factor of 5 (in order to operate in a regime where fringe contrast is sufficiently
reduced to warrant the use of error mitigation).

In Figure (b), I compare numerically simulated protocol errors at a fixed
system size n and varying shot budget N. Here, I find again that inference-based
sensing and ZNE fail to outperform the SQL, inference (slightly) outperforms
ZNE, and overall, only pre-characterized inference outperforms the SQL, indicating
that my previous conclusions were not a product of considering a shot budget
regime unfavorable to ZNE.

Finally, in Figure [6.9(c), I compare these errors at a fixed system size n and

shot budget N, and varying base noise level. I once again observe that inference-
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based and error-mitigated sensing do not outperform the SQL, although the error
in inference-based sensing does worsen beyond that of error-mitigated sensing at
very high noise levels (well exceeding those of current generation IBM hardware,
so of lesser relevance given that quantum hardware continues to advance). Pre-
characterized inference performs within a constant factor of noise-aware sensing
and is again the only protocol that obtains a clear quantum advantage without
assuming a priori knowledge of the system.

Interestingly, in the limit of a noiseless system, inference-based sensing (without
pre-characterization) does not outperform the SQL. Hence, even in the absence
of noise, there is a cost associated with learning the system’s response function.
Although in this case (GHZ probe state) the noiseless response function Ry(6) is
known, there is much ongoing investigation into the use of non-trivial optimized
probe states [170-181] for which even the noiseless response function may not
be known a priori. Therefore, this result expands the relevance of this chapter’s
conclusions regarding the utility of pre-characterization and learning — it may

prove useful even in the absence of noise, if a complicated probe state is used.

6.3.3 Requirements for pre-characterized inference-based
sensing

Throughout the error comparisons of Sections|6.2.6/and [6.3.2, I consistently observed

that in the absence of a priori knowledge of the noisy response function R, (0)
(which is generally not a practical assumption since device noise is challenging
to characterize, and full-process tomography is costly), the only protocol that
could reliably outperform the SQL was pre-characterized inference. This can prove
crucial in achieving asymptotic advantage from entanglement in quantum sensing.
However, it is natural to question whether the costs of pre-characterized sensing
are indeed practical, or whether the pre-characterization cost might prove excessive.
In previous sections, I considered a simple overhead N; = (e X n X N, finding
that overall N; € O(nN) shots were more than sufficient to pre-characterize a

sensor to the point of outperforming the SQL, across a range of regimes spanning
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Figure 6.10: Error convergence of pre-characterized, inference-based sensing.
I numerically study a 9-qubit sensor afflicted by realistic noise in state preparation. At
three fixed estimation budgets Nz € 5 x {103,10% 10°} (red vertical lines), I numerically
compute the error for pre-characterize inference-based sensing at a range of inference
budgets Nj. I further compare this error to that of error-mitigated sensing (orange),
noise-aware sensing (blue), and the SQL (black dashed).

different system sizes, shot budgets, noise rates, and error models. Hence, in this
section I study the effect of varying pre-characterization shot budgets to better
understand the associated overhead.

In Figure [6.10] I consider the use of pre-characterized, inference-based sensing
on a 9-qubit device, with state preparation afflicted by noise model learned from
an IBM Eagle device (Section at a base noise rate boosted by a factor of
5. I consider, at three fixed estimation shot budgets Ng € 5 x {10%,10%, 105}, the
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dependence of inference-based sensing error on the pre-characterization budget Ny. 1
further compare these to the error achieved with error-mitigated sensing at N = Ng
and noise-aware sensing at N = Ng. As N; — oo, I observe that the inference-based
protocol converges to the noise-aware sensing protocol, as one would expect from
the remarks of previous sections. In this regime, I find that the threshold N; for
the protocol to outperform the SQL is less than an order of magnitude greater
than Ng, and N; two orders of magnitude larger than Ng is already sufficient
to be extremely close to the noise-aware limit. Furthermore, I find for all three
estimation budgets Ng that when N is pessimistically chosen to be slightly less
than Ng, one can still outperform error-mitigated sensing. Overall, I observe that
with only very modest pre-characterization overheads, a single pre-characterization
can be reused for as many parameter estimations as desired (within the window
of noise model stability). This supports the practicality of pre-characterization to

achieve quantum advantage with inference-based sensing.

6.4 Conclusions

The notion of an entanglement advantage for sensing problems only makes sense
in the context of a finite shot budget N: per the quantum Cramér-Rao bound
(Equation [I.I)), even in the classical (unentangled) case, infinite measurements
N — oo can yield infinite precision. For any technique that claims to enhance
quantum sensing — be it error mitigation, learning-based inference, or something
else — one must always consider the shot investment required to conduct this
enhancement. Depending on the experiment, such methods may or may not be
necessary prerequisites to conduct sensing at all (e.g. learning unknown response
functions for complicated probe states), but if not strictly necessary, one must always
consider whether or not the enhancement was worth the cost, or whether those
shots should have just been directly expended in a simpler protocol. Additional
overheads, unrealistic assumptions of prior knowledge about the system, and the

associated tradeoffs can conceal the true performance of a protocol.
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In this chapter, I have attempted to unmask the subtleties of these tradeoffs,
specifically considering whether ZNE and/or learning-based inference techniques
can enhance quantum sensing on a fixed shot budget. Using analytic and numerical
means, | compared the shot-for-shot performance of various protocols, each corre-
sponding to a different level of assumed prior knowledge. Unsurprisingly, perfect
prior knowledge of the noisy response function leads to the best performance, but
this is generally not a realistic assumption. In the absence of such knowledge, biases
can completely compromise the sensor’s performance to no better than that of
a classical device — naive assumptions led to poor performance, and while error
mitigation reduces these biases, it proved insufficient to achieve a quantum advantage.
Learning-based inference techniques fared relatively better, and analytically seemed
more promising, but when the shot budget had to be shared between learning and
sensing, even this could not outperform the SQL. However, inferring a response
function does not require exposure to the field to be measured, and thus could be
done before the sensing experiment as a device pre-characterization stage, being
reused for many field measurements. In both analytic and numerical studies, I
found that when assuming a reasonable shot budget N; had been expended prior
to pre-characterize the sensor and the whole shot budget N was used for parameter
estimation (Ng = N), inference-based sensing was indeed capable of achieving a
quantum advantage by outperforming the SQL.

The latter conclusion relies upon an assumption that is not guaranteed: my
analysis assumed that the response function had not changed between the pre-
characterization and the posterior sensing experiment. In essence, this is an
assumption of stability: the structure of the device’s noise must be such that, on the
timescale of the duration between pre-characterization and sensing, the noise model
has not drifted much. This is extremely device-dependent, and a full account of
stability across experimental platforms would be a significant undertaking, but many
modern quantum hardware platforms have noise that changes quickly enough to
require frequent re-calibration. Nonetheless, this is the most significant qualitative

insight of this chapter — stability is a key criterion for a useful quantum sensor.
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A sensor’s stability will determine how often it must be re-characterized, and
therefore the effective characterization budget N; that can be used (relative to the
time to perform a quantum operation on the device). It is not at all unexpected
that one might achieve superior performance on a slower device (capable of fewer
measurement repetitions in a fixed time) that is more stable, due to a reduction of
the second and third terms in Equation [6.47 outweighing an increase in the first term.

Finally, this chapter has demonstrated that learning-based techniques are
particularly valuable in the pursuit of quantum advantage for sensing problems. This
may guide future work — it seems probable that future advances in quantum sensing
will be made by incorporating tools from QML and classical machine learning, a

prospect I will discuss in the conclusions of this thesis (Chapter [7)).



I am glad you are here with me. Here at the end of
all things, Sam.

— Frodo Baggins, The Return of the King [417]

Conclusions

It seems increasingly likely that quantum computers will soon become genuinely
useful. Nonetheless, the definitions of ‘soon’, ‘useful’, and even ‘quantum computer’
in this regard are a matter of intense debate. The road towards the dream of
fully-fault-tolerant quantum computing is an arduous one, plagued by the challenges
of noise, decoherence, and the immense complexity of engineering highly-entangled
quantum states. Furthermore, even as we achieve remarkable milestones towards
this dream, we still face the question of what algorithms we will even run on these
devices. In this thesis, I have contributed to both of these challenges, by studying
protocols to deal with the inherent imperfections of quantum devices, by introducing
new algorithms that respect and are robust to these limitations, and by clarifying
the boundary between quantum and classical.

Beginning with an overview of the landscape of quantum technology in Chapter [T}
I introduced the theoretical promises of quantum computing and quantum sensing,
as well as the practical challenges and state of affairs at the overlap between the
NISQ and early-fault-tolerant eras. Following this with a deeper dive, in Chapter
I contextualized my work in terms of the literature on classical simulation of
quantum devices, variational quantum algorithms and their trainability, quantum
error mitigation, the calculation of spectral properties of quantum systems, and

classical shadow tomography protocols.
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The individual conclusions of each chapter provide a far more detailed overview,
but I briefly recall my contributions here. With these tools in hand, I began
presenting my own work in Chapter [3| where I introduced ‘shadow spectroscopy’, a
protocol to estimate eigenvalue gaps of Hamiltonians using only simple time evolution
and logarithmic-measurement-cost classical shadow protocols. Using tensor-network
and simulated variational approaches, I demonstrated good scalability of the protocol
and its successful application on simulated and real near-term quantum computers.
Probing further into the use of time evolution to compute spectral properties, in
Chapter 4| I introduced a protocol to directly estimate the density of states, a
key thermodynamic, on a quantum computer. With a particular focus on early-
fault-tolerant devices (and some additional consideration of NISQ deployment), I
demonstrated the protocol’s simplicity in sampling and evolution requirements, its
applicability to high-value fermionic problems, and its robustness to both algorithmic
and hardware noise. Then, considering the variational methods that underpin
proposals for NISQ advantage and QML, in Chapter [5| I introduced ‘g-sim’, a
framework for Lie-algebraic classical simulation of PQCs. Developing the theoretical
framework, I introduced a range of powerful generalizations of previous related
results, and I demonstrated its utility for characterizing and pre-training VQAs,
compiling unitaries to compact circuits, and supervised QM. Finally, in Chapter [0]
I turned my attention towards quantum sensing, conducting a comparative study
of error-mitigated and learning-based inference protocols for quantum sensing, and
ultimately concluding that sensor pre-characterization via inference is the most
promising avenue for noisy quantum sensing.

These studies represent contributions over three very distinct areas of quantum
technology: development of NISQ and early-fault-tolerant algorithms for the study
of quantum systems, classical simulation of quantum devices, and quantum sensing.
With research topics so seemingly disparate, what insights, if any, might be gleaned
collectively from my contributions as a whole? First, I note that this thesis raises
serious concerns for the prospects of quantum advantage with VQAs on NISQ devices,

a goal which was the subject of intense optimism at the start of my doctorate that
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has since declined over these past three years. The g-sim framework I developed
in Chapter [5| forms one of the pillars of a broader observation that trainability
and classical simulability of VQAs are deeply interlinked [134]. It seems that in
the absence of extremely good initialization strategies, the prospects for efficiently-
trainable, non-classically-simulable VQAs of actual utility are slim. Therefore,
variational dynamics methods (including the one I developed in Section will
likely be dependent on the landscape features that occur as a result of initializing a
new timestep with the previous one, which is still a matter of open investigation [263].
The outlook there remains pessimistic, and since the NISQ) demonstrations in
Chapters [3| and 4] hinge upon this, it seems very possible that these methods will
not yield an advantage on NISQ devices.

However, the methods I have introduced in this thesis will likely prove ad-
vantageous in the early-fault-tolerant era, the prospects of which seem far more
promising. As we show in our full manuscript [334], there is plenty of evidence
that shadow spectroscopy will be a genuinely useful technique in early- and fully-
fault-tolerant eras, with studies to this end conducted by my collaborators Richard
and Hans, respectively. Since my numerical experiments in Chapter 4| showed
high levels of resilience to both the algorithmic and hardware errors that will
be most prominent in the early-fault-tolerant era, my contributions in Chapter
seem likely to prove advantageous.

Furthermore, even if a system is classically simulable, there may be a quantum
advantage in extracting information from it. This could be true in the sense discussed
in the conclusions of Chapter [5 where a classically-trained, quantumly-deployed
classifier could outperform a classical classifier, even where no quantum advantage
for learning exists. Another such avenue is in quantum sensing, where Chapter [0] is
concerned with metrological advantage from entanglement in parameter estimation
tasks. I speculate that an intersection of the two could prove fruitful: since the
g-sim framework can (for Pauli-basis algebras) simulate arbitrary Pauli noise, which
a very general class of noise models can be twirled to [340, 1341], g-sim could prove

useful for e.g. training optimal measurements or probe states entirely classically.
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Even though this would be limited to systems with no quantum computational
advantage, this does not preclude a quantum metrological advantage.

In conclusion, the work I have presented in this thesis represents an incremental,
but genuine step in understanding how to harness and exploit the power of imperfect
quantum devices. As with all scientific and human endeavours, the long road ahead
in quantum technology will be paved with occasional monumental breakthroughs,
built upon a foundation of countless smaller steps. It is a humbling privilege
to have taken four such steps in this thesis, which I thank you, the reader, for

taking the time to understand.
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The g-sim framework of Chapter [5| builds upon existing work in Lie-algebraic
classical simulation [112} [113]. The core primitives for evolving observables in ig and
their products follow the existing approach (aside from the inclusion of arbitrary
initial states, which do not change the method of proof). The relevant proofs are
included in this appendix for completeness, such that all proofs presented in the

main text of Chapter |5 are genuinely novel.

A.1 Proof of Lemma {1

Since U € G, there exists some iH € g such that U = e . The exponential

mapping is defined by

) ~H2 'H3
e H =1 —iH + (22!) - (13!) T (A1)

228
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Noting that G/, = U'G,U and applying commutator identities to cancel U and

U' factors, one obtains
1
Go = Gat+i[H,Go] = 5 [H.[H,Gal + ... (A.2)

Since all terms of Equation [A.2] are generated by nested commutators of terms of g

(up to appropriate factors of i for each term), by Definition [2|it follows that iG’, € g.

A.2 Proof of Lemma 2

Since U € G, there exists some iH € g such that U = e *¥. Furthermore, U

may be decomposed into infinitesimal steps

M
— L (A)
U= ]\/llgnoo ngl U=, (A.3)

where the infinitesimal unitary is given by
UB) =781 — 1 _jAH + O(A?) (A.4)
for A =1/M. By Lemma I note that U induces a group operation
UG, U = q, - uldas, (A.5)
B

where I have separated out the identity for later convenience without loss of

generality. Substituting Equations and into Equation [A.2], one obtains

Go — Y 0l3Gs = G, +i[AH, G.) + O(A?). (A.6)
B

One may discard vanishing terms in O(A?) since this is in the infinitesimal limit

M — oo. Doing so, and taking Tr[G,, ...] of both sides of Equation yields

— > 0O TG, Gy = i TY[GL[AH, G| (A7)
B
— Avl) =i Ah, TY[G,, [Gp, Goll (A.8)
p

= o)) =AY hi(Gh)ay = iA (XN(H)) (A.9)
k

ay
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where I have assumed a basis choice such that the G, are Schmidt-orthonormal (see
Definition , expanded the adjoint representation, and expanded H = >, h,G),
for h, € R. Substituting the result of Equation into Equation reveals
that the infinitesimal group operation is determined entirely by the adjoint rep-
resentation ®24(H) as
U(A)TGQU(A) -y (1 _ Z-A(Degxd(H))aﬁ Gy=Y" (efmcpgd(H))aﬂ G+ O(A?).

’ ’ (A.10)

One may again discard terms in O(A?) since this is in the infinitesimal limit

M — oo. Noting that the full unitary is obtained by composing infinitesimal steps

(Equation |A.3)), one obtains from Equation that
—i ad
UNGLU =Y (7" <H>)a6 Gg=Y" (@éd(U))aﬁ G, (A.11)
B B

which is exactly the desired result.

A.3 Proof of Theorem [3

First, I seek to compute expectation values of all (G,Gj3), composing the classical

representation p©. These are given by

(BC)  =Tr[GuGep™™] = Tr[UTGUUTGUp™], (A.12)

af

where I have used trace cyclicity and inserted the identity UUT = 1 in the last
step. Noting that G, and Gz are conjugated by elements of G and applying

Lemma [2| one obtains

B = 3 (of0),, (040),,, TG, (19

a/75/ 676,
which is Equation [5.15] in index form. Equation follows trivially from this by
taking the left-hand side of Equation , expanding O@/? = > (w*"),G,, and

identifying matrix operations in index form, thus concluding the proof.
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In Section the error bounds for a variety of quantum sensing protocols
were given to varying levels of approximation. I compared these error bounds in
Section [6.2.6] In this appendix, I detail exactly which expressions are numerically
evaluated in the comparison, and how their terms are computed. I use a global depo-
larizing noise model with fault rate \, such that Ry (0) = (1—py) cos(nf), A2Ry\(0) =
1— (1 —py)?cos®(nd), and |0pRA(0)| = (1 — pa)n|sin(nd)| (per Section [6.1.2)).

B.1 Noise-aware noisy quantum sensing

The first line of Equation gives

A?R,(6%)
(Og R (0)]p=0+)*’

CMSE[0*0*] = N

231



B. FEvaluating error bounds for quantum sensing protocols 232

where all terms are exactly known. Since for the purposes of this computation
one knows JyR)(f), I elect not to approximate the gradient on the denominator
by its Lipschitz constant, since this can underestimate the error in the case that

the sensor is operating far from the point of maximal gradient.

B.2 Naive noisy sensing

I elect again not to approximate the gradient by its Lipschitz constant (c.f. Eq. (6.28)),
yielding

OMSEf 0] = NR\07) (rw*) —R<e*>|>27

(D9 R(0)]0=6+)? o R(0)] o=~

where all terms are exactly known.

(B.2)

B.3 Noisy sensing mitigated by zero-noise extrap-
olation

Here I compute
CMSE[0*]0*] = Vary[0*|0*] + (Biasx[6*]6%])° . (B.3)

The variance term can be computed exactly by substituting Equation (6.32]) into
Equation (6.31]), yielding

AQR,\J. (0%) .
(e R(0)|o=0+)*

Vary[0°]67] = " 4?2 N (B.4)
j=0 J

Compared to the looser bound on the variance in Equation , I have omitted the
approximation of the gradient by its Lipschitz constant, as well as the assumption
of equal variances A’R, (%) ~ A*R,(6*). Nonetheless, I observed numerically that
the latter approximation holds quite well in this regime, justifying its use in the
main text. The values of ; are chosen from those selected in the hyperparameter
optimization of Section and thus are the same as those used in numerical
experiments. The bias term is approximated as

At
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where, compared to Equation (6.30]), I have approximated the response function
mitigation bias as |Ry(0*) — R(6*)] = ©(A™) ~ A™*1 and not approximated

the denominator.

B.4 Inference-based noisy sensing
As outlined in Section the CMSE is given as

CMSE[0*]0"] = (Bias[0*]0"))*+Ex, [Vary, [0*

(9*,](.} ‘ (9*} +VarN, {ENE {é*

0. f] | 0.

Var[§*|0*] (B.6)
B.6

Following from the third line of Equation [6.42] the bias term is given as

En, [|R(07) — Ba(0)]] _ 0

Bias[0*|6*] ~
N Y N (TN B N ()|

, (B.7)

where the last inequality is satisfied with high probability due to Corollary [3|
I note that this is a very pessimistic estimate: Equation [B.7] assumes that the
worst-case bound |Ry(6*) — Ry(0%)| < § is saturated everywhere, but in general
the average-case inference error |Ry(6*) — Rx(6*)| will be much smaller. Thus,
I expect the analytic approximations (i.e. Figure to overestimate the error
of inference-based methods, an intuition that I numerically verify in Section [6.3]
Corollary [3| demonstrates that one requires N, € Q(log®(n)/d?) shots to achieve
an inference error bound of § with high probability. In approximating this term
numerically, I therefore assume that § ~ \/log*(n)/N,. The estimation variance
(second term in Equation follows from the second line of Equation as

0, f]| 0] = ATRG")

Ey, |Vary. |6 ~ '
v, [Varw, | N (0RO - )?

(B.8)

The inferred response function variance (third term in Equation follows from
the first line of Equation [6.46] as

52
(0o RA(0)]9=0+)*’

VarNI {ENE {é*

o, f]] o] < (B.9)

which is computed in the same manner as the bias term.
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B.5 Inference-based noisy sensing mitigated by
zero-noise extrapolation

As shown in Section [6.2.5] adding error mitigation to inference leads to error bounds
of a similar functional form (see Equations and [6.48)). This bound is evaluated

in the same manner as Section [B.4] with the following changes:

« The estimation variance term is scaled by a factor of A? (see Equation 33 in

our full manuscript [401], c.f. Equation (/6.44])).

o The bound on inference error § is estimated from the result of Corollary 2 in

our full manuscript [401], and therefore I assume that it may be approximated

as § & | A1) Thig ig  factor of /A3 / max; |;| worse than the standard

max; || Ny *

inference error reported in Corollary
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