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Abstract

In this thesis we study three different modelling frameworks for biologi-

cal systems of dispersal and combinations thereof. The three frameworks

involved are individual-based models, group-level models in the form of

partial differential equations (PDEs) and robot swarms. In the first two

chapters of the thesis, we present ways of coupling individual based mod-

els with PDEs in so-called hybrid models, with the aim of achieving im-

proved performance of simulations. Two classes of such hybrid models

are discussed that allow an efficient simulation of multi-species systems

of dispersal with reactions, but involve individual resolution for certain

species and in certain parts of a computational domain if desired. We

generally consider two types of example systems: bacterial chemotaxis

and reaction-diffusion systems, and present results in the respective ap-

plication area as well as general methods. The third chapter of this thesis

introduces swarm robotic experiments as an additional tool to study sys-

tems of dispersal. In general, those experiments can be used to mimic

animal behaviour and to study the impact of local interactions on the

group-level dynamics. We concentrate on a target finding problem for

groups of robots. We present how PDE descriptions can be adjusted to

incorporate the finite turning times observed in the robotic system and

that the adjusted models match well with experimental data. In the fourth

and last chapter, we consider interactions between robots in the form of

hard-sphere collisions and again derive adjusted PDE descriptions. We

show that collisions have a significant impact on the speed with which the

group spreads across a domain. Throughout these two chapters, we ap-

ply a combination of experiments, individual-based simulations and PDE

descriptions to improve our understanding of interactions in systems of

dispersal.
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Chapter 1

Introduction

1.1 Motivation

From small packs of wolves [20] to swarms of birds [123] or populations of large

numbers of bacteria [95], the range of biological systems displaying dispersal is vast.

In this thesis, we examine various systems with the principal aim of studying and

improving different modelling frameworks.

The literature knows two classical modelling approaches for biological systems of

dispersal – agent-based models and continuum models. In agent-based models, the

behaviour of individuals is prescribed by an evolution update rule that can be given

in the form of an algorithm or differential equations for the individual behaviour.

Examples in the literature include the modelling of humans in panic situations [135],

collective nest choice in ants [138] and swarming behaviour in fish schools [38, 37].

On the other hand, continuum models do not consider the behaviour of the indi-

vidual, but use group-level statistics as their indicator. Most commonly this type of

model uses partial differential equations (PDEs) in order to model the evolution of

concentrations of particles. Countless examples of applications for continuum tech-

niques exist, to model e.g. bacterial chemotaxis [95], the spread of advantageous

genes [60] or pattern formation in the brain [61, 122].

In this thesis, we investigate two approaches to model biological systems of dis-

persal that have recently gained importance in the literature – hybrid models and

swarm robotic experiments. Hybrid models seek to combine advantages of PDEs

and agent-based models through the exploitation of inhomogeneities inherent in the

studied system. Such models have already been used successfully in studies of car-

cinogenesis [6, 75], the analysis of forest health [104] and to model the spread of

epidemics [15]. Simply speaking, the aim of hybrid models is to reduce the compu-

tational complexity of an agent-based model by approximating parts of the system
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through PDEs, thereby allowing the use of stochastic models on systems that are

intractable for purely agent-based models.

The second approach presented in this thesis are swarm robotic experiments.

The main idea is to implement an individual-based algorithm on each of the robots

and to analyse the emerging behaviour of the swarm. The major advantage of this

approach is that physical uncertainties and noises are inherently present in the system.

Additionally, by implementing a proposed model onto robots, one can verify that no

unrealistic assumptions about communications between individuals and knowledge of

other individuals’ internal dynamics have been made during the modelling process.

One can also imagine that the imitation of biological group behaviour can motivate

and improve the use of robot swarms in various application areas, including the

detection of mines [100] and the confrontation of oil spills [92].

Throughout this thesis we introduce the approaches with a certain target system

in mind, but we keep explanations purposely general, because the concepts are more

important than the specific application. All the modelling approaches presented can

easily be adjusted to a wide range of systems of dispersal and different approaches

can be combined.

1.2 Outline of the thesis

In the remainder of this chapter, we present the mathematical background that is

extensively used throughout this thesis and introduce mathematical frameworks for

agent-based, continuum and hybrid models as well as swarm robotic systems. The

description of these frameworks mainly stems from the invited book chapter [66]

that appeared in the book Dispersal, individual movement and spatial ecology: A

mathematical perspective published by Springer in 2013.

Chapter 2 presents the application of the hybrid modelling approach to the biologi-

cal example of bacterial chemotaxis. We start by describing the biological background

of the system, before going into more detail about the conception of hybrid models

for this application. We show that the hybrid models lead to non-trivial results in

comparison to the respective continuum models. In the next step, we introduce the

possibility of death and proliferation into the hybrid model and show how this influ-

ences the comparison to PDE models. This chapter is based on results shown in [66]

as well as the article [69] that has been published in the Bulletin of Mathematical

Biology.
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Chapter 3 discusses a second type of hybrid model that can be used to efficiently

simulate stochastic reaction-diffusion systems by exploiting spatial inhomogeneities.

We present a PDE assisted Brownian dynamics algorithm that combines Brownian

dynamics simulations with reaction-diffusion PDEs. We show that the algorithm

provides correct mean values and variances of concentrations inside the particle regime

and apply it to a number of biological examples. This chapter is based on the article

[67] that has been published in SIAM Journal on Applied Mathematics.

Chapter 4 investigates the possibility of using swarm robotics experiments to gain

insight into systems of dispersal. We study a target finding problem using a combi-

nation of experiments, individual-based simulations and continuum approximations.

The experiments begin with a classical velocity jump model, but we soon show that

the classical velocity jump process is not sufficient to describe the behaviour of the

group as effects like finite turning times have an influence on the outcome. By re-

peating the experiments on a surface with a grey-black colour gradient, we introduce

an external signal that can be detected by the robots. We mimic the behaviour of

bacterial chemotaxis studied in Chapter 2 in order to improve the target finding ca-

pacity of the robots. Parts of this chapter have been accepted for publication in IMA

Journal of Applied Mathematics [157].

Chapter 5 analyses the effect caused by hard-sphere interactions in velocity jump

processes. In particular, we study the influence of a certain type of collision on the

diffusivity of the group of particles using a mix of simulations and analytic results.

We derive corrections to the classical velocity jump models and show that those

match well with simulation results. The results in this chapter have been accepted

for publication in Physical Review E [68].

Chapter 6 finally discusses the presented results in combination with the literature

and draws a bigger picture about the modelling of systems of dispersal. Based on this,

we discuss areas for future research and application areas of the various approaches

presented.

1.3 Mathematical background

This section gives an overview over two classical approaches for the modelling of

random dispersal or diffusion – Brownian dynamics (BD) and velocity jump (VJ)

processes.

3



1.3.1 Brownian dynamics simulations

In this section we review the standard definitions leading to Brownian dynamics

simulations that are used extensively throughout the thesis. Those definitions can

be found in more detail in various text books, e.g. [9, 70, 78, 161]. Let us start by

introducing the definition of a Wiener process.

Definition 1.1. The random process Wt is called a Wiener process if the following

four conditions are satisfied

1. W0 = 0 .

2. For 0 ≤ t < s, the random increment Ws−Wt is Gaussian with zero mean and

variance t− s, i.e. Ws −Wt ∼ N (0; t− s) .

3. For given times 0 ≤ t0 < t1 < · · · < tn, the increments Wt1 − Wt0 ,Wt2 −
Wt1 , . . . ,Wtn −Wtn−1 are independent random variables.

4. The function t 7→ Wt is almost surely everywhere continuous.

Let us now define an Itô stochastic integral.

Definition 1.2. Let f : [0, t] 7→ R be an arbitrary function. Then, we call the

random variable Xt the Itô integral of function f with respect to the Wiener process

Wt denoted through

Xt =

∫ t

0

f(τ) dWτ ,

if the equation

Xt = lim
∆t→0

n∑
j=1

f(tj−1)(Wtj −Wtj−1
) ,

holds for all series of time steps 0 = t0 < t1 < t2 < · · · < tn = t with

∆t = sup{t1 − t0, t2 − t1, . . . , tn − tn−1} .

In practice we often write Xt in the form of the Itô differential equation

dXt = f(t) dWt .

Defining the drift term F : [0, t]× R 7→ R and the diffusion term D : [0, t]× R 7→ R,

we can formulate the general stochastic differential equation (SDE) that we will also

call the Brownian walk as

dXt = F (t,Xt) dt+
√

2D(t,Xt) dWt . (1.1)
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We can formally write the solution Xt of (1.1) as

Xt =

∫ t

0

F (τ,Xτ ) dτ +

∫ t

0

√
2D(τ,Xτ ) dWτ +X0 ,

where X0 is the initial value of the process Xt. If D(t, x) ≡ D is a constant and

F (t, x) ≡ F (t) is independent of Xt, this simplifies to

Xt =

∫ t

0

F (τ) dτ +
√

2DWτ ∼ N
(∫ t

0

F (τ) dτ +X0, 2Dt

)
.

In order to numerically solve the SDE (1.1), we introduce the Euler-Maruyama ap-

proximation defined through [99]

Yt+∆t = Yt + F (t, Yt)∆t+
√

2D(t, Yt)∆t ξ , (1.2)

where ξ ∼ N (0, 1), i.e. ξ is a normally distributed random variable. Note, that if

F (t, x) ≡ F and D(t, x) ≡ D are constants and Yt = Xt, then Yt+∆t is an exact

sample from the random variable Xt for arbitrary ∆t > 0. Additionally, the Euler-

Maruyama method becomes exact in the limit ∆t → 0. Throughout the remainder

of this thesis, we will generally interpret the random variable Xt as (one component

of) the position of a given particle inside a domain Ω ⊂ Rd, d = 1, 2, 3 and we will

repeatedly study different copies of this process that can influence each others drift

and diffusion terms. Let us now see how the SDE (1.1) can be analysed using the

probability density function of the random variable Xt and its development over time.

Fokker-Planck equation

The following derivation is adapted from the lecture notes [45]. Assuming that t > t0,

we define by p(t, x|t0, x0) dx the probability1 that Xt ∈ [x, x+dx) given that Xt0 = x0.

If we take an intermediate time s ∈ (t0, t), we can formulate the so-called Chapman-

Kolmogorov equation

p(t, x|t0, x0) =

∫
R
p(s, y|t0, x0) p(t, x|s, y) dy ,

where we use the fact that the process Xt is a Markov process, i.e. that it is memo-

ryless [161]. Using t− s = ∆t, this can be rewritten as

p(s+ ∆t, x|t0, x0) =

∫
R
p(s, y|t0, x0) p(s+ ∆t, x|s, y) dy .

1Being a probability distribution, for every t > t0, we have
∫
R p(t, x|t0, x0) dx = 1.

5



Multiplying both sides with a smooth test function ϕ : R 7→ R and integrating with

respect to x ∈ R, we obtain∫
R
p(s+ ∆t, x)ϕ(x) dx =

∫
R

∫
R
p(s+ ∆t, x|s, y)ϕ(x) dx p(s, y) dy ,

where we drop the conditional t0, x0 if appropriate to improve readability. We change

the name of the integration variable on the left-hand side and Taylor expand the

smooth function ϕ(x) in y to get∫
R
p(s+ ∆t, y)ϕ(y) dy =

∫
R

∫
R
p(s+ ∆t, x|s, y) dxϕ(y) p(s, y) dy

+

∫
R

∫
R
p(s+ ∆t, x|s, y)(x− y) dxϕ′(y) p(s, y) dy

+
1

2

∫
R

∫
R
p(s+ ∆t, x|s, y)(x− y)2 dxϕ′′(y) p(s, y) dy + . . . .

We can evaluate the integrals individually as follows∫
R
p(s+ ∆t, x|s, y) dx = 1 ,∫

R
p(s+ ∆t, x|s, y)(x− y) dx = E(Xt+∆t −Xt) = ∆tF (s, x) ,∫

R
p(s+ ∆t, x|s, y)(x− y)2 dx = E

(
(Xt+∆t −Xt)

2
)

= 2∆tD(s, x) +O
(
(∆t)2) ,

where the first integral is part of the definition of a probability density function

and the other two follow directly from the Euler-Maruyama method as seen in (1.2)

and the fact that Yt = Xt for ∆t → 0. Note that all other terms from the Taylor

expansion result in terms of O
(
(∆t)2). Applying integration by parts to the resulting

terms, dividing by ∆t and considering the limit ∆t→ 0, we obtain the Fokker-Planck

equation for the SDE (1.1) as

∂p(t, x|t0, x0)

∂t
= − ∂

∂x

(
F (t, x) p(t, x|t0, x0)

)
+

∂2

∂x2

(
D(t, x) p(t, x|t0, x0)

)
. (1.3)

The Fokker-Planck equation provides a way of exactly deriving the probability dis-

tribution of a Brownian process. On the other hand, one can also interpret Np(t, x)

as an approximate particle density if one considers a system of N � 1 independent

identical Brownian processes of the form (1.1). It is also possible to add boundary

conditions to the Fokker-Planck equation (1.3). Consider for example that the process

Xt as defined in (1.1) is confined to the interval [a, b] with an adsorbing boundary at

x = a and a reflective boundary at x = b, the boundary conditions for (1.3) take the

form

p(t, a) = 0 ,
∂

∂x

(
D(t, b) p(t, b)

)
= F (t, b) ,

6



for t > 0. Similarly, if Xt0 is sampled from the initial distribution p0(x), the initial

condition for (1.3) is

p(t0, x) = p0(x) .

Backwards Kolmogorov equation

Using a similar approach to the derivation of the Fokker-Planck equation one can also

derive the backwards Kolmogorov equation that takes the form [45]

−∂p(t, x|t0, x0)

∂t0
= F (t0, x0)

∂p(t, x|t0, x0)

∂x0

+D(t0, x0)
∂2p(t, x|t0, x0)

∂x2
0

. (1.4)

In the remainder of this derivation, we assume that the functions F and D are in-

dependent of time. We also maintain the example of a particle moving inside the

domain [a, b] with an adsorbing boundary condition at x = a and a reflective bound-

ary at x = b. The derivation is again transcribed from [45]. Let us now define the

probability that a particle starting at x0 ∈ (a, b] at time 0 is still in the domain at

time t as

h(t, x0) =

∫ b

a

p(t, x|0, x0) dx =

∫ b

a

p(0, x| − t, x0) dx ,

where we use the time independence of the probability density p. Switching the sign

of integration on the left-hand side of (1.4) in order to evaluate it for (0, x| − t, x0)

we obtain

∂p(0, x| − t, x0)

∂t
= F (x0)

∂p(0, x| − t, x0)

∂x0

+D(x0)
∂2p(0, x| − t, x0)

∂x2
0

.

We can now integrate this equation with respect to x ∈ [a, b] to obtain an equation

for h(t, x0)
∂h(t, x0)

∂t
= F (x0)

∂h(t, x0)

∂x0

+D(x0)
∂2h(t, x0)

∂x2
0

. (1.5)

Seeing that h(t, x0) represents the probability of a particle that started at position

x0 to still be inside the domain (a, b] at time t, we can define the mean time of exit

τ(x0) from the domain2 through

τ(x0) =

∫ ∞
0

t lim
∆t→0

h(t, x0)− h(t+ ∆t, x0)

∆t
dt = −

∫ ∞
0

t
∂h(t, x0)

∂t
dt =

∫ ∞
0

h(x0, t) dt ,

where we use the definition of the derivative in the first step and integration by parts

in the second3. Integrating (1.5) with respect to t ∈ [0,∞) and using the fact that

2We will repeatedly use the terms mean exit time and mean first passage time for this.
3Assuming limt→∞ h(t, x0) = 0, i.e. the probability of eventually leaving the domain is 1.
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h(0, x0) = 1, we obtain the mean first passage time equation

−1 = F (x0)
∂τ(x0)

∂x0

+D(x0)
∂2τ(x0)

∂x2
0

.

This equation is valid for all x0 ∈ (a, b). The boundary conditions are

τ(a) = 0 ,
∂

∂x0

τ(b) = 0 .

Brownian dynamics and discrete random walks

Both, the Fokker-Planck equation (1.3) and the backwards Kolmogorov equation

(1.4) are often derived from discrete random walk models [35]. Let us therefore

assume a one-dimensional random walk on lattice points rl = l∆x, l ∈ Z. We

denote the number of particles at lattice point l and time t by Pl(t) ∈ N. In each

time step ∆t, every particle can perform one of three possible moves: (a) move to

the neighbouring lattice point on the right with probability σ/2 (b) move to the

neighbouring lattice point on the left with probability σ/2 (c) stay at its current

lattice point with probability 1 − σ, where σ = ∆tD/(∆x)2. The update equation

for Pl then takes the form:

Pl(t+ ∆t) = (1− σ)Pl(t) +
σ

2
(Pl+1(t) + Pl−1(t)) .

Substituting σ = ∆tD/(∆x)2, this equation can be written as

Pl(t+ ∆t)− Pl(t)
∆t

= D
Pl+1(t) + Pl−1(t)− 2Pl(t)

2 (∆x)2 .

Taking the limit ∆t→ 0, we obtain

dPl(t)

dt
= D

Pl+1(t) + Pl−1(t)− 2Pl(t)

2 (∆x)2 .

This equation represents a discretised version of the diffusion equation

∂P (t, x)

∂t
= D

∂P (t, x)

∂x2
,

showing the correspondence between a random walk that is discrete in time and space

and the space-time continuous Brownian walk.
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Brownian dynamics in higher dimensions

Biological systems of dispersal are typically observed in a two or three dimensional

domain, whereas we have thus far introduced Brownian dynamics only in d = 1

dimensions. Let us therefore denote a Wiener process Wt in d = 2, 3 dimensions as

the vector of d independent one-dimensional Wiener processes. The SDE (1.1) in d

dimensions then takes the form

dXt = F(t,Xt) dt+ D̂(t,Xt) dWt ,

where F ∈ Rd and D̂ ∈ Rd×d represent the forcing and diffusive terms, respectively.

The Fokker-Planck equation in higher dimensions then takes the form

∂p(t,x)

∂t
= −∇ · (F(t,x) p(t,x)) +∇ · (∇ · (D(t,x) p(t,x))) , D =

1

2
D̂ D̂T .

This equation is valid inside the domain Ω ⊂ Rd of the process Xt. Similarly to the

one-dimensional case, boundary conditions for the adsorbing and reflective boundaries

can be described through Dirichlet (adsorbing) and Robin (reflective) boundaries, re-

spectively. Similarly to the Fokker-Planck equation, one can extend the derivation of

the backwards equation and the mean first passage time problem into higher dimen-

sions.

1.3.2 Velocity jump processes

A second random process that we will use repeatedly throughout the thesis is the

so-called velocity jump process [34]. The name stems from the comparison to the

discretised Brownian motion (1.2) that is often called a position jump process4. In

a velocity jump process the position Xt ∈ Ω ⊂ Rd, d = 1, 2, 3, of a particle changes

according to its current velocity Vt ∈ V ⊂ Rd, where Ω is the domain in which the

particle moves and V is the velocity space. In the interval [t, t + dt) the velocity

changes with probability λ dt, where the turning frequency λ ∈ R can depend on

various internal and external factors. If a change of velocity does occur, the new

velocity is drawn from the so-called turning kernel T (v∗,v) : V × V 7→ R that

denotes the probability5 of choosing v∗ ∈ V as the new velocity, given that the old

velocity was v ∈ V . We derive a PDE for the mesoscopic probability distribution

p(t,x,v) that formally denotes the probability that the random walk is at time t ≥ 0

4Note though that a Brownian motion is by definition almost surely continuous everywhere, which
means that technically the position does not undergo a jump.

5Being a probability distribution, T has to satisfy
∫
V
T (v∗,v) dv∗ = 1.
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positioned at x ∈ Ω with a velocity v ∈ V . For the derivation, we assume that we

know the probability distribution at time t and derive the probability distribution at

time t+ dt by

p(t+ dt,x,v) =(1− λ dt) p(t,x− dtv,v)

+ λ dt

∫
V

T (v,v∗) p(t,x− dtv∗,v∗) dv∗ +O
(
(dt)2

)
,

where the first term on the right-hand side represents the case that the particle did

not turn in the interval [t, t + dt). The second term corresponds to the case that a

particle has turned from its previous velocity v∗ into v. Using a Taylor expansion in

position x, we can write

p(t,x− dtv,w) = p(t,x,w)− dtv · ∇xp(t,x,w) +O
(
(dt)2

)
,

for w ∈ {v,v∗}. Plugging this into the above equation, dividing by dt and considering

the limit dt→ 0, we obtain the classical velocity jump equation [128]

∂p(t,x,v)

∂t
+ v · ∇xp(t,x,v) = −λp(t,x,v) + λ

∫
V

T (v,v∗) p(t,x,v∗) dv∗ . (1.6)

Whilst a great part of literature regarding the velocity jump processes deals with the

properties and effects of the turning kernel [56, 171], most models considered in this

thesis will use an unbiased turning kernel of the form T (v,v∗) = 1/|V | and a constant

speed s ∈ R such that

V = s · Sd−1 =
{
v ∈ Rd : ‖v‖ = s

}
.

The Telegrapher’s equations

We now investigate such an unbiased velocity jump process with constant speed in

one space dimension. In this case the velocity space V reduces to V = {s,−s} and we

can define the two probability density functions p±(t, x) = p(t, x,±s). The velocity

jump equation takes the form of the so-called Telegrapher’s equations [128]

∂p+

∂t
+ s

∂p+

∂x
=
λ

2

(
p− − p+

)
,

∂p−

∂t
− s∂p

−

∂x
=
λ

2

(
p+ − p−

)
.

(1.7)

Let us define the macroscopic density n(t, x) and the flux j(t, x) through

n(t, x) = p+(t, x) + p−(t, x) , j(t, x) = sp+(t, x)− sp−(t, x) . (1.8)
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Adding the two telegrapher’s equations (1.7), we obtain an equation for the evolution

of n(t, x)
∂n

∂t
+
∂j

∂x
= 0 . (1.9)

Similarly, by multiplying (1.7) by ±s and adding the two equations, we obtain

∂j

∂t
+ s2∂n

∂x
= −λj . (1.10)

Differentiating (1.9) with respect to t and (1.10) with respect to x and subtracting

one from the other, we obtain the damped wave equation [93]

1

λ

∂2n

∂t2
+
∂n

∂t
=
s2

λ

∂2n

∂x2
. (1.11)

One could also view (1.11) as a hyperbolic diffusion equation, because taking adequate

scaling limits as described in [55], the classical diffusion equation

∂n

∂t
= D0

∂2n

∂x2
, D0 =

s2

λ0

,

can be obtained. Taking the limit λ, s→∞ whilst keeping D0 = s2/λ constant, this

relation is exact and the velocity jump process described above becomes a Brownian

path with the diffusion constant D0. In Figure 1.1(a) we show comparisons of real-

isations of each process in one dimension, where we choose s = 5, λ = 25 for the

velocity jump process and F ≡ 0, D = 1 for the Brownian dynamics simulation. One

can clearly see the different nature of the two processes, but it is easy to imagine

that passing to the limit λ→∞ while keeping D0 = s2/λ constant could result in a

Brownian path.

The Cattaneo approximation

In higher space dimensions the derivation above does not generally hold. Instead,

one can use the so-called Cattaneo approximation to derive an effective drift diffusion

equation related to a given velocity jump process [86]. The general idea is similar

to the one-dimensional case above. Hence, let us define the velocity moments of the

mesoscopic probability density function p(t,x,v) as follows:

m(0)(t,x) =

∫
V

p(t,x,v) dv ,

m
(1)
i (t,x) =

∫
V

vi p(t,x,v) dv , i = 1, . . . , d ,

m
(2)
i,j (t,x) =

∫
V

vi vj p(t,x,v) dv , i, j = 1, . . . , d ,
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Figure 1.1: Comparison between Brownian walks and velocity jump processes for d =
1, 2 achieved with the following parameters:
(a)One dimension (d = 1): s = 5, λ = 25, D = 1, ∆t = 10−4.
(b)Two dimensions (d = 2): s = 5, λ = 25, D = 0.5, ∆t = 10−4.
In both panels the solid (black) line represents the Brownian walk and the dashed
(blue) line represents the velocity jump process.

where v = [v1, . . . , vd]
T . Throughout this thesis, we will also use the shorter notation

m(1) =
[
m

(1)
1 , . . . ,m

(1)
d

]T
∈ Rd ,

M(2) =
(
m

(2)
i,j

)
i,j
∈ Rd×d .

Integrating the classical velocity jump equation (1.6) with respect to v ∈ V , we obtain

∂m(0)

∂t
+

d∑
i=1

∫
V

vi
∂p

∂xi
dv = −λm0 +

∫
V

∫
V

T (v,v∗) p(t,x,v∗) dv∗ dv .

Changing the order of integration and differentiation on the left-hand side and chang-

ing the order of integration on the right-hand side using
∫
V
T (v,v∗) dv = 1, we obtain

the equation for the zeroth moment

∂m(0)

∂t
+∇ ·m(1) = 0 .

In order to derive equations for the first moments m
(1)
i , i = 1, . . . , d, we multiply (1.6)

by vi and integrate again with respect to v ∈ V . We obtain after changing the order

of integration / differentiation

∂m
(1)
i

∂t
+

d∑
j=1

∂

∂xj

(
m

(2)
i,j

)
= −λm(1)

i +

∫
V

∫
V

vi T (v,v∗) dv p(t,x,v∗) dv∗ .
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In the case of an unbiased process, we have
∫
V

v T (v,v∗) dv = 0 and we can write

the first moment equation in the form

∂m(1)

∂t
+∇ ·M(2) = −λm(1) .

In a similar manner, one can derive second moment equations form
(2)
i,j that will depend

on the third moments and so on. In order to close this system Hillen [86] proposes an

L2 moment closure by looking for a function u(t,x,v) that has the zeroth moment

m(0)(t,x), the first moments m
(1)
i (t,x), i = 1, . . . , d, and a minimal L2 integral. To

close this system, Hillen [86] then assumes that M(2) is equal to the second moment

of u(t,x,v), which in the case of constant speed s ∈ R results in

M(2) =
s2

d
m(0) I , (1.12)

with I ∈ Rd×d being the identity matrix. The complete Cattaneo approximation can

then be written as
∂m(0)

∂t
+∇ ·m(1) = 0 ,

∂m(1)

∂t
+
s2

d
∇m(0) = −λm(1) .

Using similar techniques as in the one-dimensional case, we can derive a hyperbolic

diffusion equation similar to (1.11):

1

λ

∂2m(0)

∂t2
+
∂m(0)

∂t
= D0∆m(0) , D0 =

s2

dλ
.

Again, if one considers times t � 1/λ this equation behaves like a d-dimensional

diffusion equation with diffusion constant D0. We will return to the technique of the

Cattaneo approximation at different points throughout this thesis in order to adjust

it for different situations. We show a comparison between a Brownian walk and a

velocity jump process in two dimensions in Figure 1.1(b).

1.4 Modelling frameworks for systems of dispersal

In this section we introduce mathematical frameworks for agent-based, continuum

and hybrid models as well as swarm robotics systems and show their applications in

various examples.
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1.4.1 Agent-based models

The main characteristic of agent-based models is that they directly describe the be-

haviour of individuals depending on their environment [140]. This can include ongo-

ing internal processes as well as the interaction between individuals through direct

contact or other means of communication. The main advantage of these models is

therefore that a very specific description of the individual behaviour and interac-

tions can be considered; these details are often lost in continuum descriptions. On

the downside, individual-based models require significant computational effort in the

case of high numbers of individuals and complex communication patterns. Due to

this, agent-based models can only be used for systems that contain a tractable num-

ber of particles. One common application area is the modelling of collective animal

behaviour; e.g. Couzin et al. [38] present a model that mimics the motion of bird

flocks and fish schools. Another popular application area for agent-based modelling

is the behaviour of human crowds in panic situations [82, 135].

An informal description

While continuum models have a well-developed mathematical theory, descriptions for

agent-based models are often given in an informal way or even written as computer

routines. This makes it difficult to create a unified framework for agents and to

theoretically analyse their behaviour. The literature also fails to agree on a general

definition of an agent. In this thesis, we use a definition which is adapted from [170]

and used in [65].

Definition 1.3. An agent is a system that uses a fixed set of rules based on commu-

nication with other agents and information about the environment in order to change

its internal state and fulfil its design objective.

Mathematical framework

We now want to shape this informal definition into a mathematical framework that

describes the general behaviour of an agent. Following from Definition 1.3 this frame-

work needs to incorporate behavioural rules for each agent as well as the possibility

of communication between the agents. Let us therefore consider N agents numbered

i = 1, . . . , N . In practice this number N can change during the course of a simulation

through death or reproduction of agents, hence N ≡ N(t) ∈ N. Each of these agents

has ni internal state variables y
(i)
j , j = 1, . . . , ni, that form the internal state vector
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y(i) ∈ Rni of agent i = 1, . . . , N . These internal states can describe the position, ve-

locity or properties like hunger or sleep deprivation of an agent [154]. The behavioural

rules of an agent are incorporated in the update rules for these internal states y(i).

We additionally assume that one agent does not have access to all internal state vari-

ables of another agent. Instead every agent has a set of observable state variables

w(i) ∈ Rmi , i = 1, . . . , N , that can be perceived by other agents. These observable

states depend directly on the internal states and in most cases form a subset of these.

The multi-agent system can then be written in the form

y(i)(t+ ∆t) = f (i)
(
t,y(i)(t),∆t,X

)
, i = 1, . . . , N , (1.13)

w(i)(t) = g(i)
(
y(i)(t)

)
, i = 1, . . . , N , (1.14)

X =
{
w(1), . . . ,w(N)

}
, (1.15)

where we defined the set X as the set of the external states of all agents to simplify

the notation. We can see that the evolution of y(i) is given by the function f (i), which

notably depends on the time step ∆t. This general description can entail discretised

versions of ordinary differential equations (ODEs) as well as stochastic differential

equations (SDEs). For example the SDE (1.1) can be written in the form (1.13)–

(1.15) using the Euler-Maruyama method as shown in (1.2). Additionally, cellular

automaton models like the ones shown in [141] can be formulated in the form (1.13)–

(1.15).

We understand the external states of an agent merely as an observable represen-

tation of the internal states, which is why w(i)(t) directly depends on y(i)(t) through

the function g(i). The distinction between observable and non-observable states is

often used to represent internal memories that cannot be perceived by other agents

[65]. In many practical cases, agents are limited to perceiving the observable states

of other agents close by [38], which in the presented framework can be incorporated

into the update function f (i).

As mentioned before, the advantage of this type of model over a continuum de-

scription is the possibility of accurately defining the individual behaviour as well as

the communication between agents. This allows one to consider individuals with

complex behavioural rules and systems with very low copy numbers, where stochastic

effects play a major role. On the other hand agent-based models contain a number

of variables that is of O(N), i.e. proportional to the number of agents in the system.

Pairwise interactions incorporated into (1.13) through the set X lead to a computa-

tional complexity of O(N2), which can present a significant computational effort in

the case of high copy numbers in the system. Similarly this high number of variables
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and interaction terms and the sometimes rather loose definition of the update process,

mean that analytic results for agent-based models are only very rarely achievable and

one often has to be content with numerical results.

1.4.2 Continuum models

For systems with very high copy numbers, like reaction-diffusion PDEs [49], the com-

putational complexity of purely agent-based models becomes intractable and one often

reverts to continuum models. Rather than individual properties, these models con-

sider all individuals of a given species through group-level quantities. The continuum

models we are presenting here use the spatio-temporal concentrations as the main

indicator function of a species. The update rules can be acquired by phenomenologi-

cal approaches or by formal mathematical limiting processes, through so-called mean

field equations. In Section 1.3 we have already seen two of those mean field limits

that lead to the equations (1.3) and (1.6) that can be interpreted as equations for

spatio-temporal concentrations of a species.

Mathematical framework

We consider a system of M biological or chemical species inside a computational

domain Ω ⊂ Rd, d = 1, 2, 3, and describe these species through their respective

concentrations ci(t,x) : [0,∞) × Ω 7→ R+
0 , i = 1, . . . ,M , at a given point x ∈ Ω and

at time t ≥ 0. To simplify notation we introduce the vector c = (c1, . . . , cM)T ∈
RM . The update relations for these concentrations are in general given through an

evolution equation of the form

∂c

∂t
(t,x) = L(t,x, c) , x ∈ Ω , t ≥ 0 , (1.16)

where L is an operator that acts on the concentrations c as a function of x ∈ Ω and

t ≥ 0. The operator L most commonly takes the form of a differential operator, e.g.

in the Fokker-Planck equation (1.3), or an integro-differential operator, e.g. in the

velocity jump equation (1.6). In these cases the update rule (1.16) takes the form of

a PDE or an integro-differential equation (IDE). Additionally, one could also imagine

the addition of stochastic terms to obtain stochastic partial differential equations

(SPDEs) as seen in [29]. In addition to the update relation (1.16), initial data for the

concentrations is given through

c(0,x) = c0(x) , x ∈ Ω . (1.17)
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In order to enforce certain behaviour at the boundary ∂Ω of the domain Ω, boundary

conditions are given in the form

G(t,x, c) = 0 , x ∈ ∂Ω , t > 0 , (1.18)

where G is an operator on the concentrations c. In most practical examples these

boundary conditions describe the values (Dirichlet conditions) or the normal deriva-

tives (Neumann conditions) of c on the boundary of the domain. Equations (1.16)–

(1.18) form the full continuum model that describes the behaviour of the concentra-

tions of the M species. Note, that one can extend this framework to allow different

species to be defined in different domains Ωi ⊂ Ω, if for example certain species are

confined by the presence of a membrane [73].

Numerical and analytic solutions

In the case where L is a differential operator and (1.16) takes the form of a system

of PDEs, one can make use of the existing numerical and theoretical results that

can be found in the vast literature about systems of PDEs. Analytic solutions of

systems of PDEs are for example studied in [125] whilst an introduction to their

numerical solution is given in [41]. In this subsection we want to discuss aspects of

the numerical solution of continuum systems (1.16)–(1.18) that might be of interest

for the introduction of hybrid models in Section 1.4.3.

Let us assume that we have been given L points r(1), . . . , r(L) ∈ Ω that form an

adequate representation of Ω. We will call these points gridpoints even though they

do not have to form a grid in Ω. The numerical solver tries to approximate the values

of c
(
r(l)
)
, l = 1, . . . , L, at given times tk = k∆t, k = 1, 2, . . . . To simplify notation

we define the matrices

Ck =
[
c
(
tk, r

(1)
)
, . . . , c

(
tk, r

(L)
)]
∈ RM×L . (1.19)

The update rule for the matrices Ck can now be formulated through

{C0, . . . , Ck}
LD7−→ Ck+1 , (1.20)

where LD represents a discretised version of the operator L defined in (1.16). This

discretised version represents the choice of solver used to numerically analyse the

system of PDEs (1.16). Common solvers include finite difference approaches as well

as more complex finite element methods [41].
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1.4.3 Hybrid models

So far we have reviewed the two classical modelling approaches for systems of dis-

persal: agent-based models that directly incorporate the individual behaviour and

interactions between individuals and continuum models that describe the group of

individuals through group-level quantities. As a rule of thumb one mostly uses con-

tinuum approaches if the number of individuals in a system is large, if these individuals

have relatively simplistic behaviour and interactions, and are small compared to the

size of the considered domain. For systems with a smaller number of particles or a

more complex behavioural pattern it is often advantageous to use agent-based models

as the additional freedom in the description can help the modelling process.

In certain situations, it might, however, be desirable to combine the two frame-

works into one model in order to exploit inhomogeneities in the system. For example,

one might wish to have the choice between agent-based models and continuum de-

scriptions for each of the species in the system independently. This has the advantage

that one does not have to find a compromise between varying properties of different

species. On the other hand certain spatial characteristics of the system, e.g. caused

by membranes that are only permeable for certain molecules [73] or special behaviour

close to a reaction surface [48], might render it advantageous to be able to switch

between the two modelling types depending on the spatial regime.

The option of using different modelling approaches for different species or in differ-

ent spatial regimes helps to accommodate differences in properties like size, complex-

ity and number. For example, Dallon and Othmer [39] developed a hybrid model for

chemotaxis of slime mould Dictyostelium discoideum in which the cells are treated as

individuals in a continuum field of the chemoattractant which evolves according to a

reaction-diffusion PDE. A similar hybrid modelling framework has also been applied

to chemotaxis of bacteria [44, 174] and leukocytes [79]. The use of a hybrid approach

for these problems allows for faster simulations than the purely agent-based model

which would treat the small and abundant extracellular molecules as another set of

agents and would lead to an intractable computational complexity.

The use of hybrid models is becoming more widespread especially with the grow-

ing computational power that allows one to consider more complex systems in this

manner. Examples include the modelling of tumour growth [134] and forest dynam-

ics [104]. In cancer biology, several hybrid cellular automaton models have been

proposed in the literature [141, 149]. For example, Smallbone et al. [149] coupled a

two-dimensional cellular automaton model (describing cells) with continuum (PDE-

based models) of glucose, H+ and oxygen concentrations, building on the previous
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work of Patel et al. [134] and Alarcón et al. [3]. A similar hybrid approach has

been used in a number of other studies in cancer biology [6, 75, 127]. A hybrid forest

model with trees modelled as agents and a continuum approach used for oxygen and

other atmospheric gases is presented in [104]. In economical research, hybrid models

are used to estimate prices in the petrol market [83] and in general markets with

a non-uniform spatial demand of products [84, 85]. In these models the demand is

described as a continuous function of space whereas the retailers are considered as

agents.

Mathematical framework

Because of their hybrid nature the general framework for these models necessarily

combines the two frameworks presented in Sections 1.4.1 and 1.4.2. We therefore

define MC concentrations ci(t,x) : [0,∞) × Ω 7→ R+
0 , i = 1, . . . ,MC , on the domain

Ω ⊂ Rd, d = 1, 2, 3. Similarly to the update rule (1.16) for the continuum case,

the evolution of c = [c1, . . . , cMC
]T is governed by an operator L. For the hybrid

model, however, this operator L also depends on the current states of the agents.

The N ≡ N(t) ∈ N agents are represented by their internal state variables y(i)(t) and

their set of observable states w(i)(t) as defined in (1.14). To allow for interactions

between the agents and the continuous variables c, the set of observable states X as

defined in (1.15) is used. The update rules for the system are formally

∂c

∂t
= L (t,x, c,X ) , x ∈ Ω , (1.21)

y(i)(t+ ∆t) = f (i)
(
t,y(i)(t),∆t,X , c

)
, i = 1, . . . , N , (1.22)

where X is given in (1.15). In (1.21) we see that the agents can influence the contin-

uous variables c through the set of observable states X . Similarly, the behaviour of

the agents can be altered by the continuous variables, as the operator f (i) now also

depends on c. Figure 1.2 shows a graphical representation of the hybrid model. It

contains the N agents represented by the internal states y(i) on the left. Through

the function g(i) the observable states w(i) are generated. These in turn influence the

update of the continuous variables c as well as the agents’ behaviour.

Example 1.1. Hybrid cellular automaton model for carcinogenesis

In [149] Smallbone et al. present a hybrid cellular automaton model for the formation

of cancer. This model uses reaction-diffusion equations to calculate the concentration

of oxygen, glucose and hydrogen ions in the environment of the cells. The concen-

trations of these chemicals therefore constitute the continuous variables c. Each cell
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Figure 1.2: Concept of a hybrid model. Arrows symbolise direction of influence.

of the cellular automaton is represented by an agent with the internal state y(i) ∈ N
defining which of the finite number of possible phenotypes the cell at this position has

(including the “phenotype” empty). As these phenotypes are observable by neighbour-

ing cells, we have w(i) = y(i). This cellular automaton model has a generation-based

update rule, which means that the states y(i) are only updated once every time step.

The rules of the model then represent the probabilistic functions f (i) in equation (1.13),

where the change depends on the current phenotype, the neighbouring cells and the

concentrations of the considered chemicals at the cell position.

Example 1.2. Hybrid model for chemotaxis of Dictyostelium discoideum

Dallon and Othmer developed a hybrid model for the chemotaxis of Dictyostelium

discoideum [39] that combines individual cell movement with a continuous extracel-

lular concentration of cAMP modelled by a PDE. The internal states of the agents

are the position of the individual x(i) ∈ R2, as well as the variables representing the

intracellular processes. Only the position and one of the intracellular variables influ-

ence the external field and therefore form the observable states w(i) ∈ R3. The update

rules f (i) are given through ODEs for the internal dynamics and rules of motion for

the position.

A position-based hybrid model

So far, we have defined a general framework for hybrid models that couples agent-

based models and continuum models with a great freedom. Let us now refine this

framework more specifically for the systems presented in this thesis.

We start by introducing the concept of species into the agent-based parts of the

models. Let us therefore assume that the N agents are divided onto MA different

species, similar to the MC species of the continuum components. Each species is
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represented by Nj(t), j = 1, . . . ,MA, agents6. Additionally, we now require every

agent to have a position x(i,j) ∈ Ω, i = 1, . . . , Nj(t), j = 1, . . . ,MA, inside the domain

Ω that is part of its internal variables y(i,j) and is always observable, i.e. it is also

part of w(i,j). We will additionally require that all agents of the same species have

consistent internal and observable state variables as well as identical update functions

f (i,j) and observing functions g(i,j). Additionally to the position of an agent, we

introduce the mass m(i,j) ∈ R of an agent that is always part of the observable state

vector. In most cases considered in this thesis, we use constant values for this mass.

Using this, we can define density functions %
(j)
δ for each of the species j = 1, . . . ,MA

through

%
(j)
δ (t,x) =

Nj∑
i=1

m(i,j)(t) δ
(
x− x(i,j)(t)

)
, x ∈ Ω ,

where δ is the Dirac δ function. When discussing numerical simulations of hybrid

models of chemotaxis in Chapter 2, we will see that this definition of %
(j)
δ provides a

first step towards obtaining a continuous density function for the agents. Assuming

that w(i,j) = [x(i,j),m(i,j)] for all species, we can redefine the operator L, which governs

the behaviour of the continuous variables c to directly incorporate %
(j)
δ as follows

∂c

∂t
= L

(
t,x, c, %

(1)
δ , . . . , %(MA)

)
.

This concept is still very flexible in that a large number of currently used hybrid

models can be formulated this way. The aim of Chapters 2 and 3 of this thesis is

the development of specific ways of implementing this concept for different types of

systems with different inhomogeneities to be exploited. We will see how the hybrid

concept can strongly reduce computational effort whilst maintaining individual-based

resolutions where necessary or desired.

1.4.4 Swarm robotic experiments

Whilst swarm robotic experiments cannot be seen as a mathematical modelling frame-

work as such, they can still provide further insight into biological systems of dispersal,

and have become widespread in the literature [18]. Most commonly swarm robotic

systems are used to mimic biological behaviour in order to improve understanding of

specific systems and to eventually alter the behaviour of the target system [72]. In

other application areas the mimicking of real systems can be used directly to enhance

the operation of an existing robotic system [32]. Additionally, swarm robots are often

6Evidently, we require
∑MA

j=1Nj(t) = N(t).
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Sensors CPU Actors

Memory

Figure 1.3: Concept of a robotics system. Arrows symbolise data flow.

used for hazardous tasks where a group of affordable robots is advantageous compared

to one large scale operator, e.g. in oil spill confrontation [92].

One can generally split the components of an individual robot into four parts:

sensors, processing unit, internal memory and actors. Sensors are used to observe

the environment and typically give noisy and therefore imperfect data. Common

types of sensors for swarm robots are proximity sensors, microphones and cameras.

The sensor data is typically transmitted to the central processing unit (CPU), where

the important information, e.g. positions of obstacles, gets extracted and is then

used to control the behaviour of the robot. The CPU runs a set of rules that have

been programmed beforehand and that is often given in the form of an endlessly

repeating iteration of a number of steps. The evaluation of the program depends on

data read from the internal memory and can save or manipulate data in this memory.

The resulting control outputs are then transferred to the actors that influence the

physical behaviour of the robot. Actors can appear in a number of forms, but are

most commonly motors, status indicators or speakers. Other robots and external

observers can only perceive changes administered by those actors, e.g. through change

of position or lighting of a status LED. This concept is illustrated in Figure 1.3.

It is clear that swarm robotics systems have a number of things in common with

agent-based models. In particular, the internal memory can be interpreted as a set

of internal variables y(i) and the observable states w(i) of a robot are controlled by

the actors that take a role similar to the observer function g(i) in agent-based models.

The main program along with the evaluation of sensor readings is described through

the update function f (i). The main difference between robots and agent-based models

is that the environment and thereby the observable states of other robots can only

be seen through the sensor data. This sensor data is often noisy and only provides

an imperfect approximation of those states.

In Chapter 4 we study a swarm robotic system on the application of target finding.

We discuss the differences between agent-based systems and aim to improve classical
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models to account for those differences. We then study collisions between robots in

more detail in Chapter 5. Using the results from those two chapters one can build

reasonably accurate agent-based and continuum models that are able to describe the

behaviour of simple robotic systems.
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Chapter 2

Hybrid modelling of bacterial
chemotaxis

In this chapter, we pick up from the mathematical framework of hybrid models pre-

sented in Section 1.4.3 and apply it to the process of bacterial chemotaxis. The focus

thereby lies both on the application area and on the implementation of more general

concepts in hybrid models of a certain type. We start the chapter by explaining the

biological background of bacterial chemotaxis and follow up with the discussion of

the classical continuum model for this system and some of its successors. In Sec-

tion 2.3 we extend the hybrid modelling concept for this application area, thereby

discussing certain aspects that play an important role in the implementation of hy-

brid models in practice. These concepts will be applied to obtain a hybrid version

of the classical chemotaxis model in Section 2.4. The main focus of this section is to

compare hybrid models to corresponding continuum models in order to understand

what advantages and difficulties these models present. In the next step, we introduce

growth processes into the chemotaxis system, thereby addressing another important

conceptual question of hybrid models. All results will be summed up and discussed

in Section 2.6.

Most results presented in Section 2.4 as well as concepts presented in the ear-

lier sections were published in the invited book chapter [66]. Whilst the majority

of the models presented in those sections are taken from the literature, the unifying

modelling framework and the methodical study of coupling problems in hybrid mod-

els is novel. The results presented in Section 2.5 were published in the Bulletin of

Mathematical Biology paper [69] and are novel.
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2.1 Biological background

Definition 2.1. Bacterial chemotaxis is a phenomenon where bacteria adjust their

direction of motion depending on the concentrations of certain chemicals in their

environment.

This phenomenon plays an important role for bacteria as it allows them to direct

their motion towards food sources (e.g. glucose) and away from harmful substances

(e.g. phenol) [14]. We will call those chemicals that attract bacteria chemoattractants

and those that repel them chemorepellents. This driven form of motion plays a

fundamental role in many biological processes, including development [102], wound

healing [168] and tumour invasion [74].

The process of bacterial chemotaxis was first described in the late 19th century by

Engelmann [43] and Pfeffer [136]. It was not until the late 1960s, however, that the

pioneering experiments of Adler were able to demonstrate and quantify the process

[1, 2]. In his experiments Adler injected a population of Escherichia coli (E. coli)

bacteria into one end of a closed tube that was filled with oxygen and an energy rich

substance (e.g. galactose). Adler reports the formation of two bands of bacteria that

are visible to the naked eye. He deduces that the bacteria consume the two substances

(oxygen and galactose) and create a concentration gradient that they follow through

chemotactic movement. He attributes the formation of two bands to the excess of

one of the substances over the other, which causes the first band to leave a residual

that can be used to form the second band. Interestingly, Adler also observed that the

two bands move with a close to constant speed over a long period of time [1].

Further studies of E. coli bacteria have revealed that their movement is controlled

by four to six rotating flagella that are spread across the cell surface [11]. Two different

types of motion can be identified and are directly linked to the rotation of those

flagella. If the flagella rotate counter-clockwise, they coalesce into a bundle resulting

in a straight movement called a run. Conversely, clockwise flagella rotation does not

lead to bundle formation and results in a rotation on the spot of the bacterium that is

called a tumble [14]. Further experiments have revealed that the average run duration

is ∼ 1 sec with a tumble duration of ∼ 0.1 sec [12]. Additionally, it was shown that the

reorientation of the tumble is almost random with a small bias towards the previous

direction and that E. coli bacteria have a complex internal reaction network that leads

to the chemotactic behaviour observed in experiments through prolongation of a run

phase if the direction is advantageous and shortening if it is disadvantageous. The

reason why E. coli is often used as a model system in the mathematical and biological
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literature is that its internal reaction network is extremely well understood, see e.g.

[131] for a review of the literature in this research area.

2.2 The Keller-Segel model

One of the earliest mathematical models of bacterial chemotaxis was developed by

Keller and Segel [95]. The model, which is now known as the Keller-Segel model,

considers both the bacteria and an extracellular chemical, in a continuum limit. The

concentration of bacteria is denoted by n(t, x) and the concentration of the extracel-

lular signal by S(t, x). The update equation (1.16) for their model takes the form

[95]

∂n

∂t
= Dn

∂2n

∂x2
− ∂

∂x

(
nχ(S)

∂S

∂x

)
, (2.1)

∂S

∂t
= DS

∂2S

∂x2
− k(S)n , (2.2)

where χ(S) is the chemotactic sensitivity function and k(S) governs the consumption

of extracellular signal by the bacteria. We can see that the behaviour of the bacteria

takes the form of a general advection-diffusion equation that can be interpreted as

a Fokker-Planck equation as seen in (1.3) in Section 1.3.1. The diffusion of the

bacteria occurs with the diffusion constant Dn, while the advection is governed by

the chemotactic sensitivity χ(S). Depending on the sign of χ(S) the chemical S

can be a chemoattractant (χ > 0) or a chemorepellent (χ < 0). The extracellular

signal diffuses with the diffusion constant DS and is consumed by the bacteria with

a consumption rate k(S) that depends on the concentration of S.

One can mimic the experiments performed by Adler by considering system (2.1)–

(2.2) on the domain Ω = [0, L] using the initial conditions

n(0, x) = δ(x) and S(0, x) = S∞ , x ∈ [0, L] , (2.3)

where δ(x) denotes the Dirac δ function and S∞ ∈ R+ is the constant concentration of

extracellular signal at the beginning of the experiment. We apply no-flow boundary

conditions at both ends of the domain, which corresponds to the closed tube. Those

conditions take the form

Dn
∂n

∂x

∣∣∣∣
x=0,L

= nχ(S)
∂S

∂x

∣∣∣∣
x=0,L

, DS
∂S

∂x

∣∣∣∣
x=0,L

= 0 . (2.4)

These conditions (2.3)–(2.4) now complete the continuum model defined by equations

(1.16)–(1.18).
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In a direct follow-up to the original paper, Keller and Segel investigated the exis-

tence of travelling wave solutions of the system (2.1)–(2.2) [96]. The derivations in the

remainder of this section are transcribed from [96]. For the study of travelling wave

solutions it is necessary to consider the Keller-Segel system on the infinite domain

Ω = R with boundary conditions given through

lim
x→±∞

n(t, x) = 0 , lim
x→±∞

∂n(t, x)

∂x
= 0 , t > 0 ,

lim
x→−∞

S(t, x) = 0 , lim
x→∞

S(t, x) = S∞ , t > 0 .
(2.5)

To simplify the derivation they neglected the (passive) diffusion of the extracellular

signal S, because it is slower than the (active) motion of the bacteria [95]. Addition-

ally, they assumed k(S) = k0 ∈ R+. We now prove that under these conditions

travelling wave solutions for the system (2.1)–(2.2) can only exist if the chemotactic

sensitivity χ(S) has a singularity [96].

Theorem 2.1. If the chemotactic sensitivity χ(S) : R+
0 7→ R+

0 does not have a

singularity, the classical Keller-Segel system (2.1)–(2.2), under the assumptions DS =

0 and k(S) = k0 ∈ R+, cannot yield travelling wave solutions in R that satisfy the

boundary conditions (2.5).

Proof. Let us assume that the chemotactic sensitivity χ(S) does not have a singularity

inside the interval S ∈ [0, S∞]. Therefore, χ is bounded and integrable in this interval.

Let us moreover assume that a travelling wave solution exists and use the following

change of variables to account for this

n(t, x) = nw(x− ct) = nw(ξ) and S(t, x) = Sw(x− ct) = Sw(ξ) . (2.6)

Using the simplifying assumptions DS = 0 and k(S) = k0 we can now rewrite the

system (2.1)–(2.2) as

−cn′w = Dnn
′′
w −

(
nwS

′
wχ(Sw)

)′
, (2.7)

−cS ′w = −k0nw , (2.8)

where primes denote derivatives with respect to the wave variable ξ. The boundary

conditions for the wave variables are

lim
ξ→±∞

nw(ξ) = 0 , lim
ξ→±∞

n′w(ξ) = 0 , lim
ξ→−∞

Sw(ξ) = 0 , lim
ξ→∞

Sw(ξ) = S∞ .

(2.9)
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Integrating (2.7) with respect to ξ and applying the boundary conditions (2.9) at

ξ → −∞ as well as the boundedness of χ, we obtain

nw(ξ) = Q exp

(
− c

Dn

ξ

)
exp

(
g(Sw)

Dn

)
,

where dg(S)/dS = χ(S), i.e.

g(S) = g(0) +

∫ S

0

χ(S̄) dS̄ ,

with g(0) ∈ R and Q ∈ R+ being arbitrary integration constants. Substituting this

result into (2.8) and reordering, we get

S ′w

exp
(
g(Sw)
Dn

) =
Qk0

c
exp

(
− c

Dn

ξ

)
.

Integrating this equation over the interval [ξ,∞) gives∫ ∞
ξ

S ′w(ξ̄)

exp

(
g(Sw(ξ̄))

Dn

) dξ̄ =

∫ S∞

S(ξ)

exp

(
−g(S̄)

Dn

)
dS̄ =

QDnk0

c2
exp

(
− c

Dn

ξ

)
. (2.10)

Considering this equation in the limit ξ → −∞, we can see that the right-hand side

diverges. However, for the left-hand side of the equation we get

0 ≤
∫ S∞

0

exp

(
−g(S)

Dn

)
dS =

∫ S∞

0

exp

(
− 1

Dn

(
g(0) +

∫ S

0

χ(S̄) dS̄

))
dS

≤
∫ S∞

0

exp

(
−g(0)

Dn

)
dS = S∞ exp

(
−g(0)

Dn

)
<∞ ,

where we used the fact that χ is integrable, bounded and non-negative in the inter-

val [0, S∞]. This result, however, is a contradiction, as the left-hand side of equation

(2.10) is bounded for ξ → −∞, while the right-hand side diverges. Therefore, a travel-

ling wave solution for the classical Keller-Segel system (2.1)–(2.2) with the simplifying

assumptions DS = 0 and k(S) = k0 can only exist if χ(S) has a singularity.

Moreover, Keller and Segel showed that the singularity needs to be of order 1 or

greater and hence we choose the form χ(S) = Dnκ/S [96], where κ ∈ R+ is an

arbitrary positive constant. Using this form along with the simplifying assumptions

made in Theorem 2.1, we can derive the following dimensionless Keller-Segel system

that we use throughout the remainder of this section:

∂n

∂t
= µ

∂

∂x

(
∂n

∂x
− κn 1

S

∂S

∂x

)
, (2.11)

∂S

∂t
= −n , (2.12)
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where the dimensionless constant µ is given through

µ =
Dn S∞
N k0 L2

∈ R+ , with N =

∫
Ω

n(0, x) dx ,

and L is a typical domain length. The initial condition (2.3) for S has been simplified

to S∞ = 1 and the integral of n over the whole domain was normalised to∫
Ω

n(t, x) dx = 1 , t ≥ 0 . (2.13)

Theorem 2.2. If κ > 1 and µ > 0, the system (2.11)–(2.12) considered in Ω = R
has a travelling wave solution satisfying the boundary conditions (2.5) with S∞ = 1.

Proof. Using the wave variables as defined in (2.6), we can rewrite the system (2.11)–

(2.12) in the form

−cn′w = µn′′w − µκ
(
nw
S ′w
Sw

)′
, (2.14)

−cS ′w = −nw , (2.15)

The boundary conditions for this new system are given in (2.9), again using the

simplifying assumption S∞ = 1. Integrating (2.14) with respect to ξ and using the

boundary conditions (2.9) for ξ →∞, we obtain

cnw = µ

(
κnw

S ′w
Sw
− n′w

)
.

We can divide this by nw (> 0) and integrate again with respect to ξ. We get

nw = Q exp

(
− c
µ
ξ

)
Sκw , (2.16)

where Q is a positive constant. We now plug this result back into (2.15) and integrate

again in order to get the travelling wave solution Sw(ξ):

Sw(ξ) =

[
1 +

µ

c2
(κ− 1)Q exp

(
− c
µ
ξ

)] 1
1−κ

,

where the integration constant was chosen in a way that satisfies the boundary con-

ditions (2.9) for ξ → ∞. The second constant Q can be chosen arbitrarily positive,

as it translates the travelling wave solution Sw(ξ) along the ξ-axis. We choose

Q =
c2

µ(κ− 1)
,
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which results in the following expression for Sw

Sw(ξ) =

[
1 + exp

(
− c
µ
ξ

)] 1
1−κ

. (2.17)

Using this result, we obtain the form of the travelling wave solution nw for the bacteria

through (2.16)

nw(ξ) =
c2

µ(κ− 1)
exp

(
− c
µ
ξ

)[
1 + exp

(
− c
µ
ξ

)] κ
1−κ

. (2.18)

We can see that the travelling wave solution given in (2.17)–(2.18) satisfies the bound-

ary conditions (2.9) for all values of µ > 0 and κ > 1.

Corrollary 2.1. Using the integral constraint (2.13) given through the non-dimension-

alisation, we can integrate equation (2.15) over the whole R in order to obtain the

wave speed c

c =

∫∞
−∞ nw dξ∫∞
−∞ S

′
w(ξ) dξ

= 1 .

Hence, the wave speed of the dimensionless Keller-Segel system (2.11)–(2.12) is equal

to 1.

Corrollary 2.2. For the special case κ = 2, using the result from Corollary 2.1

(c = 1), the travelling wave solution simplifies to

nw(ξ) = µ−1 exp

(
− ξ
µ

)[
1 + exp

(
− ξ
µ

)]−2

,

Sw(ξ) =

[
1 + exp

(
− ξ
µ

)]−1

.

(2.19)

In particular, we can see that the function nw(ξ) is an even function, i.e.

nw(−ξ) = µ−1 exp

(
ξ

µ

)[
1 + exp

(
ξ

µ

)]−2

= µ−1 exp

(
− ξ
µ

)[
exp

(
− ξ
µ

)(
1 + exp

(
ξ

µ

))]−2

= nw(ξ) .

In Figures 2.1–2.2 we plot the travelling wave solutions (2.17)–(2.18) of the dimen-

sionless Keller-Segel system (2.11)–(2.12) for varying parameter values. We can see

that the value of µ defines the width of the wave, while leaving the shape unchanged.

The value of κ, however, changes the shape of the travelling wave solution. In the
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Figure 2.1: Travelling wave solution of the Keller-Segel model (2.11)–(2.12) given in
(2.17)–(2.18) for different values of the parameter µ, where κ = 2.
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Figure 2.2: Travelling wave solution of the Keller-Segel model (2.11)–(2.12) given in
(2.17)–(2.18) for different values of the parameter κ, where µ = 1/30.

case κ = 2 the travelling band of bacteria is symmetric, as was shown in Corol-

lary 2.2. For κ > 2 the wave is steeper in the front (right) and falls slowly in the back

(left). Choosing κ < 2 causes an opposite effect with the wave being bent backwards.

We will use the symmetric case κ = 2 throughout the remainder of this chapter for

convenience.

Travelling waves in chemotaxis models have also been recently studied in [106,

107]; we also note the articles [88] and [166] for a review and analysis of travelling

waves in PDE-based models. A comparison between mesoscopic (hyperbolic) and

macroscopic (parabolic) PDEs has been presented in [112].
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2.3 Hybrid models for different species

The bacterial chemotaxis system comprises two species that differ strongly in their

nature. On the one hand, extracellular molecules are extremely abundant and follow

a simple diffusion process, whilst bacteria on the other hand have a much more

complex behaviour, are much bigger and occur in copy numbers of many orders

of magnitude less. Because of those inhomogeneities, we are looking to apply the

position-based hybrid modelling approach introduced in Section 1.4.3 to this system,

with the bacteria being modelled as an agent-based species and the extracellular

signal as a continuum.

Additionally, it is reasonable to assume that E. coli bacteria only have a very

localised sensing [11]. We therefore assume that the agents in this model can only

observe concentrations (and derivatives thereof) at their current position x(i,j), i =

1, . . . , Nj, j = 1, . . . ,MA, following the definitions in Section 1.4.3. This, along with

the step-wise update of agents internal dynamics (and positions) as defined in (1.22),

has serious consequences for the nature of the numerical implementation of such

hybrid models. As for purely agent-based models the accuracy and efficient imple-

mentation of numerical simulations is of great importance, especially because it is

only in very rare cases possible to obtain analytic results for such systems.

2.3.1 Numerical implementation

When aiming to implement a hybrid model for the chemotaxis system, one quickly

encounters a number of conceptual difficulties that span over all position-based hybrid

models. Those problems can be identified when looking at the update performed for

each of the species.

For the continuum variables c(t,x), we assume, similarly to the framework in

Section 1.4.2, that the domain Ω ∈ Rd, d = 1, 2, 3, can be described by a finite

number of gridpoints r(1), . . . , r(L) ∈ Ω. We are again interested in approximating

the values of the continuous variables c at the gridpoints at given times tk = k∆t,

k = 1, 2, . . .. We use the notation Ck introduced in (1.19).

Additionally, we now need to calculate the values of the internal variables y(i,j)

for each of the agents i = 1, . . . , Nj of each of the agent-based species j = 1, . . . ,MA

at the times tk = k∆t, k = 1, 2, . . .. For each of the two subsystems we now have

to answer the question of how to get from tk to tk+1 still guaranteeing an accurate

approximation of the system. For the continuous variables this means, we have to
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adjust the solver described in (1.20) to contain the agents as follows

{C0, . . . , Ck, %δ(·, tk)}
LD7−→ Ck+1 ,

where %δ =
[
%

(1)
δ , . . . , %

(MA)
δ

]T
∈ RMA . The operator LD now additionally depends on

the positions of the agents at time tk. Note that we have made the implicit assumption

that the solver used for (1.21) only takes the positions of the agents at time tk into

account. For the agents, we intend to directly use the update rule given in (1.22) with

the restriction that the concentrations c (and their derivatives) can only be obtained

at the position x(i,j) of the agent considered. This assumption leads to an immediate

spatial matching problem, because in the numerical simulations these concentrations

only exist on the gridpoints r(l), l = 1, . . . , L.

Interpolation of c to agent positions

We can reformulate this spatial matching problem into an interpolation problem,

because the need to have estimates of c at all of the N agents positions is equivalent

to obtaining an interpolated function ĉ : Ω 7→ R+
0 . We can visualise the need for an

interpolation operator as follows{(
r(1), c

(
r(1)
))
, . . . ,

(
r(L), c

(
r(L)
))} Θ7−→ ĉ(x) .

One can additionally formulate conditions on the smoothness of the result of Θ, for

example, we will always require that ĉ is a continuous function and that it is (at least)

once continuously differentiable everywhere except at the gridpoints r(l), l = 1, . . . , L.

Knowing that we have to deal with a straightforward interpolation problem here,

we can use results from the well-studied fields of interpolation and approximation

theory and one of the many textbooks therein [167]. The choice of interpolation

operator depends strongly on the requirements for smoothness of the function ĉ, on

the mesh used and on the accuracy required. Note that in some cases the choice of

numerical solver for the update equation of continuum variables c inherently solves

the interpolation problem, for example a finite element approach inherently calculates

the interpolated function ĉ [41].

As the study of bacterial chemotaxis in this thesis is reduced to compact one-

dimensional domains Ω = [a, b], the interpolation problem is further simplified by the

assumption that a = r(1) < r(2) < · · · < r(L) = b. As none of the hybrid models

presented requires an approximation of the second derivative (or higher) of c, we can

use a linear (spline) interpolation operator Θ such that

ĉ(x) = c(r(l)) +
(
c(r(l+1))− c(r(l))

) x− r(l)

r(l+1) − r(l)
, x ∈

[
r(l), r(l+1)

]
.
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Other commonly used interpolation methods are quadratic or cubic spline or polyno-

mial interpolations [167].

Density estimation of agent-based species on gridpoints

The second spatial matching problem that occurs during the numerical update of the

concentrations c on the gridpoints r(l), l = 1, . . . , L, is due to the fact that %δ is not a

classical function, but an ensemble of Dirac δ functions. Therefore, we need to get an

estimate of the agent density for each species at least on the gridpoints, but ideally

over the whole domain Ω. The required operator can be written in the form

%
(j)
δ (x) =

Nj∑
i=1

m(i,j)δ
(
x− x(i,j)

) Ψ7−→ %(j)(t,x) : [0,∞)× Ω 7→ R+
0 .

Again, the requirements on the smoothness of %(j)(x) can alter depending on the

system, but we generally require it to be a continuous function. One way to achieve

such a mapping is the so-called kernel density estimation [165]. In general this method

is used to estimate the probability density function of a random process from a number

of realisations of this process. The name stems from the use of a kernel K(x) : Rd 7→
R, which is typically a continuous, symmetric, non-negative and normalised function.

For the one-dimensional systems studied in this chapter, these requirements can be

written as

K ∈ C0(R) , K(−x) = K(x) , K(x) ≥ 0 , ∀x ∈ R ,
∫ ∞
−∞

K(x) dx = 1 .

In practice a scaled version of K is used, which leads to the introduction of a band-

width parameter σ ∈ R+. We define

Kσ(x) =
1

σ
K
(x
σ

)
,

which still satisfies the above conditions. With given positions x(i,j), an estimate of

the probability density function is generally given by

%(j)(x) =

Nj∑
i=1

m(i,j)Kσ

(
x− x(i,j)

)
, j = 1, . . . ,MA . (2.20)

In the one-dimensional case, (2.20) takes the form of a convolution between Kσ and

%
(j)
δ . The most commonly used kernels are a Gaussian kernel of the form

K(x) =
1√
2π

exp

(
−x

2

2

)
, (2.21)
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Figure 2.3: Kernel density estimate for N = 100 agents, which are placed according to
a normal distribution for different bandwidths σ. The dashed (red) line is the under-
lying Gaussian probability density function and the solid (black) line is the generated
estimate by (2.20).

a piecewise linear kernel with compact support [133]

K(x) = max{0, 1− |x|} , (2.22)

and a Laplacian kernel [90]

K(x) =
1

2
exp (−|x|) .

Figure 2.3 shows an example of a kernel density estimation for 100 normally dis-

tributed random variables using a Gaussian kernel with different bandwidths σ. In

Figure 2.3(a) we can see that the choice of a very small σ leads to a highly oscillating

estimate, while a very large σ can lead to the estimate being too wide, as shown in

Figure 2.3(c). An optimal choice for the parameter σ and the kernel itself always

depends on the nature of the problem and the number of samples [91].

In practice, many hybrid models (e.g. Example 2.1) solve the density estimation

process using a regular grid and having each agent only contribute to neighbouring

gridpoints. This can be represented by the use of the piecewise-linear kernel given in

(2.22) with the bandwidth σ = ∆x and can therefore also be seen as a kernel density

estimation.

Other aspects of numerical simulations

In addition to the two spatial matching problems discussed thus far, the numerical

simulation of hybrid models can present further difficulties. The first problem is

the choice of a solver for the continuous variables that is in most cases restricted to

explicit methods, because the use of implicit method requires the solution of implicit

equations for all agent states and becomes therefore quickly non-feasible. Related
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to this is the choice of time stepping. In theory it is possible to use different time

steps for each species, whether agent-based or continuous. However, in practice the

necessity of accurate estimates of concentrations for the update of all species often

makes it easiest to use the same time step for all species.

The discrete nature of the agent-based parts can introduce stochastic effects into

the system and we will discuss these effects in Sections 2.4 and 2.5. Because of this, it

is important to consider these effects when choosing the time step, spatial resolution,

interpolation method and kernel density estimation for the simulation. These choices

will depend on the number of agents present in each of the species as well as the

complexity of interactions between species.

Example 2.1. Numerical realisation of Example 1.2

In Example 1.2 we presented a hybrid model for chemotaxis of slime mould Dic-

tyostelium discoideum developed by Dallon and Othmer [39]. To generate a discre-

tised operator LD they used the particle-in-cell method [126]. To generate an estimated

particle density on a regular grid, every particle contributes to the four neighbouring

gridpoints. If a particle is very close to one of the gridpoints it contributes more to this

point than to the three other neighbouring gridpoints. This method can be interpreted

as the use of a kernel density estimation with a piecewise linear kernel. Hence

K(x) = max (1− ‖x‖∞ , 0) ,

where ‖·‖∞ denotes the infinity norm and x ∈ R2. The bandwidth σ for the kernel

density estimation is chosen to be equal to the grid size to ensure that every point can

only contribute to four neighbouring gridpoints. Dallon and Othmer [39] employed a

fifth order spline interpolation as interpolation operator Θ.

2.3.2 Initial and boundary conditions

An important aspect of modelling is the incorporation of initial and boundary con-

ditions. Hybrid models necessarily combine the conditions from the two different

approaches. For the continuous variables initial data is given similarly to the initial

conditions seen in (1.17). For the agents an initial distribution of their position and

internal states is given through a probability density. This probability density is then

used to generate each agents’ internal variables at the beginning of the simulation.

These internal variables also define the agents’ position inside the domain Ω. In some

applications agents can be born during the course of the simulation. In this case, we

have to ensure the appropriate initialisation of internal variables.
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A similar idea of independent conditions for the continuum and the agent-based

parts of the hybrid model can be used for the boundary conditions. For the continuous

variables we again use the condition (1.18) defined in Section 1.4.2. For the agents

the boundary conditions are often given in a more descriptive manner. For example,

agents can leave the domain through one end and automatically reappear on the

other end. This periodic boundary condition implies that the number of agents in the

system is conserved. Periodic boundaries are widely used because of their simplicity

and because they exclude all boundary effects. Reactive boundaries adsorb agents

with a probability p, while reflecting them with probability 1 − p [47]. If p = 0,

one often speaks of a reflecting boundary, while for p = 1 the condition is called an

adsorbing boundary. In most application areas it makes sense to use corresponding

boundary conditions for all species, e.g. reflective boundaries for agent-based species

and no-flow boundaries for continuous species.

2.4 First hybrid models of bacterial chemotaxis

In this section, we put the hybrid framework discussed in Section 2.3 into practice for

the example of bacterial chemotaxis that we presented in Section 2.1. This system

provides an excellent example system, because the E. coli bacteria and its metabolism

are extremely well understood and a great number of very detailed models exist [131].

Additionally, we have a system with two species of very different properties: On the

one hand the extracellular chemical that acts as a chemoattractant/chemorepellent

with more than 1010 molecules that follow a simple Brownian motion and on the

other hand the bacteria with common copy numbers on the order of ∼ 104 bacteria

[55]. Another big advantage of this system is that hybrid and agent-based models of

chemotaxis have already been successfully used in the literature [39, 44, 79, 174].

2.4.1 Hybrid Keller-Segel models

The hybrid models we are discussing in this section are derived from the dimen-

sionless Keller-Segel system (2.11)–(2.12). In order to optimally exploit the different

properties of the two species involved in this system, the extracellular chemical S

is modelled using a continuum approach, whilst the bacterial concentration n gets

replaced by an agent-based approach. We are studying three different agent-based

descriptions in order to show the flexibility of the hybrid modelling framework intro-

duced in Section 1.4.3. As we are only considering one agent-based species (MA = 1),

we can drop the species superscript j in all agent properties, e.g. x(i,j) ≡ x(i) and we
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will additionally use N = N1. In all three models we disregard any growing or shrink-

ing effects of individuals and therefore assume that for all agents the mass m(i) = 1

stays constant in time. Similarly, we disregard proliferation, i.e. the number of

agents N stays constant throughout one simulation. Both proliferation and growth

of individuals will be introduced into the hybrid framework in Section 2.5.

According to the general Keller-Segel system (2.1)–(2.2), the update equation for

the extracellular signal then takes the form

∂S

∂t
= DS

∂2S

∂x2
− k(S)

N

N∑
i=1

K
(
x− x(i)(t)

)
, (2.23)

where we use the normalisation constant N according to the non-dimensionalisation

and K is the kernel used for the density estimation. We are concentrating on the

dimensionless system (2.11)–(2.12) and apply the additional assumptions DS = 0 and

k(S) = 1 made by Keller and Segel [96].

Model I – Brownian motion

The first idea of replacing equation (2.11) with an agent-based system uses a Brownian

dynamics formulation and stems from observations made in Section 1.3.1. The idea

is to interpret (2.11) as a Fokker-Planck equation and to formulate the corresponding

stochastic process as update equation for the position of agent i = 1, . . . , N as follows

dx(i) = µκ
1

S (x(i))

∂S
(
x(i)
)

∂x
dt+

√
2µ dW , (2.24)

This approach was formulated by Stevens [152] and will be the base for the first

version of a hybrid chemotaxis model. The parameters used in (2.24) correspond

to the ones in the dimensionless Keller-Segel equation (2.11). This particle-based

description of equation (2.11) shows a weaknesses in the original Keller-Segel model.

According to (2.24) an agent can obtain very high speeds if the gradient of S is large

or the value of S is low at the agent’s position. This contradicts some of the basic

biological knowledge about the movement of E. coli bacteria that we discussed in

Section 2.1.

Model II – Velocity jump with gradient sensing

Driven by this weaknesses in Model I and by the biological background described

in Section 2.1, we will use the velocity jump process described in Section 1.3.2 in

Model II. In particular, we assume that agents move with a constant speed s ∈ R+
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either to the right or the left of the real line. To incorporate the chemotactic effect,

Othmer et al. [128] introduced a biased velocity jump process. In their model the

turning frequency λ depends on information gathered at the current position of the

individual as follows

λ±(t) = λ0 ∓
κs

S (t, x(i)(t))

∂S
(
t, x(i)(t)

)
∂x

= λ0 ∓ sχ(S)
∂S

∂x
, (2.25)

where the plus stands for a right-moving agent and the minus for a left-moving agent

and λ0 ∈ R+ is the unbiased turning frequency. Hence, the run-phase is prolonged, if

the particle is moving in the direction of increasing gradient and is shortened if the

agent is moving against the gradient. The underlying assumption in this model is

that cells are able to directly sense the gradient of the extracellular signal S, which

is only really true for cells of a reasonable size, such as Dictyostelium discoideum

as discussed in [39] (see Example 1.2 for more detail). To represent the direction of

motion, the velocity v(i)(t) = ±s is introduced as part of the internal dynamics vector

y(i) = [x(i),m(i), v(i)]. The update for these internal variables can now be written in

the form
x(i)(t+ ∆t) = x(i)(t) + v(i)(t)∆t ,

v(i)(t+ ∆t) =

−v(i)(t) , with probability
λ±(t)

2
∆t ,

v(i)(t) , otherwise ,

(2.26)

with λ as defined in (2.25). We can write density equations similar to the Telegra-

pher’s equations (1.7) presented in Section 1.3.2 for the biased velocity jump process

as follows [54]:

∂p+

∂t
+ s

∂p+

∂x
=
λ−

2
p− − λ+

2
p+ ,

∂p−

∂t
− s∂p

−

∂x
=
λ+

2
p+ − λ−

2
p− .

Using the definitions (1.8) and the same methods as for the unbiased process, we

obtain the equation

∂n

∂t
+

∂j

∂x
= 0 ,

∂j

∂t
+s2∂n

∂x
= s

(
λ−p− − λ+p+

)
.

Plugging in the form of λ± given in (2.25), we can write the second equation as

∂j

∂t
+ s2∂n

∂x
= −λ0j + s2 κ

S

∂S

∂x
n ,
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and we can finally obtain a hyperbolic chemotaxis equation of the form

1

λ0

∂2n

∂t
+
∂n

∂t
=
s2

λ0

∂

∂x

(
∂n

∂x
− nκ

S

∂S

∂x

)
. (2.27)

This shows that changing the type of random-walk used for the agents can influence

the corresponding continuum equation. Nevertheless (2.27) can be used to adjust

the parameters of the agent-based model to match the parameters of the Keller-Segel

model, as the large time behaviour of (2.27) is given by the classical chemotaxis equa-

tion (2.11), where we have µ = s2/λ0 [93]. Lui and Wang [112] showed that coupling

the hyperbolic chemotaxis equation (2.27) with (2.23) for the substrate also yields

travelling wave solutions similar to the original Keller-Segel system. An investigation

of this case for a more general dependence of the turning frequency is given in [173].

Model III

More accurate descriptions of the individual behaviour of E. coli bacteria incorporate

the sensing and processing of extracellular signals [10, 131, 151]. Hybrid models with

descriptions of these intracellular processes have been used by Dallon and Othmer

[39] as well as Xue et al. [173]. Erban and Othmer [55, 56] used an agent with a

toy version of the internal dynamics that includes two main features of the sensing

process [17]: a fast excitation and a slower adaptation given through the two internal

variables z1 and z2 as follows

dz1

dt
=
g
(
S
(
t, x(t)

))
− z1 − z2

te
,

dz2

dt
=
g
(
S
(
t, x(t)

))
− z2

ta
,

(2.28)

where g : R 7→ R is a sensing function and te, ta ∈ R+ are the excitation and adapta-

tion times respectively; we assume te � ta. In particular the adaptation variable z2

takes the role of a memory that allows the agent to identify increasing or decreasing

signal concentrations when compared to the current concentration g(S(t, x(t))) [55].

Hence, we use again a velocity jump process with constant speed s ∈ R+ and the

following form for the turning frequency λ

λ(t) = λ0 + z
(i)
1 (t) . (2.29)

Using the assumption te � ta, we can consider the first equation in (2.28) in its

pseudo-steady state

z
(i)
1 (t) = g

(
S
(
t, x(i)(t)

) )
− z(i)

2 (t) .
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Thus, we can formulate the full hybrid model using the internal dynamics vector

y(i) = [x(i),m(i), v(i), z
(i)
2 ] and the update equations

x(i)(t+ ∆t) = x(i)(t) + v(i)(t)∆t ,

v(i)(t+ ∆t) =

−v(i)(t) , with probability
λ(t)

2
∆t ,

v(i)(t) , otherwise ,

z
(i)
2 (t+ ∆t) = z

(i)
2 (t) +

g
(
S
(
t, x(i)(t)

))
− z(i)

2 (t)

ta
∆t .

(2.30)

In the limit ∆t → 0 and N → ∞ this process can be described by the chemotaxis

equation
∂n

∂t
=
s2

λ0

∂

∂x

(
∂n

∂x
− ta

1 + λ0ta

dg

dS

∂S

∂x

)
, (2.31)

provided that t is large (t � 1/λ0) and the gradient of S is shallow [55]. Choices

for the parameters of this model can be made by matching (2.31) with the classi-

cal chemotaxis equation (2.11), which especially indicates that g is given through

dg/dS ∼ χ(S).

2.4.2 First numerical results - transient travelling waves

Numerical solutions of the three hybrid chemotaxis models presented in Section 2.4.1

are shown in Figure 2.4. For all three models the parameters, given below, were

chosen to match the global parameters µ = 1/30 and κ = 2 in the dimensionless

Keller-Segel system (2.11)–(2.12). In all three systems we see the formation of a wave

that moves towards the right of the real line with a speed of about 1, which matches

with the observation we made in Corollary 2.1. Additionally, comparing the observed

wave forms to the travelling wave solution (2.19), as shown in Figure 2.1, we see a

good agreement for all three models.

Closer observations of the region behind the travelling waves can be seen in panels

(b),(d),(f) of Figure 2.4. These reveal that something interesting is happening here in

that the extracellular signal S is completely exploited in that region, while some agents

are still present. Due to lack of chemotactic guidance, a number of those agents will

never be able to catch up with the wave again and will stay behind indefinitely. Two

explanations for this are possible: (1) it could be solely due to agents losing contact

when the wave first moves away from the left-hand boundary and some residual signal

left in this region that keeps agents there for long enough to miss the wave or (2) it

could be an effect inherent in these models. The focus of this section is to understand

what causes this effect and how it influences the travelling wave behaviour in the
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long-term. Throughout this and the following sections we will repeatedly refer to the

loss of agents as dropout.

Simulation parameters

In the numerical solutions of the three different models used to obtain Figure 2.4,

we used a Gaussian kernel as given in (2.21) with a bandwidth σ = 5 × 10−3 and a

linear interpolation method as described in Section 2.3.1. We use N = 104 agents,

L = 401 regularly dispersed gridpoints to simulate the interval [0, 1], resulting in

r(l) = (l − 1)∆x, l = 1, . . . , L, with ∆x = 2.5 × 10−3. As initial conditions, we used

S ≡ 1 and x(i)(t) = 10−4|ξi|, i = 1, . . . , N , where ξi ∼ N (0; 1) are N independent

normally distributed random variables. No-flow boundary conditions are applied at

both boundaries. The time step was ∆t = 10−4 and the system was simulated until

t = 0.5, at which point the results are plotted in Figure 2.4. The model specific

parameters are:

Model I: We use the Euler-Maruyama method to solve the update equation (2.24)

with the parameters µ = 1/30 and κ = 2, using the linear interpolation to obtain the

gradient and the value of S at the agent position x(i), i = 1, . . . , N .

Model II: We directly simulate the update equation (2.26) with the turning fre-

quency given in (2.25). We use λ0 = 1.33 × 102, κ = 2 and s = 6.67, resulting in

s2/λ0 = 1/30, meaning that the hyperbolic chemotaxis equation (2.27) is comparable

to the Keller-Segel equation (2.11) with µ = 1/30.

Model III: We directly simulate the update equation (2.30) with the turning fre-

quency given in (2.29). We use λ0 = 1.33 × 102, s = 6.67, ta = 1.5 × 10−3 and

g(S) = 1.5λ0 log(S). These parameters were chosen in such a way that the chemo-

taxis equation (2.31) matches the Keller-Segel equation (2.11) with µ = 1/30 and

κ = 2.

Measuring the dropout

In order to further analyse the dropout of agents from the travelling waves in hybrid

Keller-Segel models, we need to find a way of quantifying it. In particular, we are

looking for an index set Γ(t) that contains the agents that are currently part of the

wave.

However, before defining and comparing different conditions for the dropout, we

investigate some global statistical values of the agent set. The first measure to indicate
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Figure 2.4: Numerical simulation of the hybrid Keller-Segel models. Panels (a),(c),(e)
show the full simulation results at t = 0.5 and panels (b), (d), (f) show a zoom into
the region [0.05, 0.2]. Solid (black) line: n(0.5, x), dashed (blue) line: S(0.5, x).
Simulation and model parameters as described in the text.
(a),(b): Model I. (c),(d): Model II. (e),(f): Model III.
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the fact that agents have dropped out is the position of the centre of the population

x̄(t) defined through

x̄(t) =
1

N

N∑
i=1

x(i)(t) .

From Corollary 2.1 we know that the theoretical wave speed of the dimensionless

Keller-Segel system (2.11)–(2.12) is 1. Neglecting the time it takes for the wave to

form, the predicted position of the centre of the wave therefore is x̄pred(t) = t. In

practice the measure x̄(t) for the centre of the population is biased by those agents

that have dropped out, which is why an alternative mean position is given through

x̄Γ(t) =
1

|Γ|
∑
i∈Γ

x(i)(t) .

The problem with that second measure is that it depends on the index set Γ(t) that

we have not defined yet and that might in turn depend on the position of the centre of

the wave. An alternative way of measuring the position of the wave is to use the wave

front x̂(t) instead of the centre of the population x̄(t), as this is easier to measure in

practice through

x̂(t) = max
{
x(i)(t) : i = 1, . . . , N

}
.

Assuming that the wave front x̂(t) stays close to the centre of the actual wave, i.e.

that the front-most agent stays in the vicinity of the wave1, we have a means to define

Γ without using the (unknown) centre of the wave

Γδ(t) =
{
i = 1, . . . , N : x(i) ≥ x̂(t)− δ

}
,

where δ ∈ R+ is a positive constant that should be chosen in accordance to the width

of the wave. We can now define the dropout oδ(t) as the fraction of agents that are

not in Γ through

oδ(t) = 1− |Γδ(t)|
N(t)

.

Large time behaviour

We use these measures to further investigate the dropout effect by considering long-

time simulations. In particular we simulate Model III on the interval Ω = [0, 51] with

L = 20401 gridpoints resulting in ∆x = 2.5 × 10−3. In order to minimise the effect

of the initial condition on the results, we initialise the system close to the travelling

1In practice, this assumption is not always applicable. A more robust definition of x̂(t) can be
achieved by considering for example the frontmost 5% of agents.
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wave solution (2.19) of the Keller-Segel system centred around x = 0.5. In particular

this means that S0(r(l)) is given through

S0

(
r(l)
)

=

(
1 + exp

(
−(l − 1)∆x− 0.5

µ

))−1

.

Similarly, the agents are initially distributed according to the density function (2.19)

with random velocities and in the state of perfect adaptation z
(i)
2 (0) = S

(
x(i)(0)

)
. We

plot the results in form of the various measures for the wave position in Figure 2.5(a)

and it is clearly visible that the mean position of all agents x̄ starts to strongly differ

from the position of the front x̂ and the related x̄Γ indicating a significant dropout. We

can also see that the front of the wave x̂ does not move at constant speed as predicted

for the continuum system. Further details of this are shown in Figure 2.5(b), where

we plot the speed of the wave-front v̂(t) estimated through

v̂(t) =
x̂(t+ ∆T )− x̂(t)

∆T
, (2.32)

where we use ∆T = 0.1 to get reasonably smooth results. We compare v̂(t) to the

number of agents still in the wave given through 1− oδ(t) with δ = 0.8 and see that

they closely align indicating that the slowing of the wave is due to the loss of agents

in the wave, as fewer agents take longer to consume the extracellular signal present

and therefore advance slower. Figure 2.5 also shows that the dropout effect cannot

solely be attributed to initial conditions, as the loss persists over long times.

The dropout is an interesting effect, because it shows a qualitative difference

between the hybrid model and the original Keller-Segel model, as the hybrid model

only yields transient travelling wave solutions. A possible way of explaining this

discrepancy is that the copy numbers of bacteria in the region behind the wave are very

low and that in this region stochastic effects play an enhanced role, thereby rendering

the continuum assumptions of the Keller-Segel system invalid. The stochastic effects

can lead to a distorted or completely exploited extracellular signal and therefore to

the loss of information for bacteria to be able to catch up with the wave again.

2.4.3 Dropout under changing system parameters

In this section, we investigate the influence of the kernel density estimation as dis-

cussed in Section 2.3.1 on the dropout effect. To that aim we run simulations of

Model III on the interval Ω = [0, 2] starting the system close to the travelling wave

solution at x = 0.5, as explained above and letting it run until t = 1, at which point

the wave is expected to be close to x = 1.5. We use oδ(1), δ = 0.8, to measure the
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Figure 2.5: Numerical solution of hybrid chemotaxis Model III for large time (t = 50).
Parameters as given in the text.
(a) Wave measures x̄ (solid black line), x̂ (dashed blue line), x̄Γ (dotted red line) with
Γ = Γ0.8(t).
(b) Velocity of the front of the wave v̂(t) (solid black line) compared to 1 − o0.8(t)
(dashed green line).

dropout at this point and plot its dependence on the number of agents N (L = 801,

∆x = 2.5 × 10−3) and the number of gridpoints L (N = 104) in Figure 2.6. For

each value we run 100 simulations (crosses) and plot the ensemble average (circles).

The first row shows the results using the nearest-neighbour kernel that was discussed

in Example 2.1 and that can be found in various models in the literature. The re-

maining two rows show the results using a Gaussian kernel as defined in (2.21) with

σ = 2.5× 10−3 (second row) and σ = 5× 10−3 (third row).

In panels (a),(c) and (e) we can see that for each of the methods, the relative

dropout decreases for increasing numbers of agents N and closer investigation shows

that we have oδ(1) ∼ N−1/2. This reinforces the idea of stochasticity causing the

dropout, as the central limit theorem predicts noise in the number of particles per

gridpoint to roughly behave like N1/2 and dividing by N in (2.23) would predict the

factor of N−1/2. This also indicates that one recovers a non-transient travelling wave

in the limit N →∞ as predicted by Keller and Segel [96].

On the other hand, the choice of a different kernel, can have significant effect on

the dropout. While the dropout seems to level off for increasing L when using the

Gaussian kernel (panels (d), (f)), it continues to increase for the nearest-neighbour

kernel (panel (b)). This result justifies the use of the kernel density estimation with

a bandwidth σ that is independent of ∆x, as seemingly only in this case the system

gives a meaningful result in the limit ∆x→ 0. The use of the nearest-neighbour kernel
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Figure 2.6: Dropout o0.8(1) as a function of N (panels (a), (c), (e)) and L (panels (b),
(d), (f)). Crosses: individual simulation results, dots: average over 100 realisations.
All parameters as explained in the text.
(a),(b) Nearest neighbour kernel as defined in (2.22) with σ = ∆x.
(c),(d) Gaussian kernel as defined in (2.21) with σ = 2.5× 10−3.
(e),(f) Gaussian kernel as defined in (2.21) with σ = 5× 10−3.
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on the other hand does not seem to stabilise under increasing L, thereby indicating

that the system breaks down as ∆x→ 0. The increase of dropout is proportional to√
L, which one can again explain using the central limit theorem when considering

that the number of agents per gridpoint is proportional to N/L and therefore that

the noise in the estimated agent density is proportional to
√
L/N .

2.4.4 First steps into an analytic understanding of dropout

More theoretical insights into the dropout effect can be obtained by considering a

simplified system, where the concentration of extracellular signal S is a given function

that does not change over time. A natural choice for the function S(x) is the travelling

wave solution found by Keller and Segel [96]. Using the knowledge of the exploited

region behind the wave, we can adjust this function slightly to allow for the analysis

of the dropout effect. We therefore define S to be equal to 0 for x smaller than

some critical position xc and to take the form of the travelling wave solution (2.18)

everywhere else. In this section we will use κ = 2, in which case the travelling wave

solution takes the form shown in (2.19). Hence, we have

S(x) =

{
(1 + exp(−x/µ))−1 , x ≥ xc ,

0 , x < xc .

To be able to use a time-independent function for S we need to offset the chemotactic

drive towards the right of the real axis by adjusting the hybrid model. Therefore,

we subtract the expected wave speed of 1 from the movement velocity of the agents

in order to keep them in a position that is realistic for the travelling wave. In other

words, we use a coordinate system that moves with the travelling wave solution. For

an agent of Model I the evolution equation (2.24) becomes

dx(i) =

(
µ

κ

S (x(i))

dS
(
x(i)
)

dx
− 1

)
dt+

√
2µ dW ,

whilst for agents of Model II and III we use v = ±s − 1. With the help of this

simplified system we can now make further analytic and simulative investigations

into the effect of different xc on the quantity of the dropout. If an agent enters

the exploited region x < xc, two behaviours are considered. In the first case, the

agent would be considered dropped out and is adsorbed by the boundary, so that

it has no chance of becoming part of the wave again. The second case allows the

agent to randomly diffuse inside the exploited area and therefore allows the agent to

enter the non-exploited region again. For both cases we perform 100 simulations of
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Figure 2.7: Fraction of agents with x(i) < xc at t = 0.5. In each figure we show an
ensemble average (blue dots) over 100 simulations. All parameters as described in the
text.
(a) Simulations where no comeback from x = xc is allowed. The dashed (red) line is
a result of the theoretical analysis given by (2.35).
(b) Simulations where dropout agents can return. The dashed (red) line is 50% of the
dropout predicted by (2.35).

Model III for each of the considered values of xc and measured the fraction of agents

with x(i) < xc at time t = 0.05. We use N = 104 and start all agents at x = 0. The

ensemble averages of these results are shown in Figure 2.7 as circles. To analyse the

case of an adsorbing boundary at x = xc we consider the system in the limit N →∞,

which is described by the following equation (cf. (2.11))

∂n

∂t
− ∂n

∂x
= µ

∂

∂x

(
∂n

∂x
− nκ

S

dS

dx

)
. (2.33)

The boundary condition on the left-hand boundary can be written in the form n(xc) =

0. Further conditions for x→∞ can be introduced. We look for a separable solution

of the form

n(t, x) = exp(−ζt)M(x) ,

where ζ is a positive constant. Plugging this ansatz into (2.33) leads to

µM ′′ +M ′ − κµ
(
M
S ′

S

)′
+ ζM = 0 , (2.34)

where primes denote derivatives with respect to x. For the ODE (2.34) a non-negative

solution is sought that satisfies M(xc) = 0 and M(x) → 0 as x → ∞. The general
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Figure 2.8: Solutions M1(x) and M2(x) of standing wave experiments. Parameters
are µ = 1/60, ζ = 0.5. x0 indicates the root the functions.

solution for (2.34) with κ = 2 is

M(x) = C1M1(x) + C2M2(x) , with

M1(x) =
2ζµ exp

(
x3+γ

2µ

)
+ (2ζµ− 1− γ) exp

(
x1+γ

2µ

)
(

exp
(
x
µ

)
+ 1
)2 ,

M2(x) =
2ζµ exp

(
x3−γ

2µ

)
+ (2ζµ− 1 + γ) exp

(
x1−γ

2µ

)
(

exp
(
x
µ

)
+ 1
)2 .

In these equations we used γ =
√

1− 4ζµ to simplify the notation. We assume values

for ζµ such that γ is real and hence 0 ≤ γ ≤ 1. The two solutions M1 and M2

are plotted in Figure 2.8 and we can see that except for a different scaling they are

mirrored along the y-axis and x-axis, i.e. −M1(−x) ∼M2(x) for all x ∈ R.

We seek a solution that satisfies both boundary condition M(xc) = 0 and M(x)→
0 as x → ∞ as well as a non-negativity condition M(x) ≥ 0 for x ∈ [xc,∞). Using

these conditions we are hoping to get information about the three unknowns in the

system, namely C1, C2 and ζ. Let us first note that both M1(x) and M2(x) decay to

0 for x→∞. Therefore the boundary condition for x→∞ is satisfied for all values

of C1 and C2. We can, however, use the boundary condition at xc to derive the value

of C1/C2 as a function of ζ.

Let us now take a closer look at the limit x→∞. For large x we have

M1(x) ∼ exp

(
−x1− γ

2µ

)
� exp

(
−x1 + γ

2µ

)
∼M2(x) ,
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which means that M1 decays slower than M2 and therefore dominates the limiting

process. In order to ensure a positive solution for M(x), we therefore require the

integration constant C1 to be non-negative. Hence, we also need C2 ≥ 0 in order to

ensure a non-negative value of M(0). With this argument we can see that the root

of M2(x), which we will call x0(ζ), cannot be larger than xc < 0 and hence we get a

restriction on ζ through

x0(ζ) = µ ln

(
1− γ − 2ζµ

2ζµ

)
≤ xc ⇒ 0 ≤ ζ ≤ ζc(xc) , with

ζc(xc) = − 1

µ
exp

(
−xc
µ

)(
1 + exp

(
−xc
µ

))−2

= −S ′(xc)

We now use this value ζc(xc) to get a predicted value of the dropout opred(xc, t) via

opred(t, xc) = 1− exp(ζc(xc)t) . (2.35)

The function opred(0.5, xc) is plotted as the dashed (red) line in Figure 2.7(a). We can

see that it matches well with the simulation results. The slight overestimation given

by opred(0.5, xc) can be explained through the time it takes before the first agents

reach the critical position xc from the starting position at x = 0.

For the situation with comeback, we choose a value ζ = αζc(xc) to predict the

dropout, where α is a constant. Matching this with the simulation results as shown

in Figure 2.7(b) we found that α ≈ 0.5, which indicates that about 50% of agents

come back into the wave after they have dropped out. This effect could be modelled

by using a semi-reflective boundary [47] instead of the free diffusion zone behind the

wave. Half the agents that cross the boundary would be reflected, while the other

half is considered as dropped out.

2.5 Introduction of growth processes into hybrid

models

Thus far we have studied hybrid versions of the classical Keller-Segel model (2.1)–

(2.2). We have seen that this model necessitates a singularity in the chemotactic

sensitivity to generate stationary travelling waves: a requirement that allows bacteria

behind the wave to acquire biologically unrealistic speed. This singularity also leads to

a dropout effect when considering hybrid versions of the classical Keller-Segel model.

The singularity requirement can be circumvented by incorporating other processes.

Studies have shown that introduction of more complex nutrient terms can give rise to
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travelling waves [145, 146]. An experimental system which also included two chemicals

– a chemoattractant and a nutrient source – was presented in [24, 25], with stationary

or transient travelling waves obtained according to the formulation of the model [19,

173]. On the other hand, the well known Fisher’s equation [60] demonstrates travelling

waves in systems coupling diffusion with logistic growth terms. Parabolic chemotaxis

models with non-singular sensitivities but incorporating either logistic [101, 103, 121]

or non-logistic [97, 147] growth terms also admit travelling wave solutions.

Because of the importance of growth terms in explaining stable travelling waves,

we extend the concept of hybrid models to incorporate growth processes in this sec-

tion. We start the section by presenting different possibilities for incorporating growth

into the the hybrid concept presented in Section 2.3 and then present the hybrid model

we want to study in more detail. We formulate corresponding continuum models in

Section 2.5.3 and analyse their travelling wave properties in Section 2.5.4. In Sec-

tion 2.5.5 we perform a numerical comparison of wave speeds between hybrid and

continuum models.

2.5.1 Extension of the hybrid concept

Just like in Sections 2.3 and 1.4.3, we assume that the hybrid system consists of MC

continuum and MA agent-based species. Let us additionally assume that through a

density estimation the concentrations %(j), j = 1, . . . ,MA, are given in addition to

the concentrations cj, j = 1, . . . ,MC , of the continuum species. We then assume that

for each of the agent-based species a growth function hj(t,x, c, %) is given. These

functions hj act as growth factors such that in absence of all other influences an

exponential growth proportional to exp(hjt) is achieved. We denote hj as growth

functions despite the fact that they are not restricted to positive values and can

therefore shrink the mass of a species at a given point. In this section we present

two different ways of incorporating these growth functions into the hybrid modelling

concept.

Growth Concept I: Direct proliferation

The first growth concept is motivated by mass action kinetics and acts only on the

number of agents, but not on the mass of each agent. The main idea is that each

agent can produce a copy of itself in each time step. In order to obtain the expo-

nential growth desired, the probability of agent (i, j), i = 1, . . . , Nj, j = 1, . . . ,MA,
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proliferating in [t, t+ ∆t) is given through

0 ≤ ∆t hj
(
t,x(i,j), c(t,x(i,j)), %(t,x(i,j))

)
� 1 ,

in the case of hj ≥ 0. In order to allow for negative values of hj, we assume that an

agent can die with the probability

0 ≤ −∆t hj
(
t,x(i,j), c(t,x(i,j)), %(t,x(i,j))

)
� 1 ,

in the case of hj < 0. In the case of proliferation, we assume that an exact copy of the

proliferating agent is produced and that the total number of agents is increased by

one. Death of an agent simply means that it ceases to exist and that N(t) is reduced

by one.

Growth Concept II: Proliferation through mass growth

In the case of biological applications, Growth Concept I is not very realistic, because

newly born agents are able to reproduce again straight away. However, in biological

systems, one observes a maturing phase where the individual undergoes growth before

it can proliferate again. The easiest way of implementing this within the scope of the

existing hybrid concept is to use the the mass m(i,j)(t) introduced in Section 1.4.3 to

account for the growth through

dm(i,j)

dt
= hj

(
t,x(i,j), c(t,x(i,j)), %(t,x(i,j))

)
.

Once an agent has reached a critical mass mp, we assume that it automatically splits

into two identical agents, with the mass m(i,j) being equally split between the existing

and the newly created agent. This process is similar to cell division [143]. In the

same scope, we introduce the concept of starving agents: if the mass m(i,j) drops

below the starvation mass ms, the agent dies automatically. This extension has the

computational advantage that the number of agents does not increase infinitely.

2.5.2 An adjusted hybrid model for bacterial chemotaxis

In this section we present the hybrid chemotaxis model that we study throughout the

remainder of this chapter. As in all hybrid chemotaxis models studied thus far, we

consider two species: an agent-based bacteria population and a continuous extracel-

lular signal concentration. The model is based on Model III presented in Section 2.4.1

and in particular we conserve the update equations (2.23) for the extracellular signal

(with the exception that we use N(0) instead of N as normalisation variable) S(t, x)
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as well as the update equations for the agents given in (2.30). We do, however, use a

different form for the turning frequency λ that was used in [69, 173] and results in a

non-singular and therefore more biologically realistic behaviour:

λ = λ0

(
1−

S
(
t, x(i)(t)

)
− z(i)

2 (t)

ν + |S (t, x(i)(t))− z(i)
2 (t)|

)
, (2.36)

where ν ∈ R+ is a positive constant that controls the strength of the chemotactic re-

action. For the consumption function k(S) and the growth function h(S), respectively

we use

k(S) = βS , h(S) = α(S − Sc) , (2.37)

where α, β ∈ R+ are positive constants.

Numerical methods

We perform a first set of numerical simulations in order to get an idea of the behaviour

of the adjusted system presented above. We simulate the system on the domain

[0, 100] with L = 401 regularly spaced gridpoints, resulting in ∆x = 0.25 and r(l) =

(l − 1)∆x, l = 1, . . . , L. We initialise the extracellular signal using S ≡ S∞ > 0. We

start the simulation with N(0) = N0 agents that are initialised at x(i)(0) = 0.5|ξi|,
i = 1, . . . , N0, where ξi ∼ N (0; 1) are N independent normally distributed random

variables. The agents are further initialised with a random velocity direction, in the

state of total adaptation, i.e. z
(i)
2 (0) = S∞ and with m(i)(0) = 1. Reflective (no-flow)

boundary conditions are employed on both ends of the domain Ω. We use ∆t = 10−3

and simulate the system until t = 100. For the coupling between continuum and

agent-based components we use again a Gaussian kernel as defined in (2.21) with

bandwidth σ = 0.5 and a linear interpolation method.

For all simulations, if not explicitly stated otherwise, we used the following set of

parameters: α = β = s = 1, Sc = 0.5, S∞ = 1, λ0 = 10, ν = 0.01, DS = 0, ta = 0.1,

N0 = 104. For Growth Concept II we use mp = 2 and ms = 10−3.

First simulation results

We use the methods and parameters given above to perform a first set of simulations

and plot the results in Figure 2.9. Panels (a) and (c) show the shape of S and the

density estimate of agents at t = 100, whilst panels (b) and (d) show the speed of the

wave front as defined in (2.32) using ∆T = 0.2. Note that the high noise seen in the

plots is due to high fluctuations in the position of the wave front x̂(t).
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Figure 2.9: Numerical solutions of the hybrid chemotaxis model presented in Sec-
tion 2.5.2 for different growth concepts. Panels (a), (c) show the wave form at t = 100.
Solid (black) line: n(100, x); dashed (blue) line: S(100, x). Panels (b), (d) show the
measured speed of the wave front. All parameters as explained in the text.
(a), (b) Growth Concept I. (c), (d) Growth Concept II.
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Panels (a) and (b) in Figure 2.9 show the simulation results obtained using Growth

Concept I. We can clearly see the formation of a stable travelling wave that moves

with a constant speed close to v̂ ≈ 0.5.

These results match closely with those for Concept II seen in panels (c) and (d)

of Figure 2.9. Again, a travelling band forms and moves with a constant speed to the

right of the real axis. Both, wave forms and speeds, match very well. We conclude

from this that Concepts I and II present reliable methods to implement growth in

hybrid models. In all simulation in the remainder of this Section we will use Concept I

due to the equivalence between Concepts I and II and its easier implementation.

Influence of the growth term

To investigate the influence of the growth term on the existence of travelling waves

in this system, we simulate the hybrid model presented above including (α = 1) and

excluding (α = 0) the growth process and compare the results in Figure 2.10. In

Figure 2.10(a) the position of the wave front x̂(t) is plotted. The dashed (red) line

shows results for α = 1 and represents a straight line, indicating a wave moving with

constant speed. On the other hand, using α = 0 (solid black line), the wave front

initially moves with a similar speed but then slows down gradually.

To further illustrate this slowing down effect, we plot the estimated density of

bacteria at different times for the case α = 0 in Figure 2.10(b). We clearly see that

no true travelling wave forms, with many agents being left behind the wave front,

leading to its slowing down. Thus, we can interpret the growth term as a stabilising

factor on the wave profile: although not all agents can keep up with the wave, new

agents are constantly created at the front and the agents that drop out eventually die

due to starvation, resulting in a travelling band of agents.

Note, that the results for the case α = 0 indirectly correspond to the results shown

in Theorem 2.1 as the chosen form of the turning frequency λ given in (2.36) does

not have a singularity and therefore should not lead to travelling waves.

Influence of signal diffusion

Thus far in this chapter all simulations excluded the possibility of signal diffusion

using DS = 0. Let us therefore investigate whether this is a reasonable assumption

for the current model, or whether including diffusion completely changes the outcome

of the model presented above.

The first step to introducing diffusion in the hybrid system is to change the update

equation of extracellular signal S given in (2.23). We use the explicit Euler method

57



0 20 40 60 80 100
0

10

20

30

40

50

60

t

x̂
(t
)

(a)

0 10 20 30 40

0

0.05

0.1

0.15

0.2

x

n
(t

, 
x
)

 

 

t
1
 = 20

t
2
 = 40

t
3
 = 60

t
4
 = 80

�
�
t1 = 20

�
��
t2 = 40

�
�
t3 = 60

��
t4 = 80

(b)

Figure 2.10: Numerical solutions of the hybrid chemotaxis model presented in Sec-
tion 2.5.2 including (α = 1) and excluding (α = 0) the growth process. All other
parameters as given in the text.
(a) Position of wave front x̂(t). Solid (black) line: α = 0; dashed (red) line: α = 1.
(b) Wave form at different times for α = 0. From left to right: t = 20, 40, 60, 80.

to solve the reaction-diffusion equation as follows

S
(
r(l), t+ ∆t

)
=S

(
r(l), t

)
+DS ∆t

S
(
r(l−1), t

)
+ S

(
r(l+1), t

)
− 2S

(
r(l), t

)
(∆x)2

− k
(
S
(
r(l), t

))
∆t

N(t)∑
i=1

K
(
r(l) − x(i)(t)

)
, l = 2 . . . , L− 1 ,

S
(
r(1), t+ ∆t

)
=S

(
r(1), t

)
+DS ∆t

S
(
r(2), t

)
− S

(
r(1), t

)
(∆x)2

− k
(
S
(
r(1), t

))
∆t

N(t)∑
i=1

K
(
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)
,

S
(
r(L), t+ ∆t

)
=S

(
r(L), t

)
+DS ∆t

S
(
r(L−1), t

)
− S

(
r(L), t

)
(∆x)2

− k
(
S
(
r(L), t

))
∆t

N(t)∑
i=1

K
(
r(L) − x(i)(t)

)
,

where the second and third equations implement the no-flow boundary conditions.

In [13] the average turning frequency of an E. coli bacterium is given as λ ≈ 1 sec−1

and the speed of movement as s ≈ 21µm sec−1, resulting in an effective diffusion of

Dn ≈ 4.41 cm2 sec−1, which is about half as fast as the diffusion of extracellular

signal in water given through DS ≈ 8.9 cm2 sec−1 [12]. In the simulations, we have

been using dimensionless values of λ∗0 = 10 and s∗ = 1, resulting in an effective
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Figure 2.11: Numerical solutions of the hybrid chemotaxis model presented in Sec-
tion 2.5.2 including diffusion of extracellular signal (DS = 0.2). Panel (a) shows the
wave form at t = 100. Solid (black) line: n(100, x); dashed (blue) line: S(100, x).
Panel (b) shows the measured speed of the wave front. All parameters (other than
DS) as explained in the text.

diffusion of D∗n = 0.1. Hence, the dimensionless value of diffusion for extracellular

signal according to the data above should be D∗S ≈ 0.2.

Simulation results for the hybrid system including chemotaxis with DS = 0.2 are

shown in Figure 2.11. We can see that the inclusion of diffusion does not change the

qualitative behaviour of the system, but does slightly change the wave form and the

speed of movement. The average wave speed can be measured as v̂(t) ≈ 0.45 and is

therefore about 10% slower than for DS = 0. As the change is reasonably small and

the qualitative behaviour is conserved, we will neglect diffusion for the remainder of

this section assuming DS = 0.

2.5.3 From hybrid models to macroscopic PDEs

In this section we derive macroscopic PDEs for the spatio-temporal density of bacteria

n(t, x) at given position x ∈ R and time t ≥ 0. An implicit assumption of the deriva-

tion is spatial independence of bacteria, which allows formulation of a continuous

mesoscopic system. We then use results from [55] to obtain the macroscopic equa-

tions. To illustrate the successive formulation of models we construct two systems of

PDEs – denoted System (A) and System (B) – to be referred to in the remainder of

this section.
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System (A)

We define the mesoscopic densities p±(t, x, z2) for left and right-moving bacteria,

depending on their position x ∈ R, their internal variable z2 ∈ R and t ≥ 0. If the

signal profile S ≡ S(t, x) was uninfluenced by bacteria, the densities p± would satisfy

the following system of hyperbolic PDEs:

∂p+

∂t
+ s

∂p+

∂x
+

∂

∂z2

(
S(t, x)− z2

ta
p+

)
= −λp+ + λp− + h(S(t, x))p+ ,

∂p−

∂t
− s∂p

−

∂x
+

∂

∂z2

(
S(t, x)− z2

ta
p−
)

= +λp+ − λp− + h(S(t, x))p− ,

(2.38)

where λ is defined in (2.36). The corresponding signal update takes the form p± as

∂S

∂t
= DS

∂2S

∂x2
− k(S)

∫
R
(p+(t, x, z2) + p−(t, x, z2)) dz2 . (2.39)

We denote the system of equations (2.38)–(2.39) as System (A).

The system (2.38) (for the one-particle distribution) was derived by integrating

the probability distribution function p(x(1), v(1), z
(1)
2 ;x(2), v(2), z

(2)
2 ; . . . |S(t, x)) for the

many-particle system, assuming that movement of individuals is biased by the signal

function S(t, x), but independent from each other. However, for the hybrid chemo-

taxis model described in Section 2.5.2, individual bacteria interact via the extracel-

lular signal S which implies that (2.38) can only be considered as an approximation

to the one particle distributions of the interacting system.

In [53], a kinetic description has been derived for a model of interacting locusts,

using a modified version of the BBGKY hierarchy from the classical kinetic theory

of gases [27]. The system we consider here, however, is much more complicated to

analyse than the locust model studied in [53], due to the variable number of bacteria

and internal variables, which is why the approximated dynamics in (2.38) are used

and later verified using numerical results.

The capacity of the above mesoscopic system to generate travelling bands analo-

gous to those observed in the hybrid model is illustrated in Figure 2.12(a)-(b). For

details of the numerical method employed for this and other simulations of the contin-

uous model, we refer to [173]. The qualitatively and quantitatively close correspon-

dence in solutions under equivalent parameters and initial conditions corroborates

the use of the above approximation.
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System (B)

We consider a macroscopic model in this section. Define the macroscopic densities

p±(t, x) =

∫
R
p±(t, x, z2) dz2 , (2.40)

and let them satisfy the following system

∂p+

∂t
+ s

∂p+

∂x
= −λ+

(
∂S

∂x

)
p+ + λ−

(
∂S

∂x

)
p− + h(S)p+ ,

∂p−

∂t
− s∂p

−

∂x
= +λ+

(
∂S

∂x

)
p+ − λ−

(
∂S

∂x

)
p− + h(S)p− ,

(2.41)

where the turning rates λ± are given by

λ± = λ0

(
1∓ χ∂S

∂x

)
with χ =

sta
νλ0(1 + 2λ0ta)

. (2.42)

Using (2.40), equation (2.39) can be written as

∂S

∂t
= DS

∂2S

∂x2
− k(S)(p+(t, x) + p−(t, x)) . (2.43)

We will denote (2.41) and (2.43) along with the definition of λ± in (2.42) as Sys-

tem (B). The form (2.42) for λ± is derived by first linearising the turning frequency

(2.36) under the assumption |S(x) − z2| � ν, i.e. we assume that the external sig-

nal (S) changes slowly enough such that cells are close to their fully adapted state.

Results in [55, 174] show that System (B) is quantitatively consistent with this lin-

earised form of System (A) when the gradient of the extracellular signal is sufficiently

shallow such that (2.42) does not become negative.

The number of parameters of the above models can be reduced by setting s, S∞,

α, β to one through rescaling. We show this in detail for System (B) as follows.

Rescaling the variables S = ŜS∞, p± = p̂±αS∞/β, t = t̂/(αS∞), x = x̂s/(αS∞)

and the parameters Sc = ŜcS∞, λ0 = λ̂0αS∞, taking (2.37) and substituting into

System (B) we obtain, after dropping hats for notational simplicity and applying

DS = 0 as discussed in Section 2.5.2,

∂p+

∂t
+
∂p+

∂x
= −λ+

(
∂S

∂x

)
p+ + λ−

(
∂S

∂x

)
p− + (S − Sc)p+ ,

∂p−

∂t
− ∂p−

∂x
= +λ+

(
∂S

∂x

)
p+ − λ−

(
∂S

∂x

)
p− + (S − Sc)p− ,

∂S

∂t
= −S(p+ + p−) .

(2.44)
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We are interested in travelling wave solutions that develop from a pointwise inoc-

ulation of cells into a domain containing uniformly distributed nutrient S. In this

scenario, p± (defined as in each system) should form travelling pulses while S forms

a travelling front and relevant boundary conditions will be

p±,
∂p±

∂x
,
∂S

∂x
→ 0 as x→ ±∞ ,

S → 1 as x→ +∞ ,

S → S− as x→ −∞ .

(2.45)

Note that S− is currently unknown; we determine its value in the travelling wave

analysis of Section 2.5.4. Since p± and S are physical quantities, we search for non-

negative travelling wave solutions, i.e.

p± ≥ 0, S ≥ 0.

In Figures 2.12(c), (d) we show that System (B) yields travelling waves with constant

speed. We, however, already see a quantitative difference between the wave speeds of

Systems (A) and (B) that we investigate further in Section 2.5.5.

It is clear that a travelling wave of this form cannot exist for Sc ≥ 1 (extinction

of bacteria) or for Sc ≤ 0 (infinite growth) and we therefore only consider systems

that satisfy Sc ∈ (0, 1). In the next section we analyse System (B) with respect to

travelling wave solutions in order to obtain further insight. To do that, we use the

rescaled system (2.44).

2.5.4 Travelling wave analysis

In this section we first apply the standard travelling wave ansatz to System (2.44)

and derive a necessary condition for the existence of non-negative travelling wave

solutions. We then identify an invariant manifold and use this to reduce the resulting

ODE system to two components. Finally we use phase plane methods to analyse the

existence and properties of travelling wave solutions.

A necessary condition for the existence of travelling wave solutions

Let us apply the travelling wave ansatz p±(t, x) = p±(ξ) = p±(x − ct) and S(t, x) =

S(ξ) = S(x − ct), where c is the unknown wave speed [119, 120]. System (2.44)

becomes

(1− c)(p+)′ = −λ0 (1− χS ′) p+ + λ0 (1 + χS ′) p− + (S − Sc)p+ ,

−(1 + c)(p−)′ = +λ0 (1− χS ′) p+ − λ0 (1 + χS ′) p− + (S − Sc)p− ,

−cS ′ = −S(p+ + p−) ,

(2.46)
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Figure 2.12: Numerical solutions of PDE systems (A) and (B). Panels (a), (c) show
the wave form at t = 100. Solid (black) line: n(100, x); dashed (blue) line: S(100, x).
Panels (b), (d) show the measured speed of the wave front. All parameters as explained
in the text.
(a), (b) PDE system (A) given through (2.38)–(2.39).
(c), (d) PDE system (B) given through (2.44) and (2.42).
Note that the high value of the velocities at small t in panels (b) and (d) is an artefact
of the way velocity is measured in these PDE models.
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where the primes denote derivatives with respect to the travelling wave variable ξ.

Note that any point on the S-axis is a steady state of the system (2.46) and that linear

stability of such a steady state, (p+, p−, S) = (0, 0, S∗), is governed by the eigenvalues

of the matrix A−1B, where

A =

1− c 0 0
0 −1− c 0
0 0 −c

 , B =

−λ0 + S∗ − Sc λ0 0
λ0 −λ0 + S∗ − Sc 0
−S∗ −S∗ 0

 .

The eigenvalues of A−1B are

ζ1 = 0, ζ2,3 =
c(−λ0 + S∗ − Sc)±

√
∆1(S∗)

1− c2
, (2.47)

where

∆1(S∗) = c2λ2
0 + (S∗ − Sc − 2λ0)(S∗ − Sc). (2.48)

Under the boundary conditions (2.45) we look for non-negative solutions to (2.46)

connecting steady states (p+, p−, S) = (0, 0, S−) and (p+, p−, S) = (0, 0, 1). To admit

such a solution the latter must be a stable node, since a stable spiral would imply

negative values for p±. Hence, a necessary condition is ∆1(1) ≥ 0, which is equivalent

to

c ≥ c∗ =
1

λ0

√
(2λ0 − 1 + Sc)(1− Sc) . (2.49)

Given 2λ0 > (1− Sc) it is easy to show that c∗ ∈ [0, 1].

Theorem 2.3. A necessary condition for the existence of non-negative travelling wave

solutions of the system (2.44) is

2λ0 > (1− Sc). (2.50)

The above condition is reasonable, as we expect the run duration to occur on a

much faster time scale than proliferation processes.

Dimension reduction

Let us now perform a change of variables by introducing the cell density n = p+ + p−

and the cell flux2 j = p+−p−. The travelling wave system (2.46) can then be written

as

−cn′ + j′ = (S − Sc)n , (2.51)

−cj′ + n′ = 2λ0χS
′n+ (S − Sc − 2λ0)j , (2.52)

−cS ′ = −Sn , (2.53)

2This definition is consistent with j = s(p+ − p−) used in Section 1.3.2, because we have s = 1.
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where the boundary conditions for this system are

n, j,
∂n

∂x
,
∂j

∂x
,
∂S

∂x
→ 0 as ξ → ±∞ ,

S → 1 as ξ → +∞ ,

S → S− as ξ → −∞ .

From (2.53), we have Sn = cS ′ and, hence, n = c(lnS)′. Substituting into (2.51) we

obtain

−cn′ + j′ = cS ′ − cSc(lnS)′ .

Integrating and applying the boundary conditions at ξ → +∞, an invariant manifold

of the problem is given by

−cn+ j = c(S − 1)− cSc lnS .

With the definition f(S) ≡ S − 1 − Sc lnS, we obtain j = cn + cf(S), which can

be used to eliminate j from system (2.51)–(2.53). For c 6= 1 we can solve for n′ and

obtain the reduced system

n′ =
c

1− c2

[
2λ0χSn

2

c2
+ 2n(S − Sc − λ0) + (S − Sc − 2λ0)f(S)

]
, (2.54)

S ′ =
1

c
Sn . (2.55)

For c = 1, we obtain

n =
λ0 − S + Sc −

√
(λ0 − S + Sc)2 − 2λ0χS(S − Sc − 2λ0)f(S)

2λ0χS
,

S ′ = Sn ,

(2.56)

where we chose the solution to the quadratic equation for n that satisfies the boundary

conditions n→ 0 as ξ → ±∞.

It can be easily shown that f(S) = 0 has two solutions in the region (0, 1] for all

Sc ∈ (0, 1) as follows. Since f ′(S) = 1 − Sc/S, f(S) is monotonically decreasing for

S ∈ (0, Sc) and monotonically increasing for S ∈ (Sc, 1]. With f(1) = 0, this implies

f(Sc) < 0 and, using f(S) → ∞ for S → 0, we obtain the existence and uniqueness

of the second root of f(S) = 0: we call it S1 ∈ (0, Sc). The existence of S1 and the

negativity of f(S) for S ∈ (S1, 1), together with the condition 2λ0 > 1 − Sc, implies

that n as given in (2.56) is positive everywhere, and that the given solution therefore

satisfies the non-negativity condition.
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Steady states and their linear stability

Using the two roots of f(S) = 0 and under the condition (2.50), it is clear that there

are two steady states of the system (2.54)-(2.55): (n, S) = (0, 1) and (n, S) = (0, S1).

Linearising the system (2.54)-(2.55) about its steady states generates a system of the

form (
n
S

)′
= A

(
n
S

)
,

where, for the general steady state S∗ ∈ {S1, 1}, we have

A =


2c

1− c2
(S∗ − Sc − λ0)

c

1− c2
(S∗ − Sc − 2λ0)

S∗ − Sc
S∗

S∗
c

0

 ,

with

traceA =
2c

1− c2
(S∗ − Sc − λ0) , detA = − 1

1− c2
(S∗ − Sc − 2λ0)(S∗ − Sc) .

The eigenvalues of A are identical to ζ2,3 as given in (2.47). The steady state (0, 1)

is therefore a stable node for all c ∈ (c∗, 1) with c∗ as defined in (2.49). Similarly,

it can be seen that the steady steady (0, S1) is a saddle point. The eigenvectors

corresponding to the eigenvalues ζ2,3 take the form

v1,2 =

(
ζ2,3 ,

S∗
c

)T
.

In the n− S plane, the slopes of the eigenvectors are given by

k1,2(c) =
ζ2,3c

S∗
.

For the steady state (n, S) = (0, 1) this slope can be written in the form

k1,2(c) =
c2λ2

0

1− Sc − λ0 ∓
√

∆
, (2.57)

where we define ∆ = c2λ2
0 + (1− Sc − 2λ0)(1− Sc) similarly to (2.48).

Case I: No chemotaxis (ν =∞)

We first consider the case where the chemotactic sensitivity χ (given by (2.42)) van-

ishes, i.e cells do not respond chemotactically to changes in S. Here, travelling waves
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are generated solely through proliferation of bacteria at the wave front. To under-

stand the wave behaviour we perform a phase plane analysis for the ODE system

(2.54)–(2.55). Using ν =∞ (i.e. χ = 0), it reduces to

n′ =
c

1− c2

[
2n(S − Sc − λ0) + (S − Sc − 2λ0)f(S)

]
,

S ′ =
1

c
Sn .

(2.58)

Thus, the slope of a trajectory in the n− S plane can be written as

dn

dS
=

c2

1− c2

2n(S − Sc − λ0) + (S − Sc − 2λ0)f(S)

Sn
.

Additionally, an expression for the n−nullcline Λn is given by

n = − S − Sc − 2λ0

2(S − Sc − λ0)
f(S) ,

and the S-nullcline is simply

n = 0, or S = 0 .

Let us now show that travelling waves exist for the reduced system (2.58).

Theorem 2.4. For the case χ = 0 (which is equivalent to ν =∞), a unique travelling

wave solution for system (2.44) exists for all c ∈ (c∗, 1).

Proof. For any c ∈ (c∗, 1) we can define a region Ξ (see Figure 2.13(a)), enclosed by

the line n = k2(S − 1) (with k2 defined in (2.57)), the S-nullcline n = 0 and the line

S = S1. We will first show that Ξ is an invariant region of the system (2.44). Since

S is non-decreasing everywhere in Ξ and n′ is non-negative for n = 0 and S ∈ [S1, 1],

we need only to show that the direction field on the segment Λ1 = {(n, S) : n =

k2(S − 1), S ∈ [S1, 1)} points from the top half of the plane above this segment

towards the bottom. Since S is strictly increasing we require

dn

dS

∣∣∣∣
Λ1

≤ k2 ≤ 0 .

Indeed,

1− c2

c2

dn

dS

∣∣∣∣
Λ1

= 2
S − Sc − λ0

S
+

(S − Sc − 2λ0)f(S)

S(S − 1)k2

= 2
S − Sc − λ0

S
+

(S − Sc − 2λ0)f(S)

S(S − 1)c2λ2
0

(1− Sc − λ0 +
√

∆)

≤ 2
S − Sc − λ0

S
+

(S − Sc − 2λ0)(1− Sc)
Sc2λ2

0

(1− Sc − λ0 +
√

∆) ,
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Figure 2.13: Illustration of the travelling wave solution calculated using the ODE
system (2.58) for λ0 = 10, c = c∗ = 0.3122 and Sc = 0.5.
(a) Trajectory of travelling wave solution. Solid (blue) line: trajectory; dashed (green)
line: n-nullcline; dotted (black) line: circumference of invariant region Ξ introduced
in the proof of Theorem 2.4.
(b) Travelling wave solution in ξ. Solid (black) line: n, dashed (blue) line: S.

where we used (2.57) in the first step and the relation f(S)/(S − 1) ≤ 1− Sc for all

S ∈ [S1, 1]. Using the fact that k2 and (S − Sc − 2λ0) are negative, we can use the

definition of c∗ and the fact that S ≤ 1 to obtain

1− c2

c2

dn

dS

∣∣∣∣
Λ1

≤ 2
S − Sc − λ0

S
− 2λ0 + Sc − S
S(2λ0 + Sc − 1)

(1− Sc − λ0 +
√

∆)

=
−2λ2

0 + 3λ0(S − Sc)− (S − Sc)(1− Sc)
S(2λ0 + Sc − 1)

− 2λ0 + Sc − S
S(2λ0 + Sc − 1)

√
∆

≤ −2λ2
0 + 2λ0(S − Sc) + λ0(1− Sc)− (S − Sc)(1− Sc)

S(2λ0 + Sc − 1)

− 2λ0 + Sc − S
2λ0 + Sc − 1

√
∆

= − (2λ0 + Sc − 1)(λ0 + Sc − S)

S(2λ0 + Sc − 1)
− 2λ0 + Sc − S

2λ0 + Sc − 1

√
∆

≤ − λ0 + 1− Sc −
√

∆ =
1− c2

c2
k2 ,

where we used S ≤ 1 throughout the derivation. We can therefore conclude that Ξ

is an invariant region of the system (2.44). Noting that at the steady state (n, S) =

(0, S1) the unstable manifold has a positive slope (k1,2 = ζ2,3c/S∗), i.e. it points into

the region Ξ, and using the fact that S is strictly increasing inside Ξ for n > 0 we can
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conclude that, for each c ∈ (c∗, 1), there is a heteroclinic orbit starting from (0, S1)

and finishing at (0, 1), corresponding to a travelling wave solution of the PDE system

(2.44).

Case II: Increasing chemotaxis (0 < ν <∞)

Decreasing ν corresponds to an increase in the chemotactic sensitivity χ in the ODE

system (2.54)–(2.55) and the slope of trajectories in the n−S plane is determined by

dn

dS
=

c2

1− c2

2n(S − Sc − λ0) + (S − Sc − 2λ0)f(S)

Sn
+

2λ0χ

1− c2
n .

It is noted that the above slope is larger than that for the non-chemotaxis case within

the region of interest n > 0. Due to this increase the region Ξ for the proof of

Theorem 2.4 is no longer invariant for this system and a travelling wave solution to

(2.44) does not necessarily exist for all c ∈ (c∗, 1). The n-nullcline for the full ODE

system (2.54)–(2.55) is given as the solution of the quadratic equation

2λ0χS

c
n2 + 2c(S − Sc − λ0)n+ c(S − Sc − 2λ0)f(S) = 0 .

For a given wave speed c, the n-nullcline can therefore be calculated as

n =
c

2λ0χS

[
c(λ0 + Sc − S)±

√
∆2(S)

]
,

with

∆2(S) = c2(λ0 + Sc − S)2 − 2λ0χS(S − Sc − 2λ0)f(S) .

We can see that ∆2(S) → −∞ as S → ∞ due to its leading order term −2λ0χS
3.

Therefore, as S becomes large, no n-nullcline exists and n′ is positive everywhere.

Additionally, ∆2(S) might have further roots and, in particular, ∆2(S) might be

negative in parts (or the whole) of region S ∈ [S1, 1]. This again means that n is

strictly growing in these parts of the domain.

We detect three different types of behaviours of trajectories starting close to

(n, S) = (0, S1), plotted in Figure 2.14. In particular, we can see each of these

behavioural types for different values of χ and despite different configurations of the

nullclines. In panels (a) and (b) of Figure 2.14 we present the case of a diverging

solution. Examining ODE (2.54), we observe that for large n, n grows quicker than

O(n2) and the divergence can be identified as a finite-time blow-up. In the second

case, depicted in panels (c) and (d) of Figure 2.14, the trajectory converges to the

steady state (0, 1), but does so after entering the region S > 1 and thereafter the
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region n < 0. Note that the steady state (0, 1) is still a stable node in this case and

that this overshoot is therefore not a spiralling effect. Since these trajectories do not

correspond to a non-negative solution of the ODE system (2.54)–(2.55), they do not

represent biologically relevant travelling wave solutions to the original problem. The

last case, presented in panels (e) and (f) of Figure 2.14, corresponds to an acceptable

solution and is characterised by the convergence to (0, 1) without crossing the line

S = 1.

Case III: Infinite chemotactic sensitivity (ν = 0)

As ν decreases further, we observe that the minimal wave speed necessary to allow

a non-negative travelling wave solution of (2.44) increases. In the limit ν → 0, the

ODE system (2.54)–(2.55) undergoes blow-up in finite time for all values of c ∈ (0, 1).

This is because when ν goes to 0, χ goes to infinity, and thus the first term on the

right-hand side of (2.54), which is quadratic in n, becomes the leading order term

of (2.54). However, in this limit the linearisation assumption leading to these ODEs

and the system (2.44) is no longer valid and we must consider the original turning

frequency as defined in (2.36). In the limit ν → 0 the turning rate in the hybrid

model becomes

λ =

{
0 , S − z2 > 0 ,

2λ0 , S − z2 < 0 .

Hence, bacteria moving in a favourable direction do not turn, indicating that the

wave speed achieved in this limit should evolve to c = s = 1. In [173] it was shown,

for a slightly different turning kernel, that travelling waves can exist even without

growth terms and that their wave speed satisfies c = s.

2.5.5 Computational analysis of the wave speed

In this section we computationally compare wave speeds from the hybrid model with

those of the fully continuous models. Specifically, we investigate the regimes in which

the latter provide an acceptable insight into the travelling wave behaviour of the

hybrid model, and where they differ. We begin by investigating the non-chemotaxis

case, where the minimum wave speed c∗ for the continuum systems was determined in

(2.49). We show how the wave speed depends on the value of ν, and correspondingly

the chemotactic sensitivity χ in the macroscopic model.
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(f) χ = 0.3, c = 0.35

Figure 2.14: Trajectories of the ODE system (2.54)–(2.55) that highlight the three
different cases discussed in the text. Parameters in all plots are λ0 = 10, Sc = 0.5.
Solid (blue) lines: trajectories; dashed (green) lines: n-nullclines; dotted (black) lines:
n = 0 and S = 1.
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Case I: No chemotaxis (ν =∞)

In Section 2.5.4 we analysed the macroscopic PDEs in the absence of chemotaxis.

Travelling wave solutions were shown to exist for all wave speeds c ∈ (c∗, 1), with c∗

determined by (2.49). In Figure 2.15(a), (2.49) is illustrated as a function of λ0; we

note that wave speeds determined through simulation of the PDE systems correspond

exactly (to accuracy of the numerical approximation) with the analytical wave speeds.

We now numerically investigate the wave speed for the case χ = 0 in the hybrid model.

We use the same parameters as for the simulations in Section 2.5.2. We simulate

the system until the time tend when the value of S at x = 60 falls below 0.5. We

estimate the wave speed using the time tst when S at x = 20 falls below 0.5 through

v̄ = 40/(tend − tst).
The measured wave speed for varying λ0 is illustrated in Figure 2.15(a), along with

c∗ as predicted from the travelling wave analysis. While the relationship is similar

in shape, we note that at all values of λ0 tested the measured wave speed lies below

the analytical value c∗. In the literature it has been observed that inaccuracies in

numerical schemes can lead to an increase in wave speeds [139], therefore rendering

the lower wave speed seen in Figure 2.15(a) as counterintuitive.

Nevertheless, we can provide the following explanation for the differing values in

the continuum and hybrid models. For the zero-chemotaxis case, wave generation

and movement is solely determined by growth ahead and death behind the wave.

In the continuum model an outermost ‘fractional bacteria population’ can extend

significantly beyond the wave front, since some proportion of the initial population

never turns left, and hence far into the region where S is very close to its initial value of

1. Yet this fractional population undergoes exponential growth (∂p±/∂t ≈ (1−Sc)p±),

thereby seeding expansion of the population towards the right of the real axis. The

finite/discrete nature of the hybrid model precludes any fractional bacterium: the

forward ‘tail’ is necessarily finite and growth will not occur beyond the outermost

individual.

For the above explanation to hold we would expect a dependence of the measured

wave speed on the initial number of bacteria N0: continuous densities provide a closer

approximation under larger numbers of bacteria and we would expect convergence

in the wave speed to c∗. Simulations in Figure 2.15(b) demonstrate this property,

corroborating the above interpretation.
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Figure 2.15: Measured wave speed in the hybrid model. (Black) crosses: individual
simulations; (blue) dots: ensemble averages; dashed (red) line: c∗ given by (2.49).
Parameters are as described in the text.
(a) Wave speed as a function of λ0 for N0 = 103.
(b) Wave speed as a function of N0 for λ0 = 10.

Case II: Increasing chemotaxis (0 < ν <∞)

In the second set of numerical experiments we measure the dependency of the wave

speed on the critical parameter ν, i.e. we determine the effect of increasing chemotaxis

as ν decreases. We compare the results measured for the hybrid system with the

continuous Systems (A) and (B).

We use the same parameters as before and results are shown in Figure 2.16. The

results demonstrate the regimes where correspondence across the varying modelling

levels occurs: while the hybrid model (blue dotted line) corresponds well with its

closest continuous version (mesoscopic System (A), red solid line) over a wide range

of ν, it only corresponds with System (B) (black dashed line) for larger ν, diverging as

ν decreases. Note that the turning rate (2.42) used for System (B) becomes negative

at small values of ν and we limit the range of ν studied accordingly.

At larger ν all three models converge to a value close to c∗ as ν grows: in this

regime the main assumption proposed for the linearisation (|S(x) − z2| � ν) holds

and we obtain good quantitative agreement. While this assumption becomes less

acceptable as we decrease ν, leading to the divergent behaviour described above, we

note that all models show the same qualitative agreement: increasing chemotactic

responses leads to an increase in the wave speed. Note that the results for System

(B) can be identically replicated using the ODE system (2.54)–(2.55) and a search

algorithm for the smallest value of c that admits a non-negative solution to the system.
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Figure 2.16: Comparison between wave speeds of the various models in dependence of
ν. Dotted (blue) line: hybrid model; solid (red) line: mesoscopic System (A); dashed
(black) line: linearised System (B). Parameters are as described in the text.

These numerical experiments demonstrate that chemotaxis has a significant effect

on the speed of movement and that the waves cannot solely be explained by growth

terms. Rather, we interpret birth and death processes as stabilisers to what would

otherwise be transient waves [66, 173]. This interpretation is in agreement with the

results presented in Figure 2.10, as the initial wave speed for the system without

growth seems to be similar to the wave speed of the system including growth terms.

2.5.6 Oscillations in the wave speed

An additional observation we made during the numerical experiments of the hybrid

model is that for increasing values of the adaptation time ta, the wave speed starts

to differ strongly from the mesoscopic System (A), an effect that we identified to

be due to oscillations in the behaviour of the wave. In Figure 2.17(a) we present an

example of strongly oscillating wave speeds (where the wave speed is measured as

rate of change of the average position of bacteria). This example occurred for the

parameters Sc = 0.5, λ0 = 10, ν = 0.001 and ta = 4. We can also clearly see that

the wave speed is correlated to the current number of agents in the system. In the

literature similar effects of oscillating waves in stochastic models have been observed

[114, 130].

In Figure 2.17(b), we present the form of the wave at different times throughout

the simulation. It is clearly visible that the shape differs significantly at different
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times. One reason these oscillations occur when ta is very high is that a bacterium

that happens to be in front of the wave experiences a very high value of S, whilst its

internal dynamics only adapt very slowly. This, in combination with the low value

of ν, leads to a bacterium that does not switch direction for a long time and will

proliferate at a high rate. This implies that a spike of bacteria forms in front of

the wave that moves faster than the rest of the wave. We can clearly see such a

spike in the left-most waveform in Figure 2.17(b). Once the frontrunning bacterium

and its copies have turned, the wave goes into a reordering phase (second and third

waveform), until, eventually, a new spike emerges (4th waveform).

In Figure 2.17(c) we plot the wave speed over time for a smaller value of ta. We

can see that the oscillations are less severe and more frequent than in Figure 2.17(a),

which is in agreement with the explanation above. As we decrease ta the frontrunning

bacteria will adapt quicker to their surroundings and are thereby more likely to turn.

We show the influence of changing N0 on the oscillating behaviour in Figure 2.17(d).

The oscillations seem to occur with a similar frequency but more regular to those

before, which can be explained by the increased likelihood of frontrunning bacteria

with a higher number of agents and reduced noise in the system.

2.6 Discussion

In this chapter we have extended the hybrid modelling framework formulated in

Section 1.4.3 for the special use on a number of species with different modelling

frameworks sharing the same domain. We present different ways of coupling the

PDE and the agent-based species as well as how to incorporate growth processes into

the agent-based system. All concepts were illustrated using the example of bacterial

chemotaxis and in particular the movement of E. coli bacteria in reaction to an

extracellular chemoattractant.

The main result of the study of hybrid Keller-Segel models is that travelling waves

still form, but that in contrast to the classical model these waves are not constant

in speed and agents are lost in the back of the wave. A more detailed study of

this dropout effect revealed that stochastic effects in the region of low copy numbers

behind the wave render continuum assumptions as inaccurate. Comparing different

kernel density estimations for the coupling, we can see that using a different space

scale for the kernel than for the gridpoints can result in a method that is stable

in the limit ∆x → 0, whilst shrinking the kernel proportionally to ∆x results in a

system break down. This additional space scale could be interpreted as the size of an
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Figure 2.17: Oscillations in the wave speed of the hybrid model presented in Sec-
tion 2.5.2. Parameters as shown in the text.
(a) Wave speed in comparison to current number of particles for N0 = 104, ta = 4.
Solid (black) line: wave speed; dashed (red) line: number of particles; dotted (black)
lines: times of wave forms shown in panel (b).
(b) Waveform at 4 distinct times marked in panel (a) from left to right.
(c) As in (a) with N0 = 104, ta = 2.
(d) As in (a) with N0 = 5× 104, ta = 4.
Other parameters are given in Section 2.5.6.
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individual bacterium as it defines the region where consumption (and deposition) of

signal takes place.

In the second part, we study hybrid systems of bacterial chemotaxis under the

inclusion of growth terms. We show how these growth terms can stabilise chemo-

taxis systems with a biologically realistic turning kernel introduced in [173] to obtain

travelling wave solutions. We compare two different methods of incorporating the

growth process into the hybrid system and conclude that both give consistent results.

These results are compared to mesoscopic and macroscopic PDE systems and we ob-

tain a qualitative correspondence. A travelling wave analysis for these PDE systems

is performed, revealing a quantitative agreement for the case of no chemotaxis and

an increasing wave speed as chemotaxis is increased. We conclude that the growth

process has a stabilising effect on the otherwise transient travelling wave system.

Additional simulations showed the existence of oscillations in the speed and mass

of the travelling waves for certain parameter values, an effect that has been seen in

similar systems in the literature [130] and that cannot be explained using mean-field

approximations.

To date, travelling waves in chemotaxis models have mainly been analysed from

the perspective of macroscopic PDE models of chemotaxis [87, 88]. The existence of

travelling waves for continuum models with growth terms is well established [101, 121,

147]. While hybrid models have been used to study pattern formation in bacterial

chemotaxis [79, 172], these studies have not analysed the travelling wave patterns ob-

served in bacterial cell populations. Recently, experimental studies using microfluidic

techniques tracked cell trajectories within a travelling pulse, and revealed that persis-

tence of direction in cell movement accounts for 30% of the macroscopic speed of the

travelling pulse [146]. The hybrid model framework studied here provides a natural

method for direct comparison of model predictions with experimental measurements

of cell trajectories.

Looking at the bigger picture of obtaining a unified hybrid modelling scheme for

a large number of systems, the methods presented can generally be applied for all

reaction-diffusion systems with reactions that are first order in the density of agent

species. In Chapter 3, we extend this to incorporate additional types of reactions and

an additional possibility of how to split the system into continuum and agent-based

species. In Chapter 4 we apply bacterial chemotaxis models to the target finding

problem in robot swarms. Whilst the models in this chapter do not consider direct

interactions between individuals, we introduce volume exclusion into the velocity

jump framework in Chapter 5.
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Chapter 3

PDE-assisted Brownian dynamics

In Chapter 2 we extended the hybrid framework presented in Section 1.4.3 to use

different modelling approaches for different species in a common domain Ω. In this

chapter we want to extend hybrid models into a different direction, namely we derive

an algorithm that uses different levels of detail in different parts of the domain.

We start by discussing possible application areas of this hybrid approach and then

introduce the extension of the framework presented in Section 1.4.3 along with a

mathematical formulation of the problems involved. Section 3.3 introduces a first

model for purely diffusive systems. We extend this initial model by introducing simple

reactions and show a number of numerical results to demonstrate the correct working

of the presented algorithm. First steps for an extension into higher dimensions are

shown in Section 3.6 and a discussion of the results of this chapter follows.

Most of the results presented in this chapter were published in the SIAM Journal

of Applied Mathematics paper [67].

3.1 Motivation and examples

Whilst Chapter 2 concentrated on the active motion of bacteria in response to ex-

tracellular signal, this chapter initially studies simpler types of motion in the form of

reaction-diffusion models. Those models have been widely used for the description

of biological systems [120] and allow each species to diffuse and to react by itself or

in combination with other species. Often continuum approaches, written in the form

of reaction-diffusion PDEs, are used due to their simplicity and the vast number of

ready-to-use numerical solvers. A general reaction-diffusion model takes the PDE

form
∂cj
∂t

= ∇x · (Dj(x)∇xcj) +Rj(c1, . . . , cM) , (3.1)
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where cj(t,x) is the concentration of species j = 1, . . . ,M , Dj is its diffusion constant

and Rj represents reaction terms. As in Chapter 2, not all biological effects can

be described by deterministic PDE-based models, especially in the case of low copy

numbers and the inherent fluctuations in spatial concentrations in that case [110, 155].

If low copy numbers are present in a reaction-diffusion network, stochastic models

such as mesoscopic compartment-based algorithms [42, 81] or Brownian dynamics

(BD) simulations as introduced in Section 1.3.1 may be deployed [8, 162].

In many situations individual trajectories are important only in certain parts of

the domain, whilst in the remainder of the domain a coarser, less detailed, descrip-

tion can be used [62]. This is the case, for example, in the modelling of ion-channels

[118]. Ions pass through a channel in single file and an individual-based model has

to be used to accurately compute the discrete, stochastic, current in the channel

[31]. The positions of individual ions are less important away from the channel where

copy numbers may be very large (rendering a detailed Brownian dynamics descrip-

tion infeasible) [36]. Another example is the stochastic reaction-diffusion modelling

of filopodia which are dynamic finger-like protrusions used by eukaryotic motile cells

to probe their environment and guide cell motility [175]. These relatively small pro-

trusions are connected to a larger cytosol compartment. If a modeller is interested

in understanding the dynamics of filopodia, then there is a potential to decrease the

computational cost of simulations by using a coarser model in the cytosol [52]. In

both examples, it is important to understand how models with a different level of

detail can be used in different parts of the computational domain [62].

In this chapter, we develop two algorithms that calculate BD paths in a desired

part of the domain, whilst using a continuum PDE-based model in the remainder.

Similarly to the hybrid models studied in Chapter 2 this PDE-assisted Brownian

dynamics (PBD) methodology has the advantage that efficient methods for solving

PDEs can be used for large parts of the system, whilst BD data is available where

required. The main goal of the PBD methodology is to obtain the same statistics

(means and variances) in the BD subdomain as one would get using BD simulations

in the whole domain. In particular, the correct coupling between the two parts of the

domain is of vital importance for the accuracy of a PBD algorithm.

3.2 Adaptation of the hybrid modelling framework

The development of hybrid methods of the desired form is based on the general frame-

work for spatial hybrid models described in Section 1.4.3. Therefore, we again have
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MC continuum species described through the concentrations cj(t,x), j = 1, . . . ,MC ,

defined for x ∈ Ω ⊂ Rd, d = 1, 2, 3, as well as MA agent-based species defined by the

position x(i,j) ∈ Ω of particle i = 1, . . . , Nj of species j = 1, . . . ,MA.

However, in contrast to the hybrid models we have seen in Chapter 2, agents

and continuum descriptions no longer share the whole domain Ω, but each have a

dedicated area. We therefore define the subdomains ΩP ,ΩB ⊂ Ω and the interface

between the two domains I ⊂ Ω so that the three sets satisfy the conditions

Ω = ΩB ∪ ΩP , I = ΩB ∩ ΩP . (3.2)

We denote ΩP as the PDE or continuum subdomain and ΩB as the BD or particle-

based subdomain of Ω. For the defining quantities of the different species this means in

particular that the concentrations cj(t,x), j = 1, . . . ,MC , are only defined for x ∈ ΩP

whilst particle positions need to satisfy x(i,j) ∈ ΩB, i = 1, . . . , Nj, j = 1, . . . ,MA.

Another difference compared to the hybrid models seen before is that we allow for

one species to be modelled by both modelling approaches and in particular we require

that MC = MA = M and that the concentration cj(t,x) represents the same species

as particles (i, j), i = 1, . . . , Nj, for j = 1, . . . ,M . The main focus of this chapter is

the question of how to correctly interchange mass between the two subdomains whilst

maintaining a consistent concentration profile. Because we are dealing with reaction-

diffusion systems, we can make further simplifying assumptions on the behaviour of

the different species. In particular, we assume that the update of the concentrations

cj(t,x), j = 1, . . . ,M , is given through the reaction-diffusion PDE (3.1) and that the

particles follow the Euler-Maruyama discretisation of the classical Brownian motion

given through

x(i,j)(t+ ∆t) = x(i,j)(t) +
√

2Dj∆t ξ , (3.3)

where ξ ∈ Rd is a vector of d independent normally distributed random variables. Ad-

ditionally, the reaction-diffusion framework dictates that particles do not carry further

information than their current positions x(i,j), i.e. no further internal dynamics are

possible.

In this chapter, we present PBD algorithms for the following two situations:

[A] ΩB and ΩP do not overlap, i.e. ΩB ∩ ΩP = ∅;

[B] there exists an overlap region where the PDE description and BD simulations

exist in parallel, i.e. O = ΩB ∩ ΩP 6= ∅.

The case [A] will lead to the PBD algorithm (A1)–(A5) presented in Table 3.1. The

case [B] is implemented in the second PBD algorithm (B1)–(B5) which is presented
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cj(t, x) Nj(t)

x(1,j)(t) x(i,j)(t)

t

x
Figure 3.1: Sketch of the first PBD algorithm and the notation related to it. In
ΩP , molecules are described by their concentration cj(t, x) and in the particle-based
domain ΩB are described by the number Nj(t) of molecules and their positions x(i,j)(t),
i = 1, 2, . . . , Nj(t), j = 1, . . . ,M . The interface between these domains is called I and
is defined in (3.2).

in Table 3.2. We will start the discussion with case [A] because it is less technical to

implement than the case [B].

To simplify presentation, we will consider that Ω is a ‘narrow’ three-dimensional

domain, and hence only consider the process mapped onto an effective one-dimensional

domain Ω ⊂ R by assuming that the system is well mixed in the other two dimen-

sions. A sketch of the mixed PDE, particle-based system along with the notation for

case [A] is shown in Figure 3.1 for one chemical species.

Mathematical problem formulation

As we mentioned in Section 3.1, the main aim of the PBD method is to maintain

the same statistics in the particle-based regime ΩB as a purely agent-based system

would achieve. Let us therefore consider a general BD reaction-diffusion simulation

with M chemical species in the full domain Ω ⊂ Rd, d = 1, 2, 3. We maintain the

main notation from the hybrid system, such that species j = 1, . . . ,M is represented

by Nj particles located at x(i,j)(t) ∈ Ω. After setting off the particles according to

an arbitrary distribution n0(x), BD simulations can be used to evaluate the following

random variable for every set A ⊂ Ω

ϕj(t, A) =
∣∣{x(i,j)(t) ∈ A , i = 1, 2, . . . , Nj

}∣∣ , j = 1, . . . ,M ,

representing the number of molecules of the j-th chemical species inside the subset

A at time t. We denote by nj(t,x) : [0,∞)× Ω 7→ R+
0 , j = 1, 2, . . . ,M , the expected

spatio-temporal concentration of the j-th chemical species at the position x and time
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t over the domain Ω. Hence, we have

E [ϕj(t, A)] =

∫
A

nj(t,x) dx .

We also define the expected spatio-temporal variance of the number of molecules of

the j-th chemical species inside A ⊂ Ω by

var [ϕj(t, A)] = E
[
(ϕj(t, A))2]− (∫

A

nj(t,x) dx

)2

.

Using these two quantities, we can now formulate three conditions that we require

PBD methods to satisfy in order to be considered accurate.

Condition (C.1): We require that the expected distribution of molecules in ΩB\ΩP ,

i.e. the part of the domain where only a particle-based description is used, of the

PBD method matches that of the expected distribution nj(t,x), i.e. the distribution

which we would obtain if we used detailed BD simulations in the whole domain Ω.

In particular this means that for every set A ⊂ ΩB \ ΩP , the expected number of

particles in A at time t > 0 has to satisfy

E
[∣∣{x(i,j)(t) ∈ A , i = 1, . . . , Nj

}∣∣] =

∫
A

nj(t,x) dx , ∀A ⊂ ΩB \ ΩP . (3.4)

In the case d = 1 mainly considered in this chapter, the choice of an arbitrarily small

but finite interval A = [x, x+ dx) for x ∈ ΩB \ΩP leads to an alternative formulation

of this condition

E
[∣∣{x(i,j)(t) ∈ [x, x+ dx) , i = 1, . . . , Nj

}∣∣] = nj(t, x) dx , ∀x ∈ ΩB \ ΩP .

Condition (C.2): In addition to the expected outcomes, we also want the variances

of the molecule distribution in ΩB \ ΩP to match that which would be expected if a

BD simulation were to be performed over the entire domain Ω. Hence, we require

var
[∣∣{x(i,j)(t) ∈ A , i = 1, . . . , Nj

}∣∣] = var [ϕj(t, A)] , (3.5)

for all A ⊂ ΩB \ ΩP and t > 0.

In ΩP \ ΩB, the system is described by the concentration vector cj, j = 1, 2, . . . ,M ,

which evolves according to the reaction-diffusion PDE (3.1). This distribution, whilst

continuous, is not strictly deterministic since it is coupled with the stochastic out-

comes of the BD subdomain ΩB. If the stochastic reaction-diffusion model only

includes zero-order or first-order reactions, then the mean-field PDE (3.1) describes
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the expected behaviour of stochastic models [51]. In this case it is reasonable to

require the following additional condition.

Condition (C.3): We require

E [cj(t,x)] = nj(t,x) , ∀x ∈ ΩP \ ΩB , t > 0 . (3.6)

In the case [A], the conditions (C.1)–(C.3) can be simplified by observing that ΩB =

ΩB\ΩP and ΩP = ΩP\ΩB. In the case [B], we will also require that the PBD algorithm

gives the correct mean distribution of molecules in the overlap region O = ΩB ∩ ΩP ,

i.e.

E
[∫

A

cj(t,x) dx

]
+ E

[∣∣{x(i,j)(t) ∈ A , i = 1, . . . , Nj

}∣∣] =

∫
A

nj(t,x) dx ,

for all sets A ⊂ O = ΩB ∩ ΩP and t > 0.

Note that we did not make any explicit assumptions for the solutions at the inter-

face I. Instead, we formulate these assumptions implicitly using Conditions (C.1)–

(C.3). Conditions (C.1) and (C.3) imply that PBD algorithms guarantee the conti-

nuity of the expected spatio-temporal concentration across the interface I.

3.3 PBD simulation of diffusion

In this section, we concentrate on a case [A] PBD algorithm (i.e. ΩB ∩ ΩP = ∅)
using a system of diffusing non-interacting molecules of a single chemical species in

a quasi one-dimensional domain Ω ⊂ R. Therefore, for all further discussions in this

and the following section we will drop the index j representing the species. Then the

macroscopic PDE (3.1) for this system becomes the diffusion equation

∂c

∂t
= D

∂2c

∂x2
. (3.7)

We will consider the infinite domain Ω = R for simplicity. Without loss of generality,

we assume that ΩP = (−∞, 0) and ΩB = (0,∞), i.e. the internal boundary I = {0}
is situated at the origin x = 0. In the case of diffusion only, the total mass Ntot in

the system is conserved, i.e.

Ntot =

∫
Ω

n(t, x) dx , for all t ≥ 0 . (3.8)

Hence, for the PBD algorithm the conservation of mass condition takes the form

Ntot =

∫
ΩP

c(t, x) dx+N(t) , for all t ≥ 0 , (3.9)
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where N(t) represents the mass contribution of the particle-based component and

the integral represents that of the continuum part. Since the diffusing molecules are

non-interacting, we can evaluate the variance of ϕ by assuming that every particle

has the (identical) probability PA =
∫
A
n(t, x) dx/Ntot of being in the set A at time

t. Consequently,

var [ϕj(t, A)] = NtotPA(1− PA) .

Substituting for PA and using (3.8), equation (3.5) takes the form

var
[∣∣{x(i)(t) ∈ A , i = 1, . . . , N

}∣∣] =

∫
A

n(t, x) dx

(
1−

∫
A
n(t, x) dx∫

Ω
n(t, x) dx

)
,

for all A ⊂ ΩB and t > 0. Using again A = [x, x + dx), we obtain the alternative

formulation up to order ( dx)2

var
[∣∣{x(i)(t) ∈ [x, x+ dx) , i = 1, . . . , N

}∣∣] = n(t, x) dx .

In Sections 3.3.1 and 3.3.2, we present one update step of the continuum and

the particle-based simulations, respectively, before the full PBD algorithm (A1)–(A5)

is formulated in Section 3.3.3. In Section 3.3.4, we will discuss the accuracy of the

algorithm with respect to the Conditions (C.1)–(C.3).

3.3.1 Updating the PDE regime in ΩP

At time t, we have the concentration c(t, x) for x ∈ ΩP and are aiming to calculate

the concentration c(t+ ∆t, x) that corresponds to a realisation of one time step ∆t of

the diffusion process (3.7). Let us therefore define in an intermediate step the exact

outcome of the diffusion process in the full domain Ω given initial data c(t, x):

c̃(t+ ∆t, x) =

∫
ΩP

K(∆t, x− x′) c(t, x′) dx′ , (3.10)

where K(∆t, x− x′) is the diffusion kernel

K(∆t, ξ) =
1√

4πD∆t
exp

(
− ξ2

4D∆t

)
. (3.11)

The intermediate function c̃(t + ∆t, x) represents the exact outcome of diffusion of

the PDE component c(t, x) on the time interval [t, t+ ∆t) and therefore has support

Ω. We are, however, aiming to obtain a distribution c(t + ∆t, x) that has support

only in ΩP and therefore need to consider the mass that has flowed over the interface

I during the diffusion step. Let us therefore define the overflow α(t+ ∆t) through

α(t+ ∆t) =

∫
ΩB

c̃(t+ ∆t, x) dx . (3.12)
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ΩP ΩBI

c(t, x)

c̃(t + ∆t, x)

α(t + ∆t)

x
Figure 3.2: Illustration of step (A1) of the first PBD algorithm. Dashed (grey) line:
c(t, x); solid (black) line: c̃(t+∆t, x) as defined in (3.10); shaded (red) area: α(t+∆t)
as defined in (3.12).

A graphical explanation of this overflow can be seen in Figure 3.2. The only way to

account for mass that has crossed the interface is by creating new particles inside ΩB,

and in order to get the correct expected mass flow, we need to create an expected

number of α(t + ∆t) new particles. Since all molecules in ΩP are identical (of the

same chemical species and have the same probability distribution proportional to

c̃(t+ ∆t, x)), the number of molecules that cross the interface from ΩP to ΩB in the

time interval [t, t + ∆t) is Poisson distributed with mean α(t + ∆t). Let us assume

that ∆t has been chosen small enough to ensure that α(t+ ∆t)� 1. In this case the

probability of more than one particle crossing the interface is negligible and we need

to consider two cases:

(i) one particle gets created in ΩB with the probability α(t+ ∆t);

(ii) no particle is created with the probability 1− α(t+ ∆t).

For both cases we need to calculate the updated concentration c(t+ ∆t, x) with sup-

port in ΩP . The main idea to calculate this updated concentration is to consider c(t, x)

as the distribution of Ntot − N identically distributed particles at time t. Therefore

each of these particles has at time t the probability distribution c(t, x)/(Ntot − N).

After one time step each of these particles has the probability distribution c̃(t +

∆t, x)/(Ntot −N). Hence, for each particle, its probability distribution given that it

did not leave ΩP can be calculated as

p1(t+ ∆t, x) =
c̃(t+ ∆t, x)

Ntot −N(t)− α(t+ ∆t)
, x ∈ ΩP .

On the other hand, if a particle does leave the domain ΩP , then its distribution

function becomes zero for x ∈ ΩP . Instead the particle is introduced into ΩB at time
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ΩP ΩBI
x

c̃(t+ ∆t, x)

cP (t+ ∆t, x)

x(i)(t+ ∆t)

N(t) + 1

(a) Case (i)

ΩP ΩBI
x

c̃(t+ ∆t, x)

cP (t+ ∆t, x)

N(t)

(b) Case (ii)

Figure 3.3: Illustration of steps (A2) and (A3) of the first PBD algorithm. Dashed
(grey) line: c̃(t+∆t, x); solid (black) line: cP (t+∆t, x); (green) dot: created particle.

t+ ∆t at a location x with the probability distribution given by

p2(t+ ∆t, x) =
c̃(t+ ∆t, x)

α(t+ ∆t)
, x ∈ ΩB . (3.13)

This updating process is similar to collapsing a wave function in quantum mechanics

[163]. We sample from its probability distribution to know if a particle has crossed

the boundary into ΩB: if it has crossed the interface, we sample its exact position

and its distribution function collapses to a δ function at its new position, while if it

is not, then its distribution function becomes zero in ΩB and is rescaled in ΩP .

Combining these arguments for all the particles, we see that the last update step

is a simple rescaling of the probability distribution so that the updated distribution

satisfies conservation of mass according to (3.8). We therefore have

cP (t+ ∆t, x) =

{
β(i) c̃(t+ ∆t, x), in the case (i),

β(ii) c̃(t+ ∆t, x), in the case (ii),
x ∈ ΩP , (3.14)

with the rescaling constants β(i), β(ii) given respectively by

β(i) =
Ntot −N − 1

Ntot −N − α(t+ ∆t)
, β(ii) =

Ntot −N
Ntot −N − α(t+ ∆t)

. (3.15)

Note that the new concentration cP (t+ ∆t, x) is only an intermediate concentration

and not the new concentration c(t + ∆t, x) as we still need to consider possible con-

tributions from the particle based subdomain ΩB. The update for the continuum

regime satisfies conservation of mass (3.8) in both cases (i) and (ii). An illustration

of these two cases can be seen in Figure 3.3.

3.3.2 Updating the BD regime in ΩB

We use the discretised version of the overdamped Langevin equation introduced in

(3.3) to update the positions of particles in ΩB. In the one-dimensional case considered
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here, it takes the form

x(i)(t+ ∆t) = x(i)(t) +
√

2D∆tξ , ξ ∼ N (0; 1) . (3.16)

If the position x(i)(t+∆t) of particle i = 1, . . . , N , computed through (3.16), is in ΩB,

then we will continue representing it as a particle. Note that a particle that crossed

the interface I and came back into ΩB during the time step [t, t+∆t) is also captured

by this case. We have to be more careful whenever the position x(i)(t+∆t), computed

by (3.16), is inside the PDE subdomain ΩP at time t + ∆t, i.e. x(i)(t + ∆t) ∈ ΩP .

Because, this particle can no longer be represented through BD simulations, it needs

to be taken into account for the calculation of the final concentration c(t+ ∆t, x) in

ΩP . As we know the exact position of this particle i at time t + ∆t we transform it

into a Dirac δ function at the position x(i)(t+ ∆t) ∈ ΩP . Therefore we compute the

final concentration c(t+ ∆t, x) in ΩP by

c(t+ ∆t, x) = cP (t+ ∆t, x) +
∑

x(i)(t+∆t)∈ΩP

δ
(
x− x(i)(t+ ∆t)

)
,

with cP (t+ ∆t, x) given in (3.14).

3.3.3 The first PBD algorithm

Let us now put the individual updates presented in Sections 3.3.1 and 3.3.2 into the

first complete PBD algorithm. This algorithm tracks the concentration c(t, x) for x ∈
ΩP , and the number N(t) and positions of BD particles x(i)(t) ∈ ΩB, i = 1, 2, . . . , N .

One time step of the first PBD algorithm is presented in Table 3.1 as algorithm

(A1)–(A5). In order to simplify the presentation of this algorithm, we assume that

the time step ∆t is chosen so small that α(t + ∆t)� 1. In particular, we only need

to implement cases (i)–(ii) presented in Section 3.3.1, because the probability that

two or more molecules are initiated in ΩB during one time step is negligible.

The auxiliary distribution c̃(t+ ∆t, x) in step (A1) is in practice calculated using

a numerical approximation algorithm. To calculate α(t + ∆t) we can either use this

numerical approximation of c̃(t + ∆t, x), or (more efficiently) we can approximate

α(t+∆t) analytically using a boundary layer expansion in the vicinity of the interface

I.

By construction, the algorithm (A1)–(A5) satisfies the conservation of mass condi-

tion (3.9) and the concentration c(t, x) satisfies non-negativity. We will now show that

this algorithm also guarantees the correct expected outcome and therefore satisfies

Conditions (C.1) and (C.3).
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(A1) Calculate c̃(t+ ∆t, x) using (3.10) and α(t+ ∆t) using (3.12).

(A2) Generate a uniformly distributed random number r ∈ (0, 1).

(i) If r < α(t + ∆t), then create a new particle in ΩB according to the
probability density p2(t+ ∆t, x) defined in (3.13). Set β = β(i), where
β(i) is given by (3.15). Set Nnew = 1.

(ii) If r ≥ α(t+ ∆t), then set β = β(ii), where β(ii) is given by (3.15).
Set Nnew = 0.

(A3) Compute the positions x(i)(t + ∆t), i = 1, 2, . . . , N(t), of the BD particles
according to (3.16).

(A4) Compute the new concentration in ΩP by

c(t+ ∆t, x) = β c̃(t+ ∆t, x) +
∑

x(i)(t+∆t)∈ΩP

δ
(
x− x(i)(t+ ∆t)

)
, x ∈ ΩP .

(A5) Update the number of BD particles by

N(t+ ∆t) = N(t) +Nnew −
∣∣{x(i)(t+ ∆t) ∈ ΩP , i = 1, . . . , N

}∣∣ .
Terminate computation of the trajectories of BD molecules which landed in
ΩP (i.e. the BD particles which satisfy x(i)(t+ ∆t) ∈ ΩP .)
Then continue with step (A1) for time t+ ∆t.

Table 3.1: One time step of the first PBD algorithm for a system of diffusing
molecules.

Theorem 3.1. Consider the BD simulation of Ntot diffusing molecules in the compu-

tational domain Ω which is divided into subdomains ΩB ⊂ Ω and ΩP ⊂ Ω satisfying

(3.2) and the case [A]. Suppose that the N(0) particles are initially distributed in ΩB at

positions x(i)(0), i = 1, 2, . . . , N(0), according to n(0, x), x ∈ ΩB and that the remain-

ing Ntot−N(0) particles have concentration c(0, x) in ΩP , such that c(0, x) = n(0, x)

for x ∈ ΩP . Then the expected outcome of the PBD algorithm (A1)–(A5) (presented

in Table 3.1) satisfies Conditions (C.1) and (C.3) for arbitrary ∆t > 0.

Proof. We will show that the identities (3.4) and (3.6) hold during one iteration (A1)–

(A5) presented in Table 3.1. It will then follow by induction that they hold for all

times k∆t, k = 0, 1, 2, . . . .

Let us assume that the expected probability distribution of particles in ΩB at time
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t is equal to n(t, x), x ∈ ΩB and that the expected concentration c(t, x), x ∈ ΩP , at

time t is equal to n(t, x). The conditional expected value of c(t + ∆t, x) for x ∈ ΩP

is given by

E
[
c(t+ ∆t, x) | c(t, x)

]
= α(t+ ∆t) β(i) c̃(t+ ∆t, x)

+ (1− α(t+ ∆t)) β(ii) c̃(t+ ∆t, x)

+

∫
ΩB

K(∆t, x− x′)n(t, x′) dx′ ,

where β(i) and β(ii) are given by (3.15), K(∆t, x− x′) is the diffusion kernel given in

(3.11) and the last term represents particles that crossed the interface I, during the

time step [t, t+ ∆t). Using (3.15), we obtain

E
[
c(t+ ∆t, x) | c(t, x)

]
= c̃(t+ ∆t, x) +

∫
ΩB

K(∆t, x− x′)n(t, x′) dx′ .

Using (3.10) and the law of total expectation (law of iterated expectations), we get

E
[
c(t+ ∆t, x)

]
=

∫
ΩP

K(∆t, x− x′)E[c(t, x′)] dx′ +

∫
ΩB

K(∆t, x− x′)n(t, x′) dx′ .

Using the induction assumption that E[c(t, x)] = n(t, x), we obtain

E
[
c(t+ ∆t, x)

]
=

∫
Ω

n(t, x′)K(∆t, x− x′) dx′ = n(t+ ∆t, x) , x ∈ ΩP ,

i.e. we have shown that (A1)–(A5) satisfies (3.6) and thereby (C.3).

Let us for the second part consider a set A ⊂ ΩB. The conditional expected

number of particles in A at time t+ ∆t is

E
[ ∣∣{x(i)(t) ∈ A , i = 1, . . . , N

}∣∣ ∣∣ c(t, x)
]

=

∫
A

α(t+ ∆t) p2(t+ ∆t, x) dx

+

∫
A

∫
ΩB

K(∆t, x− x′)n(t, x′) dx′ dx ,

where the first term represents newly created particles from the PDE regime ΩP and

the second term represents the movement of particles inside ΩB. Using (3.10), (3.13)

and the law of total expectation, we obtain

E
[ ∣∣ {x(i)(t) ∈ A , i = 1, . . . , N

} ∣∣ ] =

∫
A

∫
Ω

K(∆t, x− x′)n(t, x′) dx′ dx

=

∫
A

n(t+ ∆t, x) dx ,

which is equivalent to (3.4). Thus we have showed that both Conditions (C.1) and

(C.3) are satisfied.
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Theorem 3.1 also holds if the algorithm (A1)–(A5) is extended to the creation of more

than one new particle per time step as long as the expected value of the number of

created particles is α(t + ∆t) and the rescaling is done accordingly. This has the

advantage that one is not forced to choose ∆t small enough to ensure that α(t+ ∆t)

is small. In fact, this extension will be applied in all presented simulation results

throughout this chapter. The algorithm (A1)–(A5) and the proof can also be easily

extended for a finite domain Ω = [0, L] with no flux boundary conditions by redefining

the kernel K(∆t, ξ) in (3.11) accordingly.

3.3.4 Discussion of the PBD algorithm (A1)–(A5)

In Theorem 3.1 we showed that the PBD algorithm (A1)–(A5) satisfies Conditions

(C.1) and (C.3). However, we still need to check whether Condition (C.2) on the

variances is also satisfied.

To investigate the variances created by this algorithm, we show the outcome of an

illustrative numerical example in Figure 3.4. We simulate the diffusion of Ntot = 100

molecules in the domain Ω = [−1, 1]. All molecules are initialised at x = −0.95, i.e.

the initial condition takes the form n(0, x) = 100 δ(x+0.95). We use no flux boundary

conditions. We test the algorithm (A1)–(A5) with ΩP = [−1, 0), ΩB = (0, 1] and

I = {0}. For the calculation of c̃(∆t, x) in step (A1) we use an implicit Euler-scheme

with ∆x = 0.01 and a numerical time step of ∆̃t = 10−6. The time step ∆t used

by the algorithm (A1)–(A5) is ∆t = 10−3 and we simulate the system until t = 0.2.

The time step ∆̃t� ∆t for the approximation of c̃(t+ ∆t, x) was chosen in order to

minimise numerical errors in the calculation of α(t+ ∆t). We run 103 realisations of

this process and measure the number of particles in 10 intervals (‘bins’) of the size

0.1 in ΩB. We calculate the mean value and the variance of the particle number for

each of the bins at time t = 0.2. The results are presented in Figure 3.4 as grey

histograms. In this example, it is easy to calculate the correct distribution n(t, x)

which the algorithm (A1)–(A5) tries to approximate. It can be obtained by solving

the diffusion equation (3.7) in the domain Ω = [−1, 1]. The expected values for both

means and variances are plotted as dashed (red) lines in Figure 3.4.

In Figure 3.4(a), we see that the mean value of the simulation results matches

well with the solution of the diffusion process, with only small fluctuations close to

the internal boundary I at x = 0 due to stochastic effects and inaccuracies caused by

the numerical approximation of c̃(t + ∆t, x). However, in Figure 3.4(b) it becomes

clear that the variance between different realisations is higher than the desired value,

in particular close to the internal interface. These kind of numerical artefacts were
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Figure 3.4: Simulation results of diffusion of 100 particles in (−1, 1) with no flux
boundary conditions initialized at x = −0.95, i.e. n(0, x) = 100 δ(x + 0.95). Re-
sults averaged over 103 realisations. Dashed (red) line: expected outcome. (a) Solid
(black) line: mean value in ΩP ; (grey) histograms: particle concentrations in ΩB. (b)
(Grey) histograms: measured variances in particle concentrations. Parameter values
are described in the text.

always to be expected when coupling an inherently stochastic BD simulation (with

a single particle resolution) with a deterministic PDE system (that only considers

concentrations). In particular, we identified one such effect and will explain it using

a thought experiment.

Let us consider a situation where the concentration c(0, x) is 0 close to the internal

boundary I and has a peak of mass 99 arbitrarily far away from I. Additionally, we

assume that one particle is situated in ΩB close to the interface I. Assuming the

particle crosses the interface in the first simulation step, a Dirac δ function is created

in ΩP close to the interface, as illustrated in Figure 3.5(a). This δ function has a large

impact on the region in ΩP that is close to the interface, as the concentration c(∆t, x)

is negligible in this region. Immediately after incorporating the particle into c(∆t, x),

all its information is lost and we are forced to assume 100 independent particles, each

following the probability distribution c(∆t, x)/N in ΩP . In particular this implies

that every particle has a 1% chance of being at the position of the δ and 99% chance

of being in the bulk distribution far away from the boundary. This is indeed not

the case, since we know that there is exactly one molecule near the interface and

99 molecules away from the interface, but the nature of the continuum distribution

means that this information must be lost as one would otherwise have to keep track

of a separate distribution for all molecules in ΩP , which would be equivalent to a BD

simulation.
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(a) Particle jumps into ΩP and creates a Dirac
δ function at the landing position.

ΩP ΩB

I
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(b) The distribution diffuses for one time step
and an amount of the δ flows back across the
boundary.
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x(i)(2∆t)

x

c̃(2∆t, x)

c(2∆t, x)

98 1

(c) If a particle is created, the majority of its
mass is virtually taken from the bulk distribu-
tion and the peak near the boundary remains.

Figure 3.5: Thought experiment that leads to errors in the variance.

In the second diffusion step, we calculate c̃(2∆t, x) according to (3.10) and some

mass α(2∆t) may have drifted across the interface I (see Figure 3.5(b)). Because the

bulk distribution is far away from the boundary, almost all of this mass α(2∆t) comes

from the δ function close to I. Let us imagine that a new particle is now created in ΩB

(according to the probability α(2∆t)), in which case the whole distribution needs to

be rescaled, as shown in Figure 3.5(c). Because 99% of the mass in c(∆t, x) is situated

in the bulk far away from the boundary, the majority of the rescaling happens in this

region, such that effectively the mass needed to create the particle is almost entirely

taken from the bulk, rather than from the region close to the interface. This also

implies that most of the mass close to the boundary will stay and it is therefore

possible to create another particle from this mass in further time steps. This is in

contradiction to the result that would be expected if information was not lost in the

first time step. That is, the distribution close to the interface should disappear and

the bulk far from the interface is left alone. This effect is the main reason a higher

than expected variance can be measured in ΩB. Note, however, that this does not

effect the expected values, as shown in Theorem 3.1.

Of course, this thought example is an extreme case: we would expect that in prac-
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tical cases there would be a significant density of particles throughout the continuum

region (otherwise we could be tracking them individually). Nevertheless the fact that

all information about an individual particle is lost as soon as it crosses the interface

does generate an error in the variance of particle numbers near the interface as shown

in Figure 3.4(b), and the effect becomes more pronounced when the concentrations

in ΩP close to I are low.

Dependence of the variance on the system parameters

We want to quantify the error in the variance as a function of the system parameters,

which are the size of the domain [−L,L], the diffusion constant D, the simulated time

t and the total mass Ntot. After a non-dimensionalisation the macroscopic PDE (3.7)

can be written in the form

∂n

∂t
=
∂2n

∂x2
, x ∈ [−1, 1] ,

where the simulation is run until

t∗ = t
L2

D
.

Hence, the system only has two parameters that need to be investigated: the simula-

tion time t and the total number of molecules Ntot.

As in Figure 3.4, we use PBD algorithm (A1)–(A5) with ΩP = (−1, 0), ΩB =

(0, 1), I = {0} and initial condition n(0, x) = 100 δ(x+ 0.95). For each value of Ntot

we simulate the system 103 times until t = 0.2 and measure in each case the number

of particles in ΩB at the end of the simulation, i.e. the value N(t). For Ntot = 100 we

also collect the intermediate values of N(t). In Figure 3.6, we see that the measured

mean values match well with the expected outcomes. For the standard deviations,

however, we see that for all values of t and Ntot the measured outcomes are higher

than expected. This is an undesired effect and the next section will discuss a way to

reduce this artefact.

3.4 A PBD algorithm with an overlap region

In Section 3.3.4 we saw that the immediate return of particles from ΩP into ΩB

in combination with relatively low concentrations close to the interface can lead to

errors in the variance of particle concentrations in ΩB. One way to overcome this

problem is the introduction of an overlap region where BD simulation and a continuum

description exist in parallel, i.e. we will consider the case [B] defined in Section 3.2 by
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Figure 3.6: Mean values and standard deviations of the number of particles N(t)
depending on t and Ntot. Dashed (red) line: expected number of particles; (grey)
shaded area: expected standard deviation; (black) dots: measured mean values; (black)
error bars: measured standard deviations. Other parameters as described in the text.

ΩB ∩ΩP 6= ∅. A sketch of this new set up can be seen in Figure 3.7 with the overlap

region denoted as O = ΩB ∩ ΩP . We also denote the interfaces I1 and I2 by

I1 = ∂ΩB ∩ ΩP , I2 = ΩB ∩ ∂ΩP . (3.17)

For the case of pure diffusion, this new set up requires only subtle changes in the

algorithm. The Brownian particles move throughout the whole of ΩB and the

boundary I2 has no effect on their behaviour. They only get incorporated into the

continuum part when they cross the far boundary I1. In this case, we again place a

δ at their exact position in ΩP \ ΩB.

For the continuum concentration c(t, x) in ΩP , the boundary I1 takes the role

of I in the algorithm (A1)–(A5), whilst I2 does not effect the update behaviour.

This implies that the update step is identical to the previous one described in (3.3.1)

and illustrated in Figures 3.2 and 3.3 when I is replaced by I1. In terms of update

equations the overlap region has minor effects. The definition of c̃ is still equal to

(3.10), but we have to redefine α(t+ ∆t) and p2(t+ ∆t, x) as follows

α(t+ ∆t) =

∫
ΩB\ΩP

c̃(t+ ∆t, x) dx , (3.18)

p2(t+ ∆t, x) =
c̃(t+ ∆t, x)

α(t+ ∆t)
, for x ∈ ΩB \ ΩP . (3.19)

The introduction of the overlap region prevents undesired effects generated by molecu-

les crossing over and coming back straight away, as discussed in the thought exper-

iment in Section 3.3.4. In particular, a molecule initialized as a Dirac δ function in
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cj(t, x) Nj(t)

x(1,j)(t) x(i,j)(t)

t

x
Figure 3.7: Sketch of the PBD algorithm with overlap region O and the notation
related to it. In ΩP , molecules are described by their concentration cj(t, x), in the
microscopic domain ΩB described by the number Nj(t) of molecules and their positions
x(i,j)(t), i = 1, . . . , Nj(t), j = 1, . . . ,M . In the overlap region O, both descriptions
exist in parallel. The interfaces between the subdomains are denoted I1 and I2 as
defined in (3.17).

ΩP \ ΩB initially contributes very little to the overall probability density near the

interface I2; by the time it has a significant probability of crossing I2 its distribution

has become sufficiently spread that it is ‘lost’ in the subdomain ΩP as is required for

the continuous distribution. One time step of the second PBD algorithm is presented

in Table 3.2. As before, (B1)–(B5) is written for the case that ∆t is chosen so small

that α(t+ ∆t)� 1, but is easily extendible for larger values of ∆t and α(t+ ∆t).

In order to highlight the advantages of the overlap region, we simulate the same

diffusion process as in Figure 3.4 with ΩP = [−1, 0) and ΩB = (−0.1, 1]. Then the

overlap region is O = ΩP ∩ ΩB = (−0.1, 0). The results are shown in Figure 3.8.

As before, the mean outcome matches well with the exact solution, with stochastic

fluctuations inside the overlap region O due to the mixed description. In Figure 3.8(b)

we see that the introduction of the overlap region indeed solved the problem of high

variances inside ΩB \ ΩP . A proof similar to Theorem 3.1 can be used to show that

the PBD algorithm (B1)–(B5) satisfies Conditions (C.1) and (C.3) for all ∆t > 0.

We will now further show that the algorithm (B1)–(B5) describes a diffusion process

exactly in the limit ∆t→ 0.

Theorem 3.2. Suppose that a PDE-description of the system is used in ΩP =

(−∞, 0), and a BD simulation in ΩB = (−l,∞) with the overlap region O = (−l, 0)

where l > 0. In the limit that ∆t → 0 the expected concentration distribution

PP (t, x) = E[c(t, x)] in the continuum regime and the expected concentration dis-
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(B1) Calculate c̃(t+ ∆t, x) using (3.10) and α(t+ ∆t) using (3.18).

(B2) Generate a uniformly distributed random number r ∈ (0, 1).

(i) If r < α(t+∆t), then create a new particle in ΩB \ΩP according to the
probability density p2(t+ ∆t, x) defined in (3.19). Set β = β(i), where
β(i) is given by (3.15). Set Nnew = 1.

(ii) If r ≥ α(t+ ∆t), then set β = β(ii), where β(ii) is given by (3.15).
Set Nnew = 0.

(B3) Compute the positions x(i)(t + ∆t), i = 1, 2, . . . , N(t), of the BD particles
according to (3.16).

(B4) Compute the new concentration in ΩP by

c(t+ ∆t, x) = β c̃(t+ ∆t, x) +
∑

x(i)(t+∆t)∈ΩP \ΩB

δ
(
x− x(i)(t+ ∆t)

)
, x ∈ ΩP .

(B5) Update the number of BD particles by

N(t+ ∆t) = N(t) +Nnew −
∣∣{x(i)(t+ ∆t) ∈ ΩP \ ΩB , i = 1, . . . , N

}∣∣ .
Terminate computation of the trajectories of BD molecules which landed in
ΩP \ ΩB (i.e. the BD particles which satisfy x(i)(t+ ∆t) ∈ ΩP \ ΩB.)
Then continue with step (B1) for time t+ ∆t.

Table 3.2: One time step of the PBD algorithm with overlap region for a system of
diffusing molecules.

tribution PB(t, x) in the BD regime obey the equations

∂PP
∂t

= D
∂2PP
∂x2

+ D
∂PB
∂x

∣∣∣∣
x→−l+

δ (x+ l) , x ∈ ΩP ,

∂PB
∂t

= D
∂2PB
∂x2

− D
∂PP
∂x

∣∣∣∣
x→0−

δ (x) , x ∈ ΩB ,

where

PP (t, 0) = 0 , PB(t,−l) = 0 , for t > 0 .

Extend each distribution to the whole line by defining PP (t, x) = 0 for x ∈ (0,∞) and

PB(t, x) = 0 for x ∈ (−∞,−l). Then the sum of these two distributions n(t, x) =

PP (t, x) + PB(t, x), x ∈ Ω, t > 0 satisfies the diffusion equation (3.7).
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Figure 3.8: Simulation results of a diffusion process in Ω = (−1, 1) obtained by (B1)–
(B5) with no flux boundary conditions and initial conditions n(0, x) = 100 δ(x+ 0.95)
with ΩP = (−1, 0), ΩB = (−0.1, 1) and O = (−0.1, 0) averaged over 103 realisa-
tions. Dashed (red) line: expected outcome. (a) Solid (black) line: mean value in
ΩP ; histograms: particle concentrations in ΩB \ O (grey) and O (green). (b) (Grey)
histograms: measured variances in particle concentrations. Parameter values as for
Figure 3.4.

Proof. Consider the function

n(t, x) = PP (t, x) + PB(t, x) .

Clearly
∂n

∂t
= D

∂2n

∂x2
for x ∈ (−∞,−l) ∪ (−l, 0) ∪ (0,∞) .

Since each of PP and PB is continuous at x = −l and x = 0, function n will be

continuous there. Moreover, since[
∂PP
∂x

]x=0+

x=0−

= −∂PP
∂x

(t, 0−) ,

[
∂PB
∂x

]x=0+

x=0−

=
∂PP
∂x

(t, 0−) ,

∂n/∂x is continuous at x = 0. Similarly, since[
∂PP
∂x

]x=−l+

x=−l−
= −∂PB

∂x
(t,−l+) ,

[
∂PB
∂x

]x=−l+

x=−l−
=
∂PB
∂x

(t,−l+) ,

∂n/∂x is also continuous at x = −l. By standard regularity results this is enough to

guarantee that n satisfies the diffusion equation on the whole real line.

Remark. For the overlap region algorithm to give a different result from the simple

PBD algorithm (A1)–(A5), we should choose l much larger than the mean displace-

ment
√

2D∆t of a particle given the time step ∆t as defined in (3.16).
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(b) t = 0.01, 0.02, . . . , 0.2, Ntot = 100

Figure 3.9: Mean values and standard deviations of the number of particles in ΩB \ΩP

depending on t and Ntot. Dashed (red) line: expected number of particles; (grey)
shaded area: expected standard deviation; (black) dots: measured mean values; (black)
error bars: measured standard deviations. Parameters as for Figure 3.8.

Note that the result in Theorem 3.2 represents another advantage of algorithm

(B1)–(B5) over (A1)–(A5), as the algorithm without overlap region does not work

in the limit ∆t → 0, because particles would have to be created on the interface

and would then constantly switch between descriptions. In practice this means that

decreasing ∆t in (A1)–(A5) increases the inaccuracies in variances.

Dependence of the variance on the system parameters

In order to show that the variances are indeed accurately reproduced by the PBD

algorithm (B1)–(B5), we repeat the numerical experiment conducted in Figure 3.6.

We choose ΩP = [−1, 0), O = (−0.1, 0) and ΩB = (−0.1, 1] and measure the number

of molecules situated in ΩB \ ΩP = [0, 1] at the end of the simulation. We again

calculate the mean values and standard deviation and present the results in Figure 3.9.

We can clearly see that the adjusted algorithm produces more accurate standard

deviations than the original algorithm, whilst keeping the mean values correct. We

conclude that the algorithm (B1)–(B5) produces an accurate BD simulation inside

ΩB \ ΩP and therefore satisfies the Conditions (C.1)–(C.3). We will use the PBD

algorithm (B1)–(B5) throughout the remainder of this chapter.

3.5 Reaction-diffusion systems

In the next step we introduce chemical reactions into the system presented in Sec-

tion 3.4. We will concentrate on zero-order and first-order reactions [51]. First-order
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reactions are reactions which only have one reactant, for example,

X1
k1−→ X2 or X1

k2−→ X4 +X5 , (3.20)

where Xi denote chemical species and k1 (resp. k2) the corresponding rate constant

(which has physical units [sec−1]). In what follows, we will denote by ∅ chemical

species which are of no interest to the modeller. Then, considering that X1 is the

only chemical species of interest, we can rewrite reactions (3.20) as

X1
kd−→ ∅ , (3.21)

where kd = k1 + k2. We will also consider zero-order reactions. An example is

∅ kp−→ X1 , (3.22)

where the rate constant kp has physical units [ m−3 sec−1], i.e. it is the production

rate per unit of volume and unit of time. It is relatively straightforward to implement

zero-order and first-order chemical reactions in the PBD algorithms (A1)–(A5) and

(B1)–(B5), because these reactions can be treated in the individual parts of the system

(continuum and BD simulation) independently. Note that for higher-order reactions

this is not necessarily the case, as particles could react with the continuum inside the

overlap region O. We will discuss this situation in more depth in Section 3.7.

In the continuum regime reactions are represented by the term Rj(p1, p2, . . . , pM)

on the right-hand side of the reaction-diffusion PDE (3.1). For example, if the

chemical species X1 is subject to chemical reactions (3.21)–(3.22), then the reaction-

diffusion PDE (3.1) takes the form

∂c1

∂t
= D1

∂2c1

∂x2
− kd c1 + kp .

In the BD simulations, the molecules act independently and the reactions can there-

fore be treated individually. A summary of how to implement various reactions in

BD simulations can be found in [51].

Although an implementation of the zero-order and first-order reactions is relatively

straightforward, one has to still consider some special effects that are related to the

coupling of the two parts of the domain. First, what happens when a particle that

is supposed to react at time t1 crosses the interface I1 at an earlier time t2 < t1?

Since we assumed that all information about particles is lost as soon as they cross the

interface I1, we incorporate it into the continuum and the reaction at time t1 does not

happen. Second, when a creation process is present inside the overlap region O, this
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cannot simply be implemented in both parts, because this would double the creation.

A number of solutions to this problem are possible: one could split the creation, or

declare creation to only contribute to either the continuum or the molecular-based

description. We will here assume that all creation inside the overlap region occurs in

the form of molecules with exact positions.

Finally, let us note that (reactive) boundary conditions on the external boundary

∂Ω can be treated according to the corresponding modelling regime, i.e. whether the

corresponding segment of ∂Ω is part of ∂ΩP or ∂ΩB. Derivation of reactive boundary

conditions of BD simulations which are consistent with the PDE description can be

found in [47]. External boundaries slightly modify the computation of c̃(t + ∆t, x)

in ΩP . It is still given by (3.10) but the kernel (3.11) has to be updated to take

into account the boundary condition imposed on the external boundary ∂Ω. We have

already done this when we showed simulations of the diffusion process in Figures 3.4

and 3.8 in the finite interval [−1, 1] with no flux boundary conditions. We conclude

this section with four simulation examples which illustrate the behaviour of the PBD

algorithm (B1)–(B5) for realistic reaction-diffusion systems. They include the mod-

elling of morphogen gradients, chemisorption and a revisit of bacterial chemotaxis

introduced in Chapter 2.

3.5.1 Example 1: Morphogen gradient

In the first example we compute a steady state for a morphogen gradient model

[89, 159, 169]. We consider one chemical species (morphogen) inside the domain

Ω = [−1, 1]. All parameters are dimensionless for simplicity. The only reaction

inside Ω = [−1, 1] is the degradation (3.21). Additionally to this reaction, we assume

a constant influx J/D through the left-hand boundary x = −1 to the continuum

subdomain ΩP = [−1, 0). We use O = (−0.1, 0) and ΩB = (−0.1, 1] with a no flux

boundary at x = 1. Since we only have first-order reaction (3.21), the exact solution

n(t, x) satisfies the system

∂n

∂t
= D

∂2n

∂x2
− kdn ,

∂n

∂x
(t,−1) = −J , ∂n

∂x
(t, 1) = 0 . (3.23)

This system is initialised with n(0, x) = 0, x ∈ Ω and we are interested in the steady

state solution. We use D = 1, J = 103 and kd = 1. The second PBD algorithm

(B1)–(B5) is run with the parameters presented in Section 3.4 until t = 20, after

which the system can be considered to have (approximately) settled into its steady

state. The reaction (3.21) is simulated in a time-driven manner in ΩB, which means
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that for each morphogen molecule it is decided randomly at the end of each time step

whether it was degraded or not (the probability of degradation of each molecule is

equal to kd ∆t provided that kd ∆t� 1).

The result of a single simulation of the PBD algorithm (B1)–(B5) is plotted in

Figure 3.10(a). We plot the PDE solution in ΩP \ O as a solid (black) line and the

particle concentration in ΩB \ O as the (grey) histograms. In the overlap region O,

we compute the total mass by

NO(t) ≡
∫
O

c(t, x) dx+
∣∣ {x(i)(t) ∈ O , i = 1, . . . , N

} ∣∣ . (3.24)

The value of NO(t) is plotted as the green bar in Figure 3.10(a). The results of a

single simulation of the PBD algorithm (B1)–(B5) are compared with the steady state

solution n(∞, x) of (3.23) given through

n(∞, x) = − J√
kd/D

exp
(√

kd/D (x− 2)
)

+ exp
(
−
√
kd/D x

)
exp

(
−3
√
kd/D

)
− exp

(√
kd/D

) .

This steady state solution is presented as dashed (red) line in Figure 3.10.

Note that the jagged appearance of the continuum solution close to the interface is

not numerical error, but represents the fact that as molecules cross from the discrete to

the continuum side information about their exact location is lost gradually over time

(remember that Figure 3.10(a) shows just one realisation of the stochastic process).

The corresponding distribution on the discrete side ΩB\ΩP would be δ function spikes

at the location of the particles, which we have in effect locally averaged by the binning

process. Thus the jaggedness can be seen as a gradual transition in the solution from

isolated discrete particles to a continuum density distribution. An ensemble average

over 100 simulations of the PBD algorithm (B1)–(B5) is shown in Figure 3.10(b). The

stochastic fluctuations are reduced compared to the single simulation and the results

compare well with the exact solution for the expected probability density (3.23).

3.5.2 Example 2: Reversed morphogen gradient

In this example we introduce a second reaction in addition to (3.21) – a local pro-

duction of molecules:

∅ kp−→ A in [xs, 1] , (3.25)

where xs defines the size of the creation zone. As before we consider all parameters

to be dimensionless: kp is defined as the rate of production per unit length. For
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Figure 3.10: Example 1. Morphogen gradient: Concentration. Dashed (red) line:
exact solution given by (3.23); solid (black) line: c(t, x); (grey) histograms: spatial
concentration of particles at t = 20 in ΩB \ O; (green) bar: NO(t) given by (3.24).
Parameters as described in the text.

this system we use no flux boundary conditions on both ends. The combination of

localized production (3.25) and degradation (3.21) ensures that the system settles into

a non-trivial steady-state which we will compute with the PBD algorithm (B1)–(B5).

The exact solution (which the PBD algorithm (B1)–(B5) approximates) satisfies the

system

∂n

∂t
= D

∂2n

∂x2
− kdn+ kpχ[xs,1] ,

∂n

∂x
(t,−1) = 0 ,

∂n

∂x
(t, 1) = 0 , (3.26)

where χ[xs,1] is the characteristic function for the interval [xs, 1] that takes the value 1

inside and 0 outside of the interval. The production reaction (3.25) was implemented

in the BD simulations in an event-driven way, such that particles can be created at

any time in-between time steps and the number of particles created in one time step

is not limited. We used D = 1, kp = 1, kd = 2 × 103 and xs = 0.5. For the PBD

simulations we use the same parameters as in Figure 3.8. In particular, we have

ΩP = [−1, 0), O = (−0.1, 0) and ΩB = (−0.1, 1].

A single realisation of this process is plotted in Figure 3.11(a). We plot the PDE

solution in ΩP \O as a black line. The concentration of molecules in ΩB\O is visualized

as (grey) histograms. In the overlap region O, we plot NO(t) given by (3.24). The

concentration gradient is now reversed, as the creation of particles happens near the

right-hand boundary. Again, one can clearly see the stochastic fluctuations in this

plot which also have effects on the value of c(t, x) far from the overlap region O.

However, as we draw an ensemble average over 100 simulations in Figure 3.11(b),
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Figure 3.11: Example 2. Reversed morphogen gradient: Concentration. Dashed (red)
line: exact solution given by (3.26); solid (black) line: c(t, x) in ΩP \ O; (grey) his-
tograms: spatial concentration of particles at t = 20 in ΩB \ O; (green) bar: NO(t)
given by (3.24). Parameters as described in the text.

the results converge towards the steady state solution of (3.26), which is plotted as a

dashed (red) line in Figure 3.11.

3.5.3 Example 3: Chemisorption

In this example we study polymer coating of a virus surface [50, 59]. We will describe

it as irreversible adsorption (chemisorption) of polymers to a two-dimensional surface

as was introduced in [48]. This example presents a typical application area of PBD

algorithms. A detailed model is used close to the reactive boundary where positions

of individual molecules influence the dynamics of diffusion-driven adsorption. On the

other hand, a less detailed model can be used far away from the adsorbing surface.

In the bulk the behaviour of reactive polymers can be described by the macroscopic

reaction-diffusion PDE (3.1) in the form

∂c

∂t
= D

∂2c

∂z2
− kd c . (3.27)

in the semi-infinite domain Ω = (0,∞) (here, z is the distance from the reactive

surface which is at z = 0). This equation takes into account two processes which

mainly influence chemisorption dynamics [48]: diffusion of polymer molecules and

the hydrolysis of reactive groups in the solution. Both processes can be implemented

in the BD context as we saw in the previous examples. However, this level of detail

is only needed close to the virus surface.
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Whenever a polymer molecule interacts with the surface, it is either reflected

or (irreversibly) adsorbed. The chemisorption is modelled by a random sequential

adsorption (RSA) algorithm [46]: we check whether the corresponding binding site

on the surface is free and then the reaction occurs with a certain probability. This

probability is related to the reaction rate constant of the binding reaction as given

in [47]. The reader can find more details about the model in [48]. In this example,

we show that the PBD algorithm (B1)–(B5) can be used to reproduce the results

from [48]. We use the same parameters as in [48], namely D = 5 × 10−5 mm2 s−1,

kd = 1.3 × 10−4 s−1 and ∆t = 0.01 s. Then the mean displacement per time step

according to (3.16) is
√

2D∆t = 10−3 mm and we therefore choose the size of the

overlap region of the PBD algorithm (B1)–(B5) as |O| = 10−2 mm. From the results

in [48], we estimate that a maximum length of L = 2 mm is enough to simulate the

binding process and use the Dirichlet boundary condition

n(t, L) = c0 exp(−kdt) ,

where c0 = 1.2 × 104 molecules/mm is the initial concentration of molecules (i.e.

n(0, z) ≡ c0 for z ∈ Ω). To apply the PBD algorithm (B1)–(B5), we choose ΩB =

[0, 1.01) mm, O = (1, 1.01) mm and ΩP = (1, 2) mm. The RSA algorithm was per-

formed using a nearest neighbour exclusion on a 100 × 100 grid of receptor binding

positions on the surface [46].

In Figure 3.12 we plot the concentration profile inside ΩB of a single simulation at

two different times (grey histograms). We compare the results of the PBD algorithm

(B1)–(B5) with the results of the RSA-PDE model presented in [48] (black lines). As

shown in [48], the RSA-PDE model also compares well with the full BD simulation.

The number of molecules which are attached to the surface as a function of time is

plotted in Figure 3.13 (six realisations of the PBD algorithm (B1)–(B5) are plotted

as green solid lines). Again, we see an excellent agreement with the result from [48]

which is plotted as the dashed (black) line.

3.5.4 Example 4: Bacterial chemotaxis

We use this last example to show the capabilities of the PBD method by applying it

to a more complex situation than purely diffusing particles. At the same time this

example connects the results presented in this chapter with the system studied in

Chapter 2, as we implement a combination of hybrid models of the type presented

here and of hybrid models of the type seen before.
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Figure 3.12: Example 3. Chemisorption to virus surface: Concentration. (Grey)
histograms: concentration profile in molecules/mm at two given times computed by
the PBD algorithm (B1)–(B5); solid (black) line: results of the RSA-PDE model
presented in [48]. Parameters as shown in the text.
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Figure 3.13: Example 3. Chemisorption to virus surface: Number of polymer
molecules which are bound to the virus surface as a function of time. Solid (green)
lines: six realisations computed by the PBD algorithm (B1)–(B5); dashed (black) line:
results of the RSA-PDE model presented in [48]. Parameters as shown in the text.
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We start the example with the dimensionless version of the Keller-Segel model

(2.11)–(2.12) in standing-wave form

∂n

∂t
− ∂n

∂x
= µ

∂

∂x

(
∂n

∂x
− κn 1

S

∂S

∂x

)
,

∂S

∂t
− ∂S

∂x
= −n ,

where n(t, x) denotes the concentration of bacteria and S(t, x) denotes the concen-

tration of extracellular signal. As was shown in Theorem 2.1, the wave speed of the

travelling wave is 1 for the dimensionless version. The advantage of considering this

standing-wave form is that the domain containing the bacteria stays relatively con-

stant, which in turn allows for the use of a PBD method with an individual-based

model for the particles behind the wave. One can also interpret this standing-wave

form as a simulation in a co-travelling frame [94]. In contrast to all other systems in

this chapter, the particles in this example do not undergo a simple diffusion process,

but follow the biased Brownian motion

dx(i) =

(
µκ

1

S(x(i))

∂S(x(i))

∂x
− 1

)
dt+

√
2µ dW . (3.28)

The system can be fully described through the concentration of extracellular signal

S(t, x) : [0,∞) × Ω 7→ R+
0 , the concentration of bacteria in the adequate region

nP (t, x) : [0,∞) × ΩP 7→ R+
0 and the positions of the N(t) agents x(i)(t) ∈ ΩB,

i = 1, . . . , N(t). The total bacterial mass in the system given through

Ntot =

∫
ΩP

nP (t, x) dx + N(t) ,

is conserved throughout the simulation.

Example 4.1: Constant extracellular signal

In the first simulation we concentrate on the PBD part of the hybrid system, by

keeping the extracellular signal constant. We use the travelling wave solution (2.19)

for S(t, x) and only change bacteria concentrations. We simulate Ntot = 104 bacteria

in the domain Ω = [−1, 1] with ΩP = [−0.15, 1] and ΩB = [−1,−0.05]. We initialise

all bacteria at x = 0, meaning the initial condition is nP (0, x) = Ntot δ(x), N(0) = 0;

we apply no-flow (reflective) boundary conditions on both ends of the domain. The

numerical solution is performed using an explicit Euler scheme with ∆t = 10−5 and

∆x = 2.5 × 10−3. The system parameters are µ = 1/30 and κ = 2. The result at

t = 1 can be seen in Figure 3.14, where we use kernel density estimation with the
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Figure 3.14: Example 4.1. Bacterial chemotaxis with constant extracellular signal us-
ing PBD algorithm with ΩB = [−1,−0.05), ΩP = (−0.15, 1] and O = (−0.15,−0.05).
Solid (black) line: solution of the PBD algorithm; dashed (red) line: travelling wave
solution (2.19). Filling indicates the different zones ΩB \ O (grey), O (green) and
ΩP \O (white).

Gaussian kernel given in (2.21) and σ = 5 × 10−3 to obtain n(1, x) inside ΩB. The

plot of n(1, x) is superimposed onto the travelling wave solution (2.19) and we see

that an excellent match is achieved.

Example 4.2: Changing extracellular signal

In the second part of this numerical example we use the double hybrid algorithm

(Ch1)–(Ch5) given in Table 3.3 that combines the PBD method with the hybrid

approach for bacterial chemotaxis presented in Chapter 2. The update of S(t, x) in

(Ch1) is performed using an estimate of n(t, x) that is a combination of the PDE

part and the particle-based description according to the PBD method. We again use

kernel density estimation with the Gaussian kernel given in (2.21) and σ = 5× 10−3

for the particle-based component. We apply the Dirichlet conditions

S(t,−1) = 0 , S(t, 1) = 1 , t > 0 ,

for the extracellular signal. All simulation parameters were chosen as in Example 4.1

and the results can be seen in Figure 3.15 compared to the travelling wave solutions

of Keller and Segel (2.19). We again observe an excellent match between the hybrid

method and the travelling wave solution indicating that this double hybrid method

can be applied to bacterial chemotaxis in the standing-wave form. Additionally,

closer observation of the bacteria concentration behind the wave shows the presence

of particles that have dropped out from the wave, similar to the dropout discussed in
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(Ch1) Calculate ñP (t+ ∆t, x) and S(t+ ∆t, x) by numerically solving

∂ñP
∂t
− ∂ñP

∂x
= µ

∂

∂x

(
∂ñP
∂x
− κñP

1

S

∂S

∂x

)
,

∂S

∂t
− ∂S

∂x
= − 1

Ntot

(
ñP +

N∑
i=1

K
(
x− x(i)(t)

))
,

over the time interval [t, t+ ∆t) and over all x ∈ Ω and calculate α(t+ ∆t)
according to

α(t+ ∆t) =

∫
ΩB\ΩP

ñP (t+ ∆t, x) dx .

(Ch2) Update new particle positions according to the Euler-Maruyama approxi-
mation of (3.28) given by

x(i)(t+ ∆t) = x(i)(t) +

(
µκ

1

S
(
t, x(i)(t)

) ∂S (t, x(i)(t)
)

∂x
− 1

)
∆t+

√
2µ∆t ξ ,

where ξ ∼ N (0; 1). S
(
t, x(i)(t)

)
and its derivative are approximated using

linear interpolation of the values of S at neighbouring grid points.

(Ch3) Create Nnew new particles similar to (B2) according to α(t + ∆t) and cal-
culate the rescaling factor β similar to (3.15).

(Ch4) Compute new bacteria concentration in ΩP by

nP (t+∆t, x) = β ñP (t+∆t, x)+
∑

x(i)(t+∆t)∈ΩP \ΩB

δ
(
x−x(i)(t+∆t)

)
, x ∈ ΩP .

(Ch5) Update the number of BD particles by

N(t+ ∆t) = N(t) +Nnew −
∣∣{x(i)(t+ ∆t) ∈ ΩP \ ΩB , i = 1, . . . , N

}∣∣ .
Terminate computation of trajectories of BD molecules which landed in
ΩP \ ΩB (i.e. the BD particles which satisfy x(i)(t+ ∆t) ∈ ΩP \ ΩB.)
Then continue with step (Ch1) for time t+ ∆t.

Table 3.3: One time step of the double hybrid method for bacterial chemotaxis.
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Figure 3.15: Example 4.2. Bacterial chemotaxis using the double hybrid method
(Ch1)–(Ch5). The PBD zones are ΩB = [−1,−0.05), ΩP = (−0.15, 1] and O =
(−0.15,−0.05). Solid (black) line: solution of the PBD algorithm; dashed (red) line:
travelling wave solution (2.19). Filling indicates the different zones ΩB \O (grey), O
(green) and ΩP \O (white). (a) n(t, x). (b) S(t, x).

Chapter 2. One could therefore use the standing-wave form with this double hybrid

method to improve understanding of the dropout effect.

3.6 Extension to higher space dimensions

In Sections 3.3–3.5 we developed PBD algorithms for a one-dimensional or a quasi

one-dimensional domain. However, in most application areas, like ion channels [118]

or filopodia [175] the three dimensional structure of the problem plays an important

role for the behaviour of the system. We therefore aim to extend the algorithm

(B1)–(B5) for two and three dimensional domains. Whilst in theory all of the steps

(B1)–(B5) extend straightforwardly into higher dimensions, this is not necessarily

the case in practice. One problem can be identified in step (B2) for case (i), where

one has to sample from the d dimensional probability distribution p2(t + ∆t,x) to

find the position of new particles. One could use the values of c̃(t + ∆t,x) on the

gridpoints inside ΩB \ O to sample from, but a large number of gridpoints in this

region would be needed to maintain the required level of accuracy. Another problem

with the algorithm (B1)–(B5) is that it calculates the new concentration c̃(t+ ∆t,x)

for all points in Ω, thereby requiring one to solve the reaction-diffusion PDE (3.1)

on the whole domain. Especially when considering three dimensional domains this

can amount to a significant computational effort with little benefit, because only very

little mass can be found inside ΩB. In Section 3.6.1 we present a way to overcome
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these two problems by reducing the PDE solver to the region ΩP ; the creation of new

particles occurs in an event-based manner. We then apply this adjusted event-based

algorithm to a diffusion problem in two dimensions in Section 3.6.2.

3.6.1 Event-based particle creation

The main idea to reduce the computational domain for the PDE solver stems from

the proof to Theorem 3.2, where we see that in the limit ∆t→ 0 the PBD algorithm

(B1)–(B5) effectively enforces a homogeneous Dirichlet boundary condition on I2 for

the PDE part c(t,x). If we were to change step (B1) by directly enforcing such a

homogeneous boundary condition onto c(t,x) and the solution c̃(t+ ∆t,x), we would

only need a way to accurately measure the mass α(t+ ∆t) that crossed the boundary

in this time step in order to keep the PBD algorithm accurate. Assuming we are

aiming to solve the diffusion equation

∂n

∂t
= D∆n , (3.29)

we can then calculate the mass that left the region ΩP in a given time step through

d

dt

∫
ΩP

c(t,x) dx =

∫
ΩP

∂c(t,x)

∂t
dx =

∫
ΩP

D∆c(t,x) dx =

∫
∂ΩP

D nΩ · ∇c(t,x) dx ,

where nΩ denotes the outwards pointing normal at the point x ∈ ∂ΩP and we have

applied the divergence theorem in the last step. Assuming that we have no-flow

boundary conditions along the outside of the domain Ω, this simplifies to

d

dt

∫
ΩP

c(t,x) dx =

∫
I2

D nΩ · ∇c(t,x) dx .

This implies that, if we have a method of measuring the gradient of c(t,x) along the

interface I2, we can accurately calculate the mass α(t+ ∆t) that left the PDE regime

in the time step [t, t+ ∆t) through

α(t+ ∆t) = −
∫ t+∆t

t

∫
I2

D nΩ · ∇c(t,x) dx dt .

In practice, α(t+∆t) can often be tracked as part of the numerical scheme that solves

the PDE for the calculation of c̃(t+ ∆t,x). Moreover, using the definition above, one

can define α as a function of position, with α(t+ ∆t,x) dx being the amount of mass

that flowed across the area dS of the boundary in the vicinity of position x ∈ I2 in

the time interval [t, t+ ∆t) defined through

α(t+ ∆t,x) = −
∫ t+∆t

t

D nΩ · ∇c(t,x) dt , x ∈ I2 .
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This means that one can accurately calculate when the next particle will leave the

domain ΩP through the region Ψ ⊂ I2 using Gillespie’s algorithm [76] as follows

tnext(Ψ) = t− log r∫
Ψ
α(t+ ∆t,x) dx

,

where r ∈ [0, 1] is a uniformly distributed random variable. For every gridpoint

r(l) ∈ I2 on the boundary, one can now define its associated region Ψ(l) depending on

the choice of grid. It is then possible to use the numerical PDE solver to keep track

of α
(
t+ ∆t, r(l)

)
and approximate tnext

(
Ψ(l)
)

using

tnext

(
Ψ(l)
)
≈ t− log r∣∣Ψ(l)|α

(
t+ ∆t, r(l)

) ,
for all boundary nodes r(l). If this value is in the interval [t, t + ∆t), a new particle

is created at point r(l) at time tnext

(
Ψ(l)
)

and the rescaling of the system is done

accordingly. Similarly, if no new particle is created we rescale the concentration

c(t,x) at the end of the time step or can use more advanced techniques to directly

incorporate the redistribution of mass into the PDE solution. Because, we know

exactly where a new particle was created at what time, we call this method an event-

based implementation of the mass exchange. Note that this method can also be

applied for the one-dimensional case, but that it presents a big improvement once we

go into higher dimensions where the reduced number of gridpoints due to the smaller

region considered in the PDE solver has a big influence on the computational effort

required. Note also that the presented algorithm only works for O 6= ∅ and that its

accuracy is strongly reduced if the overlap region is not significantly wider than the

mean square displacement of a particle per time step, as discussed in the Remark to

Theorem 3.2.

3.6.2 Example 5: Diffusion in two dimensions

In this example, we simulate the two-dimensional diffusion equation (3.29) on the

domain Ω = [0, 2] × [0, 1]. We use ΩP = [0, 1] × [0, 1] and ΩB = [0.9, 2] × [0, 1]

for the PDE and BD regions respectively. Hence the overlap region has the form

O = [0.9, 1]× [0, 1]. We simulate 100 particles started at (x, y) = (0.5, 0.3) ∈ ΩP , i.e.

we use c(0, [x, y]) = 100 δ(x− 0.5) δ(y − 0.3) and N(0) = 0 as initial conditions. For

the numerical solution of the diffusion equation in step (B1) we use a finite-element

method with piecewise linear element functions on a regular triangular mesh with

201 × 201 gridpoints. This finite-element method was set up to automatically keep
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track of α
(
t+ ∆t, r(l)

)
on gridpoints that are situated on I2. We then use the event-

driven implementation described in Section 3.6.1 to implement the mass exchange.

We plot the results of one individual simulation in Figure 3.16(a). The (green)

dots represent the positions of the particles existing at t = 0.3 and the colour gradient

shows the concentration in the region ΩP . With PBD algorithms being stochastic, a

certain variation between realisations is to be expected and is clearly visible in the

simulation results. In order to still get an idea of the accuracy of the algorithm,

Figure 3.16(b) shows an ensemble average over 103 realisations and Figure 3.17 shows

a slice through this distribution at y = 0.4. The outcome looks smooth and matches

well with the expected result of a diffusion process. We can therefore conclude that

the event-driven method works well and that the PBD algorithm (B1)–(B5) can in

practice be applied to higher dimensional problems.

3.7 Discussion

In this chapter we have presented two PBD algorithms that combine Brownian dy-

namics with mean-field reaction-diffusion PDEs. These PBD methods produce exact

Brownian dynamics simulations in one part of the domain and couple them with mean

field approximations in another part of the domain. An algorithm of this type is use-

ful for various application areas in computational biology and beyond, for example,

when a detailed description of individual molecules is required near a receptor or ion

channel, but becomes impractical in the bulk of a cell [36, 63]; or when a detailed

stochastic simulation of actin dynamics is required inside filopodia, but becomes im-

practical in the bulk of a cell [175]. Another application area, chemisorption, was

discussed in Section 3.5.3. By using this approach, it would also be possible to use

finite-sized particles in the BD simulation and couple these with the corresponding

mean field results presented in [22].

In the literature several hybrid models have been developed in the context of fluid

dynamics, but they do not discuss issues that arise from the incorporation of chemical

reactions. Alexander et al. [5] present a hybrid model that uses virtual particles

at the grid point nearest to the interface to calculate fluxes across the boundary

and to generate accurate density fluctuations inside the particle region. Reference

[164] extends this approach by the introduction of an overlap region similar to O

introduced in Section 3.4. An identical flux exchange with particles confined to a

grid is presented in [64]. The principal disadvantage of these flux exchange schemes

is that the resolution used for the numerical solution of the PDE regime needs to
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Figure 3.16: Example 5. Diffusion in two dimensions. Black (dashed) lines: inter-
faces between the regimes.
(a) Individual simulation result. (Green) dots: particles in ΩB; colour gradient: con-
centration c(0.3, [x, y]) in ΩP .
(b) Average over 103 realisations. Coloured boxes: particle counts in ΩB ∪ O; colour
gradient: concentration c(0.3, [x, y]) in ΩP \ O. Note that the red dots visible in ΩP

correspond to δ functions of particles that recently crossed the interface.
Parameters as shown in the text.
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Figure 3.17: Example 5. Diffusion in two dimensions. Slice through distribution seen
in Figure 3.16(b) at y = 0.4. Solid (black) line: c(t, x) in ΩP \O; (grey) histograms:
spatial concentration of particles in ΩB \O; (green) bar: spatial concentration in O.

be larger than the microscopic length-scale of the particles [164], whereas the PBD

algorithms presented in this chapter work independently of the numerical scheme used

in ΩP . Additionally, the PBD algorithms guarantee exact conservation of mass and

non-negativity of concentrations even for very small numbers of particles.

Chemical reactions in solution were considered in [48]. This model was discussed

in Section 3.5.3. It couples the Brownian dynamics of molecules in solution with a

more detailed description of the adsorbing boundary. In [48] a hybrid (RSA-PDE)

model has been developed which replaces BD in the solution by solving the PDE

(3.27) with a suitable stochastic boundary condition. The PBD algorithms are able to

replace the stochastic boundary condition by a (small) BD region close to the surface.

Although the hybrid RSA-PDE model introduced in [48] was sufficient in the case

of (irreversible) adsorption, the situation is becoming more challenging whenever the

binding reaction is reversible [109]. In this case, a molecule which is released by the

surface will initially stay close to the surface and can rebind to the same receptor

(binding site). This geminate recombination problem can be captured by the PBD

approach. Reversible reactions are common in biological applications [63, 109].

Hybrid approaches for reaction-diffusion processes which couple different mod-

elling approaches have also been introduced in the literature [42, 58, 62, 117]. A meso-

scopic lattice-based description coupled with the macroscopic Fisher-Kolmogorov-

Petrovsky-Piscounov PDE was used in [117] to study front propagation in a lattice-

based reaction-diffusion model. A hybrid model for reaction-diffusion systems in

porous media that combines pore-scale models with Darcy-scale models is presented

in [156]. Flegg et al. [62, 142] introduced the so-called Two Regime Method which
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couples a lattice-based (compartment-based) reaction-diffusion model with BD sim-

ulations. One advantage of the PBD algorithms over the Two Regime Method is

that there are more efficient tools for PDE simulations than for compartment-based

reaction-diffusion models. On the other hand, compartment-based models provide

more details (including fluctuations) and hybrid models which couple BD simulations

with compartment-based models do not require the overlap region [58, 62]. Since it is

possible to couple the macroscopic PDE description with (mesoscopic) compartment-

based models [42] and compartment-based models with (microscopic) BD simulations

[62], then an alternative approach to PBD algorithms would be to use compartment-

based models in the overlap region. That is, the computational domain would be

divided into three regions where the PDE, compartment-based and BD descriptions

would be used. These three regimes would be coupled using the results from the

literature [42, 62]. Compartment-based models and macroscopic PDEs can also be

coupled through another intermediate regime using a tau-leap method [58]. In this

chapter, we showed that PDE models and BD simulations can be coupled without

using intermediate compartment-based models.

We have seen in Section 3.6 that the PBD algorithm (B1)–(B5) extends into

higher dimensions, as far as pure diffusion is concerned. However, the introduction

of higher order reactions is not necessarily straightforward. Erban and Chapman [49]

give an overview of how to implement bimolecular reactions in BD simulations, whilst

the consideration of higher order reactions is inherent in reaction diffusion PDEs of

the form (3.1). However, inside the overlap region O = ΩB ∩ ΩP , one needs to

consider reactions between particles and PDEs, a situation that is not well explored.

For certain types of second order reactions, possible ways of dealing with reactions

between particles and PDEs were presented in Chapter 2 as the ‘reactions’ between

bacteria (particles) and extracellular signals (PDEs). Therefore, a combination of

the two algorithms presented in Chapters 2 and 3 can display a significant advance

in the direction of extremely flexible hybrid models in three dimensions for reaction

diffusion systems. Additionally, the simulations shown in Section 3.5.4, where the two

approaches were combined into one simulation of bacterial chemotaxis, show that the

scope of PBD algorithms can be beyond pure diffusion and that they can account for

more complex forms of motion. As such, one might be able to apply this algorithm to

the ion channel application mentioned in the motivation of this chapter. In this case,

electrical charges result in forcing terms that complicate the motion of ions away from

pure diffusion. On the other hand, one might have to deal with particles applying
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forces onto the PDE part of the PBD system, something that is not discussed in this

thesis.

In the following chapter, we discuss swarm robotics experiments for target finding

problems. One could apply PBD methods to this type of problem by interpreting

the target area as a reaction zone and only considering an individual resolution in

the area close to the target. Chapter 5 considers hard-sphere interactions in velocity

jump processes. PBD methods can be a useful tool for simulations of systems with

volume exclusions or other types of direct interactions: One could use individual-

based descriptions in regions with high particle densities, where PDE models cannot

guarantee a high accuracy. In areas with low densities, however, PDE models can

provide good approximations of the real density and we do not need to simulate

individual behaviour.
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Chapter 4

Swarm robotic experiments:
Introducing time delays into
velocity jump processes

So far we have discussed hybrid methods that combine PDE descriptions with agent-

based models in reaction-diffusion systems in general and for the application of bac-

terial chemotaxis in particular. In this chapter, we introduce a third framework for

the study of biological systems of dispersal in the form of robot swarms. We perform

experiments for a target finding task and use the outcomes of those experiments to

motivate ways to improve the classical PDE models for velocity jump processes.

Most of the results presented in this chapter were submitted in the article [157]

to IMA Journal of Applied Mathematics.

4.1 Motivation and problem formulation

Swarm robotic systems are gaining in importance as an experimental tool to inves-

tigate biological systems of dispersal [18]. The major advantage of the use of swarm

robotic systems over purely simulation-based investigations is that physically realistic

noise is inherently present in those experiments in the form of inaccuracies in the in-

formation perceived by the individual. One can roughly split the literature related to

robot swarms in two categories [18]: mimicking of biological behaviour in the quest to

improve understanding of biological systems and engineering a desired behaviour for

human application areas. Intersections between these two areas are not uncommon,

e.g. when biological behaviour is mimicked in applications [32].

One of the most famous examples of the first category is a group of cockroach-

like robots [72] that was designed to mimic and eventually influence the aggregation
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behaviour of cockroaches. A second important example was the introduction of a

‘Robofish’ into groups of three-spined sticklebacks [57]. The Robofish was able to act

as leader in small groups of fish and significantly influence the group behaviour. In a

similar flavour Garnier et al. [71] developed a group of robots along with a lighting

system that is capable of mimicking the pheromone deposition and trail creation

observed in ants. In [32] an algorithm mimicking the synchronisation of fireflies was

used to detect faults in a robot swarm. Hamann et al. [80] study symmetry breaking

in the nest choice of honeybees and Turgut et al. [160] apply a biologically motivated

flocking behaviour to their robot swarm.

On the other hand, robot swarms are often directly designed for certain application

areas, important examples being containment of oil spills [92] and mine detection

[100]. This area also includes the study of group coordination [150], group decision

making [116] and task-partitioning [111, 137].

In this chapter, we are aiming to study a target finding problem related to forag-

ing in ants [111] and motivated by the process of bacterial chemotaxis presented in

Chapter 2. In [40] a swarm robotic study related to the chemotaxis process is shown,

but we are more interested in developing mathematical tools for the study of swarm

robotic systems using a combination of agent-based models and PDE descriptions.

Due to the nature of the robotic system studied, experiments will be performed in

a two-dimensional environment, but analysis will be kept general for d = 2, 3 where

possible.

A schematic of the general target finding problem studied in this chapter can be

seen in Figure 4.1. Similar to before, we consider a finite domain Ω ⊂ Rd, with N

identical particles of diameter ε signified through the positions of their centres x(i) ∈ Ω

and their current velocities v(i) ∈ V , i = 1, . . . , N ; V denotes the set of possible

velocities that is in robotics applications defined through physical limitations of the

robots. We sometimes call Ω the effective domain because it regulates the positions

of the particle centres, meaning that parts of the particles can be situated outside Ω

at any given time and it therefore does not exactly correspond to the physical domain

used in experiments. Additionally, a target area is defined T ⊂ Rd in such a way that

Ω ∩ T = ∅, but Ω ∩ T 6= ∅. This naturally defines a split of the boundary ∂Ω into

two parts through

∂ΩT = Ω ∩ T = ∂Ω ∩ ∂T , ∂ΩR = ∂Ω\∂ΩT ,

where we call ∂ΩT the target boundary and ∂ΩR the reflective boundary. Robots that

hit the target boundary (with their centres) have achieved the target finding task and
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Figure 4.1: Schematics of arena Ω along with notation used throughout this chap-
ter: target area T , target boundary ∂ΩT , reflective boundary ∂ΩR and the respective
outwards pointing normals nT and nR.

are removed from the system. The reflective boundary is implemented through walls

of the arena, and robots that hit this boundary get reflected back into the arena.

Additionally, n : ∂Ω 7→ Sd−1 denotes the outward pointing normal at the boundary

of Ω, where the sphere Sd−1 is defined through

Sd−1 = {n ∈ Rd : ‖n‖ = 1} . (4.1)

To clarify notation we will also use nT : ∂ΩT 7→ Sd−1 and nR : ∂ΩR 7→ Sd−1 for the

outward pointing normal on the target and reflective parts of the boundary respec-

tively. The interaction of a robot with the reflective boundary is defined through its

reflected velocity v′ ∈ V that takes the form

v′ = v − 2(v · nR)nR . (4.2)

Note, that (v′)′ = v and v′ · nR = −v · nR and that (·)′ therefore defines a bijection

between the two sets

V +(n) = {v ∈ V : v · n > 0} , and V −(n) = {v ∈ V : v · n < 0} . (4.3)

As has been the case throughout this thesis, we are looking for a combination of

individual-based and continuum approaches to formulate and solve various problems

related to the swarm experiments. Section 4.2 introduces the experimental system
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that will be used for all experiments and as motivation for the mathematical analy-

sis in the remainder of this chapter. We start by comparing experiments of random

motion of a group of robots with different models of velocity jump processes in Sec-

tion 4.3 and show how classical models can be extended to account for some of the

intricacies present in the real-world system. In Section 4.4 we introduce an external

signal in the form of a colour gradient into the experiments, hoping that this external

clue can improve the target finding capabilities of the robots. Some of the discrepan-

cies between experimental data and velocity jump models can be explained through

interactions between robots that we discuss in great detail in Chapter 5.

4.2 Experimental set up and background

We used an experimental system based on 16 E-Puck robots [115] that will be de-

scribed in detail in Section 4.2.1. Details of the programs we ran on those robots are

given in Section 4.2.2 and in Section 4.2.3 we discuss the experiments we performed

along with the shape and size of the arena.

4.2.1 E-Puck robots specifications

(a) (b)

Figure 4.2: E-Puck sketches indicating the positioning of (a) the eight proximity
sensors and (b) the three microphones.
Source: www.e-puck.org (reprinted with permission).
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i. Diameter: 75 mm,

ii. Height: 50 mm,

iii. Weight: 200 g,

iv. Speed throughout experiments: 0.058 m sec−1, (max speed: 0.13 m sec−1),

v. Angular turning speed throughout experiments: 4.65 rad sec−1,

vi. Autonomy: 2 hours moving,

vii. Processor: dsPIC 30 CPU @ 30 MHz (15 MIPS),

viii. RAM: 8 KB,

ix. Memory: 144 KB Flash,

Other features:

x. 2 step motors,

xi. 8 infrared proximity sensors,

xii. 3 light sensors on the bottom,

xiii. Colour camera (max resolution 640× 480),

xiv. 8 LEDs on outer ring, one body LED and one front LED,

xv. 3D accelerometers,

xvi. 3 microphones,

xvii. 1 speaker.

Table 4.1: Full specifications for E-Puck robots

The E-Puck robotic system was first introduced in [115] and is now widely used

throughout the swarm robotic research area [150]. The robots are differential wheeled

robots, meaning that the wheels can be programmed to move at velocities indepen-

dently of each other. In particular, this implies that E-Puck robots can turn on the

spot into any desired direction. A fact sheet of the E-Puck and its sensors can be seen

in Table 4.1. The robot’s microchip is a dsPic 30 CPU and can be programmed using

C and a corresponding cross compiling platform, before the firmware is uploaded via

Bluetooth.

Let us now draw attention to some of the features that will be used throughout

the experiments in the remainder of this chapter. All the plots in Figures 4.3–4.5

were measured with the robot with unique manufacturer number 3138.

123



0 2 4 6 8 10

0

500

1000

1500

2000

2500

3000

x in cm

s
e
n
s
o
r 

d
a
ta

 

 

sensor 0

sensor 7

(a)

white grey black
200

400

600

800

1000

colour gradient

s
e
n
s
o
r 

d
a
ta

 

 

right

centre
left

(b)

Figure 4.3: Data from proximity and light sensors for E-Puck robot 3138.
(a) Proximity sensor as E-Puck approaches a wall. x denotes the distance to the
wall.
(b) Colour sensors as E-Puck advances along a white-black gradient. The dashed
(black) line indicates the level of grey used in experiments as shown in Figure 4.6(b).

Proximity sensors

The E-Puck is equipped with eight proximity sensors that are placed as shown in

Figure 4.2(a). These sensors constantly send out infra red signals and can detect

obstacles through an analysis of the reflected signals. An example of the data delivered

by the proximity sensors can be seen in Figure 4.3(a), where we show the characteristic

curves of the two front sensors as the robot approaches a wall. We can see that

without obstacles a neutral reading of around 0 is returned and that the signal starts

increasing exponentially when the robot is about 4 cm away from the wall, returning

readings of more than 1000 when the robot is closer than a centimetre to the obstacle.

The main use of these proximity sensors in the experiments presented in this chapter

is collision avoidance. This includes collisions with walls surrounding the arena as

well as collisions with other robots.

Floor sensors

The three floor sensors are placed in the front of the E-Puck and detect the brightness

of the floor. In Figure 4.3(b) we plot characteristic curves for each of the floor sensors

of an E-Puck robot that were acquired by slowly advancing the robot along a white-

black colour gradient. We can see that the measured value for white is around 900

and that the sensor readings decrease to somewhere about 300 as the robot enters the

black region. Two effects are clearly visible in this characteristic curve that can be
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Figure 4.4: Microphone recordings for sinusoidal signal coming from different direc-
tions for E-Puck robot 3138. Black line: right microphone (MIC0), blue line: left
microphone (MIC1), red line: back microphone (MIC2).
(a) Sound emitted from the right of the robot.
(b) Sound emitted from the back of the robot.

seen as motivations to using swarm robots in the first place: (a) the sensor readings

are noisy and one can even sometimes observe readings that are invalid altogether and

(b) the reading from each of the sensors differs slightly, but the difference between

different robots can be rather drastic. This effect should be seen as motivation to

not assume that all individuals have equal abilities in picking up a given signal. We

will use the robots’ ability to pick up colour gradients in the experimental results

presented in Section 4.4.

Microphones

The robots possess three microphones that are located in a triangle as can be seen in

Figure 4.2(b). These microphones can record incoming sound signals with a sampling

frequency of up to 32 kHz and the internal memory allows storage of up to 3 × 256

data samples. The measured data is represented by positive integers that are typically

in the region [1000, 1600]. The advantage of having three microphones is that one

can use triangulation in order to approximate the direction the sound came from. An

illustration of this idea can be seen in Figure 4.4, where we plot the recording of a

640 Hz sinusoidal signal coming from two different directions. Note, that the plotted

signals are shifted to a mean of zero for better illustration. In Figure 4.4(a) we see

the recording for a signal coming from the right of the robot. It is clearly visible that

the recording of the right microphone (MIC0) has a higher amplitude and is slightly
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advanced compared to the other signals, with the microphone in the back (MIC2)

picking up the signal second. Similarly, in Figure 4.4(b) one can see that the signal

emitted from the back of the robot is first detected by the microphone in the back

(MIC2) and then by the other two.

Speaker
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Figure 4.5: Signal emitted by the E-Puck’s speaker for different volumes. Note that
the plotted data are scaled versions of the actual recordings such that they fit in [−1, 1].
Solid (black) line: high volume, dashed (blue) line: low volume.

Each E-Puck is equipped with a speaker placed on top of the robot close to its

centre. The speaker can be used to emit audio signals and works with a sampling

frequency of 3.6 kHz. In Figure 4.5 we show a 600 Hz beep sent from the E-Puck

speaker at two different volumes that we have rescaled for better illustration. For

the low-volume case plotted as the dashed (blue) line, the signal does not show a

high content of noise and a regular 600 Hz sinusoidal signal can be seen. However, as

the volume of the signal is increased, one can see that noise effects increase strongly.

In particular, we repeatedly observed a strong noise at 5 kHz dominating the signal,

which might stem from a resonance effect of the robot body. This very high noise

level makes the communication from robot to robot using sound signals difficult at

high volumes, because the direction approximation works best with a clear signal. On

the other hand low volumes repeatedly lead to robots missing incoming sound signals

altogether as the signal is barely significant compared to normal microphone noise.

4.2.2 Programming of the E-Puck robots

As mentioned before, the E-Puck robots are programmed in C and the compiled

firmware can be uploaded using Bluetooth. In this section we will go into more detail

126



(C1) Initialise the motors and all the sensors. Choose an initial direction θ ∈
[−π, π] uniformly at random. If θ is positive, turn clockwise, otherwise anti-
clockwise by |θ| and start running with speed s into the chosen direction.

(C2) If timerCnt has changed call RandomWalk.

(C3) Call ObstacleAvoidance to check for obstacles.

(C4) Go to (C2).

Table 4.2: Main loop of E-Puck program.

about the actual programs that we use throughout the experiments. We will make

use of two sets of sensors described in Section 4.2.1 – the proximity sensors and the

floor sensors. The proximity sensors play an important role in that they can always

overrule the current behaviour in order to avoid collisions with obstacles and thereby

avoid physical damage. As is common in microcontroller programming, the main

program runs in an infinite loop that can be interrupted by timer interrupts that fire

in regular intervals of ∆t = 0.1 sec. The main program can be seen in Table 4.2. After

an initialisation process, the robot is set running into a random direction θ ∈ [−π, π]

with speed s. We maintain the speed s constant throughout the whole program.

After that the infinite loop is started, where we use the variable timerCnt to signify

the number of timer interrupts that have happened throughout the lifetime of the

program. The program reacts to changes in this variable in order to go into the

RandomWalk function in regular intervals. We call this part the synchronous part of

the program, whilst the reaction to proximity and microphone signals is asynchronous

as it does not wait for a timer interrupt.

Random walk

The random walk part of the program is shown in Table 4.3. This function is called

upon in regular intervals of ∆t through the timer interrupts. The idea for this im-

plementation of a biased random walk stems from Model III in Section 2.4.1 and is

therefore motivated by the biological process of bacterial chemotaxis. In (D1) the

data from the floor sensors is read into the signal variable S and rescaled onto [0, 1].

The internal variable z2 is then updated using a forward Euler implementation for
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(D1) Read data from the three floor sensors, calculate the average and divide by
1000 in order to generate the signal variable S ∈ [0, 1]. Set S = 1− S.

(D2) Update the internal variable z2 using

z2 = z2 + (S − z2)
∆t

ta
.

(D3) Generate a uniformly distributed random variable r ∈ [0, 1].

(D4) If r < ∆t λ0 (1− α(S − z2)), generate a new random direction θ∗ ∈ [−π, π]
from the uniform distribution. If θ∗ > 0, turn clockwise, otherwise anti-
clockwise by |θ∗| and start running with speed s into the chosen direction.

Table 4.3: RandomWalk function of E-Puck program.

the ODE (cf. (2.28))
dz2

dt
=
S − z2

ta
. (4.4)

This internal variable is then used to calculate the biased turning frequency (cf.

(2.30))

λ = λ0(1− α(S − z2)) , (4.5)

where λ0, α ∈ R+ are positive constants. The robot now turns with the probability

∆t λ into a new direction θ∗ ∈ [−π, π] that is chosen uniformly at random. The robot

is then set running again with the constant speed s. The chosen parameter values

will be explained in Section 4.2.3.

Obstacle avoidance

The obstacle avoidance is performed using the data collected from the proximity

sensors as seen in Figure 4.2(a) and the algorithm is shown in Table 4.4. Note, that

in the current form of the algorithm, robots cannot distinguish between different types

of obstacles, e.g. other robots or walls. In the future this could potentially be achieved

using the integrated camera. The code shown in Figure 4.4 shows a primitive form

of reflective behaviour, where depending on which sensor crosses a threshold of 600

first, the reflection occurs. The threshold of 600 corresponds to roughly a distance

of 1 cm as can be seen in Figure 4.2(a). The angles were chosen in a way that the

observed behaviour is close to a proper reflection, but could be improved by using
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(E1) Measure the data for all eight proximity sensors into IR[i], i = 0, . . . , 7,
according to the numbering given in Figure 4.2(a).

(E2) If IR[0] > 600, turn anti-clockwise by 0.9π and start a run with speed s
into the new direction.

(E3) If IR[7] > 600, turn clockwise by 0.9π and start a run with speed s into
the new direction.

(E4) If IR[1] > 600, turn anti-clockwise by 0.6π and start a run with speed s
into the new direction.

(E5) If IR[6] > 600, turn clockwise by 0.6π and start a run with speed s into
the new direction.

Table 4.4: ObstacleAvoidance function of E-Puck program.

more than the reading of one of the sensors at a time. For all mathematical analysis,

we will assume a perfect reflection into the new direction v′ as defined in (4.2).

4.2.3 Experimental test problems and parameter values

As mentioned in the introduction to this chapter, we are looking at target finding

problems and have defined a test scenario sketched out in Figure 4.6(a) for the exper-

iments. In each experimental run 16 robots are initially placed in a removable pen Ω0

at one end of the arena. The robots can move inside this pen before the release and

it thereby contributes to the randomisation of their positions and velocities. There

are also practical reasons that required such an initialisation period, as it is an un-

complicated way of releasing all robots at the same time without having to provide a

start signal that could potentially not be picked up or picked up too early.

After releasing the robots from the pen Ω0, they can move freely inside the whole

arena Ω. When a robot crosses over into the target area T , the leaving time is taken

and the robot is removed instantly in order to avoid influencing the remaining robots.

Because of this instant removal, the boundary ∂ΩT can be seen as an adsorbing

boundary. We continue measuring until either all robots have left the arena Ω or

until 300 sec have passed at which time we note the number of robots still remaining

in the arena.

The test-problem as shown in Figure 4.6(a) comprises a rectangular arena that has
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Figure 4.6: (a)Schematics for experimental test problem. 16 robots are initialised in-
side Ω0 and then released into the arena. The parameters used in experiments are:
Lx = 1.1825m, Ly = 1.145m, ε = 0.075m, L0 = 0.305m.
(b) Photo from an experimental run with colour gradient as external clue. The gra-
dient runs from the left (grey) to the right (black) part of the domain. Note that the
light areas in the bottom half of the photo are due to reflections and cannot be observed
by the robots.

one open edge leading into the target area. The advantage of this test-problem is that

robots will find the target relatively quickly even without a signal and that therefore

a high number of repetitions can be performed in a reasonable time. Figure 4.6(b)

shows a photo taken during one of the experiments including an external signal. We

use a poster containing a grey-black gradient with the black edge leading into the

target area seen as the white strip in the right of the photo. We did not use a full

white-black gradient, because most of the robots cannot detect a difference between

white and light grey. The grey used has about 33% intensity and is indicated by the

dashed line in Figure 4.3(b). The results of the experiments containing the external

signal are presented in Section 4.4.

Unless otherwise stated, the parameter values we use in all experiments are: turn-

ing frequency λ = 0.25 sec−1; run speed s = 0.58 m sec−1; angular turning speed

ω = 4.65 rad sec−1; robot diameter ε = 75 mm. The value for λ was programmed into

the robots and its accuracy depends on the accuracy of the robot’s internal clock. The

values for s and ω were averaged over a number of measurements and the variation

between different robots and different repetitions was too small to measure by hand.

Note, that for ω we use the maximum value possible for the E-Puck robots, whilst

for s we only use about 50% of the physical maximum in order to avoid damage in

case of collisions with obstacles. In practice, one would consider those parameters as
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given due to the physical restrictions of the robots, whilst the programmer can decide

on the turning frequency λ. The decision on an optimal λ is not trivial and depends

strongly on the considered scenario.

4.3 Results without signals: introduction of finite

turning times

In this section we concentrate on experimental, numerical and analytical results for

systems without external signal, i.e. we consider unbiased velocity jump processes.

We will start by reviewing the classical transport equation for this simple case. We

also formulate a mean first passage time problem in order to analyse experimental

data we gathered. We will then see that the classical models do not adequately

describe this data and Section 4.3.2 extends the classical model by incorporating the

non-negligible turning times seen in the robotic system.

4.3.1 Transport equation and mean first passage times

As was mentioned above, the random walk implemented in Table 4.3 is the discrete

version of a velocity jump process in d = 2 space dimensions. The general velocity

jump process was introduced in Section 1.3.2. We showed that one can formulate

a transport equation for the mesoscopic particle density p(t,x,v) that formally de-

scribes the number of particles at position x with velocity v. The transport equation

takes the form

∂p

∂t
+ v · ∇xp = −λp+ λ

∫
V

T (v,v∗) p(t,x,v∗) dv∗ , (4.6)

where λ is the turning frequency and T (v,v∗) is the turning kernel. For the no-signal

case and the implementation in Table 4.3, we have λ = λ0 and the uniform turning

kernel

T (v,v∗) =
δ (‖v‖ − s)

2πs
.

In order to use the transport equation (4.6) for the target finding problem, we need

to apply the following boundary conditions

p(t,x,v) = 0 , x ∈ ∂ΩT , v · nT < 0 ,

p(t,x,v) = p(t,x,v′) , x ∈ ∂ΩR ,
(4.7)

where v′ is the reflected velocity given in (4.2). In Section 4.3.2 we show that one

can derive a backwards problem for the mean first passage time τ(x,v) as follows

−1 = v · ∇xτ − λτ + λ

∫
V

T (v∗,v) τ(x,v∗) dv∗ . (4.8)
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Note that in (4.8) the arguments of the turning kernel T are switched in comparison

to the transport equation (4.6). The boundary conditions take the form

τ(x,v) = 0 , x ∈ ∂ΩT , v · nT > 0 ,

τ(x,v) = τ(x,v′) , x ∈ ∂ΩR .
(4.9)

4.3.2 Finite turning times

The transport equation (4.6) is generally only valid under the assumptions of non-

interacting particles and instant turning. For the robot application both of these

assumptions are violated. In this section we concentrate on the second assumption

and therefore aim to extend the classical transport equation (4.6) to include non-

negligible turning times. The effect of hard sphere interactions in velocity jump

models will be studied in great detail in Chapter 5. Note, that this effect is likely to

lead to smaller discrepancies than finite turning times for the robotic system, due to

the low number of robots in the group.

Let us begin by making two assumptions that are valid for the robotic system: (a)

a new direction v∗ ∈ V is chosen as soon as the particle enters the turning phase; (b)

the time it takes for a particle to turn from velocity v ∈ V to v∗ ∈ V is given through

the function K(v∗,v) : V × V 7→ R+. Assumption (b) implies that the turning

time is constant and equal for each particle and in particular does not depend on the

particles’ history.

For the robotic system studied here, we can additionally assume that the turning

phase is equivalent to a directed rotation with a constant angular velocity ω ∈ R+.

Therefore, the turning time depends only on the angle between the current velocity

v ∈ V and the new velocity v∗ ∈ V and K takes the form

K(v∗,v) = K(v,v∗) =
1

ω
arccos

(
v · v∗
‖v‖ ‖v∗‖

)
. (4.10)

We now extend the classical model (4.6) through the introduction of a resting state

r(t,x,v, η) that formally defines the number of particles currently turning towards

their new chosen velocity v and with remaining turning time η. The density p(t,x,v)

now only denotes the particles currently in the run phase. The update of the extended

system is given through

∂p

∂t
+ v · ∇xp = −λp(t,x,v) + r(t,x,v, 0+) , (4.11)

∂r

∂t
− ∂r

∂η
= λ

∫
V

p(t,x,v∗)T (v,v∗) δ(η −K(v,v∗)) dv∗ . (4.12)
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In (4.11) we can see that running particles will enter a turning phase with a probability

of λ dt and particles that have finished their turn signified through η = 0 re-enter

the run-phase. Equation (4.12) represents the linear relation between t and η and

shows that particles enter the turning phase depending on their newly chosen velocity

direction. In order to guarantee conservation of mass throughout the system, we

introduce the non-negativity condition for η through

r(t,x,v, η) = 0, η < 0, x ∈ Ω, v ∈ V, t > 0 .

Additionally, the boundary conditions for the system (4.11)–(4.12) are given through

p(t,x,v) = 0 , x ∈ ∂ΩT ,v · nT < 0 ,

p(t,x,v) = −r(t,x,v, 0+)/(v · nR) , x ∈ ∂ΩR ,v · nR < 0 ,

∂r

∂t
− ∂r

∂η
= δ(η −K(v,v′)) (v′ · nR) p(t,x,v′) , x ∈ ∂ΩR ,v · nR < 0 ,

r(t,x,v, η) = 0 , x ∈ ∂ΩR ,v · nR > 0 ,

(4.13)

where v′ is the reflected velocity as given in (4.2). In order to show that the system

(4.11)–(4.12) is actually consistent, the following theorem shows that mass in the

system is conserved if no target is present.

Theorem 4.1. The total mass in system (4.11)–(4.12) with the boundary conditions

given in (4.13) in the case of reflective boundaries everywhere (∂ΩR = ∂Ω , ∂ΩT = ∅)
given through1

M(t) =

∫
Ω

∫
V

p(t,x,v) dv dx +

∫
Ω

∫
V

∫ ∞
0

r(t,x,v, η) dη dv dx ,

is conserved.

Proof. In this proof we will use the definitions of the sets V +, V − ⊂ V as defined in

(4.3). Let us additionally define

R(t,x,v) =

∫ ∞
0

r(t,x,v, η) dη .

Integrating (4.12) with respect to η ∈ [0,∞), we obtain after reordering for x ∈ Ω\∂Ω:

∂R

∂t
= −r(t,x,v, 0+) + λ

∫
V

p(t,x,v∗)T (v,v∗) dv∗ .

1Note that we use Ω for p(t,x,v), but Ω for r(t,x,v, η), because resting particles can be ‘stuck’
on the boundary, when they were forced to turn due to the boundary conditions. One could unify
this by using Ω for both quantities, because moving robots along the boundary have measure 0.
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Hence, for every point x ∈ Ω \ ∂Ω we obtain

∂

∂t
[p+R] = −λp+ λ

∫
V

p(t,x,v∗)T (v,v∗) dv∗ − v · ∇xp .

Integrating this with respect to x ∈ Ω and v ∈ V gives∫
Ω

∫
V

∂

∂t
[p(t,x,v) +R(t,x,v)] dv dx = −

∫
Ω

∫
V

v · ∇xp(t,x,v) dv dx . (4.14)

Using the divergence theorem, we can evaluate the integral on the right-hand side to∫
Ω

∫
V
v · ∇xp dv dx =

∫
∂Ω

∫
V

(v · nR) p(t,x,v) dv dx

=

∫
∂Ω

∫
V +(x)

(v · nR) p(t,x,v) dv dx +

∫
∂Ω

∫
V −(x)

(v · nR) p(t,x,v) dv dx

=

∫
∂Ω

∫
V +(x)

(v · nR) p(t,x,v) dv dx−
∫
∂Ω

∫
V −(x)

r(t,x,v, 0+) dv dx ,

where we use the second boundary condition in (4.13) in the last step. Additionally,

for x ∈ ∂Ω and v ∈ V −(x), we obtain by integrating the third boundary condition in

(4.13) with respect to η ∈ [0,∞)

∂R

∂t
= −r(t,x,v, 0+) + (v′ · nR) p(t,x,v′) .

Integrating this with respect to x ∈ ∂Ω and v ∈ V and using the last boundary

condition in (4.13) we obtain∫
∂Ω

∫
V

∂R

∂t
dv dx =

∫
∂Ω

∫
V −(x)

∂R

∂t
dv dx

= −
∫
∂Ω

∫
V −(x)

r(t,x,v, 0+) dv dx +

∫
∂Ω

∫
V −(x)

(v′ · nR) p(t,x,v′) dv dx

= −
∫
∂Ω

∫
V −(x)

r(t,x,v, 0+) dv dx +

∫
∂Ω

∫
V +(x)

(v · nR) p(t,x,v) dv dx . (4.15)

Summing up the results from (4.14) and (4.15), we obtain

dM

dt
= 0 ,

and hence the total mass M(t) in the system is conserved.

Transport equation with turning delays

We now aim to reformulate the system (4.11)–(4.12) into a revised transport equation

similar to (4.6), by elimination of the resting state using the following theorem.
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Theorem 4.2. Assuming that r(0,x,v, η) = 0 for all x ∈ Ω, v ∈ V , η ∈ [0,∞), the

solution of (4.12) is given through

r(t,x,v, η) = λ

∫
V ′(t,v,η)

p(t−K(v,v∗) + η,x,v∗)T (v,v∗) dv∗ , (4.16)

where V ′(t,v, η) ⊂ V is given through

V ′(t,v, η) = {v∗ ∈ V : η ≤ K(v,v∗) ≤ η + t} . (4.17)

Proof. One can solve (4.12) using the method of characteristics. Let us therefore

introduce the variable z(t, η) and apply the standard ansatz

dt

dz
= 1 ,

dη

dz
= −1 ,

which yields t = z and η = −z + η0 = −t+ η0. For r(z,x,v) = r(t(z),x,y, η(z)), the

characteristic equation takes the form

∂r

∂z
= λ

∫
V

p(z,x,v∗)T (v,v∗) δ(η0 − z −K(v,v∗)) dv∗ .

Integrating over the interval [0, z] and using the fact that r(t = 0) ≡ 0, we obtain

r(z,x,v) = λ

∫ z

0

∫
V

p(t,x,v∗)T (v,v∗) δ(η0 − t−K(v,v∗)) dv∗ dt .

Switching integrals and evaluating the δ function for the cases where η0−K(v,v∗) ∈
[0, z], we obtain

r(z,x,v) = λ

∫
V ′′(z,v,η0)

p(η0 −K(v,v∗),x,v∗)T (v,v∗) dv∗ ,

where the set V ′′(z,v, η0) ⊂ V is defined through

V ′′(z,v, η0) = {v∗ ∈ V : η0 −K(v,v∗) ∈ [0, z]} .

We can now substitute η0 = η + t and evaluate r(t,x,v, η):

r(t,x,v, η) = λ

∫
V ′′(t,v,η+t)

p(t−K(v,v∗) + η,x,v∗)T (v,v∗) dv∗ .

Additionally, the set V ′′(t,v, η + t) can be evaluated to

V ′′(t,v, η + t) = {v∗ ∈ V : t+ η −K(v,v∗) ∈ [0, t]} = V ′(t,v, η) ,

and we have shown that the solution to (4.12) is given through (4.16).
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Using the above theorem, we can easily evaluate r(t,x,v, 0+) to be

r(t,x,v, 0+) = λ

∫
V ′(t,v,0)

p(t−K(v,v∗),x,v∗)T (v,v∗) dv∗ .

Note that by evaluating V ′(t,v, 0), we can alternatively write this as

r(t,x,v, 0+) = λ

∫
V

p(t−K(v,v∗),x,v∗)T (v,v∗)H (t−K(v,v∗)) dv∗ ,

where H : R 7→ {0, 1} denotes the Heaviside function. We can now substitute this

expression into (4.11) to obtain

∂p

∂t
+ v · ∇xp = −λp+ λ

∫
V ′(t,v,0)

T (v,v∗) p(t−K(v,v∗),x,v∗) dv∗ . (4.18)

Note that (4.18) only considers particles in the run phase and hence does not strictly

conserve mass. We can use a similar technique as before to derive the boundary

conditions for the new transport equation

p(t,x,v) = 0 , x ∈ ∂ΩT ,v · nT < 0 ,

p(t,x,v) =

{
p (t−K(v,v′),x,v′) , K(v,v′) ≤ t ,
0 , K(v,v′) > t ,

x ∈ ∂ΩR ,v · nR < 0 .

(4.19)

Derivation of a mean first passage time problem

We now derive the mean exit time problem directly from the forward problem us-

ing the adjoint operator along with its main property [105]: For a forward problem

specified by

Mp = 0 ,

coupled with initial and boundary conditions, the backward problem is given by the

adjoint operator

M∗q = 0 ,

with respective final conditions and adjoint boundary conditions. The adjoint op-

erator itself is defined through an inner product and its effect on suitably smooth

test-functions p, q : [0,∞)× Ω× V 7→ R+
0 through [105]

〈p,M∗q〉 = 〈Mp, q〉 , 〈p, q〉 =

∫ ∞
0

∫
Ω

∫
V

p(t,x,v) q(t,x,v) dv dx dt .
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We aim to construct the backward problem for (4.18)–(4.19) using this inner product

relation. The forward operator M as given in (4.18) takes the form

Mp = − ∂p

∂t︸︷︷︸
(i)

−v · ∇xp︸ ︷︷ ︸
(ii)

− λp︸︷︷︸
(iii)

+λ

∫
V ′(t,v,0)

T (v,v∗) p(t−K(v,v∗),x,v∗) dv∗︸ ︷︷ ︸
(iv)

.

Due to the nature of the inner product and the additive relation between the parts

(i)–(iv), we can derive adjoint terms individually.

(i): We integrate by parts to obtain

〈M(i)p, q〉 =

∫ ∞
0

∫
Ω

∫
V

q
∂p

∂t
dv dx dt

= −
∫ ∞

0

∫
Ω

∫
V

p
∂q

∂t
dv dx dt = 〈p,M∗

(i)q〉 , (4.20)

where we assume that the term p q vanishes as t → {0,∞}. This assumption is

satisfied, as p→ 0 as t→∞ and q → 0 as t→ 0.

(ii): Using the divergence theorem, we obtain

〈M(ii)p, q〉 =

∫ ∞
0

∫
Ω

∫
V

q v · ∇xp dv dx dt

= −
∫ ∞

0

∫
Ω

∫
V

pv · ∇xq dv dx dt = 〈p,M∗
(ii)q〉 ,

where the adjoint boundary conditions are chosen such that the boundary term van-

ishes. These boundary conditions are derived in Appendix A and take the form

q(t,x,v) = 0 , x ∈ ∂ΩT , v · nT > 0 ,

q(t,x,v) = q(t+K(v′,v),x,v′) , x ∈ ∂ΩR, v · nR > 0 .
(4.21)

(iii): The adjoint operator for this term can be seen directly

〈M(iii)p, q〉 =

∫ ∞
0

∫
Ω

∫
V

λ p q dv dx dt = 〈p,M∗
(iii)q〉 .

(iv): Let us first write down the forward operator M(iv)

〈M(iv)p, q〉 =

∫ ∞
0

∫
Ω

∫
V
q

(∫
V ′(t,v,0)

T (v,v∗) p(t−K(v,v∗),x,v∗) dv∗

)
dv dxdt .

Noting that V ′(t,v, 0) = {v∗ ∈ V : 0 ≤ K(v,v∗) ≤ t}, we can change the order of

integration to obtain

〈M(iv)p, q〉 =

∫
Ω

∫
V

∫
V

∫ ∞
K(v,v∗)

T (v,v∗) p(t−K(v,v∗),x,v∗)q(t,x,v) dt dv∗ dv dx .
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Using the transformation t̂ = t−K(v,v∗), we get

〈M(iv)p, q〉 =

∫
Ω

∫
V

∫
V

∫ ∞
0

q
(
t̂+K(v,v∗),x,v

)
T (v,v∗) p

(
t̂,x,v∗

)
dt̂ dv∗ dv dx

=

∫ ∞
0

∫
Ω

∫
V
p(t,x,v∗)

∫
V
q(t+K(v,v∗),x,v)T (v,v∗) dv dv∗ dxdt

=

∫ ∞
0

∫
Ω

∫
V
p

(∫
V
T (v∗,v) q(t+K(v∗,v),x,v∗) dv∗

)
dv dxdt

= 〈p,M∗(iv)q〉 ,

where we change the order of integration, drop the hat on t for clarity and switch the

integration variables v∗, v.

Putting the results (i)–(iv) back together, the backwards equation for q(t0,x0,v0)

takes the form

− ∂q
∂t0
− v0 · ∇xq = −λq + λ

∫
V

T (v∗,v0) q(t+K(v∗,v0),x0,v∗) dv∗ (4.22)

Equation (4.22) forms the adjoint problem to (4.6)–(4.7) in combination with the

adjoint boundary conditions (4.21). We can understand the backwards problem, by

noting that the forward probability p is actually p(t,x,v|t0,x0,v0), the probability

of being at (t,x,v) after starting from (t0,x0,v0), where t0 < t. Similarly, the

probability q can be written as q(t0,x0,v0) = p(t,x,v|t0,x0,v0) thereby explaining

the name backwards problem.

In order to derive the mean first passage time, we define the mass left in the

system at time t, given that the system is initialised with a Dirac of intensity one at

(x0,v0) at time t = 0 through

ρ(t,x0,v0) =

∫
Ω

∫
V

p(t,x,v| 0,x0,v0) dv dx

=

∫
Ω

∫
V

p(0,x,v| − t,x0,v0) dv dx ,

where we make use of the fact that the operator M is time invariant and we can

therefore shift the system in time. Integrating the backwards problem with respect

to x ∈ Ω and v ∈ V and using negative time, we can now obtain an equation for ρ

∂ρ

∂t
− v0 · ∇x0ρ = −λρ+ λ

∫
V

T (v∗,v0) ρ(t−K(v∗,v0),x0,v∗) dv∗ . (4.23)

The boundary conditions for ρ can be derived from (4.21) and take the form

ρ(t,x,v) = 0 , x ∈ ∂ΩT , v · nT > 0 ,

ρ(t,x,v) = ρ(t−K(v′,v),x,v′) , x ∈ ∂ΩR, v · nR > 0 .
(4.24)
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We Taylor expand (4.23) to get

∂ρ

∂t
− v0 · ∇x0ρ(t,x0,v0) = −λρ(t,x0,v0)

+ λ

∫
V

T (v∗,v0)

{
ρ(t,x0,v∗)−K(v∗,v0)

∂ρ

∂t
± ...

}
dv∗ .

(4.25)

As ρ denotes the mass left in the system at time t, it is clear that the mass leaving

the system in the interval [t, t+ dt) is

ρ(t,x0,v0)− ρ(t+ dt,x0,v0) ≈ −∂ρ
∂t

dt .

Hence, the mean first passage time can be calculated using

τ(x0,v0) = −
∫ ∞

0

t
∂ρ

∂t
dt =

∫ ∞
0

ρ dt ,

where we use the fact that ρ → 0 as t → ∞. We can derive the mean first passage

time problem by integrating (4.25) with respect to t ∈ [0,∞)

v0 · ∇x0τ − λτ + λ

∫
V

T (v∗,v0) τ(x0,v∗) dv∗

= −
(

1 + λ

∫
V

T (v∗,v0)K(v∗,v0) dv∗

)
.

(4.26)

Note that all the other terms of the Taylor expansion in (4.25) vanish, because all

derivatives of ρ are zero at t = {0,∞}.2 By integrating the boundary conditions in

(4.24), we can obtain the corresponding boundary conditions on τ that take the form

τ(x0,v0) = 0 , x0 ∈ ∂ΩT ,v0 · nT > 0 ,

τ(x0,v0
′) = τ(x0,v0) +K(v0

′,v0) , x0 ∈ ∂ΩR ,v0 · nR > 0 .
(4.27)

Simplification for experimental situation

We can make several simplifications to obtain a mean-first passage time equation

that corresponds to the robotic experiments. In particular, we can use the fact that

V = s S1 and therefore that all velocities v ∈ V can be written in the form

v = s

(
cos θ
sin θ

)
, θ ∈ [−π, π] .

This fact allows one to formulate the mean exit time problem in three variables such

that τ = τ(x, y, θ), where x = [x, y]T ∈ Ω = [0, Lx]×[0, Ly] according to the definitions

2For t = 0 this is the case, because from every position x ∈ Ω \ ∂Ω it takes a minimum time
t0(x) > 0 to leave the arena and therefore ρ(t,x) ≡ 1 for t ∈ [0, t0).
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made in Figure 4.1. Additionally, the uniform turning kernel can be written in the

form

T (θ∗, θ) =
1

2π
, θ, θ∗ ∈ [−π, π] .

The exit time problem takes the form

s cos θ
∂τ

∂x
+ s sin θ

∂τ

∂y
− λτ +

λ

2π

∫ π

−π
τ(x, y, θ∗) dθ∗ = −

(
1 +

λ

2π

∫ π

−π
K(θ∗, θ) dθ∗

)
.

Using the turning times given in (4.10), we can evaluate the integral∫ π

−π
K(θ∗, θ) dθ∗ =

∫ π

−π
K(θ∗, 0) dθ∗ = 2

∫ π

0

θ∗
ω

dθ∗ =
π2

ω
.

From the nature of the problem, we can additionally expect only small differences in

exit-times along the y-coordinate, which leads to the idea of defining the exit-time

purely along the x-coordinate as follows

τ̄(x, θ) =
1

Ly

∫ Ly

0

τ(x, y, θ) dy .

Integrating the intermediate exit-time equation with respect to y and dividing by Ly,

we can obtain an equation for the newly defined τ̄(x, θ):

s cos θ
∂τ̄

∂x
+
s sin θ

Ly
τ(x, y, θ)

∣∣∣y=Ly

y=0
− λτ̄ +

λ

2π

∫ π

−π
τ̄(x, θ∗) dθ∗ = −

(
1 +

λπ

2ω

)
.

The only term posing an additional difficulty is the second term. To simplify this

term, we can employ a symmetry argument of the form

τ(x, Ly, θ) = τ(x, 0, θ′) = τ(x, 0, θ) +K(θ, θ′) , θ ∈ [0, π] ,

where θ′ = −θ is the result of reflecting the velocity on the x-axis. We apply the

boundary condition (4.27) to obtain the second part of the equation. We can addi-

tionally make use of the fact that θ and −θ result in the exact same equation in this

system and reduce the system to θ ∈ [0, π]. Additionally, K(θ,−θ) is given through

K(θ,−θ) =
2

ω
min(θ, π − θ) , θ ∈ [0, π] .

Therefore, the full one-dimensional first-exit time equation takes the form

s cos θ
∂τ̄

∂x
+

2s sin θ

Lyω
min(θ, π − θ)− λτ̄ +

λ

π

∫ π

0

τ̄(x, θ∗) dθ∗ = −
(

1 +
λπ

2ω

)
, (4.28)
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Figure 4.7: (a) Mean mass in system over time. Solid (black) line: experimental data;
dotted (red) line: numerical solution of (4.6) with boundary conditions (4.7); dashed
(blue) line: numerical solution of (4.11)–(4.12) with boundary conditions (4.13)
(b) Mean exit time averaged over all velocities. Solid (black) line: experimental data;
dotted (red) line: numerical solution of (4.8) with boundary conditions (4.9); bold
dotted (red) line: average of dotted line over L0; dashed (blue) line: numerical solution
of (4.26) with boundary conditions (4.27); bold dashed (blue) line: average of dashed
line over L0.
For both plots parameters and numerical methods are given in the text.

for all x ∈ [0, Lx] and θ ∈ [0, π]. The boundary conditions for this equation take the

form
τ̄(Lx, θ) = 0 ,

τ̄(0, θ) = τ̄(0, π − θ)− π − 2θ

ω
,

θ ∈
[
0,
π

2

]
, (4.29)

where the second boundary condition is obtained from the second condition in (4.27)

for the situation where x = 0 by considering the reflection of the angle θ on the y-

axis. We will compare the adjusted system (4.28)–(4.29) to the measured exit times

of the robots. Note that we can consider the same system with instant turning by

letting ω →∞ and therefore eliminating all terms containing ω. Another interesting

thing about (4.28) is that the right-hand side represents a scaling factor of 1+λπ/2ω.

One could also arrive at this scaling through the naive approach of multiplying the

average time of a tumble (π/2ω) with the frequency of tumbles λ. Whilst this scaling

approach might present a reasonable approximation for this particular system, it is

not valid for arbitrary turning kernels and turning times. The scaling approach also

does not account for finite turning times that occur when a robot collides with a wall.
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4.3.3 Comparison between experimental data and theory

In this section we compare the classical theory introduced in Section 1.3.2 and re-

viewed in Section 4.3.1 and the extended theory developed in Section 4.3.2 to ex-

perimental data. The experimental data was collected using 50 repetitions of the

test problem without signal (α = 0) described in Section 4.2.3 with all experimental

parameters as given in Section 4.2.3. We let each of those experiments run until

t = 300 sec and measure the exit times for the robots. Naturally there were a varying

number of robots left in the arena at the end of the experiments. In total 92 out of

the 50×16 = 800 robots did not leave the arena in the allotted time. In the following,

we present two different ways of interpreting the experimental data.

Mass over time

The first way of interpreting the experimental data is through the proportion of

mass left in the system at a given time. We thereby count the number of robots

left in the arena at a given time and compare them to continuum implementations

of the corresponding systems in Figure 4.7(a). The solid (black) line indicates the

experimental data, which is the percentage of robots that have not left the arena at

that point in time.

The result of a numerical solution of the classical theory given through (4.6) and

the boundary conditions (4.7) is shown as the dotted (red) line. For the numerical

solution we used a first order explicit finite volume scheme with the grid size ∆x =

1.1825 m/200, time step ∆t = 10−3 sec and a total of 40 velocity directions.

The dashed (blue) line shows a numerical solution of the adjusted system (4.11)–

(4.12) with boundary conditions given in (4.13). The numerical solution was achieved

using a first order finite volume method as before, paired with an upwind scheme for

(4.12). For (4.11) we used ∆x = 1.1825 m/200, ∆t = 10−3 sec and a total of 40

velocity directions. For (4.12) we used the same ∆t = 10−3 sec and a discretisation

of ∆η = 3.38× 10−2 sec corresponding to the time it takes to turn from one velocity

direction to the next.

Figure 4.7(a) shows that the classical model corresponds qualitatively to the ex-

perimental data, but shows a significant quantitative difference. The model that

incorporates finite turning times, however, shows a much improved match.
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Mean exit time problem

The second way of interpreting the experimental data is through the use of mean exit

times. The problem we are facing here is that we only know exit times for 708 out of

the 800 robots involved in the experiments. The mean exit time for those 708 robots

is 121.92 sec. In order to get an estimate for the remaining robots, we use the fact

that the mass over time plot for the experimental data as seen in Figure 4.7(a) takes

the form of a decaying exponential for t ∈ [100, 300] sec. Using a best exponential fit,

we can estimate the decay rate to 8.02 × 10−3 sec−1. We can therefore approximate

the average leaving time of robots remaining in the arena at t = 300 sec to be

300 sec +
1

8.02× 10−3 sec−1
= 424.69 sec .

Using this, we can now estimate the total mean exit time of all robots to

121.92 sec · 708

800
+ 424.69 sec · 92

800
= 156.74 sec .

We compare this experimental leaving time to the solutions of the simplified mean first

passage time system given in (4.28)–(4.29) for the case with instant turning (ω =∞)

and the case with finite turning times (ω = 4.65 rad sec−1). In both cases we achieve

a numerical solution of the system using a first order combined up-down-winding

approach on a regular (x, θ) grid with ∆θ = π/40 rad and ∆x = 1.1825 m/200.

The comparison can be seen in Figure 4.7(b), where the solid (black) line indicates

the experimentally approximated exit time. The dotted (red) line shows the case with

instant turning and the dashed (blue) line shows the adjusted result for finite turning

times. In both cases the plotted curves represent τ̄ averaged over all values of θ.

Additionally, averages over the initial pen [0, L0] are shown as bold horizontal lines.

For the classical model (ω =∞) the mean-exit time from the initial pen is 137.49 sec

(error of 12.3% compared to experimental data) and for the adjusted model the value

is 152.43 sec (error of 2.7%). Again, the adjusted model presented in Section 4.3.2

gives a much improved match compared to the classical models. Hence, the inclusion

of finite turning times is vital in explaining the experimental data and we have in this

section presented a consistent way of incorporating those into classical velocity jump

models.

4.4 Introduction of signals

Let us now return to the experimental test problem defined in Section 4.2.3 and incor-

porate the grey-black gradient poster into the system as was shown in Figure 4.6(b).
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In Figure 4.3(b) we have already seen the characteristic curve returned by one of the

robots as it moves through a gradient. The implementation of the reaction to the gra-

dient can be seen in Table 4.3 and is motivated by Model III in Section 2.4.1. As the

gradient improves the target finding of the robots, the exit times are much reduced

compared to the experiment without signals and we can actually wait until all robots

have left the arena. We again completed 50 runs of 16 robots and observed mean exit

times of the robots of 78.77 sec compared to the estimated 156.74 sec without signal.

4.4.1 Velocity jump models with varying turning frequencies

In this section, we are aiming to formulate velocity jump models that incorporate

changing turning frequencies λ. In particular, we are interested in turning frequencies

that depend on the current velocity of the robot as well as its position in the domain,

i.e. λ = λ(x,v). The general velocity jump model for this case can be formulated as

(cf. (4.6))

∂p

∂t
+ v · ∇xp = −λ(x,v) p+

∫
V

λ(x,v∗)T (v,v∗) p(t,x,v∗) dv∗ , (4.30)

with the boundary conditions given in (4.7). Similarly, we can formulate this system

by incorporating the resting period (cf. (4.11)–(4.12))

∂p

∂t
+ v · ∇xp = −λ(x,v) p(t,x,v) + r(t,x,v, 0+) ,

∂r

∂t
− ∂r

∂η
=

∫
V

λ(x,v∗) p(t,x,v∗)T (v,v∗) δ(η −K(v,v∗)) dv∗ ,
(4.31)

with boundary conditions (4.13). The system (4.31) can again be formulated in the

form of a delay differential equation (cf. (4.18))

∂p

∂t
+ v · ∇xp = −λ(x,v) p+

∫
V ′(t,v,0)

λ(x,v∗)T (v,v∗) p(t−K(v,v∗),x,v∗) dv∗ , (4.32)

where the boundary conditions take the form (4.19). Similarly to the derivation in

Section 4.3.2, one can derive the backwards problem, with the mean first passage

time equation taking the form (cf. (4.26))

v0 · ∇x0τ − λ(x0,v0)τ + λ(x0,v0)

∫
V

T (v∗,v0) τ(x0,v∗) dv∗

= −
(

1 + λ(x0,v0)

∫
V

T (v∗,v0)K(v∗,v0) dv∗

)
,

(4.33)

with boundary conditions as given in (4.27).
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4.4.2 Turning frequency in experiments with gradient

In Section 4.4.1 we showed the general velocity jump models under the inclusion

of changing turning frequencies. In order to be able to compare those models to

experimental results, we have to approximate the form of λ(x,v) that corresponds

to the behaviour of robots. The reaction of the robots to the colour gradient is

implemented in the random walk (D1)–(D4) shown in Table 4.3. The governing

equations for the internal dynamics and the change in turning frequencies are given

in (4.4)–(4.5) and are motivated by bacterial chemotaxis, in particular by Model III

in Section 2.4.1.

According to results from [56], a macroscopic density formulation for the robotic

system is given through the hyperbolic chemotaxis equation

1

λ0

∂2n

∂t2
+
∂n

∂t
=

s2

dλ0

∆n−∇ ·
(
n

αλ0s
2ta

dλ0(1 + λ0ta)
∇S
)
, (4.34)

where S : Ω 7→ R indicates the colour gradient and n(t,x) describes the concentration

of robots in Ω. Equation (4.34) can be approximated by the velocity jump process

(4.30) with the form for the turning frequency given by

λ(x,v) = λ0 − γ v · ∇S(x) , γ =
αtaλ0

1 + λ0ta
. (4.35)

Because the gradient of the colour signal S is parallel to the x-axis in the test problem

described in Section 4.2.3, we can again simplify the formulation of the exit time

problem (4.33) by averaging along the y-axis. The resulting equation takes the form

s cos θ
∂τ̄

∂x
+

2s sin θ

Lyω
min(θ, π − θ)− λ(x, θ) τ̄ +

λ(x, θ)

π

∫ π

0
τ̄(x, θ∗) dθ∗ = −1− λ(x, θ)

π

2ω
,

(4.36)

where λ(x, θ) is given through

λ(x, θ) = λ0 − γ s cos θ
∂S(x)

∂x
. (4.37)

One problem that still needs to be addressed is how one approximates the signal

S(x). In Figure 4.3(b) we saw the characteristic curve of one of the 16 robots used

during the experiments. However, when repeating the simple gradient measure with

a number of robots we saw a strong difference between individuals. This difference

occurs in the shape of the measured curve as well as its height. In order to find a good

average for all robots, we approximate the signal by a linear function. We measured

the values at both end points of the domain for each robot and averaged over the

group. The mean value measured at the left (grey) end of the domain is 768.1, whilst
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the right (black) end bordering the target area was measured at 377.9. Using the

transformation of those measurements into the signal S as given in (D1) in Table 4.3,

the linear approximation of S(x) takes the form

S(x) = 1.0− 768.1− (768.1− 377.9)x/Lx
1000

,
∂S

∂x
=

768.1− 377.9

1000Lx
≈ 0.33 m−1 .

We will use this linear form of S(x) for all comparisons between experimental data

and the derived models.

4.4.3 Comparison between models and experimental results
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Figure 4.8: Comparison between velocity jump process and experimental data for ex-
periment including colour gradient. (a) Mean mass in system over time. Solid (black)
line: experimental data; dotted (red) line: numerical solution of (4.30); dashed (blue)
line: numerical solution of (4.31). Turning frequency λ(x,v) as given in (4.35).
(b) Mean exit time averaged over all velocities. Solid (black) line: experimental data;
dotted (red) line: numerical solution of (4.36) for ω = ∞; bold dotted (red) line:
average of dotted line over L0; dashed (blue) line: numerical solution of (4.36) for
ω = 4.65 rad sec−1; bold dashed (blue) line: average of dashed line over L0. Turning
frequency λ(x, θ) as given in (4.37).
For both plots parameters and numerical methods are given in the text.

We now want to compare the experimental data with the velocity jump models

described in Section 4.4.1. The numerical solutions were achieved using the exact

same methods and parameters as in Section 4.3.2 and the results can be seen in

Figure 4.8. The parameter values used for the robots are λ0 = 0.25 sec−1, α = 8,

ta = 10 sec and s = 0.58 m sec−1.

In Figure 4.8(a) we plot the mass left in the system over time. The solid (black)

line again represents the percentage of robots still in the arena at that point in time.
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The dotted (red) line is a numerical solution of the velocity jump equation (4.30) with

the corresponding boundary conditions (4.7). The dashed (blue) line is a numerical

solution of the velocity jump system with resting state given in (4.31) and boundary

conditions as in (4.13).

In Figure 4.8(b) we plot the dependence of the mean exit time upon the position

along the x-axis. The horizontal solid (black) line again indicates the experimentally

measured exit time of 78.77 sec. The dotted (red) line shows a numerical solution of

(4.36) with instant turning, i.e. ω = ∞. The dashed (blue) line shows a numerical

solution of (4.36) with ω = 4.65 rad sec−1. For both of these solutions the boundary

conditions are given in (4.27). The bold horizontal lines again indicate the average

over the initial pen of length L0.

In both plots in Figure 4.8, we see a good agreement between models and ex-

perimental data. The models including finite turning delays represented through the

dashed (blue) lines give an improved match compared to the models without this de-

lay. The numerically estimated exit time for the model with instant turning (ω =∞)

is 65.59 sec (error of 16.7% compared to experimental data); with finite turning times

it is 71.76 sec (error of 8.9%). The remaining difference between the models and the

experimental data can be explained by noisy measurement of the signal S(x) as well

as the fact that we used a linear approximation averaged over all robots to obtain

the numerical results. We can conclude from this brief study of robot experiments

including a colour gradient signal that this signal indeed improves the target finding

capacity of the robots and that the models developed in Section 4.3 can be easily gen-

eralised to incorporate turning frequencies that change according to external signals.

4.5 Discussion

In this chapter, we introduced swarm robotic experiments as an additional tool for

the study of biological systems of dispersal. We studied a target finding task that

could in practice be applied to mine detection [100] or oil spill confrontation [92]. We

use an experimental system based on 16 E-Puck robots [115] placed in a rectangular

arena with one edge leading into the target area. Robots are removed as soon as they

have achieved the target finding task. We use an algorithm that is inspired by the

signal sensing in E. coli bacteria [55] and that we studied extensively in Chapter 2.

The main result from this chapter is the adaptation of classical velocity jump

processes for a robotic system. When comparing classical models with the experi-

mental results, one observes a significant quantitative difference. We identified the
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finite turning times required for a robot to change its direction as the main reason for

this difference. In Section 4.3.2 we show that one can incorporate a resting state into

the classical velocity jump equation to account for those turning times. Figure 4.7

shows that the adjusted models greatly improve the match with the experimental

data. The remaining difference can be explained by experimental noise and by in-

teractions between robots that will be discussed in Chapter 5. Note that the models

derived in this chapter can be applied to arbitrary turning kernels and turning time

distributions and therefore go beyond the experiments performed here.

The way we incorporate the resting state into the velocity jump process is differ-

ent from tumbling in bacterial chemotaxis that has been repeatedly studied in the

literature [55, 128, 129]. In these models, the tumbling times are exponentially dis-

tributed and can therefore be directly incorporated into transport equations that take

into account probabilistic changes from resting to moving states [128]. Othmer et al.

[128] additionally introduce that the length of the resting phase has an influence on

the velocity distribution after the tumble. In the case of robots, the new direction is

chosen before entering the resting state and the turning times depend linearly on the

turning angle, as formulated in (4.10).

In the second set of experiments, we introduced an external signal in the form

of a grey-black gradient poster into the robotic system. The robots can observe this

gradient using light sensors on their bottom. As seen in Figure 4.3(b), these measure-

ments are noisy and a strong difference between individual robots can be observed.

We showed how the velocity jump models derived in Section 4.3.2 can be extended

to incorporate changing turning frequencies and use those changing frequencies as a

reaction to the signal. The experiments clearly show that the gradient improves the

target finding capabilities of the robots, as the average time to reach the target is

almost halved compared to the experiments without signal. We again show that the

derived models match well with the experimental results. There is, however, a more

significant difference in the signal case. We can account this difference to the fact that

we only approximate the signal as a linear function and that every robot observes the

signal differently. It would therefore be interesting to repeat the experiments with

individual robots, in order to measure whether certain individuals are better at fol-

lowing the gradient than others. Unfortunately, I did not have time to perform these

additional experiments during the research leading to this thesis, but I believe further

studies of individual performances could lead to interesting new results. Another sug-

gestion for future work would be the use of different turning kernels to incorporate

effects like correlations between old and new velocity during the turning phase.
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In biological systems, signals are rarely constant, but usually follow a reaction-

diffusion PDE similar to the ones seen in Chapter 3. Therefore, an implementation

of the full run-and-tumble chemotactic model in the robotic system requires either

special sensors for detecting chemical signals, e.g. robots for odour detection [144], or

replacing chemical signals by suitable caricatures of them, e.g. using a glowing floor

for E-Puck robots [113]. Especially in the latter case, one could consider systems

where robots are able to change the signal themselves [71], thereby acquiring a system

that can be used to implement hybrid models similar to the ones studied in Chapter 2

for the coupling between individual-based species and a changing environment.
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Chapter 5

Velocity jump processes with
hard-sphere interactions

So far in this thesis, we have mainly considered indirect interactions between particles,

e.g. through chemical signals in Chapter 2 or in the form of reactions in Chapter 3.

In this chapter, we are interested in one type of direct interaction between particles

caused by volume exclusion, an effect that we have already encountered during the

swarm robotic experiments in Chapter 4. However, the effect of volume exclusion is

not restricted to swarm robots. It can be found in almost every biological system

of dispersal, from E. coli bacteria to fish, birds and bigger animals and has been

incorporated into many existing biological models. For example, in the classical

Couzin-type models [38] one could interpret the repulsion effect as one form of volume

exclusion. In this chapter, we study hard-sphere volume exclusion, i.e. the considered

particles do not change shape to accommodate other particles, in a velocity jump

system.

The results presented in this chapter have been accepted for publication in Physical

Review E [68].

5.1 Types of collisions

As mentioned in the motivation to this chapter, one can consider different types of

volume exclusion effects. Even when deciding on hard-sphere interactions, one can

distinguish between a number of different collision types. One classical type of colli-

sions can be observed in the kinetic behaviour of ideal gases [26], where interactions

occur in the form of fully elastic collisions, i.e. momentum is conserved during a colli-

sion. However, for biological applications this type of collision might be less relevant,

as animals do not usually transfer momentum when interacting with each other.
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Figure 5.1: Comparison between reflective collisions and fully elastic collisions.

For this reason, we are in this chapter more interested in systems where all particles

always move with the speed s ∈ R+. Therefore we consider the so-called reflective

(speed-preserving) collisions similar to the ones observed during the swarm-robotic

experiments in Chapter 4. In this type of interaction particles get directly reflected

off each other with the individual speed of each particle being conserved. This type

of collision has more biological relevance than fully elastic collisions. For example, in

[38], the formation of fish swarms is studied and reflective collisions play an important

part in this model in the form of repulsion. Other examples can be found in [153].

The two types of collisions are illustrated in Figure 5.1. In both cases, a particle

at position x and with velocity v collides with a second particle at x + εn that has

velocity u, where n ∈ Sd−1 is a unit vector. Similarly to Chapter 4, ε describes

the (identical) diameter of each of the particles. We denote the velocities after the

collision took place by v′ and u′ respectively. For the reflective collisions, these are

given through

v′ = v − 2(v · n) n , u′ = u− 2(u · n) n . (5.1)

In the case of fully elastic collisions, the new velocities take the form

v′ = v − ((v − u) · n) n , u′ = u + ((v − u) · n) n . (5.2)

The main differences between those two types of collisions are that reflective collisions

preserve speed, i.e. particles travel at the same speed before and after the collision,

whilst speeds typically change during fully elastic collisions; on the other hand, fully
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elastic collisions preserve total momentum in the system, whilst this is not the case

for reflective collisions.

We begin this chapter by introducing a numerical simulation framework for those

hard-sphere interactions. Using this simulation framework we perform a numerical

study regarding the number of collisions in a given system. The first steps towards

an analytic way of understanding the effect of collisions is performed in Section 5.4.

In Section 5.5 we introduce the so-called Boltzmann integral as one way of dealing

with collisions of very small particles and we extend this method beyond that limit in

Section 5.6. In Section 5.7, we numerically compare the different hard-sphere models

and discuss the results in Section 5.8.

5.2 Kinetic Monte-Carlo algorithm

In the later sections of this chapter, we will perform a number of simulations of

velocity jump particles with hard-sphere interactions. Therefore, it is necessary to

develop an efficient algorithm that allows for fast and accurate simulations. The

algorithm we are presenting fits into the general class of Kinetic Monte-Carlo (KMC)

methods that was first introduced by Alder and Wainwright [4]. The KMC algorithm

we are using is an event-driven algorithm, i.e. it jumps directly from event to event

and does not use a fixed time step. We use a similar notation to that introduced in

Chapter 1: we assume a system with N particles that are described by their positions

x(i) = [x
(i)
1 , x

(i)
2 ]T ∈ Ω and their velocities v(i) = [v

(i)
1 , v

(i)
2 ]T ∈ V . Each particle is a

circular object with diameter ε and no two particles can overlap at any time, which

can be formulated through the restriction∥∥x(i) − x(j)
∥∥ ≥ ε , i, j = 1, . . . , N, i 6= j .

We can distinguish between three different types of events that need to be consid-

ered: (i) a particle goes into a random turning phase, (ii) particle-wall collisions, (iii)

particle-particle collisions. The main observation is that after an event has taken

place, we can calculate the times of all possible next events and find the minimum in

order to directly jump forward to this event. This results in an algorithm that is exact

in that all events are considered at exactly the time they happen and no events are

missed, and optimal in the sense that one cannot choose a coarser time step without

missing events.

In order to calculate the time of the next random turn for each particle, we make

use of Gillespie’s algorithm for chemical reaction networks [76] that predicts the next
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turning time to be

T
(i)
turn = t− log ξ

λi
, i = 1, . . . , N ,

where t is the current time, ξ is a uniformly distributed random variable in the interval

[0, 1] and λi is the turning frequency of particle i = 1, . . . , N . In the simulations used

throughout this chapter, we assume an identical (constant) turning frequency λ for

all particles. When a turn event happens the particle rotates into the new direction

θ∗ ∈ [−π, π] that is chosen uniformly at random. We do not include finite turning

times as discussed in Chapter 4 in this consideration as they would vastly complicate

the analysis.

For the collisions of a particle with the wall, the time until the next event depends

on the arena shape. Assuming a rectangular arena Ω = [0, Lx]× [0, Ly], the collision

time can be calculated as

T
(i)
wall = t+ min

(
max

(
x

(i)
1

v
(i)
1

,
Lx − x(i)

1

v
(i)
1

)
,max

(
x

(i)
2

v
(i)
2

,
Ly − x(i)

2

v
(i)
2

))
,

where the use of max could be replaced by a check of the sign of v
(i)
1 and v

(i)
2 in order

to find the relevant wall. During such a wall collision, the considered particle changes

its current direction from v(i) to
(
v(i)
)′

as given in (4.2).

The third possible set of events are particle-particle collisions. As particles are

considered to be circular objects of diameter ε, we can simply reduce the question

to the collision between a point object positioned at x and moving with velocity v

with a circle situated at the origin with radius ε. Assuming that ‖x‖ > ε, i.e. that a

collision has not already happened, this can be calculated to

Tcoll(x,v) = − 1

‖v‖

[
v · x +

√
∆
]
,

where ∆ is given through

∆ = (v · x)2 − ‖v‖ (‖x‖ − ε) .

A collision does not occur at all if v · x > 0, ‖v‖ = 0 or if ∆ < 0; in this case Tcoll is

set to infinity. For two particles i, j = 1, . . . , N , i 6= j, the collision time can now be

calculated through

T
(i,j)
coll = t+ Tcoll

(
x(i) − x(j),v(i) − v(j), ε

)
.

In the case that such a collision happens, each of the particles’ velocities is updated

according to the reflective collision update given in (5.1) (or a different type of colli-

sions, e.g. fully elastic collisions given in (5.2)).

154



(F1) Initialise the non-overlapping particle positions x(i) ∈ Ω and the velocities
v(i) ∈ V , i = 1, . . . , N . Set t = 0.

(F2) Calculate T
(i)
wall, T

(i)
turn, T

(i,j)
coll for i, j = 1, . . . , N and find the minimum Tevent.

(F3) Update all particle positions according to

x(i) = x(i) + (Tevent − t)v(i) , i = 1, . . . , N .

Set t = Tevent.

(F4) Change the velocities of particle(s) that are involved in the current event.

(F5) Go to (F2).

Table 5.1: Basic KMC algorithm

Using these three possible events, it is straightforward to choose the next event

as the minimum of T
(i)
turn, T

(i)
wall and T

(i,j)
coll over all i, j = 1, . . . , N , where T

(i,j)
coll is set to

infinity if no collision occurs. The basic algorithm can therefore be implemented as

given in Table 5.1.

This algorithm has a complexity of O(E · N2), where E denotes the number of

events that occurred throughout the simulation. The reason for this complexity is

that step (F2) requires the calculation of all T
(i,j)
coll , i, j = 1, . . . , N . However, one thing

we note is that step (F4) changes the velocities of no more than two particles, which

means that all event times of particles that are not involved in the current event stay

unchanged. Therefore, instead of calculating all the event times in (F2), we can store

them throughout the simulation and use (F4) to update the stored data according to

the new velocities of the involved particles. As events can only include a maximum

of two particles, and the number of events to update per particle is N + 1 (N − 1

collisions, 1 wall event, 1 turn event), the update step takes a complexity of O(N).

Because (F2) still requires to find the minimum event time, this change does not

change the complexity of the algorithm, but still has a big effect on the run time,

as the number of collision times to be calculated reduces drastically. One can now

reduce the complexity of the whole algorithm through the use of a priority queue for

the event times that reduces the complexity of finding Tevent to O(1), but increases the

update complexity to O(N logN) because events have to be shifted in the priority

queue.
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Further optimisations are possible, e.g. using the knowledge that a collision that is

scheduled for after the next turn or wall event of one of the particles will never happen

in practice and its value can therefore be set to infinity. The high number of infinity

values in the collision time table can also be exploited directly in the construction of

the priority queues. Using all these techniques, we end up with a simulation tool that

allows the quick simulation of a high number of particles over many repetitions.

Unless explicitly stated otherwise, the simulations performed are based on reflec-

tive collisions as given in (5.1) and each particle therefore always moves at speed s. As

parameters, we use s = 20 and λ = 200, which results in D0 = s2/2λ = 1 as discussed

in the introduction of the Cattaneo approximation in Section 1.3.2. Figure 5.2(a)

shows the first simulation result obtained using the KMC algorithm. We use point

particles (ε = 0) inside the unit square domain Ω = [0, 1] × [0, 1] in this simulation,

i.e. particle-particle collisions are not present in this simulation. The particles are

initialised uniformly at random inside the circle with centre at (0.5, 0.5) and radius

0.25. In each run we use N = 103 particles and stop the simulation at t = 0.05. We

repeat the experiment 104 times and plot a distribution of the 107 particle positions

using a regular 50 × 50 grid. We compare the outcome with a numerical solution of

the classical velocity jump model presented in (4.6) along with the boundary condi-

tions in (4.7) for a unit sphere arena without target set in Figure 5.2(b). In order to

provide matching initial conditions, we use

p(0,x,v) =
χB0.25((0.5,0.5))

|V |π0.252
, x ∈ Ω ,v ∈ V , (5.3)

where χ denotes the characteristic function and Br(x) the ball of radius r around x

as defined through

Br(x) = {y ∈ Rd : ‖x− y‖ < r} . (5.4)

Figure 5.2 shows an excellent match between the classical model (4.6) and the KMC

simulations, which was to be expected for the case of point-particles. The discrepancy

that is visible when looking at a slice at x2 = 0.5 in Figure 5.2(c) can be attributed

to additional numerical diffusion in the PDE solution. We use this simulation result

as a proof of concept of our KMC algorithm and we will use this algorithm for the

study of finite-sized particles throughout the remainder of this chapter.

5.3 Numerical study of collision frequency

In this first numerical study, we use the algorithm explained in Section 5.2 to perform

numerical experiments that count the frequency of collisions from an individual per-
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Figure 5.2: Comparison between KMC simulation for point particles and numerical
solution of (4.6).
(a)KMC simulation for point particles (ε = 0).
(b)Numerical solution of (4.6). Numerical parameters explained in the text.
(c)Slice through the distributions at x2 = 0.5. Dashed (blue) line: distribution (b);
(black) dots: KMC simulation.
We use the initial condition given in (5.3) and run the system until t = 0.05.
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spective. We use a unit square with periodic boundary conditions in order to avoid

boundary influences. In those experiments the number of direction changes due to

collisions in the system is counted for a certain amount of time and then divided by

the number of particles and by the run-time. We use two main parameters, κ and c

defined as

κ = (N − 1)ε , c =
1

4
Nπε2 , (5.5)

where κ plays a special role in the Boltzmann collision term discussed later and c

represents the volume filled by all the particles and especially in the case of a unit

square the fraction of volume filled or the volume concentration of particles. For a
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Figure 5.3: (a) Frequency of collisions per particle as a function of κ for different
values of c.
(b) Frequency of collisions per particle divided by κ as a function of c.
For both plots parameters and numerical methods are given in the text.

given pair (κ, c), the nearest integer value N and an adequate value of ε is found and

an experiment is performed. In Figure 5.3(a), we can see how the collision frequency

λcoll depends on the value of κ and is on a leading order scale independent of the

concentration c. We have a linear connection, which can be estimated to

λcoll ≈ 2.55sκ .

The linear dependence on s is necessary, seeing that an increase in particle speed is

equivalent to decreasing the run time of the system and vice-versa. Using results from

kinetic theory [158], we can predict the frequency of collisions to be

λcoll =
E
[∥∥v(i) − v(j)

∥∥]
lcoll

,
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where lcoll is the mean free path that can be calculated using the fact that the mean

free area 2 ε lcoll = 1/N . We can evaluate the mean relative velocity by solving the

integral

E
[∥∥v(i) − v(j)

∥∥] =
1

|V |2

∫
V

∫
V

‖v − u‖ dv du =
4s

π
,

and hence obtain for λcoll

λcoll =
8s

π
κ ≈ 2.55sκ ,

which provides an excellent match with the numerical results. We then use this

information to get additional insight into the influence of the concentration c, by

plotting the value of λcoll/sκ as a function of c for different values of κ in Figure 5.3(b).

Interestingly, for small concentrations (c < 0.05) this dependence does not change

with κ and forms a monotonically increasing function, such that

λcoll =
8s

π
κf(c) .

For the range of concentrations plotted in Figure 5.3(b), we can approximate f(c) to

be

f(c) ≈ 1 + 1.73c .

This additional dependence on c could be caused by grouping effects when more than

two particles are close together and bump into each other repeatedly before they

break up.

5.4 The BBGKY hierarchy

In this section we derive transport equations for the N -particle system and later for

the special case of a two-particle system. These equations can be interpreted as the

first equation of the BBGKY hierarchy [16, 98], a hierarchical system of transport

equations that models the general kinetics of gases and liquids. Let us begin by

defining the N -particle group properties
→
x=

(
x(1), . . . ,x(N)

)
and

→
v=

(
v(1), . . . ,v(N)

)
and write down an N -particle transport equation

∂

∂t
P
(
t,
→
x,
→
v
)

+
N∑
i=1

v(i) · ∇x(i)P
(
t,
→
x,
→
v
)

= −NλP
(
t,
→
x,
→
v
)

+ λ
N∑
i=1

∫
V

T (v,v∗)P
(
t,
→
x,v(i) = v∗

)
dv∗ .

(5.6)

This transport equation is valid in the region
→
x∈ ΩN

ε defined through

ΩN
ε =

{(
x(1), . . . ,x(N)

)
∈ ΩN :

∥∥x(i) − x(j)
∥∥ ≥ ε ,∀i, j = 1 . . . , N , i 6= j

}
.
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Assuming that the volume fraction c (in two dimensions we have c = πNε2/4) is small

compared to the area of the domain Ω (in the case of a unit square c� 1), collisions

between two particles happen with a probability O(c), whilst collisions between three

or more particles occur with probability O(c2). Hence, two-particle collisions present

the leading order and we can neglect interactions of more than two particles. We will

therefore concentrate on the two-particle case of (5.6) that takes the form1

∂P

∂t︸︷︷︸
(i)

+v · ∇xP︸ ︷︷ ︸
(ii)

+u · ∇yP︸ ︷︷ ︸
(iii)

= − 2λP︸ ︷︷ ︸
(iv)

+ λ

∫
V
T (v,v∗)P (t,x,y,v∗,u) dv∗︸ ︷︷ ︸

(v)

+ λ

∫
V
T (u,u∗)P (t,x,y,v,u∗) du∗︸ ︷︷ ︸

(vi)

.

(5.7)

The two-particle density function is subject to the external boundary conditions

P (t,x,y,v,u) = P (t,x,y,v′,u) , x ∈ ∂Ω ,

P (t,x,y,v,u) = P (t,x,y,v,u′) , y ∈ ∂Ω ,
(5.8)

where v′ and u′ are the reflected velocities for wall collisions given in (4.2). Addition-

ally, we impose the following collision condition

P (t,x,y,v,u) = P (t,x,y,v′,u′) , x,y ∈ Ω, ‖x− y‖ = ε , (5.9)

where the velocities after collision v′,u′ are defined in (5.1). In order to derive a

one-particle transport equation similar to the one in (4.6), we need to integrate over

the coordinates of the second particle. In particular, we integrate with respect to

u ∈ V and y ∈ Ω(2)(x) given through

Ω(2)(x) = {y ∈ Ω : ‖x− y‖ ≥ ε} .

We then define the one-particle density as follows

p (t,x,v) =

∫
Ω(2)(x)

∫
V

P (t,x,y,v,u) du dy .

Integrating each component (i)–(vi) in (5.7) individually, we can derive the one-

particle transport equation.

(i): We can switch the integration and the derivative to obtain∫
Ω(2)(x)

∫
V

∂P

∂t
du dy =

∂p

∂t
.

1For improved readability, we change the notation to x = x(1), y = x(2), v = v(1), u = v(2).
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(ii): We use Reynolds’ transport theorem in space to obtain∫
Ω(2)(x)

∫
V
v · ∇xP dudy = v · ∇xp−

∫
∂Bε(x)

∫
V

(v · n)P (t,x,y,v,u) dudy ,

where Bε(x) denotes the ball around x with radius ε as defined in (5.4) and n is

the outwards pointing normal vector. Note that in this case outwards means out of

Ω(2)(x), hence n in fact points into the ball Bε(x), i.e. it can be written as

n =
x− y

‖x− y‖
. (5.10)

(iii): Using the divergence theorem, we obtain∫
Ω(2)(x)

∫
V

u · ∇xP (t,x,y,v,u) du dy =

∫
∂Ω∪∂Bε(x)

∫
V

(u · n)P (t,x,y,v,u) du dy ,

where n is again the outwards pointing normal vector that for the boundary part

∂Bε(x) is given in (5.10). Using the boundary conditions along the wall ∂Ω given in

(5.8) we can show that∫
∂Ω

∫
V

(u · n)P (t,x,y,v,u) du dy = 0 .

(iv): One can simply integrate to obtain

−2λ

∫
Ω(2)(x)

∫
V

P (t,x,y,v,u) du dy = −2λp(t,x,v) .

(v): Switching the order of integration, we obtain∫
Ω(2)(x)

∫
V
λ

∫
V
T (v,v∗)P (t,x,y,v∗,u) dv∗ dudy = λ

∫
V
T (v,v∗) p (t,x,v∗) dv∗ .

(vi): We can again switch the order of integration and use that
∫
V
T (v,u) dv = 1:∫

Ω(2)(x)

∫
V

λ

∫
V

T (u,u∗)P (t,x,y,v,u∗) du∗ du dy

= λ

∫
Ω(2)(x)

∫
V

∫
V

T (u,u∗) duP (t,x,y,v,u∗) du∗ dy

= λ

∫
Ω(2)(x)

∫
V

P (t,x,y,v,u∗) du∗ dy = λp(t,x,v) .

Summing up the results in (i)–(vi), the one-particle transport equation takes the

form
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∂p

∂t
+ v · ∇xp =− λp+ λ

∫
V

T (v,v∗) p(t,x,v∗) dv∗

+

∫
∂Bε(x)

∫
V

P (t,x,y,v,u) [n · (v − u)] du dy ,

where n = (x − y)/ε is a normal vector. Inverting from n to −n, y can be written

as y = x + εn and we can transform the integral over the surface of the ball Bε(x)

into an integral over the unit sphere in d dimensions

∂p

∂t
+ v · ∇xp =− λp+ λ

∫
V

T (v,v∗) p(t,x,v∗) dv∗

− εd−1

∫
Sd−1

∫
V

P (t,x,x + εn,v,u) [n · (v − u)] du dn ,

where the sign of the correction term changes because of the flip from n to −n.

Because the influence of collisions of more than two particles is negligible as discussed,

we can generalise this equation for N particles by simply adding up the influences of

each of the other (N − 1) particles and we obtain

∂p

∂t
+ v · ∇xp =− λp+ λ

∫
V

T (v,v∗) p(t,x,v∗) dv∗ (5.11)

− εd−1(N − 1)

∫
Sd−1

∫
V

P (t,x,x + εn,v,u) [n · (v − u)] du dn .

We find again the parameter κ as defined in (5.5) that we had already seen in the

number of collisions. In order to analyse this equation further, we define the two

subsets of S

Sd−1
+ (a) = {n ∈ S : n · a > 0} , Sd−1

− (a) = {n ∈ S : n · a < 0} ,

and we will for the remainder of this chapter write Sd−1
+ and Sd−1

− as always meaning

Sd−1
+ (v−u) and Sd−1

− (v−u). We can now split the integral in the transport equation

(5.11) and apply the boundary conditions given in (5.9). We obtain

− κ
∫
Sd−1

∫
V
P (t,x,x + εn,v,u) [n · (v − u)] dudn

= −κ
∫
Sd−1
+

∫
V
P (t,x,x + εn,v,u) [n · (v − u)] dudn

− κ
∫
Sd−1
−

∫
V
P (t,x,x + εn,v,u) [n · (v − u)] dudn

= κ

∫
Sd−1
+

∫
V

[
P (t,x,x− εn,v′,u′)− P (t,x,x + εn,v,u)

]
[n · (v − u)] dudn .

Plugging this into (5.11), we end up with
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∂p

∂t
+ x · ∇xp = −λp+ λ

∫
V
T (v,u) p(t,x,u) du

+ κ

∫
Sd−1
+

∫
V

[
P (t,x,x− εn,v′,u′)− P (t,x,x + εn,v,u)

]
[n · (v − u)] dudn .

(5.12)

The problem one is facing at this point is that this equation still contains the two-

particle density function P , which is unknown. We will use the following two sections

to discuss different approaches to resolve this issue.

5.5 The Boltzmann collision integral

The first approach developed by Boltzmann [26] uses the molecular chaos assumption

and considers the system in the dilute gas limit given through

N →∞ , ε→ 0 , Nεd−1 = κ .

Note that in this limit the gas is dilute in the sense that the volume fraction c

vanishes [27]. The additional molecular chaos assumption states that velocities are

locally independent of each other, and we can write [26]

P (t,x,y,v,u) = p(t,x,v) p(t,y,u) , x,y ∈ Ω ,v,u ∈ V .

Plugging this into (5.12), we obtain an equation that contains the so-called Boltzmann

integral as last term [26]

∂p

∂t
+ v · ∇xp = −λp+ λ

∫
V
T (v,v∗) p(t,x,v∗) dv∗

+ κ

∫
V

∫
Sd−1
+

(
p(t,x,v′) p(t,x,u′)− p(t,x,v) p(t,x,u)

)
[n · (v − u)] dndu .

(5.13)

For the remainder of this chapter we will concentrate on a two-dimensional environ-

ment, which helps evaluating many of the integral terms present. The general ideas

could be applied for d = 3, but the evaluation of the integrals might prove significantly

more difficult.

5.5.1 Numerical solution

Let us now derive a way of achieving a numerical solution for the velocity jump

equation with a Boltzmann-like term. In the first step, we reformulate (5.13) for
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angular probability distributions p(t,x, θ) = s p

(
t,x, s

(
cos θ
sin θ

))
. Plugging this

into (5.13) and accounting for the changes in integrals from V to S1, we get 2

∂p(θ)

∂t︸ ︷︷ ︸
(i)

+ s

(
cos θ
sin θ

)
· ∇xp(θ)︸ ︷︷ ︸

(ii)

= −λp(θ)︸ ︷︷ ︸
(iii)

+λ

∫ 2π

0
T (θ, φ)p(φ) dφ︸ ︷︷ ︸

(iv)

+ κs

∫ 2π

0

∫
S1+

(p(θ′) p(φ′)︸ ︷︷ ︸
(v)

−p(θ) p(φ)︸ ︷︷ ︸
(vi)

)n ·
((

cos θ
sin θ

)
−
(

cosφ
sinφ

))
dndφ .

(5.14)

Let us now discretise the angle space into M intervals [2i−1
2

∆θ, 2i+1
2

∆θ] around the

central velocity directions θi = i∆θ, i = 0, . . . ,M − 1, where ∆θ = 2π/M . We use

this to discretise the probability distribution using the definition

pi(t,x) =

∫ 2i+1
2

∆θ

2i−1
2

∆θ

p(t,x, θ) dθ . (5.15)

Additionally, for the evaluation of the Boltzmann integral we approximate p(θ) by

the piecewise constant function

p(θ) =
pi
∆θ

, for θ ∈
[

2i− 1

2
∆θ,

2i+ 1

2
∆θ

]
, (5.16)

where we also imply the periodicity of p(θ). We integrate (5.14) with respect to

θ ∈
[

2i−1
2

∆θ, 2i+1
2

∆θ
]

and individually evaluate the results.

(i): Switching the integral and the derivative results in∫ 2i+1
2

∆θ

2i−1
2

∆θ

∂p(θ)

∂t
dθ =

∂pi
∂t

.

(ii): We, again, switch the integral and the derivative and apply the piecewise con-

stant approximation of p(θ) given in (5.16) to obtain

∫ 2i+1
2

∆θ

2i−1
2

∆θ

s

(
cos θ
sin θ

)
· ∇p(θ) dθ = s

∫ 2i+1
2

∆θ

2i−1
2

∆θ

(
cos θ
sin θ

)
dθ · ∇xpi

= s

(
cos θi
sin θi

)
· ∇xpi

sin(∆θ/2)

∆θ/2
.

(iii): Via the definition of pi given in (5.15), we can directly integrate and obtain∫ 2i+1
2

∆θ

2i−1
2

∆θ

λ p(θ) dθ = λpi .

2To improve readability, we drop the t and x arguments from the one particle probability distri-
bution p(t,x, θ).
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(iv): As we are considering an unbiased velocity jump process, we have T (θ, φ) =

1/2π. Using this along with the fact that M∆θ = 2π and the definition of pi given

in (5.15), we obtain∫ 2i+1
2

∆θ

2i−1
2

∆θ

λ

∫ 2π

0

T (θ, φ) p(φ) dφ dθ =
λ

M

M−1∑
i=0

pi .

(vi): To keep notation consistent, we define

I(vi) = −κs
∫ 2i+1

2
∆θ

2i−1
2

∆θ

∫ 2π

0

∫
S1+
p(θ) p(φ)

((
cos θ
sin θ

)
−
(

cosφ
sinφ

))
· n dn dθ dφ .

We can directly evaluate the innermost integral
∫
S1+

n dn using (B.1) from Lemma B.1

and get

I(vi) = −2κs

∫ 2i+1
2

∆θ

2i−1
2

∆θ

∫ 2π

0

p(θ) p(φ)

∥∥∥∥( cos θ
sin θ

)
−
(

cosφ
sinφ

)∥∥∥∥ dθ dφ .

Using (5.16), we can write this as

I(vi) = −2κspi

M−1∑
j=0

pj
(∆θ)2

∫ 2i+1
2

∆θ

2i−1
2

∆θ

∫ 2j+1
2

∆θ

2j−1
2

∆θ

∥∥∥∥( cos θ
sin θ

)
−
(

cosφ
sinφ

)∥∥∥∥ dθ dφ

= −κspi
M−1∑
j=0

Bi,j pj .

We can evaluate Bi,j by making the observation∥∥∥∥( cos θ
sin θ

)
−
(

cosφ
sinφ

)∥∥∥∥ =

√
2− 2

(
cos θ
sin θ

)
·
(

cosφ
sinφ

)
= 2

√
1− cos(θ − φ)

2
= 2

∣∣∣∣sin(θ − φ2

)∣∣∣∣ .
For i 6= j the integral can then be explicitly evaluated making use of the fact that

θ − φ does not change sign throughout the region of integration. We get

Bi,j = 4

(
sin(∆θ/4)

∆θ/4

)2 ∣∣∣∣sin(θi − θj2

)∣∣∣∣ . (5.17)

For i = j, one has to be aware that the sign of θ − φ changes inside the region of

integration. The result is

Bi,i =
16

∆θ

[
1− sin(∆θ/2)

∆θ/2

]
. (5.18)
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(v): The remaining part of the Boltzmann term is

I(v) = κs

∫ 2i+1
2

∆θ

2i−1
2

∆θ

∫ 2π

0

∫
S1+
p(θ′) p(φ′)

((
cos θ
sin θ

)
−
(

cosφ
sinφ

))
· n dn dφ dθ ,

where the reflected direction θ′ can be calculated as

θ′ = −θ + 2γ − π ,

with γ being the angle between the x-axis and n. Using this, one can calculate γ for

a given pair (θ, θ′):

γ± =
θ′ + θ ± π

2
,

where two values for γ are possible, because using −n instead of n does not change

its reflection property as can be seen in the definition of v′ in (5.1). Because of this,

it is also clear that for each pair (θ, θ′) one of the two vectors n and −n is inside S1
+.

We can therefore change the innermost integral to be with respect to θ′ instead of n

as follows

I(v) =
1

2
κs

∫ 2i+1
2

∆θ

2i−1
2

∆θ

∫ 2π

0

∫ 2π

0

p(θ′) p(φ′)

∣∣∣∣(( cos θ
sin θ

)
−
(

cosφ
sinφ

))
·
(

cos γ+

sin γ+

) ∣∣∣∣ dθ′ dφ′ dθ ,
where the choice of γ+ over γ− is arbitrary and does not change the outcome. We can

also change the two angles θ and φ inside the integral to θ′ and φ′ without changing

the value of the integral as (v − u) · n = −(v′ − u′) · n. We can then write I(v) as

I(v) = κs
M−1∑
i,j=0

Ai,j,k pj pk ,

where

Ai,j,k =
1

2(∆θ)2

∫ 2i+1
2

∆θ

2i−1
2

∆θ

∫ 2j+1
2

∆θ

2j−1
2

∆θ

∫ 2k+1
2

∆θ

2k−1
2

∆θ

∣∣∣∣(( cos θ′

sin θ′

)
−
(

cosφ′

sinφ′

))
·
(

cos γ+

sin γ+

) ∣∣∣∣ dθ′ dφ′ dθ .
We can simplify this to

Ai,j,k =
1

(∆θ)2

∫ 2k+1
2

∆θ

2k−1
2

∆θ

∫ 2i+1
2

∆θ

2i−1
2

∆θ

∣∣∣∣cos

(
φ′ − θ

2

)∣∣∣∣ dθ︸ ︷︷ ︸
I(v,1)

∫ 2j+1
2

∆θ

2j−1
2

∆θ

∣∣∣∣sin(φ′ − θ′2

)∣∣∣∣ dθ′︸ ︷︷ ︸
I(v,2)

dφ′ .

(5.19)
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We can evaluate I(v,1) and I(v,2) further:

I(v,1) =

 4 sin(∆θ/4)
∣∣∣cos

(
φ′−θi

2

)∣∣∣ , 2|i− k| 6= M ,

4
(

1− cos(∆θ/4) cos
(
φ′−θk

2

))
, 2|i− k| = M ,

I(v,2) =

 4 sin(∆θ/4)
∣∣∣sin(φ′−θj2

)∣∣∣ , j 6= k ,

4
(

1− cos(∆θ/4) cos
(
φ′−θk

2

))
, j = k .

One could possibly evaluate the remaining integrals further, but the additional value

of this is reduced seeing that a numerical evaluation of Ai,j,k at the beginning of the

simulation can easily be performed using the current form. The equation for the

numerical solution therefore takes the final form

∂pi
∂t

+ s

(
cos θi
sin θi

)
· ∇xpi

sin(∆θ/2)

∆θ/2

= −λpi +
λ

M

M−1∑
j=0

pj + κs

(
M−1∑
j,k=0

Ai,j,k pj pk − pi
M−1∑
j=0

Bi,j pj

)
,

(5.20)

where Bi,j is defined in (5.17)–(5.18) and Ai,j,k in (5.19). In Section 5.7, we will

compare this numerical solution along with other models to KMC simulations.

5.5.2 Cattaneo approximation

In order to study the effect the Boltzmann collision term has on the effective diffusion,

we derive a Cattaneo approximation [86] of equation (5.13). The concept of Catta-

neo approximations and the definitions of the velocity moments m(0) and m(1) were

introduced in Section 1.3.2 and will be used throughout the reminder of this and the

following section. We can derive the equation for the zeroth moment by integrating

(5.13) with respect to v ∈ V . Due to symmetry in u and v the Boltzmann collision

term vanishes in this equation and we obtain the same conservation of mass property

as in Section 1.3.2:
∂m(0)

∂t
+∇x ·m(1) = 0 .

Multiplying (5.13) with v and then integrating with respect to v ∈ V , the only

potential difference to the classical Cattaneo approximation presented in Section 1.3.2

is the Boltzmann collision term that does not necessarily vanish. Let us therefore

investigate the integral

I =

∫
V

∫
V

∫
S1+

v [p(v′) p(u′)︸ ︷︷ ︸
I1

− p(v) p(u)︸ ︷︷ ︸
I2

] (v − u) · n dn du dv .
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We will investigate the part I1 a bit more closely. We can first perform a change

of variables from (v,u,n) to (v′,u′,n) using the fact that (·)′ : V 7→ V presents a

bijection from V onto itself as well as the fact that v′ · n = −v · n :

I1 =

∫
V

∫
V

∫
S1+

v p(v′) p(u′) (v − u) · n dn du dv

= −
∫
V

∫
V

∫
S1+

(v′)′p(v′) p(u′) (v′ − u′) · n dn du dv

= −
∫
V

∫
V

∫
S1−

(v′)′p(v′) p(u′) (v′ − u′) · n dn du′ dv′

=

∫
V

∫
V

∫
S1+

v′p(v) p(u) (v − u) · n dn du dv ,

(5.21)

where we drop the primes in the last step for convenience. We also change the sign by

integrating over S1
+ instead of S1

−, which is possible because for the reflective collisions

defined in (5.1) (and indeed for perfectly elastic collisions given in (5.2)) v′ is invariant

under the change n→ −n. Integral I now takes the form

I =

∫
V

∫
V

∫
S1+

(v′ − v) p(v) p(u) (v − u) · n dn du dv .

For the reflective collisions defined in (5.1) we have v′ − v = −2(v · n)n. Using

Lemma B.2, we obtain for I

I = −4

3

∫
V

∫
V

(
(v − u) · v
‖v − u‖

(v − u) + ‖v − u‖v

)
p(v)p(u) du dv .

Using the definition of the Euclidean norm of a vector, we obtain

‖v − u‖2 = (v − u) · (v − u) = 2(s2 − v · u) = 2(v − u) · v .

Hence,

I = −4

3

∫
V

∫
V

(
3

2
‖v − u‖v − 1

2
‖v − u‖u

)
p(v) p(u) du dv

= −4

3

∫
V

∫
V

‖v − u‖v p(v) p(u) du dv ,

where we use symmetry between v and u in the second step. In order to evaluate

this integral, we assume that p(v) is close to an equilibrium, i.e. that we can write

p(v) =
m(0)

|V |
+ δg(v) ,with δ � 1 and g(v) ∼ O(1) . (5.22)

We can plug this into the equation for I to obtain
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I = −4

3

∫
V

∫
V
‖v − u‖v

(
m(0)

|V |
+ δg(v)

)(
m(0)

|V |
+ δg(u)

)
dudv

≈ −4

3

(m(0)

|V |

)2 ∫
V

∫
V
‖v − u‖v dudv + δ

m(0)

|V |

∫
V

∫
V
‖v − u‖v (g(v) + g(u)) dudv


= −4m0

3|V |
δ

∫
V

∫
V
‖v − u‖v (g(v) + g(u)) dudv ,

where the first integral vanishes due to the fact that
∫
V

v dv = 0. Note that in the

first step we have dropped terms of order δ2, because they are negligible compared to

the other terms. Using the following two integral equalities for all v ∈ V :∫
V

‖v − u‖ du = 8s2 ,

∫
V

‖v − u‖u du = −8s2

3
v ,

we obtain for I (using |V | = 2πs)

I ≈ 4m0

3|V |

(
8s2 − 8s2

3

)
δ

∫
V

vg(v) dv

=
4

6πs

16s2

3
m(0)m(1)

=
32s

9π
m(0)m(1) ,

where we use the fact that m(1) =
∫
V

vp(v) dv = δ
∫
V

vg(v) dv. Hence, the second

equation of the Cattaneo approximation takes the form

∂m(1)

∂t
+
s2

d
∇xm

(0) = −m(1)

(
λ+ sκ

32

9π
m(0)

)
.

We can apply parabolic scaling limits as described in [55] in order to obtain the

effective diffusivity of the system to be

Deff

(
m(0)

)
=

s2

2
(
λ+ sκ 32

9π
m(0)

) < s2

2λ
= D0 .

The way we will use this Cattaneo approximation is by formulating an alternative

transport equation as follows

∂p

∂t
− v · ∇xp = −λ1p+ λ1

∫
V

T (v,u) p(u) du ,

λ1 = λ+ sκ
32

9π

∫
V

p(v) dv .

(5.23)

This adjusted transport equation yields the same Cattaneo approximation as above

and is therefore an ideal candidate to numerically study the derived correction terms

in comparison with KMC simulations. We perform those numerical comparisons in

Section 5.7.
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5.6 Matched asymptotic expansion

The next step is to introduce a matched asymptotic expansion similar to what can

be seen in [22]. Therefore, we extend the Boltzmann assumption to

P (t,x,x + εn,v,u) ∼ p(t,x,v) [p(t,x,u) + εn · ∇xp(t,x,u)] .

Starting from equation (5.12), we end up with a Boltzmann equation that has an

additional correction term of O(ε):

−κε
∫
V

∫
S1+

[p(v′) (n · ∇xp(u
′)) + p(v) (n · ∇xp(u))] (v − u) · n dn du .

Again, multiplying by v and integrating with respect to v ∈ V , we can derive the

influence of this correction term on the Cattaneo approximation:

J = −κε
∫
V

∫
V

∫
S1+

v [p(v′) (n · ∇xp(u
′)) + p(v) (n · ∇xp(u))] (v − u) · n dn du dv .

Repeating the steps from (5.21) in Section 5.5, we arrive at

J = κε

∫
V

∫
V

∫
S1+

(v′ − v) p(v) (n · ∇xp(u)) (v − u) · n dn du dv .

Substituting in the definition of v′ in (5.1), we get

J = −2κε

∫
V

∫
V

∫
S1+

n(n · v) p(v) (n · ∇xp(u)) (v − u) · n dn du dv .

We can again address the integral with respect to n ∈ S1
+ first using (B.4) from

Lemma B.3 and obtain

J =− κεπ
4

∫
V

∫
V

p(v) (v − u)(v · ∇xp(u)) du dv

− κεπ
4

∫
V

∫
V

p(v)∇xp(u)(v · (v − u)) du dv

− κεπ
4

∫
V

∫
V

p(v) v ((v − u) · ∇xp(u)) du dv .

This can be written in the form

J = −κεπ
4

∫
V

∫
V

p(v)
[
v · (v − u) I + 2 v vT − v uT − u vT

]
∇xp(u) du dv ,

where I ∈ Rd×d denotes the identity matrix. Using again the approximation (5.22),

we get

J ≈ −κεπ
2

M(2)∇xm
(0) − κεπs

2

4
m(0)∇xm

(0) ,
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where we drop terms of O(δ2). Plugging in the result (1.12) from the Cattaneo

approximation, this can be approximated to

J ≈ −κεπs
2

2
m(0)∇xm

(0) .

Plugging all the corrections into the second equation of the Cattaneo approximation,

we arrive at

∂m(1)

∂t
+
s2

2
∇xm

(0)
(
1 + κεπm(0)

)
= −m(1)

(
λ+ sκ

32

9π
m(0)

)
, (5.24)

and therefore, using again the parabolic scaling limit [55], we get for the effective

diffusivity

Deff

(
m(0)

)
=
s2
(
1 + κεπm(0)

)
2
(
λ+ sκ 32

9π
m(0)

) . (5.25)

We can see that depending on parameter values Deff can be higher or lower than

D0 = s2/2λ and we can therefore explain a variety of different behaviours using this

approach. Similarly to (5.23), we can again formulate an adjusted velocity jump

process according to

∂p

∂t
− v · ∇xp = −λ2p+ λ2

∫
V

T (v,u) p(u) du ,

λ2 =
λ+ sκ 32

9π

∫
V
p(v) dv

1 + κεπ
∫
V
p(v) dv

.

(5.26)

Though this adjusted system does not lead to exactly the same Cattaneo approxi-

mation as in (5.24), the results are very close and we will compare (5.26) to KMC

simulations in Section 5.7.

5.7 Numerical comparison between KMC simula-

tion and PDE descriptions

In Sections 5.5 and 5.6, we have presented a total of three different models that we

want to compare to KMC simulation results. The three models are given by (i) the

Boltzmann-like equation (5.13) with its numerical solution given in (5.20), (ii) the

first adjusted velocity jump model (5.23) that approximates the Boltzmann term, and

(iii) the second adjusted velocity jump model (5.26) that was derived from matched

asymptotic expansions. Models (i) and (ii) are valid only in the dilute gas limit, i.e.

we can only expect those to compare well to KMC simulations for very small values
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# N ε κ c
(A) 1001 4× 10−3 4 1.26× 10−2

(B) 201 2× 10−2 4 6.31× 10−2

Table 5.2: Parameters for example simulations.

of ε. Model (iii) on the other hand should give good comparisons even for larger

values of ε.

The numerical solutions of all three models were achieved using a first order

explicit finite volume scheme. In all simulations, we use a unit square domain

Ω = [0, 1] × [0, 1] with no-flow (reflective) boundary conditions everywhere. We dis-

cretise the velocity space into 40 velocity directions and use a gridsize of ∆x = 0.005

and a time step of ∆t = 10−4. For KMC simulations, we start all particles uniformly

distributed inside the circle B0.25(0.5, 0.5), i.e. inside the circle with radius 0.25 and

centre in the middle of the domain. When initialising the particles, one has to ensure

that they do not overlap, which can be achieved by resampling in case of an over-

lap. The corresponding initial condition for the PDE models is given in (5.3). In all

simulations, we run the system until t = 0.05 and use the parameter values λ = 200,

s = 20.

5.7.1 Distributions for two example simulations

In this section, we compare the three models with KMC simulations for the two test

cases (A) and (B) as shown in Table 5.2. Notably, in both of these test cases we

have κ = 4. As Model (i) as given in (5.13) only depends on the vale of κ and

not otherwise on s or ε, this model will give the same result for both test cases (A)

and (B) and we therefore only plot this result once. The same argument holds for

Model (ii). The distributions can be seen in Figure 5.4 for problem (A) and Figure 5.5

for problem (B). In Figures 5.4(e) and 5.5(c), we show horizontal slices through the

relevant distributions at x2 = 0.5.

For case (A), we can see that all four plotted distributions look very similar and in

particular all three Models (i)–(iii) seem to give a good approximation to the KMC

results. One can attribute this similarity to the fact that example (A) contains a very

small particle diameter ε and therefore a small volume fraction, i.e. it is close to the

Boltzmann limit, where Models (i) and (ii) are accurate. However, when looking at

the slice in Figure 5.4(e), we can already see that Model (iii) shown as the dash-

dotted (green) line gives a much better approximation to the KMC simulations than

the other two models. Additionally, we can see that the results of Models (i) and (ii)
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Figure 5.4: Comparison between KMC simulation and numerical solutions of con-
tinuum approximations for the parameters N = 1001, ε = 0.004 and consequently
κ = 4. We use the initial condition given in (5.3), zero-flux boundary conditions
and plot distributions at time t = 0.05. (a) KMC simulation for 1001 particles of
diameter ε = 0.004. (b) Numerical solution of Model (i) given by (5.13). (c)
Numerical solution of Model (ii) given by (5.23). (d) Numerical solution of Model
(iii) given by (5.26). (e) Slice through the distributions at x2 = 0.5. Dashed (blue)
line: Model (i); dotted (red) line: Model (ii); dash-dotted (green) line: Model (iii);
black circles: KMC simulation.
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Figure 5.5: Comparison between KMC simulation and numerical solutions of contin-
uum approximations for the parameters N = 201, ε = 0.02 and consequently κ = 4.
We use the initial condition given in (5.3), zero-flux boundary conditions and plot
distributions at time t = 0.05.
(a) KMC simulation for 201 particles of diameter ε = 0.02.
(b) Numerical solution of Model (iii) given by (5.26).
(c) Slice through the distributions at x2 = 0.5. Dashed (blue) line: Model (i) (dis-
tribution given in Figure 5.4(b)); dotted (red) line: Model (ii) (distribution given in
Figure 5.4(c)); dash-dotted (green) line: Model (iii); black circles: KMC simulation.
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# N ε
(a) 50 0, . . . , 4× 10−2

(b) 1, . . . , 250 2× 10−2

(c) 100, . . . , 2000 3× 10−2, . . . , 1.5× 10−3

(d) 6, . . . , 400 0.11, . . . , 1.26× 10−2

κ c
(a) 0, . . . , 1.96 0, . . . , 6.28× 10−2

(b) 0, . . . , 4.98 3.14× 10−4, . . . , 7.82× 10−2

(c) 3 7.21× 10−2, . . . , 3.5× 10−3

(d) 0.56, . . . , 5.04 5× 10−2

Table 5.3: Parameter ranges for simulations in Figure 5.6.

match each other well, as expected. Diffusion in the KMC simulations seems to be

enhanced compared to the Boltzmann limit, as predicted by (5.25).

For case (B), the results shown in Figure 5.5 indicate that the particles have

spread considerably further than in case (A). As mentioned above, the corresponding

simulations for Models (i) and (ii) were already shown in Panels (b) and (c) of

Figure 5.4, respectively, and seem to differ greatly from the KMC results. This is

confirmed in the slice plots in Figure 5.5(c), where neither Model (i) nor Model (ii)

match well with the KMC results. The reason for this discrepancy is that the volume

fraction in test problem (B) is not negligible and this system is therefore far from

the dilute gas limit. Model (iii) shown as dash-dotted (green) line in Figure 5.5(c),

on the other hand, shows a good match with the KMC simulations. This result

confirms the validity of the adjusted system (5.26) as an approximation for particles

undergoing a velocity jump process with reflective hard-sphere interactions in the

considered parameter region.

5.7.2 Numerical comparison for changing parameter values

In order to further investigate the parameter regions in which each of the adjusted

models gives a good match to the KMC simulations, we now perform a numerical

investigation for varying parameter values. The condition that particles do not overlap

during the initialisation process, presents a limit to the parameter regime we can

investigate. The parameter values are shown in Table 5.3.

In order to compare the distributions at the end of the simulation, we define the

mean distance from the centre (MDC) for KMC simulations through

〈‖xi − (0.5, 0.5)‖〉 =
1

N

N∑
i=1

‖xi − (0.5, 0.5)‖ .
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During the simulations, we choose a number of runs such that N multiplied by the

number of runs is at least 106 and take the average MDC over all those runs. The

MDC for the PDE description takes the form∫
Ω
‖x− (0.5, 0.5)‖

∫
V
p(t,x,v) dv dx∫

Ω

∫
V
p(t,x,v) dv dx

.

Note that we explicitly only use this measure to compare the various distributions.

We do not use this measure to derive diffusion constants and this measure does not

correspond to the mean square displacement of particles during the simulation. This

is important to note, because Bruna and Chapman [21] show that the mean square

displacement is not an adequate measure for the collective diffusion constant, but

for the self diffusion constant. However, because we are only using the MDC as a

measure of the width of the distributions at the end of the simulations, it is a valid

measure for the comparison between PDE Models (i)–(iii) and KMC simulations.

The results of this comparison can be seen in Figure 5.6. In all four plots, the

dotted (red) line indicates the uncorrected velocity jump equation (1.6) that does not

consider collisions at all. The dashed (blue) line indicates the first correction given in

(5.23) (Model (ii)) and the dash-dotted (green) line shows the second correction given

in (5.26) (Model (iii)). The (black) solid line shows the results obtained from KMC

simulations. Note that we do not include Model (i) in this consideration, because the

results are expected to be very similar to those of Model (ii).

In Figure 5.6(a) we plot the results for simulation runs with N = 50 and varying

ε ∈ [0, 0.04]. We can see that the MDC in KMC simulations, as well as in Model (iii),

undergoes a non-monotonic behaviour with a minimum close to ε = 0.02. Model (ii)

does not show such a behaviour, as κ is monotonically increasing with ε and diffusion

is therefore increasingly slowed down. This model matches the KMC results well for

very small values of ε, whilst Model (iii) provides a good match for values up to

ε ∼ 0.02. Above this value the KMC simulations and the second correction (5.26)

start to diverge and one would need to consider further correction terms to achieve

an accurate approximation in this regime. Interestingly for values of ε greater than

about 0.034 the hard-sphere particles actually spread faster than point particles.

The second experiment shown in Figure 5.6(b) plots the dependence of MDC on

N as we keep ε = 0.02 constant. We can see that the MDC decreases monotonically

in the KMC simulations as well as in the PDE models. The first correction (5.23)

does not provide a good match for N bigger than about 5, whilst Model (iii) improves

this match up to intermediate values of N . We see that for large values of N > 100
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the KMC simulation spreads faster than both approximations, but slower than point

particles.

Figure 5.6(c) presents the results for a constant value of κ. As is clear from

the formulation of Model (ii) in (5.23), the first correction solely depends on κ and

therefore provides a horizontal line in this case. The KMC simulations show higher

values of MDC for lower values of N , i.e. in a regime far away from the Boltzmann

limit. As we approach the Boltzmann limit when N → ∞, the KMC simulations

converge towards the value provided by Model (ii). As should be clear from the

definition of Model (iii) in (5.26), the second approximation undergoes a similar

behaviour and provides a very good match to the KMC simulations throughout.

In the last experiment we keep the area fraction of particles in the simulation

constant, i.e. c = πNε2/4 = 0.05 and vary N and ε. The KMC simulations, as well

as the PDE models, show monotonically decreasing values for the MDC throughout

the considered parameter regime. Investigating the forms of the first and second cor-

rections in (5.23) and (5.26) respectively, it becomes clear that the diffusion vanishes

in the limit N → ∞ when keeping the volume fraction constant. The reason for

this is that κ goes to infinity in this limit. Therefore, we should expect the KMC

results to converge towards the MDC of the initial condition for large values of N . In

Figure 5.6(d), we can see that Model (ii) provides significantly different results to the

KMC simulations in this regime that is far from the dilute gas limit. Model (iii) does

not provide a perfect match to the simulation results either, but provides a significant

improvement over Model (ii).

We conclude from this numerical study that the first approximation (Model (ii))

provides a good match to KMC simulations when a system close to the Boltzmann

limit is considered. As one moves away from this limit and the area fraction becomes

non-negligible, the second correction term (Model (iii)) provides an improved match.

However, even this correction is only valid up to certain limits in area fraction c. One

would have to consider additional terms of the Taylor expansion of the two-particle

probability distribution to derive more accurate results for larger values of c.

5.8 Discussion

In this chapter we studied the effect of reflective collisions on the general behaviour

of a group of particles. These reflective collisions differ greatly from the fully elastic

collisions observed in gas molecules [158]. For biological applications, reflective

collisions might be more relevant than the elastic collisions as can be seen in [38],
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Figure 5.6: Comparison between KMC simulation and numerical solutions of velocity
jump processes with adjustments for collisions. Solid (black) line: KMC simulations;
dotted (red) line: classical velocity jump equation (1.6); dashed (blue) line: Model
(ii); dash-dotted (green) line: Model (iii). The simulation parameters are given in
Table 5.3.
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where animals aim to avoid each other but evidently cannot transfer momentum.

Other biological examples of systems of dispersal with volume exclusion are discussed

in [153].

We developed an efficient event-based KMC algorithm that is optimal in the sense

that it jumps directly from event to event. Further improvement of the implemen-

tation, means that one can simulate groups of up to 2× 103 particles in a matter of

seconds. Starting from the BBGKY hierarchy [16, 98] we then developed a number

of PDE descriptions that we compared to the results of KMC simulations. The first

model we introduced stems from the Boltzmann equation [26] that is used in fluid

flow simulations [30]. Using Cattaneo approximations [86] we then study the effect

the additional collision term has on the diffusive behaviour of the group of particles.

We show that in the dilute gas limit collisions are always slowing down the collective

diffusion.

We then move away from the dilute gas limit and introduce finite sized particles,

using a matched asymptotic expansion approach adapted from [22]. Again, using

the Cattaneo approximation technique [86], we are able to derive a form for the

collective diffusion constant. This diffusion constant is larger than the one in the

dilute gas limit. One can compare the results for velocity jump processes obtained in

this chapter to the excluded volume methods in BD simulations [22] by considering

the limit s, λ→∞, keeping s2/2λ = D0 constant. In this limit, the adjusted diffusion

constant given in (5.25) takes the form

Deff

(
m(0)

)
= D0

(
1 + κεπm(0)

)
,

which is indeed the form given by Bruna and Chapman in [21, 22]. This indicates

that the results shown in this chapter are consistent with those for Brownian parti-

cles. Motivated by Bruna and Chapman’s work in [21], one could extend this theory

to interactions between particles of two distinct species, or to the considerations of

particles in confined domains [23].

Whilst this chapter conceptually differs slightly from preceding chapters, it fits

well into the context of interacting particles in systems of dispersal and could thereby

help addressing one of the major weaknesses of all models studied thus far, namely

the lack of direct interactions in the form of volume exclusions. Using the adjusted

models presented here, one could derive alternative models for bacterial chemotaxis

that can be simulated using the hybrid approaches presented in Chapter 2. Similarly,

one could imagine applying the techniques studied in Chapter 3 to systems with

volume exclusion. In this case, the adjusted PDEs could be applied in areas of low
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concentration, whilst KMC simulations would be necessary in regions where crowding

effects play an important role. As for the robot experiments, the models derived in

this section can be directly applied to the experiments studied in Chapter 4 and can

be combined with the models incorporating finite turning times.
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Chapter 6

Conclusion

In this thesis we studied biological systems of dispersal with a focus on different

modelling and simulation techniques that are applicable to those systems. We started

by reviewing two classical techniques: agent-based modelling and continuum PDE

descriptions. These are two well-known techniques that have been and continue to be

applied to a great number of biological systems. The disadvantage of those techniques

is that one has very little flexibility and that inhomogeneities in a particular system

cannot be exploited to a satisfying extent. Therefore the main idea of this thesis is

to introduce a number of techniques that allow for a more flexible way of studying

general systems of dispersal.

The first technique we introduced is hybrid modelling. Hybrid models allow an in-

dependent choice of modelling framework for each biological species. The test system

that we repeatedly applied those techniques to is the process of bacterial chemo-

taxis, where bacteria adjust their motion according to an extracellular chemical. We

saw that the most important and difficult part of hybrid models is the interaction

between the various components, in this case the reactions between an agent-based

species and a PDE species. Two particular matching problems can be identified and

we investigated ways of solving them using interpolation techniques as well as kernel

density estimations. We briefly discussed how the choice of kernel can influence the

behaviour of the system and how a careless choice can lead to problematic conver-

gence behaviour; however, a conclusive mathematical analysis has not been part of

this thesis. The statistical physics literature could provide a good starting point for

this doubtlessly interesting future study. Perturbation methods and closure approx-

imations have been used for the analysis of those hybrid models [77, 124] as well as

kinetic and hydrodynamic approaches [28]. One particularly interesting numerical

study that could be performed with hybrid models and could help understand the
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influence of different kernels is to repeat the experiment presented in [132] with hy-

brid models. Painter and Hillen [132] show a number of patterns that can emerge in

continuum models of bacterial chemotaxis for various parameter values. It would be

very interesting to examine whether similar patterns can be produced using hybrid

models and how the bifurcations between various patterns change depending on the

kernel.

In the next step we extended this hybrid technique by incorporating growth and

death processes into the agent-based species, with the intensity of those processes

potentially depending on all the species in the system. This idea is motivated by

the presence of proliferation and starvation in most biologically relevant systems and

could also be used to model decay and bimolecular creation reactions in chemical

applications. We discuss two approaches to incorporating those processes into the

hybrid system, one biologically motivated and one based on mass action kinetics.

Both lead to mathematically well-posed concepts that can be matched using PDE

descriptions. Throughout Chapter 2 the hybrid models do not only provide a great

computational improvement compared to purely agent-based models, but also yield

interesting effects that cannot be explained with mean-field PDEs.

In Chapter 3 we explored a different hybrid method, where PDEs and agent-based

models in the form of BD simulations can be applied in different spatial subdomains.

Those subdomains can be chosen to achieve more detailed models in interesting parts

of a biological system, e.g. near reactive surfaces in virus coating [59] and the nu-

cleus as subdomain inside a cell, or to attribute to the fact that certain areas have

much reduced copy numbers compared to the rest of the studied domain, e.g. inside

ion-channels [31] or filopodia [52]. Interestingly, we showed that a simple rescaling ar-

gument is sufficient to consistently predict the expected number of particles in the BD

domain. This result, though counterintuitive at first, is equivalent to assuming that

all particles in the PDE regime follow an identical probability distribution. However,

the loss of information when moving from individual-based to group-level descriptions

can lead to errors in the variances inside the BD regime. We introduced an overlap

region to overcome this problem and to recover correct particle variances. All those

ideas can be formulated easily in two and three dimensional regimes, but there are

some implementation details that are not trivial. The introduction of zero and first

order reactions does not present a great difficulty, as these act on the individual parts

independently. One problem that still needs to be explored in more detail is the

consideration of bimolecular reactions. It is well established how to implement those

reactions in each regime individually [49]. However, the implementation inside the
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overlap region might present some difficulties, as here a continuum species can react

with agents. The interesting link to the work in Chapter 2 is that the first type of

hybrid models is concerned exactly with those reactions and could be applied inside

the overlap region.

A problem one regularly observes in the development of techniques in mathe-

matical biology is that they are often only approachable to those with considerable

experience in mathematics and programming. In order to improve this, an important

next step is to provide an easy way for anybody to apply those hybrid techniques to

their particular system of interest. One can easily imagine incorporating those two

hybrid techniques into an extremely flexible modelling toolbox that allows combina-

tions of them with high numbers of species and various subdomains. In Section 3.5.4

we provided a simple proof of concept idea that links the two techniques into one

model. Additionally, Dr. Martin Robinson, a member of Dr. Radek Erban’s research

group, is currently working on an implementation of the hybrid methods presented

in this thesis as well as methods seen in [62] and others into a plug-in for Smol-

dyn [7], a simulation tool broadly used in cell biology. Once this implementation is

finished, biological researchers will be able to adjust existing models to incorporate

the hybrid techniques presented in this thesis. In a further extension one could also

imagine intelligent methods that automatically split the domain and assign modelling

techniques to certain species in certain subdomains. In particular for the analysis of

travelling wave behaviour, moving boundaries could also be an interesting extension

[142].

In Chapter 4 we introduced swarm robotic experiments as a novel way to study

biological systems of dispersal. The main advantage those swarms provide is that

one can perform controlled experiments in a physically realistic environment with

inherently noisy signals. Additionally, robots, just like animals, are not completely

identical, but have individual properties that make them better at certain tasks but

worse at others. We saw that even very simple experiments can motivate interesting

mathematical studies that could be applied to a variety of biological systems. In this

chapter, we provided a way of incorporating turning delays into classical models of

velocity jump processes. The turning delays studied in this chapter assume directed

turning, i.e. the turning time depends solely on the velocity before and after the

turn. We show that classical velocity jump models can be extended to include this

type of finite turning times. Whilst the results were obtained for and compared to

swarm robotic experiments, one could imagine incorporating similar finite turning

times into more complex models for animal behaviour. However, one needs to be
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aware of the limitation of the models presented in this chapter, in that turning times

cannot depend on any other factor but the two velocities involved.

In a more general context, the concept of swarm robotics is already actively be-

ing deployed in areas like oil spill confrontation [92] and mine detection [100]. One

application area of swarm robotic experiments in mathematical biology could be the

testing of animal behaviour models in physical environments, thereby providing a

platform for the ‘reverse engineering’ of biological systems. Real signals like sound

and vision can be studied using combinations of various sensors and actors, and might

provide a new approach to understanding animal behaviour. One idea that would be

great to explore in future research is the emergence of hierarchies in animal groups

[148], e.g. as seen in a pecking order amongst hens [108] and in hierarchical following

observed in homing pigeons [123]. The existing experimental system would, however,

need to be greatly extended to incorporate these more complex interactions between

individuals. Another interesting area for future research is the combination of the

results obtained in this chapter with the hybrid models, for example by incorporating

turning delays into hybrid models of bacterial chemotaxis. On the other hand hybrid

robotic systems where robots can change external signals are physically difficult to

implement, but could be simulated through pseudo-signals like glowing floors [71, 113]

that change colour according to the behaviour of the robots.

Finally, we studied the effect of volume exclusion in the form of hard-sphere in-

teractions in velocity jump models in Chapter 5. We derived adjusted velocity jump

equations that incorporate reflective collisions and compared those to simulation re-

sults as well as to the existing literature. Whilst the model system studied in this

chapter is very simplistic, it presents a first step towards including more complex vol-

ume exclusion effects that are inherently present in almost every biological system. In

many of those systems though, hard-sphere interactions are not directly applicable,

as some biological individuals can change their shape to accommodate others, e.g. in

groups of amoeba [130]. Volume exclusion effects are often implicitly represented in

existing models through repulsion effects [38].

Combining the models presented in Chapters 4 and 5, it is possible to obtain

adequate agent-based and PDE representations to model primitive robotic systems.

Those descriptions can be used to predict the behaviour of robots for cases that are

difficult to simulate and for the investigation of scaling effects. On the other hand,

these models can be seen as a first step towards improved models of fish swarms or

bird flocks in the mould of [38]. Similarly, one could also study crowding behaviour

by combining the KMC simulations seen in Chapter 5 with the corresponding PDE
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models using PBD approaches. Whilst areas of low densities can be adequately

approximated using the presented approximations, areas with high concentrations of

particles still require individual-based simulations for an adequate representation.

In this thesis we generally studied a number of approaches to improve existing

simulation and model frameworks for systems of dispersal. These approaches present

a great opportunity to help understand the intricacies in certain types of interactions

between individuals. However, in real systems interactions are often much more

complex than the types of interaction studied here. We studied direct interactions

through collisions and reactions, as well as indirect interactions via a chemotactic

medium, but neglected effects like direct communication or individual recognition

that can play an important role in biological systems. In particular the swarm robotic

experiments could provide a framework to study those types of effects, but the existing

implementations and models would need to be vastly extended.

The advantage of all the techniques we presented throughout this thesis is that

they can in theory be applied to a vast range of systems on a great number of different

scales. In practice, the modelling techniques and model extensions presented in this

thesis provide a first step towards an understanding of systems of interacting particles.

The smallest such systems occur inside the cell on a nanometre scale [33], whilst

the biggest are seen in animal groups that roam over areas covering kilometres [20].

Despite their huge variety and differences, the common factor in all those systems is

that group-level dynamics emerge even though they are often not intended or even

understood by the individuals.
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Appendix A

Derivation of the adjoint boundary
conditions

In this appendix, the derivation of the adjoint boundary conditions (4.21) is presented.

Let us therefore state again the boundary conditions related to the forward problem

as given in (4.19)

p(t,x,v) = 0 , x ∈ ∂ΩT ,v · nT < 0 ,

p(t,x,v) =

{
p (t−K(v,v′),x,v′) , K(v,v′) ≤ t ,
0 , K(v,v′) > t ,

x ∈ ∂ΩR ,v · nR < 0 .

(A.1)

The adjoint boundary conditions are derived in step (ii) of the calculation of the

adjoint operator M∗ in Section 4.3.2. Let us add some more detail to this step. We

apply the divergence theorem to obtain

〈M(ii)p, q〉 =

∫ ∞
0

∫
Ω

∫
V

q v · ∇xp dv dx dt

=

∫ ∞
0

∫
∂Ω

∫
V

p q (v · n) dv dx dt−
∫ ∞

0

∫
Ω

∫
V

pv · ∇xq dv dx dt . (A.2)

From this, the adjoint operator M∗
(ii) can be obtained as

〈p,M∗
(ii)q〉 = −

∫ ∞
0

∫
Ω

∫
V

pv · ∇xq dv dx dt .

The adjoint boundary conditions can be derived by setting the boundary term in

(A.2) to zero:

0 =

∫ ∞
0

∫
∂Ω

∫
V

p q (v · n) dv dx dt

=

∫ ∞
0

∫
∂ΩR

∫
V

p q (v · nR) dv dx dt︸ ︷︷ ︸
I1

+

∫ ∞
0

∫
∂ΩT

∫
V

p q (v · nT ) dv dx dt︸ ︷︷ ︸
I2

.
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We can now evaluate the integrals I1 = I2 = 0 independently to obtain the conditions

for the corresponding parts of the boundary. For I1, we can split the velocity set V

into the parts V + and V − as defined in (4.3)

I1 =

∫ ∞
0

∫
∂ΩR

∫
V +

p q (v · nR) dv dx dt︸ ︷︷ ︸
I1,1

+

∫ ∞
0

∫
∂ΩR

∫
V −

p q (v · nR) dv dx dt︸ ︷︷ ︸
I1,2

.

For I1,2 we can apply the second boundary condition in (A.1) and obtain

I1,2 =

∫ ∞
0

∫
∂ΩR

∫
V −

p(t,x,v) q(t,x,v) (v · nR) dv dx dt

=

∫ ∞
K(v,v′)

∫
∂ΩR

∫
V −

p(t−K(v,v′),x,v′) q(t,x,v) (v · nR) dv dx dt

=

∫ ∞
0

∫
∂ΩR

∫
V −

p(t,x,v′) q(t+K(v,v′),x,v) (v · nR) dv dx dt .

We now switch the integration variable from v to v′. The sign of the whole term

changes, because v′ · nR = −v · nR:

I1,2 = −
∫ ∞

0

∫
∂ΩR

∫
V +

p(t,x,v) q(t+K(v′,v),x,v′) (v · nR) dv dx dt .

We obtain the boundary condition on the reflective boundary ∂ΩR for q by adding

I1,1 and I1,2:

q(t,x,v) = q(t+K(v′,v),x,v′) , x ∈ ∂ΩR , v · nR > 0 . (A.3)

On the target boundary, the integral I2 simplifies to

I2 =

∫ ∞
0

∫
∂ΩT

∫
V +

p q (v · nT ) dv dx dt+

∫ ∞
0

∫
∂ΩT

∫
V −

p q (v · nT ) dv dx dt

=

∫ ∞
0

∫
∂ΩT

∫
V +

p q (v · nT ) dv dx dt ,

because p vanishes on V − according to (A.1). Therefore the second adjoint boundary

condition takes the form

q(t,x,v) = 0 , x ∈ ∂ΩT , v · nT > 0 . (A.4)

The two boundary conditions (A.3)–(A.4) form the adjoint boundary conditions given

in (4.21).
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Appendix B

Integrals over the unit sphere in 2
dimensions

In this appendix we present some lemmas regarding the integration over parts of the

unit sphere S1 in two dimensions. In particular, we define the positive component of

the unit sphere with respect to the vector a through

S1
+(a) = {n ∈ S1 : n · a > 0} .

Lemma B.1. The equality ∫
S1+(a)

n dn = 2
a

‖a‖
, (B.1)

holds for all vectors a ∈ R2\{0}.

Proof. Let us rewrite the vectors a and n to the following

a = ‖a‖
(

cosα
sinα

)
, n =

(
cos γ
sin γ

)
.

We can now directly evaluate the integral on the left hand side of (B.1).∫
S1+(a)

n dn =

∫ α+π/2

α−π/2

(
cos γ
sin γ

)
dγ =

∫ π/2

−π/2

(
cos(γ + α)
sin(γ + α)

)
dγ

= 2

(
cosα
sinα

)
= 2

a

‖a‖
.

Lemma B.2. The equality∫
S1+(a)

(n · a)(n · b)n dn =
2

3

(
a

‖a‖
+ ‖a‖b

)
, (B.2)

holds for all vectors a,b ∈ R2\{0}.
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Proof. Let us rewrite the vectors a,b and n to the following

a = ‖a‖
(

cosα
sinα

)
, b = ‖b‖

(
cos β
sin β

)
, n =

(
cos γ
sin γ

)
.

We can now rewrite the integral on the left hand side of (B.2) to

‖a‖ ‖b‖
∫ α+π/2

α−π/2
cos(γ − α) cos(γ − β)

(
cos γ
sin γ

)
dn

= ‖a‖ ‖b‖
∫ π/2

−π/2
cos(γ) cos(γ + α− β)

(
cos(γ + α)
sin(γ + α)

)
dn

= ‖a‖ ‖b‖
∫ π/2

−π/2
cos3(γ) cos(α− β)

(
cosα
sinα

)
dn

+ ‖a‖ ‖b‖
∫ π/2

−π/2
cos(γ) sin2(γ) sin(α− β)

(
sinα

− cosα

)
dn

=
2

3
‖a‖ ‖b‖

(
2 cos(α− β)

(
cosα
sinα

)
+ sin(α− β)

(
sinα

− cosα

))
.

Standard addition formulae show that

cos(α− β)

(
cosα
sinα

)
+ sin(α− β)

(
sinα

− cosα

)
=

(
cos β
sin β

)
, (B.3)

Hence, we can rewrite the integral as

‖a‖ ‖b‖
∫ α+π/2

α−π/2
cos(γ − α) cos(γ − β)

(
cos γ
sin γ

)
dn

=
2

3
‖a‖ ‖b‖

(
cos(α− β)

(
cosα
sinα

)
+

(
cos β
sin β

))
=

2

3
‖a‖ ‖b‖

(
a · b
‖a‖ ‖b‖

a

‖a‖
+

b

‖b‖

)
=

2

3

(
a

‖a‖
+ ‖a‖b

)
.

Lemma B.3. The equality∫
S1+(a)

(n · a)(n · b)(n · c)n dn =
1

8
π (a(b · c) + b(a · c) + c(a · b)) , (B.4)

holds for all vectors a,b, c ∈ R2.

Proof. Let us rewrite the vectors a,b, c and n to the following

a = ‖a‖
(

cosα
sinα

)
, b = ‖b‖

(
cos β
sin β

)
,

c = ‖c‖
(

cos θ
sin θ

)
, n =

(
cos γ
sin γ

)
.
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Now we can write the integral and use similar techniques as before

1

‖a‖ ‖b‖ ‖c‖

∫
S1+(a)

(n · a)(n · b)(n · c)ndn

=

∫ α+π/2

α−π/2
cos(γ − α) cos(γ − β) cos(γ − θ)

(
cos γ
sin γ

)
dγ

=

∫ π/2

−π/2
cos γ cos(γ + α− β) cos(γ + α− θ)

(
cos(γ + α)
sin(γ + α)

)
dγ .

We can now simplify this integral using the fact that∫ π/2

−π/2
sin(γ) cos3(γ) dγ =

∫ π/2

−π/2
sin3(γ) cos(γ) = 0 .

We obtain

1

‖a‖ ‖b‖ ‖c‖

∫
S1+(a)

(n · a)(n · b)(n · c)n dn

=

∫ π/2

−π/2
cos4(γ) cos(α− β) cos(α− θ)

(
cosα
sinα

)
dγ

+

∫ π/2

−π/2
cos2(γ) sin2(γ) sin(α− β) sin(α− θ)

(
cosα
sinα

)
dγ

+

∫ π/2

−π/2
cos2(γ) sin2(γ) cos(α− β) sin(α− θ)

(
sinα
− cosα

)
dγ

+

∫ π/2

−π/2
cos2(γ) sin2(γ) sin(α− β) cos(α− θ)

(
sinα
− cosα

)
dγ .

This integral can be evaluated using∫ π/2

−π/2
cos4(γ) dγ =

3π

8
,

∫ π/2

−π/2
sin2(γ) cos2(γ) dγ =

π

8
.

Plugging this in and using (B.3), we get

1

‖a‖ ‖b‖ ‖c‖

∫
S1+(a)

(n · a)(n · b)(n · c)ndn

=

∫ α+π/2

α−π/2
cos(γ − α) cos(γ − β) cos(γ − θ)

(
cos γ
sin γ

)
dγ

=
π

8

[
cos(α− β)

(
cos θ
sin θ

)
+ cos(α− θ)

(
cosβ
sinβ

)
+ cos(β − θ)

(
cosα
sinα

)]
=
π

8

[
a · b
‖a‖ ‖b‖

c

‖c‖
+

a · c
‖a‖ ‖c‖

b

‖b‖
+

b · c
‖b‖ ‖c‖

a

‖a‖

]
.

Multiplying both sides by ‖a‖ ‖b‖ ‖c‖, we obtain (B.4).
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