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Abstract

We examine the low frequency spin susceptibility of the paramagnetic phase of the quantum Ising
chain in transverse field at temperatures well below the energy gap. We find that the imaginary part is
dominated by rare quantum processes in which the number of quasiparticles changes by an odd number.
We obtain exact results for the NMR relaxation rate in the low temperature limit for the integrable
model with nearest-neighbor Ising interactions, and derive exact universal scaling results applicable to
generic Ising chains near the quantum critical point. These results resolve certain discrepancies between
the energy scales measured with different experimental probes in the quantum disordered paramagnetic

phase of the Ising chain system CoNbyOg.



I. INTRODUCTION

The transverse field Ising chain is an ideal setting to study the dynamics of quantum criticality
[1] as many observable properties can be computed either exactly, or reliably in a semiclassical
approach [2—4]. In recent years, there have been several experimental realizations of the transverse
Ising chain that make theoretical predictions testable [5, 6]. For instance, it has been found that
CoNb,Og is for many purposes an almost ideal realization of the one-dimensional ferromagnetic
Ising chain. Experiments have studied its properties across the different regimes of the phase
diagram as a function of transverse field and temperature [5, 7-11].

In this paper, we revisit the issue of the nuclear magnetic resonance (NMR) relaxation in an
Ising spin chain in its gapped state without ferromagnetic order (the ‘quantum disordered’ regime
of Fig. 1). A recent NMR experiment on CoNbyOg [8] studied the NMR relaxation rate, 1/77, in all
three regimes near the quantum critical point of the phase diagram in Fig. 1. Experimental results
agreed quantitatively with theoretical predictions in the ‘renormalized classical’ and ‘quantum
critical’ regimes. While there were no firm theoretical predictions in the quantum disordered
regime, it was conjectured [8] that the low temperature (7) behavior was 1/T; ~ exp(—A/T),
where A is the energy gap to single spin flips. However, other experiments probing the large field
transverse paramagnetic regime show discrepancies with the energy scales probed by NMR. The
NMR experiments [8] measured an activation energy that was approximately two times larger than
the gap inferred from heat capacity [10], neutron scattering [11], and THz/infrared experiments
[12].

Here we will show that near the critical point the behavior of the NMR relaxation rate is in
fact 1/T) ~ exp(—2A/T), and compute the precise prefactor for the integrable nearest-neighbor
Hamiltonian. We find that the result is compatible with the universal relativistic quantum field
theory, and obtain the universal behavior of 1/T} at T < A for a generic Ising Hamiltonian.
We begin by recalling some exact results on the nearest-neighbor Ising chain in Section II. In
particular, the lattice form factors computed in Ref. 4 will be crucial ingredients in our results. The
computation of the NMR relaxation rate of the nearest-neighbor Ising chain appears in Section III.
Section [V describes the universal behavior of the NMR relaxation rate across the quantum critical

point. The experimental situation is discussed in Section V.
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FIG. 1. Crossover phase diagram of the Ising chain in a transverse field, h. There is a quantum critical
point at T'= 0 and h = h, (for the Hamiltonian in Eq. (2.1), h, = 1) between a ferromagnetic (h < h.)
which breaks the Ising symmetry, and a paramagnetic phase. This paper focuses on the “quantum

disordered” regime above the paramgetic phase for h > h.. The other regimes were described in Ref. 8.

II. EXACT SPECTRUM

We work with the integrable Ising chain Hamiltonian

L
H=-JY[oiof,, + ho}] (2.1)
=1
where ¢, are Pauli matrices acting on the 2-state spins on site £. For h < 1, this model has a
ferromagnetic ground state with (07) = Ny # 0. We are interested in the low 7" behavior in the
paramagnetic state for h > 1, where (o) =0 at 7' = 0.
The spectrum of H can be computed exactly by a Jordan-Wigner transformation which maps

it onto a theory of spinless fermions with dispersion

g, = 2J+/1 + h2 — 2h cos(p) (2.2)
as a function of crystal momentum —7 < p < 7. This dispersion implies an energy gap
A=2J]h—1]. (2.3)

The complete set of excited states are described by n fermion states |pi1,pa,...,pn), where all
fermion momenta must be unequal.
Remarkably, all matrix elements of the ferromagnetic order parameter, o, between all many-

body states have been computed exactly by Torgov et al. [4]. For our purposes, we need the matrix
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elements in the limit L — oo, which can be written as

m—TL2
< |UZ| >_ (4J2h)( 2n)? /4
qi,---,92n| 07 |P1s- -, Pm) = [ ntm/2

|1 B h2|1/8iLn+m/2J G_M[Z?Zl -2 pl]

2n m 2n m
2 sin qj —qj) 2sin(p; — pr) o T Ep
(24
H /_gq] H Ven KI;I R z<1;[1 Ep T+ Epy 31:[1 H 25111 m)

where m is even (odd) for h < 1 (h > 1). We will be able to compute the NMR relaxation
rate in the 7' — 0 limit for A > 1 by a direct application of Eq. (2.4) in the Lehmann spectral

representation.

III. NMR RELAXATION RATE

The NMR relaxation rate is determined by the low frequency behavior of local spin susceptibility.

We define the imaginary time (7) susceptibility by

1T
\(r) = / dr (0% ()03 (0) (3.1)

After a Fourier transform and analytic continuation to real frequencies (w), we obtain the NMR

relaxation rate from [§]

1 er,
T~ lim —fans|"Tmx (w), (3.2)

where ays is the hyperfine coupling between the nuclei and the Ising spins.

A. Low-temperature expansion

We are interested in the retarded two-point order parameter autocorrelator

yro .
(w) = /O Are® ZTx [ /755 (7)o , (3.3)

w—n—iw
where Z is the partition function. The idea of Ref. 3 is to develop a linked cluster expansion for

this quantity. The starting point is the Lehmann representation

:% > Comlw) | (3.4)

n,m=0

1 o~ E{pi)/T _ o~E({k;})/T
Com) == > — > (k- kaloglpr - pm)*—— :
! ! ' o w+in— E({p:}) + E({k;})

n. m!
{klykn} {p17-~~7pm}

(3.5)



Here 7 is a positive infinitesimal. The expansion of the partition function reads

Z—1+ Ze—ep/T + Z e—[€p1+€p2]/T 4. = iZn (36)
n=0

peER p1<p2E€NS

By construction the contribution Z, scales with system size as L™. Here the subscripts refer to
Ramond and Neveu-Schwartz boundary conditions, which will not matter in the infinite L limit we
take. The individual terms C,, ,,(w) in the expansion (3.4) diverge with the system size L because
the matrix elements (2.4) become singular when k, — ps. Ref. 3 re-casts the expansion in terms
of linked clusters, which are finite in the thermodynamic limit. The linked clusters relevant for a

low-temperature expansion of x(w) are

C2n+1,o(w) = C2n+1,0(w) ) Co,2n+1(w) = Co,2n+1(w) )
(W) = Cron(w) — 21Co2n-1(w) ,
C2,2n+1(w) = C2,2n+1<w) - 3101,2n(w) - (ZQ - le)CO,anl(w) )
Ci2n(w) = C32,(w) — Z1Co9,_1(w) — (29 — Z1)*Cl2n_2(w) . (3.7)

In terms of the linked clusters we have

Im y(w) = Z Im C,, n(w) . (3.8)

n,m=0

The leading terms at low temperatures and w ~ 0 are

Cl(w) = CLZ(W) + CQJ(U)) s
CQ(U.)) = 0273((4]) + 0372(0.)) s
Cg(w) = 0174((4]) + C471(UJ) + 0374(0.1) + C473(W) . (39)

As g > A = 2J|h — 1] the formal temperature dependence of these terms at 7' < A is
Cp(w) = O(e” MDA/ (3.10)
As we are interested in the NMR relaxation rate we focus on the quantities

cn(T) = limM :

w—0 w

(3.11)

1. Leading term

We begin with some qualitative considerations on the physical processes which lead to the

dominant contributions to Eq. (3.2) as " — 0 for A > 1. A thermal excitation with energy F; will
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appear with a probability e /T as an initial state in the relaxation process. We should focus on
the states with the lowest possible E;. Because of the w — 0 limit, the final states will also have
an energy Ey = E; and are reached by the action of the 0§ operator. We notice from Eq. (2.4) that
for h > 1 the matrix element is non-zero only between states with distinct parities in the number
of fermions. Therefore the initial and final states must differ by an odd number of fermions which
places strong constraints on the ranges of allowed values of E; and Ej.

We first consider the process 1 — 2, from an initial state with one fermion to a final state with
2 fermions. This process (and its inverse) will dominate as 7" — 0. The single fermion excitations
are in the energy range (€min,€max) = 2J(h — 1,h + 1). In the most optimal conditions, both
fermions in the 2 particle state will have energy close to enin. So for a 1 — 2 particle process to
be allowed, we need €0y > 261, or h < 3. This process will have probability exp(—2emn /7).

For h > 3 we need to consider processes with larger numbers of fermions to obtain the leading
contribution. In general, the n — m process is allowed for h < (m + n)(m — n), where m > n
and m — n is odd. Such a process occurs with probability exp(—memin/T). Thus for 3 < h <5
the most probable process is 2 — 3 with probability exp(—3emin/T"). There are also processes at
smaller h, such as 1 — 4 for h < 5/3 with probability exp(—4emm/T).

We now consider the 1 — 2 process which has a prefactor of exp(—2A/T). Importantly for
w =~ 0 and in the limit n — 0 we have

71713(1) [ImCy (w)] = 717121 Im[C12(w) + Co(w)] (3.12)

i.e. the “disconnected” contributions ZCy(w) and Z;Cio(w) vanish in the limit » — 0. This is
related to the fact that the kinematic poles in the form factors do not contribute to the momentum
sums by virtue of the energy-conservation delta function. Using the explicit expression for the form
factors (2.4) and turning momentum sums into integrals in the L — oo limit we have

(€)= 0 =) [ T i+, 6 = ) = 60— 2 = )

(5p1 + 5q)2(€pz + €q)2 sin’ (pl gPQ)

51)16]72661(8])1 + €p2)2 sin2 <]%) Sin2 <p22_ q)

Carrying out one of the integrals using the energy conservation delta-function we obtain

X

[e_(5p1+5p2)/T _ e_aq/T] (313)

J 1 4 dp dp 67(5P1+5p2)/T
R B e

(251)1 + 5p2>2(5p1 + 25p2>2 sin (pl 9 p2>

6

X

(3.14)



where

2
Ep, T+ €
1 h2_ b1 b2
o ()

Po = arccos (3.15)

2h

In the low-temperature limit 7" < 2J(h — 1) and h < 3 we can carry out the remaining two
integrals as follows. The integration will be dominated by small p; o ~ VT. For these small p, we

can expand the dispersion as

p2

where A = 2J(h — 1) and m = (h — 1)/(2hJ). Expanding the rest of the integrand around

p1 = p2 = 0 we obtain

J 81[h2(h* — 1)1 [T dpidps _v3+e}
7y — I —aayr / S BRI
all) = e 64)2 |Asin'(qo/2) J_, (272 ")

C8ImATIRA (R — DTy p

T GdrAsint(g/2)e, ] © (3.17)
where we have defined
1+ h?—4(h—1)?
Jo = arccos [ o } . (3.18)
Using Eq. (3.2), we obtain our main result
2172 (2 1/4
ot [ e rcaes rea

Note that Eq. (3.19) does not require A to be much smaller than J.

2.  Subleading term

We now turn to the term of order e 32/7. For 1 < h < 3 this will be smaller than the e 24/
term computed in Sec. [1T A 1, while for 3 < h < 5 this turns out to be the largest non-zero term.

We will evaluate

¢(T) = lim M . (3.20)
This can be cast in the form
(1) = lim, [ea(T,m) = Z1e4(Tym) = (22 = Z7)eo(T, )] (3.21)
where we have defined
en(T ) = Tim T | Contt @) F Crnn@) | (3.22)

w—0 w



and Z,, are the contributions of n-particle states to the partition function
Zi=Y e Z= Y ekl (3.23)
peER p1<p2ENS

The explicit expressions for ¢, (7T, n) are

a(Tn) =3 _Nalosl0) [1 = /"] =55

- - An(ep, +€p, — &¢)
(1) = [(p1, p2logla) | e a/T _ o= (epytepy)/T 7
pga Z " [ ] [(5191 T+ Epy — 561)2 + n?)?

q
)= 3 S [(prpe paloglar, ga)|? [ Cnten)/T — e=(enterten) /1]

P1<p2<p3 q1<q2
An(ep, + Epy + Eps — €¢, — Egy)
2 2127
[(51)1 +&py tEps —Eq —Eg)? N ]

(3.24)

where the form factors are given in Eqn (2.4). Note that ¢o(T,n7) — 0 as n — 0 because it is
not possible to satisfy the energy conservation delta function. Also in this limit, ¢, (7', n) — ¢ (T')
computed in Eq. (3.14). On the other hand ¢;(7") vanishes for 3 < h < 5 which implies that in this
range of magnetic fields no “disconnected” contributions arise in Eq. (3.21) and we simply have
co(T) = lim, 9 co(T,m). It is then straightforward to turn sums into integrals and we examine
some properties of the resulting expression for ¢3(7T") in Appendix A. By contrast, for 1 < h < 3
co(T,n) diverges with system size and the disconnected contributions in (3.21) need to be taken
into account in order to obtain a finite expression. In principle it is possible to obtain a multiple
contour integral representation for cy(7"), but here we confine ourselves to a numerical evaluation

of the momentum sums. We proceed as follows:

1. We evaluate ¢, (T, n) for several values of 7 and system sizes up to L = 256. We require 7
to be sufficiently large so that the finite-size corrections are negligible for our largest system

sizes. We find that n =~ 0.1 is an appropriate order of magnitude.
2. We numerically extrapolate our results to n = 0 using a third order polynomial.

A useful check on this procedure is obtained by carrying it out for ¢;(7") and comparing it to the

numerically evaluated expression (3.14), which is the result in the thermodynamic limit at n — 0.

Results for ¢o(T') for h = 1.5 are shown in Fig. 3, where we compare extrapolations for system
sizes L = 144 and L = 192.
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FIG. 2. ¢1(T) for h = 1.5 and several temperatures. The thermodynamic limit result (blue dots) is seen
to be in good agreement with the extrapolation of numerical results for L = 192 and 0.1 < n < 0.115

(yellow dots).
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FIG. 3. ¢o(T') for h = 1.5 and several temperatures. The results of extrapolating numerical results for

0.1 <71 <0.115 and L = 144 are in good agreement with those for L = 192.

IV. QUANTUM CRITICALITY

In this section we consider the approach to the quantum critical point at h = 1 in Fig. 1. It is

useful to first review the analysis on the ferromagnetic side, h < 1, which was presented in Ref. 8.
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Then as A < J, the 1/T} rate obeys the universal scaling form
1 Z

= =l P ®(A/T)  h<l . AL, (4.1)
1

where Z is a non-universal constant, while ®; is a universal function describing the crossovers
between the quantum critical and renormalized classical regions. For the nearest-neighbor Ising
model in Eq. (2.1) we take Z = J~'/* for our normalization of ®;. While other microscopic models
will have different values of Z, the function ®;(A/T) is independent of the specific microscopic

Hamiltonian. The limiting forms for ®; in the two regimes are known exactly:

2.139... \A<T<J
O, (A/T) = : (4.2)

T(A/T)V4eAT T < A< J

Furthermore, these theoretical predictions were found to be in good agreement with experimental
observations [8].
Now let us examine the paramagnetic phase h > 1. As in Eq. (4.1), the scaling form is
1 5 Z
ﬁ = ’@hf ‘ T3/4

is expected to describe the crossovers in the NMR relaxation between the quantum disordered and

O(A/T) , h>1 , T,A<J, (4.3)

quantum critical regimes. Matching with Eq. (4.1) in the quantum critical regime we have
Oy (A/T)=21396... , AT J. (4.4)

For the form of ®5 in the quantum disordered regime, we examine only the leading term in
Eq. (3.19) in the limit 7" < A < J. In this limit, the fermion dispersion in Eq. (2.2) takes a

ep = VA2 4 c2p? (4.5)
with ¢ = 2J. We evaluate the other parameters introduced above Eq. (3.19) for this dispersion
and find

relativistic form

m=A/? | po=+V3AJc | v=+3c/2. (4.6)
Finally, inserting in Eq. (3.19) we obtain

1 2 3v/31° —2A/T
7 = lans | =i :
Tl 27TJ1/4A11/4

This result is compatible with the scaling form in Eq. (4.3), and we have
3BT
21 \A

Note that the result in Eq. (4.8) applies to a generic ferromagnetic quantum Ising chain near its

T<A<J, h>1 (4.7)

11/4
Dy(A/T) > BT T AT, (4.8)

transverse field quantum critical point, and not just the nearest-neighbor model.
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FIG. 4. Phase diagram and energy scales of the Ising chain system CoNbyoOg as a function of transverse
field. Energy scales from different experimental probes as well as the transition temperature of the 3D
incommensurate Neel order are given. The transition is to a state with ferromagnetic chains that are
ordered antiferromagetically in the b. On the paramagnetic side of the transition, one can see an excellent
agreement between various spectroscopic probes (THz absorption [12] and inelastic neutron scattering
[11] and heat capacity [10]). In contrast one can see clearly that the gap extracted from the temperature

dependence of the NMR spin relaxation time is approximately twice as large [8].

V. EXPERIMENTS

As mentioned above CoNbyOg has been discovered to be an almost ideal realization of a 1D
ferromagnetic Ising chain [5]. It is quasi-1D material characterized by zig-zag chains of Co™ ions
with effective spin 1/2 moments. The spins lie in the ac plane at an angle of £31° to the c—axis
[13, 14] with the chains extending along the c—direction. A dominant ferromagnetic exchange
between nearest-neighbor Co™ ions along the ¢ axis cause strong 1D ferromagnetic correlations
to develop below ~25 K [15]. At zero transverse field, weak AF inter-chain exchange interactions
stabilize an incommensurate spin-density waves at 2.95 K along the b-direction with a temperature-
dependent ordering wave vector Q, and then a commensurate spin-density wave at 1.97 K. But
at temperatures above these scales at zero field (and at temperatures much lower near the 1D

quantum critical point (QCP)), the system can be described as a 1D Ising system. The effective
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1D phase transition to a quantum disordered phase has been inferred to be at the relatively modest
critical transverse field of 5.2 T in the b direction. Note that the 3D phase is believed to extend
out slightly past the effective 1D QCP, a feature necessary for the observation of “kink” bound
states in the spectrum near the critical point [5].

A number of measurements have been been made of the various energy scales on both sides of
the transition of the 1D QCP in CoNbyOg. We will concentrate on the paramagnetic regime. As
shown in Fig. 4 neutron scattering [11] and THz absorption [12] experiments have given evidence
for a ¢ = 0 (or symmetry equivalent) mode which increases in energy roughly linearly with field
from the critical point. This may be identified straightforwardly with the zone center excitation
described by Eq. 2.2. Heat capacity experiments have also been performed [10] and data fit to
the nearest-neighbor Ising model. As seen in Fig. 4, the extracted gap scale from heat capacity is
in excellent agreement with the spectroscopic probes. In contrast to these experiments, the scale
of the lowest energy excitation extracted from the temperature dependence of the 1/77 in NMR
is greater by approximately a factor of two than the other probes. As explained above, this data
was fit to a activated functional form which was effectively 1/T} ~ exp(—Anng/T). However,
we have shown here that near the critical point the expectation is in fact 1/7} ~ exp(—2A/T).
This means that the activation energy scale from 1/7} will be double that extracted from the
other probes. This is precisely as observed experimentally. Also note that the differences between
energy scales are far bigger than anything that could be explained by inter-chain couplings or 1D
vs. 3D regimes of behavior. The coupling in the transverse b direction has been found to be smaller
than 1/60 of J [7]. At low temperature on the paramagnetic side of the transition, this gives a
minimum of the dispersion at finite ¢, but except very near the critical point this band width
in directions perpendicular to the chain is a very small fraction of A [7]. The third direction has
frustrated antiferromagnetic couplings and has even smaller effect on the dispersions (although
it is presumably responsible for stabilizing different magnetically ordered states at low transverse
field [16]). The scenario put forward in the current work comes with a distinct prediction. At
fields three times the critical field 1/7; should crossover to a form that goes as exp(—3A/T) e.g.
a much faster dependence. This is at fields greater than 15.6 T in CoNbyOg and should be easily
testable.

VI. CONCLUSIONS

The quantum Ising chain has been an essential model to understand the low frequency, non-zero
temperature dynamics of a strongly interacting system [2, 3, 17]. The integrability of the model
allows for exact solutions, and yet many local observables exhibit generic dissipative dynamics at

long times. Here we have examined the NMR relaxation rates in the quantum disordered region.
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It is given by the imaginary part of the local spin susceptibility, at frequencies far below the quasi-
particle gap, A. Therefore it is not directly amenable to a quasi-classical computation involving
collisions of a dilute gas of quasiparticles [2]. Instead, we showed here that it is dominated by rare
processes in which one quasiparticle has sufficient energy to decay into two quasiparticles (and
vice versa) near the nucleus. Consequently we found that the NMR relaxation is suppressed by
a thermal Boltzmann factor of exp(—2A/T) for not too large a transverse field, 1 < h < 3 (the
suppression is stronger for larger h). We also computed the precise prefactor of this exponential for
the nearest-neighbor Ising chain, and its universal form near the quantum critical point. Finally
we compared our results to the experimental probes. The scenario put forth here is in excellent
agreement with the experimental results. Spectroscopic and thermodynamic probes show agree-
ment as to the size of the gap, whereas 1/77 from NMR shows an activation energy, which is

approximately twice as large.
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Appendix A: Evaluation of e contribution

The expression for c2(7T,7n) in Eq. (3.24) can be written in the limit 7" — 0 as

€q1 TE€qo Jrqu,)/T

. 2w /ﬂ- dkldkgdqldQqu;J,
2317 | (2m)5
X 5(5k1 1€k —Eq — Eqp — 8q3) ) (A1>

co(T)m) = | v (k1k2|0E]q1g2q3) r| P
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where the factorials are combinatoric factors from converting the sums to integrals. From Eq. (2.4)
the form factor is
(4J%h)z|1 — h?|3
€k1Eka€q1Eqaas
sin (R1552) sin (52 ) sin (25%) sin (252) i
. (sin (k ~PL) sin (kl 22) sin (kl ) sin (k'2 1) sin (k2_q2) sin (1”%‘13))

)
X <(€/€1 + 5111)(5’61 + €QQ)(E + 5113)(5 + €Q1)(€k2 + 81]2)(8’92 + 6113))2
(€k1 + 5k2>(5q1 + 5112)(€Q1 + 6113)(5112 + 6113)

|ns{kika|og|q1q23) r|? =

(A2)

We now attempt to take the 77 — 0 limit of Eq. (A1) in a manner similar to the analysis below

Eq. (3.14). The integral is dominated by small ¢ 23 ~ v/T. This allows us to make the following
approximations

2
q;
— 4+ A
Eq R 5m +
sin G —9%\ %9
2 2
Eq +Eg = 2A (A3)

We can now write Eqn. (A2) as a product of a term containing the ¢;, ¢2, and g3 dependence, with
one containing the k; and ky dependence. The ¢ 23 integral is sharply peaked about momenta

T in the ¢, g2, g3 plane, so we can extend the limit of integration over these momenta out to
infinity giving us the following

e 3T J(h2|1 — B2\ ™ dkidky ((ep + A (ep, + A)3)?
e(T. ) ~ (R?| I)/ 1dky ((ery, + A) (e, + A)°)
2 3121 A9216T - (27‘()2 5k15k2(5k1 +5k2>2

2
sm(’“2k2)
— 3A
% <Sin3 (’“) sin? (kz) O(ery + e, — 34)

2
dq,dqadq i
X / ﬁ (g1 — @) (1 — q3) (g2 — g3))? e (@TaB+aR/2mT (oY)

The ¢ 23 integrals evaluate to

dq1dqed - -
/ qé27z2)3q3' (01— 42)* (@1 — 43)° (g2 — gg)° e~ B+ 2T — 19(27r)

njw

(mT)z,  (A5)
which yields

e 3T 1(h2]1 — h2|)a (mT)?

) = A9(27)3216T
™ diydks (1, + A) (e, + A))° sin? (highe
/ ! 22 (<€kl )" (e, 2) ) - :mkl( - i 0(ek, +er, — 34) (A6)
_. (2m) €kyEky (Eky T Eky) sin® (%) sin® ()
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Now we have to perform the final integrals over k; 5. Because of the singularities in the form factors
at small momenta, the integrals have infrared divergencies which need to be treated differently
depending upon the value of h.

For 3 < h < 5, the energy conservation delta function in Eq. (A6) prevents a divergence. The
argument of the delta function does not vanish when either k1 = 0 or ky = 0. Consequently, the

k1o integrals are finite, and we obtain
e(T,n) ~T2e38T | T A | 3<h<b, (A7)

so that the contribution to 1/} is ~ T92e738/T,

However, for 1 < h < 3, there are divergences in Eq. (A6). The divergences are present when
either k1 = 0 or ko = 0. So let us consider the form of Eq. (A6) when both k; are ks small. After
suitable rescaling of momenta, we obtain an expression of the form

)2

co(T,n) ~ T7/263A/T/dk1dk2—)5 ((k+1)"% + (k3 +1)1/2 = 3) . (A8)

This integral has an effective divergence ~ [dk/kS. As we discussed below Eq. (3.24), this
divergence will be cancelled by the other terms in Eq. (3.21). A conjectured estimate is obtained by

cutting off the divergence at k ~ /T, which leads to co(T) ~ Te=3*/T and therefore a contribution
to 1/T} which is ~ T2e=34/T,
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