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Abstract Turing’s pattern formation mechanism exhibits sensitivity to the details of the
initial conditions suggesting that, in isolation, it cannot robustly generate pattern within
noisy biological environments. Nonetheless, secondary aspects of developmental self-
organisation, such as a growing domain, have been shown to ameliorate this aberrant
model behaviour. Furthermore, while in-situ hybridisation reveals the presence of gene
expression in developmental processes, the influence of such dynamics on Turing’s model
has received limited attention. Here, we novelly focus on the Gierer–Meinhardt reaction
diffusion system considering delays due the time taken for gene expression, while incor-
porating a number of different domain growth profiles to further explore the influence
and interplay of domain growth and gene expression on Turing’s mechanism. We find ex-
tensive pathological model behaviour, exhibiting one or more of the following: temporal
oscillations with no spatial structure, a failure of the Turing instability and an extreme
sensitivity to the initial conditions, the growth profile and the duration of gene expres-
sion. This deviant behaviour is even more severe than observed in previous studies of
Schnakenberg kinetics on exponentially growing domains in the presence of gene expres-
sion (Gaffney and Monk in Bull. Math. Biol. 68:99–130, 2006). Our results emphasise
that gene expression dynamics induce unrealistic behaviour in Turing’s model for mul-
tiple choices of kinetics and thus such aberrant modelling predictions are likely to be
generic. They also highlight that domain growth can no longer ameliorate the excessive
sensitivity of Turing’s mechanism in the presence of gene expression time delays. The
above, extensive, pathologies suggest that, in the presence of gene expression, Turing’s
mechanism would generally require a novel and extensive secondary mechanism to con-
trol reaction diffusion patterning.
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1. Introduction

Cellular self-organisation drives biological morphogenesis in development and requires
the exquisite and heterogeneous control of processes governing cell signalling, differ-
entiation, proliferation and movement. Fundamental in this control is differential gene
expression which is extensively regulated via cellular interactions that can be classi-
fied into two broad types. The first is cell-cell communication, a short range interaction
via signalling between neighbouring cells as illustrated by Delta and Notch (Louvi and
Artavanis-Tsakonas, 2006). The second is the use of long range signals, such as diffusible
morphogen gradients, which provide a means of communicating over scales far exceeding
that of the individual cell and exemplified by Dpp signalling in drosophila (Affolter and
Basler, 2007; Chang et al., 2008).

The prospect of long range signalling by diffusible morphogens initiating large scale
pattern formation has been contemplated since the initial work of Turing (1952). This
demonstrated the physical plausibility of such a mechanism, providing two morphogens
of differing diffusivities were present and that they interacted directly in a specific, well-
characterised, manner commonly summarised as “short-range activation-long range in-
hibition” (Gierer and Meinhardt, 1972; Murray, 1993). Furthermore, the morphogen in-
teractions that induce Turing’s instability can be refined into two possible classes. The
first is pure kinetics which in addition to short-range activation and long range inhibi-
tion, requires that the activator upregulates the inhibitor, which in turn downregulates the
activator. In contrast, cross kinetics demands the converse activator-inhibitor interactions.

The Turing mechanism has been explored in numerous developmental settings, includ-
ing vertebrate limb development (Miura and Shiota, 2000a, 2000b; Miura et al., 2006;
Alber et al., 2008), embryonic feather branching (Harris et al., 2005) and zebrafish
mesendoderm induction (Chen and Schier, 2002; Jing et al., 2006; Sakuma et al., 2002;
Solnica-Krezel, 2003). However, despite such interest, establishing the molecular details
of the interactions associated with a Turing mechanism has remained elusive. Nonethe-
less, numerous recent developmental studies emphasise the importance of gene expres-
sion. One illustration is the exploration of Nodal and Lefty zebrafish mesendodermal in-
duction (Sakuma et al., 2002) which demonstrates that specific mRNA transcripts are
dynamic, thus demonstrating the presence and regulation of gene expression in develop-
mental processes.

It is not clear however that the indirect interaction of morphogens via the regulation
of each other’s gene expression can be represented by Turing’s model. More generally,
this concern illustrates that the Turing model approximates the details of morphogen-
cell interactions at the level of morphogen interactions. The critical, largely unexplored,
question is whether this is a legitimate approximation given the level of detail required
in modelling large scale developmental patterning. However, gene expression is ob-
served to be present and requires transcription and translation; this is noteworthy as these
processes require the production of long polymeric molecules by the sequential addi-
tion of monomers, typically in the range of thousands to millions per gene. Hence de-
lay processes are introduced into the feedback control the morphogens exert on each
other in a Turing system. Estimates of the total extent of these delays range from 10
minutes to several hours, according to protein size and intron density (Lewis, 2003;
Tennyson et al., 1995). Even though this may be shorter than timescales in many de-
velopment events, though not necessarily in the rapid development of zebrafish for exam-
ple, control systems are notoriously sensitive to delays which can have a disproportionate
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influence. In such a potentially unstable system even small changes in the interaction dy-
namics may have a profound effect. As such, the Turing mechanism may not be robust
to alterations in the details of the kinetics or the morphogen signalling pathways on the
explicit introduction of gene expression.

It is not clear however that the indirect interaction of morphogens via the regulation
of each other’s gene expression can be represented by Turing’s model. More generally,
this concern illustrates that the Turing model approximates the details of morphogen-
cell interactions at the level of morphogen interactions. The critical, largely unexplored,
question is whether this is a legitimate approximation given the level of detail required
in modelling large scale developmental patterning. However, the fact gene expression is
observed to be present and requires transcription and translation, which in turn introduces
a delay into the feedback control the morphogens exert on each other in a Turing system
is noteworthy. Estimates of this delay range from 10 minutes to several hours, according
to protein size and intron density (Lewis, 2003; Tennyson et al., 1995). Even though this
may be shorter than timescales in many development events, though not necessarily in the
rapid development of zebrafish for example, control systems are notoriously sensitive to
delays which can have a disproportionate influence. In such a potentially unstable system
even small changes in the interaction dynamics may have a profound effect. As such, the
Turing mechanism may not be robust to alterations in the details of the kinetics or the
morphogen signalling pathways on the explicit introduction of gene expression.

Initial investigations of such issues have been pursued by Gaffney and Monk (2006)
and Seirin-Lee et al. (2010). In particular, the former explored the influence of gene ex-
pression time delays for activator production within the Schnakenberg (1979) model, an
exemplar of cross kinetics. A number of features emerged: on fixed domains, Turing pat-
terning did occur though with substantial increases in the patterning time. Thus, while
spatial control was not adversely affected, one could observe an exquisite sensitivity of
the patterning time with respect to the gene expression time delay; temporal control within
such a system would be severely limited. On growing domains, once the gene expression
delay was sufficiently large, initial condition sensitivity and Turing instability failure were
also regularly observed. Nonetheless, there were regions of parameter space where spa-
tially robust Turing-style patterns did emerge on growing domains, albeit with a sensitivity
of the patterning time with respect to the gene expression time delay.

Seirin-Lee et al. (2010) considered gene expression time delays for both the activator
and inhibitor dynamics of the pure kinetics, Gierer and Meinhardt (1972), model, on a
stationary domain, plus the influence of different representations of the morphogen sig-
nalling pathways. While pattern initiation analogous to a standard Turing instability could
be observed, albeit in restricted regions of parameter space and with a large patterning lag,
self-organisation was also frequently accompanied by the development of oscillations and
sensitivity to initial conditions. Furthermore, the details of the morphogen signalling path-
way did greatly influence the dynamics.

Among many of the observations one can draw, note that the choice of interaction ki-
netics and the representation of the morphogen signalling do yield different results on a
stationary domain. However, a detailed study of the choice of kinetics or the influence of
morphogen signalling pathway dynamics on growing domains is still lacking. Nonethe-
less, domain growth is considered to be an important factor in numerous developmen-
tal scenarios, as exemplified by vertebrate limb development (Miura and Shiota, 2000a,
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2000b; Miura et al., 2006; Hentschel et al., 2004). It is also important in processes asso-
ciated with biological growth, such as alligator tooth morphogenesis (Kulesa et al., 1996)
and the reorganisation of fish-markings (Kondo and Asai, 1995).

Domain growth is important theoretically due to another difficulty with the basic Tur-
ing model, namely that it exhibits sensitivity to fluctuations in the initial state of the sys-
tem (Bard and Lauder, 1974; Bunow et al., 1980). This is certainly uncharacteristic of the
exquisite control demanded of many developmental processes such as limb bud chondro-
genesis. Domain growth has been shown to greatly ameliorate such sensitivity by inducing
higher order patterns via a self-similar cascade of patterning rearrangement as the domain
grows (Crampin et al., 1999). This cascade to robust self-organisation just requires an
initial patterning which forms a central peak with domain growth; such features are com-
monly observed and virtually independent of the details of the Turing patterning kinetics
in standard reaction diffusion models [ibid]. This mechanism of pattern formation has
been observed in the Schnakenberg system in the presence of gene expression time delays
leading to robust spatial patterning, though for restricted parameter choices (Gaffney and
Monk, 2006). However, whether such cascades are inherited for other choices of inter-
action kinetics is unexplored once gene expression time delays are incorporated. Simi-
larly, whether the details of the morphogen signalling pathway impact on such patterning
dynamics is unknown. In particular, while the pattern initiation that can be observed in
Seirin-Lee et al. (2010) for the Gierer–Meinhardt model on a stationary domain is neces-
sary for such cascading pattern, it is by no means sufficient.

Thus in the following investigations we will consider an exemplar choice of pure mor-
phogen interaction kinetics, namely Gierer and Meinhardt’s (1972) model to specifically
consider a fundamentally different choice of morphogen interactions compared to the
Schnakenberg model. After introducing gene expression time delays, and two possible
models of morphogen signalling transduction, we explore the resulting reaction diffusion
dynamics on growing domains in one spatial dimension. Our focus will be to consider
the extent reaction diffusion pattern formation on growing domains via self-similar cas-
cades of pattern reorganisation is contingent on the morphogen interaction kinetics and
the signal transduction dynamics once gene expression is considered.

2. Models on growing domains

The coupling between domain growth and development as well as numerous other bi-
ological self-organisation phenomena has motivated extensive studies of reaction dif-
fusion patterning on growing domains (Arcuri and Murray, 1986; Bunow et al., 1980;
Kondo and Asai, 1995; Varea et al., 1997; Madzvamuse, 2006; Madzvamuse et al., 2009).
A systematic means of incorporating domain growth has been expounded for both uniform
and heterogeneous growth (Crampin et al., 1999, 2002). The prospect that such dynamics
may also be controlled by morphogen gradients has already been contemplated experi-
mentally (Rogulja and Irvine, 2005) and theoretically (Neville et al., 2006), but this will
be explored elsewhere in the context of incorporating sub-cellular dynamics and gene ex-
pression within reaction diffusion patterning models. Here we will develop models incor-
porating gene expression time delays and different morphogen signalling pathway dynam-
ics on uniformly growing, one dimensional, domains for a system of Gierer–Meinhardt
morphogens.
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2.1. Modelling gene expression time delays on growing domains

Consider a uniformly growing one dimensional domain, x ∈ [0,L0L(t)], where L0 is the
initial domain length and L0L(t) is the domain length, an increasing function of time,
with L(0) = 1. Let cp denote the pth biochemical concentration, p ∈ {1,2}, for a general
two component reaction–diffusion system. On the above domain, standard conservation
arguments give (Crampin et al., 1999)

∂cp

∂t
+ ∂

∂x

(
α(x, t)cp

) =
∑

q=1,2

∂

∂x

(
Dpq

∂cq

∂x

)
+ Fp

(
c(x, t)

)
,

where Fp(c(x, t)) denotes the reaction kinetics, α(x, t) is the domain growth velocity
field and Dpq are the components of a diffusion matrix. The latter is taken to be constant
and diagonal below and is written in the form Dpq = diag(ε2D,D) with ε < 1; this bound
entails that c1 has the shorter spatial range of the morphogens and is thus the activator.

Gene expression time delay models are influenced at location (x, t) by the gene ex-
pression instigated within the cells a time τ earlier, where τ is the gene expression time
delay. However, due to domain growth, these cells were not at spatial location x at time
t −τ . Instead these cells were previously located at xτ ; an explicit expression can be found
by backtracking along the characteristic generated by the velocity vector field starting at
(x, t) (Gaffney and Monk, 2006). However, an explicit expression is not required below
due to the consideration of Lagrangian coordinates.

In the presence of gene expression time delays, we thus have the reaction term
Fp(c(x, t)) generalises to

Fp

(
c(x, t), c(xτ , t − τ)

)
.

For convenience we relabel (c1, c2) → (u, v), and (F1,F2) → (f, g). We non-dimen-
sionalise concentrations by (û, v̂) = (Uu,V v), length via x̂ = x/L0 ∈ [0,L(t)], time by
t̂ = t/TS , and the velocity vector field by α̂ = Tsα/L0. Then the reaction diffusion system,
with gene expression time delays, reduces to the form

∂u

∂t
+α

∂u

∂x
= ε2TsD

L2
0

∂2u

∂x2
+γf

(
u(x, t), v(x, t), u(xτ , t − τ), v(xτ , t − τ)

)− ∂α

∂x
u,

∂v

∂t
+ α

∂v

∂x
= TsD

L2
0

∂2v

∂x2
+ γg

(
u(x, t), v(x, t), u(xτ , t − τ), v(xτ , t − τ)

) − ∂α

∂x
v,

(1)

where γ is a constant and hats are dropped for convenience.
Following Crampin et al. (1999), consider Lagrangian coordinates (X, t) where X is

the initial position of a tissue element moving with the flow α. The movement of tissue
as a result of growth can be described in terms of the mapping between the Eulerian
coordinate, x, and the Lagrangian coordinate X:

x = Γ (X, t), Γ (X,0) = X ∈ [0,1], Γ (0, t) = 0 for t > 0.
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Uniform growth implies x = Γ (X, t) = XL(t) and hence

α(x, t) = XL̇(t) = x
L̇(t)

L(t)
(2)

with the fractional dilation rate given by

∂α

∂x
= L̇(t)

L(t)
.

Now we transform the spatial coordinates to the unit interval via the mapping

(
x(t), t

) →
(

x(t)

L(t)
, t

)
= (x̄, t) where

x(t)

L(t)
∈ [0,1]. (3)

Note that x(t − τ)/L(t − τ) = X = x(t)/L(t) from (2). The fact the Lagrangian coordi-
nate is time invariant, by construction, implies x̄ = x̄τ . Thus on implementing the above
mapping one finds

(
u(xτ , t − τ), v(xτ , t − τ)

) (3)

−−−−−→ (
u(x̄, t − τ), v(x̄, t − τ)

) def= (uτ , vτ ).

In addition the first order convective terms cancel in the reaction diffusion equations.
Hence the gene expression time delay system (1) can be expressed in the form

∂u

∂t
= ε2d

L2(t)

∂2u

∂x2
+ γf (u, v,uτ , vτ ) − S(t)u,

∂v

∂t
= d

L2(t)

∂2v

∂x2
+ γg(u, v,uτ , vτ ) − S(t)v,

(4)

where bars are once more dropped for convenience, x ∈ [0,1], d = TsD/L2
0 and domain

dilation also dictates the rate of biochemical dilution via S(t) = L̇(t)/L(t).

2.2. Growth rate functions

We consider three representative domain growth functions: exponential, logistic and lin-
ear, as summarised in Table 1.

Table 1 The Growth Rate Functions. The system of Eqs. (4) is considered for the growth rate functions
below. L0L(t) is the physical domain length, where L0 is the initial domain length, and S(t) = L̇(t)/L(t)

is the fractional dilation rate. The parameter δ > 0 is a measure of the domain growth rate and ξ > 0 is the
final size of the logistic growing domain

L(t) S(t)

Exponential growing domain exp( δ
2 t) δ

2

Logistic growing domain exp(δt)
1+(exp(δt)−1)/ξ

[δ − δ exp(δt)
ξ+exp(δt)−1 ]

Linear growing domain 1 + δt δ
1+δt
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Table 2 The Kinetics, Including Gene Expression Time Delays (Seirin-Lee et al., 2010). Models I, II, I-S
and II-S are given by combining Eqs. (4) with the kinetics listed below. Here, u and v are the activator and
the inhibitor concentrations at (x, t), while uτ and vτ are the activator and the inhibitor concentrations at
(x, t − τ), using the independent variables of Eqs. (4). The parameters a, b, c, κ are positive constants.
Model I is based upon cell surface induction of signal transduction, whereas Model II requires ligand inter-
nalisation for signal transduction. Models I-S and II-S additionally incorporate the saturation of activator
induced activator production. See text for further details

f (u, v,uτ , vτ ) g(u, v,uτ , vτ )

Model I a − bu + u2
τ

vτ
u2
τ − v

Model II a − bu + 3 u2
τ

vτ
− 2 u2

v + c(u2
τ − u2) u2

τ − v

Model I-S a − bu + u2
τ

(1+κu2
τ )vτ

u2
τ − v

Model II-S a − bu + 3 u2
τ

(1+κu2
τ )vτ

− 2 u2

(1+κu2)v
+ c(u2

τ − u2) u2
τ − v

2.3. Gierer–Meinhardt kinetics

As summarised in Table 2, four models for the kinetics based on the Gierer and Meinhardt
(1972) system are presented. A detailed motivation and derivation of these functions is
given in Seirin-Lee et al. (2010); in the following section we present a summary, empha-
sising our interest in exploring the influence of sub-cellular dynamics on global pattern
formation.

2.3.1. Sub-cellular dynamics
In particular, note that morphogens bind to cell surface receptors to induce signal trans-
duction via protein- and lipid-mediated kinase cascades which subsequently modulate
protein production via their influence on gene expression (Alberts et al., 2002). Endocy-
tosis of receptor-ligand complexes is also commonly observed (Mukherjee et al., 1997)
and is often considered to attenuate such signals (Beguinot et al., 1984; Wells et al., 1990;
Sorkin and von Zastrow, 2002; Stoscheck and Carpenter, 2002). However, protein interac-
tions in endosomes after ligand internalisation evidence the prospect that signal transduc-
tion may also be induced from the cell interior, via the endosomal membranes; examples
include TGF-signalling in vertebrate cells and Dpp signalling in Drosophila (Entchev
et al., 2000; Fischer et al., 2006; Piddini and Vincent, 2003; Roy and Wrana, 2005;
Sorkin and von Zastrow, 2002).

Thus, we shall focus on one system, ultimately generating Model I below, where re-
versible ligand-receptor cell surface reactions instigate signal transduction. A second sys-
tem, Model II below, instead requires irreversible binding and ligand internalisation for
signal transduction. Analogous models, labelled I-S and II-S, additionally incorporate the
saturation of activator induced activator production. All models also have an indepen-
dent morphogen decay, representing a separate process of ligand internalisation without
signalling. Considering the above, extreme, choices for the representation of morphogen
signal transduction is sufficient to highlight whether sub-cellular dynamics will influence
modelling outcomes.
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2.3.2. The Gierer–Meinhardt model
To proceed, note that in the absence of gene expression time delays, the non-dimensional-
ised Gierer and Meinhardt (1972) model, with saturating kinetics, on a uniformly growing
domain is given by

∂u

∂t
= ε2d

L2(t)

∂2u

∂x2
+ γ

{
a − bu + u2

(1 + κu2)v

}
− S(t)u,

∂v

∂t
= d

L2(t)

∂2v

∂x2
+ γ

{
u2 − v

}−S(t)v.

(5)

Here, a and b are positive constants which dictate the basal production rate and the decay
rate of the activator whose concentration is u. The parameter κ ≥ 0 controls the extent of
saturation of activator-induced autocatalysis; when κ = 0, we have the standard Gierer–
Meinhardt model.

In the following there is a slight abuse of notation with the same symbol representing
the molecule and the non-dimensionalised concentration. One of non-linear, activator-
inhibitor, interactions can be represented as activator autocatalysis

u + u

γ

[(1+κu2)v]
−−−−−−−−−−→ 3u, (6)

where the morphogen dependent rate parameter, γ /[(1 + κu2)v], represents inhibitor
down-regulation of activator production, with activator saturation if κ > 0. The other re-
action represents activator stimulated production of inhibitor, with a reaction constant γ :

u + u
γ

−−−−−→ 2u + v. (7)

2.3.3. Models I, II, I-S & II-S
For Model I and Model I-S, we have the cell surface induction of signalling via reversible
ligand-binding that ultimately, after a time delay τ , induces morphogen production. Here
reactions (6) and (7) generalise to (Seirin-Lee et al., 2010)

uτ + uτ

γ

[(1+κu2
τ )vτ ]

−−−−−−−−−−−→ 2uτ + u, (8)

uτ + uτ

γ

−−−−−−−−−−−→ 2uτ + v. (9)

Here, in terms of the reaction participants, uτ , u respectively denote a molecule of ac-
tivator at time t − τ and time t , while v represents a molecule of inhibitor at time t . In
contrast, within the reaction rate parameter γ /[(1 + κu2

τ )vτ ], we have a dependence on
the concentrations of activator and inhibitor at time t − τ , via uτ , vτ . Thus, the produc-
tion of activator at time t is due to non-linear interactions at time t − τ via molecules
that interact reversibly, which is assumed to take place via receptor binding at the cell
surface. Standard balance arguments for these interactions, additionally incorporating the
zeroth and first order linear interactions of the Gierer–Meinhardt system summarised by
Eqs. (5), then yield the kinetics functions, f, g, for Model I-S, as presented in Table 2.
Further, setting κ = 0 yields Model I.
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In contrast, for Models II and II-S, irreversible binding at the cell surface, followed by
internalisation, is required for the induction of signal, the resulting gene expression and
ultimately morphogen production. With the same notation used above in reactions (8), (9)
we have that reactions (6) and (7) generalise to [ibid]

uτ + uτ

γ

[(1+κu2
τ )vτ ]

−−−−−−−−−−−→ 3u,

uτ + uτ

γ

−−−−−−−−−−−→ 2u + v.

Thus, for example, the activator morphogen molecules inducing the autocatalytic signal
are internalised for the duration of gene expression. As mentioned, exploring the above
two different, extreme, representations of the signal transduction dynamics will indicate
whether such dynamics influences model predictions. Standard balance arguments, in
combination with the zeroth and first order kinetics of the Gierer–Meinhardt system yield
Model II-S, as given in Table 2 while setting κ = 0, reveals Model II. Finally, note that all
the above models reduce to the Gierer–Meinhardt system summarised by Eq. (5) as the
gene expression time delay, τ , tends to zero.

2.4. Initial and boundary conditions

2.4.1. Zero flux boundary conditions
Arcuri and Murray (1986) and Dillon et al. (1994) have investigated the influence of
boundary conditions on the sensitivity of pattern selection and stability. They demon-
strated that zero flux boundary conditions impose the weakest constraint on pattern for-
mation and lead to the greatest difficulty in achieving reliable patterning. As such, zero
flux conditions are the most appropriate for considering the role of domain growth in
stabilising pattern selection. In addition, zero flux boundary conditions have the natural
interpretation of no morphogen loss at the domain boundary and thus we impose

∂u

∂x
= ∂v

∂x
= 0 at x = 0,1.

2.4.2. Initial conditions
We consider initial conditions which are small perturbations of the homogeneous steady
state (u∗, v∗) in the absence of domain growth. We typically use two types of initial con-
ditions: a time independent initial condition, labelled IC1, and a time dependent initial
condition, labelled IC2. In detail, for t ∈ [0, τ ],

IC1: u(x, t) = u∗ + φu(x), v(x, t) = v∗ + φv(x), (10)

IC2: u(x, t) = (
u∗ + φu(x)

)[
1 + 0.0025 cos

(
πt/(2τ)

)
cos(πx)

]
,

v(x, t) = (
v∗ + φv(x)

)[
1 + 0.0025 cos

(
πt/(2τ)

)
cos(πx)

] (11)

where

φu(x) = 0.00125x5
(
1 − x2

)(−170.6666682x3 + 412.4444479x2 − 312.8888910x

+ 71.1111113
)
,
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φv(x) = 0.00600x5
(
1 − x2

)(−130.8444445x3 + 337.0666669x2 − 281.6000002x

+ 75.3777778
)
.

The precision of the coefficients is to ensure consistency of the boundary and initial con-
ditions so as to avoid unnecessary mathematical and numerical complications; it is not
indicative of a general model fine tuning.

2.5. Reference parameter set

In Table 3 we present reference parameter values that are typically used for the simula-
tions below. Parameter set I is used for Models I-S and II-S, while parameter set II is used
for Models I and II. The initial physical domain size is taken to 10−2 cm which is approx-
imately 10 cell lengths; thus the scaled domain size of unity in the figures corresponds to
a physical size of 10−2 cm. In addition, note the invariance of the non-dimensionalised
equations with respect to the transformation L0 → ψL0, Ts → ψ2Ts . Consequently, the
solutions below in fact correspond to one parameter families of solutions, generated by
changing ψ .

Table 3 Parameter Sets for Models I, II, I-S and II-S. The physical domain size is taken to be 10−2 cm
which is approximately 10 cell lengths. A range of gene expression time delays are considered, up to
50 minutes in duration. Use of set I below corresponds to the use of the common parameters, plus those
specifically listed under set I; analogously for parameter set II. Note these parameters also correspond to a
family of dimensional solutions, as detailed in Section 2.5

Parameter Value

Physical initial domain size (L0, cm) 10−2

Diffusivity of the inhibitor (D, cm2/sec) 10−6

Ratio of diffusion coefficients (ε2) {10−2,10−3}
Dimensional time scale (Ts , seconds) 100
Nondimensional diffusivity of the inhibitor (d) 1
Exponential domain growth rate (δexp) {0.0008, 0.0015, 0.0016}
Linear domain growth rate (δlin) {0.00055, 0.0011}
Logistic domain growth rate (δlog) 0.00085
Final size of Logistic domain (ξ , 10−2 cm) 25

Set I

Base production rate of the activator (a) 0.128
Decay rate of the activator (b) 0.667
Activator reaction rate to produce inhibitor (c) 42.667
Nondimensional reaction rate parameter (γ ) 0.75
Activator induced saturation (κ) 0.1
Gene expression time delay (τ , 102 sec) {0.0, 0.12, 0.15, 0.6, 1.1, 1.2, 7.2, 24}
Homogeneous steady state (u∗, v∗) (1.43566, 2.06112)

Set II

Base production rate of the activator (a) 0.1
Decay rate of the activator (b) 0.5
Activator reaction rate to produce inhibitor (c) 1.0
Nondimensional reaction rate parameter (γ ) 0.2
Activator induced saturation (κ) 0.0
Gene expression time delay (τ , 102 sec) {0.0, 7.2, 15, 30}
Homogeneous steady state (u∗, v∗) (2.2, 4.84)
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2.5.1. The timescale of domain growth
Domain growth is considered to be driven by cell proliferation and thus occurs on the
timescale of the cell cycle; a reasonable timescale for domain doubling assuming fast cell
division is 24 hours (Abdreeff et al., 2000). Note that biochemical reaction timescales
are typically considered to be much faster, on the scale of seconds or minutes whereas
the diffusive timescale can be approximated by L2

0/D ∼ 100 seconds for the parameter
values in Table 3; hence we are in the slow growth regime.

Noting the representative domain doubling time of 1 day, and that a convenient
timescale is Ts ∼ L2

0/D = 100 seconds, we have the following estimates of the non-
dimensionalised growth rate parameter δ for each of the growth regimes listed in Table 2:

Exponential domain growth rate: δexp ≈ 0.0016,

Linear domain growth rate: δlin ≈ 0.0011,

Logistic domain growth rate: δlog ≈ 0.00085.

Note that logistic growth rate parameter is determined by enforcing a domain doubling
in the first 24 hours, given growth saturation occurs at 25 times the initial domain size,
so that ξ = 25 in Table 1. Additional values of the domain growth rate are also briefly
considered below.

2.6. Numerical methods

The model equations are a coupled set of parabolic partial differential equations on a fixed
one-dimensional spatial domain, with non-autonomous terms and a time delay. They are
solved via an implicit numerical scheme, storing the history of the model constituents as
required to track the time-delayed variables.

3. Results

A direct generalisation of the calculations presented by Gaffney and Monk (2006) once
more reveals that the equations of a linearised stability analysis for the models sum-
marised by Eq. (4) and Table 2 do not admit temporal oscillations at the Turing bifurcation
point.

The results presented below are numerical, using the parameters from Table 3 through-
out this section. Figure 1 depicts the results of the saturation Model II-S, and thus repre-
sents the dynamics associated with ligand internalisation morphogen-cell interactions. In
contrast, in Fig. 2 results are presented for the saturation Model I-S, which considers cell
surface, reversible ligand binding, morphogen-cell interactions. Finally, Fig. 3 plots the
results for Models I and II, where there is no longer the saturation of activator induced ac-
tivator production. Results with no gene expression time delay are presented in Figs. 1(a),
1(b), 1(c), Fig. 2(a) and Figs. 3(a), 3(b), 3(c). In the absence of gene expression dynamics,
we have always found a self-similar patterning cascade that is effectively independent of
the details of the initial condition perturbations, consistent with the results detailed by
Crampin et al. (1999).
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Fig. 1 Model II-S. In the above plots results are presented for Model II-S, which possesses ligand in-
ternalisation dynamics and saturating activator induced activator production. Parameter set I in Table 3 is
used for these plots with the ratio of diffusion coefficients given by ε2 = 10−2. With exception of (a3), the
horizontal axis in all plots represents time in units of hours, and the vertical axis gives the domain size, in
units of the initial domain length which corresponds to 10−2 cm or approximately 10 cell lengths. These
axes are also common to Figs. 2 and 3. Exponential, linear and logistic growth profiles are considered
with the respective growth rates δexp = 0.0016, δlin = 0.0011 and δlog = 0.00085, which correspond to
a doubling time of approximately 24 hours (see Section 2.5.1). IC1 denotes the initial condition (10) and
IC2 refers to the initial condition (11). Also, the non-dimensionalised gene expression time delay, τ , is
given above each plot with its dimensional size in brackets. The axes of (a3) are different for clarity. This
plot is for exponential growth with a doubling time of approximately 24 hours; the non-dimensionalised
Lagrangian spatial coordinate is used for the horizontal axis and the vertical axis is in units of hours, once
more using the timescale Ts = 100 seconds in Table 3.

3.1. The ligand internalisation models: Model II and Model II-S

Sensitivity to initial conditions, irregular patterning and patterning failure In the ab-
sence of subcellular and gene expression dynamics, the most notable feature of reaction
diffusion pattern formation on growing domains has been the robust selection of higher
modes via a cascade of pattern reorganisation, regardless of fluctuations in the initial con-
ditions. However, our results for the ligand internalisation Models, II and II-S, demon-



Aberrant Behaviours of Reaction Diffusion Self-organisation Models 2173

Fig. 2 Model I-S. In the above plots results are presented for Model I-S, where morphogen-cell interac-
tions are instigated on the cell surface via reversible ligand binding, with saturation of activator induced
activator production. Parameter set I in Table 3 is used with a ratio of diffusion coefficients given by
ε2 = 10−3. The horizontal axis in all plots represents time, in units of hours, and the vertical axis gives
the domain size, in units of the initial domain length which corresponds to 10−2 cm or approximately 10
cell lengths. The label IC1 denotes the initial condition (10). The domain is exponentially growing with a
growth parameter of δexp = 0.0015 which corresponds to a doubling time of approximately 25 hours using
the timescale Ts = 100 seconds in Table 3. Finally note that the non-dimensionalised gene expression time
delay, τ , is given above each plot with its dimensional size in brackets.

strate the general loss of this mechanism for the robust generation of pattern on consider-
ation of gene expression time delays. For example, perturbations of the initial conditions
can invoke a failure of the Turing instability in one case and patterning in another, as il-
lustrated by Figs. 1(a1) and 1(a2), even for an unrealistically small gene expression time
delay (of about 15 seconds for the parameters used). The fact the very prospect of pattern-
ing is sensitive to perturbations in the initial conditions is a level of sensitivity that has
not been observed in previous studies (Gaffney and Monk, 2006). Further, even when the
final pattern appears to be similar for different initial conditions, the temporal profile of
the patterning can be very sensitive to the initial conditions, as illustrated by Figs. 1(c1)
and 1(c2).

It is important to note that when patterning does occur, it is typically not via the self-
similar cascade characterising the self-organisation in the absence of gene expression time
delays. This is illustrated by comparing Figs. 1(a), 1(a2) or Figs. 1(b), 1(b2). More gener-
ally, while Fig. 3(b1) and other plots may appear to be exhibit reasonable pattern forma-
tion dynamics, the mechanism by which pattern is generated nonetheless lacks robustness
as explicitly illustrated for other plots in this section.

Further, consider Model II, which has ligand internalisation but no activator satura-
tion, in the case when gene expression dynamics are absent. In Figs. 3(b) and 3(c), one
can observe the number of peaks increasing in powers of two (noting the half-peaks at the
domain edge count as only one peak). However, on considering gene expression time de-
lays the self-similar peak rearrangements are lost once more, as illustrated by Figs. 3(b1),
3(b2) and Figs. 3(c1), 3(c2). Finally, the Turing instability generally fails for the lig-
and internalisation models on increasing the gene expression time delay, as illustrated in
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Fig. 3 Models I and II. In the above plots results are presented for Models I, II which lack saturating
activator induced activator production (κ = 0). The horizontal and vertical axes are the same as those used
in Figs. 1 and 2 (with the exception of Fig. 1(a3)); the horizontal axis represents time in units of hours
and the vertical axis is the domain size in units of the initial domain length. The non-dimensionalised
gene expression time delay, τ , is given above each plot with its dimensional size in brackets together with
the label I for Model I results and analogously for Model II. The labels IC1 and IC2 respectively refer
to the initial conditions (10) and (11). In plots (a–a2) we have Model I which corresponds to cell surface
reversible ligand binding of morphogen. For these plots, parameter set II in Table 3 is used with a ratio
of diffusion coefficients given by ε2 = 10−3. The domain is exponentially growing with a growth para-
meter δexp = 0.0016 in plots (a) and (a1) and δexp = 0.0008 in plot (a2) which respectively correspond
to doubling times of approximately 24 hours and 48 hours, using the timescale Ts = 100 seconds in Ta-
ble 3. In the remaining graphs, results are presented from Model II, which corresponds to morphogen-cell
interactions being driven by ligand internalisation. Parameter set II in Table 3 is used once more, though
the ratio of the diffusion coefficients is ε2 = 10−2. Further, in plots (b–b2) we have linear growth with
δlin = 0.0011 in plots (b), (b1) and δlin = 0.00055 in plot (b2). In contrast, for plots (c), (c1) and (c2) we
have logistic growth; the growth parameters are (δlog, ξ) = (0.00085,25) for all these plots. The domain
doubling time is approximately 24 hours for all plots except for (a2) and (b2), where it is approximately
48 hours, as detailed in Section 2.5.1.

Fig. 1(a3) and as previously observed for Schnakenberg kinetic models on exponentially
growing domains (Gaffney and Monk, 2006).

The patterning lag and sensitivity to the gene expression time delay The presence of
gene expression time delays sensitises the timing of the onset of patterning to fluctuations
in the initial conditions for ligand internalisation models. This novel observation is illus-
trated by Figs. 1(c1), (c2) and also by Figs. 3(c1), (c2). As expected from previous studies
(Seirin-Lee et al., 2010), small increases in the gene expression time delay radically in-
crease the time to patterning as highlighted in all plots in Fig. 1 where patterning occurs
with a non-zero gene expression time delay. Examining Fig. 1(c3) for example illustrates
that a 12 minute gene expression time delay induces a patterning lag of approximately
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2500 hours. This also reinforces the sensitivity of the patterning lag with respect to the
gene expression time delay observed previously [ibid] and clearly further demonstrated
by examining the effects of increasing the time delay in Fig. 1.

Sensitivity to the growth profile Note that in the absence of time delays, one can ob-
serve that the self-similar patterning cascade occurs regardless of the growth profile. This
yields a pattern which is semi-scale invariant though, ultimately, it is dictated by the do-
main size, as observed in Figs. 1(a), 1(b), 1(c). This is generally observed provided one
does not fix the final domain size of saturating growth to be extremely close to the domain
size where pattern rearrangement is induced, which requires exquisite parameter fine tun-
ing (Crampin et al., 1999). In contrast, comparing Figs. 1(a1), 1(b1), 1(c1) 1(a2), 1(c2)
reveals that even unrealistically small gene expression time delays can profoundly sen-
sitise patterning to the growth profile, even to the point where patterning can occur with
some growth profiles, but not with others.

3.2. The reversible ligand binding models: Model I and Model I-S

Recall that Model I corresponds to morphogen-cell interactions via reversible ligand bind-
ing on the cell surface without activator saturation; this behaves rather differently. There
is clearly an instability driving the system away from the homogeneous steady state and,
in the absence of gene expression time delays, this drives the self-similar cascade of peak
insertions depicted in Fig. 3(a). However, as observed on stationary domains (Seirin-Lee
et al., 2010), increasing the gene expression time delay, even within biologically reason-
able bounds, results in the emergence of oscillations with extremely large peaks in the
activator, as shown in Figs. 3(a1), 3(a2).

Consequently, we focus on Model I-S which additionally has saturation of activator
induced activator production. In the absence of time delays this model once more repro-
duces a self-similar cascade of peak insertion patterning. For very small gene expression
time delays one instead finds a self-similar cascade of peak splitting; this is depicted in
Figs. 2(a), 2(a1). As the gene expression time delay is increased even slightly, temporal
oscillations occur and the self-similar cascade, and indeed all spatial structure, is lost as
illustrated in Figs. 2(a3), 2(a4). This also occurs for linear and logistic growth (results not
shown). In contrast to the ligand internalisation models, the patterning lags and sensitivity
are not as profound, but the loss of spatial structure entails that patterning cannot emerge
regardless.

Finally, note that despite the fact both representations of the gene expression and sub-
cellular dynamics predict the instability of the homogeneous steady state, the nature of the
behaviour is very different. It is also very different from the dynamics of the Schnakenberg
model in the presence of time delays (Gaffney and Monk, 2006).

4. Discussion and conclusions

We have constructed a model for morphogen interactions based upon the Gierer and Mein-
hardt (1972) model on one dimensional, uniformly growing domain. We have additionally
considered representations for the sub-cellular dynamics and gene expression in the form
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of models based on ligand internalisation, Model II and Model II-S, or reversible ligand
binding at the cell surface, Model I and Model I-S. While we have noted that linear theory
does not predict the presence of oscillations, they can in fact occur with a suitable choice
of the sub-cellular dynamics. This reinforces previous observations by Gaffney and Monk
(2006) and Seirin-Lee et al. (2010) that linear theory is unreliable in the presence of gene
expression time delays and that sub-cellular and gene expression dynamics cannot be ne-
glected in models of morphogen driven pattern formation.

Crampin et al. (1999) has been among previous studies advocating that domain growth
can ameliorate the sensitivity of reaction diffusion self-organisation to noise in the ini-
tial conditions by initiating a self-similar cascade of patterning. However, even for very
small gene expression time delays this cascade is lost for Gierer–Meinhardt kinetics. In
particular, for models based on reversible ligand binding, the initial evolution away from
the homogeneous steady state results in temporal oscillations without spatial structure for
reasonable estimates of the gene expression time delay. In contrast, models based on lig-
and internalisation exhibit extreme sensitivity to the growth profile, the size of the gene
expression time delay and the initial conditions, even to the extent of determining the pres-
ence or absence of self-organisation. Thus, we have that the homogeneous steady state is
typically unstable in the presence of gene expression delays which yields the possibility of
self-organisation. However, the concerns over the lack of model robustness espoused by
numerous authors, such as Bard and Lauder (1974) and Bunow et al. (1980), re-emerge
with vigour for reaction diffusion patterning, even on growing domains, once gene ex-
pression time delays are considered.

Further difficulties are apparent. In particular, the spatially homogeneous temporal os-
cillations observed in the reversible ligand binding models cannot drive spatial pattern for-
mation and possess unreasonable oscillation amplitudes in the absence of explicit activator
saturation. In addition, patterning consistently fails for the ligand internalisation models
once the gene expression time delay is sufficiently large, while for smaller gene expres-
sion time delays the patterning lag is unreasonably large. These pathological behaviours
of the Gierer–Meinhardt model are even more severe than for the Schnakenberg model
explored for exponential growth in Gaffney and Monk (2006). While pattern formation
by self-similar cascades can occur on growing domains for restricted regions of parameter
space for the latter, such behaviour has not been found for the Gierer–Meinhardt model
given parameter values typifying biochemical diffusion rates, developmental growth and
gene expression time delays.

Our results emphasise that previously observed pathologies are not limited to a spe-
cial choice of kinetics or representation of the gene expression dynamics and are there-
fore more likely to be generic. Nonetheless, different choice of kinetics and sub-cellular
dynamics do yield different modelling predictions. Hence we also no longer have the
expectation that all systems exhibiting a Turing instability will behave in a remotely sim-
ilar way on a growing domain given gene expression dynamics. This is also important
in constructing models of developmental self-organisation on growing domains, as it is
clear that choosing the simplest kinetics, a common strategy as illustrated in Miura et
al. (2006), is inappropriate. Further, investigations of the Turing space for a given choice
of kinetics, even for growing domains, such as those derived and considered in Alber et
al. (2008) for limb self-organisation, should assess numerous additional factors given the
presence of gene expression. These include the prospect of excessive patterning lags, the
possibility of oscillations and extreme sensitivity, to the initial conditions, to the domain
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growth profile, to the representation of the signal transduction dynamics and, finally, to
the duration of the gene expression time delay.

The accumulation of results illustrating pathological behaviours for reaction diffusion
patterning in the presence of gene expression time delays does increasingly suggest a very
limited prospect of finding Turing’s mechanism in developmental systems requiring ex-
quisite control in the presence of gene expression. At best, one must consider a restricted
choice of kinetics and parameters, while the Gierer–Meinhardt model is clearly inappro-
priate on growing domains. It is also clear that studies implementing a Turing system
in development do need to address the influence of sub-cellular dynamics and whether
one can control or remove the deviant behaviour that has been observed in the present
study and previous ones (Gaffney and Monk, 2006; Seirin-Lee et al., 2010). This is es-
pecially true given such behaviour has persisted or intensified on the addition of domain
growth, which has previously been considered to reduce the difficulties associated with
Turing’s mechanism. Numerous applications of reaction diffusion modelling are subject
to such reevaluation. This includes zebrafish mesendoderm induction, where in-situ hy-
bridisation explicitly indicates the importance of gene expression (Sakuma et al., 2002;
Solnica-Krezel, 2003), and models of limb development, where reaction diffusion pat-
terning on growing domains have been extensively considered (for example Miura and
Shiota, 2000a; Hentschel et al., 2004; Newman and Muller, 2005; Miura et al., 2006;
Alber et al., 2008).

This raises an interesting and important paradox: Turing’s model does reproduce qual-
itative biological observations that can otherwise be difficult to explain in development
yet the mechanism is inordinately sensitive to gene expression dynamics. This motivates
explorations for either a novel, stabilising, secondary mechanism that supplements the
simple Turing model such as, possibly, cellular chemotaxis, or analogous, but ultimately
different, mechanisms for developmental pattern formation. One example of the latter is
based on adhesion dynamics, as suggested by Zeng et al. (2004) in the context of limb
development.

The application of Turing’s model in fish skin marking self-organisation has been sug-
gested (Kondo and Asai, 1995), though recent experiments stress a different interpretation
of Turing patterning, whereby cells form the main constituents of the model rather than
morphogens (Kondo et al., 2009; Nakamasu et al., 2009). Nonetheless, responses in the
rate of cell production or apoptosis to extracellular signals are likely to suffer from de-
lays in such models. Thus, while we have not explored fish markings in detail for the
present study, it does raise the possibility that Turing’s mechanism, or simple generali-
sations thereof, may also suffer from the difficulties we have observed despite the novel
model interpretation. Thus we conclude by suggesting that the models of the cell-cell in-
teractions that are under development to explore fish markings, such as those by Uriu and
Iwasa (2007) or Nakamasu et al. (2009), should also be assessed for sensitivity to delays
arising due to gene expression and cell dynamics.
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