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We investigate the problem of verifying different properties of discrete time dynamical systems,
namely, reachability, safety and reach-while-avoid. To achieve this, we adopt a data-driven perspective
and, using past system trajectories as data, we aim at learning a specific function termed certificate
for each property we wish to verify. We seek to minimize a loss function, designed to encompass
conditions on the certificate to be learned that encode the satisfaction of the associated property.

Keywords: Besides learning a certificate, we quantify probabilistically its generalization properties, namely, how
Verification of dynamical systems likely it is for a certificate to be valid (and hence for the associated property to be satisfied) when it
Safety comes to a new system trajectory not included in the training data set. We view this problem under

Reachability
Statistical learning
Scenario approach

the realm of probably approximately correct (PAC) learning under the notion of compression, and use
recent advancements of the so-called scenario approach to obtain scalable generalization bounds on
the learned certificates. To achieve this, we design a novel algorithm that minimizes the loss function
and hence constructs a certificate, and at the same time determines a quantity termed compression,
which is instrumental in obtaining meaningful probabilistic guarantees. This process is novel per se
and provides a constructive mechanism for compression set calculation, thus opening the road for its
use to more general non-convex optimization problems. We verify the efficacy of our methodology
on several numerical case studies, and compare it (both theoretically and numerically) with closely
related results on data-driven property verification.

© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CCBY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Dynamical systems offer a rich class of models for describ-
ing the behavior of diverse, complex systems (Hirsch, Smale, &
Devaney, 2003). It is often of importance that these systems
meet certain properties, for example, stability, safety or reachabil-
ity (Edwards, Peruffo, & Abate, 2024; Jagtap, Soudjani, & Zamani,
2021; Nejati, Lavaei, Jagtap, Soudjani, & Zamani, 2023; Prajna,
Jadbabaie, & Pappas, 2007). Verifying the satisfaction of these
properties, also termed as specifications, is a challenging, but
important, problem.

One research direction involves discretizing the state space
(Abate, Giacobbe, Roy, & Schnitzer, 2025; Badings et al., 2023;
Rickard, Badings, Romao, & Abate, 2023), in order to construct
a finite model with guarantees generated using probabilistic or
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statistical model checkers (Badings et al., 2022; Rickard, Abate, &
Margellos, 2024). Discretizing the state space however tends to be
computationally expensive, even for low-dimensional systems.

An alternative approach to verify properties of dynamical sys-
tems that does not require discretizing the state space, is through
the use of certificates (Abate et al., 2025; Ames et al., 2019;
Prajna & Jadbabaie, 2004). The goal is to determine a function
over the system'’s state space that exhibits certain properties. A
well-investigated example of such certificate is that of a Lya-
punov function, used to verify that dynamics satisfy some sta-
bility property (Lyapunov, 1994). Here we consider constructing
reachability, safety, and reach-while-avoid (RWA) certificates for
discrete time systems. Overviews of techniques for certificate
learning can be found in Abate et al. (2025), Dawson, Gao, and
Fan (2023); Table 1 summarizes the related literature, which we
discuss below.

One approach to certificate synthesis considers verifying the
behavior of systems assuming that a model of the underlying dy-
namical system is known. Restricting the class of models to poly-
nomial functions, certificates can be obtained by solving a con-
vex sum-of-squares problem (Papachristodoulou & Prajna, 2002).
More generally, synthesis approaches leveraging SAT-modulo-
theories can alternatively be leveraged (Ahmed et al., 2020; Daw-
son et al., 2023). Availability of a model allows for co-design of
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Table 1
Classification of certificate synthesis approaches.
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* Theorem 1, and Algorithms 1 & 2, follow a non-convex scenario approach methodology, that does not require knowledge of the
Lipschitz constant of the dynamics, and offer probabilistic verification bounds that do not necessarily scale exponentially in the state
space dimension as with Nejati et al. (2023), Salamati, Lavaei, Soudjani, and Zamani (2024).

Model-Based Synthesis & Guarantees
Guarantees

Data-Driven Synthesis & Model-Based

Data-Driven Synthesis & Guarantees

Sum of Squares Programming
(Papachristodoulou & Prajna, 2002)

Counter-Example Guided Inductive
Synthesis (Abate, Ahmed, Edwards,

Neural Network Techniques (Anand &
Zamani, 2023; Sun, Jha, & Fan, 2020)

Giacobbe, & Peruffo, 2021; Chang,
Roohi, & Gao, 2019; Dai, Landry,
Pavone, & Tedrake, 2020; Edwards

et al,, 2024)
MPC + Reachability analysis (Abate,
Giacobbe, & Roy, 2024; Ren, Lu, Ly,
Zhang, & Xue, 2023)
SAT-modulo-theory synthesis
(Ahmed, Peruffo, & Abate, 2020)

Neural Hamilton-Jacobi Reachability
Analysis (Solanki et al., 2025; Yang,
Hu, Wei, Li, & Liu, 2024)

Neural Certificates for Safety (Jin,
Wang, Yang, & Mou, 2020)

Convex Scenario Optimization (Nejati
et al., 2023; Salamati et al., 2024)

Theorem 1, Algorithms 1 & 2*

a controller meeting certain specifications, such as safety and
reachability (Abate et al., 2024; Ren et al., 2023), using tools based
on Model Predictive Control (MPC), or reachability analysis.

The inclusion of the model’s knowledge in the synthesis pro-
cedure in practice limits the complexity of the models that may
be studied. To alleviate this requirement, data-driven techniques,
such as counter-example guided inductive synthesis (CEGIS)
(Abate et al., 2021; Chang et al.,, 2019; Dai et al., 2020; Edwards
et al.,, 2024) are able to synthesize certificates for general non-
linear systems. This is achieved via the use of neural networks
as certificate templates, allowing for the approximation of any
function within a certain function space (Hornik, Stinchcombe,
& White, 1989). Neural networks have also been explored as a
tool in Solanki et al. (2025), Yang et al. (2024) for guaranteeing
reachability, and in Jin et al. (2020) for safety analysis.

Such approaches involve data-driven synthesis, however, they
still require a model of the system when it comes to providing
guarantees on the synthesized certificates. Obtaining a model of
the system is in general difficult, as it requires domain-specific
knowledge. To alleviate these issues, in this work we follow a
data-driven route that is model-free as far both the certificate
synthesis and guarantee process is concerned. One way to achieve
this involves using one set of samples to synthesize a certificate,
and a separate set for validation (Sun et al.,, 2020). An alternative
approach which does not require different samples for validation
and is hence also the one most closely related to our formulation,
involves probabilistic property satisfaction using a convex design
and results on scenario optimization (Nejati et al., 2023; Salamati
et al., 2024), and extensions to neural networks (Anand & Zamani,
2023; Sun et al., 2020). However, these developments rely on the
system dynamics being Lipschitz continuous and for the Lipschitz
constant to be known (or a bound on this to be available). More-
over, the probabilistic guarantees provided exhibit an exponential
growth with respect to the system dimension. Both issues are not
present within our proposed approach.

In this work, we follow a scenario approach paradigm as
in Nejati et al. (2023), Salamati et al. (2024), however, we exploit
some different statistical learning theoretic developments in sce-
nario optimization. This allows us to remove the requirements
for convexity and knowledge of the Lipschitz constant of the dy-
namics, and establish probabilistic verification bounds that do not
necessarily scale exponentially on the state dimension, but their
complexity rather depends on the complexity of the underlying
property verification task.

In particular, we use any parameterized function approxi-
mator as certificate template, and learn these parameters using
a finite number of system trajectories treated as samples. We
formulate the certificate synthesis problem as a (possibly) non-
convex optimization program, that involves minimizing an ap-
propriately designed loss function, whose minimum value implies

that a given property is satisfied. To minimize that loss function
we also design a subgradient descent style procedure (Boyd &
Vandenberghe, 2014). We accompany the synthesized certificate
with probably approximately correct (PAC) guarantees on its va-
lidity, and hence on the probability of satisfying the underlying
property, when it comes to a new system trajectory. It is to be
noted that such a procedure does not require using a separate
data-set for validation. To establish such PAC guarantees, we
make use of bounds on the change of a quantity termed com-
pression set (namely, a subset of the data which would return the
same result as the entire set) (Campi & Garatti, 2023; Floyd &
Warmuth, 1995; Margellos, Prandini, & Lygeros, 2015), through
recent advancements of the so-called scenario approach (Campi
& Garatti, 2008, 2018a, 2018b; Campi, Garatti, & Ramponi, 2018;
Garatti & Campi, 2022). In particular, we are inspired by the
novel theoretical pick-to-learn framework (Paccagnan, Campi, &
Garatti, 2023), which provides a meta-algorithm for calculating
a compression set with favorable properties. Here we extend the
scope of the pick-to-learn framework by providing a constructive
instance of the general framework to compute the cardinality of
compression sets for non-convex optimization.
Our main contributions can be summarized as follows:

1. We develop a novel methodology for the synthesis of cer-
tificates to verify a wide class of properties, namely, reach-
ability, safety and reach-while-avoid specifications, of dis-
crete time dynamical systems. Our results complement the
ones in Badings et al. (2022) which are concerned with di-
rect property verification and do not construct certificates.
Our framework constitutes a first step towards control
synthesis exploiting the constructed certificates.

2. Capitalizing on developments on scenario optimization us-
ing the notion of compression, we accompany the con-
structed certificates with probabilistic guarantees on their
generalization properties, namely, on how likely it is that
the certificate remains valid when it comes to a new sys-
tem trajectory. We contrast our approach with Nejati et al.
(2023) and discuss the relative merits of each, both theo-
retically (Section 5) and numerically (Section 6).

3. As a byproduct of our certificate construction algorithm,
we provide a novel mechanism to compute the compres-
sion set, which is instrumental in obtaining meaningful
probabilistic guarantees. This results in a posteriori bounds
which, however, scale favorably with respect to the sys-
tem dimension. This process is novel per se and provides
a constructive approach for the general compression set
calculation in Paccagnan et al. (2023), opening the road for
its use in general non-convex optimization problems.
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Notation. We use {gk}fzo to denote a sequence indexed by
k € {0,1,...,K}. V = ¢ defines condition satisfaction i.e., it
evaluates to true if the quantity V on the left satisfies the con-
dition ¢ on the right, eg, x = 1 & x > 0 evaluates to true
and x = —1 E x > 0 evaluates to false. Using [~ represents
the logical inverse of this (i.e., condition dissatisfaction). By (V& €
E)V E ¥ (&) we mean that some quantity V satisfies a condition
Y which, in turn, depends on some parameter &, for all £ € 5.

2. Certificates

We consider a family of certificates that allow us to make
statements on the behavior of a dynamical system. Hence, we
begin by defining a dynamical system, before considering the
certificates and properties they verify.

2.1. Discrete time dynamical systems

We consider a bounded state space X C R", and a dynamical
system whose evolution starts at an initial state x(0) € X;, where
X; C X denotes the set of all possible initial conditions. From an
initial state, we can uncover a finite trajectory, i.e., a sequence of
states & = {x(k)}[zo, where T € N, by following the dynamics

x(k 4+ 1) = f(x(k)). (M

We define f: X — R", and assume it to permit unique solutions,
but make no further assumptions on its properties. The set of
all possible trajectories & < X; x X' is then the set of all
trajectories starting from the initial set X;. This set-up considers
only deterministic systems, but our methods are applicable to
systems with stochastic dynamics — we discuss this in further
detail in Section 3.1. Our general form of dynamical system allows
for verifying systems with controllers “in the loop”: for instance,
our techniques allow us to verify the behavior of a system with
a predefined control law structure, such as Model Predictive
Control (Garcia, Prett, & Morari, 1989).

In Section 3, we discuss using a finite set of trajectories in
order to provide generalization guarantees for future trajectories.
Our techniques only require a finite number of samples, and
are theoretically not restricted on the properties of such samples
(for instance, we may have a finite number of samples each
with an infinitely long time horizon). However, we discuss in
Section 4 how one can synthesize a certificate in practice, and our
algorithms are required to store, and perform some calculations
on, these trajectories (which is not practically possible for T taken
to infinity, or continuous time trajectories).

In order to verify the satisfaction of a property ¢, we consider
the problem of finding a certificate as follows.

Definition 1 (Property Verification & Certificates). Given a property
¢(£), and a function V:R" — R, let ¥* and ¥(£) be conditions
such that, if

[3V: (VIE Y AVE € B)V = 94(8)] = ¢(&), V& € &,

then the property ¢ is verified for all £ € &. We then say that
such a function V is a certificate for the property encoded by ¢.

In words, the implication of Definition 1 is that if a certificate
V satisfies the trajectory-independent conditions in v*, as well as
the trajectory-dependent conditions in ¢4 (&), for all £ € &, then
the property ¢(&) is satisfied for all trajectories £ € &.
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2.2. Certificates

We now provide a concrete definition for a number of these
properties, and associated certificates (and certificate conditions)
that meet the format of Definition 1. We assume that V is con-
tinuous, so that when considering the supremum/infimum of V
over a bounded set, this is well-defined.

Property 1 (Reachability). Consider (1), and let X¢, X; C X denote a
goal and initial set, respectively. Assume further that X¢ is compact
and 0X; denotes its boundary. If, for all § € 2,

Greacn(§) := 3k € {0, ..., T}:x(k) € Xg, (2)

holds, then we say that ¢reach encodes a reachability property. &
denotes the set of trajectories consistent with (1) and with initial
states contained within X;.

By the definition of ¢reach it follows that verifying that a system
exhibits the reachability property is equivalent to verifying that
all trajectories generated from the initial set enter the goal within
at most T time steps. To verify this property, we consider a cer-
tificate that must satisfy a number of conditions. These conditions
are summarized next. Fix § > — infycx, V(x) > 0. We then have

V(x) <0, Vx e X, (3)
V(x) > =68, Vx € 0Xg, (4)
V(x) > =48, Vx € X \ X¢, (5)
V(x) >0, Vx e RV \ X, (6)
V(x(k + 1)) — V(x(k)) (7)

< —l(supV(x)—i—(S), k=0,...,k¢—1,
T XeX|

where k¢ := min{k € {0,...,T}:V(x(k)) < =8}, or k¢ =
T, if there is no such k. Conditions (4)-(6) allow characterizing
different parts of the state space by means of specific level sets of
V. In particular, we require V to be non-positive within the initial
set X;(3) and positive outside the domain (6) (to ensure we do not
leave the domain, where (7) may not hold), while V should be no
more negative than a pre-specified level —§ < 0 in the rest of
the domain X(5), and the sublevel set V less than —§ should be
contained within the goal set X; (4). Conditions (4)-(5) provide a
bound on the value of our function which we must reach within
the time horizon.

The condition in (7) is a decrease condition (its right-hand side
is negative due to the choice of §), that implies V is decreasing
along system trajectories till the first time the goal set is reached
(by the definition of the time instance k¢). If T is allowed to tend
to infinity (i.e. an infinite time horizon), the difference condition
in (7) is reduced to a negativity requirement, as is standard in
the literature (Edwards et al., 2024). To gain some intuition on
(7), see that if kc = T, its recursive application leads to

V(x(T)) < V(x(0)) — Tl(sup V(x)+ 8) < -4, (8)
xeX|

where the inequality holds since V(x(0)) < sup,ey, V(x). There-

fore, if the system starts within X;, then it reaches the goal set

(see (4)) in at most T steps.

A graphical representation of these conditions is provided in
Fig. 1. The inner sublevel set (with dashed line) is the set obtained
when the certificate value is less than —§, whilst the outer one is
the set obtained when the certificate is less than 0. The decrease
condition then means that we never leave the larger sublevel set
and must instead converge to the smaller sublevel set.

Now introduce ;.. to encode conditions (3)-(6), while

rﬁach(é) captures (7). Notice that the latter depends on & as it is
enforced on consecutive states x(k) and x(k+ 1) along a trajectory.

With this in place, we can now define our first certificate.
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Fig. 1. Pictorial illustration of the level sets associated with the reach certificate
for the system in (35).

Proposition 1 (Reachability Certificate). A function V:R" — R is
a reachability certificate if

|4 ': w:each A (V‘éa: € E)V ': wrﬁach(é)' (9)

The proof is based on (8); provided formally in Appendix A.
In words, Proposition 1 implies that a function V is a reacha-
bility certificate if it satisfies (3)-(6), and (7) for all trajectories
generated by our dynamics.

We now consider a safety property, which is in some sense
dual to reachability.

Property 2 (Safety). Consider (1), and let X;, Xy C X with X;NXy =
@ denote an initial and an unsafe set, respectively. If for all £ € 2,

bsare(§) == Vk € {0, ..., T}, x(k) ¢ Xy,

holds, then we say that ¢sase encodes a safety property. = denotes the
set of trajectories consistent with (1) and with initial state contained
within X;.

By the definition of ¢sate, it follows that verifying that a system
exhibits the safety property is equivalent to checking that all
trajectories emanating from the initial set avoid the unsafe set
for all time instances, until horizon T. The safety property may
be constructed for unbounded X.

We now define relevant sufficient conditions for a certificate
to verify this property, namely,

V(x) <0,Vx € X, (10)
V(x) > 0, Vx € Xy, (11)
V(x(k + 1)) — V(x(k)) (12)
< %(xler)l(g V(x) — )s(;gV(x)), k=0,...,T—1.

Notice that even if infyex, V(x) — sup,ex, V() > 0, ie, in the
case where the last condition encodes an increase of V along the
system trajectories, the system still avoids entering the unsafe
set. In particular,

V(X(T)) < V(x(0)) + ( inf V(0 — sup V(x))

xeX|

< inf V(x), (13)
xeXy

where the inequality holds since V(x(0)) < sup,eyx, V(x). There-
fore, by (11), the resulting inequality implies that even if the
system starts at the least negative state within Xj, it will still
remain safe. Since we consider finite horizon properties, this
increase allows us to be less conservative compared with a simple
negativity condition, which would be recovered if we allow T to
tend to infinity.
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(a) Reachability
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Fig. 2. Pictorial illustration of (a) reachability, (b) safety, and (c) RWA properties,
respectively. Black lines illustrate sample trajectories that satisfy the associated
properties.

We denote by . the conjunction of (10) and (11), and
by 1//SAafe(S) the property in (12). We then have the following
safety/barrier certificate.

Proposition 2 (Safety/Barrier Certificate). A function V:R" — R is
a safety/barrier certificate if

V= Yo A (V6 € BNV Yge(§). (14)

The proof can be found in Appendix A. Combining reachability
and safety leads to richer properties. One of these is defined next.

Property 3 (Reach-While-Avoid (RWA)). Consider (1), and let
X, Xy, X C X with (X; U Xg) N Xy = @ denote an initial set,
an unsafe set, and a goal set, respectively. Assume further that X¢
is compact and denote by 0X; its boundary. If for all £ € &,

(f)RWA(E) = Vk S {0, ey T}, X(k) ¢ XU UXC
A dke{0,..., T}, x(k) € Xg,

holds, then we say that ¢rwa encodes a RWA property. = denotes the
set of trajectories consistent with (1) and with initial state contained
within X;.

By the definition of ¢grwa, it follows that verifying that a
system exhibits the RWA property is equivalent to verifying that
all trajectories emanating from the initial set X; avoid entering
the unsafe set Xy (and the set complement of the domain X), and
also eventually enter the goal set X.

The RWA property is derived from the reachability and safety
properties, thus the conditions ., are the conjunction of ¥%,_
and ¥g., and Yaya(§) is given by the conjunction of ¥4, (&)
with the following requirement:

V(x(k + 1)) — V(x(k)) (15)
< l (ian(x)—i—(S),k=kc,...,T—1,
T \xexy

Proposition 3 (RWA Certificate). A function V :
R™ — R is a RWA certificate if

VI Vawa A (VE € EW E Yiwa). (16)

The proof can be found in Appendix A. We provide a graphical
representation of the properties in Fig. 2.

To synthesize one of these deterministic certificates, we re-
quire complete knowledge of the behavior f of the dynamical
system, to allow us to reason about the space of trajectories =Z.
This may be impractical, and we therefore consider learning a
certificate in a data-driven manner.
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3. Data-driven certificates

We denote by (X;, 7, P) a probability space, where F is a o-
algebra and P: 7 — [0, 1] is a probability measure on the set of
initial states X;. Then, the initial state of the system is randomly
distributed according to P.

To obtain our sample set, we consider N initial conditions,
sampled from P, namely {x/(0)}}\. | ~ PV, where we assume that
all samples are independent and identically distributed (i.i.d.). Ini-
tializing the dynamics from each of these initial states, we unravel
a set of trajectories {Si}ﬁ": 1+ Since there is no stochasticity in the
dynamics, we can equivalently say that trajectories (generated
from the random initial conditions) are distributed according to
the same probabilistic law; hence, with a slight abuse of notation,
we write & ~ P. In the case of a stochastic dynamical system, the
vector field would depend on some additional disturbance vector;
our subsequent analysis will remain valid with P being replaced
by the probability distribution that captures both the randomness
of the initial state and the distribution of the disturbance. We
impose the following mild assumption.

Assumption 1 (Non-concentrated Mass). Assume that P{§} = O,
forany & € &.

3.1. Problem statement

Since we are now dealing with a sample-based problem, we
will be constructing probabilistic certificates and hence proba-
bilistic guarantees on the satisfaction of a given property. We will
present our results for a generic property ¢ € {@reach, Psates Prwa}
and associated certificate conditions ¥*, 2.

Denote by Vy a certificate of property ¢, we introduce the
subscript N to emphasize that this certificate is constructed on
the basis of sampled trajectories {Ei}ﬁ\L].

Problem 1 (Probabilistic Property Guarantee). Consider N sampled
trajectories, and fix a confidence level 8 € (0, 1). We seek a
property violation level, or “risk”, € € (0, 1) such that

PV (g, e N
Pl € B: ()} <€ }=1-8. (17)

We achieve this by considering a bound on the probability of
a new trajectory satisfying our certificate conditions. Addressing
this problem allows us to provide guarantees even if part of the
initial set does not satisfy our specification. Our statement is in
the realm of probably approximately correct (PAC) learning: the
probability of sampling a new trajectory & ~ P failing to satisfy
our certificate condition is itself a random quantity depending on
the samples {éi}ﬁ\’: 1» and encompasses the generalization proper-
ties of a learned certificate Vy. It is thus distributed according
to the joint probability measure PN, hence our results hold with
some confidence (1 — B).

Providing a solution to Problem 1 is equivalent to determining
an € € (0,1), such that with confidence at least 1 — S, the
probability that Vy does not satisfy the condition ¥° A ¥2(£)
for another sampled trajectory & € Z is at most equal to that
€. As such, with a certain confidence, a certificate Vy trained on
the basis of N sampled trajectories, will remain a valid certificate
with probability at least 1 — €. Therefore, we can argue that Vy is
a probabilistic certificate, and hence the property holds (at least)
with the same probability.
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Fig. 3. Pictorial illustration of the compression set notion of Definition 2.

3.2. Probabilistic guarantees

We now provide a solution to Problem 1. To this end, we refer
to a mapping A such that Vy = A({&'}Y,) as an algorithm that,
based on N samples, returns a certificate Vy. Our main result
will apply to a generic algorithm that exhibits certain properties
outlined as assumptions below. In Section 4 we provide a specific
synthesis procedure through which A (and hence the certificate
Vn) can be constructed, and show that this algorithm satisfies the
considered properties.

The following definition constitutes the backbone of our anal-

ysis.
Definition 2 (Compression Set). Fix any {£'}, and let cy <
{€'}) | be a subset of the samples with cardinality Cy = |Cy| < N.
Define V¢, = A(Cy). We say that Cy is a compression of {‘;"‘}{.\’z1
for algorithm A4, if

Vey = A(Cy) = AUEI ) = . (18)

Notice the slight abuse of notation, as the argument of A might
be a set of different cardinality; in the following, its domain will
always be clear from the context.

Fig. 3 illustrates Definition 2 pictorially. It should be noted that
compression set cardinalities may be bounded a priori (Campi
& Garatti, 2008), that is, without knowledge of the sample-set,
or obtained a posteriori, and hence depending on the given set
{S"}ff’:1 (Campi & Garatti, 2018b). We could take a compression
set as the entire sample set, resulting in a trivial property viola-
tion upper bound of 1. However, it is of benefit to determine a
compression set with small (ideally minimal) cardinality, as the
smaller Cy is, the smaller risk we can guarantee. In this paper we
are particularly interested in a posteriori results, since we solve a
non-convex problem we cannot in general provide a non-trivial
bound to the cardinality of the compression set a priori (Campi
et al, 2018). Therefore, we introduce the subscript N in our
notation for Cy (set) and Cy (corr. cardinality), respectively.

The properties this algorithm .4 must satisfy are as follows
(adapted from Campi & Garatti, 2023).

Assumption 2 (Properties of .A). Assume that algorithm A exhibits
the following properties:

1. Preference: For any pair of multisets C; and C, of elements of
{EN}N,, with ¢; C ¢y, if ¢; does not constitute a compression set
of C, for algorithm 4, then C; will not constitute a compression
setof Co U {&} forany & € Z.

2. Non-associativity: Let {gf}f.V;;”V for some N > 1. If ¢ constitutes

a compression set of {&}¥ U {&} for all & e {£}\4Y, for

algorithm A4, then C constitutes a compression set of {Si}ﬁ\’: J“]N (up

to a measure-zero set).

If these are satisfied we may use the theorem below to provide
probabilistic guarantees on property satisfaction.

Theorem 1 (Probabilistic Guarantees). Consider any algorithm A
satisfying Assumption 2 such that Vy = A({S’}f’:]) = /\fl=0 YAEHA
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WS, with trajectories {5'}?’21 generated in an iid. manner from a
distribution satisfying Assumption 1. Fix 8 € (0, 1), and for k < N,
let e(k, B, N) be the (unique) solution to the polynomial equation in
the interval [k/N, 1]

ﬂ Nil(T) m—N
LN Mg gy
N 2 )

B (D)
L kS gynN — q 1
2 =) : (19)
m=N+1 \k
while for k = N let (N, B, N) = 1. We then have that
PN{(g, e BV : (20)

Pl € 5:=¢(§)} < e(Cy. B.N)} = 1 B.

Proof. Fix 8 € (0, 1), and for each {é"}{v:1 let Cy be a com-
pression set for algorithm .4. Moreover, note that letting Vy =
A({"}Y.,) we construct a mapping from samples {£} | to a
decision, namely, Vy, while we impose as an assumption that this
mapping satisfies the conditions of Assumption 2.

We first demonstrate that if the certificate conditions are not
satisfied on a new sample, then there will be a change in the
compression set when the algorithm is fed all samples plus the
new violating sample, as follows

(£ e B:WIEY AYAE)
C{& e B:Vy # AUEN, U {ED)
= {€ € Z: ACy) # AlCy)}
Cl{Eed:on#Ci) (21)

where C,j denotes a compression set for algorithm .4 when fed
with {g‘}f":] U {&}. The first inclusion is since for any & € & for
which Vy no longer satisfies the certificate condition (y° Ay 2(£)),
we must have that the certificate changes, i.e., A{E}Y | U {&})
(the output of our algorithm when fed with one more sample) is
different from Vy. The opposite statement does not always hold,
as having a different certificate does not necessarily mean the old
one violates an existing condition for a new & € Z. The equality
holds as Vy = A(Cy), and A({£}Y, U {£}) = A(Cy), by definition
of a compression set. Finally, the last inclusion stands since any
& € & for which A(Cy) # A(CY), should be such that ¢y # Cy.
The opposite direction does not always hold, as if CR,L D Cy then
we get another compression set of higher cardinality, and hence
we may still have A(Cy) = A(CY)).

This derivation establishes the fact that the probability of Vy
violating the property when it comes to a new &, is bounded by
the probability that the compression set changes, i.e.,, we have
that

P(E € B:Vy b= v° A Y2(E))
<P{E € E:Cn #Cy ) (22)

We can now make use of Campi and Garatti (2023, Theorem 7),
which implies that with confidence at least 1 — §, the probability

—

that for a new £ € Z the compression set changes, is at most
e(Cy, B, N), ie,

P(§ € E:¢f # Oy} < &(Cy, B, N), (23)

where the expression of e(k, 8, N) for different values of k is given
in (19). By (22) and (23), we have that

PV { (g, e BN :
P{E € B:Vy Y  AYA(E)) <&y, B N) = 1 8.

By the implication in Definition 1, (20) follows, thus concluding
the proof. O

g &

[
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The following remarks are in order.

1. Notice that Theorem 1 involves evaluating e(k, 8, N) at k = Cy,
i.e., at the cardinality of the compression set. Due to the depen-
dency of ¢ on the samples (via Cy), the proposed probabilistic
bound is a posteriori as it is adapted to the samples we “see”.
As a result, this is often less conservative compared to a priori
counterparts.

2. For cases where algorithm A takes the form of an optimization
program that is convex with respect to the parameter vector,
determining non-trivial bounds on the cardinality of compression
sets is possible (Campi & Garatti, 2008; Margellos et al., 2015),
as this is related to the notion of support constraints in convex
analysis. However, determining compression sets of low cardi-
nality (necessary for small risk bounds) becomes a non-trivial
task if A involves a non-convex optimization program and/or is
iterative (as Algorithm 1). This is since in a non-convex setting,
samples that give rise to inactive constraints may still belong
to a compression set, as they may affect the optimal parameter
implicitly.

3. An alternative procedure is to use sampled trajectories and
to check directly whether a property is satisfied for them (by
checking the property definition, rather than using the associated
certificate’s conditions). This is a valid alternative but has the
drawback of not providing a certificate Vy, but simply provides
an answer as far as the property satisfaction is concerned. This
direction is pursued in Badings et al. (2022); we review this result
and compare with our approach in Section 5.1. Note that having
a certificate is interesting per se, and opens the road for control
synthesis, which we aim to pursue in future work.

4. Certificate synthesis

In this section, we propose mechanisms to synthesize a cer-
tificate from sampled trajectories, thus offering a constructive
approach for algorithm A in Theorem 1.

We treat a certificate as an appropriately parameterized “tem-
plate” (e.g., neural network), and denote the parameter vector
6. We then have that our certificate Vy depends on 6, which
is a vector we seek to identify to instantiate our certificate. For
the results of this section, we simply write V, and drop the
dependency on N to ease notation.

4.1. Certificate and compression set computation

We provide an algorithm that seeks to determine an optimal
certificate parameterization 6*, resulting in a certificate Vy+. To
this end, for a £ € & and parameter vector 6, let

L(6,&) =176, )+ F(6), (24)

represent an associated loss function consisting of a sample-
dependent loss 4, and a sample-independent loss IF. Without
loss of generality, we assume that we can drive the sample-
independent loss to be zero (see further discussions later). We
impose the next mild assumption, needed to prove termination
of our algorithm.

Assumption 3 (Minimizers’ Existence). For any {5}?’: ;» and any
non-empty D C {‘;‘}ﬁ":], the set of minimizers of maxgep L(6, &),
is non-empty.

We aim at approximating a minimizer 6* of the quantity
Mmaxgzep L(6, §) when D = {5}?’:1, which exists due to Assumption
3. We can then use that minimizer to construct Vy+. To achieve
this, we employ Algorithm 1. The motivating idea is to perform
a subgradient descent step where one is allowed to follow an
incorrect gradient as long as it points in the right direction. We
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Algorithm 1 Certificate Synthesis and Compression Set Computation.
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: function A(6, D)
: Setk <0
: SetC < o
Fix L1 < Ly with L1 — Lg| > 7

> Initialize iteration index

> Initialize compression set

> 7 is any fixed tolerance

> While sample-independent state loss is non-zero

1
2
3
4
5: while F(6) > 0 do
6
7
8
9

g <« VulF(0) > Gradient of loss function
0 <—0—oag > Step in the direction of sample-independent gradient
repeat
: k<—k+1 B ~ > Update iteration index
10: M < {§ € D:L(0,§) > maxg L(O, &)} > Find samples with loss greater than compression set loss
11: g < {Vol(6, é)}éeM > Subgradients of loss function for & € M
12: E. € argmaxz . L6, &) > Find a sample with maximum loss from C
13: o < Vol(0,8,) > Approximate subgradient of loss function for & = £,
14: ifdgeg,:(8.8¢) <0OAZ #0 then > If there is a misaligned subgradient (take the maximum if multiple)
15: 0 «<—0—ag > Step in the direction of misaligned subgradient
16: C < CU{¢&} > Update compression set with sample corresponding to g
17: else
18: 0 <6 —age > Step in the direction of approximate subgradient
19: Ly <= min {L;_1, maxgec L(6, §)} > Update “running” loss value

20: until |L, — L] <7
21: return 6, Cy = C U argmaxe.p L(0, §)

> Iterate until tolerance is met

explain the main steps of Algorithm 1 with the aid of Fig. 4, where
each sample gives rise to a concave triangular constraint.

Algorithm 1 takes as input some initial (arbitrary) parameter
vector 6 and a set of samples D C {g}ﬁ‘;. First, in steps 6-7 ,
we optimize by means of a subgradient descent regime for the
sample-independent loss until this loss is non-positive, which
serves as a form of warm starting. Then, we follow the subgra-
dient associated with the worst case sample and add it to the
compression set C (step 15-16, point M; in Fig. 4). When iterates
get to point a like M,, the subgradient step becomes inexact, as
for the same parameter there exists a sample resulting in a higher
loss (see asterisk). Such a sample is in M, step 10 of Algorithm
1. However, the algorithm does not “jump” to that point, as the
inner-product condition in step 14 of the algorithm is not yet
satisfied. Graphically, this is since the M, and the red asterisk
are on a side of the respective constraint with the same slope. As
such the algorithm performs inexact subgradient descent steps
up to point Ms; this is the first instance where the condition
in step 14 is satisfied (i.e., there exists another constraint with
opposite slope!) and hence the algorithm “jumps” to a point with
higher loss and subgradient of opposite sign. This procedure is
then repeated as shown in the figure, with the red line indicating
the iterates’ path. The “jumps” serve as an exploration step to
investigate the non-convex landscape, while their number (plus
two for initial and final worst case sample) corresponds to the
cardinality of the returned compression set. We iterate till the
loss value meets a given tolerance n (see steps 20 and 19). It is to
be understood that if C is empty (as per initialization) steps 12-13
are not performed.

Overall, Algorithm 1 can be viewed as a specific choice for the
mapping A introduced in Section 3 when fed with D = {S,-}L,
and some initial choice for 6. It follows a subgradient descent
scheme with “jumps” that (i) allows minimizing a (possibly)
non-convex loss function, and (ii) the mechanism that triggers
the “jumps” provides the means to compute a compression set.
Such a mechanism serves as an efficient alternative to existing
methodologies, as we construct it iteratively. At the same time

1 This constraint with opposite slope may be any constraint with loss greater
than the loss evaluated on the compression set, not just the maximum one.

Loss ,

\
ail

Y

Parameter Space

Fig. 4. Graphical illustration of Algorithm 1.

the constructed compression set is non-trivial as we avoid adding
uninformative samples to it, and only add one sample per iter-
ation in the worst case. However, the added sample has a loss
higher than that of the compression samples (see step 10), and is
also informative in the sense of having a misaligned subgradient
that allows for exploration (see step 14). It should be highlighted
that the underpinning idea of constructing the compression set
by incrementing it by one sample at a time is inspired by the
so called pick-to-learn paradigm proposed in Paccagnan et al.
(2023). That methodology is general and does not involve a
gradient-descent scheme equipped with our proposed logic. This
design is thus novel and serves as a constructive instance of the
general methodology of Paccagnan et al. (2023).

The main features of Algorithm 1 are summarized in the
proposition below, while its proof can be found in Appendix A.

Proposition 4 (Algorithm 1 Properties). Consider Assumption 1,
Assumption 3 and Algorithm 1 with D = {&-}L and a fixed (sample
independent) initialization for the parameter 6. We then have:

1. Algorithm 1 terminates, returning a parameter vector 6* and a set
Cn.
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2. The set Cy with cardinality Cy = |Cn| forms a compression set for
Algorithm 1.
3. Algorithm 1 satisfies Assumption 2.

Proposition 4 implies that we can construct a certificate Vy =
Vp+, while the algorithm that returns this certificate satisfies
Assumption 2 and admits a compression set Cy with cardinality
Cn. As such, Algorithm 1 offers a constructive mechanism to syn-
thesize a certificate, and, if the loss is driven to zero (the assumed
minimum value), then all certificate conditions are met and hence
the probabilistic guarantees obtained refer to guarantees on the
probability of satisfaction of the underlying property. It should
also be noted that in the numerical simulations presented below,
we equipped the subgradient descent scheme with a momentum
term thus constructing a deterministic version (as the step size
is deterministic) of the so called Adam algorithm (Kingma & Ba,
2015) to boost performance.

4.2. Discarding mechanism

In some cases, the parameter returned by Algorithm 1 may
result in a value of the loss function that is considered as unde-
sirable (and as a result the constructed certificate might be far
from meeting the desired conditions). To achieve a lower loss,
we make use of a sample-and-discarding procedure (Campi &
Garatti, 2011; Romao, Papachristodoulou, & Margellos, 2023). To
this end, consider Algorithm 2. At each iteration of this algorithm,
the compression set returned by Algorithm 1 (step 5) is discarded
from D, and added to a record of the set of removed samples
R (steps 6-7). We repeat the process till the worst case loss
Maxgep L(6, ) > 0 becomes zero (its minimum value). This
implies that Algorithm 1 is invoked each time with fewer samples
as its input, while the set R progressively increases. The set of
samples that are removed across the algorithm’s iterations is
denoted by Ry, and forms a compression set for Algorithm 2.
However, it has higher cardinality compared to the original com-
pression set, implying that improving the loss comes at the price
of an increased risk level ¢ as the cardinality of the compression
set increases.

Algorithm 2 Compression Set Update with Discarding.

1: Fix (€'},

2 SetC <« @

3: Set D « {1},

4: while maxgcp L(0, £) > 0 do
5: 6,C < A0, D)
6
7
8

> Initialize compression set
> Initialize “running” samples

> Call Algorithm 1
> Discard compression set C from D
> Store discarded samples

D <« D\C
R <« RUC
creturn 9, Ry = R

This algorithm can be thought of as an add-on to Algorithm
1 and in general to the procedure of Paccagnan et al. (2023) as
it offers the means to trade the size of the compression set to
performance. Unlike Algorithm 1 and Paccagnan et al. (2023, Al-
gorithm 1) that iteratively increase the samples used for learning,
Algorithm 2 gradually decreases the number of samples used as
input to .4 across iterations.

Proposition 5 (Algorithm 2 Properties). Consider Assumption 1,
Assumption 3 and Algorithm 2 with D = {Ei}f’zl and a fixed (sample
independent) initialization for the parameter 6. We then have:

1. Algorithm 2 converges to a minimum loss value of zero, returning
a parameter vector 6* and a set Ry.

2. The set Ry with cardinality Ry = |Ry| forms a compression set
for Algorithm 2.

3. Algorithm 2 satisfies Assumption 2.
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The proof of this proposition can be found in Appendix A. Since
it establishes that Algorithm 2 satisfies Assumption 2, we have
that Algorithm 2 enjoys the guarantees of Theorem 1 with Ry in
place of Cy.

The cardinality of the compression set does not necessarily
increase with the state space dimension, but is rather depen-
dent on the complexity of the problem. For example, a problem
where some trajectories approach or even enter the unsafe set
presents a more challenging synthesis problem than one where
trajectories all move in the opposite direction to the unsafe set,
thus we expect the former to have a larger compression set even
if the problem is smaller in dimension. This claim is supported
numerically by the results of Section 6.

4.3. Choices of loss function

We now provide some choices of the loss function L(0, &) =
12(Vy, &) + F(Vp) so that minimizing that function we obtain a
parameter vector #*, and hence also a certificate Vy+, which sat-
isfies the conditions of the property under consideration, namely,
reachability, safety, or RWA. Note that when calculating sub-
gradients to these functions, which as we will see below are
non-convex, we effectively have the so-called Clarke subdiffer-
ential (Clarke, 1990).

We provide some expressions for I and [ for the reachability
property in Property 1. For the other properties, the loss functions
can be defined in an analogous manner. To this end, we define

B(Vy) := max{0, —8 — Vy(x)} dx (25)
X\Xg

+ / max{0, Vy(x)} dx+/ max{0, —Vp(x)} dx.
X RN\X

Focusing on the first of these integrals, if V(x) > —4§ then
max{0, —§ — Vy(x)} = O, i.e., no loss is incurred, implying sat-
1sfact10n of (4), (5). Under a similar reasoning, the other integrals
account for (3) and (6), respectively. For a sufficiently expressive
function approximator, we can find a certificate V which satisfies
the state constraints and hence has a sample-independent loss of
zero.

In practice, we replace integrals with a summation over points
generated deterministically within the relevant domains. These
points are generated densely enough across the domain of inter-
est, and hence offer an accurate approximation. This generation
may happen through gridding the relevant domain, or sampling
according to a fixed synthetic distribution; these samples are
considered here to be fixed and they are not related with the
ones used to provide probabilistic guarantees. For the last term,
we only enforce the positivity condition on the border of the
domain X. Thus, we take a deterministically generated discrete
set of points on each domain X% for points in the domain but
outside the goal region, &; from the initial set, and X for the
border of the domain X. Our loss function takes then the form:

B(vy): = % x; max{0, —8 — Vy(x)} (26)
+ m max{0, Vy(x |X | Z max{0, —Vy(x)}.

XEX] XEX)

We define I by

14(Vp, &) := max { 0, max
k=0,....kg—1

— %(sup Vg(x)—i-S) } . =

XEX]
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The value of I* encodes a loss if the condition in (7) is violated.
If both I and 14 evaluate to zero for all {£}} ,, then we have that

F(Ve)+ max 14(Vy, £') = 0, (28)

which by Certificate 1 implies that the constructed certificate Vj
is such that

Vo b= Viean A =1, NIV |= Yiguan(€): (29)
Analogous conclusions hold for all other certificates.

5. Comparison with related work
5.1. Direct property evaluation

As is known in the case of Lyapunov stability theory, the
existence of a certificate is useful per se, and allows one to
translate a property to a scalar function. However, if one is not
interested in the construction of a certificate and only in such
guarantees, then Theorem 2 in Badings et al. (2022) provides an
alternative.

Proposition 6 (Theorem 2 in Badings et al, 2022). Fix 8 € (0, 1),
and forr =0, ...,N — 1, determine &(r, B, N) such that

.
NY & N—k_ B
1— ==
Z(,{)e( £) N (30)
k=0
while for r = N let &(N, B, N) = 1. Denote by Ry the number of
samples in {5'}?’=1 for which ¢(&") is violated. We then have that

PY{{e", e BV :
P{& € Z:—¢(§)} < e(Ry, B.N)} = 1—B. (31)

This is an a posteriori result, as Ry can be determined only once
the samples are observed. In this case, we have a compression set
which is the set of all discarded samples, plus an additional one to
support the solution after discarding. Since this additional sample
is always present, we incorporate it in the formula in (30).

We remark that one could obtain different bounds through
alternative statistical techniques, such as Hoeffding’s inequal-
ity (Hoeffding, 1963) or Chernoff's bound (Chernoff, 1952). Since
these bounds are of different nature, we do not pursue that
avenue further here.

We compare the risk levels ¢ computed by each approach
on a benchmark example in (35) under a safety specification;
general conclusions are case dependent, as both bounds are a
posteriori. For a fixed 8, Fig. 5 shows the resulting risk levels for
varying N across 5 independently sampled sets of trajectories.
The difference between the orange curve and the blue one can
be interpreted as the price related to certificate generation, as per
Theorem 1. For sufficiently large N, this price is marginal. As the
specification is deterministically safe, no discarding is performed
for Proposition 6, resulting in a smooth curve without variability.
For non-zero Ry we expect variability as Ry will be randomly
distributed.

5.2. Certificate Synthesis as in Nejati et al. (2023)

The results in Nejati et al. (2023) constitute the closest to
our work. As no results on reachability and RWA problems were
provided in Nejati et al. (2023), we limit our discussion to the
safety property. As with our work, a sample-based construction is
performed, where samples therein are pairs (state, next-state), as
opposed to trajectories as in our work. However, the probabilistic
bounds established in Nejati et al. (2023) are structurally different
and of complementary nature to our work: next, we review the
main result in Nejati et al. (2023), adapted to our notation.
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0.40- “%-Risk calculated with
certificate (Theorem 1)
«Risk calculated directly
0.304 (Proposition 6)

0.00

Fig. 5. Comparison of the bounds in Theorem 1 and Proposition 6 for direct
property evaluation. Median values across the 5 runs are shown with a cross,
and ranges are indicated by error bars.

Theorem 2 (Theorem 5.3 in Nejati et al., 2023). Consider (1), with
initial and unsafe sets X;, Xy C X C R", respectively. Consider also
N samples {x;, f(x;) f’: 1 from X, and assume that the loss function
in (24) is Lipschitz continuous with constant £. Consider then the
problem

argmin 7
d=(y,A,c,0),neR
st. Vo(x)—y <n, VxeX

Vo(x) — A > —n, Vx e Xy

Y+ —2—pu<nc=0,

Vo(f(x:)) = Vo(xi)) —c <n, i=1,...,N, (32)
where 0 parameterizes Vy, and all other decision variables are scalars
leading to level sets of Vy. Let k(8) be such that
k(8) < P{Bs(x)}, V6 € Rsp, VX € X, (33)

where Bs(x) C X is a ball of radius §, centered at x. Fix § € (0, 1)
and determine €(|d|, B, N) from (30), with r = d and by replacing
the right hand-side with B. If ny < Lk~ e(|d|, B, N), we have that

PY{EN, € BV : Par(é), VE€ B} > 1-8. (34)

UNES

The following remarks are in order.

1. The result in Nejati et al. (2023), capitalizing on the devel-
opments of Mohajerin Esfahani, Sutter, and Lygeros (2015), is a
priori, as opposed to the a posteriori assessments of our analysis
that are in turn based on Campi and Garatti (2023). Moreover, Ne-
jati et al. (2023) offers a guarantee that, with a certain confidence,
the safety property is always satisfied. This is in contrast to
Theorem 1 where we provide such guarantees in probability (up
to a quantifiable risk level ¢). However, these “always” guarantees
come with potential challenges. In particular, the constraint in
(33) involves the measure of a “ball” in the uncertainty space.
The measure of this ball grows exponentially in the dimension of
the uncertainty space (see also Remark 3.9 in Mohajerin Esfahani
et al. (2015)), while it depends linearly on the dimension of
the decision space |d| (see dependence of ¢ below (33)). This
dependence in the results of Nejati et al. (2023) raises com-
putational challenges to obtain useful bounds: we demonstrate
this numerically in Section 6 employing one of the examples
considered in Nejati et al. (2023). On the contrary, Theorem 1
depends only on the cardinality of the compression set.

2. The result in Nejati et al. (2023) requires inverting «(§), which
may not have an analytical form in general. Moreover, it implicitly
assumes some knowledge of the distribution to obtain «, and of
the Lipschitz constants of the system dynamics, which we do not
require in our analysis.
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Table 2
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Probabilistic guarantees for the system in (35). Standard deviations are shown in parentheses alongside means.

Certificate Risk Empirical Algorithm 2 Property Risk Empirical Direct Bound
Bound ¢ in Certificate Risk Computation Bound ¢ in Property Risk & Computation
Theorem 1 g Time (s) Prop. 6 Time (s)
Reach 0.026 (0.004) 0 (0) 16597 (9157) 0.018 (0) 0 (0) 2.5 (0.3)
Certificate
(Proposition 1)
Safety 0.052 (0.017) 0 (0) 7924 (505) 0.018 (0) 0 (0) 7 (1)
Certificate
(Proposition 2)
RWA Certificate 0.037 (0.021) 0 (0) 20120 (15783) 0.018 (0) 0 (0) 7 (1)

(Proposition 3)

= quafn
—lnitial

Fig. 6. Phase plane plot for the dynamical system of (35). The different sets
shown are related to the sets that appear in the definitions of the reachability,
safety and RWA property. For each case, only the relevant sets are considered.

3. The results of Nejati et al. (2023) can be extended to contin-
uous-time dynamical systems, which is also possible for our
results but outside the scope of this article: we refer to Rickard,
Abate, and Margellos (2025) for extensions to such cases.

6. Numerical results

For all numerical simulations, we considered a confidence
level of B = 107>, N = 1000 samples; our results are av-
eraged across 5 independent repetitions, each with different
multi-samples. By sample complexity, we refer to the number
of trajectory samples, separate to the states used for the sample-
independent loss since these samples can be obtained without
accessing the system dynamics.?

6.1. Benchmark dynamical system

To demonstrate the efficacy of our techniques across all cer-
tificates presented, we use the following dynamical system as
benchmark, with state vector x(k) = (x1(k), x,(k)) € R?, namely,

xi(k+1)] _ x1(k) — Lxy(k)
Xa(k+ 1) | | xo(k) + 2 (x1(k) — x5(K)) |~
where Ty = 0.1 and we use time horizon T = 100 steps. We used
a neural network with 2 hidden layers, and 5 neurons per layer,
with sigmoid activation functions thus leading to a parameter
vector of size 51. The phase plane plot for these dynamics is in Fig.
6 alongside different sets related to the definition of reachability,
safety and RWA properties are shown.
Surface plots of the reachability, barrier and RWA certificate
are shown in Fig. 7, Figs. 8 and 9, respectively. The zero and

(35)

2 The codebase is available at https://github.com/lukearcus/fossil_scenario
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Fig. 7. Surface plot of the reachability certificate.

P
nitia,
A = Unsafe

Fig. 8. Surface plot of the safety/barrier certificate.
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= ISmEclal
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= Goal

Fig. 9. Surface plot of the RWA certificate.
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—3§-sublevel sets of these certificates are highlighted with dashed
black lines. With reference to Fig. 7 notice that the zero-sublevel
set includes both the initial and the goal set, and no states outside
the domain as expected. Similarly, in Fig. 8 the zero-sublevel set
of the barrier function does not pass through the unsafe set, while
the zero-sublevel set of the RWA certificate does not pass through
the unsafe set, and does not include states outside the domain.

The constructed certificates depend on N samples. By means of
Algorithm 2 and Theorem 1, these certificates are associated with
a theoretical risk bound & (that bounds the probability that the
certificate will not meet the conditions of the associated property
when it comes to a new sample/trajectory). Table 2 shows this
risk bound as computed via Theorem 1. We quantified empirically
this property; namely, we generated additional samples and cal-
culated the number of samples for which the computed certificate
violated the associated certificate’s conditions, or the underlying
property. The number violating the certificate conditions (empir-
ical certificate risk) is shown in the second column of Table 2,
and the number violating the property (empirical property risk)
is shown in the fifth column. Note that, as expected, the empirical
values are lower than the theoretical bounds.

The fourth column of Table 2 provides the risk bound ¢ that
would be obtained for direct property violation statements (how-
ever, without allowing for certificate construction) as per Propo-
sition 6, this always results in a risk of 0.01825 as no samples are
discarded, since the system can be shown to be deterministically
safe. Recall that the results in the first column of Table 2 bound
(implicitly) the probability of property violation, as discussed in
the second remark after the proof of Theorem 1.

6.2. Dynamical system of higher dimension

We now investigate a dynamical system of higher dimension
with a state x(k) € R®, governed by
xi(k+ 1) = x;(k) + 0.1x;1(k), i=1...7,
xg(k + 1) = xg(k) — 0.1(576x1(k) + 2400x,(k)
+ 4180x3(k) 4+ 3980x4(k) 4+ 2273x5(k)
+ 800xg(k) + 170x7(k) + 20x5(k)).

(36)

We define X = [—2.2,2.2]%, X; =[0.9, 1.1, Xy = [-2.2, —1.8]®
and use a neural network with 2 hidden layers, and 10 neurons
per layer, with sigmoid activation functions thus leading to a
parameter vector of size 211. Once again, the entire of the initial
set can be shown to be safe, so we aim to generate a guarantee as
close to 0 as possible. We employ Algorithm 1 to generate a safety
certificate. This required an average of 0.273 s, with a standard
deviation of 0.018 s.

This certificate is computed much faster than those in Table 2,
which is possible since the runtime of our algorithm is primarily
constrained by how many samples need to be removed by Al-
gorithm 2 in order to bring the loss to 0. This can be seen as a
measure of how “hard” the problem is. In this example, it is likely
that the sets are easy to separate whilst still maintaining the
difference condition, whereas the system in the previous section
required more computation since trajectories move towards the
unsafe set, before moving away from it.

Due to the higher-dimensional state space, this certificate is
not illustrated pictorially. It is accompanied by a probabilistic
certificate ¢ = 0.019 (standard deviation 0.001) computed by
means of Theorem 1. Using Proposition 6, we find a guarantee
of 0.018 (standard deviation 0), after 2.26 s (standard deviation
0.05 s).
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Fig. 10. Phase plane plot, initial and unsafe set for of partially unsafe system.

= Domain
= [nitial

ﬁ = Unsafe

Fig. 11. Surface plot of the safety/barrier certificate for the partially unsafe
system of Fig. 10.

6.3. Partially unsafe systems

We now consider the problem of safety certificate construc-
tion for the system in (35) with an enlarged unsafe region (see Fig.
10). We employ the same neural network as in Section 6.1. We
refer to this system as partially unsafe, as some sampled trajecto-
ries enter the unsafe set. Unlike existing techniques which require
either a deterministically safe system (Edwards et al., 2024), or
stochastic dynamics (Prajna, Jadbabaie, & Pappas, 2004), we are
still able to synthesize a probabilistic barrier certificate. The zero-
sublevel set of the constructed safety certificate is shown by a
dashed line in both Figs. 10 and 11. Fig. 11 provides a surface
of the constructed certificate, and demonstrates that it separates
the initial and the unsafe set. The computation time was 17971 s
(standard deviation 1414 s).

For this certificate, we obtained a theoretical risk bound ¢ =
0.388 (standard deviation 0.035) by means of Theorem 1, and an
empirical property risk of £ = 0.011 (standard deviation 0.002).
Proposition 6 gives risk bound 0.042 (standard deviation 0.004)
after 3.2 s (standard deviation 0.1 s).

6.4. Comparison with Nejati et al. (2023)

We extend the comparison of our work with that in Nejati
et al. (2023), which has been reviewed in Section 5. To this end,
we construct a safety certificate for a two-dimensional DC Motor
as considered in Nejati et al. (2023), using a neural network with
1 hidden layer, and 5 neurons per layer, with sigmoid activation
functions thus leading to a parameter vector of size 21. We
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1.0 —
8/ = Domain
V// ‘= Initia,
0.87 ‘= Unsale

0.6
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020
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Fig. 12. Comparison with Nejati et al. (2023). The zero-level set of the safety
certificate of our approach is dashed; level sets that separate the initial and
unsafe sets (i.e. y- and A- level sets) from Nejati et al. (2023) are dotted.

first replicate the methodology of Nejati et al. (2023), using the
Lipschitz constants they provide.

The methodology of Nejati et al. (2023) required 257149 sam-
ples and 307 s (standard deviation 44 s) of computation time to
compute a barrier certificate with confidence at least equal to
0.99. Using 1000 samples and 1.4 s of computation time (standard
deviation 0.1 s), we obtained ¢ = 0.01 (standard deviation 0),
i.e. we can bound safety with a risk of 1%, for the same confidence.
It can thus be observed that the numerical computation savings
(in terms of number of samples - this might be an expensive
task - and computation time) are significant. Fig. 12 illustrates a
phase plane plot and the initial and unsafe sets for this problem.
The dotted lines correspond to the sublevel sets constructed
in Nejati et al. (2023) (one lower bounding the unsafe set, the
other upper bounding the initial set). The dashed line depicts the
zero-sublevel set of the certificate constructed by our approach.

We also performed a comparison on the following
four-dimensional system, a discretized version of a model taken
from Edwards et al. (2024), with the required Lipschitz constants
estimated using the technique in Wood and Zhang (1996).

X1 (k)xa(k) Xz(k)X4(/<)>

5 2

X2(k 4+ 1) = x2(k) + 0.1 cos(x4(k)),

x3(k + 1) = x3(k) + 0.001/|x1(k)|,

Xa(k + 1) = x4(k) + 0.1 (—x1(k) —xo(k)? + sin(x4(k))) .
Due to the reasons outlined in Section 5, the approach of Nejati
et al. (2023) with 10! samples results in a confidence of at
least 1073°, which is not practically useful. In contrast, with our

techniques with 1000 samples we obtain a risk level of e
0.02039, with confidence at least 1 — 107>,

x1(k+ 1) = x1(k) + 0.1 <

7. Conclusions

We have proposed a method for synthesis of neural-network
certificates, based only on a finite number of trajectories from a
system, in order to verify a number of core temporally extended
specifications. These certificates allow providing assertions on the
satisfaction of the properties of interest. In order to synthesize a
certificate, we considered a novel algorithm for solving a non-
convex optimization program where the loss function we seek
to minimize encodes different conditions on the certificate to be
learned.

As a byproduct of our algorithm, we determine a quantity
termed ‘“compression set”, which is instrumental in obtaining
scalable probabilistic guarantees. Our numerical experiments
demonstrate the efficacy of our methods on a number of ex-
amples, involving comparison with related methodologies in the
literature.
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Appendix A. Proofs

A.1. Certificate proofs

A.1.1. Proof of Proposition 1 - Reachability Certificate

Fix § > —supy V(x) > 0, and recall that k¢ min{k €
{0,...,T}:V(x(k)) < —8}. Consider then the difference condition
in (7), namely,

V(x(k + 1)) — V(x(k))

1
<—7(supV(x)+8), k=0,...,k¢—1, (A1)
xeX)
By recursive application of this inequality k < kg times,
k
V(x(k)) < V(X(0)) — ~ (sup V(x)+ 5)
T XeX;
T—k k k
< supV(x) — =6 < —=8 <0, (A.2)
xeX| T T

where the second inequality is since V(x(0)) < supye, V(x), as
x(0) € X;. The third one is since sup,cx, V(x) < 0 as by (3),
V(x) <0, for all x € X}, and k < kg < T, while the last inequality
is since § > 0.

By (A.2) we then have that for all k < kg, V(x(k)) < 0, which
implies that x(k) does not leave X for all k < k¢ (see (5)), while
by the definition of k¢, x(kg) € Xg. Notice that if k¢ = T, then
(A.2) (besides implying that x(k) € X for all k < T), also leads to
V(x(T)) < —§, which means that x(T) € X; after T time steps (see
(4)), which captures the latest time the goal set is reached.

Therefore, all trajectories that start within X; reach the goal
set X in at most T steps, without escaping X till then, thus
concluding the proof. O

A.1.2. Proof of Proposition 2 - Safety Certificate
Consider the condition in (12), namely,

V(x(k + 1)) — V(x(k))
(A.3)

0,...,T—1.

1
< T inf V(x) — sup V(x)), k

Xy xeX;

By recursive application of this inequality for k < T times, we
obtain

V(x(K)) < V(x(0)) + ’Ti(ngu Vo) — sup Vo)

IA

inf V(x)

XeXy

k k
sup V(x) + T

xeX;

)
£ inf vx)

T xexy

IA

< inf V(x).
xXeXy

(A4)

where the second inequality is since V(x(0)) < supyy, V(x), as
x(0) € X;. The third inequality is since sup,cy, V(x) < 0 as by
(10), V(x) < 0 for all x € X; and k < T. The last inequality is since
infyex, V(x) > 0, as by (11) V(x) > O for all x € Xy, and k < T.
We thus have

V(x(k)) < inf V(x), k
xeXy

and hence x(k) ¢ Xy,k = 0, ..., T (notice that x(0) ¢ Xy holds

since X; N Xy = @). The latter implies that all trajectories that

start in X; avoid entering the unsafe set Xy, thus concluding the

proof. O

1,...,T. (A5)
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A.1.3. Proof of Proposition 3-RWA Certificate

Since we must satisfy Yeach, we can conclude that, following
Proposition 1, state trajectories emanating from X; will reach the
goal set X in at most T time steps.

By (11) we have that V(x) > 0, for all x €y while by (3) we
have that V(x) < O, for all x € X;. Therefore, sup,., V(x) <
0 < infyex, V(). At the same time by our choice for § we have
that § > —sup,ey, V(x). Combining these, we infer that § >
— infyex, V(X). Thus, (7) implies that for all k =0, ..., ks — 1,

— 1 (supV(x) + 8)

xeX;

< %(XIEI}(E V(x) — sup V(x)).

xeXy

Therefore,
V(x(k + 1)) — V(x(k))
1/,
< ?(xler)l(g V(x) — supV(x)), k=0,...,k¢—1.

xeXp
Note that this is identical to the difference condition for our safety
property, and hence following the same arguments with the proof
of Proposition 2, we can infer that state trajectories emanating
from X; will never pass through the unsafe set X; until time
k= k(;.
Moreover, by (15), we have that

V(x(k + 1)) — V(x(k))

<1(infV(x)+a),k=kc,...,r—1. (A.8)
T \xeXxy
Note that this is also a difference condition identical to that for
our safety property, but with § in place of sup,cy, V(x) (since we
know that V(x(k¢)) < —& by definition of k;). Hence, we have a
safety condition for all trajectories emanating from this sublevel
set. We know that trajectories reach this sublevel set, and hence
remain safe for k =kg, ..., T.

Therefore, we have shown that starting at X; trajectories reach
Xc in at most T time steps, while they never pass through Xy, thus
concluding the proof. O

A.2. Proof of Proposition 4 — Properties of Algorithm 1

1. By construction, Algorithm 1 creates a non-increasing se-
quence of iterates {Ly}x>o that is bounded below by the global
minimum of mingep L(6, £) which exists and is finite due to
Assumption 3. As such, the sequence {L;}~o is convergent, which
in turn implies that Algorithm 1 terminates.

2. We need to show that the set Cy is a compression set in the
sense of Definition 2 with A being Algorithm 1 with D = {éi}fvzl.
To see this, we “re-run” Algorithm 1 from the same initial choice
of the parameter vector 6 but with Cy in place of D. Notice that
exactly the same iterates will be generated, as Cy contains all
samples that have a misaligned subgradient and value greater
than the loss evaluated on the running compression set. As a
result, the same output will be returned, which by Definition 2
establishes that Cy is a compression set.

3. We show that all properties of Assumption 2 are satisfied by
Algorithm 1.

Preference: Consider a fixed (sample independent) initializa-
tion of Algorithm 1 in terms of the parameter 6. Consider also
any subsets Cy, C; of {'}Y | with ¢; C ¢,.

Suppose that the compression set returned by Algorithm 1
when fed with C; is different from C;. Fix any & € Z and consider
the set C; U {£}. We will show that the compression set returned
by Algorithm 1 when fed with ¢, U{£} is different from C; as well.
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Case 1: The new sample & does not appear as a maximizing
sample in step 10 of Algorithm 1, or its subgradient is such
that the quantity in step 14 is positive. This implies that step
16 is not performed and the algorithm proceeds directly to step
18. As such, £ is not added to the compression set returned by
Algorithm 1, which remains the same with that returned when
the algorithm is fed only by {£'}} . However, the latter is not
equal to Cq, thus establishing the claim.

Case 2: The new sample £ appears as a maximizing sample
in step 10 of Algorithm 1, and has a subgradient such that the
quantity in step 14 is non-positive. As such, step 16 is performed
and & is added to the compression returned by Algorithm 1. If
& ¢ Cq then the resulting compression set will be different from
C; as it would contain at least one element that is not C;, namely,

If £ € ¢y then it must also be in C; as ¢; C C,. In that case &
would appear twice in C; U{&}, i.e., the set of samples with which
Algorithm 1 is fed has £ as a repeated sample (notice that this can
happen with zero probability due to Assumption 1).

Once one of these repeated samples is added to the com-
pression set returned by Algorithm 1, then the other will never
be added. This is since when this other sample appears as a
maximizing one in step 10 then its duplicate will already be in the
compression set, and hence the exact and approximate subgradi-
ents in steps 11 and 13 would be identical. As such, the quantity
in step 14 would be non-negative (and, by positive-definiteness of
the inner product, only zero when both vectors are zero-vectors)
and hence step 16 will not be performed, with the duplicate not
added to the compression set. As such, one of the repeated &’s is
redundant, which implies that the compression set returned by
Algorithm 1 when fed with ¢, U {£} is the same with the one that
would be returned when it is fed with C,. However, this would
imply that if C; is the compression returned by Algorithm 1 when
fed with of ¢, U {&}, it will also be the compression set for C,
(as the duplicate & would be redundant). However, the starting
hypothesis has been that C; is not a compression of C,. As such,
it is not possible for C; to be a compression set of C; U{&} as well,
establishing the claim.

Non-associativity: Consider a fixed (sample independent) ini-
tialization of Algorithm 1 in terms of the parameter 6. Let {5"}?’: +1N
for some N > 1. Suppose that C is returned by Algorithm 1 a

compression set of {£'}Y | U {¢}, for all & € {£'}}" ,. Therefore,
up to a measure zero set we must have that

N
cc () (L, uieh) = e, (A9)

j=N+1

where the inclusion is since C is assumed to be returned as a
compression set by Algorithm 1 when this is fed with any set
within the intersection, while the equality is since by Assumption
1 all samples in {Si}ﬁ\’:ﬁ’v are distinct up to a measure zero set. This
implies that up to a measure zero set C should be a compression
set returned by Algorithm 1 whenever this is fed with {£'}} | as
any additional sample would be redundant.

Fix now any & e {£}{",, and consider Algorithm 1 with
D= {gf},N:l U{&}. The fact that C is returned as a compression set
for {S"}fv=1 U {£} implies that whenever & is a maximizing sample
in step 10 of Algorithm 1, it should give rise to a subgradient
such that the quantity in step 10 of the algorithm is positive. This
implies that step 18 is performed and hence £ is not added to C.

Considering Algorithm 1 this time with D = {£/}}"", i, fed
with all samples at once, due to the aforementioned arguments,
whenever a £ € {£}}{" | is a maximizing sample in step 10, then
the algorithm would proceed to step 18, and steps 15-16 will not
be executed. As such, no such £ will be added to C.
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Hence, the compression set returned by Algorithm 1 when
fed with {£}}}" would be the same with the one that would be

returned if the algorithm was fed with {¢'} . By (A.9) this then
implies that the returned set should be C up to a measure zero

set. O
A.3. Proof of Proposition 5

1. At every iteration, Algorithm 1, is called with fewer samples,
and initialized on the optimal parameter set from the previous
iteration. Hence, the loss value is a non-increasing sequence. If
all samples are removed, the loss is zero, since we optimize only
the sample-independent loss. Hence, the sequence converges to
zero (in the worst-case upon removing all samples).

2. Consider Algorithm 2 with D = {&}f’z ;- Denote by ¢; the set
returned at step 5 of Algorithm 2, and recall that ¢; € D is the
compression set returned by Algorithm 1 when this is invoked at
that part of the process. Notice then that the set Ry returned by
Algorithm 2 can be expressed as Ry = |J; Ci.

We need to show that Ry is a compression set in the sense
of Definition 2 with A being Algorithm 2 with D = {&}Y . To
see this, we “re-run” Algorithm 2 from the same initial choice
of the parameter vector # but with Ry in place of D. At the
first iteration, the set returned in step 5 is C; (and the parameter
returned would be the same with the one that would be obtained
if all samples were employed) as this is a compression set for
Algorithm 1 invoked at that step with D = R /. As such, in step 6
and 7 we would, respectively, have that D = Ry\C1, and R = Ry
since C; is already in Ry. Proceeding analogously, we have that
Algorithm 2 terminates with the set R remaining intact to Ry
and D being empty, and R = Ry. This establishes that Ry is a
compression set for Algorithm 2.

3. Since Algorithm 1 satisfies Assumption 2, and we simply call
this algorithm repeatedly, then Algorithm 2, also inherits these
properties and satisfies Assumption 2.
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