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Abstract

In this thesis we consider the application of tools from stochastic analysis
and algebra to statistics and machine learning. Most of these tools are
different forms of what has become known as signature methods. The
signature has been discovered and rediscovered in a few different areas of
mathematics in the last 70 years. In short, it maps a path evolving in a
vector space to a group enveloping that same space. The reason it is so
useful for statistics is twofold: One, its set of invariances is highly desirable
in many applications, and two, its image group is highly structured making
it particularly amenable to mathematical study using algebraic tools.

The primary aim here is to study how one may use the signature to express
statistical properties of a given path, and how these properties can be
applied to machine learning. This aim manifests itself as - among other
things:

• a new type of cumulants for signatures that have unique combinatorial
properties and can be used to characterise independence of paths,

• cumulants on reproducing kernel Hilbert spaces which are related
to the signature cumulants, even though signatures are not used
explicitly,

• A generalisation of the signature to other types of feature maps into
non-commutative algebras,

• a feature map with an initial topology that captures properties of the
filtration of stochastic processes,

• and a family of scoring rules with associated divergences, entropies
and mutual informations for paths that respect their group structure.

These are divided into separate, self contained chapters that can be read
independently of one another.
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Introduction to this thesis

This thesis is divided into five separate chapters, complete with their own introductions,
conclusions and appendices. A cursory glance might give the impression of an
eclectic collection of ideas and methods, but they share a strong core in that every
chapter is devoted to transforming statistical and analytical problems into algebraic
or combinatorial ones and using this perspective to glean new insights and methods.
From the start of working on this thesis I knew that I wanted to work more with
algebra and combinatorics than is typical for a Dphil in stochastic analysis, and path
signatures was an excellent way to do so as it transforms stochastic processes – analytic
objects, to random characters on Hopf algebras – algebraic objects. A fresh point
of view is often helpful in life, and no less so in Mathematics, and this procedure of
transforming statistics to algebra and stochastic analysis proved a fruitful one.

The flavour of each chapter differs, e.g. not every chapter uses path signatures,
and some are more analytical than other. However, every chapter in this thesis is
singularly devoted to the very same core method of doing Mathematics. Because of
this strong common theme, I think that the title of the thesis, while slightly verbose,
is very fitting. The chapters are all self-contained and can be read in any order, but
the chronological order best represents the evolution of different ideas, from the more
combinatorial to the more analytical, and finally the more algebraic, while at the same
time roughly representing my own interests and ideas as I grew throughout the Dphil.
Next is a brief introduction to the goals and methods of each chapter.

Chapter 1. This chapter aims to extend the classical notion of cumulants to path
space in a coordinate free, parametrisation invariant way. Fittingly, this first chapter
is also the first one I wrote, and while the algebraic methods employed here are slightly
more primitive than in the rest of the thesis I think the combinatorics have a surprising
depth. This chapter manages to touch on results far removed from its statistical
motivation, and make some connections that I think are still poorly understood in
general. Classically, the cumulants of a random variable X are defined as coefficients
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of the Taylor expansion of the cumulant generating function

t 7→ logEetX .

One way of extending this to path space is to note that the signature S(x) of a path x
behaves similarly to the exponential, which suggests that given a stochastic process,
(Xt)Tt=0 the series

logE S(X)

would have coefficients with a similar behaviour to the classical cumulants. We show
that this is indeed the case, at least in the sense that these “signature cumulants”
characterise independence of paths similarly to how cumulants characterise independence
of random variables. We do this by studying the combinatorial properties of these
coefficients. It is well known that a multivariate cumulant can be expressed as a sum
indexed by partitions, and we show that this extends to path space were the sum is
taken over what we refer to as “ordered partitions”. These ordered partitions have
a neat poset interpretations and are largely unexplored as far as we can tell, even if
they generalise other common families of partitions. By using these ordered partitions
we prove that the signature cumulants characterise independence between paths and
use this in some simple experiments to demonstrate their effectiveness.

Chapter 2. This chapter – like the one before it – also aims to take classical
cumulants and extend them to new domains. In contrast to Chapter 1, this was
the final chapter to be written and proved a nice revisit to the methods employed
there but in new settings. This time the extension is to Hilbert spaces, specifically
reproducing kernel Hilbert spaces (RKHSs). The reason for this is that some statistics
about cumulants on a RKHS can be computed entirely using the reproducing kernel.
Using standard tricks from kernel learning one can derive expressions for magnitudes
of, and distances between, these “kernelised cumulants”. This allows one to write down
efficient statistics that characterise independence of probability measures as well as
new distances between them. We again use combinatorial expressions for computing
these cumulants, but the estimators derived from them are still rather compact. We
test these estimators on both real and synthetic data to show how they outperform
standard methods in kernel learning.
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Chapter 3. In this chapter we explore generalisations of the signature mapping of
discrete time series by considering homomorphisms from the monoid of paths in a
vector space with the concatenation operation into an algebra. That is, maps of the
form

(v1, . . . , vn) 7→ ϕ(v1) ? · · · ? ϕ(vn)

where v1, . . . , vn are elements of some vector space V and ϕ : V → A takes values in
some algebra (A, ?). We show that under some general assumptions about ϕ, these
maps have similar properties to the signature mapping and is able to capture ordered
behaviour when the algebra A is non-commutative. We also study iterations of such
maps in the setting of very simple ϕ’s. These are typically very fast to compute but
turn out to be just as expressive as their more complicated counterparts. We use these
to build the “neural sequence to tensor” layers and show that they perform well on
common datasets. The main text of this chapter was written by Csaba Toth, but it is
provided in the thesis for context. I wrote Appendix 3.A, 3.B, and 3.C. The other
appendices from the full paper were left out.

Chapter 4. In this chapter, the focus is not on extending some classical statistics
to path space, but rather on using signatures to optimise existing methods. We study
the adapted topology and its sister the extended weak topology and their higher order
counterparts. We show that by using iterated signatures, one can derive feature maps
that induce these topologies (in the sense that the topologies are the initial topologies
of the feature maps), as well as metrics for them.

The classical motivation for introducing adapted topologies is the following: In
certain applications the filtration associated to a process is important and should be
highlighted in the topology one considers. The weak topology does not do this and
therefore it is insufficient for these applications. Consider the following toy example
taken from Figure 4.1. The process on the left will converge weakly to the one on the

p = 0.5

p = 0.5

1
n

p = 1

p = 1

p = 1
p = 0.5

p = 0.5

right as n→∞, but imagine that these are tree models for some financial asset one
wishes to invest into, where the nodes represent its price at three different points in
time. Using the model on the left one would have complete information about the
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future of the asset at the second time point, and using the model on the right one has
no more information than at the first time point. This is true regardless of the value
of n so in this application these models are fundamentally different.

The idea behind the extended weak topology is to consider the prediction process
associated to a stochastic process and a filtration (X,F). It is defined as the evolution
of the law of the future behaviour conditioned on the present

X̂t := L(X|Ft).

If one considers the topology induced by weak convergence of these prediction processes,
then this yields the extended weak topology, which is strong enough to separate the
two toy processes in Figure 4.1.

Our contribution is to show that there is a principled way to compute signatures
of prediction processes and that the signature of a higher order prediction process has
a simple recursive formulation. These higher order signatures induce the higher order
extended weak topologies. For example, the first extended weak topology is induced
by the map

(X,F) 7→ E S(t 7→ E(S(X)|Ft))

where S(·) denotes the (augmented) signature. We also provide algorithms for efficient
recursive computations for these higher order signatures for the first two non-trivial
levels, and show with some simple experiments how they can outperform other methods.

Chapter 5. In this chapter we aim to extend the notion of a scoring rule to path
space. Scoring rules are a type of discrepancy measure on probability spaces that
work differently then other common popular discrepancy measures like the Maximum
Mean Discrepancy (MMD). There is a general framework for generating scoring rules,
and by using this framework one can build a scoring rule on path space that is
parametrisation invariant and respects the group structure of paths (with operations
being concatenation and time reversal). One does this by associating each stochastic
process X with its so called Bayes’ act aX by defining it to be the optimal average
inverse of the signature of X.

aX := min
a∈H?

E‖S(X)a‖2.

This in turn leads to the scoring rule between the processes X and a path y being
defined as

S(X, y) := ‖S(y)aX‖2.

4



One can leverage this scoring rule to get a divergence, entropy and mutual information
for paths and these all have their own respective use cases. For instance, the divergence
can be used as a discrepancy measure between probability distributions, and the mutual
information can be used as a measure of independence. We show their usefulness with
some experiments where we compare them to known baselines.
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Chapter 1

Signature cumulants, ordered
partitions, and independence of
stochastic processes

This chapter is based on [30] which was written with Harald Oberhauser.

The sequence of so-called signature moments describes the laws of many stochastic
processes in analogy with how the sequence of moments describes the laws of vector-
valued random variables. However, even for vector-valued random variables, the
sequence of cumulants is much better suited for many tasks than the sequence of
moments. This motivates us to study so-called signature cumulants. To do so,
we develop an elementary combinatorial approach and show that in the same way
that cumulants relate to the lattice of partitions, signature cumulants relate to the
lattice of so-called “ordered partitions”. We use this to give a new characterisation of
independence of multivariate stochastic processes. Finally, we construct a family of
unbiased minimum-variance estimators of signature cumulants and show that even for
the simple example of a diffusion with constant drift and volatility, such signature
cumulant estimators outperform signature moment estimators.
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1.1 Introduction

The sequence of moments (µmX)m≥1 of a Rd-valued random variable X,

(µmX)m≥1 where µmX := E[X⊗m] ∈ (Rd)⊗m, (1.1)

plays a fundamental role in statistics and probability theory since it captures statistical
properties of the law of X in a graded manner. An undesirable property of moments –
especially when only a finite number of samples from X is available to estimate them
– is that lower order moments can dominate higher order moments. For example, even
for m = 2 and d = 1

µ2
X = (µ1

X)2 + Var(X),

and the variance Var(X) := E[(X − µ1
X)2] is a much more sensible “order m = 2”

statistic than µ2. This method of subtracting lower order moments from higher order
moments to obtain better statistics can be continued beyond level m = 2; for m = 3
one gets the classical notion of “skewness”, for m = 4 the “tailedness”, etc. In general,
the resulting sequence is known as the cumulants, which differ from the centralised
moments in that one allows for subtractions of any lower order moment. Another
advantage cumulants have over moments is that many probabilistic properties are
often easier expressed in cumulants than in moments.

Example 1.1.1. One good reason to use cumulants instead of moments is that their
sample statistics typically have lower variance. To illustrate this on a elementary
example assume thatX ∼ N(µ, σ2) follows a normal distribution. GivenN independent
samples X1, . . . , XN of X the minimum variance unbiased estimators for its second
moment and cumulant are respectively:

µ̂2
X = 1

N

N∑
i=1

X2
i , κ̂2

X = 1
N − 1

N∑
i=1

(Xi −
1
N

N∑
j=1

Xj)2

By explicit computation in the same fashion as outlined in Appendix 1.C one sees that

Var(µ̂2
X) = Var(κ̂2

X) + 2
N

(
µ4 − µ2σ2 − 2σ4

N − 1
)
,

It follows that when µ is large compared to σ2, it is much preferable to use the
cumulant estimator rather than the moment estimator.
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Example 1.1.2. Another way to think about the difference between estimating
moments and cumulants is that by Proposition 1.2.1 one can always write the n:th
moment µnX as

µnX =
∑

i1+···+ik=n
κi1X · · ·κ

ik
X ,

or in other words, the n:th moment is equal to the n:th cumulant plus a polynomial
function fn of lower order terms

µnX = κnX + fn(µn−1
X , . . . , µ1

X).

This translates immediately to a statement about estimators, since polynomial
functions of moment estimators are linear functions on estimators of polynomials

µ̂nX = κ̂nX + f̂n(µ̂n−1
X , . . . , µ̂1

X),

and since we know by example 1.1.1 that κ̂nX has a lower variance, Equation 1.1.2
gives weight to the idea that µ̂nX is just κ̂nX with added noise that depends only on
lower order information.

Many real-world observations have an inherent sequential structure and one
ultimately deals with path-valued samples (i.e. sample paths of a stochastic process)
rather than vector-valued samples. For a path-valued random variable, the sequence
of so-called signature moments

(µmX)m≥0 =
(
E
[∫

dX⊗m
])

m≥0

is a natural replacement for the classical moment sequence (1.1). Indeed, motivated
by insights from stochastic analysis [44], these signature moments have recently
found applications in statistics and machine learning such as parameter estimation
for stochastic differential equations [144] or hypothesis testing for laws of stochastic
processes [46]. Motivated by the nice statistical properties of cumulants over moments
in the case of vector-valued observations, the aim of this article is to study such
properties for signature cumulants and to derive estimators for such signature cumulants.
For example, in view of Example 1.1.1 one can ask whether cumulants can yield better
estimators for estimating diffusion and drift in an SDE and we invite the reader to
have a glance at Example 1.4.3 for an application of our results to a simple SDE
with constant drift and volatility. Similarly, signature cumulants between stochastic
processes vanish if and only if the stochastic processes are independent which allows
for independence testing of time series.
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1.1.1 Poset of Partitions, Moments and Cumulants

Before further discussing the path-valued case of signature cumulants, we briefly
introduce notation and recall results for classical cumulants below. The following
result is classical, see [133] for history and overview. We spell it out in notation
unusual in statistics however, as this formulation generalises naturally to our extension.
For the rest of the paper we will denote by V a d-dimensional vector space with basis
{e1, . . . , ed}. The tensor algebra and its topological dual the extended tensor algebra
of V are defined as

T(V ) :=
⊕
m≥0

V ⊗m, T((V )) :=
∏
m≥0

V ⊗m.

The pairing 〈·, ·〉 between T(V ) and T((V )) by 〈·, ·〉 is defined as 〈s, t〉 = ∑
sτ tτ for

s = ∑
sτeτ , t = ∑

tτeτ where all sums are taken over multiindices τ ∈ ⋃m{1, . . . , d}m
and eτ := ei1 ⊗ · · · ⊗ eim .

Theorem 1.1.1 (Classical Cumulants). Let X be a V -valued random variable such
that that the sequence of moments

µX := (µmX)m≥0 :=
(
E[X⊗m]

)
m≥0
∈ T((V ))

is well-defined and characterises the law of X. We call1

κX := (κmX)m≥0 := πSym(logE[exp(X)]) ∈ T((V )) (1.2)

the cumulant of X. For τ = (i1, . . . , im) ∈ {1, . . . , d}m it holds that

1. (compensated moments)

〈κX , eτ 〉 =
∑

a∈P(τ)
(−1)|a|−1(|a| − 1)!

k∏
i=1
〈µX , eai〉

where the sum ranges over all partitions a = {a1, . . . , ak} of τ .

2. (moment bijection) There exist a bijection κX 7→ µX explicitly given as

〈µX , eτ 〉 =
∑

a∈P(τ)

k∏
i=1
〈κX , eai〉

where again the sum ranges over all partitions of τ .
1Using the notation 1 + x1 + x2 + · · · for (xm)m≥0, the exponential and logarithm are defined as

exp(x) =
∑
m≥0

1
m!x

⊗m, log(1 + x) =
∑
m≥1

(−1)m−1

m x⊗m. We denote with πSym(v1 ⊗ · · · ⊗ vm) =∑
σ vσ(1) ⊗ · · · ⊗ vσ(m) the projection onto the symmetric tensors, save the 1

m! normalising factor.
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3. (independence) For I, J ⊂ {1, . . . , d} the families (〈X, ei〉)i∈I and (〈X, ej〉)j∈J
are independent if and only if

〈κX , eτ1 ⊗ eτ2〉 = 0 for any τ1 ∈ I?, τ2 ∈ J?

where I? := ⋃
m I

m and J? is defined similarly.

Item 1 connects cumulants with subtraction of lower moments from higher moments
– thus also the term “compensated moments” – with definition (1.2) motivated by the
Laplace transform. Item 2 implies that, like the sequence of moments, the sequence
of cumulants characterises the law of X. Finally, the third item demonstrates that
independence of random variables is equivalent to their cross-cumulants vanishing.

In two seminal papers [171, 172], T. Speed showed that results such as the above
can be proven in short and elegant fashion using the lattice of partitions on {1, . . . , d}.
The aim of this paper is to replace probability measures on Rd by probability measures
on spaces of paths and to develop such a combinatorial approach and apply it to
derive efficient estimators. As we will see, so-called signature cumulants of laws of
stochastic processes are intimately linked to the lattice of “ordered partitions” which
has a rich combinatorial structure.

Poset of Ordered Partitions, Signature Moments and Cumulants

Our results apply to any stochastic process for which a “rough path lift” exists, such
as continuous semi-martingales. However, even for stochastic processes with smooth
sample paths, it is interesting to spell out our “path-space version” of Theorem 1.1.1
which appears below as motivation for the rest of the paper. To speak of moments
of measures on paths we first need a notion of monomials of paths. If the path is
smooth, this role is taken by iterated integrals. This sequence of tensors is called the
path signature.

Definition 1.1.1. Define for x ∈ BV(V ) := ⋃
T>0{x ∈ C([0, T ], V ) : ‖x‖1−var <∞}

its signature S(x) = (Sm(x))m≥0 = (
∫

dx⊗m)m≥0 as∫
dx⊗0 := 1, and

∫
dx⊗m :=

∫
0<t1<···<tm<T

dx(t1)⊗ · · · ⊗ dx(tm) for m ≥ 1.

The study of how such iterated integrals reflect properties of the path x goes back
to Chen [41], see also [97]. If one applies this to random paths X, this naturally
leads to the notion of signature moments E[S(X)] ∈ T((V )). More recently such
moments have found applications in statistics, starting with [144] where a “method
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of signature moments” is derived in analogy to the classical method of moments.
We state Theorem 1.1.2 to give the reader an idea of the kind of statements we are
interested in by using notation defined in the subsequent Section 1.2 and Section 1.3;
but even without the concrete definitions of the poset Orp(w1, . . . , wk), the shuffle x,
the unparametrised paths R1(V ), and the generalised signature moments µX(a) and
cumulants κX(a) at hand, the connection between Theorem 1.1.2 and Theorem 1.1.1
is evident. In fact, as we will in see in Example 1.3.3, Theorem 1.1.1 follows from
Theorem 1.1.2 by tensor symmetrisation.

Theorem 1.1.2 (Signature Cumulants). Let X be a R1(V )-valued random variable,
such that the signature moments

µX := (µmX)m≥0 := (E[Sm(X)])m≥0 ∈ T((V ))

are well-defined and characterise the law of X. We call

κX := (κmX)m≥0 := logE[S(X)] ∈ T((V ))

the signature cumulant of X. For τ, τ1, . . . , τk ∈
⋃
m{1, . . . , d}m it holds that

1. (compensated moments)

〈κX , eτ1x · · ·xeτk〉 =
∑

a∈Orp(τ1,...,τk)
(−1)|a|−1 a!

|a|
µX(a),

where the sum is taken over all ordered partitions of the tuple (τ1, . . . , τk),

2. (moment bijection)

〈µX , eτ 〉 =
∑

a∈Orp(τ)

1
|a|!κX(a),

where the sum is taken over all ordered partitions of τ ,

3. (independence) For I, J ⊂ {1, . . . , d} the families (〈X, ei〉)i∈I and (〈X, ej〉)j∈J
are independent2 if and only if

〈κX , ei?xej?〉 = 0 for any i? ∈ I?, j? ∈ J?.
2As usual we call two stochastic processes X and Y independent if their σ-algebras are independent.

We emphasize that this is much stronger than instantaneous independence, i.e that Xt and Yt are
independent for every t ≥ 0.
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We emphasise that as for classical cumulants, such results can in principle be
derived by direct but lengthy calculations that compare coefficients; or, in contrast,
an algebraic approach that relies on the well developed theory of Lie polynomials and
Hall bases [152]; or even a Hopf algebraic perspective that has recently been applied
to free cumulants [64] as well as Wick polynomials [65]. All of these approaches have
their own merits, but as we hope to demonstrate, the combinatorial approach we
present here via “ordered partitions” is intuitive, leads to simple proofs, and allows
for a self-contained treatment throughout. Möbius inversion and basic properties of
U-statistics are the only results we use for which we don’t give full proofs. In short,
the lattice of ordered partitions is useful for signature cumulants for the same reasons
that the lattice of partitions is useful for cumulants.

Remark 1.1.1. There are other notions of non-commutative cumulants such as the
Boolean, monotone, and free cumulants that arise in non-commutative probability
theory. For instance, the free cumulants are studied using “non-crossing partitions”,
see [173, 120, 141]. While similar in spirit, our “ordered partitions” have a different
combinatorial structure. Yet another related research area is the use of cumulants in
Wiener Chaos expansions, see [145] for a survey, but the combinatorics are given by
the standard poset of partitions.

Structure

• In Section 1.2 we give some combinatorial background and define the set of
ordered partitions. We then go on to show some of their properties in the setting
that applies to us.

• In Section 1.3 we give some background on rough paths and study their signature
cumulants.

• In Section 1.4 we construct an unbiased minimum variance estimator for signature
cumulants and show that already for the simple case of a diffusion with constant
drift and volatility, signature cumulants provide more efficient estimators than
signature moments.

Appendix 1.A contains technical details of independence of rough paths, Appendix 1.B
contains technical information about Tree-like equivalence of paths, and Appendix 1.C
contains calculations for Example 1.4.3.
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Symbol Meaning Page
Tensors

V a d-dimensional vector space 9
T(V ) ⊕

V ⊗m the free algebra on the vector space V 9
T((V )) ∏

V ⊗m the dual of the free algebra T(V ) 9
〈·, ·〉 the pairing between T(V ) and T((V )) 9
exp exponential of a tensor series 9
log logarithm of a tensor series 9
πsym the “unormalized” projection to symmetric tensors 9

Posets and Lattices

[n] the set {1, . . . , n} 14
(P,≤) a poset is a set P with a partial order given by ≤ 14
C ⊂ P a totally ordered subset C of P is called a chain 14
C ⊂ P a subset C of P with no elements comparable is called

an antichain
14

m m : P × P → R the Möbius function 15

Posets of (ordered) Partitions

P(S) poset of partitions of a finite set S 15,16
P(d) poset of partitions of P(S) for S := [d] := {1, . . . , d} 15
Orp(P ) poset of ordered partitions of a finite poset P 17
P(n1,...,nk) poset P of disjoint unions of k mutually non-comparable

chains Ci of length ni
17

a! “factorial” of an ordered partition a counts the functions
that represent the partition a

18

A(a) antichain ancestry of an ordered partition a 19
d(a) “height” of an ordered partition a 19

Signature Moments and Cumulants∫
dx⊗m shorthand for

∫
0≤t1≤···≤tm≤T dx(t1)⊗ · · · ⊗ dx(tm) 10

S(x) = (Sm(x))m≥0 the signature of continuous bounded variation path x,
Sm(x) :=

∫
dx⊗m

10

x geometric p-rough path 22
µX = (µmX)m≥0 signature moments E[X0,T ] of a random geometric p-

rough path X
23

κX = (κmX)m≥0 signature cumulants logE[X0,T ] of a random geometric
p-rough path X

23

µT(a) generalized moments of a T((V ))-valued random variable
T

23
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κT(a) generalized cumulants of a T((V ))-valued random variable
T

23

Estimators for signature cumulants

k̂n Tukey’s polykay; min. variance unbiased estimator for
classical cumulants

30

κ̂n signature polykay; min. variance unbiased estimator for
signature cumulants

32

1.2 The Lattice of (Ordered) Partitions

Given a finite set S, the set of partitions P(S) of S is a classical combinatorial object.
In this section, we show that if S is replaced by a set P that has an additional partial
order structure, then a natural generalization of P(S) are the “ordered partitions”
Orp(P ). Analogous to how the poset structure of P(S) for S = {1, . . . , d} plays a role
for cumulants of Rd-valued random variables, Theorem 1.1.1, we will see in Section 1.3
that the poset structure of Orp(P ) for P = {τ1} ∪ · · · ∪ {τk} with τ1, . . . , τk tuples
formed from {1, . . . , d}, plays a similar important role for our signature cumulants,
Theorem 1.1.1 and Theorem 1.3.6.

We briefly recall partially ordered sets (henceforth posets), lattices and some
important examples such as partitions (classical cumulants), and non-crossing partitions
(free cumulants) in Section 1.2.1 and proceed to introduce the lattice of ordered
partitions and study its properties in Section 1.2.2.

1.2.1 Posets, Lattices, and Möbius inversion

Throughout this paper we use the notation [n] for the set {1, . . . , n} where n ∈ N.
Both [n] and N are always considered with their normal total order “≤”. For a function
f : S → U between sets, we denote by ker (f) := {f−1(u) : u ∈ U}.

A partially ordered set (poset) is a pair (P,≤) where P is a set and “≤” is a partial
order on P . It is customary to refer to just P as the poset. A function f : P1 → P2

between two posets is said to be order-preserving if f(x) ≥ f(y) in P2 whenever x ≥ y

in P1, the set of such functions is denoted Hom(P1, P2). We say that a subset C ⊆ P

is a chain if it is totally ordered and an antichain if no element of C is comparable to
any other element of C.

14



An important function on any poset P with finite intervals is the Möbius function,
defined recursively as:

m(a,b) =


1, if a = b,
−∑a≤c<b m(a, c) if a < b,
0, otherwise.

The most important application is that for finite P , and f : P → C and F : P → C
related by

F (a) =
∑
b≤a

f(b),

the function f can be recovered from F by “Möbius inversion”

f(a) =
∑
b≤a

m(b, a)F (b).

If every two elements of (P,≤) have a unique minimal upper bound and unique
maximal lower bound then we say that (P,≤) is a lattice. We refer the reader to [175]
for many more results and examples of posets and lattices. Below we recall two lattices
that motivate signature cumulants and ordered partitions.

The lattice of partitions. A partition a of a finite set S is a set of disjoint subsets
a1, . . . , ak of S such that their union equals S, or equivalently a = ker (f) for some
f : S → N. We call the subsets a1, . . . , ak the blocks of the partition a = {a1, . . . , ak}
and denote by |a| the number of blocks of a. We denote by P(S) the set of partitions
of S and make it into a poset by endowing it with the following partial order: for
a,b ∈ P(S)

a ≤ b

holds if every block of a is contained in some block of b. In this case, we say that
a is finer than b. It is well known that the pair (P(S),≤) is a lattice. We will
typically denote P([d]) simply by P(d) and if a ∈ P(S) and U ⊆ S then we use the
notation a∩U := {a∩U | a ∈ a} ∈ P(U). As pointed out in [171], a direct application
of Möbius inversion yields a generalisation of the bijection between cumulants and
moments.

Proposition 1.2.1 ([171]). For a Rd-valued random variable X = (X1, . . . , Xd) define
the generalised moments and cumulants of a partition a = {a1, . . . , ak} ∈ P(d) as

µX(a) =
k∏
i=1

E(Xai), κX(a) =
k∏
i=1

κ(Xai)
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where we denote

Xa =
∏
i∈a
Xi, Xa = ×i∈aXi

for a set a ⊆ [d]. Then

µX(a) =
∑
b≤a

κX(b), κX(a) =
∑
b≤a

µX(b)m(b, a).

In the special case where a is the partition with only one block, Proposition 1.2.1
reduces to the well known formula

κ(X1, . . . , Xd) =
∑

a∈P(d)
(−1)|a|−1(|a| − 1)!µX(a)

which is Item 1 of Theorem 1.1.1. We point the reader to [171, 172] for many more
results that can be derived with this approach.

The lattice of non-crossing partitions. If a set S is totally ordered, then a
partition a ∈ P(S) is said to be crossing if there exists x1 < x2 < x3 < x4 in S such
that x1, x3 and x2, x3 belong to two distinct blocks of a. If one requires that partitions
be compatible with the order on S in sense of not being crossing, then one arrives at
the set of non-crossing partitions of S, typically denoted by NC(S). When endowed
with the partial order inherited from P(S), NC(S) becomes a lattice. This lattice
naturally appears in free probability where, if one requires that Proposition 1.2.1 holds,
one arrives at the free cumulants.

1.2.2 The lattice of ordered partitions

We now introduce a lattice with a richer structure by introducing ordered partitions.
In spite of the fact that they are defined in a natural way, the literature on them is
limited. To the best of the authors knowledge they first appear in the paper [179] by
T. Sturm, and a similar notion appears in the PhD-thesis of R. Stanley [176]. More
recently they have found use in combinatorial algebraic topology, [106]. In this section
we derive some basic results that we will need in the sequel; in Section 1.3, we see
that they are naturally linked to signature cumulants.

Recall that set of partitions of a finite set S can be defined as follows:

Definition 1.2.1. Let S be a finite set. We call

P(S) := {ker (f) | f : S → N}

the set of partions of S.
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In view of this, the following definition is natural

Definition 1.2.2. Let (P,≤) be a finite poset. We call

Orp(P ) := {ker (f) | f ∈ Hom(P,N)}

the set of ordered partions of P .

Equipped with the partial order of refinement both P(P ), and its subset Orp(P ),
form a lattice [179, Theorem 21], and the inclusion map ι : Orp(P )→ P(P ) is order-
preserving. Like in the case of non-crossing partitions, Orp(P ) is not a sublattice of
P(P ) in general.

Example 1.2.1. See Figure 1.1 for some simple examples; in addition

1. Take P = {x1, x2, y1, y2} with x1 ≤ x2 and y1 ≤ y2 and no other relations. Then
the partition {x1, y1}, {x2, y2} is ordered since the map f : P → {1, 2}, f(x1) =
f(y1) = 1, f(x2) = f(y2) = 2 is order-preserving. The partition {x1, y2}, {x2, y1}
is not ordered however since if f is order-preserving such that f(x1) = f(y2)
and f(y1) = f(x2) then we would need f(x2) ≥ f(x1) = f(y2) ≥ f(y1) = f(x2),
hence ker (f) 6= {{x1, y2}, {x2, y1}}.

2. If P is an antichain, then Orp(P ) = P(P ).

3. If P is totally ordered, then Orp(P ) is the set of partitions of P with convex
blocks, i.e if x and y belong to the same block then so do all x ≤ z ≤ y.

Remark 1.2.1. Given a partition a ∈ P(P ), we say that a sequence x0, . . . xn is
an a-cycle if x0 = xn and for every i ∈ {0, . . . , n − 1} either xi < xi+1 or xi, xi+1

belong to the same block of a. If we say that a partition a ∈ P(P ) is n-ordered if
x0, . . . , xn all belong to the same block of a for any a-cycle x0, . . . , xn. Then we get
the characterisation that a is ordered if it is n-ordered for every n ≥ 1 ([180, Lemma
2]) and non-crossing if it’s 4-ordered.

In this paper we are mainly concerned with P a disjoint union of mutually non-
comparable chains as defined below:

Definition 1.2.3. We denote by P(n1,...,nk) the poset P = C1 ∪ · · · ∪ Ck where each
Ci is a chain of length ni and x ∈ Ci, y ∈ Cj are comparable if and only if i = j.

17



(a) Not an ordered partition (b) Not an ordered partition (c) An ordered partition

Figure 1.1: Using the notation from Definition 1.2.3, one element of P(5,5) and two
elements of P(3,5,4) all drawn with the order going left to right. One can check that
(1.1a),(1.1b) are not ordered partitions while (1.1c) is.

For a partition a ∈ P(S) the number of blocks is related to the number of functions
that represent it via the factorial,

|a|! = #{f : S → [|a|] | ker (f) = a}.

This is no longer true for ordered partitions and motivates the following notation

Definition 1.2.4. For a ∈ Orp(P ), we define its factorial a! as

a! := #{f ∈ Hom(P, [|a|])
∣∣∣ ker (f) = a}.

For this next example, recall that if C ⊆ P and a ∈ P(P ) we use the notation

a ∩ C := {a ∩ C | a ∈ a} ∈ P(C)

Example 1.2.2.

1. If P = C1∪ · · · ∪Ck = P(|C1|,...,|Ck|), and a = (a∩C1)∪ · · · ∪ (a∩Ck) is a disjoint
union of its intersection with each chain, then a! is easily seen to be:

a! = |a|!∏k
i=1 |a ∩ Ci|!

.

2. If P is an antichain, then a! = |a|! for any a ∈ Orp(P ).

Remark 1.2.2. Counting the number of order-preserving maps from a poset P to
a chain [n] is a classic topic in combinatorics and computer science, where one is
typically concerned with bijective maps, so-called linear extensions. An important
quantity in order theory is the order polynomial Ω(n, P ) and strict order polynomial
Ω◦(n, P ) of P , see [33]. They will not be used here but we remark that for a finite
poset P and n ≤ #P∑

a∈Orp(P ),|a|≤n
a! = Ω(n, P ),

∑
a∈Orp(P ),|a|=n

a! = Ω◦(n, P ),

which follows directly from the definition.
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Another important quantity that appears in the context of signature cumulants is
the antichain ancestry of a ∈ Orp(P ).

Definition 1.2.5. For a ∈ Orp(P ) we define the set

A(a) = {b ≥ a : b ∩ C = a ∩ C for any chain C ⊆ P}.

We further define d(a) as:

d(a) =
∑

b∈A(a)
(−1)|b|−1 b!

|b|
.

As it turns out, there is a correspondence betweenA(a) and {f ∈ Hom(P, [|a|])
∣∣∣ ker (f) =

a}, and d(a) = 0 whenever a is minimal in its antichain ancestry. This is spelled out
below in the case where P is the disjoint union of exactly two chains.

Remark 1.2.3. If P is an antichain then this is easy to see since

d(a) =
∑
a≤b

(−1)|b|−1(|b| − 1)! =
∑

a≤b≤1
m(b,1) =

1 if a = 1

0 otherwise,

where 1 is the partition with one block.

Proposition 1.2.2. If P = C1 ∪ C2 = P(|C1|,|C2|) and a ∈ Orp(P ), then

a! = #A(a).

Moreover, if a = (a ∩ C1) ∪ (a ∩ C2), then d(a) = 0.

Proof. Assume without loss of generality that a ∩ Ci = Ci. Define the set

L(a) = {f ∈ Hom(P, [|a|])
∣∣∣ ker (f) = a}.

If {x, y} ⊆ C1×C2 and {u, v} ⊆ C1×C2 are two blocks of a then either x ≤ u, y ≤ v

or u ≤ x, v ≤ y. Hence if f, g ∈ L(a) and {x, y} ⊆ C1 × C2 is a block of a, then
f(x) = f(y) = g(x) = g(y). So if we let a?0, . . . , a?k be the blocks of a with exactly
two elements and ai be the (possibly empty) collection of elements xi such that
a?i−1 ∩ C1 < xi < a?i ∩ C1 if xi ∈ ai ∩ C1 and a?i−1 ∩ C2 < xi < a?i ∩ C2 if xi ∈ ai ∩ C2,
then we may identify:

L(a) = L(a1)× · · · × L(ak).

Additionally, if {x, y} ⊆ C1 × C2 is a block of a and b ∈ A(a) has a block
{u, v} ⊆ C1 × C2, then either:
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1. u = x, v = y

2. u < x, v < y

3. u > x, v > y

In view of this we may make the similar identification:

A(a) = A(a1)× · · · × A(ak).

To show the first claim we may therefore assume that a = C1 ∪ C2 so that the
blocks of a are singletons, but this is now clear since in this case, if b ∈ A(a), then b
is the aggregation of some number of blocks of C1 with the same number of blocks
in C2. Since b is ordered, there is exactly one unique way of aggregating them when
the blocks are chosen. So there’s exactly

(
|C1|
m

)(
|C2|
m

)
number of ordered partitions

b ∈ A(a) that aggregates m blocks of a, hence

#A(a) =
|C1|∧|C2|∑
m=0

(
|C1|
m

)(
|C2|
m

)
= |C|!
|C1|!|C2|!

= a!

by Remark 1. This shows the first claim. To see the second claim, define the auxiliary
sets

An(a) = {b ∈ A(a) : |b| = |a| − n}

and let zn(a) = #An(a). We know that:

a! =
∑
n≥0

zn(a).

Noting the identity ∑
b∈Ai(a)

zj(b) =
(
i+ j

i

)
zi+j(a),

we can write

d(a) =
∑
b≥a

(−1)|b|−1 b!
|b|

=
∑
n≥0

1
|a| − n

(−1)|a|−n−1 ∑
b∈An(a)

∑
k≥0

zk(b)

= (−1)|a|−1 ∑
n≥0

1
|a| − n

(−1)n
∑
k≥0

(
n+ k

k

)
zn+k(a)

= (−1)|a|−1 ∑
m≥0

zm(a)
∑

n+k=m

1
|a| − n

(−1)n
(
m

k

)

= (−1)|a|−1 ∑
m≥0

(−1)m zm(a)
(|a| −m)

(
|a|
m

) .
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Now fix a = (a ∩ C1) ∪ (a ∩ C2) and let |a ∩ C1| = m1 and |a ∩ C2| = m2. By the
same reasoning as before we have

zm(a) =
(
m1

m

)(
m2

m

)
,

and we get

d(a) = (−1)|a|−1
m1∧m2∑
m=0

(−1)m
(
m1
m

)(
m2
m

)
(m1 +m2 −m)

(
m1+m2

m

)
= (−1)|a|−1 1

m1 +m2

m1∧m2∑
m=0

(−1)m
(
m1
m

)(
m2
m

)
(
m1+m2−1

m

)
= (−1)|a|−1 1

m1 +m2
2F1(−m1,−m2;−m1 −m2 + 1, 1) = 0

where 2F1 is the Gaussian hypergeometric function.

1.3 The Signature Cumulant and its properties

The lattice of ordered partitions from Section 1.2 provides us with the combinatorial
language to prove properties about signature cumulants in analogy with classical
cumulants. Section 1.3.1 recalls geometric rough paths and in Section 1.3.2 we
introduce generalised signature moments and cumulants. Finally, in Section 1.3.3 we
prove Theorem 1.3.6 that is our “path-space” version of the classical cumulant results,
Theorem 1.1.1.

1.3.1 Geometric rough paths

Given a basis {e1, . . . , ed} for a vector space V , the set {eτ := ei1 ⊗ · · · ⊗ eim : τ =
(i1, . . . , im) ∈ [d]m} is a basis for V ⊗m. Throughout, we denote with [d]? = ⋃

m≥0[d]m

the set of tuples of arbitrary length.

Definition 1.3.1. The shuffle product x : T(V )× T(V )→ T(V ) is defined by linear
extension of the map

eτ1xeτ2 =
∑

τ∈Sh(τ1,τ2)
eτ , τ1, τ2 ∈ [d]?

where the sum is taken over all shuffles3 of τ1 and τ2.
3A shuffle of tuples τ1 = (i1, . . . , im) ∈ [d]m and τ2 = (j1, . . . , jn) ∈ [d]n is given by mapping

(σ1, . . . , σm+n) := (i1, . . . , im, j1, . . . , jn) to (σπ(1), . . . , σπ(m+n)) where π is a permutation on [m+n]
such that π(1) < · · ·π(m) and π(m+ 1) < · · · < π(m+ n).
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Remark 1.3.1. If τ1 = (i1, . . . , im), τ2 = (im+1, . . . , im+n) then their shuffles can
equivalently be defined as:

Sh(τ1, τ2) = {f(τ1, τ2) = (if−1(1), . . . , if−1(m+n)) | bijections f ∈ Hom(P(m,n),P(m+n))}.

Definition 1.3.2. Given p ≥ 1, a weakly geometric p-rough path in V is a map
x : [0, T ]2 → T((V )) such that for all 0 ≤ s < t < u ≤ T

1. 〈xs,t, fxg〉 = 〈xs,t, f〉〈xs,t, g〉 for all f, g ∈ T(V ),

2. xs,t ⊗ xt,u = xs,u,

3. ‖x‖p−var <∞.

where
‖x‖p−var = max

1≤m≤p
sup
D

( ∑
ti∈D
|xmti,ti+1

|p/m
)1/p

,

and the sum is taken over all dissections4 of [0, T ]. The space of weakly geometric
p-rough paths in V is denoted by Gwp (V ), and Gwp (V )-valued random variables will be
denoted by X.

Random rough paths. Our main interest here is that many stochastic processes
X in the state space V can be naturally lifted to random (weakly) geometric rough
paths X.

Example 1.3.1.

1. If the sample paths of X have finite p-variation for some p < 2 then the lift may
be constructed using Young integration. For instance, any piecewise C1 path
has finite 1-variation.

2. If X is a continuous semi-martingale then the lift may be constructed using
Stratonovich integration.

3. If X is a Gaussian process with i.i.d. components and a covariance function of
finite p-variation for some p < 4, then there is a canonical lift of X, see [76].

4By a dissection of [0, T ] we mean a finite collection t1 < · · · < t|D| ∈ [0, T ]
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1.3.2 Signature moments and cumulants.

In view of Theorem 1.1.1, the following definition is not surprising

Definition 1.3.3. We call

µX := (µmX)m≥0 := E[X0,T ] ∈ T((V ))

the signature moments of X and we call

κX := (κmX)m≥0 := logE[X0,T ] ∈ T((V ))

the signature cumulant of X whenever these quantities are well-defined.

It is well known that the signature moments characterise the law of a signature if
they decay fast enough, see [44]. Throughout the remainder of Section 1.3, X denotes
a geometric rough path for which the signature moments are well-defined.

Generalised signature cumulants As in the classical case, a generalisation of
moments and cumulants will be useful; see e.g. [171, 172] and Proposition 1.2.1.
Applied to tuples that are single indices the definition below recovers the classical
generalized moments and cumulants.

Definition 1.3.4. Let τ1, . . . , τk ∈ [d]?. We denote with P(τ1, . . . , τk) the partitions
of the set {τ1} ∪ · · · ∪ {τk} and Orp(τ1, . . . , τk) the ordered partitions of the same set
endowed with the poset structure of P(|τ1|,...,|τk|). For a = {a1, . . . , an} ∈ P(τ1, . . . , τk),
we define aji := τj ∩ ai.

Definition 1.3.5. Given a random variable T with values in T((V )) and a ∈
P(τ1, . . . , τk), we call

µT(a) =
|a|∏
i=1

E
[
〈T, ea1

i
〉 · · · 〈T, eaki 〉

]

the generalised a-moments of T and

κT(a) =
|a|∏
i=1

κ
(
〈T, ea1

i
〉, . . . , 〈T, eaki 〉

)

the generalised a-cumulants of T. Here, by convention, a1
i , . . . , a

k
i only runs over the

non-empty aji ’s.
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Example 1.3.2. If a = 1235|67|4 ∈ P(1234, 567) then

µT(a) = E
(
〈T, e123〉〈T, e5〉

)
E
(
〈T, e67〉

)
E
(
〈T, e4〉

)
,

κT(a) = κ
(
〈T, e123〉, 〈T, e5〉

)
κ
(
〈T, e67〉

)
κ
(
〈T, e4〉

)
.

Lemma 1.3.1. For a random variable T with values in T((V )) and a ∈ P(τ1, . . . , τk),
it holds that

µT(a) =
∑

b≤a,a∈A(b)
κT(b).

Proof. To see this, fix a ∈ P(τ1, . . . , τk) and let P be the poset a1 ∪ · · · ∪ ak with an
antichain ordering. Let Φ : {τ1} ∪ · · · ∪ {τk} → P be the map such that Φ(x) = aij if
x ∈ aij. Given a random variable T, define the random variable T′ taking values in
RP by

〈T′, ei〉 := 〈T, eΦ−1(i)〉, i ∈ P

then we can then write

µT(a) = µT′(Φ(a)),

where Φ acts on a by

Φ(a) = {Φ(a) : a ∈ a} ∈ P(P ).

Note that µT′(Φ(a)) is the moment as defined in Equation 1.2.1 since P is an antichain.
By Proposition 1.2.1 we get

µT′(Φ(a)) =
∑

b′≤Φ(a)
κT′(b′)

which, by definition of T′ yields

µT(a) =
∑

b=Φ−1(b′),b′≤Φ(a)
κT(b).

So it is enough to note that b = Φ−1(b′) with b′ ≤ Φ(a) if and only if b ≤ a and
a ∈ A(b).
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1.3.3 Cumulants, moments, and independence

We show Theorem 1.1.2, restated for weakly geometric rough paths at the end of this
section.

Lemma 1.3.2. For any p ≥ 1 and Gwp (V )-valued random variable X and any τ ∈ [d]?

〈κX, eτ 〉 =
∑

a∈Orp(τ)

(−1)
|a|

|a|−1

µX(a),

〈µX, eτ 〉 =
∑

a∈Orp(τ)

1
|a|!κX(a).

Proof. Let µX = µX−1, i.e

〈µX, eτ 〉 =

〈µX, eτ 〉 if τ 6= ∅,
0 otherwise.

We may write

log µX = log
(

1 + µX

)
=
∑
n≥1

(−1)
n

n−1(
µX

)⊗n
=
∑
n≥1

(−1)
n

n−1( ∑
m≥1

µmX

)⊗n

µX = expκX = 1 +
∑
n≥1

1
n! κ

⊗n
X = 1 +

∑
n≥1

1
n!

( ∑
m≥1

κmX

)⊗n
.

By identifying coordinates we see that:

〈κX, eτ 〉 =
∑
n≥1

∑
τ1···τn=τ

(−1)
n

n−1 n∏
i

〈µX, eτi〉,

〈µX, eτ 〉 =
∑
n≥1

∑
τ1···τn=τ

1
n!

n∏
i

〈κX, eτi〉

where the sum is over all de-concatenations of τ into non-empty sub-words τ1, . . . , τk.
The assertion now follows from the identification made in Item 3 of example 1.2.1.

Proposition 1.3.3. For any p ≥ 1 and Gwp (V )-valued random variable X and any
tuple τ = (τ1, . . . , τk), τ1, . . . , τk ∈ [d]?5

〈κX, eτ1x · · ·xeτk〉 =
∑

a∈Orp(τ)
(−1)|a|−1 a!

|a|
µX(a)

5To avoid having to deal with partitions on multisets we will assume throughout that all indices
are distinct. This is treated similarly in [171, 172], that is, all indices are treated as distinct even if
the same index appears multiple times.
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Proof. Let N = |τ1|+ · · ·+ |τk| and write |τ | = (|τ1|, . . . , |τk|) for brevity. Define the
set

Sh(τ) = {f(τ) | bijective f ∈ Hom(P|τ |, [N ])}.

By Lemma 1.3.2 and Remark 1.3.1 we may write:

〈κX , eτ1x · · ·xeτk〉 =
∑

w∈Sh(τ)

∑
a∈Orp(w)

(−1)|a|−1

|a|
µX(a) =

∑
a∈Orp(N)

(−1)|a|−1

|a|
∑

w∈Sh(τ)
µX(w|a)

where we write w|a for the partition of τ with blocks (w|a)i = ⋃
j∈ai

wj . So it is enough
to show that for any q ∈ N

∑
a∈Orp(N)
|a|=q

∑
w∈Sh(τ)

µX(w|a) =
∑

b∈Orp(τ)
|b|=q

b!µX(b).

Fix some a = ker (fa) = {a1, . . . , aq} ∈ Orp(N) and some w ∈ Sh(τ). Since [N ] is
totally ordered fa : [N ] → [q] is uniquely determined by a. Since w ∈ Sh(τ) there
exists some linear extension fw : P|τ | → [N ] so that w = fw(τ). Define a map

Φ : Orp(N)× Sh(τ)→ Hom(P|τ |, [q]), (a, w) 7→ fa ◦ fw.

In addition, for any a ∈ Orp(N), fb ∈ Hom(P|τ |, [q]), define the set:

D(a, fb) :=
{
w ∈ Sh(τ) | fb = fa ◦ fw

}
and let H(fb) be the unique element of Orp(N) such that #f−1

a (i) = #f−1
b (i) for

every i ∈ [q]. Note the following:

1. Φ is surjective since if fb ∈ Hom(P|τ |, [q]), then by fixing some linear extensions
on every block of b we may factor fb = f̃b ◦ h where h : P|τ | → [N ] is a linear
extension of P|τ |. Then Φ(ker

(
f̃b
)
, h(τ)) = fb.

2. The kernel of Φ decomposes as follows:

Φ−1(fb) =
{

(a, w) ∈ Orp(N)× Sh(τ)
∣∣∣ a = H(fb), w ∈ D(a, fb)

}
.

3. For any fb ∈ Hom(P|τ |, [q]) such that ker (fb) = b and a = H(fb), item 1 of
Definition 1.3.2 implies that

∑
w∈D(a,fb)

µX(w|a) = µX(b).
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In view of this we can write
∑

a∈Orp(N)
|a|=q

∑
w∈Sh(τ)

µX(w|a)

=
∑

fb∈Hom(P|τ |,[q])

∑
(a,w)∈Φ−1(fb)

µX(w|a)

=
∑

fb∈Hom(P|τ |,[q])

∑
w∈D(H(fb),b)

µX(w|H(fb))

=
∑

fb∈Hom(P|τ |,[q])
µX(b)

=
∑

b∈Orp(τ)
|b|=q

b!µX(b).

Corollary 1.3.4. Under the same assumptions as Proposition 1.3.3:

〈κX, eτ1x · · ·xeτk〉 =
∑

a∈Orp(τ)
d(a)κX(a).

Proof. Using Remark 1.3.1 we may write

〈κX , eτ1x · · ·xeτk〉 =
∑

a∈Orp(τ)
(−1)|a|−1 a!

|a|
µX(a)

=
∑

a∈Orp(τ)
(−1)|a|−1 a!

|a|
∑

b≤a,a∈A(b)
κX(b)

=
∑

b∈Orp(τ)
κX(b)

∑
a∈A(b)

(−1)|a|−1 a!
|a|

=
∑

b∈Orp(τ)
d(b)κX(b).

Example 1.3.3. If τ = (i1, . . . , im) ∈ [d]?, then by Remark 1.2.3 we can conclude
that:

〈πsym(κX), eτ 〉 = 〈κX, ei1x · · ·xeim〉 = κ(〈X0,T , ei1〉, . . . , 〈X0,T , eim〉),

and one retrieves the classical cumulant on the increment X0,T .

Proposition 1.3.5. Let I, J ⊆ [d] be two sets of coordinates and let X take values in
Gwp (V ) for some p ≥ 1. Then
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1. E
[
〈X0,T , eτ1〉〈X0,T , eτ2〉

]
= 〈µX, eτ1〉〈µX, eτ2〉, ∀ τ1 ∈ I?, τ2 ∈ J?

if and only if

2. 〈κX, eτ1xeτ2〉 = 0, ∀ τ1 ∈ I?, τ2 ∈ J? non-empty,

where I? := {(i1, . . . , im) | i1, . . . , im ∈ I,m ≥ 1}.

Proof. For any fixed τ1 ∈ I?, τ2 ∈ J? we say that a ∈ Orp(τ1, τ2) is non-degenerate if
a 6= (a ∩ τ1) ∪ (a ∩ τ2). By Corollary 1.3.4 and Proposition 1.2.2 we may write

〈κX, eτ1xeτ2〉 = κ
(
〈X0,T , eτ1〉, 〈X0,T , eτ2〉

)
+

∑
a∈Orp(τ1,τ2),|a|≥2

a non-degenerate

d(a)κX(a).

Noting that 1 is equivalent to κ
(
〈X0,T , eτ1〉, 〈X0,T , eτ2〉

)
= 0 for every τ1 ∈ I?, τ2 ∈ J?

non-empty, the assertion follows by induction on the length of τ1, τ2.

Remark 1.3.2. We would like to thank the referee for pointing out the following
algebraic proof of Proposition 1.3.5 which relies on the bialgebra structure of T((V ))
instead of the combinatorial results established here:

Write RI ,RJ for the vector spaces spanned by {ei | i ∈ I} and {ej | j ∈ J}
respectively and denote by πI : Rd → RI , πJ : Rd → RJ the associated projection maps.
These naturally extend to projection maps π?I : T((Rd)) → T((RI)), π?J : T((Rd)) →
T((RJ)) which are both graded algebra morphisms. Denoting by ∆ the map defined by
algebraic extension of ∆v = 1⊗ v + v ⊗ 1, it is well known that ∆ is a graded algebra
morphism and is dual to x in the sense that

〈x, fxg〉 = 〈∆x, f ⊗ g〉

for x ∈ T((V )), f, g ∈ T(V ?), see e.g [152, Proposition 1.9]. Hence Item 2 is equivalent
to

〈∆κX, eτ1 ⊗ eτ2〉 = 〈κX⊗1 + 1⊗ κX, eτ1 ⊗ eτ2〉

for any τ1 ∈ I?, τ2 ∈ J?; The above can be restated as

(π?I ⊗ π?J)∆κX = (π?I ⊗ π?J)(κX⊗1 + 1⊗ κX).

Since π?I⊗π?J : T((Rd))⊗T((Rd))→ T((RI))⊗T((RJ)) and ∆ : T((Rd))→ T((Rd))⊗T((Rd))
are graded algebra morphisms they factor through the exponential map, which we
may apply to both sides of Equation 1.3.2 to get

(π?I ⊗ π?J)∆eκX = (π?I ⊗ π?J)eκX⊗1+1⊗κX = (π?I ⊗ π?J)(eκX ⊗ eκX)
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since eκX = µX by definition, this is equivalent to

(π?I ⊗ π?J)∆µX = (π?I ⊗ π?J)(µX⊗µX)

which is equivalent to Item 1.
To summarise this section, we have now proven Theorem 1.1.2. To state it

appropriately we first need to define the space of unparametrised weakly geometric
rough paths.

Definition 1.3.6. The space of unparametrised weakly geometric p-rough paths is
defined as the quotient space

Rw
p (V ) = Gwp (V )/ ∼

where ∼ denotes so called tree-like equivalence of rough paths and is essentially
factoring out different ways of parametrising it. See Appendix 1.B for details.

Remark 1.3.3. It is well known in the literature that X 7→ X0,T is a bijection for
X ∈ Rw

p (V ) [23, Theorem 1.1].
Putting everything together and using the notation X|I = (〈X, eτ 〉)τ∈I? for a set

of coordinates I ⊆ [d] shows the following result

Theorem 1.3.6. Let p ≥ 1 and X be a Rw
p (V )-valued random variable such that

E[|〈X0,T , f〉|] <∞ for every f ∈ T(V ). Then for τ, τ1, . . . , τk ∈ [d]? it holds that

1. (compensated moments)

〈κX, eτ1x · · ·xeτk〉 =
∑

a∈Orp(τ1,...,τk)
(−1)|a|−1 a!

|a|
µX(a),

2. (moment bijection)

〈µX, eτ 〉 =
∑

a∈Orp(τ)

1
|a|!κX(a),

3. (independence) If I, J ⊆ [d] and the joint law (X|I ,X|J) is characterised by{
E[〈X0,T , eτ1〉〈X0,T , eτ2〉]

∣∣∣ τ1 ∈ I?, τ2 ∈ J?
}
,

then X|I and X|J are independent if and only if

〈κX, eτ1xeτ2〉 = 0 for any τ1 ∈ I?, τ2 ∈ J?.

A sufficient condition for Item 3 is that the individual signature moments decay
sufficiently fast, see Appendix 1.A. This can be verified for many models; an alternative
is to use “normalised signatures”, [46], for which the normalised signature moments
always characterise the law which is useful for “black box” approaches as used in
machine learning.
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1.4 Estimating Signature cumulants

To apply the previous results in practice, one has to take into account that only a
finite number of sample paths are available and needs to derive efficient estimators for
signature cumulants. For classical cumulants, Tukey introduce so-called Polykays in
[192]. We recall these in Section 1.4.1 and present them in a formulation and show
that they are indeed the minimum variance unbiased estimators in Lemma 1.4.1 (this
is probably well-known but we could not find a reference). In Section 1.4.2 we then
introduce such polykays for signature cumulants and show their optimality and other
properties as estimators in Proposition 1.4.2. Finally, we apply these results to give
an application to drift and volatility estimation for SDEs in Example 1.4.3.

1.4.1 Tukey’s Polykays

Given a partition a = {a1, . . . , ak} of [d], the symmetric means are polynomials in
n× d variables

(
x1
i , . . . , x

d
i

)n
i=1

defined as follows:

µ̂n(a) = 1
(n)k

∑ 6=

1≤i1,i2,...,ik≤n
xa1
i1 · · ·x

ak
ik

where (n)k = n(n − 1) · · · (n − k), xSi = ∏
j∈S x

j
i and the notation ∑6= means that

the sum is taken over all non-equal indices. The Polykays – originally introduced by
Tukey in [192] – are defined as

k̂n(a) =
∑
b≤a

m(b, a)µ̂n(b)

where m is the Möbius function of the partition lattice. See e.g [172, 133] for more
on polykays.

Example 1.4.1.

µ̂n(12) = 1
n

n∑
i=1

x1
ix

2
i , µ̂n(1|2) = 1

n(n− 1)
∑

1≤j 6=i≤n
x1
ix

2
j .

For a ∈ P(m) and i.i.d random variables (Xi)ni=1 =
(
X1
i , . . . , X

m
i

)n
i=1

the symmetric
means and polykays are unbiased estimators of moments and cumulants respectively,
i.e

Eµ̂n(a) = µX(a), Ek̂n(a) = κX(a).
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Lemma 1.4.1. For any finite disjoint sets S1, S2 and a1 ∈ P(S1), a2 ∈ P(S2):

Cov(k̂n(a1), k̂n(a2)) = 1
n

∑
c∈V (a1,a2)

∑
b≤c

b-a1,b-a2

κX(b) +O(n−2)

where

V (a1, a2) = {c ∈ P(S1 ∪ S2) : c ∩ S1 = a1, c ∩ S2 = a2, |c| = |a1|+ |a2| − 1},

and the notation b - a means that no block of b is a proper subset of a block of a.

Proof. It follows from [172, Proposition 3.1] that for any a1 ∈ P(S1), a2 ∈ P(S2)

E(k̂n(a1)k̂n(a2)) =
∑

b∈P(S1∪S2)
c(b)κX(b),

c(b) =
∑
c≥b

(n)c

(n)c1(n)c2

m(c1, a1)m(c2, a2)

where (n)c = n(n− 1) · · · (n− |c|) and ci = c∩ Si. By [172, Proposition 3.2] we know
that c(b) = 0 if any block of b is a proper subset of a block of a1 or a2, hence the
only O(1) term is κX(a1)κX(a2).

Unless there exists some c ≥ b such that |c| = |c1|+ |c2| − 1, then c(b) ∈ O(n−2)
and (n)c

(n)c1 (n)c2
= 1

n
+ O(n−2) if this is the case. Additionally, since no block of b

is a proper subset of a block of a1, a2 this must also be true for such a c ≥ b.
Combined with the constraint |c| = |c1|+ |c2| − 1 this implies that c1 = a1, c2 = a2,
so c ∈ V (a1, a2). In view of this we may write:

Cov(k̂n(a1), k̂n(a2)) = 1
n

∑
b∈P(S1∪S2)

b-a1,b-a2

κX(b)
∑

c≥b,c∈V (a1,a2)
m(c1, a1)m(c2, a2) +O(n−2)

= 1
n

∑
c∈V (a1,a2)

∑
b≤c

b-a1,b-a2

κX(b) +O(n−2).

Remark 1.4.1. If one is interested in computing the magnitude of the error in the
O(n−2) term then one would use the formula from [172],

Cov(k̂n(a1)k̂n(a2)) =
∑

b
c(b)κX(b), c(b) =

∑
c≥b

(n)c

(n)c1(n)c2

m(c1, a1)m(c2, a2)

and sum over all b ∈ P(S1 ∪ S2) such that (n)c
(n)c1 (n)c2

∈ O(n−2) for all c ≥ b.
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Example 1.4.2. If a ∈ P(S) is a partition with blocks of size at most 2, then Lemma
1.4.1 shows that:

Var(k̂n(a)) = 1
n

∑
ai,aj∈a

(
κX(aiaj) + κX(a1

i a
1
j)κX(a2

i a
2
j) + κX(a1

i a
2
j)κX(a2

i a
1
j)
) ∏
k 6=i,j

κX(ak)2 +O(n−2).

Definition 1.4.1. If X1, . . . ,Xn ∼ X is an i.i.d. sequence of random variables in
Gwp (V ) and τ = (τ1, . . . , τn) then we define

κ̂n(τ) =
∑

a∈Orp(τ)
(−1)|a|−1 a!

|a|
µ̂n(a) =

∑
a∈Orp(τ)

d(a)k̂n(a).

1.4.2 Signature polykays

The following Proposition describes properties of κ̂n(τ). Recall that for a function f
of k variables and i.i.d. samples X1, . . . , Xn ∼ X, the U-statistic of f(X) is defined as

U(f)n = Eσ∈Sym(n)[f(Xσ(1), . . . , Xσ(k))]

where the expectation is taken over the uniform measure of permutations σ : [n]→ [n],
see [195].

Proposition 1.4.2. Let X1, . . . ,Xn ∼ X be an i.i.d sequence such that E|〈X, eτ 〉| <
∞ for every τ ∈ [d]?, then for any τ = (τ1, . . . , τk):

1. Eκ̂n(τ) = 〈κX, eτ1x · · ·xeτk〉,

2. κ̂n(τ) is minimum variance in the family of unbiased polynomial estimators of
〈κX, eτ1x · · ·xeτk〉,

3. κ̂n(τ)→ 〈κX, eτ1x · · ·xeτk〉 a.s. and in Lp for every p ∈ [1,∞) as n→∞,

4. For any finite collection S of index tuples, the family
(
κ̂n(τ)

)
τ∈S

is asymptotically
normal with asymptotic covariance V(τ1, τ2) = ∑

a1∈Orp(τ1)
a2∈Orp(τ2)

d(a1)d(a2)V(a1, a2),

where V(a1, a2) = ∑
c∈V (a1,a2)

∑
b≤c

b-a1,b-a2

κX(b).

Proof. U-statistics are minimum variance in the family of unbiased polynomial
estimators, converging a.s. and in Lp, as well as asymptotically normal [195, Section
12]. Moreover, if U, V are U-statistics for f(X), g(X), then U + V and (U, V ) are
U-statistics for (f + g)(X) and (f, g)(X) respectively. Since k̂n(a) is a U-statistic
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Figure 1.2: We simulated a 2-dimensional diffusion X with drift b =
(

1
10

)
and volatility

σ = I2 the identity matrix. The plots show the absolute difference |µ̂2
X − µ2

X|, and
|κ̂2

X − κ2
X|, between the theoretical values of the second signature moment (blue) and

the second signature cumulant (red) and their estimators as the number of samples N
varies in the range 25 ≤ N ≤ 2000.

for κX(a), κ̂n(τ) is a U-statistic for 〈κX, eτ1x · · ·xeτk〉 and this extends to any finite
collection. It only remains to show the asymptotic variance. By Lemma 1.4.1 we get

Eκ̂n(τ1)κ̂n(τ2)− Eκ̂n(τ1)Eκ̂n(τ2) =
∑

a1∈Orp(τ1)
a2∈Orp(τ2)

d(a1)d(a2)
(
E[k̂n(a1)k̂n(a2)]− κ(a1)κ(a2)

)

=
∑

a1∈Orp(τ1)
a2∈Orp(τ2)

d(a1)d(a2)Cov(k̂n(a1), k̂n(a2)) = 1
n

∑
a1∈Orp(τ1)
a2∈Orp(τ2)

d(a1)d(a2)V(a1, a2) +O(n−2).
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Example 1.4.3 (Estimating a diffusion with constant drift and volatility). Denote
by B a standard d-dimensional Brownian motion and consider the process

Xt = bt+ σBt,

where b ∈ Rd and σ ∈ (Rd)⊗2. It is well known that X can be lifted to a geometric
rough path X and that

µX := E[X0,1] = exp(b+ 1
2σ)

see for instance [76, Exercise 3.22]. Hence, the first two signature cumulants and
signature moments of X are

µ1
X = b, κ1

X = b,

µ2
X = 1

2(b⊗2 + σ), κ2
X = 1

2σ.

By Item 2 of Theorem 1.3.6, both µX and κX characterise the law of the process X,
but if one wants to learn the law of the process X from observing sample trajectories
of X, then it is much more efficient to work with signature cumulants than with
signature moments, thus echoing a classic insight from statistics for vector-valued
data, see Example 1.1.1. To see this, assume we are given an observation of the
process (Xt(ω))t∈[0,N ] over a time interval [0, N ] for a large N ∈ N. We divide this
interval into N pieces of length 1 and calculate the signature of X over each of these
shorter intervals. Since X is strong Markov, this results in N independent samples
X1, . . . ,XN of the signature X of (Xt)t∈[0,1]. The unbiased estimators introduced
above are given as

µ̂1
X = 1

N

∑N
i=1 X1

i , κ̂1
X = 1

N

∑N
i=1 X1

i ,

µ̂2
X = 1

N

∑N
i=1 X2

i , κ̂2
X = 1

N

∑N
i=1 X2

i − 1
2N(N−1)

∑
1≤i 6=j≤N X1

i ⊗X1
j .

We now show that the second signature moment typically has a higher variance than
the second signature cumulant. In fact, a direct calculation detailed in Appendix 1.C
shows that

Var
(
〈µ̂X, eiej〉

)
= Var

(
〈κ̂X, eiej〉

)
+ cij

where the last term cij is explicitly computed. For example, if σ = Id it reduces to

cij = 1
N


1
2(bi)4 + 2(bi)2 − 1

2(N−1) , if i = j,
1
2(bi)2(bj)2 + 1

4(bi)2 + 1
4(bj)2 − 1

4(N−1) , otherwise.

and we see that the second signature cumulant estimator has a lower variance than
the second signature moment estimator whenever either b or N is sufficiently large.
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1.A Independence of Rough Paths on Rd

For an element x ∈ T((V )), let πn : T((V ))→ V ⊗n be the projection map and denote
by xn = πnx. Further define:

E(V ) = {x ∈ T((V )) :
∑
n≥0
‖xn‖λn <∞, ∀λ > 0},

G(V ) = {g ∈ E : ∆(g) = g ⊗ g, g 6= 0}

where ∆ is the map defined by extension of ∆(v) = v⊗ 1 + 1⊗ v for v ∈ V . It follows
from [129, Section 2.2.5] that signatures of weakly geometric rough paths in V take
values in G(V ). Endow E(V ) with the locally convex topology induced by the family
of norms ‖x‖λ = ∑

n≥0‖xn‖λn, λ > 0 and G(V ) with the subspace topology. It follows
from [44, Section 2 and 3] that:

1. G(V ) is Polish,

2. If f ∈ E? there exists some λ > 0 such that ‖f ◦ πn‖ ≤ λn and ∑N
n=0 f ◦ πn → f

pointwise,

3. If X is a random variable that takes values in G(V ) and EX ∈ E(V ), then for
f ∈ E?, Ef(X) = ∑

n≥0〈EXn, f〉.

By [44, Section 4] there exists a subset of E(V )? such that when restricted to G(V )
forms a ?-subalgebra of Cb(G(V )) that separates the points. Denote this family of
functions by C(G).

We briefly recall the Stone-Weierstrass Theorem for Radon measures ([24, Exercise
7.14.79]): If X is a topological space and µ, ν are two Radon measures on X . Then if
F ⊆ Cb(X ) is an algebra of functions that separates the points of X , then µ = ν is
and only if µ(f) = ν(f) for every f ∈ F .

The next lemma is a slight generalisation of [44, Proposition 6.1] and its proof
closely resembles that of [44, Proposition 3.2].

Lemma 1.A.1. If X1, . . . , Xk are random variables taking values in G(V ) that satisfy:
∑
n≥0
‖EXn

i ‖λn <∞, ∀λ > 0

for i = 1, . . . , k. Then the joint law of (X1, . . . , Xk) is uniquely determined by:

E
[
〈X1, eτ1〉 · · · 〈Xk, eτk〉

]
, τ1, . . . , τk ∈ [d]?.
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Proof. The set of finite linear combinations of maps of the form

(x1, . . . , xk) 7→ f1(x1) · · · fk(xk), f1, . . . , fk ∈ C(G)

is a ?-subalgebra of Cb(Gk) that separates the points of Gk. Since V is Polish, so is
G(V ) and G(V )k, so by [24, Theorem 7.1.7] the law of (X1, . . . , Xk) is Radon and
hence by Stone-Weierestrass for Radon measures the assertion will then follow if we can
show that Equation 1.A.1 determines E

[
f1(X1) · · · fk(Xk)

]
for every f1, . . . , fk ∈ C(G).

Fix some f1, . . . , fk ∈ C(G) and let fni = fi ◦ πn. For every n ≥ 0, fni ∈ T(V ) so
Efni (Xi) is determined by Equation 1.A.1. Since we know that∑N

n=0 f
n
i → fi pointwise

and Efi(Xi) = ∑
n≥0 Efni (Xi) it is enough to show that∑n1,...,nk≥0 E(|fn1

1 (X1) · · · fnkk (Xk)|) <
∞ since one may then apply dominated convergence to get:

E
(
f1(X1) · · · fk(Xk)

)
= E

(
lim
N→∞

( N∑
n1=0

fn1
1 (X1)

)
· · ·

( N∑
nk=0

fnkk (Xk)
))

=
∑

n1,...,nk≥0
E
(
fn1

1 (X1) · · · fnkk (Xk)
)
.

But for any f ∈ E∗ and X ∈ G it holds that f(X)2 = f⊗2(X ⊗ X) = f⊗2(∆X).
Hence f 2 = f⊗2 ◦∆ ∈ E∗ on G, so∑

n1,...,nk≥0
E(|fn1

1 (X1) · · · fnkk (Xk)|) ≤
∑

n1,...,nk≥0
E|fn1

1 (X1)|2 + · · ·+ E|fnk1 (Xk)|2

=
∑
n≥0

(fn1 )⊗2∆(EX2n
1 ) + · · ·+ (fnk )⊗2∆(EX2n

k ).

By continuity of f1, . . . , fk,∆ we may pick some λ > 0 such that ‖(fni )⊗2 ◦∆‖ ≤ λ2n

for every i = 1, . . . , k. Now the assertion follows since∑
n1,...,nk≥0

E(|fn1
1 (X1) · · · fnkk (Xk)|) ≤

∑
n≥0

λ2n
[
‖EX2n

1 ‖+ · · ·+ ‖EX2n
k ‖

]
<∞.

For the next Proposition, denote by Gp(V ) the closure of C1-paths in Gwp (V ).
Even though Gp(V ) is strictly smaller than Gwp (V ), one always has the inclusion
Gwp (V ) ⊆ Gq(V ) if q > p [76, Exercise 2.15]. Denote by Rp(V ) the image of Gp(V ) in
Rw
p (V ).

Proposition 1.A.2. For any p ≥ 1 and X,Y taking values in Rp(V ) such that∑
n≥0
‖EXn

0,T‖λn <∞,
∑
n≥0
‖EYn

0,T‖λn <∞, ∀λ > 0,

then X and Y are independent if and only if

E
[
〈X0,T , eτ1〉〈Y0,T , eτ2〉

]
= E

[
〈X0,T , eτ1〉

]
E
[
〈Y0,T , eτ2〉

]
∀ τ1, τ2 ∈ [d]?.
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Proof. Gp(V ) is separable [76, Exercise 2.12], hence so is Rp(V ) as a continuous image
of Gp(V ). So the laws of X,Y are radon [24, Theorem 7.1.7], and the map X 7→ X0,T

is a continuous injection [23, Theorem 1.1]. Since continuous injections into Hausdorff
spaces are injective on Radon measures it is enough to show that X0,T ,Y0,T are
independent.

But X0,T and Y0,T take values in G(V ), so the assertion follows by applying
Lemma 1.A.1 to the measures on G(V ) × G(V ) defined by µ1(A × B) = P(X0,T ∈
A,Y0,T ∈ B), µ2(A× B) = P(X0,T ∈ A)P(Y0,T ∈ B) for Borel set A,B.

1.B Tree-like equivalence of paths

For a path x : [0, T ] → E, where E is some topological space, denote by ←−x its
time-reversal, defined as

←−x (t) := x(T − t).

For two paths x : [0, T ] → E, y : [0, S] → E, denote by x ? y : [0, T + S] → E their
concatenation, defined as

(x ? y)t :=

x(t) for 0 ≤ t < T,

y(s) + x(T ) for T ≤ t ≤ T + S.

Definition 1.B.1 ([23]). A continuous path x : [0, T ] → E is said to be tree-like if
there exists an R-tree τ , a continuous map ϕ : [0, T ]→ τ and a map ψ : τ → E such
that ϕ(0) = ϕ(T ) and x = ψ ◦ ϕ.

With the above definition in mind, we say that two paths x, y are tree-like equivalent
if x ?←−y is tree-like. If x,y ∈ Gwp (V ) then we say that they are tree-like equivalent if
the two paths t 7→ x0,t and s 7→ y0,s are. This induces an equivalence relation ∼ on
Gwp (V ) and the corresponding quotient space

Rw
p (V ) = Gwp (V )/ ∼

is called the space of unparametrised weakly geometric p-rough paths. This space is
equipped with the topology induced by the map Rw

p (V )→ E(V ), x 7→ x0,T .

Remark 1.B.1. Tree-like equivalence is essentially factoring out different ways of
parametrising paths. If one wants to make a statement about a stochastic process
X and not its unparametrised counterpart then one would simply look at the rough
path lift of (xt, t)t≥0 instead since for any two paths x, y with the same starting value
(xt, t) ∼ (yt, t) if and only if x = y.
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Remark 1.B.2. Since a rough path x is a function of increments (s, t) 7→ xs,t, the lift
of a process x does not in general depend on its starting value x0. If one wishes to
make a statement about the whole process then one would lift (xt, tx0).

1.C Details for Example 1.4.3

For i, j ∈ [d] denote with µ̂X(i, j) the moment estimator associated to the partition
a = i|j as seen in Example 1.4.1, then

Var
(
〈µ̂X, eiej〉

)
= Var

(
〈κ̂X, eiej〉

)
− 1

4Var
(
µ̂X(i, j)

)
+ Cov

(
〈µ̂X, eiej〉, µ̂X(i, j)

)
By using the formula in Remark 1.4.1 we can compute the formal expressions for the
covariances of the polykays associated to the partitions a = a1|a2 and b = a3,

Cov(k̂(a1|a2), k̂(a3)) = 1
N

[
κ(a1|a2a3) + κ(a2|a1a3) + 2κ(a1|a2|a3)

]
Cov(k̂(a1|a2), k̂(a1|a2)) = 1

N

[
κ(a1|a1|a2a2) + κ(a2|a2|a1a1) + 2κ(a1|a2|a1a2)

]
+ 1
N(N − 1)

[
κ(a1a1|a2a2) + κ(a1a2|a1a2)

]
.

With this one sees that

Cov
(
〈µ̂X, eiej〉, µ̂X(i, j)

)
= 1

2N
(
bibj(σij + σji) + bibiσjj + bjbjσii + 2bibjσij + bibibjbj

)
Var

(
µ̂X(i, j)

)
= 1
N

(
bibj(σij + σji) + bibiσjj + bjbjσii

)
+ 1
N(N − 1)

(
σiiσjj + σijσij

)
,

and hence

cij := 1
4N

(
2bibibjbj + bibj(σij + σji) + bibiσjj + bjbjσii + 4bibjσij

)
− 1

4N(N − 1)
(
σiiσjj + σijσij

)
.

1.D A generalisation to branched rough paths

We study the Hopf algebra of finite posets and give a formula for its iterated coproduct.
This is used to provide a cancellation free formula for its antipode and also provides
cancellation free moment-cumulants relations for its character group. These relations
generalise and unify similar formulas for geometric, quasi geometric and branched
rough paths.
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1.D.1 The poset algebra

It is possible to define a commutative product and coproduct on posets. Given an
order preserving function f : P → [n] we use the shorthand fk for the poset f−1(k)
with its induced ordering. We use the convention that if f−1(k) = ∅ then fk = 1.

Definition 1. Given two posets P1, P2 their commutative poset product P1P2 is
defined as the set P1 tP2 with the partial order x ≤ y if x, y ∈ Pi and x ≤Pi y and no
further relations.

Definition 2. The poset coproduct ∆ is defined by

∆(P ) =
∑

f∈Hom(P,[2])
f1 ⊗ f2.

where the sum is taken over all order preserving functions f : P → [2] = {1, 2}.
Equivalently this can be written as ∆(1) = 1⊗2 and for P 6= 1

∆(P ) = P ⊗ 1 + 1⊗ P +
∑

f :P�[2]
f1 ⊗ f2.

where the sum is taken over all surjective order preserving functions.

Remark 1.D.1. The coproduct can also be written in terms of ideals, see [2, Example
2.3]

Definition 3. Given a set P of finite posets that is closed under the poset product
and coproduct, the poset algebra H = (P , ·,∆) is the algebra of spanned by linear
combinations of elements of P . H is graded by |P | being the number of elements of P .

Proposition 1.D.1. H is a Hopf algebra.

Proof. Note that ∆ is an algebra morphism since for any two posets F,G

∆(F )∆(G) = (F ⊗ 1 + 1⊗ F +
∑

f :F�[2]
f1 ⊗ f2)(G⊗ 1 + 1⊗G+

∑
g:G�[2]

g1 ⊗ g2)

= FG⊗ 1 + 1⊗ FG+ F ⊗G+G⊗ F +
∑

g:G�[2],f :F�[2]
f1g1 ⊗ f2g2.

We note that Hom(FG, [2]) can be decomposed as either f−1(x) = G, f−1(y) = F for
x, y = 1, 2 or f−1(1) = A ∪B, f−1(2) = C ∪D where A,C is and ordered partition of
F and B,D is an ordered partition of G. Hence

F ⊗G+G⊗ F +
∑

g:G�[2],f :F�[2]
f1g1 ⊗ f2g2 =

∑
f :FG�[2]

f1 ⊗ f2

which implies that ∆(F )∆(G) = ∆(FG).
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Proposition 1.D.2. Given a poset P ∈ H, it holds that

∆n−1P =
∑

f∈Hom(P,[n])
f1 ⊗ · · · ⊗ fn

where the sum is taken over all order preserving maps f : P → [n].

Proof. This is shown by induction on n, for n = 2 this is clear by definition. Assume
that it holds for n− 1 and write

∆nP =(∆⊗ 1⊗n−1)
∑

f∈Hom(P,[n])
f1 ⊗ · · · ⊗ fn

=
∑

f∈Hom(P,[n])

(
∆f1

)
⊗ · · · ⊗ fn

=
∑

f∈Hom(P,[n])

∑
g∈Hom(f1,[2])

g1 ⊗ g2 ⊗ f2 ⊗ · · · ⊗ fn

and the assertion follows from noting that every term in Hom(P, [n+ 1]) will appear
exactly once in the above sum. To see this, note that for any h ∈ Hom(P, [n+ 1]) we
can define f, g as follows g1 = h1, g2 = h2 and f1 = h1 ∪ h2 and fk = hk+1 for k > 1,
this shows that every h ∈ Hom(P, [n+ 1]) appears at least once in the sum. To see
that they appear at most once, note that if g1⊗g2⊗f2⊗· · ·⊗fn = g′1⊗g′2⊗f ′2⊗· · ·⊗f ′n
then clearly g = g′ which implies that f = f ′.

Remark 1.D.2. Note that by restricting to (H?
0)⊗n we get

∆n−1P |(H?0)⊗n =
∑

f :F�[n]
f1 ⊗ · · · ⊗ fn.

where the sum is taken over all surjective order preserving maps.

Example 1.D.1.

∆2P = P ⊗ 1 + 1⊗ P +
∑

f :P�[2]
f1 ⊗ f2 ⊗ 1 + f1 ⊗ 1⊗ f2 + 1⊗ f1 ⊗ f2

+
∑

f :P�[3]
f1 ⊗ f2 ⊗ f3

Recall the following definitions from the main text:

• The ordered partitions of a poset P is defined as

OP(P ) = {ker .f : f ∈ Hom(P,N)}

• Given a partially ordered partition π, its factorial is defined as

π! = #{f ∈ Hom(P, [|P |]) : ker .f = π}
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• For a given partially ordered partition π on P , we define its antichain ancestry
as

A(π) = {b ≥ π : b ∩ C = π ∩ C for any chain C ⊆ P}.

Note that if b ∈ A(π), then π1 · · · π|π| = b1 · · · b|b|.

Two elements x, y of a poset P are said to be connected if there exists a sequence of
elements z1, . . . , zk ∈ P such that z1 ≤ zi+1 or zi+1 ≤ zi and z1 = x, zk = y. A poset
is said to be connected if any two elements are. A partition is said to be connected if
all of its blocks are connected. The set of connected partially ordered partitions of a
poset P is denoted by C(P ).

Lemma 1.D.3. C(P ) is exactly the set of ordered partitions that are not contained
in any antichain ancestry except their own.

Proof. Pick π ∈ C(P ) and assume that π ∈ A(Π). Then any block of π can be written
as a union of blocks of Π by assumption. Pick any two elements x, y ∈ P that belong
to the same block π? ∈ π and let Π? be the block of Π that contains x. By assumption
there exists a sequence C1, . . . , Ck ⊆ π? of intersecting chains such that x ∈ C1, y ∈ Ck.
Since π ∩ Ci = Π ∩ Ci for 1 ≤ i ≤ k it must hold that Ci ⊆ Π? for every i, hence
y ∈ Π? and it must hold that π? = Π?. So Π = π.

The forest algebra

Definition 4. Given a poset P and an element w ∈ P , the ideal Iw ⊆ P is defined as
{v ∈ P : v ≤ w}. We say that a poset P is a forest if Iw is totally ordered for any
w ∈ P . We say that P is a rooted tree if it has a unique smallest element. Note that
any forest can be written as a disjoint union of trees. Note that any subset of a forest
is also a forest with its induced order.

Remark 1.D.3. A forest can also be defined as a graph where every pair of vertices are
either connected by a unique path or not at all. This is equivalent to the definition
above by the following construction: Given a vertex v ∈ F in a forest F , let γv be
the set of vertices visited by the shortest path from v to its root. We define a partial
order on F by setting

w ≤ v if w ∈ γv

then F is a forest per the above definition.
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A decorated forest is a pair (F, h) where F is a forest and h : F → [d] is a function
that assigns a value from 1 to d to every node in F .

Proposition 1.D.4. The Connes-Kreimer Hopf algebra is the poset algebra on
decorated forests.

Proof. For a tree τ , any order preserving f : τ → [2] defines an admissible cut on τ by
definition, hence the coproduct agrees with the Connes Kreimer coproduct on trees,
so they are the same.

Proposition 1.D.5. Any connected partition of a forest is ordered

Proof. Let π be a connected partition of a forest F . Since π is connected it can be
written as π = (π ∩ F1) t · · · (π ∩ Fk) where F1 · · ·Fk = F are the trees that make
up F . Since the trees are incomparable we may assume without loss of generality
that F is a tree. Now pick the block of π that contains the root, call it π1. Note
that for any x ∈ π1 and y /∈ π1 it must hold that either they are incomparable, or
x ≤ y since if y ≤ x then since Ix is totally ordered and π1 is connected y ∈ π1. Hence
F\π1 is a forest with at most |F | − 1 elements, and by induction we may construct
an order preserving function that induces π by setting f(1) = π1 and repeating the
procedure.

Proposition 1.D.6. If F is a tree τ , then a connected ordered partition π inherits a
tree structure from τ by connecting the successive blocks of π. π! can then be defined
inductively by

·! = 1, [π1, . . . , πk]! =
(
|π1|+ · · ·+ |πk|
|π1|, . . . , |πk|

)
π1! · · · πk!

Remark 1.D.4. If F is a proper forest then an ordered partition π will not be a tree or
a forest in general and can not be computed iteratively in the same way. However, if
π satisfies that none if its blocks contains elements from more than one tree, then it
does inherit a forest structure and π! can be computed as

π! = n!(π ∩ τ1)! · · · (π ∩ τn)!
|π ∩ τ1|! · · · |π ∩ τn|!

The chain algebra

Just like the forest algebra is the algebra generated by trees, the chain algebra is the
algebra generated by chains
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Definition 5. The chain algebra is the poset algebra on disjoint unions of decorated
chains.

Remark 1.D.5. Since a union of chains is a forest, the chain algebra is a subalgebra of
the Connes Kreimer algebra.

The free symmetric algebra

The free symmetric algebra of dimension d is the poset algebra on d posets with only
one element each, note that in this case, any function is order preserving, hence we
may write the coproduct of any element in the algebra as

∆(pn1
1 · · · p

nk
k ) =

∑
ItJ=[|P |]

pi11 · · · p
ik
k ⊗ p

j1
1 · · · p

jk
k

1.D.2 Moment cumulant relations

Definition 6. The log and exp functions are defined on H? by

log(x) =
∑
n≥1

(−1)n−1

n
(x− 1)n

exp(x) =
∑
n≥0

1
n!x

n

where the product is the multiplication on H?.

Given a random character X on H? we define its moments as EX and its cumulants
as logEX.

Proposition 1.D.7. For any poset P ∈ H and random character X on H? with
cumulants κ and moments µ it holds that

〈P, κ〉 =
∑

π∈OP(P )
(−1)|π|−1 π!

|π|
µ(π) =

∑
π∈OP(P )

(−1)n−1π!
n
〈π1 ⊗ · · · ⊗ πn, µ⊗n〉

where π runs over all ordered partitions of P .

Proof. Note that

〈P, κ〉 = 〈P, logEX〉 =
∑
n≥1

(−1)n−1

n
〈P, (EX − 1)n〉 =

∑
n≥1

(−1)n−1

n
〈∆nP, (EX − 1)⊗n〉

so it is enough to show that for any n > 0

〈∆nP, (EX − 1)⊗n〉 =
∑

π∈OP(P ):|π|=n
π!µ(π) =

∑
f�[n]

µ(ker .f) =
∑
f�[n]
〈f1,EX〉 · · · 〈fn,EX〉.

which follows from Lemma 1.D.2.
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Remark 1.D.6. Note that Proposition 1.D.7 is more general than it appears since we
have the sequence of inclusions

Chain algebra ⊆ Connes-Kreimer algebra ⊆ Poset algebra.

Therefore it generalises the results of [30], which studies geometric rough paths, to a
setting that includes branched rough paths as well as quasi-geometric rough paths

Corollary 1.D.8. If X is a branched rough path on Rd with signature S(X) such
that ES(X) has finite coordinate values, then it holds that for any forest F

〈F, logES(X)〉 =
∑

π∈OP(F )
(−1)|π|−1 π!

|π|
〈π1,ES(X)〉 · · · 〈π|π|,ES(X)〉

Remark 1.D.7. In the symmetric algebra, since any function is order preserving we
get that for any partially ordered partition π! = |π|!. This implies that

logEpn1
1 · · · p

nk
k =

∑
π

(−1)|π|−1(|π| − 1)!E(pπ
1
1

1 · · · p
π1
k
k ) · · ·E(pπ

|π|
1

1 · · · pπ
|π|
k
k )

which are the usual moment cumulant relations on vector valued data.

Remark 1.D.8. If C is a single chain in the chain algebra, then the ordered partitions
and order preserving functions are in 1 to 1 correspondence, hence we get

〈C, κ〉 =
∑

π∈OP(C)
(−1)|π|−1µ(π1) · · ·µ(π|π|)

where the sum is taken over all partitions with convex blocks.
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Chapter 2

Kernelized Cumulants: Beyond
Kernel Mean Embeddings

This chapter is based on [31] which was written with Harald
Oberhauser and Zoltán Szabó.

In Rd, it is well-known that cumulants provide an alternative to moments that can
achieve the same goals with numerous benefits such as lower variance estimators. In
this paper we extend cumulants to reproducing kernel Hilbert spaces (RKHS) using
tools from tensor algebras and show that they are computationally tractable by a
kernel trick. These kernelized cumulants provide a new set of all-purpose statistics; the
classical maximum mean discrepancy and Hilbert-Schmidt independence criterion arise
as the degree one objects in our general construction. We argue both theoretically and
empirically (on synthetic, environmental, and traffic data analysis) that going beyond
degree one has several advantages and can be achieved with the same computational
complexity and minimal overhead in our experiments.

45



2.1 Introduction

The moments of a random variable in Rd are arguably the most popular all-purpose
statistic. However, for many purposes, cumulants [133] are much better suited statistics
than moments. For example, low-degree moments can dominate higher degree moments
which becomes particular concerning when only finite samples are available. As an
elementary example, we note that the unbiased estimator for the second cumulant
generally has a lower variance than the unbiased estimator for the second moment:
denoting the minimum variance unbiased estimators by µ̂2 and κ̂ respectively, one can
show that given N samples from a random variable X, the following holds

Var
(
µ̂2
)

= Var (κ̂) + 2
N

[
(EX)4 − (EX)2 Var(X)− 2Var(X)2

N − 1

]
;

see Appendix 2.A for details. Similarly, for independence testing cumulants are
classical since independence amounts to testing if the cross-cumulants vanishing. Most
people will be familiar with the fact that the covariance – the second cumulant (the
first being the mean) – is zero for independent random variables but this property is
not sufficient for independence (all cross-cumulants must vanish). Further, cumulants
have many other attractive properties such as a simple characterization of the Gaussian
distribution and additivity over independent random variables which often makes
them better suited than moments when working for instance with i.i.d. random
variables or Gaussians. In this paper, we deploy (reproducing) kernels to study the
distribution of a random variable by lifting it into a RKHS. The contribution of this
article is to go beyond the mean in the RKHS by developing the notion of cumulants
in RKHSs. We show that probably the most fundamental of the above advantages
of classical cumulants of Rd-valued random variables persist; a kernel trick yields
efficient computation of such cumulant-based statistics and we apply these insight to
experiments about two-sample and independence testing and achieve improved test
power.

Kernel embeddings. Mean and covariance arise naturally in the context of kernel-
enriched domains. Kernel techniques [164, 177, 157] provide a principled and powerful
approach for lifting data points to a so-called reproducing kernel Hilbert space (RKHS;
[5]). Considering the mean of this feature – referred to as kernel mean embedding
(KME; [17, 170]) – also enables one to represent probability measures, and to induce
a semi-metric referred to as maximum mean discrepancy (MMD; [170, 92]) and an
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independence measure called the Hilbert-Schmidt independence criterion (HSIC1; [93]).
It is known that when the underlying kernel is characteristic [80, 174], the MMD is a
metric. HSIC captures independence for 2 components with characteristic kernels and
for > 2 components [151, 166] with universal ones [183]. MMD belongs to the family of
integral probability metrics (IPM; [208, 137]) when in the IPM the underlying function
class is chosen to be the unit ball of the RKHS. MMD and HSIC are known to be
equivalent [167] to the notions of energy distance [9, 184, 185]—also called N-distance
[207, 114]– and energy distance [187, 186, 128] of the statistics literature. Both MMD
and HSIC can be expressed in terms of expectations of kernel values which can be
leveraged to design efficient estimators for them; we will refer to this trick as the
expected kernel trick. A recent survey on mean embedding and their applications is
given by [136].

Kernelized cumulants. This paper aims to extend the notion of cumulants to
RKHSs and combine the favorable properties of the two fields. The primary technical
challenge one has to resolve is that cumulants have a quite rich algebraic structure that
is closely linked to the partition lattice [171, 172], and requires tools from algebra and
combinatorics to be studied. The key idea of the extension is that the classical defining
property of cumulants of random variables in Rd via the logarithm of the moment
generating function can be generalized by using tools from tensor algebras. Although
cumulants are classic in probability they do not seem to have received attention in
the kernel literature; partly a reason might be the underlying algebraic structure is
already non-trivial in Rd; for example, even extending their definition to RKHS needs
care since this relies on the algebraic structure of series of tensors in RKHSs. The
closest previous work to our knowledge is by [132] and considers the variance in the
RKHS – which in our setting can be identified as the first kernelized cumulant after
the kernel mean embedding – for two-sample testing like we do in parts of this paper.
But this is never put in the context of cumulant embeddings, nor their theoretical
guarantees are derived. Our main theoretical contribution is to provide a framework
for general cumulants (which includes but also goes beyond variance) in RKHS and to
provide sufficient conditions (Theorem 2.3.1 and Theorem 2.3.2) on the kernel itself
that theoretically justify two-sample and independence testing that applies to a large
class of kernels which we term point-separating.

1HSIC is a MMD with the tensor product kernel evaluated on the joint distribution and the
product of the marginals, or equivalently the Hilbert-Schmidt norm of the cross-covariance operator.
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Outline. The paper is structured as follows: In Section 2.2 we formulate the notion
of cumulants of random variables in Hilbert spaces. In Section 2.3 we prove a kernelized
version of Theorem 2.2.1 that generalizes a classic result of Rd-valued random variables
about the characterization of distributions using cumulants. We go on to show that
for RKHSs, we may leverage the expected kernel trick to derive efficient estimators for
novel statistics; KME and HSIC arise as the “degree 1” objects of these statistics. In
Section 2.4 we demonstrate numerically that going beyond degree 1 is advantageous;
even just going to degree 2 can lead to significant improvement and comes with little
computational overhead. We provide general technical background (on cumulants,
tensor products, and tensor sums of Hilbert spaces and tensor algebras), proofs,
further details on numerical experiments, and our V-statistic based estimators in the
Appendices.

2.2 Moments and Cumulants

We briefly revisit classical cumulants and define cumulants of random variables in
Hilbert spaces.

Moments. Let γ be a probability measure on Rd and (X1, . . . , Xd) ∼ γ. The
moments µ(γ) = (µi(γ))i∈Nd of γ are defined as

µi(γ) := E
[
X i1

1 · · ·X
id
d

]
∈ R, (2.1)

where i = (i1, . . . , id) ∈ Nd denotes a d-tuple of non-negative integers (i1, . . . , id ≥ 0).
The degree of an element i ∈ Nd is defined as deg(i) : = i1 + · · · + id. For m ∈ N,
let µm(γ) := (µi(γ))deg(i)=m which we refer to as the m-th moments of γ with the
convention that µ0(γ) = 1.

Cumulants. Cumulants κ(γ) = (κi(γ))i∈Nd can be defined by the moment generating
function as

∑
i∈Nd

κi(γ)θ
i

i! = log
∑
i∈Nd

µi(γ)θ
i

i! , θ = (θ1, . . . , θd) ∈ Rd, (2.2)

where we denote i! = i1! · · · id! and θi = θi11 · · · θidd ; an equivalent definition of cumulants
is via a combinatorial expression of partitions (elaborated in Appendix 2.C.1). Cumulants
have several attractive properties, the following forms our main motivation.
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Theorem 2.2.1 (Characterization of distributions with cumulants on Rd, [20]). Let
γ be a probability measure on a bounded subset of Rd with cumulants κ(γ) and let
(X1, . . . , Xd) ∼ γ. Then

1. γ 7→ κ(γ) is injective.

2. X1, . . . , Xd are jointly independent if and only if κi(γ) = 0 for all d-tuples of
positive integers i ∈ Nd

+.

2.2.1 Moments in Hilbert Spaces

Instead of directly considering the law of a tuple of random variables (X1, . . . , Xd) in a
product space X1× · · ·×Xd, it can be advantageous to use feature maps Φi : Xi → Hi

and instead study the distribution of the H1 × · · · × Hd-valued random variable(
Φ1(X1), . . . ,Φd(Xd)

)
. Motivated by this lifting, we study here moments of Hilbert-

space valued random variables and assume in this subsection (with a slight abuse of
notations) that one has already applied the lifting and Xi ∈ Hi where i = 1, . . . , d. In
Section 2.3 we specialize the construction to RKHSs, and use these moments (Def. 7)
to define kernelized cumulants.

Moments. In the finite-dimensional case (2.2) we defined the moment sequence by
taking expectations of products of the coordinates of the underlying random variable.
For the infinite-dimensional case, it is convenient to develop a coordinate-free definition
which can be accomplished by using tensors. To do so we make use of the following
results about Hilbert spaces: for real Hilbert spaces H1 and H2 the tensor product
H1 ⊗H2 is the Hilbert space given by completion of the tensor product of H1 and
H2 as vector space; we also write H⊗m1 : = H1 ⊗ · · · ⊗ H1︸ ︷︷ ︸

m-times

. Similarly, the direct sum

H1 ⊕ H2 is a Hilbert space. It is natural to consider E
[
X⊗m1

]
∈ H⊗m1 as the m-th

moment of a H1-valued random variable X1 where the integral in the expectation is
meant in Bochner sense. Consequently the natural state space for all moments of a
H1-valued random variable is the tensor algebra T1 := ∏

m≥0H⊗m1 where by convention
H⊗0

1 := R. See Appendix 2.B for more details on tensor products of Hilbert spaces
and tensor algebras.

Example 2.2.1 (H1 = Rd, m = 2). If X1 =
(
X1

1 , . . . , X
d
1

)
is H1 = Rd-valued then

E
[
X⊗2

1

]
∈ (Rd)⊗2 can be identified with a (d× d)-sized matrix whose (i, j)-th entry is

E
[
X i

1X
j
1

]
.
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Since we are interested in the general case of a H1 × · · · × Hd-valued random
variable X = (X1, . . . , Xd) we arrive at the definition below.

Definition 7 (Moments in Hilbert spaces). Let γ be a probability measure on
H := H1 × · · · × Hd and let (X1, . . . , Xd) ∼ γ. We define

µi(γ) := E[X⊗i11 ⊗ · · · ⊗X⊗idd ] ∈ H⊗i, H⊗i := H⊗i11 ⊗ · · · ⊗ H⊗idd (2.3)

for every i ∈ Nd whenever the above expectation exists. The moment sequence is
defined as the element

µ(γ) = (µi(γ))i∈Nd ∈ T := T1 ⊗ · · · ⊗ Td, with Tj :=
∏
m≥0
H⊗mj ,

and for m ∈ N we refer to µm(γ) = ⊕
i∈Nd:deg(i)=m µ

i(γ) as the m-moments of γ.

In case of Hi = R, both definitions (2.1) and (2.3) apply for µi(γ). Henceforth,
we always refer to (2.3) when we write µi(γ). Even in the finite-dimensional case,
Def. 7 is useful, for instance when X1 ∈ H1 and X2 ∈ H2 have different state space
(H1 6= H2).

2.3 Kernelized Cumulants

We lift a random variable X= (X1, . . . , Xd) ∈ X = X1 × · · · × Xd via a feature map
Φ : X → H into a Hilbert space valued random variable Φ(X). For the rest of the
paper (i) X1, . . . ,Xd will denote a collection of Polish spaces, but the reader is invited
to think of them as finite-dimensional Euclidean spaces, (ii) H is an RKHS with
kernel k and canonical feature map Φ(x) = k(x, ·),2 and (iii) all kernels are assumed
to be bounded.3 Our main results (Theorem 2.3.1 and Theorem 2.3.2) are that in
this case the expected kernel trick applies to both items in the kernelized version
of Theorem 2.2.1. The key to these results is an expression for inner products of
cumulants in RKHSs (Lemma 2.3.1).

A Combinatorial Expression of Cumulants. Classical cumulants can be defined
via the moment generating function or via combinatorial sums over partitions (Appendix 2.C.1).
To generalize cumulants to RKHSs the combinatorial definition is the most efficient
way. A partition π of m elements is a family of non-empty, disjoint subsets π1, . . . , πb of

2k(x, ·) denotes the function x′ 7→ k(x, x′) with x ∈ X fixed.
3A kernel k : X ×X → R is called bounded if there exists B ∈ R such that supx,x′∈X k(x, x′) ≤ B.
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{1, . . . ,m} whose union is the whole set; formally ⋃bj=1 πj = {1, . . . ,m} and πi∩πj = ∅
for i 6= j. We call b the number of blocks of the partition π and use the shorthand
|π| to denote it. The set of all partitions of m is denoted with P (m). To formulate
our main results, it is convenient to associate with a measure γ and a partition π the
so-called partition measure γπ that is given by permuting the marginals of γ.

Definition 8 (Partition measure). Let γ be a probability measure on X1 × · · · × Xd
and π ∈ P (d). Define

γπ := γ|Xπ1
⊗ · · · ⊗ γ|Xπb ,

where Xπi denotes the product space ∏j∈πi Xj and γ|Xπi is the corresponding marginal
distribution of γ. We call γπ the partition measure induced by π.

We also associate with γ and a multi-index i the so-called diagonal measure γi

that is given by repeating marginals according to i.

Definition 9 (Diagonal measure). Let γ be a probability measure on X1 × · · · × Xd
and i = (i1, . . . , id) ∈ Nd. Define

γi := Law(X1, . . . , X1︸ ︷︷ ︸
i1 times

, X2, . . . , X2︸ ︷︷ ︸
i2 times

, . . . , Xd, . . . , Xd︸ ︷︷ ︸
id times

),

where (X1, . . . , Xd) ∼ γ. We call γi the diagonal measure induced by i.

In general, the partition measure γπ and the diagonal measure are not probability
measures on X1 × · · · × Xd but on spaces that are constructed by permuting or
repeating X1, . . . ,Xd. Formally, γπ is a probability measure on Xπ1 × · · · × Xπb and
γi is a probability measure on X i1

1 × · · · × X id
d ; thus, γπ has d coordinates and γi

has deg(i) coordinates. These two constructions can be combined, writing γi
π for the

measure (γi)π which makes sense whenever π ∈ P (deg(i)). We can now write down
our generalization of cumulants.

Definition 10 (Kernelized cumulants). Let γ be a probability measure on X1×· · ·×Xd
and let (H1, k1), . . . , (Hd, kd) be RKHSs on X1, . . . ,Xd respectively. We define the
kernelized cumulants

κk1,...,kd(γ) :=
(
κi
k1,...,kd

(γ)
)

i∈Nd
∈ T

as follows

κi
k1,...,kd

(γ) :=
∑

π∈P (m)
cπEγi

π
k⊗i((X1, . . . , Xm), ·),
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where m = deg(i), cπ := (−1)|π|−1(|π| − 1)!, γi
π = (γi)π and

k⊗i((x1, . . . , xm), (y1, . . . , ym)) := k1(x1, y1) · · · k1(xi1 , yi1) (2.4)

· · · kd(xm−id+1, ym−id+1) · · · kd(xm, ym)

is the reproducing kernel of H⊗i where H = H1 × · · · × Hd.

Def. 10 is the natural generalization of the combinatorial definition of cumulants
in Rd and Appendix 2.C.2 gives an equivalent definition via a generating function
analogous to (2.2). However, our posthoc justification that these are the "right"
definitions for cumulants in an RKHS are Theorems 2.3.1 and 2.3.2 that show that
these kernelized cumulants have the same powerful properties as classic cumulants in
Rd (Theorem 2.2.1).

Example 2.3.1 (Kernelized cumulants). Let γ be a probability measure on X1 ×
X2, with the RKHSs (H1, k1), (H2, k2) given. Denote the random variables K1 =
k1(X1, ·), K2 = k2(X2, ·) where (X1, X2) ∼ γ. Then the degree two kernelized
cumulants are given as κ(2,0)

k1,k2(γ) = E
[
K⊗2

1

]
− E [K1]⊗2, κ(1,1)

k1,k2(γ) = E [K1 ⊗K2] −
E [K1]⊗ E [K2] , κ(0,2)

k1,k2(γ) = E
[
K⊗2

2

]
− E [K2]⊗2.

Inner Products of Cumulants. Computing inner products of moments is straightforward
thanks to a nonlinear kernel trick, see Lemma 2.E.1 in the Appendix. For example,
given two probability measures γ1, γ2 with corresponding random variables (X1, . . . , Xd) ∼
γ1, (Y1, . . . , Yd) ∼ γ2 on X1× · · · ×Xd and RKHSs (H1, k1), . . . , (Hd, kd) on X1, . . . ,Xd
with bounded kernels, and H = H1 × · · · × Hd, we can express:

〈µi
k1,...,kd

(γ1), µi
k1,...,kd

(γ2)〉H⊗i = Eγ1⊗γ2k1(X1, Y1)i1 · · · kd(Xd, Yd)id , (2.5)

where µi
k1,··· ,kd is defined in Def. 7, and the expectation is taken over the product

measure γ1 ⊗ γ2.

Example 2.3.2. In the particular case of d = 1, (2.5) reduces to the well-known
formula for the inner product of mean embeddings 〈µ(1)

k (γ1), µ(1)
k (γ2)〉Hk = Eγ1⊗γ2k(X, Y ).

Lemma 2.3.1 (Inner product of cumulants). Let (H1, k1), . . . , (Hd, kd) be RKHSs with
bounded kernels on X1, . . . ,Xd respectively, and let γ and η two probability measures
on X1 × · · · × Xd, i = (i1, . . . , id) ∈ Nd such that deg(i) = m. Then

〈κi
k1,...,kd

(γ), κi
k1,...,kd

(η)〉H⊗i =
∑

π,τ∈P (m)
cπcτEγi

π⊗ηi
τ
k⊗i((X1, . . . , Xm), (Y1, . . . , Ym)).
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Point Separating Kernels. In the classic MMD setting the injectivity of the mean
embedding γ 7→ EX∼γ[k(X, ·)] on probability measures (known as the characteristic
property of the kernel k) is equivalent to the MMD being a metric; this property is
central in applications. We formulate our theoretical results in the next section using
the much weaker property of what we term “point-separating” which is satisfied for
essentially all popular kernels.

Definition 11 (Point-separating kernel). We call a kernel k : X × X → R point-
separating if the canonical feature map Φ : x 7→ k(x, ·) is injective.

2.3.1 (Semi-)Metrics for Probability Measures

In this section we use cumulants to characterize probability measures and show how to
compute the distance between kernelized cumulants with the expected kernel trick.

Theorem 2.3.1 (Characterization of distributions with cumulants). Let γ and η be
two probability measures on X1×· · ·×Xd, (H1, k1), . . . , (Hd, kd) RKHSs on X1, . . . ,Xd
such that for every 1 ≤ j ≤ d kj is a bounded, continuous, point-separating kernel.
Then

γ = η if and only if κk1,...,kd(γ) = κk1,...,kd(η).

Moreover, the expected kernel trick applies and for i ∈ Nd with deg(i) = m, and k⊗i

and H⊗i as in (2.4)

di(γ, η) := ‖κi
k1,...,kd

(γ)− κi
k1,...,kd

(η)‖2
H⊗i (2.6)

=
∑

π,τ∈P (m)
cπcτ

[
Eγi

π⊗γi
τ
k⊗i((X1, . . . , Xm), (Y1, . . . , Ym))

+ Eηi
π⊗ηi

τ
k⊗i((X1, . . . , Xm), (Y1, . . . , Ym))

− 2Eγi
π⊗ηi

τ
k⊗i((X1, . . . , Xm), (Y1, . . . , Ym))

]
.

We recall Example 2.3.1 and now give examples of distances between such
expressions.

Example 2.3.3 (m = 1). Applied with m = 1 and d = 1, (2.6) becomes MMD2
k(γ, η)

‖κ(1)
k (γ)− κ(1)

k (η)‖2
Hk = Ek(X,X ′) + Ek(Y, Y ′)− 2Ek(X, Y ),

where X,X ′ denotes independent copies of γ and Y, Y ′ denotes independent copies of
η.
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Example 2.3.4 (m = 2). For m = 2 and d = 1, (2.6) reduces to

‖κ(2)
k (γ)− κ(2)

k (η)‖2
H(1,1) = Ek(X,X ′)k(X ′′, X ′′′) + Ek(Y, Y ′)k(Y ′′, Y ′′′) + Ek(X,X ′)2

+Ek(Y, Y ′)2 + 2Ek(X, Y )k(X ′, Y ) + 2Ek(X, Y )k(X, Y ′)− 2Ek(X, Y )k(X ′, Y ′)

−2Ek(X, Y )2 − 2Ek(X,X ′)k(X,X ′′)− 2Ek(Y, Y ′)k(Y, Y ′′),

where X,X ′, X ′′, X ′′′ denotes independent copies of γ and Y, Y ′, Y ′′, Y ′′′ denotes
independent copies of η. This expression compares the variances in the RKHS
instead of the means. This is an example of the kernel variance embedding defined in
the next subsection.

The price for the weak assumption of a point-separating kernel is that without any
stronger assumptions one does not get a metric in general, and the all-purpose way to
achieve a metric is to take an infinite sum over all di’s. If we only use the degree m = 1
term di reduces to the well-known MMD formula which requires characteristicness
to become a metric (see Example 2.3.3). There are two reasons why working under
weaker assumptions is useful: firstly, if the underlying kernel is not characteristic
this sum gives a structured way to incorporate finer information that discriminates
the two distributions; an extreme case is the linear kernel k(x, y) = 〈x, y〉 which
is point-separating, and in this case the sum reduces to the differences of classical
cumulants. Secondly, under the stronger assumption of characteristicness one already
has a metric after truncation at degree m = 1 (the classical MMD). However, in the
finite-sample case adding higher degree terms can lead to increased power. Indeed,
our experiments (Section 5.6) show that even just going one degree further (i.e. taking
m = 2), can lead to more powerful tests.

2.3.2 A Characterization of Independence

Here we characterize independence in terms of kernelized cumulants.

Theorem 2.3.2 (Characterization of independence with cumulants). Let γ be a
probability measure on X1× · · · ×Xd, and (H1, k1), . . . , (Hd, kd) RKHSs on X1, . . . ,Xd
such that for every 1 ≤ j ≤ d kj is a bounded, continuous, point-separating kernel.
Then

γ = γ|X1 ⊗ · · · ⊗ γ|Xd if and only if κi
k1,...,kd

(γ) = 0

for every i ∈ Nd
+. Moreover, the expected kernel trick applies in the sense that for

i ∈ Nd
+

‖κi
k1,...,kd

(γ)‖2
H⊗i =

∑
π,τ∈P (m)

cπcτEγi
π⊗γi

τ
k⊗i((X1, . . . , Xm), (Y1, . . . , Ym)), (2.7)
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where m := deg(i), and k⊗i and H⊗i are defined as in (2.4).

Applied to i = (1, 1), the expression (2.7) reduces to the classical HSIC for two
components, see Example 2.3.5 below. But for general i this construction leads to
genuine new statistics in RKHSs.

Example 2.3.5 (Specific case: HSIC). If d = 2£ there is only one order 2 index in
Nd

+, namely i = (1, 1); in this case (2.7) reduces to the classical HSIC equation

‖κ(1,1)
k1,k2(γ)‖2

H(1,1)= Ek1(X, Y )k2(X, Y ) + Ek1(X, Y )k2(X ′, Y ′)− 2Ek1(X, Y )k2(X ′, Y ),

where (X, Y ) and (X ′, Y ′) are independent copies of the same random variable following
γ.

2.3.3 Finite-Sample Statistics

To apply Theorem 2.3.1 and Theorem 2.3.2 in practice, one needs to estimate
expressions such as Ek⊗i((X1, . . . , Xm), (Y1, . . . , Ym)).One could use classical estimators
such as U-statistic [195] which lead to unbiased estimators. However, we follow [94]
and use a V-statistic which is biased but conceptually simpler, easier, and efficient to
compute. We note that the estimators presented here all have quadratic complexity
like MMD and HSIC, see Appendix 2.E.

A two-sample test for non-characteristic feature maps. If k is characteristic
then MMDk(γ, η) = 0 exactly when γ = η, but we can still increase testing power by
considering the distance between the kernel variance and skewness embeddings, which
leads us to use our semi-metrics d(2)(γ, η) and d(3)(γ, η) as defined in (2.6). An efficient
estimator for d(3) is given in detail in Appendix 2.E; we provide the full expression for
d(2) here.

Lemma 2.3.2 (d(2) estimation, see (2.6)). The V-statistic for d(2)(γ, η) = ‖κ(2)
k (γ)−

κ
(2)
k (η)‖2

H(1,1) is

1
N2 Tr

[
(KxJN)2

]
+ 1
M2 Tr

[
(KyJM)2

]
− 2
NM

Tr
[
KxyJMK>xyJN

]
,

where Tr denotes trace, (xn)Nn=1
i.i.d.∼ γ, (ym)Mm=1

i.i.d.∼ η, Kx = [k(xi, xj)]Ni,j=1 ∈ RN×N ,
Ky = [k(yi, yj)]Mi,j=1 ∈ RM×M , Kx,y = [k(xi, yj)]N,Mi,j=1 ∈ RN×M , Jn = In − 1

n
1n1>n ∈

Rn×n.
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A kernel independence test. By Theorem 2.3.2, if γ = γ|X1⊗γ|X2 , then κ(2,1)(γ) =
0 and κ(1,2)(γ) = 0. We may compute the magnitude of either κ(2,1)(γ) or κ(1,2)(γ)
– we will refer to these quantities as cross skewness independence criterion (CSIC).
Note that these criteria are asymmetric. When d = 2 we have a probability measure
γ on X1×X2 and two kernels k : X 2

1 → R, ` : X 2
2 → R. Assume that we have samples

(xi, yi)Ni=1 and use the shorthand notation K = Kx,L = Ly (similarly to Lemma 2.3.2)
and H = HN . Denote by ◦ the Hadamard product and 〈·〉 the sum over all elements
of a matrix. Then one can derive the following CSIC estimator.

Lemma 2.3.3 (CSIC estimation). The V-statistic for ‖κ(1,2)
k,` (γ)‖2

H⊗1
k
⊗H⊗2

`

is

1
N2

〈
K ◦K ◦ L− 4K ◦KH ◦ L− 2K ◦K ◦ LH + 4KH ◦K ◦ LH

+ 2K ◦ L
〈 K
N2

〉
+ 2KH ◦HK ◦ L + 4K ◦HK ◦ LH + K ◦K

〈 L
N2

〉

− 8K ◦ LH
〈 K
N2

〉
− 4K ◦HK

〈 L
N2

〉
+ 4

〈 K
N2

〉2
L
〉
.

2.4 Experiments

In this section, we demonstrate the efficiency of the proposed kernel cumulants in
two-sample and independence testing.4

• Two-sample test: Given N −N samples from two probability measures γ and η on a
space X , the goal was to test the null hypothesis H0 : γ = η against the alternative
H1 : γ 6= η. The compared test statistics (S) were MMD, d(2), and d(3).

• Independence test: Given N paired samples from a probability measure γ on a
product space X1×X2, the aim was to the test the null hypothesis H0 : γ = γ1⊗ γ2

against the alternative H1 : γ 6= γ1 ⊗ γ2. The compared test statistics (S) were
HSIC and CSIC.

In our experiments H1 held, and the estimated power of the tests is reported.
Permutation test was applied to approximate the null distribution and its 0.95-
quantile (which corresponds to the level choice α = 0.05): We first computed our test
statistic S using the given samples (S0 = S), and then permuted the samples 100
times. If S0 was in a high percentile (≥ 95% in our case) of the resulting distribution
of S under the permutations, we rejected the null. We repeated these experiments

4All the code replicating our experiments is available at https://github.com/PatricBonnier/
Kernelized-Cumulants.
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100 times to estimate the power of the test. This procedure was in turn repeated 5
times and the 5 samples are plotted as a box plot along with a line plot showing the
mean against the number of samples (N) used. All experiments were performed using
the rbf-kernel

rbfσ(x,y) = e−
‖x−y‖22

2σ2 ,

where the parameter σ is called the bandwidth. We performed all experiments for every
bandwidth of the form σ = a10b where a = 1, 2.5, 5, 7.5 and b = −5,−4,−3,−2,−1, 0
and the optimal value across the bandwidths was chosen for each method and sample
size. The experiments were carried out on a laptop with an i7 CPU and 16GBs of
RAM.

2.4.1 Synthetic Data

For synthetic data we designed two experiments.
• 2-sample test: We compared a uniform distribution with a mixture of two uniforms.

• Independence test: We considered the joint measure of a uniform and a correlated
χ2 random variable. We also use this same benchmark to compare the efficiency of
classical and kernelized cumulants in Appendix 2.D.

Comparing a uniform with a mixture of uniforms. Even for simpler distributions
like mixtures of uniform distributions it can be hard to pick up higher order features,
and d(2) can outperform MMD even when provided with a moderate number of
samples. Here we compared one uniform distribution U [−1, 1] with an equal mixture
of U [0.35, 0.778] and U [−0.35,−0.778]. The endpoints in the mixture were chosen to
match the first three moments of U [−1, 1]. The number of samples used ranged from
5 to 50, and the results are summarized in Fig. 2.1. One can see that with d(2) the
power approaches 100% much faster than with using MMD.

Independence between a uniform and a χ2. Let X ∼ U [0, 1] and Z ∼ N(0, 1)
be independent of X. Denote by Φ the c.d.f. of a standard normal distribution and
define Yp to be a mixture with weight p at Φ−1(X) and weight 1 − p at Z so that
Y0 = Z and Y1 = Φ−1(X). We test for independence for p = 0.5 between Y 2

p —which
will be χ2 distributed with 1 degree of freedom–and X. As the statistical dependence
of Y 2

p and X is more complicated than a simple correlation we expect that higher order
features of the data will help in the independence testing. The number of samples
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Figure 2.1: Test power as a function of the sample size (N) of two-sample test using
the MMD (red) and d(2) statistics (blue), with U [−1, 1] and an equal mixture of
U [0.35, 0.778] and U [−0.35,−0.778] compared.

used ranged from 6 to 60, with the results summarized in Fig. 2.2. One can see that
CSIC supersedes HSIC for every sample size, and the difference is more pronounced
for smaller ones.

2.4.2 Real-World Data

We demonstrate the efficiency of the kernelized cumulants on real-world data. We
designed two experiments.
• 2-sample test: Here the goal was to test if environmental data in two different

seasons, and traffic data at different speeds can be distinguished.

• independence test: The aim was to test if two distributions describing traffic flow
and other traffic factors are independent.

To improve performance of both test statistics, all features are standardized to lie
between 0 and 1.

Seoul bicycle data. The Seoul bicycle data set [63] consists of environmental data
along with the number of bicycle rentals. The environmental data consists of 9
numerical values, 1 categorical value (season), and two binary values. We compare the
distribution of the environmental data in the winter and the fall, as we expect these
distributions to be different. Concretely, we do 2-sample testing on two measures γ, η
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Figure 2.2: Test power as a function of the sample size (N) of independence testing
using HSIC (red) and CSIC statistics (blue), with the independence testing between
Y 2

0.5 and X.

on R11, and assume that γ 6= η where γ is the distribution of the environmental data
in winter, and η is that of the data in the fall. Permutation testing was performed for
N between 4 and 44, with results summarized in Fig. 2.3. As it can be observed that
d(2) outperforms MMD in terms of test power.

For the type I error, i.e. the probability of falsely rejecting the null hypothesis
(comparing winter data with itself), it hovers between 5 − 10% for both statistics,
which is admittedly slightly higher than the desired 5% due to the small sample size,
but very similar for both statistics. The results for the Type I error are summarized
in Fig. 2.8 in Appendix 2.D.

Brazilian traffic data. We used the Sao Paulo traffic benchmark [68] to perform
independence testing. The dataset consists of 16 different integer-valued statistics
about the hourly traffic in Sao Paulo such as blockages, fires and other reasons that
might hold up traffic. This is combined with a number that describes the slowness
of traffic at the given hour; so X1 = R16, X2 = R. One expects a strong dependence
between the two sets—or equivalently, for the null hypothesis to be false—and for the
statistics are heavily skewed towards 0 as it is naturally sparse. For independence
testing we performed permutation testing for N between 4 and 40. The resulting
test powers are summarized in Fig. 2.4. As it can be seen, HSIC and CSIC performs
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Figure 2.3: Two-sample testing using MMD (red) and d(2) (blue) on the Seoul bicycle
data set.

similarly for very low sample sizes, but for anything else CSIC is the favorable statistic
in terms of test power.

For two-sample testing, we sampled N between 5 and 50 and compared the
distribution of slow moving traffic with the fast moving traffic. The results are
summarized in Fig. 2.5. It is clear that d(3) performs similarly to MMD in terms of
test power for very small sample sizes, but significantly better for larger ones.
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Figure 2.4: Independence testing using HSIC (red) and CSIC (blue) on the Sao Paulo
traffic dataset.
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Figure 2.5: Two-sample testing using MMD (red) and d(3) (blue) on the Sao Paulo
traffic dataset.

2.5 Conclusion

We defined cumulants for random variables in RKHSs by extending the algebraic
characterization of cumulants on Rd. This results in a structured description of the
law of random variables that goes beyond the classic kernelized mean and covariance.
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A kernel trick allows us to compute these kernelized cumulants. We applied our
theoretical results to two-sample and independence testing; although kernelized mean
and covariance are sufficient for this task, the higher-order kernelized cumulants have
the potential to increase the test power and to relax the assumptions on the kernel.
Our experiments on real and synthetic data show that this can indeed lead to large
increases in test power. A disadvantage of these higher order statistics is that their
theoretical analysis requires more mathematical machinery although we emphasize
that the resulting estimators are simple V-statistics.

62



These appendices provide additional background and elaborate on some of the
finer points in the main text. In Appendix 2.A we illustrate that cumulants have
typically lower variance estimators compared to moments. Technical background on
tensor products and tensor sums of Hilbert spaces, and on tensor algebras is provided
in Appendix 2.B. We present our proofs in Appendix 2.C. In Appendix 2.D additional
details on our numerical experiments are provided. Our V-statistic based estimators
are detailed in Appendix 2.E.

2.A Moments and Cumulants

Moments have well-known drawbacks. For example, one of their undesirable properties
is that the moments of lower degree can dominate moments of higher degree which is
in particular troublesome if finite samples are used to estimate the moment sequence.
Even in dimension d = 1 the second moment is dominated by the squared mean, that
is for a real-valued random variable X ∼ γ

µ2(γ) = (µ1(γ))2 + Var(X),

where Var(X) := E[(X − µ1(γ))2]. It is well known that the minimum variance
unbiased estimators for the variance are more efficient than that for the second
moment: denoting them by µ̂2 and κ̂ respectively, one can show [30] that given N
samples from X, the following holds

Var
(
µ̂2
)

= Var (κ̂) + 2
N

[
(EX)4 − (EX)2 Var(X)− 2Var(X)2

N − 1

]

so that when X has a large mean, it is more efficient to estimate its variance than its
second moment since the last term in the above expression dominates. Hence, the
variance Var(X) is typically a much more sensible second-order statistic than µ2(γ).

Further, we note that although cumulants are classic for vector-valued data, there
seems to be not much work done about extending their properties to general structured
data. Our kernelized cumulants apply to any set X for which a positive definite kernel
is given; this includes many practically relevant examples such as strings [127], graphs
[116], or general sequentially ordered data [113, 46]; see example [81] for survey of
kernels for structured data.
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2.B Technical Background

In Section 2.B.1 the tensor products (⊗d
j=1Hj) and direct sums of Hilbert spaces

(⊕i∈I Hi) are recalled. Section 2.B.2 is about tensor algebras over Hilbert spaces
(∏m≥0H⊗m).

2.B.1 Tensor Products and Direct Sums of Banach and Hilbert
Spaces

Tensor products of Hilbert spaces. For Hilbert spacesH, . . . ,Hd and (h1, . . . , hd) ∈
H1 × · · · × Hd, the multi-linear operator h1 ⊗ · · · ⊗ hd ∈ H1 ⊗ · · · ⊗ Hd is defined as

(h1 ⊗ · · · ⊗ hd)(f1, . . . , fd) =
d∏
j=1
〈hj, fj〉Hj

for all (f1, . . . , fd) ∈ H1 × · · · × Hd. By extending the inner product

〈a1 ⊗ · · · ⊗ ad, b1 ⊗ · · · ⊗ bd〉H1⊗···⊗Hd :=
d∏
j=1
〈aj, bj〉Hj

to finite linear combinations of a1 ⊗ · · · ⊗ ad-s{
n∑
i=1

ci ⊗dj=1 ai,j : ci ∈ R, ai,j ∈ Hj, n ≥ 1
}

by linearity, and taking the topological completion one arrives at H1 ⊗ · · · ⊗ Hd.
Specifically, if (H1, k1), . . . , (Hd, kd) are RKHSs, then so is H1 ⊗ · · · ⊗ Hd = H⊗dj=1kj

[17, Theorem 13] with the tensor product kernel

(
⊗dj=1 kj

)
((x1, . . . , xd) , (x′1, . . . , x′d)) :=

d∏
j=1
kj
(
xj, x

′
j

)
for (x1, . . . , xd), (x′1, . . . , x′d) ∈ X1 × · · · × Xd.

Tensor products of Banach spaces. For Banach spaces B1, . . .Bd, the construction
of B1 ⊗ · · · ⊗ Bd is a little more involved [117] as one cannot rely on an inner product.

Direct sums of Hilbert and Banach spaces. Let (Hi)i∈I be Hilbert or Banach
spaces where I is some index set. The direct sum of Hi-s— written as ⊕i∈I Hi—
consists of ordered tuples h = (hi)i∈I such that hi ∈ Hi for all i ∈ I and hi = 0
for all but a finite number of i ∈ I. Operations (addition, scalar multiplication)
are performed coordinate-wise, and the inner product of a, b ∈ ⊕i∈I Hi is defined as
〈a, b〉⊕

i∈I Hi
= ∑

i∈I aibi.
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2.B.2 Tensor Algebras

The tensor algebra Tj over a Hilbert space Hj is defined as the topological completion
of the space

⊕
m≥0
H⊗mj .

Note that it can equivalently be defined as the subset of (h0, h1, h2, . . .) ∈
∏
m≥0H⊗mj

such that ∑m≥0‖hm‖2
H⊗mj

<∞, and as such it is a Hilbert space with norm

‖(h0, h1, h2, . . .)‖2∏
m≥0H

⊗m
j

=
∑
m≥0
‖hm‖2

H⊗mj
.

Tj is also an algebra, endowed with the tensor product over Hj as its product. For
a = (a0, a1, a2, a2 . . .), b = (b0, b1, b2, b2 . . .) ∈ Tj , their product can be written down in
coordinates as

a · b =
(

m∑
i=0

ai ⊗ bm−i
)
m≥0

.

For a sequence H1, . . . ,Hd of Hilbert spaces, we define

T := T1 ⊗ · · · ⊗ Td,

where Tj = ∏
m≥0H⊗mj (j = 1, . . . , d). Let H = H1× · · · ×Hd, and recall that given a

tuple of integers i = (i1, . . . , id) ∈ Nd we define H⊗i := H⊗i11 ⊗ · · · ⊗H⊗idd . This allows
us to write down a multi-grading for T as

T =
∏

i∈Nd
H⊗i.

Note that this gives credence to us using multi-indices i ∈ Nd to describe elements of
the tensor algebra, as the multi-indices form its multi-grading.

Furthermore, T is a multi-graded algebra when endowed with the (linear extension
of the) following multiplication defined on the components of T

? : H⊗i1 ×H⊗i2 → H⊗(i1+i2), (2.8)

(x1 ⊗ · · · ⊗ xd) ? (y1 ⊗ · · · ⊗ yd) = (x1 · y1)⊗ · · · ⊗ (xd · yd),

so that for a =
(
ai
)

i∈Nd
, b =

(
bi
)

i∈Nd
∈ T, their product can be written down as

(a ? b)i =
∑

i1+i2=i
ai1 ? bi2 (2.9)
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where addition of tuples i1, i2 ∈ Nd is defined as i1 + i2 = (i11 + i21, . . . , i
1
d + i2d). With

the degree of a tuple defined as deg(i) = i1 + · · ·+ id, T is also a graded algebra, with
the grading written down as

T =
∏
m≥0

⊕
{i∈Nd:deg(i)=m}

H⊗i,

so that if you multiply two elements together, the degree of their product is the sum
of their degree. Finally we note that T is a unital algebra and the unit has the explicit
form

(1, 0, 0, . . .),

i.e. the element consisting of only a 1 at degree 0.

2.C Proofs

This section is dedicated to proofs. The equivalence between the combinatorial
expressions of cumulants and the definition via a moment generating function is
proved in Section 2.C.2. The derivation of our main results (Theorem 2.3.1 and
Theorem 2.3.2) are detailed in Section 2.C.3.

2.C.1 Equivalent Definitions of Cumulants in Rd

Here we introduce a classical definition of cumulants via a moment generating function
and its equivalence to the combinatorial expressions. If X = (X1, . . . , Xd) is an
Rd-valued random variable distributed according to X ∼ γ, then

µi = E[X i1
1 · · ·X

id
d ] ∈ R

for i = (i1, . . . , id) ∈ Nd. The following definition of the cumulants κi(γ) of γ are
equivalent

1. ∑i∈Nd κ
i(γ) θi

i! = log∑i∈Nd µ
i(γ) θi

i! ,

2. κi(γ) = ∑
π∈P (d) cπ

∏
σ∈π µ

i(σ),

where θ = (θ1, . . . , θd) ∈ Rd, cπ = (−1)|π|(|π|−1)! and the product ∏σ∈π is over all the
blocks σ ∈ (π1, . . . , πb) in the partition π = (π1, . . . , πb) of {1, . . . , d}. The equivalence
between these two definitions of cumulants, via a generating function and via their
combinatorial definition, is classic [133]. This equivalence is also at the heart of many
proofs about properties of cumulants since some properties are easier to prove via one
or the other definition.
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2.C.2 Equivalent Definitions of Cumulants in RKHS

In the main text, we defined cumulants in RKHS by mimicking the combinatorial
definition of cumulants in Rd. It is natural and useful to also have the analogous
definition via a "generating function" for RKHS-valued random variables. However,
to generalize the definition via the logarithm of the moment generating function to
random variables in RKHS, requires to define a logarithm for tensor series of moments.
In this part, we show that this can be done and that indeed the two definitions are
equivalent.

We use the shorthand κ(γ) := κk1,...,kd(γ), µ(γ) := µk1,...,kd(γ), and we overload the
notation (X1, . . . , Xd) with (k1(·, X1), . . . , kd(·, Xd)). With this notation, we show that
given coordinates i ∈ Nd, one may express the generalized cumulant κi(γ) as either
a combinatorial sum over moments indexed by partitions, or by using the cumulant
generating function.

More specifically, we show that the generalized cumulant of a probability measure
γ on H1 × · · · × Hd defined as

κi(γ) =
∑

π∈P (m)
cπEγi

π
(X⊗i)

where cπ = (−1)|π|−1(|π| − 1)! can also be expressed as coordinates in the tensorized
logarithm of the moment series. Motivated by the Taylor series expansion of the
classic logarithm, we define

log : T→ T, x 7→
∑
n≥1

(−1)n−1

n
(x− 1)?n,

where ? denotes the product as defined in (2.8) and for t ∈ T, t?n is defined as

t?n = t ? · · · ? t︸ ︷︷ ︸
n - times

,

or coordinate-wise (t?n)i = ∑
i1+···+in=i t

i1 ? · · · ? tin for i ∈ Nd. Note that unlike the
classical logarithm log : R+ → R, the tensorized logarithm is defined on the whole
space as a formal expression.

Generalized Cumulants as Logarithms We want to show that the following
holds

κi(γ) =
(

log µ(γi)
)
1m

, (2.10)
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where 1m = (1, . . . , 1) ∈ Nm. By iterating (2.9) we can express (2.10) as
m∑
j=1

(−1)j−1

j

∑
i1+···+ij=1m

µi1(γi) ? · · · ? µij(γi),

and our goal is to express this as a sum over partitions. We will use the notation
[n] = {1, . . . , n}. We can achieve our goal in two parts:

1. Show that for a fixed i ∈ Nd with deg(i) = m we can express (2.10) as a sum
over all surjective functions from [m] to [j].

2. Show that this sum over functions reduces to a sum over partitions.

Part 1. Note that given i1 + · · ·+ ij = 1m we may define h : [m]→ [j] by the relation
(ih(n))n = 1, that is, we take h(n) to be the index c for which the multi-index ic is
1 at n. Note that this function is necessarily surjective since the sum is taken over
non-zero multi-indices. Equivalently, for any surjective function h : [m]→ [j] we may
define multi-indices by setting

(ic)n =

1 if n ∈ h−1(c)
0 otherwise

.

Note that any such multi-index will be non-zero since the function is assumed to be
surjective. With this identification we can write

(
log µ(γi)

)
1m =

m∑
j=1

(−1)j−1

j

∑
h:[m]→[j]

µih−1(1)(γi) ? · · · ? µih−1(j)(γi).

Part 2. Recall that given a function h : [m] → [j] we can associate it to its
corresponding partition πh ∈ P(m) by considering the set {h−1(1), . . . , h−1(j)}, and
there are exactly j! different functions corresponding to a given partition, which
are given by re-ordering the values 1, . . . , j. This reordering of the blocks does
not change the summands since the marginals of the partition measure are always
copies of each other and hence self-commute, hence a product of moments like
µih−1(1)(γi) ? · · · ? µih−1(j)(γi) can always be written as µi(γi

πh
), the i-th coordinate of

the moment sequence of the partition measure γi
πh
. With this in mind we can write

(
log µ(γi)

)
1m =

m∑
j=1

(−1)j−1

j

∑
h:[m]→[j]

µi(γi
πh

) =
∑

π∈P (m)

(−1)|π|−1

|π|
|π|!µi(γi

π)

=
∑

π∈P (m)
cπµ

i(γi
π) =

∑
π∈P (m)

cπEγi
π
(X⊗i).
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From this it immediately follows that for two probability measures γ, η we can write

〈κi(γ), κi(η)〉H⊗i = 〈
∑

π∈P (m)
cπEγi

π
(X⊗i),

∑
τ∈P (m)

cτEηi
τ
(Y ⊗i)〉H⊗i

=
∑

π,τ∈P (m)
cπcτE(X,Y )∼γi

π⊗ηi
τ
〈X⊗i, Y ⊗i〉H⊗i .

Lemma 2.3.1 then follows from the definition of the tensor products.

2.C.3 Proof of Theorem 2.3.1 and Theorem 2.3.2

In this section we present the proofs of Theorem 2.3.1 and Theorem 2.3.2. We do this
in a slightly more abstract setting where the feature maps take values in Banach spaces
for clarity, until the end when we again restrict our attention to RKHSs. We start
out by showing that polynomial functions of the feature maps characterize measures
(Lemma 2.C.1). From there it is straightforward to show that cumulants have the
same property (Theorem 2.C.1), and lastly that this also holds when working directly
with the kernels (Proposition 2.C.2).

A monomial on separable Banach spaces B1, . . . ,Bd is any expression of the form

M(x1, . . . , xd) =
i1∏
j=1
〈f 1
j , x1〉 · · ·

id∏
j=1
〈fdj , xd〉

for some (i1, . . . , id) ∈ Nd, where f ij ∈ B?i are elements of the dual space B?i and
xi ∈ Bi.5 Finite linear combinations of monomials are called the polynomials. Recall
that a set of functions F on a set S is said to separate the points of S if for every
x 6= y ∈ S there exists f ∈ F such that f(x) 6= f(y).

Lemma 2.C.1 (Polynomial functions of feature maps characterize probability measures).
Let X1, . . . ,Xd be Polish spaces, B1 . . . ,Bd separable Banach spaces and ϕi : Xi → Bi
be continuous, bounded, and injective functions. Then the set of functions on the Borel
probability measures P

(∏d
i=1Xi

)
of ∏d

i=1Xi

P
(

d∏
i=1
Xi
)
→ R, γ 7→

∫∏d

i=1 Xi
p
(
ϕ1(x1), . . . , ϕd(xd)

)
dγ(x1, . . . , xd),

where p ranges over all polynomials, separates the points of P
(∏d

i=1Xi
)
.

Proof. We first show that the pushforward map
d∏
i=1

ϕi : P
(

d∏
i=1
Xi
)
→ P

(
d∏
i=1
Bi
)

5These monomials naturally extend the classical ones.
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is injective. This is done in two parts, first we show that every Borel measure on∏d
i=1Xi is a Radon measure, then we show that the pushforward map is injective on

Radon measures. To see the first part, note that since X1, . . . ,Xd are Polish spaces,
so is their product space ∏d

i=1Xi ([61, Theorem 2.5.7]; [202, Theorem 16.4c]), and
since Borel measures on Polish spaces are Radon measures [24, Theorem 7.1.7], any
γ ∈ P(∏d

i=1Xi) must be a Radon measure.
For the second part, note that

d∏
i=1

ϕi :
d∏
i=1
Xi →

d∏
i=1
Bi,

(
d∏
i=1

ϕi

)
(x1, . . . , xd) 7→

d∏
i=1

ϕi(xi)

is a norm bounded, continuous injection. Since ∏d
i=1 Bi is a Hausdorff space, ∏d

i=1 ϕi is
a homeomorphism on compacts since continuous injections into Hausdorff spaces are
homeomorphisms on compacts [153, Theorem 4.17]. Let µ, ν ∈ P

(∏d
i=1Xi

)
be two

Radon measures such that their pushforwards are the same ∏d
i=1 ϕi(µ) = ∏d

i=1 ϕi(ν),
then for any compact C ⊆ ∏d

i=1Xi we have µ(C) = ν(C) as ∏d
i=1 ϕi : C → ∏d

i=1 ϕi(C)
is a homeomorphism. Since Radon measures are characterized by their values on
compacts, this implies that µ = ν. Hence the pushforward map is injective.

Denote by K the image of ∏d
i=1Xi under the mapping ∏d

i=1 ϕi in
∏d
i=1 Bi. Note that

K is a bounded Polish space. It is enough to show that the polynomials separate the
points of P(K). To see this, note that the polynomials form an algebra of continuous
functions that separate the points of ∏d

i=1 Bi, and when restricted to K they are
bounded, since K is norm bounded. Since K is Polish, any Borel measure is Radon,
and we can apply the Stone-Weierstrass theorem for Radon measures [24, Exercise
7.14.79] to get the assertion.

In what follows we will use the following index notation for linear functionals. Fix
some tuple i = (i1, . . . , id) ∈ Nd with deg(i) = m. Given separable Banach spaces
B1 . . . ,Bd we use the notation

B⊗i := B⊗i11 ⊗ · · · ⊗ B⊗idd

and given an element x = (x1, . . . , xd) ∈
∏d
i=1 Bi we write xi : = x⊗i11 ⊗ · · · ⊗ x⊗idd so

that xi ∈ B⊗i. If we have functions (ϕi)di=1 such that ϕi : Xi → Bi on some Polish
spaces X1, . . . ,Xd, then we write

ϕ⊗i := ϕ⊗i11 ⊗ · · · ⊗ ϕ⊗idd , ϕ⊗i :
d∏
i=1
Xi → B⊗i.
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Given a collection of linear functionals F ∈ ∏d
j=1

(
B?j
)ij such that F = (f1, . . . , fd) we

write

F⊗i := f1 ⊗ · · · ⊗ fd, F⊗i ∈
(
B⊗i

)?
.

Note the following trick: the monomials on ∏d
i=1 Bi are exactly functions of the form

x 7→ 〈F⊗i, xi〉

for F = (f1, . . . , fd), this will be used in the proofs. We can now restate and prove
the our theorem. Note that the cumulants here are defined like in Definition 10 which
is a sensible definition even if the feature maps are not associated to kernels.

Theorem 2.C.1 (Generalization of Theorem 2.3.1 and Theorem 2.3.2). Let X1, . . . ,Xd
be Polish spaces and ϕi : Xi → Bi be continuous, bounded and injective feature maps
into separable Banach spaces Bi for i = 1, . . . d. Let γ and η be probability measures
on X1 × · · · × Xd. Then

1. γ = η if and only if κ(γ) = κ(η).

2. γ = ⊗d
i=1 γ|Xi if and only if the cross cumulants vanish, that is κi(γ) = 0 for all

i ∈ Nd
+.

Proof.
• Item 2: We want to show that the cross cumulants vanish if and only if γ = ⊗d

i=1 γ|Xi .
By Lemma 2.C.1 it is enough to show that

Eγ
[
p
(
ϕ1(X1), . . . , ϕd(Xd)

)]
= E⊗d

i=1 γ|Xi

[
p
(
ϕ1(X1), . . . , ϕd(Xd)

)]
for any monomial function p. Let us take linear functionals F = (f1, . . . , fd) and note
that

〈F i, κi(γ)〉 =
∑

π∈P (d)
cπEγi

π

[
f1(ϕ1(X1)) · · · fd(ϕd(Xd))

]
which is the classical cumulant of the vector-valued random variable(

(f1 ◦ ϕ1)(X1), . . . , (fd ◦ ϕd)(Xd)
)
,

where (X1, . . . , Xd) ∼ γ. Hence by classical results [171], all cross cumulants of(
(f1 ◦ ϕ1)(X1), . . . , (fd ◦ ϕd)(Xd)

)
vanish if and only if the cross moments split, that

is to say

Eγ
[
p
(
(f1 ◦ ϕ1)(X1), . . . , (fd ◦ ϕd)(Xd)

)]
= E⊗d

i=1 γ|Xi

[
p
(
(f1 ◦ ϕ1)(X1), . . . , (fd ◦ ϕd)(Xd)

)]
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for any monomial p on Rd. Since f1, . . . , fd were arbitrary this holds for all monomials,
which shows the assertion.
• Item 1: By assumption κi(γ) = κi(η) for every i ∈ Nd; this implies that

Eγp(ϕ1, . . . , ϕd) = Eηp(ϕ1, . . . , ϕd) for any polynomial p, so we can apply Lemma 2.C.1.

Proposition 2.C.2 (Theorem 2.3.1 and Theorem 2.3.2). Let X1, . . . ,Xd be Polish
spaces and ki : X 2

i → R be a collection of bounded, continuous, point-separating kernels.
Let γ and η be be probability measures on X1 × · · · × Xd. Then

1. γ = η if and only if κk1,...,kd(γ) = κk1,...,kd(η).

2. γ = ⊗d
i=1 γ|Xi if and only if κi

k1,...,kd
(γ) = 0 for all i ∈ Nd

+.

Proof. We reduce the proof to the checking of the conditions of Theorem 2.C.1. Let
ϕi denote the canonical feature map of the kernel ki, and let Bi := Hki be the RKHS
associated to ki (i ∈ {1, . . . , d}). For all i ∈ {1, . . . , d}, ϕi is (i) bounded by the
boundeness of ki since ‖ϕi(x)‖2

Hki
= ki(x, x) ≤ supx∈Xi |ki(x, x)| <∞, (ii) continuous

by the continuity of ki [177, Lemma 4.29], (iii) injective by the point-separating
property of ki. The separability of Hki follows [177, Lemma 4.33] from the separability
of Xi and the continuity of ki (i ∈ {1, . . . , d}). Note: Details on the expected kernel
trick part of Theorem 2.3.1 and Theorem 2.3.2 are provided in Section 2.E.

2.D Additional Experiments and Details

Here we give additional details on the experiments that were performed, and discuss
some further experiments that did not fit into the main text.

Background on permutation testing. Permutation testing works by bootstrapping
the distribution of a test statistic under the null hypothesis. This allows the user to
estimate confidence intervals under the null, which is a powerful all-purpose way of
doing so when analytic expressions are unavailable. As an example, assume we have
two probability measures γ, η on X with i.i.d. samples x1, . . . , xN ∼ γ, y1, . . . , yN ∼ η.
If the null hypothesis is that γ = η then we may set

(z1, . . . , z2N) := (x1, . . . , xN , y1, . . . , yN)

so that for any permutation σ on 2N elements, we get two different set of of i.i.d.
samples from γ = η by using the empirical measures

γ̃σ := (zσ(1), . . . , zσ(N)), η̃σ := (zσ(N+1), . . . , zσ(2N))
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and for any statistic S : P(X )2 → R, we may estimate S(γ, η) under the null by
sampling from S(γ̃σ, η̃σ). If the null hypothesis were true, we might expect S(γ, η) to
lie in a region with high probability of the permutation estimator, and we can use
this as a criteria for rejecting the null. Under fairly weak assumptions, this yields a
test at the appropriate level [48].

Comparing a uniform and a mixture. Any uniform random variable over a
symmetric interval will have 0 mean and skewness, so a symmetric mixture only needs
to match the variance. If X is a 50/50 mixture of U [a, b] and U [−a,−b] then

Var(X) = 2
3
(
b2 + ba+ a2

)
so if Y is distributed according to U [−c, c] then we only need to solve

b2 + ba+ a2 = c2

which is straightforward for a given a and c.

Computational complexity of estimators. The V-statistic for d(2) as written in
Lemma 2.3.2 is bottlenecked by the matrix multiplications. We may note however
that for two matrices A,B it holds that

Tr(A>B) = 〈A ◦B〉,

where 〈·〉 denotes the sum over elements and ◦ denotes the Hadamard product. We
also note that for for Hn = 1

n
1n1>n we have

(
AHn

)
i,j

= 1
n

∑n
c=1Ai,c. Using both of

these tricks we may compute both d(2) and CSIC without any matrix multiplications,
which brings the computational complexity down to O(N2) for both. For a comparison
of actual computation time, see Fig. 2.6 and Fig. 2.7, where the average computational
times for out methods are compared to the KME and and HSIC for N between 50
and 2000.

Type I error on the Seoul Bicycle data. The results when comparing the winter
data to itself is presented in Fig. 2.8. As we see the performance is similar for both
estimators and lies between 5 and 10%.
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Figure 2.6: Average computational time in seconds for KME (red) and d(2) (blue) for
sample size N between 50 and 2000.

Table 2.1: Comparison of classical and kernelized cumulants for independence testing
with both variance and skewness.

N=20 Variance Skewness
Classical 19%± 3.0% 56%± 3.5%
Rbf kernel 39%± 4.5% 59%± 3.0%

N=30 Variance Skewness
Classical 17%± 0.5% 68%± 1.0%
Rbf kernel 65%± 3.5% 79%± 1.5%

Classical vs. kernelized cumulants. Using the same distributions as in the
synthetic independence testing experiment, we now compare X with Y 2

0.5 to contrast
independence testing with classical cumulants with their kernelized counterpart. The
results are summarized in Table 2.1 where they are displayed as the median value ± half
the difference between the 75th and 25th percentile. We consider every combination of
classical vs. kernelized, variance vs. skewness, and two different sample sizes. One can
observe that the classical variance based test performs poorly compared to a classical
skewness test, the kernelized variance test is almost as powerful as the kernelized
skewness test, and in all cases the kernelized tests deliver higher power.

2.E Kernel Trick Computations

Here we show how to arrive at the expressions used for the V-statistics used in the
experiments.
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Figure 2.7: Average computational time in seconds for HSIC (red) and CSIC (blue)
for sample size N between 50 and 2000.

Given a real analytic function f(x, . . . , xd) = ∑
i∈Nd fix

i inm variables with nonzero
radius of convergence and Hilbert spaces H1, . . . ,Hd we may (formally) extend f to a
function

f⊗ :
d∏
i=1
Hi → T, f⊗(x1, . . . , xd) =

∏
i∈Nd

fix
⊗i.

Moreover, if the Hilbert spaces are RKHSs then we have the following result.

Lemma 2.E.1 (Nonlinear kernel trick). For any collection of RKHSs H1, . . . ,Hd

with feature maps ϕi : Xi → Hi, assume that f and g are real analytic functions with
radii of convergence r(f) and r(g) such that

max
1≤i≤d

sup
x∈Xi
|ϕi(x)| < min(r(f), r(g)).

Then

〈f⊗
(
ϕ1(x1), . . . , ϕd(xd)

)
, g⊗

(
ϕ1(y1), . . . , ϕd(yd)

)
〉T

=
∑
i∈Nd

figik1(x1, y1)i1 . . . kd(xd, yd)id .

Proof. Since the image of the ϕis lie inside the radius of convergence of f⊗ and g⊗
the power series converge absolutely and we can write

〈f⊗
(
ϕ⊗i(xi)

)
, g⊗

(
ϕ⊗i(yi)

)
〉T = 〈

∑
i∈Nd

fiϕ
⊗i(xi),

∑
i∈Nd

giϕ
⊗i(yi)〉T

=
∑
i∈Nd

figi〈ϕ⊗i(xi), ϕ⊗i(yi)〉H⊗i =
∑
i∈Nd

figik1(x1, y1)i1 . . . kd(xd, yd)id ,
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Figure 2.8: Type I errors using MMD (red) and d(2) (blue) on the Seoul bicycle data
set.

where H = H1 × · · · × Hd.

Using Lemma 2.E.1, we can choose kernels ki : X 2
i → R with associated RKHSs

Hi and feature maps ϕi and some i ∈ Nd with deg(i) = m. We make the observation
that with X = (X1, . . . , Xd) ∼ γ, Y = (Y1, . . . , Yd) ∼ η and k⊗i and H⊗i as in (2.4),
one has

〈κi(γ), κi(η)〉H⊗i

= 〈
∑

π∈P (m)
cπEγi

π
ϕ⊗i(X i),

∑
τ∈P (m)

cτEηi
τ
ϕ⊗i(Y i)〉H⊗i

=
∑

π,τ∈P (m)
cπcτ 〈Eγi

π
ϕ⊗i(X i),Eηi

τ
ϕ⊗i(Y i)〉H⊗i

=
∑

π,τ∈P (m)
cπcτEγi

π⊗ηi
τ
〈ϕ⊗i(X i), ϕ⊗i(Y i)〉H⊗i

=
∑

π,τ∈P (m)
cπcτEγi

π⊗ηi
τ
k⊗i((X1, . . . , Xm), (Y1, . . . , Ym)),

Since

‖κi(γ)‖2
H⊗i = 〈κi(γ), κi(γ)〉H⊗i

‖κi(γ)− κi(η)‖2
H⊗i = 〈κi(γ), κi(γ)〉H⊗i + 〈κi(η), κi(η)〉H⊗i − 2〈κi(γ), κi(η)〉H⊗i

one gets the expected kernel trick statements of Theorem 2.3.1 and Theorem 2.3.2.
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We are now interested in explicitly computing the expression ‖κ(1,2)
k,` (γ)‖2

H⊗1
k
⊗H⊗2

`

,
‖κ(2)

k (γ)−κ(2)
k (η)‖2

H(1,1) and ‖κ(3)
k (γ)−κ(3)

k (η)‖2
H⊗3
k

, and their corresponding V-statistics.
Recall that for a (w.l.o.g.) symmetric, measurable function h(z1, . . . , zm), the V-
statistic of h with N samples Z1, . . . , ZN is defined as

V(h;Z1, . . . , ZN) := N−m
N∑

i1,...,im=1
h(Zi1 , . . . , Zim).

Under fairly general conditions, the V-statistic converges in distribution to E[h(Z1, . . . , Zm)]
and a well-developed theory describes this convergence [195, 168, 4].

Example 2.E.1 (Estimating ‖κ(2)
k (γ) − κ

(2)
k (η)‖2

H(1,1)). Let X,X ′, X ′′, X ′′′ denote
independent copies of γ and Y, Y ′, Y ′′, Y ′′′ denote independent copies of η. The full
expression for ‖κ(2)

k (γ)− κ(2)
k (η)‖2

H(1,1) is

‖κ(2)
k (γ)− κ(2)

k (η)‖2
H(1,1) =Ek(X,X ′)k(X ′′, X ′′′) + Ek(Y, Y ′)k(Y ′′, Y ′′′)

+Ek(X,X ′)2 + Ek(Y, Y ′)2 + 2Ek(X, Y )k(X ′, Y )

+2Ek(X, Y )k(X, Y ′)− 2Ek(X, Y )k(X ′, Y ′)− 2Ek(X, Y )2

−2Ek(X,X ′)k(X,X ′′)− 2Ek(Y, Y ′)k(Y, Y ′′).

Given samples (xi)Ni=1, (yi)Mi=1 from γ and η respectively the corresponding V statistic
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is

1
N4

N∑
i,j,κ,l=1

k(xi, xj)k(xκ, xl) (2.11)

+ 1
M4

M∑
i,j,κ,l=1

k(yi, yj)k(yκ, yl)

+ 1
N2

N∑
i,j=1

k(xi, xj)2

+ 1
M2

M∑
i,j=1

k(yi, yj)2

+ 2
N2M

N∑
i,κ=1

M∑
j=1
k(xi, yj)k(xκ, yj)

+ 2
NM2

N∑
i=1

M∑
j,κ=1

k(xi, yj)k(xi, yκ)

− 2
N2M2

N∑
i,l=1

M∑
j,κ=1

k(xi, yj)k(xκ, yl)

− 2
NM

N∑
i=1

M∑
j=1
k(xi, yj)2.

− 2
N3

N∑
i,j,κ=1

k(xi, xj)k(xi, xκ)

− 2
M3

M∑
i,j,κ=1

k(yi, yj)k(yi, yκ).

Let us define the Gram matrices Kx = [k(xi, xj)]Ni,j=1 ∈ RN×N , Ky = [k(yi, yj)]Mi,j=1 ∈
RM×M , Kx,y = [k(xi, yj)]N,Mi,j=1 and let HN = 1

N
1N1>N ∈ RN×N , HM = 1

M
1M1>M ∈

RM×M be the centering, then (2.11) can be rewritten as

+ 1
N2 Tr(HNKxHNKx) + 1

M2 Tr(HMKyHMKy)

+ 1
N2 Tr(K2

x) + 1
M2 Tr(K2

y)

+ 2
NM

Tr(KxyHNKxy) + 2
NM

Tr(KxyHMK>xy)

− 2
NM

Tr(HMK>xyHNKxy)−
2

NM
Tr(K2

xy)

− 2
N2 Tr(KxHNKx)−

2
M2 Tr(KyHMKy)
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which simplifies to

1
N2 Tr

[
(Kx(I−HN))2

]
+ 1
M2 Tr

[
(Ky(I−HM))2

]
− 2
NM

Tr
[
Kxy(I−HM)K>xy(I−HN)

]
.

This estimator can be computed in quadratic time.

Example 2.E.2 (Estimating ‖κ(1,2)
k,` (γ)‖2

H⊗1
k
⊗H⊗2

`

). Let k denote the kernel on X1 and
` denote the kernel on X2. Let (X, Y ), (X ′, Y ′), (X ′′, Y ′′), (X(3), Y (3)), (X(4), Y (4)),
(X(5), Y (5)) denote independent copies of γ ∈ P(X1 × X2). The full expression for
‖κ(1,2)

k,` (γ)‖2
H⊗1
k
⊗H⊗2

`

is

Ek(X,X ′)k(X,X ′)`(Y, Y ′)− 4Ek(X,X ′)k(X,X ′′)`(Y, Y ′)

−2Ek(X,X ′)k(X,X ′)`(Y, Y ′′) + 4Ek(X,X ′)k(X,X ′′)`(Y, Y (3))

+2Ek(X,X ′)k(X ′′, X(3))`(Y, Y ′) + 2Ek(X,X ′)k(X ′′, X(3))`(Y, Y (3))

+4Ek(X,X ′)k(X ′′, X ′)`(Y, Y (3)) + Ek(X,X ′)k(X,X ′)`(Y ′′, Y (3))

−8Ek(X,X ′)k(X ′′, X(3))`(Y (4), Y ′)− 4Ek(X,X ′)k(X ′′, X ′)`(Y (4), Y (3))

+4Ek(X,X ′)k(X ′′, X(3))`(Y (4), Y (5)).
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Given samples (xi, yi)Ni=1 from γ the corresponding V-statistic for this expression is

1
N2

N∑
i,j=1

k(xi, xj)k(xi, xj)`(yi, yj)

− 4
N3

N∑
i,j,κ=1

k(xi, xj)k(xi, xκ)`(yi, yj)

− 2
N3

N∑
i,j,κ=1

k(xi, xj)k(xi, xj)`(yi, yκ)

+ 4
N4

N∑
i,j,κ,l=1

k(xi, xj)k(xi, xκ)`(yi, yl)

+ 2
N4

N∑
i,j,κ,l=1

k(xi, xj)k(xκ, xl)`(yi, yj)

+ 2
N4

N∑
i,j,κ,l=1

k(xi, xj)k(xκ, xl)`(yi, yl)

+ 4
N4

N∑
i,j,κ,l=1

k(xi, xj)k(xκ, xj)`(yi, yl)

+ 1
N4

N∑
i,j,κ,l=1

k(xi, xj)k(xi, xj)`(yκ, yl)

− 8
N5

N∑
i,j,κ,l,m=1

k(xi, xj)k(xκ, xl)`(ym, yj)

− 4
N5

N∑
i,j,κ,l,m=1

k(xi, xj)k(xκ, xj)`(ym, yl)

+ 4
N6

N∑
i,j,κ,l,m,n=1

k(xi, xj)k(xκ, xl)`(ym, yn).

Using the shorthand notation K = Kx,L = Ly and H = HN and denoting by ◦ the
Hadamard product [A ◦B]i,j = Ai,jBi,j and 〈·〉 the sum over all elements of a matrix
〈A〉 = ∑N

i,j=1Ai,j, the V-statistic above can be written in the simpler form

1
N2

〈
K ◦K ◦ L− 4K ◦KH ◦ L− 2K ◦K ◦ LH

+4KH ◦K ◦ LH + 2K ◦ L
〈 K
N2

〉
+ 2KH ◦HK ◦ L

+4K ◦HK ◦ LH + K ◦K
〈 L
N2

〉
− 8K ◦ LH

〈 K
N2

〉

−4K ◦HK
〈 L
N2

〉
+ 4

〈 K
N2

〉2
L
〉
.
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Again this estimator can be computed in quadratic time.

Example 2.E.3 (Estimating ‖κ(3)
k (γ)− κ(3)

k (η)‖2
H⊗3
k

). In order to estimate d(3)(γ, η)
we note that one can write

‖κ(3)
k (γ)− κ(3)

k (η)‖2
H⊗3
k

= ‖κ(3)
k (γ)‖2

H⊗3
k

+ ‖κ(3)
k (η)‖2

H⊗3
k

− 2〈κ(3)
k (γ), κ(3)

k (η)〉H⊗3
k
.

We can estimate the first two terms like in Example 2.E.2, and the third term can be
expressed as

〈κ(3)
k (γ),κ(3)

k (η)〉H⊗3
k

= Ek(X, Y )3 − 3Ek(X, Y )2k(X, Y ′)2

−3Ek(X, Y )2k(X ′, Y )2 + 6Ek(X, Y )k(X, Y ′)k(X ′, Y ) + 3Ek(X, Y )2k(X ′, Y ′)

+2Ek(X, Y )k(X ′, Y )k(X ′′, Y ) + 2Ek(X, Y )k(X, Y ′)k(X, Y ′′)

−6Ek(X, Y )k(X, Y ′)k(X ′, Y ′′)− 6Ek(X, Y )k(X ′, Y )k(X ′′, Y ′)

+4Ek(X, Y )k(X ′, Y ′)k(X ′′, Y ′′).

For simplicity we will assume that we have an equal number of samples (N) from both
measures (xi)Ni=1 ∈ γ and (yi)Ni=1 ∈ η. The V-statistic for 〈κ(3)

k (γ), κ(3)
k (η)〉H⊗3

k
can be

expressed as

1
N2

N∑
i,j=1

k(xi, yj)3

− 3
N3

N∑
i,j,κ=1

k(xi, yj)2k(xi, yκ)

− 3
N3

N∑
i,j,κ=1

k(xi, yj)2k(xκ, yi)

+ 6
N4

N∑
i,j,κ,l=1

k(xi, yj)k(xi, yκ)k(xl, yj)

+ 3
N4

N∑
i,j,κ,l=1

k(xi, yj)2k(xκ, yl)

+ 2
N4

N∑
i,j,κ,l=1

k(xi, yj)k(xκ, yj)k(xl, yj)
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+ 2
N4

N∑
i,j,κ,l=1

k(xi, yj)k(xi, yκ)k(xi, yl)

− 6
N5

N∑
i,j,κ,l,m=1

k(xi, yj)k(xi, yκ)k(xl, ym)

− 6
N5

N∑
i,j,κ,l,m=1

k(xi, yj)k(xκ, yj)k(xl, ym)

+ 4
N6

N∑
i,j,κ,l,m,n=1

k(xi, yj)k(xκ, yl)k(xm, yn).

Using the notation Kxy = [k(xi, yj)]Ni,j=1, this estimator simplifies to

1
N2

〈
Kxy ◦Kxy ◦Kxy − 3Kxy ◦Kxy ◦HKxy

−3Kxy ◦Kxy ◦KxyH + 6Kxy ◦KxyH ◦HKxy

+3Kxy ◦Kxy

〈Kxy

N2

〉
+ 2Kxy ◦HKxy ◦HKxy

+2Kxy ◦KxyH ◦KxyH− 6Kxy ◦KxyH
〈Kxy

N2

〉

−6Kxy ◦HKxy

〈Kxy

N2

〉
+ 4

〈 K
N2

〉2
Kxy

〉
.

We mention also that the first two terms ‖κ(3)
k (γ)‖2

H⊗3
k

, ‖κ(3)
k (η)‖2

H⊗3
k

can be computed
a little more simply than in Example 2.E.2 since the expressions have more symmetry,
using the notation Kx = [k(xi, xj)]Ni,j=1 we can write down the V-statistic for ‖κ(3)

k (γ)‖2
H⊗3
k

as

1
N2

〈
Kx ◦Kx ◦Kx − 6Kx ◦KxH ◦Kx

+4KxH ◦Kx ◦KxH + 3Kx ◦Kx

〈Kx

N2

〉
+6KxH ◦HKx ◦Kx − 12Kx ◦HKx

〈Kx

N2

〉

+4
〈Kx

N2

〉2
Kx

〉

with a similar expression for ‖κ(3)
k (η)‖2

H⊗3
k

. The estimator can be computed in quadratic
time.

82



Chapter 3

Seq2Tens: An Efficient
Representation of Sequences by
Low-Rank Tensor Projections

This chapter is based on [189] which was written with Csaba Toth and
Harald Oberhauser. The main text was written by Csaba, but it is
provided here for context. I wrote Appendix 3.A, 3.B, and 3.C. The

other appendices from the full paper were left out.

Sequential data such as time series, video, or text can be challenging to analyse
as the ordered structure gives rise to complex dependencies. At the heart of this
is non-commutativity, in the sense that reordering the elements of a sequence can
completely change its meaning. We use a classical mathematical object – the free
algebra – to capture this non-commutativity. To address the innate computational
complexity of this algebra, we use compositions of low-rank tensor projections. This
yields modular and scalable building blocks that give state-of-the-art performance
on standard benchmarks such as multivariate time series classification, mortality
prediction and generative models for video. Code and benchmarks are publicly
available at https://github.com/tgcsaba/seq2tens.
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3.1 Introduction

A central task of learning is to find representations of the underlying data that
efficiently and faithfully capture their structure. In the case of sequential data, one
data point consists of a sequence of objects. This is a rich and non-homogeneous class
of data and includes classical uni- or multi-variate time series (sequences of scalars
or vectors), video (sequences of images), and text (sequences of letters). Particular
challenges of sequential data are that each sequence entry can itself be a highly
structured object and that data sets typically include sequences of different length
which makes naive vectorization troublesome.

Contribution. Our main result is a generic method that takes a static feature map
for a class of objects (e.g. a feature map for vectors, images, or letters) as input and
turns this into a feature map for sequences of arbitrary length of such objects (e.g. a
feature map for time series, video, or text). We call this feature map for sequences
Seq2Tens for reasons that will become clear; among its attractive properties are that
it

(i) provides a structured, parsimonious description of sequences; generalizing
classical methods for strings,

(ii) comes with theoretical guarantees such as universality,

(iii) can be turned into modular and flexible neural network (NN) layers for sequence
data.

The key ingredient to our approach is to embed the feature space of the static feature
map into a larger linear space that forms an algebra (a vector space equipped with
a multiplication). The product in this algebra is then used to “stitch together” the
static features of the individual sequence entries in a structured way. The construction
that allows to do all this is classical in mathematics, and known as the free algebra
(over the static feature space).

Outline. Section 3.2 formalizes the main ideas of Seq2Tens and introduces the
free algebra T(V ) over a space V as well as the associated product, the so-called
convolution tensor product. Section 3.3 shows how low rank (LR) constructions
combined with sequence-to-sequence transforms allows one to efficiently use this rich
algebraic structure. Section 3.4 applies the results of Sections 3.2 and 3.3 to build
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modular and scalable NN layers for sequential data. Section 3.5 demonstrates the
flexibility and modularity of this approach on both discriminative and generative
benchmarks. Section 3.6 makes connections with previous work and summarizes this
article. In the appendices we provide mathematical background, extensions, and
detailed proofs for our theoretical results.

3.2 Capturing order by non-commutative multiplication

We denote the set of sequences of elements in a set X by

SeqX = {x = (xi)i=1,...,L : xi ∈ X , L ≥ 1}

where L ≥ 1 is some arbitrary length. Even if X itself is a linear space, e.g. X = R,
SeqX is never a linear space since there is no natural addition of two sequences of
different length.

Seq2Tens in a nutshell. Given any vector space V we may construct the so-called
free algebra T(V ) over V . We describe the space T(V ) in detail below, but as for now
the only thing that is important is that T(V ) is also a vector space that includes V ,
and that it carries a non-commutative product, which is, in a precise sense, “the most
general product” on V .

The main idea of Seq2Tens is that any “static feature map” for elements in X

φ : X → V

can be used to construct a new feature map Φ : SeqX → T(V ) for sequences in X by
using the algebraic structure of T(V ): the non-commutative product on T(V ) makes
it possible to “stitch together” the individual features φ(x1), . . . , φ(xL) ∈ V ⊂ T(V )
of the sequence x in the larger space T(V ) by multiplication in T(V ). With this we
may define the feature map Φ(x) for a sequences x = (x1, . . . ,xL) ∈ SeqX as follows

(i) lift the map φ : X → V to a map ϕ : X → T(V ),

(ii) map SeqX → Seq T(V ) by (x1, . . . ,xL) 7→ (ϕ(x1), . . . , ϕ(xL)),

(iii) map Seq T(V )→ T(V ) by multiplication (ϕ(x1), . . . , ϕ(xL)) 7→ ϕ(x1) · · ·ϕ(xL).

In a more concise form, we define Φ as

Φ : SeqX → T(V ), Φ(x) =
L∏
i=1

ϕ(xi) (3.1)
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where ∏ denotes multiplication in T(V ). We refer to the resulting map Φ as the
Seq2Tens map, which stands short for Sequences-2-Tensors. Why is this construction
a good idea? First note, that step (i) is always possible since V ⊂ T(V ) and we discuss
the simplest such lift before Theorem 3.2.1 as well as other choices in Appendix 3.B.
Further, if φ, respectively ϕ, provides a faithful representation of objects in X ,
then there is no loss of information in step (ii). Finally, since step (iii) uses “the
most general product” to multiply ϕ(x1) · · ·ϕ(xL) one expects that Φ(x) ∈ T(V )
faithfully represents the sequence x as an element of T(V ). Indeed in Theorem 3.2.1
below we show an even stronger statement, namely that if the static feature map
φ : X → V contains enough non-linearities so that non-linear functions from X to R
can be approximated as linear functions of the static feature map φ, then the above
construction extends this property to functions of sequences. Put differently, if φ is a
universal feature map for X , then Φ is a universal feature map for SeqX ; that is, any
non-linear function f(x) of a sequence x can be approximated as a linear functional of
Φ(x), f(x) ≈ 〈`,Φ(x)〉. We also emphasize that the domain of Φ is the space SeqX
of sequences of arbitrary (finite) length. The remainder of this Section gives more
details about steps (i),(ii),(iii) for the construction of Φ.

The free algebra T(V ) over a vector space V . Let V be a vector space. We
denote by T(V ) the set of sequences of tensors indexed by their degree m,

T(V ) := {t = (tm)m≥0 | tm ∈ V ⊗m}

where by convention V ⊗0 = R. For example, if V = Rd and t = (tm)m≥0 is some
element of T(Rd), then its degree m = 1 component is a d-dimensional vector t1, its
degree m = 2 component is a d× d matrix t2, and its degree m = 3 component is a
degree 3 tensor t3. By defining addition and scalar multiplication as

s + t := (sm + tm)m≥0, c · t = (ctm)m≥0

the set T(V ) becomes a linear space. By identifying v ∈ V as the element (0, v, 0, . . . , 0) ∈
T(V ) we see that V is a linear subspace of T(V ). Moreover, while V is only a linear
space, T(V ) carries a product that turns T(V ) into an algebra.

This product is the so-called tensor convolution product, and is defined for s, t ∈
T(V ) as

s · t :=
( m∑
i=0

si ⊗ tm−i
)
m≥0

=
(
1, s1 + t1, s2 + s1 ⊗ t1 + t2, . . .

)
∈ T(V ) (3.2)
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where ⊗ denotes the usual outer tensor product; e.g. for vectors u = (ui), v = (vi) ∈ Rd

the outer tensor product u⊗ v is the d× d matrix (uivj)i,j=1,...,d. We emphasize that
like the outer tensor product ⊗, the tensor convolution product · is non-commutative,
i.e. s · t 6= t · s. In a mathematically precise sense, T(V ) is the most general algebra
that contains V ; it is a “free construction”. Since T(V ) is realized as series of tensors
of increasing degree, the free algebra T(V ) is also known as the tensor algebra in the
literature. Appendix 3.A contains background on tensors and further examples.

Lifting static feature maps. Step (i) in the construction of Φ requires turning a
given feature map φ : X → V into a map ϕ : X → T(V ). Throughout the rest of this
article we use the lift

ϕ(x) = (1, φ(x), 0, 0 . . .) ∈ T(V ). (3.3)

We discuss other choices in Appendix 3.B, but attractive properties of the lift 3.3 are
that

(a) the evaluation of Φ against low rank tensors becomes a simple recursive formula
(Proposition 3.3.1,

(b) it is a generalization of sequence sub-pattern matching as used in string kernels
(Appendix 3.B.3,

(c) despite its simplicity it performs exceedingly well in practice (Section 3.4).

Extending to sequences of arbitrary length. Steps (i) and (ii) in the construction
specify how the map Φ : X → T(V ) behaves on sequences of length-1, that is, single
observations. Step (iii) amounts to the requirement that for any two sequences
x = (x1, . . . ,xK),y = (y1, . . . ,yL) ∈ Seq V , their concatenation defined as z =
(x1, . . . ,xK ,y1, . . . ,yL) ∈ Seq V can be understood in the feature space as (non-
commutative) multiplication of their corresponding features

Φ(z) = Φ(x) · Φ(y).

In other words, we inductively extend the lift ϕ to sequences of arbitrary length by
starting from sequences consisting of a single observation, which is given in (3.1).
Repeatedly applying the definition of the tensor convolution product in (3.2) leads to
the following explicit formula
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Φm(x) =
∑

1≤i1<···<im≤L
xi1 ⊗ · · · ⊗ xim ∈ V ⊗m, Φ(x) = (Φm(x))m≥0, (3.4)

where x = (x1, . . . ,xL) ∈ Seq V and the summation is over non-contiguous subsequences
of x.

Some intuition: generalized pattern matching. Our derivation of the feature
map Φ(x) = (1,Φ1(x),Φ2(x), . . .) ∈ T(V ) was guided by general algebraic principles,
but (3.4) provides an intuitive interpretation. It shows that for each m ≥ 1, the entry
Φm(x) ∈ V ⊗m constructs a summary of a long sequence x = (x1, . . . ,xL) ∈ Seq V
based on subsequences (xi1 , . . . ,xim) of x of length-m. It does this by taking the usual
outer tensor product xi1⊗· · ·⊗xim ∈ V ⊗m and summing over all possible subsequences.
This is completely analogous to how string kernels provide a structured description
of text by looking at non-contiguous substrings of length-m (indeed, Appendix 3.B.3
makes this rigorous). However, the main difference is that the above construction
works for arbitrary sequences and not just sequences of discrete letters. Readers with
less mathematical background might simply take this as motivation and regard (3.4)
as definition. However, the algebraic background allows to prove that Φ is universal,
see Theorem 3.2.1 below.

Universality. A function φ : X → V is said to be universal for X if all continuous
functions on X can be approximated as linear functions on the image of φ. One of
the most powerful features of neural nets is their universality [103]. A very attractive
property of Φ is that it preserves universality: if φ : X → V is universal for X , then
Φ : SeqX → T(V ) is universal for SeqX . To make this precise, note that V ⊗m is a
linear space and therefore any ` = (`0, `1, . . . , `M , 0, 0, . . .) ∈ T(V ) consisting of M
tensors `m ∈ V ⊗m, yields a linear functional on T(V ); e.g. if V = Rd and we identify
`m in coordinates as `m = (`i1,...,imm )i1,...,im∈{1,...,d} then

〈`, t〉 :=
M∑
m=0
〈`m, tm〉 =

M∑
m=0

∑
i1,...,im∈{1,...,d}

`i1,...,imm ti1,...,imm .

Thus linear functionals of the feature map Φ, are real-valued functions of sequences.
Theorem 3.2.1 below shows that any continuous function f : SeqX → R can by
arbitrary well approximated by a ` ∈ T(V ), f(x) ≈ 〈`,Φ(x)〉.
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Theorem 3.2.1. Let φ : X → V be a universal map with a lift that satisfies some
mild constraints, then the following map is universal:

Φ : Seq(X )→ T(V ), x 7→ Φ(x).

A detailed proof and the precise statement of Theorem 3.2.1 is given in Appendix
3.B.

3.3 Approximation by low-rank linear functionals

The combinatorial explosion of tensor coordinates and what to do about
it. The universality of Φ suggests the following approach to represent a function
f : SeqX → R of sequences: First compute Φ(x) and then optimize over ` (and possibly
also the hyperparameters of φ) such that f(x) ≈ 〈`,Φ(x)〉 = ∑M

m=0〈`m,Φm(x)〉.
Unfortunately, tensors suffer from a combinatorial explosion in complexity in the
sense that even just storing Φm(x) ∈ V ⊗m ⊂ T(V ) requires O(dim(V )m) real numbers.
Below we resolve this computational bottleneck as follows: in Proposition 3.3.1 we show
that for a special class of low-rank elements ` ∈ T(V ), the functional x 7→ 〈`,Φ(x)〉
can be efficiently computed in both time and memory. This is somewhat analogous to
a kernel trick since it shows that 〈`,Φ(x)〉 can be cheaply computed without explicitly
computing the feature map Φ(x). However, Theorem 3.2.1 guarantees universality
under no restriction on `, thus restriction to rank-1 functionals limits the class of
functions f(x) that can be approximated. Nevertheless, by iterating these “low-rank
functional” constructions in the form of sequence-to-sequence transformations this can
be ameliorated. We give the details below but to gain intuition, we invite the reader
to think of this iteration analogous to stacking layers in a neural network: each layer
is a relatively simple non-linearity (e.g. a sigmoid composed with an affine function)
but by composing such layers, complicated functions can be efficiently approximated.

Rank-1 functionals are computationally cheap. Degree m = 2 tensors are
matrices and low-rank (LR) approximations of matrices are widely used in practice
[194] to address the quadratic complexity. The definition below generalizes the rank
of matrices (tensors of degree m = 2) to tensors of any degree m.

Definition 12. The rank (also called CP rank [36]) of a degree-m tensor tm ∈ V ⊗m

is the smallest number r ≥ 0 such that one may write

tm =
r∑
i=0

v1
i ⊗ · · · ⊗ vmi , v1

i , . . . ,vmi ∈ V.
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We say that t = (tm)m≥0 ∈ T(V ) has rank-1 (and degree-M) if each tm ∈ V ⊗m is a
rank-1 tensor and ti = 0 for i > M .

Remark 3.3.1. For x = (x1, . . . ,xL) ∈ Seq V , the rank rm ∈ N of Φm(x) satisfies
rm ≤

(
L
m

)
, while the rank and degree r, d ∈ N of Φ(x) satisfy r ≤

(
L
K

)
for K =

⌊
L
2

⌋
and d ≤ L.

A direct calculation shows that if ` is of rank-1, then 〈`,Φ(x)〉 can be computed
very efficiently by inner product evaluations in V .

Proposition 3.3.1. Let ` = (`m)m≥0 ∈ T(V ) be of rank-1 and degree-M . If φ is lifted
to ϕ as in (3.3), then

〈`,Φ(x)〉 =
M∑
m=0

∑
1≤i1<···<im≤L

m∏
k=1
〈vmk , φ(xik)〉 (3.5)

where `m = vm1 ⊗ · · · ⊗ vmm ∈ V ⊗m, vmi ∈ V and m = 0, . . . ,M .

Note that the inner sum is taken over all non-contiguous subsequences of x of
length-m, analogously to m-mers of strings and we make this connection precise in
Appendix 3.B.3; the proof of Proposition 3.3.1 is given in Appendix 3.B.1. While
(3.5) looks expensive, by casting it into a recursive formulation over time, it can be
computed in O(M2 · L · d) time and O(M2 · (L + c)) memory, where d is the inner
product evaluation time on V , while c is the memory footprint of a v ∈ V . This can
further be reduced to O(M · L · d) time and O(M · (L+ c)) memory by an efficient
parametrization of the rank-1 element ` ∈ T(V ). We give further details in [189,
Appendices D.2, D.3, D.4].

Low-rank Seq2Tens maps. The composition of a linear map L : T(V ) → RN

with Φ can be computed cheaply in parallel using (3.5) when L is specified through a
collection of N ∈ N rank-1 elements `1, . . . , `N ∈ T(V ) such that

Φ̃θ̃(x1, . . . ,xL) := L ◦ Φ(x1, . . . ,xL) = (〈`j,Φ(x1, . . . ,xL))Nj=1 ∈ RN .

We call the resulting map Φ̃θ̃ : SeqX → RN a Low-rank Seq2Tens map of width-N
and order-M , where M ∈ N is the maximal degree of `1, . . . , `N such that `ji = 0 for
i > M . The LS2T map is parametrized by

(1) the component vectors vkj,m ∈ V of the rank-1 elements `jm = v1
j,m ⊗ · · · ⊗ vmj,m,

(2) by any parameters θ that the static feature map φθ : X → V may depend on.
We jointly denote these parameters by θ̃ = (θ, `1, . . . , `N)
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. In addition, by the subsequent composition of Φ̃θ̃ with a linear functional RN → R,
we get the following function subspace as hypothesis class for the LS2T

H̃ =
{
〈
N∑
j=1

αj`
j,Φ(x1, . . . ,xL)〉 |αj ∈ R

}
( H =

{
〈`,Φ(x1, . . . ,xL) | ` ∈ T(V )

}

Hence, we acquire an intuitive explanation of the (hyper)parameters: the width of
the LS2T, N ∈ N specifies the maximal rank of the low-rank linear functionals of Φ
that the LS2T can represent, while the span of the rank-1 elements, span(`1, . . . , `N)
determine an N -dimensional subspace of the dual space of T(V ) consisting of at most
rank-N functionals.

Recall now that without rank restrictions on the linear functionals of Seq2Tens
features, Theorem 3.2.1 would guarantee that any real-valued function f : SeqX → R
could be approximated by f(x) ≈ 〈`,Φ(x1, . . . ,xL)〉. As pointed out before, the
restriction of the hypothesis class to low-rank linear functionals of Φ(x1, . . . ,xL) would
limit the class of functions of sequences that can be approximated. To ameliorate this,
we use LS2T transforms in a sequence-to-sequence fashion that allows us to stack such
low-rank functionals, significantly recovering expressiveness.

Sequence-to-sequence transforms. We can use LS2T to build sequence-to-sequence
transformations in the following way: fix the static map φθ : X → V parametrized by
θ and rank-1 elements such that θ̃ = (θ, `1, . . . , `N ) and apply the resulting LS2T map
Φ̃θ̃ over expanding windows of x:

SeqX → SeqRN , x 7→
(
Φ̃θ̃(x1), Φ̃θ̃(x1,x2), . . . , Φ̃θ̃(x1, . . . ,xL)

)
. (3.6)

Note that the cost of computing the expanding window sequence-to-sequence transform
in (3.6) is no more expensive than computing Φ̃θ̃(x1, . . . ,xL) itself due to the recursive
nature of our algorithms, for further details see [189, Appendix D.2, D.3, D.4].

Deep sequence-to-sequence transforms. Inspired by the empirical successes of
deep RNNs [89, 88, 182], we iterate the transformation 3.6 D-times:

SeqX → SeqRN1 → SeqRN2 → · · · → SeqRND .

Each of these mappings SeqRNi → SeqRNi+1 is parametrized by the parameters θ̃i of
a static feature map φθi and a linear map Li specified by Ni rank-1 elements of T(V );
these parameters are collectively denoted by θ̃i = (θi, `1

i , . . . , `
Ni
i ). Evaluating the final
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sequence in SeqRND at the last observation-time t = L, we get the deep LS2T map
with depth-D

Φ̃θ̃1,...,θ̃D
: SeqX → RnD .

Making precise how the stacking of such low-rank sequence-to-sequence transformations
approximates general functions requires more tools from algebra, and we provide a
rigorous quantitative statement in Appendix 3.C. Here, we just appeal to the analogy
made with adding depth in neural networks mentioned earlier and empirically validate
this in our experiments in Section 3.4.

3.4 Building neural networks with LS2T layers

The Seq2Tens map Φ built from a static feature map φ is universal if φ is universal,
Theorem 3.2.1. NNs form a flexible class of universal feature maps with strong
empirical success for data in X = Rd, and thus make a natural choice for φ. Combined
with standard deep learning constructions, the framework of Sections 3.2 and 3.3 can
build modular and expressive layers for sequence learning.

Neural LS2T layers. The simplest choice among many is to use as static feature
map φ : X = Rd → Rh a feedforward network with depth-P , φ = φP ◦ · · · ◦ φ1

where φj(x) = σ(Wjx + bj) for Wj ∈ Rh×d, bj ∈ Rh. We can then lift this to
a map ϕ : Rd → T(Rh) as prescribed in (3.3). Hence, the resulting LS2T layer
x 7→ (Φ̃θ̃(x1, . . . ,xi))i=1,...,L is a sequence-to-sequence transform SeqRd → SeqRh that
is parametrized by θ̃ = (W1,b1, . . . ,WP ,bP , `1

1, . . . , `
N1
1 ).

Bidirectional LS2T layers. The transformation in (3.6) is completely causal in
the sense that each step of the output sequence depends only on past information.
For generative models, it can behove us to make the output depend on both past
and future information, see [88, 8, 123]. Similarly to bidirectional RNNs and LSTMs
[165, 90], we may achieve this by defining a bidirectional layer,

Φ̃b
(θ̃1,θ̃2)(x) : Seq Rd → SeqRN+N ′ , x 7→ (Φ̃θ̃1

(x1, . . . ,xi), Φ̃θ̃2
(xi, . . . ,xL))Li=1.

The sequential nature is kept intact by making the distinction between what classifies
as past (the first N coordinates) and future (the last N ′ coordinates) information.
This amounts to having a form of precognition in the model, and has been applied in
e.g. dynamics generation [123], machine translation [181], and speech processing [88].
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Convolutions and LS2T. We motivate to replace the time-distributed feedforward
layers proposed in the paragraph above by temporal convolutions (CNN) instead.
Although theory only requires the preprocessing layer of the LS2T to be a static
feature map, we find that it is beneficial to capture some of the sequential information
in the preprocessing layer as well, e.g. using CNNs or RNNs. From a mathematical
point of view, CNNs are a straightforward extension since they can be interpreted as
time-distributed feedforward layers applied to the input sequence augmented with a
p ∈ N number of its lags for CNN kernel size p (see [189, Appendix D.1] for further
discussion).

In the following, we precede our deep LS2T blocks by one or more CNN layers.
Intuitively, CNNs and LS2Ts are similar in that both transformations operate on
subsequences of their input sequence. The main difference between the two lies in
that CNNs operate on contiguous subsequences, and therefore, capture local, short-
range nonlinear interactions between timesteps; while LS2Ts ((3.5)) use all non-
contiguous subsequences, and hence, learn global, long-range interactions in time. This
observation motivates that the inductive biases of the two types of layers (local/global
time-interactions) are highly complementary in nature, and we suggest that the
improvement in the experiments on the models containing vanilla CNN blocks are due
to this complementarity.

3.5 Experiments

We demonstrate the modularity and flexibility of the above LS2T and its variants by
applying it to

(i) multivariate time series classification,

(ii) mortality prediction in healthcare,

(iii) generative modelling of sequential data.

In all cases, we take a strong baseline model (FCN and GP-VAE, as detailed below)
and upgrade it with LS2T layers. As Thm. 3.2.1 requires the Seq2Tens layers to be
preceded by at least a static feature map, we expect these layers to perform best as
an add-on on top of other models, which however can be quite simple, such as a CNN.
The additional computation time is negligible (in fact, for FCN it allows to reduce
the number of parameters significantly, while retaining performance), but it can yield
substantial improvements. This is remarkable, since the original models are already
state-of-the-art on well-established (frequentist and Bayesian) benchmarks.
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3.5.1 Multivariate time series classification

As the first task, we consider multivariate time series classification (TSC) on an archive
of benchmark datasets collected by [11]. Numerous previous publications report results
on this archive, which makes it possible to compare against several well-performing
competitor methods from the TSC community. These baselines are detailed in [189,
Appendix E.1]. This archive was also considered in a recent popular survey paper
on DL for TSC [105], from where we borrow the two best performing models as DL
baselines: FCN and ResNet. The FCN is a fully convolutional network which stacks
3 convolutional layers of kernel sizes (8, 5, 3) and filters (128, 256, 128) followed by a
global average pooling (GAP) layer, hence employing global parameter sharing. We
refer to this model as FCN128. The ResNet is a residual network stacking 3 FCN
blocks of various widths with skip-connections in between [98] and a final GAP layer.

The FCN is an interesting model to upgrade with LS2T layers, since the LS2T
also employs parameter sharing across the sequence length, and as noted previously,
convolutions are only able to learn local interactions in time, that in particular
makes them ill-suited to picking up on long-range autocorrelations, which is exactly
where the LS2T can provide improvements. As our models, we consider three simple
architectures:

(i) LS2T3
64 stacks 3 LS2T layers of order-2 and width-64;

(ii) FCN64-LS2T3
64 precedes the LS2T3

64 block by an FCN64 block; a downsized
version of FCN128;

(iii) FCN128-LS2T3
64 uses the full FCN128 and follows it by a LS2T3

64 block as before.

Also, both FCN-LS2T models employ skip-connections from the input to the LS2T
block and from the FCN to the classification layer, allowing for the LS2T to directly see
the input, and for the FCN to directly affect the final prediction. These hyperparameters
were only subject to hand-tuning on a subset of the datasets, and the values we
considered wereH,N ∈ {32, 64, 128},M ∈ {2, 3, 4} andD ∈ {1, 2, 3}, whereH,N ∈ N
is the FCN and LS2T width, resp., while M ∈ N is the LS2T order and D ∈ N is
the LS2T depth. We also employ techniques such as time-embeddings [125], sequence
differencing and batch normalization, see [189, Appendix D.1, E.1] for further details
on the experiment and [189, Figure 2] in thereof for a visualization of the architectures.
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Table 3.1: Posterior probabilities given by a Bayesian signed-rank test comparison of
the proposed methods against the baselines. {>}, {<}, {=} refer to the respective
events that the row method is better, the column method is better, or that they are
equivalent.

Model LS2T3
64 FCN64-LS2T3

64 FCN128-LS2T3
64

p(>) p(=) p(<) p(>) p(=) p(<) p(>) p(=) p(<)

SMTS [12] 0.180 0.000 0.820 0.010 0.000 0.990 0.008 0.000 0.992
LPS [13] 0.191 0.002 0.807 0.012 0.001 0.987 0.006 0.001 0.993
mvARF [193] 0.011 0.140 0.849 0.000 0.126 0.874 0.000 0.088 0.912
DTW [158] 0.033 0.000 0.967 0.001 0.000 0.999 0.000 0.000 1.000
ARKernel [54] 0.100 0.097 0.803 0.000 0.021 0.979 0.000 0.015 0.985
gRSF [108] 0.481 0.011 0.508 0.028 0.013 0.960 0.022 0.013 0.965
MUSE [162] 0.405 0.128 0.467 0.001 0.074 0.925 0.001 0.077 0.922
MLSTMFCN [107] 0.916 0.043 0.041 0.123 0.071 0.807 0.055 0.110 0.835
FCN128 [200] 0.998 0.002 0.000 0.363 0.186 0.451 0.169 0.011 0.820
ResNet [200] 0.998 0.002 0.001 0.056 0.240 0.704 0.016 0.048 0.935
LS2T3

64 - - - 0.000 0.001 0.999 0.000 0.001 0.999
FCN64-LS2T3

64 0.999 0.001 0.000 - - - 0.020 0.387 0.593

Results. We trained the models, FCN128, ResNet, LS2T3
64, FCN64-LS2T3

64, FCN128-LS2T3
64

on each of the 16 datasets 5 times while results for other methods were borrowed
from the cited publications. [189, Figure 3] depicts the box-plot of distributions of
accuracies and a CD diagram using the Nemenyi test [139], while [189, Table 7] shows
the full list of results. Since mean-ranks based tests raise some paradoxical issues [15],
it is customary to conduct pairwise comparisons using frequentist [58] or Bayesian [14]
hypothesis tests. We adopted the Bayesian signed-rank test from [16], the posterior
probabilities of which are displayed in Table 3.1, while the Bayesian posteriors are
visualized in [189, Figure 4]. The results of the signed-rank test can be summarized
as follows:

(1) LS2T3
64 already outperforms some classic TS classifiers with high probability

(p ≥ 0.8), but it is not competitive with other DL classifiers. This observation is
not surprising since even theory requires at least a static feature map to precede
the LS2T.

(2) FCN64-LS2T3
64 outperforms almost all models with high probability (p ≥ 0.8),

except for ResNet (which is stil outperformed by p ≥ 0.7), FCN128 and FCN128-LS2T3
64.

When compared with FCN128, the test is unable to decide between the two,
which upon inspection of the individual results in [189, Table 7] can be explained
by that on some datasets the benefit of the added LS2T block is high enough
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that it outweighs the loss of flexibility incurred by reducing the width of the FCN
- arguably these are the datasets where long-range autocorrelations are present
in the input time series, and picking up on these improve the performance -
however, on a few datasets the contrary is true.

(3) Lastly, FCN128-LS2T3
64, outperforms all baseline methods with high probability

(p ≥ 0.8), and hence successfully improves on the FCN128 via its added ability
to learn long-range time-interactions. We remark that FCN64-LS2T3

64 has fewer
parameters than FCN128 by more than 50%, hence we managed to compress the
FCN to a fraction of its original size, while on average still slightly improving
its performance, a nontrivial feat by its own accord.

3.5.2 Mortality prediction

We consider the Physionet2012 challenge dataset [85] for mortality prediction, which
is a case of medical TSC as the task is to predict in-hospital mortality of patients
after their admission to the ICU. This is a difficult ML task due to missingness in
the data, low signal-to-noise ratio (SNR), and imbalanced class distributions with
a prevalence ratio of around 14%. We extend the experiments conducted in [102],
which we also use as very strong baselines. Under the same experimental setting, we
train two models: FCN-LS2T as ours and the FCN as another baseline. For both
models, we conduct a random search for all hyperparameters with 20 samples from a
pre-specified search space, and the setting with best validation performance is used
for model evaluation on the test set over 5 independent model trains, exactly the
same way as it was done in [102]. We preprocess the data using the same method as
in [38, eq. (9)] and additionally handle static features by tiling them along the time
axis and adding them as extra coordinates. We additionally introduce in both models
a SpatialDropout1D layer after all CNN and LS2T layers with the same tunable
dropout rate to mitigate the low SNR of the dataset.

Results. Table 3.2 compares the performance of FCN-LS2T with that of FCN and
the results from [102] on 3 metrics:

(1) accuracy,

(2) area under the precision-recall curve (AUPRC),

(3) area under the ROC curve (AUROC).
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Table 3.2: Comparison of FCN-LS2T and FCN on Physionet2012 with the results
from [102].

Model Accuracy AUPRC AUROC

FCN-LS2T 84.1± 1.6 53.9± 0.5 85.6± 0.5
FCN 80.7± 1.7 52.8± 1.3 85.6± 0.2
GRU-D 80.0± 2.9 53 .7 ± 0 .9 86.3± 0.3
GRU-Simple 82.2± 0.2 42.2± 0.6 80.8± 1.1
IP-Nets 79.4± 0.3 51.0± 0.6 86 .0 ± 0 .2
Phased-LSTM 76.8± 5.2 38.7± 1.5 79.0± 1.0
Transformer 83 .7 ± 3 .5 52.8± 2.2 86.3± 0.8
Latent-ODE 76.0± 0.1 50.7± 1.7 85.7± 0.6
SeFT-Attn. 75.3± 3.5 52.4± 1.1 85.1± 0.4

We can observe that FCN-LS2T takes on average first place according to both
Accuracy and AUPRC, outperforming FCN and all SOTA methods, e.g. Transformer
[196], GRU-D [38], SeFT [102], and also being competitive in terms of AUROC. This
is very promising, and it suggests that LS2T layers might be particularly well-suited to
complex and heterogenous datasets, such as medical time series, since the FCN-LS2T
models significantly improved accuracy on ECG as well, another medical dataset in
the previous experiment.

3.5.3 Generating sequential data

Finally, we demonstrate on sequential data imputation for time series and video that
LS2Ts do not only provide good representations of sequences in discriminative, but
also generative models.

The GP-VAE model. In this experiment, we take as base model the recent
GP-VAE [73], that provides state-of-the-art results for probabilistic sequential data
imputation. The GP-VAE is essentially based on the HI-VAE [138] for handling
missing data in variational autoencoders (VAEs) [112] adapted to the handling of
time series data by the use of a Gaussian process (GP) prior [203] across time in
the latent sequence space to capture temporal dynamics. Since the GP-VAE is a
highly advanced model, its in-depth description is deferred to [189, Appendix E.3].
We extend the experiments conducted in [73], and we make one simple change to the
GP-VAE architecture without changing any other hyperparameters or aspects: we
introduce a single bidirectional LS2T layer (B-LS2T) into the encoder network that is
used in the amortized representation of the means and covariances of the variational
posterior. The B-LS2T layer is preceded by a time-embedding and differencing block,
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Table 3.3: Performance comparison of GP-VAE (B-LS2T) with the baseline methods

Method HMNIST Sprites Physionet

NLL MSE AUROC MSE AUROC

Mean imputation - 0.168± 0.000 0.938± 0.000 0.013± 0.000 0.703± 0.000
Forward imputation - 0.177± 0.000 0.935± 0.000 0.028± 0.000 0.710± 0.000
VAE 0.599± 0.002 0.232± 0.000 0.922± 0.000 0.028± 0.000 0.677± 0.002
HI-VAE 0.372± 0.008 0.134± 0.003 0.962± 0.001 0.007± 0.000 0.686± 0.010
GP-VAE 0.350± 0.007 0.114± 0.002 0.960± 0.002 0.002± 0.000 0.730± 0.006
GP-VAE (B-LS2T) 0.251± 0.008 0.092± 0.003 0.962± 0.001 0.002± 0.000 0.743± 0.007
BRITS - - - - 0.742± 0.008

and succeeded by channel flattening and layer normalization as depicted in [189, Figure
5]. The idea behind this experiment is to see if we can improve the performance of a
highly complicated model that is composed of many interacting submodels, by the
naive introduction of LS2T layers.

Results. To make the comparison, we ceteris paribus re-ran all experiments the
authors originally included in their paper [73], which are imputation of Healing MNIST,
Sprites, and Physionet 2012. The results are in Table 3.3, which report the same
metrics as used in [73], i.e. negative log-likelihood (NLL, lower is better), mean squared
error (MSE, lower is better) on test sets, and downstream classification performance of
a linear classifier (AUROC, higher is better). For all other models beside our GP-VAE
(B-LS2T), the results were borrowed from [73]. We observe that simply adding the
B-LS2T layer improved the result in almost all cases, except for Sprites, where the
GP-VAE already achieved a very low MSE score. Additionally, when comparing
GP-VAE to BRITS on Physionet, the authors argue that although the BRITS achieves
a higher AUROC score, the GP-VAE should not be disregarded as it fits a generative
model to the data that enjoys the usual Bayesian benefits of predicting distributions
instead of point predictions. The results display that by simply adding our layer into
the architecture, we managed to elevate the performance of GP-VAE to the same level
while retaining these same benefits. We believe the reason for the improvement is a
tighter amortization gap in the variational approximation [51] achieved by increasing
the expressiveness of the encoder by the LS2T allowing it to pick up on long-range
interactions in time. We provide further discussion in [189, Appendix E.3].

3.6 Related work and Summary

Related Work. The literature on tensor models in ML is vast. Related to our
approach we mention pars-pro-toto Tensor Networks [49], that use classical LR
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decompositions, such as CP [36], Tucker [191], tensor trains [142] and tensor rings [206];
further, CNNs have been combined with LR tensor techniques [50, 115] and extended
to RNNs [109]; Tensor Fusion Networks [205] and its LR variants [126, 124, 104];
tensor-based gait recognition [188]. Our main contribution to this literature is the
use of the free algebra T(V ) with its convolution product ·, instead of V ⊗m with the
outer product ⊗ that is used in the above papers. While counter-intuitive to work in a
larger space T(V ), the additional algebra structure of (T(V ), ·) is the main reason for
the nice properties of Φ (universality, making sequences of arbitrary length comparable,
convergence in the continuous time limit; see Appendix 3.B) which we believe are in
turn the main reason for the strong benchmark performance. Stacked LR sequence
transforms allow to exploit this rich algebraic structure with little computational
overhead. Another related literature are path signatures in ML [130, 43, 87, 27, 190].
These arise as special case of Seq2Tens (Appendix 3.B) and our main contribution
to this literature is that Seq2Tens resolves a well-known computational bottleneck in
this literature since it never needs to compute and store a signature, instead it directly
and efficiently learns the functional of the signature.

Summary. We used a classical non-commutative structure to construct a feature
map for sequences of arbitrary length. By stacking sequence transforms we turned
this into scalable and modular NN layers for sequence data. The main novelty is the
use of the free algebra T(V ) constructed from the static feature space V . While free
algebras are classical in mathematics, their use in ML seems novel and underexplored.
We would like to re-emphasize that (T(V ), ·) is not a mysterious abstract space:
if you know the outer tensor product ⊗ then you can easily switch to the tensor
convolution product · by taking sums of outer tensor products, as defined in (3.2). As
our experiments show, the benefits of this algebraic structure are not just theoretical
but can significantly elevate performance of already strong-performing models.
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For practitioners, we recommend a look at Section 3.A for a refresher on tensor
notation and an introduction to T(V ); further, the introduction of Section 3.B
contains a brief summary of the main theoretical properties of Seq2Tens that make it
an attractive feature map for sequence data. [189, Appendix C, D] contain details on
algorithms and experiments.

For theoreticians, we recommend Section 3.B for a proof that Φ is universal
(Theorem 3.B.1), how the Seq2Tens map behaves in the high-frequency limit as
one goes from discrete to continuous time (Proposition 3.B.4), and to Section 3.C
for a quantitative statement of low-rank functionals can be turned into high-rank
functionals with sequence-to-sequence transformations. We re-emphasize that these
more algebra-heavy sections are not needed for practitioners.

3.A Tensors and the Free Algebra

This section recalls some basics on the tensor product ⊗ and the convolution product
that turns the linear space T(V ) into an algebra – the so-called free algebra or free
algebra over V . We refer to [117, Chapter 16] for more on tensors, to [152] for free
algebras. Put briefly, for any linear space V there exists a linear space T(V ) that
contains V but that also carries a non-commutative product.

Tensor products on Rd. If x = (x1, . . . , xd) ∈ Rd and y = (y1, . . . , ye) ∈ Re are
two vectors, then their tensor product x⊗y is defined as the (d×e)-matrix, or degree 2
tensor, with entries (x⊗y)i,j = xiyj . This is also commonly called the outer product of
the two vectors. The space Rd⊗Re is defined as the linear span of all degree 2 tensors
x⊗ y for x ∈ Rd, y ∈ Re. If z ∈ Rf is another vector, then one may form a degree 3
tensor x⊗ y⊗ z with shape (d× e× f) defined to have entries (x⊗ y⊗ z)i,j,k = xiyjzk.
The space Rd⊗Re⊗Rf is analogously defined as the linear span of all degree 3 tensors
x⊗ y ⊗ z for x ∈ Rd, y ∈ Re, z ∈ Rf .

The tensor product of two general vector spaces V and W can be defined even if
they are infinite dimensional, see [117, Chapter 16], but we invite readers unfamiliar
with general tensor spaces to think of V as Rd below.

The free algebra T(V ). Ultimately we are not only interested in tensors of some
fixed degree m – that is an element of V ⊗m – but sequences of tensors of increasing
degree. Given some linear space V , the linear space T(V ) is defined as set of all
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tensors of any degree over V . Formally

T(V ) :=
∏
m≥0

V ⊗m = {t = (tm)m≥0 | t ∈ V ⊗m}

where we use the notation V ⊗1 = V , V ⊗2 = V ⊗ V, V ⊗3 = V ⊗ V ⊗ V and so
on; by convention we let V ⊗0 = R. We normally write elements of T(V ) as t =
(t0, t1, t2, t3, . . .) such that tm ∈ V ⊗m, that is, t0 is a scalar, t1 is a vector, t2 is a
matrix, t3 is a 3-tensor and so on. Note that T(V ) is again a linear space if we define
addition and scalar multiplication as

s + t = (sm + tm)m≥0 ∈ T(V ) and c · t = (ctm)m≥0 ∈ T(V )

for s, t ∈ T(V ) and c ∈ R.

Example 3.A.1. Let V = Rd. For v = (vi)i=1,...,d ∈ Rd consider t = (v⊗m)m≥0 ∈
T(Rd) where we denote for brevity

tm := v⊗m := v⊗ · · · ⊗ v︸ ︷︷ ︸
m many tensor products ⊗

∈ (Rd)⊗m and by convention we set v⊗0 := 1 ∈ (Rd)⊗0.

That is, t1 = v⊗1 = v is a d-dimensional vector, with the i coordinate equal to vi;
t2 = v⊗2 is d× d-matrix with the (i, j)-coordinate equal to vivj; t3 = v⊗3 is degree
3-tensor with the (i, j, k)-coordinate equal to vivjvk. In this special case, the element
t ∈ T(Rd) consists of entries tm = v⊗m ∈ (Rd)⊗m that are symmetric tensors, that
is the (i1, . . . , im)-th coordinate is the same as the (iσ(1), . . . , iσ(d)) coordinate if σ is
a permutation of {1, . . . , d}. However, we emphasize that in general an element of
T(Rd) does not need to be made up of symmetric tensors.

A product on T(V ). Key to our approach is that T(V ) is not only a linear
space, but what distinguishes it as a feature space for sequences is that it carries
a non-commutative product. In other words, T(V ) is not just a vector space but
a (non-commutative) algebra (an algebra is a vector space where one can multiply
elements). This is the so-called tensor convolution product and defined as follows

s · t :=
( m∑
i=0

si ⊗ tm−i
)
m≥0

=
(
1, s1 + t1, s2 + s1 ⊗ t1 + t2, . . .

)
.

In a precise mathematical sense, T(V ) is the most general algebra containing V ,
namely T(V ) is the “free algebra” that contains V ; see [117, Chapter 16] for the precise
definition of free objects.
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3.B A universal feature map for sequences of arbitrary
length

Recall from Section 3.2, that given a map defined on a set X

φ : X → V

we lift φ to a map ϕ : X → T(V ) and define the Seq2Tens feature map for sequences
in X of arbitrary length as

Φ : SeqX → T(V ), x→
T∏
i=1

ϕ(xi).

The remainder of Section 3.B makes the following statements mathematically
rigorous:

(i) Φ is a universal feature map whenever φ is a universal (Section 3.B.1 and 3.B.2),

(ii) Φ makes sequences of different length comparable analogous to how m-mers
make strings of different length comparable (Section 3.B.3),

(iii) Φ converges to a well-defined object when we go from discrete to continuous
time (sequences converge to paths) (Section 3.B.4).

3.B.1 The universality of Φ.

Definition 13. Let X be a topological space (the “data space”) and W a linear space
(“the feature space”). We say that a function f : X → W is universal (to Cb(X )) if
the set of functions

{x 7→ 〈`, f(x)〉 : ` ∈ W ′} ⊆ Cb(X )

is dense in Cb(X ).

Example 3.B.1. Classic examples of this in ML are

• For X ⊂ Rd bounded andW = T(Rd), the polynomial map p : Rd → T(Rd),x 7→
(1,x,x⊗2,x⊗3,x⊗4, . . .) is universal [153].

• The 1-layer neural net map x 7→ ∏
θNθ(x) where θ runs over all configurations

of parameters is universal under some very mild conditions [103].

We now prove the main result of this section
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Theorem 3.B.1. Let ϕ : X → T(V ),x 7→ (ϕm(x))m≥0, ϕm(x) ∈ V ⊗m be such that:

1. For any n ≥ 1 the support of (ϕ0, ϕ1, . . . , ϕm1)⊗n and ϕm2 are disjoint if 1 ≤
m1 < m2.

2. ϕ0 = 1 and ϕ1 : X → V is a bounded universal map with at least one constant
term.

Then

Φ : Seq(X )→ T(V ), (x1, . . . ,xL) 7→
L∏
i=1

ϕ(xi)

is universal.

Remark 3.B.1.

(i) Theorem3.B.1 implies that x 7→ ∏L
i=1(1, φ(x), 0, . . .) is universal whenever φ :

X → V is universal. This is the lift we use throughout the main text, see (3.3).

(ii) By taking ϕ : Rd → T(Rd),x 7→ (1,x, x⊗2

2! ,
x⊗3

3! , . . .) one recovers Chen’s signature
[39, 40, 41] as used in rough paths.

(iii) By taking ϕ : Rd → T(V ), ϕ1(x) the polynomial map and ϕm(x) = 0 for m ≥ 2
one recovers the iterated sums of [60] and [113].

(iv) By taking each ϕm to be a trainable Neural Network one gets a trainable universal
map Φ for sequences that includes all of the above,

The algebra of linear functionals on Φ.

The proof of Theorem 3.B.1 uses that if ϕ is universal, then the space of linear
functionals on Φ(x) forms a commutative algebra, that is for two linear functionals
`1, `2 there exists another linear functional ` such that

〈`1,Φ(x)〉〈`2,Φ(x)〉 = 〈`,Φ(x)〉.

This new functional ` is constructed in explicit way from `1 and `2, with a so-called
quasi-shuffle product. In the remainder of this section 3.B.1, we prepare and give the
proof of Theorem 3.B.1: subsection 3.B.1 introduces the quasi-shuffle product, and
subsection 3.B.1 uses this to prove Theorem 3.B.1.

We spell out the proof for the case ϕ = (1, φ, 0, 0, . . . ) ∈ T(V ) since this is the
form we use in the main text, Proposition 3.2.1, and the other cases follow similarly.
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In fact, without loss of generality we can take φ = id since this does not change the
algebraic structure in any way. That is, we take

Φ : Seq V → T(V ), Φ(x1, . . . ,xL) :=
L∏
i=1

ϕ(xi) (3.7)

with ϕ(x) = (1,x, 0, 0, . . .). By using the definition of the product in T(V ) and
expanding (3.7) we get

Φ(x1, . . . ,xL) = (1,
L∑
i=1

xi︸︷︷︸
V

,
∑

1≤i1<i2≤L
xi1 ⊗ xi2︸ ︷︷ ︸

V ⊗2

,
∑

1≤i1<i2<i3≤L
xi1 ⊗ xi2 ⊗ xi3︸ ︷︷ ︸

V ⊗3

, · · · )

In general, writing Φm(x) for the projection of Φ(x) onto V ⊗m, we have

Φm(x) =
∑

1≤i1<···<im≤L
xi1 ⊗ · · · ⊗ xim . (3.8)

So if ` = (0, 0, . . . ,v1 ⊗ · · · ⊗ vm, 0, . . .) with v1, . . . ,vm ∈ V , then

〈`,Φm(x)〉 = 〈v1 ⊗ · · · ⊗ vm,
∑

1≤i1<···<im≤L
xi1 ⊗ · · · ⊗ xim〉

=
∑

1≤i1<···<im≤L
〈v1 ⊗ · · · ⊗ vm,xi1 ⊗ · · · ⊗ xim〉 =

∑
1≤i1<···<im≤L

〈v1,xi1〉 · · · 〈vm,xim〉.

Hence 〈`,Φm(x)〉 can be computed efficiently without computing Φ(x). Proposition
3.3.1 follows by linearity since by definition 〈`,Φ(x)〉 = ∑

m≥0〈`m,Φ(x)〉 and for each
of the terms we can use the above formula when ` = (`0, `1, `2, . . . , `M , 0, . . .) is of
rank-1 and of degree M (Definition 12).

Non-linear functionals acting on Φ. We now investigate what happens when
one applies non-linear functions to Φ(x). To do this, we first note that since T(V )
is a vector space, we may form the free algebra over T(V ), denoted by T(T(V )), or
T2(V ). It may be decomposed as

T2(V ) =
∏

n1,...,nk≥0
V ⊗n1

∣∣∣ · · · ∣∣∣V ⊗nk
where we use the notation ⊗ for the tensor product on V and the bar | for the tensor
product on T(V ). See [64] for more on T2(V ) and the bar notation.

Definition 14. If x ∈ V is a vector, we denote by x? its extension

x? := (x⊗m)m≥0 = (1, x, x⊗2, x⊗3, . . .)

and if x = (x1, . . . ,xL) ∈ Seq V is a sequence, then

x? := (x?1, . . . ,x?L) ∈ Seq T(V )
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Since x? is a sequence in T(V ), we may compute Φ(x?) which takes values in
T(T(V )) = T2(V ). The reason for the above definition is that when products of linear
functions in T(V ) act on Φ(x), they may be described as linear functions in T2(V )
acting on Φ(x?). That is, T(V ) is not big enough to capture all non-linear functions
acting on Φ(x), but T2(V ) is.

Definition 15. Assume that V has basis e1, . . . , ed. The quasi-shuffle product

? : T2(V )× T2(V )→ T2(V )

is defined inductively on rank 1 elements `1 = ei1 | · · · |eim , `2 = ej1| · · · |ejn by

(`1|ei) ? (`2|ej) = (`1|ei ? `2)|ej + (`1 ? `2|ej)|ei + (`1 ? `2)|(ei ⊗ ej).

By linearity ? extends to a product on all of T(V ).

Lemma 3.B.2. The map Φ satisfies the following

〈`1,Φ(x)〉〈`2,Φ(x)〉 = 〈`1 ? `2,Φ(x?)〉.

Proof. By writing out (3.8) in coordinates we get

〈ei1 | · · · |eim ,Φ(x)〉 =
∑

1≤k1<···<km≤L
〈ei1 ,xk1〉 · · · 〈eim ,xkm〉.

which shows that Φ satisfies a recurrence equation. The proof follows by induction.

The space T2(V ) might seem very large and difficult to work with at first. The
power of this representation comes from the fact that one may leverage this in proving
strong statements about the original map Φ : Seq V → T(V ), and we will use this in
the next subsection.

3.B.2 Proof of Theorem 3.B.1.

We prepare the proof of Theorem 3.B.1 with the following lemma.

Lemma 3.B.3. Let Seq1(V ) be the set of all x = (x1, . . . ,xL) ∈ Seq V with the form
xi = (1, x1

i , . . . , x
d
i ). That is, all sequences where one of the terms is constant. Then

the map

Seq1(V )→ T(V ), (x1, . . . ,xL)→
L∏
i=1

(1 + xi)

is injective.
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Proof. Follows from an induction argument over L. For L = 1 it is clear since

〈ei,Φ(x)〉 = xi.

Assume that it is true for L, let x = (x1, . . . ,xL+1),y = (y1, . . . ,yL+1), where we
may assume that both have length L + 1 by taking any number of components
to be 0 if necessary. Let `1 be some linear function that separates Φ(x1, . . . ,xL)
and Φ(y1, . . . ,yL) and `2 some linear function that separates Φ(x2, . . . ,xL+1) and
Φ(y2, . . . ,yL+1), then by fixing some γ ∈ R:

〈`1 ⊗ e0 + γe0 ⊗ `2,Φ(x)− Φ(y)〉

= 〈`1,Φ(x1, . . . ,xL)− Φ(y1, . . . ,yL)〉+ γ〈`2,Φ(x2, . . . ,xL+1)− Φ(y2, . . . ,yL+1)〉.

Since neither 〈`1,Φ(x1, . . . ,xL)−Φ(y1, . . . ,yL)〉 nor 〈`2,Φ(x2, . . . ,xL+1)−Φ(y2, . . . ,yL+1)〉
are 0 by assumption there exists some γ ∈ R such that 〈`1⊗e0+γe0⊗`2,Φ(x)−Φ(y)〉 6=
0. This shows the assertion.

We now have everything to give a proof of Theorem 3.B.1.

Proof of Theorem 3.B.1. We will show that linear functionals on Φ are dense in the
strict topology [82]. By Theorem [82, Theorem 3.1] it is enough to show that linear
functions on Φ form an algebra since by Lemma 3.B.3 they separates the points of
SeqX . Since they clearly form a vector space it is enough to show that they are closed
under point-wise multiplication. Let `1, `2 be two such, then by Lemma 3.B.2

〈`1,Φ(x)〉〈`2,Φ(x)〉 = 〈`1 ? `2,
L∏
i=1

φ(xi)?〉

so it is enough to show that `1 ? `2 also is a linear function on Φ(x). Note that
inductively it is enough to show that if ei, ej are unit vectors, then ei ⊗ ej is a linear
function on Φ(x). By assumption φ is bounded and universal, so the continuous
bounded function x 7→ 〈ei, φ(xk)〉〈ej, φ(xk)〉 is approximately linear, and we may write

〈ei, φ(xk)〉〈ej, φ(xk)〉 = 〈h, φ(xk)〉+ ε(xk)

where ε(xk) can be made arbitrarily small in the strict topology. The assertion now
follows since

〈ei ⊗ ej,
L∏
i=1

φ(xi)?)〉 =
L∑
k=1
〈ei, φ(xk)〉〈ej, φ(xk)〉 =

L∑
k=1
〈h, φ(xk)〉+ ε(xk)

= 〈eh,Φ(x)〉+ n max
1≤k≤n

ε(xk).
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3.B.3 Seq2Tens makes sequences of different length comparable

The simplest kind of a sequence is a string, that is a sequence of letters. Strings are
determined by

(i) what letters appear in them,

(ii) in what order the letters appear.

A classical way to produce a graded description of strings is by counting their non-
contiguous sub-strings. These are the so-called m-mers; for example,

The string "aabc" has the 2-mers {aa, ab, ac, ab, ac, bc}.

Measuring similarity between strings by counting how many substrings they have in
common is a sensible similarity measure, even if the strings have different length; we
refer to [122] for applications and to [52, Chapter 11] for detailed introduction to the
use of substrings in ML.

Our Seq2Tens feature map can be regarded as a vast generalization of such
subpattern matching: if Φ(x) = (Φm(x))m≥0 ∈ T(V ) then the tensor Φm(x) ∈ V ⊗m

represents non-contiguous sub-sequences of x = (x1, . . . ,xT ) of length m and thus
comparing Φm(x) and Φm(y) is meaningful even when x and y are of different length.
It is instructive to spell out in detail how m-mers are a special case of Seq2Tens,
Example 3.B.2, and how it generalizes, Example 3.B.3.

Example 3.B.2. Let X = {a, b, c} and φ : X → V = R3 defined by mapping
a, b, c ∈ X to the unit vectors e1, e2, e3 ∈ V , so that ϕ(a) = (1, e1, 0, 0, ...) ∈ T(V ),
ϕ(b) = (1, e2, 0, . . .) ∈ T(V ), and ϕ(c) = (1, e3, 0, . . .) ∈ T(V ). For the sequence
x = (a, a, b, c) ∈ SeqX we get

Φ(x) =ϕ(a)ϕ(a)ϕ(b)ϕ(c)

=(1, e1, 0, 0, . . . , ) · (1, e1, 0, 0, . . .) · (1, e2, 0, 0, . . .) · (1, e3, 0, 0, . . .)

=(1, 2e1 + e2 + e3︸ ︷︷ ︸
∈V

, e1 ⊗ e1 + 2e1 ⊗ e2 + 2e1 ⊗ e3 + e2 ⊗ e3︸ ︷︷ ︸
∈V ⊗2

,

e1 ⊗ e1 ⊗ e2 + e1 ⊗ e1 ⊗ e3, e1 ⊗ e1 ⊗ e3 ⊗ e4︸ ︷︷ ︸
∈V ⊗3

, e1 ⊗ e1 ⊗ e2 ⊗ e3︸ ︷︷ ︸
∈V ⊗4

, 0, . . .).

We see that the tensor Φ(x) ∈ V ⊗m of degree m contains the m-mers, that is the
coordinates of Φm(x) count how often a subsequence of length m in x = (a, a, b, c)
appears; e.g. the coordinate e1 ⊗ e2 of Φ2(x) equals 2 because the substring “a,b”
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appears twice but the e1 ⊗ e1 coordinate of Φ2(x) equals 1 since the substring “a,a”
appears only once in (a, a, b, c), etc. Similarly, the only non-zero coordinate of Φ4(x)
is e1 ⊗ e1 ⊗ e2 ⊗ e3 since "a,a,b,c" is the only substring of (a, a, b, c) and consequently
all coordinate of Φm(x) are 0 for m ≥ 5.

An analogous calculation shows that for continuous domain such as X = Rd the
coordinates of Φm(x) ∈ (Rd)⊗m measure movement patterns in these coordinates.
Section 3.B.4 below shows that this interpretation also holds when we go from discrete
time (sequences) to continuous time (paths); Example 3.B.3.

3.B.4 Convergence from discrete to continuous time

A common source of of sequence data is to measure a quantity (x(t))t∈[0,T ] that
evolves in continuous time at fixed times t1, . . . , tL to produce a sequence x =
(x(t1), . . . , x(tL)) ∈ SeqX . Often the measurements are of high-frequency (|ti+1−ti| →
0 and L→∞) and is interesting to understand how our Seq2Tens approach behaves
in this limiting case. As it turns out, when combined with taking finite differences1

our feature map Φ(x) converges to a classical object in analysis, the so-called signature
of the path x in this limit, [43] . For brevity, we spell it out here for smooth paths and
with the lift ϕ(x) = (1, φ(x), 0, . . .), but readers familiar with rough paths will notice
that the result generalizes even to non-smooth paths such as Brownian motion.

Proposition 3.B.4. Let x ∈ C1([0, 1],Rd) and for every L ≥ 1 define

xL := (x(tL0 ), x(tL1 )− x(tL0 ), . . . , x(tLL)− x(tLL−1))

where ti := i
L
for i = 0, . . . , L. Then for every m ≥ 0 we have

Φm(xL)→
∫

0≤t1≤···≤tm≤1

dx

dt
(t1)⊗ · · · ⊗ dx

dt
(tm)dt1 · · · dtm as L→∞.

Proof. Using the recurrence relation from the proof of Lemma 3.B.2 we may write

Φm(xL) =
L∑
i=1

Φm−1(xLi )⊗
(
x(ti+1)− x(ti)

)
where xLi denotes the sequence (x(tL0 ), x(tL1 )− x(tL0 ), . . . , x(tLi )− x(tLi−1)). By a Taylor
expansion this is equal to

Φm(xL) =
L∑
i=1

Φm−1(xLi )⊗ dx

dt
(ti)(ti+1 − ti) +O(1/L),

1This is necessary to counteract the fact the magnitude of Φ grows with the sum of the elements
in the sequence
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so by unravelling the recurrence relation we may write

Φm(xL) =
∑

1≤i1<...<im≤L

dx

dt
(ti1)⊗ · · · ⊗ dx

dt
(tim)(ti1+1 − ti1) · · · (tim+1 − tim) +O(1/L),

which is a Riemann sum, and thus converges to the asserted limit.

The interpretation of Φm(x) as counting sub-patterns remains even in the continuous
time case:

Example 3.B.3. Let x ∈ C1([0, 1],Rd) and e1, . . . , ed the standard basis of V = Rd.
For m = 1 the e1 coordinate equals

〈e1,
∫ 1

t=0

dx

dt
(t)dt〉 = 〈e1, x(1)− x(0)〉

which measures the total movement of the path x in the direction e1. Analogously, for
m = 2 the e1 ⊗ e2 coordinate equals

〈e1 ⊗ e2,
∫

0≤t1≤···≤tm≤1

x(t1)
dt1
⊗ x(t2)

dt2
dt1dt2 =

∫
0≤t1≤t2≤1

〈e1,
x(t1)
dt1
〉〈e2,

x(t2)
dt2
〉dt1dt2.

which measure the number of ordered tuples (t1, t2), t1 < t2, such that x moves in
direction e1 at time t1 and subsequently in direction e2 at time t2.

3.C Stacking sequence-to-sequence transforms

As Φ applies to sequences of any length, we may use it to map the original sequence
to another sequence in feature space,

Seq V → Seq T(V )

(x1,x2,x3, . . . ,xL) 7→
(

Φ(x1),Φ(x1,x2),Φ(x1,x2,x3), . . . ,Φ(x1, . . . ,xL)
)
.

Since T(V ) is again a linear space, we can repeat this procedure to map Seq T(V ) to
Seq T(T(V )). By repeating this D times, we have constructed sequence-to-sequence
transforms

Seq V = Seq T(V )→ Seq T(T(V ))→ · · · → Seq T (· · ·T︸ ︷︷ ︸
D times

(V ) · · · ).

See Figure 3.1 for an illustration. We emphasize that in each step of the iteration,
the newly created sequence evolves in a much richer space than in the previous step.
To make this precise we now introduce the higher rank free algebras.
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x · · ·

Φ(x) · · ·

Φ2(x) · · ·

.....................

Output · · ·

Figure 3.1: The sequence-to-sequence transformation. The bottom row is the original
sequence x and subsequent ones apply the map Φ in the sequence-to-sequence manner.

Higher rank free algebras. Just like in Appendix 3.B we need to enlarge the
ambient space T(V ). Recall that we defined T2(V ) := T(T(V )). This construction
can be iterated indefinitely and leads to the higher rank free algebras, recursively
defined as follows:

Definition 16. Define the spaces

T0(V ) = V, TD(V ) =
∏
m≥0

(
TD−1(V )

)⊗m
.

We use the notation ⊗(D) for the tensor product on TD−1(V ) which makes(
TD(V ),+,⊗(D)

)
into a multi-graded algebra over V . See [28] for more on this

iterated construction.

Half-shuffles. By iterating the sequence-to-sequence D times, one gets a map

ΦD : Seq V → TD(V ).

These are very large spaces, but as we will see in Proposition 3.C.1 below, linear
functionals on the full map Seq V → TD(V ) can be de-constructed into so called
half-quasi-shuffle on the original map Φ : Seq V → T(V ).

Just like in Appendix 3.B we consider the sequence x as its extension x? taking
values in T(V ). Hence linear functionals can be written as linear combinations of
elements of the form ei1 ⊗(2) · · · ⊗(2) ein .

Definition 17. The half-quasi-shuffle product is defined on rank 1 tensors by

`1 ≺ (`2 ⊗(2) ei) = (`1 ? `2)⊗(2) ei

and extends by bi-linearity to a map T2(V )× T2(V )→ T2(V ).
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Proposition 3.C.1 shows that by composing Φ with itself, low degree tensors on the
second level can be rewritten as higher degree tensors on the first level. This indicates
that iterated compositions of Φ can be much more efficient than computing everything
on the first level. We show this for the first level, but by iterating the statement it
can be applied for any number D ≥ 2.

Proposition 3.C.1. Let be the sequence-to-sequence transformation:

Seq V → Seq T(V ), (x1, . . . ,xL) 7→ (Φ(x1), . . . ,Φ(x, . . . ,xL))

and let ∆(x0, . . . ,xL) = (x1 − x0, . . . ,xL − xL−1). Then

〈e`1 ⊗(3) e`2 ,Φ(∆(x))〉 = 〈`1 ≺ `2,Φ(x)〉

Proof. We use the notation Φ(x)k = Φ(x1, . . . ,xk). By induction:

〈e`1 ⊗(3) e`2⊗(2)ei ,Φ(∆(x))〉

=
∑

1≤k1<k2≤L

(
〈`1,Φ(x)k1 − 〈`1,Φ(x)k1−1

)
〉
(
〈`2 ⊗(2) ei,Φ(x)k2〉 − 〈`2 ⊗(2) ei,Φ(x)k2−1〉

)

=
L−1∑
k=1
〈`1,Φ(x)k〉

(
〈`2 ⊗(2) ei,Φ(x)k+1〉 − 〈`2 ⊗(2) ei,Φ(x)k〉

)

=
L−1∑
k=1
〈`1,Φ(x)k〉

( ∑
1≤l≤k

〈`2,Φ(x)l〉xil+1 − 〈`2,Φ(x)l−1〉xil
)

=
L−1∑
k=1
〈`1,Φ(x)k〉〈`2,Φ(x)k〉xik+1 =

L−1∑
k=1
〈`1 ? `2,Φ(x)k〉xik+1

= 〈(`1 ? `2)⊗(2) ei,Φ(x)L〉.
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Chapter 4

Adapted topologies and higher
rank signatures

This chapter is based on [28] which was written with Harald
Oberhauser and Chong Liu.

Two adapted stochastic processes can have similar laws but give different results
in applications such as optimal stopping, queuing theory, or stochastic programming.
The reason is that the topology of weak convergence does not account for the growth of
information over time that is captured in the filtration of an adapted stochastic process.
To address such discontinuities, Aldous introduced the extended weak topology, and
subsequently, Hoover and Keisler showed that both, weak topology and extended
weak topology, are just the first two topologies in a sequence of topologies that get
increasingly finer. We introduce higher rank expected signatures to embed adapted
processes into graded linear spaces and show that these embeddings induce the adapted
topologies of Hoover–Keisler.

112



4.1 Introduction

A sequence of Rd-valued random variables (Xn)n≥0 is said to converge weakly to a
random variable X if∫

Rd
f(x)Pn(Xn ∈ dx)→

∫
Rd
f(x)P(X ∈ dx) for all f ∈ Cb(Rd,R).

If one replaces Rd-valued random variables by path-valued random variables – that is
random maps from a totally ordered set I into Rd – one arrives at the definition of
weak convergence of stochastic processes. However, reducing stochastic processes to
path-valued random variables ignores the filtration of the process. Filtrations encode
how the information one has observed in the past restricts the future possibilities and
thereby encodes actionable information. Even for discrete-time and real-valued Markov
processes equipped with their natural filtrations, the weak topology is sometimes too
coarse, see Example 4.1.1.

Example 4.1.1 ([3, 6]).

1. The value map of an optimal stopping problem,

X := (Ω, (Ft)t∈I ,P, (Xt)t∈I) 7→ inf
γ
E[Lγ], (4.1)

where the inf is taken over all stopping times γ ≤ T is not continuous in the
weak topology if L is an adapted functional that depends continuously on the
sample path of X. This discontinuity remains even if the domain of the solution
map (4.1) is restricted to the space of discrete-time Markov processes equipped
with their natural filtration.

2. Figure 4.1 shows a sequence of Markov processes that converge weakly. However,
at time t = 1 one would make very different decisions upon observing the process
for finite n and its weak limit (e.g. for portfolio allocations of investments or in
optimal stopping problems such as (4.1)). The reason for this discontinuity is
that although the law of the processes gets arbitrarily close for large n, their
natural filtrations are very different.
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p = 0.5

p = 0.5

1
n

p = 1

p = 1

p = 1
p = 0.5

p = 0.5

Figure 4.1: A typical example of when weak convergence is insufficient. The process
on the left can be made arbitrarily close to the process on the right as n→∞.

4.1.1 Adapted Topologies

Such shortcomings of weak convergence for stochastic processes were recognized and
addressed in the 1970’s and 1980’s. Denote by S the set of adapted processes that
evolve in a state space that is compact subset of Rd. David Aldous proposed to
associate with an adapted process X = (Ω, (Ft)t∈I ,P, (Xt)t∈I) ∈ S its prediction
process X̂ = (Ω, (Ft)t∈I ,P, (X̂t)t∈I),

X̂t := P(X ∈ ·|Ft),

and to define a topology on S by prescribing that two processes converge if and only if
their prediction processes converge in the weak topology (that is, weak convergence in
the space of measure-valued processes). Aldous studied this topology in [3] and showed
that it has several attractive properties such as making the map in Example 4.1.1
item 1 continuous and separating the two processes in item 2. Similar points were also
made and further developed by a number of different researchers [198, 199, 118, 154,
197, 66, 7] including ones in other communities such as economics [100], operations
research [146, 150, 147, 148, 149], and numerics [21] and has led to the development
of topologies that are finer than the classical weak topology. The construction of all
these differ in detail, but in discrete time and under the natural filtration they lead
to the same topology that Aldous originally introduced as was recently shown in [6].
We henceforth refer to this topology1 as the adapted topology of rank 1 and we refer
to the classic weak topology as the adapted topology of rank 0 (denoted τ1 and τ0

respectively).
However, even the adapted topology of rank 1 (weak convergence of the prediction

process) does not characterize the full structure of adapted processes, as evidenced by
Example 4.1.2

Example 4.1.2 (Example 3.2, [101]). There exists two sequences of Markov chains,
(Xn)n and (Yn)n, that both converge to the same process in the topology τ0 and in

1Aldous refers to this topology as the extended weak topology.
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the topology τ1 as n → ∞. However, the information contained in their filtrations
is still different; for example E[E[Xn

4 |F3]2|F1]− E[E[Yn
4 |F3]2|F1] 6→ 0 as n→∞; see

Appendix 4.A for details.

Seminal work of [101] provides a definite answer: it shows the existence of a
sequence of topologies (τr)r≥0 on S that become strictly finer as r increases; τ0 is the
topology of weak convergence; τ1 is Aldous’ weak convergence of prediction processes,
and ⋂∞

r=0 τr identifies two process if and only if they are isomorphic, see [101] for
the precise statement. We refer to τr as the adapted topology of rank r on S. The
approach of [101] is different than Aldous’ approach that relies on prediction processes.
The starting point of [101] is that one may specify a topology by choosing a class of
functionals on pathspace, that is a subset of (Rd)I → R, and define convergence of a
sequence of processes Xn to X by requiring

Xn → X, if and only if
∫

(Rd)I
f(x)Pn(Xn ∈ dx)→

∫
(Rd)I

f(x)P(X ∈ dx),

for all f in this set of functionals. By taking this set of functionals to be Cb((Rd)I ,R)
one recovers weak convergence, but much richer classes of functionals can be constructed
by iterating conditional expectations and compositions with bounded continuous
functions, e.g. f(X)(ω) = E[cos(Xt1Xt2)|Ft3 ](ω) is one such function. In fact, to avoid
measure-theoretic trouble, it is more convenient to work with random variables: one
defines so-called adapted functionals AF as maps from S to the space of real-valued
random variables, by mapping a process X to a random variable given as above by
iteration of finite marginals, conditional expectations, and continuous functions. The
minimal number of nested conditional expectations needed to specify an element of
AF induces the natural grading

AF =
⋃
r≥0

AFr

where AFr denotes all adapted functionals that are build with r nested conditional
expectations. Hoover–Keisler showed that by defining2

Xn → X if and only if E[f(Xn)]→ E[f(X)] for all f ∈ AFr,

then the associated topologies get strictly finer as r → ∞; e.g. the topology τ2

separates the two adapted processes in Example 4.1.2.
2Rigorously speaking we should write it as EPn

[f(Xn)] for Xn = (Ωn, (Fnt )t∈I ,Pn, Xn). For
simplicity we will omit the subscript Pn throughout this paper.
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4.1.2 Contribution

Denote by S = S(Rd) the set of adapted stochastic processes X = (Ω, (Ft)t∈I ,P, (Xt)t∈I)
that evolve in Rd. The main contribution of this article is to provide for every r ≥ 0
an explicit map

Φr : S → Tr+1, X 7→ Φr(X)

from S into a normed and graded space3 Tr+1 such that the adapted topology of rank
r on S, τr, arises as the initial topology for Φr. That is τr is the coarsest topology τ
on S that makes the map

Φr : (S, τ)→ (Tr+1, ‖ · ‖)

continuous. Equivalently, the adapted topology of rank r, τr, is characterized by the
universal property that any map f from a topological space into S is continuous if
and only if Φr ◦ f is continuous. We highlight three consequences of this result:

Metrizing adapted topologies of any rank r. It immediately follows that

S × S → [0,∞), (X,Y) 7→ ‖Φr(X)− Φr(Y)‖ (4.2)

is a semi-metric on S that induces τr. For r = 0 and general stochastic processes
our results reduce to the previously known result [46] that the expected signature
map Φ0 can metrize weak convergence; for r = 1 this adds a novel entry to the
list of semi-metrics that induce τ1, see [6]; for r ≥ 2 this (semi-)metric seems to
be the first constructive and computable metrization4 of (S, τr). Further, our
results are not restricted to processes equipped with their natural filtration.

Dynamic Programming. For r = 0, the map Φ0 reduces to the expected signature
map. A direct application of dynamic programming shows that for a Markov
process X, Φ0(X) and consequently the semi-metric (4.2), can be efficiently
computed by dynamic programming. For r ≥ 1, the maps Φr are constructed
by recursion and we show this can be used to bootstrap dynamic programming
principles, so that for any r ≥ 0 the map Φr resp. the semi-metric (4.2) can be
efficiently computed for Markov processes.

3Φr maps into Tr+1 and notationally it would be nicer to rename Tr+1 as Tr; however, for r = 1
this would clash with the conventional use that T1 is the classical tensor algebra T.

4Analogous, to how the moment sequence of a vector-valued random variable yields a metric for
measures on Rd; see Section 4.3.1. We also draw attention to [10].
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A multi-graded “feature map”. The maps Φr embed a stochastic process into
linear spaces Tr+1 that arise via a classic free construction in algebra, namely
the free algebra functor. In particular, Tr+1 has a natural multi-grading and
Φr(X) use this to describe the interplay of the law and the filtration of the
process X in a hierarchical manner; analogous to how the classical moments of
a vector-valued random variable is graded by the moment degree.

We believe the last point is the strongest contribution of this approach to the existing
literature since the embedding

X→ Φr(X)

of an adapted process X into a multi-graded linear space (Tr+1, ‖ · ‖) delivers more
than a semi-metric. This seems to be novel even for the well-studied case of r = 1.
For example, for r = 0, Φ0 is just the expected signature map and many recent
applications in statistics, machine learning and finance rely on the co-ordinates and
the grading of Φ0(X). In Section 4.5 we give a simple supervised classification example
that demonstrates how expected signatures as they are currently used in machine
learning, i.e. Φ0, can yield a too coarse description even for simple Markov processes
and how this is resolved by Φr for r ≥ 1. We also mention that adapted topologies (so
far, via causal Wasserstein semi-metric) are finding applications in machine learning,
see [204], and the use of Φr in this context seems to be interesting future research
venue.

Remark 4.1.1. We focus on finite discrete time processes for two reasons:

(i) Most applications and in fact, much of the recent literature on adapted topologies,
studies finite discrete time.

(ii) The resulting signature and tensor structure that capture filtrations are already
novel and interesting to study in finite discrete time. Some definitions and results
immediately extend to continuous time, but others lead quickly to challenging
research programmes; e.g. for r = 1 the prediction process t 7→ X̂1

t = P(X ∈ ·|Ft)
has only càdlàg trajectories, even if the sample paths of t 7→ Xt are continuous.
Càdlàg rough path theory is an area of ongoing research [42, 77] and the question
of how tightness propagates through such iterated (higher rank) constructions
seems hard due to a lack of Prohorov type results; see Section 4.4.3 for details.

Remark 4.1.2. Our results are not restricted to stochastic processes evolving in
compact subsets of finite-dimensional state spaces discussed above. By using robust

117



signatures [46] adapted processes that evolve in general separable Banach space
are included in our approach. In this non-compact case, it turns out that the
Hoover–Keisler approach of specifying an adapted topology via AFr and the natural
generalization of Aldous’s approach given by iterating prediction process yield in
general different topologies which might be of independent interest.

4.1.3 Outline and Notation.

The rest of the paper is laid out as follows:

• Section 4.2 recalls Hoover–Keisler’s adapted functionals AF = ⋃
r≥0 AFr and the

adapted topology of rank r, τr. Further, it identifies Aldous prediction X̂1 as
the rank r = 1 construction in the sequence of rank r prediction process that we
define as

X̂r+1
t := P(X̂r ∈ ·|Ft), X̂0 := X.

These prediction processes evolve in state spaces that have a rich structure; e.g.

Law(X̂0) ∈ Meas(I → V ) =:M1,

Law(X̂1) ∈ Meas(I → Meas(I → V )) =:M2,

Law(X̂3) ∈ Meas(I → Meas(I → Meas(I → V ))) =:M3.

We refer to the spacesMr as rank r measures. Capturing their structure is the
central theme of this article.

• Section 4.3 discusses how an element ofMr can be described by a multi-graded
sequence of tensors. For r = 0, we recall that the signature S1 injects a path
into the free algebra T1 that consists of sequences of tensors of increasing degree;
the expected signature S̄1 injectsM1 into T1. To generalize this from r = 1 to
general r ≥ 1 we first introduce the space of higher rank paths Vr: for a linear
space V define

Vr+1 := I → Vr V0 := V.

The rank r signature Sr : Vr → Tr then injects a rank r path into the rank
r tensor algebra Tr which consists of sequences of multi-graded sequences of
tensors; the rank r expected signature S̄r :Mr → Tr provides a multi-graded
description of an element ofMr by injecting it into Tr.
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• Section 4.4 contains our main theoretical results. We first show that convergence
in the adapted topology τr is equivalent to convergence in law of the rank r
prediction process. This allows us to show that the rank r+1 expected signature
S̄r+1 applied to the rank r prediction process induces the rank r topology τr.
Hence, the map

Φr : S → Tr+1, Φr(X) := S̄r+1(Law(X̂r))

induces τr as initial topology on S.

• Section 4.5 shows that the maps Φr(X) can be efficiently computed by dynamic
programming when X is a Markov process. We provide a Python implementation5

of the resulting algorithms and use it for a simple numerical experiment that
demonstrates the advantages of Φ1 against the usual expected signature Φ0.

• Appendix 4.A contains details for Example 4.1.2, Appendix 4.B contains some
details on the construction of higher rank tensor algebras, and Appendix 4.B.4
contains some background on the robust signature and how it can be used to
overcome problems arising from non-compactness.

Symbol Meaning Page
Spaces

V a separable Banach space 125
U a topological space 121
S(U) the set of adapted stochastic processes in U 121
Ω an adapted probability space Ω = (Ω,P, (Ft)) 120
X = (Ω, X) ∈ S(U) an adapted process on the stochastic base Ω 122
Meas(U) Borel measures on U 124
Prob(U) Borel probability measures on U 125
I A finite totally ordered set (time) 113(
I → U

)
the space of sequences in U indexed by I 127

The Adapted Topology of Rank r

AF adapted functionals, f(X) is a real-valued
random variable
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AFr = {f ∈ AF | rank(f) ≤ r} adapted functionals with rank less than r 115
τr the adapted topology of rank r on S(U) 123
τ̂r the extended weak topology of rank r on S(U) 123

5Available at https://github.com/PatricBonnier/Higher-rank-signature-regression
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Paths and Measures of Rank r

Ur the space of rank r paths with state space U 129
Mr(U) the space of rank r Borel measures on U 131
Pr(U) the space of rank r Borel probability measures

on U
131

(Expected) Signature of Rank r

Tr(V ) The rank r tensor algebra 129
X̂r the rank r-prediction process X̂r

t :=
P(X̂r−1 ∈ ·|Ft) of X ∈ S

122

Sr the rank r signature map Sr : Vr → Tr(V ) 129
S̄r the rank r expected signature map S̄r :

Mr(V )→ Tr(V )
132

X̄r the rank r conditional expected signature
X̄r
t := E[X̄r−1|Ft]

136

dr(X,Y) the rank r adapted signature distance
between X and Y

134

4.2 The Adapted Topology τr and the Extended
Weak Topology τ̂r

In this section we recall work of Hoover–Keisler [101], and define adapted functionals
AFr of rank r. We then revisit Aldous [3] notion of a prediction process, and generalize
it to rank r prediction processes; that is we associate with every element X ∈ S(U)
the sequence (X̂r)r≥0 of rank r prediction processes. Both of the resulting objects –
adapted functionals of rank r resp. prediction processes of rank r – can be used to
define a topology on the space S(U) of adapted processes with state space U and
intuitively capture more structural information of the filtration as r increases. We
refer to these two topologies as the adapted topology τr of rank r and the extended
weak topology of rank r.

Definition 18. Denote by I = {0, 1, . . . , T}. A filtered probability space is a triple
Ω = (Ω,P, (F)t∈I) consisting of a sample space Ω, a probability measure P, and a
filtration (Ft)t∈I . An adapted stochastic process X = (Ω, X) with state space U
consists of a filtered probability space Ω and a map X : Ω × I → U such that Xt

is Ft-measurable for each t ∈ I. Denote with S(U) the space of adapted stochastic
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processes that evolve in discrete time I in a state space U,

S(U) := {X |X is an adapted stochastic process indexed by I that evolves in U}.

We also set
Law(X) := P ◦X−1 for X = (Ω,P, (F)t∈I , X).

With the usual slight abuse of notation we use throughout the same symbol E for
the expectation although the elements of S(U) can be supported on different adapted
probability spaces.

4.2.1 Adapted Functionals

A natural way to define a topology on S(U) is by specifying some set of functionals
and requiring that

Xn → X if E[f(Xn)]→ E[f(X)] as n→∞

for every f in this set of functionals. By choosing the set of functionals to be

{f | f(X) = g(Xt1 , . . . , Xtn), g ∈ Cb(Un,R), (t1, . . . , tn) ∈ In}

one recovers classical weak convergence. In view of the above examples, it is natural
to construct a wider class of functionals by using the conditional expectation in order
to capture some of the information contained in the filtration.

Definition 19. We define a set of maps AF from S(U) into the set of real-valued
random variables inductively:

1. if t1, . . . , tn ∈ I and f ∈ Cb(Un,R), then X 7→ f(X(t1), . . . , X(tn)) ∈ AF,

2. if f1, . . . , fn ∈ AF and f ∈ Cb(Rn,R), then X 7→ f(f1(X), . . . , fn(X)) ∈ AF,

3. if f ∈ AF and t ∈ I then X 7→ E[f(X)|Ft] ∈ AF.

We refer to the elements of AF as adapted functionals6.

Remark 4.2.1. For a given X = (Ω,P, (F)t∈I , X) and f ∈ AF, f(X) is in L∞(Ω,P),
hence the image set of f ∈ AF is∏X∈S(U) L

∞(ΩX,PX) where we write X = (ΩX,PX, (FX)t∈I , X)
to emphasize the dependence of the underlying filtered probability spaces on X.

6In [101] AF are called conditional processes.
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Intuitively, the more times the conditional expectation is iterated the more of
the evolutional constraints that are encapsulated in the filtration are exposed by the
functionals in AF. Indeed, Figure 4.1 shows two processes that can not be distinguished
without at least one iteration, and in Example 4.1.2, at least two iterations are required.
With this in mind, we define the rank r of an adapted functional f ∈ AF as the
minimal number of times the conditional expectation is iterated in the construction of
f . This number r of conditional expectations gives AF a natural grading.

Definition 20. Define rank : AF→ N ∪ {0} as

1. rank(f) = 0 if f(X) = g(Xt1 , . . . , Xtn) for g ∈ Cb(Un,R)

2. rank(f) = max(rank(f1), . . . , rank(fn)) if f(X) = g(f1(X), . . . , fn(X)), g ∈
Cb(Rn,R), f1, . . . , fn ∈ AF,

3. rank(f) = rank(g) + 1 if f(X) = E[g(X)|Ft] for g ∈ AF.

We call

AFr := {f ∈ AF| rank(f) ≤ r}

the set of adapted functionals of rank less than r.

Remark 4.2.2. Following Definition 19, every f ∈ AF can be obtained by repeating
steps 1, 2 and 3 finitely many times. Let rf denote such an iterative procedure which
leads to the construction of f ∈ AF, and let |rf | denote the total number of times
step 3 (taking conditional expectation) appears in rf . Note that f does not uniquely
determine rf ; for instance, f(X) = g(Xt1 , . . . , Xtn) = E[g(Xt1 , . . . , Xtn)|FT ] holds
for all X ∈ S(U) if g is a constant function. So, strictly speaking, the map rank(f)
is given by rank(f) := min{|rf | : rf is a representation of f}. However, the above
(strictly speaking, not well-defined) Definition 20 is more intuitive.

4.2.2 Prediction Processes of Rank r

We now revisit Aldous’ notion of prediction process. By introducing “prediction
processes of prediction processes” one arrives at another natural sequence of objects
(prediction processes of rank r) that capture more structure of the filtration.

Definition 21. Let X = (Ω, X) ∈ S(U) . The adapted stochastic processes (X̂r)r≥0

of X are defined as X̂r = (Ω, X̂r) with X̂r given inductively as

X̂0 := X and X̂r+1 := (P(X̂r ∈ ·|Ft))t∈I .
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We call X̂r the rank r prediction process of X and we denote with Ur the state space
of the process X̂r.

An immediate but useful identity that we use several times is that

X̂r
0 = Law(X̂r−1).

4.2.3 The Adapted and theWeak Extended Topology of Rank
r

We now have two natural ways to generalize the definition of weak convergence so that
it takes the filtration into account: one by replacing continuous bounded functions
by adapted functions; one by replacing weak convergence of the process by weak
convergence of the prediction process.

Definition 22. Let r ≥ 0. We say that two adapted processes X ∈ S(U) and
Y ∈ S(U) have the same adapted distribution up to rank r, in notation X ≡r Y , if

E[f(X)] = E[f(Y)] ∀f ∈ AFr.

Moreover, we say that a sequence (Xn)n≥0 ⊂ S(U) converges to X ∈ S(U) in

1. the extended weak topology of rank r if

lim
n→∞

E[f(X̂r,n)] = E[f(X̂r)] ∀f ∈ Cb(Ur,R)

where Ur denotes the state space of process X̂r.

2. the adapted topology of rank r if

lim
n→∞

E[f(Xn)] = E[f(X)] ∀f ∈ AFr.

The extended weak topology on S(U) is denoted by τ̂r and the adapted topology of
rank r by τr.

In Section 4.4 we show that

(S(U), τr) = (S(U), τ̂r)

whenever U is compact but that for non-compact subsets U of Banach spaces, τr is in
general coarser than τ̂r; that is τr ( τ̂r.
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4.3 (Expected) Signatures of Rank r

In the previous Section 4.2 we have introduced two topologies on S(U), τr and τ̂r.
We expect both to capture more or less the same structure (except for some subtle
issues when U is non-compact). However, an attractive property of the extended weak
topology τ̂r of rank r is that it is specified by classical weak convergence of a stochastic
process, namely weak convergence of the rank r prediction process X̂r. For r = 0 it
is known that weak convergence of a stochastic processes – such as the prediction
process X̂0 – can be characterized as convergence of the expected signatures, [46]. This
suggests that a similar approach can be fruitful in capturing the weak convergence of
the higher rank prediction processes X̂r.

Unfortunately, for r ≥ 1 the rank r prediction processes evolve in very large state
spaces (of laws) that have a rich and nested structure which makes the use of expected
signatures less straightforward. In this section we introduce higher rank (expected)
signatures that are capable of capturing the law of such processes and their nested
structure. The key is to think about so-called higher rank paths that arise by currying
multi-parameter paths.

4.3.1 Recall: Moment Sequences of Random Variables

Before we discuss signatures it is instructive to briefly revisit classical moment sequences
and fix some notation.

Moments and Duality

Recall that for any compact set U ⊆ V = Rd, the moment map

Meas(U) ↪→
∏
m≥0

V ⊗m, µ 7→
(∫

x⊗mµ(dx)
)
m≥0

(4.3)

is an injection from the space Meas(U) of signed Borel measures on U to ∏m≥0 V
⊗m. A

short way to prove the injection (4.3) is to recall that the dual of Meas(U) is the space
of Cb(U,R). Under this duality, injectivity of the map (4.3) amounts to the density of
monomials in Cb(U,R) and the latter follows immediately by the Stone–Weierstrass
Theorem. Although this is not how the proof that moments can characterize laws is
usually presented, this approach is very powerful when one tries to develop a similar
argument on non-compact spaces, see [46]. This duality is also the main reason to
work with the linear space Meas(U) although we are ultimately interested in the
convex set Prob(U) of probability measures.
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In particular, when restricted to the set of probability measures Prob(U) ⊂
Meas(U), the injection (4.4) shows that the law of a U-valued random variable X,
µ(·) = P(X ∈ ·), is characterized as an element of ∏m≥0 V

⊗m,(
E
[
X⊗m

m!

])
m≥0
∈
∏
m≥0

V ⊗m.

Note that above we have included the factorial decay m!. This is convenient since
these terms arise in the Taylor expansion of the exponential function. In the case of
compactly supported random variables this does not make a difference but much more
care need to be taken in the non-compact case and we return to this discussion in
Section 4.3.5.

Tensors, Moments, Exponentials

The tensor exponential provides a concise, coordinate-free way of expressing moment
relations.

Definition 23. Let V be a Banach space. Define the exponential map

exp : V 7→
∏
m≥0

V ⊗m, v 7→
(
v⊗m

m!

)
m≥0

.

To get used to this notation, it is instructive to apply the above exponential map
with V = Rd: spelled out in coordinates, the exponential map reduces to the usual
moment map,

x = (xi)i=1,...,d ∈ Rd 7→
(
x⊗m

m!

)
'
(
xi1 · · ·xim

m!

)
1≤i1,...,im≤d

.

Applied to a random variable X taking values in a compact subset U ⊂ Rd, all the
moments of X,

E[expX] = (1,E[X], 1
2!E[X⊗2], . . .)m≥0 ∈

∏
m≥0

V ⊗m (4.4)

are given as the expected value of the ∏m≥0 V
⊗m-valued random variable exp(X).

Weak convergence is then characterized as convergence of the expected value of the
tensor exponential.

Proposition 4.3.1. Let (Xn) be a sequence of random variables that take values in a
compact subset U ⊂ Rd. Then Xn converges weakly to a random variable X if and
only if

E[expXn]→ E[expX] as n→∞

where convergence on ∏m≥0(Rd)⊗m is defined as convergence on each degree (Rd)⊗m.
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Proof. The assumption of compact support implies tightness, hence the statement
follows by Prohorov’s theorem if one shows that if (Xn) converges weakly along a
subsequence to Y , then Y equals X in law. But if Xnk → Y weakly as k →∞, then
by assumption limk E[p(Xnk)] = E[p(Y )] for any polynomial p. The assumption also
implies that limn E[p(Xn)] = E[p(X)], hence

E[p(X)] = E[p(Y )]

for any polynomial p. Since polynomials are dense in C(U,R), this implies that
Law(X) = Law(Y ).

To put the above into the context of the rest of this paper, note that these results
can be reformulated as saying that the topology of weak convergence on the space
of random variables that take values in a compact state space U ⊂ Rd is the initial
topology of the map

(Ω,F , X) 7→ ϕ ((Ω,F , X)) :=
(
E
[
X⊗m

m!

])
m≥0
∈
∏
m≥0

V ⊗m, (4.5)

resp. the weak topology is induced by the (semi-)metric

(Ω1,F , X)× (Ω2,G, Y ) 7→ ‖ϕ((Ω1,F , X))− ϕ((Ω2,G, Y ))‖.

The space ∏m≥0 V
⊗m appeared above simply since it is the natural state space for

the moment sequence and so far we have only cared about its linear structure since
we took expectations. However, a more abstract and algebraic way to think about∏
m≥0 V

⊗m is that it is the free algebra of the vector space: put briefly, given a linear
space V we want to embed V into a bigger space that is not only a vector space but
also allows to multiply elements, that is an algebra; further we want to do this into
“most general way”. A classical result from algebra shows that for any Banach V space
such an algebra exists and it is given as ∏m≥0 V

⊗m. The formal statement is that the
map V 7→ ∏

m≥0 V
⊗m from the category of Banach spaces to the category of algebras

is functorial and free; see [117, Chapter 16]. So far we have not used this algebra
structure, but we are about derive the analogous statement to (4.5) for stochastic
processes. To do this, this additional product structure on ∏m≥0 V

⊗m becomes crucial.
The first step is to find a suitable replacement for the tensor exponential exp to lift a
path into ∏m≥0 V

⊗m – this leads to the notion of the signature.
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4.3.2 Signatures as Non-Commutative Exponentials

To apply a similar reasoning to paths rather than vectors, one needs to take the
sequential order into account as time progresses. To do so we use that the linear space
of tensors, ∏m≥0 V

⊗m, carries a natural non-commutative product.

Definition 24. For s = (sm)m≥0, t = (tm)m≥0 ∈
∏
m≥0 V

⊗m define

s · t :=
(

m∑
i=0

sitm−i

)
m≥0
∈
∏
m≥0

V ⊗m. (4.6)

We refer to s · t as as the so-called tensor convolution product of s and t.

To account of the sequential order in a path x(0), x(1), . . . , x(T ), we now simply lift
the increment of a path x(t+1)−x(t) at time t into ∏m≥0 V

⊗m via exp(x(t+1)−x(t)),
and then use the tensor convolution product (4.6) to “stitch these lifted increments
together”. For our purposes it turns out to be useful to first augment a path with an
additional time-coordinate, that is instead of increments

x(t+ 1)− x(t) ∈ V

we consider increments

∆tx := (t+ 1, x(t+ 1))− (t, x(t)) = (1, x(t+ 1)− x(t)) ∈ R⊕ V

and use the tensor exponential to embed these increments into ∏m≥0(R⊕ V )⊗m (the
free algebra over the linear space R⊕ V ). A final but important observation is that it
is better to work with a slightly smaller space T1(V ) ⊂ ∏m≥0(R⊕ V )⊗m. The main
reason is that on this smaller space one can canonically lift a norm on V to a norm
on T1(V ); see Appendix 4.B and 4.C for details on T1(V ).

Putting everything together results in the definition of the (discrete time) signature,

Definition 25. Let V be a Banach space and I = {0, 1, . . . , T}. The (rank 1)
signature map is defined as

S : (I → V
)
→ T1(V ), x 7→

∏
t∈I

exp ∆tx.

where ∆0x := (1, x(0)) and ∆tx := (1, x(t)−x(t−1)) ∈ R⊕V . The (rank 1) expected
signature map is defined as

S̄ : Meas(I → V )→ T1(V ), µ 7→
∫
x∈V I

S(x)µ(dx).
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A guiding principle is that the signature of a path is the natural generalization of
the monomials of a vector; resp. the expected signatures of a stochastic process is the
natural generalization of the moment sequence of a vector-valued random variable.
Indeed, by taking |I| = 2, the above equation recovers the classical tensor exponential
exponential (with one additional coordinate for time),

S(x1, x0) = exp(∆x) = exp((x1 − x0, 1)) = 1 + ∆x+ 1
2(∆x)⊗2 + 1

6(∆x)⊗3 + · · · .

From this point of view, the following Theorem is then not surprising.

Theorem 4.3.1. Let V be a Banach space and U ⊂ V compact.

1. The map S :
(
I → V

)
→ T1(V ) is injective.

2. The family of linear signature functionals

{x 7→ 〈l, S(x)〉 : l ∈
⊕
m≥0

(V ⊗m)?}

is dense in C(I → U,R) with the uniform norm.

3. The map S̄ : Meas(I → U)→ T1(V ) is injective.

Proof. Item 1 is a special case of [41, Theorem 1]. Item 2 is due to Fliess [72, Corollary
4.9]. Item 3 follows since if µ, ν ∈ Meas(I → U) are such that S̄(µ) = S̄(ν), then
〈S̄(µ), `〉 = 〈S̄(ν), `〉 for any ` ∈ ⊕m≥0(V ⊗m)? so by Item 2 it holds that µ(f) = ν(f)
for any f ∈ C(I → U,R), hence µ = ν.

Remark 4.3.1. Everything in this section is classical: our discrete signature coincides
with Chen’s [39] iterated integral signature, that is S(x)m =

∫
dxLt1 ⊗ · · · ⊗ dx

L
tm where

x : [0, T ] → V denotes the path given by linear interpolation of {(t, x(t)) : t ∈ I}.
Usually, signatures are defined without the time–coordinate and only capture the path
up to re-parametrization, but the adapted topologies depend on the parametrization so
it is natural to include the time–coordinate. Nevertheless, the results in the following
sections can be easily adapted without the additional time-coordinate and it might
be interesting to study the resulting adapted topology for equivalence classes of un-
parametrized paths; see [46] for a discussion for the case of weak convergence, r = 0.
See also Appendix 4.C for more on signatures.
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4.3.3 Paths and Signatures of Higher Rank

Section 4.3.2 recalled that the [expected] signature can characterize [measures on]
paths. Our goal is to characterize the predictions processes introduced in Section 4.2.
Simply applying the expected signature to a prediction process would ignore the nested
structure of the state spaces of these processes, see Definition 21, and we heavily use
this structure in the proof of our main result, Section 4.4. To address this we first
introduce higher rank paths which formalize paths evolving in spaces of paths and
then use this to introduce higher rank [expected] signatures.

Definition 26. Let (Ir)r≥1 be a sequence of finite ordered sets and U a topological
space. Let U0 := U and define (Ur)r≥0 inductively,

Ur :=
(
Ir → Ur−1

)
We refer to an element of Ur as a path of rank r in the state space U

Explicitly, these spaces can be unravelled as

Ur = Ir → Ur−1 = (Ir → (Ir−1 → · · · (I2 → (I1 → U)︸ ︷︷ ︸
U1

)

︸ ︷︷ ︸
U2

· · · )

︸ ︷︷ ︸
Ur−1

).

A rank 1 path coincides with the usual definition of a path from I1 into U. Evaluating
a rank r path at time tr ∈ Ir yields a rank r − 1 path in the same state space, that is
for x ∈ Ur, x(tr) ∈ Ur−1 for every tr ∈ Ir.

Recall that the Signature from Definition 25 injects any path evolving in a Banach
space V into the Banach space T1(V ). By iterating compositions of this map and
defining Tr+1(V ) inductively as the completion of ⊕n≥0 Tr(V )⊗n with respect to a
suitable norm (see Appendix 4.B for details) we get the following.

Definition 27. Let V be a Banach space. Define the family of maps (Sr)r≥1,

Sr : Vr → Tr(V )

inductively by setting S1 := S and for r ≥ 2,

Sr(x) := S(x? Sr−1),

where x? Sr−1 denotes the pullback7 of Sr−1 by x. We call Sr the signature map of
rank r.
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Vr︷ ︸︸ ︷(
Ir → Vr−1

)

Ir → Tr−1(V ) Tr(V )

Sr−1

S

Sr

Figure 4.2: The inductive definition of Sr. By extending the map Sr−1 to a map
Vr → (Ir → Tr−1(V )), the signature S can be applied to it to form Sr : Vr → Tr(V ).

Example 4.3.1. Schematically, we can think of rank r signatures and rank r paths
as

Vr = (Ir → (Ir−1 → · · · (I2 → (I1 → V )︸ ︷︷ ︸
V1↪→T1(V )

)

︸ ︷︷ ︸
V2↪→T2(V )

· · · )

︸ ︷︷ ︸
Vr−1↪→Tr−1(V )

).

The above construction starts with applying the usual signature to the innermost
bracket to turn the map V1 → I1 into an element of T1(V ) (the top curly bracket). The
next step turns the map I2 → T1(V ) into an element of T2(V ), etc. It is instructive
to go through a couple of case for r.

1. For r = 1, we are given a (rank 1) path x : I1 → V , and S1(x) is by definition
the signature of x, S1(x) ∈ T1(V ). That is, S1 maps rank 1 paths in the state
space V to elements of T1(V ).

2. For r = 2, we are given a rank 2 path x in the state space V , x : I2 → (I1 → V ).
The evaluation of x at any t2 ∈ I2 yields a rank 1 path in the state space V

x(t2) : I1 → V, t1 7→ x(t2)(t1).

Since S1 maps a rank 1 path in the state space V to an element of T1(V ), the
pullback of S1 by x? equals

x? S1 : I2 → T1(V ), t2 7→ S1(x(t2)).
7that is (x? Sr−1)(t) := Sr−1(x(t)) using that x ∈ Vr and x(t) ∈ Vr−1.
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By definition, S2(x) is the signature of this rank 1 path, x? S1, that evolves in
the state space T1(V ),

S2(x) = S(x? S1),

and therefore S2(x) ∈ T2(V ) ⊆ ∏m≥0(R⊕T1(V ))⊗m. That is, S2 maps rank 2
paths in the state space V to elements of T1(V ).

Proposition 4.3.2. The map Sr : Vr → Tr(V ) is injective.

Proof. Follows by iterating Theorem 4.3.1.

4.3.4 Measures and Expected Signatures of Higher Rank

Our goal is to inject the laws of predictions processes into a normed space. Recall
that the laws of prediction processes have a rich nested structure, for example

Law(X̂0) ∈ Meas(I → V ) =:M1,

Law(X̂1) ∈ Meas(I → Meas(I → V )) =:M2,

Law(X̂2) ∈ Meas(I → Meas(I → Meas(I → V ))) =:M3.

Capturing this nested structure is essential when discussing the adapted topologies.

Definition 28. Let I1, . . . , Ir be finite ordered sets and U a topological space. For
r = 1 defineM0 := Prob0 := U and for r ≥ 1

Mr(U) := Meas(Ir →Mr−1(U)),

Pr(U) := Prob(Ir → Pr−1(U))

We endowMr(U) and Pr(U) with the natural weak topology. We refer to an element
ofMr(U) as a rank r measure on U and an element of Pr(U) as a rank r probability
measure on U.

Clearly, Pr(U) ⊂Mr(U) and these spaces can be written explicitly as

Mr(U) = Meas(Ir → Meas(Ir−1 → · · ·Meas(I2 → Meas(I1 → U)) · · · )), (4.7)

Pr(U) = Prob(Ir → Prob(Ir−1 → · · ·Prob(I2 → Prob(I1 → V )) · · · )).

As mentioned in Section 4.3.1, although we are interested in the convex set of
probability measures Pr, working with the larger linear space of Borel measures
Mr allows us to use duality arguments. We emphasize thatMr(U) is significantly
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bigger than Meas(Ur): the latter embeds into the former by taking the r−1 innermost
measures in the parenthesis in (4.7) to be Dirac measures.

Analogous to how we iterated signature maps and tensor algebras in the previous
section, we now construct expected signatures to provide an injection Mr(V ) ↪→
Tr(V ).

Definition 29. Let V be a Banach space. Define the family of maps (S̄r)r≥1 inductively
by setting S̄0 := idV and (whenever the integral is well–defined)

S̄r :Mr(V )→ Tr(V ), µ 7→
∫

S(x?S̄r−1)µ(dx),

where x?S̄r−1 denotes the pullback of S̄r−1 by x. We call S̄r the expected signature
map of rank r.

The following Proposition 4.3.3 generalizes that expected signature characterizes
laws of processes (Theorem 4.3.1 item 3). We postpone its proof to Theorem 4.4.3.

Proposition 4.3.3. Let V be a separable Banach space and K ⊂ V compact. Then

S̄r : Pr(K)→ Tr(V )

is injective.

Example 4.3.2. It is instructive to run through the first few iterations of r for S̄r.
Since one can always assume that the process X = (Xt)t∈I is the canonical coordinate
process defined on the probability space

(
(I → Mr−1(V )), µ

)
, we may also write

S̄r(µ) = Eµ[S ◦ S̄r−1(X)].

• If r = 1, then for any probability measure µ ∈ P1(V ) ⊂M1(V ) =M(I → V ),
the mapping S̄1(µ) = EX∼µ[S(X)] is the expected signature of the discrete–time
stochastic process X = (Xt)t∈I with law µ.

• If r = 2, then for any probability measure µ ∈M2(V ) =M
(
I →M1(V )

)
, fix

some stochastic process X = (Xt)t∈I with values inM1(V ) and law µ. For any
t ∈ I, X?S̄1(t) = S̄1(X(t)) is the expected signature of X(t); and hence X?S̄1

can be thought of as a stochastic process taking values in the vector space T1(V )
and we may compute its expected signature.

For a particular example of this, if Z = (Zt)t∈I is a discrete–time process taking
values in V defined on some stochastic basis (Ω, (Ft),P), then Xt := P[Z ∈ ·|Ft]
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is a regular conditional distribution of Z given Ft. Let µ = L(X) be the law of
the measure-valued process X, then

S̄2(µ) = E[S(t 7→ E[S(s 7→ Zs)|Ft])].

We will give a complete description of S̄r for this special case in Section 4.4.

4.3.5 Non-Compactness and Robust (Expected) Signatures

Even for random variables in Rd, elementary examples show that the sequence of
moments does not characterize the law when their support is non-compact; in particular,
Proposition 4.3.1 is not true without compact support. The same applies to stochastic
processes and their (higher rank) expected signatures.

The “robust (Signature) Moments” construction from [46] yields an extension of
the injectivity of the higher rank expected signature from the previous sections to
paths in general (non-compact) Banach spaces. We emphasize that the results in
Section 4.4 are already interesting for the case of compact state spaces that we have
discussed in the previous sections and we invite readers less familiar with signatures
to skip this section.

Proposition 4.3.4. Let V be separable Banach space. For every r ≥ 0 there exist
maps

Snr : Vr → Tr(V )

S̄nr :Mr(V )→ Tr(V )

that are both bounded, continuous and injective. Further, the space Tr(V ) is also a
separable Banach space. We refer to Snr 8 as the robust signature map of rank r and to
S̄nr as the robust expected signature map of rank r.

Proof. The fact that every space Tr(V ) for r ≥ 1 is a separable Banach space
follows immediately from Definition 35. Then we can show that on each Tr(V ) there
exists a so–called tensor normalization map Λ with codomain the unit ball of Tr(V )
such that the composition Λ S := Λ ◦ S preserves the algebraic properties of the
signature map. We refer to 4.B.4 for details on the construction of the normalization
Λ. Let µ be an element of Probr(V ) = Prob(I → Probr−1(V )). Let Zr−1 be a

8Here the superscript “n” of Snr means “normalized” and does not stand for the “n-th level of
signature” which was often used in some literature.
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stochastic process with values in Probr−1(V ) and law µ, then we define for every r ≥ 1,
Snr (Zr−1) := Λ S ◦(t 7→ S̄nr−1(Zr−1

t )) and

S̄nr (µ) = EZr−1∼µ[Snr (Zr−1)]

with the convention S̄n0 (Z0) = Z0. If r = 1, then this follows from Proposition 4.B.3 in
Appendix 4.B.4. By the induction hypothesis, S̄nr−1 is continuous and injective, hence
the assertion about injectivity follows immediately from Proposition 4.C.1. Finally,
the continuity of S̄nr follows from the Skorokhod representation theorem since if V is
separable, then I → V is separable, and hence Probr−1(V ), is separable with respect
to the weak topology.

For ease of notation we are going to redefine the symbols Sr and S̄r for the remainder
of the article.

Definition 30. Let V be a separable Banach space, U ⊂ V , and r ≥ 0. For the rest
of this article we denote

Sr : Ur → Tr(V ), x 7→ Snr (x),

S̄r :Mr(U)→ Tr(V ), µ 7→ S̄nr (µ).

4.4 The Adapted Topology and Higher Rank Signatures

Our leitmotif is that expected signatures can be regarded as a generalization of the
classical moment map. Indeed, for r = 0 we have by definition that X = X̂0 and the
initial topology of the map

S → T1(V ), X→ S̄1(Law(X̂0))

is the topology of weak convergence (S, τ0), see [46]. This suggests that, at least
locally, the initial topology of the map

S → Tr(V ), X→ S̄r+1(Law(X̂r))

is the rank r adapted topology (Sr, τr). In this Section we show that this is indeed
true in great generality.

Definition 31. Let V be a separable Banach space and U ⊂ V . For r ≥ 0 define

Φr : S(U)→ Tr+1(V ), X 7→ S̄r+1(Law(X̂r))

and

dr : S(U)× S(U)→ [0,∞), (X,Y) 7→ ‖Φr(X)− Φr(Y)‖r+1.
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Our main result is

Theorem 4.4.1. Let V be a separable Banach space and U ⊂ V compact. The
following topologies on S(U) are equal

1. the adapted topology of rank r, τr,

2. the extended weak topology of rank r, τ̂r,

3. the initial topology of the map Φr : S(U)→ Tr(V ),

4. the topology induced by convergence in the semi-metric dr on S(U).

Moreover, the same statement holds locally if U is not compact; see Theorem 4.4.3.

Restricted to r = 1 and processes with their natural filtration, the semi-metric
d1 adds another entry to the list of distances that induce the adapted topology τ1.
However, even for this r = 1 case, the characterization of the adapted topology as
the initial topology of a map into a normed, graded space rather than the topology
induced by a (semi-)metric, is to the best of our knowledge new.

Corollary 4.4.1 ([6]). Let U be as in Theorem 4.4.1 and denote by SNatural(U) the
subset of S(U) of processes equipped with their natural filtration. Then the following
topologies on SNatural(U) are equal

• the topology induced by d1,

• the topology induced by adapted Wasserstein distance,

• the topology induced by symmetrized-causal Wasserstein distance,

• Hellwig’s information topology,

• Aldous’ extended weak topology,

• the optimal stopping topology.

The remainder of this Section is devoted to the proof of Theorem 4.4.1.
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4.4.1 Higher Rank Conditional Signature Process.

The domain of S̄r is all ofMr(V ). When restricted to the laws of prediction processes,
this additional structure yields an useful interpretation in terms of conditional
expectations; e.g. for r = 1 and t ∈ I,

S̄1(X̂1
t ) =

∫
S(x)P[X ∈ dx|Ft] = E[S(X)|Ft]. (4.8)

This motivates the following definition

Definition 32. Let X = (Ω, (Ft),P, X) ∈ S(V ). We define a family of adapted
processes (X̄r)r≥0 by X̄r = (Ω,F ,P, X̄r) with X̄r given inductively as

X̄r
t := E[S(X̄r−1)|Ft]

and X̄0
t = Xt. We call X̄r the rank r conditional signature process of X.

Proposition 4.4.2. For every r ≥ 1 and X ∈ S(V ) it holds that

S̄r(X̂r
t ) = X̄r

t ∀t ∈ I. (4.9)

In particular,
Φr(X) ≡ S̄r+1(Law(X̂r)) = EX̄r+1

0 .

Proof. The second claim follows immediately from (4.9) since

EX̄r
t = ES̄r(X̂r

t ) = E
∫

S̄r(x)P[X̂r−1 ∈ dx|Ft] =
∫

S̄r(x)P[X̂r−1 ∈ dx] = S̄r(Law(X̂r−1)).

For the proof of (4.9) we proceed by induction over r ≥ 1. The starting case, r = 1, is
given in (4.8). For the induction step, assume that (4.9) holds true for some r ≥ 1.
We denote by µr the measure

µr = P(X̂r ∈ ·|Ft).

By definition of S̄r+1 we see that

S̄r+1(X̂r+1
t ) =

∫
S(x?S̄r)µr(dx) = E[S(s 7→ S̄r(X̂r

s ))|Ft] = E[S(s 7→ X̄r
s)|Ft]

where we used the induction hypothesis, S̄r(X̂r
s ) = Xr

s in the last step.

This interpretation of Φr(X) in terms of the rank r conditional signature process
X̄r+1 turns out to be very useful in the next section, in particular for the proof of
Theorem 4.4.2.
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4.4.2 Embedding and Metrizing Adapted Topologies

Theorem 4.4.2. Let V be a a separable Banach space and X,Y ∈ S(V ). For every
r ≥ 0 the following are equivalent

1. E[f(X)] = E[f(Y)] ∀f ∈ AFr,

2. Law(X̂r) = Law(Ŷr),

3. Law(X̂0, . . . , X̂r) = Law(Ŷ0, . . . , Ŷr).

4. Φr(X) = Φr(Y).

We prepare the proof of Theorem 4.4.2 with a Lemma.

Lemma 4.4.3. For every r ≥ 0 and every Borel set B ⊆ (I → Mr), there exists
a sequence of uniformly bounded adapted functionals fk ∈ AFr such that 1B ◦ X̂r =
limk→∞ fk(X) in probability.

Proof of Lemma 4.4.3. If r = 0, then since V is a Polish space and X̂0 = X, the claim
holds due to Urysohn’s lemma and Dynkin’s lemma.

Now consider the case r ≥ 1. Since AFr is an algebra, by Dynkin’s lemma it
suffices to consider the case B = B0 × . . . × BT , where each Bi is a Borel set of
(I →Mr−1(V )). Hence we have

1B ◦ X̂r = 1B0 ◦ X̂r
0 × . . .× 1BT ◦ X̂r

T .

Furthermore, since Meas(I →Mr−1(V )) carries the Borel σ–algebra generated by the
sets of the form

e−1
U (J) := {µ ∈ Meas(I →Mr−1(V )) : eU(µ) := µ(U) ∈ J},

U Borel set in (I →Mr−1(V )), J ⊆ [0, 1],

we may use Dynkin’s lemma again and assume that Bi = e−1
Ui

(Ji) for some Borel set Ui
in (I →Mr−1(V )) and some interval J ⊆ [0, 1]. Now, using that X̂r

t = P(X̂r−1 ∈ ·|Ft),
it holds that for all t,

1Bt ◦ X̂r
t = 1Jt ◦ E[1Un ◦ X̂r−1|Ft].

By the induction hypothesis, we have

1Un ◦ X̂r−1 = lim
k→∞

fnk (X),
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where every fnk is of rank at most r−1 and is uniformly bounded, so every E[fnk (X)|Ft]
is of rank at most r. Now we choose a sequence of uniformly bounded continuous
functions (ϕk)k≥1 (say, uniformly bounded by 1) which approximates 1J0 × . . .× 1JI
pointwise, so that 1B ◦ X̂r = limj→∞ ϕj(X̂r

0, . . . , X̂r
T ) a.s. (up to taking a subsequence

if necessary). From the above observations we see that for each j,

ϕj(X̂r
0, . . . , X̂r

T ) = lim
k→∞

ϕj((E[fnk (X)|Ft])t∈I),

where every ϕj((E[fnk (X)|Ft])t∈I) is by definition an adapted functional of rank at
most r. This shows that we can find a sequence of adapted functionals (fk)k≥1 of rank
at most r, such that 1B ◦ X̂r = limk→∞ fk(X) in probability.

Proof of Theorem 4.4.2. 1 =⇒ 2. Using Lemma 4.4.3, it follows by an induction
argument that 1B ◦ X̂r = limk→∞ fk(X) implies that 1B ◦ Ŷr = limk→∞ fk(Y). By
(1), we have that E[fk(X)] = E[fk(Y)] for all k ≥ 0, so by the dominated convergence
theorem

E[1B ◦ X̂r] = E[1B ◦ Ŷr] for any Borel set B

i.e. Law(X̂r) = Law(Ŷr).
2 =⇒ 3. For a Polish space X , let Measa(X ) ⊂ Meas(X ) be the set of Dirac

measures on X {δx : x ∈ X}. Define p : Measa(X )→ X by p(δx) := x and note that
p is continuous with respect to the subspace topology on Measa(X ). Define

πT : (I → X )→ X , πT (x) = xT for x = (x1, . . . , xT ) ∈ (I → X ), I = {1, . . . , T}.

For g : X → X define idX ⊕ g : X → X 2, as (idX ⊕ g)(x) = (x, g(x)). In what follows,
although the underlying space X may vary from line to line, we will use the same
notation as above for simplicity. Since X̂r

T = P(X̂r−1 ∈ ·|FT ), we can write

X̂i
T = δX̂i−1 ∈ Measa(I → Measr−1).

For each r, define
gr : I → Measr, gr = p ◦ πT .

Using that gr(X̂r) = X̂r−1, it follows that for r ≥ 1,

(X̂r, . . . , X̂r−s) = (id⊕ gr−s+1) ◦ (X̂r, . . . , X̂r−s+1),

where id is applied to X = MeasIr × · · · ×MeasI1. Since, id⊕ gr is continuous we can
iterate this composition to build a continuous function G, such that

(X̂r, . . . , X̂0) = G(X̂r).
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As a result, for any bounded continuous function F defined on MeasIr × . . .×MeasI0,
we have

E[F (X̂r, . . . , X̂0)] = E[F ◦G(X̂r)],

Using 2 and denoting for brevity

E := (I → Measr(X ))× · · · × (I → Meas1(X ))

we deduce that

Law(X̂r) = Law(Ŷr)⇒ ∀F ∈ Cb(E), E[F ◦G(X̂r)] = E[F ◦G(Ŷr)]

⇔ ∀F ∈ Cb(E), E[F (X̂r, . . . , X̂0)] = E[F (Ŷr, . . . , Ŷ0)]

⇔ Law(X̂0, . . . , X̂r) = Law(Ŷ0, . . . Ŷr).

3 =⇒ 1. We prove by induction that for any r ≥ 0, and f ∈ AFr, there exists some
bounded and Borel measurable f̃ : (I → Measr(V ))→ R

f(X) = f̃(X̂r).

The case r = 0 is clear since X̂0 = X so we can take f̃ = f , which is indeed bounded
and Borel measurable.

For the induction step, assume the claim holds up to some r − 1, r ≥ 2. Then
given f ∈ AFr−1, there exists a bounded Borel measurable function f̃ defined on
(I → Measr−1(V )) such that f(X) = f̃(X̂r−1). Now for every t ∈ I, E[f(X)|Ft], is an
element of AFr, so by using that f(X) = f̃(X̂r−1), we get E[f(X)|Ft] = E[f̃(X̂r−1)|Ft].

On the other hand, since by definition X̂r
t = P(X̂r−1 ∈ ·|Ft) is the regular

conditional distribution of X̂r−1 given Ft, we also obtain that

E[f̃(X̂r−1)|Ft] = ef̃ (πt ◦ X̂r),

where πt is the t–th coordinate mapping such that πt◦X̂r = X̂r
t , and ef̃ is the evaluation

map defined on Measr(V ) = Meas(I → Measr−1(V )) such that ef̃ (µ) :=
∫
f̃dµ. Since

f̃ is bounded and measurable by [18, Corollary 7.29.1], ef̃ is a bounded measurable
function on Measr(V ).

In other words, we have now obtained that E[f(X)|Ft] = g(X̂r), where g := ef̃ ◦πt
is a bounded measurable mapping defined on Xr. This together with the fact that
X̂r−1 can be expressed as a Borel measurable function composition with X̂r (see the
proof of (2) ⇒ (3)) implies that all adapted functionals of rank at most r still satisfy
the above claim, and completes the induction step.

2 ⇐⇒ 4. By Proposition 4.3.4, S̄r is injective on Probr(V ) hence the equivalence
follows immediately from Proposition 4.4.2 and the fact that Law(X̂r),Law(Ŷr) ∈
Probr+1(V ).
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The metrics dr (cf. Definition 31) locally characterize the rank r extended weak
topology τ̂r.

Proposition 4.4.4. Let V be a separable Banach space, (Xn)n≥0 ⊂ S(V ), X ∈ S(V ),
and r ≥ 0.

1. If (Xn) converges to X in (S(V ), τ̂r), then dr(Xn,X)→ 0 as n→∞.

2. If (Xn)n≥0 is contained in a compact set of (S(V ), τ̂r), then dr(Xn,X)→ 0 as
n→∞ implies that (Xn) converges to X in (S(V ), τ̂r).

Proof. 1: Xk converging to X in the rank r extended weak topology means that
Law(X̂k,r) converges to Law(X̂r). By Proposition 4.4.2, Ē[Xr+1

0 ] = E[S ◦S̄r(X̂r)], and
by Proposition 4.3.4, S ◦S̄r is a continuous and bounded function on Pr(V ). The
implication follows immediately.
2: By assumption, (Xk)k≥0 is contained in a compact set with respect to the rank
r extended weak topology on S(V ). Hence, there exists a Y ∈ S(V ) such that Xk

converges to Y in the rank r extended weak topology. From the proof of claim 1 above,
we have dr(Xk,Y)→ 0. Hence dr(X,Y) = 0, or equivalently, ‖EX̄r+1

0 −EȲr+1
0 ‖r+1 =

0. Now using Theorem 4.4.2 we obtain that Law(X̂r) = Law(Ŷr).

We now relate dr and the rank r extended weak topology with the adapted topology
of rank r, τr (cf. Definition 22).

Proposition 4.4.5. For a separable Banach space V , τr ⊂ τ̂r. That is, convergence
of (Xn) in (S(V ), τ̂r) to X implies convergence of (Xn) to X in (S(V ), τr). Moreover,
for processes evolving in a compact state space K, K ⊂ V , the converse holds. That is

(S(K), τr) = (S(K), τ̂r).

Proof. First, it is easy to use an induction argument to show that for every r ≥ 0, for
every f ∈ AFr, there exists a bounded continuous function ρf defined on I → Pr(V )
such that f(X) = ρf (X̂r) for all X ∈ S(V ). As a consequence, if Xk converges to X in
the rank r extended weak topology; that is, Law(X̂k,r) converges weakly to Law(X̂r)
in P(I → Pr(V )), then it indeed holds that for any f ∈ AFr

lim
k→∞

E[ρf (X̂k,r)] = E[ρf (X̂r)]

which is equivalent to limk→∞ E[f(X̂k,r)] = E[f(X̂r)]; i.e., Xk converges to X in the
adapted topology of rank r. Also note that this result holds without assuming that
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(Xk)k≥0 is contained in a compact set with respect to the rank r extended weak
topology on S(V ).
On the other hand, by the definition of adapted functionals (cf. Definition 19) one can
easily verify that the class A := {ρf : f ∈ AFr} is a subalgebra in Cb(I → Pr(K);R).
Moreover, using the proof of 1 =⇒ 2 in Theorem 4.4.2 we can also prove that
A separate points on (I → Pr(K)). Therefore, since the space (I → Pr(K)) is
obviously compact (recall that Prob(K) is compact in the weak topology, and then
by induction one can prove the compactness for all Pr(K)), A is dense in Cb(K;R)
under the uniform topology by the Stone–Weierstrass theorem. Hence, for any
given ρ ∈ Cb(I → Pr(K);R) and any ε > 0, we can pick a ρf ∈ A such that
supx∈(I→Pr(K)) |ρ(x)− ρf (x)| ≤ ε, and deduce that

|E[ρ(X̂k,r)]− E[ρ(X̂r)]| ≤ |E[ρf (X̂k,r)]− E[ρf (X̂r)]|+ 2ε

= |E[f(X̂k)]− E[f(X̂)]|+ 2ε→ 0,

where the last convergence holds as Xk converges to X in the adapted topology of
rank r.

Putting everything together, gives the following Theorem 4.4.3 which in turn
implies Theorem 4.4.1.

Theorem 4.4.3. Let V be a separable Banach space and r ≥ 0. Then for X,Y ∈ S(V )

(E[f(X)] = E[f(Y)] ∀f ∈ AFr) if and only if Φr(X) = Φr(Y).

Moreover,

1. the map Φr locally induces the topology τr,

2. the semimetric dr locally metrizes the topology τr.

If K ⊂ V is compact, then the above statements apply without localization, as stated in
Theorem 4.4.1. in this case of a compact state space, one can also replace the robust
signature in the definition of Φr with the classical signature.

Restricted to r = 0, we recover the fact that the expected signature can (locally)
metrize weak convergence [46]; restricted to r = 1 this (locally) induces Aldous
extended weak topology [3]. With r = 1 and (Ft)0≤t≤T the natural filtration it adds
another entry to the list in [6] of distances that induce the same topology, and therefore
we obtain Corollary 4.4.1.
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Remark 4.4.1. A natural question is that of quantitative guarantees and put simply,
we do not have any non-trivial quantitative guarantees at this stage and we believe
this is an interesting future research question. For example, for the causal Wasserstein
distance, recent progress in [6, 10] shows that the value function

v : X = (Ω, (Ft)t∈I ,P, (Xt)t∈I) 7→ inf
γ
E[Lτ ]

is even Lipschitz continuous with respect to the adapted Wasserstein metric on S
but we suspect that in generality, Lipschitz continuity does not hold for our metric.
Similarly, obtaining convergence rates for finite sample estimators, analogous to what
is done in [7] for the causal Wasserstein distance, seems yet another promising research
direction.

4.4.3 Tightness in ExtendedWeak topology: a Brief Discussion

For the case V = Rd one can obtain a tightness criterion for extended weak topology.
First we note that in this case d0 really metrizes the usual weak convergence on Rd.

Proposition 4.4.6. µn converges to µ weakly in Prob(I → Rd) if and only if
limn→∞ d0(µn, µ) = 0.

The proof of this proposition is given in Appendix 4.C, see Proposition 4.C.2 and
Corollary 4.C.3.
Now we consider r = 1; i.e, the Aldous’ extended weak topology. Let (µt)t∈I be a
(discrete time) path in (I → Prob(I → Rd)) such that µt ∈ Prob(I → Rd) for all t ∈ I.
As before let S denote a normalized signature map on I → Rd. Then associated with
(µt)t∈I we obtain a T1(Rd)–valued (discrete time) path (

∫
S(x)µt(dx))t∈I . This mapping

will be denoted by F , it is easy to see (by the Skorokhod representation theorem)
that F : (I → Prob(I → Rd)) → (I → T1(Rd)), F ((µt)t∈I) = (

∫
S(x)µt(dx))t∈I , is

continuous.

Lemma 4.4.7. A set U ⊂ P2(Rd) is tight if and only if the set

{F]µ : µ ∈ U} ⊂ P1(T1(Rd))

is tight, where F] means the pushforward operation under F .

Proof. Let Im(F ) ⊂ (I → T1(Rd)) be the image of F , which is endowed with the
subspace topology inherited from the Hilbert space I → T1(Rd) = T1(Rd)I . By
Proposition 4.4.6 and the construction of d0, we see that F : (I → Prob(I → Rd))→
Im(F ) is a homeomorphism. Hence the claim follows easily.
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Now let X = ((Ω,P, (Ft)t∈I), X) ∈ S(Rd), we know that X̂1 ∈ (I → Prob(I → Rd))
and Law(X̂1) ∈ Prob2(Rd). Note also that F (X̂1) = (E[S(X)|Ft])t∈I is a T1(Rd)–
valued martingale, and thus F](Law(X̂1)) is a martingale law on I → T1(Rd). Hence,
by Lemma 4.4.7 we obtain the following characterization of tightness set for the
extended weak topology:

Theorem 4.4.4. Let U ⊂ S(Rd).

1. U is tight in the Aldous’ extended weak topology if and only if the collection of
martingale laws

{Law((E[S(X)|Ft])t∈I) : X ∈ U}

is tight in Prob(I → T1(Rd)).

2. If in addition that all filtrations are natural and U is closed in the Aldous’
extended weak topology, then the following are equivalent

• U is compact in the Aldous’ extended weak topology, Hellwig’s information
topology, and all other topologies mentioned in Corollary 4.4.1.

• U satisfies the Eder’s conditions ([66, Theorem 1.4]).

• The collection of martingale laws {Law((E[S(X)|Ft])t∈I) : X ∈ U} is tight
in P1(T1(Rd)).

Remark 4.4.2.

1. The assumption that V = Rd cannot be removed because we need the local
compactness of (I → Rd) to ensure Proposition 4.4.6. This observation also
prevent us from extending above results to higher rank extended weak topologies
as, for example, the space Prob(I → Rd) is not locally compact in general. On
the other hand, if V = Rd, we know from [10, Theorem 1.7] that the tightness
of subsets in (S(V ), τ̂r) is equivalent to the tightness of subsets in (S(V ), τ̂0) for
any r ≥ 0. Hence, in view of Proposition 4.4.6, in this case we have the metric
dr metrizes the topology τ̂r on S(V ) for all r ≥ 0 (not only locally).

2. Theorem 4.4.4 complements Eder’s tightness theorem [66, Theorem 1.4]. In
particular, we highlight that the expected signature map transforms the tightness
of laws on a measure space into tightness of martingale laws on a Hilbert space.
This allows to use tools from martingale theory and the Hilbert space to study
the extended weak topology, e.g. to define the Fourier transform (characteristic
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functions) for the law of prediction processes. Further, it suggests a concrete
numerical way to check the tightness in extended weak topology by formulating
it in the tensor algebra T1(Rd);

4.5 Algorithms and Experiments

In this Section we apply dynamic programming principles to derive algorithms that
efficiently compute Φr(X) when the process X is a Markov chain.

We will assume that X is nowhere recombining, that is that its value at time t
uniquely determines X1, . . . , Xt−1. This is satisfied for a large class of Markov processes
and by echoing the usual remark that every process is Markovian by lifting it to a
process in larger state space9, any process X can be made to satisfy the assumptions
of this section by considering instead the process Zt = (X1, . . . , Xt).

In the construction of Φr(X), the process X is lifted to a process that evolves in
the algebra Tr(V ) and dynamic programming naturally applies there as the following
lemma shows.

Lemma 4.5.1. Let A be an algebra and Z ∈ S(A) be a nowhere recombining Markov
chain with finite support. The function

ut(a) := E[Zt+1 · · ·ZT |Zt = a]

satisfies for every t = 0, 1, . . . , T and a ∈ A the recursion

ut(a) =
∑
b∈A

bP(Zt+1 = b|Zt = a)ut+1(b)

Proof. This follows immediately from

ut(a) = E[Zt+1 · · ·ZT |Zt = a] = E[Zt+1ut+1(Zt+1)|Zt = a].

If X ∈ S(V ) is a nowhere recombining Markov chain, then the process Z ∈
S(T1(V )) defined as

Zt := exp(∆tX) with ∆tX := (Xt+1 −Xt, 1)
9One may consider the path valued random variable Y such that the values of Yt are (X0, . . . , Xt).

This “lifting” is trivial for processes with small state spaces.
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where exp : V → T1(V ) denotes the tensor exponential, can also be lifted to a nowhere
recombining Markov chain that takes values in the algebra T1(V ). Recall that the
signature S(x) of a path x : I → V is defined as

S(x) = exp(∆0x) exp(∆1x) · · · exp(∆Tx).

Hence, Lemma 4.5.1 hints at an efficient way to compute Φ0(X) ≡ E[S(X)] = u0(X0)
since the value function u satisfies the recursion:

ut(x) =
∑
y∈V

exp(y − x)P(Xt+1 = y|Xt = x)ut+1(y).

Algorithm 1 formulates this in pseudo-code by representing a Markov chain X as tree:
vertices are labelled by the attainable states V of the Markov chain X; the process
starts at time t = 0 at a root vertex r = X0; if the Markov chain at time t has value a
then we denote by a.children the set of attainable states (vertices) at time t+ 1; the
transition probability between two states a and b is denoted by p(a, b).

Algorithm 1 Pseudo-code for Φ0(X)
1: Input: A Markov chain X represented as a rooted tree with root r
2: procedure ExpSig0(a)
3: if a.children is empty then
4: return 1
5: sum ← 0
6: for b in a.children do
7: sum ← sum +p(a, b) · exp

{
b− a

}
· ExpSig0(b)

8: return sum
9: Output: ExpSig0(r) = Φ0(X)

Algorithm 2 Pseudo-code for Φ1(X)
1: Input: A Markov chain X represented as a rooted tree with root r, s(a) denotes the

signature of the sample path of X that ends at a.
2: procedure ExpSig1(a)
3: a1 ← 0
4: a2 ← 0
5: for b in a.children do
6: b1, b2 ← ExpSig1(b)
7: a1 ← a1 + p(a, b) ∗ exp

{
b− a

}
∗ b1

8: for b in a.children do
9: b1, b2 ← ExpSig1(b)
10: a2 ← a2 + p(a, b) ∗ exp

{
s(b) ∗ b1 − s(a) ∗ a1

}
∗ b2

11: return a1, a2

12: Output: ExpSig1(r) = Φ1(X)
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Lemma 4.5.2. Let X ∈ S(U) be a nowhere recombining Markov chain. If the rooted
tree that represents X has at most N + 1 vertices and depth d (that is, X terminates
at time d) then Algorithm 1 computes Φ1(X) with complexity

O
(
tN
)
in time and O

(
ds
)
in space,

where t, s are the time and space costs of computing and storing one call of exp
(
·
)

to the desired accuracy.

Proof. Note that the bounds are clearly true if the tree has a a root with N children
that are all leaves as the recursion will visit each child once and needs to store the
return value as well as the execution stack of depth 1. Recursively, if the root has n
children, each of which is the root of a sub-tree with ni + 1 vertices and depth di for
i = 1, . . . , n. Then the recursion visits each sub-tree once and adds the results of each
sub-tree to the return value. The time and space complexities of the recursive call on
the i:th child are O(tni) and O(sdi) respectively, hence the total time complexity is

O(
n∑
i=1

tni) = O(tN).

The space complexity is the maximum amount of space needed for the recursive call,
plus the extra space for storing the value at the root and the execution stack, hence
the total space complexity is

O(1 + s+ max
1≤i≤n

(sdi)) = O(1 + s(d+ 1)) = O(ds),

proving the assertion.

The computation of Φr(X) for r > 1 follows along the same lines, but since the
notation gets increasingly cumbersome as r increases we only spell out the case r = 2 in
detail; the cases r ≥ 3 follow analogous. We now apply Lemma 4.5.1 with A := T2(V )
and Zt = exp(∆tX̄1) the function v2

t (x) := E[Zt+1 · · ·ZT |Zt = x] satisfies the recursion

v2
t (x) =

∑
y∈V

P(Xt+1 = y|Xt = x) exp
{
E[S(X)|Xt+1 = y]− E[S(X)|Xt = x]

}
v2
t+1(y).

This recursion is more involved as it requires two evaluations of E[S(X)|Xt] at every
step. However, if we assume that the process X is nowhere recombining we can rewrite
this as the following system

v2
t (x) =

∑
y∈V

P(Xt+1 = y|Xt = x) exp
{

S(X|Xt = y)v1
t+1(y)− S(X|Xt−1 = x)v1

t (x)
}
v2
t+1(y)

v1
t (x) =

∑
y∈V

P(Xt+1 = y|Xt = x) exp
{
y − x

}
v1
t+1(y).
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where S(X|Xt = y) denotes the signature of the path X0, . . . , Xt such that Xt = y,
which is well defined since X is nowhere recombining by assumption. Note that v1 is
the same function as the one defined in Equation 4.5. Unfortunately v2

t (x) depends
on both v1

t and v1
t+1 and since multiplication in T2(V ) is non-commutative there is no

way to separate the two dependencies. Because of this v1
t (x) needs to be computed

before v2
t (x) and the recursion is best solved using a Dynamic Programming approach,

or by caching the relevant values at every function call. This approach is outlined in
Algorithm 2.

Algorithm 2 is more involved than Algorithm 1 as it requires the computation of
S(x) at every recursive call which has time complexity O(dt) where t is the time costs
of computing one call of exp1

()
to the desired accuracy, and d is the depth of x. This

can be remedied by memoising the values of S(x) once computed, which brings the
time complexity down to O(t) but takes up more space.

Lemma 4.5.3. Let T, S be the time and space costs of computing and storing one
call of exp : T1(V )→ T2(V ) to the desired accuracy, and t, s be the time and space
costs of one call of exp : V → T1(V ). Assume that the tree has exactly N + 1, depth
d and maximal degree M . Then the function ExpSig2 can be implemented to be

O
(
(t+ T )N

)
in time and O

(
d(MS + s)

)
in space.

Proof. The same arguments made in the proof of Lemma 4.5.2 applies here too. If one
caches S(X|Xt = a) at every node one needs to store at most d values of S(·) and the
cost of computing exp

{
S(X|Xt = b)v1

t+1(b)−S(X|Xt−1 = a)v1
t (a)

}
is always O(T + t).

By caching values of vt+1 in the first pass the maximum amount of space needed
for each pass is MS, since nodes are visited at most once the maximum amount of
memory needed is dMS.

Remark 4.5.1 (Representing higher rank tensor algebras). In order to implement any
of the computations outlined above, one first needs to be able to represent the relevant
algebras. T1(V ) is well known to be a graded algebra over V , but T2(V ) has a
more complicated multi-grading, and higher dimensional components which make
computations trickier. See Appendix 4.B for a more thorough discussion of how to
write down the gradings, and the dimensions of the spaces involved, but note that
it is always to write down (formal) gradings Tr(V ) = ∏

k≥0 Tr(V )k, where if V has
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Figure 4.3: The sample paths of µ are plotted above for ε = 0.05. They are marked
as either X in red, or Y in blue depending on if the sample comes from Xc or Yc.

dimension d, then

dim.T1(V )k = (d+ 1)k,

dim.T2(V )0 = 1, dim.T2(V )1 = d+ 1,

dim.T2(V )k = (2d+ 3)dim.T2(V )k−1 − (d+ 1)dim.T2(V )k−2.

4.5.1 Experiment: Model Space and Linear Separability

Expected signatures (Φ0 in our notation) are currently finding applications in machine
learning. One of their attractive properties is that they provide a hierarchical
description of the law of a stochastic process; in the terminology of statistical learning
the signature map is a so-called “universal and characteristic” feature map for paths,
see Appendix 4.C . However, expected signatures metrize weak convergence and hence
completely ignore the filtration.

We now use the algorithms from the previous section to demonstrate on a simple
numerical toy example that the geometry of the feature space of Φ0 is too simple in
the sense that it fails to separate models with different filtrations. In contrast, the
feature space of Φ1 is large enough to allow for a a linear separation.

Example 4.5.1 (Mixtures of Adapted Processes). Define for every c ∈ R two processes
Xc,Yc ∈ S as

Xc : X0 = 0, X1 = N1, X2 = c+N2,
Yc : Y0 = 0, Y1 =

√
1− ε2M1 + εc, Y2 = c+M2.
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Figure 4.4: The accuracies of the linear classifier trained on Φ0(X) and Φ1(X) is
plotted against the number of samples used in blue and red respectively. Solid lines
are used for ε = 10−4 and dashed lines for ε = 5× 10−2.

where M1,M2, N1, N2 are independent Binomial random variables and ε > 0 is fixed.
Xc and Yc are both equipped with their natural filtrations. Note that for a fixed
c and small ε, Law(Xc) ≈ Law(Yc), analogously to Example 4.1.1 resp. Figure 4.1.
S(R) is equipped with a probability measure µ as follows: a sample from µ consists of
sampling a C ∼ N(0, 1) and then selecting with probability 0.5 the process XC and
with probability 0.5 the process Y C . Figure 4.3 shows for each sample from µ (an
adapted process) one sample trajectory from this process.

We ran the following experiment: We sampled 1000 processes from µ and labelled
the processes corresponding to whether Xc or Yc was sampled. We then computed Φ0

and Φ1 for each sample truncated at level 6 and level 3 respectively10 and normalized
the features. This was then split into a training set and test set – both of size 500 –
and for 50 ≤ m ≤ 500 a Support Vector Machine classifier [99] was trained on m data
points from the training set with Φ0 resp. Φ1 as feature map.

Figure 4.4 shows the accuracies of the resulting classifiers on the test set. Observe
that for small values of ε, the classifier on Φ0 is essentially guessing, and even for
larger values it does not converge well, the classifier on Φ1 converges immediately
however, which is to be expected as Φ1 is able to separate Xc and Yc independently
of the value of ε.

10This corresponds to 127 coordinates for Φ0 resp. 76 coordinates for Φ1, hence is in favour of Φ0.
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Figure 4.5: Two processes X and Y that converge weakly to the same process and
such that the difference between their prediction processes converges weakly to zero,
but does not converge in the rank 2 adapted topology. Before t = 4 they move very
little, with steps of order 1/n and at t = 4 they jump to either 1 or 2 with equal
probability. As n→∞ they both converge weakly to the process that stay at 0 until
t = 4 when it jumps to either 1 or 2.

We emphasize that although this is a toy example, it demonstrates how the
expected signature can fail to pick up essential properties of a model and that the
higher rank expected signatures provide additional features that linearise complex
dependencies between law and filtration by representing them on multi-graded spaces
of tensors.
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Figure 4.6: For any fixed f ∈ Cb(R), the processes t 7→ E[f(X4)|Ft] and t 7→
E[f(Y4)|Ft] have the same distribution, so X̂ − Ŷ goes to 0 as n→∞. The rank 2
prediction processes are not the same however

4.A Details for Example 4.1.2

Consider the Probability space Ω = {1, . . . , 16} equipped with the counting measure
and the filtration

F0 = {Ω,∅},

F1 = σ〈{1, . . . , 8}, {9, . . . , 16}〉,

F2 = σ〈{1, 2, 3, 4}, {5, 6, 7, 8}, {9, 10, 11, 12}, {13, 14, 15, 16}〉,

F3 = σ〈{1, 2}, {3, 4}, {5, 6}, {7, 8}, {9, 10}, {11, 12}{13, 14}, {15, 16}〉,

F4 = 2Ω.

Define the two processes

X0 = X1 = X2 = X3 = 0, X4 :

1, 2, 5, 6, 9, 11, 13, 15 7→ 1
3, 4, 7, 8, 10, 12, 14, 16 7→ 2,

Y0 = Y1 = Y2 = Y3 = 0, Y4 :

1, 2, 5, 7, 9, 10, 13, 15 7→ 1
3, 4, 6, 8, 11, 12, 14, 16 7→ 2,

.

If the above construction looks unnatural the reader is also invited to think of the
filtration as being the natural filtration associated to the processes and that instead
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of staying at 0 until time 4, they move with step size of order 1/n in such a way to
generate F , as in Figure 4.5 and 4.6. Clearly the image measure of X and Y are the
same, so Ef(X) = Ef(Y ) for any f ∈ R{0,1,2}. Moreover:

E[f(X4)|F0] = E[f(X4)|F1] = E[f(X4)|F2] = 1
2
(
f(1) + f(2)

)
,

E[f(X4)|F3] :


{1, 2}, {5, 6} 7→ f(1)
{3, 4}, {7, 8} 7→ f(2),
{9, 10}, {11, 12}, {13, 14}, {15, 16} 7→ 1

2

(
f(1) + f(2)

)
,

E[f(Y4)|F0] = E[f(Y4)|F1] = E[f(Y4)|F2] = 1
2
(
f(1) + f(2)

)
,

E[f(Y4)|F3] :


{1, 2}, {9, 10} 7→ f(1)
{3, 4}, {11, 12} 7→ f(2),
{5, 6}, {7, 8}, {13, 14}, {15, 16} 7→ 1

2

(
f(1) + f(2)

)
,

since the image measure of the above processes are the same, E[g(E[f(X)|F ])] =
E[g(E[f(Y )|F ])] for any f, g ∈ R{0,1,2} and therefore they have the same prediction
process. However, it can bee seen that

E[E[X4|F3]2|F1] :

{1, 2, 3, 4, 5, 6, 7, 8} 7→
5
2

{9, 10, 11, 12, 13, 14, 15, 16} 7→ 9
4 ,

E[E[Y4|F3]2|F1] = 19
8 .

Hence the information structure in these processes are different, but this can’t be seen
by their prediction processes alone.

4.B Higher rank tensor algebras and their norms

If V is a Banach space with norm ‖·‖, then we want to equip V ⊗m with a norm for
every m ≥ 1. In the general case some care is needed and we assume that all norms
on tensor products are admissible as defined below.

Definition 33. We say that ‖ · ‖ is an admissible norm on (V ⊗m)m≥1, if:

1. For any permutation σ : {1, . . . , n} → {1, . . . , n}

‖v1 ⊗ · · · ⊗ vn‖ = ‖vσ(1) ⊗ · · · ⊗ vσ(n)‖.

2. For v ∈ V ⊗n, w ∈ V ⊗m it holds that

‖v ⊗ w‖ ≤ ‖v‖ · ‖w‖.
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Both projective, and injective norms are admissible. See [155] for more details.

Recall that if V is a vector space, then ut(V ) := ⊕
m≥0 V

⊗m is the tensor algebra
over V , and ut(V ) − 1 := ⊕

m≥1 V
⊗m is the non-unital tensor algebra over V . The

higher order tensor algebras are defined inductively as follows:

Definition 34. Let V be a normed space. Define the spaces

ut0(V ) = V, utr(V ) =
⊕
m≥0

(
utr−1(V )− 1

)⊗m
, r ≥ 1.

t0(V ) = V, tr(V ) =
⊕
m≥0

(
R⊕ tr−1(V )− 1

)⊗m
, r ≥ 1.

A module A is said to be multi-graded if there is a monoid M such that

A =
⊕
m∈M

Am

and AmAn ⊆ Amn. In order to describe the multi-grading of utr(V ) and tr(V ) we
will use the following lemma. We use the notation F

[
·
]
for the free algebra generated

by · andM
[
·
]
for the free monoid generated by ·. The following follows from the

definitions of F andM and is recorded here as a lemma.

Lemma 4.B.1. Let A1, . . . , An be multi-graded modules with respective multi-gradings
M1, . . . ,Mn. Then F

[
A1, . . . , An

]
is multi-graded byM

[
M1, . . . ,Mn

]
.

Using the notation ⊗(r) for the tensor product on utr−1(V ), we note that by
the above lemma

(
utr(V ),+,⊗(r)

)
is a multi-graded algebra over V . By recursively

defining Seqr := Seq(Seqr−1) with the convention that Seq0 = {∅}. We may write
down the multi-grading for utr(V ) as follows

ut1(V )k := V ⊗(1)k, utr(V ) =
⊕

k∈Seqr
utr(V )k,

where utr(V )k := utr−1(V )k1
⊗(r) · · · ⊗(r) utr−1(V )kl for k = k1 · · ·kl ∈ Seqr .

We also use the following recursive definition of the degree for a multi-index

deg.k = deg.k1 + · · ·+ deg.kl, for k = k1 · · ·kl ∈ Seqr, deg.∅ = 1.

Which allows us to write down a grading for utr(V ) as

utr(V ) =
⊕
k≥0

( ⊕
k∈Seqr,
deg.k=k

utr(V )k

)
. (4.10)

See [64, Section 3] for more on ut1(V ) and ut2(V ).
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Example 4.B.1.

• ut1(V ) is the standard tensor algebra over V and is graded over Seq1 ' N by

ut1(V ) = 1 +
⊕
n≥1

V ⊗(1)n.

• ut2(V ) is graded over sequences in N by

ut2(V ) = 1 +
⊕

n1,...,nk≥1
V ⊗(1)n1 ⊗(2) · · · ⊗(2) V

⊗(1)nk .

• ut3(V ) is graded over matrices in N by

ut3(V ) = 1 +
⊕

n1
1,...,n

1
k1
≥1...

n
k2
1 ,...,n

k2
k1
≥1

(
V ⊗(1)n

1
1 ⊗(2) · · · ⊗(2) V

⊗(1)n
1
k1
)
⊗(3) · · · ⊗(3)

(
V ⊗(1)n

k2
1 ⊗(2) · · · ⊗(2) V

⊗(1)n
k2
k1
)
.

Remark 4.B.1. For any ring R and R module M the above construction (disregarding
the norm) yields a sequence of R algebras

M ⊆ ut1(M) ⊆ ut2(M) ⊆ · · · .

This sequence is characterized by the following universal property which follows from
the universal property of the tensor algebra:

For any R module N , r ≥ 0 and R-module homomorphism ϕ : utr(M)→ N there
exists a unique R-algebra homomorphism Φ : utr+1(M)→ N such that ϕ = Φ ◦ ι

where ι is the inclusion map utr(M) ↪→ utr+1(M).

Example 4.B.2. For a concrete example of this, if V is some vector space over R
and X is a bounded random variable on V , then its associated moment map is the
linear map

µX : ut1(V )→ R, µX(ei1 · · · eik) = E(Xi1 · · ·Xik)

which induces the algebra homomorphism µ?X : ut2(V ) → R. The reader familiar
with cumulants might note that the cumulants of X can then be described as linear
functions of µ?X . For example

κ(X1, X2, X3) = E(X1X2X3)− E(X1)E(X2X3)− E(X2)E(X1X3)− E(X3)E(X1X2) + 2E(X1)E(X2)E(X3)

= µ?X(e1e2e3)− µ?X(e1 ⊗(2) e2e3)− µ?X(e2 ⊗(2) e1e3)− µ?X(e3 ⊗(2) e1e2) + 2µ?X(e1 ⊗(2) e2 ⊗(2) e3)
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4.B.1 The multi-grading of tr(V )

Recall that the signature map, Definition 25, takes paths on a vector space V as input
and maps them into T1(V ) which is isomorphic to the completion of ut1(V ⊕ R),
so that in order to represent the signature of a path in V it is enough to represent
elements of ut1(V ) for arbitrary finite dimensional V .

In the rank two case we are not so lucky however, as t2(V ) = t1(t1(V )) '
ut1(ut1(V ⊕ R)⊕ R) which is not isomorphic to a rank 2 tensor algebra over any
finite dimensional space. By definition, t2(V ) is the free algebra generated by t1(V )
and one indeterminate, so by Lemma 4.B.1 it is multi-graded byM(M1,M0). We
may write:

t2(V ) =
⊕

m1,...,mn∈M1,M0

t2(V )m1
⊗(2) · · · ⊗(2) t2(V )mn

where t2(V )m = ut1(V )m if m ∈M1 and t2(V )m ' R if m ∈M0. This multi-grading
also allows us to write down a grading for t2(V ) like in Equation (4.10) where the
degree is defined in the natural way compatible with the degrees onM1,M0.

In the general case, tr(V ) is the free algebra generated by tr−1(V ) and one
indeterminate, so its multi-grading may be recursively defined similarly.

4.B.2 Dimensions of the truncated spaces

It is well known that if V is a d-dimensional space, then V ⊗k has dimension dk. Hence
we can write (Recalling Equation (4.10)):

ut1(V ) =
⊕
k≥0

ut1(V )k, dim .ut1(V )k = dk.

In the case of ut2(V ) we may define ut2(V )k := ⊕
k∈Seq2,
deg.k=k

ut2(V )k and write

ut2(V ) =
⊕
k≥0

ut2(V )k, dim .ut2(V )k = 1
2(2d)k.

To see why dim .ut2(V )k = 1
2(2d)k, note that since, as a vector space, ut2(V )k is

isomorphic to ut1(V )k and hence for any k with deg .k = k, it also has dimension dk,
so in order to determine the dimension of ut2(V )k it is enough to count #{k ∈ Seq2 :
deg.k = k} = 2k−1.

In the case of t1(V ) it is easily seen that dim .t1(V )k = (d + 1)k, hence we may
write

t1(V ) =
⊕
k≥0

t1(V )k, dim .t1(V )k = (d+ 1)k.
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The case t2(V ) is slightly more complicated, but can be characterised by a simple
linear recursion.

Proposition 4.B.2. Let V be a d-dimensional vector space, then

t2(V ) =
⊕
k≥0

t2(V )k, dim.t2(V )k := Ad+1(k),

where Ad satisfies the recursion

Ad(k) = (2d+ 1)Ad(k − 1)− dAd(k − 2), Ad(0) = 1, Ad(1) = d+ 1

Proof. Note that if k ∈M1, then t2(V )k = t1(V )k ' (V ⊕ R)⊗k and if k ∈M1, then
t2(V )k ' R, putting this together we get for k = k1 · · · kl ∈M(M1,M0)

dim t2(V )k =
∏

ki∈M1

dim ut2(V )ki = (d+ 1)
∑

ki∈M1 ki .

Assume that k = k1 · · · kn and ki1 , . . . , kil ∈ M1, then since deg ki = 1 for any
i 6= i1, . . . , il it must be true that deg .k = ∑

ki∈M1 ki + n − l. By setting t2(V )k :=⊕
k∈M(M1,M0),

deg.k=k

t2(V )k we see that

dim t2(V )k =
k∑

n=0

n∑
l=0

#{k = k1 · · · kn ∈M(M1,M0) : deg .k = k, ki1 , . . . , kil ∈M1}(d+ 1)l+k−n.

We note that for n, l fixed we have

#{k = k1 · · · kn ∈M(M1,M0) : deg .k = k, ki1 , . . . , kil ∈M1}

=
(
n

l

)
#{k = k1 · · · kl ∈M2 : deg .k = k + l − n}

=
(
n

l

)(
k + l − n− 1

k − n

)
.

Hence

dim t2(V )k = 1 +
k∑

n=1

n∑
l=1

(
n

l

)(
k + l − n− 1

k − n

)
(d+ 1)l+k−n.

By summing over the diagonal this can be rewritten as

dim t2(V )k = 1 +
k∑

n=1
(d+ 1)n

k∑
m=k−n+1

(
m

m− k + n

)(
n− 1
k −m

)

= 1 +
k∑

n=1
(d+ 1)n(k + 1− n)2F1(1− n, k + 2− n, 2,−1),
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where 2F1 is the Gaussian Hypergeometric function. It follows that for k ≥ 2

dim t2(V )k − (2d+ 3) dim t2(V )k−1 + (d+ 1) dim t2(V )k−2

=
k−1∑
n=2

(d+ 1)n
[
(k + 1− n)2F1(1− n, k + 2− n, 2,−1)− 2(k + 1− n)2F1(2− n, k + 2− n, 2,−1)

+(k − n)2F1(2− n, k + 1− n, 2,−1)− (k − n)2F1(1− n, k + 1− n, 2,−1)
]

+(d+ 1)k
[
2F1(1− k, 2, 2,−1)− 22F1(2− k, 2, 2,−1)

]
+(d+ 1)

[
k2F1(0, k + 1, 2,−1)− (k − 1)2F1(0, k, 2,−1)− 1

]
.

Because of the two facts

2F1(−k, 2, 2,−1) = 2k, 2F1(0, k, 2,−1) = 1,

all that remains is to show that for a > 0, F (−a, b) := 2F1(−a, b, 2,−1) satisfies the
recursion

(b+ 1)F (−a, b+ 2)− 2(b+ 1)F (1− a, b+ 2) + bF (1− a, b+ 1)− bF (−a, b+ 1) = 0.

To see this, note that by expanding 2F1(−a, b, 2,−1) in its hypergeometric series we
may write

2F1(−a, b, 2,−1) =
∞∑

k=−∞
f(a, b, k), f(a, b, k) =

(
a

k

)
(b)k

(k + 1)!1{0≤k≤a},

where (b)k is the rising Pochhammer symbol. It is straightforward to verify that f
satisfies

f(a+ 1, b, k) = a+ 1
a+ 1− kf(a, b, k), f(a, b+ 1, k) = b+ k

b
f(a, b, k),

f(a, b, k + 1) = (a− k)(b+ k)
(k + 1)(k + 2)f(a, b, k).

By iterating these three relations one can show that

(b+ 1)f(a, b+ 2, k)− 2(b+ 1)f(a− 1, b+ 2, k) + bf(a− 1, b+ 1, k)− bf(a, b+ 1, k)

=k(k + 1)
a

f(a, b+ 1, k)− (k + 1)(k + 2)
a

f(a, b+ 1, k + 1),

and the claimed recursion follows by summing over k since

(b+ 1)F (−a, b+ 2)− 2(b+ 1)F (1− a, b+ 2) + bF (1− a, b+ 1)− bF (−a, b+ 1)

=
∞∑

k=−∞
(b+ 1)f(a, b+ 2, k)− 2(b+ 1)f(a− 1, b+ 2, k) + bf(a− 1, b+ 1, k)− bf(a, b+ 1, k)

=
∞∑

k=−∞

k(k + 1)
a

f(a, b+ 1, k)−
∞∑

k=−∞

(k + 1)(k + 2)
a

f(a, b+ 1, k + 1) = 0.
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Remark 4.B.2. The sequencesA0(k), A1(k) are listed asA001519 andA052984 respectively
on OEIS.

4.B.3 Higher rank tensor algebras on Banach spaces

Definition 35. We make tr(V ) into a normed space with the norm defined inductively
as

‖t‖r =
∑
m≥0
‖πmt‖tr−1(V )⊗m

where πm : tr(V )→ ⊕
deg.k=m

tr−1(V )k denotes the projection map onto components of

degree k. Define Tr(V ) to be the completion of tr(V ) under the norm ‖·‖r.

Remark 4.B.3. Since the embedding tr(V ) ↪→ tr+1(V ) is an isometric isomorphism
onto its image, the same is true for the embedding Tr(V ) ↪→ Tr+1(V ).

Remark 4.B.4. Note that Sr indeed takes values in Tr(E), since by the above
Remark 4.B.3 it is enough to show that S1 takes values in T1(E) which follows
from multiplication and addition being continuous and the exponential series being
absolutely convergent.

By unravelling Definition 35 we may write for t ∈ tr(V )

‖t‖r =
∑

k∈Mr

‖πkt‖

where πk : tr(V )→ tr(V )k is projection onto tr(V )k which is topologically isomorphic
to a tensor copy of V , hence it has a well defined norm by the assumption that V has
an admissible norm. Finally, we note that if V is a Hilbert space, then Tr(V ) also
possesses a Hilbert space structure.

Definition 36. For a Hilbert space V we equip utr(V ) with the recursively defined
inner product

〈t, s〉r =
∑
m≥0
〈πmt, πms〉utr−1(V )⊗m

and we denote by H̃r(V ) and Hr(V ) the respective completions of utr(V ) and tr(V )
with this inner product.
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4.B.4 Tensor normalization estimates

Recall that the scaling of an element v ∈ V by λ ∈ R, λ 7→ λv, extends naturally to a
dilation map on ∏m≥0 V

⊗m:

δλ : t 7→ (t0, λt1, λ2t2, . . .).

Definition 37. A tensor normalization is a continuous injective map of the form

Λ : T1(V )→ {t ∈ Tr(V ) : ‖t‖ ≤ 1}, t 7→ δλ(t)t,

where λ : Tr(V )→ (0,∞) is a function.

It is possible to show that there always exists a tensor normalization, see [46,
Proposition A.2 and Corollary A.3].

Theorem 4.B.1. For any Banach space V and any admissible norm on (V ⊗m)m≥1,
there exists a tensor normalization map Λ.

For any (discrete time) path x ∈ (I → V ), S(x) takes values in T1(V ), see [131,
Theorem 3.12]. In particular, for a given tensor normalization Λ, Λ ◦ S(x) takes values
in the unit ball of the Banach space T1(V ), and therefore for any µ ∈ Meas(I → V ),
the Bochner integral Λ ◦ S(x) :=

∫
x∈V I Λ ◦ S(x)µ(dx) is well–defined. Then we may

iteratively define Λ Sr := Λ ◦ S ◦Λ Sr−1

Definition 38. We call Snr := Λ Sr the robust (or, normalized) signature map of rank
r and S̄nr := E Snr is called the robust expected signature map of rank r.

The proof of the next proposition can be found in [46, Corollary 5.7].

Proposition 4.B.3. Let V be a separable Banach space. Then S̄n1 : Meas(I → V )→
T1(V ) is injective.

For our concrete purpose in Sect. 4.4.3, we introduce the following robust signature,
which is slightly different from the one we defined above as it is not of the form Λ ◦ S.

Proposition 4.B.4. Let V be a separable Banach space. Let Φ : (I → V )→ T1(V )
be the map such that for x ∈ (I → V ),

Φ(x) = δexp(−‖S(x)‖−‖x‖∞) S(x).

Then Φ is bounded continuous and injective.
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Proof. Let 1 denote the neutral element (1, 0, . . .) in T1(V ) with respect to the tensor
product.
The boundedness of Φ is clear, because for any a ∈ [0, 1] it holds that ‖δa S(x)− 1‖ ≤
a‖ S(x)‖, inserting a = exp(−‖ S(x)‖ − ‖x‖∞) we indeed get a uniform bound for Φ.
To show the continuity of Φ, note that for xn converges to x in I → V , we have

‖Φ(xn)− Φ(x)‖ ≤‖δexp(−‖S(xn)‖−‖xn‖∞) S(xn)− δexp(−‖S(xn)‖−‖xn‖∞) S(x)‖

+ ‖δexp(−‖S(xn)‖−‖xn‖∞) S(x)− δexp(−‖S(x)‖−‖x‖∞) S(x)‖.

The first term on the right hand side converges to 0 as it is bounded by ‖ S(xn)−S(x)‖
which vanishes as n→∞ by the continuity of S; the second term on the right hand
side also tends to 0 by dominated convergence as S(x) has a factorial decay in its tail
(cf. [131, Theorem 3.1.2]). For the injectivity of Φ, let us assume that Φ(x) = Φ(y) for
x, y ∈ I → V . Using the relation that δaδb S(x) = δab S(x) for all a, b ∈ R it implies
that

δc S(x) = S(y),

where c = exp(‖ S(y)‖+ ‖y‖∞−‖ S(x)‖−‖x‖∞). Then by [78, Exercise 7.55] we have
δc(S(x)) = S(cx) = S(y). However, keeping in mind that we included time component
into the definition of S, it holds that the projection of S(cx) to the first level R⊕ V is
equal to (cT, cxT ) while the counterpart for S(y) is (T, yT ). Therefore we must have
cT = T , i.e., c = 1. Consequently it follows that S(x) = S(y) and also x = y by the
injecvitity of S (see Theorem 4.3.1).

Remark 4.B.5. Note that the injectivity of Φ depends crucially on the fact that we
include time component into the definition of signature map, and it may not be true
if one uses signature without time extension. In the latter case one has to apply the
tensor normalization introduced in [46]. Also note that we include ‖x‖∞ into the
dilation for a special technical reason, see discussion in the next section.

4.C Feature Maps, MMDs and Weak Convergence

In this Section we provide the necessary background for the robust signature map Snr
that we use to deal with non-compactness, see Section 4.3.5. Central to our argument
is to exploit a duality between functions and measures via a “universal feature map”.
In the non-compact case this duality can be subtle to handle, see [169] for an overview.
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4.C.1 Universality and Characteristicness

Definition 39. Let X be a topological space and E be a topological vector space.
We call any map Φ;X → E a feature map. Moreover, for a given topological vector
space F ⊂ RX , we say that a feature map Φ is

1. universal to F , if the map

ι : E ′ → RX , ` 7→ 〈`,Φ(·)〉

has a dense image in F , where E ′ denotes the topological dual of E.

2. characteristic to a subset P ⊂ F ′ if the map

κ : P → (E ′)∗, D 7→ [` 7→ D(〈`,Φ(·)〉]

is injective, where (E ′)∗ denotes the algebraic dual of E ′.

The following duality is a direct consequence of the Hahn–Banach Theorem, see
e.g. [46, Theorem 2.3].

Theorem 4.C.1. If F is a locally convex space, then a feature map Φ is universal to
F if and only if Φ is characteristic to F ′.

4.C.2 Robust Signature Features and their Topology

Put in our context, the feature map is the (robust) signature map Snr .

Theorem 4.C.2. Define ∆(v) := 1⊗ v + v ⊗ 1 for v ∈ V . Then (T1(V ),⊗,∆) is a
Hopf algebra and the co-domain of both the signature map S and the robust signature
map Sn1 is the set of group-like elements

G := {g ∈ T1(V ) : ∆g = g ⊗ g} ⊂ T1(V ),

that is

S, Sn1 : (I → E)→ G ⊂ T1(V ).

Moreover, both these maps are continuous and injective.

Proof. This is classical for S and follows for Sn1 by integration by parts, see [46, Sect.
5.1].

The following proposition is crucial for this present paper.
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Proposition 4.C.1. Assume that X is metrizable. Then for any continuous injective
mapping ϕ : X → V , where V is a Banach space, the map

Φ := Sn1 ◦ϕ : X I → T1(V )

is universal to Cb(X I ,R) and characteristic to Cb(X I ,R)′. In particular, two finite
regular Borel measures µ and ν on X I are equal if and only if

∫
Φdµ =

∫
Φdν.

Proof. Let x ∈ (I → X ) be a (discrete time) path taking values in X . Then ϕ ◦ x is a
(discrete time) path taking values in V . Thanks to Theorem 4.C.2 the map Φ = Sn1 ◦ϕ
is continuous and injective, and takes values in G ⊂ T1(V ). Define L := ⊕

m≥0(V ⊗m)?,
which we identify with a dense subspace of T1(V )? via `(t) = ∑

m≥0〈`m, tm〉, and
define F̃ := {` ◦ Φ : ` ∈ L}. Clearly, F̃ ⊂ F = Cb(X I ,R)′, and the injectivity of Φ
implies that F̃ separates the points in X I . Furthermore, the algebraic condition on G
implies that F̃ is closed under multiplication (when V = Rd, this is equivalent to the
shuffle product equation in [129, (2.6)]). This implies that F̃ satisfies all conditions in
[46, Theorem 2.6, (2)] and is therefore dense in Cb(X I ,R) with respect to the strict
topology by [46, Theorem 2.6]. This means that F̃ is universal to Cb(X I ,R) and
characteristic to Cb(X I ,R)′ by [46, Theorem 2.3]. The last assertion then follows
immediately.

4.C.3 Kernelized Maximum Mean Discrepancies

Following [46] we now use Sn1 to define a kernel and show that the associated Maximum
Mean Discrepancy (MMD) metrizes weak convergence when the state space V = Rd.

Proposition 4.C.2. Let V = Rd Define

k : (I → V )× (I → V )→ R, k(x, y) := 〈Sn1 (x), Sn1 (y)〉 − 1.

Then

1. k is a continuous, bounded, positive definite function.

2. k is characteristic to Cb(I → V )′.

3. the reproducing kernel Hilber space (RKHS) generated by k, Hk, is a subset the
space of all continuous functions on I → V vanishing at infinity,

Hk ⊂ C0(I → V ).
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Proof. The first statement follows immediately from Proposition 4.B.4 as Snr is a
bounded continuous mapping with values in H1(V ). To see characteristicness, note
that k(x, y) = 〈Sn1 (x) − 1, Sn1 (y) − 1〉 for 1 = (1, 0, . . .) ∈ H1(V ) the unit element.
By [46, Proposition 7.3] it then remains to show that S̃n1 (x) := Sn1 (x)−1 is characteristic
to Cb(I → V )′. However, this property is inherited from the corresponding property
of Sn1 , Proposition 4.C.1. To be precise, the construction of Sn1 ensures that Sn1 (x) is
group–like. Consequently {〈`, Sn1 (x)〉 : ` ∈ t1(V )} forms an algebra, which in turn
implies that {〈`, S̃n1 (x)〉 : ` ∈ t1(V )} is also an algebra as S̃n1 (x) coincides with S̃n1 (x) on
Π∞m=1(R⊕V )⊗m and the projection of S̃n1 (x) to (R⊕V )⊗0 ∼ R equals 0. Furthermore,
the boundedness and continuity of Sn1 ensures that {〈`, S̃n1 (x)〉 : ` ∈ t1(V )} ⊂ Cb(I →
V ); the injectivity guarantees that {〈`, S̃n1 (x)〉 : ` ∈ t1(V )} separates points; finally,
since each S̃n1 (x) contains time component exp(−‖ S(x)‖ − ‖x‖∞)T 6= 0 as we are
using time extended signature, the set {〈`, S̃n1 (·)〉 : ` ∈ t1(V )} still contains constant
functions. Hence, we can use a Stone–Weierstrass type argument as in Proposition
4.C.1, see also [46, Theorem 2.6], to deduce that S̃n1 (·) is characteristic to Cb(I → V )′.

Finally, note that for x ∈ I → V , one has lim‖y‖∞→∞ |k(x, y)| = 0, because

|k(x, y)| = |〈S̃n1 (x), S̃n1 (y)〉| ≤ ‖S̃n1 (x)‖‖S̃n1 (y)‖

= ‖S̃n1 (x)‖
∥∥∥∥δexp(−‖S(y)‖−‖y‖∞) S(y)− 1

∥∥∥∥
≤ ‖S̃n1 (x)‖ exp(−‖ S(y)‖ − ‖y‖∞)‖ S(y)‖

→ 0

as ‖y‖∞ → ∞. Hence, in view of [169, Lemma 4.1] one can conclude that Hk ⊂
C0(I → V ).

We now conclude by [169, Lemma 2.1]

Corollary 4.C.3. Let V = Rd. Then

dk(µ, ν) =
∥∥∥∥ ∫ Snr (x)µ(dx)−

∫
Snr (x)ν(dx)

∥∥∥∥ =
∥∥∥∥S̄n1 (µ)− S̄n1 (ν)

∥∥∥∥
characterizes weak convergence.
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Chapter 5

Proper Scoring Rules, Gradients,
Divergences, and Entropies for
Paths and Time Series

This chapter is based on [29] which was written with Harald Oberhauser.

We study scoring rules to assess forecasts of trajectories, given either in discrete or
continuous time. Our approach leverages the statistical framework of proper scoring
rules with classical mathematical results to derive a principled approach to decision
making with such forecasts. In particular, we introduce notions of gradients, entropy,
and divergence that are tailor-made to respect the underlying non-Euclidean structure.
This results in computable quantities and we demonstrate their efficiency in classical
inference tasks such as two-sample and independence testing.
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5.1 Introduction

Scoring rules provide a principled approach to form and evaluate probabilistic predictions.
The earliest applications go at least back to the evaluation of weather forecasts [32],
but have since then developed into a rich theoretical framework that plays a central
part in modern statistical inference. We refer to [84] and [57] for a general background.
The theoretical underpinnings of scoring rules are well-developed, but nearly all of
the literature focuses on prediction of vector-valued or scalar-valued quantities. The
aim of this article is to develop a scoring rule framework for an important class of
non-Euclidean data, namely sequential data – both in discrete and continuous time.
That is a forecaster gives us a probability measure on the space of paths (continuous
time) or sequences (discrete time) and we want to develop a scoring rule to assess
such forecasts about the future trajectory of a quantity.

The Drawbacks of Naïve Vectorization. A common approach is to flatten
sequential data into a long vector and then apply a (scoring rule) pipeline for vector-
valued data1. However, this approach has several drawbacks:

1. Irregular Sampling. Firstly, there’s trouble whenever the time series are
irregularly sampled or are of different length since this embeds the different time
series in Euclidean spaces of different dimension. Typically this is addressed by
ad-hoc approaches such as adding synthetic data, interpolation, or dropping of
data points.

2. Parametrization (in)-variance. Secondly, often the relevant information is
independent of the time-parametrization (“time-warping invariance”), at least
to a large degree; for instance, the meaning of a spoken word or an object being
filmed are both independent of how fast or slow the audio signal or video is
presented. As an example of this, in Figure 5.1 we show two different individuals
reading the same sentences. Their intonation and natural cadence are very
different resulting in clearly distinct audio samples. Semantically, these two files
are the same, they carry the same meaning. However, by identifying them as
vectors where each time sample is vector coordinate, these two sentence would
be very far apart in Euclidean metric. In fact, they are not even in the same
space since one person takes 13 seconds to complete the sentence and the other
takes 11 seconds. This is a common motivation for algorithms like Dynamic

1Given x(t1), . . . , x(tL) ∈ Rd it is flattened to the vector in RdL which has as first d coordinates
just the coordinates of x(t1) ∈ Rd, the following d coordinates are those of x(t2) ∈ Rd, etc.
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Time (s)

(a) Speaker from Glasgow, Scotland.

0 2 4 6 8 10 12
Time (s)

(b) Speaker from Yole, India.

Figure 5.1: Two speakers saying “Please call Stella. Ask her to bring these things
with her from the store: Six spoons of fresh snow peas, five thick slabs of blue cheese,
and maybe a snack for her brother Bob.”. These samples are from the speech accent
archive [201].

time warping (DTW), as it lines up the two signals in a way that is invariant
under the rhythm of the individuals speaking.

3. Continuous-TimeModels. Many models are naturally formulated in continuous
time rather than discrete time; for example, stochastic differential equations form
a popular class of models in many applications and it is unclear how to evaluate
such continuous time models in a scoring rule framework besides above naive
vectorization on a chosen time grid. Ideally, we want a scoring rule framework
that is general enough to handle both the discrete and continuous-time forecasts.
For a demonstration of how the scoring rule depends on the granularity of the
time-discretization, see Figure 5.7.

A Non-Euclidean Data Domain. For simplicity we now focus on continuous
time, since discrete time can be treated as a special case2. That is by a forecast given
observations up to time t we mean a probability measure on the space {x|x : [t, T ]→
R, x continuous,T > 0}. The latter is not a linear space since there is no natural
addition for paths on different domains, [t, T1] and [t, T2]. Even worse, as Figure 5.1
shows often one would like to forget the time-parametrization, that is identify t 7→ x(t)
and t 7→ x(ϕ(t)) where ϕ is any increasing function (a “time change”). Formally, one

2Given discrete-time observations x(t1), . . . , x(tn), we identify them as the continuous time path
constructed by piecewise linear interpolation, formally t 7→ x(ti)+ t−ti

ti+1−ti (x(t)−x(ti)) for t ∈ [ti, ti+1).
See also the end of Section 5.3 for more details.
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works with a space of equivalence classes of paths rather than paths. We refer to such
an equivalence class of paths as a track, as it is defined uniquely by the track it carves
out in the space where it evolves. The space of paths and the space of tracks are not
linear but exhibit a rich structure: any two paths (resp. tracks) can be concatenated
into one path and any path (resp. track) can be run backwards. Key to our approach
is that classic tools from pure mathematics [41] faithfully capture this Non-Euclidean
structure by turning these operations of concatenation and time-reversal into algebraic
operations. This allows us to define a scoring rule that respects this Non-Euclidean
structure. Besides probability measures on the space of paths resp. tracks one is also
interested in functions on these spaces (e.g. the running average 1

T−t
∫ T
t x(s)ds of a

path). The usual definition of differentiability does not apply due to the above lack of
linear structure. We address this by revisiting classic work of Pansu [143] which we
use to define gradients of functions of (unparametrized) paths. This gradient structure
further allows us to compute quantities associated with our scoring rule framework via
gradient descent; even in classical scoring rule framework for Euclidean data, many
quantities are typically not given in closed form, but can be found by first order
methods and the same situation arises here.

Outline. Section 5.2 recalls the basic definitions and general properties of scoring
rules. Section 5.3 contains the theoretical background; it formalizes the structure of
the spaces of paths, resp. tracks, and introduces the signature feature map. Section
5.4 uses this setting to derive natural scoring rules; we do this by leveraging that the
signature turns operations on paths and tracks into algebraic operations in feature
space. From general results, this leads to definitions of entropy, divergence, and
mutual information that – unlike the (naïve) vectorization approach outlined above –
are compatible with the structure of (probability measures) on spaces of paths and
tracks. Section 5.5 develops the concept of differentiability; since our data domain is
not Euclidean, classical differentiability does not apply but we show that so-called
Pansu differentiability leads to a natural notion of gradients. This allows us to develop
gradient descent in this context which allows us to compute many of the quantities
that arise in our scoring rule framework. Finally, Section 5.6 provides experiments
that show that despite this approach being motivated by pure maths, the resulting
quantities lead to efficiently computable quantities that show favourable performance
and are simple to use in a modular framework like any scoring rule.
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5.1.1 Related Work

One of the earliest empirical insights for time series data was that time-parametrization
(“time warping”) invariance is of key importance [159, 158]. Arguably the most popular
way to address this invariance is via the classical dynamic time warping distance
(DTW) and its many variations that introduce a distance between time series by
searching over time changes. For example, [53, 22] introduce a regularised version of
DTW, so-called soft DTW (s-DTW) which addresses the fact that the DTW distance
is not differentiable, making it viable for use in deep learning pipelines. In the process
of doing so it loses the invariance that DTW enjoys and introduces a trade-off of
smoothness versus invariance. Another drawback is that that DTW computations
scale quadratically in the number of sequence entries and this makes it too expensive
for many sources of high-frequency data. In contrast, our distance can be computed
in linear time for the price of higher complexity in the state space dimension. A
more general point is that DTW and its variations do not aim to provide the full
forecasting framework of scoring rules (divergence between measures, entropy, mutual
information of time series); further, although DTW approaches successfully deal with
time-parametrization, they ignore other structural properties such as concatenation
and reversal of times series.

Another directly related approach is kernel learning. Any kernel k : X × X →
[0,∞) with reproducing kernel Hilbert space Hk induces a scoring rule by setting
s(x, µ) := ‖δx − µ‖2

Hk
where ‖µ‖2

Hk
=
∫ ∫

k(x, y)µ(dx)µ(dy), see [84, Section 5] and
several kernels for sequences have been developed in the literature. Most relevant to
our approach is the “signature kernel” introduced in [113]. However, for any scoring
rule given by a kernel, the (generalized) divergence becomes simply the maximum
mean discrepancy and the entropy simply the variance in the RKHS Hk. While kernels
give rise to a powerful class of scoring rules, the success and popularity of non-kernel
based scoring rules on X = Rn is motivation enough to look for other interesting,
non-linear scoring rules.

The technical key to our approach comes from mathematics where iterated integrals,
so-called signatures, and non-commutative algebras are use to represent paths. This
goes at least back to seminal work of Chen [41] in algebraic topology and subsequent
applications in control theory [71, 34] and more recently rough path theory [129].
These results have been influential in stochastic analysis [131, 76] and only more
recently have been started to be explored in a statistical and machine learning context.
We mention pars-pro-toto [144, 46, 28] for inference about laws of stochastic processes;
[113, 160, 67] for kernel learning; [190, 62, 121] for Bayesian approaches; [140, 19, 110]
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for generative modelling; [83, 119, 45] for applications in topology; [59, 60, 189] for
algebraic perspectives.

Finally, we mention that the two topics that are central to us – invariances and
non-Euclidean structure – have been considered in different contexts in scoring rule
frameworks. For example, [70] studies equi- and in-variances for scoring rules for
Euclidean data; non-vector valued data such as sets, contours, intervals, and quantiles
have received attention [25, 134, 69].

5.2 Proper Scoring Rules, Entropies, and Divergences

We briefly recall general background on scoring rules following closely the notation in
[57], see also [84, 56, 95, 91]. Let X be a measurable space (the outcome space), A be
a set (the action space), and L : X ×A → R be a function (the loss function). Further,
let X be a X -valued random variable. We consider the following game between a
Decision-maker and Nature: the task of the decision maker is to choose an action
a ∈ A, after which Nature reveals the outcome x ∈ X that is given by sampling X.
The decision maker then suffers the loss L(x, a).

Given a set P of probability measures on X , a principled probabilistic (Bayesian)
approach to this decision problem is to proceed as follows:

1. Associate with every µ ∈ P its Bayes act aµ ∈ A defined by

aµ := arg min
a∈A

EX∼µ[L(X, a)]

(assuming that a minimum exists; if it is not unique, choose aµ arbitrary among
the minimizers).

2. Use the Bayes act aµ to define the scoring rule s : X × P → R on X given by

s(x, µ) := L(x, aµ), (5.1)

3. Use the scoring rule s to define the (generalised) entropy H, the (generalised)
divergence d : P×P → R, and the (generalised) mutual information I : P×Q →
R as

H : P → R, µ 7→ EX∼µ[s(X,µ)],

d : P × P → R, (ν, µ) 7→ EX∼ν [S(X,µ)]−H(ν),

I : P ×Q → R, (µ, ν) 7→ H(µ)− EU∼ν [H(µ|U)].

where Q denotes a space of probability measures (not necessarily on X ) and
µ|U denotes the law of µ conditioned on the random variable U .
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Table 5.1: Table of symbols used.

Symbol Meaning Page
Scoring rules

X a measurable space 169
A any set representing an action space 169
L a loss function A×X → R 169
P ,Q a set of probability measures 169
aµ the Bayes’ act in A associated to the measure µ 169
s(·, ·) a scoring rule X × P → R 169
H(·) the generalised entropy P → R associated to a scoring rule 169
d(·, ·) the generalised divergence P × P → R associated to a scoring rule 169
I(·, ·) the generalised mutual information P ×Q → R 169

Tensors and Paths

⊗ denotes the tensor product between vector spaces and their elements 171
H the tensor algebra equipped with its Hilbert space norm. 172
Paths the space of paths. 174
Tracks the space of unparametrised paths. 173
Φ the feature map Tracks→ H. 173
exp(·) the tensor exponential exp(v) := (1, v, v⊗2

2! , . . .) ∈ H. 177
α the antipode H → H. 180
G the set of grouplike elements in H. 177
H? the elements in H starting with a 1. 179
L a convex function H → R with a unique minimum at the unit 179
Lleft the map Tracks×H? → [0,∞), (x,m) 7→ L(m−1Φ(x)) 179

Operations on Measures and Paths

x,y Two paths 174
µ, ν probability measures in P 169, 171
x ? y The concatenated path of x and y 174
←−x The reverse path of x 174
µ ? ν The law of the concatenated paths of x ? y where x ∼ µ,y ∼ ν 180
←−µ The law of ←−x where x ∼ µ 180
⊥⊥ denotes independence between two measures 171
µ|ν denoted the measure µ conditioned on ν 169
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The above definitions and nomenclature is justified as follows: firstly, it is an instructive
exercise to check that for standard choices of state space X , action space A, and loss
function L, the above reduce to classical definitions of entropy, divergence and mutual
information (e.g. ifA is the set of densities on Rn then the log score L(x, a) := − log a(x)
from [86] yields the usual Shannon entropy, Kullback-Leibler divergence); see [57] for
more examples. Secondly, Theorem 5.2.1 below shows that characteristic properties
hold in the full generality of the above setup:

Theorem 5.2.1 ([57]). Let X , A, and L be as above. Further, denote with H, I, and
d the associated (generalized) entropy, mutual information, and divergence. Then

1. the scoring rule (5.1) is proper, that is

µ 7→ EX∼ν [s(X,µ)]

is minimized at µ = ν.

2. µ 7→ H(µ) is concave,

3. (ν, µ) 7→ EX∼ν [s(X,µ)] is affine in ν for every µ,

4. d(µ, ν) ≥ 0 with equality for µ = ν,

5. I(µ, ν) ≥ 0 with equality for µ ⊥⊥ ν.

Different applications areas demand different scoring rules. Classical choices for
the Euclidean case X = Rn are besides the already mentioned log score, the Brier
score, the Tsallis score, the Bregman score, the Hyvärinen score, etc.; see [57] for
details. The aim of the remainder of this article is to study the case when X is a
space of paths or a space of equivalence classes of paths (under reparametrisation).

A Toy Example: From Feature Maps to Bayes Actions. To motivate our
scoring rule for paths let us first revisit the vector-valued case, X = Rn. To arrive
at a proper scoring rule, the space of Bayes actions A should be large enough to
characterize any (sufficiently nice) probability measures on X = Rn. A classic way to
characterize a probability measure, is to consider the sequence of moments,

(1,E[X],E[X⊗2],E[X⊗3], . . .) (5.2)

that is, E[X] is the mean vector, E[X⊗2] is the covariance matrix, etc. (We tacitly
assume that the sequence of moments is well-defined and decays quickly enough so
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that it characterizes the measure, see Remark 5.2.1). The sequence (5.2) is an element
of the set

H :=
∏
m≥0

(Rn)⊗m (5.3)

of sequences of tensor of increasing degree m. In fact, this set H forms a vector space
by element-wise addition of tensors of the same degree. We define the “feature map”

ϕ : Rn → H, x 7→ (1, x, x⊗2, . . .). (5.4)

With the above notation, the moment sequence (5.2) is simply the mean of ϕ(X),

E[ϕ(X)] = (1,E[X],E[X⊗2],E[X⊗3], . . .) ∈ H

Using a well-known characterization of the mean as minimizer of a quadratic we can
introduce the loss function

L(x, a) := ‖ϕ(X)− a‖2,

where A is taken to be all of H, which associates with a probability measure µ on Rn

the Bayes action

aµ ≡ E[ϕ(X)] ≡ argmin
a∈H

E[L(X, a)].

It follows from general principles that the resulting scoring rule on the state X = Rn

and action space A = H,

s(x, µ) = L(x, aµ)

is proper. Despite the elementary nature of this example it gives us a simple way to
associate with any “feature map” ϕ a Bayes action and a scoring rule. Already simple
variations lead to interesting research questions: for example, if the quadratic loss
function is replaced by the absolute value, one ends with medians of moment as Bayes
action and many other choices are possible. Such questions fall under the framework
of “elicitation” of properties of probability measures with scoring rules which is an
active research area, already in the classical vector-valued (even scalar) case; see [161]
and [1, 178, 79] for some of the recent advances.

Remark 5.2.1. The question which probability measures on Rn are characterized by
the moment sequence (5.2) is classical but quite subtle in general. But for compactly
supported measures this trivially holds. Our focus will soon shift to probability
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measures on pathspace but since spaces of paths are generically not even locally
compact, compactness is a too strong assumption; in fact, important examples of
measures on pathspace such as geometric Brownian motion are not characterized by
their “signature moments” that we will use in Section 5.3 and Section 5.4. However,
one can replace the moment sequence (5.2) by a normalized moment sequence that
characterizes any probability measure on Rn and this extends to path space and
signature moments, see [46] for details. Hence, for simplicity, we assume throughout
that the probability measures are characterized by their expected feature map (since
this is possible by a slight modification of the feature map).

5.3 Structure of the Space of (Unparametrized)
Paths

The toy example in Section 5.2 uses the feature map ϕ : Rn → H, equation (5.4), to
construct scoring rules on Rn. Our aim to follow the same approach by replacing Rn

with the space of paths resp. tracks, hence we need a feature map defined on these
domains. Seminal work of Chen [41] provides exactly such a generalization of ϕ; it
shows the existence of a “feature map”

Φ : Tracks→ H, x 7→ Φ(x)

The co-domain H is the same as for ϕ. In the rest of this section we formally introduce
the spaces Tracks and Paths, show how Φ faithfully represent elements of Tracks as
elements of H and turns concatenation and reversal into algebraic operations in H.
Finally, we discuss why one can without loss of generality work on Tracks rather than
Paths and in continuous time rather than discrete time.

Readers with less interest in the mathematical background might want to skip this
section but have a brief look at Theorem 5.3.1 that formalizes how Φ represents tracks
as elements of H and how it respects the operations of concatenation and reversal by
turning them into the algebraic operations of multiplication and inversion.

The Domain of Paths. A bounded variation path3 x in Rn is a continuous map

x : [0, T ]→ Rn such that ‖x‖ := sup
(t1,...,tL):0≤t1<...<tL<T

∑
‖x(ti+1)− x(ti)‖ <∞.

3For simplicity we focus on (equivalence classes of) bounded variation paths but all the results
immediately extend to paths with much less regularity such as trajectories of stochastic differential
equations or (fractional) Brownian motion by replacing the iterated Riemann–Stieltjes integrals by
stochastic integrals or rough path integrals [129]
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For a, b ∈ Rn we denote with Paths(a, b) the set of all continuous bounded variation
paths that start at a and end in b,

Paths(a, b) := {x|x : [0, T ]→ Rn is of bounded variation, T > 0,x(0) = a,x(T ) = b}.

and by

Paths :=
⋃

a,b∈Rn
Paths(a, b)

the set of all bounded variation paths in Rn. Although Paths is not a linear space, it
has a rich structure given by concatenation and time reversal. Informally, this says
that if one can go from a to b and from b to c then one can go from a to c and that
if one can go from a to b then one can go from b to a. Formally, concatenation and
reversal are defined as

1. For x ∈ Paths(a, b), y ∈ Paths(b, c), their concatenation x ? y ∈ Paths(a, c) is
defined by

(x ? y)(t) :=

x(t), if t ∈ [a, b]
x(b)− y(b) + y(t), if t ∈ [b, b+ c]

2. for any x ∈ Paths(a, b) there exists an inverse path ←−x ∈ Paths(b, a) defined as

←−x (t) := x(b− t).

The Domain of Tracks As discussed above, often we want to ignore the time
parametrization, hence the fundamental object we care about is not the set of paths
but equivalence classes of paths. It turns out that is useful to work with slightly more
general equivalence relation, namely that of tree-like equivalence ∼. We define

Tracks(a, b) := Paths(a, b)/∼, and Tracks := Paths /∼

With slight abuse of notation, we use the same notation x for an element of Paths and
an element of Tracks but emphasize that an element x ∈ Tracks is a whole equivalence
class of paths. We give the precise definition of the equivalence relation ∼ in Appendix
5.A and only note here that if two paths x : [0, T ] → Rn,y : [0, S] → Rn differ by
time-parametrization, that is x(t) = y(ϕ(t)) for every t and an increasing function
ϕ : [0, T ]→ [0, S], then x ∼ y. However, in addition to time parametrization, tree-like
equivalence also identifies paths that backtrack all their excursions, see Appendix
5.A. We invite readers to think of elements of Tracks like animal tracks in nature:
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they provide shape and direction but not the speed at which the track was made.
In particular, we note that the above operations of concatenation and reversal are
well-defined for the elements of Tracks; after all, they do not depend on the time-
parametrization. So again, with slight abuse of notation we have concatenation and
reversal map,

? : Tracks(a, b)× Tracks(b, c)→ Tracks(a, c) and ←−• : Tracks(a, b)→ Tracks(b, a).

The co-domain H. Our first encounter of H was in Section 5.2 as the state space
of the moment map (5.3). However, a more abstract way to introduce is by identifying
it as the free algebra over Rn. Informally, this means we want to keep the vector space
structure of Rn but we also would like to have a multiplication and do this in the most
general way possible. Formally, this means H is the free algebra over Rn. Despite
this abstract characterization as a free object, the space Hn has a very concrete form
which we will take as its definition,

H :=
∏
m≥0

(Rn)⊗m := {t = (t0, t1, t2, t3, . . .) : tm ∈ (Rn)⊗m}.

(one can then directly verify that this indeed is the free algebra, see [152]. That
is, an element t of H is sequence of tensors (t0, t1, t2, . . .) of increasing degree m
where by convention (Rn)⊗0 = R. The vector space structure of H is simply given as
element-wise addition: addition of s, t ∈ H is defined as

s + t = (s0 + t0, s1 + t1, . . .)

and their multiplication is defined by (s · t)m = ∑
k sk ⊗ tm−k, i.e

s · t := (1, s1 + t1, s2 + s1 ⊗ t1 + t2, . . .)

where ⊗ denotes the usual tensor (outer) product. Like matrix multiplication, this
multiplication is associative but in general not commutative, s · t 6= t · s and it has as
multiplicative unit (1, 0, . . .) ∈ H,

t · (1, 0, 0, . . .) = (1, 0, . . .) · t = t.

The existence of a unit for multiplication naturally leads to the question of the existence
of inverses, that is for t ∈ H can one find another element in H, denoted by t−1 ∈ H,
such that

t · t−1 = t−1 · t = (1, 0, 0, . . .).
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This is true whenever t0 6= 0, and moreover, t 7→ t−1 has the explicit formula

t−1 = 1
t0

{ ∑
m≥0

(1− 1
t0

t)⊗m
}
.

For the rest of this paper, H will be equipped with its l2 norm, so that if t =
(t0, t1, t2, t3, . . .) ∈ H, then

‖t‖2 = ‖t0‖2
R + ‖t1‖2

Rn + ‖t2‖2
Rn⊗Rn + · · ·

Note that this makes H into a separable Hilbert space and a Banach algebra.

The Feature map Φ : Tracks→ H.

Definition 40. For x ∈ Paths, x : [0, T ]→ Rn define∫
dx⊗m :=

∫
0≤t1<···<tm≤T

dx(t1)⊗ · · · dx(tm) =
∫

ẋ(t1)⊗ · · · ẋ(tm)dt1 · · · dtm.

It is known that if two paths x,y ∈ Paths are tree-like equivalent, x ∼ y, then∫
dx⊗m =

∫
dy⊗m for every m ≥ 0, see [97]. In fact, for the case of reparametrization

x(t) = y(τ(t)) this follows immediately from the change of variables formula. With
slight abuse of notation we now define

∫
dx⊗m for x ∈ Tracks.

Definition 41. For x ∈ Tracks, define∫
dx⊗m :=

∫
dx⊗mpath

where xpath ∈ Paths is in the equivalence class of x and
∫
dx⊗mpath is as in Definition 40.

By [97]
∫
dx⊗m for x ∈ Tracks is well-defined in the sense that the choice of xpath

does not matter. We refer to the resulting map as the signature map (this is also
known as the Chen–Fliess series or chronological exponential).

Definition 42. We call

Φ : Tracks→ H, x 7→
(∫

dx⊗m
)
m≥0

the signature map.

A well-known key property of the map Φ is that concatenation and reversal in
Tracks correspond to multiplication and inversion inH. Further, the map Φ is universal
(up to fixing the starting point of the track, which is why we fix the starting point
a ∈ Rn and restrict to the domain ⋃b∈Rn Tracks(a, b)) in the sense that it linearizes
continuous functions on Tracks. We summarize all this in Theorem 5.3.1 below.

176



Theorem 5.3.1. For every a ∈ Rn the map

Φ :
⋃
b∈Rn

Tracks(a, b)→ H, x 7→
(∫

dx⊗m
)
m≥0

is injective and

1. Φ(x ? y) = Φ(x) · Φ(y)

2. Φ(←−x ) = Φ(x)−1

3. for every f ∈ C(Tracks,R), ε > 0 there exists a linear functional ` ∈ H? such
that

|f(x)− 〈`,Φ(x)〉| < ε

uniformly in x on compacts.

Proof. This is a folk theorem in algebraic topology and control theory; see [41] and [71].
What is less standard is that we use the treelike equivalence from ∼ from [97].

Remark 5.3.1. The space H ≡ ∏
m≥0(Rd)⊗m is graded by the tensor degree m, and

Φ(x) ≡ (
∫
dx⊗m)m≥0 decays factorially in m, that is

‖
∫
dx⊗m‖ ≤ ‖x‖

m

m!
(on the right hand side ‖ • ‖ denotes the bounded variation (semi-)norm, on the
left-hand side it denotes the norm on (Rd)⊗m). Hence, in practice one only needs to
compute the first M iterated integrals of Φ(x). For piecewise linear tracks x ∈ Tracks
– which is how we identify time series – the first M entries of the map Φ(x) can be
computed in O(LdM) computational steps: if a track is given by piecewise linear
segments v1, . . . , vL ∈ Rn then(∫

dx⊗m
)
m∈0,1,...,M

= exp(v1) · · · exp(vL),

where exp(v) := (1, v, v⊗2

2! , . . .) ∈ H. Hence, for a low dimensional state space, the
map Φ(x) can be approximately in time that scales linearly in the length of the path.

A Group G ⊂ H. Our feature map Φ injects a track into the linear space H. It
turns out the domain of Φ has more structure, namely it takes values in subset G ⊂ H
that forms a group G. In Theorem 5.3.1 we have seen that path inversion corresponds
to an “inverse” in H, formally Φ(←−x ) = Φ(x)−1, and this inverse operation is exactly
the group inverse. Much more can be said about this group structure; however, since
this only plays a role in some of our proofs, we give details in Appendix 5.D.
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From Discrete Time to Continuous Time. This section has so far focused on
paths [resp. tracks], that evolves [resp. equivalence classes of evolutions] in continuous
time x : [0, T ]→ Rn. However, in practice one typically has only access to a discrete
time observations x(t1), . . . ,x(tL) ∈ Rn along some grid 0 ≤ t1 < · · · < tL ≤ T , that
is a time series. Any time series can be identified as the piecewise linear path, for
example by piecewise linear interpolation

t 7→ x(ti) + ti − t
ti+1 − ti

(x(ti+1)− x(ti)) for t ∈ [ti, ti+1)

and hence also as an element of Tracks after forgetting about the parametrisation.
In principle, other interpolations such as splines are possible but piecewise linear
interpolation is arguably the most canonical without any prior knowledge about the
underlying path regularity or behaviour in between time samples; we discuss this in
more detail in Appendix 5.E where we also give a numerical experiment about the time
discretization. Working in continuous time when the original data is discrete might
look cumbersome and unnecessary at first sight but it has several advantages: Firstly,
all time series are embedded into the same space Paths respectively Tracks, even if
the sample grid t1 < · · · tL varies from time series to time series, which would not be
the case if one identifies time series as vectors. Secondly, this ensures consistency in
terms of high-frequency limits when the grid gets finer, that is sup |tmi+1 − tmi | → 0
as m→∞ for a sequence (tmi )i=1,...,Lm . Finally, many popular models are naturally
formulated in continuous time rather than discrete time.

From Tracks to Paths. Our guiding philosophy is that the fundamental object
is the set Tracks rather than the set Paths since the former allows us to ignore the
time parametrization; since any continuous function τ : [0, T ]→ [0, T ′] can be used
to reparametrize a path t 7→ x(t) to t 7→ x(τ(t)), working with Tracks factors out a
large class of invariances. Nevertheless, for certain applications the parametrization
matters – at least to a certain degree. However, this can be easily addressed by adding
time as an additional coordinate: to emphasize the dimension n of the state space Rn

in which the paths evolve we write Pathsn (instead of just Paths that we used until
now); similarly Tracksn for the set of equivalence classes of Pathsn. Given x ∈ Pathsn
we embed

Pathsn ↪→ Pathsn+1, x 7→ (t 7→ (t,x(t))) .

That is a path evolving in Rn is turned into a path in Rn+1 by simply adding an
additional coordinate that is time itself. This makes the parametrization part of the
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“shape” of the trajectory which in turn is exactly the information that distinguishes
tracks, hence

Pathsn ↪→ Tracksn+1 .

This injection shows that any scoring rule for tracks induces a scoring rule for paths.

5.4 Scoring Rules For Tracks and Paths

Motivated by the toy example in Section 5.2 with the feature map ϕ for data in Rn,
we now follow the analogous reasoning on the space Tracks by using the feature map
Φ. Recall that in the toy example in Section 5.3, a scoring rule on Rn was defined via
the loss function ‖ϕ(X)−m)‖2. Section 5.3 showed that Φ takes values in a subset of
H that forms a group. This motivates us to

replace the additive inverse in ϕ(X)−m by the group inverse to get Φ(X)m−1

to define a loss function and subsequently a scoring rule on Tracks. Our first main
result Theorem 5.2.1 shows that this is indeed the case and we arrive at a scoring
rule that respects the natural operations on Tracks. Consequences of this result
are Proposition 5.4.1 and Corollary 5.4.2 which show how the associated entropy is
invariant to time-reversal and behaves under conditioning on the past.

A Scoring Rule for Tracks.

Definition 43. Let L : H → R be convex with a unique minimum at the unit
(1, 0, 0, . . .) of G. Define the left loss function as

Lleft : Tracks×H? → [0,∞), (x,m) 7→ L(m−1Φ(x)).

where we denote4 H? := {t ∈ H : t0 = 1}. Following step (1) from the scoring rule
framework of Section 5.2, the left Bayes’ act is defined as

aleft
µ := argmin

m∈H?
E[Lleft(m,X)].

Following step (2) yields the proper scoring rule

sleft(x, µ) := E[Lleft(aleft
µ ,x)].

4The reason to introduce H? is that unlike H, it is a group while also convex as a subset of H in
addition to being topologically closed (unlike the set of invertible elements of H). These turn out to
be a very useful properties. The following inclusions hold G ⊆ H? ⊆ invertible elements of H ⊆ H.
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Following step (3) yields the (generalised) entropy, divergence, and mutual information

H left(µ) := EX∼µLleft(aleft
µ ,X)

dleft(ν, µ) := EX∼ν

[
Lleft(aleft

µ ,X)− Lleft(aleft
ν ,X)

]
I left(µ, ν) := H(µ)− EU∼ν [H(µ|U)]

on the output space X = Tracks and the action space A = H?. Analogously we define
the right loss function Lright(x,m) := L(Φ(x)m−1), right Bayes act aright

µ and right
scoring rule sright(x, µ) as well as right entropy, divergence, and mutual information.

To sum up, Definition 43 provides us with a a scoring rule sleft, an entropy H left,
a divergence dleft, and mutual information I left on the space of Tracks. Our main
theoretical results, Theorem 5.4.1, Proposition 5.4.1, and Corollary 5.4.2 show that
this scoring rule framework indeed respects the underlying structure of Tracks, in
particular concatention and reversal.

Theorem 5.4.1. Let the output space be X = Tracks, the action space A = H? and

Lleft : Tracks×H? → [0,∞) resp. Lright : Tracks×H? → [0,∞)

the loss functions from Definition 43. The following properties hold

1. If L is coercive, that is L(t) → ∞ whenever ‖t‖ → ∞, then for any Borel
measure µ such that L is µ-integrable, both aleft

µ and aright
µ exist. If L is strictly

convex, then they are unique.

2. If µ = δx then aright
µ = aleft

µ = Φ(x)

3. The Bayes’ acts satisfy

aleft
ν?µ|ν = ν(Φ)aleft

µ|ν

aright
µ?ν|ν = aright

µ|ν ν(Φ)

where ν(Φ) denotes the pushforward measure of ν under Φ and by µ ? ν|ν we
denote the law of X ?Y|Y where Law(X) = µ and Law(Y) = ν.

4. There exists a linear map α : H → H that is explicitly defined in Appendix 5.D
such that if L satisfies L(t) = L(α(t)), then

aright
←−µ = α(aleft

µ ), aleft
←−µ = α(aright

µ )

where ←−µ denotes the measure µ given by running samples from µ backwards in
time5

5Formally, if X ∼ µ then ←−µ is defined as the law of time-reversed ←−X.
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Before we give a proof, let us informally describe the content of Theorem 5.4.1.
Item 1 and item 2 simply guarantee that under general conditions, the Bayes acts exist
and behave as one would expect. Item 3 shows that conditioning on the trajectory
observed in the past, turns into an algebraic operation on the Bayes’ act. This is not
only encouraging from a purely mathematical point but we also use this below to
prove that entropy, mutual information, and divergence behave well under operations
on tracks. Finally, item 4 formalizes that the choice between sleft or sright is only a
matter of convention of whether we choose to run forwards or backwards in time
(which we have in mathematics but apparently not in life) and that a well-defined
algebraic operation α allows to switch between these two points of view.

Proof of Theorem 5.4.1. We give the proofs for the right Bayes’ act as the proofs for
the left Bayes’ act is similar.

(1)
Fix some measure µ on X and define the map ψ : Gn → R by

ψ(x) = EµL(Φ(X)x).

We want to show that ψ is convex, coercive and lower semicontinuous on (Hn, ‖·‖), as
this guarantees the existence of a minimiser. This is because the unit ball of (Hn, ‖·‖)
is weakly compact, hence we could choose some weakly compact and convex set C
such that ψ(x) > M outside of C, and since ψ is lower semicontinuous it is also
weakly lower semicontinuous, and therefore since it is convex it achieves a minimum
on C which must be a global minimum. Note that its minimiser must be (aright

µ )−1. It
follows that if ψ is strictly convex, then the minimiser is unique. Note that if L is
(strictly) convex, then

ψ(1
2x+ 1

2y) = EµL(1
2Φ(X)x+ 1

2Φ(X)y) ≤(<) 1
2EµL(Φ(X)x) + 1

2EµL(Φ(X)y)

= 1
2ψ(x) + 1

2ψ(y)

hence ψ is also (strictly) convex. Since (H, ‖·‖) is a Banach algebra, we know that for
any t, s ∈ H ‖t · s‖ ≤ ‖t‖ · ‖s‖. By taking multiplicative inverses, this implies that

‖t · s‖ ≥ 1
‖s−1‖

‖t‖.

for any invertible element s. As µ is Borel, and Hn is a Polish space, µ is a Radon
measure by [24, Theorem 7.1.7] and we may choose a compact set C such that
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P(X /∈ C) ≤ ε, and define M to be supX∈C‖Φ(X)−1‖. Then on C, ‖Φ(X)x‖ ≥ 1
M
‖x‖,

and since

ψ(x) = EµL(Φ(X)x) ≥ Eµ|CL(Φ(X)x)

and L is coercive, so is ψ.
To see that ψ is lower semicontinuous, note that for a sequence xk → x

lim inf
k
ψ(xk) = lim inf

k
EµL(Φ(X)xk) ≥ EµL(Φ(X)x) = ψ(x)

by Fatous Lemma, the assertion follows.
(2) Since L is minimised at the unit it is clear that for µ = δx, aleft

µ = aright
µ = Φ(x)

is optimal since (aleft
µ )−1Φ(x) = Φ(x)(aright

µ )−1 = 1.
(3) For Y ∼ ν we have

aright
µ?ν|ν :=argmin

m∈T(Rn)
EX∼µ

[
L(Φ(X ?Y)m−1)|Y

]
=

argmin
m∈T(Rn)

EX∼µ
[
L(Φ(X)Φ(Y)m−1)|Y

]
=

argmin
mΦ(Y)−1∈T(Rn)

EX∼µ
[
L(Φ(X)m−1)|Y

]
:= aright

µ|Y Φ(Y).

(4) If L satisfies L(t) = L(α(t)), then

aright
←−µ :=argmin

m∈T(Rn)
EX∼←−µL(Φ(X)m−1) =

argmin
m∈T(Rn)

EX∼µL(α(Φ(X))m−1) =

argmin
m∈T(Rn)

EX∼µL(α(m−1)Φ(X)) := α(aleft
µ ).

Entropy, Divergence, and Mutual Information on the Space of Tracks.
We now focus on the (generalized) entropy, divergence and mutual information for
probability measures on tracks that results from Definition 43.

Proposition 5.4.1. For any two probability measures µ and ν on Tracks it holds that

1. H left(µ ? ν|µ) = H left(ν|µ) and Hright(µ ? ν|ν) = Hright(µ|ν)

2. If L satisfies L(t) = L(αt), then

Hright(µ) = H left(←−µ ),

dright(ν, µ) = dleft(←−ν ,←−µ ),

Iright(µ, ν) = I left(←−µ , ν)
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Proof. (1)

H left(µ ? ν|µ) = EX∼µ?ν|µL((aleft
µ?ν|µ)−1Φ(X))

= EX∼ν|µL((aleft
ν|µ)−1ν(Φ)−1ν(Φ)Φ(X)) = H left(ν|µ).

(2)

EX∼νL(Φ(X)(aright
µ )−1) = EX∼νL(α(aright

µ )−1αΦ(X)) = EX∼←−ν L((aleft←−µ )−1αΦ(X)).

The other equalities follow.

Corollary 5.4.2. If L satisfies L(t) = L(α(t)) and a measure µ is reversible, that is,
µ and ←−µ are equal up to their starting distribution, then

Hright(µ) = H left(µ).

Remark 5.4.1. An alternative to using the group structure in Definition 43 of the Bayes
act is to use that the group G is embedded into the linear space H and use this linear
structure. That is, we define a Bayes act as aµ := argminm∈T(Rn) EX∼µ[L(Φ(X)−m)2].
It is easy to show that this gives a proper scoring rule and that aµ = E[Φ(X)]. However,
this scoring rule relies on the embedding of the group into its ambient vector space and
does not account for or respect the group structure. Moreover, the resulting divergence
and entropy reduce to just the Euclidean distance and usual variance. The same
remark extends to (signature) kernel based scoring, where linear methods are used in
an RKHS; see the discussion about non-kernel based scoring in the introduction.

5.5 Gradient Descent on the Space of Tracks

Given a smooth function f : Rn → R, the simplest update rule for gradient descent is

xi+1 = xi − η∇f(xi) (5.5)

and under additional regularity of f , the resulting sequence (xi)i ⊂ Rn converges to
a minimizer of f . Our interest lies minimizing functions f : Tracks → R but since
Tracks is not a linear space, classical gradient descent can not be applied. However,
we have seen that Φ provides an isomorphism between the space of tracks and the
subset G of H that forms a group (up to forgetting the starting point of the track)

Tracks ' G
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Hence, the minimization problem of a function f of tracks can be re-formulated as
a minimization problem of a function F = F (g) := f ◦ Φ−1(g) on the free group G.
That is, the general problem we try to solve is to find

argming∈G F (g) for F : G→ R

for any F in class of sufficiently “smooth” real-valued functions on G.
There have been many attempts to generalize gradient descent to non-linear

domains. Arguably the case of Riemannian manifolds [26] is the most well-developed
among these. However, the group G does not come with a Riemannian structure (to
wit, only a Sub-Riemannian structure [135]). We follow here a somewhat different
approach based on seminal work of Pierre Pansu [143] that directly uses the group
structure to define gradients. We show that this gradient in turn allows us to give a
straightforward generalization of the gradient update rule (5.5) from Rn to G, so that
the resulting sequence (gi)i ⊂ G converges to the minimizer.

Pansu Gradients. The gradient ∇f(x)(·) of a function

f : Rn → R

at a point x is a linear functional of Rn that can be defined as the limit

∇f(x)(h) := lim
h→0

f(x+ λh)− f(x)
λ

.

Identifying Rn as a the additive group (Rn,+) one can regard the difference quotient
that appears in the limit as applying to the group operation to x and λh. Hence, if we
have also have a generalization of the multiplication with the scalar λ, then the above
difference quotient makes sense for other groups. To formalize scalar multiplication, it
turns out that the right notion is that of a Carnot group: a Carnot group is a Lie
group C that carries a left-invariant geodesic distance dist : C × C → [0,∞) and for
each λ > 0 a bijection

δλ : C → C such that dist (δλ(g), δλ(h)) = λ dist (g, h) .

However, our focus is on the free group G and here the scaling δλ by a scalar λ > 0
has an explicit form

Proposition 5.5.1. The group G ⊂ H equipped with the geodesic distance and

δ : λ×G→ G, δλg = δλ(1, g1, g2, g3, . . .) = (1, λg1, λ
2g2, λ

3g3, . . .).

forms a limit of Carnot groups.
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We now have all we need to define the (Pansu) gradient. We denote by G? the
topological dual of G.

Definition 44. Let f : G→ R. We define Df : G→ G? as

Df(g)h = lim
λ↓0

f(gδλh)− f(g)
λ

whenever this limit exists and call Df(g)h the Pansu derivative of f at g in direction
h. If f has a Pansu derivative for all g ∈ G then we say that f is Pansu differentiable.
Analogous we define the spaces Ck(G,R) of k-times Pansu differentiable functions.

The Pansu gradient behaves very similar to the classic linear gradient. For example,
for the proof of convergence of gradient descent on G we make use of the following
“Taylor expansion”.

Lemma 5.5.2. If f ∈ C3(G,R), then

f(gh) = f(g) +Df(g)h1 + 1
2D

2f(g)h2 +O(‖h3‖)

Proof. Consider the function A : R→ R

A(λ) = f(gδλh)

then A is C3 and by a (classical linear) Taylor expansion we may write

A(1) = A(0) + Ȧ(0) + 1
2Ä(0) +O(‖A(3)(0)‖)

which translates into the asserted equation since h⊗n is contained in hn.

Remark 5.5.1. A popular approach to differentiating functions of paths is to use
a Frechet derivative as used in Malliavin calculus, i.e. one identifies the space of
paths as a linear space, see [37]. However, the above Pansu derivative is of a very
different nature and – by construction – respects the non-Euclidean structure of paths
resp. tracks.

Gradient Descent on G. The idea of gradient descent to take a step in a direction
that minimises f in a neighbourhood Bh. In our (Lie) group G, a natural choice is
to choose some vector v ∈ Rn and use an exponential neighbourhood geηv of g ∈ G
where exp denotes the exponential from Lie algebra to Lie group. Hence, the question
becomes how choose v to minimise f(geηv). To do so, note that

f(geηv) = f(gδηev)
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whenever v ∈ Rn. Now using Lemma 5.5.2 shows

f(gδηev) = f(g) +Df(g)eηv1 + η2 = f(g) + ηDf(g) · v + η2.

This suggest that the direction of steepest descent in the exponential neighbourhood
is indeed given by the Pansu derivative (here we identify G? with G as G is embedded
into the Hilbert space H).

v = −Df(g).

This leads to the following geometric descent rule

gi+1 = gie
−ηDf(gi). (5.6)

As for classic gradient descent, we need a notion of convexity to guarantee convergence
to a minimum. Notions of convexity on the group G and their relation to the Pansu
derivative are a well-studied topic and we refer to [55] for background.

Definition 45. We say that a function f : G→ R is geometrically convex if

f(gδλ(g−1h)) ≤ (1− λ)f(g) + λf(h)

for any 0 ≤ λ ≤ 1.

As in the linear case, one can show that if f : G→ R is geometrically convex and
C2, then D2f(g) is positive definite everywhere. However, D2f is not symmetric in
general unlike in the linear case. Putting everything together allows us to mimic the
convergence proof of gradient descent in linear spaces which ultimately justifies the
above informal derivation of the update rule.

Theorem 5.5.1.

1. The geometric update rule is transitive, that is, one may go from any point in
the group to any other point using updates of the form (5.6).

2. If f is geometrically convex and bounded from below with bounded second Pansu
derivatives, then for η sufficiently small the sequence in Equation (5.6) converges
to a minimum
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Proof. Item 1 follows from Chow’s theorem [47] which states that G is generated by
simple exponentials. For Item 2 let L be a bound on the derivatives of f . We may
write

f(gh) ≤ f(g) +Df(g)h1 + 1
2L‖h2‖.

Hence, if gn+1 = gne
−ηDf(gn), then

f(gn+1) ≤ f(gn)− η‖Df(gn)‖2 + 1
2η

2L‖Df(gn)‖2 = f(gn) + (L2 η
2 − η)‖Df(gn)‖2

which is smaller than f(gn) for η small enough whenever Df(gn) 6= 0. Hence this is a
strictly decreasing sequence and converges to a minimum.

Theorem 5.5.1 gives the analogous convergence guarantees as regular gradient
descent and is simple to implement.

5.6 Experiments

We now apply the theoretical result of the previous sections to inference tasks for
sequential data. Our first experiment, Section 5.6.1, uses the divergence as a distance
between sequential data and competitive baselines are available in the form of DTW
distances. Our second experiment, Section 5.6.2 demonstrates how the mutual
information coming from our scoring rule framework, can measure dependencies that
would be hard to obtain with other approaches. Our third experiment, Section 5.6.3
revisits the classic topic of hypothesis testing and kernel methods provide here a strong
baseline.

Implementation Details. In all our experiments we take as loss function L the
squared norm,

L(t) = ‖t‖2 =
M∑
m=1
‖tm‖2.

which is symmetric by Lemma 5.D.1. Note that the function L is smooth as a sum
of squares, and since Φ is also smooth, since it is polynomial in the increments of its
input when computed up to some fixed degree M , we can easily compute d,H, and
I by automatic differentiation as we may quickly find aleft

µ via gradient descent. For
the computation of Φ we use the signatory [111] package which allows for fast and
easy computations. We will use two different time warpings ϕp(t) and ψc,M (t) in these
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experiments, both are designed to map the interval [0, 1] to itself monotonically and
are defined as follows

ϕp(t) = tp, ψc,M(t) =


t
c
, if t < M
M
c

+ (1− M
c

)× t−M
1−M , otherwise

.

ϕp works by running time slowly in the beginning and quickly towards the end, the
parameter p ∈ [1,∞) determines the severity of the warping. ψc,M works by running
time at two different speeds depending on if t < M or not, the parameter M ∈ [0, 1]
determines where the change point lies, and c ∈ (0,∞) determines how big the change
is. Both of these act on the unit interval, but can be used for any interval [0, T ] by
considering Tϕp(t/T ) and Tψc,M(t/T ).

5.6.1 Experiment: Distances for Time-Series

One natural question to ask is how well the regularised versions of DTW that allow for
differentiation are able to incorporate the parametrisation invariance. One drawback
of these regularisation of DTW is that it typically leads to a trade-off between the
smoothness and parametrization invariance, see Appendix 5.B for more on DTW and
sDTW. Given two time series, x and y, we then use sDTW dsDTW(x,y) which is
the regularised version of DTW introduced in [22] which is differentiable and to a
certain degree parametrisation invariant quantity. The scoring rule framework that
we presented in the previous sections provides divergence not only between time series
but probability measures on time series,

d(ν, µ) ≡ EX∼ν [s(X,µ)]−H(ν),

but as a special case, we can restrict this to point measures to get a “divergence”
between two time series akin to sDTW which reduces to the formula

(x,y) 7→ d(δx, δy) = L(Φ(x)Φ(y)−1) (5.7)

which we call the geometric score, in this experiment we truncate Φ at level 6. To
study the different behaviour between these two “divergences” – sDTW and (5.7) –
we generated samples paths from a Brownian motion to get x and set y = xϕp(t). The
results are shown in Figure 5.2, here p is a parameter that determines the severity
of the warping, see Appendix 5.E. The geometric score stays close to 0 regardless of
the value of p but the sDTW divergence will increase with p and the rate of increase
depends on the γ parameter. As γ tends to 0 the sDTW score will tend to the
geometric score, but it will lose its smoothness while doing so. It is worth noting that
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γ = 1 is considered a default value. To achieve the same level of invariance enjoyed by
the divergence (5.7) in a DTW paradigm on can use the classical non-smooth DTW
algorithms which cannot be updated using gradient descent. In contrast, the signature
divergence (5.7) is always differentiable and parametrization invariant. Further, the
signature divergence is more general in the sense that it is not just a divergence
between time series but between probability measures on time series which allows in
principle for many other applications such as variational inference.
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Figure 5.2: Geometric scoring compared to sDTW for different values of γ plotted
against the logarithm of p for p between 1 and 25.

The implementation of sDTW is taken from the excellent Python package from
[22].

5.6.2 Experiment: Non-linear Dependencies in Time Series

Recall that the mutual information between two probability measures µ and ν is
defined as

I(µ, ν) := H(µ)− EU∼ν [H(µ|U)]. (5.8)

and provides a dependency measure between µ and ν. Closest related to independence
on paths are the signature cumulants [30] which have been proven to be useful in
applications [163, 75]. However signature cumulant only compare probability measures
on paths [tracks] with other probability measures on paths [tracks]. In contrast,
the mutual information (5.8) allows to measures dependency between a probability
measure µ on paths [tracks] and a probability measure ν on an arbitrary measurable
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space; in particular, this allows to measure dependence relations between time series
and scalar-valued random variables. Equation 5.8 can be efficiently computed whenever
one is able to sample from the conditional distribution µ|U .
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Figure 5.3: The left hand side shows sample trajectories from Y for different correlation
values ρ. The right plot shows the mutual information between Y and the rotational
speed ω as a function of ρ.

To demonstrate this, we consider two examples, the mutual information is computed
by first sampling from the second random variable, and then sampling from the
conditional measure of the first random variable.

Mutual information between a stochastic process and a scalar. We consider
the stochastic process y defined as

yt = ρt

(
cosωt
sinωt

)
+
√

1− ρ2xt

where ω is sampled from the uniform distribution on [0, 8π) and x is a standard
2-dimensional Brownian motion independent from ω. x and y are generated on
the interval [0, 1]. The left plot in Figure 5.3 shows some sample trajectories
of the process y. The right plot in Figure 5.3 shows the mutual information
between (the law of) ω and y for various values of ρ. As expected, the mutual
information increases monotone with ρ and is bounded by the entropy.

Mutual Information between two unparametrized stochastic processes. We
consider two independent a Brownian motions x and y as before, and a random
parametrisation ϕp(t) where p ∈ [1, 10] is uniformly distributed independent of
x. The stochastic process z is defined as

zt = ρxϕp(t) +
√

1− ρ2yt.

We then compute the mutual information between z and x as a function of ρ.
The results are shown in Figure 5.4.
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Figure 5.4: The left plot shows one-dimensional projections of sample paths of x for
different warping parameters p. The right plot shows the mutual information between
x and z as a function of ρ.

5.6.3 Experiment: Hypothesis Testing

We consider the following two testing problems

H0 : µ = ν against the alternative H1 : µ 6= ν

H0 : γ = µ⊗ ν against the alternative H1 : γ 6= µ⊗ ν.

The former is known as two-sample test, the latter as independence test. Given a
finite number of samples and a test statistic, a permutation test provides a simple
and robust test method; we refer to [96] for general background. Below we compare
the performance of a permutation test with statistics from our scoring rule framework
(divergence and mutual information) with widely used statistics from kernel learning
(MMD and HSIC).

Two-Sample Testing. We consider the two-sample test

H0 : µ = ν against the alternative H1 : µ 6= ν

on the space Tracks; that is, based time-series sampled from two-probability measures
µ and ν we need to decide whether the measures µ and ν produce samples that only
differ by reparametrization. To carry out a two-sample test, we need statistics that
quantify similarity between probability measures. Given a kernel k : Rd × Rd → R,
the associated MMD distance

MMD(µ, ν) = ‖EX∼µk(·, X)− EX∼νk(·, Y )‖Hk
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provides such a quantitity that can be estimated from finite samples from µ and ν,
see Appendix 5.C for background. We use the arguably most popular choice for k,
namely the RBF kernel [35] and follow the standard machine pipeline to identify a
time-series as a vector: a real-valued time series z(t1), . . . , z(tL) is identifed as an
element of Rd for d = L. Note that the resulting test statistic requires to compute
a (L× L)-Gram matrix which quickly becomes costly for time series sampled with
high-frequency resp. large L. From our scoring rule framework, the divergence

dright(ν, µ) = EX∼νsright(µ,X)−Hright(ν).

provides another quantity that quantities the difference and that can be simply
estimated by a plug-in estimator. By construction we expect dright to be invariant to
the paremetrization.

We use both of these statistics, to carry out test of level α of 5%. We repeat the
permutation tests for different sample regimes. The two types of errors associated to
these tests are type I and type II errors6.

Type I. We simulate two independent Brownian motions x, z and set y = zϕp(t)

where p is uniformly distributed on [1, 5]. These two measures are the same
up to a time change. As expected, the kernel method fails to recognize this
invariance up to a time change and falsely rejects the null as the samples increase;
in contrast, the divergence classifier hovers around 5− 10% rejection rate, see
Figure 5.5a.

Type II. We simulated independent Brownian paths x, z and set y =
√
cz scaled

to have variance ct at time t. We then considered the paths yψc,M (t), so that
y is ran slower for most of the time, see Figure 5.5c for sample paths of x,y.
We used c = 9 and M = 0.95 in the experiments. The accuracies of the MMD
classifier and the divergence classifier are shown in Figure 5.5b. They both go
up to 100% as the number of samples increase, but the divergence classifier
performs significantly better for lower sample sizes.

The results are shown in Figure 5.5. For every sample size N we ran each experiment
several times and the accuracies of both runs are shown as intervals, along with their
mean as a line plot in Figures 5.5a,5.5b. Similarly, the type II experiments are shown
in Figure 5.5c.

6Type I error is when you falsely conclude that two of the same measures are different, by design
this error rate should be the same as your α, so 5% in our case. Type II error is when you fail to say
that two different measures are different.
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Figure 5.5: The accuracy (%) of the permutation classifiers as a function of the sample
size (N). The kernel MMD classifier is shown in red and the divergence classifier dright

is shown in blue.

Independence Testing. We consider the hypothesis testing problem

H0 : γ = µ⊗ ν against the alternative H1 : γ 6= µ⊗ ν.

where γ is a measure on the product space R×Tracks and µ is the marginal distribution
of γ on R and ν the marginal distribution on Tracks. The example we consider is
a model for time series (the measure ν) that is parametrized by a real number (the
measure ν). The independence test asks whether the dependence on the parameter
happens only via the parametrization This is a subtle question since the correlation
might not be instantaneous, i.e. the parameter can influence the whole shape of the
trajectory. Our benchmark is again the kernel learning approach which uses the MMD
distance

MMD(γ, µ⊗ ν).

This is known as the Hilbert-Schmidt independence criterion (HSIC); see [94] for
background. Our scoring rule framwork provides another quantitiy, namely the mutual
information arising from our scoring rule,

I(µ, ν) = H(µ)− EU∼ν [H(µ|U)].

We again use permutation test and compare the use of HSIC and mutual information
as test statistic.

Type II We generate the same paths as in Section 5.6.2, that is, we set

zt = ρxϕp(t) +
√

1− ρ2yt.
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where x,y are independent Brownian motions, ρ = 0.7, and p is generated
uniformly on [1, 10]. We compare the distributions of y and z, and sample from
the conditional measure by generating 4 values of z for every 1 value of y. We
tested this on a sample size from 4 to 32, see Figure 5.6b for the results.

Type I We compare two independent Brownian motions, see Figure 5.6a for the
results.
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Figure 5.6: The accuracy (%) of the permutation classifiers as a function of the sample
size (N). The kernel HSIC classifier is shown in red and the mutual information
classifier I is shown in blue.

Computational Complexity. We only discussed the performance of the different
test statistics but they also differ in computational complexity. To compute the scoring
rule and associated quantities (divergence, mutual information, etc) requires an initial
computation of the law of Φ(x) and then finding the Bayes’ act using gradient descent.
The former is an infinite series of tensors, Φ(x) ∈ ∏m≥0(Rd)⊗m but decays factorially
fast, Remark 5.3.1, hence one can truncate after the first m tensors; in practice m ≈ 7
is more than sufficient. Computing the first m terms (1,

∫
dx, . . .

∫
dx⊗m) for a discrete

time series x(t1), . . . , x(tL) ∈ Rd can be done in time linear in L, and dm memory
since an element of (Rd)⊗m has dm coordinates. Finding the Bayes’ act via gradient
descent scales linearly in the number of samples (one sample is a whole time series).
To sum up, the scoring rule approach scales linearly in the number of samples and
linearly in the maximal number of time points L but O(dm) in the dimension of the
state space. In contrast, kernel MMD or HSIC requires the computation of a Gram
matrix which scales typically linearly in state space dimension d but quadratically
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in the number of samples. Thus the bottleneck for scoring rule is the dimension of
the state space, whereas the bottleneck for kernel methods is the sample size. In our
experiments, neither was prohibitive and all experiments were carried out on a laptop.

5.7 Conclusion

We developed a scoring rule framework that applies to sequential data in discrete
and continuous time. Our approach focused on respecting the non-linear structure of
sequential data which we accomplish by using ideas from pure mathematics. Despite
the more abstract derivation, the resulting scoring rule, entropy, divergence, and
mutual information are easy to compute and use in practice without knowledge of
the algebraic background. Our experiments indicate favourable performance with
standard approaches and further allow for novel application such as correlations with
scalars and stochastic processes.
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5.A Tree-like equivalence of paths

Informally, a path x : [0, T ]→ Rn is tree-like if the set it traces out in Rn looks like a
tree. The formal definition is

Definition 46 ([97]). A continuous path x : [0, T ]→ E is said to be tree-like if there
exists an R-tree τ , a continuous map ϕ : [0, T ]→ τ and a map ψ : τ → E such that
ϕ(0) = ϕ(T ) and x = ψ ◦ ϕ. Two paths x,y are tree-like equivalent if x ? y−1 is
tree-like and we denote this relation with x ∼ y.

That is, if x and y follow the same trajectory in Rn up to tree-like excursions then
x ∼ y. In particular, if y is just bx under time-reparametrization, y(t) = x(τ(t)) for
an increasing τ , then x ∼ y. See also [30, Appendix B] for more details. It is easy to
check that ∼ is an equivalence relation, hence we can define

Tracks(a, b) := Paths(a, b)/∼, and Tracks := Paths /∼,

5.B Dynamic time warping

Given two time series x = (xi)ni=1,y = (yj)mj=1, let ∆(x,y) denote their n×m distance
matrix ∆(x,y)i,j := ‖xi − yj‖. An alignment matrix A ∈ {0, 1}n×m is any n × m
matrix with entries in 0, 1 such that the 1’s form a path from upper left to the lower
right corner only moving down, right, or diagonally down and right, for example

A =

1 0 0 0 0
0 1 1 0 0
0 0 1 1 1


is a valid alignment matrix, we denote the set of all n×m alignment matrices by An,m.
The cost associated to a given alignment matrix A can be computed as 〈A,∆(x,y)〉.
For example, with A as in Equation 5.B we get

〈A,∆(x,y)〉 = ‖x1 − y1‖+ ‖x2 − y2‖+ ‖x2 − y3‖+ ‖x3 − y3‖+ ‖x3 − y4‖+ ‖x3 − y5‖.

The dynamic time warping distance between x,y is defined as

DTW(x,y) := min
A∈An,m

〈A,∆(x,y)〉.

By design this is clearly invariant to the specific parametrisation of x and y, but its
main drawback, as stated in the main text, are that because of the need to compute
the cost for every alignment, of which there are exponentially many (the number of
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alignments of n and m is known as the delannoy number which grows exponentially),
the computation is slow. One may speed this up by considering only alignments that
are close to the identity which will be optimal or close to optimal in most cases but the
complexity is still O(nm) which makes it infeasible for long, or high-frequency data.
Another drawback is that because it involves the min function it is not smooth, which
makes it unsuitable for deep learning. The proposed remedy for its non-smoothness is
to replace the min function by the softminγ function, defined as

softminγ(a1, . . . , an) = −γ log
n∑
i=1

e−ai/γ,

this version of DTW is known as soft DTW or sDTW. Note that

as γ → 0, softminγ(a1, . . . , an)→ min(a1, . . . , an)

so γ can be thought of as a regularising parameter that introduces a trade off between
smoothness and fidelity. Note that even if sDTW is smooth, it is still unsuitable for
time series with many samples because of its quadratic complexity in the lengths n
and m.

5.C Kernel methods

Kernel methods are traditionally very useful for high-dimensional data such as time-
series. The idea is that one can leverage a feature map ϕ : X → H from your original
space X to a high or infinite dimensional Hilbert space H. When H is a so-called
reproducing kernel Hilbert space, then one can represent inner products 〈ϕ(x), ϕ(y)〉
by a kernel function k(x, y) with some very desirable properties, see [164] for more on
kernels and kernel learning. The kernel used for the experiments in this paper was the
rbf kernel:

krbf(x, y) = e−
‖x−y‖2

2σ

The parameter σ is known as the bandwidth for the kernel. We use both the MMD
and the HSIC for two-sample testing and independence testing. Given two measures
µ and ν, the MMD is defined as follows

MMDk(µ, ν) = ‖EX∼µk(X, ·)− EY∼νk(Y, ·)‖Hk ,

and given a product measure γ with marginals µ, ν and two different kernels k1, k2,
the HSIC is defined as:

HSICk1⊗k2(γ) = MMDk1⊗k2(γ, µ⊗ ν).
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Thes MMD can be computed by estimating the following expressions

MMDk(µ, ν) = Eµ⊗µk(X,X ′) + Eν⊗νk(Y, Y ′)− 2Eµ⊗νk(X, Y )

where X,X ′ denote independent copies of X ∼ µ and Y, Y ′ denote independent copies
of Y ∼ ν. The HSIC can be computed as

HSICk(γ) = Eγ⊗γk1(X,X ′)k2(Y, Y ′) + Eµ⊗µ⊗ν⊗νk1(X,X ′)k2(Y, Y ′)

− 2Eγ⊗µ⊗νk1(X,X ′)k2(Y, Y ′).

In this paper the MMD distance was computed using its U-statistic as this is the easiest
and most common way to compute it [92], given two sets of samples (xi)ni=1, (yi)mi=1

and a kernel k, one estimates the MMD with the expression
1

n(n−1)
∑

1≤i≤n

∑
1≤j≤n,j 6=i

k(xi, xj) + 1
m(m−1)

∑
1≤i≤m

∑
1≤j≤m,j 6=i

k(yi, yj)−

2
nm

∑
1≤i≤n

∑
1≤j≤m

k(xi, yj).

HSIC was computed using its V-statistic as it is faster and conceptually easier [94],
given samples (xi)ni=1, (yi)ni=1 and two kernels k1, k2, define the matrices Ki,j

1 =
k1(xi, xj), Ki,j

2 = k2(yi, yj) and let C be the centering matrix C = I − 1
n
11T . We can

estimate HSIC with the expression

Tr
(
K1CK2C

)
.

Note that the statistics for HSIC and MMD both have quadratic complexity in the
sample size.

5.D Hopf Algebras

The so-called antipode map

α : H → H

is defined as the linear function given by linear extensions of the map

(Rn)⊗m → (Rn)⊗m, v1 ⊗ · · · ⊗ vm 7→ (−1)mvm ⊗ · · · ⊗ v1.

There is an important subset G of H defined by the property

G := {g ∈ H : α(g) = g−1}.

It turns out that G in fact forms a group and will play an important role in our Bayes
acts for the simple fact that the feature map Φ takes values in G. We summaries this
along with some facts about α that we use later in the following lemma.
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Lemma 5.D.1. Let α be the antipode on H. Then

1. α2 = 1,

2. α(s · t) = α(t)α(s),

3. If x ∈ Tracks, then Φ(x) ∈ G,

4. For a power series p(t) = ∑
m≥0 pmt⊗m, it holds that p ◦ α(t) = α ◦ p(t) for any

t ∈ H,

5. If t ∈ H is invertible, then α(t−1) = α(t)−1,

6. Let f : H → R have the form

f(t) =
∑
m

∑
i1···im

fm(ti1···imm )

where we identify the degree-m tensor tm ∈ (Rd)⊗m of t = (tm)m≥0 ∈ H with its
coordinates tm ' (ti1,...,imm )i1,...,im=1,...,d. If fm(x) = fm(−x) for every m ≥ 0 and
x ∈ R, then

f(t) = f(α(t)).

Proof. Items 1 and 2 follow from the definition. Item 3 is well known, see for
instance [44, Section 5]. To see item 4 note that

p ◦ α(x) =
∑
n≥0

pn(αx)⊗n =
∑
n≥0

pnα(x⊗n) = α(
∑
n≥0

pnx
⊗n) = α ◦ p(x),

by Item 2 and linearity. Item 5 follows since the inverse map t 7→ t−1 has the power
series expansion

t−1 = 1
t0

{∑
n≥0

(1− 1
t0

t)⊗n
}
,

see [78, Lemma 7.16] which together with Item 4 shows the claim. For item 6, we note
that

f(αx) =
∑
n

∑
i1···in

fn((−1)nxin···i1) =
∑
n

∑
i1···in

fn(xin···i1) = f(x).

A simple example of a function that satisfies the requirements Item 6 in Lemma 5.D.1
is the sum of squares

L(t) =
∑
m

∑
i1···im

|ti1···imm |2

Which will be used to construct a loss function for tracks in Section 5.6.
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5.E Details on experiments

The Brownian motion generated is always 2 dimensional and to a resolution of 100
time steps. All experiments were performed on a laptop CPU. For computing the
Bayes’ act we used stochastic gradient descent. In Sections 5.6.1 and 5.6.2 we use
a low learning rate (.2) and many steps (50) to do this, but in Section 5.6.3 we use
a high learning rate (5) and few steps (10) to speed things up as the accuracy is
barely affected. Depending on the experiments, we computed the signature up to
degree 6, but sometimes lower. The optimal bandwidth for the kernel was chosen from
10−2, 10−1, 100, 101, 102.

Permutation testing The permutation testing was performed by permuting the
data 50 times and checking if the unpermuted statistic lies within the 5:th percentile
or not. This was done 50 times with new samples from the distributions to get an
accuracy, and this procedure was repeated twice to get a range of values.

Discretization and Interpolation. As discussed in the main text, given x(t1), . . . ,x(tL) ∈
Rd we identify them as elements of the path t 7→ x(t) given by piecewise linear
interpolation. Other choices are possible but ultimately the specific choice does not
matter when the underlying path is smooth since they all converge to the same element
of H where the iterated integrals are defined in the classical Riemann-Stieltjes sense.
When the underlying path is not smooth, e.g. a Brownian motion, the situation is more
subtle and in general the interpolation choice matters: for example, piecewise constant
interpolations would lead to iterated Ito integrals and piecewise linear would result
in iterated Stratonovich integrals. However, for any “reasonable interpolation” to a
continuous path, the specific choice doesn’t matter, see [74] for a detailed discussion.
Among all such “reasonable interpolations”, the piecewise linear one is arguably the
most canonical if we do not have additional information about the behaviour in
between time points.

Besides the choice of interpolation scheme one can also ask about the effects of the
time discretization. A detailed study of this error would require model assumption
and is beyond the scope of this article. However, to provide some intuition revisit the
setup of Experiment 5.6.1 and plot the quantity

n 7→ d(δxn , δyn)

where xn is the piecewise linear path given by interpolation of a Brownian trajectory
t 7→ x(t) along the points tni := i

n
for i = 0, . . . , n; yn is the same but for the
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time-changed trajectory t 7→ y(t) = x(ϕ(t)) with the time-change ϕ as detailed in
Section 5.6. Figure 5.7 shows how the sampling error decreases as the discretization
error vanishes.
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Figure 5.7: The geometric score of a Brownian path compared to a warped version
of itself as the number of time steps n vary from 5 to 200. The plot shows the mean
over 100 samples with time warp ϕ(t) = t25.

5.F Pansu differentiability, convexity and gradient
descent on Carnot groups

Recall that a Carnot group G comes equipped with a dilation operator

δλ : G→ G, (x0, x1, . . . , xn) 7→ (x0, λx1, . . . , λ
nxn).

Definition 47. The Pansu derivative of a function f : G→ R is defined as (whenever
it exists)

Df(g)h = lim
λ↓0

f(gδλh)− f(g)
λ

If f has a Pansu derivative for all g ∈ G then we say that f is Pansu differentiable.

Note that Df(g) takes values in Rd, hence we may map it back to the group by
exponentiating. The idea of this chapter was that by using update rules of the form

gi+1 = gie
−ηDf(gi)
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one is able to update the function f directly on the group G independent of its vector
space embedding and without projection methods. This was stated in Section 5.5 but
was not explored in depth. The difficulty here was finding a notion of convexity on
carnot groups that satisfies both of the following criteria

1. For a convex function the update rule converges to a unique minimum.

2. There are a lot of convex functions.

We explored three different notions of convexity: strong convexity, h-convexity, and
dilative convexity. They all have different strengths and weaknesses but ultimately
they all fail to satisfy both of the above requirements. Note that by Theorem 5.5.1,
the update rule is always decreasing so the only thing we need to check for Item 1 is
that a convex function has a unique minimum where its Pansu gradient is 0.

5.F.1 Strong Convexity

Definition 48. We say that a function u : G → R is strongly convex if for any
g, h ∈ G and 0 ≤ λ ≤ 1

u(gδλ(g−1h)) ≤ u(g) + λ(u(h)− u(g)).

Proposition 5.F.1. If u : G → R is strongly convex then any local minimum is a
global minimum.

Proof. Let g, g′ be two local minima such that u(g) ≤ u(g′), then

u(gδλ(g−1g′)) ≤ u(g) + λ(u(g′)− u(g))

hence the only way that g is a local minimum is if u(g) = u(g′) and u(gδλ(g−1g′)) lies
in the same level set for every 0 ≤ λ ≤ 1.

Example 5.F.1. Let u : G→ R be a function of only the first level of G, then u is
strongly convex if and only if it is linearly convex. This holds since on the first level

u(gδλ(g−1g′)) = u(g + λ(g′ − g)).

Unfortunately we were unable to find any non-trivial examples of strongly convex
functions besides the above one.
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5.F.2 h-convexity

If one is slightly more restrictive in defining the derivative, then the corresponding
convexity class is much larger.

Definition 49. We say that a function u : G → R is h-convex if for any g ∈ G,
v ∈ Rd and 0 ≤ λ ≤ 1

u(geλv) ≤ u(g) + λ(u(gev)− u(g)).

Remark 5.F.1. This is equivalent to requiring that the definition for strong convexity
holds for h of the form h = gev

Remark 5.F.2. This is also equivalent to requiring that the function f(t) = u(geλtv) is
convex for every v ∈ Rd.

Definition 50. For a function u : G→ R we define its geometric or pansu gradient
∇u(g) as

〈∇u(g), v〉 = lim
ε→0

u(geεv)− u(g)
ε

The geometric Hessian ∆u is defined by ∆u = ∇ ◦∇u and the symmetric version
∆Su is defined by ∆Su = Sym(∆u)

Theorem 5.F.1 (Theorem 5.12 [55]). if u ∈ C2, then u is h-convex iff ∆Su is positive
semidefinite

Lemma 5.F.2. 1. ∇ is linear, chain rule and product rule applies.

2. if u(g) = 〈v1 ⊗ · · · ⊗ vn, g〉 then ∇u(g) = 〈v1 ⊗ · · · ⊗ vn−1, g〉vn

3. if h : Rn → R is convex and non-decreasing and u : G → Rn is h-convex then
h ◦ u is h-convex

4. the h-derivative can be represented in coordinates as

∂xi =
∑
i1···ik

gi1···ik∂i1···iki

Example 5.F.2. If U(g) = u(x, y, t) is a function on a 2-step group of dimension 2,
then

∇U =
(
∂xu− y∂tu
∂yu+ x∂tu

)
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so if u(x, y, t) =
(
(x2 + y2)2 + 16t2

)1/4
is the gauge function of the step 2 group, then

u is h-convex by [55, Theorem 6.6], and its horisontal gradient is given by

∇U = U(g)−3
(

(x2 + y2)
(
x

y

)
+ 8t

(
−y
x

))
.

If we fix some g0 and let ∆x = x− x0,∆y = y − y0 and consider U(g−1
0 g) then

∇U = U(g)−3
(

(∆2
x + ∆2

y)
(

∆x

∆y

)
+ 8(t− t0 + y0x− x0y)

(
−∆y

∆x

))

h-convexity of linear systems

Lemma 5.F.3. The function t 7→ ‖etAv‖2 is convex for every v ∈ Rd iff ATA+A2 < 0

Proof. If f(t) = ‖etAv‖2 then ḟ(t) = 2〈etAv, AetAv〉 and f̈(t) = 2‖AetAv‖2+2〈etAv, A2etAv〉.
The reverse implication follows since etA is invertible.

Definition 51. We say that a matrix A is quasi-definite (q.d) if A2 + ATA < 0, or
equivalently if (A+ AT )2 + ATA− AAT has only non-negative eigenvalues.

Proposition 5.F.4. Let A : Rm ⊗ Rd → Rd be a linear map such that Aw is
q.d for every w ∈ Rm. Then the ODE map F (x) = ‖yT‖2 where y(0) = y0 and
dys = A(ys ⊗ dxs) is h-convex for any y0 ∈ Rd.

Proof. Follows from the lemma since F (x ? vt) = ‖eAvtyT‖2.

Remark 5.F.3. If the map F (x) = ‖yT‖2p, p > 1 is used instead of the squared
norm then the condition on A is unchanged since if f(t) = ‖etAv‖2p then ḟ(t) =
2p〈etAv, etAv〉p−1〈etAv, AetAv〉 and

f̈(t) = 4p(p− 1)〈etAv, etAv〉p−2〈etAv,AetAv〉2 + 2p〈etAv, etAv〉p−1〈etAv, (ATA+ A2)etAv〉

= 2p‖etAv‖2p−4
(

2(p− 1)〈etAv,AetAv〉2 + ‖etAv‖2〈etAv, (ATA+ A2)etAv〉
)

This looks like a more relaxed condition and one might be tempted into thinking
that this becomes more convex as p increases. This is not true however since for
A =

(
1 1
−1 1

)
it holds that

2(p− 1)〈etAv,AetAv〉2 + ‖etAv‖2〈etAv, (ATA+ A2)etAv〉

= 2(p− 1)v4
1 + 2(v2

1 + v2
2)v2

1 + 4(v2
1 + v2

2)v1v2

which is indefinite for every p.
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Remark 5.F.4. Clearly if A2 < 0 then A is q.d. If A is normal then clearly (A+AT )2 +
ATA−AAT = (A+AT )2 < 0 so A is q.d, note that ATA−AAT is always (in dim 2)
indefinite

Example 5.F.3 (Rotation scaling). Let A =
(
r −1
1 r

)
so that

A2 =
(
r2 − 1 − 2r

2r r2 − 1

)
, ATA =

(
r2 + 1 0
0 r2 + 1

)

so that A is q.d for every r ∈ R, but A2 < 0 only when |r| ≥ 1.

Proposition 5.F.5. For every A and diagonal D with full rank there exists some
η > 0 such that A+ ηD is q.d.

Proof. Assume WLOG that D = I is the identity matrix. If ‖Av‖ ≤ L‖v‖, then
|vTAv| ≤ L‖v‖2. Note that if B = A+ ηD, then B2 = A2 + 2ηAD+ η2D2. So for any
v ∈ Rd we can write

vTB2v = η2‖v‖2 + 2ηvTAv + vTA2v ≥ (η2 − 2Lη − L2)‖v‖2.

Hence any η ≥ L works.

Proposition 5.F.6 (Regularisation). If A ∈ L(Rd ⊗ Rm,Rd), Let F (x) be the ODE
map

F (x) = ‖yT‖2, dy = Aydx, y(0) = y0,

and for η > 0 denote by Fη(x) the nonlinear ODE map

Fη(x) = ‖yT‖2, dy = (Ay + ηy
ẋT

‖ẋ‖
)dx, y(0) = y0,

Then:

1. Fη(x) = e2η
∫
‖ẋ‖dtF (x)

2. For η large enough, Fη is h-convex.

Proof. Note that if y is the solution for a piecewise linear x = (∆1, . . . ,∆n) and map
A we can write

yT = eA∆n · · · eA∆1y0
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and if ỹ is the regularised solution we can write

ỹT = eA∆n+η 〈∆n,ẋn〉‖ẋn‖
I · · · eA∆1+η 〈∆n,ẋn〉I‖ẋn‖

Iy0

= eη‖ẋn‖dtn+···+η‖ẋ1‖dt1eA∆n · · · eA∆1y0 = eη
∫
‖ẋ‖2dtyT .

By continuity this holds for all C1 paths x. To see that Fη is h-convex we need to show
that we can choose η large enough that (Aw + η‖w‖I)2 < 0 uniformly in w ∈ Rm.
Just like in the previous proposition we can pick v ∈ Rd and write

vT (Aw + η‖w‖I)2v = η2‖w‖2‖v‖2 + 2η‖w‖vT (Aw)v + vT (Aw)2v ≥ (η2 − 2ηL− L2)‖w‖2‖v‖2

where L is the Lipschits constant of A, and η ≥ L works.

Corollary 5.F.7. If x ∼ z, iff Fη(xz−1) = 0 for every A.

Remark 5.F.5. Since Fη is nonlinear in x we could have x ∼ z but Fη(x) 6= Fη(z).

Remark 5.F.6. The regularisation cannot be done linearly in x! If we regularise with a
linear function ` in x then we run into issues where the linear function is not bounded
from below in the subspace spanned by `⊥ so convexity can not be guaranteed. Note
also that it’s important that the regularisation maps into multiples of the identity
map since these are the only ones that commute with all other matrices. If we used
a family of linear functions to embed Rm into Rd (assuming d ≥ m). This would
probably yield a q.d map that is TLE, however there would be no simple guarantee
that these characterise the paths.

No uniqueness guarantee

Unfortunately h-convexity proves inadequate In the very simple way that it does not
guarantee a unique minimum. The definition only requires convexity in horisontal
directions which makes it easy to check and qualify, but it means that a proof like in
Proposition 5.F.1 becomes impossible.

5.F.3 Dilative convexity

There is another notion of convex combinations on the group, and this leads to a
different class of convex functions.

Definition 52. The convex combination of g and h is defined as

cλ(g, h) := δ1−λgδλh
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This new type of convex combination corresponds to scaling down g and adding a
scaled down version of h, whereas the one used in previous sections was to move from
g to a scaled down version of g−1h. Unlike the previous convex combination, this one
has the symmetric property cλ(g, h)−1 = c1−λ(g−1, h−1)

Definition 53. We say that a function f : G→ R is convex if f(cλ(g, h)) ≤ f(g) +
λ(f(h)− f(g)

Proposition 5.F.8. 1. Any subadditive homogenous function is convex

2. if f is convex, its level sets are convex

3. if f is strictly convex, any local minimum is a global minimum

Proof. Note that if f is subadditive and homogenous, then

f(δ1−λgδλh) ≤ f(δ1−λ) + f(δλh) = (1− λ)f(g) + λf(h).

2 and 3 are clear.

On the surface this looks good, there are a lot of functions that satisfy this
convexity requirement, and they all have unique minima. The problem with this class
is slightly more subtle in that there is no guarantee that having 0 gradient implies that
you are at the minimum. The two previous classes enjoyed the fact that the convex
combinations converge to the Pansu derivative for small values of λ. This notion of
convex combination unfortunately does not have this.

Definition 54. Recall that if f is C1 on G we define its pansu derivative as

∇h
Pf(g) = lim

ε→0

f(gδεh)− f(g)
ε

.

Additionally, we define the twisted gradient as

∇h
Tf(g) = lim

ε→0

f(δ1−εgδεh)− f(g)
ε

.

Proposition 5.F.9. 1. For coordinates I = i1 · · · in and a coordinate mapping eI
it holds that

∇h
P eI(g) = ei1···in−1(g)ein(h),

∇h
T eI(g) = ∇h

P eI(g)− neI(g)
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2. If F : Rk → R and f(g) = F (eI1(g), . . . , eIk(g)) is a function of coordinates,
then

∇h
Pf(g) =

k∑
i=0

∂iF∇h
P eIi(g),

∇h
Tf(g) =

k∑
i=0

∂iF∇h
T eIi(g)

3. For any C1 function f it holds that ∇Pf(0) = ∇Tf(0).

4. A C1 function f is convex if and only if for every g, h ∈ G

f(g) +∇h
Tf(g) ≤ f(h)

5. Define for t ∈ T , (St)n = ntn, then

∇h
Tf(g) = ∇h

Pf(g)−∇f(g) · Sg.

Also if we define the linear map δg : G? → Rd by (δg)Ii,i = gI then we can
further write

∇h
Tf(g) = ∇f(g)(δg · h− Sg).

6. If f is homogeneous and C1, then ∇h
pf(g) = ∇δλh

P f(δλg)

0 gradient does not guarantee a minimum

Remark 5.F.7. Unlike the pansu gradient, the twisted gradient is not a linear map,
but an affine one, and no statement of the following type holds

f(g) +∇h
Pf(g) ≤ f(h)

but instead you get

f(g) +∇h
Tf(g) ≤ f(h).

Example 5.F.4. The squared regular homogenous norm f(g) = ∑
n‖gn‖2/n satisfies

∇h
Tf(g) = ∇h

Pf(g)− 2f(g)

so that the above inequality turns into

∇h
Pf(g) ≤ f(h) + f(g)

and if ∇h
Pf(g) = 0 this only tells us that f(h) + f(g) ≥ 0.

Because of this, having 0 Pansu gradient doesn’t guarantee that you are at a
minimum, so the update rule is not guaranteed to converge to a minimum.
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Closing thoughts

To summarise, the main contributions of this thesis have been new algebraic and
combinatorial methods of studying and characterising measures, particularly measures
on paths. The signature cumulants from Chapter 1 ([30]) introduces a new way
to study joint measures on paths and their independence by introducing the rich
combinatorial structure of ordered partitions. The kernelised cumulants from Chapter
2 ([31]) extends classical cumulants to reproducing kernel Hilbert spaces, making
them tractable in high dimensions, and allowing them to benefit from techniques
from kernel learning. This is achieved by introducing partition measures, which allow
one to elegantly express these cumulants as sums of product kernels. Chapter 3
([189]) generalises discrete-time signatures to a wider range of signature-esque maps
by extending algebraic embeddings from state spaces to embeddings on time series
on that space. These embeddings are just as powerful as the signature, but can be
computed much more cheaply. In Chapter 4 ([28]) we use the structure of higher
rank tensor algebras to study higher rank signatures which induce topologies that are
richer than the weak topology and are able to characterise measures on paths in a
much stronger sense. The inducing map is also useful as a feature map allowing for
regression and similar techniques. Chapter 5 ([29]) introduces a new family of scoring
rules for paths up to reparametrisation by relying on their group structure. This allows
one to study divergences, entropy and mutual information up to reparametrisation in
a structured way.

Open questions:

• There is a general correspondence between different types of cumulants and
sets of partitions, see for instance [156, Section 6], but the signature cumulants
and ordered partitions do not fit neatly into this framework and it would be
interesting to understand if there is a way to unify the two approaches.

• The higher rank signatures were studied in discrete time but could in theory
be extended to continuous time. Many of the definitions and results extend to
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continuous time via rough paths where the sums in the discrete higher rank
signatures turn into iterated (rough) integrals and even the equivalence of items 1,
2, and 3 in Theorem 4.4.2 follows with minor modifications of the given proof.
However, the main hurdle in going to continuous time is encountered even for
r = 1: the prediction process t 7→ X̂1

t = P(X ∈ ·|Ft) generally only has càdlàg
trajectories, even if the sample paths of t 7→ Xt are continuous. Without any
additional assumptions, this naturally requires structures that appear in càdlàg
rough path theory which is still an area of ongoing research; see for example
work of Chevyrev, Friz, and Shekhar [42, 77].

• Also for the higher rank signatures, there are currently no good bounds for
how much one gains by going higher up in the order of topologies, or how to
truncate the higher order signatures efficiently. Similarly, there are no rates
of convergence when estimating the metrics from samples, unlike the case of
adapted Wasserstein distances where these are well known, see [7].

• By using the results from [113], and combining it with the results from Chapter
2 one may construct a set of cumulants on signatures of paths as the kernelised
cumulants with a signature kernel. These will be different from, but have similar
properties to the signature cumulants and it would be interesting to know what
the advantages/disadvantages are of using either of the two.

• Most of the power of the results in Chapter 3 comes from the fact that it is
more efficient to compute compositions of many simple transformations rather
than one complicated one, but this is not quantified and it would be interesting
to understand this better even in simple cases such as computing polynomials.

• In Chapter 5 we explore a gradient descent update rule where one traverses the
group directly by multiplicative steps, but we were unable to find a natural class
of functions that behave well with respect to this update rule. This is explained
more in Section 5.F, but such a class would need to be structured enough that
its members converge with this update rule, but big enough to contain common
loss functions for optimisation.
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