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Abstract

One of the most promising applications of quantum computers is computing the
ground state energy of quantum mechanical systems. Realisation of this potential
requires a comprehensive understanding and refinement of algorithms tailored for
such systems, along with pinpointing applications where their impact can be most
significant. This thesis aims to contribute to this understanding by investigating two
quantum algorithms and exploring their application in novel contexts where they
have not been previously employed. The objective is twofold: firstly, to establish a
framework for their effective utilisation, and secondly, to assess their feasibility on
near-term quantum processors. We focus here on systems of interacting Bosons and
Bosons interacting with Fermions which, in contrast to purely Fermionic systems,
have seen comparatively little research.

In quantum chemistry, variational quantum algorithms (VQAs) have gained traction
for simulating strongly-bound systems with covalent bonds. However, they have
so far seen little application to non-covalent molecular systems. We propose
the first application of quantum computers to the weakly-bound intermolecular
and non-covalently bonded regime. To achieve this, we develop a coarse-grained
representation of the electronic response, wherein molecular charge fields are
represented by Bosonic oscillators. This is ideally suited for determining the
ground state of weakly interacting molecules using a VQA. We require qubit
numbers that grow linearly with the number of molecules and derive scaling
behaviour for the number of circuits and measurements required, which compare
favourably to traditional variational quantum eigensolver (VQE) methods. We
perform experiments using IBM superconducting processors which demonstrates
our algorithm’s efficacy in resolving van der Waals dispersion energy directly from
zero-point quantum fluctuations for non-polar molecule pairs. We thus conclude
that by using our coarse-grained framework, current-generation quantum hardware
can effectively explore energies in the weakly bound, yet chemically significant,
intermolecular regime. Additionally, we conduct experiments on simulated quantum
computers, extending the analysis to systems with three, four, and five oscillators
and those with anharmonic onsite binding potentials. The incorporation of the
latter, often neglected in large systems using classical computational methods,
introduces minimal computational overhead in our quantum approach.



We build on this work by studying the use of quantum computers to solve the
Schwinger model, an archetypal lattice gauge theory representing quantum elec-
trodynamics in one spatial dimension. In order to avoid some of the drawbacks
of the VQAs, we investigate the use of the quantum subspace expansion (QSE)
algorithm implemented using qubitisation. Numerical simulations, including the
effect of measurement noise, are used to extrapolate the resources required to
compute the ground state of the model to a desired accuracy. These simulations
represent the first application of QSE to the ground state problem for a lattice gauge
theory. We perform a full resource estimate for the gate cost of implementing the
qubitisation procedure, including the development of a novel method of performing
the qubitisation for a lattice gauge theory that scales linearly, up to a logarithmic
factor, with lattice size. Combining this with our numerical experiments allows us to
evaluate the feasibility of applying our algorithm to near-term or early fault-tolerant
quantum processors.
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“Maintaining speed is a good thing.”

— Tim Foster MBE

1
Introduction

Since Richard Feynman’s 1981 proposal to use quantum devices to solve quantum

systems that are hard to study using conventional (classical) computers [1], the

goal of solving computational problems using quantum systems (namely quantum

computers) has developed into a rapidly growing and potentially highly disruptive

field. While considerable effort within academic and industrial groups goes into

engineering such a quantum computer - reducing error rates and increasing qubit

counts, the study of quantum algorithms, namely algorithms that can be used

to solve problems on a quantum computer, is necessary to make use of quantum

computers when they exist at sufficient scale and quality. In addition, understanding

the feasibility of different algorithmic approaches and application areas, as well as

the specific hardware requirements, can help inform the hardware design process to

develop architectures that are tailored towards the most impactful applications.1

There are a number of known quantum algorithms with proven asymptotic speed ups

1Alongside these engineering and algorithmic improvements, methods for dealing with device
errors, namely quantum error correction [2–4] and quantum error mitigation [5] are studied in
order to exponentially suppress errors to give fault tolerant computation (in the case of error
correction) or to reduce the effect of noise for systems of limited size to enable the extraction of
data that is close enough to the true value to be of use (in the case of error mitigation).

1
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over classical algorithms2. These include the seminal proposals of Shor’s algorithm

for prime factorisation [6] and Grover’s database search algorithm [7]. Taking the

cracking of RSA 2048 as a benchmark for the utility of Shor’s algorithm, although

there is an asymptotic exponential speed up compared to classical algorithms,

state of the art resource estimates for reasonable decryption times (8 hours) show

that Shor’s algorithm would need many millions of physical qubits to implement

the level of fault tolerance required [8]. Similarly, when there is a “Grover-like”

quadratic speedup for industrially relevant optimisation problems, the system sizes

at which classical methods fail requires fault tolerant devices as well as time and

physical resource requirements that make achieving quantum advantage with such

approaches unlikely [9]. Despite rapid advances in experimental demonstrations of

quantum computers [10, 11]3, the hardware requirements for useful applications of

these algorithms are beyond those that we can reasonably expect to have within

the next couple of decades. Therefore, there is considerable onus to reduce the cost

of such algorithms as well as identify novel algorithmic approaches and application

areas to make use of quantum computers sooner.

1.1 Quantum algorithms for quantum systems

Since Shor and Grover’s works, many new quantum algorithms have been proposed4

in application areas such as optimisation [14], differential equations [15–18], machine

learning [19–23] and pure mathematics (including algebra, number theory and graph

theory) [24–29]. However, in searching for such novel approaches and applications to

achieve quantum utility in the near term, the most promising avenue is to return to

Feynman’s original proposal to use quantum computers to study complex quantum

systems, in particular with application to studying molecules and novel materials in
2These could be complexity theoretic separations between the limits of classical and quantum

computations, as is the case for Grover’s algorithm, or proven speedups over the best known
classical algorithms as is seen for Shor’s algorithm.

3Although such results often claim to outperform best known classical algorithms, novel
approaches based on tensor networks quickly develop to refute such claims [12, 13].

4Stephen Jordan maintains a comprehensive list of quantum algorithms at www.
quantumalgorithmzoo.org.

www.quantumalgorithmzoo.org
www.quantumalgorithmzoo.org
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quantum chemistry and materials science [30–32]. While improving computational

approaches for such problems plays a crucial role in developing the fundamental

science as well as generating economic and societal impact through the development

of new technologies, they also exhibit a number of properties that make them

appealing targets for the earliest use of quantum computation to solve problems

beyond those of purely academic or complexity theoretic interest. Some of these

properties are as follows.

1. The exponentially large Hilbert space of highly entangled quantum systems

means that classical computers cannot efficiently represent such states5. In

contrast quantum computers, which are themselves quantum systems, have

access to exponentially growing Hilbert spaces. This is particularly apparent

when studying electronic or spin systems, for which the state space can be

mapped directly onto that of qubits within a quantum computer.

2. When studying real-world chemicals and materials, in which there is always

some level of production or measurement uncertainty, achieving finite precision

when computing ground state or dynamical properties is often satisfactory

for comparison to experimental quantities6. Therefore, quantum algorithms

that compute physical quantities up to some finite error will still be of value,

particularly if the size of the error is known and controllable, and opens the

possibility of using approximate or heuristic quantum algorithms as well as

possibly making only partial use of or completely forgoing error mitigation or

correction schemes. This is in contrast to many other quantum algorithms.

For example, there is little value in Shor’s algorithm if it outputs a result like

“5.5 and 2.9 are approximate prime factors of 15”.

3. Algorithm primitives involved in studying physical systems often have natural

and relatively low cost ways of being performed in quantum hardware. For
5In particular, while tensor network methods have seen considerable success in solving highly

correlated systems in 1D, there are still considerable challenges to using them to solve systems in
two or more dimensions demonstrating volume law entanglement.

6In the case of quantum chemistry the level of accuracy required to make realistic chemical
prediction is typically given taken as 1 kcal/mol and given the name ‘chemical accuracy’.
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example, given access to unitary evolution of operators making up the

Hamiltonian, time evolution implemented through Trotterisation can be

performed (relatively) easily [33]. Primitives based on numerical operations

such as addition and multiplication by comparison, which are very cheap

to do on classical processors, require significant resources when performed

on quantum processors for algorithms based on integer or floating point

arithmetic [34].

Quantum algorithms for complex quantum systems usually perform one of two

tasks. The first is to calculate how dynamical properties, such as particle density

or magnetisation of a material, change as a system is time evolved under a given

Hamiltonian. The second is to calculate groundstate properties of a Hamiltonian,

which will be the focus of this thesis. Accurate computation of groundstate energies is

needed to determine stability of molecules and crystals, calculate reaction pathways

and energies for chemical and biological processes and calculate the potential energy

surfaces and time-evolution of molecules with the Born-Oppenheimer approximation.

Such computations play essential roles in understanding and developing new semi-

conducting, superconducting materials and energy storage solutions, as well as

developing and determining the efficacy and safety of new drugs. Other groundstate

properties, often related to entanglement or macroscopic ordering which have no

classical analogue, are of significant importance for understanding novel phases of

matter in high-energy and condensed matter physics.

1.1.1 Quantum phase estimation

Originally proposed by Kitaev [35] the quantum phase estimation (QPE) algo-

rithm [36] has become one of the most studied quantum algorithms to calculate

groundstates. Assuming we have efficient access to an input state that has inverse

polynomial overlap with the true ground state7, the QPE can be used to calculate the

groundstate energy with resources that scale polynomially in the desired precision

and system size [37]. It is hoped that this may offer asymptotic speedups over
7This appears to be a very strong assumption
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classical algorithms allowing for the calculation of energies for larger systems or with

fewer approximations - and therefore more accurate outputs, than possible with

classical processors. Due to the need for high accuracy controlled time-evolution

under the problem Hamiltonian, the number of gates and qubits required means

that QPE will need to be implemented within a fault tolerant architecture.

Since it’s original proposal and early works studying QPE using Trotterisation,

there has been much work to find more resource efficient methods for performing

QPE. These include algorithmic improvements based on qubitisation [38–40], as

well as more recent investigations using a first, rather than a second, quantised

approach [41–43]. However, despite cost reductions by many order of magnitude,

state-of-the-art QPE implementation for electronic Hamiltonians with applications

to industrial catalysts or lithium ion battery technologies still require upwards of

1010 T-gates8 and many millions of physical qubits [41, 45]. Resource estimates for

biologically relevant compounds are similarly discouraging [46].

1.1.2 Variational quantum eigensolver

Almost two decades after Kitaev’s proposal of the phase estimation algorithm,

Peruzzo et al. [47] developed a new approach for groundstate computation for

electronic systems called the variational quantum eigensolver (VQE). In contrast to

QPE, VQE is a heuristic algorithm specifically designed for use on small, non-error

corrected quantum processors.

The idea of VQE algorithm is to use a short ansatz circuit Û(θ⃗), which contains

quantum gates parameterised by real values θ⃗, acting on an input reference state

|ψ0⟩ to produce parameterised states |ψ(θ⃗)⟩ := Û(θ⃗) |ψ0⟩. The algorithm computes

an approximate value of the groundstate energy E0 of a given Hamiltonian Ĥ by
8The primary metric for evaluating the cost of fault tolerant algorithms is usually considered

to be number of T-gates or the closely related Toffoli gate. These non-Clifford gates cannot be
implemented transversally in the surface code and so dominate the run time of the algorithm due
to required magic-state creation and distillation methods used to implement them. See [44] for
details on such methods.
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finding parameters θ⃗⋆ that solve the optimisation problem

Eθ⃗⋆
= min

θ⃗
⟨ψ(θ⃗)| Ĥ |ψ(θ⃗)⟩ . (1.1)

This problem is solved by using a quantum computer to generate trial states |ψ(θ⃗)⟩

and measure the expectation value of Ĥ. After each evaluation of the cost function

Eθ⃗ := ⟨ψ(θ⃗)| Ĥ |ψ(θ⃗)⟩, a classical co-processor uses this to calculate a new set of trial

parameters to reduce the cost function. This is repeated as a feedback loop between

the quantum and classical processor until the optimisation procedure, which can

use gradient or non-gradient based methods, converges within some precision.

By the variational principle, Eθ⃗ ≥ E0 for all θ⃗ (including θ⃗⋆). However, if the

ansatz is chosen such that it can generate states close to the true groundstate, and

the optimisation process converges to the global minimum of the cost function

landscape, then the value of Eθ⃗⋆
calculated will be approximately equal to the

desired E0.

For VQE to provide some quantum advantage, it is necessary for the ansatz to be

able to generate states close to the true groundstate of the problem and be hard to

simulate using classical computers (otherwise we would not need to use a quantum

computer). In the case of the original VQE proposal, this is was achieved by using

the unitary coupled cluster (UCC) ansatz [48] for the electronic part of a molecular

Hamiltonian. A UCC ansatz, consisting of single and double excitation operators,

for N electrons is given by

ÛUCC-SD(θ⃗) := eT̂−T̂ †
, (1.2)

where T̂ = T̂1 + T̂2 is the cluster operator containing single and double excitations

T̂2 = ∑
p,r θ

p
r â

†
pâr and T̂2 = ∑

p,q,r,s θ
p,q
r,s â

†
pâ

†
qârâs, where â†

p and âq are creation and

annihilation operators for orbital p. This ansatz requires a polynomial number of

variational parameters and is known to be hard to simulate classically. Compared

to coupled cluster ansätze, given by eT̂+T̂ † , which are some of the most prevalent

and accurate methods in classical algorithms for quantum chemistry, UCC obeys



1. Introduction 7

the variational principle, is hard to simulate classically and can better deal with

strong correlation [49]. Peruzzo et al. used a Hartree-Fock state as |ψ0⟩ and

implemented the Hamiltonian and ansatz by mapping Fermions onto qubits using a

Jordan-Wigner transformation. The UCC circuit operators were then implemented

using Pauli rotations and Trotterisation.

The use of shallow parameterised quantum circuits in the VQE algorithm and

optimisation within a hybrid quantum-classical feedback loop has since been used

to develop various other variational quantum algorithms (VQAs). VQAs are used

to solve optimisation problems where, rather than minimising a physical energy,

more general cost functions can be mapped onto operators (taking the place of the

molecular Hamiltonian in VQE) and solutions encoded in appropriately structured

ansatz circuits. They have been applied to a range of different problems including

combinatorial optimisation [14, 50], strongly correlated materials [51–55], non-

linear partial differential equations [18, 56, 57] and machine learning [58, 59]. A

longer discussion about specific applications of VQAs within quantum chemistry is

presented in Chapter 2.

There have been a range of further developments to improve ansatz structure of

VQAs, these aim to improve solution quality, increase noise robustness, target

specific hardware architectures or to make optimisation landscapes more favourable.

In general however, there is often a trade off made between ansätze that exploit

structure or symmetries in the problem restricting them to ‘reasonable’ trial

solutions [10, 60, 61]; leading to higher quality solutions and easier trainability,

and ansätze that are designed to access as much of Hilbert space as possible while

minimising the gate cost [62, 63]; making them more feasible for use in real, non-

error corrected devices. The difficulty in choosing between these two approaches

may be somewhat mitigated by using adaptive methods that construct the ansatz

systematically as part of the optimisation routine [64–66].

Further algorithmic improvements include sophisticated methods for calculating

gradients of |ψ(θ⃗)⟩ with respect to each variational parameter [67, 68] as well as better
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ways of measuring the expectation values. In most variational algorithms, |ψ(θ⃗)⟩

are measured by decomposing the Hamiltonian into its constituent Pauli operators,

measuring each operator using an appropriate basis rotation and summing results

with the corresponding prefactors. This requires a number of measurements that is

inversely proportional to the desired measurement precision squared and increases

with the number of terms within the Hamiltonian. The number of measurements

required can be reduced by grouping operators that commute9 then measuring

them in their common eigenbases [71, 72] and truncating low weight Hamiltonian

terms [73] as well as using inference methods based on partial state reconstruction

and tomography [74, 75].

An appealing feature of VQAs is that they include some inherent noise robustness.

Coherent hardware errors such as systematic over- or under-rotations in rotation

gates can be counteracted by the optimiser learning to introduce the opposite bias

within θ⃗⋆. Detrimental effects of incoherent statistical noise on measured values for

the cost-function or gradients may also have reduced impact on solution quality as

imperfect values. These become manifest as steps in the ‘wrong’ direction during

the optimisation procedure, which can be counteracted by following optimisation

steps, particularly in the case of gradient based methods which still perform well

when given noisy gradient values 10. A robust quantitative understanding of the

noise resilience of VQAs remains an open problem however.

Since their initial proposal, a number of drawbacks have been discovered that may

limit the utility and scalability of variational quantum algorithms. The largest

of these is the occurrence of ‘barren plateaus’ in which the gradients within the

cost function landscape vanish exponentially with system size and volumes of the

parameter space with non-vanishing gradients become exponentially concentrated

around the global minimum [76]. Performing successful optimisation in the presence

of a barren plateau is expected to require exponentially many optimisation steps as
9The problem of calculating optimal groupings can be mapped onto a minimum clique colouring

problem [69], which is in general NP hard [70] and best solved using heuristics.
10This is the principle behind stochastic gradient descent which is widely used in the field of

(classical) machine learning.
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well as exponential measurement precision in order to resolve vanishing gradients.

Barren plateaus are induced by a number of causes including non-local cost

functions [77, 78], incoherent measurement noise [79] and ansätze that exhibit volume

law entanglement (which we typically require for hard classical simulation) [80].

All these sources appear to be related to the exponentially large algebra generated

by parameterised circuits [81–83]. Finding strategies to avoid these is an active

area of interest, with proposals based on developing ansatz structures [84–87],

parameter initialisation techniques [88–90], and adaptive ansätze [91] amongst

others [92–95]. Other works aim to improve optimisation algorithms [96, 97] and

modify the optimisation problems [98] to improve the trainability of unfavourable

cost function landscapes (with many local minima for example).

Without considering the number of optimisation steps needed to achieve convergence,

a number of works have aimed to estimate the resources required to perform

measurement of expectation values for just a single optimisation step for various

molecules of industrial importance. Some of these estimates are summarised in

Table 1.1. Although the types of molecules investigated, assumed gate times and

algorithmic methods vary between the different estimates, each suggests that current

state of the art VQE methods are too costly for useful application in molecular

simulation, even ignoring the prefactor arising from the number of optimisation

steps (which is difficult to estimate but expected to be very large).

1.1.3 Quantum subspace expansion

Originally proposed as an error mitigation technique [103], a quantum algorithm

called quantum subspace expansion (QSE) has emerged as a method for groundstate

computation on noisy intermediate scale quantum processors. Like the VQE

algorithm, QSE aims to use a relatively shallow quantum circuit to efficiently

estimate expectation values which are then used by an inexpensive classical compu-

tation. However, it does not rely on the hybrid quantum-classical feedback loop

for optimisation with the hope of avoiding the scalability issues related to barren

plateaus.
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Ref. Molecule Qubits Run time Notes
[99] Fe2S2 112 1013 samples Single energy evaluation
[100] C10H8 800 – 1500 108 two-qubit gates Single energy estimation
[101] C2H6O 260 71 days Single energy estimation
[102] Cr2 52 24 years Gradients for single step
[102] Cr2 2.9× 1011 3 ms As above, parallelised

Table 1.1: Estimated qubit and time requirements required for VQE algorithm from
different works. With the exception of [102], which uses a hardware efficient ansatz,
all works use some version of the UCC-SD ansatz. Each assumes different algorithmic
options, notably measurement method, as well as gate times (for those given as times).
Notes indicate the expectation values measured. For single energy estimates, this is
the number required to achieve chemical accuracy or some similar ‘practically useful’
statistical error. For those labelled ‘gradients’, this includes expectations required to
calculate gradients with respect to all parameters, and in the parallelised case performs
different measurements using additional qubits and multiple copies of the ansatz. For
precise details, the original references should be consulted.

For groundstate calculation, the QSE algorithm operates an approximate ground-

state within a subspace spanned by a D dimensional non-orthogonal basis

{|ψ0⟩ , |ψ1⟩ , . . . , |ψD−1⟩} (1.3)

which can be generated by a quantum processor. Within this subspace a trial state

has the form |ψ(c⃗)⟩ = ∑D−1
i=0 ci |ψi⟩, minimising the functional ⟨ψ(c⃗)| Ĥ |ψ(c⃗)⟩ to

find optimal coefficients c⃗ is equivalent to solving the generalised eigenvalue problem

Hc⃗ = ESc⃗, (1.4)

for minimum eigenvalue E, where matrices H and S are given by

Hi,j = ⟨ψi|Ĥ|ψj⟩ , Si,j = ⟨ψi|ψj⟩ . (1.5)

The power of the QSE algorithm relies on making a good choice of basis and

being able to efficiently measure expectation values for Hi,j and Si,j. The basis

{|ψk⟩ |k = 0, . . . , (D − 1)} is typically generated by applying (often repeatedly)

operators to an input state |ψ0⟩ which is chosen to be close to the true groundstate.

Many types of operators have been used to generate this basis including real and

imaginary time evolution [104–109], Fermionic excitation operators [110], Pauli
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operators [111] and using parameterised quantum circuits in variational manner [112].

Depending on the basis used, the expectation values can be calculated in different

ways such as a SWAP test [113, 114] or by measuring constituent Pauli expectation

values and recombining as done in VQE.

A particularly powerful basis, called a Krylov basis, is formed by repeated application

of the Hamiltonian to the reference state: {|ψk⟩ = Ĥk |ψ0⟩ |k = 0, 1, . . . , D−1}. This

forms the basis for the well studied classical Lanczos algorithm for groundstates [115,

116]. In the infinite D limit, the Krylov basis includes infinite imaginary time

evolution and, assuming non-zero overlap between the initial and ground states

and infinite precision arithmetic will lead to the exact groundstate. In the case of

finite sized bases for a given problem instance, the Lanczos algorithm converges

exponentially with basis size, and so very good solutions can often be found using

reasonable basis sizes [117, 118]. For quantum systems in a Hilbert space, the cost

of exactly evaluating and storing the Hamiltonian acting on the reference states

grows exponentially with system size, making the use of a quantum processor to

generate the basis within a QSE procedure very appealing. Moreover, when using a

Krylov basis, the matrix elements required simplify to O(D) unique values given by

Hi,j = ⟨ψ0|Ĥ i+j+1|ψ0⟩, Si,j = ⟨ψ0|Ĥ i+j|ψ0⟩, rather than the O(D2) unique values

required when using operators to generate the basis that do not commute with

the Hamiltonian. Of course the Hamiltonian is not a unitary operator in general,

and so methods to compute expectation values must use some additional classical

computation generate the Krylov basis. Strategies to compute the non-unitary

expectation values in H,S include classical post processing to combine expectation

values from time evolutions [119] or methods based on qubitisation [120] which we

will discuss further in Chapter 3.

As is the case for measurements within VQE by performing measurements as

Bernoulli trials, the precision of measured expectation values is inversely proportional

to the square root of the number of measurements. The stability of the generalised

eigenvalue problem of (1.4) relies on these matrices being well conditioned, however
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when using a Krylov basis, the condition number of the matrices H and S grows

exponentially with D [121]. Unless this ill-conditioning is controlled, finite numerical

precision as well as measurement noise can lead to failure of the QSE procedure.

Recently, theoretical and numerical analysis has begun to elucidate the effect that

such noise has on the generalised eigenvalue problem. Strategies to regularise the

problem by discarding eigenvalues of the matrices less than a chosen threshold

can be used to increase the noise robustness [120, 122]. Although such methods

give upper bounds on the limiting behaviour of the performance of such methods,

such bounds are typically very loose and require a number of assumptions that

mean they often fail to accurately predict the performance of realistic algorithmic

implementations [123]. Additional methods have also been developed to try to

improve the conditioning including using a modified bases formed from Gaussian

functions of the Hamiltonian [124] as well iterative [85] and partitioned [125] methods

in which the effective Krylov basis is constructed systematically from a series of

smaller bases.

So far, the QSE algorithm has been applied to ground [105, 126] and excited

states [127] of electronic Hamiltonians in quantum chemistry as well as ground

states of spin models [120, 128].

1.2 Thesis structure

The aim of this thesis is to apply and develop quantum algorithms to compute the

ground state of Hamiltonians of quantum systems. We use two different algorithmic

approaches, namely VQE and QSE, each to systems to which they have not been

applied before. We study firstly a system of interacting oscillators used to model

coarse grained intermolecular interactions and then a lattice gauge field theory (the

Schwinger model) representing quantum electrodynamics in one spatial dimension.

The former sees application in modelling dispersive interactions in systems such as

noble gas liquids [129] and water [130], while the latter describes fundamental particle

interactions analogous to full QCD and QED [131]. Although these application
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areas differ significantly from one another; the theoretical tools used to understand

the resource cost for each, in particular in mapping Bosonic degrees of freedom

onto qubits, are similar in both. Through a combination of theoretical analysis,

numerical simulation and real device experiments we begin to understand how

scalable each approach is and how applicable they are to near term devices. The

structure of this thesis is as follows.

In Chapter 2 we develop a variational quantum algorithm for studying inter-

molecular interactions within a coarse grained molecular model and in doing so

present the first application of quantum computing to studying intermolecular

dispersion interactions. We describe the coarse grained model and how groundstate

and binding energies can be computed using the VQA. We compute bounds on the

number of shots required to measure expectation values of the energy within the

algorithm and find that this scales more favourably with system size than other

VQE methods for quantum chemistry. We perform proof of principle experiments

on an IBM quantum computer demonstrating that, when combined with error

mitigation methods, our variational algorithm is able to calculate the interaction

energy between two Iodine dimers using currently available quantum hardware. We

further show how the model can be extended to include anharmonic and non-linear

interactions to capture a richer set of physics with minimum additional cost for the

quantum algorithm. We then perform numerical simulations demonstrating the

algorithm within such a context, as well as for larger system sizes.

In Chapter 3 we apply quantum subspace expansion algorithm to the problem of

computing the ground state of the lattice Schwinger model - a prototypical lattice

gauge theory used to describe quantum electrodynamics in one spatial dimension. We

use qubitisation and quantum signal processing to generate the expectation values

required for the algorithm. We develop a novel method for performing qubitisation

of the lattice gauge theory and perform a full resource analysis. Compared to

previous methods used within the context of QSE, our method reduces the cost by

multiple orders of magnitude for system sizes of interest. We perform numerical
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simulation of the algorithm, including the effect of measurement noise, to estimate

the number of basis sizes required and, combining with the theoretical calculation

of gate costs, estimate the entire gate cost of the algorithm. This work presents

the first application of QSE methods to finding the ground states of a lattice

gauge theory and, excluding previous works performing tensor networks, performs

numerical simulation of a quantum algorithm solving the Schwinger model for larger

system sizes than other numerical or experimental works. Furthermore, compared to

studies using VQE for LGTs in which it is difficult to predict how the optimisation

procedure scales with system size, we perform a more comprehensive estimate and

extrapolation of the total resource cost for the quantum algorithm.

Finally, in Chapter 4 we discuss our results and present further research directions.

1.3 Publications

• Chapter 2 is based on work presented in

Lewis W. Anderson, Martin Kiffner, Panagiotis Kl. Barkoutsos, Ivano Tav-

ernelli, Jason Crain, and Dieter Jaksch. “Coarse-grained intermolecular

interactions on quantum processors.” Physical Review A, 105, 062409, 2022.

• Chapter 3 is based on work presented in

Lewis W. Anderson, Martin Kiffner, Thomas O’Leary, Jason Crain, and Dieter

Jaksch. “Solving lattice gauge theories using the quantum Krylov algorithm

and qubitization.” arXiv:2403.08859.

• While undertaking my DPhil, I worked on the following publications that are

not included within this thesis.

Ben Jaderberg*, Lewis W. Anderson*, Weidi Xie, Samuel Albanie, Martin

Kiffner, and Dieter Jaksch. “Quantum self-supervised learning.” Quantum

Science and Technology, 7(3), 035005, 2022. *joint first authors.

Thomas O’Leary, Lewis W. Anderson, Dieter Jaksch, and Martin Kiffner.

“Partitioned Quantum Subspace Expansion.” arXiv:2403.08868.
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2.1 Introduction

2.1.1 Computational chemistry on classical and quantum
computers

The computer simulation of atomic and molecular matter plays a vital role in the

discovery of new functional materials. For systems more complex than atomic

hydrogen, numerical computation relies on various approximations of the system

and methods must strike a balance between the physical realism of an underlying

model and the practicality of its implementation.

This trade-off varies depending on the system being studied and is made considerably

more difficult by the deep hierarchy of molecular forces that determine the structure

and behaviour of condensed phases of matter. These interacions span energy

scales that vary from greater than 1 eV for the intra-molecular regime down to

10−1 − 10−2 eV for the inter-molecular regime [132]. Within the inter-molecular

regime, the weakest of these interactions are dispersion interactions (van der Waals

forces) that arise from quantum fluctuations in the electron distribution within atoms

and molecules. Such interactions give rise to correlated induced multipole moments

which, at leading-order, present as dipolar coupling with energy contributions

following a 1/R6 decay with distance. This is known as the London interaction [133].

Although dispersion interactions are typically weaker than electrostatic interactions

or Hydrogen bonds, their ubiquity and long-ranged nature means that they influence

all non-covalent associations.

The effects of these dispersion interactions extend beyond cohesive energy and

play important roles in determining structural and mechanical properties [134,

135] as well as phase transitions and barrier heights [136]. Accurate calculation of

such effects is therefore vital in understanding a wide range of condensed-phase

phenomena including low-dimensional and layered system stacking, molecular crystal

stability and liquid state physics as well as organic–inorganic interface properties

and biophysical interactions such as drug-ligand binding. Since these interactions
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scale with system size, they are expected to play even larger roles in systems of

large molecules and supramolecular assemblies [137].

To capture these molecular interactions through computational models, two possible

strategies can be used which vary significantly in their computational requirements.

Firstly, empirical potential methods (also known as force field methods) in which

the system energy is decomposed into bonded terms (stretches, bends and torsions)

and non-bonded (electrostatic and dispersive) terms. Parameterising the strength

of each of these interactions using experimental reference quantities, Newtonian

mechanics can be used to calculate the motion of the system. Static properties

of the system can be calculated by averaging over many of these trajectories. By

limiting oneself to a classical description of the motion, empirical potential methods

are extremely computationally efficient allowing them to be applied to relatively

large systems. The necessary trade-off for such a description however is that they

generally lack an explicit description of the electronic response and are therefore

limited in their transferability to environmental or thermodynamic regimes outside

the range used for the experimental parameterisation.

Secondly there are “first-principles” approaches where the Schrödinger equation

with various levels of approximation is solved directly. State of the art approaches

for this are based on Kohn-Sham density functional theory. Unlike empirical

potential methods, there is no use of empirical force laws, rather forces are computed

directly from the electronic structure according to the Hellmann-Feynman [138,

139] theorem and evolving along the Born-Opppenheimer surface [140]. In such

a model, because of the mass difference between nuclei and molecular electrons,

the nuclear coordinates are considered fixed and the electronic Hamiltonian within

the corresponding nuclear potentials is solved. The mean force felt by the nuclei

is calculated from the energy of these electronic configurations and is used to

calculate the dynamics of the nuclei which follow the changing energy landscape

as the electrons react to the modified nuclear coordinates. These methods are far

more resource intensive than empirical force field methods and are thus limited
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to smaller system sizes. Additionally, common density functional approximations

struggle to capture non-local correlations leading to dispersive interactions (although

work is being done to correct for this [141–144]). High-level quantum chemistry

methods (such as configuration interaction (CI) [145–147] or canonical coupled

cluster (CC) [148, 149] with perturbative - single, double, triple - excitations) are

able to capture dispersive interactions to varying levels of approximation, albeit

with particularly poor system size scaling [150–152].

The high computational cost of such ab-initio approaches has led to a significant

amount of interest in using quantum computing to study strongly correlated electron

systems at the first principles level. First developed in the 1990s, the quantum

phase estimation (QPE) [36] algorithm may offer guaranteed speedups for solving

electronic Hamiltonians. However, even with many years of theoretical improvement,

current state of the art QPE approaches still require many hundreds or thousands

of logical (error-corrected) qubits to solve chemical Hamiltonians of industrial

interest [40, 153].

In the near future, in which we are limited to small, non-error corrected quantum

computers, one possible route towards the practical application of such devices is

to use variational quantum algorithms (VQAs) [154–156] to solve the Schrödinger

equation for chemical systems [31]. Due to the small size of current quantum

processors and limitations in classical methods for QPU simulation, current studies

of molecular properties using VQAs have been limited.

As a result, chemical applications of VQAs have been limited to small systems

within the strongly-bound (covalently bonded) intra-molecular regime. Examples of

such results include studies of dissociation curves of small molecules [62, 64, 157],

ground state energies for intramolecular bonds [158], molecular excitation ener-

gies [159], covalent binding energies of hydrogen chains, isomerisation barriers [160],

nuclear effects (using post-Born Oppenheimer methods) in hydrogen and deuterium

molecules [161], molecular vibrations [60, 162] and, two-site DMFT calculations [163,

164]. Excluding the latter two examples, these all use full electronic basis sets such
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as Slater-type or Gaussian-type orbitals [165]. Within the rest of this work, we will

refer to these methods as orbital-based VQE methods.

The quantum algorithms to solve the inter-molecular regime on the other hand have

seen very little investigation. As mentioned previously however, such interactions

play a vital role in many aspects of condensed phase and biological systems and

must be investigated in order to fully understand the material properties of such

systems using quantum technologies. As with classical algorithms, directly scaling

up existing orbital-based VQE approaches will prove to be prohibitive due to the

necessary inclusion of a large number of core electrons to describe dispersive forces

in large molecules [166, 167]. It is necessary to find strategies for reducing the

number of electrons and orbitals explicitly treated if we hope to find practical

applications of quantum algorithms.

2.1.2 Our contribution

As a step towards the practical application of quantum algorithms to studying large

non-covalently bonded systems, we develop a coarse-grained model of the electronic

interaction that is well suited for VQAs. Our model has the further advantage of

being easily expanded to a wide range of possible interactions not yet studied for

intermolecular systems. Our approach extends the maximally coarse-grained model

that has recently been developed for classical computations [168]. In this coarse

grained approach the responsive part of the electronic distribution of a molecule (or

part of a molecule) is modelled by a quantum harmonic oscillator. By constructing a

system based on quantum mechanical oscillators, zero-point multi-polar fluctuations

arise naturally in the model. The properties of the oscillator are tuned to match

reference values for polarisabilty or dispersion coefficients for real molecular species

which are found independently through experiments or ab-initio computations.

As a result, although model parameters are empirically fitted to real molecular

parameters, interaction potentials between atoms or molecules are not set a-priori

and are instead determined through the multipolar fluctuations in the electronic

distribution.
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One can therefore think of this method as lying somewhere between empirical

potential and first principle methods. Under certain model limitations1, the coarse-

grained model has already been solved using a path integral approach on classical

processors. This has been used to study noble gas liquids and solids (that interact

entirely through dispersion) as well as water (where both polarisation and dispersion

are present) across its phase diagram where it has correctly predicted vaporisation

enthalpy, temperature of maximum density, temperature dependence of the dielectric

constant and surface tension [130, 168, 169] and revealed molecular signatures of

Widom line crossing in the supercritical fluid [170]. These results have been restricted

to only include harmonic trapping confining potentials. This means that the model is

governed by Gaussian statistics in which interactions are related by simple algebraic

relationships and some higher order interactions are missing completely [171]. Such

relations only hold approximately for real systems and extension beyond Gaussian

statistics is needed for a complete description of the chemistry.

Compared to classical approaches, by using quantum processors to capture a coarse-

grained representations our method provides a more general framework in which we

can extend the model to anharmonic oscillators and non-linear interactions. This

in theory allows us to capture these missing interactions as well as introduce more

complex non-linear physics.

In the following we summarise the main features of our algorithm. Firstly, the

space requirement of our algorithm scales efficiently with system size whereas a

classical representation of the Hilbert space would have exponentially growing

memory requirements. Explicitly, the number of qubits required for our algorithm

grows linearly with the number of molecules. Secondly, the number of unique

circuits needed to evaluate the cost-function within our VQA scales as O(N) for a

N oscillator Hamiltonian with all-to-all dipolar interactions. By comparison, this

is far better than the O(N3), where N is the number of orbitals, needed for full

orbital-based VQE [172]. Furthermore, relaxation of the harmonic approximation
1Namely, a restriction to harmonic trapping potentials with linear coupling. See Sec. 2.4

amongst other parts of this chapter for further discussion on this.
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can be done with practically zero cost with our VQA. This is not the case for classical

methods such as path integral and Monte Carlo techniques which typically rely on

the efficient sampling [173] of two point correlations of many body Gaussian states.

Ground states for anharmonic Hamiltonians are non-Gaussian and are therefore

much more costly to sample from. This has meant that many body systems with

anharmonic potentials have been largely unexplored using classical computational

approaches.

As an experimental demonstration of our algorithms, we use IBM superconducting

quantum processors to solve our model. We consider a system of two linear non-polar

molecules in which dispersive contributions arise from dipolar quantum fluctuations

(the London dispersion interactions). By using model parameters corresponding

to an iodine (I2) molecular dimer, we use this to show the first experimental

demonstration of quantum computers being used to accurately model dispersive

inter-molecular interactions.

We present proof of principle experiments to larger systems of three, four and five

oscillators using simulated quantum devices on a classical computer. We investigate

how ansatz size affects the performance of our algorithm for these larger systems and

find that we are able to accurately calculate ground states with relatively low depth

circuit even for these larger systems. We further extend our experimental results

by using an IBM superconducting quantum processor to solve a system featuring

strong anharmonic on-site potentials demonstrating how our algorithm can be used

to find non-Gaussian ground states. We find that, although the algorithm is capable

of finding good ground states for such a system, noise levels on the device must

be improved in order to accurately measure the anharmonic contributions to the

dispersion energy.

The coarse-grained quantum algorithm presented here allows us to model inter-

molecular interactions between large molecules. Understanding such effects is an

essential part of characterising a wide range of chemical and biological systems. This

extends existing classical methods for such problems and opens up opportunities
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for using quantum computes to study systems at time and length scale that were

previously inaccessible. Comparing the scalings of the measurement cost and qubit

requirements to full-orbital based VQE calculations, our algorithm shows evidence

of being more readily scalable and may be a stronger candidate for demonstrating

useful quantum advantage.

2.1.3 Chapter layout

For the remainder of the chapter the structure will be as follows. In Sec. 2.2

we outline the coarse-grained model and describe how it can be solved using

a variational quantum eigensolver algorithm. This includes Sec. 2.2.1 defining

the coarse-grained Hamiltonian; Sec. 2.2.2 describing how this is mapped onto a

quantum circuit; Sec. 2.2.3 in which we give a scheme to group commuting operators

in order to efficiently measure the Hamiltonian as well as giving bounds on the

number of experimental shots required to achieve a given statistical error; and

Sec. 2.2.4 which describes the parameterised ansatz circuit used in our experiments.

In Sec. 2.3 we show proof of principle experiments using our model to accurately

model the London dispersion interaction of an I2 dimer on an IBM superconducting

quantum processor. In Sec. 2.4 we show how the one-dimensional model considered

thus far can be extended to three-spatial dimensions along with the inclusion of

non-linear interactions and anharmonic binding potentials. In Sec. 2.5 we give

further experimental results on real and simulated quantum processors. This

includes Sec. 2.5.1 considering anharmonic oscillator systems; as well as Sec. 2.5.2

considering systems of more oscillators. Finally, in Sec. 2.6 we discuss our results

and describe possible future research directions.

2.2 Coarse-grained modelling on digital quantum
computers

2.2.1 Coarse-grained model

Within the harmonic coarse-grained model, the electronic distribution of an atom

or molecular moiety is modelled by a charged quantum Drude oscillator (QDO). For
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neutral species, this is a quantum harmonic oscillator consisting of a (quasi-)particle

of charge −q bound to charge +q which is fixed in the atomic or molecular frame.

Allowing these charges to interact through a Coulomb interaction (truncated to

linear order) leads to correlated displacement of these QDOs which correspond to

induced instantaneous charge density fluctuations in the molecules. This allows us

to represent dispersive interactions between non-polar molecules. Although such

a model is very simplistic, it nonetheless exhibits a full hierarchy of long range

electronic responses.

Within this model, many body polarisation and dispersion interactions arise

naturally at all orders and the resulting intermolecular forces emerge without

the need for a-priori force laws or interaction potentials.

One feature (or drawback) of this model is that it obeys distinguishable particle

statistics rather than Fermi statistics. In order to capture exchange interactions,

the model must be augmented with short range repulsive terms. Such an extension

is beyond the scope of what we present here and is often unnecessary when using

the model in condensed phases systems dominated by van der Waals interactions

and where exchange interactions have minimal contribution.

This basic model has been applied with great success on classical processors for

noble gas solids and single-component liquids [174, 175]. By defining the model

parameters using just properties of single, isolated molecules, these models have

predicted emergent phenomena across large portions of their respective phase

diagrams. For a recent review of such results see Ref. [168].

To present the coarse-grained model, the algorithm and the first set of experimental

results within this section (Sec. 2.2) as well as Sec. 2.3, we will consider only

harmonic one dimensional QDOs with dipole order coupling2. Even within the

simple model one-dimensional model, a rich set of physics emerges. With just

two of these oscillators we generate the London dispersion interaction which is

proportional to R−6 and α2 as expected, where α is the dipole polarisability and R
2We will later describe how to extend this to more spatial dimensions and complex Hamiltonians.
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the physical separation, with proportionality constant matching that for the linear

non-polar molecules in the limit of infinitely anisotropic polarisability. We will

briefly demonstrate this in the following.

We define a pair of identical QDOs with charge q, effective mass µ and harmonic

trapping frequency ω; these being three model parameters that can be fitted to

experimental data to achieve the required dispersive interaction. We separate these

QDOs by distance R and allow the negative charges to move perpendicular to

the inter-oscillator axis and parallel to each other. The position and momentum

operators (which can be defined in terms of ladder operators obeying the usual

bosonic commutation relations) corresponding to the motion of the quasi-particles

are given by x̂1, p̂1 and x̂2, p̂2 for the first and second QDO respectively. We arrive

at the following Hamiltonian by considering kinetic, onsite potential and (leading

order) Coulomb interactions between charges within each operator;

Ĥ = p̂2
1

2µ + p̂2
2

2µ + 1
2µω

2(x̂2
1 + x̂2

2 + γx̂1x̂2), (2.1)

where coupling constant γ = −4 q2

µω2
1
R3 . Alternatively γ = −4 α

R3 when written in

terms of the dipole polarisability α = q2

µω2 . Defining the Bogluibov transformation

p̂± = 1√
2

(p̂1 ± p̂2), x̂± = 1√
2

(x̂1 ± x̂2), (2.2)

the Hamiltonian can be rewritten in this new basis as a pair of uncoupled oscillators:

Ĥ =
(
p̂2

+
2µ + 1

2µω
2
(

1 + γ

2

)
x̂2

+

)
+
(
p̂2

−
2µ + 1

2µω
2
(

1− γ

2

)
x̂2

−

)
. (2.3)

By identifying the prefactors on the x̂2
± terms as trapping frequencies of the

uncoupled oscillators we can read off the ground state energy

E = 1
2ℏω

(√
1 + γ

2 +
√

1− γ

2

)
= 1

2ℏω
(

2− γ2

16 +O(γ4)
)
.

(2.4)

Using the definition γ = − 4α
R3 gives a leading order disperive energy correction of

∆E = − 1
32γ

2ℏω = −1
2
α2

R6ℏω. (2.5)
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The scaling of this proportional to α2/R6 matches that of the London dispersion

interaction and the proportionality constant exactly matches that of the completely

anisotropic non-polar linear molecules (See Appendix A.1 for further details).

Moving on to systems of more than two oscillators, the non-dimensional Hamiltonian

for N one-dimensional QDOs with linear coupling is given by

Ĥ =
N∑
i=1

(x̂2
i + p̂2

i ) +
∑
j>i

γi,jx̂ix̂j, (2.6)

where x̂i and p̂i are the bosonic position and momentum operators for oscillator

i and γi,j ∈ R is the coupling between oscillators i and j which are separated

by distance Ri,j. From now on we will assume that all QDOs have the same

trapping frequency and we will implicitly work in energy units of ℏω/2. As with

the pair of one dimensional oscillators, the coupling constant is given by γi,j =

−2(qiqj/
√
µiµjω

2)R−3
i,j = −4√αiαjR−3

i,j , where for ith QDO the effective charge of

the Drude particle qi, the effective mass µi and the oscillator frequency ω are model

parameters which can be chosen. The dipole polarisability is given by αi = q2
i /µiω

2.

If pairs of QDOs instead align parallel to each other and parallel to the inter-

oscillator axis, the coupling constant is given by γi,j = 2√αiαjR−3
i,j . We will not

consider such a geometry in this work.

The Hamiltonian in (2.6) is quadratic, this means that its ground state and thermal

states consist of Gaussian states and can be soluble using efficient classical methods.

This allows us to efficiently benchmark our quantum algorithm in the experimental

results in the following sections. The price paid for this computational simplicity

is that interactions at various orders are related by Gaussian statistics - simple

algebraic relations that relate the different values to one another. This results in

symmetries within the model that lead to the absence of certain terms, such as the

second hyperpolarisabilty (dipole-dipole-dipole-dipole interaction) [175].

In the following we will present how (2.6) can be solved using a variational quantum

algorithm along with experimental results of doing so. We will later show how this

model can be extended to three dimensional oscillators and include anharmonic
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trapping and non-linear interaction terms, taking us out of the regime of Gaussian

statistics and into one where classical algorithms are no longer efficient.

2.2.2 Algorithm description

We find the ground state of the 1D QDO Hamiltonians using the common procedure

of the Variational Quantum Eigensolver (VQE) algorithm [47]. The aim of VQE

is to use a quantum circuit containing gates parameterised by real parameters

θ = { θ0, θ1, . . . } to generate a variational quantum state |ψ(θ)⟩. The parameters θ

are varied by using a quantum-classical feedback loop in order to find an optimal

set of parameters corresponding to the ground state of the problem Hamiltonian.

Guided by the variational principle, using this procedure to solve the minimisation

problem

min
θ
⟨ψ(θ)|Ĥ|ψ(θ)⟩ (2.7)

will lead to us finding the ground state of the model as well as ground state energy,

provided the structure of our parameterised circuit (or ansatz) contains within it

the ability to represent the true ground state. As is common with optimisation

algorithms (particularly in the case of noisy measurements, complex cost function

landscape or an ansatz that is not fully expressible3), we rather find an approximate

solution to the optimisation problem above, hoping that our approximate ground

state calculated approximates the true ground state and energy within a required

precision.

To represent the states of QDOs we work within the (Bosonic) Fock basis. Since the

single oscillator Fock states form an infinite basis and we will be working with finite

dimensional qubits, we will necessarily have to restrict ourselves to basis containing

a finite subset of the Fock states. This will not allow us to produce exact solutions
3In general if we do not know what form the ground state should take, a variational ansatz

is only guaranteed to find the true ground state if it is fully expressive (can generate all states
within the full Hilbert space). As will be discussed in Sec. 2.6, we typically want to avoid this
and instead settle for ansatz that cover a subset of the Hilbert space that we believe contains
reasonably good approximate solutions.
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to the true infinite dimensional Hamiltonian. However, since dispersive effects in

real systems are typically much smaller than the bare energy scale of ℏω, we expect

true ground states to be dominated by contributions from lowest energy Fock states.

Thus, we expect that truncating the Hilbert space to just the first few Fock states

will not severely impact the accuracy of solutions.

For a single QDO, we use a truncated basis of the first d Fock states. We will use

a compact encoding [176], which has previously been proposed for calculation of

molecular vibrational molecular modes on a quantum computer [60, 177]. For such

an encoding, we require m = ⌈log2 d⌉ qubits and use the Fock state to qubit state

mapping

Hd−Fock → H⊗m
2 : |n⟩ → |binm(n)⟩ (2.8)

where binm(n) denotes the m-length binary representation of integer 0 ≤ n < d. To

make the most use of a fixed number of qubits per QDO, we will typically choose

d to be a power of two, i.e., d = 2m. Throughout this work, underlined integers

within a ket will denote a Fock state and non-underlined integers within kets will

correspond to the computational basis of the qubits unless otherwise stated. The

basis for the system of N QDOs will then be formed of a tensor product of the

individual QDO bases:
(
H⊗m

2

)⊗N
which will require a total of mN =: M qubits.

Fig. 2.1 shows a schematic representation of the algorithm and correlated charge

fluctuations captured by the model for two oscillators.

In order to measure the cost function for a given variational state a during the

optimisation procedure, the Hamiltonian in (2.6) must be decomposed into Pauli

operators that can be measured on the quantum computer. Formally, this requires

us to write Ĥ in terms of the basis on M qubits Pauli operators: {1, X, Y, Z }⊗M ,

calculating the coefficients with which each contributes to the Hamiltonian:

Ĥ =
∑

P̂i∈{1,X,Y,Z }⊗M

βiP̂i (2.9)
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2

ited.

Secondly, there are so-called first principles approaches
in which the Schrodinger equation is solved to various
levels of approximation. Here the prevailing methods
for molecular dynamics applications are based on Kohn-
Sham density functional theory. In these models, there
are no empirical force laws: Instead, forces are computed
“on-the-fly” directly from the electronic structure accord-
ing to the Hellmann-Feynman [6, 7] theorem with tra-
jectories evolved on the Born-Oppenheimer surface [8].
These techniques are computationally resource-intensive
and tend to be limited to relatively small systems. Also,
common density functional approximations do not prop-
erly capture non-local correlations involved in dispersion
forces and there are active efforts to devise dispersion-
corrected density functionals [9–12]. High-level quantum
chemistry methods (such as configuration interaction
(CI) [13–15] or canonical coupled cluster (CC) [16, 17]
with perturbative (single, double, triple) excitations) can
account for dispersion interactions explicitly within vari-
ous levels of approximation albeit with even more severe
limitations imposed by system size scaling [18–20].

Quantum computing offers promising routes for sim-
ulations of correlated electronic systems at the first-
principles level. Materials modelling at atomic and
molecular scales is therefore one of its most anticipated
application areas. One such route is to use variational
quantum algorithms (VQAs) [21, 22] for solving the
Schrödinger equation for chemical systems [23]. VQAs
have the benefits of requiring relatively short coherence
times and modest numbers of qubits which is achieved
by using a shallow parameterised quantum circuit em-
bedded within a classical optimisation routine to find the
ground state of a given problem Hamiltonian [24]. Since
the first proposal to use variational methods - namely
the variational quantum eigensolver (VQE) for chemi-
cal systems [24], VQAs have seen application to a sig-
nificant number of areas including combinatorial opti-
misation [25, 26], strongly correlated materials [27–29]
and non-linear partial differential equations [30]. Cur-
rent capabilities to model molecular properties from first
principles in large systems using VQAs are however lim-
ited by the prohibitive computational cost of the high-
level, wavefunction methods typically deployed in quan-
tum chemistry. For example, solution of the Schrödinger
equation at the full configuration interaction (so-called
“full CI”) level for the ground-state wave function for
molecular systems exhibits factorial scaling [31].

Chemical applications of VQAs have consequently been
confined to the strongly-bound intramolecular regime of
the interaction hierarchy and to small systems with ex-
amples now demonstrated for dissociation curves of small
molecules [32, 33], ground state energies for intramolec-
ular bonds [34], molecular excitation energies [31], cova-
lent binding energies of hydrogen chains, isomerisation
barriers [35], molecular vibrations [36, 37] and, two-site
DMFT calculations [38, 39]. All except the last two ex-
amples consider Hamiltonians and states within full elec-

−δ

+δ

−δ

+δ

γ

IBM QPU

(VQE: θ → θ′)

⟨Ĥ(θ)⟩

CPU

θ

θ

θ

FIG. 1. Schematic of the VQE optimisation procedure and
output states showing instantaneous assymetry of the molecu-
lar charge distribution. These correlated charge density fluc-
tuations lead to dispersion interaction which, to the lowest
order, is the familiar 1/R6 London attraction.

tronic basis sets such as Slater-type or Gaussian-type or-
bitals [40]. For the sake of comparison with our method,
we will refer to these as orbital-based VQE methods.

In contrast, the intermolecular (non-covalent) interaction
regime has been largely unexplored using quantum algo-
rithms and is a gap which will need to be filled in order
to address realistic material science problems using near-
term, noisy, quantum computers. Due to the size of the
molecular complexes of interest and the necessary inclu-
sion of core electrons for dispersive forces, the required
number of electrons and orbitals implies a large number
of basis functions and qubits [41, 42]. This makes the
direct scale up of current quantum algorithms for elec-
tronic structure calculations very impractical and there-
fore strategies are needed to reduce the number of elec-
trons and orbitals treated explicitly at the highest levels
of accuracy.

To address this difficulty, we develop a coarse-grained
model of electronic interactions that is ideally suited for
VQA and can easily be extended to represent a wide
range of possible interactions. Our approach is inspired
by and extends a maximally coarse-grained model used in
classical computations [43]. In this model the responsive
(polarisable) part of the molecular charge distribution is
modelled as a quantum harmonic oscillator embedded in
the molecular frame and its properties can be tuned to
reproduce reference values of polarisability or dispersion
coefficients for real molecular species. Zero-point mul-
tipolar fluctuations are present by construction and so
dispersion arises naturally. While the model parameters
are defined empirically to fit molecular properties there
are no interaction potentials or force laws between atoms
or molecules defined a priori. These are instead deter-
mined from the coarse-grained electronic structure as in
ab-initio approaches.

This model blends therefore features from both empirical

Figure 2.1: Schematic of the VQE optimisation procedure and output states showing
instantaneous asymmetry of the molecular charge distribution. These correlated charge
density fluctuations lead to dispersion interaction which, to the lowest order, is the familiar
1/R6 London attraction.

For each non-zero value of βi, we measure ⟨P̂i⟩ on the QPU then sum them all on

a CPU to give ⟨Ĥ⟩ = ∑
P̂i∈{1,X,Y,Z }⊗M = ∑

P̂i
βi⟨P̂i⟩. In the following, we derive

the values of βi for each P̂i and calculate the number of non-zero values giving the

number of unique circuits that must be measured for each evaluation of the cost-

function. We will see that, although there are 4M different operators in the Pauli

basis only a small subset of them need to measured to evaluate the cost-function.

For the non-interacting and interacting terms within the Hamiltonian, we will

present the Pauli decomposition for systems of a single and two QDOs respectively.

We note that the same decompositions apply to the N QDO Hamiltonian by

applying these one and two oscillator decompositions to the correct subsets of m

and 2m qubits respectively. Since we represent our states in the truncated Fock

basis, the non-interacting contribution of a single QDO is simply a measurement in

the computational basis consisting of m non-identity Z operators:

x̂2 + p̂2 = 2m1⊗m −
m−1∑
i=0

2iZi, (2.10)

where Zi is the Pauli Z operator acting on qubit i.
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For a pair of m qubits QDOs, the coupled part of the Hamiltonian consists of(
1
2d log2 d

)2
non-zero Pauli terms. The full structure along with a proof for the

number of terms is given in Appendix. A.3. As examples, the Pauli deompositions

for m = 1 and m = 2 are given by

x̂1x̂2|m=1 = X1X2, (2.11)

x̂1x̂2|m=2=
√

3 + 2
4 X1X3 +

√
3 + 1
4
√

2
X1X2X3 +

√
3 + 1
4
√

2
X1X3X4

+ 1
4X1X2X3X4 +

√
3 + 1
4
√

2
Y1Y2X3 + 1

4Y1Y2X3X4

+
√

3 + 1
4
√

2
X1Y3Y4 + 1

4X1X2Y3Y4 −
√

3− 1
4
√

2
Y1Y2X3Z4

−
√

3− 1
4
√

2
X1Z2Y3Y4 −

1
4X1Z2X3 −

√
3− 1
4
√

2
X1Z2X3X4

− 1
4X1X3Z4 −

√
3− 1
4
√

2
X1X2X3Z4 + 2−

√
3

4 X1Z2X3Z4

+ 1
4Y1Y2Y3Y4.

(2.12)

The Pauli terms corresponding to the interacting part of the Hamiltonian for

N QDOs is constructed by combining these pair-wise interaction terms for all

N(N − 1)/2 pairs of QDOs, making sure to multiply by the corresponding coupling

constants {γi,j}.

2.2.3 Measurement cost

If all coupling constants γi,j are non-zero, the total number of non-identity Pauli oper-

ators that must be measured to evaluate the ⟨Ĥ⟩ is (log2 d)N+ 1
8d

2(log2 d)2N(N−1).

Naively, Ĥ can be measured by measuring each of these terms as a separate circuit

with some fixed number of experimental shots. The number of measurements

required can be significantly reduced however, by grouping Pauli operators into

collections that mutually commute, and since mutually commuting operators can

be simultaneously diagonalised by a single unitary, measured at the same time.

In general calculating the commuting collection optimally is expected to be NP-

hard there exist many heuristic methods that efficiently find reasonably good
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partitions, see for example Refs. [72, 172, 178–182]. Using the structure of our

Hamiltonian, we derive an exact grouping of the terms into mutually-commuting

subsets and therefore find an upper bound on the number of unique measurements

that need to be performed to achieve a desired measurement accuracy. We restrict

ourselves to finding subsets that qubit-wise commute since the rotation needed to

perform the simultaneous measurements consists of just single qubit operators4.

For our Hamiltonian (2.6), we find the number of collections of qubit-wise mutually

commuting operators needed to measure ⟨Ĥ⟩ to be (N − 1)
(
d
2 log2 d

)2
+ 1 or

N
(
d
2 log2 d

)2
+ 1, for even and odd N respectively. In general, for Hamiltonian with

all-to-all k-order couplings, the number of collections will be O
(
(d log2 d)kNk−1

)
.

Heuristic sorting algorithms do reduce the number of collections relative to this,

however an analytic prediction of how they will perform in general is not known.

The scalings given here serve as an upper bound that can be used for theoretical

analysis of algorithmic resource requirements. For a description of the grouping

method, proof of these scalings as well as examples of the result of using heuristic

grouping algorithms, see Appendix A.3.

Using this exact grouping of mutually-commuting operators, we estimate the

expected number of experimental shots to measure ⟨Ĥ⟩ within absolute error ϵ.

Without knowing the exact form of the ground state of ⟨Ĥ⟩ (if we did know this

a priori, we would not need to use computational algorithms to find them!), we

calculate the expected number of shots with respect to distributions of states within

Hilbert space. Firstly, we consider a uniform spherical measure on the full Hilbert

space [183, Chapter 7], effectively assuming no knowledge of the distribution of

possible states generated during the algorithm. By assuming nothing about the

nature of these states, this can be considered an upper bound on the number of

shots required. Secondly, we consider a distribution consisting of just a single
4By qubit-wise commute, we mean that each single qubit operator within one of the multi-qubit

Pauli operators commutes with the corresponding single qubit oscillator in the other. For example,
the operators {X ⊗X,1⊗X} qubit-wise commute (and so can be measured simultaneously by
applying a Hadamard gate to each qubit and measuring in computational basis), whereas the
operators {X ⊗X,Z ⊗ Z} commute, but do not qubit-wise commute (simultaneous measurement
will involve performing a rotation into an entangled basis).
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Measure Ungrouped Grouped
Circuits Shots Circuits Shots

Spherical
O (N2(log2 d)2d2) a

O
(
γ2N4d8

ϵ2

)
b

O(Nd2) c
O
(
γ2N3(log2 d)4d6

ϵ2

)
d

Pure O
(
γ2N4d4

ϵ2

)
e O

(
γ2N3d4

ϵ2

)
f

For full expressions and proofs see Appendix A.4: aTheorem A.3.1, bTheorem A.4.2,
cTheorem A.3.6, dTheorem A.4.1, eTheorem A.4.4 and, fTheorem A.4.3.

Table 2.1: Number of unique circuits required using our exact grouping as well as
expected number of shots required to achieve absolute measurement error ϵ for a system of
N d-level one-dimensional QDOs. Here γ is a typical scale for the inter-oscillator couplings.
The expectations for number of shots are calculated with respect to distribution over the
uniform spherical measure of states (Spherical) as well as the pure state of the uncoupled
QDOs (Pure). For ungrouped results all Pauli operators in the Hamiltonian are measured
separately, for grouped results Pauli operators are measured in groups according to the
method described in Appendix A.3 Theorem A.3.6.

pure state equal to the ground state of the uncoupled system i.e., |ψ0⟩ = |0⟩⊗mN ,

which we expect to be close to the ground state with small coupling. For this

uncoupled state, there is no contribution to the error from coupling terms and so

this can effectively be considered a lower bound in the number of shots required.

The resulting requirements for each of these distributions are given in Table 2.1

for the case of measuring all Pauli operators separately as well as when grouping

and measuring commuting operators as described previously. We see that for both

distributions, grouping commuting operators reduces the required number of shots

from O(N4) to O(N3) with respect to N . For the case of the uniform spherical

measure, grouping also significantly reduces the polynomial scaling with respect

to d. In all cases, the precise estimate of the shots required (with prefactors) as

well as proofs for the number of shots required can be found in Appendix A.4. It is

worth noting that the estimated number of shots quoted is an upper bound for the

spherical measure and tight for the pure uncoupled state.

To learn about the number of shots required for modelling real molecules of interest,

we calculated the number of shots given by the above bounds required to achieve

a measurement error on ⟨Ĥ⟩ of ϵ = 10% × ∆E(RvdW). Here ∆E(RvdW) is the

dispersion interaction energy between a pair of one-dimensional QDOs representing
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Figure 2.2: Estimated number of shots required to measure ⟨Ĥ(RvdW)⟩ with error
ϵ = 10%×∆E(RvdW) for a range of different molecules. Here RvdW is the van der Waals
diameter of the respective molecules. The expected number of shots is calculated with
respect to the spherically uniform measure [(a) and (b)] as well as with the uncoupled
state [(c) and (d)] with and without grouping commuting operators. The number of
shots is shown both as a function N for fixed d = 4 and as a function of d for fixed N = 2.
Note that in (d), the grouped and ungrouped lines are indistinguishable from one another.
Values for RvdW and α are taken from Refs. [184–187].

molecules separated by their van der Waals radius (RvdW). The results of these

calculations are presented in Fig. 2.2. Assuming distributions of the uniform

spherical measure as well as the pure uncoupled state, we see that the grouping

can reduce the number of shots required by an order of magnitude, even for the

relatively small values of N and d considered.

It is worth briefly comparing the measurement cost of this algorithm to that of

orbital-based VQE. Although there are no good estimates for the number of shots

required for orbital based VQE in the literature, there does exist scalings for the

total number of collections of mutually commuting operators. The best scaling

shown for the number of these collections is O(N3) [172] where N is the number

of orbitals. Comparing this to the O(N) scaling in the terms of the number of
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QDOs N shown here5, we see that the measurement cost for our algorithm scales

significantly better as a function of problem size.

2.2.4 Variational ansatz

In order to minimise circuit depth and to match device connectivity, for the

experimental results in this paper we use a variational ansatz consisting of layers of

two qubit operators. Because our problem Hamiltonian is positive we know that

the ground state we desire will be real valued (up to a global phase). Therefore, we

restrict our variational ansatz to consist of only real valued, two qubit operators. We

use the optimal construction for SO(4) given by Vatan and Williams [188]. In order

reduce the total number of variational parameters, we remove two parameterised

Rz gates from the SO(4) block, reducing the number of parameters from six to

four and limiting the space accessible to a single block to a subset of SO(4). This

modified block is shown in Fig. 2.3b with the full ansatz (consisting of two layer)

shown in Fig. 2.3a.

For future work aimed at achieving practical quantum advantage, it is likely that the

ansatz used should be further inspired by the structure of the problem Hamiltonian.

This would limit the space accessible to the ansatz (while hopefully containing the

solution) in order to mitigate the effect of barren plateaus (we will discuss this further

in Sec. 2.6). Although more costly than ansätze designed to make efficient use of

the topology of existing quantum hardware [62], in the case of orbital based VQE,

chemistry inspired ansätze such as unitary-coupled-cluster (UCC) [189] are believed

to better candidates for achieving quantum advantage. Although we do not consider

them in this work, analogous ansätze for bosonic systems can be constructed [60,

162, 190] called the unitary-vibrational coupled-cluster (UVCC). This is inspired by

the vibrational coupled cluster (VCC) used in classical computations [191, 192] but,

unlike the VCC ansatz, the UVCC ansatz obeys the variational principle and has

been suggested to better deal with strong static correlations [60].
5this is because our Hamiltonian only includes pairwise interaction terms, whereas the fermionic

hamiltonian for orbital-based VQE includes four-body operators.
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FIG. 4. Circuits used in experiments. (a) Four qubit varia-
tional ansatz representing the state of two d = 4 QDOs. The
upper (lower) qubit within the two-qubit register for each
QDO corresponds to the most (least) significant bit in the bi-
nary encoding of the corresponding QDO Fock states. Each
two-qubit block consists of a four-parameter real-valued op-
erator. (b) Composition of the four-parameter real-valued
operators. Rz and Ry gates in the centre are Pauli Z and Y
rotation gates, each one contains a single variational param-
eter. The remaining gates are fixed with S = Rz

(
π
2

)
and

R = Ry

(
π
2

)
. This block is based on the general SO(4) opera-

tor from Ref. [65] with two parameterised Rz gates removed.

The UVCC ansatz will lead to significantly larger circuits
than our ansatz in Fig. 4 due to the non-trivial decompo-
sition of bosonic operators into Pauli operators that can
be implemented natively on quantum devices, thus we do
not consider its application in this work. The analysis of
commutation relations presented in Appendix C as well
as various encoding methods [67] will be important in un-
derstanding the experimental cost of the Trotterisation
required for such an ansatz.

III. EXPERIMENTAL RESULTS USING IBM
QUANTUM COMPUTERS

To demonstrate the feasibility of calculating weak in-
termolecular interactions from the coarse-grained model
we represent two linear, non-polar molecules at distance
R apart using two one-dimensional QDOs. We choose
model parameters matching those of I2 , which is known
to produce a dimer molecular liquid above its melting
point of 114°C in which dispersion forces dominate the
cohesion.

For each QDO, we use a d = 4 level Fock basis, leading
to a total of four qubits required for the two-molecule
system. We model the pair of I2 molecules, both aligned
with their molecular axis along the intermolecular axis
such that the one-dimensional QDO models their induced
polarisation along the molecular axis. We use a value

for the polarisabilty of α = αzz = 14.5Å
3
the polar-

isability coefficient along the molecular axis [54] and a
harmonic trapping frequency of ℏω = 9.61eV. For the
coarse-grained electronic model, it is usual to choose the
ω parameter (or alternatively the point charge q and
mass µ if working with raw Drude particle parameters).
This is done to capture a certain chosen property, such
as the C6 London dispersion coefficient, and then further
terms (such as C8 and C9 terms) arise naturally from the
model. In this case, we choose ℏω such that the full three-
dimensional QDO in this setup would give C6 coefficient
matching experimental measurements of I2 [70]. For the
pair of interacting molecules, the full three-dimensional
model and the total London dispersion energy for the pair
of interacting molecules can be found from repetitions of
the one-dimensional model using the correct possibilities
for each remaining axis a discussion of which is deferred
until Sec. IVA. As proof of principle, we only consider
polarisability along the intermolecular axis. To gener-
ate the dispersion energy as a function of inter-molecular
separation R, we perform the VQE procedure to calcu-
late the ground state energy of the coupled QDOs for a
range of possible coupling constants.
For the experimental optimisation procedure we used, for
R = ∞, the quantum computer ibmq santiago and, for
all other values of R, ibmq montreal (For further details
about the hardware used in this work, see Appendix F).

Each evaluation of ⟨Ĥ⟩ is performed by running ten cir-
cuits with 8192 shots each where the 21 Pauli opera-
tors needed to estimate ⟨Ĥ⟩ are collected into ten groups
of operators that qubit-wise commute as described in
Sec. II B. We evaluated gradients using the parameter
shift rule [71] and performed the optimisation using the
ADAM optimiser (learning rate 0.25, decay rates 0.9,
0.99) [72]. For each value of R, the VQE procedure was
run for 200 optimisation steps with the final set of pa-
rameters taken as the output. For each experiment, the
values of θ are independently randomly initialised to val-
ues taken uniformly on the interval [−π/2, π/2].
Once the optimal set of parameters was found, we ex-
tracted the binding energy from the noisy quantum com-
puter using a simple scheme to subtract the effect of de-
vice noise. The binding energy due to the London dis-
persion interaction at a certain R is then given by

∆E(R) = E(R)− E(R = ∞), (7)

where E(R) is the ground state energy at R and with
E(R = ∞) corresponding to the ground state energy of
the completely uncoupled state. By modelling the out-
put of the noisy quantum computers as a unitary channel
depending on variational parameters θ along with depo-
larising noise with error rate λ, the output state for a
given set of variational parameters is

ρ(θ) = (1− λ)|ψ(θ)⟩⟨ψ(θ)|+ λ

2mN
1, (8)

where |ψ(θ)⟩ is the output state from a noiseless ansatz
with parameters θ. Assuming |ψ(θ)⟩ is the required

Figure 2.3: Circuits used in experiments. (a) Four qubit variational ansatz representing
the state of two d = 4 QDOs. The upper (lower) qubit within the two-qubit register
for each QDO corresponds to the most (least) significant bit in the binary encoding of
the corresponding QDO Fock states. Each two-qubit block consists of a four-parameter
real-valued operator. (b) Composition of the four-parameter real-valued operators. Rz
and Ry gates in the centre are Pauli Z and Y rotation gates, each one contains a single
variational parameter. The remaining gates are fixed with S = Rz

(
π
2
)

and R = Ry
(
π
2
)
.

This block is based on the general SO(4) operator from Ref. [188] with two parameterised
Rz gates removed.

2.3 Experimental results using IBM quantum
computers

As a demonstration of our algorithm on current generation quantum hardware we

calculate the dispersion curve for a pair on interacting linear, non polar molecules.

We choose model parameters to match those of an I2 dimer, which forms a molecular

liquid above its melting point of 114°C in which dispersion forces dominate the

cohesion. In order to plot the dispersion energy, we calculate the ground state

energy with our VQA for a range of intermolecular separations R.

Using a total of four qubits, we represent each molecule as a single d = 4 level QDO

on two qubits. Since we model what are really three-dimensional molecular charge

distributions with one-dimensional oscillators, we align the molecules with their

molecular axis along the intermolecular axis such that the induced polarisation

of the 1D QDO matches the direction in which the largest polarisation occurs in
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the real linear molecule - along the molecular axis corresponding to the largest

anisotropic polarisability coefficient.

We use a range of different IBM superconducting devices for the experiments

presented here. For the optimisation part of the algorithm, we use the ibmq_santiago

superconducting processor for the R =∞ data point and we use the ibmq_montreal

for all other values of R. See Appendix B.2 for further details of the hardware

used in this work. In order to measure ⟨Ĥ⟩ for the optimisation, the 21 Pauli

operators making up the two oscillator Hamiltonian are partitioned into ten mutually-

commuting groups as described in Sec. 2.2.3. Limited by hardware capabilities,

rather than optimally distribute shot between these groups to minimise the variance,

we run each of the ten measurement circuits with the maximum allowed 8192 shots.

We use the gradient based ADAM optimiser (learning rate 0.25, decay rates 0.9,

0.99) [193] using the parameter shift rule [194] to evaluate gradients of the cost

function with respect to the variational parameters. For the gates making up our

ansatz, the parameter shift rule allows us to exactly6 calculate a single one of these

gradients by making two measurements of cost function, one shifting the parameter

of interest up by π
4 and the other by shifting it down by π

4 . More precisely,

d

dθi

〈
Ĥ(θ)

〉
=
〈
Ĥ
(

θ + π

4 ei
)〉
−
〈
Ĥ
(

θ − π

4 ei
)〉

, (2.13)

where ei is the unit vector corresponding to the θi direction.

When the optimisation procedure is complete and an optimal set of parameters

found, we extracted the binding energy by using a simple scheme to subtract off

device noise. The binding energy for a given finite value of R is given by

∆E(R) = E(R)− E(R =∞), (2.14)

where E(R) is the ground state energy at R and with E(R = ∞) corresponding

to the ground state energy of the completely uncoupled state. If we assume the

output of noisy quantum processors can be described by the unitary operation of
6by exactly, we mean that there is no error due to a finite difference scheme. The gradient will

have errors associated with finite sampling and device noise.
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the circuit governed by θ along with a completely depolarising channel with error

rate λ, the output state is given by

ρ(θ) = (1− λ)|ψ(θ)⟩⟨ψ(θ)|+ λ

2mN 1, (2.15)

where |ψ(θ)⟩ is the state corresponding to a noiseless ansatz with parameters θ.

Assuming optimisation was successful such that |ψ(θ)⟩ is the required ground state,

then the energy evaluated on the noisy device is given by

⟨Ĥ(R)⟩ρ(θ) = (1− λ)E(R) + λ

2mN Tr[Ĥ(R)]. (2.16)

Therefore, if we assume λ is independent of the variational parameters and does

not change between experiments, the dispersion energy is given by

∆E(R) = ⟨Ĥ(R)⟩ρ(θ) − ⟨Ĥ(R =∞)⟩ρ(θ∞)

(1− λ) , (2.17)

where θ∞ are variational parameters found for the ground state of Ĥ(R =∞) and

we have used that Tr[Ĥ(R)] = Tr[Ĥnon-int] = dN ∀R.

We can then use (2.17) to estimate the dispersion energy using a noisy quantum

device. We estimate λ by measuring the fidelity of the uncoupled ground state on

the noisy computer F = Tr
[
ρ(θ∞)|0⟩⟨0|⊗mN

]
= (1− λ) + λ

2mN . This can be done

without additional cost by reusing the counts measured when calculating ⟨Ĥ⟩ρ(θ∞).

Although there a number of large assumptions in getting to this result, we find that

for the devices and short depth circuits used in these experiments, this method

to subtract off the effect noise gives reasonably accurate estimates of the London

dispersion energy, without the need for more complex or costly error mitigation

techniques.

To perform this subtraction method to extract the binding energy for optimised

parameter values we used the ibm_lagos quantum processor. Since we assume that

the error rate λ is constant across all experiments, it was important to run these

experiments under conditions that led to the most similar noise profiles across all
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R = 4.45Å
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Figure 2.4: Experimental measurements used for error subtraction. (a) Measurements of
⟨Ĥ(R)⟩ρ(θR) where θR are the optimal parameters found for each separation R evaluated on
ibm_lagos quantum computer. As described in the main text, each of the 200 experiments
is performed for each value of R before moving onto the next one. (b) Mean values of
the measurements for each R. (c) Exact calculation of Ĥ with no noise for the optimised
parameters. Solid curve shows the true ground state. (d) Absolute difference between
exact value of ⟨Ĥ⟩ and mean of noisy measurements. This shows that, although the
effect of noise varies with each experiment, by measuring each R in the order described,
the effect of noise is approximately equal for each data point. Data points at R = ∞
correspond to the uncoupled Hamiltonian and parameters found using the optimisation
procedure.

measurements. Firstly, the same qubits and recompiled circuits were used in all

experiments as the noise on the device varies significantly for different qubits and

gate operations. Secondly, due to the significant time dependence of the noise levels

on the superconducting device, we had to evaluate expectation values for all values

of R as close to simultaneously as possible. To measure the noisy Hamiltonian

expectation values, we took the mean of 200 repetitions of each measurement (using

8192 shots per circuit and the same grouping scheme as during optimisation),

performing the measurements for each R sequentially before moving onto the next

of the 200 repetitions. We maximised the number of the circuit performed in a

single job submitted via the cloud to the quantum processor and all jobs were

submitted simultaneously to minimise the time between successive jobs. We see

from Fig. 2.4 that the levels of noise vary significantly through the 200 evaluations

performed, but by submitting the measurements in an inter-collated order, the drift

seen in expectation values is approximately matched for each different value of R.
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The final dispersion spectrum achieved by the optimisation and error subtraction

method described is shown in Fig. 2.5. We see that when using our variational

procedure and ansatz on real quantum compressors, a set of optimal parameters

can be found that, when evaluated without device noise, corresponds to energy

values close to the true ground state values of the system. Although significant

level of device noise means that raw experimental energies are much larger than

even the uncoupled energy of the system, our simple subtraction method allows us

to partially account for these errors and to measure dispersion energies using the

real device that closely match the exact London dispersion interaction. We find

that for all values of R tested, the measured binding energy is within two standard

deviations of the exact values.

It should be noted that, when evaluated the energy without device noise but with

parameters found using a noisy quantum device (as shown in Fig. 2.4(b)), the values

measured are all slightly above the true ground state of the system. There are a

number of compounding factors that could contribute to this. Firstly, this could be

the results of unconverged optimisation or the result of the algorithm getting stuck

in local minima. Secondly, systematic errors in the rotation gates applied by the

device can be accounted for as over/under rotations in the variational parameters

learnt by the algorithm. These are obviously not reflected in expectation values

measured using error-free simulation. Such issues can affect all VQAs and we expect

their effects will be reduced as quantum hardware performance improves and could

be somewhat mitigated by fine tuning the optimisation method used (to achieve

better convergence to the global minimum).

2.4 Extending the model

2.4.1 Three-dimensional QDOs

As discussed in Sec. 2.2.1, full three-dimensional QDOs are required for a complete

description of the dipole-dipole interaction and higher order terms. In the following
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Figure 2.5: London dispersion energy (∆E) calculated using variational quantum
algorithm for one-dimensional quantum Drude oscillators computing interacting I2 dimers.
The black line gives the dispersion energy obtained analytically. Red squares correspond to
noise-free evaluation (via state vector simulations) of the experimentally optimized coupled
ground state. Blue circles correspond to energy directly obtained from experimentally
optimized ground states (error bars represent one-standard deviation on the mean). The
horizontal line marks zero dispersion interaction corresponding to uncoupled oscillators
at R =∞ and vertical dashed line corresponds to the I2 van der Waals diameter.

we show how our variational alogorithm can be simply extended to systems of

three-dimensional QDOs.

The Hamiltonian for coupled three-dimensional QDOs is given by

Ĥ =
N∑
i=1

(
1

2µ p̂2
i + 1

2µω
2x̂2

i

)
+ q2∑

j>i

3(x̂i ·Ri,j)(x̂j ·Ri,j)− x̂i · x̂jR2
i,j

R5
i,j

, (2.18)

where x̂i = (x̂i, ŷi, ẑi) and p̂i = (p̂xi
, p̂yi

, p̂zi
) are vectors containing position and

momentum operators for QDO i in each of the three Cartesian coordinates. Ri,j

is the vector separating the centres of the pairs of QDOs i and j; and µ, ω and q

represent the effective mass, natural frequency and charge for the QDO particles

which are assumed to be equal for all oscillators and isotropic in all three spatial

dimensions. It is simple to relax these requirements if needed but we will work with

them here for simplicity of notation.

Identifying the position and momentum operators { (x̂, p̂x), (ŷ, p̂y), (ẑ, p̂z) } for each

of the oscillators into their own set of creation and annihilation operators we can

define a (truncated) Fock basis for each one and encode them each into m qubits.

Thus, the state of a single three dimensional oscillator state is encoded in a quantum
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register of 3m qubits:

H⊗3
d−Fock → H⊗m

2 ⊗H⊗m
2 ⊗H⊗m

2 :

|nx, ny, nz⟩ → |binm(nx), binm(ny), binm(nz)⟩ .
(2.19)

As in Sec. 2.2.2, we can find an upper bound for the number circuits that are

required to measure H is (N − 1)
(
d
2 log2 d

)2
+ 1 or N

(
d
2 log2 d

)2
+ 1, for even and

odd N respectively. For further details see Appendix A.3.

For N = 2 three dimensional oscillators, the Hamiltonian simplifies to

Ĥ =
∑

u∈{x,y,z }
(û2

1 + p̂2
u1) + (û2

2 + p̂2
u2) + γuuû1û2, (2.20)

where γxx = −αxxR−3, γyy = −αyyR−3 and γzz = 2αzzR−3. Here αxx, αyy, αzz
represent the dipole polarisability along each of the three spatial axes (which we

now allow to be anisotropic, corresponding to quasi-particle charge q being an

anisotropic tensor) and the intermolecular axis is in the z direction; along which

the physical separation is R. From this, we see that the Hamiltonian is equivalent

to that of three independent interacting pairs of one dimensional oscillators (one

corresponding to u = x, one to u = y and one to u = z in the above) with the

appropriate choices of coupling constants. Thus, in Sec. 2.3 where we modelled the

interaction of two linear molecules aligned along an axis with just one-dimensional

QDOs, extension to a full three-dimensional system is trivial.

2.4.2 Induction, anharmonic and non-linear terms

Thus far we have only considered quadratic Hamiltonians in which onsite potentials

are harmonic and inter-oscillator interactions are linear. As explained in Sec. 2.2.1

such a model can be solved efficiently using classical algorithms and is an incomplete

description of the molecular system and a richer set of physics can be revealed by

extending beyond quadratic Hamiltonians. Here we show how the Hamiltonian can

be extended to include these higher-order interactions and anharmonic terms. We

show how the decomposition and grouping strategies Sec. 2.2.3 can be applied when

applying our VQA to such systems.
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The simplest modification to the model is the inclusion of induction effects by

applying a uniform external field E to the oscillators. For systems of two or more

oscillators, such a modification can lead to non-additive effects [168]. For one-

dimensional oscillators, the additional interaction term for a Hamiltonian of N

oscillators is of the form ĤE-field = ∑N
i=1 qiEx̂i, where qi is the quasi-particle charge of

QDO i. The expectation values of this can measured using the same decompositions

for x̂ as were used previously. Since these are guaranteed to qubit-wise commute

with terms of the form x̂⊗ x̂, these can be measured simultaneously and incur no

additional circuits than the interacting harmonic Hamiltonian.

We can produce more realistic induction models by considering oscillators with

a Coulomb potential resulting from one or more point charges. The additional

Hamiltonian term will have the form Ĥcoulomb = ∑N
i=0

∑Nc
j=0 ϕj(x̂i) for the case of N

oscillators and in potentials ϕj resulting from Nc fixed charges. In order to measure

a Hamiltonian of this form, each potential must be Taylor expanded to some finite

order w:

ϕj(x̂i) ∼
1

|rj − x̂i|
≈ 1
rj

+ x̂i
r2
j

+ x̂2
i

r3
j

+ · · ·+ x̂
(w−1)
i

rwj
, (2.21)

where rj ≫ |x̂i| is the position of the point charge relative to the centre of the

QDO. Such systems could be used to model the effect of permanent charges doped

into a system dominated by van der Waals interactions. Since each of the form

x̂wi acts on distinct oscillators they can be measured simultaneously. The expected

contribution to the required number of shots will also be O(N) with respect to N ,

leaving the assymptotical scaling with respect to number of oscillators unchanged.

Clearly the use of Taylor expansions to add anharmonic potentials is not limited to

those described above. Limited only by the the total Taylor order w, additional

terms of the form Ĥanharm = ω3x̂
3
i + · · ·+ ωwx̂

w
i with appropriate model parameters

defining coefficients {ω3, ω4, . . . , ωw } can be used to produce arbitary, possibly

assymetric, potentials. Using anharmonic trapping potentials of this form extends

the coarse-grained model to regimes that have not been accessible for large systems

using classical computation methods [175]. Such anharmonic trapping potentials
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can lead to the inclusion of some higher order interactions (such as four-dipole

hyperpolarisabilty [129, 175]) as well as non-linear optical effects such as the Kerr

effect, second- and third- harmonic generation and, forms of optical mixing [195].

Finally, we can also introduce non-linear interaction terms. Consider as an example

explicit three-body interaction terms of the form Ĥnon-lin = ∑N
i,j,k=0 β⟨i,j,k⟩x̂ix̂jx̂k.

Terms similar to this have been considered for quantum algorithms of vibrational

spectra where it has been noticed that they are particularly difficult to deal with

using classical computational methods [60, 196]. If all O(N3) possible terms in

Ĥnon-lin are non-zero, the exact grouping method described in Appendix A.4 will

contribute an O(d9N5

ϵ2
) cost to the number of required measurements. In practice,

the scaling with respect to both N and d may be significantly lower as heuristic

sorting methods can make use of qubit-wise commutation relations not identified

in our exact grouping scheme. For higher order interactions, these commutation

relations may become increasingly common. Additionally, for many physical systems

we may not require all-to-all interactions or coupling values may decay strongly

with distance such that many terms can be ignored reducing the cost significantly

compared to that given. The amount of flexibility afforded by these terms as well

as anharmonic potentials allows VQAs to be used to investigate a wide range of

chemical and physical phenomena not yet studied using classical methods.

2.5 Further experimental results

2.5.1 Anharmonic systems

We test the performance of our algorithm on systems of one-dimensional anharmonic

oscillators on both simulated and real quantum computers.

We first consider a system consisting of a single anharmonic oscillator with a quartic

onsite potential term within an external field. For this, we use the Hamiltonian

Ĥ = x̂2 + p̂2 + 1
5 x̂

4 + Ex̂ and vary the strength of the external field E. We use two

qubits to store the state of the QDO with d = 4 Fock levels. As a variational ansatz

we use a single four-parameter two qubit block given in Fig. 2.3(b).
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Figure 2.6: (a) Deviation from zero field ground state energy of 1D anharmonic
oscillator in external field E. Blue circles correspond to evaluating the energy on the
real ibmq_montreal quantum processor using error mitigation techniques described in the
main text. Red squares correspond to evaluating the final energy with no device or shot
noise. Both sets of data points use the same variational parameters which were found
through optimisation performed on a simulated version of ibmq_montreal. Black solid
line shows the exact spectrum found by numerically diagonalising the Hamiltonian. Black
dashed line shows the exact spectrum for the analagous harmonic system (setting x4 term
to zero). (b) Deviation from uncoupled ground state energy for system of two coupled
anharmonic oscillators with optimisation performed on simulated ibmq_montreal device.
Data points show ground state energy relative to true ground state energy of uncoupled
system, evaluated without device or shot noise. Solid line gives exact spectrum of the
anharmonic system calculated by direct matrix diagonalisation. Dashed line gives exact
spectrum of the corresponding harmonic system.

To optimise the variational parameters, we use a simulated version of the ibm_montreal

quantum processor and same ADAM optimiser and settings as in Sec. 2.3. For the

first data point at E = 0, initial values of θ were taken randomly on the uniform

interval [−π/2, π/2] and optimised for 200 gradient descent steps. Following data

points were run in order of increasing E. Initial values of θ were set by linearly

extrapolating the optimised parameters from the previous data points with respect

to the two corresponding values of E.

Using the values of θ calculated through the optimisation procedure, the final values

of the ground state energy for each E were evaluated on ibm_montreal. Since the

system was no longer harmonic the ground state of the non-interacting (E = 0)

system was no longer the zero state and so we were unable to use the method given

in (2.17) to subtract off the effect of noise from the ground state energy. To account

for the effect of device noise, we instead used two forms of error mitigation, namely
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zero noise extrapolation [197, 198] and one based on the Lanczos method [199]

which were used in combination. For a description of these two methods, as well as

experimental settings used in this work see Appendix B.1.

The results of this experiment are shown in Fig. 2.6(a). The value of the energy

found by the algorithm, when evaluated without device noise, agree well with the

true value calculated through direct numerical diagonalisation of the Hamiltonian

matrix. As with other experiments, despite high levels of (simulated) device noise

in the experiment, the gradient descent procedure for this small system is able to

find a good set of variational parameters. When these parameters are combined

with error mitigation, some agreement is also found when evaluating the energy on

the real quantum device however the large uncertainties in the measured values7

meant that the difference between interaction energies for harmonic and anharmonic

systems cannot be resolved on the quantum device. We note that for the model

parameters considered here, the energy resolution required to make this distinction

is significantly smaller than that of the dispersion interaction in Sec. 2.3.

We also perform experiments for system of linearly coupled anharmonic oscillators.

Adding a quartic onsite potential to the system in Sec. 2.3 we get the Hamiltonian

Ĥ = x̂2
1 + p̂2

1 + 1
5 x̂

4
1 + x̂2

2 + p̂2
2 + 1

5 x̂
4
2 + γx̂1x̂2. Again, we use two qubits per oscillator

as well as the ansatz given in Fig 2.3(a) and optimisation settings in Sec. 2.3. Initial

values for θ for γ = 0 were again randomly chosen and for following data points

chosen by extrapolating the optimal values found for previous values of γ. For the

optimisation, we used a simulated version of ibmq_montreal device. Evaluating the

energy corresponding to the parameters found using exact (noiseless) simulation we

find that, without device noise, the states found by the algorithm give energies in

close agreement to the true ground state. The results are shown in Fig. 2.6(b).

7A common drawback of many error mitigation methods is the significant increase in
measurement variance. An increase in experimental shots (and therefore run time) as well
as device noise will decrease this variance.
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2.5.2 Many oscillators

Finally, we also test our algorithm for larger systems of N = 3, 4 and 5 oscillators.

Using the quadratic Hamiltonian in (2.6) again, we define coupling constants γi,j
to represent one-dimensional QDOs placed on the edges of N sided polygons. The

QDO were aligned such that they oscillate perpendicular to the inter-oscillator

plane (i.e., normal to the polygon on which they are placed). For this system,

γi,j = 2α/R3
i,j ∝ 2α/D3 where Ri,j are the distances between oscillators i and j,

D is the diameter of the circle that encloses the N vertex polygons. By varying

2α/D3 (effectively shrinking or growing these polygons) we calculate the spectra

shown in Fig. 2.7. The insets of this figure also show the geometry of each system.

The application of the VQA to these systems, both in the optimisation procedure

and final energy evaluation, was simulated without device or shot noise. Again,

we use qubits per oscillator to give local Hilbert space dimensions of d = 4. For

N = 3, 4, 5 this corresponds to six, eight and ten qubits respectively. We use

ansätze following the layer-wise structure of Fig. 2.3 for systems of more qubits,

with the slight modification of including a cyclic geometry by applying additional

SO(4) blocks between the first and last qubits on odd-numbered layers. For each

data point, we perform 500 optimisation steps using the same optimiser settings as

before. For the α/D3 = 0 data points, θ were initialised to values taken uniformly

on the interval [−π/2, π/2] with θ for further data-points being initialised through

extrapolation. For each geometry we test ansätze of varying depth to see how the

increase in system size affect the circuit size and number of parameters required.

Fig. 2.7 shows that our VQA successfully recreates the energy spectrum for these

systems of three, four and five oscillators. The three oscillator system is of particular

interest as it is the smallest system in which effective many body effects, namely

three body effects (known as the full Axilrod-Teller interaction energy [200] for a

full three-dimensional oscillator), are induced from polarisable systems with only

pairwise coupling. Across all three systems and coupling parameters considered, the

truncated d = 4 spectrum matches the true analytic spectrum (corresponding to
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Figure 2.7: Simulation of VQA for systems of (a) three, (b) four and (c) five QDOs
arranged in regular polygons using ansatze of varying depth. Insets show respective
oscillator geometries, labelling the diameter D of the circle enclosing the polygons which
was effectively varied to generate the spectra. Red solid line (labelled d = 4) corresponds
to numerically diagonalising Hamiltonian of oscillators of d = 4 energy levels. Blue
dashed line corresponds to the same system but only considering the two body pair-
wise interactions. Black solid line (labelled analytic) corresponds to using symplectic
representation of many oscillator system (as described in Appendix B.3) which effectively
corresponds to d =∞. Data points correspond to outputs of VQA algorithm for varying
depth ansatze.

d =∞). Such a d =∞ comparison is only possible with the restriction to quadratic

Hamiltonians which allows us to calculate the analytic spectrum using symplectic

methods. See Appendix B.3 for further details on this.

2.6 Discussion and conclusions

In this chapter we developed a VQA for modelling intermolecular interactions within

a coarse-grained representation. We introduced a Fock state encoding scheme and

variational ansatz circuit structure required for solving the model on digital quantum

computers. We presented a method for grouping together mutually commuting

operators and derived bounds on the number of circuits and shots that are required

to measure the problem Hamiltonian. From this analysis, we demonstrated the

significant reduction in cost achieved by applying this grouping method and have

shown that the VQA we presented scales more favourably with system size than

the most common (orbital based) VQE algorithms. We have shown how the
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model can be simply extended to include anharmonic potential terms and higher

order interactions with negligible measurement cost. Such modifications allow our

algorithm to probe systems not easily accessible to quantum algorithms.

As with other VQE methods, the overall scaling of the algorithm we present -

determined by the number of optimisation steps required to find a good ground

state - is not known. It is however known that the classical optimisation required for

VQAs is in general NP-hard[201]. In addition, the occurrence of barren plateaus [76,

77, 79, 80] in which optimisation gradients vanish with system size also suggest

that the scalability of VQAs may be significantly limited. However, as seen in

the field of classical machine learning, worst case complexity arguments [202] do

not necessarily preclude the use of heuristic optimisation methods for practical

applications, particularly when using gradient based methods to optimise systems

of many parameters which seem to work remarkably well. Additionally, there are

a number of algorithmic improvements, both in circuit design and optimisation

procedure being investigated to mitigate these issues.

It is likely that many of the ideas being investigated to address barren plateaus in

prototypical or general VQE algorithms can be applied to the Hamiltonian in this

work. For the work presented here, a physically inspired ansatz such as the UVCC

described in Sec. 2.2.4 may be necessary to avoid barren plateaus likely induced

by the highly expressive ansätze [76] that we have used in this work. However, the

local Hamiltonian8 presented here may be more resilient to barren plateaus than

the global cost function used in orbital-based VQE.

We have also presented a number of experiments using our VQA on real and

simulated quantum processes. We experimentally demonstrated that van der Waals

dispersion energies, corresponding to some of the weakest but most ubiquitous

intermolecular interactions, are resolvable on current generation quantum hardware

when using this coarse grained approach. This is the first example of using a
8Local Hamiltonians contain Pauli terms which act non-trivially on a constant subset of the

qubits. In comparison, a global cost function has terms acting on number of qubits proportional
to the total system size.
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quantum processor to to study such non-covalent interactions which govern the

behaviour of a large range of condensed states and molecular assemblies. While the

quadratic model used in such experiments can be solved efficiently using classical

methods, this work serves as a first step towards developing efficient and well

characterised quantum algorithms to address systems outside the reach of classical

methods.

Such quantum algorithms can serve to expand the palette of problems accessible to

quantum computers by providing a level of coarse graining which still describes a

complete set of long electronic responses, fluctuations and correlation phenomena.

One future development could be to combine the coarse grained methodology with

other electronic structure strategies in order to treat different parts of complex or

multiscale systems to varying levels of physical accuracy. Such mixed system might

consist of covalently bonded inorganic atoms treated to high levels of physical realism,

placed within large baths of neutral but highly polarisable biological molecules

described with a coarse grained representation.

Secondly, the coarse grained framework could be used to enhance existing bead-based

models for branched polymer and protein folding. The combinatorial complexity of

such models has already prompted investigations into solving such models using

quantum computing [203, 204]. The simplistic interactions currently used to

represent the interactions between different parts of the protein could be augmented

or replaced by a coarse-grained representation in order to develop more realistic

models for such folding problems.

In our work, we have shown how the quadratic Hamiltonian for the original harmonic

coarse-grained system can be extended to include anharmonic and non-linear terms.

We have shown that the experimental overhead arising from such terms is in many

cases neglible and thus our VQA could be used to study coarse grained systems

exhibiting a more rich set of physics than those accessible by classical methods.

Furthermore, such methods are not limited to coarse grained chemical applications.

VQAs have already been applied to vibrational chemical systems [60, 196] which
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involve similar Hamiltonians. Lattice field theories (LFTs), such as ϕ4 models, are

also described by Hamiltonians similar to those investigated in this work. LFTs

lead to a rich set of physical phenomena and play important roles in particle physics

and theoretical condensed matter physics [205, 206]. Quantum algorithms have

been proposed to study the time evolution of such models [207, 208]. Our VQA

could be used to find vacuum states of LFTs, either within their own right for

studying broken symmetry states or as inputs to scattering problems solved using

time evolution on a quantum computer.



50



3
Solving lattice gauge theories using the

quantum Krylov algorithm and
qubitisation

Contents
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.1.1 Classical and quantum computing for gauge field theories 52
3.1.2 Our contribution . . . . . . . . . . . . . . . . . . . . . . 55
3.1.3 Chapter layout . . . . . . . . . . . . . . . . . . . . . . . 56

3.2 Hamiltonian lattice formulation of the single flavour
Schwinger model . . . . . . . . . . . . . . . . . . . . . . . 57

3.2.1 Full Hamiltonian . . . . . . . . . . . . . . . . . . . . . . 57
3.2.2 Gauging out Bosonic fields . . . . . . . . . . . . . . . . 59

3.3 Quantum subspace expansion and quantum singular
value transforms . . . . . . . . . . . . . . . . . . . . . . . 60

3.3.1 Block encoding and QSVT . . . . . . . . . . . . . . . . 60
3.3.2 Generating Krylov basis using QSVT . . . . . . . . . . 65

3.4 Numerical experiments . . . . . . . . . . . . . . . . . . . 67
3.4.1 Modelling measurement noise . . . . . . . . . . . . . . . 70
3.4.2 Dealing with measurement noise . . . . . . . . . . . . . 71
3.4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.5 Estimating resource requirements . . . . . . . . . . . . 76
3.5.1 Sketch of proofs for gate costs . . . . . . . . . . . . . . . 76
3.5.2 Total resource cost of algorithm . . . . . . . . . . . . . . 78

3.6 Discussion and conclusions . . . . . . . . . . . . . . . . . 81

51



52 3.1. Introduction

3.1 Introduction

3.1.1 Classical and quantum computing for gauge field
theories

Gauge theories are quantum field theories (QFTs) in which a gauge field imposes

the fundamental symmetry on the Lagrangian and mediates interactions. They

play foundational roles within various fields of theoretical physics. Within particle

physics, gauge fields describe fundamental particles and their interaction through the

exchange of force carriers. The nature of the gauge symmetry imposed determines

the nature of the theory with quantum electrodynamics (QED) arising from an

abelian U(1) symmetry and quantum chromodynamics (QCD) from a non-abelian

SU(3)× SU(2) symmetry [209]. Outside of particle physics, gauge field theories

play important roles in cosmology [210] and condensed matter physics [211].

Many gauge theories are too complex to study analytically and because many

phenomena of interest arise non-perturbatively, efficient numerical methods have

become increasingly important in studying gauge theories. Originally formulated in

seminal work by Wilson [212], numerical study of such phenomena is now routinely

performed using lattice gauge theories (LGTs) in which spacetime is discretized

onto a lattice of points on which the values of matter and gauge fields are defined.

Wilson’s path integral formulation of LGTs saw extensive computation study using

Monte-Carlo methods [213]. Applying Monte-Carlo algorithm to some Hamiltonians

however, leads to the so called sign problem or complex action problem [214] in

which the integrand contains negative terms or the action becomes complex (and

so the Boltzmann weight cannot be directly interpreted as a probability density

function). In dealing with these issues, for example by using a Taylor expansion [215],

computing expectation values can involve summing many highly oscillatory terms

of which many cancel due to alternating signs. This behaviour leads to statistical

error that grows exponentially with system size [214]. Due to the minus sign in the

Fermionic commutation relation the sign problem poses a significant challenge to
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simulations involving interacting electrons, as well as lattice QCD with non-zero

Baryon density.

One of the most widely studied gauge field theories is the Schwinger model [131]

which describes charged particles and their interactions with electromagnetic fields

within QED in 1+1D1. Being the simplest gauge theory, the Schwinger model

plays an important role as a benchmark for numerical methods for solving gauge

theories as well as a pedagogical tool that can be used to study a range of complex

phenomena that arise in more complex quantum field theories. Such phenomena

include chiral symmetry breaking in which an effective Fermionic mass arises from

pairing of Fermion and anti-Fermions [216], confinement where Fermions only

exist alongside their corresponding anti-particle and separating such pairs requires

increasing energy as they are drawn further apart (analogous to quark confinement

in 3+1D QCD) [217] and, phase transitions between massive and massless s [218].

Simulating the real time dynamics of the Schwinger model as well as the ground state

in the presence of a chemical potential imbalance between different Fermion flavours

both give rise to the sign problem. As such, the lattice Schwinger model has been

used to benchmark novel computational approaches which which do not suffer from

the sign problem2. A promising classical approach are tensor network methods [219,

220] which use a Hamiltonian, rather than path-integral, representation and thus

don’t suffer from the sign problem. Matrix product states (MPS), a popular tensor

network ansatz, are particularly well suited to gapped locally interacting systems in

one spatial dimension. MPS have been used to study massless to massive phase

transitions [218], CP-violating phase transitions [221], chiral condensation [222],

real time dynamics [223, 224] and ground state entanglement structure [225] in the

Schwinger model. Despite their successes in 1+1D however, extending tensor network

methods to QFTs in two or more spatial dimensions pose significant challenges.

MPS methods in more than one dimension often require bond-dimensions that grow
1one space and one time dimension
2this is not to say that such computational approaches do not lead to their own computational

bottlenecks
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rapidly with system size and tensor networks embedded in higher dimensions, such

as projected entangled pairs states (PEPS) [226], cannot be contracted efficiently.

Quantum computing may offer a pathway towards simulation of lattice gauge theories

when the sign problem arises or tensor networks methods fail [227]. Multiple works

have investigated algorithmic approaches to lattice gauge theories [228], and the

Schwinger model in particular. These quantum computing methods typically aim

to solve one of two problems. The first is to simulate time evolution of the model.

Notably Shaw et al. [229] provide rigorous bounds for Trotterised time evolution of

the model in both NISQ and fault tolerant settings which scale as Õ(N3/2T 3/2√xΛ),

where N is system size, T is simulation time, x is interaction strength and Λ is the

local dimension of the gauge field (see Sec. 3.2 for further details of these model

parameters)3. Other authors focused on performing experimental or simulated

implementations and have demonstrated real time dynamics of the Schwinger model

using Trotter methods [232], open quantum system dynamics [233] and variational

approaches [234].

The second approach to using quantum computing for simulating the Schwinger

model has been ground state computation. This has included methods based

on variational quantum eigensolver (VQE) algorithms [234–241] and adiabatic

algorithms [242, 243]. To date, the largest ground state computation using VQE

has included 50 lattice sites performed on an IBM superconducting processor [240].

In the case of variational proposals, the ansatz can be engineered to preserve model

symmetries such as approximate translation [235] and charge symmetry [239] which

may help alleviate the impact of noise and barren plateaus, however it is still

expected that such issues will affect the scalability of the optimisation procedure.

Therefore, there is an onus to study alternate quantum algorithms to solve the

Schwinger model and other LGTs that may be more scalable than VQE. Numerical

investigations using tensor network methods have been able to simulate adiabatic

quantum algorithms with up to 100 lattice sites by truncating the local Gauge
3They note that this scaling with Λ is more favourable than other methods based on

qubitisation [230] or random compilation for Hamiltonian simulation (QDRIFT) [231].
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field dimension to relatively small values (Λ ≤ 9) and noting that the gap is

approximately independent of system size and Hilbert space dimension for small

interaction strength x. For larger values of x however, the gap decreases with system

size which will increase the run time of the adiabitic algorithm.

3.1.2 Our contribution

Research studying the ground state computation for LGTs, and in particular the

Schwinger model, on quantum computers has so far focused on the use of VQE

methods [234–239, 244–247]. Given the similarity between methods for mapping

high dimensional Fock spaces used for the coarse grained work in Chapter 2 and

those used to represent gauge fields on a digital quantum computer, it would seem

natural to apply the analysis and experimental methods we have previously used

to the new application area of lattice gauge theories. It has become apparent

however, both as part of our previous work as well as within the wider community

that VQE methods present significant issues to scalability, particularly in regards

to barren plateaus [76–83]. Moreover, the highly stochastic and time intensive

optimisation procedure of VQE means that numerical studies of the cost and scaling

of the optimisation routine is challenging using both simulated and real quantum

processors.

Therefore, for the second half of this thesis we investigate the use of the more

recent quantum subspace expansion (QSE) [103, 248] algorithm for solving the

lattice Schwinger model. Since the QSE algorithm does not involve the stochastic

optimisation procedure, not only does it avoid the issue of barren plateaus (although

obstacles to the scaling of the algorithm may exist) but analysis of the performance

and scaling of the algorithm with numerical methods may be more fruitful.

We present the first use of QSE for finding ground states of a lattice gauge theory.

We use methods based on qubitisation and quantum singular value transforms to

generate the necessary expectation values and apply this to the prototypical lattice

Schwinger model. We provide a full description and resource estimation for the
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qubitisation procedure required based on the linear combination of unitaries. As

part of this, we propose a novel method for applying the LCU procedure to lattice

models in which we exploit translational symmetry of the lattice. Compared to an

existing proposal performing QSE with qubitisation [120], which can be applied to

the Schwinger model with a gate cost of Õ(N2), the gate cost of our methods is

Õ(N) which reduces the resources by multiple orders of magnitude for system sizes

of hundreds of lattice sites.

To estimate the total resource cost and run time of the QSE algorithm we perform

extensive numerical simulation of the algorithm, including the effect of measurement

noise for systems of up to N = 26 lattice sites. Such sizes are well beyond those

observed in works studying the Schwinger model with VQE. We compare two

algorithmic approaches for studying device noise based on thresholding [122] and

partitioning [125] the subspace expansion method. Extrapolating from the numerical

results we estimate the resource cost of using QSE to solve the lattice Schwinger

model for lattice sizes comparable to state of the art classical results.

Although we consider the single flavour Schwinger model, for which the ground state

problem does not lead to the sign problem, the analysis and numerics we present

here can be extended to more complex models for which Monte Carlo methods fail.

The work we present here serves as a first step towards understanding and using a

new quantum algorithm to study lattice gauge theories.

3.1.3 Chapter layout

The remainder of the chapter is structured as follows. In Sec. 3.2 we introduce

the Hamiltonian for the Schwinger model. This includes Sec. 3.2.1 detailing the

full Hamiltonian explictly including the gauge fields; and Sec. 3.2.2 showing how

we can apply a gauge transformation to remove gauge fields at the expense of

adding in non-local spin-spin interactions. In Sec. 3.3 we introduce the concept

of quantum singular values transforms (QSVT) and qubitisation. This includes

Sec. 3.3.1 defining a block encoding and QSVT and then Sec. 3.3.2 in which we show
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how this can be used to generate a Krlyov basis for QSE. In Sec. 3.4 we present our

numerical simulations. This includes a description of how we model measurement

noise in Sec. 3.4.1, how we use partitioned quantum subspace expansion to deal

with this noise in 3.4.2, and a set of results in Sec. 3.4.3 showing the number of

measurements and basis size needed to achieve a desired energy error. In Sec. 3.5

we calculate the resources required to run the algorithm. This includes Sec. 3.5.1

presenting a sketch of the proof method (full proofs are given in the Appendix),

and Sec. 3.5.2 presenting the total gate costs of the algorithm. Finally in Sec 3.6

we discuss the results presented in this chapter.

3.2 Hamiltonian lattice formulation of the single
flavour Schwinger model

3.2.1 Full Hamiltonian

The Schwinger model is usually represented on a lattice by using a “staggered

Fermion” representation [249]. As we will show in the following, the staggered

Fermion representation uses odd lattice sites to encode Fermions and even Fermions

to encode anti-Fermions. The single flavour model is constructed as follows. We

define a single component Fermion field at lattice site labelled by integer n with

creation and annihilation operators ϕ†(n) and ϕ(n) respectively. These obey the

usual commutation relations

{ϕ†(n), ϕ(m)} = δm,n, {ϕ(n), ϕ(m)} = 0. (3.1)

The gauge field is defined on links connecting sites (n, n+ 1) with operator

U(n, n+ 1) := eiθ(n), (3.2)

which mediates interactions between neighbouring Fermionic sites. Within the

“compact” formalism, the onsite gauge-field becomes an angular variable on the

lattice with conjugate spin variable L(n) obeying

[θ(n), L(m)] = iδm,n (3.3)
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such that L(n) has eigenvalues L(n) = 0,±1,±2, . . . and eiθ(n) and e−iθ(n) act as

raising and lowering operators respectively. That is eiθ(n) (e−iθ(n)) has the effect

of increasing (decreasing) the value of L(n) linking lattice sites (n, n+ 1) by one,

while having no effect on L(m ̸= n) for other lattice sites.

We define model parameters m, g, a to be Fermionic mass, coupling constant and

lattice spacing respectively. The full Hamiltonian in units of g2a/2 is

H = H0 + xV (3.4)

with

H0 =
N−1∑
n=1

L2(n) + µ
N∑
n=1

(−1)nϕ†(n)ϕ(n) (3.5)

V = −i
N−1∑
n=1

(
ϕ†(n)eiθ(n)ϕ(n+ 1)− h.c

)
, (3.6)

where µ = 2m/g2a and x = 1/g2a2 are the re-scaled mass and coupling [250]. As

we will see shortly, the alternating sign on the mass term allows us to incorporate

both matter and anti-matter particles on a bipartite lattice.

Physical states must obey Gauss’s law which ensures that the electric flux into and

out of a lattice site is balanced by the onsite charge. On the lattice, Gauss’s law is

given by [250]

L(n)− L(n− 1) = ϕ†(n)ϕ(n)− 1
2 (1− (−1)n) ∀ 0 ≤ n < N. (3.7)

This means that excitations ψ†(n)ψ(n) = 1 to an even n site generates −1 unit of

flux between the gauge fields into and out of the lattice site. Thus, on an even lattice

site ψ†(n)ψ(n) = 1 is interpreted as the existence of a quark, while ψ†(n)ψ(n) = 0 is

an absence. Conversely, for an odd n lattice site, ψ†(n)ψ(n) = 0 generates +1 units

of flux. Thus ψ†(n)ψ(n) = 0 can be interpreted as the existence of an anti-quark

and ψ†(n)ψ(n) = 1 as the absence [243]. We can see from the mass term in (3.5)

that this interpretation gives the expected mass addition µ for both quark and

anti-quark.
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It is common to impose zero field to the boundaries, namely L(0) = 0. In the x→ 0

(no coupling) limit, the ground state can be found by inspection to be

L(n) = 0 ∀n, ϕ†(n)ϕ(n) =
0 even n

1 odd n
. (3.8)

As one might expect for a non-interacting theory, this vacuum state corresponds to

a complete absence of particles and anti-particles as well as zero gauge field.

Remark 3.2.1. Since the occupation of neighbouring gauge fields can vary by at

most ±1, the maximum value of |L(n)| is N − 1 for states obeying Gauss’s law.

This is particularly useful when studying such models with quantum computers

or tensor network methods in which it is necessary to truncate the dimensionality

of the gauge fields to map them onto finite dimensional systems. In the case of

a qubit or spin system, the number of qubits to encode the gauge field subspace

required is m = ⌈log2(N)⌉ + 1, which gives maximum and minimum gauge field

occupancies ±Λ of Λ ≥ (N − 1). It is likely that further truncation can be applied

with minimal impact on accuracy of solution. It has been shown [251] that for

time evolution and the computation of spectrally isolated eigenstates it suffices to

approximate the gauge field with a truncated Fock space of dimension Λ that scales

polylogarithmically with inverse error4. The ability to significantly truncate the

dimensionality of the gauge fields has been noted in numerical tests [242], and is

standard practice in tensor network methods for LGTs.

3.2.2 Gauging out Bosonic fields

The Fermionic operators within the Hamiltonian can be mapped to spin operators

using the Jordan-Wigner transformation

ϕ(n) =
∏
j<n

[iσ3(j)]σ−(n), ϕ†(n) =
∏
j<n

[−iσ3(j)]σ+(n), (3.9)

4This theoretical bound on truncation scaling applies to many systems in which only a
single Bosonic field is involved in each interaction term such as the Hubbard-Holstein [252] and
Fröhlich [253] models, as well as other gauge field theories. The best known truncation bound
for systems in which multiple Bosons interact, such as scalar ϕ4 models [254] or the systems
of interacting oscillators in Chapter 2, is less favourable; with permissible truncation scaling
polynomially with inverse error desired [207, 251].
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where σ1, σ2, σ3 are the spin-half Pauli operators and σ± = (σ1± iσ2)/2. Under this

transformation the Hamiltonian becomes

H0 =
N−1∑
n=1

L2(n) +
N∑
n=1

(−1)n
(
µ

2 + µ

2σ3(n)
)
, (3.10)

V =
N−1∑
n=1

(
σ+(n)eiθ(n)σ−(n+ 1) + h.c

)
(3.11)

and Gauss’ law can be reformulated as

L(n)− L(n− 1) = 1
2 (σ3(n) + (−1)n) ∀ 0 ≤ n < N. (3.12)

If we assume free boundaries L(0) = 0 we can eliminate the gauge field by using

Gauss’ law combined with the gauge transformation

σ−(n)→
∏
j<n

[
e−iθ(j)

]
σ−(n), (3.13)

in which case the Hamiltonian becomes

H0 =
N∑
n=1

(−1)n
(
µ

2 + µ

2σ3(n)
)

+
N−1∑
n=1

[
1
2

n∑
m=1

(σ3(m) + (−1)m)
]2

, (3.14)

V =
N−1∑
n=1

(
σ+(n)σ−(n+ 1) + h.c.

)
. (3.15)

Within this spin-only representation, the x → 0 ground state corresponds to

anti-Ferromagnetic state with σ3(n) = −(−1)n ∀ n [232].

3.3 Quantum subspace expansion and quantum
singular value transforms

3.3.1 Block encoding and QSVT

Qubitisation and quantum singular value transformations (QSVT) have emerged as

powerful methods for implementing arbitrary functions of non-unitary operators on

quantum computers. It has been shown how many paradigmatic quantum algorithms

can be implemented using such methods which in some cases offers significant

improvements over resources requirements and scalings of the original proposals [255].

QSVT has become one of the most popular methods for implementing QPE and
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time evolution algorithms. Although such methods are expected to require some

level of fault tolerance, the latter application has already been demonstrated on a

trapped-ion hardware platform [256].

In this work, we use QSVT via qubitisation to generate the polynomial expectation

values required to generates the Krylov basis within QSE. In the following, we

describe the key idea behind qubitisation and block encoding and then quantum

singular value transforms.

Definition 3.3.1 (Block encoding, modified from [255]). Let H be a Hamiltonian

acting on Hilbert space Hs with spectral norm ||H|| ≤ 1. A block-encoding of H

is three unitary operators (U,G, G̃), where U acts on Ha ⊗Hs, for some auxiliary

Hilbert space Ha, and |G⟩a := G |0⟩a ∈ Ha and |G̃⟩a := G̃ |0⟩a ∈ Ha, are states such

that (
⟨G̃|a ⊗ 1s

)
U (|G⟩a ⊗ 1s) = H. (3.16)

From this definition, we see that block encoding allows us to encode the operation of

a H within the subspace labelled by auxiliary states |G⟩, |G̃⟩5. It is often the case,

such as in the original proposal [230], that the auxiliary states are taken to be equal,

i.e., |G⟩ = |G̃⟩. This is also the case in previous works using qubitisation for QSE.

We will see later that we can reduce the algorithm cost by using an asymmetric

encoding |G⟩ ≠ |G̃⟩.

Provided we can find unitary operators U , G and G̃ (if not equal to G), qubitisation

allows us to measure operators and, as we will see later, functions of non-unitary

operators using quantum circuits. In most situations the restriction on the spectral

norm of H can be satisfied by rescaling the Hamiltonian.

The linear combination of unitaries (LCU) method [230] is a commonly used method

for block encoding local Hamiltonians that we will use in this work. LCU works
5In the case where G = G̃ it is this state that gives rise to the name qubitisation. Ha acts as a

qubit subspace spanned by |G⟩ and its orthogonal complement. Functions of the block encoded
operator are implemented by repeated rotations around the Block sphere of this effective qubit.
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as follows. We express an n qubit Hamiltonian as a linear combination of T Pauli

operators:

H =
T−1∑
i=0

αiP̂i, (3.17)

where αi are real coefficients and P̂i ∈ {1, X, Y, Z}⊗n is an n Pauli operator. In most

situations we can assume that ∑T−1
i=0 |αi| = 1, such that ||H|| < 1, by renormalising

the Hamiltonian. The block encoding unitary is

U =
T−1∑
i=1
|i⟩⟨i|a ⊗ P̂i, (3.18)

which corresponds to the application of each P̂i controlled on the state of the

auxiliary register being in |i⟩.

As for the corresponding block encoding states, we divert from previous implementa-

tions of QSE with qubitisation [120] by using an assymetric block encoding G ̸= G̃.

For our work we will use

|G⟩a =
T−1∑
i=0

√
|αi| |i⟩a (3.19)

and

|G̃⟩a =
T−1∑
i=0

sgn(αi)
√
|αi| |i⟩a . (3.20)

It is straight forward to confirm that these definitions of U , |G⟩ and |G̃⟩ satisfy

Definition 3.3.1 for a block encoding. We will see later in this chapter that since G

and G̃ differ only by the possible signs of αi that they can be prepared using almost

identical circuits.

The skill in performing a block encoding this way is to choose a labelling procedure

{|i⟩} that makes efficient use of auxiliary qubits and leads to an efficient method

of generating the block encoding state. We use a labelling procedure in which |i⟩

are computational basis states corresponding to a pair of n length binary numbers

(x⃗, z⃗)i that give a binary encoding of n qubit Pauli operator P̂i. If x⃗ (z⃗) contains

a one in bit j, then P̂i includes an X (Z) operator on qubit j. Constituent Y

operators arise when both vectors contain a one in the same position as ZX = iY .

The operation of U in (3.18) can then be implemented with the following three sets
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of gates. (1) A set of CX gates, each controlled on a qubit within the x⃗ register

and targeting the corresponding qubit within the system register. (2) A set of CZ

gates doing the same thing, except each controlled on one of the qubits within the z⃗

register. (3) A controlled S (i phase gate) acting between a qubit in the x⃗ register

and the qubit in the same position within the z⃗ register.

To prepare |G⟩ we must prepare a real superposition with amplitudes
{√
|αi|

}
over

computational basis states |x⃗, z⃗⟩. To do so, a series of multi-controlled partial

CNOT and SWAP gates must be applied with control and target qubits as well as

rotation angles chosen in such a way as to rotate into different states with increasing

Hamming weights with the correct amplitudes. The process and order by which this

is done is quite complex, a full description is given in Appendix C.1.2. As described

by Kirby [120] this methods requires us to apply a different multi-controlled rotation

gate for each Pauli operator within the Hamiltonian. We present later, a method for

reducing the number of these gates required by exploiting translational symmetry

within the Hamiltonian such that the most costly of these gates need only be

applied to single gauge link within the lattice and then effectively copied over to the

remaining lattice sites. This reduces the cost from Õ(N2) (if applying the method

given by Kirby [120] to our Hamiltonian) to Õ(N). The other block encoding state

|G̃⟩ can be generated using the same set of rotation gates except flipping the phase

of the some of the rotation angles in order to add an additional minus sign phase

where needed.

In previous work [120] in which G̃ = G, to include the negative signs on values of

αi a potentially large number of multicontrolled Z gates must be applied within

U . In using our asymmetric encoding to include the required signs within |G̃⟩ we

remove this cost which, depending on the number of negative αi, can dominate the

cost of the algorithm.

Given access to the block encoding, functions of H can be implemented through the

quantum singular value transforms (QSVT) [257]. For our purpose of computing a

Krylov basis, the following theorem to generate polynomials of H will suffice.
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Theorem 3.3.2 (Polynomials through QSVT, modified from [255, 257]). Given

Hamiltonian H with eigenvalues on the range [−1, 1] and block encoding (U,G, G̃),

we define the projectors

Π := |G⟩⟨G|, Π̃ := |G̃⟩⟨G̃| (3.21)

onto the subspaces spanned by |G⟩ and |G̃⟩ and corresponding rotations by angle

φ ∈ R,

Πφ := e2iφΠ, Π̃φ := e2iφΠ̃. (3.22)

Then, for any degree k polynomial f : [−1, 1]→ [−1, 1],

• if k is odd, there exists angles φ⃗ ∈ Rk defining the operator

Uφ⃗ := Π̃φ1U

k−1
2∏
j=1

[
Πφ2k

U †Π̃φ2k+1U
]

(3.23)

such that

⟨G̃|Uφ⃗ |G⟩ = f(H), (3.24)

• if k is even, there exists angles φ⃗ ∈ Rk defining the operator

Uφ⃗ :=
k
2∏
j=1

[
Πφ2k−1U

†Π̃φ2k
U
]
, (3.25)

such that

⟨G|Uφ⃗ |G⟩ = f(H). (3.26)

Moreover, there exists an efficient classical algorithm for computing φ⃗.

Corollary 3.3.3. There exists φ⃗ ∈ Rk such that if k is odd
(
⟨G̃| ⊗ ⟨ψ0|

)
Uφ⃗ (|G⟩ ⊗ |ψ0⟩) = ⟨ψ0|Hk |ψ0⟩ (3.27)

and if k is even

(⟨G| ⊗ ⟨ψ0|)Uφ⃗ (|G⟩ ⊗ |ψ0⟩) = ⟨ψ0|Hk |ψ0⟩ . (3.28)

We can use this to measure the expectation values required for H and S within a

Krylov basis. The rotation gates required can be implemented as follows.
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Proposition 3.3.4. The rotation about |G⟩ required for the QSVT procedure in

Theorem 3.3.2 by angle φj can be implemented with the following circuit

Πφj
=
|0⟩ e2iφjZ |0⟩

/ G G† /
(3.29)

with the addition of an ancilla qubit shown at the top. A similar construction can

be used for Π̃φj
if G̃ ̸= G.

Proof. This can be confirmed by hand with the construction

(1⊗G)CNOT(1⊗G†)(e2iφjZ ⊗ 1)(1⊗G)CNOT(1⊗G†) = 1⊗ Πφj
(3.30)

and then cancelling the product G†G which commute through the rotation on the

ancilla qubit. Here CNOT denotes the multi-controlled NOT gate controlled on the

qubits being in the zero, rather than one, state.

3.3.2 Generating Krylov basis using QSVT

Recalling the definition of H and S for a Krylov basis given in (1.5), the matrix

elements for a D dimensional Krylov space ⟨ψ0|Hk |ψ0⟩ for k = 0, 1, . . . (2D − 1)

must be estimated on a quantum computer. Given access to G, G̃ and U this can

be done according to Corollary 3.3.3 as follows.

1. Generate reference state |ψ0⟩ in the system register and apply G to the

auxiliary register to prepare |G⟩a ⊗ |ψ0⟩s.

2. For each φj in φ⃗, apply the block encoding operator U to both registers as

well as the rotation operator Πφj
or Π̃φj

(depending on if j is odd or even) to

the auxiliary register.

3. Apply the reverse operation for initial state preparation to the system registers,

as well as G† or G̃† depending on the parity of k to the auxiliary register.



66 3.3. Quantum subspace expansion and quantum singular value transforms

4. Measure all system and auxiliary qubits in the computational basis and count

result if the all zero state is measured.

5. Return to step 1. and repeat until enough measurements are performed to give

desired precision. The expectation value of ⟨ψ0|Hk |ψ0⟩ will be the fraction

of times that zero state is measured.

We apply the LCU procedure along with the method for generating |G⟩ described

by Kirby et al. (Appendix C in Ref. [120]) to the single flavour Schwinger model

to give accurate gate and qubit counts for U and |G⟩ required for the qubitisation

and QSVT procedure. In doing so, we use and extend our analysis for Pauli

decomposition of truncated Bosonic operators used in Chapter 2. Moreover, we

exploit translational symmetry within our Hamiltonian to improve the gate scaling

of G by a factor of system size N . Secondly, by combining this method with the

use of an assymetrical block encoding such that G̃ ≠ G, we are able to reduce

the scaling of U by a factor of N . The cost of G̃ is the same as G. Since the

procedures for generating (U,G, G̃) along with analysis resource requirements are

quite involved, we defer detailed descriptions and calculation to Appendix C.

If we use m qubits to encode each Bosonic gauge field, then the total number of

qubits required to represent the system and implement the block encoding procedure

is O(mN). The number of gates required for U is O(N) and the number of gates

required for G is O(mN). Both of these gate costs are reduced from O(mN2)

by using our method to exploit translational symmetry. Exact gate costs and

prefactors are given in Theorems C.2.26 and C.2.21 in Appendix C. By using our

novel method for exploiting translational symmetry, we reduce the gate cost of the

algorithm by multiple orders of magnitude for relevent system sizes, as compared

to the qubitisation based on the work of Kirby [120]. We will discuss the gate costs

of the QSVT procedure, as well as the total algorithmic costs, in Sec. 3.5.
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3.4 Numerical experiments

To analyse the performance of the QSE algorithm for the Schwinger Hamiltonian,

we perform classical simulation based on sparse matrix multiplication. For the

quantum computing algorithm, we propose working with the single flavour 1+1D

Schwinger Hamiltonian of (3.10) in which we explicitly include the gauge fields.

This is in contrast to using the gauge transformed model of (3.14) in which the

transformed interaction term contains non-local terms which are costly to implement

on quantum hardware with local qubit connectivity. When performing matrix sparse

matrix multiplication with the Hamiltonian the cost of doing so is not dependant

on the locality of interactions, but the rather memory usage required to store

states. Thus, for our numerical experiments we work with the gauge transformed

Hamiltonian of (3.14). This allows us to use dense vectors of length 2N to represent

the corresponding spin states, rather than length 2(N−1)m+N which would be required

if we included the Hilbert space of the gauge fields. Using this representation, we

are able to generate Krylov bases for up to N = 30 lattice sites through sparse

matrix multiplication and perform direct diagonalisation of the ground state for up

to N = 26 using nodes with up to 3TB of RAM accessed via the Oxford Advanced

Research Computing (ARC) Facility [258]. In all of our experiments we fix µ = 1.5

and x = 0.5.

As input state we use the ground state of the corresponding x = 0 system given

by (3.8). Since this state satisfies Gauss’s law, and the Gauss law operators commute

with the Hamiltonian used to generate the Krylov basis, the solutions generated by

the QSE algorithm will automatically obey Gauss’s law. This input state is simply

a computational basis state generated by applying X operators to the odd lattice

sites.

We begin by simulating the algorithm with no measurement noise, running the

QSE algorithm for system sizes ranging from N = 4 to N = 26. For each system

size, we perform QSE with increasing basis size D until the generalised eigenvalue

problem becomes unstable. Although we do not introduce measurement noise at this
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point, finite machine precision still means that the generalised eigenvalue problem

becomes unstable for sufficiently large Krylov basis. These results are shown in

Fig. 3.2(a). We see that for each value of N , the fractional energy error achieved by

the algorithm decreases exponentially with Krylov basis size. As seen in Fig.3.2(b),

for the system sizes considered, our chosen initial state has reasonably large overlap

with the true ground state. This overlap decreases approximately linearly with

system size N over the range we consider.

To estimate the basis size required to achieve a given accuracy we perform a fit of

the form log ∆E/E = χD+λ for each value of N , where ∆E/E is the ground state

fractional energy error, and D is the Krylov basis order. χ and λ are N dependent

parameters that correspond to the gradient and intercept of the lines in Fig. 3.2 (a).

For each value of N , we fit to data-points up to D = 10 (D = 4 in the case of N = 4

only) with the fitting parameters χ and λ shown in Figs. 3.2 (c) and (d) respectively.

Using these fitting parameters, we are able to estimate the Krylov basis size required

to compute the ground state energy within a desired precision, there is no noise due

to measurement or numerical precision (and therefore no risk of instability in the

generalised eigenvalue problem). Such estimates are given in Fig. 3.2 for a desired

energy error of ∆E/E = 10−4. Considering the gradient of the curve drawn out

by the data points, the rate at which D increases with N , decreases as we go from

N = 4 to N = 26, with the value of D becoming approximately linear with N for

the later data points. Assuming the required order continues to grow linearly, or

the gradient with respect to N further decreases, by fitting a straight line to the

final two data points and extrapolating this to larger N , we can estimate an upper

bound on the required basis for a given N . Such a line is shown in Fig. 3.2 and

corresponds to an upper bound of D ≈ 0.049N + 3.041. This linear relationship,

characterised by a shallow slope, suggests that the basis size cost does not exhibit

a substantial increase as the system size grows assuming zero measurement error

and infinite precision. However, to gain a full understanding of the resource cost of

the algorithm we must analyse the problem in the presence of finite measurement
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Figure 3.1: (a) Energy error as a function of maximum Krylov order for different value
of Lattice size N . No measurement noise has been applied. (b) Overlap between initial
state |ψ0⟩ and exact ground state. (c) & (d) Gradient and intercept for straight lines (on
log-linear plot) fit to data in (a). Filled area indicates standard errors on estimates.
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Figure 3.2: Estimated Krylov order required for QSE to achieve fractional energy error
of 10−4 calculated using data from Fig. 3.1. Red line corresponds to linear fit to final two
data points.
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noise. As we will see from the following sections, the behaviour and cost of the QSE

algorithm in such a scenario differs significantly from the zero-noise case.

3.4.1 Modelling measurement noise

Since we assume that the number of qubits and gates involved in the qubitisation

procedure will require fault tolerant operation, we only consider the effect of measure-

ment noise on the expectations values of S and H. The effect of measurement noise

is to perturb these matrices as S→ S + ∆S and H→ H + ∆H. Like the original

overlap matrices, the perturbation matrices ∆S,∆H are Hankel matrices6. Since

expectation values are measured as Bernoulli trials, elements of the perturbation

matrices can be modelled as random variables drawn from a normal distribution

with width given by the expected variance of the expectation value.

Let ⟨ψ0|Hk |ψ0⟩ denote the best estimate for the expectation value of ⟨ψ0|Hk |ψ0⟩

as measured according to the procedure in Sec. 3.3.2. If Mk measurements are used

to calculate this estimate then the variance is given by

Var ⟨ψ0|Hk |ψ0⟩ = Var ⟨ψ0|Hk |ψ0⟩
Mk

= ⟨ψ0|H2k |ψ0⟩ − ⟨ψ0|Hk |ψ0⟩2

Mk

. (3.31)

From the above, we are able to calculate the variance of each matrix element used

in the generalised eigenvalue problem by calculating values of ⟨ψ0|Hk |ψ0⟩ for k

twice as large as the maximum value needed for the expectation values. We choose

values of Mk as follows.

We use the total calls to the block encoding operator ΠφU as a measure of the

cost of performing the measurements required (counting Πφ and Π̃φ in the same

way since they have the same cost). By controlling this, we effectively control the

number of gates required. Using the QSVT procedure of Theorem 3.3.2, the circuit

required to generate Hk requires k applications of ΠφU . Thus, given a distribution

of shots {Mk|k = 1, . . . , 2D + 1}, the total number of calls to ΠφU is

# ΠφU calls =
2D+1∑
k=1

k ·Mk. (3.32)

6in which ascending skew-diagonal from left to right is constant
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We choose {Mk} such that the measurement error as a fraction of expectation value

is the same for all k, and as low as possible given a total number of U applications.

Thus, using (3.31) we assign Mk as

Mk =MVar ⟨ψ0|Hk |ψ0⟩
⟨ψ0|Hk |ψ0⟩2

, (3.33)

where proportionality constant M is calculated to normalise the total number of

shots according to (3.32).

We can then sample elements of the perturbation matrices as ∆Si,j = δi+j , ∆Hi,j =

δi+j+1, where δk are drawn from a normal distribution of width

√
Var ⟨ψ0|Hk |ψ0⟩ /Mk. (3.34)

3.4.2 Dealing with measurement noise

For simulations with measurement noise we use partitioned quantum subspace ex-

pansion (PQSE) which has been seen to perform better than thresholded approaches

to avoid numerical instability in the presence of measurement noise [125]. Although

the development of this algorithm is not the focus of this thesis, we describe the

procedure in Algorithm 3.1.

To mitigate the effect of ill-conditioned matrices, PQSE breaks down the full D

dimensional Krylov space into a series of smaller subspaces of dimension {di} such

that∑i di = D in which the generalised eigenvalue problem contains smaller matrices

which reduces the condition number. Each subspace of dimensions di is a Krylov

subspace in which the input state is the optimal state from the previous subspace

of dimension di−1. The size of each partitioned subspace is selected systematically

throughout the PQSE algorithm by choosing di such that the solution to the

generalised eigenvalue problem gives the smallest energy variance. Although the

partitioned subspaces correspond to different input states, the overlap matrices H,S

required for each partition can be efficiently calculated from the same set of overlaps.

As such, PQSE requires the same overlaps (and therefore the same quantum

computation resources) as normal QSE, i.e. ⟨ψ0|Hk |ψ0⟩ for k = 0, 1, . . . , (2D + 1).
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For a full description of the PQSE algorithm, we refer the reader to the original

publication [125].

Algorithm 3.1: Partitioned quantum subspace expansion
Data: ⟨ψ0|Hk |ψ0⟩ , k = 0, 1, . . . , (2D + 1) // Measured on QPU
d← 1;
S ∈ RD×D ← Si,j = ⟨ψ0|H i+j |ψ0⟩;
H ∈ RD×D ← Hi,j = ⟨ψ0|H i+j+1 |ψ0⟩;
while d < D do

Var⋆ ←∞;
for d′ ∈ {1, 2, . . . , D − d} do

// Solve generalised eigenvalue problem for d′ dimension
subspace (square brackets denote d′ × d′ upper left
submatrices)

c⃗, E ← minE s.t. H[: d′, : d′ ]⃗c = ES[: d′, : d′ ]⃗c;
VarE ← ∑d′−1

i,j=0 c
∗
iHi+1,jcj −

(∑d′−1
i,j=0 c

∗
iHi,jcj

)2
;

// Choose subspace that gives lowest variance
if VarE < Var⋆ then

E⋆ ← E;
Var⋆ ← VarE;
c⃗⋆ ← c⃗;
d⋆ ← d′;

end
end
// Update overlap matrices with new subspace
d← d+ d⋆;
S ∈ R(D−d)×(D−d) ← Si,j = ∑(d⋆−1)

α,β=0 c
∗
⋆,αSi+α,j+βc⋆,β;

H ∈ R(D−d)×(D−d) ← Hi,j = ∑(d⋆−1)
α,β=0 c

∗
⋆,αHi+α,j+βc⋆,β;

end
return E⋆;

3.4.3 Results

To test the performance of the PQSE algorithm in the presence of measurement

noise we simulate noise as described in Section 3.1 for a range of different calls to

block encoding operators ΠφU . For a given value of ΠU calls, we split these calls

among varying numbers of expectation values to apply the PQSE procedure with

different total Krylov basis size D.

The results of this for lattice sizes varying from N = 4 to N = 26 are shown in
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Fig. 3.3. For each choice of ΠφU calls and N , 100 noise instances are simulated

with the median and upper and lower quartiles plotted. From this we notice three

things. Firstly, for a given number of calls to ΠφU , as we increase maximum Krylov

order the fractional energy error starts off decreasing, until reaching a minimum at

which point it begins to increase. We can interpret the initial decreasing behaviour

as the error reduces due to the increased basis size - of course the error is worse

than the noiseless equivalent due to error on the expectation values. Once the

minimum is reached however, the matrices become sufficiently ill-conditioned such

that any finite measurement noise is enough for the generalised eigenvalue problem

to become unstable and so increasing order doesn’t improve solution quality. In fact,

when this happens increasing the maximum value of D increases the measurement

error on expectation values as we have fixed the number of shots, and so error

increases rapidly. Secondly, the value of D giving the lowest error increases with N .

This is to be expected as noiseless results for this, as well as other Hamiltonians,

typically require larger Krylov bases for larger systems to achieve the same error.

Finally, in all cases increasing the number of calls to ΠφU , and therefore reducing

measurement error decreases overall solution error.

As in the noiseless case, we want to predict the number of resources required, this

time total calls to ΠφU rather than basis size, to achieve a desired solution accuracy

for a given system size. To estimate this, we begin by taking the smallest median

energy error for each number of calls to U . These correspond to the lowest points

on each curve in Fig. 3.3. This assumes that we have a reasonably good guess for

the maximum order required to give the best results through PQSE. In practice,

this could be inferred through some method of scaling up system size through real

or simulated experiments. We see that for larger systems in Fig. 3.3, there are a

number of choices of Maximum Krylov order that lead to near-optimal output error.

The best median error achieved by PQSE as a function of ΠφU calls is shown in

Fig. 3.4 (a) for each value of N . Unlike for the noiseless case in which we saw an

approximately log-linear relationship between the error and basis size, for a given N
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Figure 3.3: Fractional energy error with PQSE procedure with finite number of
measurements for range of different lattice sizes N . Values are shown as a function of
the maximum allowed Krylov basis for the PQSE procedure and as a function of number
of calls to the block encoding operator U (which affect the number of measurements as
defined in the main text). Lines and shaded area corresponds to the median as well as
upper and lower quartiles of energy error. The black line (labelled as infinite calls to
ΠφU) corresponds to no measurement noise.

we observe a strong log-log dependence between the fractional energy error and the

circuit cost (number of calls to ΠφU). Fitting to this data (see Fig. 3.3 (b) and (c)

for fitting parameters) allows us to estimate the number of calls required to achieve

a specified accuracy. The result of this, to achieve a fractional energy error of 10−4

is shown in Fig. 3.5. For the values of N studied, the number of calls to U grows

approximately exponentially with N as #ΠφU calls ≈ 107.888 · 1.119N .

Applying thresholded QSE as described by Epperly et al. [122] for the same lattice

sizes gives energy errors that are approximately an order of magnitude worse than

PQSE with same number of resources. See Appendix D for further details.
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Figure 3.4: (a) Median energy achieved in Fig. 3.3 for optimal choices of maximum
Krylov order as a function of calls to ΠφU . (b) & (c) Gradient and intercept for straight
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3.5 Estimating resource requirements

After making an estimate of the basis size; and therefore number of calls to the

qubitisation procedure required, to understand the total resource cost of solving the

Schwinger model we must now compute the number of gates required to implement

each part of the quantum circuit. A full description of the different parts of the

circuits, along with the mathematics needed to estimate the gate cost is long-winded.

Therefore, we defer a full description of the algorithmic implementation along with

proofs for upper bounds of the required gate costs to Appendix. C. The final results

of this are presented in Theorems C.2.21, C.2.26, C.2.29, C.2.32. We give a brief

outline of the results and proofs in the following.

3.5.1 Sketch of proofs for gate costs

We start by calculating the Pauli decomposition for each term within the Schwinger

model Hamiltonian. This is done in Appendix C.2.2. Since the gauge fields

are Bosonic fields these Pauli decompositions take similar forms to the operators

describing the oscillators used in Chapter 2. For each term in the Pauli decomposition

we compute the Hamming weight of the bit string used to encode the operator

within the LCU qubitisation procedure.

3.5.1.1 Calculating the gate cost of U

Calculating an upper bound for the cost of U consists of two parts. The first set of

two qubit gates to apply the controlled X, controlled Z and controlled S (i phase)

gates required to apply Pauli operators P̂i. For the CX and CZ gates, there is one

of these for each qubit within the corresponding x⃗ and z⃗ auxiliary register. The

controlled S gates are each controlled on a qubit within the x⃗ register, targeting

the corresponding qubit within the z register. Thus the total cost of this step is

just ∼ 3mN two qubit gates. A full proof of this cost is given in Theorem C.2.26

We also give, in Theorem C.2.28, the cost of U if we apply the phases of αi rather

than using an asymmetric block encoding and applying phases within G̃. Applying
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phases within U gives a gate cost that is O(N2 log(N)) so we achieve a significant

saving by applying phases within G̃.

3.5.1.2 Calculating the gate cost of G and G̃

As described by Kirby et al. [120], |G⟩ can be generated by applying partial

rotations between different computational basis states of the |G⟩ register where the

different states rotated into encode the binary encoding of each Pauli decomposition

with the Hamiltonian. This cost is calculated in Appendix C.2.3 by computing

sums for the number of terms with a given Hamming weight and therefore the

number of multicontrolled SWAP and partial CNOT gates required. Having

computed a decomposition of the multi-qubit gates into T-gates, CNOTs and

Rz gates (Lemma C.2.20), we can then calculate the total number of non-Clifford

(T and rotation gates) along with two qubit CNOT gates.

We are able to reduce the cost of G compared to the method described by Kirby

et al. by exploiting the translational symmetry within the Hamiltonian. Noticing

that gauge field and interaction terms within the Hamiltonian are the same for

each gauge-link site, rather than rotating between the binary states required for all

lattice sites, we perform the costly rotations into basis states |x⃗, z⃗⟩ for just a single

link site and then perform a less costly partial swap of all terms into the other sites.

This method is described in Appendix C.2.3.6 and the total gate cost for G, using

this method is presented in Theorem C.2.21.

To convert the single qubit Rz gate counts into the more relevant T-gates, we

make use of the approximate decomposition of Rz given by Ross et al. [259]. This

decomposition requires a number of T-gates per rotation gate that scales logarithmi-

cally with the required rotation precision (see Proposition C.2.23). Assuming that

required rotation error scales inversely with the average values of the amplitudes of

each Pauli decomposition (and therefore the number of terms in the Hamiltonian)

allows us to estimate the number of T-gates required for the rotations within G.

For further details see Appendix C.2.4.
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If we use m qubits for each gauge link field (such that they have maximum local

occupancy of Λ = 2m−1, the number of number of gates required scales as O(m2m +

Nm). Recalling from Remark 3.2.1 that the maximum gauge field value is equal

to the number of lattice sites, the maximum value of Λ required is N and this

gate cost is O(log(N)N). Since the number of qubits required to represent the

system is also O(log(N)N), we expect that such a scaling for the gate cost, up

to constant prefactors, is optimal. Without using our method to reduce the cost

through translational symmetry, the gate cost of G would be O(log(N)N2).

We note in Corollary C.2.31 that G̃ can be implemented with the same rotation

gates as G except flipping the sign of some of the angles. Thus, the cost for G̃ is

the same as the cost for G.

3.5.2 Total resource cost of algorithm

Now that we have calculated the gate costs for G and G̃, it is easy to calculate the

gate costs of corresponding rotations Πφ and Π̃φ. This is given in Theorem C.2.29

and is twice the cost of G with an additional number O(mN) number of CNOT

and T-gates. Combining these with the cost of U allows us to calculate the gate

cost to perform a single measurement of ⟨ψ0|Hk |ψ0⟩. The cost of this, as described

in Theorem C.2.32, is O(k log(N)N).

In Fig. 3.6 (a) we plot the number of gates as a function of system size N for a single

step of the block encoding procedure. This is given by the cost of U plus Πφ (which

is the same as Π̃φ). Fig. 3.6 (b) gives the qubit cost of the algorithm which, for

systems of N in the hundreds or thousands, is not far off the thousands of physical

qubits targeted by, for example IBM, in the next few years. Figs. 3.6 (c) and (d)

show a direct comparison between our improved implementations of the block

encoding procedure described in the previous section and the more general method

of block encoding using a linear combination of unitaries. We see that for both

T-gate count and CNOT count, our optimisations lead to significant reductions in

the gate cost.
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Figure 3.6: Upper bounds for resource costs in a single step of QSVT procedure (single
application of U and Πφ). (a) Total gate costs as a function of lattice size. The line
labelled “# T-gates” corresponds to T-gates arising from controlled operations excluding
rotation gates. The line labelled “# T-gates inc. rotations” includes the additional cost of
converting single qubit rotation gates (line labelled “Rz gate”) using Ref. [259]. Although
not shown, the CNOT gate cost is indistinguishable from the line T-gate line on this scale.
(b) Total logical qubit count. (c) T-gate cost for individual operators U and Πφ. Dashed
lines give costs for U and Πφ using LCU procedure as described by Kirby et al. (see
Appendix C.1.2). Solid lines give cost using our improved methods (see Appendix C.2.3.6
for details). (d) Same as (c) except for CNOT gates.
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One way to assess the feasibility of our algorithm is to compare the expected run

time of the algorithmic gates to the coherence times for existing, non fault-tolerant,

processors. Assuming that two qubit gates are run in series and give the largest

contribution to run time we find that the time needed to execute the CNOTs

required for a single step of the QSVT procedure (the application of Π̃φU) is larger

than the coherence times systems of N = 100 for a range of current generation

quantum processors. For systems of N = 1000 and N = 10000, the run time of the

gates is many orders of magnitude larger than the coherence times of the devices.

See Appendix E for further details on what hardware specifications were used for

these comparison.

Even assuming that two-qubit gates can be maximally parallelised (running Nqubits/2

two-qubit gates at the same time), the time to execute Π̃φU can be of the order of

∼0.1% to ∼1000% times the coherence times. Such estimates indicate the circuit

lengths required to solve the Schwinger model, at least using the implementation

presented here, are beyond what is possible on currently available devices and those

that we can expect in the foreseeable future. Therefore, for system sizes of hundreds

of lattice site the algorithm we present must be run in an error-corrected setting.

In an error-corrected setting, rather than CNOT gates dominating the execution

time of the algorithm, the number of non-Clifford gates determine how long a

computation will take to run. We estimate the total number of T-gates required

to calculate the ground state energy by combining the circuit costs for a single

block encoding step with the total number of calls to the block encoding estimated

in extrapolating the numerical results of Section 3.4 as in Fig. 3.5. This cost is

shown for a range of desired errors in Fig. 3.7. We see that, for systems of hundreds

of lattice sites, the exponential number of measurements we require in order to

control the measurement noise leads to T-gate costs prohibitive within even the

most optimistic predictions of fault tolerant computations. However, given that

we have only been able to simulate systems of up to N = 26 and extrapolated

to systems orders of magnitude larger, it is possible that the exponential scaling
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we predict does not hold for larger systems. Further numerical tests, using tensor

network methods to study larger system sizes and using Monte-Carlo methods to

calculate the true ground state energy (which does not suffer from the sign problem

for the single flavour system we consider) may shed more light on this. Whether

the resource scaling would be more or less promising is unknown.

3.6 Discussion and conclusions

The aim of this chapter was to perform the first study of the application of the QSE

algorithm to a LGT. In particular, we aimed to estimate the resources required to

compute the ground state of the single flavour lattice Schwinger model for different

system sizes and assess how feasible such a calculation would be on NISQ or early

error-corrected quantum processors. Here we assess how successful we’ve been in

achieving these aims.

By developing a novel LCU procedure for block encoding the Schwinger model

Hamiltonian and analysing the gate cost required, in combination with numerical

simulation, we successfully give a upper bound estimate for the full gate cost of the

algorithm. This is the first such work performing a full resource analysis with exact

gate costs looking at solving a LGT with a quantum algorithm.
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For systems of a few hundred lattice sites, we see that the gate depth for a single

circuit is beyond what we we expect to be feasible on non-error correct devices in

the near term. However, single circuit T-gate costs on the order of 104 to 106, along

with hundreds of logical qubits required make such circuits appealing targets for

early fault tolerant devices.

While such gate depths for individual circuits can be seen as a positive step towards

useful application of QSE to LGTs, the exponential measurement cost revealed

by our numerical simulations indicates that further algorithmic improvements will

be required in order to use such a workflow to compute accurate ground states of

LGTs - even for reasonably large error corrected devices. While the exponential

measurement cost may occur for other systems and QSE methods, by performing

the first rigorous analysis with respect to system size scaling, we have been able

to quantify and draw conclusions about the resource cost for different algorithmic

approaches for the first time.

Since ground state problems for Fermionic systems tend to be QMA-complete [260–

263], such an exponential scaling is not particularly surprising 7. Nor should it deter

research into using QSE algorithms for LGTs but rather motivate further work

aimed at reducing the algorithmic cost of such methods. Importantly, our work

presents the first systematic study of the scaling of two QSE algorithms, namely

thresholded and partitioned, with system size. We show that PQSE can significantly

reduce the exponential scaling of the algorithm compared to the current state of

the art (TQSE), serving as an important benchmark for future improvements and

demonstrating the necessity to further develop noise-robust subspace methods. One

particularly promising method for improving the noise resilience of QSE has been

the proposal of the Gaussian power basis [124]. Such a basis could be implemented

on a quantum processor using QSVT techniques and the block encoding we present
7Although the single flavour Schwinger model can be solved with Monte-Carlo methods that

don’t suffer from the sign problem. We anticipate quantum algorithms, like the one we present
here, being applied to multi-flavour models which are known to suffer from the sign problem and
therefore seem unlikely to have efficient computational solutions.
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in this work. An investigation of this method, combined with more sophisticated

simulation methods, may reduce the resource requirements we predict.

Finally, as part of our comprehensive resource analysis for ground state computation

using QSE, we developed novel improvements to the LCU block encoding procedure

with particular application to lattice gauge theory Hamiltonians. By exploiting

the translational symmetry of the system, something not present in molecular

Hamiltonians for example, we can reduce the cost of the LCU procedure when

applied to the Schwinger model from Õ(N2) to Õ(N). Our procedure could be used

to implement other quantum algorithms including phase estimation and Hamiltonian

simulation, both of which have seen significant improvements using qubitisation for

quantum chemistry in an error corrected setting [38, 230], to study ground states

or dynamics of LGTs.
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4
Conclusions and outlook

Despite the rapid development of quantum computing hardware and theoretical

understanding of quantum algorithms, some recent results have cast doubt on

whether various quantum algorithms, as well as various application areas, will

lead to useful quantum computation that outperform classical methods. These

include large error-correction overheads which outweigh expected quadratic speedups

within combinatorial optimisation [9, 264] and so called ‘dequantising’ results which

disprove previously believed exponential speedups in machine learning [265–267].

While questions remain about the existence of general exponential speedups in the

field [37], studying quantum systems remains a promising candidate for achieving

quantum advantage. The aims of this thesis were to develop further applications

and algorithms for ground state computation of quantum systems and to assess

whether these would be applicable for use on near term devices. In doing so, we

focused on systems containing Bosonic degrees of freedom which, in contrast to

purely Fermionic systems (typically of molecular electrons), have seen relatively little

research. Here we summarise the major contributions of this thesis and describe

how these can be developed into further research.

Firstly, we presented the first proposal for how to model intermolecular interactions
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on a quantum computer. This expanded the palette of problems in quantum

chemistry that can be studied with quantum computers. Through our experiments

we demonstrated that, when combined with known and novel error mitigation

techniques, the quality of quantum hardware is good enough that such systems

can already be studied using real quantum processors. These experiments serve as

the first successful demonstration of using quantum computers to model dispersive

interactions between two molecules. Since this work was performed, the number of

qubits and error rates available on quantum hardware have significantly improved

such that larger and more interesting systems can now be studied. By using a

method based on VQE, our algorithm will likely also suffer from scalability issues

related to barren plateaus. However for the Hamiltonian we consider, the effect of

barren plateaus may be less severe than for ab-initio VQE for the following two

reasons.

• Since we do not need to map a Fermionic Hilbert space onto to spins such

as Bravyi-Kitaev or Jordan-Wigner transforms in which Fermionic ladder

operators act on non-local sets qubits, our cost function is local. We may

therefore avoid the increased susceptibility that non-local cost functions have

to barren plateaus [77].

• Our theoretical analysis demonstrated that, since it contains only two body

interaction terms; rather than four body terms present in ab-initio methods for

molecular Hamiltonians, the number of shots required to measure expectation

values of our Hamiltonian scales far better than for ab-initio methods. This

reduction means that the measurement cost, highlighted in Table 1.1, may be

far lower for our method, allowing us to resolve the cost function landscape

with a far smaller number of shots.

Furthermore, methods aimed at reducing the effect of barren plateaus in variational

algorithms for other Hamiltonians, such as adaptive methods [91], should also be

applicable to our coarse grained model.
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The second contribution of this thesis was the first proposal of using QSE methods

to study a LGT extending our understanding of how quantum computers may be

used for such systems. Furthermore, to the authors knowledge, this is the first

work performing qubitisation for a LGT1. We performed the most comprehensive

analysis of the resources required to compute the ground state of a LGT on quantum

computers. This analysis serves as a benchmark for understanding how feasible using

such an algorithm is for near-term as well as error corrected devices. While we were

able to reduce the resources required for the block encoding procedure significantly,

our resource analysis revealed the significant dependence of the algorithm on shot

noise. This highlights the need to further develop our understanding of and methods

to avoid the issues of numerical stability within the QSE algorithm. While research

has begun to understand these issues [120, 122, 124], such works have been very

theoretical and have derived scalings that depend upon model problem parameters

that are often not well understood and do not systematically study the effect

of increasing system size. Our work plays an important role in quantifying how

different methods to control errors and numerical instability perform for different

system sizes.

Finally, as part of each piece of work we developed an understanding of how to

represent truncated Bosonic Hamiltonians on quantum computers using a binary

encoding. We developed the theory of how to implement measurements of Bosonic

operators within a VQE setting, providing for the first time rigorous upper bounds

for the number of individual circuits and measurements that need to be performed.

Within an error corrected setting, we performed the first theoretical analysis of how

you can perform qubitisation and apply QSVT methods to Boson-Fermion systems

for a LGT. Compared to a basic LCU strategy, we were able to considerably reduce

the gate cost to do so. As well as helping to understand and reduce the resource

costs for the algorithms and Hamiltonians studied in this thesis. Our analysis can
1A recent work [268] has emerged performing ‘qubitisation’ of LGTs for quantum computers.

The word ‘qubitisation’ is used in a different context here to describe the truncation of a Bosonic
Hilbert space to finite dimension so that they can be mapped onto a finite number of qubits,
rather than the method based on block-encoding the Hamiltonian within a larger effective qubit
space [255].
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be readily applied to other variational algorithms or other fault tolerant algorithms

such as phase estimation and Hamiltonian simulation based on QSVT methods.

Furthermore, it can be applied to a range of other interesting and important systems

containing Bosonic degrees of freedom. This includes the Hubbard Holstein model

for studying photosynthesis [269], related models used to study electron-phonon

coupling in candidates for high-temperature superconductivity [270], models for

molecular vibrations [60], other gauge theories [271], and even algorithms for tensor

principle component analysis within machine learning in which the problem is

mapped onto a Bosonic subspace [23].
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A
In depth analysis for digital quantum

simulation of Bosonic systems

A.1 London dispersion in linear molecules and
one-dimensional quantum Drude oscillators

This appendix shows how the interaction between two axially symmetric linear

molecules can be captured by one-dimensional QDOs. The results and derivations

given here can be found in the literature but are combined and included here for

the reader.

In the framework developed by London [272], the interaction between two anisotropic

linear molecules that are axially symmetric about their respective principle in-

tramolecular bond can be described by ellipsoids of charge. For a pair of identical

linear molecules that share components of the dipole polarisability α∥ (α⊥) and char-

acteristic angular frequencies ω∥ (ω⊥) parallel (perpendicular) to their intramolecular

axis, the London Dispersion energy at large separation R is
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∆E = − 1
R6

[
(C∥,∥ + C⊥,⊥ − C∥,⊥)

{
sin2(θa) sin2(θb) cos(ϕa − ϕb)− 2 cos(θa) cos(θb)

}2

+ 3(C∥,⊥ − C⊥,⊥)
{
cos2(θa) + cos2(θb)

}
+ 2(C∥,⊥ + 4C⊥,⊥)

]
,

(A.1)

where θa, ϕa, θb, ϕb describe the orientation of molecules a and b relative to the

intramolecular axis. C·,· coefficients are given by

C∥,∥ = 1
8α

2
∥ℏω∥, C⊥,⊥ = 1

8α
2
⊥ℏω⊥, C∥,⊥ = 1

4α∥α⊥ℏ
ω∥ω⊥

ω∥ + ω⊥
. (A.2)

For further details about the geometry and derivation see Ref. [273]. When the two

molecules are aligned parallel to each other and the intermolecular axis θa = θb = 0

and ϕa = ϕb (which can be set to 0 without loss of generality) in the completely

anisotropic limit α∥ ≫ α⊥ the London dispersion interaction is given by

∆E = −
α2

∥ℏω∥

2R6 (A.3)

We see that this matches the leading order dispersive correction for the 1D QDO

model in Eqn. (2.5).

A.2 Truncated Fock space

For our one-dimensional QDO system, we want to be sure that using a finite

dimensional Fock space for each QDO still gives a reasonable approximation to

the ground state energy of the true infinite-dimensional system. Fig. A.1 shows

how the ground state energy of the system deviates for different values of the local

QDO dimension d. We can see that even for d = 4, the ground state energy is

approximated well until very large couplings γ. For reference, γ = 2 corresponds to a

Hamiltonian that is no longer positive-semi definite, at this point the charged Drude

particles dissociate from the nuclei and the system breaks down. For physically

relevant systems, we expect to require value of γ much lower than 2 and we can

therefore limit ourselves to small d. For the real device experiments in the main

text, the smallest separation R considered corresponds to the largest coupling value

of γ = 1.55.
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Figure A.1: Ground state energy of one-dimensional QDO pair as a function of coupling
constant γ for various values of d; the dimensionality of the truncated Fock space for each
QDO. Analytic refers to exact analytic calculation of the ground state.

A.3 Decomposition and measurement of Hamil-
tonian

A.3.1 Scaling in the total number of Pauli operators

Theorem A.3.1. For a d-level harmonic QDO, there are
(

1
2d log2 d

)2
non-zero

Pauli terms in the binary encoding of the x̂⊗ x̂ interaction.

Proof. The following single qubit operators can be represented in the Pauli basis

|0⟩ ⟨0| = 1
2(1 + Z),

|1⟩ ⟨0| = 1
2(X − iY ),

|1⟩ ⟨1| = 1
2(1− Z),

|0⟩ ⟨1| = 1
2(X + iY ).

(A.4)

We first consider a x̂ = 1√
2(â† + â) for a single QDO, where the ladder operators â†

and â for the d-level Fock space are given by

â† =
d−1∑
n=0

√
n+ 1 |n+ 1⟩ ⟨n| ,

â =
d−1∑
n=0

√
n+ 1 |n⟩ ⟨n+ 1| ,

(A.5)

which follow the usual bosonic commutation relations. We begin by considering a

single |n+ 1⟩ ⟨n| which given in terms of k single qubit operators is
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|n+ 1⟩ ⟨n| =
 m−1⊗
i=k+1

|bin(n)i⟩ ⟨bin(n)i|
⊗ |1⟩ ⟨0| ⊗ (|0⟩ ⟨1|)⊗k , (A.6)

where bin(n)i ∈ {0, 1} is the binary digit at position i of the binary representation

of n and k(n) = max{i | bin(n)i = 0} is the position of the right-most 0. Using the

the definitions in (A.4) this is equal to

|n+ 1⟩ ⟨n| =
 m−1⊗
i=k+1

(1 + (−1)bin(n)iZ)
⊗ (X − iY )⊗ (X + iY )⊗k . (A.7)

Expanding (A.7) will give 2m unique Pauli terms of the form P̂ = cσ⊗m
i where

σ⊗m
i ∈ {1, X, Y, Z}m and c ∈ {±1,±i}. Each P̂ will either be hermitian or anti-

hermitian, depending on whether c = ±1 or c = ±i.

For each term in x̂ like (|n+ 1⟩ ⟨n| + |n⟩ ⟨n+ 1|), we note that |n+ 1⟩ ⟨n| =

(|n⟩ ⟨n+ 1|)† and their sum is Hermitian. Therefore the Pauli terms within this

summed term are simply two times the Hermitian terms in the expansion of

(A.7) (anti-Hermitian terms cancel). Of the 2m different P̂ within (A.7), half

will be Hermitian (c = ±1) and half will be anti-Hermitian (c = ±i). Therefore,

there are a total of 1
22m unique Pauli operators in the compact representation of

(|n+ 1⟩ ⟨n|+ |n⟩ ⟨n+ 1|).

Finally, in the summation

x̂ =
d−1∑
n=0

√
n+ 1(|n+ 1⟩ ⟨n|+ |n⟩ ⟨n+ 1|), (A.8)

there are log2 d = m unique values of k(n), each of which will contribute 2m

2 unique

Pauli operators to the binary encoding of x̂. Thus there are a total of
(

1
2d log2 d

)2

Pauli operators within x̂⊗ x̂, where we have used m = log2 d.

A.3.2 Scaling of number of circuits required

Lemma A.3.2. The
(

1
2d log2 d

)2
Pauli operators for the x̂⊗ x̂ interaction in the

binary encoding can be measured using (d− 1)2 circuits.
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Proof. We define the cover of an M qubit Pauli operator P̂ ∈ {1, X, Y, Z}M as

Cover(P̂ ) =
{
B̂ ∈ {1, X, Y, Z}⊗M |B̂(i) = P̂ (i) when P̂ (i) ̸= 1

}
, (A.9)

where P̂ (i) is Pauli operator acting on the ith qubit. For a collection of Pauli

operators {P̂1, P̂2, P̂3, . . . } that qubit-wise commute, there exists at least one basis

B̂ which covers all of the operators:

B̂ ∈ Cover(P̂1) ∪ Cover(P̂2) ∪ Cover(P̂3) ∪ . . . . (A.10)

The expectation values of every operator in {P̂1, P̂2, P̂3, . . . } can be measured

using a single circuit in which qubit i is measured in the B̂(i) basis, where the ±1

measurement value is used if P̂ (i) ̸= 1, and discarded otherwise. Here we called

bases independent if they do not qubit wise commute.

We show that there are (d − 1) independent covers for terms in x̂ and therefore

(d− 1)2 covers needed to measure x̂⊗ x̂.

We begin by considering the expansion of |n+ 1⟩ ⟨n| given in (A.7). Expanding

out the ⊗m−1
i=k+1(1 + (−1)bin(n)iZ) term on the first (m − k − 1) qubits will give

tensor products of only 1 and Z. The covers for this 2(m−k−1) operator subspace

will always contain the basis ⊗m−1
i=k+1 Z

(i), which can be used to measure them all.

Then, expanding the (X + iY )⊗ (X − iY )⊗k term on the remaining (m− k + 1)

qubits, gives 2(k+1) terms that do not qubit-wise commute and so each correspond

to a unique basis.

Thus, there are 2(k+1) independent bases for the terms in |n+ 1⟩ ⟨n|. Using the

argument that |n+ 1⟩ ⟨n| = |n⟩ ⟨n+ 1|† as in Theorem A.3.6, only the Hermitian

terms remain when summing the two. This halves the number of unique covers and

so 2k bases are required for |n+ 1⟩ ⟨n|+ |n⟩ ⟨n+ 1|.

Again, for the sum of these terms given in (A.8), there are m unique values for

k(n) ∈ {0, 1, . . . ,m − 1} when written in the form of (A.4). For each unique

value of k(n), the value of bin(n) does not affect the coverings required [since the

first (m− k − 1) qubits are always covered with Z⊗(m−k−1)], so each unique k(n)
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contributes a unique set of 2k coverings to the summation. Therefore, the total

number of coverings needed for the Pauli terms in x̂ are ∑m−1
k=0 2k = 2m − 1, where

we have used a standard result for the summation.

Finally, the number of unique coverings for the x̂⊗ x̂ interaction is then (2m − 1)2 =

(d− 1)2.

Definition A.3.3 (Hypergraphs [274]). A hypergraph is a generalisation of a graph

in which edges can connect arbitrary number (i.e., not just a pair) of vertices.

Formally, a hypergraph G = (V,E) consists of V a finite set of vertices and E a set

of non-empty subsets of V called hyperedges.

Definition A.3.4 (Complete Hypergraphs [274]). For 0 ≤ r ≤ N , a complete

hypergraph Kr
N = (V,E) is a hypergraph with vertices V and set of hyperedges E

such that |V | = N and E contains all r-subsets of V .

Lemma A.3.5 (Baranyai’s Theorem [275]). For a complete hypergraph Kr
N where

2 ≤ r < N and r divides N , the N vertices can be partitioned into subsets (called

1-factorisation) of r vertices in
(
N−1
r−1

)
different ways, such that each r-element

subset (hyper edge) appears in exactly one partition.

Proof. See [275, Chapter 38].

For example, the complete hypergraph K2
4 contains four vertices, each connected

by two-element hyperedges (i.e, traditional edges). Baranyai’s theorem states that

the vertices can be partitioned into
(

4−1
2−1

)
= 3 partitions. K2

4 and its corresponding

partitions are shown in Fig. A.2.

Theorem A.3.6. The number of circuits required for measurement of the Hamilto-

nian of the form

Ĥ =
N∑
i=1

(x̂2
i + p̂2

i ) +
∑
j>i

γi,jx̂ix̂j, (A.11)

for N ≥ 2 d-level QDOs in the binary encoding is upper bounded by

(d− 1)2(N − 1) + 1; N even

(d− 1)2N + 1; N odd,
(A.12)
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Figure A.2: Fully connected graph K2
4 along with the three corresponding partitions of

edges.

which is O(d2N).

Proof. All (x̂2 + p2) = ∑d−1
n=0 n |n⟩ ⟨n| terms within the Hamiltonian can be decom-

posed into Pauli operators given in (2.10) of the main text. All of these terms

commute within each QDO register as well between QDO registers and can thus be

measured using the single covering Z⊗Nm.

For the pair-wise coupling terms, from Theorem A.3.2, a single x̂⊗ x̂ term between

two QDOs can be measured with (d− 1)2 circuits. The bases required to measure

pairwise coupling terms between disjoint pairs of QDOs are guaranteed to commute

since they act on different qubit registers. Therefore, by measuring each of the

bases concurrently for collections of mutually disjoint interactions, the number of

measurement bases can be reduced in a predictable way.

We represent interaction terms as a graph in which each vertex corresponds to

one of the N QDOs and edges between vertices correspond represent a non-zero

pairwise coupling. For all-to-all interactions this will be a fully connected graph.

For even N the number of partitions needed to separate interaction edges into

disjoint sets is equal by Baranyai’s theorem (Lemma A.3.5) for the graph K2
N . For

odd N the edges cannot be partitioned exactly - there will always be one unpaired

vertex when collecting disjoint edges. Considering a dummy vertex where an edge

between that and an QDO vertex gives no contribution to the Hamiltonian, the

number of partitions is given by Baranyai’s theorem for K2
N+1.
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Figure A.3: Number of circuits required to measure Hamiltonian as (a) and (b): a
function of N for two fixed values of d as well as (c) and (d): a function of d for two
fixed values of N . Red dashed line: upper bound scaling given by (A.12), black solid line:
using largest-degree first colouring for grouping Paulis. In (c), the two lines coincide.
Trivially, the number of circuits for N = 1 is always 1.

Using these collections, the number of bases that will need to be measured of the

pairwise interaction terms is

(d− 1)2
(
N − 1

1

)
= (d− 1)2(N − 1); N even,

(d− 1)2
(
N

1

)
= (d− 1)2N ; N odd.

(A.13)

Combining this with the single basis needed to measure the non-interaction term

gives an upper bound for the number of bases that must be measured and thus the

result.

This upper bound is plotted as a function of N and d in Fig. A.3 as well as

the number of circuits required when using a heuristic sorting algorithm, namely

largest-degree first colouring [179]. We see that for N = 1 both curves agree as

there are no interaction terms and that the heuristic sorted saturates the upper

bound for N = 2 QDOs. For N > 2 we see that the sorting significantly reduces the

number of circuits below the upper bound due to additional qubit wise commutation

between non-disjoint interaction terms.
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Corollary A.3.7. The number of circuits required for measurement of the Hamil-

tonian for N ≥ r d-level QDOs with r-order coupling in the binary encoding is

O(d2N r−1).

Proof. The proof is the same as that for Theorem A.3.6 except using r > 2 for the

x̂⊗r interaction in Lemma A.3.2 and the corresponding hypergraph Kr
N in Lemma

A.3.5. This gives an upper bound on the total number of groups of

(d− 1)r
(
N − 1
r − 1

)
+ 1, (A.14)

assuming r divides N , which is O(drN (r−1)). If r does not divide N , the O(drN (r−1))

scaling will remain as dummy vertices can be used to give the number of vertices

that is divisible for r.

A.3.3 Number of circuits for three-dimensional QDOs

Theorem A.3.8. The number of circuits required for measurement of the Hamilto-

nian of the form

H =
N∑
i=1

(
p̂2

i
2µ + 2µωx̂2

i

)
+ q2∑

j>i

3(x̂i ·Ri,j)(x̂j ·Ri,j)− x̂i · x̂jR2
i,j

R5
i,j

, (A.15)

for N three-dimensional QDOs with d levels per spatial dimension in the binary

encoding is upper bounded by

(d− 1)2(N − 1) + 1; N even,

(d− 1)2N + 1; N odd.
(A.16)

Proof. The uncoupled terms within (A.15) will correspond to operators∑2m−1
n=0 n |n⟩ ⟨n|

for each of the three spatial dimensions for each QDO. As before, these require just

Z measurements on each of the qubits and can thus be measured using a single

circuit.
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Written in terms of operators for each one-dimensional component, the interaction

part of (A.15) will contain all nine terms of the form {x̂i, ŷi, ẑi}⊗ {x̂j, ŷj, ẑj}, where

across each 3m qubit register for a single QDO, the operators making up x̂i are

given by x̂i = x̂ ⊗ 1⊗m ⊗ 1⊗m, ŷi = 1⊗m ⊗ x̂ ⊗ 1⊗m and ẑi = 1⊗m ⊗ 1⊗m ⊗ x̂,

following a similar pattern for x̂j, p̂i and p̂j. Since every single term of the form

x̂x̂, x̂ŷ, ŷẑ etc. in the coupling interactions will consist of the same decomposition

of Pauli operators either acting on the same or different QDO subregisters. These

all qubit wise commute and each term each of the (d2 log2 d)2 Pauli terms for all

oscillator-oscillator interaction terms can be measured together. Thus for each pair

of coupled three-dimensional QDOs, only (d2 log2 d)2 circuits are needed; the same

number required for a pairwise interaction between one-dimensional QDOs.

Finally, using Lemma A.3.5 and following the same logic as Theorem A.3.6, an upper

bound for the number of circuits needed to measure in (A.15) is (N−1)
(
d
2 log2 d

)2
+1

or N
(
d
2 log2 d

)2
+ 1, for even and odd N respectively.

A.4 Shot requirements

In this section, we derive an upper bound for an estimate of the number of shots

required to achieve a given statistical error on the measurement of ⟨Ĥ⟩ for a system

of 1D coupled QDOs using the grouping of measurements described in Theorem

A.3.6.

We write a Hamiltonian in the form

Ĥ =
∑
g∈G

∑
i∈g

aiP̂i, (A.17)

where G = {g|[P̂i, P̂j ] = 0,∀i, j ∈ g} is the set of all collections for the Pauli operators

P̂i in which all operators in a collection qubit wise commute. A standard method [99]

using Lagrange multipliers to optimally distribute measurements between circuits

gives a total number experimental shots of
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S = 1
ϵ2

∑
g∈G

√∑
i∈g
|ai|2 Var P̂i

2

(A.18)

to achieve an expected measurement error of ϵ, assuming that Cov[P̂i, P̂j] = 0 if

i ̸= j. The variance of a Pauli operator is given by Var P̂i = 1−⟨P̂i⟩. In the absence

of knowledge about what state the expectation value is taken with respect to, we

take the expectation of this variance with respect to a spherical measure (See [183,

Chapter 7] and following a similar method to Ref. [72]):

E[Var P̂i] =
0; P̂i = 1

1− 1
2ni +1 ; otherwise

(A.19)

where ni is the number of non-identity Pauli operators in P̂i. Additionally, in the

uniform spherical measure, E[Cov(P̂i, P̂j)] = 0 if i ̸= j. Thus the expected number

of shots S to achieve error ϵ is upper bounded by

E[S] = 1
ϵ2

∑
g∈G

√√√√∑
i∈g
|ai|2

(
1− 1

2ni + 1

)2

. (A.20)

Theorem A.4.1 (Expected shots over uniform measure when grouping measure-

ments). Given a Hamiltonian

Ĥ =
N∑
i=1

(x̂2
i + p̂2

i ) +
∑
j>i

γi,jx̂ix̂j, (A.21)

for N ≥ 2 d-level QDOs in the binary encoding and measuring commuting operators

according to the procedure described in Theorem A.3.6, the expected number of shots

S required to achieve a constant measurement error ϵ is upper bounded by

S ≤ 1
ϵ2

[√
2

3
√
N
√
d2 − 1 +

 ∑
F∈Part(G)

√ ∑
⟨i,j⟩∈F

γ2
i,j


×
(

2d− [4 + 2 log2 d] d2 +
[
2 + 2 log2 d+ 1

2(log2 d)2
]
d3
) ]2

,

(A.22)
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when taken over the spherically symmetric distribution of states, where Part(G) is

the set of coverings for a given 1-factorisation of the interaction graph G. Assuming

G is fully connected and that values of γi,j are independent of both N and d and

randomly distributed between different F ∈ Part(G), then S ∈ O
(
γ2N3(log2 d)4d6

ϵ2

)
,

where γ is a typical scale for γi,j.

Proof. We consider the groupings described in Theorem A.3.6. Since interacting

and non-interacting parts of the Hamiltonian have different forms and groupings,

we consider each one’s contribution to the total shots separately:

ϵ2S =
(
ϵS̃non-int + ϵS̃int

)2
. (A.23)

Starting with the uncoupled part of the Hamiltonian:
N∑
i=1

(x̂2
i + p̂2

i ) =
N∑
i=1

2m1⊗mN −
m−1∑
j=0

2jZ(im+j), (A.24)

where Z(im+j) is the Z operator acting on the jth qubit of QDO i, all terms form a

single collection which gives

ϵS̃non-int =
√√√√N m−1∑

j=0
22j VarZ =

√
2
9N (22m − 1), (A.25)

where we have used that E[VarZ] = 2
3 from (A.19).

For the interacting terms, the collection to which a single Pauli operators given by

(A.7) (i.e., which g ∈ G it is sorted into) is determined by three things:

1. Which of the (N−1) (even N) or N (odd N) 1-factorisations of the interaction

graph the corresponding interaction term belongs to.

2. The value of k(n), the position of the rightmost zero in the binary represen-

tation of integer n labelling the Fock state, for each of the two the QDOs

involved in an interaction term.

3. For a given pair of k(n), which of the possible 2k+1 of X and Y operators is

applied to the right most (k + 1) qubits.
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As before, the anti-Hermitian terms in (A.7) are not needed in the sum |n+ 1⟩ ⟨n|+

|n⟩ ⟨n+ 1|.

Separating the terms within Ĥ according to these criteria (their contributions to

the equation labelled with curly braces), the expected number of shots required is

ϵS̃int = 1
2

m−1∑
k1,k2=0︸ ︷︷ ︸

1.

∑
F∈Part(G)︸ ︷︷ ︸

2.

∑
P̂

(:k1+1)
1 ∈{X,Y }⊗(k1+1)

P̂
(:k2+1)
2 ∈{X,Y }⊗(k2+1)︸ ︷︷ ︸

3.

Γ(F, k1, k2), (A.26)

where Part(G) is the set of the interaction graph G. From Lemma A.3.5, if G is

fully connected then |G| = (N − 1) or N (for N even or odd). We have defined

Nk1 = {n|k(n) = k1, n ∈ Z, 0 ≤ n < 2m} as the set of integers satisfying a given

k(n) (similarly for Nk2) and P̂ (:k1+1)
1 is a (k1 + 1) qubit Pauli operator (similarly for

P̂
(:k2+1)
2 ). The 1/2 prefactor results from the cancellation of anti-hermitian terms

which make up half of the operators. The value of Γ is given by

Γ(F, k1, k2) =
 ∑

⟨i,j⟩∈F

∑
n1∈Nk1
n2∈Nk2

∑
P̂

(k1+1:m)
1 ∈{1,Z}⊗(m−k1−1)

P̂
(k2+1:m)
2 ∈{1,Z}⊗(m−k2−1)

(
2γi,j
√
n1 + 1

√
n2 + 1

)2
E[Var P̂1 ⊗ P̂2]

 1
2

,

(A.27)

where, P̂ (k1+1:m)
1 is an (m−(k1+1)) qubit Pauli operator and P̂1 = P̂

(:k1+1)
1 ⊗P̂ (k1+1:m)

1

(similarly for P̂ (k2+1:m)
2 ). This is the equivalent of the square root term in (A.20);

the contribution to the variance from a single collection of commuting operators. In

the above, ⟨i, j⟩ correspond to edges within 1-factorisation F , n1 and n2 correspond

to Fock terms satisfying the requirement of k(n); the position of the right-most X

or Y operator. Using the expectation on the spherical measure from (A.19) gives

E[Var P̂1 ⊗ P̂2] =
(

1− 1
2k1+k2+α+β + 1

)
(A.28)

where integers 0 < α1 < m − k1 and 0 < α2 < m − k2 count the number of Z

operators in P̂
(k1+1:m)
1 and P̂

(k2+1:m)
2 respectively.
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By recognising that when using the spherical measure, many of the expected

variances are equivalent and only depend on the total number of X,Y or Z operators,

the expected number of shots simplifies to

ϵS̃int = 1
2

m−1∑
k1,k2=0

∑
F∈Part(K2

N )
2k1+12k2+1Γ(F, k1, k2) (A.29)

with

Γ(F, k1, k2) =
 ∑

⟨i,j⟩∈F

∑
n1∈Nk1
n2∈Nk2

m−k1−1∑
α=0

m−k2−1∑
β=0

(
m− k1 − 1

α

)(
m− k2 − 1

β

)

×
(
2γi,j
√
n1 + 1

√
n2 + 1

)2
(

1− 1
2k1+k2+α+β + 1

) 1
2

.

(A.30)

Now we aim to find a simple upper bound for S. We start by grouping terms

ϵS̃int =
 ∑
F∈Part(G)

√ ∑
⟨i,j⟩∈F

γ2
i,j

 m∑
k1,k2=1

2k1+12k2+1
√√√√√

∑
n1∈Nk1
n2∈Nk2

(n1 + 1)(n2 + 1)

√√√√√m−k1−1∑
α=0

m−k2−1∑
β=0

(
m− k1 − 1

α

)(
m− k2 − 1

β

)(
1− 1

2k1+k2+α+β + 1

).
(A.31)

We note that

∑
n1∈Nk1
n2∈Nk2

(n1 + 1)(n2 + 1) =
2k1

2m−k1−1∑
γ=0

(2γ + 1)
2k2

2m−k2−1∑
δ=0

(2δ + 1)


= 2−k1−2(2k1+1 + 2m)2 · 2−k2−2(2k2+1 + 2m)2

(A.32)

and
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m−k1−1∑
α=0

m−k2−1∑
β=0

(
m− k1 − 1

α

)(
m− k2 − 1

β

)(
1− 1

2k1+k2+α+β + 1

)

≤
m−k1−1∑
α=0

(
m− k1 − 1

α

)
m−k2−1∑
β=0

(
m− k1 − 1

β

)

= 2m−k1−1 · 2m−k2−1,

(A.33)

where we have used a standard result for the summation of binomial coefficients.

Substituting (A.32) and (A.33) into (A.31) gives

ϵSint ≤

 ∑
F∈Part(G)

√ ∑
⟨i,j⟩∈F

γ2
i,j

 m−1∑
k1,k2=0

2m−1
(
2k1+k2+2 + 2m+k1+1 + 2m+k2+1 + 22m

)

=
 ∑
F∈(G)

√ ∑
⟨i,j⟩∈F

γ2
i,j

(2d− [4 + 2 log2 d] d2 +
[
2 + 2 log d+ 1

2(log2 d)2
]
d3
)
,

(A.34)

using standard results for the summations and substitution d = 2m. Combining

this with (A.25) gives the result.

Theorem A.4.2 (Expected shots over uniform measure when not grouping mea-

surements.). Given a Hamiltonian

Ĥ =
N∑
i=1

(x̂2
i + p̂2

i ) +
∑
j>i

γi,jx̂ix̂j, (A.35)

for N ≥ 2 d-level QDOs in the binary encoding and measuring each corresponding

Pauli operator separately, the expected number of shots required to achieve a constant

measurement error ϵ is given by the upper bound

S ≤ 1
ϵ2

N√6
3 (d− 1) +

 ∑
⟨i,j⟩∈G

|γi,j|


([

3 + 2
√

2
]
d2 −

[
2 +
√

2
]
d

5
2 −

[7
2 + 3

√
2
]
d3 +

[
1 +
√

2
]
d

7
2 +

[3
2 +
√

2
]
d4
)2

,

(A.36)
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when taken over the spherically symmetric distribution of states, where G is the

interaction graph. Assuming G is fully connected and, that values of γi,j are

independent of both N and d, then S ∈ O
(
γ2N4d8

ϵ2

)
where γ is a typical scale for

γi,j.

Proof. As in Theorem A.4.1, we consider contributions from non-interaction and

interaction terms separately. Starting with the uncoupled part of the Hamiltonian

ϵS̃non-int = N
m−1∑
j=0

√
22j VarZ = N

√
6

3 (2m − 1). (A.37)

For the interaction part of the Hamiltonian

ϵS̃int =1
2

∑
⟨i,j⟩∈G

m−1∑
k1,k2=0

∑
P̂1∈{X,Y }⊗k1+1

⊗{1,Z}⊗m−k1−1

P̂2∈{X,Y }⊗k2+1

⊗{1,Z}⊗m−k2−1

 ∑
n1∈Nk1
n2∈Nk2

4γ2
i,j(n1 + 1)(n2 + 1)E(Var P̂1 ⊗ P̂2)


1
2

=
∑

⟨i,j⟩∈G
|γi,j|

m−1∑
k1,k2=0

2k1+12k2+1
√√√√√

∑
n1∈Nk1
n2∈Nk2

(n1 + 1)(n2 + 1)

m−k1−1∑
α=0

m−k2−1∑
β=0

(
m− k1 − 1

α

)(
m− k2 − 1

β

)√(
1− 1

2k1+k2+α+β + 1

).
(A.38)

Using (A.33) and (A.32) again and writing d = 2m, we get the inequality

ϵS̃int ≤

 ∑
⟨i,j⟩∈G

|γi,j|

 m−1∑
k1,k2=0

(
2k1+1 · 2k2+1

) (
2m−k1−1 · 2m−k2−1

)
×
(

2− k1
2 −1(2k1+1 + 2m) · 2− k2

2 −1(2k2+1 + 2m)
)

=
 ∑

⟨i,j⟩∈G
|γi,j|

( [3 + 2
√

2
]
d2 −

[
2 +
√

2
]
d

5
2 −

[7
2 + 3

√
2
]
d3

+
[
1 +
√

2
]
d

7
2 +

[3
2 +
√

2
]
d4
)
.

(A.39)
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Combining this with (A.37) gives the result.

The preceding results assume no knowledge about the states that are being measured

and use an expectation over all of Hilbert space with respect to the spherically

symmetric measure. Here we make a second estimate for the number of shots

required using the pure state |ψ0⟩ = |0⟩⊗mN . |ψ0⟩ corresponds to the product state

of all QDOs in their lowest Fock state and is assumed to be reasonably close to the

states that we seek using the VQE procedure.

When not using the spherical measure, contributions to the measurement error from

the covarience of terms within the same collection may be non-zero. In this case,

the expected number of shots is given by

S = 1
ϵ2

∑
g∈G

√∑
i,j∈g

aiaj Cov[P̂i, P̂j]
2

. (A.40)

where Cov[P̂i, P̂j ] = ⟨P̂iP̂j⟩|ψ0⟩ − ⟨P̂i⟩|ψ0⟩⟨P̂j⟩|ψ0⟩ with subscripts indicating the state

that expectation values are taken with respect to.

Theorem A.4.3 (Expected shots for uncoupled state when grouping measure-

ments.). Given a Hamiltonian

Ĥ =
N∑
i=1

(x̂2
i + p̂2

i ) +
∑
j>i

γi,jx̂ix̂j, (A.41)

for N ≥ 2 d-level QDOs in the binary encoding and measuring commuting operators

according to the procedure described in Theorem A.3.6, the expected number of shots

S required to achieve a constant measurement error ϵ for state |0⟩⊗mN is upper

bounded by

S = 1
16ϵ2

 ∑
F∈Part(G)

√ ∑
⟨i,j⟩∈F

γ2
i,j

2

d4, (A.42)

where Part(G) is the set of coverings for a given 1-factorisation of the interaction

graph G. Assuming G is fully connected and that values of γi,j are independent

of both N and d and randomly distributed between different F ∈ Part(G), then

S ∈ O
(
γ2N3d4

ϵ2

)
, where γ is a typical scale for γi,j.



108 A.4. Shot requirements

Proof. Again we consider non-interacting and interacting contributions separately.

For the non interacting contribution, we note that for |ψ⟩ = |0⟩⊗mN , ⟨Z(i)⟩ =

⟨Z(j)⟩ = ⟨Z(i)Z(j)⟩ = 1 ∀ i, j. Therefore,

ϵS̃non-int =
√√√√N m−1∑

i,j=0
2i2j Cov[Z(i), Z(j)] = 0. (A.43)

The contribution from the coupling terms is

ϵS̃int = 1
2

m−1∑
k1,k2=0

∑
F∈Part(K2

N )

∑
P̂

(:k1)
1 ∈{X,Y }⊗(k1+1)

P̂
(:k2)
2 ∈{X,Y }⊗(k2+1)

Γ(F, k1, k2), (A.44)

where Part(K2
N) is the set of the (N − 1) or N (for N even or odd) partitions of

the interaction graph K2
N , Nk1 = {n|k(n) = k1, n ∈ Z, 0 ≤ n < 2m} is the set of

integers satisfying a given k(n) (similarly for Nk2) and P̂
(:k1+1)
1 is a (k1 + 1) qubit

Pauli operator (similarly for P̂ (:k2+1)
2 ). Γ is given by

Γ(G, k1, k2) =
 ∑

⟨i,j⟩∈F

∑
⟨i′,j′⟩∈F

∑
n1∈Nk1
n2∈Nk2

∑
n′

1∈Nk1
n′

2∈Nk2

22γi,jγi′,j′
√
n1 + 1

√
n2 + 1

√
n′

1 + 1
√
n′

2 + 1

× Cov
[
Â⟨i,j⟩(k1, k2, n1, n2), Â⟨i′,j′⟩(k1, k2, n

′
1, n

′
2)
]  1

2

(A.45)

where

Â⟨i,j⟩(k1, k2, n1, n2) =
P̂ (:k1)

1 ⊗
m−1⊗

α=k1+1
(1 + (−1)bin(n1)αZ)


QDO i

⊗

P̂ (:k2)
2 ⊗

m−1⊗
β=k2+1

(1 + (−1)bin(n2)βZ)


QDO j

(A.46)

acts on the sub registers corresponding to QDOs i and j.

We note that P̂ (:k1)
1 ∈ {±1}×{X, Y }⊗(k1+1) (recalling only Hermitian terms remain

in Ĥ) and so ⟨P̂ (:k1)
1 ⟩|ψ0⟩ = 0 ∀k1 and similarly for P̂ (:k2)

2 , from which it follows

⟨i, j⟩ ≠ ⟨i′, j′⟩ =⇒ Cov
[
Â⟨i,j⟩(k1, k2, n1, n2), Â⟨i′,j′⟩(k1, k2, n

′
1, n

′
2)
]

= 0 (A.47)
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and

Cov
[
Â⟨i,j⟩(k1, k2, n1, n2), Â⟨i,j⟩(k1, k2, n

′
1, n

′
2)
]

=
〈
Â⟨i,j⟩(k1, k2, n1, n2)Â⟨i,j⟩(k1, k2, n

′
1, n

′
2)
〉

|ψ0⟩

=
〈
P̂

(:k1)
1 P̂

(:k1)
1

〉
|ψ0⟩

〈
m−1⊗

α=k1+1
(1 + (−1)bin(n1)αZ)(1 + (−1)bin(n′

1)αZ)
〉

|ψ0⟩〈
P̂

(:k2)
2 P̂

(:k2)
2

〉
|ψ0⟩

〈
m−1⊗

α=k1+1
(1 + (−1)bin(n2)αZ)(1 + (−1)bin(n′

2)αZ)
〉

|ψ0⟩

,

(A.48)

where all expectation values are with respect to |ψ0⟩. Trivially ⟨P̂ (:k1)
1 P̂

(:k1)
1 ⟩|ψ0⟩ =

⟨P̂ (:k2)
2 P̂

(:k2)
2 ⟩|ψ0⟩ = 1. It can be seen that

〈
m−1⊗

α=k1+1
(1 + (−1)bin(n1)αZ)(1 + (−1)bin(n′

1)αZ)
〉

|ψ0⟩

=
4m−k1−1, n1 = n′

1 = 0,
0, otherwise,

(A.49)

and similarly for n2 and n′
2. Therefore

Cov
[
Â⟨i,j⟩(k1, k2, n1, n2), Â⟨i′,j′⟩(k1, k2, n

′
1, n

′
2)
]

= 24m−2k1−2k2−4δi,i′δj,j′δn1,0δn2,0δn′
1,0δn′

2,0,
(A.50)

where δ is the Kronecker delta. We note that δn1,0 = δn1,0δk1,0 ∀k1 : n1 ∈ Nk1 and

similarly for δn2,0. Then, substituting this into (A.45) gives

Γ(G, k1, k2) =
∑
⟨i,j⟩

22γ2
i,j24m−k1−k2−4δk1,0δk2,0, (A.51)

which substituting into (A.44) gives

ϵS̃int = 1
4

∑
F∈PartG

√ ∑
⟨i,j⟩∈F

γ2
i,jd

4, (A.52)

from which the result follows.

Theorem A.4.4 (Expected shots for uncoupled state when not grouping measure-

ments.). Given a Hamiltonian

Ĥ =
N∑
i=1

(x̂2
i + p̂2

i ) +
∑
j>i

γi,jx̂ix̂j, (A.53)
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for N ≥ 2 d-level QDOs in the binary encoding and measuring each corresponding

Pauli operator separately, the expected number of shots S required to achieve a

constant measurement error ϵ for state |0⟩⊗mN is upper bounded by

S = 1
16ϵ2

 ∑
⟨i,j⟩∈G

|γi,j|

2

d4, (A.54)

where G is the interaction graph. Assuming G is fully connected and that values

of γi,j are independent of both N and d and randomly distributed between different

F ∈ Part(G), then S ∈ O
(
γ2N4d4

ϵ2

)
, where γ is a typical scale for γi,j.

Proof. Again we consider non-interacting and interacting contributions separately.

As in theorem A.4.3, the uncoupled contribution is zero.

The contribution from the coupling terms is

ϵS̃int = 1
2

m−1∑
k1,k2=0

∑
⟨i,j⟩∈G

∑
P̂

(:k1)
1 ∈{X,Y }⊗(k1+1)

P̂
(:k2)
2 ∈{X,Y }⊗(k2+1)

∑
n1∈Nk1
n2∈Nk2

√
22γ2

i,j Var[Â⟨i,j⟩(k1, k2, n1, n2)]

(A.55)

where

Â⟨i,j⟩(k1, k2, n1, n2) =
P̂ (:k1)

1 ⊗
m−1⊗

α=k1+1
(1 + (−1)bin(n1)αZ)


QDO i

⊗

P̂ (:k2)
2 ⊗

m−1⊗
β=k2+1

(1 + (−1)bin(n2)βZ)


QDO j

(A.56)

acts on the sub registers corresponding to QDOs i and j. Using (A.50), this

simplifies to

ϵS̃int = 1
4

 ∑
⟨i,j⟩∈G

|γi,j|

 d2, (A.57)

from which the result follows.
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Experimental details on variational

quantum algorithms for coarse grained
systems

B.1 Noise mitigation for anharmonic experiments

Unlike for the harmonic systems, for anharmonic systems it is not possible perform

the subtraction method given in (2.17). This is because we do not have a good way

to estimate λ as the ground state of the zero field system is not simply given by

the zero Fock state. Therefore, we use more costly error mitigation techniques in

order to reduce the effect of device noise in the final energy measurements. We

choose to use a combination of two error mitigation schemes, namely zero-noise

extrapolation [197, 198] and an algorithmic error mitigation scheme based on

Lanczos extrapolation [199].

To reduce the effect of noise on the measurement of ⟨Ĥ⟩ using zero noise extrapola-

tion, the expectation value is measured multiple times with the noise in the system

artificially increased to various levels. The amount that the noise is amplified in

the system is parameterised by a variable which we call Λ such that we have values

{⟨H⟩Λ} evaluated at each chosen value of Λ. A curve is then fitted to the values of
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Λ and ⟨Ĥ⟩Λ which can then be extrapolated back to Λ = 0 to hopefully remove the

effect of noise on the system. Zero noise extrapolation requires no more qubits than

the original system and can be performed fairly easily. The difficulty lies in finding

a good method to amplify the noise to enough values of Λ such that a good fit can

be found, as well as choosing a good fitting function for your device noise model.

In our experiments we boost the device noise by replacing each two qubit CNOT

gate by an odd number of CNOT gates. Since in the noiseless setting an odd

number of CNOT gates has the same effect as a single CNOT gate, this has the

effect of artificially boosting the two-qubit gate noise - which is expected to be the

main source of noise in the superconducting system. We use three different values

of Λ which correspond to using one, three and five CNOTs in place of each CNOT

in the circuit. A linear fit was found to match values of {⟨H⟩Λ} well and used to

extrapolate to the Λ = 0 to achieve a zero noise estimate.

For the further mitigation based on the Lanczos algorithm, we follow the method

described in Ref. [199] to perform an m = 2 Krylov subspace expansion of the

Hamiltonian. In the m = 2 case, this requires measuring ⟨H⟩, ⟨Ĥ2⟩ and ⟨Ĥ3⟩ on

the noisy device to create the Krylov basis. Minimisation in this basis (performed

by exact matrix diagonalisation) is then used to find a minimum value for ⟨Ĥ⟩

which satisfies the variational principle.

The zero-noise extrapolation and Lanczos algorithm were combined as in Ref. [199]

to give an increased level of noise reduction. First zero noise extrapolation was

used on expectation values of ⟨Ĥ⟩, ⟨Ĥ2⟩ and ⟨Ĥ3⟩ which were then used in the

Lanczos mitigation method. As with measurements of the cost function ⟨H⟩ in the

main text, the Pauli strings for each operator were grouped into collections that

qubit-wise commuted and each group measured with approximately 16 million shots.

Operators Ĥ, Ĥ2 and Ĥ3 consist of 6, 7 and 8 Pauli strings which were grouped

into 2, 3 and 3 commuting groups respectively.
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B.2 IBM quantum hardware

For practical reasons related to device availability and queue-times we used three

different quantum processors to evaluate our algorithm. All three processors

were provided by IBM via the Qiskit [276] open source framework. We used

ibmq_montreal (27 qubits, Processor type Falcon r4), ibm_lagos (7 qubits, Processor

type Falcon r5.11H) and ibmq_santiago (5 qubits, Processor type Falcon r4L).

The reported quantum volume of the aforementioned devices is 128, 32 and 32

respectively.

The experiments in Sec. 2.3 use 4 qubits on every processor, namely qubits 13,14,

16 and 19 in ibmq_montreal, qubits 1,3,4 and 5 in ibm_lagos and qubits 1,2,3 and

4 in ibmq_santiago following the coupling map show in Fig. B.1. The experiments

were performed in a timeframe of 2 months and the noise parameters (and qubit

properties) were varied along the period of the experiments. The experiments in

Sec. 2.5.1 used qubits 14 and 16 on ibmq_montreal and were performed over a

period of two days.

0 1 4 7 10 12 15 18 21 23

6 17

2 13 24

3 5 8

9

11 14 16 19 22 25 26

20

(a)

0 1 2

3

54 6

0 1 2 3 4

(b) (c)

Figure B.1: Coupling map of the IBM Quantum devices used in this work. The devices
used are (a) ibmq_montreal, (b) ibm_lagos and (c) ibmq_santiago with 27, 7 and 5
qubits respectively.
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B.3 Symplectic eigenvalues of harmonic oscilla-
tors with linear coupling

In the case of purely harmonic oscillators with linear coupling given by the

Hamiltonian in Eqn. (2.6), the exact ground state energy (without any truncation

of the Fock space) can be found by calculating the eigenspectrum of a 2N × 2N

matrix.

The Hamiltonian in (2.6) can be rewritten as

Ĥ = q̂THq̂, (B.1)

where we have defined the vector operator

q̂T = (q̂1, q̂2, . . . , q̂2N−1, q̂2N) := (x̂1, p̂1, . . . , x̂N , p̂N) (B.2)

and correlation matrix H ∈ R2N×2N which has elements Hi,j equal to the coefficients

of the q̂iq̂j operator in Ĥ. In this representation, the bosonic commutation relation

can be written as elements of a matrix [q̂i, q̂j] = Ωi,j where

Ω =
N⊕
k=1

ω ∈ R2N×2N , ω =
(

0 1
−1 0

)
. (B.3)

The eigenspectrum of the matrix |iΩH| (where the absolute value is defined in the

operatorial sense [277]) is {ϵ1, ϵ2, . . . , ϵ2N}, where {ϵi} are known as the symplectic

eigenvalues. The ground state energy of the system is given by E0 = 1
2
∑2N
i=1 ϵi. We

consider systems of increasing coupling strength up to the point at which mini ϵi = 0

and the system becomes critical. For further details see [277, 278].

We note that this method for calculating the ground state energy only works for

Hamiltonians that can be written in the quadratic form of (B.1) for which ground

states and thermal states are Gaussian.



C
Resource analysis for block encoding

Schwinger model

C.1 Preparing |G⟩ and U using linear combination
of unitaries

In this section, we will recap the procedure that Kirby et al. described within

Appendix C. of Ref. [120] to prepare U and |G⟩ for a local Hamiltonian. Later we

will modify this procedure to reduce the resource cost for our Hamiltonian.

C.1.1 Implementing U

We need to implement U given by (3.18), for some choice of {|i⟩}. Let

|i⟩a = |x⃗, z⃗⟩ , (C.1)

where (x⃗, z⃗) is the binary representation of n qubit Pauli operator P̂i, defined as

follows. For now we will assume that all {αi} are positive in the definition of the

Hamiltonian (3.17) and that no P̂i have a negative sign. Kirby et al. consider

applying the required signs to the Pauli operator for their Hamiltonian separately,

we will show how to do this for an arbitrary model later.
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Definition C.1.1 (Binary representation of Pauli operator). Given a Pauli operator

P̂ ∈ {1, X, Y, Z}⊗n, the binary representation of P̂ is a pair of n length binary

vectors (x⃗, z⃗) such that a value 1 in position j of x⃗ means that P̂ contains X acting

on qubit j, and similarly for z⃗ and Z. This means P̂ can be written as

P̂ (x⃗, z⃗) =
n−1⊗
j=0

ixjzjXxjZzj . (C.2)

Here, i is the imaginary unit which occurs when x⃗ and z⃗ contain 1 in the same

position. Both X and Z acting on a qubit, along with the phase, gives Y operator

since ZX = iY .

Using this representation, U can be implemented as

U =
∑
x⃗,z⃗

|x⃗, z⃗⟩⟨x⃗, z⃗| ⊗ P̂ (x⃗, z⃗) =
n−1∏
j=0

ixjzjCxj
Xj · Czj

Zj, (C.3)

which requires three layers of two qubit gates. Firstly, a layer of controlled gates

that applies Z to each qubit j, controlled on the value of auxiliary (qubit zj), a

second layer doing the same for X, and then a layer that applies the two qubit

controlled S gate 
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 i

 (C.4)

between each pair of qubits (xj, zj).

C.1.2 Preparing |G⟩a

We must now prepare the block encoding state

|G⟩a =
T−1∑
i=0

√
|αi| |(x⃗, z⃗)i⟩a , (C.5)

which requires us to prepare a potentially arbitrary real superposition of basis states.

This can be achieved using multi-controlled partial CNOT (CnNOT(ϑ)) gates as

multi-controlled versions of the two qubit partial swap (PSWAP(ϑ)) gates. The

action of the singly controlled partial NOT gate is

CNOT(ϑ) =


1 0 0 0
0 1 0 0
0 0 cosϑ sinϑ
0 0 sinϑ − cosϑ

 , (C.6)
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and the uncontrolled action of the PSWAP gate on two qubits is

PSWAP(ϑ) =


1 0 0 0
0 cosϑ − sinϑ 0
0 sinϑ cosϑ 0
0 0 0 1

 , (C.7)

for some rotation angle ϑ. We note two things, if we have a state containing basis

states of Hamming weight less than or equal to n, then a CnNOT(ϑ) gate can rotate

an n weight basis state (with 1 corresponding to every control qubit) into an n+ 1

weight basis state (with the additional Hamming weight coming from the target

qubit) and will have no effect on lower weight states. Similarly, a CnPSWAP(ϑ)

will rotate between different states of Hamming weight n+ 1 (those with 1s in the

controls and a 1 and a 0 in the two target qubits) and have no effect on lower weight

states.

The following procedure can then be used to generate an arbitrary superposition of

basis states.

1. Starting with zero state, apply X gate to flip a single qubit.

2. Use PSWAP(ϑ) gates, to distribute this single 1 between other qubits to

generate all Hamming weight 1 states required.

3. Use a single CNOT(ϑ) gate to rotate one of the Hamming weight 1 states

into a Hamming weight 2 state.

4. Use CPSWAP(ϑ) gates to distribute this Hamming weight 2 state into

all Hamming weight 2 states required (Hamming weight 1 states will be

unaffected).

5. Repeat steps 3. and 4., increasing the number of controls and the Hamming

weight by 1 each time, until all states up to the maximum Hamming weight

have been produced.

The choice of ϑ for each gate must be chosen according to the values of αi required,

noting that larger amplitudes than √αi will be required from some rotations for
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basis states that will have CnNOT gates applied to access the higher weight basis

states.

C.1.3 Applying signs to P̂i’s and preparing |G̃a⟩

To prepare the state

|G̃⟩a =
T−1∑
i=0

sgn(αi)
√
|αi| |(x⃗, z⃗)i⟩a , (C.8)

we can use the same procedure and rotation gates as for |G⟩. The only change

required is to flip the signs of some of the rotation angles for some of the partial

SWAP and partial CNOT gates. By flipping the sign of the rotation angle ϑ→ −ϑ

for these gates, we induce a −1 phase shift in the resulting basis state compared

to the one used in its generation. This approach ensures the incorporation of the

requisite negative signs. It is crucial to monitor the sign evolution of successive

bitstrings throughout this non-Markovian process. The sign of a basis state being

rotated out may itself be positive or negative, contingent upon the preceding

rotations and potential bitflips utilised in its generation.

C.2 Gate costs for block encoding Schwinger model

C.2.1 Some useful mathematics

Before we evaluate the quantum resource required for the block encoding, we prove

a few useful lemmas.

Lemma C.2.1. Given positive integer b,

⌊ b
2⌋∑

wy=0

(
b− wy
wy

)
= F (b+ 1), (C.9)

where F (n) is the nth Fibonacci number.

Proof. See Ref. [279].
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Lemma C.2.2. Defining F (n) to be the nth Fibonacci number, then for any positive

integer m,
m+2∑
b=2

F (b+ 1) = 1√
5
(
ϕm+5 − (−ϕ)−m−5

)
− 3. (C.10)

where ϕ is the golden ratio.

Proof. From the definition of the Fibonacci numbers

F (m+ 3) = F (m+ 5)− F (m+ 4)

F (m+ 2) = F (m+ 4)− F (m+ 3)
...

F (4) = F (6)− F (5)

F (3) = F (5)− F (4).

(C.11)

Summing the L.H.S. and R.H.S. of the above yields
m+2∑
b=2

F (b+ 1) = F (m+ 5)− F (4). (C.12)

Using Binet’s formula and F (4) = 3 yields the result.

Lemma C.2.3. For any integer positive integer m,
m+2∑
b=2

bF (b+ 1) =m+ 2√
5

(
ϕm+5 − (−ϕ)−m−5

)
− 1√

5
(
ϕm+6 − (−ϕ)−m−6

)
+ 2.

(C.13)

Proof. From the definition of the Fibonacci numbers

(m+ 2)F (m+ 3) = (m+ 2)F (m+ 5)− (m+ 2)F (m+ 4)

(m+ 1)F (m+ 2) = (m+ 1)F (m+ 4)− (m+ 1)F (m+ 3)
...

3F (4) = 3F (6)− 3F (5)

2F (3) = 2F (5)− 2F (4).

(C.14)

Summing the L.H.S. and R.H.S. of the above equations yields
m+2∑
b=2

bF (b+ 1) = (m+ 2)F (m+ 5)−
m+3∑
b=4

F (b+ 1)− 2F (4)

= (m+ 2)F (m+ 5)− F (m+ 6) + F (3),
(C.15)
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where we have rewritten the sum in the second line using Lemma C.2.2. Using

Binet’s formula and F (3) = 2 yields the result.

Corollary C.2.4.

m+2∑
b=2

F (b+ 1)(αb+ β) = α√
5
(
ϕm+5 − (−ϕ)−m−5

)
m− α√

5
(
ϕm+6 − (−ϕ)−m−6

)
+ (α + β)√

5
(
ϕm+5 − (−ϕ)−m−5

)
+ (2α− 3β).

(C.16)

Proof. This follows from Lemmas C.2.2 and C.2.3.

Proposition C.2.5.

m∑
b=0

(
m

b

)
(αb+ β) = αm2m−1 + β2m. (C.17)

C.2.2 Pauli decomposition of the Hamiltonian

In order to calculate the resources needed for the qubitisation procedure, we begin

by calculating the Pauli operators needed to construct the Hamiltonian.

Definition C.2.6 (Weight of a Pauli operator). Given an operator P̂ which can be

written as single tensor product of the form {1, X, Y, Z}⊗m, we define the weight

W (P̂ ) of P̂ as the total number of non-identity operators within P̂ .

Definition C.2.7 (X,Y and Z weight of a Pauli operator). For an operator P̂

as above, we define the X weight of an operator as the number of X operators in

its Pauli decomposition. Similarly for the Y weight and Z weight. If W (P̂ ) is the

total Pauli weight of an operator, then Wx(P̂ ) +Wy(P̂ ) +Wz(P̂ ) = W (P̂ ), where

Wx,y,z(P̂ ) are the X,Y and Z weights respectively.

Remark C.2.8. Given an operator P̂ with X,Y,Z Pauli weights Wx(P̂ ),Wy(P̂ ),Wz(P̂ ).

The Hamming weight of the binary representation vector (x⃗, y⃗) of P̂ as defined in

Def. C.1.1 is equal to b(P̂ ) = Wx(P̂ ) + 2Wy(P̂ ) +Wz(P̂ ).
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To analyse the resource requirements of the qubitisation procedure, we will need

to decompose each term in the Hamiltonian into a basis of Pauli operators and

calculate the number of constituent operators of a given weight.

C.2.2.1 Gauge field terms

Lemma C.2.9. Consider the truncated gauge-field operator L2 = ∑Λ−1
l=0 (l − Λ/2)2 |l⟩⟨l|

where Λ is a power of 2. If we write the operator in the Pauli basis {1, X, Y, Z}⊗m,

where m = log2(Λ), then for every integer 0 ≤ w < m, the number of multi-qubit

Pauli operators of weight w is less than or equal to the binomial coefficient
(
m
w

)
.

number of multi-qubit Pauli operators of weight

Proof. Using (A.4), we can rewrite this operrator as

Λ−1∑
l=0

(l − Λ/2)2 |l⟩⟨l| =
Λ−1∑
l=0

(l − Λ/2)2
m−1⊗
j=0

(1 + (−1)bin(l)jZ), (C.18)

where bin(l)j ∈ {0, 1} denotes the jth bit in the binary representation of integer l.

For a given l, expand the number the m qubit tensor product yields all m qubit

operators in {1, Z}⊗m with coefficients ±1, the number of unique terms containing

a total of W Pauli Z operators is given by the binomial coefficient
(
m
w

)
. Every value

of l yields operators in {1, Z}⊗m, just with a different set of prefactors. Thus, the

total number of unique Pauli operators of W will be at most
(
m
w

)
. It may be the

case that, depending on the values of Λ and therefore (l−Λ/2), some of these term

cancel, however the binomial coefficient provides and upper limit on the number of

terms.

Remark C.2.10. We note that the only Pauli operators within the above are Z

operators, there are no X or Y operators.

C.2.2.2 Interaction terms

Lemma C.2.11. Consider the truncated raising operator e−iθ̂ = ∑Λ
l=0 |l + 1⟩⟨l|

where Λ is a power of 2 and cyclic numbering is used such that |Λ⟩ = |0⟩. If we

write the raising operator in the Pauli basis {1, X, Y, Z}⊗m, where m = log2(Λ),
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then for every integer 0 ≤ w ≤ m, the number of multi-qubit Pauli operators of

weight w present is equal to 2w.

Proof. As noted in Theorem A.3.1 , the Pauli decomposition can be written as

|l + 1⟩⟨l| =
m⊗

j=k(l)+1

(
1 + (−1)bin(l)jZ

)
⊗ (X + iY )⊗ (X − iY )⊗k(l), (C.19)

where bin(l)j ∈ {0, 1} denotes the jth bit in the binary representation of integer l

and k(l) = max{j | bin(l)j = 0} is the position of the right-most zero within that

representation. We say k(l) = m, if l contains no zeros (i.e., l = Λ− 1). Therefore,

we can write the full raising operator as

Λ−1∑
l=0
|l + 1⟩⟨l| =

Λ−1∑
l=0

m⊗
j=k(l)+1

(
1 + (−1)bin(l)jZ

)
⊗ (X + iY )⊗ (X − iY )⊗k(l), (C.20)

which, by rewriting the summations, can be re-expressed as

∑
{l|k(l)=k′}

|l + 1⟩⟨l| =
m∑
k′=0

 ∑
{l|k(n)=k′}

m⊗
j=k′+1

(
1 + (−1)bin(l)jZ

)
⊗ (X + iY )⊗ (X − iY )⊗k′

.

(C.21)

If we consider first the term within the square braces, we note that

∑
{l|k(l)=k′}

m⊗
j=k′+1

(
1 + (−1)bin(l)jZ

)
= (21)⊗(m−k′−1). (C.22)

We can see that this holds by induction. Firstly, for m = k′+1, we note that there are

only four terms (acting on a single qubit) within the summation, these correspond

to n = Λ and n = Λ+1 = 0. The summation is thus equal to (1+Z)+(1−Z) = 21.

When m = k′ + 2, there are two terms within the summation, each acting on two

qubits. These are equal to

(1 + Z)⊗ (1 + Z)+(1 + Z)⊗ (1− Z) + (1− Z)⊗ (1 + Z) + (1− Z)⊗ (1− Z)

= [(1 + Z) + (1− Z)]⊗ [(1 + Z) + (1− Z)]

= 21⊗ 21.
(C.23)
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From this, we can see how (C.22) holds by induction. Therefore,

∑
{l|k(l)=k′}

|l + 1⟩⟨l| =
m∑
k′=0

(21)⊗(m−k′−1) ⊗ (X + iY )⊗ (X − iY )k′
. (C.24)

Looking at the (X + iY )⊗ (X − iY )⊗k′ term, expanding these brackets will yield

2k′+1 terms in {X, Y }⊗k′+1, which all have weight k′ + 1. There will be (m + 1)

unique values of k′ = 0, 1, . . . ,m, each of which contribute 2k′+1 terms of weight

k′ + 1, hence the result.

Remark C.2.12. From the above proof, we can also see that if we consider all

multi-qubit Pauli operator of a given w within the above expansion, the number of

operators that contain a total of wy Y operators (or equivalently X operators) is(
w
wy

)
. There are no Z operators remaining in the expansion.

Corollary C.2.13. Consider a single interaction term (for a certain n) given by

(3.12) using the truncated raising and lowering operators e−iθ̂ = ∑Λ
l=0 |l + 1⟩⟨l| and

eiθ̂ = ∑Λ
l=0 |l⟩⟨l + 1|. Decomposing the interaction term into Pauli operators onto a

qubit register of size (m+ 2), such that m = log2(Λ) qubits are used for the gauge

field space, and the remaining two qubits for the two spin degrees of freedom, then

for every integer w satisfying 2 ≤ w ≤ m + 2, there will be 2w−1 Pauli operators

of weight w. These operators will always contain an even number wy of Pauli Y

operators, for a given w the number of operators with wy Pauli Y operators will be(
w
wy

)
.

Proof. Decomposing the spin raising and lower operators within a single interaction

term, we get

σ+eiθσ− + h.c. = 1
4
[
(X + iY )eiθ(X − iY ) + h.c.

]
= 1

4[XeiθX + iXeiθY − iY eiθX + Y eiθY + h.c.].
(C.25)

We can see from (C.24), that half of the terms within the Pauli expansion of eiθ are

Hermitian and half are anti-Hermitian. Therefore, exactly half the terms within the

expansion XeiθX+ iXeiθY − iY eiθX−Y eiθY will be Hermitian and anti-Hermitian.
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Thus, in adding the Hermitian conjugate to get the full interaction term in (C.25),

half of the terms (the anti-hermitian ones) will cancel, and the other half (the

Hermitian ones) will be repeated. We note that anti-hermitian terms, and therefore

those that cancel, always contain an odd number of Pauli Y operators, since in the

definition of the raising operators these contain the imaginary prefactors.

Counting up the number of terms in (C.25), multiplying by the weights of the

operator in the Pauli decomposition of eiθ and taking into account the cancellation

of half the terms gives the required result.

Remark C.2.14. The second term, corresponding to the energy of the gauge field,

in the gauged transformed Schwinger model of (3.14) will contain all Pauli operators

of the form {1, Z}⊗N . There are 2N of these operators and thus the expected circuit

cost for producing the block encoding state |G⟩ with the method described would

grow exponentially in system size. Although using a gauge transformed Hamiltonian

would reduces the qubit numbers required, this comes at the expense of an exponential

increase in circuit depth.

C.2.2.3 Spin terms

Remark C.2.15. It is trivial to see that each the Pauli decomposition for an onsite

spin term µ(−1)n [1 + σ3(n)] /2 consists of a single Z operator only.

C.2.3 Generating the block encoding state |G⟩

The circuit cost of generating |G⟩ using the method described in Appendix C.1 is

entirely determined by the number of operators and the weight of each operator

within the Pauli decomposition of the Hamiltonian. Here we will estimate the total

number of gates needed to generate G for the 1+1D Schwinger Hamiltonian. We

will start by calculating the number of vectors of each Hamming weight required to

encode the Pauli decomposition of the Hamiltonian. We will consider gauge field

terms, spin terms and interaction terms separately.
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We will separate |G⟩ into parts corresponding to each term in the Hamiltonian:

|G⟩ =
N−1∑
n=1
|Gfield(n)⟩+

N∑
n=1
|Gspin(n)⟩+

N−1∑
n=1
|Gint(n)⟩ , (C.26)

where |Gfield(n)⟩ is an unnormalised state containing the basis states corresponding

to the binary representation of the Pauli decomposition, with appropriate amplitudes,

for the Hamiltonian term for the energy of gauge field n. The definitions of |Gint(n)⟩

and |Gspin(n)⟩ follow similarly.

C.2.3.1 Binary representation of gauge field terms |Gfield(n)⟩

Consider a single term corresponding to the gauge field energy for a given site n in

(3.10), for a given integer 0 ≤ wz ≤ m, there will be
(
m
wz

)
Pauli operators of Pauli

weight W (P̂ ) = Wz(P̂ ) = wz. This follows from Lemma C.2.9 and Remark C.2.10.

Thus, for all 0 < wz ≤ m, the gauge field term for a given lattice site n in the

Hamiltonian will contribute a total of
(
m
wz

)
Pauli operators of Pauli weight wz,

which from Remark C.2.8, will require binary representation vector of Hamming

weight b = wz. Therefore, we write the number of terms corresponding to Hamming

weight b due to the fields as

Nfield
b =


(
m
b

)
for 0 ≤ b ≤ m

0 otherwise.
(C.27)

C.2.3.2 Binary representation of spin terms |Gspin(n)⟩

Next, consider a single term corresponding to the onsite energy of a single spin n.

The Pauli decomposition of this operator will involve a single qubit Z operator with

Pauli weight W (P̂ ) = Wz(P̂ ) = 1. Thus the N onsite spin energy terms will lead to

N operators with binary representation vector of hamming weight one. Therefore,

we write the number of terms corresponding to Hamming weight b due to the spins

as

N spin
b =

1 for b = 1
0 otherwise.

(C.28)



126 C.2. Gate costs for block encoding Schwinger model

C.2.3.3 Binary representation of interaction terms |Gspin(n)⟩

Finally, consider a single term corresponding to an interaction term for a given n.

We define m′ := m+ 2. From Corollary C.2.13, for a given 2 ≤ w ≤ m′, there will

be
(
w
wy

)
bitstrings of Pauli weight wy ≤ w if wy is even and zero otherwise. The

Hamming weight of the associated binary representations will be b = w+wy, which

can therefore can take any value between 2 and 2m′. The number of terms with

Hamming weight b will be given by the following summation

N int
b =

∑
2≤w≤m′

0≤wy≤m′

s.t. b=w+wy
wy even

(
w

wy

)
=

⌊b/2⌋∑
wy=max(0,b−m′)

wy even

(
b− wy
wy

)
,

(C.29)

where we arrive at the final line by substituting w = b − wy and simplifying the

ranges on the summations appropriately. We can find an upper bound for this as

follows:

N int
b =

⌊b/2⌋∑
wy=max(0,b−m′)

wy even

(
b− wy
wy

)
≤

⌊b/2⌋∑
wy=0
wy even

(
b− wy
wy

)
≤ F (b+ 1), (C.30)

where we have used the result for the summation from Lemma C.2.1. Therefore,

N int
b ≤

F (b+ 1) 2 < b ≤ 2m′

0 otherwise.
(C.31)

C.2.3.4 Gate cost of associated CnPSWAPs and CnNOTs

Now that we have the number of bitstrings for each Hamming weight, we can begin

to calculate the gate cost of generating |G⟩ = ∑
i

√
αi |i⟩. To do so, we first break

down the cost of the multiqubit CnNOT(ϑ) and CnPSWAP(θ) in the following

two remarks, before multiplying these by the total number that must be applied

according to the number of binary representations required with each Hamming

weight.

Remark C.2.16 (n qubit Toffoli gate with one ancilla [280]). A single Cn−1NOT,

where n ≥ 3, can be implemented using 32n− 96 T-gates, 24n− 72 CNOT gates

and one recyclable ancilla qubit. A Cn−1Z gate can be implemented with the same

cost plus two additional Hadamard gates.
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Remark C.2.17 (n qubit Toffoli gate with mulitple ancillae [280]). A single

Cn−1NOT, where n ≥ 3, can be implemented using 4n− 8 T-gates, 4n− 7 CNOT

gates and n − 1 ancilla qubits. A Cn−1Z gate can be implemented with the same

cost plus two additional Hadamard gates.

Remark C.2.18 (Creating multi-controlled PSWAP and partial CNOT gates).

Following the logic of Appendix C3. of Ref. [120], Cn−1PSWAP(ϑ) and CnNOT(ϑ)

gates can be implemented using the following gate sequences:

Cn−1
{j} PSWAPk,l(ϑ) = e

iϑµ̂k,l
2 · Cn−1

{j} Zk · e
−iϑµ̂k,l

2 · Cn−1
{j} Zk, (C.32)

where Cn−1
{j} denotes controlled operator on a set of n− 1 qubits {j} and the operator

µ̂k,l, which generates the two qubit PSWAPk,l(ϑ) gate, is defined by

µ̂k,l =


0 0 0 0
0 0 i 0
0 −i 0 0
0 0 0 0

 , (C.33)

and

Cn−1
{j} CNOTk,l(ϑ) = e

iϑν̂k,l
2 · Cn−1

{j} Zk · e
−iϑν̂k,l

2 · Cn−1
{j} Zk · Cn−1

{j} S†
k, (C.34)

where νk,l, which generates a two qubit CNOT(ϑ)k,l gate, is defined by

ν̂k,l =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

 . (C.35)

As discussed by Kirby et al. [120], the application of the multi-controlled S† gate can

be included in the decomposition of the multi-controlled Z gate so that it contributes

none of it’s two-qubit or non-Clifford gates.

Remark C.2.19. The two qubit gates CNOT(ϑ) and PSWAP(ϑ) can be constructed

with two CNOTs, six single qubit rotations (i.e. Rz gates) and single qubit gates.

This follows from Vatan and Williams’ ([188], Fig. 2) construction of a general

SO(4) gate and counting the number of non-clifford and CNOT gates required.
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Lemma C.2.20 (Partial swap and partial CNOT gates.). A Cn−1PSWAP(ϑ) gate

and a CnNOT(ϑ) can be implemented using 8n− 16 T-gates, 8n− 14 CNOT gates,

12 RZ gates and single qubit Clifford gates, provided we have access to n− 1 ancilla

qubits.

Proof. This follows from Remarks C.2.17, C.2.18 andC.2.19

C.2.3.5 Counting the number of CnPSWAPs, CnNOTs and CnZs

Following the procedure as laid out in Sec. C.1.2, we must apply a CnNOT(ϑ)

once for each value of possible Hamming weight (each time we encounter Step

3) up to the maximum possible values bmax = 2m + 4. We note that a single

CnPSWAP(ϑ) gate can only rotate between states that have same Hamming weight

and differ in the position of only a single one bit. Thus, if we just apply a single

CnNOT(ϑ) each time we apply Step 3, say to access a Hamming weight n + 1

state from a Hamming weight n state, then it is likely that more than one of the

1s within this new state do not match up with the position of one of the 1s in

one of the weight n+ 1 states we need to rotate into with the CnPSWAP(ϑ) gate.

This would require us to apply more than one CnPSWAP(ϑ) per unique value of

(x⃗, z⃗) gate of Hamming weight n + 1. However, if we examine the form of the

Pauli decompositions for the spin (which is trivial), field (C.18) and interaction

terms (C.24) for single lattice site n, we can exploit the structure of the binary

representation strings to ensure we only need to apply at most one CnPSWAP(ϑ)

for each unique value of (x⃗, z⃗), at the expense of a small number of CnNOT(ϑ) gates.

Additionally, we will reduce the overall cost of the algorithm by only using the

procedure of [120] (described in Section C.1.2 using CnNOT(ϑ) and CnPSWAP(ϑ))

gates to generate the terms of |G⟩ corresponding to gauge field and interaction energy

of a single gauge link (and all Fermion only terms). We will then generate the terms

related to the other N−2 gauge sites using a procedure described in Section C.2.3.6.
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For the gauge field energy of a single site, the binary representation vectors

(considering only the m bits corresponding to the gauge field qubits of each auxiliary

register) take all possible values of the form x⃗ = 0m, z⃗ ∈ {0, 1}m, where 0m

corresponds to a zero bit repeated m times. Thus, for each unique Hamming weight

0 < b ≤ m, there is at least one binary representation vector present that differs

from another of weight b− 1 by just a single bit. Thus, for the gauge field terms,

one must apply Cb−1NOT(ϑ) gate for each value of 1 ≤ b ≤ m, where we have

multiplied by the total number of gauge field registers, to generate the appropriate

Hamming weights. This is then combined with
[(
m
b

)
− 1

]
Cb−2PSWAP(ϑ) gates for

each 1 ≤ b ≤ m to access all bitstrings of that Hamming weight. Here, the binomial

coefficient arises from the number of weight b strings given by (C.27).

For the interaction terms of a single gauge link site, we can see from corollary C.2.13

that the binary representation of the interaction terms have the following form

x⃗ = 1w · 0m′−w, z⃗ ∈ π(1wy · 0w−wy) · 0m′−w, (C.36)

for 2 ≤ wy ≤ w ≤ m, with wy even, where for notational simplicity the first two

bits correspond to the two spin sites and the remaining m bits correspond to the

gauge field. Here π(1wy · 0w−wy) denotes the set of all permutations of a bitstring

containing wy ones and w − wy zeros. From this representation it is clear that for

every weight b > 1 bitstring there is at least one a) bitstring of weight b− 1 that

is the same except it contains one fewer one in the x⃗ register or b) bitstring of

weight b − 2 that is the same except it contains two fewer ones in the z⃗ register.

Thus, every value of b can be accessed by applying a Cb−1NOT(ϑ) to one of the

b− 1 states, or a Cb−2NOT(ϑ) to a weight b− 2 state followed by a Cb−1NOT(ϑ).

Therefore, all interaction bitstrings for each Hamming weight 2 ≤ b ≤ 2m′ can be

generated by applying N − 1 total Cb−1NOT(ϑ) gates and less than or equal to

F (b+ 1)− 1 total Cb−2PSWAP(ϑ) gates. The latter upper bound comes from the

remaining number of terms of weight b from (C.31).
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Hamiltonian term Hamming weights # Cb−1NOT(ϑ) # Cb−2PSWAP(ϑ)

Gauge fields 0 < b ≤ m 1
(
m
b

)
− 1

Interactions 2 ≤ b ≤ m+ 2 1 F (b+ 1)− 1
Spins b = 2 0 (N − 1)

Table C.1: Number of multi-controlled gates for each Hamming weight b needed to
generate state (N − 1) |Gfield(1)⟩+ (N − 1) |Gint(1)⟩+

∑N
i=1 |Gspin(n)⟩ for each term in

the Hamiltonian. See Section C.2.3.5 for details.

Hamiltonian term # CNOT(ϑ) # X # CSWAP # CmNOT
Gauge fields +

N − 2 m(N − 2) (m+ 4)(N − 2) N − 2Interactions

Table C.2: Gate counts to partially swap gauge field and interaction terms for a gauge
link site into the remaining N−2 sites implementing the transformation (N−1) |Gfield(1)⟩+
(N − 1) |Gint(1)⟩+

∑N
i=1 |Gspin(n)⟩ −→ |G⟩. See Section C.2.3.6 for details.

Finally, all the onsite spin terms are of weight one and can thus be generated from

an initial weight one state by N −1 total PSWAP(ϑ) gates. These weight one states

can be used as the source for the b = 1 states for the interaction and gauge field terms.

The total number of Cb−1NOT(ϑ), Cb−2PSWAP(ϑ) for the three parts of the

Hamiltonian are summarised in Table C.1.

C.2.3.6 Reducing gate cost using translational symmetry

Naively, we could generate |G⟩ by applying the multi-controlled gates within

Section C.2.3.5 a total of (N − 1) times for the gauge field and interaction terms

(once for each gauge link in the model) and N times for the spin terms. This

would lead to a very large number of gates controlled on lots of qubits. However,

by noticing that the gauge field and interaction terms have the same form for all

n = 1, 2, . . . , N , we can significantly reduce the cost in preparing |G⟩ by partially

swapping these terms for the n = 1 site into all other lattice sites.

Consider following the procedure in the previous section to generate terms corre-

sponding to just the gauge field and interaction terms for the first site. At this
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point the state will be proportional to |Gfield(1)⟩+ |Gint(1)⟩. Written in terms of

the computation basis, each term will be of the form

field n=1 field n=2︷︸︸︷ ︷ ︸︸ ︷
|α, β⟩ ⊗ |ψ⟩ ⊗ |α′, β′⟩ ⊗ |0m⟩ ⊗ |0, 0⟩ ⊗ . . .︸ ︷︷ ︸ ︸ ︷︷ ︸ ︸ ︷︷ ︸

x0,z0 site n=1 x0,z0 site n=2 x0,z0 site n=3

, (C.37)

where α, β, α′β′ ∈ {0, 1} and |ψ⟩ represents one of the m binary states corresponding

to the gauge field register. If we include an ancilla qubit to which we apply a rotation

gate we have

(
cos(ϑ) |0⟩+ sin(ϑ) |1⟩

)
︸ ︷︷ ︸

ancilla

⊗ |α, β⟩ ⊗ |ψ⟩ ⊗ |α′, β′⟩ ⊗ |0m⟩ ⊗ |0, 0⟩ ⊗ . . . . (C.38)

Next, we apply m CSWAP (Fredkin) gates, controlled on the ancilla qubit, to swap

each qubit within the m qubit n = 1 field register, with the corresponding qubit in

the n = 2 field qubit. This yields

cos(ϑ) |0⟩ ⊗ |α, β⟩ ⊗ |ψ⟩ ⊗ |α′, β′⟩ ⊗ |0m⟩ ⊗ |0, 0⟩ ⊗ . . .

+ sin(ϑ) |1⟩ ⊗ |α, β⟩ ⊗ |0m⟩ ⊗ |α′, β′⟩ ⊗ |ψ⟩ ⊗ |0, 0⟩ ⊗ . . . .
(C.39)

We have now swapped the first two field registers, conditioned on the ancilla qubit.

We remove the ancilla qubit, by applying an X gate to each qubit in the n = 2 field

register, followed by an CmNOT gate conditioned on the n = 2 field register and

targeting the ancilla qubit, followed by an X gate to each qubit in the in the n = 2

field register again, and finally an X gate to the ancilla qubit. This yields

|0⟩ ⊗
(

cos(ϑ) |α, β⟩ ⊗ |ψ⟩ ⊗ |α′, β′⟩ ⊗ |0m⟩ ⊗ |0, 0⟩ ⊗ . . .

+ sin(ϑ) |α, β⟩ ⊗ |0m⟩ ⊗ |α′, β′⟩ ⊗ |ψ⟩ ⊗ |0, 0⟩ ⊗ . . .
) (C.40)

where we now have an arbitrary superposition (determined by ϑ) over states with

the gauge field terms swapped, with the auxiliary qubit unentangled and returned

to its initial state. For initial states corresponding to the terms corresponding to

the n = 1 gauge field energy (C.18), α = β = α′ = β′ = 0 (as there are no spin

terms) and so we have effectively partially swapped the required binary encoding of

the gauge field terms from n = 1 to n = 2. We can ensure the interaction terms

(in which some of α, β, α′β′ are non zero) are correctly swapped as well by doing
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the following. Apply two Fredkin gates, controlled on the least significant x qubit

in the n = 2 field register, swapping the registers corresponding to the n = 2 spin

register with the n = 3 spin register. From (C.21), we see that interaction terms

will always contain a one within this control qubit, thus for |ψ⟩ corresponding to an

interaction term, we get

cos(ϑ) |α, β⟩ ⊗ |ψ⟩ ⊗ |α′, β′⟩ ⊗ |0m⟩ ⊗ |0, 0⟩ ⊗ . . .

+ sin(ϑ) |α, β⟩ ⊗ |0m⟩ ⊗ |0, 0⟩ ⊗ |ψ⟩ ⊗ |α′, β′⟩ ⊗ . . . ,
(C.41)

where we omit the ancilla qubit which is no longer used. Finally, applying another

two Fredkin gates, controlled in the same way to swap the n = 1 and n = 2 spin

registers, we get:

cos(ϑ) |α, β⟩ ⊗ |ψ⟩ ⊗ |α′, β′⟩ ⊗ |0m⟩ ⊗ |0, 0⟩ ⊗ . . .

+ sin(ϑ) |0, 0⟩ ⊗ |0m⟩ ⊗ |α, β⟩ ⊗ |ψ⟩ ⊗ |α′, β′⟩ .
(C.42)

This is the form of the output for both interaction and gauge energy terms (for the

latter, since all the spin bits are zero, these Fredkin gates have no effect). Thus, we

have taken the bitstrings corresponding to the interaction and gauge field terms

for n = 1 and used them to generate the n = 2 gauge field and interaction terms,

avoiding the need to reapply the costly multicontrolled procedure described in

Section C.2.3.5. i.e., following the notation in (C.26), we have performed

1
N
(
|Gfield(1)⟩+ |Gint(1)⟩

)
−→ 1
N
(
cosϑ |Gfield(1)⟩+ |Gint(1)⟩

)
+ 1
N
(
sin(ϑ) |Gfield(2)⟩+ |Gint(2)⟩

)
,

(C.43)

where N is the norm of unnormalised state |Gfield(1)⟩ + |Gint(1)⟩. We can keep

repeating this, noticing that the spin only terms are unaffected, and choosing ϑ

each time such that we end up with the transformation

(N − 1)
(
|Gfield(1)⟩+ |Gfield(1)⟩

)
+

N∑
n=1
|Gspin(n)⟩

−→
N−1∑
n=1
|Gfield(n)⟩+

N−1∑
n=1
|Gint(n)⟩+

N∑
n=1
|Gspin(n)⟩ = |G⟩ .

(C.44)
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The total gate cost for this is (N−2) Rx(ϑ) gates, 2m(N−2) X gates, (m+4)(N−2)

CSWAP gates and (N − 2) CmNOT gates along with an ancilla qubit that can be

reused.

C.2.3.7 Total gate cost for |G⟩

Theorem C.2.21 (Improved gate cost for G). For the single flavour 1+1D

Schwinger model with N lattice sites and gauge fields represented by m ≥ 2 qubits,

the block encoding state |G⟩ can be prepared using the following number of gates.

#T gates ≤ 56− 16m− 8ϕ
m+7 − (−ϕ)−m−7

√
5

+ 8mϕm+5 − (−ϕ)−m−5
√

5
− 16 · 2m + 4N + 4m2m + 8Nm (C.45)

#CNOT gates ≤ 54− 22m− 6ϕ
m+5 − (−ϕ)−m−5

√
5

− 8ϕ
m+6 − (−ϕ)−m−6

√
5

+ 8mϕm+5 − (−ϕ)−m−5
√

5
− 14 · 2m + 25N + 4m2m + 11Nm

(C.46)

#Rz gates ≤ −48 + 12ϕ
m+5 − (−ϕ)−m−5

√
5

+ 12 · 2m + 6N (C.47)

where ϕ is the golden ratio. In addition, we require an unspecified number of single

qubit Clifford gates as well as 2N + 2m(N − 1) qubits to store |G⟩ and m ancilla

qubits for the computation.

Proof. The full procedure to generate |G⟩ consists of two parts. First, generate the

state

(N − 1)
(
|Gfield(1)⟩+ |Gfield(1)⟩

)
+

N∑
n=1
|Gspin(n)⟩ , (C.48)

by applying the gates listed in Table C.1 as described in Section C.2.3.5 once for

the gauge field and interaction terms, and N − 1 times for the spin terms.

The total number of T-gate, CNOT gates and Rz gates for gauge field and interaction

terms for this procedure can be written as
m∑
b=1

(
m

b

)
(αb+ β) +

m+2∑
b=2

F (b+ 1)(αb+ β), (C.49)

where for α = 8, β = −16 for T-gates, α = 8, β = −14 for CNOT gates and

α = 0, β = 12 for Rz gates according to the decomposition of Cb−1NOT(ϑ) and
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Cb−2PSWAP(ϑ) gates of Proposition C.2.20. In addition, 2(N − 1) CNOTs and

6(N − 1) Rz gates are required for the spin terms.

Secondly, we must apply the gates listed in Table C.2 as described in Section C.2.3.6

to implement the transformation into |G⟩.

The cost of a single CNOT(ϑ) gate will be six Rz gates and two CNOTs. A

single Fredkin gates (CSWAP) can be implemented with two CNOTs along with a

Toffoli (CCNOT) gate [281] for a total cost of four T gates and five CNOTs (using

remark C.2.17 for the Toffoli decomposition). Each of the CmNOT gates requires

4m− 4 and T gates 4m− 3 CNOTs from Remark C.2.17. Thus the total cost for

this step is

8Nm+ 4N − 16m− 8 T gates, (C.50)

11Nm+ 25N − 22m− 4 CNOT gates (C.51)

6N − 12 Rz gates. (C.52)

The required expressions result from using Lemma C.2.4 and Proposition C.2.5 to

upper bound (C.48) with the appropriate values of α, β and adding the result to

the relevant equation of (C.50), (C.51) and (C.52).

Remark C.2.22. If we choose m = ⌈log(N) + 1⌉ to correspond to the maximum

gauge field occupancy of Remark 3.2.1, then the gate cost of |G⟩ is O(N logN) and

(2N − 1) logN − log(N) qubits are required.

C.2.4 T gate cost of rotation gates

For error corrected quantum computing, we typically do not have access to to an

arbitrary gate set but rather a restircted subset from which arbitrary operations

must be performed approximately. according to the Solovay Kitaev theorem however,

the gate cost of doing so scales favourably with approximation error. In our case,
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we need to convert the arbitrary Rz rotations into Clifford + T-gates. To do so, we

use the following Lemma.

Proposition C.2.23 (Clifford+T approximations of z-rotations [259]). There exists

an efficient algorithm, which is known, for approximately decomposing an Rz gate

up to rotation error ϵ which requires 3 log ϵ−1 +O(log log ϵ−1) T gates.

We use this to make the following approximation for the number of T gates required

to implement a single Rz gate in our algorithm.

Theorem C.2.24. Assume the following

1. The average fractional error required on values of αi is given by a constant

value ϵ̄α.

2. The average value of √αi is approximately equal to the reciprocal of the number

of Pauli terms within the Hamiltonian.

3. Recalling that the values of √αi are generated by successive rotations using

partial swap gates, for an average approximation error ϵ per Rz gate, the

average error on resulting value of given √αi is less than approximately dϵ,

where d is the maximum number of Rz gates affecting the value of √αi.

Then, the average number of T gates required per Rz is approximately less than or

equal to

3 log
(
(N − 1)2m +N · 2m+1 +N

)
+ 3 log(12m+ 48) + 3 log(ϵ̄−1

α ), (C.53)

up to O(log log) terms.

Proof. Given that the average value of √αi equal to the reciprocal of the number of

Pauli terms within the Hamiltonian. The absolute error required is approximated

by

ϵtot = ϵ̄α
[
(N − 1)2m + (2m−1)(N − 1) +N

]−1
, (C.54)

where we have used the total number of Pauli strings resulting from Corollary C.2.13

and Remarks C.2.14, C.2.15.
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From Lemma C.2.20, each multi-qubit rotation gate for the generation of |G⟩

requires 12Rz gates. The maximum number of rotations affecting a single value of

αi is equal to the Hamming weight of the corresponding basis state |(x⃗, z⃗)i⟩. The

maximum Hamming weight present in the Hamiltonian is equal to 2m+ 4 from the

interaction terms of (C.25). Thus, to achieve average absolute error on √αi that is

less than or equal to ϵtot, we require ϵRZ
≈ (12m− 48)−1ϵtot.

From the the approximate values of ϵtot and ϵRZ
above and using Proposition C.2.23

for the optimal decomposition of RZ gates we get the result.

Corollary C.2.25. Assuming ϵ̄α is constant, if m = ⌈log(N)⌉ then this is O(log(N))

and the total T-gate cost for generating |G⟩, including rotations, is O(N log(N)).

This does not affect the asymptotic scaling of this part of the algorithm.

For gate cost calculations presented in the main text, we assume that ϵ̄α terms are

negligible.

C.2.5 Applying the block encoding unitary U

C.2.5.1 Total gate cost for U

Theorem C.2.26. For the single flavour 1+1D Schwinger model with N lattice

sites and gauge fields represented by m ≥ 2 qubits, the block encoding state |G⟩ can

be prepared using the following number of gates.

#T gates = 6N + 6mN − 6m (C.55)

#CNOT gates = 8N + 8mN − 8m (C.56)

where ϕ is the golden ratio. We require an unspecified number of single qubit Clifford

gates and m ancilla qubits for the computation.

Proof. As described in Ref. [120], to implement the Pauli operators in U , we require

a total of NG, the number of qubits in |G⟩, two qubit CNOT, CZ and Controlled S
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(see (C.4)) gates. The decompositions of the first two are trivial, for the latter we

note that a controlled S gate performing (C.4) can be implemented as:

T • •

T † T
(C.57)

Therefore, given that NG = 2N + 2m(N − 1), the number of gates required to apply

the controlled Pauli operations of U is

3 · (2N + 2m(N − 1)) T gates, (C.58)

4 · (2N + 2m(N − 1)) CNOT gates, (C.59)

and zero Rz gates.

Remark C.2.27. If m = ⌈log(N) + 1⌉ as in Remark 3.2.1, then the gate cost of U

is O(N logN).

C.2.5.2 Applying phases within U

Rather than introducing the signs of αi within |G̃⟩, it is possible to follow the

method presented in Appendix C of Ref. [120] to apply phases of αi. To do so, a

symmetric block encoding with |G⟩ = ∑
i

√
|αi| |i⟩ is used and the required signs

are applied within U to give the operation

U =
∑
i

sgn(αi)|i⟩⟨i| ⊗ P̂i. (C.60)

To understand how this is done, we note that we can apply a −1 to a state auxiliary

state of Hamming weight n by applying a Cn−1Z gate to all auxiliary qubits

containing 1 in the basis state of interest. This will also flip the sign of higher

Hamming weight states that contain 1s in the same positions as the Hamming

weight n state. Thus, the desired phases can be achieved by applying Z gates to

qubits in Hamming weight one states that require a −1 phase, then applying CZ

gates to Hamming weight two states that need their phases changed, flipping back

the phase of any that may have been unnecessarily changed by the application of
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the previous single qubit phase gates, then doing the same for weight three states

with CCZ gates and so on until all states have the required phase applied to them.

The gate overall gate cost is O(log(N)N2) as given in the following theorem.

Theorem C.2.28 (Applying phases within U). If, we add the required phases for

the Block encoding of the single flavour 1+1D Schwinger model using a method

analagous to that described in Appendix C of Ref. [120], the gate cost of U is

#T gates ≤ (N − 1)
[
32 + 6m+ 4mϕm+5 − (−ϕ)−m−5

√
5

− 4ϕ
m+7 − (−ϕ)−m−7

√
5

− 8 · 2m + 2m2m
]

+ 6N (C.61)

#CNOT gates ≤ (N − 1)
[
29 + 8m− 4ϕ

m+6 − (−ϕ)−m−6
√

5
− 3ϕ

m+5 − (−ϕ)−m−5
√

5

+ 4mϕm+5 − (−ϕ)−m−5
√

5
− 7 · 2m + 2m2m

]
+ 8N

(C.62)

Proof. In addition to the controlled Pauli and phase gates of Theorem C.2.26, we

must generate the required minus signs by applying multicontrolled Z gates. In

the worst case, every single bitstring of weight b requires a different phase from the

total phase of the b− 1 weight strings differing by just a single bit. Thus, each one

must have a CbZ gate applied to achieve the correct phase. Thus, we require at

most (N − 1)
(
m
b

)
total Cb−1Z gates for each 1 ≤ b ≤ m for gauge field terms and

(N − 1)F (b + 1) total Cb−1Z for each 2 ≤ b ≤ m + 2 gates for interaction terms.

These values correspond to the Nfield
b and N int

b in (C.27), (C.31).

As in Theorem C.2.21, the gate cost of these terms is given by (C.49), this time

multiplying by (N − 1), where for Cb−1Z gates α = 4, β = −8 for T gates and

α = 4, β = −7 for CNOT gates. No rotation gates are needed. The total cost

follows from Lemma C.2.4 and Proposition C.2.5 (C.48).

C.2.6 Total gate cost for Πφ and Π̃φ

Theorem C.2.29. For the single flavour 1+1D Schwinger model with N lattice sites

and gauge fields represented by m ≥ 2 qubits, the rotation operator Πφ for the QSVT
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procedure of Theorem 3.3.2 can be implemented with two times the cost of G from

Theorem C.2.21 plus 128mN+128N−128m−192 T gates, 96mN+96N−96m−144

CNOT gates and an Rz gate.

Proof. As described in Proposition 3.3.4, the rotation operator can be implemented

with two G operators, two CNGNOT gates and an Rz gate. From Remark C.2.16

the cost of a CNGNOT gate is 32NG − 96 T gates and 24NG − 72 CNOT gates

along with one ancilla qubit which can be reused from the G computation. Using

NG = 2m(N − 1) +N and combining the costs of Gs, the CNGNOTs and rotation

yields the result.

Remark C.2.30. If m = ⌈log(N) + 1⌉ as in Remark 3.2.1, then the gate cost of

Πφj
is O(N logN). It may be possible to reduce the multicontrolled gates by using

additional ancilla [282] or by reducing the rotation to the subspace of the maximum

achievable Hamming weight as in [120]. Here we sketch the steps taken to compute

the quantum resource cost.

Corollary C.2.31. Since G̃ can be generated from the same gates as G with some

rotation angles differing in the phase, the cost of Π̃φ is the same as the cost of Π

given in Theorem C.2.29.

C.2.7 Total gate cost of the full algorithm

Theorem C.2.32. A single measurement needed for the estimation of matrix

element ⟨H⟩ can be calculated by performed using two applications of the gates listed

in Theorem C.2.21 and k applications of the gates in Theorems C.2.26 and C.2.29.

Then assuming m = logN , the gate cost of this is O(kN log(N)).

Proof. This follows from Lemma 3.3.3 and the preceding gates costs for U , |G⟩ and

|G̃⟩.



140



D
Additional simulations of QSE with

measurement noise

Here we present the results of using thresholded QSE (TQSE) algorithm as given

by Ref. [122] for the same systems as in Sec. 3.4.3. These are shown in Fig. D.1

as a direct comparison with Fig. 3.3 in which partitioned QSE (PQSE) [125] was

used. Noise was applied in the same way as in the main text and the threshold

parameter was chosen to be equal to ||∆S|| which has been found, in practice to be

a good choice of thresholding parameter [e]. For input states used the expectation

of the Hamiltonian was approximately equal to system size N (as is the true

ground state energy), therefore we rescaled expectation values used in S and H as

⟨ψ0|Hk |ψ0⟩ −→ ⟨ψ0|Hk |ψ0⟩ /Nk, which ensured elements of ∆S and ∆H were of

similar absolute values (as well as the same fractions of corresponding elements in

S and H).

We can see that the TQSE performed approximately an order of magnitude worse

than PQSE for the same number of calls to U . Furthermore, fitting and extrapolation

to predict the number of calls to U to achieve a given measurement error shows

more severe exponential scaling. Comparing the fit of Fig. D.2 to that of Fig. 3.5
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Figure D.1: Fractional energy error using TQSE procedure with finite number of
measurements for range of different lattice sizes N . Values are shown as a function of
the Krylov basis size for the TQSE procedure and as a function of number of calls to the
block encoding operator U (which affect the number of measurements as defined in the
main text). Lines and shaded area corresponds to the median as well as upper and lower
quartiles of energy error. The black line (labelled as infinite calls to ΠφU) corresponds to
no measurement noise.
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Figure D.2: Estimated number of call to qubitisation procedure with TQSE to achieve
fractional energy error of 10−4 calculated using data from Fig. D.1. Red line corresponds
to exponential fit (straight line on log-log axes) with filled area indicating uncertainty in
fitting and extrapolation.
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shows that the number of calls to U required to achieve fractional measurement

error of 10−4 is ∼ 1.287N for TQSE, compared to ∼ 1.119N for PQSE.



144



E
Hardware information for current

generation quantum processors

Below we give details for current generation quantum processors used for analysis

in Chapter 3. Gate times and coherence times for four processors, where they could

be found or calculated, are given in Table E.1.

For data on the Quantinuum H2-1 processor, two-qubit gate time was estimated in

the following way. We take benchmark data for shot times and number of operations

for a range of circuits from Table I of Ref. [283]. We take the shot time for the

circuit, subtract the quoted initial state preparation time (32µs) and divide this by

the number of two-qubit gates in the circuit (assuming two-qubit gates dominate

the execution time over single qubit and SPAM gates). We take the mean of these

values to estimate an average two qubit gate time, excluding the ‘Transport 1Q RB,

l = 64’ circuit which contains no two-qubit gates. Coherence time is calculated by

taking the quoted quadratic dephasing rate (0.043 · 2πrad/s) from Ref. [284], which

is quoted as being applied during qubit transport and idling. We inverted this and

multiplied by the average fraction of time spent in transport from Table I of [283]

to give an estimate of the typical dephasing time.
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For data on the IonQ Forte processor, two-qubit gate times were estimated in

the following way. Using run time benchmark given in the supplemental data for

Ref. [285], for each type of algorithm listed (each with varying problem sizes),

the total single circuit time was divided by the number of native two-qubit gates

(assuming that two-qubit gates dominated execution time). The mean two-qubit

gate time was then calculated over the algorithm types. Estimated coherence times

are taken from Ref. [286].

Using the total CNOT counts given in Fig. 3.6, we get a rough estimate of the time

taken to apply a single block encoding step Πφj
U by multiplying the CNOT count

by the two-qubit gate time for each processor. The values calculated are shown in

Table E.2 both as an absolute time, as well as a multiple of the for T1 and T2 times.

This makes three assumptions, (1) when compiled to the particular hardware gate

set, the number of native two-qubit gates is roughly equal to the number of CNOTs

we have counted, (2) total run time is dominated by two-qubit gate operations,

and (3) CNOT gates are implemented in serial. In reality, many of these CNOTs

could be run in parallel or even removed by recompilation; so this is likely to be an

overestimate. We can instead assume that all gates are maximally parallelised such

that two-qubit gates are applied in layers of Nqubits/2 acting at the same time to

give a lower bound on the run time. These values are shown in Table E.3.
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Processor Type # Qubits T1 T2 2Q gate time
IBM Eagle r3 [287] SC 127 275 µs 117 µs 636 ns

Google Sycamore [288] SC 70 22.9 µs 15.5 µs 20 ns
Quantinuum H2-1 [283] Ion trap 32 ? 1410 s 6.46 ms

IonQ Forte [285] Ion trap 32 10–100 s ∼1s 931 µs

Table E.1: Hardware information for range of superconducting (SC) and ion trap quantum processors. T1 and T2 correspond to qubit
relaxation and coherence times and 2Q gate time refers to native two-qubit gate execution times. The Quantinuum H2-1 and IonQ Forte
processors, T1, T2 and 2Q gate times were calculated as described in main text of this Appendix. T1 time for the Quantinuum HH2-1 could
not be found. Values for other processors are median values taken from the corresponding references.

Processor Block encoding run time (s) run time as fraction of T1 run time as fraction of T2
N=100 N=1,000 N=10,000 N=100 N=1,000 N=10,000 N=100 N=1,000 N=10,000

Eagle r3 5.14× 10−4 4.47× 10−2 5.92× 100 1.87× 100 1.63× 102 2.15× 104 4.40× 100 3.82× 102 5.06× 104

Sycamore 1.62× 10−2 1.41× 100 1.86× 102 7.06× 102 6.14× 104 8.13× 106 1.04× 103 9.08× 104 1.20× 107

H2-1 5.22× 103 4.54× 105 6.01× 107 - - - 3.71× 100 3.22× 102 4.26× 104

Forte 7.53× 102 6.55× 104 8.66× 106 7.53× 101 6.55× 103 8.66× 105 7.53× 102 6.55× 104 8.66× 106

Table E.2: Estimated block encoding run time for different quantum processors assuming that two-qubit gates are executed in series for
different system sizes. run times are given in seconds as well as proportions of the T1 (where known) and T2 times for each processor using
data from Table E.1.
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Processor run time as fraction of T1 run time as fraction of T2
N=100 N=1,000 N=10,000 N=100 N=1,000 N=10,000

Eagle r3 1.88× 10−3 1.09× 10−2 1.08× 10−1 4.41× 10−3 2.56× 10−2 2.54× 10−1

Sycamore 7.09× 10−1 4.11× 100 4.08× 101 1.05× 100 6.07× 100 6.02× 101

H2-1 - - - 3.72× 10−3 2.16× 10−2 2.14× 10−1

Forte 7.55× 10−2 4.38× 10−1 4.35× 100 7.55× 10−1 4.38× 100 4.35× 101

Table E.3: Estimated block encoding run time for different quantum processors assuming that two-qubit gates are maximally parallelised.
Run times are given as proportions of the T1 (where known) and T2 times for each processor using data from Table E.1.
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