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Chapter 4. Identifying ferroelectric domain 
structure using angle-resolved piezoresponse 

force microscopy 
 

 

AR-PFM was used in conjunction with VPFM and EBSD to provide a systematic 

interpretation of domain patterns in polycrystalline, near-morphotropic PZT. This study 

develops methods for resolving complex domain patterns where multiple phases may be 

present. AR-PFM was carried out with a 30° rotation interval, and the resulting data were 

analysed to identify the orientation of the underlying axis of piezoelectricity. The 

additional information provided by AR-PFM was studied, comparing its capabilities to 

those of 3D PFM, consisting of one VPFM image and two orthogonal LPFM images. It is 

shown that, in certain conditions, using AR-PFM can identify the phases present at the 

sub-grain scale. This was confirmed using VPFM and EBSD data. Additionally, the 

details of the process to generate AR-PFM maps including image registration to correct 

for the spatial distortion caused by scanner creep and the non-linearity in SPM are also 

introduced. The research presented in this chapter was published as follows:  

Kim KL, Huber JE. Identifying ferroelectric phase and domain structure using angle-
resolved piezoresponse force microscopy. Appl Phys Lett 2014;104:122901–1–4. 

Kim KL, Huber JE. Mapping of ferroelectric domain structure using angle-resolved 
piezoresponse force microscopy. Rev Sci Instrum 2015;86:013705–1–11.  
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4.1 Introduction and literature review  

Characterization techniques [36,37] such as electron microscopy and SPM have been 

used to study domain structure in ferroelectrics and hence how domain structure governs 

the material properties [9,10]. In particular, PFM is widely used to resolve ferroelectric 

domains at high resolution [99,120]. Several advanced PFM techniques have been 

developed including local polarization switching [116], piezoresponse force 

spectroscopy [122,123], and quantitative analysis of PFM signal using the carefully 

calibrated instruments [109,110]. In chapters 2 and 3, it was shown that PFM can provide 

detailed information about domain patterns, and by combining with EBSD data, could 

provide an understanding of domain evolution caused by electrical or mechanical loading. 

However, there was uncertainty over the domain pattern in some cases. 

 PFM can also provide 3D surface displacement data induced by the local converse 

piezoelectric effect, by combining VPFM and LPFM [79,80]. LPFM enables us to 

partially overcome a limitation of VPFM by distinguishing between adjacent domains 

with similar out-of-plane piezoelectric response, but different in-plane response. 

Figure 4.1 shows a typical example of 3D PFM [79]. A PZT capacitor that was negatively 

poled from the top electrode appears in uniform contrast in VPFM phase image in 

figure 4.1(a). However, two orthogonal LPFM images in figures 4.1(b)–(c) reveal that the 

poled capacitor is still in a multiple-domain state. These three PFM images enable 

reconstructing a 3D map of polarization in figure 4.1(d) when the possible polarization 

directions are known as shown in figure 4.1(e). LPFM exploits the torsional behaviour of 

the cantilever to detect in-plane oscillations of the sample surface due to piezoresponse. 

Thus, the LPFM signal is affected by the sample orientation with respect to the cantilever. 

Based on this principle, recent works [124–126] have analysed the variation of the LPFM 

signal with sample rotation. The results showed that the LPFM phase signal changes sign 
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twice during a 360° rotation; the angle at which the sign change occurs corresponds to the 

orientation of the surface displacements.  

 This idea was extended for mapping domains by using the angle of phase reversal 

to obtain extra data about domain structure [127–129]. In AR-PFM, stepping the sample 

rotation through a range of angles enables the microscope to expose domain patterns that 

would not be clear from the VPFM component alone. This ability of AR-PFM has been 

exploited to study charged domain boundaries [127,128], and domain evolution under 

electrical loading [129]. The image introduced in figure 4.2(a) shows a map of domain 

configuration generated using AR-PFM method by Park et al. [128]. In this image, the 

orientation of surface displacement was identified using LPFM signals. And based on the 

surface displacement vectors, charged domain boundaries were studied. The boundaries 

 
Figure 4.1: (a) VPFM phase image and (b),(c) LPFM phase images of a ferroelectric capacitor . 
Note that (c) was taken after a 90° counter-clockwise rotation of the sample from (b). An out-of-
plane arrow in (a) indicates the vertical component of polarization direction deduced from the
VPFM phase signal. Arrows in (b),(c) show the lateral components of polarization direction
with respect to the cantilever orientation, shown above each image, deduced from the LFPM 
phase signal. (d) The reconstructed map of polarizations based on VPFM and LPFM images in 
(a)–(c) and the possible polarization vectors in tetragonal PZT in (e) (modified from [79]). 
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between each domain are marked by blue and red lines indicating neutral and charged 

domain boundaries, respectively. Figures 4.2(b)–(c) show the enlarged views of the 

regions ‘A’ and ‘B’ in figure 4.2(a), respectively. However, the AR-PFM method does 

produce some complications such as effects of scanner distortion and the need for care in 

interpreting polarization directions from surface displacements. There has been relatively 

little work aimed at systematically understanding AR-PFM. 

 In this chapter, the process for mapping domain structure using AR-PFM is 

introduced, and attention is given to sources of error that arise during the process. In 

addition, for a systematic interpretation of results, crystal orientation data is obtained 

using EBSD, so that crystallographic planes can be identified. Using knowledge of the 

specific habit planes and arrangements of non-180° domain walls [21] then enables the 

interpretation of domain patterns and polarization directions. 

 
Figure 4.2: (a) A map of domain configuration in 3BiFeO  thin film produced by AR-PFM. (b) 

and (c) are the enlarged views of ‘A’ and ‘B’ in (a), respectively (modified from [128]). 
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 A consequence of the use of multiple methods in the present work is that it 

becomes possible to compare the direction of lateral surface displacement, measured by 

AR-PFM, to the in-plane polarization direction, deduced using EBSD data. The surface 

displacement direction and polarization direction are commonly taken to be 

identical [126,130], but in the present work the discrepancy between these two directions 

is illustrated. Also, in conjunction with EBSD data, AR-PFM enables discrimination 

between material in the rhombohedral phase and material in the tetragonal phase at the 

sub-grain scale. These points are illustrated with observations of domain patterns in near-

morphotropic PZT.  

 

4.2 The AR-PFM method 

PFM works by exciting the local converse piezoelectric response of a surface using an 

oscillating voltage applied to the scanning probe cantilever tip. Since this induces 

oscillating mechanical displacements in the surface, the contacting tip also oscillates at 

the driving frequency; the amplitude and phase of these oscillations provide the PFM 

signal. The cantilever motion is monitored through the reflection of laser light from the 

cantilever onto a photodetector. In VPFM the vertical (out-of-plane) oscillations due to 

cantilever bending are measured, while LPFM data is derived from the torsional 

oscillations of the cantilever. Consequently, LPFM data relates to in-plane surface 

displacements that are perpendicular to the cantilever.  

 A schematic of the AR-PFM method is shown in figure 4.3(a). In AR-PFM, a 

series of LPFM scans is conducted at the same location on the sample surface. After each 

LPFM scan, the sample is rotated about a vertical axis through a constant rotation interval, 

while the orientation of the cantilever remains fixed. The underlying polarization 

directions in the sample rotate with the sample, and accordingly the surface displacement 
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vectors also rotate. It is normally assumed that the relative orientation of the sample and 

cantilever does not affect the distribution of electric field within the sample, so that the  

rotation of the sample surface displacement matches exactly the rotation of the sample 

itself. This assumption is reasonable provided the scanning probe tip produces an 

axisymmetric voltage distribution at the sample surface. Then, the VPFM data is invariant 

to sample rotation but distinct LPFM data are generated at each rotation angle. To 

 
Figure 4.3: (a) A schematic of the AR-PFM method. (b) The relationship between the direction 
of torsion in the cantilever and the surface displacement vector during 360° sample rotation. 
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illustrate this, six LPFM images taken with a 60° rotation interval are shown in 

figure 4.3(a). Of course, rotation of the sample also rotates the measured data in 

instrument co-ordinates. For this reason, the images in figure 4.3(a) have been rotated 

back into sample coordinates to facilitate comparison of features in the images. It is 

immediately evident that rotating the sample changes the LPFM contrast. Details of the 

experimental method that produced figure 4.3(a) will be discussed later in this chapter. 

 Figure 4.3(b) shows the relationship between the direction of torsion in cantilever 

and the surface displacement vector during 360° sample rotation. In the instrument 

coordinate system shown in figure 4.3(b), the cantilever is aligned with x1, and the torsion 

of the cantilever is driven by the surface displacement component u2 along ±x2. Thus the 

LPFM signal amplitude will be greatest when the sample is aligned such that the surface 

displacements are along ±x2 and the signal amplitude will fall to zero when the surface 

displacements are along ±x1. More generally, material rotation through angle θ transforms 

the surface displacement vector  T1 2 3u u uu  into  

 

cos sin 0

sin cos 0

0 0 1

θ θ

θ θ

 
    
  

u u . (4.1) 

Hence  

 2 1 2sin cosu u u    , (4.2) 

and 2 0u   when 

 2 1tan u u  . (4.3) 

Note also that 1 1( π) ( )    u u , 2 2( π) ( )    u u , and 3 3( π) ( )   u u . Thus the 

lateral components of surface displacement vector 1u , 2u  are expected to change sign 

during a 180° sample rotation while the vertical component of surface displacement 
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vector 3u remains unchanged. This is confirmed experimentally in section 4.4. The 

piezoresponse signal is expected to be either in-phase or 180°  out-of-phase with the input 

voltage signal. By colouring each point in the scan according to the rotation angle at 

which phase-reversal occurs, an AR-PFM map is generated that shows the direction of 

surface displacements associated with the converse piezoelectric response of each point 

on the sample surface.  

 The advantages of the AR-PFM method in identifying ferroelectric domains are 

illustrated in figure 4.4 which shows a comparison between 3D PFM and AR-PFM using 

two hypothetical domain patterns. For ease of understanding, the comparison is made 

under the assumption that the direction of lateral surface displacement matches the in-

plane component of the local polarization. We shall return to the distinction between 

these effects in section 4.5. 

 First consider the pattern of polarization directions shown in figure 4.4(a). Here 

all polarization vectors are in-plane, having no vertical component. This type of domain 

pattern can arise in tetragonal ferroelectric crystals with the crystallographic axes (X, Y, Z) 

as shown in figure 4.4(a). In this case, VPFM cannot discriminate the domains. By 

contrast, the domain pattern can be exposed through LPFM images from orthogonal scan 

 
Figure 4.4: (a) An example of the domain structure visualized through 3D PFM. (b) The 
domain structure that cannot be clearly visualized through 3D PFM. The domain patterns in
both (a) and (b) can be exposed by AR-PFM maps through distinct colouring according to 
surface displacement orientation. 

 

Polarization 
directions VPFM LPFM LPFM AR-PFM

(a)

(b)

X

ZY

X

Y

Z

[100]

[0 10]
[010]

[100]

[1 1 1]

[1 11]



95 
 

directions. But a single LPFM scan does not necessarily distinguish the four domain 

types present, and is unlikely to show strong contrast between these domains. Meanwhile, 

the four in-plane polarization directions are separated by 90°, and hence easily 

distinguished by AR-PFM, provided the rotation interval between scans is less than 90°.  

 In the second example, figure 4.4(b), the domain pattern consists of polarization 

vectors [111]  and [111]  in the rhombohedral crystal system, with (X, Y, Z) axes as 

shown. The crystal orientation was generated using three Euler angles (175.4°, 49.2°, 

290.2°) that illustrate a case where two polarization directions are both into-plane (that is, 

both have negative x3 components in instrument co-ordinates) and both belong to the 

fourth quadrant of sample rotation. In this case, neither VPFM nor LPFM can clearly 

expose the domain pattern through the phase signal, and only weak contrast would appear 

in amplitude images. Once again, AR-PFM can clearly expose the domain pattern by 

identifying the orientation of surface displacements. In this case, since the surface 

displacement directions are close together, a much smaller AR-PFM rotation increment is 

needed for good discrimination. In fact, this scenario is rather common in randomly 

oriented crystals because the random orientation makes it likely that some pair of 

domains will produce similar surface displacements through their converse piezoelectric 

effects. The situation is also likely to arise in multi-phase materials where there may be 

many domain orientations [126]. 

 How many rotation steps are needed to provide an AR-PFM map? Since 

2 2( π) ( )    u u  there is no need to obtain LPFM signals from more than two 

quadrants of sample rotation. Now suppose a ferroelectric crystal has n stable polarization 

orientations, giving rise to 2n  distinct surface displacement directions that may be 

observed in any 180° range of sample rotation. Then rotation increments 2π  n  

cannot discriminate the n orientations of surface displacement. If the underlying crystal 
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orientation is known in instrument co-ordinates, such that the expected surface 

displacements are known, then setting ∆θ less than the angle between the two closest in-

plane surface displacement directions guarantees being able to discriminate the set of 

domains using AR-PFM. However, if the crystal orientation is not known in advance, 

then the angle between the two closest surface displacement directions may be arbitrarily 

small. Then a compromise is needed between angular resolution and the practical 

difficulty of taking large numbers of PFM scans. As ∆θ is reduced, finer discrimination in 

surface displacement direction is achieved. However, the requirement for a greater 

number of LPFM scans increases the risk of tip degradation, which adversely impacts the 

quality of PFM data – this is discussed further in section 4.4.3. In the present work, 

experiments are conducted on randomly oriented polycrystalline PZT, which has 6 

distinct polarization directions in the tetragonal phase and 8 in the rhombohedral phase. 

Thus 2π 8   was needed, and a 30° interval of sample rotation was used as a practical 

compromise between accuracy, acquisition speed and maintaining signal quality. 

 

4.3 Application of AR-PFM to a polycrystalline ferroelectric  

To illustrate the AR-PFM method, scans were carried out on samples of bulk 

polycrystalline PZT (PZT-855, APC International). This material was chosen because it 

presents significant challenges for AR-PFM measurement: the randomly oriented grains 

mean that we do not know in advance what polarization directions will be present. 

Furthermore, PZT-855 has a composition close to the morphotropic phase boundary 

separating the tetragonal and rhombohedral phases [15,16]. As noted in chapter 1, both 

the tetragonal and rhombohedral phases can be present in this material at room 

temperature. Accordingly, the material can be polarizable in any <100> or <111> 

direction. The mechanical and electrical compatibility conditions in equations (1.1) and 



97 
 

(1.2) provide a set of possible domain wall orientations in each phase as shown in 

figure 1.4. However, non-180° domain walls can be formed in {110} planes in both 

phases. Therefore, finding a matching plane for domain walls does not discriminate 

between tetragonal and rhombohedral phases unless the matching plane is one of {100}. 

One advantage gained by using PZT-855 is that the piezoelectric response is among the 

strongest of any known material, so that PFM signals are readily obtained.  

 The magnitude of spontaneous strain is ( ) 1.38% c a a  along <100> in the 

tetragonal phase, and 8 3 0.0155 (rad)  in the rhombohedral phase where c is the 

lattice parameter along the polarization direction, a is the lattice parameter orthogonal to 

the polarization direction in tetragonal, and β is the rhombohedral shear angle [17]. The 

significance of these magnitudes is that the spontaneous strains are slightly too small to 

be reliably discriminated by our EBSD measurements [131]. Thus, EBSD was used to 

only obtain the pseudo-cubic axis orientations of the crystal lattice in figure 4.5.  

 The samples tested were bulk PZT plates approximately 2 mm thick. The imaging 

surface was polished to a mirror finish using a 40 nm colloidal silica suspension. The 

back surface was electroded using conductive paint and adhered to a sample mount. The 

material was in an unpoled condition. 

 A Veeco Dimension 3100 nanoscope with a built-in lock-in amplifier was used to 

acquire VPFM data, and Signal Access Module III (Veeco) with SR830 lock-in amplifier 

(Stanford Research Systems) were installed for LPFM signal acquisition. The resulting 

LPFM data are pure phase signals, while the VPFM data contains mixed amplitude and 

phase signals. During the VPFM and LPFM scans, topography data were collected 

simultaneously with PFM data. For signal optimization in each scan mode, distinct 

scanning probes were chosen for acquiring VPFM and LPFM data. For VPFM, Bruker 

SCM-PIC probes were used with a 5 V amplitude of tip voltage at 180–200 kHz near 
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contact resonance frequency. Meanwhile, in LPFM, Nanosensors PPP-NCSTPt probes 

were used with a 5 V amplitude of tip voltage at 6.8–7.8 kHz. The range of frequencies 

indicated is due to the use of optimised frequencies for each region of the sample surface, 

but a constant frequency was used throughout AR-PFM in any one region. 

 One issue arising in AR-PFM is the need to rotate the sample while accurately 

maintaining the sample position within the instrument. Our instrument has a rotation 

stage, but was unable to place the rotation centre under the scanner with sufficient 

accuracy to avoid the need for realignment between scans. Therefore the region of 

interest was re-located after each LPFM scan using instrument co-ordinates and 

topography features. 

 EBSD measurements were carried out in an Evo LS ESEM, operated at 10 Pa 

pressure and 10–15 kV. The Kikuchi patterns were analysed using Orientation Imaging 

Microscopy data analysis software. Euler angles identifying the orientation of the 

common pseudo-cubic axes (point group m3m) were obtained. The intersection of key 

crystallographic planes with the sample surface was then computed using Matlab. 

 Figures 4.5(a)–(d) show preliminary observation of the region of interest, using 

the EBSD inverse pole figure, EBSD image quality map, AFM topography map and 

VPFM image, respectively. The EBSD image quality map shows up grain boundaries 

(dark contrast) due to the inability of the EBSD to identify a unique crystallographic 

orientation at these points. The grain boundaries identified by EBSD were used to check 

that the region of interest was correctly located across the two instruments. Figure 4.5(e) 

is an enlarged view of the rectangle marked in figure 4.5(d). 

 Note that two distinct lamellar patterns A and B can be observed within a single 

grain in figures 4.5(d)–(e). The crystallographic planes of these non-180° lamellations 

were identified using EBSD data, and will be discussed in section 4.5. The region in 
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figure 4.5(e) was then studied using AR-PFM. Rotation increments of 30° were used and 

a full 360° cycle consisting of twelve LPFM phase images was recorded to check the 

reversal of contrast with each 180° rotation.  

 

  

 
Figure 4.5: Identifying crystallographic planes of lamellar patterns using AFM, PFM, and
EBSD data. The identical region is shown through (a) EBSD inverse pole figure, (b) EBSD 
image quality map, (c) AFM topography, (d) VPFM image; a rectangle marks the region
enlarged in (e). 
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4.4 Processing of LPFM data to produce AR-PFM images  

4.4.1 Image registration 

The objective of AR-PFM is to provide angular orientation information about the 

direction of the surface displacements caused by the converse piezoelectric effect. In 

equation (4.3), the rotation angle 0θ θ  such that 2 0( ) 0u    corresponds to phase 

reversal in the LPFM phase data and is correlated with the orientation of the underlying 

crystal orientation. Mapping 0θ  over the region of interest provides information about the 

underlying crystal orientation that is not present in VPFM or orthogonal LPFM images. 

The use of equation (4.3) to identify 0θ  at each pixel in the AR-PFM image requires 

pixelwise comparison of a set of LPFM images. To study the variation of LPFM signal in 

each pixel during sample rotation, the set of LPFM images first need to be aligned in the 

same coordinate system. This requires a rotation of each image into a common reference 

frame. However, to achieve accurate alignment of SPM images taken from different 

sample orientations, image registration is also essential to correct for scanner artefacts 

such as non-linearity and creep [132]. A variety of techniques exist for the correction of 

scanner artefacts in SPM, mainly based on comparison of multiple measurements from 

the same region [133]. Here, we emphasize that the objective is not the absolute 

correction of spatial distortion in the SPM data, but rather removal of differences in 

distortion which arise due to the sample rotation. The main sources of distortion 

considered were scanner non-linearity, drift and creep.  

 First, the open-loop scanner was calibrated using standard calibration grids to 

minimise the effects of intrinsic non-linearity in the piezoelectric x–y drive. This 

calibration enables the microscope to give accurate x–y position control close to the zero-

offset central position. Thus the main sources of distortion in images centred on the zero-
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offset position are likely to be thermal drift and creep, rather than intrinsic non-linearity. 

The first LPFM image in the series was taken with x–y zero-offset and the corresponding 

topography image was used as the basis for image registration. The subsequent LPFM 

images, captured after successive sample rotations, required scanner offsets in the range 

0–10 μm for re-centring. Since scanner non-linearity can be significantly influenced by 

these scanner offsets image registration was used to enable pixel-wise correlation. Also, 

creep generally occurs in the open loop configuration whenever a spatial offset is used 

during scanning [69]. Finally, angular errors of order ±0.2° in the sample rotation were 

expected since manual alignment against a scale was used.  

 To correct for these errors, image registration was carried out using Matlab. Since 

the AFM topography signal is expected to be consistent for all sample orientations, the 

topography data was used for image registration. A second order polynomial correction 

function was generated for each LPFM scan other than the 0° scan by locating and 

marking features in the topography images. This corresponds to the control point 

selection method of image registration in Matlab’s Image Processing Toolbox. An 

alternative method, automatic registration, has the advantage that it does not require 

manual input of control points, but proved unable to correct for the multiple sources of 

distortion present in the LPFM data.  

 To illustrate the image registration process, figure 4.6 shows the process applied 

to the topography image taken from 270° sample orientation. Image 1 in figure 4.6(a) 

shows the raw topography image at 270  . The image was first rotated clockwise by 

270° (image 2). Next, a set of about 50 control points in the base image were manually 

identified and located in image 2, see figure 4.6(b). This set of points was used to define a 

least square error best fit transformation of second order polynomial type. The 

transformation is applied to image 2, generating the final image 3, with improved 
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similarity to the base image. The same transformation was then applied to the LPFM 

image. Over all 11 LPFM images except for the base image, the mean pixel displacement 

was in the range 7.7–30.1 pixel, with the 270° image shown being the worst case. 

Figure 4.6(c) shows details of the spatial transformation in this worst case. 

 It was found that this image registration process gave sufficient agreement among 

the images to produce AR-PFM maps. Typically each pixel has a single phase reversal in 

any 180° sample rotation interval, suggesting that the pixel data is drawn from the same 

domain on the sample surface. Note, however, that a deficiency in the process is the use 

of the topography images; since the sample was polished flat, topographic features were 

 
Figure 4.6: Image registration process for the raw AFM topography image taken from 270°
sample orientation. (a) represents image registration process through (b) selecting control points
to create the transformation matrix, and (c) shows pixel displacement during spatial
transformation for the every pixel in image 3. 
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relatively indistinct. This can be seen in figure 4.6(b), where domain patterns show 

through the topography due to the slight variations in the polishing process caused by the 

crystallographic orientation. Much sharper images are obtained from the VPFM signal, 

which is also expected to be independent of sample orientation. Recently developed 

scanning probe microscopes are able to generate multiple signals at the same time, and 

hence VPFM, LPFM as well as topography images can be obtained simultaneously. 

Hence VPFM images with fine domain patterns could be used advantageously for 

selecting control points, where available.  

 

4.4.2 LPFM phase images 

The resulting LPFM phase images are shown in figure 4.7 with the orientation of the 

cantilever and the fast scan direction indicated above each image. It is evident from 

figure 4.7 that each pair of images taken with 180° difference in sample orientation have 

opposite LPFM phase signals. The lamellar patterns A and B from figure 4.5(e) are also 

indicated in figure 4.7; these patterns were most clearly exposed in the LPFM data at 

distinct sample orientations. Considering the LPFM images in the range 0 180    , 

lamellar pattern A is clearly exposed at 120  while the contrast between these 

lamellae is almost indistinguishable in 0°, 30°, and 60° orientations. Meanwhile, lamellar 

pattern B is visible at 0° and 150°, but is indistinct at other orientations. There is no single 

orientation clearly exposing lamellar patterns A and B at the same time. This illustrates 

the point that a single LPFM scan cannot reliably expose the domain patterns present in a 

randomly oriented sample. In fact, even a pair of LPFM images taken from this region at 

orthogonal angles may not clearly expose both lamellations, see LPFM images at 30   

and 120  . This suggests the use of AR-PFM with angle increments less than 90° to 

reliably expose domain patterns.  
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Figure 4.7: Twelve LPFM images collected during a 360° sample rotation. 
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4.4.3 AR-PFM maps 

An AR-PFM map was created using the spatially transformed LPFM data set of 

figure 4.7. To generate the map, we seek for each pixel, the angle at which phase reversal 

occurs during sample rotation. This corresponds to the angle at which the lateral surface 

displacements excited by the converse piezoelectric effect are aligned with the cantilever. 

Phase reversal of the LPFM signal occurs twice during a 360° sample rotation. Hence, 

labelling the LPFM phase signal as ( )f   , there are two angles at which ( ) 0f   . 

Define N as the angle at which ( ) 0f    with df d 0 .  

 The AR-PFM maps made use of twelve colour codes in figure 4.8(b) 

corresponding to twelve rotation segments. The orientation of each angular segment 

corresponds to the spatial axis of the measured surface displacements in the images. 

Accordingly, each segment aligns with the axis of motion of the cantilever tip relative to 

the sample.  

 Two distinct methods were used to estimate the angle N  for each pixel. The first 

method uses the first Fourier coefficient of ( )f θ , 1F , given by 

 0 1 1arctan Im( ) Re( )F F where  
π

π
1 2π ( )e  


  in

nF f d . Since we expect 

( π) ( )   f f , and have samples at intervals θ , 1F  was approximated using  

 

5

1
0

( )e
π

   




  ik

k

F f k . (4.4) 

The resulting AR-PFM map of the region of interest is shown in figure 4.8(a). An 

alternative method for identifying N  is to search for a pair of successive rotation angles 

between which ( )f   changes sign from positive to negative. Once again, expecting that 
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( π) ( )  f f   the process can be carried out using only those images with 

0 180    . This gives rise to discrete N  values in 30° increments, see figure 4.8(b). 

In this case, black colouring was used to indicate the presence of more than one phase 

reversal within 0 180    . This could occur due to errors in image registration, and 

affected 4.5% of the pixels, mostly close to the junctions of domains. This second method 

 
Figure 4.8: AR-PFM maps using (a),(e) the first Fourier coefficient, in full spectrum, and (b),(f) 
only rotation segment in which phase reversal occurs in LPFM signal. (a) and (b) were mapped
using data from 0° ≤ θ < 180° and (e) and (f) were mapped using data from 180° ≤ θ < 360°. (c) 
and (d) illustrate examples of signal variations corresponding to the two pixels C and D in (a),
respectively. 
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is advantageous in sharply defining domain boundaries when the surface displacement 

vector rotates through an angle greater than 30° between domains.  

 Figures 4.8(c) and (d) illustrate the normalized LPFM signal variations ( )f   

from two pixels in figure 4.8(a) marked C and D, respectively. In figure 4.8(c) the signal 

is typical in that phase reversal occurs twice during 360° rotation. The ideal phase signal 

consists only of ±1 values as shown, making a sharp transition at the phase reversal angle. 

However, the measured data show a more gradual transition, which can be attributed to 

the presence of a system-inherent background signal [134]. Figure 4.8(d) relates to a pixel 

on the border between two domains, and shows an example where ( )f   has more than 

two zeros. This results in black pixel colouring in figure 4.8(b). However, the first Fourier 

coefficient can still be estimated through equation (4.4), demonstrating an advantage of 

the method used to generate figure 4.8(a).  

 Figures 4.8(e) and (f) correspond exactly to figures 4.8(a) and (b) except that the 

data range used was 180 360    . These AR-PFM images illustrate the accuracy of 

the assumption that ( π) ( )f f    : the r.m.s. angular error between pixels in figure 

4.8(a) and figure 4.8(e) is 27.3°. The errors arise due to three main reasons: Firstly, 

misalignment of image features after image registration would cause errors near domain 

walls. Secondly, since the scan direction on the sample surface is reversed by a 180° 

rotation, asymmetric topography features can produce artefacts that would change upon 

180° rotation. Finally, tip wear over the course of several scans causes a change in tip 

radius [132], and hence can affect the nature of the electrical contact driving the 

piezoelectric response of the surface.  

 The AR-PFM map reveals the lamellar patterns in region A that were identified 

by VPFM in figure 4.5(e). This pattern can now be clearly seen as two sets of non-180° 

lamellae, separated by a 180° domain wall (marked E in figure 4.8(a)). The 180° wall at E 
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separates domain pairs with N ~ 135 and N ~ 315 , and domain pairs with N ~ 105

and N ~ 285 . Similarly, the finer domain bands from region B of figure 4.5(e) appear 

as non-180° lamellae. In region B the lamellations are sufficiently fine (spacing about 

80 nm) that they are not clearly resolved in figure 4.8(b), although the Fourier coefficient 

method of figure 4.8(a) resolves them. Overall this suggests that the spatial resolution 

achieved with AR-PFM is poor relative to typical SPM measurements, and this can be 

attributed to the difficulty of maintaining image registration across a wide range of 

sample rotation angles. The benefits of the method therefore lie in the quantitative 

orientation data obtained. Next consider two aspects of the orientation data revealed by 

AR-PFM. First the relationship between surface displacements and the underlying 

polarization direction will be considered. Then the ability to discriminate between the 

rhombohedral and tetragonal phases of PZT will be explored. 

 

4.5 Correlating lateral surface displacement and polarization 

direction 

Making use of the EBSD data, we are now in a position to compare the surface 

displacement directions from the AR-PFM measurements with the polarization directions 

in the underlying crystal. To do this, the EBSD data is first used to find the Euler angles 

of pseudo-cubic axes corresponding to the crystallographic orientation of the sample 

region of interest. Then, by comparing the intersections of the {110} and {100} planes 

with the sample surface, the set of possible orientations for non-180° domain walls is 

identified. For example, region A, figure 4.9(a) contains several domain walls that are 

closely aligned only with the (101) plane: we infer that these are non-180° domain walls 

with a (101) habit plane. Hence the domain wall normal n is known. Next, from the 
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theory of compatibility (equations (1.1) and (1.2)) and knowing that the possible 

polarization directions are limited to <100> for the tetragonal phase or <111> for the 

rhombohedral phase, we can infer the possible domain pairs separated by the (101) plane. 

Figure 4.9(b) shows the orientation of the crystallographic axes, possible polarization 

directions in the tetragonal and rhombohedral phases, and their projections into the plane 

of the sample surface. Meanwhile, the 30° rotation segments of surface displacements are 

identified using AR-PFM and shown in (b-2), figure 4.9(b). A similar analysis is carried 

out for region B of figure 4.9(a), which shows non-180° domain walls with a (011) habit 

plane. In both cases there is a clear discrepancy between the projection of the polarization 

directions into the sample surface plane and the measured direction of lateral surface 

displacements. This is significant because the PFM response is often taken to indicate the 

underlying polarization direction [126,130]. However, a discrepancy between the 

directions is expected from consideration of the tensorial nature of the piezoelectric 

effect [135], and is indeed observed in our measurements. Similar observations were 

made by Jungk et al. [125]. 

 
Figure 4.9: (a) shows AR-PFM plot and a colour pie. (b) represents a discrepancy between axis
of the lateral surface displacement and in-plane polarization direction using AR-PFM and EBSD 
data. 
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4.6 Identification of rhombohedral/tetragonal phase  

In alloys such as polycrystalline near morphotropic PZT, the presence of randomly 

oriented grains, multiple phases, and many distinct domain types adds great complexity. 

Individual analytical techniques, such as X-ray diffraction, give only part of the story, and 

typically, the use of multiple techniques is needed to characterise grain, phase, and 

domain structure. In this section, it is demonstrated that AR-PFM can allow identification 

of the phases and domain structures present at the sub-grain scale in PZT, using another 

region in the same material.  

 

4.6.1 Application of AR-PFM to another region in the PZT  

Figures 4.10(a)–(c) show the AFM topography, VPFM, and EBSD image quality data, 

respectively, for another region of interest. Triple junctions appear as dark spots in 

figure 4.10(a) and can be identified as the intersections of grain boundaries in 

figure 4.10(c).  Figure 4.11 shows an enlarged VPFM image corresponding to the region 

within the rectangle marked in figure 4.10(b). This region comes from within a single 

grain, except for two small regions in the upper corners marked GB, and has a uniform 

crystal orientation. Straight and curvy lines are non-180° and 180° domain walls, 

respectively, as noted in chapter 1. Non-180° domain structures seen in figure 4.11, 

include the broadly spaced lamellar pattern H and the herringbone pattern I–J. A wavy 

180° domain wall, M, can be also observed at the centre of the lamellar pattern H. 

Although the VPFM image shows contrast between the lamellae of non-180° domain 

structures, the data do not provide sufficient information to identify the 3D axis of the 

piezoelectric response. For example, in figure 4.11, regions H and I both contain domains 

in light contrast but these cannot be confirmed as having similar polar axis. Similarly, the  
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Figure 4.10: The region of interest, shown through (a) AFM topography, (b) VPFM; a rectangle
marks the region enlarged in figure 4.11, (c) EBSD image quality map. 

 

 
Figure 4.11: Lamellar and herringbone domain patterns and identification of crystallographic 
planes in VPFM image using EBSD. 

 

laminations at J and K have matching orientation of domain walls, but the polar axes of 

the individual domains cannot be identified from VPFM alone. Note also that the region 

L in figure 4.11 shows almost uniform contrast. In fact a distinct banded structure will 

appear when this region is studied using AR-PFM. Crystallographic planes shown in 

figure 4.11 were identified by EBSD and will be discussed later. 

 Figures 4.12(a)–(f) show six LPFM phase images corresponding to the same 

region as that shown in figure 4.11. Each image was taken after rotating the sample 

through a multiple of 30°. Since phase reversal in the LPFM signal always occurs once 

during a 180° sample rotation [128], the six images are sufficient to capture the full range 
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of signal variation. Figure 4.12(g) shows the LPFM image after 180° sample rotation. As 

figure 4.12(h) illustrates, the LPFM image inverted from figure 4.12(g) is almost the 

same with figure 4.12(a). The five LPFM images taken at 30°–150° sample orientations 

were registered based on the LPFM image from 0° via the same method introduced in 

figure 4.6.  

 In figure 4.12(e) it can be seen that, at a sample rotation of 120°, the lamellar 

structure H becomes distinct in the LPFM image. However, there is no single LPFM 

phase image making clear both parts of the herringbone pattern I–J of figure 4.11: The 

lamellae at I are most distinct in figure 4.12(e) while those at J appear in figure 4.12(b).  

 
Figure 4.12: LPFM phase images acquired after sample rotations. The scales in (b)–(h) are the 
same as in (a). The cantilever orientation and fast scan direction are shown above each image. 
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Meanwhile, region L, which showed only weak contrast in VPFM appears as distinct 

stripes in figure 4.12(a). Of interest, figure 4.12(c) and figure 4.12(f) show LPFM images 

taken with a 90° relative sample rotation, but neither image shows this striped pattern in 

region L. Since this pattern did not appear in VPFM either, we can infer that there are 

three orthogonal directions in which the piezoresponse signal did not identify the domain 

structure. Hence, the 3D PFM technique, which is sometimes used to identify polarization 

direction, may not have shown the domain structure revealed by AR-PFM in this region. 

Figure 4.13(a) shows a map of angle N  over the LPFM image plane according to the 

colour code shown. Figure 4.13(c) shows essentially the same data as figure 4.13(a) 

except that angle N  was found by considering the phase of the first Fourier coefficient of 

( )f   in equation (4.4). It can be confirmed that the map in figure 4.13(a) is advantageous 

in visualizing domain walls while figure 4.13(c) provides more subtle detail of signal 

variation. Thus, these two methods can be complementary to each other. The AR-PFM 

map can also be produced using smoothed data. One method is to use the sum of the 

signals in the corresponding pixel and the surrounding pixels within the distance of two 

pixels as shown in figure 4.13(e). This method could prevent wrong Nθ  values that occur 

due to slight misalignment between images. Figures 4.13(a) and (c) were produced based 

on only the central pixel while figures 4.13(b) and (d) were generated using the sum of 

the data in the central pixel and the surrounding pixels. Some regions including N in 

figures 4.13(b) show noticeable difference between these two methods. Except for such 

minor difference, the resulting images from this method show almost the same result with 

figures 4.13(a) and (c), and appear not to significantly change the image quality. A 

drawback of this method is that this deteriorates the resolution of AR-PFM map. 
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 The maps in figure 4.13 condense information from the AR-PFM data set. This 

helps to make clear features such as the presence of multiple domain bands at L, which 

was not visible in the LPFM images from most rotation angles. These maps also enable 

us to discriminate between regions that appear similar in VPFM data but in fact have 

differently oriented piezoelectric response. For example, in figure 4.13(a), the region 

marked H consists of two laminations separated by a 180° domain wall, marked M. We 

can infer that M is a 180° wall because it appears curved. However, figure 4.13(a) 

 
Figure 4.13: AR-PFM maps using (a)–(b) rotation angle at which phase reversal occurs and 

(c)–(d) the first Fourier coefficient, 1F , in full spectrum. Black pixels in (a)–(b) represent 

regions in which phase reversal occurs more than one time. While (a), (c) were produced by
only considering the central pixel in (e), the sum of the signals including the surrounding pixels 
was considered to generate (b), (d).  
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explicitly identifies a jump in orientation of 180° as boundary M is crossed. Laminations 

to the right of M have N  values in angle bins 90°–120° and 120°–150°. On the left of 

boundary M the corresponding N  values are in angle bins 270°–300° and 300°–330°. It 

also becomes evident that the lamination at I is matched in orientation with the lamination 

to the right of boundary M in region H, which was not shown by the VPFM signal. 

Similarly, regions J and K consist of laminations with matching orientation (see 

figure 4.11). The AR-PFM data in figure 4.13, however, identify that these regions 

contain distinct domain types, with relative rotation of 180° – that is, the domains in J are 

antiparallel to those in K. 

 

4.6.2 Phase identification  

A further use of the AR-PFM maps is to assist in discriminating between the tetragonal 

and rhombohedral phases in PZT. For example, noting that the data in figure 4.13 are 

taken from within a single grain, consider the laminations in region I and J. Each of these 

consists of two distinct colours in the AR-PFM map, with no common orientation or 

antiparallel orientations. Hence regions I and J show four distinct axes of piezoelectricity. 

Since this is not possible in the tetragonal phase (with only three distinct axes) the region 

must be rhombohedral. 

 To confirm this interpretation, the Euler angles 175.4°, 49.2°, 290.2° measured by 

EBSD were used to identify the crystallographic planes corresponding to the domain 

walls in each lamination (see figure 4.11 for detail). In lamination I, the domain walls lie 

in (110)  planes, while in lamination J, the domain walls may be (101)  or (110)  planes, 

to within the instrument tolerance. All of these planes can form domain walls in either the 

tetragonal or the rhombohedral phases. However, in the tetragonal phase, the polarization 

variants that can meet compatibly across these domain walls must contain pairs of  
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polarization directions that are either parallel or antiparallel. Thus region I–J cannot be 

tetragonal. Furthermore, in the rhombohedral phase, the combination of a domain wall in 

the (110)  plane, and a domain wall in the (10 1) plane also guarantees the presence of 

polarization variants that are parallel or antiparallel as figures 4.14(c)–(d) show. The only 

remaining possibility is that the region is rhombohedral with (110) domain walls in 

lamination I and (110) domain walls in J. Figures 4.14(e)–(f) show that any pair among 

 
Figure 4.14: (a) The four orientations corresponding to the herringbone pattern I–J in 
figures 4.13. (b) Crystal coordinate system from EBSD, showing the eight <111> polarization 
directions of the rhombohedral phase. (c) A 3D view of the possible domain wall orientations of 
the herringbone domain pattern. (d) Possible polarization directions for each plane in (c). (e) 
Another 3D view of possible domain wall orientations of the herringbone domain pattern. (f)
Possible polarization directions for each plane in (e). (g) Interpretation of polarization variants 
in region I–J in figure 4.13.  
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the four possible combinations of polarization directions guarantees four distinct 

polarization axes in the herringbone pattern I–J. This interpretation of the domain 

structure is illustrated in figure 4.14(g). This shows that the angle resolved data can 

provide clear discrimination between the tetragonal and rhombohedral phases, provided 

that a sufficiently rich pattern of laminations is present. 

 

4.7 Conclusion  

The present chapter described a method for obtaining and analysing AR-PFM data. The 

method was applied to the identification of ferroelectric domain structure in near-

morphotropic PZT. The use of image registration to correct for distortion caused by 

piezo-scanner artefacts was demonstrated. Ferroelectric domain patterns were mapped by 

using the angle of phase reversal in the LPFM signal during sample rotation. The 

resulting AR-PFM maps enable clear identification of ferroelectric domain patterns by 

colouring domains according to the orientation of the surface displacements due to the 

converse piezoelectric effect. In addition, using AR-PFM and EBSD data in conjunction, 

the method was able to show discrepancy between the direction of lateral surface 

displacement and the in-plane component of the polarization direction. The AR-PFM 

method also provided data that enabled discrimination between the tetragonal and 

rhombohedral phase. This technique can be applied to a wide range of piezoelectric 

materials including thin films [126,130], biological systems [136–139], and also is 

applicable to microscopies based on locally induced strain measurement, such as 

electrochemical strain microscopy (ESM) [140,141].  

 After recognizing the opportunity provided by LPFM for studying domain 

structures, the instruments for LPFM were installed during this doctoral research. Thus, 

the AR-PFM method was not applied to study the evolution process of ferroelectric 
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domains. But, it is believed that AR-PFM can be a very powerful technique for studying 

the evolution of ferroelectric domain patterns. So this is a suggested area for further work.
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Chapter 5. Monte Carlo simulation of 
ferroelectric domain evolution 

 

 

A Monte Carlo simulation method is developed that can generate domain structures 

typical of ferroelectrics and model their evolution. After studying how energy terms 

influence the domain patterns that form, this modelling method was tested in various 

ways. First, compatible domain patterns similar to those that are typically observed from 

PFM images were generated, starting from randomly assigned polarizations in a lattice. 

Second, the stability of compatible and incompatible domain patterns was tested in the 

absence of loading. Third, for the compatible and partly incompatible domain patterns, 

electric field and mechanical stress were applied to induce domain evolution. The 

simulation results showed that polarization switching happened via domain wall motion, 

and polarization switching was restricted by the pre-existing domain patterns. This 

chapter illustrates that the pattern evolution of ferroelectric domains can be reproduced by 

a Monte Carlo simulation method, and presents initial steps towards an electro-

mechanical coupled Monte Carlo model.  

 

5.1 Introduction 

In chapters 2 and 3, the evolution processes of ferroelectric domains were observed using 

PFM and their mechanisms were discussed. From the experimental works, it was 

confirmed that domain switching occurs via pattern evolution, and the evolution 

processes are constrained by the pre-existing domain structure. In this chapter, a model 
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based on Monte Carlo methods is developed to reproduce typical features in the evolution 

processes of ferroelectric domains. The concept of Monte Carlo simulation was 

introduced in chapter 1 where it was noted that the method has several advantages: these 

include ease of set-up, since there was already good existing algorithms, and ability to 

escape from local energy minimum states.  

 The early works on ferroelectric domains using Monte Carlo methods were based 

on an Ising or Q-state Potts model that simulates phase transitions via lattice 

statistics [142,143]. For example, the total energy of the system is expressed using a 

Hamiltonian consisting of a Potts part that describes interacting polarization states [144] 

and a static electric energy part [142]. Domain nucleation and growth were reproduced 

from this model. However, the energies of a grain boundary and a domain boundary were 

treated equally, which is an unrealistic assumption. In contrast to the Potts model, a 

lattice-based Monte Carlo method was developed by Potter et al. [145] to study 

ferroelectric domain evolution under applied electric field. In this model, four in-plane 

polarization directions were randomly assigned to 20 × 20 lattice points at the initial 

configuration. The total free energy was developed based on electrostatic terms including 

dipole-dipole interactions, local polarization gradients, and the effect of applied electric 

field. The resulting domain configurations showed typical domain structures that can be 

found in tetragonal ferroelectrics. However, no elastic strain energy was considered in 

this model. Xue et al. [146] developed this model by including elastic strain energy and 

electrostrictive energy. Their model is based on a phenomenological description of the 

free energy often used in the phase field method [88,92], but the simulation was carried 

out by the Metropolis algorithm [94] instead of using the TDGL equation. Xue et al. [146] 

did not allow for external electro-mechanical loading in their model.  
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 In the present work, the Metropolis algorithm will also be used. The sequence of 

the Metropolis algorithm is as follows [94,147]: 

1. An initial configuration (A) is set up and its total energy ( AE ) is calculated.  

2. A second configuration (B) is generated using input from a pseudo-random number 

generator, resulting in the new total energy ( BE ).  

3. A transition probability (P) is calculated as follows:  

 

B

exp for 0

1 for 0

E
E

P k T

E

  
      

    

(5.1) 

where B AE E E   , Bk  is the Boltzmann constant, and T is absolute temperature. This 

algorithm allows the configuration to transit from the initial configuration A to the second 

configuration B if 0E  . Conversely, if 0E  , the probability of the transition (P) is 

compared with a random number R between 0 and 1. The transition to the second 

configuration B is allowed only if P > R. The details of the algorithm are discussed in 

section 5.4. 

 In the present work, the evolution of domain patterns is studied based on a total 

energy formulation similar to that used by Xue et al. [146], except that additional energy 

terms for an externally applied electric field and a mechanical stress are also considered. 

The evolution of domain patterns is studied using this model, and the similarity and 

discrepancy between the simulation result and the experimental observation are discussed.  

 

5.2 Model description 

Developing a model for PZT material would make a direct comparison between the 

model and experiment possible. However, in PZT the phase can be tetragonal or 



122 
 

rhombohedral, depending on subtle ways on temperature, stress, electric field, and the 

compositional ratio between 4+Zr  and 4Ti   ions. The complex nature in this material is a 

major modelling challenge. Therefore, in this work, as a starting point, a 2D model of the 

tetragonal phase, transformed from a high temperature cubic phase is used as a reference 

system. Thus, when computing the total free energy, the cubic phase serves as the ground 

state. The model is somewhat similar to 3BaTiO  in the tetragonal phase which is less 

complex than near-morphotropic PZT. Modelling based on Monte Carlo method has been 

developed for 3BaTiO  by the early work [146] , which provides a good guideline for 

selecting parameters. Thus, there is a limit to directly compare simulation results to the 

domain evolution processes of the PZT observed from chapter 2 and 3. This chapter 

focuses on reproducing typical domain evolution processes in ferroelectrics such as the 

domain broadening process using the parameters used in barium titanate in tetragonal 

phase rather than reproducing the domain evolution processes observed from the PZT 

using PFM.  

 The 2D model consisting of a set of points in a square array is shown in figure 5.1. 

Each point is allowed a state consisting of a polarization vector and a displacement vector 

(corresponding to the central cation displacement in a tetragonal perovskite). In this 

model, only four in-plane polarization vectors and displacement vectors are allowed. 

Thus, two distinct m × m arrays P and u consisting of four values 0, / 2π , π , 3 / 2π  are 

generated for the computation. The array P represents polarization vectors and u 

represents displacement vectors. Because each two displacement vectors correspond to 

the identical strain state, each lattice point can have one of eight possible combinations of 

a polarization vector and a strain state, see figure 5.1.  

 In a lattice-based simulation, one lattice point could represent one unit cell in the 

actual material. Then, noting that the lattice parameter is ~4.0 Å but domains are typically  
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Figure 5.1: A crystalline lattice consisting of 2m  points. Each lattice point has a polarization 
vector and a displacement vector. Pairs of displacement vectors correspond to the same strain
state. Note that γ is material property.  

 

>100 nm in width, to reproduce a realistic simulation, a large number of lattice points are 

required. Alternatively, one lattice point could be taken to represent a finite volume 

consisting of many unit cells. The finite volume then represents a group of unit cells 

switching together. Thus, one lattice point represents a pseudo grain. This has the 

advantage that a smaller set of lattice points is used, giving a faster simulation. But a 

disadvantage is that it becomes less clear as to exactly what physical quantities are 

represented by the state at a lattice point. Energies, local interactions and kinetics will 

depend on the size (and shape) of the finite volume. Here, a finite volume approach is 

used, and to avoid the consequent difficulty of specifying physical parameters, all the 

simulations were performed in dimensionless units. A unit of length defined by two 
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closest lattice points is one lattice unit [145]. All the parameters used in the energy terms 

are in dimensionless units, and scaling factors are employed to balance the magnitude 

between each energy. The result is that the model is ambiguous concerning true physical 

length scales, time scales and field magnitudes. But it will be demonstrated that it can 

produce behaviour similar to observations of real materials. Note that this simulation 

work was carried out using Fortran programming language.  

 

5.3 Phenomenological approach 

The total free energy of the material can be represented as 

 tot e es dip g E S ,F f f f f f f       (5.2) 

where ef  is the elastic strain energy, esf  is the electrostrictive energy, dipf  is the free 

energy of dipole-dipole interaction, gf  is the local gradient energy, Ef  is the free energy 

due to externally applied electric field, and Sf  is the free energy due to the externally 

applied stress. In this section, each energy term in equation (5.2) is introduced.  

 

5.3.1 Elastic strain energy 

The phase transition from cubic to tetragonal involves a structural transformation 

including a change in lattice parameter as well as the generation of spontaneous electrical 

polarization. The resulting elastic strain energy can then be represented as [148]  

 e

1

2 ijkl ij klf C e e ,  (5.3) 
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where ijklC  is the elastic tensor, and ije  is the elastic strain tensor. The elastic strain is 

given by tot 0
ij ij ije e e   where 0

ije  is the spontaneous strain state and tot
ije  is the total strain, 

given by  tot 2ij i j j ie u x u x      . Using matrix notation with Voigt abbreviation 

( 1 11e e , 2 22e e , 3 33e e , 4 232e e , 5 132e e , 6 122e e ), equation (5.3) can be 

represented in three dimensions as 

 
e

2 2 2 2 2 2
11 1 2 3 12 2 3 1 3 1 2 44 4 5 6

1

2
1 1

( ) ( ) ( ).
2 2

f C e e

C e e e C e e e e e e C e e e



        

  

 (5.4)  

where 11 1111C C , 12 1122C C , and 44 1212C C . Refer to appendix A.3 for the matrix of 

elastic tensor in the cubic phase. In two dimensions, equation (5.4) reduces to 

 2 2 2
e 11 1 2 12 1 2 44 6

1 1
( ) ( ) ( ).

2 2
f C e e C e e C e     (5.5) 

The spontaneous strain states in tetragonal can be represented in two dimensions as  

 
1 0

,1
0

2

γ
 
 
 
 

εa   

 
1

0
,2

0 1
γ
  
 
 

εb  (5.6) 

where γ is a material property. The relationship between displacement vectors and strain 

states is shown in figure 5.1. In the present work the simplifying assumption is made that 

the total strain at each lattice point is identical to one of the spontaneous strain states. 

Under this assumption, switching state between aε  and bε  produced no change in energy
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ef , so the elastic strain energy contribution does not affect the model. However, this term 

would become significant if phase changes or varying stresses were included in the model.  

 

5.3.2 Electrostrictive energy 

The elastic strain energy is coupled with polarization via the electrostrictive energy term. 

This energy can be represented as [148]  

 es ijkl ij k lf q e P P  .  (5.7) 

Using Voigt notation, this becomes  

 

2 2 2
es 11 1 1 2 2 3 3

12 1 2 1 3 3 1 2 44 6 1 2 5 1 3 4 2 3

( )

[ ( ) ( ) ( )] ( ),2 2 2 2 2 2
2 3

f q e P e P e P

q e P P e P P e P P q e PP e PP e P P

   

          

(5.8) 

where 1P , 2P , 3P  are the components of polarization iP  and ijklq  is electrostriction tensor. 

Note that in Voigt notation 11 1111q q , 12 1122q q , and 44 12122q q . Refer to appendix A.3 

for the matrix form of the electrostriction tensor. Equation (5.8) can reduce in two 

dimensions to 

 2 2 2 2
11 1 1 2 2 12 1 2 2 44 6 1 2( ) ( ) ( ).es 1f q e P e P q e P e P q e PP       (5.9) 

As explained in section 5.3.1, strain values 1e , 2e , and 6e  are obtained from an element i 

in the u array. 1P  and 2P  can be also directly obtained from an element i in the P array 

via 1 cos( )iP  P  and 2 sin( )iP  P . When 11 0q   and 12 0q   , a coupling between 

0,i πP  and 0,i πu , or a coupling between 2, 3 2i π πP  and 2, 3 2i π πu  will be 

energetically favourable. Thus the electrostrictive energy favours strain states that ‘align’ 

with the polarization state. 
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5.3.3 Dipole-dipole interaction energy 

The potential energy for two interacting dipoles with polarization vectors iP  and jP  at 

lattice positions i and j is [145]:  

 dip 3 5
,

3( )( )
.i j i j

i j

f K
r r

   
  

 


P P P r P r
 (5.10) 

Here K is a scaling factor, r is the vector in lattice coordinates that connects the two 

lattice points i and j, so r is the distance in lattice unit between the two lattice points. Note 

that because all the energies are represented in dimensionless units in this simulation, K is 

present to scale the quantity of dipf . This energy exists between every polarization pair in 

a crystalline lattice. Therefore, we must sum dipf  over a range of r large enough, in 

principle, to cover the entire lattice. However, this is difficult to implement in simulations 

due to a large computation time. In fact, the dipf  contributions become almost negligible 

as r increases [145]. Therefore, a truncation distance of a few lattice unit is commonly 

used. Here a truncation distance of 6 lattice unit was applied when computing dipf . Note 

that the dipole-dipole interaction tends to favour dipoles adopting opposite directions if 

they are in close proximity. It therefore favours the formation of 180° domain walls.  

 

5.3.4 Local polarization gradient energy 

The potential energy for dipole-dipole interaction tends to generate antiparallel alignment 

of polarization vectors (This is discussed further in section 5.5.2). Therefore, to generate 

ferroelectric domains, another energy term is introduced, penalizing sharp gradients in 

polarization. The local polarization gradient energy term provides this penalty for 
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differently oriented polarizations in neighbouring lattice points. Local gradient energy 

can be represented as [148]  

 g , ,

1

2 ijkl i j k lf G P P , (5.11) 

where ijklG is a fourth order symmetric tensor, and ,i j i jP P x   . Using Voigt notation, 

this becomes  

 

2 2 211
g 1,1 2,2 3,3 12 1,1 2,2 2,2 3,3 1,1 3,3

2 2 244
1,2 2,1 2,3 3,2 3,1 1,3

( ) ( )
2

( ) ( ) ( ) ,
2

G
f P P P G P P P P P P

G
P P P P P P

     

       
 

(5.12) 

where 11G , 12G , 44G are the elements in the local gradient matrix, see appendix A.3. The 

local gradient coefficients can be measured using an inelastic neutron scattering 

method [148]. Equation (5.12) is reduced to two dimensions as  

 2 2 211 44
g 1,1 2,2 12 1,1 2,2 1,2 2,1( ) ( ) ( )

2 2

G G
f P P G P P P P     . (5.13) 

An alternative expression for gf  which allows the contribution of 1,2 2,1P P  to be varied 

is [146]  

 2 2 2 211 12 44 44
g 1,1 2,2 1,1 2,2 1,2 2,1 1,2 2,1( ) ( ) ( ) ( )

2 2 2

G G G G
f P P P P P P P P

2

  
       , (5.14) 

as discussed in the reference [148]. To avoid fitting four distinct parameters in equation 

(5.14), a simpler form was assumed as follows: 

 2 2 2 2
g 1,1 2,2 1,1 2,2 1,2 2,1 1,2 2,1( ) ( ) ( ) ( )f J P P P P P P P P         . (5.15) 
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This recognizes that the gradient terms are of similar magnitude but allows their 

contribution to be scaled relative to other energy terms using parameter J. Equation (5.14) 

is used in the simulation of domain evolution in section 5.6 and 5.7. When computing, 

local gradients toward only +x and +y directions were considered, see figure 5.2. 

Therefore, flipping a polarization direction at a lattice point ( ,i j ) would affect gf  for 

lattice points ( 1,i j ) and ( , 1i j  ) as well as the central lattice point (i, j). Thus, when 

computing changes in gf ,  the sum of gf  changes for these three lattice points is taken.  

 

5.3.5 Influence of applied electric field 

The potential energy due to polarization in an externally applied electric field is 

represented as [145]  

 E ( ),i if    P E  (5.16) 

 

Figure 5.2: Polarization switching in a lattice point ( ,i j ) affects gf  in ( 1,i j ) and ( , 1i j  ) 

as well as ( ,i j ) when local gradients toward only the +x and +y directions are considered. 
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where α is a scaling factor related to the material volume represented by the lattice point, 

iP  is the polarization vector at lattice site i, and iE  is applied electric field. Note that α 

can be used to balance the contribution of Ef  with respect to the total energy. In general, 

i i ij jD P κ E   , where iD  is the electric displacement field, iP  is the induced 

polarization by an electric field jE , and ijκ  is the vacuum permittivity. To a first 

approximation, iE  in equation (5.16) can be treated as ave vary
i i iE E E  . In the 

experiments, ave
iE  was imposed. Because polarization changes so as to minimize energy, 

the fluctuations vary
iE  are expected to be smaller in magnitude than ave

iE , so  to a first 

approximation vary
iE  can be neglected in small regions of microstructure. Although this is 

a crude approximation, the results will show that even with  vary 0iE   the model can 

reproduce some realistic behaviour of domains. A consequence of assuming uniform jE  

but allowing iP  to vary from point to point is that the simulations do not necessarily 

satisfy electrical equilibrium (or Gauss’s law) ,i iD q , where q is the free charge density. 

Incompatible polarization arrangements, such as polarization vectors meeting ‘head to 

head’ would generate strong electric fields in practice. The present model neglects this 

effect and instead only enforces polarization compatibility through the gradient and 

dipole-dipole terms. This point is revisited in the discussion section 5.7.4.  

 

5.3.6 Influence of applied stress 

The potential energy of strain due to an externally applied stress is represented as  

 S = ( ),i if β ε σ  (5.17) 
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where β is a scaling factor, iε  is the strain tensor associated with lattice point i, and iσ  is 

applied stress tensor. In the present work, only normal stress components were applied, in 

two dimensions, giving S 11 11 22 22( )f β ε σ ε σ    which tends to favour strain ‘aligned’ 

with the applied stress. Once again, the model neglects mechanical equilibrium, 

, 0ij j iσ b   where ib  is the body force per unit volume. Effectively it is assumed that the 

stress can be broken into an average and varying part ave varyσ σ σ   and that the 

formation of compatible domains will tend to make varyσ  negligible in small regions of 

microstructure. Again, this will be revisted in the discussion section 5.7.4.  

 

5.4 Procedure of simulations 

The flow chart of the simulation procedure is introduced in figure 5.3. The procedure of 

the simulation may be stated as follows. First of all, two distinct m × m arrays P and u 

representing polarization vectors and displacement vectors, respectively, are generated. 

These two arrays consist of only four values 0, 2π , π, and 3 2π . The relaxation speed of 

local strain is assumed much faster than that of local polarization, so nine times more 

chances are given to flipping a displacement vector than flipping a polarization 

vector [146]. Thus, the simulation starts with comparing totF  before and after flipping a 

displacement vector in a randomly selected lattice point to a random direction among 0, 

2π , π, and 3 2π  except for the current direction. The probability of accepting the new u 

is determined depending on whether totF < 0 or not. If totF < 0, the probability of 

accepting the new u is 1. However, if totF > 0, the probability is tot Bexp( / )F k T . 

Flipping a displacement vector in a random lattice point is carried out nine times and then 

flipping a polarization vector is carried out. The simulation procedure for flipping P is the 
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same with that for flipping u. Each trial event of a displacement vector or a polarization 

vector flip adds 1 to the event count. One Monte Carlo step (MCS) indicates a count of 

2m  trials. Finally, all the simulations in this chapter were conducted for a 2D lattice with 

the periodic boundary conditions such that the left and right edges are effectively joined, 

and the same for the upper and lower edges of the simulation region. 

 

 

Figure 5.3: The flow chart of the iteration process based on Metropolis algorithm. 
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5.5 Effect of energy terms on domain configuration 

In this section, the effect of dipole-dipole interaction energy ( dipf ), local gradient energy 

( gf ), and the potential energy by an externally applied electric field ( Ef ) on domain 

configuration are studied. dipf  , gf  and Ef  are the main energy terms that directly 

influence on the patterns of electrical polarization. Elastic strain energy ( ef ) and the 

potential energy of an externally applied stress ( Sf ) affect the domain pattern through 

electrostrictive energy ( esf ). The energy terms dipf , gf , and Ef  were sequentially 

introduced into the model and scaling terms were calibrated to give representative 

ferroelectric behaviour. Firstly, only dipf  was incorporated into the total energy. A series 

of the scaling factor values, K, were tested to find which produced minimum energy 

configuration for dipf . Next, only dipf  and gf  were incorporated into the total energy and 

the influence of the scaling factor J on domain configuration was studied. Then, the 

electrical potential energy Ef  was added and hysteresis loops were produced from two 

distinct J values. 

 

5.5.1 Simulation method 

Initial simulations were conducted on a 20 × 20 square array of points. The simulation 

temperature, Bk T , was determined based on the previous work [145] that shows a “lock-

up” phenomenon occurs when the temperature is too low. For this reason, the equivalent 

temperature was set to B 1.5k T   in all the simulations in this section. Initial polarization 

directions in the array were randomly assigned, and the Metropolis algorithm was applied 

to allow the simulation to evolve through MCS. Note that since ef  , Sf  and  esf  were not 
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incorporated into the total energy, the modified algorithm from figure 5.3 was used in this 

section, see figure 5.4.  

  

 

Figure 5.4: The flow chart of the iteration process that is modified from figure 5.3 for the 
studies in section 5.5. 
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5.5.2 Effect of the scaling factors on domain configurations 

First of all, the effect of the scaling factor K in equation (5.10) on the total dipole-dipole 

potential energy and domain configuration was studied in a model with dipole-dipole 

interaction energy only. Figure 5.5 shows the total dipole-dipole potential energy versus 

MCS, and the final domain configurations at 500 MCS for K = 1.0, 2.0, 3.0, and 4.0. 

When K = 1, the total dipole-dipole potential energy significantly fluctuates as MCS 

increases, with no clear tendency of increase or decrease. Also, no clear domain 

configuration forms. When K = 2, alternating +y and –y polarizations and +x and –x 

polarizations can be seen in most areas. This is the typical head-to-tail arrangement of 

polarization, providing the minimum dipole-dipole interaction energy. And the total 

dipole-dipole potential energy decreased with reduced fluctuation. As K increases to 3 

and 4, the graphs show less fluctuation than that when K = 2.  

 Figure 5.6 shows the average of the total dipole-dipole potential energy during the 

period defined by 400 MCS – 500 MCS with K in the range 0.5 – 4.0. In each case, the 

potential energy was averaged over two distinct simulations. The potential energy 

decreases as K value increases from 0.5 to 2.0. However, the potential energy does not 

decrease any further after 2.0. A rather small increase can be seen when K = 2.5 – 4.0. 

Therefore, K = 2.0 can be set as the optimized scaling factor for dipole-dipole interaction 

energy. Note that K may need to be adjusted when all the energies are incorporated into 

the total energy so as to produce realistic domain patterns. For the moment a good 

working value of K has been established. 

 As can be seen from figure 5.5, dipole-dipole interaction energy does not favour 

groups of neighbouring lattice points having the same polarization direction. Thus, the 

local gradient energy is required to allow extended domains to form in two dimensions. 

Taking only local gradient energy into account, the total energy was calculated during  
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Figure 5.5: The effect of the scaling factor K on the total dipole-dipole potential energy and 
domain configuration. Four graphs of total dipole-dipole potential energy/K versus MCS for 
K = 1.0, 2.0, 3.0, and 4.0 are shown on the left while domain configurations at 500 MCS are 
shown on the right. 
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Figure 5.6: The relationship between the scaling factor K and the total dipole-dipole potential 
energy/K during 400 – 500 MCS. The minimum dipole-dipole potential energy/K occurred 
when K = 2.0. 

 

 

Figure 5.7:  The effect of local gradient energy on domain configuration. The graph on the left 
represents total domain wall potential energy versus MCS while the image on the right shows 
the domain configuration when MCS = 500. 
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 Next, simulation was carried out to study how dipole-dipole interaction energy 

and local gradient energy simultaneously affect a domain configuration. In the total 

energy only dipole-dipole interaction energy and local gradient energy were included. 

While using K = 2.0, the scaling factor J was varied in the range 0.2 to 1.0. Figure 5.8 

shows the five domain configurations at 500 MCS when J = 0.2, 0.4, 0.6, 0.8, and 1.0. 

First of all, a noticeable difference in domain configuration can be seen when J = 0.2  and 

J = 1.0. When J = 0.2, 180° and 90° domain walls form, producing domains in many 

regions. As J increases, more agglomerated domains can be observed, and the number of 

domain walls is reduced. When J = 0.8, and 1.0, the whole area became a single domain. 

Evidently when J is large, the local gradient energy dominates the total free energy. 

 Multiple simulation runs were used to check the results, and the results in 

figure 5.8 were found to be typical. This suggests that a J value in the region 0.2 – 0.4 

may be realistic, however, it is also necessary to calibrate the model behaviour such that 

applied electric fields produce realistic effects. Hence, the electric potential energy was 

next introduced into the model. 

 

Figure 5.8:  The effect of the parameter J on domain patterns when only dipole-dipole 
interaction energy and local gradient energy were considered. 
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 A cyclic electric field was applied to a 20 × 20 array with randomly oriented 

polarizations. In totF , only three energy terms dipf , gf , and Ef  were incorporated to test 

whether this current model can generate a hysteresis loop. In this simulation, K = 2.0, and 

α = 6.0. Note that α was decided from a number of tests to generate a hysteresis loop. The 

simulation was carried out for J = 0.6 and J = 1.0 to study the effect of domain wall 

energy on a hysteresis loop. An electric field (efield) was applied according to the 

following equation; efield = sin(2π× MCS (ln 2)) where ln is the total counts of trails. 

Electrical loading was continued for two cycles, and began with +x direction.  

 Figure 5.9 shows two graphs of hysteresis loops of polarization versus electric 

field, simulated with two different values of J. Both show hysteresis behaviour of the net 

polarization due to applied electric field. These graphs also show a coercive field and 

remnant polarization that are the main features of ferroelectrics. However, unusual 

 

Figure 5.9:  The effect of local gradient energy on the hysteresis loop. Two graphs of 
polarization versus electric field were generated applying J = 0.6 and 1.0. ‘A’ and ‘B’ in the 
graph indicate a fluctuating increase of polarization by applied electric field, and dissimilar
coercive fields, respectively, both of which are not typically observed from real ferroelectric
materials.  
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features can be also found from these graphs. For example, curve ‘A’ can be observed in 

figure 5.9 where polarization briefly reduces with increasing electric field. This is not 

typically observed in ferroelectrics. Also, different coercive fields can be seen at ‘B’. 

Normally the coercive field has a single, stable value. These problems may occur partly 

because the size of the simulation was not large enough to produce a smooth initial curve 

and a constant coercive field. When the size of the lattice is only 20 × 20, the net 

polarization can be significantly affected by the random perturbation of a few lattice 

points. Another interesting point from figure 5.9 is that the coercive field is significantly 

affected by the scaling factor J. It is well known that coercive field is affected by domain 

configuration [27]. For polarization switching, the electric field energy must overcome 

the local gradient energy allowing new domains to form. Thus, as the gradient energy 

increases, the coercive field also increases.  

 From the simulations in this section, the effect of energy terms on domain 

configurations was studied, and scaling factors for the dipole-dipole, gradient and electric 

potential energies were found. Note that the scaling factors used in this section may need 

adjustment when all the energies are incorporated into the total energy. The parameters 

and the scaling factors used will be introduced in section 5.6. 

 

5.6 Domain pattern formed without loading 

5.6.1 Simulation method 

In this section, dipf , gf , ef , and esf  were included in the total energy to study how a 

polarization array P and a displacement array u generate domain patterns through 

electrostrictive energy. Thus, the algorithm introduced in figure 5.3 was used. Randomly 

assigned polarizations and strain states were given in every lattice point as the initial 
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states, so a high temperature at the early MCS is required to provide enough thermal 

energy to flip polarizations to approach a low-energy domain configuration. Therefore, 

Bk T  was gradually decreased in each MCS from 1.0 to 0.01. The parameters used in the 

previous work of Xue et al. [146] were applied in equations (5.5), (5.9), (5.10) and (5.14).  

See table 5.1 for these parameters. The actual quantity of elastic coefficient *
11C  in 

3BaTiO  is about 9275 10 2N m  [92]. However, in the existing literatures [28,92], 

effective coefficients are often used to represent dimensionless variables. The effective 

coefficient 11C  is calculated via  2* * *
11 11 1 0C C α P    

, where *
1α  is a coefficient in the 

Landau free energy with the units 2 2C m N    and *
0P  is the magnitude of the 

spontaneous polarization at room temperature with the unit 2C m . See the reference [92] 

for further details. The parameters in table 5.1 represent the effective coefficients. 

Simulation was then carried out using a 70 × 70 lattice size. 

 

Table 5.1: Normalized values of parameters used in the simulation [146]. 

11G  12G  44G  44G  11C  12C  44C  11q  12q  44q  

1.60 0.00 0.80 0.80 2.75 1.79 0.54 0.142 -0.0074 0.0157

K γ         

1.0 7.15         

 

5.6.2 Results and discussion 

Figure 5.10 shows a pair of 70 × 70 arrays representing the polarization array P and strain 

state S that is derived from a displacement array u. These images show a typical final 

result after 10000 MCS starting from a random state. A noticeable result is that the lattice 

points with the strain state h in S exactly matches to the lattice points with polarization 
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vectors ±x in P, and the lattice points with the strain state v in S matches to the lattice 

points with polarization vectors ±y in P. This demonstrates that polarization and strain are 

strongly coupled via electrostrictive energy. The domain structure in P in figure 5.10 

consists of four types of 90° domain wall (a)–(d) and two types of 180° domain wall (e)–

(f). These configurations are generated because dipole-dipole interaction energy favours 

head-to-tail configuration while gradient energy favours the formation of domains. And 

this domain configuration is typical of the patterns of ferroelectric domain that are 

experimentally observed.  

 

 

Figure 5.10: Domain patterns generated in a 70 × 70 lattice through Monte Carlo simulation 
from randomly oriented polarization directions and strain states. (a)–(f) show electrically 
compatible domain structures found from the polarization array P.  
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5.7 Domain evolution processes 

For compatible and partly compatible domain patterns, domain evolution is studied in this 

section. Before applying electric field and mechanical stress, simulations were carried out 

to test how compatible and incompatible domain patterns behave without loading. Then, 

electric field and mechanical stress were applied to the compatible and partly compatible 

domain patterns. 

 

5.7.1 Compatible and incompatible domain patterns 

First of all, three distinct 50 × 50 P arrays (see figures 5.11(a)–(c)) were generated by 

assigning polarization vectors in each lattice point. The initial domain pattern in 

figures 5.11(a),(d) is a compatible arrangement of 90° domain lamellae, similar to the 

lamellae that were experimentally observed in PZT, see chapter 2, figure 2.17. The 

domain pattern in figures 5.11(b),(e) is compatible except for the part marked by a circle 

where the domain wall orientation generates tail-to-tail arrangement of polarizations. This 

is representative of blunt needle-like domains such as the [001] aligned domain seen in 

figure 2.15, chapter 2. And finally, figures 5.11(c),(f) are incompatible domain patterns 

with head to head polarization. The initial u arrays were set to be identical with the initial 

P arrays so that computation is not wasted coupling P with u. In this section, all the 

energy terms except for Ef  and Sf  were included in totF . Simulations were carried out 

for 10000 MCS for two distinct temperature states: B 0.01k T   and B 1.0 0.01k T   . 

 Figures 5.11(a)–(c) show the initial states and states after 10000 MCS of three 

distinct domain patterns under no loading when B 0.01k T  . Comparing the initial states 

to the final states, almost no change can be observed from the incompatible domain  
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Figure 5.11: The effect of temperature on domain patterns. (a)–(c) Almost no evolution has 
occurred when B 0.01k T  . (d)–(f) Domain evolutions have occurred when Bk T gradually 

decreased from 1.0 to 0.01 during 10000 MCS. The domain structures at initial state in (a),(d) 
are compatible patterns while those in (c),(f) are incompatible patterns. The domain structures in
(b),(e) are partially compatible due to the incompatible domain walls marked by circles.  
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pattern in figure 5.11(c) as well as the compatible domain patterns in figures 5.11(a)–(b). 

Next, the simulations were carried out while gradually decreasing the temperature. 

Initially B 1.0k T  , and Bk T  reached 0.01 after 10000 MCS. The results are shown in 

figures 5.11(d)–(f). In the compatible domain pattern figure 5.11(d), curvy domain walls 

can be seen when MCS = 1000. The level of fluctuation in domain wall gradually 

decreased as the temperature decreases. When MCS = 10000, the fluctuation in domain 

walls was significantly reduced. Meanwhile, in figure 5.11(e), the +y domain gradually 

disappeared, and the domain pattern evolved into a mono-domain at the final MCS. In 

this domain pattern, most domain walls are electrically uncharged except for the part 

marked by circle. Since this small region is not favourable by dipole-dipole interaction 

energy, the edge turned into a sharp structure during evolution process. In figure 5.11(f), 

the incompatible domain pattern also dissolved into a mono-domain state. The only 

difference between figure 5.11(c) and figure 5.11(f) was Bk T  values and hence it can be 

concluded that an incompatible domain pattern cannot persist with high dipf  at a high 

temperature. From figure 5.11, the effect of temperature on compatible and incompatible 

domain patterns can be observed. 

 

5.7.2 Domain evolution under electrical loading 

For the compatible and partly compatible domain patterns in figures 5.11(a)–(b), domain 

evolution under electrical loading was studied. Simulation was conducted at B 0.01k T    

for 2000 MCS. An electric field E = 1.0 was applied to three distinct directions +x, +y 

and –y. The scaling factor α = 3.21 in equation (5.16) was applied to capture a gradual 

domain wall motion. Firstly, for the domain pattern that was most stable under no loading, 

the evolution process by an electric field is shown in figure 5.12. The images in  
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Figure 5.12: Domain evolution processes of the compatible domain pattern by three distinct
electric field directions. (a)–(c) Domain structures evolved for 2000 MCS by applied electric 
fields in +x, +y, and –y directions, respectively, with the scaling factor 3.21α  . (d) The 

domain evolution process after 600 MCS intervals when the scaling factor 3.21α  . (e) The 

domain evolution process after 200 MCS intervals when the scaling factor 3.6α  .  
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more closely aligned with –y than the +y domain has grown. Figure 5.12(d) shows the 

domain evolution process after 600 MCS intervals when an electric field was applied to 

+y direction. Since 1200 MCS, no significant evolution process can be seen from the 

lamellar pattern. This reason was attributed to a weak electric field strength, so the same 

simulation was conducted with α = 3.6, see figure 5.12(e). This domain evolution process 

shows that +x domain has disappeared at 600 MCS. Also, at high field strength the 

domain walls do not remain flat.  

 Two interesting points can be seen from figure 5.12. First of all, polarization 

switching took place via a domain broadening process. To nucleate a domain in the 

interior of another domain, a high energy is required to overcome the local gradient 

energy. Therefore, polarization switching via domain wall motion is energetically more 

favourable than domain nucleation. This broadening process in the lamellar pattern is in 

agreement with the observed evolution process through PFM images, see chapter 2, 

figure 2.17. Secondly, polarization switching was significantly constrained by the pre-

existing domain pattern. When electric field was applied to –y direction, polarization 

switching was carried out by evolving the pre-existing domain wall between +x and +y 

domains instead of nucleating –y domains. 

 Figure 5.13 shows the domain evolution processes of the partly compatible 

needle-like domain pattern by an electric field for 2000 MCS. Figures 5.13(a)–(c) show 

the final state after 2000 MCS, and the gradual evolution processes can be seen from 

figures 5.13(d)–(f). First of all, the simulation results show that the domain that is closely 

aligned with the electric field direction grows. And also, the incompatible domain walls 

marked by a circle in figures 5.13(d)–(f) were transformed into sharp structures 

regardless of electric field direction. This illustrates that domain structures evolved 

maintaining a low-energy domain configuration. Figures 5.13(d) and (f) show a similar 
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Figure 5.13: Domain evolution processes of the partly incompatible domain pattern by three 
distinct electric field directions. (a)–(c) Domain structures evolved for 2000 MCS by applied 
electric fields in +x, +y, and –y directions, respectively. (d)–(f) Domain evolution processes 
after 200 or 600 MCS intervals are shown for applied electric fields in +x, +y, and –y directions, 
respectively. Note that the domain walls marked by circles in the initial domain state indicate
incompatible domain arrangements while the region marked by a circle at 400 MCS in (f) 
indicates a domain switched by 180°.  
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evolution process to each other in that +y domain gradually retreats. The main difference 

between these two evolution processes is that in figure 5.13(f), the evolution process 

involves some 180° domain switching, see the region marked by circle in the 400 MCS 

image. Note that the evolution process of a needle-like domain structure, observed from 

PFM, was that lengthening is energetically more favorable than broadening as always 

either lengthening happened alone, or a combination of lengthening and broadening 

happened. However, in this simulation no lengthening process was observed from 

figure 5.13(e). This difference will be discussed in section 5.7.4. 

 

5.7.3 Domain evolution under mechanical loading 

Under the same simulation conditions with section 5.7.2, Ef  was replaced by Sf  in totF  

to study domain evolution by a mechanical stress. Since only three energy terms ef , esf , 

and Sf  include strains in their equations, flipping a displacement vector in u array will be 

determined by these three energy terms. In this model, ef  is always constant regardless 

of the displacement vector when only two strain states in the tetragonal phase are present. 

Thus, if S es 0f f     by flipping a displacement vector, this flipping is likely to be 

accepted. In the present simulation, the scaling factor β = 10.0 in equation (5.17) was set 

so that  S es 0f f      can be satisfied. Thus, all the strain states were transformed into 

one state between h and v in figure 5.10 depending on the loading direction. And then, 

flipping a polarization direction followed to minimize esf . 

 The evolution processes of the compatible domain pattern under compressive 

loading show that the domain orthogonal to the loading direction grows through domain 

wall motion, see figure 5.14. This evolution process via domain broadening is in 
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agreement with the experimentally observed domain evolution process in figure 3.6, 

chapter 3.  

 Figure 5.15 shows the domain evolution processes of the partly compatible 

domain pattern under compressive loading. When the compressive loading direction was 

±x, the +y domain broadened, see figure 5.15(c). And when the compressive loading 

direction was ±y, +y domain retreated as can be seen from figure 5.15(d). Regardless of 

the loading directions, the incompatible domain wall marked by a circle was always 

transformed into a sharp structure. 

 

Figure 5.14:  Domain evolution processes of the compatible domain pattern under compressive 
loading. (a)–(b) The domain structures evolved for 1000 MCS by compressive stress in ±x and 
±y directions, respectively. (c) The domain evolution process after 300 MCS intervals by 
compressive stress in ±x direction.  
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Figure 5.15:  Domain evolution processes of the partly compatible domain pattern under
compressive loading. (a)–(b) The domain structures evolved for 2000 MCS by compressive 
stress in ±x and ±y directions, respectively. (c) The domain evolution process after 600 MCS 
intervals by compressive stress in ±x direction. (d) The domain evolution process after 
200 MCS intervals by compressive stress in ±y direction. Note that the circles in (c),(d) indicate 
incompatible domain walls.  
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5.7.4 Discussion 

In section 5.7.2 and 5.7.3, domain evolution processes by electric field and mechanical 

stress were studied using Monte Carlo simulation. In particular, a domain broadening 

process, that was observed from PZT using PFM, was successfully reproduced. However, 

the lengthening process via the tip motion in the needle-like domain structures, 

introduced in figure 2.18, chapter 2 was not found in the simulation. Note that a similar 

evolution process has been also observed experimentally in 3BaTiO  [61]. Several 

possible reasons for this discrepancy could be speculated. First, the choice of model 

parameters may not sufficiently favour motion of the incompatible needle-tip regions. To 

test this, the electric field scaling factor α, temperature Bk T  and lattice size m were varied. 

 To make a comparison with the previous simulation in figure 5.13(e), the same 

parameters were applied to the simulations except for one parameter. First of all, the 

scaling factor α was increased from 3.21 to 3.6 to study the effect of an electric field 

strength on a domain wall motion. As figure 5.16(a) shows, domain evolution continued 

to occur mainly via domain broadening. Thus, the electric field strength was not the cause 

for the discrepancy. Next, Bk T  was increased from 0.01 to 0.1. As figure 5.16(b) shows, 

almost no lengthening was observed; instead, the +y domains merged together through 

the domain broadening process. Finally, the lattice size m was increased from 50 to 200 

to examine if the domain lengthening process was constrained by the small model size. 

Note that in this model, the size of the needle domain tip is determined by the minimum 

size of pseudo grain. A domain size cannot be smaller than the size of the pseudo grain. 

An initial domain pattern that is similar with the initial state in figure 5.13(e) was 

generated in figure 5.16(c) in a 200 × 200 lattice size. As figure 5.16(d) shows, domain 

evolution again happened via domain broadening. No lengthening process can be seen 

except for the sharpened tips. 
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Figure 5.16: The effect of parameters on the evolution process of the blunt needle-like domain. 
The same parameters with figure 5.13(e) were applied to each simulation except for one
parameter: (a) The scaling factor α = 3.6, (b) Bk T = 0.1, (c) The lattice size m = 200. (d) The 

difference map between 900 MCS and the initial state in (c).  
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energy penalty in the real material against incompatible polarization/strain arrangements. 

To reproduce this in the model, we could enhance the 11G  and 12G  terms in the gradient 

energy, equation (5.14). This would penalize divergence ,i iP  in the polarization field. 

 Furthermore, the assumption of uniform fields aveE  and aveσ  is likely to be most 

inaccurate near sharp features such as the needle-tips. This could be addressed in the 

model by solving the equilibrium equations ,i iD q ; , 0ij j iσ b   separately, and using 

the resulting local fields when calculating the electrical and mechanical potential energies 

(equations (5.16) and (5.17)).  

 As it stands, the model did not fully capture the way incompatible needle-tips 

evolve. Therefore, this model needs to be developed to fully incorporate electrical and 

mechanical compatibilities. Nevertheless, the current study shows that there is potential 

to use Monte Carlo simulation for reproducing the evolution process of ferroelectric 

domains.  

 

5.8 Conclusion 

In this chapter, ferroelectric domain structures were generated via a phenomenological 

approach, and domain evolution was studied using Monte Carlo methods. Two distinct 

arrays representing polarization vectors and displacement vectors, respectively, were 

created, and only four in-plane vectors were allowed in each array. The total energy 

consists of dipole-dipole interaction energy, local gradient energy, electrostrictive energy, 

and elastic strain energy. When an electric field or a mechanical stress is externally 

applied, additional potential energy terms were included. Compatible 90° and 180° 

domain patterns were generated from the initial state where polarization and strain state 

were randomly assigned in each lattice point. In the absence of loading, compatible 
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domain patterns tended to be stable regardless of temperature, but incompatible domain 

patterns disappeared at high temperature. By an externally applied electric field, domain 

evolution took place via domain wall motion. The domains aligned with the electric field 

direction grow through a domain broadening process. Regardless of electric field 

direction, domain evolution happened via the domain wall motion between the pre-

existing domains rather than nucleating a new domain. Also, under compressive loading, 

the domains with polarization that is orthogonal to the loading direction grow through a 

domain broadening process.  

  From this chapter, it was illustrated that a simple domain evolution process can be 

reproduced by a Monte Carlo simulation method. However, a difference between the 

experimental observation and the simulation result was that domain evolution via a 

needle lengthening process was not observed from the simulations. To reproduce more 

realistic domain wall motions, the current model needs further development, and it is 

suggested that penalizing polarization divergence and relaxing the assumption of uniform 

fields could lead to an improved model.  
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Chapter 6. Conclusion and future work 
 

 

6.1 Conclusions and discussions 

In this thesis, domain evolution processes in ferroelectric ceramics under electrical and 

mechanical loading were studied using PFM. For a systematic analysis of PFM data, AR-

PFM was studied and applied to identify the phase and domain structures. A selection of 

the observed evolution processes were reproduced using Monte Carlo simulation. 

 Domain evolution in near-morphotropic PZT by an electric field was studied 

through two experimental methods. Firstly, histograms of pixel intensity in PFM images 

were obtained from the surface of the PZT. Dome-shaped and M-shaped histograms were 

generated from unpoled and poled regions, respectively. Correlating these features in the 

histograms with their PFM images showed that the presence of fine non-180° domain 

structures is responsible for the intermediate contrast resulting in the dome shaped 

distributions. Meanwhile, coarser 180° domains contribute to the bi-modal M-shaped 

distributions. Such a difference in the histograms may be caused by domain evolution of 

non-180° domain patterns, but this method provided only statistical evidence for the 

domain evolution. Thus, for direct evidence of domain evolution, step-wise poling was 

carried out on the PZT, interrupted by VPFM scanning after each poling step. Domain 

evolution was studied for typical low-energy domain configurations such as herringbone 

and checkerboard. In general, domain evolution occurred according to the primary 

principle that switching occurs so as to allow external loads to do positive work.  

However, locally domain evolution sometimes took place contrary to this primary 

principle to maintain compatibility conditions with the neighbouring domains. Overall, 
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the evolution processes showed that domain switching was carried out through the 

evolution of the pre-existing domain pattern. 

 Next, ferroelastic domain evolution by a compressive stress was studied with the 

PZT material using VPFM. While 180° domain walls were almost motionless, non-180° 

domain walls evolved, supporting the hypothesis that mechanical stress induces only non-

180° polarization switching. Domain evolution took place via broadening of lamellae and 

overwriting one lamellation by a differently oriented lamellar pattern. This overwriting 

process involved simultaneous multiple switching processes. The primary principle, 

requiring positive work from external loads during switching, is followed overall, but the 

overwriting process involved energetically unfavourable as well as favourable 

transformations. It was concluded that the domain switching is again significantly 

constrained by the pre-existing domain patterns, and multiple types of switching can take 

place concurrently. 

 In chapter 2 and 3, the studies on domain evolution in ferroelectrics relied on 

VPFM. Depending on crystal orientation, multiple domains may not be exposed by 

typical VPFM and LPFM, and hence an AR-PFM technique based on LPFM data was 

applied to identify domain structures. To generate an AR-PFM map, an image registration 

process using control point selection method was used. And then, domain structures were 

mapped by using the angle of phase reversal in the LPFM signal during sample rotation. 

AR-PFM maps represent domains based on surface displacement orientations, and hence 

occasionally discriminated multiple domains that appear as a single domain in VPFM. 

Using the data of crystallographic orientation from EBSD, the discrepancy between the 

direction of lateral surface displacement and the in-plane component of the polarization 

direction was demonstrated. In certain conditions, the phase in near-morphotropic PZT 

where tetragonal and rhombohedral phases can coexist was identified by AR-PFM. 
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 To help understand the physics underlying the observed domain evolution and to 

reproduce the pattern evolution, a phenomenological model was developed and simulated 

via Monte Carlo method. In every lattice point, electrical polarization and strain state 

were coupled via electrostrictive energy. Typical electrically compatible domain patterns 

in the tetragonal phase were reproduced from randomly oriented initial polarization states. 

Under no loading, the stability of incompatible domain patterns was significantly affected 

by the temperature. Under electrical and mechanical loading, domain switching occurred 

via the motion of domain walls between the pre-existing domains and was consistent with 

the primary principle. The domain evolution process via domain broadening was 

reproduced through Monte Carlo simulation, which was a typical evolution process 

observed from PFM.  

 

6.2 Future work 

6.2.1 Characterization techniques for identifying ferroelectric domain 

structures 

In chapter 4, the merits of AR-PFM were discussed. Also, the issue of image distortion 

and its solution by image registration were introduced. Residual errors in AR-PFM maps 

are expected to be minimized by reducing initial distortion. Therefore, a couple of 

methods to minimize image distortion are introduced here. First of all, the non-linearity 

problem could be minimized by using closed-loop AFM instead of open-loop AFM. 

Intrinsic non-linearity can be reduced or compensated by calibrating the instrument using 

standard calibration grids, but the level of non-linearity varies depending on scan speed 

and scan range [69]. Therefore, the possibility of image distortion always exists in the 

open-loop condition. Contrary to open-loop configuration, in the closed-loop AFM, the 
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motion of the scanning probe that deviates from the pre-determined behaviour is amended 

in real time. Thus, scanner non-linearity could be reduced in closed-loop configuration.  

 Another major problem was creep induced by spatial offset during scanning. To 

solve this problem, precisely locating the tip on the sample surface is required. However, 

it is difficult to accurately site the tip on the sample surface because the location of the tip 

underneath the cantilever is in general invisible through the optical system in AFM. Some 

advanced tips that are visible through optical microscope are already available on the 

market. These tips are often used in the tasks requiring precise positioning and could 

contribute to alleviating image distortion induced by creep.  

 Finally, VPFM images are more suitable for image registration than topography 

images. In this thesis, the instrument available did not simultaneously generate VPFM 

and LPFM signals. Thus, topography images were used for image registration instead of 

VPFM images. However, there are normally not many sharp features in the topography 

image (the sample was polished flat), making an accurate image registration difficult. 

Besides, when there are not enough topography features for image registration, 

generating the AR-PFM map becomes almost impossible. Therefore, for improved 

application of the AR-PFM technique, performing AR-PFM using a SPM instrument that 

simultaneously generates VPFM and LPFM signals is crucial. 

 If these current issues are improved, AR-PFM is expected to be one of the most 

powerful analytical techniques for characterizing ferroelectric domain structures. Aside 

from PFM, domain evolution has been studied using TEM that enables in situ 

observations [34,61,62]. The main merit of TEM is that it does not require any direct 

contact between the imaging tool and the sample material. Local polarization switching 

process through SPM tip can be directly observed using TEM, which is one of the good 

examples of TEM use in studying ferroelectric domains [149,150].  
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 However, most imaging techniques are constrained to the surface of materials. In 

fact, domain structures and evolutions in the interior of the sample are responsible for 

macroscopic properties in ferroelectrics. As discussed in chapter 3, there is a difference in 

the constraint of switching between the interior and the surface of the crystal. Therefore, 

further studies on domain evolutions taking place in the volume are required to 

understand the relationship between the microstructure and macroscopic properties. High 

resolution X-ray diffraction imaging with monochromatic light would be a suitable 

technique for this study since it can reveal domain structures in the interior of 

samples [67]. 

 

6.2.2 Further studies on domain evolution under mechanical loading  

When a ferroelectric material is subjected to a constant level of stress, creep in strain 

takes place through domain wall motion [5]. However, while conducting in situ PFM 

observation of domain evolution under compressive loading in chapter 3, creep was not 

discussed since the amount of change in strain induced by creep is almost negligible 

compared to that induced by an incremental stress. Nevertheless, domain evolution 

induced by creep behaviour is still worthy of studying since an observation through a 

microscopy can be a direct evidence. The technique, in situ PFM observation of domain 

wall motion, has been developed in chapter 3, and hence it can be naturally extended to 

observing domain wall motion by creep.  

 Meanwhile, as discussed in chapter 1, ferroelectrics are turned into useful 

materials when multiple domains are poled by an electric field. However, depolarization 

by a mechanical stress is an important problem because it is directly related to device 

performance. In this thesis, micro-mechanical testing was conducted for only unpoled 

ferroelectric samples. Therefore, observing domain evolution during a depolarization 
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process by mechanical stress would be an interesting and natural extension of the 

research. Microscopic behaviour of ferroelectrics during depolarization process can be 

studied relating to the macroscopic stress, strain, and the resulting charge flow [121].  

 

6.2.3 Novel materials and scientific challenges 

Novel materials with ferroelectricity have been continuously developed. Materials such 

as 1 3 2 3 3 3Pb(Mg Nb )O - PbTiO (PMN-PT) were developed due to their outstanding 

material properties including high electromechanical coupling factor [151]. And demand 

for lead-free ferroelectrics has been increasing due to lead toxicity, so several materials 

such as 0.5 0.5 3K Na NbO  (KNN) and 0.5 0.5 3Na Bi TiO  (NBT) are studied  to replace lead-

based ferroelectrics [152]. Scientific interest to find novel materials with ferroelectricity 

is also extended to biological systems including human teeth [137], seashell [139], and 

collagen fibrils [138]. The studies on ferroelectric behaviours in biological system include 

understanding domain structures as well as measuring ferroelectric material properties. 

3BiFeO  (BFO) that shows both antiferromagnetic and ferroelectric properties has also 

received wide attention as a multiferroic [153], and magnetic and ferroelectric domain 

structures and their evolutions have been studied using magnetic force microscopy and 

PFM [154,155]. 

 However, PFM studies on a novel material need some attention due to the 

reliability of image contrast in PFM. In general, SPM-based characterization techniques 

are exposed to tip-related and surface-related artefacts. In the case of PZT that was used 

in this thesis, typical domain patterns are already well known. However, to understand 

domain patterns in a novel material using PFM, a more systematic approach is required.  

AR-PFM is based on locally induced surface displacement that is generated only via 

converse piezoelectric effect, and hence PFM data can be discriminated from other image 
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artefacts. Therefore, the AR-PFM methods developed in this thesis could be reliable and 

powerful analytical techniques for studying novel materials.  

 Meanwhile, the principle of AR-PFM could also be extended to other 

microscopies such as ESM [140,141]. ESM was developed to study lithium-ion transport 

dynamics. Here, applied bias in the scanning probe causes lithium ions in the active 

volume to be transported to the small region below the tip. An increase in the local 

density of lithium ion induces a surface deformation due to the relationship between the 

local density of lithium ion and molar volume. Thus, the imaging principle of ESM is 

similar to that of PFM in that these two imaging techniques are based on locally induced 

surface displacement. Accordingly it would be interesting to apply the mapping method 

of AR-PFM to ESM, for example, to identify the orientation or anisotropy of the 

underlying electrode material.  

 

6.2.4 Monte Carlo simulation of ferroelectric domain evolution 

The model based on Monte Carlo method introduced in this thesis reproduced typical 

evolution processes of ferroelectric domains under electrical and mechanical loading. 

This model can be developed further as follows. First of all, in the present thesis, only 

two-dimensional model with four in-plane polarization directions in the tetragonal phase 

was developed. This could be extended to a two-and-a-half-dimensional (2.5D) model 

that allows out-of-plane and into-plane polarization directions as well as four in-plane 

polarizations while still modelling a planar region. Then, more realistic model in the 

tetragonal phase where six polarization directions are present can be generated. Note that 

this is called 2.5D since only a single layer of crystalline lattice is considered in this 

model. It is expected that this 2.5D model will allow generating curvy 180° domain walls 

consisting of out-of-plane and into-plane polarizations. A three-dimensional model would 
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allow more complex domain structures to be simulated, but would be ‘expensive’ in 

terms of computation. 

 Meanwhile, one of the main advantages of Monte Carlo method over other 

modelling methods is that the effect of temperature on material properties can be 

naturally explored. In this thesis, it was briefly demonstrated through the simulations that 

domain patterns and evolution processes were significantly affected by temperature; 

domain switching was facilitated at an elevated temperature, which is in agreement with 

experimental data [156–158]. And also the effect of temperature on macroscopic material 

properties such as remnant polarization and coercive field has been reported [156]. Thus, 

understanding the effect of temperature on a domain evolution process could be improved 

through Monte Carlo simulation. 

 

6.2.5 Negative or zero Poisson’s ratio in ferroelectrics 

Though positive Poisson’s ratio is typically observed from most materials, auxetic 

materials with negative Poisson’s ratio also exist. When compressive stress is applied to 

auxetic materials, contraction occurs along the orthogonal direction with respect to the 

loading direction as well as the loading direction. Materials with negative or zero 

Poisson’s ratio have been receiving attention due to their enhanced material properties 

such as indentation resistance and fracture toughness [159]. Also, these unusual material 

behaviours can be utilized in various devices [159,160]. Recently, it was reported that 

negative Poisson’s ratio can be theoretically predicted in some perovskite materials such 

as the tetragonal phase of 3PbTiO  and tetragonal and rhombohedral phases of 3BaTiO  in 

certain loading directions [161]. In some devices based on ferroelectricity, this unusual 

material behaviour can be effectively utilized. For example, piezoceramic-polymer 

composites have been used in sonar sensors to solve non-ideal behaviours of dense 
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piezoelectric ceramics [18]. The composites consist of rods of piezoelectric ceramic 

surrounded by polymer, the role of the polymer being to accommodate transverse 

straining of the rods. Here, ferroelectrics with negative or zero Poisson’s ratio would be 

desirable to avoid transverse expansion. This abnormal Poisson’s ratio in some 

ferroelectrics was recently recognized, and hence it is worth studying how the 

microstructure and domain switching mechanism are related to this unusual behaviour. 
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A. Appendix 
 

 

A.1 Principle of lock-in amplifier 

During PFM measurements, three types of signal are used in the lock-in amplifier: the 

reference signal from the function generator, the output piezoresponse signal, and the 

lock-in reference signal generated by the lock-in amplifier itself. The reference signal 

R( )S  is a square wave at the frequency rω , which is the sync output from a function 

generator. If a sine wave with the frequency rω  was used as the input signal for exciting 

converse piezoelectric response, the output signal O( )S  and lock-in reference signal L( )S  

can be represented as O sig r sigsin( )S = V ω t φ  and L L L refsin( )S V ω t φ  , respectively.  

Note that sigV and LV  are the signal amplitudes, Lω  is the frequency of lock-in reference 

signal, and sigφ  and refφ  are the phase difference between RS and OS , and RS and LS , 

respectively. The resulting piezoresponse sine wave OS  is multiplied by the lock-in 

reference signal LS  as follows: 

O L sig L r sig L ref

sig L r L sig ref sig L r L sig ref

sin( )sin( )

1 2 cos[( ) ] 1 2 cos[( ) ].

S S V V ω t φ ω t φ

V V ω ω t φ φ V V ω ω t φ φ

  

       
 

When Lω  is equal to rω , O LS S  consists of a DC signal and a AC signal. The AC signal is 

filtered by a low pass filter, and the detected signal will be only the DC part, 

sig L sig ref1 2 cos( )X V V φ φ  . When sig refφ φ , sig L1 2X V V , but when sig ref 90φ φ   , 

0X  . To resolve the phase dependency of this signal, OS  is also multiplied by 

L L L refsin( 90 )S V ω t φ    , generating sig L sig ref1 2 sin( )Y = V V φ φ . Then, the magnitude 
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can be obtained by 2 2 1 2
sig L( ) 1 2X Y V V  , and the phase signal is 

1
sig reftan ( )Y X φ φ   .  

 

  

 
Figure A.1: Three types of signal involved in filtering the signal of interest in lock-in amplifier: 
reference signal, output signal, and lock-in reference signal (modified from [77]).  
 

sig

ref

Reference SR

Output

Lock-in Reference
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A.2 Theoretical analysis of PFM signal 

A.2.1 Transformation matrix for stress 

A transformation of the stress tensor is  

 ij ik jl klσ a a σ  , (A.1) 

where ijσ and klσ are the stress tensor in the instrument and crystal coordinate system, 

respectively, and ika  and jla are the direction cosines [111]. Likewise, the transformation 

matrix for stress written in matrix form can be represented as  

 

13 14 15 1611 12

23 24 25 2621 22

33 34 35 3631 32

43 44 45 464

11 11

22 22

33 33

23 23

31 3

1 42

51 52 53 54 5 1

12

5 56

61 62 63 64 65 6 126

b b b bσ σ

b b b bb bσ σ

b b b bσ b b σ

b b b bσ b b σ

σ σb b b b b b

σ σb b b b b b

b b    
       
    

        
    
          








 


. (A.2) 

Elements of the transformation matrix ,m nB  can be identified by comparing them with the 

corresponding elements in the stress tensor. For example,  

 11 11 11 12 22 13 33 14 23 15 31 16 12σ b σ b σ b σ b σ b σ b σ           , (A.3) 

 

11 11 11 11 11 12 12 11 13 13 12 11 21 12 12 22 12 13 23

13 11 31 13 12 32 13 13 33.

σ a a σ a a σ a a σ a a σ a a σ a a σ

a a σ a a σ a a σ

          
    

 (A.4) 

Thus, the transformation matrix for stress written in matrix form can be represented as  

 

2 2 2
11 12 13 12 13 13 11 11 12
2 2 2
21 22 23 22 23 23 21 21 22
2 2 2
31 32 33 32 33 33 31 31 32

21 31 22 32 23 33 22 33 23 32 21 33 23 31 22 31 21 32

31 11 32 12 33 13 12 33 13 32 13 31 11

2 2 2

2 2 2

2 2 2

a a a a a a a a a

a a a a a a a a a

a a a a a a a a a

a a a a a a a a a a a a a a a a a a

a a a a a a a a a a a a a a

  
 

B

33 11 32 12 31

11 21 12 22 13 23 12 23 13 22 13 21 11 23 11 22 12 21

a a a a

a a a a a a a a a a a a a a a a a a

 
 
 
 
 
 
 
  
 


  

. (A.5) 
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A.2.2 Transformation of piezoelectric coefficient matrix  

From equation (A.2), = σ Bσ , 1 σ B σ , where σ and σ′ are the stress matrix in the 

instrument and crystal coordinate system, respectively. Also   P d σ , where P′ is the 

polarization, and d′ is the piezoelectric coefficient matrix. If R is the rotation matrix, 

1     P PR Rd σ Rd B σ , and P dσ  [111]. Therefore,  

 
-1d Rd B .  (A.6) 

The rotation matrix R can be represented using the three Euler angles 1 2( , , )φ Φ φ  as  

1 2 1 2 2 1 1 2 2

1 2 2 1 1 2 1 2 2

1 1

cos cos cos cos sin sin

cos cos cos cos cos sin

sin sin cos sin cos

φ cosφ Φsinφ sinφ φ sinφ cosφ Φsinφ φ Φ

φ sinφ cosφ Φsinφ φ cosφ Φ sinφ sinφ φ Φ

φ Φ φ Φ Φ

  
   
 

 


R . (A.7) 

And, the piezoelectric coefficient matrix d′ is  

 
11 12 13 14 15 16

21 22 23 24 25 26

31 32 33 34 35 36

d d d d d d

d d d d d d

d d d d d d

      
         
       

d . (A.8) 

Finally, the reverse relationship between the stress tensors in the crystal and instrument 

coordinate system in equation (A.1) [162] is  

 ij ki lj klσ a a σ  . (A.9) 

Therefore, 

 

2 2 2
11 21 31 21 31 31 11 11 21
2 2 2
12 22 32 22 32 32 12 12 22
2 2 2
13 23 33 23 33 33 13 13 23

12 13 22 23 32 33 22 33 32 23 12 33 32 13 22 13 12 23

13 11 23 21 33 31 21 33 31 2

1

3 31 13 1

2 2 2

2 2 2

2 2 2

a a a a a a a a a

a a a a a a a a a

a a a a a a a a a

a a a a a a a a a a a a a a a a a a

a a a a a a a a a a a a a



 






B

1 33 11 23 21 13

11 12 21 22 31 21 32 31 22 31 12 11 32 11 22 21 1232

a a a a a

a a a a a a a a a a a a a a a a a a

 
 
 
 
 






 

  



. (A.10) 

Accordingly, the piezoelectric coefficients d in equation (A.6) can be obtained using 

equations (A.7), (A.8), and (A.10).   
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A.2.3 Formulating vertical PFM signal using the elements of piezoelectric 

coefficient matrix and rotation matrix 

The converse piezoelectric effect is represented as  

 

11 21 31

12 22 32

13 23 33

14 24 34

11

22
1

33
2

23
3

31 15 25 35

16 26 3612

2

2

2

d d d

d d d

d d d

d d

ε

ε
E

ε
E

ε
E

ε d

ε

d

d d

d d d

  
  
                 

   
        

, (A.11) 

where 11 22 33 23 31 12, , , , ,ε ε ε ε ε ε  are the elements of strain matrix. In the present work, the 

electric field vector E was assumed to be  T30 0 EE  as shown in figure A.2. Note 

that the divergence of the electric field from the tip is not considered, this model gives a 

good first approximation [75]. 

 Meanwhile, the strain matrix is related to the displacement vector 1 2 3( , , )u u uu  

as follows [75]: 

 

31 1 2 1

1 2 1 3 1

11 12 13

32 1 2 2
21 22 23

1 2 2 3 2
31 32 33

3 3 31 2

1 3 2 3 3

1 1

2 2

1 1

2 2

1 1

2 2

uu u u u

x x x x x
ε ε ε

uu u u u
ε ε ε

x x x x x
ε ε ε

u u uu u

x x x x x

       
            

                              
      

             




. (A.12) 

From equations (A.11) and (A.12), the relationship between the elements of surface 

displacement vector and the elements of piezoelectric coefficient matrix is as follows:  

 1
11 31 3

1

u
ε d E

x


 


, 

 2
22 32 3

2

u
ε d E

x


 


, 
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 3
33 33 3

3

u
ε d E

x


 


,  

 32
23 34 3

3 2

1 1

2 2

uu
ε d E

x x

 
     

.  

 3 1
31 35 3

1 3

1 1

2 2

u u
ε d E

x x

  
     

, 

 

1 2
12 36 3

2 1

1 1

2 2

u u
ε d E

x x

  
     

. (A.13) 

Using the boundary conditions 1(0, 0, 0) 0u  , 2 (0, 0, 0) 0u   and 3 1 2( , , 0) 0u x x  , the 

equation (A.13) can be solved [75], giving 

 3 33 3 33u d E h d V  . (A.14) 

Therefore, vertical PFM signal 1
3u V   equals to 33d . In the crystal coordinate system, the 

piezoelectric coefficient matrix d′ in tetragonal is  

 
15

15

31 31 33

0 0 0 0 0

0 0 0 0 0

0 0 0

d

d

d d d

 
    
    

d . (A.15) 

Therefore,  

 3 2
33 33 31 15cos ( ) ( ) cos( )sin ( )d d Φ d d Φ Φ     .  (A.16) 

 
Figure A.2: Schematic showing the electric field vector E, the instrument coordinate system 
and the sample.  
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Meanwhile, in rhombohedral the piezoelectric coefficient matrix is  

 
15 22

22 22 15

31 31 33

0 0 0 0 2

0 0 0

0 0 0

d d

d d d

d d d

  
      
    

d . (A.17) 

Therefore,  

 
3 2

33 33 31 15

3 2 2
22 1 1 1

cos ( ) ( ) cos( )sin ( )

cos( )sin ( )(3sin ( ) cos ( )).

d d Φ d d Φ Φ

d φ Φ φ φ

     

 
  (A.18) 

Figure A.3 shows the three-dimensional graph of 33d  in tetragonal and 

rhombohedral PZT, respectively from equations (A.16) and (A.18). In tetragonal, the 33d  

values have axisymmetric shape, and are only affected by the rotation angle Φ . The 

maximum 33d  value occurs when = 0Φ . Meanwhile, in rhombohedral the shape of the 

graph is not axisymmetric, and affected by the rotation angle 1φ  as well as Φ . Unlike in 

tetragonal, the maximum 33d  can be found at the certain rotation angle 1φ  and 0Φ  , as 

previously reported [107]. See the literatures [75,78,107,108] for the further details. In 

this thesis, the effective piezoelectric coefficient zzd  represents 33d  in equations (A.16) 

and (A.18).   

 
Figure A.3: The 33d  coefficient in (a) tetragonal and (b) rhombohedral PZT depending on

crystal orientation. The piezoelectric coefficients are from the previous work [78]. 
 

Unit: pmV-1 Unit: pmV-1

(a) (b)

1



172 
 

A.3 Matrices in cubic phase 

The elastic constant matrix in cubic phase is  

 

11 12 12

12 11 12

12 12 11

44

44

44

0 0 0

0 0 0

0 0 0
.

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

C C C

C C C

C C C

C

C

C

 
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 
 
 
 
 
  
 

 (A.19) 

The electrostriction matrix in cubic phase is  

 

11 12 12

12 11 12

12 12 11

44

44

44

0 0 0

0 0 0

0 0 0
.

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

q q q

q q q

q q q

q

q

q

 
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 
 
 
 
 
 
 

 (A.20) 

The local gradient matrix in cubic phase is  

 

11 12 12

12 11 12

12 12 11

44

44

44

0 0 0

0 0 0

0 0 0
.

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

G G G

G G G

G G G

G

G

G

 
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 
 
 
 
 
 
 

 (A.21) 
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A.4 Publications and presentations 

List of publications, conference proceedings: 

 Kim KL, Huber JE. Observation of the poling process in ferroelectric ceramics using 

piezoresponse force microscopy. ASME 2012 Conf. Smart Mater. Adapt. Struct. 

Intell. Syst., Stone Mountain, Georgia, USA: 2012, p. 155–60.  

 Kim KL, Tsou NT, Huber JE. Domain evolution processes during poling of a near-

morphotropic Pb(Zr, Ti)O3 ceramic. J Appl Phys 2013;113:194104–1–11. 

 Kim KL, Huber JE. Identifying ferroelectric phase and domain structure using angle-

resolved piezoresponse force microscopy. Appl Phys Lett 2014;104:122901–1–4. 

 Kim KL, Huber JE. Mapping of ferroelectric domain structure using angle-resolved 

piezoresponse force microscopy. Rev Sci Instrum 2015;86:013705–1–11.  

 Kim KL, Huber JE. In situ observation of ferroelastic domain evolution in a near-

morphotropic Pb(Zr,Ti)O3 ceramic by piezoresponse force microscopy. J Eur Ceram 

Soc 2015;35:1459–68. 

Conference presentations/seminars: 

 Observation of the poling process in ferroelectric ceramics using piezoresponse force 

microscopy, ASME, Stone Mountain, USA, September 2012. 

 Observation of domain evolution in a ferroelectric material using piezoresponse force 

microscopy, Laboratory for In situ Microscopy & Analysis Users Club Meeting, 

Oxford, UK, March 2013. 

 Phase identification of ferroelectric domain structure using angle-resolved 

piezoresponse force microscopy, Laboratory for In situ Microscopy & Analysis 

Users Club Meeting, Oxford, UK, March 2014. 
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