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We investigate the effects of quenched randomness on topological quantum phase transitions in
strongly-interacting two-dimensional systems. We focus first on transitions driven by the condensa-
tion of a subset of fractionalized quasiparticles (‘anyons’) identified with ‘electric charge’ excitations
of a phase with intrinsic topological order. All other anyons have nontrivial mutual statistics with
the condensed subset and hence become confined at the anyon condensation transition. Using a
combination of microscopically exact duality transformations and asymptotically exact real-space
renormalization group techniques applied to these two-dimensional disordered gauge theories, we
argue that the resulting critical scaling behavior is ‘superuniversal’ across a wide range of such con-
densation transitions, and is controlled by the same infinite-randomness fixed point as that of the 2D
random transverse-field Ising model. We validate this claim using large-scale quantum Monte Carlo
simulations that allow us to extract zero-temperature critical exponents and correlation functions
in (2+1)D disordered interacting systems. We discuss generalizations of these results to a large
class of ground-state and excited-state topological transitions in systems with intrinsic topological
order as well as those where topological order is either protected or enriched by global symmetries.
When the underlying topological order and the symmetry group are Abelian, our results provide
prototypes for topological phase transitions between distinct many-body localized phases.

I. INTRODUCTION

Understanding the interplay of interparticle interac-
tions and quenched disorder is particularly relevant to
the study of transitions into or between topologically or-
dered phases of matter. These intrinsically interacting
phases cannot be characterized in terms of a local or-
der parameter, and are instead described at long wave-
lengths by a topological quantum field theory that en-
codes the properties of the gapped fractionalized quasi-
particles or anyons [1, 2], that are their most distinctive
feature. Since they lack a local order parameter, topolog-
ical orders are quite stable to quenched disorder, as the
only natural variable to which disorder can couple is the
energy density [3]. The existence of a bulk energy gap
makes topological phases perturbatively stable to this
type of randomness (analogous to ‘bond disorder’ in a
magnet). The situation is more delicate and interesting
at quantum critical points between trivial and topologi-
cally ordered phases: while the perturbative relevance of
disorder is determined by the Harris criterion [4–6], suf-
ficiently strong randomness can completely change the
universality class of the transition. In this paper, we ar-
gue that, remarkably, some topological phase transitions
become analytically tractable in the limit of very strong
disorder, even though the corresponding clean transitions
are in general described by complicated, strongly-coupled
gauge theories [7–9].

Our treatment of the strong-disorder limit is enabled
by a combination of renormalization-group techniques,
duality mappings, and exact reformulations that can be

tackled conveniently by state-of-the-art numerical algo-
rithms. Specifically, we consider discrete gauge theories
related to exactly solvable ‘quantum double models’ [1]
that describe phases with both Abelian and non-Abelian
topological orders. (The latter nomenclature refers to the
nature of the braid group that characterizes the anyon
statistics in 2+1 space-time dimensions.)

A generic topologically ordered phase is an emergent
gauge theory with both dynamical ‘electric’ gauge charge
and ‘magnetic’ gauge flux excitations, both of which
are point objects in 2D. Confinement transitions can
be driven either by condensation of gauge charges while
gauge fluxes remain massive, or vice-versa [7]. In the
case of Abelian topological order, these two transitions
are equivalent and related by electric-magnetic- duality
(or ‘S-duality’), but in non-Abelian topological orders
charge and flux sectors behave differently [10]. In these
cases, for reasons explained below, our approach remains
tractable only when the confinement transition is driven
by gauge charge condensation.

For this reason, we work in the sector with zero gauge
flux, and add terms that give a finite bandwidth for the
hopping of (a subset of) the anyons. This leads to a
model that we describe in Section II. When the hopping
bandwidth exceeds the anyon gap, the anyons condense,
leading to confinement. When the couplings are highly
random, we show that the critical physics is correctly
captured via a strong-disorder real-space renormalization
group (RSRG) procedure [11–20]. The RSRG, described
in Section III, successively ‘decimates’ individual local
terms of the Hamiltonian in descending order of their
magnitude while determining how this feeds back on the
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remaining couplings, to arrive at a fixed-point that char-
acterizes the scaling behaviour.

We find that our Hamiltonian, despite being the
most natural one for such discrete gauge theories —
and frequently employed in the literature — is a spe-
cial “high-symmetry point” in the space of gauge the-
ories. As shown in Section IV this point is related
via a duality transformation to a Q-state random quan-
tum Potts model, where Q = |G| is the size of the fi-
nite group G that characterizes the gauge theory. Sim-
ilar strong-disorder RSRG arguments suggest that the
critical properties of the random quantum Potts model
are Q-independent and identical to those controlled by
the infinite-randomness critical point of the random
transverse-field Ising model [15, 16]. In Section V we pro-
vide supporting evidence in favor of this long-standing
conjecture by means of high-precision stochastic series
expansion quantum Monte Carlo (SSE-QMC) simula-
tions [21, 22] of strongly disordered lattice models at
Q = 2, 3. We analyze the stability of the fixed-point
behavior to perturbations of the model away from the
special |G|-state Potts point in Section. VI.

Our results indicate that the underlying algebraic
properties of G — including whether it is Abelian or not
— are irrelevant to the critical properties of the decon-
finement transitions we study here. Intuitively, this is
because the transition is driven by the geometrical struc-
ture of the ‘clusters’ generated by the strong-disorder RG
scheme rather than the microscopic details of the on-
site degrees of freedom. It is this underlying geometrical
structure that is shared by all the topological phase tran-
sitions we study in this paper.

Viewing superuniversality as a consequence of this
geometrical structure naturally raises the question of
whether it also emerges at other topological phase tran-
sitions with quenched randomness. Global symmetries
enlarge the phase structure of quantum systems, by
both protecting and enriching topological structures.
Symmetry-protected topological phases (SPTs) [23–33]
are phases of matter that lack intrinsic topological order
(i.e., they do not exhibit fractionalization) but are nev-
ertheless distinct from trivial paramagnets in the pres-
ence of the eponymous symmetries. This is by virtue
of their nontrivial local entanglement structure, which
obstructs their deformation into trivial product states
by local unitary transformations as long as a protecting
global symmetry is unbroken. Symmetry-enriched topo-
logical phases (SETs) [34–36] are topologically ordered
phases whose fractionalized quasiparticles carry quan-
tum numbers that capture their transformation prop-
erties under the global symmetries. SPTs/SETs typi-
cally also have gapless modes on symmetry-preserving
boundaries with distinct SPTs/SETs or the trivial phase.
When the global symmetries are broken, there is no
longer any sharp distinction between these phases and
their symmetry-less parents (for SPTs, this is the triv-
ial paramagnetic vacuum state, and for SETs, the
underlying topologically ordered phase). Therefore,

phase transitions out of SPTs/SETs via spontaneous
breaking of global symmetries involve a change in the
short range entanglement of their ground state, that
encodes the symmetry-protected/enriched topological
structure. This makes them formally distinct from ‘triv-
ial’ symmetry-breaking transitions, though the relevant
distinguishing features are likely subtle and visible only
in the boundary-critical behavior [37–39]. We find that
our techniques can be applied to this class of symmetry-
breaking transitions by leveraging a description of SETs
and SPTs in terms of so-called ‘Dijkgraaf-Witten’ theo-
ries [40, 41]. These are ‘twisted’ discrete gauge theories
linked to SPTs and SETs by a gauging procedure [34]
applied to fluxes of the global symmetry.

On a purely formal level, the universality class of the
transition in twisted gauge theories can be obtained with-
out extra effort, via a unitary transformation that maps
between a Dijkgraaf-Witten gauge theory and its con-
ventional, untwisted counterparts1. Since we have al-
ready analyzed the untwisted discrete gauge theory, and
a unitary transformation does not affect the scaling of
thermodynamic quantities, the result follows. However,
as we have emphasized, several interesting aspects of of
infinite-randomness fixed points are tied to the under-
lying geometric structure produced by the RSRG deci-
mations. A priori, the twisting unitaries have nontrivial
interplay with the flow of lattice geometry induced by
the RSRG. Furthermore, local observables can be trans-
formed nontrivally by the unitary, and hence correlation
functions (rather than thermodynamics) can be difficult
to access using the mapping. Therefore, while one can in-
fer the critical scaling behavior based on such arguments,
more complex questions are often more transparently ad-
dressed by a direct implementation of the RSRG in terms
of the original degrees of freedom.

In fact, a similar situation arises already in the un-
twisted case: while it is possible to infer critical bulk scal-
ing behaviour by using the Potts duality to the magnetic
model, implementing the RSRG directly in the gauge lan-
guage is necessary to address various questions — such as
the stability to perturbations and the scaling of local ob-
servables — in a physically transparent manner. In that
case, we show that individual RSRG decimations and
duality transformations form a “commuting diagram” so
that one can freely map between gauge and symmetry-
breaking models at any stage of the RG scheme (see
Sec. IV for details). This gives us a way to implement
RSRG directly on the gauge theory side, while also al-
lowing us to lift existing results on the transverse field
Ising model and simulation techniques tailored for the
Potts/magnetic side. Similarly, it is desirable to directly
implement the RSRG on the twisted Dijkgraaf-Witten
model, rather than using the trick off unitary ‘untwist-

1 Strictly speaking, this is only true in the bulk, or on manifolds
without boundaries; see the discussion in Sections VII and X.
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ing’, in order to establish RSRG as a technique for study-
ing these models in the presence of strong disorder.

Accordingly, in Section VII, we construct a general-
ization of the strong-disorder RG treatment that cor-
rectly tracks the nontrivial phase factors that encode
the twisted Dijkgraaf-Witten gauge structure. Despite
a more complicated decimation procedure, we find that
the RG flows are identical to the untwisted case. We
thereby provide a direct argument that the superuni-
versal infinite-randomness scaling also applies to global
symmetry-breaking phase transitions in SPTs/SETs,
complementing the simpler but less instructive unitary
untwisting trick. [Note that we do not study a different
class of quantum critical points between SPTs/SETs that
are distinguished only in the presence of the global sym-
metry. This remains an active question of research even
in the clean case [42], but we conjecture that disorder
could play a similarly rich role at such transitions.]

While extremely general, the discrete gauge theories
studied here do not encompass all possible topological
orders in 2D. These are more generally captured in the
language of modular tensor categories which can be cast
into a Hamiltonian framework in so-called ‘Levin-Wen’
models [35, 36, 43] in the case of non-chiral topological
orders. In Section VIII we discuss the possibility of gener-
alizing our approach to apply to these models. Although
we are unable to fully implement the RG scheme, we flag
the emergence of some universal structure as an avenue
for further work. We also note that chiral phases such
as integer and fractional quantum Hall states will not be
considered here. It has been recently shown that disorder
and interactions in chiral phases show some interesting
superuniversal criticality [44], albeit different from ours.

A final generalization that we explore (in Section IX) is
to excited-state phase transitions between distinct many-
body localized (MBL) topological phases of matter. In
an isolated quantum system, strong disorder can prevent
thermalization, leading to MBL states that can support
quantum orders in highly excited states. While the exis-
tence of MBL has been firmly established in 1D [45], its
fate in 2D remains controversial [46, 47]: the rare ther-
mal inclusions believed to drive the 1D MBL transition
have a more drastic role in d > 1 where they have been
argued to destabilize MBL even with arbitrarily strong
disorder [46] (though quasi-periodic MBL systems may
evade this fate [48]). However, this mechanism operates
on a time scale that is double-exponentially long in the
disorder strength. Therefore, although MBL may only
sharply exist in the limit of infinite disorder strength or
zero correlation length in d > 1, it can provide an excel-
lent approximation of the dynamics of 2D systems up to
extremely long timescales.

We argue that this MBL-controlled regime may be un-
derstood by studying extensions of the disordered lat-
tice gauge models to excited state dynamics. We focus
on the Abelian case and examine excited-state proper-
ties using the generalization of the RSRG procedure that
targets excited states, termed RSRG-X [17–20]. The

RSRG-X rules in the Abelian cases are essentially identi-
cal to RSRG rules, which is in accordance with the belief
that MBL is in general compatible with Abelian topolog-
ical order [49]. The corresponding infinite-randomness
fixed point characterizes the excited-state transition (or
sharp dynamical crossover, if MBL is indeed destroyed
in d > 1) between trivial and topological MBL phases.
The stability of MBL in 2D against thermalization re-
mains a subject of debate; this is perhaps even more true
of the question of whether excited-state transitions be-
tween MBL phases can be non-thermal [50, 51]. How-
ever, RSRG-X controls at least the physics of intermedi-
ate length and time scales at sufficiently strong disorder,
and hence remains a useful tool even when transitions
are rounded to crossovers. For non-Abelian models, the
excited states are expected on general grounds to exhibit
topologically protected degeneracies that cannot be local-
ized in the tensor product fashion necessary for the con-
ventional definition of MBL [49] (Such phases could nev-
ertheless exhibit more complicated critical non-thermal
behavior [18, 20, 52, 53]; while intriguing, we do not ex-
plore this possibility as it lies beyond the scope of the
present work).

We close in Section X with a summary of results and
a discussion of future directions motivated by this work.
Four appendices provide brief primers on group cohomol-
ogy and Dijkgraaf-Witten models, as well as technical
details of lattice isomorphisms, Levin-Wen models, and
numerical methods.

II. GAUGE MODEL

In this paper, we will focus primarily on discrete gauge
theories [1] defined on a planar graph G = (V,L) consist-
ing of vertices v ∈ V connected by directed links l ∈ L.
We denote l = 〈v, v′〉 if the link l is directed from the ver-
tex v ∈ V to the vertex v′ ∈ V. The degrees of freedom
(sometimes termed the computational basis) are elements
g of a discrete group G placed on the links. We adopt a
convention where traversing l along (against) its orienta-
tion gives a factor of gl (g−1

l ) respectively. We consider
the following Hamiltonian:

H = −
∑

v∈V
JvAv −

∑

l∈L
hlCl. (1)

Here, the non-negative coupling constants Jv, hl ≥ 0
are independent and identically distributed (i.i.d.) ran-
dom variables, with finite variance. The vertex term is
given by

Av =
∑

g∈G

1

|G|A
g
v, (2)

where the operators Agv act on each link l with state gl
that leaves (enters) the vertex v by multiplying gl on the
left by g (right by g−1), see Fig. 1 (a). Effectively, Av
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implements a symmetric permutation of group elements
on the links adjacent to vertex v. Each link term

Cl|g〉l = δg,e|g〉l (3)

projects the state on link l to the identity element e.
More generally, we can define Cgl as a link projector to
the group element g, in particular, Cel = Cl.

Physically, we can view Av as a projector onto the
state with zero gauge charge on vertex v, where the gauge
charges correspond to the irreducible representations (ir-
reps) of the gauge group, and the zero charge sector is
identified with the trivial irrep. Similarly, the term Cl
on a link l between v and v′ creates a superposition of all
possible charges on v with corresponding opposite charge
on v′, with an amplitude proportional to the quantum
dimension of the charge [1, 54]. In the presence of an
existing charge on a vertex v, Cl acts as a tunneling op-
erator that moves this charge to a neighboring site. In
the absence of gauge charge, it creates a pair of opposite
charges at v and v′. Note that since both Av and Cl are
projectors, they satisfy A2

v = Av, C
2
l = Cl. We will make

extensive use of this property below.
To properly define a gauge theory, we restrict the total

Hilbert space to the set of physical states |Ψ〉 satisfying
the zero-gauge flux constraint

Bp|Ψ〉 = |Ψ〉 (4)

for all plaquettes p. Here, Bp = δΦp,e where the operator

Φp =
∏

l∈p
gσll (5)

measures the G-flux through plaquette p, which is com-
puted by moving around p counter-clockwise and pick-
ing up a multiplicative factor gl

σl from each link with
σl = +1 (−1) if the link is traversed parallel (antiparal-
lel) to its orientation [See Fig. 1 (b) for an example]. The
constraint Eq. (4) thus projects onto states where the G-
flux through the plaquette equals the identity element.
In other words, it is a Gauss law restricting the set of
physical configurations to those with zero flux through
every plaquette: enforcing it forbids anyonic flux excita-
tions. All possible charge excitations, on the other hand,
are allowed.

We note that our model, Eq. (1), can be viewed as
a limiting case of the exactly-solvable quantum double
models introduced by Kitaev [1] to describe systems with
topologically ordered ground states. This can be seen
by setting hl = 0 and weakening the Gauss law to allow
finite-energy flux excitations by adding a term of the form∑
p JpBp with Bp = δΦp,e. This is permitted since the

plaquette term commutes with all vertex and link terms.
For large, positive Jv � hl, the system is in a decon-

fined phase where gauge charge excitations are gapped
and deconfined (gauge fluxes are explicitly excluded by
the constraint Eq. (4)). In the opposite limit, Jv � hl,
a confined phase is expected, whose ground state is

(a)
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FIG. 1. Terms in the Hamiltonian Eq. (1) and the gauge
constraints acting on group elements g ∈ G on links. (a) The
vertex term Av =

∑
g

1
|G|A

g
v symmetrically permutes group

elements around vertex v. (b) The plaquette operator Bp
projects onto ‘zero flux’ configurations in which the oriented
product of group elements around plaquette p is the identity e.
(c) The link term Cl favors gl = e on link l. We impose gauge
constraints that restrict to zero-flux configurations (Φp = e
on all plaquettes) and take H = −

∑
v JvAv −

∑
l hlCl.

a condensate that quantum-fluctuates between different
charge configurations. The physical manifestation of con-
finement is that any pair of test flux excitations (i.e.,
plaquettes carrying non-vanishing gauge flux) experience
linear confinement due to their non-trivial mutual statis-
tics with the charge condensate.2

We now comment briefly on our choice of model Eq. (1)
and its generality.

First, our imposition of a zero-flux constraint is slightly
unconventional. Typically, the ‘pure gauge’ limit of
the quantum double model is obtained by a zero-charge
constraint, which is implemented by imposing the local
constraint Av|Ψ〉 = |Ψ〉 at every vertex v on physical
states [56]. For Abelian G, the two choices are formally
equivalent via an analog of electromagnetic duality, but
for non-Abelian theories this is not the case [10]. In the
absence of such a duality relation, our model can only de-
scribe confinement transitions that are driven by a gauge
charge condensation. [In gauge theory language, we are
describing a transition to a Higgs phase with flux confine-
ment, rather than to a phase with charge confinement.]
As will become clear later, considering a zero-flux con-

2 Note that this diagnostic is strictly speaking only valid in the
limit where the fluxes are non-dynamical; if there are dynamical
fluxes, more subtle probes may be necessary [55].
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straint is crucial in order to render the RSRG scheme
tractable. Since this is what allows us to make analyti-
cal progress, we restrict ourselves to this choice from the
outset.

Second, we note that in Eq. (1) one can consider more
complicated gauge-invariant vertex terms of the form

Aχv ≡
∑
g∈G

χ(g)
|G| A

g
v, where the sum is over different

group characters χ. Eq. (1) is the simplest choice, in-
volving only the trivial character χ(g) = 1. More compli-
cated choices would correspond to assigning different en-
ergy penalties to different gauge charges on a vertex. (A
Hamiltonian corresponding to an arbitrary assignment of
energy penalties to the gauge charges can be expressed
as a linear combination of the Aχv s). The stability of the
infinite-disorder fixed point with respect to vertex terms
with non-trivial characters is discussed in Section VI. We
find that, at least for the Abelian case, such terms do not
appear to change universal properties of the confinement
transition.

III. REAL-SPACE RENORMALIZATION AND
SCALING AT STRONG DISORDER

A. Real-Space Renormalization Group

For strongly random Jl, hv, we may access ground-
state properties of H by leveraging the strong disorder
real-space renormalization group (RSRG) [11–15]. The
implementation of the scheme for our model proceeds it-
eratively as follows. At any stage of the RG, we identify
the local term with the strongest remaining coupling in
H. We decimate this term by projecting the associated
degrees of freedom into the configuration that minimizes
its energy in isolation, and determine a new effective H
by perturbatively computing how virtual excitations of
the frozen degrees of freedom mediate interactions be-
tween the remaining ones. In addition, as we detail
below, we must also renormalize the lattice structure,
G 7→ G′, by removing a link or a vertex or both locally,
while preserving the planar nature of our problem. This
perturbative scheme is self-consistently justified if (as we
expect on physical grounds) this RG flows to an infinite-
disorder fixed point [15, 16]; our results and scalings ar-
guments then become asymptotically exact as this fixed
point is approached.

As will become clear below, the decimation procedure
generates ‘long-link’ terms associated with pairs of ver-
tices, v and v′ that are not nearest-neighbors. In order to
define Cl for such long links, l = 〈v, v′〉, we first construct
a directed path πl from v to v′ that consists entirely of
links li ∈ L and define gπl =

∏
li∈πl g

σi
i , where gi is the

link state at li, σi = +1(−1) if the orientation of li is
parallel (antiparallel) to the direction of πl, and take Cl
to project onto configurations where gπl = e. Though
the choice of πl is ambiguous, Cl is well-defined because

of the zero-flux condition3 on each plaquette in G (as
elaborated in Appendix B).

To keep track of long-link terms, we must generalize
the previously introduced set of short links L belonging to
the planar graph G. For a given vertex list, V, we define
the set of ordered vertex pairs LV = {l = 〈v, v′〉 |v, v′ ∈
V}, which also includes long links that are not present
in the planar graph G. With the above definitions, we
generalize the Hamiltonian in Eq. (1) to,

H = −
∑

v∈V
JvAv −

∑

l∈LV
hlCl. (6)

Instead of treating a long link as a path defined on
the planar graph G, one can imagine a direct link con-
necting a pair of higher-neighbor vertices. This point of
view deviates from the planar structure of the lattice.
We emphasize that to properly define our gauge theory
all degrees of freedom must reside on the planar graph
G. Specifically, the set LV is only used to keep track of
Hamiltonian terms and does not introduce spurious de-
grees of freedom associated with non-planar links. At the
initial stage of our RG procedure, the coupling constants
hl are non-vanishing only on short-links (l ∈ L), but as
the RG proceeds, higher-neighbor interactions are gener-
ated, such that hl is potentially finite also on long-links.

A key step of the decimation procedure is the con-
struction of an effective low-energy Hamiltonian for the
residual degrees of freedom, that includes new interac-
tions mediated by virtual fluctuations of the high-energy
degrees of freedom that have been ‘integrated out’ in the
decimation step. The relevant perturbative calculation
is most conveniently accomplished via a Schrieffer-Wolff
transformation. Let us define P to be a projector (C`
or Av) onto the ground state of the decimated terms
in H, and V the terms (assumed small) that couples
the decimated degrees of freedom to the remainder of
the system. A standard application of the Schrieffer-
Wolff procedure (see, e.g. [17]) then shows that terms
appearing at first order in perturbation theory will be
proportional to PV P , and second order terms will be
proportional to PV (1 − P )V P . Higher-order contribu-
tions will be asymptotically irrelevant, since variance of
the coupling distributions will grow without bound un-
der the RSRG flow at an infinite-randomness fixed point,
so that in late stages of the RSRG (which determine the
universal properties), the decimated coupling is asymp-
totically infinitely stronger than local competitors. For
our purposes, it will be sufficient to consider only those
second-order contributions of the form PV V P , since for
the models in this paper, unless explicitly stated other-
wise the operator PV PV P acts trivially on the ground
state manifold.

3 For simplicity, we assume that the holonomy along a nontrivial
cycle is always trivial.
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We now turn to construct our RSRG rules. We first
consider decimating a nearest-neighbor link term hlCl,
see Fig. 2 (a). Projecting the associated link degree of
freedom, gl, to the trivial group element e renormalizes
coupling constants belonging to adjacent vertex terms.
The first order contribution in perturbation theory,

Cl(Av)Cl =
1

|G|
∑

g∈G
Cl(A

g
v)Cl =

1

|G|Cl, (7)

gives only a trivial constant term.
To see how non-trivial terms are generated from

second-order perturbation theory, we consider a product
of two vertex terms Av and Av′ acting on the vertex pair
v and v′, connected by l, which yields

Cl(AvAv′)Cl =
1

|G|2
∑

g,g′∈G
Cl(A

g
vA

g′

v′)Cl

=
1

|G|2
∑

g∈G
Cl(A

g
vA

g
v′)Cl =

1

|G|

(
1

|G|
∑

g∈G
AgvA

g
v′

)
Cl,

(8)

where we demand g = g′ in order to preserve |e〉 at the
strong-link l and use the fact that AgvA

g
v′ commutes with

Cl. As the final stage of the link decimation step we
renormalize the planar graph G → G′ by removing the
link l and merging the adjacent vertices v, v′ into a new
vertex ṽ with a renormalized coupling constant,

JṽAṽ =
2

|G|
JvJv′

hl
Aṽ. (9)

Link decimation does not introduce any higher-neighbor
couplings.

Next, we consider decimating a vertex term JvAv, see
Fig. 2 (b). The first-order contribution in perturbation
theory originates from link terms Cl, where l starts on
the vertex v, and is proportional to

Av(Cl)Av =
1

|G|2
∑

g,g′∈G
Ag
′
v C

e
l A

g
v =

1

|G|2
∑

g,g′∈G
Ag
′·g
v Cg

−1

l

=
1

|G|2
∑

h,h′∈G
AhvC

h′
l =

1

|G|Av (10)

where in the second line we have relabled h = g′ · g, and
h′ = g−1, and used

∑
g∈G C

g
l = 11l.

An identical result holds also for link terms Cl with l
ending on v. We see that, as with link term decimation,
the first order contribution generates only trivial terms.

To compute terms generated in second-order perturba-
tion theory, we first identify all distinct link pairs, li, lj
adjacent to v. Each such pair defines a long link lij asso-
ciated with the planar graph path πlij built up from the
union of li and lj , see Fig. 2 (b). Since we can always
modify the path πlij so that it never passes v, it follows
that [Av, Clij ] = 0. Using the relation CliClj = ClijClj ,
we obtain,

Av(CliClj )Av = ClijAv(Clj )Av =
1

|G|ClijAv, (11)
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FIG. 2. Our RSRG scheme involves two types of decimations
for strongly random Jv, hl: (a) decimating link l adjacent

to vertices v, v′ yields a new vertex ṽ with Jṽ = 2
|G|

JvJv′
hl

;

(b) decimating vertex v adjacent to links l1, . . . , l4 yields

hlij = 2
|G|

hli
hlj
Jv

on both blue and cyan links. While blue

links (l12, l13, · · · , l42) are short links in the renormalized pla-
nar graph G′, the cyan link (l34) is a long link and appear only
through the term in the renormalized Hamiltonian. While the
specific assignment of short versus long links is not unique,
the specific choice does not affect the resulting RG flow.

so that second-order perturbation theory gives rise to a
long-link term

hlijClij =
2

|G|
hlihlj
Jv

Clij . (12)

We conclude the vertex decimation step by renormalizing
the planar graph, G → G′. This is achieved by removing
the vertex v from V and all its adjacent links from L.
In addition, we add to L all newly generated links that
preserve the planar structure of our graph. While this
procedure is not unique, the associated ambiguity will
not affect the RG flow, i.e. the flow of coupling terms
is invariant to the specific choice of added links. The
above two steps corresponds to the lattice isomorphisms
T̂3 and T̂2, respectively, as we detail in Appendix B.
Newly-generated links may appear to introduce spurious
degrees of freedom. To see why this is not the case, note
that one can always use the zero-flux constraint to fix the
associated link variables, so that they are not dynamical
degrees of freedom. The link decimation step, unlike a
vertex decimation, generically produces higher-neighbor
link terms. As previously commented, this necessitates
introducing the generalized model in Eq. (6), which al-
lows for such long-link terms.

As the RG proceeds, we eventually need to take into
account long-link terms when decimating either vertex
or link terms. A long-link l is potentially affected by
decimating a vertex term, Av, when (i) it passes v as an
intermediate vertex or (ii) ends/starts on v. For (i), one
can always use the zero-flux constraints to deform the
path πl so that it never passes v and the links adjacent
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to v. For (ii), one can explicitly check that the vertex
decimation procedure remains identical as before.

In order to decimate a long-link term, we initially per-
form a series of lattice isomorphisms under which it is
mapped to a nearest-neighbor link term, as we explain in
Appendix B. (A lattice isomorphism is a map that modi-
fies the connectivity of the graph and thus the associated
Hilbert space, and preserves the terms in the Hamiltonian
while altering the precise link structure. It thus relates
two different representations of the same gauge model.)
Following that, we can simply use the nearest-neighbor
link decimation rule outlined above. We emphasize that
the Hilbert space mapping induced by the lattice isomor-
phism leaves the coupling constants intact.

Each decimation renormalizes both the planar graph
G and terms in H according to the rules outlined above.
Iterating this procedure generates a flow in the space of
couplings. For sufficiently strong disorder, we anticipate
that the flow will be to stronger disorder, i.e., the distri-
butions of couplings get progressively broader as the RG
proceeds, which makes the decimation procedure asymp-
totically exact at the critical point. We now turn to the
universal scaling behavior implied by this expectation.

B. Super-universal scaling at strong disorder

Owing to the multiplicative nature of the RSRG up-
dates, it is convenient to work with logarithmic couplings:

hv = Ωe−βv , Jl = Ωe−ζl (13)

defined at RG energy scale Ω = Ω0e
−Λ, where Ω0 is

a microscopic energy scale [11–15]. Building on previ-
ously studied examples of infinite-randomness criticality,
we will argue that the following scaling properties hold at
the infinite-randomness confinement-deconfinement crit-
ical point: (i) the coupling distributions R(β; Γ), P (ζ; Γ)
of the h and J couplings flow to broad power-law scaling
forms; (ii) critical fluctuations are governed by a dynam-
ical scaling exponent z = ∞, corresponding to a loga-

rithmic length-time scaling ` ∼ (log t)
1/ψ

, where ψ is the
infinite-randomness exponent; and (iii) typical and av-
erage correlation functions scale distinctly, with the for-
mer exhibiting stretched-exponential behavior while the
latter shows power-law scaling, indicating that they are
dominated by rare disorder realizations with anomalously
strong long-range correlations.

Already at this stage, we can make some predictions re-
garding the critical properties of the infinite-randomness
confinement transition without a numerical implemen-
tation of the above outlined RG scheme: (i) all the G-
dependence of the RSRG procedure is encoded in the
1/|G| prefactor appearing in the RG rules, which is not
expected to affect leading scaling behavior. This is sim-
ilar to case of the disordered Q-state 1D quantum Potts
model [57], where the RSRG analysis leads to a simi-
lar prediction that universal properties at the infinite-
randomness critical point are Q-independent; and (ii) as

we show more explicitly in the next section, the well-
known duality mapping [58] between confinement and
symmetry breaking in 2+1 dimensions holds not only at
the Hamiltonian level, but also as an exact mapping be-
tween the respective RSRG rules [15]. Strong-disorder
RSRG arguments suggest that the critical properties of
the random quantum Potts model areQ-independent also
in 2D, and identical to those controlled by the infinite-
randomness critical point of the random transverse-field
Ising model [15, 16].

Together, these indicate that at strong disorder and for
model Eq. (1) all gauge groups G are equivalent at crit-
icality up to sub-leading corrections to scaling; in other
words, we establish that the scaling is superuniversal.
This is one of the central points of this paper, which re-
lies on exact mappings and RSRG results, and must ul-
timately be confirmed by microscopic numerical simula-
tions. We devote the remainder of this paper to providing
analytical and numerical evidence in favor of superuni-
versality, and to exploring the range of its applicability.

The arguments above also suggest that we may gain
insights into superuniversal scaling and the RG structure
by considering the dual description of Eq. (1) as a model
of global symmetry-breaking, to which we now turn.

IV. DUALITY TO QUANTUM POTTS MODEL

In this section, we construct a duality mapping be-
tween the discrete lattice gauge theory model appearing
in Eq. (1) and the quantum Q-state Potts model. Cru-
cially, the duality mapping relates not only the degrees of
freedom and Hamiltonian terms but also the RSRG rules
of the two theories in the strong-disorder limit. The dual
degrees of freedom are Q-state spins placed at each ver-
tex v of G, where q = 1, 2, · · · , Q are identified with the
elements of the discrete group G, so that Q = |G| is the
order of the gauge group G. The link degrees of freedom,
gl, are then represented by gl = qv · q−1

v′ , where the di-
rected link l is directed from the vertex v to the vertex
v′. Crucially, with the above definition, the link vari-
ables, gl, automatically satisfy the zero-flux constraint
on each plaquette, while the spin values qv remain un-
restricted.4 The action of a vertex Agv is equivalent to
left-multiplying qv by g in the dual Q-state Potts model
such that we can identify

Agv 7→
Q∑

qv=1

|g · qv〉〈qv|. (14)

4 Technically, the exact duality only holds when we restrict to
global G-singlet states in the dual Q-state Potts model and to
the states with the gauge constraint imposed on every plaquette
as well as having zero holonomies along non-trivial cycles in the
gauge theory.
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FIG. 3. Duality mapping between a spin configuration in the
Q-state Potts model (with Q = |G|) (left) and a link configu-
ration (gauge field configuration) in the gauge theory (right)
under the duality. (a) The mapping automatically preserves
the zero-flux gauge constraint. (b) The transverse-field term
on vertex v in the Q-state Potts model maps to a vertex term
Av = 1

|G|
∑
h∈GA

h
v under the duality. (c) The ferromagnetic

interaction in the Q-state Potts model corresponds to the link
term under the duality.

Averaging the above over all group elements yields

Av 7→
Q∑

q,q′=1

1

Q
|q〉〈q′|. (15)

Turning now to the the link terms Cl, a projection of
a link variable to the identify element is equivalent to a
ferromagnetic coupling in the Potts model between the
vertices connected by l. Similarly to the gauge-theory
case, we anticipate that during the RSRG flow of the
dual Potts model, terms describing higher-neighbor ferro-
magnetic interactions will be generated. For that reason,
akin to Eq. (6), we allow for ferromagnetic interactions
defined on long links l ∈ LV . When Cl is a long-link term
its corresponding dual ferromagnetic interaction can also
be regraded as a direct link connecting distant vertices
as part of a non-planar graph structure, as was imple-
mented in the RSRG scheme presented in Ref. 15. With
the duality mapping of both vertex and link terms estab-
lished, we can write the dual Potts model Hamiltonian
as,

H̃ = −
∑

v∈V
h̃vσ̂v −

∑

l=〈v,v′〉∈LV
J̃lδ̂v,v′ . (16)

Here, σ̂v ≡
∑Q
q,q′=1

1
Q |q〉〈q′|v represents a transverse-field

term at v and δ̂v,v′ |q〉v|q′〉v′ ≡ δq,q′ |q〉v|q〉q′ induces ferro-

magnetic interactions between v and v′. H̃ is precisely a
ferromagnetic Q-state quantum Potts model, where the
random couplings, h̃v and J̃l are respectively identified
with Jv and hl defined in the original gauge field model.
In Fig. 3, we summarize the duality relations. Note that
Eq. (16) is invariant under the group of permutations
SQ between the Q states of the Potts model. In physical
terms, the duality mapping identifies domain walls of the
Potts model with electric field lines of the gauge theory,
generalizing the well-known duality mapping between the
Ising Lattice gauge theory and the transverse field Ising
model [58], in two special dimensions.

We now explain how the different RSRG decimation
steps map under the duality transformation. We first
note that Hamiltonian terms defined on the Potts model
side remain invariant under lattice isomorphisms applied
on the gauge theory side. In addition, the decimation
rules for newly generated Hamiltonian terms and their
corresponding coupling constants are identical, as pre-
sented in Fig. 4. Specifically, vertex terms generated dur-
ing link term decimations, in the gauge theory side, are
directly mapped to transverse field terms that are gener-
ated during ferromagnetic term decimations, in the Potts
model description. In the same way, vertex term decima-
tion maps to the corresponding transverse field term dec-
imation. In sum, we can move freely between the gauge
theory Eq. (6) and its dual Q-state Potts model Eq. (16)
at any stage of the RG.

For the special model in Eq. (1) this exact duality map-
ping of each RG step in the gauge model to a correspond-
ing one on the Potts side removes the need to explicitly
implement RSRG rules on the gauge side. This is because
the Potts-side RG rules have already been implemented
numerically for the Q = 2 case [15, 16] (corresponding
to the random transverse-field Ising model), where they
flow to an infinite-randomness fixed point at criticality.
Analyzing the flow equations indicates that different Q
values yield identical exponents. Combined with the du-
ality mapping, this observation suggests that the critical
fixed point to which the Hamiltonian Eq. (1) flows under
RG is ‘superuniversal’ and specifically, G-independent —
in sharp contrast to the clean case. In the next section,
we use fully microscopic numerical simulations to verify
that the critical exponents for the magnetic model are Q-
independent, which is a more stringent test than simply
implementing the RG.

Adding terms of the from Aχv to the Hamiltonian
Eq. (1), involving non-trivial characters χ 6= 1, would
lower the large permutation symmetry S|G| of the dual

model. For AbelianG ∼= Zk for some k ∈ Z+, the symme-
try of the dual model is reduced to Z|G| = Zk = G, cor-
responding to the symmetry of a quantum clock model.
Reasoning in analogy with the one-dimensional case [57],
we do not expect this symmetry reduction Sk → Zk
to change critical properties of the strong-disorder fixed
point since the difference between the two symmetry
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FIG. 4. The RSRG of the Q-state Potts model and the G-gauge theory and the duality mappings (where Q = |G|). Here, we

denote the Ising-type interaction and the transverse field term in the Potts model as δ̂v,v′ and σ̂v. (a) Link decimation and
(b) vertex decimation both commute with the duality mapping where the corresponding changes in the graph G 7→ G′ can be
found in Fig. 2. A long link term Cl such as Cl34 in Fig 2 (b) corresponds to a dual higher-neighbor ferromagnetic interaction
term between spin states at vertex 3 and 4 with respect to a planar graph G′.

groups is merely a numerical prefactor in the RG rules.
On the other hand, in the non-Abelian case, determin-
ing the effect of such perturbations requires a numerical
implementation of a modified set of RSRG rules (see Sec-
tion VI for more details).

Finally, the mapping also allows us to identify dual
operators that are predicted to share common universal
properties. An important example is the spin suscepti-
bility, which is expected to follow a power-law scaling
form. Under the duality mapping, the spin susceptibility
is identified with a non-local string operator known as
the Polyakov loop [58], which allows us to diagnose the
presence or absence of confinement. The Polyakov loop
is thus expected to follow the same scaling form as the
spin susceptibility near criticality.

V. NUMERICAL SIMULATIONS

We now turn to numerical simulations of the disor-
dered Q-state quantum Potts model Eq. (16). Previous
work, Ref. 59, has already considered the Q = 2 case
and found numerical evidence for an infinite-randomness
critical fixed point. Below, we present a refined numer-
ical analysis of Q = 2 and Q = 3. In the clean limit,
the Q = 3 quantum Potts model in two dimensions un-
dergoes a first-order symmetry breaking transition and
hence the predicted flow of both models to the same
infinite-randomness fixed point is non-trivial. Most im-
portantly, we test the super-universality conjecture by
comparing the critical exponents of the Q = 2 and Q = 3
models.

Although direct quantum Monte Carlo (QMC) sim-
ulations on the model in Eq. (1) are possible [60, 61],
the accessible system sizes are limited by the lack of ef-
ficient non-local updates. This becomes an especially
acute problem in disordered systems because of the need
to simulate a large number of disorder realizations, par-
ticularly in cases (such as ours) where rare events are
important [12–16]. Therefore, we instead perform QMC
on the dual Potts model Eq. (16), for which efficient non-
local cluster updates exist [62–64]. Owing to the fact that

the duality is microscopically exact the Potts model re-
sults can be readily translated back to the gauge theory
language.

In order to motivate our specific choice of QMC tech-
nique, we comment on discrepancies between our work
and a previous QMC study of the random transverse-field
Ising model [59]. According to our numerical findings be-
low, the largest inverse temperature, βPich

max ≤ 2 · 103, (in
units of 1/Jmax, see below for our convention) and the
number of disorder realizations, Ndis ∼ 512, considered
in Ref. 59 do not accurately capture ground-state prop-
erties near the critical point. Furthermore, Ref. 59 at-
tempted an extrapolation to the zero-temperature limit
by considering a series of finite temperature transitions
hc(T ). The highly anisotropic space-time scaling (z =

∞, corresponding to ` ∼ (log t)
1/ψ

) of the infinite-
randomness fixed point leads to a prohibitive (exponen-
tial) numerical sensitivity, which ultimately makes such
zero-temperature extrapolation uncontrolled.

In light of this, we employ the stochastic series expan-
sion (SSE) QMC technique [21, 22, 64], which is formally
numerically exact (up to statistical errors). SSE is par-
ticularly suited to the present problem as it is free of
discretization (Trotter) errors, and because it adaptively
samples local operators based on their weight, ensuring
fast convergence. Crucially, SSE-QMC evades the com-
plications associated with z =∞ dynamical scaling since
it does not treat space and time on an equal footing: go-
ing to lower temperature (larger β) corresponds to keep-
ing more terms in the series expansion, but because of
the nature of the algorithm we sample the most impor-
tant terms relevant to the physics. To overcome the crit-
ical slowing down phenomenon near criticality, we imple-
ment the Swendsen-Wang cluster update [62, 64]. As we
have mentioned already, given the z = ∞ critical scal-
ing, it is crucial to carefully take the T → 0 limit for
each system size L in order to perform a reliable finite-
size scaling analysis. To speed up the QMC thermaliza-
tion times we used the “β-doubling” [65–67] SSE scheme.
The largest βmax (hence the smallest temperature) is cho-
sen to ensure that disorder-averaged physical observables
have converged to their T = 0 values. In what follows,
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we present QMC data evaluated at the largest β = βmax

considered, as a proxy for the ground state physics. We
provide additional technical details concerning our nu-
merical scheme in Appendix D.

The coupling constants in Eq. (16) are drawn from
a positively supported uniform distribution hl ∼
U [0, hmax], and similarly Jv ∼ U [0, Jmax]. For simplic-
ity, throughout, we fix Jmax = 1, and measure all energy
scales in units of Jmax. Both for the Q = 2 and Q = 3
Potts models, we studied systems sizes L = 12, 14, 16
with βmax = 211 and L = 18 with βmax = 212. We aver-
aged over up to 50, 000 independent disorder realizations
for each L and Q [68, 69], finding this to be essential in
order to arrive at reliable estimates for critical exponents.

Physically, for small hmax, a ferromagnetic state is ex-
pected (note that Jv ≥ 0), where the global Q−flavor
permutation symmetry is broken. With increase in hmax,
quantum fluctuations restore the symmetry at a critical
disorder strength hc. We begin our analysis of the crit-
ical properties of the disordered Q-state quantum Potts
model by studying the disorder-averaged Binder ratio at
zero temperature:

Bav =
1

1 + δQ,2

[
2 + δQ,2 −

〈M4〉
〈M2〉2

]

dis

. (17)

Here, 〈O〉 ([O]dis) denotes a quantum (disorder) aver-
age of the operator O, M2 is the square of the total
magnetization which is defined as |∑r e

2πiqr/Q|2, where
the sum is over all sites r, and M4 ≡ (M2)2. Conve-
niently, Bav has a vanishing scaling dimension and hence
is expected to follow a simple scaling form Bav(L, δh) =

B̃av(δhL1/ν), near criticality, where δh = hmax−hc mea-
sures the detuning from criticality, ν is the correlation
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FIG. 5. Disorder-averaged zero-temperature binder ratio Bav

as a function of hmax for (a) Q = 2 and (b) Q = 3. Different
curves correspond the different system sizes. In the insets, we
plot the universal scaling functions B̃av(x = (hmax−hc)L1/ν)
obtained from a curve collapse analysis, see the main text.
Solid lines depicts a numerical fit to second order polynomial
in the scaling variable x.
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FIG. 6. The universal scaling function S̃av

(
x = (hmax −

hc)L
1/ν
)

(see main text) obtained from a curve collapse anal-
ysis for (a) Q = 2 (b) Q = 3. We use this analysis to extract
the critical exponent η controlling the scaling of the magne-
tization squared.

length exponent, and B̃av(x) is a universal scaling func-
tion. Note also that the normalization in Bav is chosen
such that Bav approaches 1 (0) deep in the ferromagnetic
(paramagnetic) phase.

Following the standard finite-size scaling approach, we
fit our QMC data to the above scaling form. The result
of this analysis is shown in Fig. 5. We find an excel-
lent collapse of the data into a single curve identified
with the universal scaling function B̃av(x). We estimate
the critical couplings to be hc = 6.97(3) for Q = 2 and
hc = 6.27(2) for Q = 3, and the correlation length ex-
ponent to be ν = 1.2(1) for Q = 2 and ν = 1.3(1) for
Q = 3. Crucially, we observe that ν is independent of Q
(within error bars). This key result signifies the insensi-
tivity of universal data to the value of Q, providing fur-
ther evidence for the superuniversal nature of the strong
disorder fixed point. Our estimate for ν is also in agree-
ment with the value extracted from by implementing the
RSRG scheme for the 2D random transverse-field Ising
model [16], νRSRG = 1.24(2).

We now proceed to extract the anomalous scaling di-
mension of the magnetization. To that end, we compute
the disordered averaged equal-time spin-spin correlation
function

χav(r − r′) =
[〈
ei

2π
Q (qr−qr′ )

〉]
dis
, (18)

and the associated structure factor,

Sav(q) =
∑

r

χav(r)eiq·r. (19)

Using the expected power-law behavior in χav(r) ∼ r−η

at hc, we can extract η through a curve collapse analy-
sis of the scaling ansatz Sav(q = 0) = L(2−η)S̃av(δhL1/ν)
typo in critical exponent! (2− η)/ν → (2− η), for some
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FIG. 7. (a) Disorder averaged spin-spin correlation function
at the critical point for various system sizes for (a) Q = 2
and (b) Q = 3. (inset) Comparison between averaged and
typical spin-spin correlation functions for L = 18. Typical
spin-spin correlations exhibit a faster decay as expected at an
infinite-randomness fixed point.

universal scaling function S̃av(x). In our fitting proce-
dure, we use hc and ν values obtained above and account
for their statistical error through a standard bootstrap
analysis. We find η ≈ 1.75(2) for Q = 2 and η ≈ 1.80(1)
for Q = 3. These values are in reasonable agreement with
the RSRG calculations of Ref. 16, ηRSRG = 1.96(3). The
closeness of η for Q = 2, 3 gives a measure of added sup-
port for superuniversality. In Fig. 6, we use our numerical
estimates for critical exponents to plot the universal scal-
ing function S̃av(x) by a rescaling of our finite size data.
We indeed obtain the expected collapse of data points
belonging to different system sizes into a single universal
curve. The estimated values of η display a mild drift as
a function of the system size used in the numerical fit; A
more robust calculation of η will require simulations on
larger lattices, beyond our current numerical capabilities.

Finally, in Fig. 7, we compare the typical and aver-
age spin-spin correlation functions at hc. At an infinite-
randomness fixed point, the typical spin-spin correla-
tion function shows a streched exponential decay [11–15]:
− log[χtyp(r)] ∼ rψ, which is very different from the av-
erage correlations showing power-law behavior. We were
unable to reliably infer the value of the infinite random-
ness critical exponent, ψ, due to the exponential sensi-
tivity of the associated scaling form. However, we do
find that the typical correlations decay faster than any
power law, in accord with expectations for an infinite-
randomness fixed point.

VI. PERTURBATIVE STABILITY

So far, we have mainly focused on the model Eq. (1)
which, albeit natural, is a highly symmetric point in the

space of gauge theories as we have noted. The special
choice of vertex terms in Eq. (1) leads to a degeneracy
between all possible nontrivial gauge charge assignments
on vertices. In more physical terms, all the elementary
‘electric’ gauge charges have the same ‘mass gap’ above
the vacuum state, and the same nearest-neighbor hop-
ping amplitude on the lattice. It is important to consider
how perturbations away from the high-symmetry point
might affect the superuniversal infinite-randomness scal-
ing.

To that end, we analyze perturbations to Eq. (1) that
remove the symmetry between different gauge charges,
while maintaining the underlying gauge symmetry. The
most natural way to do this is to introduce generaliza-
tions of the vertex term that involve combinations of the
Agvs with nontrivial group characters. Explicitly, we con-
sider the following generalization of the Hamiltonian in
Eq. (6):

H = −
∑

v∈V,
Γ∈irrep(G)

JΓ
v AΓ

v −
∑

l∈LV ,
[g]∈class(G)

h
[g]
l C

[g]
l . (20)

Here, AΓ
v ≡ dΓ

|G|
∑
g∈G χ

∗
Γ(g)Agv, with dΓ and χΓ the di-

mension and the character of an irreducible representa-

tion (irrep) Γ ofG, and C[g]
l =

∑
h∈[g] C

h
l =

∑
h∈[g] |h〉〈h|l

is a projector to the conjugacy class [g] ∈ class(G) (where
in case that l is a long link, the projection is defined
along the oriented path, similarly to Cl). As before,
the random and non-negative coupling constants JΓ

v and

h
[g]
l are, e.g., distributed uniformly, JΓ

v ∼ U [0, JΓ
max] and

h
[g]
l ∼ U [0, h

[g]
max]5. The generalized model reduces to

the symmetric one (Eq. (6)) by setting JΓ
max = 0 and

h
[g]
max = 0 for all non-trivial irreps Γ 6= 1 and conjugacy

classes [g] 6= [e]. In particular, we have Av = AΓ=1
v and

Cl = C[e]
l . Note also that in order to allow for long-link

terms, we consider the generalized set of links LV , simi-
larly to Eq. (6).

Within our perturbative analysis, we will assume
that terms breaking the permutation symmetry are

small, namely the following condition JΓ6=1
max1, h

[g]6=e
max �

JΓ=1
max , h

[e]
max holds. Thus, at least in the initial steps

of RG, we only need to understand how the terms in
Eq. (20) renormalize upon decimating the permutation-
symmetric terms appearing in Eq. (6).

We first consider decimating link terms C[e]
l (= Cl). As

before, the first-order contribution in perturbation the-
ory,

C[e]
l

(
AΓ
v

)
C[e]
l =

dΓ

|G|
∑

g∈G
χ∗Γ(g)C[e]

l (Agv)C[e]
l =

d2
Γ

|G|C
[e]
l ,

(21)

5 We can always make the coupling constants JΓ
v and h

[g]
l positive

by adding identity operators: 11v =
∑

Γ∈irrep(G)AΓ
v and 11l =∑

[g]∈class(G) C
[g]
l .
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only gives trivial constant terms. To treat products of
vertex terms, we will employ the following group theory
identity [70]:

χΓ(g)χΓ′(g) =
∑

Λ∈irrep(G)

(Γ,Γ′|Λ)χΛ(g), (22)

where Γ, Γ′, and Λ are irreducible representations of G,
g is a group element in G, and (Γ,Γ′|Λ) ∈ Z+ is the
Clebsch-Gordan coefficient among Γ, Γ′, and Λ. Using
the above identify and following similar arguments used
in deriving Eq. (10), we show that terms generated in
second-order perturbation theory will take the following
form,

C[e]
l

(
AΓ
vAΓ′

v′
)
C[e]
l =

dΓdΓ′

|G|2
∑

g,g′∈G
χ∗Γ(g)χ∗Γ′(g

′)C[e]
l

(
AgvA

g′

v′
)
C[e]
l

=
dΓdΓ′

|G|2
∑

g∈G
χ∗Γ(g)χ∗Γ′(g)C[e]

l

(
Agṽ
)
C[e]
l

=
( ∑

Λ∈irrep(G)

dΓdΓ′(Γ,Γ
′|Λ)

dΛ|G|
AΛ
ṽ

)
C[e]
l .

(23)

Since in addition [AΛ
ṽ , C

[e]
l ] = 0, the renormalized vertex

terms generated within the RSRG link decimation step
preserve the algebraic structure of Eq. (20), as required.

Next, we consider the decimation of a vertex term
A1
v(= Av) in Eq. (20). Following similar arguments used

in deriving Eq. (10), we can show that the first order
contribution in perturbation theory yields a trivial term,

A1
v

(
C[g]
l

)
A1
v =
|[g]|
|G| A

1
v, (24)

where |[g]| is the order of the conjugacy class [g]. Next,
we consider two links l1 and l2 which are both adjacent to
the vertex v at which Av acts. Without loss of generality,
we may assume that l1 is directed from v1 to v and l2 is
directed from v to v2. For a long link l̃ = 〈v1, v2〉, the
following identity

Ch1

l1
· Ch2

l2
= Ch1·h2

l̃
· Ch2

l2
(25)

holds and we may choose a path πl̃ for Ch1·h2

l̃
such that

it never passes through v by the virtue of zero-flux con-
straints. This implies that [A1

v, C
h1·h2

l̃
] = 0. In second-

order perturbation theory, we get

A1
v

(
C[g1]
l1
· C[g2]
l2

)
A1
v =

∑

h1∈[g1],h2∈[g2]

A1
v

(
Ch1

l1
· Ch2

l2

)
A1
v

=
∑

h1∈[g1],h2∈[g2]

A1
v

(
Ch1·h2

l̃
· Ch2

l2

)
A1
v

=
( ∑

h1∈[g1],h2∈[g2]

Ch1·h2

l̃

) 1

|G|A
1
v

=
( ∑

[h]∈class(G)

(
[g1], [g2]

∣∣[h]
)
C[h]

l̃

) 1

|G|A
1
v, (26)

where from the second line to the third line, we use the
fact that Ch1·h2

l̃
commutes with A1

v and the algebraic

manipulations used in deriving Eq. (24). In the last line,(
[g1], [g2]

∣∣[h]
)
∈ Z+ is the fusion coefficient among con-

jugacy classes [70]. We see that the generated link terms
maintain the algebraic structure of Eq. (20) and hence do
not spoil the self-similar property of the RSRG scheme.

Summarizing the above analysis, we indeed find that
the generalized set of RSRG rules admits a self-similar
structure. Determining the IR relevance of these pertur-
bations will require a numerical implementation of the
RSRG rules. Nevertheless, for the special case of an
Abelian gauge group G, we can conclude that the univer-
sality class remains intact even when the perturbation is
large (either initially or during the RSRG flow). This can
be understood most easily through the duality mapping
of Sec. IV; When G ∼= Zk for some k ∈ Z+, breaking the
permutation symmetry reduces the S|G| symmetry group
of the dual Potts model down to Z|G|, as realized in quan-
tum clock model. Following the arguments of Ref. 57, the
RSRG structure and, relatedly, the infinite-randomness
critical behavior of both models are identical. We leave
the interesting question regarding the stability of the crit-
ical point for non-Abelian G to future work.

VII. EXTENSION TO DIJKGRAAF-WITTEN
MODELS OF SET AND SPT PHASES

The first extension that we consider concerns strong-
disorder confinement transitions of Dijkgraaf-Witten
(DW) models [34, 40, 41], which provide physical real-
izations of twisted lattice gauge theories. This family
of models encompasses a large (though not exhaustive)
class of systems exhibiting intrinsic non-chiral topolog-
ical order in two spatial dimensions, and goes beyond
the ones realizable by Eq. (1). In a broader context, a
systematic construction of SPT and SET phases [32, 34]
can be accomplished though a gauging–ungauging proce-
dure [35, 36] (either partial or complete) of DW models.
In this regard, as we explain below, our results naturally
carry over to dual order-disorder phase transitions in
SPT and SET phases, at which the protecting/enriching
symmetry is spontaneously broken.

For concreteness, we focus on lattice models of twisted
gauge theories [34, 41] that are closely related to Kitaev’s
quantum double model (introduced in Eq. (1)). We fix a
discrete group G and an element [ω] ∈ H3

(
G,U(1)

)
from

the third group cohomology, which classifies the distinct
phases of twisted discrete G-gauge theories in (2+1) di-
mensions [40]. For convenience, we impose the follow-
ing normalization conditions on ω [34, 41]: ω(e, g, h) =
ω(g, e, h) = ω(g, h, e) = 1, where e is the identity ele-
ment in G. Due to the rather rigid structure needed to
define a DW model, a proper definition of vertex terms
is natural only on lattices comprising solely of triangular
plaquettes. While in the untwisted case (Eq. (1)) link
orientations can be chosen arbitrarily, here they are en-
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FIG. 8. (a) To compute the U(1) phase factor of Ag,ωv when
acting at the vertex v, we construct a three dimensional “tent”
manifold by adding a new vertex v− and links connecting v−

and other vertices. The index of v− is set by a number that is
infinitesimally smaller than the index of v, which induces the
orientation of links in the tent. [Orientations of links other
than the yellow link connecting v− and v are not drawn ex-
plicitly in the figure.] (b) The U(1) phase factor eiφg(ω) of
Ag,ωv operator is given by the U(1) phase factor ω[M ] associ-
ated with the “tent” manifold M . The computation of this
phase factor is explained in Appendix A; a crucial point is
that for a lattice of triangular plaquettes, any tent manifold
M can be decomposed in terms of tetrahedrons T so that
M = ∪T∈MT , and ω[M ] =

∏
T∈M ω[T ]. The tetrahedrons

are the fundamental objects that are employed to properly
track phase factors under decimations. The remaining op-
erator in Ag,ωv is Agv, which is identical to the one in Fig. 1
(a).

coded through a predefined vertex ordering: a given link
is always directed from a small to large vertex index. As
before, the total Hilbert space is a tensor product of lo-
cal |G|-dimensional Hilbert spaces. We enforce the gauge
constraint by projecting to states obeying the zero-flux
condition: Bp|Ψ〉 = |Ψ〉 on every plaquette p.

The DW Hamiltonian then reads [34, 41]

HDW = −
∑

v∈V
JvA

ω
v −

∑

l∈LV
hlCl, (27)

where Aωv ≡ 1
|G|
∑
g∈GA

g,ω
v ≡ 1

|G|
∑
g∈G e

iφg(ω)Agv, with

a pure phase factor eiφg(ω) depending on both the group
cohomology element ω and the quantum state on which
Agv acts. Cl projects the state at l to the identity element
of G, as in the untwisted case.

The U(1) phase factor eiφg(ω) is defined through the
so-called “tent” construction [34, 41] by constructing an
associated tent manifold M on the vertex v. In order
to define the tent manifold M , we include an additional
vertex v− (Fig. 8) ‘above’ the vertex. M is then defined
to be the 3-manifold whose vertex set consists of v, v−,
and all vertices adjacent to v in G, and with a link orien-
tation given by combining the predetermined ordering in
G with the assignment to v− of an infinitesimally smaller
index relative to v. As is evident from this construction,
M is a triangulated 3-manifold, i.e., it is obtained by
gluing tetrahedrons. Tetrahedrons are thus the funda-
mental topological object in DW models, as they are the

objects naturally associated with the U(1) phase factor
needed to ‘twist’ the theory. While we relegate the pre-
cise definition of the U(1) phase factor to Appendix A,
here we just note the fact that eiφg=e(ω) = 1, due to
the normalization condition imposed on ω, which is rel-
evant for our discussions below. The 3-cocycle condition
of [ω] ensures the commutativity between vertex opera-

tors: [Ag,ωv , Ag
′,ω
v′ ] = 0 for all distinct vertex pairs v, v′

and arbitrary group elements g, g′ ∈ G. Also, Ag,ωv forms

a group representation since Ag,ωv Ag
′,ω
v = Ag·g

′,ω
v . These

properties imply that the vertex operators in Eq. (27) are
commuting projectors as in the untwisted gauge theories.

By controlling the relative strength of h and J , one can
drive a phase transition between topologically ordered
and trivial phases. Here, we are interested in studying
these confinement transitions in the presence of quenched
disorder. As with the untwisted case, we construct a
set of RSRG rules for decimating vertex and link terms
and perturbatively computing newly generated Hamil-
tonian terms. The specific structure of twisted gauge
theories, however, renders the RSRG procedure more in-
tricate than the one considered above for the simpler case
of untwisted theories. Remarkably, despite these compli-
cations, under the RSRG the DW models flow to the
same superuniversal fixed point as the untwisted gauge
theories presented in Sec. III.

As we noted in the Introduction, this result could have
been anticipated from the fact that the twisted and un-
twisted theories are linked (on closed manifolds) by a uni-
tary transformation which leaves the critical properties
invariant. However, such an indirect argument provides
little insight into the geometric structures that emerge
at strong disorder. A second subtlety is that although
the bulk properties of the twisted and untwisted theo-
ries are identical, they differ on boundaries. Twisted
gauge theories host nontrivial gapless boundary modes
that are absent in the untwisted case. Therefore, the
unitary map between the two breaks down on manifolds
with a boundary, where they are physically distinct. In
order to address these geometrical questions and to lay
the groundwork for future investigations of the interplay
of strong disorder with the gapless boundary modes, it is
clearly desirable to formulate an RSRG procedure that
can be implemented directly on the DW models. While
we defer many details to Appendices, in this section we
devise such an RSRG scheme that treats the topological
structure in a consistent manner.

As we detail in Appendix B 2, a central issue in im-
plementing the RG scheme in the DW model is that the
set of allowed lattice isomorphisms that are compatible
with these models is more restrictive than in untwisted
case. This leads to a modified RG flow of the graph G.
The key difference relative to the untwisted case lies in
the requirement that at each RG stage, G must preserve
the vertex ordering information in order to properly de-
fine link orientations needed to compute the phase factor
eiφg(ω).

To highlight the above issue, we first discuss the sim-
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plest case of a short-link term decimation starting from
the Hamiltonian in Eq. (27). Using similar calculations
as in the untwisted case and the fact that Ag,ωv is the
identity operator when g = e, we find that the first order
contribution is trivial. Terms generated at second order
take an identical form to Eq. (8), following the substitu-
tion Av 7→ Aωv :

Cl
(
AωvA

ω
v′
)
Cl =

1

|G|
( 1

|G|
∑

g∈G
Ag,ωv Ag,ωv′

)
Cl. (28)

Crucially, when acting on the projected Hilbert space
(Cl = 1), the operator Aωvv′ ≡ 1

|G|
∑
g∈GA

g,ω
v Ag,ωv′ satis-

fies all the desired algebraic properties of a regular vertex
term outlined above. This fact is important in maintain-
ing a self-similar structure of Hamiltonian terms in our
RG procedure.

For the untwisted case, at this point we would continue
the decimation process by eliminating the link variable
l and merging the vertices v and v′ into a single vertex,
thereby renormalizing the planar graph G′. However, in
the twisted case, this would lead to an ambiguity in as-
signing a vertex index for the merged vertex. We em-
phasize that while the projected link variable on l is no
longer a dynamical degree of freedom, we must still keep
memory of the associated geometrical information, en-
coded in G, to properly define the DW theory. In order
to address this complication, we modify our RG scheme
as follows. First, we generalize our definition of a vertex
term to encompass a set of multiple microscopic vertices
connected by decimated links, as in Eq. (28). Second,
we modify the link decimation, so that, rather than fuse
vertices into a single new vertex, we merge the associated
vertex sets into new, larger set. Since the substructure
of the microscopic vertices (including, crucially, their in-
dexing) is preserved in this procedure, at all stages we
can always compute the necessary phase factors. Finally,
in the vertex decimation, we are allow to remove the as-
sociated vertices and its connected links from the planar
graph unlike in the link decimation. We now elaborate
on the technical details that these modifications entail.

To that end we introduce the collection of renormalized
vertex sets VR. Formally, VR is a collection of equiv-
alence classes, each comprising vertices defined on the
planar graph G = (V,L). In other words, elements in
VR are mutually disjoint and the union of all elements in
VR equals V. Each element [w] ∈ VR consists of vertices
belonging to V: [w] = {v1, v2, . . . , vk} ⊂ V. Correspond-
ingly, we define a collection of distinct vertex set pairs
LVR = {l = 〈[w], [w′]〉|[w], [w′] ∈ VR and [w] 6= [w′]}. As
before, the Hilbert space HG is defined in terms of L in
G with the zero-flux constraint imposed on every plaque-
tte. However, here, we impose additional constraints on
the Hilbert space by projecting to C〈v,v′〉 = 1 for every
distinct vertex pair 〈v, v′〉 belonging to the same equiva-
lence class in VR, i.e., v, v′ ∈ [w]. We denote the subspace
defined by these projections as PR.

Following the above discussion, we can define a gener-

alized Hamiltonian as

H = −
∑

[w]∈VR
J[w]A

ω
[w] −

∑

l∈LVR

hlCl, (29)

where Aω[w] is a generalized vertex term defined as

Aω[w]={v1,...,vk} ≡
1

|G|
∑

g∈G
Ag,ωv1...vk

≡ 1

|G|
∑

g∈G
Ag,ωv1

· · ·Ag,ωvk
(30)

and the link term for l = 〈[v], [v′]〉 ∈ LVR is defined as

Cl=〈[w],[w′]〉 ≡ C〈v,v′〉. (31)

for some representative vertices v ∈ [w] and v′ ∈ [w′].
The operator Cl is independent of the above choice, since
all link variables connecting vertices in the same equiva-
lence class are trivial. Using the commuting properties of
the vertex operators, one can show that the generalized
vertex terms in Eq. (29) are also mutually commuting
projectors. The generalized vertex term Aω[w]={v1,...,vk}
is well-defined on the subspace PR, since the product of
vertex terms Ag,ωv1

· · ·Ag,ωvk preserves the subspace for ev-
ery g ∈ G. On the other hand, an individual vertex term
in Ag,ωv1

· · ·Ag,ωvk does not preserve the subspace PR.
We now turn to construct our RSRG rules for the DW

model. Initially, we start with a planar graph G = (V,L)
comprising triangular plaquettes, and set VR = V. As
the RG flows, we renormalize both G and VR, where the
former defines the lattice structure and the latter keeps
track of Hamiltonian terms. Both degrees of freedom are
used to define the projected Hilbert space on which the
renormalized Hamiltonian acts.

First, suppose that the strongest term in Eq. (29) is
a link term Cl for some link l = 〈[w], [w′]〉 ∈ LVR . If
necessary, we initially employ a series of lattice isomor-
phisms, introduced in Appendix B 2, that convert Cl into
a short-link term. To simplify the calculation, we per-
form the computations on HG instead of the subspace
PR; however, the end results hold when restricted to PR.
To this end, we consider the link term Cl0≡〈v,v′〉 in HG ,
where v ∈ [w] and v′ ∈ [w′] are representative vertices.
Other choices of representatives of [w] and [w′] would
give distinct link terms in HG , while they all become Cl
in PR.

We begin by considering the renormalization of a
unique vertex operator Aω[w] satisfying v ∈ [w]. If we

also have v′ ∈ [w], the link l = 〈[w], [w′]〉 is trivial and
hence does not appear in Eq. (29). It is therefore conve-
nient to introduce the notation [w]v ≡ [w]\{v} to denote
the set of vertices that are equivalent to v but distinct
from it. Using the fact that Ag,ωq commutes with Cl0 for

vertex q ∈ [w]v and Cl0
(
Ag,ωv

)
Cl0 = δg,eCl0 , we get

Cl0
(
Aω[w]

)
Cl0 =

1

|G|
∑

g∈G

( ∏

q∈[w]v

Ag,ωq

)
Cl0
(
Ag,ωv

)
Cl0

=
1

|G|Cl0 . (32)
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Note that the computations are done in HG , since as we
commute Cl0 through Ag,ωq , we no longer stay on the sub-
space PR. However, the end result holds in PR and can
be written as Cl

(
Aω[w]

)
Cl = 1

|G|Cl, which implies that

only trivial terms are generated in first-order perturba-
tion theory.

Moving to second order, we consider an addi-
tional vertex operator Aω[w′] with v′ ∈ [w′]. Using

Cl0
(
Ag,ωv Ag

′,ω
v′
)
Cl0 = δg,g′A

g,ω
v Ag

′,ω
v′ Cl0 and [Ag,ωq , Cl0 ] =

[Ag,ωq′ , Cl0 ] = 0 for all q ∈ [w]v, q
′ ∈ [w′]v′ , and g ∈ G, we

get

Cl0
(
Aω[w]A

ω
[w′]

)
Cl0

=
1

|G|2
∑

g,g′∈G

( ∏

q∈[w]v

(
Ag,ωq

) ∏

q′∈[w′]v′

(
Ag
′,ω
q′
))

× Cl0
(
Ag,ωv Ag

′,ω
v′
)
Cl0

=
1

|G|2
∑

g∈G

( ∏

q∈[w]v

(
Ag,ωq

) ∏

q′∈[w′]v′

(
Ag,ωq′

))
Ag,ωv Ag,ωv′ Cl0

=
1

|G|A
ω
[w]∪[w′]Cl0 , (33)

where the generated vertex term Aω[w′′]=[w]∪[w′] commutes

with Cl0 . As before, while the computations are done in
HG , the end result also holds in PR and can be written as
Cl
(
Aω[w]A

ω
[w′]

)
Cl = 1

|G|A
ω
[w]∪[w′]Cl. This motivates us to

renormalize VR by merging [w] and [w′] into a single set
[w′′] = [w] ∪ [w′]. In addition, the decimation procedure
introduces an additional projection, Cl0 = 1, in PR.

Secondly, we consider a vertex term decimation Aω[w]

for some [w] ∈ VR. As is the case for the link term
decimations, computations are done on HG instead of the
projected subspace PR. Since all vertices {v1, . . . , vk} in
[w] were generated by decimating short-link terms, there
exist a path πv1...vk connecting all and only the vertices
in {v1, · · · , vk}.6 Prior to the decimation step, we employ
a series of lattice isomorphisms to isolate {v1, · · · , vk} by
a triangular plaquette, see Appendix B 2 for a detailed
explanation.

If a link term does not start or end on [w], one can
choose its defining path so that it never intersects πv1...vk

by using the path deformations explained in Appendix B.
This allows us to conclude that such link term commutes
with Aω[w]. Next, we consider a link term C〈[w],[w′]〉, where

[w′] 6= [w]. To this end, we pick representative ver-
tices v ∈ [w] and v′ ∈ [w′] and consider the link term
C〈v,v′〉 in HG . Since v′ /∈ [w], we can choose the defining
path π〈v,v′〉 of C〈v,v′〉 such that π〈v,v′〉 and πv1...vk inter-
sect only at a single vertex v(∈ [w]). This implies that
[Ag,ωq , C〈v,v′〉] = 0 for all q ∈ [w] obeying q 6= v. Using a

6 For {v} ∈ VR, πv is just a trivial constant path staying at v.

similar algebra employed in Eq. (10), we obtain

Aω[w]

(
C〈v,v′〉

)
Aω[w]

=
1

|G|2
∑

g,g′∈G

( ∏

q∈[w]v

Ag,ωq

)( ∏

q′∈[w]v

Ag
′,ω
q′

)(
Ag,ωv

(
C〈v,v′〉

)
Ag
′,ω
v

)

=
1

|G|2
∑

g,g′∈G

( ∏

q∈[w]v

Ag·g
′,ω

v

)(
Ag·g

′,ω
v C

(g′)−1

〈v,v′〉

)

=
1

|G|
( 1

|G|
∑

h∈G

∏

q∈[w]

Ah,ωq

)( ∑

g′∈G
C

(g′)−1

〈v,v′〉

)

=
1

|G|A
ω
[w], (34)

where from the second line to the third line, we used

C〈v,v′〉Ag
′,ω
v = Ag

′,ω
v C

(g′)−1

〈v,v′〉 and the fact that Ag,ωv Ag
′ω
v =

Ag·g
′,ω

v , from the third line to the fourth line, we relabel
h = g · g′, and in the last equality, we used the fact that∑
g′∈G C

(g′)−1

〈v,v′〉 is the identity operator. This implies that

the first order contributions are trivial.
To see how link terms are generated in second-order

perturbation theory, we consider an additional link term
C〈[w′′],[w]〉, where [w′′] 6= [w] and [w′′] 6= [w′]. We con-
sider link terms C〈v,v′〉 and C〈v′′,v〉 in HG , where v, v′,
and v′′ are representatives of [w], [w′], and [w′′]. We note
that

C〈v′′,v〉C〈v,v′〉 = C〈v′′,v′〉C〈v′′,v〉,

where C〈v′′,v′〉 commutes with Aω[w] since v′, v′′ /∈ [w].

This implies that

Aω[w]

(
C〈v′′,v〉C〈v,v′〉

)
Aω[w] =

1

|G|C〈v′′,v′〉A
ω
[w], (35)

which shows that the link term C〈[w′′],[w]〉 is generated in
the subspace Aω[w] = 1. As before, Eqs. (34) and (35) are

derived in HG , but the end result holds in PR.
Remarkably, unlike the link decimation step, it is pos-

sible to completely eliminate the decimated vertex set [w]
by removing [w] from VR and all v ∈ [w] and its adjacent
links from the planar graph G. The precise lattice iso-
morphism accomplishing the above step is explained in
Appendix B 2.

While performing the RSRG on the DW model, we
keep track of both the collection of renormalized vertices
VR and also the planar graph G. While the resulting
RG flow of the planar graph structure deviates from the
simpler untwisted case, the flow of coupling constants
is identical. Crucially, this leads to the prediction that
critical properties (such as the energy-length scaling) of
the DW models will coincide with the untwisted gauge
theory results — a new manifestation of superuniversality
distinct from that between different untwisted theories.

We observe that our results also apply to order-
disorder transitions in SPT and SET phases in the pres-
ence of strong quenched disorder. This follows since an
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(either partial or complete) un-gauging duality transfor-
mation of DW models [34–36] provides a systematic con-
struction of a large class of SPT and SET theories in two
spatial dimensions. Using similar arguments as in Sec-
tion IV, we can demonstrate that the RSRG rules are
mapped one to the other under the duality. This im-
plies that the resulting order-disorder phase transitions
(on the SPT/SET side) belongs to the same universal-
ity class as the corresponding confinement-deconfinement
transition (on the twisted gauge side). Moreover, since
the RSRG rules are identical and independent of the
underlying gauge (or symmetry) group G up to irrele-
vant constant factors, we conclude that all order-disorder
phase transition in SET and SPT phases realizable by
DW models belong to the same universality class as that
of the random quantum Potts model and the family of
discrete lattice gauge theories considered previously.

As a final remark, we note that while the bulk criti-
cal properties of the twisted and untwisted theories are
identical (as indirectly inferred via the unitary untwist-
ing trick and directly demonstrated using our RSRG ar-
guments), and hence superuniversal, it would be interest-
ing to also understand to what extent the boundary criti-
cal physics of the twisted theories exhibits superuniversal
scaling. As we have mentioned above, a key distinction
between the twisted and untwisted theories lies in the fact
that the former hosts nontrivial gapless boundary modes
absent in the latter. Understanding how these modes
couple to critical bulk fluctuations at strong-randomness
critical points in two dimensions is an important problem
for the future. Notably, the unitary mapping between
twisted and untwisted theories fails in the presence of a
boundary, leaving our RSRG approach as the only one
suited to tackle such questions. Recent work involving
one of the present authors has explored a similar ques-
tion in the setting of 1D SPTs [71]; results in higher
dimensions are likely as rich or even richer.

VIII. LEVIN-WEN MODELS: NON-ABELIAN
ANYONS AND OBSTRUCTIONS TO RSRG

As an attempt at a second extension, we consider the
generalization of our RSRG approach to Levin-Wen mod-
els [43], which are believed to realize all non-chiral topo-
logical orders admitting commuting projector Hamiltoni-
ans [35, 36]. As we demonstrate below, for non-Abelian
topological orders, the RSRG of the Levin-Wen model
deviates from the RSRG structure presented above, as
nontrivial terms can be generated already at first order
in perturbation theory. Nevertheless, the RSRG struc-
ture in the Levin-Wen model exhibits interesting univer-
sal features that we present below, though a complete
solution has eluded us to date.

For concreteness, we focus on the doubled Fibonacci
phase, which is the simplest example of non-Abelian
topological order realized by a Levin-Wen model. Note
however that our discussion below is quite generic and,

unless stated otherwise, can be applied to other types
of topological order. We focus, for the most part, on
the honeycomb lattice structure but any trivalent pla-
nar graph would work equally well. For completeness,
we provide a summary of the Levin-Wen model in Ap-
pendix C.

The local Hilbert space is defined on each link and is
labeled by the trivial anyon 1 and the Fibonacci anyon
τ — i.e., {|s〉 : s ∈ C = {1, τ}}. We restrict the ten-
sor product Hilbert space by imposing on each vertex a
gauge constraint, which enforces the fusion rules on ev-
ery vertex. The allowed configurations in the doubled
Fibonacci case are presented in Fig. 9 (c). The Levin-
Wen Hamiltonian [43] is given by a sum of commuting
projectors,

HLW = −
∑

p

JpBp = −
∑

p

Jp
∑

s∈C

ds
D2

Bsp, (36)

where p denotes the plaquettes of the honeycomb lattice,
the coupling constant Jp > 0, ds is the quantum dimen-
sion of the anyon s7 (d1 = 1 and dτ = ϕ, the golden ra-

tio), and D =

√∑

s∈C
d2
s is the total quantum dimension.

The plaquette term, Bsp, inserts a flux loop generated by
anyon s to the plaqutte p, and is defined in Fig. 11. In the
honeycomb lattice, Bsp is a twelve-link interaction term,
which acts diagonally on states residing on the external
legs (the links which are not part of the plaquette p). The
Levin-Wen Hamiltonian Eq. (36) is exactly solvable as it
is a sum of commuting projectors, i.e., (Bp)

2 = Bp and
[Bp, Bp′ ] = 0 for all p, p′.

To break the integrability of Eq. (36) and potentially
drive a confinement transition, we add link terms Cl =
|1〉〈1|l on every link l, which projects onto the trivial
state |1〉. This leads to the Hamiltonian

H̃LW = −
∑

p

JpBp −
∑

l

hlCl. (37)

As before, we introduce disorder by assuming that the
coupling constants, Jp and hl, are random and non-
negative.

We now construct the RSRG rules of the Levin-Wen
model. We begin with the rules pertinent to link dec-
imation. We will first consider only nearest-neighbor
links, and discuss the more involved case of long link
decimations at the end of this section. Suppose that the
strongest term in the Hamiltonian is the link term hlCl
for some link l; we then project onto the trivial anyon
label on the link l. Consequently, to enforce the gauge

7 We closely follow the convention in Ref. 43 where the quantum
dimension can be negative (e.g., ds = −1 for the semion s). The
additional minus factor comes from the Frobenius-Schur indica-
tor κs of the anyon.
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FIG. 9. Summary of the Fibonacci anyonic system. (a) The
fusion rule of the Fibonacci anyonic system, which has two
anyons: the trivial/vacuum anyon (1) and a non-Abelian ‘Fi-
bonacci’ anyon (τ), which are (b) respectively denoted by a
dashed line (equivalent to an empty line) and by a solid red
line. (c) Possible fusion channels in the Fibonacci anyonic
system, which are allowed set of configuration set by Av = 1
constraint in the Levin-Wen model.
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FIG. 10. Change of basis in the fusion tree of the Fibonacci
anyonic system from which the non-trivial F -matrix [F ττττ ] can
be read off.

constraints on the resulting quantum state, we must iden-
tify states in the remaining links up to possible changes
in the corresponding link orientations, as described in
Fig. 12 (a). Similarly to previous cases, to first order in
perturbation theory, we obtain only trivial terms, since

Cl
(
Bp
)
Cl =

∑

s∈C

ds
D2

Cl
(
Bsp
)
Cl =

1

D2
Cl, (38)

where all the other terms except the term with s = 1
in the summation vanish, as s = 1 is the only term pre-
serving the state |1〉l at l under the insertion of the anyon
flux s. To compute nontrivial terms appearing in second-
order perturbation theory, we consider the following com-
bination, Cl(BpBp′)Cl, where p and p′ are two distinct
plaquettes adjacent to the decimated link l. Following
the manipulations depicted in Fig. 12 (b), we get

Cl(BpBp′)Cl =
1

D4

∑

s,s′∈C
dsds′Cl

(
BspB

s′
p′
)
Cl

=
1

D4

∑

s∈C
dsB

s
pp′ =

1

D2
Bpp′ . (39)

The resulting plaquette term, Bpp′ , is defined on the
merged plaquette pp′, which belongs to the renormalized
lattice following the removal of the link l. Importantly,
the renormalized Hamiltonian maintains the same form
as the original model defined in Eq. (37), supporting the
self-similar structure of the RSRG link decimation step.

Next, assuming that the strongest remaining term in
the Hamiltonian is a plaquette term JpBp for some pla-
quette p, we enforce Bp = 1 or equivalently place a trivial
flux excitation at p. Doing so defines the ground state
subspace as the set of states satisfying Bp = 1 in addition
to other gauge constraints. This projection renormalizes
link terms acting on the boundary links of p. Explicitly,
for a link l belonging to the boundary of p, we get

Bp(Cl)Bp =
1

D2
Bp, (40)

as proven in Fig. 13. Other link terms, including the link
terms acting on the external legs to p, remain invariant
since they commute with Bp. This implies that first-
order perturbation theory gives only trivial terms. Mov-
ing to second-order perturbation theory, let us consider
two distinct links l1 and l2 which belong to the boundary
of the decimated plaquette p. To compute their contri-
bution, we consider the following term,

Bp(Cl1Cl2)Bp. (41)

If l1 and l2 share the common vertex v, there must exist
a distinct link l3 that shares the same vertex v, which
is an external leg with respect to the plaquette p. As
a result, the gauge constraint at v dictates the relation
Cl1Cl2 = Cl3Cl2 . Hence, for such links, we get

Bp(Cl1Cl2)Bp = Bp(Cl3Cl2)Bp = Cl3Bp(Cl2)Bp

=
1

D2
Cl3Bp, (42)

where we used the fact that Bp acts diagonally on the
state at l3 and Eq. (40) to compute Bp(Cl2)Bp. There-
fore, restricting to the Bp = 1 subspace, the renormalized
link term is identified with a regular link term Cl3 .

On the other hand, for links l1 and l2 that do not
share any common vertex we must introduce a “long-
link” term:

Cl1,l2 ≡ D2Bp
(
Cl1Cl2

)
Bp, (43)

where D2 is a normalization factor enforcing the projec-
tion condition (Cl1,l2)2 = Cl1,l2 , see Eq. (38). Note that
the plaquette p is implicit in the notation Cl1,l2 . More-
over, due to presence of Bp in the definition, Cl1,l2 acts
not only on links l1 and l2, but also on links on the bound-
ary of p and on external legs of p. Below, we will demon-
strate that the long-link terms in the Levin-Wen model
do not commute with each other, i.e., [Cl1l2 , Cl3l4 ] 6= 0,
in the general case.

As a concrete example for this effect, we focus on the
doubled Fibonacci phase. We consider a square plaqutte
with four external legs as depicted in Fig. 14. This choice
admits the minimal instance of having non-commuting
long-link terms. We will now explicitly construct the
matrix representation of Cl1,l3 and Cl2,l4 . To facilitate
this procedure, we first note that long-link terms act di-
agonally on states at external legs, denoted by |α〉, |β〉,
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FIG. 11. Definition of the Bsp term in the Levin-Wen model where we use the Einstein summation convention, i.e., summation
is assumed for repeated indices. Bsp inserts an anyonic flux s around the plaquette p; we use a series of F -matrices to compute
the matrix element of Bsp. Bsp is a 12-spin interaction in for a hexagonal plaquette p and it acts diagonally on states on external
legs denoted as states i, j, · · · , h in the figure.
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FIG. 12. (a) For a link decimation Cl = 1, we polarize the spin state at l to the trivial state |1〉 and remove link l from the
lattice. Such link decimation naturally identifies the states b = e∗ and c = d∗ in the figure, where ∗ is due to the direction
of links. Accordingly, 4 adjacent links to l become 2 links after the identifications as described in the RHS of the figure. (b)

Computation of Cl
(
BspB

s′
p′
)
Cl on the Cal (≡ |a〉〈a|l) = 1 subspace. The summation over a′ is implicit in the RHS of the second

equality. As a result of computation, we get the plaqutte term Bspp′ associated with the larger plaquette pp′.

|γ〉, |δ〉 in Fig. 14. In particular, we fix the quantum
states of external legs to be |α, β, γ, δ〉 = |τ, τ, τ, τ〉. We
label states of the dynamical part of the remaining 7-
dimensional Hilbert space, with an orthogonal basis

{|a, b, c, d〉} =
{
|1, τ, 1, τ〉, |τ, 1, τ, 1〉, |1, τ, τ, τ〉, |τ, 1, τ, τ〉,
|τ, τ, 1, τ〉, |τ, τ, τ, 1〉, |τ, τ, τ, τ〉

}
. (44)

Here, a, b, c, d label states at l1, l2, l3, and l4, respec-

tively, see Fig. 14. In this basis, we can write,

[
Cl1,l3

]
=
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FIG. 13. The proof of Eq. (40) on Csl (≡ |s〉〈s|l) = 1 subspace. Since s is arbitrary, Eq. (40) holds in general. In the proof, we

use the fact that F b
∗b1
a∗as = vs

vavb
where vs =

√
ds and employ a handle slide from 3-manifold theory [72] in the second line.
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FIG. 14. A configuration with a square plaquette p together
with four boundary legs l1, l2, l3, and l4, and four external
legs. This configuration serves as a minimal example where
long-link terms do not commute, see the main text for more
details.
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,

which indeed gives [Cl1,l3 , Cl2,l4 ] 6= 0.
To see how the above affects our RSRG scheme, sup-

pose that we wish to decimate the long link term Cl1,l3 .
Unlike in previous cases, such a decimation not only
renormalizes plaquette terms but can potentially gener-
ate contributions from link terms. Indeed, we find that
already in first-order perturbation theory we obtain non-
trivial terms. Explicitly, the following non-vanishing con-

tribution

Cl1,l3
(
Cl2,l4

)
Cl1,l3 (45)

cannot be proportional to Cl1,l3 . To see why this is
the case, observe that on the subspace |α, β, γ, δ〉 =
|1, 1, 1, 1〉, Cl1,l3 and Cl2,l4 are identical, while on the
|α, β, γ, δ〉 = |τ, τ, τ, τ〉 subspace they are different and
do not commute.

Although there is great similarity between the RSRG
scheme for the Levin-Wen model that results from the
above approach, and the one we presented earlier for dis-
crete gauge theories, they still differ non-trivially. Phys-
ically, the non-commutative nature of link terms in the
Levin-Wen model means that the operation of generating
two distinct anyon pairs does not necessarily commute.
We note that in all previous cases, both for untwisted
and twisted gauge theories, we did not encounter this
issue. Therefore, we can not directly generalize our su-
peruniversality claim to the Levin-Wen case. We leave
the interesting question of the IR behavior that results
from applying RSRG to these models to a future study.

IX. EXCITED-STATE CRITICALITY IN
ABELIAN TOPOLOGICAL PHASES VIA RSRG-X

Lastly, we consider extending our RSRG procedure be-
yond ground state physics to quantum phase transitions
between trivial and topologically ordered excited eigen-
states [73]. To probe the excited state physics, we employ
the RSRG for excited states (RSRG-X) scheme, which
extends the RSRG method beyond ground state prop-
erties [17–20]. Crucially, we will demonstrate that that
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set of RSRG-X decimation rules is identical to RSRG
rules derived in Sec. III and Sec. VI. In the following, we
will focus solely on Abelian lattice gauge theories with
a discrete gauge group. The reason for this restriction
is twofold. First, non-Abelian gauge symmetry is incom-
patible with full MBL, owing to the extensive degeneracy
of highly-excited eigenstates [49]. Second, although non-
Abelian theories can nevertheless exhibit non-trivial IR
behavior in the presence of strong randomness, such as
putative ‘quantum critical glass’ phases [18, 20], under-
standing such structure introduces additional difficulties,
as we show below.

The RSRG-X scheme attempts to construct an approx-
imate eigenstate “sampled” from the Hamiltonian with
an appropriate ‘Boltzmann weight’ corresponding to its
energy, just as RSRG attempts to construct an approx-
imate T = 0 ground state. To that end, rather than
always projecting to the ground state of the subsystem
being decimated in an RG step, in RSRG-X one ran-
domly projects onto an excited subspace chosen at ran-
dom, appropriately weighted by a thermal Boltzmann
factor [17, 18, 20] that accounts for the fraction of final
eigenstates of the whole system that descend from the
specified decimation outcome.

As it stands, the model of Eq. (1) has an extensive
degeneracy to all excited states, except in the simplest
case G = Z2. To split these degeneracies, we consider the
generalized Hamiltonian, see Eq. (20), introduced in our
stability analysis. Since we are focusing on an Abelian G,
every irreducible representation is one dimensional, i.e.,
dΓ = 1 for all Γ ∈ irrep(G) and every conjugacy class
is a singleton, i.e., [g] = {g}. Note that every discrete
Abelian groupG is isomorphic to a direct product of Zn’s,
i.e., G = Zn1

×Zn2
× · · · ×Znk for some n1, n2, · · · , nk ∈

Z+. The set of irreducible representations of G also forms
a dual Abelian group, generated by a discrete Fourier
transform. With the above definitions, the Hamiltonian
in Eq. (20) reduces to:

H = −
∑

v∈V,
Γ∈irrep(G)

JΓ
v AΓ

v −
∑

l∈LV ,
g∈G

hglC
g
l , (46)

where C[g]
l = Cgl = |g〉〈g|l, and we also allow for long link

terms. In addition, we assume that the coupling con-
stants JΓ

v and hgl are random. In the following, we derive
the RSRG-X rules by constructing unitary transforma-
tions which directly map to the RSRG rules previously
derived in the context of ground state properties.

Suppose that the dominant term in the Hamiltonian
is a link term hhl C

h
l . We decimate this term by project-

ing onto the subspace defined by the projector Cgl with
a group element g that is possibly distinct from h. Let

us now introduce the unitary transformation Ugv ≡ Ag
−1

v ,
acting locally on a vertex v from which the link l is di-

rected. A link term, Cg
′

l , transforms under Ugv as,

Ugv
(
Cg
′

l

)
(Ugv )† = Cg

−1·g′
l (47)

and in particular Ugv
(
Cgl
)
(Ugv )† = Cel , as desired. More-

over, vertex terms, defined on v, are invariant under the
unitary transformation:

Ugv
(
AΓ
v

)
(Ugv )† =

dΓ

|G|
∑

h∈G
χ∗Γ(h)Ugv

(
Ahv
)
(Ugv )†

=
dΓ

|G|
∑

h∈G
χ∗Γ(h)Ag

−1·h·g
v =

dΓ

|G|
∑

h′∈G
χ∗Γ(g · h′ · g−1)Ah

′
v

=
dΓ

|G|
∑

h′∈G
χ∗Γ(h′)Ah

′
v = AΓ

v . (48)

where in the second line, we introduced the dummy vari-
able h′ via h ≡ g · h′ · g−1 and in going from the second
line to the third line, we used the fact that the character
is a constant function on a conjugacy class. Therefore,
applying the unitary transformation Ugv induces the fol-
lowing mapping:

Cgl
(
AΓ
vAΓ′

v′
)
Cgl 7→ (Ugv )†Cel

(
AΓ
vAΓ′

v′
)
Cel U

g
v . (49)

The above relation maps the excited state projection to
an equivalent ground state projection, for which we al-
ready derived the corresponding RSRG rules appearing
in Eq. (23).

Next, suppose that the dominant term in the Hamil-

tonian is the vertex term J Γ̃
v AΓ̃

v for some vertex v and

irrep Γ̃. We decimate this term by projecting onto the
subspace defined by the projector AΓ

v with the same v
but possibly distinct irrep Γ. As before, we seek to find a
local unitary transformation which maps AΓ

v to a vertex
term with a trivial representation AΓ=1

v (= Av). To this
end, we take a link l in L connected to the vertex v, which
without loss of generality can be written as l = 〈v, v′〉,
i.e., directed from v, and consider the unitary transfor-
mation, UΓ

l ≡
∑
g∈G χΓ(g)Cgl . This operator represents

a unitary transformation since the characters χΓ(g) of an
Abelian group are always a pure phase and

∑
g∈G C

g
l is

the identity operator. We first note that the local uni-
tary transformation UΓ

l leaves the link terms invariant.
Acting with UΓ

l on a vertex operators at v gives

UΓ
l

(
AΛ
v

)
(UΓ

l )† =
1

|G|
∑

h,g,g′∈G
χΓ(g′)χ∗Λ(h)χ∗Γ(g)Cg

′

l

(
Ahv
)
Cgl

=
1

|G|
∑

h,g∈G
χΓ(h · g)χ∗Λ(h)χ∗Γ(g)AhvC

g
l

=
1

|G|
∑

h,g∈G
χΓ(h · g)χ∗Λ(h)χΓ(g−1)AhvC

g
l

=
1

|G|
∑

h,g∈G
χΓ(h · g · g−1)χ∗Λ(h)AhvC

g
l

=
( 1

|G|
∑

h

χ∗Γ−1·Λ(h)Ahv

)(∑

g∈G
Cgl

)

= AΓ−1·Λ
v . (50)

In going from the first line to the second line of the

above series of equations, we used Cg
′

l A
h
v = AhvC

h−1·g′
l



21

and the fact that Cgl is a projector. To go from the
second line to the fifth line we use several properties of
the group characters of an Abelian group: (i) χ∗Γ(g) =
χΓ(g−1) = χΓ−1(g), (ii) χΓ(g1 · g2) = χΓ(g1)χΓ(g2), and
(iii) χΓ(g)χΓ′(g) = χΓ·Γ′(g). Similarly, one can also show
that for the complementary vertex v′, the following holds,
UΓ
l

(
AΛ
v′
)
(UΓ

l )† = AΓ·Λ
v′ . By applying the transforma-

tion UΓ
l prior to the vertex decimation step (similarly to

Eq. (49)), the RSRG-X rules reduce to the RSRG dec-
imation rules derived in Sec. VI. In summary, we have
established an equivalence between RSRG-X and RSRG
rules, which implies that the universal properties associ-
ated with ground- and excited-states criticality are iden-
tical. This result further extends our superuniversality
claim.

As a concluding remark, we comment on the applica-
tion of the RSRG-X procedure in the non-Abelian case.
When the dimension of the irrep Γ is non-trivial, i.e.
dΓ > 1, during the decimation step a vertex term can-
not be simply removed because we have to take into ac-
count the inherent degeneracy (quantum dimension) of a
non-Abelian anyon. Keeping track of all possible assign-
ments of non-Abelian anyons rapidly renders the RSRG-
X procedure challenging to analyze. This observation is
in accord with the no-go theorems of Ref. 49. We note
that excited states at finite density accommodate a finite
density of non-Abelian anyons on plaquettes, reminiscent
of interacting anyons in (2+1)D with random couplings
considered in Ref. 52 and 53.

X. SUMMARY AND DISCUSSION

In this work, we have studied the fate of confinement-
deconfinement phase transitions of two-dimensional dis-
crete lattice gauge theories in the presence of strong
quenched disorder. Our key result is that for a large class
of models, the confinement transition are controlled by an
infinite-disorder fixed point. Remarkably, the associated
critical properties are predicted to exhibit a ‘superuniver-
sal’ behavior that is independent of the underlying gauge
group structure. This is in stark contrast with the clean
limit, where the order of the transition and critical prop-
erties (in the case of a continuous transition) sensitively
depend on the specific form of the gauge symmetry under
consideration.

To derive these results, we have constructed a novel
RSRG scheme, specifically tailored for the renormal-
ization of lattice gauge theories. Through an exact
duality mapping between our gauge theory model and
the quantum Potts model, we have shown that the re-
spective disorder driven confinement-deconfinement and
order-disorder transitions belong to the same universality
class. We tested our predictions using a numerically ex-
act large-scale quantum Monte Carlo simulations on the
random quantum Potts model for Q = 2 and Q = 3. We
found numerical evidence for a flow to an infinite disor-
der fixed-point. At this fixed point we find that, within

our numerical precision, the critical properties are inde-
pendent of Q, thereby further substantiating our supe-
runiversality claim.

We have explored the generality of our RSRG scheme,
by examining several extensions of our results to a
broader class of models. Specifically, we showed that
our RSRG rules naturally carry over to twisted lattice
gauge theories within the Dijkgraaf-Witten formalism.
On the other hand, for the case of Levin-Wen models,
while the resulting set of RSRG rules exhibits some uni-
versal features, the specific structure of the theory en-
tails non-trivial modifications that deviate from our orig-
inal construction. Lastly, for Abelian topological orders,
we derived an exact mapping between the ground state
(RSRG) and excited state (RSRG-X) decimation rules,
allowing us to also treat confinement phase transitions of
highly-excited topologically ordered states,

In the remaining, we highlight several future lines of
research suggested by this work, some of which were al-
ready mentioned in the main text. As previously dis-
cussed, the Hamiltonian in Eq. (1) describes a high-
symmetry point in parameter space that is invariant
with respect to arbitrary permutations among the dif-
ferent gauge charges. While this choice is natural, terms
breaking it cannot be excluded without resorting to fine-
tuning. In that regard, it would be interesting to ex-
plore the relevance of such perturbations by a numer-
ical simulation of the generalized RSRG rules outlined
in Sec. VI. Crucially, if such terms prove to be irrel-
evant in the RG sense, this would not only indicate
that the infinite-disorder fixed point is stable, but also
flag the emergence of an enlarged permutation symme-
try at criticality. One can also envisage numerical tests
of stability using QMC. However, permutation symme-
try proved crucial in devising efficient cluster updates
based on the Fortuin-Kasteleyn representation; it is un-
clear if such updates can be devised in general away from
the permutation-symmetric point. Nevertheless, we note
that for the specific case of G = S3 such a representation
is still possible [74].

In the SPT/SET setting, the RSRG framework we
have introduced also suggests possible new directions,
of which we now flag one in particular. So far we
have focused primarily on the superuniversality of scal-
ing properties in the bulk. Owing to the topological
‘twist’ in their definition, the DW models (resp. their
un-gauged magnetic counterparts) represent confinement
(resp. symmetry-breaking) phase transitions in sys-
tems that host topologically-protected gapless surfaces
on manifolds with boundaries. These surface degrees
of freedom have been argued to lead to distinct bound-
ary scaling properties in clean systems in both one and
two dimensions [37–39]. Very recently, they have also
been shown to modify the boundary criticality in one
dimensional infinite-randomness critical points of SPT
phases [71]. In all these instances, the bulk scaling struc-
ture is indistinguishable from the non-twisted situation.
It may therefore be fruitful to explore the boundary crit-
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ical behaviour of the 2D transitions in this paper, extract
scaling exponents, and determine the implications (if
any) of superuniversality for this ‘critical’ bulk-boundary
correspondence.

Our results for excited-state criticality between dis-
tinct (Abelian) MBL phases also raises the possibility
that similar techniques can be used to study transitions
between distinct periodically driven (Floquet) phases dis-
tinguished either by symmetry-breaking or topology. In
this setting, disorder is essential even to stabilize Flo-
quet phase structure, since in the absence of MBL,
periodically driven systems would heat to the infinite-
temperature Gibbs state where there is no applicable no-
tion of phase structure. Various examples of Floquet-
SPTs and Floquet-SETs have been explored [75–83], in-
cuding several that have no equilibrium analog. The
RSRG techniques used to study 1D eigenstate transi-
tions have been successfully applied to disordered Flo-
quet transitions in 1D systems [81, 82], suggesting that
a similar extension may be possible in 2D systems.

In all cases considered in this work, we have explic-
itly expelled flux excitations by enforcing a zero-flux
constraint on each plaquette. Relaxing this restriction
allows richer anyon content including non-trivial fluxes
and even dyonic bound states. Confinement transitions
driven by condensing fluxes are potentially distinct from
those driven by charge condensation. For that reason, we
cannot extend our superuniversality claim to an arbitrary
anyon condensation pattern. A natural future line of re-
search is therefore to devise a generalized RSRG scheme
that can capture these effects, which could potentially
result in novel critical behavior. As noted above, for
the Abelian case, duality arguments can be used to infer
properties of flux driven confinement transitions from the
corresponding dual electric-charge description. However,
our results do not directly apply in self-dual systems,
since, there, electric charge and magnetic flux excitations
must condense simultaneously. Understanding the fate
of the disorder-driven confinement transition along such
self-dual lines is particularly interesting, since even the
clean limit is not fully understood [84].

We also comment on links between our results and the
efficient representation of quantum states using unitary
circuits. Our RG can be framed as an algorithm for
constructing an approximate ground state by iteratively
applying a projection at each RG step (recall that the
projections from different RG steps commute). As the
RG progresses, the projections become highly non-local
in terms of the microscopic (UV) degrees of freedom.
A corollary of the RG scheme is that highly entangled
(approximate) ground states of disordered gauge theories
can be successively disentangled by application of these
projections encoded in terms of unitary gates. In other
words, starting from a trivial product state (where the
degrees of freedom encode the states of each decimated
cluster), an approximate gauge theory ground state can
be constructed by running the RG in reverse, successively
applying unitary gates that implement the projections

from each RG step [19]. This is reminiscent of the multi-
scale entanglement renormalization ansatz (MERA) [85].
At the critical point, the approximate ground state thus
constructed becomes asymptotically exact, although for-
mally this is also the limit where the circuit depth di-
verges (logarithmically). Although implementing non-
local gates can be challenging, we flag this as a possi-
ble route to constructing approximate ground states in
strongly-correlated 2D topological phases.

Finally, it is interesting to consider possible experi-
mental signatures of the infinite-disorder fixed point in
the setting of lattice gauge theories, and in particular
when the latter are viewed as low-energy descriptions of
strongly-correlated quantum materials [86]. However, di-
rectly probing confinement experimentally is challenging,
due to the inherently non-local description of topological
order, which necessitates subtle diagnostics [55]. Never-
theless, in the presence of matter fields (either dynam-
ical or static) or when topological order is symmetry-
enriched, confinement typically intertwines with conven-
tional symmetry-breaking phenomena [56, 87]. In such
cases, we expect that critical exponents associated with
the scaling behavior of the symmetry-breaking order pa-
rameter, which is typically more accessible experimen-
tally, are also controlled by universal properties of the
confinement transition. However, the best probes with
which to access the topological phase transition must
be tailored to the specific experimental setting; we de-
fer such a study to future work.
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Appendix A: Group Cohomology and Topological
Dijkgraaf-Witten Models

In this Appendix, we review several topological aspects
of the group cohomology [ω] ∈ H3

(
G,U(1)

)
that provide

a more topological intuition and will be relevant to our
discussion below. Explicitly, we describe how to assign
the U(1) phase factor to a given 3-manifold and describe
its invariance under the so-called 1-4 and 2-3 Pachner
moves [34, 88].

Although the detailed mathematical steps in order to
prove the various equivalence relations and determine the
diffferent RG rules are complicated, they are straightfor-
ward to implement using standard techniques of topo-
logical quantum field theory once a graphical argument
is provided. Accordingly, throughout this work we sim-
ply give the relevant graphical arguments, and provide
the background necessary to understand why they work.
We emphasize that the graphical arguments themselves
are nontrivial, and are intimately linked to the strong-
disorder RG decimation procedure. A key aspect of
Dijkgraaf-Witten models is that they are restricted to
theories defined on planar triangulations. As emphasized
in the main text, the phase factor of each vertex term, is
associated to a “tent” 3-manifold constructed from that
vertex (see Fig. 8). We now discuss how to assign and
manipulate these phase factors, as they will be central to
our analysis.

In the Appendices only, we denote a link l (tetra-
hedron T ) by an ordered set of vertices, l = [v1, v2]
(T = [v1, v2, v3, v4]), which is not necessarily ordered
according to predefined vertex indices. We will typi-
cally omit the orientation of links whenever the result
holds independent of the vertex ordering. We denote
the group element on a link l = [v1, v2] as gv1v2

, where
gv1v2

= (gv2v1
)−1 holds, and T [{g}] as the tetrahedron

T equipped with the set of group elements {g} on links
satisfying the zero-flux constraints on each plaquette.

For each tetrahedron, we assign a U(1) phase factor
according to its orientation and the group elements on
its links, as shown in Fig. 16 (a) and (b). Note that two
tetrahedrons in Fig. 16 are mirror images of each other,
and accordingly, their respective U(1) phase factors are
a complex conjugate pair. The U(1) phase factor of a
3-manifold composed of tetrahedrons is defined by the
product of the U(1) phase factors over all tetrahedrons,
as shown in Fig. 16 (c) .

The U(1) phase factor is invariant under the so-called
1-4 and 2-3 “Pachner moves”, depicted in Fig. 15. The
proof directly follows from the defining properties of
group cohomology:

ω(g0, g1, g2)ω(g0, g1 · g2, g3)ω(g1, g2, g3)

ω(g0 · g1, g2, g3)ω(g0, g1, g2 · g3)
= 1, (A1)

where g0, g1, g2, g3 ∈ G, and the zero flux constraint im-
posed on every plaquette. We remark that in the 1-4
Pachner move, no averaging over a group element, say,
gv1ω is required. Using a series of 2-3 Pachner moves, one
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FIG. 15. (a) 1-4 Pachner move. The 3-manifold on the left is
a single tetrahedron [v1, v2, v3, v4] and the 3-manifold on the
right is obtained by gluing four tetrahedrons [w, v1, v2, v3],
[w, v1, v2, v4], [w, v1, v3, v4], and [w, v2, v3, v4]. (b) 2-3 Pach-
ner move. The 3-manifold on the left is obtained by gluing
two tetrahedrons [v1, v2, v3, v4] and [v1, v2, v3, v5] and the 3-
manifold on the right is obtained by gluing three tetrahe-
drons [v1, v2, v4, v5], [v1, v3, v4, v5], and [v2, v3, v4, v5]. The
U(1) phase factors associated with the 3-manifolds on the left
and right are identical in both 1-4 and 2-3 Pachner moves.
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FIG. 16. We assign U(1) phase factors for tetrahedrons with
(a) positive orientation and (b) negative orientation accord-
ing to the group elements on links. In the figure, we denote
each vertex as its vertex index, which induces the link orien-
tations and the tetrahedron orientation. (c) The U(1) phase
factor associated with a triangulated 3-manifold is given by
the product of the U(1) phase factors of individual tetrahe-
drons in the triangulation.

can show that the vertex operators appearing in the DW
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model satisfy Ag,ωv Ag
′,ω
v = Ag·g

′,ω
v and [Ag,ωv , Ag

′,ω
v′ ] = 0

for all distinct vertices v, v′ and group elements g, g′ ∈ G.

Appendix B: Lattice Isomorphisms

In this section, we introduce a set of lattice isomor-
phisms, denoted by T̂ . Each lattice isomorphism de-
fines a mapping between the planar graphs G → G′
that is accompanied by unitary transformations between
Hilbert spaces, T̂ : HG → HG′ and Hamiltonian terms,

HG′ = T̂HG T̂−1. In our discussion below, we first define
the basic local building blocks used to construct various
lattice isomorphisms and then demonstrate how they are
implemented during the various link and vertex term dec-
imation steps. Due to the inherent difference between
twisted and untwisted gauge theories, we discuss each
case separately, starting with the former. Note that the
lattice isomorphisms (since they are fully invertible) may
be implemented in either direction; as will be evident,
this freedom is crucial in defining a sensible RSRG deci-
mation scheme.

1. Untwisted Gauge Theory

In the context of untwisted gauge theories, we consider
three lattice isomorphisms, defined pictorially in Fig. 17.
The first lattice isomorphism, T̂1, amounts to revesing the
direction of a link l and simultaneously changing the link
variable on l, from g, to its inverse, g−1. This operation
trivially maps link terms and vertex terms defined in G
to their corresponding terms in G′.

The second lattice isomorphism T̂2, see Fig. 17 (b),
amounts to removing (adding) a link, l, from (to) G. At
first sight, this operation may appear to reduce (enlarge)
the Hilbert space dimension. However, by virtue of the
zero-flux constraint, the state at l is completely fixed by
the states on neighboring links. It is therefore convenient
to label HG using the degrees of freedom on links other
than l, e.g., g1 and g2 in Fig. 17 (b). With this choice,

T̂2 induces a direct mapping between the computational
bases of G and G′.

Next, we must specify how Hamiltonian terms trans-
form under T̂2. Vertex terms in G simply map to the
corresponding vertex terms in G′. This result can be ver-
ified directly by comparing between the operators AgvT̂2

(first mapping to G′ and only then applying Agv in G′)
and T̂2A

g
v (first applying Agv in G and only then mapping

to G′). Indeed, a straightforward calculation reveals that
the above two operations yield precisely the same quan-
tum states. In the case of the link terms, we have to
account for instances where the associated directed path
π passes through the removed link l. The defining path
π can be freely deformed locally such that no link terms
passes through l, see Fig. 18. Following these deforma-
tions, we can safely remove l from the planar graph and
directly map between link terms in G and G′.
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FIG. 17. (a) Lattice isomorphism T̂1 amounts to inverting
the direction of a link. Accordingly, the basis element of the
corresponding link gets inverted. (b) Lattice isomorphism

T̂2 amounts to removing/adding a link. Due to gauge con-

straints, T̂2 does not change the dimension of the Hilbert
space. For example, the basis element g is completely fixed
by g1 and g2, the states on neighboring links, via g = g1 · g2.
(c) Lattice isomorphism T̂3 relates the lattice with a vertex
v (left column) and the lattice without the vertex v and the

links connected to v (right column). T̂3 induces a mapping
between Av = 1 subspace of the Hilbert space on the left lat-
tice and the Hilbert space on the right lattice. To find such
mapping, we pick a representative link (colored link in the
figure) and define the preferred basis in the left lattice. The
preferred basis is mapped to the computational basis on the
right lattice via T̂3.
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FIG. 18. A series of support deformations of a long link term,
where the red links denote the support of (or equivalently, the
directed path associated with) the link term. The deforma-
tions can be implemented by invoking the zero-flux constraint
on each plaquette. Note that the end points are fixed during
the deformation.

The third lattice isomorphism, T̂3, involves removing
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a vertex v and its adjacent links from G, as described in
Fig. 17 (c). Note that here, unlike for the T̂2 isomor-
phism, since G has an additional vertex relative to G′,
HG has additional degrees of freedom relative to HG′ ,
even after taking into account the zero-flux constraints.
For this reason, we must supplement this move with an
additional constraint, Av = 1, imposed on the Hilbert
space HG . Projecting to the subspace with Av = 1 arises
naturally during a vertex decimation step. The subspace
defined by imposing Av = 1 on HG is isomorphic to the
Hilbert space HG′ on the target graph G′, where the ver-
tex v and its adjacent links were removed.

Operationally, we define T̂3 : HG |Av=1 → HG′ by
choosing a preferred basis for states belonging to the
Av = 1 subspace, and mapping it to the computational
basis in G′. To define the preferred basis, we first pick a
representative link l among the links adjacent to v. The
zero-flux constraints fixes the rest of the link variables.
Thus, we can label states in HG as |g; g1, g2, . . .〉, where
g is the state on l and {g1, g2, . . .} are the collection of
states on links that are not connected to v. We define
the preferred basis as

1√
G

∑

g∈G
|g; g1, g2, · · · 〉, (B1)

which indeed spans the Av = 1 subspace. We note
that Eq. (B1) is also an eigenstate of Ahv , under which
|g; g1, g2, · · · 〉 maps to |h ·g; g1, g2, · · · 〉, for all h ∈ G with

the corresponding eigenvalue 1. Under T̂3, the preferred
basis in Eq. (B1) is simply mapped to |g1, g2, . . .〉, the
computational basis states in HG′ .

We now argue that T̂3 correctly maps both link and
vertex terms. We must assume that the Hamiltonian
does not contain link terms that either end or begin on a
link connected to v. In the context of our RSRG scheme,
this assumption is always satisfied during a vertex term
decimation, since such link terms are never a part of the
renormalized Hamiltonian. On the other hand, long-link
terms whose defining path π passes thorough links adja-
cent to v are allowed. For such long-link terms, we em-
ploy the procedure described in Fig. 18, which deforms
the path π, so that it does not act directly on links adja-
cent to v. Following the above step, we conclude that link
terms on G are directly mapped to their corresponding
ones G via T̂3.

Moving to vertex terms, we only need to examine
terms, Ahw, defined on a vertex w adjacent to v and
an arbitrary group element h ∈ G. As before, we com-
pare between the operations T̂3A

h
w and AhwT̂3, acting on

the preferred basis states, previously defined in Eq. (B1).
A straight forward calculation, using the rearrangement
theorem, shows that the above two operations yield the
identical result. This means that every vertex term in G
is simply mapped to the corresponding vertex term in G′.

In Fig. 19, we demonstrate an important application
of lattice isomorphism, used in the main text during a
of long-link decimation step. Explicitly, we show that a
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FIG. 19. A procedure which maps a long-link term to a short-
link term. We employ a series of support deformation of a
link term and a series of lattice isomorphism T̂2 during the
procedure.

long-link term Cgl for some long-link l = 〈v, w〉 and g ∈ G
can be mapped to a short-link term by first deforming the
defining path of Cgl and following it with a series of T̂2

lattice isomorphisms.

2. Twisted Gauge Theory

We now turn our attention to constructing lattice iso-
morphisms in the context of DW models [34, 41]. Cru-
cially, in this case, we must take into account the trans-
formation of the U(1) phase factors, originating from a
group cohomology element [ω] ∈ H3

(
G,U(1)

)
, under the

various lattice isomorphisms.
In the DW model, reversing a link orientation during

a T̂1 lattice isomorphism, translates into exchanging a
pair of vertex indices. However, such a reordering can be
consistently implemented in only a few special cases [40]
and hence to maintain full generality, we will not employ
T̂1 in the following discussion.

The second lattice isomorphism T̂2 involves deforming
the link configuration. Unlike the untwisted case, we can-
not freely add or remove a link from the planar graph G,
as this operation can potentially generate non-triangular
plaquettes, which are disallowed in DW models. Instead,
we redefine T̂2, so that the resulting link configuration
is compatible with the triangulation structure, as shown
in Fig. 20 (a) and (b). As before, due to the zero-flux
constraints, states on modified links are completely fixed
by states on neighboring links. Unlike before, T̂2 must
be accompanied by a U(1) phase factor, which is picto-
rially defined in Fig. 20 (a) and (b). Note that the two
operations appearing in Fig. 20 are inverses of each other
since the two associated tetrahedrons are mirror images
of each other.

We now argue that T̂2 properly maps the Hamiltonian
terms. By following the path deformation procedures
used in the untwisted case, link terms in G are mapped
to the corresponding link terms in G′ under T̂2. In the
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FIG. 20. T̂2 lattice isomorphism acting on a computational
basis state. Here, group elements (which are not shown ex-
plicitly) are placed on each link and satisfy the zero-flux
constraint on each plaquette. Note that group elements on
colored links are completely fixed by the group elements on
neighboring links. Compared to the untwisted case, T̂2 carries
additional U(1) phase factor in the twisted case.
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FIG. 21. The 3-manifold in the left (right) column appears

in the phase factor of Ah,ωv T̂2 (T̂2A
h,ω
v ) in Fig. 20 (a) and

(b). More explicitly for case (a), the left panel consists of
two tetrahedrons [v, v′, w, w′] and [v−, v, w,w′]. The former

accounts from the phase factor accompanying the T̂2 transfor-
mation and the latter arises from the tent construction. The
right panel compromises three tetrahedrons, [v−, v′, w, w′],
[v−, v, v′, w], and [v−, v, v′, w′]. The first tetrahedron origi-

nates from the T̂2 transformation and the last two tetrahe-
drons originate from the tent construction. Similar consider-
ations lead to the 3-manifold construction corresponding to
(b). In each case, using a 2-3 Pachner move, the phase factors

of Ah,ωv T̂2 and T̂2A
h,ω
v acting on a computational basis state

can be shown to be identical.

case of the vertex terms, it is crucial to check whether
the phase factors associated with vertex terms map faith-
fully under T̂2. Since T̂2 modifies the lattice locally, we
only need to consider the vertex operators acting on v in
Fig. 20 (a) and (b). Specifically, we compare the U(1)

phase factors associated with the operations Ah,ωv T̂2 and

T̂2A
h,ω
v for an arbitrary h ∈ G when acting on a com-
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FIG. 22. Lattice isomorphism T̂3 is defined for a vertex v.
We map the preferred basis vector, shown in the left column,
on Aωv = 1 subspace on the graph with the vertex v to the
computational basis |g1, g2, · · · 〉 on the graph where the vertex
v and adjacent links are removed.
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FIG. 23. Using a series of T̂2 lattice isomorphisms, one can
isolate a vertex v in such a way that it is surrounded by a
triangle. We colored the links which are affected by T̂2.

putational basis element in HG . Since all other U(1)
phase factors (coming from the remaining plaquettes)
trivially cancel with each other, we only need to compare
the U(1) phase factors assigned to the 3-manifolds shown
in Fig. 21. Using a 2-3 Pachner move presented in Ap-
pendix A, it follows immediately that the two associated
U(1) phase factors are identical. Note that the additional
phase factor introduced in Fig. 20 precisely compensates
for the otherwise non-vanishing phase difference.

Finally, we define the third lattice isomorphism T̂3,
which amounts to removing a vertex v and the adjacent
links from G. Since only triangular plaquettes are al-
lowed in the DW models, we assume that the vertex is
surrounded by a triangle, such as the one in the left col-
umn of Fig. 22. In general, we can isolate a vertex in this
manner by employing a series of T̂2 lattice isomorphisms
as depicted in Fig. 23.

Similarly to the untwisted case, T̂3 induces an isomor-
phism between HG |Aωv=1 and HG′ . To define T̂3, we first
choose a preferred basis for the Aωv = 1 subspace of HG .

T̂3 maps the preferred basis to the computational basis
in HG′ . To this end, we first pick a representative link,
that we denote [v, w], among the links adjacent to v.8 As
before, we denote a computational basis state in HG as
|g; g1, g2, . . .〉, where g is the state on the representative
link [v, w] and {g1, g2, . . .} are the states on links that
are not adjacent to v (states defined on adjacent links
other than [v, w] are fixed by the zero-flux constraints).
The preferred basis is constructed by taking superposi-
tions of |g; g1, g2, . . .〉 with amplitudes fixed by the group

8 The representative link is fixed once and for all, and in particular
is independent of the group elements on links.
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FIG. 24. Graphical proof of Eq. (B3). The 3-manifold on the
left is obtained by gluing the tetrahedron associated with the
U(1) phase factors appearing in the amplitude of |g; g1, g2〉
in Eq. (B2) and the 3-manifold from the tent construction
of Ah,ωv . The 3-manifold on the right is associated with the
phase factor of the amplitude of |h ·g; g1, g2〉 in Eq. (B2). The
U(1) phase factors associated with the above two 3-manifolds
are identified by a 1-4 Pachner move.

cohomology element:

1√
G

∑

g∈G
ω
[
T [{g, g1, g2}]

]
|g; g1, g2, . . .〉, (B2)

where T = [v, w,w′, w′′] is the tetrahedron shown in
Fig. 22. We first demonstrate that the preferred basis
vectors are eigenstates of Ah,ωv with an eigenvalue 1 for
all h ∈ G, and hence belong to Aωv = 1 subspace. To
this end, we first note that, as with the untwisted case,
acting with Ah,ωv only shuffles the computational basis in
Eq. (B2), |g; g1, g2, . . .〉 7→ |h·g; g1, g2, . . .〉. In the twisted
case, we also have to make sure that the additional U(1)
phases transform correctly; under the operation of Ah,ωv ,
we accumulate the phase factor eiφh(ω), which must sat-
isfy the condition

ω
[
T [{h · g, g1, g2}] = eiφh(ω)ω

[
T [{g, g1, g2}]

]
, (B3)

in order for Eq. (B2) belongs to Ah,ωv = 1 subspace. The
above identity is proven pictorially in Fig. 24 using a 1-4
Pachner move.

Next, we show that T̂3 also correctly maps Hamiltonian
terms. We first consider the mapping of link terms. As
before, if necessary, we employ a preliminary path defor-
mation step such that all link terms never pass through
removed links. Following this operation, link terms ap-
pearing in G are directly mapped to the corresponding
ones in G′, similarly to the untwisted case. As for vertex
terms, we only need to consider vertex terms Aωw, where
w is a vertex adjacent to v (see Fig. 22), since other vertex

terms are unaffected by T̂3. In the calculation below we
ignore phase factors arising from plaquettes untouched
by the mapping T̂3, since they trivially cancel out. We
begin by considering the case where we first apply the
isomorphism T̂3 and only then act with Ah,ωw for some
h ∈ G. The resulting state is,

eiφ
G′
h (ω)|h · g1, g2, . . .〉, (B4)

where the phase factor is evaluated in G′ after the re-
moval of the vertex v and hence include a single relevant
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FIG. 25. Graphical proof of Eq. (B6). The 3-manifold on the
left is given by the gluing of tetrahedron [v, w,w′, w′′], origi-
nating from the phase factor of |g; g1, g2〉 in Eq. (B2), with two
relevant tetrahedrons, [w−, w, v, w′] and [w−, w, v, w′′], orig-
inating from the tent construction of Ah,ωw (shown as three
distinct tetrahedrons, for clarity). The associated U(1) phase

factor for the latter two tetrahedrons corresponds to eiφ
G
h

(ω)

in Eq. (B5). The 3-manifold on the right is obtained by
gluing the tetrahedron [v, w−, w′, w′′], originating from the
phase factor of |h · g;h · g1, g2〉 in Eq. (B2), and the tetrahe-

dron [w−, w, w′, w′′], with which the phase factor eiφ
G′
h

(ω) in
Eq. (B4) is associated. Two 3-manifolds are related by a 2-3
Pachner move and, importantly, the group elements on links
of [w−, w, w′, w′′] are independent of g.

tetrahedron [w−, w, w′, w′′]. Next, acting first with Ah,ωw
on a preferred basis state appearing in Eq. (B2) gives

1√
G

∑

g∈G

eiφ
G
h(ω)ω

[
T [{g, g1, g2}]

]

ω
[
T [{h · g, h · g1, g2}]

]

× ω
[
T [{h · g, h · g1, g2}]

]
|h · g;h · g1, g2, . . .〉,

(B5)

where eiφ
G
h(ω) is evaluated by a tent construction on G

comprising two relevant tetrahedrons [w−, w, v, w′] and
[w−, w, v, w′′], ω

[
T [{g, g1, g2}]

]
originates from the U(1)

weights in Eq. (B2), and for convenience we multiply and
divide by ω

[
T [{h · g, h · g1, g2}]

]
to comply with the U(1)

weights associated with the states |h ·g;h ·g1, g2, . . .〉. Fi-

nally, we apply the T̂3 transformation on Eq. (B5). In
order for the two operations to agree and Eq. (B5) be-
longs to Aωv = 1 subspace, we must have that,

eiφ
G′
h (ω) =

eiφ
G
h(ω)ω

[
T [{g, g1, g2}]

]

ω
[
T [{h · g, h · g1, g2}]

] , (B6)

which, crucially, is g-independent. We give a graphical
proof of Eq. (B6) in Fig. 25, using a 2-3 Pachner move.

Finally, we extend T̂3 to remove not only a single ver-
tex but also a set of vertices associated with a general-
ized vertex term Aωv1v2...vk

= 1
|G|
∑
g∈GA

g,ω
v1
Ag,ωv2

· · ·Ag,ωvk .

In order for the DW models to be well-defined after
the vertices removal, we first bring a set of vertices
{v1, v2, · · · , vk} locally in space by employing a series of

T̂2 lattice isomorphisms as described in Fig. 26. Next,
we use T̂2 lattice isomorphisms to make a configuration
shown in Fig. 27, where the vertices in {v1, v2, · · · , vk}
are surrounded by a triangle. This configuration can
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FIG. 26. A series of T̂2 lattice isomorphisms that moves two
distant vertices v1 and v2 until they are nearest neighbors.
We colored the links which are affected by T̂2.
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FIG. 27. A configuration where the vertices v1, v2, · · · , and
vk associated with the vertex operator Aωv1v2...vk are located
locally in space and surrounded by the triangle formed by
vertices w, w′, and w′′. Since the vertex operator Aωv1v2...vk is
generated from link term projections, all the group elements
on links [v1, v2], [v2, v3], · · · , and [vk−1, vk] are trivial.
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FIG. 28. The preferred basis vector for Aωv1v2
= 1 subspace.

As in the single vertex case, we fix the representative link,
denoted as [v1, w] in this case, at the outset of the calcula-
tion. The phase factor is given by the U(1) phase factor of a
3-manifold obtained by gluing two tetrahedrons. For k ver-
tices, the corresponding 3-manifold is obtained by gluing k
tetrahedrons.

be constructed by following the procedure described in
Fig. 23.

For concreteness, we also examine the T̂3 lattice iso-
morphism for the two-vertex case. It is straightforward
to generalize this construction to an arbitrary number of
vertices. As before, we first identify the preferred ba-
sis spanning the Aωv1v2

= 1 subspace, defined in Fig. 28.
Note that since the vertex operator Aωv1v2

is generated
from the link term C[v1,v2] decimation, the state on the

link [v1, v2] is trivial. We denote the preferred basis as

1√
|G|

∑

g∈G
ω
[
M [{g, g1, g2}]

]
|g; g1, g2, . . .〉, (B7)

where g is the basis element on the representative link
[v1, w], {g1, g2, . . .} is the set of states on links that are
not adjacent to either v1 or v2, and M is the three
manifold, obtained by gluing two tetrahedrons, shown in
Fig. 28. We now show that the preferred basis Eq. (B7)
indeed belongs to Aωv1v2

= 1 subspace by proving that it

is an eigenstate of Ah,ωv1
Ah,ωv2

with the eigenvalue 1. As
in the proof for Eq. (B2), we show that the amplitude
of |g; g1, g2, . . .〉 in Eq. (B7) maps to the amplitude of
|h · g; g1, g2, . . .〉 in Eq. (B7) under Ah,ωv1

Ah,ωv2
. The proof

is given in Fig. 29.
Finally, we show that the T̂3 lattice isomorphism asso-

ciated with two-vertex removal correctly maps link and
vertex terms in G to the corresponding ones in G′. Note
that the link terms are mapped to each other as in the
single vertex removal. As for vertex terms, we only need
to consider terms acting on vertices adjacent to v1 and
v2. To this end, we show that the matrix representations
of vertex operators with respect to the preferred basis in
Fig. 28 and the computational basis of HG′ are identical.

For the vertex operator Ah,ωw′′ acting on w′′ in Fig. 28,
such identification follows from the procedure presented
in Fig. 25, since we only need to take two tetrahedrons

from the tent construction of Ah,ωw′′ into account. For the
vertex term Aωw acting on the vertex w in Fig. 28, the
proof of the identification is shown in Fig. 30. The same
construction works for the vertex operator Aωw′ .

Appendix C: Miscellany on Levin-Wen models

In this section, we summarize the conventions we used
for the Levin-Wen model in Sec. VIII for completeness of
our presentation. While we mainly follow the convention
used in the original reference, Ref. 43, there also exist
minor deviations, such as using 1 to denote the trivial
anyon.

The input data for the Levin-Wen model is a unitary
fusion category [89], equivalently a triple (C, N, F ), where
C is the finite set of anyons, N is the fusion coefficients,
and F is the collection of unitary F -matrices. One can
fuse anyons in C via the fusion rule: a× b =

∑
c∈C N

c
abc.

Here, we assume that the fusion rule is commutative,
i.e., N c

ab = N c
ba, and moreover the fusion coefficient

N c
ab ∈ Z+ is multiplicity-free, i.e., N c

ab = 0, 1 holds. The
multiplicity-free condition can easily be dropped, how-
ever we impose the condition for the sake of simplicity. In
C, there exists a unique element called the trivial anyon,
denoted as 1, satisfying a× 1 = a for all a ∈ C. For each
a ∈ C, there exists unique anyon a∗ ∈ C, the anti-particle
of a, such that N1

aa∗ = 1 holds. Finally, the collection
of unitary F -matrices is responsible for the basis change
appeared in Fig. 31 (c). The collection of F -matrices
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FIG. 29. A graphical proof that the preferred basis state appearing in Eq. (B7) belongs to the subspace Ah,ωv1,v2
= 1. (a) U(1)

phase factor associated with a specific component of the preferred basis, ω
[
M [{g, g1, g2}]

]
, where g is the state on [v1, w]. (b)

Applying Ah,ωv1
adds three tetrahedrons associated with the tent construction. (c) Applying a 1-4 Pachner move simplifies four

tetrahedrons into a single one. (d) Applying Ah,ωv2
adds four tetrahedrons associated with the tent construction. (e) Applying

a 2-3 Pachner move to the left most tetrahedrons. (f) Detaching the left most tetrahedron and gluing together the remaining
four tetrahedrons. (g) Applying a 1-4 Pachner move on the right most tetrahedrons, arriving at the final step, which equals
ω
[
M [{h · g, g1, g2}]

]
, as required. Note that while the states on links [v1, v2] and [v−1 , v

−
2 ] are trivial, the state on [v−1 , v2] is not

trivial in general.
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FIG. 30. A graphical proof that the two operations Ah,ωv1,v2
T̂3 and T̂3A

h,ω
v1,v2

result in the same quantum state on G′. (a) U(1)
phase factor associated with a specific component of the preferred basis, ω

[
M [{g, g1, g2}]

]
, where g is the state on [v1, w]. (b)

Applying Ah,ωw results in three additional (relevant) tetrahedrons. (c) Gluing together the left most three tetrahedrons. (d)
Applying a 2-3 Pachner move to the three tetrahedrons mentioned in (c). (e) Gluing together the right most three tetrahedrons.
(f) Applying a 2-3 Pachner move on the three tetrahedrons mentioned in (e). This concludes our proof that, as in the case of

Eq. (B6), the relation eiφ
G′
h

(ω) =
e
iφG
h

(ω)
ω
[
M [{g,g1,g2}]

]
ω
[
M [{h·g,h·g1,g2}]

] holds.

has to satisfy the consistency conditions called the pen-
tagon equations [89]. Furthermore, we assume the so-
called tetrahedron symmetries (the second line in Eq. (9)
in Ref. 43) of the F -matrices, which in turn simplifies the
expressions in the Levin-Wen Hamiltonian.

Similar to lattice gauge theories, the local degrees of
freedom lives on every link in the Levin-Wen model. The

local Hilbert space is a |C|-dimensional Hilbert space
where the computational basis is labeled by anyons in
C. Similar to the lattice isomorphism T̂1 of the quantum
double model introduced in Appendix B, we can freely
invert the direction of a link l at the expense of mapping
the corresponding computational basis |a〉l to |a∗〉l as de-
scribed in Fig. 31 (b). The many-body Hilbert space of
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FIG. 31. Input data for the Levin-Wen model. (a) The fusion
rule among anyons in C. (b) If we invert the direction of a
link, we take anti-particle of the corresponding anyon label.
(c) F -matrix associated with the change in the fusion basis.
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FIG. 32. (a) Definition of the vertex term Av in the Levin-
Wen model. Av projects onto the configuration where three
anyons on the adjacent links are compatible with the fusion
rule. (b) Definition of the plaquette term Bp in the Levin-
Wen model. Bp is given by the summation of ds

D2B
s
p, where

Bsp operator is defined in Fig. 11.

the Levin-Wen model is given by the tensor product of
local Hilbert spaces defined on links. Finally, the Levin-
Wen Hamiltonian is given by a sum of commuting pro-
jectors

HLW = −
∑

v

JvAv −
∑

p

JpBp, (C1)

where Av and Bp are defined in Fig. 32 (a) and (b). In the
main text, instead of working on the full Hilbert space,
we impose Av = 1 on every vertex v as the “gauge con-
straint”, and consider the Hamiltonian on the restricted
Hilbert space where the gauge constraints are imposed.

Appendix D: Quantum Monte Carlo Simulations

In the section, we discuss several technical aspects of
our quantum Monte Carlo (QMC) simulation that are
relevant to studying the infinite-randomness fixed point
[90]. The expected “z = ∞” scaling requires a careful
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FIG. 33. The average binder ratio as a function of β at hmax =
6.19 and Q = 3 for various system sizes.
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FIG. 34. The Binder ratio calculated for system size L = 12
and Q = 3 at hmax = 6.24 and βmax = 212. Different columns
correspond for several samples (disorder realizations). For
each sample, we show simulation results with different total
number of measurements Nm = 102, 103, and 104 divided 10
bins.
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Bav as a function of the number of disorder averages for Q = 3
for various system sizes L and the field strength hmax.

monitoring of the convergence to zero temperature re-
sult. To that end, we employ the so-called β-doubling
scheme [65, 67, 90], in which one progressively lowers the
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simulation temperature, akin to simulated annealing, in
order to reliably access ground state properties. To show-
case this procedure, in Fig. 33, we present the disorder
averaged binder ratio Bav for Q = 3 as a function of β for
various system sizes at hmax/Jmax = 6.19. In all cases,
we observe a convergence to the zero temperature result
at the largest β considered.

An accurate error estimation entails considering the
combined effect of disorder averaging (sample to sam-
ple variability) and the inherent statistical uncertainty of
Monte Carlo sampling. We found that the former dom-

inates our statistical errors. As an example, in Fig. 34,
we demonstrate this behavior, where indeed observe that
fluctuations corresponding the average Binder ratio com-
puted for different quenched disorder realization are far
larger than statistical fluctuations. This behavior is com-
patible with the importance of rare-events in the vicinity
of the infinite randomness fixed point. For this reason,
we also carefully monitor the convergence of disorder av-
eraging as a function of the number of disorder realiza-
tions, as shown in Fig. 35. In all cases, we have taken
at least 20, 000 and up to 50, 000 independent disorder
realizations.
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