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The estimation of multiple parameters is a ubiquitous requirement in many quantum metrology
applications. However, achieving the ultimate precision limit, i.e., the quantum Cramér-Rao bound,
becomes challenging in these scenarios compared to single parameter estimation. To address this issue,
optimizing the parameters encoding strategies with the aid of antiunitary symmetry is a novel and
comprehensive approach. For demonstration, we propose two types of quantum statistical models
exhibiting antiunitary symmetry in experiments. The results showcase the simultaneous achievement
of ultimate precision for multiple parameters without any trade-off and the precision is improved at least
twice compared to conventional encoding strategies. Our work emphasizes the significant potential of
antiunitary symmetry in addressing multiparameter estimation problems.

DOI: 10.1103/PhysRevLett.133.210801

Introduction—Quantum metrology holds the promise
of achieving better precision of parameter estimation than
that of classical schemes. Single parameter estimation has
achieved great success and finds applications in fields that
include quantum sensing [1,2] and gravitational wave
detection [3,4]. However, practical applications often
involve multiple parameters. The quantum-enhanced meas-
urement of multiparameter estimation is more challenging
compared to single parameter scenarios, and several meth-
ods are proposed to enhance the precision, including probe
state optimization [5,6], sequential optimal control [7-10],
and collective measurement [11,12]. Apart from the tech-
nical difficulties, the fundamental bound of precision limit
in the single parameter case, i.e., the quantum Cramér-Rao
bound (QCRB) [13-15], may not be saturated in multi-
parameter estimation. Various types of bounds are proposed
to address this issue [16-26], which provide precisions
worse than that given by the QCRB. Moreover, it remains
elusive whether these bounds can be achieved and how to
saturate them. Therefore, the unattainability of QCRB not
only impacts the precision, but also poses challenges in
searching for optimal measurements [27-30].

The unattainability primarily arises from the incompat-
ible nature of optimal measurements for different param-
eters, making their joint implementation unfeasible due to
the Heisenberg uncertainty principle [31]. The necessary
and sufficient condition for saturating the multiparameter
QCRB is the weak commutativity condition [24,32-34].
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When this condition is satisfied, optimal measurements
exist that achieve the ultimate limit simultaneously for
different parameters. Hence, investigating which kinds of
quantum states can satisfy this condition is essential in
multiparameter quantum metrology. Antiunitary symmetry,
originating from the time-reversal symmetry, plays a crucial
role in quantum mechanics [35,36]. It has been shown that
parametrized quantum states with antiunitary symmetry
always satisfy the weak commutativity condition [37]. In
addition, this symmetry offers explicit methods to construct
optimal measurements. Although antiunitary symmetry
holds great potential in achieving ultimate precision, how
to implement a quantum metrology scheme with antiunitary
symmetric quantum states and perform optimal compatible
measurements practically remains to be explored.

In this Letter, we present the experimental demonstration
showcasing the metrological advantages of antiunitary
symmetry. By optimizing the encoding strategies, we
design two types of antiunitary symmetric quantum stat-
istical models, a set of parametrized quantum states with
antiunitary symmetry. We implement the two models in
optical systems and construct the optimal measurements
via quantum walk [12,43]. Our findings demonstrate that
the two models effectively eliminate the trade-off in the
precision of different parameters, thereby resolving the
inherent incompatibility and achieving the QCRB.
Moreover, our results convincingly show the enhanced
precision achieved in parameter estimation, thus paving a
promising path for practical utilization of antiunitary
symmetry in quantum metrology and sensing.

Theoretical ~ framework—The  quantum  statistical
model of a physical system is denoted by {p;}, where
quantum states are parametrized by n real parameters

© 2024 American Physical Society
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A=(A1,42,...,4,) TEACR". The measurement is descri-
bed by a positive operator valued measure (POVM)
{IL|TL, > 0,%" T, = I} with outcomes {y}. According
to Born’s rule, the probability of obtaining outcome y con-
ditioned on parameters A is given by p(y|A) = Tr(p,I1,). The
mean square error matrix (MSEm), denoted as V,, quanti-
fies the quality of an estimator A, and is defined as
Vi =3, p(rIM[A(x) — M[A(x) — A]", where diagonal ele-
ments represent variances in estimating different parameters
and off-diagonal elements represent covariance between
different parameters. Precision bounds are given in terms
of matrix inequalities for MSEm, Fisher information matrix
(FIm), and quantum Fisher information matrix (QFIm),

Vi>m ' F{' > m™' Q7. (1)

Here, m is the number of copies. The elements of FIm are
givenby [F;];;=>_,[1/p(x|A)][0p(x|A)/94][0p (x|A)/04;],
and the elements of QFIm are given by [Q,]; =
ITr(pa{L;.L;}), where {-} is the anticommutator and L,
is the symmetric logarithmic derivative, the solution of
0p3/04; =3 (p;L; + Lip;). There always exist estimators
that make MSEm equal to the inverse of FIm [38]. In the
second inequality, the condition for the equality is that
the mean Uhlmann curvature matrix ¢/ with the elements
U;; = (i/4)Tr(p,[L;, L;]) vanishes, the so-called weak
commutativity condition [24,32-34]. To compare the pre-
cision represented by these matrices intuitively, the scalar
precision bound inequalities with a real symmetric weight
matrix WV are often utilized instead of matrix inequalities,

mTr(WV,;) >Tr(WF;') > Cl (p,, W) >Tr(WQ; 1),  (2)
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FIG. 1. Schematic diagram illustrating strategies for estimating
parameters encoded in the unitary operator U (blue squares).
(a) Parallel model: two identical quantum states undergo the same
unitary process and are separately measured. (b) Mutually con-
jugate model (MCM): two identical quantum states undergo
mutually conjugate unitary processes U and U*, respectively,
and are measured jointly. (c) Ancilla-assisted mutually conjugate
model (AAMCM): one state controls another, determining
whether it undergoes U or U*. The measurement is separable.
(d) Maximal entanglement model (MEM): two maximally en-
tangled states are generated, with one undergoing the unitary
process U. Collective measurement is performed on them.

where C¥(p;,V) is the Holevo Cramér-Rao bound
(HCRB) [18-26], which represents the fundamental and
asymptotically attainable bound with collective measure-
ments on many identical copies of the quantum states.
Especially for pure states, the HCRB is attained by separable
measurements on single copies of p; [39,40]. The specific
expression of the HCRB can be found in [41] and more
details can be found in Ref. [18-22]. The HCRB equals
the scalar QCRB only if the weak commutativity condition
is satisfied.

Antiunitary symmetry—The antiunitary operator ©®
is unitary (@'® = 1) and antilinear (®Y; a;|¢h;) =
> ai0|¢;), for any vectors {|¢;)} in Hilbert space, and
complex coefficients {@;}). An antiunitary and Hermitian
operator 9§ is called a “conjugation” operator, i.e., 99" = I
and 9 = 9'. Conjugation operators can transfer Hermitian
operators into their complex conjugation, 9p,;9 = p;.

A class of quantum statistical models with antiunitary
symmetry is defined as follows [37]: if there exists an
antiunitary operator ® such that ®p;®" = p; holds for
any A, {p;} is said to have “global antiunitary symmetry”
(GAS). An important property of the quantum state p, with
GAS is that it satisfies the weak commutativity condition
at all points in the parameter space,

Uy(ps) =0. Y ij. (3)

Mutually conjugate model—One kind of quantum stat-
istical model with GAS is

{p1 = p1 ® pilAE A}, (4)

with antiunitary operator S9%2, where S is the swap
operator of the bipartite system. Here, we call it the
“mutually conjugate model” (MCM) in Fig. 1(b). The
QFIm of the quantum states in the MCM is twice that of
the original quantum state p; and is equal to that of the
parallel model {p; ® p;|4 € A} in Fig. 1(a), while the latter
cannot always achieve the QCRB.

We consider the problem of estimating unknown param-
eters (6, ¢) in qubits, as represented by

0 ) 0
lwy) = cos 5 |0) + e sini 1), (5)

with 6 € [0, 7], ¢ € [0, 2x]. The QFIm with respect to (0, ¢)
in Eq. (5) is a diagonal matrix, Q; = diag(1,sin%6).
We choose the cost matrix W = diag(1, sin’6), which is
related to the natural metric on the sphere, also known
as the Fubini-Study metric [44]. The scalar QCRB gives
Tr(WQ; ') = 2. However, the weak commutativity con-
dition between parameters (6,¢) is not satisfied, as
Upy(lwz)) # 0, therefore the scalar QCRB cannot be
achieved. Meanwhile, the HCRB C(|y;). W) = 4.
We see that HCRB is twice the scalar QCRB, which
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corresponds to the maximal discrepancy [45,46]. For pure
states, the HCRB can be achieved by separable measure-
ments performed on each copy of |y;). Because of the fact
that C¥ (|y;). W) = nC¥ (Jy;)®". W) [22], the precision
of parallel models |y;)®? is twice that of single copies,
CH(Jy;)®2, W) = 2, and the scalar QCRB of |;)®? can
not be achievable.

For the MCM, the weak commutativity condition always
holds. The scalar QCRB of the MCM is

C2(lwa) ® i) W)
1

— 5w W)

= %Cf(llm, W) = %Cf(llm)@z, W), (6)

where C2(x, W) = Tr(WQ; ).
Ancilla-assisted mutually conjugate model—A quantum
statistical model {|¥;),(¥,||[A €A}, where

TR ZREATI]

also has GAS with an antiunitary operator (I ® o,)d.
We call this model the “ancilla-assisted mutually conjugate
model” (AAMCM) in Fig. 1(c). The QFIm of |¥;), is

B 1 0 g
On = {0 2—20056’]' ®)

(7)

To highlight the advantage of the AAMCM, we take another
ancilla-assisted quantum statistical model, the maximal
entanglement model (MEM) {|¥;)yem(¥il[A€A} in
Fig. 1(d), for comparison, in which

W)y — |w>|0>\%w 1 )

with (y,|y;) = 0. The MEM also has the GAS with the
antiunitary operator Oy ® O, where O is the bit flip
operator [37]. The MEM is viewed as the most sensitive
quantum statistical model to estimate the parameters
encoded in it [9,47], when the encoding process is unitary.
The AAMCM ensures the same level of precision in
parameter estimation as the MEM.

Measurement—The existence of a set of optimal
POVMs that saturate the scalar QCRB for pure states with
GAS is always guaranteed. The work in Ref. [37] presents
a method to identify parameter-independent optimal
POVMs. If the quantum state can be decomposed into
parameter-independent eigenvectors with real coefficients,
these eigenvectors also form the optimal POVM.
The optimal measurements for MCM and AAMCM are
provided below.

The elements of the optimal POVM for the MCM are

Il = |®7)(d7],
I3 = [¥7) (¥,

I, = |®7){@7],

Iy = [7)(¥7, (10)
where |®*) =1/4/2(]00) £ |11)) and [¥*) = 1//2(|01)+
|10)). The elements of the optimal POVM for the
AAMCM are

7 = 10)(0] ® [0){0,
w3 =[] @ [+)(+],

m, = 0)(0] @ [1)(1],
my = DA [=)(=|. (1)
where |+) = (0) + [1))/v2 and |-) = (|0) = |1))/V2.
From the Eq. (11), we can find the optimal measurement
for the AAMCM is separable. The MEM also has the GAS,
and we can also give the optimal measurement for it,
Y = 100)(00).
I = [P7) (¥,

Y = |11)(11],
IO =[P (12)

The measurement proposed in Ref. [9] consists of four Bell
projectors, while the POVM in Eq. (12) only includes two
entangled projectors, namely 1Y and I1Y.

Experimental setup and results—The experiment setup
for proving the metrological advantages of GAS is pre-
sented in Fig. 2. The experiment setup consists of five parts:
a single-photon source and four different models: the
MCM, the parallel model, the AAMCM, and the MEM.

In the single-photon source part, a pulse laser at 415 nm
is input to a beta barium borate (#-BBO) crystal. This
crystal is used for type-II beamlike spontaneous parametric
down-conversion to produce degenerate photon pairs
with a central wavelength of 830 nm. The photon pairs
are spectrally filtered by interference filters with 3 nm full
width at half maximum and detected by single-photon
detectors (SPDs). The single photon is heralded by
detecting the other one.

We prepare the MCM in Fig. 2(b). The first qubit is
encoded in the polarization degree of freedom (d.o.f.) of
the photon, where |0) and |1) correspond to horizontal and
vertical polarization respectively. The second qubit is
encoded in the path d.o.f. of the photon, with |up) and
|down) representing |0) and |1). Arbitrary qubit states are
generated using a combination of wave plates consisting of
two half-wave plates (HWPs) and two quarter-wave plates
(QWPs). One HWP controls the parameter 8, while another
one controls ¢. Both QWPs are fixed at a rotation angle of
45°. A beam displacer (BD) is utilized to displace compo-
nents with horizontal polarization into the up path, and
those with vertical polarization into the down path, thereby
mapping the polarization qubit into the path d.o.f.. On each
path, another set of wave plates is employed to encode
parameters € and —¢ into the polarization d.o.f. of photons.
This enables us to prepare an MCM state given by
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FIG. 2. The experimental setup for proving the metrological advantages of quantum states with GAS. There are five modules in the
setup. (a) The single-photon source module. (b) The MCM. (c) The parallel model. (d) The AAMCM. (e) The MEM. BBO, f-barium
borate crystal; IF, interference filter; GT, Glan-Thompson; FC, fiber coupler; BD, beam displacer; PBS, polarization beam splitter; SPD,

single photon detector.

lw:) ® |w;). The measurement component realizes collec-
tive measurement as described in Eq. (10). We implement
this POVM through quantum walk involving several BDs
and HWPs. Our method utilizes two d.o.f’s of single
photons to generate two-qubit quantum states and realizes
collective measurements deterministically on the states.
This method is more reliable and has higher fidelity
compared with the two-photon systems [48-50], which
is crucial to achieve the optimal precision. In Fig. 2(c), we
prepare |y;) encoded in the polarization d.o.f. of the photon
by HWPs and QWPs. We realize the mutually unbiased
bases-like (MUB-like) POVM to perform projection on
certain basis by utilization of HWPs, QWPs followed by a
polarization beam splitter. The HCRB of the parallel model
is achievable by the MUB-like POVM solely on a single
copy twice.

The experimental setup of the AAMCM is shown in
Fig. 2(d). The quantum state is encoded in the polarization,
and the path d.o.f. acts as the control bit to prepare

(Jw2)10) + [wi)[1))/v/2. Similar to MCM, two HWPs
are used to put |10) and |11) of the quantum state into
the same path and they would interfere at a HWP with a
rotation angle 22.5° to realize the measurement in Eq. (11).

The MEM is shown in Fig. 2(e). After passing through
a HWP and a BD, the photon is prepared in the state
(|H,up) + |V, down))/+/2. The polarization qubit will be
manipulated by the group of wave plates to generate the
quantum state in Eq. (5) and the path d.o.f. acts as an
ancillary qubit. The POVM in Eq. (12) is realized by a BD
and a HWP with a rotation angle 22.5°.

The measurement results of all of the models are
recorded by single-photon detectors. The experimental
results of the MCM are shown in Fig. 3. To estimate 6

and ¢ based on the statistics of measurement outcomes, we
employ the Bayesian estimation method with a uniform
prior probability distribution for 6 and ¢. We update the
posterior probability distribution after each sequence m of
experimental measurement results. Because of periodicity
in the probability distributions of the measurement out-
comes, as well as potential existence of identical meas-
urement results for different parameters, we constrain the
parameters (6, ¢) to lie between 0 and 7/2 to ensure a one-
to-one correspondence between estimators and measure-
ment results. The estimate and uncertainty of the parameter
are thus assessed by calculating the first and second
moments of the posterior probability. We select three sets
of quantum states with 8 = 0.4, 1, 1.4 rad, respectively,
and each set of quantum states contains 10 different values

MUB Theory

——— HCRB
——— QCRB
MUB Exp ¢, 0.010
MCM Exp ¥ +
0.008 <
=
2
\\\ 0.006 =
\\\ 0.004

0

|3
A

L E]
K

L]
®|3

FIG. 3. Experimental results for estimating (0, ¢) simultane-
ously of the MCM and parallel model. We select three groups of
quantum states with 8 = 0.4,1,1.4 rad, respectively. The number
of total qubits m is 500.
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FIG. 4. Experimental results for estimating (6, ¢) simultane-
ously of the AAMCM and MEM. In the experiment, the
parameter ¢ = n/4 and we change different 0. (a) Experimental
results of the AAMCM. (b) Experimental results of MEM. The
number of total qubits m is 500.

of ¢. The figure shows that the experimental results with
500 qubits per trial of weighted mean squared error
Tr(WV,) for the MCM match the theoretical predictions.
Furthermore, the measurement we used for the MCM is
optimal for all parameters, whereas the MUB-like POVM
performed on the parallel model cannot always saturate the
HCRB for each parameter.

The experimental results of the AAMCM and the MEM
are shown in Fig. 4. The parameter ¢ is fixed as z/4, and 0
is scanned from O to z. It can be seen the experimental
mean square errors match the theoretical lines. The
AAMCM can achieve the same maximal precision as
the MEM.

Summary and discussions—In summary, we experimen-
tally demonstrate the metrological advantage of a class
of quantum states with GAS. We produce two types of
quantum states with GAS in a photonic platform, i.e., the
MCM and the AAMCM. The MCM in Eq. (4) is a simple
example with GAS that achieves better precision than
two identical states. Measurement of classically correlated
quantum states with collective measurements is related to
the phenomenon called nonlocality without entanglement
[51], and has been demonstrated to improve the accuracy of
quantum state discrimination [52]. Both the discrimination
and metrological advantages demonstrated here are due
to the global geometry structures of classically correlated
quantum states, i.e., the MCM in our work, which can be
more efficiently extracted by collective measurement.
Meanwhile, we experimentally demonstrate that the
AAMCM, another quantum model with GAS, achieves
the same maximal precision as the maximally entangled
states but only needs separable measurement.

Even though the MCM and AAMCM have great
advantages in multiparameter quantum metrology, imple-
menting the conjugation of an unknown unitary evolution
is challenging. For a real Hamiltonian (H* = H), con-
jugating the unitary operation U = exp(—iHz?) corresponds
to its inverse operation U~! = exp(iHr). However, it is
impossible to deterministically and exactly implement the
inverse operation U~! with just a single use of U due to a

no-go theorem [53-56]. Nevertheless, for qubit systems,
the universally time-reversal or inverse operation can be
realized deterministically and exactly [57-60]. Our work
opens up a new direction for exploring the metrological
power of a class of quantum statistical models with GAS. It
is anticipated to find more quantum statistical models with
GAS showcasing their advantages in quantum information
processing, not only for exploring the metrological advan-
tages but also showing the quantum superiority in quantum
state estimation [61,62] and quantum communication [63].
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