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ABSTRACT

Some problems in electro dynamics have been studied in the light of electromagnetic 

field theory and computational techniques.

One is that of the retrograde motion of the electric arc   an old and intriguing 

problem of physics. A more complete model based on electrodynamics has been pro­ 

posed for study of this problem. In this model, the plasma column is treated as a 

flexible conductor. The associated 3-dimensional boundary-value problem was solved 

by the boundary element method (BEM). It has been shown that the retrograde motion 

can indeed be understood in terms of electrodynamics and a number of the reported 

features of this phenomenon have been explained by the proposed model.

The others are concerned with a recent controversy in electrodynamics. It has been 

discussed in the thesis that Lorentz and Ampere force laws are equivalent in the sense 

of magnetostatics provided that the latter is appropriately used. The interactions of 

electromagnetic forces on the systems of the electromagnetic jet propulsion and the 

electromagnetic impulse pendulum have been examined. It turns out that the obser­ 

vations are consistent with the laws of electromagnetic energy and momentum. Two 

aspects of the water-arc explosion problem have been studied. One is the electromag­ 

netic (EM) aspect which is calculated by the method of separation of the variables, 

the other is the magnetohydrodyuamic (MHD) aspect which is solved by the finite- 

diiference method (FDM). The numerical results of the two aspects show that neither 

the pure EM model nor the MHD model for the incompressible fluid could explain 

the explosive phenomenon; this strongly suggests that the shock wave produced by 

the under-water arc must account for the phenomenon. On the wire fragmentation, 

a preliminary study has shown that this phenomenon could be caused by the electro- 

magnetically driven stress waves and a theoretical model has been proposed for further 

investigation. This is described in an Appendix to the thesis.
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Introduction

There is an old mystery of physics known as the retrograde motion of the electric 

arc that is under certain conditions (such as the gas pressure, the applied magnetic 

field etc.) the cathode spot of a direct current electric arc maintained between two 

metal electrodes seems to be moving in an opposite direction to that expected from 

the Lorentz force law [l]-[5]. Although the phenomenon has been known for ninety 

years since its discovery by Stark [6] and has stimulated numerous investigations which 

result in many models giving explanation from different points of view, there is still no 

theory that can account both qualitatively and quantitatively for all the observations.

On the other hand there is a recently increasing controversy in electrodynamics. 

Some newly reported experimental phenomena, which, according to the reporters, seem 

to be unexplained by classical relativistic electrodynamics, has put Lorentz force law 

into a position challenged by the obsolete Ampere force law. Among these phenomena 

one is that of electromagnetic jet propulsion, which shows a copper "submarine" driven 

along the longitudinal axis of a mercury trough when current was forced to flow [118]. 

The second one is that of an electromagnetic impulse pendulum, which was devised to 

demonstrate that for momentum conservation the electromagnetic field energy required 

would have been 1000 to 2000 times as large as the energy that was actually available 

from the source [126,127]. The third one is that of water-arc explosions, which purports 

to show that electric arc current through salt water produces explosions by so-called 

longitudinal Ampere forces [132].

Obviously, to understand these phenomena or to clarify these matters are real 

problems in both science and engineering. That is the purpose of this thesis

The first part of this thesis, dealing with the retrograde motion of the electric arc, 

begins with a more comprehensive introduction of the phenomenon and its histori­ 

cal background (Chapter 1). The previous and proposed electro dynamic models for 

explanation of the retrograde motion are described in Chapter 2. The theoretical for­ 

mulation of the proposed model is given in Chapter 3 which includes a useful treatment
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of the boundary conditions at interface between conductors of widely differing conduc­ 

tivity. Chapter 4 discusses in detail the computation of electrodynamic forces on the 

arc cathode spot using the boundary element method. This continues in Chapter 5 by 

describing the computer programme and the numerical results. Chapter 6 concludes 

the first part of this thesis by explaining the phenomenon with the aid of the numerical 

results obtained, which includes an extended electrodynamic model for explanation of 

the retrograde motion of multi-spots.

The second part of this thesis, considering some recent issues in electrodynamics, 

begins with a discussion of electrodynamic force laws (Chapter 7) which includes the 

proof of equivalence of the Lorentz and Ampere force laws as well as the correct appli­ 

cation of the latter. The controversial issues on the electromagnetic jet propulsion and 

the electromagnetic impulse pendulum are clarified in Chapter 8 and Chapter 9 respec­ 

tively, which involve discussions on the concepts of action and reaction, electromag­ 

netic field momentum and energy. Chapter 10, the last chapter of this thesis, studies 

the phenomenon of water-arc explosion from two aspects, namely the electromagnetic 

(EM) aspect and the magnetohydrodynamic (MHD) aspect with the application of the 

method of separation of the variables and the finite-difference method.

Finally, the salient results described in this thesis are summarized as conclusions of 

this thesis.



Part I

Retrograde Motion of Electric

Arcs



Chapter 1

Historical Background

Suppose that a direct current electric arc is maintained between metal electrodes, and 

a transverse magnetic field applied to it as shown in Fig. 1.1.

ANODE

Retrograde

Figure 1.1: The electric arc in a transverse magnetic field
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The positive column is always deflected in the same direction as a solid conductor. 

Under certain conditions, however, the arc cathode spot moves the "wrong" way, that is, 

in a direction opposite to that in which the Lorentz force resulting from the interaction 

of the current and the applied magnetic field would move it, dragging the deflected 

column with it. This is the so-called retrograde motion and is one of the more intriguing 

phenomena of the electric arc [1]- [5].

The retrograde motion has been observed to be dependent on the background gas 

pressure, the applied magnetic field, the arc current, the cathode temperature and the 

material, and the separation of the cathode and the anode. The phenomenon has been 

known for nearly ninety years since its discovery by Stark [6] in 1903 and has stimulated 

numerous investigations [T]-[43] not only because it has a fundamental interest in both 

theory and application, but also because it is probably one of the most challenging 

problems in arc physics. Many suggestions have been put forward to account for the 

retrograde motion.

Tanberg [8] assumed that the neutral gas flow from the cathode results in an ion dis­ 

placement in the reverse direction which causes the retrograde motion. Rothstein [16] 

tried to explain the retrograde motion by introducing the hypotheses of hole conduc­ 

tivity in high compressed metal vapour clouds near the cathode. Longini [15] related 

the retrograde motion to displacement of the positive space charge as a result of the 

positive ions and the electrons being deflected by different amounts in the applied 

magnetic field. St.John and Winans [18] assume that the ions which are deflected in 

the Lorentzian direction interact with a negative space charge near the cathode, fly on 

due to their inertia and hit the cathode side opposite to the centre of primary electron 

emission so as to cause new emission centres.

Robson and von Engel [20, 21, 23] suggested that the retrograde motion could 

be understood by electrodynamics for two reasons. Firstly, the cathode spot is a 

microscopic region whose transverse dimensions are no greater than 10~3 cm so that in 

the spot the self magnetic field arrising from the arc current could exceed the applied 

magnetic field. Secondly, The density of cathode vapour1 in the spot is ~ 1020 cm~ 3

x The cathode vapour pressure in the spot is well above the atm pressure.
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and the cathode fall region is ~ 5 x 10~ 5 cm. It is hard to imagine how the addition of 

gas to a pressure of a few Torr,2 or the variation of the position of the anode several 

millimetres away can affect conditions in the spot, yet both these effects can bring 

about reversal of the direction of motion. The second effect implies that the cause of 

the retrograde motion does not he in the cathode spot alone, but also involves the arc 

column which can have a direct influence on the self magnetic field in the spot.

Ecker and Miiller [24] base their approach on the assumption that the electron and 

ion motions are radially coupled by a space charge effect. The ions moving towards the 

cathode form a potential hose which limits the electrons in their radial motion. The 

applied magnetic field deflected this ion motion in the correct Lorentzian direction. 

The electrons, travelling from the cathode, however, due to the hose effect, are forced 

to move into the anti-Lorentzian direction and their collisions consequently produce 

the new plasma on the retrograde side of the original spot onset.

Guile and Seeker [25] suggest that the retrograde motion occurs because the inher­ 

ent self magnetic field of the arc current loop itself may exceed the external magnetic 

field applied. Hull [26] attributes the effect to the drift of slow "residual" electrons in 

the Lorentzian direction, parallel to the cathode surface, thus weakening the electric 

field drawing the positive ions to the surface, so that the positive ion current on the 

retrograde side predominates. Fursei [28] advanced an explanation based on the as­ 

sumption that the ion motion is influenced by explosions on microroughness dots on the 

cathode. Sena [29] suggested an explanation of the retrograde motion by considering 

the distortion of the path of radially emitted ions by the magnetic field.

Pimley [32] tried to predict the retrograde motion by means of the variational 

(energy) method, in which the electric arc was modelled by a flexible wire loop and 

the motion of the moving part of the loop was predicted according to a maximum 

energy principle. Fang [34] connects the retrograde motion of vacuum arcs in transverse 

magnetic fields with an outflow of positive ions from the cathode spot. In transverse 

magnetic fields the high speed ion jets from the cathode to the anode are deflected 

in the retrograde direction and thereby the positive space charge shifts to the same

2 1 Torr = 1 mmHg = 1/760 aim.
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direction. This leads to a displacement of the microscopic electric field between the 

positive space charge and the cathode surface, and in turn to a displacement of the 

active field emission sites in this direction and finally to the retrograde motion.

Drouet [37] attributes the retrograde motion to the asymmetrical confinement of the 

cathode-spot plasma which results from the asymmetrical combination of the self and 

applied magnetic fields. The confinement of the cathodic vapour on the retrograde side 

of microspot enhances the electron emission on that side, and thus favours the observed 

retrograde motion. Schrade [39, 40] attempted to explain the retrograde motion by a 

unique stability theory based on an analysis of the statics and dynamics of a current 

carrying plasma channel under the influence of an applied magnetic field and under 

general flow conditions.

Moizhes and Nemchinsky [43] developed an explanation of the retrograde motion 

based on the leading role of the Hall electric field. In a transverse magnetic field the 

electrons flowing from the cathode spot towards the anode are deflected by the Lorentz 

force. The surplus electric charges accumulate at the plasma-electrode boundary (pos­ 

itive at the retrograde side of the spot and negative at the opposite side), thus forming 

a Hall electric field, which leads to an asymmetrical cathode voltage drop and to the 

retrograde motion.

There are other theories which might be catalogued in addition the above mentioned 

models. No attempt is made at this stage to estimate the validity of these previous 

theories one by one because most of them rely on either assumptions or parameters 

which cannot be tested. Two important reviews covering most of these theories have 

been written by Kesaev [2] and Rakhovskii [81]. Nevertheless, at the present time, 

there is still no theory that can account both qualitatively and quantitatively for all 

the observations.

It can be seen that most of the explanations of the retrograde motion involve the 

study of cathode processes to give the preferential formation of new cathode spots along 

the retrograde direction [8, 15, 18, 24, 26, 29, 34, 37]. One line of explanation, which 

is rather different from the others and seems to be more ingenious, is based on electro­ 

dynamics [20, 32]. This approach treates the retrograde motion as an electrodynamic



CHAPTER 1. HISTORICAL BACKGROUND 8 

event and will be futher discussed in the next chapter.



Chapter 2

The Electrodynamic Models

2.1 On Robson and von Engels' Model

According to Robson and von Engel [20, 21, 23] the magnetic field acting upon the 

cathode spot is the sum of the applied field Ba and a self-field —^0I/R^ where / is the 

arc current and R an effective radius of curvature of the arc column where it joins the 

spot (refer to Fig. 2.1). The direction of motion is then determined by the direction of 

the field B, given by

B = Ba - fjL 0 I/R (2.1)

Retrograde motion occurs if the self-field exceeds the applied field.

Smith [12] has criticised this model on the following grounds. For his purpose, he 

divided the arc path into three parts, a, (3 and 7 as Fig. 2.1 shows, then he might carry 

out his calculations based on two formulas

for the magnetic induction on surface of an infinite conductor bar of radius TO carrying

a current /; and
B2

for the associated magnetic pressure. 1 If we note that 1 Testa = 104 Gauss and

 Refer to page 62 of the book by Shercliff [136].

9
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ANODE

Retrograde

 _ Arc-column

Spot\

^
7

2r0

K Lorentzian

CATHODE

Figure 2.1: Smith's arc model for evaluating magnetic forces

1 Newton = 105 Dynes we can transform Eqns.(2.2,2.3) into

B = -—-,——r (gauss) 
5r0 (cm) w '

B2 (gauss) dynes

(2.4)

(2.5)
STT 55 cm

which were actually used by Smith. According to Smith, B' = (//10r0 ) is the field at 

K (see Fig.2.1) due to a semi-infinite bar of radius r0 , the region a; the field due to 7 is 

also (//10/o) and the field due to region [3 is (2//15r0 ). Adding the fields of a, /? and 

7, he obtained BK = U/3ro) gauss. By defining PR = force per unit area directed in 

the retrograde sense and pi = force per unit area directed in the Lorentz sense, Smith 

arrived at

PR = 

PL =

— Ba ) 2 dynes
STT sq cm 
+ Ba ) 2 dynes

87T sq cm

(2.6)

(2.7)

where Ba is the applied field inward, _L to the paper, BM is a field due to the arc 

current on the convex side of the arc path. At this stage, Smith stated that BM is less
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than BK and in the same sense as J3a , and to yield a resultant force per unit area in 

the retrograde direction, BK — Ba must be greater than BM -f Ba , hence, BK > 2Ba . 

Letting / = 3 A; and r0 = 0.001 cm he found BK = 1000 gauss by assuming a current 

density of 106 amperes per sq cm. He then argued that BK is hardly able to exceed 

2Ba ranged upward to values near 10000 gauss in the experiments so that he concluded 

that the resultant force is preponderantly in the Lorentzian direction and the theory 

of Robson and von Engel is not sustained.

However, Guile and Seeker [25] pointed out that the magnetic field values deduced 

by Smith are open to doubt inasmuch as the current density in a discharge varies 

considerably over the cross section so that the calculation of the forces is even more 

complicated and the fields cannot be determined in the simple way employed by Smith.

2.2 On Pimley's Model

Pimley's work [32] was aimed at reexamiuing the Robson-von Engel theory and to see 

if it has any similarity to a certain problem involving a simple circuit of wires with a 

moveable contact. The latter one was motived by another interesting electrodynamic 

problem [45] and based on a variational (or energy) method in electromagnetism, i.e.,

i /-i j 
magnetic force = -Tl — (2-8)

^ \J JL

where L is the self inductance of the (arc) circuit, / is the constant circuit current and 

x denotes a coordinate position in the circuit. Eqn.(2.8) implies a maximum energy 

principle that is the magnetic forces in a conducting circuit tend to increase the circuit 

inductance, thus the energy (PL/2) of the current circuit so that at equilibrium the 

energy is a maximum for the constant current case [46].

In order to apply Eqn.(2.8) to the problem of the retrograde motion, Pimley as­ 

sumed a shape of arc column as sketched in Fig.2.2 and proposed a criterion for the 

occurence of retrograde motion

Fc > Fe + Fa (2.9)
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ANODE

Retrograde

/( Arc-column

Lorentzian

"o CATHODE

Figure 2.2: Pimley's arc model for explanation of retrograde motion

in which Fe indicates the external force resulting from the interaction of the column 

current and the applied magnetic field on the whole arc column, and was assumed to 

have a value of (Ba l d) in the Lorentzian direction, where d is the distance between 

the anode and the cathode; Fc denotes the resolved cathode local force on the curved 

region BC in the retrograde direction while Fa the resolved anode local force on the 

curved region AB in the Lorentzian direction. Note both of Fc and Fa result from the 

interaction of current elements in the circuit. Based on Eqn.(2.8), Pimley derived the 

expressions for Fc and Fa for a special geometry of arc column and from Eqn.(2.9) 

arrived at an equivalent criterion in terms of the applied and the self magnetic fields.

The criticism of Pimley's model stems from the fact that the arc column is not a 

rigid body so that the motion of any part of the column is not necessarily the same as 

the other parts but merely dependent on the local forces exerted on it. Therefore the 

criterion of Eqn.(2.9) is called into question.

Although the method of looking at electromagnetic phenomena from the stand­ 

point of energy has much to recommend it because of the three advantages in general 

which are first that the conceptual framework of the subject is simplified, second that
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particularly simple methods of calculation can be devised from energy considerations, 

and third that these methods of calculation are directly related to measurement tech­ 

niques [46], it seems that such advantages are not so important in dealing with the 

problem of retrograde motion if one has to find force distributions (densities) locally.

2.3 The New Model

We also believe as Robson and von Engel, that the retrograde motion can be understood 

in terms of electrodynamics, but we do not agree with their criterion for occurrence of 

the retrograde motion because the cathode spot in reality is not just a point and over it 

the fields change from point to point, so do the forces. Therefore the retrograde motion 

cannot be judged by the field given by Eqn.( 2.1). Pimley's model is also not suitable 

for the reason given in the last section. Hence we have to seek a new electro dynamic 

model.

For our purpose, let us first consider a cylindrical conducting wire with a radius 

of ro and a finite length of ZQ as Fig.2.3 shows. In terms of line current elements, the 

Biot-Savart law for a closed current circuit is given by2

B(r) = ^-I i 3 " (2.10) 
4?r / r\2

where r12 = r   r' is the position vector from the source to the field. In our case,

d\ — dz a-, r = p ap , r' = z a- and 7- 12 = \/zr+fr. By substitution we get

, f z° s'mOdz
(2.11)

where 0 is the angle between the two vectors dz a. and r^, thus sin# = p/\/z'2 + p2 

and the azimuthal magnetic induction on the radial axis is given by

Let z = p tan ^ so that

= tan~ 1 (-), dz = psec*4>di/>, (z2 + />2 ) 3/ 2 = a3 sec3 ib (2.13) 
P

2 Refer to page 125 in the book by Panofsky and Phillips [50].
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z =

Figure 2.3: A section of a cylindrical conducting wire

and

B(f) =
P Jo

dip

. ,. _i Q
-simtan  ) p > r0 

4;r p p
(2.14)

If ZQ —* co, B(p) —> BOQ(P) = HQl/(4np) which is the result expected for the semi- 

infinite conducting wire. As shown in Table 2.1, even with a ratio ZQ/P of 4, the 

resultant magnetic induction is 97% of that arising from the semi-infinite wire.

Now let us look at a simple arc model in Fig.2.4. According to Eqn.(2.14), the mag­ 

netic induction on the cathode spot resulting from wire section AB can be estimated

by

47TC*
(2.15)

where d = BD is the distance between the anode and the cathode. According to 

Robson's experiment [21], for d — 0.5 mm and / = 3 A the retrograde motion occurs 

when the applied magnetic induction Ba > 0.3 tesla below which the motion reverses to
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Table 2.1: Relative magnetic induction vs ratio of z0 /p

ZQ /p

2

4

6

10

sin(tan 1 ZQ/ p)

0.894

0.970

0.986

0.995

B(filB»(p)

89.4%

97.0%

98.6%

99.5%

ANODE

Ba ©

Retrograde

B

Arc-column

CATHODE

Spot region

Figure 2.4: A simple electric arc model
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the Lorentzian direction. From Eqn.(2.15) we find B^g(0.5mm) < 6 x 10~4 tesla <C Ba . 

It is, therefore, hard to imagine that the current in the anode has an influence on the 

directed motion of the cathode spot. To confirm this, let us look at another example. 

According to Carter and Murphree [31], for d = 16.5 mm, / = 540 A and Ba = 0.7 tesla, 

the cathode spot moves in the retrograde direction. Substituting the experimental 

data into Eqn.(2.15), we again find B^ie.Smm) < 3.276 x 10~3 tesla < Ba . Thus, 

if the retrograde motion can be attributed to electrodynamic forces, the self magnetic 

field must exceed the applied magnetic field somewhere in the spot region so that the 

contribution from the anode current to the self magnetic field on the spot is too small 

to be taken into account.

Letting p = r0 in Eqn.(2.14), we can immediately see from Table 2.1 that the self 

magnetic field on the cathode spot is mainly due to the parts of the conducting wire 

sections BD and CD near the spot. Thus, we can just consider the contribution to the 

self magnetic field from nearby currents and ignore that from currents in the remainder 

of the circuit.

On the basis of the foregoing discussions together with the following facts (i) that 

the radius of cathode spot, which is no greater than 10~3cm [47, 48, 49], is much 

smaller than the dimensions of the cathode; (ii) that the distance from the anode to 

the cathode is much larger than the radius of the cathode spot and (iii) that the arc 

column is deflected in the Lorentzian direction [12, 20, 27, 31], we propose a new three 

dimensional (3D) arc model for studying retrograde motion as shown in Fig.2.5 and 

suggest that the direction of motion is determined by

FR + FL = I f (r) - a± dT (2.16)
spot

where f (r) is the electrodynamic force density arising from interactions of the spot 

current with the self as well as the applied magnetic fields; aj_ is the unit vector 

parallel to the spot surface but perpendicular to the applied magnetic field; FR and FL 

represent the resultant forces per unit length exerted on the spot in the retrograde and 

the Lorentzian directions respectively. If \Fp\ > \Fi\, the retrograde motion occurs.

Thus to determine the electrodynamic force distribution on the spot plays a decisive 

role in this model. Unfortunately at the present time it is impossible to measure this
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PLASMA COLUMN
PLASMA CROSS-SECTION

x y

CATHODE

Figure 2.5: 3D physical model of an electric arc
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distribution due to the tiny size of the spot. Theoretical prediction is obviously difficult 

and to best of our knowledge no attempt has yet been made. Hence it is purpose of 

the next chapter to present a theoretical approach to predict the electro dynamic force 

distribution on the arc cathode spot.



Chapter 3

Theoretical Formulation

3.1 Governing Equations

The governing equations for our proposed steady-state model are

V x E(r) = 0 (3.1)

V-j(r) = 0 (3.2)

j(r) = aE(r) (3.3)

VxB(r) = rj(,) (3.4)

V-B(r) = 0 (3.5)

f(r) = j(r)x(B(r) + B.) (3.6)

where B a is the known constant magnetic induction applied. It should be remarked 

that we do not attempt to go in detail into plasma physics so the plasma column is 

just treated as an electric conductor and Ohm's law 1 of Eqn.(3.3) is employed in our 

theory.

By introducing a scalar potential V(r) and a vector potential A(r) so that

E(r) = -W(r) (3.7)

B(r) = VxA(r) (3.8)

1 Strictly speaking, the Ohm's law in plasma is generally more complex [52]. Nevertheless, to a first 

approximation, Eqn.(3.3) is applicable.

19
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PLASMA d

CATHODE

Figure 3.1: A simplified 2D model of electric arc

we have

V2 V(r) = 0

<"
(3.9) 

(3.10)

where r' is the source position vector and T indicates the whole current region. Equation 

(3.9) is the familar Laplace's equation. It is obvious that if the scalar potential is known 

the other field quantities of interest can be determined.

3.2 Boundary Conditions

In general the unique solution of Laplace's equation can only be determined when 

the associated boundary conditions are applied. For our purpose we have to solve a 3D 

boundary value problem. Apart from the irregular boundary of the plasma column, 

the coupled boundary between the plasma and the cathode makes the problem even 

more difficult. Therefore we first look for the possibility of decoupling the problem. To 

do so, let us consider a simplified 2D model in Fig.3.1, where rli2 are the radii of the 

cathode and the plasma column, respectively, and the cathode is assumed to extend a
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long way from the interface.

A general solution of Laplace's equation in cylindrical coordinates can be derived 

analytically and given by2

V(p, ^ z) = Voo + £ Kn (p)^(n<l>)Z(z) + £ £ nn (kp)^(n<l>)Z(kz) (3.11)
n^O k^O n

with

Voo = (A$> + B'Q ]n p)(A<>z + B0 )(Co<l> + Do) (3.12) 

Z(z) = A0 z + £0 (3.13) 

Z(kz) = Ak tkz + Bk e- kz (3.14)

(3.15)

(3.16)

(3.17)

where Jn is called a Bessel function of the nth order of the first kind and yn a Bessel 

function of the nth order of the second kind.3

In our case because of the symmetric structure V should be independent of <^>, this 

leads to n = 0 and CQ = 0. Furthermore, V should be finite at the symmetric axis of 

p — 0, this requires B'Q = 0 and B'k = 0 since n̂ (0) is infinite. Considering all of these, 

Eqn.(3.11) degenerates to

V(p, z) = Vo + A0 z + £ (Ak ckz + Bke' kz J0 (kp) (3.18)

in which VQ is a constant. We note from Eqns.(3.3,3.7) that

j = -aVV (3.19) 

so that a general solution for the current density is

2 See page 169 of the book by Smythe [53]. 

3^n is also referred to as Neumann's function.
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Since jp must vanish at the boundaries of p — rlf2 we get

Ji(krlt2 ) = 0 (3.23)

it follows

k = ktf= —— form = 1,2,3,..- (3.24)

with am the mth non-zero root of the Bessel function of the first kind of the first order.4 

Thus Eqn.(3.18) becomes

E j 1 * + B^e- 2 J0(k™p) (3.25)
m=l ^ '

where superscripts 1,2 inside the brackets indicate the quantities for the cathode and 

the plasma regions respectively.

Further consideration is that the length of the cathode is much larger than the spot 

radius which enables us to assume that the cathode extends to infinity so that B$ — 0 

because the current is finite in the cathode as z — * — oo. Finally, we arrive at

oo /-. \
= V0(1) + 4»z + £ A" J0 (k*»p)J°U z (3.26)

(3.27)
n=l

for the general solutions of potential in the cathode and the plasma column, and

m=l
OO

771 = 1

(3.28)
J

*) WMWp)} (3.29)
n=l X J

for the associated axial current density. For our purpose, we use the subscript n 

indicating the harmonics in the plasma region.

If we assume that j^ is uniform and equal to a value of   /0 /(7rrJ) as z — > -co, 

where minus sign indicates the current flowing oppositely to the z direction, we get 

immediately

(3.30)

4 The solution of am is given in Appendix 3.1.
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from Eqn.(3.28). The other unknown coefficients are to be determined from the bound­ 

ary conditions for this particular problem

0

= V

forO< /»<r2 

for r2 < p < TI

Ioip<r2 

ioip<r2

(3.32)

(3.33)

where the distant plasma cross-section is supposed to be an equipotential surface. 

Notice that Eqn. (3.32) is equivalent to the boundary condition E\ = E\ on the 

interface, where the subscript t indicates the transverse component.

Substituting Eqns. (3.26,3.27,3.28,3.29) into the above boundary conditions gives

oo

4" + E
m=l 

r(2)
oo

n=l

0

00 00

for 0 < p < r2 

for r2 < p < r

for 0 < p <

(3.34)

n=l m=l
(3.35)

for 0 < p < r2 (3.36)

In order to make Eqns.(3.34,3.35,3.36) solvable, we need to use one of the orthogonal 

properties of the Bessel function,5 that is

n=l

_ < (3.37) 
0 for A ^ X'

if XR and X'R are the roots of J0 (x) = —Ji(x) = 0. It might be noted that the choice 

of XR or X'R to be the root of J\(x) = 0 instead of JQ(X) = 0 is for applying the result 

in Eqn.(3.23).

Multiplying the both sides on Eqn. (3.34) by pJo(k$p) for m' = 0,1,2,... and 

integrating them from p = 0 to p = r1? we obtain6

r r i r T"2
a(1)41} yo pdp = <jW A™ j^ pdp form^O (3.38)

5 Refer to Gray and Mathews [54], pp. 14-16 and 91.

6 Note k(Q } = fci2) = 0 and Jo(0) = 1 .
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which gives

(3.39) 

and

Jo

n=l
form = m' = 1,2,... (3.40)

according to the orthogonal property of the Bessel functions. In a similar way, multi­ 

plying each side of Eqns. (3.35,3.36) by pJo(k^,p) for n' = 0,1,2,... and integrating 

them from p = 0 to p = r^-, we get

/TO

/»£>/
m=l -70

for n = n' = 1,2,... (3.41)

+ B^e-kn }d )[J0 (k^r2 )] 2rl/2 = 0 forn = n' = 1,2,... (3.42)

forn' = 0 (3.43)
m=l * 0

V0(2} = Vp for n' = 0 (3.44) 

Equations (3.40)-(3.42) can further be written into the matrix forms

[A* 1 '] = \C\ + [M12]([A<2 >] - [B< 2>]) (3.45)

(3.46)

(3.47)

where [yi<»] = [41) ,41) ,.-]r , 1^(2) ] = [A?>, 4J) , ...]T and [B*2 )] = [B}2) ,42) , ...]T are 

the unknowns with the superscript T denoting the matrix transpose; the remaining 

matrices are known with the elements given by

C(m,l) = 2 " ^ ——— m ——— (3.48) V ' ^ ^

Mn(m,n) = 2 —— 2^ —————— ————— (349)m ; v '
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D(n,n) = diagonal e~ 2k* d (3.51) 

Substituting Eqn. (3.47) into Eqns. (3.45,3.46) yields a system of linear equations

(3.52)

where [/] represents the unit matrix and [0] the null matrix. Equation (3.52) can be 

solved for [A(1) ] and [£ (2) ] by any standard algorithm,7 and then [A (2) ] is determined 

from Eqn. (3.47).

Now let us look at Eqns.(3.43,3.44). Since the potential is relative we have freedom 

to choose a reference potential. If Vp is given, then

K,(2) = VP -A{02} d (3.53) 

V0(1) = V0(2) - (/i/2)- 1 f; A$ r pJ0 (kMp)dp (3.54)
m=l ^°

If instead we put the term VQ — 0, we have

VP = <* (3.55) 

V0(1) = -(r2 /2)- 1 f) 4J> T pJ0(kWp)dp (3.56)
m=l J °

Either set of the solutions together with the solved unknown coefficients will give a 

particular solution of the problem. For our purpose, we chose the second set of the 

solutions because this leads to more favourable boundary conditions for numerical 

computations later on.

We note that the dimension of the linear equation system of Eqn. (3.52) is infinite 

because the number of the harmonics expanded is theoretically infinite. For computa­ 

tions the number must be truncated, say the first M expansions in the cathode region 

and the first N in the plasma region. However the truncated numerical results suffer 

7 We used a routine based on the least squares solution [55].
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from the so-called relative convergence problem, that is a stable solution depends on a 

ratio of N/M for a certain value of M. Some investigations have been carried out and 

finally M = 150 and TV = 30 were chosen to obtain a stable numerical solution with a 

smaller computation.

For our purpose we fixed (j^ = 107(1/D • m), the order of the conductivity of 

copper, and let cr^/cr^ = lO'^lO"2 ,^"3 and 10~4 respectively. It was found that 

the current densities j^'^(p,Q) and ffl(p,Q) were almost unchanged but ffi(p,Q) de­ 

creased linearly with a decrease in the ratio of crW/cr^. For clarity only the results for 

(7(2)^(1) = iQ-i are shown in Fig.3.2, where the current densities are normalized by the 

average spot current density ja = lo/trr^, and the associated current flow pattern is il­ 

lustrated in Fig.3.3. Considering E^ = E^ oij^/a^ = jM/<rM and the magnitude 

of jW is the order of that of jj1 ' 2 ) at the interface, we have;'^(/9,0) oc jW(p,Q)<rW/crM 

for p < r2 . This implies that for the small ratio of a^/a^ the transverse current den­ 

sity on the plasma side of the interface could be ignored as compared with the normal 

current density. Hence we could approximate the boundary condition E\ ' = 0 or 

V(2 ) = 0 on the plasma side of the interface and solve the boundary value problem 

independently for the plasma column itself, and then take the normal current density 

determined on the plasma side of the interface as the known boundary condition on the 

cathode side to solve the boundary problem for the cathode separately. To demonstrate 

this approach, we apply it to the 2D problem.

Firstly, imposing the boundary conditions

=0 for/><r2 (3.57) 

V(2\p,d) =VP for/9<r2 (3.58)

upon Eqn.(3.27), we get

oo

E K" + *<»>) MWp) = 0 (3.59)
n=l

= Vf (3.60)
n=l

Multiplying pJo(kp) for n' = 0, 1,2,... and taking integrations over 0 < p < r2 with
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respect to p gives

= 0 (3.61)

(3.62)

for n' — 0, and

0

0

(3.63)

(3.64)

forn' = 1,2,..., according to the orthogonal property of the Bessel function. Obviously,

the solution is
Vo(2> = 0

Vp = (3.65)

^ = B,< 2 > = 0 forn = 1,2,...
thus

(3.66)

(3.67)

which means jW is a constant so that for a given current

(3.68)

(3.69)

Secondly, applying the boundary condition

0

for 0 < p < r2 

for r2 < p < r-[
(3.70)

to Eqn.(3.28), we obtain

771 = 1

\y> for 0 < p < r2 

0 for r2 < p < TI
(3.71)

Similarly, multiplying pJo(kp) for 771' = 0,1,2,... and taking integrations over 0 < 

p < TJ with respect to p yield

(3.72)



CHAPTER 3. THEORETICAL FORMULATION 28

1.75

1.5

U5

0.75

0.5

0.25

jz/ja for coupled problem

0 0.25 0.5 0.75 1 1.25 1.5 1.75

1.75

1.5

1.25

0.75

0.5

0.25

jp/ja for coupled problem

A
fl
I 1
I I
I I
I 1
I I
I I
I I
I I
I 1
I I
I I
I I
I I
I I
I \

\

\

\

0 0.25 0.5 0.75 1 1.25 1.5 1.75
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Figure 3.4: Current densities on the interface for the decoupled problem
Real lines : current densities on the plasma side 

Broken lines : current densities on the cathode side

which result in

Jo

for m = 1, 2, ...

(3.73)

(3.74)

(3.75) V ;

thus we solved the boundary problem of the cathode itself.

The computed results based on the decoupling approach are shown in Fig.3.4 where 

one can see clearly as compared with Fig.3.2 that the results obtained by this approch 

are almost the same as those determined from the coupled problem. Therefore the 

decoupling approach is valid as it would be expected and we can deal with two separate



CHAPTERS. THEORETICAL FORMULATION 30

3D boundary value problems, namely, for the plasma column :

V2 V(r) = 0 in the plasma column

0 on the spot interface
(3.76) 

Vp at a distant plasma cross-section
dV(r)
—-— = 0 on the column boundary 

on
and for the cathode :

V 2 V/ (r) = 0 in the cathode
dV(r) = (J(r) on the closing boundary

(3.77)

dn 
where Q, the directional derivative of the potential on the boundary, is supposed to be

known. The problem of (3.76) is the mixed boundary value problem while the problem 

of (3.77) is the second boundary value problem (Neumann problem). We note that 

the problem of (3.77) still has infinitely many solutions. That is, Eqn. (3.77) involves 

the derivatives only, so that V(r) can be altered by an additive constant. To make the 

solution unique, a reference potential must be fixed.

3.3 Integral Equations

Even with the decoupled boundary conditions an analytical solution of our problem is 

still difficult to be obtained mainly because of the irregular plasma boundaries.

The solution of field problems by conformal mapping is an analytical approach 

which has been extensively used. It is based on the properties of analytical complex 

functions and thus can only be applied to problems which can be reduced to Laplace's 

equation in a two-dimensional region. Clearly, this approach is not adoptable to solve 

our 3D boundary value problem.

The so-called method of separation of variables, which leads to series solutions, can 

be considered as being more general than the other analytical methods. But it suf­ 

fers from severe restrictions essentially related to the treatment of the boundary and 

interface conditions. In practice, its use requires the existence of a suitable coordi­ 

nate system, which must fulfil two conditions: (i) every boundary or interface surface 

must coincide with an equi-coordinate surface; (ii) the coordinate system must allow
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the separation of variables. Both these conditions are rarely satisfied in our plasma 

problem.

Another approach is that of the integral equation. Most differential equations 

together with their boundary conditions may be reformulated to give a single integral 

equation. If the latter can be solved, the mathematical difficulties are not appreciably 

greater even when the number of independent variables is increased, while differential 

equations, such as Laplace's, are considerably more complex in three dimensions than 

in two. Therefore we express our problem in terms of the integral equation [58]

(3.78)

where F is a surface enclosing a homogeneous region T and

1 if r is inside T

c = < 0 if r is outside r

- if r is on F (smooth)- 2

G(r, r') is the Green function which, in general, is the solution of Poisson's equation

(3.79)

subject to boundary conditions, where 6 indicates the Dirac delta function [56]. In free 

(unbounded) space the Green function is given by

(3-80)4;r r —

Notice that in Eqns.(3.78) the directional derivative d/dn is along the direction of the 

outward normal n of F and with respect to r'. Obviously, if dV/dn and V are known 

over the whole boundary, the solution of the potential inside the region can be found 

with the free Green function of (3.80).

For the plasma column, however, neither dV/dn nor V are known everywhere on F 

and it is also not easy (may be impossible) to find a particular Green function which 

vanishes on both the spot interface and the distant plasma cross-section as well as 

whose normal derivative vanishes on the flexible column boundary so as to get an 

exact analytical solution. Hence we have to find the remaining unknown boundary
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values of the plasma column through another approach, which will be discussed in the 

next chapter.

For the cathode, to solve the problem of Eqn. (3.77) by the integral equation we 

must eliminate the surface integral involving V on the R.H.S. of Eqn. (3.78). This can 

be done by requiring that dG/dn be constant over F and by imposing

/ T / rp r\ fOO'\\ V al = U (o.olj

instead of a fixed reference potential for the unique solution [57]. Thus, Eqn. (3.78) 

reduces to

cV(r)= I G(r,r')^dF (3.82) 
Jr on

where the Green function is the solution of

V 2 G(r,r') = -£(r-r') in r
dG ' (3.83)
-77— = const. on Fdn

Since the spot radius (r0 < 10~ 3cm [21]) is much smaller than the cathode dimensions, 

the cathode boundary planes except for the z = 0 plane seem to be located at infinity 

in comparison with the spot dimension. Furthermore, we are only interested in the 

fields around the spot. Thus the problem of (3.83) can be approximated by

V2 G(r, r') = -6(r - r') in half space z < 0
dG (3.84)
-?— = const. on z = 0 planedn

and the solution is

G(r, r') = -L (T-^T + 1—^-77) (3.85) 4?r \|r — r'| |r - r'J/ v '
where r^ = r' — 2(1^ • a2 )a2 , the image of r1 with respect to z = 0 plane. For our 

formulation, from now on we denote the cathode potential by V* to distinguish it from 

the plasma potential V. Then the potential of the cathode is finally given by

eVt(r)=-L/ 1 +rL- *<r (3.86)47T Jsot r-r/ r-r dn v '-r/ | 

because dV* /dn = 0 on z = 0 plane everywhere except for the spot, on which

crc On
, 3 «
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where ap and <jc represent the conductivities of the plasma and the cathode, respec­ 

tively. Evidently once dV/dn on the spot is found through the plasma problem, V*(r) 

of the cathode is fixed. We shall solve the plasma problem by the boundary element 

method (BEM).

Appendix 3.1

McMahon's method8 of calculating the zeros of Jn (a) and 

(i) The general formula for the rath root of Jn (&) — 0 is

8a 3(8a)3 
32(c-l)(83c2 -982c

(3 ' 88)

where c = 4rc 2 and a = j?r(2n — 1 + 4m) .

(ii) The general formula for the rath root of Jn(a ) = 0 is

86 3(86)3 
32(83c3 -h 2075c2 - 3039m + 3537)

15(86)'
/0 onx (3.89)

where c = 4n2 and 6 = 7r(27i -f 1 + 4ra) .

8 From page 79 of the book by Gray and Mathews [54]
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Boundary Element Method 

Formulation

4.1 General Approach

Discretiziug the boundary F into M boundary elements denoted by Fm (m = 1,2, • • •, M), 

Eqn.(3.78) becomes

cV(r) = dn m (4.1)

where the Green function is given by Eqn. (3.80). Arranging N sampled points (nodes) 

over the boundary, located by r, (i — 1,2, ••-,7V); indicating the boundary values 

associated by V{ (i = 1,2, • • •, TV) and Q, = dVi/dn (i = 1,2, • • •, TV); representing the 

boundary values over each boundary element by the interpolation according to the node 

boundary values within it; letting V(r) on the L.H.S of Eqn.(4.1) take the values at 

these sampled points, namely V(r,) = Vi(i = 1,2, • • •, TV); a system of linear equations

can be arrived at 
/

# #22

H.N2 HNN j \ VAT )\ ——— J»A —— JTi ——— JTJT / \ ' " / \

The determination of the matrix elements

KNN QN

(4.2)

/ \ ~* J * /

Kij is discussed later on and here we

suppose that they all are known. Because our boundary value problem is the mixed

34
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type, i.e., the boundary values of the potential are only known over one part of F while 

the boundary values of its normal derivative are only known on the remainder part, 

Eqn.(4.2) is so rearranged

\[QliITJl , i. jj^ t V j«, t J**L J* | , ,^

(4.0J

-Ma M« / V [V], /

where [V]i — [Vi, V2 , • • •, V/v/] T and [Q] 2 = [QN'+i,QN'+2, •" ,QN]T are known, whereas 

[V] 2 = [VN>+i,VNi+2,-• • ,VN]T and [Q]i = [Qi,Q2 ,-• • ,Q;v'] T are the unknowns. 

[K]iiji and [H]i>ji for i',j' = 1,2 are the associated submatrices. Eqn.(4.3) can be 

written into a standard form

(A][X\ = [C] (4.4)

and solved by any standard algorithm.

4.2 [H] and [K] Matrices

For our purpose each boundary element Fm is chosen to be triangular and flat. The 

function V is supposed to be constant over elements on both the spot interface and the 

distant plasma cross-section, and has a linear variation over elements on the column 

boundary while the function dV/dn is taken to be constant over all elements. This has 

advantages of (i) being more consistent with the prescribed boundary conditions and 

(ii) avoiding special treatment on the corner nodes (the common nodes of the adjacent 

elements between the column boundary and the spot interface or the distant plasma 

cross-section) where the dV/dn is not unique.

The element on both the spot interface and the distant plasma cross-section has its 

node inside as Fig.4.1 (a) shows and both of V and dV/dn take their nodal values over 

the element, hence we have

= Vm h itm (4.5) 
jrm uu

with

i { = t \" r 
Jrm on



CHAPTER 4. BOUNDARY ELEMENT METHOD FORMULATION 36

node 2

node 3 node 1

(a)

Figure 4.1: Triangular boundary elements
(a) Constant element; (b) Linear element

and

with

(4.7)

(4.8)

where h{,m and fc, )Tn are influence coefficients defining the interaction between the field 

point i interested and the node on an element m.

For the element on the column boundary, each has three nodes on its vertices as 

Fig.4.1(b) shown and the potential at any point on the element is defined as

(4.9)

in which V£ indicates the nodal potential at a local node p of an element m and 

?6) are tne interpolation functions given by

= (4.10)

where d and £2 are area coordinates which have values ranging from 0 to 1. Thus the
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surface integrals over the linear element can be written as

N 1 N* N
On

V1r m

V2r m

VI

Vv m

V2r m

\/3
m

(4.11)

where

"•••» = I Np
dn for p = 1,2,3 (4.12)

represent influence coefficients denning the interaction of the field point i under con­ 

sideration with a local node p on an element m.

Denote the elements on both the spot interface and the distant plasma cross-section 

by m = 1,2, • • •, M' and the corresponding nodes by i = 1,2, • • •, N'. Similarly, denote 

the elements on the column boundary by m = M' + 1, M' + 2, • • •, M and the nodes by 

i = N' + 1, TV' -f 2, • • •, N. Thus for a particular field point z, Eqn. (4.1) can be written

as

hitN,VN,

+ hl + h

(4.13)

Note that any node on the column boundary may be a common node for two or more 

adjoining elements, we need to add the contribution from these elements into one term, 

i.e.,

m p

for those of m (M1 + 1 < m < M) and p (1 < p < 3) such that the local nodal potential 

is identified with the global nodal potential V} (N' + 1 < ; < N), then Eqn.(4.13)
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becomes

+ hitl Vi + hijVt + • • • +

+ * ' ' +

(4.15)

Letting i = 1,2, • • • N in Eqn.(4.15) yields a system of equations which can be arranged 

into the matrix form of Eqn.(4.2) with the identities

tj if «

i + hij if t = j

if j < N'

(4.16)

(4.17)

We need not to calculate K±j for j > Nf because Qj = 0 for j > N'.

It has been pointed out1 that if the surface is not smooth at the point i the c,\ = 1/2 is 

no longer valid, but one can calculate the diagonal elements of [H] without determining 

^ by using the fact that when a uniform potential is applied on the whole body the 

normal derivatives must be zero. Under this condition Eqn.(4.2) becomes

u unil -"12

#21 #22

• • • HNN ; ^ VN , ^ 0

0

I

(4.18)

where V\ = Vz — • • • = V/v are not zero in general. Thus the sum of all the elements of 

[#] in a row ought to be zero, i.e.,

N
foii = 1,2, •••TV (4.19)

it follows

3=1

Ha = -
N

for i = l,2,--N (4.20)
j =!;

which also implies that

det [H] = 0 (4.21)

1 Refer to Brebbia, Telles and Wrobel [64], page 111.
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because

det [H] = det
#22

HNN
\ j=

(4.22)

Hence the diagonal elements of [H] for any closed domain are always determined 

once the off-diagonal elements of [H] are calculated according to Eqn.(4.20). The 

calculations of Hij (i =£ j) and Kij (j < N') are discussed next.

4.3 Surface Integrals

In the BEM one has to evaluate many surface integrals such as Eqns.(4.6,4.8,4.12). It 

is convenient to evaluate these integrals based on the local area coordinates 

The global coordinates within the element are interpolated linearly by

r-P'm

P 
m (4.23)

P=i
3

in which, see Fig.4.2, ( x',y',z' ) represent the global coordinates of the source; ( 

sjpj/jjo^m ) denote the global coordinates at the point of the vertex p on the element 

m which are known once the surface mesh is defined; and the interpolation functions 

Np are the same as those given in Eqn. (4.10). As we know from vector algebra that the 

magnitude of vector cross product is equal to a value of an area associated, it follows

(4.24)

with the outward normal of the triangular surface

X
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Element m

Figure 4.2: The local area coordinates of a triangular element

B.X ay a2

= nraxx

Substituting Eqn.(4.23) into Eqn. (4.25) gives

- 4) -

so that

n:

(4.25)

(4.26)

(4.27)

which is equal to the twice of the area Fm .

We also need to express the variables of integration of the free Green function and 

its normal derivative in terms of the local area coordinates, that is for a given field
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point i

= V'G(r,,r').no

47r|n|
(4.29)

where DO denotes the unit normal.

So far we have transformed the surface integrals in Eqns.(4.6,4.8,4.12) into the form

f 
I =

over a triangle of area Fm . This type of integral is usually evaluated using Hammer's 

numerical formula [59], that is

(4.30)

where {J, £| are the area coordinates of the s-th sampling point and ws is the weight 

associated with the s-th sampling point. Values of the constants ws , £J, £| for the 

various N are given in Appendix 4.1. The Hammer's formula is thought to be the best 

from the point of view of both numerical efficiency and aesthetics because its sampling 

points are fully symmetric with respect to the three vertices of the triangle [60].

In the BEM we not only deal with the regular integrals but have to encounter the 

singular or nearly singular integrals when the distance between the field and the source 

tends to zero. Our experience indicates that the scheme on the R.H.S. of Eqn.(4.30) is 

adequate for the regular integrals but not accurate enough for the singular or nearly 

singular integrals because only up to 13-point schemes are available. In this case, one 

can use the Gaussian quadrature,2 which has much higher order schemes. Thus the 

L.H.S. of Eqn.(4.30) can be expressed as

= n

2The standard 2D Gaussian quadrature is given in Appendix 4.2.
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Inl Ns ws (\ - fs \ Nt 
- LJ-V^-J——SUyv^fj ft\ (4.3i)

O A_^ f) X_^ \^1" 3^/ V / 

Z 5=1 Z t=l

where

where 77* (z = s,2) denotes the value of the i-th Gaussian sampling point and wl (i = 

s,t) is the weight associated with the i-th sampling point, which are listed in Appendix 

4.2.

Another way to deal with the singular or nearly singular integrals is to seek some 

coordinate transformations to cancel or to reduce the singular behaviour [61, 62, 63]. 

Suppose the field point is located at a vertex, say vertex 3, of a linear element and set 

up two auxiliary local coordinate systems with their origins at this vertex as Fig.4.3 

shows. We deduced a coordinate transformation3

> -^23^ / . , , i • ,N£1 = ———(sm 03 cos 0 — cos 03 sin 0)

(4.32)
L$ip . . s2 = —pr~ sin 0

with

D = Z/31 Z/ 23sin03 
-i= cos

so that

(4.33),

where

3See Appendix 4.3 for details.
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Figure 4.3: Linear element for transformation between 
the area and the polar coordinates

-I= cos
2 '23

In evidence, if F(p,<t)) is type of l/p or l//>2 , the R.H.S. of Eqn.(4.33) will cancel 

or reduce the singular behaviour, which can further be evaluated using the Gaussian 

quadrature

where

ft* r

/ /*/0 v 0

63 £ , fipdpd* =
ss

, ^ (4.34)
t=i

= +

P =

We note that in Eqns.(4.31,4.34) the number Nt of the samphng points of £2 or p and the 

number 7VS of the sampling points of £1 or </> can be chosen from a wide range and they 

are not necessarily the same. TV = Nt x Ns gives the total sampling points on the surface
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element over which the integration is taken. For example, Nt = N9 = 10 gives a 100- 

point scheme which is much more accurate than Hammer's 13-point scheme. Generally, 

the higher the sampling number, the more accurate is the numerical integration, but 

at the cost of the computation time. It was found worthwhile to monitor the distance 

from the field point to the source element (the element over which the integration is 

taken) and to use this information to select an appropriate integration scheme so as to 

ensure the accuracy and to save the CPU time as well. The distance was estimated by 

comparing the area of source element with the sum of areas of three triangles which are 

obtained by connecting three vertices of the element to the field point. Letting r,i, r, 2 

and r,3 denote the distances from the field to the three vertices of the element while 

£12? £23 and £31 denote the distances between the adjoining vertices, we define a ratio

RA = -f- (4.35)
•n-e

where

— £i 2 )(a0 — £23)(ao — £31)

- r,- 2 )(ai - £12 )

- rI- 3 )(a2 - £2s)

- £31)

with

GO = (£12 + £23 + £3i)/2, ai = (rt i + rt- 2 + £i 2 )/2

= (rt- 3 + ra + £3i)/2

Thus if RA = 1, the field point is inside the source element and the integral is of the 

singular type; if RA ~ 1, the integral is of the nearly singular type; if RA > 1, the 

field is far away from the element and the integral is regular. Our experience (some 

test examples are shown in Table.4.1 and Table.4.2) indicates that when RA < 1.1 for 

the integrand of type l/|r - r' and RA < 1.5 for the integrand of type l/|r - r'| 2 , the 

higher order integration schemes should be called upon.

All the surface integrals we encountered are then evaluated numerically except 

for the kij in Eqn.(4.8) which contain integrable singularities and can be evaluated
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Table 4.1: Test for numerical integrations}: (Integrand = l/47r|r — r'|)

Scheme

Hammer's 

Eqn.(4.30)

Gaussiau 

Eqn.(4.31)

Gaussian 

Eqn.(4.34)

4-poiut

7-point

9-point

12- point

2 x 2-point

3 x 3-point

4 x 4-point

5 x 5-point

10 x 10-point

15 x 1 5-point

2 x 2-point

3 x 3-point

4 x 4-point

5 x 5-point

10 x 10-point

15 x 15-point

Analytical: Equ.(4.36)

RA = 1.0

0.0220

0.0234

0.0233

0.0240

0.0221

0.0234

0.0239

0.0242

0.0246

0.0247

0.0248

0.0248

0.0248

0.0248

0.0248

0.0248

0.0248

7^ = 1.03

0.0220

0.0234

0.0233

0.0239

0.0221

0.0233

0.0239

0.0241

0.0245

0.0245

0.0247

0.0247

0.0247

0.0247

0.0245

0.0245

RA = 1.14

0.0218

0.0231

0.0230

0.0235

0.0219

0.0231

0.0235

0.0236

0.0236

0.0236

0.0244

0.0241

0.0239

0.0237

0.0236

0.0236

| : The source element is fixed at vertices

(0.25,0.25,0.0), (0.0,0.5,0.0) and (0.0,0.0,0.0),

the field point has coordinates for x = 0.0, y = 0.0 and variable z.
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Table 4.2: Test for numerical integrations! (Integrand = l/47r|r — r'| )

Scheme

Hammer's 

Eqn.(4.30)

Gaussian 

Eqn.(4.31)

Gaussian 

Eqn.(4.34)

4-point

7-point

9-point

12-ponit

2 x 2-point

3 x 3-point

4 x 4-point

5 x 5-point

10 x 10-point

15 x 15-point

20 x 20-point

2 x 2-point

3 x 3-point

4 x 4-point

5 x 5-point

10 x 10-point

15 x 15-point

20 x 20-point

RA = 1.0

0.115

0.157

0.156

0.189

0.117

0.155

0.185

0.209

0.289

0.337

0.372

0.188

0.229

0.260

0.285

0.366

0.415

0.450

RA = 1W

0.114

0.156

0.154

0.184

0.117

0.154

0.181

0.201

0.232

0.230

0.230

0.185

0.221

0.241

0.248

0.230

0.229

0.230

RA = 1.35

0.105

0.127

0.126

0.132

0.107

0.127

0.131

0.131

0.130

0.130

0.130

0.147

0.139

0.131

0.129

0.130

0.130

0.130

: The source element is fixed at vertices 

(0.25,0.25,0.0), (0.0,0.5,0.0) and (0.0,0.0,0.0), 

the field point has coordinates for x = 0.0, y = 0.0 and variable z.
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Figure 4.4: Constant element with node i inside for analytical integration

analytically [64], i.e.,

:,-,- = / 1
Jr< 4?r r,- — r'

= — < rvi sin c*i In

sin a3 In

tancvi/2
tan(03i + a3 )/2' 

tanaa/2

r,-2 sin a2 In
tan(6>23 + Q2 )/2'

(4.36)

where (refer to Fig.4.4)

= cos
-i/^ + L{2 -rJi2

-r2 r»3

a3 = cos

012 = cos" 1 2 - 2 — 2~

2r,- 2r,i
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/ f2 i r.2 
Ow =23

r2 _i_ ^2
= cos^ 1

4.4 Surface Mesh Generation

It is obvious that without the mesh information such as the global coordinates of the 

vertices of surface element, the nodal coordinates and so on, the numerical analysis of 

our boundary-value problem cannot be carried out. Hence the mesh generation which 

generates all information required plays an important role in the BEM and will be 

presented in this section.

First we need a quantitative description of the boundary surface. This is not so 

straightforward because the plasma column may take many different irregular shapes. 

For our purpose, we assume that any cross-section along the centre axis of the plasma 

column is a circular area defined by four parameters, i.e., the radius R(s), the inclined 

angle c*(s), the centre coordinates y0 ($) and z0 (s) as Fig.4.5 shows. The degree of 

bending and deforming of the plasma column can then be defined through a set of 

these four parameters for s = 1,2, •••,5. The boundary coordinates x(s),y(s),z(s) 

around the cross-section are given by

x(s) = R(s)sm(0)

y (s) = y0 (s) - R(s)cosa(s)cosO > for 0 < 0 > 2?r (4.37)

z(s) = z0 (s) + R(s)s'ma(s)cosO

The boundary coordinates between any two adjacent cross-sections can also be found 

from Eq. (4.37) by automatically interpolating one or more sets of medial cross-section 

parameters.

Next we generate our surface mesh based on the way suggested by Zienkiewicz and 

his co-workers [68], that is,

1. Divide the surface into several four-side (quadrilateral) zones, over each of which
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The s-th cross-section

CATHODE 0

Figure 4.5: Geometry for description of the plasma column boundary

the global coordinates are interpolated according to
8

x =

y = N'Vi (4 - 38 )
t=l 

8

in which Ni is a shape function associated with each node and defined in terms 

of a curve-linear coordinate system r/i and r/2 which have values ranging from 1 

to —1 on opposite sides as Fig.4.6 shows,

= (I-

N5 =

N7 =
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(-1,1)

(-1,0)
8

Figure 4.6: A quadrilateral zone

2. A mesh of any refinement is automatically generated inside each zone by speci­ 

fying the number of required subdivisions in rj\ and 7/2 directions.

3. The triangular elements are obtained by connecting two diagonal nodes in each 

elementary quadrilaterals.
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4.5 Numerical Formulation of j and B

Once the all boundary values are found, the current density at any internal point r of 

the plasma column is computed by

Jw = -, E 1C VG(r' r/) - v VT > dr- (4 '40)
according to Eqns. (3.3,3.7,3.78), where the operation V is with respect to r so that 

VG(r.r') = -L
4?r |r — r'|

v

4?r|r — r7 ! 3 

(r — r') • n
dn 47r|n| |r —

1 f »» 0 (r-r')-n[x-x'(6,6)]
~~ <J

4?r r — r' 3 r — r' 5

,""" 4?r I Ir-r'l 3 Ir-r'l 5

\z (4.42)|r — r'| 3 |r

where n is the outward normal of surface element defined by Eqn. (4.25) and its com­ 

ponents nx , ny and nz are constant on each surface element given in Eqn. (4.26); and

(4.43)

For the constant elements (on both the spot interface and the distant plasma cross- 

section) dV/dn and V at any point on each element are taken to equal their nodal values 

respectively while for the linear elements (on the column boundary) V at any point on 

each element is interpolated by Eqn. (4.9), therefore for a given field point (x,y,z) the 

integrands involving in Eqn.(4.40) are functions of £1 and £2 and the associated surface 

integrals over each element are numerically evaluated using Gaussian quadrature in the 

way described in the previous section so as to determine j(r). 

Similarly, the current density inside the cathode is obtained by

A/T - OT/

JW = -*c£ / f^-VG(r,r')<frm (4.44)
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where M ' denotes the number of the surface elements within the spot region and the 

sum is taken on these elements only according to Eqns (3.86,3.87) and

VG(r,r') = 44?r ^ —
i /[y-rth.fe)] .
4jr\ Ir-r-l3 "*" |r-r'»|3

_1 Ii^^ + Ii^M az (4.45) 
4?r (^ |r — r'| 3 |r — r^| 3 J

in which

(4.46)

according to Eqn.(3.86). Actually, we do not need to determine the cathode potential. 

The magnetic induction arising from the current is computed by

(4.47) 
r — r

according to Eqns. (3.8,3.10). It is convenient to divide r into some volume elements

over which the volume integrals are evaluated numerically, that is

NB
(4.48)

which should sum up the contributions of the plasma column and the cathode and 

where

j(r') 
jr-r'l

, z - z1 . y - y' _
ax

+

3

L . x — x' . z — z1
x\r — r |r — r'| 3

in which jx , jy and jz are the components of j(r').
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4.6 Volume integrals

We employ Hammer's five-point numerical integration scheme to evaluate the volume 

integral [59]

/ F(x', y1 , z'} dr = det(J) £ u;'^(fl, & Q) (4.50)
Jr* s=l

where T€ is a tetrahedral region as Fig.4.7 shows; ( £J, ^, £3 ) are the volume coordinates 

of the s-th sampling point and w5 is the associated weight which are listed in Table 

4.3.

Table 4.3: Sampling points and weights after Hammer

5 
i

i

2

3

4

5

ft

1/6

3/6

1/6

1/6

1/4

6
1/6

1/6

3/6

1/6

1/4

6
1/6

1/6

1/6

3/6

1/4

ws

9/120

9/120

9/120

9/120

-16/120

The det(J) is the Jacobian determinant in association with the coordinate trans­ 

formation
*'(6,6,6) = 

y'(6,6,6) = (4.51)
P=i

4

where ( xJ,j/J,2j ) for p = 1,2,3,4 are the global coordinates of the four vertices of 

the tetrahedral element e; and

Nl 

N2

TV 4 =

6

6

6
1-6

(4.52)
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(0,0,1)
3

Element e 
(tetrahedral)

6

x

Figure 4.7: The local 3D volume coordinates of a tetrahedral element

so that

det(J) = det

( dxf dy' dz' \

I

V % 0& % /

(4.53)

(4.54)

which is equal to a value of 6re .

For each volume element, the global coordinates of the five sampling points are ob­ 

tained by substituting the cooresponding volume coordinates of Table 4.3 into Eqn. (4.51) 

and then these five sets of the global coordinates become the five points at which the 

current densities need to be determined first so that F(x',y',z') of Eqn.(4.49) is ready 

to be transformed to ^"(fj,^^!) m Eqn.(4.50) by means of Eqn.(4.51) and the volume
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(-1,0,1)

(1,-M) 15

(!,-!,-!) 3

Figure 4.8: A hexahedral zone 

integral is numerically evaluated.

4.7 Volume mesh generation

Similar to the surface mesh generation, the volume mesh generation brings about all 

the information required for the numerical volume integrations and is realized based 

on three steps :

1. Division of the 3D-region into hexahedrons, one of which is shown in Fig.4.8 

where the global coordinates are interpolated by

20
x =

y =
t=l 
20

(4.55)
20
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Table 4.4: The coefficients for the shape functions of a hexahedron

i

a

b

c

i

a

b

c

1

-1

-1

-1

11

1

1

2

-1

-1

12

-1

1

3

1

-1

-1

13

-1

-1

1

4

1

-1

14

-1

1

5

1

1

-1

15

1

-1

1

6

1

-1

16

1

1

7

-1

1

-1

17

1

1

1

8

-1

-1

18

1

1

9

-1

-1

19

-1

1

1

10

1

-1

20

-1

1

with

' (1 - 7/ 2 )(l + 67/0(1 + CT/3 )/4 for i = 2,6,14,18

(1 - r/2 )(l + 07/0(1 + CT/3 )/4 for i = 4,8,16,20

(1 - 7/ 2 )(l + 07/0(1 + 6r/2 )/4 for i = 9,10,11,12

(1 + 07/0(1 + 67/2X1 + CT/sXaf/i + bh + cr/3 - 2)/8 for i = else
(4.56)

where ( T/J, 7/2,7/3 ) are the curve-linear coordinates ranging from 1 to —1 respec­ 

tively and coefficients o, 6, c are listed in Table 4.4.

2. Division of a hexahedron into sub-cuboids by specifying the number of required 

subdivisions in r/i, 7/ 2 and 7/3 directions.

3. Division of a cuboids into five tetrahedra; in each of which the vertices should be 

numbered as Fig.4.9 indicates so as to ensure f1? {2 and £3 obey a 'right-hand' 

rule obvious from Fig.4.7, that is the first three vertices are numbered in an 

anti-clock wise manner when the last one is viewed from their triangular plane, 

so det(J) = 6re > 0.
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Elemen
Vertex

1

Figure 4.9: Division of a cuboid into five tetrahedral elements

4,8 Normalization

For the numerical analysis it is very useful to define nondimensional quantities. By 

introducing r0 (the spot radius) and Vp (the potential on the distant plasma cross- 

section) as two references, we define
V - r rv — — r — — r — —
V r2 r3VP ro ro
r r' „ nr = — r'=— n = —

(4.57)

are nondimensional variables. The spot radius TO can be chosen as an input parameter 

but the potential on the distant plasma cross-section Vp cannot be arbitrary in our case 

because we have already defined V = 0 on the spot interface. For a given arc current 

/o, the following equation must be fulfilled at any cross-section of the plasma column

—0v dV
crosa — section

where dV/dn is the directional derivative of the potential on that cross-section. Sub- 

sititution of Eqn.(4.57) into Eqn.(4.58) yields

dV ,-
cross—section

(4.59)
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which leads to
/o

/Jspot

(4.60)

-V

where we let spot = T cross- sect ion for simplicity though F cross-section could be any one 

of the column cross-sections.

By substituting Eqn.(4.57) into Eqn.(4.40), we can obtain

m (4.61)

which, by further replacing Vp with Eqn.(4.60), becomes

= Ja

m

Vs
(4.62)

\ I

where ja = IO/(TTTQ) is the average current density of the cathode spot and

V = f - ——
Jspot dh

(4.63)

In the same manner, for the current density in the cathode Eqn.(4.44) can be written

as

(4.64)

It can clearly be seen that the quantities inside the big parentheses on the R.H.S. 

of Eqns.(4.62,4.64) are nondimensional, hence we can define the normalized current

density

j(f) = Ĵ  (4.65)
Ja

which is only the function of the normalized geometrical shape of physical mode.

The magnetic induction can also be normalized as follows. From Eqns.(4.48,4.49) 

and Eqns.(4.57,4.65), we have

B(f) = HoJloja
1 NB

(4.66)
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/v __

where F(x', y', 2} is obtained by replacing all variables on the R.H.S.of Eqn.(4.49) with 

the corresponding nondimensional ones, so that the normahzed magnetic induction is 

defined by
B(f)B(f) =

Thus the normalized electro dynamic force density is defined by

(4.67)

f(r)=J(f)x 6(f) Ba
(4.68)

and the electro dynamic forces per unit length on the cathode spot is finally computed

by
——— f ~ ~

* \ I f / ** \ 7T* / A O(\\i a ) I f(r) • ai ai (4.69) ' J»t •spot

Appendix 4.1

Values of the sampling points and the weights in Eqn.(4.30) for the numerical integra­ 

tion over a triangular area after Cowper [60] :

Hammer's 3-point scheme

sampling point (s)

1

2

3

weight (ws )

1/3

1/3

1/3

«
2/3

1/6

1/6

e
1/6

2/3

1/6

Hammer's 4-point scheme

samphng point (s)

1

2

3

4

weight (ws )

25/48

25/48

25/48

-27/48

«
3/5

1/5

1/5

1/3

e
1/5

3/5

1/5

1/3
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Hammer's 6-point scheme

sampling point (s)

I

2

3

4

5

6

weight (ws )

wa

wa

wa
wa'

wa'

wa'

G
a

b

b
a'

b'

b'

(s 
S2

b

a

b
b'

a'

b'

wa = 0.10995 17436 55322 wa' = 0.22338 15896 78011 

a = 0.81684 75729 80459 b = 0.09157 62135 09771 

a' = 0.10810 30181 68070 b' = 0.44594 84909 15965

Hammer's 7-point scheme

sampling point (s)

1

2

3

4

5

6

7

weight (ws )

wa

wa

wa
wa'

wa'

wa'

9/40

«

a

b

b
a'

b'

b'

1/3

ti
b

a

b
b'

a'

b'

1/3

wa = 0.12593 91805 44827 wa' = 0.13239 41527 88506 

a = 0.79742 69853 53087 b = 0.10128 65073 23456 

a' = 0.470142064105115 b' =0.470142064105115
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Hammer's 9-point scheme

sampling point (s)

1

2

3

4

5

6

7

8

9

weight (ws )

wa

wa

wa

wb

wb

wb

wb

wb

wb

«
a

b

b

c

c

d

d

e

e

fs 
S2

b

a

b

d

e

c

e

c

d

wa = 0.20595 05047 60887 wb = 0.06369 14142 86223 

a = 0.12494 95032 33232 b = 0.43752 52483 83384 

c = 0.79711 26518 60071 d = 0.16540 99273 89841 

e = 0.037477420750088
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Hammer's 12-point scheme

sampling point (s)

1

2

3

4

5

6

7

8

9

10

11

12

weight (w3 )

wa

wa

wa
wa'

wa'

wa'

wb

wb

wb

wb

wb

wb

«
a

b

b
a'

b'

b'

c

c

d

d

e

e

f a
S2

b

a

b
b'

a'

b'

d

e

c

e

c

d

wa = 0.05084 49063 70207 wa' = 0.11678 62757 26379 

wb = 0.08285 10756 18374 

a = 0.87382 19710 16996 b = 0.06308 90144 91502 

a' = 0.50142 65096 58179 b' = 0.24928 67451 70910 

c = 0.63650 24991 21399 d = 0.31035 24510 33785 

e = 0.053145049844816
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Hammer's 13-point scheme

sampling point (s)

1

2

3

4

5

6

7

8

9

10

11

12

13

weight (ws )

wa

wa

wa
wa'

wa'

wa'

wb

wb

wb

wb

wb

wb
wb'

«

a

b

b
a'

b'

b'

c

c

d

d

e

e

1/3

fs 
S2

b

a

b
b'

a'

b'

d

e

c

e

c

d

1/3

wa = 0.17561 52574 33204 wa' = 0.05334 72356 08839 

wb = 0.07711 37608 90257 wb' = -0.14957 00444 67670 

a = 0.47930 80678 41923 b = 0.26034 59660 79038 

a' = 0.86973 97941 95568 b' = 0.06513 01029 02216 

c = 0.63844 41885 69809 d = 0.31286 54960 04875 

e = 0.048690315425316

Appendix 4.2

The standard 2D Gaussian quadrature :

with

/ r f(x,y)dxdy = —«^£
Jo. Jgi(x) * 5=i

y =

b + a b — a s
~~2~~ + 2 ^ 
b\-\- a\ b\ — a\ t—^— + —^—r

(4.70)
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= 9i(x')

where 77' (i = s, t) is the value of the i-th sampling point and wl (i = $, t) is the weight 

associated, which are listed below for various schemes [65, 66] we may need.

Gaussian 2-point scheme

sampling point (i)

I

2

weight (wl )

1.000000000000000

1.000000000000000

?'

0.577350269189626

-0.577350269189626

Gaussian 3-point scheme

sampling point (i)

1

2

weight (w*)

0.555555555555556

0.888888888888889

1*

0.774596669241483

0.000000000000000

w3 = wl and rf = — T/ 1

Gaussian 4-point scheme

sampling point (i)

1

2

weight (wl )

0.347854845137454

0.652145154862546

if

0.861136311594053

0.339981043584856

for i = 3 to 4, it; 1 = w*~ 2 and 77* = —rj l ~ 2

Gaussian 5-point scheme

sampling point (i)

1

2

3

weight (u;1 )

0.236926885056189

0.478628670499366

0.568000000000000

i? 1'

0.906179845938664

0.538469310105683

0.000000000000000

for i = 4 to 5, wl = wl ~3 and T/ 1 = — T/ 1 "3
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Gaussian 10-point scheme

sampling point (i)

I

2

3

4

5

weight (w*)

0.066671344308688

0.149451349150581

0.219086362515982

0.269266719309996

0.295524224714753

1*

0.973906528517172

0.865063366688985

0.679409568299024

0.433395394129247

0.148874338981631

for i = 6 to 10, wi = w*~ 5 and rf = -T/1 ' 5

Appendix 4.3

The coordinate transformation for surface integrations 

Let

(4.71)

Substituting the area coordinates (£i,£2 ) and the auxihary coordinates (x,Y) at three 

vertices respectively into Eqn.(4.71) yields a system of linear equations

= 0

= 0

(4.72)

a2 X3 + 62 Y3 -f c2 

aiX2 + &iY2 + ci 

a2 X2 -f 62 Y2 + c2

-1- c2 =

1

0

whose solution is

= (Y2 - 61 = (X3 - X2 )/D, Cl = (X 2 Y3 - X3Y 2 )/D

62 = (Xi - X3 )/D, C2 =
(4.73)

with

D = (X2 Y3 - X3Y2 ) -f (X3Yi - XiY3 ) + (XiY2 -
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We note (refer to Fig.4.3)

X = pcosd)
(4.74)

Y = p sin </) 

so that

(4.75) 
= 0, Y2 = L23 sin <£3 , Y3 = 0

where <fo is the apical angle of vertex 3. By substituting we obtain

ai = L23 sin</>3 /D, bi = -L23 cos^3/D, ci = 0
(4.76)

a2 = 0, 62 = L31 /£>, c2 = 0 

with

D = Xi Yo = L™ LK sin

Substituting Eqns.(4.74,4.76) into Eqn.(4.71) we arrive at Eqn.(4.32). The transfor­ 

mations with the field point located at vertex 1 or 2 can be deduced in the similar 

way.
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Numerical Computation

5.1 Programme Description

A computer programme using FORTRAN language has been developed based on the 

above formulations. Its structure is depicted in Fig.5.1 and briefly described as follows.

The INPUT reads two quite simple data files named as ARCINPUT in Table 5.1, 

where the parameters (refer to Fig.4.5) have been defined in Section 4.4, and CATIN- 

PUT in Table 5.2, where xc ,yc and zc are the three dimensions of the cathode. Note 

all geometrical dimensions have been normalized by the spot radius.

The PRE-MESH automatically divides the surface or the volume into several quadri­ 

lateral or hexahedral zones, which results in sets of global coordinates of the nodes 

required by Eqns.(4.38,4.55).

Table 5.1: ARCINPUT data file

s

I
2

3

4

5

R(s)

1.00

1.10

1.20

1.40

1.60

<x(s)Rad

0.00

0.17

0.35

0.52

0.70

2/0(5)

0.00

0.17

0.68

1.50

2.57

z0 (s)

0.00

0.98

1.88

2.60

3.06

67
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INPUT

PRE-MESH

FINAL-MESH

BEM-POTENTIAL

PLASMA-CURRENT CATHODE-CURRENT

PLASMA-MAGFLUX CATHODE-MAGFLUX

SPOT-FORCE

OUTPUT

Figure 5.1: Programme structure
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Table 5.2: CATINPUT data file

*c

6.0
Vc

6.0

*c

3.0

The FINAL-MESH generates all the mesh information required for further compu­ 

tations, namely the global coordinates of the vertices of each surface or volume element; 

the global coordinates of the nodes and the global numbering in association with the 

local numbering of the nodes. Care should be taken that numbering vertices of each 

triangular surface element must ensure the surface normal is outwards as Fig.4.2 shows. 

A generated surface mesh is shown in Fig.5.2 while a generated volume mesh is par­ 

tially shown in Fig.5.3 for clearness. The 3D illustration of the mesh is realized by 

projecting the 3D coordinates to a plane, on which the coordinates are given by

x 1 = (y — x) cos(7r/6) 

y 1 = z - (x + ?/)sm(7r/6)
(5.1)

The BEM-POTENTIAL carries out the computations of [H] and [K] matrices as 

well as the associated linear equations as described in the last chapter so as to give the 

solution of the mixed boundary value problem of the plasma column.

The PLASMA-CURRENT and the CATHODE-CURRENT compute Eqn.(4.65) 

associated with Eqn.(4.62) and Eqn.(4.64) respectively at the sampling points in the 

plasma column and the cathode, which are needed for calculation of the magnetic 

induction. The numerical scheme for the surface integration encountered is chosen in 

the manner as same as one used by the BEM-POTENTIAL.

The PLASMA-MAGFLUX and the CATHODE-MAGFLUX evaluate the contri­ 

butions of the plasma current and the cathode current respectively on the normalized 

magnetic induction (flux) over the cathode spot according to Eqn.(4.67) associated 

with Eqn.(4.66).

The SPOT-FORCE calculates Eqn.(4.68) and Eqn.(4.69), where the normalized
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Figure 5.2: Surface mesh illustration

current density on the spot is directly given by

TT dV
~ **z (5.2)

The programme was run on Convex at Oxford University Computing Centre. For a 

complete run, the CPU time was about 120 minutes depending on the size of mesh. It 

was found that the computation of current density cost most of the CPU time because 

a lot of the surface integrations were performed.

5.2 Numerical results

In order to check the accuracy for numerically computing Eqn.(2.16), firstly, the nu­ 

merical results for the straight arc are compared with the analytical results which are 

obtained as follows.

Since the normal current density jz is uniform over the cathode spot for the straight
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Figure 5.3: Volume mesh illustration
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arc, the azimuthal magnetic induction is given by

D B<t> = t ^ for p < r0 /K o\ (5.3)

according to Ampere's circuital law. In our coordinates (refer to Fig.2.5)

B = - B

f (r) . a± = -JZ B

(5.4)

(5.5)

thus, we have

= r r\-j
Jo JQ

r\-j
Jo

where TO is the radius of the cathode spot. The first integral on the R.H.S. can be 

solved analytically and results in

Fl = j

Similarly, the result of the second integral is given by

(5.7)

(5.8)

Obviously,

FR = Fi, and FL = F2

FR = 0, and FL = Fl + F2 if Fl > 0

Let ja represent the average current density of the cathode spot and /0 

arc current. Considering jz = ja for the straight arc, we finally obtain

the

•TR 

rO

FL
o

0

7rja£a /2 +

if ^1 < 0

otherwise
(5.9)

f ^ (5.10)
^ if Fi < 0

7TJa Ba otherwise 

The comparison of the analytical and the numerical results is listed in Table 5.3, where 

one can see that the relative errors are within 10 percent.



CHAPTER 5. NUMERICAL COMPUTATION 73

Table 5.3: Comparison of the analytical and the numerical results

(straight arc)

ja

(A/cm2 )
106

108

106

108

106

108

/o 

(A)

1.00

1.00

50.0

50.0

100

100

Ba

(Tesla)

0.06

0.06

0.30

0.30

0.50

0.50

\FL \lrl(N/m*}

analytical

1.88 x 109

3.30 x 1011

9.42 x 109

2.14 x 1012

1.57 x 1010

3.15 x 1012

numerical

1.89 x 109

3.58 x 1011

9.49 x 109

2.30 x 1012

1.58 x 10 10

3.39 x 1012

\FR \/r*0 (N/m*)

analytical

0.00

1.42 x 10 11

0.00

1.20 x 1012

0.00

1.58 x 1012

numerical

0.00

1.55 x 1011

0.00

1.25 x 1012

0.00

1.67 x 1012

Using the straight arc model, we can also investigate the convergent property of 

numerical results as a function of arc length, which is described in Fig.5.4. This figure 

shows that the numerical calculations approximate to a reasonable accuracy when the 

acr length truncated is only 4 to 5 times the spot radius. This is a consequence of 

the fact that the Biot-Savart law1 (the law we used to calculate the self magnetic 

induction) varies as the inverse square of distance. This is also in agreement with the 

previous discussion in Section 2.3. Thus the contribution of the arc column beyond 

5ro from the cathode spot on the force calculations has little physical meaning and 

the truncated calculation is plausible. This conclusion is applicable to the cathode 

truncated computation as well.

Secondly, numerical computations were carried out for the deflected arc bending 

step by step away from the straight arc as displayed in Fig.5.5. The applied magnetic 

field is not taken into account at this stage. The results for FR and FL versus arc 

bending are presented in Fig.5.6, where the letter (a,b,...k) inserted on the curves 

indicates the result arising from the arc with the same identified letter in Fig.5.5. It can 

be observed from Fig.5.6 that as the arc is getting bent more and more, the numerical

x The law is obtained by substituting Eqn.(3.10) to Eqn.(3.8).
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CFr
(7V/m3 )

3.5

2.5

1.5

0.5

lo— 1 .O A. Ba —O.O6 T

lo — SO A. Ba — O..3O T

468

arc-length/r0 —>
10 12

(AT/m3 )

2r

1.75 -

1.5

1.25

0.75

0.5

0.25

lo—1.0 A. Ba —O.Oe T

lo —50 A. Ba —0.3O T

468

arc-length/r0 —>
10 12

Figure 5.4: Convergence of numerical results vs arc length 
Real lines: C = 10"; broken lines: C = 1012
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Arc-a Arc-b Arc-c

Arc-d Arc-e Arc-f

Arc-g Arc-h Arc-i

Arc-j Arc-k

Figure 5.5: Deformation of arcs
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6 8 10 12 14 16 18

0.5 -

lo—1.OA. Ba —O.OeT

— SOA. Ba—'O..3OT

lo—il.O/X. Ba —O.O6T

lo=—50A. Ba=—O.^OT

4 6 8 10 12 14 16 18

arc-bending ——»

Figure 5.6: Electrodynamic forces vs arc bending 
Real lines: C = 1011 ; broken lines: C = 1012
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results for FL and FR change smoothly away from those of the straight arc, which is 

expected physically. Therefore, the reliability of the numerical results is guaranteed.

The field components in which we are interested are computed and plotted in 

Fig.5.7, where the normalized current density is given by jz /ja ] the normalized mag­ 

netic induction is defined by Bx /ft0 \/I0ja and the normalized force density results from 

the multiplication of the normalized current density and the normalized magnetic in­ 

duction. It should be remembered that the applied magnetic field is not involved in 

Fig.5.7.

One can see from Fig.5.7 that the numerical results for the straight arc are in good 

agreement with the analytical one denoted by the dotted lines. As the plasma column 

becomes more bent, the numerical results for the bent arcs change smoothly in the 

direction indicated by the arr.ows. It turns out that as the plasma column is bent in 

the Lorentzian direction due to the applied magnetic field, the current density over the 

cathode spot is no longer uniform and becomes stronger on the Lorentzian side while 

weaker on the retrograde side. This feature is very important, but was overlooked by 

the previous investigators. A similar tendency for changes in the distributions of the 

self magnetic induction and the force density due to the self-field is obtained. However, 

the change in the self magnetic induction is less sensible because the magnetic induction 

results from integration of the current distribution. These distributions for a typical 

bent arc can be clearer seen in Fig.5.8 (for comparison, the distributions for the straight 

arc are drawn on the left side).

It is obvious that in the absence of the applied magnetic field, the cathode spot 

of the bent arc would always move in the retrograde direction. However, it should 

be kept in mind that the bending of the plasma column is attributed to the applied 

field which is in favour of the motion in the Lorentzian direction. Figure 5.9 shows a 

resultant magnetic field obtained by superposing the applied field upon the self field 

for different experimental parameters under which the retrograde motion was observed. 

We can see that the resultant field changes sign within the spot in all cases and the 

component which is in favour of the Lorentzian motion can become dominant. Hence, 

if the current density on the cathode spot were uniform, the resultant magnetic field
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1.5 -1 -0.5

1.5 -1 -O.b

Figure 5.7: Field components on arc cathode spot
(dotted lines : analytical; real lines: numerical)
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-jz(x.y.O) -jz(x.y.O)

Bx(x,y,0) Bx(x,y,O)

fy(x,y,0) fy(x.y.O)

Figure 5.8: Field distributions on arc cathode spot 
Left side: the straight arc (Arc-a); right side: the bent arc (Arc-g)
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Ba = 0.1 T 
Io = 30 A

15 -1 -O.b I

1.5 -1 -0.5

y/ro

Figure 5.9: Resultant magnetic field on arc cathode spot
= 108 A/cm2 )



CHAPTER 5. NUMERICAL COMPUTATION 81

itself would not cause the retrograde motion in all cases. In other words, to make the 

spot move in the retrograde direction the condition that the self magnetic field exceeds 

the applied magnetic field is merely a necessary condition. So as a matter of fact, only 

the combination of the nonuniform current distribution on the spot together with this 

condition could serve for a complete cause of the retrograde motion.

According to our model, therefore, there exist two opposite motion tendencies 

within the cathode spot region and the spot will move as a whole in the direction 

in which the force is dominant. To demonstrate our model, we chose a set of experi­ 

mental data from different sources and inserted them into our theory. The results are 

tabulated in Table 5.4. One can first see that the retrograde motion can indeed be 

predicted by our model if the average current density ja is of the order of 108A/cra2 , 

which is in agreement with the values suggested by recent studies of spot current den­ 

sity [47, 49, 70]. Further explanation of the retrograde motion will be given in the next 

chapter.
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Table 5.4: Numerical results of electrodynamic forces for different current densities and 

arc columns

(a) /0 = 1.0 A, Ba = 0.06Tes/a , copper cathode, motion observed: retrograde, ref.[25]

ja (A/cm2 )

106

107

108

5 x 108

arc-

e

g

k

e

g

k

e

g
k

e

g

k

\FL \/rl(N/m*)

1.70 x 109

1.62 x 109

1.56 x 109

1.60 x 10 10

1.43 x 1010

1.21 x 10 10

2.57 x 10 11

2.23 x 1011

1.81 x 1011

2.30 x 10 12

1.96 x 10 12

1.56 x 10 12

\FR \/r*(N/m*)

0.00

0.00

6.98 x 105

2.63 x 109

3.50 x 109

5.79 x 109

2.40 x 10 11

2.85 x 1011

4.10 x 10 11

3.27 x 1012

3.82 x 1012

5.35 x 1012

\FR/FL \
0.00

0.00

4.47 x 10~ 4

0.165

0.244

0.477

0.94

1.28

2.26

1.42

1.94

3.43

motion predicted

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

retrograde

retrograde

retrograde

retrograde

retrograde
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(b) /0 = 60 A, Ba = 0.3Tes/a , copper cathode, motion observed: retrograde, ref.[27]

ja (A/cm2 )

106

107

108

5 x 108

arc-

e

g

k

e

g

k

e

g

k

e

g

k

\FL \lrl(Nlm*}

8.04 x 109

7.44 x 109

6.70 x 109

8.99 x 10 10

7.96 x 10 10

6.63 x 1010

1.73 x 10 12

1.49 x lO 1'2

1.19 x 10 12

1.66 x 10 13

1.41 x 1013

1.11 x 10 13

\FR \/rt(N/m*)

9.61 x 105

1.15 x 107

7.60 x 107

3.81 x 1010

4.71 x 1010

7.17 x 1011

2.12 x 1012

2.48 x 1012

3.51 x 1012

2.67 x 1013

3.11 x 1013

4.32 x 1013

\FR/FL \
1.20 x 10- 4

1.54 x 10- 3

1.13 x 10- 2

0.424

0.592

1.08

1.22

1.67

2.95

1.61

2.20

3.89

motion predicted

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

retrograde

retrograde

retrograde

retrograde

retrograde

retrograde

retrograde

(c) /o = 540 A, Ba = 0.7 Testa , copper cathode, motion observed: retrograde, ref.[31]

ja (A/cm2 )

106

107

108

5 x 108

arc-

e

g

k

e

g

k

e

g

k

e

g

k

\FL \/rl(N/m*)

1.83 x 10 10

1.67 x 10 10

1.46 x 10 10

2.33 x 10 11

2.05 x 10 11

1.69 x 10 11

4.88 x 10 12

4.18 x 10 12

3.33 x 10 12

4.84 x 10 13

4.11 x 10 13

3.22 x 10 13

\FR \/rl(Nlm*}

3.75 x 108

6.79 x 108

1.30 x 109

1.40 x 1011

1.70 x 1011

2.51 x 1011

6.67 x 1012

7.80 x 1012

1.09 x 1013

8.19 x 1013

9.50 x 1013

1.32 x 1014

\FR/FL \
2.06 x 10- 2

4.04 x 10- 2

8.90 x 10- 2

0.601

0.829

1.49

1.37

1.86

3.29

1.69

2.31

4.10

motion predicted

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

retrograde

retrograde

retrograde

retrograde

retrograde

retrograde

retrograde
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(d) /o = 10 A, Ba = 0.5Tes/a , copper cathode, motion observed: retrograde, ref.[23]

ja (A/cm2 )

106

107

108

5 x 108

arc-

e

g
k

e

g
k

e

g

k

e

g

k

\FL \/rl(N/m*)

1.51 x 1010

1.48 x 10 10

1.52 x 10 10

1.39 x 10 11

1.31 x 1011

1.23 x 10 11

1.38 x 10 12

1.24 x 10 12

1.04 x 10 12

9.71 x 1012

8.42 x 1012

6.92 x 1012

\FR \/rt(N/m*)

0.00

0.00

7.57 x 106

0.00

0.00

5.26 x 107

3.61 x 1011

4.64 x 10 11

7.34 x 1011

7.95 x 1012

9.49 x 1012

1.38 x 1013

\FR/FL \
0.00

0.00

4.97 x 10~4

0.00

0.00

4.27 x 10~4

0.26

0.38

0.71

0.82

1.12

1.99

motion predicted

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

retrograde

retrograde

(e) /o = 30 A, Ba = 0.1 Tesla , copper cathode, motion observed: retrograde, ref.[34]

; a (A/cm2 )

106

107

108

5 x 108

arc-

e

g

k

e

g
k

e

g
k

e

g
k

|FL |/r2 (7V/m3 )

2.68 x 109

2.40 x 109

2.03 x 109

4.38 x 10 10

3.81 x 1010

3.09 x 1010

1.06 x 1012

9.01 x 1011

7.08 x 1011

1.10 x 10 13

9.29 x 1012

7.22 x 1012

\FR \/rt(N/m*)

4.92 x 108

6.48 x 108

1.06 x 109

4.22 x 1010

5.01 x 1010

7.19 x 1010

1.68 x 1012

1.95 x 1012

2.72 x 1012

1.99 x 1013

2.30 x 1013

3.18 x 1013

\FR/FL\
1.84 x lO" 1

2.70 x 10' 1

5.22 x 10' 1

0.96

1.32

2.33

1.59

2.17

3.84

1.81

2.48

4.40

motion predicted

Lorentzian

Lorentzian

Lorentzian

Lorentzian

retrograde

retrograde

retrograde

retrograde

retrograde

retrograde

retrograde

retrograde
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(f) /0 = 6 A, Ba = 0.2Tes/a , mercury cathode, motion observed: retrograde, ref.[12]
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\FL \/rt(N/m*)

5.83 x 109

5.63 x 109

5.58 x 109

5.19 x 1010

4.72 x 10 10

4.08 x 1010

7.18 x 1011

6.29 x 10 11

5.16 x 10 11

6.02 x 10 12

5.17 x 1012

4.13 x 1012

\FR \/rt(N/m*)

0.00

0.00

2.63 x 106

2.72 x 109

4.15 x 109

7.62 x 109

5.12 x 1011

6.16 x 10 11

9.02 x 10 11

7.58 x 1012

8.89 x 1012

1.25 x 1013

\FR/FL \
0.00

0.00

4.71 x lO'4

5.24 x 10~ 2

8.79 x 10- 2

0.187

0.71

0.98

1.75

1.26

1.72

3.03

motion predicted

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

retrograde

retrograde

retrograde

retrograde

(g) /0 = 4 A, Ba = 0.25Tes/a , mercury cathode, motion observed: retrograde, ref.[14]
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7.46 x 109

7.30 x 109
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5.63 x 10 10
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5.49 x 10 11

5.59 x 10 12

4.86 x 10 12

3.93 x 10 12

Iftl/rJWm3 )
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3.78 x 1011

5.77 x 1011

5.51 x 1012

6.53 x 1012

9.36 x 10 13

\FR/FL\
0.00

0.00

4.90 x 10~4

3.89 x 10"6

8.57 x 10~ 4

8.11 x 10- 3

0.41

0.57

1.05

0.97

1.35

2.38

motion predicted

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

retrograde

Lorentzian

retrograde

retrograde



Chapter 6

The Electrodynamic Explanation

6.1 The role of the electrodynamic force

It is instructive for us to judge the decisive role of the electrodynamic force in the 

retrograde motion. Following Mitterauer [72], the vapour pressure p of the cathode 

material evaporating from the cathode spot surface can be approximated by the relation

p = IQA'-B'/T (Pa) (6.1)

where the constants for copper and for T > 2826 K are A' = 10.7 and B' — 1.63 x 104 K. 

If the spot surface temperature T = 4 x 103 K [73], Eqn. (6.1) yields a surface vapour 

pressure of 42 aim (1 aim w 105 Pa). This vapour pressure may appear high, but there 

is experimental justification. According to Robertson [74], the force on the cathode 

of a copper arc was measured by a pendulum and for the ambient gases of hydrogen 

and nitrogen at 20 ~ SQQmmHg pressure and at 10A arc current, the force was found 

to he in the range 2 ~ 14 x 10~ 5 7V. If this force is mainly due to the reaction of the 

metal vapour jet erupting from an active crater, whose size would be larger than the 

real spot or current carrying area [73], and the radius of the crater is estimated by 

rc = r* exp(/o//*) where r* = 1.7 urn and /* = 83 A for copper [47], the corresponding 

pressure is found to be 16 ~ 111 aim. It is therefore not surprising to have the high 

vapour pressure from the empirical formula of Eqn. (6.1). Thus the average thermal 

velocity VT related to the spot vapour pressure can be found to be the order of 103 m/s 

by assuming VT = (3KT/ma ) 1 / 2 [75], where K = 1.38 x 10- 23 J//t is Boltzmann's
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constant and raa the atomic mass. Now looking at Table 5.4(d) where we have similar 

experimental conditions [23], namely, at 3QmmHg ambient pressure of a mixture of 

air and argon and at 10 A arc current for the copper arc, we can find that the density 

fa = \FR — FL\/(^rl) of the average net electrodynamic force for the retrograde motion 

predicted by our theory is the order of 1012 N/m? for j'a = 5 x 108 A/cm2 . Multiplying 

this force density by 2r0 the diameter of the spot, we obtain 2r0/0 = 1.6 x 106 N/m2 

which is equivalent to an electrodynamic pressure of the order of 16 aim. It turns 

out that the electrodynamic pressure is comparable to the vapour pressure so that 

the electrodynamic force predicted by our theory can be responsible for the retrograde 

motion with the velocity less than 103 m/s as observed.

The important role of the electrodynamic force in the spot directed motion could 

be estimated from another point of view. It is obvious that the electrodynamic force 

resulting from our model only has a direct effect on the current carriers of the spot 

current. Although the electrons are major current carriers, the magnetic force on the 

electrons can be transferred to the ions through the Hall field [76]. Furthermore the 

spot plasma is highly ionized [47, 75], and the ionic mass m, is much larger than the 

electronic mass ra e (m,/me w 105 ). Thus the swarm motion of the spot is mainly due 

to the motion of the ions subject to the electrodynamic force so that we simply employ 

the mobility theory of ions [77] and suppose

vd = —r (6.2) m,

where Vd represents the average directed velocity of the spot; Fa denotes the average 

electrodynamic force on the ion and r is the average free time between two collisions. 

Since Fa = /a /^t and T = (noO-.v,)" 1 , where fa is the density of the average net 

electrodynamic force on the spot; n, the ion density; na the neutral particle density; 

<7, the ionic collision cross-section and u, the mean ion thermal velocity, Eqn. (6.2) 

becomes
vd = ——£—— (6.3) 

n,na cr;u,ra,-

The experimental data are available for n, = 1020cm~ 3 [47], vt = 105cra/s [47], and 

cr, = 10~ 15cra2 [79, 80]. However, to the best of our knowledge, there is no reliable
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experimental datum for the neutral particle density in the spot region. The reported 

data for na vary over a wide range, from 1016 to 1022 cm"3 depending on the exper­ 

imental conditions and diagnostic methods used [81]. Considering the spot plasma 

is highly ionized [47, 75], we assume na = 1019 cm~ 3 . The ionic mass m, = Af,m0 

amounts to 10~ 25 kg, where M, is the atomic mass number and ra0 = 1.66 x 1Q~ 27 kg. 

Referring to Table 5.4 we can find that for the retrograde motion predicted by our 

theory, fa is the order of 1011 ~ lOl^N/m3 . Substituting these data into Eqn. (6.3) 

yields Vd = 101 ~ I03 m/s which is among the retrograde velocities observed.

Although the above estimation is rather rough and the determination of the relation 

between the electro dynamic force and the retrograde velocity needs more sophisticated 

considerations, it at least lets us see the important role of the electro dynamic force in 

the retrograde motion of the cathode spot.

6.2 Retrograde motion of a single spot

A number of the reported features of the retrograde motion of the single spot can be 

explained by our model as below.

• The retrograde motion is temperature dependent. With increasing cathode tem­ 

perature, the retrograde velocity decreases [35]; and the retrograde motion can 

be reversed if the temperature is sufficiently high [11]. As the cathode tem­ 

perature is increased, the spot current density is observed to decrease [35]. In 

our model the ratio of \FR/' FL\ decreases with decreasing spot current density as 

shown in Fig.6.1; thus the retrograde velocity decreases with increasing cathode 

temperature. If the cathode is heated to a sufficiently high temperature, which 

can vary with the cathode material, the spot current density can be so low that 

\FR/FI\ < 1 and the motion is reversed.

• Lower background gas pressures favour retrograde motion and the motion can be 

reversed if the gas pressure rises above a critical value [14, 27, 31], The bending 

of the arc also depends on the background gas pressure. The lower the pressure, 

the more bent is the arc column. As a result, the ratio of \F^/Fi\ increases and
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\FR /FI
Ba —O. 115 Tosla

ja (A/cm2 )

ja (A/cm2 )

Figure 6.1: \FR/FL\ MS cathode spot average current density
The current density is in logarithmic scale 

The experimental parameters refer to Fang [34]
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ja = lOM/cro

lo — SOA.

lo—1.OA.X Ba —O.O6T

468
Arc bending —>

10 12

Figure 6.2: \FR/FL \ as a function of arc bending 
Experimental parameters refer to Roman [27] and Gallagher [14]

so does the retrograde velocity. On the other hand, if the pressure is increased, 

the arc column becomes straight and the ratio of \FR/FL\ decreases and can 

be smaller than unity above a certain pressure so that the direction of motion 

changes to the Lorentzian direction. Figure 6.2 illustrates \FR/ FL\ against arc 

bending.

• The retrograde velocity is generally found to increase with an increase in the 

magnitude of the applied magnetic field [27, 34, 41]- However, reversal of the 

motion occurs with a very strong field [23]. The model proposed clearly shows 

the two simultaneous effects of the applied magnetic field, namely (a) bending 

the arc column in the Lorentzian direction; (b) enhancing the force component 

FL- Because the first effect is in favour of the retrograde motion and is opposite 

to the second one, the resultant effect of increasing the applied magnetic field will 

depend on the dominant one of the two effects. As the applied magnetic field is
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Table 6.1: Computation of forces for a strong magnetic field

/o = 10 A, Ba = \.2Tesla , copper cathode, motion observed: Lorentzian, ref.[23]
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|FL |/r2 (7V/m3 )

3.21 x 10 12

2.96 x 10 12

2.66 x 10 12

1.63 x 10 13

1.46 x 10 13

1.23 x 10 13

3.62 x 10 13

3.21 x 10 13

2.67 x 10 13

2.75 x 10 14

2.39 x 10 14

1.93 x 10 14

|f*|/rj(tf/ro3 )

9.88 x 108

8.35 x 109

4.07 x 1010

3.62 x 1012

4.70 x 10 12

7.54 x 10 12

1.59 x 1013

1.96 x 1013

2.97 x 1013

2.79 x 1014

3.31 x 1014

4.73 x 1014

\FR/FL \

3.08 x 10-4

2.82 x 10-3

1.53 x 10~ 2

0.22

0.32

0.61

0.44

0.61

1.11

1.01

1.38

2.45

motion predicted

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

Lorentzian

retrograde

retrograde

retrograde

retrograde

increased from a lower level, the arc column is expected to be bent at first rapidly 

and then less so due to a limit of the bending. Hence, the first effect is dominant 

and the retrograde velocity increases before this limit is reached. Then, the second 

effect becomes dominant and the motion will be reversed when \Fi\ > \Fp\. The 

dependence of the average net force density, i.e, fa = (\FR\ - |^L|)/(^»"O) on tne 

applied magnetic field is shown in Fig.6.3, where we take the Arc-k as the most 

bent arc. The prediction of the motion in the Lorentzian direction with a strong 

field can also be seen in Table 6.1. It should be noted that our model also predicts 

an upper limit of ja with an order of 5 x 109yl/crn 2 .

• The critical pressure increases with an increase of the applied magnetic field [17]. 

As previously stated an increase in the applied magnetic field will cause the arc
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Figure 6.3: Average net force density vs the applied magnetic field
(a) Experimental parameters refer to Roman [27]
(b) Experimental parameters refer to Robson [23]
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column to bend before reaching a limit. On the other hand, an increase in the 

background gas pressure makes the arc column straighter. At a reversal position 

of the arc column, the effects of the increase in the two quantities can cancel each 

other out which directly leads to the observed result.

• In vacuum or low pressure the retrograde velocity was found to increase with an 

increase in arc current [14, 34, 41]- According to the proposed model it can be 

shown as Fig.6.4 that the average net force density increases with an increase in 

arc current, so does the retrograde velocity.

• The retrograde motion depends on the material and surface condition of the cath­ 

ode [25, 30]. The connection of the present model to this feature is twofold. 

Firstly, the cathode current density is found to be material-sensitive, so is the 

force predicted by the model. Secondly, the spot is a plasma source of dense metal 

vapour evaporated from the cathode material so that the plasma mass density of 

the spot will also affect the spot motion.

• The critical pressure increases with decreasing separation of the electrodes [9, 38, 

71] and very short (~ 0.5mm) arcs have been driven in the retrograde direction in 

atmospheric air [21]. If decreasing the electrode separation presses the bent arc 

on to the cathode and makes it even more bent; the resultant effect is opposite to 

that due to an increase in the background pressure so that the retrograde motion 

persists to higher pressures the shorter the electrode separation. For the same 

reason a very short separation can encourage retrograde motion in a pressure as 

high as atmospheric, as is observed.

• // the applied magnetic field is inclined with respect to the cathode surface, the 

moving cathode spot has an extra velocity component in the direction of the acute 

angle between the field and the cathode surface [10, 22]. The transverse compo­ 

nent of the applied magnetic field gives rise to a bending of the arc column. As a 

consequence there is a component of the arc current flowing parallel to the cath­ 

ode surface and in the retrograde direction. This component of the arc current 

interacts with the normal component of the applied magnetic field, which gives
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Figure 6.4: Average net force density vs arc current
(a) Experimental parameters refer to Gallagher [14] 

(b) Experimental parameters refer to Swift [41]
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rise to an extra force component on the cathode spot region in the direction of 

the observed drift. This extra force component is therefore responsible for the 

sideways drift.

6.3 Retrograde motion of multi-spots

The retrograde motion of multi-spots on the cathode in vacuum arcs under the influ­ 

ence of the self-generated magnetic field has also been reported [82, 83, 84, 85]. The 

arc currents for these experiments are sufficiently high (up to IQkA) that the cathode 

region consists of many independent cathode spots which are observed to be moving 

radially outwards on the cathode in a basically ring-shaped pattern. A model of mul- 

tispot formation after DjakoV and Holmes [82] is sketched in Fig.6.5. The previous 

investigators attributed such a kind of motion to the retrograde motion because they 

thought that each spot could be considered as moving in an equivalent applied trans­ 

verse magnetic field Ba (/?), which corresponded to the inherent (azimuthal) magnetic 

field of the remaining spots distributed around the ring of a radius R, the spot would 

have been driven moving inwards to the ring centre by the Is x B a (#) force, where 

Is denoted the spot current flowing into the cathode. In the earlier studies [82] the 

inherent (azimuthal) magnetic field was simply calculated by noIo/^nR with /o the 

total arc current from an assumed discharge current distribution whereas in the latter 

experiments [84, 85] the field was measured directly with a magnetic probe positioned 

about 2 ~ 3 mm from the cathode surface.

It is essential to point out that the previous investigators ignored the fact that each 

spot in reality is not a rigid point and in the region occupied by that spot the magnetic 

field generated by the spot current itself can play an important role in determining the 

motion of that spot. To demonstrate this, let us assume that each spot carries a linear 

current Is = Io/N, where N is the number of spots. The azimuthal magnetic induction
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a single spot

»-£

Figure 6.5: Model of multi-spot formation on cathode surface

generated by each spot in the local coordinates (//, </>') as shown in Fig.6.5 is given by

if // > r0

(6.4)

P

r0

which can further be decomposed into two components in the global coordinates (x, t/)

Bx (x,y) = - 

By (x,y) = B
(6.5)

with
p' = N/?2T7I and <t>' =

x' = x - R cos </» and y1 = y - Rsm(f)
(6.6)
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where R is the ring radius and <f> is the azimuthal angle of the spot centre with respect 

to the origin of the global coordinates. Considering a single spot as indicated in Fig.6.5, 

we are merely interested in the field component By over the region occupied by that 

spot and the results computed for N = 50, 100 and the different ratios of R/rQ are 

plotted in Fig.6.6, where By is normalized by By/^o^/Igja with ja = Ia /Krl the average 

spot current density. One can immediately see from Fig.6.6 that the resultant field 

of combination of the self-field of the single spot (denoted by the real line) and the 

equivalent applied field of the remaining spots (denoted by the dotted line) can change 

sign on the inward and the outward sides within the spot and the equivalent applied 

field decreases with an increase in the ratio of the ring radius to the spot radius. Taking 

the experimental parameters ja = 108 A/cm2 and Is = 100 A (for copper), which result 

in r0 = 5.6 x 10~ 3 mm and assuming R = 1mm, we have already a ratio of R/r0 as 

large as 178. In recent experiments [84, 85] the ring radii observed are supposed to be 

larger than 3 mm because at the centre of the cathode face there is a 6 mm diameter 

hole for a trigger assembly, which gives a minimum R/r0 = 534 so that the equivalent 

applied field is even smaller and can be ignored.

Based on the above arguments we believe that the so-called retrograde motion of 

the multispot under the influence of the self-generated magnetic field can simply be 

understood by extending our single spot model, which is strongly supported by the 

experimental observations of the multispot vacuum arcs, namely (i) the arc appears 

to be constricted near the anode [86, 87, 88]; (ii) the arc current is more concentrated 

closer to the axis near the anode in comparison with the cathode [86, 87, 89]. The 

theoretical predictions of constrictions in both the arc current and the plasma flow 

from the spots can also be found elsewhere [90, 91]. The proposed physical model for 

the multispot arc is sketched in Fig.6.7, where the bending of each spot column near 

the cathode surface inwards to the centre axis of the arc is the direct result of the 

constrictions.

According to our single spot model, the current density is stronger on the inward 

side of each spot due to the inward bending so is the magnetic field induced by that 

spot current, which can exceed the equivalent applied magnetic field generated by the
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Figure 6.6: Magnetic field of multi-spots
Real lines: the field of the single spot 

Dotted lines: the field of the remaining spots
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— Retrog ro

Figure 6.7: Model of the multispot arc

other spot currents in the opposite direction on the inward side of that spot as we 

have just demonstrated. Therefore, the resultant electro dynamic force on each spot is 

dominant in the outward direction and will drive each spot radially outwards which can 

certainly account for the retrograde motion observed. Similarly, some typical features 

of the retrograde motion of the multispot arc can be explained by our model.

• The retrograde velocity is independent of arc current [84, 85]. In our single spot 

model the retrograde velocity is dependent on the arc current which is nothing 

else but the spot current. In the case of the multispot arc each spot carries 

approximately the same current which is independent of the total arc current [85]. 

Although the equivalent applied magnetic field is dependent on the arc current, 

it is not important in a single spot region as previously demonstrated. Therefore, 

as long as the spot current is invariable with respect to arc currents, our model, 

which relates to the spot current rather than the arc current, can also predict 

this feature.

• Saturation of the retrograde velocity can be observed at high self-generated mag-
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netic fields measured against different ring radius R for a total arc current [84, 

85], As the self-generated magnetic field is increased (the smaller the expansion 

of the discharge) a limit to the bending is approached. According to our model 

the retrograde velocity increases as the spot columns become more bent so it is 

expected that the retrograde velocity will be increased slowly as the spot columns 

are reaching the bending limit, which directly leads to the observation.

• The retrograde velocity decreases with increasing the applied axial magnetic field [85]. 

According to our model the more bent the spot columns, the higher is the ret­ 

rograde velosity. If the applied axial magnetic field reduces the bending of the 

spot columns, which is at least supported by the experimental observation that 

the constrictions in both the plasma flow and the arc current are less pronounced 

when the axial magnetic field is applied [87], it turns out that the stronger the 

applied axial magnetic field, the less bent are the spot columns, and the smaller 

is the retrograde velocity.
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Chapter 7

On Ampere and Lorentz force laws

7,1 Development of the force laws

In recent years there has been a new controversy about the electrodynamic force laws, 

namely, the Ampere and Lorentz force laws [92] - [110]. A focus of the controversy lies 

on whether the two force laws are equivalent in conducting current systems. To help to 

clarify this matter, it is necessary to look back on the history of development of the two 

force laws, which has been overlooked in most of the previous discussions. Although a 

good account of the development of the Ampere and Lorentz force laws can be found 

in Maxwell's famous book "A Treatise on Electricity and Magnetism" [111] as well as 

Whittaker's one "A History of the Theories of Aether and Electricity" [112], for our 

purpose, let us review it briefly hereon before going any further.

On 21 July 1820, Hans Christian Oersted published his discovery that a wire con­ 

necting the ends of a voltaic battery affected a magnet in its vicinity. It appears 

therefore that in the space surrounding a wire transmitting an electric current a mag­ 

net is acted on by forces depending on the position of the wire and on the strength 

of the current. The space in which these forces act may therefore be considered as a 

magnetic field. However, Oersted did not determine the quantitative law of the action.

Having repeated and extended Oersted's experiments, Jean-Baptiste Biot and Felix 

Savart soon found the law
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where B represents the magnetic induction; j denotes the current density; r and r' are 

the position vectors of the field and the source respectively and r' indicates the whole 

source current region.

The next step came from Andre-Marie Ampere, who on 18 September 1820 showed 

that two parallel wires carrying currents attract each other if the currents are in the 

same direction, and repel each other if the currents are in opposite directions. During 

the next three years Ampere continued to prosecute the researches thus inaugurated, 

and in 1825 published his electro dynamic force law

**A = : (j(r')dr' - R)(j(r)dr . R) - 2(j(r')<fr' • j(r)dr) (7.2)

where d2 FA indicates the force on the current element j(r)dr exerted by the current 

element j(r')dr' and R = (r — r'). It should be remarked that the Ampere force law 

of mutual action of electric currents is founded on four experimental facts and one 

assumption. 1 With reference to these experiments, it may be observed that every 

electric current forms a closed circuit, so that the ultimate result of each experiment is 

the action of one or more closed current upon the whole or a part of a closed current. 

Hence, as Maxwell points out, "no statement about the mutual action of two elements 

of circuits can be said to rest on purely experimental grounds",2 it is more precise to 

interpret Ampere force law as

dFA = I d2 ¥A (7.3)
JT'

The other weakness of Eqn. (7.2) lies in the assumption that the force between 

two current elements acts along the line joining them. It is clear that one may, if one 

pleases, adopt another assumption and add to this expression any term which vanishes 

when integrated over r'. One of such alternative formulae was given by Grassmann in 

1845

1 Refer to J.C.Maxwell [111], Chapter 2. 

2 Refer to J.C.Maxwell [111], page 151.
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= JWdrx^
4;r

(7.4)

with the assumption that two current elements in the same straight line have no mutual 

action. Integrating Eqn. (7.4) over r', we obtain

= j(r)dr x B (7.5)

where the value of B is precisely the value defined by Biot-Savart law in Eqn. (7.1). 

Thus we may consider the mutual action of one electric circuit upon another, by de­ 

termining the action on the first due to the magnetic field produced by the second.

In 1889 Oliver Heaviside, based on experiments, gave for the first time the formula 

for the ponderomotive force on an electric charge which is moving in a magnetic field

F = qy x B (7.6)

where q is the charge and v is the moving velocity thus qv represents the convective 

current.

In 1892 Hendrik Antoon Lorentz published his electron theory, that is to say, all 

electrodynamic phenomena were ascribed to the agency of moving electric charges, 

which were supposed in a magnetic field to communicate these forces to the ponderable 

matter with which they might be associated. Lorentz supposed that the phenomena 

of conduction currents are due to the motion of electrons. K v represents the drift 

velocity of electrons of conduction currents and p denotes the charge density, j = />v 

and jdr = qv so that the Lorentz theory unifies the individual experimental findings 

of Eqn. (7.5) and Eqn. (7.6) which are now usually called the Lorentz force law.
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7.2 Equivalence of the force laws

Two points should be declared to start this section (i) since Ampere force law was 

postulated for currents flowing in conductors we only discuss the equivalence of the 

two force laws in the range of conduction currents which satisfy V • j = 0 everywhere in 

the current system interested; (ii) neither Eqn.(7.2) nor Eqn.(7.4) directly result from 

the experimental findings so that as far as the two force laws are concerned, we imply 

the laws given by Eqn.(7.3) and Eqn.(7.5) respectively.

It is agreed that for a complete current distribution j' which exerts a force on a 

volume current element or the whole of another current distribution j, the two force 

laws predict the same forces. The argument is about the equivalence between the two 

force laws when they are used for a self-closed system, namely the volume current 

element jdr is a part of the complete current distribution j'. Ternan [93] and Jolly [94] 

demonstrated individually how either law may be derived from the other, thus showing 

that two laws are equivalent. Christodoulides [100] used a quite different approach, 

which examines an expression for the difference of the forces predicted by the two laws, 

to prove the equivalence of them in a self-closed system. However, using almost the 

same approach, Cornille [108] found a contrary consequence. It is therefore necessary 

to clarify this matter first.

7.2.1 Proof for continuum electrodynamics

By defining the force distributions or densities

(7.7) v '

fL = lira -y (7.8) 
dr^o dr v '

we start to examine the difference between them

df = fA —
r i 'QT*

R)-j(r')(j(r).R)-H± I _L
47T Jr< R3

dr'

(7.9)
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Let N = j(r')(j(r) • R/R3 ), we can find (see Appendix 7.1)

V - N = Jf (j(r) - R)(j(r'). R) - j(r)^(r/) (7.10)

subject to V • j(r') = 0, where V indicates the operation with respect to r'. Then 

Eqn. (7.9) becomes

df = £2. / (RV' . N - N)dr' (7.11) 
4?r JT'

which can be converted to a surface integral

df = £2. / R(N - ds') 
4?r Js'

(7.12)

where s 1 is the surface enclosing T'. The conversion of Eqn. (7.11) to Eqn. (7.12) is 

given in Appendix 7.2. Now Eqn. (7.12) is identical with equation (20) in [100] and 

equation (10) in [108]. It can clearly be seen that as long as j(r) does not belong to the 

current system j(r') or in the other words that j(r) is the current density of the other 

closed circuit, the vector N is continuous and differentiate everywhere in r' and on s1 

so that the conversion from Eqn. (7.11) to Eqn. (7.12) is legitimate and df = 0 because 

j(r') • ds' = 0. Hence it confirms that the two force laws have the same effects on the 

target current which is outside the active current circuit. This is expected without 

argument. A difficulty arises in the application of Eqn. (7.12) to prove the equivalence 

of the two laws when j(r) and j(r') are belong to the same self-closed current system. 

In this case, the position of the source may coincide with the position of the target, 

that is R = 0, thus the surface integral becomes singular and one cannot use it directly 

any more. However the difficulty may be overcome in the following way.

Surrounding the target by a spherical surface Sf with an origin of local coordinates 

at the terminal of r and a radius c as Fig. 7.1 shows, because the vector N is continuous 

and differentiate again in the region T' — T, where r is the sphere surrounded by s/, as 

well as on the surrounding boundary s' + $/ (for clearness s' is omitted in the figure), 

we obtain

/ (RV • N - N)dr' = / R(N-ds')
Jr>-r Js'+Sf
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T'-T

Figure 7.1 : The spherical surface enclosing the target

(7.13)

because j(r') • ds' = 0 on s'. We notice that R = en on s/, where n is the unit vector 

of the inwards normal of s/, and ds' = ne2 s'm0dOd(j). Hence we have

dt = lim ~ / (RV • N - N)cfr' T-o4^ (/T/_ T v ;

Uo [2* 
= lim—6 I

e->0 4;r Jo
(7.14)

Obviously, the integrand n(j(r) • n)(j(r/ ) • n) sin^ is finite so that as e tends to zero eff 

definitely vanishes which proves that the two force laws are equivalent even when they 

are applied to a self-closed current system.

We have demonstrated that the foregoing mathematical proof is perfectly legiti­ 

mate irrespective of the distribution of j(r') on s/. Therefore. Cornille's criticism of
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r — r

Figure 7.2 : The cylindrical box enclosing the target

Christodoulides's mistake [108] concerning the current distributions is not important. 

What surprises us is that Cornille used a cyhndrical box instead of the spherical surface 

to enclose the target current element and found the opposite consquence. It can be 

expected that df should vanish anyway as r approaches zero regardless of its shape.

To support the foregoing proof and to verify our expectation let us consider a 

cylindrical box enclosing the target as depicted in Fig.7.2, where the dimensions of 

the enclosed cylindrical volume T are sufficiently defined by the two parameters Rm 

and Om . Obviously, we have three ways to make r vanish : (i) Ft^ —*• 0, which makes 

T shrink into a point; (ii) Om —* Tr/2, which compresses T into an infinitely thin disk 

and (iii) Om —> 0, which compresses r into a section of line. However, only the first 

way makes the 3-dimensions of T vanish simultaneously so that it is more plausible to 

fix Om for 0 < Om < 7T/2 and let Rm tend to zero to perform our proof. Referring to 

Eqn.(7.13), we have
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df = lim ^ / (RV • N - N)dr' T-^O 4?r JT'-T '

where sc is the closed surface of the cylindrical box which is composed of the top cover 

sij the bottom cover s2 and the cylindrical surface s3 . From Fig. 7.2 one can find the 

following relationships in terms of cylindrical coordinates (/>, <^>, z') and/or spherical 

coordinates (r, ^, 0):

COS v

on $i (positive sign) and 52 (negative sign); and

z' = R cos 0, R= Rm sin ^p, ds' = Rm sin Omd^dz' = R2 dOd(j) (7.17)sm

on 53; where dp, dQ, d<j) and dz' are all positive. Thus the surface integral in Eqn. (7.15) 

becomes

df =
o Jo cos c/

lim m Ro(j(r)
COS

+

where n is the unit vector of the inwards normal and RQ = R/.R. Now it can clearly 

be seen that since the integrand of each double integral on the R.H.S. of Eqn. (7.18) is 

finite, df vanishes as Rm approaches zero. As a matter of fact, Cornille made a mistake 

in his proof which can be shown in Appendix 7.3.
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7.2.2 On finite size of metallic current elements

Another main argument raised against the mathematical proof of the equivalence of 

the two force laws is that metallic current elements must have finite size [109]. Leaving 

aside the question of the structure of the conductor, it seems that the argument stems 

from the worry that the closed integration of the two force laws over a self-closed 

current system would lead to infinite forces because R2 in the denominator of the laws 

goes to zero [109]. We are therefore going to show that such a worry is not necessary. 

Having defined the Ampere force density, we have

(7.19) 
?r T'

with

Y(r,rO = Ro[3(j(r') • Ro)(j(r)

according to Eqns. (7.7), (7.3) and (7.2).

Let the point Q(r) at which the force density to be determined be surrounded by 

a closed surface s of arbitrary shape, thus dividing the self-closed current system into 

two parts, i.e. a portion T{ representing the volume within s and a portion T^ external 

to 5, we obtain

Obviously, the second integral of Eqn. (7.20) is bounded so as to contribute a finite 

amount to the resultant force density at Q(r). The first integral is still improper 

(singular). However, the current densities j(r') and j(r) are finite so that

|Y(r,r')|<C (7.21) 

where C is a finite constant. It follows that

fSL / IXillE^r' < Ct£ I -U' (7.22)
47T Jr[ R2 47T Jr( R2 V '

Now, because dr> - " (7 - 23)
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where ra is a sphere having radius a concentric with Q(r) and circumscribing about TI, 

and

/ ^ ra r2n fir ^ 

.'a R2 Jo Jo Jo R2 

we have

/ -^dr' < 4?ra (7.25)
v I * J v 

1

It is therefore proved that the singular integral of Eqn. (7.19) definitely converges for 

every interior point of a self-closed current system regardless of the current element 

size. Since the force density is everywhere bounded, the Ampere force on any portion 

re of the current system

F^ = I fA dr (7.26)
v TC

is, of course, unable to be infinite even though the current element size is treated as 

zero. A similar proof can be obtained for the Lorentz force law.

In fact, when the denominator of the two force laws vanishes as the square of 

distance, the current in the numerator vanishes as the cube of a linear dimension so 

that the two inverse square force laws do not cause any self-interaction regardless of 

whatever the current element size is supposed. Hence, in this aspect, it is not necessary 

to require that current elements must retain finite non-zero size and any infinite force 

arising from computations must cast doubts on the adopted numerical method itself.

We recall that the so-called current elements originate from the formulation of 

Eqns. (7.2) and (7.4), and at the very beginning we emphasized that these two formulae 

are not directly based on the pure experimental findings but resulted from a proposed 

analysis of the phenomena. Maxwell himself demonstrated how to reach these two 

formulae and said, "In the analysis of the phenomena, however, we may regard the 

action of a closed circuit on an element of itself or of another circuit as the resultant 

of a number of separate forces, depending on the separate parts into which the first 

circuit may be conceived, for mathematical purposes, to be divided. This is a merely 

mathematical analysis of the action, and is therefore perfectly legitimate, whether these 

forces can really act separately or not". 3 It seems therefore that the current elements

3 Refer to J.C.Maxwell [111], page 151.
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have more mathematical meaning than physical and their physical size can be ignored.

Yet it is true in nature that everything has a finite size. If the current elements

exist in reality and have finite size, it is not surprising to find a difference between the

two force laws, which can so easily be demonstrated by considering two summations :

W/2 7T/2 g

/i = ^ s'mxfix and 72 = ^ —j<fo (7.27)
x=0 x=0 7r

Only when 6x —> 0 they become two integrals which are equal. The situation is anal­ 

ogous to comparison of the two force laws given by Eqns. (7.3) and (7.5) respectively. 

Given this situation, a question arises, i.e., is such a difference significant ? The answer 

to this question may be drawn from the the following two considerations (i) if the cur­ 

rent elements have, for example, cylindrical shape and their size is so small (non-zero) 

that the current carried by each element can be considered to be uniform, we have 

already shown in Appendix 7.3 that the difference also vanishes; (ii) as a matter of 

fact, so far there has been no experimental evidence to tell the significant difference 

between the two force laws due only to the finite size of the current elements when the 

force laws have been correctly applied.

Given these facts, we can certainly say that whether the current elements have finite 

size or not is not important on the issue of equivalence of the two force laws. On the 

contrary, the way to apply the force laws is most important, and will be discussed in 

detail in the next section.

7.3 The way to use the force laws

In classical electrodynamics one looks at the force on a current element due to the mag­ 

netic field created by the whole current distribution, and this force is always perpen­ 

dicular to the current flow (the transverse force) as it can clearly be seen in Eqn. (7.5). 

This feature should also be predicted by Ampere force law though it is not explicit in 

Eqn. (7.3). However, in recent publications [113,114,115,116] some authors claim that 

when determining internal electrodynamic forces in a conductor due to its own current, 

the Ampere force law generally does not predict a purely perpendicular force on a cur­ 

rent element, that is it can predict a longitudinal force (parallel to current flow). To
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support their claim, they from time to time cited the following demonstration. Start 

from Eqn. (7.2) and suppose two current elements lying on the same straight stream­ 

line, i.e., j(r') • j(r) = /; , j(r') • R = j'R and j(r) • R = JR. For these two elements,

Eqn. (7.2) reduces to
2 _ Pop jj'drdr'

A ~ ^ (7>28)

where R<j reverses if the positions of the source and the target reverse. Thus it seems 

that collinear current elements repel each other due to the longitudinal forces. This, as 

the authors claimed, leads to tension in a straight conduction channel so as to explain 

several experimental phenomena.

Against this we have two points to argue. The first one is because Eqn. (7.2) is not 

directly obtained from the experiments based on two current elements, any conclusion 

drawn from this equation is in doubt. The second one is that even if Eqn. (7.2) were 

true for two current elements, to explain the experimental phenomena, one still needs 

to use Ampere force law given by Eqn. (7.3) because we are not just interested in 

the interaction between any two individual current elements. On the second point 

it can be seen by any means that Eqn. (7.3) gives the real electro dynamic force on 

the target element wherever it is located when the integration is taken over the whole 

current region (we call this way the complete calculation). In view of the above cited 

publications, one can find that the authors always make selective integration over part 

of the current system (we call this way the incomplete calculation) so as to obtain a 

fictitious longitudinal force to explain the experimental phenomena. To demonstrate 

this, let us consider a simple but instructive example, that is the calculation of the 

electrodynamic force distribution on a section of a straight wire in Fig.7.3(a) where 

sections A and C extend far away.

Assuming a uniform current distribution j = ja az along the wire and a ratio of 

ZQ/TQ = 10, we use the Ampere force law to predict the force distribution on section B in 

the two ways. In the way of the complete calculation, not only the interactions between 

any interior element (the element inside B) with any external element (the element of 

the remainder of the current system, i.e., A and C), but also the interactions of the 

interior elements themselves are taken into account. The computed result is shown in
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Section A Section B Section C
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Figure 7.3 : (a) a straight wire
(b) normalized transverse force density
(c) normalized longitudinal force density
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Fig.7.3(b) by the full line and is in agreement with that predicted by Lorentz force law. 

In this way the resultant force distribution has only the transverse component which 

causes the well-known pinch effect on section B.

Next the incomplete calculation is carried out, in which only the interactions of the 

current elements of B with those of A and C are considered. The result is shown in 

Fig.7.3(b) and Fig.7.3(c) by the dotted lines. In this way the resultant force distribution 

on B has not only a transverse component which is not equal to that given by the 

Lorentz force law, but also a longitudinal component which causes an additional axial 

pressure on B. By the same way one can find the pressures on A and C as well. It 

has been interpreted as a tension by the authors and is called the Ampere tension and 

employed to explain some experiments [113, 117, 118].

It should be noticed that the net force obtained by integrating the resultant force 

distributions (densities) over B is the same, i.e. zero, in the two methods. Clearly, the 

difference of the two force laws in predicting electro dynamic force distribution stems 

from the method of the incomplete calculation. The users of the incomplete calculation 

defend their method by citing the philosophy4 (or a very similar one) that no matter 

how hard you tug on your bootstraps you will not raise yourself an observable amount. 

However we say that the philosophy is only applicable to the case in which the net force 

on a body is concerned, and in this case we have noticed there is no difference between 

the two force laws despite in which way Ampere force law is used. But the situation 

is different if we look at the force distribution which, obviously, is independent of the 

cited philosophy.

To help to make a judgement on the way of using the Ampere force law, let us 

look at another example in which we use Coulomb's electrostatic force law instead 

of Ampere's force law because their formulations are quite similar. Fig.7.4(a) shows 

the problem under consideration, i.e., four charged balls fixed along a string with a 

separation d to any adjacent one. Supposing each ball has charge q and radius tending 

to zero, we will calculate tension on the string across planes p1? p2 and p3 .

First, by making a complete calculation, that is by determining Coulomb's force on

4Private communication.
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each ball with interactions with all the others without considering the force effect (e.g. 

pulling the string in tension), we have

fi = -^i+i + i
f2 = ~ k ±d?*x (7 - 30)
f3 = -f2 (7.31) 

f4 = -fi (7.32)

where k = l/(47re). The tensions 2J across p, for i — 1,2,3 are then obtained by 

summing up the applied electrostatic forces on each side of p,, i.e.,

(7.33)

(7.34)

which are illustrated in Fig.7.4(b).

If the incomplete calculation is carried out the same results for the tensions can be 

obtained, but the calculated electrostatic force on each ball is dependent on the refer­ 

ence plane across which the tension is concerned. For example, when T? is concerned, 

the incomplete calculation gives

(T - 35)
(7.36)

f3 = -f2 (7.37) 

f4 = -^ (7.38)

Obviously, only the complete calculation gives the real Coulomb's force (or the applied 

electrostatic force) on each charged ball.

Evidently the way of the complete calculation is always correct for applying Ampere's 

force law to determine both the net force and the force distribution on a current carry­ 

ing conductor, but the way of the incomplete calculation is only correct in determining 

the net force. Therefore, the resultant effect of the electrodynamic force distribution 

obtained by the incomplete calculation cannot be produced as evidence against the 

equivalence of the two electrodynamic force laws or as an explanation of any experi­ 

mental phenomenon.
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Figure 7.4 : (a) Four charged balls along a string;

(b) the resultant tension along the string (not to scale).
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Appendix 7.1

Substituting N = j(r')(j(r). R/R*) into the L.H.S. on Eqn. (7.10) yields

= j(r') • V'(j(r) • R/fl3) (7.39) 

because V • j(r') = 0. We note

V'(j(r) • R/fl3 ) = (j(r) • R)V'(^) + -^V(j(r) • R) (7.40) 

in which

(-) = V'[(z - z')2 + (y - J/'

and

V'(j(r).R) =

= (JW-V')R (7.42)

since the operation V is only w.r.t. the variable r' and V x R = — V x r' = 0. We 

can further find

, 

= -j(r) (7.43)

Substituting these results step by step back to Eqn. (7.39) directly leads to Eqn. (7.10).

Appendix 7.2

Let a = R(V - N) - N, then

ax = (x - x')(V - N) + N • V'(x - x')

= V • [(* - x')N] (7.44)
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«v = (y - y')(V - N) + N • V'(y - y') 

= V • [(y - y')N] (7.45)

As long as N is continuous differentiate in r' and on 5', we have

axdr' = \(x - z')N]. ds'
JT' J a 1

I aydr' = f[(y- j/)N] • ds'
JT' Js'

I a,i.r' = J [(z - z')N] • ds'

(7.46)

(7.47)

(7.48)

(7.49)

according to Gauss's theorem. In evidence thses integrals can be identified from

(R(V • N) - N)efr' = R(N - ds') (7.50)

Thus the conversion from Eqn. (7.11) to Eqn. (7.12) is proved.

Appendix 7.3

Following Cornille's assumption that in T and over sc the current uniformly directs in 

z direction only, we have further definitions in Eqn. (7.18)

'— on s\
' (7.51)

0 on

on $ and (7.52)
= — j cos 0

RO = — sin 0ar — cos Oaz 

so that the last integral on the R.H.S. of Eqn. (7.18) equals zero because j(r') • n = 0 

in the region of integration and the equation becomes

df = lim 4?r
'm

27r(cos0m -
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+ lim —-jj'RmCosOm Rm^o 4?r

[sin0m - lntan( j + -%•)] / "a,-^ - 27r(cos6»m - l)a* \ (7.53)

If one notices that

•27T /-27T /-27T/•7T /-7T /-7T

/ SiT d(/) — I cos (/>d(j>ax + / sin (bdfay = 0 (7-54) 
Jo 7o 7o

one can find that cff = 0 without requiring /^ — » 0. This implies that if the assumption 

of the uniform current distribution for each target current element is plausible on the 

ground that the physical size of the current element (if it exists) must be very small in

comparison with the size of the whole current system, the proof of the equivalence of
• 

the two force laws is also valid for non-zero size current elements.

In Cornille's exercise, he let Om — > ?r/2 to make r vanish and argued that df did 

not vanish because he found that as Om — > Tr/2, the term Rm cos Om In tan(?r/4 + Om /2) 

in Eqn. (7.53) was infinity. However it is not true. Keeping 6 = Rm sin0m in Fig.7.2 

constant as Om tends to ?r/2, we find

it c!L 4-
lim JRm cos0m lntan(- + -£-) = lim
^n/2 m m V 4 2 '

= - lim cos Om - lim

= 6 lim cos Om - lim 

=- 0 (7.55) 

according to L'Hospital rule.



Chapter 8

On Electromagnetic jet propulsion

8.1 Background

The recent controversy on electrodynamics might originate from a paper which bore the 

title "Electromagnetic jet-propulsion in the direction of current flow" by Graneau [118]. 

In this paper the author reported an experiment to demonstrate jet-propulsion in the 

direction of current flow between liquid and solid conductors. Figure 8.1 gives the 

details of this experiment. A copper "submarine" consisting of a short piece of straight 

wire, squared off at one end and pointed at the other, is placed on the surface of 

a straight-through mercury trough conductor. When current is forced to flow along 

the trough, the wire is submerged and driven along the centre of the trough until it 

strikes the solid copper bar. The wire travels with its blunt end forward. Its velocity 

is apparent from the bow wave on the liquid surface. The direction of travel does not 

depend on the direction of current flow and the experiment works equally well with 

60-Hz alternating current.

Graneau claimed that the observed effects seemed to conform with Ampere force 

law, but no qualitative nor quantitative explanation had so far been found in terms 

of the Lorentz force. Hillas [119] made an opposite comment on this. He suggests an 

explanation that because of the high conductivity of copper, much of the current will 

be funnelled into the copper from a point, from where the lines of current flow will 

spread apart somewhat on moving towards the wider part of the copper, and in this

121
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Figure 8.1: Copper submarine experiment after Graneau [118]
Mercury trough length=30 cm; cross-section 0.5 x 0.5 inch

Copper submarine; 5 cm long, 3 mm diameter, 1 cm long taper
Copper extension of troughs 30 cm long, 0.5 x 0.5 inch cross-section

/ = 400 A, vr = 15 cm/s

cone section the Lorentz force has a component parallel to the axis, the magnetic field 

lines being circles around the axis. It is this axial component of the Lorentz force that 

drives the copper submarine moving in the axial direction. Graneau [120], however, 

objected to Hillas's suggestion by reasoning that the axial component of the Lorentz 

force which acted on the copper submarine had no corresponding equal and opposite 

reaction force in the liquid mercury or any other material medium. He termed such a 

force the self-force, giving rise to self-propulsion.

We believe as Hillas that the observation of jet-propulsion can be understood hi 

terms of the Lorentz forces. Since we have discussed in the previous Chapter that both 

Lorentz and Ampere force laws yield identical results when the latter is appropriately 

used, it is the main purpose of this Chapter to demonstrate that Graneau's objection 

is groundless.

8.2 Action and reaction of the Lorentz forces

Let us consider, for the purpose of demonstration, a closed current system fed by a 

constant source. The system occupies a material volume T bounded by a surface s. 

We further assume that both charge and current are zero in the whole space except T. 

Since Newton's third law leads to the important law of conservation of momentum in 

classical mechanics, to discuss the interaction of the Lorentz forces, we therefore start
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with the momentum conservation law of electromagnetic fields [121]

= V- T (8.1)
t/t

in which

f = ^E-hj xB (8.2)
E X H (R K

6 = —T- < 8 '3 )

are the Lorentz force density and the field momentum density respectively where p is 

charge density, c is the light speed in medium; and

T= DE + BH - i I (D E + B H) (8.4) 

is the Maxwell stress tensor1 where

1= aiai + a2 a2 + a3 a3 (8.5)

is the unit tensor with a, (i = 1,2,3) the unit vectors of the coordinate axes. Applying 

Gauss's theorem to Eqn.(S.l) we obtain2

/ -j?-dT = - <f T -nds + I T -ds (8.6)
J$pace—T Ot Js Js<x>

when the integration is taken over the space excluding the volume r, and

(8.T)

when the integration is taken over the current system, where n is defined as the outward 

normal of the surface enclosing T and s^ is the surface at an infinite remote distance. 

If fields are static, the fields die out within a finite distance because they vary in inverse 

proportion of the square of the distance. If fields are time-varying, one can imagine 

that the infinite remote surface SOQ is so far that the fields, which are propagated with a 

finite velocity, have not yet arrived. Thus the Maxwell stress tensor over s^ is strictly 

zero, and by adding Eqn.(8.6) to Eqn.(8.7) we arrive at

'space

1 Acturally, this is a tensor of the second rank and then is also known as dyadic. 

2 Refer to Appendix 8.1.
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Suppose the current system is divided into two parts, namely r = r\ + r2 . Equation 

(8.8) can be rewritten as

T\ apace

or

/ f dr = - I f dr - I -j-dr (8.9)
«/T2 JT J aace ut

F, = - F! + / dr (8.10)
\ Jspace Ol /

where F! and F2 represent the Lorentz forces on conductors 1,2 respectively.

Now if neither conductor 1 nor conductor 2 can move, dg/dt is strictly zero every­ 

where and Eqn.(8.10) reduces to

F2 = -F! (8.11)

which indicates that in a stationary current system fed by a DC source the Lorentz 

force acting on one part of the system finds its equal and opposite reaction force on 

the remaining part. Both of the parts are obviously the real material media.

Next let us consider the case of conductor 2 moving with a constant velocity v = 

vax . To see the moving effect, we consider two inertial frames of reference 2 and £'• 

Suppose Y, De °ur laboratory frame while J3' the moving frame with the velocity v 

relative to £). Although the source is steady, the fields in £ will in general vary with 

respect to time due to the relativistic effect, which can be demonstrated as follows. 

From the Lorentz transformations3

x 1 = 7(x — vt) x = ^(x' -f- vtr )

(8.12)

t 1 = ^(t — vx/c2 ) t = 7(t' -f vx' /(?)

z' = z z = zf

with

7 = (1 -

we obtain4

3 Refer to French [122], page 80. 

4 See Appendix 8.2.
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Substituting Eqn.(8.14) into Eqn.(8.13) and assuming the fields are time-independent 

as observed at £'» i-e - omitting d/dt', yield

£ - - < 8J5 >
Since v is in the x direction, Eqn.(8.15) can be written as

^ = -(v • V) (8.16) 

Applying this operation on the fields E and H at £, we have

— = -(v-V)E (8.17)

. = -(v-V)H (8.18) 

Thus the time rate of change of the field momentum density is given by

dg 1 /0E
c2

c2

which does not vanish generally. Even though in this situation, one cannot say following 

Graneau that the Lorentz force on the moving conductor, which is taken as the copper 

submarine, is endowed with reaction in the field (vacuum) because it is not the case, as 

indicated by Eqn.(8.10), unless F! = 0. Try to imagine that we have obtained the force 

relation of Eqn.(S.ll) in the case of conductor 2 being at rest. How could this relation 

be totally changed just due to conductor 2 moving with a velocity only 15 cm/s ? As 

a matter of fact, the moving effect on the force measurements could be ignored if we 

note the general force transformations5

Fx - (v/<*)dE/dt = F'x + (v/c*)dE'/dt'
l-vux /(? x 1

F /'v F1 i _ •* yl i _ y
vu'Jc*

— vux/c2 1 + vu'x /c

5 Refer to French [122], page 221.
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where v is the velocity of moving frame £' in the x direction; Fx , Fy, F'z , E' and u'x 

represent the force components, the energy and the z-component of velocity of the 

object as measured in £'; while Fx , Fy , Fz , E and ux represent the force components, 

the energy and the x-component of velocity of the object as measured in our laboratory 

frame £. As far as v < c, u'x < c and ux < c, we obtain

F'x w

F'y w Fy (8.21)

P.

to a quite high degree of approximation. Hence one can expect that the Lorentz 

forces on the two parts of the current system do not vary significantly due to the 

relative motion between then; as compared with those in the stationary case. Thus 

the relation of Eqn.(S.ll) still holds good and the reaction of the Lorentz force on the 

moving conductor is carried by the remaining part of the system, which is the real 

material medium.

So far we have shown that the momentum conservation law of electromagnetic 

fields can predict the action and reaction of the electromagnetic jet propulsion as if 

they were predicted by Newton's third law. This is however by no means to say that 

the Newton's third law is always correct. The reason is because one of Newton's basic 

assertions about forces between bodies—that the action and reaction at a distance 

are instantaneous—is not the case in relativistic mechanics owing to the relativity of 

simultaneity. This means that if two interaction forces separated by a distance x occur 

at the same time, say t — 0 in one inertial frame £ , they occur however at the different 

time with a time difference of 'jvx/c2 in another inertial frame £', which may clearly 

be seen when we refer to the Lorentz transformations in Eqn.(8.12). Nevertheless, 

whenever the relativistic effects can be negligible, Newton's third law is still valid.

Even if the relation of action and reaction is satisfied, it still means nothing about 

the force transmission. We see that two bodies at a distance from each other exert 

a mutual influence of each other's motion. Does this mutual action depend on the 

existence of some third thing, some medium of communication, occupying the space 

between the bodies, or do the bodies act on each other immediately, without the
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intervention of anything else? Newton himself, as pointed out by great Maxwell [123], 

with that wise moderation which is characteristic of all his speculations, answered 

that he made no pretence of explaining the mechanism by which the heavenly bodies 

act on each other. To determine the mode in which their mutual action depends on 

their relative position was a great step in science, and this step Newton asserted that 

he had made. To explain the process by which this action is effected was a quite 

distinct step, and this step Newton, in his "Principia", does not attempt to make. In 

classical relativistic electrodynamics one might look at the interaction of the Lorentz 

forces through the electromagnetic fields, which is somehow furnished in the associated 

momentum conservation law but has not yet achieved the second step so closely as to 

explain how that force is transmitted in all cases [129]. Nevertheless, this does not 

mean that classical relativistic electrodynamics can be faulted in the way in which the 

forces are determined.

8.3 Submerging

We have discussed that the submarine propulsion can be understood in terms of the 

Lorentz forces. Nevertheless, as a whole it is worth to briefly discuss the mechanism 

of submerging before ending this Chapter.

Before the current is passed through, the equilibrium of forces on the copper sub­ 

marine is given by

Mcg = r'cPm g . (8.22)

or

r'c = r (8.23)
Pm

where Afc , pc and rc represent the mass, mass density and volume of the copper sub­ 

marine respectively; r'c is the immersion part of rc ; pm is the mass density of mercury; 

g is the gravitational acceleration. For pure materials pc = 8.96 x 103 fc<//m3 and 

pm = 13.546 x 10H-<7/ra3 at 20 °C [124]. Hence r'c < TC and the submarine is in a 

semi-floating state about the mercury surface.

As soon as current flows, the submarine experiences not only a net longitudinal
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force, but also a net transverse force because the magnetic field is stronger about the 

mercury surface and weaker towards the centre. Therefore the equilibrium condition in 

Eqn.(8.22) or Eqn.(8.23) is distorted and the transverse force submerges the submarine 

into the mercury until the following new force equilibrium is reached

a,. / j x Bdr = rcg(Pm - Pc ) (8.24)
JTC

in which at indicates the transverse unit vector. Notice the force on the R.H.S. of 

Eqn.(8.24) is constant, but the Lorentz force on the L.H.S. depends on the submerging 

position. Since at the centre of mercury trough (the axisymmetrical position) the net 

transverse force disappears, the balance position in the transverse direction will be 

above the centre line. Then the transverse Lorentzian force will increase above the 

balance position whereas it will decrease below it so that any displacement will be 

drawn back, which implies that the dynamic equilibrium described by Eqn.(8.24) is 

stable.

Appendix 8.1

In Cartesian coordinates the Maxwell stress tensor can be expressed as

T̂— aT-UaT-l-aT (R 9^ — ax j. x i **y A y T Az*-z \o.6<j)

with

Tx = Txx*x + Txy ay + Txz a^ (8.26)

_ /TI I rri | rri /o O7\y — J yxax "r-tyyay -T-J y^az ^o.^i; 

Tx = Tzx*x + r,yay + T«a, (8.28)

Thus we have

V- T= ax (V • Tx ) + ay (V • Ty ) -f a,(V • Tz ) (8.29)

or

Jv-Tdr = Siz J(V' Tx )rfr + ay /(V • Ty )dr + a, /(V - Tz )dr (8.30)
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where r denotes an arbitrary volume enclosed by a surface s. Applying Gauss's theorem 

to each component on the R.H.S. of Eqn.(8.30) gives

/ V- T dr = ax I Tx - ds + ay I Ty • ds + az j> Tz • ds (8.31) 

By referring to Eqn.(8.25) we can obviously rewrite Eqn.(8.31) as

/ V- T dr = I T -ds (8.32)
JT J a

This equation enable us to obtain Eqns.(8.6,8.7).

Appendix 8.2

The rule for changing partial differential coefficients with respect to one set of variables 

into partial differential coefficients with respect to another set of variables, can be 

obtained as follows [139]. Consider a function F, which is a function of x, y, z and t 

in . The total differential of F is

dF = -dx + -dy + -dz + -dt (8.33) 
ox dy oz ot

Now for a given event, x, i/, z and t are all functions of x', y', z' and t' as given by the 

Lorentz transformations in Eqn.(8.12). The total differentials of z, y, z and t can be 

expressed as

dz = dz'

dt = i(df + vdx'/c2 ) 

Substituting those into Eqn.(8.33) gives

dx =

d> (8.34)

dF =

7 + 7U „ (8.35) 
dy dz \ dt dx J

But, if F is a function of 2', t/', 2:' and t' the total differential of F can be written as

dF = <fi' + <V + tf + di' (8.36) 
dx' '
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Comparing the coefficients of dx', dy1 , dz' and dt' in Eqns.(8.35) and (8.36), we obtain

In the same way we can derive

V

d
dy'
d

dz'
d 

dt'

e

d 
dx
d
dy
d 
dz
d 
dt

/v t/ i/ i 
V dx c? dt i

d
dy
d
dz
7 (- + *-)

\ /

( d v d\
§ \ t~\ » f\ f\ * g I\ nT< r* hi' I\ l/vt- \s Vl- /\ /
d

dy'
d 

dz1
(d d\

7 \dt' V dx'

(8.37)

(8.38)

(8.39)

(8.40)

(8.41)

(8.42)

(8.43)

(8.44)



Chapter 9

On the Electromagnetic Impulse 

Pendulum

9.1 Background

In 1983 Pappas [126] reported an invented electromagnetic impulse pendulum exper­ 

iment which, according to the author, was aimed to indicate that the momentum 

imparted to the pendulum was not balanced by an equal and opposite momentum 

change of field energy. Two years later Graneau and Graneau [127] repeated Pappas's 

experiment at MIT using discharge currents from a capacitor bank which contained 

a known amount of stored energy. Figure 9.1 shows the experimental set-up of the 

electromagnetic impulse pendulum used at MIT. The hairpin pendulum was made of 

a copper strip 0.5 inch high and 0.05 inch thick. The strip formed two 1 m long sides 

and one 30 cm short side of an open rectangle. The pendulum conductor was mounted 

on a rigid frame (not shown in Fig.9.1) of insulating material. The assembly weighed 

0.815 kg. The pendulum was suspended from the laboratory ceiling by four 2.56 m 

long cotton threads. The horizontal displacement of the pendulum was measured with 

the cardboard slide C resting on a flat table top. The pulse current was derived from 

an 8 //F high-voltage capacitor bank. The discharge was initiated by dropping the 

mechanical switch S. Two parallel copper rails F brought the current to the pendulum 

via two, 1 mm long, arc gaps in air. The rail were fixed on a rigid frame and two heavy

131
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C
1

\ N
0 —

—H

Figure 9.1: Electromagnetic impulse pendulum after Graneau and Graneau [127]

A) Hairpin pendulum, B) Pendulum suspension on cotton threads 
C) Cardboard slide, D) Flat table top, E) Arc gaps in air 
F) Current rails on dielectric frame G) Metal stand, H) Dielectric stand 
S) Mechanical high-voltage switch, J) Capacitor bank (8 /^F, 100 kV) 
K) Charging set, L) Rogowski coil for pulse current measurement

stands.

To perform an experiment, the capacitor bank was charged to a voltage between 30 

and 80 kV. The switch was then dropped, causing arcing across the short gaps between 

current rails and pendulum legs. The damped oscillatory current pulse was recorded 

with the aid of the Rogowski coil and an oscilloscope. The current pulse did cause the 

pendulum to swing away from the current rails and move the cardboard slide through a 

distance d. The duration of the current pulse was a fraction of a millisecond. Almost all 

the pendulum displacement occurred after the current had ceased to flow. Two typical 

sets of the experimental data are listed in Table 9.1, where T is the time constant of 

the equivalent RLC circuit for the experimental set-up and / is the corresponding ring 

frequency.

Based on the experimental results, Graueau and Graneau asserted that, for mo­ 

mentum conservation, the magnetic-field energy required would have been 1000 to 

2000 times as large as the energy that was actually stored in the capacitors. This has 

caused some confusion. Therefore the remainder of this Chapter is aimed at clarifying
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Table 9.1: Two typical sets of the experimental data'

r = 0.27ms, f = 15.7 kHz

maximum pulse current

pendulum displacement

energy stored in capacitors

maximum pendulum momentum

Symbol Unit

/o

d

uc
mv

A

cm

J

kg • m/s

40 kV

28500

1.93

6400

0.0308

80 kV

60000

10.95

25600

0.1747

t After Graneau and Graneau [127] 

the matter.

9.2 Previous analytical approach

For our purpose it is worth while reviewing the analytical approach [127] by which 

Pappas and his successors obtained their findings. 

Starting from the field-momentum density

where c is the velocity of light, they defined a vacuum reaction force

F - [ d* dT= l M(ExH) Jr (92) 
vac ~ J dt c*J dt ( }

and related this force to

Fw = %4 (9.3)

where me is the equivalent electromagnetic mass of the field energy.1 The amount of 

field energy Uj that must at any time be associated with the vacuum reaction force

was

Uf = m ec2 (9.4)

according to the famous mass-energy relation of special relativity.

1 This equation is not so well defined because one side is a vector while the other side is a scalar.
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Next they stated that if Fvac was all times the simultaneous reaction force to the 

Lorentz force F£, when the latter accelerates a metallic conductor object of real mass 

m from zero velocity to the velocity v, then momentum conservation was expressed by

mv = mc

The field energy which had to be radiated or absorbed by the conductor body to comply 

with Eqn.(9.5) was

Uj = me c2 = mvc

Taking c = 3 x lOB m/s and replacing mv by the numerical values in Table 9.1, they 

found the field energy required by Eqn.(9.6) for the both sets of experiments were 9.24 x 

106 J and 52.41 x 106 J respectively, which were far greater than the amount of energy 

available from the capacitors by factors of 1443 and 2047. It is these results which led 

Pappas, Graneau and Graneau to call electromagnetic field theory into question.

9.3 The field- theory prediction

In spite of the dispute on field concepts, as far as the field energy and momentum are 

concerned, we should base our prediction on the relevant laws of field theory, i.e.

= -V.P (9.7)
<->

= V-T (9.8)

Equation (9.7) states the energy conservation law where

Ow a (9 - 9 ) 
dt dt dt
P = ExH (9.10)

are the time rate of change of the field energy density and the Poynting vector.2 Equa­

tion (9.8) is the momentum conservation law we have encountered in the last Chapter.

Now let us consider the experimental set-up of electromagnetic impulse pendulum

as a complete current system r = T\ + r2 bounded by a surface s, where r2 stands for

2 Refer to Panofsky and Phillips [50], Chapter 10.
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the hairpin pendulum while T\ the remainder of the system including the fixed current 

rails. Suppose the whole space except r is free from charges and currents.3 

The volume integrals of both sides of Eqn.(9.7) over the whole space yields

/ [E • j + ^) dr = f -V-Pdr (9.11)
J apace \ Ot J J apace

Considering j = 0 in the space except r and applying Gauss's theorem to the R.H.S. 

of Eqn.(9.11) we obtain

/E-jdr+/ ^-dr= f -P-ds (9.12)
Jr J apace ot Ja<x,

where s^ indicates the surface enclosing infinite space. We note that the Poynting 

vector is strictly zero over s^ because the fields either die out within a finite distance 

(if static) or are far away to reach this surface (if propagated). Thus Eqn.(9.12) becomes

IT = 0 (9.13)
'space

If we take the supply source into account, the extra term ps representing the supply 

power should be added to the R.H.S. of Eqn.(9.13), namely

]r = Ps (9.14)
Jr J space C/t-

For the flexible current system, part of which is mobile (such as the hairpin pendulum 

in this case), due to electromagnetic forces part of the electromagnetic energy must be 

transformed into the mechanical energy. It can be shown4 that the first term on the 

L.H.S. of Eqn.(9.14) becomes

/E-jc*T= / E-jdr+ f (E + vxB)-(j-/>v)dr + / f • vdr (9.15)
Jr J T\ J TZ J r%

where all quantities are observed at the laboratory frame. The first two terms on the 

R.H.S. of Eqn.(9.15) denotes the total dissipation power of the Joule heat while the 

last term is identifiable as work per unit time done by the electromagnetic forces on 

the moving conductor [128]. Substituting Eqn.(9.15) into Eqn.(9.14) and integrating 

each term with respect to time yield

7a (9.16)

3Such a space is so-called vacuum by Graneau and Graneau. 

4 See Appendix 9.1.
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with

Uj = I (I E-J<*T+ / (E + vxB)-(j-pv)dr}dt (9.17)
JO \</TI J TI /

Um = f / t-vdrdt (9.18)
Jo Jr-2

y* t dw
Jo Jspace Ul

U, = I* p,dt (9.20) 
Jo

Equation (9.16) states that in a flexible current system, the supply energy U9 can be 

transformed into Joule heat energy Uj, mechanical energy Um and field energy [//, but 

the total transformed energy must be equal to the supply energy.

In a similar way used in the last Chapter one can derive from Eqn.(9.8) that

F2 = - fa + / ^-dr] (9.21)
V Jspace Ul I

where F2 represents the Lorentz force on the hairpin pendulum while FI the Lorentz 

force on the remainder of the current system. According to the experiment [127], the 

mechanical momentum of the pendulum was due to the impulse action of the Lorentz 

force. Suppose from t = 0 to t = td the pendulum gains its all momentum subject to 

F2 . It turns out

mv= f *F2 dt (9.22) 
Jo

Since Eqn.(9.21) must hold at any instant in time, by integrating it with respect to 

time and then substituing into Eqn.(9.22), we have

rav = - I'" fa + / ^dr] dt (9.23)
JO \ Jspace Cft )

In the experiment, the current is a pulse. Take t a as the duration of the current pulse 

and let Cd be the distance between points on TI and r2 respectively. If Ca > cfj, 

where c is the speed of light, it is possible that when the current wave-front reaches r2 , 

the current in TI has ceased flowing and TI experiences no Lorentz force in the period 

following Jjf, then the first term on the R.H.S. of Eqn.(9.23) may be omitted. In this 

experiment, however, tj ~ T = 0.27ms, which gives ct^ ~ 0.81 x 105 m, and Cd is no 

more than 5 m, thus Cd <C ctd and there is no reason to take away the first term in 

this case.
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Now let us estimate the field momentum. As we know, the momentum conservation 

can hold in any direction. Let G'j be the total field momentum in the moving direction 

of pendulum, i.e.

space Ot V

If the time- vary ing fields are propagated with the speed of light, G'j may be expressed 

as

G'f = me c (9.25)

where m e is the equivalent electromagnetic mass.5 The field energy associated with 

this momentum component is

U'j = me c2 (9.26)

according to the well-known mass-energy relation of special relativity. It is obvious 

that Uf is smaller than the total field energy U/ in Eqn.(9.16) and then is impossible 

to exceed the initial stored energy Us . It turns out

U'f = me c2 < Us (9.27)

or

G'f = me c < Us /c (9.28)

On substitution of the maximum stored energy 25600 J from Table 9.1 we obtain

G'f = m e c < 8.5 x 10~ 5 (kg • m/s) (9.29)

which is a minuscule amount as compared with the minimum pendulum momentum 

mv = 3.08 x 10~ 2 kg • m/s in Table 9.1. Therefore it is justifiable in this case to write 

down

mv = - ftd ¥idt (9.30) 
Jo

which in association with Eqn.(9.22) implies that the Lorentz force which accelerates 

the electromagnetic impulse pendulum to acquire a certain mechanical momentum 

finds its reaction on the stationary portion of the current system. This theoretical 

prediction is in accord with the experimental observation.

5 The rest mass of the time-varying fields travelling with a speed c is zero so that the associated 

rest energy is also zero.
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Turning to Pappas and his successors' approach, it is now clear that error made 

by them was to suppose that the momentum acquired by the pendulum was equal to 

that associated with the Poynting vector (g = P/c2 ). This, as we have demonstrated, 

is not the case.

Yet there are some difficulties in a universal explanation of the force transmission 

in terms of classical relativistic electrodynamics. But this is by no means the same as 

saying that the field theory fails to determine the electrodynamic forces, or to explain 

the associated observations whenever the theory is valid. If it were so, how could New­ 

tonian mechanics which does not tell us anything about the force transmission survive 

today? Hence one must not be confused by these two steps in science, namely one

for force calculation and the other for force transmission as we have briefly discussed
i

in the last Chapter. It is not more philosophical to admit the existence of a mecha­ 

nism which could transmit the forces between two bodies such as the field momentum 

though it might be abstract, than to assert that a body can act at a place where it is 

not—the theory of action at a distance. Recently, an attempt to use the concept of 

field momentum to explain a similar experiment—the operation of railguns has been 

successfully made by Alien and Jones [129] at the University of Oxford.

Appendix 9.1

From the Lorentz force law

f = />E + jxB (9.31)

we have

f . v = pE • v + (j x B) • v (9.32)

and, with the help of vector identity (a x b) • c = (b x c) • a

0 = f -v-?E-v + (v xB)-j (9.33)

Then, adding to the R.H.S. of the last equation the term — pv • (v x B) which is 

identically equal to zero, and to both sides of the same equation the term E • j, yields

E . j = f • v + (E + v x B) • (j - pv) (9.34)
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Substituting this result into the first term on the L.H.S. of Eqn.(9.14) and considering 

that TX is at rest (with a zero velocity) in our laboratory lead to Eqn.(9.15).



Chapter 10

On the Water-Arc Explosions

10.1 Background

The enormous strength of water-arc explosions has been exploited for decades [130, 

131]. It was commonly held that the high pressure was due to shock waves produced 

by underwater electric arcs until 1985 when a paper by Graneau and Graneau [132] 

reported experiments performed at MIT in 1984 with a salt-water cup and proposed 

another mechanism. In that paper, they claimed that the high pressure could be a 

direct result of electrodynamic forces and the explosive phenomenon could be explained 

with the aid of longitudinal Ampere forces but not with traditional Lorentz forces. 

Since then, some confusion has been caused and the phenomenon has been said to be 

anomalous [133, 134].

Figure 10.1 is a diagram of experiments carried out in the salt-water cup. An 

insulated copper rod, bare at the endface, projects through the bottom of a dielectric 

cup filled with a solution of common salt (NaCl) saturated water at room temperature. 

A bare copper ring electrode is immersed in the upper part of the cup and connected 

to an energy storage capacitor via an induction coil and switch. The other end of the 

capacitor is connected to the copper rod. The capacitor C is charged to the voltage 

V0 . When the switch 5 was closed, and depending on the values of C and VQ, the 

discharge through the salt water was either silent (no arc occured) and left the water 

undisturbed or it resulted in a luminuous underwater water arc in the vicinity of the

140
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8 6 cm

BRC

Figure 10.1 : Cross section of saltwater cup for experiments [132]
A-insulated copper rod with bare endface; B-bare copper ring electrode

D-dielectric cup containing salt water; E-wooden disc float
F-2.8 g metal weight; L-induction coil; S-switch in air

C-energy storage capacitor; RC-Rogowski coil

endface of the copper rod. Visible arcs were always accompanied by a snapping sound 

and a shock disturbance of the liquid. Two typical sets of experimental parameters are 

listed in Table 10.1. With the large arc discharge current, e.g. /0 = 104.7 A, a wood 

float on the water surface would fling a 2.8 # metal weight originally resting on top of it 

upward by as much as 20 cm without spilling any water. No followthrough push from 

expanding steam nor any vapour escape from the cup could be discerned.

Table 10.1: Typical experimental parameters

Capacitance

Charging voltage

Stored energy

Undamped current

C

V0

E,

amplitude /0

No arc

0.5 pF

6.0 W

9.0 J

78.8 A

Arc

2.0 pF

3.0 kV

9.0 J

93.8 A
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The authors argued that since in those two cases (referring to Table 10.1) approxi­ 

mately the same amount of energy was being dissipated over roughly the same current 

path and time, it seemed unlikely that the arc explosion was a thermal event. According 

to their estimation [132], the average force exerted on the metal weight by the explosion 

could come to 21.67V. They said that this order of the force could be predicted by 

the Ampere's longitudinal forces but not by the traditional Lorentz forces. We have 

discussed in Chapter 7 that the so-called Ampere's longitudinal forces predicted by 

Graneau's approach do not exist. Thus, if the water-arc explosive phenomenon could 

be understood by electrodynamics, it should be explicable in terms of the Lorentz force 

law. Therefore it is the purpose of the next section to examine whether the up-thrust 

force of the water-arc explosion in this particular set up could be explained by an 

electromagnetic field model.

For our investigation, the structure in Fig. 10.1 will be simplified to one as shown 

in Fig. 10.2 through this Chapter because it is unlikely that such a simplification may 

affect the foundation on which the physical mechanism underlying the creation of water 

pressure is based.
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Figure 10.2 : The simplified model for theoretical study
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10.2 Electromagnetic Model

10.2.1 Governing Equations

To examine if the water-arc explosive phenomenon could be understood by electrody­ 

namics, in this section we do not consider any hydrodynamic effect and assume the 

governing equations are Maxwell's equations

VxE = - (10.1) 
at

VxB = MJ + ep (10.2)

V-B = 0 (10.3)

V • E = 0 for charge- free region (10-4)

where fi and e are the permeabihty and permittivity in the medium under consideration, 

together with the Ohm's and Lorentzian force laws

j = aE (10.5) 

f = j x B (10.6)

However it has been shown1 that in general, the displacement current edE/dt is neg­ 

ligible relative to the conduction current in metals. This may directly be seen by

examining /)F* 
1^1 « IJI (10.7)

Consider a field that varies with an angular frequency w :

E(r,t) = Re{E(r)e~ iwt } (10.8)

where the operation Re means "Real part of follows" and E(r) is called the phasor of 

electric field, whose modulus is the amplitude of E(r, t) and whose phase is the phase 

at / = 0. By substitution we have

eu;|E|«7|E| (10.9)

1 Refer to Panofsky and Phillips [50], Chapter 11.
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Taking e = eo = 8.854 x 10~ 12 (F/m) and cr ~ 1 (Hm)' 1 for the salt water, we find 

a relaxation time2 c/a ~ 10~ 12 (s). On the other hand, according to the experi­ 

ments [132], the angular frequency for AC discharges is order of 103 (s)~ l > It is clear 

that (e/cr) < l/w so that the relation in Eqn.(lO.T) is true and the displacement 

current is negligible indeed.

Next we are going to show that dR/dt may also be neglected. By introducing a 

vector potential A that satisfies

B = V x A (10.10)

and substituting it into Eqn.(lO.l), we obtain

0 (10.11)
1 dt

It is clear that we can let

E+^p = -W (10.12)

in which V is a scalar potential. This equation may be written as

E = _W -

(10.13)

where Eccm denotes the conservative field whereas E,n(f the induced field. Thus

j = aEcon + crEind = jccm + j ind (10.14) 

according to Ohm's law. In addition to Eqn.(10.8), we can define

B(r,0 = Re {B(r)e- iwt } (10.15) 

j(r,t) = Re{j(r)e-iwt } (10.16)

so that

V x E = V x Eind = iwB (10.17)

2The relaxation time is a characteristic time for a medium in that it gives an indication of the 

time in which essentially stationary condition will be reached after the initiation of a particular flow 

of charge.
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because V x Econ = 0. We can therefore say that

lEinrfl - CLw\B\ (10.18)

where CL is a length characteristic of the dimensions of the system. On the other hand, 

we have

V x B = /zj (10.19)

Let us consider salt water inside the cup as a long cylindrical conductor with a radius 

r0 and a current

/o sin wt = Re {le~iwt } (10.20)

passing through it. For symmetry, only the azimuthal magnetic induction exists and 

has a maximum complex amplitude

which can be derived from Eqn.(10.19). Thus we can also say

| - \BmaI \ =_ (10.22)

Now we are able to estimate the value of induced field. For fi = HQ = 4?r x 10~ 7 (H/m), 

/o = 100 A, r0 ~ 10" 2 m, CL ~ 10~ 2 m and w ~ lO3 ^)' 1 , we have |B| ~ 10~3 Tes/a 

from Eqn. (10.22), and then \Eind \ ~ 10~ 2 (V/m) from Eqn.(lO.lS) that gives the value 

of induced current density with an order |j tncf ~ 10~ 2 (A/m2 ) according to Eqn. (10. 14) 

if the conductivity of salt-water amounts to 1 (Urn)" 1 . Thus the maximum contribution 

of induced current to the passing current could be estimated by

And = 7rr2 |j ind | (10.23)

Substituting the associated values yields /, ncj ~ 10~6 A that is obviously a tiny amount 

of the total passing current and is negligible. Therefore dB/dt can be ignored in the 

salt-water region without any difficulty.3 However, in the copper region where the 

conductivity is much higher, crcopper = 5.8 x 107 (nm)~ 1 , we can see by substitution

3It is interesting to find that the condition of |E, n d| < |Ec<m | for ignoring dB/dt is equivalent to 

that of 1 / '^fiiaw (skin depth) > TO in this case if we let |Ec<m | •* Io/(<nrr$).
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that the induced field is the same order as that of the conservative field. Nevertheless, 

because we are more interested in the fields within the salt-water, to a first degree of 

approximation, we have ignored dft/dt in the copper region.

Based on the forgoing discussions, the governing equations of Eqns.(10.1,10.2) may 

reduced to

T

V x E = 0 (10.24) 

V x B = M (10.25)

and Eqn.(10.12) becomes

E = -W (10.26)

By applying Eqn.(10.4), we obtain from Eqn.(10.26)

V 2 V = 0 (10.27)

which is the Laplace's equation. Thus in analogy to a steady-state case, the EM 

fields at time t can be determined by solely solving the scalar potential subject to 

the boundary conditions given at that time without coupling to the vector potential. 

Since electrodynamic forces do not change directions even in AC discharges, for our 

purpose we may study a DC discharge instead of an AC discharge. Hence the problem 

of the EM model is simplified to be a homogeneous elliptic boundary-value problem in 

a steady-state case, whose solution will be presented in the following.
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10.2.2 Solution by the Separation of variables

It is felt that knowing current density distributions on such a particular current system 

is necessary before the associated electrodynamic forces can be correctly figured out in 

spite of which force law, the Lorentzian or the Ampere's one being used. According to 

Eqns.(10.5,10.26), we have

j = -vVV (10.28)

A general solution of V in cylindrical coordinates has been given in Section 3.2.

We note that on the liquid and the copper rod interface there is an overlapped step 

discontinuity where the current density distribution is expected to be very non-uniform. 

In order to be able to employ the method of separation of variables to solve this 

boundary value problem, we insert an auxiliary conductor section with its length 6 —* 

0 into the interface as shown in Fig. 10.3, where only a half of the axisymmetric structure 

is plotted. Then the potential in terms of harmonics in each region is expanded as

(10.29)
1 = 1

where JQ is the Bessel function of the first kind of order 0 and u = 1,2,3 indicates quan­ 

tities referring to the three homogeneous regions respectively. Substituting Eqn.(10.29) 

into Eqns.(10.26,10.28) we can obtain and

oo

oo

1=1 
0

(10.30)

(10.31)

(10.32)

and

(10.33)

where J\ is the Bessel function of the first kind of order 1 and

>) - _/r(u)4lU (10.34)

(10.35)

(10.36)
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d + 6

0 r4

Figure 10.3 : The structure for EM formulation
7*1- radius of the water-cup; r2- radius of the copper rod

TS- radius of the liquid-rod interface; r4- inner radius of the copper ring
r5- outer radius of the copper ring; d- height of the water-cup; 8- auxilliary length

are still unknown coefficients.

Since the radial current densities must vanish at boundaries ru for u = 1,2,3 

respectively, we have, from Eqn.(10.31), the result

(10.37)

in which a, is the ith non-zero root of J\(x) = O.4

If z —> —oo W should be finite and uniform. This leads to

a (2) _= 0

Trr

(10.38)

(10.39)

where /0 is the total current.

In order to determine the unknowns in Eqns.(10.34,10.35,10.36), we apply the 

boundary conditions to the interfaces z = 0, z = 6 and z = d + 8 respectively, i.e.,

4 Refer to Appendix 3.1
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at z = 0 :

0 for r3 < p < r2

E& = £<2) for 0 < p < r3

(10.40)

(10.41)

at z = 6 :

Jz ' ==
jW for 0 < p < r3 

0 for r3 < p < TI

£(3) = £(i) for 0 < /> < r3

(10.42)

(10.43)

at z = d +
0 for 0 < p < r4

- rj)
for r4 r5 (10.44)

0 for r5 < /> < TX

in which, for our purpose, we assume a uniform current in the copper ring on the 

grounds that according to experimental observation, the driving forces seem to come 

out from the rod-liquid interface so that the current density distribution on ring-liquid 

interface is expected not to be important in this case. For the same reason, the electric 

field matching equation at this interface is also omitted.

Substitution of the current densities and electric fields expanded in Eqns.(lO.SO) to 

(10.33) in association with Eqns.(10.38,10.39) into the above matching equations yields

oo

n=l

P=i
0 r3

(10.45)
0 for r3 < p < r2

p=l

m=l

0

< 3)

oo

n=l
for 0 < p < r3 (10.46)

for 0 < p < r3 

for r3 < p < n
(10.47)
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+ 6jJ ) e*ml)*l for 0 < p < r3 (10.48)

,7o(*g>/0
m=l

0
/o

TT(

0

f5- rj)

for 0 < p < r4 

for r4 < p < r5

for r5 < p < TI

(10.49)

Multiplying Eqn.(10.45) by pJo(kp), Eqn.(10.46) by pj p), Eqn.(10.47) by 

pJ0 (k (̂ p), Eqn.(10.48) by pJi(k (J] p) and Eqn.(10.49) by pJo(k$p) respectively and 

then integrating with respect to p in the region defined for the L.H.S. of each equation,

we arrive at

= a<3)
JO

E f

-
p=1 ^0

oo

= a 3̂) r
^°

-sr
p=l

= i E f
m=l

forn' = 0,l,2,... (10.50)

for p'= 1,2,3,... (10.51)

form'= 0,1,2,... (10.52)

for p'= 1,2,3,... (10.53)
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«g>e- -*£'
for m/ = 0,l,2,... (10.54)

where we have imposed 6 = 0.

Applying the orthogonal properties of the Bessel function5

[" pJo(\'p)Jo Jo
for \ = \'

0 for A ^ A' 

if XR and A'/? are the roots of J0 (x) = — J\(x) = 0, or

(10.55)

[* pJi(X Jo
yW>(A 

0

R)} 2 for A = A' 

for A ^ A'
(10.56)

if XR and X'R are the roots of J\(x) = 0, to Eqns.(10.50) to (10.54), and using the 

result of Eqn.(10.37), we finally obtain

,(D _

,(3) _

Trrj 
/o

(10.57)

(10.58)

and

r̂° - E rP=I °
forn = 1,2,3,... (10.59)

forp = l,2,3,... (10.60)

= a<3) - E 
p=1

[a<3> - L r

form = 1,2,3,.. (10.61)

5 Refer to Gray and Mathews [54], pp.14-16 and 91.
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E fsl*70

forp = 1,2,3,... (10.62)

for ro = 1,2,3,... (10.63)

Equations (10.59) to (10.63) are sets of coupled linear equations which can be arranged 

into a linear equation system expressed by

)

[Ct ]

[0]

I M >

(10.64)

[0] -[M13]

[DN ] -[DP} [0] [0] [0]

[0] [0] [/] -[M23] [M23]

[0] -[/] -[/]

[£32] -[/] -M;
in which [a^] = [a ("\ a (f\ ...]T for u = 1 and 3; and [&<">] = [&[u) , 62u) , ...]r for u = 1,2,3 

are the unknown column matrices with T indicating a transposed matrix; [/] and [0] 

represent the unit and null matrices respectively; the other submatrices are derived 

from Eqns.(10.59) to (10.63) with the elements

C2 (n,l) = -a< rJQ

C3(m,l) =

r
Mi3(m,p) = 4!_——
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r
-

r>^o

rJO

= diagonal e m 

£)p(m,ra) = diagonal em "

Obviously, all the unknowns can be determined by solving Eqn.(10.64) so as to find par­ 

ticular solutions of the current densities in regions 1 and 2 according to Eqns.(10.30,10.31).

Once the current densities are found, the magnetic induction at a space position is 

calculated by Eqn.(lO.lO) with the solution of vector potential

A (r) = . dT* (10.65)
4?r JT' |r - r'l

where r and r' denote the position vectors of field and source respectively. In our case, 

because the current component j^ = 0 and the current distributions are independent 

of the ^ coordinates, it can be shown6 that

A0 = 0, B, = 0, Bp = 0 (10.66) 

and * (^ z' ](p ~ pl cos ^ ~ jp(pf ' z' )(z ~ zcos *
Pa za [( z - z'Y + P2 + P12 - 2,^ cosZ ) = ^ r r

' } 4;r Jo JPa Jza P
(10.67)

Considering the axisyrnmetrical property of j and B, we can, as a matter of fact, take 

the advantage of Ampere's circuital law

(10.68)

to obtain a more elegant formula

(10.69)

'See Appendix 10.1 for details.
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for calulation of the magnetic induction.

The determination of electrodynamic force distributions is rather straightforward

P (10.70) 

according to the Lorentz force law.

10.2.3 Numerical results and Discussion

A computer programme based on the above formulation was developed and run on 

VAX in the Oxford University Computer Centre. To make the linear equation system 

of Eqn.(10.64) solvable, we must define finite dimensions of the system by truncating 

the harmonics expanded, say the first m l5 m2 and m3 harmonics in regions 1,2 and 

3 respectively. However, as it has been pointed out in Section 3.2 that the truncated 

solution suffers from the relative convergence problem, which can clearly be observed 

in Fig.10.4. By trial- and-error it was found that to obtain a stable numerical solution, 

the relation of mi > (ri/r3 )m3 , m2 > (r2 /r3 )m3 and mi > m2 must hold. In practice 

mi, m2 and m3 must not be too large, for computational reasons. For the numerical 

results given following, unless otherwise noted, mi = 250, m2 = 100 and m3 = 30 

were selected. Besides, 70 = 100 A, <7(2) /<r(1) = 107 with a^ = 5.8 x lO^ftm)- 1 were 

assumed.

Since the formulation is analysis-oriented, it can easily be seen that the numerical 

solutions of current densities not only satisfy the field equations at all interior points 

of regions 1 and 2, but also satisfy the boundary conditions at p = 7*1 and p = r2 by all 

means. Hence, as far as the accuracy of numerical results is concerned, we need only 

to check their boundary values at z = 0 and z = d respectively, which are shown in 

Fig. 10.5. This check confirms that the remainder boundary conditions are also satisfied. 

Thus the reliability of numerical solution is guaranteed according to the uniqueness of 

solution [135]. Figure 10.6 shows the current distributions in the salt-water region, 

where we can see that (i) the distributions are quite non-uniform in the vicinity of 

the rod-liquid interface as would be expected; (ii) the amplitude of the current density 

decays quickly away from the rod-liquid interface and at the ring-liquid interface it is
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Figure 10.4: Demonstration of relative convergence problem
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Figure 10.5: Current densities at boundaries
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small and not important so that the assumption of uniform current distribution on that 

interface is not a critical one; (iii) the current not only has an axial component, but 

also has a radial component. The flow pattern of the current is displayed in Fig.10.7 

which is mapped from

pBt(p,z) = const. (10.71)

The proof is given in Appendix 10.2.

The magnetic induction was first computed by two diiferent numerical integration 

routines according to Eqn.(10.67) and Eqn.(10.69) to enable us to check the numerical 

results. It was found that both of the results were in agreement, but the routine 

based on Eqn.(10.69) was numerically more efficient since only ID integration was 

involved. It should be mentioned that when the integration of Eqn.(10.67) was taken 

over region 2 (the copper rod), the integrating distance with respect to ^-coordinate 

was cut up to 4cm because the result was almost invariable after that as shown in 

Fig.10.8. The computed distribution of the magnetic induction in the salt-water region 

is depicted in Fig.10.9. The magnetic induction reaches a maximum with a value 

of about 4 x 10~3 Tesla at the point of p = r3 , z — 0. This is in good agreement 

with the theoretical prediction of Eqn.(10.22). Figure 10.10 shows the distributions 

of electro dynamic forces, which demonstrate that (i) the force distributions are very 

non-uniform; (ii) in the salt-water, the j x B force has not only a radial (or transverse) 

component, but also has an axial (or longitudinal) component; and (iii) around the 

edge of rod-liquid interface, there exist the peaks of two components with /p ,max = 

1.40 x 104 JV/ro3 and fZtVnax = 1.95 x 104 A^/m3 .

A first glance at the distributions of electrodynamic force may give an impression 

that the electrodynamic force does have a component in the axial direction which seems 

to try to push the salt water away from the copper rod and could be responsible for the 

experimental observation. However, if we take an integration of this force distribution 

over the salt-water, we can find that the resultant up-thrust force is much smaller 

than that exerted on the metal weight through the salt-water, that is about 21.67V 

according to the experiment report [132]. Therefore, we can certainly say that the 

electrodynamic model alone cannot explain the observed explosive phenomenon and
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another model must be sought. Considering the fluid properties of salt water, we will 

examine another model in combination of electrodynamics and hydrodynamics, that is 

the so-called magnetohydrodynamic (MHD) model.
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Figure 10.6: Current distributions in the salt-water



CHAPTER 10. ON THE WATER-ARC EXPLOSIONS 161

CONTOUR KEY
1
2
3
4
5
6
7
8

O.
O.
O.
O.
O.
0.
O.
O.

O394
1 185
1976
2768
3559
4350
51 41
5932

Figure 10.7: Current flow pattern in the salt-water
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10.3 Magnetohydrodynamic Model

10.3.1 Formulation

Suppose the salt water is an incompressible conducting fluid. In general, the motion of 

an incompressible conducting fluid subjected to the electromagnetic force is governed 

by the non-linear Navier-Stokes equation [136]

DV ~ ' ~ ~ < w (10.72)

where D/Dt = d/dt + (v • V),7 pm is the mass density, p is the pressure which includes 

the gravitational pressure and is sometime referred to as the piezometric pressure, 

j x B is the electro dynamic force density, T/ is the viscosity, v is the fluid velocity and 

w = V x v is the fluid vorticity. In the case of an inviscid fluid, Equation (10.72) 

degenerates to
Dv

(10.73)

If the motion is steady, all the terms involving d/dt are just left out in the above two 

equations.

From Eqn.(10.73) Maecker [137] has tried to estimate the maximum pressure based 

on a simplified electric arc model as shown in Fig. 10.11. He first assumed v = 0 and a 

uniform axial current density jz = /o/(7rr^) at the cathode surface, then obtained

2\
1-^-1 ioip<ra ,z = Q (10.74)A4?r V ,2

a

which is the pressure due to the pinch force.

Secondly, he integrated Eqn.(10.73) along a streamline / in a steady fluid

/(j x B) • <fl = JVP 'dl+pnj^ [Vu2 /2 - v x (V x v)] • <fl (10.75)

7In general, the motion of fluid can be described in two ways. One is the Eulerian representation 

giving the variation of fluid properties at a fixed point in space as a function of time. The other is 

the Lagrangian representation following the properties of a fluid element in the flow. Through this 

Chapter we adopt the Eulerian represention while the "substantive" or "material" derivative D/Dt 

which refers to a fluid element is only employed to simplify expressions.
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Figure 10.11 : The simplified electric arc model

where pm is the average mass density and we note Vv2 /2 — v x (V x v) = (v • V)v. 

According to the definition of streamline, cH is parallel to v, thus

v x (V x v) • d\ = (d\ x v) • (V x v) = 0

and Eqn.(10.75) becomes

B) d[

(10.76)

because Vp and Vv2/2 are conservative fields, where C is an arbitrary constant of 

reference. It is noticed that Eqn.(10.76) is analogous to the Bernoulli equation [137]. 

From Eqn.(10.76) Maecker gave the expression for estimating the maximum pres­

sure
_ 

Pmax — A
__- 
—Pm (10.77)
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Although this estimate may be plausible, the transition from Eqn.(10.76) to Eqn. (10.77) 

is still unclear for the reason given following.

Let us consider a conducting fluid element pm dr with dr indicating an arbitrary 

volume. Suppose the element has a mass velocity v and experiences an electromagnetic 

force f = pE + j x B, where p denotes the charge density. The density of work per unit 

time done by the electromagnetic force on the fluid element can be expressed as

v • f = v . (pE + j x B) + p\ - (v x B) (10.78) 

because v • (v x B) = 0. Thus

v-f = p\ - E — j • (v x B) + pv - (v x B)

= pv - E - (v x B) • (j - pv) (10.79)

Substracting both sides from E • j gives

E-j-v-f = E-j

(10.80) 

which can be rewritten

E • j = v - f + (E + v x B) • (j - pv) (10.81) 

On the other hand, we have

(10.82)

according to the law of electromagnetic field energy [138], where for our notation, 

we denotes the density of electromagnetic field energy and P the Poynting vector. 

Replacing E • j in Eqn.(lO.Sl) by Eqn.(10.82), we obtain

+ v • P = v • f + (E + v x B) - (j - pv) (10.83) 
at j

where all quantities are observed at the laboratory frame. It is clear that the L.H.S. 

indicates the time rate of decrease in the density of electromagnetic energy while the 

R.H.S. represents the total density of electromagnetic power converted to some other
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forms of energy. We note that pv is identified with the convection current so that 

(j — pv) is the conduction current. If |v| <C c, where c is the light speed, it can be 

shown [139] that the net charge p arising from the motion can be ignored and

(10.84)

On substituting Eqn.(10.83) for (E + v x B) and letting p = 0, we find

dw \ ? 27 (10 ' 85)

Now it is more apparent that the second term on the R.H.S. of Eqn.(10.85) represents 

ohmic dissipation, which is transformed into the Joule heat while the first term is the 

density of work per unit time done by the electrodynamic force on the moving fluid, 

which, if it does not vanish, is transformed into mechanical energy. If the motion of 

fluid does directly arise from the electrodynamic force,8 the created kinetic energy of 

fluid must come from the electromagnetic energy. In other words, the equation

v • (j x B) ^ 0 (10.86)

or its equivalent

(vxj)-B^O (10.87)

should hold at least somewhere in the fluid. This means that (j xB) is not perpendicular 

to v or j is not parallel to v in general.

Return to Maecker's equation (10.76). We note that (j x B) • d\ does not always 

vanish according to the above argument so the result in Eqn.(10.77) could only be 

derived through special paths, presumably by taking the integration on the L.H.S. of 

Eqn.(10.76) along the line where B = 0. Nevertheless, in order to determine whether 

Maecker's result can also be employed for estimating the maximum pressure as well as 

to see other MHD effects in our particular problem, we are going to solve the non-linear 

Navier-Stokes equation (10.72) numerically by means of the finite difference method 

(FDM).

8We will show in Appendix 10.3 that in our case the (j x B) force does accelerate the fluid element.
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10.3.2 Solution by Finite Difference Method

We note that owing to the axial symmetry of velocity field

v(/9, z) = vp (p, z)ap + vz (p, z)az (10.88) 

and owing to the incompressibility and continuity

V-v = 0 (10.89)

it is therefore possible for us to introduce a scalar function, usually called the Stoke's 

stream function, ty so that

„ = - dO.90)

and then

w= V x v =
dz dp

(10.92)

Taking the curl of Eqn.(10.72), we have

DvPmV x —- = V x (j x B) - 7/V x V x w (10.93)
J~s t-

in which

= -- - V x (v x w) (10.94) 
c/t

because V x V(v2 /2) = 0. According to Eqns.(10.88,10.92), Eqn. (10.94) can further 

be written

__ Dv dw ( .V x — - = -^-a^ - V x (vp waz - vz wap )
Dt ot

(10 ' 95)
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Similarly, the term V x V x w on the R.H.S.of Eqn.(10.93) can be expanded into

') dwV x V x w =T '^ T ' x TT • • - i ,-, v»n |i | _oz \p dp

—— _ l?HL + — _ °2w ] a (10 96) 
dz2 pdp p 2 dp2 ) *

Since

B = Bi(f>,z)*4 (10.97)

for an axisymmetrical magnetic field and

j = —V x B (10.98)

the first term on the R.H.S. of Eqn. (10.93) can also be expanded as

V x (j x B) = —V x [(V x B) x B]

(10.99)

which is nothing else but 2fz / p according to Appendix 10.3. As a consequence of these 

expansions, Eqn. (10.93) becomes

dw \d(vp w) d(vz w)\ Jz 02 w Idw w d2 w
p \ dz2 p dp p2 dp' 

Next, by introducing the following uondimeusional variables

O Z 'r\ _ f~^ r7 _ rj~\

ZQ ZQ

(10.101)

xT/ - ^ F -* —— ————T) -*£ ——

nRe =

where ZQ is an arbitrary length of reference and a convenient choice is ZQ = d, the 

height of salt-water in the water-cup; i>0 is an arbitrary velocity of reference; fz and fp
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are the axial and radial components of (j x B) force respectively; and Re is the fluid 

Reynolds number, we can arrive at a system of coupled equations

V = - (10.102)

u = j
w =

dW = d(UW) d(VW)
dT OZ dR R

from Eqns. (10.90) to (10.92) and (10.100) respectively. We note that Eqn.(10.104) is 

the elliptic Poisson equation with the unknown $ while Eqn.(10.105) is the parabolic 

vorticity transport equation.

It is apparent that the problem described by this system of coupled equations 

is an initial- boundary problem so that the initial and boundary conditions must be 

prescribed to obtain an appropriate solution. In our case, the salt water was at rest 

before the discharge started. Thus the initial conditions are

U = V = Q att = 0 (10.106) 

The boundary conditions, depending on the type of boundary, may be prescribed as

V = U = 0 at no-slip boundary (10.107)

W = V = 0 at axisymmetric flow boundary (10.108)
dV dW—— = —— - = 0 at outflow boundary (10.109)
uZi uZ/

where the outflow is assumed in the z direction. The conditions in the first two equa­ 

tions are apparent. The conditions in the last equation are not so obvious and were 

developed by Thoman and Szewczyk with the aim of allowing the most free-flow adjust­ 

ment at the boundary which still gives a solution, and which have been used successfully 

by others in a variety of problems.9

The system of coupled equations, involving the nonlinear equation (10.105), cannot 

be solved analytically or rigorously. Hence an approximate solution will be given at

9See page 154 of the book by Roache [141].
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m + 1

Bl

B4

B3

123 B2

Figure 10.12 : The mesh coordinates for the finite-difference solution
Bl- symmetric boundary; B2- no-slip boundary 

B3- no-slip boundary; B4- no-slip/outflow boundary

(m +1) x (n +1) of mesh points having coordinates Z, = (i — 1)AZ, #, = (j — 1)A# as 

shown in Fig. 10.12 and at discrete time steps separated by AT. For simplicity AZ and 

A/? are chosen to have the same value ^, which is not, however, necessary in general. 

Since Eqns.(10.102) to (10.104) are linear, the associated finite-difference equations 

can be easily derived by approximating all linear spatial derivatives with three-point 

central differences,10 i.e.,

(10-110)

(10.112)

10The basic finite-difference forms for partial derivatives can be derived from partial Taylor series 

expansions. The centered difference approximation has a second order accuracy, that is a truncation 

error of order A/22 or AZ2 .
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with

The subscripts (i,j) denote quantities evaluated at the mesh point (Z,,

The last term on the R.H.S. of Eqn.(10.105) is also Hnear and can be approximated 

in a similar way. However, care must be taken in approximating the first two nonlinear 

terms. An "upwind" difference scheme is used for the approximation in order to satisfy 

vorticity conservation and to preserve stability of the numerical solutions,11 namely

(10.113)

+(V/ + \Vf \ - Vb + |H|W,,] (10.114)

with

+ Vi.i

vf = 

Vb = 2

The time derivative in Eqn.(10.105) is approximated by a forward difference
'dW

in which the unprimed and primed quantities represent, respectively, the values at two 

consecutive time levels T and T + AT. Now we are able to write the finite-difference

equation of Eqn.(10.105) as

F2ij -
M 

AT fWij+i-Wij-i Wij

(10.116)

"See page 73 of the book by Roache [141].
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So far we have derived the finite-difference expressions of Eqns.(10.102) to (10.105). 
Before we discuss their solutions, we should express the boundary conditions in discrete 
forms. It will be seen soon that the velocity is not directly solved as a boundary 
value problem so that the boundary conditions relative to the velocity should be also 
expressed in terms of the stream function. A comprehensive discussion about boundary 
conditions incorporated in the FDM has been given by Roache [141]. In our case, we 
have

= 0 (10.117)

0 (10.118)
n ,•< — #m_i, if outflow boundary

'; * * (10.119)
0 if no-slip boundary

Wltj = 2V 2 ,j/(Rjh2 ) (10.120)

(10.121)

if outflow boundary
(10.122)

if no-slip boundary 
Ui,i = 2#t)2 //i2 (10.123)

The condition of Eqn.(10.117) is equivalent to that of Eqn.(10.107) because the line 
along boundaries B2 and B3 (referring to Fig.10.12) may be treated as a streamline 
with zero velocity and because any constant value of # along the line may be selected 
and here the conventional choice is \P = 0. The condition of Eqn.(10.118) is identical 
with that of Eqn.(10.108). Some explanation may be necessary for #t)1 = 0. Since 
V = 0 at boundary Bl, thus VJ,i = 0 or #,+1,1 = #,-1,1 = constant for i = 2,3,...m 
according to Eqn.(lO.llO). But ^,1 = 0 from Eqn.(10.117), and then the continuity of 
stream function at mesh point i = 1, j = 1 leads to $t)1 = 0 for any i. For our purpose, 
we treat boundary B4 either as the outflow boundary or the non-slip boundary because 
the real boundary may be a combination of them. The condition in Eqn.(10.119) for 
the outflow approximates dV/dZ = 0. Since V oc d^l/dZ, the condition OV/dZ = 0 
implies 02 V/dZ2 = 0, which is approximated by linear extrapolation out to i = m + 1.
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For constant AZ,
. . ~ .-. Mk; ~ ————— ̂ 2 ————— ( 10 ' 124 )

according to the centred difference form of d2 $/dZ2 . Set d2 $/dZ2 m j = 0 and as­ 

sume d2 y/dZ2 \ m+lt:i w d2 $/<9Z2 | m ,., for a small AZ leads to the outflow condition in 

Eqn.(10.119).

At no-slip boundaries, vorticity can be produced so that the boundary values of W 

should be obtained from the no-slip conditions.12 Using boundary B2 as an example, 

we expand V 2 ,j by a Taylor series out from the wall values, v^

12 (10<125)

But dV/dZlij oc Vlfj = 0 by the no-slip condition. Now W = dU/dR-dV/dZ. Along 

the bottom wall, OU/dR = 0 because U = constant (i.e. U=0 by the no-shp condition). 

Thus Wij = -OV/dZ\ ltj = (l/Rj)d*V/dZ2 \ij. Substituting this into Eqn.(10.125), 

noting $ ltj = 0 and AZ = h, and ignoring 0(AZ) yields Eqn.(10.120). Similarly, we 

can determine the boundary values of vorticity which satisfy the no-slip conditions at 

boundaries B3 and B4 (if no-slip boundary is assumed) by Eqns.(10.121,10.122).

The relation in Eqn.(10.123) is derived from Eqn.(10.103) by assuming constant 

velocity within a small radial distance h from the symmetric axis and considering the 

streams to be convergent at this boundary [142].

Now we are going to discuss how to solve the discrete coupled equations. Firstly, we 

can clearly see from the discrete parabolic vorticity transport equation (10.116) that 

if all field quantities, namely, the velocity, the vorticity and the magnetic force at a 

previous time are known, then the vorticity field at the present time succeeding a AT 

can be updated immediately.

Secondly, let us look at the discrete Poisson equation (10.112). Suppose at interior 

mesh points the vorticities W^ for i — 2,3...m and j = 2,3...n are known, and at 

boundary mesh points the boundary values of stream function * lfj-, * m+ i tj-, ^,- tl and 

are prescribed. Expand Eqn.(10.112) into a set of linear algebraic equations
*

12 See page 140 of the book [141].
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such as

for i = 3,; =2

-4* 2,3

for t = 2 =

,n for i = mj = n 

which may be written in the form

= [C] (10.126)

where the known matrix [A], with real coefficients, is of size (m — l)(n — 1) by (m — 

l)(n — 1), the known right-hand vector [C] is of size (m— l)(n — 1) x 1, and the 

required solution vector [\P] has (m — l)(n — 1) components indicating the values of 

stream function at the all interior mesh points. Although Eqn.(10.126) may be solved 

by any standard method, such as the Gaussian elimination method, it may require a lot 

of computer memory and CPU time when m and n are large. Alternatively, we adopt 

Liebman's iterative method13 to solve directly Eqn.(10.112) instead of Eqn.(10.126). In 

this method, for the given vorticities W,-j and the boundary values of stream function, 

the remaining unknowns tyj for i = 2,3,...m and j = 2,3,...n are approximated by 

Liebman's iterative formula

\ (*S?w + *-w + «;*» + ft-*- - *«>^ (10- 127 )
if we sweep in i f , j ; T, where k indicates the kth iteration. It has been shown else­ 

where [141] that as k -> oo, $W will converge to the exact solution of $. Hence to

13Refer to page 113 of the book by Roache [141].
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arrive at a solution of the stream function, Eqn.(10.127) is repeatedly computed for 

all interior mesh points starting from a set of arbitrarily assumed values, for instance, 

$i,j = 0 for all interior values. After each computation, the difference of the updated 

and the previous values of $tj is recorded as a local error. The iterative procedure 

is terminated only when the sum of absolute errors at all interior points is less than 

a specified local criterion, and then the resultant tyj will be taken as the solution of 

stream field.

Once all $ t)J are found the velocities VJj and U^ can be determined by subsitutions 

according to Eqns.(10.110,10.111).

It becomes clearer that an overall procedure for solving the complete MHD problem 

by means of the finite difference method may be summarized as follows. Giving the 

prescribed boundary conditions, the solution starts with the establishment of initial 

values of $, V, £/, W and Fz at all mesh points at time T = 0. These initial conditions 

may correspond to some real initial situation for a transient problem of interest, or to 

a rough guess for the steady-state solution if only the steady state is of interest. Then 

the computational cycle begins as Eqn.(10.116) is used to calculate the new values 

of W at all interior points at a new time level, increased by an increment AT. The 

next step in the computational cycle is to solve Eqn.(10.112) by means of Liebman's 

iterative formula of Eqn.(10.127) for new values of stream function $, using the new 

values of W as the "source" term. After this, new velocity components are evaluated by 

Eqns.(10.110,10.111). The last step in the computational cycle is to update boundary 

values because they usually depend on the new values of $ and W (already calculated) 

at interior points near the boundary points as shown by Eqns.(10.119) to (10.123). 

Then the computational cycle is repeated until the desired time is reached, or until 

some convergence criterion for a steady state is satisfied. Schematically, the procedure 

for computation of a steady flow is illustrated in Fig.10.13.

After determining the velocity and vorticity fields of the fluid, the pressure, in 

which we are more interested, can be obtained from Eqn.(10.72). For a steady flow, 

Eqn.(10.72) may be written as

Vp* = f* (10.128)
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Give a global error criterion
and a local error criterion £/c,ca /.
Start with a stagnant fluid, i.e.,
set Witi = *M = Utj = V>j = 0

for i = l,2,...ra + 1 and; = l,2,...n 1.

Compute the electro dynamic force 
Fgjj at all mesh points

from the harmonic solution.

1
Compute equation (10.116) 
for updated vorticity W/j

for i = 2, 3, ...m and j = 2, 3, ...n.

Set \lfij = 0 for i — 2, 3, ...m and j — 2, 3, ...n. 
Repeatedly compute equation (10.127) 

at all interior mesh points and
rliprV F,, i — T^- • IvJ/^t 1 _ \T/k . ciiecK .c//oca/ — Z^tj I T »,J ^i,j

at every iteration until Eioca \ < £iocai

J
Compute Eqns. (10.110) and (10.111) 

for Uij and Vtj 
at all interior mesh points.

J
Update the boundary values 

according to Eqns.(10.119) to (10.123).

i
Check Eghbal = £i,j \W^ - Witi and then 

set Wij = W-j at all mesh points.

J
F i *. / ^ c ; ^ ; 9 Notj-/g(ooa( ^ ^'^(ooai •

Yes
i

Print/plot WtJ , ^,,; , Uij and K,r

Figure 10.13 : The flow chart of the MHD computation
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with

P* = P + ^my (10.129) 

/* = j xB-7/Vxw + ^vxw (10.130)

Equation (10.128) is equivalent to the associated partial differential equations

dfr = rj i
(10.132) 

for the axisymmetrical fields, where

fp = fp~ PmVz W + ??—— (10.133)

r\

f) \
TH (10.134) 
OP/

are the radial and axial components of f * respectively. In general the solution of p* is 

found by solving the Poisson equation [141]

(10.i35)
However we note from Eqn.(10.128) that V x f* = 0. This means dfi/dz = df;/dp 

so that Eqns.(l 0.131) and (10.132) are consistent [143], and we may find p* in the 

following way.

Integrating Eqn.(10.131) with respect to p yields

P*(p, z) = /;(//, z)dp' + c(z) + <* (10.136)

in which c(z) is a function of z and CQ is a constant. Substituting this into Eqn.(10.132) 

gives

^c(z) = /;(/>, z) - A jf ' /;( ̂ )d/ (10.137)

thus

= /' fibW-t'w.tW +/'/;(/>',
»/o *o «/o
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for a fixed p. Replacing c(z) in Eqn.(10.136) by Eqn.(10.138), we arrive at

p*(p,z) = I' -/;(/, 0)cV + f'EMdzr + co (10.139) 
JO Jo

Since v = 0 at the no-slip boundary p = rj and if the piezometric pressure is assumed 

to be constant14 at this boundary and taken to be zero as a reference level, the constant 

CQ is determined and p* is solely given by

P'(P, *) = r -/>', OW + I' fl(p, W - I' r,(n,*t)M (10.140)
Jp JO JO

By substitution of nondimensional variables in Eqn.(lO.lOl) into the R.H.S. of 

Eqns.(10.133) and (10.134) yields

Defining new nondimensional quantities

( io - 143)
f*F* = z

z

f— (10.145)

Equation (10.140) can be written into a dimensionless form

P*(R,Z) = lRl -F;(ff,0)dff+ fZ F;(R,Z')dZf - fZ F^R^Z'W (10.146)
JR JO JO

Since the values of integrands in Eqn.(10.146) have been known at the mesh points, 

the solution of P* can be found by any standard numerical integration routine, and 

then the pressure is calculated by

U2 + V 2
(10.147)

2 _ ,,2according to Eqn.(10.129) because v* = v* + v;. 

"This assumption is verified a posteriori by the numerical results.



CHAPTER JO. ON THE WATER-ARC EXPLOSIONS 180 

10.3.3 Numerical results and Discussion

A computer programme was developed on the basis of the above formulation and 

run on VAX in the Oxford University Computer Centre. For the computations, 341 

mesh points with m = 10 and n = 30 are chosen by trial-and-error, which gives a 

dimensionless grid size h = 0.1. The local criterion for convergence of the solution of 

transport equation is chosen as e/oca / = 10~4 . The reference constants for normalization 

are ZQ = 1 cm and VQ = 1 cm/5. Considering that at about a room temperature the 

mass density and viscosity of water are pm = Itfkg/m3 and rj = 10~3 Ns/m2 , this 

results in a Reynolds number Re — 100.

For our purpose, we restrict ourselves to the steady state case. As numerical insta­ 

bility may occur in the process of approaching the steady state solution if the size of 

the time increment is not properly chosen. For a given grid size /*, the constraint on

Ar<
T -1

9 A v%x J ' ' ^ J ' ' ^
^ // J V£ » V -* V«

i J •

(10.148)

for a stable solution [142]. However AT cannot be calculated from this inequality at the 

beginning of a computation because velocity field is not known a priori. Nevertheless, 

we use a fixed AT = 0.01 and then calculate the R.H.S. of the inequahty at every time 

step in all computations to ensure the chosen AT always satisfies the inequality. The 

global criterion 6g i 0bai = 10~ 2 is imposed to approximate a steady state solution.

The numerical results are shown in Fig.10.14 to Fig.10.17. From these figures we 

can see that (i) the fluid flow patterns (the contours of stream function) strongly depend 

on the boundary conditions applied to the top surface B4 and are quite different from 

the current flow pattern in Fig. 10.7 ; (ii) the vorticity always spreads out from the edge 

of rod-liquid interface in all cases and it seems that the diffusion of this edge vorticity 

drives the problem; (iii) along the centre axis (p = 0) the quantity P* is constant; (iv) 

the fluid velocity is only of the order of several centimetres per second; (v) the changes 

in the distribution and magnitude of the pressure are not significant from one case 

to the other. Similar features were observed from the numerical results computed for 

Re = 50, and 500 respectively.
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Figure 10.14 : Vorticity, stream function and velocity 
Re = 100 with the outflow boundary on B4
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Figure 10.15 : Quantity/)*(/?, z) and pressure p(/>, z} 
Re = 100 with the outflow boundary on B4
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Figure 10.16 : Vorticity, stream function and velocity 
Re = 100 with the no-slip boundary on B4



CHAPTER JO. ON THE WATER-ARC EXPLOSIONS 184

14

12

10

z = 0.0 cm 
z = 0.5 cm 
z = 1.0 cm

1.5 2 2.5

(a) p(cm)
3.5

14

12

10

p(N/m2 )

z = 0.0 cm 
z = 0.5 cm 
z = 1.0 cm

0.5 1.5 2

(b)
2.5

p(cm)
3.5

Figure 10.17 : Quantity p*(p,z) and pressure p(p,z) 
Re = 100 with the no-slip boundary on B4
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The first point is apparent because both the velocity and the current density are 

the solutions of boundary-value problems. The second point is consistent with the 

result that V x (j x B), which is proportional to fz , is the strongest at the edge of 

the rod-liquid interface because if V x (j x B) = 0 the j x B force is balanced by the 

pressure and it would not be possible to bring about any motion in the fluid which is 

initially stagnant. This may clearly be seen from the process of the solution of the MHD 

problem, that is fz drives the vorticity in the transport equation while the vorticity 

plays a "source" role in the Poisson equation for the stream function. The third point 

is in agreement with Maecker's equation (10.76) because B = 0 along the centre axis. 

The last two points strongly suggest that the motion of fluid has little effect on the 

resultant pressure. Hence we may ignore the hydrodynamic effect and work out the 

pressure by

Vp = jxB (10.149)

which can be expressed by an integration form obtained in an analogous way to that 

used to deal with Eqn.(10.128) previously, that is

p( P ,z)= f"-ff (p',9)dpf+ f'Up^W- f'Mri^W (10.150)
Jp Jo JO

in which the first term on the R.H.S. is the pressure due to the familiar pinch effect. 

The computational results according to Eqn.(10.150) are shown in Fig.10.18 and are 

in close agreement to those previously obtained by taking the hydrodynamics into 

account.

It should be remarked that in the MHD approach we ignored the influence of fluid 

motion on the original electromagnetic fields, namely we ignored the induced current 

with a density j ind = <r(v x B) because for v ~ 10~ 2 ra/s, B ~ 10~ 3 tesla and a ~ 

10 (flra)" 1 , the induced current density is only of the order of 10~ 4 A/m2 , which is much 

smaller than the conduction current density which amounted to 104 to 10M/m2 , so is

negligible.

So far we have shown by the magnetohydrodyuamic model for the incompressible 

conducting fluid in the water-cup that the pressure at top liquid surface due to the 

electrodynaniic forces is only the order of 10 1 N/m2 , which may result in an up-thrust
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Figure 10.18 : Pressure p(p, z) based on the magnetostatic computation

force of 10 x (7rr|) = 7.85 x 10~3 7V for r3 = 0.5cm. This order of magnitude is 

obviously much smaller than the 21.6 N required for throwing the metal weight into 

the air. Therefore, it seems that the high pressure is unlikely to be a direct effect of 

electrodynamic forces, but more likely due to shock waves caused by under-water arcs. 

A support of the latter will be presented briefly in the next section.

Before going to the next section, a short explanation should be given of the case 

in which the discharge through salt-water is silent and leaves the water undisturbed. 

In this case, there is no under-water arc so neither spark nor shock wave occurs. Nev­ 

ertheless, the electrodynamic forces do have some effect on the conducting liquid. We 

know from the experiments [132] that the discharging time is about 0.41 ms. Taking 

the maximum discharging current 100 A through this period and making a transient 

analysis of the Navier-Stokes equation (10.72), we find that by the time t = 0.5ms, the 

velocity field of the fluid has almost not yet been established as indicated by Fig.10.19.
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This means that the discharging time is too short for electrodynamic forces to bring 

about an observable motion of the conducting liquid. That is the reason why the salt 

water is undisturbed in this case.

10.4 Shock waves in liquid

As a matter of fact the water is not an ideal incompressible fluid and shock wave 

could exist. Some similar experiments of shock sound by under-water discharges were 

investigated [130] previous to Graneau's experiments [132], and it was believed that 

the high pressure in the liquid is due to the shock waves. According to shock wave 

theory [144], the fundamental equations which are necessary to define the physical 

properties of shock waves are the three equations of motion

= 0 (10.151)

7711 dt 

together with an appropriate equation of state

0 (10.152)
m

V-(pv) = 0 (10.153)

(10.154)

where pm is the mass density; v the fluid velocity; p the pressure; £* the internal 

energy; 15 and <S the entropy. Equation (10.151) represents the conservation of mass 

and is also referred to as the equation of continuity. Equation (10.152) indicates the 

conservation of momentum, which is identical with the Navier-Stokes equation in the 

absence of body forces for an inviscid fluid. Equation (10.153) denotes the conservation 

of energy given by the first law of thermodynamics on the assumption that the gain 

in total energy of the fluid is due solely to the work done by the pressure forces in 

compressing and accelerating the fluid.

15The internal energy is expressed by the symbol, £* instead of £, to show that it includes both the 

velocity and the internal, or temperature, energy.
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(P, T) I (po, T0 )

Figure 10.20 : The thermodynamic states of a shock wave front

On the other hand we know that when a mass element of fluid is traversed by 

a shock wave front, it suffers, an almost discontinuous change in its thermodynamic 

state as Fig.10.20 shown, where (po?^o) and (p, T) are the state variables ahead of 

and behind the shock wave front respectively. Richardson, Arons and Halverson [145] 

described, qualitatively, the procedures of this change by the aid of a sketch drawing 

(Fig.10.21), in which a given mass element of fluid initially in the state (p05 TQ) ahead 

of a shock front will attain a state (p,T) along a single curve labeled "Hugoniot" as 

the shock wave front is passing by and finally returns to a state (po,Ti) along the 

adiabatic. In general TI is larger than TO because of the dissipation occuring at the 

front. Richardson and his co-workers also gave the solution of shock wave for water 

based on the governing equations (10.151) to (10.154). With the help of their solution, 

Penney and Pike [146] were able to evaluate the shock wave properties in various fluids. 

For our purpose, some properties of interest are listed in Table 10.2. From this table, 

one can clearly see that a shock wave in a liquid medium is characterized by a small 

rise in temperature and an extremely large change in pressure. The reason is because 

water is much less compressible than air.

In the water-cup experiment, the pressure required to produce 21.67V up lift force 

on the metal weight is much smaller than 2000 atmw so that the rise in temperature 

due to the shock wave17 can be expected from Table 10.2 to be too small to account

16 lafm=105 AYm2 .

17The temperature may also rise due to the current heating the conducting liquid.
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Temperature

Adiabatic

\Hugoniot

(Po, TQ
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Figure 10.21 : The procedures of change in state due to a shock wave

Table 10.2: Shock wave properties in air and water after Penney and Pike

Fluid

Air

Water

p (aim)

20

100

200

500

2000

10000

20000

50000

T - T0 (°c)

900

3440

5090

7940

5

36

70

152

Zi - To (°c)

250

1240

2350

3860

<0.02

5

18

52

T0 = 300 K pQ = 1 aim
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for. Thus the associated dissipated energy due to the shock is small too. This explains 

why the rise in temperature and the dissipation of energy in both experimental cases 

of (a) silent discharge and (b) arc discharge are not much different from one case to 

the other even with the same stored discharge energy.

However, it should be noted that the energy distribution and the way of dissipating 

energy in the both cases could be different. The shock wave could be created by rapidly 

releasing high energy locally as done in the under-water arc.

Appendix 10.1

For an axisymmetric current Eqn. (10.65) can be written in a cylindrical coordinate 

system as

A (r) = . *>p'dp'd<l>'dz'a, + p ' ap p'dpf d<t>fdz' (10.155)' 747T Jr> r — r' 4?r A r —

with

|r - r'| = [(z - z') 2 + p2 + p'2 - 2pp' cos(<£ - </>')] 1/2 (10.156)

In Eqn.(10.155) ap cannot be taken out of the integral because it is a function of </>'

ap = cos </>' ax + sin (/>' ay (10.157)

where ax and ay are the unit vectors of x and y axes in a Cartesian coordinate system. 

Thus we may express Eqn. (10. 155) by

A(r) = Ax ax + Ay ay + Az az (10.158) 

with

(10 - 159)
sin ''''

A' =

Since

ax = cos </> ap - sin </> a^ (10.162) 

ay = siii(/> ap + cos </> a^ (10.163)
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according to the transformations of unit vectors in Cartesian and cylindrical coordinate 

systems. Substituting those into Eqn.(10.158) gives

A(r) = (Ax cos(/) + AySm(j>)ap + (Ay cos<t> — Ax sin<^)a0 -f A2 a.z

Az az (10.164)

Let us firstly consider Aj, which may be written

(10.165)

because the origin of coordinates is inside current region r' . Expressing the integral 

with respect to $' by

_ / sn - , 
12 -' 12+ p* + p12 - 2pp'

(10.166)

with

a = (z-z'Y + p2 + p'2 (10.167) 

6 = -2/0/ (10.168)

it is easily shown that the R.H.S.on Eqn.(10.166) equals zero, thus

A* = 0 (10.169)

as it is expected. Physically, one would also expect that both Ap and Az are inde­ 

pendent of <^ for an axisymmetric current. However it can be seen that <^» appears in 

the formulas of them, which may cause a confusion. This difficulty can be moved by 

checking dAp /d<t> and dAz /d</>. For example,

(10.170) — v x

because
d 1 — 9 sin(> — <>'

(10.171)

where a and 6 are the same as those given in Eqn.(10.167) and Eqn.(10.168) respectively. 

We can find again that the integral with respect to </>' in Eqn.(10.170) vanshes so that

dA = ° ( 10 - 172)
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Similarly, we can prove that

^£ = 0 (10.173) 
d<f>

Therefore, (/> which appears in the formulas of Ap and Az is a parameter of reference 

rather than a variable and may be assigned to any value. To be simplest, we let <f> = 0 

which leads to

(10.174)

= £ /M 2') (f [(, - .0- + f + - 2,, cos
(10.175)

in the forms without involving </>. Hence for an axisymmetric current the vector poten­ 

tial in cylindrical coordinates is in general given by

A(r) = Ap (p, z) ap + Az (p, z) az (10.176) 

and the associated magnetic induction is
ff)A ft A \

B(r)= V x A(r) = \Z-j- - ̂ J a, (10.177)

because the other partial derivatives are zero. By substitution of Eqns.(10.174,10.175) 

into Eqn.(10.177) yields

( ^,o [(z — z1 ) 2 -f p* + pu — 2/9/9' cos

o z — z p - /o — /9/9 cos
(10.178)

which is identical with Eqn. (10.67).

Appendix 10.2

Since the current density j in our case is a two-dimensional and solenoidal vector field, 

i.e.,

= P p,z*p+zp,z*z (10.179) 

V-j = 0 (10.180)
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we can introduce a new scalar function v such that

to satisfy Eqn.(l0.180). On the other hand we have

(10.183) 
3 uz

1 (10.184) 
P

from V x B = /IQJ for B = B^,(p^z}^. By comparison of these two sets of current 

density components, we get

It is easily to see that
Pfy , ^ Mni$m v = —— -f- CQ (ID.loYJ

where CQ is an arbitray constant. 

In the 2-D space, we have

dr = dpap + cba^ (10.188)

where r is a position vector. Thus

j x dr = (jp dz - jz dp)ap x az (10.189) 

Substituting Eqns.(10.181,10.182) into Eqn.(10.189) yields

. , , dv,\j x dr = -- ~dz + —dp } ap x az (10.190) 
p \oz up J '

In evidence, if
Qv dv dv = —dz + j-dp = 0 (10.191)

j is parallel to c?r. In other words, along any v = const, (dv = 0) curve, the current 

density has only a tangential component, which means that the current flows such 

curves. From Eqn.(10.187) we immediately find that such curves can be mapped by

pBj, = const. (10.192) 

In this case the scalar function v may be identified as a current stream function.
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Appendix 10.3

In the experiments, the salt water was stationary before discharges. If the electrody- 

namic force does not accelerate the liquid while discharging, the magnetic field in the 

liquid, pm = const., at rest must satisfy the equation18

Vx(VxBxB) = 0 (10.193)

In fact, the equation can be obtained by letting v = 0 in Eqn.(10.73) and taking the 

curl of the both sides if we note V x B = fioj. It follows that if Eqn.(10.193) is not 

held, the (j x B) force not only cause pressure in the liquid, but also accelerate the 

liquid. Following we will show that in our case the condition for Vx(jxB) = Oor 

Eqn.(10.193) is

(j x B) . a, = 0 (10.194)

Since we just consider a DC discharge, the steady and axisymmetrical current den­ 

sity and magnetic field can be expressed in the general forms

J = Jp(p,z)*p + Jz(Pi z )** (10.195) 

B = Bi(p,z)at (10.196)

Take the curl of Eqn.(10.196)

dB+(p,z) ld(PB+(p,z))V x B = ——— - —— ap -f ———— 5 ——— az (10.197) 
oz p dp '

On substituting /ZQJ for V x B, we get

dB*(p,z)' 
~—————f^ (10.199)

Hence the electrodynamic force is given by

jxB = jp (p,z)B<t,(p,z)az -jz (p,z)Bt(p,z)ap

•P (10.200)

18 Refer to page 37 of a book by Ferraro and Plumpton [140].
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with

fz(P,z) = - 

fp(P)Z) = ~

Bt(p,z}dBt(p,z}
dz 

B+(p,z)
+ dp

Since

V x (j x B) = dz
obviously, V x (j x B) = 0 is subject to

Substituting Eqns.(10.201,10.202) into Eqn.(10.204) yields

d

which leads to
njni/ =0 
dz

(10.202)

(10.203)

(10.204)

(10.205)

(10.206) 

because B<j> does not vanish in general. Substitution of Eqn.(10.206) into Eqn.(10.201)

gives
(10.207)

which is nothing else but Eqn.(10.194).

It has been numerically shown previously that the longitudinal force component 

does not vanish so that Eqn.(10.194) or Eqn.( 10.207) is not held at all in our case and 

consequently, the (j x B) force does accelerate the fluid.
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Conclusions

In the first part of this thesis, a 3D electrodynamic model has been proposed for the 

retrograde motion of the electric arc — an old mystery of physics. The model is studied 

in detail for the first time by means of electromagnetic field theory and computational 

techniques. Some salient results can be drawn from this study as follows :

• Because of the tiny size of the cathode spot the electrodynamic effects on the 

spot motion will be local rather than global. In other words, one only needs to 

consider the current path near the spot instead of the whole closed circuit.

• It is possible and reasonable to solve coupling boundary-value problems between 

cathode and plasma column by the decoupling approach if the conductivity at 

the interface is widely different.

• As the plasma column is bent in Lorentzian direction due to the applied magnetic 

field, the current distribution over the cathode spot is no longer uniform and 

becomes stronger on the Lorentzian side while weaker on the retrograde side. 

This point is very important but was overlooked by the previous investigators.

• To make the spot move in the retrograde direction a necessary condition is that 

that the self magnetic field induced by the arc current exceeds the applied mag­ 

netic field somewhere in the spot region. However, only the combination of the 

nonuniform current distribution in the spot together with this necessary condition 

could serve for a complete cause of the retrograde motion.

• The electrodynamic forces can indeed account for the retrograde motion if the 

average current density of the cathode spot is of the order of 108 A/cm2 , which is 

in agreement with the value suggested by recent studies of spot current density.

• The proposed model has been shown to be consistent with a number of well-known 

features of the retrograde motion, including the retrograde motion of multi-spots 

which is for the first time related to electrodynamics.
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In the second half of this thesis, some recent issues in electrodynamics have been 

studied based on theoretical and computational approaches. Some conclusions can be 

summarized as below :

• The Lorentz and Ampere force laws are equivalent in magnetostatics regardless 

of where the target current element is located and whether it has finite physical 

size or not provided that Ampere force law is correctly used.

• Whenever the Ampere force law is used, the complete calculation, in which the 

integration is taken over whole current system, always gives the correct prediction 

of both net force and force distribution whereas the incomplete calculation, in 

which the integration is selectly performed on partial current system, predicts 

only the net force correctly.

• So far as the electromagnetic jet propulsion and the electromagnetic impulse 

pendulum are concerned, it has been theoretically demonstrated that the reaction 

of the Lorentz force on the moving conductor is carried by the remainder of the 

current system as observed in the experiments.

• To determine electrodynamic forces in continuous media, the field theory of clas­ 

sical relativistic electrodynamics not only gives the correct prediction, but is 

also self consistent even though there might be some difficulty in explaining the 

mechanism of force transmission .

• On the water-arc explosions, it has been shown that neither the pure EM model 

nor the MHD model for the incompressible conducting fluid could explain the 

explosive phenomenon; this strongly suggests that the shock wave produced by 

the under-water arc must account for the phenomenon.
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Appendix A

On the pulsed wire fragmentation

A.I Background

In 1964 when Nasilowski [147] was studying the rupture of fuse wires with the ex­ 

perimental set-up in Fig.A.I, he found that a large current pulse of several thousand 

amperes would shatter a 1-mm-diameter straight copper wire of 1.5 m length into 

about 100 pieces (Fig.A.2), varing in length from 0.3 to 3 cm, with unmistakable signs 

of tensile fracture in the solid state. Recently, Graueau [92] at M.I.T. reported similar 

experiments in modified form as shown in Fig.A.3. A 1.2-mm-diameter straight alu­ 

minium wire of one metre length or a 1.2-mm-diameter aluminium wire bent into the 

shape of a semicircle with a radius of 25 cm was subjected to current pulses of up to 

7000 amperes. The current was derived from a capacitor bank and passed through an 

inductor to allow it to ring down at 2000 Hz over a period of 5-10 ms. Depending on 

the peak current reached, the wire broke into 10 to 50 pieces of irregular length. The 

fracture faces were examined with optical and electron scanning microscopes. This 

left little doubt that tensile fracture had taken place in the solid state. His experi­ 

ments confirm the earlier findings of Nasilowski. The rapid tensile failures on straight 

wires using capacitor discharges have also been observed by Graneau [117], Robson and 

Sethian [110]. This phenomenon is then called wire fragmentation. In fact the phe­ 

nomenon may be traced back as early as to 1939 when Foitzik carried out experiments 

with large pulse currents [148].

The experimental observation is well established. However the mechanism of the 

phenomenon remains still unclear[116, 149] because the phenomenon may involve elec-
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Figure A.I : Nasilowski's experirrient set-up
(1) contactor (2) flexible conductor (3) tested wire

(4) wooden stand (5) shunt (6) DC generators

"V'

Figure A.2 : Fragments of the 1.0 mm diameter copper wires
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Figure A.3 : Graneau's wire fragmentation experiment

trodynamic, thermal, thermodynamic and mechanical effects. The thermal effect was 

ruled out by both Nasilowski and Graneau because no visible melting was observed. 

Graneau also ruled out the Lorentz pinch-off by reasoning that when pinch constriction 

and rupture occur in horizontal liquid metal conductors, this is always preceded by a 

V-shaped depression in the liquid level, but the wires broke without the formation of 

necks of reduced diameter.

As far as longitudinal stress vibrations are concerned, although Graneau admitted 

that the possibility of longitudinal stress wave fractures cannot be ruled out in the 

M.I.T. experiments, he argued that for the DC current pulses employed by Nasilowski, 

the radial pinch force was not removed from the wire until the current ceased to flow and 

the travelling stress waves could only be set up by relaxation after pinch removal. The 

fragmentation of the wire occurred well before the end of the current pulse, however, 

eliminating the possibility of fracture resulting from the longitudinal stress waves.

Graneau realized that the transverse forces can set up bending stresses which tend 

to straighten the wire and have a tensile component associated with them. But he
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stated even if large bending deformations did occur, it would still seem unlikely that 

the highly ductile, 99%-pure aluminium wire could be shattered in many pieces.

Material defects, as for example radial cracks and inclusions of foreign matter, 

could be the cause of local overheating and premature fracture in bending or tension. 

Graneau points out that no defects of this kind have been found in the series of wire 

samples subjected to fragmentation and none of the microscopic examinations of frac­ 

ture faces revealed the presence of prior material defects so that any explanation of 

wire fragmentation that invokes material defects is very doubtful.

Graneau then offers a theoretical explanation based on Ampere's force law for this 

hitherto unexplained phenomenon as a piece of evidence to prove that the traditional 

Lorentz force law is incorrect in metallic conductors. This is one of the recent con­ 

troversial issues in electrodynamics. Graneau is not alone in his ideas concerning the 

Ampere's tension predicted by his use of Ampere's force law, as this theory has been 

expounded by others [103, 108, 126, 150].

Graneau might be correct as far as the material defects and the bending stresses 

caused by the transverse forces are concerned. However, we do not agree with his 

explanation based on the Ampere's force law because his theoretical calculation is 

incomplete as we have discussed in Chapter 7.

Considering that the Lorentz pinch forces can excite longitudinal stress waves during 

the current rise-time, we suggest that the phenomenon might be understood by classical 

relativistic electrodynamics in association with the theory of stress waves in elastic 

solids.

A.2 Stress wave model

The governing equations of the problem are Maxwell's equations together with Ohm's 

and Lorentz force laws which are coupled to the stress wave equation1 in isotropic 

solids, that is

'Refer to Kolsky [151], page 198 .
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Figure A.4 : A straight wire in cylindrical coordinate system

where s is the displacement vector, pm is the mass density, A and // are Lame's 

constants2 (fi is also known as the shear or rigidity modulus) and f is the body force 

density. In this problem we are only interested in electromagnetically driving forces, 

i.e., f = j x B. Therefore we have the problem of electromagnetically driven stress 

waves.

For our purpose, let us consider a straight wire in a cylindrical coordinate system 

(Fig.A.4) and suppose s is independent of <£. Thus Eqn.(Al) can be expressed as

-—+ dt2

\ 
dt2 4

4

Jz
dz2

dz2

dp2 
d2 sz

_
p dp p 

d2 sp
dp2 *

d2sp I dsz I ds 
dzdp p dp p dz

d2 sz

where sp , sz and s<t> are the components of displacment vector s; fp , fz and 

components of Lorentz force density; and
1/2

CT = T-

(A2)

- + — T— —
' ? 9/3

C2 f^^ +CL \ dz* +
P2 )
f) Q0 S P
dzdp

(A3)

h !«f£\
P^j

(A4)

are the

(A5)

2 Young's modulus = i Poisson's ratio =
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are the transverse wave velocity and longitudinal wave velocity in an unbounded 

medium,3 respectively.

Now we are able to see that Eqn.(A2) is decoupled from Eqns.(A3) and (A4). 

Furthermore, we may justifiably assume that s = 0 at t = 0 and /^ = 0 so that 

Eqn.(A2) is omitted. We also note that if the wire were infinitely long, s would be 

independent of 2, and Eqns.(A3) and (A4) would be decoupled from one to the other. 

However this is not the case because all tested wires in the experiments have finite 

length of about 1 meter. Thus Eqns.(A3) and (A4) are coupled to each other. In 

this case we would expect that the impact transverse force alone could excite the 

longitudinal stress wave even without the longitudinal force.

If the displacements are found from Eqns.(A3,A4) the strains of interest can be 

determined by the strain-displacement relations4

(A8) 

(A9)

The stresses of interest are then calculated according to the stress-strain relations

rz = A(ep + tj + cz ) -I- 2pt, (All) 

rf = A(ep + c* + e,) + 2/zep (A12)

(A13) 

(A14)

3 Refer to Achenbach [152], Chapter 4. 

4 Refer to Achenbach [152], page 74.
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A. 3 Further work

At first a simple model without considering the body forces may be investigated. The 

electrodynamic forces are then assumed to act on the wire surface in terms of the 

magnetic pressure £2 /2/i0 . It would be expected that the results of studying this 

model could indicate the excitation of stress waves probably due to pinch forces and 

the successive reflections of waves which might give amplification.

The second model may take the body forces (j x B) into account while keeping the 

wire surface free from stress. This model is more accurate but more complicated.

When studying these two models, following the experiments reported in the liter­ 

ature, two types of mechanical boundary conditions at both ends of the wire, namely 

either no stress or no displacement, may be considered. The geometry of the wire may 

also be considered as straight or semicircular. The latter may be studied first to see 

whether the transverse forces are important for this particular geometry.
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Appendix B

Useful Vector Relations

A summary of the more useful formulas from vector analysis is given as follows.1 

Note that A, B, C, D are arbitrary vector fields, (j> and i/> arbitrary scalar fields.

B.I Vector Formulas

General relations :

1. ABxC = AxBC = (A,B,C) = (B,C, A) - (C, A,B)

2. A x (B x C) = (A • C)B - (A - B)C

3. A x (B x C) + B x (C x A) + C x (A x B) = 0

4. (A x B) • (C x D) = A . [B x (C x D)] = (A - C)(B - D) - (A - D)(B . C)

5. (A x B) x (C x D) = (A x B • D)C - (A x B • C)D

6. grad(<M>) =

7. div((/)A) = V - (M) = A

8. cur/(M) = V x (^A) = <^V x A - A x

9. div(A x B) = V • (A x B) = B • (V x A) - A - (V x B)

10.

11.

iRefer to Panofsky and Phillips [50], Moon and Spencer [153], Durney and Johnson [154].
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12. V 2 <£ = V •

13. V2A = V(V . A) - V x (V x A)

14. V x V(j> = 0

15. V • (V x A) = 0

Special relations :

Let r be the radius vector, of magnitude r, from the origin to the point x, t/, z, and 

let J be any constant vector. Then

16. V-r = 3

17. V xr = 0

18. Vr = r/r

19. V(l/r) = -r/r3

20. V . (r/r3 ) = -V2 (l/r) = 0 if r ^ 0

21. V • (J/r) = J • [V(l/r)J = -(J • r)/r3

22. V x [J x (r/r3 )] = -V[(J • r)/r3] if r ^ 0

23. V2 (J/r) = JV2 (l/r) = 0 if r ^ 0

24. V x (J x B) = J(V . B) + J x (V x B) - V(J • B)

Integral relations :

If r is a volume bounded by a closed surface s, with ds positive outward from the 

enclosed volume,

25. / A • ds = I (V • A)c?r - Gauss's theorem
Js Jr

26. I (f>ds= f(V<t>)dr
Js Jr

27. /A xcfe = - /(Vx A)dr
Js Jr

If s is an open surface bounded by the contour /, of which the line element is dl,
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28. /A • d\ = f(V x A) • ds - Stokes's theorem

29. j><t>d\ = - l(V<t>) xds

B.2 Vector Relations in Curvilinear coordinates

Cartesian coordinates :

Orthogonal line elements are dx, dy, dz. 

Derivatives of all unit vectors are zero.

30. Vt = a + +

32.VxA=(^-^U + (^-^H + (^-^U
\ dz dx J \ dx dy

d2Ay d2 Ai i
' Qcty

Cylindrical coordinates :

Orthogonal line elements are dp, pd</>, dz.

SLP = cos </>ax + sin <t>a.y 

= — sin <>ax + cos

dap

All other partial derivatives of unit vectors are zero.
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„, „ ,35. W = * + -a, +

p Op p 

A - ( lA -
oo r72 / i a / a<A i
38. V2 V> = - o- + - +

2 4.
' P

Id A* _At I d^A* 2
p dp ? p2 d^ ? d<j> dz*

| | ldAz | l [ 
\ dp2 p dp p2 d<f>2 dz2

Spherical coordinates :

Orthogonal line elements are dr, rdO, rsmOdcf). 

ar = sin 0 cos (j)ax 4 sin 0 sin ^a^ 4 cos Oaz 

a# = cos 0 cos <f>ax 4- cos ^ sin <^ay — sin Oaxz

= — sin <^ax 4- cos 
dar _W ~ a''

= sm a0 , -^-T- = cos
o<p

All other partial derivatives of unit vectors are zero.

40. V^ = ar 4 —— a, 4 --

1 g(rMr) 1 
41. V-A-

ld(rAe } dAT

i a / 2 a0\ ^ i a / . ^\ i
43- V2^ = r + in^- +

*o
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_ r 2 dAr _ 2_ \_d2Ar_ cot 0 dAT 
V A - I - + ~ r +r2 r r2 002 r2

2cot0 2 
2 2 2 'r r

cot 
+V 9r2 r 9r r2 sin2 0 r2 d02 r2

1 dAe 2 9Ar 
2 2 2r2 sin2 0 a^2 r2 d0 r2 sin 0 d(f>

cot
dr* r dr r2 sin2 $ r2 96> 2 r 2

2
r2 sin2 6' a<)2 r2 sin6'"a" r 2 sin6>

B.3 The Corollaries of Gauss's Theorem

The 1st Green's theorem : 

45. < • ds = <>^-ds = J <V 2 i> + V • V<> dr

The 2nd Green's theorem :

46. / V>3~~ 4>~ 
Js \ on
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Appendix C

Useful Constants and Conversions

Speed of light in vacuum c = 2.99792458 x 108 m/s

Permittivity of vacuum CQ = 8.85418782 x 10~12 F/m

Permeability of vacuum /z0 = 4?r x 10~ 7 ///ra

Elementary charge e = 1.602177 x 10~ 19 C

Electron rest mass m = 9.10938 x 10~31 kg

Boltzmann constant K = 1.3806 x 10~ 23 J/K

Conductivity of copper 5.80 x 107 (ftm)" 1

Conductivity of aluminium 3.54 x 107 (Dm)" 1

Conductivity of seawater ~ 5

lTesla = 104 Gauss

1 aim = 760 Torr = 1.013 x 105 Pa

1 aim = 1.013 bar

1 Torr = 1 mmHg

1 Pa = 1 Newton/'m?

1 Newton = 105 Dyne
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