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ABSTRACT

Some problems in electrodynamics have been studied in the light of electromagnetic
field theory and computational techniques.

One is that of the retrograde motion of the electric arc — an old and intriguing
problem of physics. A more complete model based on electrodynamics has been pro-
posed for study of this problem. In this model, the plasma column is treated as a
flexible conductor. The associated 3-dimensional boundary-value problem was solved
by the boundary element method (BEM). It has been shown that the retrograde motion
can indeed be understood in terms of electrodynamics and a number of the reported
features of this phenomenon have been explained by the proposed model.

The others are concerned with a recent controversy in electrodynamics. It has been
discussed in the thesis that Lorentz and Ampere force laws are equivalent in the sense
of magnetostatics provided that the latter is appropriately used. The interactions of
electromagnetic forces on the systems of the electromagnetic jet propulsion and the
electromagnetic impulse pendulum have been examined. It turns out that the obser-
vations are consistent with the laws of electromagnetic energy and momentum. Two
aspects of the water-arc explosion problem have been studied. One is the electromag-
netic (EM) aspect which is calculated by the method of separation of the variables.
the other is the magnetohydrodynamic (MHD) aspect which is solved by the finite-
difference method (FDM). The numerical results of the two aspects show that neither
the pure EM model nor the MHD model for the incompressible fluid could explain
the explosive phenomenon; this strongly suggests that the shock wave produced by
the under-water arc must account for the phenomenon. On the wire fragmentation,
a preliminary study has shown that this phenomenon could be caused by the electro-
magnetically driven stress waves and a theoretical model has been proposed for further

investigation. This is described in an Appendix to the thesis.
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Introduction

There is an old mystery of physics known as the retrograde motion of the electric
arc that is under certain conditions (such as the gas pressure, the applied magnetic
field etc.) the cathode spot of a direct current electric arc maintained between two
metal electrodes seems to be moving in an opposite direction to that expected from
the Lorentz force law [1)-[5]. Although the phenomenon has been known for ninety
years since its discovery by Stark [6] and has stimulated numerous investigations which
result in many models giving explanation from different points of view, there is still no
theory that can account both qualitatively and quantitatively for all the observations.

On the other hand there is a recently increasing controversy in electrodynamics.
Some newly reported experimental phenomena, which, according to the reporters, seem
to be unexplained by classical relativistic electrodynamics, has put Lorentz force law
into a position challenged by the obsolete Ampere force law. Among these phenomena
one is that of electromagnetic jet propulsion, which shows a copper "submarine” driven
along the longitudinal axis of a mercury trough when current was forced to flow [118].
The second one is that of an electromagnetic impulse pendulum, which was devised to
demonstrate that for momentum conservation the electromagnetic field energy required
would have been 1000 to 2000 times as large as the energy that was actually available
from the source [126,127]. The third one is that of water-arc explosions, which purports
to show that electric arc current through salt water produces explosions by so-called
longitudinal Ampére forces [132].

Obviously, to understand these phenomena or to clarify these matters are real
problems in both science and engineering. That is the purpose of this thesis

The first part of this thesis, dealing with the retrograde motion of the electric arc,
begins with a more comprehensive introduction of the phenomenon and its histori-
cal background (Chapter 1). The previous and proposed electrodynamic models for

explanation of the retrograde motion are described in Chapter 2. The theoretical for-

mulation of the proposed model is given in Chapter 3 which includes a useful treatment
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of the boundary conditions at interface between conductors of widely differing conduc-
tivity. Chapter 4 discusses in detail the computation of electrodynamic forces on the
arc cathode spot using the boundary element method. This continues in Chapter by
describing the computer programme and the numerical results. Chapter 6 concludes
the first part of this thesis by explaining the phenomenon with the aid of the numerical
results obtained, which includes an extended electrodynamic model for explanation of
the retrograde motion of multi-spots.

The second part of this thesis, considering some recent issues in electrodynamics,
begins with a discussion of electrodynamic force laws (Chapter 7) which includes the
proof of equivalence of the Lorentz and Ampere force laws as well as the correct appli-
cation of the latter. The controversial issues on the electromagnetic jet propulsion and
the electromagnetic impulse pendulum are clarified in Chapter 8 and Chapter 9 respec-
tively, which involve discussions on the concepts of action and reaction, electromag-
netic field momentum and energy. Chapter 10, the last chapter of this thesis, studies
the phenomenon of water-arc explosion from two aspects, namely the electromagnetic
(EM) aspect and the magnetohydrodynamic (MHD) aspect with the application of the
method of separation of the variables and the finite-difference method.

Finally, the salient results described in this thesis are summarized as conclusions of

this thesis.



Part 1

Retrograde Motion of Electric

Arcs



Chapter 1

Historical Background

Suppose that a direct current electric arc is maintained between metal electrodes, and

a transverse magnetic field applied to it as shown in Fig.1.1.

ANODE

Retrograde

_—

< Arc-column

B. ®

-

Lorentzian

2ro CATHODE

Figure 1.1: The electric arc in a transverse magnetic field
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The positive column is always deflected in the same direction as a solid conductor.
Under certain conditions, however, the arc cathode spot moves the ”wrong” way, that is,
in a direction opposite to that in which the Lorentz force resulting from the interaction
of the current and the applied magnetic field would move it, dragging the deflected
column with it. This is the so-called retrograde motion and is one of the more intriguing
phenomena of the electric arc [1]- [5].

The retrograde motion has been observed to be dependent on the background gas
pressure, the applied magnetic field, the arc current, the cathode temperature and the
material, and the separation of the cathode and the anode. The phenomenon has been
known for nearly ninety years since its discovery by Stark [6] in 1903 and has stimulated
numerous investigations [7]-[43] not only because it has a fundamental interest in both
theory and application, but also because it is probably one of the most challenging
problems in arc physics. Many suggestions have been put forward to account for the
retrograde motion.

Tanberg [8] assumed that the neutral gas flow from the cathode results in an ion dis-
placement in the reverse direction which causes the retrograde motion. Rothstein [16]
tried to explain the retrograde motion by introducing the hypotheses of hole conduc-
tivity in high compressed metal vapour clouds near the cathode. Longini [15] related
the retrograde motion to displacement of the positive space charge as a result of the
positive ions and the electrons being deflected by different amounts in the applied
magnetic field. St.John and Winans [18] assume that the ions which are deflected in
the Lorentzian direction interact with a negative space charge near the cathode, fly on
due to their inertia and hit the cathode side opposite to the centre of primary electron
emission so as to cause new emission centres.

Robson and von Engel [20, 21, 23] suggested that the retrograde motion could
be understood by electrodynamics for two reasons. Firstly, the cathode spot is a
microscopic region whose transverse dimensions are no greater than 10~% ¢m so that in
the spot the self magnetic field arrising from the arc current could exceed the applied

magnetic field. Secondly, The density of cathode vapour' in the spot is ~ 102 ¢m ™3

1The cathode vapour pressure in the spot is well above the atm pressure.
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and the cathode fall region is ~ 5 x 10 ¢m. It is hard to imagine how the addition of
gas to a pressure of a few Torr,? or the variation of the position of the anode several
millimetres away can affect conditions in the spot, yet both these effects can bring
about reversal of the direction of motion. The second effect implies that the cause of
the retrograde motion does not lie in the cathode spot alone, but also involves the arc
column which can have a direct influence on the self magnetic field in the spot.

Ecker and Miiller [24] base their approach on the assumption that the electron and
ion motions are radially coupled by a space charge effect. The ions moving towards the
cathode form a potential hose which limits the electrons in their radial motion. The
applied magnetic field deflected this ion motion in the correct Lorentzian direction.
The electrons, travelling from the cathode, however, due to the hose effect, are forced
to move into the anti-Lorentzian direction and their collisions consequently produce
the new plasma on the retrograde side of the original spot onset.

Guile and Secker [25] suggest that the retrograde motion occurs because the inher-
ent self magnetic field of the arc current loop itself may exceed the external magnetic
field applied. Hull [26] attributes the effect to the drift of slow "residual” electrons in
the Lorentzian direction, parallel to the cathode surface, thus weakening the electric
field drawing the positive ions to the surface, so that the positive ion current on the
retrograde side predominates. Fursei [28] advanced an explanation based on the as-
sumption that the ion motion is influenced by explosions on microroughness dots on the
cathode. Sena [29] suggested an explanation of the retrograde motion by considering
the distortion of the path of radially emitted ions by the magnetic field.

Pimley [32] tried to predict the retrograde motion by means of the variational
(energy) method, in which the electric arc was modelled by a flexible wire loop and
the motion of the moving part of the loop was predicted according to a maximum
energy principle. Fang [34] connects the retrograde motion of vacuum arcs in transverse
magnetic fields with an outflow of positive ions from the cathode spot. In transverse
magnetic fields the high speed ion jets from the cathode to the anode are deflected

in the retrograde direction and thereby the positive space charge shifts to the same

2) Torr = 1lmmHg = 1/760 atm.
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direction. This leads to a displacement of the microscopic electric field between the
positive space charge and the cathode surface, and in turn to a displacement of the
active field emission sites in this direction and finally to the retrograde motion.

Drouet [37] attributes the retrograde motion to the asymmetrical confinement of the
cathode-spot plasma which results from the asymmetrical combination of the self and
applied magnetic fields. The confinement of the cathodic vapour on the retrograde side
of microspot enhances the electron emission on that side, and thus favours the observed
retrograde motion. Schrade [39, 40] attempted to explain the retrograde motion by a
unique stability theory based on an analysis of the statics and dynamics of a current
carrying plasma channel under the influence of an applied magnetic field and under
general flow conditions.

Moizhes and Nemchinsky [43] developed an explanation of the retrograde motion
based on the leading role of the Hall electric field. In a transverse magnetic field the
electrons flowing from the cathode spot towards the anode are deflected by the Lorentz
force. The surplus electric charges accumulate at the plasma-electrode boundary (pos-
itive at the retrograde side of the spot and negative at the opposite side), thus forming
a Hall electric field, which leads to an asymmetrical cathode voltage drop and to the
retrograde motion.

There are other theories which might be catalogued in addition the above mentioned
models. No attempt is made at this stage to estimate the validity of these previous
theories one by one because most of them rely on either assumptions or parameters
which cannot be tested. Two important reviews covering most of these theories have
been written by Kesaev [2] and Rakhovskii [81]. Nevertheless, at the present time,
there is still no theory that can account both qualitatively and quantitatively for all
the observations.

It can be seen that most of the explanations of the retrograde motion involve the
study of cathode processes to give the preferential formation of new cathode spots along
the retrograde direction [8, 15, 18, 24, 26, 29, 34, 37]. One line of explanation, which
is rather different from the others and seems to be more ingenious, is based on electro-

dynamics [20, 32]. This approach treates the retrograde motion as an electrodynamic
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event and will be futher discussed in the next chapter.



Chapter 2

The Electrodynamic Models

2.1 On Robson and von Engels’ Model

According to Robson and von Engel [20, 21, 23] the magnetic field acting upon the
cathode spot is the sum of the applied field B, and a self-field —u,I/R, where I is the
arc current and R an effective radius of curvature of the arc column where it joins the
spot (refer to Fig.2.1). The direction of motion is then determined by the direction of

the field B, given by

B = B, — p.I/R (2.1)

Retrograde motion occurs if the self-field exceeds the applied field.
Smith [12] has criticised this model on the following grounds. For his purpose, he
divided the arc path into three parts, «, § and 7 as Fig.2.1 shows, then he might carry

out his calculations based on two formulas

I
B=2L° (2.2)

27Ty

for the magnetic induction on surface of an infinite conductor bar of radius ro carrying

a current [; and
B2

P='2'N—0

(2.3)

for the associated magnetic pressure.! If we note that 1 Tesla = 10* Gauss and

1Refer to page 62 of the book by Shercliff [136].

9
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ANODE ’ I
Retrograde
 Arc-column
o >
Lorentzian
CATHODE

Figure 2.1: Smith’s arc model for evaluating magnetic forces

1 Newton = 10° Dynes we can transform Eqns.(2.2,2.3) into

I (0

"~ 5rg(em)

(gauss) (2.4)

B?*(gauss) dynes

p= (2.5)

8w sq cm
which were actually used by Smith. According to Smith, B’ = (1/10r) is the field at
K (see Fig.2.1) due to a semi-infinite bar of radius 7y, the region «; the field due to v 1s
also (1/107p) and the field due to region § is (21/15r¢). Adding the fields of «, § and
~, he obtained Bx = (I/3r¢) gauss. By defining pr = force per unit area directed in

the retrograde sense and py = force per unit area directed in the Lorentz sense, Smith

arrived at

(Bx — B,)* dynes

PR = 8w sq cm (26)
By + B,)?  dynes
T sq cm

where B, is the applied field inward, L to the paper, By is a field due to the arc

current on the convex side of the arc path. At this stage, Smith stated that By is less
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than By and in the same sense as B,, and to yield a resultant force per unit area in
the retrograde direction, Bx — B, must be greater than By + By, hence, B > 2B,.
Letting I = 3 A; and rg = 0.001 e he found Bx = 1000 gauss by assuming a current
density of 10° amperes per sq cm. He then argued that By is hardly able to exceed
2B, ranged upward to values near 10000 gauss in the experiments so that he concluded
that the resultant force is preponderantly in the Lorentzian direction and the theory
of Robson and von Engel is not sustained.

However, Guile and Seeker [25] pointed out that the magnetic field values deduced
by Smith are open to doubt inasmuch as the current density in a discharge varies
considerably over the cross section so that the calculation of the forces is even more

complicated and the fields cannot be determined in the simple way employed by Smith.

2.2 On Pimley’s Model

Pimley’s work [32] was aimed at reexamining the Robson-von Engel theory and to see
if it has any similarity to a certain problem involving a simple circuit of wires with a
moveable contact. The latter one was motived by another interesting electrodynamic

problem [45] and based on a variational (or energy) method in electromagnetism, i.e.,

1 ,0L
magnetic force = ;2-12%:- (2.8)

where L is the self inductance of the (arc) circuit, I is the constant circuit current and
z denotes a coordinate position in the circuit. Eqn.(2.8) implies a maximum energy
principle that is the magnetic forces in a conducting circuit tend to increase the circuit
inductance, thus the energy (I2L/2) of the current circuit so that at equilibrium the
energy is a maximum for the constant current case [46).

In order to apply Eqn.(2.8) to the problem of the retrograde motion, Pimley as-
sumed a shape of arc column as sketched in Fig.2.2 and proposed a criterion for the

occurence of retrograde motion

F.>F.+F, (2.9)
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ANODE I
Y
A
Retrograde P
B 4 Arc-column
B, ®
= I,
F. = \ >
Spot Lorentzian
2ro  CATHODE

Figure 2.2: Pimley’s arc model for explanation of retrograde motion

in which F. indicates the external force resulting from the interaction of the column
current and the applied magnetic field on the whole arc column, and was assumed to
have a value of (B,I d) in the Lorentzian direction, where d is the distance between
the anode and the cathode; F. denotes the resolved cathode local force on the curved
region BC in the retrograde direction while F, the resolved anode local force on the
curved region AB in the Lorentzian direction. Note both of F; and F; result from the
interaction of current elements in the circuit. Based on Eqn.(2.8), Pimley derived the
expressions for F, and F, for a special geometry of arc column and from Eqn.(2.9)
arrived at an equivalent criterion in terms of the applied and the self magnetic fields.

The criticism of Pimley’s model stems from the fact that the arc column is not a
rigid body so that the motion of any part of the column is not necessarily the same as
the other parts but merely dependent on the local forces exerted on it. Therefore the
criterion of Eqn.(2.9) is called into question.

Although the method of looking at electromagnetic phenomena from the stand-
point of energy has much to recommend it because of the three advantages in general

which are first that the conceptual framework of the subject is simplified, second that
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particularly simple methods of calculation can be devised from energy considerations,
and third that these methods of calculation are directly related to measurement tech-
niques [46), it seems that such advantages are not so important in dealing with the

problem of retrograde motion if one has to find force distributions (densities) locally.

2.3 The New Model

We also believe as Robson and von Engel, that the retrograde motion can be understood
in terms of electrodynamics, but we do not agree with their criterion for occurrence of
the retrograde motion because the cathode spot in reality is not just a point and over it
the fields change from point to point, so do the forces. Therefore the retrograde motion
cannot be judged by the field given by Eqn.( 2.1). Pimley’s model is also not suitable
for the reason given in the last section. Hence we have to seek a new electrodynamic
model.

For our purpose, let us first consider a cylindrical conducting wire with a radius
of ro and a finite length of zy as Fig.2.3 shows. In terms of line current elements, the

Biot-Savart law for a closed current circuit is given by?

dl x rpe
3
T12

B(r)=£21 4

where ry; = r — r' is the position vector from the source to the field. In our case,

(2.10)

dl=dza,, r=pa, r =za,and r; = V22 + p?. By substitution we get
P &

fo . % sinfdz
B = _1/ _smyds .
(,0) Ay 4 Jo (Z2+p2)2 Ay (2 11)

where 0 is the angle between the two vectors dz a, and ry,, thus sinf = p/\/27 + p?

and the azimuthal magnetic induction on the radial axis is given by

_ ol [ p i
B(p) = [ Er LR (2.12)

Let z = ptan so that

) = tan‘l(%), dz = psectpdp, (22 + p?)%/% = pPsecdyp (2.13)

2Refer to page 125 in the book by Panofsky and Phillips [50].
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z
4
Z =20
4
N Idl
Ii2
r'
— r - F
27‘0

Figure 2.3: A section of a cylindrical conducting wire

and

1 [a=Gole) dyp
B(p) = ==

4T p secy
= %%r{%sin(tan'l ipq) P _>_ To (2.14)

If z0 = o0, B(p) = Bwo(p) = pol/(4mp) which is the result expected for the semi-
infinite conducting wire. As shown in Table 2.1, even with a ratio z9/p of 4, the
resultant magnetic induction is 97% of that arising from the semi-infinite wire.

Now let us look at a simple arc model in Fig.2.4. According to Eqn.(2.14), the mag-

netic induction on the cathode spot resulting from wire section AB can be estimated

by

po 1

where d = BD is the distance between the anode and the cathode. According to
Robson’s experiment [21], for d = 0.5mm and I = 3 A the retrograde motion occurs

when the applied magnetic induction B, > 0.3 tesla below which the motion reverses to



CHAPTER 2. THE ELECTRODYNAMIC MODELS

Table 2.1: Relative magnetic induction vs ratio of 29/p

20/p | sin(tan™ zo/p) | B(p)/Boo(p)
2 0.894 89.4%
4 0.970 97.0%
6 0.986 98.6%
10 0.995 99.5%
A ANODE B

Arc-column

B, ® I

Retrograde

-

Spot region

CATHODE

Figure 2.4: A simple electric arc model
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the Lorentzian direction. From Eqn.(2.15) we find Byg(0.5mm) < 6 x10™*tesla < B,.
It is, therefore, hard to imagine that the current in the anode has an influence on the
directed motion of the cathode spot. To confirm this, let us look at another example.
According to Carter and Murphree [31], for d = 16.5mm, I = 540 A and B, = 0.7 tesla,
the cathode spot moves in the retrograde direction. Substituting the experimental
data into Eqn.(2.15), we again find Bpg{(16.5mm) < 3.276 x 10~°tesla < B,. Thus,
if the retrograde motion can be attributed to electrodynamic forces, the self magnetic
field must exceed the applied magnetic field somewhere in the spot region so that the
contribution from the anode current to the self magnetic field on the spot is too small
to be taken into account.

Letting p = 1o in Eqn.(2.14), we can immediately see from Table 2.1 that the self
magnetic field on the cathode spot is mainly due to the parts of the conducting wire
sections BD and CD near the spot. Thus, we can just consider the contribution to the
self magnetic field from nearby currents and ignore that from currents in the remainder
of the circuit.

On the basis of the foregoing discussions together with the following facts (i) that
the radius of cathode spot, which is no greater than 10=3cm [47, 48, 49|, is much
smaller than the dimensions of the cathode; (ii) that the distance from the anode to
the cathode is much larger than the radius of the cathode spot and (iii) that the arc
column is deflected in the Lorentzian direction [12, 20, 27, 31], we propose a new three
dimensional (3D) arc model for studying retrograde motion as shown in Fig.2.5 and

suggest that the direction of motion is determined by

Fr+ F, = / £(r)-a, dT (2.16)

spot
where f(r) is the electrodynamic force density arising from interactions of the spot
current with the self as well as the applied magnetic fields; a; is the unit vector
parallel to the spot surface but perpendicular to the applied magnetic field; Fgr and Fp
represent the resultant forces per unit length exerted on the spot in the retrograde and
the Lorentzian directions respectively. If |Fg| > |FL|, the retrograde motion occurs.
Thus to determine the electrodynamic force distribution on the spot plays a decisive

role in this model. Unfortunately at the present time it is impossible to measure this
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PLASMA COLUMN

PLASMA CROSS-SECTION

CATHODE

Figure 2.5: 3D physical model of an electric arc
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distribution due to the tiny size of the spot. Theoretical prediction is obviously difficult
and to best of our knowledge no attempt has yet been made. Hence it is purpose of
the next chapter to present a theoretical approach to predict the electrodynamic force

distribution on the arc cathode spot.



Chapter 3

Theoretical Formulation

3.1 Governing Equations

The governing equations for our proposed steady-state model are

VxE®r) = 0 (3.1)
V.jr) =0 (3.2)
i(r) = oE(r) (3.3)
VxB(r) = ui(r) (3.4)
V.B(r) = 0 (3.5)
f(r) = j(r) x (B(r) + Bq) (3.6)

where B, is the known constant magnetic induction applied. It should be remarked
that we do not attempt to go in detail into plasma physics so the plasma column is
just treated as an electric conductor and Ohm’s law! of Eqn.(3.3) is employed in our
theory.

By introducing a scalar potential V(r) and a vector potential A(r) so that

Er) = —-VV(r) (3.7)

B(r) = V xA(r) (3.8)

1Gtrictly speaking, the Ohm’s law in plasma is generally more complex [52]. Nevertheless, to a first

approximation, Eqn.(3.3) is applicable.

19
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Figure 3.1: A simplified 2D model of electric arc
we have
V¥V (r)=0 (3.9)
_Be [ (X))
A(r) = yp /T P dr (3.10)

where r’ is the source position vector and 7 indicates the whole current region. Equation
(3.9) is the familar Laplace’s equation. It is obvious that if the scalar potential is known

the other field quantities of interest can be determined.

3.2 Boundary Conditions

In general the unique solution of Laplace’s equation can only be determined when
the associated boundary conditions are applied. For our purpose we have to solve a 3D
boundary value problem. Apart from the irregular boundary of the plasma column,
the coupled boundary between the plasma and the cathode makes the problem even
more difficult. Therefore we first look for the possibility of decoupling the problem. To
do so, let us consider a simplified 2D model in Fig.3.1, where r; ; are the radii of the

cathode and the plasma column, respectively, and the cathode is assumed to extend a
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long way from the interface.
A general solution of Laplace’s equation in cylindrical coordinates can be derived

analytically and given by?

V(p,$,2) = Voo + 3 Rul(p)@(nd)Z(2) + 3 3 Rulkp)@(ng)Z(kz)  (3.11)

n#0 k#0 n
with

Voo = (Af+ Bylnp)(Aoz + Bo)(Cod + Do) (3.12)
2(z) = Aoz + By (3.13)
Z(kz) = Ape** 4+ Bie™ (3.14)
®(ng) = C,&"* + Dye ™ (3.15)
Ra(p) = Aop" + Bop™" (3.16)
Ru(kp) = ATu(kp)+ BiYu(kp) (3.17)

where J, is called a Bessel function of the nth order of the first kind and ), a Bessel
function of the nth order of the second kind.?

In our case because of the symmetric structure V should be independent of ¢, this
leads to n = 0 and Cy = 0. Furthermore, V should be finite at the symmetric axis of
p = 0, this requires Bj = 0 and Bj, = 0 since ,,(0) is infinite. Considering all of these,

Eqn.(3.11) degenerates to

Vip,2) =Vot+ Aoz + ) (Akekz + Bke_kz> Jo(kp) (3.18)
k#£0

in which V; is a constant. We note from Eqns.(3.3,3.7) that

j=—-oVV (3.19)
so that a general solution for the current density is
ip,2) = _Uavg;,z) = —0o {Ao +3 k& (Akekz - Bke—kz) Jo(kp)} (3.20)
k#£0
ip,2) = _aavx,z) = -0 {;ok (Akek"’ + Bke"”> Jl(kp)} (3.21)
Je(ps2) = _%av&();,z) =0 (3.22)

2See page 169 of the book by Smythe [53].

33, is also referred to as Neumann’s function.



CHAPTER 3. THEORETICAL FORMULATION 22

Since j, must vanish at the boundaries of p = r; , we get

Ji(kry2) =0 (3.23)
it follows
kzk}ﬁz:ﬁn_ form=1,2,3,--- (3.24)
T1,2

with a,, the mth non-zero root of the Bessel function of the first kind of the first order.?
Thus Eqn.(3.18) becomes
el 1,2 1,2
VO (p,2) = Y 4+ APz 4 3 (AGDekn ™z 1 Bude—hn) 7 (k1)) (3.2
m=1
where superscripts 1,2 inside the brackets indicate the quantities for the cathode and
the plasma regions respectively.
Further consideration is that the length of the cathode is much larger than the spot
radius which enables us to assume that the cathode extends to infinity so that B{}) = 0

because the current is finite in the cathode as z — —oo. Finally, we arrive at

m

VO(p,2) = V4 4Pz 4+ 3 AD (kD p)ekn'? (3.26)

<
—
[\]
~—
~
R~
N
N’
I

m=1
o0 (2) ., _1(2).
VO + APz + Y (APeRD7 4 pReh ’~) To(kPp)  (3.27)

n=l1

for the general solutions of potential in the cathode and the plasma column, and

Nl (1)

W(p2) = —o“>{Aé"+ > AWK To(kD p)eb } (3.28)
m=1

. d (2) , —12),

J005) = —o A4 3 (AP - peh ~)kff>ao(kff>p)} (3.29)
n=1

for the associated axial current density. For our purpose, we use the subscript n
indicating the harmonics in the plasma region.

If we assume that jgl) 1s uniform and equal to a value of —]0/(7r1'f) as z — —00,
where minus sign indicates the current flowing oppositely to the z direction, we get
immed_iately

I
A = 2 (3.30)

ocWrr?

4The solution of a,, is given in Appendix 3.1.
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from Eqn.(3.28). The other unknown coeflicients are to be determined from the bound-

ary conditions for this particular problem

1 (2)

. 7:2(p,0) for0<p<r,

iM(p,0) = (3.31)
0 forr,<p<mn

V(z)(p,O) = VW(p,0) forp<r, (3.32)

VO(p,d) = v, for p < 1y (3.33)

where the distant plasma cross-section is supposed to be an equipotential surface.
Notice that Eqn. (3.32) is equivalent to the boundary condition Et(z) = Et(l) on the
interface, where the subscript ¢ indicates the transverse component.

Substituting Eqns. (3.26,3.27,3.28,3.29) into the above boundary conditions gives

o [Aé” + Y A&i’kwo(kfs’p)]

m=1

o [AffuZ(A;”—Bs”)kwo(kg”m] eospsn
= n=1 3.34

0 forr,<p<n
V® + 3 (AD + BV To(kPp) = ViV + 3 ADTo(kPp) for0<p <y (3.35)
n=1 m=1

had (2) (2
V@ + AP d+ 3 (APHRVD 4 BORI 7600y = v pr0<p <y (3.36)

n=l1

In order to make Eqns.(3.34,3.35,3.36) solvable, we need to use one of the orthogonal

properties of the Bessel function,® that is

ﬁlt;[570()\1'1’)]2 for A= X
0 for A # X
if AR and X' R are the roots of J3(z) = —J1(z) = 0. It might be noted that the choice

of AR or MR to be the root of J;(z) = 0 instead of Jo(z) = 0 is for applying the result
in Eqn.(3.23).

[ po¥) Tl p)dp = (3.37)

Multiplying the both sides on Eqn. (3.34) by pjo(kg?p) for m' = 0,1,2,... and

integrating them from p = 0 to p = r;, we obtain®

Tl r2
U(l)Agl)/o pdp = U(z)A‘(’Z)/o pdp form' =0 (3.38)

SRefer to Gray and Mathews [54], pp.14-16 and 91.
5Note £V = k) = 0 and Jo(0) =1 .
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which gives
AP = I/ oD rr? (3.39)

and
T2
o ADEDTo(kPr)Pr2/2 = oD AP [ pTo(kDp)dp

+ LA OED(AD = BO) [ 2o (KDp) To(kDp)dp
0

n=1

form=m'=1,2,... (3.40)

according to the orthogonal property of the Bessel functions. In a similar way, multi-
plying each side of Eqns. (3.35,3.36) by pjo(k,(f,)p) for n' = 0,1,2,... and integrating
them from p = 0 to p = r,, we get
(A2 + BOY T (kPra)raf2 = 30 AD [ p0e(kD)To(Dp)dp
" forn=n'=1,2,.. (3.41)
(Aff)ekf(tz)d + B£2)e_k7(12)d)[Jo(kff)rg)]zr%/Z =0 forn=n"=12,.. (3.42)

W=V =~ /27 3 AR |7 pokPp)dp forn'=0  (3.43)

m=

APd + v‘” V, forn'=0 (3.44)

Equations (3.40)-(3.42) can further be written into the matrix forms

[AY) = (O] + [My2)([A®)] - [BP)) (3.45)

[AD] + [BP] = [My)[AY)] (3.46)

[A®)] = —[D)[B®] | (3.47)

where [A®M)] = [Agl),A )T, [AP) = [A(z) A(Z) .JT and [B®)] = [B(z) ,..]T are

the unknowns with the superscript T' denoting the matrix transpose; the remaining
matrices are known with the elements given by
2) / pTo(k,,
C(m,1)

- gu)k" ETEATE r)]2 (3.48)

T2
a<2>k$3>/0 pJo(k$) p) To(k$) p)dp

Mi,(m,n) = 2 ,
12(m, n) S OED TV rl)]2 (3.49)
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2/0r2 pTo(KP p) To(kV p)dp

My (n,
n(m) TR AT

(3.50)

D(n,n) = diagonal e_2k$12)d (3.51)

Substituting Eqn. (3.47) into Eqns. (3.45,3.46) yields a system of linear equations

( 1 (M1 + D) ) ( 4] ) _ ( €] ) 352
~[Ma]([1] - (D)) ) \1ser) \ [

where [I] represents the unit matrix and [0] the null matrix. Equation (3.52) can be
solved for [AM] and [B®] by any standard algorithm,” and then [A®] is determined
from Eqn. (3.47).

Now let us look at Eqns.(3.43,3.44). Since the potential is relative we have freedom

to choose a reference potential. If V,, is given, then

v = v, - APd (3.53)
W = (3127 30 A [ pdo(kYp)ds (3.54)

m=1

If instead we put the term Vo(z) = 0, we have

v, = APd (3.55)
W= 032 S AY [ ke (3.56)

Either set of the solutions together with the solved unknown coeflicients will give a
particular solution of the problem. For our purpose, we chose the second set of the
solutions because this leads to more favourable boundary conditions for numerical
computations later on.

We note that the dimension of the linear equation system of Eqn. (3.52) is infinite
because the number of the harmonics expanded is theoretically infinite. For computa-
tions the number must be truncated, say the first M expansions in the cathode region

and the first NV in the plasma region. However the truncated numerical results suffer

"We used a routine based on the least squares solution [55).
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from the so-called relative convergence problem, that is a stable solution depends on a
ratio of N/M for a certain value of M. Some investigations have been carried out and
finally M = 150 and N = 30 were chosen to obtain a stable numerical solution with a
smaller computation.

For our purpose we fixed o) = 107(1/Q - m), the order of the conductivity of
copper, and let 0(® /(1) = 101,102,103 and 10~* respectively. It was found that
the current densities j{'?(p,0) and j{!)(p,0) were almost unchanged but j{%)(p,0) de-
creased linearly with a decrease in the ratio of 0®/¢{1). For clarity only the results for
0 /g() = 10~! are shown in Fig.3.2, where the current densities are normalized by the
average spot current density j, = Io/7r2, and the associated current flow pattern is il-
lustrated in Fig.3.3. Considering E(¥) = EM or j{/0® = ;1) /6(1) and the magnitude
of j() is the order of that of j{'? at the interface, we have j{?(p,0) o 2(p,0)0®) /o)
for p < r;. This implies that for the small ratio of ¢{?)/g{1) the transverse current den-
sity on the plasma side of the interface could be ignored as compared with the normal
current density. Hence we could approximate the boundary condition E't(z) = 0 or
V@) = 0 on the plasma side of the interface and solve the boundary value problem
independently for the plasma column itself, and then take the normal current density
determined on the plasma side of the interface as the known boundary condition on the
cathode side to solve the boundary problem for the cathode separately. To demonstrate
this approach, we apply it to the 2D problem.

Firstly, imposing the boundary conditions

V®(p,0) =0 forp<r, (3.57)
V@(p,d) =V, forp<r, (3.58)
upon Eqn.(3.27), we get
G2+ (A9 4 BY) o(kPp) = 0 (3.59)
n=1

e (2) ~L(2)
D+ aPd+ Y (APk 4 BOe k) 7a0p) = v, (3.60)

n=1

Multiplying pJo(k,(f,) p) for n' = 0,1,2,... and taking integrations over 0 < p < r; with



CHAPTER 3. THEORETICAL FORMULATION 27

respect to p gives

i@ _ g (3.61)
20 '
Ve + APd = Y, (3.62)
for n’ =0, and
r3 [j( (2)7,)]2 ( ) 4+ B(2)) = 0 (3.63)
" S Jo(kPr )]2( kD 4 B kz"’) = 0 (3.64)

for n’ = 1,2, ..., according to the orthogonal property of the Bessel function. Obviously,

the solution is

%(2) = 0
v, = APd (3.65)
A? = B@ =0 forn=1,2,..
thus
V&(p,2) = Az (3.66)
ipz) = —oAY (3.67)

which means j{?) is a constant so that for a given current o,

1o

(2) _ _ 1o
17 (py 2) p— (3.68)
(2) Lo
Ag o@rr? (3:69)
Secondly, applying the boundary condition
(2)
J:7(p,0) for 0 < p <y
10(p,0) = (3.70)
0 forr, <p<my
to Eqn.(3.28), we obtain
(2) 4(2)
oW A + Z ADVED To(kp )] A frs e (3.71)
0 forry < p <y

Similarly, multiplying pjo(k,(,:,) p) for m' = 0,1,2,... and taking integrations over 0 <
g g S

p < r; with respect to p yield

(1) (1)7'% (2) (2)73
o' A, -2—=a Ap 5 (3.72)
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Jz/Ja for coupled problem 3o/ Ja for coupled problem
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Figure 3.2:  Current densities on the interface for the coupled problem
Real lines : current densities on the plasma side

Broken lines : current densities on the cathode side
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Figure 3.3;:  Current flow pattern (not to scale)
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Jz/Jja for decoupled problem Jo/Ja for decoupled problem
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Figure 3.4.  Current densities on the interface for the decoupled problem
Real lines : current densities on the plasma side

Broken lines : current densities on the cathode side

oADK LT (KD )] = 04D [ p (kD p)dp (3.73)
which result in
a _  Jo
A e (3.74)
20’(2)A2 T2
1) = / To(kWp)dp form =1,2,.. 3.75
" 0'(1 [\70(1v7n Tl)]zk,(,i) Y p O( ' p) p ( )

thus we solved the boundary problem of the cathode itself.

The computed results based on the decoupling approach are shown in Fig.3.4 where
one can see clearly as compared with Fig.3.2 that the results obtained by this approch
are almost the same as those determined from the coupled problem. Therefore the

decoupling approach is valid as it would be expected and we can deal with two separate
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3D boundary value problems, namely, for the plasma column :

ViV(r) = 0 in the plasma column

0 on the spot interface
V(ir) = (3.76)

V, at a distant plasma cross-section
oV (r)
on
and for the cathode :

= 0 on the column boundary

V¥V(r) = 0 in the cathode

(3.77)
8‘;(:) = @(r) on the closing boundary

where (), the directional derivative of the potential on the boundary, is supposed to be

known. The problem of (3.76) is the mixed boundary value problem while the problem
of (3.77) is the second boundary value problem (Neumann problem). We note that
the problem of (3.77) still has infinitely many solutions. That is, Eqn. (3.77) involves
the derivatives only, so that V(r) can be altered by an additive constant. To make the

solution unique, a reference potential must be fixed.

3.3 Integral Equations

Even with the decoupled boundary conditions an analytical solution of our problem is
still difficult to be obtained mainly because of the irregular plasma boundaries.

The solution of field problems by conformal mapping is an analytical approach
which has been extensively used. It is based on the properties of analytical complex
functions and thus can only be applied to problems which can be reduced to Laplace’s
equation in a two-dimensional region. Clearly, this approach is not adoptable to solve
our 3D boundary value problem.

The so-called method of separation of variables, which leads to series solutions, can
be considered as being more general than the other analytical methods. But it suf-
fers from severe restrictions essentially related to the treatment of the boundary and
interface conditions. In practice, its use requires the existence of a suitable coordi-
nate system, which must fulfil two conditions: (i) every boundary or interface surface

must coincide with an equi-coordinate surface; (i1) the coordinate system must allow
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the separation of variables. Both these conditions are rarely satisfied in our plasma
problem.

Another approach is that of the integral equation. Most differential equations
together with their boundary conditions may be reformulated to give a single integral
equation. If the latter can be solved, the mathematical difficulties are not appreciably
greater even when the number of independent variables is increased, while differential
equations, such as Laplace’s, are considerably more complex in three dimensions than

in two. Therefore we express our problem in terms of the integral equation [58]

V(r) = /F(G(r,r’)g—‘; - V%ﬁz)dl‘ (3.78)

where I' is a surface enclosing a homogeneous region 7 and

4

1 if risinside 7

c=14¢ 0 i risoutsider

\ % if ris on I' (smooth)

G(r,r’) is the Green function which, in general, is the solution of Poisson’s equation
V2G(r,r') = =6(r = 1) (3.79)

subject to boundary conditions, where ¢ indicates the Dirac delta function [56]. In free

(unbounded) space the Green function is given by

1

“E = T

(3.80)

Notice that in Eqns.(3.78) the directional derivative d/0n is along the direction of the
outward normal n of I' and with respect to r'. Obviously, if 0V/0n and V are known
over the whole boundary, the solution of the potential inside the region can be found
with the free Green function of (3.80).

For the plasma column, however, neither 0V/0n nor V are known everywhere on I’
and it is also not easy (may be impossible) to find a particular Green function which
vanishes on both the spot interface and the distant plasma cross-section as well as
whose normal derivative vanishes on the flexible column boundary so as to get an

exact analytical solution. Hence we have to find the remaining unknown boundary
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values of the plasma column through another approach, which will be discussed in the
next chapter.

For the cathode, to solve the problem of Eqn. (3.77) by the integral equation we
must eliminate the surface integral involving V on the R.H.S. of Eqn. (3.78). This can
be done by requiring that 0G/0n be constant over I' and by imposing

/F Vdl =0 (3.81)

instead of a fixed reference potential for the unique solution [57]. Thus, Eqn. (3.78)

reduces to

V(r) = /F G(r,r')g—‘;dr (3.82)

where the Green function is the solution of

ViG(r,r') = =é(r—r') inrt
9G (3.83)
o = const. on I’

Since the spot radius (rp < 1073¢m [21]) is much smaller than the cathode dimensions,
the cathode boundary planes except for the z = 0 plane seem to be located at infinity
in comparison with the spot dimension. Furthermore, we are only interested in the

fields around the spot. Thus the problem of (3.83) can be approximated by

ViG(r,r') = —=é(r—r') in half space z <0
oG (3.84)
o = const. on z = 0 plane
and the solution is
G(r,r') = ! ! ! 3.85
(r’r)_4—7r(|r—r’|+|r—rf,|> (3.85)

where r, = r' - 2(r’ - a;)a,, the image of r’ with respect to z = 0 plane. For our
formulation, from now on we denote the cathode potential by vtto distinguish it from

the plasma potential V. Then the potential of the cathode is finally given by

t
t _ i 1 1 oV
Vi) = /s,,ot (Ir it eor) @ (3.86)

because oV | /On = 0 on z = 0 plane everywhere except for the spot, on which

vl _adv

_37_%372

(3.87)
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where 0, and o, represent the conductivities of the plasma and the cathode, respec-
tively. Evidently once dV/0n on the spot is found through the plasma problem, VT(r)
of the cathode is fixed. We shall solve the plasma problem by the boundary element
method (BEM).

Appendix 3.1

McMahon’s method® of calculating the zeros of J,(a) and J/(«) :
(1) The general formula for the mth root of J,(a) =0 is

c—1 4(c—1)(Tc—31)
8a 3(8a)3
32(c —1)(83c® — 982¢ + 3779)
- 15(8a)®

oM = a-

(3.88)

where ¢ = 4n? and a = in(2n —14+4m).

(ii) The general formula for the mth root of J.(a) = 0 is

c+3 4(7c*+82c—9)
T 8b 3(80)3
32(83¢® + 2075¢ — 3039m + 3537)
- 15(8b)° e

o™ = b

(3.89)

where ¢ = 4n? and b = %w(2n +1+4+4m).

8From page 79 of the book by Gray and Mathews [54]
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Boundary Element Method

Formulation

4.1 General Approach

Discretizing the boundary I' into M boundary elements denoted by I', (m = 1,2, .-+, M),
Eqn.(3.78) becomes

vV 0G(r,r
Z/ Grr) 5 =V glr))drm (4.1)

where the Green function is given by Eqn. (3.80). Arranging N sampled points (nodes)
over the boundary, located by r; (¢ = 1,2,-.-,N); indicating the boundary values
associated by Vi (¢ = 1,2,--+,N) and Q; =0V;/0n(: = 1,2,- .-, N); representing the
boundary values over each boundary element by the interpolation according to the node
boundary values within it; letting V(r) on the L.H.S of Eqn.(4.1) take the values at
these sampled points, namely V(r;)=V;(¢ = 1,2,---,N); a system of linear equations
can be arrived at

(Hy Hyp - Hy \ (V) (Ko Ko - Kn (@)

Hyy Hy -+ Hyn |Z Ky Ky -+ Kan Q2

\ Hvi Hye - Hyn )\ W) \Km Kno - Knv )\ Qn )
The determination of the matrix elements H;j, K;; is discussed later on and here we

suppose that they all are known. Because our boundary value problem is the mixed

34
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type, i.e., the boundary values of the potential are only known over one part of I while
the boundary values of its normal derivative are only known on the remainder part,

Eqn.(4.2) is so rearranged

( ~[Klu [Hs ) ( @), ) _ ( K0, [Q): — (HlulV, ) )
—[Kla [H]a2 V], (K], (@2 = [H]a[V]:

where [V]; = [V, Va, -+, VT and [Q]; = [@nrg1, @nrg2, - -+, @n]T are known, whereas
V]2 = [VNit1, Vvigz, -, W)t and [Q); = [@1,Q2,-+,@Qn]T are the unknowns.

[K)irj» and [H)ij for #/,7' = 1,2 are the associated submatrices. Eqn.(4.3) can be

written into a standard form
[A][X] = [C] (4.4)

and solved by any standard algorithm.

4.2 [H] and [K| Matrices

For our purpose each boundary element I',, is chosen to be triangular and flat. The
function V is supposed to be constant over elements on both the spot interface and the
distant plasma cross-section, and has a linear variation over elements on the column
boundary while the function 0V/0n is taken to be constant over all elements. This has
advantages of (i) being more consistent with the prescribed boundary conditions and
(i1) avoiding special treatment on the corner nodes (the common nodes of the adjacent
elements between the column boundary and the spot interface or the distant plasma
cross-section) where the 0V/0n is not unique.

The element on both the spot interface and the distant plasma cross-section has its
node inside as Fig.4.1(a) shows and both of V and dV/0n take their nodal values over

the element, hence we have

V@G(ri, r')

dl' =V, h; ., 4.5
T'm on ’ (45)

with

. 3G(r,~, r’)
Bim = / g (4.6)
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§2
node 2
o
node
- &1
node 3 node 1
(a) (b)
Figure 4.1:  Triangular boundary elements
(a) Constant element; (b) Linear element
and
NOV
/m G(ri,r )a—ndr = Qmkim (4.7)
with .
. - . /
kim = [ Glro,¥')dl (4.8)

where h; ,, and k; ., are influence coefficients defining the interaction between the field
point 7 interested and the node on an element m.
For the element on the column boundary, each has three nodes on its vertices as

Fig.4.1(b) shown and the potential at any point on the element is defined as

3
V(fl, 52) = Z Np(fl, 62)‘/17’;, (4-9)
p=1

in which V? indicates the nodal potential at a local node p of an element m and

N?(&;,€,;) are the interpolation functions given by

N? =&
N2=¢ (4.10)
N=1-&4-6&

where ¢; and &, are area coordinates which have values ranging from 0 to 1. Thus the
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surface integrals over the linear element can be written as

V
0G(r;, ') B 1 a2 3] OG(xri, 1) 5
T =, e = v
3
.anz.
= [kl k3] | vz (4.11)
Va
where
,0G(r;, r')
P .—’_ =
hY Fm 5 dl’ forp=1,2,3 (4.12)

represent influence coeflicients defining the interaction of the field point ¢ under con-
sideration with a local node p on an element m.

Denote the elements on both the spot interface and the distant plasma cross-section
bym =1,2,---, M" and the corresponding nodes by ¢t = 1,2,---, N'. Similarly, denote
the elements on the column boundary by m = M'+1,M'+2,---, M and the nodes by
t=N'+1,N'"+2,-.-,N. Thus for a particular field point z, Eqn. (4.1) can be written

as

Vit hiatVi+hiVa+ o 4+ hin Vi

+ ki g Vagrer + B Vi + B Var

=k Q1+ ki2Q2+ -+ kNN (4.13)

Note that any node on the column boundary may be a common node for two or more
adjoining elements, we need to add the contribution from these elements into one term,

ioe-,

; ; ht . (4.14)

for those of m (M'+1 <m < M) and p (1 £ p < 3) such that the local nodal potential

VP is identified with the global nodal potential V; (N’ +1 < j < N), then Eqn.(4.13)
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becomes

Vit hitsVi+hisVo+ o4+ bV
+hiniVNgr + o+ bV

= k,',1Q1 + ki,2Q2 +-o0 ki,N’QN’ (4'15)

Letting ¢ = 1,2, .- N in Eqn.(4.15) yields a system of equations which can be arranged
into the matrix form of Eqn.(4.2) with the identities

b g
oy = M eE (4.16)
¢ + h,',j if ¢ = ]

Ki; =k if j <N (4.17)

We need not to calculate K;; for j > N’ because Q); = 0 for j > N'.

It has been pointed out! that if the surface is not smooth at the point : the ¢; = 1/2 s
no longer valid, but one can calculate the diagonal elements of [H] without determining
¢; by using the fact that when a uniform potential is applied on the whole body the

normal derivatives must be zero. Under this condition Eqn.(4.2) becomes

((Hy Hyp - Hw \[ W) (0)
H Hyy --- H V 0
21 22 2N 2 | _ | (4.18)
\ By Hyz - Hyw )\ Vv ) \0)
where Vi = V, = -+ = Vjy are not zero in general. Thus the sum of all the elements of
[H] in a row ought to be zero, i.e.,
N
ZH,'J‘:O fori=1,2,---N (4.19)
et
it follows
N
H,‘,"‘—'-— Z H,‘j fori=1,2,---N (4.20)
I=l#
which also implies that
det[H =0 (4.21)

1Refer to Brebbia, Telles and Wrobel [64], page 111.
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because

(S Hy Hy - Hy )
J=1

Y Hy; Hy -+ Hpy
J=1

det [H] = det (4.22)

i=1

Y Hyn; Hyy - HNN)

Hence the diagonal elements of [H] for any closed domain are always determined
once the off-diagonal elements of [H] are calculated according to Eqn.(4.20). The
calculations of H;; (¢ # j) and K;; (j < N') are discussed next.

4.3 Surface Integrals

In the BEM one has to evaluate many surface integrals such as Eqns.(4.6,4.8,4.12). It
is convenient to evaluate these integrals based on the local area coordinates (1, 7).

The global coordinates within the element are interpolated linearly by

3

2'(,6) = D NP(&,&)eh,

p=1
3
y'(€,6) = D NP(&,&)¥h (4.23)
p=1
3
z’(€1’€2) = ZNP(€1)€2)‘251
p=1

in which, see Fig.4.2, ( z',y',2' ) represent the global coordinates of the source; (
2P yP, 2P ) denote the global coordinates at the point of the vertex p on the element
m which are known once the surface mesh is defined; and the interpolation functions

N? are the same as those given in Eqn. (4.10). As we know from vector algebra that the

magnitude of vector cross product is equal to a value of an area associated, it follows

dT = |n|d¢,dé; (4.24)

with the outward normal of the triangular surface

96 96

n =
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n
(@ Y 2)
(0,1) {2
2
(0,0)
(@50 Y 2m) 3
(=59, ) | Element m
z
f
r’ 1
(1,0)
/ - Y (xrlnayrlnazrln) 61
z
Figure 4.2:  The local area coordinates of a triangular element

oz' 0Oy’ 07
= | 3¢, 06 0
o afﬁ o

06 06 06 |

= nga; +nya, +n,a,

Substituting Eqn.(4.23) into Eqn. (4.25) gives

n, = (yh —y2)(22 —23) — (23 — 22) (& — v3)
n, = (2} —23)(a% —a3)— (a5, — 2 )(25 — 2)
n, = (a} —a2)wZ —y3)— (v — v )(zZ —22)

so that

In| = \/nf.-l-ng-i—nﬁ

which 1s equal to the twice of the area I';,.

40

(4.25)

(4.26)

(4.27)

We also need to express the variables of integration of the free Green function and

its normal derivative in terms of the local area coordinates, that is for a given field
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point @
1
G(ri,r') = 4.28
(ki ¥) 4 {[z; — 2'(€1, &) + [yi — ¥'(61, &) + [z — 21(61’52)]2}1/2 ( )
_aﬁ(él;;;l‘g = V’G(r,-,r') ‘N

[xi - $’(€1,€2)]n1- + [yi - y,(gla 62)]”3/ + [Z,‘ — Z,(§1a€2)]n2

dnin|{[z; — 2'(&1, €))% + [vi — ¥'(&1, &)]* + [z — z'(ﬁlaﬁz)]z}wz
(4.29)

where ny denotes the unit normal.

So far we have transformed the surface integrals in Eqns.(4.6,4.8,4.12) into the form

I= /Fm F(&1,€2)In|dérdE,

over a triangle of area I';,. This type of integral is usually evaluated using Hammer’s

numerical formula [59], that is

[ P einldade = B3 v e (4.30)

where £, £ are the area coordinates of the s-th sampling point and w’ is the weight
associated with the s-th sampling point. Values of the constants w?, {§, {5 for the
various N are given in Appendix 4.1. The Hammer’s formula is thought to be the best
from the point of view of both numerical efficiency and aesthetics because its sampling
points are fully synumetric with respect to the three vertices of the triangle [60].

In the BEM we not only deal with the regular integrals but have to encounter the
singular or nearly singular integrals when the distance between the field and the source
tends to zero. Our experience indicates that the scheme on the R.H.S. of Eqn.(4.30) is
adequate for the regular integrals but not accurate enough for the singular or nearly
singular integrals because only up to 13-point schemes are available. In this case, one
can use the Gaussian quadrature,? which has much higher order schemes. Thus the

L.H.S. of Eqn.(4.30) can be expressed as

[ Feemldade = i [ [ Fentdads

2The standard 2D Gaussian quadrature is given in Appendix 4.2.
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|r21| 2’2 wS(lz— ) :: WF(E L) (4.31)
where
£ = %(1 +7°)
PRLET: S

where 7 (i = s,t) denotes the value of the i-th Gaussian sampling point and w* (7 =
s,t) is the weight associated with the i-th sampling point, which are listed in Appendix
4.2,

Another way to deal with the singular or nearly singular integrals is to seek some
coordinate transformations to cancel or to reduce the singular behaviour [61, 62, 63].
Suppose the field point is located at a vertex, say vertex 3, of a linear element and set
up two auxiliary local coordinate systems with their origins at this vertex as Fig.4.3

shows. We deduced a coordinate transformation®

&L o= Lz;p (sin ¢3 cos ¢ — cos ¢3sin @)
(4.32)
&L = L:Bp sin ¢
with
D = L31L23 sl ¢3
L%, + L% — L2 )
_ -1 [ L3 31 12
Po = ot ( 2Ls Lo
so that
¢3  rr2(9)
/I‘m F(&1,6)In|dédE, = /0 /0 F(p, d)pdpded (4.33)
where
_ L3, sin ¢,
9= i+ o)

3See Appendix 4.3 for details.
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>~ gl)x

Figure 4.3:  Linear element for transformation between
the area and the polar coordinates

L2 + L2 — L2
— Cos—l ( 31 12 23)
¢1 2Ly Lns

In evidence, if F(p, ¢) is type of 1/p or 1/p?, the R.H.S. of Eqn.(4.33) will cancel

or reduce the singular behaviour, which can further be evaluated using the Gaussian

quadrature

¢3  rr2(d) Ne o5, (45 Nt
/0 /0 F(p, ¢)pdpdd = ?23 2 w—p;'(?—zz:wtf(pt, ¢°)p" (4.34)
s=1

where

We note that in Eqns.(4.31,4.34) the number /V; of the sampling points of £, or p and the
number N, of the sampling points of £; or ¢ can be chosen from a wide range and they

are not necessarily the same. N = N;x N; gives the total sampling points on the surface
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element over which the integration is taken. For example, N; = N, = 10 gives a 100-
point scheme which is much more accurate than Hammer’s 13-point scheme. Generally,
the higher the sampling number, the more accurate is the numerical integration, but
at the cost of the computation time. It was found worthwhile to monitor the distance
from the field point to the source element (the element over which the integration is
taken) and to use this information to select an appropriate integration scheme so as to
ensure the accuracy and to save the CPU time as well. The distance was estimated by
comparing the area of source element with the sum of areas of three triangles which are
obtained by connecting three vertices of the element to the field point. Letting r;;, 72
and r;3 denote the distances from the field to the three vertices of the element while

Li;, Lys and L3; denote the distances between the adjoining vertices, we define a ratio

Ry = fZ? (4.35)
where
Ae = +Jao(ao — Li2)(ao — Lzs)(ao — La1)
Ay = yJai(a — ria)(ar — riz) (@ — La)
+ Jax(az — riz)(az — 7i3)(az — Las)
+ Vas(as — ri3)(as — ri1)(az — La)
with

ao = (L2 + Las+ L31)/2, ay = (rin + riz2 + L12)/2
a; = (rig+ i3+ L23)/2, az=(ris+rin+ La1)/2

Thus if R4 = 1, the field point is inside the source element and the integral is of the
singular type; if R4 = 1, the integral is of the nearly singular type; if R4 > 1, the
field is far away from the element and the integral is regular. Our experience (some
test examples are shown in Table.4.1 and Table.4.2) indicates that when R4 < 1.1 for
the integrand of type 1/|r —r'| and R4 < 1.5 for the integrand of type 1/|r — r'}?, the
higher order integration schemes should be called upon.

All the surface integrals we encountered are then evaluated numerically except

for the k;; in Eqn.(4.8) which contain integrable singularities and can be evaluated



Table 4.1: Test for numerical integrations} (Integrand = 1/47|r — r'|)
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Scheme Ri=10|Rs4=1.03 R4=1.14
4-point 0.0220 0.0220 0.0218
Hammer’s 7-point 0.0234 0.0234 0.0231
Eqn.(4.30) 9-point 0.0233 0.0233 0.0230
12-point 0.0240 0.0239 0.0235
2 X 2-point 0.0221 0.0221 0.0219
3 x 3-point 0.0234 0.0233 0.0231
Gaussian 4 x 4-point 0.0239 0.0239 0.0235
Eqn.(4.31) 5 X H-point 0.0242 0.0241 0.0236
10 x 10-point 0.0246 0.0245 0.0236
15 x 15-point 0.0247 0.0245 0.0236
2 X 2-point 0.0248 0.0247 0.0244
3 x 3-point 0.0248 0.0247 0.0241
Gaussian 4 x 4-point 0.0248 0.0247 0.0239
Eqn.(4.34) 5 X 5-point 0.0248 0.0247 0.0237
10 x 10-point 0.0248 0.0245 0.0236
15 x 15-point 0.0248 0.0245 0.0236

Analytical: Eqn.(4.36) 0.0248

1 : The source element is fixed at vertices

(0.25,0.25,0.0), (0.0,0.5,0.0) and (0.0,0.0,0.0),

the field point has coordinates for x = 0.0, y = 0.0 and variable z.
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Table 4.2: Test for numerical integrations} (Integrand = 1/4x|r — r'|?)

Scheme Ry=10|Rsq=1.07 Ra=1.35

4-point 0.115 0.114 0.105

Hammer’s 7-point 0.157 0.156 0.127
Eqn.(4.30) 9-point 0.156 0.154 0.126
12-ponit 0.189 0.184 0.132

2 X 2-point 0.117 0.117 0.107

3 x 3-point 0.155 0.154 0.127

Gaussian 4 X 4-point 0.185 0.181 0.131
Eqn.(4.31) 5 X 5-point 0.209 0.201 0.131
10 x 10-point 0.289 0.232 0.130

15 x 15-point 0.337 0.230 0.130

20 x 20-point 0.372 0.230 0.130

2 X 2-point 0.188 0.185 0.147

3 x 3-point 0.229 0.221 0.139

Gaussian 4 x 4-point 0.260 0.241 0.131
Eqn.(4.34) 5 X 5-point 0.285 0.248 0.129
10 x 10-point 0.366 0.230 0.130

15 x 15-point 0.415 0.229 0.130

20 x 20-point 0.450 0.230 0.130

1 : The source element is fixed at vertices

(0.25,0.25,0.0), (0.0,0.5,0.0) and (0.0,0.0,0.0),

the field point has coordinates for £ = 0.0, y = 0.0 and variable z.
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Figure 4.4:  Constant element with node i inside for analytical integration

analytically [64], i.e.,

1
ki; = ——dl
’ ri 4m|r; — r'|

1 , tan(62 + 1)/2 . tan(6y3 + az)/2
= Ir {r,l sin o In [ tan oy /2 + riosinagln row——"

tan(fs; + (13)/2] }

tan az/2

(4.36)

+7r;3sin a3 ln [

where (refer to Fig.4.4)

-1 7':‘21 + L%z - 7'?2)
Qa; = COS
2ri1L12
2 2 2
o = cos™] riz + L33 — i3
2 —
2ri2L 23
2 2 2
oan = cos~] ris+ Ly — 1
3 —
27‘i3L31
2 2 2
6,, = cos™! ri; + i — L1
1 —
27‘,‘27‘,1
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2 2 2
0,5 = cos—! ("iz + i3 — Lza)
27973

2 2 2
o [rh+ri—L
6, = cos 1( i3 il 31)
2ri3ri

4.4 Surface Mesh Generation

It is obvious that without the mesh information such as the global coordinates of the
vertices of surface element, the nodal coordinates and so on, the numerical analysis of
our boundary-value problem cannot be carried out. Hence the mesh generation which
generates all information required plays an important role in the BEM and will be
presented in this section.

First we need a quantitative description of the boundary surface. This 1s not so
straightforward because the plasma column may take many different irregular shapes.
For our purpose, we assume that any cross-section along the centre axis of the plasma
column is a circular area defined by four parameters, i.e., the radius R(s), the inclined
angle a(s), the centre coordinates y,(s) and z(s) as Fig.4.5 shows. The degree of
bending and deforming of the plasma column can then be defined through a set of
these four parameters for s = 1,2,--+,5. The boundary coordinates x(s), y(s), z(s)

around the cross-section are given by

x(s) = R(s)sin(0)
y(s) = u.(s) — R(s)cosa(s)cosf ¢ for0<62>2m (4.37)

z2(s) = z(s) + R(s)sina(s)cost |

The boundary coordinates between any two adjacent cross-sections can also be found

from Eq. (4.37) by automatically interpolating one or more sets of medial cross-section
parameters.

Next we generate our surface mesh based on the way suggested by Zienkiewicz and

his co-workers [68], that is,

1. Divide the surface into several four-side (quadrilateral) zones, over each of which
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Centre axis

The s-th cross-section

CATHODE 0 Y

Figure 4.5:  Geometry for description of the plasma column boundary

the global coordinates are interpolated according to

8
r = ZN,':B,'
1=1
8
y =y Ny (4.38)
1=1
8
z = ZN;‘Z:'
1=1

in which NV, is a shape function associated with each node and defined in terms
of a curve-linear coordinate system 7; and 7, which have values ranging from 1

to —1 on opposite sides as [ig.4.6 shows,

Ny = (m—1Q=n)1+m+mn)/4

Ny = (1=ni)(L —mny)/2

Ny = 14+m)1=n)(m—-m-1)/4

Ny = (1=n3)(1+m)/2 (4.39)
Ns = (14+n)Q+n)(m+n-1)/4

Ne = (1=n{)(1+n2)/2

Ny = (1=n)1+n)n-m-1)/4

Ng = (1—77'3)(1‘711)/2
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n2
(—1’1) (0,1) (lvl)
6 3
(—130)
8 A »
(1,0)
> ¢

Figure 4.6: A quadrilateral zone

2. A mesh of any refinement is automatically generated inside each zone by speci-

fying the number of required subdivisions in 7; and 7, directions.

3. The triangular elements are obtained by connecting two diagonal nodes in each

elementary quadrilaterals.
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4.5 Numerical Formulation of j and B

Once the all boundary values are found, the current density at any internal point r of

the plasma column is computed by

, aG(r,r')
-0, 2 r,,,( . Y va(r,r) - A S (4.40)

according to Eqns. (3.3,3.7,3.78), where the operation V is with respect to r so that

VG(r,r') = ! !
Ir—r'|
_ [(E - $,(€1,§2)]a1~ + [y - yl(617€2)]ay + (Z - z,(gla 62)]az
= — PP (4.41)
VGG(r,r’) 1 _(r=r)'n
on "~ drxln| r=rP
= L{ e _3(1"‘1")'“[3?—1? §1, &2 ]}
F=r] T
1 My (r—r')-nly —y'(&, )]
+_{Ir—r'l3—3 BT }
1 n, (r — I',) . n[z - Zl(gl, 62)]
+_{—Ir—r’|3 -3 Py }az (4.42)

where n is the outward normal of surface element defined by Eqn. (4.25) and its com-

ponents n , n, and n, are constant on each surface element given in Eqn. (4.26); and

Ir—r'| = \/[1C — (6, &)1 + [y — ¥ (&, &) + [ — 2'(&, &) (4.43)

For the constant elements (on both the spot interface and the distant plasma cross-
section) V/dn and V at any point on each element are taken to equal their nodal values
respectively while for the linear elements (on the column boundary) V' at any point on
each element is interpolated by Eqn. (4.9), therefore for a given field point ( z,y, z ) the
integrands involving in Eqn.(4.40) are functions of ¢; and &; and the associated surface
integrals over each element are numerically evaluated using Gaussian quadrature in the
way described in the previous section so as to determine j(r).
Similarly, the current density inside the cathode is obtained by

op OV

t
M
J(l‘) = —Ucmzzl/m o, an

—VG(r,r) dl (4.44)
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where M1 denotes the number of the surface elements within the spot region and the

sum is taken on these elements only according to Eqns (3.86,3.87) and

N 1 [[z—2'(&,&)] [z —2'(&,&)]
VG(r,r) = —47r{ PyE + TP }az
1 {[y b AGY ) N Ve y’(€1,§z)]} .
ir | r—-rp r—r.]? ’
_g;{p—z@h@n {z+%@n&ﬂ}a (4.45)
| r—r r—rp |

in which

e =) = /[z — #(é, )12 + [y — ¥'(&, ) + [z + 2(61, &) (4.46)

according to Eqn.(3.86). Actually, we do not need to determine the cathode potential.

The magnetic induction arising from the current is computed by

(4.47)

according to Equs. (3.8,3.10). It is convenient to divide 7 into some volume elements

over which the volume integrals are evaluated numerically, that is

Z /Te oy, 2') (4.48)

which should sum up the contributions of the plasma column and the cathode and

where
: /
/ ! ! — VX J(r)
B z—2 Cy—=v a
]ylr r,|3 ]zlr r,|3 T
+ -1 oz =2
e-rP -rF)
Cy=y . T -z
*(’l —F " PF-rF NP) (449

in which j;, j, and j, are the components of j(r').
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4.6 Volume integrals

We employ Hammer’s five-point numerical integration scheme to evaluate the volume

integral [59]
/ Fo,y,2) dr = det(J Zw (63,65, ) (4.50)

where 7. is a tetrahedral region as Fig.4.7 shows; ( £, 3,3 ) are the volume coordinates

of the s-th sampling point and w*® is the associated weight which are listed in Table

4.3.

Table 4.3: Sampling points and weights after Hammer

sla g |& w?
111/6|1/6|1/6 | 9/120
3/6 |1/6 | 1/6 | 9/120
1/6 [3/6|1/6 | 9/120
1/6 | 1/6 |3/6 | 9/120
1/4 | 1/4 | 1/4 |-16/120

G v | W N

The det(J) is the Jacobian determinant in association with the coordinate trans-

formation

4
x,(élv 623 63) = Z Np(gl’ 6'2’ 63)‘T€
p=1
4
y’(€17‘£2,€3) = ZNP(€1362,63)3/§ (451)
p=1

4
zl(€17‘£27§3) = ZNP(51,§2753)2'§
=1

where ( z?,y?, 2 ) for p = 1,2,3,4 are the global coordinates of the four vertices of

the tetrahedral element e; and

N' = &1
N? =

62 (4.52)
N? = 53

Nt = 1"51—'52—'53
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Figure 4.7;

so that

€s
(0,0,1) 3
CHEMEN
) 2
_ - (0,1,0)
(0,0,0) 4 (2,92, 22)
(z¢,9e,2¢) (z',y', 2)
Element e
z (tetrahedral)
r’
(1,0,0)
.y 1% (@88 %)
3

The local 3D volume coordinates of a tetrahedral element

( oz’ 0Oy 07 )
5%, Of, 0
o afﬁ a3
det(J) = det % O O
8.1:% 33} 023
\ 36, 96 6

(e —at) (2 —yd) (2 —2Y)
= det| (22—af) (P-y?) (2 —2Y)
3

\ (&2 —28) (o —ve) (20 —22)

which is equal to a value of 6.

94

(4.53)

(4.54)

For each volume element, the global coordinates of the five sampling points are ob-

tained by substituting the cooresponding volume coordinates of Table 4.3 into Eqn. (4.51)

and then these five sets of the global coordinates become the five points at which the

current densities need to be determined first so that F(x',y', 2') of Eqn.(4.49) is ready

to be transformed to F(£§,£5,¢3) in Eqn.(4.50) by means of Eqn.(4.51) and the volume
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(-1,0,1)
(-1’—1a1)13 20 19("'1a1’1)

Figure 4.8: A hexahedral zone

integral is numerically evaluated.

4.7 Volume mesh generation

Similar to the surface mesh generation, the volume mesh generation brings about all
the information required for the numerical volume integrations and is realized based

on three steps :

1. Division of the 3D-region into hexahedrons, one of which is shown in Fig.4.8

where the global coordinates are interpolated by

T = ZN,':E,
‘2
y = > N (4.55)
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Table 4.4: The coefficients for the shape functions of a hexahedron

a 11-11-1 1 1 1 -1]-1
b 1 11-11-1{-1 1 1 1
c 1 1 1 1 1 1 1 1
with
[ (1= 7)1+ bma) (1 + ema) /4 for i = 2,6,14,18
N (1 —n3)(1 +an)(1 + cns)/4 for 1 = 4,8,16,20
i =9
(1 =531 +an)(l+bn)/4 for: =19,10,11,12
| (L +am)(1 +bm2)(1 + enz)(any + bny + ez — 2)/8 for v = else

(4.56)
where ( 71,72,73 ) are the curve-linear coordinates ranging from 1 to —1 respec-

tively and coefficients a, b, ¢ are listed in Table 4.4.

2. Division of a hexahedron into sub-cuboids by specifying the number of required

subdivisions in 7;, 1, and 73 directions.

3. Division of a cuboids into five tetrahedra; in each of which the vertices should be
numbered as Fig.4.9 indicates so as to ensure §;, {; and {3 obey a ’right-hand’
rule obvious from Fig.4.7, that is the first three vertices are numbered in an

anti-clockwise manner when the last one is viewed from their triangular plane,

so det(J) = 67, > 0.
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Figure 4.9:  Division of a cuboid into five tetrahedral elements

4.8 Normalization

For the numerical analysis it is very useful to define nondimensional quantities. By
introducing 7o (the spot radius) and V, (the potential on the distant plasma cross-

section) as two references, we define

~ V - I

V;, To To
. r -~ ¥ _ n (4.57)
r=— r'r=-— n=-—

To To To

are nondimensional variables. The spot radius ry can be chosen as an input parameter
but the potential on the distant plasma cross-section V, cannot be arbitrary in our case
because we have already defined V = 0 on the spot interface. For a given arc current

I,, the following equation must be fulfilled at any cross-section of the plasma column

1%
—0, 2 4r =
‘/Fcrou-section UP 31’& IO (4'58)

where dV/0n is the directional derivative of the potential on that cross-section. Sub-

sititution of Eqn.(4.57) into Eqn.(4.58) yields

ov .
— o, V,ro / = dif =1, (4.59)

~
cross—section an
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which leads to
Iy

V, = 7 (4.60)
— 0T /sznot F dl’

where we let ngt = I~’cros.s:—scction for SimPhClty though I ross—section could be any one

of the column cross-sections.

By substituting Eqn.(4.57) into Eqn.(4.40), we can obtain

i(F) = a” P Z/ anvc;ff) Vvﬁé—%r—)-)dfm (4.61)
which, by further replacing V, with Eqn.(4.60), becomes
WZ/ %-VGH) Vvaﬁ%r—)-)dfm
J(F) = Ja - (4.62)

Vs

where j, = Io/(wr) is the average current density of the cathode spot and

V, = v dl (4.63)

§pot on

In the same manner, for the current density in the cathode Eqn.(4.44) can be written

) [ \
o .
> | %VG P, ) dln
J(F) = ja | 22— 5 (4.64)

It can clearly be seen that the quantities inside the big parentheses on the R.H.S.
of Equs.(4.62,4.64) are nondimensional, hence we can define the normalized current
density
3oy I(E)
() ==
Ja

which is only the function of the normalized geometrical shape of physical mode.

(4.65)

The magnetic induction can also be normalized as follows. From Eqns.(4.48,4.49)

and Eqns.(4.57,4.65), we have

~ . 1 _ (! ~ ot ~
B(F) = #oy/loJa (W;/ F(&,§,%) dT) (4.66)
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where F (&', 7', # ) is obtained by replacing all variables on the R.H.S.of Eqn.(4.49) with
the corresponding nondimensional ones, so that the normalized magnetic induction is

defined by

(4.67)

Thus the normalized electrodynamic force density is defined by

« s ~ B
f(r) =3(r B(t) + 2 4.(38)
(F) = )(F) ><( (F) - \/E_) (

and the electrodynamic forces per unit length on the cathode spot is finally computed

by

Fr+ Fy = (Bjapor/loja) [ £(§) - adf (4.69)

-

spot

Appendix 4.1

Values of the sampling points and the weights in Eqn.(4.30) for the numerical integra-

tion over a triangular area after Cowper [60] :

Hammer’s 3-point scheme
sampling point (s) | weight (w®) 31 13
1 1/3 2/3 1/6
2 1/3 1/6 2/3
3 1/3 1/6 1/6
Hammer’s 4-point scheme
sampling point (s) | weight (w?) £ 3
1 25/48 3/5 1/5
2 25/48 1/5 3/5
3 25/48 1/5 1/5
4 —27/48 1/3 1/3
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Hammer’s 6-point scheme

sampling point (s) | weight (w?) 3 §2
1 wa a b
2 wa b a
3 wa b b
4 wa’ a’ b’
5 wa’ b’ a’
6 wa’ b’ b’

wa = 0.1099517436 55322
a = (0.81684 75729 80459
a’ =0.1081030181 68070

wa’ = 0.22338 15896 78011
b =0.091576213509771
b’ = 0.44594 84909 15965

Hammer’s 7-point scheme

sampling point (s) | weight (w®) 3 §2
1 wa a b
2 wa b a
3 wa b b
4 wa’ a’ b’
5 wa’ b’ a’
6 wa’ b’ b’
7 9/40 1/3 1/3

wa = 0.12593 91805 44827
a = 0.79742 69853 53087
a’ = 0.47014 2064105115

wa’ = 0.13239 41527 88506
b = 0.10128 65073 23456

b’ = 0.47014 20641 05115

60
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Hammer’s 9-point scheme

sampling point (s) | weight (w?) ¢ 3
1 wa a b
2 wa b a
3 wa b b
4 wb c d
3 wb C e
6 wb d c
7 wb d e
8 wb e C
9 wb e d

wa = 0.20595 05047 60887
a = 0.12494 95032 33232
c =0.7971126518 60071

wb = 0.06369 14142 86223
b = 0.43752 52483 83384
d = 0.16540 99273 89841

e = 0.03747 74207 50088

61



CHAPTER 4. BOUNDARY ELEMENT METHOD FORMULATION

Hammer’s 12-point scheme

sampling point (s) | weight (w*) & 31
1 wa a b
2 wa b a
3 wa b b
4 wa’ a’ b’
5 wa’ b’ a’
6 wa’ b’ b’
7 wb ¢ d
8 wb C e
9 wb d c
10 wb d e
11 wb e C
12 wb e d

wa = 0.05084 49063 70207

wa’ = 0.11678 62757 26379

wb = 0.08285 10756 18374

a = 0.873821971016996
a’ = 0.5014265096 58179
¢ = 0.6365024991 21399

b = 0.0630890144 91502
b’ = 0.24928 67451 70910
d = 0.31035 24510 33785

e = 0.05314 50498 44816

62
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Hammer’s 13-point scheme
sampling point (s) | weight (w?) & 3
1 wa a b
2 wa b a
3 wa b b
4 wa’ a’ b’
5 wa’ b’ a’
6 wa’ b’ b’
7 wb c d
8 wb c e
9 wb d C
10 wb d e
11 wb e C
12 wb e d
13 wb’ 1/3 1/3
wa = 0.17561 5257433204  wa’ = 0.05334 72356 08839
wb = 0.0771137608 90257  wb’ = —0.14957 00444 67670
a = 0.479308067841923 b = 0.26034 59660 79038
a’ = 0.869739794195568 b’ = 0.06513 01029 02216
c = 0.638444188569809  d = 0.31286 54960 04875
e = 0.0486903154 25316

Appendix 4.2

The standard 2D Gaussian quadrature :

(=) b—a —a; &
//92 f(z,y)dzdy = aZwsbl alZwtf(x’,yt) (4.70)
91() 2 =3 2 =
with
s _ bta b—a
A A
t _ bh+ar  b—a;
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a =

b1=

91(z")

g2(=")

64

where 7' (i = s, ) is the value of the i-th sampling point and w* (i = s, t) is the weight

associated, which are listed below for various schemes [65, 66] we may need.

Gaussian 2-point scheme

sampling point ()

weight (w')

ni

1

1.00000 00000 00000

0.57735 02691 89626

2

1.00000 00000 00000

—0.57735 02691 89626

Gaussian 3-point scheme

i

sampling point (z) weight (w?) 1
1 0.55555 55555 55556 | 0.77459 66692 41483
2 0.88888 88888 88889 | 0.00000 00000 00000
w® = w! and n® = —p!
Gaussian 4-point scheme
sampling point (z) weight (w') '

1

0.3478548451 37454

0.86113 6311594053

2 0.65214 5154862546 | 0.33998 10435 84856
fori=3to 4, w' =w'"?and ' = —n'~?
Gaussian 5-point scheme
sampling point (7) weight (w*) '
1 0.23692 6885056189 | 0.90617 98459 38664
2 0.47862 86704 99366 | 0.53846 93101 05683
3 0.56800 00000 00000 | 0.00000 00000 00000

fOI’ Z =4 to 5, w‘ = w'.—3 and ni — _ni-3
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Gaussian 10-point scheme

sampling point (¢) weight (w') Ul

1 0.06667 13443 08688 | 0.97390 6528517172
0.14945 13491 50581 | 0.86506 33666 88989
0.21908 63625 15982 | 0.67940 95682 99024
0.26926 67193 09996 | 0.43339 53941 29247
0.2955242247 14753 | 0.14887 43389 81631

L B I~ N C I I

t—5

for i = 6 to 10, w' = w*~® and n* = —7

Appendix 4.3

The coordinate transformation for surface integrations :

Let

= g1 X+bY+ec
3! 1 1 1 (4.71)
2 = aX+hY+e
Substituting the area coordinates (;,¢2) and the auxiliary coordinates (X,Y) at three

vertices respectively into Eqn.(4.71) yields a system of linear equations

a1X3 + b1Y3 +c¢ = 0
asXs + b2Y3 +c = 0
X + Yo+ = 0 (4.72)
a; X9 + b2Y2 +c = 1
a;X; + b1Y1 4+ =1
aX; +bY1+¢c2 = 0
whose solution is
4 = (Y= Ys)/D, b= (Xs—X5)/D, e = (Xg¥s ~ Xg¥5)/D .

a; = (Ys — Y1)/D, by = (X1 —X3)/D, c;=(XsY1—X1Ys)/D

with

D - (X2Y3 - X3Y2) + (X3Y1 - X1Y3) + (X1Y2 - XQYI)
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We note (refer to Fig.4.3)

X = COs
peos @ (4.74)
Y = psing
so that
Xy = L3, Xo= Lyzcos¢s, X3=0
1 31, X2 23 €08 93, X3 (4.75)
Y1 =0, Y;=Lysings, Y3=0
where ¢3 is the apical angle of vertex 3. By substituting we obtain
a; = Lyzsin¢3/D, by = —Lazcosgz/D, ¢ =0 (4.76)

a2=0, b2=L31/D, C2=0

with
D = X;Y; = L3jLy3sin ¢3

Substituting Eqns.(4.74,4.76) into Eqn.(4.71) we arrive at Eqn.(4.32). The transfor-

~ mations with the field point located at vertex 1 or 2 can be deduced in the similar

way.



Chapter 5

Numerical Computation

5.1 Programme Description

A computer programme using FORTRAN language has been developed based on the
above formulations. Its structure is depicted in Fig.5.1 and briefly described as follows.

The INPUT reads two quite simple data files named as ARCINPUT in Table 5.1,
where the parameters (refer to Fig.4.5) have been defined in Section 4.4, and CATIN-
PUT in Table 5.2, where z.,y. and z. are the three dimensions of the cathode. Note
all geometrical dimensions have been normalized by the spot radius.

The PRE-MESH automatically divides the surface or the volume into several quadri-
lateral or hexahedral zones, which results in sets of global coordinates of the nodes

required by Eqns.(4.38,4.55).

Table 5.1: ARCINPUT data file

s | R(s) | a(s)Rraa | Yo(s) | 2o(s)
1]11.00 {0.00 0.00 | 0.00
1.10 | 0.17 0.17 | 0.98
1.20 1 0.35 0.68 | 1.88
1.40 | 0.52 1.50 | 2.60
1.60 {0.70 237 | 3.06

St v | N

67



CHAPTER 5. NUMERICAL COMPUTATION

()

4

PRE-MESH

FINAL-MESH

BEM-POTENTIAL

&

PLASMA-CURRENT

PLASMA-MAGFLUX

'

CATHODE-CURRENT

4

CATHODE-MAGFLUX

~|  SPOT-FORCE +—

l

( OUTPUT >

Figure 5.1:

Programme structure

68
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Table 5.2: CATINPUT data file

T Ye Zc

6.0 6.0 3.0

The FINAL-MESH generates all the mesh information required for further compu-
tations, namely the global coordinates of the vertices of each surface or volume element;
the global coordinates of the nodes and the global numbering in association with the
local numbering of the nodes. Care should be taken that numbering vertices of each
triangular surface element must ensure the surface normal is outwards as Fig.4.2 shows.
A generated surface mesh is shown in Fig.5.2 while a generated volume mesh is par-
tially shown in Fig.5.3 for clearness. The 3D illustration of the mesh is realized by

projecting the 3D coordinates to a plane, on which the coordinates are given by

= (y—a)cos(n/6) } (5.1)

y' = z—(z+y)sin(7/6)

The BEM-POTENTIAL carries out the computations of [H] and [K] matrices as
well as the associated linear equations as described in the last chapter so as to give the
solution of the mixed boundary value problem of the plasma column.

The PLASMA-CURRENT and the CATHODE-CURRENT compute Eqn.(4.65)
associated with Eqn.(4.62) and Eqn.(4.64) respectively at the sampling points in the
plasma column and the cathode, which are needed for calculation of the magnetic

induction. The numerical scheme for the surface integration encountered is chosen in

the manner as same as one used by the BEM-POTENTIAL.

The PLASMA-MAGFLUX and the CATHODE-MAGFLUX evaluate the contri-
butions of the plasma current and the cathode current respectively on the normalized
magnetic induction (flux) over the cathode spot according to Eqn.(4.67) associated
with Eqn.(4.66).

The SPOT-FORCE calculates Eqn.(4.68) and Eqn.(4.69), where the normalized
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Figure 5.2:  Surface mesh illustration

current density on the spot is directly given by

j T (5.2)

j t = —F 4,4
Jspo V,@n z

The programme was run on Convex at Oxford University Computing Centre. For a
complete run, the CPU time was about 120 minutes depending on the size of mesh. It
was found that the computation of current density cost most of the CPU time because

a lot of the surface integrations were performed.

5.2 Numerical results

In order to check the accuracy for numerically computing Eqn.(2.16), firstly, the nu-
merical results for the straight arc are compared with the analytical results which are

obtained as follows.

Since the normal current density j. is uniform over the cathode spot for the straight
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Figure 5.3:  Volume mesh illustration
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arc, the azimuthal magnetic induction is given by

B, = #O;ZP for p < 1o (5.3)

according to Ampere’s circuital law. In our coordinates (refer to Fig.2.5)

B, = Bysing — B, (5.4)
f(r)-a, = —j.B; (5.5)
thus, we have
T rro ) 2T rro )
Fr+ L = /0 /0 (=J:B:)pdpdd + /1r /0 (—J=B:)pdpd (5.6)

where ry is the radius of the cathode spot. The first integral on the R.H.S. can be

solved analytically and results in

Fy = j.Bamrg/2 = pojirs/3 (5.7)
Similarly, the result of the second integral is given by

Fy = j.Barrd[2 + pog?ryf3 (58)

Obviously,

Fr=F, and Fp =F; ZfF1<O
FR=0, and FL=F1+F2 ZfFIZO

Let j, represent the average current density of the cathode spot and I, = j,7r2 the

arc current. Considering j, = j, for the straight arc, we finally obtain

4

FR ) WjaBa/2 - “0.7‘a\/.7a]0/3\/F lf Fl <0 (5 9)
- '

o 0 otherwise

FL ﬂ'jaBa/Q + yoja\/]a10/3ﬁ if F <0

| 7JeBa otherwise

The comparison of the analytical and the numerical results is listed in Table 5.3, where

one can see that the relative errors are within 10 percent.
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Table 5.3: Comparison of the analytical and the numerical results

(straight arc)

Ja I | B |FL|/ra(N/m?) |Fr|/r3(N/m?)
(A/em?) | (A) | (T'esla) | analytical | numerical | analytical | numerical

106 1.00 1 0.06 1.88 x 10° | 1.89 x 10° |0.00 0.00

108 1.00 | 0.06 |3.30 x 10! | 3.58 x 10! | 1.42 x 10*! | 1.55 x 10!

108 50.0 | 0.30 }9.42x10° |9.49 x10° [0.00 0.00

108 50.0 | 0.30 |2.14 x10' |2.30 x 10*2 | 1.20 x 10*? | 1.25 x 1012

10° 100 0.50 1.57 x 10*° | 1.58 x 10%° | 0.00 0.00

108 100 0.50 |3.15x 102 [ 3.39 x 102 | 1.58 x 102 | 1.67 x 10'?

73

Using the straight arc model, we can also investigate the convergent property of
numerical results as a function of arc length, which is described in Fig.5.4. This figure
shows that the numerical calculations approximate to a reasonable accuracy when the
acr length truncated is only 4 to 5 times the spot radius. This is a consequence of
the fact that the Biot-Savart law! (the law we used to calculate the self magnetic
induction) varies as the inverse square of distance. This is also in agreement with the
previous discussion in Section 2.3. Thus the contribution of the arc column beyond
579 from the cathode spot on the force calculations has little physical meaning and
the truncated calculation is plausible. This conclusion is applicable to the cathode
truncated computation as well.

Secondly, numerical computations were carried out for the deflected arc bending
step by step away from the straight arc as displayed in Fig.5.5. The applied magnetic
field is not taken into account at this stage. The results for Fr and F} versus arc
bending are presented in Fig.5.6, where the letter (a,b,...k) inserted on the curves
indicates the result arising from the arc with the same identified letter in Fig.5.5. It can

be observed from Fig.5.6 that as the arc is getting bent more and more, the numerical

1The law is obtained by substituting Eqn.(3.10) to Eqn.(3.8).
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Figure 5.4:  Convergence of numerical results vs arc length

Real lines: C = 10!!: broken lines: C = 10!?
(jo = 108 A/cm?)
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of arcs

Deformation

Figure 5.5:
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Figure 5.6:  Electrodynamic forces vs arc bending
Real lines: C = 10!!: broken lines: C = 10!?
(jo = 108 A/cm?)
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results for F;, and Fr change smoothly away from those of the straight arc, which is
expected physically. Therefore, the reliability of the numerical results is guaranteed.

The field components in which we are interested are computed and plotted in
Fig.5.7, where the normalized current density is given by j./j.; the normalized mag-
netic induction is defined by B, /p.+/I,J, and the normalized force density results from
the multiplication of the normalized current density and thie normalized magnetic in-
duction. It should be remembered that the applied magnetic field is not involved in
Fig.5.7.

One can see from Fig.5.7 that the numerical results for the straight arc are in good
agreement with the analytical one denoted by the dotted lines. As the plasma column
becomes more bent, the numerical results for the bent arcs change smoothly in the
direction indicated by the arrows. It turns out that as the plasma column is bent in
the Lorentzian direction due to the applied magnetic field, the current density over the
cathode spot is no longer uniform and becomes stronger on the Lorentzian side while
weaker on the retrograde side. This feature is very important, but was overlooked by
the previous investigators. A similar tendency for changes in the distributions of the
self magnetic induction and the force density due to the self-field is obtained. However,
the change in the self magnetic induction is less sensible because the magnetic induction
results from integration of the current distribution. These distributions for a typical
bent arc can be clearer seen in Fig.5.8 (for comparison, the distributions for the straight
arc are drawn on the left side).

It is obvious that in the absence of the applied magnetic field, the cathode spot
of the bent arc would always move in the retrograde direction. However, it should
be kept in mind that the bending of the plasma column is attributed to the applied
field which is in favour of the motion in the Lorentzian direction. Figure 5.9 shows a
resultant magnetic field obtained by superposing the applied field upon the self field
for different experimental parameters under which the retrograde motion was observed.
We can see that the resultant field changes sign within the spot in all cases and the
component which is in favour of the Lorentzian motion can become dominant. Hence,

if the current density on the cathode spot were uniform, the resultant magnetic field
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_32(073/,0) B,(O,y,O)
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Figure 5.7:  Field components on arc cathode spot

(dotted lines : analytical; real lines: numerical)
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Bx(x,y,0) Bx(x,y,0)

fy(x.y.0)

Figure 5.8:  Field distributions on arc cathode spot
Left side: the straight arc (Arc-a); right side: the bent arc (Arc-g)
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itself would not cause the retrograde motion in all cases. In other words, to make the
spot move in the retrograde direction the condition that the self magnetic field exceeds
the applied magnetic field is merely a necessary condition. So as a matter of fact, only
the combination of the nonuniform current distribution on the spot together with this
condition could serve for a complete cause of the retrograde motion.

According to our model, therefore, there exist two opposite motion tendencies
within the cathode spot region and the spot will move as a whole in the direction
in which the force is dominant. To demonstrate our model, we chose a set of experi-
mental data from different sources and inserted them into our theory. The results are
tabulated in Table 5.4. One can first see that the retrograde motion can indeed be
predicted by our model if the average current density j, is of the order of 10°A/ cm?,
which is in agreement with the values suggested by recent studies of spot current den-
sity [47, 49, 70]. Further explanation of the retrograde motion will be given in the next

chapter.
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Table 5.4: Numerical results of electrodynamic forces for different current densities and

arc columns

(a) Iy = 1.0 A, B, = 0.06 Tesla , copper cathode, motion observed: retrograde, ref.[25]

ja(A/ecm?) | arc- | |FL|/r*(N/m3) | |Frl/T2(N/m®) | |Fr/FL| | motion predicted
e | 1.70 x 10° 0.00 0.00 Lorentzian
108 g |1.62x10° 0.00 0.00 Lorentzian
k |1.56 x 10° 6.98 x 10° 4.47 x 10~* Lorentzian
e |1.60 x 10%° 2.63 x 10° 0.165 Lorentzian
107 1.43 x 101° 3.50 x 10° 0.244 Lorentzian
1.21 x 101° 5.79 x 10° 0.477 Lorentzian
e |2.57 x 10! 2.40 x 10! 0.94 Lorentzian
108 g |2.23x10M 2.85 x 101 1.28 retrograde
1.81 x 101! 4.10 x 101 2.26 retrograde
e |2.30 x 1012 3.27 x 1012 1.42 retrograde
5 x 108 1.96 x 102 3.82 x 102 1.94 retrograde
k |1.56 x 102 5.35 x 1012 3.43 retrograde
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(b) Iy =60 A, B, = 0.3Tesla, copper cathode, motion observed:
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retrograde, ref.[27]

ja(A/em?) | arc- | |FL|/m3(N/m3) | |Fr|/r?(N/m®) | |Fr/FL| | motion predicted
e |8.04x10° 9.61 x 10° 1.20 x 10~ Lorentzian
108 7.44 x 10° 1.15 x 107 1.54 x 1073 Lorentzian
k |6.70 x 10° 7.60 x 107 1.13 x 10~ Lorentzian
e |8.99 x 101° 3.81 x 10%° 0.424 Lorentzian
107 7.96 x 101° 4.71 x 101° 0.592 Lorentzian
k |6.63 x 10 7.17 x 101 1.08 retrograde
e |1.73 x 102 2.12 x 10*? 1.22 retrograde
108 1.49 x 10%? 2.48 x 1012 1.67 retrograde
1.19 x 102 3.51 x 1012 2.95 retrograde
e |1.66x 10" 2.67 x 1013 1.61 retrograde
5 x 108 1.41 x 103 3.11 x 10*3 2.20 retrograde
1.11 x 1013 4.32 x 1013 3.89 retrograde

(c) Io = 540 A, B, = 0.7Tesla , copper cathode, motion observed: retrograde, ref.[31)

ja(A/em?) | arc- | |FL|/T2(N/m®) | |Fr|/T2(N/m®) | |Fr/FL| | motion predicted

e |1.83 x10%° 3.75 x 108 2.06 x 102 Lorentzian

10° 1.67 x 10° 6.79 x 108 4.04 x 1072 Lorentzian

k | 1.46 x 10 1.30 x 10° 8.90 x 10~2 Lorentzian

e |2.33x 101 1.40 x 10" 0.601 Lorentzian

107 2.05 x 101 1.70 x 10" 0.829 Lorentzian

k |1.69 x 101! 2.51 x 101! 1.49 retrograde

e |4.88x 10" 6.67 x 1012 1.37 retrograde

108 4.18 x 10*2 7.80 x 102 1.86 retrograde

k |3.33 x 1012 1.09 x 1013 3.29 retrograde

e |4.84x10% 8.19 x 103 1.69 retrograde

5 x 108 g |4.11x10% 9.50 x 1013 2.31 retrograde
k |3.22x10% 1.32 x 10 4.10 retrograde
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(d) Io = 10 A, B, = 0.5 Tesla , copper cathode, motion observed: retrograde, ref.[23]

ja(Afem?) | arc- | |Fi|/r3(N/m3) | |Fr|/r3(N/m®) | |Fr/Fi| |motion predicted
e |1.51 x10° 0.00 0.00 Lorentzian
10° g |1.48x10%° 0.00 0.00 Lorentzian
1.52 x 10%° 7.57 x 10° 4.97 x 104 Lorentzian
e |1.39x 10 0.00 0.00 Lorentzian
107 1.31 x 101! 0.00 0.00 Lorentzian
k |1.23 x 10" 5.26 x 107 4.27 x 1074 Lorentzian
e |1.38 x 10!? 3.61 x 101 0.26 Lorentzian
108 g |1.24 x 1012 4.64 x 101! 0.38 Lorentzian
1.04 x 1012 7.34 x 101 0.71 Lorentzian
e |9.71 x 1012 7.95 x 1012 0.82 Lorentzian
5 x 10® 8.42 x 102 9.49 x 10!2 1.12 retrograde
k |6.92 x 1012 1.38 x 1013 1.99 retrograde

() Io = 30 A, B, = 0.1Tesla , copper cathode, motion observed: retrograde, ref.[34]

jo(Afem?) | arc- | |Fu|/r2(N/m3) | |Frl/r3(N/m®) | |Fgr/FL| | motion predicted

e |2.68x10° 4.92 x 10® 1.84 x 107! Lorentzian

10° 2.40 x 10° 6.48 x 10° 2.70 x 10-1 Lorentzian

k |2.03x10° 1.06 x 10° 5.22 x 1071 Lorentzian

e |4.38 x 10 4.22 x 101° 0.96 Lorentzian

107 3.81 x 101° 5.01 x 10° 1.32 retrograde

k |3.09 x 10 7.19 x 101° 2.33 retrograde

e |1.06 x 10*? 1.68 x 1012 1.59 retrograde

108 9.01 x 10 1.95 x 10*? 2.17 retrograde

k |7.08x 101 2.72 x 1012 3.84 retrograde

e |1.10x 1013 1.99 x 1013 1.81 retrograde

5 x 108 9.29 x 1012 2.30 x 10*3 2.48 retrograde
k |7.22x10? 3.18 x 10*3 4.40 retrograde
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(f) Iy =6 A, B, = 0.2 Tesla , mercury cathode, motion observed: retrograde, ref.[12]

ja(A/em?) | arc- | |[FL|/T2(N/m?) | |Fr|/r3(N/m®) | |Fr/FL| | motion predicted
e |5.83x10° 0.00 0.00 Lorentzian
10° g |5.63x10° 0.00 0.00 Lorentzian
5.58 x 10° 2.63 x 108 4.71 x 10~* Lorentzian
e |5.19 x 10 2.72 x 10° 5.24 x 1072 Lorentzian
107 4.72 x 10%° 4.15 x 10° 8.79 x 1072 Lorentzian
k |4.08 x 10%° 7.62 x 10° 0.187 Lorentzian
e |7.18x 101 5.12 x 101 0.71 Lorentzian
108 g |6.29 x 10%! 6.16 x 10! 0.98 Lorentzian
5.16 x 10! 9.02 x 10! 1.75 retrograde
e |6.02x 10 7.58 x 1012 1.26 retrograde
5 x 108 g |5.17 x 1012 8.89 x 102 1.72 retrograde
4.13 x 102 1.25 x 10*3 3.03 retrograde

(g) Io = 4 A, B, = 0.25Tesla , mercury cathode, motion observed: retrograde, ref.[14]

jo(A/em?) | arc- | |FL|/r2(N/m?®) | |Fr|/r3(N/m?®) | |Fr/FL| | motion predicted
e |7.46x10° 0.00 0.00 Lorentzian
10° 7.30 x 10° 0.00 0.00 Lorentzian
k |7.43x10° 3.67 x 10° 4.90 x 10~* Lorentzian
e |6.72x 10 2.61 x 10° 3.89 x 10~° Lorentzian
107 6.23 x 101° 5.34 x 107 8.57 x 10~* Lorentzian
5.63 x 101° 4.56 x 10® 8.11 x 1073 Lorentzian
e |7.43x101 3.05 x 10! 0.41 Lorentzian
108 6.59 x 10* 3.78 x 10! 0.57 Lorentzian
k |5.49 x 101! 5.77 x 101! 1.05 retrograde
e |5.59 x 102 5.51 x 1012 0.97 Lorentzian
5 x 108 4.86 x 102 6.53 x 1012 1.35 retrograde
3.93 x 1012 9.36 x 1013 2.38 retrograde




Chapter 6

The Electrodynamic Explanation

6.1 The role of the electrodynamic force

It is instructive for us to judge the decisive role of the electrodynamic force in the
retrograde motion. Following Mitterauer [72], the vapour pressure p of the cathode

material evaporating from the cathode spot surface can be approximated by the relation
p = 104-5/T (Pa) (6.1)

where the constants for copper and for T' > 2826 K are A’ = 10.7and B’ = 1.63x10* K.
If the spot surface temperature T' = 4 x 10® K [73], Eqn. (6.1) yields a surface vapour
pressure of 42 atm (1 atm =~ 10°Pa). This vapour pressure may appear high, but there
is experimental justification. According to Robertson [74], the force on the cathode
of a copper arc was measured by a pendulum and for the ambient gases of hydrogen
and nitrogen at 20 ~ 500 mmH g pressure and at 10A arc current, the force was found
to lie in the range 2 ~ 14 x 10™° N. If this force is mainly due to the reaction of the
metal vapour jet erupting from an active crater, whose size would be larger than the
real spot or current carrying area [73], and the radius of the crater is estimated by
re = r*exp(lo/I") where r* = 1.7um and I* = 83 A for copper [47], the corresponding
pressure is found to be 16 ~ 111 atm. It is therefore not surprising to have the high
vapour pressure from the empirical formula of Eqn. (6.1). Thus the average thermal
velocity vr related to the spot vapour pressure can be found to be the order of 10°m/s

by assuming vy = (3kT/m,)}? [75], where £ = 1.38 x 1072* J/K is Boltzmann’s
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constant and m, the atomic mass. Now looking at Table 5.4(d) where we have similar
experimental conditions [23], namely, at 30 mmHg ambient pressure of a mixture of
alr and argon and at 10 A arc current for the copper arc, we can find that the density
fa = |Fr—FL|/(7rd) of the average net electrodynamic force for the retrograde motion
predicted by our theory is the order of 1012 N/m? for j, = 5 x 108 A/cm?. Multiplying
this force density by 2ry the diameter of the spot, we obtain 2ryf, = 1.6 x 10® N/m?
which is equivalent to an electrodynamic pressure of the order of 16 atm. It turns
out that the electrodynamic pressure is comparable to the vapour pressure so that
the electrodynamic force predicted by our theory can be responsible for the retrograde
motion with the velocity less than 10 m/s as observed.

The important role of the electrodynamic force in the spot directed motion could
be estimated from another point of view. It is obvious that the electrodynamic force
resulting from our model only has a direct effect on the current carriers of the spot
current. Although the electrons are major current carriers, the magnetic force on the
electrons can be transferred to the ions through the Hall field [76]. Furthermore the
spot plasma is highly ionized [47, 75], and the ionic mass m; is much larger than the
electronic mass m, (m;/m. =~ 10%). Thus the swarm motion of the spot is mainly due
to the motion of the ions subject to the electrodynamic force so that we simply employ

the mobility theory of ions [77] and suppose

Vg = —Ifa—‘r (6.2)

m;
where vq represents the average directed velocity of the spot; F, denotes the average
electrodynamic force on the ion and 7 is the average free time between two collisions.
Since F, = f,/n; and 7 = (n,0;v;)~!, where f, is the density of the average net
electrodynamic force on the spot; n; the ion density; n, the neutral particle density;
o; the ionic collision cross-section and v; the mean ion thermal velocity, Eqn. (6.2)

becomes

fa
V4 =
NiNg OV

(6.3)

The experimental data are available for n; = 10%€em=° [47], v; = 10°cm/s [47], and

o; = 10~¥cm? [79, 80]. However, to the best of our knowledge, there is no reliable
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experimental datum for the neutral particle density in the spot region. The reported
data for n, vary over a wide range, from 10!® to 1022¢m~2 depending on the exper-
imental conditions and diagnostic methods used [81]. Considering the spot plasma
is highly ionized [47, 75], we assume n, = 10 cm™3. The ionic mass m; = M;mq
amounts to 10~%° kg, where M; is the atomic mass number and mo = 1.66 x 10~?" kg.
Referring to Table 5.4 we can find that for the retrograde motion predicted by our
theory, f, is the order of 101 ~ 10'3 N/m3. Substituting these data into Eqn. (6.3)
yields vy = 10 ~ 108 m/s which is among the retrograde velocities observed.
Although the above estimation is rather rough and the determination of the relation
between the electrodynamic force and the retrograde velocity needs more sophisticated
considerations, it at least lets us see the important role of the electrodynamic force in

the retrograde motion of the cathode spot.

6.2 Retrograde motion of a single spot

A number of the reported features of the retrograde motion of the single spot can be

explained by our model as below.

o The retrograde motion is temperature dependent. With increasing cathode tem-
perature, the retrograde velocity decreases [35]; and the retrograde motion can
be reversed if the temperature is sufficiently high [11].  As the cathode tem-
perature is increased, the spot current density is observed to decrease [35]. In
our model the ratio of |Fr/F| decreases with decreasing spot current density as
shown in Fig.6.1; thus the retrograde velocity decreases with increasing cathode
temperature. If the cathode is heated to a sufficiently high temperature, which
can vary with the cathode material, the spot current density can be so low that

|Fr/FL| <1 and the motion is reversed.

o Lower background gas pressures favour retrograde motion and the motion can be
reversed if the gas pressure rises above a critical value [14, 27, 31]. The bending
of the arc also depends on the background gas pressure. The lower the pressure,

the more bent is the arc column. As a result, the ratio of |Fg/Fy| increases and
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Figure 6.1:  |Fg/Fy| vs cathode spot average current density
The current density is in logarithmic scale
The experimental parameters refer to Fang [34]
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Figure 6.2:  |Fg/Fy| as a function of arc bending
Experimental parameters refer to Roman [27] and Gallagher [14]

so does the retrograde velocity. On the other hand, if the pressure is increased,
the arc column becomes straight and the ratio of |Fr/Fy| decreases and can
be smaller than unity above a certain pressure so that the direction of motion
changes to the Lorentzian direction. Figure 6.2 illustrates |Fr/FL| against arc

bending.

The retrograde velocity is generally found to increase with an increase in the
magnitude of the applied magnetic field [27, 34, 41]. However, reversal of the
motion occurs with a very strong field [23]. The model proposed clearly shows
the two simultaneous effects of the applied magnetic field, namely (a) bending
the arc column in the Lorentzian direction; (b) enhancing the force component
Fy. Because the first effect is in favour of the retrograde motion and is opposite
to the second one, the resultant effect of increasing the applied magnetic field will

depend on the dominant one of the two effects. As the applied magnetic field is
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Iy =10A, B, =1.2Tesla , copper cathode, motion observed: Lorentzian, ref.[23]

Table 6.1: Computation of forces for a strong magnetic field

91

ja(AJem?) | arc- | |FL|/r3(N/m3) | |Fr|/r2(N/m3) | |Fr/FL| | motion predicted
e |[3.21 x 102 9.88 x 108 3.08 x 10~ Lorentzian
108 2.96 x 102 8.35 x 10° 2.82 x 1073 Lorentzian
2.66 x 1012 4.07 x 101° 1.53 x 1072 Lorentzian
e |1.63x 1013 3.62 x 102 0.22 Lorentzian
5 x 108 1.46 x 1013 4.70 x 1012 0.32 Lorentzian
1.23 x 1013 7.54 x 102 0.61 Lorentzian
e |3.62x10% 1.59 x 1013 0.44 Lorentzian
10° 3.21 x 1013 1.96 x 1013 0.61 Lorentzian
2.67 x 10%3 2.97 x 1013 1.11 retrograde
e |2.75x10M 2.79 x 1014 1.01 retrograde
5 x 10° 2.39 x 101 3.31 x 10 1.38 retrograde
1.93 x 104 4.73 x 10 2.45 retrograde

increased from a lower level, the arc column is expected to be bent at first rapidly
and then less so due to a limit of the bending. Hence, the first effect is dominant
and the retrograde velocity increases before this limit is reached. Then, the second
effect becomes dominant and the motion will be reversed when [F| > |Fg|. The
dependence of the average net force density, i.e, f, = (|Fr| — |FL|)/(7r) on the
applied magnetic field is shown in Fig.6.3, where we take the Arc-k as the most
bent arc. The prediction of the motion in the Lorentzian direction with a strong

field can also be seen in Table 6.1. It should be noted that our model also predicts

an upper limit of j, with an order of 5 x 10°A/cm?.

o The critical pressure increases with an increase of the applied magnetic field [17].

As previously stated an increase in the applied magnetic field will cause the arc
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Figure 6.3:  Average net force density vs the applied magnetic field
(a) Experimental parameters refer to Roman [27]
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column to bend before reaching a limit. On the other hand, an increase in the
background gas pressure makes the arc column straighter. At a reversal position
of the arc column, the effects of the increase in the two quantities can cancel each

other out which directly leads to the observed result.

o In vacuum or low pressure the retrograde velocity was found to increase with an
increase in arc current [14, 84, 41]. According to the proposed model it can be
shown as Fig.6.4 that the average net force density increases with an increase in

arc current, so does the retrograde velocity.

o The retrograde motion depends on the material and surface condition of the cath-
ode [25, 30]. The connection of the present model to this feature is twofold.
Firstly, the cathode current density is found to be material-sensitive, so is the
force predicted by the model. Secondly, the spot is a plasma source of dense metal
vapour evaporated from the cathode material so that the plasma mass density of

the spot will also affect the spot motion.

o The critical pressure increases with decreasing separation of the electrodes [9, 38,
71] and very short (~ 0.5mm) arcs have been driven in the retrograde direction in
atmospheric air [21]. If decreasing the electrode separation presses the bent arc
on to the cathode and makes it even more bent; the resultant effect is opposite to
that due to an increase in the background pressure so that the retrograde motion
persists to higher pressures the shorter the electrode separation. For the same
reason a very short separation can encourage retrograde motion in a pressure as

high as atmospheric, as is observed.

o If the applied magnetic field is inclined with respect to the cathode surface, the
moving cathode spot has an extra velocity component in the direction of the acute
angle between the field and the cathode surface [10, 22]. The transverse compo-
nent of the applied magnetic field gives rise to a bending of the arc column. As a
consequence there is a component of the arc current flowing parallel to the cath-
ode surface and in the retrograde direction. This component of the arc current

interacts with the normal component of the applied magnetic field, which gives
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Figure 6.4:  Average net force density vs arc current
(a) Experimental parameters refer to Gallagher [14]
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rise to an extra force component on the cathode spot region in the direction of
the observed drift. This extra force component is therefore responsible for the

sideways drift.

6.3 Retrograde motion of multi-spots

The retrograde motion of multi-spots on the cathode in vacuum arcs under the influ-
ence of the self-generated magnetic field has also been reported [82, 83, 84, 85]. The
arc currents for these experiments are sufficiently high (up to 10kA) that the cathode
region consists of many independent cathode spots which are observed to be moving
radially outwards on the cathode in a basically ring-shaped pattern. A model of mul-
tispot formation after Djakov and Holmes [82] is sketched in Fig.6.5. The previous
investigators attributed such a kind of motion to the retrograde motion because they
thought that each spot could be considered as moving in an equivalent applied trans-
verse magnetic field B,(R), which corresponded to the inherent (azimuthal) magnetic
field of the remaining spots distributed around the ring of a radius R, the spot would
have been driven moving inwards to the ring centre by the I, x B,(R) force, where
I, denoted the spot current flowing into the cathode. In the earlier studies [82] the
inherent (azimuthal) magnetic field was simply calculated by polo/4mR with Iy the
total arc current from an assumed discharge current distribution whereas in the latter
experiments [84, 85] the field was measured directly with a magnetic probe positioned
about 2 ~ 3 mm from the cathode surface.

It is essential to point out that the previous investigators ignored the fact that each
spot in reality is not a rigid point and in the region occupied by that spot the magnetic
field generated by the spot current itself can play an important role in determining the
motion of that spot. To demonstrate this, let us assume that each spot carries a linear

current I, = Iy/N, where N is the number of spots. The azimuthal magnetic induction
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Figure 6.5:  Model of multi-spot formation on cathode surface

generated by each spot in the local coordinates (p',¢') as shown in Fig.6.5 is given by

( _#OIs

oy if p' 2 1o ‘
By(p') = | (6:4)
L (P\ ..,
() o

which can further be decomposed into two components in the global coordinates (z,y)

B,(z,y) = —By(p')sin¢’ (6.5)
B,(z,y) = By(p)cos¢
with
f = JTTTF?  and ¢ =tan™}(y'/2) (6.6)

z/=z—Rcos¢ and y =y— Rsing
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where R is the ring radius and ¢ is the azimuthal angle of the spot centre with respect
to the origin of the global coordinates. Considering a single spot as indicated in Fig.6.5,
we are merely interested in the field component B, over the region occupied by that
spot and the results computed for N = 50, 100 and the different ratios of R/ry are
plotted in Fig.6.6, where B, is normalized by B, /uov/T,J, With j, = I,/7r2 the average
spot current density. One can immediately see from Fig.6.6 that the resultant field
of combination of the self-field of the single spot (denoted by the real line) and the
equivalent applied field of the remaining spots (denoted by the dotted line) can change
sign on the inward and the outward sides within the spot and the equivalent applied
field decreases with an increase in the ratio of the ring radius to the spot radius. Taking
the experimental parameters j, = 10® A/cm? and I, = 100 A (for copper), which result
in 1o = 5.6 X 1073 mm and assuming R = 1 mm, we have already a ratio of R/ry as
large as 178. In recent experiments [84, 85] the ring radii observed are supposed to be
larger than 3mm because at the centre of the cathode face there is a 6 mm diameter
hole for a trigger assembly, which gives a minimum R/ro = 534 so that the equivalent
applied field is even smaller and can be ignored.

Based on the above arguments we believe that the so-called retrograde motion of
the multispot under the influence of the self-generated magnetic field can simply be
understood by extending our single spot model, which is strongly supported by the
experimental observations of the multispot vacuum arcs, namely (i) the arc appears
to be constricted near the anode [86, 87, 88]; (ii) the arc current is more concentrated
closer to the axis near the anode in comparison with the cathode [86, 87, 89]. The
theoretical predictions of constrictions in both the arc current and the plasma flow
from the spots can also be found elsewhere [90, 91]. The proposed physical model for
the multispot arc is sketched in Fig.6.7, where the bending of each spot column near
the cathode surface inwards to the centre axis of the arc is the direct result of the
constrictions.

According to our single spot model, the current density is stronger on the inward
side of each spot due to the inward bending so is the magnetic field induced by that

spot current, which can exceed the equivalent applied magnetic field generated by the
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Figure 6.7:  Model of the multispot arc

other spot currents in the opposite direction on the inward side of that spot as we
have just demonstrated. Therefore, the resultant electrodynamic force on each spot is
dominant in the outward direction and will drive each spot radially outwards which can
certainly account for the retrograde motion observed. Similarly, some typical features

of the retrograde motion of the multispot arc can be explained by our model.

o The retrograde velocity is independent of arc current [84, 85]. In our single spot
model the retrograde velocity is dependent on the arc current which is nothing
else but the spot current. In the case of the multispot arc each spot carries
approximately the same current which is independent of the total arc current [85].
Although the equivalent applied magnetic field is dependent on the arc current,
it is not important in a single spot region as previously demonstrated. Therefore,
as long as the spot current is invariable with respect to arc currents, our model,

which relates to the spot current rather than the arc current, can also predict

this feature.

o Saturation of the retrograde velocity can be observed at high self-generated mag-
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netic fields measured against different ring radius R for a total arc current [84,
85]. As the self-generated magnetic field is increased (the smaller the expansion
of the discharge) a limit to the bending is approached. According to our model
the retrograde velocity increases as the spot columns become more bent so it is
expected that the retrograde velocity will be increased slowly as the spot columns

are reaching the bending limit, which directly leads to the observation.

o The retrograde velocity decreases with increasing the applied azial magnetic field [85].
According to our model the more bent the spot columns, the higher is the ret-
rograde velosity. If the applied axial magnetic field reduces the bending of the
spot columns, which is at least supported by the experimental observation that
the constrictions in both the plasma flow and the arc current are less pronounced
when the axial magnetic field is applied [87], it turns out that the stronger the
applied axial magnetic field, the less bent are the spot columns, and the smaller

is the retrograde velocity.
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Chapter 7

On Ampere and Lorentz force laws

7.1 Development of the force laws

In recent years there has been a new controversy about the electrodynamic force laws,
namely, the Ampere and Lorentz force laws [92] - [110]. A focus of the controversy lies
on whether the two force laws are equivalent in conducting current systems. To help to
clarify this matter, it is necessary to look back on the history of development of the two
force laws, which has been overlooked in most of the previous discussions. Although a
good account of the development of the Ampere and Lorentz force laws can be found
in Maxwell’s famous book ”A Treatise on Electricity and Magnetism” [111] as well as
Whittaker’s one ”A History of the Theories of Aether and Electricity” [112], for our
purpose, let us review it briefly hereon before going any further.

On 21 July 1820, Hans Christian Oersted published his discovery that a wire con-
necting the ends of a voltaic battery affected a magnet in its vicinity. It appears
therefore that in the space surrounding a wire transmitting an electric current a mag-
net is acted on by forces depending on the position of the wire and on the strength
of the current. The space in which these forces act may therefore be considered as a
magnetic field. However, Oersted did not determine the quantitative law of the action.

Having repeated and extended Oersted’s experiments, Jean-Baptiste Biot and Félix

Savart soon found the law

102
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/J r')dr’ x ( r—r) (11)

Ir—r'|’

where B represents the magnetic mductlon; j denotes the current density; r and r’ are
the position vectors of the field and the source respectively and 7’ indicates the whole
source current region.

The next step came from André-Marie Ampere, who on 18 September 1820 showed
that two parallel wires carrying currents attract each other if the currents are in the
same direction, and repel each other if the currents are in opposite directions. During
the next three years Ampere continued to prosecute the researches thus inaugurated,

and in 1825 published his electrodynamic force law

2Py = B [ R)Gw)dr - R) = 2G()d - §(xydn)|  (72)

where d?F 4 indicates the force on the current element j(r)dr exerted by the current
element j(r')dr’ and R = (r — r’). It should be remarked that the Ampere force law
of mutual action of electric currents is founded on four experimental facts and one
assumption.! With reference to these experiments, it may be observed that every
electric current forms a closed circuit, so that the ultimate result of each experiment is
the action of one or more closed current upon the whole or a part of a closed current.
Hence, as Maxwell points out, "no statement about the mutual action of two elements

» 2

of circuits can be said to rest on purely experimental grounds”,? it is more precise to

interpret Ampere force law as
dF 4 = / d°F 4 (7.3)
TI
The other weakness of Eqn. (7.2) lies in the assumption that the force between
two current elements acts along the line joining them. It is clear that one may, if one
pleases, adopt another assumption and add to this expression any term which vanishes

when integrated over 7'. One of such alternative formulae was given by Grassmann in

1845

d'FL = (j(r)dr - R)j(r')dr’ — (j(r')dr" - j(r)dT)R]

4 R3[

1Refer to J.C.Maxwell [111], Chapter 2.
2Refer to J.C.Maxwell [111], page 151.
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R

= j(r)dr x % [j(r')d‘r' X ﬁ] (7.4)

with the assumption that two current elements in the same straight line have no mutual

action. Integrating Eqn. (7.4) over 7/, we obtain

. R

dF, = o [ 5(eydr! x —

L= jdr x 2 /T'J(r )dr' x 2
= j(r)dr x B (7.5)

where the value of B is precisely the value defined by Biot-Savart law in Eqn. (7.1).

Thus we may consider the mutual action of one electric circuit upon another, by de-

termining the action on the first due to the magnetic field produced by the second.
In 1889 Oliver Heaviside, based on experiments, gave for the first time the formula

for the ponderomotive force on an electric charge which is moving in a magnetic field
F=qvxB (7.6)

where q is the charge and v is the moving velocity thus qv represents the convective
current.

In 1892 Hendrik Antoon Lorentz published his electron theory, that is to say, all
electrodynamic phenomena were ascribed to the agency of moving electric charges,
which were supposed in a magnetic field to communicate these forces to the ponderable
matter with which they might be associated. Lorentz supposed that the phenomena
of conduction currents are due to the motion of electrons. If v represents the drift
velocity of electrons of conduction currents and p denotes the charge density, j = pv
and jdr = qv so that the Lorentz theory unifies the individual experimental findings

of Equ. (7.5) and Eqn. (7.6) which are now usually called the Lorentz force law.
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7.2 Equivalence of the force laws

Two points should be declared to start this section (i) since Ampere force law was
postulated for currents flowing in conductors we only discuss the equivalence of the
two force laws in the range of conduction currents which satisfy V.j = 0 everywhere in
the current system interested; (ii) neither Eqn.(7.2) nor Eqn.(7.4) directly result from
the experimental findings so that as far as the two force laws are concerned, we imply
the laws given by Eqn.(7.3) and Eqn.(7.5) respectively.

It is agreed that for a complete current distribution 3’ which exerts a force on a
volume current element or the whole of another current distribution j, the two force
laws predict the same forces. The argument is about the equivalence between the two
force laws when they are used for a self-closed system, namely the volume current
element jdr is a part of the complete current distribution j’. Ternan [93] and Jolly [94]
demonstrated individually how either law may be derived from the other, thus showing
that two laws are equivalent. Christodoulides [100] used a quite different approach,
which examines an expression for the difference of the forces predicted by the two laws,
to prove the equivalence of them in a self-closed system. However, using almost the
same approach, Cornille [108] found a contrary consequence. It is therefore necessary

to clarify this matter first.

7.2.1 Proof for continuum electrodynamics

By defining the force distributions or densities

. dFy4

fA = dl‘}l—l»lo_&T_ (77)
. dFL

L = dlflglo_(-ir_ (78)

we start to examine the difference between them

df fa—1L

-2/ ,%[%(j(r')-R)(j(r)-R)—j(r')(j(r)-R)—R(j(r’)-j(r)) dr
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Let N = j(r')(j(r) - R/R®), we can find (see Appendix 7.1)

v N = 20 R)G) - R) - XL (7.10)

subject to V' - j(r') = 0, where V' indicates the operation with respect to r’. Then

Eqn. (7.9) becomes
df = K /’(RV’ N - N)dr' (7.11)

T 4r

which can be converted to a surface integral

P [ R(N.-ds)

47 Js

df

fo [ G0) - R)G() - ds) (1.12)

where s’ is the surface enclosing 7. The conversion of Eqn. (7.11) to Eqn. (7.12) is
given in Appendix 7.2. Now Equ. (7.12) is identical with equation (20) in [100] and
equation (10) in [108]. It can clearly be seen that as long as j(r) does not belong to the
current system j(r’) or in the other words that j(r) is the current density of the other
closed circuit, the vector N is continuous and differentiable everywhere in 7’ and on s
so that the conversion from Eqn. (7.11) to Eqn. (7.12) is legitimate and df = 0 because
j(r') - ds’ = 0. Hence it confirms that the two force laws have the same effects on the
target current which is outside the active current circuit. This is expected without
argument. A d<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>