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Abstract

We consider manifolds with almost non-negative Ricci curvature and strictly positive
integral lower bounds on the sum of the lowest k eigenvalues of the Ricci tensor.
If (M", g) is a Riemannian manifold satisfying such curvature bounds for k = 2,
then we show that M is contained in a neighbourhood of controlled width of an
isometrically embedded 1-dimensional sub-manifold. From this, we deduce several
metric and topological consequences: M has at most linear volume growth and at most
two ends, it has bounded 1-Urysohn width, the first Betti number of M is bounded
above by 1, and there is precise information on elements of infinite order in 7y (M).
If (M", g) is a Riemannian manifold satisfying such bounds for £ > 2, then we show
that M has at most (k — 1)-dimensional behavior at large scales. If k = n = dim(M),
so that the integral lower bound is on the scalar curvature, assuming in addition that
the (n — 2)-Ricci curvature is non-negative, we prove that the dimension drop at large
scales improves to n — 2. From the above results we deduce topological restrictions,
such as upper bounds on the first Betti number.
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1 Introduction

A renowned conjecture by Yau asserts that if (M", g, p) is a pointed Riemannian
manifold of dimension n with Ricy; > —A, then

/ RdVol < C(x, n),
Bi(p)

where R denotes the scalar curvature. Under the assumption of non-negative sectional
curvature, the aforementioned bound on the scalar curvature was obtained by Petrunin
in [47]. A non-collapsed version of Yau’s problem was then proposed by Naber in
[45], where he conjectured that if (M", g, p) is a pointed Riemannian manifold with
Ricyy > —X and Vol(B;(p)) > v, then fB](p) RdVol < C(A, n, v). If true, Naber’s
version of Yau conjecture would allow to define a scalar curvature measure on non-
collapsed Ricci limit spaces (see again [45]).

These conjectures are still open and, more generally, the geometric interplay
between Ricci and scalar curvature bounds is still not fully understood. A step forward
in this direction was carried out in a series of recent papers showing that 3-manifolds
with non-negative Ricci curvature and scalar curvature bounded from below by a
strictly positive constant have at most linear volume growth at infinity (see [17, 44]).
This is a particular case of a more general conjecture by Gromov [29] stating that
a non-compact pointed Riemannian manifold (M", g, p) of dimension n with non-
negative Ricci curvature and scalar curvature bounded below by a strictly positive

constant should satisfy

Vol(B
lim sup w < +00. (D

t——+00

Without the condition on the Ricci curvature, manifolds with uniformly positive
scalar curvature can have arbitrarily large volume growth (by the surgery results in
[30, 31]). Nevertheless such 3-manifolds have been shown to have bounded Urysohn
1-width (see [32, 36, 40, 41] and, assuming also non-negative Ricci curvature, [62]).
This class of results enters in the framework of another more general conjecture by
Gromov [32], stating that a manifold of dimension n with scalar curvature bounded
below by a strictly positive constant should have bounded Urysohn (n — 2)-width.

Motivated and inspired by the above conjectures and results, we next discuss the
framework and the main findings of the present work.
Given a manifold (M", g) and k € N, k < n, we denote by Ry the sum of the lowest
k eigenvalues, counted with their multiplicity, of the Ricci tensor Ricys. In analogy
with the terminology used in [50], if Ry > ¢, we say that the k"-scalar curvature of
M is bounded below by ¢ (note that this is different from the convention used in [60],
where the Ricci curvature is said to be k-positive if Ry > 0). In this paper, we study
the geometry of manifolds with almost non-negative Ricci curvature and k'”-scalar
curvature bounded from below in integral sense by a positive constant (see [20, 22,
26, 38, 56] for previous literature on manifolds with Ry > c¢). As a byproduct, we
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also obtain new results on manifolds with almost non-negative Ricci curvature and a
positive lower integral bound on the scalar curvature.

Broadly speaking, we show that a lower Ricci curvature bound combined with a
positive lower bound on the k' h_scalar curvature forces the manifold to have (k—1)-
dimensional behavior at large scales. Moreover, if k coincides with the dimension of
the manifold (so that the lower bound is on the scalar curvature), the dimensional
bound on the geometry at large scales can be improved to (k — 2), matching in this
way the dimension-drop appearing in the aforementioned conjectures by Gromov. Our
approach relies on techniques from metric geometry in which a limit space arises from
a sequence of manifolds (see the foundational papers [8—11]).

The first main result of the paper is Theorem 1.1, which shows the continuity of
certain integral functionals of Ry under Gromov—Hausdorff convergence. We recall
that, if Yau conjecture holds, given a sequence (M;, g;, pi) — (X, d, x), one can
define a scalar curvature measure p on X as a weak limit Rys,Vol; — u (see [45,
Conjecture 2.18]). Hence, continuity results for [ R under GH convergence would
ensure that, if X is itself a smooth manifold, then © = RxVol. Theorem 1.1 proves a
result along these lines when X = R” (see Remark 3.5). Other continuity results for
the integral of the scalar curvature were previously obtained in the presence of a lower
bound on the sectional curvature in [48, Theorem B3] (after Perelman) and [39]. We
refer to Definition 2.5 for the definition of (k, §)-symmetric and §-regular balls in a
manifold. Given a, b € R, we denote a A b := min{a, b} and a VvV b := max{a, b}.

Theorem 1.1 Let L, k,n € Nwithk <nands € (0, 1) be fixed. Then

sup { ][ Ry A LdVol : (M, g, x) has Ricyy > —38, and Byo(x) is (k, 8)-symmetric},
Bi(x)

sup { ][ [R|* dVol : (M, g, x) has Ricy; > —8, and Bjo(x) is 8-regular}
Bi(x)

converge to 0 as § \ 0.

The previous result is the technical tool that will be used to study manifolds with a
positive uniform lower bound on Ry.

As a first application of Theorem 1.1, in Theorem 1.2 we show that manifolds of
any dimension with integrally positive Ry (and almost non-negative Ricci curvature)
are contained in a neighbourhood of controlled width of an isometrically embedded
1-dimensional manifold.

The result applies also to 3-manifolds with integrally positive scalar curvature and,
assuming either an integral sectional curvature lower bound or a strong non-collapsing
assumption, gives a new precise description of the macroscopic behavior of these
spaces. Let v,€,8, L € (0, +00),n € N, s € (0, 1), and consider the following sets
of conditions on a manifold (M", g).
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(i) n > 2, Ricyy > =4, and
][ RyALdVol>¢, Vxe M.
By (x)
(i) n = 3, Ricyy > —46, and
][ Secy A 0dVol > —3§, ][ Ry ALdVol >¢, Vxe M.
By (x) By (x)
(iii) n = 3, Ricyy > —§, and
][ IRy *dVol > ¢, Vol(Bi(x)) > v, Vxe M.
Bj(x)

Given r > 0 and a subset A C M, the r-neighbourhood of A in M is the set of
points whose distance from A is less than r.

Theorem 1.2 Letv,e, L € (0,+00), n € N, s € (0, 1) be fixed. There exist C,§ > 0
with the following property. If a manifold (M", g) satisfies one of the conditions
(1), (ii), (iii), then there exists a 1-dimensional connected manifold I (possibly with
boundary) and a distance preserving map ¢ : I — M, such that M is contained in
the C-neighbourhood of ¢ (I).

Theorem 1.2 has far reaching implications both for the metric and the topological
properties of manifolds satisfying (i), (ii), or (iii). These are collected in Theorem 1.3
below. We denote by by (M) the first Betti number of M. Given a loop y in M, we
denote by [y] its equivalence class in the fundamental group 71 (M). We recall that
a metric space (X, d) has 1-Urysohn width < d if there exists a 1-simplex Y, and a
continuous map 77 : X — Y, such that diam(f~!(y)) < d forevery y € Y.

Theorem 1.3 Letv, e, L € (0,+00), n € N, s € (0, 1) be fixed. There exist C,8 > 0
with the following property. Let (M", g) be a manifold satisfying one of the conditions
(i), (ii), (iii). Then,

sup, ¢ Vol(B;(x)) < Ct, forallt > 0.

IfRicys > O, then infcpr Vol(By(x)) > O.

M has 1-Urysohn width < C.

M has at most two ends.

b (M) < L.

m1(M) is infinite if and only if M is compact and its universal cover is non-compact.
If there exists a loop y C M such that [y] € m1(M) has infinite order, then M is
contained in a C-neighbourhood of y.

NS AW~

The previous two theorems are part of a series of recent results where positive lower
bounds on the (scalar) curvature imply 1-dimensional behavior at large scales both
from the metric and the topological viewpoint. For instance, a linear volume growth
bound for 3-manifolds with Ric > 0 and R > 1 was obtained in [44], and was then
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generalized in [4, 17, 61]. Similarly, 3-manifolds with R > 1 have been recently shown
to have bounded Urysohn 1-width (see [32, 36, 40, 41]).

We highlight that an analog of Theorem 1.2 is not to be expected in the higher
dimensional case (see Remark 5.9) and that the result fails without the lower bounds
on the Ricci curvature (see Remark 5.7). The proof of Theorem 1.2 relies on the study
of a geometric condition on length minimizing geodesics in a metric space that was
first studied in [34] (see Sect. 4).

We now turn our attention to manifolds with an integral lower bound on Ry, pos-
sibly for k > 3. Theorem 1.4 shows that non-negative Ricci curvature, coupled with
a sufficiently slow asymptotic integral decay of R, implies a dimension-drop for
the tangent cones at infinity. An analogous result (under different assumptions) was
recently proved in [64, Theorem 1.6]. We recall that if a pointed non-compact manifold
(M", g, p) has non-negative Ricci curvature, then Gromov’s pre-compactness theorem
ensures that, for every sequence (M", g/r;, p) as r; — 400, there exists a subse-
quence converging in pointed Gromov—Hausdorff sense to a metric space (X, d, poo)-
Such space obtained via blow-down is called a tangent cone at infinity of M. Finally,
we refer to Sect. 3.2 for the definition of the (n — 2)"-Ricci curvature Ric,_» (after
[50D.

Theorem 1.4 Let (M", g, p) be a Riemannian manifold and let L > 0, «o € (0, 2).

1. Assume that Ric > 0 and

lim 0V (r**Ri) A LdVol = L.
r—+00 B, (p)

Let (X, d, xo0) be any tangent cone at infinity of M. If (R?, de,,) is a tangent space
to X atapointx € X, thend <k — 1.
2. Assume that Ric,,_» > 0 and

lim 0V (r*“R)A LdVol = L.
r=+00 /B, (p)

Let (X, d, xo0) be any tangent cone at infinity of M. If (R?, de,,) is a tangent space
to X ata point x € X, thend <n — 2.

The previous theorem is sharp in the sense that it fails for « = 0 (see Remark 3.11).
A biproduct of Theorem 1.4 is that, if a manifold has non-negative Ricci curvature
and sufficiently slow integral asymptotic decay of the Ricci tensor, then it is compact
(see Remark 3.12).

We now consider the topological implications of non-negative Ricci curvature and
asymptotically positive k-scalar curvature. This is the content of Theorems 1.5 and
1.6 (compare with [64, Theorems 1.3 and 1.7], after [46]).

Theorem 1.5 Let (M", g, p) be a non-compact Riemannian manifold with n > 3 and
leta € (0,2). Let 2 < k < n be a natural number.
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1. IfRicyy > 0 and
lim sup (rz_“ min Rk) >0,
r—+00 B (p)
thenbi(M) <k — 2.
2. IfRicy_p > 0 and
lim sup (rz_“ min R) > 0,
r—400 B (p)
thenbi(M) <n — 3.

The proof of Theorem 1.5 follows the lines of [64, Theorem 1.3] by replacing the
use of [64, Theorem 1.6] with Theorem 1.4. We remark that Theorem 1.5, unlike [64,
Theorem 1.3], allows for the scalar curvature to converge to zero at infinity.

Theorem 1.6 Ler¢,s,v € (0,1), let L, D € (0, 4+00), and let k,n € N with k <
n. There exists 5 > 0 such that for every manifold (M", g, p) with Ricyy > —3§,
diam(M) < D, Vol(B(p)) > v, the following holds.

1. IffBl(p) Ri A LdVol > €, thenbj(M) < k — 1.

2. IffBl(p) R|* dVol > €, thenbj(M) <n — 2.

If the manifold in the previous theorem has non-negative Ricci curvature, the pre-
vious result follows immediately from the splitting theorem [12]. We remark that
Theorem 1.6, unlike [64, Theorem 1.7], only requires a local bound on the scalar
curvature.

Finally, we mention that Theorem 1.1 can be combined with the results of [15] to prove
aresult from Jiang and Naber (see Theorem 1.7 below). This result was announced in
[45] without proof; we sketch one in the appendix.

Theorem 1.7 (Jiang—Naber) Let K € R, n € N, v > 0, s € (0, 1) be fixed and let
(M", g, p) be amanifoldwithRicy; > K andVol(B1(p)) > v. There exists a constant
C(K,n,v,s) > 0 such that

][ IRic|* dVol < C(K, n, v, 5).
Bi(p)

The previous theorem is the best available result concerning the non-collapsed Yau
conjecture mentioned at the beginning of the introduction.

The paper is organized as follows. Section 2 contains preliminaries. In Sect. 3, we
prove Theorems 1.1, 1.4, 1.5, and 1.6. In Sect. 4, we study a property of length-

minimizing geodesics in metric spaces which is then used to prove Theorem 1.2.
Finally, in Sect. 5, we prove Theorems 1.2 and 1.3.

2 Preliminaries

We start by recalling some basic notation and terminology about metric spaces.
Throughout the section, (X, d) denotes a proper, separable, length metric space. A
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metric measure spaces (X, d, m) is a triple, where (X, d) is a metric space and m is a
non-negative Borel measure on X which is finite on bounded sets and whose support
is the whole X. We denote by H¥ the k-dimensional Hausdorff measure induced by
d on X. Given a smooth manifold (M, g) we denote by d and Vol respectively the
Riemannian distance and volume measure induced by g. Given an open set Q C X,
we denote by Lip(£2), Lip;,.(€2) and Lip,.(£2) respectively the set of Lipschitz, locally
Lipschitz and compactly supported Lipschitz functions in 2. We denote the slope of
f € Lippc(R2) atx € Q2 by

lip(f)(x) := lim sup M
y—x d(x, y)

We say that two pointed metric measure spaces (X, dx, my, x) and (Y, dy, my, ¥)
are isomorphic if there exists a bijective distance preserving map i : X — Y such that
igmy =my and i(x) = y.

We next recall the main definitions concerning the pointed Gromov—Hausdorff
convergence, referring to [7], [55], and [25] for an overview on the subject.

Definition 2.1 (§-GH maps) Let (X, dx, x) and (Y, dy, y) be pointed metric spaces
andlet§ > 0. Amap f: X — Y isa§-GH map if:

o f(X)=1);
e the image of f is a §-netin Y, i.e. for every y € Y there exists x € X such that
dy(y, f(x)) = 6;

o the distortion of f is less than §, i.e.

sup |dx(xo, x1) —dy(f(x0), f(x1)| < 8.

xp,x1€X

Definition 2.2 (pGH-convergence) A sequence of pointed metric spaces (X, d;, X;)
converges to (X, d, X) in pointed Gromov-Hausdorf{f-sense (pGH, for short) if for
every 8, R > 0 there exists N > 0 such that, for every j > N, there exists a §-GH
map /1 (Br(%)),d;, X)) = (Br(X),d, %).

The previous definition of pointed Gromov Hausdorff convergence is slightly dif-
ferent from the one given in [7, p. 272]. Nevertheless, they coincide when considering
the convergence of length spaces (as it will be, throughout the paper).

Definition 2.3 (pmGH-convergence) We say that a sequence of pointed metric
measure spaces (X;,d;, m;,x;) converges to (X,d,m,X) in pointed measured
Gromov-Hausdorff-sense (pmGH, for short) if it converges in pointed Gromov—
Hausdorff-sense and, for every R > 0, the maps f J.R . Br(x i) = Br(X) given
by Definition 2.2 satisfy ( ij)#(m ;L Bgr(¥j)) = mL Bg(¥), as j — oo, weakly in
duality with continuous boundedly supported functions on X.

Both pointed Gromov—Hausdorff and pointed measured Gromov—Hausdorff con-
vergence are metrizable. The corresponding distances are denoted by dpgy and dpmGH-
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We recall that, in the case of a sequence of uniformly locally doubling metric mea-
sure spaces (X, d;, m;, x;) (as in the case of RCD(K, N) spaces), pointed measured
Gromov—Hausdorff convergence to (X, d, m, x) can be equivalently characterized by
asking for the existence of a proper metric space (Z, d;) such that all the metric spaces
(X;,d;) are isometrically embedded into (Z, d;), X; — x and m; — m weakly in
duality with continuous boundedly supported functions in Z (see [25]).

Next, we recall the fundamental notion of (k, §)-splitting map (see [8, 9, 16, 18])
on a Riemannian manifold with Ricci curvature bounded below.

Definition 2.4 ((k, 8)-splitting maps) Let (M", g) be a Riemannian manifold and let
1 <k < n. A harmonic map u : B,(x) — R¥ is a (k, 8)-splitting map if:

1. Forevery i, j € {1,---,k}, it holds fB,(x) [Vu; - Vu; — §;;]dVol < 6.

2. supg, (yy IVul < 1+434.

3. r2 f5.00 |Hess(u)|? dVol < §2.

Definition 2.5 ((k, §)-symmetric balls) Let (M", g) be a Riemannian manifold. A
ball B.(p) C M is said to be (k, §)-symmetric if there exists a pointed metric space
(Y, dy, y) such that dgu (B (p), B}RkXY(O, y)) < ér.Ifaballis (n, §)-symmetric, we
will say that it is 6-regular.

The next theorem corresponds to [14, Theorem 4.11] (after [8] and [9]).

Theorem 2.6 Letn € N. For every € > 0, there exists 8o(e, n) > 0 with the following
property. Let § € (0, 8g) and let (M", g, p) be a pointed Riemannian manifold with
Ricyr > —46.
1. If there exists a (k, 8)-splitting map u : B>(p) — Rk, then Bi(p) is (k, €)-
symmetric.
2. If Bo(p) is (k, 6)-symmetric, then there exists a (k, €)-splitting map u : B1(p) —
RE,
The next result was proved in [8] (see also [2]).
Theorem 2.7 Let K € Rand n € N. Let (M", g) be a Riemannian manifold with
Ricpyr > K. Forevery p € M and R > 2r > 0, there exists afunctionp € CX°(Br(p))
which is identically equal to 1 on B, (p), with support contained in B>, (p), and such

that
r2|Ap| 4+ r|Ve| < C(K,n, R).

The next theorem follows from [8, 9, 18].

Theorem 2.8 Let n € N. For every € > 0 there exists § = §(n, €) > 0 such that if
(M", g) has Ricyy > —38 and Bio(x) C M is §-regular, then B,(y) is e-regular for
everyr € (0,5) and every y € Bs5(x).

Definition 2.9 (Ricci limit space) A pointed metric measure space (X, d, m, x) is
a Ricci limit space if there exists a sequence of pointed Riemannian manifolds
(M;‘, gj, pj) with Rich > K for some fixed K € R and n € N, such that

(M", dgj,Von(Bl(pj))_1 Volj, pj) — (X,d, m,x) in pmGH-sense.
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The limit space is said to be non-collapsed if Vol ; (B1(p;)) > v > 0 for some fixed
v > 0.

The next theorem was proved in [9, 18].

Theorem 2.10 Let (M;’, gj, pj) be a sequence of pointed Riemannian manifolds with
a uniform lower bound on the Ricci curvature converging in pGH-sense to a metric
space (X, d, x). Then precisely one of the following holds.

1. Either: lim SUP;_, oo Vol;(B1(pj)) > 0. In this case the lim sup is a limit and the
PpGH convergence can be improved to pmGH convergence to (X, d, H*, x).

2. Or: limj_, 4o Vol (Bi(p;)) = 0. In this case the Hausdorff dimension of X is
bounded above by n — 1.

Definition 2.11 (Tangent space)Let (X, d, m, x) be aRicci limit space. A metric space
(Y, dy, y) is a tangent space at X if there exists a sequence 1 > r; > 0, r; \ O that
satisfies

_ GH
(X.d/rj. %) 25 (V. dy. y).

Gromov pre-compactness theorem implies that the set of tangent spaces at a point
is always non-empty. Moreover, in [9] it was shown that for non-collapsed Ricci limit
spaces all tangent spaces are metric cones.

Definition 2.12 (k-singular stratum) Let (X, d, m, x) be a Ricci limit space. For every
k € N, the k-singular stratum is defined to be

Sk = {x € X : no tangent space is isometric to R+ x v, for any (Y, dy)} .

The next theorem was proved in [9].

Theorem 2.13 Let (X, d, x) be a non-collapsed Ricci limit space of dimensionn > 2.
Then Sy—1 \ Sp—2 = 0.

We next recall some properties of RCD spaces and of finite perimeter sets thereof,
which will be useful later in the paper. We assume the reader to be familiar with the
subject and we refer to the surveys [1, 23, 53] for an account of the theory. Let us
just recall that an RCD(K, N) space is a metric measure space (X, d, m) with Ricci
curvature bounded below by K € R and dimension bounded aboveby N € [1, oo]ina
synthetic-sense, and whose Sobolev space W1+ is Hilbert. For the present work, it will
suffice to consider the finite dimensional case; thus, if not otherwise specified, N > 1
will be a real number. Recall that such a class is stable under pmGH convergence, it
contains Ricci limit spaces and finite dimensional Alexandrov spaces.

The next result follows from [6, 42] (after the seminal works for Ricci limits [9,
11, 19]).

Theorem 2.14 Let (X, d, m) bean RCD(K, N) space. Then there exists k € NN[1, N7,
called essential dimension of X, such that for m-a.e. x € X all tangent spaces in x
are isometric to (R¥, d,, 0).
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The next proposition, from [37, Theorem 1.1], characterizes the RCD spaces having
essential dimension 1.

Proposition 2.15 Let (X, d, m) be an RCD(K, N) space of essential dimension equal
to 1. Then (X, d) is isometric to a closed connected subset of R or to Sl(r) := {x €
RZ: x| =r)

We now recall some topological properties of RCD spaces. The next proposition is
a special case of [49, Theorem 5], in the non-collapsing scenario. We denote by by (X)
the first Betti number of X.

Proposition 2.16 Let ((Xj, d], H] ,x])) N be a sequence of pointed RCD(0, N)

spaces with va (B1(xj)) = v > 0 converging in pGH-sense to a compact metric
space (X, d). If b1 (X ;) > r for every j, then b1 (X) > r.

The next proposition, proved in [57, Corollary 1.2] (see also [58, Theorem 1.2]),
establishes the converse inequality in higher generality.

Proposition 2.17 Let ((Xj, d;, mj,ij))jeN be a sequence of pointed RCD(K, N)
spaces converging in pmG H-sense to a compact metric measure space (X, d, m).
Ifb1(X ;) <r forevery j, thenb(X) <r.

Definition 2.18 (Covering space and universal cover) Let (X, dx) be a connected
metric space. We say that (Y, dy) is a covering space for X if there exists a continuous
map 7 : ¥ — X such that for every point x € X there exists a neighborhood U, C X
with the following property: 7~ (U, ) is the disjoint union of open subsets of ¥ each
of which is mapped homeomorphically onto U, via .

A connected metric space (X,d %) s said to be a universal cover for (X, dx) if it is
a covering space with the following property: for any other connected covering space
(Y, dy) of (X, dyx), there exists a continuous map f : X — Y such that the triangle
made with the projection maps onto X commutes.

The next result proved in [43] establishes the existence of the universal cover for
an RCD(K, N) space.

Proposition 2.19 Let (X, d, m) be an RCD(K, N) space. Then, it admits a universal
cover (X dX) Moreover there exists a measure W on X such that (X dX, m) is an
RCD(K, N) space.

Since RCD(K, N) spaces are semi-locally simply connected thanks to [57] the
universal is simply connected. The next proposition follows from [43, Theorem 1.3],
after taking into account that the revised fundamental group mentioned in the reference
coincides with the usual fundamental group thanks to [57].

Proposition 2.20 Let (X, d, m) be a compact RCD(0, N) space withby(X) > k. Then,
its universal cover splits the Euclidean R isomomorphically as metric measure space.

The next proposition from [52, Corollary 4.11] shows that the universal cover of a
Ricci limit space is a Ricci limit space, as well.
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Proposition 2.21 Let K € Randn € N. Let (M;‘, gj,Xj) be a sequence of Rieman-
nian manifolds with Ricy;; > K converging in pGH-sense to a compact metric space

(X, d). Let (X, d) be the universal cover of X and fix x € X. Then, there is a sequence
of coverings (M, 8j,Xj) of M; converging in pGH-sense to (X, d, X).

The next proposition follows combining [3, Theorems 1.1 and 1.3] with the fact
that each covering of a fixed manifold has volume growth controlled from above by
the one of the universal cover.

Proposition 2.22 Lerk, h € NU{O} withk < h. Let (M, g, X) be a pointed Riemannian
manifold with Vol(B;(x)) > cltkforsome c1 > 0andwhose universal cover (M g, x)
satisfies VOI(B, x) < czth for some c; > 0. Thenbi (M) < h — k.

3 Integral estimates on scalar curvature and first geometric
applications

3.1 Proof of Theorem 1.1

Throughtout the section, (M", g) will be a smooth, complete (in some cases compact),

n-dimensional Riemannian manifold, with n > 2. We denote by Ry : M — R the sum

of the lowest k eigenvalues, counted with their multiplicity, of the Ricci tensor. We first

prove a few lemmas that will be used to establish Theorem 1.1 from the Introduction.
Given a matrix A € R"*¥ we denote by AT € RF*" its transpose.

Lemma3.1 Let k,n € N with k < n, and let c,e > 0 be fixed. There exist
ci(n,€), € (n,€) > 0 arbitrarily small satisfying the following. Let A = (a; ;) €
R™k be a matrix with |ATA — I| < ¢ and |A|*> < c. Consider real numbers
—€' <A < --- < Ay with A > €/2k. Then

k n
OV Y Y hjaj; = VeOu+-+ k).
i=1 j=1

Proof Assume by contradiction that the statement fails. Hence, we find sequences
ch.€, | 0and Ay = (a’;,.) e Rk with |AT Ay — Ii| < cn, |An)* < c and real
numbers —¢; < A" <... < with A > €/2k, with

k n
0v I3 M ) < \/g(x’{ 44, forallh e N.
i=1 j=1
In particular, dividing both sides by A%, it holds
k k—
>yl NJJ P Y <k/q, @)
i=1j= 1 i=1 j=k
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where the first summand in the L.h.s. is to be considered zero if k = 1.
Moreover, since |Ah|2 <ec, —e}’, < )Jll <...< AZ and AZ > €/2k, it holds

k k-1 )Lh

/!
J h N2 2 €h
sz—z(aj,i) > —2k%c-L.

i=1 j=1

Combining with (2), we obtain

k n
ZZ(a;”if < k\/%—i- 2](26‘%.

i=1 j=k

Taking the limit as 4~ — 00, we obtain a matrix A = (a; ;) € R™*k such that

k n
ATA = I and Zz(aj'i)z =0.

i=1 j=k

The last two identities are clearly in contradiction: indeed, the former states that the
columns of A are k orthonormal vectors in R”, while the latter implies that their span
is at most £ — 1 dimensional. O

The next lemma will be key to prove Theorem 1.1.

Lemma3.2 Letk,n € N, withk < n,andlets € (0, 1) be fixed. For every € > O there
exists §(n, €, s) > 0 such that if (M", g) has Ricyy > —36 on Byo(x), and Bjo(x) C M
is (k, §)-symmetric, then:

e There exists E C By(x) such that
/ERk dVol < €Vol(B;(x)); 3)
o There exist xj € Bi(x) andrj € [0, 1/2], with j € N, such that
Bi(x)\ E C | By, (xj) with ) _Vol(B,,(x)))r; ™ < eVol(Bi(x)). (4
jeN jeN

In particular, Vol(B1(x) \ E) < eVol(B1(x)) and fE Ri dVol < £

1—€-

Proof Let € > 0 be fixed. Let 0 < €'(n,€) < € be given by Lemma 3.1 and let
0 < 8 < € be small enough so that if Bjg(x) C M is (k, §)-symmetric, there exists
a harmonic (k, €’)-splitting map u : Bs(x) — RX. Plugging the j-th entry u; of the
map u into the Bochner Formula yields

|Vu;|? -1
2

A = |Hess(u;)|* 4+ Ric(Vuj, Vu;), on Bs(x). 5)
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Theorem 2.7 ensures the existence of a non-negative function ¢ € C2°(Bz(x)), with
¢ = 1 on Bj(x) and such that

|Ap| + V| < c(n).

Multiplying (5) by ¢, integrating, and recalling Definition 2.4, we obtain
][ PRic(Vuj, Vuj)dVol < c(n)e’.
By (x)
Since Ricyy > —§ > —€’ and SUpP g, (x) |[Vu| < 2, it holds

][ Ric(Vuj, Vuj)dVol < c(n) @Ric(Vuj, Vuj)dVol + c(n)e’ < c(n)e’.
Bi(x) By (x)

Summing over j € {1, ..., k}, we get

k
][ Z Ric(Vuj, Vuj)dVol < c(n)e’. 6)
Bi(x) j=1

We now define E C Bj(x) to be the set of points where {Vu j}];:1 are almost
orthonormal. For each point p € M, we fix an orthonormal basis so that 7, M = R”"
and we use the convention that Vi € R"*¥ (i.e., each Vu; is a column of Vu). Let
c1(n, €) > 0 be the constant given by Lemma 3.1, and set

E:={yeBi(x):|Vul Vu — It| <c1}.

Observe that the condition in the previous definition is independent of the chosen
orthonormal basis for T, M. Fix now an orthonormal basis in 7}, M such that Ricy,
in T, M is represented by the diagonal matrix A € R"*", whose eigenvalues are
—€ <A < < A

Consider now the subsets of E defined by

EL =EN{Ry >¢€/2} and E_ := EN{Ry < €/2}.
At every point of E, we have Ay > €/2k. Hence, by Lemma 3.1, it holds
k k
0V Y Ric(Vuy, Vuy) =0V Y Vul AVu,

j=1 j=1

k n
=0V Y > M(Vui)? = Ve 4+ 1) = VelRe

j=1i=I
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Combining with (6), we obtain

/Rk dVoI:/ deVol—i-/ R dVol
E E,

< (e/2)Vol(B(x)) +/ Ri dVol < (c(m)Ve' +€/2)Vol(B1(x)). (7
Ey

Choosing €’ > 0 small enough, we obtain (3).

To conclude the proof, we need to show that Bi(x) \ E is contained in a union
of sufficiently small balls. Let n(e, n, s) > 0 to be chosen later and consider the set
E’ C Bj(x) given by

E = [yeBl(x):r“][

IHess(u)|? dVol < 5, forevery r € (0, 1/10)}.
B (y)

We claim that

E'Cc E and
Bin)\ E' | By, (x)) with Y Vol(B,, (x)))r; % < eVol(B) (x)). ®)
ieN ieN

The thesis (4) will follow by combining the claim (8) with (7).

We first prove that E’ C E. It is sufficient to show that at every point of E’ the
quantity |Vu” Vu — It | is smaller than the constant ¢ (¢, n) appearing in the definition
of E. We prove it by a telescopic argument (cf. [5]). Set £ := 3, ; [Vu; - Vu; — ;1.
For every j € Nand y € By (x), we have

]l £dVol = ‘][ £dVol —][ £dVol +][ £dVol — ... +][ £dVol
B, ;) Bi(») Bi() Bija() B, ;(y)

< c(n)e' + Z‘][

£dVol — ][ SdVoI‘
jeN B,_j+1(y) B,_;j(y)

§CMkJ+CM)§:2_jf‘ [Hess(u)| dVol,

e B, ()

where in the last inequality we used the Poincaré inequality. Using Holder inequality
and the definition of E’, we infer that

. . 1/2
][ EdVol < c(n)e’ + c(n) Z 2-/0=9) (2—2” ][ |Hess(u)|? dVoI)
B,—j(») jeN B,_j(y)

< c(n)e + c(n, s)/1.

Choosing 1 and €’ to be sufficiently small, and letting j go to +00, we conclude that
E' CE.
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From now until the end of the proof, > 0 is fixed by the previous step. To complete
the proof, we need to show that

Bi(o\E' C | B, (x))

ieN

with
D Vol(B,;(x;))r;** < eVol(Bi(x)), andr; € [0,1/2].
ieN

To prove this, we use a Vitali covering argument coupled with a scale-picking (cf. [5]).
For every y € B;(x) such that

sup r“][ |Hess(u)|* dVol > n,
0<r<1/10 B, (y)

we set ry € [0, 1/10] to be the maximal radius such that
ras ][ |Hess(u)|> dVol > 7.
> JB,»

Clearly,
/ |Hess(u)|* dVol > Vol(B,, (y))nr; **.
Bry (y) '

By Vitali covering theorem, we can cover E’ with a countable collection of balls
{B5’yj (¥j)}jen with ry; € (0, 1/10], such that {Bryf (¥j)}jen are disjoint. Hence

VO|(Bsryj 672)) - c(n)
(5ry)% oo jeN

<X esstr? avol = ol e

2

/ |Hess(u)|? dVol
jeN Bryj (y‘f)
n B (x)

Observe that, by construction, 5r; € [0, 1/2] for every j € N. Since n > 0 is fixed,
we can choose €' = enc(n)_1 > ( to conclude the proof. O

Corollary 3.3 Let k,n € Nwithk < n and s € (0, 1) be fixed. For every € > 0 there
exists § > 0 suchthatif (M", g) hasRicyy > —8 and Bio(x) C M is (k, §)-symmetric,
then there exists E C B1(x) such that

/ IRe|* dVol < eVol(B (x))
E
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with

Bi(x)\E C U By, (xj) and
ieN
va(B,j(x,-))r;% < eVol(By(x)), rj€[0,1/2] forall jeN.
jeN

Proof Let0 < § < €1 < € be sufficiently small and let E be the set given by Lemma
3.2 relative to €1. Since by assumption Ricy; > —§, then clearly

Rk > —ké. ®

By Holder inequality applied to the conjugate exponents p = s~

(1 —s)~!' > 1, using Lemma 3.2 and (9), we obtain
g

> land g =

/(Rk v 0)* dVol < (/ Ry v OdVoI>SVoI(Bl ())'™* < €;Vol(B; (x)).
E E
Hence,
/ IRe|® dVol < / (R v 0)° dVol + (k8)*Vol(By (x)) < (€1 + (k8)*)Vol(B (x)).
E E

We conclude by choosing €1, § > O such that €] + (k§)* < e. O
We now prove Theorem 1.1 from the Introduction.

Theorem3.4 Let L, k,n € Nwithk <nands € (0, 1) be fixed. Then

sup { ][ Ry A LdVol : (M, g, x) has Ricyy > —38, and Byy(x) is (k, 8)-symmetric},
Bi(x)

(10)

sup { ][ [R|* dVol : (M, g, x) has Ricy; > —8, and Bjo(x) is 5-regular} (11
B1(x)

converge to 0 as 6 N\ 0.

Proof Let k,n € N with k < n. We show that for every 0 < € < 1/2 there exists
8 > O such thatif (M", g) has Ricyy > —& and Bo(x) C M is (k, §)-symmetric, then

][ Ry A LdVol < e. (12)
Bi(x)

This would imply the first part of the statement. Fix €1 (¢, n) > 0 — to be chosen later
—and let 0 < §(e1) < €1 be given by Lemma 3.2 so that there exists E C Bj(x) such
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that
/ Rr dVol < €1Vol(B; (x)),
E

and Vol(B;(x) \ E) < €;Vol(B1(x)). Hence,

/ Rk/\LdVolf/deVoH-/ 0V Ry A LdVol
B (x) E Bi(x)\E

< (e1 + Lep)Vol(B1(x)),

which implies (12) if € is chosen small enough.

We next show (11). To this aim, fix s € (0, 1) and consider the case k = n. We
want show that for every 0 < € < 1/2 there exists § > 0 such that if (M", g, x) has
Ricys > —48 and Bjo(x) C M is §-regular, then

][ IR dVol < e.
Bi(x)

Let 8’ > 0 be as in Lemma 3.2 relative to €. Let 0 < § < & be small enough
such that if (M", g, x) has Ricyy > —§ and Bjo(x) C M is §-regular, then B,(y)
is 8'-regular for every r € (0,5) and every y € Bs(x). This is possible thanks to
Theorem 2.8. Define the measure

1= |R|* dVol L By (x).

Consider the set E1 C B1(x) given by Corollary 3.3 such that

w(E1) < eVol(Bi(x)), Bi(x)\Ei C | B, (x)
ieN
with
ZVOl(B,,. (x;)r; % < €eVol(Bi(x)) and r; € [0, 1/2].
ieN
In particular, it holds
Vol(By(x)\E1) < eVol(B1(x)).

In each ball B,, (x;), we can apply the scale invariant version of Corollary 3.3 to obtain
aset E>; C By, (x;) such that

1(Ep;) < €r; >*Vol(By, (x1)),  Br,(x)\Ea; C | ) By, ; (xi))
jeN
with
Y Vol(By, ; (xi, ))ri 7* < er7>*Vol(By, (x;)) and r; j € [0, ri/2].

jeN
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Defining
E, = E1U U E;,
ieN
we obtain
1(Es) < eVOl(Bi(x)) + Y (E2.i)
ieN
—2s 2
< eVol(B(x)) +¢€ Zri Vol(B;, (x;)) < (e + €7)Vol(B1(x)).
ieN

Moreover, it holds

Vol(Bi (x)\E2) < ) Vol(By, ;(xi j)) < €*Vol(B1(x)).
i,jeN

If we keep iterating this argument, we obtain increasing sets Ej such that
w(Ex) < (€ + ... + €5) Vol(B} (x)).
Denoting by

E:UEk,

keN

we obtain that
w(E) < ceVol(B1(x)),

where ¢ > 0 is a universal constant. To conclude the proof, it suffices to show that

n(Bi(x)\ E) = 0.

To this aim, observe that Vol(Bj (x) \ E) = 0, since Vol(B1 (x)\ Ex) < ekVol(B; (x)).

Remark 3.5 Inspecting the proof of Lemma 3.2, one realizes that a priori L? estimates
on harmonic splitting maps for p > 2 would imply that

sup { ][ [R|dVol : (M, g, x) has Ricyy > —38 and Bjg(x) is §-regular } -0
Bi(x)

as § — 0. This would allow to obtain a priori integral bounds on the scalar curvature
outside of the quantitative singular set of a manifold with Ricci curvature bounded
from below. Unfortunately, it is shown in [21] that such estimates cannot exist in such
generality.
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3.2 First geometric applications in almost non-negative Ricci and
integrally-positive scalar curvature

We now obtain the first geometric applications of the results of the previous section.
We introduce some notation first (cf. [50]).

Definition 3.6 (k" Ricci curvature bounds) Let (M™, g) be a manifold, let 1 < k <
n—1,letx € M, and let c € R. We denote by Ry (-, -, -, -) the Riemann curvature
tensor of M. We say that Ricys x > ¢ (resp. < ¢) in T, M if, for all (k 4 1)-dimensional
subspaces V C T, M, it holds

k+1
Z Ry (ei,v,v,e) > c (resp. < ¢)

i=1
for every v € V and every orthonormal basis {e, ..., ex+1} of V.

One can check that:

1. Ricprx > cimplies Ry > c.

2. Ricy x > c implies Ricy k1 > e
3. Ricy n—1 > cif and only if Ricys > c.
4. Ricy,py > cif and only if Secys > c.

Definition 3.7 (Integral k'" Ricci curvature bounds) Let (M", g) be a manifold, let
1 <k<n-—1,let A C M be measurable,letc € R,andlet F : R — Rbea
measurable function. We say that

/ F(Ricy ) dVol = ¢
A

if there exists a measurable function f : A — R such that:

1. fAdeoI >c.
2. Forall x € A and (k + 1)-dimensional subspaces V C Ty M, it holds

k+1
F(Z Ry (e, v, v, ei)) > f(x)

i=1
for every v € V and every orthonormal basis {ey, ..., ex+1} of V.
We say that [, F(Secy)dVol > cif [, F(Ric; y)dVol > c.

The next theorem should be compared with [59, Theorem 1.1], where similar
conclusions were obtained under stronger assumptions: non-negative Ricci curva-
ture (below, almost non-negative Ricci curvature) and scalar curvature greater than 2
(below, a local integral lower bound on the scalar curvature). Whenever we consider a
sequence of manifolds (M, g;), we write RMj,k instead of Ry for the sake of clarity.
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Theorem 3.8 Lets € (0, 1), lete, v, L € (0, 4+00) and letk,n € Nwithk < n.

1. There exists 5 > 0 such that the following holds. Let (M", g, p) be a manifold
with Ricyy > —8 on M and

][ Rul* dVol = ¢, Vol(Bi(p)) = v.
Bi(p)

Then dpGu(M, Y) > 8, for any metric space (Y, dy, y) splitting R isometri-
cally.

2. There exists § > 0 such that the following holds. Let (M", g, p) be a manifold
with Ricyy > —8§ on M, and

][ Ricpr n—2 A 0dVol > =4, ][ Ry A LdVol > e.
Bi(p) Bi(p)

Then dygu(M, Y) > 6, for any metric space (Y, dy, y) splitting R*~! isometri-
cally.

Proof Proof of 1. Assume by contradiction that there exist €9 > 0,v9 > 0,§; | 0and
pointed Riemannian manifolds (M}, g;, p;) with Rich > —6;,Vol;(Bi(p;)) > vo,

and
][ IRa; |* dVol; > o,
Bi(pj)

such that M; — X in pGH-sense, where (X, d, p) splits Rr-1 isometrically. Thanks
to Proposition 2.15 and Theorem 2.13, then either X = R" or X = R"~! x §!, for
some r > 0.

Case X = R". Applying the second assertion of Theorem 1.1 to (M}, g;, p;), for
Jj large enough, we reach a contradiction.

Case X = R" ! x S,l. Let s € (0,1). We claim that for every j there exists
pj. € Bi(p;) such that

][ IRy, |° dVol; > c(n, s)eo. (13)
By (p})

If (13) holds, we reach a contradiction by applying the second assertion of Theorem
1.1 to the rescaled sequence (M, s‘2gj, pj),fors € (0, 1) small enough independent
of j.

We prove (13). Let j be fixed. Let {g; }ﬁzl C Bi(pj) be such that { By (g; )}f:1 covers
B1(pj), while the balls {By/s (q,')}ﬁz1 are disjoint. Assume without loss of generality

that
/ |RMI.|S dVon = max/ |RMJ.|S dVon.
Bs(q1) L B;(qi)

/ IR | Vol < l/ IR, I Vol ;.
Bi(pj) By (q1)

Then,
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Vol; (Bi1(p;))

Vol, (By(q1) * To this aim, note

Hence, to conclude, it suffices to show that [ < c(n, s)
that

1
Vol;(B1(p;)) = c(n)Vol;(B2(p;)) = c(n) ZVOlj(Bs/S(qi))
i=1
> c(n, s)IVol; (Bs(q1)).

This concludes the proof of item 1.

Proof of 2. By contradiction, assume there exist numbers §; | 0 and pointed
Riemannian manifolds (M}, g;, p;) with Rich > —§;on M;j, and

][ Rich’n,z A0dVol; > —§;, ][ RM], A LdVol; > e, (14)
Bi(pj) Bi(pj)

such that M; — X in pGH-sense, where (X, d, p) splits R*~! isometrically.
By the first assertion of Theorem 1.1, it holds

][ Rujn—1 A LdVol; — 0, asj— oo. (15)
Bi(pj)
Consider an orthonormal base {e1, - - - , e,} for the tangent space of the manifold M ;
in a point m € M, and assume that Ricy; in this basis is represented by a diagonal
matrix A = (ap,;) € R"*" such that aj , < ap+1.4+1 forevery h € {1,--- ,n — 1}.
It holds
n—1
Ru; = ZSech (en, e1) = Rm;n—1+ ZSGCMj (en, en)
h#l h=1
= 2Rm; n—1 — Z Secwy, (en, er).
h#n
l#n
Hence,
n—1
Ry AL = 200V Rugyumt AL) = D (D Secu, (en.eD) A0, (16)
h=1 " I5h
I#n

By the first inequality of (14), for every h € {1, --- ,n — 1}, it follows

ﬁl(ﬁj) (ZSech(eh, 61)) A 0dVol > —8;.

1#h
I#n
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Combining with (16), it holds

][ RMi/\LdVO|j 52][ RMj,n—l /\LdVOlj‘FC(I’l)Sj.
Bi(pj) Bi(pj)

From (15), we infer that

lim sup][ RM/. A LdVol; =0,
Bi(pj)

j—+oo
contradicting the second inequality of (14). O

We now establish some first results of “dimension drop" in general dimension.
Building on top of Sect. 4, in Sect. 5 we will obtain stronger conclusions in dimension
3, or in general dimensions under positivity conditions (in an integral sense) on Rg,
k<2

We recall that if a pointed non-compact manifold (M, g, p) has non-negative Ricci
curvature, then Gromov pre-compactness theorem ensures that, for every sequence
(M, g/rj, p) asrj — 00, there exists a subsequence converging in pGH sense to
a metric space (X, d, pso). Such spaces obtained via blow-downs are called tangent
cones at infinity of M. We now prove Theorem 1.4 from the Introduction.

Theorem 3.9 Let (M", g, p) be a Riemannian manifold; let L > 0 and o € (0, 2).

1. Assume that Ric > 0 and

lim 0V (r>“Ry) A LdVol = L.
r——+00 B, (p)

Let (X, d, xo0) be any tangent cone at infinity of M. If (R?, de,,) is a tangent space
to X atapointx € X, thend <k — 1.
2. Assume that Ric,,_» > 0 and

lim 0V (r>"“R) A LdVol = L.
r—>+00 Br(p)

Let (X, d, xo0) be any tangent cone at infinity of M. If (R?, d.,,) is a tangent space
to X atapointx € X, thend <n — 2.

Proof Proof of 1. Let r; 1 400 and consider the rescaled spaces (M, g /riz, p). We
consider the manifolds (M;, g;, p;), where M; = M, g; = g/rl.z, and p; = p. We
denote by B!(p;) and Vol; respectively balls and volumes in M;. By the scaling
properties of curvature, these manifolds satisfy

][. 0V (r;“Rug; 6) A LdVol; = ]l 0V (r7*Rux) A LdVol,
Bi(pi) By (p)
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so that by hypothesis

lim 0V (r7*Ru, k) A LdVol; = L. (17)
1—+00 Bi(l)i)

Let (X, d, xs) be a pGH limit of a (non-relabeled) subsequence of (M;, g;, p;). Let
x € Bj(xo0) be a point where R is a tangent space of X. We claim that d < k — 1. If
this holds, then a rescaling argument implies the same dimensional bound on tangent
spaces for every x € X.

Fix € > 0, and let s > 0 be small enough so that (X, d/s, x) is e-close in pGH
sense to R?. Then, there exists points pi € M; converging to x such that, for i large
enough, (M;, gi /s>, p;) is 2e-close in pGH sense to R?. Modulo reducing s, we may
assume that Bj(p,f) C Bi(pi) for i large enough.

We claim that, for i large enough, it holds

][ (s?Rpg, 1) A LdVol; > L/3. (18)
Bi(p))

If this is true, by choosing € > 0 small enough, we deduce that d < k — 1 by Theorem
1.1.
To prove (18), it is enough to show that

Vol; (BI(p}) N {Rag, x = s~2L/2})

; — 1, asi — +oo. (19)
Vol; (Bi(p)))

Assume by contradiction that (19) fails. Then there exists § > 0 such that, up to a
non-relabeled subsequence:

Vol (BL(p)) N {Rug, k = s72L/2}) < (1 — 8)Voli (BL(p))).

Hence, for i large enough:
/ - 0v (r,'_aRM,-,k) A L dVol;
By (pi)
< LVol; (B} (p:) \ Bi(p})) + L(1 — 8)Vol; (Bi(p))) + r; *s~2L/2Vol; (B(p))).
Using that B§ (pl’») C Bi (pi) for i large enough, we infer that
/_ ov (l’i_aRM,.’k) A L dVol;
B (pi)
< LVoli(B{(p) + (] “s L /2 = SL)Vol; (By(p})).

By Bishop—Gromov’s inequality, we conclude that for a positive constant c(s, n) > 0
it holds

][. ov (r;aRMl.)k) ALdVol; < L + (rfas_zL/Z —38L)c(s, n).
Bi(pi)
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Since r; 1 oo, this contradicts (17), proving item 1.
Proof of 2. Bounds as in (18) follow repeating the previous argument for the integral
appearing in item 2. To conclude, one then uses Theorem 3.8 instead of Theorem 1.1.
O

Remark 3.10 In Theorem 3.9, if we replace the limit symbols with lim-sup symbols,
we obtain that there exists a tangent cone satisfying the corresponding dimensional
condition.

Moreover, one can replace r~~% in the statement with an arbitrary positive measur-
able function f : Ry — R sucht that f(r)/r? — Oas r 4 4o0.

The proofs of this facts are the same as the one of Theorem 3.9.

2—«

Remark 3.11 Theorem 3.9 fails for « = 0. We give a counterexample for k = 1, and
all the other cases follow by taking products with real factors. Indeed, consider the
paraboloid ¥ := {(x, y,z) € R?® : z = x> 4+ y?}. The sectional curvature of ¥ is
K(z) ~ 1/4z% as z — +o0. For every r > 0, the subset {z < r} C X is a ball of
radius f(r) > r. Hence, on the paraboloid, for a positive constant ¢ > 0, it holds
f(r)?K(z) = ¢ > 0 for all points in {z < r}. Hence,

lim (f(r)’K) AcVol =c.
r—+o00 sz(r)(o)

At the same time, the tangent cone at infinity of the paraboloid is a half line.

Remark 3.12 Let L > 0 and o € (0, 2) be fixed. Another immediate consequence
of Theorem 3.9 is that if a manifold (M, g) with non-negative Ricci curvature has
Ricys > f for a function f such that

lim 0OV (r>@f)ALdVol = L,
r——+00 B (p)

then M is compact. A similar result was obtained in [13, Theorem 4.8], where also the
case o = 2 was addressed, under a pointwise (rather than integral) bound on Ricy,.

We now turn our attention to the topological implications of Theorem 3.9. The next
result corresponds to Theorem 1.5 from the introduction.

Theorem 3.13 Let (M™, g, p) be a non-compact Riemannian manifold with n > 3
and let o € (0, 2). Let 2 < k < n be a natural number.

1. IfRicyy = 0and

lim sup (rH min Rk) >0, (20)
F——400 B:(p)
thenby(M) < k — 2.
2. IfRic,—» > 0 and
lim sup (rH min R) >0, Q1)
r— 400 Br(p)

thenbi (M) <n — 3.
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Proof Proof of 1: Let (M, g, p) be a covering of M, and let 7 : M — M be the
covering map. We claim that M has a tangent cone at infinity of dimension < k — 1.

We first show that M satisfies condition (20). Letr > Oand let x € M be a point
with d(%, p) < r. Then, 7 (%) € B, (p), so that

2— 2—
r°~% min RMer % min Ry k-

B (p) B, (p)

Hence, also M satisfies (20).
Let now r; 1 +o00 and let € > 0 be such that

lim (rizfa min R, k) €.
i—+00 B, (p)

It follows that

lim F2%R- YA edVol = e.
i— 400 Br[([;)( ! M’k)

As a consequence, by item 1 of Theorem 3.9 and Remark 3.10, M has a tangent cone
atinfinity of dimension < k — 1. The statement now follows by repeating the argument
of [64, Theorem 1.3], where instead of using [64, Theorem 1.6] one uses that M has
a tangent cone at infinity of dimension < k — 1.

Proof of 2: The argument is analogous to the proof of item 1, now using item 2 of
Theorem 3.9. O

Next, we prove Theorem 1.6 from the Introduction.

Theorem3.14 Lete,s,v € (0,1), let L, D € (0, +00), and let k,n € N with k <
n. There exists § > 0 such that for every manifold (M", g, p) with Ricyy > -4,
diam(M) < D, Vol(B(p)) > v, the following holds.

1L IffBl(p) Ri A LdVol > €, then b (M) <k — 1.
2 IffBl(p) [R|* dVol > €, thenb1(M) <n — 2.

Proof We consider case 1 first. Assume by contradiction that the statement fails. Hence,
there exist v, D, ey > 0, a sequence 6; | 0 and pointed Riemannian manifolds
(M;’, gj» pj) with Ricy; > —§;, diam(M;) < D, Vol;(Bi1(p;)) = v,

][ RM,v,k A LdVO|j > €,
BI(PJ) .

and by (M;) > k. Up to a subsequence, M; GH-converge to a metric space (X, d).
Thanks to the non-collapsing assumption, the metric measure space (X, d, H") is an
RCD(0, n) space while, thanks to Proposition 2.16, itholds b (X) > k. By Proposition
2.20, the universal cover (f( a) of X splits RK isometrically.

Let p € X. By Proposition 2.21, the pointed metric space (X, d, p) is the pGH-
limit of a sequence (M, §; j» Pj), where each M covers M ;. These covering spaces
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satisfy

/ i RMj,k A LdVol; > / Rum; .k A LdVolj > veg > c(n)vegVol;(Bi(pj)),
B1(p;)) Bi(pj)
contradicting Theorem 1.1.

Assertion 2 follows in an analogous way, using Theorem 3.8 instead of Theorem
I.1. O

4 Thin metric spaces

The goal of this section is to show that thin metric spaces (see Definition 4.2, after [34])
are contained in a neighbourhood of controlled width of an isometrically embedded
1-dimensional manifold (see Theorem 4.16). This will be a key step to prove Theorem
1.2

In [34, Section 5], it is shown that a non-compact thin metric space is contained in a
finite neighbourhood of a ray or a line. Comparing with [34, Section 5], Theorem 4.16
treats the compact case as well, and provides explicit uniform bounds on the width of
the aforementioned neighbourhood. These bounds are needed for the applications in
the subsequent sections and, in particular, to prove Theorem 1.2. On the other hand,
unlike [34, Section 5], we only consider metric spaces (X, d) that are proper, separable,
and geodesic.

If not otherwise specified, all curves are assumed to be of finite length and
parametrized by arc-length. The length functional is denoted by L(-).

Definition 4.1 (Ray, segment, line) Let (X, d) be a metric space. A function r :
[0, 400) — X is called a ray if d(r(¢),r(s)) = |t — s]| for every t,s € [0, +00).
Similarly r : [a, b] — X is called a segment if d(r(t), r(s)) = |t — s| for every
t,s € [a,b] and r : R — X is called a line if d(r(t), r(s)) = |t — s| for every
t,s e R.

When considering a ray (resp. a segment or a line) r in X, by a slight abuse in order
to keep notation short, we denote by r both the function » : [0, +00) — X and its
image. Moreover, [r(a), r(b)] denotes the set r([a, b]) C X, forevery 0 < a < b.

Given a closed set K C X and a point x € X, we call the projection of x into K
the subset mg (x) C K defined by

wg(x) :={y € K:d(x, K) =d(x, y)}.

Given a subset A C X, we call the projection of A into K the subset g (A) C K
defined by

mi(A) = 7k (x).

X€eA

Moreover, for every y € K, we denote by nlgl (y) C X the subset
e (v) = {x € X: d(x, K) = d(x, y)}. (22)
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Definition 4.2 (Thin metric spaces) Let R, D > 0 with R > 20D. Let (X, d) be a
proper, geodesic and separable metric space. We say that (X, d) is (R, D)-thin if for
every segment » of length greater than 2R in X, and for every ¢t € (R, L(r) — R) and
x € ;7Y (r (1)), it holds d(x, r) < D.

In [34], a metric space is defined to be R-thin if it is (R, R)-thin according to
Definition 4.2. We consider the extra parameter D > 0 and we restrict ourselves to
the case R > 20D as this will be sufficient for the subsequent applications.

Remark 4.3 Let (X, d) be (R, D)-thin (see Definition 4.2) and let r be aray in X. If a
point x € X satisfies 7, (x) N (r(R), r(00)) # @, then d(x, r) < D. This fact follows
by applying Definition 4.2 to the segments [r(0), 7(T)] for T > 2R.

The next lemma is needed to prove Lemma 4.5, which is the key technical tool to
study (R, D)-thin metric spaces.

Lemma 4.4 Let (X, d) be a geodesic metric space and let Cy C Co» C X be closed
sets. The set
K:={xeX:ncx)NC # 0}

is closed.
In particular, if a : [0, b] — X is a curve, then the set

I:={s €[0,b]: mc,(xx(s)) N Cy # B}

is closed as well.

Proof Let {x;};en € K be a sequence converging to xoo € X. We claim that xo, € K.
For every i € N, let y; be a segment from x; to a point y;(L(y;)) € Cj such that
d(x;, C2) = L(y;). If L(y;) = 0 asi — 400, then x5 € Cq, so that xo € K.

If instead L(y;) 4 0, modulo passing to a subsequence, the segments y; converge
to a finite segment y from x, to a limit point of the sequence {y; (L(y;))}ieN. Since
C is closed, all limit points of {y; (L(y;))}ien lie in Cy, so that also y (L(y)) € Cj.
By lower semicontinuity of the length:

d(xe0, C2) < L(y) < liminf L(y;) = liminf d(x;, C2) = d(xx, C2).
ieN ieN

In particular, d(xs, C2) = L(y), so that xoo € K. Hence, K is closed. Being the
preimage of K via the continuous function «, also 1 is closed. O

The next lemma contains the key technical properties of (R, D)-thin metric spaces
(see Definition 4.2).

Lemma4.5 Let (X, d) be an (R, D)-thin metric space (see Definition 4.2). Let « :
[0, L(@)] = X be a unit speed curve.

1. Letl be a segment with L(I) > 2R. Lett € (R,L(l) — R), and let u € [0, R]U
[LA) — R, LD If1(¢) € m(x(0)) and l(u) € m(a(L(xx))), then the set m;(x)
contains a 3D-net of either [[(R),[(t)] or [I(¢), [(L(I) — R)].
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2. Let | be a segment with L(I) > 2R. Let t,u € (R,L(I) — R) witht < u. If
1(t) € m(x(0)) and l(u) € m(a(L(x))), then m;(a) contains a 3D-net of either
(@), l)] or [(R),L(®)] VU [l (w), (L) — R)].

3. Letr be aray, lett > R and let u € [0, R]. If r(t) € 7 (x(0)) and r(u) €
(e (L(a))), then . (o) contains a 3D-net of [r(R), r(t)].

Proof We consider item 1 first. Assume by contradiction that the claim fails. Hence,
there are x| € [R, t] and x € [¢t, L(I) — R] such that

mi(a) N B3p(l(x1)) = m (@) N B3p(l(x2)) = 0. (23)
Consider

.ﬁ:mu{semlmu:mm@»muuanmn¢@}

In order to show that 5 is well-defined, it is sufficient to observe that the set appearing
in its definition is:

e closed, thanks to Lemma 4.4;
e non-empty, since by assumption /(t) € m(«).

We claim that § < L(«). If this is not the case, then, combining with (23),
7 (e(L(@)) N [I(x1 +3D), [(xo —3D)] # ¥.
Since X is (R, D)-thin, a(L()) is D-close to [[(x; + 3D), [(xo — 3D)], so that
m(a(L(@))) NI([0, RTU[L() — R, L(D]) =9,
a contradiction. This shows that § < L(«).
Hence, forevery € > 0, thereis pe € m; (a(§+e)).Letp em (a(§))ﬂ[l(x1), [(x2)].

Since X is (R, D)-thin, it holds d(p, a(5)) < D. It follows that d(pe, (s + €)) <
D + €. Combining these facts, it holds

d(p, pe) = d(p, a(3)) + d(@(s), (s +€)) + d(a(3), pe) = 2D + 2e.

This contradicts the fact that p. € [[(0), [(x; —3D)]U[l(x2 +3D), [(L(]))] by (23).

The proof of item 2 is very similar to the one of item 1, and for this reason it is only
sketched. Assume by contradiction that the claim fails. Hence, there are x; € [t, u]
and xp € [R, ] U [u, L(/) — R] such that, as in (23),

7 () N B3p(l(x1)) = m(a) N Bap(l(x2)) = 4.
One can now assume without loss of generality that x, > x| (the other case being
analogous), and the proof can be carried out in the same way as for item 1.

We now consider item 3. Since the image of « is compact, 77; («) is a bounded subset
of [. Hence, m; (o) C [r(0), r(T)] for some T > 0. We consider now the segment/ :=
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[7(0), r(T + 2R)]. It is easy to check that m; () = 7, («). By item 1, 7;(cv) contains
a 3D-net of either [[(R), [(t)] or [{(¢), [(L(I) — R)]. This last case cannot happen as
L@, ILD)—R)] =1[r@), (T +R)]and ; () C [r(0), r(T)]. Hence, ; (o) (Which
again coincides with 7, («)) contains a 3D-net of [[(R), [(t)] = [r(R), r(t)]. O

The next few lemmas are needed to prove Proposition 4.10, which gives the macro-
scopic description of (R, D)-thin non-compact spaces.

Lemma 4.6 Let (X, d) be an (R, D)-thin metric space (see Definition 4.2). Let r be a
ray in X and let y € X withd(r,y) > D. Lett > 0 and let y be a curve connecting
y and r(t). Then, for every s € [0, t], it holds d(r(s), y) < 2R.

Proof We parametrize y by arc length in such a way that y (0) = r(¢) and y (L(y)) =
y.Since X is (R, D)-thinandd(y, r) > D,itfollowsthatm,(y (L(y))) € [r(0), r(R)].
By Lemma4.5, () contains a 3D-net of [r(R), r(¢)]. Using again that X is (R, D)-
thin, it follows that [r(R), r(¢)] is in a 7 D-neighbourhood of y. The statement then
follows. O

Definition 4.7 (Divergent rays) We say that two rays rq, r» in a metric space (X, d)
are divergent if

limsupd(ry(¢), r2(t)) = +o0.

t——+00
Lemma4.8 Let (X, d) be an (R, D)-thin metric space (see Definition 4.2). If there
are two divergent rays in X, then X contains a line.

Proof Let ri,r, be divergent rays. Consider a sequence f; 1 +oo such that
d(ri(t), r2(¢;)) — +o0 and let [; be segments from r((¢;) to r2(t;). By Lemma
4.6, each one of these segments satisfies

d;,r1(0) < c(R, D). (24)

Since d(r(0), r1(t;)) — 400 and d(r1(0), r2(t;)) — oo, condition (24) implies
that /; converges (modulo passing to a subsequence) to a line. This concludes the
proof. O

Lemma 4.9 Let (X, d) be an (R, D)-thin metric space (see Definition 4.2). Let r be a
rayin X. Let y € X be a point such that d(y, r) > D. Let r be a ray obtained as a
limit of the segments connecting y and r(t;), for some sequence tj — +o0. Then, r
is contained in the 2R-neighbourhood of r.

Proof 1t follows immediately from Lemma 4.6. O

The next proposition shows that an (R, D)-thin non-compact metric space is con-
tained in a neighbourhood of controlled width of a ray or a line. We recall that a similar
result is proved in [34, Section 5]. The main difference is that Proposition 4.10 below
also gives an explicit bound on the width of the aforementioned neighbourhood.

Proposition 4.10 Let (X, d) be an (R, D)-thin metric space (see Definition 4.2).
Assume that X is non-compact and it does not contain a line. There exists a ray r
in X whose 10R-neighbourhood contains X.
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Proof We first show that, given any ray r in X, there exists D’(X, r) > 0 such that X
is contained in the D’-neighbourhood of r.

If the claim were false, we would find points p; at arbitrarily large distance from
r. For each point p;, let r; be a ray obtained as a limit of the segments from p; to
r(t;) for some sequence #; — +oc. By Lemma 4.6, each ray r; has a point ¢; whose
distance from r(0) is less than 2R. Since the distance between p; = r;(0) and g;
goes to infinity as j increases, and the sequence (g ;) is contained in a compact subset
of X, then, up to a subsequence, the rays r; converge to a line / contained in X, a
contradiction.

We now prove the statement of the lemma. If X is contained in the 10R-
neighbourhood of r, there is nothing to prove. Otherwise, we claim that there exists an
element y € X at maximal distance from r. Let y; € X be a sequence maximizing the
distance from r. We can assume that 9R < d(y;, r) < D'(X). Since X is (R, D)-thin,
- (yi) C [r(0), r(R)]. It follows that the sequence {y; };cn is precompact, so that there
exists a limit point y € X at maximal distance from r.

Let ry be the ray which is the limit of the segments joining y and r(t;) for a
sequence ; T +oo. By Lemma 4.9, for every ¢ > 0, it holds d(r(¢), ry) < 2R. Since
d(y,r) > 10R, it follows that 7, (r) C [ry(SR), ry(+00)).

Assume now by contradiction that there exists y’ € X such that d(y’, ry) > 10R.
Let y be a segment realizing the distance between y’ and r. Let r(z,,) be the endpoint
of y. Let ry (t;) € 1y, (r(ty)). By our previous remarks, t)'f > 5R. By Lemma 4.5,
7y, (y) contains a 3 D-neighbourhood of [ry(R), ry(5R)]. Hence, y contains a point
p1 which is 7D-close to 7, (R). Recall that we also have d@y’, ry) > 10R. Hence,

diy',r) =L(y) =d(/, p) +d(p1,r) =d(',ry) = 7D +d(y,r) —R—T7D
>d(y,r)+9R — 14D > d(y, r)

Hence, y was not an element maximizing the distance from r, a contradiction. O

We now turn our attention to the study of compact (R, D)-thin metric spaces. The
key result in this sense is Proposition 4.15. We first need a few lemmas.

Lemma 4.11 Let (X, d) be an (R, D)-thin metric space. Let | be a segment in X and
assume that length(l) > 10R. Letl bea segment starting from [(0) with m; L)) c
[1(0), [(R)] VU [I(L{) — R), L(LD)]. Ifm(l_) N[I3R), L(L(I) — 3R)] # B, then m;(])
contains a 3D-net of [[(R), [(L(I) — R)].

Proof Let 1y € [0, L(])] be such that 7;(I(t9)) > I(t) for t € [3R,L(I) — 3R]. Let
I = l_|[o,,o] andlp 1= l-l[to,L(l_)]' Hence, both/; and [, have an endpoint whose projection
on ! lies in [1(0), I(R)]U [I[(L() — R), [(L(])].

By item 1 of Lemma 4.5, m; (1) contains a 3D-net of either [I(R),[(¢)] or
[[(t), (L) — R)], and the same holds for 7; (I2).

Assume by contradiction that both 5; (I1) and 77 (I) contain a 3D-net of [[(R), 1(1)].
In this case, there exist #j < to < f, such that /() and () are 7D-close to [(R).
Hence,

dd(1), [(12)) < 14D. (25)
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Since I(to) is D-close to a point /(¢) in [[(3R), I(L(/) — 3R)], it follows
to —t1 = d(l(t0), (1)) = d(L(R),[(t)) — 8D = 2R — 8D,

so that d(I(11), [(12)) = 2R — 5D. This violates (25). )
By the same argument, it is not possible that both 7; (/1) and 7; (I2) contain a 3 D-net
of [I(¢), [(L(I) — R)], concluding the proof. O

Lemma4.12 Let (X, d) be an (R, D)-thin metric space. Let | be a segment in X and
assume that length(l) > 10R. Let p € X be a point with d(p, 1) > 10R ana:letl be a
segment connecting p to 1(0). If m; (l_) NIGBR), (L) —3R)] # @, then L(I) > L(I).

Proof Sinced(p,l) > 10R and X is (R, D)-thin, itfollows that;(p) C [1(0), [(R)]U
[[(L{() — R),I(L()]. By Lemma 4.11, there is a point /(sg) which is 7D-close to
I(L(/) — R). Using triangle inequality, this implies

L(0) = d(p, I(s0)) +d((s0),1(0)) > d(p, 1) — 7D +d((0), I(L() — R)) — 7D.

Using thatd(p, [) > 10R and that! is a segment, it follows L() > 9R—14D+L() >
L({/). O

Lemma 4.13 Let (X, d) be a compact (R, D)-thin metric space. Let | be a segment
of maximal length in X and assume that length(l) > 10R. Let p € X be a point
with d(p, 1) > 10R and let y|, y» be segments connecting p respectively to [(L(l))
and 1(0). Let b1, by € {y1, 2,1} with by # by. Then 7, (by) C [b1(0),b1(3R)] U
[b1(L(D1) — 3R), b1 (L(b1)].

Proof If b| = [, the statement follows by Lemma 4.12.

We now consider the case by € {y1, y2} and by = [. If the statement fails, 7, (l) N
(b1(3R), b1 (L(b1) — 3R)) # (. Consider the orientation of / such that [(0) € b;.
Then, 7, (I(L(1))) C [61(0), b1(R)] U [b1(L(b1) — R), b1(L(b1)] since otherwise,
using that X is (R, D)-thin, it follows that / is shorter than b;. Hence, by Lemma
4.11, there exists s > 0 such that /(s) is R + 7D-close to p. This contradicts that
d(p,1) > 10R.

Finally, we consider the case b1 = y; and by = y» (the case by = y; and b = y»
is identical).

We consider orientations such that y1(L(y1)) = »2(0), y2(L(y2)) = [(0) and
LLWM) = y1(0).

Assume by contradiction that y1(t) € my, (y2), witht € (3R,L(y1) — 3R). By
Lemma 4.11, there exists s > 0 such that y»(s) is R + 7D-close to y1(0) = I(L()).
It follows that

L(y2) = d(p, y2(s)) +d(y2(5), 1(0)) = d(p,]) =R —=TD+L() = R—T7D > L(]).

This is a contradiction. O

Corollary 4.14 Let (X, d) and yy, y2, | be as in the previous lemma. Let {by, by, b3} =
{v1, v2,1}. If b1(0) ¢ by, the follows happen.
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1. d(b1(0), b2(L(b2)/2)) = min{L(by), L(b3)} + L(b2)/2 — 10R.
2. d(b1(L(b1)/2)), ba(L(b2)/2)) = L(b1)/2 4+ L(b2)/2 — 10R.

Proof We only prove the first point, the proof of the second one being analogous. Let
y be a segment connecting b1 (0) and by (L(b2)/2). If y has a point which is 5 R-close
to either b2 (3R) or by (L(b2) — 3R), the statement follows by triangle inequality.

By the previous lemma, 7, (b1(0)) N [b2(3R), ba(L(b2) — 3R] # 8. If 73, (b1 (0))
intersects [b2(R), bp(3R)] or [by(L(b2) — 3R), bp(L(b2) — R)], then y has a point
which is 5R-close to either b»(3R) or by(L(b2) — 3R) (because X is (R, D)-thin),
otherwise the same conclusion follows by Lemma 4.5. O

Proposition 4.15 Let (X, d) be a compact (R, D)-thin metric space (see Definition
4.2). Let I be a segment of maximal length in X and assume that L.(I) > 200R. If X is
not contained in a 200R-neighbourhood of I, then there exists L > 0 and a distance
preserving map ¢ : Si — X, such that X is contained in the D-neighbourhood of
d)(Si). In particular, L > 50R.

Proof Let p € X withd(p, X) > 200R. Let y; and y» be segments from p to /(L(l))
and /(0) respectively. Note that both these segments have length greater than 200R.
On y1, we consider the subsegment

1" = [y1(L(y)/2 = 5R)), i (L(y1)/2 + 5R))].

We also consider subsegments /72 and I! defined in the same way. Observe that these
subsegments are independent of the chosen parametrization by arc-length of y, y»
and /.

To construct the map ¢ of the statement, we will consider the shortest loop passing
near each one of the previously defined segments. To this aim, let

A= {¢ .0, L(y1 + 12 + 1] — X | ¢ is 1-Lipschitz, $(0) = ¢(L(y1 + 12 + 1)),
37, 172, 1! € [0, L(y1 + y2 + D] such that

m,(q)(tb)) niI’ # () for every b € {y1, 2, l}}.

Notice that A # @ since y| +y» +1 € A. We claim that if {¢; };eny C A and ¢; — @0
uniformly, then ¢, € A. Firstof all ¢ is 1-Lipschitz and satisfies ¢poo(0) = ¢oo (y1 +
y2 + ) trivially. Let b € {y1, y2,[}. Consider for every i € N the corresponding tib .
Modulo passing to a subsequence, there exists té’o € [0,L(y1 + y2 + D] such that
tl.h — tgo. By Lemma 4.4, mp, (¢oo (té’o)) N 17 = @. It follows that o € A as claimed.

Consider now a sequence ¢; € A minimizing the length functional. Each image of
i satisfies ), (Im(¢;)) N 1]" # @. Since X is (R, D)-thin, the image of each ¢; has
a point which is D-close to 1 1}/ '. Hence, all the images of the maps ¢; are contained
in a bounded set of X. Since the ¢; are all 1-Lipschitz, by Ascoli-Arzela theorem,
there exists (modulo passing to a subsequence) ¢ such that ¢; — ¢ uniformly.
By the previous part of the proof, ¢, € A. Since the length functional is lower
semicontinuous w.r.t. uniform convergence, ¢, is an element of minimal length in A.
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Let T := L(¢oo) and consider the reparametrizaion ¢ : [0, T] — X by arc-
length, and the induced map (denoted again by ¢oo) P : S}‘ — X,where L ;=T /2m.
By Corollary 4.14, it follows that 7 > 60R, and that the distance in Si between any
two points of {t"1, 172, '} is at least 20R (in particular they are all distinct).

We claim that ¢ : Si — X is distance preserving and that X is contained in the
D-neighbourhood of ¢ (Si). We divide the proof of the claim in steps.

Step 1. We claim that, for b € {yy, y2, [}, the projection (qboo(Si)) contains a
3D-net of [b(3R), b(L(b) — 3R)].

Let by, by € {y1, 2,1} with by # b>. Let tbl, th2 ¢ [0, T'] be the numbers given in
the definition of A relative to ¢oo. Modulo reparametrizing ¢, and y; + y» + [, we
can assume that b1 (L(b1)) = by(0) and 1 < P2 with ¢b3 ¢ [£01, £22], i.e. [1P1, £92]
corresponds to the arc of S}d that connects 71 and ”2 without crossing 7%3.

Let by (1) € 1" N 1y, (¢oo(¢P1)). Similarly, let by(1%2) € 172 N 7y, (oo (72)).
We show that 7p, (¢oo(S})) contains a 3D-net of [b(i*!), by (L(b) — 3R)], while
Ty (Do (S i)) containsa3D-netof [b(3R), by (sz)]. The claim then follows by repeat-
ing the same argument for all pairs of segments in {yy, y», [}.

By definition of ¢, the restriction Poo b1 ¢b2 is a segment. By Lemmas
4.13 and 4.5, 7p, (oo ([t"1, 1721)) contains a 3D-net of either [b1(3R), by (i*")] or
[b1 (1), b1 (L(b1) — 3R)]. If the former case happens, ¢oo([t”1, tP2]) has a point
which is 7D-close to b1 (3R), so that it also contains a point g which is SR-close to
b1(0). By Corollary 4.14, b1 (0) is at least min{L.(b1), L(b3)} +L(b2)/2 —20R distant
from ¢oo (£22). Hence,

L¢oo)b1 1) = d(oo(t™). @) + d(g. b2(t7))
> L(b1)/2 + min{L(by), L(b3)} + L(b2)/2 — 50R
> L(b1)/2 + L(b2)/2 + 100R.

This is a contradiction, because we would obtain a shorter curve between ¢ (#21) and
Goo (t72) by first joining them to their projections by (1) and by (2), and then joining
the projections along b and b, themselves.

Hence, 75, (¢oo ([t”1, t721)) contains a 3D-net of [by (), by (L(b;) — 3R)]. The
same argument shows that 75, (¢>oo([tb1 , tbz])) contains a 3D-net of [b,(3R), bz(t_}”)].
This concludes the proof of Step 1.

Step 2. For every by, by € {y1, y2, [}, with by # by, assuming as before that <
172 in [0, T] with £73 ¢ [¢71, £72], it holds 4 (b1 b2 ($oo (72 4 3R)) = {hoo (172)}.

Modulo reparametrizing, we assume b1 (L(b1)) = b>(0) and P < P2 < ¢h3 ip
[0, T]. By Step 1, there exist t1 2 € [¢P1, t%2] and 3 € [£%2, %3], such that Do (t12)
is 7D-close to by (L(b2) — 20R) and ¢ (#2,3) is 7D-close to ba(L(b2) + 20R). Let y
be a segment connecting ¢ (f1,2) and ¢ (#2,3). By item 2 of Lemma 4.5 and the fact
that X is (R, D)-thin, either mp, (y) intersects / b2 or y contains points that are 7D
close to b>(R) and b, (L(b3) — R). In the latter case, since L(b>) > 200R, y would not
be a segment. Hence, 75, () intersects [ b2 Tt follows that Y+ doo IS\ [11.2.12.3] belongs
to A. In particular, ¢oo 4, , 1, 4] 18 shorter than y, so that it is itself a segment.
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At the same time, since Poo b1 1h2 is a segment, it follows

Tttt a2y @1 +3R) = 741, 2 (B (17 + 3R)).

Combining with the fact that ¢ooyf;, , 1, ;7 IS @ segment, we obtain the statement.

Step 3: Let by, by € {y1, y2, 1} with by # b>. We claim that

the two arcs of S1 defined by S1 \[B2r (t""YU Bag (tbz)] are sent by ¢ in different
path connected components of X \ [Bar (Po (z‘bl ) U Bar (9o (tbz))]

As before, w.l.0.g. we can assume that 1”1 < 2. Consider the segment Goo b1 ¢b2]-

We assume by contradiction that there exists a curve o« connecting oo (t”' + 3R)
and qboo(th2 + 3R) in X which does not intersect BQR(¢OO(tbl)) U BZR(¢oo(tb2)).
By item 1 of Lemma 4.5 applied to the segment ¢ ([171, £22]) (this can be applied
thanks to step 2), Ty (1 b2]) () contains a 3 D-net of either [¢oo (171 + R), oo (171 +
3R)] or [Poo(t?! 4+ 3R), ¢oo(t?2 — R)]. In both cases o intersects Bag(Poo(t?1)) U
Bor (¢o0(t72)), a contradiction.

Step 4. We claim that ¢ : S i — X is distance preserving and that X lies in a
D-neighbourhood of ¢oo (S} Ly,

We show first that ¢, preserves distances. Assume that this is not the case. Then,
there exist x, y € S!, and a segment I, connecting ¢, (x) and ¢ (), where L) is
less than the length of the shortest arc of S; ! connecting x and y. Let 51, 72 C Sy ! be
the two arcs connecting x and y.

We would like to show that one between the loops [ + $ooy, and [+ ¢oo n, belongs
to A. If this is the case, we obtain a contradiction since ¢, was length minimizing.

By step 1, for every b € {yi, y»,1}, we can assume that qboo(tb) is 7D-close to
b(L(b)/2). This implies that, if a loop has length less than L(y; + y» + [), and it
intersects Bog (¢>oo(tb )) for every b € {y1, y», 1}, then it admits a reparametrization
that belongs to A.

Hence, it suffices to show that one between [ + $ooy, and I+ $oo|p, intersects all
the balls BzR(¢oo(tb)) for every b € {y1, 2, 1}.

We consider all the possible cases. If boon, intersects all the balls By (¢ (tb ),
then there is nothing left to prove. Let now {by, b2, b3} = {y1, 2, ¥3}. Assume that
boon, intersects only Bag (o (tbl )) and Bag(¢oo (tbz)) By Step 3, either / intersects
Bor(deo (t3)), or it intersects both Ba g (¢heo (171)) and Bag (¢oo (t72)). In either case,
one between [ + $ooy, and I+ $oo |y, intersects all the balls. The case when ¢oo,
intersects exactly one of the aforementioned balls is analogous.

It follows that o @ S} ! — X preserves distances. Since 277 L > 2R, the fact that X
is (R, D)-thin implies that X is in the D-neighbourhood of ¢ (S L) Since X contains
a segment of length greater than 200R, it follows that L > 50R, concluding the proof.

O

The next theorem summarizes the results of this section.
Theorem 4.16 Let (X, d) bean (R, D)-thin metric space. There exists a 1-dimensional

manifold I, possibly with boundary, and a distance preserving map ¢ : I — X, such
that X is contained in the 200 R-neighbourhood of ¢ (I).
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Proof If X is non-compact, the statement follows from Proposition 4.10. Let X be
compact. By Proposition 4.15, either X is contained in the 200R neighbourhood of
a segment, or it is contained in the D-neighbourhood of a loop which is mapped
isometrically into X. In both cases, the statement holds. O

A consequence of Theorem 4.16 is that (R, D)-thin metric spaces have 1-Urysohn
width bounded from above by a constant c(R) > 0 depending only on R (see Corollary
4.18). We recall that the notion of Urysohn width was introduced by Gromov in [27-
29].

Definition 4.17 A metric space (X, d) has 1-Urysohn width < d if there exists a 1-
simplex Y, and a continuous map f : X — Y, such that diam(f~'(y)) < d for every
yevY.

Corollary 4.18 Let (X, d) be an (R, D)-thin metric space. Then, there exists c(R) > 0,
a 1-dimensional connected manifold Y, and a continuous map f : X — Y, such that
diam(f_l(y)) < c(R) foreveryy € Y. Inparticular, X has 1-Urysohn width < c(R).

Proof Let ¢ : I — X be the map given by Theorem 4.16.
Casel: I =[0,[), with[ € [0, +o00].
Let f : X — R be the distance from ¢ (0). Let x, y € f~!(¢) for some ¢ > 0, and let
tx, ty € [0, I] be such that ¢ (¢;) and ¢ (¢,) are projections of x and y on ¢ (/). Since X
is in the 200 R-neighbourhood of ¢ (1), it holds #,, ¢, € [0, ] N [r —200R, 1 +200R],
so that d(x, y) < 1000R, which implies diam(f~'(r)) < 1000R for every ¢ > 0.
Case2: I =R.
Let B := B1poor(¢(0)) and consider the map f : X — R given by

f) = dB,x) ifrgny(x) NPRy) #
| B iy () NP R-) # .

First of all, f is well-defined, since if g1y (x) N Pp(R4) NP (R_) # @, then
ey (x) N ¢ ([—200R, 200R]) # ¥,

so that x € B. We now check that f is continuous. This is trivial at points in B, so let
us assume that x ¢ B and, without loss of generality, that g 1) (x) NP (Ry) # @. Let
x; — x.Since x ¢ B, ey (x) N @([SO0R, +00)) # ¥ so that, for i large enough,
ey (xi) N ¢(R4) # @. It follows that f is continuous at x, which implies that f is
continuous.

Letnowt € Randletx, y € f_l(t). Ift = 0,thend(x, y) < 1000R. Assume now
thats > 0,andletz,, r, € Rbesuchthat¢(t,) € my()(x) and @ (ty) € 7y (1) (¥). Since
t > 0, it follows that #,, £, > 0, so that #,, ¢, € [d(¢(0), x) —200R, d(¢(0), x) +
200R], which implies d(x, y) < 1000R. The case t < 0 is analogous, concluding the
case I = R.

Case3: I = Si = [0, 2t L]/ ~, where ~ identifies the endpoints of [0, 27 L].

If L < 10°R, the zero map f : X — R defined as f(x) := 0 gives the desired
1-Urysohn width estimate. So, we can assume L > 10°R. Let By := B1ooor (¢(0)),
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By := Biooor(¢ (it L)), and consider the map f : X — [0, 2d(By, B2)]/ ~, where ~
identifies the endpoints of [0, 2d(Bj, By)], given by

_Jd(B1,x) Ad(By, By) ity (x) N ([0, TL]) # 0

Fo) = (d(B1, By) + d(B3, x)) A 2d(B1, By) ifn¢(1)(x) N¢([wL,2rxL]) # @.

The map f is well-defined, since if 74 (x) N @ ([0, xL]) N@([xL,2nL]) # 0,
then x € B; U B>. We now check that f is continuous. This is trivial at points in
B1 U Bs. So, we consider x ¢ By U B, and we assume, without loss of generality, that
ey (xX)NP ([0, wL]) # @.Letx; — x.Sincex ¢ BiUBa, g () (x)Nep ([SO0R, w L —
500R]) # 9, so that, for i large enough, my ) (x;) N ¢ ([0, 7 L]) # . It follows that
f is continuous at x, so that f is continuous.

Let now t € [0,2d(By, B2)), and let x € f~'(t). If t = 0, then x €
By or d(x, By) = d(Bj, By). It follows that d(x, Bj) < 2000R, showing that
diam(f_l(O)) < c¢(R). A similar argument holds for t+ = d(Bj, B). So, let
t ¢ {0,d(B1, B)}, and assume without loss of generality that t € (0, d(Bjy, By)).
Letx,y € f~1(r), and let ¢, ty € [0, 27 L) be such that ¢ (z,) and ¢ (¢,) are projec-
tions of x and y on ¢ (/). Since t € (0, d(By, By)), it follows that t,, ¢, € [0, 7 L].
Hence, t,, ty € [d(¢(0), x) — 200R, d(¢(0), x) 4+ 200R], so that d(x, y) < 1000R.
This concludes the proof. O

5 Large scale geometry of almost non-negative Ricci and
integrally-positive scalar curvature

In this section we draw the main geometric results of the paper, by combining the
integral curvature estimates of Sect. 3 with the technical metric results of Sect. 4.

5.1 Sufficient curvature conditions for a manifold to be thin

In this section, we show that manifolds with almost non-negative Ricci curvature and
a positive lower integral bound on R; (or R, if the manifolds are 3-dimensional) fit into
the framework of Sect. 4.

The next theorem studies spaces of the form R” ™3 x X arising as limits of n-
manifolds with almost non-negative Ricci curvature and positive scalar curvature in
integral sense. One should compare also this result with [59, Theorem 1.1], where
limit spaces of the form R"~2 x X were studied.

We refer to Definitions 3.7 and (22) for the notation used in Theorem 5.1.

Theorem 5.1 Let v, e, L € (0,+o0), n,k € Nwith2 <k < n, s € (0,1) be fixed.
There exist R, D, 8 > 0 with R > 20D satisfying the following. Let (X, d, p) be a
metric space such that R? x X is a pGH limit of manifolds (M;‘, gj, pj) satisfying
one of the following conditions. '
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1. d=k—2, and
RiCMj > —4, ][ RMj,k A LdVO|j >¢€, Vxe M;. (26)
By (x)
2. n>3d=n-23, Rich > —§, and
][ RicM/,,,_g/\OdVolj > -4, ]l Rm; AL dVol; > €, VYx e M;. (27)
B1(x) ' Bi(x)
3 n>3d=n-—3 and
Ricy; > —9, f |RMI.|S dVol; > €, Vol;j(Bi(x)) >v, VYxeM;. (28)
' By (x)

Let r be a segment of length greater than 2R in X. For every t € (R, length(r) — R)
and x € ﬂ;] (r(1)), it holds d(x,r) < D, i.e, (X, d) is (R, D)-thin (see Definition
4.2).

In particular, there exists a 1-dimensional connected manifold I (possibly with
boundary) and a distance preserving map ¢ : I — X such that X is contained in the
200R-neighbourhood of ¢ (I).

Proof First, consider the condition (26). Suppose by contradiction that the statement
fails. Hence, there exist ¢g > 0, Rj, D; 1 +00, §; | 0, metric spaces (X, dj, xj),
such that RF=2 x X j arise as limits of manifolds (M; ;);en satisfying

RiCM,-_j > =4, ][ RMi,j,k A LdVol; ; > e, VxeM,;, 29)
Bi(x)

and segments r; C X; with L(rj) > 2Rj, such that d;(gj,r;) > D; for some
qj € 7, Y(rj(R;)). In particular, there exist points ¢;, whose distance from r; is
greater than D}, and whose point realizing the distance from r; is r;(R;). Let y; be
the segment connecting ¢; and r; (R}).

By Gromov pre-compactness theorem, up to subsequences, the sequence
(X;,d;,rj(R;)) converges in pGH-sense to a Ricci limit space (X, d, p). Moreover,
there exists a measure m € M (X) — arising as a limit of the renormalized volume
measures of M; ; —such that (X, d, m, p) is an RCD(0, n) space.

In addition, X contains a line which arises as a limit of the segments r; centered in
rj(R;j), since R; 1 oo. Hence, by the splitting theorem [24], X splits isomorphically
as a metric measure space as X = Y x R for an RCD(0, n — 1) space (¥, d,, m,).
Moreover, Y cannot be compact since the segments y;, which realize the distance from
rj, have arbitrarily large length. In particular, Y contains itself a ray. Hence, repeating
the argument above, there exists a sequence p;. € Y, such that (¥, dy, p}) converges
in pGH-sense to a metric space R x Y’. In particular, there exists a sequence p}’ €X;

such that (X, d;, p}’ ) converges in pGH-sense to R x ¥’. Applying Theorem 1.1 to
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M; ; fori and j large enough, we arrive to a contradiction, since ; | 0 and €y > 0
is fixed in (29).

If we assume conditions (27) or (28), the proof is analogous, by using Theorem 3.8
instead of Theorem 1.1.

Finally, by Theorem 4.16 , there exists a 1-dimensional connected manifold /
(possibly with boundary) and a distance preserving map ¢ : I — X such that X is
contained in the 200 R-neighbourhood of ¢ (7). O

As an immediate consequence of the previous theorem, we deduce the following
key corollary.

Corollary 5.2 Letv, e, L € (0,400),n € N, s € (0, 1) befixed. There exist R, D, § >
0 with R > 20D satisfying the following. Let (X, d, p) be a pGH limit of manifolds
(M;’, gj, pj) satisfying one of the following conditions.

1. n>2and
RiCMj > -4, 7[ RMj’z A LdVO|j >¢€, Vxe Mj. 30)
Bi(x)
2. n=3 Rich > —§ and
][ SECM]./\OdVOUZ—(S, f RMj/\LdVO|jZ€, V)CEMJ'. 31D
Bi(x) ’ By (x)
3. n=3and

Ricy; > —4, f |RMI.|S dVol; > €, Vol;j(Bi(x)) >v, VxeM;. (32)
' Bi(x)

Let r be a segment of length greater than 2R in X. For every t € (R, length(r) — R)
and x € rrr_l(r(t)), it holds d(x,r) < D, ie., (X,d) is (R, D)-thin (see Definition
4.2).

In particular, there exists a 1-dimensional connected manifold 1 (possibly with
boundary) and a distance preserving map ¢ : I — X such that X is contained in the
200R-neighbourhood of ¢ (I).

The remaining part of the section is devoted to showing that if a manifold satisfies
one of the conditions (26), (27), (28), so do its coverings (modulo a rescaling by
dimensional constants). This is the content of Propositions 5.3 and 5.4. The proof of
the next proposition follows from [35, Lemma 1.6]; we report it for completeness of
presentation.

Proposition 5.3 Letn € Nand let K € R. Let (M", g, p) be a pointed Riemannian
manifold withRicy > K. Let (M", g, p) be the universal covering of M, with covering
map 7 : M — M such that w(p) = p. Let F : M — R, be a measurable locally
bounded function and let F:=Fom.
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1. It holds

][~ FdVol > ¢(K, n) F dVol.
B3(p) Bi(p)

2. There exists p’ € M such that

][ F dVol < ¢(K, n) F dVol.

B3(p) Bi(p)

Proof Consider a measurable function j : Bj(p) — El(ﬁ) such that 7 (j(x)) = x
for every x € By(p).Let T := j(B1(p)), so that diam(7") < 2 and

][ﬁd\%l =f F dVol.
T Bi(p)

LetS C M be the union of the sets g(7') for every deck transformation g : M—>M
of w : M — M such that g(T) N B{(p) # @. It follows that

Bi(p) C S C Bi(p) and ][de??l = ][ F dVol. (33)
S Bi(p)

Proof of 1. Using that Vol(B3(5)) < ¢(K, n)Vol(B1(p)) and (33), it holds

Vol(B3(p .~ L~
][ Favol = 2B [ 5 o5 < cckomy f - Favel.
Bi(p) Vol(B1(p)) JBs(p) Bs(p)
Proof of 2. Arguing as for (33), we find S’ C M such that
B3(p) C S’ C Bo(p) and ][ Fd\?élz][ F dVol. (34)
N B

3(p)

Let {B1(pi)}ier be a covering of B3(p) with I C N, such that {B1/5(p;)}ies are
disjoint. By (34), it holds

.~ Vol(Bo(p
7Vl < ol(By(p))

< F dVol < ¢(K, n) ][ FdVol. (35)
][l§3(ﬁ) Vol(B3(p)) J Bs(p) ; Bi(pi)

By Bishop—Gromov’s inequality, it holds #I < c¢(K, n). Setting p’ € {p;}ics such

that
][ F dVol = max][ F dVol,
Bi(p) i€l JB(p;)

and combining with (35), the statement follows. m]

Proposition 5.3, together with the fact that covering maps reduce volumes of balls,
imply the following proposition.
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Proposition5.4 Letv,€,5, L € (0,4+00), n € N, s € (0, 1) be fixed. Let (M", g, p)
be a manifold satisfying one of the conditions (26), (27), (28). Let (M", g, p) be the
universal covering, with covering map m : M — M such that w(p) = p. Then
(M 8/ 32, D) satisfies the corresponding condition among (26), (27), (28), where the
constants have been rescaled by factors depending only on the dimension n.

Corollary 5.5 Letv, €, L € (0,400),n € N, s € (0, 1) be fixed. There exist R, D, § >
0 with R > 20D satisfying the following. Let (M", g) be a manifold satisfying one
of the conditions (30), (31), (32). Let (M, &, p) be the universal covering of M and
letw : M — M be the covering map. Then, both (M, g) and (M, g) are (R, D)-thin
(see Definition 4.2).

Proof The statement follows combining Proposition 5.4 and Corollary 5.2. O

5.2 Large scale geometry of thin manifolds

In this section, relying on Theorem 4.16, we prove metric and topological properties
of manifolds satisfying one of the conditions (30), (31), (32). The next result is an
immediate consequence of Theorem 4.16 and Corollary 5.2.

Theorem 5.6 Letv, e, L € (0, +00), n € N, s € (0, 1) be fixed. There exist C,8 > 0
with the following property. Let (X, d, p) be a limit of pointed Riemannian manifolds
satisfying one of the conditions (30), (31), (32). Then, there exists a 1-dimensional
connected manifold I (possibly with boundary) and a distance preserving map ¢ :
I — X such that X is contained in the C-neighbourhood of ¢ (I).

Remark 5.7 The previous result fails if we remove the lower bounds on the Ricci
curvature in conditions (30) and (32), thanks to the gluing results in [30, 31, 60].
Indeed, consider the gluing of four copies of $? x [0, +00) to S*> minus four disjoint
small balls. By [60], we can equip this space with a Riemannian metric g with the
following properties:

1. g coincides with the metric on 3 and with the metric on each of the branches
$% x [0, +00) outside of a small neighbourhood of the surgery.
2. ghasRy, > 0.

Hence, there exists € > 0 such that the glued manifold M satisfies
][ Ry dVol > ¢ forevery x € M.
Bi(x)

At the same time, Theorem 5.6 fails on M. With a similar construction using [30, 31],
one shows that also the Ricci bound in (32) cannot be removed.

The next result concerns volumes of manifolds satisfying one of the conditions
(30), (31), or (32).

Theorem 5.8 Letv,e, L € (0,+00), n € N, s € (0, 1) be fixed. There exist C,8 > 0
satisfying the following. Let (M", g) be a manifold satisfying one of the conditions
(30), (31), or (32). Then
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1. sup,¢yy Vol(B;(x)) < Ct, forallt > 0.
2. IfRicy; > 0, then inf¢pr Vol(B1(x)) > 0.

Proof By Theorem 5.6, there exists a 1-dimensional connected manifold 7 (possibly
with boundary), a distance preserving map ¢ : I — X, and a constant C’ > 1, such
that X is contained in the C’-neighbourhood of ¢ (1).

Proof of 1. For r € (0, 1], the claim is a consequence of the classical volume
comparison results for manifolds with Ricci curvature bounded from below by —1.
Hence, we only consider the case t > 1.

Letx € X andlet ¢ (sy) € mp1)(x). Let {s,-}l.”:]1 be a 1-net of B,’ (sx). By triangular
inequality, B; (x) is contained in the 10C’-neighbourhood of ¢ (B,I (sx)). Hence, again
by triangle inequality and our choice of {s; }l.[ t=]1’ it follows

[1]
B,(x) C | Baocr (¢ (s0)).-

i=1

By the aforementioned volume bounds for manifolds with Ricci curvature bounded
from below by —1, there exists a constant C > 0 (depending only on the dimension),
such that Vol(B;(x)) < C[r] < 2Ct.

Proof of 2. If the manifold is M is compact, there is nothing to prove. If M is
non-compat and it contains a line, then M = R x N, where N is a compact manifold.
Hence, also in this case the statement follows.

So we only need to consider the case when M is non-compact and it is contained in
the C’ neighbourhood of a ray. Fix x € M and let t, > 0 be such that x € B¢/ (r(2y)).
By Brunn-Minkowski inequality [54],

Vol(A1/2(2t)) = (1/2)" Vol(B1(r(0))), (36)

where A1,2(2t,) is the set consisting of the intermediate points of segments connecting
points in By (r(0)) and in B (r(2ty)).

We claim that Ay /2(2t,) is contained in Biocr (7 (tx)). Assume for the moment that
the claim holds. In this case, by the doubling property and (36), it holds Vol(Bj(x)) >
v" > 0 for some v depending on Vol(B(r(0))), n and C’.

To conclude the proof, we are left to show that Aj/,>(2t;) is contained in
Biocr (r(ty)). To this aim, consider a segment / connecting points a € B1(r(0)) and
b € B1(r(2ty)). Let t; > 0 be such that r(7;) € m, (Z(L(l)/2)) on r. Since X is in the
C’-neighbourhood of r, by triangle inequality, it holds

d(r(0), r(#) < 1+ C"+L(1/2, d@r(te), r()) <1+ C" +L1D)/2.

Since L(I) < t,+2 again by triangle inequality, it follows that ; € [t,/2—4C’, 1, /2+
4C". Since I(L(1)/2) is C’-close to r (1), it follows [(L(I)/2) € Bioc/(r(ty)), as
claimed. O

The previous result, in particular, shows that the manifolds in question, when
Ricys > 0, fit into the framework of [63].
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Remark 5.9 An analog of Theorem 5.8 is not to be expected in higher dimension.
Indeed a manifold with R3 > 1 and almost non-negative Ricci curvature might have
exponential volume growth at infinity (consider rescalings of products of the hyper-
bolic plane and a sufficiently small 2-sphere). Similarly, there exists a manifold with
Rs > 1 and non-negative Ricci curvature with unit balls of arbitrarily small volume
(consider a product of a 2-sphere and the manifold constructed in [51, Example 26]).

Let us recall some properties of covering spaces. Let 7 : X > Xbea covering
between metric spaces. Let p € X and p € 7~ (p). Given a loop y in p, we can
consider its lift 7 on X with starting point j. This lift is unique, and homotopic loops
give rise to homotopic lifts (see [33, p. 60]).

In particular, one can consider the endpoint of y, which we will denote M (p, ).
This way of obtaining new points, given an element [y'] € 71(X) and a point p € X,
is called the monodromy action of y on p. Since homotopic loops give rise to the same
monodromy action, if [y] is the identity in 771 (X), then M (p, y) = p.

Theorem 5.10 Letv, €, L € (0, +00),n € N, s € (0, 1) be fixed. There exist C,5 > 0
satisfying the following. Let (M", g) be a manifold satisfying one of the conditions
(30), (31), or (32). The following hold.

1. M has 1-Urysohn width < C.

M has at most two ends.

bi(M) < L.

1 (M) is infinite if and only if M is compact and its universal cover is non-compact.
If there exists a loop y C M such that [y] € w1(M) has infinite order, then M is
contained in a C-neighbourhood of y .

SRR

Proof Proof of 1. The claim follows by Corollary 5.2 and Corollary 4.18.

Proof of 2. Let C > 0 be the constant given by Theorem 5.6. If X has more than
one end, then it is contained in a C-neighbourhood of a line by Theorem 5.6 and cannot
have a third end.

Proof of 3. Let M the universal cover of M. By Proposition 5.4 and Theorem 5.8,
the volume of balls in M grows at most linearly, so that by Proposition 2.22, it holds
bi(M) < 1.

Proof of 4. Itis clear that if M is compact and its universal cover M is non-compact,
then 1 (M) is infinite. We next show the converse. Since 71 (M) has infinitely many
elements, the universal cover M is not compact. Hence, it suffices to show that M is
compact.

Assume by contradiction that M is not compact. We denote by d and d respectively
distances in M and M. Let C > 0 be the constant given by Theorem 5.6, and let rjy C
Mandry C M be the rays or lines whose C-neighbourhoods contain respectively M
and M.

Let p € M be a preimage of rj/(0) in M via the covering map. Since 71 (M)
has infinitely many elements, there exists a sequence {y;}ieny C 71 (M) such that
a(M (p, i), p) — —oo. Combining this with the fact that M is contained in the
C-neighbourhood of r;, we get that there exist o, 1, 72 in the domain of r; (i.e., R
if r7 is a line and Ry if r; is a ray) such that r, > 100C +#; > 7o + 200C, and
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Y1, V2 € w1 (M) with
d(p,r;(10) < C, dM(p,y1),rz1) <C, dM(p, ), ry)) <C. (37)

_ Consider a lift #y of rpr to M such that 74 (0) = M (p, y1). Clearly, 7 is aray in
M. By (37), Lemma 4.5, and our choice of 1y, t1, 2, there exists ¢ > 10C such that
7y (t) is 2C-close to either r; (t9) or r ; (t2). Assume without loss of generality that

d(Fu (1), rj; (10)) < 2C. (38)

Recall that each y € 71(M) induces an isometry ¢ of M defined by ¢(x) =
M(x,y) for every X € M, and that M is isometric to the quotient of M by such
isometries. Hence:

10C < 1 = d(rp(0), rie (1)) < d(p, 7 (1)) + d(M(p, y1), P (0)) = d(p, P (1)).
Since, by (37) and (38),
d(p, 7u () < d(p, r (o)) +dr g (t0), P (1)) < 3C

the combination of the last two inequalities yields a contradiction. Hence, M is com-
pact.

Proof of 5. Let y C M be aloop such that [y] € 71 (M) has infinite period. Let y
be a lift of y to M, and let 7N : [0, +00) — M be a lift of the infinite curve YoienY-
Since [y] € w1 (M) has infinite period, it holds

lim supd(7N(0), 7N (1)) = +o0. (39)

t——+00

Let r; be the ray or the line in M whose C '-neighbourhood contains M (which exists
combining Theorem 5.6 and Proposition 5.4). By (39) and Lemma 4.5, there exist ¢1, #2
in the domain of r; with r, > 100C” + 100L(y) + #; such that Try (7Y) contains
a 3C’-net of [ (t1), 77 (22)]. Assume now that there is a point p € M such that
d(p,y) > 10C’. Let [ be a segment realizing the distance from p to y and let p; be
the footpoint of / on y. The set of preimages of p; in M via the covering map form a
L(y)-netof N in M. In particular, there is a preimage p; which is 10C’ +L(y) close
to r;((t1 +12)/2). Let I be the lift of / to M starting from p; (we are orienting / from
pi to p). Then,

d(pr, 7M) = ddwd), 7N = ddL), y) = 10C". (40)

At the same time, since p; is 10C’ 4+ L(y) close to riy (¢ +12)/2), itholds r; (1) €
- () for some ¢ € [t1, 1]. Using that r; (¢) is 7C’-close to a point in 7™ and (40),
it holds ~ _ ~

d(pr, ryp) = d(pr, ryg (1)) = d(py, 77) = 7C" = 3C".

This is a contradiction. O
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Appendix

The appendix shows how to obtain a result by Jiang and Naber [45, Theorem 2.17].
Since the result was claimed in [45] without proof, for the reader’s convenience, we
provide an argument consisting in a combination of Theorem 1.1 with [15, Theorem
1.3]. The result is not used anywhere else in the paper, and it is included as a further
application of the techniques developed in the manuscript.

Definition 5.11 Let (M", g, x) be a pointed Riemannian manifold. The quantitative
singular strata are defined, for r € (0, 1), as

S]g’r = {y € B1(x) : Bs(y) is not (k + 1, §)-symmetric, for any s € (r, 1)},

St = {y € Bi(x) : By(y) is not (k + 1, §)-symmetric for any s € (0, 1)}.

We use the abbreviated notation S, for Sg;l, and S; for Sg_l. The set By (x) \ Ss.r
is denoted by Rs ;.

Proposition 5.12 Let K € Randn € N be fixed and let (M", g, x) be a manifold with
Ricyr > K. For every 8§ > 0 there exists n(K,n,8) > 0 such that S5, C SZ;Z, for
everyr € (0, 1].

Proof The statement follows arguing by contradiction and using Theorem 2.13. 0O
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The next theorem corresponds to [15, Theorem 1.3].
Theorem 5.13 (Cheeger—Naber) Let K € R, n € N, v,8,n > 0 be fixed and let
(M", g, x) be a manifold with Ricyy > K and Vol(Bj(x)) > v. Denoting by Tr(Slg’r)
the r-neighbourhood ofS]g’r, there exists C = C(n, v, 6, n) > 0 such that

Vol(T,(S§ ) < Cr" =+,

Theorem5.14 Letn e N, v > 0, s € (0, 1) be fixed. There exist §(n, s), C(n,v,s) >
0 such that, if (M™, g, x) has Ricyy > —68 and Vol(B(x)) > v, then

][ [RI* dVol < C(n, v, s).
By (x)

Proof By Theorem 1.1 and a standard rescaling, there exists §(n, s) > 0 such that if
(M, g, x) has Ricyy > —§, then any §-regular ball Byo-(y) C M with y € Bi(x) and
r € (0, 1] satisfies

][ IR|* dVol < r~25. (41)
B (y)

Without loss of generality, for the rest of the proof we will assume that § < (n — 1).
Let o € (0, 1) be fixed, and consider the disjoint union

Bi(x) =Rso U U(Sﬁ,ak\sé,ak“)'
keN

Consider a covering { By, /10(x)}jen of Bj(x) such that each B, (x;) is §-regular and
satisfies the following.

1. Iij' S 'R(s’a, then rj € [ee, 1).
2. If xj € Sy or \ Sy g+1, thenrj € [oF T, k],

By refining the covering, we may assume that {B,j /50(x;)}jen consists of disjoint
balls. We will bound

> / RI*dVol and )" 3 / IR|* dVol

Xj€Rs Brijo(xj) keN x;€S8; k\S; k1 Brjjnoxj)

separately.

We treat the case x; € Rj first. Combining the assumption that 0 < v <
Vol(B;(x)) < C(n) and condition 1 with Bishop—Gromov’s volume monotonicity, we
deduce that the number of balls in the aforementioned covering such that x; € R o
is bounded above by c(n, v, s). Hence, (41) yields

/ [R|* dVol < 10¥g~2 Z V0|(Brj/10(x]-)) <c(n,v,s). 42)
Br;10(x;j)

X;€Rs.a Xj€Rs .«
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We now consider the case x; € S; 4« \ Sj 4k+1. Again using (41) and Bishop—
Gromov’s volume monotonicity, we infer that

Z / [R|* dVol < 10 Z VO|(BrJ./1()(x]'))r;2$

) /10(x; .
Xj €Sy (ki \Ss k1 il 0(x}) XjES; (\S k41

< ) cmVol(Brso(x)aFED - 43)

Xj €Sy 1k \Ss ket

We note that the balls {B;, /50(x;)} jen are disjoint and

U ByG) C T (S50

xjES5 k\S; k1

Hence, choosing n := 1 — s in Theorem 5.13, and combining with Proposition 5.12
and (43), we deduce

Z [R|* dVol < ¢(n, v, s)a 179K,

xjes&ak \SB,ak'H Brj/lO(Xj)

Hence,
Z Z / [RI* dVol < c(n, v, 5),
keN x; €8s ik \S; k1 Br;j10(xj)
giving the statement. 0

One can now deduce Jiang—Naber’s result [45, Theorem 2.17].
Theorem 5.15 (Jiang—Naber) Let K e R, n € N, v > 0, s € (0, 1) be fixed and let

(M", g, x) be a manifold with Ricy; > K andVol(B(x)) > v. There exists a constant
C(K,n,v,s) > 0 such that

7[ IRic|* dVol < C(K, n, v, 5). (44)
JBi(x)

Proof By Theorem 5.14 and a standard rescaling, there exists ro(K, n, v, s) > 0 such
that

][ IR dVol < ¢(K, n, v,s), forally e Bj(x). (45)
Byy ()

Consider a covering {B,(x;)}jen of Bi(x) such that the balls {B,,/3(x;)}en are
disjoint. Then, the combination of (45) with Bishop—Gromov’s volume monotonicity
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yields

/ IR|* dVol < Z/ [R|* dVol < ¢(n, K, v,s)ZVOl(Bro/g(xj))
Bl(x) B

jeN Broxj) jeN
c(n, K, v, s)Vol(B;(x)). (46)

IA

The assumption that Ric > K allows to promote the integral bound (46) on the scalar
cuvature into the claimed integral bound (44) on the Ricci curvature. O
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