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Abstract
We consider manifolds with almost non-negative Ricci curvature and strictly positive
integral lower bounds on the sum of the lowest k eigenvalues of the Ricci tensor.
If (Mn, g) is a Riemannian manifold satisfying such curvature bounds for k = 2,
then we show that M is contained in a neighbourhood of controlled width of an
isometrically embedded 1-dimensional sub-manifold. From this, we deduce several
metric and topological consequences: M has at most linear volume growth and at most
two ends, it has bounded 1-Urysohn width, the first Betti number of M is bounded
above by 1, and there is precise information on elements of infinite order in π1(M).
If (Mn, g) is a Riemannian manifold satisfying such bounds for k ≥ 2, then we show
that M has at most (k − 1)-dimensional behavior at large scales. If k = n = dim(M),
so that the integral lower bound is on the scalar curvature, assuming in addition that
the (n− 2)-Ricci curvature is non-negative, we prove that the dimension drop at large
scales improves to n − 2. From the above results we deduce topological restrictions,
such as upper bounds on the first Betti number.
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1 Introduction

A renowned conjecture by Yau asserts that if (Mn, g, p) is a pointed Riemannian
manifold of dimension n with RicM ≥ −λ, then

ˆ
B1(p)

R dVol ≤ C(λ, n),

where R denotes the scalar curvature. Under the assumption of non-negative sectional
curvature, the aforementioned bound on the scalar curvature was obtained by Petrunin
in [47]. A non-collapsed version of Yau’s problem was then proposed by Naber in
[45], where he conjectured that if (Mn, g, p) is a pointed Riemannian manifold with
RicM ≥ −λ and Vol(B1(p)) ≥ v, then

ffl
B1(p)

R dVol ≤ C(λ, n, v). If true, Naber’s
version of Yau conjecture would allow to define a scalar curvature measure on non-
collapsed Ricci limit spaces (see again [45]).

These conjectures are still open and, more generally, the geometric interplay
between Ricci and scalar curvature bounds is still not fully understood. A step forward
in this direction was carried out in a series of recent papers showing that 3-manifolds
with non-negative Ricci curvature and scalar curvature bounded from below by a
strictly positive constant have at most linear volume growth at infinity (see [17, 44]).
This is a particular case of a more general conjecture by Gromov [29] stating that
a non-compact pointed Riemannian manifold (Mn, g, p) of dimension n with non-
negative Ricci curvature and scalar curvature bounded below by a strictly positive
constant should satisfy

lim sup
t→+∞

Vol(Bt (p))

tn−2 < +∞. (1)

Without the condition on the Ricci curvature, manifolds with uniformly positive
scalar curvature can have arbitrarily large volume growth (by the surgery results in
[30, 31]). Nevertheless such 3-manifolds have been shown to have bounded Urysohn
1-width (see [32, 36, 40, 41] and, assuming also non-negative Ricci curvature, [62]).
This class of results enters in the framework of another more general conjecture by
Gromov [32], stating that a manifold of dimension n with scalar curvature bounded
below by a strictly positive constant should have bounded Urysohn (n − 2)-width.

Motivated and inspired by the above conjectures and results, we next discuss the
framework and the main findings of the present work.
Given a manifold (Mn, g) and k ∈ N, k ≤ n, we denote by Rk the sum of the lowest
k eigenvalues, counted with their multiplicity, of the Ricci tensor RicM . In analogy
with the terminology used in [50], if Rk ≥ c, we say that the kth-scalar curvature of
M is bounded below by c (note that this is different from the convention used in [60],
where the Ricci curvature is said to be k-positive if Rk ≥ 0). In this paper, we study
the geometry of manifolds with almost non-negative Ricci curvature and kth-scalar
curvature bounded from below in integral sense by a positive constant (see [20, 22,
26, 38, 56] for previous literature on manifolds with Rk ≥ c). As a byproduct, we
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also obtain new results on manifolds with almost non-negative Ricci curvature and a
positive lower integral bound on the scalar curvature.

Broadly speaking, we show that a lower Ricci curvature bound combined with a
positive lower bound on the kth-scalar curvature forces the manifold to have (k − 1)-
dimensional behavior at large scales. Moreover, if k coincides with the dimension of
the manifold (so that the lower bound is on the scalar curvature), the dimensional
bound on the geometry at large scales can be improved to (k − 2), matching in this
way the dimension-drop appearing in the aforementioned conjectures by Gromov. Our
approach relies on techniques frommetric geometry in which a limit space arises from
a sequence of manifolds (see the foundational papers [8–11]).

The first main result of the paper is Theorem 1.1, which shows the continuity of
certain integral functionals of Rk under Gromov–Hausdorff convergence. We recall
that, if Yau conjecture holds, given a sequence (Mi , gi , pi ) → (X ,d, x), one can
define a scalar curvature measure μ on X as a weak limit RMiVoli → μ (see [45,
Conjecture 2.18]). Hence, continuity results for

´
R under GH convergence would

ensure that, if X is itself a smooth manifold, then μ = RXVol. Theorem 1.1 proves a
result along these lines when X = R

n (see Remark 3.5). Other continuity results for
the integral of the scalar curvature were previously obtained in the presence of a lower
bound on the sectional curvature in [48, Theorem B3] (after Perelman) and [39]. We
refer to Definition 2.5 for the definition of (k, δ)-symmetric and δ-regular balls in a
manifold. Given a, b ∈ R, we denote a ∧ b := min{a, b} and a ∨ b := max{a, b}.

Theorem 1.1 Let L, k, n ∈ N with k ≤ n and s ∈ (0, 1) be fixed. Then

sup
{ 

B1(x)
Rk ∧ L dVol : (M, g, x) has RicM ≥ −δ, and B10(x) is (k, δ)-symmetric

}
,

sup
{ 

B1(x)
|R|s dVol : (M, g, x) has RicM ≥ −δ, and B10(x) is δ-regular

}

converge to 0 as δ ↘ 0.

The previous result is the technical tool that will be used to study manifolds with a
positive uniform lower bound on Rk .

As a first application of Theorem 1.1, in Theorem 1.2 we show that manifolds of
any dimension with integrally positive R2 (and almost non-negative Ricci curvature)
are contained in a neighbourhood of controlled width of an isometrically embedded
1-dimensional manifold.

The result applies also to 3-manifolds with integrally positive scalar curvature and,
assuming either an integral sectional curvature lower bound or a strong non-collapsing
assumption, gives a new precise description of the macroscopic behavior of these
spaces. Let v, ε, δ, L ∈ (0,+∞), n ∈ N, s ∈ (0, 1), and consider the following sets
of conditions on a manifold (Mn, g).
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(i) n ≥ 2, RicM ≥ −δ, and

 
B1(x)

R2 ∧ L dVol ≥ ε, ∀x ∈ M .

(ii) n = 3, RicM ≥ −δ, and

 
B1(x)

SecM ∧ 0 dVol ≥ −δ,

 
B1(x)

RM ∧ L dVol ≥ ε, ∀x ∈ M .

(iii) n = 3, RicM ≥ −δ, and

 
B1(x)

|RM |s dVol ≥ ε, Vol(B1(x)) ≥ v, ∀x ∈ M .

Given r > 0 and a subset A ⊂ M , the r -neighbourhood of A in M is the set of
points whose distance from A is less than r .

Theorem 1.2 Let v, ε, L ∈ (0,+∞), n ∈ N, s ∈ (0, 1) be fixed. There exist C, δ > 0
with the following property. If a manifold (Mn, g) satisfies one of the conditions
(i), (ii), (iii), then there exists a 1-dimensional connected manifold I (possibly with
boundary) and a distance preserving map φ : I → M, such that M is contained in
the C-neighbourhood of φ(I ).

Theorem 1.2 has far reaching implications both for the metric and the topological
properties of manifolds satisfying (i), (ii), or (iii). These are collected in Theorem 1.3
below. We denote by b1(M) the first Betti number of M . Given a loop γ in M , we
denote by [γ ] its equivalence class in the fundamental group π1(M). We recall that
a metric space (X ,d) has 1-Urysohn width ≤ d if there exists a 1-simplex Y , and a
continuous map π : X → Y , such that diam( f −1(y)) ≤ d for every y ∈ Y .

Theorem 1.3 Let v, ε, L ∈ (0,+∞), n ∈ N, s ∈ (0, 1) be fixed. There exist C, δ > 0
with the following property. Let (Mn, g) be a manifold satisfying one of the conditions
(i), (ii), (iii). Then,

1. supx∈M Vol(Bt (x)) ≤ Ct, for all t > 0.
2. If RicM ≥ 0, then inf x∈M Vol(B1(x)) > 0.
3. M has 1-Urysohn width ≤ C.
4. M has at most two ends.
5. b1(M) ≤ 1.
6. π1(M) is infinite if and only if M is compact and its universal cover is non-compact.
7. If there exists a loop γ ⊂ M such that [γ ] ∈ π1(M) has infinite order, then M is

contained in a C-neighbourhood of γ .

The previous two theorems are part of a series of recent results where positive lower
bounds on the (scalar) curvature imply 1-dimensional behavior at large scales both
from the metric and the topological viewpoint. For instance, a linear volume growth
bound for 3-manifolds with Ric ≥ 0 and R ≥ 1 was obtained in [44], and was then
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generalized in [4, 17, 61]. Similarly, 3-manifolds with R ≥ 1 have been recently shown
to have bounded Urysohn 1-width (see [32, 36, 40, 41]).

We highlight that an analog of Theorem 1.2 is not to be expected in the higher
dimensional case (see Remark 5.9) and that the result fails without the lower bounds
on the Ricci curvature (see Remark 5.7). The proof of Theorem 1.2 relies on the study
of a geometric condition on length minimizing geodesics in a metric space that was
first studied in [34] (see Sect. 4).

We now turn our attention to manifolds with an integral lower bound on Rk , pos-
sibly for k ≥ 3. Theorem 1.4 shows that non-negative Ricci curvature, coupled with
a sufficiently slow asymptotic integral decay of Rk , implies a dimension-drop for
the tangent cones at infinity. An analogous result (under different assumptions) was
recently proved in [64, Theorem 1.6].We recall that if a pointed non-compactmanifold
(Mn, g, p)has non-negativeRicci curvature, thenGromov’s pre-compactness theorem
ensures that, for every sequence (Mn, g/r j , p) as r j → +∞, there exists a subse-
quence converging in pointed Gromov–Hausdorff sense to a metric space (X ,d, p∞).
Such space obtained via blow-down is called a tangent cone at infinity of M . Finally,
we refer to Sect. 3.2 for the definition of the (n − 2)th-Ricci curvature Ricn−2 (after
[50]).

Theorem 1.4 Let (Mn, g, p) be a Riemannian manifold and let L > 0, α ∈ (0, 2).

1. Assume that Ric ≥ 0 and

lim
r→+∞

 
Br (p)

0 ∨ (r2−αRk) ∧ L dVol = L.

Let (X ,d, x∞) be any tangent cone at infinity of M. If (Rd ,deu) is a tangent space
to X at a point x ∈ X, then d ≤ k − 1.

2. Assume that Ricn−2 ≥ 0 and

lim
r→+∞

 
Br (p)

0 ∨ (r2−αR) ∧ L dVol = L.

Let (X ,d, x∞) be any tangent cone at infinity of M. If (Rd ,deu) is a tangent space
to X at a point x ∈ X, then d ≤ n − 2.

The previous theorem is sharp in the sense that it fails for α = 0 (see Remark 3.11).
A biproduct of Theorem 1.4 is that, if a manifold has non-negative Ricci curvature
and sufficiently slow integral asymptotic decay of the Ricci tensor, then it is compact
(see Remark 3.12).

We now consider the topological implications of non-negative Ricci curvature and
asymptotically positive kth-scalar curvature. This is the content of Theorems 1.5 and
1.6 (compare with [64, Theorems 1.3 and 1.7], after [46]).

Theorem 1.5 Let (Mn, g, p) be a non-compact Riemannian manifold with n ≥ 3 and
let α ∈ (0, 2). Let 2 ≤ k ≤ n be a natural number.
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1. If RicM ≥ 0 and

lim sup
r→+∞

(
r2−α min

Br (p)
Rk

)
> 0,

then b1(M) ≤ k − 2.
2. If Ricn−2 ≥ 0 and

lim sup
r→+∞

(
r2−α min

Br (p)
R
)

> 0,

then b1(M) ≤ n − 3.

The proof of Theorem 1.5 follows the lines of [64, Theorem 1.3] by replacing the
use of [64, Theorem 1.6] with Theorem 1.4. We remark that Theorem 1.5, unlike [64,
Theorem 1.3], allows for the scalar curvature to converge to zero at infinity.

Theorem 1.6 Let ε, s, v ∈ (0, 1), let L, D ∈ (0,+∞), and let k, n ∈ N with k ≤
n. There exists δ > 0 such that for every manifold (Mn, g, p) with RicM ≥ −δ,
diam(M) ≤ D, Vol(B1(p)) ≥ v, the following holds.

1. If
ffl
B1(p)

Rk ∧ L dVol ≥ ε, then b1(M) ≤ k − 1.

2. If
ffl
B1(p)

|R|s dVol ≥ ε, then b1(M) ≤ n − 2.

If the manifold in the previous theorem has non-negative Ricci curvature, the pre-
vious result follows immediately from the splitting theorem [12]. We remark that
Theorem 1.6, unlike [64, Theorem 1.7], only requires a local bound on the scalar
curvature.

Finally, wemention that Theorem 1.1 can be combinedwith the results of [15] to prove
a result from Jiang and Naber (see Theorem 1.7 below). This result was announced in
[45] without proof; we sketch one in the appendix.

Theorem 1.7 (Jiang–Naber) Let K ∈ R, n ∈ N, v > 0, s ∈ (0, 1) be fixed and let
(Mn, g, p) be amanifold with RicM ≥ K and Vol(B1(p)) ≥ v. There exists a constant
C(K , n, v, s) > 0 such that

 
B1(p)

|Ric|s dVol ≤ C(K , n, v, s).

The previous theorem is the best available result concerning the non-collapsed Yau
conjecture mentioned at the beginning of the introduction.

The paper is organized as follows. Section 2 contains preliminaries. In Sect. 3, we
prove Theorems 1.1, 1.4, 1.5, and 1.6. In Sect. 4, we study a property of length-
minimizing geodesics in metric spaces which is then used to prove Theorem 1.2.
Finally, in Sect. 5, we prove Theorems 1.2 and 1.3.

2 Preliminaries

We start by recalling some basic notation and terminology about metric spaces.
Throughout the section, (X ,d) denotes a proper, separable, length metric space. A
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metric measure spaces (X ,d,m) is a triple, where (X ,d) is a metric space and m is a
non-negative Borel measure on X which is finite on bounded sets and whose support
is the whole X . We denote by Hk the k-dimensional Hausdorff measure induced by
d on X . Given a smooth manifold (M, g) we denote by d and Vol respectively the
Riemannian distance and volume measure induced by g. Given an open set 	 ⊂ X ,
we denote by Lip(	), Liploc(	) and Lipc(	) respectively the set of Lipschitz, locally
Lipschitz and compactly supported Lipschitz functions in 	. We denote the slope of
f ∈ Liploc(	) at x ∈ 	 by

lip( f )(x) := lim sup
y→x

| f (x) − f (y)|
d(x, y)

.

We say that two pointed metric measure spaces (X ,dX ,mX , x̄) and (Y ,dY ,mY , ȳ)
are isomorphic if there exists a bijective distance preserving map i : X → Y such that
i#mX = mY and i(x̄) = ȳ.

We next recall the main definitions concerning the pointed Gromov–Hausdorff
convergence, referring to [7], [55], and [25] for an overview on the subject.

Definition 2.1 (δ-GH maps) Let (X ,dX , x̄) and (Y ,dY , ȳ) be pointed metric spaces
and let δ > 0. A map f : X → Y is a δ-GH map if:

• f (x̄) = ȳ;
• the image of f is a δ-net in Y , i.e. for every y ∈ Y there exists x ∈ X such that
dY (y, f (x)) ≤ δ;

• the distortion of f is less than δ, i.e.

sup
x0,x1∈X

∣∣∣dX (x0, x1) − dY ( f (x0), f (x1))
∣∣∣ ≤ δ.

Definition 2.2 (pGH-convergence) A sequence of pointed metric spaces (X j ,d j , x̄ j )
converges to (X ,d, x̄) in pointed Gromov–Hausdorff-sense (pGH, for short) if for
every δ, R > 0 there exists N > 0 such that, for every j ≥ N , there exists a δ-GH
map f Rj : (B̄R(x̄ j ),d j , x̄ j ) → (B̄R(x̄),d, x̄).

The previous definition of pointed Gromov Hausdorff convergence is slightly dif-
ferent from the one given in [7, p. 272]. Nevertheless, they coincide when considering
the convergence of length spaces (as it will be, throughout the paper).

Definition 2.3 (pmGH-convergence) We say that a sequence of pointed metric
measure spaces (X j ,d j ,m j , x̄ j ) converges to (X ,d,m, x̄) in pointed measured
Gromov–Hausdorff-sense (pmGH, for short) if it converges in pointed Gromov–
Hausdorff-sense and, for every R > 0, the maps f Rj : B̄R(x̄ j ) → B̄R(x̄) given

by Definition 2.2 satisfy ( f Rj )#(m j B̄R(x̄ j )) → m B̄R(x̄), as j → ∞, weakly in
duality with continuous boundedly supported functions on X .

Both pointed Gromov–Hausdorff and pointed measured Gromov–Hausdorff con-
vergence aremetrizable. The corresponding distances are denoted bydpGH anddpmGH.
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We recall that, in the case of a sequence of uniformly locally doubling metric mea-
sure spaces (X j ,d j ,m j , x̄ j ) (as in the case of RCD(K , N ) spaces), pointed measured
Gromov–Hausdorff convergence to (X ,d,m, x) can be equivalently characterized by
asking for the existence of a proper metric space (Z ,dz) such that all the metric spaces
(X j ,d j ) are isometrically embedded into (Z ,dz), x̄ j → x and m j → m weakly in
duality with continuous boundedly supported functions in Z (see [25]).

Next, we recall the fundamental notion of (k, δ)-splitting map (see [8, 9, 16, 18])
on a Riemannian manifold with Ricci curvature bounded below.

Definition 2.4 ((k, δ)-splitting maps) Let (Mn, g) be a Riemannian manifold and let
1 ≤ k ≤ n. A harmonic map u : Br (x) → R

k is a (k, δ)-splitting map if:

1. For every i, j ∈ {1, · · · , k}, it holds fflBr (x) |∇ui · ∇u j − δi j | dVol ≤ δ.

2. supBr (x) |∇u| ≤ 1 + δ.
3. r2

ffl
Br (x)

|Hess(u)|2 dVol ≤ δ2.

Definition 2.5 ((k, δ)-symmetric balls) Let (Mn, g) be a Riemannian manifold. A
ball Br (p) ⊂ M is said to be (k, δ)-symmetric if there exists a pointed metric space
(Y ,dY , ȳ) such that dGH(Br (p), BR

k×Y
r (0, ȳ)) ≤ δr . If a ball is (n, δ)-symmetric, we

will say that it is δ-regular.

The next theorem corresponds to [14, Theorem 4.11] (after [8] and [9]).

Theorem 2.6 Let n ∈ N. For every ε > 0, there exists δ0(ε, n) > 0 with the following
property. Let δ ∈ (0, δ0) and let (Mn, g, p) be a pointed Riemannian manifold with
RicM ≥ −δ.

1. If there exists a (k, δ)-splitting map u : B2(p) → R
k , then B1(p) is (k, ε)-

symmetric.
2. If B2(p) is (k, δ)-symmetric, then there exists a (k, ε)-splitting map u : B1(p) →

R
k .

The next result was proved in [8] (see also [2]).

Theorem 2.7 Let K ∈ R and n ∈ N. Let (Mn, g) be a Riemannian manifold with
RicM ≥ K.For every p ∈ M and R > 2r > 0, there exists a functionφ ∈ C∞

c (BR(p))
which is identically equal to 1 on Br (p), with support contained in B2r (p), and such
that

r2|
φ| + r |∇φ| ≤ C(K , n, R).

The next theorem follows from [8, 9, 18].

Theorem 2.8 Let n ∈ N. For every ε > 0 there exists δ = δ(n, ε) > 0 such that if
(Mn, g) has RicM ≥ −δ and B10(x) ⊂ M is δ-regular, then Br (y) is ε-regular for
every r ∈ (0, 5) and every y ∈ B5(x).

Definition 2.9 (Ricci limit space) A pointed metric measure space (X ,d,m, x̄) is
a Ricci limit space if there exists a sequence of pointed Riemannian manifolds
(Mn

j , g j , p j ) with RicMj ≥ K for some fixed K ∈ R and n ∈ N, such that

(Mn
j ,dg j ,Vol j (B1(p j ))

−1 Vol j , p j ) −→ (X ,d,m, x̄) in pmGH-sense.
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The limit space is said to be non-collapsed if Vol j (B1(p j )) ≥ v > 0 for some fixed
v > 0.

The next theorem was proved in [9, 18].

Theorem 2.10 Let (Mn
j , g j , p j ) be a sequence of pointed Riemannian manifolds with

a uniform lower bound on the Ricci curvature converging in pGH-sense to a metric
space (X ,d, x̄). Then precisely one of the following holds.

1. Either: lim sup j→+∞ Vol j (B1(p j )) > 0. In this case the lim sup is a limit and the
pGH convergence can be improved to pmGH convergence to (X ,d,Hn, x̄).

2. Or: lim j→+∞ Vol j (B1(p j )) = 0. In this case the Hausdorff dimension of X is
bounded above by n − 1.

Definition 2.11 (Tangent space) Let (X ,d,m, x̄) be aRicci limit space.Ametric space
(Y ,dY , y) is a tangent space at x̄ if there exists a sequence 1 > r j > 0, r j ↘ 0 that
satisfies

(X ,d/r j , x̄)
pGH−→ (Y ,dY , y).

Gromov pre-compactness theorem implies that the set of tangent spaces at a point
is always non-empty. Moreover, in [9] it was shown that for non-collapsed Ricci limit
spaces all tangent spaces are metric cones.

Definition 2.12 (k-singular stratum) Let (X ,d,m, x̄) be a Ricci limit space. For every
k ∈ N, the k-singular stratum is defined to be

Sk =
{
x ∈ X : no tangent space is isometric to R

k+1 × Y , for any (Y ,dY )
}

.

The next theorem was proved in [9].

Theorem 2.13 Let (X ,d, x̄) be a non-collapsed Ricci limit space of dimension n ≥ 2.
Then Sn−1 \ Sn−2 = ∅.

We next recall some properties of RCD spaces and of finite perimeter sets thereof,
which will be useful later in the paper. We assume the reader to be familiar with the
subject and we refer to the surveys [1, 23, 53] for an account of the theory. Let us
just recall that an RCD(K , N ) space is a metric measure space (X ,d,m) with Ricci
curvature bounded below by K ∈ R and dimension bounded above by N ∈ [1,∞] in a
synthetic-sense, and whose Sobolev spaceW 1,2 is Hilbert. For the present work, it will
suffice to consider the finite dimensional case; thus, if not otherwise specified, N ≥ 1
will be a real number. Recall that such a class is stable under pmGH convergence, it
contains Ricci limit spaces and finite dimensional Alexandrov spaces.

The next result follows from [6, 42] (after the seminal works for Ricci limits [9,
11, 19]).

Theorem 2.14 Let (X ,d,m) be anRCD(K , N ) space. Then there exists k ∈ N∩[1, N ],
called essential dimension of X, such that for m-a.e. x ∈ X all tangent spaces in x
are isometric to (Rk,de, 0).
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The next proposition, from [37, Theorem 1.1], characterizes the RCD spaces having
essential dimension 1.

Proposition 2.15 Let (X ,d,m) be an RCD(K , N ) space of essential dimension equal
to 1. Then (X ,d) is isometric to a closed connected subset of R or to S

1(r) := {x ∈
R
2 : |x | = r}.
We now recall some topological properties of RCD spaces. The next proposition is

a special case of [49, Theorem 5], in the non-collapsing scenario. We denote by b1(X)

the first Betti number of X .

Proposition 2.16 Let
(
(X j ,d j ,HN

j , x̄ j )
)
j∈N be a sequence of pointed RCD(0, N )

spaces with HN
j (B1(x̄ j )) ≥ v > 0 converging in pGH-sense to a compact metric

space (X ,d). If b1(X j ) ≥ r for every j , then b1(X) ≥ r .

The next proposition, proved in [57, Corollary 1.2] (see also [58, Theorem 1.2]),
establishes the converse inequality in higher generality.

Proposition 2.17 Let
(
(X j ,d j ,m j , x̄ j )

)
j∈N be a sequence of pointed RCD(K , N )

spaces converging in pmGH-sense to a compact metric measure space (X ,d,m).
If b1(X j ) ≤ r for every j , then b1(X) ≤ r .

Definition 2.18 (Covering space and universal cover) Let (X ,dX ) be a connected
metric space.We say that (Y ,dY ) is a covering space for X if there exists a continuous
map π : Y → X such that for every point x ∈ X there exists a neighborhoodUx ⊂ X
with the following property: π−1(Ux ) is the disjoint union of open subsets of Y each
of which is mapped homeomorphically onto Ux via π .
A connected metric space (X̃ ,dX̃ ) is said to be a universal cover for (X ,dX ) if it is
a covering space with the following property: for any other connected covering space
(Y ,dY ) of (X ,dX ), there exists a continuous map f : X̃ → Y such that the triangle
made with the projection maps onto X commutes.

The next result proved in [43] establishes the existence of the universal cover for
an RCD(K , N ) space.

Proposition 2.19 Let (X ,d,m) be an RCD(K , N ) space. Then, it admits a universal
cover (X̃ ,dX̃ ). Moreover there exists a measure m̃ on X̃ such that (X̃ ,dX̃ , m̃) is an
RCD(K , N ) space.

Since RCD(K , N ) spaces are semi-locally simply connected thanks to [57] the
universal is simply connected. The next proposition follows from [43, Theorem 1.3],
after taking into account that the revised fundamental groupmentioned in the reference
coincides with the usual fundamental group thanks to [57].

Proposition 2.20 Let (X ,d,m) be a compact RCD(0, N ) space with b1(X) ≥ k. Then,
its universal cover splits the EuclideanR

k isomomorphically as metric measure space.

The next proposition from [52, Corollary 4.11] shows that the universal cover of a
Ricci limit space is a Ricci limit space, as well.
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Proposition 2.21 Let K ∈ R and n ∈ N. Let (Mn
j , g j , x̄ j ) be a sequence of Rieman-

nian manifolds with RicMj ≥ K converging in pGH-sense to a compact metric space

(X ,d). Let (X̃ , d̃) be the universal cover of X and fix x̃ ∈ X̃ . Then, there is a sequence
of coverings (M̃ j , g̃ j , x̃ j ) of M j converging in pGH-sense to (X̃ , d̃, x̃).

The next proposition follows combining [3, Theorems 1.1 and 1.3] with the fact
that each covering of a fixed manifold has volume growth controlled from above by
the one of the universal cover.

Proposition 2.22 Let k, h ∈ N∪{0}with k ≤ h. Let (M, g, x̄)be apointedRiemannian
manifoldwithVol(Bt (x̄)) ≥ c1tk for some c1 > 0 andwhose universal cover (M̃, g̃, x̃)
satisfies Ṽol(Bt (x̃)) ≤ c2th for some c2 > 0. Then b1(M) ≤ h − k.

3 Integral estimates on scalar curvature and first geometric
applications

3.1 Proof of Theorem 1.1

Throughtout the section, (Mn, g)will be a smooth, complete (in some cases compact),
n-dimensional Riemannian manifold, with n ≥ 2. We denote by Rk : M → R the sum
of the lowest k eigenvalues, counted with their multiplicity, of the Ricci tensor.We first
prove a few lemmas that will be used to establish Theorem 1.1 from the Introduction.

Given a matrix A ∈ R
n×k , we denote by AT ∈ R

k×n its transpose.

Lemma 3.1 Let k, n ∈ N with k ≤ n, and let c, ε > 0 be fixed. There exist
c1(n, ε), ε′(n, ε) > 0 arbitrarily small satisfying the following. Let A = (a j,i ) ∈
R
n×k be a matrix with |AT A − Ik | ≤ c1 and |A|2 ≤ c. Consider real numbers

−ε′ ≤ λ1 ≤ · · · ≤ λn with λk ≥ ε/2k. Then

0 ∨
k∑

i=1

n∑
j=1

λ j a
2
j,i ≥ √

ε′(λ1 + · · · + λk).

Proof Assume by contradiction that the statement fails. Hence, we find sequences
ch, ε′

h ↓ 0 and Ah = (ahj,i ) ∈ R
n×k with |AT

h Ah − Ik | ≤ ch , |Ah |2 ≤ c and real

numbers −ε′
h ≤ λh1 ≤ · · · ≤ λhn with λk ≥ ε/2k, with

0 ∨
k∑

i=1

n∑
j=1

λhj (a
h
j,i )

2 <

√
ε′
h(λ

h
1 + · · · + λhk ), for all h ∈ N.

In particular, dividing both sides by λhk , it holds

k∑
i=1

k−1∑
j=1

λhj

λhk

(ahj,i )
2 +

k∑
i=1

n∑
j=k

(ahj,i )
2 ≤ k

√
ε′
h, (2)
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where the first summand in the l.h.s. is to be considered zero if k = 1.
Moreover, since |Ah |2 ≤ c, −ε′

h ≤ λh1 ≤ · · · ≤ λhn and λhk ≥ ε/2k, it holds

k∑
i=1

k−1∑
j=1

λhj

λhk

(ahj,i )
2 ≥ −2k2c

ε′
h

ε
.

Combining with (2), we obtain

k∑
i=1

n∑
j=k

(ahj,i )
2 ≤ k

√
ε′
h + 2k2c

ε′
h

ε
.

Taking the limit as h → ∞, we obtain a matrix A = (a j,i ) ∈ R
n×k such that

AT A = Ik and
k∑

i=1

n∑
j=k

(a j,i )
2 = 0.

The last two identities are clearly in contradiction: indeed, the former states that the
columns of A are k orthonormal vectors in R

n , while the latter implies that their span
is at most k − 1 dimensional. ��

The next lemma will be key to prove Theorem 1.1.

Lemma 3.2 Let k, n ∈ N, with k ≤ n, and let s ∈ (0, 1) be fixed. For every ε > 0 there
exists δ(n, ε, s) > 0 such that if (Mn, g) has RicM ≥ −δ on B20(x), and B10(x) ⊂ M
is (k, δ)-symmetric, then:

• There exists E ⊂ B1(x) such that

ˆ
E
Rk dVol ≤ εVol(B1(x)); (3)

• There exist x j ∈ B1(x) and r j ∈ [0, 1/2], with j ∈ N, such that

B1(x) \ E ⊂
⋃
j∈N

Br j (x j ) with
∑
j∈N

Vol(Br j (x j ))r
−2s
j ≤ εVol(B1(x)). (4)

In particular, Vol(B1(x) \ E) ≤ εVol(B1(x)) and
ffl
E Rk dVol ≤ ε

1−ε
.

Proof Let ε > 0 be fixed. Let 0 < ε′(n, ε) < ε2 be given by Lemma 3.1 and let
0 < δ < ε′ be small enough so that if B10(x) ⊂ M is (k, δ)-symmetric, there exists
a harmonic (k, ε′)-splitting map u : B5(x) → R

k . Plugging the j-th entry u j of the
map u into the Bochner Formula yields



|∇u j |2 − 1

2
= |Hess(u j )|2 + Ric(∇u j ,∇u j ), on B5(x). (5)
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Theorem 2.7 ensures the existence of a non-negative function φ ∈ C∞
c (B2(x)), with

φ ≡ 1 on B1(x) and such that

|
φ| + |∇φ| ≤ c(n).

Multiplying (5) by φ, integrating, and recalling Definition 2.4, we obtain

 
B2(x)

φRic(∇u j ,∇u j ) dVol ≤ c(n)ε′.

Since RicM ≥ −δ ≥ −ε′ and supB5(x) |∇u| ≤ 2, it holds

 
B1(x)

Ric(∇u j ,∇u j ) dVol ≤ c(n)

 
B2(x)

φRic(∇u j ,∇u j ) dVol + c(n)ε′ ≤ c(n)ε′.

Summing over j ∈ {1, ..., k}, we get
 
B1(x)

k∑
j=1

Ric(∇u j ,∇u j ) dVol ≤ c(n)ε′. (6)

We now define E ⊂ B1(x) to be the set of points where {∇u j }kj=1 are almost
orthonormal. For each point p ∈ M , we fix an orthonormal basis so that TpM ≡ R

n

and we use the convention that ∇u ∈ R
n×k (i.e., each ∇u j is a column of ∇u). Let

c1(n, ε) > 0 be the constant given by Lemma 3.1, and set

E := {y ∈ B1(x) : |∇uT∇u − Ik | ≤ c1}.

Observe that the condition in the previous definition is independent of the chosen
orthonormal basis for TpM . Fix now an orthonormal basis in TpM such that RicM
in TpM is represented by the diagonal matrix � ∈ R

n×n , whose eigenvalues are
−ε′ ≤ λ1 ≤ · · · ≤ λn .

Consider now the subsets of E defined by

E+ := E ∩ {Rk ≥ ε/2} and E− := E ∩ {Rk < ε/2}.

At every point of E+, we have λk ≥ ε/2k. Hence, by Lemma 3.1, it holds

0 ∨
k∑
j=1

Ric(∇u j ,∇u j ) = 0 ∨
k∑
j=1

∇uTj �∇u j

= 0 ∨
k∑
j=1

n∑
i=1

λi (∇u j,i )
2 ≥ √

ε′(λ1 + · · · + λk) = √
ε′Rk .
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Combining with (6), we obtain

ˆ
E
Rk dVol =

ˆ
E−

Rk dVol +
ˆ
E+

Rk dVol

≤ (ε/2)Vol(B1(x)) +
ˆ
E+

Rk dVol ≤ (c(n)
√

ε′ + ε/2)Vol(B1(x)). (7)

Choosing ε′ > 0 small enough, we obtain (3).
To conclude the proof, we need to show that B1(x) \ E is contained in a union

of sufficiently small balls. Let η(ε, n, s) > 0 to be chosen later and consider the set
E ′ ⊂ B1(x) given by

E ′ :=
{
y ∈ B1(x) : r2 s

 
Br (y)

|Hess(u)|2 dVol ≤ η , for every r ∈ (0, 1/10)
}
.

We claim that

E ′ ⊂ E and

B1(x) \ E ′ ⊂
⋃
i∈N

Br j (x j ) with
∑
i∈N

Vol(Br j (x j ))r
−2s
j ≤ εVol(B1(x)). (8)

The thesis (4) will follow by combining the claim (8) with (7).
We first prove that E ′ ⊂ E . It is sufficient to show that at every point of E ′ the

quantity |∇uT∇u− Ik | is smaller than the constant c1(ε, n) appearing in the definition
of E . We prove it by a telescopic argument (cf. [5]). Set E := ∑

i, j |∇u j · ∇u j − δi j |.
For every j ∈ N and y ∈ B1(x), we have

 
B2− j (y)

E dVol =
∣∣∣
 
B1(y)

E dVol −
 
B1(y)

E dVol +
 
B1/2(y)

E dVol − ... +
 
B2− j (y)

E dVol
∣∣∣

≤ c(n)ε′ +
∑

j∈N

∣∣∣
 
B2− j+1 (y)

E dVol −
 
B2− j (y)

E dVol
∣∣∣

≤ c(n)ε′ + c(n)
∑

j∈N
2− j

 
B2− j (y)

|Hess(u)| dVol,

where in the last inequality we used the Poincaré inequality. Using Hölder inequality
and the definition of E ′, we infer that
 
B2− j (y)

E dVol ≤ c(n)ε′ + c(n)
∑
j∈N

2− j(1−s)
(
2−2s j

 
B2− j (y)

|Hess(u)|2 dVol
)1/2

≤ c(n)ε′ + c(n, s)
√

η.

Choosing η and ε′ to be sufficiently small, and letting j go to +∞, we conclude that
E ′ ⊂ E .
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Fromnowuntil the end of the proof, η > 0 is fixed by the previous step. To complete
the proof, we need to show that

B1(x)\E ′ ⊂
⋃
i∈N

Br j (x j )

with ∑
i∈N

Vol(Br j (x j ))r
−2 s
j ≤ εVol(B1(x)), and r j ∈ [0, 1/2].

To prove this, we use a Vitali covering argument coupled with a scale-picking (cf. [5]).
For every y ∈ B1(x) such that

sup
0<r<1/10

r2 s
 
Br (y)

|Hess(u)|2 dVol > η,

we set ry ∈ [0, 1/10] to be the maximal radius such that

r2 sy

 
Bry (y)

|Hess(u)|2 dVol ≥ η.

Clearly, ˆ
Bry (y)

|Hess(u)|2 dVol ≥ Vol(Bry (y))ηr
−2 s
y .

By Vitali covering theorem, we can cover E ′ with a countable collection of balls
{B5ry j

(y j )} j∈N with ry j ∈ (0, 1/10], such that {Bry j (y j )} j∈N are disjoint. Hence

∑
j∈N

Vol(B5ry j
(y j ))

(5ry j )
2s ≤ c(n)

η

∑
j∈N

ˆ
Bry j (y j )

|Hess(u)|2 dVol

≤ c(n)

η

ˆ
B2(x)

|Hess(u)|2 dVol ≤ c(n)

η
Vol(B1(x))ε

′.

Observe that, by construction, 5r j ∈ [0, 1/2] for every j ∈ N. Since η > 0 is fixed,
we can choose ε′ = εηc(n)−1 > 0 to conclude the proof. ��

Corollary 3.3 Let k, n ∈ N with k ≤ n and s ∈ (0, 1) be fixed. For every ε > 0 there
exists δ > 0 such that if (Mn, g) has RicM ≥ −δ and B10(x) ⊂ M is (k, δ)-symmetric,
then there exists E ⊂ B1(x) such that

ˆ
E

|Rk |s dVol ≤ εVol(B1(x))
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with

B1(x) \ E ⊂
⋃
i∈N

Br j (x j ) and

∑
j∈N

Vol(Br j (x j ))r
−2s
j ≤ εVol(B1(x)), r j ∈ [0, 1/2] for all j ∈ N.

Proof Let 0 < δ < ε1 < ε be sufficiently small and let E be the set given by Lemma
3.2 relative to ε1. Since by assumption RicM ≥ −δ, then clearly

Rk ≥ −kδ. (9)

By Hölder inequality applied to the conjugate exponents p = s−1 > 1 and q =
(1 − s)−1 > 1, using Lemma 3.2 and (9), we obtain

ˆ
E
(Rk ∨ 0)s dVol ≤

( ˆ
E
Rk ∨ 0 dVol

)s
Vol(B1(x))

1−s ≤ ε1Vol(B1(x)).

Hence,

ˆ
E

|Rk |s dVol ≤
ˆ
E
(Rk ∨ 0)s dVol + (kδ)sVol(B1(x)) ≤ (ε1 + (kδ)s)Vol(B1(x)).

We conclude by choosing ε1, δ > 0 such that ε1 + (kδ)s ≤ ε. ��
We now prove Theorem 1.1 from the Introduction.

Theorem 3.4 Let L, k, n ∈ N with k ≤ n and s ∈ (0, 1) be fixed. Then

sup
{ 

B1(x)
Rk ∧ L dVol : (M, g, x) has RicM ≥ −δ, and B10(x) is (k, δ)-symmetric

}
,

(10)

sup
{ 

B1(x)
|R|s dVol : (M, g, x) has RicM ≥ −δ, and B10(x) is δ-regular

}
(11)

converge to 0 as δ ↘ 0.

Proof Let k, n ∈ N with k < n. We show that for every 0 < ε < 1/2 there exists
δ > 0 such that if (Mn, g) has RicM ≥ −δ and B10(x) ⊂ M is (k, δ)-symmetric, then

 
B1(x)

Rk ∧ L dVol ≤ ε. (12)

This would imply the first part of the statement. Fix ε1(ε, n) > 0 – to be chosen later
– and let 0 < δ(ε1) < ε1 be given by Lemma 3.2 so that there exists E ⊂ B1(x) such

123



On manifolds with almost non-negative Ricci curvature... Page 17 of 50    49 

that ˆ
E
Rk dVol ≤ ε1Vol(B1(x)),

and Vol(B1(x) \ E) ≤ ε1Vol(B1(x)). Hence,

ˆ
B1(x)

Rk ∧ L dVol ≤
ˆ
E
Rk dVol +

ˆ
B1(x)\E

0 ∨ Rk ∧ L dVol

≤ (ε1 + Lε1)Vol(B1(x)),

which implies (12) if ε1 is chosen small enough.
We next show (11). To this aim, fix s ∈ (0, 1) and consider the case k = n. We
want show that for every 0 < ε < 1/2 there exists δ > 0 such that if (Mn, g, x) has
RicM ≥ −δ and B10(x) ⊂ M is δ-regular, then

 
B1(x)

|R|s dVol ≤ ε.

Let δ′ > 0 be as in Lemma 3.2 relative to ε. Let 0 < δ < δ′ be small enough
such that if (Mn, g, x) has RicM ≥ −δ and B10(x) ⊂ M is δ-regular, then Br (y)
is δ′-regular for every r ∈ (0, 5) and every y ∈ B5(x). This is possible thanks to
Theorem 2.8. Define the measure

μ := |R|s dVol B1(x).

Consider the set E1 ⊂ B1(x) given by Corollary 3.3 such that

μ(E1) ≤ εVol(B1(x)), B1(x)\E1 ⊂
⋃
i∈N

Bri (xi )

with ∑
i∈N

Vol(Bri (xi ))r
−2 s
i ≤ εVol(B1(x)) and ri ∈ [0, 1/2].

In particular, it holds
Vol(B1(x)\E1) ≤ εVol(B1(x)).

In each ball Bri (xi ), we can apply the scale invariant version of Corollary 3.3 to obtain
a set E2,i ⊂ Bri (xi ) such that

μ(E2,i ) ≤ εr−2 s
i Vol(Bri (xi )), Bri (xi )\E2,i ⊂

⋃
j∈N

Bri, j (xi, j )

with ∑
j∈N

Vol(Bri, j (xi, j ))r
−2 s
i, j ≤ εr−2 s

i Vol(Bri (xi )) and ri, j ∈ [0, ri/2].
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Defining
E2 := E1 ∪

⋃
i∈N

E2,i ,

we obtain

μ(E2) ≤ εVol(B1(x)) +
∑
i∈N

μ(E2,i )

≤ εVol(B1(x)) + ε
∑
i∈N

r−2s
i Vol(Bri (xi )) ≤ (ε + ε2)Vol(B1(x)).

Moreover, it holds

Vol(B1(x)\E2) ≤
∑
i, j∈N

Vol(Bri, j (xi, j )) ≤ ε2Vol(B1(x)).

If we keep iterating this argument, we obtain increasing sets Ek such that

μ(Ek) ≤ (ε + ... + εk) Vol(B1(x)).

Denoting by
E =

⋃
k∈N

Ek,

we obtain that
μ(E) ≤ cεVol(B1(x)),

where c > 0 is a universal constant. To conclude the proof, it suffices to show that

μ(B1(x) \ E) = 0.

To this aim, observe that Vol(B1(x) \ E) = 0, since Vol(B1(x)\Ek) ≤ εkVol(B1(x)).
��

Remark 3.5 Inspecting the proof of Lemma 3.2, one realizes that a priori L p estimates
on harmonic splitting maps for p > 2 would imply that

sup
{ 

B1(x)
|R| dVol : (M, g, x) has RicM ≥ −δ and B10(x) is δ-regular

}
→ 0

as δ → 0. This would allow to obtain a priori integral bounds on the scalar curvature
outside of the quantitative singular set of a manifold with Ricci curvature bounded
from below. Unfortunately, it is shown in [21] that such estimates cannot exist in such
generality.
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3.2 First geometric applications in almost non-negative Ricci and
integrally-positive scalar curvature

We now obtain the first geometric applications of the results of the previous section.
We introduce some notation first (cf. [50]).

Definition 3.6 (kth Ricci curvature bounds) Let (Mn, g) be a manifold, let 1 ≤ k ≤
n − 1, let x ∈ M , and let c ∈ R. We denote by RM (·, ·, ·, ·) the Riemann curvature
tensor of M . We say that RicM,k ≥ c (resp.≤ c) in TxM if, for all (k+1)-dimensional
subspaces V ⊂ TxM , it holds

k+1∑
i=1

RM (ei , v, v, ei ) ≥ c (resp. ≤ c)

for every v ∈ V and every orthonormal basis {e1, . . . , ek+1} of V .

One can check that:

1. RicM,k ≥ c implies Rk ≥ c.
2. RicM,k ≥ c implies RicM,k+1 ≥ k

k−1c.
3. RicM,n−1 ≥ c if and only if RicM ≥ c.
4. Ric1,M ≥ c if and only if SecM ≥ c.

Definition 3.7 (Integral kth Ricci curvature bounds) Let (Mn, g) be a manifold, let
1 ≤ k ≤ n − 1, let A ⊂ M be measurable, let c ∈ R, and let F : R → R be a
measurable function. We say that

ˆ
A
F(RicM,k) dVol ≥ c

if there exists a measurable function f : A → R such that:

1.
´
A f dVol ≥ c.

2. For all x ∈ A and (k + 1)-dimensional subspaces V ⊂ TxM , it holds

F
( k+1∑

i=1

RM (ei , v, v, ei )
)

≥ f (x)

for every v ∈ V and every orthonormal basis {e1, . . . , ek+1} of V .

We say that
´
A F(SecM ) dVol ≥ c if

´
A F(Ric1,M ) dVol ≥ c.

The next theorem should be compared with [59, Theorem 1.1], where similar
conclusions were obtained under stronger assumptions: non-negative Ricci curva-
ture (below, almost non-negative Ricci curvature) and scalar curvature greater than 2
(below, a local integral lower bound on the scalar curvature). Whenever we consider a
sequence of manifolds (Mj , g j ), we write RMj ,k instead of Rk for the sake of clarity.
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Theorem 3.8 Let s ∈ (0, 1), let ε, v, L ∈ (0,+∞) and let k, n ∈ N with k ≤ n.

1. There exists δ > 0 such that the following holds. Let (Mn, g, p) be a manifold
with RicM ≥ −δ on M and

 
B1(p)

|RM |s dVol ≥ ε, Vol(B1(p)) ≥ v.

Then dpGH(M,Y ) ≥ δ, for any metric space (Y ,dy, y) splitting R
n−1 isometri-

cally.
2. There exists δ > 0 such that the following holds. Let (Mn, g, p) be a manifold

with RicM ≥ −δ on M, and

 
B1(p)

RicM,n−2 ∧ 0 dVol ≥ −δ,

 
B1(p)

RM ∧ L dVol ≥ ε.

Then dpGH(M,Y ) ≥ δ, for any metric space (Y ,dy, y) splitting R
n−1 isometri-

cally.

Proof Proof of 1.Assume by contradiction that there exist ε0 > 0, v0 > 0, δ j ↓ 0 and
pointed Riemannian manifolds (Mj , g j , p j ) with RicMj ≥ −δ j , Vol j (B1(p j )) ≥ v0,
and  

B1(p j )

|RMj |s dVol j ≥ ε0,

such that Mj → X in pGH-sense, where (X ,d, p) splits R
n−1 isometrically. Thanks

to Proposition 2.15 and Theorem 2.13, then either X = R
n or X = R

n−1 × S1r , for
some r > 0.

Case X = R
n . Applying the second assertion of Theorem 1.1 to (Mj , g j , p j ), for

j large enough, we reach a contradiction.

Case X = R
n−1 × S1r . Let s ∈ (0, 1). We claim that for every j there exists

psj ∈ B1(p j ) such that

 
Bs (psj )

|RMj |s dVol j ≥ c(n, s)ε0. (13)

If (13) holds, we reach a contradiction by applying the second assertion of Theorem
1.1 to the rescaled sequence (Mj , s−2g j , p j ), for s ∈ (0, 1) small enough independent
of j .

We prove (13). Let j be fixed. Let {qi }li=1 ⊂ B1(p j ) be such that {Bs(qi )}li=1 covers
B1(p j ), while the balls {Bs/5(qi )}li=1 are disjoint. Assume without loss of generality
that ˆ

Bs (q1)
|RMj |s dVol j = max

i

ˆ
Bs (qi )

|RMj |s dVol j .

Then, ˆ
B1(p j )

|RMj |s dVol j ≤ l
ˆ
Bs (q1)

|RMj |s dVol j .
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Hence, to conclude, it suffices to show that l ≤ c(n, s)
Vol j (B1(p j ))

Vol j (Bs (q1))
. To this aim, note

that

Vol j (B1(p j )) ≥ c(n)Vol j (B2(p j )) ≥ c(n)

l∑
i=1

Vol j (Bs/5(qi ))

≥ c(n, s)lVol j (Bs(q1)).

This concludes the proof of item 1.

Proof of 2. By contradiction, assume there exist numbers δ j ↓ 0 and pointed
Riemannian manifolds (Mj , g j , p j ) with RicMj ≥ −δ j on Mj , and

 
B1(p j )

RicMj ,n−2 ∧ 0 dVol j ≥ −δ j ,

 
B1(p j )

RMj ∧ L dVol j ≥ ε, (14)

such that Mj → X in pGH-sense, where (X ,d, p) splits R
n−1 isometrically.

By the first assertion of Theorem 1.1, it holds

 
B1(p j )

RMj ,n−1 ∧ L dVol j → 0, as j → ∞. (15)

Consider an orthonormal base {e1, · · · , en} for the tangent space of the manifold Mj

in a point m ∈ Mj , and assume that RicMj in this basis is represented by a diagonal
matrix A = (ah,l) ∈ R

n×n such that ah,h ≤ ah+1,h+1 for every h ∈ {1, · · · , n − 1}.
It holds

RMj =
∑
h �=l

SecMj (eh, el) = RMj ,n−1 +
n−1∑
h=1

SecMj (en, eh)

= 2RMj ,n−1 −
∑
h �=n
l �=n

SecMj (eh, el).

Hence,

RMj ∧ L ≤ 2(0 ∨ RMj ,n−1 ∧ L) −
n−1∑
h=1

( ∑
l �=h
l �=n

SecMj (eh, el)
)

∧ 0. (16)

By the first inequality of (14), for every h ∈ {1, · · · , n − 1}, it follows
 
B1(p j )

( ∑
l �=h
l �=n

SecMj (eh, el)
)

∧ 0 dVol ≥ −δ j .
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Combining with (16), it holds

 
B1(p j )

RMj ∧ L dVol j ≤ 2
 
B1(p j )

RMj ,n−1 ∧ L dVol j + c(n)δ j .

From (15), we infer that

lim sup
j→+∞

 
B1(p j )

RMj ∧ L dVol j = 0,

contradicting the second inequality of (14). ��
We now establish some first results of “dimension drop" in general dimension.

Building on top of Sect. 4, in Sect. 5 we will obtain stronger conclusions in dimension
3, or in general dimensions under positivity conditions (in an integral sense) on Rk ,
k ≤ 2.

We recall that if a pointed non-compact manifold (M, g, p) has non-negative Ricci
curvature, then Gromov pre-compactness theorem ensures that, for every sequence
(M, g/r j , p) as r j → +∞, there exists a subsequence converging in pGH sense to
a metric space (X ,d, p∞). Such spaces obtained via blow-downs are called tangent
cones at infinity of M . We now prove Theorem 1.4 from the Introduction.

Theorem 3.9 Let (Mn, g, p) be a Riemannian manifold; let L > 0 and α ∈ (0, 2).

1. Assume that Ric ≥ 0 and

lim
r→+∞

 
Br (p)

0 ∨ (r2−αRk) ∧ L dVol = L.

Let (X ,d, x∞) be any tangent cone at infinity of M. If (Rd ,deu) is a tangent space
to X at a point x ∈ X, then d ≤ k − 1.

2. Assume that Ricn−2 ≥ 0 and

lim
r→+∞

 
Br (p)

0 ∨ (r2−αR) ∧ L dVol = L.

Let (X ,d, x∞) be any tangent cone at infinity of M. If (Rd ,deu) is a tangent space
to X at a point x ∈ X, then d ≤ n − 2.

Proof Proof of 1. Let ri ↑ +∞ and consider the rescaled spaces (M, g/r2i , p). We
consider the manifolds (Mi , gi , pi ), where Mi = M , gi = g/r2i , and pi = p. We
denote by Bi

s(pi ) and Voli respectively balls and volumes in Mi . By the scaling
properties of curvature, these manifolds satisfy

 
Bi
1(pi )

0 ∨ (r−α
i RMi ,k) ∧ L dVoli =

 
Bri (p)

0 ∨ (r2−α
i RM,k) ∧ L dVol,
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so that by hypothesis

lim
i→+∞

 
Bi
1(pi )

0 ∨ (r−α
i RMi ,k) ∧ L dVoli = L. (17)

Let (X ,d, x∞) be a pGH limit of a (non-relabeled) subsequence of (Mi , gi , pi ). Let
x ∈ B1(x∞) be a point where R

d is a tangent space of X . We claim that d ≤ k − 1. If
this holds, then a rescaling argument implies the same dimensional bound on tangent
spaces for every x ∈ X .

Fix ε > 0, and let s > 0 be small enough so that (X ,d/s, x) is ε-close in pGH
sense to R

d . Then, there exists points p′
i ∈ Mi converging to x such that, for i large

enough, (Mi , gi/s2, p′
i ) is 2ε-close in pGH sense to R

d . Modulo reducing s, we may
assume that Bi

s(p
′
i ) ⊂ Bi

1(pi ) for i large enough.
We claim that, for i large enough, it holds 

Bi
s (p

′
i )

(s2RMi ,k) ∧ L dVoli ≥ L/3. (18)

If this is true, by choosing ε > 0 small enough, we deduce that d ≤ k−1 by Theorem
1.1.

To prove (18), it is enough to show that

Voli (Bi
s(p

′
i ) ∩ {RMi ,k ≥ s−2L/2})
Voli (Bi

s(p
′
i ))

→ 1, as i → +∞. (19)

Assume by contradiction that (19) fails. Then there exists δ > 0 such that, up to a
non-relabeled subsequence:

Voli (Bi
s(p

′
i ) ∩ {RMi ,k ≥ s−2L/2}) < (1 − δ)Voli (Bi

s(p
′
i )).

Hence, for i large enough:
ˆ
Bi
1(pi )

0 ∨ (r−α
i RMi ,k) ∧ L dVoli

≤ LVoli (B
i
1(pi ) \ Bi

s(p
′
i )) + L(1 − δ)Voli (B

i
s(p

′
i )) + r−α

i s−2L/2Voli (B
i
s(p

′
i )).

Using that Bi
s(p

′
i ) ⊂ Bi

1(pi ) for i large enough, we infer thatˆ
Bi
1(pi )

0 ∨ (r−α
i RMi ,k) ∧ L dVoli

≤ LVoli (Bi
1(pi )) + (r−α

i s−2L/2 − δL)Voli (Bs(p
′
i )).

By Bishop–Gromov’s inequality, we conclude that for a positive constant c(s, n) > 0
it holds

 
Bi
1(pi )

0 ∨ (r−α
i RMi ,k) ∧ L dVoli ≤ L + (r−α

i s−2L/2 − δL)c(s, n).

123



   49 Page 24 of 50 A. Cucinotta, A. Mondino

Since ri ↑ ∞, this contradicts (17), proving item 1.
Proof of 2. Bounds as in (18) follow repeating the previous argument for the integral

appearing in item 2. To conclude, one then uses Theorem 3.8 instead of Theorem 1.1.
��

Remark 3.10 In Theorem 3.9, if we replace the limit symbols with lim-sup symbols,
we obtain that there exists a tangent cone satisfying the corresponding dimensional
condition.

Moreover, one can replace r2−α in the statement with an arbitrary positive measur-
able function f : R+ → R+ sucht that f (r)/r2 → 0 as r ↑ +∞.

The proofs of this facts are the same as the one of Theorem 3.9.

Remark 3.11 Theorem 3.9 fails for α = 0. We give a counterexample for k = 1, and
all the other cases follow by taking products with real factors. Indeed, consider the
paraboloid 
 := {(x, y, z) ∈ R

3 : z = x2 + y2}. The sectional curvature of 
 is
K (z) ∼ 1/4z2 as z → +∞. For every r > 0, the subset {z ≤ r} ⊂ 
 is a ball of
radius f (r) ≥ r . Hence, on the paraboloid, for a positive constant c > 0, it holds
f (r)2K (z) ≥ c > 0 for all points in {z ≤ r}. Hence,

lim
r→+∞

 
B

f (r)(0)

( f (r)2K ) ∧ c Vol = c.

At the same time, the tangent cone at infinity of the paraboloid is a half line.

Remark 3.12 Let L > 0 and α ∈ (0, 2) be fixed. Another immediate consequence
of Theorem 3.9 is that if a manifold (M, g) with non-negative Ricci curvature has
RicM ≥ f for a function f such that

lim
r→+∞

 
Br (p)

0 ∨ (r2−α f ) ∧ L dVol = L,

then M is compact. A similar result was obtained in [13, Theorem 4.8], where also the
case α = 2 was addressed, under a pointwise (rather than integral) bound on RicM .

We now turn our attention to the topological implications of Theorem 3.9. The next
result corresponds to Theorem 1.5 from the introduction.

Theorem 3.13 Let (Mn, g, p) be a non-compact Riemannian manifold with n ≥ 3
and let α ∈ (0, 2). Let 2 ≤ k ≤ n be a natural number.

1. If RicM ≥ 0 and

lim sup
r→+∞

(
r2−α min

Br (p)
Rk

)
> 0, (20)

then b1(M) ≤ k − 2.
2. If Ricn−2 ≥ 0 and

lim sup
r→+∞

(
r2−α min

Br (p)
R
)

> 0, (21)

then b1(M) ≤ n − 3.
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Proof Proof of 1: Let (M̃, g̃, p̃) be a covering of M , and let π : M̃ → M be the
covering map. We claim that M̃ has a tangent cone at infinity of dimension ≤ k − 1.

We first show that M̃ satisfies condition (20). Let r > 0 and let x̃ ∈ M̃ be a point
with d̃(x̃, p̃) < r . Then, π(x̃) ∈ Br (p), so that

r2−α min
Br ( p̃)

RM̃,k ≥ r2−α min
Br (p)

RM,k .

Hence, also M̃ satisfies (20).
Let now ri ↑ +∞ and let ε > 0 be such that

lim
i→+∞

(
r2−α
i min

Bri ( p̃)
RM̃,k

)
= ε.

It follows that

lim
i→+∞

 
Bri ( p̃)

(r2−α
i RM̃,k) ∧ ε d̃Vol = ε.

As a consequence, by item 1 of Theorem 3.9 and Remark 3.10, M̃ has a tangent cone
at infinity of dimension≤ k−1. The statement now follows by repeating the argument
of [64, Theorem 1.3], where instead of using [64, Theorem 1.6] one uses that M̃ has
a tangent cone at infinity of dimension ≤ k − 1.

Proof of 2: The argument is analogous to the proof of item 1, now using item 2 of
Theorem 3.9. ��

Next, we prove Theorem 1.6 from the Introduction.

Theorem 3.14 Let ε, s, v ∈ (0, 1), let L, D ∈ (0,+∞), and let k, n ∈ N with k ≤
n. There exists δ > 0 such that for every manifold (Mn, g, p) with RicM ≥ −δ,
diam(M) ≤ D, Vol(B1(p)) ≥ v, the following holds.

1. If
ffl
B1(p)

Rk ∧ L dVol ≥ ε, then b1(M) ≤ k − 1.

2. If
ffl
B1(p)

|R|s dVol ≥ ε, then b1(M) ≤ n − 2.

Proof Weconsider case 1first.Assumebycontradiction that the statement fails.Hence,
there exist v, D, ε0 > 0, a sequence δ j ↓ 0 and pointed Riemannian manifolds
(Mn

j , g j , p j ) with RicMj ≥ −δ j , diam(Mj ) ≤ D, Vol j (B1(p j )) ≥ v,

 
B1(p j )

RMj ,k ∧ L dVol j ≥ ε0,

and b1(Mj ) ≥ k. Up to a subsequence, Mj GH-converge to a metric space (X ,d).
Thanks to the non-collapsing assumption, the metric measure space (X ,d,Hn) is an
RCD(0, n) spacewhile, thanks to Proposition 2.16, it holds b1(X) ≥ k. By Proposition
2.20, the universal cover (X̃ , d̃) of X splits R

k isometrically.
Let p̃ ∈ X̃ . By Proposition 2.21, the pointed metric space (X̃ , d̃, p̃) is the pGH-

limit of a sequence (M̃ j , g̃ j , p̃ j ), where each M̃ j covers Mj . These covering spaces
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satisfy

ˆ
B1( p̃ j )

RM̃ j ,k
∧ L dṼol j ≥

ˆ
B1(p j )

RMj ,k ∧ L dVol j ≥ vε0 ≥ c(n)vε0Ṽol j (B1( p̃ j )),

contradicting Theorem 1.1.
Assertion 2 follows in an analogous way, using Theorem 3.8 instead of Theorem

1.1. ��

4 Thinmetric spaces

The goal of this section is to show that thinmetric spaces (seeDefinition 4.2, after [34])
are contained in a neighbourhood of controlled width of an isometrically embedded
1-dimensional manifold (see Theorem 4.16). This will be a key step to prove Theorem
1.2.

In [34, Section 5], it is shown that a non-compact thin metric space is contained in a
finite neighbourhood of a ray or a line. Comparing with [34, Section 5], Theorem 4.16
treats the compact case as well, and provides explicit uniform bounds on the width of
the aforementioned neighbourhood. These bounds are needed for the applications in
the subsequent sections and, in particular, to prove Theorem 1.2. On the other hand,
unlike [34, Section 5],we only considermetric spaces (X ,d) that are proper, separable,
and geodesic.

If not otherwise specified, all curves are assumed to be of finite length and
parametrized by arc-length. The length functional is denoted by L(·).
Definition 4.1 (Ray, segment, line) Let (X ,d) be a metric space. A function r :
[0,+∞) → X is called a ray if d(r(t), r(s)) = |t − s| for every t, s ∈ [0,+∞).
Similarly r : [a, b] → X is called a segment if d(r(t), r(s)) = |t − s| for every
t, s ∈ [a, b] and r : R → X is called a line if d(r(t), r(s)) = |t − s| for every
t, s ∈ R.

When considering a ray (resp. a segment or a line) r in X , by a slight abuse in order
to keep notation short, we denote by r both the function r : [0,+∞) → X and its
image. Moreover, [r(a), r(b)] denotes the set r([a, b]) ⊂ X , for every 0 < a < b.

Given a closed set K ⊂ X and a point x ∈ X , we call the projection of x into K
the subset πK (x) ⊂ K defined by

πK (x) := {y ∈ K : d(x, K ) = d(x, y)}.
Given a subset A ⊂ X , we call the projection of A into K the subset πK (A) ⊂ K
defined by

πK (A) :=
⋃
x∈A

πK (x).

Moreover, for every y ∈ K , we denote by π−1
K (y) ⊂ X the subset

π−1
K (y) := {x ∈ X : d(x, K ) = d(x, y)}. (22)
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Definition 4.2 (Thin metric spaces) Let R, D > 0 with R ≥ 20D. Let (X ,d) be a
proper, geodesic and separable metric space. We say that (X ,d) is (R, D)-thin if for
every segment r of length greater than 2R in X , and for every t ∈ (R,L(r) − R) and
x ∈ π−1

r (r(t)), it holds d(x, r) < D.

In [34], a metric space is defined to be R-thin if it is (R, R)-thin according to
Definition 4.2. We consider the extra parameter D > 0 and we restrict ourselves to
the case R ≥ 20D as this will be sufficient for the subsequent applications.

Remark 4.3 Let (X ,d) be (R, D)-thin (see Definition 4.2) and let r be a ray in X . If a
point x ∈ X satisfies πr (x) ∩ (r(R), r(∞)) �= ∅, then d(x, r) ≤ D. This fact follows
by applying Definition 4.2 to the segments [r(0), r(T )] for T > 2R.

The next lemma is needed to prove Lemma 4.5, which is the key technical tool to
study (R, D)-thin metric spaces.

Lemma 4.4 Let (X ,d) be a geodesic metric space and let C1 ⊂ C2 ⊂ X be closed
sets. The set

K := {x ∈ X : πC2(x) ∩ C1 �= ∅}
is closed.

In particular, if α : [0, b] → X is a curve, then the set

I := {s ∈ [0, b] : πC2(α(s)) ∩ C1 �= ∅}

is closed as well.

Proof Let {xi }i∈N ∈ K be a sequence converging to x∞ ∈ X . We claim that x∞ ∈ K .
For every i ∈ N, let γi be a segment from xi to a point γi (L(γi )) ∈ C1 such that
d(xi ,C2) = L(γi ). If L(γi ) → 0 as i → +∞, then x∞ ∈ C1, so that x∞ ∈ K .

If instead L(γi ) �→ 0, modulo passing to a subsequence, the segments γi converge
to a finite segment γ from x∞ to a limit point of the sequence {γi (L(γi ))}i∈N. Since
C1 is closed, all limit points of {γi (L(γi ))}i∈N lie in C1, so that also γ (L(γ )) ∈ C1.
By lower semicontinuity of the length:

d(x∞,C2) ≤ L(γ ) ≤ lim inf
i∈N L(γi ) = lim inf

i∈N d(xi ,C2) = d(x∞,C2).

In particular, d(x∞,C2) = L(γ ), so that x∞ ∈ K . Hence, K is closed. Being the
preimage of K via the continuous function α, also I is closed. ��

The next lemma contains the key technical properties of (R, D)-thin metric spaces
(see Definition 4.2).

Lemma 4.5 Let (X ,d) be an (R, D)-thin metric space (see Definition 4.2). Let α :
[0,L(α)] → X be a unit speed curve.

1. Let l be a segment with L(l) > 2R. Let t ∈ (R,L(l) − R), and let u ∈ [0, R] ∪
[L(l) − R,L(l)]. If l(t) ∈ πl(α(0)) and l(u) ∈ πl(α(L(α))), then the set πl(α)

contains a 3D-net of either [l(R), l(t)] or [l(t), l(L(l) − R)].
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2. Let l be a segment with L(l) > 2R. Let t, u ∈ (R,L(l) − R) with t < u. If
l(t) ∈ πl(α(0)) and l(u) ∈ πl(α(L(α))), then πl(α) contains a 3D-net of either
[l(t), l(u)] or [l(R), l(t)] ∪ [l(u), l(L(l) − R)].

3. Let r be a ray, let t > R and let u ∈ [0, R]. If r(t) ∈ πr (α(0)) and r(u) ∈
πr (α(L(α))), then πr (α) contains a 3D-net of [r(R), r(t)].

Proof We consider item 1 first. Assume by contradiction that the claim fails. Hence,
there are x1 ∈ [R, t] and x2 ∈ [t,L(l) − R] such that

πl(α) ∩ B3D(l(x1)) = πl(α) ∩ B3D(l(x2)) = ∅. (23)

Consider

s̃ := max
{
s ∈ [0,L(α)] : πl(α(s)) ∩ [l(x1), l(x2)] �= ∅

}
.

In order to show that s̃ is well-defined, it is sufficient to observe that the set appearing
in its definition is:

• closed, thanks to Lemma 4.4;
• non-empty, since by assumption l(t) ∈ πl(α).

We claim that s̃ < L(α). If this is not the case, then, combining with (23),

πl
(
α(L(α))

) ∩ [l(x1 + 3D), l(x2 − 3D)] �= ∅.

Since X is (R, D)-thin, α(L(α)) is D-close to [l(x1 + 3D), l(x2 − 3D)], so that

πl
(
α(L(α))

) ∩ l
([0, R] ∪ [L(l) − R,L(l)]) = ∅,

a contradiction. This shows that s̃ < L(α).
Hence, for every ε > 0, there is pε ∈ πl

(
α(s̃+ε)

)
. Let p ∈ πl

(
α(s̃)

)∩[l(x1), l(x2)].
Since X is (R, D)-thin, it holds d(p, α(s̃)) < D. It follows that d(pε, α(s̃ + ε)) <

D + ε. Combining these facts, it holds

d(p, pε) ≤ d(p, α(s̃)) + d(α(s̃), α(s̃ + ε)) + d(α(s̃), pε) ≤ 2D + 2ε.

This contradicts the fact that pε ∈ [l(0), l(x1 − 3D)] ∪ [l(x2 + 3D), l(L(l))] by (23).
The proof of item 2 is very similar to the one of item 1, and for this reason it is only

sketched. Assume by contradiction that the claim fails. Hence, there are x1 ∈ [t, u]
and x2 ∈ [R, t] ∪ [u,L(l) − R] such that, as in (23),

πl(α) ∩ B3D(l(x1)) = πl(α) ∩ B3D(l(x2)) = ∅.

One can now assume without loss of generality that x2 ≥ x1 (the other case being
analogous), and the proof can be carried out in the same way as for item 1.

We now consider item 3. Since the image of α is compact, πl(α) is a bounded subset
of l. Hence, πl(α) ⊂ [r(0), r(T )] for some T > 0. We consider now the segment l :=
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[r(0), r(T + 2R)]. It is easy to check that πl(α) = πr (α). By item 1, πl(α) contains
a 3D-net of either [l(R), l(t)] or [l(t), l(L(l) − R)]. This last case cannot happen as
[l(t), l(L(l)− R)] = [r(t), r(T + R)] and πl(α) ⊂ [r(0), r(T )]. Hence, πl(α) (which
again coincides with πr (α)) contains a 3D-net of [l(R), l(t)] = [r(R), r(t)]. ��

The next few lemmas are needed to prove Proposition 4.10, which gives the macro-
scopic description of (R, D)-thin non-compact spaces.

Lemma 4.6 Let (X ,d) be an (R, D)-thin metric space (see Definition 4.2). Let r be a
ray in X and let y ∈ X with d(r , y) > D. Let t > 0 and let γ be a curve connecting
y and r(t). Then, for every s ∈ [0, t], it holds d(r(s), γ ) ≤ 2R.

Proof We parametrize γ by arc length in such a way that γ (0) = r(t) and γ (L(γ )) =
y. Since X is (R, D)-thin andd(y, r) > D, it follows thatπr (γ (L(γ ))) ∈ [r(0), r(R)].
By Lemma 4.5, πr (γ ) contains a 3D-net of [r(R), r(t)]. Using again that X is (R, D)-
thin, it follows that [r(R), r(t)] is in a 7D-neighbourhood of γ . The statement then
follows. ��
Definition 4.7 (Divergent rays) We say that two rays r1, r2 in a metric space (X ,d)

are divergent if
lim sup
t→+∞

d(r1(t), r2(t)) = +∞.

Lemma 4.8 Let (X ,d) be an (R, D)-thin metric space (see Definition 4.2). If there
are two divergent rays in X, then X contains a line.

Proof Let r1, r2 be divergent rays. Consider a sequence t j ↑ +∞ such that
d(r1(t j ), r2(t j )) → +∞ and let l j be segments from r1(t j ) to r2(t j ). By Lemma
4.6, each one of these segments satisfies

d(l j , r1(0)) ≤ c(R, D). (24)

Since d(r1(0), r1(t j )) → +∞ and d(r1(0), r2(t j )) → +∞, condition (24) implies
that l j converges (modulo passing to a subsequence) to a line. This concludes the
proof. ��
Lemma 4.9 Let (X ,d) be an (R, D)-thin metric space (see Definition 4.2). Let r be a
ray in X. Let y ∈ X be a point such that d(y, r) > D. Let ry be a ray obtained as a
limit of the segments connecting y and r(t j ), for some sequence t j → +∞. Then, r
is contained in the 2R-neighbourhood of ry.

Proof It follows immediately from Lemma 4.6. ��
The next proposition shows that an (R, D)-thin non-compact metric space is con-

tained in a neighbourhood of controlled width of a ray or a line.We recall that a similar
result is proved in [34, Section 5]. The main difference is that Proposition 4.10 below
also gives an explicit bound on the width of the aforementioned neighbourhood.

Proposition 4.10 Let (X ,d) be an (R, D)-thin metric space (see Definition 4.2).
Assume that X is non-compact and it does not contain a line. There exists a ray r
in X whose 10R-neighbourhood contains X.
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Proof We first show that, given any ray r in X , there exists D′(X , r) > 0 such that X
is contained in the D′-neighbourhood of r .

If the claim were false, we would find points p j at arbitrarily large distance from
r . For each point p j , let r j be a ray obtained as a limit of the segments from p j to
r(ti ) for some sequence ti → +∞. By Lemma 4.6, each ray r j has a point q j whose
distance from r(0) is less than 2R. Since the distance between p j = r j (0) and q j

goes to infinity as j increases, and the sequence (q j ) is contained in a compact subset
of X , then, up to a subsequence, the rays r j converge to a line l contained in X , a
contradiction.

We now prove the statement of the lemma. If X is contained in the 10R-
neighbourhood of r , there is nothing to prove. Otherwise, we claim that there exists an
element y ∈ X at maximal distance from r . Let yi ∈ X be a sequence maximizing the
distance from r . We can assume that 9R ≤ d(yi , r) ≤ D′(X). Since X is (R, D)-thin,
πr (yi ) ⊂ [r(0), r(R)]. It follows that the sequence {yi }i∈N is precompact, so that there
exists a limit point y ∈ X at maximal distance from r .

Let ry be the ray which is the limit of the segments joining y and r(ti ) for a
sequence ti ↑ +∞. By Lemma 4.9, for every t ≥ 0, it holds d(r(t), ry) ≤ 2R. Since
d(y, r) ≥ 10R, it follows that πry (r) ⊂ [ry(5R), ry(+∞)).

Assume now by contradiction that there exists y′ ∈ X such that d(y′, ry) ≥ 10R.
Let γ be a segment realizing the distance between y′ and r . Let r(tγ ) be the endpoint
of γ . Let ry(t

y
γ ) ∈ πry

(
r(tγ )

)
. By our previous remarks, t yγ ≥ 5R. By Lemma 4.5,

πry (γ ) contains a 3D-neighbourhood of [ry(R), ry(5R)]. Hence, γ contains a point
p1 which is 7D-close to ry(R). Recall that we also have d(y′, ry) ≥ 10R. Hence,

d(y′, r) = L(γ ) = d(y′, p1) + d(p1, r) ≥ d(y′, ry) − 7D + d(y, r) − R − 7D

≥ d(y, r) + 9R − 14D > d(y, r)

Hence, y was not an element maximizing the distance from r , a contradiction. ��
We now turn our attention to the study of compact (R, D)-thin metric spaces. The

key result in this sense is Proposition 4.15. We first need a few lemmas.

Lemma 4.11 Let (X ,d) be an (R, D)-thin metric space. Let l be a segment in X and
assume that length(l) ≥ 10R. Let l̄ be a segment starting from l(0) with πl(l̄(L(l̄))) ⊂
[l(0), l(R)] ∪ [l(L(l) − R), l(L(l)]. If πl

(
l̄
) ∩ [l(3R), l(L(l) − 3R)] �= ∅, then πl(l̄)

contains a 3D-net of [l(R), l(L(l) − R)].
Proof Let t0 ∈ [0,L(l̄)] be such that πl

(
l̄(t0)

) � l(t) for t ∈ [3R,L(l) − 3R]. Let
l̄1 := l̄|[0,t0] and l̄2 := l̄|[t0,L(l̄)]. Hence, both l̄1 and l̄2 have an endpointwhose projection
on l lies in [l(0), l(R)] ∪ [l(L(l) − R), l(L(l)].

By item 1 of Lemma 4.5, πl(l̄1) contains a 3D-net of either [l(R), l(t)] or
[l(t), l(L(l) − R)], and the same holds for πl(l̄2).

Assume by contradiction that bothπl(l̄1) andπl(l̄2) contain a 3D-net of [l(R), l(t)].
In this case, there exist t1 ≤ t0 ≤ t2 such that l̄(t1) and l̄(t2) are 7D-close to l(R).
Hence,

d(l̄(t1), l̄(t2)) ≤ 14D. (25)
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Since l̄(t0) is D-close to a point l(t) in [l(3R), l(L(l) − 3R)], it follows

t0 − t1 = d(l̄(t0), l̄(t1)) ≥ d(l(R), l(t)) − 8D ≥ 2R − 8D,

so that d(l̄(t1), l̄(t2)) ≥ 2R − 5D. This violates (25).
By the same argument, it is not possible that both πl(l̄1) and πl(l̄2) contain a 3D-net

of [l(t), l(L(l) − R)], concluding the proof. ��
Lemma 4.12 Let (X ,d) be an (R, D)-thin metric space. Let l be a segment in X and
assume that length(l) ≥ 10R. Let p ∈ X be a point with d(p, l) ≥ 10R and let l̄ be a
segment connecting p to l(0). If πl

(
l̄
) ∩ [l(3R), l(L(l) − 3R)] �= ∅, then L(l̄) > L(l).

Proof Sinced(p, l) ≥ 10R and X is (R, D)-thin, it follows thatπl(p) ⊂ [l(0), l(R)]∪
[l(L(l) − R), l(L(l)]. By Lemma 4.11, there is a point l̄(s0) which is 7D-close to
l(L(l) − R). Using triangle inequality, this implies

L(l̄) = d(p, l̄(s0)) + d(l̄(s0), l(0)) ≥ d(p, l) − 7D + d(l(0), l(L(l) − R)) − 7D.

Using that d(p, l) ≥ 10R and that l is a segment, it follows L(l̄) ≥ 9R−14D+L(l) >

L(l). ��
Lemma 4.13 Let (X ,d) be a compact (R, D)-thin metric space. Let l be a segment
of maximal length in X and assume that length(l) ≥ 10R. Let p ∈ X be a point
with d(p, l) ≥ 10R and let γ1, γ2 be segments connecting p respectively to l(L(l))
and l(0). Let b1, b2 ∈ {γ1, γ2, l} with b1 �= b2. Then πb1(b2) ⊂ [b1(0), b1(3R)] ∪
[b1(L(b1) − 3R), b1(L(b1)].
Proof If b1 = l, the statement follows by Lemma 4.12.

We now consider the case b1 ∈ {γ1, γ2} and b2 = l. If the statement fails, πb1

(
l
) ∩

(b1(3R), b1(L(b1) − 3R)) �= ∅. Consider the orientation of l such that l(0) ∈ b1.
Then, πb1(l(L(l))) ⊂ [b1(0), b1(R)] ∪ [b1(L(b1) − R), b1(L(b1)] since otherwise,
using that X is (R, D)-thin, it follows that l is shorter than b1. Hence, by Lemma
4.11, there exists s > 0 such that l(s) is R + 7D-close to p. This contradicts that
d(p, l) ≥ 10R.

Finally, we consider the case b1 = γ1 and b2 = γ2 (the case b2 = γ1 and b1 = γ2
is identical).

We consider orientations such that γ1(L(γ1)) = γ2(0), γ2(L(γ2)) = l(0) and
l(L(l)) = γ1(0).

Assume by contradiction that γ1(t) ∈ πγ1(γ2), with t ∈ (3R,L(γ1) − 3R). By
Lemma 4.11, there exists s > 0 such that γ2(s) is R + 7D-close to γ1(0) = l(L(l)).
It follows that

L(γ2) = d(p, γ2(s)) + d(γ2(s), l(0)) ≥ d(p, l) − R − 7D +L(l) − R − 7D > L(l).

This is a contradiction. ��
Corollary 4.14 Let (X , d) and γ1, γ2, l be as in the previous lemma. Let {b1, b2, b3} =
{γ1, γ2, l}. If b1(0) /∈ b2, the follows happen.
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1. d(b1(0), b2(L(b2)/2)) ≥ min{L(b1),L(b3)} + L(b2)/2 − 10R.

2. d(b1(L(b1)/2)), b2(L(b2)/2)) ≥ L(b1)/2 + L(b2)/2 − 10R.

Proof We only prove the first point, the proof of the second one being analogous. Let
γ be a segment connecting b1(0) and b2(L(b2)/2). If γ has a point which is 5R-close
to either b2(3R) or b2(L(b2) − 3R), the statement follows by triangle inequality.

By the previous lemma, πb2

(
b1(0)

)∩ [b2(3R), b2(L(b2)− 3R] �= ∅. If πb2

(
b1(0)

)
intersects [b2(R), b2(3R)] or [b2(L(b2) − 3R), b2(L(b2) − R)], then γ has a point
which is 5R-close to either b2(3R) or b2(L(b2) − 3R) (because X is (R, D)-thin),
otherwise the same conclusion follows by Lemma 4.5. ��
Proposition 4.15 Let (X ,d) be a compact (R, D)-thin metric space (see Definition
4.2). Let l be a segment of maximal length in X and assume that L(l) ≥ 200R. If X is
not contained in a 200R-neighbourhood of l, then there exists L > 0 and a distance
preserving map φ : S1L → X, such that X is contained in the D-neighbourhood of
φ(S1L). In particular, L ≥ 50R.

Proof Let p ∈ X with d(p, X) > 200R. Let γ1 and γ2 be segments from p to l(L(l))
and l(0) respectively. Note that both these segments have length greater than 200R.

On γ1, we consider the subsegment

I γ1 := [γ1(L(γ1)/2 − 5R)), γ1(L(γ1)/2 + 5R))].

We also consider subsegments I γ2 and I l defined in the same way. Observe that these
subsegments are independent of the chosen parametrization by arc-length of γ1, γ2
and l.

To construct the map φ of the statement, we will consider the shortest loop passing
near each one of the previously defined segments. To this aim, let

A :=
{
φ :[0,L(γ1 + γ2 + l)] → X | φ is 1-Lipschitz, φ(0) = φ(L(γ1 + γ2 + l)),

∃ tγ1, tγ2 , t l ∈ [0,L(γ1 + γ2 + l)] such that

πb
(
φ(tb)

) ∩ I b �= ∅ for every b ∈ {γ1, γ2, l}
}
.

Notice that A �= ∅ since γ1 +γ2 + l ∈ A. We claim that if {φi }i∈N ⊂ A and φi → φ∞
uniformly, then φ∞ ∈ A. First of all φ∞ is 1-Lipschitz and satisfies φ∞(0) = φ∞(γ1+
γ2 + l) trivially. Let b ∈ {γ1, γ2, l}. Consider for every i ∈ N the corresponding tbi .
Modulo passing to a subsequence, there exists tb∞ ∈ [0,L(γ1 + γ2 + l)] such that
tbi → tb∞. By Lemma 4.4, πb

(
φ∞(tb∞)

) ∩ I b �= ∅. It follows that φ∞ ∈ A as claimed.
Consider now a sequence φi ∈ A minimizing the length functional. Each image of

φi satisfies πγ1

(
Im(φi )

) ∩ I γ1
1 �= ∅. Since X is (R, D)-thin, the image of each φi has

a point which is D-close to I γ1
1 . Hence, all the images of the maps φi are contained

in a bounded set of X . Since the φi are all 1-Lipschitz, by Ascoli–Arzelà theorem,
there exists (modulo passing to a subsequence) φ∞ such that φi → φ∞ uniformly.
By the previous part of the proof, φ∞ ∈ A. Since the length functional is lower
semicontinuous w.r.t. uniform convergence, φ∞ is an element of minimal length in A.
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Let T := L(φ∞) and consider the reparametrizaion φ∞ : [0, T ] → X by arc-
length, and the inducedmap (denoted again byφ∞)φ∞ : S1L → X , where L := T /2π .
By Corollary 4.14, it follows that T ≥ 60R, and that the distance in S1L between any
two points of {tγ1, tγ2 , t l} is at least 20R (in particular they are all distinct).

We claim that φ∞ : S1L → X is distance preserving and that X is contained in the
D-neighbourhood of φ∞(S1L). We divide the proof of the claim in steps.

Step 1. We claim that, for b ∈ {γ1, γ2, l}, the projection πb(φ∞(S1L)) contains a
3D-net of [b(3R), b(L(b) − 3R)].

Let b1, b2 ∈ {γ1, γ2, l} with b1 �= b2. Let tb1, tb2 ∈ [0, T ] be the numbers given in
the definition of A relative to φ∞. Modulo reparametrizing φ∞ and γ1 + γ2 + l, we
can assume that b1(L(b1)) = b2(0) and tb1 ≤ tb2 with tb3 /∈ [tb1, tb2 ], i.e. [tb1, tb2 ]
corresponds to the arc of S1L that connects tb1 and tb2 without crossing tb3 .

Let b1(t̄ b1) ∈ I b1 ∩ πb1

(
φ∞(tb1)

)
. Similarly, let b2(t̄ b2) ∈ I b2 ∩ πb2

(
φ∞(tb2)

)
.

We show that πb1(φ∞(S1L)) contains a 3D-net of [b1(t̄ b1), b1(L(b1) − 3R)], while
πb2(φ∞(S1L)) contains a 3D-net of [b2(3R), b2(t̄ b2)]. The claim then followsby repeat-
ing the same argument for all pairs of segments in {γ1, γ2, l}.

By definition of φ∞, the restriction φ∞|[tb1 ,tb2 ] is a segment. By Lemmas

4.13 and 4.5, πb1(φ∞([tb1, tb2 ])) contains a 3D-net of either [b1(3R), b1(t̄ b1)] or
[b1(t̄ b1), b1(L(b1) − 3R)]. If the former case happens, φ∞([tb1, tb2 ]) has a point
which is 7D-close to b1(3R), so that it also contains a point q which is 5R-close to
b1(0). By Corollary 4.14, b1(0) is at least min{L(b1),L(b3)}+L(b2)/2−20R distant
from φ∞(tb2). Hence,

L(φ∞|[tb1 ,tb2 ]) = d(φ∞(tb1), q) + d(q, b2(t
b2))

≥ L(b1)/2 + min{L(b1),L(b3)} + L(b2)/2 − 50R

≥ L(b1)/2 + L(b2)/2 + 100R.

This is a contradiction, because we would obtain a shorter curve between φ∞(tb1) and
φ∞(tb2) by first joining them to their projections b1(t̄ b1) and b1(t̄ b2), and then joining
the projections along b1 and b2 themselves.

Hence, πb1(φ∞([tb1, tb2 ])) contains a 3D-net of [b1(t̄ b1), b1(L(b1) − 3R)]. The
same argument shows that πb2(φ∞([tb1, tb2 ])) contains a 3D-net of [b2(3R), b2(t̄ b2)].
This concludes the proof of Step 1.

Step 2. For every b1, b2 ∈ {γ1, γ2, l}, with b1 �= b2, assuming as before that tb1 ≤
tb2 in [0, T ] with tb3 /∈ [tb1, tb2 ], it holds πφ∞([tb1 ,tb2 ])(φ∞(tb2 + 3R)) = {φ∞(tb2)}.

Modulo reparametrizing, we assume b1(L(b1)) = b2(0) and tb1 ≤ tb2 ≤ tb3 in
[0, T ]. By Step 1, there exist t1,2 ∈ [tb1, tb2 ] and t2,3 ∈ [tb2 , tb3 ], such that φ∞(t1,2)
is 7D-close to b2(L(b2) − 20R) and φ∞(t2,3) is 7D-close to b2(L(b2) + 20R). Let γ
be a segment connecting φ∞(t1,2) and φ∞(t2,3). By item 2 of Lemma 4.5 and the fact
that X is (R, D)-thin, either πb2(γ ) intersects I b2 , or γ contains points that are 7D
close to b2(R) and b2(L(b2)− R). In the latter case, since L(b2) ≥ 200R, γ would not
be a segment. Hence, πb2(γ ) intersects I b2 . It follows that γ +φ∞|S1L\[t1,2,t2,3] belongs
to A. In particular, φ∞|[t1,2,t2,3] is shorter than γ , so that it is itself a segment.
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At the same time, since φ∞|[tb1 ,tb2 ] is a segment, it follows

πφ∞([tb1 ,tb2 ])(φ∞(tb2 + 3R)) = πφ∞([t1,2,tb2 ])(φ∞(tb2 + 3R)).

Combining with the fact that φ∞|[t1,2,t2,3] is a segment, we obtain the statement.
Step 3: Let b1, b2 ∈ {γ1, γ2, l} with b1 �= b2. We claim that
the two arcs of S1L defined by S1L \[B2R(tb1)∪ B2R(tb2)] are sent by φ∞ in different

path connected components of X \ [B2R(φ∞(tb1)) ∪ B2R(φ∞(tb2))].
As before, w.l.o.g. we can assume that tb1 ≤ tb2 . Consider the segment φ∞|[tb1 ,tb2 ].

We assume by contradiction that there exists a curve α connecting φ∞(tb1 + 3R)

and φ∞(tb2 + 3R) in X which does not intersect B2R(φ∞(tb1)) ∪ B2R(φ∞(tb2)).
By item 1 of Lemma 4.5 applied to the segment φ∞([tb1, tb2 ]) (this can be applied
thanks to step 2), πφ∞([tb1 ,tb2 ])(α) contains a 3D-net of either [φ∞(tb1 + R), φ∞(tb1 +
3R)] or [φ∞(tb1 + 3R), φ∞(tb2 − R)]. In both cases α intersects B2R(φ∞(tb1)) ∪
B2R(φ∞(tb2)), a contradiction.

Step 4. We claim that φ∞ : S1L → X is distance preserving and that X lies in a
D-neighbourhood of φ∞(S1L).

We show first that φ∞ preserves distances. Assume that this is not the case. Then,
there exist x, y ∈ S1L , and a segment l̄, connecting φ∞(x) and φ∞(y), where L(l̄) is
less than the length of the shortest arc of S1L connecting x and y. Let η1, η2 ⊂ S1L be
the two arcs connecting x and y.

We would like to show that one between the loops l̄ +φ∞|η1 and l̄ +φ∞|η2 belongs
to A. If this is the case, we obtain a contradiction since φ∞ was length minimizing.

By step 1, for every b ∈ {γ1, γ2, l}, we can assume that φ∞(tb) is 7D-close to
b(L(b)/2). This implies that, if a loop has length less than L(γ1 + γ2 + l), and it
intersects B2R(φ∞(tb)) for every b ∈ {γ1, γ2, l}, then it admits a reparametrization
that belongs to A.

Hence, it suffices to show that one between l̄ + φ∞|η1 and l̄ + φ∞|η2 intersects all
the balls B2R(φ∞(tb)) for every b ∈ {γ1, γ2, l}.

We consider all the possible cases. If φ∞|η1 intersects all the balls B2R(φ∞(tb)),
then there is nothing left to prove. Let now {b1, b2, b3} = {γ1, γ2, γ3}. Assume that
φ∞|η1 intersects only B2R(φ∞(tb1)) and B2R(φ∞(tb2)). By Step 3, either l̄ intersects
B2R(φ∞(tb3)), or it intersects both B2R(φ∞(tb1)) and B2R(φ∞(tb2)). In either case,
one between l̄ + φ∞|η1 and l̄ + φ∞|η2 intersects all the balls. The case when φ∞|η1
intersects exactly one of the aforementioned balls is analogous.

It follows that φ∞ : S1L → X preserves distances. Since 2πL > 2R, the fact that X
is (R, D)-thin implies that X is in the D-neighbourhood of φ∞(S1L). Since X contains
a segment of length greater than 200R, it follows that L ≥ 50R, concluding the proof.

��
The next theorem summarizes the results of this section.

Theorem 4.16 Let (X ,d) be an (R, D)-thinmetric space. There exists a 1-dimensional
manifold I , possibly with boundary, and a distance preserving map φ : I → X, such
that X is contained in the 200R-neighbourhood of φ(I ).
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Proof If X is non-compact, the statement follows from Proposition 4.10. Let X be
compact. By Proposition 4.15, either X is contained in the 200R neighbourhood of
a segment, or it is contained in the D-neighbourhood of a loop which is mapped
isometrically into X . In both cases, the statement holds. ��

A consequence of Theorem 4.16 is that (R, D)-thin metric spaces have 1-Urysohn
width bounded from above by a constant c(R) > 0 depending only on R (see Corollary
4.18). We recall that the notion of Urysohn width was introduced by Gromov in [27–
29].

Definition 4.17 A metric space (X ,d) has 1-Urysohn width ≤ d if there exists a 1-
simplex Y , and a continuous map f : X → Y , such that diam( f −1(y)) ≤ d for every
y ∈ Y .

Corollary 4.18 Let (X ,d) be an (R, D)-thinmetric space. Then, there exists c(R) > 0,
a 1-dimensional connected manifold Y , and a continuous map f : X → Y , such that
diam( f −1(y)) ≤ c(R) for every y ∈ Y . In particular, X has 1-Urysohn width≤ c(R).

Proof Let φ : I → X be the map given by Theorem 4.16.
Case 1: I = [0, l), with l ∈ [0,+∞].

Let f : X → R be the distance from φ(0). Let x, y ∈ f −1(t) for some t ≥ 0, and let
tx , ty ∈ [0, l] be such that φ(tx ) and φ(ty) are projections of x and y on φ(I ). Since X
is in the 200R-neighbourhood of φ(I ), it holds tx , ty ∈ [0, l] ∩ [t − 200R, t + 200R],
so that d(x, y) ≤ 1000R, which implies diam( f −1(t)) ≤ 1000R for every t ≥ 0.

Case 2: I = R.
Let B := B1000R(φ(0)) and consider the map f : X → R given by

f (x) :=
{
d(B, x) if πφ(I )(x) ∩ φ(R+) �= ∅
−d(B, x) if πφ(I )(x) ∩ φ(R−) �= ∅.

First of all, f is well-defined, since if πφ(I )(x) ∩ φ(R+) ∩ φ(R−) �= ∅, then

πφ(I )(x) ∩ φ([−200R, 200R]) �= ∅,

so that x ∈ B. We now check that f is continuous. This is trivial at points in B̄, so let
us assume that x /∈ B̄ and, without loss of generality, that πφ(I )(x) ∩ φ(R+) �= ∅. Let
xi → x . Since x /∈ B̄, πφ(I )(x) ∩ φ([500R,+∞)) �= ∅ so that, for i large enough,
πφ(I )(xi ) ∩ φ(R+) �= ∅. It follows that f is continuous at x , which implies that f is
continuous.

Let now t ∈ R and let x, y ∈ f −1(t). If t = 0, then d(x, y) ≤ 1000R. Assume now
that t > 0, and let tx , ty ∈ R be such thatφ(tx ) ∈ πφ(I )(x) andφ(ty) ∈ πφ(I )(y). Since
t > 0, it follows that tx , ty > 0, so that tx , ty ∈ [d(φ(0), x) − 200R,d(φ(0), x) +
200R], which implies d(x, y) ≤ 1000R. The case t < 0 is analogous, concluding the
case I = R.

Case 3: I = S1L = [0, 2πL]/ ∼, where ∼ identifies the endpoints of [0, 2πL].
If L ≤ 105R, the zero map f : X → R defined as f (x) := 0 gives the desired
1-Urysohn width estimate. So, we can assume L ≥ 105R. Let B1 := B1000R(φ(0)),
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B2 := B1000R(φ(πL)), and consider the map f : X → [0, 2d(B1, B2)]/ ∼, where ∼
identifies the endpoints of [0, 2d(B1, B2)], given by

f (x) :=
{
d(B1, x) ∧ d(B1, B2) if πφ(I )(x) ∩ φ([0, πL]) �= ∅
(d(B1, B2) + d(B2, x)) ∧ 2d(B1, B2) if πφ(I )(x) ∩ φ([πL, 2πL]) �= ∅.

The map f is well-defined, since if πφ(I )(x) ∩ φ([0, πL]) ∩ φ([πL, 2πL]) �= ∅,
then x ∈ B1 ∪ B2. We now check that f is continuous. This is trivial at points in
B1 ∪ B2. So, we consider x /∈ B1 ∪ B2 and we assume, without loss of generality, that
πφ(I )(x)∩φ([0, πL]) �= ∅. Let xi → x . Since x /∈ B1∪B2,πφ(I )(x)∩φ([500R, πL−
500R]) �= ∅, so that, for i large enough, πφ(I )(xi ) ∩ φ([0, πL]) �= ∅. It follows that
f is continuous at x , so that f is continuous.
Let now t ∈ [0, 2d(B1, B2)), and let x ∈ f −1(t). If t = 0, then x ∈

B1 or d(x, B2) = d(B1, B2). It follows that d(x, B1) ≤ 2000R, showing that
diam( f −1(0)) ≤ c(R). A similar argument holds for t = d(B1, B2). So, let
t /∈ {0,d(B1, B2)}, and assume without loss of generality that t ∈ (0,d(B1, B2)).
Let x, y ∈ f −1(t), and let tx , ty ∈ [0, 2πL) be such that φ(tx ) and φ(ty) are projec-
tions of x and y on φ(I ). Since t ∈ (0,d(B1, B2)), it follows that tx , ty ∈ [0, πL].
Hence, tx , ty ∈ [d(φ(0), x) − 200R,d(φ(0), x) + 200R], so that d(x, y) ≤ 1000R.
This concludes the proof. ��

5 Large scale geometry of almost non-negative Ricci and
integrally-positive scalar curvature

In this section we draw the main geometric results of the paper, by combining the
integral curvature estimates of Sect. 3 with the technical metric results of Sect. 4.

5.1 Sufficient curvature conditions for a manifold to be thin

In this section, we show that manifolds with almost non-negative Ricci curvature and
a positive lower integral bound on R2 (or R, if the manifolds are 3-dimensional) fit into
the framework of Sect. 4.

The next theorem studies spaces of the form R
n−3 × X arising as limits of n-

manifolds with almost non-negative Ricci curvature and positive scalar curvature in
integral sense. One should compare also this result with [59, Theorem 1.1], where
limit spaces of the form R

n−2 × X were studied.
We refer to Definitions 3.7 and (22) for the notation used in Theorem 5.1.

Theorem 5.1 Let v, ε, L ∈ (0,+∞), n, k ∈ N with 2 ≤ k ≤ n, s ∈ (0, 1) be fixed.
There exist R, D, δ > 0 with R ≥ 20D satisfying the following. Let (X ,d, p) be a
metric space such that R

d × X is a pGH limit of manifolds (Mn
j , g j , p j ) satisfying

one of the following conditions.

123



On manifolds with almost non-negative Ricci curvature... Page 37 of 50    49 

1. d = k − 2, and

RicMj ≥ −δ,

 
B1(x)

RMj ,k ∧ L dVol j ≥ ε, ∀x ∈ Mj . (26)

2. n ≥ 3, d = n − 3, RicMj ≥ −δ, and

 
B1(x)

RicMj ,n−2∧0 dVol j ≥ −δ,

 
B1(x)

RMj ∧L dVol j ≥ ε, ∀x ∈ Mj . (27)

3. n ≥ 3, d = n − 3, and

RicMj ≥ −δ,

 
B1(x)

|RMj |s dVol j ≥ ε, Vol j (B1(x)) ≥ v, ∀x ∈ Mj . (28)

Let r be a segment of length greater than 2R in X. For every t ∈ (R, length(r) − R)

and x ∈ π−1
r (r(t)), it holds d(x, r) < D, i.e., (X ,d) is (R, D)-thin (see Definition

4.2).
In particular, there exists a 1-dimensional connected manifold I (possibly with

boundary) and a distance preserving map φ : I → X such that X is contained in the
200R-neighbourhood of φ(I ).

Proof First, consider the condition (26). Suppose by contradiction that the statement
fails. Hence, there exist ε0 > 0, R j , Dj ↑ +∞, δ j ↓ 0, metric spaces (X j ,d j , x j ),
such that R

k−2 × X j arise as limits of manifolds (Mi, j )i∈N satisfying

RicMi, j ≥ −δ j ,

 
B1(x)

RMi, j ,k ∧ L dVoli, j ≥ ε0, ∀x ∈ Mi, j , (29)

and segments r j ⊂ X j with L(r j ) ≥ 2R j , such that d j (q j , r j ) ≥ Dj for some
q j ∈ π−1

r j (r j (R j )). In particular, there exist points q j , whose distance from r j is
greater than Dj , and whose point realizing the distance from r j is r j (R j ). Let γ j be
the segment connecting q j and r j (R j ).

By Gromov pre-compactness theorem, up to subsequences, the sequence
(X j ,d j , r j (R j )) converges in pGH-sense to a Ricci limit space (X ,d, p). Moreover,
there exists a measure m ∈ M(X) – arising as a limit of the renormalized volume
measures of Mi, j – such that (X ,d,m, p) is an RCD(0, n) space.

In addition, X contains a line which arises as a limit of the segments r j centered in
r j (R j ), since R j ↑ ∞. Hence, by the splitting theorem [24], X splits isomorphically
as a metric measure space as X = Y × R for an RCD(0, n − 1) space (Y ,dy,my).
Moreover, Y cannot be compact since the segments γ j , which realize the distance from
r j , have arbitrarily large length. In particular, Y contains itself a ray. Hence, repeating
the argument above, there exists a sequence p′

j ∈ Y , such that (Y ,dy, p′
j ) converges

in pGH-sense to a metric space R ×Y ′. In particular, there exists a sequence p′′
j ∈ X j

such that (X j ,d j , p′′
j ) converges in pGH-sense to R

2 × Y ′. Applying Theorem 1.1 to
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Mi, j for i and j large enough, we arrive to a contradiction, since δ j ↓ 0 and ε0 > 0
is fixed in (29).

If we assume conditions (27) or (28), the proof is analogous, by using Theorem 3.8
instead of Theorem 1.1.

Finally, by Theorem 4.16 , there exists a 1-dimensional connected manifold I
(possibly with boundary) and a distance preserving map φ : I → X such that X is
contained in the 200R-neighbourhood of φ(I ). ��

As an immediate consequence of the previous theorem, we deduce the following
key corollary.

Corollary 5.2 Let v, ε, L ∈ (0,+∞), n ∈ N, s ∈ (0, 1) be fixed. There exist R, D, δ >

0 with R ≥ 20D satisfying the following. Let (X ,d, p) be a pGH limit of manifolds
(Mn

j , g j , p j ) satisfying one of the following conditions.

1. n ≥ 2 and

RicMj ≥ −δ,

 
B1(x)

RMj ,2 ∧ L dVol j ≥ ε, ∀x ∈ Mj . (30)

2. n = 3, RicMj ≥ −δ and

 
B1(x)

SecMj ∧ 0 dVol j ≥ −δ,

 
B1(x)

RMj ∧ L dVol j ≥ ε, ∀x ∈ Mj . (31)

3. n = 3 and

RicMj ≥ −δ,

 
B1(x)

|RMj |s dVol j ≥ ε, Vol j (B1(x)) ≥ v, ∀x ∈ Mj . (32)

Let r be a segment of length greater than 2R in X. For every t ∈ (R, length(r) − R)

and x ∈ π−1
r (r(t)), it holds d(x, r) < D, i.e., (X ,d) is (R, D)-thin (see Definition

4.2).
In particular, there exists a 1-dimensional connected manifold I (possibly with

boundary) and a distance preserving map φ : I → X such that X is contained in the
200R-neighbourhood of φ(I ).

The remaining part of the section is devoted to showing that if a manifold satisfies
one of the conditions (26), (27), (28), so do its coverings (modulo a rescaling by
dimensional constants). This is the content of Propositions 5.3 and 5.4. The proof of
the next proposition follows from [35, Lemma 1.6]; we report it for completeness of
presentation.

Proposition 5.3 Let n ∈ N and let K ∈ R. Let (Mn, g, p) be a pointed Riemannian
manifoldwithRicM ≥ K. Let (M̃n, g̃, p̃) be the universal covering of M,with covering
map π : M̃ → M such that π( p̃) = p. Let F : M → R+ be a measurable locally
bounded function and let F̃ := F ◦ π .
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1. It holds  
B̃3( p̃)

F̃ dṼol ≥ c(K , n)

 
B1(p)

F dVol.

2. There exists p′ ∈ M such that

 
B̃3( p̃)

F̃ dṼol ≤ c(K , n)

 
B1(p′)

F dVol.

Proof Consider a measurable function j : B1(p) → B̃1( p̃) such that π( j(x)) = x
for every x ∈ B1(p). Let T := j(B1(p)), so that diam(T ) ≤ 2 and

 
T
F̃ dṼol =

 
B1(p)

F dVol.

Let S ⊂ M̃ be the union of the sets g(T ) for every deck transformation g : M̃ → M̃
of π : M̃ → M such that g(T ) ∩ B̃1( p̃) �= ∅. It follows that

B̃1( p̃) ⊂ S ⊂ B̃3( p̃) and
 
S
F̃ dṼol =

 
B1(p)

F dVol. (33)

Proof of 1. Using that Ṽol(B̃3( p̃)) ≤ c(K , n)Ṽol(B̃1( p̃)) and (33), it holds

 
B1(p)

F dVol ≤ Ṽol(B̃3( p̃))

Ṽol(B̃1( p̃))

 
B̃3( p̃)

F̃ dṼol ≤ c(K , n)

 
B̃3( p̃)

F̃ dṼol.

Proof of 2. Arguing as for (33), we find S′ ⊂ M̃ such that

B̃3( p̃) ⊂ S′ ⊂ B̃9( p̃) and
 
S′
F̃ dṼol =

 
B3(p)

F dVol. (34)

Let {B1(pi )}i∈I be a covering of B3(p) with I ⊂ N, such that {B1/5(pi )}i∈I are
disjoint. By (34), it holds

 
B̃3( p̃)

F̃ dṼol ≤ Ṽol(B̃9( p̃))

Ṽol(B̃3( p̃))

 
B3(p)

F dVol ≤ c(K , n)
∑
i∈I

 
B1(pi )

F dVol. (35)

By Bishop–Gromov’s inequality, it holds #I ≤ c(K , n). Setting p′ ∈ {pi }i∈I such
that  

B1(p′)
F dVol = max

i∈I

 
B1(pi )

F dVol,

and combining with (35), the statement follows. ��
Proposition 5.3, together with the fact that covering maps reduce volumes of balls,

imply the following proposition.
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Proposition 5.4 Let v, ε, δ, L ∈ (0,+∞), n ∈ N, s ∈ (0, 1) be fixed. Let (Mn, g, p)
be a manifold satisfying one of the conditions (26), (27), (28). Let (M̃n, g̃, p̃) be the
universal covering, with covering map π : M̃ → M such that π( p̃) = p. Then
(M̃, g̃/32, p̃) satisfies the corresponding condition among (26), (27), (28), where the
constants have been rescaled by factors depending only on the dimension n.

Corollary 5.5 Let v, ε, L ∈ (0,+∞), n ∈ N, s ∈ (0, 1) be fixed. There exist R, D, δ >

0 with R ≥ 20D satisfying the following. Let (Mn, g) be a manifold satisfying one
of the conditions (30), (31), (32). Let (M̃, g̃, p̃) be the universal covering of M and
let π : M̃ → M be the covering map. Then, both (M, g) and (M̃, g̃) are (R, D)-thin
(see Definition 4.2).

Proof The statement follows combining Proposition 5.4 and Corollary 5.2. ��

5.2 Large scale geometry of thin manifolds

In this section, relying on Theorem 4.16, we prove metric and topological properties
of manifolds satisfying one of the conditions (30), (31), (32). The next result is an
immediate consequence of Theorem 4.16 and Corollary 5.2.

Theorem 5.6 Let v, ε, L ∈ (0,+∞), n ∈ N, s ∈ (0, 1) be fixed. There exist C, δ > 0
with the following property. Let (X ,d, p) be a limit of pointed Riemannian manifolds
satisfying one of the conditions (30), (31), (32). Then, there exists a 1-dimensional
connected manifold I (possibly with boundary) and a distance preserving map φ :
I → X such that X is contained in the C-neighbourhood of φ(I ).

Remark 5.7 The previous result fails if we remove the lower bounds on the Ricci
curvature in conditions (30) and (32), thanks to the gluing results in [30, 31, 60].
Indeed, consider the gluing of four copies of S2 × [0,+∞) to S3 minus four disjoint
small balls. By [60], we can equip this space with a Riemannian metric g with the
following properties:

1. g coincides with the metric on S3 and with the metric on each of the branches
S2 × [0,+∞) outside of a small neighbourhood of the surgery.

2. g has R2 ≥ 0.

Hence, there exists ε > 0 such that the glued manifold M satisfies

 
B1(x)

R2 dVol ≥ ε for every x ∈ M .

At the same time, Theorem 5.6 fails on M . With a similar construction using [30, 31],
one shows that also the Ricci bound in (32) cannot be removed.

The next result concerns volumes of manifolds satisfying one of the conditions
(30), (31), or (32).

Theorem 5.8 Let v, ε, L ∈ (0,+∞), n ∈ N, s ∈ (0, 1) be fixed. There exist C, δ > 0
satisfying the following. Let (Mn, g) be a manifold satisfying one of the conditions
(30), (31), or (32). Then
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1. supx∈M Vol(Bt (x)) ≤ Ct, for all t > 0.
2. If RicM ≥ 0, then inf x∈M Vol(B1(x)) > 0.

Proof By Theorem 5.6, there exists a 1-dimensional connected manifold I (possibly
with boundary), a distance preserving map φ : I → X , and a constant C ′ > 1, such
that X is contained in the C ′-neighbourhood of φ(I ).

Proof of 1. For t ∈ (0, 1], the claim is a consequence of the classical volume
comparison results for manifolds with Ricci curvature bounded from below by −1.
Hence, we only consider the case t > 1.

Let x ∈ X and let φ(sx ) ∈ πφ(I )(x). Let {si }�t�i=1 be a 1-net of B
I
t (sx ). By triangular

inequality, Bt (x) is contained in the 10C ′-neighbourhood of φ(BI
t (sx )). Hence, again

by triangle inequality and our choice of {si }�t�i=1, it follows

Bt (x) ⊂
�t�⋃
i=1

B20C ′(φ(si )).

By the aforementioned volume bounds for manifolds with Ricci curvature bounded
from below by −1, there exists a constant C > 0 (depending only on the dimension),
such that Vol(Bt (x)) ≤ C�t� ≤ 2Ct .

Proof of 2. If the manifold is M is compact, there is nothing to prove. If M is
non-compat and it contains a line, then M = R × N , where N is a compact manifold.
Hence, also in this case the statement follows.

So we only need to consider the case when M is non-compact and it is contained in
the C ′ neighbourhood of a ray. Fix x ∈ M and let tx ≥ 0 be such that x ∈ BC ′(r(tx )).
By Brunn-Minkowski inequality [54],

Vol(A1/2(2tx )) ≥ (1/2)n Vol(B1(r(0))), (36)

where A1/2(2tx ) is the set consisting of the intermediate points of segments connecting
points in B1(r(0)) and in B1(r(2tx )).

We claim that A1/2(2tx ) is contained in B10C ′(r(tx )). Assume for the moment that
the claim holds. In this case, by the doubling property and (36), it holds Vol(B1(x)) ≥
v′ > 0 for some v′ depending on Vol(B1(r(0))), n and C ′.

To conclude the proof, we are left to show that A1/2(2tx ) is contained in
B10C ′(r(tx )). To this aim, consider a segment l connecting points a ∈ B1(r(0)) and
b ∈ B1(r(2tx )). Let tl ≥ 0 be such that r(tl) ∈ πr

(
l(L(l)/2)

)
on r . Since X is in the

C ′-neighbourhood of r , by triangle inequality, it holds

d(r(0), r(tl)) ≤ 1 + C ′ + L(l)/2, d(r(tx ), r(tl)) ≤ 1 + C ′ + L(l)/2.

Since L(l) ≤ tx +2 again by triangle inequality, it follows that tl ∈ [tx/2−4C ′, tx/2+
4C ′]. Since l(L(l)/2) is C ′-close to r(tl), it follows l(L(l)/2) ∈ B10C ′(r(tx )), as
claimed. ��

The previous result, in particular, shows that the manifolds in question, when
RicM ≥ 0, fit into the framework of [63].
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Remark 5.9 An analog of Theorem 5.8 is not to be expected in higher dimension.
Indeed a manifold with R3 ≥ 1 and almost non-negative Ricci curvature might have
exponential volume growth at infinity (consider rescalings of products of the hyper-
bolic plane and a sufficiently small 2-sphere). Similarly, there exists a manifold with
R5 ≥ 1 and non-negative Ricci curvature with unit balls of arbitrarily small volume
(consider a product of a 2-sphere and the manifold constructed in [51, Example 26]).

Let us recall some properties of covering spaces. Let π : X̃ → X be a covering
between metric spaces. Let p ∈ X and p̃ ∈ π−1(p). Given a loop γ in p, we can
consider its lift γ̃ on X̃ with starting point p̃. This lift is unique, and homotopic loops
give rise to homotopic lifts (see [33, p. 60]).

In particular, one can consider the endpoint of γ̃ , which we will denote M( p̃, γ ).
This way of obtaining new points, given an element [γ ] ∈ π1(X) and a point p̃ ∈ X̃ ,
is called themonodromy action of γ on p̃. Since homotopic loops give rise to the same
monodromy action, if [γ ] is the identity in π1(X), then M( p̃, γ ) = p̃.

Theorem 5.10 Let v, ε, L ∈ (0,+∞), n ∈ N, s ∈ (0, 1) be fixed. There exist C, δ > 0
satisfying the following. Let (Mn, g) be a manifold satisfying one of the conditions
(30), (31), or (32). The following hold.

1. M has 1-Urysohn width ≤ C.
2. M has at most two ends.
3. b1(M) ≤ 1.
4. π1(M) is infinite if and only if M is compact and its universal cover is non-compact.
5. If there exists a loop γ ⊂ M such that [γ ] ∈ π1(M) has infinite order, then M is

contained in a C-neighbourhood of γ .

Proof Proof of 1. The claim follows by Corollary 5.2 and Corollary 4.18.
Proof of 2. Let C > 0 be the constant given by Theorem 5.6. If X has more than

one end, then it is contained in aC-neighbourhood of a line by Theorem 5.6 and cannot
have a third end.

Proof of 3. Let M̃ the universal cover of M . By Proposition 5.4 and Theorem 5.8,
the volume of balls in M̃ grows at most linearly, so that by Proposition 2.22, it holds
b1(M) ≤ 1.

Proof of 4. It is clear that ifM is compact and its universal cover M̃ is non-compact,
then π1(M) is infinite. We next show the converse. Since π1(M) has infinitely many
elements, the universal cover M̃ is not compact. Hence, it suffices to show that M is
compact.

Assume by contradiction that M is not compact. We denote by d and d̃ respectively
distances in M and M̃ . Let C > 0 be the constant given by Theorem 5.6, and let rM ⊂
M and rM̃ ⊂ M̃ be the rays or lines whose C-neighbourhoods contain respectively M
and M̃ .

Let p ∈ M̃ be a preimage of rM (0) in M̃ via the covering map. Since π1(M)

has infinitely many elements, there exists a sequence {γi }i∈N ⊂ π1(M) such that
d̃(M(p, γi ), p) → +∞. Combining this with the fact that M̃ is contained in the
C-neighbourhood of rM̃ , we get that there exist t0, t1, t2 in the domain of rM̃ (i.e., R

if rM̃ is a line and R+ if rM̃ is a ray) such that t2 ≥ 100C + t1 ≥ t0 + 200C , and
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γ1, γ2 ∈ π1(M) with

d̃(p, rM̃ (t0)) ≤ C, d̃(M(p, γ1), rM̃ (t1)) ≤ C, d̃(M(p, γ2), rM̃ (t2)) ≤ C . (37)

Consider a lift r̃M of rM to M̃ such that r̃M (0) = M(p, γ1). Clearly, r̃M is a ray in
M̃ . By (37), Lemma 4.5, and our choice of t0, t1, t2, there exists t ≥ 10C such that
r̃M (t) is 2C-close to either rM̃ (t0) or rM̃ (t2). Assume without loss of generality that

d̃(r̃M (t), rM̃ (t0)) ≤ 2C . (38)

Recall that each γ ∈ π1(M) induces an isometry φ of M̃ defined by φ(x̃) =
M(x̃, γ ) for every x̃ ∈ M̃ , and that M is isometric to the quotient of M̃ by such
isometries. Hence:

10C ≤ t = d(rM (0), rM (t)) ≤ d̃(p, r̃M (t)) + d̃(M(p, γ1), r̃M (0)) = d̃(p, r̃M (t)).

Since, by (37) and (38),

d̃(p, r̃M (t)) ≤ d̃(p, rM̃ (t0)) + d̃(rM̃ (t0), r̃M (t)) ≤ 3C

the combination of the last two inequalities yields a contradiction. Hence, M is com-
pact.

Proof of 5. Let γ ⊂ M be a loop such that [γ ] ∈ π1(M) has infinite period. Let γ̃
be a lift of γ to M̃ , and let γ̃N : [0,+∞) → M̃ be a lift of the infinite curve

∑
i∈N γ .

Since [γ ] ∈ π1(M) has infinite period, it holds

lim sup
t→+∞

d̃(γ̃N(0), γ̃N(t)) = +∞. (39)

Let rM̃ be the ray or the line in M̃ whose C ′-neighbourhood contains M̃ (which exists
combining Theorem 5.6 and Proposition 5.4). By (39) and Lemma 4.5, there exist t1, t2
in the domain of rM̃ with t2 ≥ 100C ′ + 100L(γ ) + t1 such that πrM̃

(γ̃N) contains
a 3C ′-net of [rM̃ (t1), rM̃ (t2)]. Assume now that there is a point p ∈ M such that
d(p, γ ) ≥ 10C ′. Let l be a segment realizing the distance from p to γ and let pl be
the footpoint of l on γ . The set of preimages of pl in M̃ via the covering map form a
L(γ )-net of γ̃N in M̃ . In particular, there is a preimage p̃l which is 10C ′ +L(γ ) close
to rM̃ ((t1 + t2)/2). Let l̃ be the lift of l to M̃ starting from p̃l (we are orienting l from
pl to p). Then,

d̃( p̃l , γ̃
N) = d̃(l̃(L(l̃), γ̃N) = d̃(l(L(l), γ ) ≥ 10C ′. (40)

At the same time, since p̃l is 10C ′ + L(γ ) close to rM̃ ((t1 + t2)/2), it holds rM̃ (t) ∈
πrM̃

(
p̃l

)
for some t ∈ [t1, t2]. Using that rM̃ (t) is 7C ′-close to a point in γ̃N and (40),

it holds
d̃( p̃l , rM̃ ) = d̃( p̃l , rM̃ (t)) ≥ d̃( p̃l , γ̃

N) − 7C ′ ≥ 3C ′.

This is a contradiction. ��
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Appendix

The appendix shows how to obtain a result by Jiang and Naber [45, Theorem 2.17].
Since the result was claimed in [45] without proof, for the reader’s convenience, we
provide an argument consisting in a combination of Theorem 1.1 with [15, Theorem
1.3]. The result is not used anywhere else in the paper, and it is included as a further
application of the techniques developed in the manuscript.

Definition 5.11 Let (Mn, g, x) be a pointed Riemannian manifold. The quantitative
singular strata are defined, for r ∈ (0, 1), as

Sk
δ,r := {y ∈ B1(x) : Bs(y) is not (k + 1, δ)-symmetric, for any s ∈ (r , 1)},

Sk
δ := {y ∈ B1(x) : Bs(y) is not (k + 1, δ)-symmetric for any s ∈ (0, 1)}.

We use the abbreviated notation Sδ,r for Sn−1
δ,r , and Sδ for Sn−1

δ . The set B1(x) \ Sδ,r

is denoted by Rδ,r .

Proposition 5.12 Let K ∈ R and n ∈ N be fixed and let (Mn, g, x) be a manifold with
RicM ≥ K. For every δ > 0 there exists η(K , n, δ) > 0 such that Sδ,r ⊂ Sn−2

η,r , for
every r ∈ (0, 1].
Proof The statement follows arguing by contradiction and using Theorem 2.13. ��
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The next theorem corresponds to [15, Theorem 1.3].

Theorem 5.13 (Cheeger–Naber) Let K ∈ R, n ∈ N, v, δ, η > 0 be fixed and let
(Mn, g, x) be a manifold with RicM ≥ K and Vol(B1(x)) ≥ v. Denoting by Tr (Sk

δ,r )

the r-neighbourhood of Sk
δ,r , there exists C = C(n, v, δ, η) > 0 such that

Vol(Tr (Sk
δ,r )) ≤ Crn−k−η.

Theorem 5.14 Let n ∈ N, v > 0, s ∈ (0, 1) be fixed. There exist δ(n, s),C(n, v, s) >

0 such that, if (Mn, g, x) has RicM ≥ −δ and Vol(B1(x)) ≥ v, then

 
B1(x)

|R|s dVol ≤ C(n, v, s).

Proof By Theorem 1.1 and a standard rescaling, there exists δ(n, s) > 0 such that if
(M, g, x) has RicM ≥ −δ, then any δ-regular ball B10r (y) ⊂ M with y ∈ B1(x) and
r ∈ (0, 1] satisfies  

Br (y)
|R|s dVol ≤ r−2s . (41)

Without loss of generality, for the rest of the proof we will assume that δ ≤ (n − 1).
Let α ∈ (0, 1) be fixed, and consider the disjoint union

B1(x) = Rδ,α ∪
⋃
k∈N

(Sδ,αk\Sδ,αk+1).

Consider a covering {Br j /10(x j )} j∈N of B1(x) such that each Br j (x j ) is δ-regular and
satisfies the following.

1. If x j ∈ Rδ,α , then r j ∈ [α, 1).
2. If x j ∈ Sδ,αk \ Sδ,αk+1 , then r j ∈ [αk+1, αk].
By refining the covering, we may assume that {Br j /50(x j )} j∈N consists of disjoint
balls. We will bound

∑
x j∈Rδ,α

ˆ
Br j /10(x j )

|R|s dVol and
∑
k∈N

∑
x j∈Sδ,αk \S

δ,αk+1

ˆ
Br j /10(x j )

|R|s dVol

separately.
We treat the case x j ∈ Rδ,α first. Combining the assumption that 0 < v ≤

Vol(B1(x)) ≤ C(n) and condition 1 with Bishop–Gromov’s volumemonotonicity, we
deduce that the number of balls in the aforementioned covering such that x j ∈ Rδ,α

is bounded above by c(n, v, s). Hence, (41) yields

∑
x j∈Rδ,α

ˆ
Br j /10(x j )

|R|s dVol ≤ 102sα−2s
∑

x j∈Rδ,α

Vol(Br j /10(x j )) ≤ c(n, v, s). (42)
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We now consider the case x j ∈ Sδ,αk \ Sδ,αk+1 . Again using (41) and Bishop–
Gromov’s volume monotonicity, we infer that

∑
x j∈Sδ,αk \S

δ,αk+1

ˆ
Br j /10(x j )

|R|s dVol ≤ 102s
∑

x j∈Sδ,αk \S
δ,αk+1

Vol(Br j /10(x j ))r
−2s
j

≤
∑

x j∈Sδ,αk \S
δ,αk+1

c(n)Vol(Br j /50(x j ))α
−2s(k+1). (43)

We note that the balls {Br j /50(x j )} j∈N are disjoint and

⋃
x j∈Sδ,αk \S

δ,αk+1

Br j (x j ) ⊂ Tαk (Sδ,αk ).

Hence, choosing η := 1 − s in Theorem 5.13, and combining with Proposition 5.12
and (43), we deduce

∑
x j∈Sδ,αk \S

δ,αk+1

ˆ
Br j /10(x j )

|R|s dVol ≤ c(n, v, s)α(1−s)k .

Hence, ∑
k∈N

∑
x j∈Sδ,αk \S

δ,αk+1

ˆ
Br j /10(x j )

|R|s dVol ≤ c(n, v, s),

giving the statement. ��

One can now deduce Jiang–Naber’s result [45, Theorem 2.17].

Theorem 5.15 (Jiang–Naber) Let K ∈ R, n ∈ N, v > 0, s ∈ (0, 1) be fixed and let
(Mn, g, x) be a manifold with RicM ≥ K and Vol(B1(x)) ≥ v. There exists a constant
C(K , n, v, s) > 0 such that

 
B1(x)

|Ric|s dVol ≤ C(K , n, v, s). (44)

Proof By Theorem 5.14 and a standard rescaling, there exists r0(K , n, v, s) > 0 such
that  

Br0 (x)
|R|s dVol ≤ c(K , n, v, s), for all y ∈ B1(x). (45)

Consider a covering {Br0(x j )} j∈N of B1(x) such that the balls {Br0/3(x j )} j∈N are
disjoint. Then, the combination of (45) with Bishop–Gromov’s volume monotonicity
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yields

ˆ
B1(x)

|R|s dVol ≤
∑
j∈N

ˆ
Br0 (x j )

|R|s dVol ≤ c(n, K , v, s)
∑
j∈N

Vol(Br0/3(x j ))

≤ c(n, K , v, s)Vol(B1(x)). (46)

The assumption that Ric ≥ K allows to promote the integral bound (46) on the scalar
cuvature into the claimed integral bound (44) on the Ricci curvature. ��
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