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Abstract

We present a unifying framework for the global optimization of functions which
are expensive to evaluate. The framework is based on a Bayesian interpretation
of radial basis function interpolation which incorporates existing methods such
as Kriging, Gaussian process regression and neural networks. This viewpoint
enables the application of Bayesian decision theory to derive a sequential global
optimization algorithm which can be extended to include existing algorithms of
this type in the literature. By posing the optimization problem as a sequence
of sampling decisions, we optimize a general cost function at each stage of the
algorithm. An extension to multi-stage decision processes is also discussed.
The key idea of the framework is to replace the underlying expensive function
by a cheap surrogate approximation. This enables the use of existing branch and
bound techniques to globally optimize the cost function. We present a rigorous
analysis of the canonical branch and bound algorithm in this setting as well as
newly developed algorithms for other domains including convex sets. In particular, by making use of Lipschitz continuity of the surrogate approximation, we
develop an entirely new algorithm based on overlapping balls.
An application of the framework to the integration of expensive functions over
rectangular domains and spherical surfaces in low dimensions is also considered.
To assess performance of the framework, we apply it to canonical examples from
the literature as well as an industrial model problem from oil reservoir simulation.
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Chapter 1

Introduction

It is perhaps surprising just how many interesting and important scientific problems can
be reformulated as the maximisation or minimisation of a real valued function. Examples
include such diverse problems as predicting the structures of proteins, managing financial
portfolios, modelling chemical processes and finding where to drill new oil wells, to name but
a few. In many of these cases there is the additional difficulty that evaluating the underlying
function expends a considerably amount of time or money. It is therefore meaningful to
study the global optimization problem
min f (x)
x∈D

Rn

where f : D ⊂
→ R is an expensive objective function whose exact form may be
unknown. By expensive we mean that evaluating the function at any point x ∈ D takes a
significant amount of resources. For example, a single evaluation might require running a
reservoir simulation model or performing a laboratory experiment. We usually assume that
f is continuous and D is compact so that the global optimization problem is well posed
and we can derive theoretical results such as convergence, although in practice this may not
be the case. Since minimising f is equivalent to maximising −f , the convention will be to
always formulate the optimization problem as a minimisation.
As the objective function f is essentially unknown, it is natural to view it as a random
function, i.e. to model it as a stochastic process. This is particularly advantageous since
the mean of the process then provides an inexpensive approximation s(x), a surrogate as
we shall refer to it, to the expensive objective function. Furthermore, the variance of the
process e2 (x) gives us a measure of error in the approximation which can be used to further
improve the surrogate. Armed with a surrogate approximation of our objective function
and associated stochastic interpretation, we then seek to use this to determine where to
further sample the objective function so as to locate its global minimum. It is pertinent to
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view this as a decision problem, which lends itself to an application of Bayesian decision
theory and leads us to derive a global optimization framework which iteratively samples
the objective function. We will show that our framework incorporates existing methods for
global optimization using surrogates proposed in the literature as specific instances and can
be extended to include non-decision theoretic approaches. This, however, is not the only
application of the framework, it can also be used for integrating the objective function as
we will demonstrate.

1.1

Global Optimization

Let us first briefly review existing approaches in the literature for the global optimization
of general non-convex functions f : D ⊂ Rn → R. We say that a point x∗ ∈ D is a global
minimiser of f if f (x∗ ) ≤ f (x) for all x ∈ D. Then f (x∗ ) is the global minimum of f over
D, which may be attained at more than one point x∗ . A local minimiser of f on the other
hand is a point x∗ ∈ D such that f (x∗ ) ≤ f (x) for all x in some neighbourhood of x∗ , and
f (x∗ ) is then a local minimum of f . It is important to note that finding the global minimum
of f is much more difficult than finding a local minimum, as we will see in Chapter 2. Most
approaches in the literature to finding the global minimum fall into one of three categories:
exact or complete methods (mostly based on branch and bound), heuristic or incomplete
methods (mostly based on stochastic search) and surrogate based methods, each of which we
will consider in turn. For comprehensive general references on global optimization we refer
the interested reader to Horst and Pardalos (1995), Pardalos and Romeijn (2002), Pinter
(1996) as well as the survey by Neumaier (2004) and extensive references therein.

Branch and Bound
The basic idea of branch and bound is to partition the domain D of the objective function f
into subdomains B1 , ..., BK and determine a lower bound αi and upper bound βi on f over
each subdomain Bi . We then discard a subdomain Bi if αi > min{β1 , ..., βk } and apply this
procedure recursively to the remaining subdomains. That is, each remaining Bi is partitioned
into subdomains, lower and upper bounds for each subdomain are computed and so on. The
recursion is stopped when the smallest lower bound is sufficiently close (i.e. within some
tolerance ε > 0) to the smallest upper bound. Once the algorithm terminates, one of the
remaining subdomains will have an upper and lower bound within ε of the global minimum
(see Section 12 of Neumaier, 2004, for more details). A notable problem with this approach
is that one needs to be able to compute lower and upper bounds for the objective function on
the subdomains. The upper bound βi is often chosen to be the value of the objective function
evaluated at some point in Bi , but the lower bound is more difficult to obtain. Moreover,
the performance of the method is dependent on the effectiveness of the branch and bound
algorithm used. There is a danger that if subdomains are not discarded fast enough (i.e. the
bounds are not sufficiently tight) the algorithm will be forced to search the entire domain.
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If the objective function happens to be Lipschitz continuous (with Lipschitz constant L)
we can construct lower bounding functions for f which can be minimised to obtain lower
bounds. In particular, if the domain D is partitioned into n-dimensional rectangles B1 , ..., BK ,
one can obtain a lower bound for f (x) over Bi by minimising the lower bounding function
`i (x) = f (ci )−Lkx−ci k where ci is some element of Bi (see Section 5.3 of Pardalos, Horst and
Thoai, 1995). Of course, the difficulty with this approach is that one has to know the value
of L beforehand. Other approaches to finding lower bounds include convex relaxation (see
Androulakis, Maranas and Floudas, 1995) or interval analysis (see Section 11 of Neumaier,
2004) amongst others.
Reasonably good (partly heuristic) branch and bound methods which avoid having to
specify Lipschitz constants exist in the literature. These include the DIRECT method of
Jones, Perttunen and Stuckman (1993) which we use to find the optimal weights in Section 3.3 and MCS by Huyer and Neumaier (1999).

Stochastic Search and Multistart
Stochastic search methods are heuristic global optimization algorithms for the objective
function, characterised by the following generic procedure:
0. Select initial data I = {x1 , . . . , xK } ⊂ D.
1. Until termination, repeat the following procedure:
a) Select S ⊂ I at random, preferring elements with low objective function value.

b) Randomly generate new data x∗1 , . . . , x∗R from elements xk in S, i.e. apply some
random procedure to generate new data based on elements in S.
c) Add new data to I, remove unwanted elements.

Important examples of stochastic search methods include sampling the domain at random,
genetic algorithms and simulated annealing. We refer the interested reader to Spall (2003) for
details. In general, stochastic search methods exhibit slow convergence as they fail to exploit
any underlying structure in the objective function. For example, the Differential Evolution
method of Storn and Price (1997) we compare against in Section 8.1 belongs to this class of
methods.
Stochastic multistart methods on the other hand, attempt to find all local minima of
the objective function by starting local optimizers from suitably chosen initial points. For
reasons of efficiency, such methods strive to only start the local optimization once in the
region of attraction of each minimum. This is done by means of clustering methods which
attempt to identify clusters of points in the same region of attraction (see Chapter 5 of Törn
and Žilinskas, 1989). Such methods however, have no convergence guarantees and so can
miss the global optimum.
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Surrogate based Global Optimization
Both branch and bound and especially stochastic search methods require a large number of
evaluations of the objective function, making them unsuitable for functions which are expensive to evaluate. In order to globally optimize such expensive functions, most approaches
in the literature focus on optimizing a surrogate approximation of the objective function or
some other criterion based on the surrogate (see Jones, 2001, for a review). We will therefore focus predominantly on this approach in the thesis. These methods can be based on a
Bayesian interpretation of the objective function (see Mockus, 1989 and Chapter 6 of Törn
and Žilinskas, 1989) or a seemingly deterministic criterion (see Gutmann, 2001). We will
show in Section 5.2 that the majority of these approaches have a Bayesian decision theoretic
interpretation and therefore postpone a more thorough review until then.

1.2

Outline of the Thesis

The layout of the thesis is as follows. We begin in Chapter 2 by presenting existing theory
on the convergence of global optimization algorithms which iteratively sample the objective
function as our proposed global optimization framework falls into this class. Our contribution in this chapter is merely to simplify the metric space convergence proof in the stochastic
setting to the case of a real valued objective function and thereby bring it more in line with
the deterministic proof. In addition, we highlight established results which show that in general the global optimization problem cannot be efficiently solved. Moving on to Chapter 3,
we present our framework for constructing the surrogate approximation s(x) to the objective function, making use of radial basis functions as correlation functions for the stochastic
process. This is a long established theory developed across many different fields. Our contribution is to draw together and unify for the first time (to our knowledge) the differing
viewpoints from the Bayesian, geostatistical and numerical analysis literature and to generalise them to include radial basis functions with a weighted norm. In particular, this provides
a stochastic interpretation of radial basis function interpolation which we use later on in our
optimization framework.
In Chapter 4 we review approaches in the literature to choosing where to sample the
objective function to begin with so that we can construct the initial surrogate approximation
for our iterative global optimization framework. Our contribution here is to briefly compare
the different techniques numerically and show the equivalence of maximal L∞ -norm designs
to a decision theoretic approach. We then present our complete iterative global optimization
framework in Chapter 5, cast in the language of decision theory as the problem of where
to next sample the objective function. Our contribution is to reformulate some of the existing approaches to the problem in the language of decision theory, giving them a rigorous
theoretical justification and further extending them to multiple stage decision processes. By
considering non-decision theoretic cost functions we can also incorporate additional methods for surrogate global optimization from the literature within our framework. Chapter 6
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contains our main contributions. Here we provide global optimization algorithms using the
branch and bound technique for our iterative optimization framework on various domains
of the objective function. Further, we extend the branch and bound approach to an entirely
new algorithm which makes use of the local Lipschitz continuity of the surrogate approximation. In all cases, we provide rigorous convergence proofs of the algorithms under suitable
assumptions.
As we have alluded to previously, we briefly look at applying our global optimization
framework to the problem of integrating the objective function over various domains in
Chapter 7, and compare it with the standard approach using Monte Carlo integration. Our
contribution is to extend these ideas to the surface of a sphere. Chapter 8 contains numerical
examples of our proposed global optimization methodology and algorithms as well as an
example application in reservoir simulation, finding the optimal location of a new oil well.
The curse of dimensionality naturally poses computational challenges for our methods and
for this reason we restrict our numerical examples to less than ten spatial dimensions. Finally,
we conclude and discuss possible future research directions in Chapter 9.
Throughout the thesis we follow the convention that any unreferenced theorems or derivations represent original contributions whereas referenced theorems and derivations are
merely reformulations of established results.
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Chapter 2

Convergence Theory

We begin in this chapter by presenting existing convergence theory for global optimization
algorithms which sequentially sample the objective function. In particular, we give necessary
and sufficient conditions for the convergence of such algorithms to the global minimum of
any continuous objective function. The surrogate based global optimization algorithms we
are interested in belong to this class of sequential sampling algorithms and therefore the
convergence results in this chapter are directly applicable. We will also briefly outline that
in general the global optimization problem cannot be solved efficiently.

2.1

Deterministic Algorithms

Let us first consider deterministic global optimization algorithms which sequentially sample
the objective function f : D ⊂ Rn → R. We first need some initial concepts and definitions,
the following are based on Definitions 2.2 and 2.3 in Stephens and Baritompa (1998) and
Section 1.2.1.2 in Törn and Žilinskas (1989).
Definition 2.1. We say that local information is a function L, defined on the cartesian
product of the set of continuous functions on D and the set of all finite sequences in D, such
that for any two continuous functions f and g on D, any finite sequence {xk }N
k=1 ⊂ D and
N
N
any closed set C in D containing {xk }k=1 , if f|C = g|C then L(f, {xk }k=1 ) = L(g, {xk }N
k=1 ).
In particular, local information includes information depending on function values and
limiting information at a finite number of sample points. For example, function or gradient
samples are local information whereas a Lipschitz constant is not.
Definition 2.2. A deterministic sequential sampling algorithm A for a function f : D ⊂
Rn → R is an optimization algorithm which generates a sequence of iterates {xk }∞
k=1 ⊂ D

7
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k−1
such that x1 depends only on D and each xk depends only on L(f, {xi }i=1
).

Definition 2.3. We say that a sequential sampling algorithm for f : D ⊂ Rn → R with
sequence of iterates {xk }∞
k=1 converges to the global minimum of f (assuming it exists) if
min f (xk ) → min f (x) as m → ∞.

1≤k≤m

x∈D

Note that the above definition of a sequential sampling algorithm also includes finite
algorithms (which can be thought of as a sequence where the final iterate is repeated ad
infinitum). Also, the case where several initial iterates x1 , . . . , xN depend on D is included
(since this can be thought of as x1 depending on D and x2 , . . . , xN depending on x1 ). We
are now in a position to state and prove the main theorem of this section (an extension of
Theorem 1.3 from Törn and Žilinskas, 1989):
Theorem 2.1 (Törn and Žilinskas, 1989). Let D ⊂ Rn be compact. Then a deterministic
sequential sampling algorithm A converges to the global minimum of any continuous function
on D iff its sequence of iterates (for any continuous function on D) is everywhere dense in
D.
Proof: Let S denote the closure of a set S. As D is compact we have that any continuous
function on D attains its minimum on D and so the global minimum exists and is well
defined. Suppose that f : D → R is continuous and that the sequence of iterates {xk }∞
k=1
∞
of A is everywhere dense in D. Then {xk }k=1 = D and we have that min1≤k≤m f (xk ) →
minx∈{xk } f (x) = minx∈D f (x) as m → ∞.
Conversely, assume that A converges to the global minimum of any continuous function
on D. Suppose, for a contradiction, that its sequence of iterates {xk }∞
k=1 for a continuous
function f is not everywhere dense in D. If no such f exist we are done, otherwise there
exists ε > 0 and x0 ∈ D such that kx0 − xk k > ε for all k. We now construct a function g
which agrees with our original function f outside of Bε (x0 ) := {x : kx0 − xk < ε} and takes
a value smaller than the global minimum of f at x0 . We begin by constructing the cone


kx0 − xk
c(x) = min f (x) − δ +
max f (x) − min f (x) + δ ,
x∈D
x∈D
x∈D

where δ > 0. Then the sequence of iterates of A for the functions f (x) and g(x) :=
min{f (x), c(x)} are the same since they agree outside of Bε (x0 ) as according to our definition
k−1
of A, each xk depends only on L(f, {xi }k−1
i=1 ) = L(g, {xi }i=1 ) outside of Bε (x0 ). However,
min1≤k≤m g(xk ) does not converge to g(x0 ) = minx∈D g(x) as m → ∞ since g(xk )−g(x0 ) ≥ δ
for all k and this contradicts our initial assumption.
Notably, any surrogate based global optimization algorithm which depends only on local
information is a deterministic sequential sampling algorithm and therefore the above theorem
is directly applicable.
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2.2

Stochastic Algorithms

In practice, most surrogate based global optimization algorithms start by taking a set of
initial samples of the domain (see Chapter 4). If we assume that these initial samples depend
only on the domain in question (and thus are the same if we run the algorithm repeatedly on
the same domain) then the algorithm is a sequential sampling algorithm and Theorem 2.1
applies. If, on the other hand, the initial samples are chosen at random each time we run the
algorithm on the same domain, Theorem 2.1 does not apply and we need a result which takes
this randomness into account. With this in mind, we introduce stochastic global optimization
algorithms which sequentially sample the objective function. These are defined as follows
(cf. Definition 2.4 in Stephens and Baritompa, 1998):
Definition 2.4. A stochastic sequential sampling algorithm A for a function f : D ⊂ Rn → R
is an optimization algorithm for which there is local information L and which generates a
sequence of iterates {xk }∞
k=1 ⊂ D such that x1 depends only on D and ω1 and each xk
depends only on L(f, {xi }k−1
i=1 ) and ωk , an instance of a random variable.
Note that {xk }∞
k=1 is now a random variable. We give the stochastic version of Theorem 2.1 (a special case of Theorem 3.3 from Stephens and Baritompa, 1998):
Theorem 2.2 (Stephens and Baritompa, 1998). Let D ⊂ Rn be compact. Then for any
probability p and any stochastic sequential sampling algorithm A,
P (A converges to the global minimum of f ) ≥ p,
iff P (x ∈ {xk }f ) ≥ p,

∀x ∈ D,

∀f ∈ C(D)

∀f ∈ C(D),

where {xk }f denotes the sequence of iterates of A for a function f and C(D) denotes the set
of continuous functions on D.
Thus a stochastic sequential sampling algorithm converges with probability one to the
global minimum of any continuous function on D iff it samples a dense subset of D with
probability one.
Proof: As D is compact we have that any continuous function on D attains its minimum
on D and so the global minimum exists and is well defined. Suppose that f : D → R is
continuous and that P (x ∈ {xk }f ) ≥ p for all x ∈ D. Then it follows immediately that
the probability that any global minimiser of f is an iterate or subsequential limit point of
{xk }f is greater than or equal to p, and hence the probability that A converges to the global
minimum of f is greater than or equal to p.
Conversely, assume that P (A converges to the global minimum of any continuous function
on D) ≥ p. Suppose, for a contradiction, that there exists f ∈ C(D) and x0 ∈ D such that
P (x0 ∈ {xk }f ) < p. Then, as the set of subsequential limit points of {xk }f is a subset of
{xk }f , we have that P (x0 is a subsequential limit point of {xk }f ) < p.
Define the non-negative real-valued random variable R := inf{kx − x0 k : x ∈ {xk }f , x 6=
x0 }. Since R = 0 implies x0 is a subsequential limit point of {xk }f we have that P (R = 0) <
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p. By right-hand continuity of the cumulative distribution function, there exists ν > 0 such
6 ∅) < p where N := {x : kx − x0 k < ν, x 6= x0 }
that P (R ≤ ν) < p. Thus, P ({xk }f ∩ N =
1
is a punctured neighbourhood of x0 . As N 6= ∅ there exist y0 ∈ N and ε > 0 such that
Bε (y0 ) ⊂ N and so P ({xk }f ∩ Bε (y0 ) 6= ∅) < p. See Figure 2.1 below for an illustration of
this part of the proof.
{xk }

y0
R
B (y0 )

x0

N

Figure 2.1: An illustration of the proof of Theorem 2.2
We now construct a function g which agrees with our original function f outside of Bε (y0 )
and takes a value smaller than the global minimum of f at y0 . We begin by constructing
the cone


ky0 − xk
c(x) = min f (x) − δ +
max f (x) − min f (x) + δ ,
x∈D
x∈D
x∈D
ε
where δ > 0. Define g(x) := min{f (x), c(x)} and note that minx∈D g(x) = g(y0 ) =
minx∈D f (x)−δ. Since according to our definition of A, each xk depends only on L(f, {xi }k−1
i=1 )
and ωk it follows that for any realisation of {xk }f where {xk }f ∩ Bε (y0 ) = ∅ we have that
{xk }f = {xk }g . Thus P ({xk }g ∩Bε (y0 ) 6= ∅) < p and as the global minimiser of g is contained
in Bε (y0 ) we have that the probability that it is an iterate or subsequential limit point of
{xk }g is less than p. We therefore conclude that P (A converges to the global minimum of
g) < p, which contradicts our initial assumption.
As in the deterministic case, any surrogate based global optimization algorithm which
starts with a random initial sample (but otherwise depends only on local information) is a
1

One may be tempted to replace the punctured neighbourhood N by a ball Bν (x0 ) around x0 and use it
in place of the ball Bε (y0 ) in this stage of the proof, however this is not possible for the following reason: We
would require P ({xk }f ∩ Bν (x0 ) 6= ∅) < p, but we have only proved P ({xk }f ∩ Bν (x0 ) \ {x0 } 6= ∅) < p. To see
this observe that R = inf{kx − x0 k : x ∈ {xk }f , x 6= x0 } ≤ ν is only equivalent to {xk }f ∩ {x : kx − x0 k <
ν, x 6= x0 } 6= ∅. Indeed, {xk }f ∩ {x0 } 6= ∅ does to imply R ≤ ν as we could have xk = x0 for some k.
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stochastic sequential sampling algorithm and therefore the above theorem is directly applicable.
One can see from Theorems 2.1 and 2.2 that in order for our surrogate based global
optimization algorithms to converge they need to sample a dense set (with probability one
in the stochastic case). It should be noted however, that any sequential sampling algorithm
can be modified to satisfy this condition by adding a random sample of the domain once
every few thousand, say, iterations (this is similar to adding a gradient matching step in
local optimization algorithms to ensure convergence to a critical point). Moreover, even
random sampling of the domain (which is an extremely inefficient approach) converges with
probability one. Thus convergence to the global minimum is not a suitable indicator of
performance of surrogate optimization algorithms and one should think of it more as a
necessary condition. One could think that perhaps proving termination of the algorithm in
finite time is a better result, but termination in a million iterations is finite time yet highly
unsatisfactory for expensive objective functions.
It should be noted that the sequence of iterates {xk } of the algorithms considered above
does not necessarily converge to a global minimiser in the limit (in contrast to local optimization algorithms which, under sufficient assumptions, always converge to a critical point
in the limit). One may well wonder whether it is at all possible to construct such an algorithm. The following theorems from Stephens and Baritompa (1998) provide an answer
to this question:
Theorem 2.3. For any deterministic sequential sampling algorithm, there exists a continuous function for which the sequence of iterates {xk } of the algorithm (or any subsequence
thereof ) does not converge to a global minimiser.
Proof: See the proof of Theorem 3.2 in Stephens and Baritompa (1998).
Theorem 2.4. For any stochastic sequential sampling algorithm and ε > 0, there exists
a continuous function for which the probability that the sequence of iterates {xk } of the
algorithm (or any subsequence thereof ) converges to a global minimiser is less than ε.
Proof: See the proof of Theorem 3.4 in Stephens and Baritompa (1998).
Thus, as surrogate optimisation algorithms generate a sequence of iterates which does
not in general converge monotonically to the optimum, it is difficult to say what one means
by a rate of convergence. Mockus (1994) suggests using the density ratio as a replacement
for the rate of convergence. He defines the density ratio as the ratio of the density of samples
in the vicinity of the optimum to the average density of samples. However, it is not clear
how the density ratio is calculated in the general case and thus whether this is a suitable
measure of convergence in general.
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2.3

Complexity Theory

In this section we will briefly outline the computational complexity of the global optimization
problem, that is to say how difficult it is to find the global minimum of a continuous objective
function. Before we present the main result, we first need to introduce the class of NP-hard
problems. The formal definition of the class of problems which are NP-hard is rather unwieldy
so we will not state it here and instead refer the interested reader to Chapter 2 of Vavasis
(1991). For our purposes it is sufficient to know that at present there does not exist an
algorithm which can solve an NP-hard problem in polynomial time. By polynomial time we
mean that the running time of the algorithm is bounded above by a polynomial expression
in the size of the problem (here one can think of size as the dimension of the problem). Thus
the key observation is that NP-hard problems cannot be solved efficiently.
With this in mind, let F be a set of functions f : D ⊂ Rn → R which is closed. By closed
we mean that F contains linear functions and is closed under addition, multiplication by a
positive constant and linear substitution, i.e. if f (x) ∈ F then f (ax + b) ∈ F for a, b ∈ R.
In particular, with this definition the set of linear functions and convex functions is closed.
Further, let the term box denote an n-dimensional rectangle. We are now in a position to
state the main result of this section (Theorem 2 from Kreinovich and Kearfott, 2005):
Theorem 2.5 (Kreinovich and Kearfott, 2005). Let ε > 0 and let F be a closed set of
functions which contains at least one non-convex non-linear function. Then the problem of
finding the global minimum of a function f ∈ F over a box B ⊂ D to within an absolute
accuracy ε is NP-hard.
Proof: See the proof of Theorem 2 in Kreinovich and Kearfott (2005).
In short, this theorem shows that in general the problem of finding the global minimum of
f over a box is NP-hard and moreover that it can only be efficiently solved when f is convex.
Thus in the worst case the time required to solve the global optimization problem over a
box grows exponentially as function of the dimension n. But what about other regions? In
particular, consider the n-dimensional ball. In this case if f is a quadratic function then the
problem of finding the global minimum of f over a ball B ⊂ D can be solved in polynomial
time (see Section 4.3 of Vavasis, 1991). Thus, if instead we consider quadratic functions over
a ball the global optimization problem can be solved efficiently. We will show in Section 6.5
how we can use this to our advantage when solving the global optimization problem over a
box.
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Chapter 3

Surrogate Framework

The key idea behind our approach to expensive function optimization is to approximate
the underlying expensive objective function f by a function which is substantially cheaper
to evaluate, called a surrogate (also referred to as an emulator or proxy in the reservoir
simulation literature). Note that in the statistical analysis literature the term emulator
refers to the entire distribution associated with f , not just the surrogate. We will use a
radial basis function (RBF) interpolant as the surrogate since this provides us with a robust
and rigorous interpolation framework. Over the years, RBF interpolation has become a
well established and widely used approach to scattered data interpolation, particularly in
higher dimensions (see Wendland, 2005). This approach is also known as intrinsic random
function Kriging in the geostatistical literature (as proposed by Matheron, see Chilès and
Delfiner, 1999) and Gaussian process regression in Bayesian statistics (an early reference is
O’Hagan, 1978). Under these synonyms RBF interpolation has been applied to the design
and analysis of computer experiments (Santner, Williams and Notz, 2003), machine learning
(Rasmussen and Williams, 2006) and engineering design (Forrester, Sóbester and Keane,
2008) to name but a few. The RBF interpolant can also be viewed as a neural network
(see Chapter 5 of Bishop, 1996). We refer the interested reader to the aforementioned books
and references therein for extensive treatments of the underlying theory, albeit from very
different perspectives.
Let us begin by defining the weighted `2 -norm k · kW := kW · k2 with diagonal weight
matrix W , and suppose we have N samples y = (y1 , . . . , yN )T of the objective function f
at the corresponding sample points x1 , . . . , xN ∈ D. The RBF surrogate is then constructed
as a linear combination of basis functions ϕ(·) composed with a weighted `2 -norm, together
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with an additional polynomial term to guarantee uniqueness:
s(x) =

M
X

µk πk (x) +

N
X
j=1

k=1

λj ϕ(kx − xj kW)

(3.0.1)

n
n
where {πk (x)}M
k=1 is a basis for Πd , the space of polynomials in R of degree less than d,
with the notation Πn0 = {0}. Typical choices of the basis function ϕ(·) are
(
rp
if p is odd
the spline
ϕ(r) =
;
p
r log r
if p is even

ϕ(r) = (r2 + γ 2 )β

the multiquadric

ϕ(r) = (r2 + γ 2 )−β

the inverse multiquadric

β > 0, β ∈
/ N;

(3.0.2)

β > 0; and

ϕ(r) = exp(−γ 2 r2 ),

the Gaussian

where γ is a nonzero constant referred to as the shape parameter (see, for example, Chapters
6, 7, 8 of Wendland, 2005). As we use a weighted norm, we often let γ = 1 for the Gaussian
basis function. The coefficients µk , λj are determined by solving the linear interpolation
system
M
N
X
X
yi =
µk πk (xi ) +
λj ϕ(kxi − xj kW), i = 1, . . . , N
j=1

k=1

along with the additional conditions
N
X

λj πk (xj ) = 0,

k = 1, . . . , M

j=1

which complete the system and ensure that polynomials of degree less than d are interpolated
n
exactly. In matrix form this gives the non-singular (provided {xi }N
i=1 is a Πd -unisolvent set,
see Section 3.6) symmetric saddle-point system
!
!
!
R P
λ
y
=
(3.0.3)
PT 0
µ
0
where Pi,j = πj (xi ) is a polynomial basis matrix and R is the correlation matrix given by
Ri,j = ϕ(kxi − xj kW).
We present two derivations of the RBF interpolation framework, a frequentist derivation
often presented in the Universal Kriging literature (which in our case is equivalent to intrinsic
random function Kriging) and an entirely Bayesian derivation from the statistical literature.
First we need some initial concepts and assumptions which we draw predominantly from
Chilès and Delfiner (1999). Recall that D ⊂ Rn is the domain of our objective function
and let (Ω, F, P) be a probability space with sample space Ω, σ-algebra F and probability
measure P. A stochastic process (or random function) is then a function F : D ×Ω → R such
that for each x ∈ D, F (x, ·) is a random variable on (Ω, F, P) (denoted by F (x)) and for
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each ω ∈ Ω, F (·, ω) is a function on D called a realisation of the stochastic process (denoted
by f (x)). Furthermore, a stochastic process is called Gaussian if the distribution of any finite
number of its random variables is multivariate normal. Now, suppose the objective function
f : D → R is a realisation of a stochastic process F of the form
F (x) =

M
X

µk πk (x) + Z(x)

(3.0.4)

k=1

where the first term specifies its polynomial mean function and Z is another stochastic
process which specifies the covariance structure. This will be done by means of a conditionally
positive definite function of order d (see Definition 3.2), that is, a generalised covariance
function. Such a function is only a covariance function for generalised increments of order
P
d, which are linear combinations of the form L
i=1 ai Z(xi ) for some xi , ai and L satisfying
PL
i=1 ai πk (xi ) = 0 for all k = 1, . . . , M . The process Z is assumed to have mean zero and
covariance
Cov[Z(x), Z(y)] = σ 2 ϕ(kx − ykW)
(3.0.5)
between generalised increments Z(x), Z(y) and therefore also specifies (3.0.5) as the generalised covariance function for F . We assume that F is Gaussian for generalised increments
so that the mean and generalised covariance function are sufficient to completely specify the
process. Then ϕ(kx − ykW) is the correlation function and σ 2 ϕ(0) the variance of generalised
increments of the process F . We choose the correlation function to be a radial basis function
ϕ(·) composed with the weighted `2 -norm
kxk2W =

n
X

wi2 x2i

i=1

where wi is the i-th diagonal entry of the diagonal matrix W . Since F has a polynomial
mean function and its correlation function ϕ(kx − ykW) depends only on x − y, generalised
d-th order increments of the process F have a covariance function which depends only on
x − y and have by definition zero mean. To see the latter note that
" L
#
L
M
L
M
X
X
X
X
X
µk
ai πk (xi ) = 0
ai
µk πk (xi ) =
E
ai F (xi ) =
i=1

i=1

k=1

k=1

i=1

by the definition of a generalised d-th order increment (here E[·] denotes statistical expectation in our probability space). A stochastic process S with constant mean function whose
covariance function Cov[S(x), S(y)] depends only on x − y (and not on x and y individually)
is termed second order stationary and it therefore follows from the above that generalised
d-th order increments of the process F are second order stationary. Furthermore, a process
whose generalised d-th order increments are second order stationary is termed an intrinsic
random function of order d and therefore F is an intrinsic random function of order d. The
weighted norm means that in general the process F will be anisotropic. Given these preliminary assumptions we now proceed with the derivations where for the sake of brevity we
will treat the generalised covariance function as an ordinary covariance function with the
implicit assumption that we are always considering generalised increments.
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3.1

Frequentist Derivation

Following Schonlau (1997) we derive the surrogate as the best linear unbiased predictor for
the process F at untried x ∈ D, as first proposed by Matheron (1962) for Kriging. For our
scattered data samples y = (y1 , . . . , yN )T a linear predictor s(x) for F is given by
s(x) = aT (x)y
where a(x) is an unknown vector of coefficients. Note that here we view y as a vector of
random variables prior to sampling the objective function, i.e. y1 = F (x1 ), etc. The best
linear unbiased predictor is then obtained by minimising the mean squared error of prediction
h
2 i
E aT (x)y − F (x)
(3.1.1)
with respect to a(x) subject to the unbiasedness constraint


E aT (x)y − F (x) = 0.
Since y is regarded as a realisation of F we have from (3.0.4) that


E aT (x)y − F (x) = aT (x)P µ − pT (x)µ

(3.1.2)

(3.1.3)

where Pi,j = πj (xi ) is a polynomial basis matrix as before and p(x) = (π1 (x), . . . , πM (x))T .
Equating (3.1.2) and (3.1.3) for all µ we get that (3.1.2) can be rewritten as
P T a(x) = p(x).

(3.1.4)

Thus the unbiasedness constraint (3.1.2) ensures that aT (x)y − F (x) is a generalised increP
ment by enforcing (3.1.4), i.e. that N
i=1 ai (x)πk (xi )−πk (x) = 0 for all k = 1, . . . , M (cf. the
definition of a generalised increment on page 15). Now, for the mean squared error (3.1.1)
we have
h
2 i


E aT (x)y − F (x)
= E aT (x)yy T a(x) + F 2 (x) − 2aT (x)yF (x)
h
2
= E aT (x)(P µ + z)(P µ + z)T a(x) + pT (x)µ + Z(x)
i
− 2aT (x)(P µ + z) pT (x)µ + Z(x)
h
h
2 i
2 i


= E aT (x)P µ
+ E aT (x)z
+ 2E aT (x)P µ aT (x)z
h
h
i
2 i


+ E pT (x)µ
+ E (Z(x))2 + 2E pT (x)µZ(x)




− 2E aT (x)P µ pT (x)µ − 2E aT (x)z pT (x)µ




− 2E aT (x)P µZ(x) − 2E aT (x)zZ(x)
2
= aT (x)P µ − pT (x)µ + aT (x)σ 2 Ra(x) + σ 2 ϕ(0) − 2aT (x)σ 2 r(x)


= σ 2 aT (x)Ra(x) − 2aT (x)r(x) + ϕ(0)
(3.1.5)
where the second equality follows from (3.0.4), the penultimate from (3.0.5) and the last
from (3.1.4). Here z = (Z(x1 ), . . . , Z(xN ))T , Ri,j = ϕ(kxi − xj kW) is the correlation matrix
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as before and r(x) = (ϕ(kx − x1 kW), . . . , ϕ(kx − xN kW))T is the cross-correlation vector. To
minimise the mean squared error (3.1.5) with respect to (3.1.4) we introduce the vector
of Lagrange multipliers b(x) for the unbiasedness constraint (3.1.4) and the Lagrangian

`(a(x), b(x)) = 21 aT (x)Ra(x) − aT (x)r(x) + 21 ϕ(0) + b(x) P T a(x) − p(x) . Equating the
derivative of the Lagrangian with respect to a(x) to zero gives
Ra(x) − r(x) + P b(x) = 0.
and similarly, equating the derivative of the Lagrangian with respect to b(x) to zero gives
P T a(x) − p(x) = 0.
Solving our minimisation problem thus leads to solving the linear system
Ra(x) + P b(x) = r(x)

(3.1.6a)

P T a(x) = p(x)

(3.1.6b)

or in matrix form
R
PT

P
0

!

!
a(x)
=
b(x)

!
r(x)
.
p(x)

(3.1.7)

The best linear unbiased predictor s(x) is then given by
s(x) = aT (x)y =

=
=

!T
r(x)
p(x)
!T
r(x)
p(x)
M
X
k=1

!−1
!
R P
y
PT 0
0
!
λ
by (3.0.3)
µ

µk πk (x) +

N
X
j=1

λj ϕ(kx − xj k)

which is the RBF interpolant with a weighted norm. As the predictor is unbiased its variance
e2 (x) is given by the mean squared error
h
2 i
e2 (x) = E aT (x)y − F (x)


= σ 2 aT (x)Ra(x) − 2aT (x)r(x) + ϕ(0)
by (3.1.5)


= σ 2 aT (x) (r(x) − P b(x)) − 2aT (x)r(x) + ϕ(0)
by (3.1.6a)


= σ 2 −aT (x)P b(x) − aT (x)r(x) + ϕ(0)


= σ 2 −pT (x)b(x) − aT (x)r(x) + ϕ(0)
by (3.1.6b)



= σ 2 ϕ(0) − aT (x)r(x) + bT (x)p(x)

!T
!−1
!
r(x)
R
P
r(x)

= σ 2 ϕ(0) −
by (3.1.7).
p(x)
PT 0
p(x)
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It now remains to determine the weights wi2 and the parameter σ 2 . We will refer to these
as covariance function parameters θ = (σ 2 , W ) and discuss how to determine them in Section 3.3. Finally, we note that RBF interpolation on a domain D with a weighted `2 -norm
kxk2W = kW xk22
is equivalent to standard RBF interpolation with the `2 -norm on a scaled domain S where
S := {W x : x ∈ D}
and thus all the usual RBF interpolation theory applies. In particular, the convergence and
stability results from Section 3.6 hold in the case when a weighted norm is used, provided
the weights are kept fixed.

3.2

Bayesian Derivation

We follow the derivation in Kitanidis (1986) due to O’Hagan (1978) for Gaussian process
regression. Recall that there are N samples y = (y1 , . . . , yN )T of the objective function f
at the corresponding sample points x1 , . . . , xN ∈ D. Then from the form of the underlying
Gaussian stochastic process F (3.0.4) we have
y = Pµ + z
where Pi,j = πj (xi ) as before and z = (Z(x1 ), . . . , Z(xn ))T . We also have from (3.0.4) that
F (x) = pT (x)µ + Z(x)
where p(x) = (π1 (x), . . . , πM (x))T and µ = (µ1 , . . . , µM )T . Thus P µ is the mean vector of y
and pT (x)µ the mean function of the process F (x). Let R̃ denote the covariance matrix of
y, r̃(x) the cross-covariance vector between F (x) and y and r̃0 the variance of F (x). Thus
by our initial assumption (3.0.5) on the process covariance, R̃i,j = σ 2 Ri,j , r̃(x) = σ 2 r(x)
and r̃0 = σ 2 ϕ(0) where Ri,j = ϕ(kxi − xj kW) is the correlation matrix and r(x) = (ϕ(kx −
x1 kW), . . . , ϕ(kx − xN kW))T the cross-correlation vector as in Section 3.1. Let θ = (σ 2 , W )
denote the covariance function parameters. For the purposes of this derivation θ is assumed
known and therefore for notational convenience will be treated as background information
and not explicitly denoted. The case where θ is unknown is treated in detail in Section 3.3.
The probability distribution of F (x) given µ and y (and θ), ρ(F (x)|µ, y) is then Gaussian
with mean
E[F (x)|µ, y] = pT (x)µ + r̃T (x)R̃−1 (y − P µ)
and variance
V [F (x)|µ, y] = r̃0 − r̃T (x)R̃−1 r̃(x)
(see e.g. Rasmussen and Williams, 2006, equation (A.6), page 200). Let ρ(µ) denote the
prior pdf of µ and ρ(µ|y) denote the posterior pdf of µ after observing the data y. Assume
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that the prior distribution of µ is Gaussian with mean b and covariance matrix Σ. As y is
Gaussian with mean P µ and covariance matrix R̃, the likelihood of µ (and θ) given the data,
ρ(y|µ) is Gaussian with mean
E[y|µ] = P µ
and variance
V [y|µ] = R̃.
We have from Bayes’ theorem that the posterior pdf of µ after observing the data y is given
by
ρ(µ|y) ∝ ρ(y|µ)ρ(µ).
(3.2.1)
Note that a Gaussian stochastic process has the defining property that the joint distribution
of a finite number of random variables is multivariate normal. We therefore have that


1
1
T −1
exp − (y − P µ) R̃ (y − P µ)
(3.2.2)
ρ(y|µ) =
2
(2π)N/2 det(R̃)1/2
and



1
1
T −1
ρ(µ) =
exp − (µ − b) Σ (µ − b) .
2
(2π)M/2 det(Σ)1/2

(3.2.3)

Thus applying Bayes’ theorem gives




1
1
T −1
T −1
ρ(µ|y) ∝ ρ(y|µ)ρ(µ) ∝ exp − (y − P µ) R̃ (y − P µ) exp − (µ − b) Σ (µ − b) .
2
2
Letting Σ−1 → 0 (i.e. letting ρ(µ) be a diffuse prior) and rearranging in terms of µ gives


T

1
T −1
T −1
T −1
(3.2.4)
ρ(µ|y) ∝ exp − µ − Γ̃P R̃ y P R̃ P µ − Γ̃P R̃ y
2
where Γ̃ = (P T R̃−1 P )−1 . Hence the posterior pdf of µ after observing the data y is Gaussian
with mean
γ = Γ̃P T R̃−1 y
(3.2.5)
and covariance matrix
Γ̃ = (P T R̃−1 P )−1 .
We can then calculate the compound distribution
Z
ρ(F (x)|y) =
ρ(F (x)|µ, y)ρ(µ|y)dµ
µ

which is Gaussian and has mean given by the law of total expectation (see Weiss, 2005,
Proposition 10.6, page 599)
E[F (x)|y] = Eµ [E[F (x)|µ, y]]
Z 

=
pT (x)µ + r̃T (x)R̃−1 (y − P µ) ρ(µ|y)dµ
µ
Z

Z
T
−1
T
T
−1
= r̃ (x)R̃ y ρ(µ|y)dµ + p (x) − r̃ (x)R̃ P
µρ(µ|y)dµ
µ

µ
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= r̃T (x)R̃−1 y + pT (x) − rT (x)R̃−1 P γ


= pT (x)Γ̃P T R̃−1 y + r̃T (x) R̃−1 − R̃−1 P Γ̃P T R̃−1 y

T  !
!T 
−1
−1
T
−1
T
−1
r̃(x)
Γ̃P R̃
R̃ − R̃ P Γ̃P R̃
 y
=
T
−1
p(x)
0
Γ̃P R̃
−Γ̃
!T
!−1
!
r̃(x)
R̃ P
y
=
T
p(x)
P
0
0
!T
!
λ
r̃(x)
2
σ
=
p(x)
µ
=

M
X
k=1

µk πk (x) +

N
X
j=1

λj ϕ(kx − xj kW).

where we have used the partitioned matrix inversion formula (see e.g. Rasmussen and Williams, 2006, equation (A.12), page 201). This is the RBF interpolant with a weighted norm and
is the same as the best linear unbiased predictor s(x) derived in Section 3.1. The compound
distribution has variance given by the law of total variance (see Weiss, 2005, Proposition
10.7, page 600)
V [F (x)|y] = Eµ [V [F (x)|µ, y]] + Vµ [E[F (x)|µ, y]]
Z
=
V [F (x)|µ, y]ρ(µ|y)dµ
µ
Z
+ (E[F (x)|µ, y] − E[F (x)|y]) (E[F (x)|µ, y] − E[F (x)|y])T ρ(µ|y)dµ
µ
Z 

r̃0 − r̃T (x)R̃−1 r̃(x) ρ(µ|y)dµ
=
µ
Z 

+
pT (x)µ + r̃T (x)R̃−1 (y − P µ) − pT (x)γ − r̃T (x)R̃−1 (y − P γ)
µ


T
· pT (x)µ + r̃T (x)R̃−1 (y − P µ) − pT (x)γ − r̃T (x)R̃−1 (y − P γ) ρ(µ|y)dµ

Z
= r̃0 − r̃T (x)R̃−1 r̃(x)
ρ(µ|y)dµ
µ

Z

T
T
T
−1
+ p (x) − r̃ (x)R̃ P
(µ − γ)(µ − γ)T ρ(µ|y)dµ pT (x) − r̃T (x)R̃−1 P
µ

 
T
= r̃0 − r̃T (x)R̃−1 r̃(x) + pT (x) − r̃T (x)R̃−1 P Γ̃ pT (x) − r̃T (x)R̃−1 P


= r̃0 + pT (x)Γ̃p(x) − 2pT (x)Γ̃P T R̃−1 r̃(x) − r̃T (x) R̃−1 − R̃−1 P Γ̃P T R̃−1 r̃(x)
h
= σ 2 ϕ(0) + pT (x)Γp(x) − 2pT (x)ΓP T R−1 r(x)
i
(3.2.6)

− rT (x) R−1 − R−1 P ΓP T R−1 r(x)

!T
!
!
−1
−1
T
−1
T
−1
T
r(x)
R − R P ΓP R
(ΓP R )
r(x) 
= σ 2 ϕ(0) −
T
−1
p(x)
ΓP R
−Γ
p(x)
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= σ 2 ϕ(0) −

r(x)
p(x)

!T

R
PT

P
0

!−1

!

r(x) 
p(x)

where Γ = (P T R−1 P )−1 . This variance is the same as the variance e2 (x) of the best linear
unbiased predictor derived in Section 3.1 and its square root (i.e. the standard deviation)
can therefore be used as a measure of error in the surrogate fit. In fact, one can show for
suitable objective functions f that the pointwise error |f (x) − s(x)| ≤ Ce(x)/σ, where the
positive constant C depends only on f (see Subsection 3.6.5).
Note that e2 (x) is zero at any of the sample points xi . This is indeed what one would
expect since there is no uncertainty in the objective function at the points we have sampled.
To see this, let x = xi and observe that r(xi ) is then the i-th column of R. This means that
R−1 r(xi ) = ui

and

rT (xi )R−1 = uTi

(3.2.7)

as R is symmetric, where ui is the i-th unit vector. In particular, we get that
rT (xi )R−1 r(xi ) = rT (xi )ui = ϕ(kxi − xi kW) = ϕ(0).

(3.2.8)

Furthermore, pT (xi ) is the i-th row of P so that
P T ui = p(xi )

and

uTi P = pT (xi ).

(3.2.9)

We then have from (3.2.6) that
h
e2 (xi ) = σ 2 ϕ(0) + pT (xi )Γp(xi ) − 2pT (xi )ΓP T R−1 r(xi )
i

− rT (xi ) R−1 − R−1 P ΓP T R−1 r(xi )
h
i
= σ 2 ϕ(0) + pT (xi )Γp(xi ) − 2pT (xi )ΓP T ui − ϕ(0) + uTi P ΓP T ui by (3.2.7), (3.2.8)
h
i
= σ 2 pT (xi )Γp(xi ) − 2pT (xi )Γp(xi ) + pT (xi )Γp(xi )
by (3.2.9)
= 0.
It remains to determine the covariance function parameters θ = (σ 2 , W ) which is discussed
in the next section.

3.3

Parameter Estimation

There are various approaches one can use to find the covariance function parameters θ =
(σ 2 , W ) and we will focus on three in particular. These are all plug-in estimation methods
which ignore uncertainty in the resulting estimates. It is possible to use fully Bayesian methods which integrate out the covariance function parameters but these are computationally
more expensive (we refer the interested reader to Kitanidis, 1986, for more details). The
first approach we consider is maximum likelihood estimation (MLE) and consists of choosing the parameters to maximise the likelihood of θ given the observed data y (see Section
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3.3.2 of Santner et al., 2003). We have according to equation (3.2.2), that the likelihood of
θ = (σ 2 , W ) and µ given the data y is


1
1
T −1
(y
−
P
µ)
R
(y
−
P
µ)
.
exp
−
ρ(y|µ, σ 2 , W ) =
2σ 2
(2π)N/2 σ N det(R)1/2
Hence, the log-likelihood is


1
1
l(µ, σ 2 , W |y) = −
N log(2π) + N log σ 2 + log det(R) + 2 (y − P µ)T R−1 (y − P µ)
2
σ
which can be expanded as

1
1
l(µ, σ 2 , W |y) = − N log(2π) + N log σ 2 + log det(R) + 2 y T R−1 y − y T R−1 P µ
2
σ


T T −1
T T −1
− µ P R y + µ P R Pµ .
Assuming the weights wi2 are fixed, differentiating with respect to µ and equating to zero
we get that
0=


1
∂l(µ, σ 2 )
= − 2 −(R−1 P )T y − P T R−1 y + 2P T R−1 P µ
∂µ
2σ

1
= − 2 −P T R−1 y + P T R−1 P µ
σ

as R is symmetric, which implies that
P T R−1 P µ = P T R−1 y.
Hence, the maximum likelihood estimate of µ is given by
µ = (P T R−1 P )−1 P T R−1 y

(3.3.1)

which is equivalent to the µ obtained by solving the linear interpolation system (3.0.3).
Alternatively, this can be obtained directly as the posterior mean of µ (see equation (3.2.5)).
Either way, substituting the estimate for µ into the log-likelihood, we get that the loglikelihood of θ = (σ 2 , W ) given the data y is


1
1
2
2
T −1
l(σ , W |y) = −
N log(2π) + N log σ + log det(R) + 2 (y − P µ) R (y − P µ)
2
σ
where µ is now given by (3.3.1). Similarly, assuming the weights wi2 are fixed, differentiating
the log-likelihood with respect to σ 2 and equating to zero we get that


1 N
1
∂l(σ 2 )
T −1
0=
=−
−
(y − P µ) R (y − P µ)
∂σ 2
2 σ2 σ4
which implies that
N=
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(y − P µ)T R−1 (y − P µ).
σ2

3.3. Parameter Estimation

Hence, the maximum likelihood estimate of σ 2 is given by
σ2 =

1
(y − P µ)T R−1 (y − P µ).
N

(3.3.2)

Substituting the maximum likelihood estimate for σ 2 back into the log-likelihood and ignoring constant terms gives
l(W ) = −


1
N log σ 2 + log det(R)
2

where Ri,j = ϕ(kxi − xj kW) is the correlation matrix. We maximise l(W ) using a global
optimization algorithm (DIRECT, Jones et al., 1993) to obtain the weights wi2 . For our C++
code, we use the NLopt implementation of the DIRECT algorithm. In practice it is helpful
to place an upper bound on the value of the weights wi2 so as to ensure smoothness of the
resulting surrogate. For this reason, and because we are predominantly interested in relative
scaling in each coordinate direction, we restrict wi2 to the unit interval once the range of
sample points xi has been suitably scaled (see Subsection 3.6.3).
The second approach to choosing the covariance function parameters θ we consider is
restricted maximum likelihood estimation (REML) which is considered preferable in the
case where we have a mean term in the surrogate (see Santner et al., 2003). Following
Kitanidis (1986), we will present a Bayesian derivation of the restricted maximum likelihood
approach. In this approach the covariance function parameters are chosen to maximise the
marginal likelihood of θ given the observed data y. Here we mean marginal in the sense of
marginalising out µ. We assumed in Section 3.2 that the covariance function parameters θ
were known in advance, but this is of course not the case. To remedy this, let ρ(θ) be a
prior on θ whose form we will not, for the moment, specify. As before, let the probability
distribution of µ given θ, ρ(µ|θ) be Gaussian with mean b(θ) and covariance matrix Σ(θ),
see (3.2.3). Then we have that the joint probability distribution of µ and θ is given by


1
1
T
−1
−
exp
(µ
−
b(θ))
Σ(θ)
(µ
−
b(θ))
ρ(θ)
ρ(µ, θ) = ρ(µ|θ)ρ(θ) =
2
(2π)M/2 det(Σ)1/2
simply by the definition of conditional probability. We also have from earlier (see (3.2.2))
that the likelihood of θ and µ given the data y is


1
1
T −1
exp − 2 (y − P µ) R (y − P µ) .
ρ(y|µ, θ) =
2σ
(2π)N/2 σ N det(R)1/2
Bayes’ theorem then tells us that the joint probability distribution of µ and θ given the data
y is
ρ(µ, θ|y) ∝ ρ(y|µ, θ)ρ(µ, θ)



1
T −1
∝
exp − 2 (y − P µ) R (y − P µ)
2σ
(2π)N/2 σ N det(R)1/2


1
1
T
−1
·
exp − (µ − b(θ)) Σ(θ) (µ − b(θ)) ρ(θ).
2
(2π)M/2 det(Σ)1/2
1
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As before, letting Σ−1 → 0 so that we have a diffuse prior on µ, we get


1
1
T −1
exp − 2 (y − P µ) R (y − P µ) ρ(θ).
ρ(µ, θ|y) ∝
2σ
(2π)N/2 σ N det(R)1/2
We also have from (3.2.4) that the probability distribution of µ given θ and y is




1
1
T −1 T −1
T −1
exp − 2 µ − ΓP R y Γ
ρ(µ|θ, y) ∝
µ − ΓP R y
2σ
(2π)M/2 σ M det(Γ)1/2
where Γ = (P T R−1 P )−1 . The posterior marginal probability distribution of θ is then
ρ(θ|y) =

ρ(µ, θ|y)
1
∝
(N
−M
)/2
N
−M
ρ(µ|θ, y)
(2π)
σ
det(R)1/2 det(Γ)−1/2



1 T
−1
−1
T −1
· exp − 2 y R − R P ΓP R
y ρ(θ)
2σ

which after some elementary algebra can be rewritten in the more familiar form


1
1
T −1
exp − 2 (y − P µ) R (y − P µ) ρ(θ)
ρ(θ|y) ∝
2σ
(2π)(N −M )/2 σ N −M det(R)1/2 det(Γ)−1/2
where µ is now given by µ = ΓP T R−1 y as before. The marginal likelihood ρ(y|θ) is therefore
ρ(y|θ) ∝

1
(2π)(N −M )/2 σ N −M det(R)1/2 det(Γ)−1/2


1
· exp − 2 (y − P µ)T R−1 (y − P µ)
2σ



(3.3.3)

and the marginal log-likelihood is then, up to a constant, given by

1
2
l(σ , W |y) = − (N − M ) log(2π) + (N − M ) log σ 2 + log det(R)
2

1
+ log det(P T R−1 P ) + 2 (y − P µ)T R−1 (y − P µ) .
σ
since θ = (σ 2 , W ). As before, assuming the weights wi2 are fixed, differentiating the marginal
log-likelihood with respect to σ 2 and equating to zero we get that


1 N −M
1
∂l(σ 2 )
T −1
0=
=−
− 4 (y − P µ) R (y − P µ)
∂σ 2
2
σ2
σ
which implies that

1
(y − P µ)T R−1 (y − P µ).
σ2
Hence, the restricted maximum likelihood estimate of σ 2 is given by
N −M =

σ2 =

1
(y − P µ)T R−1 (y − P µ).
N −M

(3.3.4)

Substituting the restricted maximum likelihood estimate for σ 2 back into the marginal loglikelihood and ignoring constant terms gives
l(W ) = −
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(N − M ) log σ 2 + log det(R) + log det(P T R−1 P )
2
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where Ri,j = ϕ(kxi − xj kW), which we again maximise using a global optimization algorithm
to obtain the weights wi2 restricted to the unit interval. If we now specify a diffuse prior
on θ (i.e. let ρ(θ) ∝ 1), the likelihood is equivalent to the posterior and thus the restricted
maximum likelihood estimate for θ derived above is the same as the fully Bayesian maximum
a posteriori estimate. Maximum a posteriori estimation (MAP) is yet another parameter
estimation technique at our disposal but we do not consider it in great detail here as in our
case it is equivalent to restricted maximum likelihood estimation. This would of course not
be the case if we were to specify informative priors on θ and µ. In such a setting one could
also marginalise the distribution of F (x)|θ, µ, y over θ and µ using Monte Carlo integration
as pursued by Osborne, Garnett and Roberts (2009).
The final approach we consider is leave-one-out cross-validation (LOOCV) which leads
one to choose the parameters θ to minimise the `2 -norm of the cross-validation error (see
Rippa, 1999). As we already have an analytical maximum likelihood estimate (3.3.2) or
(3.3.4) for σ 2 , we will only use leave-one-out cross-validation to find the weights wi2 for reasons of computational efficiency. However, like maximum likelihood estimation the technique
can be applied to find any number of parameters. We will extended the derivation found in
Rippa (1999) to the case of surrogates with polynomial terms. First, we define some notation.
Let the superscript v [t] denote the vector v with the t-th component removed and M [t] the
matrix M with the t-th row and column removed. Recall that we have samples y1 , . . . , yN
of the objective function f (x) at sample points x1 , . . . , xN ∈ D. Let
t

s (x) =

M
X
k=1

µk πk (x) +

N
X
j=1
j6=t

[t]

λj ϕ(kx − xj kW)

be the RBF interpolant to y [t] = (y1 , . . . , yt−1 , yt+1 , . . . , yN )T at x[t] = (x1 , . . . , xt−1 , xt+1 , . . . , xN )T
and let
t (W ) = yt − st (xt ) for t = 1, . . . , N
be the error at the left out validation point xt . Also recall that
!
R P
A=
PT 0

(3.3.5)

is the usual RBF interpolation matrix from our interpolation system (3.0.3) given by
!
!
λ
y
A
=
(3.3.6)
µ
0
which is uniquely solvable (see Theorem 3.3). Consider the following system
Aa = et

(3.3.7)

where et is the t-th unit vector and note that at 6= 0. (For if at = 0 then as A[t] a[t] = 0 this
would imply that a = 0, which would contradict the fact that a solves the above non-singular
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system.) Define
b=

λ
µ

!
−

λt
a.
at

(3.3.8)

Then premultiplying (3.3.8) by A and using (3.3.6), (3.3.7) gives
!
λ
λt
Ab = A
− Aa
at
µ
!
y
λt
=
− et
at
0
= y1 , . . . , yt−1 , yt −

(3.3.9)

T
λt
, yt+1 , . . . , yN , 0, . . . , 0
at

and as bt = 0 by construction (3.3.8) we get from (3.3.9) that
!
y [t]
[t] [t]
A b =
.
0

(3.3.10)

Hence by uniqueness of the solution to the linear systems (3.3.6) and (3.3.10) we have that
T
λ[t] = b1 , . . . , bt−1 , bt+1 , . . . , bN ,
T
µ = bN +1 , . . . , bN +M .
This implies that
st (xt ) =

M
X

µk πk (xt ) +

j=1
j6=t

k=1

=

M
X

N
X

bk+N πk (xt ) +

M
X

N
X
j=1
j6=t

k=1

=

[t]

λj ϕ(kxt − xj kW)

bk+N πk (xt ) +

N
X
j=1

k=1

bj ϕ(kxt − xj kW)

bj ϕ(kxt − xj kW)

= (Ab)t
= yt −

λt
at

where the third line follows from the fact that bt = 0 and the last line from (3.3.9). Thus
the t-th element of the cross-validation error (W ) is given by
t (W ) = yt − st (xt ) =

λt
.
at

Finally, observe that at is the t-th diagonal element of A−1 since a is the t-th column of A−1
by construction (3.3.7). Summarising, we find that W is chosen to minimise the `2 -norm of
the cross-validation error (W ) defined componentwise as
t (W ) =
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λt
for t = 1, . . . , N.
A−1
t,t
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and depends on W through the correlation matrix Ri,j = ϕ(kxi − xj kW) in the matrix A,
see (3.3.5). As before, the minimisation is done using a global optimization algorithm with
the weights wi2 restricted to the unit interval.

3.4

Incorporating Derivatives

If derivatives of the objective function f (x) are available and not prohibitively expensive to
obtain (e.g. from an adjoint code) they can be used to improve the accuracy of the surrogate
approximation s(x), provided the objective function is not highly oscillatory. Incorporating
derivatives for oscillatory objective functions typically worsens the accuracy of the surrogate
approximation since this emphasises local oscillations as opposed to the more global trends
we are interested in (see example below).
Suppose the objective function f (x) is sufficiently smooth so that first order derivatives
are available (it is possible to incorporate higher order derivatives but the method is analogous so we will not discuss it further). Recall that we view the objective function f (x) as
a realisation of a stochastic process F with mean function given by µT p(x) and covariance
function given by (3.0.5). The stochastic process specifies derivative processes (see Papoulis,
1991, Appendix 10A, for details on existence)
∂F (x)
,
∂xa

a = 1, . . . , n

with mean functions given by


∂F (x)
∂
E
= µT a p(x),
a
∂x
∂x

a = 1, . . . , n

and covariance functions by


2
∂F (x) ∂F (y)
2 ∂ ϕ(kx − ykW)
Cov
,
=
σ
,
∂xa
∂y b
∂xa ∂y b

a, b = 1, . . . , n

(3.4.1)

(3.4.2)

where xa denotes the a-th component of x in Rn . Now, suppose we have samples of f (x)
and its derivatives at the points x1 , . . . , xN ∈ D in the vector ȳ = (ŷ(x1 ), . . . , ŷ(xN ))T where
∂f (x) 
. Following through the derivation in Section 3.2 with the
ŷ(x) = f (x), ∂f∂x(x)
1 , . . . , ∂xn
samples ȳ and the relevant mean and covariance matrices defined by (3.4.1),(3.4.2) one can
show that the posterior mean of the process F (i.e. the surrogate) is given by
E[F (x)|ȳ] =

M
X
k=1

µk πk (x) +

N
X
j=1

λ0j ϕ(kx − xj kW) +

N X
n
X
j=1 a=1

λaj

∂ϕ(kx − xj kW)
∂xa

(3.4.3)

where the coefficients λ̄ = (λ01 , . . . , λn1 , . . . , λ0N , . . . , λnN )T and µ are obtained by solving the
symmetric saddle-point system
!
!
!
R̄ P̄
λ̄
ȳ
=
.
(3.4.4)
P̄ T 0
µ
0
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Here R̄ is the derivative correlation matrix given by


R̂(x1 , x1 ) . . . R̂(x1 , xN )


..
..
,
R̄ = 
.
.


R̂(xN , x1 ) . . . R̂(xN , xN )
where


ϕ(kx − ykW)

 ∂ϕ(kx − yk )

W

∂y 1
R̂(x, y) = 

..

.

 ∂ϕ(kx − yk )
W

∂y n

∂ϕ(kx − ykW)
∂x1
∂ 2 ϕ(kx − ykW)
∂x1 ∂y 1
..
.
∂ 2 ϕ(kx − ykW)
∂x1 ∂y n

...
...

...


∂ϕ(kx − ykW)

∂xn
∂ 2 ϕ(kx − ykW) 


∂xn ∂y 1


..

.

2
∂ ϕ(kx − yk ) 
W

∂xn ∂y n

is the submatrix of derivative correlations between x and y. Similarly, P̄ is the polynomial
basis derivative matrix given by


T
∂p(x)
∂p(x)
,...,
P̄ = P̂ (x1 ), . . . , P̂ (xN ) , where P̂ (x) = p(x),
∂x1
∂xn
and p(x) = (π1 (x), . . . , πM (x))T as before. One can similarly derive an analogous expression
for the posterior variance of the process F

!T
!−1
!
r̄(x)
R̄ P̄
r̄(x) 
V [F (x)|ȳ] = σ 2 ϕ(0) −
T
p(x)
P̄
0
p(x)
T
where r̄(x) = r̂1 (x), . . . , r̂N (x) is the derivative cross-correlation vector with


∂ϕ(kx − xj kW)
∂ϕ(kx − xj kW)
,...,
.
r̂j (x) = ϕ(kx − xj kW),
∂x1
∂xn
Alternatively, the above can be obtained using the frequentist derivation from Section 3.1 (see
Morris, Mitchell and Ylvisaker, 1993 and Forrester, Sóbester and Keane, 2007 for details).
If the objective function is highly oscillatory the above approach tends to yield inaccurate
surrogates as the oscillations are over-emphasised. In an attempt to overcome this, one might
be tempted to replace the derivatives in the surrogate approximation (3.4.3) and linear
system (3.4.4) by finite differences with a judiciously chosen step length h. For example, one
could use forward finite differences
∂ϕ(kx − xj kW)
ϕ(kx + hea − xj kW) − ϕ(kx − xj kW)
≈
a
∂x
h
where ea is the a-th unit vector. However, this is equivalent to observing the objective
function at extra points as one can readily see by substituting the above approximation
into (3.4.3). As an example of a highly oscillatory function, consider fitting a surrogate with
derivatives to the Ackley function (see Ackley, 1987). Figure 3.1 compares the surrogate
fitted using first derivatives and function samples only to the original function. It is evident
that in this case using function samples without derivatives gives a much better surrogate.
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Figure 3.1: Ackley function (centre) and its surrogate approximation using derivatives (left)
and function samples only (right).

3.5

Other Extensions

So far we have tacitly assumed that we can evaluate the objective function f (x) exactly, that
is to say, there is no measurement error when sampling the function. There are however,
many situations where this is not the case. For example, if evaluating our objective function
corresponds to running a simulation model of an oil reservoir, the value we obtain will often
be uncertain due to truncation error in the simulator. In such cases the measurement error 
is usually assumed to be additive and iid normally distributed with mean zero and unknown
variance σ2 . The form of the underlying Gaussian stochastic process F (3.0.4) can then be
generalised to include the measurement error
F (x) =

M
X

µk πk (x) + Z(x) + .

k=1

The covariance (3.0.5) then becomes
Cov[F (x), F (y)] = σ 2 ϕ(kx − ykW) + σ2 δxy
where δxy is a Kronecker delta (which is zero unless x = y, in which case it is one). The
unknown error variance σ2 is usually determined along with the other covariance function
parameters θ (see Section 3.3). We refer the interested reader to Section 2.2 in Rasmussen
and Williams (2006) for more details on incorporating measurement error.
Another possible extension is to handle data from multiple code levels as described in
Kennedy and O’Hagan (2000) and Forrester et al. (2007), an approach known as co-kriging
in the geostatistical literature (see e.g. Ver Hoef and Cressie, 1993). For example, running an
oil reservoir simulator with different sized simulation grids will typically produce different
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outputs. Suppose we have s such outputs arranged in order of increasing accuracy from the
functions f1 (x), . . . , fs (x). The form of the underlying stochastic process F (3.0.4) can then
be generalised via the process Z to the different code levels

Z (x)
for the least accurate level 1
1
Z(x) =
Z (x) = τ Z (x) + Z d (x) for levels k = 2, . . . , s
k

k−1 k−1

k

where τk−1 is a scaling parameter and Zkd is independent of Zk−1 , . . . , Z1 . Each of the processes Zkd has mean zero and the usual covariance function
2

Cov[Zkd (x), Zkd (y)] = σkd ϕ(kx − ykW) k = 1, . . . , s
as does the least accurate code level Z1
Cov[Z1 (x), Z1 (y)] = σ12 ϕ(kx − ykW).
Note that we can determine the covariance function parameters σkd , σ1 and the scaling parameters τk−1 independently for each level as in Section 3.3 due to the independence condition
on Zkd .

3.6

Interpolation Theory

In this section we will look at the solvability and stability of the RBF interpolation system
(3.0.3) as well as estimates of the rate of convergence of the surrogate s(x) given by (3.0.1) to
the objective function, drawing predominantly on established results from Wendland (2005).

We will also briefly mention update strategies for the interpolation matrix PRT P0 .

3.6.1

Solvability of the Interpolation System

First of all we will show that the RBF interpolation system (3.0.3) is solvable for our choices
of radial basis function (3.0.2). We begin with the following definitions (cf. Definitions 2.6
and 8.1 from Wendland, 2005):
Definition 3.1. The set of points {x1 , . . . , xN } ⊂ Rn is called a Πdn -unisolvent set if the
zero polynomial is the only polynomial from Πnd that vanishes on all the points x1 , . . . , xN .
Note that this is equivalent to saying that rank(P ) = M and therefore a Πnd -unisolvent
set has at least M elements (see Remark 3.5 in Gutmann, 2001).
Definition 3.2. A continuous function Φ : Rn → R is said to be conditionally positive
definite of order d if for any N ∈ N, for all pairwise distinct points x1 , . . . , xN ∈ Rn and for
all λ ∈ RN \ {0} satisfying
PTλ = 0
where Pi,j = πj (xi ), {π1 (x), . . . , πM (x)} is a basis of Πnd , we have that
λT Rλ > 0,
where Ri,j = Φ(xi − xj ).
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Note that in general R will not be positive definite, however at least N − M of its eigenvalues will be positive. There are several different approaches to characterising conditional
positive definiteness of radial basis functions, but by far the most powerful is due to the
following theorem (Theorem 2.1 in Micchelli, 1986). We first give a definition and then state
the theorem.
Definition 3.3. A function ψ ∈ C[0, ∞) ∩ C ∞ (0, ∞) is said to be strictly completely monotone on (0, ∞) if
(−1)l ψ (l) (r) > 0
for all r > 0 and l ∈ N0 .
Theorem 3.1 (Micchelli, 1986). Let ϕ ∈ C[0, ∞) ∩ C ∞ (0, ∞). Then the function Φ :=
ϕ(k·kW) is conditionally positive definite of order d ∈ N0 on Rn for any n ∈ N if and only if
(−1)d ϕ(d) is strictly completely monotone on (0, ∞).
Proof: See the proof of Theorem 2.1 in Micchelli (1986).
We then have the following corollary on the conditional positive definiteness of the standard radial basis functions (3.0.2) (cf. Corollary 8.20 in Wendland, 2005):
Corollary 3.2. The following functions Φ : Rn → R are conditionally positive definite of
order d on Rn for any n ∈ N:
• Odd Splines Φ(x) = (−1)(p+1)/2 kxkpW , p odd with d = (p + 1)/2
• Even Splines Φ(x) = (−1)p/2+1 kxkpW log kxkW , p even with d = p/2 + 1
• Multiquadric Φ(x) = (−1)dβe (kxk2W + γ 2 )β , β > 0, β ∈
/ N with d = dβe
• Inverse Multiquadric Φ(x) = (kxk2W + γ 2 )−β , β > 0 with d = 0
• Gaussian Φ(x) = exp(−γ 2 kxk2W) with d = 0
where γ is a nonzero constant.
Proof: A simple application of Theorem 3.1, see proof of Corollary 8.20 in Wendland (2005).

Note that the powers of −1 are absorbed into the coefficients for simplicity in our formulation (3.0.2). We are now in a position to state and prove the main theorem of this section
(cf. Theorem 8.21 in Wendland, 2005):
Theorem 3.3. Let Φ = ϕ(k·kW) be conditionally positive definite of order d and {x1 , . . . , xN } ⊂
Rn be a Πnd -unisolvent set. Then the RBF interpolation system (3.0.3)
!
!
!
R P
λ
y
=
PT 0
µ
0
is uniquely solvable.
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Proof: Let (λ, µ)T be in the null space of the RBF interpolation matrix

R P
PT 0



. Then

Rλ + P µ = 0

(3.6.1a)

PTλ = 0

(3.6.1b)

Note that (3.6.1b) is equivalent to the assumption in Definition 3.2. Multiplying (3.6.1a) by
λT on the left gives 0 = λT Rλ + λT P µ = λT Rλ by (3.6.1b). Therefore, as Φ is conditionally
positive definite of order d we must have from Definition 3.2 that λ = 0. Hence, (3.6.1a)
reduces to P µ = 0 and since {x1 , . . . , xN } is Πnd -unisolvent we have that µ = 0. Thus the
null space of the RBF interpolation matrix is trivial and so the matrix is nonsingular, which
means that the RBF interpolation system is uniquely solvable.
Note that the unisolvency condition is only required for uniqueness and not for solvability.
Also, if we augment the system with low-dimensional polynomials, unisolvency is a relatively
mild condition on the data.

3.6.2

Asymptotic Convergence Estimates

We will now give some results on the rate with which our surrogate s(x) given by (3.0.1)
converges to certain types of objective function f as the number of sample points tends to
infinity, i.e. the asymptotic convergence rate. Throughout this section we assume that the
weight matrix W is fixed. Let ϕ(·) be a conditionally positive definite radial basis function
of order d. Following Gutmann (2001), we define the linear space
)
(N
N
X
X
Fϕ (D) :=
λi ϕ(k · − xi kW) : N ∈ N, λ ∈ RN , x1 , . . . , xN ∈ D,
λi p(xi ) = 0, p ∈ Πnd
i=1

i=1

which with the inner product
*N
+
L
N X
L
X
X
X
:=
λi ϕ(k · − xi kW),
µj ϕ(k · − yj kW)
λi µj ϕ(kxi − yj kW)
i=1

j=1

ϕ

i=1 j=1

becomes an inner product space. We can extend Fϕ (D) to the linear space
Aϕ (D) = Fϕ (D) + Πnd
which when equipped with < ·, · >ϕ becomes a semi-inner product space. Moreover, the
1/2
semi-inner product induces the semi-norm k·kϕ :=< ·, · >ϕ . We then have the following
characterisation of the surrogate s (cf. Theorem 4 in Schaback, 1993):
Theorem 3.4 (Schaback, 1993). Let ϕ be a conditionally positive definite radial basis function of order d. Suppose further that D ⊂ Rn and that {x1 , . . . , xN } ⊂ D is a given Πnd unisolvent set along with objective function values f (x1 ), . . . , f (xN ) ∈ R. Then the surrogate s given by (3.0.1) is the unique element of Aϕ (D) that minimises the semi-norm kgkϕ
over all functions g ∈ Aϕ (D), subject to the interpolation conditions g(xi ) = f (xi ) for all
i = 1, . . . , N .
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Proof: See the proof of Theorem 3.7 in Gutmann (2001) or Theorem 4 in Schaback (1993).

One can further extend the linear space Aϕ (D) to a larger native space Nϕ (D) such that
the surrogate s ∈ Aϕ (D) to given data minimises the semi-norm kgkϕ over all functions
g ∈ Nϕ (D) subject to the same interpolation conditions. Then for any function f ∈ Nϕ (D),
the surrogate s ∈ Aϕ (D) to f at any Πnd -unisolvent set of points {x1 , . . . , xN } has a seminorm bounded above by kf kϕ . Hence a function is in the native space iff all of its surrogates
have a uniformly bounded semi-norm. We can therefore define the native space Nϕ (D) as
follows (cf. Definition 3.10 in Gutmann, 2001):
Definition 3.4. The native space Nϕ (D) of a conditionally positive definite radial basis
function ϕ of order d is the space of functions f : D ⊂ Rn → R such that for any Πnd unisolvent set {x1 , . . . , xN } ⊂ D the surrogate s ∈ Aϕ (D) to f at these points (given by
(3.0.1)) satisfies
kskϕ ≤ C,
where the constant C depends only on f . The native space is a complete semi-inner product
1/2
space with semi-inner product < ·, · >Nϕ (D) and induced semi-norm k·kNϕ (D) :=< ·, · >Nϕ (D) .
When d = 0 the native space becomes a Hilbert space.
The native spaces of the spline radial basis functions are Beppo Levi spaces (also called
homogeneous Sobolev spaces) whereas the native spaces of the multiquadric, inverse multiquadric and Gaussian radial basis functions are rather small (see Chapter 10 in Wendland, 2005). Essentially these are spaces of very smooth functions. Before moving on to the
asymptotic convergence estimates, we need some preliminary concepts and definitions. For
a domain D ⊂ Rn and sample points x1 , . . . , xN ∈ D we define the fill distance h as
h = max min kx − xi kW.
x∈D 1≤i≤N

We also define for a multi-index α = (α1 , . . . , αn )T ∈ Nn0 with length |α| = α1 + . . . + αn
and a sufficiently smooth function f : Rn → R the derivative
Dα f (x) :=

∂ |α| f (x)
∂xα1 1 . . . ∂xαnn

where x1 , . . . , xn denote the components of x. Finally, we say that D ⊂ Rn satisfies an
interior cone condition if there exists θ ∈ (0, π/2), r > 0 such that for every x ∈ D there
exists a unit vector ν(x) such that the cone
C = {x + ty : y ∈ Rn , kykW = 1, y T ν(x) ≥ cos θ, t ∈ [0, r]}
is contained in D. We are now in a position to state the main theorems of this section on
the convergence rates of different radial basis functions (cf. Chapter 11 of Wendland, 2005):
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Theorem 3.5. Let ϕ be a multiquadric, inverse multiquadric or Gaussian radial basis function and suppose that it is conditionally positive definite of order d. Let D ⊂ Rn be bounded
and satisfy an interior cone condition and let s(x) be one of the aforementioned radial basis
function surrogates to a function f ∈ Nϕ (D). Then for α ∈ Nn0 and for any l ∈ N with
l ≥ max{|α|, d − 1} there exist h0 (l), Cl > 0, Cl independent of h, such that
|Dα f (x) − Dα s(x)| ≤ Cl hl−|α| kf kNϕ (D)
for all x ∈ D provided h ≤ h0 (l).
Proof: See the proof of Theorem 11.14 in Wendland (2005).
We have from Theorem 3.5 that for a multiquadric, inverse multiquadric or Gaussian
basis function the RBF surrogate and all its derivatives (with multi-index α) converge with
order O(hl−|α| ) for any l ≥ max{|α|, d − 1} to any function (or any of its derivatives) in
the native space. However, if one considers only convergence of the function (and not the
derivatives) in the L∞ -norm it is possible to prove a stronger result:
Theorem 3.6. Let D be a hypercube in Rn and let s(x) be a multiquadric, inverse multiquadric or Gaussian radial basis function surrogate of a function f ∈ Nϕ (D). Then there
exist c > 0, c independent of h, such that
kf − skL∞ (D) ≤ e−c/h kf kNϕ (D)
for the multiquadric and inverse multiquadric and
kf − skL∞ (D) ≤ ec log h/h kf kNϕ (D)
for the Gaussian, whenever h is sufficiently small.
Proof: Follows directly from Theorem 11.22 in Wendland (2005).
Thus for the multiquadric, inverse multiquadric or Gaussian basis functions we have
spectral convergence of the interpolant to any function in the native space. A similar, albeit
weaker result to Theorem 3.5 is true for the spline basis functions:
Theorem 3.7. Let D ⊂ Rn be bounded and satisfy an interior cone condition and let s(x)
be a spline (ϕ(r) = rp or rp log r) radial basis function surrogate of a function f ∈ Nϕ (D).
Then there exist h0 , C > 0, C independent of h, such that
|Dα f (x) − Dα s(x)| ≤ Chp/2−|α| kf kNϕ (D)
for all x ∈ D and for any α with |α| ≤ p/2 − 1 provided h ≤ h0 .
Proof: See the proof of Theorems 11.16 and 11.19 in Wendland (2005).
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We therefore have that for a spline basis function the RBF surrogate and all its derivatives (with multi-index α) converge with order O(hp/2−|α| ) to any function (or any of its
derivatives) in the native space (here p is the power of the radial term in the basis function).
While this is a weaker convergence result than for the previous basis functions, we will see
in the next section that spline basis functions lead to more stable interpolation matrices.
In the case of an expensive function the asymptotic convergence rates are never realised in
practice since one cannot afford the large number of function samples this would require. It
therefore makes sense to focus on the stability of the interpolation process.

3.6.3

Stability of the Interpolation System

The stability of the radial basis function interpolation process depends primarily on the
stability of the underlying interpolation system (3.0.3) which we have to solve to construct

the surrogate. To ensure the interpolation matrix PRT P0 is not ill-conditioned as a result
of containing very large and very small entries, we scale the range of the data points xi
for each dimension. This also enables us to place an upper bound on the weights wi2 (see
Section 3.3). In order to examine the stability of the interpolation system further we define
λmin (R) =

v T V T RV v
λT Rλ
=
inf
vT v
v∈RN −M
λ∈Rn \{0},P T λ=0 λT λ
inf

and similarly for λmax (R) where Ri,j = ϕ(kxi − xj kW) is the RBF correlation matrix, Pi,j =
πj (xi ) is the polynomial basis matrix and V is such that its columns span the null space of
P T , see (3.6.2). Note that by the conditional definiteness property (Definition 3.2) we have
that λmin (R) > 0. We also define the separation distance q as
q=

1
min kxi − xj kW.
2 i6=j

We can interpret the ratio κ(R) := λmax (R)/λmin (R) as the condition number of the interpolation system (if the radial basis function is conditionally positive definite of order 0,
this is precisely the condition number of the interpolation matrix in (3.0.3) as in this case
P = 0). It can be shown (see Chapter 12 of Wendland, 2005) that for the general case
λmax (R) grows at most like 1/q n if the data is quasi-uniformly distributed and so we are
predominantly interested in the behaviour of λmin (R). In particular, one can derive lower
bounds for λmin (R) for our standard radial basis functions (3.0.2) of the form
λmin (R) ≥ Cϕ (q)
where Cϕ (q) for the different radial basis functions is given (up to a constant) in Table 3.1
overleaf.
We refer the interested reader to Chapter 12 of Wendland (2005) for derivations of the
above bounds. In particular, notice that for Gaussians and (inverse) multiquadrics the bound
on λmin (R) grows exponentially as a function of the separation distance q and so we might
expect that interpolating with these radial basis functions would lead to ill-conditioned
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Radial Basis Function ϕ

Cϕ (q)

Splines ϕ(r) = rp or rp log r

qp

(Inverse) Multiquadric ϕ(r) = (r2 + γ 2 )β

q β−(n−1)/2 e−12.76nγ/q

Gaussian ϕ(r) = e−γ

2 r2

2 /(γq)2

q −n e−40.71n

Table 3.1: Lower bounds for λmin (R)

interpolation matrices. This is exactly what is observed in practice and we illustrate this
behaviour by calculating the condition number κ(R) of the interpolation system for the
Gaussian ϕ(r) = exp(−r2 ), inverse multiquadric ϕ(r) = (r2 +1)−1/2 and cubic spline ϕ(r) =
r3 RBFs in three dimensions as the number of sample points increases (see Figure 3.2). The
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Figure 3.2: A plot of the ‘condition number’ κ(R) of the interpolation system for a Gaussian
(solid black), inverse multiquadric (dash-dotted blue) and cubic spline (dashed red) RBF in
three dimensions against the number N of maximin Latin hypercube sample points x1 , . . . , xN
(see Section 4.2).
most common way of dealing with the ill-conditioning of the interpolation system is to use
Tikhonov regularisation: instead of solving the linear interpolation system (3.0.3)
!
!
!
R P
λ
y
=
PT 0
µ
0
we solve the regularised system
R + τI P
PT
0
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where I is the identity matrix and τ is the regularisation parameter. One can recover the
solution (λ µ)T to the original system (3.0.3) using iterated Tikhonov regularisation (attributed to Riley, 1955) by iterating for k = 0, 1, 2, . . .
!
!
!
!
!
R + τI P
rk
y
R P
λk
=
−
PT
0
sk
0
PT 0
µk
!
!
!
λk+1
λk
rk
=
+
µk+1
µk
sk
with (λ0 µ0 )T = 0 until the residual (rk sk )T is sufficiently small. The regularisation parameter τ can be chosen in addition to the covariance function parameters θ as detailed in
Section 3.3, although Riley (1955) suggests choosing τ to be around 102−% − 103−% where %
is the desired precision. Note that numerically Tikhonov regularisation has the same effect
as assuming there is measurement error with variance τ in the objective function samples
(see Section 3.5).

3.6.4

Solving the Interpolation System

So far we have assumed that in order to fit a surrogate s(x) to an objective function one
has to solve the entire interpolation system (3.0.3). However, in our optimization strategies
from Sections 5.2 and 5.4 we only update the interpolant by adding one or more points to
the set sampled so far. Thus there is no need to refactorise the entire matrix system every
time provided the weight matrix W is kept fixed at each stage. In view of this, we briefly
outline an update strategy for the interpolation system and refer the reader to Björkman
and Holmström (2000) for details. Note that in practice the weights are often recalculated
at each stage in which case the strategy is not applicable.
Suppose we have sampled our objective function f at the points x1 , . . . , xN . Recall the
interpolation system (3.0.3):
!
!
!
R P
λ
y
=
PT 0
µ
0
Let
 T̂
P = QT = Q̂ V
0


!
(3.6.2)

be the QR factorisation of P , where Q is orthogonal, T upper triangular and let
V T RV = LLT
be the Cholesky factorisation of V T RV , where L is lower triangular. This is possible as the
columns of V span the null space of P T and so λ = V v for some v which by the conditional
positive definiteness of the RBF (see Definition 3.2) gives
v T V T RV v > 0 ∀ v ∈ RN −M \ {0}
i.e. that V T RV is indeed positive definite. We now solve the interpolation system (3.0.3) as
follows:
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1. Solve Lu = V T y for u.
2. Solve LT v = u for v.
3. Find λ = V v.
4. Solve T̂ µ = Q̂T (y − Rλ) for µ.
Note that this procedure (including the factorisations) requires O(N 3 ) operations. Now
suppose we have sampled our objective function at an additional point xN +1 and we wish
to update our surrogate. We can do this as follows:
1. Update the correlation matrix
R∗ =

!
R
r(xN +1 )
rT (xN +1 )
ϕ(0)

where r(x) = (ϕ(kx − x1 kW), . . . , ϕ(kx − xN kW))T as before.
2. Update the polynomial basis matrix
∗

P =

!
P
pT (xN +1 )

where p(x) = (π1 (x), . . . , πM (x))T as before.


3. Calculate the QR factorisation of P ∗ = Q∗ T ∗ = Q̂∗
T∗ = H

 T̂ ∗
V∗
0

!
by

!
Q 0
P∗
0 1

where H is a suitably chosen matrix of Givens rotations (see Section 4 of Gill, Golub,
Murray and Saunders, 1974, for details).
4. Let q denote the last column of Q∗ and calculate w̃ = R∗ q
5. Let W denote the last N − n columns of Q∗ and calculate
!
τ
= W T w̃
υ
√
6. Solve Ll = τ for l and calculate s = υ − lT l.

7. Find the Cholesky factorisation of V ∗T R∗ V ∗ = L∗ L∗T from
!
L 0
∗
L = T
l
s
8. Solve the linear system by the previous algorithm.
Note that this procedure now only requires O(N 2 ) operations (see Björkman and Holmström,
2000, for more details on this and the proposed algorithm). Thus we have reduced the amount
of work required in solving the interpolation system at each successive iteration from O(N 3 )
to O(N 2 ).
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3.6.5

Optimal Point Sets

The problem of finding the optimal set of sample points {x1 , . . . , xN ∈ D} for a given
objective function (optimal in the sense of minimising the L∞ error) is the subject of recent
research in the RBF literature (see De Marchi, Schaback and Wendland, 2005) which we
will extend in this section. Following Iske (2000), we know that available error estimates for
the surrogate s(x) possess the form
|f (x) − s(x)| ≤ kf kNϕ (D) Pϕ (x)

(3.6.3)

(see Theorem 11.4 in Wendland, 2005) where the objective function f is assumed to be an
element of the Native space Nϕ (D) (see Definition 3.4) and Pϕ (x) is the power function
given by
Pϕ2 (x) = ϕ(0) − 2uT (x)r(x) + uT (x)Ru(x)
(see Definition 11.2 in Wendland, 2005). Here u(x) is the vector of cardinal functions which
for a fixed x ∈ D can be evaluated by solving
!
!
!
R P
u(x)
r(x)
=
(3.6.4)
PT 0
v(x)
p(x)
where we have introduced the vector of functions v(x).
It is evident from the error estimate (3.6.3) that one approach to obtain an almost optimal
point set for f ∈ Nϕ (D) is to reduce maxx∈D Pϕ (x) by sequentially adding maximisers of
Pϕ (x) to the current point set. This is the approach taken by De Marchi et al. (2005) in their
greedy algorithm in Section 4 of the paper. We however take a slightly different approach.
Note that the power function can be rewritten as
Pϕ2 (x) = ϕ(0) − uT (x)r(x) − v T (x)p(x)
(see Iske, 2000) which when combined with the linear system (3.6.4) gives the familiar form
Pϕ2 (x) = ϕ(0) −
=

!T
r(x)
p(x)

R
PT

P
0

!−1

r(x)
p(x)

!

e2 (x)
.
σ2

Thus maximising the power function is equivalent to maximising e(x), the square root of
the posterior variance (i.e. the standard deviation) in the stochastic interpretation of RBF
interpolation from Sections 3.1 and 3.2. As a result we can use the algorithms we shall
develop in Chapter 6 to sequentially maximise e(x) to obtain a point set which is almost
optimal for objective functions in the Native space. However, we still require a small number
of initial points for constructing e(x) to start the algorithm (see Chapter 4). In fact, this is
precisely the maximum error approach discussed in depth in Section 5.2.
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Chapter 4

Initial Designs

Before we can even consider how to improve the surrogate model given by our framework
from Chapter 3, we need to construct the surrogate to begin with. For this we need initial
sample points x1 , . . . , xN ∈ D along with objective function samples at these points. Recall
that the theory from Section 3.6 tells us that the set of points has to be Πnd -unisolvent,
however a scattered set of greater than M = dim(Πnd ) points will almost always satisfy
this criterion. The question then is, how do we determine how many and which points to
take? While for our purposes it does not really matter how many points, within reason, one
takes initially (as more points will be added to the surrogate as we iterate the optimization
framework from Section 5.2) more points to begin with does yield a better initial global
picture of the objective function. Taking too many however, leads one to waste sample
points on regions of the objective function one is not interested in.
What is perhaps more important is which points to take, that is how the points should
be distributed in the domain D. For example, a sensible approach is to ensure they are space
filling, i.e. spread out so as to avoiding leaving large unsampled regions in the domain. Many
such methods for generating initial sample points, or initial designs as they are called, exist
in the design and analysis of computer experiments (DACE) literature (see Santner et al.,
2003) as well as the RBF literature. We give a brief overview of relevant methods as well as
a performance comparison on two dimensional test problems. These are chosen because the
performance of individual designs can be thoroughly analysed since it is possible to visualise
the designs and test functions.

4.1

Pseudo-Random Numbers

Perhaps the most obvious approach is to start with N iid uniformly distributed random
numbers on our domain D. This however, turns out to be a bad idea as such a design
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will not be very good at filling the available space in D, resulting in regions of the objective
function being undersampled. Figure 4.1 illustrates this behaviour using two random designs
on the unit square generated by different algorithms. It is important to note that generating
1

1

0.75

0.75

0.5

0.5

0.25

0.25

0

0
0

0.25

0.5

0.75

1

0

0.25

0.5

0.75

1

Figure 4.1: Two random initial designs on the unit square for 16 points. These were generated using the Mersenne Twister algorithm (left) and ACORN generator (right). Notice
how both designs leave large undersampled regions.
iid uniformly distributed random variables is a far from easy problem since finite computers
are inherently deterministic. As a result it is impossible to design an algorithm to generate
truly random numbers, however one can get in some sense as close as one likes using socalled pseudo-random number generators. These are deterministic algorithms which generate
sequences of numbers satisfying a number of randomness criteria. They are not considered
to be truly random since they will always generate the same sequence of numbers given the
same initial state. We refer the interested reader to Chapter 7 of Niederreiter (1992) for a
comprehensive introduction to pseudo-random numbers.
One of the most popular and widely used algorithms for generating pseudo-random
numbers is the Mersenne Twister algorithm, a twisted generalized feedback shift register
generator. Unless otherwise stated, we use the mt19937ar version of the Mersenne Twister
algorithm from 2002 which has a period length of 219937 − 1 and is uniformly distributed in
623 dimensions (see Matsumoto and Nishimura, 1998, for more details).
Another algorithm one can use is the ACORN generator, a particular type of multiple
recursive generator (Wikramaratna, 2008) which we will briefly describe. Given an integer
modulus M , an integer seed y00 ∈ (0, M ) such that y00 and M are relatively prime and K
initial integer values y01 , . . . , y0K ∈ [0, M ) the K-th order ACORN generator generates N
K
pseudo-random numbers xK
1 , . . . , xN ∈ [0, 1) using the simple recursion
0
yr0 = yr−1

yrp
xK
r
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r = 1, . . . , N

=

(yrp−1

=

yrK /M

+

p
yr−1
)mod M

r = 1, . . . , N ; p = 1, . . . , K
r = 1, . . . , N

4.2. DACE Designs

One can illustrate how the recursion proceeds in the following diagram from Wikramaratna
(1989), where the arrows indicate which numbers are combined to calculate a particular
value yrp .
0
y00 → y10 → · · · → yN
↓
↓
1
1
1
y0 → y1 → · · · → yN
↓
↓
..
..
..
.
.
.
y0K

↓
→ y1K

↓
K
→ · · · → yN

The generator produces uniformly distributed random numbers in up to K dimensions and
has a period length greater than M . Following the suggestions in the paper (Wikramaratna,
2008) we take M = 260 , K = 10, y00 = 1 and y0p = 1 for all p = 1, . . . , K.
Most pseudo-random number generators will generate nearly uniform sample points
x1 , . . . , xN in the unit hypercube but we want these to lie in our domain D. This is achieved
by transforming each generated point xi from the unit hypercube onto a general hyperrectQ
angle nk=1 [ai , bi ], which is assumed to contain the domain D, using the standard linear
Q
transformation T : [0, 1]n → nk=1 [ai , bi ] defined by
T (xki ) = ak + (bk − ak )xki

(4.1.1)

for all i = 1, . . . , N and k = 1, . . . , n. Here xki denotes the k-th component of the i-th point
xi . If xi lies outside the domain D it can simply be discarded until we obtain a point which
does.

4.2

DACE Designs

The design and analysis of computer experiments (DACE) literature contains numerous
examples of different strategies for initial designs, see for example Chapters 5 and 6 of Santner
et al. (2003) and Section 5 of Koehler and Owen (1996) and references therein. In this section
we will give a brief review of, in our opinion, the most interesting initial designs, starting
with Latin hypercube designs. The idea behind Latin hypercube sampling, first proposed for
computer experiments in McKay, Conover and Beckman (1979), is best described for the two
dimensional case. Choose N sample points such that if we superimpose an N × N grid onto
the unit square, there is exactly one point in each row and column. Formally, letting [0, 1]n
be the n-dimensional unit hypercube, Latin hypercube sample points x1 , . . . , xN ∈ [0, 1]n are
generated as follows: For each dimension k = 1, . . . , n let σk (1), . . . , σk (N ) be an independent
random permutation of {1, . . . , N }. Also, for each i = 1, . . . , N let ξi,k be an iid uniformly
distributed random variable on [0, 1] independent of σk (1), . . . , σk (N ). We then define xki ,
the k-th component of xi , as


−1 σk (i) − ξi,k
k
x i = hk
N
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where hk is the cumulative distribution function (cdf) of xk on some interval [a, b]. In general,
this is taken to be the uniform distribution on [0, 1] in which case we have hk ≡ id, the
identity function. The sample points are then mapped onto the domain D using (4.1.1).
Note that there is no guarantee that a Latin hypercube design will be space filling, so it
is often desirable to impose a criterion to ensure this is the case. One approach is to impose
a maximin or minimax criterion on the sample points (see Section 5.3 of Koehler and Owen,
1996), that is to say choose a Latin hypercube design L = {x1 , . . . , xN } ⊂ [0, 1]n to either
maximise
or minimise

min kx − yk

x,y∈L

max

min kx − xi k

x∈[0,1]n 1≤i≤N

(Maximin Criterion)
(Minimax Criterion).

In short, the maximin criterion ensures all design points are as far away from each other
as possible and the minimax criterion ensures all points in the domain D are always close
to a design point. Figure 4.2 illustrates the difference between a normal, a maximin and
a minimax Latin hypercube design. The maximin and minimax designs are computed by
generating a large set of Latin hypercube designs and choosing the designs which optimize
the above criteria over this set.
A more general initial design can be constructed using orthognal arrays (Owen, 1992).
Formally, an orthogonal array of strength t, denoted OA(N, M, q, t), is an N × M matrix A
whose elements are taken from a set of q symbols (in general taken to be {0, 1, . . . , q − 1})
such that in any N × t submatrix each of the q t possible rows occurs the same number of
times (N/q t ). For example, the 4 × 3 matrix A given by


0 1 0


0 0 1 


1 1 1 


1 0 0
is OA(4, 3, 2, 2). To see this observe that the matrix only contains the 2 symbols 0, 1 and in
every 4 × 2 submatrix each of the 4 possible rows 0 0, 0 1, 1 0 and 1 1 occur once. Note that
the definition imposes certain constraints on the possible values of N, M, q, t for which an
orthogonal array exists (see Chapter 2 of Hedayat, Sloane and Stufken, 1999). A randomised
orthogonal array is then an initial design with design points given by
xki =

σk (ai,k ) + ξi,k
q

where ai,k denotes the i, k-th component of A, σk (0), . . . , σk (q −1) is an independent random
permutation of {0, . . . , q − 1} and ξi,k are again iid uniform random variables on [0, 1].
For example, the matrix (x1 . . . xN ) of Latin hypercube samples with ξj,k = 1/2 for all
j, k, called a Lattice Sample, is an orthogonal array of strength 1, that is OA(N, n, N, 1).
It then follows that a randomised orthogonal array OA(N, n, N, 1) is a Latin hypercube
design and thus one can use orthogonal arrays to generalise Latin hypercube and Lattice
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Figure 4.2: A Latin hypercube (top left), maximin Latin hypercube (top right) and minimax
Latin hypercube (bottom centre) design on the unit square for 16 points. Note that there is
exactly one point in each row and column of the superimposed 16 × 16 grid, the defining
property of Latin hypercubes. Also note how the maximin criterion is much better at filling
the available space.

Samples (see Owen, 1992). Moreover, one can even construct orthogonal array based Latin
hypercube samples (see Tang, 1993). Again, it is generally a good idea to use a space-filling
criterion where possible. Figure 4.3 overleaf illustrates a randomised orthogonal array and
an orthogonal array based Latin hypercube.
Other initial design criteria make use of the fact that in the case of a RBF surrogate
we have a probability distribution associated with our objective function. Namely, we assume that f (x) is a realisation of a stochastic process F (see Sections 3.1 and 3.2 for more
details on this). As an example, a maximum entropy design is one which maximises the
entropy E[− ln ρ(F (L))] over all designs L = {x1 , . . . , xN } ⊂ D where ρ(F (x)) denotes the
probability density function of F (x). That is to say, a design L satisfying
max E[− ln ρ(F (L))].

Designs L
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Figure 4.3: A plot of the first two coordinates of a randomised OA(16, 5, 4, 2) (left) and a
Latin hypercube based OA(16, 5, 4, 2) (right). Note that there is exactly one point in each of
the large square regions. Moreover, in the case of the Latin hypercube based orthogonal array
there is exactly one point in each row and column of the superimposed 16 × 16 grid.
For a Gaussian stochastic process F it can be shown (see Section 6.2.1 of Santner et al., 2003)
that a maximum entropy design maximises the determinant of the variance of the observed
data y at the points x1 , . . . , xN in the design. If we were to assume that the polynomial
coefficients µ were known then according to (3.2.2) the maximum entropy design would be
given by
max det(σ 2 R).
x1 ,...,xN ∈D

However, in our derivation in Section 3.2 we placed a diffuse prior on µ and therefore we
have according to (3.3.3) that the maximum entropy design is given by
max

x1 ,...,xN ∈D

det(σ 2 R)det(P T (σ 2 R)−1 P ).

Figure 4.4 depicts maximum entropy designs for the Branin and Camel functions. A more
sophisticated approach is taken by Busby, Farmer and Iske (2007) who develop a heirarchical
adaptive gridding algorithm to generate a design using local maximum entropy designs,
although this approach is better suited to applications where one is interested in accurately
representing the entire objective function such as uncertainty analysis.
Another example is the integrated mean squared error design (see Section 6.2.2 of Santner
et al., 2003) which minimises the integral of the mean squared error of prediction (3.1.1)
over all designs L ⊂ D. That is to say, a design L satisfying
Z 2
Z
i
e (x)
1 h
2
E (s(x) − F (x)) dx = min
dx
min
2
L⊂D D σ 2
L⊂D D σ
where e2 (x) is the posterior variance from Sections 3.1 and 3.2. If on the other hand, one
is interested in integrating the objective function f (x) over D (as in Chapter 7) a natural
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approach is to minimise the variance of the integral, given by (see O’Hagan, 1992)
ZZ
ZZ


0
0
Cov F (x), F (x ) dxdx =
e2 (x, x0 )dxdx0
D2

D2

where


e2 (x, x0 ) = σ 2 ϕ(0) −

!T
r(x)
p(x)

R
PT

P
0

!−1

!
r(x0 ) 
p(x0 )

is the posterior covariance of the process F (see e.g. the derivation of e2 (x) in Section 3.1).
This criterion is briefly discussed in Chapter 7.
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Figure 4.4: 16 point maximum entropy designs on [−5, 10] × [0, 15] for the Branin function
(left) and on [−2, 2] × [−1.25, 1.25] for the Camel function (right).

4.3

Low Discrepancy Sequences

Another commonly used type of initial design is the so-called low discrepancy sequence
(sometimes also referred to as quasi-random sequence) which we will introduce in this section.
We refer the interested reader to Niederreiter (1992) for more details on low discrepancy
sequences especially in the context of Monte Carlo integration. As with Latin hypercube
designs, low discrepancy sequences are defined on the unit hypercube and mapped onto
more general domains D using (4.1.1). Firstly, let us introduce the concept of discrepancy
which gives these sequences their name and the related but for our purposes more important
concept of dispersion (cf. Definitions 2.2 and 6.2 in Niederreiter, 1992).
The discrepancy of a set of points x1 , . . . , xN ∈ [0, 1]n is given by
S(G)
− (b1 − a1 )(b2 − a2 ) . . . (bn − an )
N
G∈J
Q
where J is the family of all subintervals of [0, 1]n of the form G = ni=1 [ai , bi ) and S(G) is
the number of points xi for which xi ∈ G. One can think of the discrepancy of a set of points
D(x1 , . . . , xN ) = sup
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D(x1 , . . . , xN ) as the biggest possible error when estimating the volume of the hyperrectangle
G by sampling using the points x1 , . . . , xN and using S(G)/N as the estimate of its volume.
The dispersion of a set of points x1 , . . . , xN ∈ [0, 1]n is given by
d(x1 , . . . , xN ) = max

min kx − xi k

x∈[0,1]n 1≤i≤N

where k·k is some norm in Rn . Thus a set of points x1 , . . . , xN with low dispersion satisfies
the minimax condition from Section 4.2 and thus has the property that any point in [0, 1]n
is always close to a design point xi . We have the following theorem relating dispersion and
discrepancy:
Theorem 4.1 (Niederreiter, 1992). For any set of points x1 , . . . , xN ∈ [0, 1]n we have
d(x1 , . . . , xN ) ≤ D(x1 , . . . , xN )1/n
where the dispersion d is taken with respect to the `∞ -norm.
Proof: See the proof of Theorem 6.6 in Niederreiter (1992).
√
Note that as k·k2 ≤ nk·k∞ the above is also true for the `2 -norm, and more generally
as all norms on a finite dimensional space are equivalent, any norm in Rn . Thus every low
discrepancy set of points is a low dispersion set of points, but not conversely. It therefore follows that an initial design x1 , . . . , xN ∈ [0, 1]n with low discrepancy is equivalent to imposing
a minimax condition on the initial design as defined in Section 4.2. Common examples of
low discrepancy sequences are the Halton, Faure, Sobol and Niederreiter sequences (see Fox,
1986; Bratley, Fox and Niederreiter, 1992 and references therein). Figure 4.5 depicts the first
16 points of these sequences in two dimensions.
We will briefly describe how the Halton and Sobol sequences are constructed. Halton
points (Halton, 1960) are created from van der Corput sequences as follows. Suppose r ∈ N0 ,
the set of natural numbers with 0, p is prime and let
r=

K
X
i=0

ai pi

0 ≤ ai < p, ai ∈ N0

be the unique decomposition of r with respect to the prime base p. Define hp : N0 → [0, 1)
via
K
X
ai
.
hp (r) =
pi+1
i=0

Then hp,N = {hp (r) : r = 0, 1, 2, . . . , N } is a van der Corput sequence. To generate N + 1
Halton points in [0, 1)n , one takes n distinct primes and determines the corresponding van
der Corput sequences hp1 ,N . . . , hpn ,N . Then one can form Halton points by taking the van
der Corput sequences as coordinates giving
Hn,N = {(hp1 (r), . . . , hpn (r)) : r = 0, 1, . . . , N },
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Figure 4.5: A Halton (top left), Sobol (top right), Faure (bottom left) and Niederreiter
(bottom right) design on the unit square for 16 points.

a set of N + 1 Halton points. Halton points are nested (HS,M ⊂ HS,N for M < N ) and
can be constructed sequentially. In low dimensions the Halton sequence quickly
up
 fills
 the
logn N
, see
unit cube in a well distributed pattern. Formally, it has a discrepancy of O
N
Theorem 3.6 in Niederreiter (1992).
Sobol sequences on the other hand are generated using an entirely different technique.
To generate the j-th component of a Sobol sequence (see Bratley and Fox, 1988) we need to
choose a primitive polynomial in Z2 = {0, 1}
Pj = xdj + a1 , jxdj −1 + . . . + adj −1,j x + 1
where each coefficient ai,j ∈ {0, 1} and dj is the polynomial degree. We then define the
direction numbers vi,j in terms of odd integers mi,j as
vi,j =

mi,j
,
2i

mi,j odd, 0 < mi,j < 2i .
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The integers mi,j are calculated from initial values m1,j , . . . , mdj ,j using the recurrence
relation
mi,j = 2a1,j mi−1,j ⊕ 22 a2,j mi−2,j ⊕ . . . ⊕ 2dj −1 adj −1,j mi−dj +1,j ⊕ 2dj mi−dj ,j ⊕ mi−dj ,j
where ⊕ denotes the binary exclusive ‘or’ operation (i.e. the integers mi,j are converted to
binary and added). Then the j-th component of the i-th point in a Sobol sequence is given
by
xij = i1 v1,j ⊕ i2 v2,j ⊕ . . .
where ik denotes the k-th binary digit of i. To get O(logn N ) discrepancy it suffices to choose
any N different primitive polynomials.

4.4

Optimal Designs

A form of optimal design pursued by Iske (2000) is motivated by convergence and stability
results for radial basis functions. Suppose we have a radial basis function surrogate s(x)
which interpolates the objective function at x1 , . . . , xN ∈ D. Once again, we assume that
the objective function f ∈ Nϕ (D). Recall from Section 3.6 that the separation distance given
by
1
q(x1 , . . . , xN ) = minkxi − xj k
2 i6=j
should not be too small so that solving the RBF interpolation system (3.0.3) is a stable
process. Further, to ensure that the error in the interpolation is small, the fill distance given
by
h(x1 , . . . , xN ) = max min kx − xi k
x∈D 1≤i≤N

should be small. Note that the fill distance h is the same as the dispersion of {x1 , . . . , xN }
and thus minimising h is the same as minimising the discrepancy (see Section 4.3). As it
is not possible to simultaneously maximise q and minimise h, Iske suggests that one should
compromise by maximising their ratio
p(x1 , . . . , xN ) =

q(x1 , . . . , xN )
h(x1 , . . . , xN )

which he defines as the uniformity of the design {x1 , . . . , xN }. Designs which minimise p
are then referred to as optimally distributed. In particular for the unit square [0, 1]2 , Iske
proves that the hexagonal grid is optimally distributed (see Figure 4.6). This suggests that
perhaps in higher dimensions the lattices which give rise to the optimal kissing numbers (of
which the hexagonal grid is an example) may be optimally distributed (see Subsection 6.5.4
for details on kissing numbers).
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Figure 4.6: An optimally distributed hexagonal grid design on the unit square for 14 points.

4.5

Numerical Comparison

As is evident from this chapter, there are a large number of initial designs to choose from.
It is far from obvious which ones, if any, are optimal for approximating a specific objective
function. In order to address this, we shall try to give an indication of their performance
in this section. We will consider two Dixon-Szegő test functions, the Branin and six hump
camel back functions (Dixon and Szegő, 1978). Table 4.1 overleaf shows the discretised L1 , L2
and L∞ errors of a cubic spline RBF surrogate of the Branin function fitted to the different
16 point designs pictured in this chapter (with the exception of the optimally distributed
design which has 14 points). Notice that the lowest L1 , L2 and L∞ errors are achieved by
the Latin hypercube design. Table 4.2 overleaf shows the discretised errors of a cubic spline
RBF surrogate of the camel function fitted to the different designs. This time the lowest
L1 , L2 and L∞ errors are achieved by the space filling maximin Latin hypercube design.
These results suggest that Latin hypercube based designs are best at minimising the L1 , L2
and L∞ errors as they tend to be very good at filling the available space in the domain. A
more thorough comparison is necessary before drawing any general conclusions.
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Initial Design
Mersenne Twister
Acorn Generator
Latin Hypercube
Maximin L. H.
Minimax L. H.
Orthogonal Array
L. H. Orthogonal Array
Entropy
Niederreiter
Halton
Sobol
Faure
Optimally Distributed

ks − f k1

ks − f k2

ks − f k∞

6.007
15.007
4.167
4.354
4.958
9.113
7.989
9.650
5.883
6.129
7.895
6.754
5.801

8.586
22.907
5.989
8.629
8.032
13.095
15.311
13.056
9.358
11.855
15.207
11.690
7.485

42.229
89.889
29.839
56.325
44.010
53.870
116.968
52.491
71.863
100.746
128.551
72.941
32.008

Table 4.1: Accuracy of surrogate approximations using the different designs in the discretised
L1 , L2 and L∞ norms to the Branin function on [−5, 10] × [0, 15]. The smallest errors for
each norm are denoted in bold.

Initial Design
Mersenne Twister
Acorn Generator
Latin Hypercube
Maximin L. H.
Minimax L. H.
Orthogonal Array
L. H. Orthogonal Array
Entropy
Niederreiter
Halton
Sobol
Faure
Optimally Distributed

ks − f k1

ks − f k2

ks − f k∞

0.785
1.021
1.092
0.588
0.701
0.859
0.726
1.061
1.013
0.816
0.797
0.698
0.822

1.063
1.389
1.464
0.750
0.909
1.294
0.959
1.443
1.446
1.461
1.141
0.926
0.991

5.480
3.872
7.325
2.327
5.153
7.157
4.557
7.460
5.043
7.360
4.906
2.920
3.070

Table 4.2: Accuracy of surrogate approximations using the different designs in the discretised
L1 , L2 and L∞ norms to the camel function on [−2, 2] × [−1.25, 1.25]. The smallest errors
for each norm are denoted in bold.
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Chapter 5

Decision Theory

Once an initial surrogate for our expensive objective function is constructed, we are interested in further sampling the objective function so as to update and hopefully improve the
surrogate model. In general this will be an iterative process, that is to say we keep using
more points to build the surrogate until, ideally, the process as a whole converges to the
global minimum of the objective function. It is therefore a predominant part of surrogate
optimization algorithms and we will show that it often takes the form of minimising some
expected loss function l(x) at each iteration, although one can also use non-decision-theoretic
cost functions within the resulting framework. This Bayesian decision theoretic viewpoint
was first proposed by Mockus (1975). In particular, see Mockus (1989) as well as Chapter
6 of Törn and Žilinskas (1989) and references therein for the historical background. We
will therefore start by introducing decision theory following the very accessible introduction
given by Lindley (1985) and refer the interested reader to Berger (1985) for a comprehensive
treatment of the underlying theory. It should be noted that decision theory usually deals
with situations where one has to make a single decision. The theory of making a sequence
of decisions can be formulated using dynamic programming and will be introduced in a
subsequent section. A notable introduction to dynamic programming is given by its founder
Bellman (2003) while an excellent in depth treatment can be found in Bertsekas (2005) and
its companion volume.

5.1

Introduction to Decision Theory

Supposing you are faced with the everyday occurrence of having to make a decision d about
something, whatever that may be. Let us denote the set of all possible decisions you could
take under these circumstances by D (so that d ∈ D). Associated with making these decisions
will be uncertain events representing the uncertainty in the decision making process. Let V
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denote the set of all possible uncertain events relevant to the problem (so that v ∈ V
is a particular uncertain event). As the events are uncertain you will have a probability
distribution ρ(v) on V and this will in general be subjective.
Now, with each possible decision and uncertain event you associate a loss l(d, v) where
l : D × V → L ⊂ R. The loss expresses your dissatisfaction at the outcome of taking decision
d and event v subsequently occurring. The scale L of your loss is arbitrary, with the only
constraint being that sup L represents the worst possible outcome and inf L the best possible
outcome of the decision making process. The association should of course be consistent (in
the sense that if you prefer l1 to l2 and l2 to l3 you must prefer l1 to l3 ). Furthermore, your
sets D of decisions and V of uncertain events should be exclusive (that is you can only choose
one decision d and only one uncertain event v subsequently occurs).
The fundamental theorem of Bayesian decision theory states that the natural approach
is to take the decision which minimises ones expected loss (see Section 1.3.1 in Berger, 1985).
The expected loss is given by the standard expression
Z
l(d) =
l(d, v)ρ(v)dv
(5.1.1)
V

and hence the optimal decision is given by
d∗ = arg inf l(d).
d∈D

Let us clarify this with a discrete example: Suppose I am about to leave my house and
am trying to decide whether or not to take my umbrella. The decision set clearly consists
of two possibilities: The decision to take my umbrella dU and the decision to not take my
umbrella d¬U . Similarly, the set of uncertain events consists of the event of whether it will
rain today vR and whether it does not v¬R . Let us suppose I assign the uncertain events the
probabilities ρ(vR ) = 3/4 and ρ(v¬R ) = 1/4 because I think it tends to rain frequently where
I live. Now I must assign losses to each combination of decision and subsequent uncertain
event. Suppose I let L = [0, 1] and I assign losses as follows: l(d¬U , vR ) = 1 since I don’t like
getting wet; l(d¬U , v¬R ) = 0 and l(dU , vR ) = 0 since I stay dry and l(dU , v¬R ) = 1/2 since I
have to carry the umbrella around for no reason. This can be summarised in a decision table
vR

v¬R

dU
d¬U

0
1

1/2
0

ρ(·)

3/4

1/4

Hence, the expected losses for dU and d¬U are given by
l(dU ) = l(dU , vR )ρ(vR ) + l(dU , v¬R )ρ(v¬R ) = 0 · 3/4 + 1/2 · 1/4 = 1/8,
l(d¬U ) = l(d¬U , vR )ρ(vR ) + l(d¬U , v¬R )ρ(v¬R ) = 1 · 3/4 + 0 · 1/4 = 3/4
and so the optimal decision is to take the umbrella.
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A somewhat more complicated decision problem arises when I observe data about the
parameter v. That is, I have a prior distribution ρ(v) for V which encompasses my prior
beliefs (possibly based on previous experience of similar situations) about how probable
the events v are. I then observe data x with associated likelihood ρ(x|v). The likelihood
encompasses which values of v are more likely in view of the data. The subsequent posterior
probability distribution ρ(v|x) of v (that is the probability distribution of v after having
observed the data) is given by Bayes’ Theorem
ρ(v)ρ(x|v)
.
V ρ(v)ρ(x|v)dv

ρ(v|x) = R

We can then use the posterior probability for our decision problem, i.e. we use ρ(v|x) instead
of ρ(v) when calculating the expected loss in (5.1.1).
Again, let us clarify by extending the above example: Suppose I take a look outside and
observe that it is a clear sunny day. This information will of course influence the probability
of rain today, hence denote it by w. Now suppose I assign the likelihoods as follows: p(w|vR ) =
1/10 and p(w|v¬R ) = 9/10 because I think it is unlikely to rain on a sunny day. We then
have
p(vR )p(w|vR ) = 3/4 · 1/10 = 3/40,
p(v¬R )p(w|v¬R ) = 1/4 · 9/10 = 9/40
and so the updated (normalised) probabilities are p(vR |w) = 1/4 and p(v¬R |w) = 3/4.
Hence, the updated expected losses are
l(dU ) = l(dU , vR )p(vR |w) + l(dU , v¬R )p(v¬R |w) = 0 · 1/4 + 1/2 · 3/4 = 3/8,
l(d¬U ) = l(d¬U , vR )p(vR |w) + l(d¬U , v¬R )p(v¬R |w) = 1 · 1/4 + 0 · 3/4 = 1/4
and so the optimal decision is to leave the umbrella at home.

5.2

One-stage Lookahead

It is natural to apply decision theory to the problem of deciding where to next sample
our expensive objective function. This approach is often termed one-stage lookahead in the
literature since we are concerned with making one decision at a time as opposed to the
general case of multiple decisions, termed multi-stage lookahead, which we will consider in
Section 5.4.
Recall from Sections 3.1 and 3.2 that we can view our objective function f as a realisation
of a Gaussian stochastic process F conditioned on the data y with mean given by the
surrogate s(x) and variance given by the mean squared error e2 (x). In view of this, it is
natural to formulate a loss function l(x, F (x)) which expresses the dissatisfaction at event
F (x) ∈ R occurring having made a decision to sample at x ∈ D. Thus for our decision
problem of where to next sample the objective function, the expected loss (5.1.1) becomes
Z ∞
l(x) =
l(x, v)ρ(v|y)dv
(5.2.1)
−∞
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where v = F (x) and the probability density function ρ(v|y) is given by


1
v − s(x)
ρ(v|y) =
φ
e(x)
e(x)

(5.2.2)

as the stochastic process F conditioned on the data is Gaussian. Here φ(·) denotes the pdf
of the standard normal distribution. The optimal (one-stage) decision is then given by
x∗ = arg inf l(x).
x∈D

This motivates the approach of iteratively improving the surrogate approximation s(x) using
the minimiser of the expected loss function at each stage. The complete extended framework,
using a general cost function (which will often be an expected loss function), is as follows:
One-stage Lookahead
0. Initialisation:
a) Set t = 0.
b) Let f : D ⊂ Rn → R be a continuous objective function on some domain D.
c) Let X0 ⊂ D denote an initial design, i.e. an initial set of points where f has been
sampled (see Chapter 4).
d) Choose a suitable cost function l(x) (see the remainder of this section).
1. Until a suitable stopping criterion is satisfied (see below), repeat the following procedure:
a) Construct a surrogate approximation st (x) to the objective function f at Xt along
with the corresponding error et (x) (see Chapter 3).
b) Optimize the cost function lt (x) using a suitable branch and bound algorithm to
obtain a minimiser xt (see Chapter 6) and evaluate the objective function f at
xt .
c) Set Xt+1 := Xt ∪ {xt }.
d) Set t = t + 1.
There are many possible choices of cost function in the literature (see Berger, 1985 and
Sasena, 2002) and in this section we will describe and derive the most important ones for
the problem at hand. We differentiate between two main classes of cost function, expected
loss functions derived from (5.2.1) using the decision theoretic approach of Section 5.1 and
cost functions motivated by heuristic reasoning which cannot be derived from (5.2.1) but
can still be used in our framework. While the cost functions are presented as standalone
strategies, there is no reason why one cannot implement an algorithm which makes use of
a combination of these (such as the algorithm in Section 6.2.3 of Törn and Žilinskas, 1989,
for example).
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5.2.1

Expected Loss Functions

Surrogate Minimum
Perhaps the most obvious approach is to sample the objective function f at the global
minimum of the surrogate s(x), i.e. taking the loss function
l(x, v) = v
then (5.2.1) gives the expected loss as
Z
l(x) =

∞

vρ(v|y)dv = s(x).

−∞

While this approach is simple and intuitive, it does in general run into problems. In particular, one cannot ensure convergence to a global minimum: If the resulting algorithm locates
the basin of a local minimiser of f , it will in general sample within the basin until the
local minimum is located (see Jones, 2001, for an example). In other words, this approach
yields an algorithm which is predominantly local in its search for the global minimum of f .
However, if our surrogate is an accurate representation of the underlying objective function,
numerical results suggest this can be the fastest approach to finding the global minimum
(see Section 8.1).
Probability of Improvement
Another approach (first proposed by Kushner, 1964, in the 1-D case) is to choose the next
sample point to be the point at which the probability of improving the objective function
f (x) beyond some target value T is maximised, that is to maximise P(F (x) ≤ T ). Let the
loss function be the step function

−1
if v < T
l(x, v) =
 0
otherwise
then (5.2.1) gives
Z

T

l(x) =
−∞

−1 · ρ(v|y)dv +

Z

∞

T


0 · ρ(v|y)dv = −Φ

T − s(x)
e(x)



where Φ is the CDF of the standard normal distribution. Thus, we take the next sample at the
minimiser of l(x) = −P(F (x) ≤ T ). Jones (2001) lets T be a percentage improvement κ (say,
κ = 0.25) over the current smallest objective function value ymin , that is T = ymin − κ|ymin |.
Gutmann (2001) proposes an algorithm identical to the probability of improvement approach (as shown in depth by Žilinskas, 2010) which uses T ∈ [−∞, minx∈D s(x)] where the
choice T = minx∈D s(x) is only permitted if none of the function samples xi , i = 1, . . . , N
used to construct the surrogate s(x) are global minimisers of s(x). He proves that for surface
spline basis functions and suitable choices of target values T the sequence of points generated
by the algorithm for a continuous objective function f is dense (and therefore converges to
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the global minimum by Theorem 2.1 or 2.2). Törn and Žilinskas (1989) also show that for
suitable (albeit difficult to check) conditions on the correlation function ϕ(·), the probability
of improvement approach with T < minx∈D s(x) converges to the global minimum.
Once again, an important consideration is choosing a suitable value of the parameter T
which will in general depend on the choice of objective function. Taking too large a value
(i.e. T close to minx∈D s(x)) will cause the resulting algorithm to be predominantly local
in its search for the global minimum whereas taking too small a value (i.e. T close to −∞)
will cause it to be excessively global (see Theorems 6.4 and 6.5 in Törn and Žilinskas, 1989).
As with the lower confidence bound approach above, a possible solution is to cycle or try
multiple values of T in an attempt to strike a balance between local and global searches.
This is addressed by Holmström (2008) who proposes an extension of Gutmann’s algorithm
using multiple values of T which shows improved performance. Interestingly, Jones (2001)
shows that taking multiple values of T is equivalent to taking multiple values of τ in the
lower confidence bound approach.
Expected Improvement
An approach which has received much attention in the literature (first proposed by Mockus,
Tiesis and Žilinskas, 1978) is to choose the next sample point to maximise the expected
improvement over the current smallest objective function value ymin := min1≤i≤N yi . In
order to reformulate this as a minimisation problem, take the negative loss function to be
the improvement that a new objective function evaluation at x achieves over the current
smallest objective function value ymin

y
if v < ymin
min − v
−l(x, v) = max{ymin − v, 0} =
0
otherwise.
The negative of the expected improvement is then given by (5.2.1)
Z ∞
−l(x) =
max{ymin − v, 0}ρ(v|y)dv
−∞
Z ymin
Z ∞
=
(ymin − v)ρ(v|y)dv +
0 · ρ(v|y)dv
−∞
ymin
Z ymin
Z ymin
= ymin
ρ(v|y)dv −
vρ(v|y)dv.
−∞

−∞

Rewriting v in the second integral as v − s(x) + s(x) and multiplying by e(x)/e(x) gives
Z ymin
Z ymin
−l(x) = ymin
ρ(v|y)dv −
(v − s(x) + s(x)) ρ(v|y)dv
−∞
−∞
Z ymin
Z ymin
Z ymin
v − s(x)
ρ(v|y)dv −
s(x)ρ(v|y)dv
= ymin
ρ(v|y)dv − e(x)
e(x)
−∞
−∞
−∞
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which when ρ(v|y) in the second integral is expanded according to (5.2.2) leads to
 

Z ymin 
Z ymin
v − s(x)
v − s(x)
−
ρ(v|y)dv + e(x)
−l(x) = ymin
φ
dv
e2 (x)
e(x)
−∞
−∞
Z ymin
ρ(v|y)dv
− s(x)
−∞






ymin − s(x)
ymin − s(x)
ymin − s(x)
= ymin Φ
+ e(x)φ
− s(x)Φ
e(x)
e(x)
e(x)
= e(x)[zΦ(z) + φ(z)]
where z = (ymin − s(x))/e(x). Thus the best choice of sample point x ∈ D is the one which
minimises
l(x) = −e(x)[zΦ(z) + φ(z)]
which is precisely the expected improvement criterion. One can also use a generalised improvement criterion −l(x, v) = max{(ymin − v)k , 0} as proposed in Schonlau (1997), where
larger values of k lead to a more global search. Gramacy and Lee (2011) advocate the use
of minx∈D s(x) in place of ymin in the expected improvement criterion.
What makes this approach stand out from the ones considered previously, is that there
is no need (in the case of the standard expected improvement) to choose a value for an
adjustable parameter and moreover, under certain assumptions convergence to the global
minimum of f is guaranteed. In particular, Schonlau (1997) proves that if the number of
possible sample points is finite, then the algorithm will visit them all and so will always
find the global minimum. Locatelli (1997) proves that in the 1-D case when the stochastic
process F is chosen to be a Wiener Process (Brownian Motion) the iterates generated by
the algorithm will be dense and so (by Theorem 2.1 or 2.2) the algorithm will converge to
the global minimum. More recently, Vazquez and Bect (2010) have proved that under mild
assumptions on a positive definite correlation function ϕ(·) the iterates generated by the
algorithm will be dense if the objective function is in the Native Space Nϕ (D). Moreover, they
have shown that for a continuous objective function f the iterates generated by the algorithm
will be almost surely dense. However, the standard expected improvement algorithm is fairly
local in its search for the global minimum and so can take a long time to locate it (see
Section 8.1). The generalised version provides a possible solution to this problem, but once
again it is a question of choosing a suitable value for the parameter k.

5.2.2

Heuristic Cost Functions

Maximum Error
As the standard deviation e(x) of the conditioned process F |y provides a measure of error
in the surrogate fit, it makes sense to use this in determining where to further sample
the objective function. Indeed, we have shown in Subsection 3.6.5 that |f (x) − s(x)| ≤
kf kNϕ (D) e(x)/σ for objective functions f in the Native Space Nϕ (D) (recall that a Native
Space is a RBF function space, see Definition 3.4). This motivates sampling the objective
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function at the global maximum of the error e(x), i.e. minimising −e(x) and therefore taking
the cost function
l(x) = −e(x).
As one would expect, this strategy leads to an algorithm which samples the surrogate in
unexplored regions and so is excessively global in its search, in contrast to the surrogate
minimum approach. Intuitively, one would expect such an algorithm to eventually sample a
dense set (and thus converge to the global minimum of the objective function by Theorem
2.1 or 2.2) but this remains to be proved. A possible proof is as follows: Observe that when
the maximiser x∗ of the error e(x) is used to construct the new surrogate, the corresponding
new error evaluated at x∗ is zero and so the maximum which was attained by e(x) collapses
in the new error. Under suitable assumptions, one would expect all maxima in the error to
eventually collapse and thus for the algorithm to sample a dense set.
Lower Confidence Bound
A more sophisticated approach pursued by Cox and John (1997) is to take the next sample
at the minimiser of a lower confidence bounding function, a compromise between sampling
the surrogate minimum and the maximum error. Take the cost function
l(x) = s(x) − τ σe(x)
where σ 2 is as defined in Chapter 3 and τ is a suitably chosen positive constant. This results
in an algorithm which searches for both global minima of the surrogate and in relatively
unexplored regions. The emphasis of the latter is controlled by the parameter τ : As τ → 0
we recover the method of sampling the surrogate minimum (a local search strategy) and as
τ → ∞ we sample only in unexplored regions, a very global search strategy. We propose a
scaled version of the above cost function
l(x) = (1 − τ )s(x) − τ σe(x)
which has the advantage that it varies between local search when τ → 0 and global search
when τ → 1 (as opposed to ∞). The difficulty with the lower confidence bound approach is
thus determining a suitable value of τ , which will in general depend on the choice of objective
function. A possible solution is to vary τ or try several values of τ at each iteration of the
algorithm so as to obtain a combination of local and global searches. Jones (2001) shows
that such a method can resolve the sensitivity of the lower confidence bound approach to
the parameter τ .

5.2.3

Other Strategies

As one would expect, not all strategies presented in the literature fit in to our general onestage lookahead framework, that is to say they cannot be represented as the minimum of
some relatively simple cost function. However, this does not prevent their use in our approach
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provided one is able to perform the required global optimization. The branch and bound
algorithms from Chapter 6 will in general not be applicable as the computation of suitable
upper and lower bounds will not be possible. Nonetheless, we will mention some of the more
interesting strategies as they are highly relevant to our problem.
A notable example proposed by Streltsov and Vakili (1999) takes into account the cost
of evaluating the objective function. Let c : D ⊂ Rn → R be a function which measures the
cost of evaluating the objective function f (x) at x. We can then take the next sample of f
in our one-stage lookahead framework at the solution to the equation
E[max{ymin − F (x), 0}] = c(x)
i.e. the point x where the expected improvement of evaluating the objective function at x is
offset by the cost of the evaluation.
Another interesting approach pursued by Gramacy and Lee (2011) is to extend the expected improvement criterion to the case of a noisy objective function with unknown constraint
region C. The idea here is to consider the expected improvement at a reference point z ∈ D
given that the objective function has been (hypothetically) sampled at a candidate point
x ∈ D, i.e. the expected conditional improvement
eci(z|x) = E[max{ymin − F (z|x), 0}] .
Putting a pdf g(z) on z (for example g(z) could be uniform for z ∈ C and zero otherwise)
we can average out z to give the integrated expected conditional improvement
Z
ieci(x) = −
eci(z|x)g(z)dz
D

and the next sample of the objective function is given by the maximiser of the integrated
expected conditional improvement.

5.2.4

Stopping Criteria

Each of the above strategies for choosing where to further sample the objective function
leads to an iterative global optimization algorithm, which in some cases is guaranteed to
converge to the global minimum of the objective function in the limit. However, in order to
be practical the algorithm must terminate in finite time and therefore we need a stopping
criterion. This question has received little attention in the literature so we provide some
suggestions and summarise existing criteria: Stop the one-stage lookahead when
• ∆y := |yi − yi+1 | < 
• ∆x := kxi − xi+1 k < 
• the expected improvement E[max{ymin − F (xi ), 0}] < 
• the probability of improvement P(F (xi ) ≤ T ) < 
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• ymin < min l(x), where l(x) is the lower confidence bounding cost function
• a finite number of iterations is exceeded
where  > 0 is a prescribed tolerance. For noisy objective functions, the natural  to take
is the error in the objective function. There is no general consensus in the literature as to
which is the best approach, but generally one of the above is used.

5.3

Introduction to Dynamic Programming

Let us extend the theory of making decisions from Section 5.1 and suppose you are faced
with having to make a sequence of decisions d1 , . . . , dK each of which is associated with some
uncertain event v1 , . . . , vK . As before, let D denote the set of all possible decisions so that
dk ∈ D and V the set of all possible uncertain events so that vk ∈ V for all k = 1, . . . , K.
Suppose further that associated with the uncertain events there is a dynamical system whose
state at any time k is given by zk and which evolves according to
zk+1 = g(dk , zk , vk )
where g : D × Zk × V → Zk+1 is a known function. It is assumed that the system starts at
some initial state z1 ∈ Z1 . In much the same way as before, you associate a loss lk (dk , zk , vk )
with each possible decision dk , system state zk and uncertain event vk which expresses your
dissatisfaction at the uncertain event vk occurring having taken decision dk . The optimal
sequence of decisions d∗1 , . . . , d∗K is then the one which minimises the total expected loss once
all decisions have been made
" K
#
X
lk (dk , zk , vk )
(5.3.1)
E
k=1

where the expectation is taken over the uncertain events v1 , . . . , vK . Minimising the expected
loss (5.3.1) requires simultaneously optimizing over the decision variables d1 , . . . , dK which
is rather expensive. The key insight of dynamic programming is that the expected loss can
be optimized sequentially, one decision at a time, using the dynamic programming recursion
h
i
CK (zK ) = min EvK lK (dK , zK , vK ) zK
dK ∈D
h
(5.3.2)
 i
Ck (zk ) = min Evk lk (dk , zk , vk ) + Ck+1 g(dk , zk , vk ) zk
dk ∈D

for k = K − 1, . . . , 1 where the optimal decisions d∗1 , . . . , d∗K are the minimisers attained by
the cost-to-go functions C1 , . . . , CK (see Section 1.3 in Bertsekas, 2005). Here we view Ck
as a function which assigns to each state zk the total loss or cost Ck (zk ) from time k to
K + 1 having made the optimal decisions d∗k , . . . , d∗K and for this reason is called a costto-go function. In particular the cost-to-go function C1 (z1 ) is equal to the minimum of the
expected loss (5.3.1) obtained by the optimal decisions d∗1 , . . . , d∗K .
While the dynamic programming recursion is a very useful formulation, it is still computationally expensive as it is a series of nested global optimization problems. One notable

62

5.4. Multi-stage Lookahead

attempt to overcome this difficulty and simplify the dynamic programming recursion is the
rollout algorithm (see Section 6.4 in Bertsekas, 2005). The idea behind rollout is to only
consider one decision at a time with an approximate cost-to-go function. That is to say, for
k = 1, . . . , K the k-th decision dk is the minimiser of
h
 i
Evk lk (dk , zk , vk ) + C̃k+1 g(dk , zk , vk ) zk
where C̃k+1 is an approximation to the true cost-to-go function Ck+1 (for example, this
could be another surrogate approximation). For the rollout algorithm C̃k+1 is chosen to
be the cost-to-go function of a given sequence of decisions d˜1 , . . . , d˜K which are obtained
heuristically (for example by an educated guess). One could equally calculate C̃k+1 from the
dynamic programming recursion (5.3.2) with an approximate C̃k+2 leading to a multi-stage
rollout algorithm.

5.4

Multi-stage Lookahead

The one-stage decision theoretic approach pursued in Section 5.2 is actually a simplification
of the problem we would really like to solve: Supposing we can only afford to make K
evaluations of our objective function, where should they be? It is natural to formulate this
as a multi-stage decision problem, deciding where to take the next K points x1 , . . . , xK ∈ D
at which to sample the objective function f . We present an extension to the approach set
out in Betrò (1991) as proposed by Mockus (1975). Let the initial state z1 be given by
z1 = y
and the system equation be given by
zk+1 = g(xk , zk , F (xk ))
where
g(x, z, F (x)) =

for k = 1, . . . , K
!
z
F (x)

is the system evolution function. We then wish to minimise the expected loss after K steps
using one of the loss functions given in Section 5.2 at each stage. For example, the improvement loss function for the multi-stage case would be
l(x, z, F (x)) = − max{min(z) − F (x), 0}
where min(z) denotes the smallest component of the vector z. We can then apply the dynamic
programming recursion (5.3.2) to deduce that the cost-to-go functions are given by
h
i
CK (zK ) = min EF (xK ) l(xK , zK , F (xK )) zK
xK ∈D
h
 i
Ck (zk ) = min EF (xk ) l(xk , zk , F (xk )) + Ck+1 g(xk , zk , F (xk )) zk
xk ∈D
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for k = K − 1, . . . , 1 and the best choice of sample points are the minimisers x1 , . . . , xK
attained by the cost-to-go functions C1 , . . . , CK . While this is a very elegant formulation of
the problem, the dynamic programming recursion is very hard to solve in practice as it is a
sequence of nested global optimization problems involving expectations and thus integration.
This is why simplifications are often introduced, such as assuming that the next decision
is the last one by letting K = 1 which gives the one-stage lookahead framework we have
discussed in depth in Section 5.2. Similarly, letting K = 2 gives the two-stage lookahead
h
i
C2 (z2 ) = min EF (x2 ) l(x2 , z2 , F (x2 )) z2
x2 ∈D
h
 i
C1 (z1 ) = min EF (x1 ) l(x1 , z1 , F (x1 )) + C2 g(x1 , z1 , F (x1 )) z1
x1 ∈D

which can be combined to give the nested optimization problem

h  

 
i 
y
y
V1 (y) = min EF (x1 ) l(x1 , y, F (x1 )) + min EF (x2 ) l x2 , F (x1 ) , F (x2 )
y .
F (x1 )
x1 ∈D

x2 ∈D

Note that while the inner expectation can be evaluated analytically for the various loss functions as in Section 5.2, the outer expectation in general cannot. As a result our optimization
algorithms developed in Chapter 6 are not directly applicable. A possible simplification pursued in Osborne et al. (2009) is to sequentially sample F (xk )|zk from the corresponding
Gaussian distribution with mean s(xk ) and variance e2 (xk ) for k = 1, . . . , K. This avoids
having to do the expensive integration when calculating the expectation but it is not clear
whether this is an effective approximation. A more sophisticated approach is to estimate
the integrals sequentially using a Monte Carlo method as done by Gramacy and Lee (2011)
for their integrated conditional expected improvement. As mentioned in Section 5.3, another possible simplification is the rollout algorithm. For other approaches to simplifying
the dynamic programming recursion we refer the interested reader to Bertsekas (2005).
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Chapter 6

Branch and Bound Algorithms

In the previous chapter we developed a framework based on decision theoretic reasoning
for globally optimizing the expensive objective function f (x). We have seen that as part of
the solution to the general problem it is necessary to solve the ancillary global optimization
problem
min l(x)
x∈D

Rn

where l : D ⊂
→ R is a cost function from Section 5.2. In this chapter we will explore in
detail solutions to this problem over various domains D using branch and bound algorithms.
We have decided to use branch and bound algorithms for performing the necessary optimization as they have rigorous theoretical convergence guarantees and our use of radial basis
function surrogates enables us to calculate bounds with relative ease.

6.1

Bound Constraints

Let us begin by describing a branch and bound algorithm for minimising the cost function
l(x) in the case of simple bound constraints on x. We will prove that the algorithm converges
in a finite number of iterations to within a prescribed tolerance ε > 0 of the global minimum
of l(x).

6.1.1

Description of the Algorithm

We seek to optimize the cost function l(x) from Section 5.2 over the domain D which in
this section is an n-dimensional rectangle (or box). To this end we will use the canonical
branch and bound algorithm (Horst, 1986) with bounds from Jones, Schonlau and Welch
(1998) and Gutmann (2001). Before describing the algorithm in detail we first need some
notation. Let B ⊂ D denote an n-dimensional box and let xB be the centre of B unless B
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has been locally searched, in which case it is the feasible point found by a constrained local
search procedure (see step 1e in the algorithm below). Define α(B), β(B) to be lower and
upper bounds respectively on the global minimum of l(x) within B, i.e. α(B), β(B) satisfy
α(B) ≤ min l(x) ≤ β(B).
x∈B

Suitable choices for these bounds will be discussed below. We then follow the branch and
bound algorithmic framework set out in Balakrishnan, Boyd and Balemi (1991):
Branch and Bound Algorithm
0. Initialisation:
a) Set k = 0 and s = 0.
b) Let L0 = {D} be the initial list of boxes.
c) Let L0 = α(D) be the initial lower bound for minx∈D l(x).
d) Let U0 = β(D) be the initial upper bound for minx∈D l(x).
1. While Uk − Lk > ε, repeat the following procedure:
a) Remove from Lk boxes B ∈ Lk such that α(B) > Uk .
b) Choose B ∈ Lk such that α(B) = Lk .
c) Bisect B along its longest edge into BI and BII . Set Lk+1 := Lk ∪ {BI , BII } and
remove B from Lk+1 .
d) If any boxes have been discarded in 1.a) set s = 0, otherwise set s = s + 1.
e) If s > 2 run an approximate constrained local search algorithm on all previously
unsearched boxes B in Lk+1 , update xB to be the minimiser found by the local
search and set s = 0.
f ) Set Lk+1 := minB∈Lk+1 α(B).
g) Set Uk+1 := minB∈Lk+1 β(B).
h) Set k = k + 1.
2. Return Uk as the estimate of the global minimum of l(x) over D.
The idea behind the algorithm is to recursively partition the domain D into sub-boxes until
a box of sufficiently small size containing the global minimum of l(x) over D is found. Since
it is possible to obtain bounds on the minimum of l(x) over any box in D, they can be used
to discard boxes which cannot contain the global minimum, i.e. boxes whose lower bound is
greater than the smallest upper bound. The algorithm is accelerated by running constrained
local searches on suitable boxes to obtain more accurate upper bounds. This is achieved
through the use of a heuristic from Pedamallu, Özdamar, Csendes and Vinkó (2008) which
suggests running local searches on all previously unsearched boxes if no boxes are discarded
after two successive iterations of the algorithm. We use a conjugate gradient based active set
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method by Hager and Zhang (2006) for the local searches in our C++ code but in principle
one can use any constrained local search algorithm. In practice the algorithm is stopped
after a set amount of time and the solution is refined with a local solver.
We will now present suitable choices for the bounds α, β for the cost functions l(x) given
in Section 5.2. The cost function l(x) can take many forms, but in all the sampling strategies
proposed it is some combination of the RBF surrogate s(x) and error e(x). In fact, to obtain
a lower (resp. upper) bound on l(x) it suffices to obtain a lower (resp. upper) bound on
s(x) and an upper (resp. lower) bound on e(x) as the cost functions are monotonic in s(x)
and e(x). We will show monotonicity for the various cost functions later on in this section.
Consider first the surrogate s(x). Recall from Chapter 3 that s(x) takes the form
M
X

s(x) =

µk πk (x) +

N
X
j=1

k=1

λj ϕ(kx − xj kW).

We bound each radial basis function term over a box B ⊂ D using quadratic functions (as
suggested in Gutmann, 2001 and Jones et al., 1998):
aj + bj kx − xj k2W ≤ ϕ(kx − xj kW) ≤ Aj + Bj kx − xj k2W
for which details are given later in the convergence proof subsection. Then we can define a
lower bounding function for the global minimum of the surrogate s over a box B ⊂ D as
αs (B) = min{ps (x) + qs (x)}
x∈B

(6.1.1)

where
ps (x) :=
qs (x) :=

M
X

µk πk (x)

k=1
N
X
j=1
λj >0

λj (aj + bj kx − xj k2W) +

N
X
j=1
λj <0

λj (Aj + Bj kx − xj k2W).

Note that in our implementation we use the cubic spline RBF where the polynomial term is
linear and hence it is trivial to find its minimum over a box B since αs (B) is then separable
and piecewise quadratic. For other choices of RBF one can use interval arithmetic (Neumaier,
2004) or polynomial optimization (Lasserre, 2001) to find the minimum. We define the upper
bounding function for the global minimum of the surrogate s over a box B ⊂ D as
βs (B) = s(xB ).

(6.1.2)

Consider now the error e(x). Recall from Sections 3.1 and 3.2 that the error e(x) is given by
e2 (x) = σ 2 [ϕ(0) − L(ξ)]
where
T

L(ξ) = ξ A

−1

ξ,

A=

R
PT

P
0

!
,

ξ = ( r(x) p(x) )T .

67

6. Branch and Bound Algorithms

The idea here is to underestimate L(ξ) by a convex relaxation C(ξ) for which details are
given later in the convergence proof subsection. Following Jones et al. (1998) and Gutmann
(2001), define an upper bounding function for the global maximum of the error e(x) over a
box B as
(6.1.3)
βe (B) = max σ(ϕ(0) − C(ξ))1/2 .
ξ∈[ξ,ξ]

Similarly to before, a suitable lower bounding function for the global maximum of the error
e(x) over a box B ⊂ D is
αe (B) = e(xB ).
(6.1.4)
We will now show that the cost functions from Section 5.2, are monotonic in s(x) and
e(x). Clearly this must be the case for the surrogate minimum and maximum error cost
functions as these only depend on s(x) and −e(x) respectively. The lower confidence bound
cost function is linear in s(x) and −e(x) so monotonicity follows trivially. Consider the
probability of improvement cost function l(x), then


1
T − s(x)
∂(−l(x))
=−
φ
<0
(6.1.5)
∂s(x)
e(x)
e(x)
and

(T − s(x))
∂(−l(x))
=−
φ
∂e(x)
e2 (x)



T − s(x)
e(x)


>0

(6.1.6)

provided T ≤ minx∈D s(x). Thus the cost function is monotonic in s(x) and e(x) under
suitable assumptions on T . For the expected improvement cost function l(x), Jones et al.
(1998) have shown that


∂(−l(x))
ymin − s(x)
<0
(6.1.7)
= −Φ
∂s(x)
e(x)
and

∂(−l(x))
=φ
∂e(x)



ymin − s(x)
e(x)


>0

(6.1.8)

and hence that the cost function is monotonic in s(x) and e(x).
We can now define the lower bounding function for the surrogate minimum approach as
α(B) = αs (B)

(6.1.9)

α(B) = −βe (B)

(6.1.10)

for the maximum error approach as

for the lower confidence bound approach as
α(B) = αs (B) − νσβe (B),
for the probability of improvement approach as


T − αs (B)
α(B) = −Φ
βe (B)
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(6.1.12)
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(provided T ≤ minx∈D s(x)) and for the expected improvement approach as
α(B) = −βe (B) [ζ(B)Φ(ζ(B)) + φ(ζ(B))]
where
ζ(B) =

(6.1.13)

ymin − αs (B)
.
βe (B)

The upper bounding functions β(B) are exactly the same expressions with α and β interchanged.

6.1.2

Proof of Convergence

Consider the following two conditions on the upper and lower bounds α and β over a compact
set C ⊂ D:
(C1) α(C) ≤ minx∈C l(x) ≤ β(C)
(C2) ∀ε > 0 ∃δ > 0 s.t. ∀C ⊂ D, size(C) ≤ δ =⇒ β(C) − α(C) ≤ ε
where size(C) is some measure of the size of C, which will be defined for specific sets C later.
Essentially, the first condition states that α and β should be bounds on the minimum of l(x)
over C and the second condition that the bounds become more accurate as C gets smaller.
Let us consider the specific case when the compact set C is a box B, and define size(B) to be
the maximum half-length of the sides of B. We then have from the Appendix in Balakrishnan
et al. (1991) that the above branch and bound algorithm computes the global minimum of
the cost function l(x) to within an absolute accuracy ε > 0 in a finite number of iterations
if α and β satisfy the conditions (C1) and (C2) above. Recall from the previous section that
we can obtain lower (resp. upper) bounds on the various cost functions in terms of lower
bounds αs (resp. upper bounds βs ) on s(x) and upper bounds βe (resp. lower bounds αe ) on
e(x) as the utility functions are monotonic in s(x) and e(x). In order to prove convergence
of the branch and bound algorithm for these cost functions, it suffices to show that αs , βs
and αe , βe satisfy similar conditions to (C1), (C2) as it then easily follows that α, β satisfy
conditions (C1), (C2) above.
Before we prove convergence of the algorithm, we briefly digress to discuss how the
quadratic bounds on the radial basis function are chosen (as described in Gutmann, 2001
and Jones et al., 1998). Without loss of generality, assume that the radial basis function ϕ(·)
is convex (as it will either be convex or concave). Define rj := kx − xj k2W and note that it is
trivial to find
lj := min rj
x∈B

and
uj := max rj
x∈B

so that lj , uj are exact bounds on rj over B. This is because uj is always attained at one
of the vertices of the box B and lj is attained at xj if xj is contained in B or at the closest
point in B to xj . The above bounds lead to the following lemma:
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Lemma 6.1. Let lj , uj be defined as above. Then for j = 1, . . . , N we have
∀ε > 0 ∃δj > 0 s.t. ∀B ⊂ D ∀x ∈ B, size(B) ≤ δj

 ϕ(kx − x k ) − ϕ(pl ) ≤ ε
j
j W
=⇒
√
 ϕ( u ) − ϕ(kx − x k ) ≤ ε
j

j

W

Proof: Follows from the above bounding procedure and the uniform continuity and monotonicity of ϕ(·). Note that as D is compact and ϕ(·) is continuous it follows from the HeineCantor Theorem (see Munkres, 1997, Theorem 27.6, page 176) that ϕ(·) is uniformly continuous.
We then wish to bound our radial basis function using quadratics as follows
√
aj + bj rj ≤ ϕ( rj ) ≤ Aj + Bj rj
√
and since ϕ( rj ) is convex, we can take Aj +Bj rj to be the chord from lj to uj and aj +bj rj
√
as the tangent to ϕ( rj ) at 12 (lj + uj ) (see Figure 6.1 below). For example, for our choice
√
ϕ( rj )

Aj + Bj rj
aj + bj rj

0

uj

lj

rj

√
Figure 6.1: Lower and upper bounding functions for ϕ( rj ).
√
√
3/2
of cubic RBF ϕ( rj ) = rj and we want Aj + Bj rj = ϕ( rj ) at lj and uj . Hence Aj , Bj
3/2

satisfy the equations Aj + Bj lj = lj

3/2

and Aj + Bj uj = uj

which one can solve to obtain

−lj uj
1
√
Bj = p
√ ,
√ + uj .
lj + uj
lj + uj
√
√
Also, we want aj + bj rj = ϕ( rj ) at 12 (lj + uj ) with bj = ϕ0 ( rj ). Solving these equations,
one obtains
p
3 lj + uj
(lj + uj )3/2
√
√
aj = −
,
bj =
.
4 2
2 2
Aj = p
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It is clear that as size(B) → 0 we have that uj − lj → 0 and thus the quadratic upper and
√
lower bounds converge uniformly to ϕ( rj ). We formalise this observation in the following
lemma:
Lemma 6.2. Let each radial basis function ϕ(kx − xj kW) be bounded as above. Then for
j = 1, . . . , N we have
∀ε > 0 ∃δj > 0 s.t. ∀B ⊂ D ∀x, y ∈ B, size(B) ≤ δj

 ϕ(kx − x k ) − (a + b ky − x k 2 ) ≤ ε
j W
j
j
j W
=⇒
 A + B ky − x k 2 − ϕ(kx − x k ) ≤ ε
j

j

j

j

W

W

Proof: Follows from the above bounding procedure and the uniform continuity and convexity
of ϕ(·).
This immediately leads to
Lemma 6.3. Define
rs (x) :=

N
X
j=1

λj ϕ(kx − xj kW)

Then with the above bounding procedure the following result holds:
∀ε > 0 ∃δ > 0 s.t. ∀B ⊂ D ∀x, y ∈ B, size(B) ≤ δ =⇒ rs (x) − qs (y) ≤ ε
Proof: Let ε > 0 be arbitrary. We have from Lemma 6.2 that for j = 1, . . . , N for which λj 6=
0, ∃δj > 0 s.t. ∀B ⊂ D ∀x, y ∈ B

 ϕ(kx − x k ) − (a + b ky − x k 2 ) ≤ ε/N λ
for λj > 0
j W
j
j
j W
j
size(B) ≤ δj =⇒
 A + B ky − x k 2 − ϕ(kx − x k ) ≤ ε/N (−λ ) for λ < 0
j
j
j W
j W
j
j
So take δ := minj δj . We then have that ∀B ⊂ D ∀x, y ∈ B
size(B) ≤ δ =⇒ rs (x) − qs (y)
=

N
X
j=1

=

λj ϕ(kx − xj kW) −

N
X
j=1
λj >0

≤

N
X
j=1
λj >0

N
X

j=1
λj >0

λj (aj + bj ky − xj kW ) −

λj [ϕ(kx − xj kW) − (aj + bj ky − xj kW2 )] +

λj [ε/N λj ] +

N
X

2

N
X

N
X
j=1
λj <0

λj (Aj + Bj ky − xj kW2 )

(−λj )[(Aj + Bj ky − xj kW2 ) − ϕ(kx − xj kW)]

j=1
λj <0

(−λj )[ε/N (−λj )] = ε

j=1
λj <0

To prove convergence, we also need an additional lemma:
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Lemma 6.4. Let p ∈ Πnd be a polynomial on a compact set S ⊂ Rn . We then have that
∀ε > 0 ∃δ > 0 s.t. ∀B ⊂ S ∀x, y ∈ B, size(B) ≤ δ =⇒ |p(x) − p(y)| ≤ ε
Proof: Follows trivially from the uniform continuity of p(·). Note that as S is compact and
p : S → R continuous (as it is a polynomial) we have by the Heine-Cantor Theorem (see
Munkres, 1997, Theorem 27.6, page 176) that it is uniformly continuous.
Now we are in a position to prove the following theorem.
Theorem 6.5. The bounds αs and βs given above in (6.1.1) and (6.1.2) respectively satisfy
the following two conditions:
(C1s) αs (B) ≤ minx∈B s(x) ≤ βs (B)
(C2s) ∀ε > 0 ∃δ > 0 s.t. ∀B ⊂ D, size(B) ≤ δ =⇒ βs (B) − αs (B) ≤ ε
Proof: (C1s) Clearly, the value of s(·) at any point in B is an upper bound on the minimum
of s(·) over B. Also, by construction ps (x) + qs (x) underestimates s(x) over B and thus
αs (B) = minx∈B {ps (x) + qs (x)} underestimates minx∈B s(x).
(C2s) Let ε > 0 be arbitrary. For clarity of exposition define for all B ⊂ D,
x∗B := arg min{ps (x) + qs (x)}
x∈B

and let c denote some point in B (not necessarily the midpoint). We have from
Lemma 6.3 that there exists δ1 > 0 such that for any B ⊂ D
size(B) ≤ δ1 =⇒ rs (c) − qs (x∗B ) ≤ ε/2
We also have from Lemma 6.4 that there exists δ2 > 0 such that for any B ⊂ D
size(B) ≤ δ2 =⇒ ps (c) − ps (x∗B ) ≤ ε/2
So take δ := min{δ1 , δ2 }. We then have that for any B ⊂ D
size(B) ≤ δ =⇒ βs (B) − αs (B) = ps (c) − ps (x∗B ) + rs (c) − qs (x∗B )
≤ ε/2 + ε/2 = ε.
We now establish bounds on the error e(x) and start by describing how to underestimate
the quadratic form L(ξ) = ξ T A−1 ξ by a convex relaxation C(ξ) over an interval [ξ, ξ].
Consider the convex relaxation
C(ξ) := L(ξ) + γ(ξ − ξ)T (ξ − ξ)
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where γ := max{0, −λmin }+ controls the extent of the relaxation, λmin denotes the smallest
eigenvalue of A−1 ,  is a small positive constant and
 p
ϕ( l ) for j = 1, . . . , N
j
ξj =
min
x∈B πj−n (x) for j = N + 1, . . . , N + M

ϕ(√u ) for j = 1, . . . , N
j
ξj =
max
π (x) for j = N + 1, . . . , N + M.
x∈B

j−n

determine the interval over which the convex relaxation applies. Recall that for our implementation using a cubic RBF the polynomial basis {πk }M
k=1 is linear and so it is trivial to
find the minimum or maximum of each πk over a box B. For other choices of basis function one can use interval arithmetic (Neumaier, 2004) or polynomial optimization (Lasserre,

2001) as before. Crucially C(ξ) is convex as its Hessian, given by 2 A−1 + γI , is strictly
positive definite (by virtue of choosing a small  > 0) and it underestimates L(ξ) over [ξ, ξ]
since for any ξ ∈ [ξ, ξ], γ(ξ − ξ)T (ξ − ξ) ≤ 0. Thus we have relaxed the problem to a convex
quadratic programming problem which can be solved efficiently. We use QuadProg++, an
implementation of the algorithm by Goldfarb and Idnani (1983) in our C++ code. To prove
convergence, we also need the following lemma:
Lemma 6.6. We have that
∀ε > 0 ∃δ > 0 s.t. ∀B ⊂ D ∀ζ, ξ ∈ [ξ, ξ], size(B) ≤ δ =⇒ L(ζ) − C(ξ) ≤ ε
Proof: Let ε > 0 be arbitrary. For clarity of exposition define ∀B ⊂ D
xlk := arg min πk (x)
x∈B

xuk

:= arg max πk (x)
x∈B

We have from Lemma 6.1 that for j = 1, . . . , N ∃δj > 0 s.t.

 ϕ(kx − x k ) − ϕ(pl ) ≤ pε/2γ(N + M )
j
j W
∀B ⊂ D ∀x ∈ B, size(B) ≤ δj =⇒
p
 ϕ(√u ) − ϕ(kx − x k ) ≤ ε/2γ(N + M )
j
j W
and from Lemma 6.4 (as πk (x) is a polynomial) that for k = 1, . . . , M ∃δk > 0 s.t.
∀B ⊂ D ∀x, y ∈ B, size(B) ≤ δk =⇒ |πk (x) − πk (y)| ≤

p
ε/2γ(N + M )

As ξ T A−1 ξ is a quadratic form and thus a polynomial in ξ we have from Lemma 6.4 that
∃δ ∗ > 0 s.t.
∀B ⊂ D ∀ζ, ξ ∈ [ξ, ξ], size(B) ≤ δ ∗ =⇒ |ζ T A−1 ζ − ξ T A−1 ξ| ≤ ε/2
So take δ := minj,k {δj , δk , δ ∗ }. We then have that ∀B ⊂ D ∀ζ, ξ ∈ [ξ, ξ]
size(B) ≤ δ =⇒
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|L(ξ) − C(ζ)| = |ζ T A−1 ζ − (ξ T A−1 ξ + γ(ξ − ξ)T (ξ − ξ))|

≤ |ζ T A−1 ζ − ξ T A−1 ξ| + γ(ξ − ξ)T (ξ − ξ)


√ T  √
ϕ(kx − x1 kW) − ϕ( l1 )
ϕ( u1 ) − ϕ(kx − x1 kW)

 

..
..

 

.
.

 

√   √


ϕ(kx − xN kW) − ϕ( lN ) ϕ( uN ) − ϕ(kx − xN kW)
 

≤ ε/2 + γ 

 

π1 (x) − π1 (xl1 )
π1 (xu1 ) − π1 (x)

 





..
..




.
.

 

πM (x) − πM (xlM )
πM (xuM ) − πM (x)
p
√
= ε/2 + γ([ϕ(kx − x1 kW) − ϕ( l1 )][ϕ( u1 ) − ϕ(kx − x1 kW)]
p
√
+ . . . + [ϕ(kx − xN kW) − ϕ( lN )][ϕ( uN ) − ϕ(kx − xN kW)]
+ [π1 (x) − π1 (xl1 )][π1 (xu1 ) − π1 (x)]

+ . . . + [πM (x) − πM (xlM )][πM (xuM ) − πM (x)])


Nε
Mε
+
≤ ε/2 + γ
=ε
2γ(N + M ) 2γ(N + M )
Now we are in a position to prove the following theorem:
Theorem 6.7. The bounds αe and βe given above in (6.1.4) and (6.1.3) respectively satisfy
the following two conditions:
(C1e) αe (B) ≤ maxx∈B e(x) ≤ βe (B)
(C2e) ∀ε > 0 ∃δ > 0 s.t. ∀B ⊂ D, size(B) ≤ δ =⇒ βe (B) − αe (B) ≤ ε
Proof: (C1e) Clearly, the value of e(·) at any point in B is a lower bound on the maximum
of e(·) over B. Also, by construction C(ξ) underestimates L(ξ) over B and thus βe (B) =
maxξ∈[ξ,ξ] σ(ϕ(0) − C(ξ))1/2 overestimates maxx∈B e(x).
(C2e) Let ε > 0 be arbitrary. For clarity of exposition define ∀B ⊂ D,
ξ ∗ := arg max σ(ϕ(0) − C(ξ))1/2
ξ∈[ξ,ξ]

and let ξ c denote some point in [ξ, ξ]. From the uniform continuity of the square root
function we have that
∃ ε∗ > 0 s.t. (βe )2 − (αe )2 ≤ ε∗ =⇒ βe − αe ≤ ε.
We have from Lemma 6.6, that ∃δ > 0 s.t. ∀B ⊂ D
size(B) ≤ δ =⇒ L(ξ c ) − C(ξ ∗ ) ≤ ε∗ .
We then have that ∀B ⊂ D
size(B) ≤ δ =⇒ (βe )2 − (αe )2 = ϕ(0) − L(ξ c ) − ϕ(0) + C(ξ ∗ )
= L(ξ c ) − C(ξ ∗ ) ≤ ε∗
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and hence ∀B ⊂ D

size(B) ≤ δ =⇒ βe − αe ≤ ε

Finally, we obtain the main convergence result of this section:
Theorem 6.8. The bounds α and β given above in (6.1.9) − (6.1.13) satisfy conditions (C1)
and (C2). Hence, by the proof in Balakrishnan et al. (1991) the proposed algorithm converges
in a finite number of iterations with an absolute accuracy ε > 0.
Proof: (C1) We know from the previous section that the cost functions from Section 5.2
are monotonic in s(x) and e(x). In particular, they decrease as s(x) decreases and e(x)
increases (and vice versa). Therefore, it follows trivially from conditions (C1s), (C1e)
of Theorems 6.5, 6.7 that the bounds α, β given in (6.1.9) − (6.1.13) satisfy condition
(C1).
(C2) For the surrogate minimum, maximum error and lower confidence bound cost functions
it follows trivially from conditions (C2s), (C2e) of Theorems 6.5, 6.7 that the respective
bounds α, β given in (6.1.9) − (6.1.11) satisfy condition (C2). For the probability of
improvement cost function, we give the following proof: Let ε > 0 be arbitrary. First of
all note that the probability of improvement cost function can be viewed as a function
of s(x) and e(x). We then have from the monotonicity (6.1.5), (6.1.6) that it has
bounded gradient for our bounds on s(x) and e(x) over B since D is compact. In
particular, this means it is uniformly continuous and there exists δ ∗ > 0 such that for
any B ⊂ D
k(βs (B), αe (B)) − (αs (B), βe (B))k2 ≤ δ ∗ =⇒ l(βs (B), αe (B)) − l(αs (B), βe (B)) ≤ ε
where l(·, ·) denotes the probability of improvement cost function as a function of s(x)
and e(x). We have from conditions (C2s) and (C2e) of Theorems 6.5, 6.7 that there
exist δ1 , δ2 > 0 such that for any B ⊂ D
√
size(B) ≤ δ1 =⇒ βs (B) − αs (B) ≤ δ ∗ / 2,
√
size(B) ≤ δ2 =⇒ βe (B) − αe (B) ≤ δ ∗ / 2.

So take δ := min{δ1 , δ2 }. Then for any B ⊂ D, size(B) ≤ δ implies
k(βs (B), αe (B)) − (αs (B), βe (B))k2 = (βs (B) − αs (B))2 + (βe (B) − αe (B))2

√
√ 1/2
≤ (δ ∗ / 2)2 + (δ ∗ / 2)2
≤ δ∗.

1/2

It then follows that for any B ⊂ D, size(B) ≤ δ implies
β(B) − α(B) = l(βs (B), αe (B)) − l(αs (B), βe (B)) ≤ ε
which proves (C2) for the probability of improvement cost function. The proof for
the expected improvement cost function is similar: Let ε > 0 be arbitrary. As before,
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we can view the expected improvement cost function as a function of s(x) and e(x)
and we have from the monotonicity (6.1.7), (6.1.8) that it has bounded gradient since
Φ(·), φ(·) ≤ 1. It is therefore uniformly continuous and there exists δ ∗ > 0 such that
for any B ⊂ D
k(βs (B), αe (B)) − (αs (B), βe (B))k2 ≤ δ ∗ =⇒ l(βs (B), αe (B)) − l(αs (B), βe (B)) ≤ ε
where l(·, ·) denotes the expected improvement cost function as a function of s(x) and
e(x). The last part of the proof is then the same as for the probability of improvement
cost function above and we obtain a suitable δ > 0 such that for any B ⊂ D, size(B) ≤
δ implies
β(B) − α(B) = l(βs (B), αe (B)) − l(αs (B), βe (B)) ≤ ε
which proves (C2) for the expected improvement cost function.

6.1.3

Numerical Example

Consider the problem of finding the global minimum of a cubic spline RBF surrogate s(x, y)
fitted to the Dixon-Szegő six hump camel back function (see Dixon and Szegő, 1978) at thirty
scattered points in [−2, 2] × [−1.25, 1.25]. The optimal solution as found in 1621 iterations
of step 1 of the algorithm with a tolerance of 1 × 10−5 is shown in Figure 6.2 below. This
took about 78 seconds of cpu time for a Matlab implementation on an AMD Phenom II X3
705e processor machine.

1
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1

1.5

2

Figure 6.2: Contours of the RBF surrogate s(x, y) fitted to the camel function. The black
rectangles denote the boxes B used by the branch and bound algorithm. Note that they cluster
at the global minimum of s(x, y) which is denoted by a red circle.
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6.2

Convex Constraints

In this section we present a branch and bound algorithm for globally optimizing the cost
function l(x) subject to convex constraints, based on the canonical branch and bound algorithm for bound constrained global optimization from Section 6.1.

6.2.1

Description of the Algorithm

We extend the canonical branch and bound algorithm from Section 6.1 (using ideas from
Pedamallu et al., 2008) to the case where we have convex constraints, i.e.
D = {x ∈ RN : c(x) ≤ 0}
where c : RN → R is a convex function and we assume that D =
6 ∅ is bounded. We calculate
the componentwise extrema li and ui of the domain D by solving the 2N convex optimization
problems
min ± eTi x i = 1, . . . , N
s.t. c(x) ≤ 0
where ei denotes the i-th unit vector in RN . Then we can construct the minimal bounding
box B0 = [l1 , u1 ] × . . . × [lN , uN ] for the domain D. Note that these are inexpensive global
optimization problems which are almost always solvable in polynomial time using interior
point methods (see Boyd and Vandenberghe, 2004, Section 1.3.1). Before describing the
algorithm in detail we first need some notation. Let B = [lB , uB ] denote the N -dimensional
B
B
interval [l1B , uB
1 ] × . . . × [lN , uN ]. Define the condition number of B as the ratio of the largest
to the smallest edge length, that is
cond(B) =

B
maxi (uB
i − li )
B
mini (uB
i − li )

and the size of B as half the largest edge length, that is
size(B) =

B
maxi (uB
i − li )
.
2

As before, let α(B), β(B) denote lower and upper bounds for the global minimum of the cost
function l(x) over a box B ⊂ B0 satisfying the conditions (C1),(C2) (see Section 6.1). But
this time let xB from the branch and bound algorithm (p. 66) in (6.1.2) and (6.1.4) denote
a feasible vertex of B, i.e. a vertex of B which lies in D, unless B has been locally searched,
in which case it is the feasible point found by a constrained local search procedure (see step
1f in the algorithm below). Note that boxes with infeasible vertices are discarded by the
algorithm (see step 1d) and all boxes in the initial list L0 must have feasible vertices as they
are formed by bisecting the initial bounding box B0 along each coordinate (see step 0b).
Once again, the idea behind the algorithm is to recursively partition the bounding box
B0 into sub-boxes until we find a box of sufficiently small size containing the global minimum
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of l(x) over D. Since we are able to obtain bounds on the minimum of l(x) over any box in
B0 , we can use them to discard boxes which cannot contain the global minimum. Moreover,
we can also discard boxes which are infeasible with respect to the constraints, i.e. boxes
which do not contain a feasible region. As before, we accelerate the algorithm by running
constrained local searches on all previously unsearched boxes if no boxes are discarded after
two successive iterations of the algorithm. The algorithm proceeds as follows, cf. the branch
and bound algorithm in Section 6.1:
Branch and Bound Algorithm for Convex Constraints
0. Initialisation:
a) Set k = 0 and s = 0.
b) Bisect the initial bounding box B0 into 2N sub-boxes B1 , . . . , B2N (once along each
coordinate) and set xBi to be a feasible vertex for each of the sub-boxes Bi .
c) Let L0 = {B1 , . . . , B2N } be the initial list of boxes.
d) Let U0 = minB∈L0 β(B) be the initial upper bound for minx∈D l(x).
e) Let L0 = minB∈L0 α(B) be the initial lower bound for minx∈D l(x).
1. While Uk − Lk > ε, repeat the following procedure:
a) Remove from Lk boxes B ∈ Lk such that α(B) > Uk .
b) Choose B ∈ Lk such that α(B) = Lk .
c) If B was formed by splitting its parent box along the i-th coordinate, bisect B along
the i + 1 mod N coordinate into BI and BII . Set Lk+1 := Lk \ {B}.
d) Check if the vertices of BI , BII satisfy the constraints. For i = I and II proceed
as follows: If Bi has a feasible vertex, set xBi to be that vertex and set Lk+1 =
Lk+1 ∪ {Bi }. If on the other hand none of the vertices of Bi are feasible, discard
Bi .
e) If any boxes have been discarded in 1.a) set s = 0, otherwise set s = s + 1.
f ) If s > 2 run an approximate constrained local search algorithm on all previously
unsearched boxes B in Lk+1 , update xB to be the relevant feasible point found by
the algorithm and set s = 0.
g) Set Uk+1 := minB∈Lk+1 β(B).
h) Set Lk+1 := minB∈Lk+1 α(B).
i) Set k = k + 1.
2. Return Uk as the estimate of the global minimum of l(x) over D.
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6.2.2

Proof of Convergence

We will prove that, under suitable assumptions, the above algorithm converges in a finite
number of iterations to within a tolerance ε > 0 of the global minimum of l(x). First, we state
and prove the following Lemma which follows from our splitting rule, i.e. the requirement
that we cycle the coordinate along which we bisect a box in step 1c of the algorithm.
Lemma 6.9. For any k ∈ N and for any box B ∈ Lk ,
cond(B) ≤ 2cond(B0 ).
B
B
B
Proof: Consider a box B = [lB , uB ] ∈ Lk and let emax = maxi (uB
i −li ), emin = mini (ui −li ).
When we bisect this box into two child boxes BI and BII we do so in one of the following
ways:

1. Split along an edge that does not have length emax or emin . Then
cond(Bi ) =

emax
= cond(B)
emin

for i = I and II.
2. Split along an edge with length emin . Then
cond(Bi ) =

emax
= 2 cond(B)
emin /2

for i = I and II.
3. Split along an edge with length emax . Then
a) if emin ≤ emax /2,

cond(Bi ) =

emax
= cond(B)
emin

for i = I and II.
b) if emin > emax /2,
cond(Bi ) =

emax
= 2 ≤ 2 cond(B)
emax /2

for i = I and II, as cond(B) ≥ 1 (since emax ≥ emin ⇒ emax /emin ≥ 1).
Therefore, the upper bound on the condition number is given by splitting along an edge
with largest or smallest length. As our splitting rule cycles through the coordinate to bisect
along, all the edges of a box must be split before we can split along an edge with largest or
smallest length again. So, if we are to split C = BI ∈ Lk+1 into two child boxes CI and CII
along an edge with largest or smallest length again, we have
cond(C) =

emax /2
.
emin /2
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Thus, if we split along an edge with smallest length (emin /2), we get that
cond(Ci ) =

emax
emax /2
=2
= 2 cond(B)
emin /4
emin

for i = I and II. Similarly, if we split along an edge with largest length (emax /2) assuming
emin > emax /2, we get that
cond(Ci ) =

emax /2
= 2 ≤ 2 cond(B)
emax /4

for i = I and II. By induction we obtain that we can bound the condition number of any
box B ∈ Lk for any k by 2 cond(B0 ).
We now proceed with the main part of the proof, that the proposed algorithm converges
in a finite number of iterations to within a tolerance ε > 0 of the global minimum of l(x)
over D. Formally:
Theorem 6.10. For any ε > 0 there exists Mε ∈ N such that
UMε − LMε ≤ ε
and UMε is within a tolerance ε of the global minimum of l(x) over D.
Proof: We follow the proof given in the appendix of Balakrishnan et al. (1991). Whenever
a parent box is split into two child boxes in step 1c of the algorithm, one of the child boxes
must have at least one feasible vertex and so cannot be discarded. (This is because the
parent box has at least one feasible vertex as otherwise it would have been discarded in step
1d.) Since our initial partition L0 has 2N boxes of equal volume vol(B0 )/2N , it is easy to see
that after k iterations
vol(B0 )
(6.2.1)
min vol(B) ≤ N
B∈Lk
2 +k
as the partition Lk has at most 2N + k boxes. Now observe that

N −1
N
Y
vol(B) =
(ui − li ) ≥ max(ui − li ) min(ui − li )
i

i=1

i

(2 size(B))N
cond(B)N −1


2 size(B) N
≥
cond(B)

=

=⇒ size(B) ≤ 1/2 cond(B)vol(B)1/N .

(6.2.2)

Combining Lemma 6.9 with inequalities (6.2.1) and (6.2.2) gives

min size(B) ≤ cond(B0 )

B∈Lk
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2N + k

1/N
.
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Let Bk := arg minB∈Lk size(B) and let Ak ∈ LMk be the box which for some Mk < k we split
to obtain Bk . Let ε > 0 be arbitrary. Then there exists δ > 0 such that for any B ⊂ B0 ,
size(B) ≤ 2δ =⇒ β(B) − α(B) ≤ ε

(6.2.4)

by assumption (C2). Choose K ∈ N sufficiently large such that
size(BK ) ≤ δ
which is possible by (6.2.3). Then AK must have size(AK ) ≤ 2δ and thus from (6.2.4) we
have
β(AK ) − α(AK ) ≤ ε.
(6.2.5)
Now, as AK was split at iteration MK , it must have satisfied α(AK ) = LMK . Hence, we get
that
UMK − LMK ≤ β(AK ) − LMK ≤ ε
(6.2.6)
since UMK ≤ β(AK ) by definition and using (6.2.5). We therefore have an upper bound MK
on the number of branch and bound iterations.
It remains to show that UMK is within a tolerance ε of the global minimum of l(x) over
the convex set D. Assume condition (C1) holds and suppose that the global minimum l∗ of
l(x) over D is attained at x∗ ∈ D. First, we show that x∗ is contained in a box in LMK . To
see this, observe that for all k ∈ N, Lk is a partition of the bounding box B0 with boxes
which cannot possibly contain x∗ removed, that is to say boxes B which have lower bound
α(B) > Uk
i.e. α(B) > l(xB ) for a feasible vertex xB ∈ D. As x∗ is contained in a box in LMK it follows
that LMK ≤ l∗ and thus
UMK − l∗ ≤ UMK − LMK ≤ ε
by (6.2.6).

6.2.3

Numerical Example

Consider again the problem of finding the minimum of the RBF surrogate s(x, y) fitted to
the Dixon-Szegő six hump camel back function, this time subject to the convex constraint
c(x, y) =

x
y

!T

2 1
1 2

!

x
y

!
−1≤0

which is an ellipse. The optimal solution as found in 1418 loops of step 1 of the algorithm
with a tolerance of 1 × 10−5 is shown in Figure 6.3 below. This took about 62 seconds of
cpu time.
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Figure 6.3: Contours of the RBF surrogate s(x, y) fitted to the camel function. The black
squares denote the boxes B used by the branch and bound algorithm. Note that they cluster
at the global minimum of s(x, y) which is denoted by a red circle.

6.3

Mixed Integer Constraints

In this section we will look at extending the branch and bound algorithm for convex constraints from Section 6.2 to integer constraints. Formally, we consider the mixed integer
global optimization problem
min

(x,y)∈D×I

l(x, y)

s. t. y ∈ I ∩ Zm
where l : D × I ⊂ Rn × Rm → R is a continuous cost function. As in Section 6.2 we have
convex constraints
D = {x ∈ Rn : c(x) ≤ 0}
(where c : Rn → R is a convex function) as well as a small (m < 20) number of integer
constraints y ∈ I ∩ Zm where
I = {y ∈ Rm : a ≤ y ≤ b}
for some a, b ∈ Zm with a < b. The approach we take is to combine the standard branch and
bound algorithm for integer programming with our branch and bound algorithm for convex
constraints from Section 6.2. Following ideas from the generalised Benders’ decomposition
(see p. 1118 in Floudas, Aggarwal and Ciric, 1989), we separate the optimization problem
into an equivalent form consisting of an outer and inner optimization problem:
min v(y)
y∈I

s. t. y ∈ I ∩ Zm
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where


v(y) =


min l(x, y) : c(x) ≤ 0 .
x∈D

(6.3.2)

We can then solve the inner optimization problem (6.3.2) for fixed y and real intervals over
y using our algorithm from Section 6.2. The outer optimization problem (6.3.1) can be
solved using the standard integer programming branch and bound algorithm (see Section
7.4 in Wolsey, 1998) where instead of solving linear programming or Lagrangian relaxations,
we solve (6.3.2) for relaxed values y ∈ I. Thus we solve the inner problem (6.3.2) for all
continuous y ∈ I and branch on integers y to selectively fix the y variables. The inner
problem (6.3.2) is then solved again for all continuous y in I except the ones which have
been fixed as integers and the procedure is repeated. Lower bounds are given by solutions to
(6.3.2) for relaxed y and upper bounds are given by these solutions if the minimisers y are
integers, or by convention infinity if they are not integers (see step 1c in the algorithm below).
The complete algorithm proceeds as follows (cf. the canonical branch and bound algorithm
in Section 6.1 and the integer programming branch and bound algorithm in Section 7.4 of
Wolsey, 1998):
Branch and Bound Algorithm for Mixed Integer Constraints
0. Initialisation:
a) Set k = 0.
b) Let B0 = D × I be the initial box and L0 = {B0 } the initial list of boxes.
c) Solve the relaxed problem min(x,y) l(x, y) over B0 using our algorithm from Section 6.2 to obtain a minimiser (xB0 , yB0 ). If yB0 is an integer, let β(B0 ) =
l(xB0 , yB0 ), otherwise let β(B0 ) = ∞. Let α(B0 ) = l(xB0 , yB0 ).
d) Let L0 = α(B0 ) be the initial lower bound for min(x,y)∈D×I∩Zm l(x, y).
e) Let U0 = β(B0 ) be the initial upper bound for min(x,y)∈D×I∩Zm l(x, y).
1. While Uk − Lk > 0, repeat the following procedure:
a) Remove from Lk boxes B ∈ Lk such that α(B) > Uk .
b) Choose B ∈ Lk such that α(B) = Lk .

c) Choose an integer variable y j for which yBj is not an integer and bisect B into
 
 
BI = B ∩ D × {y : y j ≤ yBj } and BII = B ∩ D × {y : y j ≥ yBj }. Set
Lk+1 := Lk ∪ {BI , BII } and remove B from Lk+1 .

d) For i = I and II proceed as follows: Solve the relaxed problem min(x,y) l(x, y)
over Bi using our algorithm from Section 6.2 to obtain a minimiser (xBi , yBi ). If
yBi is an integer, let β(Bi ) = l(xBi , yBi ), otherwise let β(Bi ) = ∞. Let α(Bi ) =
l(xBi , yBi ).
e) Set Lk+1 := minB∈Lk+1 α(B).
f ) Set Uk+1 := minB∈Lk+1 β(B).
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g) Set k = k + 1.
2. Return Uk as the estimate of the global minimum of l(x, y) over D × I ∩ Zm .
Note that the algorithm converges to the global minimum of l(x, y) as both the integer
programming and convex branch and bound algorithms are globally convergent.

6.3.1

Numerical Example

As before, consider the problem of finding the global minimum of a cubic spline RBF surrogate s(x, y) fitted to the Dixon-Szegő six hump camel back function at thirty scattered
points in [−2, 2] × [−1.25, 1.25]. Except this time we constrain the x variable to only take
integer values, i.e. x ∈ [−2, 2] ∩ Z. The optimal solution is shown in Figure 6.4 below. For
1
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Figure 6.4: Contours of the RBF surrogate s(x, y) fitted to the camel function. The black
rectangles denote the boxes used by the branch and bound algorithm when performing the
inner optimization (6.3.2) on the regions [−2, −1], 0, [1, 2] × [−1.25, 1.25]. Previous inner
optimizations on the regions [−2, 2], [0, 2] × [−1.25, 1.25] have been omitted from the figure
for clarity. The constrained global minimum of s(x, y) is denoted by a red circle.
a more interesting example, consider the problem of finding the global minimum of a cubic
spline RBF surrogate s(x, y, z) fitted to the Hartman 3 function (Dixon and Szegő, 1978)
scaled to [0, 10]3 at thirty scattered points. This time we constrain the y variable to only
take integer values. A 3D slice view of the surrogate s(x, y, z) is shown in Figure 6.5. The
optimal value of −3.690155 at (0, 6, 8.132228) was found after performing only three inner
optimizations on the regions [0, 10]3 , [0, 10] × [0, 5] × [0, 10] and [0, 10] × [6, 10] × [0, 10].
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Figure 6.5: 3D slices of the RBF surrogate s(x, y, z) fitted to the Hartman 3 function.

6.4

Triangular Meshes and Spherical Surfaces

So far we have considered finding the global minimum of the surrogate over rectangular or
convex regions. In this section we will extend this to more general, potentially disconnected,
regions. Many applications of Numerical Analysis involving the solution of partial differential
equations make use of two and three dimensional triangular meshes of the domains of interest.
With this in mind, we will look at a branch and bound algorithm for optimising our cost
functions on such triangular meshes and through the use of meshes extend the algorithm to
the surface of a sphere.

6.4.1

Triangular Meshes

In this subsection we assume that the domain D of our expensive objective function f is a
triangular mesh in R2 or R3 . The objective function may be defined outside of the triangular
mesh, in which case we would have the constraint set C consisting of the mesh in place of D.
Either way, we can fit a two or three dimensional surrogate to the objective function which
enables us to construct any of the cost functions l(x) as detailed in Section 5.2. First, define
a triangle T ⊂ Rn as the convex hull of its vertices v1 , . . . , vn+1 ∈ Rn
(n+1
)
n+1
X
X
T =
ξk v k :
ξk = 1, ξk ≥ 0 ∀k
k=1

k=1
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where n = 2 or 3. Also, let size(T ) denote the maximum half-length of the sides of T . Since
the domain D is now partitioned into triangles as opposed to boxes we need to calculate
the bounds α, β for the various cost functions from Section 6.1 over a triangle T ⊂ D. As
in Section 6.1, it suffices to specify bounds on the surrogate s(x) and the error e(x). As
before, we bound each radial basis function term in the surrogate over a triangle T ⊂ D
using quadratic functions
aj + bj kx − xj k2W ≤ ϕ(kx − xj kW) ≤ Aj + Bj kx − xj k2W.
Once again, it is easy to obtain exact bounds lj , uj on rj = kx − xj k2W over a triangle T . This
is because uj is always attained at one of the vertices of the triangle T and lj is attained
at the closest point in T to xj . Finding the closest point to a triangle in 2D can be done
analytically and in 3D amounts to solving the convex optimization problems
min

ξ∈R4

s.t.

4
X
k=1
4
X

2

ξk vk − xj
W

ξk = 1,

k=1

ξk ≥ 0 ∀k.
The coefficients aj , bj , Aj , Bj are then defined as in Section 6.1. We can now define the lower
bounding function for the global minimum of the surrogate over T as
αs (T ) = min{ps (x) + cs (x)}
x∈T

where
ps (x) =

M
X

(6.4.1)

µk πk (x)

k=1

as before and
cs (x) := qs (x) + γ(x − x)T (x − x)
is the convex relaxation of
qs (x) =

N
X
j=1
λj >0

λj (aj + bj kx − xj k2W) +

N
X
j=1
λj <0

λj (Aj + Bj kx − xj k2W),

where x = minx∈T x and x = maxx∈T x, which can easily be minimised componentwise. The relaxation parameter γ = max{0, −λmin } where λmin is the smallest eigenvalue
P
of the Hessian matrix of qs (x). Note that the Hessian matrix of q(x) is 2( λj >0 λj bj +
P
T
λj <0 λj Bj )W W where the weight matrix W is diagonal and therefore the smallest eigenvalue is trivial to find. Further, using the cubic spline RBF means that ps (x) is a linear
polynomial for which it is easy to obtain the minimum over a triangle. Finding the minimum
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of cs (x) over T is a convex QP which we can easily solve. Similarly to before, the upper
bounding function for the global minimum of the surrogate over T is given by
βs (T ) = s(xT )

(6.4.2)

where xT is the centroid of the triangle T , i.e. if T has vertices v1 , v2 , v3 then xT = 1/2(v1 +
v2 + v3 ). For the error e(x), the convex relaxation suggested in Section 6.1 also applies to
the case of triangles. We are now in a position to apply the branch and bound algorithm
in Section 6.1 to triangles T in the triangular mesh D. The algorithm is essentially the
same except that we start off with a triangulation of D as opposed to a single triangle.
Also, each triangle is split into two triangles along the line going from the midpoint of
the longest edge to the opposite vertex. The convergence proof for the algorithm remains
virtually unchanged, we first give the following two Lemmas which are analogues of Lemmas
6.3 and 6.4 for triangles:
Lemma 6.11. We have that
∀ε > 0 ∃δ > 0 s.t. ∀T ⊂ D ∀x, y ∈ T , size(T ) ≤ δ =⇒ rs (x) − qs (y) ≤ ε
Proof: Identical to the proof of Lemma 6.3.
Lemma 6.12. Let p ∈ Πnd be a polynomial on a compact set S ⊂ Rn . We then have that
∀ε > 0 ∃δ > 0 s.t. ∀T ⊂ S ∀x, y ∈ T , size(T ) ≤ δ =⇒ |p(x) − p(y)| ≤ ε
Proof: Identical to the proof of Lemma 6.4.
These lead to the following Theorem, which is essentially Theorem 6.5 for triangles:
Theorem 6.13. The bounds αs and βs given above in (6.4.1) and (6.4.2) respectively satisfy
the following two conditions:
(C1s) αs (T ) ≤ minx∈T s(x) ≤ βs (T )
(C2s) ∀ε > 0 ∃δ > 0 s.t. ∀T ⊂ D, size(T ) ≤ δ =⇒ βs (T ) − αs (T ) ≤ ε
Proof: (C1s) Clearly, the value of s(·) at any point in T is an upper bound on the minimum
of s(·) over T . Also, by construction ps (x)+cs (x) underestimates s(x) over T and thus
αs (T ) = minx∈T {ps (x) + cs (x)} underestimates minx∈T s(x).
(C2s) Let ε > 0 be arbitrary. For clarity of exposition define for all T ⊂ D,
x∗T := arg min{ps (x) + qs (x)}
x∈T

yT∗ := arg min{ps (x) + cs (x)}
x∈T
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and let c denote some point in T (not necessarily the centroid). We have from Lemma 6.11
that there exists δ1 > 0 such that for any T ⊂ D
size(T ) ≤ δ1 =⇒ rs (c) − qs (x∗T ) ≤ ε/4.
As qs (x) is a polynomial, we have from Lemma 6.12 that there exists δ2 > 0 such that
for any T ⊂ D
size(T ) ≤ δ2 =⇒ qs (x∗T ) − qs (yT∗ ) ≤ ε/4.
Note that as size(T ) → 0 then by definition x → x and x → x. Hence we have that
there exists δ3 > 0 such that for any T ⊂ D
size(T ) ≤ δ3 =⇒ −(yT∗ − yT∗ )T (yT∗ − yT∗ ) ≤ ε/4γ.
We also have from Lemma 6.12 that there exists δ4 > 0 such that for any T ⊂ D
size(T ) ≤ δ4 =⇒ ps (c) − ps (yT∗ ) ≤ ε/4.
So take δ := min{δ1 , δ2 , δ3 , δ4 }. We then have that for any T ⊂ D
size(T ) ≤ δ =⇒ βs (T ) − αs (T ) = ps (c) − ps (yT∗ ) + rs (c) − cs (yT∗ )

= ps (c) − ps (yT∗ ) + rs (c) − qs (x∗T ) + qs (x∗T ) − cs (yT∗ )

= ps (c) − ps (yT∗ ) + rs (c) − qs (x∗T ) + qs (x∗T ) − qs (yT∗ )
− γ(yT∗ − yT∗ )T (yT∗ − yT∗ )

≤ ε/4 + ε/4 + ε/4 + ε/4 = ε.
We are now in a position to give the main theorem on the convergence of the branch and
bound algorithm from Section 6.1 applied to triangles:
Theorem 6.14. The bounds α and β given in (6.1.9) − (6.1.13) in Section 6.1 satisfy
conditions (C1) and (C2) from that section for triangles. Hence, by the proof in Balakrishnan
et al. (1991) the proposed algorithm converges in a finite number of iterations with an absolute
accuracy ε > 0.
Proof. Follows trivially from the analogue of Theorem 6.8 for triangles, using Theorem 6.13,
the analogue of Theorem 6.7 for triangles and the definitions of α and β.

6.4.2

Numerical Example

Consider the problem of finding the global minimum of a 20-point cubic spline RBF interpolant to the function
f (x) = kx − (0, 0.125, 0)T kW
with norm weights wi = 10 over the 3-dimensional triangular mesh given by the Stanford
Bunny. The Stanford Bunny is a canonical computer graphics test model available in a
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number of resolutions (see Turk and Levoy, 1994). We will use the model with 948 triangles.
The algorithm finds the global minimum in 79 iterations of step 1 the algorithm with a
tolerance of 1 × 10−5 . This took about 12 seconds of cpu time. Figure 6.6 shows the mesh
before and after the branch and bound algorithm has been run. Notice how some triangles
have been split by the algorithm, particularly near the region containing the global minimum.

Figure 6.6: Triangular mesh for the Stanford Bunny before (left) and after (right) running
the branch and bound algorithm. The colours denote values of the RBF interpolant on the
mesh.

6.4.3

Surface of a Sphere

In this section we let the domain D of our expensive objective function be the surface of
the n-dimensional unit sphere S n−1 . As before, we can fit an n-dimensional surrogate to our
expensive function which enables us to construct any of the cost functions from Section 5.2.
We optimize the cost function using a variant of the branch and bound algorithm from
Section 6.1 which uses projected simplices as opposed to boxes. Let T be an n–1-simplex in
Rn whose n vertices all lie on the unit sphere S n−1 and define the projected simplex P as
the projection of T onto the unit sphere S n−1
P = {x ∈ Rn : Ax ≤ b and kxk2 = 1}
where the matrix inequality Ax ≤ b defines the half-spaces containing P. These are given
by calculating the convex hull of the origin 0 together with the n vertices of the simplex
T and removing the half-space whose defining hyperplane does not go through the origin
(see Figure 6.7 overleaf). We start the algorithm by generating a triangulation of random
points on the sphere and projecting the simplices in this initial triangulation onto the sphere.
This gives an initial partition of the sphere using projected simplices. We can then apply
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T

P

Ax ≤ b
0

S n−1
Figure 6.7: A projected simplex P which is the projection of the simplex T onto S n−1 and
is defined as the intersection of S n−1 with the region defined by Ax ≤ b.
the branch and bound algorithm from Section 6.1 to the projected simplices which remains
virtually unchanged except for the splitting rule. Each simplex is split into two simplices
along its longest edge. This is done by adding the midpoint of the longest edge as a vertex
in addition to the existing vertices either side of the midpoint, thereby creating two new
simplices which bisect the old one. Additionally we need upper and lower bounds on the
surrogate s(x) and associated error e(x) over projected simplices P. We proceed as in the
previous subsection on triangular meshes, the only difference being how we calculate the
exact bounds lj , uj on rj = kx − xj k2W over a projected simplex P and the minimum of the
convex relaxation
c(x) := q(x) + γ(x − x)T (x − x)
over P. This time x = minx∈P x and x = maxx∈P x require solving the 2n componentwise
optimization problems on the projected simplex
max / minn xk

x∈Rn

x∈R

s.t. Ax ≤ b.

kxk22 = 1.

for which we use an SQP method. Note that the optimization problems always have a unique
global minimiser. To see this observe that the minimum of any of the above problems is also
attained when the equality constraint kxk22 = 1 is relaxed to one of kxk22 ≤ 1 or kxk22 ≥ 1
which gives a linear problem with a convex or concave constraint. Thus either the problem
is convex or the optimum is attained at one of the vertices of P. As before, the upper bound
uj is always attained at one of the vertices of the simplex T (whose projection is P) and the
lower bound lj is attained at the closest point in P to xj ∈ S n−1 . Finding the closest point
amounts to solving the optimization problem
min kx − xj k2W

x∈Rn

s.t. Ax ≤ b.
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kxk22 = 1.
which we do using an SQP method. In this case, if the global minimum is not attained at
one of the vertices of P it is unique. Finding the minimum of the convex relaxation c(x)
requires solving a convex optimization problem, the only difference being that c(x) is now
the objective function. The convergence proof for the algorithm remains virtually unchanged
and we have the following theorem:
Theorem 6.15. The bounds α and β given in (6.1.9) − (6.1.13) in Section 6.1 satisfy
conditions (C1) and (C2) from that section for projected n–1-simplices. Hence, by the proof
in Balakrishnan et al. (1991) the proposed algorithm converges in a finite number of iterations
with an absolute accuracy ε > 0.
Proof. Follows trivially from the analogue of Theorem 6.8 for projected simplices, using the
analogues of Theorems 6.13, 6.7 for projected simplices and the definitions of α and β.

6.4.4

Numerical Example

Consider the problem of finding the global minimum of a 20-point cubic spline RBF interpolant to the function
f (x) = − exp(−(5 arccos(x3 ))2 )
over the unit sphere in R3 . The algorithm finds the global minimum in 130 iterations of step
1 of the algorithm with a tolerance of 1 × 10−5 . This took about 27 seconds of cpu time.
While the algorithm makes use of projected triangles P, these are difficult to visualise and
so Figure 6.8 shows the mesh of underlying unprojected triangles T , before and after the
branch and bound algorithm has been run. Notice how a large number of triangles have been
split by the algorithm, particularly near the region containing the global minimum.

Figure 6.8: Triangular mesh for the Sphere before (left) and after (right) running the branch
and bound algorithm. The colours denote values of the RBF interpolant on the mesh.
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6.5

Lipschitz Optimization

One of the main advantages of using a radial basis function surrogate to approximate the
underlying expensive objective function is that we can cheaply obtain derivatives of the
surrogate of any order. In particular, this allows us to easily obtain the Hessian Lipschitz
constant over any ball in Rn and thus apply a Lipschitz based branch and bound algorithm.
Note that this is an entirely new approach, distinct from the canonical Lipschitz branch and
bound algorithm (see Section 5.3 of Pardalos et al., 1995).

6.5.1

Calculating the Lipschitz constant

We start by introducing tensors. A third order tensor T is a generalisation of a matrix to
three indices, that is to say a 3-dimensional array. As with matrices Ti,j,k denotes the i, j, kth component (i.e. element in the array) of the tensor T . Recall that the matrix Frobenius
norm can be defined as
m X
n
X
2
kAkF :=
A2i,j
i=1 j=1

and this can be extended to a third order tensor T as
kT k2F :=

m X
n X
o
X

2
Ti,j,k
.

i=1 j=1 k=1

Similarly, we can define the induced `2 -norm for tensors by
kT k2 := max kT xk2
kxk2 =1

where kT xk2 denotes the usual induced matrix norm. We are now in a position to prove the
following Lemma.
Lemma 6.16. Let T be a third order tensor. Then kT k2 ≤ kT kF .
Proof: We have that
kT k22 = max kT xk22 ≤ max kT xk2F
kxk2 =1

= max

kxk2 =1

= max

kxk2 =1

≤ max

kxk2 =1

=

kxk2 =1

m X
n
o
X
X
i=1 j=1

i=1 j=1
n
m X
X

Ti,j,k xk
!2
(ai,j )k xk

where the vector ai,j is s.t. (ai,j )k = Ti,j,k

k=1

kai,j k22 kxk22

by the Cauchy-Schwarz inequality

n X
o
m X
n
m X
X
X
2
kai,j k22 =
Ti,j,k
= kT k2F
i=1 j=1
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k=1

m X
n
o
X
X

i=1 j=1

as kAk2 ≤ kAkF for matrices

i=1 j=1 k=1
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Let T (x) := ∇xxx l(x) denote the third order derivative tensor of the cost function l(x).
We have from Taylor’s theorem that for any x, y ∈ O
Z 1
kH(x) − H(y)k2 ≤
T (y + τ (x − y)) (x − y)dτ ≤ max kT (y + τ (x − y))k2 kx − yk2
0

2

0≤τ ≤1

where kT (·)k2 denotes the tensor `2 -norm defined above. Thus the Hessian H(x) := ∇xx l(x)
is Lipschitz continuous on a ball O ⊂ Rn if there exists a `2 -norm Lipschitz constant
LH (O) > 0 such that for all x ∈ O
kT (x)k2 ≤ LH (O).
It suffices to find an upper bound τ (O) on T (x) over O and we can then use Lemma 6.16
to calculate an upper bound LH (O) on the optimal Hessian Lipschitz constant as
1/2

m X
n X
o
X
2 
kT (x)k2 ≤ kτ (O)k2 ≤ kτ (O)kF = 
τi,j,k
= LH (O).
i=1 j=1 k=1

Thus it remains to determine the upper bound τ (O) for the various cost functions given
in Section 5.2. We will describe this in detail for the surrogate minimum cost function
l(x) = s(x). Recall from Chapter 3 that the surrogate s(x) has the form
s(x) =

M
X

µk πk (x) +

k=1

N
X
j=1

λj ϕ(kx − xj kW)

with associated third order derivative tensor T (x) given by
T (x) =

M
X
k=1

µk ∇xxx πk (x) +

N
X
j=1

λj ∇xxx ϕ(kx − xj kW).

To calculate the upper bound τ (O), it therefore suffices to calculate upper and lower bounds
on the tensors ∇xxx πk (x) and ∇xxx ϕ(kx − xj kW) over O depending on the signs of the
coefficients λj , µk . For example, for the cubic spline RBF ϕ(r) = r3 we have ∇xxx πk (x) = 0
as the polynomial term is linear and

−3wa6 (xa − xj a )3 9wa2 (xa − xj a )


+
if a = b = c

3

kx
−
x
k

kx
−
x
k
j
j

W

 −3w2 (x − xW )w4 (x − x )2 3w2 (x − x )

jc
ja
jc
c c
a a
c c
+
if e.g. a = b 6= c
∇xxx ϕ(kx − xj kW) a,b,c =
3
kx − xj kW

kx − xj kW




−3wa2 (xa − xj a )wb2 (xb − xj b )wc2 (xc − xj c )


otherwise.

kx − xj k3W
It is trivial to find upper and lower bounds on wa2 (xa − xj a )/kx − xj kW over the smallest box
containing O which we can substitute into the above to obtain bounds on ∇xxx ϕ(kx − xj kW).
A similar approach can be used for the other basis functions with interval arithmetic techniques for higher order polynomial terms. Although it is in theory possible to apply this
approach to other cost functions, it is quite involved as ∇xxx l(x) will in general not be
monotonic in s(x) and e(x).
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6.5.2

Description of the Algorithm

We present an extension of the canonical branch and bound algorithm from Section 6.1
with bounds inspired by the trust region subproblem (see Chapter 7 of Conn, Gould and
Toint, 2000). In this section we assume D ⊂ Rn is a convex set and the cost function
l : Rn → R is twice differentiable and Lipschitz continuous with Lipschitz continuous gradient
g(x) := ∇x l(x) and Hessian H(x). In fact, we only need Lipschitz continuity of l, g and H
over a sufficiently large region containing D but in the interests of keeping the proof simple
we will assume this is Rn . Let k·k denote the `2 -norm and suppose there exist constants
L > 0 and Lg > 0 such that
kg(x)k ≤ L and kH(x)k ≤ Lg

(6.5.1)

for all x ∈ Rn . Then L is an `2 -norm Lipschitz constant for l(x) and satisfies for all x, y ∈ Rn
|l(x) − l(y)| ≤ Lkx − yk

(6.5.2)

and Lg is a gradient Lipschitz constant for l(x) over Rn . Similarly, let LH denote the Hessian
Lipschitz constant of l(x) over Rn . Note that these are all global Lipschitz constants. In this
subsection, let O ⊂ Rn denote the n-dimensional closed ball of radius r(O) > 0 centred at
some xO ∈ Rn
O = {x ∈ Rn : kx − xO k ≤ r(O)} .
Furthermore, let LH (O) denote the local Hessian Lipschitz constant for l(x) over the ball
O as calculated in the previous subsection. Define the upper and lower cubic bounding
n
functions m±
O : R → R as (see Nesterov and Polyak, 2006)
LH (O)
1
T
T
kx − xO k3 .
m±
O (x) = l(xO ) + (x − xO ) g(xO ) + (x − xO ) H(xO )(x − xO ) ±
2
6
Note that the upper and lower bounding functions over- and under-estimate l(x) over O. To
see this, observe that we have from Taylor’s theorem that for all x ∈ O
1
l(x) = l(xO ) + (x − xO )T g(xO ) + (x − xO )T H(xO )(x − xO )
2
Z 1
+
(1 − τ )(x − xO )T [H (xO + τ (x − xO )) − H(xO )] (x − xO )dτ.

(6.5.3)

0

Now, taking the absolute value of the integral gives for all x ∈ O
Z 1
(1 − τ )(x − xO )T [H (xO + τ (x − xO )) − H(xO )] (x − xO )dτ
0
Z 1
≤
(1 − τ )kH (xO + τ (x − xO )) − H(xO )kkx − xO k2 dτ
0
Z 1
≤
(1 − τ )LH (O)kτ (x − xO )kkx − xO k2 dτ
as H(·) Lipschitz continuous
0
Z 1
=
(1 − τ )τ dτ LH (O)kx − xO k3
0
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=

LH (O)
kx − xO k3 .
6

We therefore have that for x ∈ O the integral can be bounded above and below by
±

LH (O)
kx − xO k3
6

which when combined with (6.5.3) gives for all x ∈ O
+
m−
O (x) ≤ l(x) ≤ mO (x).

(6.5.4)

Define α(O) and β(O) to be the lower and upper bounds for the global minimum of l(x)
over a ball O ⊂ Rn as follows:
α(O) = min m−
(6.5.5)
O (x)
x∈O

and
β(O) = l(x+
O)

(6.5.6)

where x+
O is a feasible point in O. Note that infeasible balls, i.e. balls which lie entirely
outside of D, are discarded by the algorithm (see step 1c) and the initial ball O0 contains D.
We discuss how x+
O is calculated below. The algorithm proceeds as follows cf. the algorithm
in Section 6.2:
Branch and Bound Algorithm for Lipschitz Optimization
0. Initialisation:
a) Set k = 0.
b) Let O0 be a ball with centre xO ∈ D of sufficiently large radius to cover D.
c) Let L0 = {O0 } be the initial list of balls.
d) Let U0 = β(O0 ) be the initial upper bound for minx∈D l(x).
e) Let L0 = α(O0 ) be the initial lower bound for minx∈D l(x).
1. While Uk − Lk > ε, repeat the following procedure:
a) Remove from Lk balls O ∈ Lk such that α(O) > Uk .
b) Choose O ∈ Lk such that α(O) = Lk .

c) Split O into 3n overlapping sub-balls O1 , . . . , O3n according to our splitting rule
and discard any sub-balls which lie entirely outside of D. Let Rk denote the list
of remaining sub-balls and let Lk+1 := (Lk \ {O}) ∪ Rk .
d) Set Uk+1 := minO∈Lk+1 β(O).
e) Set Lk+1 := minO∈Lk+1 α(O).
f ) Set k = k + 1.
2. Return Uk as the estimate of the global minimum of l(x) over D.
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Discarding Balls and Feasible Points
The algorithm discards balls O which lie entirely outside of D. If D is a convex set this is
easy to check and we do this as follows: Solving the convex QP
min kx − xO k2

x∈Rn

s.t. x ∈ D
2
provides a feasible minimiser x+
O if the minimum is smaller than r(O) . This is how we
2
calculate x+
O := arg minx∈D kx − xO k for (6.5.6). Moreover, if the minimum of the convex
QP is larger than r(O)2 we know that the ball O lies entirely outside of D and can be
discarded.

Splitting Rule
We split a ball O ⊂ Rn in step 1c of the above algorithm as follows. Let O have centre
xO and radius r(O). Split O into 3n sub-balls of radius r(O)/2 centred at the vertices of a
√
hypercubic tessellation around xO of edge length r(O)/ n. Formally, construct 3n sub-balls
O1 , . . . , O3n all of radius r(O)/2 centred at


r(O)
n −r(O)
√ , 0, √
xOi = xO + ρ i
n
n
for i = 1, . . . , 3n . Here ρni (s1 , s2 , s3 ) is a vector in Rn whose elements are the i-th permutation
of s1 , s2 , s3 taken n at a time with repetition. We illustrate this for the case n = 2 in
Figure 6.9. Note that the choice of centres and radii of the sub-balls ensures that they cover
the original ball O. Furthermore, this means that at any iteration of the above algorithm
we always have a covering of closed balls of the convex set D.

Figure 6.9: An illustration of our splitting rule in two dimensions. The black circle is split
into nine blue circles of half radius centred at the vertices of the square tessellation.
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6.5.3

Proof of Convergence

In this section we will prove that, under suitable assumptions, the above algorithm converges
in a finite number of iterations to within a tolerance ε > 0 of the global minimum of l(x).
Our proof is based on the convergence proof of the canonical bound constrained branch and
bound algorithm in Balakrishnan et al. (1991). First we state and prove a series of Lemmata
before giving the main convergence theorem.
Lemma 6.17. The bounds α and β given above in (6.5.5) and (6.5.6) respectively satisfy
∀O ⊂ Rn

(C1) α(O) ≤ minx∈O l(x) ≤ β(O)

(C2) ∀ε > 0 ∃δ > 0 s.t. ∀O ⊂ Rn , r(O) ≤ δ =⇒ β(O) − α(O) ≤ ε
+
Proof: (C1) Recall that α(O) = minx∈O m−
O (x) and β(O) = l(xO ). From (6.5.4) we have
that
min m−
(6.5.7)
O (x) ≤ min l(x)
x∈O

x∈O

and clearly
min l(x) ≤ l(x+
O ).
x∈O

Thus we see that the bounds satisfy condition (C1).
(C2) Let ε > 0 be arbitrary. For clarity of exposition define for all O ⊂ Rn ,
−
x−
O := arg min mO (x).
x∈O

Note that r(O) ≤ δ means that
kx±
O − xO k ≤ δ.

(6.5.8)

Consider
− −
β(O) − α(O) = |l(x+
O ) − mO (xO )|

−
≤ |l(x+
O ) − l(xO )| + kxO − xO kkg(xO )k
LH −
1
−
+ kx−
kxO − xO k3
O − xO kkH(xO )kkxO − xO k +
2
6
−
≤ Lkx+
O − xO k + kxO − xO kkg(xO )k
1
LH −
−
+ kx−
kxO − xO k3
O − xO kkH(xO )kkxO − xO k +
2
6
1
LH 3
≤ Lδ + kg(xO )kδ + kH(xO )kδ 2 +
δ
2
6
Lg 2 LH 3
≤ 2Lδ +
δ +
δ
2
6

where the first inequality follows directly from the triangle and Cauchy-Schwarz inequalities, the second from (6.5.2), the third from (6.5.8) and the fourth from (6.5.1).
It therefore suffices to choose δ such that
2Lδ +

Lg 2 LH 3
δ +
δ ≤ε
2
6
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so for example, assuming equality above one can let δ be the single positive real root
of the resulting cubic polynomial, which proves (C2).

Lemma 6.18. The above algorithm eventually creates a ball of arbitrarily small radius.
Formally, we have for k ∈ N that
min r(O) ≤

O∈Lk

r(O0 )
(log
2 3n k)/2

and thus for any δ > 0 there exists K ∈ N such that
min r(O) ≤ δ.

O∈LK

Proof: Firstly recall that our splitting rule splits each ball into 3n sub-balls. We start at
iteration k = 0 with our initial covering ball O0 of radius r(O0 ). We split O0 into 3n subballs of radius r(O0 )/2 at iteration k = 1. Assuming a worst case scenario, each of these 3n
sub-balls has to be split into 3n subsub-balls of radius r(O0 )/4 before we can consider any of
the subsub-balls for splitting. Following this argument through inductively, we deduce that
for k ∈ N it takes at worst
m
X
k=
(3n )j−1
(6.5.9)
j=1

iterations to reduce the radius of the smallest ball in the covering to less than or equal to
r(O0 )
.
2m

(6.5.10)

We can bound (6.5.9) by
k ≤ m(3n )m−1 ≤ (3n )2m
which when combined with (6.5.10) gives the required bound. The second part of the Lemma
then follows trivially.
Theorem 6.19. The proposed algorithm converges in a finite number of iterations to within
a tolerance ε > 0 of the global minimum of l(x) over D. Formally, for any ε > 0 there exists
Mε ∈ N such that
UMε − LMε ≤ ε
and UMε is within a tolerance ε of the global minimum of l(x) over D.
Proof: Let Ok := arg minO∈Lk r(O) and let Ak ∈ LMk be the ball which for some Mk < k
we split to obtain Ok . Let ε > 0 be arbitrary. Then there exists δ > 0 such that for any
O ⊂ Rn
r(O) ≤ 2δ =⇒ β(O) − α(O) ≤ ε
(6.5.11)
by condition (C2) of Lemma 6.17. Choose K ∈ N sufficiently large such that
r(OK ) ≤ δ
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which is possible by Lemma 6.18. Then AK must have r(AK ) ≤ 2δ as we split it to obtain
Ok and thus from (6.5.11) we have that
β(AK ) − α(AK ) ≤ ε.

(6.5.12)

Now, as AK was split at iteration MK , it must have satisfied α(AK ) = LMK . Hence we get
that
UMK − LMK ≤ β(AK ) − LMK ≤ ε
(6.5.13)
since UMK ≤ β(AK ) by definition and using (6.5.12). We therefore have an upper bound
MK on the number of branch and bound iterations.
It remains to show that UMK is within a tolerance ε of the global minimum of l(x) over
D. Assume condition (C1) of Lemma 6.17 holds and suppose that the global minimum l∗
of l(x) over D is attained at x∗ ∈ D. First, we show that x∗ is contained in a ball in LMK .
To see this, observe that for all k ∈ N, Lk is a partition of the bounding ball O0 with balls
which cannot possibly contain x∗ removed, that is to say balls O which have lower bound
α(O) > Uk
+
∗
i.e. α(O) > l(x+
O ) for a feasible point xO ∈ D. As x is contained in a ball in LMK it follows
that LMK ≤ l∗ and thus
UMK − l∗ ≤ UMK − LMK ≤ ε

by (6.5.13).

6.5.4

A Faster Heuristic Algorithm

All of the algorithms in this Chapter are aimed primarily at solving the ancillary optimization
problem which occurs within the sequential decision theoretic optimization framework in
Sections 5.2 and 5.4. In view of this, it is not always necessary or desirable to find the global
minimum to a high degree of accuracy (see Mockus, 1994). With this in mind we present
a faster heuristic version of the Lipschitz based branch and bound algorithm which has no
theoretical convergence guarantees but still exhibits reasonable performance.
The main drawback with regards to performance of the existing algorithm is the splitting
of each ball into 3n sub-balls since the number of sub-balls grows rapidly as n (the dimension
of the problem) increases. Rather than using overlapping balls, for the heuristic version of the
algorithm we split each ball into a dense lattice of non-overlapping sub-balls. The maximum
number of balls one can pack around a central ball without overlap is given by the kissing
number κ (Table 6.1). Optimal kissing numbers and the corresponding lattices we use which
give rise to them are known up to 9 dimensions (see Conway and Sloane, 1999, for details).
Running the algorithm with this splitting rule means that each ball is only split into κ + 1
sub-balls, considerably less than 3n . The disadvantage is that it leaves holes in the domain
we are trying to optimize over and so convergence to the global optimum is not guaranteed.
However, by running a local solver from the global minimum proposed by the algorithm,
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n

κ

3n

1
2
3
4
5
6
7
8
9

2
6
12
24
40
72
126
240
272

3
9
27
81
243
729
2187
6561
19683

Table 6.1: The optimal kissing number κ compared against 3n for the first 9 dimensions.

we will always find a local minimum which is often a good candidate for being the global
optimum (and which can be used as an upper bound in the original slower algorithm).

6.5.5

Computing the Bounds

We have mentioned earlier in Subsection 6.5.2 that we use upper and lower bounds based on
n
globally minimising the cubic bounding functions m±
O (x) over balls O ⊂ R , due to Nesterov
and Polyak (2006). In this subsection we will show how we can efficiently globally minimise
m±
O (x) over any closed ball O centred at xO , i.e.
1
LH (O)
T
T
kx − xO k3
minimise m±
O (x) = l(xO ) + (x − xO ) g(xO ) + (x − xO ) H(xO )(x − xO ) ±
2
6
subject to kx − xO k ≤ ∆
for some ∆ > 0. For clarity of exposition, we rewrite the above minimisation problem in the
equivalent form
1
σ
minimise m± (x) := f + xT g + xT Hx ± kxk3
2
3
subject to kxk ≤ ∆
where f := l(xO ), σ := LH (O)/2 and we have dropped the explicit dependence on O from
the notation. It is clear that the global minimum of the above problem will occur either on
the boundary or in the interior of the ∆-ball. We solve for these two cases in turn, starting
with the case where the minimum lies on the boundary.
Finding a minimiser on the ∆-ball boundary
For the bounding functions m± (x) we have the following global optimality result (cf. Theorem 7.2.1 in Conn et al., 2000 and Theorem 3.1 in Cartis, Gould and Toint, 2009).
Theorem 6.20. Any x∗ is a global minimiser of m± (x) over Rn subject to kxk = ∆ if and
only if it satisfies the system of equations
(H + (λ∗ ± σ∆)I)x∗ = −g
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where H +(λ∗ ±σ∆)I is positive semidefinite for some Lagrange multiplier λ∗ and kx∗ k = ∆.
If H + (λ∗ ± σ∆)I is positive definite, x∗ is unique.
Proof: First we rewrite the constraint kxk = ∆ as 21 kxk2 − 12 ∆2 = 0. Now, let x∗ be a global
minimiser of m± (x) over Rn subject to the constraint. We have from the first order necessary
optimality conditions (see Section 3.2.2 of Conn et al., 2000) that x∗ satisfies
(H + (λ∗ ± σkx∗ k)I)x∗ = −g.

(6.5.15)

where λ∗ is the corresponding Lagrange multiplier. We have by assumption that kx∗ k = ∆
and substituting this into (6.5.15) gives the required system (6.5.14). Now, suppose u∗ is a
feasible point, i.e. that ku∗ k = ∆. We have that
1
m± (u∗ ) − m± (x∗ ) = g T (u∗ − x∗ ) + (u∗ )T Hu∗ −
2
1
= g T (u∗ − x∗ ) + (u∗ )T Hu∗ −
2


1 ∗ T
σ
(x ) Hx∗ +
ku∗ k3 − kx∗ k3
2
3
1 ∗ T
(x ) Hx∗
(6.5.16)
2

where the last equality follows from the fact that kx∗ k = ku∗ k = ∆. But (6.5.15) gives that
g T (u∗ − x∗ ) = (x∗ − u∗ )T Hx∗ + (λ∗ ± σ∆)(x∗ − u∗ )T x∗ .

(6.5.17)

Also, the fact that kx∗ k = ku∗ k = ∆ implies that
1
1
1
(x∗ − u∗ )T x∗ = (x∗ )T x∗ + (u∗ )T u∗ − (u∗ )T x∗ = (u∗ − x∗ )T (u∗ − x∗ ).
2
2
2

(6.5.18)

Combining (6.5.16) with (6.5.17) and (6.5.18), we find that
1
1
m± (u∗ ) − m± (x∗ ) = (λ∗ ± σ∆)(u∗ − x∗ )T (u∗ − x∗ ) + (u∗ )T Hu∗
2
2
1
− (x∗ )T Hx∗ + (x∗ )T Hx∗ − (u∗ )T Hx∗
2
1 ∗
= (u − x∗ )T (H + (λ∗ ± σ∆)I)(u∗ − x∗ ).
2

(6.5.19)

We also have from the second order necessary optimality conditions (see Section 3.2.2 of
Conn et al., 2000) that
σ
H + (λ∗ ± σkx∗ k)I ± ∗ x∗ (x∗ )T
kx k

is positive semidefinite on the null-space of the constraint gradient x∗ , i.e. that


σ
v T H + (λ∗ ± σ∆)I ± x∗ (x∗ )T v ≥ 0
∆

(6.5.20)

for all v for which v T x∗ = 0, where we have used the fact that kx∗ k = ∆. In this case it
immediately follows from (6.5.20) that
v T (H + (λ∗ ± σ∆)I) v ≥ 0
for all v for which v T x∗ = 0. It thus remains to consider vectors v for which v T x∗ 6= 0.
Since v and x∗ are not orthogonal, the line x∗ + αv intersects the constraint kxk = ∆ at

101

6. Branch and Bound Algorithms

two points, x∗ and u∗ . Let v ∗ = u∗ − x∗ and note that v ∗ is parallel to v. As x∗ is a global
minimiser we have that m± (u∗ ) ≥ m± (x∗ ) and thus we have from (6.5.19) that
1
0 ≤ m± (u∗ ) − m± (x∗ ) = (u∗ − x∗ )T (H + (λ∗ ± σ∆)I)(u∗ − x∗ )
2
1
= (v ∗ )T (H + (λ∗ ± σ∆)I)v ∗
2

(6.5.21)

from which we deduce that
v T (H + (λ∗ ± σ∆)I) v ≥ 0
for all v for which v T x∗ 6= 0. In summary, we have shown that
v T (H + (λ∗ ± σ∆)I) v ≥ 0
for any vector, which is the same as saying that H +(λ∗ ±σ∆)I must be positive semidefinite.
Conversely, if H + (λ∗ ± σ∆)I is positive definite, 21 (u∗ − x∗ )T (H + (λ∗ ± σ∆)I)(u∗ − x∗ ) > 0
for any u∗ 6= x∗ and therefore (6.5.21) shows that m± (u∗ ) > m± (x∗ ) whenever u∗ is feasible.
Thus x∗ is the unique global minimiser.
The global minimiser can be efficiently found by applying a safeguarded version of Newton’s method as detailed in Section 2.1 of Gould, Robinson and Thorne (2010) to the scalar
equation
kx(λ)k = ∆,
where (H + (λ ± σ∆)I)x(λ) = −g,
and this is the approach we take (see Figure 6.10 below).

kx(λ)k
k(H + (λ ± σ∆)I)−1gk

∆
0 −λ1 ∓ σ∆

λ

Figure 6.10: Solutions to the system (6.5.14) are the intersections of the two curves.
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Finding a minimiser in the ∆-ball interior
For the upper bounding function m+ (x) we have the following global optimality result.
Theorem 6.21 (Theorem 3.1 in Cartis et al., 2009). Any x∗ is a global minimiser of m+ (x)
over Rn if and only if it satisfies the system of equations
(H + ω ∗ I)x∗ = −g

(6.5.22)

where ω ∗ = σkx∗ k and H + ω ∗ I is positive semidefinite. If H + ω ∗ I is positive definite, x∗
is unique.
Proof: See the proof of Theorem 3.1 in Cartis et al. (2009).
As before, the global minimiser can be efficiently found by applying a safeguarded version
of Newton’s method (Algorithm 6.1 in Cartis et al., 2009) to the scalar equation
ω
,
σ
where (H + ωI)x(ω) = −g.
kx(ω)k =

This approach is illustrated in Figure 6.11 below.

kx(ω)k
k(H + ωI)−1gk
ω
σ

0 max{0, −λ1}

ω

Figure 6.11: Solutions to the system (6.5.22) for m+ (x) are the intersections of the two
curves.
For the lower bounding function m− (x) we have the following weaker result:
Theorem 6.22. The lower bounding function m− (x) can only have finite global minimisers
if H is positive semidefinite. In this case, any x∗ is a global minimiser of m− (x) over Rn if
and only if it satisfies the system of equations
(H + ω ∗ I)x∗ = −g

(6.5.23)

where ω ∗ = −σkx∗ k and H + ω ∗ I is positive semidefinite.

103

6. Branch and Bound Algorithms

Proof: For the first part, suppose H is not positive semidefinite and consider x = αu for
any eigenvector u of H corresponding to a negative eigenvalue. Then clearly m− (x) → −∞
as α → ∞ and so the function m− (x) is unbounded below. The second part of the proof is
analogous to the proof of the first part of Theorem 3.1 in Cartis et al. (2009).
Note that in this case ω ∗ = −σkx∗ k and so there can only be a solution for ω ≤ 0.
Assuming H is positive semidefinite, let λ1 denote the smallest eigenvalue of H and note
that if λ1 = 0 there can only be a trivial solution to the system (6.5.23) when x = 0 and
g = 0. When λ1 > 0 there will be at most two possible solutions to the system (6.5.23)
which, once again, can be found using Newton’s method with suitable starting points (i.e.
Algorithm 6.1 in Cartis et al., 2009). Numerical results suggest that in this case the solution
closest to zero is always the best local minimiser in the ∆-ball interior, but this remains to be
proved. Figure 6.12 below illustrates this typical case when there are two possible solutions.
Note that there may be no solutions and an example of this is the case where the straight
line lies under the curve in Figure 6.12.

kx(ω)k
k(H + ωI)−1gk
−

ω

ω
σ

−λ1

0

Figure 6.12: Solutions to the system (6.5.23) for m− (x) are the intersections of the two
curves.

6.5.6

Numerical Example

Consider once more the problem of finding the global minimum of a cubic spline RBF
surrogate s(x, y) fitted to the Dixon-Szegő six hump camel back function at thirty scattered
points in [−2, 2] × [−1.25, 1.25]. This time we will use our branch and bound algorithm with
overlapping balls and local Lipschitz constants from Subsection 6.5.2. The optimal solution
as found in 244 iterations of step 1 of the algorithm with a tolerance of 4 × 10−6 is shown in
Figure 6.13 below. This took about 25 seconds of cpu time for a Matlab implementation on
an AMD Phenom II X3 705e processor machine (cf. the numerical example in Section 6.1).
Compare this with the heuristic version using a lattice of balls from Subsection 6.5.4. In
this case, the optimal solution as found in 147 iterations of step 1 of the algorithm with a
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tolerance of 6 × 10−6 is shown in Figure 6.14 below. This took about 12 seconds of cpu time,
considerably less.
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Figure 6.13: Contours of the RBF surrogate s(x, y) fitted to the camel function. The black
circles denote the overlapping closed balls O used by the branch and bound algorithm. Note
that they cluster at the global minimum of s(x, y) which is denoted by a red circle.
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Figure 6.14: Contours of the RBF surrogate s(x, y) fitted to the camel function. The black
circles denote the hexagonal lattice of balls O used by the branch and bound algorithm. Note
that they cluster at the global minimum of s(x, y) which is denoted by a red circle.
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Chapter 7

Integration

Suppose that we are interested in finding the integral of our expensive objective function
f : D ⊂ Rn → R over some domain D, that is to say
Z
f (x)dx.
D

Given our surrogate framework from Chapter 3, a natural approach would be to replace
the objective function f with a surrogate approximation s(x) as suggested by O’Hagan
(1992). Further, following on from the one-stage lookahead framework in Chapter 5 we can
sequentially improve the surrogate before integrating it in place of the objective function. We
will show by means of examples that this proposed method is comparable to existing Monte
Carlo approaches to integration of expensive functions in low dimensions. It is important
to note that this approach is not suitable for high dimensional integration since the rate
of convergence depends on the surrogate (see Section 3.6) and therefore on the dimension.
Monte Carlo integration on the other hand converges at a rate of O(N −1/2 ) independent of
dimension (see Caflisch, 1998).

7.1

Outline of the Method

As we have a surrogate approximation s(x) to the objective function f (x), an obvious approach to obtain an approximation to the integral of f (x) is to integrate the surrogate.
However, the integral of the surrogate will only be a good approximation to the integral
of the objective function if the surrogate is itself a good approximation to the objective
function. This can be achieved by minimising the error e(x) (or equivalently the variance
e2 (x)) associated with the surrogate. Indeed, we have shown in Subsection 3.6.5 that for
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f ∈ Nϕ (D)

kf kNϕ (D)
e(x)
σ
and therefore the absolute integration error satisfies
Z
Z
Z
Z
Z
kf kNϕ (D)
|f (x) − s(x)|dx ≤
f (x) − s(x)dx ≤
s(x)dx =
f (x)dx −
e(x)dx.
σ
D
D
D
D
D
|f (x) − s(x)| ≤

This shows that (at least for f ∈ Nϕ (D)) including the maximiser of the error e(x) in
the surrogate would reduce the bound on the absolute integration error. This is because
the peak in e(x) associated with its maximum would collapse (as sampled points x have
e(x) = 0) thus decreasing the area under e(x) and hence its integral. With this motivation,
we can sequentially improve the surrogate s(x) before integration by applying our one-stage
lookahead framework from Section 5.2 with the error e(x) as a cost function.
A more natural approach is to minimise the variance of the integral itself, i.e. the variance
R
of D f (x)dx, given in Section 4.2. However as it is difficult to obtain bounds for the variance
of the integral and thus to optimise it with our branch and bound algorithms from Chapter 6
we do not consider it here and instead refer the interested reader to O’Hagan (1991).
Following our initial approach, we take the maximum error cost function and apply
our one-stage lookahead framework to sequentially improve the surrogate. Once we have
finished improving the surrogate we integrate it over D. For this reason we restrict ourselves
to radial basis functions and domains for which the surrogate is computationally inexpensive
to integrate. Recall from Chapter 3 that the surrogate s(x) takes the form
s(x) =

M
X

µk πk (x) +

N
X
j=1

k=1

λj ϕ(kx − xj kW).

Integrating the surrogate gives
Z
Z
Z
N
M
X
X
µk
πk (x)dx +
λj
ϕ(kx − xj kW)dx
s(x)dx =
D

k=1

D

j=1

D

and we evaluate the integrals for various domains below. We give illustrative numerical
examples for two domains where analytical integration of the surrogate is possible.
For a given objective function f (x) let I denote the exact integral of f (x) over D and
let IN denote the integral of the surrogate s(x) fitted to N points x1 , . . . , xN . Define the
absolute error at step N by
|I − IN |
and the relative error at step N by
|I − IN |
.
|I|
We compare our method against the standard Monte Carlo approach. Given N pseudorandom points x1 , . . . , xN in D (see Section 4.1), the approximate Monte Carlo integral MN
of f (x) over D is given by
N
vol(D) X
MN =
f (xi )
N
i=1
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where vol(D) denotes the volume of D. The absolute and relative errors for Monte Carlo are
defined in exactly the same way.

7.2

Rectangular Domain

We consider the canonical example of the rectangular domain D = [l, u]n . Let πk be the
linear monomial basis in Rn , i.e. π1 (ξ) = 1, π2 (ξ) = ξ1 , π3 (ξ) = ξ2 , etc. and let ϕ(·) be the
Gaussian radial basis function, i.e. ϕ(kx − xj kW) = exp(−kx − xj k2W). Then it is easy to
show that

Z
vol(D)
if k = 1
πk (x)dx =
 1 (u − l )vol(D) otherwise
D
k
2 k
where vol(D) = (u1 − l1 )(u2 − l2 ) . . . (un − ln ) is the volume of D and
Z
n
(−1)n π n/2 Y erf(wi (li − xj i )) − erf(wi (ui − xj i ))
ϕ(kx − xj kW)dx =
2n
wi
D
i=1

where erf(·) denotes the error function.
As a numerical example, let D = [0, 1]n for n = 5 and consider the test function (see
Genz, 1984)
1
f (x) = 
(0.3+n)
1 Pn
xi
1+
n i=1
which has exact integral over D given by
1 X
1
X

1

I = Qn−1
k=0

k+0.3
n

1
X

Pn

(−1) k=1 ik
...

Pn ik 0.3 .
i1 =0 i2 =0
in =0 1 +
k=1 n

We can now apply our integration method using iterative refinement from Section 7.1 and
compare it against the standard Monte Carlo approach as well as the integral of the surrogate
at random points (i.e. without iterative refinement) which we use as a control. In order to get
an indication of which method is preferable, we run each algorithm ten times and average
over the ten runs. For our integration algorithm, we start with N = 25 initial samples of f
and iteratively refine the approximation for another 35 samples. The global optimization of
the surrogate error e(x) is performed using our C++ implementation of the canonical branch
and bound algorithm from Section 6.1. The mean of the absolute error over ten runs of each
algorithm is given in Figure 7.1 and the mean absolute error ± two standard deviations
in Figure 7.2 overleaf. We compare our algorithm at each step N with an N point Monte
Carlo approximation as well as the integral of a surrogate fitted to N random points. In this
example we can see that integrating the surrogate both with and without iterative refinement
gives a consistently better approximation to the integral than Monte Carlo. However, the
extra computational cost required in the iterative refinement cannot be justified for this
particular example as the performance is comparable to integrating the surrogate without
refinement.
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Figure 7.1: The mean absolute error at each step (i.e. sample) of our integration algorithm
(solid blue), Monte Carlo (dashed black) and the control (dash-dotted red).
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Figure 7.2: The mean absolute error ± two standard deviations at each step (i.e. sample)
of our integration algorithm (solid blue), Monte Carlo (dashed black) and the control (dashdotted red).
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7.3

Spherical Surface

Let D = S n−1 , the surface of the n-dimensional sphere. Then we can write
q
√
ϕ(kx − xj k) = ϕ( 2 − 2xT xj ) = ϕ( 2 − 2t)
and view each RBF term as a function of t. It can be shown (see Hubbert and Baxter, 2001)
that each RBF term has an expansion
∞
X
√
ϕ( 2 − 2t) =
al Plλ (t)

(7.3.1)

l=0

on the sphere where Plλ are the Gegenbauer polynomials and the coefficients al are known.
For example, for the odd spline RBF ϕ(r) = rp we have
al = (−1)l π −0.5 22λ (l + λ)Γ(λ)

2p Γ(p/2 + 1)Γ((p + 1)/2 + λ)
Γ(p/2 + 1 − l)Γ(p/2 + l + 1 + 2λ)

where Γ(·) denotes the Gamma function. Again, let πk be the linear monomial basis in Rn
and let ϕ(·) be a radial basis function. Then it can be shown that

Z
vol(D) if k = 1
πk (x)dx =
0
D
otherwise
where vol(D) = nπ n/2 /Γ(n/2 + 1) is the surface area of the n-sphere and using (7.3.1)
Z
D

ϕ(kx − xj k)dx =

∞
X

Z
al

l=0

D

Plλ (t)dx = a0 vol(D).

As an illustrative numerical example, let D = S n−1 for n = 5 and consider the test
function
n
Y
f (x) =
x2i
i=1

which has exact integral over D given by
I=

2

Qn

3
i=1 Γ( 2 )

.
Γ 3n
2

Further, let ϕ(kx − xj k) = kx − xj k3 , the cubic spline radial basis function. As before, we
can apply our integration method using iterative refinement from Section 7.1 and compare
it against the standard Monte Carlo approach as well as the integral of the surrogate at
random points (i.e. without iterative refinement) which we use as a control. In order to
get an indication of which method is preferable, we run each algorithm eight times and
average over the eight runs. For our integration algorithm, we start with N = 25 initial
samples of f and iteratively refine the approximation for another 35 samples. The global
optimization of the surrogate error e(x) is performed using a Matlab implementation of
our branch and bound algorithm for S n−1 from Section 6.4. The mean of the relative error
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over ten runs of each algorithm is given in Figure 7.3 and the mean relative error ± two
standard deviations in Figure 7.4. As before, we compare our algorithm at each step N
with an N point Monte Carlo approximation as well as the integral of a surrogate fitted
to N random points. We can see that integrating the surrogate with iterative refinement
gives a comparable approximation to the integral than Monte Carlo. Moreover, in this case
iteratively refining the surrogate is much better than integrating it without performing any
refinement.
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Figure 7.3: The mean relative error at each step (i.e. sample) of our integration algorithm
(solid blue), Monte Carlo (dashed black) and the control (dash-dotted red).
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Figure 7.4: The mean relative error ± two standard deviations at each step (i.e. sample)
of our integration algorithm (solid blue), Monte Carlo (dashed black) and the control (dashdotted red).
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Chapter 8

Numerical Examples

In this chapter we present some numerical examples of the one-stage lookahead global optimization method proposed in Section 5.2. We will first look at some of the advantages
our surrogate framework from Chapter 3 and proposed branch and bound algorithms from
Chapter 6 offer before looking at the performance of the method on some canonical examples.
We then apply it to a model problem in reservoir simulation, the optimal well placement
problem.

8.1

Canonical Examples

Let us first consider the advantages our surrogate framework from Chapter 3 offers over
existing methods in the literature such as RBF interpolation without a weighted norm. From
the perspective of scattered data approximation (see Wendland, 2005), RBF interpolation
is performed using the `2 -norm and this performs well when we can take a large number of
samples of the objective function. However, this is not possible when our objective function
is expensive and it is in such a setting, when we are limited to a small number of samples,
that the anisotropy in a weighted RBF interpolant can be advantageous. We will use the
cubic spline RBF throughout this chapter to illustrate our proposed surrogate framework as
it has been shown to perform best among the low order spline basis functions (see Gutmann,
2001) and is numerically very robust, as we have shown in Section 3.6.
It is evident then, that there will be cases where using weighted RBF interpolation will
yield better results than standard RBF interpolation. We illustrate our assertion by means
of an example. Consider the Branin function in R2 (see Dixon and Szegő, 1978) on the
interval D = [−5, 10] × [0, 15]. It has three global minima as one can see in Figure 8.1
overleaf. We construct RBF and weighted RBF surrogates to the Branin function at twenty
maximin Latin hypercube sample points (see Section 4.2) and compare the accuracy of

115

8. Numerical Examples

15

300

250

10

200

150

5

100

50

0
−5

0

5

10

Figure 8.1: Contours of the Branin function on [−5, 10] × [0, 15]
the different approximations as well as the different methods for finding the weights from
Section 3.3. We use the cubic spline basis function along with a linear polynomial term.
The approximation error in different norms is given in Table 8.1 and Figure 8.2 compares
the weighted and unweighted surrogates. Observe that the weighted RBF surrogates are
much better than the standard RBF surrogate and there appears to be very little difference
between the different techniques for finding the weights (visually they are identical). From
Interpolant

w12

w22

RBF
Weighted RBF using MLE (p. 21)
Weighted RBF using REML (p. 23)
Weighted RBF using LOOCV (p. 25)

1
0.849794
0.870522
0.943073

1
0.38̇
0.38̇
0.42̇59̇

ks − f k1

ks − f k2

ks − f k∞

6.757
3.609
3.521
3.561

10.960
6.889
6.770
6.823

106.643
75.357
74.294
74.774

Table 8.1: Norm weights and accuracy of the different approximations in the discretised
L1 , L2 and L∞ norms to the Branin function on [−5, 10] × [0, 15]. The smallest errors for
each norm are denoted in bold.
an optimisation perspective, this is precisely the sort of behaviour we are looking for in
the approximation as we are solely interested in locating the minima. It is therefore clear
that any global surrogate optimisation algorithm will fare much better with the weighted
RBF interpolant than the standard one as we not only have a better approximation to the
function on the entire domain, we have also correctly identified the basins of the minima of
the function. For the remainder of the chapter we will use a weighted RBF surrogate with
LOOCV as it is the fastest of the methods for finding the weights.
We will now compare the performance of the different branch and bound algorithms
proposed in Chapter 6. Let us start by comparing the canonical branch and bound algorithm from Section 6.1 against the proposed Lipschitz branch and bound algorithm from
Section 6.5 with overlapping balls and its heuristic counterpart with lattices of balls. We
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Figure 8.2: Contours of the unweighted RBF interpolant (left) and weighted RBF interpolant using RMLE (right) to the Branin function on [−5, 10] × [0, 15]. Sample points are
denoted by black stars.

will also compare our algorithms to the canonical Lipschitz branch and bound algorithm
(see Section 5.3 of Pardalos et al., 1995) which is simply the standard branch and bound
algorithm from Chapter 6 with the lower bound
α(B) = f (xB ) − L(B) maxkx − xB k
x∈B

(8.1.1)

where xB is the midpoint of B and L(B) an upper bound on the optimal surrogate Lipschitz
constant over B, calculated by bounding the norm of the gradient over B. For this example,
the objective function f : [−4, 4]n ⊂ Rn → R will be a sum of sine functions given by
f (x) =

n
X

sin xk

k=1

and we will optimize a cubic spline surrogate fitted to the objective function at 10n maximin
Latin hypercube sample points in [−4, 4]n . The surrogate typically has a number of local
minima with one global minimum as one can see in Figure 8.3 overleaf for dimension n = 2.
Table 8.2 overleaf shows the run time in seconds of a Matlab implementation of each branch
and bound algorithm for dimensions n from 2 to 5. The algorithm was stopped if it verifiably
found the global minimum to within a tolerance of 10−2 , i.e. Uk − Lk < 10−2 . If this was
not possible in 3000 seconds (50 minutes) we give the tolerance reached by the algorithm
instead. In all cases, the number of iterations of step 1 of the algorithm in question is given
in brackets. The experiments were performed on an AMD Phenom II X3 705e processor
machine with 4 GB of RAM running Matlab R2010b and the NAG toolbox for Matlab,
Mark 22 which provided the local optimization solvers. As one can see from the results, the
canonical Lipschitz branch and bound algorithm shows the worst performance and requires
considerably more iterations than all the other algorithms. This is because the lower bounding function (8.1.1) used in the algorithm only makes use of the function Lipschitz constant
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Canonical
Canonical Lipschitz
Lipschitz using Balls
Heuristic Lipschitz

2

3

4

5

6 (224)
143 (2123)
4 (68)
3 (59)

635 (4668)
4×100 (5902)
638 (1279)
68 (342)

7×100 (5330)
1×102 (5326)
2×101 (770)
2461 (2294)

5×101 (4239)
4×102 (4333)
4×103 (182)
4×101 (669)

Table 8.2: Run times of the different branch and bound algorithms on a surrogate fitted to
the sum of sines function for dimensions from 2 to 5. The tolerance reached is given instead
if the algorithm did not complete in time. The number of iterations is given in brackets and
the best results for each dimension are denoted in bold.
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Figure 8.3: Contours of the surrogate (left) fitted to the sum of sines function (right) on
[−4, 4] × [−4, 4]. As one can see the surrogate is particularly accurate for this example.
and is therefore quite crude. The other algorithms use much tighter bounds which explains
their superior performance in lower dimensions. In lower dimensions our proposed Lipschitz
algorithms outperform the canonical algorithm as the bounds are tighter and very fast to
compute. As the dimension increases, the need to split 3n balls at each iteration hampers
the performance of our Lipschitz algorithm, however the heuristic version (which splits considerably fewer balls at each iteration) consistently outperforms the canonical algorithm.
Nonetheless, one must concede that the tolerance returned by the heuristic algorithm is
often that of a global minimum on a subset of [−4, 4]n , particularly in higher dimensions.
While the inability of the algorithms to complete in higher dimensions may seem disappointing one must bear in mind that these are research implementations written in object
oriented Matlab which is very slow. For comparison our C++ implementation of the canonical
branch and bound algorithm is about 100-200 times faster taking 0.02, 5 and 152 seconds
to find the global minimum for dimensions n = 2, 3, 4 in the above example. Moreover, our
Lipschitz algorithm can be trivially parallelised as the bounds on each ball can be computed independently which should lead to a significant speedup on modern multiprocessor
hardware.
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Let us now compare the performance of our proposed branch and bound algorithm for
convex constraints from Section 6.2 against our Lipschitz algorithm from Section 6.5 with
overlapping balls and its heuristic counterpart which can both handle convex constraints.
As in the previous example, the objective function f : [−4, 4]n ⊂ Rn → R will be the sum
of sine functions, this time with the elliptical constraint
c(x) = xT Cx − 1 ≤ 0
where C is a matrix with 1/2 on the diagonal and 1/4 elsewhere. As before, we will optimize
a cubic spline surrogate fitted to the objective function at 10n maximin Latin hypercube
sample points in [−4, 4]n . This time the global minimum of the constrained surrogate typically lies on the boundary as one can see in Figure 8.4. It is our intention to test the
convergence of the algorithms on the boundary, for if the global minimum were to lie in the
interior, performance would be comparable to the bound constrained example above (see
the illustrative numerical examples in Chapter 6). Table 8.3 overleaf shows the run time in
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Figure 8.4: Contours of the surrogate fitted to the sum of sines function on [−4, 4] × [−4, 4]
with the elliptical constraint region denoted in black.
seconds of a Matlab implementation of each constrained branch and bound algorithm for
dimensions n from 2 to 5. The testing methodology and hardware is the same as in the previous experiments. One can see that for dimensions greater than 2 our convex constrained
algorithm using boxes is faster than the Lipschitz algorithm using balls. One might be tempted to say this is because the convex constrained algorithm is accelerated using constrained
local searches but implementing local searches for the Lipschitz algorithms in the same way
slows them down considerably. The speed advantage of the heuristic Lipschitz algorithm is
evident, once again it consistently outperforms the convex constrained algorithm for dimensions greater than 2. Even so, the results are worse than in the bound constrained example
above. This is because the boundary contains a large region where the function takes similar
values and the algorithms expend a significant effort searching this region for the global min-
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Canonical
Lipschitz using Balls
Heuristic Lipschitz

2

3

4

5

4 (105)
4 (56)
4 (94)

1082 (7584)
5×10−2 (2404)
456 (1348)

1×10−1 (10412)
1×101 (783)
2×10−2 (2372)

4×100 (5648)
3×101 (299)
6×10−2 (1319)

Table 8.3: Run times of the different convex constrained branch and bound algorithms on
a surrogate fitted to the sum of sines function for dimensions from 2 to 5. The tolerance
reached is given instead if the algorithm did not complete in time. The number of iterations
is given in brackets and the best results for each dimension are denoted in bold.

imiser. However, in such situations a constrained local search algorithm can easily locate the
global minimum once the branch and bound algorithm has located its basin of attraction.
Finally, we will compare the performance of our one-stage lookahead framework against
existing surrogate based global optimization algorithms in the literature. We will use the
standard global optimization test functions from Dixon and Szegő (1978) which are widely
used in the surrogate based global optimization literature. The test set consists of seven functions with dimensions ranging from two to six all defined on rectangular domains. Table 8.4
below gives a brief overview of the test functions. To facilitate comparisons with existing

Branin
Goldstein-Price
Hartman 3
Shekel 5
Shekel 7
Shekel 10
Hartman 6

n

Local Minima

Global Minima

D

2
2
3
4
4
4
6

3
4
4
5
7
10
4

3
1
1
1
1
1
1

[−5, 10] × [0, 15]
[−2, 2]2
[0, 1]3
[0, 10]4
[0, 10]4
[0, 10]4
[0, 1]6

Table 8.4: The dimension n, number of local and global minima and domain D for each of
the Dixon-Szegő test functions.
algorithms in the literature, we will stop our one-stage lookahead framework when the relative error |ymin − f ∗ |/|f ∗ | is less than 1%, where f ∗ is the global optimum and ymin the best
function value found so far (note that f ∗ is non-zero for all the Dixon-Szegő functions). We
will compare the cost functions from Section 5.2 using the parameters τ = 0.5 for the scaled
lower confidence bound and T chosen according to strategy IIa from Gutmann (2001) for
the probability of improvement. In all cases, we start with an initial maximin Latin hypercube design of 10n sample points and use the canonical branch and bound algorithm from
Section 6.1 as our Lipschitz based algorithm can only handle the surrogate minimum cost
function at present. We will also compare against other surrogate based global optimization
algorithms from the literature. These are RBF-CUB (Gutmann, 2001) with target selection rule IIIb; rbfSolve (Björkman and Holmström, 2000), an alternative implementation
of RBF-CUB; ARBFMIP (Holmström, 2008), a heuristically enhanced version of rbfSolve;
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EGO (Jones et al., 1998) and CORS-RBF (Regis and Shoemaker, 2005). It is important to
note that all of these surrogate based algorithms (with the exception of CORS-RBF which
uses a non-convex constraint region) are special cases of our general framework from Section 5.2, although some of them use different global solvers for optimizing the cost function.
For completeness, we also include three global optimization algorithms not based on surrogates. These are DIRECT (Jones et al., 1993), MCS (Huyer and Neumaier, 1999), both
branch and bound methods and DE (Storn and Price, 1997), a stochastic search method.
Table 8.5 shows the results for our framework, as well as the algorithms from the literature
which are taken from the references cited (except the results for DE which are from Huyer
and Neumaier, 1999 and MCS from Gutmann, 2001). Note that results for EGO on the
Shekel functions were not given in the original paper, presumably because the algorithm ran
into difficulties. For the surrogate based algorithms from the literature we give the corresponding cost function in our framework in brackets. The maximum number of iterations for
all the surrogate based algorithms is 150, in keeping with the literature.
BR

G-P

H3

S5

S7

S 10

H6

Surrogate Minimum (SM)
Maximum Error
Lower Confidence Bound
Probability of Improvement (PI)
Expected Improvement (EI)

26
*
28
36
37

37
*
37
42
29

32
4%
32
32
32

*
*
*
*
*

*
*
*
*
*

*
*
*
*
*

7%
*
7%
78
7%

RBF-CUB (PI)
rbfSolve (PI)
ARBFMIP (Heuristic PI)
EGO (EI)
CORS-RBF (Constrained SM)

35
26
22
28
34

55
27
21
32
49

32
22
31
35
25

81
96
34

65
72
31

65
76
25

41

46

51

59
87
43
121
108

63
31
1190

101
40
1018

83
79
476

103
83
6400

97
106
6194

97
103
6251

213
74
7220

DIRECT
MCS
DE

Table 8.5: Number of samples (including initial samples) required by the algorithms to
achieve a relative error of 1%. A star denotes the algorithm was unable to locate the global
minimum after 150 iterations. If the algorithm reached this limit but the relative error was
less than 10%, it is given in italics. Our cost functions use the canonical branch and bound
algorithm from Section 6.1
Objective functions which have large differences between function values present a problem for surrogate based optimization algorithms (as the surrogate tends to oscillate) and
the Goldstein-Price function is one such example (see Gutmann, 2001). To overcome this
limitation Gutmann proposes replacing function values greater than the median of all available values by the median and we employ this for the Goldstein-Price function. The other
surrogate based algorithms also employ this technique for all the Dixon-Szegő functions with
the exception of EGO which uses a log transform for the Goldstein-Price function.
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One can see from the results in Table 8.5 that our framework shows similar performance to existing surrogate based algorithms. This should come as no surprise since we are
generalising these existing approaches. The differences are mainly due to using alternate
parameter values, initial designs, basis functions and in the case of ARBFMIP clever heuristics. The Shekel functions are particularly problematic for some of the methods and this
difficulty arises in all surrogate based optimization algorithms. This is because they have
many local minimisers which lie at the bottom of very steep, narrow wells (in an otherwise
flat surface) and surrogate based algorithms have a tendency to smooth over these wells
(see Gutmann, 2001 and Holmström, 2008). Is important to note that the results given in
Table 8.5 for RBF-CUB and rbfSolve are the select few of many runs with various parameter
values, many of which were unable to locate the global minimum in less than 150 iterations.
ARBFMIP on the other hand has a sophisticated routine to deal with this issue which tries
various target values and selects only certain points for evaluation. We are confident that
given time we could also find a combination of parameters which would locate the global
minimum for the Shekel functions, after all most of the surrogate based algorithms from the
literature are included in our framework.

8.2

Oil Well Placement

For an industrial application example of our global optimization framework, consider the
problem of finding the best place to drill a new oil well in an existing oil reservoir. This is
a classic problem in oil reservoir management which is becoming increasingly important as
we begin to exhaust existing easily recoverable oil reserves. Typically one has a reservoir for
which production from existing oil wells is falling and one seeks to drill a new well to boost
production. To tackle this problem in practice, reservoir engineers build numerical models
of the underlying oil reservoir and evaluate these for various strategies under consideration
to help make an informed decision. However, the optimal strategy may be far from obvious
as the model under consideration is relatively complicated, usually a finite volume discretisation which models the flow of oil, water and gas in the porous medium of the reservoir
(see Chen, 2007, for an excellent introduction to reservoir simulation). It is natural to formulate the well placement problem as a global optimization problem on a suitable reservoir
simulation model. As the simulation model is computationally expensive to evaluate one
often approximates its response to the optimization parameters by a surrogate model. We
use radial basis functions in our framework but other surrogate models have also been used
in the petroleum engineering literature such as neural networks and splines (see Zubarev,
2009 and Yeten, Castellini, Guyaguler and Chen, 2005). Attempts to solve this problem
(both with and without the use of surrogate models) have been previously proposed in the
petroleum engineering literature by Yeten, Durlofsky and Aziz (2002), Badru and Kabir
(2003), Bailey and Couët (2004), Emerick, Silva, Messer, Almeida, Szwarcman, Pacheco
and Vellasco (2009) and Bukhamsin, Aziz and Farshi (2010) amongst others. A common
problem with these approaches is that often many simulator runs are required to achieve a
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good optimum which may only be a local optimum. In particular, Emerick et al. (2009) and
Bukhamsin et al. (2010) use genetic algorithms to optimize the reservoir simulation model
directly which is very expensive in terms of the number of simulator runs required. Yeten
et al. (2002) and Badru and Kabir (2003) attempt to remedy this problem by running the
genetic algorithm on a surrogate of the simulation model, however genetic algorithms are
not guaranteed to converge to the global optimum. Our one-stage lookahead approach seeks
to remedy these shortcomings by attempting to use as few simulator runs as possible while
at the same time aiming to find the global optimum. We believe that despite being very
ambitious our approach is the best that one can do given the limited amount of information
and time (i.e. simulator runs) available.
We will demonstrate the effectiveness of our global optimization framework in this setting by means of a simple numerical example (for more details of our approach see Farmer,
Fowkes and Gould, 2010). The aim is to find the optimal location and trajectory of a single
multilateral oil producing well on a 3D Cartesian simulation grid, i.e. a single diagonal well
with multiple smaller subwells (called laterals) branching off it. We say that a section of
the well is completed if it is open to oil flow. For simplicity, we assume the main well (or
mainbore) is completed along a single continuous section (typically this will be the section
of the well which traverses the actual oil reservoir) and any laterals are completed along
their entire length. We parameterise the wells similarly to Yeten et al. (2002) in continuous grid coordinates (i, j, k), i.e. if a point has coordinates (1.5, 2.5, 3.5) in the simulation
grid it is in the centre of the (1, 2, 3) grid block. Let h0 ∈ R3 denote the grid coordinates
of the mainbore completion heel and t0 ∈ R3 of the mainbore completion toe. Also, let
rl ∈ [0, 1] denote the relative position of the l-th lateral heel on the mainbore and tl ∈ R3
denote the grid coordinates of the l-th lateral toe. The coordinates of the l-th lateral heel
can then be calculated as hl = h0 + rl (t0 − h0 ). This parameterisation is illustrated in
Figure 8.5 below. A single multilateral well with L laterals can then be parameterised by

i
j

h0
k
r1

t1
t0

Figure 8.5: Parameterisation of a multilateral well with a single lateral off the mainbore in
continuous grid coordinates i, j, k.
x = (h0 , t0 , r1 , t1 , . . . , rL , tL ) ∈ D ⊂ R6+4L and these are therefore the variables we wish
to optimize over. Let the objective function f for our optimization problem be the negative total oil production from the simulation model over a four year period as a function of
the parameters x. The global optimization problem is then to minimize f over D which is
equivalent to maximising the total oil production over a suitably defined rectangular coordinate range D ⊂ R6+4L . To this end we will apply our one-stage lookahead framework
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from Section 5.2 with the expected improvement cost function and an initial 20 point maximin Latin hypercube design. We will use the synthetic Snark reservoir simulation model,
pictured in Figure 8.6 below, which consists of a 24 × 25 × 12 corner point simulation grid
representing 12 geological layers with three faults and an analytical aquifer at the southern
end of the model. The figure depicts a top down 3D view of the simulation grid with each
grid block coloured according to the saturation of oil in that grid block at the beginning
of the simulation. The simulation will be performed using the industry standard ECLIPSE

Figure 8.6: A top-down view of the Snark simulation model showing the initial oil saturation
ranging from 0% (purple) to 80% (red) as indicated by the colourmap in the top left-hand
corner.
simulator from Schlumberger which takes about a minute to run the Snark model over a four
year period. Thus each time we try to evaluate the objective function f (x) we call a locally
installed version of the simulator which subsequently returns the objective function value.
It is important to note that when evaluating the objective function we use our own Matlab
interface to the simulator which approximates the corner point grid as a regular Cartesian
grid in order to calculate the well connection factors, i.e. how much of the well goes through
each simulation grid block. A direct interface to a corner point grid did not exist at the time
and would have been too time consuming to develop. This explains the step-wise nature of
the optimal well in Figure 8.8.
The aim of the optimization example is to find the optimal mainbore completion for a
single multilateral well along with up to three laterals, which means that the optimization
problem is in 18 variables. We will compare two different methods for achieving this aim,
our surrogate based one-stage lookahead optimization framework and a direct approach using genetic algorithms (cf. Yeten et al., 2002). For our optimization framework we will use
the cubic spline radial basis function ϕ(r) = r3 with a diagonally weighted `2 -norm and
linear polynomial term, as it is numerically more stable than using the Gaussian radial basis
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function (see Section 3.6). We use our own Matlab based implementation of the optimization framework (with a C++ implementation of the canonical branch and bound algorithm)
and the genetic algorithm provided by the Matlab global optimization toolbox with default
settings. The simulated oil production of the best well found after a given number of simulator runs by our framework and the genetic algorithm is shown in Figure 8.7. For each
simulator run xi ∈ D, the figure shows the total oil production (over a four year period)
of the best producing well found by the algorithm so far, i.e. max1≤k≤i f (xk ). The total
oil production is given in stock tank barrels (STB), which is 42 U.S. gallons of oil stored
at 60 ◦ F. One can see that even for this simple example our framework finds a multilateral
7
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Figure 8.7: Simulated oil production (in stock tank barrels) of the best multilateral well
found after the given number of simulator runs by our framework (solid blue) and the genetic
algorithm (dashed red).
well with consistently better oil production after a given number of simulator runs than the
genetic algorithm. While our framework shows only a modest improvement over the genetic
algorithm this is financially significant, particularly in today’s climate of highly variable oil
prices. The trajectory of the optimal well as found by our optimization framework is shown
in Figure 8.8 overleaf. The figure depicts a vertical slice through the simulation model given
in Figure 8.6 showing the initial oil saturation in each of the grid blocks. Superimposed on
the slice in white is the trajectory of the optimal well. This is essentially a horizontal well
which maximises contact with areas of high oil saturation and is the type of optimal well
one would expect given our choice of simulation model.
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Figure 8.8: The optimal well trajectory as found by our optimization framework pictured
on a vertical slice through the model. The colours depict the initial oil saturation ranging
from 0% (purple) to 80% (red) as indicated by the colourmap in the top left-hand corner.
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Chapter 9

Conclusion

In summary, we have proposed a framework for the global optimization of functions which
are expensive to evaluate based on decision theoretic reason. The framework relies on a
radial basis function surrogate fitted to scattered data using a weighted `2 -norm along with
a measure of the predicted error in the approximation. Using our framework we have generalised standard RBF interpolation (which is obtained as a special case by choosing the
weight matrix to be the identity matrix) and shown that all the standard convergence theory pertaining to RBF interpolation holds for this, for lack of a better term, weighted RBF
interpolation. Our numerical examples suggest that there are situations which clearly benefit from using weighted RBF surrogates over standard RBF interpolation. Moreover, we
have shown that the introduced stochastic interpretation of RBF interpolation enables us
to incorporate some of the existing approaches in the literature within our framework as
one-stage sampling decisions as well as non-decision theoretic cost functions. This provides
a natural, albeit difficult to implement, extension to choosing multiple evaluation points in
the form of a multi-stage decision process. It would be of great interest to investigate numerical methods for this extension in the future. In short, our framework gives one a wealth
of possible techniques to choose from in addition to the flexibility of using different basis
functions such as the numerically more robust low-degree splines. There is also scope for
using cost functions other than the ones we have discussed, whether motivated by decision
theoretic reasoning or not, provided one is able to optimize them.
Following existing literature, we have adopted a branch and bound approach to globally
optimizing the cost functions and proved that the algorithm converges in finite time to
within a prescribed tolerance for the cost functions considered. In an attempt to properly
handle constraints, we have also extended the algorithm to problems with convex constraints,
mixed integer constraints, triangular meshes and the surface of an n-sphere and in all cases
proved convergence. In addition we have proposed an entirely new algorithm over convex
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sets based on local approximations using Lipschitz constants and proved convergence. The
algorithm is currently limited to optimizing the surrogate and we would like to extend it
to optimize other cost functions in the future. As the algorithm scales poorly to higher
dimensions we have proposed a heuristic version which numerical results suggest is very
promising. In all cases, we would like to extend the branch and bound algorithms to handle
general nonlinear constraints and investigate the possibility of parallelising them on highperformance computers.
Deciding where to sample the objective function when fitting the surrogate for the first
time is an important yet often overlooked aspect of surrogate optimization methods. In order
to address this, we have provided a comprehensive review of approaches in the literature to
choosing initial designs and compared them numerically to give an indication of their performance. Although the results are inconclusive, the Latin hypercube based designs appear
the most promising.
We have shown that our method can also be successfully applied to integrating expensive
objective functions. Indeed, in low dimensions this is a promising approach for integration
over rectangular domains and spherical surfaces, comparable to Monte Carlo integration.
Finally, as an example industrial application of our method, we implemented our framework on a model problem in oil reservoir simulation and demonstrated that it is a promising
approach in this area. We would like to further extend the method in this setting to general
unstructured grids which requires a more sophisticated parameterisation of the wells than
the simple approach in our example.
In conclusion, there is clearly potential for further improving existing surrogate optimization methodologies both from a theoretical perspective, studying the convergence and
behaviour of different approaches and from a practical perspective, designing robust and
efficient codes for use on industrial problems.
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