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ABSTRACT

We consider the problem of performing inference on the number of common stochastic trends when data is generated by a
cointegrated CKSVAR (a two-regime, piecewise affine SVAR; Mavroeidis, 2021), using a modified version of the Breitung (2002)
multivariate variance ratio test that is robust to the presence of nonlinear cointegration (of a known form). To derive the asymp-

totics of our test statistic, we prove a fundamental LLN-type result for a class of stable but nonstationary autoregressive processes,

using a novel dual linear process approximation. We show that our modified test yields correct inferences regarding the number of

common trends in such a system, whereas the unmodified test tends to infer a higher number of common trends than are actually

present, when cointegrating relations are nonlinear.

1 | Introduction

For almost half a century, the structural vector autoregression
(SVAR) has been the workhorse model of empirical macroe-
conomics. In addition to providing a tractable framework for
the identification of causal relationships in the presence of
simultaneity, the model succeeds in capturing many of the
characteristic properties of macroeconomic time series: their
temporal dependence, their trending and random wandering
behaviour, and the tendency of related series to move together.
In this regard, the emergence of the theory of cointegration [1, 2]
was of major significance. For by formalising that co-movement
in terms of common stochastic trends, it made it possible to iden-
tify the precise conditions under which an SVAR could generate
such common trends, as per the Granger-Johansen represen-
tation theorem (GJRT; [3, 4]). This result has, in turn, provided
the basis for a rich and fruitful theory of asymptotic inference
in cointegrated SVARs, concerning the number of common
stochastic trends in the system (or equivalently, the cointegrating

rank), the coefficients on the cointegrating relations, and the
model parameters (and implied impulse responses, etc.).

In its original conception, cointegration was inherently linear;
there have since been multifarious efforts to extend it in a non-
linear direction, as reviewed by Tjestheim [5]. Paralleling those
efforts has been the burgeoning of a literature on nonlinear
SVARs, but which has been confined almost entirely to the mod-
elling of stationary time series (see, e.g., [6, 7]; for the exceptional
case of ‘nonlinear VECM’ models, see [8]). This unfortunately
precludes the application of these nonlinear SVARs to settings
where, for economic reasons, the nonlinearities relate to the
level of a stochastically trending series, so that reformulating the
model in terms of the (more approximately stationary) differ-
enced series is not appropriate. A leading example arises in the
context of the zero lower bound (ZLB) constraint on nominal
interest rates, which refers to the level of a highly persistent—and
arguably integrated—series, rather than to its first
differences.
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The development of a new class of ‘endogenous regime switch-
ing’ piecewise affine SVARs—and their successful application
to highly persistent series that are subject to occasionally bind-
ing constraints [9-11]—has recently foregrounded the question
of whether, and how, one can accommodate stochastic trends in
nonlinear SVARs. By way of an answer, Duffy, Mavroeidis and
Wycherley [12] and Duffy and Mavroeidis [13] provide extensions
of the GJRT to a broad class of nonlinear SVARSs: in the former,
to a two-regime piecewise affine SVAR (the ‘CKSVAR’), and in
the latter, to more general, additively time-separable nonlinear
SVARSs of the form

k
foz)=c+ Zf,-(z,_,-) +u, (1.1)
i=1

where z, and u, are respectively the observed series and the inno-
vations, both of which are R?-valued, and f; : R? — R?. Their
results demonstrate that, alongside linear cointegration, nonlin-
ear SVARs of the form (1.1) are capable of accommodating much
richer varieties of long-run behaviour than are linear SVARs,
including nonlinear common stochastic trends and nonlinear
cointegrating relations.

There remains the question of how to perform inference in the
setting of (1.1), in the presence of (linear or nonlinear) cointegra-
tion. In this paper, we consider this problem when (1.1) is spe-
cialised to the two-regime piecewise affine model of Duffy et al.
[12], as per

k
VT by X, =+ D BTV BTy O]

i=1

1.2)
where we have partitioned z, = (y,,x])" such that y, is R-valued
and x, is R”~!-valued, and y;" = max{y,,0} and y; = min{y,,0}
respectively denote the positive and negative parts of y,. We
further suppose that this model is configured such that the coin-
tegrating rank, r, is invariant to the sign of y,, while permitting
those r cointegrating relations to be nonlinear: what is termed
‘case (ii)’ in the typology of Duffy et al. [12]; see Section 2 for
a discussion. Even in this case, asymptotic inference is compli-
cated by the fact that the processes generated by the model do
not readily fall within any class previously considered in econo-
metrics. Although {z,} behaves similarly, in large samples, to a
(linear) integrated process, in the sense that n=1/ ?z|,) converges
weakly to a nondegenerate limiting process Z(4), neither its
first differences nor the equilibrium errors will be stationary,
but instead follow a (stable) time-varying autoregressive process,
whose coefficients depend on the sign of the integrated process
{y,}. This renders any existing LLN-type results for ‘weakly
dependent’ processes inapplicable.

In this paper, we take the first steps towards the development of
valid asymptotic inference in the model (1.2), in the presence of
cointegration. We do so by considering the simpler problem of
inference on the cointegrating rank of (1.2), using a form of the
Breitung [14] multivariate variance ratio test statistic, modified
so as to accommodate the possibility of nonlinear cointegration.
This motivates the main technical contribution of the paper: a
new LLN-type result for the class of time-varying, stable, but
nonstationary autoregressive processes that may be generated by
(1.2), which is provided in Section 3 along with the asymptotics

of our test statistic. This result is fundamental to the asymptotics
of estimators of the parameters of (1.2), the derivation of which
is the subject of the authors’ ongoing research. The finite-sample
performance of our proposed test is investigated through sim-
ulation exercises reported in Section 4, where it is shown that
the conventional (i.e., unmodified) Breitung [14] test tends to
incorrectly interpret the presence of nonlinear cointegration as
evidence in favour of additional stochastic trends being present
in the data, a problem that is avoided by our proposed test.
Section 5 concludes.

Notation. e,,; denotes the ith column of the m x m identity
matrix I,,; when m is clear from the context, we write this sim-
ply as e;. In a statement such as f(a*, b*) = 0, the notation ‘+’
signifies that both f(a*,b*)=0 and f(e¢~,b”) =0 hold; simi-
larly, ‘a* € A’ denotes that both a* and a™ are elements of A. All
limits are taken as n — oo unless otherwise stated. —> and w
respectively denote convergence in probability and in distribu-
tion (weak convergence). We write ‘X, (1) ~» X (4) on Dg.[0,1]
to denote that {X,} converges weakly to X, where these are
considered as random elements of D.[0,1], the space of cad-
lag functions [0, 1] - R, equipped with the uniform topology;
we denote this as D[0, 1] whenever the value of m is clear from
the context. || - || denotes the Euclidean norm on R™, and the
matrix norm that it induces. For X a random vector and p > 1,
X, := (E|| X ||)Y/?. C, C,, etc., denote generic constants that
may take different values at different places of the same proof.

2 | Model: The Censored and Kinked SVAR

21 | Framework

We consider a structural VAR(k) model in p variables, in which
one series, y,, enters with coefficients that differ according to
whether it is above or below a time-invariant threshold b, while
the other p—1 series, collected in x,, enter linearly [9, 12].
Defining

y 1= max({y,, b} y; :=min{y, b}, (21

we specify that z, = (y,,x)" follow

k
by + By Oy, = e+ YAV by + O x ]+
i=1

(2.2)
or, more compactly,

T (L)y! + ¢~ (L)y” + @ (L)x, = ¢ +u,, (2.3)

where
k

k
(L) i=F = DL, YD) =D — Y o',
i=1 i=1

for ¢* € R™ and @7 € R™?~D, and L denotes the lag operator.
Through an appropriate redefinition of y, and ¢, we may take b
(which we treat here as being known) to be zero without loss of
generality, and will do so throughout the sequel. In this case, y,+
and y; respectively equal the positive and negative parts of y,,
and y, = y/ + y;.l Following Mavroeidis [9], we term this model
the ‘censored and kinked SVAR’ (CKSVAR), even though we here
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suppose that y, is observed on both sides of zero, rather than being
subject to censoring.

We follow Mavroeidis [9] and Aruoba et al. [10] in maintaining
the following conditions, which are necessary and sufficient to
ensure that (2.3) has a unique solution for (y,, x,), for all possible
values of u,. Define

+ - T
Do,y @
b, = [¢+ ¢— q)x] — 0,yy T0,yy 0,yx ,
’ ’ 0 ° ¢(-;—,xy ¢(§,xy q)(),xx
@} 1= [, @3] and D] := [y, DL].
Assumption DGP.

1. {(»,x,)} are generated according to (2.1) to (2.3) with b = 0,
with (possibly random) initial values (y;, x,), for i € {—k +
1,...,0};

2. sgn(det ®}) = sgn(det @) # 0.

3. @, . isinvertible, and

0,xx

sgn{ 0+,yy - ¢f1>—-qu)(;,ix¢:)r,xy} = Sgn{d)(;,yy - ¢;)r,qu)(;,}<x¢a,xy} >0.

4. {u,},cz is aniid. sequence in R? with Eu, = 0, Euu| =%
positive definite, and ||u,||,,5 < oo for some §, > 0.

u

As discussed in Duffy et al. [15, Rem. 2.1(i)], DGP.3 may be
maintained without loss of generality, when the invertibility
condition DGP.2 holds. Let {F;,},c, denote an underlying filtra-
tion to which the preceding processes are all adapted. When we
say that a sequence isi.i.d., as per {u, },c, in DGP.4, we mean that
this sequence is { F, },cz-adapted, and additionally that u, is inde-
pendent of F, for s > z. Animmediate implication of DGP.4 is that

(na]
U,A) = n-l/zzu, w U(4) (2.4)

t=1
on D[0,1], where U is a p-dimensional Brownian motion with
variance X,. All the weak convergences that are stated in this
paper hold jointly with (2.4).

2.2 | Canonical Form

In the terminology of Duffy et al. [15] and Duffy et al. [12], we
designate a CKSVAR as canonical if

110
®, = = I 2.5
001,, ?

While it is not always the case that the reduced form of (2.3) corre-
sponds directly to a canonical CKSVAR, by defining the canonical
variables

- —+
v Poyy O O )T A
yol=l 0 &, O ||y|=P | @6
)’Zt ¢3):xy ¢(1xy ®0,xx Xy X

—-* — — . . .
where by, 1= ¢§yy - ¢(Iyx<1>0’1xx¢oi,xy >0 and P! is invertible
under DGP; and setting

5o e )| =0 e ¢ @ el @)

for 3 € C, where

1 —¢) @
Q = 0,yx = 0,xx , (28)
o I
we obtain a canonical CKSVAR for Z, :=(5,%)" (see

Proposition 2.1 in [15]).

To distinguish between a general CKSVAR in which possibly
D, £ I;, and its associated canonical form, we shall refer to the
former as the ‘structural form’ of the CKSVAR. Since the time
series properties of a general CKSVAR are largely inherited from
its derived canonical form, we shall occasionally work with this
more convenient representation of the system, and indicate this
as follows.

Assumption DGP*. {(y,, x,)} are generated by a canonical
CKSVAR, i.e., DGP holds with @, = [¢{, ¢y, ®F] = I*, so that
(2.2) may be equivalently written as

k Yisi
Yol _ 4o mx _
[ ] o) IS

Xi—i

2.3 | The Cointegrated CKSVAR

Dulffy et al. [12], henceforth DMW25, develop conditions under
which the CKSVAR is capable of generating cointegrated time
series. Their work identifies three cases, which may be distin-
guished according to whether stochastic trends are imparted: (i)
to y; only (or equivalently to y; only); (ii) to both y} and y;;
and (iii) to neither y/ nor y . Here, our focus is on case (ii),
which entails that the system has a well-defined cointegrating
rank r, but permits the r cointegrating relationships that elimi-
nate the (p — r = ¢) common trends to be nonlinear. The assump-
tions that characterise how the model needs to be configured for
case (ii) are given below. To state these, define the autoregressive
polynomials

043 1= [92) @'()].

and let I'7 := —Zj;m(b;*’ =: [y M foriefl,...,k—1}, so

thatI'(3) 1= ®©F — Zf"lll";—’a" is such that

DE(3) = P*(1)z + ()1 - 3).
We further define
IT* 1= —0*(1) = —[¢*(1), P* (V)] =: [#*,1T"].
Assumption CVAR.

1. det®*(3) hasg¢* € {1, ..., p} roots at real unity, and all oth-
ers outside the unit circle; and

2. tkIT* = r* = p — g*.
The preceding conditions are common to all three cases noted

above. To specialise to case (ii), which has a constant cointegrat-
ing rank r = r* = r~, with a stochastic trend being present in y,,
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we must additionally suppose that rkIT* = r, so that IT* may be
written as

I* = I [0i Ip_l] = a[ﬂf ﬁI] =: af*,

where a € R?", g€ R?"D*" and p* € R”" have rank r, and
0* € RP7! is such that IT°6* = z* (see Section 4.2 of DMW25).
Letting 1*(y) :=1{y > 0} and 17 (y) := 1{y < 0}, the (possibly
nonlinear) r cointegrating relationships among the elements of
z, are given by

Bk =BT + A1 ().

Let a; € R™ be such that a]a =0, and [a,a,] is nonsingu-
lar. The limiting form of the stochastic trends will be a kind of
(regime-dependent) projection of the p-dimensional Brownian
motion U onto a manifold of dimension g = p — r, where this pro-
jection is defined in terms of

Py (») 1= L WlaTA; ) (0] a], (2.10)

1
() = . Ty =T O + T W1 (),
* [— 0y) ﬂxJ

(2.11)

for 6(y) :=1%(y)0* + 17 (y)0~. (Such objects as P; (y) take only
two distinct values, depending on the sign of y, and we routinely
use the notation Py (+1) and Py (1) to indicate these.) Define
a, B(y) € RIKPHD-1IXIr+(k=1(p+D)] gg

a It T, |
Ip+1
a = I, >
Ipn
BT
S, =1,
B = Lo ~1,n , (2.12)
| Ip+1 _Ip+1_
where T, := [y}, y7,IY]fori e {1,...,k—1},and
o) 170y 0 |
y) Iy
S, 1= : (213)
0 0 I,

Finally, let p(M) denote the spectral radius of M € R™" and for
A C R™™ g bounded collection of matrices, let

pysr(A) = lim sup sup p(B)"/'
t—oco  BeA!

denote its joint spectral radius (JSR; e.g., [16], Defn. 1.1), where
A= {H§:1Ms |M, € A} is the set of -fold products of matrices
in A.

Assumption CO(ii).

1. r* =r  =1kII* = r,forsomer € {0,1, ...,p—1}.

2. (T + B @, I+ B(-D)7a}) < 1.
3. sgndeta [ I'(1;+1)p, (+1) = sgndeta [ T(1; —1)4, (1) # 0.

4.

a. f(y)"z, and Az, have uniformly bounded 2+ 34,
moments, fort € {—k+1, ...,0}.

b. n 27y 25 7y = [io ], where Z, is non-random, and

0
satisfies f(¥,)7Z, = 0.

Condition CO(ii).2 is stated slightly differently from the form
given in DMW25, so as to more directly accommodate the case
of a general (i.e., non-canonical) CKSVAR. In particular, B(y)
and @ refer to the counterparts of (2.12) constructed from the
parameters of the canonical form of the CKSVAR, derived via the
mapping (2.7). (So if the CKSVAR is in fact canonical, the tildes
are redundant.) See Remark 4.2(i) of DMW25 for further details.
Regarding the history of the process prior to time r = —k + 1, we
henceforth adopt the (innocuous) convention that

Az =0,

1

Vit < —k; (2.14)
or equivalently that z, = z_, forall r < —k.

Finally, for the purposes of developing the asymptotics of our
rank test (Theorem 3.2 below), we shall maintain that the inter-
cept ¢ is such that no deterministic trends are present in any of
the model variables, as per

Assumption DET. ¢ € spII" nspll™.

Under the preceding conditions (DGP, CVAR, CO(ii) and DET),
it follows by Theorem 4.2 in DMW?25 that

X
(2.15)

_ Yin —
n 1/2 |: L AJ:| =n 1/2Z[n/1J w Pﬂl[Y(A)]UO(/l) =1 Z(W) = [
Xn]

Y(z)]

where U,(1) =T(1;Y,)Z,+ U(4). (For a further heuristic
discussion of the convergence in (2.15) and the properties of the
limiting process Z(4), see Section 3.3 of DMW25.) Since P, (1)
are rank g (oblique projection) matrices, we may regard {z,} as
having ¢ common (stochastic) trends, and r cointegrating rela-
tions given by the columns of f(y), that eliminate those trends
(since ()" Py () = 0).

On the basis of (2.15), DMW25 (see their Defn. 3.1) clas-
sify {z,} as I*(1), because n~'/?z,, converges weakly to a
non-degenerate process. By contrast, since the equilibrium errors
& 1= p(y,)"z, are purged of the common trends in z,, these sat-
isfy max, ., €| = op(nl/ 2), and so are of strictly smaller order
than {z,}; they accordingly classify {&,} as 1*(0). These notions
of I*(0) and I*(1) processes provide a means of distinguishing
between processes whose magnitudes differ, because of the pres-
ence or absence of stochastic trends, in a setting where the usual
definitions of 7(0) and I(1) processes do not apply—because in
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general neither & nor Az, will be stationary under the foregoing
assumptions.

Although (2.15) implies that Z is not ‘globally’ a linear projection
of U, onto a g-dimensional linear subspace, the following rela-
tionships hold ‘locally’, depending on the sign of the first compo-
nent, Y, of Z:

YAH>0= T Z(M)=0, YA <0=pTZA)=0.

But in general neither 7 Z(4) nor =T Z(4) will be identically
zero for all A € [0, 1], unless gt = f~. The fact that there may be
no rank r = p — ¢ matrix whose columns force Z to be identically
zero significantly complicates the problem of inference on the
cointegrating rank, and motivates our development of a modified
form of the Breitung [14] test below.

3 | The Modified Breitung [14] Test

3.1 | Fundamental Ideas

We seek to develop an (asymptotically valid) test on the cointe-
grating rank r—or equivalently, the number of common trends
q—that is able to accommodate the possibility of data gen-
erated by a CKSVAR configured as per case (ii), by adapting
the approach of Breitung [14, Sec. 5]. Henceforth, as per the
discussion following (2.1) above, the threshold b that delineates
the two regimes is assumed to be known, and normalised to zero:
so that what we have denoted as y; and y; may be regarded as
directly observed, rather than depending on some prior estima-
tor of b. Estimation of » may be undertaken in conjunction with
the estimation of the other parameters of the SVAR (2.2), e.g., by
maximum likelihood, the asymptotics of which are deferred to
future work. (We anticipate that use of a consistent estimator of
bwould yield a test statistic with an identical null limiting distri-
bution to that derived below: due to y, being integrated under the
null, any misclassification that results from b, # b would affect at
most o,(n'/?) observations.)

The mathematical underpinnings of Breitung’s [14] test, itself a
multivariate generalisation of the variance ratio test, may be con-
veniently summarised as follows. (The proof of which, together
with those of all other results given in this section, appears in
Appendix B.)

Proposition 3.1.  Suppose that {w, ,}_, is a triangular array,
taking values in R, such that

[n4] i
S [ [ a [0]
n ’ o |0 0

=1 d,—¢ d,~t

w w

on Dga, [0, 1], where W is a random element of Dy, [0, 1] and

n 1
1 T /0 W(s)W(s)T ds 0 32
n;w"’tw"” |: 0 Q (32

where ['W(s)W(s)" ds, [;'V(s)V(s)T ds and Q € RUxdu=?)
are a.s. positive definite. Let {4, ; }7:1 denote the solutions to

det(AB, —A,) =0

orderedas A,; < A5 <+ < A,y ,for

n
o T —
A, = an,rw"‘t, B, :=
=1

Then
i.ifey=¢,

%y 1 1 -1
nZZiM w tr [ / W(s)W(s)" ds< / V(s)V(s)T ds) };
i=1 0 0

i if £o> £,n2 X A, — oo.

To illustrate how Proposition 3.1 provides the basis for a test of
cointegrating rank, let us suppose initially that {z,} is generated
by a linear cointegrated SVAR with ¢ common trends, or more
generally by a CKSVAR satisfying the conditions above (DGP,
CVAR, CO(ii) and DET), but for which ¢ =0, g = f~ = g and
I'"(1) =I'"(1) =I'(1). Then Py (y)no longer depends on (the sign
of) y, and (2.15) reduces to

n2z 0w BLla T T a] Up(A).

It follows that by taking

-1/2 T
w '=n/ﬂJ'Z
nt * T t
p

we may linearly separate z, into its ¢ ‘integrated’ (i.e., I*(1)) and
r = p— q ‘weakly dependent’ (i.e., I*(0)) components, with the
result that the first ¢ components of %Z}Z;” w,, will converge
weakly to a (nondegenerate) limiting process, whereas the final
r components will converge to zero, exactly as in the manner of
(3.1). %Zfﬂwn’,wl , then also converges to an (invertible) block
diagonal matrix, as in (3.2).

By Proposition 3.1, the sum of the first g, generalised eigenvalues
of A, with respect to B, will then exhibit divergent asymptotic
behaviour, depending on whether ¢, is equal to or strictly greater
than ¢. This provides the basis for the use of this quantity as a
statistic for testing hypotheses regarding the value of g, exactly
as proposed in Breitung [14]. Since these generalised eigenvalues
are invariant to common linear transformations of A, and B,,, and
w,, is a linear transformation of z,, they may be computed with-
outknowledge of [, , ], simply by replacing each instance of w, ,
by z, in the definitions of those matrices.

3.2 |
Series

Extension to Nonlinearly Cointegrated

Suppose that we now permit = # g~ and/or I'* (1) # I (1). In
this case, Py (-1) and Py (+1) each have rank ¢, but may differ by
arank one matrix, and as a result, there may only be r — 1 distinct
linear combinations of z, that will be I*(0). Accordingly, apply-
ing the usual Breitung test to {z, } directly would tend to yield the
incorrect conclusion that there are ¢ + 1 common trends, rather
than only ¢. (Thus, e.g., in a bivariate nonlinear SVAR with one
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common nonlinear trend, this test may tend to conclude that
there are two common trends and no cointegrating relations.)

To address this problem, here we utilise the fact that the non-
linearity in the CKSVAR is entirely a function of the sign of the
first component of z, = (y,, x[)T, such that the nonlinear cointe-
grating relationships f(y) can be rewritten as linear cointegrating
relationships between the elements of

2 I B S G I y
z =y (=170 0 h]=%m%
x, 0 I |-
via
. . ﬁ+T
+T1+ -T1- 1+ 1- 0 Y
mw:vy m;m (ar:[g)éwl ]gT
X p-1 ﬁx
= 5,007 (3.3)

from which it follows that
By z, =B TS, vz, = BTz

since zy = 5,(y,)z,; the rh.s. thus gives the r linear relation-
ships that render ﬁ*Tzf ~ I*(0). As a corollary, there willbe g + 1
(linearly independent) vectors in R”*! that extract distinct 7*(1)
components from z;. We obtain an additional /*(1) component,
because under case (ii) the common trends are present in both
¥/ and y7, which appear separately as the first two components
of z}.

In extracting those common trends, we are free to choose any (g +
1)-dimensional basis in R”*! whose span does not (non-trivially)
intersect with spf*. Here we take this basis to be the columns of
the following (p + 1) X (g + 1) matrix

107
y

=101 T;yT ) 34
00 ﬂx,J_

where the columns of g, € R?~VX@=D gpan the orthogonal
complement of spf, in R”7, and as shown in the proof of
Theorem 3.2 (see Lemma A4, in particular), we are free to choose
T € R7! so as to facilitate the convergence of our test statistic
to a pivotal limiting distribution. The matrix z* plainly has rank
q + 1; moreover the (p + 1) X (p + 1) matrix [f*, *] is nonsingu-
lar, irrespective of the values of rfy (see Lemma A3).

Thus, the linear transformation
TTZ* := n—l/ZT*T Z* _ n—l/ZT*TZ;k _ n—l/ZT*TZ;k
n =t ﬂ*T 1 ﬂ*Tz;k ﬂ(yr)TZr

n_l/zgz Ont
= = B 3.5
R @

exhaustively separates z; into its 1*(0) and (appropriately stan-
dardised) 7*(1) components, and so renders the process {z} into

a form conformable with (3.1) above. The decomposition (3.5)
provides the basis for applying what we term our modified Bre-
itung (MB) test to the data generated by a cointegrated CKSVAR,
under case (ii), ‘modified’ in the sense that the test statistic will
be constructed from z} rather than z,. Indeed, if ¢ = 0, then it

will follow from our results below that %Z }:’1” & ~ 0on D[0,1],
and so the test could be applied directly to z; in this case. More
generally, when ¢ # 0, we need to first extract any deterministic
components whose presence would otherwise distort the distri-
bution of the test statistic. If we suppose that DET holds, then
no deterministic trends are present in z,, and by analogy with
the approach taken in the linear setting, we may project out any
constant deterministic terms by applying the test not to z; but
rather to

e % A~
Z, 1=z = fl

where 1, .. := %Zlez;‘, so that now

ﬁ?=ﬁ@—mm=ﬁ”ﬁﬂ=w%] (3.6)
5! - Mn,f.‘j

A . 1 n A~ . 1 n
where i, := ;Z¢=1‘:r and g, := ;2z=10n,r~
To obtain the limiting distribution of our proposed test, we
shall verify that w,, =Tz, satisfies the requirements of
Proposition 3.1 above. For (3.6) to conform with (3.1), we must

show that
|ni] |na]

N e =23 - di, = 0,0
n =1 n =1

uniformly in A € [0, 1]. Similarly, for the purposes of (3.2), we
require that %Z:’IIE,E: converges weakly to an (a.s.) positive def-
inite matrix. In other words, we require a fundamental law of
large numbers (LLN) for sample averages of the form %Z }:;” g(&).
Since {¢,} is not, in general, a stationary process, existing results
do not apply here, and this motivates the development of the
novel LLN given as Theorem 3.1 below.

3.3 | LLN for Regime-Switching Processes

To illustrate the essential ideas, suppose for simplicity of expo-
sition that k =1, and that the CKSVAR is canonical. Then by
Lemma B.2 of DMW25, & = B(y,)"z, admits the time-varying
autoregressive representation

E=plc+ U+ )¢+ B u, (3.7)

where {f,} is arandom sequence that in general depends, nonlin-
early, on the values of y, and y,_;. Under CO(ii).2, which implies
that I, + [« is drawn from a set of matrices whose joint spectral
radius is strictly bounded by unity, {&,} will be a ‘stable’ process
in the sense that it is stochastically bounded; but the dependence
of g, on y, prevents {£,} from being stationary.

Since g, = p* whenever y,_; > 0and y, > 0, it follows that if y, >
Oforalls € {t—m, ...,t}, then

m—1

&=+ BT, + D L+ T BT (e +u ).
=0
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Since {y,} has a stochastic trend, it will tend to make lengthy
sojourns above the origin, during which periods &, will be well
approximated by the stationary linear process,

(oo}
& == e+ YU+ BT ) BT U =0l +w)
=0

On the other hand, {y,} will also tend to spend lengthy epochs
below the origin, permitting &, to then be approximated by

& == e+ YU+ BT ) U =0+ w)
=0

This reasoning suggests a kind of ‘dual linear process’ approxi-
mation to &, leading to an argument along the lines of

|n4] [n4]

1 + _ 1 +\1+
n;g@l )= n;g@, () +0,(1)

[ni]
= [Eg(&))]5 Y170 + 0,1
=1

i
- [ng(«fJ)]/ 1Y (s)] ds =: [Eg(&))1my (4)
0

where m; (A) measures the fraction of the interval [0, A] for which
Y (s) > 0. We thus arrive at

[n4] Lnd]

1 _1 fo) 4+ 1
n;g(@— ngg@,)[l o)+ 171
« [Eg(ENImE () + [Eg(E))my (A),

which will, in general, be random (so that the convergence
is merely in distribution), except in the special case where
[Eg(.;*(;r ) = Eg(&;) = u,—whereupon the rh.s. collapses to Au,,
since m} (1) + m,(4) = A. (Importantly for the purposes of our
test, such a case systematically arises under our assumptions,
when g(&) = £.) The randomness of the limit provides another
manifestation of the non-ergodicity of {¢,}, as induced by the
dependence of its law of motion on the level of y,.

Such arguments, in the more general setting of a (not necessarily
canonical) CKSVAR(k), lead to the main technical contribution
of this paper, a LLN-type result for additive functionals of a class
of time-varying autoregressive processes, of which (3.7) is a spe-
cial case. To facilitate its use in other contexts, we prove this result
supposing that the following weaker condition holds in place of
DET.

Assumption DET”. ¢ P; (+1)c =0.
The preceding permits the model to impart deterministic trends

to x, (but not to y,), and leads us to consider the linearly detrended
process

underlying filtration {F,},c, to which {,} and {z,} are adapted,
and that an i.i.d. process {v,} is one that is both F,-adapted, and
such that v, is independent of 7, for s > 1.

Theorem 3.1. Suppose DGP, CVAR, CO(ii) and DET hold.
Let {A,}, {B,} and {c,} be random sequences adapted to {F,},
respectively taking values in R%*%  R%*4 and R, wheret € Z.
Suppose {v,} is i.i.d with Ev, = 0, and that {w,} satisfies

w, =¢, + Aw,_; + By, (3.8)

for t >1 and some given (random) w, (with w, :=0 for all
t < -1); and:

i. A,€ A, B, € Bandc, € C forallt € N, where A, Band C
are bounded subsets of R4w*de, R4*4: and R respectively,
and pygr(A) < 1;

ii. thereexist A* € A, B* € Band c* € C such that

V.1 >0and y, >0=>A,=A", B,=B*, ¢,=c",

yi1<0andy, <0=>A,=A4", B,=B", ¢, =c";
iii. my > 1is such that ||wyl,,, + llvgll,,, < co.
iv. g : R% — R% is a continuous function satisfying
llg(w) = g@NIl < CQA + [lwll” + llw'|)llw = w'|| (3.9)
forallw,w' € R, for some 0 < £, < my — 1.
Then E||g(w3)l < o, and on D[0,1],

|n4] A
LY w00 - Eetw) [ Yol dn, (10)
t=1 0

where .
wi = (I, — A5t + ) (A% Bru_,. (3.11)
=0
Moreover,
1 [ni]

A
Y lg(w) ® z{ 11%(y,) » [Eg(uw?)] ®/ Z(W1IE[Y (w)] du,
1= 0
' (3.12)

n3/2

Jjointlywith U, ~» U.

3.4 | Limiting Distribution and Consistency

Using Theorem 3.1 and the representation theory of DMW25, we
are able to derive the limiting distribution of our modified Bre-
itung (MB) statistic for testing the null of g, common trends (and
ro = p — ¢, cointegrating relations), which is defined as

yd 4 qo+1
t — Py .
| =E = E B A 121 Mgy 1=12 D Ay (3.13)
i i=1
in place of z,, with the convention that z;’ 1=z, for t < 0; note where {An,i}f:f are the solutions to
that y;’ =y, (see Section 4.4 in DMW25). Recall that, as per
the remarks following the statement of DGP above, there is an det(4B, —A,) =0 (3.14)
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orderedas 4,; < 4,, <+ < 4,4, for

t

B, :=Z z;

n t
=1i=1 j=1

. —x=kT
A, :=)z7z ,
t=1

B

zZ. (3.15)

This statistic has the same form as that considered in
Proposition 3.1, though note that for testing the null of ¢,
common trends we sum over the first g, + 1 generalised eigen-
values {/ln!i}fgl, reflecting the fact that y' and y; separately
enter z;.

To state the limiting distribution of the test statistic, define

W) 1= Wye,1 + W(A), (3.16)

where W, € Risnonrandom, and W is a g-dimensional standard
Brownian motion. Define the (¢ + 1)-dimensional process

Woa (D],

W (D] (3.17)
Wo_1(2)

Wy (2) 1= S, le] Wy(DIW,(A) =:

and define W;(i) to be the residual from the pathwise L2[0,1]
projection of each element of W’ onto a constant. Let 7;(/1) 1=
fOAW;(y) du denote the cumulation of W:;.

We only provide limit theory here for the case where y, = o,(n'/?).
This simplifies the asymptotics of the testing problems in two
respects: (i) it ensures that the limiting process visits both regimes
(positive and negative) with probability one, so that the relevant
matrices are positive definite a.s.; (ii) it yields a distribution for
the test statistic that (upon demeaning) is nuisance parameter
free, being invariant to X (0) = &,,. (Possible extensions to han-
dle the case where n~1/2y, i Y, # 0are discussed below.) In the
following statement, g denotes the actual (i.e., the true) number
of common trends in the system, whereas g, denotes the null
hypothesised value, i.e., the number used to compute the test
statistic.

Theorem 3.2. Suppose DGP, CVAR, CO(ii) and DET hold,
with y, = 0,(n'/?). Then for W, as defined in (3.16), with W, = 0:

i. if gy =gq,
A”-‘lo = A"-q
1—* —_—k 1—* —k -
w tr [/ W (W ()" ds</ VoV ()T ds> ]
0 0
=:A (3.18)

q

ii. if gy < g, theweak limit of A, , is stochastically dominated
by Ay and

L p
iii. if ¢y > q, A, 4 — 0.

Moreover, the convergence in (3.18) holds jointly with U, - U, and
with

n2y 0 = Y () = ot [e] Wo(D)], + o™ [e] Wy(D]_, (3.19)

where the latter convergence also holds if n="/2y, — Y, with Y,
possibly nonzero.

Part (i) of the preceding implies that valid asymptotic critical val-
ues for H, : q = g, can be drawn from the distribution of A,
(which equals A, under H,); these may be computed by simu-
lation. Part (ii) implies that A, 4 18 stochastically bounded when
the true number of common trends (g) is greater than the hypoth-
esised number (g,), such thata test of H,, : ¢ = g, will not be con-
sistent against the alternative H, : g > ¢,. On the other hand, by
part (iii), it will be consistent against H; : g < g,. This suggests
that the estimation of ¢ may be effected via a stepwise testing pro-
cedure, starting with the null H;, : ¢ = p of no cointegration, and
progressing downwards (i.e., testing H,, : ¢ = p — 1 if the preced-
ing null is rejected, etc., and stopping at the first g, for which
H, : q = q, is not rejected).

3.5 | Extensions

Once we allow that n~'/2y, N Yy, with Y, possibly nonzero, the
preceding runs into certain difficulties. If J)) = 0, then W, =0
also, and so W, visits both sides of the origin at some point
during [0, 1] (indeed, during any subinterval [0, A]) with proba-
bility one. But if J; # 0 then W, # 0, and this event is no longer
guaranteed to occur, with the consequence that f W;W;T and

[ VZVZT are no longer positive definite with probability one. In
a sense, this is merely a technical rather than a practical problem,
because the failure of W}, to visit both sides of the origin is the
large-sample counterpart of the possibility that {y,} itself may
not visit both sides of the origin, and were it to fail to do so, the
observed data would be well (indeed, perfectly) approximated by
a linearly cointegrated system, with cointegrating relations given
by either §* or f~ (depending on whether {y,}/_, was always pos-
itive or negative, respectively).

The fact that we would only contemplate conducting (the modi-
fied version of) the test in cases where {y,} spends an apprecia-
ble amount of time in both regimes also suggests a remedy for
this problem. Namely, that we should refer the test statistic A, ,
not to the quantiles of its unconditional limiting distribution,
but to those of its distribution conditional on {y,} (and therefore
W, 1) spending more than a certain fraction of the sample in each
regime; this thereby avoids the rank deficiency problem. That
is, letting M := min{m;,m(l), ma,m(l)}, we propose to compare
A, ,, with the 1 — a quantile of the distribution of A, conditional

n.qo
on M > 1, i.e., choosing a critical value c,, qo(r) such that

P{A, 2 coq(DIM 27T} =0 (3.20)

do

where r € (0, 0.5) is some user-specified value (say, 10% or 15%).

The preceding remains well defined when Y, # 0, butin that case
the (conditional) distribution of A, will depend on the unknown
nuisance parameter W,. Since the sign of y, and therefore Y (0) =
Y, is known, W, may be estimated when (say) y, > 0 on the basis
of the representation (3.19) as (&) 1(n~1/2y,), where

L, 1/2
oM < D K(f/L,,W;)

(=1,

1 n
= ), Ay Ay, 1Y)
2t:11+(yt)t:;+1

Oxford Bulletin of Economics and Statistics, 2026

85US017 SUOLULLIOD BAINRID 3ot (dde ay) Aq peuienob a1e sapie O ‘88N J0'Sojni o} A%iq1T 8UlUO A1 UO (SUONPUOD-PUR-SLLBIANID" A3 1M Ale.d 1 BUI|UO//:SdNY) SUONIPUOD pUe Swie | 841 89S *[9202/90/80] UO AlelqiTauliuQ A8|IA ‘90UB|[POXT 818D PUe U eaH 10} @misu| [euolieN ‘IOIN Aq 82002 S9G0/TTTT 0T/I0p/L0d A8 | Akeiq 1 puljuo//sdny Wolj pepeojumoq ‘0 ‘¥80089rT



TABLE1 | Rejection rates; nominal level 10%.
Linear Nonlinear Stationary
Design Br=p"9=1) B*#p7,9=1) (g=0
H, : qg=1 q=2 qg=1 q=2 g=1
n SB MB SB MB SB MB SB MB SB MB
200 0.09 0.06 0.94 0.68 0.06 0.02 0.57 0.36 0.40 0.38
500 0.09 0.09 1.00 0.95 0.08 0.05 0.64 0.75 0.71 0.81
1000 0.10 0.10 1.00 1.00 0.08 0.08 0.61 0.94 0.91 0.98
1500 0.10 0.10 1.00 1.00 0.08 0.08 0.58 0.98 0.97 1.00

denotes a long-run variance estimator, with kernel K and lag
truncation sequence L, — oo. (If on the other hand y, < 0, then
an estimator &, of @~ would be constructed analogously.)

4 | Finite-Sample Performance

Here we report the results of Monte Carlo simulations conducted
to evaluate the performance of the proposed test. We generate
data from a bivariate (i.e., p = 2) cointegrated CKSVAR withg = 1
common trends (and so r = 1 cointegration relations),

+
Vi1

Ay, al !

[ ’] =c+at,[iv"T Vi

+u,,
Ax,

X1-1

where @ = (0.5,0.1)7, g* = (ﬁ;,ﬁy‘, DT, ¢ =2a, zy = (35, %) =
0 and u, ~;;4 NIO, I,]. We set g+ = —1, and consider a linear
design in which B, =-1, and a nonlinear design in which B, =
—0.5. The implied cointegrating vectors are g+ = = = (=1,1)7
in the former, and g+ = (-1,1)T and g~ = (=0.5,1)" in the lat-
ter. In both cases, the assumptions of Theorem 3.2 are satisfied;
e.g., it may be verified that |1+ #*Te| < 1, so that the stabil-
ity condition COC(ii).2 holds. The sample size ranges over n €
{200, 500, 1000, 1500}. We only retain samples in which {y,}
spends at least 0.15n observations both above and below zero.

For each dataset thus generated, we test the null that H;, : g = g,
using the following test statistics:

i. The standard Breitung (SB) test is that given in Breitung [14,
Sec. 5]. In this case, A, and B, in (3.15) are computed on the
basis of z,, rather than z;;

ii. The modified Breitung (MB) test is our proposed test statis-
tic, based on E;k, and using a ‘partially conditional’ critical
value Caq, (7) as IN (3.20) with ¢ = 0.15.

(Note that to test the null that H,, : g = q,, SB sums over the first
q, generalised eigenvalues of a p-dimensional system, whereas
MB sums over the first g, + 1 generalised eigenvalues of a (p +
1)-dimensional system.) Let q denote the true number of com-
mon trends. Since the true number of common trends ¢ = 1 in
the foregoing designs, we test H, : ¢ =1 to evaluate size and
H, : g =2 to evaluate power, with a nominal significance level
of 10 per cent. (We run 10,000 Monte Carlo replications for every
design.)

The results are displayed in the first eight columns of Table 1. In
line with our expectations, the standard Breitung test performs
poorly in the nonlinear design, having a noticeable tendency to
incorrectly find that g = 2. This problem is remedied by the mod-
ified Breitung test, at least for sufficiently large sample sizes, at
the cost of the test being somewhat conservative in small sam-
ples. Both tests appear to be approximately correctly sized for
testing H, : ¢ =1, and both (as expected) perform well in the
linear design.

As an additional check on the performance of these tests, per a

request from a referee, we also evaluated their power to reject

H, : q =1 using data generated under the following stationary
(¢ = 0) nonlinear design,

"

Ay =c+ [ﬂ* - H"] yt‘_l +u

Ax, Vi1 !

Xi-1

.
{—0.2 ~0.5 0.3] Vi1

= - +u,.
01 01 —oz|[Pt|T"
Xi1

The results are reported in the final two columns of Table 1, and
show that both the SB and MB tests have substantial power in this
direction. Since the ‘cointegrating space’ is {0} in this case, and
so trivially linear, the similar performance of the two tests is not
surprising.

5 | Conclusion

This paper has considered the problem of testing the cointegrat-
ing rank in a CKSVAR, proposing a modified version of the Bre-
itung [14] test that is robust to the forms of nonlinear cointegra-
tion that may be generated by that model. En route to deriving
the asymptotics of this test, we have proved a novel LLN-type
result for a class of stable but nonstationary autoregressive pro-
cesses. This result underpins the development of the asymptotics
of likelihood-based estimators of the cointegrated CKSVAR, our
results on which will be reported elsewhere.
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Endnote

!Throughout the following, the notation ‘a*’ connotes a* and a~ as
objects associated respectively with y" and y;, or their lags. If we want
to instead denote the positive and negative parts of some a € R, we shall
do so by writing [a], := max{a,0} or [a]_ := min{a,0}.
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Appendix A
Auxiliary Lemmas

We here collect the fundamental technical results that are needed for
the proof of Theorems 3.1 and 3.2. These are all stated for a CKSVAR in

canonical form, i.e., supposing that DGP* holds. For a general CKSVAR,
i.e., one satisfying DGP rather than DGP*, Proposition 2.1 in DMW25
establishes that there is a linear mapping between z and a derived canon-
ical process Z; satisfying DGP*. Because A, , is invariant to (common)
linear transformations of A, and B, as defined in (3.15), the asymptotics
of the canonical process accordingly govern the large-sample behaviour
of our test statistic.

We first recall that under DGP*, CVAR, CO(ii) and DET’, it follows by
Theorems 4.2 and 4.4 of DMW25 that

12 [y‘linllj] — g 1/25d

w B YW = | VP =z (an
Xl b R x|

on D[0, 1] with the further implication (via Lemma B.3 of DMW25) that
Y(2) = h[9TUy(D19TUy(4) (A2)

where h(u) = 1*(w)h* + 1~ (w)h~ for h* =1 and A~ >0, and 9" :=
eTP,,L(+1) # 0. We note that as a consequence of (A1), CO(ii).4 and our
(innocuous) convention that Az, = 0 for i < —k (as per (2.14) above) that

nPsupl|z?| = 0,(1), n2supl|Az?|| = o,(1). (A3)
s<n s<n

Indeed, it follows by Lemmas A.1 and B.2 of DMW25 that

supl|Az¢ 545, < oo (A4)
seZ

(Recall that for X a random vector, and p > 1, [| X ||, := (E|| X ||7)1/7.)
Lemma Al. Suppose DGP*, CVAR, CO(ii) and DET’ hold. Then:

i. asn - ocoandthens — 0

I3 1y, < 6y Lo
n!:l

ii. on D[0,1] jointly withU, w U,

1%1*“ b v»/xlt[Y( DIIRE:
n & Ve n_l/zz;j ) H Z() M.

The following is a slightly restricted counterpart of Theorem 3.1, which
holds under DGP* rather than DGP. It will in turn be used to prove
Theorem 3.1 in Appendix B.

Lemma A2. Suppose DGP*, CVAR, CO(ii) and DET’ hold. Then the con-
clusions of Theorem 3.1 hold.

For the next two results, we specialise from DET’ to DET, so that no deter-
ministic trends are present in any components of z,, which is identically
equal to z?. Recall the definitions of g, , and £, given in (3.6). We note also
that as an immediate consequence of (A1) and the continuous mapping
theorem, on D[0, 1],

n—l/ZZ*WJ = 8,07 2y )n Pz = SIY(DIZ(A) =1 Z*(4) (A5)

for S,(y) as in (2.13), and hence
Onln) = ‘L'*Trfl/zz*[mU w T Z*(A) =1 R(A), (A6)
for z* as in (3.4). Since z; = (yf, y7,x])T can be written as a linear func-

tion of elements of (y;, x/)" and (y;, x])7, it follows from Lemma A2 and
the continuous mapping theorem, under the conditions of Lemma A2 and

DET that
) ) 1
= 1%
n; gw) ® Py )

o
«~ [Eg(w? ®/ 1*[Y d A7
[Eg(wy)] s [Z*(ﬂ)] [Y()l du (A7)

on D[0, 1], jointly with U, ~ U.

10
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Lemma A3. Suppose DGP*, CVAR, CO(ii) and DET hold. Then

i. forall Tfy € R%7Y, the matrix [B*, v*] is nonsingular;

ii. on D[0,1],
|na) [= i
iy [".’”] - [/0 R(s) ds] (A8)
n =1 ét 0
where

1
R(s) := R(s) — / R(2) di;
0
iii. there exist positive definite matrices . and .- such that

w T— —T — =T
1 [on.tol, on,,é,]

n =1 Eyblr ‘frE;r
Sy R$)R(s)T ds 0
0 Seem} (1) + 2y iy (1)

and the r.h.s. is positive definite a.s.

Recall the definition of the g-dimensional standard (up to initialisation)
Brownian motion W}, given in (3.16).

Lemma A4. Suppose DGP*, CVAR, CO(ii) and DET hold. Then there
exist rfy € R9Y, and an invertible (q+1)x (q+1) matrix Q such
that

OR(M) = S, [e] Wo(DIW,y(2) = Wy (A).

Moreover, there exist w* > 0 such that
Y () = o' [e] Wo(D)], + o [e] Wy(D)]_. (A9)

We note further that because the mapping between z, = (y,, x:)T and its
derived canonical form z, = (y,,)?r)T is such that 3} and j, are respec-
tively positive scalar multiples of y;/ and y;, a representation of the form

(A9) also obtains when DGP holds in place of DGP*.
Lemma A5. Suppose W, = 0in (3.16). Then the matrices

3 1—* —_— — 1—* —
Sy ::/O WO(S)WO(S)T ds, S, ::/0 VO(S)VO(S)T ds,

are positive definite a.s.

Appendix B

Proofs of Main Results

Proof of Proposition 3.1

Since A, and B, are positive definite with probability approaching
one (w.p.a.1.), the eigenvalues {/ln,,.}idil of A,B;" are well defined, real
and positive w.p.a.1. By our assumptions and the continuous mapping
theorem (CMT),

nt""nt ?

n 1
n_lAn _ lz’w T /0 W(s)W(s)T ds 0
0 Q

=1
and

_ 1w/ 1x 1+ !
n 3Bn = ;;(;;wn,i><zzwn,j>

j=1

L [AveveTds o ‘
0 0

Let {;4,,,[}:1"1 denote the eigenvalues of B,A ! ordered as u,; < p,, <

- S Hyg ,s0thatd,, =7} forl<i<d,. Bythe CMTand theas.
invertibility of Q, )

nB,A = (B, AT

TV ds of [ L' wisws)T ds o -
0 0 0 Q

AT ds( L W(sW(s)T ds)fl 0
0 0

(BD)

For the above limiting matrix, let {4 }id;‘l denote its eigenvalues ordered
as py < py <--- < p; . Thefirstd, — £ eigenvalues are zero, i.e., uf =0

forl <i <d, —¢.Theremaining # eigenvalues {4/ }d arereal and

i=d,,~f+1
positive since they are the eigenvalues of

-1
/ 1\/(5)\/(3)T ds< / 1W(s)W(s)T ds) =YW,
0 0
where W and V are positive definite almost surely. By (B1), the continuity
of eigenvalues and the CMT, then:
i forl<i<?,
n A, = (”72/4n,dw+1—i)71 - (MZ“,+17i)71
1o 00,

— * -
= My, —oyeies1-n)

where ;4(*‘1“._/) ey >0 18 the (#+1-i)th eigenvalue of
YW1; and

ii. forc+1<i<d,,

P
2 — (2 -1
n j'n,i - (n :un,dm+lfi) —> 0,

P
3 -2 * —
since n™ "y, 4 41 — ﬂdu+1_’_ =0.
Therefore, if £, = ¢

%o

fO
nzzin,i = Z(n_zﬂn,du.+l—i)_l
i=1 i=1
fl)
> Y HY ey = TIOWH T = (WY,
i=1

where the penultimate equality holds since the trace of a matrix equals
the sum of its eigenvalues; and if £, > 7,

4 ¢ t
nZZ/ln_i = nZZAnJ +n? Z Ani
i=1 i=1

i=+1
¢ 4,
_ 2 ) -1_°
=n z/‘"n,i + Z (i’l Mn,dw+1—i) 0,
i=1 i=f+1

since "zz;ilﬂn,i = 0,(1) and the second term diverges in probability. 0

Proof of Theorem 3.1

As noted in the proof of Theorem 4.4 in DMW25, the process {Z,}
obtained via the mapping (2.6) satisfies both DGP* and DET’. Thus {Z,}
satisfies the requirements of Lemma A2. The convergence (3.10) follows
immediately, since sgn j, = sgn y, by Proposition 2.1 of Duffy et al. [15].

We next establish the convergence (3.12) holds in the ‘+’ case; the proof
in the ‘-’ case is analogous. As per (D.3) of DMW25, define

— -1
.

+
¢0,x y (I)vax
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and set P(y) = P(+11%(y) + P(-1)17(y). It follows from (D.18) in
DMW25 that
z = P(7)%,
and therefore
(y)z! = 1" (F)PFE = 17 (7)P(+DZ!.
Since (3.12) obtains for {Z,} by Lemma A2, it follows that

|n4) (4]

7 Zl60w) ® {1170, = 1, ® Pl i) ® 2117

n3/2

[, ® P(+1)]
X [Eg(wi)] ® / Z(w1*[Y ()] du
0
y;
= [Eg(wy)] ®/ Z(WIFY (W] du,
0
where we have used that
I [Y(WIPHDZ () = I [Y (] PIY (W1 Z () = 1Y (W] Z ()
as per (D.13) of DMW25. u}

Proof of Theorem 3.2

We now seek to verify the conditions of Proposition 3.1. As discussed in
Section 2.2, by Proposition 2.1 in Duffy et al. [15] there exists an invertible
P € R¥*DX(+D guch that

3 ¥
Z=|y | =Py |=P'2, (B2)
X X,

where sgnj, =sgny,. As noted in Remark 4.2(i) of DMW25, {Z,}
follows—in view of our assumptions, in particular of the form taken by
CO(ii).2—a canonical CKSVAR satisfying DGP*, CVAR, CO(ii) and DET.
Because of the invariance properties of generalised eigenvalues, A, , is
invariant to the pre- and/or post-multiplication of A, and B, by common
matrices, and so it follows from (B2) that Aug, computed on {z}} is iden-
tical to that computed on {Z; }. We may therefore suppose, without loss
of generality, that { z, } follows a canonical CKSVAR, i.e., that DGP* holds
in place of DGP.

By those same invariance properties of generalised eigenvalues, we may
further replace (A,, B,) by

— —T !
A, =0T A,T)0 = Zwm,w;,
=1
_ T t t
IBn = Q(TnTBnTn)Q = Zzwn,izwlj

where Q := diag{Q, I,}, for Q as in Lemma A4, and as per (3.6),

4

w,, =0Tz = [Qg”"].

By Lemmas A3 and A4, {w,,} satisfies the requirements of
Proposition 3.1, with
W(s) = QR(s) = Wo(s),  Q=Zemi(1)+Z.-my (1), (B3)

and V(s) = 7:(5) = /OSW;(A) dA, with the a.s. positive definiteness of
[T W(s)W(s)T ds and /' V(s)V(s)T ds following by Lemma AS5.

An application of Proposition 3.1 (with # = ¢ + 1 and £, = g, + 1) then
yields the conclusions of parts (i) and (iii). Part (ii) follows immediately
from the result of part (i), noting that A, , < A, , for all », in this case,
and A, , » A,. Under DGP¥, the convergence in (3.19) is an immediate
consequence of Lemma A4; if instead DGP holds, then this follows from
the fact that y; and y, are respectively scalar multiples of the canonical
variables j; and j,, by (2.6). O

Appendix C
Proofs of Auxiliary Lemmas

Proof of Lemma Al. (i). We have

n n
1 _ 1 _
SX MRyl <8) = ¥ =5 <y, <0)
t=1 t=1
+ 23 10 <n 2y, < 6).
nt:l

We will show that the second r.h.s. termiso,(1) asn — co and then é — 0;
the proof for the first r.h.s. term is analogous. Similarly to the proof of
Theorem 4.2 in DMW?25, define f(y) := h(y)~'y. Then f(y) = y for all
y > 0, and it follows from (2.15) and (A2) above that

SOy » FIY (D] = 9TUy(A)

=9"T(1; V) Zo +9TU(A) =: By + B(A)

where B is a (scalar) Brownian motion, and /3, € R is non-random. Since
x — 1{0 < x < 6} is Riemann integrable, it follows by Theorem 2.3 and
Remark 2.2 in Berkes and Horvath [17] that

1v _ Iv _
S M0y <5} = SN0 < 0y <)
=1 =1
1
w/ 1{0 < By + B(A) < 6} dA—=>0
0

asn — oo and then 6§ — 0, since B has a (Lebesgue) local time density.

(ii). By the Cramér—Wold device, it suffices to show that, on D[0, 1],

|na] A
%Zli(y,)(aﬁaTz;{,)«» / (Y (1)llay + a” Z(u)] du
t=1 0

for a, € R and a € R?, where z¢ 1= n"1/2z¢. We give the proof here for
1*; the proof for 1~is analogous. To that end, define

i
T(4) 5=/ Y ()llag + a" Z(w)] dp.
0

Letting y,, := n~'/2y,, we have

[nA] [nA)

1 1

- 2‘1+(y,)(z/10 + aTzZJ) = Zl{ym > 0}(ay + aTz;lJ) =:T,(4)
t=1 =1

For € > 0, define a continuous function

0 ify<o0
fW =12y ifyeloe
1 ify>e,

so that by CMT and (A1),

4]
1
T, o) 1= = 3 f 0 )ag +a72,)
=1

A
- / Y (Wllag +a" Z(w)] du =: T,(4)
0

12
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as n — oo. It then follows by arguments given in the proof of part (i) that,
for some C < oo (depending on a and ay),

IT.() = T(A)|

1
SC<1+ sup IIZ(A)H)/ Ho<Y(u) <e}du
A€[0,1] 0
! p
=c<1+ sup ||Z(/1)||>/ 1{0 < By + B(u) < €} djy—>0
A€[0,1] 0

as € — 0. Moreover, by the result of part (i), and (A3),

WJ
IT,,. (1) = T,()| < = Zlf(ym) 1y, )llag+a'z] |

n
< c<1 + sup ||z;g||> IS0 <y, <ep Lo
<n 3

1<s<

as n — oo and then ¢ — 0. The preceding three convergences thus yield
the result. o

Proof of Lemma A2. By the Cramér-Wold device, it suffices to consider
the case where d, = 1. We note that the rh.s. of (3.11) is well defined since
p(A*) < pigr(A) < 1. Here we shall prove the results only in the ‘+ case;
the proofin the ‘~’ case follows by identical arguments. We also only give
the proof of (3.12), since (3.10) is essentially a simpler case of (3.12) in
which n71/2z¢ =: z? has been replaced by 1. The proof proceeds in the
following five steps.

i. Reduction to the case where g is bounded.

ii. Disentangling of weakly dependent and integrated components:
lMJ
= Zg(w,)zd ()

[na]
= —Zg(w,)z", AVim 2028} 40,0 (CD)

asn — oo, m — oo and then § — 0, uniformly over 4 € [0, 1].

iii. Approximation of w,: for eachm € Nand § > 0,

[n4]
—Zg(w,)zm o 2 n'/?5)

[n4]
1
== Z gk )zt Uy, 2 0?8} +0,(1) (c2)
t=1

as n — oo, uniformly over A € [0, 1], where
wh, 1= YA (" + BT, (C3)
£=0

iv. Recentring of g(w;,,): foreachm € Nand 6 > 0,

lna]

1

= 28wy )z, Ay, > n'/26)
=1

l"/U

= [Eg(w}, )]= Z ET LS

I:l

> n'/25} +0,(1)

as n — oo, uniformly over 4 € [0, 1].
v. Computing the limit:

WJ
(Egwy)] ZZM {View 2 n'/?6)

- [[Eg(w(,*)]/ ZWI Y (w)] du
0

on D[0,1],as n — oo, m — oo and then § — 0.

(i) Reduction to the case where g is bounded.

It follows directly from the local Lipschitz condition on g that
l8w)] < 18O + CA+ lwl|)llwll < €A+ [lw]*)  (C4)

for all w € R%, and hence for some 7, € (0,m,/(£, + 1) — 1], which
exists since my > 7, + 1,

lg()'*0 < Cy(1 + [|w]| 0PI < C3(1 + [lw]|™).

Since sup,ez llwll,,, < o0 by Lemma A.1 in DMW25, it follows immedi-
ately that sup,., ||g(w,)||1+,10 < o0. Moreover, since

g1, < (L, = AD e+ Y IAD TIBHlo_pll,, < oo, (C5)
=0

it follows that [E|g(w0+)|1+’7v < 00, so that the r.h.s. of (3.12) is indeed well
defined.

Now decompose
g(w) = gw){|g(w)| < M} + gw)1{lg(w)| > M}

=1 gy (w) + gy, ().

Recalling z¢, :=n"/2z¢, we have

lMJ

p
Zg(>)(w,)zm1+(y,) < supllz, ||—Z|g(>><w,)| —0

as n— oo and then M — oo, since sup,., ”Z:,s” = 0,(1) as per (A3)
above, and by Chebyshev’s inequality,

sup,zElg(w,)['*"
sup[EIg(>)( r)l < ’EZTO' —

as M — oo. Since [Eg(>)(w+) — 0as M — oo by dominated convergence,
it suffices to prove the result with g(<) in place of g. Moreover, since g(<)
satisfies the same local Lipschitz condltlon as does g, we may henceforth
suppose that g itself is bounded by some constant C, < oo, without loss

of generality.

(ii) Disentangling of weakly dependent and integrated components.

Let m € N. Since d, = 1, we have that g(w,) ® z¢ = g(w,)z¢. The Lh.s. of
(3.12) may be written as

[n4] [MJ
—Zg(w )ze () = Z Zg(w,)Azn, 150

WJ
+= Zg(w JESPN SN (Ce)

where we recall the convention that Az, = Az = Oforalli < —k and that
therefore z =z,=z_,=2% . foralli < —k, as per (2.14) above. For each
i€{0,. — 1}, we have

I

as n — co, since sup,., ||Az" I =0,(1) by (A3). Deduce that the first
rh.s. term in (C6) is 0,(1) as n — oo, unlformly in A € [0,1].

ln4]

Zg(w Azl 1ty <c supllAzd 120 )

This leaves the second r.h.s. term in (C6); to complete the proof of (C1), we
need to replace 1*(y,) = 1{y, > 0} by 1{y,_,, > n'/26}. Therefore consider

[1{y,_p 2 n'/?8) = 1* (3

=1{y, <0, y,_, 2 n"/?6} +1{y, 2 0, y,_, < n'/?5}
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<1{y, <0, y_, = n/?5}
+1{y, >0, y,_,, < -n28} + 1{|y,_,,| < n*/?8}

=1 Kyt Ky T Ky

Using that y, — y,_,, = Y A,_,, we have

m—1
v <0andy,_, >n'?6 = | Ay_,|>n'2. (C8)
£=0
Hence
1 n 1 n m—1
_ZKM <=1 ZAy, el 2 n'/2
n t=1 n t=1 =0

where the second inequality holds since if am < |Z; Ay, .l <

f=0|Ayt_[|, then |Ay,_,| > a for some ¢ € {0, —1}. By Cheby-
shev’s inequality,
maxP{|Ay,] > nP’m7ls)y <n V267 im maxE|Ay,| — 0 (C9)

as n — oo, since max,, E|Ay,| < oo in view of (A4). Deduce that

By a symmetric argument, the preceding also holds with «,, in place of
ky,. Finally, it follows from Lemma A1(i) that

}

as n — oo and then 6 — 0. Thus (C1) follows from (C10) and (C11).

lMJ

Zg(w E

<cC Supllzd 1= ZK1,—>O (C10)

ln4]

Zg(w zna-ma|| < Cesupliz, ||—21{|y, ol <n'25) S0 (C11)

(iii) Approximation of w;,.

We begin by decomposing
gw,) = g(w;, ) +[gw) — gy )l =: g} )+ V,,,.

Since g is bounded, and sup,, ||ziS|| = 0,(1) as per (A3) above, the first
m summands on the Lh.s. of (C2) are 0,(1). Thus, to prove (C2), it suffices
to establish the asymptotic negligibility of

lMJ

Zv n!m y*m

—m+1

> n'/25)

< supliz;, ||— 2 Ve 11y 2 025},

t m+1

To handle the sum on the r.h.s., define
1, :={y;>0,Vse{t—m, ... 1}}.

If 1,, =1, then y, >0 for all s € {t—m,...,t}, and so (A, B, c,) =
(A*,Bt,ct) forall s € {t—m+1, ...,t}, whence recursive substitution

applied to (3.8) yields
m—1
w, = (A""w,_, + Y (A (c* + B¥v,_,) = (A)"w,_,, + w, .
=0

In other words, when 1,,, = 1 holds w, may be approximated by w; ,»and
so V,,, should be small. Indeed,

VoIl = lg(wy) — gy )IL,,,,
= |gl(A")"w,_,, + w1 - gwy )L,
< Cymin{ 1, [[(A)"[[10,_,, 11+ [[e, ]| + [ 1170}
< Cymin{1, [|[(A*)"|[[|lw,-

4 4
wll @+ 1l 170+ Ny, 1170)}

for some C;, C, < oo, using the local Lipschitz condition (3.9), and the
boundedness of g. By Lemma A.1 of DMW25, for y € (p;sp(A), 1),

s=0

-1
llw,ll < € [Zm + llor D + y’nwon]

for some C; < 0. Therefore, for t > m + 1, the distribution of ||w,_,,|| is
stochastically dominated by that of

G [2%-1(1 + v I + ||w0||] =

/=1

while the distribution of ||w}, .|l is stochastically dominated by that of

SHAH Il + 1B o ) =: @

=0

Since w},, depends only on {v,}'_, +1» itis independent of w,_,,. There-

fore, taklng (W, W, +) to be such that i, and LZ)(-;' are independent, with
. - — ~ —+

(marginally) @, =, w, and @ =, w,, we have that

|er|1

m+1<x<
< max GEmin(L [(A%)" w0, |
XLl 10+l 170))
< GEmin{1, (A"l
X (L 1T %+ 125 19))

-0
as m — oo, by dominated convergence. Deduce

13 1V, 1, 2 n/2%)

t=m+1

== Z Ve 1Yo = 02831, + (1 = 1, )]
t_m+1

== Z Ve Uy 2 12831 = 1,,,) + 0,(1). (C12)
I m+1

asn — oo and then m — oo.

It remains to show that the first r.h.s. term in (C12) is also asymptotically

negligible. We note that the summands are nonzero only if 1,, =0, in

which case, there must exist an i € {0, ..., m} such that y,_; <0. Using

a similar argument to that which follows (C8) above, since y,_; = y,_,, +
m—1

2o Ay,_; we have that

m—1

ZA)’;—/

J=i

y_; <0andy,_, >n'/? = > nl/?.

Hence

20?8} -1,,)

m}s.t. y,_; <0}

m—1

1
SZ;

=l 1=

B

1{y, w2283y, <0}
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S

-1

1 1/2
= 1 A >n’%s
n { Z i
—1m-1 n

21 1Ay, | = n2(m - iy6) (€13)
n

j=i = t=1

I}
=]

i

3

I}
=]

with the expectation of the summands being bounded by the Lh.s. of
(C9), modulo the replacement of m by m — i there. Since g is bounded,
deduce that

-Z|vm,|1 Yom 2 nV28}1 = 1,,) 0

=1
asn — oo, as required.
(iv) Recentring of g(wy, ).

Defining
gwy, ) = glw;, ) — Eglwy ) = g(w;, ) — Eg(w} )

we may write

[nA]

1

~ Y 8w} )2 i = n/25)
=1

[n4]
1
= [Eg(uwy o)l Y20, 1y 2 n'5)

t=1

[n4]

1 —
o YR )z, Uiy 2 n25). (C14)
=1

We must show that the second r.h.s. term in (C14) is negligible. We first
note that

1o-—
E|ls 28wy )z, 1y 2 0260112, | > M)
t=1

|nA] H

< CIP’{ sup ||z¢ || > M} -0
1<t<n ’

asn — co and then M — oo, since sup, ., Iz¢ || =0 ,(1). Therefore, let-

n,t

ting h,,(z) 1= z1{||z|| £ M}, it suffices to show that

[n4]

1= P

DB g (213, 2 026} S50
t=1

asn — oo, foreach M > 0.

In view of (C3), w;,, isafunction onlyof {v,_,,,, ...,v,}, and is therefore
independent of ,_,,. §(w;'t) admits the telescoping sum decomposition

m—1

gt ) = g} ) — Egw! ) = ) [E,_ g}, ) — E,_,1gw}, )]
=0

m—1
= ngvm,t’
=0

where E[-] := E[-|F,], and we have used the fact that fE,,mg(w;’,) =
[Eg(w;'r). Forevery ¢ € {0, m =1}, {6z ns }en defines abounded mar-
tingale difference sequence. Rewriting
1 [n4]
PN CRLIVCH TP )
t=1

m—1[ni| ¢
Jm,t
Y3 ZZ PV hM(Z,,, WU Vi = n'/25}

m—1
1
= m;osmnu). (C15)

Applying Theorem 2.11 in Hall and Heyde [18, with p = 2] to each element
of the martingale S, , ,(4), it follows that there exists a C < oo such that

E sup [|IS,,,(DI* < CA +n"'M?),
A€[0,1] :

and hence

m—1

1 P
l_ﬂzsf.m,n(j') —0
T2

uniformly in 4 € [0,1],as n — oo.
(v) Computing the limit.

Finally, regarding the first r.h.s. term in (C14), we have

1 [n4] 1 [n4]
Y A, 2 e = 2 Y 1,

t=1 =1
LmJ
-=>z o<y, <n'/?5)
n t=1
and by Lemma A1(i),
1 [n4]
= ZZHnl{O < Viim < n'/25}
[P

< max||z], ||—21 Vil < n'/?6)

< max||z2 | I3 11yl <028} +0,(1) ) L0
n =1

asn — oo, m — oo and then § — 0. Hence by Lemma A1(ii),

[n4] Ln/lj
-Zzn, Uy, > nt?6) = szﬁ(y, +0,(1)

- / 1Y (5)]Z(s) ds.
0
as n —» o0, m = oo and then § — 0. Since g is bounded and continu-
ous, and
m—1
= Z(A*)"’@ +B' ) — Z(A*)”(c +B*v_,) =

=0

it follows by the dominated convergence theorem that [Eg(w;()) -
Eg(w]) as m — co. Hence

(4]
1
Eg(uw,,0)~ > 2 Uy, 2 n'25)
t=1

A
- [Eg(w0+)/ 1Y (s)]Z(s) ds
0

asn — oo, m — oo and then § — 0. O

Proof of Lemma A3. (i). Recall from (3.3) and (3.4) that

10 ¢+7 ﬂ+T

xy y

* __ -T s __ -T
T8=101 T p= ﬂy X

00 ﬁx,l_ ﬂx

Leta = (a},a,,a,)" € R and b € R" be such that

3)

a + 1)) Tag + ﬁ*Tb
= [r* B ] [b:| = a2+rxy a(3)+ﬂy b

By1a@ + B.b
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where a.; € R, Since [f, ,, f,] has rank p — 1, it follows that a3 = 0
and b = 0. Hence a; = a, =0, i.e., a = 0 also.

(i). Regarding 0, ,, we have by (A6) that

lMJ LMJ

ZOnl = ant —A- ZOnz

A
- / R(s)ds — A / R(s)ds = / R(s) ds
0

on D[0,1] jointly with U, ~ U. We next consider E,, for which we simi-
larly have

|nA] erj

—2:, Zs,—z ch, (C16)

To determine the weak limits of the various components on the r.h.s., we
apply Lemma A2. To that end, define

¢ :=ﬂ(y1)th (éT AZ*T ceesRZ, k+2)T

where as per (2.12),

a I T, |
1p+1
a = I, )
L Ip+1
(BT
S,(»
T .
By = I, -1, 5 (c17)
L Ip+1 _Ip+l
and
c u
c = |: :| u, = |: ! :| (C18)
Op+1)(k-1) 0(p+1)(k-1)

it follows from Lemma B.2 and the arguments subsequently given in
the proof of Theorem 4.2 in DMW25, that w, = &, follows (for 7 > 1) an
autoregressive process satisfying the requirements of Lemma A2 above
(see the statement of Theorem 3.1), with in particular

*=pED'e

A* = L gonpe + BED @
B* = p(x1)’

=u,.

Hence by that result, with g(w) = w and noting that ||v,||,,s < oo,

4] lMJ lMJ lMJ

—2:, E]- 25,—ET Z&,l*(y,n 25,1 )

w ET[(EEDMS () + (EEmy (A)]
= uim () + urmy(A) = Apg, (C19)

where E, denotes the first r columns of 1, _1),p41)»
& =—[pED) al B e

+ Z[ retenpen + BEDT @l BED U, (C20)

and for & := ET &%,

uri=E& = —El[BED al D e = p; (c21)

because by DET there exists a #: € R" such that ¢ = —au,, and there-
forec = —ap, forp; : )T. Hence it follows from (C16) and
(C19) that

= (50110

LMJ lMJ

- Zé = Zfr — A= Zéx - Aﬂg ﬂﬂg =0. (CZZ)

on D[0,1].

(iii). Observe that because o, , and Er have zero sample mean,

n [— =T
000, Onié, 0,,0), 0,45,
Slhae]-glr ] o

o, & gol, &&

For the upper left block of (C23), we have directly from (A6) that
lv-
; ZOVMQL =
=1

1 1 1
w / R(s)R(s)" ds — </ R(s) ds) </ R(s) ds>
0 0 0

1
= / R(s)R(s)" ds,

0

n
1 T A AT
= 20000, = Fnhiy
t=1

T

where f1, , = Zl"’u

We next consider the off-diagonal block, for which

n n
1y 1 N
~XE0, = G~ Aoy,
=1 =1
Ix . Iv _ _
= 2= Mo TG + 5 Y (& = 0,170
=1 =1

since 1*(y,) + 17(y,) = 1, where 2, . = —Z, 16+ Using, as noted in the
proof of part (ii), that &, = Erle,, it follows from (A6) and (A7) (itself an
implication of Lemma A2) and (C21) that

n n
1 1 * £

1 T
- ET[EEE] [ / Z*($)1E[Y (5)] ds] z*
0
1
= ([Eé’é')/ R(s)T1*[Y (5)] ds
0
1
= e / R(s)TI*[Y (s)] ds
0
while by another application of Lemma A2, and (C19) above (with 4 = 1)
.1 ‘ T 1+ ! T+
Angs 200150 = e | RGTIFY ()] ds.
=1 0

Deduce that .,
1 R P
(& = 0] 15 (5) 0,
t=1

and thus 52,”:12,01, 2,0, as required.
We finally come to the lower right block of (C23). We have

Ivs,r_1yx . 1y o
w2 = L 2 e = XA g, (€20

16
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where i, . N He per (C19) above. Similarly to (C19), we also have by
Lemma A2 (in this instance with g(w) = ww?, and noting that ||v,||, +5, <
oo0) that

1y . 1y . £paTy &
;;@6} 1*(y) = E] [; Z/:,-ffl—(y,)] E, w» (EEXEE)mE(1).  (C25)

By (C20) and (C21) above,
& —He = E,T[§§ - E&;]
[
= EJZ(IH(H)(FH) +BEDTa) =D Tu_,.
£=0
Recalling the definitions of #(y) and u, in (C17) and (C18) above, the first
term on the r.h.s. series is

ET (D) uy = D) uy,

which has nonsingular matrix variance f(+1)"L, A(+1). It follows that
Zé’ 1= var(&y) is positive definite, and since

T T
E&ET —2;4'#5#5

we deduce from (C24) and (C25) that

1wz _ _
= D& o A+ ueuDImy () + ( + ueu)Imy (D) = peu]
t=1
= ng;(l) +Z;my (D).
Since m;(l) + m,(1) = 1, this is positive definite as the convex combina-

tion of two positive definite matrices. m]

Proof of Lemma A4. 1Inview of (A1), (A5) and (A6), we have

R(A) =T Z*(A) =TS, [Y(D]Z(A)
=TS, [Y ()1, [Y (DUp(A). (C26)

As in Lemma B.3 in DMW25, define g(y,u) := Py (y)u and 97 :=
elTP,,L(+1) # 0. It follows from Theorem 4.2 in DMW25 that sgn Y (4) =
sgn 97U,y (A), and therefore

Z*(4) = S,[Y (D1P, LY (D)]Uy(A)
= S,19TU(D1Py, [9TUp(DIU(A). (c27)

The r.h.s. is a (continuous) function of a p-dimensional Brownian motion
U,(4); our objective is to rewrite it in terms of a (known) function of a
g-dimensional standard (up to initialisation) Brownian motion W}, The
chief obstacle here (relative to the linear case) lies in the nonlinearity with
which U, enters the r.h.s.; we therefore first seek to obtain an expression
for Z* in terms of a p-dimensional Brownian motion, such that only the
first component of that Brownian motion enters Z*(4) nonlinearly.

To that end, define 8 := ||9||79, and let ® := [6,6, ] be a p X p orthonor-
mal matrix. Then for any y € R and u € R?,

- 0Tu
gy, u) = Py (y)u= Py (y)OO u= [Pﬂl o Pﬂl(J’)@] oTul’
1

and note that 976, =0 by construction. Therefore applying Lemma
B.3(ii) in DMW25 to each column of Py (»8,, we obtain

Py (+1)8, = P, (-1)8,

whence
g(y,u) = Py (010 ul + Py (+1)6, [0 ul.

This allows us to confine the nonlinearity in the function to the
scalar variable §"u, with the remaining p — 1 variables GIu entering the
r.h.s. linearly. In view of (C27), which because sgn 9"u = sgn #Tu may be
written as

Z5() = 8,107 Uy(D1 Py, 0T Up(A)]Uo(A)
= 5,0 Uy(D)1gl0" Uy(A), Uy(A)], (C28)

we are only interested in the case where sgn y = sgn 6 Tu, for which

80 u,u) = Py (0Tw)O[0 u] + Py (+1)0, [0 u]

Py (+1)6010"ul, + Py (=1)610"ul_ + P; (+1)6,[6]u]

=yt ul, +y [0 ul_ + W[6] ul. (C29)
By Lemma B.3(i) in DMW25,
T+ _ T 9T
ey =e Py (+1)0 = W =9 >0

and also e] y~ > 0, while
e/ W =e Py (+1)6, =976, =0, (C30)

and thus we may write ¥ = [0]_,'¥[ |7 for some ¥, € R?~1*-1), Par-
titioning y* = (w¥, w*T)T, where wE = el y*,we obtain from (C28) and
(C29) the representation

[1+[6TU,(01 0 [+ ) 0] [0TU (D)1,
¥y
"

Z (D =[1716TUyD] 0 Y [0TUy(D)]-
| 0 I, x 6TU,(A)
vy 0 o [[1eTu,a,
=[ 0 w; 0 [[167U,(DL =: WS, 107U, (110" Uy(4)
(vl vy Y| 01U

(C31)

where we have used the fact that y> > 0. We have thus represented Z*
in terms of a p-dimensional Brownian motion ®" U, where only the first
component elT@)T Uy(2) = 0TUy(A) enters Z*(4) nonlinearly.

The next step is to collapse the (p + 1)-dimensional process Z*(4) into the
(g + 1)-dimensional process R(4). From (C26) and (C31), we have

R =T Z*(A)

1.0 o flyf 0o o
=[o 1 ooy, o© S,10TUp(DIOTUy(A)
T;—y T;y )-cr,L W: W: lpxx
where we are entirely free to choose rxi € R, in view of Lemma A3.
(Note that the corresponding choice of 77, is then embedded into the
definition of R(4).) In particular, if we take

*

T = —pL wEwH T

as is permitted since .,/yt # 0, then it will follow that

UL | [wr 0o o ][eTusan,
RA) =7 T ([0TUDI_|=| 0 w; 0 [0TUy(A)]_
01U | [0 0 AL W[ 01U

vy 0 o || UL

=[ 0wy o || 107U

| 0 0 I,y |[A],¥0]Us(D)
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Defining

T

Uo(A)

By(4) :=
ﬁIL\PXX 91—

we thus obtain a g-dimensional Brownian motion. To show that it has full

rank variance matrix, since  # 0 and ﬂ;r Y 976 = 0, it suffices to show

xx’ |
that kgl W, =q-1.

To that end, we first note that by the remark following (C30) above,
B Wex = 10,1, B W = 10,1, 8] | 1P; (+1)0, (C32)

The columns of ¥* = Py (+1)0, are orthogonal to those of e, ; (by (C30)
above) and of f(+1); while rkle,;, #(+1)] = r + 1, because ellﬁl(+1) +
0 (by Lemma B.3(i) in DMW25) and so cannot be contained in the
span of f(+1). It follows that the (p — 1) columns of ¥* span the (¢ —
1)-dimensional subspace of R” that is orthogonal to [e,;, f(+1)]. Since

the (¢ — 1) columns of
-
Oq—l € R/
By

also span that subspace, it follows from (C32) that [O‘H,/}XT =
B, ¥, has rank g — 1. Letting D,, := diag{wy. v, 1, 1}, we have thus
obtained

Pl

R(A) = D,, S, [e] By(A)]By(A),

where B, is a g-dimensional Brownian motion.

The final step is to recognise that, despite the nonlinearity on the r.h.s., we
may still render this in terms of a standard (up to initialisation) Brownian
motion by means of the usual Cholesky factorisation. Let X denote the
variance of B, and let L denote the (lower triangular) Cholesky root of
23, so that

Wy(4) 1= LBy(A)

is a g-dimensional standard (up to initialisation) Brownian motion. Par-
titioning L and defining L* as

£ 0 0
fl 0 *
= p L L*:=| 0 ¢ 0|
o1 Lo
o1 Lo Lo

where ¢, > 0 is scalar, and L, € R@VX@=D and partitioning I, =
leg1, Epq], we obtain

L*D,'R(2) = L*S,[e] By(A)]By(4)

¢ 0 0 [e;130(1)1+
=l o ¢ o0 [eLBO(A)]_
75(2),1 Z/ﬂ(zm L(z) E;,I:,lBo(/l)

[¢1e], Bo(D,

= [£1e, Bo(D]-

_(f(z)_leL + Loy E]_)By(A)

leg, Wo (A,

leg . WoDL_ | = Sq[ell%(/l)]Wo(A) =Wy (4. (C33)
| E]_ Wy(#)

Hence the result for R holds with Q = L* D;l.

To obtain the desired representation for Y, we first invert (C33) to
write
T Z*(A) = R(A) = D, (L") ' W (A).

Let E, , denote the first two columns of I,,. Because the first two rows of
each of (L"), D, and 7*T are zero everywhere except for the (1,1) and
(2,2) elements, we have

-1
ET D (LY = L A R
127y — -
- 0 Z7'w; O

T «T _ T
and E‘H_LZT = Ep+1,z' Hence

[Y(D]y N «T s
[[Y()»)] ] - EPT+1.ZZ A= EqT+1,ZT R

= BT, R() = [fflw:[emum]

£y leg, Wo(1

whence the claim follows with w* = £ wE>0. o

Proof of Lemma AS5. Since W, = 0, we have W, = W, a g-dimensional
standard Brownian motion (initialised at zero). To reduce the notational
clutter, we will drop the ‘0’ subscript from W; and V; throughout what
follows.

We first consider E; We note that a realisation of the positive

semi-definite matrix E; is rank deficient if and only if there exists (for
that realisation) an a € R*! such that

1
0=a'S,a= / [a'V ()] ds.
0

Since 7*(s): /OSW*(A) dA has continuous paths, the preceding
implies that

‘ S .
0=a"V'(s) = aT/ WA da
0
for all s € [0,1]; and hence, differentiating with respect to s, that
dTW =0
forall A € [0, 1]. Since W* itself has continuous paths, a realisation of §W

isrank deficient only if there exists an a such that the preceding condition
holds. Hence, it suffices to show that

P{3aeR™ st.a"W (1) =0, VA€ [0,1]} = 0. (C34)

Since W is the residual from an L2([0,1]) projection of (each element
of) the (¢ + 1)-dimensional process

AN
W) = | W, (D]
W_,(4)

onto a constant, the event referred to in (C34) holds only if (for a given
realisation) there exists a b = (b, 57 )" € R?*2 such that
T 1 T *
0=5> =b+b WD
w4

forall A € [0, 1]. Taking 4 = 0, we see this implies b, = 0. Hence it suffices
for (C34) to show that

P{3a e R™ st.a"W*(1) =0, VA€ [0,1]} = 0. (C35)

To that end, we note that by Tanaka’s formula (Theorem VI.1.2 in
[19]) that

A
Wy, = / TELW,(5)] AWA(5) + 2 Loy, (4,0)
0

18
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where Ly, (4,%) denotes the local time of W] at time 4 € [0, 1] and spatial
point x € R, which is a continuous increasing process (for each x fixed).
It follows that W* is a vector semimartingale, with quadratic variation
process

S wis)] ds 0 0
o) = 0 [ wiesds o
0 0 AL,

‘We note that Q(1) is rank deficient only if one of its first two diagonal
entries is zero, which in turn requires that either min ¢y, W;(4) > 0 or
max,g1; W1(4) < 0. But since W] is a standard Brownian motion (ini-
tialised at zero), both of these events have zero probability. It follows by
a standard characterisation of quadratic variation (Definition IV.1.20 in
[19]) that for A,, W* := W*(L) - W*(%)

0,(1) 1= Y A, WA, W) = 0()
i=1

as m — oo and thus, since W*(0) = 0, that

P{3a € R™' s.t.a" W*(4) =0, VA €[0,1]}
<P{IaeR™ st.a'A, ,W* =0, Vie{l,...,m}}
=P{rkQ, (1) < g +1}

-0

as m — oo. Thus (C35) holds. O
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