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Time Heals All Wounds?
Mathematical Models of Epithelial and Dermal Wound Healing

The mechanisms responsible for the healing of corneal surface wounds are
the subject of biological controversy. In particular, the role and source of the
regulatory chemical epidermal growth factor (EGF) is an area of intense debate.
In the first part of this thesis, we propose a reaction-diffusion model which focuses
on the stimulus for increased mitotic and migratory activity due to secretion of
EGF. A detailed numerical study of various possible models, with parameter
values based on Dbiological data, reveals that, for realistic healing times, EGF
must be released by the underlying layers of the cornea, in addition to the tear
film source. The model exhibits travelling wave solutions and further analysis
elucidates the interaction and role of the parameters in determining the speed
of liealing. Furthermore, we consider the effect of topical application of EGF
and investigate the eflect of curvature of the eye. We show that our model is
consistent with many of the key features of corneal wound healing.

Adult dermal wounds, in contrast to foetal wounds, heal with the formation of
scar tissue. A crucial factor in determining the nature of the healed tissue is the
ratio of collagen 1 to collagen 3, which indicates the fibril diameter. We develop a
reaction-diffusion model which focuses on the stimnulus for collagen synthesis due
to the secretion of the diflerent isoforms of the regulatory chemical transforming
growth factor 8 (TGFB). Numerical siinulations of the model without diffusion
lead to a value of this ratio consistent with that of healthy tissue for the foetus
but corresponding to scarring in the adult. The model equations evolve to waves
moving into the wound, but addition of TGFg ouly has a transient effect on the
final collagen levels. We investigate this effect by developing a caricature model.
The model indicates that the main source of the fibroblasts is the underlying sub-
cutaneous tissue and we determine key parameters which explain the difference
between adult and foetal wound healing. Furthermore we make clinically testable
predictions on the effects that topical application of various chemicals will have
on scar formation.
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“He was pierced for our transgression,

he was crushed for our iniquities;

the punishment that brought us peace
was upon him,

and by his wounds we are healed.

We all, like sheep, have gone astray;,
each of us has turned to his own way;

and the LORD has laid on him
the iniquity of us all.”

Isaiah 52 : 5-6
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Part 1

Corneal Epithelial
Wound Healing

“My soul finds rest in God alone;
my salvation comes from hiin.
He alone is my rock and my salvation;

he is my fortress, I shall never be shaken.”

Psalm 62: 1-2



Chapter 1

Models of Corneal Epithelial
Wound Healing

1.1 Biological Background

The cornea is a transparent structure forming the anterior part of the fibrous tunic
of the eye. It serves a refractive function while maintaining a tough, chemically
impermeable barrier. The epithelium constitutes 10% of the cornea and consists
of 3 layers; the superficial cell layer, the wing layer and the basal layer (Figure
1.1). 'The basal cells are the only cells to undergo mitosis (cell division), and the
resulting daughter cells move sequentially through the cell layers, changing shape to
form wing cells before becoming superficial cells, and finally entering the tear fitm
which washes the cells away. The cytoplasm of the basal cells has a large number
of glycogen granules, representing a source of stored metabolic energy to be used
during the healing process.

We use corneal wound healing as a prototype for the general process of epithelial
wound healing because there is a large quantity of specific data readily available and
the processes involved in corneal wound healing are of particular clinical interest.
For example, a keratectoiny operation involves making incisions into clear cornea
to remove f{ibrovascular growth that is causing abnormality of corneal curvature.
A key aspect of this operation is the final curvature of the corneal surface, and

this has been investigated in the kinematic model of Kwok (1991). Our approach






cessation of cell movement where opposing cell fronts meet squamous cells (Klyce et
al., 1988). By 3 to 4 days after wounding, the epithelial plug regresses and soon the
new overlying epithelium becomes even with the adjacent old epithelium (Figure
1.2). The healing times depend crucially on the wound size; for a typical wound
radius of 2mm, the healing time is about 37 hours (Crossen et al., 1986).

The stitnulus for the increase in mitotic and migratory activity is uncertain but
absence of contact inhibition, change in cell shape and the presence of specific cell
reagents such as endogenous growth factors (including Epidermal Growth Factor

and Transforming Growth Factor-a) are all important.

1.1.1 Epithelial Growth Factor (EGF)
EGF was discovered by Cohen (1961) in the submaxillary gland of male mice. It is a
large polypeptide for which receptors are expressed by almost all cell types but most
abundantly on epithelial cells (Green & Couchman, 1984). A very similar protein
to EGF is transforming growth factor-a (TGF-«), which also binds and activates
the EGF receptor (Cofley et al., 1987). For a general wound, topical application of
IEGI has been shown to stimulate re-epithelialization in a dosage-dependent manner
(Nishida et al., 1990). Moreover, although a number of different growth factors play
uverlapping and synergistic roles during wound healing, most studies suggest that
the EGF / TGF-«a family is the main regulator of epithelial repair (Martin et al.,
1992). Experiments also show that fibronectin, a multifunctional adhesive protein
which promotes cell-substrate adliesiveness for epithelial cells, stimulates epithelial
migration. However, the results suggest that, unlike fibronectin, EGI' need not be
present once the epithelial cells have recoguized its signal (Nishida et al., 1990). For
this reason, we focus Lere on the role of EGF as an agent promoting wound healing.
For corneal wounds. the source of KGF is a vital and controversial question and
we briefly discuss three possibilities: the tear film, autocrine productiéﬁ by epithelial

cells and the underlying stroma. The exact nature of the source term is essential






to any possible predictions being made from the mathematical models. Ohashi et
al. (1989) investigated the presence of EGF in tears using human EGF specific
radioimmunoassay techniques and detected up to 4 ng/ml of EGF in reflex tears.
Van Setten et al. (1990) improved these results by determining and comparing the
concentrations of human EGF and tear fluid flow rate. Their study showed that
intense reflex tearing increased the release rate of EGF into the tear fluid, but this
was accompanied by a drastic decrease in the tear EGF concentration.

Cofley et al. (1987) suggested an auto-induction process, for a general epithe-
lial wound. The experiments indicated that wounding by abrasion increases the
detectable quantities of TGF-a by freeing bound TGF-a from the epidermis and
activating a process which releases bound TGF-o from the cells. The release at
the wound site of EGF-like peptides, which bind to EGF receptors, induced an en-
hanced TGF-a synthesis in epithelial cells to increase their rate of prbliferation.
This autocrine feedback process is the basis of Sherratt & Murray’s (1990) model
for general epidermal repair, and there is some evidence to support it. However, in
the cornea, the process remains biologically unproven and the average concentration
observed by Coffey et al. (1987) over 24 hours was only 73 pg/ml, which is negligi-
ble compared with the concentration in tears. Hence, we can effectively neglect this
process.

Another possible source is a ‘diffusion-limited process’ as suggested by Dunn &
Ireland (1984) and Barradon & Green (1987), where a source of growth factor at the
cenfre of the wound is “mopped up” by cells at the edge which then migrate inwards,
the source being the underlying tissue that has been wounded. In this scheme, it is
the rapidity of the degradation that results in the experimentally observed increase
in cell proliferation and motility in a band of cells at the wound edge; the cells
in this band degrade the additional chemical, preventing it reaching cells further
from the wound edge. In Barrandon & Green’s experiments, the gréwth of large

keratinocyte colonies was observed, in vitro, and was found to be dependent on the

outward migration of the rapidly proliferating cells located in a thin rim close to



the colony perimeter. Dunn & Ireland examined the growth of 3T3 cells in rotating
culture dishes, and showed that in the presence of serum, new growth occurs at the
margin of a wound in a cell sheet. They found that increased cell division occurs
only downstream from the wound. Since a serum-derived factor would be carried
with the flow, this supports the possibility that a scrum-derived factor is responsible
for the elevated rate of cell division after wounding.

Experimental evidence suggests that EGF is the main agent promoting corneal
epithelial wound healing. We thus develop a mathematical model which captures
the essential biological processes described above, and focus on the source of EGF
as the main area of controversy to be investigated. We first derive a model in which
the tear film is the only source of EGF and then extend the model to consider the
possibility that the exposed underlying tissue within the wound releases EGF, which

is rapidly degraded by cells at the wound edge.

1.2 Mathematical Model

As a first step in investigating the role of EGF in corneal epithelial repair, we
construct a simple mathematical model which proposes that the tear film is the
main source of EGF and which focuses on the regulation by EGF of cell migration
and cell proliferation. The governing equations are conservation equations for cell

density and chemical concentration, with the form:

Rate of Increase = Cell + Mitotic  — Natural
of Cell Density Migration Generation Loss

Rate of Increase = Diffusion + Production - Decay of
of EGF Conc. by Cells Active EGF

We incorporate the following assumptions:

1. For simplicity, we model cell movement by Fickian diffusion te capture cells

moving down gradients in cell density due to contact inhibition, and we assume



that the cell diffusion coeflicient increases linearly with the EGF concentration

(Nishida et al., 1990).

2. Following a number of previous authors, we use a logistic growth formn for the
cell mitotic term (Maini et al., 1991; Murray, 1989). However, we consider the
control of mitosis to be dependent on the chemical concentration and represent

it by an increasing function s(c), where c is the EGF concentration.

3. Sloughing of the outermost epidermal cells is responsible for natural cell loss,
and we take this to be a first order process. The cells that are lost are replaced

by frequent mitosis in the basal cell layer.
4. The EGF diffusion coefficient is taken to be a positive constant, D..

Decay of active EGF is due to a combination of natural decay and cellular

[$1

degradation. We assume the former to be first order in ¢ and model the latter
by a saturating terin denoting the rate of internal degradation of bound EGF

receptors.

6. The production of chemical by the cells is represented by the function f(n),

where n is the cell density.

Denoting by n(r,t) and ¢(r,t) the cell density and chemical concentration, re-

spectively, at position 1 and time ¢, the above assumptions iinply the following model

equations:
on | n
— = V- (Du(c)Vn)+ s(c)n (7/ -~ -) — kn (1.1a)
ot no
g—; = D.V?c+ f(n) — h(c)n — §c (1.1Db)

where D,, v, ng, k and J are all positive constants; the functional forms of D, (c),
s(c), f(n) and h(c) are as discussed below.
The thickness of the epithelium is much smaller than the wound length and

hence we can treat the epithelium as two-dimensional. Furthermore, by considering
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a ‘linear’ wound geometry, which models a long ‘strip’ wound, we simplify the spatial
domain from three dimensions to only one. We solve the equations on a semi-infinite
domain —oco < z < L, with 0 < z < L representing half the initial wound domain,
where 0 is the boundary of the epithelium and L is the centre of the wound (Figure
1.3). Since the epithelium does not contract, 0 is a fixed boundary.

Biologically relevant initial and boundary conditions are

1. n(z,0) =¢(z,0)=0for0 <z <L

n(z,0) = ng, ¢(z,0)=cofor —co<z <

2. n(—o0,t) =ng, c¢(—00,1)=¢c Vt>0
ng(L,t) = ¢z(L,t) =0 by symmetry Vi > 0

where ng and ¢o represent the unwounded levels of cell density and EGF concentra-

tion, respectively.



1.2.1 Estimating the Parameters

Estimating the parameter values is vital to the comparison of model predictions

with experimental data. Subsequently, we will use the superscript #™ to denote a

dimensional quantity.

oy |

. The cell cycle time (the time for a basal cell to undergo mitosis and push

upwards resulting in desquamation) is approximately 6.6 days (Hanna et al.,

1961). Hence
kdim __ 1

- —6.3] x 10~%hr "
6.6 2a O3l x 107 hr

. The release of EGF in tears has been estimated experimentally by Ohashi et

al. (1989) who found the concentration in reflex tears to be 4 ng inl=!. Hence
the unwounded level of chemical concentration, cp, is 4 x 1076 g 1=, The
molecular weight of EGF is 6145 (Carpenter & Cohen, 1976), so that 1 mole
of EGF corresponds to 6145 g. Hence

4 x 10~6
6145

dim
€o

mol ™! = 6.6 x 1071°M

1'he corncal epithelial cell length is approximately 10 pm (Klyce et al., 1988).

Ilence the unwounded level of cell density, no, is

m 1 3 - _
ng = (I(—)_—s) = 101511’1 3 = 10121 1

In the absence of cellular degradation, EGF has a half-life of approximately 1

hour in vive, (Chan et al., 1991) so we can estimate §%™ = log 2 hr™".

To estimate v, we follow Sherratt & Murray (1990) and assume that when
the chemical concentration, c, is at its unwounded level cg, the net reaction
term in the cell couservation equation is of logistic growth form kn(1 —n/ne).

Therefore v = 2 and s(cd™) = k4™,

To estimate the cell diffusion coeflicient we use experimental data for in vitro

and in vivo situations and, in the simplest case, assume a linear relationship



of the form D,(c) = ac + B where a and 3 are positive constants. Previous
modelling experience suggests that the order of magnitude of a dimensional
cell diffusion coefficient, in vivo, is 107 cmn? s™! (Murray, 1989; Sherratt &
Murray, 1992). We estimate the values of a and 8 by matching model solutions

with experimental data, within the constraint that acy + 8 ~ 10~ %cm?2s~!.

. 'There is no experimental data to enable us to estimate D¥™ but, knowing the
mnolecular weight of EGI, the dimensional diffusion coefficient in aqueous solu-
tion can be estimated theoretically as 9.75 x 10~7 cm? s™! (Barrow, 1981; Berg
& Von Hippel, 1985). We expect this to be a reasonable order of magnitude

estimate for the diffusion coeflicient in vivo.

. 'To determine the functional form for the cellular degradation term h(c), we
begin by considering the interaction between the chemical (C), the free re-
ceptors on the cell surface (R), the bound receptors (B) and the internalized
receptor-chemical complex (1), which can be represented by

k ..

C+REB Ly

vd

where k,, kq and k; are positive rate constants. Using the Law of Mass Action

we derive the equations

dc
i —kqer + kqb (-1.2a)
% = —kgcr + kgb (1.2b)
db
T koer — kqb — k;b (1.2¢)

where ¢, r and b are the concentrations of C, R and B respectively. Several
experimental groups have made direct measurements of the rate of internal
degradation of bound EGF receptors, which are in agreement. Typically, cells
are labelled with S-methionine and then the medium is replaced l;y nonradioac-

tive methionine. The receptors are analysed and the amount of radiolabeled
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receptor present is quantified by scanning. In the presence of EGF, but with
no other growth factors, Soderquist et al. (1986) predicted that the EGF re-
ceptor is degraded with a half-life of about 1 hour. We consider the equation

for the internal degradation of bound receptors

db

G

dt i
and obtain the solution

b= ae kit

where a = 0(0). Using ¢;/; = 1 hr, we estimnate k; = log2 =~ 0.693 hr~'. The
processes represented in equations (1.2) occur on a considerably faster time
scale than either cell movement or chemical diffusion. Sherratt (1992) has
shown that with this difference in time scales, equation (1.2c) is approximately

at a steady statc at all points, so that
b= kacr/(ki + kd) (13)

To circumvent the complexities of receptor recycling, we follow Sherratt et
al., (1993) and assume that the total number of receptors is a function of the
number of bound receptors, specifically R + B = p 4+ vB, where p and v are
positive constants to be determined. Hence b(1 — ) = p — r, and substituting

this and (1.3) into (1.2a) we find

de kip c
7 " Thitk (14)
d (=) gy + e

This leads us to look for a function of the form A(c) = pc/(é+c) in (1.1b), where
p and ¢ are positive constants. Sunada et «l. (1991) investigated the number
of EGF receptors expressed by the cell line A431 by Scatchard analysis of EGF
binding to the cell surface. From their plots of bound/{free receptors against

bound receptors we can estimate v to be 2.80665 x 107¢. Now the quotient

Kp = k"f:kd is about 0.5 nM~™' (Harris and Nicholson, 1988; Sunada et al.,

11



10.

1990) and Soderquist et al. (1986) showed the existence of 50,000 receptors
per cell. To convert to mol cell™!, we use a conversion factor of 6.02 x 1023

and hence estimate p to be

5 x 10*

= 502 % 107 = 8.3 x 107*1mol cell™?

p

Using (14) we find

¢ Kl =2 x107°M

Hdi"‘ = kip = 5.75 x 10™*°mol cell *hr™!

Any functional form for s(c) is subject to the nondimensional constraint s(cp) =
1. As a first approximation, we assume s(c) is linear and we use data for the
mitotic rate in the absence of any additional EGF, obtained by Chan et al.
(1989) using a time-lapse videomicroscopic study of in vitro wound closure in
rabbit corneal cells, to estimate s(0) = 6 x 10~%. Later we will show that s(c)

must saturate for large concentrations of EGF to agree with other experimental

data.

The overlying tear film supplies a conustant source of EGF, independent of cell
number, and in the simplest model we take f(n) = A, where A is a constant,

evaluated using the condition that n = ng,c = ¢y 1s a steady state. Therefore

HNgCo

(¢ + co)

A = + JC().

We consider a more complex form for f(n) in a later refinement of the model.

12



Having established these parameter values, we non-diinensionalise the model us-
ing a typical initial wound length, L, and introducing the typical time scale, 1/k%™,
which is of the order of the cell cycle time. We define the following dimensionless
quantities

n* =n/ng ¢ =c/eo 2*=z/L
t* =kt ¢*=¢/co s*(coc™) = s(c)/k
D! = D./kL? [*(mon™) = f(n)/keo p~ = png/kco
0" =0/k DX(coc*) = D,(c)/kL>.

Dropping the asterisks for algebraic convenience, we obtain the dimensionless model

0 0 0 -
5;1 = 5 ((ac + ﬁ)gz) + (qic+ Bi)n(2 —n) —n (1.5a)
Oc 0% unc

with conditions

1. n(z,0) =c¢(z,0)=0for0 <z <1

n(z,0) = ¢(z,0) =1 for —oo <2 <0

2. n(—o0,t) = ¢(—00,1) =1Vt >0
nz(1,t) = cx(1,t) = 0 by symmetry V¢ > 0.

By considering a wound length, L, to be 2 min (Crosson et al., 1986), we deter-
nine the dimensionless parameters shown in Table 1.1.

In the rest of this chapter, we solve the system of reaction diflusion equations
numerically, first assuming that the tear film is the only source of EGI and then
amending the model to include a source from the underlying tissue. By considering
the speed of the travelling wave solutions, we are able to comment on the different
possible source terins. Furthermorc, we investigate the relative import,z}fnce of mitosis
and migration in the healing process and, finally, we consider the experimental

problem of determining at which point the wound is said to be healed.
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D,(c) = ac+ 3 =0.01c+0.05
D. =25
p =137 x 10
¢=3
d =110
s(c) = arc+ B = 0.915¢ + 0.0851

A= s+ 8 = 3556

Tabie 1.1: Typical parameter values for a corneal wound, 2mm in radius.

1.3 Tear Film Source of EGF

In this section, we propose that the tear film, overlying the corneal surface, provides
a constant source, A, of EGF. We consider numerical solutions of the model for

different geometries and different domain sizes.

1.3.1 Linear Stability Analysis
We begin by investigaling the linear stability of the steady states (0, A/é) and
(1,1) of the nondimensional equations (1.5), corresponding to the wounded and
unwounded levels respectively, on an infinite domain. We require the unwounded
steady state (1,1) to be stable to small perturbations in cell density and EGF con-
centration, while requiring the steady state (0, A/d) to be unstable.

We linearize about the positive steady state by settingn = 14+n; and ¢ = 1+¢y,
vx;here |ny],|e1] < 1. Expanding in a Taylor series and neglecting quadratic and

higher order terms in the usual way, we obtain the linearized system

37'1,1 82711

-5 = D, (1) 52 + s'(1)cy — ny (1.6a)
dcy 2*c; (écy uny

ga _ pla_ _ P e 1.

ot dzr  (e+1)2 ée+1 (1.6b)

On the infinite domain we look for solutions of the form

t(kz—wt) t(kz—wt)

ny = ue c1 = Ve

14



Since the equations (1.6) are linear, any solution can be written as a sum of such

plane wave solutions. Substituting in the above equations we find
(1+ D, (1)k* — iw)u = s'(1)v

pu - 9 . .
- ~§— Dk .
é+1 ((é+1)2 “w)”

Hence for nontrivial solutions we require

A

ps'() . a0 pé 2
é+1—<zw Dk G+ 1) 5)(1+Dn(1)k tw).

This gives the quadratic dispersion relation for w(k?)

w? +ipw —q =0 (1.7)
where
p = (1 +(Da(1) + Dk + _’;01)2 + 5) >0 (1.8a)
8 (1)
= D, (1)k?) [ Dek? + 6 + L= IO .
q = (1+Du(1) )(D SRRy +(é+1)>0 (1.8b)

For linear stability of (1,1), we require Im w(k?) < 0 Vk. If p*> < 4q then 2w =

—ipZr where r is real, whereas if p* > 4q then 2w = —p(1+7): where < 1. Hence

Im w(k?) < 0 and the steady state (1,1) is linearly stable for all parameter values.
Linearising about the wounded steady state (0, A/d) and carrying out the anal-

ysis as above, we obtain the dispersion relation
(1 —25(A/8) + Dn(0)k* — iw)(sw — D K> — &) = 0. (1.9)

For linear instability, one of the roots must have positive imaginary part. Hence,

for some k we need

D, (0)k* —25(A/86) +1 < 0.

But for the paraineter values derived froin experimental data in the previous chapter,
we know that s(A/d) > 1/2 and therefore the wounded steady state #& unstable to

small perturbations in cell density and EGI concentration, of sufficiently small wave

number.
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1.3.2 Numerical Simulation

We use the NAG routine DO3PGF to solve the pair of partial differential equations
(1.5) using linear geometry, with the only source of EGF being from the tear film.
The routine uses the method of lines to convert a system of non-linear parabolic
partial differentjal equations in oune space variable to a system of ordinary differential
cquations, and then integrates using Gear’s method.

The biological observation of a front of cells moving into the wound at constant
speed suggests that the model solutions should have a travelling wave form. How-
ever, nuinerical solutions of the model equations with f(n) = A, over the realistic
semi-infinite domain, corresponding to a finite wound size and infinite unwounded
epithelium (hereafter we shall refer to this as the “finite domain” case), indicate that
the ‘inodel wound’ is far from healed in the experimentally observed time, which is
37 hours for a corneal wound 2uun in radius (Crosson et al., 1986) (Figure 1.4a).
A plot of the mitotic generation term against space (r = 0 and z = 1 representing
the edge and centre of the wound respectively) also indicates a maximum which is
much less than the experimentally observed nondimensional value of approximately
13 (Danjo et al., 1989). Solving the equations for longer times reveals a “fill up”
rather than a “tl‘avellirlg wave” mechanism (Figure 1.4b). This is inconsistent with
experimental results since it implies that the wound heals by a uniform increase
of cells in each epithelial layer rather than by the inward migration of cells at the
wound edge. Qualitatively similar results are obtained for a range of parameter
values.

We suspected that the absence of wave fronts was due to a long transient time for
the evolution of a wave profile. To give a clearer perspective on the model solutions,
we thus solved the equations on —oco < z < oo, subject to boundary conditions
n(—oo,t) = ¢(—o00,t) = 1 and n; = ¢, = 0 as ¢ — oo. These new end conditions
are not directly relevant to the biological problem; rather, they enab\le' us to obtain

o

a clearer understanding of mathematical aspects of our model. Numerical solutions

16



show that with these amended end conditions, the system evolves to travelling waves
of constant speed and shape in n and ¢ (Figure 1.5), but the speed of these travelling
waves (= 40pm h™!) is slower than the lealing rate of actual corneal wounds (=~
60mh™!). When the simulations are repeated using circular geometry, rather than
linear geometry, qualitatively similar results are obtained.

Table 1.2 shows the final values of cell density and chemical concentration pre-
dicted after 37 hours for a set of different diffusion coefficients. To compare our re-
sults with experimental observations, we need to carefully define the level at which a
wound is said to be healed, as discussed later. Using experimental data to estimate
values for D, and D,(c) we can compare the healing time predicted by the model
with the known values, for different ‘healed levels’, as shown in Table 1.3. If we
take a wound to be healed when the cell density reaches 80% of its unwounded level
then the cell diflusion coefficient has to be several orders of magnitude higher than
expected from previous modelling experience for the wound to heal in the required
time. Furthermore the mechanism of healing is still inconsistent with experimental

results.

1.3.3 Conclusion

Numerical sitnulations of the simple model, based on the assumption that the tear
film is the only source of EGF, show that there is insufficient EGF concentration
to lieal the wound in the experimentally observed time. With biologically realistic
parameters, the healing time for this process is up to 1.5 times longer than observed
in experiments. Simulations over a finite domain indicate that the wounds heal via
a “fill up” mechanism, which is inconsistent with the observed inward migration
of cells, and thesc results are robust to small changes in parameters values. It is
this discrepancy in the healing mechanism and speed that suggests that there is
an additional source of mitotic stimulation in the normal healing process. In the

remainder of the chapter we focus on one possible additional source, the underlying

stroma releasing EGF in response to injury.
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Figure 1.4: Numnerical solution of (1.5) showing changes in cell density, EGF con-
centration and mitotic activity at equal time intervals, a) up to 37 hours and b) up
to 25 days. The parameter values are as in Table 1.1.
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Figure 1.5: Numerical solution of (1.5), over an infinite domain, shawing changes
in cell density and EGF concentration, at equal time intervals, of 50 hours. The
parameter values are as in Table 1.1. The solutions evolve to travelling waves of
constant speed and shape.
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D. D., n c
50 | 50c + 50 |1.00 | 1.00
25 | 25¢ + 25 | 0.99 | 1.00
25 c+1 0.69 | 1.64
25 | 0.5c + 0.5 | 0.58 | 2.82
25 | 0.1c + 0.5 |0.44] 6.21
25 | 0.0Ic + 0.1 | 0.10 | 12.10
25 | 0.01c + 0.05 [ 0.01 | 17.47
(c+1) |0.69] 1.63
0.5¢c + 0.5 | 0.64 | 1.83
0.1c + 0.5 | 0.58 | 2.13
0.0Ic + 0.5 | 0.52 | 2.51
0.01c + 0.1 |0.43 | 3.45
0.01c + 0.05 | 0.41 | 3.83

i | pdt | e | i ] s | e

Table 1.2: Values of n and c at the centre of the wound, after 37 hours, for different
diffusion coeflicients. Note that the wounded steady state isn =0, c = A/§ = 33.2.

1.4 Improved Model

The results discussed in the previous section suggest that other sources of EGF are
required to account for the normal healing of corneal epithelial wounds, in addition
to the tear filn. We thus cousider the possibility that the exposed underlying tissue
within the wound releases EGF, which is rapidly degraded by cells at the wound
edge. The possibility of the underlying tissue acting as a source of EGF is suggested
by the experiments performed on other cell types by Dunn & Ireland (1984) and
Barrandon & Green (1987), as discussed in Section 1.1.

The amended nondimensional model, in one space dimension, is therefore

on 0 on

5 = 3 <(ac+'8)(?_w> +s(c)-n-(2—n)—n (1.10a)
Jdc 9% pnc

= = — - — dc. .

% D, 9o2 + A+ B(n) et o) c (1.10b)

For B(n), we look for a function which is constant for low cell densities and decreases

linearly to zero for larger cell densities, motivated by the above experimental results.
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Wound Expected | Predicted Time (hrs) | Predicted Time (hrs)
Length (mm) | Time (hours) for 25% Level for 80% Level
1 21 44 72
2 37 52 86
4 a7 75 125

Table 1.3: Comparison of predicted and expected healing times for different ‘healed’
levels. The parameters are as shiown in Table 1.1.

We thus take f(n) = A4 B(n), where B(n) has the form

o if n < ny
B(n)=<X o(p—gn) ifn; <n <ny
U if n>ng

where o, p and ¢ are positive constants and n; and n, are chosen cell densities. Our
numerical simulations (see Section 1.4.1) show that consistent results are obtained
provided B(n) is non-zero only for n; less than about 0.5. To be specific, we choose
n; = 0.2 and ny = 0.4 (Figure 1.6), but the results are insensitive to any small
change in these threshold values.

Using the same parameters as before, our simulations show that we need the
source coeflicient, o to be greater than about 1000 to obtain travelling waves, and
to match the experimentally observed healing rate we must take o = 4000. This
is the same order of magnitude as the tear film source A and is hence biologically
realistic. Smaller values of o give reduced mitotic activity, reduced wave speed and
loss of ‘travelling wave’ form. The unwounded and wounded steady states of (1.10)
are (1,1) and (0, 4%9)) respectively. As before, we first use numerical techniques

to analyse the stability of these steady states.
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B(n)

CELL DENSITY, n

Figure 1.6: The functional form for the additional source term B(n), showing high
EGF concentration for small cell density and zero concentration for high cell densi-
ties.

1.4.1 Numerical Analysis

We use the NAG routine DO3PGI to solve the pair of partial differential equations
(1.5) using the same step-function initial condition, n = ¢ = 1 outsideand n = ¢ =0
inside the wound, for different geometries. Tle solutions of this amended model have
the experimentally expected form of a front of cells moving into the wound, with an
associated wave of EGF tending towards the unwounded steady state (1,1) (Figure
1.7). Moreover, a plot of ‘the mitotic generation term s(c)n(2 — n) shows a wave
moving with the cell front and peaking at approximately 14 times the unwounded
level, which agrees favourably with the experimentally observed increase in mitotic
rate (Danjo et al., 1989) (Figure 1.7). The results are also qualitatively very similar
to those obtained by Winter (1972) for the mitotic rate as a function of distance
from the wound edge in the healing of epidermal wounds in domesticopigs. Figure
1.7 shows that the wound length is reduced significantly within the experimentally

observed healing time, but that healing is still incomplete. However, by extending
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our domain size, as discussed previously, long term simulations evolve to fronts of
constant shape, moving with a speed (=~ 64pm h™!) that compares favourably with
the experimentally predicted healing rate (Figure 1.8). It should be noted that the
small variation in shape at the wound edge can be explained by excess EGI* “seeping
into” the wound during the initial stages of healing, promoting cell proliferation and
cell migration. Qualitatively similar solutions are obtained when radially symmetric
circular geometry is used rather than linear geometry. The radially symmetric case
is of course more relevant to applications, but the advantage of the linear geometry
is that the solutions can be studied analytically as travelling waves (see Section 2.2).

In Figure 1.7, the wound length has been reduced significantly after 37 hours
but we notice that the cell density only reaches 30% of its unwounded level. When
the numerical simulations are run for longer time periods, we still observe incom-
plete healing. This discrepancy between model solutions and experiments may be
explained by noting that experimentalists only monitor the healing time until the
wound radius is reduced by about 75% and then extrapolate to obtain the ‘total’
healing time. However, our model is invalid {or the final stages of healing, since
the processes involved become more complex, with the re-establishment of cell-cell
contacts and other remodclling processes as the opposing wound fronts meet (Clark,
1989). Therefore, it is the rate of healing, rather than the exact healing time, that
we require our model solutions to capture. A detailed study of the final stages of

the healing process could be a valuable area for both experimental and theoretical

research.

1.5 The Relative Importance of Migration and
Mitosis
An important biological question is the relative importance of mitogis versus mi-

gration in the lealing process. The equations in (1.10) are strongly coupled by
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Figure 1.7: Numerical solutions of (1.10), over a finite domain, showing cell density,
EGF concentration and mitotic activity as functions of space at equal time intervals,
up to 37 hours, using linear geometry. The parameters are as shown in Table 1.1.
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hours, using linear geometry. The parameters are as shown in Table 1.1.




terms accounting for these processes. We investigate this by first reducing o and
B in (1.10a) by two orders of magnitude, which corresponds to a healing process
dominated by mitosis. In this case, the solutions evolve to travelling waves (Figure
1.9a), of greater slope, moving across the wound at a greatly reduced speed of about
8.8 umh™?! for the given parameter values. Again, the peak at the wound edge over
the first few time intervals can be explained by excess growth factor seeping into the
wound milieu. Similarly, when the mitotic generation term is reduced by one order of
magnitude, healing occurs at a slower rate of about 8.2umh™" (Figure 1.9b). Hence,
although our model predicts that wounds can heal in the virtual absence of either
mitosis or migration, both processes are important for effective wound healing.

A separate but equally important question concerns the contribution of EGF to
migration and mitosis. In the derivation of the functional form B(n), we evaluated
o by matching the increase in mitotic rate with experimental data. Hence, EGF has
been shown to have an enhancing eflect on mitosis. The effect on migration can be
investigated by varying the parameters a and 3, with the sum aco + # maintained
at a biologically realistic value of about 107°cm? ™. Numerical solutions indicate
loss of travelling wave fronts if § is very small, resulting in a ‘fill up’ mechanism.
However, if « is very small, fronts of the same constant speed and shape are still
observed. This suggests that the role of EGF as a regulator of cell mobility is
relatively unimportant; however, EGF is crucial to healing as a mitotic regulator.
Hence, to simplify the analysis, we shall subsequently take o = 0, corresponding to
constant cellular diffusion.

In Figure 1.10 we compare the model predictions of the change in wound radius
during healing with the experimental results of Crosson et al. (1986), using a radially
symmetric circular geometry in the numerical solutions. Here we assuine the wound
to be “healed” when the cell density is 25% of its unwounded level. The overall
process agrees moderately well with the experimental observations\,:although the

model fails to capture the lag phase exhibited in the early stages of healing. By

contrast, if we plot wound radius against time for a critical healing density level
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Figure 1.9: Numerical solutions of the model equations (1.10), over an infinite do-
main, showing cell density and EGF concentration as functions of space at equal
time intervals of 80 hours. In (a) we take @ = G = 0.001, which corresponds to
healing dominated by mitosis and in (b) we take we take s(c) = 0.0L¢ + 0.99 which
corresponds to healing dominated by migration. In both cases, the other parameters
are as in Table 1.1. Wave fronts are still observed but the rate of healing in greatly

reduced.
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of 80% (Figure 1.10b), there is strikingly good correspondence with experimental
data for the first 20 hours of healing; in particular, we can now obtain a lag phase.
ITowever, in the latter stages of healing, the model results deviate markedly from
the experimental observations, but, as discussed in Section 1.4, the model is not

relevant for these stages.

1.6 Summary

In this chapter we have developed a mathematical model for corneal epithelial wound
liealing, and used experiinental data to estimate parameter values. The model has
been used to investigate possible sources of the growth factor EGF. We first consid-
ered the tear film as the only source of EGF, and numerical simulations showed that
the speed of healing is much slower than experimentally predicted and that the heal-
ing occurs via a fill up rather than a travelling wave mechanism. This result strongly
suggests that there is an additional source of EGF in the normal healing process, in
addition to the tear film. We thus chose to focus on one possible source of growth
factor aud have developed Dunn & Ireland’s (1984) idea of a serum derived growth
factor inducing growth at the wound margin. We amended our model to include
this additional source term, released within the wound, which is constant for small
densities and zero for large cell densities. This corresponds to the underlying stroma
releasing EGF in the absence of cells but, as the wound heals, the tear film becomes
the sole source of growth factor. Numerical simulations show a definite front of cells
and EGF moving into the wound domain, with a speed that compares favourably
with experimental data. Hence our modelling suggests that serum-derived factors
can alone account for the overall features of the healing process. Furthermore, by re-
ducing the parameters representing the cell diffusion and chemical control of mitosis,
we have shown that wounds can heal in the absence of either migratién or mitosis,

but that both processes are important for fast, effective wound healing. During the
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Iigure 1.10: Comparison of model predictions of change in wound radius during
healing with experimental results. In a) we assume the wound to he’healed when
the cell density is 25% of its unwounded level. In b) the critical density for lealing
is taken to be 0.8. Extrapolation of the experimentally determined data line shows
the healing time of 37 hours.
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final stages of healing, more complex processes are involved, which our mathematical
model does not capture. By considering model predictions for the change of wound
radius during healing, we have raised an important biological question as to when
the wound is said to be liealed. The dectails of the way in which the tears release
EGF, and in particular whetler the release is constant, and when the wound is said

to be healed aré possible areas of further experimental study.
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Chapter 2

The Speed of Healing

2.1 Introduction

In the previous chapter we constructed a mathematical model for corneal epithelial
wound healing. The paraineter values are based as far as possible on experimental
data, and the nunerical solutions suggest that the exposed underlying tissue within
the wound acts as a source of EGF, in addition to the tear film. I{olmogorov et al.
(1937) determined bounds oun the wave speed for a single reaction-diffusion equa-
tion by considering travelling wave coordinates and studying the resulting ordinary
differential equation. In this chapter, we first explore this approach for our system
of reaction-diffusion equations, and solve the resulting eigenvalue problein using nu-
merical techniques. We then derive an analytical approximation for the wave speed
in terws of the model parameters, and verify the numerical speeds simulated in
Chapter 1. The topical application of EGF to the wound increases the speed of
healing, and in Section 2.4 we show that our model does indeed capture this effect.
The cornea is, of course, a curved surface, whereas we have thus far only cousidered
linear wounds. In Section 2.5, the effect of curvature on the speed of healing is

investigated aud, in fact, is shown to be negligible for wounds of typical size.
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2.2 Phase Plane Analysis

We have shown'that when equations (1.5) are solved on an infinite space domain,
the solutious evolve to travelling waves. In this section, we consider the possibility of
determining the speed of the waves analytically, as a function of the model parameter

values.

2.2.1 Transition Wave Speeds in Single Reaction Diffusion
Equations

One of the most important properties of nonlinear parabolic systems is their ability
to support travelling wave solutions. By far the best studied example of this is for

the equation
ou  0%u
ot Ox2

where [ is continuously differentiable on [u,, u,], with

+ f(u) (2.1)

J(ur) = f(ug) =0
flu) >0, w <u<u
fllw)=a>0 f(u)<a, (u<u<uy).

We now suimmmarize some of the standard results concerning travelling wave solutions

of (2.1), that is solutions of the form
u(z,t) =U(z), z=z—at, a>0, aconstant.

This is a wave with profile U, moving with speed a in the positive z-direction. In
the moving coordinate frame, U(z) satisfies

U" +aU' + f(U) =0, (2.2)

where prime denotes d/dz. This equation has two steady states, U — Ui = u; and

U = U, = uy. We look for solutions which are fixed at one steady state as z —+ —oo,
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and fixed at the other as z — co. Thus we have a boundary value problem and
must determine if there exist values of a such that (2.1) has a non-negative solution
U satisfying

lim U(z) = U, lim U(z) = V..

Z—00 Z—y—00

In the (U,V) phase plane, we obtain the systemn

U =V
Vi = —aV - f(U)

which lias steady states (Up,0) and (U3, 0). It can be easily shown that (Us,0) is a
saddle point and (U;,0) is either a stable spiral or a stable node depending on the
wave speed. A stable spiral would Tesult in negative values, which is biologically
implausible for most systems and hence we determine the minimumn wave speed by
seeking a change in the nature of the solution. Straightforward phase plane analysis
shows that there is a trajectory connecting (U, 0) and (U, 0), lying entirely in the
region U > Uy, V <0, Uy < U < U, for all wave speeds a > 2[f'(u;)]?. This
trajectory corresponds to a travelling wave solution (Grindrod, 1991). For any initial
conditions having compact support, solutions of the partial differential equation
(2.1) evolve towards the travelling wave solution with the minimum wave speed
a = 2[f'(v1)]*? (Kolmogorov et al., 1937). A number of authors have derived bounds
on possible wave speeds (Gibbs, 1980; Dunbar, 1984; Sherratt & Murray, 1991) and,
moreover, Dunbar (1984) has also investigated connections in four dimensional space
for predator-prey systems. For our model, we have a fourth order system, and we
do not attempt to consider the existence of a leteroclinic connection in the four
dimensional phase space. Instead, we find bounds on the wave speed such that
the wounded steady state is unstable whilst the unwounded steady state is stable
and then, by al}alogy with the above analysis, we will conjecture thg existence of

\"'

travelling waves.
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2.2.2 'Travelling Waves
Travelling wave solutions of (1.5) have the form n(z,t) = N(z), ¢(z,t) = C(z), where

z = z —at and a is the wave speed in the positive z-direction. These solutions must

satisfy
d dN dN
o [(aC + ) dz] +a—- +s(C)N2—-N)—N=0 (2.3a)
£2C dC uNC

Equations (1.5) hold on a finite space domain and a semi-infinite time domain.
During the majority of the ‘linear phase’ of healing, the numerical solutions have
n = ¢ = 1 near the wound edgeand n =0, c = it?igl near the centre of the wound,
and they differ from these steady state values only in a localized region. Hence the
wave form can be reasonably represented by solving (2.3) on —oco0 < z < oo0. As
a first approximation, we consider the cell diflusion to be independent of the EGF
concentration and set o = 0 (as discussed in Section 1.5). We let dN/dz = V and

dC/dz = W, hence the above pair of ordinary diflerential equations can be written

as {our first order equations:

dN

dz

c _ (2.4b)
dz

Vo Lo so)Ne = M)+ V) (2.4c)
dz 15

aw 1 uNC

arr 2 §C — A— B(N) — : 2.4d
o (G g HI0— A= B(N) —aW) (2.4d)

This system of ordinary differential equations is difficult to analyse globally. We
therefore attempt only a linear analysis about the steady states (0, (A+B(0))/4,0,0)
and (1,1,0,0). We examine stability of each steady state by considering the eigen-

values of the Jacobian matrix, J, at each steady state in turn. The Jacpbian matrix

LS
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for this system is

( 0 0 10
0 0 0 1
J = 1 —s'(C
2(=2s(C)(1 = N) +1) =IN@2 - N) = 0
nC 1 gNé I} a
\ D.(C+C) D. ((C‘+C)2 +d+ B (N)) 0 -5 /

We let u = (N,C,V,W) and rewrite (2.4) as % = Ju. Looking for solutions of

**, we determine that if there are no eigenvalues of the Jacobian

the form u = ¢
matrix with positive real part then the steady state is stable. We will investigate
the stability of each steady state by determining the number of positive real roots
using Descarte’s Rule of Signs, which states that

“Given an nth order polynomial, suppose N is the number of sign changes in the
sequence of coeflicients {a,, an_1,...,a0}, ignoring any which are zero. Then there
are at most N roots which are real and positive, and further, there are either N or
N —2or N —4, ... real positive roots.”

We consider this analytical approach before resorting to numerical techniques.

Unwounded steady state
At the unwounded steady state N = C' =1,V = W = 0, the eigenvalues satisfy the

quartic equation

M4+ p 4+ g N+ r A A+s,=0 (2.5)
where
Pu = a (—;— + Di) >0 (2.6a)
o = ﬂ})c (a2 —D.—88— @%) (2.6b)
re = —ﬂ‘l‘)c (1+5+ (c%) <0 (2.6¢)
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Lo ! nC s'(1)p )
w = ﬂDc((C‘+1)2+((§+1)+6 > 0. (2.6d)

Using Descarte’s Rule of Signs, it is clear in both the tear film and improved models,
that the dispersion relation at the unwounded steady state has either 2 or 0 real
positive roots and hence 2 or 0 positive eigenvalues. We require the unwounded
steady state to have an unstable direction in phase space and thus have 2 positive

eigenvalues. This is verified numerically.

Wounded steady state
Solving for the eigenvalues of this matrix at the wounded steady state N =V =

W=0,C= gA—Jr?lm , we obtain the quartic equation

M4 P+ g+ rd 45, =0 (2.7)
where
e = a (% + %) >0 (2.8a)
" = gi) : <a2 ~ 85~ De + QDcs(iiaﬂ(o—))) (2.8b)
e = ﬂj)c (1 _ 2.3(55@0 . (2.84)

Using our expression for s(c) and the parameter values obtained from experimental

data, we know that s(A/8) > 1/2 and s((A+ B(0))/d) > 1/2. Thus s, < 0 in both

the tear film and the improved model. There are 4 possible cases:
1. q, < 0,7, < 0= 1 sign change
2. ¢, < 0,7y, > 0= 3 sign changes
3. qu > 0,7, <0 =1 sign change

4. ¢y > 0,r, > 0 = 1 sign change
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Wave Speed, a | Eigenvalues Eigenvectors
3 -30 + 16.1571 | (-0.023-0.0131,-0.001-0.0121,0.906,0.231+0.3551)
-30 - 16.1571 | (-0.023+0.013i,-0.001+0.0121,0.906,0.231-0.3551)
2.038 (0,0.44,0,0.898)
| -2.158 (0,-0.42,0,0.907)
3.4 =34 + 2.2451 | (-0.027-0.002i,-0.012-0.0021,0.905,0.42+4-0.0561)
-34 - 2.2451 | (-0.027+40.002i,-0.012+0.0021,0.905,0.42-0.0561)
2.031 (0,0.442,0,0.897)
-2.167 (0,-0.419,0,0.908)
3.41 ~ -35.431 (-0.026,-0.011,0.917,0.397)
-32.769 (-0.029,-0.044,0.5499,0.834)
2.031 (0,0.442,0,0.897)
-2.179 (0,-0.417,0,0.908)
3.5 -60.951 (-0.016,-0.002,0.989,0.144)
-19.049 (-0.029,-0.044,0.549,0.834)
2.019 (0,0.444,0,0.896)
-2.179 (0,-0.417,0,0.909)

Table 2.1: Eigenvalues and corresponding eigenvectors at thie wounded steady state
(0,A/4,0,0) for different nondimensional wave speeds, a, in the tear film model.
There is a local bifurcation at ¢ = 3.41. The parameter values are as in Table 1.1.

Hence, 1egardless of the sigus of ¢, and r,, there is always at least one real, negative

root and we conclude that the wounded steady state always has one stable direction

in phase space.

2.2.3 Numerical Evaluation of Eigenvalues

Tear Film Model

For general parameter values, it is unfeasible to deterinine the eigenvalues (2.4) ana-
Iytically. However, it is straightforward to calculate the eigenvalues and eigenvectors
of the Jacobian matrix numerically. In the single reaction-diffusion equation (2.1),
it is the change {rom complex eigenvalues corresponding to a stable spiral to real

cigenvalues corresponding to a stable node which determines the speéd of the travel-

ling waves (see Section 2.2.1). It therefore seems natural to look for similar changes
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in eigenvalues for the system of equations (1.5). For the unwounded steady state,
numerical calculation suggests that there are always two eigenvalues with positive
real part, independent of the source term, A. Hence, we look for any change in the
eigenvalues of the Jacobian matrix at the wounded steady state as we increase the
wave speed. Table 2.1 shows the eigenvalues and corresponding eigenvectors for a
range of wave speeds. At @ = 3.41 there is a change from a complex conjugate
pair with negative real part, a positive and a negative real root to one positive and
tliree negative real roots, corresponding to a change in the nature of the unwounded
steady state. 'This value of a is very close to the observed wave speed in numerical
solutions of the partial differential equations, suggesting that this bifurcation may
determine the observed wave speed.

To confirm this, we use the partial differential equation solutions to investigate
the form of the conjectured heteroclinic connection near the wounded steady state.
The eigenvector along which the heteroclinic connection approaches the steady state
is evaluated numerically by running long term simulations and using the fact that
we are looking for solutions of the form n ~ nge’®. Hence, by estimating ﬂ%ﬂ
numerically for large =, we can verify that the trajectory corresponding to the trav-
elling wave solution will approach the equilibrium point along the eigenvector cor-
responding to the eigenvalue with the most negative real part. Figure 2.1 shows
the dominant eigenvalue tending towards —34 as z increases, which is the value of
the real part of the eigenvalue of the Jacobian, J, when the wounded steady state-
changes from a spiral to a node.

The above results indicate that there is a change in solution behaviour as the wave
speed increases beyond the critical value, a.;y = 3.41. Moreover, consistent results
are obtained for changes in mesh and domain size and we confirm the robustness
for a range of parameter sets. This analysis of the eigenvalues and corresponding

eigenvectors determines a dimensionalized speed of

a?™ = 43 pn hir !

?
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Figure 2.1: The change in 4% with z for the waves illustrated in Figure 1.5.

dx
Under the assumption that n ~ nge® as £ — oo, this function should tend to .
Here A = —34, which is the real part of the eigenvalue that changes character at the

critical wave speed, a = 3.41, corresponding to a dimensional speed of 43 um h~!.

using the parameter values estimated in Table 1.1, which agree well with the results
obtained from our numerical simulations. A comparison with the rates of wound

healing in Table 2.4 show that this maxiinum speed is at least 1.5 times slower than

experimentally predicted.

Improved Model

By calculating the eigenvalues and corresponding eigenvectors at the wounded steady
state, for a range of wave specds, a, we observe a local bifurcation at ¢ = 5, cor-
responding to a change from a complex conjugate pair with negative real part, a
positive and a negative real root to one positive and three negative real roots (Table
2.2). This is to within 2% of wave speed in numerical solutions of the equations,

thus we focus on the form of the conjectured heteroclinic connection o confirm that

this bifurcation determines the observed wave speed. By estimating é“—df’g—"l for large
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Wave speed | Eigenvalues Corresponding
a Eigenvectors
r 4.5 -454-21.609i | (-0.018-0.008i,-0.001-0.004i, 0.976, 0.13440.168i)
-45-21.6091 | (-0.0184-0.0081,-0.0014-0.004i, 0.976, 0.134-0.168i)
2.010 (0,0.446,0,0.895)
-2.19 (0,-0.415,0,0.91)
4.99 -49.9+1.392i (-0.02 -0.0011,-0.004,0.976,0.215+0.0121)
-49.9 1.3921 (-0.02 +0.0011,-0.004,0.976,0.215-0.0121)
2.00 (0,0.447,0,0.894)
-2.20 (0,-0.414,0,0.91)
9 -52.838 (-0.019,-0.004,0.981,0.193)
-47.162 (-0.021,-0.005,0.917,0.24)
2.00 (0,0.447,0,0.894)
-2.20 (0,-0.414,0,0.91)
5.5 -78.088 (-0.013,-0.001,0.996,0.089)
-31.912 (-0.028,-0.015,0.879,00.476)
1.99 (0,0.449,0,0.894)
-2.21 (0,-0.4112,0,0.911)

Table 2.2: Eigenvalues and corresponding eigenvectors of the Jacobian matrix at
the wounded steady state of the improved model, for different wave speeds.

x, we verify once more that the trajectory along which we approach the equilibrium

point is asymptotic to the eigenvector corresponding to the eigenvalue with the most

ncgative real part. Figure 2.2 shows the dominant eigenvalue tending towards —50,

which agrees well with the real part of the eigenvalue at the bifurcation point.

The numerical results are not sensitive to changes in mesh size or domain size,

and similar results are obtained for a wide range of other parameters. Table 2.3

compares wave speeds and eigenvalues for diflerent parameter domains. It should

be noted that the wave speed appears to depend crucially on the cell diffusion

coeflicient, 3, with large values of § resulting in loss of travelling wave form and a

“fill up” mechanism. In dimensional form the wave speed is

adtm

= 63/un hr™!

which compares well with the numerically simulated wave speed of 64 wm hr='.
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I'igure 2.2: Numerically determined dominant eigenvalue for increasing domain size.
The eigenvalues tend towards -50 which agrees reasonably well with the real part of
the eigenvalue evaluated numerically at the bifurcation point

Cell Chemical | Numerically | Numerically | Eigenvalue | Dominant

diffusion | diffusion | simulated evaluated eigenvalue
coeflicient | coefficient, speed speed
¢] D, pm hr1 pm hr!

0.01 25 28 28.5 -1124+2.8i -114

0.05 25 64 63 -50+1.41 -50.5

0.1 25 38 89 -3540.971 -37.5

0.5 25 192 198 —16 £ 0.7: -17

1.0 25 270 281 —11 £ 0.5: -11.5

0.1 1 61 63 —50 = 1.42 -51.5

0.1 160 62 63 —50 +1.42 -51

Table 2.3: Comparison of the numerically simulated and evaluated wave speeds,
together with the numerically determined eigenvalue and the dominant eigenvalue
predicted by long time simulations of the improved model, for different parameter

domains.

41



Author Wound Radius | EGF Conc. | Rate
(mm) (ng/ml) | (sm/br)
Crosson, 1986 2 0 64
Pleister, 1975 6 0 95
Ho & Elliot, 1975 7 0 60
Khododast et al., 1968 3 0 54
Harris €t al., 1970 2 0 68
Thoft & Friend, 1977 3 0 66
Buck, 1979 1.4 0 45
Brazzell et al., 1991 5 3.63 86
Brazzell et al., 1991 5 9.09 91
Brazzell et al., 1991 5 16.67 92

Table 2.4: Experimentally determined in vivo rates of wound healing of corneal
wound healing in rabbits and mice.

Comparing this result with the in vivo data for the rate of healing (Table 2.4), we

observe that wounds of similar size heal at similar rates to the result obtained above.

2.3 Analytical Expression for the Wave Speed

In this section, we derive an analytical expression for the wave speed, in terms of the

model parameters, by determining an approximate solution of the quartic equation

(2.7) for the eigenvalues of the Jacobian matrix at the wounded steady state, namely

where

Mok pd + gV +rA+s=0

(11
p= (E+b‘;)
q = ﬁ})c ((12 — 40— D. + ZDCS(A/5))
ro= --ﬂ‘l‘)c (§+1—25(A/6))
)
s = ~3D. (2s(A/é) - 1).
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The parameter values in Table 1.1 imply that the coeflicients ¢ and s dominate p

and r, and we will use this to find an approximate solution. In order to make this

mathematically rigorous, we introduce a small parameter, €, and consider

d=¢€2 B =0, D.= Do, & A= Apge™**

where a;, az and a3 are parameters to be determined and fy, Dy and Ag are all

first order constants. Qur coeflicients thus become

3
|

T o=-

s =

a(Bope®t + Dye™°?)
ﬂoDoCal_a?
1
BoDgea1=2

a

IBODOGGI—O'
1

~(1+ €2 —2A0€77)

(1 — 2A0€*7%%).

(2.11a)

(a.2 — Bo€™ ™% — Do + 2A0D062_°’2_°’3) (2.11b)

(2.11c¢)

(2.11d)

Focussing on the expression for g, comparison of the relative size of each term shows

that ¢ > p,r provided that 0 < a3 < 2 and az > 3 and an inspection of the terms in

s reveals that 0 < o < 3. Hence our assumption that p and r are small compared

to g and s is valid provided

Boe® < B <P

Do < D, < Dpe™?

A Z AOC—3.

We now choose ¢ = 0.1 so that § agrees well with the experimentally determined

value and hence find that the nondimensional parameters must satisfy

1<D. <100 A>1000 & 0.001<pB<1

(2.13)

-]

Ay

These inequalities hold {for the paraineter values we have derived from experimental

data. For the subsequent analysis, we fix a; = 1, a; = 1 and a3 = 4, in agreement
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with the model parameters. The quartic equation for the eigenvalues can thus be

written as

M+ apoe™ N3 4 goe3 N + arge 2\ + spet = 0, (2.14)

where py = ﬁ;lic, o = %S (%), ro = ﬁ(é — 2s (%)) and so = ﬁz—lgcs (f;—) This
equation has 2 roots that are O(1) and two that are O(¢73/2). Previous numerical
results imply that it is the larger two roots which change character and hence we

consider an asyinptotic expansion of the form

By comparing coeflicients, we find that the linear and constant terms can be ne-
glected. To attain the “richest solution” (Kevorkian & Cole, 1981) we must retain

the cubic term, and hence we consider the expansion
~1/2
a=¢c¢ /CI,0+(11+...,

which agrees with the numerically simulated wave speeds. The resulting equation
for Ao is

Ao + aoporg + Qe =0, (2.15)

from which we determine

2)\0 = —dopPo + V 0(2]]?(2) — 4(]0 (216)

Based on the numerical results in the previous section, we are looking for the critical

wave speed, @i, for which the discriminant is zero. The critical wave speed is thus
found to be
2
Aeris = F—/qoc Y2 (2.17)
Do

Substituting for po and qo and noting a is positive, we obtain an analytical expression

-]

for the critical wave speed in terms of our model parameters

Vet

2 A+o
. "~ 2
Aerit ~ IB + DC \/216063 ( 5 ). (2.18)
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The analytically determined wave speeds for the tear filin and improved models are
22.4pmhr~! and 63.3um hr~! respectively, which compare well with the numerically

1

determined wave speeds of 23um hr~! and 63pm hr™! respectively.

As D. > (3, (2.18) can be approximated by

Gorit = \/8ﬂ3<"+")

)

and hence we derive the relationship a..+ o< /3, which is similar to the relationship
between the spced and diffusion coefficient in (2.1) (Grindrod, 1991). In Table 2.5
and Figure 2.3 we compare the analytically and numerically determined wave speeds
for different cell diffusion coeflicients for the improved model and note that there is a
good relationship between numerical and analytical solutions for all values of 3 less
than 1, with the error at this value being 6%. Larger values of 8 give rise to large
discrepancies between numerical and analytical speed due to the loss of travelling
wave form. This is exactly as predicted in the above analysis.

An imnportant biological implication of this result is that the rate of healing of
corneal epithelial wounds can be increased by increasing the cell diffusion coefhi-
cient, 3, or the amount of EGF, A + 0. However, increasing the chemical diffusion

coeflicient, D., does not have a significant effect.

2.4 Topical Application of EGF

In this section, we examine the eflects of topical application of EGI' to the wound
and determine an expression for the rate of healing. Brazzell et al. (1991) and
Nishida et al. (1990) undertook in vivo and in vitro experiments in which EGF was
applied externally to a corneal surface wound and the change in wound radius with
time was noted for different concentrations of EGF. Brazzell et al. (1991) recorded
an increase in the healing rate when EGF was added, the rate saturating at about
45% grcater thqn normal, at an experimentally determined EGF concentration of

16.67ug ml~'. The mitotic generation function, s(c), determined in Chapter 1 is an
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Figure 2.3: Comparison of numerically and analytically determined wave speeds
for different cell diffusion coeflicients in the improved model (1.5). The full curve

represents a = 1/803s(4£2).

Cell Diffusion | Numerical Wave | Analytical Wave
Coefficient, 8 | Specd, pumhr=! | Speed, gmhr!
©0.001 &9 8.85
0.01 28.5 27.96
0.025 44.6 44.2
0.05 63.0 62.4
0.1 89.1 88.0
0.2 126.0 123.7
0.4 178.1 173.0
0.6 218.3 209.33
0.8 252.0 239.0
1.0 281.1 264.1
2.0 398.5 353.0
10.0 890.3 506.25

Table 2.5: Comparison of numerically and analytically determined wave speeds for
different cell diffusion coeflicients in the improved model. °

Ve
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unbounded, linearly increasing function of the EGF concentration, which contradicts
these experimental results. We now derive a more realistic form for s(c¢), using
the experimentally determined results that as higher and higher concentrations of
EGI' are added to a healing wound, the rate of healing saturates, the speed being
approximately 92 um hr~! for wounds 2 mm in radius. Our expression (2.18) for
the speed of healing implies that the chemical control of mitosis term, s(c), must
also saturate to a nondimensional level of 135. We thus seek a function which is
approximately linear for small ¢ and saturates to a level of about 135 for large c.
Oue simple function of the form is s(¢) = a—‘;1+°—c + a3; we evaluate a;, a; and a3 using
our fixed data points. As discussed in Chapter 1, s(c) must satisfy the conditions

s(1) = 1 and s(0) = 0.1, which implies that the function is

135¢

= 1. 2.19
149—%—0-*_01 ( )

s(c)

Our nondimensional model equations become

dn 0*n

5 = ﬂ;,)?r; +s(c)n(2—n) —n (2.20a)
Jc ) 826 unc

— = D.— — — 2.

o Doz + A+ B(n)+q ) e (2.20b)

where s(c) is defined in (2.19) and ¢ is an external source term representing the
topical application of EGF. Numerical sitnulations of (2.20) over an infinite domain
evolve to travelling waves, the speed of which increases as we increase the exter-
nal source term'. The topical application of EGI' simnply alters the source term in
equation (2.20b) and hence an analytical expression for the wave speed is

B 2 , (At 0o+¢
Aoyt = m\/zﬁDcS (—_—_—6 ) (221)

where s(c) is the saturating function defined in (2.19).
In Table 2.6 we compare the analytical speed calculated from (2.21) with the

nunierically simulated wave speed for different concentrations of EGF, corresponding

to the topical application of EGF, and observe a strikingly good agreement, the
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Figure 2.4: The change in the rate of healing of 2 mm corneal surface wounds with
topical application of EGF. The rate saturates as we increase the concentration of
EGF, in agreement with experimental results. Nuinerically simulated and analyti-
cally derived wave speeds compare favourably (see Table 2.6).

EGF conc., | Numerically simulated Analytical
g mi~! speed, pem hr—! speed, um hr1
0.36 66.31 66.5
0.73 73.01 73.26
1.81 81.45 81.65
2.73 84.35 84.55
3.63 86.03 86.23
9.09 89.56 89.78
18.18 90.92 91.14
27.27 91.39 91.61
36.36 91.63 91.84

Table 2.6: Numerically simulated and analytically calculated rates of*healing for a
2mm corneal surface for topical application of different concentrations of EGF
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error being less than 0.5%. Figure 2.4 illustrates these results and indicates the
good correspondence with the experimentally determined rates of healing. Hence,
using (2.21), we can predict the speed of healing of corneal surface wounds with the
topical application of any concentration of EGF. This simple result could easily be
tested by further experiments similar to those of Brazell at al. (1991) and Nishida
et al. (1990).

2.5 The Effect of Curvature

It has been suggested that current analysis of corneal epithelial wound closure is
misleading and inaccurate due to the simplicity of the models, particularly with
respect o the validity of using planar kinematics to model the curved surface of
the cornea (Kwok, 1991). In the model thus far we have only considered one-
dimensional wounds and assumed that the corneal surface is flat. In this section, we
take into account the curved surface of the cornea, formulate the model in spherical
coordinates and analyse the resulting system to determine the effect of curvature on

the speed of healing.

2.5.1 Formulation in Spherical Coordinates

We suppose, for simplicity, that the eyeball is a sphere and introduce coordinates
(r,0,¢) for radius r, polar angle measured from the top of the sphere ‘0, and az-
imuthal angle ¢. Since the thickness of the epitheliumn is very small compared to the
radius of the eyeball, we consider solutions independent of r and ¢. This is equiv-
alent to considering the movement of cells and chemical which are confined to the
surface of a rigid sphere, with nondimensional radius R (IYigure 2.5). We therefore
study a problem where the model variables are solutions of ¢ and ¢ only. In order
to obtain the diffusion terms in (1.5), we require the Laplacian in spherical polars,

-]

namely .

1 0 Ou 1 0 Ju 1 0%
VZ —_— 277 —_— 1 —_ .
T ey (r (91') s sin 90 (sm@ae) i r2sin’ § 0¢?
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Since there are no r and ¢ variations, the model equations in spherical coordinates

are
on B (0°n on
5 = —1—27 (5@7 + cotO-a—o) + s(c)n(2 —n) —n (2.22a)
dc d%c dc pnc
T (3_05 + cot 00— ) + f(n) — . de. (2.22b)

We impose zero flux boundary conditions at the wound edge and centre, consider half
the wound domain, the polar angle measured from the top of the sphere thus being
defined for 0 < 0 < 7/2. A key {eature of these equations is the presence of the polar
angle 6 via the cot 0 terms. We note that near the equator, § = 7 /2, the cot 8 terms
disappear, and our systemn becomes similar to the linear case, indicating that the
assumnption that the eyeball is spherical breaks down near this point. Furthermore,
the cot # term tends to infinity as 0 tends to 0, although this is compensated for
by the conditions ng = ¢y = 0 at 0 = 0. Note, however, that our model is actually

invalid for the final stages of healing, as discussed previously.

2.5.2 Numerical Simulations
We solve the system (2.22) numerically using the NAG routine DO3PGF. To imple-

mnent this scheme, we expand the cot § term in the form

1§ 92n 3 g2n-1
ot = = — — — — — ... — L — . 0
e A T (2n)! , 0<b<m

where B, is the Bernoulli number. The system of equations can thus be approxi-

mated by
on I5} 0’n  10n g (0 on
Fr (50— * m) FolenZ—n)—n- 17 (” ¥ ) g0 (23

dc D, (% 10dc punc D, (0 Jc
at _(5'07+069>+f(”) c+c‘50"ﬁ(§+ >30(223b)

valid for 0 < @ < 7/2. Yor the purpose of numerical simulations, we assume that

the wound edge occurs at 7/2 and the wound centre at # = 0 and solve at equal
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Figure 2.8: The analytically determined rate of healing for a 2mm wound over the
curved corneal surface. The speed increases as the wound closes but for 8 > 20°,
the change is less than 1%.

space and find a bound on the wave speed by considering the change in the nature
of the steady state from a spiral to prevent unrealistic, negative values. Numeri-
cal evaluation of the eigenvalues suggests a wave speed which compares favourably
with the numerically simulated speed. Furthermore, we have derived an analytical
approximation for the wave speed in terms of the model parameters and hence de-
termined the key parameters to be the cell diffusion coefficient, 3 and the chemical
source term f(n). In Section 2.4, we have amended the model to include the sat-
urating effect of the chemical control of mitosis and thus determined the rates of
healing for the topical application of EGF. Finally, we have taken into account the
curved surface of the cornea and, by solving in spherical co-ordinates, have shown
that the increase in wave speed with polar angle is small, thus indicating that the

linear model is sufficient for experimentally testable predictions for rates of healing.
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Chapter 3

Analytical Solutions of the
Reduced System

3.1 Introduction

In this chapter, we look at methods of determining analytical solutions to a single
reaction diffusion equation for cell density (3.1), with the chemical concentration
taken to be in equilibrium. Perturbation theory yields an ordinary differential equa-
tion for the first order term, which we are unable to solve due to the complicated
nature of the kinetic term. We can, however, use this asymptotic solution to de-
termine the slope of the wave front (3.8). It is the form of the kinetic term which
causes problems for analytical work, and since some work has been done previously
on single reaction diffusion with piecewise linear kinetics (Crank, 1956; Ockendon
and Taylor, 1985; Grindrod, 1991), we consider a piecewise linear approximation.
We first use tralwelling wave coordinates and determine a smooth, continuous so-
lution with general kinetics (3.13), before considering the improved model kinetics
(3.12). We then look at techniques for solving the partial differential equation ex-
plicitly, using Laplace and Fourier transform methods. The solutions obtained are
in terms of inversion formulae and are thus of little practical value. However, in the
Laplacc transform case we are able to show the consistency between these solutions

and those derived in travelling wave form (3.35).
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3.2 Model Equation and Numerical Simulations
In travelling wave coordinates, equation.(2.4) is transformed to a fourth order system
of coupled, nonlinear ordinary differential equations and is thus difficult to analyse
globally. Hence we consider an approximation to (1.5) which reduces the order of the
system. The production and decay of EGF occur on a considerably faster time scale
than diffusion and we thus assume that the EGF concentration is in equilibrium.

The single partial differential equation resulting from this approximation is

an 0*n
5 = Paz T (3.1)
where
g(n) = 2—15 (1 =b)m(n)+b)n(2 —n)—n, ) (3.2)

m(n) = (A+ B(n)—pn —8&) +\/(un + 8¢ — A — B(n))? + 4(A + B(n))8é

Hence we have reduced our two partial differential equations to a single equation
of the form (2.1). Kolmogorov at al. (1937) showed that for a system of the form
(3.1), initial conditions having compact support evolve to the travelling wave solution

with wavespeed a = 24/8¢'(0). Using our model parameters, this wave speed is
approximately 5.17, which corresponds to a dimensional wave speed of 65um hr™!.
This compares very well with the wave speed 64um hr™! found in the numerical
solutions of the partial differential equation system (1.10). Numerical simulations for

the reduced system over an infinite domain (Figure 3.1) show evolution to travelling

wave solutions with a speed which is approximately equal to 2,/G¢’(0). The wave

profiles have a constant shape, which diflers from that obtained when the chemical

1s not in equilibrium.

3.2.1 First Approximation

We now use perturbation theory to derive an analytical approximation to the trav-

elling wave solution of the reduced model (3.1). The analysis is analogous to that
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Figure 3.1: Travelling wave solutions for the simplified system (3.1), showing the
evolution of cell density at equal time intervals of 31.6 hours, over an infinite domain.

for the Fisher equation (Canosa, 1973). The travelling wave satisfies the boundary

value problem

" _C_L_ ! l —
N +ﬂN +ﬁg(N) 0 (3.3)

subject to N(—oo) = 1 and N(oo) = 0; g(N) is defined by (3.2). The system
(3.3) has singular points N = N’ = 0 and N = 1,N' = 0. The eigenvalues are
(—-;1, + (a* — 4B4'(N))/?)/28 for N =0 and N =1 and, as discussed previously, we
obtain the critical wave speed, a.it = 2\/,8—9’_(0‘) . Rescaling the independent variable,
¢ = z/a, in (3.3) gives

eN"+ N +g(N)=0 (3.4)

where the prime denotes d/d( and € = 3/a® = 1.87 x 1072 for our model parameters.
Since e multiplies the highest derivative, equation (3.4) looks like the standard sin-
gular perturbation problem. However, the nonlinear term g(/N) vanishes at N =0

and N = 1 and the reduced equation gives a uniformly valid first order approxi-
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mation. We can thus consider (3.4) as a regular perturbation problem in the small

parameter € by looking for a solution of the form
N(G;€) = No(€) + eNi(() + € No(C) + ...

Substituting this into (3.4) and equating coeflicients of powers of € gives

Né = —g(No) (35&)
] dg(NO) !
N = =M= ~ NY (3.5b)

subject to No(—o00) =-1, No(0) = k, Np(o0) = 0, and N;(—o0) = N;(0) = N;(co) =0
for all + > 1. We must specify k to give a unique solution; we choose k = 1/2.

Integrating (3.5a) gives

No 1 No 1
=) o=k we-oe® &0
where

The square root in the denominator prevents an analytical evaluation so we

attempt to approximate this term by writing

S(N) = oz [(A+ B(N) = uN - 6¢)

+(pN+5&——A-B(N))\Jl+

4(A+ B(NV))d¢
(uN + 8¢~ A— B(N))2|

The square root term can be expanded binomially, resulting in the approximation

N = N(A + B(N) + 2(A+ B(N))é—6é— N((A+ B(N))é+ p))
g(N) = (uN + 8¢ — A ~ B(N))

(3.7)

which agrees well with (3.2) provided N is greater than about 0.4 (Figure 3.2). This

can be integrated using partial fractions and the first order approximation for cell
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g(n)

Figure 3.2: The kinetic term, g(n) (solid line) and the approximation (dotted line),
obtained a binomial expansion of the square root term (3.7). We note the good
agreement for N > 0.4 . The solid line is not smooth because of the piecewise linear

form of B(n).

densities greater than 0.4 is determined to be

_ (A—d¢) (No)
C = At2ac-69 8\ %
o Al — A+ No — (24e-50
(Ae+w)(@AE+A—38) *® || — Gz |-

The discontinuity in s(/N) prevents us from using another binomial expansion to
approximate the function for small cell densities and we thus resort to piecewise
linear approximations, as discussed in Section 3.3.

The first approximation to the solution can be used to investigate the dependence
of the slope of the wave front on the model parameter values. Since the gradient is
negative everywhere, a measure of the steepness, 3, is the magnitude of the maximum

of the gradient N (z) at the point of inflexion of the wave front. Using (3.5), the
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Figure 3.3: The change in steepness of slope as we increase the source term, o. The
wave front becomes less steep with increasing EGF concentration (corresponding to
increasing wave speed). The discrepancy between the analytically determined wave
slope and the steepuess of the numerically simulated waves i1s due to our approxi-
mation that the derivative terms in the EGF equations are negligible compared to
the reaction terms.

gradient at N = 0.2 gives
9(0.2) (3.9)

9
a

§=—

which implies that faster waves have a less steep wavefront. Using (3.2), we find
that the steepness depends crucially on the source term. In Figure 3.3 we plot the
change in slope with increasing concentration of EGF; there is a good correspondence

between the steepness of the numerically simulated wave front and the analytically

determined slope.
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3.2.2 Width of the Wave in Spherical Coordinates

In Section 2.5.3, we derived an analytical expression (2.27) for the speed of healing,
in terms of the model parameters. The expression suggests that the wave speed
iucreases slightly with decreasing polar angle 8 and it applies while 0 is sufficiently
large that the wavefront is a distance greater than the width of the wave away from
0 = 0, the wound centre. A practical measure of the width of the wave, W, is simply
the inverse of the steepness, s. We thus determine the width of the wave in order to
examine the minimumn value of @ beyond which the analytical solution breaks down.
We have derived an expression for the steepness in Cartesian coordinates, and this
result can easily be extended to polars. In travelling wave form, the second order

differential equation for the cell density is given by

BN" + (a+%cot9) N +g(N)=0 (3.9)
where prime denotes d/dz and g(N) is as shown in (3.2). We note that this equation
is the same as (3.3) with the wave speed a replaced by a + %cot 0, for each fixed
0. By rescaling the independent variable, ( = z/a, and solving the equations as

a regular perturbation problem as discussed in the previous section, we obtain the

leading order termn
____g(No)
(1+ % cot 0) .
The width of the wave is thus given by
W a(1+ £ cot 6)
g(k)

where the wave .ispeed a is defined by (2.27) and k is taken to be 0.2. By substituting

NG =

(3.10)

in the model parameters, we find that the width of the wave is

W = 0.002 cot 0 + 0.426.

Hence, the analytical expression is valid provided

0 >5° (3.11)

and the maximum speed is thus @m,.; = 65.2umhr™".
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167

g(n)

Figure 3.4: The kinetic term g(n) (solid line), and the piecewise linear approximation
(dotted line).

3.3 Piecewise Linear Approximation in Travel-
ling Wave Coordinates

In this section, we find a solution for the cell density in travelling wave coordinates,

by considering a piecewise linear approximation to the kinetic term g(n). By plotting

g(n) againust n (Figure 3.4), we simply consider the gradients of straight line approx-

- imations to the curves, for given intervals of n, to derive linear approximations of

the following form

133n if n <0.006
71.957 +0.25 £ 0.005 <n <0.2

9(n) = 27.33 —63.47Tn 1f02<n<04 (3.12)
3.24(1 — n) ifn>0.4

making sure that the gradients match near the origin, which is crucial for correct
wave speeds. Numerical simulations of the reduced system with our piecewise linear

approximation, over an infinite domain, evolve to travelling waves whose constant

speed and shape agree well with the solutions for the actual function g(n) given in
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(3.2). We thus take advantage of the linear kinctics and look for analytical solutions

in travelling wave coordinates.

3.3.1 General Solutions in Travelling Wave Coordinates
We consider the general piecewise linear approximation

Y11 fl<n<q

Y2n+v g <n<qg

Ya—n g <n<gs (3.13)
Ye(l —n) ifqa<n<l

g(n) =

with travelling wave solution as shown in Figure 3.5. In travelling wave coordinates,

we have

BN" +aN'+ g(N) = 0. (3.14)

Solving (3.14) in the four separate regions, we determine solutions of the form

[ n1(2) = a1€M* + ayet?* if 2> 23
ny(2) = aze? + age?® — 1—2 Hzy <2< 23 9
7?,(2) = 4 — A5z A6z Y4 if ( 15)
n3(z) = ase™® +age™” — M if z; <z < 2z
{ n4(z) = a7e™? + age’* + 1 if z < 2z

where

1 :
Mp=si(—at @ —41B)  au= f(—a £ a7 = 47,B)

20
1
Asy6 = ‘2—5(—0’ + \/a? + 4750) A = 35(—a £ Va? + 4v6p).

Without loss of generality, we can assume that z; = 0, correspondin.g to a sim-

ple translation in z. Since we require a smooth, continuous solution, we have the

conditions
dnl dn2

ny = Ny = qy, 7 _71—; at 2z =123

with similar conditions at z; and 0. We also require n4(z) — 1 as z = —oo.
After much algebraic manipulation, we can derive the following expressions for the

coeflicients «; in terms of ¢; and the eigenvalues J;

Qg = q;;—l (316&)
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Figure 3.5: Travelling wave form for a general piecewise linear approximation (3.13)
to the kinetic term (see text for details).

g3(As — As) + lf'—ﬁ — As
_ : 3.16
Qg Ae — )\5 ( C)
g3(As — X¢) + \—fyl"' — As
= 2 3.16d
Qs ds — ¢ ( )
—A422
Qa4 = c (A5(15€/\522 + )\Gage)“"” — )\3((]2 + ’)’3/’)’2)) (3166)
Ay — A3
—A322
3 = c (/\5CY56'\522 + /\60’66'\622 - A4(q2 + ’)’3/’)’2)) (316f)
Az — Aq
—A2z3
oy = ;2 ' ()\3036/\323 + Mgage™ — )\1Q1) (3.16g)
—/\123
a; = i—/\—z (A3CY3C'\323 + /\4&46'\423 - Aqu) (316h)

where z, and z; satisfy the transcendental equations

o2 = (g2 — v4/7s) (3.17a)

aze™? 4 qeMB? = (@1 + 73/72), (3.17b)

A
ase 52 + age
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which may need to be solved numerically. Hence we have a smooth, continuous solu-

tion for n(z) in terms of the wave speed and the slope of the linear approximations.

Solution for the improved model
We now use the above formulae to derive an analytical expression for the wave
form of the improved model with the particular kinetic term (3.12). This yields the

eigenvalues
A =—5529 X =—48.10 )3 = —86.8 M\;= —16.57

As = —114.49 Ae =11.09 A7 =—104 Ag = 0.62

After much algebraic manipulation, the solutions are found to be

((ny(2z) = —14786337¢7°°%97 1 134694748102 if 2 > 0.3759
nq(z) = 4.2966e~10°7= — 75811.15¢~86-8- if 0.1807 < z < 0.3759
—0.00347
n(z) = ¢ (3.18)
ny(z) = —0.031e!199% 4 0.00026¢ 114492 4 if 0 < z < 0.1807
0.43
| n4(2) = 1—0.6e%%% ifz<0

Comparison of this solution with the exact solution (Figure 3.6) indicates a very
close agreement for n < 0.4 but a small error for n > 0.4. This can be explained
by considering {the approximation (Iigure 3.4), and noting that in deriving the
solutions, we divide any error in our approximation by the slope of the line. The
maximum error occurs for 0 < n < 0.4, but a large slope results in negligible error
in the solution whereas, for 0.4 < n < 1 the slope is less steep and the error is more
marked. In general, piecewise linear approximations give rise to solutions which
compare favourably with the true solutions provided the error in approximation is

small or the line gradients are steep.
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Figure 3.6: Comparison of nuinerically simulated solution and the travelling wave
solution derived from the piecewise linear approximation (3.12) to the kinetic term

(3.2).

3.4 Analytical Solutions - Piecewise Linear Ap-
proximations

We have shown that travelling wave solutions to equation (3.1) with piecewise linear

approximations can be found analytically. In this section, we exploit the linearity

of the kinetic terms and attempt to solve the partial diflerential equation to obtain

an expression for the cell density as a function of space and time. We consider a

simplified kinetic term of the forin

i fl<n<y
B
g(n) = { i=(1—-n) fy<n<17 (3.19)

illustrated in Figure (3.7), but the analysis could easily be extended to the term
shown in equation (3.12).

Suppose that at time ¢ the discontinuity in kinetics occurring at n = 7 is at
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m = X(t), a function of ¢ which needs to be determined. Without loss of generality,
we choose X(0) = 0. At time ¢, we let the cell density in the region z > X(t) be
denoted by ni(z,t), and in the region = < X(t) by ny(z,t). At the discontinuity,
both the cell densities ny, n; and the spatial gradients (f(¢), to be determined),

must match, so we have

np=ny=vy, z=X({) (3.20)
on,  0On,
= ft), z==X(@). (3.21)

In the region 0 < n < v, we have to satisfy

%, 0?
G o0 6

with initial conditions
n1($7 0) = gl(aj)a
whereas for 7 < n <1 we have

Ong 0*ny o

ot p 0x? + 1 — ’7(1 ) w < XD, 529

with initial conditions
na(z,0) = goz).

Both (3.22) and (3.23) are linear partial differential equations, which can thus
be solved using standard methods. Specifically, we look for solutions of the form
ni(z,t) = eMei(z,t), 1 = 1,2 and substitute into the ahove equations. By choosing
A: appropriately, we can reduce equations (3.22) and (3.23) to diffusion equations for
¢i, with coefficient 3. Many different methods for solving the diffusion equation have
been investigated, including separation of variables, Green functions and transform
methods. In his book, “Mathematics of Diffusion”, Crank (1956) deals with moving
boundary problems in which the diffusion coeflicients have a discontinuity at one
density. However, the method employed is invalid for discontinuities in kinetics due

to the presence of temporal exponential terms.
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Figure 3.7: Piecewise linear approximation to a simplified kinetic term.

To solve equations (3.22) and (3.23), we first consider a Fourier transform and

impose the initial conditions

14+ fi(z) fz <0 ! ifz <0
”1(””’0)“‘{ 0 x>0  mE0=1 50y irese G2

since n; and ny are initially defined for > 0 and z < 0, respectively. Using
standard techniques in Fourier transform theory and the convolution theorem we

determine the solution

. LU S e ~¢?
ni(z,t) = §ewelfc(2\/m)+\/7_r/_m fi x+2of 0 (3.252)
1 —at —
na(z,t) = 1— —eT=7erfc 2\/%7)
6i—j‘: ©o __92
o /57;— falz + 20,/Bt)e= do, (3.25b)

where erfc(x) is delined to be ’\7277 [ e~ du. The functional forms of f,(z) and f(z)
are arbitrary and any further progress with the Fourier transform method requires

knowledge of these forms. Even for a simple case, such as step function initial
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conditions, f; = 0, 1 = 1,2, we find that a smooth, continuous solution cannot be

attained using matching techniques. We thus consider a Laplace transform method.

3.4.1 Laplace Transform Method

Suppose h(z) is a known function of space for positive values of z. Then the Laplace

transform h(p) of h(z) is defined as

h(p) = /oo e PP h(z)de.
Jo

We first apply this method to solve (3.22) for n; (i.e. in the region z > X(¢)).
By considering n(z,t) = e*‘¢,(z,t) with A\, = a/y and introducing a change of

variables

so that the discontinuity occurs at y = 0, the equation becomes

0p1 0 0%
or X Jdy =F Jy?

valid for y > 0, (3.26)

where the dot represents d/07. The boundary conditions are

$1(0,7) = e N7 (3.27)
0¢1(O T) = f(T)e“A” (3.28)

with initial conditions
$1(y,0) = 91 (y). (3.29)

We take the Laplace transform of the equation with respect to y, giving

64)1 8(]31 - 0 6%51 -
dy = e P dy.
/o (5 8y /

Using standard results for Laplace transforms, we obtain the following differential
equation for ¢(p, T)

091
or

— (85" + pX)6 = ~Xn(0,7) = Bp0,7) ~ B0,
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which can be solved using integrating factors and the transform of the initial con-

dition, giving

éi(p,7) = e—wp?”pX(T))(gl(P)

— [ @By + BI(r) g X)Xt )
e~ M7 . (91(1’) — _) (B2 T+pX (7))
P

+e (Bp® T+I’X(T))/ (7/\1 ,Bf(’/" )) e—(ﬁple+PX(Tl)+)\1T1)d7-l_

Ilence we derive the solution for the transform 7, (p, )

n(p,7) = -Z;+ (ﬁl(p) - %) elPrir+pX (1)) (3.30)

+e(,31> T+PX(T)+)\17)/ (7A1 ﬁf(71)> e—(ﬁP271+pX(T1)+)\1T1)d7.1.

To solve the equation (3.23) for ny(z,1), we write ny(z,t) = 1 — e*2*¢y(x, ), and,
by choosing A, = 1 We again find that ¢, satisfies the diffusion equation. We

introduce the change of variables

so that the boundary conditions hold at z = 0 and the equation is valid for z > 0.

The Laplace transform method yields the solution

- 1-— i 1 1 - 2
flpr) = LDy (L gy - B ) ooy
P p p
2r—pX (7 T (1_7)A2 - 27 —pX (1) + A7
4. e(Bp* =X (7)) 22 Bf(n) e Br*ri—pX (1) +ram) g
0 P
and hence the solution for the transform n;(p, 7) is
7_12(,'0, 7') = -Z; + (,92(]7) — _};) (BP*r~pX (T)+X27) (3.31)

_e(ﬁpzT—Px(T)'*')\zT) /T (_(_l__ivi)/_\i — /Bf('rl)) e—(ﬁPQTl—PX(Tl)-i-)\le)dTl_

0
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From this, it is clear that analytical solutions for n;(z,t) and ny(z,t) can be de-
termined by using the Inversion theorem for Laplace transforms and changing the

variables back to z and ¢, giving

mie) = 1+t pm [ e (ga ») - %) dp (3.320)
e [ ([ e

na(z,t) = v+ e%f—izjri Jlim :RR c(Pr*t=re) (g‘z(p) - -;—) dp (3.32b)
st [ [ ) o

where p is an arbitrary real constant. We can thus, in theory, determine X(¢) and
f(t) by matching these solutions and the gradients at = X (t). However, since the
form of the solution does not lend itself to further algebraic manipulation, we resort
to simply showing that these solutious are consistent with those obtained by using

travelling wave coordinates, as discussed in Section 3.3.

Consistency with travelling wave solutions
The analytical solutions (3.32) to the reaction-diflusion equation with piecewise
linear approximations to the kinetics are in terms of the inversion of Laplace trans-

{forms. We now show that these solutions agree with the solutions determined using

travelling wave analysis.

Consider equation (3.30) for the transformed solution 71 (p, 7). Suppose we take

a travelling wave solution as our initial condition, so that
X(i) = at f(t) = A

where a is the constant wave speed and A is the constant slope. Then the exponential

term in the integral is a linear function of ¢ and the coefficient is constant. Hence

the transformed solution is
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(& —BA)
Bp* +ap + 2)

T—Ll T = 1—-
(p,7) » +

e

1 i) ¢~ (PP +art )T (3.33)
p (Bp*+ap+2)

Gi(p) —

Now if we impose a travelling wave as the initial condition, the solution will remain
in travelling wave form and the solution for 72; will be independent of time. Thus

we have 7;(p) = g1(p), and by looking at time independent and dependent terms

we find
) (2 —BA)
| Gilp) =~ - 2 —.
p (BpP+ap+%)
Hence
_ 10p +vya+ BA ‘
, = 3.34
ﬂl(p) ,3P2+GP+% ( )

By factorizing the denominator and using partial fractions, we can rewrite the trans-
formed solution as
C D
- +
p—G p—G

o W) 1 (L, [m %
C1—2—I§<—a- a 7) Q2—2ﬂ<a+ 2 7)

A—1G A-1G
G1— G2 C2—C1

Functions of the form h(z) = ge™ have the Laplace transform h(p) = ~L- and we

ny(p) =

where

and

C

can therefore invert the above expression to obtain

Gt — G2 =G

We note that this solution is a function of  — at, which motivates us to consider

ni(z —at) =

travelling wave coordinates. In the region z > X(t) we solve the ordinary diflerential

equation

8N,, + aN, + S—N =0
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subject to

dN
N=v4 and — =A at z=z.
dz

Seeking solutions of the form N(z) = ¢;e™* + c;e™2, where z = z — at, and choosing
zy = 0, we find that (; = n, and { = 1y, ¢; = C and ¢; = D. Hence the solution
derived using the transform method is identical to the travelling wave solution.
Furthermore, the minimum wave speed, a,.,, is 2\/af8/7, in agreement with the
speed predicted by I{olmogorov et al. (1937).

The form of ny(z,t), the solution in the region z < X(t), is determined in a

similar fashion and found to be

(I1-7GC+A omaty , =1+ AG 0
€ ‘+' " € ?
C1— G2 G2 — G

which is identical to the solution derived using travelling wave analysis. This clearly

na(z —at) =1+ (3.36)

demonstrates that the solutions given Ly equations (3.32), with travelling wave
initial conditions, are cousisteut with solutions determined using travelling wave
analysis.

In principle we can extend the above analysis to our equation for the cell density
with the kinetics given in (3.19), and determine analytical solutions in terms of
space and time. However, due to the complicated nature of our kinetic term, this
leads to a very cumbersome solution which is not shown here. The method of
Laplace transform is a useful technique for solving reaction-diffusion equations with
piecewise linear approximations to the kinetic term but, in general, the complicated
form of the solutions means they are of little use. However, by considering exact
forms for the speed, X(t), and the slope, f(¢), we are able to use standard inversion

techniques to determine explicit solutions.
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3.5 Summary

In this chapter, we have focused on a reduced model, in which the EGF concen-
tration is taken to be in equilibrium. By considering travelling wave coordinates,
we solved the resulting boundary value problem as a regular perturbation problem
and derived expressions for the slope and width of the waves. We then considered a
piecewise linear approximation to the kinetic term and derived analytical solutions.
Diffusion equations with a discontinuity in the diffusion coefficients at one concen-
tration have been studied in some depth (Crank, 1956) and analytical solution have
been found using transform methods and matching techniques. To our knowledge,
no work has been done on discontinuities in kinetics. The Fourier transform method
yielded solutions which depend on the initial conditions, with restrictions imposed
by smoothness and continuity conditions. A more {ruitful technique was found to be
the Laplace transform, where, by considering the discontinuity as a moving bound-
ary, we were able to derive solutions in terms of the speed and slope. However,
complicated algebra prevented further analysis and we resorted to solving with con-
stant spced and slope, assuming a travelling wave formn initially. We thus showed
the consistency with the travelling wave solutions and highlighted the advantages of

working in travelling wave coordinates.
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Chapter 4

Discussion on Corneal Epithelial

Wound Healing

Despite much experimental investigation, a full understanding of the complex inter-
action of processes involved in epidermal wound healing still poses a major challenge
to biologists. Previous models have been proposed for general epidermal wound heal-
ing, both deterministic (Sherratt et al., 1994) and stochastic (Boyarsky, 1986). Here,
we have presented a model for the specific case of corneal epithelial repair, focusing
on the effect of EGF on mitotic and migratory activity. Numerical simulation of
the model equaition has enabled us to compare the nmodel with experimental data,
and analytical investigation has provided an understanding of the roles of the vari-
ous parameters. The parameters were estimated, as far as possible, from the large
quantity of experimental data available for corneal epithelial wound healing.
Specifically, we have concentrated on the role of epidermal growth factor (EGF).
We first assumed that the tear film is the ounly source of EGF and that the rate of
supply was constant. Numerical simulations of the resulting model showed that there
is insufficient EGF concentration to heal the wound in the experimentally observed
time. Moreover, since a wound front is observed experimentally (Buck, 1979), we
expect travelling waves of cells and chemical whereas in the model solutions we
observed a “fill-up” mechanism. The details of the way in which the tears release

EGYF, and in particular whether the release is constant, are possible areas of further
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experimental study. HHowever, the results of this basic model strongly suggested that
there is an additional source of mitotic stimulation in the normal healing process.

We amended our model to include an additional source of chemical, released at
the centre of the wound, in response to injury. This source term decays as the cell
density increases in the wound and hence further amendments are necessary to model
the final stages of healing. Numerical siinulations of the amended model evolved to
travelling waves, with constant shape and speed. Based on experience with scalar
reaction diffusion equations (I{olmogorov et al., 1937), we derived an analytical
approximation to the healing rate by looking for a change in the type of eigenvalue
at the leading stcady state in the ordinary differential equations governing travelling
wave solutions. The predicted wave speeds compare {avourably with experimental
data. An important biological implication of this result is that the rate of healing of
corneal epithelial wounds can be increased by increasing the cell diffusion coefficient
or the secretion rate of the EGI® but the chemical diffusion coeflicient does not
have a significant elfect. The results of our simple model thus suggest that serum-
derived factors can alone account for the overall features of the healing process and
that both migration and mitosis are necessary for effective healing. Furthermore,
modification of the analytical expression for the wave speed, to include a saturating
mitotic generation term, has enabled us to make clinically testable predictions of
the healing rate when EGF is applied topically to the wound.

There has been some debate as to the validity of current models of corneal
wound closure, due to the curvature of the surface of the eye being neglected. We
liave assumed that the eye can be modelled as a sphere and that the thickness of
the epithelial layer is negligible compared with the radius of the eyeball. By writing
our model in spherical coordinates, both numerical and analytical solutions sug-
gested that the rate of healing increases as the wound closes. However, for typical
parameter values and wound sizes, the increase is very small for the majority of

healing, and the speed can thus be taken to be constant. We also considered a

reduced system in which the EGF concentration was in equilibrium, thus resulting
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In a single reaction diflusion equation for cell density, and used regular perturba-
tion techniques to derive an expression for the slope and width of the wave. This
expression suggested that the analytical wave speed in spherical coordinates is valid
except for the final stages of healing, as the wave fronts meet at the wound centre.
Furthermore, by considering piecewise linear approximations to the kinetic term for
this reduced syétem, we have determined analytical solutions for the cell density,
in terms of inverse Laplace transforms and showed the consistency with travelling
wave solutions. These methods highlight the difficulties in analysing systems with
discontinuities in the kinetic terin.

An important question arising from the model is “When is the wound healed?”.
Sherratt & Murray (1990) modelled the epidermal wound healing process using
a source term linearly dependent on the cell density, reflecting auto-induction of
mitosis. 'The travelling waves observed for their model had sharp fronts of constant
shape and hence the critical cell density at which the wound was said to be healed
was unimportant. In our model, numerical solutions give rise to waves with constant
speed but differing shape at the wound edge. Simulations on a larger domain show
that these solutions do evolve to travelling waves, so any variation can be explained
by the finiteness of the wound domain. The wave fronts are more shallow, so that the
results on healing time depeund crucially on this critical cell density. For example,
plots of change in wound length with time show that to model the lag phase of
the healing process we require a high critical cell density, approximately 80% of the
unwounded level. However, we are then unable to model the final stages of healing
effectively. Conversely, if we take a low critical density, approximately 25% of the
unwounded level, then the overall process agrecs moderately well with experimental
observations but the inodel fails to capture the lag phase. This illustrates one
drawback of our model.

A further question which is highlighted is “What is the healing time?”. Con-
ventionally, experimentalists determine the time for which the wound is reduced

by about 75% and extrapolate the results to obtain the total healing time. In our
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model solutions, the final stages of healing are much more time consuming since
the additional source of growth factor disappears as the wound heals. In reality,
additional factors that are not reflected in either our model or the experimentalists
extrapolation, enter the healing process near closure, as the epithelial sheet returns
to confluence (Clark, 1989). The importance of these additional factors is suggested
by the invalidity of the wave speed expression as the wave fronts meet and the polar
angle decreases. A detailed study of the final stages of the healing process could be
a valuable arca for both experimental and theoretical research.

In this thesis, we have concentrated on the chemical EGF, which has been estab-
lished as an important regulator of epithelial repair. We now briefly discuss a number
of the other growth factors which play overlapping and synergetic roles during the
general wound healing process. Type a transforming growth factor (TGF—a) is
a very similar protein to EGF, which binds and activates the EGF receptor but,
although topical application of TGF—a has been shown to increase healing rates in
burn wounds (Schultz et al., 1987), its presence in the corneal epithelium is biolog-
ically unproven. Fibroblast growth factor (I'GF) has both basic and acidic forms
and topical application of a cocktail of FGFs has been shown to increase mitotic
rates and hence speed up healing of corneal epithelial lesions (Fredj - Reygrobellet
et al., 1986). Ilowever, there is again no evidence for its presence in the tear film or
its secretion by epithelial cells in response to injury. The effects of platelet derived
growth factor and transforming growth factor—f are restricted to the healing of full
depth wounds (reviewed in Martin et al., 1992).

In the presence of serum-derived growth factors, rapid cell division occurs at the
margin of a wound in an epithelial cell sheet. Numerous attempts have been made
to explain this band of increased proliferation. Cofley et al., (1987) suggested an
auto-induction process, for a general epithelial wound, showing that wounding by
abrasion increases the detectable quantities of TGF-a by freeing bound TGF-a from

the epiderinis of the normal adult breast skin and activating a process which releases

bound T'GF-a from the cells. These EGF-like peptides bind to EGF receptors and
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induce an enhanced TGF-a synthesis in epithelial cells to increase their rate of
proliferation. This autocrine feedback process is the basis of numerous models for
epithelial repair (Sherratt, 1992), and, although there is evidence to support it in
some epithelium, the process remains biologically unproven. Ohashi et al., (1989)
determined the average concentration of EGF released by damaged cells and found
it to be negligible compared with the tear film concentration. Hence we have chosen
to neglect any autocrine mechanisin in the specific case of the cornea. Absence of
contact inhibition and change in cell shape also increase the proliferation of the
basal cells at the wound edge. Our inodel does reflect these eflects, although it does
not focus on them. However, a very simple model of these processes involving a
single reaction diffusion equation for the cell density has been studied previously
and predicts greatly reduced speeds of healing (Sherratt, 1992).

In this thesis, we have considered a quite different explanation for the elevated
mitotic rate at the wound edge, based upon the previously discussed ideas of Bar-
randon & Green (1987) and Dunn & Ireland (1984). Although these experiments
were perforined on diflerent cell types, we speculate similar resulls for EGF and
assume that damage to the underlying layers of the cornea cause these to release
EGF, near the centre of the wound. The EGI released by this additional source is
then “mopped up” by the leading row of cells at the wound edge, because of their
very high affinity for EGF, resulting in a preferential increase in the mitotic rate and
an inwards migration to heal the wound. This hypothesis and our other quantitative

analytical results are highly amenable to further experimental verification.
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Part 2

Dermal Wound
Healing

“Now to him who 1s able to do immeasurably

more than all we ask or imagine,
according to his power that is at work within us
to him be the glory in the church and in Christ Jesus

throughout all generations, for ever and ever! Amen.”

Ephesians 3: 20-21



Chapter 5

Scarring in Foetal and Adult
Dermal Tissue

5.1 Biological Background

5.1.1 Overview of Dermal Wound Healing
Mammalian skin forms the external covering of the body and consists of three parts;
the epidermis, the dermis and the subcutis (Figure 5.1). The epidermis has an av-
erage thickness of 0.1 mm and is continually renewed with new cells being produced
through mitotic division and the outermost cells being “sloughed off” (Odland,
1983). The subcutis lies beneath the dermis and consists of firm fibrous bands
which anchor the skin to the underlying structures (Mast, 1992). The dermis con-
tains blood vesscls, nerves, inelastic collagen fibres, elastin fibres, pigment cells, fat
cells and fibroblasts, all of which are embedded in a “ground substance”, and is
composed of two structurally distinct layers; the papillary layer and the reticular
layer. The papillary layer consists of {ree connective tissue cells whereas in the retic-
ular layer there are densely interwoven collagen fibres (Asmussen & Sollner, 1993).
The basal lamina separates the epidermis and the dermis, with numerous finger-like
connective tissue projections ‘anchoring’ the two layers (Furthmayr, 1988).

In the epithelial repair discussed in the previous chapters, wound healing results
in cornplete regeneration of lost tissue. In contrast, in the dermis the damaged tissue

is repaired by non-specific connective tissue which then forms a scar. The process of
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dermal wound healing thercfore involves the complex interaction of many cell types
and occurs as a sequential cascade of overlapping processes as shown in Figure 5.2
(Jennings & Hunt, 1992).

Immediately after injury, there is heavy bleeding which has a cleansing effect
but the constriction of blood vessels prevents further blood loss. The process of
coagulation releases biologically active substances that begin the early and late
inflammatory phase of tissue repair and culminates in the formation of a stable,
crosslinked fibrin clot (Dvorak et al, 1988). Within 24 hours of wounding, the
inflammation sthge begins with the infiltration of the wound by granulocytes (white
blood cells) in response to chemotactic factors (Clark, 1989). The primary role
of the cells is to fight infection by consuming contaminating bacteria and debris.
The granulocytes are gradually replaced by macrophages, which release a range of
growth factors such as TGF« and TGFS (Transforming Growth Factor o and 3)
which stimulate proliferation and matrix production by fibroblasts.

The defect, cleansed by inflammatory processes, can now be covered in new tis-
sue. The upper portion of the blood clot gradually forms a scab which sloughs during
the healing process (Dvorak et al., 1988), whilst the lower portion becomes ‘gran-
ulation tissue’. This is composed of fibroblasts, macrophages and neovasculature
embedded in a loose matrix of types I and 1II collagen, fibronectin and hyaluronic
acid (Clark, 1988). Angiogenesis, the process of formation of new blood vessels by
directed endothelial cell migration and growth, gives rise to the deep red colour of
the granulation tissue (Whalen & Zetter, 1992; Wahl & Wahl, 1992). Parallel to
vascularization, fibroblasts migrate along the fibrin network, divide at a rapid rate
and produce the connective tissue ground substance consisting of proteoglycans and
the water-insoluble collagen fibres essential for tissue stability (McDonald, 1988).

With the formation of granulation tissue, epidermal migration and wound con-
traction begins. Epidermal migration involves the spreading of epidermal cells across
the wound between the scab and the granulation tissue whereas wound contraction

involves the contraction of granulation tissue and the inward movement of the wound
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edges. During the contraction stage, fibroblasts are transformed into myofibroblasts,
which contain contractile elements allowing them to draw together. The collagen
fibres align, the scar tissue shrinks and the wound margin contracts leaving only a
small defect (Rudolpl et al., 1992).

Once the wound has closed, the slow process of matrix remodelling can begin.
This process can take up to 20 years after an injury and is concerned with the re-
moval of loose extracellular matrix materials and the slow restructuring of type I
and III collagen fibres which are critical for the return of tissue integrity, flexibility
and strength (Jennings & Hunt, 1992). In postnatal mammalian wound repair, in
contrast to foetal healing, the end result is scar formation. This initially reddish,
slightly elevated scar gradually turns pale and becomes slightly recessed. It is less
functional than the surrounding uninjured tissue due to the lack of some compo-
nents of the normal tissue (Rudolph et al., 1992). Figure 5.3 shows the overlapping

processes involved in wound healing from the onset of injury to full scar maturation.

5.1.2 Foetal and Adult Healing

Experimental understanding of foctal wounds has increased over the past 15 years
and this has lead to the possibility of improved adult healing. Foetal and post-
natal mammalian wounds have been shown to heal differently, a comparison being
illustrated in Table 5.i. The major difference is that foetal wounds heal without
scar f(;rma,tion; during the late foetal stages and early childhood, there is a gradual
transition to the adult response to injury, repair by scar (Adzick & Longaker, 1992).
Scar tissue results from the remodelling of the extracellular matrix of the granula-
tion tissue and involves the removal of fibronectin and hyaluronic acid by enzymatic
action, the increase in size of collagen bundles and the deposition of protecoglycans
(Clark, 1989). The tensile strength of the scar tissue depends on the collagen fibrils
and the degree of fibril cross-linking (Cohen & McCoy, 1983). In scar tissue, the

fibres are longer and thinner than in normal tissue, with the orientation being in the
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No scar formation

Fast

No scab

Poor inflammatory response

Lower growth factor profile

Rapid epithelialization

Reduced angiogenesis

Higher rates of cell division and migration

9. Different wound metabolism, pH and pO,

10. Quantitative and qualitative differences in the ECM molecules
11. Reduced wound contraction and tension

12. Enhanced regencration of epithelial and mesenchymal tissues

NS W

Table 5.1: Properties of foetal wound healing compared with the adult case.

direction of tension. The reduction in fibril diameters and cross-linking results in
weaker tissue. Although the strength increases with tissue maturity, it never attains
that of the original dermis. In particular, the lack of elastin fibres and the presence
of proteoglycans causes scar tissue to be inelastic.

The fibroblasts migrate extensively into the wounded area, the process being
critically dependent on fibroblast contractility and the activity of degrading enzymes
such as plasmiu at the leading edge of the fibroblast (Clark, 1988). It has been
suggested that in foetal wounds, fibroblasts migrate into the wounded area very
rapidly and easily due to minimal clotting and increased motility or higher levels of
tissue degrading enzymes (Siebert et al., 1990). In adults, however, the fibroblasts
proliferate in the sub-cutaneous compartment, and migrate preferentially between
the margins of the clot and the healthy tissue. There may also be major differences
in the integrin receptor profile on the foetal and adult fibroblasts, and thus how they
interact and organise the matrix (Mast et al., 1992). Furthermore, TGFJ is known
to influence the integrin profile of fibroblasts.

The intensity and orientation of the collagen fibres is crucial in scar formation.

A few days after wounding, adult scar tissue is characterized by an accumulation of
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fibroblasts, blood vessels and a dense collagenous connective tissue, together with
the absence of sweat glands and hair follicles (Peacock, 1984). With the extracellu-
lar matrix remodelling, the fibroblasts and blood vessels return to a similar density
to those of the surrounding skin, and some hair follicle regeneration occurs. How-
ever, the density of collagen fibrils remains much higher than that of normal skin,
especially in the subcutaneous region of the wound (Clore et al., 1979). In normal
skin, the collagen fibres in the dermis exhibit a basketweave-like arrangement. Af-
ter injury, long, thinner collagen fibres are present throughout the wound but are
more prominent at the wound edges (Whitby & Ferguson, 1991). Also, the fibres
are orientated pcrpendicular to the basement membrane (i.e. in the direction of the
tension) (Peacock, 1984). We focus on the density and diameter of collagen fibres
as a measure of scar tissue.

Other forms of wound healing include incomplete repair, when there is a defi-
ciency of connective tissue, and, at the other extreme, hypertrophic scar formation

due to excessive conuective tissue (Iligure 5.4).

5.1.3 Scar Formation
The process of wound healing and scar tissue formation is complicated and in this
section, we introduce the basic elements of the model. We aim to produce a model
which explains the differences between foetal and adult healing in terms of the
density aud the diameter of collagen fibres. Accumulation of collagen in the wound
is dependcnt on the amount of collagen synthesized compared to collagen degraded
by local enzymes. The control of collagen synthesis, secretion, cross-linking and
degradation is incompletely understood but collagen is obviously critical for the
return of tissue integrity and strength (Jeflrey, 1992).

During the healing process, mobile fibroblasts synthesize much of the intercellular
substance, including various growth factors (including Transforming Growth Factor

) and different collagens and collagenases. TGF g is autoinductive and experiments
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Figure 5.5: The basic interaction of fibroblasts, growth factor, collagen and collage-
nase during the healing process.

indicate that the growth factor stimulates the secretion of collagen by fibroblasts.
Collagenase is responsible for the downregulation of collagen. The collagen level in
a healed wound is thus dependent on fibroblasts, TGF3 and collagenases, as shown
in Figure 5.5. In order to capture the essential features of the healing process, we

extend this basic framework and look at each element in more detail.

Collagen

The collagens are a group of structural matrix proteins (up to type XIII) which
pl.'ovide connective tissues with their strength and are a key component of all phases
of wound repair (Miller and Gay, 1992). Collagen becomes the foundation of the
new extracellular matrix, the normal adult dermis containing 85% type I and 15%
type III collagen (Wenstrup et al.,; 1983; Lapiere ct al., 1988). The fibroblasts
synthesize procollagen, chains of amino acids, in response to injury (McDonald,
1988). The synthesis is activated by growth factors such as TGFS (Appling et
al., 1989) and in the absence of specific enzymes, the procollagens undergo natural

decay. Biological experiments show that the wound site contains enzymes which

91



initiate the stablization of the precursor collagens to collagen (Miller & Gay, 1992).
In our model, we consider a geuneric enzyme for the activation of the procollagens.
The chains of amino acids are twisted in threes in helical formation and polymerize
to produce microfibrils, which in turn assemble to form a collagen fibril. Several of
these fibrils arrange themselves into bundles, called collagen fibres, with diameter
1000-1200 nm (Asmussen & Sollner, 1993). In healthy tissue the collagen fibres are
aligned in certain patterns following the main contours of tension of the skin. This
organized structure is not achieved in wound healing, which explains the disorganized
appearance of the fibres in scar tissue (Peacock, 1984). The fibres in the wound are
also much thinner and are much more densely packed, with fewer spaces between

themn (Whitby & Ferguson, 1991).

Collagenase

Recent research has shown that collagen degradation is a two stage process (Jef-
frey, 1992). Specific collagenases are secreted by dermal fibroblasts, and these break
down the fibres into smaller protein units, which are then degraded by a variety
of less specific proteases. In human skin collagenase is synthesized and secreted by
fibroblasts as a ‘zymogen’, a proenzyme with molecular weight of 52kDa (Stricklin
et al., 1978). The zymogen is incapable of binding to the collagen, and degradation
cannot occur until activated by a variety of reagents. In vitro experiments activate
the procollagenase by using trypsin to remove a “pro-” piece of protein approxi-
mately 10kDa in mass. Once activated, collagenases bind avidly to collagen. A
similar process may take place in vivo, although this is an area of much biological
controversy. We hypothesize that zyimogens are activated by specific enzymes within

the wound site, and for the purpose of our model, we consider a generic enzyme.
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Transforming Growth Factor 8 (TGFp3)

The TGFS family consists of three different isoforms which bind with a high affinity
to a wide variety of cell types (Wakefield et al., 1987). TGFg is released by platelet
degranulation and is secreted at high levels by macrophages, monocytes, fibroblasts
and keratinocytes adjacent to the wounded area (Assoian et al., 1983; Wakefield
el al., 1988). Biologically inactive (latent) forms of the TGF3s associated with a
binding protein are secreted by many cells (Martin et al., 1992; Streuli et al., 1993).
The latent form of the growth factor has a high molecular weight (220 kDa) and a
considerably longer half-life than the active forms (Roberts & Sporn, 1990). Latent
TGFG is also autoinductive, which accounts for its prolonged activity after a sin-
gle exogenous administration. The latent growth factors are stored until activated
by macrophages and enzymatic activity. We represent the activation chemical by
a single generic enzyme. Active TGI8 has been shown to increase fibroblast pro-
liferation and addition of TGIEFg results in fibroblasts secreting more procollagen,
elastin and fibronectin, hence inducing extracellular matrix synthesis (Krummel et

al., 1988; Appling et al., 1989).

Platelet Derived Growth Factor (PDGF)

PDGF is a glycoprotein, consisting of two chains, which is contained in the a—granules
of the platelets and is released in abundance at the time of wounding by degranu-
lating platelets (reviewed in Martin et al., 1992). However, research has shown that
the effect of PDGF on collagen deposition is small compared to the effect of TGF3

(Pierce et al., 1991). We have thus chosen to neglect PDGF and concentrate on the

role of TGFB.

Hyaluronic Acid
Hyaluronic acid (HA) is a high molecular weight glycosaminoglycan, which plays a

role in the structure and organisation of the extracellular matrix during wound repair
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(Clark, 1988). HA inhibits cell differentiation, creating an environment to promote
cell proliferation and a burst of IIA synthesis just prior to initosis allows dissociation
from neighbouring cells (Toole, 1981; Wiegel et al., 1986). The regulation of HA
deposition is not fully understood but PDGF and TGFf have both been shown to
stimulate HA in fibroblasts through HA-stimulating activity (HASA) (Stern et al.,
1992). In adult wound healing, there is an early deposition of HA which peaks after
a few days and then falls rapidly. In contrast, IIA in fetal wound healing maintains
its elevated level (Stern et al., 1992). In adults, a substance may be produced to
inhibit biosynthesis and interact with hyaluronidase to decrease the level of HA
or elevated levels of HA may themselves inhibit synthesis. The effect of HA on
reducing scar formation is an important area of current research but preliminary
results show that there is very little effect when exogenous hyaluronic acid is added
to adult wounds. There are effects, but if a neutralising antibody to TGFA1 has
an anti-scarring activity of 10 (on the score of 1-10), exogenous hyaluronic acid has
an anti-scarring score of 0.5 (Ferguson, personal communication). Hence we choose

not to focus on HA in our basic model.

5.2 Mathematical Modelling

In this section, we derive a detailed mathematical model for foetal dermal wound
healing which explains the lack of scar tissue formation, in terms of the eflect of
TGFQ on fibroblast synthesis of collagens and collagenases. Dermal tissue contains
two main types of collagen, types I and II1. Type III collagen decorates the surface of
the type I collagen fibril so that a higher ratio of type III to type I results in thinner
fibres (Flint et al., 1984; Whitby & Ferguson, 1991). We note that scar tissue in
adults has higher levels of type III collagen than most normal tissues whereas {oetal
scar tissue retains the normal levels of types I and 1II collagen (Mast et al., 1992;
Merkel et al., 1988). Therefore we concentrate on the fibre density and the ratio of
collagen types I to III as an indication of the level of scarring. Figure 5.6 shows the

complex interactions of the variables included in our model.
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5.2.1 Derivation of Model Equations

We introduce the following model variables, all at position r and at time ¢:
f(r,1) = density of fibroblasts,
li(r,t) = concentration of latent TGFA1,

I3(r,t) = concentration of latent TGF33,
Bi(r,t) = concentration of active TGFf1,
Bs(r,t) = concentration of active TGF33,
ei(r,t) = generic enzyme 1, activating latent TGFg,
e2(r,1) = generic enzyme 2, activating procollagens,
es(r, t) = generic enzyme 3, activating zymogens,
m(r,t) = procollagen I,
pa(r,t) = procollagen I,
ca(r,t) = collagen I,
cs(r,t) = collagen 111,
z1(r,t) = zymogen I,
z3(r,t) = zymogen II],
si(r,t) = collagenase I,
ss(r,1) = collagenase III.
Fibroblasts

Fibroblasts are the main cell type in the dermis, and in normal, uninjured tissue,
tliey are sparsely distributed throughout the connective tissue matrix. After injury,
the fibroblasts migrate into the wound site, where they proliferate and produce

numerous substances (Morgan & Pledger, 1992).

Rate of Increase of = [Fibroblast <+ Mitotic — Natural
Fibroblast Density Migration Generation Loss
af 2 f

We model the movement of fibroblasts by Fickian diffusion to capture cells mov-
ing down gradients in cell density. The rate of diffusion may be dependent on the
TGFQ concentration and the amount of collagen but, to avoid further complexity, we
consider a constant diffusion coeflicient, D;. In the absence of TGFS, the cell pop-
ulation increases exponentially at low densities but saturates for high cell densities

and we thus model fibroblast proliferation by a chemically enhanced logistic growth
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termn, s(B1, 83) f(1 — f/k1), where s(8y, B3) represents the chemical control of mitosis
and k; is the carrying capacity. The eflect of TGFS is dependent on the numnber
of TGF3-bound cell surface receptors per cell (Morgan & Pledger, 1992) and, for
simplicity, we consider the linear functional form s(g;, B3) = A; 4+ Ay + AsfB3. We

assume that norinal dermal fibroblasts die at a constant rate, A,.

Latent TGFg

Recent biological research has shown that the ratio of TGFS isoforms in the wound
1s very iinportant (Chen et al., 1993; Shah et al., 1992). Essentially, TGF33 causes
the dermis to reform in the wound area, with thick, less densely packed collagen
fibres. Conversely, TGFA1 and TGF(2 tend to produce thinner collagen fibres,
which are much more densely packed. It is still not fully understood how the TGFg3

isoforms differentially regulate the collagen. In our model we consider only two

isoforms, TGFf1 (representing both 1 and 2) and TGFS3.

Rate of = Chemical + Production by — Natural
Increase of Diffusion Fibroblasts Decay
Latent TGI'3 — Activation
Concentration by Enzyme
o, : Al
— = D,V4 , — Agly — Asgenl 5.2
EN 2 1+1+A613+A711 8l 16€141 (5.2a)
613 : 2 A9f13
— = D3Vl + ————— — Ay1l3 — Ajreql 5.2b
ot 3Vilz + 1 ¥ Avls 11t3 176183 ( )

Latent I'GF@ diffuses freely and we assume constant diflusion coeflicients D, and
" Ds for latent TGF 31 and TGF33 respectively. The fibroblasts are stimulated by
the growth factors and secrete latent forms of TGFG (Wakefield et al., 1988) but the
production of growth factors does not increase unboundedly, hence the saturating
functional form in the above equations. Latent TGF/ also undergoes an autocrine
mechanism, whereby TGF( induces self-secretion, thus explaining the prolonged
presence of chemical after a single application (Roberts & Sporn, 1990). An impor-

tant experimental fact represented in this term is the modulation of the secretion
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of latent TGF31 by latent TGFB33, which is not mimicked in the corresponding
latent TGI'33 equation (Shah, personal conununication). Latent TGF3 has a short
half-life and we model natural decay as a first order process (Wakefield, 1990). The
concentration of latent growth factor is also decreased due to activation by specific
enzymes, and we use the law of mass action to derive the functional forms —Age s

and —Aj7eqls.

Active TGFf
We consider two isoforms of active TGFS, which have been shown to increase fi-

broblast proliferation and collagen synthesis (Krummel et al., 1988).

Rate of Increase of = Chemical + Activation of — Natural
Active TGFg Diffusion Latent Form Decay
Concentration by Enzyme

0

—(;371 = D4V’ + Apeili — Aiafy (5.3a)
006

(f)ﬂ; = DsV?Bs+ Ayerls — Aysfs (5.3b)

We again model chemical movement by simple Fickian diffusion, where Dy and Ds
are constant. Latent forms of TGFA1 & 3 are activated by specific enzymes and
experiments have shown active TGIg to undergo rapid decay, which we model as a

first order process for both isoforms (Roberts & Sporn, 1990).

Enzymes

Biological research indicates that, during the inflammation stage, white blood cells
release specific enzymes, which activate growth factors, procollagens and zymogens
(Sinclair and Ryan, 1994). These pools of enzyme are rapidly degraded during the
healing process. Due (o lack of experimental data, and for simplicity, we consider

generic enzymes acting on the latent TGF 3, procollagen and zymogen.

Rate of Increase = ~— Activation of
of Enzyme Latent Forms
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del

P ~e1(Asly + Ay7ls) (5.4a)
de
—Jtz = —ey(Awspr + Arops) (5.4b)
de
*é{i ~e3(Ag021 + Ag123) (5.4c)

The increase of enzyme concentration is taken to be spatially independent, since
the kinetic time scale is known to be much faster than any diffusion. We use the
law of mass action to model the activation of latent TGFA1 & 3 in (5.4a), and
the activation of type I and type III collagen and collagenases in (5.4b) and (5.4c)

respectively.

Procollagens

Procollagen is synthesized by fibroblasts, in response to injury (McDonald, 1988),
the synthesis being stimulated by TGFB. We focus on two types of procollagens,
types I and III. |

Rate of Increase = Secretion by — Natural — Conversion by
of Procollagen Fibroblasts Decay Enzyme
d
-(—11-;-1- = (Az0 + Anfr + Azfs)f — Azspr — Aseap: (5.5a)
dn-
-(%3— = (Ags + AgsPr + AsefB3) f — Azrps — Aroeaps (5.5b)

The procollagen fibres do not diffuse within the wound milieu but are synthesized
by the migrating fibroblasts (Miller & Gay, 1992). In the absence of chemicals, we
assuine constant secretion rate but expelliments show upregulation of procollagen
synthesis by active TGFS (Appling et al., 1989), hence the inclusion of a linear
function of the active chemical concentrations. We assume procollagen fibres have
a constant life-span and model natural decay as a first order process. Procollagen
{ibres are activated by specific enzymes, denoted by the generic enzyme ez, to form
the triple helical collagen fibrils, procollagen I being activated to {orm collagen I,

and procollagen IlI forms collagen 111.
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Collagens
Collagen I and 111 are triple helical structural matrix proteins, formed by the acti-
vation of procollagens I and III. Type III collagen decorates the surface of the type

I fibril, with a higher ratio of 111 to I producing thinner fibres (Flint et al., 1984).

Rate of Increase = Activation of Procollagen — Degradation by
of Collagen by Enzyme Collagenases
de
7; = A281)1€2 - A2981C1 (56&,)
dc
EB- = Asopse; — Azis3cs (5-6b)

There is no experimental evidence for collagen diffusion and hence we assume no
spatial dependence. We use the law of mnass action to model the activation of
procollagen fibres to collagen fibrils. Collagenases I and III gradually digest collagen
I and III, respectively. There is little experimental evidence for the processes involved

in the degradation. Therefore, for simplicity we assume a linear form.

Zymogens
Zymogens are proenzymes, the inactive forms of collagenase secreted by fibroblasts,

which are incapable of degrading collagen until activated. We consider two specific

zymogens, types I and I1I.

Rate of Increase = Secretion by — Natural — Activation by
ol Zymogens Fibroblasts Decay Enzyme

dz Az

- = — Aszszy — Agesz 5.7a
di ]_+A33ﬂ1+/—134ﬁ3fcl 3521 40€321 ( )
dZ3 A36

- = c3 — Aszgzz — Agq1€32 5.7b
dt 1+ Az70; + Assﬂsf ’ 8 e ( )

Zymogen I and III are not known to undergo any diffusion. The zymogens are
synthesized and secreted by the migrating fibroblasts but the secretion is inhibited
by the presence of active TGF( (Jeffrey, 1992). We assume linear inhibition, as
shown in the first terms of the above equations. The natural decay of zymogens is

taken to be first order and zymogens are activated by specific enzymes, e3, to form

collagenascs.
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Collagenases
Collagenases I and III are the active form of zymogens, which bind avidly to collagen
I and III, breaking down the fibres. As discussed previously, collagenases are the

subject of much biological debate.

Rate of Increase = Activation of Zymogens — Natural
of Collagenase by Enzyme Degradation
ds
_(iti = A422163 - A4381 (58&)
ds
':123- = Aygz3e3 — Ays5583 (5.8b)

We hypothesize that the only source of active collagenase is the zymogens and
hypothesize that the activation by the enzyme is independent of TGF3. We model

natural decay as a first order process.

Governing Equations

Using the above functional forms, we have the following dimensional equations:

%; = D\V*f + (A1 + AB) + AsBa) f (1 ~ k{-) — Aqsf (5.92)
%% = DY+ A"S’Z :‘_ A~ sl — Aueeily (5.9b)
%{tg = DoV + — 2 fg/fl lea — Apls — Agrenls (5.9¢)
%ﬁ;& = D4V26 + Apgerls — Aiafy (5.9d)
%Eii = DsVBs + Avserls — Arsfs (5.9¢)
%itk = —ex(Awely + Aels) (5.9f)
%2_ = —eqy(Arspr + Arops) (5.9¢)
% = —e3(Ag21 + Ag123) (5.9h)
dp, ‘
- = (Azo + A2181 + Ag2B3)f — Azapr — Arseapr (5.91)
% = (Aas+ AzsPr + Azefs)f — Azrps — Aroeaps (5.9j)
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dCl

P Agspres — Azgsic (5.9k)
ng

T Awme = Ausic (5.1
dz; Asg A

dt 1+ AssfBi + Asifs Jer = Az = Awesz (5.9m)
des Ass A 4

dt 14 Axrfy + Aszsfs fes — Azgzs — Aqreszs (5.9n)
ds

o = Annes—Aus (5.9)
ds

.(7;_ = Auzzes — AysS3. (5.91))

5.3 Estimating the Parameters

The estimation of dimensional parameter values is essential for biologically realistic
model predictions. The governing equations contain a large number of parameters
whereas there is a limited source of experimental data. In the following section, we
present detailed accounts for the accurate estimation of a few parameters but we
have to resort to order of magnitude estimates for a large number of the unknown
quantities. Table 5.2 shows the biological significance of each parameter and whether
or not the parameter is known. In Section 6.5, we investigate the sensitivity of the

model to changes in these parameter values.

o f%: The foetal dermis contains approximately 100 cells per cubic millimetre
(Morgan & Pledger, 1992) and each cell occupies a volume of the order of

1 x 107 3m3. Hence we estimate f© = 10°ml~1.

o [9&13: Latent TGFQ is released by platelets and experimental results suggest

unwounded levels of approximately 2 ng ml~! (Streuli et al., 1993).

o 0&c3: The total collagen content in normal foetal dermal tissue is 17 ugmg™
dry weight (Merkel ¢t al., 1988). Normal dermal tissue consists of 26% type
I1I collagen yielding the values ¢? = 12.5 g per mg dry weight and c§ = 4.5 ug

per mg dry weight.
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Parameter Biological Interpretation Known/Unknown

D, Fibroblast diflusion coeflicient IKnown

D, Latent TGFpA1 diflusion coeflicient Known

Ds Latent TGF#A3 diffusion coefficient Known

Dy Active TGFf1 diflusion coefficient Known

Ds Active TGF33 diffusion coefficient Known

k1 Fibroblast carrying capacity Known

A Fibroblast proliferation rate Calculated
A, TGFp1 stimulated rate of proliferation Unknown
As TGFB3 stimulated rate of proliferation Unknown
Ay Fibroblast rate of mortality Known

As Rate of latent TGFG1 synthesis by fibroblasts Calculated
As Modulation of latent TGFG1 by TGF33 Calcuated
Az Latent TGI (1 saturation coeflicient Calculated
As Natural decay rate of latent TGF31 Known

Ag Rate of latent TGF(33 synthesis by fibroblasts Calculated
Ajo Latent TGFB3 saturation coeflicient Calculated
An Natural decay rate of latent TGF33 Known

Aja Rate of activation of latent TGFf1 Unknown
Ais Natural decay rate of active TGFS1 Known

Als Rate of activation of latent TGF33 Unknown
Ajs Natural decay rate of active TGF33 Known

A Latent TGF@1 stimulated enzyme 1 decay rate Unknown
A7 Latent TGI'33 stiinulated enzyme 1 decay rate Unknown
Ais Procollagen I stimulated enzyme 2 decay rate Unknown
Aqg Procollagen 1II stimmulated enzyme 2 decay rate Unknown
Az Natural procollagen I secretion rate Unknown
Agy TGFg1 stimulated procollagen I secretion rate Unknown
A TGF#3 stimulated procollagen I secretion rate Unknown
A Natural rate of decay of procollagen I Unknown
Agy Natural procollagen IlI secretion rate Unknown
Ass TGF/A1 stimulated procollagen III secretion rate Unknown
Aqg TGF (33 stimulated procollagen III secretion rate Unknown
Agy Natural rate of decay of procollagen III Unknown
Aqg Rate of activation of procollagen I Unknown
Aag Rate of degradation of collagen I by collagenase I Unknown
Az Rate of activation of procollagen III Unknown
Az Rate of degradation of collagen 111 by collagenase 111 Unknown
Aso Rate of zymogen I secretion Unknown
Aaz Modulation of zymogen I by TGFA1 Unknown
Ay Modulation of zymogen I by TGF33 Unknown
Ass Natural rate of decay of zymogen I1I Unknown
Asg Rate of zymogen III secretion Unknown
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Parameter Biological Interpretation Known/Unknown
As7 Modulation of zymogen III by TGFg1 Unknown
Ass Modulation of zymogen III by TGF33 Unknown
Asg Natural rate of decay of zymogen 111 Unknown
Ago Zymogen I stimulated enzyme 3 decay rate Unknown
Aq Zymogen I1I stimulated enzyme 3 decay rate Unknown
A Rate of activation of zymogen 1 Unknown
Aus Natural rate of degradation of collagenase I Unknown
Auq Rate of activation of zymogen 111 Unknown
Ass Natural rate of degradation of collagenase III Unknown

Table 5.2: Biological interpretation of model parameters

e D;: The maximum rate of human adult fibroblast migration i1s 1pm min~}

(Bard & Hay, 1975). Foetal fibroblasts migrate about ten times more rapidly,

and we thus derive a diffusion coeflicient of 1.7 x 10™%cm?s~1.

e k;: Experiments using high-density fibroblast cultures show that mitosis is
totally inhibited at a value of 2 x 10° cells per millilitre (Morgan & Pledger,
1992). Thus, k; = 2 x 10°ml™.

e A, The half-life of foetal fibroblasts is approximately 1 day (Ferguson &

Howartl, 1992) and hence we calculate the coefficient of natural loss by Ay =

1‘%3 = (.7 day~ L.

o A;: In the absence of active TGFg, the fibroblast density is at a steady state
level. This imposes a constraint on A; and substituting into equation (5.9a),

we find that A;(1 — f/k1) = As. We thus calculate A, to be 1.4 day~ L.

o D, & Dj: The diffusivity of latent TGI'S has not been measured directly so we
calculate t:hese parameters using the Stokes-Einstcin formula, namely Diffusion
Coefficient < (Molecular I’Vcight)’l/ 3 for large proteins in aqueous solution.
We showed in Chapter 1 that epidermal growth factor has a diffusion coeflicient

of 9.75 x 10~7cm2s~! and a molecular weight of 6145, and we know that the

molecular weight of latent TGFf is approximately 220kDa (Wakefield et al.,
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1988). Hence we can use this data to calculate the constant of proportionality

in the formula and obtain the values Dy = D3 = 2.94 x 10~ "cm?s~1.

Ag & Ajr: The half-life of latent TGFS in adult plasma is around 100 mins
(Waketield, 1990). This yields parameter values of 9.98 day~! which is much

faster than the decay of fibroblasts.

As, Ae & A7: There is no experimental data from which these values can be
estimated. We know, however, that there is an unwounded steady state level,

from which we derive a relationship between these parameters.

D4 & Ds: The molecular weight of active TGFS is 25kDa (Roberts & Sporn,
1990) and we again use the Stokes-Einstein formula to calculate the diffusion

coeflicients Dy = D5 = 6.074 x 10~ "cin?s™!.

A3 & As: Experimental data is only available for the half-life of active TGF3
in adult plasma (Roberts & Sporn, 1990). This value of 2 mins yields param-
eters A;3 = A5 = 400 day™!.

There is little experimental data available for the enzymes, collagens and collage-

nases and hence we are unable to estiiate, with any accuracy, any of the parameters

in the equations corresponding to these variables. We do know, however, the time

scale of the healing process and can hence obtain order of magnitude estimates for

some of the remaining parameters.

5.4 Nondimensionalization

The model equations are simplified by reducing the spatial domain from three di-

mensions to one. The wound depth is much smaller than the wound length and

hence we treat the dermis as two dimensional. By considering a ‘linear’ wound ge-

ometry, which models a long ‘strip’ wound, we reduce the dimensions to one. In

this case, the wound domain, (2, is defined to be 0 < z < 2M and the zero flux
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boundary conditions are thus imposed at the centre of the wound, z = M. A typical
length scale, M, for foetal dermal wounds is 0.05 mm and, for algebraic simplicity
we introduce a typical time scale, k, of 1 day™!

We define the following dimensionless quantities

o= g o= o[-
ll = %(? 13 = §§- /él = 5111;
,63 g—:}} €1 Si} € — ;c;_g
é:3 - f;ui o= gcllr p3 = %
aq = f(l)l Gz = floi z = f?l
Z3 = fi:)“ S1 = f{)‘ 3 = f‘%
ljl = ’1;%7 Al Af‘ Az = ﬁ-zk'—a‘L
"43 - éikﬁ_g' A~4 = ‘%’- 151 = %
D = @ A = 8L A = Al
A7 = Al) Ay = 4 Dy o= By
Ay = A—iﬁ Ao = Ayol§ Ay = Ak”‘
Dy = 35 Ap %%g’ﬁ Az = A
Ds B Au = BEE As = 4
Ae = Al 4 Auk flg o= A
Aig Alips Ap = Az;?fo Ay = %ﬁ
Ap = 22505 A, Ay o= AL
Mo = BEL oy o MAL g o
Ay = 209 gy = A g, o lend
Ay = B hy = 20 g = Agf
Ay = Auf) A = A Ay = b
Ay = Asfy  Ass Assfl; A = A2
Ao = 2 4y = i 4, = fegs
A~43 = -4,:‘1 A~44 A4,:j§ & A~45 = Afi
pro = ﬁfg fz = A‘g Hz = qu
0 —_— _/llz_lL W) A14l 60 _ k.
1 Ays 3 Ale 1 Ass
2 = g 4 = G 8= &
8 = ZET

Using these parameter groupings, we can nondimensionalize the parameters esti-

mated above. Table (5.3) shows typical parameter values for a 0.1 mm foetal dermal
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Dy =0015 D;,=025 D3=025 A, =14 A, =200
A3 = 200 A4 - 07 A5 = 100 Ae = 5 A7 = 4
Ag - 10 Ag = 100 AIO =9 A11 = 10 A12 =1
A13 = 400 AM =1 A15 = 400 A16 =0.1 A17 = 0.1
A18 = 1 A19 = 1 A20 = 3 A21 = 600 A22 == 1400
A23 =1 A24 = 3 A25 = 600 A26 = 800 A27 =1
Azg = 18 A29 = 1 A30 == 06 A31 = 1 A32 = 1
A33 = 400 A34 = 1200 A35 = 10 A36 = 1 A37 - 1200
A38 = 400 A39 = 10 A40 = 50 A41 - 50 A42 = 15
A43 1: 1 A44 = 4.5 A45 =1 kl =2 H1 = 1

po2 =1 p3 =1

Table 5.3: Typical parameter values for a 0.1 mm foetal dermal wound

-wound, including the order of magnitude estimates which will be used for the nu-

merical work discussed later.

Reduced model

The complex systemn of equations defined in (5.9) can be somewhat simplified, and
we discuss this before considering our simulations. Experimental data suggest that
the degradation of active TGFf occurs on a much faster time scale than that of
latent TGFf (Roberts & Sporn, 1990), and thus we assume that the concentrations
of active TGFA1 & 3 are always in equilibriuin. Therefore equations (5.9d) and

(5.9¢) yield the equilibrium values

A126111 . A146113
pr = A B3 = A

Using a similar argument, we assume that the procollagens and zymogens are both in

equilibrium and hence derive {rom the model equations the following pseudo-steady

state values

(Ao + A21B1 + Azfs)
pr= Agz + Arsez

_ (Agq 4 AgsBi + Azefs)
B Ags + Ajrge;
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Ja
21 =
' (Ass + Asoes)(Asz + Azsfr + Az433)
_ fCS
(Ase + Agres3)(Asg + AsrfBy + Aszsf3)’

23

Dropping tilde’s for notational simplicity, we derive the nondimensional model:

af i AyAgperly  AsApgeql f
22 p, 2l A+ 1211+31413 1- L
ot ! 6.’132 ( ! A13 A15 )f kl
ol 9%, Asfly

= =D — —

ot 2922 ¥ 1T Agly + Arhy Ash —erh

dls s Aofls

Bt N DB 81172 + 1 + A1013 B Alll3 B ’“6113

d@l

I = —e1(Aely + Ar7ls)

dez : Ais A21A12€111 Az Aseqls
— = —eyf |— A

dt 2/ [Azs + 62( 20+ Ajs + Ajs )

A19 A25A12€111 A26A14€113
A
+ A7 + /1262( wt Ajs + Ass )
16_3 — e f Asocr Asg
di > Asgs + €3 1+&3ﬂ-}§£’—ll+é‘“ﬁﬁ£‘l&
A4IC3 Asg
As7 + pzes \ 1 4 Aazdreal ﬁwe L4 AwAiserly ﬁlse l

dey Agges f AyAnzelly  AxnAueils

Dbt S A. —

dt Azz + e 20t Ajs * Ass 14
_Cfcg _ A306’2f <A24 + A25A12€111 + A26A146’113) — Sac
dt Azr + e A3 Ais M
ds; . A42€3f01 ( A3z ) Asns

- = AszAjzell e et

dt Ass +e3 \ 1+ Auguads | dufuek
.(_iﬁ . A44€3f6‘-3 A3(5 _ A s
dt Azg + ptzes \ 1+ Asdizeily ﬁme by Asliserls ﬁlse : R

(5.10b)
(5.10¢)
(5.10d)

(5.10e)

(5.10f)

(5.10g)

(5.10h)

(5.10i)

(5.10))

Hence the number of equations is reduced from 16 to 10, and numerical solutions of

the full system verify that this reduction does not aflect the results. Moreover, the

first four equations decouple from the other six and thus can be solved separately.

The e, equation is only dependent on the first four variables and thus can be solved

independently. We can then solve the remaining collagen and collagenase equations.
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5.5 Summary

In this chapter we have discussed, in detail, the biological process of dermal wound
healing and highlighted the main differences in foetal and adult wounds. We have
determined the key variables for scar tissue models and developed a detailed math-
ematical model. The model contains a number of parameters, only a few of which
can be estimnated from the data available. However, we are able to niake order
of magnitude estimates for many of the parameters. Using a pscudo-steady state
hiypothesis, we have reduced the number of equations to ten and specified relevant
initial and boundary conditions. In the following chapters, we first look at a tem-
poral model and consider the effect of exogenous application of TGFB. We then
consider a reaction-diffusion model to consider the role of fibroblast and growth

factor diffusion.
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Chapter 6

Temporal Model

6.1 Introduction

In the previous chapter, we developed a mathematical model based on the complex
interactions of cells, growth factors, collagens and collagenases during dermal wound
healing. There has been little experimental work on the role of diffusion of growth
factors and migration of fibroblasts into the wound milieu. In this absence of exper-
imental detail, there is a controversy concerning whether fibroblasts move into the
wound from the underlying subcutaneous tissue or from the neighbouring dermis. In
the latter case, a spatially dependent model is essential, but in the former case spa-
tial variations within the wound will be quite small and we can reasonably consider
a purely temnporal model. We first consider this spatially homogeneous model equa-
tions for foetal wounds and investigate the temporal changes in the wound milieu.
We determine the steady states of the system and carry out linear stability analysis,-
and then solve the system numerically. We investigate the effect of exogenous appli-
cation of various factors and cousider the effect of later addition of growth factors.
We obscrve a good agreement with the experimental data for the foetal model. We
then consider the changes in parameters that are required to model adult wound
healing. By changing initial conditions to model the addition of TGEFG, we find
that the model results compare favourably with experimental data. Furthermore,
the model enables us to make experimentally testable predictions as to the effect of

TGFpS application on collagen fibre diameters and densities.
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6.2 Linear Stability Analysis

6.2.1 Steady States

We consider the spatially homogeneous model equations and determine the steady
states of the resulting tenth order system of ordinary differential equations by solving

the algebraic system

A A [ Az A {
0 = (A4 +2EBL ) J30li01y (1—-f—> — Asf (6.1a)
Ass Ays ky
Asfl;
= — Agly — €4l 6.1b
0 T+ Adly 1+ Al gl1 — €1l ( )
A9f13
= —— — A5l — [ 6.1
0 1+ Aol 1163 — (1€163 ( C)
0 = -61(A1611 +A17l3) (61d)
A18 A21A1261[1 A22A14€113
0 = - —(A + 6.1e
e2f [A23+62( 20+ A13 Als ) ( )
Aio A25A126111 A26A14€113 }
Ags + +
+A27+,u2€2( 24 Ajs Ass )
Aoy Asg
R 6.1f
0 = o[22 (gt o

Agics Ase
Azz + pses \ 1 4 Aardrel ﬁlse Loy Asdisends ﬁlse d

0 = f:‘%"é (Am + Amﬁize‘l‘ + A”ﬁf“) ~ 8101 (6.1g)
0 = Aff;f = (AM + A%jize‘ll + A%f‘i‘;ell‘*) — s33 (6.1h)
o = Gt (rmpagg) e 69
o = et (v e 69

As discussed in the previous chapter, the first four equations decouple from the

other six and hence we focus on these initially. Equation (6.1d) implies that at a

steady state either e; = 0 or [; = I3 = 0. In either case, it follows that e;/; and

e,l3 are zero. Substituting this into the fibroblast equation, (6.1a), we deduce that
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cither
J=f"=0, or f=f*=—(A ~- Ay,

corresponding to the wounded and unwounded steady states, respectively. We can

thus solve the latent TGF equations (6.1b) & (6.1c) to obtain

1 ( Ashy s { Agky
_ A= A)—1- _ A -
R (ASAI(‘ J-1-70 (AHAI(A‘ Ad) =1

1 [ Aok
I3=0and [ = ™ (A:if;l(Al — Ay) — 1) :

These equilibrium values are in fact the normal dermal levels of foetal fibroblasts and

TGFB (i.e. f*=1,1} =1and} =1). We now substitute these expressions into the

[ =0 and [} =

remaining six equations, noting that all the termns inside the brackets in equations
(6.1e) and (6.1f) are positive, and deduce that only the trivial steady state exists for
both the enzymes e; and e3. We can thus deduce from equations (6.1i) and (6.1j)
that s; = 0 and s3 = 0 are the only equilibrium values for the collagenases. Hence,
by solving equations (6.1g) and (6.1h) we find a continuum of possible non-trivial
collagen I and 1lI steady states, ¢ and ¢ respectively. This is a crucial property of
the model, since experimental results suggest that the final steady levels of collagen
I and 1II are altered by exogenous application of TGF{3. Since the collagen steady
states differ from the normal dermal levels, we call them the ‘healed’ levels.

In suminary, we find there is a ‘trivial’ or ‘wounded’ steady state and an infinite

number of non-zero steady states, which we can write as

Wounded : g_;”:_—(f:ll:l3::61::62::632:01:C3:81 :S3=0)
Healed : g;‘:(f:ll =lh=1le=€e=€e3=0,¢; =c},c3 =¢5,8 =353 =0)
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6.2.2 Linear Stability

We investigate the linear stability of ¢ and ¢! by linearizing about the steady state
using W = ¢_+ dW where W is the set of model variables and |[dW/|| < 1 is the
perturbation of W from it’s uniform steady state value. We neglect quadratic and

higher order terms and hence infer linear stability from calculating the eigenvalues

B 0
- ¢]

where B is a 4 x 4 matrix, C is a 6 x 6 matrix, given by

of the Jacobian

(Al - ) - A, 0 0 (428 + £8) F(1 = f) )
Az ly As f(1+Ael3) . AsAg [l -1
1+ Agla+A7ly (1+Acl3+A711)?) (1+Acls+A711)?) 1
B =
Agl Ao
s 0 ALy — Au —pula
0 0 0 —(Assly + Ar7ls)
and
(gt + Ay : o000
AgoAzact Agq1Azecy
0 —f(+==) 0 00 0 0
Azs Az f 0 -s; 0 —Cy 0
A2z
C= As0A24/ 0 0 —s3 0 —c3
Aa7
0 e 0 0 —Ai O
AzgAgq fc —_
\ 0 -—3%1;%-—3 0 0 0 Ay }

with f, I3, I3, 1, c3, 51 and s3 all evaluated at the appropriate steady state. Note
that the block structure of this matrix is due to the fact that the steady state values

of the enzymes, e;,7 = 1,2, 3, are all zero.
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Wounded Steady State

At the trivial steady state, the eigenvalues of the linear stability matrix are
)\ = Al - A4, '—Ag, -—Alo, O, O, O, 0, O, —A43, —A45

where, for all biologically realistic parameters, A; > As. We therefore have one
positive, four négative and five zero eigenvalues. This, together with numerical

evidence, suggests that the trivial steady state is linearly unstable.

Healed Steady State
As already discussed, there is a spectrum of healed steady states, depending on the
equilibrium values of the collagens. The eigenvalues corresponding to the healed

steady state are given by

A = Algl—Q/kl)—-A4 Ny = RS - A

A3 = 0FAn? — A A = —(As+ A7)

No o= —(Agdn oy dedu) ) = (Aufad  Audedg)
)\7 - O /\8 = 0

/\9 = _A43 )‘10 - ’—A45

Now, in the absence of TGI8, the fibroblasts are at their normal dermal level, which
implies that Al(ll—l/kl) = A4. Hence A\ = —A,/k; < 0. The steady state condition
for latent TGF31 gives us the parameter relation As = Ag(1 + Ag¢ + A7), and after
some simple algebraic manipulation we find that A; < 0 provided Ag(l + Ag) <
As.” Now it is not biologically realistic for the chemical concentration to become
negative, therefore this condition holds for all parameter values and hence A; is
always negative. A similar argument for lateut TGF33 reveals that A3 < 0. The
collagen levels ¢} and ¢ are always positive and thus Ag is always negative, only the
magnitude being dependent on the equilibrium values. Hence we find that all the
eigenvalues are non-positive. The two zero eigenvalues suggest neutral stability, but
from numerical evidence we can deduce that the unwounded steady state is always

linearly stable, for all possible levels of collagen I and III.
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6.3 Numerical Solution of the Foetal Temporal
Model
Experimentalists have shown that foetal wounds heal without scarring, and that a
key aspect of this perfect repair is that the overall density of collagen in the healed
wound remaius close to the unwounded levels and the ratio of collagen types I to Il is
maintained at approximately 3:1 (Whitby & Ferguson, 1992). We first consider our
spatially homogeneous model {or foetal wounds and look for this type of behaviour.
The model is a tenth order system of ordinary differential equations ((5.10) without
the diffusion terms), which we solve numerically using a NAG-routine (D02BBF)
based on the Runge-Kutta-Merson method. Now, in the absence of diffusion, we
require a small number of fibroblasts and a low concentration of growth factors to

initiate the healing process and we thus impose the initial conditions

f(z,0) = 0.1 li(z,0) = 0.1
I3(z,0) = 0.1 ei(z,0) = 1
ez(z,0) = 1 es(z,0) = 1
ci(z,0) = 0 c3(z,0) = 0
s1(z,0) = 0 s3(z,0) = 0,

for x € [0,1]. This corresponds to a few fibroblasts and growth factors scattered uni-
formly throughout the wound, with the generic enzymes at the nondimensionalised
level of 1. Numerical solutions suggest robustness for initial amounts of fibroblasts
and growth factors less than 0.1. Different initial conditions will be investigated
later. Figure 6.1 shows the time evolution of the model variables to their steady
states. There is a rapid initial increase of fibroblasts and TGF3 before they settle
down to the normal dermal levels. This is in agreement with experimental observa-
tions (Ferguson & Howarth, 1992). The initial decrease in growth factor illustrates
exponential decay at low cell densities. Enzyme 1 gradually decreases with time
whereas enzymes 2 and 3 undergo a much more rapid decay. We use these solutions
to fix the degradation parameters A;sg, A19, Ago and Ay, and use experimental obser-
vations to choose Agp, Agz, Ass and Age. The parameters Agg and Asp are fixed by

comparing model solutions with experimental results, to obtain the required colla-
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gen ratio. The new levels of collagen I and Il are quickly attained and these levels,
0.89 and 0.295 respectively, are maintained throughout the healing process. Thus
both the density of collagen and the ratio of the two types after healing agrees with

the data.

6.3.1 Addition of TGF{

Much experimental work has been carried out on the effects of the addition of var-
ious growth factors on wounds, mainly adult wounds. Derinal adult rat wounds
injected at the margin with neutralizing antibody (NA) to TGFf1 have been shown
to heal without scarring and with fewer macrophages and blood vessels, lower colla-
gen and fibronectin content, but identical tensile strength and more normal dermal
architecture than other wounds. The advantageous effects on scarring in the NA
treated wounds were not accompanied by a delay in wound healing or a reduction in
wound strength (Shah et al., 1992). Research has also shown that when exogenous
TGFA is added to foetal wounds in rabbits (I{rummel et al., 1988), the final ratio
of the collagens changes. In particular, it has been shown that topical application
of TGFA1 increases the amount of collagen III relative to collagen I.

To model the addition of TGFS in our system, we simply alter the initial con-
ditions so that [; = b, where b is a positive constant, for z = 1 or 3 depending on
which isoforin of the growth factor is added. By varying the initial concentration
of the TGF@’s, numerical simulations indicate that the ratio of the collagen I to 111
is changed. Furthermore, we find that the there is a saturating level of /; = 200,
corresponding to a dimensional concentration of 0.4 ug ml~!, beyond which addition
of more chemical has no effect on the ratio of collagens (Figure 6.2). This is due to
the saturating term representing the secretion of growth factor by the fibroblasts.
The concentration is in agreement with the order of magnitude of the concentrations
of chemical applied topically in the experiments (Krummel et al., 1988). Figure 6.3
shows the effect of changing the initial concentration of TGFA1 so that {; = 1000,

one thousand times the normal dermal concentration. The graphs show the new
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Figure 6.1: Numerical solution of the system of first order ordinary differential equa-
tions with spatially homogeneous initial conditions, up to 20 days. The parameters
as shown in Table 5.3. The field variables rapidly attain their steady state values
and the ratio of collagen types I to IlI is 3:1.
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Figure 6.2: The change in the ratio of collagen I and III with the addition of in-
creasing quantities of TGFA1. There is a saturating level at a concentration of
0.4 pg ml~L.

steady state levels of collagen I and III, at 0.59 and 0.4 respectively. This enhanced
ratio of 3:2 and the reduction in the total amount of collagen implies that the colla-
gen fibrils in the healed wound are much thinuner in diameter than in normal foetal
wounds, which, in turn, implies scarring. Similarly, by changing the initial condi-
tions to model the addition of TGF33, we find the ratio of collagen I to III increases,
corresponding to thicker fibres. Since we have not considered the orientation of the
fibres, we do not know whether this corresponds to really good healing or abnormal
healing (such as hypertrophic scarring). The addition of TGFA3 to foetal wounds
is thus an essential area of research.

We can similarly investigate the effect on the collagen ratio of altering the initial
conditions of the other variables. In Table 6.1, we alter one or more of the initial
conditions and record the final levels of collagen I and 111, together with their ratio.
We note that tlic other 8 variables all attain their norinal dermal values f = [; =

I;=1and e; = e; = e3 = s; = s3 = 0. By analysing these results, we conclude that
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Figure 6.3: Numerical solution of the system of first order ordinary diflerential
equations with spatially homogeneous initial conditions, with b = 1000, showing the
effect of exogenpus application of TGFA1. The parameters as shown in Table 5.3.
The field variables rapidly attain their steady state values and the ratio of collagen
types I and 1II is 3:2, indicating thinner fibres and enforced scarring.
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(1§

. The final steady state levels of collagen I and 1II are not changed if fibroblasts

or enzyines are topically applied to the wound.

Addition of TGF1 decreases the level of collagen I down to a minimum level
of 0.59 but increases the level of collagen III to 0.4, thus changing the ratio to
3:2. Normal foetal dermal tissue contains 12.5ug per mg dry weight of collagen
I and 4.51g per mg dry weight of type III. Hence, using our nondimensionali-
sation, addition of TGFf1 yields final amounts of 7.375 and 5ug per mg dry
weight for collagen I and III, respectively.

Addition of TGFA3 increases the level of collagen I up to a saturating level
of 1.11 but decreases the final level of collagen I1I to 0.218. This corresponds
to dimensional amounts 13.875 and 2.725ug per mg dry weight, respectively,

thus changing the ratio to a maximum of 5 : 1.

Addition of collagen I increases the final level of collagen I but has no effect

on the level of collagen III, thus increasing the ratio.

Addition of collagen III increases the final level of collagen III but has no effect

on the level of collagen I, thus decreasing the ratio.

Adding collagenase I ouly decreases the final amount of collagen I, thus de-

creasing the ratio.

Adding collagenase 11I only decreases the final amount of collagen III, thus

increasing the ratio.

We also investigate the importance of the time at which TGFf is added to

wounds. By changing the initial conditions to represent addition of 0.4 pg ml™! of

TGFf3 at later stages of the healing process, numerical simulations indicate that

early addition is essential. In fact, addition of growth {actor after day 2 of healing

has little effect on either the density of collagen or the ratio of types I to III (Figure

6.4).
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Change in | Final level | Final level Ratio of Change in
Initial of of Collagen I to Fibre
Condition | Collagen I | Collagen 111 | Collagen III | Diameters

f=1 0.89 0.295 3 No change
[, =10 0.84 0.31 2.7 Thinner
[, = 1000 0.59 0.4 1.475 Thinner
l3 =10 0.95 0.275 3.45 Thicker
[3 = 1000 1.11 0.218 5.1 Thicker
=1 1.865 0.295 6.3 Thicker
c3 = 0.36 0.89 0.65 1.37 Thinner
sy =1 0.638 0.295 2.16 Thinner
s3 =1 0.89 0.28 3.18 Thicker

Table 6.1: The final levels of collagens type I and 111, together with the ratio of
types, when the initial conditions are changed to model the exogenous application
of growth factors and collagens in foetal dermal wound healing.

One biological feature which is included in our model is the modulation of latent
TGFpA1 by latent TGFB3 (Shah, personal communication), a phenomenon which
is not mimicked in the corresponding TGF(G3 equation. This is represented by an
asymmetry in the latent growth factor equations. We investigate the importance of
this term by numerically solviug the system of ordinary differential equations with
Ag = 0, corresponding to no modulation. Neither the final levels of collagen I and
III nor the ratio are significantly altered by the removal of this term, indicating that
the modulation of TGFS1 is not crucial for foetal dermal wound healing.

We can conclude from this section that the temporal model {or foetal wound
healing predicts levels of collagen I and III which compare favourably with exper-
imental data, both in normal healing and when TGFf1 is applied topically to the
wound. The model also predicts that early addition of TGFG3 results in thicker
fibres, a result which could be tested experimentally. We now look at a temporal

model for adult wound healing, which involves altering the model parameters in

accordance with experimental data.
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Figure 6.4: The change in the ratio of collagen I and III with the addition of TGFA1
at later stages in the healing process. After day 2, addition of growth factor has
little eflect on the ratio.

6.4 Adult Wound Healing

Foetal dermal wounds heal rapidly, with minimal scar formation and a lack of in-
flammatory response. There is a gradual transition in the rate and quality of wound
healing as the foetus becomes a neonate (at approximately two thirds of the gesta-
tion period), then a young child and eventually an adult. Adult wound healing is
much slower and results in scar tissue formation, which consists of thinner collagen
fibrils, more densely packed and orientated perpendicular to the basement mem-
brane (Whitby & Ferguson, 1992). In this section, we model the time evolution
of adult scar tissue formation and look at possible ways of reducing scarring and

enabling the adult wound to heal in a similar fashion to the foetus.
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6.4.1 Estimating the Parameters
We adapt our model for foetal healing by changing some of the parameters based
on experimental evidence. The biological interpretation of each model parameter is

shown in Table 5.2.

Fibroblasts
1. The cell cycle time for adult fibroblasts is much slower than in the foetal
case. Experiments have shown the half-life of adult fibroblasts to be 100 hours
(Morgan & Pledger, 1992) and thus we find the fibroblast rate of mortality,
Aq, to be ©2L2hr~! = 0.166 day~'.

100

2. We can use the new value of A4 and the constraint of the steady state fibroblast

level to calculate the linear birth rate A; to be 0.332 day ™.

TGFg
1. The concentration of TGFf in adult derinal tissue is much higher than in
the foetal case. The unwounded coucentrations are 80 and 40 ng ml™! for
TGFB1 and 3, respectively (Roberts & Sporn, 1990), thus resulting in new

nondimensionalised steady state levels of 40 and 20, respectively.

2. The new values of 19 and I3 effect the nondimensionalisation of various other
parameters, namely As = 0.25, A; = 0.1, Ay = 0.45, Ajg = 0.0025 and
A7 = 0.005.

Collagen

1. The total collagen content in normal adult dermal tissue is 3314g per mg dry weight
(Merkel et al., 1988). Normal dermal tissue consists of 15% type III collagen,
yielding the new values ¢} = 281.35 and ¢ = 49.65 ug per mg dry weight. The

new nondimensional steady state levels of colla.gén I and III are thus 22.5 and

3.97 respectively.
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Dy=0015 D;=020 D3=025 A, =0.332 A, =200
Az =200 A;=0166 As=100 As=0.255 A,=0.1
Ag - 10 Ag = 100 Al() - 045 A“ = 10 Alz = 1
A13 - 400 A14 =1 A15 = 400 A16 = 0.1 A17 = 01
A18 - 1 Alg - 1 Ago —_ 3 A21 = 600 A22 - 1400
A23 =1 A24 — 3 A25 - 600 A26 - 800 A27 =1

Azg = ()75 Azg =1 A30 = 225 A31 == 1 A32 = 1
A33 = 400 A34 - 1200 A35 = 10 A36 =1 A37 = 1200
A38 = 400 A39 = 10 A40 = 50 A41 = 50 A42 =1.5
A43=1 A44=4.5 A45=1 kl =2 /.L1=1

po =1 ps =1

Table 6.2: Typical parameter values for a 0.1 mm adult dermal wound

2. The new levels of collagen I and III effect various other parameters, namely

A.28 = (7.5 and A30 = 22.5.

All the other paramecters remain the same as in the foetal model, and are shown

in Table 6.2.

6.4.2 Numerical Solution of the Model

We solve the system of ordinary differential equations using the same numerical
routine, DO2BBI", with the same initial conditions of a few fibroblasts and growth
factors uniformly scattered throughout the wound. Figure 6.5 shows the time cvo-
lution of the field variables to their steady state values. The level of fibroblasts,
TGFA1 and 3 all increase initially but settle down, after approximately 60 days, to
the healed levels 1, 40 and 20 respectively, which correspond to the normal dermal
levels. The collagenases are gradually degraded to zero whilst the collagens rapidly
attain their healed levels of 29.6 for type I and 8.28 for type III. Our model thus
predicts more collagen and thinner [ibres, the ratio 3.57 : 1 being in fair agreement
with the experimentally determined ratio of 4 : 1.

Experimental evidence suggests that the addition of neutralising antibodies to

TGFp1 reduces scarring in adult wounds by producing thicker fibres whose orien-
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Figure 6.5: Numerical solution of the system of first order ordinary differential
equations corresponding to the model for adult dermal wound healing, up to 100
days. We impose spatially homogeneous initial couditions and use the parameters
shown in Table 6.2. The ratio of collagen types I and Il is 3.57:1, implying thinner,
more densely packed fibres as seen in scar tissue.

J
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tation are similar to those of normal derinal tissue (Shali et al., 1992). Addition
of TGFB1 causes the fibres to be much thinner and hence induces more scarring.
We once again investigate these results by altering our initial conditions, such that
l; = bfor 2 =1 or 3, for increasing b, as discussed previously. Once again we observe
a saturating level for the amount of TGFG added (Figure 6.6). Figure 6.7 shows
the effect of adding TGFA1 and we note that the final levels of collagen I and III
are 25.93 and 10.079 respectively, resulting in a ratio of 2.57 : 1 and implying that
the fibrils are much thinuner. Shal et al. (1992) showed that when TGFfA1 is ap-
plied topically to an adult wound at day 0, there is a transient increase in the total
collagen level but after 14 days it is of a similar magnitude to the healed level. The
phenomenon of an initial increase in collagen is observed in our numerical solutions
and the final collagen levels indicate that diameters of the fibrils agree well with
the experimental results. In Figure 6.8 we have added TGF33 and observe collagen
levels of 34.9 and 6.17 for types 1 and I, respectively, the new ratio of 5.65 : 1 cor-
responding to 1I5% type 11I collagen. Again it should be noted that early addition
of TGF@ is essential, with little effect for application after day 15. We thus predict
that addition of TGFB33 reduces scarring, with the healed tissue having a similar
percentage of type III collagen as normal dermal tissue.

We again investigate the role of the modulation of TGFG1 by TGF33 by set-
ting Ag¢ to zero. Numerical solutions indicate that the final ratio of collagen I to
III is decreased by the removal of this term. This is as expected intuitively since
the steady state level of TGFQ1 is increased and this has already been shown to
produce thinner fibres. Further simulations reveal that for addition of TGFp33, the
saturating levels for collagen I and III and the final ratio is also decreased. Hence,
we conjecture that the modulation of TGFA1 by TGFA3 is more important in adult
wound lealing than in the foetal case because the intrinsic growth factor levels are
higher. More experimental work is necessary to investigate possible ways of increas-

ing the modulation term. This may be a viable alternative to the addition of growth

factors to reduce scar tissue formation in adult dermal wounds.
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Figure 6.6: The change in the ratio of collagen I and I1I with the addition of in-
creasing quantities of TGF33. There is a saturating level at a concentration of
1 ugml=i.

6.5 Parameter Sensitivity Analysis
Numerical solutions of the temporal model suggest healed levels of collagen which
are in agreement with experimental results. However, a large number of the model
parameters are either unknown or fixed by comparing numerical solutions with ex-
perimental da.ta‘. In this section we consider the robustness of the model to changes
in parameter space. This enables us to determine the key parameters which influ-
ence the final levels of collagen, and we thus liypothesize which parameters account
for the differences between adult and foetal wound healing.

We consider model variables u € " and parameter space p € £™. Suppose we
are solving the ordinary differential equation system

du

- =/wp) (6.2)

subject to initial conditions u(0) = wy. To determine the parameter sensitivity we

perturb the parameters such that

p— p(l+Ap), Apel
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Figure 6.7: Numerical solution of the system of first order ordinary differential
equations corresponding to the model for adult dermal wound healing, up to 100
days, showing the effect of exogenous application of TGFB1. We impose spatially
homogeneous initial conditions and use the parameters shown in Table 6.2. The ratio
of collagen types I aud Il is 2.57:1, resulting in even thinner fibres, thus increasing

scarring.
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Figure 6.8: Nuinerical solution of the system of first order ordinary differential
equations corresponding to thie model for adult dermal wound healing, up to 100
days, showing the effect of exogenous application of TGF33. We impose spatially
homogeneous initial conditions and use the parameters shown in Table 6.2. The
ratio of collagen types I and 11l is 5.67:1, similar to normal dermal tissue. Addition

of TGF/33 thus reduces scarring.
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The corresponding change in the solution, Au, is given by
Au(t; p, Ap) = u(t; p(1 + Ap)) — u(t; p).

We define the ‘sensitivity coeflicient S to be
llay]|
S(t:pi, Ap) = -%2—, (6.3)
where || - || is the vector 2-norm.

In practice, we perturb each paramneter in turn in the foetal model, by choos-
ing different values Ap, and calculate the sensitivity coefficient when ¢ is 5 days.
We arbitrarily fix the critical level at S = 1, such that if S < 1 the parameter is
insensitive whereas if S > 1 the parameter is sensitive. We first set Ap = —1/2,
corresponding to halving eacl—l parameter in turn. Figure 6.9 shows the sensitiv-
ity coeflicient for each parameter A; and indicates that the key parameters are the
fibroblast proliferation and mortality rates and the latent TGF8 parameters, par-
ticularly the decay rates. However, we note that it is unrealistic to perturb a single
paraineter since this results in the loss of the stable steady state. For example, if
we halve the rate of fibroblast proliferation without changing the rate of mortality
accordingly, the normal dermal levcl of fibroblasts is no longer a steady state. By
perturbing the parameters in such a way that this criterion is satisfied, we find that
the most sensitive parameters are the natural decay rates of latent TGF31 and 3.
We next increase each parameter 10-fold by setting Ap = 9 (Figure 6.10). Again,
most of the parameters are inseusitive to the perturbation, except for As, the rate
of latent TGF@31 synthesis by fibroblasts. However, changing Ag so that the normal
dermal level of TGFP1 is still a steady state results in a sensitivity coeflicient S < 1,
implying insensitivity.

Parameter sensitivity analysis repeated for different values of Ap (1, 99, —0.9
and —0.99, corresponding to doubling, increasing 100-fold, decreasing 10-fold and

100-fold, respectively) indicates that the model is in fact very robust to changes in

parameter values. The key parameters are Ag and A;;, the natural decay rates of
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where ¢ is the value shown on the horizontal axis. We set Ap =9, corresponding to
increasing each parameter 10-fold. The critical level is taken to be S = 1.

132



latent TGFB1 and 3 respectively, Asg and Asg, the rates of activation of procollagen
I and IIT to produce collagen 1 and III. By varying the parameters As and A,
numerical solutions indicate that there is a less than 2% change in collagen levels,
with the ratio being maintained at 3 : 1, but the healing time is altered by up to
20%. Moreover, changes in Agg and Ajg results in new collagen levels for types I and
I1I, and a new ratio. We can thus conclude from numerical solutions that these two
parameters crucially affect the solution behaviour. It should be noted that there is
little experimental data for these values, and these are thus vital areas of research.
Furthermore, parameter sensitivity analysis for the adult inodel indicates that As,
the parameter for the modulation of TGF@1 by TGF33, is also crucial. The above
analysis suggests that more experimental work should be carried out to highlight

the differences between the rates of activation of procollagen and the modulation of

TGFB1 by TGFB3 in foetal and adult dermal wounds.

6.6 Summary

In this chapter we have developed a temporai model which captures the essential
processes in wound healing. The foetal case heals with no scar formation whereas
the adult model predicts more densely packed, thinner collagen fibrils corresponding
{0 scar tissue. Parameter sensitivity analysis reveals that the key parameters which
explain this difference are Azs and Asg, the rates of activation of procollagen I and
I1I to collagen I and III, respectively. Furthermore, the model predicts that addition
of TGF 33 reduces the scarring in adult wounds, resulting in thicker fibres, whereas
when TGFS1 is applied topically to the wound the fibrils are much thinner. Addition
of TGFf3 in foetal wound results in either very good healing or abnormal healing,
and since there is a transition phase between foetal and adult healing, research
should be carried out on topical application of TGF{3 in young adults. Moreover,

the model highlights that early application of growth factor is essential for effective
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control of scar tissue formation. The temporal model assumes that initially there
are a few {ibroblasts and growth factors uniformly scattered throughout the wound
and does not take into account the biologically realistic processes of fibroblast and
TGFfB migration. Therefore, in the next chapter we look at the reaction diffusion

system (5.10).
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Chapter 7

Reaction Diffusion Equations for

the Foetal Model

7.1 Introduction

We have developed a mathematical model for foetal dermal wound healing which
follows the evolution in time of fibroblast density and TGFg, collagen and collage-
nase concentrations. This temporal model assumes no spatial variations within the
wound and corresponds to the underlying subcutaneous tissue being the source of
fibroblasts. The model predicts collagen fibre diameters and densities which com-
pare favourably with experimental results. There is divided biological opinion as to
whether the cells and growth factors enter the wound space predominantly from the
subcutaneous tissue or from the unwounded dermis. We now consider the latter case
and look at the system of reaction-diflusion equations (5.10). We solve the system

numerically and investigate the effect of addition of TGFB on the healed levels of

collagen I and III.

7.2 Numerical Solution of the Model

The mathematical model is a system of nonlinear parabolic partial differential equa-
tions in one spatial variable (5.10). We solve the system numerically using the
method of lines on a uniform space mesh, and integrating the resulting system of

ordinary differential equations using Gear’s Method (NAG routine DO3PGF).
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7.2.1 Initial and Boundary Conditions

Initial Conditions

We are considering full thickness, excisional, ‘clean’ wounds, with the cells and chem-

icals migrating from the unwounded tissue, and we thus assume that no fibroblasts

or growth factors are initially present within the wound domain. Experimental evi-

dence suggests that there is no active TGF or collagenase in normal dermal tissue

and, once activated by enzymes on wounding, the concentrations quickly decay to

zero (Whitby & Ferguson, 1992). There is little experimental data available for the

activating enzymes, although current research implies that, on wounding, a ‘pool’

of enzymes is released, whicl is rapidly degraded by the latent growth factors, pro-

collagen and zymogen. Hence we make the following assumptions for the initial

conditions, based on the biological background to the wounding process.

1.

7.

The density of fibroblasts outside the wound domain is at the ‘unwounded’

level, f°, whereas no fibroblasts are present inside the wound.

The latent isoforms of TGFA are not present in the wound space but the

‘unwounded’ concentrations, {{ and [3, are maintained outside the wound.
The concentration of active TGF is zero everywhere.
The enzymes a1e released inside the domain on wounding.

The amount of procollagen and zymogen is zero inside the wound but the

unwounded levels, p?, p3, 2¥ and 23, are maintained outside the wound domain.

The collagens are at their unwounded level, ¢ and c§, respectively, outside the

milieu and are zero inside.

The collagenase concentration is zero everywhere.

Using the nondimensionalisation discussed previously, we denote the initial wound

domain by 0 € = < 1 and the above assumptions lead to the following initial
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conditions

0 if0<z<1
f(z,0) = { 1 otherwise

0 if0<z<l1
h(z,0) = { 1 otherwise

0 f0<z<1
l3(2,0) = { 1 otherwise

1 f0<z<1
eiz,0) = { 0 otherwise

1 f0<z<1
e2(2,0) = { 0 otherwise

1 {0<z<1
es(z,0) = { 0 otherwise

0 if0<z<1
a(z,0) = { 1 otherwise

0 fo<z<l
cs(2,0) = { 0.36 otherwise
si(z,0) = 0V z
s3(z,0) = 0V z

(7.1a)
(7.1b)
(7.1c)
(7.1d)
(7.1e)
(7.11)

(7.1g)

(7.1h)
(7.1i)

(7.1j)

In Section 7.2.3, we investigate the eflect of different initial conditions on the final

levels of collagen I and III.

Boundary Conditions

We require that the system remains at the unwounded ‘dermal’ steady state far from

the wound and hence fix the variables at their unwounded level. Due to symmetry,

we impose ‘zero flux’ boundary conditions at the centre of the wound. The boundary

conditions are thus
flmoort) =1 &
ll('—OO, t) =1 &

13(—-00,t) =1 &
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1n=0
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S2(1,6) =0
Jdls

‘6;(1,'?) =0
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er—00,) =0 & Z=(1,1)=0 (7.2d)
ex(—00,1) =0 & %(u):o (7.2¢)
es(—00,t) =0 & %%(u):o (7.2f)
c(—o00,)=1 & %2—1(1,0:0 (7.2g)
cs(—00,1) = 0.36 & %(u):o (7.2h)
s1(~00,8) =0 & %(1,:1):0 (7.2)
s3(—00,1) =0 & %ii(l,t)zo. (7.2))

7.2.2 Numerical Simulations

We first solve the system for the {oetal case over a large spatial domain, as explained
in Chapter 2, and use the numerical simulations to determine a number of param-
eters by comparing model solutions with experimental data from studies in foetal
wound healing. Given the uncoupling of the first four equations, we focus on these
initially, the numerical solutions being shown in Figure 7.1, with = 0 representing
the edge of the wound. We observe a front of fibroblasts moving into the wound
domain with constant speed and shape. There is an influx of cells due to the TGFf
stimulated proliferation and the system evolves towards the dermal steady state,
f = 1. Intuitively, we also expect a chemical front travelling into the wound but
with the experimnentally determined diffusion coefficients, D, and D3, we observe a
‘fill up’ mechanism as shown in Figure 7.1. Since these coefficients were estimated
using data corresponding to adult dermal tissue, we can solve the system numerically
for a range of diffusion coeflicients. We obtain biologically consistent results when
the rate of diﬂugion is decreased by one order of magnitude and thus conclude that
the TGFA must diffuse more slowly in the foetus than in adult dermal tissue. The

simulations for the chemical activation enzyme, e;, show a definite wound boundary,

with the enzyme decaying as the chemical moves into the wound.
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Focusing on the remaining six equations, numerical solutions for the enzymes
e2 and ez evolve to the zero steady state, as expected intuitively. Since we have
chosen to measure the extent of scarring by the final levels of collagen, the numerical
solutions for collagen I and IlI are encouraging (Figure 7.2). The solution profiles
show frouts of collagen moving into the wound with constant speed and shape,
evolving to new steady state levels for both collagen I and collagen IIl. The amount
of collagen I and IlI is slightly less than the unwounded level but a 3:1 ratio is
obtained by the appropriate choice of the parameters Ass and Asg, as discussed
in Chapter 6. Thus the diameters of the collagen fibrils are unchanged and hence,
‘according to our definition of scar tissue, no scarring occurs. The profiles also show a
definite wound edge at z = 0, which suggests little intertwining of unwounded dermal
collagen ﬁbr.es and the new fibrils, in agreement with experimental predictions. The
collagenase equations show wave pulses moving into the wound domain and both
collagenase I and Il decay to the zero dermal level. It is the effect of exogenous
application of T'GFS on the ratio of collagen I to III which is of particular interest
and we discuss this in detail in Section 7.4.

Figure 7.2 shows the solution profiles over a large spatial domain, using the
model parameters shown in Table 5.3. For a 0.1mm foetal wound, the speed of the
fibroblast fronts corresponds to a dimensional wave speed of 0.5um hr~!, indicating
a healing time of 8 days, which is of the order of magnitude of the experimentally
observed time of 5 days for foetal wound healing (Shali et al., 1992). By considering
the more biologically realistic semi-finite domain, z € [—0o, 1] where 0 is the wound
edge and 1 is the centre of the wound, we again observe waves of cells, chemical and
collagen (Figure 7.3) but the [ronts and the wound boundary are less well defined and
the wound fails £o heal in the experimentally required time. This may be explained
by the fact that experimentalists tend to measure the time for the wound length to

be reduced by about 75% and extrapolate to obtain the total healing time. This is

discussed in more detail in Chapter 2.
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Figure 7.2: Numerical solutions of the model equations (5.10), over an infinite do-
wain, showing the field variables as functions of space at equal time intervals of 36
hours, using linear geometry. The parameters are as shown in Table 5.3.
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Figure 7.3: Numerical solutions of the model equations (5.10), over a finite domain,
showing the field variables as functions of space at equal time intervals of 12 hours,
using linear geometry. The parameters are as shown in Table 5.3.
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7.2.3 Different Initial Conditions

The important question of what kind of initial conditions will evolve to travelling
wave solutions has been widely studied (for discussion see Murray, 1989). In the
NAG routine used to solve the system numerically, we have used step function initial
conditions, namely, in the notation of Section 6.2, ¢ = (1,1,1,0,0,0, 1,0.36,0,0)
for z < 0 and ¢, = (0,0,0,1,1,1,0,0,0,0) for z > 0. However, in reality the wound
domain is not so well defined and thus we first consider smooth initial conditions

and then exponentially decaying initial conditions.

Smooth Initial Conditions

We first smooth out the step function initial conditions by imposing the initial

conditions
1 ifr < —1
f(2,0) = li(2,0) = ¢i(x,0) = { oty if-1<z<1 (7.3)
0 ifz > 1,

for the fibroblasts, TGF# and collagen, where ¢ = 1 or 3 and

0 ifz < —1
ej(z,0) = { meop f—1<z<l (7.4)
1 ifz>1

for the enzymes, where 7 = 1,2,3. Consistent results are obtained provided p > 6,
so that the term (z — 1)? is approximately zero for all z > 0.75. For smaller
values of p, the initial conditions indicate that the healing process is already well
advanced. In our simnulations we thus choose p = 8. We may also alter the boundary
conditions and impose zero spatial derivatives (zero flux) at both boundaries of the
domain. Figure 7.4 shows the numerical solutions with smoothed initial conditions
and zero flux boundary conditions. We observe a good correspondence between
model solutions and experimental data, with new levels of collagen 1 and IIl in a
ratio 3 : 1 and a predicted healing time for a 0.lmm foetal dermal wound of 8 days.

In particular, we note the smooth transition of the collagen steady state from the
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normal dermal level to the new healed level, in contrast to the definite boundary

shown in Figure 7.2.

Exponentially Decaying Initial Conditions

We have shown in Section 6.2 that there is a continuum of possible collagen steady
states, but found that both the front speed and the steady states to which the system
evalves are robust to a variety of changes. We thus try to alter the front speed to see
the aflect on the collagen steady state by introducing exponentially decaying initial
conditions of the form

W(z,0)~e ™ as z— o0
where W is the model variable and R is a positive constant. By looking for the

leading edge form of wavefront solutions to a single reaction diffusion equation, with

constant diffusion coefficient Dy, Rothe (1978) showed that

1
if R< _\/_}D—T’ then b= 7 + DR (7.5a)
&if R> —-\/—15——1—, then b= 2,/D;. (7.5b)

where b is the wave speed. We solve the system numerically for a range of different
values of I and observe that for values of B > 8, the solutions evolve to fronts
with the same speed, shape and collagen steady states as with compact support
initial conditions. However, as R decreases, the speed increases and the collagen
steady states are altered, though only slightly, as shown in Figure 7.5. Experimental
evidence suggests that the collagen steady state is changed by altering external
factors whereas this result implies that although a continuum of steady states exist,

the collagen level sclected is very insensitive to the details of the initial conditions.

7.3 Travelling Wave Solutions
The qualitative form of the fibroblast, chemical, enzymes, collagens and collagenases

solutions is of waves moving into the wound with constant shape and constant speed
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Figure 7.4: Numerical solutions of the model equations (5.10), over an infinite do-
main, with smoothed initial conditions and zero flux boundary conditions. The plots
show the field variables as functions of space at equal time intervals of 36 hours, us-
ing linear geometry. We note the smooth transition between the collagen steady
states. The parameters are as shown in Table 5.3.
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Figure 7.5: The changes in the healed levels of collagen I and III when exponentially
decaying initial conditions are imposed.

and, as in Chapter 2, we look for travelling wave solutions of the form W(z,t) =
W(z), z = = — bt, where W is the model variable, z is the spatial coordinate and
b is the wave speed, chosen to be positive since we are considering waves that are

moving from left to right. We substitute these forms into the model and obtain the

ordinary differential equation system

A Aqeql Az Aj464!
—bf' = Dy 4 (A4 DR g D (1_i>_,44f (7.6a)
Ais Ais k1
As fl;
—bl; = ! — Agly — el 7.6b
bl; Dyly + 1 Adls + Ads gl — €1ty (7.6b)
/ 7] A9fl3
_.b13 = D3l3 —{— m - A1113 — /.L1€113 (76(2)
—bei = —61(A1611 +A17l3) (76d)
Ais A21A12€111 A2 Arsenls
—bel, = —esyf Aqo - + 7.6e
be, ez2f A23+62( 20 ALy Ars ) (7.6e)
Ao AgxsAszerl; AgxgArserls
Aga + +
+A27+#262( 2 Ajs Ajs )
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: /140(51 A32
__b63 = ——€3f |:A35+63 (1+ Az Aioeil n AaAisell ) (76f)

A1z Ais

+ Agics Asg
Asz + pses | 1+ Aszdreall 4 AmwAuels

Als Ags
Azseaf ( Ay Apeily Az Ansenl
—ba = e (At =) - 7.6
1 Ags + €5 \ 1120 AL + As s1€1 (7.6g)
A3062f ( A25A1261l1 A26Al46113
~be, = - A _ ‘
3 Agr + fizeg \ O + A + A $3C3 (7.6h)
Agesfec Az
—bsy = — Agzs 7.6i
1 Azs + €3 1+—A—3-3-%11-§£1—11-+_A_3_1%ﬁ£1h 1351 (7.61)
Agesfcs Asg _
~bsy = — Agss 7.6
°  Asg + pizes <1+-‘4—3-7—ﬁ-ﬁ£lh+é_3_8_f{i§ﬂb. 45°1 (7.6))

where prime denotes d/dz. We consider equations (7.6) on —oo < z < oo, as dis-
cussed in Chapter 2, and letting df /dz = g, dl;/dz = h; and dl3/dz = h3 we obtain a
system of thirteen first order ordinary differential equations. Any attempt at global
analysis would be extremely diflicult and we therefore only look at a linear analysis
about the steady states. We define ¢ = (f,9,01, 1,13, 3, €1, €2, €3, 1, c3, 51, 53) and
rewrite our system of first order ordinary differential equations as % = Jg, where J
is the 13 x 13 Jacobian matrix evaluated at the steady state. By looking for solutions
of the form q = e**. we determine a 13** order polynomial for the eigenvalues, A. In
this case analytical investigation is limited and, as discussed in Chapter 2, we resort
to numerical techniques to find the eigenvalues. We note that one of the eigenvalues
is dependent on the collagen equilibrium level, i & c3, but since these are always
positive, the copx'esponding eigenvalue is always positive. For the purpose of numer-
ical calculation, we fix ¢! at 0.89 and ¢} at 0.295. Table 7.1 shows the eigenvalues
and eigenvectors for a range of wave speeds and we see that the eigenvalues A; and
)\, change from a complex conjugate pair with negative real part to two negative real
roots, one of which is the most negative of all the eigenvalues. This change occurs

at b ~ 0.205, corresponding to a dimensional wave speed of 0.8um hr=!, which is

of a similar order of magnitude to the numerically simulated and experimentally
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Figure 7.6: The change in i%—fl with z for the waves illustrated in Figure 7.2. The
function tends towards A = —7, which is the real part of the eigenvalue that chauges
character at the critical wave speed, b = 0.205, corresponding to a dimensional speed

of 0.43umhr™1.

observed spced. We confirm this result by estimating ﬂ%l numerically over large
z. Figure 7.6 shows the dominant eigenvalue tending towards —6.95 as z increases,
which is close to the most negative eigenvalue of the Jacobian evaluated numerically
at the bifurcation wave speed. This suggests that there is a change from oscillatory
to monotone convergence at the bifurcation point and the good correspondence with
experimental and numerical results seems to indicate that this change in behaviour
does indeed occur at the critical wave speed. This analysis thus suggests a dimen-
sional wave speed of 0.43 um hr~!, predicting that a foetal dermal wound, 0.05min

in radius, heals in 5 days, which is in good agreement with experimental results.

7.4 Addition of TGF3

Numerical solutions of the spatially homogeneous system of model equations have

been shown to exhibit the phenomenon of a spectrum of collagen I and III steady
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Wave Speed, b | Eigenvalues Eigenvectors
-6.667+1.491i1 | (-0.141-0.0321,-0.14140.032i,0,0,0,0,0,0,0,0,0,0,0)
-6.667-1.149i (0.989,0.989,0,0,0,0,0,0,0,0,0,0,0)

5.937 (0,0,0.166,-0.147,0,0,-0.1,0,0,0,0,0,0)
-6.737 (0,0,0.986,0.989,0,0,0,0,0,0,0,0,0)
5.937 (0,0,0,0,0.166,-0.147,0,0,0,0,0,0,0)
-6.737 (0,0,0.986,0.989,0,0,0,0,0,0,0,0,0)
0.2 0 (0,0,0,0,0,0,0.995,0,0,0,0,0,0)
0 (0,0,0,0,0,0,0,1,0,0,0,0,0)
22.5 (0,0,0,0,0,0,0,0,0,0.995,0,0,0)

0 (0,0,0,0,0,0,0,0,0,0,1,0,0)

0 (0,0,0,0,0,0,0,0,0,0,0,1,0)

0 (0,0,0,0,0,0,0,0,0,0,0,0,1)

S (0,0,0,0,0,0,0,0,1,0.1,0,0,0)
-6.667 (-0.148,-0.141,0,0,0,0,0,0,0,0,0,0,0)

-7.0 (0.989,0.990,0,0,0,0,0,0,0,0,0,0,0)
5.928 (0,0,0.166,-0.147,0,0,-0.1,0,0,0,0,0,0)
-6.748 (0,0,0.986,0.989,0,0,0,0,0,0,0,0,0)
5.928 (0,0,0,0,0.166,-0.147,0,0,0,0,0,0,0)
-6.748 (0,0,0.986,0.989,0,0,0,0,0,0,0,0,0)
0.205 0 (0,0,0,0,0,0,0.995,0,0,0,0,0,0)

0 (0,0,0,0,0,0,0,1,0,0,0,0,0)
21.951 (0,0,0,0,0,0,0,0,0,0.995,0,0,0)

0 (0,0,0,0,0,0,0,0,0,0,1,0,0)

0 (0,0,0,0,0,0,0,0,0,0,0,1,0)

0 (0,0,0,0,0,0,0,0,0,0,0,0,1)
4.878 (0,0,0,0,0,0,0,0,1,0.1,0,0,0)
-5.472 (-0.18,-0.116,0,0,0,0,0,0,0,0,0,0,0)
-8.528 (0.984,0.993,0,0,0,0,0,0,0,0,0,0,0)
5.918 (0,0,0.166,-0.146,0,0,-0.1,0,0,0,0,0,0)
-6.758 (0,0,0.986,0.989,0,0,0,0,0,0,0,0,0)
5.918 (0,0,0,0,0.167,-0.147,0,0,0,0,0,0,0)
-6.758 (0,0,0.986,0.989,0,0,0,0,0,0,0,0,0)

0.21 0 (0,0,0,0,0,0,0.995,0,0,0,0,0,0)

0 (0,0,0,0,0,0,0,1,0,0,0,0,0)
21.429 (0,0,0,0,0,0,0,0,0,0.995,0,0,0)

0 (0,0,0,0,0,0,0,0,0,0,1,0,0)

0 (0,0,0,0,0,0,0,0,0,0,0,1,0)

0 (0,0,0,0,0,0,0,0,0,0,0,0,1)
4.762 (0,0,0,0,0,0,0,0,1,0.1,0,0,0)

Table 7.1: Eigenvalues and corresponding eigenvectors at the wounded steady state
for different nondimensional wave speeds, b, showing a local bifurcation at b = 0.205.

|
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states, the values being dependent on the initial amounts of TGFf, collagen 1 and
III and collagenase I and I1I present within in the wound (Section 6.4). We now look
for the same beliaviour in the reaction-diffusion model by solving the full system
(5.10) with different initial conditions. We first use step function initial conditions,
as defined by equations (7.1), except that we model the exogenous application of

TGF@1 by impésing the condition

1000 ifz>0
h(z,0) = { 1 otherwise

Numerical siinulations show frouts of fibroblasts and the different isoforms of growth
factors moving into the wound with constant speed and shape and we particularly
note the more rapid decay of enzyme 1. The profiles for collagen I and III show a
definite wound edge and the first wave of collagens attain a steady state value in
agreement with the spatially homogeneous solution. However, the equilibrium values
increase with time and settle at 0.89 and 0.295 respectively, which correspond to the
steady state values in the absence of exogenous application. Figure 7.7 illustrates
this result when we impose the smooth initial conditions discussed in Section 7.2.3.

This result suggests that dependence of the final steady state on the transient
application of TGF(’s, which is observed in experiment and captured by the tem-
poral inodel, is lost when the model is extended to include spatial variation. To
investigate this further we try to force the collagens to the steady states evaluated

in Table 6.1, by selecting specific initial conditions. For example we impose the

conditions
h(z,0) = { 1000 gtfxe?v‘?ise
ci(z,0) = { 8.59 i)ft.:fle?v:)ise
cs(z,0) = { 8.4 i){;:fleiwoise

so that the level of collagen outside the wound domain is the same as the level

predicted by the ordinary differential equation system. However, the profiles of
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Figure 7.7: Numerical solution of the full system of partial differential equations
(5.10) with smooth initial conditions and exogenous application of TGFf1, at equal
time intervals of 36 hours. The parameters are as shown in Table 5.3. The steady
state levels of collagen 1 and III undergo a transient change but eventually evolve
to the same level attained in the absence of excess chemical.
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collagen I and IIl again show a transient behaviour before evolving to the steady
states 0.89 and 0.295, respectively. Qualitatively similar results are obtained for the
addition of TGFB3. Now the steady state levels 0.89 and 0.295 depend on the model
parameter values but extensive numerical simulations suggest that the insensitivity
of the collagen levels to TGFS addition holds for a large range of parameter values.
This result suggests that although there is a line of possible wounded collagen steady
states 1n the travelling wave phase space, there is only one trajectory connecting the
normal dermal and the wounded steady state. Qualitatively similar results are
obtained when all these simulations are performed using the parameters for the
adult wound healing model. The system is too complicated for further analysis and

we thus develop a caricature model to investigate this behaviour.

7.5 Summary

Numerical solutions of the full system of equations for foetal dermal wound healing
(5.10) evolve to fronts of cells, chemicals and collagens moving into the wound do-
main. The wave speed is determined to be 0.43 umhr™!, which compares favourably
with experimental data. urthermore, the collagen profiles indicate new “healed”
levels and no intertwining of fibres at the wound edge. The model system has a con-
tinuum of possible positive collagen steady states, but numerical solutions for the
addition of TGFS suggest that a particular one is picked out. Experiments show
that the addition of TGFJ alters the collagen density and diameters and hence our
model suggests that migration of fibroblasts and TGFf from the unwounded tis-
sue alonc cannot account for the essential features of tlie healing process. We thus

hypothesise that fibroblasts and growth factors came mainly from the underlying

subcutaneous tissue.
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Chapter 8

Caricature Models

8.1 Introduction

Numerical soluéions of the reaction diffusion equations (5.10) evolve to waves of
fibroblasts, chemicals and collagens moving into the wound domain with constant
speed and shape. In particular, there is a spectrum of possible steady state levels
of collagen and numerical simulations show a sharp transition between different
collagen steady states at the wound edge. Furthermore, addition of TGFf results in
only a transient change in the collagen level, and, in contrast to the temporal model,
one particular steady state is always selected, independent of the amount of TGFfg
added. To try to understand this behaviour, we introduce a ‘caricature model’,

consisting of a pair of partial differential equations, which mimics the behaviour of

the full system.

8.2 Basic Caricature Model

We consider two variables, n(z,t) and c(z,t) at position z and time ¢, with only
n undergoing diffusion. Intuitively one can regard n as mimicking the fibroblast
population in the full model, with ¢ mimicking one of the types of collagen. However
there is no formal correspondence and the purpose of the caricature model we discuss

here is to gain mathematical insight into a system that is analogous to, but simpler

than, the full model, in the hope that this insight can be extended to the full model.
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The simple system is the following

on 0*n

5{ = Dl-a—m—z + 'Il(l — n) (8'18')
dc

il an(l —n) — (1 —n)c (8.1b)

where D; and a are both positive constants. Thus n satisfies the Fisher equation
with constant diffusion, and in addition to the trivial steady state n = ¢ = 0, there

1s a spectrum of steady states with n =1 and c taking any value.

8.2.1 Temporal model

In the full model we considered a temporal model with cells undergoing proliferation
and death but no migration. Imposing the initial conditions of a few cells scattered
uniformly about the wound and no collagen, we obtained final collagen levels which
comparcd favourably with experimmental data and, by adding TGFf, we were able
to pick out differing levels of collagen. Analogous to this, we consider the pair of

ordinary differential equations

dn
-E{'—t— = n(l — n) (82&)
dc
- = an(l —n)— (1 —n)c (8.2b)

with initial conditions

n=ng & c=0at t=0,

where 19 is an arbitrary constant. We solve equation (8.2a) to obtain

1

S 8.3
1+ Ae™? (83)

n(t)

where A is a constant satisfying no = 1/(1+ A) and n —= 1 as £ — oo. Substituting

(8.3) into (8.2b) we obtain a first order ordinary differential equation for ¢, with

solution

aA(A+2)

N (aA%e™t + 2aA)
0=y

2(A + €)

(1+ Ae™) — (8.4)
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a(l—n%)

2. In practice, ng <1

This implies that ¢* = limy_o ¢(t) is given by ¢* =
and thus ¢* =~ «/2, as shown in Figure 8.1. Furthermore, this result suggests that
the value ¢* is bounded above by a/2 and decreases as the initial cell density, nq
increases. Figure 8.2 shows numerical solutions of equations (8.2), with a = 0.8,
illustrating the dependence of ¢* on the initial value no. This differs from the
temporal full model, where addition of fibroblasts has no effect on the collagen

steady states. Nevertheless, the caricature model does capture the general feature

of a continuum of steady states, dependent on the initial conditions.

8.2.2 Numerical Solution of the Caricature Model

Solutions of the full model show that the temporal model yields collag;an steady
states which can be varied by altering the initial conditions whereas when diffusion
is added, the system always evolves to the same collagen steady states. We look for
this behaviour in the caricature model by solving the system of partial differential
equations (8.1) numnerically using the method of lines and Gear’s method. We first

consider step function initial conditions

n(z,0) =c(z,0)=1 ifz <0 (8.5a)
n(z,0) =c(z,0) =0 if z > 0, (8.5b)

and impose the boundary conditions

n(0,¢) =¢0,¢) =1 V1 (8.5¢)

ng(00,t) = cz(c0,t) =0 V¢ (8.5d)

as in the full model. On a large spatial domain, the n profile is a travelling {ront
moving from left to right with constant shape and a speed which compares favourably
with the analytically determined wave speed, 2v/D;. We also observe fronts for
the variable ¢, with a definite wound edge at z = 0. This is in agreement with

experimental results, which indicate no initial intertwining of collagen fibres at the
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Figure 8.1: Numerical solutions of the caricature temporal model (8.2) showing the
time evolution for different values of a, with 1y = 0.01. The steady state c* i1s seen

to be a/2.
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Figure 8.2: Numerical solutions of the caricature temporal model (8.2) showing the
time evolution for different initial cell densities, ng, with o fixed at 0.8. The steady
state c* is bounded above by /2 and decreases as nq increases.
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wound edge, with a gradual transition over a number of years. The steady state
value depends on a and, by varying a we observe that c* is approximately a/2
(Figure 8.3), in agreement with the temporal model.

In the {ull model, qualitatively similar results were obtained when the step func-
tion initial conditions were smoothed out and also when exponentially decay initial
conditions were imposed. By smoothing out the initial conditions in the caricature
model, there is a less definite edge at z = 0 but both the front speed and the steady
states are the same. This motivates us to try to alter the front speed by considering

exponentially decaying initial conditions
n(z,0) ~ e asz — oo

o(z,0) ~ e as z — oo.

where R is a positive constant (Murray, 1989). Letting D; = 0.05 and a = 0.8,
we solve the system numerically for different values of R (Figure 8.4) and find that
for values of R > 5, the solutions evolve to fronts with the same speed, shape and
steady state ¢* as with step function initial conditions. However, as R decreases
the wave speed increases and the fronts become less steep but the attained value
¢* changes by less than 2%, and remains approximately a/2 until R becomes very
siall (Figure 8.5). The numerical scheme breaks down for smaller values of I? due
to a slow decay rate, but this parameter region is not particularly significant and
we do not pursue it here.

The temporal caricature model suggests that the steady state ¢* changes when

the initial amount of n varies. We investigate the effect of diffusion on this result

by altering the step function initial conditions such that

n(z,0)=1, ¢(z,0)=1 if z <0

n(z,0) = ng, ¢(z,0)=0 ifz >0

and solve the system numerically for differing no. We observe that the solutions

do in fact attain differeut equilibrium values ¢* but a ‘fill up’ mechanism with no
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Figure 8.3: Numerical solutions of the nonlinear parabolic partial differential equa-
tions (8.1) with step function initial conditions, showing the change in n and ¢ with
space, at equal time intervals. The diffusion coeflicient D, is taken to be 0.05 and
we vary « as shown. The steady state c* is observed to be approximately a/2.
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Figure 8.4: Numerical solutions of the nonlinear parabolic partial differential equa-
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cient D, is taken to be 0.05 and we let o = 0.8. As the parameter R is varied, the
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8.5).
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Figure 8.5: The change in the numerically determined steady state c* as R is varied.
The value ¢* is unchanged for values of R > 5.

wavelronts is observed (Figure 8.6), implying that the kinetics are driving the system,
as in the temporal model. Thus the caricature model does not mimic the full model
exactly because we cannot look at the effect of additional external factors on c*.
However, we can try to force the variable ¢ to a new equilibrium value by imposing
the condition ¢(z,0) = o if z < 0 and solving the systemn numerically for a range
of values o. Figure 8.7 shows the transition to the same dominant steady state,
independent of the value . We will later extend this idea for the caricature model
where c¢ diffuses as well as n.

We therefore conjecture from the simulations that although there exists a con-
tinuum of positive steady states c*, a value of approximately a/2 is always attained.
By changing the initial conditions we can alter the wave speed and steepness of the
fronts but the value c¢* remains approximately unchanged. This seems to suggest
that in the three dimensional phase space of the travelling wave ordinary differential

equations, there is only a heteroclinic connection between the ‘trivial’ steady state

and one point on the line of the positive steady states. To investigate this further,
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Figure 8.6: Numerical solutions of the nonlinear parabolic partial differential equa-
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162



1.2
1.0 1.2 o} 0.8
) 1.0- C* 0417
0.8
0.8
2 0.6 o6
0.41 0.4-
0.2‘ 02_
i i
0 1 5 6 3 5 6
1.2
1.2 o 0.6
1.0 1.0 c* 0.417
0.8 0.6
£ 0.6 0.6
0.4‘ 0.4
0.2 0.2-
i 0 1 5 6 i 3 5 6
1.2-
1.2 (o} 0.4
1.0 S 1.0- Cc* 0.417
0.8 0.6
& 0.67 0.61
0.4 0.4-
0.2 0.2-
0 1 5 6 A 3 5 6
127 1.2- o 0.2
1.0] . c* = 0.417
0.87 0.8
2 0.6 0.6-
0.4 0.4
0.2 0.2
0o 1 5 6 A 3 5 6
X X

Figure 8.7: Numerical solutions of the nonlinear parabolic partial differential equa-
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we consider the system of equations in travelling wave form.

8.2.3 Travelling Waves

We have shown that in the spatially homogeneous situation the steady states are
n =c=0andn = 1,c = ¢* and slability analysis shows that these steady states are,
respectively, unstable and stable. This suggests that we look for travelling waves
solutions to (8.1) for which 0 < n <1 and 0 < ¢ < ¢* and we thus introduce the

coordinates z = z — al, where a is the wave speed, and let n(z,t) = N(z) and

c(z,1) = C(z). N and C thus satisfy

DiN"+aN'+ N1-N) = 0 (8.6a)
aC'+aN(l1-N)—-(1-N)C = 0 (8.6b)

where the prime denotes d/dz and the boundary conditions are

lim N(z) =0, lim N(z) =1 (8.7a)
lim C(z) =0 Jlim C(z) =c". (8.7b)

By letting dN/dz = V, the above pair of ordinary differential equations can be

written as three first order equations

N = V (8.8a)
Vo= "[;I —aV — N(1 - N)) (8.8b)
¢ = %((1 — N)C — aN(1 - N)). (8.8¢)

This systemn has steady states N =V = C =0 and N =1,V =0,C = C* and
we examine the stability of each steady state by considering the eigenvalue of the

Jacobian matrix, J, evaluated at the corresponding steady state, where
( 0 1 0\

—A-(1-2N) -5 0

L—C—-a(l-2N) 0 LX

\ )
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Solving for the eigenvalues we obtain a cubic equation, the roots of which are

\ = l—N, /\z—ai\/&2—4D1(1—2N)

a 2D1
and we note that these are all independent of o and C (because independent of J3; )
and thus of ¢*. At the positive steady state N = 1, the roots of the cubic equation
are

IR 2D,

and thus we have one negative, one positive and one zero root. Similarly, at the

trivial steady state IV = 0 the roots are

—a £ +va* —-4D,

A=1/a, A=
2D,

and we have one positive and two negative roots.

Now a necessary condition for the existence of a travelling wave is that the
positive steady state has at least one unstable manifold and the trivial steady state
has at least one stable manifold. Looking at the positive steady state we observe that
there is only one positive eigenvalue and this is independent of c*. But there exists a
continuum of possible steady states, so the paths out of each must all be parallel, as
shown in Figure 8.8, since the eigenvectors corresponding to the positive eigenvalue
are independenﬁ of ¢*. The zero eigenvalue corresponds to neutral stability to a
perturbation along the line of steady states. At the trivial steady state, the Jacobian
matrix Lias two negative eigenvalues, corresponding to a stable spiral or stable node,
depending on the sign of a*— 4Dy, {from which we can determine the minimum wave
speed. Attempts to forcc the system to a particular value c* show that the value a/2
always is picked out, and we can thus conjecture that there is a unique trajectory
connecting the trivial and positive steady states. This is consistent with the observed
result of one particular steady state c* being picked out when diffusion is added to
the system. The existence of a positive eigenvalue at the trivial steady state implies

that any phase trajectory arbitrarily close to the heteroclinic connection between



i

n=1 n

Figure 8.8: Schematic representation of possible trajectories from the line of positive
steady states to the zero steady state, in the (n, c) plane.

(0,0,0) and (1,0, c*) will diverge. For the single reaction diffusion equation, one can
show rigorously that there is a trajectory joining the non-zero steady state to the
zero steady state. However, as we are in a phase space of dimension 3, this proof is

not applicable.

‘The magnitude of the eigenvalues depend on the wave speed, a, and this can
be altered by considering expouentially decaying initial conditions. However, this
change in initial conditions simply results in a new system of ordinary differential

equations with the same structure and lience one particular steady state is still

selected.

8.2.4 Asymptotic Solutions of Model Equations

In this section, we deterinine an asymptotic solution for the nonlinear reaction diffu-
sion equations (8.1). Phase plane analysis shows that travelling wave solutions exist
for all wave speeds a > 21/D;. These wave solutions are invariant to any shift in

the origin of the coordinatc system and we can thus impose the boundary condition
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N(0) = 1/2. Following the work of Canosa (1973), we stretch the variable near the
front by letting ( = z/a and note that e = 1/a® is a small parameter, so that we

can find the solution as an asymptotic expansion in €. The transformed equations

become
dzN dN
(1 — —
eD, ac? dC + N(1—-N) 0 (8.9a)
dC

We look for solutions as a regular perturbation series in €, such that

N{((e) = No(¢) + eNi(¢) + E€Ny(C) + ... (8.10a)

C(Ge) = Co(¢) + Cr(€) + €Co(C) + ... (8.10b)
with boundary conditions

N()(—OO) = 1, No(OO) = 0, ]\70(0) = 1/2, (811&)

Ni(£00) =0, Nj0)=0 fori=12,.. (8.11b)

Co(—00) = ¢, Co(o0) =10, (8.11c¢)
where the steady state is given by c*(€¢) = ¢ + ec} + €*c; + - - -. Substituting these

expansions into equations (8.10) and equating powers of ¢, we find

O(1) : 2% + No(1 —~ No) =0 ~ (8.12a)
%% — (1= No)Co = aNo(1 — No) (8.12b)

O(c) : SR+ Ny(1—2No) = —D, 5 (8.12¢)
89 — Oy (1 — No) = alNy(1 — 2No) + N1 Co, (8.12d)

with further equations for higher orders in e. Since the N equations decouple from
the C' equations, we solve these first and use the boundary conditions (8.11) to

obtain the solutions

1
1+ e

No(¢) =
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GCDI 4€<
N = ——] — ).
I(C) (1 I eC)2 og (1 + 66)2
On substituting these expressions into the equations for Cy and C;, we use the

boundary conditions to get

(04
C()(C)—m
Ci(¢) = ! Di — 3aD;et + 6aef Dy det
PT (T ¢ g2 \ M T I A P08 | (e

and note that, to leading order, C = 2N,

Hence, in terms of the original variable z, the asymptotic solution is given by

1 e?/* D, 4e/°
N 5 = - 2
(Z’ 6) 1+Cz/a +€(1+ez/a)2 log ((1+ez/a)2) +O(€ )7
«
Cl#9) = 305 e
+ ¢ D, — 3aDe?® + 6ae®*D, 1 __fli/a___
12(1+€2/a)2 ally —oal e’ + bae 1 log (1+ez/a)2
+ O(é).

This asymptotic solution satisfies the boundary conditions (8.11) and we can deduce

that

. a wab
C(z) = ¢ —-2+ T

In terms of the wave speed, this expression gives us ¢ = 3 + ;’T%% + O(a™*), and

+0(?) as z —+ —oo. (8.13)

hernce the steady state value depends on the wave speed but is uniquely determined
for a given wave speed. Once again we look at ways of changing the speed of the
fronts by altering the initial conditions.

We first consider step {unction initial conditions

1 ifz <0
n(e,0) = {0ﬂw>o

Kolmogorov et al. (1937) showed that the solution n(z,t) evolves to a travelling

wave solution with minimum wave speed a,,;, = 2v/D;. On substitution into the

expression (8.13) for ¢*, we find

¢~ a2+ af48 = 25a/48.
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We now consider exponentially decaying initial conditions
. -Rz
n(z,0) ~e as T — 00,

where R is a positive constant. We focus on the leading edge of the travelling wave
so n is small and we can neglect n? in comparison with n. The parabolic partial

differential equation thus becomes

on d’n
— =Dj— +n.
ot 922 o
By looking for the leading cdge form of wavefront solutions, n(z,t) ~ g~ Flz—at),
Rothe (1978) showed that
if R< — t1 - LliDnr
1 < 75 len @ = 5 + Dy (8.14a)
&Lif B> })1, then a = 2v/D,. (8.14b)
In the former case, € = (ﬁ_—ﬁzﬁz—);, and on substitution into (8.13) we find
D R
¢t~ a2+ ab, &

12(1 + D R?)?

Now 0 < Dy R? <1s01/4 <1/(1+ D R?)* <1 and hence ¢* < 7a/12. We note
that as Dy R?2 — 1, the second term in the above expression for ¢* tends towards
/48, as predicted for the step function initial conditions.

These predictions agree well with the numerical results, as shown in Figure 3.9
where we plot the numerically and analytically determined change in steady state
with the wave speed. This analysis shows that the wave speed varies with the initial
conditions and uniquely determines the steady state behind the front, but the speed
only affects the equilibrium value, ¢*, to order ¢ and, to leading order, the steady
state is still a/2.

We can conclude fromn this section that the caricature model mimics the full
model in that there exists a coutinuum of positive steady states but a heterochinic

trajectory between the trivial and only one of these positive equilibrium values. In
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Figure 8.9: The numerically and analytically determined change in the steady state
c* as the wave speed a is altered by imposing exponentially decaying initial condi-
tions.

the next section we look at possible changes to the caricature model. Our aim is
to find a variation of the model in which we can drive the system to a new positive

steady state by transient external influences and relate the findings to the full model.

8.3 Extensions to the Model

In this section, we consider extensions to both the caricature and full model, in an
attempt to gain a further insight into why one particular steady state is being picked
out of the continuum of possible values. In each subsection, we discuss the changes

to the caricature model first and then apply the result to the full model.

170



8.3.1 Haptotaxis

Haptotaxis is the movement of cells up an adhesive gradient and we lLypothesise
that {ibroblasts move up a collagen gradient as well as migrating into the wound by
diflusion at a constant rate. We thus include a haptotactic term on the right hand

side of the equation for n in the catricature model (8.1) so that

Haptotaxis
on 0’n 0 Jc
ot = D 0z? Oz (7"095) +n(l—n) (8.152)
% = an(l —n)—(1—n)c (8.15b)

where v is a positive constant. Numerical simulations of the haptotactic caricature
model, with step function initial conditions and zero flux boundary conditions, show
that when ~ is increased, there is a change in the shape of the waves, particularly
at the edge z = 0 (Figure 8.10). Moreover, the front speed increases as 7 increases
and, in the notation of Section 8.2.4, the order € term for equilibrium ¢* increases
slightly. We note that there are numerical problems at z = 0 if the haptotactic
coeflicient v becomes too large.

To investigate the haptotactic term further, we perform some travelling wave
analysis, using the techniques described previously. After much algebraic manipu-
lation, we find that the cigenvalues at the trivial steady state (0,0,0) are identical
to those in the absence of haptotaxis, with one positive and two negative roots.

Similarly, the eigenvalues at the positive steady state (1,0,C~) are .

~(a+ 3+ 1)+ o+ P+ + 4Dy
A=0, A= :
2D,
Hence althouglh the eigenvalues differ in magnitude, there is still only one positive
root and hence only one possible outward trajectory. The presence of haptotaxis
in the model simply changes the speed of convergence to the steady state but does
not alter the equilibrium vahies. Again qualitatively similar results are obtained in

nuinerical solutions of the full model with a fibroblast haptotactic term depending

on both collagen I and III.
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Figure 8.10: Numerical solutions of the caricature model (8.1) including a hapto-
tactic term, showing the change in the shape of the wave front but no significant
change in steady state as the haptotactic parameter « is increased.
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Figure 8.11: Fronts of collagen I and 11l moving into the wound, with noise added at
time 216 hours. We take § = 0.1 and use the parameters in Table 5.3. The pertur-
bation is smoothed out immediately and the final levels of collagen are unaltered.

We thus conclude from this subsection that the inclusion of a term to model the
movement of fibroblasts up a collagen gradient does not significantly affect the final
collagen levels, although the process is biologically plausible. We hence omit this

term from any further extensions to the model.

8.3.2 Robustness

In this subscction we perturb the travelling waves by adding noise to the system,
representing some external influence. This is achieved in the caricature model by

introducing the perturbation at a particular time step, using the functional form
Cnew(Z,t) = co1a(z,1) + 6 cos(500z), (8.16)

thus causing an oscillation of amplitude §, throughout the wave. There is no special

significance in our use of a wave number of 500. Numerical solutions of the caricature
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model with 1noise, using step function initial conditions and zero {lux boundary
conditions, show that the noise decays extremely rapidly.

We introduce noise into the full system by adding perturbations with functional
form as in (8.16) to the collagen I and III equations, at one particular time step.
Figure 8.11 shows the numerical solutions for collagen I and III, with § = 0.1, illus-
trating the smobthing out of the perturbation within one time step and no change
in the levels of collagen I and I1I. The robustness of this result was investigated by
changing the amplitude and time of perturbation and the timestep in the simula-
tions, with qualitatively similar results being obtained. Hence, the collagen levels are
unaltered by perturbations due to external factors, at any time during the healing

process.

8.3.3 Diffusion of ¢

In this subsection we consider diffusion of ¢ in the caricature model

on 0*n

5 = ]_)1—6—5—2— +n(l —n) (8.17a)

Jc d%c

52 = Dz‘a—'xa +an(l —_ n) _ (1 — n)c, (817b)
Diffusion

where D is a positive constant. We impose step-function initial conditions n(z,0) =
c(z,0) = 1if 2 <0, n(z,0) = ¢(z,0) = 0 if z > 0 and specify zero flux boundary
conditions. Figure 8.12 shows nuinerical solutions over a finite domain [-1.5,1.5],
at equal tinie steps. After 3 time steps, n has reached its equilibrium value and thus
the kinetics for ¢ goes to zero, leaving a simple diffusion equation. The profiles for
¢ thus show constant diffusion into the domain and we observe a new equilibrium
value ¢*. We now try to drive ¢* to a different value by forcing the initial conditions
so that ¢(z,0) = o if < 0, where ¢ is a positive constant. By varying o we find
that the final value ¢* does indeed change.

We now solve the same system of equations on an infinite domain, in an attempt
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to gain more insight into the shape of the fronts. Using the same boundary conditions
and forced initial conditions, the solution profiles show waves of 7 and ¢ travelling at
constant speed and shape, with the equilibrium value ¢* remaining at approximately
/2, the level attained in the absence of ¢ diffusion. However, once the steady state
n = 1 1s attained, the ¢ equation again becomes the diffusion equation and, over
a long period of time, the steady state ¢* changes its value, in agreement with the
finite domain solutions. By varying o, the initial value of ¢, different steady states
are attained. It thus seems that for each value of o there are 2 possible steady state
values c*, one identical to the level attained in the absence of diffusion and the other
being dependent on ¢. To investigate this, we look at the system in travelling wave
co-ordinates.

We again introduce the variable z = z — at and carry out the usual phase plane
analysis. The eigenvalues of the Jacobian matrix can be shown to satisfy the quartic

equation

0 = )\2()\+Di1~)()\+b%)—/\(>\+gl)(ll_)zN)
a\1=2N, (1=2N)(N-1)

+Dz)( Dy ) Dy Dy

(8.18)

At the trivial steady state, N = 0, we have one positive and three negative eigen-

values, namely

A=

'—(l'_‘i:\/az——41)1 /\_—‘ai\/(1,2+4D2

2D, » 2D, '
In order to prevent the existence of a spiral, resulting in negative values of N, we
determine a minimum wave speed, d,;, = 2/ D;. At the positive steady state,

N =1, the eigenvalues are

a /\_—(Lﬂ:\/az+4l)1
Dy’ T 2D, ’

A=0, )=

the single positive value implying that there is only one possible trajectory in the

outward direction. Focusing on the negative eigenvalues at the zero steady state,
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two are identical to the case of no ¢ diffusion, whereas the other is dependent on D,.
Numerical simulations show that the steady state attained depends on the diffusion
coeflicient Dy, but this dependence is simply due to n reaching its equilibrium value,
resulting in zero kinetics for c¢. Hence we are simply solving the diffusion equation
on a finite domain. By varying o, we are infact altering the intial conditions, but
since n attains it’s steady state value more rapidly than ¢, the restriction of the
domain size results in boundary effects.

Biological evidence suggests that fibroblasts migrate into the wound and secrete
procollagen fibres, which are activated by specific enzymes to form collagen fibrils.
There is little research into the movement of these fibrils, but the general opinion is
that the fibrils 1‘é—orienta,te themselves but no do not migrate within the wound space.
However, we now consider the possibility that the collagen fibres diffuse into the
wound at a coustant rate, in an attempt to drive the healed levels of collagen I and I1I
to new values. As expected, we obtain a similar result to the caricature model, with
diffusion of collagen I and III causing a shift in healed levels once the collagenases
and enzyme 2 reach their equilibrium values, the collagen equations thus becoming
the basic diffusion equation. The healed collagen levels can also be changed by
forcing the initial conditions. However, it is the experimentally determined result of
addition of TGFf affecting scar tissue that we need to investigate. By numerically
solving the full nodel with collagen diffusion, no change in collagen levels is observed
when the initial conditions of TGI'G are allered, as discussed previously. Hence, this
leads us to conclude that diflusion of collagen does allow new collagen steady state
levels to be attained but this is purely due to the collagen equations changing to

basic diffusion equation and is not related to the exogenous application of growth

factors, as experimentally predicted.
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8.4 Improved Caricature Model

In this section, we extend the caricature model (8.1) to further mimic the full system.
A key feature of the full system is the transient change in the level of collagen when
TGFf is added to the system. In the previous caricature model, neither n nor c
mimicked TGFfB and we thus introduce a third variable, b, which diffuses, has a

saturating kinetic term and linear degradation. One possible system is

on 0*n

T Dl—a—:;z— + n(l —n) (8.19a)
Jb 0% 2nb

5 = Dgatias (8.19b)
%tc- = (1 -n)[n(l+p6b)—d, (8.19c¢)

where § is a non-negative constant, and the other constants in the kinetic terms are
chosen so that the steady states are (0,0,0) and (1,1, c*), where c* > 0.

We first solve the system in the absence of diffusion, with initial conditions
n = ng,b = by,c = co at ¢ = 0. Numerical solutions indicate that the final level
¢* depends on the initial values by and co. We then solve the reaction diflusion

equations (8.19) and impose step function initial conditions

n(z,0) =1, b(z,0)=1, ¢(z,0)=0; ifz <0
n(z,0) =0, b(z,0) =03, c(z,0)=0 if z > 0,

with zero flux boundary conditions. Numerical solutions with o, = 0 evolve to
travelling waves with constant speed and shape, with one particular level ¢* being
picked out, independent of ;. To mimic the addition of TGFf3, we increase o3 and
observe only a transient change in the final level ¢*, the same phenomenon as in the
full model (Figure 8.13).

This phenomenon can be explained by the existence of either only one trajectory
from the line of non-trivial steady states to (0,0,0), or an infinite number of trajec-
tories leaving the line (1,1,c*) but only one terminating at (0,0,0) and the others

tending to infinity. A final possibility is that there are many different connections
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Figure 8.13: Numerical solutions of (8.19) with D; = 0.01, Dy = 0.05 and 8 = 0.8.
Ina) oz =0 and in b) g3 = 5, corresponding to addition of b. We note the transient
change in the fixed level, ¢*, before attaining the level ¢* = 0.61.
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to different ¢*, with only one being stable as a reaction-diffusion solution. We in-
vestigate these possibilities by introducing travelling wave coordinates, z = z — at,

as discussed previously, to obtain the system of ordinary differential equations

DiN"+aN'+ N(1-N) = 0 (8.20a)
2NB
D;B" + aB' + —— — = :

Il
<

aC'+ (1 — N)[N(1 + 8B) - C] (8.20c)

We linearise about the positive steady state to determine the eigenvalues

—a + \ a? -+ 4D1
2D, '

Since we have two positive eigenvalues, there are an infinite number of trajectories
leaving the positive steady state. Extensive numerical solutions suggest that one
particular level c* is selected and we thus seek an explicit solution for ¢* to investigate
the dependence on initial conditions. We first look for asymptotic solutions to the
travelling wave equations (8.20), by introducing a change of variables ( = z/a and
defining a small parameter € = 1/a?, as in Section 8.2.4. In this case, we are able
to find the first order term for N, but the equation for the first order term for B
involves transcendental functions and an explicit solution cannot be determined.
Hence we are unable to derive an explicit solution for ¢* for this improved caricature
model.

Numerical calculation of the eigensolutions for (8.20) at the zero steady state
shows that there is a change in character of two eigenvalues from complex to real at
a wave speed which is approximately 21/D;. Furthermore, we verify the existence
of 2 positive eigenvalucs at the non-trivial steady state, which suggests that there is
more than one outward trajectory and we thus conjecture that there are an infinite
number of trajeclories leaving the line of positive steady states, with all but one
tending to infinity. Dunbar (1984) proved the existence of a heteroclinic connection

in a travelling wave system in %, but, to our knowledge, no analogous results have
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been derived for systems in higher dimensions. Hence, since we are considering
5-dimensional phase space, we do not attempt to determine these connections.

We thus conclude that the improved caricature model has a continuum of steady
states (1,1,c*), but numerical solutions suggest that the final level ¢* does not
depend on the initial conditions. Although there are 2 positive eigenvalues at the
positive steady state, there is only one trajectory with connects with the origin and

hence one particular value ¢* is always picked out.

8.5 General Caricature Model

In this section, we counsider a caricature model which has general kinetic and dif-
fusion terms, and exhibits the phenomenon of a continuum of steady states. By
determining the eigenvalues of the resulting travelling wave equations we investi-
gate the dependence of the steady states on the initial conditions and show that it
is not possible to have two positive eigenvalues at the non-trivial steady state. We

consider the equations

on on Jdc
< %((Dlﬂlc)—a;mn%)+f(n)g(n) (8.21a)
dc .

where f(1) =0, f(0) # 0, g(0) =0, g(1) # 0, £(0,0) = 0 and A(1,c*) # 0, c* > 0.

8.5.1 Travelling wave analysis

We look for travelling wave solutions of (8.21) with u(z,t) = U(z), z = z — at, and

obtain

, (M +72) 7N [ df oh
(D1 +mC)N" + a———a——fh——&— d—Nz+ N N’ (8.22a)

a? Jc
oC' = —fh,  (8.22b)

181



where ' denotes d/dz. We let M = N', and since C(Z) is monotonic, we can remove

the resulting singularity by defining a new variable { such that

d d
D L&
( 1+710)dz dC

The critical points in the (N, M, C) phase space are (0,0,0) and (1,0, C*), where C*

can take any value. Standard linear analysis about (0,0, 0) yields the eigenvalues

D, .0h dg
/\::——— —_— = —qa
“fam 2 a+(/a® — 4D, e (8.23)

where the {unctions and derivatives are all evaluated at N = C = 0. Similarly the

eigenvalues at (1,0,C*) are determined to be

_ _ 1h df nh df )’ o df '

As discussed previously, in order to obtain a continuum of possible steady states, we
require either at least two positive eigenvalues at (1,0,C*) and thus two trajectories
leaving (1,0, C*) into the space N, M,C > 0. It is clear {rom (8.24) that there is at
most one positive eigenvalue at (1,0,C*) and thus only one trajectory leaving the

line of positive steady states.

Eigenvalues at (0,0,0)

We use the eigenvalues at the trivial steady state to determine the wave speed. We
note from (8.23) that, provided f(0) le > 0, there is either a stable spiral or node
at (0,0,0), depending on the sign of a* ~4D, f(0) dNI For the existence of a wave,
we require positive kinetics for all N € (0, 1) and hence the simplest functions f

amd g are

f(N)=poN(1-N) & g(N)=aiN.

The minumum wave speed is thus determined to be 2\/ D, f(0) ;—]{7 .
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Eigenvalues at (1,0,C™)

The expression (8.24) implies that there is always one zero eigenvalue and at most
one positive eigenvalue, depending on the magnitude of the discriminant. We now
consider the conditions for a positive eigenvalue at the steady state (1,0,C*), and

thus the existence of a travelling wave. Using (8.24), the necessary condition is

(D1 + 716'*)9(1)%—) <0,
from which we derive four possible cases
g(1) > 0, dig\l[) >0, & (Di+mC*)<0 (8.252)
g(1) >0, %g—\lf—) <0, & (D;+mC*)>0 (8.25D)
g(1) <0, %%l <0, & (D1+mC*)<0 (8.25¢)
g(1) < 0, é{l—(]\—lfl >0, & (Di+7C*)>0. (8.25d)

Again, we require positive kinetics for all N € (0,1) and hLence the necessary condi-

tion for a positive eigenvalue, with travelling waves for both N and C, is
Dl + ’ch* > 0. (826)

Thus, if Dy + 71C* < 0, there is no positive eigenvalue and hence no wave.
We now consider the system (8.21), letting 7, = 0 since it does not affect (8.26),

and derive the conditions for diffusion driven instability. We linearize about the

n — Ng
w = )
C— (g

where ng and ¢ are the steady states, and look for solutions of the form

steady state by defining

w(r,t) =Y pre " Wy(r) (8.27)

where pi are Fourier constants, W, (r) is the eigenfunction corresponding to the

wave number k, with zero flux boundary conditions, and X is the eigenvalue which
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Figure 8.14: Dispersion relation for the eigenvalue, A, as a function of wave number,

k.

determines temporal growth. By considering the positive steady state, (1,c*), we

derive a dispersion relation for A, which is a linear function of k2, namely
A=~—1-— (Dl + ’)’IC*)kz.

By plotting the real part of \ against £* (Figure 8.14), it is clear that for the positive
steady state to be driven unstable by the presence of diffusion, a necessary condition

is D; +711¢* < 0. However, this violates the condition for the existence of a positive

eigenvalue and thus the existence of a wave.

8.5.2 Numerical Simulations
To verify this last result numerically, we define functional forms for f(n), g(n), and

h(n,c) and solve the system for different values of v;. The model equations are

taken to be

) 0 0
_8_7[1 = 9z ((Dl + ’YLC)”aL;) +n(l —n) (8.28a)
% = (1 -n)(an —c), (8.28b)
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and we fix D; = 0.05 and a = 0.8. We impose step function initial conditions

n(z,0) =1, ¢(z,0)=0c ifz2 <0

n(z,0) =0, ¢(z,0)=0 ifz > 0

and aim to force the value of ¢* is a new level by changing o. Figure 8.15 shows
solutions for n and c for a range of different values of o and ;. We note that the
steady state level ¢* does not depend on ¢ and, furthermore, by decreasing v; below

the critical value, —D;/c*, we obsetve instabilities in the travelling waves.

8.6 Summary

In this chapter we have developed a caricature model which mimics the behaviour
of the full system. By considering a temporal model, we have derived explicit so-
lutions for the steady state values, in terms of the initial conditions. Furthermore,
asymptotic analysis for the reaction diffusion equations reveals that, to first order,
the steady state is independent of wave speed and diffusion coefficient. Numerical
simulations of the caricature model again evolve to travelling wave fronts, with a
continuumn of steady states but only one always being picked out. By introducing
cxponentially decaying initial conditions, we have altered the wave speed but again
the change in collagen levels was less than 2%. Extensions to this model to include
different difflusion terms and the addition of noise to try and perturb the system,
result in the same steady state solution. To investigate this phenomenon, we have
considered a caricature model with general kinetics, which has a zero steady state
(0,0) and a continuum of steady states (1,c*), where c* > 0. By focussing on the
eigenvalues of the resulting travelling wave system, we have shown that there can
only be one positive eigenvalue and thus only one trajectory leaving the positive
steady state. Hence, we conjecture that in any reaction diffusion system of the form
(8.1) there is only one travelling wave trajectory from (1,0, c*) to (0,0,0) and there-
fore one particular steady state is always picked out in a travelling wave of a given

speed, independent of initial conditions.
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Chapter 9

Discussion on Dermal Wound
Healing

Scar tissue formation following trauma or surgery is a major clinical problem, often
resulting in defective growth or functional impairment. Adult wound healing entails
a complex series of events, involving many cell types and products that ultimately
end in scar formation. In contrast, foetal wounds have been shown to heal more
rapidly, with complete regeneration of the tissue and no scar. The ultimate aim of
foetal wound healing studies is thus to manipulate the adult wound so that they
heal in a scarless, foetal-like, fashion. Experimentalists have defined scar tissue
in termns of the density, diametcr and orientation of the collagen fibres within the
wound domnain. In adult wounds, thinner, more densely packed collagen fibres are
observed, with the fibres being orientated along the line of tension, rather than
the basket-weave orientation of normal tissue. The diameter of the collagen fibrils is
related to the ratio of types I to I1I, with higher levels of type 11l resulting in thinner
fibres. Here, we have presented a model which aims to explain the difference between
adult and foetal repair, by focussing on the final levels and the ratio of collagen I to
111. Some parameters were estimated from the limited amount of quantitative data

available, with the rest being fixed by comparing model solutions with experimental

results.
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Specifically, we have concentrated on the role of transforming growth factor [
(TGFf), and investigated the effect of addition of isoform 1 or 3. We first considered
a temporal model, in which there were a few fibroblasts and growth factors scattered
uniformly throughout the wound, corresponding to the assumption that the main
source of cells and TGFQ is from the subcutaneous tissue. An important feature
of the model is the presence of a continuum of possible collagen steady states.
Numerical simulations of the resulting model for the foetal case showed a 3 : 1
ratio of collagen I to 1II, indicating normal fibril diameters. By changing the initial
conditions, we modelled the addition of TGFA1 and 3, with TGFA1 decreasing the
ratio, resulting in thinner fibres and TGFA3 causing thicker fibres. We changed
a number of the parameters to model adult wound healing, and again numerically
solved the temporal model. The healed levels of collagen I and III corresponded to
thinner fibres, as observed experimentally. Furthermore, addition of TGFf33 reduced
the amount of collagen I1I and hence resulted in thicker fibres and less scarring.

One of the major biological controversies in dermal wound healing is the source
of fibroblasts and growth factors. To model the influx of these substances fromn
the neighbouring unwounded tissue, we included diffusion terms, with constant co-
efficients. Numerical solutions of the foetal model evolved to fronts of fibroblasts,
TGFB and collagen moving into the wound, with constant shape and a wave speed
which indicates that a 0.1min foetal wound heals in 5 days, in good agreement with
experimental data. The ratio of collagen I to I1] was maintained at 3 : 1. The im-
portant question of the effect of addition of TGF (3 was addressed by appropriately
changing the initial conditions. Numerical simulations indicated a transient change
in the collagen levels, before settling down to the levels attained in the untreated
case. Extensive numerical simulations indicated that, although there exists a con-
tinuum of possible steady states, the collagen levels are insensitive to the amount of
TGFg added and this holds for a large range of parameter values.

The system of equations was too complex to analyse in detail, so to gain more

mathematical insight into the result that, regardless of the amount of TGI'# added,
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only one specific steady state is selected from a possible continuum of steady states,
we developed a caricature model. Numerical simnulations again evolved to travelling
wave fronts, with a particular steady state selected behind the wave, even though
there is a continuum of possible steady states. To investigate this phenomenon, we
calculated the number of positive eigenvalues at the non-trivial steady state. For a
caricature model with general reaction and diffusion terms, we showed that it is not
possible to develop a model which has two positive eigenvalues at the non-trivial
steady state, and thus we conjectured that there is only one trajectory connecting
the wounded and healed steady states. Hence one particular steady state is always

picked out.

Some important conclusions from this model are:

1. The main source of fibroblasts is the subcutaneous tissue.
There is biological controversy over the source of fibroblasts and growth factors
in wound healing. The reaction difflusion model suggests that migration into
the wound from the surrounding dermis cannot account for the experimentally
observed change in collagen levels, on addition of TGF3. We conjecture that

the main source of cells and growth factor is the underlying subcutaneous

tissue, corresponding to the temporal model.

2. Addition of TGF(B3 decreases scarring.
Numerical solutions of the model equations indicate that addition of TGFA1

results in higher levels of collagen III and thus thinner fibres and more scar-
ring. In contrast, addition of TGFA3 increases the ratio of collagen 1 to 11,
thus indicating thicker fibres. Furthermore, the maximum increase in fibril

diameters is obtained for concentrations of TGF33 of approximately 1 ygml™

for adult healing.

3. Modulation of TGF31 in adult wounds decreases scarring.
By removing the term which represents the modulation of TGFA1 by TGFA3,
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the ratio of collagen I to III decreases in the adult case but there is no signif-
icant change in foetal healing. This is due to the intrinsically higher levels of
growth factors in the adult wound environment. We hypothesize that a viable
alternative to the addition of growth factors to increase fibril diameters is to

increase the modulation of TGFA1.

Farly application of TGFpP is essential.

Little experimental research has been donc of the time dependence of addition
of TGFf. The model predicts that early addition of growth factor is essential
for successful treatment. In the adult case, addition after day 15 of healing

has little effect of the final fibril diameters.

The model also suggests further experimental work to address the following questions

1.

2.

“What are the key parameters?”.

Parameter sensitivity analysis reveals that the model is sensitive to changes
in certain key parameters. These are the natural decay rates of latent TGFf1
and 3, the rates of activation of procollagen 1 and IIT to collagen I and III,
respectively, and the modulation of TGFS1 by TGF33. These are valuable ar-

eas of experimental work which would help understand the diflerence between

foetal and adult healing.

“Should TGIF33 be applied to dermal wounds in young adults?”.

Experimental research shows that there is a gradual change from scar {ree to
scar type wound healing. Our model does not take into account the transi-
tion phase but does indicate problems with the addition of TGFA33 in young
adults, with a fine line between either really good or abnormal healing, such as
hypertrophic scarring. This would be another valuable area of research. This
transition phase indicates the importance of timing of human foetal surgery if

scarring is to be minimized and optimal results achieved.
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In this part of the thesis, we have concentrated on TGFA1 and 3 as the impor-
tant regulators of collagen fibril levels. We now briefly discuss other factors which
play some role in the healing process. Platelet derived growth factor (PDGI) is a
glycoprotein which is released by platelets in abundance at the time of wounding.
There are no PDGF receptors on epithelial cells or endothelial cells but mesenchymal
cells have a high aflinity membrane receptor and PDGF has been shown to initi-
ate angiogenesis. Iigh concentrations of PDGF can activate granulocytes whereas
fibroblasts are attracted to low concentrations of PDGF, which also induces prolif-
eration (Pierce et al.,, 1991). Studies suggest that wound tissues are continuously
bathed in and respond to PDGF throughout the healing process. However, research
has shown that the effect of PDGF on collagen deposition is small compared to the
effeét of TGFp (Pierce et al., 1991). Thus, the inclusion of PDGF in the model
would have little effect on the final levels and ratio of the collagens and we choose
to neglect it in our model. Fibroblast growth factor (FGF) has both a basic and
an acidic form and can act as an angiogenic factor in vivo and in vitro, directing
endothelial cell migration, proliferation and plasininogen activator synthesis. Basic
FGF triggers normal granulation tissue formation, with the secretion of fibronectin
and collagen, but has been shown to most significantly enhance neovascularization
and re-epithelialization (reviewed in Martin et al., 1992). Again, we can legitimately
neglect the effect of FGF compared with TGFg. Fibronectins are complex glyco-
protein matrix molecules, produced by fibroblasts which are involved in wound con-
traction, cell migration, collagen matrix deposition and re-epithelialization (Whitby
& Ferguson, 1992). It acts as a “scaflold” for collagen deposition; granulation tissue
fibroblasts are coated with a layer of fibronectin matrix and myofibroblasts are cov-
ered with fibronectin which attaches with stress fibres in the wound (Clark, 1989;
McDonald, 1988). Inclusion of fibronectin is one possible extension to the model,
but since it primarily effects the arrangement of fibres and not the density or diam-

eter, our model solutions will not be affected by the absence of this term. A current

area of research is the role played by water in the process of collagenolysis; recent
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reports Liave suggested that in the scarcity of water, the rate of collagenase activity
is slowed considerably, a fact that could affect scarring but which we have chosen to
neglect in our model.

We have presented a mathematical model which captures the essential features
of foetal and adult dermal wound healing. We have chosen to measure the extent
of scarring in terms of the ratio and levels of collagen I and III. Another essential
element of scar tissue, which we have neglected, is the orientation of the fibres
and future extensions to the model should take into account this process. Further
possible work includes the modelling of TGFS1 and 2 as separate variables, and
introducing a time dependency to explain the transition phase between scarless

healing and scar tissue formation.

192



References

Adzick, N.S., Longaker, M.T.: Characteristics of fetal tissue repair. In: Adzick,
N.S., Longaker, M.T. (eds.) Fetal wound healing. Elsevier, New York, pp. 53-70
(1992)

Appling, W.D., O’Brien, W.R., Johnston, D.A., Duvie, M.: Synergistic enhance-
ment of type I and HI collagen production in cultured fibroblasts by transforming

growth factor - 8 and ascorbate. FEBS Letters 250: 541-544 (1989)

Asmussen, P.D., Sollner, B.: Wound care: Principles of wound healing. Beierdorf

Medical Bibliothek (1993)

Assoian, R.K., Komoriya, A., Meyers, C.A., Miller, D.M., Sporn, M.B.: Transform-
ing growth factor-3 in human platelets. J. Biol. Chem. 258: 7155-7160 (1983)

Bard, J.B.L., Hay, E.D.: The behaviour of fibroblasts from the developing avian
cornea. Morphology and movement in situ and in vitro. J. Cell Biol. 67: 400-418

(1975)

Barrandon, Y., Green, H.: Cell nigration is essential for sustained growth of ker-
atinocyte colonies: The roles of transforming growth factor-e and epidermal growth

factor. Cell 50: 1131-1137 (1987)

193



Barrow, G.: Physical chemistry for the life sciences. McGraw-Hill Inc., New York
(1981)

Berg, O.G., Von Hippel, P.H.: Diffusion controlled macromolecular interactions.

Ann. Rev. Biophys. Chem. 14: 131-160 (1985)

Boyarsky, A.: A stochastic model for wound lLealing. Math. Modelling 7: 371-375
(1986)

Bramson, M.: Convergence of solutions of the Kolmogorov equation to travelling

waves. Mem. Am. Math. Soc. 44: 285 (1983)

Brazell, R.K., Stern, M.E., Aquavella, J.V., Beuerman, R.W., Baird, L.: Human
recombinant epidermal growth factor in experimental corneal wound healing. Invest.

Ophthalmol. Vis. Sci. 32: 336-340 (1991)

Buck, R.C.: Cell migration in repair of mouse coruneal epithelium. Invest. Ophthal-

mol. Vis. Sci. 18: 767-784 (1979)

Canosa, J.: On a nonlinear diffusion equations describing population growth. /BM

J. Res. & Dev. 17, 307-313 (1973)

Carpenter, G., Cohen, S.: Human epidermal growth factor and the proliferation of

human fibroblasts. J. Cell Physiol. 88: 227-238 (1976)

Chan, K.Y, Patton, D. L., Cosgrove, Y.T.: Time-lapse videomicroscopic study of in
vitro wound closure in rabbit corneal cells. Invest. Ophthalmol. Vis. Sci. 30(12):

2488-2498 (1988)

Chan, K.Y, Lindquiast, T.D., Edenfield, M.J., Nicolson, M.A., Banks, A.R.: Phar-
macokinetic study of recombinant human epidermal growth factor in the anterior

eye. Invest. Ophthalmol. Vis. Sci. 32: 3209-3215 (1991)

194



Chen, R.H., Ebner, R., Derynck, R.: Inactivation of the type II receptor reveals two
receptor pathways for the diverse TGFS activities. Science 260: 1335-1338 (1993)

Clark, R.A.F.: Overview and general considerations of wound repair. In: Clark,
R.A.F., Henson, P.M. (eds.) The molecular and cellular biology of wound repair.
Plenum press, New York, pp. 3-34 (1988)

Clark, R.A.F.: Wound repair. Curr. Op. Cell Biol. 1: 1000-1008 (1989)

Clore, J.N., Cohen, I.KX., Diegelmann, R.F.: Quantitation of collagen types I and III
during wound healing in rat skin. Proc. Soc. Fzp. Biol. Med. 161: 337-340 (1979)

Cofley, R. J., Derynck, R., Wilcox, J. N., Bringman, T. S., Goustin, A.S., Moses,
H.L., Pittelkow, M.R.: Production and auto-induction of transforming growth factor

—a in human keratinocytes. Nature 328: 817-820 (1987)

Colen, LK., McCoy, B.J.: Wound healing. In: Goldsmith, L.A. (ed.) Biochemistry
and physiology of the skin. Oxford Univ. Press, Oxford (1983)

Crank, J.: The Mathematics of Diffusion. Oxford Univ. Press, Oxford (1956)

Crosson, C.E., Klyce, S.D., Beuerman, R.W.: Epithelial wound closure in rabbit
cornca. Invest. Ophthalmol. Vis. Sci. 27: 464-473 (1986)

Danjo, S., Friend, J., Thoft, R.A.: Conjunctival epithelium in healing of corneal

epithelial wounds. Invest. Ophthalmol. Vis. Sci. 28: 1445-1449 (1989)

Dunbar, S.R.: Travelling wave solutions of diffusive Lotka-Volterra equations. J.

Math. Biol. 17: 11-32 (1983)

Dunbar, S.R.: Travelling wave solutions of diffusive Lotka-Volterra equations: a

heteroclinic connection in R?*. Trans. AMS 268: 557-594 (1984)

195



Dunn, G.A., Ireland, G.W.: New evidence that growth in 3T3 cell cultures is a
diffusion-limited process. Nature 312: 63-65 (1984)

Dvorak, H.F., Kaplan, A.P., Clark, R.A.F.: Potential functions of the clotting sys-
tem in wound repair. In: Clark, R.A.F., Henson, P.M. (eds.) The molecular and
cellular biology of wound repair. Plenum Press, New York, pp. 57-86 (1988)

Ferguson, M.W.J., Howarth, G.F.: Marsupial models of scarless fetal wound healing.
In: Adzick, N.S., Longaker, M.T. (eds.) Fetal wound healing. Elsevier, New York,
pp. 95-124 (1992)

Fisher, R.A.: The wave of advance of advantageous genes. Ann. Eugenics 7: 353-

369 (1937)

Flint, M.H., Craig, A.S., Reilly, H.C., Gillard, G.C., Parry, D.A.D.: Collagen fibril
diameters and glycosaminoglycan content of skins - indices of tissue maturity and

function. Conn. Tiss. Res. 13: 69-81 (1984)

Fredj-Reygrobellet, D., Plouet, J., Delayre, T., Baudouin, C., Bourret, F., Lapalus,
P.: Effects of aFFGF and bFGI on wound healing in rabbit corneas. Curr. Fye Res.
6: 1205-1209 (1986)

Furthmayr, H.: Basement membranes. In: Clark, R.A.F., Henson, P.M. (eds.) The
molecular and cellular biology of wound repair. Plenum press, New York, pp. 525-

558 (1938)

Gibbs, R.G.: Travelling waves in the Belousov-Zhabotinski reaction. SIAM J. Appl.
Math. 38: 422-444 (1980)

196



Goss, R.J.: Regeneration versus repair. In: Cohen, LK., Diegelmann, R.F., Lind-
blad, W.J. (eds.) Wound Healing: Biochemical & Clinical Aspects. W. B. Saunders
Co., Philadelphia, pp. 20-39 (1992)

Grindrod, P.: Patterns and waves. Oxford Univ. Press, Oxford (1991)

Green, M.R., Couchman, J.R.: Distribution of EGF receptors in rat tissues during
embryonic skin development, hair formation and adult hair growth cycle. J. Invest.

Dermatol. 83: 118-123 (1984)

Hanna, C., Bicknell, D.S., O’Brien, J.E.: Cell turnover in the adult human eye.
Arch. Ophthalinol. 65: 695-698 (1961)

Harris, A.L., Nicholson, S.: Epidermal growth factor receptors in human breast
cancer. In: Lippman, M.E, Dickson, R.B. (eds.) Breast Cancer: Cellular and
molecular biology. Kluwer Acad. Publ., Boston, pp. 93-118 (1988)

Jennings, R.W., Hunt, T.K.: Ovetview of postnatal wound healing. In: Adzick,
N.S., Longaker, M.T. (eds.) Fetal wound healing. Elsevier, New York, pp. 25-52

(1992)

Jeffrey, J.J.: Collagen degradation. In: Cohen, LK., Diegelmann, R.F., Lindblad,
W.J. (eds.) Wound healing: Biochemical & clinical aspects. W. B. Saunders Co.,

Philadelphia, pp. 177-194 (1992)

Kevorkian, J., Cole, J.D.: Perturbation methods in applied mathematics. Springer

Verlag, Berlin (1981)

Kitazawa, T, Kinoshita, S., Fujita, K., Araki, K., Watanabe, H., Ohashi, Y., Man-
abe, R.: The mechanism of accelerated corneal epithelial healing by human epider-

mal growth factor. Invest. Ophthalmol. Vis. Sci. 31: 1773-1778 (1990)

197



Klyce, S.D., Beuerman, R.W.: Structure and function of the cornea. In: Kaufman,
H.E., Barron, B.A., McDonald, M.B., Waltman, S.R. (eds.) The Cornea. Churchill
Livingstone (1988)

Kolmogorov, A., Petrovsky, I., Piscounoff, N.: Etude de ’equation de la diffusion

avec croissance de la quantité de matiére et son application @ un probleme biologique.

Moscow Univ. Bull. Math. 1: 1-25 (1937)

Krummel, T.M., Michna, B.A., Thomas, B.L., Sporn, M.B., Nelson, J.M., Salzberg,
AM., Cohen, LK., Diegelmanu, R.F.: Transforming growth factor beta induces
fibrosis in a fetal wound model. J. Pediatric Surgery 23: 647-652 (1988)

Kuwabara, T., Perkins, D.G., Cogan, D.G.: Sliding of the epithelium in experimen-
tal corneal wounds. Invest. Ophthalmol. Vis. Sci. 15: 4-14 (1976)

Kwok, L.S.: Kinematics of epithelial wound closure in the rabbit cornea. Docu.

Ophthal. 77: 1-38 (1991)

Lapiere, Ch.M., Nusgens, B.V., Pierard, G.E.: The architectural organisation and
function of the macromolecules in the dermis. In: Marks, R.M., Barton, S.P.,

Edwards, C. (eds.) The physical nature of the skin. MTP Press Ltd, Lancaster, pp.
163-178 (1988)

Longaker, M.T., Whitby, D.J., Jennings, R.W., Duncan, B.W., Ferguson, M.W.J.,

Harrison, M.R., Adzick, N.S.: Fetal diaphragmatic wounds heal with scar formation.

J. Surg. Res. 50: 375-385 (1991)

Maini, P.K., Myerscogh, M.R., Winters, K.H., Murray, J.D.: Bifurcating spatially
heterogeneous solutions in a chemotaxis model for biological pattern generation.

Bull. Math. Biol. 53: 701-719 (1991)

198



Martin, P., Hopkinson-Woolley, J., McCluskey, J.: Growth factors and cutaneous
wound repair. Prog. Growth Factor Res 4: 25-44 (1992)

Mast, B.A.: The Skin. In: Cohlen, I.K., Diegelmann, R.F., Lindblad, W.J. (eds.)
Wound healing: Biochemical & cliniical aspects. W. B. Saunders Co., Philadelphia,
pp- 344-355 (1992)

Mast, B.A., Nelson, J.M., Krummel, T.M.: Tissue repair in the mammalian fetus.

In: Cohen, 1.K., Diegelmanu, R.F., Lindblad, W.J. (eds.) Wound healing: Biochem-
ical & clinical aspects. W. B. Saunders Co., Philadelphia, pp. 326-343 (1992)

McDonald, J.A.: Fibronectin: a primitive matrix. In: clark, R.A.F., Henson, P.M.
(eds.) The molecular and cellular biology of wound repair. Plenum press, New York,

pp. 405-436 (19383)

Menasche, M., Robert, L., Payrau, P., Hamada, R., Pouliquen, Y.: Comparative
biochemical and morphometric studies on corneal wound healing. Pathol. Biol.

Paris. 36: 781-789 (1988)

Merkel, J.R., DiPaolo, B.R., ITallcock, G.C., Rice, D.C.: Typeland type Il collagen
content of healing wounds in fetal and adult rats. Proc. Soc. Ezp. Biol. Med. 187:

493-497 (1988)

Miller, E.J., Gay, S.: Collagen structure and function. In: Cohen, LK., Diegelmann,
R.F., Lindblad, W.J. (eds.) Wound healing: Biochiemical & clinical aspects. W. B.
Saunders Co., Philadelphia, pp. 130-151 (1992)

Morgan, C.J., Pledger, W.J.: Fibroblast proliferation. In: Cohen, LK., Diegelmann,
R.F., Lindblad, W.J. (eds.) Wound healing: Biochemical & clinical aspects. W. B.
Saunders Co., Philadelphia, pp. 63-76 (1992)

199



Murray, J.D.: On traveling wave solutions in a model for the Belousov-Zhabotinskii

reaction. J. Theor. Biol. 52: 329-353 (1976)
Murray, J.D.: Mathematical Biology. Springer Verlag, Berlin (1991)

Nishida, T., Nakamura, M., Mishima, H., Otori, T.: Diflerential modes of action of
fibronectin and epidermal growth factor on rabbit corneal epithelial migration. J.

Cell. Physiol. 145: 549-554 (1990)

Ockendon, J.R., Tayler, A.B.: Applied Partial Differential Equations. University of
Oxford Lecture Notes (1982)

Odland, G.F.: Structure of the skin. In: Goldsmith, L.A. (ed.) Biochemistry and
physiology of the skin. Oxford Univ. Press, Oxford, pp. 3-63 (1983)

Ohashi, Y., Morokura, M., Kinoshita, Y., Mano,T., Watanabe, H., Kinoshita, S.,
Manabe, R., Oshiden, K., Yanaihara, C.: Presence of epiderfna<l growth factor in

human tears. Invest. Ophthalmol. Vis. Sci. 30: 1879-1882 (1989)

Ortonne, J.P., Loning, T., Scmitt, D., Thivolet, J.: inmunomorphological and ultra-
structural aspects of keratinocyte migration in epidermal wound healing. Virchows

Arch. A 392: 217-230 (1981)
Peacock, E.E.: Wound Repair. W. B. Saunders Co., Philadelphia (1984)

Pierce, G.F., Brown, D., Mustoe, T.A.: Quantitative analysis of the inflamma-
tory cell influx, procollagen type I synthesis, and collagen cross-linking in incisional

wounds: influence of PDGF-BB and TGF-G1 therapy. J. Lab. Clin. Med. 117:
373-282 (1991)

200



Roberts, A.B., Sporn, M.B.: The transforming growth factor - #s. In: Sporn, M.B.,

Roberts, A.B. (ed.) Peptide growth factors and their receptors. Springer Verlag,
Berlin, pp.419-472 (1990)

Rotlhe, F.: Convergence to travelling fronts in semilinear parabolic equations. Proc.

R. Soc. Edin. 80A: 213-234 (1978)

Rudolph, R., Vande Berg, J., Ehrlich, H.P.: Wound contracture and scar contrac-
ture. In: Cohen, LK., Diegelmann, R.F., Lindblad, W.J. (eds.) Wound healing:
Biochemical & clinical aspects. W. B. Saunders Co., Philadelphia, pp. 96-114
(1992)

Schultz, G.S., White, M., Mitchell, R., Brown, G., Lynch, J., Twardzik, D.R.,
Todaro, G.J.: Epithielial wound healing enhanced by transforming growth factor o

and vaccinia growth factor. Science 235: 350-352 (1987)

Shali, M, Foreman, D.M., Ferguson, M.W.J.: Control of scarring in adult wounds by
neutralising antibody to transforming growth factor 4. Lancet 339: 213-214 (1992)

Sherratt, J.A., Murray, J.D.: Models of epidermal wound healing. Proc. R. Soc.
Lond. B 241: 29-36 (1990)

Sherratt, J.A., Murray, J.D.: Mathematical analysis of a basic model for epidermal
wound lhealing. J. Math. Biol. 29: 389-404 (1991)

Sherratt, J.A., Murray, J.D.: Epidermal wound healing - A theoretical approach.
Comments Theor. Biol. 2 (5): 315-333 (1992)

Sherratt, J.A., Murray, J.D.: Epidemal wound healing: The clinical implications of
a simple mathematical model. Cell Transplantation 1: 365-371 (1992)

201



Sherratt, J.A., Sage, E.H., Murray, J.D.: Chenical control of eukaryotic cell move-
ment: a new model. J. Theor. Biol. 162: 23-40 (1993)

Sherratt, J.A.: Cellular growtl control and travelling waves of cancer. SIAM J.
Appl. Math. 53: 1713-1730 (1993)

Sherratt, J.A.: Chemotaxis and chemokinesis in eukaryotic cells: the I eller-Segal
equations as an approximation to a detailed model. Bull. Math. Biol. 56: 129-146
(1994)

Siebert, J.W., Burd, D.A.R., McCarthy, J.G., Weinzweig, J., Ehrlich, H.P.: Fetal
wound healing: a biochemical study of scarless healing. Plast. Reconstr. Sury.

495-504 (1990)

Sinclair, R.D., Ryan, T.J.: Proteolytic enzymes in wound healing: the role of enzy-

matic debridement. Australas. J. Dermatol. 35: 35-41 (1994)

Soderquist, A.M., Carpenter, G.: Biosynthesis and metabolic degradation of recep-
tors for epidermal growth factors. J. Membrane Biol. 90: 97-105 (1986)

Steun, I.S.., Malthorta, R.: Epithelialisation. In: Colen, 1.K., Diegelmann, R.F.,
Lindblad, W.J. (eds.) Wound healing: Biochemical & clinical aspects. W. B. Saun-
ders Co., Philadclphia, pp. 115-129 (1992)

Stern, M.G., Longaker, M.T., Stern, R.: Hyaluronic acid and its Modulation in fetal
and adult wounds. In: Adzick, N.S., Longaker, M.T. (eds.) Fetal wound healing.
Elsevier, New York, pp. 189-198 (1992)

Streuli, C.H., Schmidhauser, C., Kobrin, M., Bissell, M.J., Derynck, R.: Extracel-
lular matrix regulates expression of the TGF-81 gene. J. Cell Biol. 120: 253-260

(1993)

202



Stricklin, G.P., Bauer, E.A., Jeflrey, J.J: Human skin collagenase: Chiemical prop-
erties of precursor and active forms . Biochemistry 17: 2331-2337 (1978)

Sunada, H., Peacock, J., Mendelsohn, J.: Ligand induced intermediate of EGI
receptors by A431 cells decreases at high cell density in culture. Growth Factors 5:
45-55 (1991)

Thompson, H.W., Malter, J.S., Steinemann, T.L., Beuerman, R.W.: Flow cytom-
etry measurements of the DNA content of corneal epithelial cells during wound

healing. Invest. Ophthalmol. Vis. Sci. 32: 433-436 (1990)

Toole, B.P.: Proteoglycans and hyaluronan in morphogenesis and differentiation.
In: Hay, E.D. (ed.) Cell biology of extracellular matrix. Plenum press, New York,
pp. 305-342 (1992)

Tsutsumi, O., Tsutsumi, A., Oka, T.: Epidermal growth factor-like corneal wound

lealing substance in mouse tears. J. Clin. Invest. 81: 1067-1071 (1988)

Van Setten, G.B.: Epidermal growth factor in human tear fluid: increased release

but decreased concentrations during reflex tearing. Curr. Eye Res. 9: 79-83 (1990)

Van De Water, L., ffrench-Constant, C., Brown, L.: Fibronectin expression during

cutaneous wound healing. In: Adzick, N.S., Longaker, M.T. (eds.) Fetal wound
healing. Elsevier, New York, pp. 281-302 (1992)

Wahl, L.M., Wall, S.M.: Inflammation. In: Cohen, LK., Diegelmann, R.F., Lind-
blad, W.J. (eds.) Wouund healing: Biochemical & clinical aspects. W. B. Saunders

Co., Philadelphia, pp. 40-62 (1992)

203



Wakefield, L.M., Smith, D.M., Masui, T., Harris, C.C., Sporn, M.B.: Distribution
and modulation of the cellular receptor for growth factor - 8. J. Cell Biology 105:
965-975 (1987)

Wakefield,L.M., Smith, D.M., Flanders, K.C., Sporn, M.B.: Latent transforming
growth factor 8 from human platelets. J. Biol. Chem. 263: 7646-7654 (1988)

Wakefield, L.M., Winokur, T.S., Hollands, R.S., Christopherson, K., Levinson, A.D.:
Recombinant latent transforming growth factor beta 1 has a longer plasma half-life

in rats than an active transforming growth factor beta 1, and a different tissue

distribution. J. Clin. Invest. 86: 1976-1984 (1990)

Wenstrup, R.J., Murad, S., Pinnell, S.R.: Collagen. In: Goldsmith, L.A. (ed.)
Biochemistry and physiology of the skin. Oxford Univ. Press, Oxford, pp. 481-508
(1983)

Whalen, G.F., Zetter, B.R.: Angiogenesis. In: Cohen, LK., Diegelmann, R.F., Lind-
blad, W.J. (eds.) Wound hecaling: Biochemical & clinical aspects. W. B. Saunders

Co., Philadelphia, pp. 77-95 (1992)

Whitby, D.J., Ferguson, M.W.J.: The extracellular matrix of lip wounds in fetal,
neonate and adult mice. Development 112: 651-668 (1991)

Whitby, D.J., Ferguson, M.W.J.: Iminunohistochemical localization of growth fac-
tors in fetal wound healing. Dev. Biol. 147: 207-215 (1991)

Whitby, D.J., Longaker, M.T., Harrison, M.R., Adzick, N.S., Ferguson, M.W.J.:
Rapid epithelialisation of fetal wounds is associated with the early deposition of

tenascin. J. Cell Sci. 99: 583-536 (1991)

204



Whitby, D.J., Ferguson, M.W.J.: Immunohistocheinical studies of the extracellular
matrix and soluble growth factors in fetal and adult wound healing. In: Adzick,
N.S., Longaker, M.T. (eds.) Fetal wound healing. Elsevier, New York, pp. 161-176
(1992)

Wiegel, P.H., Fuller, G.M., LeBoeuf, R.D.: A model for the role of hyaluronic acid
and {ibrin in the eairly events during the inflammatory response and wound lealing.

J. Theor. Biol. 119: 219-234 (1986)

Winter, G.D.: Epidermal regeneration studied in the domestic pig. In: Maibach,
H.I., Rovee, D.T. (eds.): Epidermal Wound Healing. Year Book Med. Publ. Inc.,
Chicago, USA. pp. 71-112 (1972)

205






