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In this thesis we examine mathematical models which have been suggested
as possibile mechanisms for forming certain biological patterns. We analyse
them in detail attempting to produce the requisite patterns both analytically
and numerically. A reaction diffusion system in two spatial dimensions with
anisotropic diffusion is examined in detail and the results compared with
certain snakeskin patterns. We examine two other variants to the standard
reaction diffusion system: a system where the reaction kinetics and the diffu-
sion coefficients depend upon the cell density suggested as a possible model
for the segmentation sequence in Drosophila and a system where the model
parameters have one dimensional spatial gradients.

We also analyse a model derived from known cellular processes used to
model the branching behaviour in bryozoans and show that, in one dimension,
such a model can, in theory, give all the required solution behaviour. A
genetic switch model for pattern elements on butterfly wings is also briefly
examined to obtain expressions for the solution behaviour under coldshock.
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Introduction.

The development of pattern and form in biology, known as morphogene-
sis, is one of the great unsolved mysteries in science. When cell division first
begins in an embryo, the original mass of cells is homogeneous so a mecha-
nism is required to account for the organisation of the cells into the different
organs. The concept of positional information, suggested by Wolpert (1969),
says that the cells are pre-programmed to differentiate into different types
of cells depending upon the concentration of a chemical they experience.
This idea divides development into several separate stages; the first being
the establishment of the chemical or morphogen pre-pattern.

The two most widely studied mechanisms for producing morphological
patterns are reaction diffusion mechanisms based on the pioneering work of
Turing (1952) and the more recent mechanochemical models as discussed by
Murray and Oster (1984a,b). This latter type of system considers pattern
formation and morphogenesis to go on simultaneously - the chemical pat-
terning and the form shaping movements of the cells and the embryological
tissue are thought to be continuously interacting to produce the observed
spatial pattern. These models use the fact that the individual cells move by
exerting traction forces upon their surroundings, which consist of the fibrous
extracellular matrix and the surfaces of other cells. These traction forces

deform the matrix which in turn affects the cell movements. A detailed bi-



ological description of how each term in the equations is derived is given in
Oster, Murray and Harris (1983).

Reaction diffusion mechanisms, on the other hand, have pattern formation
and morphogenesis occuring sequentially. Chemicals, called morphogens,
form a concentration pattern which then assigns positional values to the
cells. Models of this type use the morphogen concentrations as variables
and are capable of forming heterogeneous steady state patterns from small
disturbances about a uniform steady state. This is the property that has
most attracted the attention of theoretical biologists. Contrary to its normal
behaviour, in these models, diffusion is acting as a destabilizing factor.

There are two major drawbacks to the chemical theory of morphogen-
esis. The first is that the morphogens themselves are purely hypothetical.
Recently retinoic acid (Tickle (1983)) and calcium (Goodwin (1984)) have
been put forward as morphogen candidates but the role they play in posi-
tional signalling and experimental evidence for their existence is, at present,
inconclusive. The second problem concerns the solution’s sensitivity to alter-
ations in the domain size and shape or in the initial conditions. The need for
the accurate pattern reproduction found in most areas of morphogenesis has
given rise to suggestions that more stable patterns, such as simple gradients,
when coupled with threshold mechanisms of the type discussed by Lewis et
al. (1977) could prove to be the basis for producing the positional informa-
tion necessary for Wolpert’s theory. These simple gradients however are not

capable of producing the more elaborate patterns observed.



In this thesis we discuss, in the main, models of the reaction diffusion
type with slight modifications to the norm to see what patterns we can pro-
duce. In Chapter One we review reaction diffusion theory, apply it to a
simple example of a reaction kinetics set and illustrate the effects changing
certain parameters can have upon the model solutions by means of numerical
simulations. In Chapter Two we discuss the possibility of using anisotropy
in the diffusion coefficients and analyse in depth the effect this has on the
solution patterns. In Chapter Three we consider the reaction diffusion model
of Nagorcka (1988) as applied to the problem of segmentation in the embryo
of the fruit fly Drosophila Melanogaster. The point of interest of this chap-
ter is the incorporation of the cell density into the reaction kinetics and the
diffusion coefficients to try to obtain the effect of period doubling. In Chap-
ter Four we briefly examine the effects of one dimensional gradients in the
reaction parameters upon the patterns formed on a two dimensional domain.

In Chapter Five we examine a slightly different model suggested by Gold-
wasser, Maini and Murray (1989) with a more mechanochemical basis to at-
tempt to explain the phenomena of branching in bryozoans. In Chapter Six
we briefly consider a genetic switch model first proposed by Murray (1981a)
to model pattern formation on butterfly wings and use it to examine the

behaviour of eyespot patterns under coldshock.



Chapter 1

A Brief Review of the
Reaction Diffusion Theory of
Pattern Formation.

1.1 Background.

In his seminal paper Turing (1952) suggested that, under certain conditions,
chemicals could react together and diffuse through the surrounding medium
in such a way as to produce spatially heterogeneous steady state patterns
of chemical or morphogen concentration. The process could be triggered
by a random disturbance about a uniform steady state and the resulting
morphogen landscape used to provide a blueprint for cell differentiation in
morphogenesis. This is the basis for Wolpert’s (1969,1981) theory of posi-
tional information. In particular Turing considered systems of two or three
morphogens interacting on a ring of cells or tissue. He suggested that this
could be used to model, among other things, tentacle development in Hydra,
an idea subsequently developed by Gierer and Meinhardt (1972). The equa-

tions for the reaction diffusion mechanisms we consider in this thesis are of



the general form

ot

f(e)+ DVi¢ (1.1)

where

¢ 1s the vector of morphogen concentrations.
f represents the reaction-kinetics interactions between the chemicals.

D is the (generally) diagonal matrix of positive diffusion coeflicients.

Since Turing’s classic paper, a number of specific, two reactant, model
mechanisms have been proposed, studied extensively and applied, with vary-
ing degrees of plausibility, to a large number of problems in developmental
biology. These mechanisms can exhibit an amazing richness of spatial and
temporal patterns that are diffusion driven in the Turing sense. Two partic-
ularly widely studied systems are the autocatalytic activator-inhibitor model
of Gierer and Meinhardt (1972), used in several varying forms to model the
morphogenesis of Hydra and in the formation of slime mould Dictyostelium
discoideum slugs (c¢f. Lacalli and Harrison (1979)) and the experimental
substrate inhibition model of Thomas (1976), used as the model mechanism
for generating mammalian coat patterns (Murray 1981a,b) and by Bunow
et al. (1980) to model compartment formation on the wings of the fruit
fly Drosophila. Another class of mechanisms, of a more hypothetical nature
but algebraically simpler to deal with, are the trimolecular autocatalytic
reactions involving two chemicals as categorised by Schnackenberg (1979).
Murray (1982) shows that all the particular reaction diffusion mechanisms
are qualitatively the same, as regards pattern formation potential in a Turing

sense, and we make use of this by employing the simplest of the Schnacken-



berg (1979) mechanisms, described in Section 1.3 below, to illustrate many
of the analytical results in later chapters of this thesis.

Reaction diffusion systems can have solutions falling into two qualita-
tive groups: the type we are concerned with which are asymptotically sta-
tionary and spatially heterogeneous and solutions which vary periodically
in time. For completeness we mention here the classic real example of the
time varying solution type, namely the Belousov-Zhabotinski reaction which
has generated so much mathematical interest. This chemical oscillator can
exhibit both periodic travelling waves and spiral waves. A review of the mod-
els suggested to explain this phenomena is given by Tyson (1976). A real
biological example which exhibits rotating spiral waves, and for which a re-
alistic reaction diffusion model exists, has recently been described by Tyson,
Alexander, Manoranjan and Murray (1989). In this example experimental
parameter values are available. The analytical results from this model are in
good agreement with the experimental data.

With our current state of knowledge, or rather lack of it, concerning
the identity of morphogens taking part in almost all morphogenetic pattern
formation, we cannot really say that any particular model is the ’best’ bi-
ologically. We can, however, compare the models’ sensitivity to initial or
boundary conditions, the time scale of pattern formation and the stability
of the final pattern. Under zero flux boundary conditions both the solu-
tion patterns obtained and the pattern’s polarity are sensitive to changes in

the initial conditions and in the domain’s size and shape. This sensitivity



has prompted some workers to question the biological applicability of reac-
tion diffusion systems (for example Bunow et al. (1980), Bard and Lauder
(1974)). In some situations however, this sensitivity is a positive attribute of
the model. This is the case in Murray’s (1981a) reaction diffusion model for
animal coat markings. For given initial conditions the heterogeneous steady
state was found to be unique: small variations in the initial conditions re-
sulting in quite different spatial patterns although the general qualitative
character was similar. This is obviously an advantage when attempting to
model animal markings which exhibit, within the same species, randomness
but only within certain limits. For example all leopards are spotted but the
distribution of the spots is unique to each animal.

The question of the time scale of the pattern formation is closely related
to the magnitude of the diffusion coefficients for morphogen candidates. In
order for the morphogen to be able to diffuse across cells it would be expected
to have a diffusion coefficient of O(10~"cm?sec™!), probably much smaller
in fact. This would suggest that to establish, for example, a gradient in a
domain of size O(1cm) using a simple diffusion process would need about one
day. This is longer than would be reasonable in many biological situations.
This does not imply that reaction diffusion systems cannot successfully model
many biological patterning phenomena as the time required to generate a
reaction diffusion pattern can be much shorter than by pure diffusion. Some
of the varied practical applications of reaction diffusion theory are given in

the books by Murray (1977,1989). The lecture notes by Fife (1979) and the



book by Britton (1986) survey the more mathematical results.

In one space dimension, Mimura and Murray (1978) considered a model
predator-prey system which could be driven unstable by diffusion in the Tur-
ing sense. They thought that this could be a possible contributing factor to
the observed planktonic patchiness in the sea. They found that numerical
simulation of the finite amplitude solution from the full nonlinear equations
showed that the linear theory, which predicted a fastest growing linearly
unstable mode, gave an accurate prediction of the ultimate heterogeneous
structure. Murray (1979) showed that in two (or higher) spatial dimensions
the finite amplitude structure bears no obvious relation to the fastest growing
linearly unstable mode. Except for the simplest patterns we should only use
two (and higher) dimensional linear theory as a guide to the range of pat-
terns the model can generate and as a method for determining the parameter
ranges necessary for pattern generation. The finite amplitude structure de-
pends upon the initial and boundary conditions. Arcuri and Murray (1986)
showed in the case of the Thomas (1976) mechanism that, in one dimen-
sion, nonhomogeneous boundary conditions give rise to patterns which are
much more robust than those with zero-flux boundary conditions. This is
intuitively as we would expect. This would correspond to a biological sys-
tem exchanging material with its immediate surroundings which is not an
unreasonable assumption in many biological situations.

Many workers have suggested slightly altered reaction diffusion systems to

produce some differing patterns not obtained from normal reaction diffusion



systems. Meinhardt and Klinger (1987), for example, discuss the possibilities
of the patterns found on the shells of certain molluscs being formed by such
a mechanism. A more realistic model for shell patterns however has been
proposed by Ermentrout, Campbell and Oster (1986). The former solve the
system on a two dimensional (one space-one time) domain as the pattern
is only laid down at the growing edge and so is one dimensional while the
second dimension comes from shell growth. In later chapters of this thesis
we discuss other such variations: anisotropic diffusion in Chapter Two, cell
density dependent diffusion coefficients and reaction strengths in Chapter
Three and space varying parameters in Chapter Four.

In the rest of this chapter we give a review of the basic theory which we
need for the analysis to follow. In Section 1.2 we establish the conditions
necessary for diffusion driven instability for general reaction kinetics. In
Section 1.3 we carry out a more specific analysis for the simple trimolecular
system of Schnackenberg (1979) and establish what is generally known as the
Turing space (region in the parameter space where diffusion driven instability
can occur) c¢f. Murray (1982). In Section 1.4 we illustrate, with numerical
simulations, the effects that changing certain model parameters can have on

the patterns formed.

1.2 Reaction Diffusion Theory.

A reaction diffusion system is said to exhibit diffusion driven or Turing in-

stability if the uniform steady state is stable to small spatially homogeneous



perturbations but becomes unstable when spatially heterogeneous perturba-
tions are introduced. In this section we derive the conditions necessary for

this behaviour for a general dimensionless reaction diffusion system, namely

uy = vf(u,v) + Vu

vg(u,v) + dV?%v (1.2)

U

where u and v are the morphogen concentrations and d is the ratio of the
diffusion coeflients D,/D, of the two morphogens. The parameter + can be

interpreted in at least three ways (Arcuri and Murray (1986)).

1. ~ is directly proportional to the area of the domain.

2. ~ is inversely proportional to the absolute size of the
diffusivities in such a way that if d is kept constant then an
increase in v is equivalent to a proportional decrease in both
D, and D,.

3. ~ represents the strength of the overall reaction terms.

We assume the system has a unique positive homogeneous steady state

(ug, vo) given by the solution of
flu,v) = g(u,v) =0 = u=ug,v = vp. (1.3)

The first stage of the analysis is to obtain conditions for the linear stability

of this steady state in the absence of diffusion. To do this we consider
Uy = "Yf(ua U)
Uy = 7g(uav)' (14)
Linearising about the steady state (uo, vg), we set
u— Ug -
= 1.
L ( UV — Vg ) ( D)

10



to obtain

w, = yMw + h(w, ) (1.6)
where the stability matrix M is given by
e (22)
Gu YGv 0,00

and h(w,v) contains the nonlinear terms. For |u — uo|, |[v — vo| < 1 the

nonlinear terms are negligable so we look for solutions of the form

w oc eM (1.7)
which gives A as the solutions of
A2 — YA(fu+ 90) + Y (fugo — fogu) =0 (1.8)
namely
2 = v(fu + 90) £ (Fu + 90)% — 4(Fugo — fogu)- (1.9)

The steady state w=0 is linearly stable if and only if w — 0 as ¢ — oo which
will only occur if both roots of (1.9) have £(A) < 0. This gives the conditions

for the steady state to be stable in the absence of diffusion as

1) futgu<O it) detM = f,g, — fogu > 0. (1.10)

Now consider the full system (1.2), substitute for w and linearise about
w=0 to obtain

w, = YMw + DV*w (1.11)

where

O =

Q, o
N——

11



To solve (1.11) we define X to be the time independent solution of the eigen-

value problem

VX +EkX =0 (1.12)

where k is the eigenvalue and X satisfies the relevant boundary conditions
of the problem. We let X; be the eigenfunction satisfying the eigenvalue
problem (1.12) for each specific k. Each eigenfunction satisfies the boundary

conditions so we look for solutions of the form

w= ZPk_X_keM (1.13)
k

where the p; are determined from a Fourier expansion of the initial condi-

tions. Substituting this expression in (1.11) gives
M =vMX, — Dk*X, for each k. (1.14)

This gives the dispersion relation A(k?) as the solution of the following equa-
tion

A+ M=v(fu + 90) + B(1+ )] + H(E*) =0 (1.15)

where

H(k?) = dk* — v(df, + go)k* + y2det M. (1.16)

The dispersion relation 1s thus

INK) = 1(fu + 62) — (1 + &) & \f(—r(fu T 90) + K211 ) — 4H(R2).
(1.17)
For diffusion driven instability we require R(A(k?)) > 0 for some values of

k* # 0 so that the contribution of at least one eigenfunction grows with

12



time. Relations (1.10) tell us that f, 4+ g, < 0 so for instability we require
H(k*) < 0 for some k2. As detM >0 from (1.10) a necessary condition for

this to occur is therefore
12) dfy+g,>0, d#1. (1.18)

Figure 1.1 shows the effect of increasing d on the values of H(k?) and A(k?).
As we can see H(k?) becomes negative for a range of values k? > 0 when the
diffusion ratio d exceeds the critical value. For this range of k% the larger
eigenvalue A(k?) becomes positive and so these wavenumbers are unstable
and hence pattern will form (i.e. H(k?) decreases as d increases and \(k?)
increases). We also need the condition that the minimum of H(k?) < 0.

From (1.16) we obtain

OH
5T = 2dk? — y(df, + g,) (1.19)

so the minimum value occurs at

2 _ Wdfu + g0)

¥ (1.20)
giving
Hopin = 72 |detM — (df“;ig”y (1.21)
This leads to a fourth condition for Turing instability, namely
) (dfy + g)? — 4ddetM > 0. (1.22)

We now have four inequalities which define a region in the (a4, ay, ...a,, d)

parameter space where diffusion driven instability is possible where a4, as, ...q,,

13



H"2)

Re (AK™2))

Figure 1.1: a) Plot of H(k?) defined in (1.16) drawn for the Schnackenberg

kinetics. b) Plot of the real part of the larger eigenvalue A(4°) defined in
(1.17) also drawn for the same kinetics. In both cases the dotted curve has
d = d.. |

are the parameters in the reaction terms f, g. We call this region the Turing
space (Murray (1982)). Note that (1.10) and (1.18) imply that f, and g,
must have different signs. If f, > 0 then we require d > 1 while if f, < 0 we

require d < 1. At the bifurcation point we have H,,;, = 0 and so
(d.fu + g,)* = 4d.det M. (1.23)

Taking the case where f, > 0 this determines the critical diffusion coefficent
d. > 1, the minimum value of d necessary for pattern formation, to be the

larger of the two roots of

d2f2+2(2fugu — fuge)de + g2 =0 (1.24)

14



which gives

(vagu - fugv) + \/(vagu - fugv)2 - fggzzz

d. = 7 (1.25)
and thus the critical wavenumber at bifurcation, k., is given by
2 _ Wdefu+ 9v) fugo = fogul|’
= = : 1.26
£ 2d, i d. (1.26)

The range of unstable wavenumbers k? < k* < k3 is given by the zeros of

H(k?), namely

k2= o [(dfu + 90) — \/(dfu + 9,)? — 4ddetM| < Kk

(1.27)
< o [(dfu+ g0) + /(dfu + g0)? — 4ddetM] = E2.

In (1.13) the dominant contributions come from the values of k? which
have R(A(k?)) > 0 as all the other modes tend to zero exponentially. Thus

the solution w 1s of the form
k2 ,
w ~ Zpk.&ke,\(k )t. (1.28)
ky

This exponentially growing solution would become unbounded for large ¢t and
only describes w near 0. As w grows the neglected nonlinear terms h(w,v)
become large and eventually bound the linearly unstable modes. It can be
proved (Smoller (1983)) that if there exists a confined set for the reaction
kinetics then, if this set is of a certain shape (rectangular in the case of
models of the form we are considering), it will also act as a confining set for
the full nonlinear partial differential equations (c¢f. Section 3.7). Lara-Ochoa
and Murray (1983), for example, carried out a nonlinear bifurcation analysis

for d in the vicinity of d. to show that spatially heterogeneous steady state

15



solutions do indeed occur. In the next section we consider a specific set of
reaction kinetics and carry out the linear analysis and obtain the results for

the parameter regions in graphical form.

1.3 Analysis of a Specific Mechanism.

In this section we carry out the analysis for the simple tri-molecular model

of Schnackenberg (1979) which is given by the chemical reaction sequence

X224 BXMy ox4+v-®oax (1.29)

K,

Using the law of mass action we obtain

-a—[a-)?q = ky — ko[ X] + B[ XPP[Y] + DXV2[X]
%’tﬂ = ks — ks[XT2[Y] + Dy V[Y] (1.30)

where [X],[Y] represent the concentrations of chemicals X and Y respectively.
We nondimensionalise the equations by setting
u=(x)ff a=bfh o Dyt g*:%;:

where L is a typical length, to obtain the nondimensionalised system

(1.31)

(dropping the asterisks for notational convenience),

u = v(a—u+vi)+Viu =5f(u,v)+ Viu

(1.32)
v, = v(b—u?v)+dV? = vg(u,v) + dV?v.

Figure 1.2 shows a typical nullcline diagram for this system.
From the analysis carried out for a general reaction diffusion system in

Section 1.2 we see that the conditions for diffusion driven instability are

fut9.<0 fugv—fvgu>0

(1.33)
dfy + g, >0 (dfy + g,)* — 4ddetM > 0.

16



= -
—
-
--—————_.._.

Figure 1.2: Nullcline diagram for (1.32) drawn here for ¢ = 0.1 and b = 0.9.

For the Schnackenberg kinetics we have

fu=—1+2uol‘0 f,_,:ug u0=a+b
b (1.34)

gu = —2ugty g = —ug vy = ———T(a T b)‘.

Substituting these into (1.33) we obtain the following inequalities:

fu+g.<0 = 0<(b—-a)<(b+a)
fugu—fvgu>0 = (b+a)2>0

(1.35)
dfu + 9, >0 = d(b—a)>(b+a)’

(dfu + go)? > 4ddetM = [d(b— a) + (b+ a)*)? > Sdb(b + a)®.

These define a domain in the (a,bd,d) parameter space called the Turing
space (see Murray (1982)). To plot the Turing space it is easier to consider

a parametrc representation of (1.33) in terms of the non-negative uy. Here

Vg = (UO —2— a) b= Ug — a, (136)

Up

17



and the first condition now reads

futg, <0 :‘>1—2%—u0<0

a>P(1-uf) b="P(1+ud).

When these inequalities are replaced by equalities they define a boundary

(1.37)

curve in the a — b parameter space if we let uy take on all positive values.

The other conditions in (1.35) give
fugv - fvgu >0 = Ug >0 (138)

which is satisfied automatically and

u
dfu +9,>0 =a< -Q—d(d— ul) b= ﬁ(dJr u?) (1.39)
(dfu + g,) > 4ddetM = [ug(d — ud) — 2ad]® > 4dug. (1.40)

The inequality (1.40) results in two curves as it is quadratic in a, namely
a<Bfi-28 %] bou-a=Ypli+ 2 %)
Vid | 0 i

27 E2-]

L\

- (1.41)
Ug Ug

>‘u2'-].+'2ﬁ 7_ b:UO—a:-z--l

sl? <

We now let ug take on a range of positive values and calculate the values of
a and b for a given value of d to give the boundary curves. However, in this
case, some of the curves are redundant as they are enclosed within one of the

others. For the Schnackenberg kinetics d > 1 and hence

< —=(1-ul)<a (1.42)

which shows that the curve defined in (1.39) lies below the curve defined in

(1.37). Also as

U2 2UOJ
1 - =24+ — 1.43
1"V (143




we cannot have a domain satisfying the second of (1.41) and (1.39). This

leads to two parametric curves for the Turing space, namely

o> 01— ) b= %1+ ud)
a<%ﬂ[1—-2-\;‘-_§—%3] b:%ﬂ[1+2—\>‘—§+%3]-

Figure 1.3 shows the Turing space for the Schnackenberg system for several

(1.44)

given values of d. For parameter values lying within the two appropriate
boundary curves diffusion driven instability can occur. In the next section we
give a few examples of numerical solutions of the Schnackenberg kinetics on a
two dimensional domain and illustrate the effect that changes in the diffusion

ratio d and the space parameter v can have upon the pattern formed.

1.4 Numerical Simulations on a Rectangu-
lar Domain.

Here we solve (1.32) on a two dimensional rectangular domain A defined by

0 <z <r,0<y<gq. The related eigenvalue problem (cf. (1.12)) is
VW + kKW = 0. (1.45)
We take zero flux boundary conditions
(n.VYW =0 on O0A (1.46)

to demonstrate our results. The eigenfunctions are thus of the form

n2 m2

nwr  mw
W(z,y) = Py cos —— cos /
r q

r q
for integers n and m. From (1.27) the linearly unstable modes are the ones

satisfying

k2 = -21d[1: _J)< k< éld[/: +J] = k2 (1.48)

19



\ dz SO

\ dx 20

Figure 1.3: Turing space for the Schnackenberg system: d = 20. d = 30.
d = 200. The dotted curve shows the first curve from (1.44) while the other
curves show the second curve from (1.44) for the different values of d.

where

(1Ll

L=[db—a)—(a+b)? J=][L*~4d(a+ b)), (1.49)

This gives the linear approximation w2 to the solution as

k2 nwTr mmy

w(z,y,t) = Z_Bkex(kz)' cos cos — (1.50)
: r q
ky

where the sum is over all the pairs n,m satisfying (1.47). If, for example,
we examine the effect of varying v upon the possible unstable modes using

parameter values a = 0.1, b = 0.9 and d = 8.8 (just greater than d.=8.65 for

20



these values) (1.47) gives

2

g n® m’
—=10.0565] < — + — < =|0. : 1.51
2[ | < 7ﬂ2+q? <2[00826] (1.51)

Taking a domain of size 6 x12 we have only one possible unstable mode for
v=2, namely n=0, m=3 whereas for y=4 we have the modes n=1, m=4 and
n=2, m=1-2 unstable. The effect of increasing v is to increase the activity
or heterogeneity of the pattern formed (see Berding (1987) for a discussion
of this concept). This occurs because the curve R(\(k?)) has moved its in-
tersections with the k* axis to the right as is shown in Figure 1.4a) and so
higher values of n and m are possible. Increasing v changes the fastest grow-
ing linearly unstable mode and so the resulting pattern from the nonlinear
system will be quite different. Figure 1.4b) schematically shows the different
patterns that can result: here the shaded regions represent concentrations
of u that are greater than the steady state. The numerical simulations were
carried out using a modified version of MORPHOQO4 developed by Dr. Leah
Edelstein-Keshet.

If we vary d with v fixed we do not find such a marked change in pattern.
Taking y=2 and d = 17.6 we find that the modes n=0, m=2-4; n=1, m=0-3
and n=2, m=0-1 to be unstable. The increased number of unstable modes
occurs because the curve R(A(k?)) has been raised. Figure 1.5a) shows this
effect. Here however the maximum value of the curve still occurs at approx-
imately the same value of k% so the fastest growing linearly unstable mode
does not alter markedly. The resulting steady state patterns are shown in
Figure 1.5b).
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In the next chapter we examine the effects of anisotropy upon the steady

state patterns of reaction diffusion systems.
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Chapter 2

Anisotropy in Reaction

Diffusion Models.

2.1 Introduction.

In this chapter we consider reaction diffusion systems with anisotropic diffu-
stion. This means that the diffusion coefficients in the different spatial direc-
tions are not the same and so the model potentially has a richer spectrum of
patterns.

Little work has been carried out on models involving anisotropic diffusion.
Anisotropy has been suggested recently (Nijhout pers. comm. to Murray)
as a possible method for obtaining some of the particular patterns found
on butterfly wing cells. Models with isotropic diffusion do not seem to be
sufficiently flexible to explain many of these patterns.

In Section 2.2 we carry out a linear analysis of a general two dimensional
reaction diffusion model with anisotropic diffusion. This gives rise to the
parameter conditions necessary for diffusion driven instability and hence a
non-uniform steady state pattern to occur. In Section 2.3, for parameter val-

ues satisfying these conditions, we carry out a nonlinear bifurcation analysis,
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using the Schnackenberg kinetics analysed in Chapter One, for the simplest
example of anisotropic diffusion. A more complex example of anisotropic
diffusion giving rise to a specific type of pattern is then analysed in full in
Section 2.4. Throughout the chapter we present numerical simulations of
the model for the various cases analysed to support the claims made by the
bifurcation analyses and to illustrate the possible finite amplitude patterns

this type of model can generate.
2.2 Linear Analysis.

Consider the reaction diffusion system discussed in Section 1.2 but now with

anisotropic diffusion, namely
uy = vf(u, V) + diUzz + dauy,
ve = YG(u,v) + d3vzy + dyvyy. (2.1)
We proceed as in Section 1.2. Linearising about the steady state with
_ U — Ug _ dl 0 _ d2 O
-“—"(v_vo) D“’“(o dg) Dy“(o d4) (2.2)

we obtain

w, = YMw + D,w,, + Dyw,, (2.3)

where M = ( ;“ ;[v ) is evaluated at the steady state.

We look for solutions of the form

w = exp(At + i(kyz + kyy)) = exp(At + ¢k.(z,y)) (2.4)
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where k 1s the wavenumber vector. Solutions are only possible if

>“7fu+dlkz+d2k§ —7fv

=0 (2.5)
—V9u A =gy + d3k? + dyk)

which gives the dispersion relation A = A(k2, k2) as the appropriate solution

of

A+ M=y(fu + 90) + E2(dr + ds) + k;(dz +d4)) + H(KZ, kj) =0 (2.6)
where

H(k'2 k‘2) = d1d3k: + (d1d4 + d2d3)ka2:kg2/ + d2d4k3 - ’7kg(d3fu + dlgv)

z? Yy

— AkX(dyfu + dag,) + v det M. (2.7)

A preliminary requirement for diffusion driven instability is that the
steady state is stable in the absence of diffusion, that is, we require R(\) < 0

for k, = k, = 0. In this case

22 = v(fu + go) 7/ (fu + g)? — 4detM. (2.8)

So, as in (1.10), we obtain the conditions

fu +gv < O fugv - fvgu > O (29)

When diffusion is included, we wish the steady state to be unstable to small
perturbations, that is $(A) > 0 for some non-zero k. Again using the same

arguments as in Chapter One we find that the necessary condition is

H(k2 k?) <0  for some k2, k% 0. (2.10)

)"y y
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Since H is a quadratic in k2, kfj, consider the conic section

az® + 2czy + by’ +dz + ey + f = 0. (2.11)

This is a hyperbola if ¢ > ab, a parabola if ¢ = ab and A # 0, a degenerate

line pair if ¢ = ab and A = 0 or an ellipse if ¢? < ab where

d

€

f

Considering H = constant as a conic in k2, k2 we have

A =

Qo &
LIRS R e

(didy — dads)
4

¢t —ab =

2
> 0. (2.12)

In the case of equal diffusion coefficients in different spatial directions or
a constant ratio of diffusion coefficients in the different directions for the

reacting substances we have c?

= ab and A = 0 so we have a degenerate
straight line pair. In all other cases we have a hyperbola. In Figure 2.1 we
show the shape of the curve H(kZ,k2) = 0 for the Schnackenberg system
with reaction parameters ¢ = 0.1 and b = 0.9 in the isotropic case with
di =d, =1,d; = dy =12 and v = 15 and in the anisotropic case with the

same parameter values except for d3 = 15, dy = 7 and v = 3.

To find the minimum point of H(kZ, k2) we consider

0H

BT = 2d1d3k§ + (dyds + dzds)kg — y(dsfu + d19,) =0 (2.13)

OH 5 2

—a—k—f = 2d2d4k‘y + (d1d4 + d2d3)kz - 7(d4fu + d2gv) =0 (214)
)

which gives

K2\ —7 2dydy —(d1dy + dyds) d3fu + dr1g,
k: "~ (dydy + dods)? —(d1d4 + dad3) 2d1ds dafu + d2g,

(2.15)
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Figure 2.1: Contour diagrams showing H(k},k2) = 0 from (2.7) for a) the
isotropic case, b) the anisotropic case.

k
k
Now for k., k, to be real and non-zero we require
-dlfu + d'.’gv 0 n1-
(d1d4 -_ d2d3) ( d3fu _ dlgu ) < ( 0 ) . (_.l()
1) (d,d, —d;d,) > 0.
2) (didy—dyds) <O.

and so

| JES Y Y]

_ v(didy —dsdy) [ —d.f, + dyg. (2.16)
_(dld4 + dzd;)z deu -— dlgu ) -

There are 2 cases to consider:
Case 1) implies
dyfs —d2g, >0
—d3fu+dyg, >0
= (didy —=dyd3)f, >0  and (did, — dyd;)g, > 0
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=  fu>0 ¢,>0 (2.18)

which contradicts the assumption of (2.9) that f, + g, < 0.

Case 2) implies

dyfu —dag, <0
’_d3fu + dlgv < 0
= (d1d4 —_ d2d3)fu <0 and (d1d4 — d2d3)gv <0

=  fu>0 g,>0 (2.19)

which also contradicts (2.9).

Thus the minimum of H does not lie in the first quadrant of the k2 —
k2 plane. This implies that diffusion driven instability for models with
anisotropic diffusion must first occur on a boundary of the positive quad-
rant in k2 — k2 space when the region bounded by the curve H = 0 first

intersects the positive quadrant. Consider the intersection of H = 0 with k2

= 0.
d2d4k;1 — y(dafu + dggv)kz + ~v3detM =0 (2.20)
that is
1o Hdsfu+ dago) £ 7/(dsfu + dag,)? — ddydsdetd .1
v 2d,dy ' 21)
For kZ to be real we require
(dafu + d2go)® > 4dydsdet M. (2.22)
For k2 to be positive we require
(dafu + d29,) > 0. (2.23)
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Similarly, considering the intersection of H = 0 with k) = 0 we obtain the

conditions

(d3fu + d1go)? > 4d1dsdetM,  (dsfu + dig.) > 0. (2.24)

However these are precisely the conditions one would obtain by considering

the one dimensional problem (cf. (1.18))
wi=n (50 )+ D (2.25

with

a)D:(%‘z) b)D:(%i). (2.26)

So a necessary condition for diffusion driven instability is

d
Ed—é > d. and/or :ii > d, (2.27)
2

where d, is the critical value of d given by

(2fvgu — fugv) + \ﬂzfvgu - fugv)2 - f393
fa

d. = _ (2.28)

as found in Section 1.3.

When these conditions are satisfied there exists a region in the positive
quadrant of k2 — k; space where H < 0. This region always has an axis as
part of its boundary. Increasing the ratio of either % or %—‘2‘, holding the
other fixed, leads to an increase in the area of the region enclosed and so to
the possibility of more modes being unstable when the system is solved on
a finite domain. Figure 2.2 shows the contour values (measured in 100’s) of

H. The parameter values used for the Schnackenberg system are a = 0.1,
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b=09,d =d; =1,vy=10and a) d3 = 6, d; = 4; b) d3 = 10, dy = 4; ¢)
d3 =20,dy=4;d)d3=4,d;=6;¢) d3 =4,d, =10; f) d3 =4, dy = 20.
Note 1: Intersection of H(k2,k}) with k, = 0 only, does not necessarily
imply that the pattern formed by such a mechanism when solved on a two di-
mensional rectangular domain would be one dimensional as two dimensional
modes can also be unstable. Figure 2.3 illustrates this for the Schnackenberg
system using the same parameters as in Figure 2.2 b) except for dy = 8.5.
The horizontal lines represent k2 = -”l;ﬁ for integer values of m where s 1s
the y length of the domain upon which the system is being considered. The
vertical lines represent k2 = -71—72%3 for integer values of n where r is the x
length of the domain. For this figure we have taken r = 6 and s = 12. The

intersections of the lines enclosed by the curve H = 0 give values of n and m

which correspond to the possible unstable modes.

2.3 Nonlinear Analysis (i).

In this and the following section we consider nonlinear bifurcation analyses
of the model first considered in Section 2.2 for various different cases. In
this section we examine the case when only one of the ratios %, % exceeds
the critical value. In the next section we consider what types of pattern
are possible when both exceed the critical value. For ease in the analysis to

follow we take v = 1, d; = 1 and use the Schnackenberg reaction kinetics.

33



b)

c)

Figure 2.2: Contour diagrams showing the effect of increasing the ratios gl

and Ei on the areas enclosed by the curve H = 0 and the positive quadrant.
The sohd line shows H=0.
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Figure 2.3: Diagram to show that 2 dimensional modes can be unstable when
only one of the ratios Hl 3-1 > d.. The intersections of the lines in the region
enclosed by the curve corrcspond to the unstable modes.

The specific system we consider is of the form

(o) = (v )+ (6 0) (v) (5 a) ().

(2.29)

where

d.; d.;
i . 9
X < d. d. 7, = 0(1). (2.30)

The problem is to calculate the bifurcation behaviour for D in the vicinity
of d.. We use a multi-scale perturbation procedure. Let D be close to d. and

define a small parameter € (0 < € < 1) by

D=d +é (2.31)
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where we have chosen €? rather than e for algebraic simplicity in what follows.

Define a slow time variable 7 and a fast time #* by
T = 62t t* = t. (232)

For 0 < (D — d.) < 1 the surface H(k2,k2) only just crosses the plane

H =0 at k2 = p? and k] = O(e).

We look for solutions of the form

u=1uy+ Yy u;(z, ey, 7, t*) (2.33)
7

where we have chosen z and ey rather than ex and y because only the diffusion
ratio in the x direction is greater than the critical value so it seems likely
that patterns in the x direction will be dominant with respect to patterns

in the y direction. In the nonlinear analysis there are essentially three time

regions:
0<t* : evolution from initial conditions.
7= 0(1) :  nonlinear effects.
T — 00 : steady state.

_ 2
Expanding F(a,u) = ( 4 ) ﬁ :23 v ) in a Taylor series to O(€®) on using

(2.33) we obtain

1 1
Fla,u) = E(a,up) + eMu, + € (Mu, + =uiF,, + uyniFy, + =viF,,)

2 2 1 &=vv
+ 63(M_u3 + uyus Fyy, + (102 + ugun)Ey, + v1v2E,, (2.34)
1 3 1 2 1 2 1 3 4
+ gul-Euuu + é_ulvl-E-uuv + §ulvl-Euvv + gvl—Evvv) + 0(6 )

where all the partial derivatives are evaluated at wu,. In this particular case,
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using the Schnackenberg kinetics, we have

2’00 2’U,0 0 2
F = = = =
—_—Uuu ( _2,00 ) _F_.uv ( __zuo ) Evv ( 0 ) _F_uuv ( __2 )

(2.35)
and all the remaining third derivatives are identically zero. Now set
z=€ = u, =E€u and note that — = + € 9 (2.36)
B =7 at  ot* or’

From now on we replace t* by t for notational convenience. Equating powers

of € in (2.29) leads to

O(1) 0 = Fla,up) (2.37)
%)
O(e) —a-%l- ~ Lu (2.38)
oy OUy 1,
0(6 ) —Et— = L-MZ + ulleuv + §u1E—uu (239)
3 Ousy 1,
0(6 ) —515_ = Lﬂg + U1U2Euu + (Ulvz + Uz’Ul)_E_uu + §u1vl_Euuv

%%1 * ( 0 1 ) (1) + ( o i ) (w).r  (2.40)

where

(2.41)

2
L:M+<1 o)a

0 d. ) dz?
Equation (2.37) simply states that u, is the solution of the steady state
problem. The general solution of (2.38), the linearised form of the problem

neglecting diffusion in the y direction, is
uy(z,z,7,t) = / et ( ]\}’L ) (cf (7,2) cos(kz) + df (7, 2) sin(kz))
k k

+ /ke)‘;t ( ]\}ic_ ) (cg (7, 2) cos(kz) + di (7, z) sin(kz)) (2.42)
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where

M, A;  are the eigenvalues of M — k? ( (1) c? ) = Nj (2.43)

: : : 1 1
with corresponding eigenvectors ( M ) , ( M- )

At the onset of diffusion driven instability we have AT = 0 for some p

while R(A{) < 0 for k # p and R()\;) < 0 for all k. Thus for ¢ large

Uy ~ ( ]\};‘ ) (¢f (7,2) cos(pz) + df (7, z) sin(pz)) + e.d. (2.44)

where e.d. denotes exponentially decreasing terms.

Now from Section 1.2 the critical mode is given by

2 __ dcfu+gv

2.
54, (2.45)

Since )\I'f = 0 we obtain

2
+ PP=fu  Gu
M} = TRl (2.46)

Substituting for u, in (2.39) gives
| 1
— Lu, = (vo + 2uo M) (¢, cos(px) + dp sin(pz))? ( 1 ) . (247

622

ot
[As t — oo the effects of the exponentially decreasing terms can be ne-
glected. In (2.42) the right hand side is the integral of terms of the form
exp(ut)sin(kz)c and exp(ut)cos(kz) ¢ where R(p) < 0 and ¢ is a constant

vector. As the equation is linear each term can be treated separately. Con-

sider the terms with R(x) < 0:

— %% + Lu = e sin(kz)c. (2.48)
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Suppose g # Af where AT are the eigenvalues of N, defined in (2.43). The

solution of (2.48) in this case is
“ sin(kz)v (2.49)
where

(Np—plp=c¢ (2.50)
and the solution itself is exponentially decreasing, so the effects of the ex-

ponentially decreasing terms can be ignored as t — oo. If 4 = A¥ then the

same result is obtained after using the Fredholm Alternative: see Baldwin

(1984) for full details.]

The solution of (2.47) is

Uy = / Y ( li ) (¢E cos(kz) +_672: sin(kz)) — u” (2.51)
k Mk
where
Lu* = (vo + 2uoM,f)(c} cos(pz) + d}f sin(pz))? ( _i ) : (2.52)
Now

: 1 : 1
(¢p cos(pz) + dp sin(pz))? = §(c;‘; + d2) + cpd, sin(2pz) + 5(02 — d2) cos(2pz)
(2.53)

so no secular terms appear in (2.51). Let

r = v + 2uoM, and u* = w; + sin(2px)w, + cos(2pzr)ws. (2.54)

Substituting for u* in (2.52) gives

r 1 1
Mw, = 5(02 + dzza) ( 1 ) Nopwy = repd, ( 1 )

r

2 1 1
Napws = §(Cp —d,) ( 1 ) (2.55)
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where IV;, is defined by (2.43). Letting
A = detM Az = detng (256)

we solve for w; to give

W = Mt fitg.
=1 2A —fu—Gu

rcpdp ( fo + 9, — 4p%d, )

_ AZ —fu - gu + 4p2
r(cg—d2) [ f, + g, — 4p*d
_ ) [ Tt Go c | 2.57
= 27, ~ fu— gu + 4P? (2.57)

So the full solution of (2.47) as t — oo is

Uy = —w; —sin(2pz)w,—cos(2pz)ws+(S,(7, 2) cos(pz)+d, (T, 2) sin(pz)) ( ]wl; ) :

(2.58)
Now consider (2.40), which is of the form
s Ly = Iy, 5) (2.59)
ot
where
. ow [0 0 dy 0
J(w,u) = -5+ ( 0 1 ) (%1)es + ( 0 4, ) (W)=
+ ur o Fyy + (v1v2 + uavy ) Ey, + %u%vlﬁuuv . (2.60)

Secular terms can occur at this stage. They are suppressed (using the Fred-
holm Alternative) by making J orthogonal to the bounded solutions of the

homogeneous adjoint equation

ou T 1 0 0?
_67+(M +<0 dc)a;—z)ﬂ- (2.61)
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with inner product defined by

T 2n/
' / py_Tyd:z:dt. (2.62)

where

pre(b2))(s)-0 e

S :p2"—fu — fv
P Gu dcpz_gv

which gives

(2.65)

In the calculation of the inner product, terms of the form sin®(pz), cos?(pz)
and sin(pz) cos(pz) in J do not contribute. Thus we need only examine the

contribution to the inner product of the following terms in u,

, o
up = ol + d2) + asc,d, sin(2pz) + —Zi(c;‘; — d?) cos(2pz)

vy = 52(612) + df,) + Bscpdy, sin(2px) + %E(cz — dﬁ) cos(2pz) (2.66)

where

o = _r(fv + gv) _ —r(fv + Gy — 4p2dc)
2= 2A

r r( fu u — 4p*
gy = TUutdu) g =" +ZZ P), (2.67)

Let us consider the contribution of each term in J to the inner product J R
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Letting ¢* = ¢2 + d2 we obtain

0 ad
. (14 145,55
0 0
( 0 1 ) ades =5 Mydpp
dy 0 0%d
( 02 d, ) ( )zz (d2 + d43pMp)%E22
2.68
’ U1U2Euu 2’00(1 — Sp)%dpqz(ag + ‘%’3‘) ( )
Ul’UzEuv 2U0(1 — Sp)%dpqz(ﬂg + 3)
u2v1Euv 2u0Mp(1 - Sp)%dpq2(a2 + %3)
%u%vlﬁuuv 2MP(1 - Sp)%dpng
So
dd, 0203
Lo = % ~(L+ My S,) =2 4 (dy + dy S, M,) S22 57+ V2dpq” + 1y | (2.69)
where
o= _Sp‘]\lpp2
Y2 = 2(1 — S )(('UO + qup)(ag + ) + Uo(ﬁz i ) (270)
Note 2: 1+ 5,M,>0
. — fu TL + 1
since SpM, = p mr NS %— =7
and so 1+5Mp_—7—>0 as d. > 1.
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Note 3: de + dsSp M, > 0

: d d
since dy + dySp M, = dy — Zf: but Z[;l
and so dy + dsSp, M, > 0.

Note 4: 1-5,>0
. d 2
1-5,=1- -——QL = —7—2—7‘:
PHee P dcp — Gv dcp -+ Ug
as in this case  f, = u? gy = —ul
Note 5: M, <0
since M, = ﬂg‘_‘—_—g— but g, = —2ugvo
f—2u v ’
M, = 0-u 0
P T +ul

< d.

>0

Gv = —Ug

This gives us the condition for the suppression of secular terms as

ad d9%d
74'5'7_2 = dp(m + 712¢°) + 73-'6z—2p (2.71)
where
Y1 > 0 Y3 = d2 + d4SpMp >0 Y4 = 1+ SpMp > 0. (272)
Similarly from J.¢, we obtain
Oc d%c
’74—0—:' = cp(m +72¢%) + 73 Bz; (2.73)
to give us the simultaneous differential equations
dc d%c
5‘5 et + Ag*) + 6, Bz;
dd, d%d
—2 = ) + 61— 2.74
3, p(i+AC) + b1 (2.74)
where
p=Lsg A= 525, (2.75)

Y4 Y4 Y4

The curve A = 0 is shown in Figure 2.4.
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Figure 2.4: The curve A = 0 where A is defined by (2.70) and (2.73). The

region between the curves is where A < 0.

To solve this system we let

e=c,+1d, (2.76)

to give the single equation for the complex quantity e as

Je
3 = e(p + Ae€) + de... (2.77)
We look for solutions to (2.77) of the form
e(r,z) = ly(7)e'** (2.78)
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which gives us the following equation for [

dl
Zz}l = (AL + p — 6,5%). (2.79)

Figure 2.5 shows %%} against [ for the various parameter cases a) p—618% >0,
A<0;b) p—682<0,A<0;¢) u—6,52>0,A>0;d) pu—é82 <0, A>0;

leading to the conclusion that for a stable positive solution we need

[u [
— = —. 2.80
A<0 5 < s < 5 ( )

Solving (2.79) for parameter values resulting in Figure 2.5a) gives us

6 52\ H 26152112
hr) = [z JHe T (2.81)
[ AHF o)
where H is an arbitary constant. As 7 — oo
_ o2\ 1/2
L(r) — (“——if\f-) . (2.82)

This tells us that as 7 — o©

£ _ 842\ 1/2
cp(1,2) — / ) (,u__(;\l_s_) cos(sz)ds
® _ 2 1/2
dp(T,2) — /\/;1_ ('u—-—éif—) sin(sz)ds =0. (2.83)

The first integral in (2.83) cannot be evaluated analytically so we solve it
numerically for a range of values of z=ey. For small values of 7, the size
parameter taken to be 1 in the analysis for analytical convenience, we find
that the integral is always positive so the predicted pattern will be the same as
the pattern found by numerical simulation. However the numerical solution

shows no y dependence at all whereas the analytical result does predict a slow
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Figure 2.5: Diagram of %I;‘; vs. I, from (2.79)
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Figure 2.6: y dependence of the coefficient of cos(pz) evaluated from (2.84)
for the cases D =9,d; =1,a)d, =3, y=3;b)dy =4,y =6.

variance with respect to y. For larger values of v, the value of the coefficient
becomes negative for large enough values of y thus predicting that a fully
two dimensional pattern will form. The numerical solution on the other
hand is again purely one dimensional. Figure 2.6 shows the dependence of
the integral (2.83) upon y for the two cases D = 9 d; = 1 and a) d; = 3,
v =3;b) d; =4, vy=6. Figure 2.7 shows the predicted and the numerically
obtained patterns for these cases.

The predicted pattern for the solution of the system as 7 — oo (and so

47

>

12






be very good at producing true two dimensional pattern. This is intuitively
clear because a large ratio of diffusion coefficients in one direction will lead to
this direction dominating the pattern and so a quasi one dimensional pattern
will form. A mathematical explanation for this is that the shape of the curves
H = constant lead to the minima of H in the positive quadrant lying on the
boundary of the region and so leading to one dimensional dominant modes
as opposed to the isotropic case which can lead to the minimum value of H
at a truly two dimensional mode.

Patterns of this form where a stripe runs lengthways along the domain
are found on certain species of snake such as the San Francisco Garter Snake
(Thamnophis sirtalis tetrataenia). To use a rectangle with zero flux bound-
ary conditions along the sides to model the roughly cylindrical surface of a
snake is acceptable because of the unpatterned underbelly possessed by most
species which can be considered as a region into which the chemical pro-
ducing the pattern does not diffuse. Figure 2.8 shows a naturally occuring
example of this type of pattern and a two threshold numerical pattern as
comparison.

To obtain two dimensional pattern from a model with anisotropic diffusion
we must consider both diffusion ratios to be greater than the critical value.

This is the case we examine in the next section.
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Figure 2.8: a) San Frandsco Garter Snake (taken from Mehrtens (1987)).
b) Two threshold numerical pattern using the same parameter values as in
Figure 2.6a.

2.4 Nonlinear Analysis (ii).

In this section we consider the case when both diffusion coeflicient ratios
are greater than the cntical value. We see that when this is the case a spe-
cific pattern is produced if certain constraints on the parameters hold. The
model we study in this section is the Schnackenberg system with anisotropic

diffusion in two spatial dimensions, namely

2
U = 4 —UTUVF Ur + Uy




vy = by —u®v+ Dv,, + ﬁvyy. (2.86)
In the analysis we proceed by extending the method of Section 2.3. Let
D =d, + € D =d, + Aé? T = €t tr =t (2.87)
and look for solutions of the form

u = uy+ Z e’gj(a:,y, T,t%). (2.88)
J

Note here that the sign and magnitude of A is important. The following

cases must be distinguished.

2) A<O This is, in effect, the case considered
in the preceding section.
27) 0<A<l1 This leads to dominant diffusion in the
x-direction.
241) A=1 This is the i1sotropic case already discussed
by many others eg. Lara-Ochoa and Murray (1983).
) A>1 This leads to dominant diffusion in the

y-direction.

Figure 2.9 shows the shape of H(k2, k%) from (2.7) in these cases where

zs My

dlzdgzl, d3=dc+62 andd4=dc+A€2.

_ 2
alb “ :21; v ) in a Taylor series to O(€?) we
-

Expanding F(a,u) = (
again obtain (2.34). Equating powers of € we find the same expressions for

O(1), O(e) and O(e*) where now

B 10 ) o
L._M+(O dc)v (2.89)

replacing the expression for L given in (2.41). The O(€®) equation is different
to (2.40) and is
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2

b)

2 d) k.2

Figure 2.9: The curve H(k},k2) = 0 as defined in (2.7) using the expressions
(2.86), (2.87) for the cases i) A < 0,ii) 0 < A< 1,iii) A=1andiv) A > 1.

Ouy 1

5 = Lusy + wiua Eyy + (urv2 + upey)E,,, + 5“3"1—Euuu
Ou, 00 0 0

The general solution of the O(¢) equation, which is the linearised form of the

1sotropic problem, namely

()= (E )G () (2) [ ew

1s

(@ 1]
Q)



1 .
Uy = /kextt ( M ) Zk:’ky (af () cos kyz + bf (7) sin k,)
(cf (1) cos kyy + dff, () sin kyy)
a1 _ ) -
+/ke " ( M; ) ka,ky (ax,(T) cos kzz + by, (7) sin kyx)

(c,:y('r) cos kyy + dj, (1) sinkyy) (2.92)

where

Zk,,ky is over k,, k, such that k2 + k; — k2

and A\f are as defined in (2.43). In this analysis we aim to produce 'curved
stripes’ so we consider the case when the only contributions to the sum are
kr = k,k, = 0 and k, = 0,k, = k. Renaming the coefficients of cos kz, etc.

using a;f (7)ed (1) = af (1) etc. the expression for u; reduces to

u; = /ke«\:t ( M}: ) (af (1) cos kz + bf (1) sinkz + ¢f (1) cos ky + d (7) sin ky)

+ /ke«\;t ( ]\}_ ) (az (1) cos kz + b (7) sinkz + ¢ (7) cos ky + d; (7) sin ky).
k

(2.93)

At the onset of diffusion driven instability A} = 0 for some p, R(A\{) < 0 for

k# p and R(\;) < 0 for all k. So as ¢ — oo

i~ (g ) (@) contp) + () sin(pe) 4 o(r) costpn) + ) sno)

(2.94)
From the analysis in the preceding sections we have
dcfu+gv p2—fu Ju
e Mf=——" = — 2.9
b 2dc and P fv dcp2 — Gv ( 5)
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Substituting for u; in (2.39), the equation for u,, gives

d

— 1,,2
= ulvlf_uv + §u1£—uu

) 1
= (vo + 2uoM,f)(a, cos pz + by sin pz + ¢, cos py + dp sin py)* ( 1 )
(2.96)

with solution

1 T .
da = /kek’ft ( Mz ) Zkz,ky (@E (1) cos koz + By, sin kyz (2.97)

*x

—I—E,fy cos k,y + E,:fy sink,y) —u

where

. b 1
Lu" = (vo+2uoM;")(a, cos(pz) +b, sin(pz)+ ¢, cos(py) +dp sin(py) ) ( ~1 ) '

(2.98)
Now
(ap cos px + b, sin px + ¢, cos py + dp sin py)?
= %(af, + bf) + cf, + df,) + ayb, sin(2pz) + %(ag — bf,) cos(2pzx)
+  cpdpsin(2py) + 3(c2 — d2) cos(2py) + 2a,c, cos(px) cos(py)
+  2b,c, sin(pz) cos(py) + 2a,d,, cos(pz) sin(py) + 2b,d,, sin(pz ) sin(py).
(2.99)
Let r = (vo + 2uoM}) and set
u* = w; + w,sin 2pz + ws cos 2pz + w, sin 2py + w; cos 2py
+  wg COS px COS py + W, Sin Pz coOs py + Wg COS P SIn py
+ wg sin pz sin py. (2.100)
Now let
A = detM Ay = detNﬁp Ay = detVy, (2.101)
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and substitute for u* in (2.97) to obtain

1 vt Go
M =@ g ( 1) wm= gy H )

-1 —fu— Gu
Nopwsy = raph, ( _} ) wp = R apby ( jier gvg: ipig"‘ )
Nopog = (a2 — 12) ( o ) ws = g5 (a4 = ) ( W R )
Nyppwy = repd, ( _} ) wy = Ergcpdp ( f)fjgvg: ingg )
Naypws = 5(c2 — d3) ( i ) W5 = Q{S‘z’(cz —d;) ( fvfj gvg: ip;;lg )
Nyapws = 2rayey ( i ) s = R 050 ( ]:fj ivgz ip;;lg )
N zptr = 2rbycy ( 4 ) wr = Ay ( {f+ o il’;;l; )
N yzyws = 2rapd, ( 1 ) ws = R apd, ( jf_:ivg: ip;;% )
= [ 1) o= Fen (1100 ).
(2.102)

Now for ¢ large we obtain, by the same reasoning as above,

Uy = ( ]Ml+ ) (@, cos pz + by sin px + ¢, cos py + d,, sin py) (2.103)
p

—  W; — W,y SIN 2pT — W3 COS 2PpT — W, SIN 2pY — Ws COS 2Py

—  Wg COS PT COS PY — Wy SIN PT COS PY — Wg COS P SIN Py — Wq SIN PT Sin py.

Using the solutions u; and u, just calculated, we now consider the O(e?)

equation, namely

Ous _ Ouy 00
ot s = —af+(0 1

) (e + Aty )og] + w12 B
1

+  (ugvy + uqvy)E,, -{-2

ulvlFuuv - i(ﬂbﬂz)- (2104)
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The general solution of this equation involves secular terms. In the usual way
these are suppressed by requiring J(u,,u,) to be orthogonal to the bounded

solutions of the homogeneous adjoint equation

%+[MT (é C?)v?Jg:o (2.105)

with inner product defined by
T p2n/p p2n/p
uw.v = lim ——/ / / uTvdrdydt. (2.106)

The bounded solutions of the homogeneous adjoint equation are

( 51, ) Z(cos k.x + sin kyx)(cos kyy + sin kyy) (2.107)
P

where the sum is over kg, ky such that k2 4+ k2 = p® and S, is given by (2.64).
The key point of this analysis is the following: as we are restricted to lie in
the range of the parameter space where (2.92) only has solutions with &, or
ky, = 0, we can make the same restrictions on the solutions of the adjoint

equation. Thus the solutions of the adjoint equation are

1 1 :
$r = ( Sp ) cos pr, Py = ( Sp ) Sin px,

1 1 :
o, = ( s, )cospy, Y, = ( s, ) sin py. (2.108)

Again by a similar reasoning to that in the preceding section, to calculate

the inner product we need only consider terms in u, of the form

Uy = —W; — Wy SIn 2pT — W3 cOS 2pT — W, Sin 2py — w; cos 2py
—Wg COS PT COS pY — W7 SIN PT COS PY — Wg COS PT Sin py (2.109)

—Wg SIN PZT SIN py.
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Consider the contributions of each term in J to the inner product J.,: these

are
- ~(1+ M,5,) 25 G
( 8 (1) ) (%1)ze $,M, 2% p%a,
(08 e o
ugur F 200(1 = S )z—;rgzap [al ¢° + 8°) + F¢° + FHs ]
st = 5250, [+ 0+ o+ o]
U1 F oy 2uoM,(1— S )2—;2—%[ (¢ + s?) + —f-q + —23—3 ]
L0301 F 2M,(1 — ) 2a, [3(a + 57) + £
(2.110)
where
F=a+b  S=d+d (2.111)
o = —T(J;vA"‘ %) o, = =l +gv2— prd) =2l +g,1, ~ 2p’d.)
g, = T{fut gu) g, = +Zg§;— 4p?) 8, = 2rlfu +ng —2p%)
(2.112)
So
_J_.ﬁ = g;—r; [——75% + ma, + ’)’2ap(q2 + 32) + 73apq2 + 74ap32} (2.113)
where
n = —SpMpp*
v2 = 2(1—5,)[(vo+ uoMy)as + uoby + M)
= 21— 5,)(vo + uoMy) % + uokg] (2.114)
v = 21— S,)[(vo + uM) %P + uolf + T,

Y5 = 1+ SPMP'
For J to be orthogonal to . we require J.p, = 0, that 1s

d
75—(;— = [y + (Y2 + 73)* + (72 + 74)8%]a,. (2.115)
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Similarly, by symmetry, we have

d
=0 = 392 =[An+ (2 + 1)@ + (52 + 15)s%c (2.116)

Let

A = Y2 + V3 A, = 2 + 74 [ = N (2.117)

s s s

This gives four simultaneous ordinary differential equations for the four coefh-
cients a,(7), etc. These equations cannot be solved exactly so, after reducing
the system, we consider a phase plane analysis of the new system to see what

values can occur as 7 — OQ.

%CTL,-B = [p+ Mg* + As%a,
db
By~ it g + sy
de (2.118)
-a-f = [Ap+ g + Mis?e,
%C-j-_ﬁ = [Ap + A2g* + A\1s?]d,.
Let
fi =ap+ by e1 = ¢ + idp. (2.119)
This gives the reduced system
%é = [p+MAF+ NeaElf
(2.120)

1 — (Ap+ MfiTh + Medler.

However this system cannot be easily analysed as it stands so we set
E=e¢e, F= fl;‘-l. As pu, A1 and A, are real constants we have

dE _ pdf 7 90 oyt \F 4 MEIF = m(F, )
AE  _ 2[Au + X\ F + ME|E = n(F, E).

g =

(2.121)
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Now FF'=a’+ 0 and E =2 + d? so we are only interested in the solutions

(E, F) lying in the first quadrant. The steady states of (2.121) are

F=0 E=0

F=0 E=Af
F = E=0

o XA - Ay g A —MA)

RSP M=

(2.122)

To consider the stability of these steady states we consider the partial

derivatives
(0,0): mp=2uy mgp=0 ngp=0 ngp=2Apu.

=

The eigenvalues are 2y, 2Apu.

The eigenvectors are ( é ) ( ? ) :

Now A #1, A> 0 so (0,0) is an unstable node .

This steady state exists only if A\; < 0. Here

(2.123)

mp = —24 mE=—2u§f ng =10 nE=2u[A——)‘/‘21-].

Eigenvalues are —2u, 2pu [A — %ﬂ .

( O) . a saddle point if A\; — Ay < 0.
—H)\—-, is
—A1 a stable node if AA\; — Ay > 0.

This steady state exists only if \; < 0. Now
mF:2y [I—A%] mE-:O nFZ—ZAM%
Eigenvalues are — 2Ayu, 2y [1 -~ Ail] .

1

A
— A U
Eigenvectors are ( 0 ) ( I-(4+ 1))\2A ) .

1

a saddle point if \{ — A, A < 0.

A ) :
0, _ﬁf_ 1S
( —A1 { a stable node if \; — X\, A > 0.

39
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(M(/\zA — /\1) /4)\2 — /\1A)> )
Xf — /\3 ’ )\17—— /\27 '

)\2—/\1A>O, )\QA—/\1>O, /\%—/\%>OOI

This steady state exists only if
Ag —MA <0, AA—-)X <0, AM-A2<0

_2mhA =) 2uh(daA = M)

)\2 Xz E — )\2_/\7

Py P) E=TTTC A2

The eigenvalues are given by

(mp + ng) £ \/(mF — ng)? + 4mpnr
> .

g =

o is real if (mp—ng)? > —4dmgnp which is satisfied automatically if mgng >

0.

4/12A§()\2A — /\1)(/\2 — /\IA)
(AT = A3)°

so if (AgA4 — A )(A2 — M\ A) > 0 then o is automatically real. That is, if the
steady state exists then it has entirely real eigenvalues. Stability depends on

the sign of
4/12()\214 — )\1)()\2 -— /\1A)

MFNE — MENF = YR (2.125)
and the sign of
mp+np = 2AAT DG = 2] (2.126)
A — A
[ a saddle point if (A4 = )\)‘21)0‘)\22 MA) <0
A2 A — A )( Ay — )\ A
(llQ\ZQA ——?)\1) ,u(/\22 — /\12A)) s 4 a node if ( )\;l( )\22 )
)‘1 o )‘2 ’ )‘1 - /\2
stable if m > 0
\ unstable if -}\———L-X— <0
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Let us now consider the various possibilities for the signs of A; and A:

1. /\1>0 Ay >0

(0,0) is an unstable node.

The other steady states do not lie in the positive quadrant and

as noted we are only considering this quadrant so they are

not of interest.

2. A >0 Ay <0

From Figure 2.10 we can see that the region A\, < 0 in the

(a1, b;) parameter space lies entirely within the region A; < 0

so this case 1s not possible.

3. A <0 Ay >0

(0,0) is an unstable node.

(-_—.Hrl, O) is a saddle point.
(O, %—f;) 1s a saddle point.

(BOsA=)) pUe= X)) {

N 0 M-

4. A <0 A2 <0

(0,0) is an unstable node.

,0) 1s

<:%I { a saddle point if
a stable node if

(0, —fi/{‘;) is {

a stable node if

a saddle point if

(ﬂQ\zA - M) p(Ao — )\1A)) is

N2 0 XX

a stable node if A\; + A\ < 0.

does not ’exist’ if A\; + Ay > 0.

Ay — A A <O

Ag —AA>0
AA—-X <0

XA —-X; >0
[ a stable node if both other

non-zero steady states are saddles
and \; — Xy < 0.

¢ a saddle point if both other
non-zero steady states are stable

and \; — Ay > 0.

does not exist otherwise

\

If we view these results relative to the regions marked on Figure 2.10 we
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Figure 2.10: Diagram in the (a;,b,) parameter space showing the curves

A =0, A =0, A} = A2 from (2.114) and (2.117). (\; < 0 to the left of

A; = 0)

see that in :

Region E, Ounly (0,0) exists so we cannot have pattern formed in this

region of the parameter space.

Region A, (0,0) is an unstable node, ( ) 0, éﬁ) are saddle

)\Z /\Z )

points and (yi/\2 A-) EL\Z — A 4)) 1s not realistic.

Region B, (0,0) is an unstable node, ( ) , 10, f

)\Z /\2 ’

points and (

1) are saddle

) 1s a stable node.



Region C, (0,0) is an unstable node,

( ) r stable node if A, — X A<0 A< iQ
15 a ¢ !
k saddle pointif A3 — M A >0 A> iz
1
( ) r stable nodeif XA -1 <0 4> i;
, 1S a <
k saddle point if XA —-)X; >0 A< i;
A
XA — ) Ao — A A astablenodexf’2'<A<'1
(,U( : )\7 1)’/1()\2? )\2 )) { L T_T m
else i1t 1s not realistic.
Region D,
(0,0) is an unstable node.
stable node if A, — A\ A<0 A< 3\\2
: 1
(—_:%—, 0) is a { \
! saddle pointif X — X A>0 A> )\2
\ 1
( stable nodeif MA—-XA; <0 A> A
2 1
(0, ?A%) is a ¢ ﬁz
1 \ saddle point if A A -2 >0 A< )\1
2
p(A2A — A1) p(de — N A) a saddle point if il- <A< l[%
2 _ )2 /\2 )\2 ) 2 1
1 2 else it does not exist.

Figure 2.11 shows the phase plane diagrams for the above regions.
To obtain curved stripes we require both £ and F' to be non-zero. This

implies that the regions of interest are B and C. In Region B

A2 A — A Ay — A A
(F,E) — (ﬂ()\%_)\%l)’ﬂ()\%")\lg )) as T — 00 (2.127)

so the solution u tends to

_ Ay — N A
ﬂo"‘( A}+ ) (Jﬂ(i\\iA_ AzAl) cos(pz — §) + \P(;Q —5 ) cos(py ¢)) e+0(e)
p 1 2 1 2

(2.128)
where 6 and i are chosen so that
AgA — A A2A — A
ay(7) \/ﬂ()\%——V 1) cos B by(T) \/ﬂi)\%_v 1251 6
1 2 1 2
(2.129)
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Figure 2.11: Phase plane diagrams for the above regions. The dashed lines
are hypothetical separatrices.
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and are determined by the initial and boundary conditions.

In Region C
p(r2d —2)  p(A2 — MA) o | A2 | A1
F. E f— <A< —
. ’**( Mo o ) T TR 2]
(2.130)

and the solution u tends to the same as for Region B.

For curved stripes we require the coefficient in one spatial direction to be
significantly greater than that in the other. For Region B this leads to the
intuitively obvious result that, for an z-dominated pattern we require A < 1
and for a y-dominated pattern we require A > 1. In Region C we obtain the
same result but as we already have a restriction on the range of A we will

A2

require parameter values so that S < 1land A~ Al for an x-dominated
[l M

pattern and %—} > 1and A R—l-} for a y dominated pattern.
2 2

Numerical simulations of the model with parameter values lying in Region
C give good agreement with the analytically predicted solutions. However
the numerical solutions although stable for long periods of time eventually
change to a slightly different steady state. This pattern is inherently the
same except the variation in the non-dominant spatial direction has become
more pronounced. This is probably due to the effect of higher order terms
for large time. Figure 2.12 shows ¢) the predicted, i¢) the intermediate and
i17) the final numerical patterns for parameter values a; = 0.225 b; = 0.775
D = 16.9 D = 16.78 and v the ’size’ parameter =4 for a) a 6x6 and b) a
6x9 domain.

The fact that the curved stripe pattern does not remain indefinitely does
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Figure 2.15: The Adder (from Mehrtens (1987)) in a) normal colouration
and b) brown colour phase.
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Figure 2.16: a) Eastern Diamondback Rattlesnake (from Mehrtens (1987)).
b) Numerical simulation showing a similar pattern.



Chapter 3

Analysis of a Model for Stripe
Formation.

3.1 Introduction.

In this chapter we consider the problem of segmentation sequences in the
early embryogenesis of the fruit fly Drosophila Melanogaster and analyse in
detail a reaction diffusion mechanism for producing this sequence suggested
by Nagorcka (1988). We examine the hypothesis he puts forward concerning
the form of the reaction kinetics necessary for the required type of pattern.
Experimental work upon the embryo, such as that considered in Vogel
(1977), has given rise to the hypothesis that the segmentation process occurs
in a sequence of steps. It has been seen that several genes, known collec-
tively as segmentation genes, are expressed in a sequence of banded patterns
following fertilization of the egg. In the fertilized embryo the nuclei divide
simultaneously enabling us to consider the development in stages called di-
vision cycles. Figure 3.1, from Foe and Alberts (1983), shows a diagramatic
representation of the distribution of the nuclei during division cycles 7-14.

As we can see, after the 7th division cycle the majority of the nuclei migrate
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Figure 3.1: Cross-sectional diagram showing the distribution of the nuclei
within the embryo. Taken from Foe and Alberts (1983).

to the surface of the egg to form a layer known as the presumptive syncytial
blastoderm. During cycles § and 9 the size of the embryo increases while the
nuclear density and the shape, generally assumed to be a prolate spheroid,
remain constant. At the end of cycle 9 no further increase in size is possible,
so in each cycle that follows the density of the nuclei on the surface will
double. It is the effect of this density doubling upon the segmentation gene
patterns that we analyse in this chapter. In the last ten years various possible
mechanisms have been proposed to produce these sequential patterns using
reaction diffusion systems.

Kauffman, Shymko and Trabert (1978) used a linear approximation to a



reaction diffusion system of the form

u = —Au+ I%” +d;Vu

Uy = —CU + D U+ j b +d2V20

to obtain a sequence of patterns which can be used as a basis to divide the

(3.1)

blastoderm into sections. However when Bunow, Kernevez, Joly and Thomas

(1980) solved a particular, more experimental, reaction diffusion mechanism

of the form

_ o puv 2
uy = Y(ug — u T ot kug) +V*u 3.2)
vy = Y(a(vg —v) ~ i +Zuj ku2) +8VZy

on more accurate representations of the blastoderm, they were unable to
produce the patterns predicted. In fact they indicated that a banded pattern
along the anterior-posterior axis of a prolate spheroid is a very unlikely stable
solution of a reaction diffusion system.

Meinhardt (1986) used a 2-component reaction diffusion system to set up
a simple anterior-posterior gradient in the embryo. Using this gradient and
a set of four threshold values, he divides the blastoderm into five ”cardinal
regions”. Further division is obtained using a 4-component system or two
linked 2-component systems. Another suggestion by Russell (1985) used two
independent reaction diffusion systems and an undefined mechanism to inter-
pret the phase angle between the independent wave-like patterns produced
by the systems as the basis for a segmentation process.

Nagorcka (1988) suggested that there is at least one class of reaction
diffusion systems which can produce a pre-pattern sequence controlling the

cell differentiation within the embryo. The mechanism he suggests does not
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encounter the problems of Bunow et al. (1980) and does produce a sequence
of banded patterns. The mechanism also displays a frequency doubling effect
which is common in the sequential development of segmentation genes. In the
rest of this chapter we analyse this mechanism using the same techniques as
in the previous chapter. We then make certain alterations to the mechanism
to test whether his hypothesis is the likely cause of the preference for banded
patterns.

In Section 3.2 we carry out a linear analysis to establish any parameter
restrictions that are necessary for a linear prediction of pattern formation
potential. In Section 3.3 we use a nonlinear bifurcation analysis to try and
justify the preference for stripes. In Section 3.4 we consider the solution of
the system in terms of regular tesselations of the plane to see if this can
explain the preference any further. In Section 3.5 we use the same analytical
techniques on slightly modified versions of the original model to test the
hypothesis that it is the asymmetry of the equations that is the main cause
of the striped pattern. In Section 3.6 we consider a general system and
establish a condition upon the form of the system which we consider to
be the true reason why the Nagorcka system demonstrates a preference for
striped patterns. In Section 3.7 we briefly discuss an application of the theory
of Kurata et al. (1989) to demonstrate that a reaction diffusion system,
solved on the surface of a cylinder with sufficiently small radius, will give
rise to a circumferentially homogeneous solution. Throughout these sections

numerical simulations are presented to back up the analytical results.
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3.2 Linear Analysis.

The Nagorcka system which we investigate in this chapter is of the form

U, = n(—AU + B(1 + tanh(s(V = V,)))) + n~1d, VU
Vi = n(=CU+ D(1 + atanh(s(V = V})))) + n~'d,V*V  (3.3)

where n is the nuclear density, V4 the arbitary steady stateof Vand A, B,C, D, «
and s are positive parameters. Nagorcka (1988) suggests that it is the

asymmetry of these reaction kinetics with respect to a sign change in both

u=U—-Ugandv=V -V,
e f(—(U = Up),=(V = Vo)) = —f(U —Uo,V = Vo) (3.4)

which is the cause of this model’s preference for striped patterns. The dif-
fusion coefficients depend inversely on n as it is likely that as the cell mem-
branes form and separate nuclei, resistance to the diffusion increases and so
the effective diffusion coefficients are made smaller. This has the effect, if
the ratio of the diffusion coefficients remains the same, of shortening the un-
stable wavelength. Mathematically that is the same as allowing the domain
to grow for fixed diffusion coefficients and unstable wavelengths so a succes-
sion of different patterns fit onto the egg at a discrete succession of allowable
wavelengths (Kauffman et al. (1978)). For mathematical simplicity in the
analysis to follow the Drosophila blastoderm will be considered to be cylin-
drical in shape instead of the more realistic prolate spheroid. (In fact when
solving the system we will use a rectangle with periodic boundary conditions

along two opposite sides to mimic a cylinder).
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Let us now consider a linear analysis of (3.3). A homogeneous steady

state (Up, Vi) is only possible if

5oy, s
Let
ﬂ=%=—g T = 2d3 d:%’j u=U-Uy v=V-V. (3.6)
This gives rise to the system
u; = —nAu+ Bntanhsv +n~1dV3u = nf(u,v) + n~1dV?u
vi = —nfAu+ BnBatanhsv +n~"1Vi = ng(u,v)+n"1V?.

(3.7)
The nullclines of this system are shown in Figure 3.2. Proceeding with the
linear analysis in the normal way we require the steady state to be stable in

the absence of diffusion. This gives rise to the parameter conditions

i) A— Bfas>0.

i1) ABBs(l1—a)>0 =a<l. (3:8)

We now require the steady state to be unstable in the presence of diffusion.

This gives rise to the following parameter conditions
1) A—-Bfasd<0 =d>1.
w) (A — BBasd)? — 4dABBs(1 —a) >0

A2 —a+2/1-0q)
BpBsa? '

(3.9)

=d>d, =

This establishes the basic parameter restrictions for the possibility of forming
spatial patterns. In the next section we carry out a nonlinear bifurcation

analysis to try and determine why this mechanism has a preference for stripes.
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Figure 3.2: The nullclines of (3.7) drawn for A = B, a < 1.

3.3 Nonlinear Analysis.

In this section we use a singular perturbation

peated here for completeness

ut =

v, =

—nAu + nBtanhsv 4+ n~1dV%u
—nBAu + nBS3atanhsv + n~!'V?y

technique to solve (3.7) re-

= nf(u,v) +n"'dV?u
= ng(u,v) +n"1V.
(3.10)

As before we examine the behaviour of this system when d is in the vicinity

of d.. Define a small parameter ¢ (0 < ¢ < 1) by

d:dc+€2

-7
-1

(3.11)



and slow and fast time variables 7 and t* by
T = 62t t* = t (312)
and look for solutions of the form

u= Zej_qj(:c,y,T,t*). (313)
1=1

For notational convenience in the analysis to follow we replace t* by t. Equat-

ing powers of ¢ in (3.10) leads to the following equations

O(e) (uy); — nMu; —n'DVu; =0 (3.14)
O(e')  (up): —nMuy, —n"'D,Viu, = 0 (3.15)
3 -1 2 Oy, 1,2
O(e’)  (uz); —nMu; —n DIV%:——a—T-{—n QV-iy,
—%33anfz (3.16)
4 -1 2 Ju, -1 2
O(e")  (w): —nMu,—n D1Vu4=———67+n QVu,
—s°Bnviv,Z (3.17)
where
M*(gu w) P lo1) 9% oo) 77 g
(3.18)

The solution to (3.14) is

Uy = / et ( ]\/}i ) Z(afz(T) Cos kxa:+bfx(7') sin kxa:)(c:kty cos kyy—}—d}fy sin k,y)
k k
(3.19)
where the sum is over k,, k, such that k24 k2 = k? and A{ are the eigenvalues

1
of M — k*D; with corresponding eigenvectors ( Mt ) At the onset of
k
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diffusion driven instability we have /\: = 0 for some p, R(A\{) < 0 for k #p

and R(A;) < 0 for all k. Thus as t — co we obtain the solution
1 : :
Uy = ( At ) (ap, cospyz + b, sinp,z)(c,, cos pyy + d, sinpyy)  (3.20)
P

where

2 -2.27
QG Ul YR VS e i S (S TR €Y 1)

2d, P fo n'2p2 — Gv

p

Note 1.

fo>0,fu<0 = MF>0.

At this point we have a choice as to how to proceed. We can either look for
solutions in regular tesselations of the plane or keep the form of the solutions
as general as possible but make another restriction to enable us to solve the
system. We deal with the case of regular tesselations in the next section.
To apply the analysis to the Drosophila embryo we consider the boundary

conditions to be

zero luxony =0,y =0 = d,, =0, py:—@byl (3.22)
periodicon z =0,z =a = p;= mgw’ m, even '

In fact when Nagorcka simulated his equations numerically he used fixed
boundary conditions for both u and v, fixed at 0.7Uy and 0.7V, respectively,
on y = 0,b to force the minimum to occur at the domain ends. This case
cannot be dealt with analytically as we are considering small perturbations
about the steady state and so need the boundary conditions to be close to the
steady state if fixed conditions are required. In this analysis we consider zero
flux conditions which will give a better indication of the true pattern form-

ing potential of the model rather than inducing a pattern from the boundary
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conditions which is implied by the conditions used by Nagorcka. These con-

ditions give

M a b

1 MgTL = . M My T

Uy = ( ) > (@, cos + b, sin ) cos —2 Y ast - oo (3.23)
P a

To proceed we consider the case when there is only one possible combination

mg, M, such that

2 m2 2
_m_; + 7)_1/. = 2—2— and m; 1s even. (3.24)
a ™

By a similar argument at O(e?) we obtain the solution

Uy = ( L ) (@1, cos a7 + by, sin mxm:) cos 8TV a5t — oo (3.25)
a a

M, b
At O(€) we obtain secular terms. These are suppressed in the normal way
by making

1
L(w,w) = =5~ +n7'QVy - Bns’v(Z (3.26)

orthogonal to the bounded solutions of the homogeneous adjoint equation,

namely
( ;p ) oS m:;ﬂ':c Ccos mybﬂ'y ( ;p ) sin m“;ﬂ-x oS mybﬂy (3.27)
where the inner product is defined as
1 T 2a 2b
w.z = lim —/ /mz ™ wl zdydzdt. (3.28)
T1—00 Tl 0 0 0

This leads to the following simultaneous ordinary differential equations for

the amplitudes:

da a3 -
(1+ SpMp)-d—T- = —n"'p’a — Eang'(l + afS,)MJa(a* + b2)

db L~ 3 - _
(L+S5My)2= = —n7'p’b — = Bns*(1 + aBS,) MJB(@ + 5).  (3.29)
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Note 2.

—22d
4 S,My=1 4 Pl ey A= e

1—d.<0.
n "p°—4gy fudcl‘_ Gu

Note 3.
(B%g [2 —a +a229 1 — a] Bnpas + An)

I

Lrass, = 1+ (Hh) = 1-at Rl

- 1_a(1+a\’1“0‘) = —vT-ac<O.

Let R=a+0. Multiplying the first equation in (3.29) by @, the second
by b and adding we obtain

dR  2n7'p? 3Bn(1 + afBS,)s’M?

= P p_ L R? 3.30
dr — 1+ 85,M, 8(1 + SpM,) (3:30)
dR ,

=kl +nR p>0,7<0 py=0(n) (3.31)

Solving this equation we obtain the following solutions for the amplitudes
a,b
T 1 1
a = (%)20051# — (—__'u—)zcoszb as T — 00
I_) _ fet” % . N %
= <1—W> siny — (_ ) siny as T — 00

for some constants ¢,§. Therefore as ¢ — oo, 7 — oo the heterogeneous

(3.32)

steady state is of the form

. 1 N 2 (mxmc— ) mymy
Uy = ( M, ) (-77) cos | — ¥ | cos T (3.33)

Because of the form of equation (3.17) we can obtain equations for the 7

dependence of u, by suppressing secular terms at O(e*). This leads to the

simultaneous ordinary differential equations

da - —

E;_l = 'I;ial + 9 [01(62 + bz) + 25152 + 26bb1]

db 2 vt _

d—; = ﬂbl +5 [bl( @ +05)+ 25,06 + 2aba). (3.34)
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In matrix form this can be written as

ay | Al ) gi(T, ) ay
(51 )T“(gl(nw mw))(a) (3.95)

where
ufer” 2n0et”
fl(T’ ’(/)) = ‘g‘ [1 + T— 7]696”7 + T — n%eﬂﬁ Cos %b]
uT
a(r,%) = %smz/)cosz/) (3.36)
fe’” 2nfet”
hl(T7 ¢) = 42{ [1 + 1 ! ;%yxr + 1 — ! geu'r Sln2 ¢j|

We can solve this system explicitly by setting z = —nfe#™ to give

1l —2rzx —

& = mal—rﬂ—a, p=sintp r=costy

Jb . (3.37)
E'a_:l = _1__9_—1+ 1+x)b, g = sin cos Y.
Reducing this system to one equation, for @; say, we obtain
d*a 2c — 1 da 3
2= 4 G =0 (ifg#£0). (3.38)

iz T z(l +z) dz i 4z%(1 + z)?
Now we are interested in the behaviour of the solution as £ — oo, that

is 7 — oo. We transform the equation by setting z = -l.l; and study the

behaviour of the solution as t; — 0. This transformation results in the

equation
d*ay 3 da 3
a,; = 0. 3.39
dt? * t; + 1 dt, T 4(t; + 1)‘~’a1 (3:39)
We look for solutions to (3.39) of the form
T1(ty) = t5(do + dity + dat? + dat] + ...). (3.40)

The solutions of the indicial equation resulting from this differ by an integer

and we find that for ¢ = 0 (one of the solutions of the indicial equation) the
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constant dy is indeterminate. This gives us our solution with two arbitary

constants, namely

—1\n+1 — 1\
@) = do (1—§t§+...+£ D™ (2n Q't’f—k...)

2" nl(n — 2)!

3.41)
3 _1)™ (20— 1)1, (
+ dity (1 — gt + ..+ %7”_7((72 ) AR
Now from (3.37)
- 1—27°.T_ 1+Cl?d61 t1—27‘ tl(tl-{-l)dﬁl
by = — = a . 3.42
! 2qx “ q dzx 2q ot q dt, ( )
As t; — 0, @ (t;) — dy and %—%L — d;. Soast; —» 0, b — —551 =
oL do and so
sin
" — 1 dg o (mxﬂ'x ¢> myTyY {5 oo
— S — )} cos as T — oo,t — 00.
=2 M, ] siny a © b ’
(3.43)

These result in an expression for the first two terms of the solution u as

T — 00,1 — 00, specifically

_ 1 My TY [ 3 (myr:cﬂ )_ edy . (mxﬂ':c_ )
g_—e(Mp)cos 7 {(—77) cos . (0 sim/)sm - Y

(3.44)

where ¥ and dy are determined from the initial conditions. This analysis for
the 7 dependence of u, is only valid for ¢ = sin¢cosy # 0. If ¢ = 0, with

siny = 0 say, then we obtain the result that, as 7 — oo

3 —
a — (——I-L—) b=0 @ — 0 b =¢ for some constant ¢ # 0.
-1

This analysis, as it stands, indicates no concrete preference for stripes. Stripes
will form if the only possible combination of m,, m, satisfying (3.24) has
my, = 0. However this would seem to depend upon the choice of param-

eters and the initial and boundary conditions. Figure 3.3 shows a specific
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pattern sequence, using zero flux boundary conditions at the ends and using
the preceding pattern as the initial conditions for the next stage, where a
striped pattern does form. This sequence is an attempt to produce the pat-
terns of ftz expression during cycles 8 to 12. The parameter values used are
A=B=23.1,8=0.0563, o = 0.8, s = 3.0 and d = 20. For the first two in
the sequence the nuclear density n remains constant (n = 1) while the size
of the rectangle increases from 2.1x3.15 to 4.2x6.3 and for the remainder of
the sequence the size remains fixed and the nuclear density doubles at each
stage. Figure 3.4 illustrates the dependency of the model upon the initial
conditions as it is formed by taking random perturbations about the steady
state as its initial conditions for the same parameter values as the third of
the pictures in Figure 3.3. In the next section we consider a regular tesse-
lation analysis of the model to see if this is where the preference for stripes

originates.
3.4 Regular Tesselation Analysis.

In this section we consider the time independent solutions of (3.14) which
form regular tesselations of the plane. The only possibilities are rolls (stripes),
hexagons (triangles) and rhombi (squares). With this in mind we look for

solutions of the form

Uy = ( ]\2,, ) (ag(7) cos kz cos ly + by(T) cos 21y) (3.45)

where
k? + ? = p2 41 = p2. (3.46)

84









plane. This leads to the simultaneous ordinary differential equations

da
= = mag + may(3a} + 855
db, s o
o = p1be + 4n1ba(as + b3) (3.48)
where
—n~1p? —Bns*M3>(1 + aBS,)
M=T75M, m 16(1 + S, M,) (3.49)

The behaviour of this system is given by a phase plane analysis.

The steady states are given by the solutions of

0 = (u1+3mal+ 8y bl)a,

0 = (u1+4ma;+ 4mb3)b (3.50)

which gives

o0 (0 () )- (55 o) ((55) 15 ) o

and correspond to 1) homogeneous pattern, 2) roll pattern, 3) rhombic pat-

tern and 4) hexagonal pattern. We now consider the stability of these steady

states with respect to 7. Let

F(az, b)) = ay(p1 + 3ma; + 8mib3)

G(ag, b2) = bz(lul =+ 47]1&3 -+ 47]1b3) (352)

which give partial derivatives evaluated at the steady states, namely

Fa2 = p1 + 9771a% + 8771[7; sz = 16771a2b2

(3.53
Ga, = 8miazb, Gy, = py + 4mrag + 12n,63. )
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We consider each steady state in turn and look for solutions proportional to

e’ in the usual way.

At (0,0) Fa2 = sz = M1 F52 = Ga2 =0

— A 0
HIO oA | T0 F A= (3.54)

so (0,0) is an unstable type I node.

At (0, (‘_‘_%)5) Fa2 = — Gb2 = —2[11 sz = Ga2 =0

I —ﬂlo 4 —Q,U[l)—)\ |=0 = A= —p1, =24
SO ( ) is a stable node with eigenvectors ( (1) ) and ( (1) )
(3.55)
(( ) ) w=—2m Gn=- B, =G, =0

—2 — A
l u(l) _%L_)\lz() =>/\:——2/L1,—H31
S0 ((:%)5 ,0) 1s a stable node with eigenvectors ( é ) and ( (1) )

(3.56)
—6 8
-0 =2, S A= 2, Y
1
9 _1 ¢
.9

—41 —24y
T — A
7)

=

— N

) is a saddle point with eigenvectors (
3

N

The phase plane configuration is shown in Figure 3.5. As the stable steady
states are the ones with either a, or b, equal to zero this would seem to imply

that as t,7 — oo the solution u; is of the form

wo= () ()" o) o

or (3.58)

u = (A} )(:’fn—l)% cos(py)

p

depending upon the initial conditions. For a sequence of numerical simula-

tions as described in Figure 3.3 the first two patterns that form are the only
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b2

—~—

a2

~:

—_——
A

Figure 3.3: a;, b; phase plane for (3.148).

unstable modes and as these are stripe patterns it would not be surprising
if, when the pattern from the preceding stage is used as the initial condition,
at the next stage a purely one dimensional pattern formed. In Figure 3.6
the patterns formed with a) n = 4 and b) n = 8§ on a wider rectangle are
shown to illustrate this. In Figure 3.7 the same type of pattern sequence as
in Figure 3.3 is shown where now we are considering the boundary conditions
at the ends of the rectangle to be fixed at 0.7x(Uy, Vo) except in the first
picture where we allow zero flux conditions else no pattern would form. In

the next section we examine slightly modified versions of the Nagorcka model
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AD — BC # 0. If we apply a linear analysis to (3.59) we find that diffusion

driven instability is possible if (¢f. (3.8), (3.9)).

)
)
zzz; A-—Dds<0 =d>1 (3.60)

(A — Dds)? — 4ds(BC — AD) > 0

2BC — AD + 2,/BC(BC — AD)

=d>d. = D3

A nonlinear bifurcation analysis in terms of regular tesselations of the plane
as In Section 3.4 is then carried out. The analysis carries through exactly
as before except at (3.49) where 7;, one of the coefficients arising from the

suppression of secular terms, is now

—(Bs’M? — 3E)nM,(1 4+ afS,)

16(1 + S, M,) (3:61)

=

So the same results would apply if 33Msz — 3E > 0. Numerical simulations
of this model give similar results for the patterns, although in shape rather
than size, to the original Nagorcka model (see Figure 3.3).

Let us now consider another model which has the same linear behaviour

as (3.10) but is not asymmetric, such as
E -1 ;2
Uy = n(—Au+B(tanhsv+—éu v°)) + n"dVeu

E
vy = n(—Cu+ D(tanhsv + -Euzz)?)) +n~ 1V, (3.62)

This model results in the same equations to O(€*) as the original Nagorcka
model (if we set C' = A and D = Bfa) and so its solutions to O(e) are the

same. This result seems to imply that asymmetry in the reaction kinetics is
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Nagorcka model, namely
E
u; = n(—Au+ B(tanhsv + Euv)) + ntdVu
v; = n(—Cu+ D(tanhsv + —guv)) + n~1V?. (3.63)

Now we consider a nonlinear bifurcation analysis of this model and look for

solutions in the form of regular tesselations of the plane. As before we let
d=d.+¢ 1=¢ t'=t (3.64)
and look for solutions of the form

U= Zejy_j($7y77-7 t*) (365)

Equating powers of ¢ we obtain the following equations

O(e) (¢)s — nMu; —n D V?u; =0 (3.66)
E
0(62) (EZ)t — TI,ME2 - n’1D1V2y_2 = ulvl_En_ ( g ) (367)
O ()~ nMus —n~' Dy Vi = — 2 4 1=V,

$nvd ( B En B
- 3 1 ( D ) + -E—-(ul’l& —+— UQ’Ul) ( D ) . (368)

Regular tesselation solutions of the plane as t — oo are

M

p

Uy = ( ! ) (a(T) cos kz cosly + b(T) cos 2ly). (3.69)

The solution to the O(e?) equation (3.67) is

Uy = ( ]\14 ) (a1(7) cos kx cos ly + by(7) cos 2ly) — u” (3.70)
p
where
E
Lu" = M,,?n(a(f) cos kx cos ly + b(T) cos 2ly)? ( g ) : (3.71)
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We note that

2 242 2 2
(acoskz cos ly + beos 2ly)* = . Z + %— cos 2k + az cos 21y

CL2 2

b
+ T cos 2kzx cos 21y + 7 cos 4ly (3.72)

+ dabcos® kx cos ly — 2abcos kx cos ly.

The third and the last terms on the right hand side of (3.72) are of the same
form as the original solution and so give rise to secular terms if we attempt
to solve for u*. The only way we can avoid this is to use a different scaling
for d and 7 as compared with (3.64) and suppress secular terms at O(e?).
We do this by replacing €? with € in (3.64) and considering solutions of the
same form as (3.65).

The O(€) equation arising from this and its solution in regular tesselations
of the plane are identical to (3.14) and (3.45) respectively. However secular
terms arise at O(€?) and can now be suppressed. The equivalent equation to
(3.15) arising at O(€?) is

Ou _ En { B
(QQ)t—nMgg—n—lDlvz_% = ——é'i}-—*-n IQV221+UIUIT3_ ( D ) . (373)

The secular terms are suppressed in the normal way by making the right

hand side of (3.73) orthogonal to

1 1
( s, )cos kzcosly and ( s, ) cos 2ly, (3.74)

the bounded solutions of the homogeneous adjoint equation. This leads to

the simultaneous ordinary differential equations

da _ _ —n"1p?
dr =ratmeb  p= 1y >0

db _ EnM,(B + DS,)

2 (3.75)
— a
A S . S
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Figure 3.9: a, b phase plane for (3.73), drawn for 5 < 0.

A phase plane analysis on this system gives the following steady states

and their stability :

(0,0) is an unstable type I node.

o [ u . e
(2 (__’7) . (*’7)) is a saddle point with eigenvalues 2u, —pu
L 1 2
and corresponding eigenvectors ( | ), ( 1 )
The phase plane for this system is shown in Figure 3.9. So for a model
like this, solutions in regular tesselations of the plane are unstable when we

consider both a and b to be non zero. If we consider a purely one-dimensional

solution, namely
1 -
u = ( M, ) b(7) cos2ly (3.76)
we can return to (3.64) as the scaling for d and r and continue as normal.
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The solution at O(e?) is

1
Uy = by(1)cos2ly — u* (3.77)
: ( Mp ) 1( )
where
Lu® = Eggglf('r) ( g ) (1 + cos 4ly). (3.78)

If we look for solutions u* of the form

u* = w; + w, cos 4ly (3.79)
we obtain
o — EM, ( Bg,— Df, _ EnM, { B(ng,—16n"'1*) — Dnf,
1T 9BA\ Df.—Bg, | 27 2BA, \ D(nf, — 16n~1d.1?) —~ Bng,
(3.80)
where
— fu fv - nfu - 167’L“1dcl2 nfv . 2

and for ease of notation we are using the general forms f and g for the
reaction kinetics. At O(€’) secular terms can arise. Suppressing these leads

to the (Landau) equation

_— = = >0 82
L S N Ve (3:82)
_ (B+ DS,)M,n s°M? E?

B oo e ) o
+ 155mmA [~ P(nfu = 1607 ) + My Dnf, — M, B(ng, — 16n7'1%) + BN g, ]

which has a stable solution

b=+ (—“—) . ifn <. (3.83)



This gives the following condition on E necessary for a stable one dimensional

pattern to form (on substituting the values of f, etc.), namely

9s*(Py + VP1Q1)’Q1 (P + Q1 + 2P Q)
(4(Q1 + VPIQ1)(2P + Q1 + 3V/P1Qy) — 10Q:(P, + @1 + 2v/P1Q1))

(3.84)

E2<D2

where

P,=BC Q,=BC — AD.

Considering solutions with & =0 we run into the same problems as before as
terms like cos2ly appear at O(€e?*) and since this is a solution of the original
equation (3.66) it gives rise to secular terms. In fact if we consider a general
reaction diffusion system we will obtain the same result unless a specific

condition is satisfied. This condition, which we derive in the next section is

2

I M, Ly,
:2%' + ML, + p2_ =0 (3-85)

where the partial derivatives are evaluated at the steady state and is auto-
matically satisfied by any asymmetric reaction kinetics as they must have
Fo. =F, = F, =0. In Figure 3.10 we show that (3.63) cannot have
a stable solution in truly two dimensional tesselations of the plane. Figure
3.10a) is obtained from a linear analysis to discover what modes are unstable
and will lead to pattern. This is used as the initial conditions for a numeri-
cal simulation using the same parameter values as for Figure 3.8. Although
the initial pattern is a valid solution of the problem it does not remain and
gives way to the numerically stable one dimensional pattern shown in Figure
3.10b).
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we obtain the following equations on equating powers of e.

0(1) 0 = nf(ug,vo)

0 = ng(uo, o) (3.85)
Oe)  (w): —nMy —n"'DyVi; =0 (3-89)
2 -1 2 —F—uu 2
O(€%) (uz)t —nMuy —n™ DyViu, = 5 uy + Fyuiv
F
+—;“v3 (3.90)

where

1 0
mo(30)
If we look for solutions to (3.89) in terms of regular tesselations of the plane

we obtain, as t — oo
U = ( ]\14,, ) (a(7) cos kx cos ly + b(T) cos 2ly). (3.91)

At O(€?) the solution is of the form

Uy = ( Allp ) (a1(7) coskzx cosly + by(7) cos 2ly) — u” (3.92)

2

2 Euu MpE—’U’U
Lu* = (a(7) cos kx cos ly + b(T) cos 2ly) 5 + M,E,, + 5 . (3.93)

Now as

(1 4 cos 2kx + cos 2ly + cos 2kx cos 2ly) (3.94)

> —

(cos kx cos ly)? =

we obtain secular terms at this stage unless

F M?F,,
Lu*=0 de. =4+ MF + pT— = 0. (3.95)

2 pP=-uv
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Using the scaling (3.64) we cannot suppress these terms at this stage so we

must use the scaling d = d. + ¢, 7 = et which gives the following expression

at O(e?)
0 F F
(ws)e — nMuy — n71 D, Vi, = — =2 + B, V2, + =202 4 Fyuyv; + —20?
87‘ 2 2
(3.96)
where

0 0

We suppress the secular terms that arise here by making the right hand side
of (3.96) orthogonal to ( ; ) cos kz cos ly and ( ; ) cos2ly. This leads
p p

to the simultaneous ordinary differential equations

%‘}_ = pa + nab p= _Ti—_:_%]‘%p
% — ub+ 77%% p = Wt 2fun fvi,)++5:]%[o£guu + 2uy + Gun)
(3.97)
Now
MyS, = -1 14 8,M, =22
so if

d. <1 1+S,,M,,20 = u < 0.

A phase plane analysis of (3.97) shows that

stable
unstable

(2 (_,u_) , (—_ﬂ—)) is a saddle point with eigenvalues 24 and —pu

=N n
and corresponding eigenvectors ( _i ) and ( ? ) :

(0,0) is a } type II node depending upon p Z0.

The phase plane of this is the same as Figure 3.9. This result tells us
that irrespective of the signs of y, 7 no heterogeneous pattern in regular

101



tesselations of the plane are possible which are truly two-dimensional unless
(3.95) is satisfied. Figure 3.11 shows a pattern formation sequence for the
Schnackenberg system (1.32) which has been extensively used in the previous
chapters. The parameter values used are a = 0.25, b = 0.75, d, = 0.227 and
d, = 5. The third and fourth patterns in the sequence, although regular to
some extent, do not satisfy the expressions given in (3.47) and so are not true
tesselations of the plane. The only patterns which are regular are the striped
patterns of the first and second pictures. In the next section we present some
analysis which may begin to give some insight upon the formation of stripes

on the surface of a cylindrical body.
3.7 Circumferential Homogeneity.

In this section we present an application of the theory of Kurata, Kishimoto
and Yanagida (1989) to show that for a reaction diffusion system solved on
the surface of a cylinder with sufficiently small radius, a banded pattern along
the cylinder will occur. The method we consider requires reaction kinetics
for which an invariant region exists. The system they analyse is written as

(using the notation as in the paper)

ou(z,y,t)
Ot

= DAu(zy,t) + fule,y,t) weR  (3.98)
(z,y) EQCR®, t>0, u(z,y,0)=ul(z,y), Q=0 x Q.

The boundary conditions we consider here are written

du(z,y,t)

5 =0 ondQy Q=[0,a], Q,=10,] (3.99)
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u(z,0,1) = u(z, 1, 1) 0%;;%0::0wggiy

Introduce the notation

Ou ou *u
vz:u = (%, 0) Vyu = (O, a_y) VU = VIU + Vyu Ay’ll = 5?;5
(3.100)

V(t), a measure of the inhomogeneity of u in the circumferential direction,

is defined by

1 l ra a
wn=5//<vaw>M@ :/U@@m (3.101)
0 JoO 0

where

1 r! 2 (Ou; dv;
U(z,) 2/0< i Vytt > dy = Vet Vet~ ;(8?;)(83/)
(3.102)

and u;, v; are the jth components of u and v respectively.
V(it)=0 = u(z,y,t) =4(z,t) holds for (z,y) € [0,a] x [0,]]
where T(z,t) denotes the spatial average of u(z,y,t) over {3, namely

1
u(z,t) = 7/0 u(z,y,t)dy. (3.103)

Now we need the assumption that the system admits a compact invariant
region ¥ C R?, de. there exists a region ¥ such that up(z,y) € ¥ for all
(z,y) € Oy x Q, implies that u(z,y,t) € & for all (z,y) € ; x Ny and t > 0.

This guarantees that the solution never diverges to infinity.
Let d > 0 be the smallest diagonal element of D,
let M; be defined by M; = max {|df(u)|: v € £} and
let A; be the smallest eigenvalue of —A, on 2 with the given

boundary conditions.
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2
Now ), is inversely proportional to the square of the length of (2, </\1 = %75——)
so we can take 6; = dA\; — M; arbitarily large if we consider [ sufficiently

small. As we are considering the system equivalent to a cylinder [ = 271, so

A1 = r7%. We denote the L? norm of a function v over 2 by

I ra
ol 20 :./o /0 (v + v3)dzdy. (3.104)

The result 1s formulated as follows. Assume that

1) 6 > 0,
1) uo(z,y) €N V(z,y) €[0,a] x [0,1],
212) u is a solution of the system.

Then, 3 a constant ¢ >0 such that ||u(,y,t) —u(z,?)]|2q) < ce™ %,

Proof.

oV
%[ti = fé<Vyu,—ﬁJ%£>dy

o< Vyu,V,DAu > + < V,u,V, f(u) >} dy
Jo{—= < Ayu,DAu > + < V,u,V, f(u) >} dy

ou Ou ]l
= Jo{= <Ay, DA > + < Vyu,V, fu) >} dy

I

I

l

+ [dl %l;—/lAul + dZ%gyZAUQjIO
— S <Au, DALu > dy

= I(l + Z1 — 1{2

Conway et al. (1978) showed that K; < —26,U(z,t). We now consider Z;

0

Ouy Ous : 0w Ou, Ous B % :
Zy = [dra—zjllm +d2-8—y-AU2]O = [—a'?(—fl(u) + P ) + By (= folu) + a1 )
(3.106)
8’&,’ 8u, .
but 53; o = 53;- - uzly'—O = Uily=t



Let (.,.) denote the two dimensional inner product. The most technical point

of the proof is to notice the following inequality:
Io Kadz =[5 [5(Apu, DA yu)dzdy
_ (e Juy 9*u dug 8*u, ]’
= b {[dlvyla?* * d??fﬁ]o} da
- < Vyu,V,DAu > dydx

= o~ f§ fo < Vu,V,DAu > dydzr

2 2 a
- o= {loi o5 BT o

+ fofs < VVyu, DV, V. u > dzdy

= a4 Bt {dl (g%?)z +dy (%)2} dzdy.

(3.108)

Thus we have

d_‘%ﬁ = %/OG(K1 _Ky)de < —6V() (3.109)

= V(t) < ce™ ™,

The result follows directly from this inequality and Lemma A.2 of Conway

et al. (1978) which says

A |u(z,y,t) — u(z, 2y < Ilvyu(x,y,t)||L2(Q) :

This concludes the proof.
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The above analysis shows that periodic patterns will not occur in the
circumferential direction for cylinders with sufficiently small radii. The anal-
ysis requires that the reaction kinetics admit a compact invariant region,
and whilst it is possible to construct invariant regions for both the Nagorcka
(3.3) and the Schnackenberg (1.32) kinetics, as shown here in Figures 3.12
and 3.13, they are only invariant for the diffusionless problem. When diffu-
sion 1s added to the system, a necessary condition (Grindrod pers. comm.)
for the region to still be invariant is that the normal vectors to the boundary,
at every point of the boundary, must be left eigenvectors of the diffusion
matrix. For the type of problem we are dealing with this implies that the
boundary must be rectangular as the normals must be either ( (1) ) or ( (1) ) :
Thus we cannot apply the theory of this section directly to the problem we
have been considering in the rest of the chapter. However, in most cases,
when the full system is solved numerically, the solutions do not ”blow-up”
but remain relatively near the steady state and so can be considered to be
confined in a non-rigorous sense. We can then use the theory of Kurata et

al. (1989) to begin to explain mathematically why stripes will form along

the cylinder.
3.8 Conclusion.

The work we have presented in this chapter seems to indicate that while
asymmetry in the reaction kinetics may have a strong effect on stripe for-

mation 1t is not essential. The major cause of the sequential appcarance of
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Figure 3.12: An invariant region for the diffusionless problem for the Nagor-

cka kinetics (3.3).
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Figure 3.13: An invariant region for the diffusionless problem for the Schnack-
enberg kinetics (1.32).
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striped patterns using these reaction kinetics appears to be the fixed bound-
ary conditions at the ends of the cylinder and the fact that at each stage the
initial conditions are taken to be invariant in the circumferential direction.
Figure 3.11 shows that this cannot explain matters entirely or the Schnacken-
berg kinetics would also produce a striped pattern sequence. The Nagorcka
model is quite robust with respect to changes in the parameter values and
will still produce the same pattern sequence on a 14x21 grid, for example,
when a 10% change in the parameter values is made, both when each value
1s changed individually or when all are changed at once.

An alternative mechanism has been suggested by Lacalli, Wilkinson and
Harrison (1988) to produce the final seven stripe pattern exhibited in the
gene expression of fushi tarazu in the Drosophila embryo. While they do not
claim their mechanism to be exceptionally realistic, they illustrate, by means
of numerical simulations, that a spatial gradient in some of the reaction
parameters can give rise to a striped pattern perpendicular to the gradient.
In the next chapter we examine briefly this and other types of model with
spatially varying parameters to see if they can produce any types of pattern
which have proved impossible to produce using reaction diffusion systems

with spatially constant parameters.
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Chapter 4

Reaction Diffusion Systems
with Space Varying
Parameters.

4.1 Introduction.

In this chapter we consider reaction diffusion systems with spatial variation
in the model parameters to see if any different patterns can be obtained.
Very little work has been carried out on models of this type. Most recently
Almirantis and Nicolis (1987) have applied a nonlinear bifurcation analysis
to a one dimensional system with zero-flux boundary conditions and a small
gradient in one of the reaction parameters. We review this work in Section
4.2. Lacalli, Wilkinson and Harrison (1988) have numerically solved a variant
of the Brusselator mechanism with spatial gradients in the reaction parame-
ters to examine what effects this can have. They relate their results to some
of the data available on stripe formation and expression of a segmentation
gene like fushi tarazu (ftz) in the Drosophila embryo. We examine this and
another type of model on a cylindrical domain in Section 4.3. Finally in

Section 4.4 we examine the effects of space varying diffusion coeflicients both
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on domains with zero-flux boundary conditions all round and on domains

modelling the Drosophila blastoderm.
4.2 Gradients in Reaction Parameters (i).

In this section we first review the analytical work of Almirantis and Nicolis
(1987) who showed, via a bifurcation analysis, that a slight asymmetry in
the system could give rise to a marked asymmetry in the resulting dissipative
structures. Their analysis was carried out on a general one dimensional
system and then extended to three dimensions. They relate their results to
the problem of chirality and the fundamental asymmetry of the arrangement
of the internal organs in vertabrates, known as situs rectus. We then present
an analysis of the Schnackenberg system in two space dimensions and show
that a one dimensional spatial gradient in one of the reaction parameters has
no effect on the pattern produced. This is fully in line with the findings of
Almirantis and Nicolis (1987).

The general system they considered 1s of the form

oU o0*U
5 = A+f(U,V,A)+Du-a?

ov o’V
—a—t' = g(U,V',)\) +Du—a? (41)
oUu

oz

ov
Oz

=0
0,L

0,L

A>0  f(0,0) = g¢(0,00=0 0<z<L

where it is assumed that the system (4.1), when operating in a uniform en-
viroment, will produce a stable spatial pattern by diffusion driven instability
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when the parameter A exceeds A.. The precursor A is assumed to have the

form of a shallow gradient.

A = Aj+ez. (4.2)

The problem is then scaled by letting

u =U — Uo v=V — VE)
u :eu1+62u2+... vzevl+62v2+...
A= =eyi+ e+ ... e= €% (4.3)

The choice of e to be O(¢?) is inherent in the form of the equations with the
boundary conditions. In fact, if lower order terms are used in the expression
for e then to solve the system these terms must vanish, a something we prove
in the second half of this section. If, however, terms of higher order than

O(€?) are considered these make no contribution to the leading order terms

of u and v. At O(e) we have

L. ( 1 ) =0 L.=L(\) (4.4)

U
where , 9
h+0Lr B
U ox vV
L)) = 5 P 92 (4.5)
B_(%_ Zﬂ% + Du_a"%—z'

Because of the form of the boundary conditions the solution may be written

as

( Z; ) = Jw cos(k.x) k. = _rrz_ﬁ (4.6)

where J 1s an as yet undetermined constant, k. is the critical wavenumber
corresponding to the bifurcation occuring at A = )\, and w is a normalised
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eigenvector of L(\) (=L(\.) with —k? replacing '0%:27) At O(€?) the equation

()= @) () () e

where h,,,h,, are the quadratic nonlinearities of the functions f and ¢g. By

18

invoking symmetry arguments the following solution to (4.7) is obtained as

71 1s found to be zero:

( uy ) = J? (g, + gy, cos(2kcz)). (438)

V2
Here g, and ¢,, depend upon the specific forms of f and g. At O(€’) the

effect of the gradient first becomes relevant.

Us 0L Uz ez Py
— L, — — 3 4.9
()= (@) (2)«(F) () oo
where h,,, h,, involve the cubic nonlinearities and products of the quadratic
and linear terms. To obtain a solution to this multiply both sides of (4.9)

by w* cos(k.x), the eigenvector of the adjoint of L., and integrate over space.

This gives

L * aL 2 L
72.]/ W (-6—/\) wcos” kexdr + [ow* cos(kez)hsdx
0

c

+ew* [z cos(k.z)de =0. (4.10)

The third term in this equation is non-zero if k.L/m = m is odd. Assuming

this to be the case (4.10) can then be written as
ed+ (A=A )Pz + P32® =0 (4.11)

where z = €J, the equivalent, using this method of bifurcation analysis,
of the Landau equation. Here d,P;,P; are system dependent parameters.
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Figure 4.1: Bifurcation diagram for (4.1) with a) e = 0, b) e # 0. Pictures
c) and d) show the resulting dissipative structures. both of wavenumber one,
with opposite polarities corresponding to the two different branches in b).

Solving this it is seen that the amplitude of the pattern to dominant order of
perturbation theory is e!/3. This is a tremendous amplification of the original
asymmetry. Figure 4.1 (Almirantis and Nicolis (1987) Figures 4+3) shows
the bifurcation diagram for such a system with and without the gradient.
The gradient has induced a choice between the two solution branches which,
because of the assumption that m is odd, are polar patterns of opposite
polarity. The analysis is then extended to three spatial dimensions where

the variation of A is taken to be of the form

A(z,y,2) = Ao + ea(z,y,2) (+.12)

It is established that the spatial variation will only make a contnbution to
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the bifurcation analysis if a certain condition is satisfied by the variation,

namely

L. L, fL.
/ / / a(z,y,z) cos(k.z) cos(k.y) cos(k.x)dzdydz # 0. (4.13)
o Jo Jo

We now consider an analysis of the Schnackenberg system, which does
not have quite the same form as (4.1), under the same type of boundary

conditions on a two dimensional domain. The system we consider is of the

form
n_ 7T 2 2
uy = Y(apg+ € al—r—-{—u v—u)+ Vu
vy = v(b—u*v)+dV3v. (4.14)
For convenience in the analysis to follow we take v = 1. For n > 2 the

gradient term €"a;% does not contribute to the linear analysis and we find
that the normal parameter conditions (1.10), (1.18) and (1.22) for diffusion
driven instability, as discussed in Chapter One, will apply. We now consider a
bifurcation analysis in the usual way using the scaling as in (3.64). Equating

powers of € we obtain
2_ Uy fu fo ur } 1 0 2 [ W
oo w(n)- () ()-(a)w(e
é(ag”) (4.15)

6=1 if n=1 0=0 if n2>2.

where

If we try to solve this we obtain as t — oo

ur \ Wy dayT — gy
(vl)“(m)*r(fugu—fvgu)( gu) (4.16)
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where

U1/, Ju 9o U1 0 d U1
When we attempt to solve this with zero-flux boundary conditions on an

r X s rectangle we find that this is not possible.

Proof.
( n ) B ( A}IP ) Z (apz cos(p.x) + by, Sin(pzx))(cpy cos(pyy) + dpy sin(pyy))

ba —9v
+7‘(fugv - fvgu) ( Gu ) (418)

as t — 00. For zero-flux in the y direction we require

nym
dp, =0 Py = —i— (4.19)

For zero-flux in the x direction we require

1 )
( M ) sz (—ayp, sin(p,) + by, cos(p;z))cp, cos(pyy)
p

bay/r —Gu \ _

on z = 0, Vy. If n, is odd we consider y=s/2 = 6 = 0. I n, is even,
i.e. n, = 2w where w is odd, we consider y = s/2U+!) = § = 0. Thus no
solution with § # 0 is possible so we need n > 2. Now the zero-flux boundary

conditions tell us that

bp, =0 Pr= n;” (4.21)
At O(€?) we have
?_ U _ fu Jo uz \ 10 vz | Y
ot \ vy Ju G v2 0 d. v
_ o L) aa
= (2uguiu; + vouj) ( 1 ) + - ( 0 ) (4.22)
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where

6=1 if n=2 6 =0 if n>3.

A similar argument at this stage tells us that n > 3. If we consider
n > 4 then the first order terms can be evaluated fully without involving the

gradient. Hence we must consider n = 3. The equation at O(e€®) is

aln) - (eo)(e)-(0a)= ()

1
= (2uo(u1vy + upvq) + udvy + 2vouquy) ( 1 )

<(on)e(n)-m(n)2(0) un

Secular terms can occur at this stage. They are suppressed by making the

right hand side of (4.23) orthogonal to ( ; ) cos(pyz) cos(pyy). The term
P

involving the gradient makes a contribution of

/r /3 a1 oS (nyr:c) Ccos (nyﬂ'y> dydzr = 0. (4.24)
o Jo r s

This tells us that in two space dimensions with zero-flux boundary conditions

and a = ag + €?3(z,y), we need

[ [renon (32)ea (a0 a2

or the analysis indicates that the first order terms can be evaluated without

involving the gradient. This generalises the work of Almirantis and Nicolis
(1987) to two dimensions. However it may be the case that O(1) gradients
in the reaction parameters, whilst being impossible to deal with analytically,
can have some effect on the pattern formed by a system as compared with

the pattern from a system with spatially uniform parameters. We examine
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this possibility briefly from a numerical point of view at the end of Section

4.4.

4.3 Gradients in Reaction Parameters (ii

In this section we consider a reaction diffusion system solved on a rectangu-
lar domain with zero-flux boundary conditions along the ends and periodic
boundary conditions along the sides, thus mimicking a cylinder. The gradi-
ent in the reaction parameter is taken to be along the cylinder. We relate this
analysis to the work of Lacalli, Wilkinson and Harrison (1988) who consider
a variant of the Brusselator model which they solve numerically, then use
the results to suggest the possibility of this kind of model being applied to
produce the striped pattern of segmentation genes such as fushi tarazu found
in the Drosophila embryo.

We first consider the system, (similar to (4.14))

v(a — u + uzv) + V3u

Ut
vy = (b + e”blE — u?v) + dV?v. (4.26)
r

Again we consider 4 = 1 for analytical convenience. As in Section 4.2 the
linear analysis carries through as normal if n > 2 with no contribution from
the gradient. A bifurcation analysis with the scaling as in (3.64) leads to the

following equations:

o0 () - (% ()-8 i )w ()

(4.27)



2 0 U2 fu fv U2 1 0 2 [ W2
) 5?(%) - (gu gv)<vz>_(0 a )" (vz)

)
= (2uoujvy + vouj) ( _1 ) + — 0 ) (4.28)

oer g() - (E ()0 a)w ()
(

 [oufun v+ v + 2]

A e

6=0 ifn>2 6=0 1fn>3 6o =0 1fn>4.

where

The solution to the O(¢) equation as t — oo is

(o)

p

(SblIII —fv
+ rA( fu) (4.30)

( ]‘} ) > (a(7) cos(kyz) + b(t) sin(k,z))(c(7) cos(kyy) + d(7) sin(k,y))

where
A= fugv - gufv~

We consider the system with zero-flux boundary conditions on z = 0,r and
periodic boundary conditions on y = 0,s. This tells us, by a similar argument

to that employed in Section 4.2 that

N, . N,
b(r) =0 k, = —— n, is even k, = —<
S r

§=0.  (4.31)

Similarly if we consider the O(€®) equation, no solution satisfying the bound-
ary conditions 1s possible unless §; = 0. Now we consider n = 3, v.e. 6, = 1.
Secular terms can occur at this stage. They are suppressed by making the
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right hand side of (4.29) orthogonal to the bounded solutions of the homoge-

neous adjoint equation, namely ( Sl ) sin(kyy) cos(k,x), ( 51, ) cos(kyy) cos(k,1).
P p

The gradient term makes a contribution of :

blfgfsr if n, is 0dd, n, = 0 to tlhe inner product with )
7) otherwise ( s, ) cos(k,x) cos(kyy). :

-4b1S,rs a4 )

nznzﬂ-g ey Ty O to the inner product with

—byS,rs : > 4.33)
_n_y%z_ ngy =0, ny is odd ( ! ) cos(kyz) sin(kyy). (

. Sp
0 otherwise

But we already know that n, must be even so the only possibility for a
non-zero contribution from the gradient is if n, = 0, n, is odd, e. stripes
perpendicular to the gradient. This tells us that the gradient will enhance
the pattern forming potential of stripe modes.

This would seem to agree with the numerical findings of Lacalli, Wilkinson
and Harrison (1988) who discovered that a gradient in the reaction parame-
ters could force a model to produce stripes when it would not ordinarily do
so if its parameters were optimised for stripe production. This would be the
case when a number of modes were unstable and so interacted to produce
the pattern which could not be predicted from a linear analysis with a stripe

mode as the dominant one. The system they used is of the form

u = a—(b+e)u—cu’v+ D,Viu

v, = bu+cu?v—dv+ D,V (4.34)

with spatial gradients in ¢ and e. They do not put forward this model
as being an accurate representation of the stripe forming mechanism for

121



ftz genes in Drosophila but merely as an example of what gradients can
do to a model. The careful adjustment of parameters needed to produce
stripes which would be a drawback in the physical sciences need not be in
biology. Life depends upon metabolic reactions that have evolved, by natural
selection, to operate in a highly structured enviroment at rates kept within
narrow ranges. It would be unreasonable to assume that the rate processes
involved in biological pattern formation have not been subject to the same
stringent selection or the same high degree of control.

In the Drosophila embryo ftz stripes develop in a heterogeneous system
where larger scale patterns are already well established. Genes such as cau-
dal (Macdonald and Struhl (1986)) and segmentation genes of the gap class
(Tautz et al. (1987)) form gradients which could influence ftz expression.
Regulatory effects on ftz pattern have been demonstrated for several genes
(Carroll and Scott (1986)) by means as yet unknown. If these gene products
were to act as templates for the reaction parameters this would be control
of one pattern by another of an indirect form. Figure 4.2 (from Lacalli et al.

(1988)) shows the type of pattern that (4.34) can produce.

4.4 Spatially Dependent Diffusion Coefficients.

In this section we examine the effect a spatial gradient in the diffusion coef-
ficient of a reaction diffusion system has upon the pattern forming potential

of the model. Because of the method of derivation of the diffusion term we
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ov

= = g(u0) + W (@) + AL+ h@))ves + dvyye (439

In this analysis we will consider A(z) to have the form

h(z) = 22 (4.39)

r

where r is the size of the finite domain upon which we are solving the system
in the z direction and we have chosen €? so as the contribution of the gradient
becomes apparent at O(e®) in the bifurcation analysis. By way of an example
we will consider the Schnackenberg system on a bounded r X s domain with
zero flux boundary conditions and + = 1 for analytical convenience. We use

the normal scaling (3.64) and obtain, on equating powers of e,

o0 (3)-(££)(2)- (3 2)2(2) -0 wm

The solution of this as ¢ — oo with zero flux boundary conditions is

( “ ) = ( 1\2 )a(r) cos(kez)cos(kyy) ke =——, ky=—— (441)

where we have assumed that there exists only one mode (n,,n,) such that

k2 + kz = p%. At O(€?) we have

() = (E2)(e)-(5 8)» ()

1
- Eu%Euu + ulvl-E—uv (4'42)

with solution

Uy = < ]\2,3 ) ar(7) cos(kyx) cos(kyy) — w; — w,ycos(2k,x) — ws cos(2k,y)
—  w,cos(2k,x) cos(2k,y) (4.43)
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as t — oo, where

g
II

l
I

( gv+fv ) R = vo + 2uoM, A = fugo — fu9u

kzd + fo fu — 4Kk2 fo

fu + 4k2 1T Ju go — 4k2d,
Ra? 57') gv“4k‘2d + fo A, — fu—'4k§ fo
—Gu — fu + 4k2 2T Gu Gv — 4k3dc
Ra2§7'2 gv—'4p2d +fv . fu—4p2 fU —_
43 ( —Gu — fu + 4P A3 B Yu Jv — 4p2dc =95
(4.44)

At O(€e®) we have the equation

(

Uus
U3

) - ()G (n) es

1 0
= U1U2Euu + (U1’02 + u2vl)Euv + 'z'ufvlﬁuuv - E ( le )

0 0 2 { U T Uy ay Uy
) (n) el ) e (),

Secular terms can appear at this stage. They are suppressed in the usual way

by making the right hand side of (4.45) orthogonal to ( 51 ) cos(k,z) cos(kyy).
p

This gives rise to the following equation (Landau equation):

da 3
- = 4,
o pa + na (4.46)
where
_ 2
y o= oM (4.47)
1+ S,M,
1+4d.S,M, kyaq [k Jy z cos?(kgz)dr  + [y cos(kyz)sin(k,x)dz
1+ S,M, 1 Jy cos?(kyx)de
and 7 does not involve the gradient term. Now
1 . .
SpM, = ——  giving 14+d.S,M,=0 (4.48)

C
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and so the gradient in the diffusion coeficient is making no contribution to
the solution of the model at first order. If we consider the same model but
now with periodic boundary conditions as in Section 4.3 we find that the
same result occurs. The analysis presented in this chapter seems to show
that gradients of a size which makes an analysis possible do not, in the main,
give rise to specific changes in the expected patterns when we are dealing with
a two dimensional domain and a one dimensional gradient. As mentioned at
the end of Section 4.2, it may be the case that O(1) gradients, whilst being
impossible to deal with analytically, can give rise to significantly different
patterns when compared with the case when no gradient is present. It would
not be surprising if, when using a large one dimensional gradient in one of
the reaction parameters, we found that the resulting steady state patterns
were predominantly one dimensional even though the patterns formed in the
absence of a gradient were two dimensional. This is indeed the case as we
can see from Figure 4.3 which shows the results of some simulations using
O(1) gradients.

This completes our work on reaction diffusion systems. In the next two
chapters we consider different types of pattern forming models - a mechani-
cal type model suggested by Goldwasser, Maini and Murray (1989) used to
model the branching process in bryozoans in Chapter 5 and a gene switch
mechanism suggested by Murray (1981) to model pattern formation of certain

pattern elements on butterfly wings in Chapter 6.
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Chapter 5

Branching Patterns in
Bryozoans.

5.1 Background.

In this chapter we analyse in detail a cell mechanical model proposed by
Goldwasser, Maini and Murray (1989). By means of nonlinear bifurcation
analysis we show that, under certain constraints on the model parameters,
both stationary and standing wave type solutions are possible.

Figure 5.1 is a diagram of an arborescent bryozoan colony such as Bugula
sp. (from Goldwasser et al. (1989)). It shows that the basic growth be-
haviour of bryozoans is distal (growing at the tip) with new units (zooids)
being added to the tips of the branches irrespective of whether splitting has
occurred or not. The right hand branch has begun to split and two daugh-
ter branches are starting to form. The model we consider here specifically
considers the questions posed in one of the few studies of growing tips in Bry-
ozoans by Schneider (1963). He says, of a group of cells observed in Bugula
which exhibit striking behaviour; ”While there is limited random movement

of the individual cells, the degree of cell co-ordination is remarkable. All these
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Figure 5.1: a) Diagram of an arborescent bryozoan colony. b) Diagram
explaining distal and proximal growth through cell recruitment.

cells are somehow oriented to the centre of the cell plate, which 1s rhythmi-
cally expanding or contracting or even twisting”, and concludes: "How this
locomotive activily and co-ordination is brought about is quite unknown’.
These cells lie on the inner, dome-shaped, surface of a growing tip where
they secrete cuticle, or cell matrix, as the branch grows (Taverner-Smith and
Williams (1972)). Figure 5.2 is a diagramatic cross section of a bryozoan
branch laid flat (taken from Goldwasser et al. (1989)). It indicates how the
cuticle secreted is inserted into the existing cuticle which then spreads out
carrying the cells and adhesive sites with it. As the older cuticle reaches the
edge of the dome it calcifies and gets pushed outward to form part of the

cylinder of the branch behind the growing tip. The direction of the branch
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Figure 5.2: Diagramatic cross section through the cuticle at the tip of a
bryozoan branch.

clongation depends upon the location of the cells within the tip. A few other
details are known about these cells. They do not reproduce, new cells are
recruited proximally (from within the parent branch) (Schneider (1963)) and
their motion is rapid on the time scale of branch growth (Goldwasser pers.
comm.).

The process of branching in bryozoans (and other structures such as corals
and trees) is created by the iteration of two separate events; the growth of
the branch and its subsequent splitting. The multitude of different branch-
ing patterns found in nature occur because the location and timing of the
splitting varies. This can be modelled phenomenologically by constructing

rules based on the angles of rotation from the main branch, the length of
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the tip and the time of branching and then examining the resulting patterns
(for example, Bell (1976),(1986); Goldwasser (1988); Edelstein-Keshet and
Ermentrout (1989)). However models such as these do not consider the bio-
logical processes that actually cause the events. Reaction diffusion systems
depending upon an as yet undiscovered morphogen to establish the branching
have also been widely considered (for example, Lacalli and Harrison (1987),
Harrison and Kolaf (1988)). Numerical simulations of these, under appro-
priate parameter restrictions, give rise to branching patterns. Figure 5.3,
taken from Lacalli and Harrison (1987), shows the formation of a branch,
with pattern scale decreasing relative to system size, using a variant of the
Brusselator reaction kinetics which routinely produces branches of this type.
The surface is of morphogen concentration.

In this chapter we consider an alternative model based mainly on cellular
behaviour known to occur in both branch growth and splitting. Models of
cellular mechanics (Murray and Oster (1984a,b)) usually consider the initial
formation of spatial pattern from deviations about a homogeneous steady
state. In the case of bryozoan growth what is required is the splitting of
one cell cluster into two (Schneider (1963)) and a linear stability analysis,
which is usually carried out to predict the formation of a heterogeneous
pattern, is rarely possible about an initial non-uniform state. In Section 5.2
we present the model and carry out a linear analysis about a uniform steady
state and consider various possible configurations for the dispersion relation.

In Section 5.3 we attempt a nonlinear analysis to demonstrate the initial

131



Figure 5.3: Branch formation using a reaction diffusion system. Figure 1
from Lacalli and Harrison (1987).

formation of one cell cluster. In Section 5.4 we examine the possibility of
standing wave solutions and discuss the possibility of combining solutions of

these two types to give branching and oscillations in the cell distribution as

have been observed.

5.2 The Model and a Linear Analysis.

For ease in analysis, the model is constructed on a one dimensional domain,
so as to focus on what happens to the clusters of cells, rather than the more

realistic but more complicated dome shaped tips. The basic model is of the
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form

re = En — AT +  c(rry);s
secretion calcification convection
a;, = bn — pa +  clary), (5.1)
secretion decay convection '
ne = dng, —  h(nay), +  c(nry):
diffusion haptotaxis convection

where

r(z,t) denotes the density of the matrix or cuticle.
a(z,t) denotes the density of the adhesive sites.

n(z,t) denotes the density of the cells.

The adhesive sites are only postulated to exist but they are necessary to
act as an attractive entity for producing the spatial pattern. By itself the
convection term tends to break up the pattern as the cells are carried out of
the domain. The model is essentially based upon two processes; the matrix
spreading and carrying the cells and adhesive sites with 1t and the secretion
by the cells of the matrix and the adhesive sites. The cells move up a gradient
in the adhesive sites, a process known as haptotaxis (as described by Harris
(1983) for chick limb cells), of their own creation as they are carried along
by the matrix. A diffusion term is included for the cells alone as they are the
only motile element. The secretion, calcification and decay terms have been
chosen to be linear for simplicity.

We first nondimensionalise the model using N as the mean cell density

throughout the domain, Lo as the original length of the domain and L as the
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current length. Let

nt = e @b . re T e t/lLQ2
L' po_ eNE g d ye_ A e BAN -
! fg ‘ p-Lg m a poLg
to give, on dropping the asterisks for notational convenience,
re = y(n—Ar) + (rre)e
ai = vy(bn —a) + (ary): (5.3)

ne = dngz —(nay):, + (nry),.

From the nondimensionalisation, if n is constant over the domain then n = 1.

The uniform steady states for (r,a,n) are

(f? a, ﬁ) = (07 0, O)’ <§’ b, 1) (5.4)

of which the second is the biologically relevant one.

Linearise about this steady state and look for solutions of the form

r— | ,
a _% o It T kT, (5.5)
n—1

This gives the dispersion relation between k, the wavenumber, and o, the

growth rate of perturbation as a function of the wavenumber £, as

o’ + [(d+ é)k2 +y(A+1)]o* + [gék" + k%(é +d\+d+E&-0b)++)o

A A A
b RSB = 1) (A~ BA+8)] = 0 (5.6)

or

o + Ay(k*)o? + By(k*)o + Ci(k*) = 0. (5.7)

In the absence of any spatial variation the dispersion equation reduces to

o+ (A +1)o* + 4o =0 (5.8)
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with solutions

c=0, oc=-—9\ o0=-—7. (5.9)

As these are all non-positive the system is stable in the spatially homogeneous
case. The fact that the dispersion relation passes through the origin in the
o — k? plane for all values of the model parameters is due to the lack of
mitosis among the tip cells as pointed out by Taverner-Smith and Williams
(1972). When k # 0 the dispersion equation has either three real roots or
one real root and two complex conjugate roots. As can be seen from the
dispersion equation (if d + b(A — 1) > 0) all wavenumbers k satisfying

A6 — d)A — ¢]
Eld + b(\ — 1)]

0< k< (5.10)

are unstable. This means that it is impossible to isolate a single value of
k for growth unless specific boundary conditions are used. This is the type
of argument we use in the next section. Figure 5.4 shows some possibilities
for the form of the dispersion relation, the feasibility of which we examine
below.

Let the solutions to the dispersion equation (5.6) be o(k?),or(k?) £
io7(k?) so

(0 —01)(0 — (or +i07))(0 — (0r —i07)) =0 (5.11)

giving
—01 — ZO'R = Al(kQ)
0% + 0%+ 200 = Byi(k?) (5.12)
ook tol) = G,
Note that A;(k?) > 0 Vk? so we cannot have o7 and og both positive for any

value of k?. This tells us that case d) in Figure 5.4 cannot occur.
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Figure 5.4: Possible forms for the dispersion obtained by solving (5.6), with
the solid line representing the real solution and the broken line line repre-

senting the real part of a complex solution.
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If C1(k*) > 0 Vk?%, as in the case in Fig. 5.4c), then the only way a root
of the dispersion equation can have a positive real part (using the Routh-

Hurwitz criteria) is if A;(k?)B,(k?) — Cy(k?) < 0 for some value of A?. We

have

Ci(k*)>0=d+bA—-1)>0, (d=bIr+&=17 > 0. (5.13)

A, B = k® 2
1071 — Cl k /\ (d /\)

+ k4L7—j—€(>\+1)+7<d+§)(d/\+d+§+—€-—b) 7‘f( b(A—l)J

+ B ¥A(A+1) (5 +d\+d+ é - b) + 72AbJ + AN+ 1). (5.14)

Consider the coefficient of k%:

ydE + dy (§+d/\+i/}—) %t <d)\+d+§+€) —~ y£b

AN
= 7§(d—b)+d7(£+d/\+%> (d/\+d+§>+1§-2-
- 1§—¢+d7(5+d/\+%)+15-(d“d+f)>o. (5.15)
Consider now the coefficient of k?:
72(/\+1)(£+d/\+d+§> —7%b
= 72(/\-{-1)(d)\+§)+72d/\+72(d—b)+7ng+72€
= YO\ +2)(dr+ &)+ %b- > 0. (5.16)

So with C;(k?) > 0 Vk? we have A;(k*)B;(k?)—Cy(k*) > 0 Vk?, which shows
that Fig. 5.4c) cannot occur.
For case a) in Figure 5.4 we have C;(k?) < 0 for k* < k? so by the Routh-

Hurwitz criteria we can have a positive root for ¥ < k.. This tells us that
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this case can occur. We examine the pattern formation potential of this case
in Section 5.3.

For case b) in Figure 5.4 we require A; B; — C; < 0 for some k? € (k2, 00)
where A;(k?), C1(k?) > 0 for k? € (k?,00). A sufficient (but not necessary)

condition for this to occur is for By(k*) < 0.

d
Bl(k2)—_—§-k4+k27 (d)\+d+§+§——b) + 2. (5.17)

The minimum value occurs when

k= -2% (b— (d+ %) (A + 1)) (5.18)

so the first sufficient condition (to make the value of k? positive) is

b>(A+1) (d+ i-) (5.19)

The minimum value of B;(k?) is

—425”\ (b— (A+1) (d+§)) + 9% (5.20)

so for this to be negative we require

2
(b— (d+—§-) (/\+1)) > 4d¢. (5.21)
So for certain values of the parameters the case depicted in Figure 5.4b) can
occur. We examine this case in detail in Section 5.4.
As we are primarily interested in the pattern formed by the cells we
rearrange the order of the equations in (5.3) for the nonlinear analysis and

consider the system as

ng = dng, — (nag), + (nry);
re = vy(én—Ar) + (r72)z (5.22)
a; = v(bn —a) + (ary):
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In the next section we consider a nonlinear analysis for the model using

parameters so as the dispersion curve is as illustrated in Figure 5.4a).

5.3 Nonlinear Analysis (i).

In this section the parameters are assumed to be such that the solutions to
the dispersion equation (5.6) are of the form shown in Figure 5.4a). The

entirely real solution cuts the k? axis at 0 and at k? where

o AB=d) -8
© Ed+bA-1))

(5.23)

These are the values of k* where Cy(k?) = 0. For k? > k? there are no
positive roots to the dispersion equation so using the Routh-Hurwitz criteria
we can deduce that C;(k?) is negative for k? < k% and positive for k? > k2.

This gives a first restriction on the parameters, namely

b>d+§- and b<

— if A < 1. (5.24)

The expression for kZ gives the critical value of d for each particular k2,

_ RS A

For this analysis we wish to isolate the first mode only so we need to
consider the model under suitable boundary conditions (such that it appears
that the dispersion relation has a sharp peak at k* = #* and is zero ev-
erywhere else, as shown in Figure 5.5). The appropriate type of boundary
conditions are periodic, zero-flux or fixed at the steady state.

To carry out the analysis we take

d=d.+€v, v==1, 0<e<1l, T7=¢% =1 (5.26)
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Figure 5.5: A ’peak’ dispersion relation formed by considering the model
under certain specific boundary conditions.

and look for solutions of the form

n
u=|r | =u+) u(z.7,t7) (5.27)
a 1=1
A Taylor expansion of o about (k%;d,.) gives

Jdo

o(k} d) = a(k}; d.) + —é-i-(kf; d)e*v + O(e). (5.25)
(
Now
—ki(yA + K3)
‘a'z(k(?;dc) = A 2 § (5.29)
od By (k:;d.)

At k? 4+ ¢’ all the roots of the dispersion equation have negative real parts so
from the Routh-Hurwitz criteria (and noting that A;(k? +¢'), Ci(k? +€') are

positive Ve’ > 0) we have
AR+ VB2 + €)= Ci(k*+€)>0 Ve >0. (5.30)
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Thus B;(k?;d.) > 0. Hence we must take v = —1 to have a positive expo-
nential growth rate of O(e%t).
Substituting for u from (5.27) in (5.22) and equating powers of € gives,

on dropping the asterisk for notational convenience,

0
0(©): 5} ~lu = 0 (5.31)
9 BUQ nl:r(rl:c al:z:) + nl(rlm — al:z::r)
o) - e 5 v 53
1271z + a1 1zz
Ou Ou

o
=
]
+ + +

nlx(r2x - a?:z:) + nl(r2x.7: — A2zg
TzT2z + r1Tozx
+

A12:T22 Q1T ozy

(5.33)

v 0 0
\D:(O 0 0). (5.35)

We ignore the fast time (¢) dependence as the growth rate is O(e?) and so the
pattern will develop over time 7 (Matkowsky (1970a,b)). The solution to the
O(e) problem, under the suitable boundary conditions chosen to obtain the
peak dispersion relation (for example, fixed at the steady state or zero-flux

or periodic), is

1
Uy = ( P ) (p(7)cosmx + ¢(7)sin7z) (5.36)
R
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where

—d, n? & 7’ 1
2 |
~E "7)"‘%‘ 0 (P) = ( (5.37)

vb —br? - R

giving
YEA

= ———3 = d.. 5.38
F A2+ En? ft=P+d. (5-38)

The solution to the O(€?) problem is

1
Uy = ( P ) (p1(7)cosmz + qu(7T)sinwz) — u” (5.39)
R

where

(P — R)n? (P — R)r?
Lu* = (¢*(7)—p*(7)) cos 27z ( P?r? ) ~2p(7t)q(7)sin 27z ( Pr?

RPr? RPx?
(5.40)
Let
u” = w, cos 2w + Wy sin 2wz (5.41)
which gives
(P — R)x?
w, = (@) =P (r)(Nor)H | PPr?
PR~?
A
= (¢(r)-p'(r)| B (5.42)
C
(P — R)r? A
Wy = “ZP(T)‘I(T)(N%)_I P = —2p(r)q(r) | B |(543)
PRx? C
Now —47%d, —47? 472
2
Ny, = ~¢ A —45 0 (5.44)
~b —4br? —
and so
K
1= 5.45
(Nor)™ = % (5.45)
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where

¢

A = dxy((b = do)(yA +4-) —€(4m°b - 7)) (5.46)
and
(YA + 4§~7rr2) v vb(yA +4(1 - A)%f)
K= | —4r*(4br® +v) —dn?y(b—d.) —4r2b(4rd, + v)
473 (4 A + 4§—7§—) 4r2~€ 472 ((yA + 4§—7fv)dc + 42\
(5.47)
giving
A = % {’y(P — R)(yA + 4§j\f—) + P42 4+ PRy(y )
+4(1 — )\)g)\ﬁ)] (5.48)
B = _Zr [(P — R)(4br? + ~) + P*y(b—d.) + PRb(47%d. + v)] (5.49)
c - & [(P — R+ 455) + Pyt + PR(4A
+4 5; )+ 76)] . (5.50)

At O(e®) secular terms can occur. These are suppressed in the usual way
by making J;(u,,u,) orthogonal to the bounded solutions of the homogeneous

adjoint equation with inner product

1 (T2
y_.g:T}iLnooﬁ/O /o u” vdzdt. (5.51)

The bounded solutions are

1 1
X |sinmzand | X |cosmz (5.52)
Y Y

1
(MT — 22D™] ( X ) =0 (5.53)
Y

where
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giving
—7%(b—d.) w2

Yy = 2. (5.51)

X =
7€ Y

The terms in u, involving sin 7z and cos 7z make no contribution to the inner
product so we need only consider u, = —u*. This gives rise to the following
simultaneous ordinary differential equations for the amplitudes p(7) and ¢(7)

dp

_ 2 2
- = pla+Bq" +Pp7)
d
d—z = qla+pq" +pp") (5.55)
where
_ —m2y g (A(P-R)—-2(B-C)—- XBP +Y(PC - 2RB))r?
“Ti1¥xP+yYR "7 %1+ XP + YR) '
(5.56)
These reduce to
dU 0 o
—E-—:QU(a—}-ﬂU) where U = p° +¢ (5.57)
-
with solution
2ar
U= alte S F an arbitary constant. (5.58)
1 — BFe“®T
Thus as 7 — oo
U—0ifa<0 U-»-iﬂifa>o. (5.59)

This last expression is only be realistic in terms of p(7) and ¢(7) if 8 < 0.
So for a heterogeneous spatial pattern to form we must be in the region of

the (€, ), b,7) parameter space where o > 0 and 8 < 0. This requires

1+ XP+YR>0and A(P - R)—2(B-C)—XBP +Y(PC —-2RB) <0.
(5.60)
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If this is the case then, as t — oo, 7 — 00, the solution u, is of the form

1/ 1
uy = (:“E) P | sin(rz + 6) (5.61)
R

where 6 is obtained from the boundary and initial conditions and is such that

)=

p(t) — (—Ci‘>5 sin q(t) — (?aﬂ_) cosf as T — o0. (5.62)

Taking boundary conditions fixed at the steady state implies =0 and the
analysis shows that we can obtain a stable one-humped pattern as shown in
Figure 5.6. However this says nothing about the splitting from one hump to
two required for branching or about the oscillations that have been observed.
To see if we can explain this phenomena we now consider the case when the

real part of the complex roots of the dispersion relation becomes positive.

5.4 Nonlinear Analysis (ii

Let us assume (for the moment) that there exist parameters such that the
dispersion relation is of the form shown in Figure 5.7. We assume that
the real part of the complex solution just touches the k? axis at k* = k?
(ky = 7, 27,3r,...). We also assume that the intersection of the real solution
with the k2 axis is at k* < 7% so that when we consider the model under the
boundary conditions which give the peak dipersion relation, the real solution
will make no contribution. At k? = k%, o(k}) = +i1/B;(k}) where B;(k?) is
the coefficient of ¢ in the dispersion equation (5.6). We now attempt another

nonlinear analysis on the system (5.22). We look for solutions of the form

n

u=1|r U + Z du;(z,7,t) (5.63)
a
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X
Figure 5.6: One-humped stationary pattern predicted by the nonlinear anal-
ysis.
where
r=et, b=1b.+¢ (5.64)

Equating orders of ¢ we obtain the same equations at O(¢) and O(¢?) as
(5.31) and (3.32). At O(e) we have a different equation to (5.33), namely

" Jt
Q"—‘l — LUz = "%‘:..l +Tuy + Zu,..
[

ut =
ni(rie: —azz) + np(roz—a2:) + noiriz:—ay::) + na(r: —a)
+ rilaz: + rizT2: + Taly-: + r2:Ti-
apra:: + ay:T2: + axri:: + ar:T)z
= J(u;, 1)
(5.63)
where L is given by (3.34) and
0 00 0 0 0
I'=1000 Z=]1020 07j. (5.66)
v 0 0 010
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Rels

Figure 3.7: Solution to the dispersion equation (5.6) when the real part of
the complex solution just touches the k% axis.

Consider the O(¢) equation. For b = b, + €? the system has exponential
growth rate O(c’t) so we can incorporate this into the r dependence of the
model. At this stage a full analysis of this would look for dispersive waves,
that is, a wave train of solutions giving rise to a group velocity with solutions
of the form

/Q(k)ci(“"t = k2) gk where o = op + 1w (5.67)

and (%) incorporates the e?® dependence. To solve this type of problem
we would use the method of stationary phase. However the problem we are
considering makes this type of analysis very difficult so we restrict ourselves
to looking at a particular monochromatic periodic solution - a standing wave
solution satisfying boundary conditions fixed at the steady state. This gives

the solution as

1
u, = p(r)sink,z P |cosQt+
R

sin Q¢ (5.63)

O
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where

Q =

B, (k7).

(5.69)

Note that because the real solution to the dispersion relation intersects at

k? < =% there is no contribution to the resulting pattern from this term.

Solutions of this form are possible iff

1
p(r)sinkiz [— | P
R
—dk? —k? k?
L2
=| ¥ —vA- < 0
vbe  —bki =7

A
) Q@ sinQt+ | B
C

) () cos ()t

d

1
P
R

[ A
)coth-l— B
\ C

) sin Qt} p(7)sin k.

(5.70)

To solve for the parameters P, R, A, B, C we equate the coefficients of sin()¢

and cosQt separately. Equating coefficients of sinQ)t gives

—Q
—PQ
—~RQ

B(C — B — Ad)
k?
1eA— (2 + E0)B

vbA — bk2B — 4C

while equating coefflicients of cosQ)t gives

AQ
BQ
cQ

K2R — P — d)
k?
€ — (YA + %—I)P

vb, — bk2P — vR.

(5.71)
(5.72)

(5.73)

(5.74)
(5.75)

(5.76)

These are six simultaneous equations in five unknowns so the system 1is

overdetermined. In the previous nonlinear analyses carried out we obtained

three simultaneous equations in two unknowns at this stage but because of
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the form of the dispersion relation these equations gave consistent solutions.
This is not automatically true here so we obtain an extra restriction on the

model parameters. From the coeflicients of cos@Q)t we obtain

k? —(yA+ —Xl vb. — kiP — yR
A=-~(R-P-d) B= 5.77
0 ) 0 g
Substituting for A, B and C in (5.71) gives R = X P + Y where
K2(d — b, + ) + v\ ) 1402
_ K §) N kb - + PR+ QP (5.78)

v+ kid B v + dk}
Substituting this expression for R and the expressions for A, B, C into (5.72)
gives
£k 2 2
(7A + —/gl )76 — Y bk +~&dky
7/\+TL )2 — €1 - X) + Q7

So far we have not used (5.73). As before, substitute in the expressions

(5.79)

for R, A, B and C to obtain

—Y(Q? + vb.k} +4*) + v2b. + yb:k3 (€ + d)
+d)
X(Q2 + 7ok +92) + b k¥ (A + 551

The extra parameter restriction comes from requiring these two values for P

P =

(5.80)

to be equal. With this expression for the O(e) solution, the O(€?) equation

(5.32) now reads
2(\1.2
%91 Lu 2—£%M‘LC082161:L’ P?+ B?
PR + BC

A(P—R)+(B—C)) ((P—R)~A(B—C)) }
+ 2PB sin 2Qt + P? — B? cos 2Qt
( BR+ PC PR - BC

2 2
= P——ﬁ%ﬂ& cos 2k1z[vy + vy sin 2Q¢ + vz cos 2Qt] = J; ().

1
(P)cos@t—}-(
R
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((P—R)+A(B—C))

(5.81)

The solution to this is

U, = p1(7)sin kyz

Q>

) sin Qt} + u” (5.82)



where

Let
u* = [w;, + w, sin 2Q¢ + w; cos 2Qt] cos 2k, z. (5.84)
Solving for w,; etc. gives
207\ j2 Wi
w = ZO8poy, ( W ) (5.85)
Wis
2 2 -1
p (7)k a4, 1 _ 1
Wy = -—2_1__ (2QD1 1 + ;Q—D1> (Dl ly_g + 5@1{2)
Wi
= pZ(T) W22 (586)
Was
2 2 -1
p*(7)k _ 1 1 _
wy = o (2Q01 t 4 @Dl) (5593 — D; Q2)
Wiy
= p*(r)| Wy (5.87)
Was
where
4k3d 4k 4k
2
Di=| —~v¢ 42+ §-§1 0 : (5.88)

—~b,  4k?b, v

At O(€®) secular terms can arise. These are suppressed in the usual manner
by requiring J(u;,u,) to be orthogonal to the bounded solutions of the ho-
mogeneous adjoint equation. Terms in u, of the form sin k;z f(¢) make no

contribution to the inner product so we consider u, = u*. In this case

a
l(ﬂl,ﬂ2) = —% + 1—‘-Z—L-l + Z-lilxx (589)

—  2k3p°(7)sin 2k;x cos kyx(F; cos Qt + G sin Qt + F, cos Qt sin 2Q¢

+ Gy sinQtsin 2Qt + F5 cos Qt cos 2Qt + G5 sin Qt cos 2Qt)

150



— kfp3(7') sin kyx cos 2kyz(H, cos Qt + E, sin Qt + H, cos Qt sin 2Qt

+  E,sin Qtsin 2Qt + Hy cos Qt cos 2Qt + E5sin Q1 cos 2Qt)

where
(Wi — Wis) + W (P — R) A(Wia = Wia) + Wiy (B - C)
F, = 2PWi;, G; = 2BW,
PW;3 + RW,, BWis + CW,;,
(5.90)
4(Wiz — Wis) + Waa (P — R) 1AWy — Wig) + Wa(B — C)
H, = S5PW,, LB, = S5BW;,
PWis +4RW;, BWis +4CW;,
(5.91)
For future use we define
F;
F,=1 Fy |, et (5.92)
F;

The solution of the homogeneous adjoint equation is

1 S1
( X, ) cos Qt + ( Vi | sin Qt} (5.93)
¢ Zy

0 ¢ b d 0 0
s, ¢ 0* | .
- -1 0 0

a4 =sinkz

where

Again this gives six equations in five unknowns. As before we obtain a
restriction on the parameters necessary for this type of solution to be valid.

Solving for these five unknowns 57, Vi, Z1,Y; and X; we obtain

k2. .
A yeXa—abYy ., (ROERY) + () 4 S

S = , 9.95
1 Q 1 Q ( )
Y, — k?
Zy =2 IQ L Y, =0,X + 6 (5.96)
where
¢k 2
—&((vA + _X]‘) + dk;) b, — vEkE + d*k} + QP

0, = = (5.97)

be(y + Ek2 + dk?) T b (y + ER2 + dRD)
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giving

1&2
—¢1b.k3( /\+TL ) — ki[ki(d ,\+6
X, = ¢1 7k ’7 '}‘L)] (5.98)
(vh + 4517 — 8k + 0, 7A+7Lbkf+Q2
and
— 2 2 2
X, = $1(Q° + kivb. + v )+k1(dk1+7)_ (5.99)

01(Q% + k3vb. +72) + vEk}
The extra parameter restriction comes from requiring these two values of X;

to be equal.

Supression of secular terms requires

/r/ [L1 (g, up)] T idtdr = 0. (5.100)

This gives the Landau equation for the amplitude as

_Z_é — ayp— By (5.101)
or
%=ap—ﬂp3 az%l, ﬂz% (5.102)
where
§ = (1+PX;+RY))+ (AS, + BV, + CZ,) (5.103)
oy = Yi(y—k:P)+ Z,(yA — kiB) (5.104)

1
B = K[(Fu+ FeXi + FisY1) + 5(Ga + G Xa + Gay) - (5.105)
1 1
+ §(F31 + Fau Xy + Fash) — §(H11 + Hi2 Xy + His)))
1 1
- Z(Em + EpnXi + EsY1) — Z(H31 + Hsp X1 + Has¥h)

1
+ (G151 + G2V + Gz Zh) + -2-(F2151 + Foo Vi + Fo3Zy)
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1 1
— -2-(G3151 + G32Vi + G33Zy) — §(E1151 + £V + E137,)

1 1
— Z(HHSI + HypoVi + Hy3 Zh) + Z(EBISI + E3Vi + Es3Zy)].

The solution to the Landau equation is

'ELA5€ :
for some constant As. (5.106)

1+‘%—Ae

This shows that

N =

%l>0, '%1>0 then p(7) — (%}) as 7 — 00 (5.107)
it %<0, B<o then p(r) — 0

as 7 — Q.

For a heterogeneous spatial pattern to form we need > 0, %— > 0.
If we are in a region of the parameter space such that these conditions are
satisfied then the solution u can be written as

o\ 3 X3 cos(Qt — tan~16;)
U =1Uy+ € (—1) X4cos(Qt —tan~10,) |sinkyz as7T — oo (5.108)
A X5 cos(Qt — tan~165)

Xs=VITAT 63=A
X,=VP’¥B;, b,=% (5.109)
X; =VREF O 6=5%

In Figure 5.8 we illustrate the changing patterns for the cell densities that
this analysis predicts as time increases for two specific values of k. We
now examine whether it is possible to have the dispersion relation as drawn
in Figure 5.7. Consider the behaviour of the dispersion equation (5.6) at

k? = k?. Assuming the real solution is negative, the roots can be written as

0 =—0(k?) o=tioy(k}) 01,0, >0 (5.110)
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Figure 5.8: Standing wave patterns at varying times for the cell densities for
two different values of k2. a) k? = 47? |b) k? = 92
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which gives

o1 = Al(kf) Ug = Bl(kf) 0'10'% = Cl(k?) (5111)

so 0 = 1/ By (k?). For this to be consistent we need A;(k?)B, (ki) = C1(k 7).

From this relation we try to find a critical value for b.
For instability at that point only we know, by applying the Routh-Hurwitz
criteria and noting that A, (k¥), Cy(k?) > 0, that Vk* € (kZ, 00), A1 By — C4

has a minimum value at k* = k? so we require

AB—Ci =0 K=k

A1Bi —Cy >0 k£ Kk kP e (kX 00) (5.112)

As previously mentioned (cf. (5.13)) the conditions for Cy(kf) to be positive

for k > k. and negative for k < k. are

d
b>d+§ and, if A<1 b<o— (5.114)

12X

o[ (5)

kiy (K (E+d) +7)
[(d+§)k2+7>\+1H—)—l+k2( -§>(/\+1)+72/\]
kiy(E2(E+d) +)

(A1B1 Cl).Lk% = O = bc =

AlBl—Clzo = bC:—

+ . (5.115)

0
ok?

Q‘Xlﬁ (d+ §) k2 + 2vki + 2k}~ [(d+ %)Q(A +1)— 2—%} + 42X+ 1)3 <d+ %)
2k (d +E) +7° |

(5.116)

For the real part of the complex root to touch the k? axis at k* = k} we

require these two values for b, to be equal. Also for the real solution not
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to give rise to any pattern when the model is considered with boundary

conditions fixed at the steady state we require d > d (7?)

: A2 YA |
e. d ] - — | - .
i.€ > ( 7)\2+§7r2) " v (5.117)

All these conditions on the model parameters imply that the production
of standing wave type patterns could be extremely sensitive. These stand-
ing wave patterns in themselves do not produce the branching or oscilating

patterns required. In the next section we discuss how, by analytical manip-

ulation, we can obtain the required patterns.
5.5 Discussion and Speculation

In this section we speculate as to how we could piece together the two solution
types considered in the preceding two sections. Such manipulation is possible
if we can find parameters such that the real part of the complex solution to
the dispersion equation is just touching the k? axis at k* = (27)* or (37)?
and the real solution is cutting the k? axis at k? = n2. For parameter values
satisfying these restrictions we could consider a solution of the form obtained
by adding the solutions considered in the previous two sections to obtain a
solution which displays the required properties. This composite solution

(written for the cell density only) is of the form

n(z,t) — Ai(sinTz + Aysin2mz cos(Qt — As)) (5.118)

n(z,t) — Ai(sinmae + Aysin 3wz cos(Qt — As)) (5.119)
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for constants Ay, Ay, A3 and Ay, A,, A5 determined by the analysis. Figures
5.9 and 5.10 show the behaviour of these for increasing values of ¢,
To analyse the model when we are considering a solution to the O(e)

problem of the form

1 1 A
uy=| P | p(r)sinwe + q(7)sin3nrz || X |cosQt+ | B |sinQt
R Y C

(5.120)
has proved to be too complicated. To produce the patterns considered nu-
merically will not require such stringent restrictions on the parameters as
we do not need to consider the real part of the complex solution to the dis-
persion equation which just touches the k? axis at a particular value, only
that the values of k2 where the real part is positive contains k* = (nm)? for
some values of n. This is the case considered numerically by Goldwasser et
al. (1989) the results of which are shown in Figure 5.11. As we can see two
humps form initially, then join and then split again. Another possibility for
obtaining the branching behaviour (but not the oscillating behaviour) is to
consider the real solution cutting the k* axis at some point k> > (37)? so that
the three possible growth modes can interact. It is not possible to consider
this analytically as the growth rate at the modes would not be O(€®) which
is necessary for this type of analysis.

The work presented in this chapter is theoretical and cannot be verified ex-
perimentally until the existence of the postulated adhesive sites is confirmed
(or denied). The analysis serves only to show that such branching behaviour

is possible from a model constructed from known cellular behaviour.
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Figure 5.11: Numerical branching behaviour from Goldwasser ef al. (1989).
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Chapter 6

Development of an Eyespot on
a Butterfly Wing under
Coldshock.

6.1 Background.

In this chapter we examine the behaviour of a genetic switch model, suggested
by Murray (1981b) to model pattern formation on lepidopteran wings, and
attempt to incorporate the effect of a coldshock into the solution behaviour.
A great deal of work has been carried out on the development of colour
patterns on butterfly wings. The peak of activity was in the ’20’s and ’30’s
when lepidopteran colour patterns were established as a tractable system
to explore certain aspects of local control processes in development. The
reviews by Sondhi (1963) and Nijhout (1978) give details of this work.

The reasons lepidopteran colour patterns are of such interest are twofold.
Firstly there is a great diversity of patterns although the lepidoptera evolved
only relatively recently, a fact reflected in the Nymphalid Groundplan (Schwan-
witsch (1924)) which gives relationships among the various pattern elements.

Secondly the patterns have a relatively simple structure. They are a two di-
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mensional distribution of pigmented cells within a single layer. The cells
do not move around so the observed pattern is an undistorted record of the
pattern in which determination occured. Also the wings themselves are large
(1-2cm) and are easily accessible to experimental manipulation and can tol-
erate considerable damage.

One of the most important elements in butterfly wing patterns are oc-
celli (eyespots). Using Wolpert’s (1969) theory of positional information, the
simplest colour pattern that can be specified in a two dimensional system
is a circle. All that is needed is a single point source for a positional signal
and a homogeneous response threshold for the cells within the field of that
signal. Nijhout (1978) suggests a gradient model based on a conical distri-
bution with the apex as the reference point for positional information: the
apex is considered to be the focus of the eyespot. Nijhout (1980) presents
evidence that the foci of the eyespots are the influencing factors in surround-
ing pattern formation. He shows that the development of circular eyespots
in the nymphalid butterfly Precis coenia is prevented when cautery, killing
the cells at the presumptive focus, is carried out during the early part of pu-
pal development. Furthermore when these presumptive foci are transplanted
to a different part of the wing surface they were able to produce a circular
pattern centered on the new location. The focus is assumed to generate a
morphogen whose level activates a colour specific enzyme. This is the basis
for Murray’s (1981b) model which we analyse in later sections.

An alternative model, based on the existance of an underlying pre-pattern,
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was proposed by Sibatani (1980). He suggests that the formation of an eve-
spot involves several interacting variables. These two models are not mutu-
ally exclusive since a model involving positional information relies on cells
reacting in a specified manner to the level of some chemical: this could in-
volve in Nijhout’s (1978) gradient model the morphogen generated at the
focus reacting to an underlying pattern.

There has been some work on the effect of cold and hot shocks during
development and of thermal cautery, upon the wing patterns. The cautery
work of Kithn and von Engelhardt (1933) on the wings of the moth Eph-
estia kihniella suggests that there are at least two mechanisms involved in
the patterning as different effects are obtained depending upon the time af-
ter pupation cautery was carried out. They proposed a phenomenological
model in which a ’determination stream’ emanates from point sources on the
anterior and posterior edges of the wing. However the more recent cautery
experiments of Toussaint and French (1988) conclude that this theory is not
valid as they do not observe the temporal sequence underlying the variabil-
ity in the degree of global modification implied by the determination wave
model. They suggest instead that the banded pattern on Ephestia kuhniella
could be caused by a line of foci acting as in Nijhout’s (1978) model.

In Section 6.2 we describe the model and, using the simplest possible
assumptions, show how an eyespot can be produced. In Section 6.3 we intro-
duce a temperature variation (coldshock) by instantaneously changing the

values of certain model parameters quantitatively in line with what might
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be expected by a reduction in temperature and suggest how this could effect
the growth of the eyespot. We then discuss the results obtained comparing

them to experimental findings in Section 6.4.

6.2 A Model for Eyespot Development.

In this section we present a simple model mechanism, first suggested by Mur-
ray (1981b), involving a diffusing morphogen and a biochemically plausible
gene or colour specific enzyme activation switch process capable of producing,
amongst others, eyespot patterns. Nijhout (1980) suggests, after experimen-
tation on the wings of Precis coenia that the foci of the eyespots are the
influencing factor in their formation. The model, considered to act just after
pupation, gives good results when compared with experiment.

We assume that the foci emits a pulse of morphogen S, of strength 5o, at
a certain time after pupation, which then diffuses across the surface of the
wing. We assume that, as it diffues, it also degrades linearly. The equation

for the morphogen concentration S(r,t) is then

a5 0*S 108
_a_t—_-D(-a—T;Jr;E;) - KS (6.1)

where D (cm?s™!) is the diffusion coefficient and K (s7') is the degredation
rate constant. The value, at this stage, is purely speculative and is probably
species dependent but a value of D of O(10~7 cm?s™!) (Crick 1970) or smaller
is reasonable.

As S diffuses across the wing surface, we assume that the cells respond

to the local morphogen concentration and activate a gene (G to produce a
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product g. We assume that the gene product mechanism exhibits biological
switch behaviour. The mechanism used by Murray (1981b) is the one nsed

by Lewis et al. (1977), specifically

dg . 1\’292 .
= K S+ ——-K 6.2
dt 1o (Kq+9°) 29 (62)

for positive parameters K,. Here g is activated linearly by the morphogen.
from which it obtains its positional dependence. by its own product in a
nonlinear negative feedback manner and is linearly degraded proportional to

itself. Figure 6.1 shows the shape of this curve for different values of 5. In

dg/at

Figure 6.1: The curve g, versus g from (6.2) for differing values of 5.

fact, in this chapter, we consider an algebraically simpler switch mechanism,

qualitatively similar to the original, namely

dg . ,
= = B15 +aglg - K2){gc ~ 9)- (6.3)
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These equations (6.1) and (6.3) together with the conditions
S(r,0) = Sob(r) S(oo,t) =0 (6.1)

form the model for the generation of eyespots.

So as to be able to obtain analytical results we assume that the gene
product g is in equilibrium. A full analysis of the model when g is not in
equilibrium, leading to a complex singular perturbation problem, is consid-

ered in Kath and Murray (1985). We nondimensionalise the system using

*

Dt r a’
7, T —_— Z’ ’)’ == —L—,z (65)

S*:_, g*_____ t*:

where L (cm) is some standard reference length and a (cm) is a relevent

length of interest in the wing, to give, on dropping the asterisks for notational

convenience,
S, = S, +r71S, —vkS (6.6)
0 = kiS+g(g—Fk)(1-9) (6.7)
S(r,0) = é(r), S(oo,r)=0 (6.8)
where
k= %L-i, ky = a;‘;so ky = Ig(:. (6.9)

Initially all the gene product is assumed to be at state ¢ = 0. As S(r,?)
increases, for each fixed r, the curve g; is raised, as seen in Figure 6.1. If
S(r,t) exceeds S., the value of 5 where g; = 0 has a double root, then
the switch to the higher stable steady state will occur. Then, when S(r,t)

decreases again past S., the gene product will remain in the activated state.
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Figure 6.2: The critical value k,S. as a function of k; from (6.7).

Thus the problem of finding the size of the activated region is equivalent to
finding the value of the radius where the maximum value achieved by the
morphogen is S.. By considering (6.7) to have a double root we find that S,

is given by

—(2 = 3ky — 3k + 263) + 2/(1 = ko + &)
S. = T . (6.10)

Figure 6.2 shows the dependence of &, S, upon k;. If we solve (6.6) with (6.8)

we obtain

1 2
S(r,t):mexp [—%——'ﬂct} t > 0. (6.11)

The maximum value of § (=Smax), for a given r, is given by

vk — 1
s = [ | s= 0k
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Thus the radius r, of the activated domain where the gene switch has occured

1s given by
275, (z0 = 1) — vke ™ = 0, 2, = (1 + vkr3)3. (6.13)

To see how the radius of the activated domain grows in time we considcr

R(t) to be the value of r such that $ = S.. This gives
R*(t) = —4t[vkt + In(47tS.)]. (6.1¢)

Figure 6.3 shows the shape of the curve R(¢) for illustrative parameter values

k=300,v=1and S, =03

3.:27

i)

Figure 6.3: The radius R(¢) from (6.11) of the activated region as a function
of time with parameter values ¥ = 300, v =1 and S, = 0.3.

This result can be compared with the experimental findings of Nijhout



1930 if we convert this radius to the dimensional diameter
) 1

47 S,
&3(t) = ~16Dt[Kt + Int + C] czln[ -DJ' (6.15)

5002

The values of D, K and C can now be determined from a best fit analysis

using (6.15) and the experimental points from Figure 6.4. As nentioned

Figure 6.4: Diameter of the developing eyespot at different temperatures,
taken from Nijhout (1930) as compared with the analytical results from Mur-

ray (1989).

at the start of the section we have no information about the degredation
rate constant of an unknown morphogen. We do, however, have information
about how diffusion coefficients vary with temperature. The fitting process,
carried out by Murray (1989), gave the values D =4 x 10~%cm?s™! at 29°C

and D = 6 x 107 "%m? s~! at 19°C. The velocity of spread of the eyespot,
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d[dy (¢
v(t) = lt , from (6.15) is given by

o(t) = —2D([Kt+lnt+C]+t[](l+t‘1]) (6.16)
(-~Dt[Kt+1Int+C])?

SO
v(t) ~ 2(=Dt'Int)? ast— 0. (6.17)

The rate of growth of the eyespots was measured by Nijhout and found to
be 0.27mm/day at 29° and 0.12mm/day at 19°. The estimated diffusion
coefficients give the ratio of the initial wavespeeds to be (ng/Dlg)% =2.58,
which compares quite favourably with the experimental value of 0.27/0.12
—= 2.25. In the next section we use these calculated values of the diffusion
coefficients at different temperatures to model the growth of the eyespot

when the wing is subjected to a coldshock.

6.3 The Effect of Coldshock upon Eyespot
Formation.

In this section we consider the same gene switch and diffusible morphogen
model, as in the previous section, in the case where the temperature of the
wing is reduced for a period of time of length Q. Experimentally @ can be
from hours to days. To simplify the analysis, as 1s reasonable experimentally
as the wing is very thin, we assume that the wing responds instantaneously
to the coldshock to give a wing temperature profile as shown in Figure 6.5.
At t = to, the time of the shock, we assume that the change in temperature
reduces (instantly) the dimensional parameters D and K to the values D
and K respectively. At time ¢ = to + Q the wing is returned to its original
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tize

Figure 6.3: Temperature profile in the wing.

temperature thus restoring the diffusion coefficient and the degredation rate

constant to their original values D and A,

Using the same nondimensionalisation (6.3) as in the previous section.

the relevant equation for S(r.t) in each time region is

a) 4 e (O, Z0] : S‘ = Srr + Y‘—IS,. - "I'kS (618)

S(r,0) = §(r), S(x.t) =0

bt € (tosto+Q]: S, = d(S,, +r7'S,) - YARS (6.19)
c)te€(to+Q,x): S = S.,.4+r7'S, —~kS (6.20)
where
D Iy
d=—, A=—. 6.21
D K (6:21)
Solving these equations for S in the different time regions gives
) S(ryt) : r kt (6.22)
a ) = € - — 9K .22
4t P\ Ty T

b) S(r,t) =




1 —r?

VI = mrnm e e -

— vkt +4Qk(1 = A)|.

We are interested in the spread of the eyespot, that is, how the radius of the

region where S(r,t) = S, increases in time. From the above expressions for

S we obtain

a) R(t) = 2y/—tlykt+Int+Cy], C =In(4nS.)

g
=
I

2y/—[to + d(t — to))[yAkt + Infto + d(t — to)] + Cy + 7kto(1 — \)]

S
=
I

2¢/—1t — Q(1 — d)][vkt + Inft — Q(1 — )] + C1 — YQk(1 = N)).

Figure 6.6 shows how the radius R(t) varies for a fixed length coldshock
¢ and varying to. As can be seen the maximum value of R(t) is the same
in all cases. So a coldshock could result in a much smaller eyespot forming
than would be the case on the untreated wing. Figure 6.7 shows a similar
situation where now the length of the shock () is varying and the time of
shock ty is fixed. In this case the maximum radius decreases as the length of
the shock increases.

We now consider this behaviour analytically. Make the assumption that
the maximum radius R,,(t) is reached after the wing has been returned to its
original temperature. The maximum value in time region c) occurs at t = %,

where
29kt +1Inlt,, — Q(1 —d)] = =1 = Cy — vkQ(N + d — 2) (6.28)

giving the maximum radius as

Bn(Tm) = 24/ [Em — Q(1 = d)][1 + vkl — 7Qk(1 — d)]. (6.29)
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Figure 6.6: Growth of the eyespot for a 12 hr coldshock. Drawn for shocks
after (to=) 12hrs, 24hrs, 36hrs and 4Shrs.

This has no dependence upon ty so for a fixed length shock the maximum
radius, and hence the size of the eyespot, will be the same for all ¢, satisfying
the assumption above. Figure 6.8 shows the dependence of R, (%,,) upon Q.
As we can see it is a decreasing function which agrees with the claims made

earlicr. Throughout this section we have used the following parameter values

for the graphical results:

D=4x10"% D=6x10""° =d=015 L=a=05m =1y=1I
=03, A=0.7, k=300, = A =43x 1075, A =3.36 x 107°.

These parameter values are only estimates to give some pictorial representa-
tion of what is occuring. In the next section we discuss these results com-

paring them to specific coldshock experiments.
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Figure 6.7: Growth of the eyespot for a coldshock after 12hrs. Drawn for
shocks of length 12hrs, 24hrs, 36hrs and {Shrs.

6.4 Discussion.

We have shown in the preceeding section, using a model of the form (6.1).
(6.3) and (6.4), that the size of the eyespot depends critically on the length
of the coldshock and not on the time at which the shock is applied. If we
compare this result with experimental findings we sce that this is indeed the
case, at least for certain species of butterfly. Nijhout (1931) says of the colour
patterns formed after coldshock experiments on the butterfly Vanessa cardui:
"It should be noted that the types of pattern aberrations observed when 13-
24hr old pupae were coldshocked were tdentical to those for 3-5hr pupae”. It
is not the case, however, that a shock at a certain time during the pupal stage

and of a certain length gives rise to a fixed pattern aberration. Generally
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Figure 6.8: Dependence of R..(tn) upon Q from (6.27) and (6.28).

there is a morphocline ( i.e. a sequence of graded aberrations) of patterns

formed ranging from the almost unchanged to the almost unidentifiable. An-

other experimental observation from Nijhout (193

o

{) which we have predicted

analytically is that "cold induced aberrations generally involve a diminution
of pattern™. The fact that the predicted radius of the evespot after coldshock
is smaller than the unshocked is shown in Figure 6.7.

This analvtical work cannot fully explain every aspect of eyespot forma-
tion as it leaves no room for natural variation in the wing tissue, a possible
cause of the morphocline in coldshocked pattern. Other possible explana-
tions of this pattern morphocline are that there is more than one mechanism

at work within the wing or that the gene itself is affected by the change in

temperature. Temperature induced aberrations, in some cases, show a re-

markable resemblence to the patterns of a different geographic race of the



species. It could be the case that these aberrations have become fixed in the
species by genetic assimilation. Shapiro (1983) has examined the ccological
and evolutionary implications of such aberrations.

A full analysis of the model in the case where the gene switch does not
occur instantly (Kath and Murray (1985)) and there is a period of cooling
(and warming) in the wing on application (and removal) of the coldshock
may be able to give better representations of the pattern morphocline. This

1s something that could warrant further research.
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Conclusion.

In this thesis we have examined various types of mathematical systems
which have been postulated as the possible governing equations for the be-
haviour of certain chemicals which are thought to be important in the pro-
duction of biological pattern. The first system we analysed was a reaction
diffusion system with anisotropic diffusion. We showed that anisotropy can
be used to produce striped patterns on long rectangular domains and we com-
pared these results with the pigmentation patterns found on certain species
of snake. We also showed that anisotropic diffusion can produce modulated
striped patterns, such as have been seen on some families of snakes, which
have not been observed in the solutions of isotropic models.

Secondly we examined a specific reaction diffusion system proposed by
Nagorcka (1988) as a possible mechanism for producing the sequences seen
in the expression of certain genes in the early embryogenesis of the fruit fly
Drosophila Melanogaster. We found that the hypothesis he puts forward
concerning the preference of the model for forming striped patterns is not
necessary. We showed that there is a condition (3.85) upon the form of
the reaction kinetics, which is satisfied by the class of kinetics which are
asymmetric - the hypothesis of Nagorcka, which is the true reason a striped
pattern is likely to form. We also showed that the initial and boundary

conditions are crucial in determining the pattern.
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In the next chapter we briefly examined gradients in the model parameters
for reaction diffusion systems and showed that one dimensional gradients. of a
size to be analytically manageable, do not effect the pattern forming potential
of the model on a two dimensional domain. Only when large gradicnts,
relative to the size of the parameters, are use is there any noticable effect
when one dimensional stripe patterns form perpendicular to the gradients.

We then examined a model of a different form based upon known cellular
processes suggested by Goldwasser et al. (1989) to model the growth and
splitting of branches in arborescent bryozoans. We showed that this model,
while difficult to analyse in full, can, under certain restrictions, give analytical
solutions in the form of both stationary one humped patterns and standing
waves in one dimension. A combination of the two types of solution was
shown, in theory, to give rise to both the branching and oscillating behaviour
known to occur.

Finally we considered briefly a genetic switch mechanism suggested to
model the development of certain pattern elements on a butterfly wing. We
considered one such element, an eyespot, in detail and examined how, by
reducing the values of certain model parameters, we could could compare

the behaviour of the solution with the experimental effect of a coldshock to

the wing.
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