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Abstract

We investigate the probability that a random walk covers a given edge in a

connected regular network. For a complete graph or a circle graph, we obtain an

explicit expression of the coverage probability by using the walk generating func-

tion. Alternatively, for any fixed connected regular network, we use the largest

eigenvalue of the adjacency matrix of the network with the given edge removed

from the original network to give a lower bound for the coverage probability. Fi-

nally, we give the results by Cooper and Frieze [12] on the coverage probabilities

of nice edges for random regular networks.

The motivation of this project is to obtain properties of a network from a new

perspective, which is through primes of a network using random walks. Primes

are simple paths and simple cycles in a network, which can be seen as building

blocks of a network. A network is uniquely determined by its set of primes.

A network can be explored through a random walk on it, and the random

walk can be used to detect primes of the network. A necessary condition for

retrieving all the primes in a network is that a random walk visits all edges in

the network. The approach of investigating the coverage probability of a given

edge serves as a first step to investigate the coverage probabilities of primes.
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List of Notations

wµνG;` a walk of length ` on G from µ to ν

wµG;` a walk of length ` on G starting from µ

E(wµν`G;` ) the set of edges visited by wµνG;`

Wµν
G;` the set of all walks of length ` on G from µ to ν

Wµ
G;` the set of all walks of length ` on G starting from µ

WG;` the set of all walks of length ` on G

PG the set of all simple paths on G

CG the set of all simple cycles on G

G \ {µ1, µ2, . . . , µi} the subgraph of G with vertices {µ1, µ2, . . . , µi} ⊂ V and

all edges incident to them removed from G

G \ {e} the subgraph of G with the edge e ∈ E removed from G

Gr a fixed connected r-regular graph

Cn a circle graph on n vertices

Kn the complete graph on n vertices

FµG;` the power set of Wµ
G;`

m(·) the counting measure on FµG;`

PµG;`(·) a probability measure on FµG;`
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AµG;`;e the event that a random walk Wµ
G;` visits a given edge

e ∈ E(G)

Wµ
G;` a random walk of length ` on G, starting from µ

gµνG (z) the walk generating function associated with {m(Wµν
G;`)}`≥0

gµG(z) the walk generating function associated with {m(Wµ
G;`)}`≥0

AG the adjacency matrix of G

G(n, k) k-nearest-neighbour graph

λmax(A) the largest eigenvalue of A

G
(r)
n the set of simple r-regular graphs on n vertices

Grndr a random r-regular graph

� nesting product

S(w) the set of prime factors of a walk w

χαα
′

G a prime on G from α to α′
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1 Introduction

Networks arise in a large variety of realms such as social science, physics, biology,

finance and computer science, and many real world datasets can be visualised as net-

works to provide intuition for an investigation of the datasets (see [33] for examples).

A network is a graph G = (V(G), E(G)) comprising a set of vertices V(G) and a set of

edges E(G). We shall write V = V(G) and E = E(G) when it is clear from the context

what G is. We follow the common parlance of using the words “network” and “graph”

interchangeably.

Vertices in a network may correspond to different objects and edges represent con-

nections between them. For instance, in a social network, vertices can represent indi-

viduals and an edge is created between two individuals if they are friends. Edges in a

network can be directed or undirected, yielding a directed graph (digraph) or an undi-

rected graph respectively. We shall only consider undirected graphs unless specified

otherwise. The existence of an edge between two vertices can be random, i.e. we put

probabilities on edges which are given by some law. In this case, G is called a random

graph. If the existence of an edge between two vertices is deterministic, we call the

graph G a deterministic graph or a fixed graph.

On a fixed graph G, the adjacency matrix AG of G can be used to calculate some

properties of G. For ` ≥ 2, the (µ, ν) entry of A`G, where µ, ν ∈ V , is the number of walks

of length ` from µ to ν. When ` = 3, the (µ, µ) entry of A3
G gives the number of walks

of length 3 from µ to itself. The number of triangles in G is given by 1
6
trace(A3

G) [8].

The minimum value ` ≥ 2 such that the (µ, ν) entry of A`G, where µ 6= ν, is nonzero

gives the length of the shortest path (not necessarily unique) from µ to ν. Other

properties of a fixed graph G such as subgraph centrality [15] and communicability

[16] are defined in terms of the matrix exponential eAG . The subgraph centrality of a
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vertex µ is the (µ, µ) entry of eAG , while the communicability between µ and ν, where

µ 6= ν, is the (µ, ν) entry of eAG . Notice that eAG is a power series of AG. For a real-

world network consisting of over 10 million vertices (for example the World Wide Web),

calculating matrix powers of AG is computationally expensive. Hence approximations

can be useful.

One such approximation is through random walks on graphs. A network can be

explored through a random walk or random walks on it. For instance, Costa and

Travieso [14] used random walks to estimate the average vertex degrees and the av-

erage clustering coefficients of Bernoulli random graphs and Barabási-Albert network

models. Cooper et al. [13] considered how to use random walks to estimate the number

of vertices, edges and triangles in finite connected and undirected graphs. They de-

termined the expected value of each property and give the accuracy of their estimate.

Asztalos and Toroczkai [3] gave an exact formula for the average number of unique,

visited edges as a function of time for arbitrary (deterministic) graphs. The authors

also introduced the edge explorer model (EEM) which performs edge discovery well on

networks. Cooper and Frieze [12] gave the component structure of the set of unexplored

vertices in terms of the exploring time of random walks on Bernoulli random graphs,

random regular graphs and random digraphs.

In this thesis, we investigate the probability that a random walk visits a given edge

in a connected regular graph. The motivation of this project is to obtain network

properties from a new perspective, that is, through primes of a network by using

random walks. Primes are simple paths and simple cycles in a graph [19], which can

be seen as building blocks of a graph. This concept is akin to what prime numbers

are to integers [19]. A simple path is a sequence of vertices which are all distinct. A

simple cycle is a sequence of vertices whose endpoints are identical and intermediate
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vertices (from the second to the penultimate) are all distinct and different from the

endpoints. Edges in a network are special cases of primes. Thus any network without

isolated vertices is uniquely determined by its set of primes.

In terms of applications, we give a sense of what can be done after obtaining the set

of all primes in a graph. In [20], Giscard et al. introduced the method of path-sums to

evaluate matrix functions in a finite number of steps. They showed that for any square

matrix A, any matrix function f(A) can be evaluated as a finite sum over primes. The

idea is to partition A into submatrices and associate them with a weighted directed

graph G. Then evaluating any submatrix of f(A) is equivalent to summing the weights

of all primes between a particular pair of vertices in G. For any finite square matrix, the

corresponding directed graph G is finite. Consequently, the number of primes between

any pair of vertices in G is finite. The path-sums method turns, for example, the

problem of evaluating eA, which is a power series, into evaluating a finite sum over

primes. We recall that eAG is related to subgraph centrality and communicability of G.

We can then use the set of all primes in G and the path-sum method to evaluate eAG

and obtain these two network properties.

Assume that we have the set of all primes χ(G) in a network G. We can use this

set of primes to reveal some properties of a network, such as the following.

(a) Shortest paths: From the definition of primes given above, shortest paths between

µ and ν, where µ, ν ∈ V , are primes. One can obtain the representation and the length

of the shortest paths from χ(G).

(b) Diameter: Similarly, one can obtain the diameter of G by comparing the shortest

primes between any pair of vertices in χ(G).

(c) Subgraph counts: Another possibility is to use χ(G) to reveal fixed subgraphs in

G. Subgraphs of fixed patterns occurring in a network are either primes by themselves
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or combinations of several short primes.

Thus, it suffices to obtain all primes in a network G in order to study G. In a similar

spirit to using random walks to explore networks, we employ the idea of using random

walks to recover primes in networks. A necessary condition for getting all primes

in G is that a random walk visits all edges, which are special cases of primes, in G.

Obtaining the probability of a random walk visiting a given edge serves as a first step of

investigating the probabilities of visiting a given prime. To obtain the representations

of primes from a walk, we use the prime factorisation method developed by Giscard et

al. in [19].

This thesis is organised as follows. In Section 2, we introduce some notations needed

throughout the thesis and properties of graphs which we consider. We introduce the

random walk model that we use throughout the thesis in Section 3. In Section 4, we

discuss the difference between the problem of missing an edge in a random walk and

the problem of missing a vertex in a random walk, and show a connection between

these two problems by using the notion of an edge-vertex dual graph. In Section 5, we

obtain an explicit expression of the coverage probability of a given edge for a complete

graph or a circle graph by using the walk generating function. Alternatively, for any

fixed connected regular graph, we provide a lower bound for the coverage probability

of a given edge by using the largest eigenvalue of the adjacency matrix of the graph

with the given edge removed from the original graph in Section 6. In Section 7, we give

recent results by Cooper and Frieze [12] on the coverage probabilities of nice edges for

a random regular graph. On the recoverability of primes from a walk, we introduce the

prime factorisation method in Section 8. Finally, we conclude this thesis with some

exploratory simulations and open problems.
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2 Notations and properties of graphs

A walk wµνG;` of length ` on G = (V , E) from µ to ν, where µ, ν ∈ V , is a left-to-right

sequence of vertices (µµ1 . . . µ`−1ν) in which {(µi, µi+1) : i = 0, 1, . . . , ` − 1} ⊂ E with

µ0 ≡ µ and µ` ≡ ν. We write wµG;` to denote a walk of length ` on G starting from µ.

We denote the set of edges visited by a walk wµνG;` by E(wµνG;`). The set of all walks of

length ` on G from µ to ν is denoted by Wµν
G;`. The set of all walks of length ` on G

starting from µ is denoted by Wµ
G;` = ∪ν∈VWµν

G;` and the set of all walks of length ` on

G is denoted by WG;` = ∪µ∈VWµ
G;`.

A walk wµνG;` is called a path when µ 6= ν; otherwise, it is called a cycle. We recall

that a simple path is one in which all vertices are distinct. A simple cycle is a cycle

whose intermediate vertices (from the second to the penultimate) are all distinct and

are different from the endpoints. We denote the set of all simple paths on G by PG and

the set of all simple cycles on G by CG.

We denote by G \{µ1, µ2, . . . , µi} the subgraph of G with vertices {µ1, µ2, . . . , µi} ⊂

V and all edges incident to them removed from G. We shall also write G \{e} to denote

the subgraph of G with the edge e ∈ E removed from G.

We consider fixed graphs and random graphs. For simplicity, we consider fixed

graphs G with the following properties:

(P1) G is finite, i.e. the number of vertices |V| = n and the number of edges |E| = m

are finite.

(P2) G is undirected, i.e. for any pair of vertices µ, ν ∈ V , (µ, ν) ∈ E implies (ν, µ) ∈ E .

(P3) Multiple edges and self-loops are not allowed in the graph, i.e. G is a simple graph.

(P4) G in unweighted, i.e. all edges have weight 1.
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(P5) G is connected, i.e. for any pair of vertices µ, ν ∈ V and for some ` ≥ 1, there

exists a walk wµνG;` from µ to ν.

Note that Property 5 ensures the existence of at least one simple path between every

pair of vertices in G. When we consider random graphs, we assume that (P5) holds

with high probability (see Section 7 for details).

A graph G is called an r-regular graph if each vertex in G has degree r. In this

thesis, we consider r-regular graphs on n vertices, where nr is even. As the sum of the

degrees of vertices in G is twice the number of edges, for n odd, an r-regular graph

exists only when r is even. From now on, we denote a fixed connected r-regular graph

by Gr. When r = 2, Gr is a circle graph on n vertices, which is denoted by Cn. When

r = n− 1, Gr is the complete graph on n vertices, which is denoted by Kn.

3 Random walks on graphs

Given a starting point µ, a random walk on a graph G proceeds by selecting one of the

neighbours of µ uniformly at random (u.a.r.) and moving to the vertex; then the walk

selects one of the neighbours of this vertex u.a.r. and moves to it, and so on. From

now on, we say “a random walk” to mean a random walk generated by this procedure.

Let G = Gr and FµG;` be the power set of Wµ
G;`. Let m(·) be the counting measure on

FµG;`, i.e. m(S) is the number of elements in S ∈ FµG;`. We define the probability space

of walks of length `, starting from µ, as
(
Wµ
G;`,F

µ
G;`,P

µ
G;`
)

with a probability measure

PµG;`(·) defined as PµG;`(S) = m(S)
r`

(∗), where S ∈ FµG;`. Lemma 1 below shows PµG;`(·) is

well-defined.

Lemma 1. For a fixed r-regular graph Gr, where r ≥ 2, we have m(Wµ
Gr;`) = r`. In

particular, PµGr;`(·) gives a probability measure on FµGr;`.
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Proof. Starting from µ, there are r neighbours from which a walk of length ` can

select at each step, thus we have m
(
Wµ
Gr;`
)

= r`. Now we show that PµGr;`(·) gives a

probability measure on FµGr;`, where PµGr;`(S) = m(S)
r`

for S ∈ FµGr;`.

First of all, for S ∈ FµGr;`, we have 0 ≤ m(S) ≤ r`, thus 0 ≤ PµGr;`(S) ≤ 1. Then

we have PµGr;`
(
Wµ
Gr;`
)

=
m(Wµ

Gr ;`)
r`

= 1. Finally, for a countable collection of pairwise

disjoint events {Si : Si ∈ FµGr;`},

PµGr;`
(
∪Si∈FµGr ;`Si

)
=
m
(
∪Si∈FµGr ;`Si

)
r`

=

∑
Si∈FµGr ;`

m(Si)

r`
=

∑
Si∈FµGr ;`

PµGr;`(Si).

Here we use the countable additivity of the counting measure m(·) on FµGr;` in the

second equality. Thus, PµGr;`(·) gives a probability measure on FµGr;`.

Lemma 1 says that, starting from µ, each walk of length ` on a fixed regular graph

is equally likely to be a realisation of a random walk of length `, starting from µ. On

a fixed graph which is not regular, a random walk does not necessarily result in all

realisations of the walk being equally likely.

From now on, we denote a random walk of length ` on G, starting from µ, by Wµ
G;`.

Using Lemma 1, we can relate the problem of finding the probability that Wµ
G;` misses

a given edge e ∈ E(G) to a combinatorial problem: given a starting point µ, how many

walks of length ` miss a given edge e ∈ E(G)? We shall use this relation in Section 5.

4 Missing an edge vs. missing a vertex

We are interested in the probability that a random walk Wµ
G;` on a graph G misses

a given edge e ∈ E . The question we are looking into is different from obtaining the

probability that Wµ
G;` misses a given vertex ν ∈ V , where ν 6= µ. To illustrate the
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difference, we give an example for the case when G is the complete graph K5 on 5

vertices (see Fig. 1a).
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Figure 1: (a) The complete graph K5 on 5 vertices; (b) The graph K5 \ {(1, 2)} with
edge (1, 2) removed; (c) The graph K5 \ {2} with vertex 2 and all edges incident to it
removed.

Example 1. Consider a random walkW1
K5;2

of length 2 on K5, starting from vertex 1.

(a) Missing an edge: The total number of walks in W1
K5;2

that miss edge (1, 2) is 12

(by counting the number of walks of length 2 on the graph shown in Fig. 1b, starting

from vertex 1) and m
(
W1
K5;2

)
= 16. By Lemma 1, we obtain the probability that

W1
K5;2

misses (1, 2), which is 12
16

= 3
4
.

(b) Missing a vertex: Similarly, since the total number of walks in W1
K5;2

that miss

vertex 2 is 9 (by counting the number of walks of length 2 on the graph shown in Fig.

1c, starting from vertex 1), the probability that W1
K5;2

misses vertex 2 is 9
16

, which is

smaller than the probability that that W1
K5;2

misses (1, 2).

In general, for the complete graph Kn on n vertices, the probability that Wµ
Kn;`

misses a vertex ν 6= µ in Kn is
(
1− 1

n−1

)`
since at each step, the probability that the

walk does not visit ν is
(
1− 1

n−1

)
(see Example 2 in [32]). From Theorem 3 in Section

5, we shall see that there is a difference between the probability that Wµ
Kn;` misses a
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given vertex ν 6= µ in Kn and the probability that Wµ
Kn;` misses a given edge e in Kn.

Let µ be one of the endpoints of a given edge e in Kn. Let d` be the number of

walks of length ` starting from µ which end at one of the endpoints of e, and let s` be

the number of walks of length ` starting from µ which do not end at an endpoint of

e. One might think that the following recurrence relations would solve the problem of

obtaining the probability that a random walk of length ` starting from µ visits e,

s` = (n− 3)s`−1 + (n− 2)d`−1, (1)

d` = d`−1 + 2s`−1, (2)

with s0 = 0 and d0 = 1. The first recurrence relation (1) comes from the fact that on

Kn, a walk of length ` − 1 that does not end at an endpoint of e has n − 3 vertices

to move on without ending at an endpoint of e, and a walk of length ` − 1 that ends

at one of the endpoints of e can move away from the endpoint of e by selecting one of

the n− 2 vertices. Similarly, the second recurrence relation (2) comes from the fact by

taking one more step along e, a walk of length `− 1 that ends at one of the endpoints

of e can visit another endpoint of e, and a walk of length `− 1 that does not end at an

endpoint of e can visit µ or another endpoint of e by taking one more step. However,

the problem of the recurrence relations is that visiting one of the endpoints of e does

not mean that e is visited. In fact, both s` and d` take the walks that visit e and those

which do not visit e into account.

The problem of a random walk missing an edge can be related to the problem of a

random walk missing a vertex through the notion of an edge-vertex dual graph. Given

a graph G, the edge-vertex dual graph G ′ of G, which is also called the line graph,

is constructed as follows: i) for each edge in G draw a vertex in G ′; and ii) place an
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edge between two vertices in G ′ if the edges in G corresponding to these two edges are

adjacent in G. The edge-vertex dual graph of K5 is shown in Fig. 2a. Note that the

edge-vertex dual graph K′5 of K5 is not a complete graph.
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(2,3)

(2,4)
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(3,5)

(4,5)

(b)

Figure 2: (a) The edge-vertex dual graph K′5 of K5; (b) The graph K′5 \ {(1, 2)} with
vertex (1, 2) and all edges incident to it removed.

Lemma 2. For an r-regular graph G = (V(G), E(G)) on n vertices, its edge-vertex dual

graph G ′ = (V(G ′), E(G ′)) is a (2r − 2)-regular graph on nr
2

vertices.

Proof. There are (2r−2) edges which are adjacent to each edge e ∈ E(G). To construct

the edge-vertex dual graph G ′ of G, we represent each edge e ∈ E(G) as a vertex ve ∈

V(G ′) and an edge is created between two vertices in G ′ if the edges in G corresponding

to these two vertices share an endpoint. Thus ve has degree (2r− 2). Applying this to

all edges in G, we obtain G ′ which is a (2r − 2)-regular graph. Note that |E(G)| = nr
2

and |V(G ′)| = |E(G)|.

Let ve ∈ V(G ′) be the vertex corresponding to a given edge e ∈ E(G). Unless G ′ is

K3 or a complete bipartite graph K1,3 (a star graph with 3 edges), there is a one-to-one
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correspondence between G and G ′ (see Theorem 8.3 in [21]). Hence there is a link

between the probability that a random walk Wµ
G;` on G misses e and the probability

that a random walk Wµ′

G′;`′ on G ′ misses ve. However, for such a link, it is not obvious

how µ relates to µ′ and how ` relates to `′.

One way is to choose µ and µ′ u.a.r. on G and G ′ respectively. Alternatively, one

can also choose the starting point from a set of vertices S ⊂ V(G ′) u.a.r. such that the

edges in G corresponding to the elements of S share µ as an endpoint. We show by

examples that, in each case, the probability that Wµ
G;` on G misses e is generally not

the same as the probability that Wµ′

G′;`′ on G ′ misses ve, regardless of whether `′ equals

` or `− 1 (a consideration that a walk of length ` on G corresponds to a walk of length

`− 1 on G ′ is reasonable since each edge in G is represented by a vertex in G ′).

Example 2. Consider a random walk Wµ
K5;2

on K5 in Fig. 1a and a random walk

Wµ′

K′5;`′
on the edge-vertex dual graph K′5 shown in Fig. 2a, where µ is chosen u.a.r from

V(K5) and µ′ is chosen u.a.r. from V(K′5).

(a) On K5: Since there are 66 walks in WK5;2 that miss edge (1, 2) (by counting the

number of walks of length 2 on the graph shown in Fig. 1b), the probability thatWµ
K5;2

misses (1, 2) is 1
5
×
(
1
4

)2 × 66 = 33
40

.

(b) On K′5: When `′ = 1, there are 48 walks in WK′5;1 that miss vertex (1, 2) (by

counting the number of walks of length 1 on the graph shown in Fig. 2b). The

probability thatWµ′

K′5;1
misses (1, 2) is 1

10
× 1

6
×48 = 4

5
. When `′ = 2, there are 258 walks

in WK′5;2 that miss vertex (1, 2) (by counting the number of walks of length 2 on the

graph shown in Fig. 2b). The probability thatWµ′

K′5;2
misses (1, 2) is 1

10
× 1

36
×258 = 43

60
.

Example 3. Now we choose the starting point ofWµ′

K′5;`′
from a set of vertices S ⊂ V(G ′)

u.a.r. such that the edges in G corresponding to the elements of S share µ as an end-

point. Without loss of generality, set µ = 1. From Example 1a, we know that the
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probability that W1
K5;2

misses (1, 2) is 3
4
.

(a) µ′ is chosen u.a.r. from S = {(1, 2), (1, 3), (1, 4), (1, 5)}: We count the corre-

sponding number of walks similarly as in the previous examples. When `′ = 1, there

are 15 walks in ∪µ′∈SWµ′

K′5;1
that miss vertex (1, 2). The probability that Wµ′

K′5;1
misses

(1, 2) is 1
4
× 1

6
× 15 = 5

8
. When `′ = 2, there are 81 walks in ∪µ′∈SWµ′

K′5;2
that miss

vertex (1, 2). The probability that Wµ′

K′5;2
misses (1, 2) is 1

4
× 1

36
× 81 = 9

16
.

(b) Not revisiting (1, 2): If µ′ is chosen to be (1, 2), we can consider the question of

not revisiting (1, 2). Then the probability thatWµ′

K′5;1
misses (1, 2) is still 1

4
× 1

6
×15 = 5

8

but the probability that Wµ′

K′5;2
misses (1, 2) becomes 1

4
× 1

36
× 111 = 37

48
.

(c) µ′ is chosen u.a.r. from S \ {(1, 2)} = {(1, 3), (1, 4), (1, 5)}: If µ′ is only allowed

to be chosen u.a.r. from S \ {(1, 2)}, then the probability that Wµ′

K′5;1
misses (1, 2) be-

comes 1
3
× 1

6
× 15 = 5

6
. Similarly, the probability that Wµ′

K′5;2
misses (1, 2) becomes

1
3
× 1

36
× 81 = 3

4
, which equals the probability that W1

K5;2
misses (1, 2). One may

think that this construction solves the problem of how the two probabilities relate,

however, if we consider ` = `′ = 3, the probability that W1
K5;3

misses (1, 2) is 21
32

and

the probability that Wµ′

K′5;3
misses (1, 2) is 145

216
.

In either way of choosing µ and µ′, we have shown that the probability that a

random walkWµ
G;` of length ` on G visits e is generally not the same as the probability

that a random walk Wµ′

G′;`′ of length `′ on G ′ visits ve, where `′ = ` − 1 or `′ = `.

However, as mentioned earlier, there exists a mapping between the probabilities as

there is a one-to-one correspondence between G and G ′. Deriving the mapping is not

straightforward and the mapping might not be easily extended to the case where we

consider a random walk missing a longer prime. Therefore, we look for more direct

approaches to understand the probability of a random walk missing an edge. These

methods are covered in the next three sections.
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5 Coverage probability of an edge using the walk

generating function

Let AµG;`;e be the event that a random walk Wµ
G;` visits a given edge e ∈ E(G). When

G = Gr, Lemma 1 gives

PµG;`
(
AµG;`;e

)
= 1−

m
(
Wµ
G\{e};`

)
m
(
Wµ
G;`
) . (3)

As we know m
(
Wµ
G;`
)

= r` when G is an r-regular graph, it is sufficient to get

m
(
Wµ
G\{e};`

)
in order to obtain PµG;`

(
AµG;`;e

)
. In Section 5.1, we use the walk gen-

erating function to obtain an explicit expression of m
(
Wµ
G\{e};`

)
. In Section 5.2, we

use this method to derive an explicit expression of PµG;`
(
AµG;`;e

)
when G is a complete

or circle graph, and the starting point µ of the random walk is one of the endpoints of

e.

5.1 The walk generating function

On any graph G which satisfies (P1) to (P5) stated in Section 2, we can calculate the

number of walks from one vertex to another and of arbitrary length through its walk

generating function [4]. We define the walk generating function gµνG (z) associated with

{m(Wµν
G;`)}`≥0 as

gµνG (z) =
∞∑
`=0

m(Wµν
G;`)z

`,

13



where z ∈ C; the walk generating function gµνG\{e}(z) associated with {m(Wµν
G\{e};`)}`≥0

is defined similarly. The radius of convergence of this series, denoted by Rµν , shall be

given a little later in terms of the adjacency matrix of G using Eq. (5). In the following,

we assume that |z| < Rµν . Then the walk generating function gµG(z) associated with

{m(Wµ
G;`)}`≥0 is defined as

gµG(z) =
∑
ν∈V

gµνG (z) =
∞∑
`=0

∑
ν∈V

m(Wµν
G;`)z

` =
∞∑
`=0

m(Wµ
G;`)z

`, (4)

and the walk generating function gµG\{e}(z) associated with {m(Wµ
G\{e};`)}`≥0 is defined

similarly.

We denote the walk generating matrix as GG(z) =
(
gµνG (z)

)
µ,ν∈V(G), where |z| <

minµ,ν∈V(G)Rµν . Let AG be the adjacency matrix of G. Notice that m(Wµν
G;`) is the

(µ, ν) entry of A`G. We can write

GG(z) =
∞∑
`=0

(zAG)
`. (5)

Below are some properties of GG(z).

(a) Radius of convergence: The series converges when ||zAG|| = |z|||AG|| < 1 (see

Theorem 7.3.1, [26] page 375). Here || · || is the spectral norm. Since AG is not a

zero matrix, and each entry of AG is 0 or 1, we have 0 < ||AG|| < ∞. The region of

convergence of the series in Eq. (5) is {z : |z| < 1
||AG ||
}. We define GG(0) to be an

identity matrix In of size n. We shall write In = I when it is clear in the context what n

is. When |z| < 1
||AG ||

, we can write GG(z) = (In−zAG)−1 (Theorem 7.3.1, [26] page 375).

14



(b) Relationship with resolvent: When 0 < |z| < 1
||AG ||

, we can also write

GG(z) = (I − zAG)−1

=
1

z

(
1

z
I − AG

)−1
= −1

z

(
AG −

1

z
I

)−1
, (6)

where
(
AG − 1

z
I
)−1

is the resolvent of AG [26]. We shall use some nice properties of

the resolvent to illustrate that each entry of (I − zAG)−1 is holomorphic except when

1
z

is an eigenvalue of AG. Let z1 = 1
z
. Here we only list the properties we need and the

reader is referred to [26] for the proofs of these properties (except for the first property

listed below, which is immediate from Eq. (6)).

1. (AG − z1I)−1 is undefined when z1 is an eigenvalue of AG.

2. Eigenvalues of AG lie in the disk given by {z1 : |z1| ≤ ||AG||} (Theorem 7.3.4, [26]

page 377).

3. Each entry of (AG − z1I)−1 is holomorphic at every point z1 ∈ C \ {λ1, . . . , λn},

where {λ1, . . . , λn} is the set of eigenvalues of AG (Theorem 7.5.2, [26] page 389).

Remark 1. GG(z) =
∑∞

`=0(zAG)
` coincides with (I− zAG)−1 = −1

z

(
AG − 1

z
I
)−1

when

0 < |z| < 1
||AG ||

. However,
(
AG − 1

z
I
)−1

exists at every point 1
z
∈ C \ {λ1, . . . , λn}, and

by Property 3, each entry of (I−zAG)−1 is holomorphic except when 1
z
∈ {λ1, . . . , λn}.

Step 1: Obtain the walk generating functions

From the previous part, we know that GG(z) = (I − zAG)−1 and (I − zAG)−1 exists

when |z| < 1
||AG ||

. In special cases such as when G = Kn, we can obtain (I − zAG)−1 by
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using the blockwise inversion of I − zAG. For details, we refer the reader to Appendix

A and Appendix B.1.

Step 2: Obtain the number of walks

Once we have calculated generating functions such as gµνG (z), we may recover m(Wµν
G;`)

through the `-th derivative of the walk generating functions. However, this can be

a laborious task and we use instead a particular integral transform, the inverse Z-

transform.

The Z-transform and its inverse connect a series {m(Wµν
G;`)}`≥0 with its ordinary

generating function gµνG and back [23]. Assuming that |z| > ||AG||,

Z[{m(Wµν
G;`)}`≥0](z) =

∞∑
`=0

m(Wµν
G;`)z

−` = gµνG (1/z),

Z−1[gµνG (1/z)](`) = m(Wµν
G;`).

We know that GG(1/z) =
∑∞

`=0

(
1
z
AG
)`

. The region of convergence of the series is

{z : |z| > ||AG||}. The inverse Z-transform is given by a contour integral [23]

Z−1[gµνG (1/z)](`) =
1

2πi

∮
C

gµνG (1/z)z`−1dz, (7)

with C a contour on which |z| > ||AG||.

Following Remark 1, GG(1/z) =
∑∞

`=0

(
1
z
AG
)`

coincides with (I−1
z
AG)

−1 = −z(AG−

z)−1 when |z| > ||AG||. Each entry of (I − 1
z
AG)

−1 is holomorphic except when

z ∈ {λ1, . . . , λn}, which means for any pairs of µ, ν ∈ V , gµνG (1/z) is holomorphic

except when z ∈ {λ1, . . . , λn}. By the Cauchy Residue Theorem (Theorem 18.3, [34]
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page 211), the integral in Eq. (7) is equivalent to a sum of analytically available

complex numbers,

Z−1[gµνG (1/z)](`) =
∑
z0

Resz0 [g
µν
G (1/z)]z`−1, (8)

Resz0 [g
µν
G (1/z)]z`−1 =

1

(k − 1)!
lim
z→z0

dk−1

dzk−1
[
(z − z0)kgµνG (1/z)z`−1

]
, (9)

with z0 being a pole of gµνG (1/z) and k being the multiplicity of the pole.

Step 3: Obtain the probability

Using the walk generating function gµνG\{e}(1/z) and the inverse Z-transform, we can

obtain the number of walks Z−1[gµνG\{e}(1/z)](`) of length ` from µ to ν. Then we

obtain the number of walks Z−1[gµG\{e}(1/z)](`) of length ` starting at µ by Eq. (4)

and the linearity of the inverse Z-transform [23]. Finally we get an explicit expression

of PµG;`(A
µ
G;`;e) by Eq. (3). We shall see the explicit expression of PµG;`(A

µ
G;`;e) when G is

a complete graph or a circle graph in the following section.

5.2 On a complete graph and a circle graph

Let G be a complete graph or a circle graph, and let e = (ν1, ν2) ∈ E(G). Note

that for ` ≥ 1, by symmetry of G, Pν1G;`
(
Aν1G;`;e

)
= Pν2G;`

(
Aν2G;`;e

)
, i.e. we obtain the same

probability regardless of which endpoint of e is chosen as the starting point of a random

walk. Without loss of generality, assume that ν1 ≡ 1 and ν2 ≡ 2. Let {1, 2, . . . , n} be

the labels of the vertices in G, labeled clockwise. If a random walk starts from 2 instead

of 1, one can relabel the vertices anti-clockwise using {1, 2, . . . , n} (starting from the

“original” vertex 2) without changing the probability of visiting e.
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Theorem 3. Let e = (ν1, ν2) ∈ E, and µ = ν1 or µ = ν2. On a complete graph Kn

with n ≥ 3 vertices and for ` ≥ 1, we have

PµKn;`(A
µ
Kn;`;e) = 1− [n− 1 + c(n)][n− 3 + c(n)]` − [n− 1− c(n)][n− 3− c(n)]`

(n− 1)`2`+1c(n)
,

where c(n) =
√
n2 + 2n− 7.

Proof. See Appendix B.1 for a proof using walk generating functions and Appendix

B.2 for a proof using recurrence relations.

Remark 2. To make sense of PµKn;`(A
µ
Kn;`;e) = 1− [n−1+c(n)][n−3+c(n)]`−[n−1−c(n)][n−3−c(n)]`

(n−1)`2`+1c(n)
,

where c(n) =
√
n2 + 2n− 7, we write c(n) =

√
(n+ 1)2 − 8 =

√
(n+ γ)2 for n ≥ 4,

where 0 < γ < 1. Then we see that, for n ≥ 4,

PµKn;`(A
µ
Kn;`;e) = 1− [n− 1 + c(n)][n− 3 + c(n)]` − [n− 1− c(n)][n− 3− c(n)]`

(n− 1)`2`+1c(n)

= 1− (n− 1 + n+ γ)(n− 3 + n+ γ)` − (n− 1− n− γ)(n− 3− n− γ)`

(n− 1)`2`+1(n+ γ)

= 1− (2n− 1 + γ)(2n− 3 + γ)` + (1 + γ)(−1)`(3 + γ)`

(n− 1)`2`+1(n+ γ)

= 1−
(

2n+ γ − 1

2n+ 2γ

)(
2n+ γ − 3

2n− 2

)` 1− (−1)`(
1 + 2n−2

1+γ

)(
1 + 2n−6

3+γ

)`


= 1−
(

1− γ + 1

2n+ 2γ

)(
1− 1− γ

2n− 2

)` 1− (−1)`(
1 + 2n−2

1+γ

)(
1 + 2n−6

3+γ

)`
 .

Note that 1− γ > 0 and

1− γ = (n+ 1)−
√

(n+ 1)2 − 8

= (n+ 1)

[
1−

√
1− 8

(n+ 1)2

]
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= (n+ 1)

[
1− 1 +

1

2

8

(n+ 1)2
+O

(
1

n4

)]
= O

(
1

n

)
,

where the third step follows from the binomial expansion of
[
1− 8

(n+1)2

] 1
2
. Then 1+γ =

2−O
(
1
n

)
and 3 + γ = 4−O

(
1
n

)
.Thus we can see that,

(a) When n is fixed and `→∞: 1− PµKn;`(A
µ
Kn;`;e) decays exponentially in `.

(b) When ` is fixed and n→∞: PµKn;`(A
µ
Kn;`;e) decays polynomially in n.

Theorem 4. Let e = (ν1, ν2) ∈ E, and µ = ν1 or µ = ν2. On a circle graph Cn with

n ≥ 3 vertices and for ` ≥ 1, we have

Pν1Cn;`(A
ν1
Cn;`;e) = 1−

n−1∑
d=0

n∑
k=1

[
cos
(
πk
n+1

)]`∏n−d−1
j=1

[
cos
(
πk
n+1

)
− cos

(
πj
n−d

)]
2d
∏n

h=1;h6=k
[
cos
(
πk
n+1

)
− cos

(
πh
n+1

)] .

Proof. See Appendix B.3.

Remark 3. To make sense of Pν1Cn;`(A
ν1
Cn;`;e), we see that

PµCn;`(A
µ
Cn;`;e)

= 1−
n−1∑
d=0

n∑
k=1

[
cos
(
πk
n+1

)]`∏n−d−1
j=1

[
cos
(
πk
n+1

)
− cos

(
πj
n−d

)]
2d
∏n

h=1;h6=k
[
cos
(
πk
n+1

)
− cos

(
πh
n+1

)]
= 1−

n∑
k=1

{[
cos

(
πk

n+ 1

)]` n−1∑
d=0

∏n−d−1
j=1

[
cos
(
πk
n+1

)
− cos

(
πj
n−d

)]
2d
∏n

h=1;h6=k
[
cos
(
πk
n+1

)
− cos

(
πh
n+1

)]}

= 1−
n∑
k=1


[

1− 1

2

(
πk

n+ 1

)2

+O

(
1

n4

)]` n−1∑
d=0

∏n−d−1
j=1

[
cos
(
πk
n+1

)
− cos

(
πj
n−d

)]
2d
∏n

h=1;h6=k
[
cos
(
πk
n+1

)
− cos

(
πh
n+1

)]
 ,

where we use the Taylor expansion of cos
(
πk
n+1

)
in the last step.

(a) When n is fixed and `→∞: 1− PµCn;`(A
µ
Cn;`;e) decays exponentially in `.

(b) When ` is fixed: When ` ≤ n − 1 and n ≤ n′, PµCn;`(A
µ
Cn;`;e) = PµCn′ ;`(A

µ
Cn′ ;`;e

) as
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the number of walks, starting from ν1 or ν2, of length ` on Cn that do not visit e equals

the number of walks, starting from ν1 or ν2, of length ` on Cn′ that do not visit e.
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Figure 3: The 2-nearest neighbour graph on 10 vertices, G(10, 2) (unique up to isomor-
phism).

When 2 < r < n−1, the expressions of the walk generating functions gµνGr (z) depend

on the structure of Gr. We focus on a specific type of regular graph constructed as

follows: i) construct a circle graph on n vertices; and ii) place edges between all k

nearest neighbours on the circle graph, where 1 ≤ k ≤ bn
2
c. We call it a k-nearest-

neighbour graph and denote it by G(n, k). The 2-nearest neighbour graph on 10 vertices

G(10, 2) (unique up to isomorphism) is shown in Fig. 3. However, the expressions of

the walk generating functions are very involved and lack elegance, and thus we do not
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give them here. We could not use the inverse Z-transform to obtain m
(
Wµν
G(n,k)\{e};`

)
,

where e ∈ E(G(n, k)). In the next section, we use the largest eigenvalue of Gr \ {e} to

obtain an upper bound for m
(
Wµν
Gr\{e};`

)
.

6 Coverage probability of an edge using the largest

eigenvalue of the graph

We can provide an upper bound for m
(
Wµ
G\{e};`

)
by using the largest eigenvalue of

AG\{e}, which in turns gives a lower bound for PµG;`
(
AµG;`;e

)
through Eq. (3). As AG\{e}

is a symmetric real matrix, its eigenvalues are real. There are more properties of AG\{e}

which we can use to say something about its largest eigenvalue. We denote the largest

eigenvalue of a matrix A by λmax(A).

Step 0: Preliminaries

Let Mn denote the set of n× n real matrices.

Definition 1. ([22](Definition 6.2.21)) A matrix A ∈ Mn is said to be reducible if

n = 1 and A = 0, or for n ≥ 2, there is a permutation matrix P ∈Mn such that

P TAP =

B C

0 D

 ,

where B ∈ Mr and D ∈ Mn−r, for some r where 1 ≤ r ≤ n − 1. A is said to be

irreducible if it is not reducible.

A permutation matrix P ∈ Mn is a square matrix with exactly one entry in each

row and column being equal to 1 and all other entries being 0. Thus P T ∈Mn is also a
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permutation matrix. Left multiplication of a matrix A ∈Mn by a permutation matrix

P ∈ Mn permutes the rows of A, while right multiplication of A by P permutes the

columns of A. We recall that G is connected (see Section 2). G is connected if and only

if AG is irreducible [7].
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(b)

Figure 4: (a) A 3-regular graph G3 with a cut edge (5,10); (b) Removing (5,10) from
G3 gives a graph with two connected components.

If G is connected, G \ {e} is connected, where e ∈ E(G), unless e is a cut edge (or

bridge). Fig. 4a shows a 3-regular graph G3 with a cut edge (5,10). When e is a cut

edge, removing e from G gives a graph G \ {e} with two connected components, say G1

and G2. However the adjacency matrices AG1 and AG2 of the connected components G1

and G2 respectively are irreducible (for example see Fig. 4b). We shall see why this

observation is important a little later.

Definition 2. ([22](Definition 1.2.9)) Let λ1, λ2, . . . , λn be the (not necessarily distinct)

eigenvalues of A ∈Mn. The spectral radius of A is a nonnegative real number ρ(A) =

max1≤i≤n |λi|.
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Theorem 5. (Perron-Frobenius Theorem, [22](Theorem 8.4.4)) Let A ∈ Mn be irre-

ducible and nonnegative. Then

(a) ρ(A) > 0;

(b) ρ(A) is an eigenvalue of A, i.e. ρ(A) is the largest eigenvalue of A;

(c) There is a positive vector v (all entries are positive), where vTv = 1, such that

Av = ρ(A)v; and

(d) ρ(A) is a simple eigenvalue of A.

If G \ {e} is connected, i.e. AG\{e} is irreducible, the Perron-Frobenius Theorem

ensures that the largest eigenvalue of AG\{e} is positive and simple, and the associated

normalised eigenvector is positive.

Step 1: Obtain an upper bound for the number of walks

We recall thatm
(
Wµν
G\{e};`

)
is the (µ, ν) entry of ofA`G\{e}. Consequently, m

(
Wµ
G\{e};`

)
=∑

ν∈V(G\{e})m
(
Wµν
G\{e};`

)
is the µ-th row sum of A`G\{e}. The following lemma gives a

link between row sums of a matrix and its spectral radius.

Lemma 6. ([22](Corollary 8.1.33)) Let A ∈Mn be nonnegative and write (A`)ij = a
(`)
ij .

If A has a positive eigenvector x = [xi], then for ` ≥ 1 and for all i = 1, . . . , n we have

n∑
j=1

a
(`)
ij ≤

(
max1≤k≤n xk
min1≤k≤n xk

)
ρ(A)`.

(a) When e ∈ E(G) is not a cut edge: If AG\{e} ∈ Mn is irreducible, the spectral

radius of AG\{e} is λmax
(
AG\{e}

)
by the Perron-Frobenius Theorem (Theorem 5). Thus

we can provide an upper bound for m
(
Wµ
G\{e};`

)
using Lemma 6.

23



Theorem 7. Let e ∈ E(G) and µ ∈ V(G). Assume that G \ {e} is connected. Let

x = [xi] be the positive normalised eigenvector paired with λmax
(
AG\{e}

)
. For ` ≥ 1,

we have

m
(
Wµ
G\{e};`

)
≤ c(x)λmax

(
AG\{e}

)`
,

where c(x) =
(

max1≤k≤n xk
min1≤k≤n xk

)
≥ 1 (note that c(x) depends on n).

Proof. As AG\{e} is nonnegative and irreducible, by the Perron-Frobenius Theorem

(Theorem 5), λmax
(
AG\{e}

)
= ρ

(
AG\{e}

)
> 0 and there is a positive normalised eigen-

vector x = [xi] paired with λmax
(
AG\{e}

)
. Since λmax

(
AG\{e}

)
is an eigenvalue of AG\{e}

and λmax
(
AG\{e}

)
= ρ

(
AG\{e}

)
> 0, we have λmax

(
A`G\{e}

)
= λmax

(
AG\{e}

)`
.

Asm
(
Wµ
G\{e};`

)
is the µ-th row sum ofA`G\{e}, by Lemma 6, we havem

(
Wµ
G\{e};`

)
≤

c(x)λmax
(
AG\{e}

)`
, where c(x) =

(
max1≤k≤n xk
min1≤k≤n xk

)
≥ 1.

(b) When e ∈ E(G) is a cut edge: If e ∈ E(G) is a cut edge, AG\{e} ∈ Mn is

reducible. As what we have mentioned earlier, G \ {e} has two connected components,

say G1 and G2. Excluding the case where G1 or G2 is a singleton, we can still obtain a

similar upper bound for m
(
Wµ
G\{e};`

)
as in Theorem 7. If the starting point µ is one

of the vertices in G1, the number of walks of length ` on G \ {e} that do not visit e

equals the number of walks of length ` on G1, starting at µ (for example see Fig. 4b,

where µ = 1). The argument is similar if µ ∈ V(G2).

Theorem 8. Let e ∈ E(G). Assume that G \{e} has two connected components G1 and

G2 with |V(G1)| = n1 and |V(G2)| = n2 = n−n1, where 1 < n1 < n−1. Let x′ = [x′i] be

the positive normalised eigenvector paired with λmax (AG1), and y = [yi] be the positive

24



normalised eigenvector paired with λmax (AG2). If µ ∈ V(G1), for ` ≥ 1, we have

m
(
Wµ
G\{e};`

)
≤ c(x′)λmax (AG1)

` ,

where c(x′) =
(

max1≤k≤n1 x
′
k

min1≤k≤n1 x
′
k

)
≥ 1 (note that c(x) depends on n1). If µ ∈ V(G2), for

` ≥ 1, we have

m
(
Wµ
G\{e};`

)
≤ c(y)λmax (AG2)

` ,

where c(y) =
(

max1≤k≤n2 yk
min1≤k≤n2 yk

)
≥ 1 (note that c(y) depends on n2).

Proof. The proof follows directly from applying Theorem 7 to G1 and G2 separately.

Step 3: Obtain an expression of the largest eigenvalue

When G = Gr, we can indeed obtain a lower bound for PµG;`(A
µ
G;`;e) by Eq. (3) if we can

give an expression of the largest eigenvalue.

Theorem 9. ([28](Theorem 3.3)) Let G be a connected non-regular graph on n vertices

with maximum degree dmax. Then

λmax (AG) < dmax −
dmax + 1

n(3n+ dmax − 8)
.

The upper bound for the largest eigenvalue of a connected non-regular graph shown

in Theorem 9 (see [30] for an erratum to [28]) improved the results in [31] and [37]. Liu

et al. gave a sharper upper bound for the largest eigenvalue of a connected non-regular

graph in [29]. We were able to follow their argument but were unable to justify a step

in the proof of the result. Hence we do not use the result here.
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(a) When e ∈ E(Gr) is not a cut edge: Notice that Gr\{e} is a connected non-regular

graph with maximum degree r. Thus

λmax
(
AGr\{e}

)
< r − r + 1

n(3n+ r − 8)
. (10)

(b) When e ∈ E(Gr) is a cut edge: Similarly, upper bounds for λmax
(
AG1r
)

and

λmax
(
AG2r
)
, where G1r and G2r are two connected components of Gr, are

λmax
(
AG1r
)
< r − r + 1

n1(3n1 + r − 8)
and (11)

λmax
(
AG2r
)
< r − r + 1

n2(3n2 + r − 8)
(12)

respectively. Here n1 = |V(G1r )| and n2 = |V(G2r )| = n− n1.

Remark 4. When r = 2, the only connected G2 is Cn and Cn \ {e} is a path graph. It

is well known that

λmax
(
ACn\{e}

)
= 2 cos

(
π

n+ 1

)
= 2− π2

(n+ 1)2
+O

(
1

n4

)
,

where the last step follows from taking the Taylor expansion of cos
(

π
n+1

)
. Using

Inequality (10), one can get λmax
(
ACn\{e}

)
< 2 − 1

n(n−2) . Thus for large n, the upper

bound for λmax
(
ACn\{e}

)
given in Inequality (10) is reasonably sharp. When r = n−1,
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Gr = Kn and λmax
(
AKn\{e}

)
= n−3+

√
n2+2n−7
2

[36](Theorem 2.2). Note that

n− 3 +
√
n2 + 2n− 7

2
= n− 1−

(n+ 1)
[
1−

√
1− 8

(n+1)2

]
2

= n− 1−
(n+ 1)

[
1− 1 + 4

(n+1)2
+O

(
1
n4

)]
2

= n− 1− 2

n+ 1
−O

(
1

n4

)
,

where the second last step follows from taking the Taylor expansion of
[
1− 8

(n+1)2

] 1
2
.

Again, using Inequality (10), one can get λmax
(
AKn\{e}

)
< n−1− 1

4n−9 . Thus for large

n, the upper bound for λmax
(
AKn\{e}

)
given in Inequality (10) is reasonably sharp.

Remark 5. If one uses the Frobenius Theorem [22](Theorem 8.1.22)), it is straight-

forward that r − 1 ≤ λmax
(
AGr\{e}

)
≤ r, where 2 ≤ r ≤ n − 1. Assume that Gr and

Gr \ {e} are connected. If one uses the fact that λmax
(
AGr\{e}

)
is at least the average

degree of Gr \ {e} [7](Property 2.1.E2) and λmax
(
AGr\{e}

)
< λmax (AGr) (see Appendix

C for a proof), then it is possible to obtain

λmax
(
AGr\{e}

)
= r − ε(n),

where 0 < ε(n) ≤ 2
n
. However it is obvious that the upper bound λmax

(
AGr\{e}

)
< r is

not sharper than the upper bound given in Inequality (10).

Step 4: Obtain a lower bound for the probability

Having derived an upper bound for m
(
Wµ
Gr\{e};`

)
, we are now in a position to obtain

a lower bound for PµGr;`(A
µ
Gr;`;e).
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Theorem 10. Let e ∈ E(Gr) and µ ∈ V(Gr). Assume that Gr \ {e} is connected. Let

x = [xi] be the positive eigenvector paired with λmax
(
AGr\{e}

)
. On a fixed r-regular

graph Gr, where 2 < r < n− 1, and for ` ≥ 1, we have

PµGr;`(A
µ
Gr;`;e) > 1− c(x)

[
1− r + 1

nr(3n+ r − 8)

]`

where c(x) =
(

max1≤k≤n xk
min1≤k≤n xk

)
≥ 1 (note that c(x) depends on n).

Proof. This is immediate by using Theorem 7, Eq. (10) and Eq. (3) with G = Gr and

m
(
Wµ
Gr;`
)

= r`.

Theorem 11. Let e ∈ E(Gr) and 2 < r < n − 1. Assume that Gr \ {e} has two

connected components G1r and G2r with |V(G1r )| = n1 and |V(G2r )| = n2 = n− n1, where

1 < n1 < n − 1. Let x′ = [x′i] be the positive normalised eigenvector paired with

λmax
(
AG1r
)
, and y = [yi] be the positive normalised eigenvector paired with λmax

(
AG2r
)
.

If µ ∈ V(G1r ), for ` ≥ 1, we have

PµGr;`(A
µ
Gr;`;e) > 1− c(x′)

[
1− r + 1

n1r(3n1 + r − 8)

]`
,

where c(x′) =
(

max1≤k≤n1 x
′
k

min1≤k≤n1 x
′
k

)
≥ 1 (note that c(x′) depends on n1). If µ ∈ V(G2r ), for

` ≥ 1, we have

PµGr;`(A
µ
Gr;`;e) > 1− c(y)

[
1− r + 1

n2r(3n2 + r − 8)

]`
,

where c(y) =
(

max1≤k≤n2 yk
min1≤k≤n2 yk

)
≥ 1 (note that c(y) depends on n2).

Proof. This is immediate by using Theorem 8, Eq. (11) to G1r , Eq. (12) to G2r and Eq.

(3) with G = Gr and m
(
Wµ
Gr;`
)

= r`.
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Remark 6.

(a) From Theorem 10 and Theorem 11, we can see that for 2 < r < n− 1, when n is

fixed, 1− PµGr;`(A
µ
Gr;`;e) decays exponentially in `. Notice that there is no cut edge in a

complete graph or in a circle graph. Let x = [xi] and y = [yi] be the positive eigenvec-

tors paired with λmax
(
ACn\{e}

)
and λmax

(
AKn\{e}

)
respectively. Following Remark 4,

we have

PµCn;`
(
AµCn;`;e

)
≥ 1− c(x)

[
cos

(
π

n+ 1

)]`
,

where c(x) =
(

max1≤k≤n xk
min1≤k≤n xk

)
≥ 1, and

PµKn;`
(
AµKn;`;e

)
≥ 1− c(y)

[
n− 3 +

√
n2 + 2n− 7

2(n− 1)

]`
= 1− c(y)

(
1− 1− γ

2n− 2

)`
,

where c(y) =
(

max1≤k≤n yk
min1≤k≤n yk

)
≥ 1. We recall that

√
n2 + 2n− 7 = n+γ, where 0 < γ < 1,

and 1− γ = O
(
1
n

)
. Thus exponential decay of 1− PµGr;`(A

µ
Gr;`;e) when Gr is a circle or

complete graph is in agreement with the remarks following Theorem 3 and Theorem 4.

(b) Let A ∈Mn be nonnegative. The Frobenius Theorem [22] (Theorem 8.1.22) gives

min
i

n∑
j=1

aij ≤ ρ(A) ≤ max
i

n∑
j=1

aij. (13)

We recall thatm
(
Wµ
G\{e};`

)
is the µ-th row sum of A`G\{e}. Then we can write Inequality

(13) as

min
µ′∈V

m
(
Wµ′

G\{e};`

)
≤ λmax(A

′)` ≤ max
µ′∈V

m
(
Wµ′

G\{e};`

)
.
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Here A′ = AG\{e} if G \ {e} is connected. If G \ {e} has two connected components G1

and G2, then A′ = AG1 if µ ∈ V(G1), or A′ = AG2 if µ ∈ V(G2). There exists µ ∈ V

such that

m
(
Wµ
G\{e};`

)
= min

µ′∈V
m
(
Wµ′

G\{e};`

)
≤ λmax(A

′)`.

which gives a sharper bound for m
(
Wµ
G\{e};`

)
than the one in Theorem 7 (unless

c(x) = 1) or Theorem 8 (unless c(x′) = 1 or c(y) = 1). This in turns give a sharper

lower bound for PµGr;`(A
µ
Gr;`;e) than that in Theorem 10 (unless c(x) = 1) or Theorem

11 (unless c(x′) = 1 or c(y) = 1).

7 Coverage probability of an edge on random reg-

ular graphs

In this section, we consider the case when G is chosen u.a.r. from a set of r-regular

graphs on n vertices. In general, for a random graph on n vertices, the existence

of an edge between two vertices is random. Let V be a given set of vertices, where

|V| = n. We let Gn = {G = (V , E) : E ⊆ V ×V} be the set of graphs with vertex set V

and FGn be the power set of Gn. We define a probability space of graphs by putting

probabilities on the sets of edges, i.e. PGn(G = G) = PGn(E = E) is given by some law,

where G = (V , E) and E ⊆ V × V .

For any r-regular graph G on n vertices, we can define a probability measure PU

for the walks on G by augmenting the set of r-regular graphs on n vertices with the

set of all possible walks of length `, starting from µ, on n vertices. For a fixed vertex

set V , where |V| = n, let G
(r)
n ⊆ Gn denote the set of r-regular graphs on n vertices
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and let F
G

(r)
n

be the power set of G
(r)
n . Note that there are no isolated vertices in an

r-regular graph. We recall that Wµ
Kn;` is the set of all possible walks of length ` on V ,

starting from µ, and let FWµ
Kn;`

be the power set of Wµ
Kn;`. Augmenting G

(r)
n with Wµ

Kn;`

by the Cartesian product of sets, we get U = G
(r)
n ×Wµ

Kn;` and a measurable space

(U ,FU), where FU is the power set of U . We define a probability measure PU on the

measurable space (U ,FU) by taking PU(u) = P
G

(r)
n

(G)PµG;`(w), where u = (G, w) ∈ FU ,

and P
G

(r)
n

(Grndr = G) = 1∣∣∣G(r)
n

∣∣∣ is the uniform measure on G
(r)
n . An element Grndr ∈ G

(r)
n

chosen u.a.r. from Gn,r is called a random r-regular graph [6]. Here PµG;`(w) is the

probability measure on the measurable space of walks of length ` on G starting from

µ, which is given by (∗) (see Section 3). Thus we now have two layers of randomness:

not only is the walk random, but the graph itself is also random.

An r-regular graph G is nice if [10]

(P’1) G is connected.

(P’2) The second largest absolute eigenvalue λ
(2)
max (AG) of the adjacency matrix AG

of G is at most 2
√
r − 1 + ε, where ε > 0 is arbitrarily small (ε = 1

10
is small

enough).

(P’3) There are at most r2σ vertices on small cycles, where σ = blog log log nc.

(P’4) No pair of small cycles are within distance 3σ of each other.

A sequence of events {An}∞n=0 occurs with high probability (w.h.p.) in G
(r)
n when

limn→∞ P
G

(r)
n

(An) = 1. Theorem 6 in [10] proves that for r ≥ 3 constant, a ran-

dom r-regular graph is nice w.h.p.. Note that the w.h.p. statement for each property

(P’1) to (P’4) means that each property occurs with probability 1− o(1).

Let G be a realisation of Grndr and let E be an edge chosen u.a.r. from E(G). We use

the results obtained by Cooper and Frieze in [12] to get an asymptotic lower bound for
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PµG;`(A
µ
G;`;E). Here µ is not necessarily one of the endpoints of a realisation of E but it

still denotes the starting point of a random walk of length ` on G. In a series of papers

[10, 11, 12], Cooper and Frieze developed a technique to estimate the probability that

a random walk, starting from µ ∈ V , first visits a vertex ν in G at step ` ≥ T , where

T is the mixing time. To consider the probability that the random walk first visits an

edge e in G, they use a technique of subdividing e by an artificial vertex ve to form a

new graph H. The probability of not visiting e is then given by the probability of not

visiting ve in H.

Step 1: Obtain an upper bound for the mixing time

If G is nice, then a random walkWµ
G;` on G is ergodic (connectivity of G and λ

(2)
max (AG) <

r implies ergodicity [10]). If Wµ
G;` is ergodic, then the stationary distribution Π =

[πν ]ν∈V of the walk is unique and πν = d(ν)
2m

= 1
n
, where ν ∈ V . Here d(ν) = r is the

degree of ν and m = |E| = nr
2

. Let G be nice and P µν
G (`) be the `-step transition

probability of the random walk on G from µ to ν. The mixing time T (ε1) is defined by

T (ε1) = min

{
` : sup

µ∈V

1

2

∑
ν∈V

∣∣∣∣P µν
G (`)− 1

n

∣∣∣∣ ≤ ε1

}
.

Let 1 = λ1 > λ2 ≥ . . . ≥ λn denote the eigenvalues of the transition probability matrix

PG and λmax = {|λi| : i ≥ 2}. Then for ` ≥ 1 [27](see Theorem 12.3), if G is nice,

∣∣∣∣P µν
G (`)− 1

n

∣∣∣∣ ≤ λ`max. (14)

It was also shown in [17](Theorem 1.1) that, for a random r-regular graph on n
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vertices, where r ≥ 3, and for fixed ε > 0, there exists a constant c such that

P
G

(r)
n

(
λmax ≤

2
√
r − 1 + ε

r

)
≥ 1− c

nK
,

where K =
⌈√

r−1+1
2

⌉
− 1. Note that for r ≥ 3, we have 2

√
r−1
r
≤ 2

√
2

3
≤ 29

30
. Hence,

when r ≥ 3, one can take λmax ≤ 29
30

w.h.p. with respect to n (using ε ≤ 0.0715). Then

by Inequality (14), one can take T (ε1) = T ≥ 120 log n such that for ` ≥ T ,

max
µ,ν

∣∣∣∣P µν
G (`)− 1

n

∣∣∣∣ ≤ (29

30

)120 logn

≤ e−4 logn = O

(
1

n4

)
,

and the distribution of the walk is said to be in near stationarity [12].

Step 2: Use the estimated probability of missing a nice edge

Cooper and Frieze gave an estimate of the probability that a random walk, starting

from µ ∈ V , first visits a vertex ν ∈ V , at step ` ≥ T (see [11], Lemma 4). Using

this estimate, the probability that the walk does not visit ν at steps T, T + 1, . . . , `

is obtained (see [11], Corollary 5). Then, as mentioned earlier in this section, the

technique of subdividing a given edge e by an artificial vertex ve is used to obtain

the probability that the walk does not visit e at step T, T + 1, . . . , `. This is given

in Lemma 12 below. From now on, we use the expression “w.h.p.” to mean with

probability 1− o(logc1 n) for any positive constant c1.

To simplify the proof of Lemma 12, Cooper and Frieze introduced the notion of a

nice vertex. For a graph G, a vertex is nice [12] if it is at distance at least d = ε2 logr n,

for some sufficiently small ε2, from any small cycle C. A cycle is small if |C| ≤ d.
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Furthermore, it was given in [12] that w.h.p. with respect to the probability space of

random r-regular graphs,

1. there are at most n2ε2 vertices that are not nice, and

2. there are no two small cycles within distance d of each other.

An edge e = (ν1, ν2) ∈ E is nice if both ν1, ν2 are nice [12].

Let UT (`) denote the set of unvisited edges at step ` ≥ T , starting from time T .

The following lemma gives the probability that Wµ
G;`, where µ ∈ V , does not visit a

nice edge e = (ν1, ν2) ∈ E during steps T, . . . , `.

Lemma 12. ([12](Lemma 13b)) For r ≥ 3 and ` ≥ log3 n, the following expression

holds with high PG(r)n
-probability

PµG;` (e ∈ UT (`)|e ∈ E(G) and e is nice) = (1 + o(1)) e−
2`
ρrn ,

where µ ∈ V and ρ = r−1
r−2 . That is, for any positive constant c1,

PG(r)n

{
G : PµG;` (e ∈ UT (`)|e ∈ E(G) and e is nice) = (1 + o(1)) e−

2`
ρrn

}
= 1−o(log−c1 n).

Here the expression o(1) is with respect to n.

Step 3: Obtain a lower bound for the probability of visiting a

nice edge

Theorem 13. For r ≥ 3, ` ≥ log3 n and for some sufficiently small ε2, the following

lower bound holds with high PG(r)n
-probability

PµG;`
(
AµG;`;E

)
≥
[
1− (1 + o(1)) e−

2`
ρrn

](
1− 2n2ε2

n

)
,
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where ρ = r−1
r−2 and the expression o(1) is with respect to n. That is, for any positive

constant c1,

PG(r)n

{
G : PµG;`

(
AµG;`;E

)
≥
[
1− (1 + o(1)) e−

2`
ρrn

](
1− 2n2ε2

n

)}
= 1− o(log−c1 n).

Proof. Let G be a realisation of Grndr . Let U(`) be the set of unvisited edges at step `.

Let 1(·) be an indicator function. We denote the set of nice edges in G by Enice(G). For

µ ∈ V(G), 1 − PµG;`
(
AµG;`;E|E = e

)
= PµG;` (E ∈ U(`)|E = e). Note that U(`) ⊂ UT (`).

Thus, we have

PµG;`
(
AµG;`;E

)
=
∑
e∈E(G)

PµG;`
(
AµG;`;E|E = e

)
1(e is nice)

(nr
2

)−1
+

∑
e∈E(G)

PµG;`
(
AµG;`;E|E = e

)
1(e is not nice)

(nr
2

)−1
≥
∑
e∈E(G)

PµG;`
(
AµG;`;E|E = e

)
1(e is nice)

(nr
2

)−1
=

2

nr

∑
e∈Enice(G)

PµG;`
(
AµG;`;E|E = e

)
=

2

nr

∑
e∈Enice(G)

[
1− PµG;` (E ∈ U(`)|E = e)

]
≥ 2

nr

∑
e∈Enice(G)

[
1− PµG;` (E ∈ UT (`)|E = e)

]
.

We know that for sufficiently small ε1, with high PG(r)n
-probability there are at most n2ε1

vertices that are not nice. Thus, for sufficiently small ε1, with high PG(r)n
-probability

there are at most n2ε1r edges that are not nice, that is, |Enice(G)| ≥ nr
2
− n2ε1r.
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Then by Lemma 12, for ` ≥ log3 n, we derive that with high PG(r)n
-probability,

PµG;`
(
AµG;`;E

)
≥
[
1− (1 + o(1)) e−

2`
ρrn

](
1− 2n2ε1

n

)
,

where ρ = r−1
r−2 and the expression o(1) is with respect to n. The above lower bound

holds with high PG(r)n
-probability because G is nice with high PG(r)n

-probability.

Note that in Theorem 13, the lower bound for PµG;`
(
AµG;`;E

)
, where µ ∈ V , is a

qualitative bound with respect to n.

Section 4, Section 5 and this section deal with the coverage probability of a given

edge in a graph G, specifically when G is a regular graph. We hope that the coverage

probability of an edge could serve as a building block of getting the coverage probability

of a prime which consists of more than one edge.

8 Prime factorisation of a walk

A necessary condition for a prime in a graph G to be recoverable from a random walk

Wµ
G;` is that Wµ

G;` needs to visit all edges of the prime. Given that Wµ
G;` visits all edges

of a prime, what is the probability that the prime can be recovered fromWµ
G;` by using

prime factorisation of a walk? An answer to this question depends on what operation is

used to factorise a walk. Using different operations to factorise a walk induces different

sets of all primes of a graph. Consequently, one obtains different representations of the

walk in terms of primes.
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8.1 Operations to factorise a walk

Here we use the nesting product as the operation associated to the prime factorisation

of a walk.

(a) Nesting product: The set of all primes in G induced by the nesting product,

denoted by χ(G), is the set of all simple paths and simple cycles in G. The definitions

of a simple path and a simple cycle have been given in Section 2. On a finite graph G,

the set of all simple paths and simple cycles in G is finite. The prime factorisation of a

walk using the nesting product gives directly a simple path between some ν1, ν2 ∈ V(G)

that have been visited by the walk. If the walk visits a cycle from a vertex to itself, this

cycle could also be obtained from the prime factorisation. As mentioned in Section 1,

simple paths and simple cycles in G can be used to obtain properties of G.

There are alternative operations to factorise a walk. Each operation induces a set

of what could be called “primes” of a graph. We only give some examples and we shall

not go into detail about each operation introduced below. A proof of properties of each

operation can be found in [18].

(b) Concatenation: The set of all “primes” in G induced by concatenation, de-

noted by χcon(G), is the set of all edges E(G) in G. E(G) is a finite set when G is finite.

Comparing to other operations, concatenation gives the smallest set of all “primes” in

G. However, concatenation does not facilitate obtaining properties of G through a walk

on G in the following sense. The prime factorisation of a walk using concatenation gives

the set of edges which are visited by the walk. Each edge obtained by the factorisation

is like a piece of a puzzle. Assume that the walk visits two vertices ν1 and ν2 in G. In
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order to know a simple path between ν1 and ν2 that the walk has covered, one might

have to rearrange the edges obtained by the factorisation, just like putting pieces of a

part of a puzzle together to see what the part is.

(c) Self-concatenation: A primitive orbit is a cycle C0 which is not a multiple

of a shorter cycle, that is, C0 is primitive if and only if there is no other cycle C such

that C0 = Ck. The set of all “primes” in G induced by self-concatenation, denoted by

χscon(G), is the set of all primitive orbits in G. Self-concatenation can only be used to

factorise a walk which is a cycle. Moreover, if at least two cycles in G have at least one

vertex in common, χscon(G) is a countably infinite set. A countably infinite set of all

“primes” of a finite graph G does not give a good summary of G.

From now on, we say the prime factorisation of a walk to mean the prime factori-

sation of a walk using the nesting product.

8.2 Nesting product and prime factorisation of a walk

The prime factorisation of a given walk, developed recently by Giscard et al. in [19], is

akin to the factorisation of an integer into prime numbers. In [19], the authors showed

that all walks on arbitrary finite weighted (multi) digraphs obey several non-trivial

properties that are largely independent of the graphs on which the walks take place.

Foremost amongst these properties is the existence and uniqueness of the factorisation

of a given walk into a product of primes. As mentioned above, the set of all primes in

a graph G induced by the nesting product is the set of all simple paths PG and the set

of all simple cycles CG in G.

The nesting product, denoted by �, is a novel product operation between walks.
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Figure 5: An example of the operation of nesting. The walk w (black arrows) can be
obtained by inserting the simple cycle c2 (blue arrows) into the simple cycle c1 (blue
arrows) and then into the simple path p (red arrows), that is w = p� (c1 � c2). This
figure is taken from [19].

It essentially consists of inserting walks into one another and follows the so-called

canonical property defined below.

Definition 3. (Canonical property, [19](Definition 1)) Let w1 = (µ0µ1 . . . ν . . . µp) and

w2 = (νν1ν2 . . . νqν), where w1, w2 ∈WG and µi = ν is the last appearance of ν in w1.

Then the pair (w1, w2) is canonical if and only if one of the following conditions holds:

1. w1 and w2 are cycles from ν to itself; or

2. no vertex in w2 other than ν is visited by w1 before the last appearance of ν in

w1.

Definition 4. (Nesting product, [19](Definition 2)) Let w1 = (µ0µ1 . . . ν . . . µp) and

w2 = (νν1ν2 . . . νqν), where w1, w2 ∈WG, and assume that the pair (w1, w2) is canon-

ical. The operation of nesting � : WG ∪ {0} ×WG ∪ {0} → WG ∪ {0} is defined

by

(w1, w2) 7→ w1 � w2 = (µ0µ1 . . . νν1ν2 . . . νqν . . . µp).

As a simple example illustrating nesting, consider the walk

w = (α1α2α3α4α5α6α7α8α9α7α4)
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represented in Fig. 5. This walk is obtained by inserting the simple cycle c2 =

(α7α8α9α7) into the simple cycle c1 = (α4α5α6α7α4) and then into the simple path

p = (α1α2α3α4), i.e.

w = p� (c1 � c2) = (α1α2α3α4︸ ︷︷ ︸
p

α5α6

c2︷ ︸︸ ︷
α7α8α9α7 α4)︸ ︷︷ ︸
c1�c2

.

Due to the canonical property, it was shown in [19] that the nesting operation,

which is non-commutative and non-associative, induces a unique representation for

any walk as a product of primes. It then leads to important notions of divisibility of

walks, irreducible walks and primes [19].

Definition 5. ([19](Definition 4)) A walk w′ ∈ WG divides a walk w ∈ WG, written

as w′|w, if and only if there exist w′1, w
′
2 ∈ WG such that w = (w′1 � w′) � w′2 or

w = w′1 � (w′ � w′2).

Definition 6. ([19]) A walk w ∈ WG is irreducible if there exists w′ ∈ WG such that

w′|w, then either w′ = (µ) (a trivial walk), where µ ∈ V, or w = w′.

Definition 7. ([19]) A walk w ∈ WG is a prime if and only if for any w′1, w
′
2 ∈ WG

such that w|w′1 � w′2 then w|w′1 or w|w′2.

Hence edges are primes by Definition 7. The authors [19] showed that an irreducible

walk on G is a prime and the set of all primes in G is exactly PG ∪ CG. Based on the

canonical property, for each walk w, there exists a unique factorisation of w into a

nesting product of some primes and we call these primes the prime factors of w.

Theorem 14. ([19](Proposition 1)) A walk w ∈ WG is irreducible if and only if w is

a prime in G. The set of all primes in G is exactly PG ∪ CG.
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Theorem 15. (Unique prime factorisation, [19](Theorem 1)) Any walk w ∈ WG fac-

torises uniquely into nesting products of some primes. Consequently, the set of prime

factors S(w) of a walk w is uniquely determined by the walk.

An algorithm producing the prime factorisation of a walk was given in [19]. As

an example of the prime factorisation method, consider the walk on four vertices w =

(133112343442333). The algorithm of [19] factorises this walk as follows.

1. Traverse the walk from the first vertex to the last appearance of the first vertex (in

bold font), 133112343442333, and write the walk as, w = (133112343442333) =

(12343442333)� (13311).

2. Regard the first term in the nesting product as a new walk and proceed as in

Step 1, (12343442333)� (13311) = (12333� 2343442)� (13311).

3. For a closed walk, i.e. 13311, traverse the walk from the first vertex to the

penultimate appearance of the first vertex, 13311, and write the walk as 13311 =

1331�11. Thus, (12333�2343442)�(13311) = (12333�2343442)�(1331�11).

4. Further factorise the walk w as in Step 2 and Step 3 until each term in the nesting

product is either a simple path or a simple cycle, (12333�2343442)�(1331�11) =(
(123 � 332) � (23442 � 343)

)
�
(
(131 � 33) � 11

)
=
(

(123 � 332) �
(
(2342 �

44) � 343
))
�
(
(131 � 33) � 11

)
. Here, ααn represents the nesting of the cycle

αα with itself n times.

5. Return the unique prime factorisation

w =
(

(123� 332)�
(
(2342� 44)� 343

))
�
(
(131� 33)� 11

)
.
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Let w denote a walk, Q denote a candidate list of walks and |µ1|(w) denote the

number of times that vertex µ1 appears in w. Now, we provide the prime factorisation

algorithm, which is a simplified version of [19]; while the prime factorisation algorithm

given in [19] cares about the order of prime factors in the representation, we only need

the set of prime factors.

Algorithm 1 Prime factorisation of w

1: Q← w

2: R← ∅

3: j ← 1

4: while Q 6= ∅ do

5: Choose the first entry w1 = (µ1µ2 . . . µ`′) in Q and remove it from Q

6: if µ1 = µ`′ then

7: if |µ1|(w1) ≥ 3 then

8: Append c1, . . . , ck to Q, where each cycle ci, i = 1, . . . , k, is a walk from the

ith appearance of µ1 until the (i+ 1)th appearance of µ1 in w1

9: else if |µ1|(w1) = 2 and i′ = min{i : 2 ≤ i ≤ `′ − 2, |µi|(w1) ≥ 2} then

10: Append w
(1)
1 =

(
µ1 . . . µi′start

)
to Q, where µi′start is the first appearance of

µi′

Append w
(2)
1 =

(
µi′end . . . µ1

)
to Q, where µi′end is the last appearance of µi′

Append c =
(
µi′start . . . µi′end

)
to Q

11: else

12: Append w1 to R

13: end if

14: else if µ1 6= µ`′ then
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15: if i′ = min{i : 1 ≤ i ≤ `′ − 1, |µi|(w1) ≥ 2} then

16: Append w
(1)
1 =

(
µ1 . . . µi′start

)
to Q, where µi′start is the first appearance of

µi′

Append w
(2)
1 =

(
µi′end . . . µ`′

)
to Q, where µi′end is the last appearance of µi′

Append c =
(
µi′start . . . µi′end

)
to Q

17: else

18: Append w1 to R

19: end if

20: end if

21: end while

22: return R

8.3 Some observations on the method of prime factorisation

Firstly, we give a necessary and sufficient condition for the edges of a prime to be

contained in the prime factors of a walk.

Lemma 16. Let w be a walk on a graph G, and let S(w) = {χ1, χ2, . . . , χn} be the set

of prime factors of w, for some n ≥ 1. Let χαα
′

G be a prime on G from α to α′, where

α, α′ ∈ V. We have E(χαα
′

G ) ⊆ E(w) if and only if E(χαα
′

G ) ∩ (∪ni=1E(χi)) = E(χαα
′

G ).

Proof. If w visits all the edges of χαα
′

G , i.e. E(χαα
′

G ) ⊆ E(w), there exists some subset

{χj1 , χj2 , . . . , χjm} of S(w), where 1 ≤ j1 < j2 < . . . < jm ≤ n, such that the edges

in χαα
′

G are contained in the prime factors in this subset, i.e. E(χαα
′

G ) = E(χαα
′

G ) ∩(
∪mi′=1E

(
χji′
))

. Consequently, we have E(χαα
′

G ) ∩ (∪ni=1E(χi)) = E(χαα
′

G ).

The condition E(χαα
′

G ) ⊆ E(w) is violated as soon as the walk w does not visit at

least one edge contained in χαα
′

G . Thus there exists at least one edge e ∈ E(χαα
′

G ) such

that e /∈ ∪ni=1E(χi). Consequently, E(χαα
′

G ) ∩ (∪ni=1E(χi)) 6= E(χαα
′

G ).
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If χαα
′

G = (α, α′) ∈ E and w visits (α, α′), then (α, α′) appears in some prime

factor of w. It is worth pointing out that Lemma 16 remains true regardless of the

order in which w visits the edges of a prime. However we remark that when χαα
′

G

consists of more than one edge, i.e. χαα
′

G = (αα1 . . . α`′−1α
′) and `′ > 1, and when

the condition E(χαα
′

G ) ⊆ E(w) is true, one can directly read the prime χαα
′

G off the

prime factorisation of w only if there exists some i such that E(χαα
′

G ) ⊆ E(χi) and

χi = (β . . . αα1 . . . α`′−1α
′ . . . β′) or χi = (β . . . α′α`′−1 . . . α1α . . . β

′) (β = β′ are not

necessarily distinct), where χi ∈ S(w). In this case, we say χαα
′

G is contained in a prime

factor χi of w. To illustrate this, we define what a partially canonical walk is and give

three conditions for some prime factors of a walk to contain χαα
′

G .

Definition 8. (Partially canonical walk) Let χαα
′

G = (αα1 . . . α`′−1α
′), where `′ > 1

and α, α′ ∈ V with α ≡ α0, α
′ ≡ α`′. Assume that a walk w on G visits all edges

in χαα
′

G and let {µ1, . . . , µk} be the set of distinct vertices visited by w before the first

occurrence of α in w. We say that the walk w is a partially canonical walk for χαα
′

G if

the following conditions hold:

1. For 1 ≤ i ≤ `′, the first occurrence of αi in w happens after the first occurrences

of α, α1, . . . , αi−1 in w.

2. If a cycle from µ′ ∈ {µ1, . . . , µk} to itself visits some vertices in χαα
′

G , then the

vertices in χαα
′

G visited by the cycle must appear again in their corresponding order

in χαα
′

G after the cycle in w.

3. If a cycle from αi to itself, where 1 ≤ i ≤ `′, does not visit any vertex in

{α, α1, . . . , αi−1} but visits some vertices in {αi+1, . . . , α
′}, then the vertices in

{αi+1, . . . , α
′} visited by the cycle must appear again in their corresponding order

in χαα
′

G after the cycle in w.
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We also say that the walk w is a partially canonical walk for χαα
′

G if the three conditions

above hold for the reverse sequence (α′α`′−1 . . . α1α).

One can see that the three conditions in Definition 8 for a given prime in a graph

G being recovered from a walk on G are restrictive.

On the other hand, to get a larger set of primes from a given walk w, we fac-

torise w at each step when we traverse through w. We call this method “accumu-

lative prime factorisation” of a walk. We revisit the example given above where

w = (133112343442333). Firstly, we traverse through w from the left and obtain a

set of “subwalks” of w, which is

{(13), (133), (1331), . . . , (13311234344233), (133112343442333)}.

We then factorise the subwalk obtained at each step using the prime factorisation

method given in [19]. Applying the prime factorisation method in [19] to each subwalk

is a routine and we shall not do it here; the example shown in Section 8.2 provides a

step-by-step illustration.

We recall that the set of prime factors of w obtained by using the prime fac-

torisation method given in [19] is {(11), (33), (44), (123), (131), (343), (2342)}. By us-

ing the accumulative prime factorisation method, we get an additional set of prime

factors {(12), (13), (1234)}. We recall that the set of prime factors of a walk w′ is

denoted by S(w′). The accumulative prime factorisation of a walk is not mono-

tonic in the sense that the set of prime factors of the walk obtained at step i is

not necessarily a subset of the set of prime factors of the walk obtained at step

i + 1. To see the non-monotonicity of the accumulative prime factorisation method,

note, for example, that S((133)) = {(13), (33)} 6⊂ S((1331)) = {(131), (33)}, and

S((13311234344)) = {(11), (33), (44), (131), (343), (1234)}, which is not a subset of
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S((133112343442)) = {(11), (12), (33), (44), (131), (343), (2342)}. Although one gets a

larger set of primes by using the accumulative prime factorisation method, a proba-

bilistic analysis of the recoverability of a given prime on this method is harder due to

non-monotonicity of the method.

9 Exploratory simulations and open problems

For exploratory purposes, we show some simulation results for the following two ques-

tions:

1. For a fixed r-regular graph Gr, given that e ∈ E(Gr) and that µ ∈ V(Gr) is one

of the endpoints of e, how does the probability that Wµ
Gr;` visits e behave with

respect to the degree of the vertices r? Then consider selecting a graph Grndr

u.a.r. from the set of r-regular graphs, and for the realisation of Grndr , we select

a starting point µ of the random walk u.a.r. and an edge is selected u.a.r. from

those incident to µ. In this case, how does the coverage probability of an edge

behave with respect to the degree of the vertices r?

2. Assume that χ is a prime in a fixed r-regular graph Gr. Let `(χ) denote the length

of χ and let µ ∈ V(Gr) be one of the endpoints of χ. How does the probability

that χ appears in the accumulative prime factorisation of a realisation of Wµ
Gr;`

behave when `(χ) increases? Again, consider selecting a graph Grndr u.a.r. from

the set of r-regular graphs, and for the realisation of Grndr , we select a starting

point µ of the random walk u.a.r. and a prime of length `p is selected u.a.r from

the set of primes of length `p in which µ is one of the endpoints. In this case, how

does the probability that a prime of length `p appears in the accumulative prime

factorisation of a realisation of the random walk behave when `p increases?
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Let B denote the event that we are interested in, such as B = AµG;`;e. Let p denote

the probability of the event B. We want to estimate p through simulations. Let m be

the number of runs used to estimate p. We estimate p by p̂m = 1
m

∑m
i=1 1Bi , where 1Bi

is 1 if the event B occurs in the i-th sample and 0 otherwise. Based on the context in

Section 9.1 or Section 9.2, B varies. Notice that for 1 ≤ i ≤ m, 1Bi are independent

and identically distributed random variables. Hence, we have

E[p̂] = E

[
1

m

m∑
i=1

1Bi

]
= p, and

Var(p̂) = Var

(
1

m

m∑
i=1

1Bi

)
=
p(1− p)

m
≤ 1

4m
.

By the Strong Law of Large Numbers, we know that p̂ converges to p almost surely

when m→∞, that is,

P
(

lim
m→∞

p̂ = p
)

= 1.

By the Central Limit Theorem, we also have

√
m(p̂− p)√
p(1− p)

d−→ N (0, 1),

where
d−→ denotes convergence in distribution and N (0, 1) denotes the standard normal

distribution.

In Section 9.1 and Section 9.2, we use m = 100, 000 to get reasonable convergence

of p̂m. The standard deviation is then estimated by
√

p̂(1−p̂)
m

. As a sanity check,

95% confidence intervals for p (using normal approximations) are used in the following
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sections to show the reliability of the estimates of p. All the simulation results shown

in the following sections are obtained using MATLAB (version R2012b).

9.1 Coverage probability of an edge with respect to the degree

of the vertices

Consider a fixed r-regular graph G. We address PµG;`;e, in terms of r. First we use a

nested scheme by considering the k-nearest neighbour graphs G(n, k). We say that a

graph G is nested in another graph G ′ if V(G) = V(G ′) and E(G) ⊆ E(G ′). Thus if

1 ≤ k ≤ k′ ≤ bn
2
c, G(n, k) is nested in G(n, k′). We recall that G(n, 1) is a circle graph

and G(n, bn
2
c) is the complete graph.

We fix n to be 1,000. For G = G(n, k), we select a given edge e ∈ E(G). Due to

symmetry of G, it does not matter which edge e we consider. The starting point µ of

Wµ
G;` is one of the endpoints of e. By symmetry of G, PµG;`

(
AµG;`;e

)
does not depend on

which endpoint of e is selected as µ. For each `, we estimate PµG;`
(
AµG;`;e

)
by performing

m = 100, 000 independent Wµ
G;` on G and using P̂µG;`

(
AµG;`;e

)
= 1

m

∑m
i=1 1Ai , where 1Ai

returns 1 if the i-th random walk on G visits e, and 0 otherwise. Let us call this

simulation procedure “Simulation A”. Note that for different values of `, we use a new

set of m independent Wµ
G;` on G.

We first check if the simulation scheme produces reliable results by computing 95%

confidence intervals. For each graph G and `, an estimate of a 95% confidence interval

for PµG;`
(
AµG;`;e

)
is constructed as P̂µG;`

(
AµG;`;e

)
± 1.96

√
P̂µG;`(A

µ
G;`;e)[1−P̂

µ
G;`(A

µ
G;`;e)]

m
, where

m = 100, 000. For a sanity check, we select four different graphs and estimate 95%

confidence intervals for ` = 1, 2, . . . , 20 for each graph. The estimated 95% confidence

intervals for PµG;`
(
AµG;`;e

)
are plotted in Fig. 6. We can see that the estimated 95%

confidence intervals for PµG;`
(
AµG;`;e

)
are narrow. When G = C1000 or G = K1000, for
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(a) Circle graph C1000
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(b) 3-nearest neighbour graph G(1000, 3)

0 5 10 15 20

0.12

0.14

0.16

0.18

0.2

0.22

0.24

0.26

0.28

Length of random walk

P
ro

b
a

b
ili

ty

(c) 4-nearest neighbour graph G(1000, 4)
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(d) Complete graph K1000

Figure 6: 95% confidence intervals for PµG;`
(
AµG;`;e

)
for ` = 1, 2, . . . , 20. For each graph

and for each `, the cross represents P̂µG;`
(
AµG;`;e

)
. The black dots in (a) and (d) represent

the true coverage probabilities. Note that in (d) the probabilities are on a 10−3 scale.

each ` = 1, 2, . . . , 20, we can calculate PµG;`
(
AµG;`;e

)
(using the formula in Theorem 3

or Theorem 4 respectively). For C1000 and K1000, the true probabilities are shown as

black dots in Fig. 6a and Fig. 6d respectively. Note that for G = C1000 or G = K1000,
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the true probability PµG;`
(
AµG;`;e

)
lies in the estimated 95% confidence interval for each

` = 1, 2, . . . , 20.
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(b) ` ∈ {30, 40, . . . , 100} ∪ {200, 300, . . . , 5000}

Figure 7: P̂µG;`
(
AµG;`;e

)
for G = G(n, k), where n = 1000 and k = 1, 2, 3, 4, 500.
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Figure 8: For G = G(n, k), (a) P̂µG;`
(
AµG;`;e

)
with respect to k for fixed `; (b) Natural

logarithm of P̂µG;`
(
AµG;`;e

)
with respect to k for fixed `.
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We can see that for each G = G(n, k) in Fig. 7a, we have that P̂µG;1
(
AµG;1;e

)
is

approximately P̂µG;2
(
AµG;2;e

)
. In fact, PµG;1

(
AµG;1;e

)
= PµG;2

(
AµG;2;e

)
as Wµ

G;1 either visits e

or moves one step away from µ. If Wµ
G;1 moves one step away from µ, then Wµ

G;2 either

moves further away from µ or moves back to one of the endpoints of e without visiting

e. For j = 1, 2, . . . , the behaviour that PµG;2j−1
(
AµG;2j−1;e

)
= PµG;2j

(
AµG;2j;e

)
is preserved

only when G is a circle graph.

In Fig. 7 and Fig. 8, we see that for fixed ` in this particular nested scheme where

G = G(n, k), P̂µG;`
(
AµG;`;e

)
decreases when k increases. The rate of decrease seems to be

approximately exponential (see Fig. 8b).

We now consider arbitrary connected r-regular graphs Gr on n vertices, which are

picked u.a.r. from G
(r)
n . Note that the only connected 2-regular graph on n vertices is a

circle graph and the only connected (n−1)-regular graph on n vertices is the complete

graph. Thus for arbitrary connected r-regular graphs, we consider 2 < r < n− 1. Let

n = 1, 000 and m = 100, 000 (the sample size). For each ` and for each sample, we

perform the following simulation steps.

1. We select an r-regular graph randomly using the MATLAB function createRan-

dRegGraph and check if the selected graph is connected. If the selected graph is

not connected, we re-sample a graph using createRandRegGraph until a connected

r-regular graph is obtained.

2. For the sampled graph, we select a vertex µ with probability 1
n

and select an edge

e from those incident to µ uniformly.

3. We perform one random walk of length ` starting from µ and check if the walk

visits e.

Let us call this simulation procedure “Simulation B”.
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(b) ` ∈ {30, 40, . . . , 100} ∪ {200, 300, . . . , 5000}

Figure 9: For n = 1000, p̂1(r, `) where r = 3, 4, 5, 6. The dark blue line and the black
line are P̂µCn;`

(
AµCn;`;e

)
and P̂µKn;`

(
AµKn;`;e

)
respectively.

Repeating this procedure, we sample m = 100, 000 connected r-regular graphs,

then we estimate the probability that on a random connected r-regular graphs, a

random walk of length ` starting from a randomly chosen vertex µ visits a randomly

selected edge incident to µ. For each r and for each `, the estimator that we use is

p̂1(r, `) = 1
m

∑m
i=1 1Ai , where 1Ai returns 1 if in the i-th sample, the random walk

visits the selected edge, and 0 otherwise. Note that using m = 100, 000 is not enough

to sample “most” connected r-regular graphs on n = 1, 000 vertices. For r = 3,

the number of connected 3-regular graphs on 20 vertices is 510,489 [35]. Thus, the

simulation results shown here are only for exploratory purposes.

As for the k-nearest neighbour graphs, we can see in Fig. 9 that p̂1(r, 1) is approx-

imately p̂1(r, 2). The reason is the same as for k-nearest neighbour graphs. From Fig.

9 and Fig. 10, we see that for fixed `, p̂1(r, `) decreases when r increases. The rate of

decrease seems to be approximately exponential (see Fig. 10b).
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Figure 10: (a) p̂1(r, `) with respect to r for fixed `; (b) Natural logarithm of p̂1(r, `)
with respect to r for fixed `.

Notice that p̂1(r, `) tends to grow more slowly with respect to ` comparing to k-

nearest neighbour graphs. Here is a possible explanation. For G(n, k), the endpoints of

a selected edge lie on some triangle in G(n, k). A random walk starting from one of the

endpoints of the selected edge e is fairly likely to revisit the endpoints of e and then

visit e. For r ≥ 3, Grndr is locally tree-like w.h.p [10]. This means that once a random

walk starting from one of the endpoints an edge e moves away from the endpoints of

e, typically it takes a fair amount of time for the random walk to revisit one of the

endpoints of e and then visit e. To explore this observation further, we sample some

connected r-regular graphs from the set of r-regular graphs. For each sampled graph,

we perform simulation procedure “Simulation A”, as for k-nearest neighbour graphs.

For exploratory purposes, we only consider the case where r = 3 or r = 4 and

n = 1, 000. Note that there is no k-nearest neighbour graphs with vertex degree 3.

We sample 5 connected 3-regular graphs from the set of 3-regular graphs by using the

MATLAB function createRandRegGraph. For each G3 of the sampled regular graphs,
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Figure 11: Probabilities of covering an edge for some 3-regular graphs and some 4-
regular graphs. For r = 3 or r = 4, the graphs for “fixed1”,. . . ,“fixed5” are 5 connected
graphs sampled from G

(r)
n . The probabilities for “G(n, 2)”, “fixed1”,. . . ,“fixed5” are ob-

tained using simulation procedure “Simulation A”, i.e. P̂µG;`
(
AµG;`;e

)
. The probabilities

for “random” are obtained using simulation procedure “Simulation B”, i.e. p̂1(r, `).
For p̂1(3, `) and p̂1(4, `), estimates of 95% confidence intervals for the true coverage
probabilities are shown in (a).
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we select µ ∈ V(G3) with probability 1
n

and select an edge e from those incident to µ

with probability 1
r
. Using simulation procedure “Simulation A”, for each `, we run m =

100, 000 independent Wµ
G3;` on each G3 and estimate PµG3;`

(
AµG3;`;e

)
by P̂µG3;`

(
AµG3;`;e

)
=

1
m

∑m
i=1 1Ai , where 1Ai returns 1 if the i-th random walk on G3 visits e, and 0 otherwise.

For r = 4, we also sample 5 connected 4-regular graphs G4 from the set of 4-regular

graphs by using the MATLAB function createRandRegGraph but we also add the case

when G4 is a 2-nearest neighbour graph. Again, for each G4 and for each `, we perform

simulation procedure “Simulation A” to estimate P̂µG4;`
(
AµG4;`;e

)
.

The simulation results are shown in Fig. 11. We can see that for each of the 5

sampled 3-regular graph G3 and for each `, P̂µG3;`
(
AµG3;`;e

)
is fairly well concentrated.

We notice that for each G3 and for each `, P̂µG3;`
(
AµG3;`;e

)
is close to p̂1(3, `). This could be

due to the fact that the sampled graphs have the same property, which are locally tree-

like (w.h.p.). Fig. 11 shows the variability between the coverage probabilities for r = 4

and shows that the structure of a regular graph does affect the coverage probabilities.

In particular for G(n, 2), the coverage probabilities tend to grow much faster than the

coverage probabilities for the sampled 3-regular graphs and the coverage probabilities

for the sampled 4-regular graphs. However, for each of the 5 sampled 4-regular graph

G4 and for each `, P̂µG4;`
(
AµG4;`;e

)
is fairly well concentrated and P̂µG4;`

(
AµG4;`;e

)
is close to

p̂1(4, `).

We now compare regular graphs with different vertex degrees. The “dashed-cross”

lines in Fig. 12 represent k-nearest neighbour graphs, where k = 2, 3, and the solid

lines represent random connected r-regular graphs, where r = 3, 4, 5, 6. We can see

that, P̂µG(n,k);`
(
AµG(n,k);`;e

)
tends to grow faster than p̂1(r, `). Thus for r-regular graphs,

we do not find a general monotone relationship between the probability of visiting an

edge and the degree r.
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Figure 12: A comparison of the probabilities of covering an edge for different r-regular
graphs. The “dashed-cross” lines represent k-nearest neighbour graphs, where k = 2, 3
(using simulation procedure “Simulation A”). The solid lines represent random con-
nected r-regular graphs, where r = 3, 4, 5, 6 (using simulation procedure “Simulation
B”).

9.2 Probability of recovering a prime with respect to the length

of the prime

We have seen in Section 8.3 that given a walk w of length ` ≥ 3, the accumulative

prime factorisation of w gives more prime factors than using the prime factorisation

method developed in [19] to factorise w. Consider G being a fixed graph. Let χ be

a given prime in G of length `(χ) and let µ be one of the endpoints of χ. How does

the probability that χ appears in the accumulative prime factorisation of a realisa-

tion of Wµ
G;` behave when `(χ) increases? We recall that there are different ways to

factorise a walk accumulatively. In this section, we only consider factorising a walk

w accumulatively from the left end of w (see Section 8.3). By saying that a prime

χ = (µ0µ1 . . . µ`(χ)) appears in the accumulative prime factorisation, we mean that χ
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appears in some prime factor of a walk obtained by the accumulative prime factorisa-

tion in the form of (µ0µ1 . . . µ`(χ)) or (µ`(χ) . . . µ1µ0). Let us denote the event that χ

appears in the accumulative prime factorisation of a realisation of Wµ
G;` by AµG;`;χ. We

shall also call PµG;`
(
AµG;`;χ

)
the recoverability probability of χ. Note that for a simple

graph G, a walk of length 2 is a prime of length 2 on G. However, a walk of length 3

may not be a prime of length 3 on G. Thus for a regular graph Gr, when `(χ) = 2,

PµG;2
(
AµG;2;χ

)
= 1

r2
.

First we consider G = G(n, k). We fix n to be 1,000. We select a given prime χ of

length 1,2 or 3 in G deterministically. We shall see later in the simulation results that

for some graphs, PµG;`
(
AµG;`;χ

)
depends on the selection of χ. The starting point ofWµ

G;`

is one of the endpoints of χ. Due to symmetry of G, PµG;`
(
AµG;`;χ

)
does not depend on

which endpoint of χ is selected as µ. For each `, we estimate PµG;`
(
AµG;`;χ

)
by performing

m = 100, 000 independent Wµ
G;` on G and using P̂µG;`

(
AµG;`;χ

)
= 1

m

∑m
i=1 1Ai , where 1Ai

returns 1 if χ appears in some prime factor (using accumulative prime factorisation) of

the realisation of the i-th random walk, and 0 otherwise. This is purely exploratory;

we only consider ` ∈ {1, 2, . . . , 20} to get a sense of how PµG;`
(
AµG;`;χ

)
behaves with

respect to `(χ). To show the reliability of the estimate of PµG;`
(
AµG;`;χ

)
, we use an

estimate of a 95% confidence interval for PµG;`
(
AµG;`;χ

)
constructed by P̂µG;`

(
AµG;`;χ

)
±

1.96

√
P̂µG;`(A

µ
G;`;χ)[1−P̂

µ
G;`(A

µ
G;`;χ)]

m
.

Fig. 13 shows that for G = Cn, when `(χ) = 2h − 1 where h = 1, 2 (i.e. `(χ) = 1

or 3), we have that P̂µG;2j−1
(
AµG;2j−1;χ

)
is close to P̂µG;2j

(
AµG;2j;χ

)
for j ≥ 2h− 1. When

`(χ) = 2, we have that P̂µG;2j
(
AµG;2j;χ

)
is close to P̂µG;2j+1

(
AµG;2j+1;χ

)
for j ≥ 1. To

understand this behaviour, let us take `(χ) = 2 as an example. χ either appears in

some prime factor of the accumulative prime factorisation of the realisation of Wµ
G;2 or

not. If χ does not appear in the prime factors of the accumulative prime factorisation
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Figure 13: P̂µC1000;`
(
AµC1000`;χ

)
for χ ∈ {(12), (123), (121), (1234)}, where ` = 1, 2, . . . , 20.

For each χ and for each `, an estimate of a 95% confidence interval for PµC1000;`
(
AµC1000`;χ

)
is also shown.

of the realisation of Wµ
G;2, then χ does not appear in the prime factors of the prime

factorisation of the realisation of Wµ
G;3 (one just has to factorise the realisation of

Wµ
G;3 but not accumulatively). Note that for χ1 = (123) and χ2 = (121), where

`(χ1) = `(χ2) = 2, P̂µCn;`
(
AµCn;`;χ1

)
is close to P̂µCn;`

(
AµCn;`;χ2

)
for each `. In Fig. 13,

the simulation shows that for each ` ∈ {1, 2, . . . , 20}, P̂µCn;`
(
AµCn;`;χ

)
decreases as `(χ)

increases, where χ ∈ {(12), (123), (121), (1234)}.

Fig. 14 shows the variability between the recoverability probabilities for G =
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Figure 14: For G = G(1000, 2), P̂µG;`
(
AµG;`;χ

)
for different χ ∈ {(12), (123), (121), (1234),

(1231), (1342)}, where ` = 1, 2, . . . , 20. For each χ and for each `, an estimate of a 95%
confidence interval for PµG;`

(
AµG;`;χ

)
is also shown.

G(1000, 2). Although (123) and (121) have the same length, P̂µG;`
(
AµG;`;(123)

)
is larger

than P̂µG;`
(
AµG;`;(121)

)
for ` ≥ 3. Let us understand this behaviour by an example. We

recall that for ` = 2, PµG;2
(
AµG;2;(123)

)
= PµG;2

(
AµG;2;(121)

)
= 1

16
. For ` = 3, (121) ap-

pears in the accumulative prime factorisation of these 4 possible realisations of W1
G;3:

(1212),(1213),(121n),(121(n-1)). Thus PµG;3
(
AµG;3;(121)

)
= 4

64
= 1

16
. However for ` = 3,

(123) appears in the accumulative prime factorisation of these 5 possible realisation

of W1
G;3: (1231),(1232),(1234),(1235),(1321). Not that for (1321), (123) does not ap-
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pear in the accumulative prime factorisation of (132) but appears in the accumulative

prime factorisation of (1321). Thus PµG;3
(
AµG;3;(123)

)
= 5

64
for ` = 3. We can also

see the dependence of P̂µG;`
(
AµG;`;χ

)
on the selection of χ for `(χ) = 3 in Fig. 14.

As for the difference between the recoverability probabilities of (123) and (121), a

similar explanation works for the difference between the recoverability probabilities

of (1234),(1231) and (1342) for ` ≥ 3. However for G = G(1000, 2), the simulation

shows that for each ` ∈ {1, 2, . . . , 20}, P̂µG;`
(
AµG;`;χ

)
decreases as `(χ) increases, where

χ ∈ {(12), (123), (121), (1234), (1231), (1342)}.

We now consider arbitrary connected r-regular graphs Gr on n vertices. We consider

2 < r < n− 1. Let n = 1, 000 and m = 100, 000 (the sample size). For each ` and for

each sample, we perform the following simulation steps.

1. We select an r-regular graph randomly using the MATLAB function createRan-

dRegGraph and check if the selected graph is connected. If the selected graph is

not connected, we re-sample a graph using createRandRegGraph until a connected

r-regular graph is obtained.

2. For the sampled graph, we select a vertex µ with probability 1
n

and select a walk

w of fixed length `p ∈ {1, 2, 3} from those with µ as one of the endpoints with

probability 1
r`p

. Then we check if w is a prime. If the selected w is not a prime,

we re-select w with probability 1
r`p

until a prime χ of length `p is obtained.

3. We perform a random walk of length ` starting from µ and check if χ appears in

the accumulative prime factorisation of the realisation of the random walk.

Thus, we samplem = 100, 000 connected r-regular graphs as in Section 9.1 and estimate

the recoverability probability by using p̂1(r, `, `p) = 1
m

∑m
i=1 1Ai , where 1Ai returns 1 if

in the i-th sample, the selected prime appears in the accumulative prime factorisation
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Figure 15: For n = 1000, p̂1(r, `, `p) where ` ∈ {1, 2, . . . , 20} and `p ∈ {1, 2, 3}. For each
` and `p, an estimate of a 95% confidence interval for the true recoverability probability
is also shown.

of the random walk. In Fig. 15, the simulation shows that for r = 3 or r = 4, p̂1(r, `, `
′)

decreases as `p increases for each ` ∈ {1, 2, . . . , 20} and for `p ∈ {1, 2, 3}. One curiosity

which is worth mentioning is that p̂1(3, `, 3) seems to be close to p̂1(4, `, 2) when ` ≥ 15

and sightly larger than p̂1(4, `, 2) when ` = 19, 20.
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9.3 Open problems

9.3.1 Primes of length at least 2

In Section 9.2, we have seen some exploratory simulation results about the recover-

ability probability (based on the accumulative prime factorisation) of primes of length

1,2 or 3 on certain graphs. Let us consider a more fundamental question: what is the

probability that a random walk on a connected r-regular graph Gr visits all the edges

E(χ) of a given prime χ in Gr, where `(χ) ≥ 2? We recall that visiting all edges of a

given prime χ is a necessary condition for recovering χ in the prime factorisation of

a walk. Note that for χ = (µ1µ2µ1), where µ1 6= µ2, that a walk visits all edges of χ

means that the walk visits the edge (µ1µ2). To avoid such cases, we assume that χ is

not of the form (µ1µ2µ1), where µ1 6= µ2.

It is worth mentioning a result shown in [12], which obtains the probability of no

visit to a small subset of vertices in a graph G. Let G = (V , E), where |V | = n. Let Sv

be a subset of vertices in G, where |Sv| = o(n). To obtain the probability of no visit to

Sv in G, we form a new graph H from G by contracting Sv into a single vertex sv and

contracting the edges that are contained in Sv into loops. Lemma 11 in [12] shows that

the probability of not visiting Sv ⊂ V(G) at time t ≥ T , where T is the mixing time,

can be obtained up to a multiplicative error 1 + O
(

1
n3

)
from the probability of not

visiting sv in H at time t. This nice result and the technique of contracting a small set

of vertices into a single vertex might be useful to find the probability that a random

walk visits all edges of a given prime χ in G. One can introduce an artificial vertex

on each edge in the prime and contract the set of artificial vertices into a single vertex

sχ to form a new graph H. Then the probability that a random walk on G visits all

edges χ for the first time at time t (t ≥ T ) can be obtained from the probability that

a random walk on H first visits sχ at time t.
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We recall that AµG;`;χ denotes the event that a prime χ appears in the accumulative

prime factorisation of a realisation ofWµ
G;`, and we factorise a walk accumulatively from

the left end of the walk. Notice that PµG;`
(
AµG;`;χ

)
is bounded above by the probability

that Wµ
G;` visits all edges of χ. Let ĀµG;`;χ denote the complementary event of AµG;`;χ.

Using the nature of the accumulative prime factorisation, we have

PµG;`
(
AµG;`;χ

)
= PµG;`

(
AµG;`;χ|A

µ
G;`−1;χ

)
PµG;`−1

(
AµG;`−1;χ

)
+ PµG;`

(
AµG;`;χ|Ā

µ
G;`−1;χ

)
PµG;`−1

(
ĀµG;`−1;χ

)
= PµG;`−1

(
AµG;`−1;χ

)
+ PµG;`

(
AµG;`;χ|Ā

µ
G;`−1;χ

) [
1− PµG;`−1

(
AµG;`−1;χ

)]
.

The last equation follows because if χ appears in the accumulative prime factorisation of

a realisation ofWµ
G;`−1, then χ appears in the accumulative prime factorisation of a real-

isation ofWµ
G;`. i.e. PµG;`

(
AµG;`;χ|A

µ
G;`−1;χ

)
= 1. Thus, finding PµG;`

(
AµG;`;χ|Ā

µ
G;`−1;χ

)
is the

key to obtain PµG;`
(
AµG;`;χ

)
. However, as we have seen in Section 9.2, PµG;`

(
AµG;`;χ|Ā

µ
G;`−1;χ

)
depends on the structure of G. Making some assumption on the structure of G might

be useful to find PµG;`
(
AµG;`;χ|Ā

µ
G;`−1;χ

)
.

9.3.2 Number of primes recovered from a random walk

For a fixed regular graph Gr, how many primes can be recovered from Wµ
Gr;`? Since

the motivation of this project is to obtain properties of network through primes of a

network using random walks, it is essential to consider the number of primes visited

by a random walk. One can use either the prime factorisation method in [19] or the

accumulative prime factorisation method (factorise a walk accumulatively from the left

end of the walk) to factorise a walk. The number of visited primes depends on the

way to factorise a walk. The number of primes visited by a random walk might also
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be different from the number of unique primes visited by a random walk. One can

consider the following questions:

1. Assume that Wµ
Gr;` ends at a vertex different from µ. What is the length of the

simple path obtained by using the prime factorisation method in [19] likely to

be?

2. How many unique simple paths can be obtained from the accumulative prime

factorisation of the realisation of Wµ
Gr;`?

3. Using either the prime factorisation method in [19] or the accumulative prime

factorisation method, how many unique simple cycles can be obtained? What is

the distribution of the length of the obtained simple cycles?

Ultimately, we are interested in getting all primes of a graph. What is the expected

length of a random walk that recovers all the primes in a graph? This question is

related to the notion of a universal traversal sequence. Let G
(r)
n;labeled be the set of

connected, edge-labeled r-regular graph. For a connected, edge-labeled r-regular graph,

the edges incident to a vertex ν ∈ V are labeled as 1, 2, . . . , r in some way; it is

not required that the labels be the same at both ends of an edge [1]. A sequence

s = (s1, s2, . . . , s`) ∈ {1, 2, . . . , r}` is a universal traversal sequence for G
(r)
n;labeled, if for

all graphs Gr ∈ G
(r)
n;labeled and from all starting point, the walk defined by the sequence

s visits each vertex of Gr at least once [1].

We give some previous works about universal traversal sequences but they are not

meant to be exhaustive. Aleliunas et al. [2] used the probabilistic method to show that

for r ≥ 2, there exists a universal traversal sequence of length O(r2n3 log n). Chandra

et al. used a probabilistic argument similar to that in [2] to improve the upper bound

for the length of a universal traversal sequence to O(n3 log n) for r ≥ bn
2
c. Explicit
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constructions of universal traversal sequences of length n4.03 for r = 2 were shown in

[25] and of length nO(logn) for r = n− 1 were shown in [24].

A natural variation is the universal edge-traversal sequence [5]. A sequence s =

(s1, s2, . . . , s`) ∈ {1, 2, . . . , r}` is a universal edge-traversal sequence for G
(r)
n;labeled, if

for all graphs Gr ∈ G
(r)
n;labeled and from all starting point, the walk defined by the

sequence s visits each edge of Gr at least once. It was shown in [5] that for nr even, if s

is a universal edge-traversal sequence for G
(r)
n;labeled, then s is a universal edge-traversal

sequence for G
(r)
n−r′;labeled for all r′ ≥ r+1. Unlike universal traversal sequences, research

on universal edge-traversal sequences receives little attention.

We hope that a technique of proving that a sequence of a fixed length can be a uni-

versal traversal sequence, either by probabilistic methods or by explicit constructions,

might be useful to find a sequence of a fixed length which recovers all the primes in a

graph.

The open questions posed in this section suggest some possible directions for further

research on the topic. The ideas provided with some questions are purely provisional

and technicalities would have to be carefully verified.
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Appendix A

A.1 Blockwise inversion formula

We explain how the blockwise inversion of an n× n matrix B works. We can write B

as a 2× 2 block matrix

B =

B1 B2

B3 B4

 ,

where B1 is a k× k matrix, 1 ≤ k ≤ n− 1, and B4 is an (n− k)× (n− k) matrix. The

well-known blockwise inversion formula for a 2× 2 block matrix is given by [22]

B−1 =

 (B1 −B2B
−1
4 B3)

−1 −(B1 −B2B
−1
4 B3)

−1B2B
−1
4

−B−14 B3(B1 −B2B
−1
4 B3)

−1 (B4 −B3B
−1
1 B2)

−1

 , (A.1)

assuming all the relevant inverses exist.

Notice that

B =

B1 0

B3 In−k

Ik B−11 B2

0 B4 −B3B
−1
1 B2

 , if B1 is invertible (A.2)

=

Ik B2

0 B4

B1 −B2B
−1
4 B3 0

B−14 B3 In−k

 , if B4 is invertible. (A.3)

Assume that B is invertible, then det(B) 6= 0. If in addition B1 is invertible, we

have det(B) = det(B1) det(B4 − B3B
−1
1 B2) 6= 0 by Eq. (A.2), then B4 − B3B

−1
1 B2 is
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invertible. If B4 is invertible, we have det(B) = det(B4) det(B1 − B2B
−1
4 B3) 6= 0 by

Eq. (A.3), then B1 − B2B
−1
4 B3 is invertible. Thus if B, B1 and B4 are invertible, we

can use the blockwise inversion formula in Eq. (A.1) to obtain the inverse of B.

A.2 Application to walk generating matrix

We can write AG and I − zAG in the form of 2× 2 block matrices

AG =

A11;G A12;G

A21;G A22;G

 , I − zAG =

Ik − zA11;G −zA12;G

−zA21;G In−k − zA22;G

 ,

where A11;G is a k × k matrix, 1 ≤ k ≤ n − 1, and A22;G is an (n − k) × (n − k)

matrix. Note that A12;G = (A21;G)
T as AG is symmetric. We know that I − zAG is

invertible when |z| < 1
||AG ||

. Moreover, Ik − zA11;G and In−k − zA22;G are invertible

when |z| ≤ 1
||A11;G ||

∧ 1
||A22;G ||

. Thus, using the blockwise inversion formula given in Eq.

(A.1), (I − zAG)−1 can be expressed in the following form,

Ik − zA11;G −zA12;G

−zA21;G In−k − zA22;G

−1 =

G11;G(z) [G21;G(z)]T

G21;G(z) G22;G(z)

 , (A.4)

where

G11;G(z) = [Ik − zA11;G − z2A12;G(In−k − zA22;G)
−1A21;G]

−1, (A.5)

G21;G(z) = z(In−k − zA22;G)
−1A21;GG11;G(z), (A.6)

G22;G(z) = [In−k − zA22;G − z2A21;G(Ik − zA11;G)
−1A12;G]

−1. (A.7)
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Appendix B

B.1 Proof of Theorem 3 using walk generating functions

Let the first row of AG correspond to ν1 and the second row of AG correspond to ν2

without loss of generality, i.e. when we say the (ν1, ν2) entry of AG, we mean the (1, 2)

entry of AG. Firstly we obtain m(Wµν
Kn\{e};`) for ` ≥ 1, where ν ∈ V . For simplicity, we

denote Kn \ {e} by G1. Notice that (AG1)12 = (AG1)21 = 0 and A22;G1 is the adjacency

matrix of Kn−2. Thus (I2 − zA11;G1) = I2 and (In−2 − zA22;G1) are invertible when

|z| < 1
||AG1 ||

≤ 1
||A22;G1 ||

. By letting G = G1 and k = 2 in Eq. (A.4) and by Eq. (A.5,

A.6, A.7), we have

G11;G1(z) =

I − z
0 0

0 0

− z2A12;G1(In−2 − zA22;G1)
−1(A12;G1)

T

−1 ,
G21;G1(z) = z(In−2 − zA22;G1)

−1(A12;G1)
TG11;G1(z),

G22;G1(z) =

In−k − zA22;G − z2(A12;G1)
T

I − z
0 0

0 0

−1A12;G1


−1

.

We recall that (In−2 − zA22;G1)
−1 can be written as

∑∞
`=0(zA22;G1)

` when |z| <
1

||AG1 ||
≤ 1
||A22;G1 ||

. Let adiag` and aoff` denote the diagonal entry and the off-diagonal

entry of A`22;G1 respectively. Note that

adiag` = (n− 3)aoff`−1,

aoff` = (n− 4)aoff`−1 + adiag`−1 ,
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with adiag0 = 1, aoff0 = 0 and aoff1 = 1. Solving the recurrence relations, we get

adiag` = n−3
n−2 [(n−3)`−1−(−1)`−1] and aoff` = 1

n−2 [(n−3)`−(−1)`]. Thus for |z| < 1
||AG1 ||

,

the diagonal entries of (In−2−zA22;G1)
−1 are 1+

∑∞
`=1

{
n−3
n−2 [(n− 3)`−1 − (−1)`−1]z`

}
=

1−(n−4)z
[1−(n−3)z](1+z) and its off-diagonal entries are

∑∞
`=0

{
1

n−2 [(n− 3)` − (−1)`]z`
}

= z
[1−(n−3)z](1+z) .

Note also that each entry of A12;G1 is 1. Then we have,

G11;G1(z) =

 1−(n−3)z−(n−2)z2
1−(n−3)z−2(n−2)z2

(n−2)z2
1−(n−3)z−2(n−2)z2

(n−2)z2
1−(n−3)z−2(n−2)z2

1−(n−3)z−(n−2)z2
1−(n−3)z−2(n−2)z2

 ,

G11;G1(1/z) =

 z2−(n−3)z−(n−2)
z2−(n−3)z−2(n−2)

(n−2)
z2−(n−3)z−2(n−2)

(n−2)
z2−(n−3)z−2(n−2)

z2−(n−3)z−(n−2)
z2−(n−3)z−2(n−2)

 ,

G21;G1(z) =
z

1− (n− 3)z − 2(n− 2)z2

1 . . . 1

1 . . . 1

T

,

G21;G1(1/z) =
z

z2 − (n− 3)z − 2(n− 2)

1 . . . 1

1 . . . 1

T

.

The poles of each entry of G11;G1(1/z) and G12;G1(1/z) = (G12;G1(1/z))T are then

n−3+c(n)
2

and n−3−c(n)
2

, where c(n) =
√
n2 + 2n− 7. Following Eq. (9), we have

Res
z0=

n−3+c(n)
2

[
(G11;G1(1/z))ν1ν1

]
z`−1 =

(n− 2)[n− 3 + c(n)]`−1

2`−1c(n)
,

Res
z0=

n−3−c(n)
2

[
(G11;G1(1/z))ν1ν1

]
z`−1 = −(n− 2)[n− 3− c(n)]`−1

2`−1c(n)
.

Then by Eq. (8), m
(
Wν1ν1
G1;`
)

is given by

Z−1
[
(G11;G1(1/z))ν1ν1

]
(`) =

(n− 2)[n− 3 + c(n)]`−1

2`−1c(n)
− (n− 2)[n− 3− c(n)]`−1

2`−1c(n)
.
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Similarly, we obtain m
(
Wν1ν2
G1;`
)

and m
(
Wν1ν
G1;`
)

where ν ∈ V \ {ν1, ν2}, which are given

by

Z−1
[
(G11;G1(1/z))ν1ν2

]
(`) =

(n− 2)[n− 3 + c(n)]`−1

2`−1c(n)
− (n− 2)[n− 3− c(n)]`−1

2`−1c(n)
,

Z−1
[
(G12;G1(1/z))ν1ν

]
(`) =

[n− 3 + c(n)]`

2`c(n)
− [n− 3− c(n)]`

2`c(n)
.

Then we get m
(
Wν1
G1;`
)

=
∑

ν′∈V m
(
Wν1ν′

G1;`

)
, which is given by

m
(
Wν1
G1;`
)

= Z−1
[
(G11;G1(1/z))ν1ν1

]
(`) + Z−1

[
(G11;G1(1/z))ν1ν2

]
(`)+

(n− 2)Z−1
[
(G11;G1(1/z))ν1ν

]
(`)

=
[n− 1 + c(n)][n− 3 + c(n)]` − [n− 1− c(n)][n− 3− c(n)]`

2`+1c(n)
.

Knowing that m
(
Wν1
Kn;`
)

= (n− 1)`, by Eq. (3) we get

Pν1Kn;`(A
ν1
Kn;`;e) = 1−

m
(
Wν1
G1;`
)

m
(
Wν1
Kn;`
)

= 1− [n− 1 + c(n)][n− 3 + c(n)]` − [n− 1− c(n)][n− 3− c(n)]`

2`+1(n− 1)`c(n)
.

B.2 Proof of Theorem 3 using recurrence relations

We have the following recurrence relations,
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m
(
Wν1
Kn\{e};`

)
=

∑
α∈V\{ν1,ν2}

m
(
Wα
Kn\{e};`−1

)
(B.1)

m
(
Wα
Kn\{e};`

)
=
∑
ν∈V

m
(
Wν
Kn\{e};`−1

)
−m

(
Wα
Kn\{e};`−1

)
, where α ∈ V \ {ν1, ν2}

(B.2)

m
(
Wν2
Kn\{e};`

)
=

∑
α∈V\{ν1,ν2}

m
(
Wα
Kn\{e};`−1

)
. (B.3)

By symmetry, we havem
(
Wν1
Kn\{e};`

)
= m

(
Wν2
Kn\{e};`

)
, andm

(
Wα1

Kn\{e};`−1

)
= m

(
Wα2

Kn\{e};`−1

)
for any α1, α2 ∈ V \ {ν1, ν2} and α1 6= α2. We have the initial conditions that

m
(
Wν
Kn\{e};0

)
= 1 for ν ∈ V , and m

(
Wν1
Kn\{e};1

)
= n− 2 and m

(
Wα
Kn\{e};1

)
= n− 1

for α ∈ V \ {ν1, ν2}.

We can simplify (B.1) - (B.3) into

m
(
Wν1
Kn\{e};`

)
= (n− 2)m

(
Wα
Kn\{e};`−1

)
, where α ∈ V \ {ν1, ν2} (B.4)

m
(
Wα
Kn\{e};`

)
= 2m

(
Wν1
Kn\{e};`−1

)
+ (n− 3)m

(
Wα
Kn\{e};`−1

)
(B.5)

Substituting (B.5) into (B.4), we get

m
(
Wν1
Kn\{e};`

)
= 2(n− 2)m

(
Wν1
Kn\{e};`−2

)
+ (n− 2)(n− 3)m

(
Wα
Kn\{e};`−2

)
= 2(n− 2)m

(
Wν1
Kn\{e};`−2

)
+ 2(n− 2)(n− 3)m

(
Wν1
Kn\{e};`−3

)
+

(n− 2)(n− 3)3m
(
Wα
Kn\{e};`−3

)
=

...
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= 2(n− 2)
`−1∑
j=2

(n− 3)j−2m
(
Wν1
Kn\{e};`−j

)
+ (n− 2)(n− 3)`−2m

(
Wα
Kn\{e};1

)
= 2(n− 2)

`−1∑
j=2

(n− 3)j−2m
(
Wν1
Kn\{e};`−j

)
+ (n− 1)(n− 2)(n− 3)`−2.

Thus m
(
Wν1
Kn\{e};`−1

)
= 2(n− 2)

∑`−1
j=3(n− 3)j−3m

(
Wν1
Kn\{e};`−j

)
+ (n− 1)(n− 2)(n−

3)`−3 and

m
(
Wν1
Kn\{e};`

)
−m

(
Wν1
Kn\{e};`−1

)
= 2(n− 2)m

(
Wν1
Kn\{e};`−2

)
+ 2(n− 2)

`−1∑
j=3

(n− 3)j−3(n− 4)m
(
Wν1
Kn\{e};`−j

)
+

(n− 1)(n− 2)(n− 3)`−3(n− 4).

From above, we derivem
(
Wν1
Kn\{e};`

)
= (n−3)m

(
Wν1
Kn\{e};`−1

)
+2(n−2)m

(
Wν1
Kn\{e};`−2

)
,

which is a linear homogeneous recurrence relation.

We use the ansatz that the solution of the linear homogeneous relation is of the

form a` = (n− 3)a`−1 + 2(n− 4)a`−2. Solving for a, we obtain a1 = n−3+c(n)
2

and a2 =

n−3−c(n)
2

, where c(n) =
√
n2 − 2n− 7. Notice that c1a

`
1 + c2a

`
2, where c1, c2 ∈ R, also

satisfies the recurrence relation. We use the initial conditions that m
(
Wν1
Kn\{e};0

)
= 1,

m
(
Wν1
Kn\{e};1

)
= n − 2 to solve for c1 and c2. We obtain c1 = n−1+c(n)

2c(n)
and c2 =

−n−1−c(n)
2c(n)

. Thus

m
(
Wν1
Kn\{e};`

)
=

[n− 1 + c(n)][n− 3 + c(n)]` − [n− 1− c(n)][n− 3− c(n)]`

2`+1c(n)

m
(
Wα
Kn\{e};`

)
=

[n− 1 + c(n)][n− 3 + c(n)]`+1 − [n− 1− c(n)][n− 3− c(n)]`+1

2`+2(n− 2)c(n)
.
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Then it follows that

Pν1Kn;`(A
ν1
Kn;`;e) = 1−

m
(
Wν1
Kn\{e};`;`

)
m
(
Wν1
Kn;`
)

= 1− [n− 1 + c(n)][n− 3 + c(n)]` − [n− 1− c(n)][n− 3− c(n)]`

2`+1(n− 1)`c(n)
.

B.3 Proof of Theorem 4

Notice that G1 = Cn \ {e} is a path graph with n vertices, and ν1 and ν2 are the

endpoints of the path graph. We denote ν(d) as the vertex which is d steps away from

ν1, with ν(0) = ν1 and ν(n−1) = ν2. We use a result from [19] that the walk generating

function g
ν1ν(d)
G1 (z) is given by

g
ν1ν(d)
G1 (z) =

zdQn−d−1(z)

Qn(z)
,

where |z| < 1
||AG1 ||

and Qx(z) = 2F1[
1
2
− x

2
,−x

2
;−x; 4z2] is the Gauss hypergeometric

function.

We recall that the denominator of g
ν1ν(d)
G1 (z) is the characteristic polynomial of G1

evaluated at 1
z
. Knowing that the eigenvalues of G1 are

{
λ
(n)
j = 2 cos

(
πj
n+1

)}n
j=1

, we

have

Qn(z) =
n∏
j=1

(1− zλj),

and thus we get

g
ν1ν(d)
G1 (z) =

zd
∏n−d−1

j=1

(
1− zλ(n−d−1)j

)
∏n

k=1

(
1− zλ(n)k

) , for |z| < 1

||AG1||
,
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g
ν1ν(d)
G1 (1/z) =

z
∏n−d−1

j=1

(
z − λ(n−d−1)j

)
∏n

k=1

(
z − λ(n)k

) , for |z| > ||AG1||.

From the last expression, we can see that the poles of g
ν1ν(d)
G1 (1/z) are the eigenvalues

of G1, each with multiplicity 1. By Eq. (9), for 1 ≤ k ≤ n,

Resz0=λnk
[
g
ν1ν(d)
G1 (1/z)

]
z`−1 =

(
λ
(n)
k

)`∏n−d−1
j=1

(
λ
(n)
k − λ

(n−d−1)
j

)
∏n

h=1;h6=k

(
λ
(n)
k − λ

(n)
h

) .

Then by Eq. (8), m
(
W

ν1ν(d)
G1;`

)
is given by

Z−1
[
g
ν1ν(d)
G1 (1/z)

]
=

n∑
k=1

(
λ
(n)
k

)`∏n−d−1
j=1

(
λ
(n)
k − λ

(n−d−1)
j

)
∏n

h=1;h6=k

(
λ
(n)
k − λ

(n)
h

)
=

n∑
k=1

2`−d
[
cos
(
πk
n+1

)]`∏n−d−1
j=1

[
cos
(
πk
n+1

)
− cos

(
πj
n−d

)]∏n
h=1;h6=k

[
cos
(
πk
n+1

)
− cos

(
πh
n+1

)] ,

and thus we get m
(
Wν1
G1;`
)

=
∑n−1

d=0 m
(
W

ν1ν(d)
G1;`

)
, which is given by

m
(
Wν1
G1;`
)

=
n−1∑
d=0

n∑
k=1

2`−d
[
cos
(
πk
n+1

)]`∏n−d−1
j=1

[
cos
(
πk
n+1

)
− cos

(
πj
n−d

)]∏n
h=1;h6=k

[
cos
(
πk
n+1

)
− cos

(
πh
n+1

)] ,

where we define
∏n−d−1

j=1

[
cos
(
πk
n+1

)
− cos

(
πj
n−d

)]
= 1 when d = n− 1.

Knowing that m
(
Wν1
Cn;`
)

= 2`, by Eq. (3) we get

Pν1Cn;`(A
ν1
Cn;`;e) = 1−

n−1∑
d=0

n∑
k=1

[
cos
(
πk
n+1

)]`∏n−d−1
j=1

[
cos
(
πk
n+1

)
− cos

(
πj
n−d

)]
2d
∏n

h=1;h6=k
[
cos
(
πk
n+1

)
− cos

(
πh
n+1

)] .
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Appendix C Proof of ρ
(
AGr\{e}

)
< ρ (AGr)

Let A ∈ Mn be an irreducible and nonnegative matrix. We show that A + B is

irreducible whenever B ∈ Mn is nonnegative, and ρ(A + B) > ρ(A) whenever B is

nonnegative and B 6= 0.

To prove the first part, we proceed by contradiction. Assume that A+B is reducible.

Then by Definition 1, there exists a permutation matrix P such that

P T (A+B)P = P TAP + P TBP =

A1 A2

0 A3

 ,

where A1 ∈Mr and A3 ∈Mn−r, for some r where 1 ≤ r ≤ n− 1. As A is irreducible,

P TAP is not of a form as

A′1 A′2

0 A′3

, where A′1 ∈ Mr′ and A′3 ∈ Mn−r′ , for some r′

where 1 ≤ r′ ≤ n− 1. Moreover B is nonnegative, thus P TBP is nonnegative. Hence

A+B must be irreducible.

Let C ∈ Mn and (|A|)ij ≡ |(A)ij| (entrywise absolute value) for i, j = 1, . . . , n. If

|A| ≤ C, then ρ(A) ≤ ρ(|A|) ≤ ρ(C) [22](Theorem 8.1.18). Thus, we have ρ(A+B) ≥

ρ(A). If ρ(A + B) = ρ(A), then there exists some x 6= 0 such that Ax = λx with

|λ| = ρ(A+B) = ρ(A), and ρ(A+B)|x| = |λx| = |Ax| ≤ |A||x| ≤ (A+B)|x| (∗).

As A + B is irreducible and nonnegative, so is (A + B)T . Hence by the Perron-

Frobenius Theorem (Theorem 5), (A+B)T has a positive eigenvector y such that (A+

B)Ty = ρ(A+B)y. This gives (A+B)|x| = ρ(A+B)|x| since yT [(A+B)|x| − ρ(A+B)|x|] =

ρ(A+B)yT |x| − ρ(A+B)yT |x| = 0.

Given (∗) and (A+ B)|x| = ρ(A+ B)|x|, we obtain |Ax| = A|x| = (A+ B)|x|. As

B ≥ 0 and x 6= 0, B must be a zero matrix. Thus ρ(A + B) > ρ(A) whenever B is

nonnegative and B 6= 0.
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