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On the Decidability of
Presburger Arithmetic Expanded with Powers

Toghrul Karimov* Florian Lucal Joris Nieuwveld* Joél Ouaknine® James Worrell!

Abstract

We prove that for any integers a, 8 > 1, the existential fragment of the first-order theory of the structure
(Z;0,1,<,+,a", %) is decidable (where o is the set of positive integer powers of «, and likewise for
BY). On the other hand, we show by way of hardness that decidability of the existential fragment of
the theory of (N;0,1,<,+,z — o, — B%) for any multiplicatively independent «,3 > 1 would lead
to mathematical breakthroughs regarding base-a and base-( expansions of certain transcendental numbers.
Finally, modifying the original proof of Hieronymi and Schulz we show that for any multiplicatively independent
a, B > 1, it is undecidable whether a given formula with at most 3 alternating blocks of quantifiers holds in
(N;0,1, <, +, M, 8.

1 Introduction

Presburger arithmetic, the first-order theory of the integers with addition and order, has been an object of study
for nearly a century. Its decidability was first established by Presburger in 1929 via a quantifier-elimination
procedure [16]; yet Presburger arithmetic remains to this day a topic of active research owing, among others,
to its deep connections to automata theory and formal languages (see, e.g., the survey [10]) as well as symbolic
dynamics and combinatorics on words (see, e.g., the excellent recent text [19])

Another rich line of inquiry has consisted in investigating expansions of Presburger arithmetic, i.e., theories
obtained by augmenting Presburger arithmetic with particular predicates or functions. Here one must proceed
with care: adding, for example, the multiplication function x : Z% — Z (or even simply the ‘squaring’ function,
from which multiplication is easily recovered) to Presburger arithmetic immediately results in undecidability,
thanks to Godel’s incompleteness theorem [§]. In fact, even the existential fragment of the first-order theory
of (Z;0,1,<,+, x) is undecidable, as shown by Matiyasevich in his negative solution of Hilbert’s 10th problem
(see [13]). Nevertheless, many decidable expansions of Presburger arithmetic have been discovered and studied
(see, for instance, the survey [5]). Decidability is usually established in one of two ways: either via quantifier
elimination, along the lines of Presburger’s original approach, or through automata-theoretic means, where integers
are encoded in a given base as strings of digits, which are in turn manipulated by automata.

Before giving examples of such expansions, let us introduce some notation. For a fixed integer a@ > 2, we
denote by o the set {a" : n € N} of all positive powers of a, and by a® the function n +— o™ that takes a positive
integer argument n to a™. We also write V,,(n) to represent the function taking n to the largest power of « that
divides n (thus, for example, V5(24) = 8).

Using automata theory, Biichi showed that, for any «, the first-order theory of (Z;0,1,<,+,V,) is
decidable [6]. Villemaire however proved that, for multiplicatively independent o and 3, the first-order theory of
(Z;0,1, <, 4, V4, V) is undecidable [2I]. Seménov used quantifier elimination to show that, for any ‘effectively
sparse’ predicate P C Z, the first-order theory of (Z;0,1,<,+, P) is decidable. Examples of sparse predicates
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It is interesting to note that the computational complexity of quantifier elimination itself remains of contemporary interest: see,
e.g., [I].
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include the sets of powers oY as well as the set of factorial numbers {n! : n € N}E| The question of whether

decidability could however be maintained with the addition of two (or more) power predicates goes back to the
1980s; it was finally answered in the negative in a recent paper of Hieronymi and Schulz [12].

Note that automata-theoretic techniques work well when all numbers in play can be represented over a common
base. But unfortunately, for multiplicatively independent o and S (such as 2 and 3), this is not the case: powers of
2, for example, have a very regular structure in base 2 but not in base 3, and vice-versa. Moreover, multiplicatively
independent power predicates enable one to formulate non-trivial number-theoretic assertions about integers, such
as the fact that there are only finitely many powers of 2 and powers of 3 that are no farther than 10 apart, say.
Such an assertion can in fact already be formulated in the first-order theory of (Z;0,1, <,2Y,3Y) (noting that
addition has been removed); the decidability of this theory is non-trivial, and was established by Seménov [I§].
Very recently, the monadic second-order theory of (Z;0, 1, <, oN, 3N) was also shown decidable [3].

Hieronymi and Schulz’s undecidability result is quite intricate. The standard approach would have been to
show that multiplication is definable in (Z; 0,1, <, 4, N, V), but unfortunately, this is provably not the case [I7].
The undecidability construction in [I2] makes use of three quantifier alternations (i.e., four blocks of quantifiers
of alternating polarity). This naturally raises the question of whether weaker fragments might be decidable.
In [12, Section 5], Hieronymi and Schulz in fact conjecture that the existential fragment of (Z;0,1, <, +, o, B%)
is decidable subject to certain number-theoretic effectiveness assumptions.

Our main contribution is the following:

THEOREM 1.1. There is an algorithm that, given integers o, > 1 together with an existential formula ¢ of
(7;0,1,<,4,aN, BY), decides whether ¢ is true or not.

As noted above, automata-theoretic techniques appear inadequate to establish such statements. We make use
instead of mathematical tools from Diophantine approximation and transcendental number theory, in particular
Baker’s theorem on linear forms in logarithms, in a manner similar to [4, 20].

As a secondary contribution, we provide a shorter proof of Hieronymi and Schulz’s undecidability result,
requiring only two quantifier alternations (rather than three); this is presented in Sec.

Finally, we also investigate the existential fragment of (N; 0, 1, <, 4+, &®, %), in which the power predicates have
been replaced by powering functionsﬂ We have not been able to establish either decidability or undecidability;
however, we prove the following by way of hardness:

THEOREM 1.2. Let o, 8 > 1 be multiplicatively independent integers. Write (An)5e for the base-f expansion
of logg(a) and (Bn)ply for the base-a ewpansion of log,(B). Suppose that the existential fragment of
(N;0,1,<,+,a", %) is decidable. Then the following are in turn decidable:

(A) Whether a given pattern appears in (A,)52 .
(B) Whether a given pattern appears at some index simultaneously in (Ap)S>, and (Bp)S%.
(C) Whether a given pattern appears in (Agn)o.

To place Thm. in context, consider the case of & = 2 and § = 3. The constant logs(2) is a transcendental
number that is widely conjectured to be normal (and thus in base 3, every length-l pattern should appear within
(A,)5%, with density 37!). A fortiori, this would entail that the answer to the first query is always positive.
However, normality on its own is not sufficient to settle either of the other two queries.

2 Mathematical background

We denote by 0 a (column) vector of all zeros whose dimension will be clear from the context. We will occasionally
write d-dimensional column vectors in the form (x1,...,z4). For vectors x = (21,...,24), ¥ = (y1,---,Y4), and
a relation ~, we write x ~ y as a shorthand for z; ~ y; for all i. For a ring R, by an R-linear form we mean
a function of the form h(zy,...,2;) == c1x1 + -+ + ¢x; where ¢; € R for all i. We say that «,3 # 0 are
multiplicatively independent if for all ny,no € N, ™ = ™2 implies ny = ny = 0.

2The complexity of expansions of Presburger arithmetic by a power predicate o or a powering function a* was very recently
investigated [2].

3We have switched the domain from Z to N; this is entirely benign, as the order relation is available to us, and was carried out
chiefly so as not to have to separately redefine the meaning of the powering functions over negative entries.

2756 Copyright © 2025 by SIAM
Published by STAM under the terms of
the Creative Commons 4.0 license.



Downloaded 01/16/25 to 163.1.203.202 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

2.1 Logical theories. A structure M consists of a universe U, constants ¢y, ...,c; € U, predicates Py,..., P,
where each P; C U*® for some (i) > 1, and functions fi,..., f,n where each f; has the type f;: U — U
for some 6(i) > 1. By the language of the structure M we mean the set of all well-formed first-order formulas
constructed from symbols denoting the constants ci,...,cg, predicates Py,..., P, and functions fi,..., f;,, as
well as the symbols V,3, A, V, -, =. We will additionally write 2 € P for a unary predicate P to mean P(x).
A term is a well-formed expression constructed from constant, function, and variable symbols. Terms represent
elements of the universe. A theory is simply a set of sentences, i.e., formulas without free variables. The theory
of the structure M is the set of all sentences in the language of M that are true in M. A formula is existential if
it is of the form Jzq -+ Jzp,: w(21,. .., 2m) for ¢ quantifier-free. The existential fragment of a theory T, which
itself is a theory, is the set of all existential formulas belonging to 7. Finally, a theory T is decidable if there
exists an algorithm that takes a sentence ¢ and decides whether ¢ € T.

For a positive integer x, denote by " the unary predicate {z": n € N}. Let a, 3 > 1. We will be working
with the following structures and their theories.

o Let M; = (Z;0,1,<,+,a", 8Y). We will denote the language of this structure by £, s and its theory by
PA(N, BY); in case a = 3, we will write P.A(aY) for the latter. Observe that using the constants 0,1 and
addition, we can obtain any constant ¢ € N. On the other hand, —c for ¢ > 0 can be accessed via the
relation x + ¢ = 0. In fact, for any Z-linear form h over k variables, we can express h(z1,...,25) = 0 in
the language Lo 5 as s(z1,...,25) = t(z1,...,2,) where s,t are Z-linear forms with non-negative integer
constants. Therefore, every atomic formula in £, g is equivalent to either t ~ 0 or t € ¥, for ~ € {>,=},
v € {a, 8} and ¢ an integer linear combination of integer constants and variables.

o Let My = (N;0,1,<,+,z + o,z +— 3%). That is, for v € {a, 3}, instead of the predicate 4 we have the
function that maps z to v*. We write PA(a”, %) for the theory of My. Note that the universe of My is N
as opposed to Z. This is to ensure that the functions are total and map into the universe of the structure.
For v € {a, 8}, we can express € v as 32: v* = 2. Therefore, if we can decide (the existential fragment
of) PA(a®, %) then we can also decide (the existential fragment of) PA(a, BV).

A set X C U? is definable in a structure M if there exists a formula ¢ in the language of M with d free
variables such that for all xy,...,24 € U, p(1,...,74) is true if and only if (z,...,24) € X. A set X C Z¢
is semilinear if it is definable in the structure My = (Z; 0,1, <,+). We write £ for the language of M, and PA
for its theory. By the result of Presburger that the theory of My admits quantifier elimination if we allow a
divisibility predicate [10], such X can be defined by a formula of the form

(2.1) \/( /\ tj(z1,...,24) =0mod D; A /\ hi(z1,...,24) ~g ck>

i€l N j=J; keK;

where D; > 1 and each ¢;, h; is a Q-linear form, ¢, € Z, and ~, € {>,=}.

2.2 Number theory. Let € Z and p € N be a prime. Then the p-adic valuation of x, denoted v,(x), is
the largest integer n such that p™ divides z, whereas p"*! does not. By convention, v,(0) = +oo. For integers
x,y and a prime p we have v,(x +y) > min{v,(z),v,(y)}. Let z = § € Q be non-zero with ged(a,b) = 1.
Then the (absolute logarithmic) height of z is h(z) = max{log|al,log[b|}. For zi,...,2; € Qxo we have that
h(1/z) = h(z),

h(zi + -+ z) < h(z1) + - - + h(zk) + log(k)

and
h(z1---2k) < h(z1) + -« + h(zg).

The following is a specialisation of Matveev’s version [14] of Baker’s theorem on linear forms to rational numbers.

THEOREM 2.1. Suppose we are given k > 0, non-zero vi,...,v € Q, and by,...,by € Z. Write B =
max{1,|b1],...,|bk|}, Ai = max{h(y;),]|log(y:)|,0.16} for 1 <i <k, and

A:’yi’l---'yzk—l.

Then, assuming A # 0,
log|A| > —1.4-30%"3 . k%5 . (1 +log(kB)) - Ay --- Ag.
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The following is a consequence of Kronecker’s theorem in Diophantine approximation [9].

LEMMA 2.1. Let a, 8 € Nsq be multiplicatively independent and I C Rso be a non-empty open interval. Then
there exist infinitely many ny,ne € N such that o™ /"2 € I.

Proof. By multiplicative independence, logs(c) is irrational. Write {x} for the fractional part of x. By Kronecker’s
theorem, ({nlogg(a)})ns, is dense in (0,1). That is,

{n1logg(a) —na: ny,ne € N} N (0,1)

is dense in (0,1). Equivalently, {a™ /"2 : ny1,ns € N}N(1, 5) is dense in (1, 8). It follows that {a™ /"2 : ny,ng €
N} is dense in (0, 00). |

3 Overview of the results

Recall that our central problem is to decide, given «,3 and an existential formula ¢ € L, g, whether
o € PA(cN, BY). As the first step in our decidability proof, we will reduce our main problem to the following.

PROBLEM 3.1. Given multiplicatively independent o, 3 € Nsy, z1,...,2 € {a, 8}, 1,8 >0, Ac Z"%! b e 7",
C € Z**!, and d € Z*, decide whether there exists z = (2}, ...,z[") such that Az >b and Cz = d.

The reduction from the existential fragment of P.A(a™, V) to Problemis captured by the following lemma.
The proof, given in Sec. [d] uses fairly standard arguments about Presburger arithmetic.

LEMMA 3.1. Let o, € N5

(a) If o, are multiplicatively dependent, then deciding the existential fragment of PA(a™,BYN) reduces to
deciding the existential fragment of the theory of PA(YY) for some v € N.

(b) If o, B are multiplicatively independent, then deciding the existential fragment of PA(a”, BY) reduces to
Problem [31]

Recall that the full theory P.A(yY) is known to be decidable. Hence it remains to show decidability of Problem
which we do in Sections Bl and [6l

THEOREM 3.1. Problem[3.1 is decidable.

We approach Problem [3.1] by first studying how to solve systems of the form Cz = d, i.e., the case where there
are no inequalities. The following definition captures the structure of solutions of such systems.

DEFINITION 3.1. A set X C N! belongs to the class 2 if it can be written in the form

(3.2) x=JNx;

icl jeJ;
where I and J; for every i € I are finite, and each X; is either of the form
(3.3) X;={(n1,....,m) e N Ny = No(j) + ¢ }
or of the form
(3.4) Xj={(n1,...,m) € N': ng(jy = b;}
where 1 < £(j), u(4),0(j) <1 and bj,c; € N.

The sets belonging to 2 are semilinear. Observe that every finite subset of N’ belongs to 2, and the class 2
is closed under finite unions and intersections. In Sec. |5} we will prove the following structure and effectiveness
result about the system Cz = d. Our main tool is Baker’s theorem on linear forms, which is frequently used when
solving Diophantine equations where the unknowns appear in the exponent position.
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THEOREM 3.2. Let o, 5 € Nsy be multiplicatively independent and z1, ...,z € {«a, B} for somel > 1. Further let
s>1,CezZ>*, deZ and S C N be the set of solutions of Cz = d, where z = (27*,...,2"). Then S € .
Moreover, a representation of S in the form (3.2) can be effectively computed, with the additional property that

2u(j) = Zo(y) for every X; of the form (3.3).

When proving Thm. [3:2] because the class 2 is closed under intersections, it suffices to consider a single
equality

(3.5) izt 4 tazt =d

where ¢1,...,¢ € Zyo, d € Z, o, f > 1 are multiplicatively independent, and z1,...,% € {«, f}. We will show
that the set S of solutions of belongs to 2 and has an effectively computable representation. Let us further
stipulate that z; = o and z; = 3 for some ¢, j, and that no proper sub-sum of the left-hand side of is zero.
In this case, it can be shown that the set of solutions is finite and can be effectively computed; see the proof of
Thm. The idea is to use Baker’s theorem on linear forms iteratively to bound the gaps between nq,...,n,
which, in case d # 0, will yield an upper bound on all of nq,...,n;. If d = 0, then we need an additional argument
involving p-adic valuations. On the other hand, if jeg, X518 infinite for some 7 in the representation of S in the
form , then some sub-sum of ¢;2{"* + - -+ + ¢;2)"" must be zero at infinitely many points (n4,...,n;).

Ezxample. Consider the equation
(3.6) 15-3™" —5.3" 42 = 8§,

The only proper sub-sum of the left-hand side that can be zero is 15-3"* —5-3"2. We therefore have the infinitely
many solutions
X = {(nl,ng,ng) eEN?:ng=ny+1Ang= 3}.

Now suppose no proper sub-sum is zero. Let us additionally stipulate that 32 > 3™ > 273 In this case, if
ng > ny + 1, then the summand 5- 3™ becomes too large in magnitude: we have that 5-3"2 > 45-3™ 45-2™ and
hence cannot hold. Therefore, we are left with the possibilities no = n; and ny = ny + 1. If we substitute
ng = nq into , we obtain 10 - 3"2 + 2™ = 8 which does not have a solution. The substitution no = ny + 1,
meanwhile, is not permitted as 15-3™ — 5 - 3™ becomes zero.

Using the same argument as above, we can handle the case where 3™ > 32 > 2" The four remaining
cases (e.g., 3" > 2" > 3"2) however, require an iterated application of Baker’s theorem on linear forms as in
Thm. to bound the solutions. Checking all possible (n,ng,n3) up to this bound, we obtain that the set of
all solutions of is {(0,3,7),(1,8,15)} U X. d

Once we know how to solve systems of linear equations in powers of a and [, we discuss how we deal with
inequalities. In Sec. [6] we argue as follows. Consider a system Az > b and Cz = d as in the statement of
Problem Observing that x > —c is equivalent to = —¢c+1V--- V2o = 0V x > 0 for any variable x and
positive integer ¢, we rewrite our system in the form

\/ Az > by A Crz = d;
keK

where A, € Z"%' Cy, € Z°*! by, € Z",d;, € Z° and, importantly, b, > 0 for all k. We can now solve each
Az > by A Chrz = dj, separately. Denote by Sj the set of all (ny,...,n;) € N that satisfy Cyz = dj. By
Thm. [3:2] apart from finitely many exceptional solutions which can be effectively computed, the set S, is defined
by equations of the form either n, = ny 4+ ¢ or n, = ¢, where 1 < a,b <1, c € N, and z, = z, in the former case.
We can_use each such equation as a substitution rule to eliminate the variable z,; see the proof of Thm. 3.1 on
Page for the exact procedure. In the end, we construct Ay € Z"*! such that Azz > by A Crz = dj, has a
solution if and only if Axz > by has a solution.

4For convenience, we make additional assumptions on z?l e zlnl in the statement of Thm. A slightly modified proof can
be given to show finiteness of solutions of (3.5)) only assuming that both «, 3 appear among z1,...,2; and requiring that all proper

sub-sums of clz?l +oo 4 clzlnl be non-zero.
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It remains to show how to solve the system gkz > bg. To do this, we first argue that gkz > by, has a solution
if and only if Axz > 0 has a solution. Next, using a form of Fourier-Motzkin elimination, we reduce solving the
latter system to solving systems of the form

B3 ey (53202l

) <2tz —a< by for all (i,7) € X1 x X»

252 252
ni no ns ng
R 3R >R3> > 2

hi(z5%,...,2") >0 foralliel

(3.7)

ng —ng >N

where X1, Xo, I are finite sets of indices, each h; is a Q-linear form, a € Qsg, and N € N. Our algorithm
for solving the system proceeds by first inductively solving the sub-system consisting of the inequalities
hi(zg®, ..., 2") < hj(z5%,...,2") for all (i,j) € X, z3% > --- > 2", and h;(z5°,...,2") > 0 for i € I. If no
such solution exists, then does not have a solution either. Otherwise, let (ms,...,m;) be a solution to the
sub-system. In Sec. [] we use arguments from Diophantine approximation to prove that in the latter case the
system does always have a solution, and show to construct such a solution from (msg,...,m;).

In Sec. [7] we prove Thm. and give a whole class of queries that become decidable assuming decidability of
the existential fragment of P.A(a”, 3%). These include occurrence of a given pattern in base-f or base-« expansions
of log,,(B). Finally, in Sec. |8 we show that for any multiplicatively independent «, 8 € N5, already for formulas
with three alternating blocks of quantifiers (i.e., formulas with quantifier alternation depth 2) the membership
problem in PA(a!, V) is undecidable. This result is included for the sake of describing the decidability landscape
as completely as possible. We use the approach developed by Hieronymi and Schulz in [12], but reduce from the
Halting Problem for 2-counter machines as opposed to the Halting Problem for Turing machines, which results in
a simpler construction. Thus for any multiplicatively independent o, 3, the decidability question for P.A(aN, V)
remains open only for formulas containing exactly two alternating blocks of quantifiers.

4 From formulas to systems of inequalities
We now prove Thm. Our main tool is the fact that semilinear sets have quantifier-free representations

constructed from linear inequalities and divisibility constraints. We note that our reduction from the decision
problem for the existential fragment of P.A(a™, 3Y) to Problem does not preserve o and f.

Proof. [Proof of Thm. Suppose we are given «, 8 > 1 and an existential formula 3z: ¢(z) in the language L, g,
where ¢ is quantifier-free and z is a collection of variables. Before inspecting whether «, 5 are multiplicatively
independent, we will apply a sequence of transformations to 3z: ¢(z). For a term ¢t and v € {«, 8}, we can rewrite
the formula —(t € V) as
t<lviz:zes " Az<t<z+---+z.
—_———

7 times

Since —(t > 0) and —(¢ = 0) are equivalent to t <0V ¢ =0 and t > 0Vt < 0 respectively, we can construct a
formula Ix: $(x) equivalent to Jz: ¢(z) in which the negation symbol does not occur. We can also rewrite ¢ € 4N
as y =t Ay €+, where y is a fresh variable. Therefore, we can construct a formula

oy, x) =\ N\ iy, %)

ecE jed.

not containing the negation symbol, where y denotes a collection y1,...,y; of fresh variables, with the following
properties.

e 3z cZF: p(z) & Jy € Zx € ZF: H(y, x).
e For each y;, there exists unique v; € {a, 8} such that y; € 7} is a sub-formula of &.

e Each p;(y,x) is an atomic formula either of the form t(y,x) ~ 0 for a term ¢(y,x) and ~ € {>,=}, or of
the form y; € 4 for some i.
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Next, write each A\ ; #;(y,x) in the form

/\ Yo(j) € Vo() /\ ti(y,x) ~; 0
JEAe JjEB.

where o(j) € {1,...,1} and ~; € {>,=} for all j. We can then write Jy € Z!,x € Z*: $(y,x) equivalently as

eeE JjEA. JjEBe

For e € E, let S, be the set of all y € Z' such that Ix € Z*: /\jeBe t;i(y,x) ~; 0 holds. Observe that each S, is
semilinear. Setting z; = v; and y; = 2" for 1 <14 <[, we can rewrite (4.8) as

\/ Ing,...om € No (21,00, 2") € Se
eck

which is equivalent to
Ing,...,n €N (27, ..., 2") €S

for semilinear S = J, . Se.
Recall from Sec. that each semilinear set has a representation in the form (2.1)). For z,y,r» > 0and A\, D > 1,
note that * + y = r mod D is equivalent to

\/ r=rymod D A y=rymodD

0<ry,ro<D
r1+re=r mod D

and x = r mod D is equivalent to \/2;3 x =r+kD mod A\D. Hence we can construct D > 1 and a representation
of S of the form

(4.9) \ (/l\ac =ripmod D A N hy(z1,...,24) ~s bs>

peP Ni=1 SES,

where each r; ,, > 0, h is a Z-linear form, b, € Z, and ~, € {>,=}. Write §p for the set defined by p € P in (4.9),

so that S = UpeP §p. It suffices to reduce deciding 3nq,...,n; € N: (21,...,2") € §p to either Problem
deciding P.A(7y) for some v, depending on whether a, 8 are multiplicatively independent. To do this, first observe
that for v € {a, 8}, the sequence (y"™ mod D)$2, is ultimately periodic, with the additional property that if z
occurs at least twice in the sequence, then it occurs infinitely often. Next, construct D, Dg such that

(i) (o™ mod D)22, is ultimately periodic with period D,,
ii) (8™ mod D)2, is ultimately periodic with period Dg, and
n=0 B
(iii) if o, 8 are multiplicatively dependent, then aP« = 3Ps.

Such D,,Dg can always be constructed because if a sequence is ultimately periodic with period k, then it is
ultimately periodic with period km for every m > 0. We have that for all 1 <i¢ <[ and p € P, 2" =r;, mod D
is either false for all n;, true for exactly one value of n;, or true on a union of arithmetic sequences with period

D.,. Therefore, Iny,...,ni: (21*,...,2") € S, can be equivalently expressed as a disjunction of formulas of the
form
Imy,...,m; € N: /\ hs (zis’l,...,zlts’l) ~g b
s€S,
where for all s,l, t;; = a or t;; = a + m; - D,, for a constant @ € N. It remains to observe that

;.l”+m’ D 2} (zZDZ) . Therefore, we have reduced deciding the truth value of 3Ix: p(x) to solving systems

of (in)equalities in
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Do in case a, B are multiplicatively dependent, and

e powers of v : =«
e powers of v, = aPe, Vg == P8 otherwise.

Note that if o, are multiplicatively independent, then ~,,vs are also multiplicatively independent. This
concludes the proof. 0

5 Solving Diophantine equations

We now discuss solutions of systems of affine Diophantine equations in powers of a and . This is the first step
towards showing decidability of Problem Our goal in this section is to prove the following theorem.

THEOREM 5.1. Let o, 8 € Nxy be multiplicatively independent and z1, ...,z € {«a, B} for somel > 1. Further let
s>1,CezZ>*, deZ and S C N be the set of solutions of Cz = d, where z = (27*,...,2"). Then S € .
Moreover, a representation of S in the form (3.2) can be effectively computed, with the additional property that

2u(j) = Zo(y) for every X; of the form (3.3).

First let us consider the easier case where o = 3.

THEOREM 5.2. Let o € N5y, 1 >1, ¢1,...,¢ € Zzo, and d € Z. Further let S C N be the set of solutions of
cia” + -4 qa™ =d.

Then S € A, and a representation of S in the form can be effectively computed.

Proof. By a case analysis on thf ordering of z7',...,2", it suffices to show that for any permutation

o:{1,...,01} = {1,...,1}, the set S of all (ny,...,n;) € N! such that
cia™ + -+ cga™=d
Ng(1) =+ 2 No(l)

belongs to 2 and has an effectively computable representation. We prove this by induction on [. For [ = 1, the
statement is immediate. Suppose [ > 2. Because we can rename the variables, it suffices to consider o(j) = j for

all j. Let N be such that o™ > |d| + 22:1 |¢;|. Then for every (ni,...,n;) €S we have 0 < ny —ny < N and let
S= Ui\]:o Sk, where each Sy is the set of all solutions of

™ 44 qa™ =d

Ng 2+ 2 M

ny =ns + k.

To construct a representation of gk, we have to eliminate the variable n; using the last equation above. To do
this, inductively solve the system

(10 + c2)am™ + cza™ + -+ + ™ =d

Ny > >y

and then add the condition n; = ny + k. 0

Next, we show how to solve, under certain assumptions, equations involving powers of both « and § by
applying Baker’s theorem on linear forms in an iterative fashion. These assumptions will be lifted later when
proving Thm.

THEOREM 5.3. Let o, 8 € Nxy be multiplicatively independent, | > 2, z1,...,2z; € {«a, B} with 21 = « and 23 = f3,
Cly...,C € Ly, and d € Z. Denote by S the set of all (n1,...,n;) € N! satisfying all of the following.
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(a) 012?1 +---+ clzl"l =d;

(b) 20, 252 > 208 > ... > 2

(c) For every non-empty proper subset I of {1,...,1} it holds that ), ; c;z"* # 0.
Define pu(j) to be 1 if z; = a and pu(j) = 2 if z; = B. We have the following.

(i) We can compute &,&5 € Q such that ny > iggéggng — & and ny > f}igg;nl —&.

(ii) There exist effectively computable polynomials py,...,p; € Q[z,y] such that
nuy — 1y < pj(log(l +n1),log(1+ ns))
forall (ny,...,n) €S and 3 < j <.
(i1i) The set S is finite and can be effectively computed.
Proof. Observe that n; < n,; for all j > 1 by (b). Let
S = {(nl,...,nl) eS:ny > ng}

and SQ =S \ 81.
Proof of (i). Together (a) and (b) imply that, for all (ny,...,n;) € S,

l
(d| +Z|ci|>z’;2 e

=2

Taking logarithms and dividing by log(8) = log(z2) gives

log(a) o8 (1d1 + S2i_s leil) — log e
~ log(B) ' log(pB)

This allows us to find &. To compute &1, observe that by (a) and (b),

l
(|d| e+ |cz-|)z1“ > leal5
1=3

n2

and proceed similarly.

Proof of (ii). By finite induction. Note that we can choose pi(z,y),p2(z,y) = 1. Suppose therefore
p1,...,p; have already been computed for some j > 2. By swapping z; and zy if necessary, we can assume
Zjy1 =21 = Q. (Observe that the roles z; and z3 in the statement of our theorem are completely symmetrical.)
For (ny,...,n;) € S define

— n;—n
X.——E cot T

1<i<y
Zi=«
Y = Z BT
1<i<y
2 =P
-1
A=a™prX 1y — 1= < > cio/“) S apm -1
1<i<y 1<i<y
Zi=Q zi=p
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By (c), X is non-zero and hence X ~! is well-defined, and similarly, Y and A are non-zero. Next, observe that (a)

can be written as
1
ciz)" d> . < g cioz""') .
1<i<j

Zi =

l

(5.10) A= ( >

i=j+1

We will estimate the magnitude of terms on both sides of this equation, starting with the left-hand side. Recall
the definition and the properties of the height function h(-) given in Sec.[2l We have that h(X 1Y) < h(X)+h(Y)
and

h(X) <log(j)+ Y loglei| + (n1 —ny)log|al,

1<i<y

Zi=Q
h(Y) <log(j)+ > loglei| + (n2 — n;)log|B|.
1<i<j
z2;=p
Therefore, using Thm. we can compute k1 € Qs such that
(5.11) log |[A| > —k1 - (14 log(1 + max {ny,n2})) - 1%1?%3{11“(1-) — g}

Applying the induction hypothesis, there exists computable ¢ € Q[z,y] such that
log [A| > —k1 - ¢(log(1 + nq),log(1 + nz)).

Next, consider the right-hand side of (5.10). Let a be the largest integer 1 < i < j such that z; = a. We have

that l

E cizt — d’ < KoL
i=j+1

for some computable kg € Z~o and, by (c¢) and the induction hypothesis,

E c;o’

1<i<j
Zi=x

for a polynomial r € Q[z,y]. Hence the magnitude of the right-hand side of (5.10) is bounded by
rpa(108(14n1), log(1+n2)) —n1+nit1 and a necessary condition for (5.10) to hold is that

—#1 - q(log(1 +n1),log(1 + na)) < log (ko - @ 108(1Hm) loa(lnz))=nitn )

which is equivalent to

> ate > anl—r(log(1+n1)710g(1+n2))

K1 - q(log(l +n1),log(1l + ng)) — log(kz2)
log(a)
It remains to choose p;j11 € Q[z,y| such that pji1(log(1 + nq),log(1 + ny)) is at least as large as the right-hand

side of (5.12).
Proof of (#i). Since a # 8 by the multiplicative independence assumption, without loss of generality we can
assume that o < 8. (The roles of & = z; and 8 = zy are symmetric and we can swap them if necessary.) Recall

the definitions of S, S2. Elements of S can be bounded using (i), as }gig > 1and ng > ng > E’EEQ ng — &

(512) ny —njt1 <

+ r(log(1 + n1),log(1 + na)).

together yield a bound on ny. It remains to bound ;.
Case 1: Suppose d # 0. As in the proof of (ii), let

_ n;—n
X——E cia T

1<i<l
Zi=Q

Y = Z Ci/87li_n27

1<i<l
2 =0

A=a™mpnz. X1y —1.
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Similarly to the proof of (ii), X, Y, and A are non-zero, and we rewrite (a) in the form

(5.13) A=—d- ( > cia™ >1

1<i<l
Zi=x
and bound the magnitude on both sides. Because n; > ng > 0 for all solutions in Sy, application of Thm. 2]]
and (ii) yields,
log [A| > —kop(log(ny))
where ko > 0 and p € Q[z] are computed effectively. It remains to compute an upper bound for the right-hand
side. Let a be the largest integer 1 <4 <[ such that z; = a. We have that

E cao™

1<4i<l
Zi=x

> e > o1 —f(og(n1))

where f € Q[z]. Hence a necessary condition for (ny,...,n;) € Sy is

ko - p(log(ny)) > (n1 — f(log(ni))) - log(er) — log |d]|

from which we can compute a bound on n;. Once we bound ni, a bound on the remaining variables can be
computed in the same way as above.
Case 2: Suppose d = 0. We will need a lemma.

LEMMA 5.1. There ezists a prime p € N such that v,(8) > 0 and

~
_UT
—
Q
~

log(a
log(8) ~ v(B)’

Proof. If there is a prime p dividing g8 that does not divide «, then the statement is immediate. Suppose therefore
that «, 8 have exactly the same prime divisors p1,...,pr. We have

log(a) _ vp, (@)log(p1) + - - + vy, () log(px)
IOg(ﬁ) Vpl(ﬁ) log(pl) ++Vpk(ﬁ) IOg(pk).
)

By multiplicative independence, log(a)/log(8) ¢ Q and hence v, () /vy, (8) # log(a)/log(B) for all 1 < i < k.
It follows that log(a)/log(8) > vp, () /vy, (B) for some 4.

To bound the elements of Sy, let a = max{i: z; = a} and b = max{i: z; = f}. Further let

B=- Y cB"
1<i<l
z;=p
Let p be a prime as in Thm. A necessary condition for (a) to hold is that
vp(A) = vp(B).

As discussed in Sec. [2] we have

vp(B) = min {vy(ei8™)} = v(B8™) =y - v (B).
Under the assumption n; > mng, by (ii), there exists effectively computable ¢; € Q[z] such that n, >
ng — q1(log(ny)). Hence,

vp(B) > navy(B) — q1(log(na))vy(B).
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Meanwhile,

%mruuww+%(§:gwrm)

1<i<l
Zi=«

E c;oti e

1<4i<l
Zi=Q

S nlyp(a) + logp

Applying (ii), we obtain that
vp(A) < nivy(e) + g2(log(ni))

for an effectively computable ga € Q[x]. Thus, a necessary condition for (a) to hold is that
navy(B8) — g1 (log(n1))vp(B) < nivp(a) + g2(log(ny))

which is equivalent to
a1 (log(n1))vp(B) + g2(log(n1))

vp(B)

<

Applying (i), we obtain that

log(a) yp(a))SQ1(10g(n1))1/p(5)+Q2(10g(n1)).

‘@+m(mmn_%w> vp(9)

By construction of p, the left-hand side of the inequality above grows linearly in n; while the right-hand side
grows poly-logarithmically. Hence we can compute a bound on ny, from which bounds on every n; can be derived.
d

We can now finalise the proof of the main result of this section.

Proof. [Proof of Thm. Since the class 2 is closed under intersections, it suffices to consider the case where
s =1, i.e., the case of a single equation of the form

(5.14) ciztt ozt =d.

Denote the set of solutions by S. The proof is by induction on . The statement is immediate for [ = 1. Suppose
[ >2. Let N be such that o, 3N > |d| + 22:1 lei|. Define

81:{(n1,...,nl)€Nl\Ha,b:a;ébandza:zbandogna—nng},

and S = S\ Si. Intuitively, for every solution in Sy, the two dominant terms among 27", ..., 2" must have
different bases (as otherwise they would be too far apart in magnitude), which will allow us to apply Thm. [5.3
Further let M be the set of all non-empty proper subsets of {1,...,l}, and S, for 4 € M be the set of all

(n1,...,m;) € S such that
Z ¢zt =0.
TEM
Finally, let S be the set of all (n1,...,n;) € N! such that for all 4 € M,
Z cizit # 0.
1EN
That is, S is the set of all solutions of (5.14) where no proper sub-sum vanishes. We will express S in the form

§=51U(8:n3) uug/lsu.
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Since each S, is exactly the set of solutions to
Z cizt =d,
i¢p

in which fewer variables than [ appear, we can apply the induction hypothesis. To compute a representation of
S1, we will compute, for every 0 < k£ < N and distinct 1 < a,b <[ with 2z, = 23, a representation of the set of all
(n1,...,m;) € S satisfying n, = ny + k. To do this, we just have to eliminate the variable n,. That is, inductively
compute a representation of the set of solutions of

(cazl +cp) 2 + g cizt =
i#a,b

and add the condition n, = np + k. _
It remains to describe the structure of So N'S. Let P be the set of all permutations of {1,...,l}. For

p:=(p1,...,p) € P, define gp as the set of all (ny,...,n;) € So NS that satisfy
g 2y 2 2

For particular p = (p1,....p1), if 2p, # 2p,, then we can invoke invoke Thm. to construct a representation
of S, On the other hand, if z,, = z,,, then by the construction of N, either n,, > n,, + N and hence c,, 2,
dominates the other summands, or n,, > n,, + N and the same argument applies. Hence in this case S, must
be empty. d

6 Handling inequalities

In this section we prove decidability of Problem As discussed in Sec. [3] this, in conjunction with Thm.
completes the proof of our main decidability result (Thm.[1.1]). The following lemma is one of our main technical
tools. In particular, it says that if Az > 0 has a solution, then it has infinitely many solutions.

LEMMA 6.1. (PUMPING LEMMA) Suppose we are given
(a) Q-linear forms hq,..., h, inl > 1 variables,
(b) multiplicatively independent o, 8 € Nsq,
(c) z1,...,2 satisfying z; € {c, B} for all i and z; = f3,
(d) my,...,m; €N, and
(e) € € Qsp.

Write J = {j: hj(2"",...,2") > 0}. We can compute u,0 € Qs with the following property. Suppose ny > my
is such that there exists k € N for which |a* /3™ — u| < 6. Then there exist ny,...,n; such that for all1 < j <,

(1) if j € J, then hj(z{",...,2") >0, and

ny ny my my
hj(zl yeer2y ) hj(zl yeerZy )

(i) e e <e.
In particular, there exist infinitely many ny that can be extended to (ni,...,n;) satisfying (i) and (i) for all
1<j<r.
Proof. By re-ordering zs, ..., z;, we can without loss of generality assume that z1,...,2, = fand 2p41,..., 21 =«

for some 1 < b <. For 1 <j <r, write
hj([)?l, Ce ,SL‘[) = tj(l‘l, .. .,ij) + Sj(berh e ,ml)
where s;,t; are Q-linear forms. Let v € Qs be such that
Copyright © 2025 by SIAM
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(A) t;(B™, ... 8™) +c-si(amt o a™)>0forallce (1 —v,14+v)and j € J, and

m m
5 (a bHL o l)

(B) v /™M1

‘<€foralll§j§r.

Choose = ™ and 6 € Q such that 0 < § < v™. It remains to argue the correctness of our choice of p,d.
Suppose n; > my is such that [a* /8™ — u| < § for some k € N. Write mg = nq —mj and m,, = k. We have

that
k

ame ‘ 1|«

e T

For 2 <1 <, define n; = m; + mg if z; = 8 and n; = m; + my if 2; = . Then, for all j € J,

—,u‘<u.

1 ! my Qe (A Mb41 my (pMm1 mp
—hi(21" ) (« oo oMY (BT BT

:BTBSJ
>0

where the inequality follows from (A). This proves (i). To prove (ii), first observe that for 1 < i < [,

z20 et = ¢z]" [e7t where ¢; = 1if z; = B and ¢; = @™ /™5 of z; = a. Hence

LA™, B (8™ BT

2zt z
for all 1 < j <r. Therefore, for all j,
hji(z1t, ..o, 2") B hi(zy™ . 2" sjla™r, o a™) 3 sj(amerr L Q™)
a T B G
sj(Qmesrtme gt e g (gmerr M)

= 6m1+mﬂ - lel
_osjlamerr s a™) fame 1
B E g )

It remains to invoke (B). Finally, that there exist infinitely many n; that can be extended to (nq,...,n;) satisfying

(i) and (ii) for all j follows from Thm. O

COROLLARY 6.1. Let o, B € Nuy be multiplicatively independent, z1, ...,z € {a, B}, A € Z"™! andb > 0. There
exists z = (21", ..., 2]"") with mq,...,my > 0 satisfying Az > 0 if and only if there exists z = (21", ..., 2"") with
ni,...,n; > 0 satisfying Az > b.

Proof. The “if” direction is trivial as one can take z := z. Thus, we focus on the other direction. Let
z=(21",...,%"") be as above. For 1 < j < r, define the form
hj(z1,...,21) = e;-rA (1, .., @).

Let € € Qs¢ be such that hj(21™,...,2™)/2{"" > 2¢ for all j. Invoke Thm. with the forms hy,...,h, and

the values mq,...,m;,e. We obtain that there exist infinitely many (m1,...,m;) (where m; can be taken to be
arbitrarily large) such that h;(27",...,2™) > 0 and
L hi(27" .2
(6.15) J(ll’l)—ﬂ(l’ml’l)<a
Z{nl 2

for all j. Since h;(27",...,2™)/2"" > 2¢, inequality (6.15) implies that h; (z?“, cee zlﬁ”) > azf“. It remains to
choose (myq,...,m;) with z]"* sufficiently large. |

The following is a useful lemma showing how to eliminate a variable n, if we can bound the gap between n,
and some other (suitable) variable n.
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LEMMA 6.2. Let o, 8 € Ny, 21,...,21 € {a, B} for 1 > 2, and 1 < a,b <1 be distinct with z, = z,. Suppose we
are given the system

Az >0
(6.16)
N1 <ng—mnp < No
where A € "% forr > 1,z = (27",..., 2/") and N1, Ny > 0. Then we can construct matrices Ay € Zrx(=1) for

N1 <k <Ny andy,...,yi—1 € {o, B} with the following property. There exists y = (y'*,...,y,'7") satisfying

ni,...,n_1 >0 and
Ny

\/ Avky >0
k=N,
if and only if the system (6.16) has a solution.

Proof. Choose (y1,...,y1—1) to be any ordering of {z1,...,2;}\ {z.}. It suffices to construct Ay, for Ny < k < N,
such that Ay -y > 0 has a solution if and only if

Az >0

6.17
( ) ng =Ny + k

has a solution. The system (6.17)) has a solution if and only if there exist n,...,n4-1,Mq41,...,n; such that
I

(6.18) (Ajazt +Ajn) 2" + > Ajizlt >0

s
for all 1 < j <r. Thus we have eliminated the variable n,, and can construct Zk by writing (6.18)) for 1 < j <r
in the matrix form. O

By Thm. to solve the inequality Az > b for b > 0 it suffices to solve Az > 0. Next we show how to do
the latter.

THEOREM 6.1. Suppose we are given multiplicatively independent o, € Ns1, z1,...,21 € {a, B} for some
1>1, and A € Z™" with v > 0. It is decidable whether there exist nq,...,n; € N such that Az > 0, where
z=(21",...,4").

Proof. The proof is by induction on [. For [ = 1, the statement is immediate. Suppose | = 2. Then Az > 0 is
equivalent to 2] /25? € (c,d) for some ¢, d € QU {+00}. If 21 = 2, then a solution exists if and only 2¥ € (c,d)
for some k € Z, which is trivial to determine. If z; # z5, then applying Thm. a solution exists if and only if
d > 0 and (¢, d) is non-empty.

Suppose [ > 2. If we additionally assume that zJ* = z;"* for some a # b, then we can eliminate at least
one variable and solve the resulting system inductively, as follows. If z, = 23, then n, = n;, and we can invoke
Thm. [6.2] with Ny = Ny = 0. If 2, # 2, then by multiplicative independence, n, = n, = 0, and we can eliminate
two variables. Hence we have reduced our problem to solving I(I — 1)/2 systems in at most | — 1 variables (which
can be solved inductively), and the system

Az >0
(6.19) . .
zpe # 2, for all a # b.
Next, by a case analysis on the largest two terms among zi'',..., 2" and the order of the remaining terms, we

reduce solving (6.19)) to solving systems of the form

Az >0
No(1) _No(2) No(3) No (1)
Z5(1) 1%0(2) ~ Fe(3) 7 Za(l)
Mo (1) Mo (2)
Fo(1) 7 Zo(2)
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where o is a permutation of {1,...,l}. By renaming variables, we can rewrite the above as
Az >0
(6.20) 207t 2% > 2g% > >

z7t # 252,

We will show how to solve such systems.
Suppose z1 = z3. In this case we consider the two possibilities 77 > no and n; < ny. We will only show how
to solve the system

Az >0
6.21
( ) 21> 257 > 25t > >

as the same argument applies to the case of n; < ny. If A;;1 < 0 for some j, then we can compute IV such that
1 < ny; —ng < N in every solution of . We can then eliminate the variable n; using Thm. and solve
the resulting system in [ — 1 variables inductively. Now suppose A;; > 0 for all j. Let K = {k: Ay, = 0} and
hi(xa, ...,z = 2222 Api-x for k € K. Inductively solve the system consisting of the inequalities z5* > --- > 2"
and hy(25%,...,2") > 0 for k € K. If there is no solution, then does not have solution either. Otherwise,
a solution to can be constructed from the solution to the sub-system by choosing ny to be sufficiently large.

Suppose z1 # z2; this is the more difficult case. By multiplicative independence, 21" # z5? if and only if at
least one of ny,ns is non-zero. This is automatically satisfied, as [ > 2 and 27", 25% > z3°%. By exchanging z; and
zo if necessary, we can assume that z; # 2o = z3. Note that this implies ny > ng. Further assume, without loss
of generality, that z; = a and zo = .

By multiplying inequalities with different rational constants if necessary, write the system in the form

ni

27 > pilzg?,.., ") foriel

2 <pi(zg?,...,2") foriely
6.22
(6.22) pi(252,...,2") >0 forieJ

ni no ns ny
1y %9 > rgT > > 7

where I_, I, J are disjoint finite sets and each p; is a Q-linear form. We can assume that I_ is non-empty by
adding the identically zero Q-linear form over [ — 1 variables if necessary. Suppose I is empty. Then inductively
solve the sub-system

pi(252,...,2") >0 forie J

6.23
(6.23) 252 > 23% > > 2"

If a solution exists, then a solution to can be constructed by choosing n; to be sufficiently large. Therefore,
we can suppose both I_ and I, are non-empty.

Let a_ be the largest coefficient of z5* of any linear form p;(z52,...,2") with i € I_ and I_ C I_ all indices
i such that the coefficient of 232 in p;(252,...,2/") equals a_. Then one can effectively compute a number N_
such that when ny —ng > N_, pi(252,...,2") < pj(z32,...,2") forall i € I_ \IN_ and j € I_. Further, for
i€ I_, write Pi(292, ..., 2" ) = a—zy® + hi(z5®, ..., 2").

Similarly, let a4 be the smallest coefficient of 252 of any linear form p;(252,...,2;") with ¢ € I} and I, CI,
all indices ¢ such that the coefficient of z3* in p;(252,...,2") equals ay. Then one can effectively compute a
number N, such that p;(252,...,2M") < p;(252,...,2M") for all i € I, \ I and j € I, when ny —nz > N,.
Further, for i € :f:r, write p;i(292,...,2") = apzy® + hi(z5®, ..., 2").
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For i € J, let ¢; be the coefficient 252 in p;(252,...,2"). Then let J be the subset of J such that ¢; is zero
and for i € J, write hi(zg2,...,2") = pi(232,...,2"). For some computably large N, the following holds: If
ieJ\ J, then when ns — ng > N, the sign of pi(z52,...,2'") equals the sign of ¢;. Hence, if any ¢; is negative,
we can reject the input when ne — ng > N and all inequalities where ¢; > 0 are trivially satisfied. By taking NV
large enough, we can assume that N > N_, N,.

If we add 0 < ng —ng < N to , we can solve the resulting system by eliminating no using Thm. [6.2
Meanwhile, if no —nsg > N, we have reduced (and hence our original decision problem) to solving systems
of the following form:

hi(zhe,. .., 2M)  om hy(e, ..., 2 - -

(6.24) a,+M<Z}Q <a++M for all i € I_ and j € I,
22 <2 %2

(6.25) 21t > 23°

(6.26) 253 > > 2

(6.27) hi(zg®,...,2") >0 for allieJ

(628) ng —ng > N.

Note that as N > 0 and z9 = 23, the condition (6.28)) implies 232 > z3*. It remains to show how to solve the

system ((6.24H6.28)).

Case 1. Suppose a_ = ay = a > 0 for some a € Q. This is the only difficult case. Recalling that zo = z3 = 3,
(6.24) is equivalent to
hi(zg:”,...,zlm). 1 <a7"1 hj(zgi‘,...,zlm).
Z:";S ang—ng ﬂnz Z;’l3 Bng—ng

for all i € I_ and VS .ﬁ.

Observe that hi(25°,...,2") < hj(25%,...,2") is implied by (6.24). Inductively solve the system consisting of
the inequalities h;(z5°,...,2") < h;j(z5*,...,2") for i € I_andjel,, (6:26)), and (6.27). If no solution exists,
then the system does not have a solution either. Otherwise, let (ms,...,m;) be a solution to the
smaller system. We will argue that the system also has a solution.

. m3 my . m3 my
Define x_ = max, {%}, Ty = min, 7, {%} and € = (zy —z_)/4. From the
construction of mg,...,m; it follows that ¢ > 0. We will construct a solution (ki,...,k;) € N! to the system

(16.24H6.28). To do this, it suffices to construct (ki,...,k;) satisfying (6.25(6.28]) with the following additional
properties:

_+ k1 -
hi k3’~~, - ; T
(b) M <z_+4eforalliel_;
Z3

h; '1637---7 ;! ; T
(c) M>x+—5forallz€1}.

As a sanity check on (a), observe that for any d € N,

1 1
(z— ‘*‘5)@ < (w4 - 5)@-
Next, invoke the Pumping Lemma with m1,...,m;, € as above and the linear forms

o —hi(25%, .., 2") 4+ (v +e)zhs foralli € I,
o hi(z5, ... 2M") — (x4 —€)28? for all i € I,
o hi(zg®,...,2") forallie J, and
. zf—z?_&l for3<i<l—1
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to compute p,d > 0. We have that any nz > mg satisfying
| /B —p| < 8
for some 7 € N can be extended to (ns,...,n;) € N'=2 satisfying (6.26{{6.27) and (b—).

Let A = min {%, g—l‘i} > 0. It has the properties that A < a and pA/a < 6/2. We will need the following

lemma. Intuitively, it will be used to show that we can simultaneously satisfy the Diophantine approximation
conditions arising from the above application of the Pumping Lemma and item (a).

LEMMA 6.3. Let a,pu,d, A be as above. Given M € N, we can compute d > M and m € N with the following
property. For all k > m, if there exists n € N such that

|aﬁ/ﬁk —a‘ <A,

then there exists n € N such that ~
|a"/ﬁk*d —p| <.

Proof. Let £ = §/(4a). Using Thm. choose d, m € N to have the property that d > M and
|8%/a™ — pfaf <&

Suppose |a™/B* — a| < A for some 7 > m. Let 7 = — m. Then

aﬁ Oéﬁ ﬁd
W TH = @ Tam K

B a’ﬁ Bd ﬁd I

|G -e) e (-4

< A(E+p/a) +at
A
a

<

where the last two inequalities follow from the facts that A < a, uA/a < §6/2, and af = 6/4. d

Choose M to be such that every d > M has the following properties.
(A) d> N;
(B) lo +el/B oy — el/B < A;
(C) x— +e+ap? > 1.

Then apply Thm. with this value of M to construct d and m. We will next construct (ki,...,k) € N
satisfying (6.25H6.28) and (a-c); recall that such (ki,...,k;) will also be a solution to (6.24H6.28)). First, choose
k1, ko such that ko > max{d, m}, and

r_+e ok T, —€

7ﬁd < % a < Bd
By (B), |a*1/B%2 —a| < A. Then set k3 = ky — d. By the construction of d and m via Thm. and the fact
that ko > m, there exists n such that

o/~ — | = o™/ B — | < 6.

Hence, by construction of u,d via the Pumping Lemma, we can extend k3 to (ks, ..., k;) that satisfy (6.26H6.27
as well as (b—c). Inequality (6.28) and property (a) are satisfied by construction. It remains to show that (6.25
is satisfied. By (a), ot —ap* > (z_ +¢)8*s. Hence

M > (z_ 4 ¢)p" +aph = g (x4 e+ af?) > .
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Case 2. Suppose a4 > 0 and ay > a_. Let ¢ = (ay — max{a_,0})/4. Compute M > N such that for all
na,...,n; € N satisfying 252 > 25° > --- > 2" and ny — n3 > M, we have that
’hi(2g37. .. ,Zlm)

i <e for allief_uﬁ.

Next, inductively solve the sub-system comprising inequalities (6.26)) and . If there is no solution, then
does not have a solution and we are done. Otherwise, let (ks, ..., k;) be a solution of the sub-system.
Applying Thm. construct ki, ko € N such that zfl > z§3, ko — ks > M, and zfl /252 € (a— +¢&,ay —e). Then
(k1,...,k) is a solution of (6.24H6.28).

Case 3. Suppose a4 < a_. Let e, M, (ks,...,k;) be as in Case 2; If no (ks,...,k;) exist, once again we are
done. Observe that any (ni,...,n;) € N! such that ny —ng > M is not a solution of . Hence the
system has a solution if and only if the system comprising (6.24H6.27) and N < ny — ng < M has a
solution, which can be checked using Thm. [6.2

Case 4. ay = a— = 0. In this case, is equivalent to

(6.29) hi(z5%, ..., 2") < 2" < hj(zg3®,...,2") forallie I_andjel,

in which the variable ny does not appear. Hence we can first inductively solve the sub-system comprising
6.27). If a solution exists, then choose ny to be sufficiently large to satisfy . Otherwise, conclude that
does not have a solution either.

Case 5. Suppose a; = 0 > a_. This case is similar to Case 4. Let M be such that for all (ny,...,n;), if

ng —ng > M then

hi(z5%, ..., 2" ~
a_+w<0 forall i € I_.
%2

Hence for such (ni,...,n;), (6.24)) is equivalent to
(6.30) 2 < (283, 2M) forallie I

We therefore solve two systems. First, inductively check if the system comprising (6.25}[6.27) and (6.30) has a
solution (ki, ks, ..., k). If yes, then choose ko to be sufficiently large so that (6.28]) is satisfied. Thereafter, solve
together with NV < ny —ns < M using Thm. The system has a solution if and only
if at least one of the two systems has a solution.

Case 6. Finally, suppose, a4 < 0. Let M be such that

hi(25%, ..., 2" .
a++w<0 for all i € I

%2
for all ny —ng > M. It remains to solve (6.24}6.28)) together with N < ng — ng < M using Thm.

d

We can finally prove decidability of Problem

Proof. [Proof of Thm. We proceed by induction on [. If [ = 1, then the result is immediate. Suppose [ > 2.
Write the system Az > b A Cz = d in the form

\/ Az > b AN Crz = d;
keK

where each b; > 0. By Thm. this is equivalent to the system
\/ Apz >0 N Crz = dy.
keEK

It suffices to solve each disjunct separately. Fix k € K. If C}, is empty, then we can solve Axz > 0 using Thm. [6.1]
Suppose C is non-empty. Then first solve Cyz = dj, and write the set of solutions S in the form

s=UNx

i€l jeJ;
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as in Thm. It suffices to check, for every i € I, whether Axz > 0 has a solution belonging to ﬂjeJi X;. Fix
1<i<I. ; is empty, then we simply solve Ayz > 0 using Thm. [6.1} In case J; is non-empty, we will carry
out a variable elimination as follows.

LEMMA 6.4. Suppose we are given o,3 € Nuy, z1,...,2 € {o, 8}, E € Z"*', u € Z", and X1,..., Xy C N
where each X is defined by either

(6.31) M) = No(j) + €
or
(632) ng(j) = bj

for some bj,c; € N and 1 < £(5), u(5),0(j) < 1 satisfying 2,y = z5(;)- We can construct A < I, F € /R
veZ, and yi,...,yr € {a, B} such that

(6.33) E-(z,..,zf)>u A (n,...om) e (] X;
1<j<M
has a solution if and only if F' - (y1*,...,y\*) > Vv has a solution.

Proof. We proceed by induction on M. Write z = (21'",...,2"). If M =1, then simply substitute the equation
defining X; into EFz > u. Suppose M > 1, and consider X;. Let

(yla tee ayl—l) = (zla e azg(j)fla zE(j)+17 sy Zl)
if X3 is defined by (6.31)), and
(ylv v 7ylfl) = (Zh s Bu(g) =15 Ro ()1t e Zl)

if it is defined by . Substitute the equation defining X; into £z > u to obtain an equivalent system Ey > .
Next, for each k € {1,..., M} \ {£(4)}, compute an equation of the form (6.31]) or (6.32)) defining Y3, C N'~! that
is the projection of X3 M X onto the appropriate  — 1 variables. If Yj is empty, then (6.33) does not have a
solution, and we can output any system in A < [ variables that does not have a solution. If every Y}, is defined
by a consistent equation, then invoke the induction hypothesis with the system Fy > u and the sets Y} for

Ee{l,...,M}\{£()} |

Using the lemma above, we can construct A < [, F' € Z"™* v € Z", and yi, ...,y € {a, 8} such that

Apz >0 A (ng,...,ny) € ﬂ X;

€T
has a solution if and only if
(6.34) F-(yit..,y) >v
has a solution. Since A < [, we can use the induction hypothesis to solve (6.34)). 0

7 Hardness results for the existential fragment of P.A(a”, 5%)

We now consider the existential fragment of PA(a”, 8%) for multiplicatively independent o and 8. Unlike the
case for PA(a”, BY), we show that decidability of the existential fragment of P.A(a®, %) would give us algorithms
for deciding various properties of base-a and base-f expansions of a large class of numbers, captured by the next
definition.

DEFINITION 7.1. A sequence (u,)S2, over N is existentially definable if for every k > 1 there exists an existential
formula ¢ with k + 1 free variables in the language of (N;0,1,<,4+,2 — o, — [%) such that for all
", Y055 Yk—1 € N) (p(n? Yo, - - - yk—l) holds Zf and Only Zf

Unti = Yi

for all0 <i < k.
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The set of definable sequences is closed under many operations. Let (u,)52, and (v,)52, be definable, and ¢ € N.
Then (un + vn)22, (€4 un)Sq, (€ un)22y, (@)%, (B%)22, (uy, )2, are also definable. Write {z} for
the fractional part of . Let «, 8 € N5 be multiplicatively independent, (A,)5, be the base-a expansion of
{logg(a)}, and (Bn);Zg be the base-3 expansion of {log,(3)}. Note that log,(83),logs(a) are both irrational,
and for any v € N5 and = € R>g, the base-y expansions of 2 and {z} differ only by a finite prefix.

PROPOSITION 7.1. The sequences (Ap)S>, and (By)S%, are definable.

Proof. By symmetry, it is sufficient to prove the proposition for (A4,,)32,. For > 1, denote by f(x) the integer
o™ such that o™ < z < o™, noting that f(z) = al®1°8 8l Fix k > 1, and let w € {0,...,a — 1}*. Denote
by A(w) the natural number whose base-a expansion equals w. That w occurs at position n in (A4,)52, can be

expressed as
Mw) < {a™log, B} - a* < A(w) + 1

which is equivalent to

ﬂan Otk
A(w) Pk A(w)+1

Recall that
ale” o8 1) = f(e"),

and for any constant ¢ and a term ¢, we can express c-t as t + --- + t. Hence the formulas
———

¢ times

gO(”ﬂZ/Oa cee 7yk—1) =dm: am S ﬁan < Oém+1 AN

A Woyk—1)Fma’ Ba"” < oMo yk—1)+1+ma®

for k > 1 define (A,)5%, as required. O

Observe that we can express whether a pattern w = wq---wg_1 occurs in an existentially definable sequence
(un)22, using the existential formula In: (n,wy,...,wr_1), where ¢ is the formula described in Def.
Therefore, decidability of the existential fragment of P.A(a”, 8%) would entail existence of oracles, among others,
for deciding the following problems.

(A) Whether a given pattern w appears in the base-3 expansion of logg(a).

(B) Whether a given pattern w appears at some index simultaneously in the base-3 expansions of logg(a) and

log, (5)-
(C) Whether a given pattern w appears in (Aqn)22,.

This proves Thm. from the Introduction.

To the best of our knowledge, for no base v € N> and multiplicatively independent «, 5 € N5, an algorithm
is known that decides appearance of a given pattern in base-y expansion of log,(8). It is, however, generally
believed that log, (8) is normal in every base y—that is, every finite pattern w € {0, ...,y — 1} of length k occurs
with frequency 1/9" as a factor in the base-y expansion of log,(3). See, for example, [I, Introduction]. For a
general exposition to normal numbers, we suggest the reference [7]. Proof of normality for the sequences (A4,,)22,
and (B,)%2, would make Problem (A) above trivially decidable. However, normality alone is not strong enough
to deal with Problems (B) and (C): deciding the latter problems in the same way as Problem (A) would require
a far stronger “randomness” property. Even if such properties are proven, we might still be unable to prove
decidability of the full existential fragment of P.A(a”, 8%).

8 Undecidability of PA(a", BY)

In this section, let «, 8 € N5; be multiplicatively independent. In [I2], Hieronymi and Schulz show that the full
theory PA(al, BY) is undecidable by giving a reduction from the Halting Problem for Turing machines. We now
give an alternative (and shorter) undecidability proof by reducing from the Halting Problem for 2-counter Minksy
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machines, which is also undecidable [I5, Chapter 14]. Our proof shows that already for formulas containing three
alternating blocks of quantifiers, membership in PA(a!, V) is undecidable.

A 2-counter Minsky machine is given by R > 0 instructions, numbered 1,..., R, and two counters ¢!, ¢(?)
that take values in N. Each instruction except the Rth one is either of the form ¢ = ¢ + 1; GOTO r, or

IF ¢() = 0 GOTO r ELSE ¢V = ci(i) —1; GOTO 7 where ¢ € {1,2} and r,7 € {1,..., R}. The execution starts at

line 7 = 1 with both counters set to zero, and halts if the line r = R is reached. Denote by cl(»”) the value of the

counter ¢; and by 7, the current instruction number after n steps. We refer to ((:7(11)7 cg), r,) as the configuration

of the machine at time n. The transition function f: Nx Nx {1,...,R} - NxNx {1,..., R} of the machine
describes how the configuration is updated. By definition, we have that c(()l) = 062)

We will represent the trace of the machine by the sequence

=0and rp = 1.

<aR+cg“ R+c§?

_ (1) (2)
e ’aro 1,OéR+Cl ,OZR+CI

camtTl ),

Here, afitei’ and af+ew’ are at least aff while a™~! < af for every n > 0. Note that every entry in the

sequence is a power of v, and the nth entry is smaller than o if and only if n = 2 mod 3. It remains to represent
such sequences using arithmetic of powers of o and §.

For x € N, denote by p(x) the most significant digit in the base-« expansion of x, and by §(z) the number
o™ (whenever it exists) such that the digit corresponding to a™ in the base-a expansion of x is the second most
significant digit that is non-zero. For example, if a = 10, then (3078) = 3 and §(3078) = 10*. Next, consider
A, A, € N B, B, € BN with A; < A, and B; < B,. Let P be the set of all b € 8N N [By, B,] such that u(b) = 1
and §(b) € [A;, A,]. Write N = |P| — 1, and order the elements of P as By < --- < By. We say that the tuple
(Ai, Au, Bi, B.,) defines the finite sequence (u,)Y_, over ol given by u, = §(B,)/A;. The following result is
Lemma 3.4 in [12], and serves a crucial role in their and our undecidability proofs.

THEOREM 8.1. Every finite sequence (u,)Y_q over o™ is defined by some (A, Ay, By, By).

By choosing B; to be the smallest element of P and B, to be the largest element of P if necessary, we can always
assume that By, B, € P. We will encode the Halting Problem for 2-counter machines by constructing a formula
that expresses existence of a tuple (A, Az, B, B2) that defines a sequence corresponding to a finite trace of the
machine ending with the halting instruction. Let A;, A, € o, B;,B, € Y define the sequence (u,)Y_,, and
P ={By,...,Bn} be as above. Define

o, 8.8, (C,AB) =Cecad N Aca"n[A, A) A Bes¥n[B,B.A
C<B<20NA<B-C<a-A.

This formula states that B € P, which is witnessed by C' and A. Here, C is the largest power of a not exceeding
B, the atomic formula C < B < 2C ensures that u(B) = 1, and A < B — C < « - A ensures that A = §(B).
If pa,.4,.8,8, (C,A,B) holds, then u, = A/A; where n is the position of B in P. The next formula, on input
By, By that belong to P, returns whether B; is immediately followed by B in the ordering of P.

7//A1,Au,Bl,Bu (B17 BQ) = VO, A7 Bl <B< B2: “PALALLBLBY (Oa A7 B)

We omit the subscript from ¢ and ¢ when A;, A,, B;, B, are clear from the context. We can now construct a
formula in the language £, g that is true if and only if the given 2-counter machine halts. Write X for the collection
of variables A;, A, B;, By, El, §2, 607 61, 62, Chast, and Y for the collection of variables Cy, Ag, By, ..., Cs, As, Bs.
The variables

o A;, Ay, B, B, serve to define a finite sequence over oV,

e B;, By, B denote the first three elements of P with witnesses (Cp,a® - 4), (C1,af - A), and (Ca, Ay),
respectively,

e J3, is the final element of P with the witness (dast, af=1. 4), and

e (o, Ay, By, ...,Cs5, As, Bs represent arbitrary 6 consecutive terms of the sequence defined by (A;, Ay, B, B.),
which correspond to two consecutive configurations of the machine. (Recall that each configuration of the
machine consists of three numbers.)
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The required formula is then

3X: (B, B1) A ¢(Bi, Ba) A ¢(Co,alt- A, B) A @(Cr,at - Aj, Br) A o(Ca, A, Ba) A

@(Clasty BuyaR_l : Al) A
4 5
VY : (/\QZJ(BZ,BH_l) A\ /\QD(CZ,A“BZ) A A2 <OZR'AZ) :>(I)(Co,AQ,Bo,...,C5,A5,B5)

1=0 1=0

where ® implements the transition function of the machine. Note that A;, A, B;, B, also appear in the definitions
of ¢ and 1. The first row in the formula above fixes the initial configuration of the machine to (0,0, 1) by requiring
that the first three elements of the sequence defined by (A;, Ay, Bi, B,) must be aff,af? 1, respectively. The
second row says that the last term in the sequence must be af*~', which represents the halting instruction.
The condition Ay < o - A; in the third row, in conjunction with (Cy, Ay, Bs), ensures that the term of the
sequence at the position defined by By represents an instruction number, as opposed to a counter value. Thus
(Co, Ao, Bo), - .., (Cs, As, Bs) represent two consecutive configurations of the machine. Regarding ®, observe that
we can define a function mapping o™ to a"*! (which corresponds to incrementing a counter) by the formula
— _ . : : n+1 n : :
x(x,y) =y=a+ - + z, and a function mapping « to a™ (corresponding to decrementing a counter) by
« times

X(z,y) = x(y,x). Finally, to see that the formula above has quantifier alternation depth 2 (i.e., three alternating
blocks of quantifiers), recall that x; = x2 is equivalent to —x; V x2 and the definition of ¢ involves a single
universal quantifier.
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